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ABSTRACT

QUANTUM SERRE DUALITY FOR QUASIMAPS

Let X be a smooth variety or orbifold and let Z C X be a complete intersection defined by a
section of a vector bundle £ — X. Originally proposed by Givental, quantum Serre duality refers
to a precise relationship between the Gromov—Witten invariants of Z and those of the dual vector
bundle £V. In this paper we prove a quantum Serre duality statement for quasimap invariants. In
shifting focus to quasimaps, we obtain a comparison which is simpler and which also holds for non-
convex complete intersections. By combining our results with the wall-crossing formula developed
by Zhou, we recover a quantum Serre duality statement in Gromov-Witten theory without assuming

convexity.
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Chapter 1

Introduction

The primary result of this paper is a relationship between quasimap invariants of a local com-
plete intersection cut out by a section of vector bundle over a variety or orbifold to the quasimap
invariants of the dual vector bundle. The origins of quasimap invariants are rooted in Gromov-
Witten theory and their definitions are completely analogous to those of Gromov-Witten invari-
ants. Before introducing quasimap invariants or the main result, we briefly describe the history of
Gromov-Witten theory and this correspondence. Along with this history we motivate the study of

such invariants by providing an intuitive example.

1.1 History

Gromov—Witten theory was initially motivated by a conjecture of Witten, a physicist, in [1],
which states that a specific generating function of intersection numbers of the moduli space of
stable curves satisfies a certain series of partial differential equations. Kontsevich’s definition of
the moduli space of stable maps and his work in [2] proved Witten’s conjecture. Since then,
Gromov—Witten theory has become an area of mathematics in its own right. It is filled with rich

geometry as well as themes from algebra, topology, combinatorics, and differential equations.

1.1.1 Motivating Example

Given a variety or orbifold X, an aim of algebraic geometry is to explain how subspaces of X

intersect. For instance if X is the complex projective plane P2, we may ask the following.
How many conics (degree two curves) pass through five points in general position in the plane?

By general position, we mean distinct and that any three points are non-collinear. A modern

strategy to answering this question involves the moduli space of degree 2 maps from the complex



projective line P! to P? with 5 marked points, denoted by M 5(P?,2). A point of M 5(P?,2)

consists of the following data:
* the projective line P!,
« five distinct points z1, . .., x5 in P!, and
e adegree two map f : Pt — P2,

This moduli space comes equipped with evaluation maps ev; : Mg 5(P?,2) — P? defined by
(]P)laxla s 73:57]6) = f(xz)

foreachi = 1,...,5. Note that the preimage of a point y in P? via an evaluation map ev; is all of
the points (P!, zy, ..., x5, f) such that f(z;) = y. Hence for five points y, . . ., y5 of P? in general

position, the intersection

ev;H(y)N---N evgl(y5) (1.1)

contains the points (P!, x4, ..., x5, f) € M,ys(P?,2) such that the image f(P') passes through

each y;. So we can answer the initial question by counting the number of points in this intersection.

Computing the intersection (1.1) is nontrivial. One approach to consider is using the intersec-
tion product in cohomology and then pushing forward the class of the intersection to a point. Then
the coefficient in the cohomology of a point would equal the number of points in the intersec-
tion. However, the pushforward via 7 : Mg 5(P?,2) — pt is undefined because the moduli space
M 5(P?,2) is not compact, so 7 is not proper.

There are multiple ways to compactify M 5(P?,2). In this paper we will focus on the com-
pactification by quasimaps [3—-6]. However for this example we will use the more classical com-
pactification via stable maps, which Kontsevich developed in [2]. We denote Kontsevich’s com-
pactification, called the moduli space of stable maps, by M 5(IP?, 2). A point in this moduli space

consists of the following data:

* an at worst nodal projective genus-0 curve C,



* five distinct points z1, ..., x5 in C, and
 adegree twomap f : C' — P?

satisfying the condition that the rational components of C' where f is degree zero must contain a
combination of at least three nodes or marked points. The map 7 : M0,5(IP>2, 2) — pt is proper.

Therefore, the pushforward
T (evf(H?) U--- Uevi(H?) N [Mos(P?,2)])

is well defined. Here H? € H*(P?) represents the class of a point, U denotes the intersection/cup
product, N is the cap product, and Woﬁ(ﬁﬂ, 2)} is the fundamental class. It takes a little bit of

work, but nonetheless we compute
Ty (ev’f(Hz) U---u evg(HQ) N [m%(PQ, 2)]) =1-[pt].

Thus there is exactly one conic which passes through five points in general position.
We often use integral notation to denote pushing forward to a point and taking the coefficient—

1.e.,
/[ | evi(H?)U---Uevi(H?) := . (ev](H*) U -+ Uevi(H?) N [Mos(P?2)]) .
Mo,5(P2,2)

The above integral is our first example of a Gromov-Witten invariant.

This method for counting conics through five points generalizes. Fix integers d, n,r > 0 with
rd+r+d+mn > 3 (this ensures the moduli space is nonempty) and general subvarieties V1, ..., V),
in P” such that the codimensions of the subvarieties V,...,V,, sumto rd +r 4+ d + n — 3 (so that
(1.2) is finite and nonzero). Denote by [V;] the class in homology associated to the subvariety V;

and let v; = [V;] N [P"] (the cohomology class Poincaré dual to [V;]) for i = 1,...,n. Then the



integral

/ evy(y) U Uev: () (1.2)
[Mo,n(P.d)|

equals the number of degree d rational curves incident to the subvarieties V1, ..., V..

For small values of n, r, and d, we can compute (1.2) using classical methods. In our example
of counting conics, given precise coordinates of the five points we may determine the number of
conics passing through those points using elementary linear algebra. However, in many of the

other small cases the methods of calculation are quite technical.

1.1.2 Quantum Serre duality

Computing Gromov-Witten invariants of varieties or orbifolds different from projective space
often requires more finesse. For this reason, there is value in finding relationships between the
Gromov-Witten invariants of different varieties/orbifolds. The phenomena we study, called Quan-
tum Serre duality, is an example of one such relationship.

Let X be a smooth projective variety or Deligne—Mumford stack and let Z7 C X be a smooth
complete intersection, defined by the vanishing of a section of a vector bundle £ — X. Quantum
Serre duality refers to a relationship between the genus-zero Gromov-Witten invariants of Z and
those of the dual vector bundle EV.

Quantum Serre duality was first described in mathematics by Givental in [7], for the case
of X = P". The correspondence is given as a relation between generating functions of genus-
zero Gromov—Witten invariants of Z and E" via a complicated change of variables and a non-
equivariant limit. Since then, quantum Serre duality has been generalized and reformulated in a
number of ways. In [8], Coates—Givental employ Givental’s symplectic formalism [9] to show that
twisted overruled Lagrangian cones for £ and £ may be identified by a symplectic isomorphism.
When E is convex, this implies that generating functions of Gromov—Witten invariants of Z may
be recovered from those of £V. In [10], Iritani-Mann—-Mignon observe that quantum Serre duality
may be cast as an isomorphism of quantum D-modules, and is compatible with a Fourier—Mukai

transform in K -theory. This result was refined and extended to orbifolds by Shoemaker in [11].



The utility of the correspondence is based on the fact that in many cases the geometry of £V is
simpler than that of Z. For instance, if X is a toric variety then EV is as well. It was noted in [8]
that by using quantum Serre duality, the mirror theorem for Z follows from the mirror theorem for
EY. In recent years, quantum Serre duality has been employed to prove other correspondences in
Gromov—Witten theory. Applications have included the crepant transformation conjecture [12, §6],
the LG/CY correspondence [13, 14], and the Gromov—Witten theory of extremal transitions [15].

A theme which persists through all of the formulations of quantum Serre duality described
above is that in order to observe a correspondence, the Gromov—Witten invariants of Z and EY
must be packaged in a clever way (Lagrangian cones, DD-modules, etc...). There is no simple

relation between the individual Gromov—Witten invariants of Z and those of E"V.

1.2 Quasimaps

Let W be an affine variety, acted on by a reductive algebraic group G, and let # be a character
of G such that W**(0) = W*(#). Denote by X the GIT stack quotient [W**(¢)/G]. The moduli
stacks QS’J,;(X , ) of stable quasimaps to X (which depends implicitly on the GIT presentation)
provide an alternative to Kontsevich’s space of stable maps. Generalizing the stable quotient spaces
of [4], quasimaps were first introduced for toric varieties in [3] and generalized to GIT quotients
in [5, 6].

In contrast to stable maps, a quasimap f : C' --» X generally defines only a rational map.
For X = [W**(6)/G], a quasimap to X is a morphism from a (orbi-)curve C' to the stack [IW/G]
such that the preimage of the unstable locus is a finite set of points, disjoint from the nodes and
markings of C'. Under certain mild conditions on W, GG, and 6, the moduli space of (0+-stable)
quasimaps SE(X , B) is (relatively) proper, and carries a canonical virtual fundamental class (see
§2.3 for details). As in Gromov—Witten theory, quasimap invariants may be defined by integrating

over the virtual fundamental class.



The relationship between quasimap invariants and Gromov—Witten invariants is now well un-
derstood in many cases; these results are called e-wall-crossing [16—19]. In principal, one can

determine Gromov—Witten invariants from quasimap invariants and vice versa.

1.3 Results

Let X = [W**(0)/G] be as in the previous section. Denote by X the stack quotient [W/G]. A

choice of representation 7 in Hom(G, GL(r, C)) determines vector bundles

E = [W*(0) x C"/G] — X

£:=[W xC/G] - X.

Assume & is weakly convex (Definition 3.2.4). Let s € I'(X, E) be a section of E defined as in
§2.2.1,and let Z = Z(s) C X be the complete intersection defined by s.

In this paper we compare the two-pointed genus-zero quasimap invariants of Z with those of
EY. In contrast to the case of Gromov—Witten theory, here we obtain a direct relation between
invariants, as well as a statement at the level of virtual classes.

The first step is to identify the relevant state spaces. Consider the diagram

IEY

L)

17—, 1x

of inertia stacks. Define the ambient cohomology of Z by

HéR,amb<Z) = lm(]*)
and the cohomology of compact type of E by

Hp o (EY) = im(i.).



Under mild assumptions, there exists (Lemma 6.2.3) an isomorphism
A : HéR,Ct(Ev) — HéR,amb(Z)’

characterized by the fact that A(i,(a)) = ™€) j*(a) for o € H*(X,). Our first result is that

A identifies two-pointed genus-zero quasimap invariants of Z and E" up to a sign.
Theorem 6.2.6. Given elements 1,7, € H¢g (E£"), we have the equality

Z,0+

(Bl vtt Bm)usr), - = OO (it i)

Our focus on two-pointed invariants arises from their role in solutions to the quantum differ-
ential equation. We use the superscripts oo and 0+ to distinguish between Gromov—Witten theory

and quasimap theory respectively. Recall the Dubrovin connection in Gromov—Witten theory

1

Ve f = tf+ ~T" & f,

(2

0

where {T%},c; is a basis of H,(X) and e, denotes the quantum product. The fundamental

solution is given by

where the double bracket is defined in Definition 2.4.1.

In quasimap theory, one can define an analogous product of " and connection VX0t replac-
ing Gromov—Witten invariants with quasimap invariants in the definition. As in Gromov-Witten
theory, V*0F is flat and its solution is given by LX:0* (¢, ). Restricting to ¢ = 0, we obtain the

generating function

X0+
T;> T, (2.10)
07B

LX (2)(a) = LXH(0,2)(a) =a+ Y > ¢ <

i€l BeEff



of two-pointed genus-zero quasimap invariants. Our main theorem is an identification of LZ%%(z)

and L' 0% (2).

Theorem 6.2.7. The transformation A identifies the operators L+ (z) and L* % (z) up to a

change of variables in the Novikov parameter:
X x \
LZ;O"F (Z) o) A = A o LE 70+(Z)|q6,_)e7riﬂ(det£)qﬁ.

This theorem provides a quasimap analogue of [11, Proposition 6.13], proven by Shoemaker
in the context of Gromov—Witten theory. Note that here the comparison statement is simpler and
holds for more general vector bundles £V — X.

Our strategy of proof is different than the arguments used to prove similar results in Gromov—
Witten theory. By working with quasimaps as opposed to stable maps, we are able to recover
a direct relationship between virtual classes. As in Gromov—Witten theory, we first relate the
virtual fundamental classes [Q)%(Z, 8)]'" and [Q)5(EY, 8)]'™ to certain twisted virtual classes on
QSE(X ,3). We then show, using (non-quantum) Serre duality, that these twisted virtual classes
agree up to a sign (Theorem 6.1.2). The cycle-valued statement is interesting in its own right, as
its failure in Gromov—Witten theory is exactly what accounts for the change of variables appearing
in previous results.

In the last section, we combine our main theorem with the recent s-wall-crossing results of
Zhou [19, Theorem 1.12.2] to recover a quantum Serre duality statement in Gromov—Witten theory

when EV is a GIT quotient.

Corollary 6.3.3. The operator A identifies the fundamental solutions LZ>° and L= > up to a

change of variables:

L2 (720 (g, ), 2) o A

=Ao LEV7OO(MEV7ZO+(Q7 _¢)7 Z)lqﬁHe”w(dew)q37



where ;1#20% (q, —1)), 2) and p 2% (¢, —1)), z) are changes of variables defined in terms of the

I-functions for Z and E" respectively [19, §1.11].

We may interpret Theorem 6.2.7 and Corollary 6.3.3 together as evidence that quantum Serre
duality arises naturally in the setting of quasimaps, at least when the base X can be expressed as
a GIT quotient. The complicated change of variables appearing in previous results in Gromov—
Witten theory is not inherent to the correspondence itself, but rather a remnant of the s-wall-
crossing formula arising in the passage from 0+-stable quasimaps to co-stable maps. A further

benefit to this approach is that we no longer require £ be convex, as we describe below.

1.4 Removing the convexity hypothesis

In previous results on quantum Serre duality in Gromov—Witten theory, the vector bundle
€ — X was required to be convex. In the case that X is a variety this holds whenever £ is
semi-positive (Definition 3.2.1). However, it was observed in [20] that when X is an orbifold,
semi-positivity of £ does not imply convexity. This has been a serious obstacle in the computa-
tion of Gromov—Witten invariants of orbifold complete intersections. By working with quasimap
invariants, we avoid the convexity requirement. Our results require only weak convexity (Defini-
tion 3.2.4), which once again holds whenever £ is semi-positive (and in fact holds slightly more
generally, see Definition 3.2.3).

Recent works by Guéré [21] and Wang [22] also address computing genus-zero Gromov—
Witten theory of complete intersections when £ is not convex. Wang’s work also features quasi-

maps, and is based on a similar philosophy to that used in this paper.



Chapter 2

Preliminaries

In this section we define quasimap invariants and introduce the generating functions which we

will use in the rest of the paper. This section also serves to set notation.

2.1 Orbifold cohomology

We refer the reader to [23] for an introduction to Chen-Ruan orbifold cohomology. Denote by

X an oriented orbifold which admits a finite good cover.

Definition 2.1.1. Define the inertia stack of X, written I X, by the fiber square

IX —— X

| 2

X 25 X xX.
For a stack quotient X = [U/G] the inertia stack is composed of a disjoint union of suborbifolds
X, = [U,/C(g)] where U, are the elements of U fixed by g € G. Let S be a set of representatives
of each conjugacy class of (G, then we may write the inertia stack as

X =||x,

ges
We refer to each X, as a twisted sector and call the twisted sector corresponding to the identity
the untwisted sector.
Let (x, g) be a point in a twisted sector X,. The tangent space 7, X splits as the direct sum of

eigenspaces

T.X = P (T.X);.

0<f<1

where g acts on the fiber (7}, X); by multiplication by e*™*/. The age shift for X, is defined to be

Lxg = Z fdlm(c(TxX)f

0<f<1

10



Definition 2.1.2. [23,24] The dth Chen-Ruan cohomology group of X is

Hig(X) == D H*% (X, C)

geSs

and

Hegp(X) = @ HgR(X)'
d€Q>g

Unless specified otherwise we assume cohomology groups have complex coefficients. Let ¢ be
the involution of /X that maps X, to X,-1. Denote the compactly supported Chen-Ruan coho-

mology of X by H¢g . (X).

Definition 2.1.3. [23, §4] The Chen-Ruan Poincaré pairing of the classes a € HEy(X) and

B € H{g (X) is given by the integral

(o, BYY = /IX alU s,

2.2 GIT stack quotients

We follow the notations and definitions developed in [6]. Let 11/ be an irreducible affine variety
with a right action by a reductive algebraic group G. Let 6 be a character of G' and Cy be the
corresponding one-dimensional G-representation. We also denote the linearization W x Cy as C,.
Denote the semistable locus by 1W*°(#) and the stable locus by W*(#). Observe the following

diagram of quotients:

X = [W*(0)/G] — X := [W/G]

J !

X =W},G ——— X, := Spec(C[W]%).
We refer to X as the GIT stack quotient, X as the stack quotient, X as the underlying coarse

space or GIT quotient with respect to # and X, as the affine quotient.

Assumption 2.2.1. We assume W*°(0) = 1¥*(0) so that X is a quasi-compact Deligne-Mumford

stack.

11



Definition 2.2.2. Fix a representation 7 : G — GL(r, C) for some integer r. Define the vector
bundle £ = &, — X as
E:=[WxC/qG|,

where g € G acts on the C” factor by multiplication by 7(g). For simplicity we will omit 7 from
the notation for the representation C" and the vector bundle £ throughout the paper.
The vector bundle £ restricts to a vector bundle on X, which we denote by E. It may be

realized as the quotient £ := [IW**(9) x C"/G].

Definition 2.2.3. Let (z, g) be a point in a twisted sector X,. The fiber &, splits as the direct sum

of eigenspaces

0<f<1

where g acts on (&,) ¢ by multiplication by e?/ Define the age of £ at g as

age,(£) == Y fdime(&,);.

0<f<1

2.2.1 A local complete intersection in X

Let £ and F be as defined in Definition 2.2.2. We do not assume E is pulled back from the
coarse space X, hence the isotropy groups G, for z in X may act nontrivially on the fibers of F.

Let s be a global section of I'(W, W x C")“ such that the zero locus Z(s) is an irreducible com-
plete intersection intersecting the semistable locus 17°°(#) non-trivially. Assume Z(s) N W**(6)

is non singular.

Definition 2.2.4. Define 3 := [Z(s)/G] to be the a closed substack of X given by the section s.

Define Z as the GIT stack quotient

Z = [(Z(s) N W™ (9))/G).

12



The semistable locus of Z(s) is exactly the intersection of Z(s) and W**(¢). The section s
restricts to a section of 1¥*°(f) x C" whose zero locus is exactly Z(s) N W#*(6). Equivalently, 3
and Z are defined as the zero loci of the sections of £ and F induced by s. We will also sometimes

denote these sections by s.

Remark 2.2.5. If we assume the representation C” splits as the direct sum of one-dimensional
representations ®;_,C,, for characters 7, : G — C*, then £ and E split and Z defines a complete

intersection of X.

Definition 2.2.6. For a fixed g in S, denote
Ey = [(W**(0) x C")?/C(g)].

The inertia stack /E may be written as /E = | | _ E,. Note that E, is not usually equal to

ges
E|x,. When g acts nontrivially on the representation C", the twisted sector I, equals X. If g acts
trivially, then E is a vector bundle over X,,.

The section s induces a section s, € I'(X,, E,) for each g € S. The twisted sector Z, C IZ
may be realized as the vanishing locus of s,. Denote by j : /Z — IX and Og : /X — ILE the

inclusion and zero section respectively. Then we have a fiber square

1Z 2 Ix
bl
X -2, IE.

By abuse of notation, we will also denote by j, s, and O the corresponding maps between the

rigidified inertia stacks.

Definition 2.2.7. Define the ambient cohomology of Z,, denoted H . (Z,), as the image of the
cohomology of X, under the pullback via the inclusion j, : Z;, — X,. The ambient Chen-Ruan

cohomology of Z is
% *—2ly
HCR,amb @Hamb 9

geSs

13



Restricting the computation of quasimap invariants of Z to the ambient cohomology is common

and, as Proposition 4.1.5 will suggests, natural.

Assumption 2.2.8. Following [10] and [11], we assume the Poincaré pairing on H¢g ., (Z) is

non-degenerate. This is equivalent to assuming the cohomology of Z splits as the direct sum:
Hzp(Z) = im(57) @ ker ().

2.2.2 The total space £V

With the setting as in §2.2.1, consider the vector bundles
EV =W x C"/G] EY .= [(W*(0) x C")/G].

Note that [EY = | | ges Egv. In this section we describe the Chen—Ruan cohomology of compact
type of V. A more detailed introduction to cohomology of compact type appears in §2 of [11].

Note that in [11], the cohomology of compact type is referred to as the narrow cohomology.

Definition 2.2.9. [11, Definition 2.1] The cohomology of compact type of EgV is the image of the
natural homomorphism

¢ Hi(Ey)) — H*(E))

from compactly supported cohomology to cohomology. The Chen-Ruan cohomology of compact
type is
N *—QLE;]/
Hipo(EY) =P Ha ™ (Ey).

geSs
Given a class v € Hig (EY), we call ¥ € Hig (EY) alift of v if ¢(5) = . Itis proven
in [11, Lemma 2.6] that for v € H¢y (EY) and k € ker(¢) C Hig (EY), kU is zero. From

this fact one can check that the following pairing is well-defined and nondegenerate.

14



Definition 2.2.10. Define the compact type pairing on E" as follows. For o, 3 € H¢g (EY),

@A = @B = [ aur()

where 3 € Hig (EY) is alift of 8.
Let p, : Egv — X, denote the vector bundle projection for each g € S. Define the linear map
e(pE))U—: H(E)) — H*(E))
by cupping with the Euler class e(p;;E;/). Denote by i : X < IE" the inclusion induced by the

zero section of £V and i, : X, — E the inclusion induced by the zero section of £

Lemma 2.2.11. [11, Proposition 2.15] If X is compact, then the following vector spaces are
equal:

Hip o (EY) = im (i : Hop(X) = Hi(EY)) = @@ im (e(p Ey) U —) . (2.1)

geSs
Proof. We will prove the result for a given twisted sector Egv. If ¢ fixes only the origin of W x C”,
then the equality holds trivially since X is compact. Let i denote the pushforward on compactly

supported cohomology induced by i,. Note that i, factors as
Z-g>|< :Zg*o¢:¢olzi
Thus, by [25, Equation (6.11)], iz} is an isomorphism. We obtain the first equality of (2.1):

im (ig, : H*(X,) = H*(E))) = im (¢ 0 i) = HA(E)).

15



Now, let a be an element of H*(E,). Then

e(PyE))Ua =ig(l)Ua
=i (1U())

— iy (i3(a).

The first equality holds because X, can be viewed as the zero locus of the tautological section of
p;E;/ and the second is the projection formula.

Since the pullback via 7, is an isomorphism, the second equality of (2.1) holds. [

Later we will use Lemma 2.2.11 to express classes in the Chen-Ruan cohomology of compact
type of £ in terms of classes in the Chen-Ruan cohomology of X. By the lemma, for ~ an element

of Hy (E)), there exist a class o in H*(X,) such that

v = ig(a) = pye(E)) Ua). (2.2)

2.3 Quasimaps to a GIT stack quotient

In this section we recall the definition of e-stable quasimap invariants and define the generating

functions that will appear in our later theorems. Let X be a GIT stack quotient as in §2.2.

Definition 2.3.1. [26, §4] Over an algebraically closed field, a twisted curve is a connected, one-
dimensional Deligne-Mumford stack which is étale locally a nodal curve, and a scheme outside

the marked points and the singular locus.

Definition 2.3.2. [6, Definition 2.1] Let (C, x4, . . ., x)) be a k-pointed, genus-g twisted curve and

leto: (C,xy,...,x1) = (C,2q,...,z,) beits rigidification.

* A k-pointed, genus-g quasimap to X is a twisted curve (C, z1, ..., z}) together with a rep-

resentable morphism [u] : C — X such that [u] (X \ X), referred to as the base lo-

16



cus, is purely zero-dimensional. We denote this quasimap as (C,xy,. .., x, [u]) and call

(C,x1,...,zE) or C its source curve.

The class [ of the quasimap is an element of Hom(Pic X, Q) defined by
B :PicX — Q, L — deg ([u]*(L£)).

The degree of the quasimap [u] is given by the rational number 5(Cy). We say 3 is O-effective
if it is represented by a quasimap to X. The set of §-effective classes forms a sub-semigroup
of Hom(Pic X, Q) denoted Eff (W, G, ). For brevity, we often denote this sub-semigroup as
Eff.

If the base locus of a quasimap (C, x1, . .., xx, [u]) does not contain marked or nodal gerbes,

then we call the quasimap prestable.

Let e be the least common multiple of | Aut(p)| for all geometric points p — X with isotropy

groups Aut(p). Fix a rational number . A prestable quasimap is called e-stable if

1. the Q-line bundle
k
we (Z £> ® (pu([u]*CF?))° (2.3)
i=1
on the coarse curve (' is ample and
2. forallz € C,

el(x) <1,

where [(z) is the length at « defined in [5, §7.1].

We say a prestable quasimap is 0+-stable, if (2.3) is ample for all rational € > 0.

Definition 2.3.3. The moduli space of k-pointed, genus-g, e-stable quasimaps to X of degree

B3, denoted by Q; (X, ), is the space of isomorphism classes of k-pointed, genus-g, e-stable

quasimaps to X of degree [3.
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By Theorem 2.7 of [6], Q5 , (X, 8 ) is a proper Deligne-Mumford stack over the affine quotient
X, Furthermore, when the singularities of W are at worst local complete intersections and W *°(0)
is nonsingular, (X, B) carries a canonical perfect obstruction theory.

When ¢ is sufficiently large, the moduli space of e-stable quasimaps Q5 (X, B) coincides with
the moduli space of stable maps M, ,,(X, 3) from Gromov-Witten theory. We adopt the notation

of [5,6] and define

;?k(X7 6) = mg7n<X7 ﬁ)

2.4 The Dubrovin connection

Since the base locus of an e-stable quasimap is disjoint from the marked gerbes for: =1, ... k,

there exists evaluation maps to the rigidified inertia stack /X
evi : Q5 (X, 8) = IX.

We refer the reader to [26, §4.4] for an introduction to such maps. There is a canonical map @ :
IX — IX inducing an isomorphism of cohomology @, : H*(1X) — H*(IX). By composing ev}
with w; !, we may define quasimap invariants using cohomology class insertions from H¢g (X).
Let ¢); represent the first Chern class of the universal cotangent line over QZ, «(X, B) whose fiber
over a point (C, x1, ...,z [u]) is given by the cotangent space of the underlying coarse curve C'
at the ith marked point. Denote by [Q5 (X, 3)]"" the virtual fundamental class from [5, §4.5]
and [6, §2.4.5]. By [6, Theorem 2.7], Q;k(X, f3) is proper over X,. By [27, Corollary 4.8], this

implies each evaluation map ev; is proper.

Definition 2.4.1. Assume X is proper. For non-negative integers a; and classes o; € HEg(X),

e-quasimap invariants or simply quasimap invariants are given by integrals

[T evs (. (2.4)

Z,k(X”B)]Vir i=1

T /[
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Fix a basis {1T"};c; of Hip(X) andlett =", t,T". Define the double-bracket

B
ottty = S0 3 Lt a0, @)

BEER m>0

where there are m insertions of ¢ in each summand.

If X is not proper (i.e. if X is not a point), then slightly more care must be taken to define
quasimap invariants. Assume that the evaluation maps ev; : QgE(X ,3) — IX are proper. If at
least one class a; lies in compactly supported cohomology H¢g . (X) for 1 < j < k then we

define
(o, ) s (2.6)

exactly as in (2.4).

Definition 2.4.2. We also define e-quasimap invariants whenever at least two insertion classes are

compact type. Assume o; and o are in Heg (X) for 1 < 7,1 < k distinct. Define

X,ct
(o, ... ,akwg"‘>;g = <e~vl* Pt U H ev; (a;)Yit N [Qak(X, ﬁ)}m ,al> ,
ie{1,... k\{1}
2.7
where (—, —)X< is the compact type pairing of Definition 2.2.9 and €v;, = ¢ o evy.

By Proposition 2.5 of [11], pullback and pushforward via a proper map each preserve the
compact type subspace of H¢y(X). Because a; lies in Heg (X), the pushforward in the right
hand side of (2.7) lies in H¢y (X)) as desired.

Define the double bracket exactly as in (2.5), but replacing (2.4) with (2.7).

If @ is a lift of ov; as defined in §2.2.2, then (2.7) is equal to (2.6) after replacing «; with @;.

Let {T}}icr € H{g i (X) denote the dual basis to {T" }c; in the cohomology of compact type.

Definition 2.4.3. [28, §2] The e-quantum product of o and v in Heg (X)), written oy of g,

is the sum
o) 0, vy = Z((&l, g, T 5 (8) T

el

19



Definition 2.4.4. Let z be a formal variable. The e-Dubrovin connection on

Hig o(X) @ Cllti, qllier[z, 7]

is defined by

o 1
Ve = s “T; eF (2.8)

Define the operator LX< (¢, z) by

LYt 2) (@) =a+ Y <<%_¢ Ti>>X7E Gy (2.9)

forall @ € HEg (X).

Proposition 2.4.5. The Dubrovin connection VX is flat, with fundamental solution given by the

operator LX<(t, z). Fori € I and o € H¢y (X)) we have the equality

(2

Vi (LX4 (4, 2) (@) = 0.

Proof. The proof is identical to the Gromov-Witten theory case [29,30]. The key ingredient is the

topological recursion relation for quasimaps [28, Corollary 2.3.4]. [

When X is proper we have
H8R<X> = HéR,ct(X)‘

In this case, (2.8) and (2.9) are (e-stable versions of) the usual Dubrovin connection and funda-
mental solution.

Denote by LX(z) the restriction of L*(¢,2) to t = 0:

LY(2)(e) = L(0,2) (@) =+ > > ¢ < Ti>X’€TZ’ (2.10)
i€l BEEf 0,8
=a+ Z q" vy, (_€U1_(12 [Q52(X, ﬁ)}m)

BEES
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forall v € H¢p . (X). The operator L*(z) records all two-pointed genus-zero e-stable quasimap
invariants with one compact type primary insertion and one compact type descendants insertion.

In this paper we restrict our attention to LX0F(z2).
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Chapter 3

Two-pointed genus-zero quasimaps

In this section we define weak forms of convexity and concavity and show that both are equiva-
lent. We also prove that weakly semi-positive vector bundles £ — X (Definition 3.2.3) are weakly

convex.

3.1 Source curves

Here we describe the source curves of two-pointed genus-zero 0+--stable quasimaps.

Lemma 3.1.1. For a point (C,x1, x5, [u]) in Q)5(X, 8), the underlying coarse curve (C, z;, z,)
is an at worst nodal curve such that each irreducible component has exactly two special points.

Furthermore, the degree of [u] is positive on every rational component.

Proof. For apoint (C,x1, 22, [u]) in Qg 5(X, ), the dual graph of its source curve (C,x1,22) is a

tree because the curve is genus zero. The stability condition (2.3) states that the line bundle

we (21 + 1) ® (¢4 ([u]"Cg))"

has positive degree on each rational component of the underlying coarse curve (C, x,, z,) for all
e > 0. Hence, every rational component of (C, z,, z,) with a single node must contain a marked
point. Since there are only two marked points, there are at most two rational components with a
single node. That is, (C, x,, z,) must be a chain of rational components with marked points on the
terminal components.

Therefore each rational component of C' has exactly two special points. The stability condition

then implies that the degree of [u] must be positive on every component of (C, 1, x3). O
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Figure 3.1: The underlying coarse curves (C, z;, z5).

For integers c, d, denote by IP|. 4 a smooth twisted curve whose coarse space is P! with two
marked points such that the isotropy groups at the marked points are u. and 4. By Lemma 3.1.1,
each component of a source curve in QgE(X , 3) is given by some PP 4.

Denote by [, a, and b the integers | = ged(c, d), a = ¢/l, and b = d/I. We can rewrite [ as the
product of integers [; and [5 such that ged(ly,ly) = 1, ged(ly,b) = 1, and ged(lz, a) = 1. In the

next lemma we give a uniform way of expressing P’ 4 as a quotient stack.

Lemma 3.1.2. Let x : py, X py, X C* — C* be the character given by

The twisted curve IP|. 4 may be represented as a GIT stack quotient

€ Jy Gy x g, x ©)] @)

with action

(e%i%’ 627ri%2’ )\> (a,y) = ()\“xezm%l, )\bye%i%) ,
for0<my <1y, 0 <my <ly, A € C* and (x,y) € C%

Remark 3.1.3. The presentation (3.1) is not unique. For example, P|. 5 may also be represented

by the GIT stack quotient
[C3 //0' (/’Lll X iy X (C*)Z)]

where the character o : piy, X piz, X (C*)? — C* is defined by

2ri L 2ri 2
o <€ T e >>\1,>\2> = A2
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and the action is
2wl oriT2 2mwi L 22
(6 h , € k2 ’/\17/\2> ' (-T,y, Z) = (/\%ZE@ h 7/\ll)y6 P2 )/\22 P

for0 < my < 11,0 <my <ly, (A1, X2) € (C*)?, and (,y, z) € C.

Proof. It suffices to show that the orbifold curve (3.1) contains exactly two orbifold points with
isotropy groups of orders ¢ and d.
We first calculate the generic isotropy. Fix x,y # 0 and let (em%, 627”%2, A) be an element

of py, X py, x C* which fixes (x,y). Then we have

AP = (3.2)
and
AL = 1 (3.3)
lin—mq .mo
Equality (3.2) implies A = > < for some integer n. So, the product \¢”™ % equals

(Mg blin—bmq
27r7,< T +

e aly ) and (3.3) implies

mo blln — bm1 o allmg + blllgn - bl2m1

E al1 al1l2

is an integer.

If alyls divides alyms + blylon — blymy, then 5 divides al;mo. However, the greatest common
divisor of al; and [, is one, and m is a non-negative integer strictly less than /5. Thus, my must
equal 0. Similar reasoning shows m; also equals 0.

In this case, (3.2) and (3.3) reduce to the equation \* = A\’ = 1. By assumption, the greatest
common divisor of a and b is one. Therefore (3.2) holds if and only if (e%i%, ezﬂi%, /\> is the

identity.
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2m 2

An element (e%i%l,e L ,A) in gy, X gy, x C* fixes (1,0) if and only if A = 1.

Hence, (4, fixes (1,0) and the subgroup of y;, x C* which fixes (1,0) is

(e, 7)) 2 g, (3.4)

This gives us the following isotropy group:

G(1,0) = Maty X Hiy = Patyly = fle-

The second isomorphism follows from the fact that ged(aly,ls) = 1. The final equality results
from the equalities [ = ;5 and a = ¢/I.
An identical argument shows that the order of the isotropy group at (0,1) is d. One easily

checks that the y-stable locus is C? \ {(0,0)} as desired. O

The GIT stack quotient [CQ M (g Xy X (C*)} may be written as a global quotient of a
weighted projective space by a finite cyclic group. Recall that [ = ;15 and ged(lq, 1) = 1. We will
sometimes write [(C2 M (g Xy X (C*)} simply as P(a, b) /1, where the action of i, = iy, X pu,

is understood to be as described.

Corollary 3.1.4. Let (C, x1, x5) be a source curve of a two-pointed genus-zero 0+-stable quasimap
to a GIT stack quotient. Then the rational components of (C, x1,x2) are isomorphic to a quotient

of a weighted projective P(a, b)/p; as above.
Proof. The result follows immediately from Lemmas 3.1.1 and 3.1.2. [

We conclude our discussion of two-pointed genus-zero (0+)-stable quasimap source curves

with a remark about line bundles over such curves.

Remark 3.1.5. Let (C, x1, 22, [u]) be a quasimap in the moduli space Qgg (X, ). By Lemma3.1.1,

Lemma 3.1.2, and [31, Proposition 2.2], line bundles over C' restricted to an irreducible component
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are isomorphic to a GIT stack quotient

€\ {0} % ©) fy (e, x pay x )

with the action given by

kql kol
i F1lami thalymo

2misL 2w T2 2mi T 2mi 2 o121 T2 1T
(e noe ™ N - (z,y,2) = (A2 ™ 0 NyeT™ 2 Nze 11l ,

k2

for some integers k1, ks, and d. Denote this GIT quotient by Og%a D)/

(d). We omit the superscripts

ky and ko when [ equals 1.

3.2 Weak convexity

We now define (weak) semi-positivity for a vector bundle over X and prove that it implies a

weak form for convexity.

Definition 3.2.1. For a character 7 : G — C* with one-dimensional representation C.., denote by
L = [W x C,/G] the corresponding line bundle over X. We say L is positive if 3(L) > 0 for all
g € Eff(W, G, 0) and semi-positive if (L) > 0 for all 5 € Eff(W, G, 0).

A vector bundle £ over X is positive (semi-positive) if it splits as the direct sum of positive

(semi-positive) line bundles.

Remark 3.2.2. Our definition of a positive (semi-positive) line bundle £ agrees with the definition

in [5, §6.2] of a positive (semi-positive) character 7.

The authors of [31] generalize the Birkhoff-Grothendieck theorem to orbifolds whose coarse
space is P! with only two points with nontrivial isotropy and chains of projective lines meeting at
nodal singularities. These are exactly the source curves of QSE(X , B) that we are considering.

Fix a quasimap (C, x1, 2, [u]) € Qg4(X, 3). By Lemma 3.1.1 and [31], vector bundles over

C split as line bundles. Hence, for any vector bundle £ — X as in Definition 2.2.2, the pullback
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[u]*E splits as the direct sum of line bundles @]_, £; regardless of whether & splits. This allows us

to make the following definition:

Definition 3.2.3. The vector bundle & is weakly semi-positive if, for any 5 € Eff(W,G,0) and
(C,m1, 2, [u]) € Qph(X, ), the pullback [u]*E splits as the direct sum of line bundles ®!_, L;

such that deg(L£;) > 0 forall 1 <i <.

If X is a smooth variety, convexity follows from semi-positivity of £. This is no longer the
case when X is an orbifold (See Remark 4.0.1 for more details). In this section we consider a

weaker notion, which we term weak convexity.

Definition 3.2.4. A vector bundle £ over X is weakly convex if H'(C, [u]*E(—x3)) vanishes for
all (C, z1, w2, [u]) € Q)5(X, B) and 8 € Eff(W, G, ).

Assume the vector bundle £ is weakly semi-positive. For a given quasimap (C, 1, xo, [u]) in

Qo 5(X, ), the group H'(C, [u]*E) splits as
HY(C,[u]'€) = @ H'(C, L))
=1

The line bundles £; have non-negative degree by assumption. Furthermore, each £; has non-
negative degree on every irreducible component of C. Let [, a, and b be as in §3.1. As noted
in Remark 3.1.5, the restriction of £; to an irreducible component of C' is then isomorphic to
O{;}C’fﬁ) I (d) for some integers k1, ko, and d with d > 0.

We will show that H'(C, £) vanishes whenever C is a two-pointed genus-zero 0-+-stable
quasimap source curve and £ — C' has non-negative degree on each irreducible component. We
begin with the case that C' is smooth.

For Lemmas 3.2.5 and 3.2.6, let (x, y) be the homogeneous coordinates of P(a, b)/y; and label

x1 = (1,0) and x5 = (0, 1). Also fix a non-negative integer d.

Lemma 3.2.5. The cohomology group H* (P(a, b)/ i, Og%flf) I (d)) vanishes.
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Proof. First consider the case y is trivial. Then P(a, b)/jy is a weighted projective space P(a, b)

E1k
andO1 2

Bty (@) 18 smply Op(ap)(d). Let ¢ denote the rigidification map from P(a, b) to P

The points x; and x5 are the only points of P(a, b) with nontrivial isotropy. The generator of
the isotropy group at L|,, acts by multiplication by et for some weight 0 < w; < ab. Orbifold

Reimann-Roch gives the following:

d wy W
deg (0 Op(ap)(d)) = ab <a_; + a_Z)
d

> — —2
ab

> —2.
Since the degree of ., Op(q ) (d) is an integer no less than —1, we conclude that
H ( (CL b) O[[D a,b) (d)) = Hl(]Pl, QD*Op(a’b)<d)) = O (35)

Now let y; be an arbitrary finite cyclic group. We have the fiber diagram:

Op(ap)(d) —— OI’;Z:%)/M (d)

l |

P(a,b) — P(a,b)/ .

So, H' (P(a, b)), O

Bt/ (d)) is the yy-invariant part of H' (P(a,b), Op(p)(d)). Equa-

tion (3.5) implies H' (P(a,b), Op(a)(d)) vanishes when d > 0. Therefore the cohomology group
H ( (a,0) /1, OFL (d)) vanishes. O

Lemma 3.2.6. If the isotropy at x; acts nontrivially on the fibers of the line bundle Okla b/ (d),

(d) that is

then H° (xj, O]I;,Eaki) i (d )|xj> vanishes. Otherwise, there exists a section of (’)klak; v

nonzero at xj and zero at the other point.

Proof. The first claim is immediate. For the second, assume the isotropy at x; acts trivially.
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By (3.4), the isotropy group at x; is

oM 2w —2mi-L
— l l l
G$1—<(e e e el ) )

. omit  omit  —omi- k1 k ‘o
[ 7 al 1,k2
The action of (e 1,e 2 e 1] on O]P’(a,b)/m (d)|., is given by

;@l2ky taly ko —lod

L omil  _omi L algky talikp—lpd
<e2mll e e 2mall> (1,0,2) = (1,0, 2T alilz ) .

This action is trivial, therefore al;ls divides alsk; + aliky — lod. Thus a divides lyd. Since [ and a
are coprime by the assumption preceding Lemma 3.1.2, this implies a divides d. Rewrite d as the
product ac for some integer c. Similar arguments show that /5 divides k5 and [; divides (k; — ¢).
The latter ensures k; is congruent to ¢ modulo /5.

Consider the map f : C?> — C defined by f(x,y) = z°. We claim f descends to a section of

ki ok
Op(o.ty/u (d)- Note that

.cmq

;T ;2 cmy
f <>\a$€27” L ,)\by€27” I ) _ )\acxce%m I

-kilomq+kolime
— )\d€2ﬂ—7‘7l112 f(I7 y)'

The second equality holds because k; is congruent to ¢ modulo /1, d equals ac, and [, divides ks so

kalymo

e is an integer for all integers 0 < mo < [5.

This verifies the map (z,y) — (z,y, f(x,y)) is G-equivariant, and therefore f descends to a

k1,k2

section s of O]P’(a D)/

(d). One sees immediately that s(x;) # 0 and s(x5) = 0.
An identical argument shows that if the action of the isotropy group at x5 is trivial, then there

exists a section 5 of (’){;éfi) /() such that 5(z1) = 0 and $(z2) # 0. O

Proposition 3.2.7. Let (C, z1, x3) be the source curve of a genus-zero 0+-stable quasimap to a GIT
stack quotient and L — C' a line bundle with non-negative degree on each irreducible component

of C. Then H'(C, L(—x3)) vanishes.

29



Proof. By Lemma 3.1.1, the underlying coarse curve (' is a chain of rational components such that
the marked points z; and z, lie on the end components. Suppose C' has £ irreducible components
{Cj}é?:l, labeled so that z; lies on (', x5 lies on C, and the curves C; and C}; intersect at the

node n;.

We first show H'(C, L) vanishes. Consider the normalization sequence:

k-1

k
0 —— Oc — P 0, — @ Ocln, — 0. (3.6)
j=1 j=1

Tensoring by £ and taking cohomology, we obtain

k k—1
0 — H(C,L) — P H"(C), Lle,) —— @ H(ny, L]n,) —

j=1 j=1
— s HY(C,L) ————— 0.

Here @?:1 H'(Cj, L|c,) is zero by Corollary 3.1.4 and Lemma 3.2.5.

For sections s; in H(C}, L|c,), the map F' is defined as

F(s1,...,8K) = (s1(n1) — s2(n1), s2(n2) — s3(na), ..., Sp—1(nk—1) — sk(ng_1)) .

If the isotropy group G,,, acts nontrivially on the fiber L|,,,, then H°(n;, L|,,,) is zero. Otherwise,
Lemma 3.2.6 implies there exists a section §; in H%(C}, L|¢;) such that 5;(n;) # 0 and, if j > 1,

§j(nj_1) = 0. Thus

1
F 0,...,~—§-,...,0):(0,...,1,...,0),
( 55(n;) ™’

where the vectors above have a zero in every entry except the ith one. This shows F' is surjective.

As aresult, H'(C, L) vanishes.
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Tensoring the divisor exact sequence of C' for the marked point x5, by £ and pushing forward

gives the long exact sequence:

0 —— HOC, £(—12)) —— HO(C, L) — Hws, £ly) —
—— HYC,L(—x3)) ——— 0.

If G, acts nontrivially on the fiber of £ at x5, then H°(zo, £L|,,) vanishes. So, the cohomology
group H'(C, L(—x)) also vanishes.

If G, acts trivially on the fiber of £ at x5, we must show that the map H°(C, L) — H(zo, L|,)
is surjective. By Lemma 3.2.6, there exists a section s of £|¢, — C} such that s(ny_1) is zero and
s(z2) is nonzero. The section s can be extended by the zero section on the other components to get
a section in H°(C, L) that does not vanish at z5. Therefore the map H°(C, L) — H(zy, L|,,) is

surjective, so H*(C, L(—x3)) is zero. O
Theorem 3.2.8. If a vector bundle & — X is weakly semi-positive, then it is weakly convex.

Proof. Consider a 0+-stable quasimap (C, z1, 22, [u]) in Qg5(X, 8). Since [u]*€ is a direct sum

of line bundles, we may write

Each £; satisfies the hypothesis of Proposition 3.2.7. Thus H'(C, [u]*€(—x2)) vanishes. O

3.3 Weak concavity

In this section we define weak concavity. We then prove the relative log canonical bundle over
the universal curve 7 : C — ngg (X, B) is trivial and use this result to prove a vector bundle £ — X

is weakly convex if and only if its dual £¥ — X is weakly concave.

Definition 3.3.1. A vector bundle £V over X is weakly concave if H°(C, [u]*EY(—x1)) vanishes

for all 0+-stable quasimaps (C, x1, x3, [u]) € Qp4(X, 3) and 5 € Eff (W, G, 0).
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Lemma 3.3.2. The log canonical bundle over a source curve (C, x1,x5) of a 0+-stable quasimap

(C, 21,29, [u]) in QuL(X, B) is trivial.

Proof. If C' is smooth, the canonical bundle of P(a, b)/y, is isomorphic to O(—[0] — [c0]). The
result is then immediate. When the source curve is nodal, we again use Corollary 3.1.4. In this
case we will show that wc (1 + 2) has a nowhere vanishing section, which gives an isomorphism
we(xy + x2) = O¢.

Let C have k rational components and k& — 1 nodes, labeled as {C;}*_, and {n;}*=] as in
the proof of Proposition 3.2.7. For convenience, relabel x; by ng and x5 by ny. Tensoring the

normalization sequence (3.6) by the log canonical bundle gives rise to the following long exact

sequence:

0 — H°(C,we(xy + 29))

k—
CzawC ni— 1+n1 @ n“wC $1+x2>nz)_>”"

II@»

Note that the map F' is a sum of residue maps. There exists nowhere vanishing sections s; of

each we, (n;—1 + n;) that have residue 1 near n,_; and —1 near n;. The tuple

k
(Sh ) Sk) S @HO(C’iuwCi(ni—l + nl))
=1

lies in kernel of F', which is isomorphic to H°(C,wc(z1 + x2)). Hence, the sections sy, .. ., s,
glue together to give a nowhere vanishing global section of we(x1 + x2). Thus the log canonical

bundle is trivial. O]

Proposition 3.3.3. The relative log canonical bundle over the universal curve 7w : C — QgE(X ,B)

is trivial.
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Proof. Tensoring the divisor exact sequence of C for the divisor corresponding to the first marked

point by w, (x2) and pushing forward, we obtain the long exact sequence

0 —— R°mwr(22) —— ROmwy (71 + 22) —— RO, (we(y + 22)|2y) ——

e

— Rlmw,(22) —— Rimw,(z + 22)

Lemma 3.3.2 and Serre duality imply that for every 0+-stable quasimap (C,z1, z, [u]) in
Qo 5(X, B), the cohomology groups H(C,wc(w2)) and H'(C,we(x2)) vanish. Therefore the

sheaves R, w, (75) and R'7,w, (2) are both zero. Hence, the map
RO wr (21 + 22) — RO, (wr (21 + 72) ]2,

is an isomorphism.

The sheaf RO7,(w. (71 + 2)|,,) is canonically trivialized by the residue map. Therefore
RO7,wx (71 + 7o) is a trivial line bundle.

The constant function 1 in ['(Q0%(X, 8), R, (wx(21 + #2)l,,)) is the image of a section s in
I'(Qo%(X, 8), RO,ws(x1 + x2)). The section s corresponds to a nonzero section § of w, (1 + 2).
The restriction of w, (1 + x2) to a fiber (C, 21, x5) of the universal curve C is canonically trivial by
Lemma 3.3.2. The section §|¢ is nonzero and hence nowhere vanishing on each fiber (C, x1, z5)
in C. Thus § is nowhere vanishing.

Hence, w, (21 + x2) has a nowhere vanishing section and so it is trivial. ]
Theorem 3.3.4. The vector bundle £ is weakly convex if and only if £V is weakly concave.

Proof. By Lemma 3.3.2, the log canonical bundle w¢ (21 + x2) is canonically trivial for all points

(C, @1, 32, [u]) in Q)5(X, B). Hence, the canonical bundle we: is isomorphic to Oc(—x1 — x). We
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now have the following:

HY(C, [u] € (—x1)) = H'(C, [u]"E(21) ® we)”

= HY(C, [u]*E(—x3))".

The first equality is Serre duality and the second is due to the isomorphism we = O¢(—x; — x2).
If the left hand side vanishes for all 0+-stable two-pointed quasimaps then so does the right, and

vice versa. This completes the proof. [
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Chapter 4

Quantum Lefschetz

The quantum Lefschetz hyperplane theorem compares the genus-zero Gromov-Witten theory
of a space X with that of a complete intersection Z C X defined by a section of a vector bundle
E — X [8,32-36]. The same proof applies to quasimaps under certain conditions on £ [5].

In this section we use a modification of the quantum Lefschetz theorem for two-pointed genus-

zero quasimaps to relate the generating function L% %% (2) to a twisted version of L*0F(2).

Remark 4.0.1 (Quantum Lefschetz for orbifolds). Let Z be a closed subset of X cut out by a
section of a vector bundle £/ — X. In the case when X is a smooth variety, the quantum Lefschetz
theorem holds as long as F is the direct sum of semi-positive line bundles. However this can fail
when X is an orbifold. For example, the line bundle Op(; 12,9)(1) — P(1,1,2,2) is positive, but
quantum Lefschetz fails for the hypersurface P(1, 2, 2) defined by a section of Op1,1,2,2)(1) [20].

As observed in [20], the general setting in which one should expect a quantum Lefschetz state-
ment is not when £ is semi-positive, but rather when E is convex, that is, when for every stable
map f : C' — X from a genus-zero curve C, the cohomology group H'(C, f*(E)) is zero. If X
is a variety, then if £/ — X is semi-positive it is also convex. This no longer holds when X is an
orbifold.

For two-pointed genus-zero quasimaps, we will see that in fact weak convexity is sufficient for

a quantum Lefschetz statement.

4.1 Weak convexity and twisted invariants

Let X, X, and &€ be as in §2.2.1. For the remainder of the paper we assume that X is proper

and that £ is weakly convex.

Lemma 4.1.1. The cohomology group H'(C,[u]*E) vanishes for all points (C,x1, s, [u]) in
Qu5(X, B) and classes 3 € Eff(W, G, 0).
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Proof. Fix a point (C,x1, 2, [u]) in Q§5(X, 8). Consider the divisor exact sequence

0 —— Oc<—l’2) > OC > OC|z2 — 0.

Tensoring this by [u]*£ and pushing forward gives rise to a long exact sequence in cohomology

0 —— HC, [u]*E(—x2)) —— H(C, [u]*E) —— H (o, [u]*E|s,) ——

s HNO, [W]*E(—13)) —— HNC,]*E) ——— 0.

By Theorem 3.2.8, H'(C, [u]*E(—x3)) vanishes. Therefore H'(C, [u]*E) also vanishes. O

Denote by  the projection from the universal curve C to Qo%(X, 3). Let [u] be the universal
map from C to X. By Lemma 4.1.1, R, [u]*€ is a vector bundle on Q(5(X, 3). Let Ox denote

the zero section of RO, [u]*€ and § € T'(QQ5(X, ), R'T.[u]*€) denote the section induced by s.

Theorem 4.1.2. There is a fiber square

QL(Z,8) —— Q§L(X, )

The virtual classes are related by

0 [Q55(X, 8)]"" = [@85(Z.8)]™.

Proof. The proof of the theorem in [37] for Gromov-Witten theory extends to quasimaps. [
Theorem 4.1.2 implies the more familiar quantum Lefschetz statement from [5].

Proposition 4.1.3. [5] The following classes are equal in the Chow group Ong,JE( X, B):
j* [Q85(27 B)}Vlr = G(RO’]T*[U]*S) N [QgE(X, ﬁ):|v1r .
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The definitions and arguments that follow are similar to those appearing in [38, §2.1] to define

a twisted quantum product.

Definition 4.1.4. In the Chow group of Qo%(X, 3), define the twisted virtual class
(05X, B)] ) = e(ROm[u]*E(—22)) N [QG4(X, B)] ™ 4.1)

Define the operator L*/29%(z) by

for a € Hég (X).

The subscript 2 following X/Z in (4.1) indicates the twist down by the second marked point.

Now, we compare L~/%9%(z) and L% ().

Proposition 4.1.5. The operators L*/%% () and L?°*(z) are related as follows
j* o LX/Z,O+(Z) — LZ,0+(Z) Oj*-

The analogous statement in Gromov-Witten theory appears in [30, Proposition 2.4]. The proof

in this case is very similar.

Proof. To avoid confusion, we use superscripts to distinguish between the evaluation maps

ev ¢ QUL(X,B) — IX and ev? : Q05(Z,8) — IZ. For o in H*(IX), we can express

(2

7% o LX/%9%(2)(a) as

Jra+ > ¢ljreus: (M U e(ROm.[u]"E(—22)) N [Qoa(X ﬂ)]”“) (4.2)
2\ T U * 2 0,2\ :

BEEf
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and L% (2) o j*(a) as

+ Y fad, (efj_*( D A Q2 6)}”) (4.3)

BEES W

To prove the claim we compare (4.2) and (4.3) term by term.

Define @ to be the zero locus of the section evy*s € T'(Qp%(X, 3), evy*E) and denote the
evaluation maps of () by evl :Q — IX and er : Q — IZ. Label the following projections
ol aX tIX x IX — IX,m : [IX xIZ — IX,and 7y : IX x IZ — IZ. Consider the

following diagram, where the rectangles are fiber squares

1!

T Q0L(X, )

) —?
\ l =

IX xIZ 29, Ix x IX (4.4)

b

Iz —1 5 IX,

Qoh(Z.5)

where evX = (ev, ev), ev? = (ev?, ev§), and ev? = (j o ev?, ev?).

Using the diagram above, we rewrite each term in the sum of (4.2):

~X<m

-k
ev
J 2% s wl

=g ;' (_evl (o) Ue(Rm[u]*E(—x2)) N [QoH(X, 6)]Vir>

U e(ROm. [u]*E (—22)) 1 [QU(X., m]“)

evX* X ()
—z =1

)

=1, T, (id x j)*ev (e_ Ue(R7. [u]*E(—z2)) N [Q&E(X’ 5)]Vir>

oz —hy
=teT2e (<1d X )i (@) U (id x ) e (em%*[“]*ff ) . 1[@83(& ﬁﬂ”))

e(ROm, [u]*E(—x4 (X, vir
=1, (wi‘(a)u@?j‘<(R " 22)) 0[O0 )) (4.5)

—anen®(id X ) ( U e(ROm.[u]*€ (—25)) N [QY5(X, 6)}”)

—z—1
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Equalities one, three, and five follow from [39, Theorem 6.2(a)] and (4.4). Equality two is by [39,
Theorem 6.2(c)] and (4.4). Equality four is the projection formula.

Let Ox denote the zero section of RO, [u]*E over ng; (X, 5). We rewrite each term in (4.3):

Z* ;% .
s, (% @83(2.0)")

= (T 0 043029

IR Y A
=1,Tros (WI(Q)U@* ( W >)

0+ X vir
:L*7T2*< () U en?j"0' ([ 0_22 _’ii] )) (4.6)

The third equality follows by factoring ev? as ev? o j”, Theorem 4.1.2, and [39, Proposition 6.3].

Compare (4.5) and (4.6). We may factor v-classes out of Gysin maps by [39, Proposition 6.3].

Hence, to complete the proof it suffices to show the following equality in the Chow group of Q:

320 ([@85(XB™) = ' (e(ROmfu €~ N [QESCX,A]™) . @)

Consider the fiber diagram (also constructed in [30, §2]):

Qox(Z,8) : » Q » Qoa(X, B)

‘s
1 !

QS5(X, B) % RO, [u]*E(—z2) —"—s ROm, [u]*€.

<.
<«
o
Q

(4.8)

=
o
3
*
£
*
B
|
8
N
o

The morphisms O¢ and 0y are the zero sections, f and h are the natural inclusions, and 3, is the

section induced by s. We then have the following:
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320 ([@B500 A]™) = 0%k’ ([QB3(X. 9)]™)
— 03q.h ([Q5(X. 8)]™)
— 1 (e(ROm.[u)*€(~22)) N [QS5(X, B)]™) .

The first equality is [39, Theorem 6.5]. The second is [39, Theorem 6.2(a)].
To verify (4.7) it now suffices to show that h' equals j'. This can be seen from the following

commutative diagram, where the front, back, top, and bottom faces are fiber squares:

L0 J - QUH(X.8)
y /
RO7, [u]*E(—x2) i y RO, [u]*& evs’
|
1z : > IX
X » [E.

The morphism 3|, is defined by the composition

R, [u]*€ — evy*E — IE.

Applying [39, Theorem 6.2(c)] twice completes the proof,

B (e(ROm.[u]"€(~22)) N [QBL(X, )] ™)
0} (c(ROm. b"E(2)) 1 [R5, 9]

:j! <€(R07T*[u]*g(—x2)) N [QgE(X, ﬁ>]vir) .
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Chapter 5

The total space

In this section we consider quasimaps to £". Similar to the previous section, we will compute
the quasimap invariants of £ in terms of integrals over the moduli space of 0-+-stable quasimaps

to X.
Definition 5.0.1. Let £¥Y — X be a vector bundle. Define the moduli space of k-pointed, genus-g,
0+-stable quasimaps to £ of degree (3 as

ng;(Ev, B) = tot(m.[u]*EY) := Spec Sym R, ([u]*€ ® w,).

There is a natural perfect obstruction theory on QS};(EV, () obtained by pulling back the obstruc-
tion theory on QSI(X ,8) and taking the direct sum with (R®m,[u]*€Y)Y. This yields a virtual

fundamental class [Qy},(EY, 5)]"". When the evaluation maps
ev; SE(EV,B) — IEY

are proper, we can define quasimap invariants as in Definition 2.4.2.

As in the previous section we will assume that £ is weakly convex. Then recall by Theo-
rem 3.3.4 that £V — X is weakly concave.
On the universal curve over QBE(X ,3), consider the divisor given by the first marked point.

Tensor the divisor exact sequence by [u]*EY and apply R, (—) to get the long exact sequence

00— ROm[u)* €Y —— ROm[u]*€Y],, ——
5.1

— Rimfu]*&V(-21) —— Rlmu]*¢Y ——— 0.
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Fix an open and closed subspace ev; ' (X J) C QSE(X ,3). Let G, denote the isotropy group
at z; for a point (C, z1, xo, [u]) in this subspace. Recall that [u]*E splits as a direct sum of line
bundles &7_, L;. The line bundle R°, LY |, is nonzero if and only if G, acts trivially on the fiber

of £} at z1. We conclude that on a given open and closed subset ev; ' (X)) € Q05(X, ),
RO, [u]* €Y s, = eviE}. (5.2)
Combining (5.1) and (5.2), we obtain the following equality in K -theory:
eviE) © R, [u]*€" = R'm, [u]* €Y (—x1). (5.3)
Proposition 5.0.2. If £V is weakly concave, then the evaluation maps
evi - QoL(EY,B) — IEY

are propetr.

Proof. For notational simplicity we consider ev;. By (5.1) and (5.2), there is a closed immersion
QSI(EV, B) = tot(m, [u]*€Y) = tot(m.([u]*€Y|s,)) = (evi* ) IEY,

where (ev¥)*IE" denotes the fiber product of evi¥ : Q04 (X, ) — IX and IEY — IX. The

evaluation map ev?” factors as
O(EY,B8) = (evy ) IEY — IEY.

This composition is proper because evs\ is. O

By weak concavity, the sheaf R'7, [u]*€Y(—x1) is a vector bundle on Qg%(X, 3). This allows

the following definition.
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Definition 5.0.3. Define the £V-twisted virtual class to be

Q35X B )y 1= (R[] €Y (—1)) N [QB(X, B)]™ (5.4)

Define the operator L*/Z"9% () by

, % vir
LX/E 0+ =+ Z q Vs ( ( ) N [Qg:g(Xa 6)}X/E\/,1> ;

BEE —Y
for o € Hig(X).

In (5.4), the subscript 1 following X /E" indicates the twist down by the first marked point.

We will make use of the commutative diagram

05(X,8) —— QUL(EY.5)

I et (5.5)

IX —* s JEY,

where the ith evaluation maps on Q)% (X, 3) and Q)5(EY, B) are denoted by ev;* and ev?" re-

spectively.

Proposition 5.0.4. Given y1,7, € Hip ((EY), choose oy, € HEp(X) such that v; = i.(v).

We have the following equality:

(et 2ty )E o /[ o] vy (an) Pt U evy “(ag U e( By, ) )is?. (5.6)

X/EV .1

Proof. The claim is most easily seen via virtual localization. Consider the C*-action on £ given
by scaling fibers. This induces actions on /E"Y and Qg 5(EY, ), with fixed loci I.X and Qp%(X, )

respectively. All the maps in Diagram (5.5) are C*-equivariant. By (1) of [40], we have the equality

[Sﬂﬂﬂmwwzh( (5.7)



where [—]©"¥I* denotes the C*-equivariant virtual fundamental class.
Choose equivariant lifts of v, 72, a1, and as (by abuse of notation we will not change their
labels). Using the fact that ~, is the pushforward of a class s supported on /.X, a localization

argument shows that the left hand side of (5.6) is equal to the non-equivariant limit of

0 Vi
/[ A0z M ey ()Y U ey " (12)u5”.
0,2 >

This can be rewritten as

/ evy*(ay Uec-(E)))bi U evy *(ag U ecx (Ey ) )1y
(@5 x.8)]° ec (R [u]*€Y)

ec (evf(*E;/)
ec (Rm.[u]*EY)

= . evi* (an) Yt U evs *(ap U ec-(E)))by? U
[Q0L(X.8)]

= o en ()Yt U ey *(ap Uees (BY)Y5? U eer (R, [u]*€Y (—21)).
Q35060 " ’

The first line is a result of (5.7), the projection formula, and (5.5). The second is immediate. The

third line follows from (5.3). Taking the non-equivariant limit yields the desired equality. [

A similar argument yields the following.

Proposition 5.0.5. The operators LX/F"9% (%) and L¥" %% (z) are related by pushforward along i,
iy o LX/FI0% (2) = LEYOF(2) o1, (5.8)

Proof. For a € Hip(X), we can rewrite the left-hand-side of (5.8) applied to « as

. v i .. evs (a vir
iy o LXEU0 () (a) = i, () + Z ¢ i vy (#&L N [Q5(X, ﬁ)]X/EVJ) (5.9)
BEES
and the right-hand-side as
v , _ _pv [ evii(a vir
LE () oy (a) =i, () + Z evl (:Z—_(J N [QSL(EY, B)] ) : (5.10)
BEESt
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We equate (5.9) and (5.10) term by term. Again we apply virtual localization. Fix a degree
and choose a class o in Hg . (X).

Consider the following equalities in the localized equivariant cohomology ring of I EV:

af (2 0 g, ) )

_ - EV 6va*z’*(a) . [ 8745()(7 B)}C*,Vir
=cvl (iz—_w M2, ( ec- (R [u]*€Y)
. €~1)X 61){(*(@ U ec+ (E;/)) A [ 8:5(X’ 6)] C*,vir
*CUgy —z— ecs (R, [u]*EV)

_y [ et () ec*(evf(*E';/)
—z—1  ecr(Rm.[u]*€EY)

N [QS5(X, m“"“)

i (e (R e (o) 0 [ 9] )

The first equality is (5.7). The second line is obtained by two applications of the projection formula.
The third line is immediate. The forth follows from (5.3).
Taking the non-equivariant limit of the first and last terms in the chain of equalities and recalling

Definition 5.0.3 completes the proof. [
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Chapter 6

Quasimap quantum Serre duality

In this section we prove a quantum Serre duality statement in three contexts. Specifically, we

compare the twisted virtual classes

(85X A7 and [Q85(X. 8]

defined in Sections 4 and 5 to get a cycle-valued statement. From this we compute a direct rela-
tionship between the two-pointed genus-zero quasimap invariants of Z and E. We then rephrase

this as a comparison between the operators L% (z) and LZ"0%(2).

6.1 Cycle-valued statement

Let £ — X be a weakly convex vector bundle. For elements g; and g, in S, denote by
00 5, (X, B) the open and closed subset of Q(5(X, ) defined by the conditions im(ev;) C X,

0,91,92

and im(evy) C X,,.

Lemma 6.1.1. On Q)" (X, ) the vector bundle R, [u]*EY (—x1) has rank

0791792
B(det &) — age, (£) + age,, (£Y),

where det & = N]_, € is the determinant line bundle.

Proof. Fix a quasimap (C, z1, 2, [u]) € Qg;hgz (X, ) and let r; be the order of the isotropy
group at z; for j = 1,2. Recall from §3.2 that there exists line bundles {£; — C'}/_, such that

ul*é = @7_, L;. Write Rlm, [u]*EY(—x1) as the direct sum ¢7_,R'7, LY (—x;). Using orbifold
i=1 =1 7
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Riemann-Roch we compute:

rank (R'm. L) (—1)) = h' (C, L (—z1))
= ho(C, Li(—x3))
= deg(ﬁz(_x2)) +1- age,, (‘CZ) — agey, (‘CZ(_‘TQ))

1
- deg(ﬁl) - E +1- agey, (EZ) — agey, (‘CZ(_:EQ))a (61)

where age, (—) denotes the age with respect to cyclic generator which acts on a local chart by
multiplication by ezmﬁ. The second equality is Serre duality and Lemma 3.3.2. The third equality
follows from assuming & is weakly convex.

We claim that

1
- 1 — age,, (Li(—x2)) = age,, (L)). (6.2)
2

To see this, consider three cases.

First, assume G, acts nontrivially on the fiber £;(—x2)|.,. Then we observe that

1 1
—— +1—age,, (Li(—x2)) = —— + age,, (L (z2))
T9 T2

= age,, (L)),

where the second equality follows because the age of O (x9) at 2 is 1/7s.
For the second case, assume G, is nontrivial but acts trivially on the fiber £;(—z3)|.,. Then

the age of £; and L at x5 is 1/r5 and (ro — 1) /7 respectively. We have the following:

7'2—1

T T

= a‘gexz (Lz/) °
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Finally, consider the case g, equals the identity. Then G,, is trivial, hence r, equals 1. We

obtain

—i +1— agem(ﬁi(—:l?z)) =0= agem(ﬁy).
Ty

This proves the claim.

Note that
> deg(L;) = deg([u]*(det £)) = B(det €)
i=1
and
Zage = age, ([u]"E) = agey, (£).
Summing (6.1) and (6.2) over ¢ then completes the proof. L]

We conclude this section with the following equality of twisted virtual classes. This may be

interpreted as a cycle-valued formulation of quantum Serre duality.

Theorem 6.1.2. [Cycle-valued quantum Serre duality.] Let £ be weakly convex. On the connected

vir

component Q9 o1.00 (X B), the virtual classes [QO 1.2 (X 5)})(/22 and [QO 1.2 (X ,5)};;Ev71 are

equal up to sign,
vir _ B(det &)—age, . (£)+age,, (EV vir
[Q()gl gg( 7/8)]X/Z,2 - (_1) ( ) ggl( )+ gg2 ) [QOgl 92<X7/8):|X/E‘\/,1
Proof. We defined the twisted virtual classes in 4.1.4 and 5.0.3 as

[QO 91,92 (X7 5)} vXir/Z,Q = G(ROW* [u]*g(—xg)) [QO 191,92 <X7 B)} "

[QO 3915 92<X7 6)];;EV1 = Q(Rlﬂ*[u]*gv(_%)) [Qo g1, gz(X B)TM

Via Proposition 3.3.3,

Oc = ww(acl + l’z). (63)
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Tensoring (6.3) by [u]*E(—x3), pushing forward via 7., and applying Serre duality yields:

Vv

RO [u]"E(—x2) = (R'm,[u]* &Y (—21))
This implies the Euler class identity

e (ROm.[u]"E(~22)) = e (R m.[u]"€" (~21)) ")

= (—1)PletE)mamey, E)Faee, e (Rlr, [u]* €Y (—21))

where the second equality follows from Lemma 6.1.1. [

6.2 Quantum Serre duality for quasimap invariants

In this section we use the comparison of twisted virtual cycles of Theorem 6.1.2 to compare
quasimap invariants for Z and EY when £ is weakly convex. We obtain a simple relationship
between the generating functions L%+ (z) and LZ"0F(z).

For the remainder of the paper we assume:

e Assumption 2.2.8;

* the GIT stack quotient X is proper;

* the vector bundle £ is weakly convex.
In particular, the third case holds whenever £ is weakly semi-positive.
Definition 6.2.1. [11, Definition 6.9] Given a class v € H¢g ("), denote by 7 a lift of -y to the
compactly supported cohomology. Define the linear map A : H¢g (EY) — HER amp(Z) by

A(y) = 3" opZ(7),

where p$® : Heg (EY) — Hgg(X) is the pushforward of compactly supported cohomology.
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Lemma 6.2.2. [11, Lemma 6.10] Assuming 2.2.8, the transformation

A HéR,Ct(EV) — HéR,amb(Z)

is well defined.

Proof. We work over a given twisted sector X, for g € S. Let y be an element of H ;‘t(E;/) A lift
y C H*(E}) is defined up to an element of the kernel of ¢, : H(E;) — H*(E, ). To show that
A is well defined, we must show p¢; (ker(¢,)) C ker(j;).

Let  be an element of ker(¢y). The pushforward ig;, : H*(X,) — H(E,) is an isomorphism.
By the compactness of X, there exists o € H*(X,) such that if}(«) = . Note that p§; (k) =

P © igi () = . We see that

0= ¢g(K) = g 0 igi(@) = igu(a) = p"(e(E]) Ua),

where the last equality is (2.2). Assumption 2.2.8 implies j;(a) = 0 if and only if jg. o j5 () = 0.

The projection formula implies jg. o j; (o) = e(E,) U a. Up to a sign this is equal to

e(E))Ua =i, (p;(e(E))Ua)) = 0.

Therefore p; (r) = a lies in ker(j7). O

Recall Lemma 2.2.11, which states that we may write any element v in } (E,) as p}(e(E,) U

) for some av in H*(X,).

Lemma 6.2.3. [11, Lemma 6.11] Given a class v € H}(E]), choose an o € H*(X,) such that
v = p;(e(E)) Ua), then
A() = Jg(@).

Furthermore, the transformation A : H¢g (EY) — HEg g (2) is an isomorphism.
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Proof. 1f g fixes only the origin of W x C’, then E;/ equals X, and the result is immediate. When
that is not the case, the proof is similar to that in Lemma 6.11 of [11].

By Equation (2.2), we have
v =1, (e(E))Ua) =ig(a).
Noting that i, factors as ¢ o ig; gives the following:

A(y) = Ao, 0ii(a)
— jrop o (a)

= j; ().
To prove the second claim, we observe

H:(E)) = pj (im(e(E)) U -))
= im(e(EY) U —)
= im(e(E,) U —)
=~ jo (im(5;))

=~ im(jy;)

- H;mb<Zg>'

The first equality follows from Lemma 2.2.11, the isomorphism in line four is from the projection

formula, and the fifth isomorphism is from Assumption 2.2.8. [
It will be useful to consider a modification of A.

Definition 6.2.4. Define the linear transformation A by

A

.__ miage, (&)
By = € Y Al gy (py).
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Lemma 6.2.5. The transformation A identifies the Chen-Ruan Poincaré pairings up to a sign:

(A(m), A(r2))? = (—1)=E (g ) Pt

for any yi and vz in Heg o (EY).

Proof. Assume 7, is supported on £ and +, is supported on £,. The pairings (A1), A(72))?

and (7, ,72>EV,Ct equal zero unless «( Egvl) = Eng-

It therefore suffices to consider the case where v, € Hy(E)) and 7o € Hy(E,1). Choose
ar,ay € HEg(X) such that 43 = 4g.(aq) and 7, = i4-1.(z). Then, applying the projection

formula and Lemma 6.2.3, we obtain

(B B = (17O [ i) Ur(iya)

1Z

— (_1>rank(E)—rank(Eg)/ oy U L*(Ozg U €(Eg)>
11X

= (_1)rank(E) \/IX oy U L*(izfﬂigfl*(()ég))
= R [ UGy o)

_ (_1>rank(E) <717 72>Ev,ct7

where the second equality uses the fact [23, Lemma 4.6] that for all g in S

age,(€) + age,(£Y) = rank(E) — rank(E,). (6.4)

Theorem 6.2.6. Given elements 1,72 € Hig (EY), we have the equality

. a1 X o\ 20+ (et £)tpan . o
<A(71)¢117A(72) 22>05 S — <71¢11,72¢22>0E,B70+.
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Proof. Let g; and g, be elements in S. Without loss of generality, choose v, € Hy(E,) and
Y2 € H}(E,,). Then choose a; € H*(X,,), and a, € H*(X,,) such that

1 =1 (g Ue(Ey)) = ig (o)

Y2 = P, (2 Ue(E,))) = ig,.(az).

By Proposition 3.2.7, our assumption that £ is weakly convex, and (5.2) there is a short exact

sequence
0 —— ROm[u]*E(—x9) —— RO [u]*é —— evs'*(E,,) — 0. (6.5)

Also note that the following diagram commutes:

05(Z, 8) —— QU5(X, )

l lx (6.6)

7z ——2 5 IX.
Expanding the integral in the left-hand-side of the statement gives us

Z,0+

(B ()i, A () v57)

et @ ©) [t ()t U e o)
[Qgé (Z, )]wr

0718

:ewi(agegl(g)—l—agegg(g))/ Cevi (@)Yt U evs ™ (ap)s? U e(RO, [u]*E)
[QSE(X,ﬁ)]V”

e @@ [ ettt Ueof (as U e(Bp)Jg
[QCEXBY 4
:em(agegl(5)+ageg2(5)+rank(E92))/ . 61)5“(@1) zlzl U 61)5(*(042 U S(E;é)) gz
[ gz(x’ﬂ)])qz,z

:eﬂi(ﬁ(det E)+rank(E)) /

evi* ()8t U evs ™ (ap U e(Egvg)) 5
[Q05(x.8)]

vir

X/EV,1

i e ran a az\ B,
=i (Pl Etrank(E)) (it yau2) ot
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The second equality follows from (6.6), the projection formula, and Proposition 4.1.3. The third
equality is by (6.5). The fifth equality is by (6.4) and Theorem 6.1.2. The final equality is by
Proposition 5.0.4. U

Theorem 6.2.7. The transformation A identifies the operators LZ°t(z) and L 9% (2) up to a
change of variables in the Novikov parameter:

LZ’0+ (Z) e} A = A o LEV’0+(Z)|q[3,_>em5(de: £)gB -
Proof. By Assumption 2.2.8, the Chen-Ruan Poincaré pairing on the ambient cohomology of Z is
non-degenerate and by Lemma 6.2.3, A is an isomorphism. It therefore suffices to show that

Z

_ _ zZ ~ _ y
<A(’72), L7 (z) 0 A(’h)> = <A(’Yz); Ao LP ’0+(2)(’Y1)!qﬂHemB(dct8>qﬂ> , o (6.7)

for any v; and v, in Heg (EY).
Assume v, is in i} (E, ) and 7, is in i} (E,,). Expand the left-hand-side of (6.7) to obtain

(A(y2), A(m))?+

Z

ev* (A v .
Z < ), €va. M N [Qo5(Z,8)]™ > : (6.8)
Chf —z =1 ’
The right-hand-side of (6.7) expands as
(A(72), A(m))?+
* . Z
Z em,@ (det &) qﬁ <A(72) A o 671}2* < 67;1 (7;) N [Q87—5<EV’B>]VH)> ' (69)
—Z— Y

BEES
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For § € Eff(W, G, ), we have

EY 0+
_ pmi(B(det €)+rank(E)) <L >
y V2
—z =1 0.8

i e ran 9 GU* ’Y vir
__milB(det €)+rank(E)) <727602* (%_Zl N [QL(EY, B)] >>

% _ Z
—orstae) (A, Bo (2O 0 ose, 6] ) )

—z—1

EV ct

The first equality is the projection formula. The second is Theorem 6.2.6. The third is another
application of the projection formula. The fourth is Lemma 6.2.5.

Each coefficient of ¢” in (6.8) and (6.9) is equal, completing the proof. [

6.3 Quantum Serre duality for Gromov-Witten invariants

In this section we combine the above results with the wall-crossing formulas proven by Zhou
in [19] to prove a quantum Serre duality statement for Gromov-Witten invariants without assuming
convexity.

Theorem 1.12.2 of [19] states
TX(t A+ 2 (g, =2),q,2) = T (L, g, 2), (6.10)

where JX€(t, q, 2) is defined in [19, §1.12] and p*=%% (¢, —2) is defined in [19, §1.11]. Similar to
the JX-function defined in [19], we may generalize the operator L~(¢, z) of (2.9) by including

1-classes in the t insertions of (2.5) and (2.9). Let f be a cohomology-valued polynomial. We
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redefine the double-bracket as

(ot o)) " (F())
B
= Z Z %«)‘17/]?1’ s 7O[k¢zka f(wk—&-l)? sy f(,ébk’—i-m»oX’g

BEER m>0

for classes a, . .., ay € H¢g(X) and non-negative integers ay, . . . , ay. Define LX¢(f(¢), 2) as in

(2.9) by replacing ¢ with f(1). We now use (6.10) to relate L*F () and LX>°(u*=0% (¢, =), 2).
Lemma 6.3.1. The operators LX°"(z) and L5 (uX=%(q, =), 2) are equal.

Proof. Let {T;}cr be a basis of H¢z (X) with dual basis {T"};c;. For p € I, observe that

a T,L X,0+
zaTJX@*(t, 0.0 =T,+ > > ¢ <Tp, > T;. (6.11)
p

Z —
BEES iel ¢ 0,8

Pairing (6.11) with o € H{y(X), we obtain

o Yor X 5 o X,0+
<Z(9_tpj ’ (t7Q7 Z)|t07a> = <Tp7a> + Z q <Tpa m> (612)

BEEf 0,8

— (T}, X (=2)(a))" .
Similarly, note that

)
za—tJX’oo(t + 152 (¢, —2), ¢, 2) =0 (6.13)
p

X, 00

B TZ > >
=T+ >, % <Tp, — WMX’—O*(q, —1), ..., w70 (g, —¢)> T,

i€l BEEf m>0 0,m+2,3
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and

a X
< o Tl (e =) 4,2l a> (6.14)
qﬁ o X, >0+ X >0+ e
:<Tp,Oé> + Z Z_l <Tp7 Y = (Q7 —¢),7# = (qa —¢)>
BeBffms0 TV =1 0,m+2,8

= (T,,, L5 (152 (g, ), —2) ()™ .

By (6.10), equations (6.12) and (6.14) are equal for all p € I. By the nondegeneracy of the

Poincaré pairing on X, it follows that

LY (2) (@) = LY (u=0" (g, =), 2) ().

]

Proposition 4.1.5 and Lemma 6.3.1 imply the following relationship between two-pointed

quasimap invariants of X and Gromov-Witten invariants of Z.

Corollary 6.3.2. The operators L~/ () and L% (t, ) are related by
J* o LMAH (2) = LA (u"2" (g, —), 2) 0 "
Assume that the total space of the vector bundle EY — X is realized as the GIT stack quotient
W xC"J,G.
In other words, we require that

(W x C")* =W?*(9) x C".
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This guarantees that the moduli space QS;(EV, ) of Definition 5.0.1 coincides with the space
2?,@([W xC" /] ,G], ) of Definition 2.3.3 (as do their respective virtual classes). In particular, this
allows us to combine the wall-crossing results of [19] with Theorem 6.2.7 to deduce the following

corollary.

Corollary 6.3.3. The operator A identifies the fundamental solutions L% and L* > up to a

change of variables:

LZ=(u%2% (g, ), 2) 0 A

=Ao LEV’%(MEV720+(Q7 _w>7 Z)lqﬁHe”iB(dEtg)qﬁ7

where #>%% (q, 1) and " =%% (q, —1)) are the changes of variables from [19, §1.11] for Z and

EY respectively.
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