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ABSTRACT

PARALLEL TIME INTEGRATION METHODS FOR HYPERBOLIC PDES IN APPLICATION

Parallel in Time (PinT) integration methods are iterative methods which seek to increase com-
putational parallelism in numerical solutions to initial value problems by solving future time states
concurrently. PinT methods have been successfully applied to problems with sufficient dissipation,
but struggle to converge quickly for problems without much dissipation or that are dominated by
convection or hyperbolic in nature. In these cases, PinT is not expected to work well. Because of
this, PinT methods have not been not favored by many computational scientists, though we may
still desire faster time to solution in convective problems.

In this dissertation, we push the usefulness of PinT methods to include hyperbolic PDEs. To do
so, we present a modification for PinT methods which computes a time averaged state rather than
a pointwise in time quantity. Time averaged quantities like drag and lift of an airfoil are useful to
engineers in application, so we ask how well PinT can be applied in computing them.

The calculation of time averages has not seen any research in the PinT community. We hope
that this research expands the uses for PinT methods by exhibiting its usefulness in computing

useful quantities for PDEs beyond those of parabolic behavior.
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Chapter 1

Introduction

In this preliminary examination paper, we seek to solve Initial Value Problems (IVPs) arising

in scientific contexts of the form
—— = f(U(t),t) U(0) = U, (1.1)

where U 1is possibly a vector coming from discretizing a Partial Differential Equation (PDE). Such
problems frequently arise when doing numerical science.
Given an initial condition, one might want to predict how a physical system evolves over time
from ¢t = 0 tot = T. Typically, any numerical method for the time evolution of U is given by
T

selecting a discrete set of N time points at intervals of At = —:

tozo,tlzlAt,,tZ:ZAt,,tN_lz(N—l)At

and constructing solutions

at these time points via a sequence of operations
Upi1=FU(ty), tn,thyr1) n=0,1,..., N =2, (1.2)

where F'(U(t,),tn, tn+1) integrates the solution U(%,) to the next solution U (t,+1). And then an

approximation for the continuous solution U (t) is given by the vector of [Uy, Uy, ..., Un_1].



Definition 1 (Notation for Integrating Operator). We denote any method for taking an approximate

solution U,, at a time-discretized point t,, and producing the next approximated solution at t,, 1 as

F(Un7 tnv tn—i—l)-

A different method for the same could be denoted with another symbol like G(U,,, t,,, ;1)

Without going into excessive detail, this F' operator can be thought of as a discretized version
of f(U,t) from (1.1). With this in mind, we can see that, for most numerical methods, constructing

a discretized approximation to U (t) is equivalent to solving a sequence of N — 1 problems (1.4)

Up = U(top) known (1.3)

Uy = F(Uy, to,t1), ..., Un—1=F(Uy_2,tn_2,tN_1). (1.4)

Once this is done, we can approximate the time evolution of U as the vector of U;’s. If we know the
operation F', solving this sequence is no problem. One starts at U(t,) and constructs U(¢;) from
that. Any part of the evolution of U is known in this way. Almost any software used for scientific
calculations solving problem (1.1) follows this paradigm and are too various to cite.

In some sense this matches well with our intuition about such time dependent systems—they are
sequential. For example, what I do now effects the immediate future, which would then also affect
the future’s future. This is how we imagine the physical dimension of time: a long sequences of
nexts, depending on all the thens and the now.

This kind of intuition has brought numerical science far, and people have spent much time writ-
ing code that uses the framework of (1.4). However, in an age of complex scientific questions, a
sequential solution of IVPs could 1) require 1 < N for accuracy of our approximation U (¢;) and/or
2) have sufficiently complex formulations of /' which are computationally expensive. For exam-
ple, both of these situations happen in simulations of plasma physics, where physical wavespeeds
dictate that time steps are small, and complicated physics routines may need to be calculated to,

for instance, model neutron transport.



Suppose each evaluation F'(U(t,),t,,t,.+1) takes Q5 seconds on a supercomputer. Then, to
integrate our initial condition to some final time 7" with 1 < N time points required for accuracy,
one would need to wait ) - (N — 1) seconds for the program to finish running. This is a potentially
very long time to wait if the problem is complex enough for )5 and N both large. One is out of
luck if one desires a solution quickly.

In the past, people could count on Moore’s law of transistor density doubling every 2 years
to decrease how long their calculations took to run on the most up to date computers [1]. The
joke was that if your code was too slow, waiting two years meant it could work. As Moore’s law
slows, we can no longer count on improved processing speeds, but rather must optimize exist-
ing code, develop new algorithms, and explore exotic numerical methods. Indeed, even during
Moore’s era, people argued that speedup in scientific computing was equally driven by algorithmic
improvements as hardware advances [1], but today it may be all that is left for improved speeds.

To alleviate the cost in clock time, the idea this thesis aims to follow is to parallelize the time
direction. The class of generally iterative methods to do this are called Parallel in Time (PinT)
methods, and an in depth review of these methods can be found in [2, 3, 4]. Their most basic
idea, however, is simple: run computations on future time points while you run computations on
current time points. To help us understand how this strange sounding idea would work ideally, let
us introduce some terminology we will use throughout this document.

PinT methods break a time domain down into what we will call “time bricks" (or we could call

“time slabs"), and perform parallel calculations on these bricks.

Definition 2. A Time Brick is an interval of time [t,t,. 1], often a subinterval of a larger interval
of time [0, T]. We denote the nth time brick of a split interval, [t,,,t,1], as B,. Each interval may
contain M of the original N time points. Therefore we write t,; € B, fori =0,...,M — 1, the
M points contained in B,,. With this notation, the start of B, is written t, o and the end t, p;_.

Note that t, = t,oand t,110 =ty p—1.



In an ideal PinT method, we would like to break (1.4) into K bricks where each brick requires

the solution of an IVP specific to that brick. Writing the mth brick like

T T
Bm = [m?, (m + 1)?],

we can write [0, T] = U%—{ B,,,. Note that dividing N points into K bricks gives each brick 2451

time points since each brick shares a point with the surrounding bricks (Figure 1.1).

D S WG

to ti ta ty ty ts tg tr ts to

Figure 1.1: Dividing N = 10 time points between K = 3 bricks. Here, each brick has % = 4 time
points, and needs to integrate over % = J steps.

Projecting the sequence from (1.4) onto our collection of bricks, we then get a set of sub-

sequential IVPs, each with % steps in the sequence:

U(toit1) = F(U(to,), toi toi+1)  Ultoo) = U (1.5)
Utriv) = F(U(t), ti, tiiv)  Ultig) = U(to,%—l) (1.6)
(1.7)

Ultg—1i11) = F(U(tr—14),tk 10tk -1441)  U(tx-10) = U(tK,Q,%,l) (1.8)

where 1 = 0, ..., % for each problem. Then we can now solve the K sub-problems (1.5),
(1.6), (1.7), (1.8) concurrently on different computers. If this is possible, then one would only
have to wait for the duration of one of the sub-problems to finish, which takes () - (%) <

Qs - (N — 1) seconds, giving a perfect parallel speedup of K. This leads us to the ideal PinT
method (Algorithm 1).



Algorithm 1 Ideal PinT Method

1: Split simulation interval [0, 7] into K time bricks so that the execution time Q, - (2=1) of each
brick is small.

2: Pick a sequential solver F'(x,,,;, ¢, ;+1) for the set of problems (1.5)-(1.8).

3: In parallel, apply F' to each time brick B,, form =0,..., K — 1.

Using Algorithm 1 would be great, were it not for the fact that the overall problem’s sequential
nature has not been broken at all. The IVP on B,,, has an initial condition coming from the final
condition on B5,, ;. So Algorithm 1 will not do; we cannot solve B,, until B,,,_; is done!

To break causality, we need to transform Algorithm 1 into an iterative one. Because we do
not want to wait for B, before executing B;, we must provide initial conditions for each of the
K bricks. Since we cannot know the right conditions, we guess. Then, knowing our guesses are
wrong, we produce corrections to those guesses in a mathematically sound way. Once we have
done this on all bricks, we iterate and run on all bricks again, where we can produce still more
corrections. Obviously, repeating computations on our bricks eats into the gains from the ideal
Algorithm 1, but this method makes parallel time computations possible. We term this type of
PinT method a Predictor-Corrector method. All PinT algorithms which fall into a predictor-
corrector category follow the format of Algorithm 2 which we call the 7-correction algorithm of

PinT, and only differ in how the correction is calculated.

Algorithm 2 7-Correction

. For each of K bricks B,,, provide U°(t,, ) initial guess.

. for iteration k = 0,..., I do

Pick a sequential solver F'(x,t,, ;, ¢, ;1) and solve (1.7) for each brick.
In Parallel, compute a correction 7, (v—1)/k -

Correct the guesses at the end of each brick via

AN e

Urlf@—j_(Alel)/K — Ur];7(N—1)/K + Tm,(N-1)/K -

6: end for

In analogy, consider a team of people whose task it is to track the vector position of a ball U (%)

as it rolls down a hill. The sequential option to complete this task is to let the ball roll down the



hill and track its position. The PinT option would require the team to spread out along the hill, one
at the top, the next some way down the hill, the next further still, and so on. Each person would
carry their own ball, and be responsible for placing the ball in a spot on the hill where they think
the ball at the top will be at their position. Once everyone is in place, they let their ball roll down to
the next person’s location. This piecewise trajectory, denoted U°(t), is probably not very accurate.
However, this is done fast, since the ball did not have to roll very far.

Next iteration, each person looks at where the uphill ball had landed in comparison to where
they predicted it would. From this information they can correct their initial position, and since
they can look uphill to see how others have done their corrections, they can use this information
to better inform their corrected starting point. Then everyone rolls their ball again and the process
repeats for a piecewise trajectory U (t).

It is not hard to imagine this might result in the the exact trajectory U(t) after a while. For
instance, after one iteration, the person who is first downhill will know exactly where the ball
should have been placed, so the trajectory on iteration 2 will be exact down to the next person.
Eventually, each person knows exactly where their ball should be placed. However, depending on
the ease in predicting U (t) is for each person’s starting point, this process might be exact in only a
few iterations—perhaps much earlier than simply waiting.

Some factors that affect the effectiveness of this process to speed up the task of tracking U (t)
might be found in the smoothness of the slope (a smoother slope could be easier to predict, while a
rocky one harder), or the speed in which the ball rolls (a slower ball means that we have more time
to gain during the correction process), or the number of people we have available to help (more
people means each ball has to roll less distance, and predictions can come faster). In mathematical
terms, a smoother slope might equate to a parabolic PDE, while a rougher one a hyperbolic PDE,
and the speed at which the ball rolls is the cost of our sequential solution of (1.4). If the problem
is nice enough, but costly enough. We can probably track the ball faster with this process.

This thesis is concerned with exploring the limitations of these methods to realistic problems,

where the question is not always ‘nice enough’.



1.1 Goals

In this dissertation, we present a research direction in PinT Methods for realistic applications—
in the solution and analysis of hyperbolic PDEs. PinT integration methods have existed since the
1960s (see [3]) at least, and are still being investigated today. PinT integration works exceptionally
well for some types of systems, but not universally out of the box. Overall, PinT methods have
been successfully applied to integration of parabolic problems [5, 6, 7], but not very successfully to
hyperbolic PDEs (see the discussion in Chapter 4). Because of this gap in cases, overwhelmingly
PinT have not been applied to realistic questions. Though many realistic scientific problems are
not hyperbolic in nature, at least an equal number are, which limits the scope of these methods’
application.

With this in mind, this dissertation seeks to explore the possibilities for using PinT methods to
the solution of IVPs resulting from hyperbolic PDEs with a focus on understanding the limitations
one must grapple with in order to do so. To this end, we propose to leverage a combination of ideas
like PinT with projection [8], multilevel PinT methods with spatial coarsening [9], selection of the
right underlying time integration method, and the novel contribution of averaging across the time
domain to help stabilize and improve the slow convergence these methods exhibit for hyperbolic
PDE:s.

In particular, we explore the calculation of quantities like

/

drag, lift, friction
J(U.t) = energy cascade, vorticity (1.9)

etc.

\

which depend on U (t), the solution of a discretized PDE whose time evolution fits into the frame-
work of (1.1). Such quantities may converge at the same rate as U (¢) does in a PinT method, but a

statistical interpretation of J(U, t), like



(

average drag, lift, or friction
T
/ J(U, t)dt = slope of energy cascade, average vorticity (1.10)
0

etc.

\

might converge at a higher rate.

This dissertation explores just how this type of averaging affects convergence with the hope
that this opens avenues for hyperbolic PDEs to be solved with PinT methods more effectively. We
have a goal of illustrating these capabilities on a collection of ‘realistic’ problems like calculating
drag on an airfoil at low Reynolds numbers.

In Chapter 2, we outline the history of PinT methods, including a fixed point perspective. Then
the most popular PinT methods are presented in Chapter 3, before finishing with a comparison
of each method. Next, Chapter 4 emphasizes that PinT methods do not work well for hyperbolic
problems (or those with finite speed of propagation) and presents a numerical example of this issue.
Chapter 5 highlights that averaging in time for hyperbolic PinT is a feasible use for PinT methods,
and present a loose justification with the same numerical example that this is not a crazy idea. Then,
Chapter 6 discusses the algorithm and special modifications to PinT methods used to compute time
averaged quantities. After this, Chapter 7 applies the algorithms herein to two test cases: pressure
and drag on a cylinder in Mach 3 flow wake, and to an airfoil in landing configuration at Mach
0.23. Finally, Chapter 8 concludes the dissertation with a discussion of results, novel contributions,

and future research directions.



Chapter 2

History and Conception of Parallel in Methods

PinT methods have been considered as additional avenues for computational parallelism, espe-
cially as processor clock speeds stagnate. In fact, the openings of many papers in the PinT field
include just such a discussion (see [10, 11, 12, 7, 13] to name a few) as justification for PinT. As
computers have advanced, researchers have found it difficult to utilize all the computational re-
sources available to them. This is critical for recent trends in supercomputing, namely the push for
Exascale computing, where experts have looked at various avenues to utilize computing resources
to the fullest, including PinT methods [7, 14, 15].

However, the earliest PinT methods originated in the 1960s (before Exascale computing was
remotely possible) as interesting methods themselves for solving IVPs. Today they may find use-
fulness in supercomputing where scientists desire faster time-to-solution than is currently accessi-

ble.

2.1 PinT Methods as Space-Time Domain Decompositions

Typical numerical methods for solving the vector form of (1.1), which typically results from
spatially discretizing a PDE, involve splitting the vector U(t,) into smaller sub-vectors, upon
which separate processors use the propagator F'(U, t) to update this smaller subset of data to create
U (t,+1)-Consider a problem splitting U with g, global elements (corresponding to all the spatial
degrees of freedom), into [, < ¢, local elements (corresponding to the spatial degrees of free-
dom that a given processor owns), as we can imagine from (2.1), where processor 0 is responsible
for computing the time history of U(x;,t) for i = 1,...,[,, only a subset of the global vector,
then other subsets of the vector are assigned to other processors. This is known as Domain De-
composition (DD), since the spatial domain is split up, producing a speedup happens because
each processor only has to loop over vectors of size [, < g,, reducing the amount of work each

processor has to do to produce the next time point U (¢,,11).



U(i[}l, t)

.

Ul(xy,,t) Done by Process 1

Ula,t) = U(t) = z z @1

U(Zg,—1,+1,1) Done by Process N
. \

| (U, 1)

Often, for F' to compute the local update, data from vectors not known to the local processor
must be communicated. This type of thinking has been used everywhere in scientific computing,
largely with the support of the Message Passing Interface (MPI) programming paradigm. This
can be done, at the cost of needing to communicate non-local information. Communication (for
example using MPI) is not free, however, so minimizing communication is a must. What results is
that one cannot just throw extra processors at a spatially discretized PDE and expect a faster com-
pute time. At some point, the problem saturates, and communication costs outweigh the gain from
smaller problem size on each processor. On modern supercomputers, if the number of processors

saturates in the DD sense, it is possible that a huge amount of computational power is left on the

table.

Speedup 1

0 ' >

# Processors

Figure 2.1: At a certain point, DD methods saturate, meaning adding more processors in space actually
slows the computation down. If one has access to many more processors beyond this saturation which sit
idle, one needs to explore options, like PinT, for increased parallelism.
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Parallel in Time integrators solve the saturation issue by increasing parallelization beyond the
spatial DD methods by reducing the number of time steps each process must handle. Think of this
as a domain decomposition method in space-time. We split up the spatial dimension, and throw
our extra processors at the time dimension. Thinking about splitting the time domain into multiple

ways can help us design PinT methods.

2.1.1 Space-Time Parallel Decompositions

PinT methods differ fundamentally in how they decompose the space-time domain. The defin-
ing characteristic is in which direction one slices the space-time domain. The PinT literature has
a few different methods: the brick-based predictor-corrector approaches which slice horizontally
Figure 2.2, Waveform Relaxation methods which slice vertically Figure 2.4, and fully Space-Time
Multigrid methods which do no slicing at all Figure 2.5. Splitting the space-time domain in these
different ways forces one to define relaxations on the boundaries of those splits.

Recalling the brick-based, predictor-corrector type algorithm Algorithm 2, we can draw a
space-time splitting as splitting the time dimension into horizontal bricks, the starts of which need
predictions U° and corrections 7 (depicted pictorially in Figure 2.2). This is the relaxation that
one needs to define for this splitting: how do we start the sequential nature of each brick? This
splitting has the added benefit of easily adding regular spatial DD in the space dimension, meaning
one can utilize many more processors Figure 2.3. Predictor-Corrector methods all use this style
of splitting, and the ease of using codes that already use DD with this type of splitting make them
popular.

Contrast predictor corrector splittings with those of Waveform Relaxation (WR) methods
which split the space-time domain vertically, like Figure 2.4 [16, 17, 18, 19]. This split one should
think of as letting local areas in space run concurrently on different processors, at potentially
different computational speeds. In WR methods, the speedup is now related to which spatial patch
takes the longest to compute. This is a form of ‘local time stepping’. With this splitting, one

naturally splits the solution vector U into different parts like DD: U = [Uy, Us, ..., Uy|, where

11



time

space

Figure 2.2: Predictor-Corrector PinT algorithms split the domain by breaking the time domain into bricks
and doing prediction and correction at the starting point of each brick 77,75 (in orange, 71, 72), iterating
until a sufficient convergence criterion has been met. Here, time integration is done across the spatial domain
for the duration of each brick, where this time integration could be done across many processors, like with
Message Passing Interface and distributed data structures.

time

space

Figure 2.3: For predictor-corrector type spacetime-splitting, we can decompose each brick into many pro-
cesses which allow for computational parallelization within each brick. This is the typical thing one sees
drawn out in papers where MGRIT is defined.
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U, is a vector on process 1. To achieve local time stepping, we introduce artificial boundary
conditions on each patch €2;. For example, we know that process two has two boundary conditions

on U; which must match the data of Proc 1 and Proc 2 at x4, x5 respectively.:

UQ(ZL’l) = Ul(xl) and UQ(.TQ) = Ug(fEl).

Clearly, we cannot run these patches independently of each other like we’d like to. Instead, we
relax the boundary condition by making the process iterative. For iteration k£ + 1, we solve for
Ukl = [UFT UST . UE™] with the boundary conditions given by previous iterations. For

our example, this relates to a problem

oUFT
6175 = F(UF™) , UF(0,t) = U(0,t) and UFH (2, t) = UF(2, 1) (2.2)
aUkJrl
8215 = F(US™YY | UF™ (21, t) = UF(z1,t) and UST (29, 1) = UF (29, 1) (2.3)
8Uk+1
(9315 = F(UF™) | UF™ (2y,t) = US(29,t) and UF™(L,t) = U(L, t). (2.4)

Here, (2.2) only involves DOFs on Proc 1’s patch €21, (2.3) only involves DOFs on Proc 2’s patch
s, and (2.4) only involves DOFs on Proc 3’s patch 23. Since the k-information is known, these
are fully decoupled problems that can run in parallel. We need to iterate to find the proper boundary
conditions for each patch, and convergence is achieved when the patch solutions have boundary
conditions that match along the interfaces for all ¢.

Contrasting both the previous methods is space-time multigrid methods which perform a
multigrid algorithm on all of spacetime at once as one would do in a boundary value problem—
but including the temporal direction as well. These are the least common, mainly because they
require time to be an intrinsic variable in the data. Common scientific computation codes store
only the variables as they vary in space, and time is more of a ‘tag’ that is attached to the data,

rather than living on the datasets that are used for computation. A fully MG algorithm requires
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Proc 1

time

0 T1 space T2 L

Figure 2.4: Waveform Relaxation methods are iterative PinT algorithms split the domain by introducing ar-
tificial spatial boundaries x; and x2 (in orange) with artificial boundary conditions defined from information
from previous iterations. The whole time interval is solved on each spatial domain, and is used to define the
artificial boundary conditions for the next iteration.

time as a variable, not a tag. The parallelization of these comes entirely from the parallel solver
one uses, and is not iterative in the same sense of the other two.

There is some debate about the future of PinT methods and what kinds are most suited for real
scientific computing. Some people argue that space-time MG methods can offer the best parallel
performance because of the overall performance of multigrid methods [20]. One drawback of
this is that most codebases do not think of time as an extra dimension, meaning that to use these
methods, one would have to re-write the data-structures to treat time as its own component of the
solution state—on top of writing the multigrid framework. Others view the iterative, brick-based,
methods as ideal because of their agnosticism to integrators, allowing practitioners to use their
favorite integrator that they likely have spent much time developing for their specific problem. The
drawback here is that the parallel performance gains can be smaller. Hence one may be forced to
optimize their PinT code for one specific problem just to attain any speedup at all. Then, if one
were to try another problem, this code may not work.

We take the point of view that a method non-intrusive to the codes that already exist is best: we

can use optimized integrators in a plug and play manner, saving us time coding our methods. This
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Figure 2.5: For a fully space-time multigrid method, we solve the whole domain akin to a MG method for
a boundary value problem, where our boundary includes space and time. The space-time parallelization of
this method comes from the parallelization we can get from the MG solver. Time is intrinsic to the data, not
a ‘tag’.

viewpoint considers the speedup of the algorithm as a function of developer time as well. These

methods lend themselves to quick production.

2.1.2 PinT from a Root Finding (All at Once) Perspective

We have seen in the introduction Chapter 1 how we can conceive of certain PinT methods
as brick-based iterative prediction-correction algorithms. However, another useful perspective for
PinT methods can be found in viewing the sequence of problems (1.4) as a fixed point equation
[21]. In this vein we can modify the sequence into a vector equation where we use an iterative root

finding algorithm to solve for all the time points at once. Then we have

U() UO

U _ F(Up, to, t

U=| | =F@O) = (o, to. 1) 2.5)
3 _F(UN—la tn—1, tN)_
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which we can write like a root finding problem

FU)=TU-F(U)=0. (2.6)

So, to solve our time integration, we desire to solve (2.6) for U. One option is the sequential
solve that is universal in integration methods. Another is to try to solve this nonlinear equation with
something like a Newton-Krylov iteration. This has the benefit of solving for all the U, at once,

at the cost of an iterative procedure and solving for the inverse of the Jacobian of F'. Denoting by

F(U) = U — F(U) we write the newton iteration as

=htl =k o1 &7
U =0 = T FO) 2.7)

Jegny - (U =T = —FT") (2.8)

Carefully unraveling the effect of the Jacobian on the change T Tt provides us with a

new set of equations for n € [1,..., N — 1] which are solved each newton iteration:
Ustt = Up (2.9)
OF (Uy)
Uit = F(UD) + 5= (U = U3). (2.10)

n

Here, the superscript £ is the newton iteration, and the subscript n indicates the time point. Now
we have a way to compute all of the time points at once. This rearrangement seems unproductive
since it is not parallel in time. We still need to compute a sequential set of equations—the value
of U,’fill depends on knowing the value of U**!, the solution on the same iteration at the previous
brick. However, it is possible to choose an approximation to %({j) and rearrange so that we break
this sequential dependence. For example, we could make the assumption that the differential term

of (2.10) is well approximated by a difference of some "cheaper" method G (%, t,,, t,,+1) := G(*)
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OF(UF)

n

U

(U —UR =~ G(UM) — G(UF). (2.11)

n

This is just what the Parareal algorithm, discussed in the methods section, does [22]. If we substi-

tute (2.11) into (2.10) we can re-write the update as

Uttt = Up (2.12)
Upti = F(Uy) + GU) = G(Uy) (2.13)
= GUM) + F(UY) — G(UY) (2.14)
= GU) +1). (2.15)

What this does is sequester the "expensive" evaluation of F'(x) into a part that can be calculated
from the previous iteration. Then a "cheap" sequential evaluation can be done for this iterations
updates. Moving the expensive parts into a 7-term depending on iteration k allows for the paral-
lelization of this 7 on each brick, and a cheap global sequential part replaces this. One can see that
an update like (2.15) fits perfectly with Algorithm 2 for PinT written in the introduction. In this
way, the "all at once" perspective naturally leads us to one of the fundamental algorithmic themes
of PinT.

PinT algorithms which take the "all at once" approach are collectively called Multiple Shoot-
ing Algorithms [3, 21, 23, 16]. They can all be written in the form of (2.10), and are all predictor-
corrector methods. In the next chapter, we outline three of the most popular multiple shooting
algorithms for PinT integration, as well as how these methods relate to each other and Eqgs. (2.13)
and (2.10). Near the end of the chapter, we outline weaknesses of these methods to handle IVPs

resulting from hyperbolic PDEs, or PDEs with finite speed of propagation.
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Chapter 3

Overview of Methods in Time Parallel PDE Solvers

The three most popular predictor-corrector PinT methods in the literature are the Parareal
[22], Multigrid Reduction in Time (MGRIT) [24] (a generalization of Parareal, which takes
inspiration from Multigrid Reduction [25]), and Parallel Full Approximation Scheme in Space
Time (PFASST—pronounced ‘fast’) [26]. These methods are all iterative predictor-correctors
in nature, producing correction terms on each time brick for the predictions. Like all predictor-
correctors, their general algorithmic structure is that of Algorithm 2, however, the manner in which
each method produces corrections differs greatly.

In this section, we will outline the way in which each method produces corrections 7. First, we
explore the sterotypical PinT method Parareal, one of the first PinT methods. We try our hand at
parareal with a small toy problem, and write down some theory about speedup and convergence for
parareal. Next, we look at MGRIT, and discuss how this is a generalization of parareal, indeed, we
can show that under certain choices, MGRIT is equal to Parareal. We write a correction term for
MGRIT in a general way. Then we give an overview of PFASST noting especially how PFASST
i1s more restrictive than Parareal or MGRIT, but affords better theoretical speedup. Finally, we
compare and contrast these methods before justifying the choice of method we will use in this

dissertation.

3.1 Parareal Algorithm

The prototypical PinT algorithm is the parareal algorithm introduced in 2001 by Lions, Ma-
day, and Turinci [22]. Parareal is arguably one of the most popular PinT methods. It has been
tested in fluid-structure interactions [6], fluid flows [27], turbulence [9, 28], optimal control [29],
Molecular Dynamics [30, 31], and even pricing American stock options [32], among others. In
this section, we outline Parareal, state some convergence bounds for the literature, and speculate

on it’s performance for PDE’s with finite speeds of propagation.
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Figure 3.1: Parareal is a two level PinT method where we have a fine integrator ' which takes steps at fine
time points ¢;, and a coarse integrator G' which takes larger steps at a subset of the fine points 7, called
C-points. Parareal compares the difference at C-points to produce a correction.

Parareal is a two level algorithm where one utilizes a ‘coarse’ (hence cheap and computation-
ally fast) propagator, together with a ‘fine’ (hence expensive and computationally slow) propagator,
to iteratively produce improved guesses for solution state at various time points parallel in time.
Therefore, this algorithm falls into the category of predictor-corrector PinT methods.

The Parareal algorithm proposes to use coarse guesses as the initial conditions of each time
brick. Parareal then produces in parallel an informed correction on each time brick to be applied
to the starting point of the subsequent initial condition. The goal is, upon iterating, that the initial
conditions on each time brick are corrected to the true state. One can think of the prediction as a
cheap sequential solution on a coarse time mesh to the IVP in question, and the correction—giving
the accuracy of the method—as an expensive but time parallel solution to many sub-IVPs, one on
each time brick, with which one can compute a correction to the prediction.

For Parareal we therefore assume that we have two time stepping operators, one fine operator
F, and a coarse operator GG as in 1, which can solve (1.1). For example, one could choose F' to be
the fourth order accurate Runge-Kutta 4 (RK4), and G to be implicit Euler. Typically, F' is many
magnitudes more expensive computationally than G.

Since Parareal is a predictor corrector algorithm, it has a general form is that of Algorithm 2,
but this time with a specific correction procedure. Like before, we let U* represent the solution at
t; on iteration n of our method.

Some key points about this algorithm:

19



Algorithm 3 Parareal

Follow Appendix 2, with corrections below.
Calculate 7; = F(U3") — G(U") in Parallel
Sequentially propagate corrections

U =G(UL) +

1. The correction 7;, known in the literature as the tau correction, for all time points depends
on the difference from the previous iteration of the coarse and fine propagators at that time
point. This can be calculated in parallel since the coarse approximation is known at the start

of the iteration, and the fine approximation is done on disjoint bricks and hence in parallel.

2. The corrections are propagated: a serial pass is made on the coarse level, where at each
coarse time point the solution Uj; is updated by correcting the coarse guess G(U;_1), and this
updated solution is propagated to the next coarse step. In other words, on iteration 1 we do

Uy = GU! + 1) + o, not U} = UY + 7.

3. Since this algorithm is iterative, many time bricks run the fine computation many times.
Therefore, this algorithm can be expected to use much more computational resources than a

sequential solve which traverses each brick only once during a run.

4. It may not be obvious, but this algorithm is exact in [V iterations, where NV is the number of
time bricks. If convergence happens in K iterations, we hope that X' < N, otherwise the

added computational effort required is for naught.
5. We can define any convergence criterion we want. Often we check if U(¢x_;) is converged.

Parareal, like other predictor corrector methods, needs a startup procedure to tell us the initial
condition on each brick. Typically, one simply uses the coarse propagator as a kind of precondi-
tioner, meaning to get the initial conditions, we do one initial solve with GG. In practice, this is the

best for speedy convergence, though in principle the initial condition can be anything.
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Then in subsequent iterations, while not converged, we calculate a more accurate approxima-
tion to all of the coarse points (meaning the ends of each brick) with F' on each time brick. This can
be done in parallel since we have a guess to start each fine level approximation on each brick. Then
a correction term, 7; is calculated, which is simply the difference of the calculated fine approxima-
tion to the previous coarse guess. At this point, we do the coarse approximation in serial, and add
the correction term. Iterating this process drives the solution state to match the fine propagator’s
accuracy forall¢; € T

The reason Parareal is guaranteed to be exact after we iterate the same number of times as
there are bricks is because after the first iteration, 5, which has an initial condition that is exact
since all simulations start with an initial condition at time 0, has run the full—which is to say,
sequential—simulation on the fine level. This means Uy and U; should be equivalent to the fine
solution which we would expect from a sequential solve. The other bricks have only stepped the
coarse approximation in a fine way, and therefore are not expected to be exact. One clearly sees
that on the next iteration By will be exact in the same sense since the initial condition on Bs is
exact from the exactness of B;. This continues for each time brick and each iteration.

From this basic analysis of exactness, we can tell that to get a computational speedup over
sequential time stepping, we must have K < N. Indeed, Parareal is shown in [33] to have a
speedup similar to

N
Speedup ~ ﬁ ,

where K is the number of iterations. This implies that if we can get convergence in two iterations
we can achieve nearly perfect parallel speedup. For problems that are well behaved with parareal,
we indeed see convergence in two iterations [33], while poorly behaved but still convergent prob-
lems may converge only after /V iterations. This suggests two things: that for best use, one should
pick N large; and that minimizing the number of iterations K is imperative. In the following exam-
ple, we illustrate the type of speedup one can achieve in a simple problem, and the computational
cost required to do so. This will illustrate the computational costs one needs to appreciate before

using such a time parallel algorithm.
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3.1.1 Numerical Example

Consider applying the Parareal algorithm to the IVP

X'=-X, X'(0)=1, X(0)=0 3.1)

on the interval [0, 1], which has the exact solution X = sin(¢). To fit (1.1) better, we make this a

vector ODE by defining
X X'(t _ Vi(t _ 0
X = Q =F(X(t) = Q with X (0) = . (3.2)
L) ~X(t) 1

With Parareal, we can store the solution at

T0:0<T1:0.25<T2:0.5<T3:0.75<T4:1,

hence N = 4 corresponding to time bricks B; = [T}, T;11], 7 € [0, 1,2, 3]. Parareal then asks for
an approximation to the solution at the start of each of these time bricks. This can be random,
informed by a coarse approximation like the forward Euler method or implicit Euler method, or
any other guess (two options for this specific problem are in Figure 3.2a).

Then, in parallel, since we have an initial state for each time brick, an accurate time integration
is made on each brick and a difference is computed between the accurate integration and the coarse
guess. This difference is the correction, 7;. Once 7; is known, the sequential coarse approximation
is done again but this time, at each step of the sequence the proper correction is added to the
solution. The final solution state of this process is then used as the initial coarse approximation
to the next Parareal iteration. A full picture of the algorithm applied to (3.1) is given in figure
Figure 3.2. Here, we see that convergence is satisfied after three iterations. Obviously, three is not

much less than four, so the speedup is far from ideal.
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Figure 3.2: Top Left: We may have many choices for the initial conditions on each brick. Top Right: After
selecting our initial coarse solution (blue) we compute the fine solution on each brick (red). Then, using the
7 correction (red minus blue) we do a sequential coarse solve applying the 7 in sequence. Bottom Left: On
iteration 2, all points seem converged except the last. Bottom right: Convergence.

Based on the above, we see that our speedup should be 3%1 = 2. This problem was imple-
mented in C++ with F' being RK4, and G being implicit Euler. Four threads were used to handle
the time parallel section of the Algorithm O The results are shown in the following table.

We can see from Table 3.1 that even though parareal converged for K = 3 with N = 4 bricks,
we did get an appreciable speedup in nanoseconds. This gain is small, but nonzero. We get a

solution faster than with a serial solution using RK4.
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Table 3.1: Wall-time for three iterations of Parareal with N = 4 vs. sequential RK4 Solving (3.2).

Speedup of Parareal Applied to Equation (3.1)
Method || Execution Time CPU Time Speedup Compared
to RK4
Parareal || 69154 [us] ~272000 [ps] 1.21
RK4 83816 [us] ~85000 [us] 1

We note, however, that the amount of CPU time is much higher for parareal than the sequential
RK4. This is due to the iterative nature of parareal. We are doing many passes of RK4 on each of
the B; each iteration. This is an important lesson to take: PinT methods can offer real speedup at

large cost in computation time.

3.1.2 Parareal as a Multiple Shooting Algorithm

As alluded to in Section 2.1.2, Parareal corresponds to a particular choice for the term action

of the Jacobian in (2.10), which we restate in its vector form here

Uk:+1 U Uk+1 U
0 . 0 — 0 0 (3.3)
Ukt = F(UY) + 258 Uk — UF) Ukt = F(U¥) + G(UFY) — G(UF)

where we can identify that

OF(UF)

oU* (UM — UF) =~ UMY — G(UF). (3.4)

n

In other words, the action of the Jacobian has been approximated by a difference in the coarse
operator’s action on U between iterations. If we rearrange this equation, we get the form of the

T-correction for Parareal as was previously introduced:

Unii = F(Uy) + GU) = G(U,) = Uy =GU) + F(U,) - G(U,).  (3.5)

Therefore, Parareal really is a multiple shooting algorithm, and fits into the overarching ‘all at

once’ perspective introduced in Ch.1.
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3.1.3 Convergence Properties and Maximum Speedup

Parareal has a couple convergence bounds that are worth restating here. The following theorem
is due to [34], and illustrates the exactness guarantee of Parareal in /V iterations, and a superlinear
convergence bound based in K iterations. The notation has been adapted to match the notation in

this dissertation.

Theorem 1. Let F(UF, t;,t;11) = u(tys1) denote the exact solution at time t;,, starting with U¥
at t; on iteration k, and G (Uf, ti,tiv1) denote the coarse solution at t;, 1, with an error bounded
by C1ATP* where p is the order of the error. Assume UP is the result of Parareal’s kth iteration at

the nth time point. If the coarse operator satisfies a Lipschitz condition in U (with an appropriate

norm):
|G(X,t,t +AT) — G(Y,t,t + AT)|| < (1 + C.AT)|| X =Y,
then
Oy ATk@+1) k
1k 1 N—1-k . 770
max [u(t,) = Upl| < ==——(1+ GAT) Hl(N j) max lu(ta) = U3l (3.6)
=
< (Cl)keCz(T—(k—i-l)AT)ATpk max ||u(t ) . U0|| (3 7)
- k! 1<n<N " nit '

The bound in (3.7) tells us that if the coarse operator is behaved well enough, we can show that
Parareal has a superlinear convergence to the exact solution, this is the content of Equation 3.7. We
also get a peek at the guarantee of exact convergence if we iterate NV times, which is to say iterate
the same as the number of bricks that we have, we see that the product will contain N — N, which
means that the error will be zero. Overall this theorem should indicate to us that the convergence
of Parareal depends mostly on the coarse propagator G. All terms on the right hand side of (3.6)
and (3.7) all come from (G’s behavior.

Of course, it is possible that not all problems with such a coarse GG operator satisfy this theorem
with small constants C; or (5, but the principle remains. Additionally, we note that Theorem 1 is

true in principle if ' is not the exact integrator. This means that we expect that kind of error bound
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to hold for inexact fine operators. This is to say that for PinT often the ‘exact’ solution we wish to

compute is the action of an expensive, ‘inaccurate’ fine integrator F'.

3.2 Multigrid In Time Algorithm

Now that we understand the Parareal algorithm, we discuss a multilevel extension of it. Multi-
grid Reduction in Time (MGRIT) is an algorithm that was developed by researchers at Lawrence
Livermore National Lab [24]. MGRIT is a time dimension analog to Spatial Multigrid (MG)
Methods where we now use multiple time grids in a multigrid prediction-correction scheme.

Multigrid methods vary in implementation, splitting between Geometric Multigrid (GMG) and

Algebraic Multigrid (AMG), both of which seek to solve a problem of the form
Au =g, (3.8)

where, for example, A is a matrix resulting from the discretization of some system. Broadly
speaking, MG methods construct a hierarchy of levels, typically a fine level and many recursively
coarsened levels, where a so called ‘restricted’ version of the previous level’s problem is defined
and solved. This restriction is motivated by the fact that on coarser levels, different Fourier modes
of the numerical error are more naturally described and solved for. Once the coarse error modes
are known, we can produce corrections on the fine level by interpolating the error modes onto the
fine level. As such, we call moving from a fine to a coarser level restriction, and moving from a
coarse to a finer level prolongation.

AMG methods produce coarser levels in relation to the matrix A, while GMG methods create
coarser levels by producing a hierarchy of discretization meshes, which each define their own

version of (3.8) written as

Alul = q for [ € 0,1,2,...,[1— 1. (39)
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Figure 3.3: An example of a hierarchy of grids which can be used to form a set of problems to be used in
GMBG. Each grid’s associated problem naturally captures certain modes of the error, those with wavelength
proportional to the mesh size Ax, while also lessening the computational load of the problem.

[=0
[=1
[=2

Figure 3.4: A MG V-cycle, which traverses the levels in the shape of a V.

Typically, the coarsest problem is at level [ = L — 1, while the original fine problem is [ = 0. L
represents the total number of levels.

Multigrid methods once we select the basic type then traverse the levels in different orders.
The first order one may think to try is a V-cycle, which traverses the levels from fine to coarse,
then interpolates coarse to fine as in Figure 3.4. Another way we can traverse this is to start at the
finest level, and work our way to the coarse level, but on interpolation, we bounce between coarser
levels, known as an F-cycle, as in Figure 3.5. We can in theory define cycling in any way that we
want, but these two cycle types are the most common in the PinT literature. Some key things to
note are that different cycling types can have faster convergence properties, distribute the amount
of processing done on each grid level, and can require more or less interpolation/restriction. All of
these require careful consideration when using MG in any given problem. Overall, V- and F-cycles

work well.
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Figure 3.5: A MG F-cycle, which traverses the levels in the shape of a F on its side, roughly. One can see
that this type of cycling requires more work than a V-cycle Figure 3.4.

Looking back at Parareal, we see that we have two temporal grids that we define our problems
on. Naturally, Parareal as a two level scheme fits into the hierarchical nature of MG methods.
Indeed, [24] writes Parareal as a two-level Temporal MG method. But it begs the question: Can we
use more than two levels and get better PinT performance? MGRIT is an algorithm that extends
Parareal to multiple levels while using the language of spatial MG methods (such as relaxation,
restriction, interpolation, cycle-type).

Thinking of time integration in the same perspective as spatial MG methods expands the pos-
sibility for tuning our PinT algorithm to better suit whatever IVP we are interested in solving
by allowing us to define appropriate restriction/interpolation operators, by tuning the cycling (V-
cycles or F-Cycles), and deciding on different coarse operators on each multigrid level. Each of
these choices can improve the performance of PinT integration if chosen appropriately. For exam-
ple, using weighted relaxation methods [12], or varying the amount of relaxations performed per
level [35], can change the convergence properties of MGRIT.

This section first outlines the MGRIT multigrid method, including the Full Approximation
Scheme used to restrict the residual to coarser time levels, then presents the generalized MGRIT

algorithm.

3.2.1 MGRIT’s Origins as a Spatial Multigrid Analog

The MGRIT algorithm originates from viewing a sequential time integration as a matrix solu-
tion solved by applying well-known multigrid techniques. If done properly, these techniques can
break the sequential nature of the matrix and replace it with an iterative multigrid procedure in-

volving parallel computations. To illustrate how we can convert the full sequential time integration
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problem (2.6), restated here:

F{U)=U-F({U)=0.

Dropping the dependencies of F'(U;, t;,t;+1) and viewing it as an operator, the solution of equations

(2.6) can be concisely written as a forward solve of the (possibly block) matrix system

I Uo
~ —-F I Ui
_l’_
Z =0 (3.10)
X
= Un-1

Wl —F I || Ux |
M x?]rv+1)
The literature typically calls this the fine system, and writes it concisely as
AU = 0. (3.11)

Note that since each U,, could represent a solution at M spatial degrees of freedom, the system
(3.10), if we assume the operator F' is linear, is solved as a block system of size (M [N + 1]) x
(MIN +1]).

A two level MGRIT proceeds to define a coarser grid of time points, analogous to the C'-points
from Parareal, by coarsening the time domain by some factor m. For example, consider coarsening
by m = 2 the set of time points [to, . . ., x| where the number of time points N is divisible by two
as we can see in Figure 3.6. Note that in the count of number of time points we only count future
time points, not 7.

This procedure produces N/m coarse time points [Ty, ..., T/, Which are a subset of the

original time points. The coarse time points correspond to a coarse problem for Ux(T;) of the
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Figure 3.6: Coarsening the time dimension with N' = 10 fine time points with m = 2 produces N/m = 5
coarse time nodes (red dots, excluding the start point) where we can do prediction-correction using MGRIT

Fine:

on bricks defined by the coarse points.

form

Ua(Ty) = F"(Ua(Tx_y)).  (3.12)

Un(Ty) = Uy, Ua(Th) = F™UA(TY)), ..., m

In the above, the notation " simply means m applications of F'.
The problem (3.12) states that the coarse problem is the same as solving m steps of the fine

problem of the coarse points, i.e. it is exactly the same as (3.10). In this light, we now write the

coarse system matrix as

_ , - _ UA70 -
—Fm ] Un
: =0a (3.13)
UA7%—1
i —Fm ] 1L UA,% ]
% +1x % +1 matr;;, excluding spatial dofs

where Up ; is the ith coarse point. The coarse system solves for all the coarse points with

Unipr = F"(Ung) = F(F(F ... F(Ua:)). (3.14)

NV
m-applications of F'
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By denoting

—Frm I
Ap = (3.15)

—Fm I

we can write the resulting coarse system we will write as
AaUpx = 04. (3.16)

Solving this system (3.13) is no less computationally expensive to solving the fine system (3.10)
due to the fact that we still need to perform a forward solve of Ax, which means passing our
state through the time integrator F' m times ber brick. Doing so is identical to the full sequential
problem.

MGRIT’s approach, therefore, is to approximate the matrix in (3.16) with a cheaper matrix
which closely approximates that of A, i.e we find a By &~ Aa.

We do this by choosing an operator G' =~ F'™, which approximates the action of m applications
of F'. This results in a sequence like

Us(To) = Us,  Ua(T)) = G(UA(Ty)), ... Ua(Tx)=G(Us(Tx ). (3.17)

m

which is represented by

I Unao
-G 1 Uan
BAaUa = - : : = 8- (3.18)
UA,%A
-G 1 Uy~
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In (3.18), ga is a possible forcing term needed to make the coarse level consistent with the fine
level. The equation (3.18) looks close to what we had to solve before, but the operator G is chosen
to be cheaper to evaluate than m evaluations of F'. The solution of this system can be thought of as
a solution to a coarser system which closely approximates the fine system. Note that this coarser
system is smaller by a factor of m than the fine system (3.10). Viewing the problem this way, we
are entering the language of Multigrid Methods, so we will need to define restriction operations,
relaxation operations, and prolongation operations.

Restriction is the way we choose to communicate the fine level to the coarse level. There are
various ways in which restriction from the F'-points could be defined in principle. The simplest
way to do this is to simply set Ua ; = U,,.; which is possible since the set of C'-points is a subset

of the F'-points (for a different version of this, see [12]). Therefore the restriction operator is

Prolongation is done in various ways, but often, simply injecting the common coarse points
into the fine mesh (the inverse operation of the restriction) is done. So we define the prolongation
operator

P:Un; = Upi. (3.20)

Using P, we can smooth the error at all the C'-points (the m * ¢ subscript indicates we only get
corrections for error at C'-points) on the fine level, but how about the F'-points on the fine level?
To smooth the error on the fine level at all the F' points we should have a relaxation that relaxes
the corrected solutions at the C'-points to all the F'-points. Since our corrections on each level
happen at the initial conditions on each brick, relaxation is simply a choice of how many times
to perform our time integration from the beginning of each brick. For example, [24] defines two
relaxation techniques: FC and FCF relaxation. FC relaxation is demonstrated in Figure 3.7, and
involves integrating from the initial condition on each brick through all of the fine points on each

brick (F), followed by integrating to the final time on each brick (C). Therefore one sweep of FC
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relaxation results in the first brick being exact. On the other hand, we can do FCF relaxation,
which is FC plus another F relaxation, resulting in two bricks being exact before moving to the

next coarsest level.

3.2.2 Full Approximation Scheme

To enable us to state the full algorithm for MGRIT, we need to define the forcing term men-
tioned in (3.18) that forces consistency between the fine and coarse level.

For MG schemes, one can think of the coarser problems as a way to solve for the error on the
finer level, which once known can be prolonged to the fine level and subtracted on the fine level.
We need a way to solve for the fine error on the coarser level. Then, once knowing the error, we
can correct the fine level followed by a relaxation of the error.

The way that MGRIT connects the coarser level to the finer level is through the Full Approxi-
mation Scheme (FAS) for nonlinear problems [36]. The idea of this is to restrict the approximate
solution Au, in other words, we restrict the residual » = g — Aw to a coarser (cheaper) level as the
forcing term. Once this is done the cheaper problem is solved for the error on the coarser level, but
hopefully with the accuracy of the finer level. Knowing the error allows for corrections.

The way in which we also produce a correction term on the coarse level seems different than
how we produce corrections in the Parareal or MGRIT methods, and it is in the sense that those
methods do not seem to use any corrections on the coarse level-however, there is no difference
because the Parareal correction is computed only at C-points, the ends of the time bricks.

We now outline the way FAS constructs an estimation of the error on the fine level. Consider a
problem of the form

A(U) =g (3.21)

is defined on a fine grid. This could, in a time dependent problem, come from a similar equation
to the “all at once" idea presented in (2.6). However, the development of the FAS ideas were
for spatial multigrid; we make no effort in this section to make a distinction between spatial and

temporal problems in this subsection. Given that we can approximate the exact solution U with U,
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we can write the error e = U — U , and the residual as

r=g— A). (3.22)

The residual is a measure of how closely our approximation satisfies the exact equation. If we

subtract our exact equation from the residual, we can get another form for the residual

A(U) — A(T) = AU + ) — A(T) =1 (3.23)

If A is linear, then we get an equation for the error A(e) = r, but generally we make no suppositions
about A, so (3.23) is the best we can do. Equation (3.23) is the error equation on the fine level, and
if we could solve it for €, based on some approximation U, we can solve for our exact solution U
by just adding the error since U = U + ¢. Practically, solving the error equation for € is as difficult
as solving the original (see discussion in Section 3.2.1. In FAS, the solution is to solve an error
equation approximately on a coarser grid, and then prolongate this error to the fine level to add to
our approximate solution.

To help define the coarse grid error problem, we introduce inter-grid restriction R (which moves
solutions from the fine level to the coarse level) and prolongation PP (which moves solutions from
the coarse level to the fine level), again, see Section 3.2.1, which translate approximations and

errors between grids. We then define a coarser problem,

Ar(Ua) = ga, (3.24)

by defining a coarsened operator Ax, usually some approximation of A, on a coarser grid, and by
restricting g to get gn = R[g]. We can write a coarse equivalent to (3.23) by using the restriction

operator R on the approximate fine solution and on the residual, resulting in

Aa(RIU) + €a) — A(R[U]) = ra = R[r] = Rlg — A(U)] (3.25)
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if we assume that the restriction is linear (for MGRIT, the restriction R really is linear [24]) and

writing Un = R[U]| + ea, we can rearrange the problem into a corrected coarse problem:

Aa(Us) = Rlg) + As(R[0]) — RIA(D)] (3.26)

Aa(Ua) = ga + Aa(RIU)) — RIA(U)] = ga + 7a (3.27)

~
TA

where we could compute U, as the exact solution to the corrected equation (3.27) and the correc-
tion term 7o = A (R[U]) — R[A(U)]. We form the correction term from a difference between the
action of A on the restricted fine approximation U, and the restriction of the action of A from the
fine problem on U. Using the corrected problem allows the coarse problem to achieve the accuracy
of the fine problem, but with the resolution of the coarse problem [36, 37]. Once an approximation

U A 1s solved on this grid for the exact Ua, we calculate the error as ea = U A — R[U ], and can

prolongate e to the fine level to get a correction to the fine approximation as

Unew = U + Pleal. (3.28)

This process can be equivalently thought of as solving directly for the error on the coarse level
then subtracting the error from the approximate solution U on the finer level, with the hope that
this makes our approximation closer to the exact solution. FAS is used as a convergence accelerator
for multigrid methods in space, but the theories of solving for the error on the coarse grid of a more
accurate corrected problem can apply equally well for time integration schemes, and actually play

arole in the way in which MGRIT is defined in [24], which is also in Algorithm 4.

Restriction of Residual vs. Interpolation of Residual

Be warned that the FAS restriction typically does not mean that we are inferpolating our so-
lution from the fine time grid to the coarse time grid. Indeed, since these grids share common
points, the interpolation is unnecessary. Normally, the restriction operation of MGRIT FAS stage

is simply an operation where the result from the end of a brick (otherwise called a C-point) is

35



taken up to the coarser level by copying the information from the end of the brick. This does not
involve any interpolation because the time point on each level is the same. The authors of XBraid,
a software implementation of the MGRIT algorithm, note that “Interpolation is ideal or exact, in
that an application of interpolation leaves a zero residual at all F-points" [38, p. 9], if the residual
on the coarse level is zero. Here the word ‘Interpolation’ means the restriction defined in the FAS.

In other words (using the notation from Definition 2 and Section 3.2.2) if Un(t,1) is the
solution on the coarse level of the time brick B,, and U (¢, »/—1) is the solution at the end of the

time brick B,, on the fine level, the restriction operation is

R:Ux(tps1) = Ultparo1), (3.29)

since by definition ¢,,1 = ¢, y;y—1. We do not need interpolation if the sample points are the same.

The main point to understand while using FAS is that the solutions U and U need to represent
solutions to the same problem, just with different levels of accuracy—here, the problem is (3.23).
Importantly, this problem represents (at least in the MGRIT framework) the integration in the
dimension of time. So the fine and coarse problems represent different accuracies in time. This is
not to say that the spatial discretization is unimportant, only that this aspect of the problem does
not change from the fine time mesh to the coarse. After all, we are solving PDEs, which have more
dimensions than just time.

However, a given spatial mesh has an essential speed-limit for hyperbolic PDEs which strongly

influences the time grids we are allowed to use in MGRIT: called the CFL condition

Az
At = O a@ T aU @)’ (30

where u(x) is the velocity vector and (U (x)) is speed of sound (a function of the whole fluid state
U(x)), each of which may vary spatially, € is the spatial mesh, Az is the size of the cells in the
triangulation for the spatial mesh, and C' is a parameter saying what portion of the maximum we

should allow for At. This equation says that for a given spatial mesh (2 there is a largest At that
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results in stable time integration. For MGRIT, this can be problematic since we want aggressively
coarser time grids requiring large At.

Generally we want much coarser time meshes in time for performance, so these CFL restric-
tions are unfortunate since they effectively put an upper bound on the allowable At for any time
grid. Instead, we could coarsen in space as well, so that a larger time step is allowed (for CFL-like
conditions, larger Ax implies larger At). However, this would mean that the fine time grid and the
coarse time grid differ in which spatial grid they solve on. In principle, there is no reason why this
is not something one could do, but it probably comes at a cost. The reason we might expect to pay
a price for both spatial and temporal coarsening is that our FAS restriction would now also require
an interpolation stage.

To better understand the cost we pay, let’s rewrite the FAS equations when we need to inter-
polate between spatial meshes. Let T be the spatial mesh for the fine problem A(U) = g and T¢
be the spatial mesh for the coarse problem Ax(Ua) = ga. Following the logic of FAS, the coarse
problem is defined by restricting the b from the fine problem. Previously, this was simply a usage
of the values from b at the end of our time bricks. Now the underlying spaces are different so we
need to inject interpolation functions /5 : T — T¢ and ], J . T¢ — T into our restriction. Then, the

coarse problem (3.27) would now read

Aa(Ua) = RIG(0)] + Aa(RIIF(U)]) = RIGA(U))].- (3.31)

We can see that doing this injects an interpolation error into the coarse problem. Therefore, we
should expect that at a certain point, this error might dominate the problem.
Further, even if the interpolation error on the coarse mesh is small, we still need to prolongate

the error from the coarse mesh to the fine, resulting in

Unew = U + P[I](ea)]. (3.32)
N——

€
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Figure 3.7: For FC relaxation, each brick integrates from its initial condition through all of the fine level
time points it contains (F relaxation), which is followed by integrating to the end point of the brick (C
relaxation). Relaxing the problem like this results in the so called FC relaxation. FCF relaxation would
therefore be followed by another F relaxation.

There is a potentially different interpolation error here in the presence of I/ before prolongation.
Of course if these errors are small, then we would expect the same behavior as the FAS on the same
spatial mesh. In general, though, this source of error is not zero, so eventually it should dominate
the MGRIT convergence. Still, if one can live with this error, then one is allowed to use much
coarser time meshes. One may even want to use coarser meshes regardless of this added error, see
Section 4.2.2

In [24], the authors note that Algorithm 4 is equivalent to Parareal under the condition that we
use two levels, L = 2, and if FC relaxation is used. Since Parareal is a special case of MGRIT, we
can see that MGRIT is a generalization of Parareal. Indeed, many authors [39, 24, 35, 10, 12, 40,
7] look to MGRIT for avenues of speedup that Parareal does not contain—different numbers of
levels, different relaxation options—in the hope that these provide more optimal speedup. Parareal

in comparison only offers a choice in how we define the operators F, G.

3.2.3 Statement of the MGRIT Algorithm

With the language from Section 3.2.1 and Section 3.2.2, we now state the full MGRIT algo-
rithm in Algorithm 4. The basic MGRIT algorithm is the basis for the modified version used in

this dissertation, see Algorithm 7.
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Algorithm 4 highlights the interplay between parallel and sequential computations. There al-
ways is some coarse sequential solve that informs the fine parallel solves. Ultimately, the speedup
will be limited by how accurate the coarse level solves the same problem as the fine, and also how
fast. If the accuracy lacks on the coarse level, we should expect either no convergence or slow
convergence, which will mean that the number of cycles K will be high. If the sequential solution

is slow, then we should expect slow time to solution since we have a seqeuential bottleneck.

Algorithm 4 L-Level MGRIT with F'C' — x relaxation and K iterations of V'-cycles (L-MGRIT-
FC*-V)

Produce an initial guess U at C-points.
for Iteration £ € {0,..., K} do
Down Cycle:
forLevel =0; < L—-1;l=1+1do
if  # L — 1 then
In parallel, relax A;Uf = g, using a choice of relaxation F'C'— x (integrate all bricks).
Compute and restrict the residual using FAS (Section 3.2.2) at C-points

gt = Rlg; — AU

end if
if /| = L — 1 then
Solve A;UF = g, exactly (sequentially) for the error ¢, = UF — R[U} |].

end if

end for

Up Cycle:

forLevel =L —2;1>0;l=1—1do

Correct using coarse error from FAS:

UF « UF + P(ef,y).

end for
end for

3.3 Other Methods

Parareal and MGRIT are only two methods for PinT. Already alluded to in Section 2.1.1, PinT
methods can be defined differently based on how we do space-time decompositions for our pro-
cessors. Parareal and MGRIT are two of the brick based predictor-correctors, but another pop-

ular PinT method in the literature is the Parallel Full Approximation Scheme in Space and
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Time (PFASST) introduced in [26]. A Google scholar search can show that (at the time of writ-
ing) Parareal has about 9000 results, PFASST has about 3000, while MGRIT has about 600. So
PFASST is popular more on the scale of Parareal.

Other methods like Waveform Relaxation [16, 19] come from other spacetime decompositions.
In this section, we only overview PFASST-without much detail-because it is brick-based like
Parareal and MGRIT. All other methods we do not go into any detail, and instead point the reader

to citations [16, 2] for general reviews of all PinT variations.

3.3.1 PFASST

The PFASST method, introduced in [26], produces the 7 correction with a Full Approximation
Scheme [36, 37] on multiple levels, like MGRIT and Parareal both do, but is based on modifying
the ODE to be solved on a set of quadrature nodes in time, contrasted to Parareal and MGRIT
which make fewer requirements on the actual time points we solve for during solution. To wit,

PFASST writes a so-called Picard form of (1.1):
T
U(t) =U(0) +/ f(s,U(s))ds. (3.33)
0

The solution of (3.33) can be computed by using quadrature for the integral term, assuming we

we define
U(to) f(to, Ulto))
U=| : | adFU)= ; : (3.34)

U(th) f(thv U(th))

allowing us to write an approximate solution as
U(T)=U(0)+ SFU) (3.35)

with S the matrix of quadrature weights.
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Doing such an approximation allows PFASST to coarsens the number quadrature nodes [26] on
each brick, creating a cheaper quadrature approximation for (3.34). PFASST forms a FAS scheme
on the coarser levels, using the cheaper quadrature to solve the more expensive quadrature error.
To ease solution transfer between levels, often the coarser quadrature nodes are taken to be a subset
of the finer (higher accuracy) ones (of which there are more).

To compute the necessary values for F'(U ), PFASST does a prediction stage, and then produces
multilevel corrections by a coarser problem defined with restriction of the residual and error (like
FAS), but only on time nodes that correspond to coarser quadrature points on the interval [0, 7]
for the whole time interval. This procedure is also iterative like most PinT methods, but unlike
Parareal and MGRIT, requires the use of Spectral Deferred Correction (SDC)[41] as the time
integrator F' or G. For some applications, this lack of choice may be a downside, especially if a
code has been designed without SDC in mind, making PFASST highly invasive to the codebase.
The benefits of this PinT method are that it has a higher theoretical speedup than that in Parareal,
and its accuracy can be made high order as SDC offers [41]. PFASST has been used on many of
the same problems as Parareal and MGRIT [26, 42, 43].

Because PFASST is so invasive for the underlying brick time integrators F, G, we do not use

this method in this thesis.

3.4 Summary of Key Ingredients to any PinT Method

From all of these methods and their connections. We observe a few key ingredients that any
PinT method needs to consider. First, there are always multiple levels of time grids that we
need to solve on, and it is up to the practicioner to decide how to define this coarser problem.
Then, all methods, being iterative in nature, need to produce a correction term, and it is up to the
practitioner again to define how this is done. From within these two considerations that must be
addressed lie most of the research directions.

For the coarser time grid, each of Parareal, MGRIT, and PFASST have found it useful to couple

restriction in time with restriction in space. For this, restriction operators which take the solution
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from a finer spatial mesh to a coarser spatial mesh, while ideally retaining important qualities of
the fine-mesh solution, must be defined. PFASST is most explicit about this, with the FAS coarse
correction most clearly forcing the solution on the coarse grid to better approximate the fine level
solution. However, the way one defines the coarse operator in Parareal/ MGRIT also benefits from
matching the fine solution more accurately. Then, we also need interpolation functions which
closely retain the important qualities. We will see that these mesh transfer functions have use in
extensions of MGRIT like seen in [44] which uses MGRIT to solve Taylor-Green vortex with a
PinT method.

Then, we must define how we produce the correction term. In Parareal and MGRIT, the 7
correction is defined by a difference between the fine and coarse propagators, and can be easily
extended to higher order corrections [10], with the hopes that these corrections speed up conver-
gence. In PFASST, the correction term comes from solving a corrected equation on a coarser level
for the error on the fine level. The way these problems are solved on each grid involve different
operators/processes.

Parareal and MGRIT are agnostic to the way one produces a result at a time point ¢;. This offers
certain ease in implementation, because F' and G the fine and coarse operators are black-boxes,
where it does not matter to the functioning of these two algorithms how a solution is produced.
The flexibility of this is an attractive aspect for the algorithms, though the speedup is limited. With
a special choice of F' and G-that being SDC on certain fine and coarse quadrature nodes in time—
PFASST can achieve a greater parallel speedup, but is algorithmically invasive as it requires the
adoption of SDC for time integration. This means that existing codes would need a more intensive
rewrite to use PFASST.

We list all the considerations one might use to select a PinT method for their own purposes:

1. Do we want to achieve the best possible speedup?

2. Do we have a favorite time integrator F' that is already tailored to my specific problem?

3. Does my problem have specific properties to which my choice of PinT method is amenable?
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3.5 Review of Methods

Parareal is known as a two level algorithm meaning that it produces correction terms between
a fine and a coarse level where the method happens to be agnostic to the underlying integrator.
Variations of this method exist, but the typical correction term that is applied in this is a simple

difference between the fine and the coarse levels at some specified coarse time points:

MGRIT can be thought of as an extension of Parareal to multiple levels. Indeed, under special
choices for the number of levels and the relaxation technique, MGRIT is equivalent to Parareal.
However, MGRIT uses the language of multigrid methods, affording more optimal strategies for
iterating like varying the cycle (V or F cycles for example) and different relaxation techniques
(weighted relaxation, multiple relaxation sweeps on each brick, and so on). Being in the language
of multigrid also allows the application of some well known theory allowing the derivation of error
estimates for choices of relaxation and cycle. MGRIT is agnostic to the underlying integrators as
well. MGRIT produces corrections on each level by difference to a coarser level just like Parareal
does. Therefore the correction term that shows up here is a function of correction terms on multiple

levels L and cycle type Cy:

=T . F C). (3.37)

PFASST was born from the Spectral Deferred Correction (SDC) method and the Full Approx-
imation Scheme (FAS). In its two level form, PFASST uses a high order quadrature (in time, what
SDC does) on the fine level and a lower order quadrature (in time) on the coarse level. Then an
error estimate is solved on the coarser level using the full approximation scheme and is interpolated
down to the finer level. This differs from the other two algorithms in that it requires a quadrature
based time integration — so is not agnostic to the type of integrator used like the other two. It

requires SDC as the integrator. However, it turns out that the optimum parallel performance of
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this method is theoretically higher than the other two algorithms because SDC is used as the time
integrator.

Requisite for this method are proper transfer functions 77, T, which transfer corrections 7
and states U* from the coarse to the fine grid, and the fine to the coarse grid, respectively. Then

the correction term is given by an interpolation from the coarser level correction term:
7 =TI (), (3.38)

where 77 is calculated with SDC and FAS on a cheaper coarse level. If a correction at a certain
node 7 does not exist on the coarser level, we need to interpolate it from corrections at surrounding
points. (PFASST makes a distinction between interpolating in space only—where the quadrature
nodes are shared, and interpolating in space and time—where the finer quadrature nodes are not
present in the coarse level and hence an interpolated value is required).

In all, these multiple shooting (MS) algorithms differ only in how they produce corrections on
the bricks. Parareal does two level coarse differencing, MGRIT does a multilevel version of coarse
differencing, and PFASST uses many levels of SDC for corrections. But all share the 7-correction
form if one carefully writes their algorithms out. In light of this, PinT will mean methods for time

integration which use Prediction then Correction on many bricks in parallel.
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Chapter 4

Slow Convergence of PinT in Hyperbolic Setting

The PinT literature has established that vanilla PinT methods (Parareal or MGRIT) do not
behave well with problems that are second order ODEs [8, 45], or problems that are hyperbolic in
nature [46, 40]. Full pointwise convergence of the solution state U(¢) in these types of problems
often takes as many iterations as there are bricks, so all of the parallel speedup is lost. This amounts
to waiting for the equivalent of a sequential solution to propagate to the end time, while doing lots
of extra computational work.

We can think of this as being because of the presence of waves at the current time whose effects
on some distant time brick cannot be easily known (i.e. predicted) well enough for Parareal to
converge unless those waves propagate through the time direction (which is a sequential process).
This suggests, of course, that tailoring the coarse propagator to capture as accurately as possible the
waves that contribute most to the accuracy of the problem is ideal. For example, one could design
higher order corrections [10] with the hope that this correction captures better the propagation of
solutions; one could use a Fourier decomposition to select the wavenumbers we care about and
design a coarse propagator for this [28]; or, as is done most frequently, one ensures that the coarser
time problem also corresponds to a coarser spatial problem where larger wavelengths are more
naturally described, meaning the essence of the solution will be well resolved on this level [9, 13,
11, 47].

Because of this property, the PinT algorithms outlined in Chapter 3 struggle with systems of
equations which have finite finite speeds of wave propagation without damping/dissipation. This
limitation also occurs with the other types of Pin'T (MGRIT and PFASST) we introduce here. We

now include a numerical example to illustrate what this looks like.
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4.1 Numerical Example: Euler Equations at Mach 3 Around

Two Cylinders

For an illustration of PinT issues in hyperbolic systems, consider a two dimensional (dim=2)
problem which models the flow of air around two cylinders without gravity. In the absence of
viscosity, this system can be described by the Euler equations which represent the laws of conser-
vation of mass (via the scalar density p), momentum (via the product of the density p and velocity
vector u), and energy (via the scalar e) for a fluid, together with a description of the pressure p

(known as an equation of state p(p, u, €)):

0
a—/; +V-(pu)=0 Conservation of Mass 4.1
Jd(pu) B : .
5 +V-(pu@u)+Vp=0 Conservation of Momentum Equation(s) 4.2)
0
a—(; +V-.(eu)=0 Conservation of Energy 4.3)

Typically, this system can be thought in a vector form where we want to solve the time evolution

of
P
U= |pu| € R"" (4.4)

E

where F = pe + % the total energy, with which we create the vector valued PDE

oU
o=V FO), (4.5)
where
pu”
FU)= |pu®@u+pI| (4.6)
u(E +p)
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where p is the pressure given for example by a polytropic gas equation of state (EOS):

[[pu]”
_ —>7

p=(—1(E %

4.7)

where 7 is the ratio of specific heats (in this paper we set 7 = 7/5). We also choose an expression

for the entropy 7 in this system:

_pe
v=""

(4.8)

From (4.5), we can see that we have a problem that fits our expectations from (1.1). Assuming
we know how to discretize the right hand side of (4.5), we can choose operators as in MGRIT and
check the solution state of, for example, the evolution of the density. The exact fluid might evolve
as in Figure 4.1, where we can see complex wave phenomena in the wake of the first cylinder
which interact on the surface of the second cylinder. This solution is given by ryujin, a library
implementing a second order, graph-viscosity based upwind scheme for fluid flow problems [48,
49].

A PinT implementation with N = 80 bricks and K = 4 iterations struggles to recreate the
complex wave phenomena that we see in the exact solution, for example see ¢ = 4 seconds in
Figure 4.2. We compare the wake of the first cylinder and see that the waveforms are nowhere
near close to the truth. For another, the shock locations on the bow-shock in front of the leading
cylinder has strange, potentially nonphysical artifacts.

Still, on a larger scale, we can see that the PinT algorithm more or less captures the behavior
of the fluid flow at a large scale. Nevertheless we should expect that the PinT method will not
converge in a pointwise sense until all the bricks have run essentially in sequence—not the goal
of our PinT algorithm. In other words, we will have convergence in KX = 80 iterations. For
more clarity in this, see a direct comparison between ¢ = 4 from the exact and from the PinT
implementation Figure 4.3, where clearly the density is not quite right.

This issue is difficult to overcome. Essentially, the reason for this problem is that it is difficult

if not impossible to predict the advection of high frequency wave-forms far into the future (while
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Figure 4.1: The time evolution of density in Mach 3 flow Euler Equations. Regions of darker color have
higher density.

earlier times like £ = 0.5 seconds look pretty good comparing between the exact and the PinT). For
further evidence of this, see [50], where the authors design coarse operators that track characteristic
curves of certain spatial modes hoping to achieve better convergence for MGRIT applied to a
linear advection problem. Since brick-based PinT methods are essentially predictor-corrector, this
problem in prediction is prohibitive. Many other papers have noted this issue [27, 8, 51, 46]. These
issues have been known since the early 2000s, and are a main reason that PinT methods have not

found widespread use.
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Figure 4.2: The time evolution of density in Mach 3 flow Euler Equations given by an implementation of
PinT. Regions of darker color have higher density.

Conversely, highly dissipative problems (like the heat equation [6, 45, 23], or Navier-Stokes
dominated by dissipation [52, 47, 27, 51]) naturally remove these higher frequency modes, and
therefore we expect that PinT methods converge much better.

Multigrid PinT methods can help, especially if temporal and spatial coarsening (i.e. the coarse
problems are defined on a coarse spatial mesh), because they naturally resolve modes at the scale of
the mesh (see for example [13, 9, 11]). Therefore the coarser modes are likely to be well resolved

in a few PinT iterations. This we also see in Figure 4.3.
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Figure 4.3: Comparing PinT and Exact in an advection driven flow, we can see that certain fluid character-
istics are not well resolved in the PinT implementation.

4.2 Special Modifications for PinT used in Hyperbolic Setting

It turns out that various additional considerations are needed to modify the classical PinT al-
gorithms we have outlined so far to ensure that they have a chance at working for hyperbolic type
problems. These include projections, coarsening in space and in time, and careful design of coarse
propagators. In the following sections, we outline why each of these might be necessary before
concluding with a "best practices" outline which we propose to follow in the novel contributions
section of this thesis. We feel obliged to note that the results in Section 4.1 result from a code
which implements many of these so-called fixes, but the results are still poor meaning that more

needs to be done for hyperbolic settings.

4.2.1 Stabilization with Projection

Some authors note that the basic PinT algorithms may actually be unstable [53, 46, 52, 47], in
addition to slowly converging, for hyperbolic problems. The reasons for this are many. For one,
we have previously made no constraints on how the correction term behaves. To see why this may
be necessary let us consider the following.

It is common for explicit time integration methods for hyperbolic PDEs to follow a constraint

on the time step known as the CFL condition, restated here from (3.30).

Az
= O e+ U @) (49
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Therefore, the time step is limited by the maximum wavespeed in the problem (the sum of ||u||+a).
Often, we need models for the actual form of a, as well as make the assumption that a > 0
everywhere in our domain 2. Commonly in fluid dynamics we model the speed of sound with a

gamma law.

alU) = | —==. Gamma Law (4.10)

For this we see that both p and p the pressure from (4.7) must be non-negative for this formula to
give a real valued speed of sound.

What, then, do we do if our correction in Parareal given by (3.36)

overcorrects the density component of our solution state U (coming from the Euler equations, for
example), resulting in a negative pressure or density? This is not unreasonable to expect might

happen, since

p 1
U= p U and 7 = T9
E T3

and so p + 71 < 0 could happen if 7 = F' — G is sufficiently negative in the first component. We
probably want to disallow this if our explicit method relies upon density being positive. Projection

in this case is equivalent to truncation, and we can define a projection P as

<p+7'1,p’ul+7'2,E+T3>i 1fp+7'120
PU;+7):= 4.11)

<pmina pu + T2, E + 7—3>i lfp + T1 < Pmin-

In other words, if the density would be negative after correction, we simply set the density to
a predetermined admissible minimum density pni,. We should, in general, expect a degraded

Parareal convergence, since we are limiting the size of a component of our correction.
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For another, projection PinT stabilization might be relevant in the incompressible Euler equa-
tions, which model incompressible fluid flow and have add to the Euler equations (4.5) a constraint
on the velocity u(x):

V- u(z)=0 Incompressibility. (4.12)

This forces solutions to lie on a surface defined by (4.12). Therefore, we hope that the corrections
from Parareal keep us on this surface, but just like for the density, this is not guaranteed, so we
likely need to limit our corrections in the direction of the surface, for example by defining an

orthogonal projection onto the incompressibility constraint:

P(Ul —+ Ti> = PTOjv.u:()(UZ' -+ Ti). (413)

This sort of thing is commonly done even in serial time integration methods [54]. We may also
expect degraded performance here, since we are only allowing our correction terms to land on a
predetermined surface, so are necessarily truncating the corrections in many directions at once.
More generally, this kind of projection might find use if the system being integrated is a Differ-
ential Algebraic Equation (DAE), as these equations must satisfy an algebraic constraint for all
time ?.

Much literature notes that projection-based modifications to Algorithm 4 are often necessary

for stability for hyperbolic regimes—I[30, 47, 55, 45, 56] to name a few.

4.2.2 Coarsening in Space and Time

MGRIT itself is a multigrid in time, with coarser problems defined on coarser time meshes.
However, when solving PDEs spatial meshes can also be coarsened. We can choose to define the
coarse problem

AU. = b,

on a coarser spatial mesh along with the coarser time mesh. One obvious case where this may make

sense is when using explicit time integrators on all levels. These integrators will invariably have
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a stability condition like the CFL (3.30) which depends on the spatial mesh size. Consequently,
the coarser time mesh would only be allowed to be so coarse. The PinT literature typically gets
around this by using very expensive and high order explicit time integrators on the finest time grid,
and expensive implicit time integrators on the coarser levels which can take larger time steps [24].
One can also circumvent the CFL constraint on a coarser spatial mesh.

As stated in 3.2.2, coarser spatial meshes introduce interpolation errors into the MGRIT algo-
rithm. We expect that MGRIT is exact from the exactness property that it shares with Parareal, but
with interpolation error we have no such guarantee.

Another downside of coarsening in space and time concurrently is a mismatch on the char-
acteristic wavelengths on each level. Many authors cite the difficulty of coarse propagators in
accurately tracking certain fine level waves as they propagate over coarse time step lengths [46,
45, 50]. Coarsening in space naturally disregards waves whose wavelength is smaller than the
mesh size, so the coarser problem cannot hope to track the evolution of the smaller wavelength
information.

Still, all indications are that resolving problems on coarser spatial and temporal meshes within
the MGRIT framework is overall worth doing [9, 11]. One can conceive that since the coarser
meshes resolve longer wavelength waves, that for problems where the solution U can be decom-

posed as a superposition of wavelengths above length L and below this length denoted [

U=U,+U, (4.14)

that if U; is small, then MGRIT will have decent convergence because the coarse modes will be
described fairly well by the coarser levels. Finally, the whole point of PinT is to achieve speedup.
If we want to wring out all the computational performance we can, we might need to employ

aggressive coarsening in time, necessitating a coarsening in space.
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4.2.3 Designing Better Coarse Propagators or Corrections

Much of the convergence of PinT methods relies on how well one can design coarse propa-
gators. This is especially true for hyperbolic PDEs where coarse propagation error dominates the
error [50, 57]. Theory indicates that when coarse propagators are not designed to track certain
characteristic waves then MGRIT exhibits too slow convergence.

In fact, some convergence bounds for MGRIT exist, one of which is worth restating here.

Theorem 2. For MGRIT with F the fine grid propagator with eigenvalues (\)7_, < 1 and G the
coarse grid propagator with eigenvalues (u);_, < 1, which are both diagonalizable by a unitary
transformation. Assume we use FCF relaxation with a coarsening factor m and n; time points in
time, and n points in space. Then one can bound the error on the k-th mode E), of the solution as
follows [58]:

10l < v SE (g, @15)

This suggests that 1) if we can design a coarse propagator so that p, ~ A} for all modes we
will have better convergence, and 2) for modes |ux| =~ 1 we have slow damping due to the term
on the bottom of the middle term. The solution here would be to ensure that for those slow to
decay coarse modes, we compensate by ensuring that s, ~ A" is more accurate for those modes.
Therefore, [50] notes that this implies that G more accurately approximate the largest in magnitude
eigenvalues of ["". Therefore our coarse propagator needs to satisfy p, ~ A}* for all modes, but
more accurately so for modes |\g|, |px| =~ 0.

Much work has been done to try and improve coarse propagators including producing higher
order corrections [10], characteristic tracking/phase corrections [57, 46], Richardson extrapolation
[7], reinterpreting corrections as linear operators which retain physical quantities [33], truncation
of Fourier modes [28], filtering spurious oscillations to target certain modes [55], defining asymp-
totic coarse problems to filter modes [59], or perhaps using artificial intelligence (AI). None of

these ideas have won out as the best idea, and all have shown limited scope.
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4.3 Summary

Overall, hyperbolic PDEs remain extremely difficult to solve with PinT methods. At best,
convergence is slow, and at worst the problems diverge. Even with special considerations which
we outlined above, it is our opinion that PinT has not been applied successfully to hyperbolic PDEs
as of yet. PinT has not found a home, nor has a convincing speedup been presented in the regime,
at least one that is widely applicable.

Most results that do show speedup in hyperbolic regimes seem to depend tightly on the prob-
lem, meaning that small variations in problem parameters can vastly change the convergence prop-
erties of PinT methods applied to hyperbolic problems [51, 19, 52].

Still, it is worth summarizing what one ought to do to have any hope of applying PinT to such

PDEs more generally:

Use MGRIT with many levels. Multilevel algorithms offer more parameters to tune so we

have more options to get speedup.

* Project corrections onto stable sets. Projection is needed for stability, and though it can

hamper convergence speed, at least it is stable.

* Coarsen in space and time at the same time. Coarsening in space and in time simultaneously
allows for longer wavelength modes to be better resolved on coarser meshes, and for explicit
methods on many times coarser time meshes. Be warned, however, that you may have to pay

an interpolation cost for using a coarser spatial mesh to correct a finer spatial mesh.

* Carefully design coarse propagators. We should design coarse propagators that target the

worst modes, in an appropriate sense.

Doing some combination of all of these seems the best place to start applying PinT to hyper-
bolic problems. But we note that none of these has sufficiently proven to speed up the convergence
of hyperbolic PDEs. In the next section, we pose a related question for PinT methods which might

actually converge fast enough for appreciable speedup in hyperbolic settings. We will explore
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the foundational observation that enables us to derive likely quantities that converge quickly in
hyperbolic PinT applications.

In the next section, We propose some derived quantities that may work, and perform some
simple tests to demonstrate probable reason for study of these. We also suggest realistic statistical

quantities that people may wish to compute with PinT methods.
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Chapter 5
Modeling Time Averaged Quantities using Parallel in

Time Integration

We have seen a large gap in the capabilities of PinT methods in their ability to accurately
solve problems that are hyperbolic in nature (see Figure 4.3) at specific time points at large ¢. It
is our opinion that these kinds of pointwise in time issues are likely to remain barriers for PinT
methods. The main reason we suspect that this is the case is fundamentally due to the difficulty of
designing coarse propagators which respect the long term interactions of the waveforms in these
problems when sufficient dissipation is missing. Even if we could design such propagators for
a specific problem with specific parameters or geometry, small changes in problem geometry or
initial/boundary conditions could sufficiently change the behavior of these waves, undoing the
work we did to specialize our coarse propagator for the previous form of the problem.

However, not every engineering application will be interested in averaging in time the flow
field U(x,t). Engineering applications might instead be interested in the time average on some
part of the domain (). Consider an engineer who wants to know the time averaged pressure around
a cylinder (like in papers [60, 61] which provide numerical and experimental averaged pressure
curves on a cylinder in an airflow), or an engineer computing drag on a cylinder in Euler flow
[62, Figure 2.1.3], or an engineer who cares about other time averaged quantities like the average
flow structure of the wake of a cylinder in airflow [63, 64, 65, 66, 67], or an engineer wishing to
understand the far field noise generated by airfoils at various angles of attack [68].

It is possible some time average information incident in U is accurately computed in a slowly
converging PinT method. For example, the plots in Figure 4.3 definitely look off, but if you squint
your eyes, you would be forgiven if you believed them to be converged. Squinting your eye is less
than mathematical, so let us show some evidence that a time averaged quantity might converge

faster than a pointwise on in a PinT method.
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5.1 Convergence of Average Flow with PinT

If we compute an average state for the density across all time bricks in both the exact and PinT
cases we already have shown in 4.1—see for example Figure 4.3—we notice that the differences
between the two images at a specific time (Figure 5.1a) are more noticeable than the differences
of the time average (Figure 5.1b). This fact, coupled with the examples of real time averaged
quantities of interest by engineering applications, motivates us to study the convergence properties
of quantities like

[T Uz, t)dt

TT7 0
= —-——— '1
U T , (5.1)

as they can be computed with PinT methods.

{ \\.
I b
(a) Pointwise absolute difference at t = 5. (b) Difference of averages.

Figure 5.1: Plotted on the same scale, we see a large magnitude decrease in the error from the pointwise
in time difference in density (right) compared to when time averaging is used for the density (left). This
indicates a lower error calculating U () versus the time dependent version U (z,t = 5) in an L> sense with
PinT methods. Darker regions indicate places with higher error in the density.

We can phrase this mathematically by denoting the exact time average u(x) = fOT u(z, t)dt

and the one computed from a PinT method at iteration k

Uk(z) = /OT U*(x,t)dt,

58



-~ .-

y
\
N <
>y e
(a) Average in time of exact density. (b) Average in time of PinT.

Figure 5.2: When averaging in time, the exact and PinT look much closer to the eye. This motivates
calculating fluid quantities which are time averaged.

and asking how does U converge to 7 as k — oo. With a norm in space, we can then measure the
error

et = |[u(x) - T (x)|

L*(Q)- (5.2)

Here, we can make a choice for the spatial norm L*(£2), commonly % = 1,2, co. In the L norm,
we see that the error e* of the time average is smaller than the L norm of the solution at the
end time (Figure 5.1). We need to make a quantitative study of the error. However, we can use
Figure 5.1b as justification that time averaged quantities are more accurate than pointwise for PinT

methods in hyperbolic problems.

5.2 Average Drag and Pressure Might Converge

While an average over the whole spatial domain €2 is demonstrated to have possibility as a
PinT computed quantity in the previous section (specifically in Figure 5.1), the question of average
forces over time naturally leads to an average along a boundary of our fluid flow simulation. It
is not a guaranteed that because the time average state on the whole domain (2 is better than the
pointwise in time on {2 that the same will be true on some sub-domain.

For example, if we care about the average drag on an body w, where the boundary of the body

is some surface 02|, (thought of as part of the boundary of €2) contained in the domain (2 of our
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problem. With this, we seek to measure some quantity
J<U(‘r7t>7t) = DBQLM (53)

where D is the drag, which depends on the fluid state and time.
The force of drag on a body w in a direction e is computed by finding the overall forces F' on
w and computing F' - e. In the case of the Euler equations (4.1), (4.2), (4.3), the forces are found

by integrating the pressure p(x, t) along the boundary in question:

F,(t) = —/p(a:, t)1; - ndx (5.4)

where [; is the identity matrix of dimension d (the tensor —pl; is the fluid stress). Assuming that

€, is the direction of motion, the drag would be
D,=F,-é,. (5.5)

With this notation, we can modify the quantities we care about by asking how well we can compute
the average of such a J(U, t),
— ) Dot

T = i (5.6)

given by a PinT method and whether that matches the exact value from the sequential solution.
Just because we have seen in Figure 5.1 that an average state on {2 might converge in a certain

way, does not mean that an average state on the object w. In the next section, we present some qual-

itative evidence similar to Figure 5.2 which shows that quantities like drag and pressure computed

on some object w (think airfoil) might also converge with a time averaged PinT method.

5.2.1 Convergence of Drag and Pressure in Euler Numerical Example

For a numerical example, consider again looking at the time variable drag curve in time cal-

culated at various cycles of basic MGRIT Algorithm 4, as computed from the Euler flow example
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Figure 5.3: We calculate the drag on the downwind cylinder (mesh in light grey, and the downwind cylinder
highlighted in red), which is in the wake of the upwind one. Perhaps a time averaged drag can be inferred
from a PinT computation.

Figure 5.4: When printing solutions, we reference angles theta defined on the second cylinder (red in
Figure 5.3) using the interval € [—, 7]. These angles are show in in this figure.

with two cylinders, see Figure 5.5. We see that after a few cycles the drag on the downwind
cylinder (this cylinder is highlighted in red in Figure 5.3) in the direction &, = (1,0), shown in
Figure 5.5, is not perfect. Again, this should not be surprising since PinT cannot hope to accu-
rately resolve the effects in the wake of the leading cylinder, which directly affect the variation of
pressure along the downwind cylinder, see Figure 5.7. Since the drag is computed by integrating
the pressure, we can see if the average drag is closer by looking at how the average pressure on the
cylinder behaves in a PinT method.

To explore this a bit, we can examine first the time dependent resolution of the pressure p(z, t)
along the second cylinder. As noted in (5.4), the forces on the cylinder are given only by inte-

grating the pressure, so we may use visualizations of pressure to estimate the evaluation of drag.
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Unsurprisingly, the PinT predictions at individual far off time points are off, as shown in Figure 5.7
(note also that the differences at earlier times are zero, recall that PinT methods have an exactness
property where each iteration we are guaranteed that a new brick is exactly converged). This fits
with our previous study of PinT convergence in hyperbolic regimes.

Yet, when we average the pressure on the second cylinder in time, we see an improved ‘con-
vergence’ to the exact time averaged pressure (Figure 5.6), just like the behavior that we saw in
Figure 5.1. Note, however, that there is some numerical issue with the code, where the pressure is
nonphysical at certain times making the average too high around 6 = —0.9 radians.

This is the sort of instability which we expect from the discussion in Chapter 4, and which
we will need to deal with before we analyze using time averaging with PinT. This is done in
Section 6.3. Despite this obvious issue, the time averaging looks to be somewhat promising as
most of the average pressure curve is close to the exact average curve.

In Section 5.1 and Section 5.2, we outlined the plausibility that time averaging coupled with
PinT might produce PinT results for hyperbolic regimes which historically do not converge fast
enough for true parallel gains. In all the literature we have seen for PinT methods, to the best of
our knowledge, nobody has explored time averaging for a hyperbolic problem. In the remaining
chapters of this thesis, we study the performance of time averaged quantities for hyperbolic PDEs
coupled with PinT. We feel that this is a question which adds to the literature.

People have asked how well PinT works for hyperbolic problems where finite speed wave
interactions interact with the hope that the time dependent solution can be well known after only
a few PinT iterations. It is our opinion that the literature has shown that we ought to not expect
this is possible in many situations. Time averaging, however, may afford a range of situations for
which we can make PinT for hyperbolic regimes work if only we ask the right question, or want to
measure the right quantity.

It is not clear that time averaging affords faster convergence at all. However, we argue time
averaging is a reasonable question to ask since time averaged quantities related to hyperbolic PDEs

make sense to compute with PinT methods since without PinT, for large 7', a sequential method
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would need to integrate over the whole interval [0, 7] to even begin to compute U(x), while the
brick based PinT algorithms can get predictions for this value immediately. PinT can be used in
such a way to truncate the averaging process early.

We hope that actual speedup may be achieved since convergence in a time dependent sense is
sufficiently slow for hyperbolic PDEs that we might be able to beat the time to convergence with
our time averaged quantities by virtue that there is a lot of time to play with to get faster time to
solution. However, assessing time averaging with PinT will help to expand the usefulness of PinT
methods beyond their current scope. It is my opinion that PinT methods have not found a place
where they are truly useful, and I hope that this thesis will help them find this place.

In using time averagint and PinT together, we also get a benefit over other methods that produce
time averaged estimations like solving steady state equations [69] or making model assumptions
to help predict drag [70], since we need to make no model assumptions and we do not restrict
ourselves to problems that have a steady state. On the contrary, with PinT and time averaging,
we get the time average (hopefully faster) plus early time views of how our solution varies with
time — after all, for short intervals of time we can notice that PinT predicts solution states well
(Figure 4.2, Figure 5.7) — of systems as complicated as we want without making concessions in
our models.

In the remaining chapters, we will to explore PinT plus time averaging in some scientific set-
tings and over large 7" intervals of time to which PinT alone is ill suited, evaluate the convergence
properties of such time averaging, and understand the gains which are to be found here. Two

questions are the primary focus of the rest of this document.

The questions we seek to answer are:

* Do PinT methods compute time averages faster than a sequential method?

* Do these time averages converge in a predictable way, or at all?
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(a) Exact drag curve on the red cylinder in Figure 5.3ina  (b) Comparing exact drag to various cycles of PinT.
hypersonic wake.

61 — exact 61 — exact
— cyclel
54 54
4 4
g g
5 5
5 34 53
g g
s 8
2 2]
1 . b 1
[
04 0
0 1 2 3 2 5 0 1 2 3 3 5
time time
(¢) Comparing exact drag to cycle 0. (d) Comparing exact drag to cycle 1.
61 — exact 61 — exact
— cycle 2 — cyce3
54 54
|
4 4
g g
5 5
B 34 s 3
g g
s 8
2 2]
14 1
04 0
0 1 2 3 2 5 0 1 2 3 3 5
time time
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Figure 5.5: Drag curves coming from a cycle of the PinT method. Here the PinT drag curve matches some
of the large scale movements of the exact curve after three cycles, but misses the smaller scale fluctuations.
Overall, we see that PinT misses some of the time dependent nature of the drag after a few PinT cycles.
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Figure 5.6: Averaging across the time dimension of Figure 5.7 seems to predict pretty well the exact time
average pressure curve. Clearly there is some numerical issue in this that still needs worked out since cycle
3 shows nonphysical behavior near § = —0.9, this might be well resolved by improving the stability of our
PinT method with projection (Section 4.2.1). Other € look pretty good only after 3 iterations. Notice a large
spike in the average on the last cycle 3. We will need to understand where this spike comes from to be able
to apply PinT for time averaging.
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(a) The variation of pressure in time around the boundary
of the downwind cylinder Figure 5.3.

5

(e) Difference in Pressure to Exact from Cycle 3 PinT.

Figure 5.7: Plotting the pressure on the downwind cylinder as a surface, we see the exactness process of
PinT by plotting the difference from PinT to exact, but that errors further in future are not well resolved by
PinT. Further, we can see that there is some issue during cycle 3 where the pressure becomes nonphysically
large.
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Chapter 6
Time Averaged MGRIT Algorithm

In this chapter we introduce the MGRIT algorithm used for our study as well as the specific
integration scheme used in it. Before we do this, we recall that it turns out the basic MGRIT
correction can cause instabilities for hyperbolic codes, see Chapter 4. To have any hope of using
PinT methods to compute time averaged quantities, we must fix this with a stabilization.

This chapter starts with defining a stable set for MGRIT in Section 6.1 a useful set onto which
we can project a physically unrealistic PinT corrected state. Next, we define a specific one for the
time integrator, ryujin [48, 49], used in this dissertation in Section 6.2. We design a projection
onto the stable set defined by ryujin in Section 6.3 and Section 6.4. After, Section 6.5 collects
the basic modifications needed for MGRIT to ensure stabilization, providing a pipeline that others
can follow to do time averaging with PinT under a different integrator choice. Finally, Section 6.6

states the full stabilized MGRIT algorithm that we use in our numerical results.

6.1 Stable Sets for MGRIT

This section outlines the mathematics behind the MGRIT setup used for the hyperbolic PDE
results in this dissertation. The key point to pay attention to is to use projection onto a stable set (to
see why projection might be necessary, refer to 4.2.1). Projection can mean many things because
a stable set can be many things. Ultimately, we want projection to ensure that our solution state
after correction, U + 7, can be stably integrated by the chosen fine level integrator F'. Therefore,
we should define some sort of stable set M - that represents the collection of all states U such that
F(U) is defined and respects some general physical constraints (for eg. see (6.1), (6.3), (6.2)), and
does not blow up or crash as computer code. As we can see, the set depends on the operator F', so

each choice of operator defines a potentially new stable set.
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Definition 3 (Stable Set). Let F' be an integrator for a PDE. We define the stable set M to be the
collection of states U where we are guaranteed that F(U) € Mg and is also stable in a numerical
sense. In particular, this means that N integration steps of F, F™(U), should also be in My and
that nowhere in these N repeated integration steps does F'(U) blow up for 0 < i < N (blow up

in an appropriate numerical sense).

The set M is our safe space. We can use any of the PinT type corrections without worry as
long as we know that our corrected states lie on M we are guaranteed to produce a future state
to use for future corrections. For MGRIT, with it’s multiple levels and their (potentially) separate
integrators, we will have many such stable sets. Utilizing the stable sets will allow us to circumvent
the issues outlined in Section 4.2. Therefore, to use MGRIT for our problem of computing time-
averaged quantities of interest in hyperbolic problems, we need to understand the stable set for our
chosen integrators.

Please note that it’s not always obvious that given any F' integrator, that Mg should exist.
Generally we should expect that this could be hard to do. However, in this thesis we use ryujin,

which is designed to have just such a stable set. In the next section, we define this set.

6.2 A Specific Stable Set M, for Ryujin

Often, integrators £’ designed for the sequential solution for hyperbolic PDEs come with phys-
ical constraints on parameters. For example, a common discretization technique involves solving
a riemann problem to evaluate fluxes (in the finite volume method) the estimation of a maximum
wavespeed to evaluate numerical fluxes which often require a sound speed calculation, which has a
square root of density like in (4.10). For a review of methods that do this see [71] and for variations
of these specific to the ryujin integrator F', see [48, 49]. FUrther, high order methods for hyper-
bolic PDEs often need to adapt their approximations to lower order near shocks (discontinuities) to
preserve physically realistic qualities like a maximum principle (near a maximum in the solution
U, we should preserve that maximum and not create another). Fundamentally, high order methods

are approximations by high order polynomial interpolation, which does not generally respect such

68



physical characteristics. Godunov’s Barrier Theorem [72] states that one indeed does have to drop
the polynomial order in interpolation near shocks. All of this is to say that our methods, if not
designed carefully, can over or undershoot physical limits that we expect to hold.

First, due to the square root in (4.10) numerical stability constrains density to be positive.
p(U) =p>0 (6.1)

Then, most methods, like those in ryujin’s implementation, also require positivity of the internal
energy of the system.

pe(U) >0 (6.2)

Lastly, in certain PDEs, we also need that the proper notion of entropy ¢/ is non-negative also:
Y(U) > 0. (6.3)

The physical constraints from equations (6.1), (6.2), (6.3), define the physically correct domain
M.,. (r for ryujin) that the integrator F' is designed to handle. We formally state this in the next

section.

Definition 4 (Stable Set for ryujin’s Integrator [48]). The stable set for ryujin, denoted M., is the
collection of all states U such that equations (6.1), (6.2), (6.3) hold:

M, = {U ‘p(U) >0, pe(U) >0, v(U) > O}.

The authors of the method that ryujin uses prove that the integrator F' is invariant domain

preserving (IDP) [48, 49]. In other words if U is on the stable set, then so will F'(U),

UeM, = F{U)eM,. (6.4)
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We use this invariant domain preservation when designing our PinT method. Our corrections,
just like the numerical methods of hyperbolic PDEs, need to respect physical constraints of the
problem. If we do not add some method to check and fix the state U + 7 we see that the constraints
can be violated, again refer to Section 4.2.

Basically, we need to ensure that U + 7 € M,. Then our method is stable in the sense
that we know F'(U + 7) exists. This assurance comes from designing a projection-like operator
that can take a potentially invariant domain violating U + 7 to a P(U + 1) that lies in M,.. We
outline one possible projection-like operator in 6.3. One needs to be careful in general, since the
projection-like operation may not be well defined, and if it is well defined, could be hard to design
in an appropriate way. Since we take the perspective that the stable set depends on the choice of
integrator, one projection operator for ' may not work for another integrator F”, meaning that each
time you change your PinT algorithm to use some different software for time integration, you will

also need to re-design an appropriate projection.

6.2.1 Leave Integrator Design to Someone Else

As we can see, hyperbolic solvers need to balance physical realities with numerical desires.
For example, high order reconstructions on discretized spatial domains can form oscillations near
discontinuities which could force density to be negative violating physical realities that we know to
be true. Striking the right balance is the basis for a huge field of research, and is hard. People have
been working on this since at least the 1950’s, see Godunov [72], and been a topic of continued
work, see Roe’s (more recent) work [73]. Ryujin’s authors also seek answers for this numerics and
physics balance, but also add computational and implementation complexity on top because we
also want our integrators F' to be computed as fast as possible.

Layering a PinT scheme on top of this can only add to the difficulty. We choose to stand on the
shoulders of those investing years striking the right balance in designing their integrator F'. Thus,

we avoid any look into the integrator F', and ask instead: What sorts of guarantees on U does F'
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need to produce results F'(U)? Once we know this, we can plug F' into any PinT method and be
sure that we can produce some result.

As a PinT user, we only need to understand the design of the integrators F' and G at a high level.
We will most often plug them into out PinT scheme, so rather than digging deep into the specific
integrator, we need to see the big picture of our methods so that we can weave them efficiently into

a PinT method.

6.3 Designing a Stabilization for Hyperbolic MGRIT

This section deals with three questions: 1) What is the guarantee on U + 7 needed to ensure
F (U +7) exists in some appropriate sense? 2) Does a projection onto the space required exist? and
3) Can we find such a projection or a suitable approximation? We will answer them in sequence,

since each answer builds on the previous. Specifically, we answer these for ryujin’s integrators.

6.3.1 Using Ryujin as an Integrator Means that the Stable Set should be M.,

In this dissertation, the choice of ryujin as a time integrating software enables an easy choice
for a stable set onto which we should do a projection. Therefore, the answer to 1) is that we ought
to choose M, as our stable set. If we can ensure that out corrections U + 7 € M,., then fact that
ryujin is IDP (6.4) ensures that our method won'’t fail due to some square root of a negative number,
or any other violation of assumptions used by F'. Further, since we will use multilevel PinT, and
define the coarse operator GG only as either a mesh restriction of F', or a cheaper version of F' (like
swapping a third order explicit runge kutta method for an first order explicit runge kutta) we get
for free that M, is the correct set on each level since in either case we know that our integration
method comes from the same fundamental method that ryujin uses.

We reiterate that to choose another integrator than ryujin’s is to choose another stable set. It
is reasonable to assume for any such time integrator we may use, that we will be able to find an
appropriate stable set since at a physical level we often have a sense of what is a physical state

for our solution and what is not, while at a mathematical level we often have stability constraints
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Figure 6.1: Level Surfaces of the Internal Energy pe(U): In black is the surface pe(U) := E — % =0,
and in red is the surface pe(U) = 1. Since we are disallowed from projecting onto the black curve, we need
to strengthen the IDP constraint for internal energy to some positive value (red). These level surfaces are
like the bow of a ship. The red illustrates that strengthening the invariant domain M, a bit by enforcing
pe(U) > €. > 0 (what the red surface indicates) rather than a pe(U) > 0 (what the black surface indicates)

allows for a projection that also respects the original IDP constraints.

which define what solutions will blow up and so should be avoided. This is not to say that a stable
set is always easy to nail down given a complex time integrator, only that one likely exists.

In summary, for ryujin, we have a stable set that drove the development of the method, so it is
a natural choice for the stable set in this dissertation. The next section argues that M, admits a

projection that we can use in our MGRIT scheme.

6.3.2 Existence of a Projection onto M,

We need to be careful when examining any choice of stable set. Since we need some projection-
like operator, we must also evaluate whether or not the set of choice would even admit a projection.
Projections generally exist if the space is closed and convex. Since we want to sit on M,., we
present views of each of the physical constraints that define it. The views of M,’s constraints in
Figure 6.1, and Figure 6.2 show that if we relax the strict (never equal) inequalities (6.1), (6.2),
and (6.3) which define M, with a non-strict (sometimes equal) version then we get a set of states
that are closed and convex. For the density constraint (6.1), it is not necessary to present an image

since p > ¢, is closed and convex without any doubt.
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Figure 6.2: Similarly to the strengthened physicality condition of internal energy, we see that a condition
on the entropy like ) (U) := 5—5 > €y > 0 (in red) will result in a closed and convex shape. In black we
have shaded the region above curve 1)(U) = 0, which is disallowed for use in projection. We see that the
red shaded region is a subset of the black shaded region, meaning that our strengthened IDP condition for
entropy ¥ (U) respects the weaker condition. In blue is the strengthened p condition, which needs to be
respected concurrently with .

Since we must respect the conditions (6.1), (6.2), and (6.3), the way we strengthen the con-
ditions is to define some minimal positive €, for each condition such that each is greater than or

equal to this minimum.

p(U) =p > €rho (65)
pe(U) > €pe (6.6)
Y(U) > ey (6.7)

Doing so ensures a well-defined projection operator, which is guaranteed to land within M.
Therefore, we will choose the strengthened constraints (6.5), (6.6), (6.7) and use them to define a
stable set to use in the MGRIT scheme utilized herein.

We therefore use the following modified invariant domain in this dissertation:

M, = {U ‘p(U) >€,, pe(U) > €y, ¥(U) > ew}. (6.8)
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Note that M,.. C M, which ensures that, if we project onto M,. . before integrating, ryujin’s

integrators will work on our projected state.

6.4 A Possible Projection Operation

Since we now know that if we relax ryujin’s invariant domain like in Section 6.3.2, we need to
design a projection operation to use in this thesis to avoid invariant domain violations during the
MGRIT correction phase. Much work can go into designing a projection operation that respects
important physics, for example like some sort of conservative local averaging [74].

We take the perspective that the corrected state U + 7 is only minimally away from M,., so
rather than designing a projection that minimizes the distance between U + 7 and II(U + 7) in an
L? sense, we will truncate the correction with locally defined minimums for the density, internal
energy, and entropy.

The motivation for a simpler type of projection comes from some numerical evidence that we
observed during the code development where the main issue would be a small negative density or
small violating internal energy. This small internal energy is just barely off of M,, so walking
along grid directions instead of on a minimal length projection introduces a small amount of error.
Figure 6.3 presents a helpful representation of this idea.

With this image in mind, and knowing that a projection exists we now outline the exact pro-
jection operation used in this thesis. In short, any degree of freedom which violates M, is set the
values to some pre-determined values. The averaging, as alluded to earlier, is not only reasonable
computationally (we only need to look at a few DOFs during projection), but is also guaranteed to
be invariant domain preserving (IDP) when the nodes in the stencil are all within M,.. The exact
algorithm used is in Algorithm 5.

In Algorithm 5, both density and internal energy bounds are enforced explicitly, so we know
that (6.5) and (6.6) are satisfied. The entropy ¢ is set implicitly in Algorithm 5, because in certain

cases we have guarantees that if e(U) > 0 and p > 0 then ¢»(U) > 0. For example, in the form of
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Figure 6.3: A view of the invariant domain for internal energy pe(U) > €. shows that for internal energies
which are minimally IDP violating, the difference in a L2-type ideal projection (red arrow) and increasing a
component in a coordinate direction (here, we increase e) until we land on the constraint (blue arrow) might
not be large. This justifies the use of Algorithm 5 in a modified MGRIT algorithm for hyperbolic PDE:s.

Algorithm 5 Truncated IDP Projection I,

Given user defined reference density p, internal energy pe..¢, and scaling factor o, we compute
minimum allowable density €, = « - prr and minimum allowable internal energy €, = o - peres.
Then we limit densities and energies deemed too small.
for all nodes ¢z € T do
if p(U; + 7;) < ¢, then
Set the density p(U; + T;) = Pref-
end if
ife(U; +7;) < € then
Set the internal energy of the node pe(U; 4+ 7;) = peret.
end if
end for
Overall, this operator maps potentially violating states to our stable set:

Htrunc : U + T — Htrunc[U + 7—] E MT‘,G'

the specific entropy (4.8) in this dissertation
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just such a guarantee is met. Probably a minimum value of ¢, = i”—f would accomplish the same
P
as our implicit minimization.
We note that the reference values and the scaling factor are chosen y. A reasonable first choice

might be to select be a density p and internal energy e based on the initial condition on the finest

L

level, and o« = 100

Future work should look at choosing these coefficients smarter. Other options
for projection exist, see [74] which defines an IDP and conservative projection for use in adaptive
mesh refinement. We use Algorithm 5 for it’s simplicity and ease in programming. Then, all we
need to do to have a stabilized MGRIT to use with hyperbolic integrators is to add in a projection

operation after every correction step. In the next section, we outline how to inject a projection

operation into PinT methods to ensure

6.5 Pipeline for Ensuring that PinT 7-Corrections lie on M.,

Under the assumption that F' A possible PinT pipeline to ensure physicality of our corrected

state could be as follows:

1. Allow the PinT corrections to be computed in whatever way the normal MGRIT method
would do so.

2. Apply the corrections normally. i.e. U + 7, then project them II(U + 7).

3. Replace the potentially unstable step F'(U + 1) with the projection stabilized step

F(II(U + 7)) anywhere we take a step. This includes steps on any level of MGRIT.

If one looks at Algorithm 7, we simply replace anywhere where an integrator £’ or G takes a
step, and pre-compose with I1. This is enough, in the context of stable sets, to ensure that MGRIT

does not break.

6.6 The Full Algorithm for Stabilized MGRIT+I1

In this section, we present the full computational algorithm used for the results in this paper.
We call this method MGGRIT+II. The method is basically MGRIT, but we 1) select a specific

startup procedure and 2) add a projection operation. First, we introduce the startup procedure used
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in this dissertation. Then we write out the modified MGRIT algorithm which adds projection.

Finally, we discuss different ways to our problem.

6.6.1 Startup Procedure

The first step in a PinT method is to specify the initial conditions on each brick. In this section,
we outline the options that we can choose, and we write a startup procedure that we use in the
Stabilized MGRIT algorithm, see Algorithm 6.

Many PinT papers test their method by initializing bricks with random initial conditions [12,
24, 7]. We do not take this perspective since we need our solution to be physical. We are not sure
of a way to randomly initialize a physically relevant flow in any meaningful way. Other papers
use the coarse G to initialize each brick [27, 22]. We take this perspective since this is basically
how we introduced PinT methods in Section 3.1. The specific way we choose a coarsest problem
varies. Section 6.6.3 outlines two ways that we can define a coarsest problem.

On a technical level, the startup procedure in this dissertation is sequential and happens as a
pre-processing step. The MGRIT+II code simply reads output information from another code.
What this means is that Algorithm 6 exists as a separate code from the code that implements

Algorithm 7.

Algorithm 6 Startup Algorithm

1. Given a choice of coarse integrator (G, an initial condition U ¢ and a set of N bricks
{B;:ie€{0,...,N—1}}
perform the sequential time integration
Uni=G(up,;—y) forie {1,...,N — 1}
to set the initial condition for every brick B;.

2. Save the initial conditions to a file to be read in later by the MGRIT code.

77



6.6.2 MGRITHII Algorithm

We write down the full MGRITHIT algorithm (Algorithm 7) in this section. As a first step, we
read in the data generated by our choice of Algorithm 6. Then, we begin our MG V-cycle with
the specified number of levels and coarse problems. Overall, there is only a small change made
between MGRITHII, and regular MGRIT. Mostly, the algorithms are identical. The only change
follows the outline in 6.5, we replace every F'(U +7) in MGRIT with F'(II(U + 7)) in MGRIT+II
to ensure stability. This replacement is highlighted in red in Algorithm 7.

In Algorithm 7, the notation A o II is meant to indicate the replacement of F in the matrix A
defined in Section 3.2.1 with F' o II. In other words, MGRIT+II makes the replacement on each

level [

- T —FolIl I
A= — Ajoll = (6.9)

-k I —Foll I

for the time integration matrices on the down cycle. We also replace the up cycle steps by modify-

ing the correction stage with a projected correction

Ulk+1 - Uzk + P(€f+1) — Uzk+1 - H[Ulk + P(efﬂ)]- (6.10)

MGRITHII is the algorithm used to generate time averaged data in this thesis. Note that by its
structure, MGRIT+IT is a V-cycle. We do not consider other cycling schemes in this (recall the
F-cycle Figure 3.5 is another option). However, the replacements (6.9) and (6.10) can be made in
any MGRIT cycling scheme. See Section 8.3 where we comment that other cycling structures are

a future research direction.
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Algorithm 7 Stabilized MGRIT for Hyperbolic Integrators (MGRITH-1I)

Iteration O: Read in initial guesses on all bricks B; using data generated from Algorithm 6.
Using II defined in Algorithm 5, perform the loops below.
for Iteration k € {1,..., K} do
Down Cycle:
forLevel =0; < L—-1;l=14+1do
if | # L — 1 then
Solve A;ollUF = g; using F'C— relaxation (integrate bricks)
Compute and restrict the residual at C-points

giv1 = Rlg; — AellU]

end if
if =L — 1 then
Solve A;ollU, lk = g, exactly (sequentially) for the error

€ = Ulk - R[Ulk—ﬁ

end if
end for
Up Cycle:
forLevel =L —2;1>0;l=1[0—1do
Correct using prolongation of coarse error:

UzkH =1I[U} + P(ef—l—l)]

end for
end for

6.6.3 Coarsening in MGRIT-+II

Now that we have defined the MGRIT-II structure, we need to get specific about the way in
which we construct the coarser problems. Note that we have already selected the fine integrator
F' to be that from ryujin. We have already alluded to the fact that the coarse problems F; or
G (depending on which section of this dissertation you read) can be nearly anything we want
Section 3.4. One should use more discretion when selecting a coarse problem than that. It seems

to me that there are probably two main ways that we’d want to coarsen a problem for MGRIT+HII.
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Spatial Coarsening

The first is to define a coarser problem by using a related but coarser spatial mesh. If T is our
mesh on the finest level, and we assume that it is the result of many global spatial refinements,
then we already have a natural hierarchy of meshes {T;} where each T; C T. Then, our coarse
problem has an integrator F; which operates on the coarse triangulation T;. Coarsening this way
has the added benefits of how coarsening globally in the space dimension can vastly reduce the
number of DOFs in the coarse problem. In 2D, a single global coarsening results in a quarter of
the DOFs as the fine level. However, one should note that they are introducing an interpolation
cost between corrections on the coarse level and using them on the fine level, see Section 3.2.2 for
how this affects MGRIT.

This can be thought of an anisotropic coarsening of the space-time grid (see a view of these as
they split the domain among processors in Section 2.1) only in the direction of space. Note that
for the explicit methods we might use, the CFL condition (3.30) also tends to coarsen the time
dimension, but only because for hyperbolic PDEs the space and time mesh depend on one another.
Therefore we term spatial coarsening a Semi-Coarsening, because it explicitly coarsens only the
space mesh, but implicitly does both space mesh and time mesh.

Note that fully space-time MG methods, referenced in [2, 16], coarsen both space and time
simultaneously, because they view space-time with a single mesh. In our case, coarsening space
will implicitly coarsen time due to CFL-like stability constraints.

If we choose a semi-coarsening in space as the way we define coarse problems, we will assume
that the fine mesh came from successive global refinements of some reference mesh T(. Then,
we will denote our coarse problems with the number of global refinements of the reference mesh

needed to create our mesh. We will call this type of coarse problem r-fype coarsening.

Definition 5 (r-type Notation). Given a reference coarsest mesh T, we will define our MGRIT

hierarcy (and hence the coarse problems) by specifying how many global refinements from the
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reference are needed to create the desired coarse or our fine mesh. We will use the notation

rapay . ..ags (6.11)

to denote this. Here, ay € N is the number of refinements of Ty to result in the fine mesh, and
a; € N is the number of refinements for the coarse level | = [ — 1. For example, r346 means
the the coarsest level is created three repeated global mesh refinements of T, the middle coarse
level is created from one mesh refinement of the coarsest level, and the fine level two more mesh
refinements from the middle. This notation also encapsulates the number of MGRIT levels. In the
case of 1346 we can see that there are three levels (here also note that we index from zero, so f = 2

meaning | = 2 — 2 is the finest level, while | = 2 — 1 is the middle, and | = 2 — 0 is the coarsest).

Integrator Coarsening

The other choice for coarsening involves what we will term integrator coarsening. This type
of coarsening involves using the same spatial mesh, hoping to avoid those interpolation costs in-
curred between different spatial meshes. In this case, the only way we can make our coarser levels
cheaper is to loop over the number of DOFs in T fewer times. The way we do this is by changing
the integration scheme on each level. If, for our fine level we use an explicit third order method in
time, then perhaps we use an explicit first order method on the coarser level. We did something like
this already in Section 3.1 where we present Parareal. This type of coarsening is cheaper because
a third order method will require three evaluations of the right hand side of an IVP, while a first
order method only requires one. Therefore we get a reduction of the number of DOFs we have to
visit by a factor of three. This basically redefines F; on each level by how many sub-steps of F; are
required for one full step, but F; operates on the same mesh on every level. We will call this type

of coarse problem i-fype coarsening.

Definition 6 (i-type Notation). Given a mesh T which we use on each level of MGRIT, we will

define our MGRIT hierarchy in integrator coarsening by specifying the order of accuracy in time
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each level uses. We will use the notation

iapay ...ar (6.12)

to denote this. Here, ay € N is the order of accuracy for the integrator on the fine level, and a; € N
is the order of accuracy for the integrator on coarse level | = f — i. For example, i123 means the
the coarsest level uses a first order method like Explicit Runge Kutta 1, the middle uses a second
order method like Explicit Runge Kutta 2, and the finest level uses a third order accurate method
like Explicit Runge Kutta 3. Note we also know how many levels we have by looking at the shape

of 1123, where we identify three levels.

Obviously, we don’t have a zero order method, so we might expect that we will have a limit
on the number of coarse levels while using integrator coarsening. For example, if the fine level
that you want to use has a third order integrator, then the only MGRIT hierarchies we can get are
1123, 113, and 123. MG methods shine when possibly many more levels can be used, so integrator
coarsening might not be right.

Furthermore, while this type of coarse problem definition is good at avoiding the interpolation
cost, it might introduce dispersion errors. Since out problems in this dissertation typically have
shocks, the dispersion errors could result in different shock locations on every level of MGRIT,

which might ultimately cause similar problems to those from interpolation error.

Which Type of Coarsening to Choose?

It is not clear which type of coarsening will be better. Therefore we will explore both and
compare their results in a few numerical examples in Chapter 7. Ryujin offers easy specification
of the mesh and integrator type we use on each level, so we were able to try each out separately
and compare results.

One can also ask if the types of coarsening can be combined. The answer is yes, but we do
not explore this. See Section 8.3 where we pose this as a future direction for research. In the

next chapter, we apply MGRIT+II to two test cases. First, we analyze MGRIT-II under different

82



coarsening strategies in the same two cylinder setup we presented in Section 4.1. We analyze the
results for the best performing strategy, and comment on overall trends and observations. Then,
we select the best performing strategy and apply MGRIT+II to a more realistic setting where we

simulate an airfoil in landing conditions and compute the time average drag it experiences.
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Chapter 7

Applications of Time Averaging MGRIT

In this chapter, we apply the algorithm defined in Section 6.6 for stabilized MGRIT with time
averaging to some testcases and perform convergence analyses. We first apply the method to a 2D
Mach 3 flow around two cylinders. Then, we take the best performing MGRIT+II hierarchy (in
terms of relative error and MGRIT cycles) from the two cylinder case and apply it to an airfoil in
landing configuration and measure the time average pressure and drag on the airfoil.

Section 7.1 presents an analysis of MGRIT+II applied to computing a time averaged pressure
and drag around one of two cylinders. This analysis allows us to gain some insight into two key
qualities we want to understand about our method. First, we will be able to tell if our method
converges at all, and if not, what is the error we should expect. Second, we will be able to tell
approximately how many MGRITHII cycles are needed to reach the final state.

Section 7.2 takes the number of cycles and best performing MGRIT+II coarsening schemes
from the two insights gained in Section 7.1 and applies it to a realistic example of an airfoil in land-
ing configuration. This allows us to fairly evaluate the performance of MGRIT+II and compare
the coarsening schemes.

Finally, Section 7.3 presents a table of execution time for each numerical test compared to a
sequential (not PinT) calculation for time averaged quantities of interest. We make observations
about the performance of MGRITHII using these timings. Recall that the whole conception of
PinT rested on the potential decreased time to solution afforded by parallelizing in the time di-
mension (see Chapter 2 for a refresher). We seek to evaluate whether we have gained any speedup

using MGRITHII to compute our time averaged quantities.

7.1 Cylinder in Mach 3 Euler Flow Wake

In this section, we present computed time averaged pressure curves and drag on the downwind

cylinder using MGRIT+II and both spatial and integrator coarsening schemes. First, we look at

84



Figure 7.1: We will calculate the pressure and drag on the downwind cylinder (mesh in light grey, and the
downwind cylinder highlighted in red), which is in the wake of the upwind one. Perhaps a time averaged
drag can be inferred from a PinT computation. Restated from Figure 5.3.

r-type MGRIT—+II which defines the coarse levels by coarsening the spatial mesh. Then we look
at two different i-type MGRIT+II which defines coarser levels with "integrator coarsening" where
coarse levels use less accurate time integration methods, without changing the mesh. We also
present a direct comparison between how each MGRIT+II hierarchy started and ended, as well as

a direct comparison of the relative errors.

7.1.1 Problem Definition

We solve a problem which involves two cylindrical objects in a tube with air flowing through it
at Mach 3. We previously mentioned this in Section 4.1. We restate the geometry in Figure 7.1 and
what the solution looks like in Figure 7.2. Here, we specify in more detail the initial and boundary

conditions, the exact data, and the mgrit methods chosen for the study.

Initial and Boundary Conditions

The initial condition for the exact and PinT testcases set the density, total energy and momen-

tum at all positions to

£o 1.4
Ut=0)= |pvg| = [1.4-[3,0]" (7.1)
Eq 8.8
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Figure 7.2: The time evolution of density in Mach 3 flow Euler Equations. Regions of darker color have
higher density. Restated from Figure 4.1

where the state is consistent with a Mach 3 flow. In ryujin, this is known as uniform initial condi-

tions.

For the boundary conditions, we categorize each edge in Figure 7.1. We have an inflow condi-

tion on the left edge 0. of the domain. This condition is a Dirichlet condition which enforces
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the same data as the initial condition:

1.4
Usou = |14 3,0 | = U(t =0). (7.2)

8.8

On the right edge of the domain 0., we prescribe an outflow condition. This condition
is the equivalent of not doing anything specific in the weak formulation. This type of boundary
condition is only valid when the degrees of freedom at the boundary have a velocity vector pointing
out of the domain. For high speed flow, this is certainly the case at the downwind edge O righ.

The rest of the edges, those at the top, bottom and both surfaces of the cylinders (which we
will call 9€2;p), we prescribe a slip condition. This enforces a vanishing normal component of the
momentum, essentially enforcing that fluid cannot pass through the boundary. This condition is
equivalent to enforcing

pv(U(z,t)) -n(z) =0 (7.3)

for all z € 0, and where n(z) is the normal vector to the surface. In (7.3), the notation

pv(U(x,t)) represents the momentum pv of U at a particular place in space and time (z, t).

Start-up Time

Setting a uniform initial condition everywhere is physically unrealistic, since it means that the
two cylinders suddenly appear in a Mach 3 airflow. Therefore, we will measure all of our time
averaged quantities after a "startup time" when the time varying behavior begins. To do this, we
measure the drag on the downwind cylinder and select the start-up time past the initial transition
period and where we observe the flow to oscillate, see Figure 7.3. In this case, we will measure all
of our time averaged quantities from the time ¢ = 1.0 since Figure 7.3 indicates that this is about
the time that we enter into a more realistic flow regime than our initial conditions. We can tell this
from Figure 7.3 because of the large spikes in the exact drag curve in the interval ¢ € [0, 1]. After

t = 1, the drag behaves more smoothly. Therefore we will toss out all data before t = 1.
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Drag Force

Time

Figure 7.3: The exact drag curve, given in the natural units for the computation (non-dimensionalized Euler
equations), shows us that to really measure a realistic setting we need to begin our measurements from a
start time of ¢ = 1.0, approximately. Around this time, the drag fluctuations behave in a more regular way.
In the first second, the drag shoots to large numbers before dropping to within the range that it oscillates
within for the remainder of the simulation.

MGRIT+II Hierarchies

We test 1456, 113, and 1123 MGRIT-+II coarsening schemes. We compute the L1 norm for the
pressure curves on the second cylinder, using 40 bricks, on the time interval [1, 5]. The MGRIT+I1
hierarchies were chosen with between two and three levels. We favored three levels since we
already knew that two level MGRIT is equivalent to Parareal, and we wanted to expand our studies
to multi-level PinT where we expect that PinT methods to enable more speedup. For the spatial
coarsening type PinT, we chose r456 because using higher accuracy refinements on the coarser
levels was found empirically to give better corrections during initial testing. We chose 113 and 1123
because if we use a third order time integrator on the fine level, the two prior hierarchies are the only
available MGRIT+II hierarchies for the integrator coarsening schemes. In the following section,
we present an analysis of the problem with the setup we just detailed and using the hierarchies just
detailed. We begin with a study of time averaged pressure on the downwind cylinder, and then

perform an analysis on the drag computation.
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Exact Data

For the exact data, we use a spatial mesh with 6 global refinements from a reference mesh, and
integrate on the time interval [0, 5] with 40 bricks, and using third order Runge-Kutta for the time
integration. Figure 7.2 illustrates what the exact solution looks like in the case we present with
matching initial and boundary conditions. We see an initial phase where bow shocks form early
on, followed by vortices forming and interacting in the wake of the upwind cylinder. Regions of
high density form on the leading edge of the downwind cylinder. The high density region oscillates
from the top to the bottom of the downwind cylinder. Therefore, we expect high pressure in those
two regions when we compute time average data. Indeed we do see high pressure near those

regions in Figure 7.6, Figure 7.7, and Figure 7.8.

7.1.2 Pressure on Cylinder

In this section, we measure the difference in a time averaged pressure curve on the downwind
cylinder. We compute a relative error. Let 15(9) be the time averaged pressure along the cylinder

defined in Figure 7.4 where we average the pressure curve by computing

5 (0, 1)dt
p(o) = Jr 6, bt p(4’ ) : (7.4)

and we compute the pressure inside the integral with (4.7) given by

(7.5)

p(0.0) = (v — 1) (E(e,w _ 20 mi6.Y) ’"W)),

2

where F(0,t), p(0,t) and u(0,t) are the total energy, density, and momentum at (6,¢) on the
cylinder in Figure 7.4. This cylinder is a collection of points that is a subset of J{);,, parameterized
by 6.
In the results that follow, we measure error by computing an L1 norm relative to the exact time
average pressure Pexace(6)
S 15(0) = Pexac(0)]d0

T T 00 7.9
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Figure 7.4: When computing solutions for pressure, we reference angles 6 defined on the second cylinder
(red in Figure 7.1) using the interval § € [—m, xw]. These angles are show in in this figure. Restated from
Figure 5.4.

Results

We can make some general observations looking at the relative error in the pressure curves in
Figure 7.5. First, we can see in Figure 7.5 that each MGRIT+II case does not converge to the exact
pressure curve. In general, there is a 3-5 percent relative error, and the large errors happen near the
front of the cylinder (near # = +7) where we would expect most of the time dependent flow to
have large impact since the flow direction is from the left to the right. Figure 7.5 also shows that
the r-type MGRIT hierarchy converges since the error curve eventually flattens, while the i-type
tends to oscillate between two states. However, neither i-type state reaches an error smaller than a
few percentage points.

Second, we can see that the i-type MGRIT+II ends up oscillating between two states. These
states can be seen in Figure 7.7 and Figure 7.8, on the bottom. So, while the lowest error reached
in the i-type MGRIT+11I is lower than the r-type error, we simply do not have any guarantee that
on any given cycle the error will be the ideal one. Depending on the cycle we are on, we might get
unlucky using the i-type MGRIT coarsening. This type of oscillation could be an indication that
the i-type coarsening is bad at smoothing the problem. MG methods typically involve smoothers,
and MGRIT is no different. A plausible but untested hypothesis for this behavior is that the i-type
is a poor smoother which adds wild oscillations to or MG error. Shock location is shown to cause

large differences in i-type corrections in Section 7.1.4.
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Figure 7.5: We compare the L1 error in pressure for the r456, i13, and 1123 cases, see (7.6). We can see
that cycling does reduce the error to a few percentage points. However, we note three things from these
errors. 1) We can see that none of the hierarchies achieves convergence to the exact solution. Indeed, the
relative errors are all a few percentage points. 2) The integrator coarsening methods 113 and 1123 oscillate
after about 13 cycles. 3) The spatial coarsening method r456 converges to something (no oscillation) after
about 20 cycles.

Third, we observe that the r-type MGRIT+I1 really does converge to a solution since we notice
that the error eventually flattens, see Figure 7.6. Though the error it achieves in the end is higher
than the lowest from the i-type, we at least see that we could reasonably expect that after some
cycles the r-type will be close to its best state. r-type MGRIT coarsening seems to be a better
smoother. This is likely due to the coarser spatial meshes involved. The coarse meshes likely
smooth out shocks better than coarser time integrators.

The fourth observation we can make is that each hierarchy reaches its final error at approxi-
mately 13 cycles. We ran each simulation for 30 MGRIT cycles, well past the number of cycles
which would offer speedup. Convergence in 13 cycles corresponds to an idealized speedup of
% ~ 3.07 over a sequential method on 40 bricks. Recall that this number is an upper bound on
the speedup, since there are multiple levels of time integration and inter-brick communications
necessary for PinT that reduce that idealized speedup. Actually the MGRIT+II methods are much

slower than the sequential. Section 7.3 presents the actual speedup and observations about the

speedup behavior of each MGRIT-IT hierarchy.
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Finally, we observe that each MGRIT-+II hierarchy improves the initial time averaged pressure
curve. Figure 7.9 shows the initial state and the final state for each choice of MGRIT+II hierarchy.
Each final curve is closer to the exact curve than the initial curve, but none match perfectly.

The big surprise is that the MGRIT+II methods all have an error associated with them. We

would expect, due to the exactness property outlined when discussing Parareal, that we eventually
converge to the correct solution. This is not the case in our data. Section 7.1.4 presents some
discussion about why inexactness might be the case. The next section computes a time averaged

drag, and compares the behavior of drag to that of pressure curves.
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Figure 7.6: This figure showcases the different pressure curves that we get when cycling in MGRIT using
spatial hierarchy r456. We see the initial state (left) and final state (right). See how most of the error is due
to the leading edge of the cylinder (values near —m and 7).
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Figure 7.7: When using the scheme i13, We can see that eventually the solution oscillates between one state
on even cycles (left bottom), and another on odd cycles (right bottom). Similarly to Figure 7.6 we see that
most of the error is due to the leading edge of the cylinder (values near —7 and 7).
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Figure 7.8: When using a three level i-type scheme 1123 where we have an intermediate level using RK2 as
an integrator, see that eventually the solution oscillates between even and odd cycle states. This behavior is
consistent with Figure 7.7, but the results on even or odd cycles are slightly different.

Initial Pressure Curve Final Pressure Curve

Pressure
Pressure

Figure 7.9: Each MGRIT—+II hierarchy improves the time average pressure curves, but none of them reach
the exact solution.
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7.1.3 Drag on Cylinder

The previous section showed us that MGRITHII can predict time averaged pressures on the
boundary of objects in fluid flow to within a few percentage points error. This section computes
the resulting drag on objects. Time averaged drag was one of our motivating examples to use
MGRIT-+II. Since the Euler equations neglect fluid viscosity, the drag on an object only depends
on integrating the pressure on the boundary of the object. Therefore it is reasonable to assume that
the behavior of the drag should mimic that of the pressure in Section 7.1.2.

For this section, we integrate the pressure along the cylinder’s boundary. The time averaged

drag, in the direction of the fluid (1, 0), we will call d, and is given by

i / " 5(6) cos(6)d6. 7.7)

The units for drag are the natural units for the Euler equations, meaning we do not specify them.

The error in PinT averaged drag is just the difference in the computed drag
e = |d — dexac] (7.8)

for a MGRIT+II method.

Using each of the same MGRITHII hierarchies as the pressure section, we observe in Fig-
ure 7.10 that the lowest relative error in the drag is on the same order of magnitude that the relative
error in pressure reached. This makes sense. We also see that the same convergence behavior we
saw for pressure happens for the drag. The i-type MGRIT—+II do not converge, and tend to oscillate
between two drag values after about 13 cycles. The r-type MGRIT+II does converge after about
16 cycles. Again, the drag depends directly on the pressure, so their convergence behavior should
be linked. Then that their convergence behavior is similar is not surprising.

However, we note that unlike the pressure curves, only the r-type MGRIT+II improves the er-
ror over the initial guess. Figure 7.12 shows that the i-type hierarchies worsen with cycling, while

the r-type hierarchy improves with cycling. The r-type method also has a few lucky cycles where
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Figure 7.10: The percentage error in drag mirrors the error for pressure, but no method except the r-type
MGRITHIT achieves better error than the initial cycle except for some lucky cycles where the error is small.

the relative error is quite small. Looking at the time-dependent drag curve in Figure 7.12 we see
that the i-type drag curves do not match the exact curve very closely after about 2.5 seconds of
simulation, while the r-type method matches the exact drag curve for longer, leading to a better
relative error. Still, each of the drag curves drift off of the exact drag curve which leads, ultimately,
to a few percent of error. Moreover, Figure 7.11 shows that each MGRIT+II method underesti-
mates the exact time averaged drag. Like the time averaged pressure, we note that after about 13
cycles the error matches the error at cycle 30.

Either way, PinT exactness is broken for MGRITHII for both pressure and drag. In the next
section, we take a deeper look into why the MGRITH-II fails to be exact. To do so, we first look at
the pressure as it evolves in time using MGRIT—+II to gain insight into why errors persist. Then,
we look at the correction terms 7 in MGRIT+II to speculate on the nature of how parts of the

correction propagate through space.
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Figure 7.11: The time averaged MGRIT—+II drag force underestimates the exact drag force (in the natural
units for the Euler equations.
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Figure 7.12: When we plot the drag curves in time at the final MG cycles, we see that there is wild variation
in the calculated drag near the end of our computed time interval for all the methods. The r456 case is closer
on the interval [3.0, 4.0] than the other ones, leading to a more accurate time average.

7.1.4 MGRIT-HII and Exactness

The fact that the exactness property is not satisfied by either the r-type or i-type MGRIT+II is a
surprising result of this chapter. We need to try and understand why exactness fails. In this section,

we will first look at surfaces which represent pressure errors along the boundary of the downwind
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cylinder across the different bricks in our numerical examples for the r-type MGRIT+II. These
surfaces help us to speculate on why exactness is broken. Then, we look at the 7 corrections to
understand why the i-type MGRIT+II methods might struggle to converge like the r-type method

does.

Why is exactness broken?

We first present an image of pressure on the cylinder in space and time. Figure 7.13 plot the
error in pressure at the end of each brick in time along the boundary of the downwind cylinder
(Figure 7.4). The resulting plot is a surface that represents the error in time. From the PinT
exactness property, we would expect that with continued MGRIT cycling the error on each brick
would reduce to zero. As we should expect, the initial guesses have lots of error. By cycle 30, the
last MGRITHII cycle we used, we expected that the surfaces would be zero on 30 out of 40 of the
bricks. If we imagine the surface as a cloth that needs ironing flat, exactness on cycle 30 means that
we would see that the surface has been ironed out up to ¢ = 3.75 (brick 30 is ¢t = 3.75). Figure 7.13
shows that the error in the r-type MGRIT+II does get smoothed out on cycle 30 compared to cycle
0, but is not zero. Figure 7.13 also shows that while the initial errors for the i-type MGRIT-+II are
smaller the smoothing of the error surface is less. In fact, the errors at the last cycle are basically
the same as the initial.

These surfaces show that MGRIT+II has persistent errors beyond PinT exactness. Since small
errors in the past can grow to large errors in the future for hyperbolic systems, Figure 7.13 provides
evidence that our projection operation is the ultimate cause of the limiting relative errors noted in
Section 7.1.2 and Section 7.1.3. Since MGRIT alone is exact, it must be that adding a projection
as we did in Algorithm 7 causes the loss of exactness that we see. In summary, MGRIT+II loses
exactness as a consequence of the projection operator that we had to use in order to remain on our
stable manifold M,..

In Chapter 8 we discuss possible work-arounds for the exactness issue. We note that the
MGRIT+II algorithm applies a projection operation II all the time, but it is possible that we could

toggle II to turn off if we know that a brick ought to be exact on a given cycle.
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Figure 7.13: These surfaces represent the error in pressure versus time and angle around the second cylinder
0 for r-type MGRIT+II hierarchies. At 30 cycles, we would expect three fourths of the bricks to be exact,
up to t = 3.75. However we note instead that there are small persistent errors for all ¢ < 3.75 indicating that
MGRITHII breaks PinT exactness. We see the surface is not smoothed at all for the i-type surfaces, even
on cycle 30. Indeed, the error for the i-type is worse than the r-type.

What do corrections 7 look like?

The last part of the analysis is to posit possible reasons why the i-type methods have worse
errors than r-type methods. This fact means that i-type methods generally require more projection
than r-type methods.

A way to study this is to show some representative images of the corrections 7 that both the
r- and i-type have. This will show us the fluid features that each type captures well or not well,
and which MGRITHII coarsening scheme requires more projection use. Figure 7.14 shows the

total energy E/ component of 7 for the i-type MGRIT+II at a fixed point in time. Notice that near
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shocks and in down-wind locations (right side of the domain), we see a large range of corrections,
roughly [—15,15]. This indicates that the coarser levels in the i-type hierarchy do not accurately
predict the locations of the shocks or in the regions down-wind of the cylinders. The low order
time integrators have large dispersion errors that cause the transport speed to be off, hence the
differences in shock locations. These large negative corrections near shocks can force the internal
energy of U + 7 to be negative in places where the total energy is already small. Unfortunately,
these tend to be downwind of the cylinders and near the boundary where this dissertation measures
time averaged quantities.

Figure 7.14 illustrates that if we plot the r-type total energy £/ component of 7, the correction
terms are much smaller. For an r-type MGRIT+I11 at¢ = 2.5, we see that the region where 7 matters
is also downwind like the i-type method. However, these corrections see a much smaller range than
[—15, 15] like the i-type hierarchy, and do not generally involve shocks as much (meaning that on
the middle MGRIT-+II mesh with » = 5 the shock locations on the fine mesh » = 6 are well
resolved, likely smoothed also).

The i-type MGRIT+II method has large corrections near shocks. On the other hand, the r-
type MGRIT+II methods captures the shocks much better. This shock capturing difference means
that the large negative corrections in the i-type MGRIT+I1I methods would probably require more
projection onto the stable set than those smaller negative corrections in the r-type methods. Since
we already noted that projections are the likely culprit for in-exactness of out PinT method, the
likely need to use more projections with the i-type method is probably the driving force behind the
worse relative error for i-type methods compared to the r-type method.

In the next section, we take the best performing MGRIT+II hierarchies for both i- and r-
type methods, and apply them to a simulation of an airfoil in landing configuration. We want to
understand how the MGRIT+II performs on a sufficiently different and realistic situation where

someone might want to understand the time averaged pressure and drag.
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Figure 7.14: To get a sense of what sorts of corrections take place, we plot what the correction 7 is for an
i-type MGRIT+II and an r-type MGRITHII at ¢ = 2.5. For r-type MGRIT+II 7 corrections, the size of the
correction is smaller than that if the i-type MGRIT+II at ¢t = 2.5.

7.2 Three Part Airfoil in Landing Configuration

In this section, we select an r-type MGRIT hierarchy and the best performing i-type MGRIT
hierarchy from above to run a three part airfoil in Euler equations at approximately landing speed
and angle of attack for a landing plane with mean aerodynamic chord length of about 3.8 meters.
This chord length is representative of mid-sized aircraft. For example, a Boeing 747 has mean

chord on the order of 9.8 meters [75, Appendices, Data A, Table 3].
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The computational mesh comes from a 2D tetrahedral mesh in Galbraith et al.’s paper [76], with
the exception that we split Galbraith’s triangular mesh into a quadrilateral mesh for compatibility
with ryujin, which only works on quadrilateral meshes at the time of generating results (fall 2025),
but now would work with the original tetrahedral mesh (spring 2026). We also scale the mesh to
have the correct chord length by scaling it up by 3.8 (the original mesh is non-dimensional in that
the chord is 1). The whole mesh, seen in Figure 7.15 is 1000 chord lengths wide to avoid boundary

conditions except at the airfoil and is specially designed for only a 16° angle of attack.
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Figure 7.15: This figure shows the mesh used to generate results for an r-type MGRITHII for an airfoil
in landing configuration and conditions. The length of the airfoil is 3.8 meters to match a mid-sized jet
aircraft. This mesh is only suitable for an angle of attack of 16° [76]. The whole mesh is on the left, while
a zoomed-in view is on the right. Notice the mesh refinement in the direction of 16 degrees.

The initial condition is similar to Section 7.1, where here the state is set to a constant initial

state at all DOFs
Po 1.4
U(t=0)= |pyvg| = [1.4-0.23 - [cos(16°), sin(16°)]" ]| , (7.9)
Eq 2.573
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consistent with Mach 0.23—about 80m/s, a typical landing speed—Euler flow at 16 degrees angle
of attack.

For the MGRIT+II hierarcy, we use both the r-type r01 and i-type i13. We chose to use a mesh
that has been refined only once due to computational constraints. We found that we could simulate
the mesh in Figure 7.15 with reasonable simulation times with one global mesh refinement, but not
more. Therefore we could do a two level MGRIT+II r-type hierarchy where the coarse level inte-
grates the unrefined mesh. We chose the 113 method because between the two tested in Section 7.1
(113, 1123) it had the lowest error in pressure at 13 cycles.

We generated the exact data by solving on a spatial mesh with one global refinement and using
a third order Runge-Kutta for time integration on the interval time [0, 6]. Figure 7.16 illustrates
what the exact solution looks like at different points in time.

The PDE we chose to solve for this numerical example is the Euler equations. The reason we
chose this was computational feasibility to generate results in time for the deadlines associated
with writing a dissertation. We recognize that for a realistic simulation, we would have to solve
the full Navier Stokes equations. This is left to future directions for research in Chapter 8. (It
is possible that the physical dissipation in the Navier Stokes equations could help convergence
properties of our PinT method [52]).

Since we are initializing with a uniform initial condition we will need to follow the discussion
of Section 7.1 and define a lower bound for our time integrals. Therefore we will average over
some interval [tan, 6]. To define ¢y, Figure 7.17 presents the calculated drag from the airfoil with
respect to time. Like in the previous section, we look at this curve for a visual indication that the
effects of uniform startup are gone. We see in the figure that after about one second of simulation
time the drag seems to settle into a less drastic looking curve. Therefore, we define ¢, = 1.

In this section we measure the time averaged pressure along the airfoil 0€2,;s; (Where a slip
condition is applied) as well as the time averaged drag on the airfoil. The average pressure is given

by
B flﬁp(x,t)dt

p(x) 3 (7.10)
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(a) Pressure att = 0.75 (b) Pressure at ¢t = 2.25

(c) Pressure at t = 3.0 (d) Pressure att = 3.75

(e) Pressure att = 4.5 (f) Pressure at t = 5.25

Figure 7.16: The exact time evolution of pressure in Mach 0.23 flow Euler equations around an airfoil in
landing configuration. Regions of darker color have higher pressure.

for x € 0Quoi1, €. for all spatial locations along the airfoil. The time average drag force in the
direction of the airflow (cos(16°), sin(16°)), is given by a surface integral of the pressure along

0ol Which can be computed as

d= / (p(z) cos(16°), p(x)sin(16°)) - ndS. (7.11)
Qq

Here, as in Section 7.1 the units of the drag force are the natural units in the Euler equations

(4.5), and we don’t bother with the units too much here. In the resulting analysis, we measure

104



convergence using the L1 relative norm of our PinT averages when compared to the exact time

sequential solution, like in the previous section with the two cylinders.

0.6
0.5 A
0.4

0.3 1

Drag Force

0.2 1

0.1 1

0.0

Figure 7.17: Looking at the exact drag curve, we see that there is a startup time of about one second here
before the drag starts to behave in a more regular way. Compare this similarity to Figure 7.3 where we had
a one second startup time for the two cylinder case.

7.2.1 Pressure on Airfoil

In this section we plot the pressure curves that we get using MGRIT-+II compared to the exact
average pressures for the three part airfoil geometry. Figures 7.18 and 7.19 compare the average
pressure curves over the top and bottom parts of the airfoil for an r-type MGRITHII and i-type
MGRITHII respectively. On each figure, we plot measured time average pressure curves for the
initial guess cycle 0 (blue), the final MG cycle 13 (red), and the exact time average pressure (black).
On the top of each figure we plot the pressure above the airfoil, in the middle we plot the airfoil’s

shape and on the bottom we plot the pressure on the bottom of the airfoil.
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r01 Pressures on Airfoil Initial Cycle vs. Final Cycle
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Figure 7.18: This figure presents a view of the average pressure curve above and below the airfoil using an
r01 hierarchy. We compare the exact in black to the initial (in blue) and to the final (in red) at a subset of all
the points. The pressures do not change much from the initial to the final, this is supported by Figure 7.20

Looking at the comparisons in Figure 7.18 we see that, for the r-type MGRIT+I11, for much of
the airfoil, the average pressure is constant as a function of position along the airfoil. The initial
average state (in blue), which is given by the coarse problem, captures this behavior quite well.
However, in regions where the pressure is not constant with respect to position, the difference is
larger. For example, looking at the third part near x = 4, we can see that the exact pressure (black

line) has some fluctuations on top and bottom that are not captured by the coarse information. In
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i13 Pressures on Airfoil Initial Cycle vs. Final Cycle
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Figure 7.19: This figure presents a view of the average pressure curve above and below the airfoil using an
113 hierarchy. We compare the exact (in black) to the initial (in blue) and to the final (in red) at a subset of
all the points. The middle plots shows the airfoil geometry. We can see that basically no change occurs from
first to last cycle.

this area near z = 4, the final average state (in red) captures the fluctuations better, but introduces
incorrect fluctuations on the more constant parts of the airfoil. For example look at the red plot
on the bottom near x = 1 where we see that the pressure wiggles beyond what the exact pressure
should be.

Figure 7.19 shows that for the i-type MGRIT+I1, the initial and final curves more or less match

the exact time averaged pressure. This either means that MGRIT+-II does not help in this situation,
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or that the initial guess is sufficiently good that PinT would not improve on it. Figure 7.20 shows us
that the latter is more likely. The relative error of the time averaged pressure on cycle 0 is already
quite small. PinT cycling does not improve the relative error. This is true for both the r-type
and i-type coarsening methods. So, in the case that the initial guess is sufficiently good, it seems
that MGRITHII does not drive the time average away from the initial guess. What Figure 7.20
does show us is the interpolation error that we have to pay for the r-type MGRIT+HII referenced
in Section 3.2.2. Both types of MGRIT coarsening have flat error curves. The only difference
between the i-type error and the r-type error is the magnitude of their error. The driving factor for
the r-type being higher is that this type of coarsening involves an interpolation of the residual from
the coarser spatial mesh to the finer spatial mesh for these two level methods.

Overall, the final pressure curve is more or less the same as the initial for both the r-type and
i-type MGRIT—+II, see Figure 7.20. Next, we see if the calculated drag we get matches the exact
time average. It is tough to say that these relative error are truly any better than the initial. For
example, Figure 7.21 shows the same flat error vs. cycle curves for computed drag. The next
section looks at the drag computed by the pressure and comments on what the drag computations

tell us about MGRIT+I1.

7.2.2 Drag on Airfoil

Like in Section 7.1 we want to see if the drag value from the time averaged pressure is computed
correctly. Figure 7.21 shows that the drag error is essentially flat for both r- and i-type which
matches the behavior of the time averaged pressure. Again, we can see that the initial guesses
for both the r-type and i-type MGRITHII are already pretty good (Figure 7.22 and Figure 7.23).
However, we note that the r-type error actually seems to increase. On closer inspection of the time
dependent drag for in Figure 7.23, we see that there is some instability driving the time dependent
drag curve away from the initial guess. We do not know exactly what drives this instability here,
but we suspect that the poor aspect ratios in the mesh near the boundary of the airfoil cause the

interpolation error incurred while doing spatial coarsening to dominate. It could also be that during
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Figure 7.20: Here we see that the pressure on our final cycle is better by a slim margin than the initial for
the rO1 MGRIT+II setup. For the 113 setup, we see a similar trend. However, this does not get affected by
the interpolation error, so is many orders of magnitude smaller.

the computation of the drag, the long edges of some mesh elements could cause the surface integral
to have poor error characteristics.

In summary, we can say that MGRIT-+II most often does not improve on an already good
initial guess, and that if we are not careful in understanding interpolation on the mesh involved we
can actually drive the time averaged quantities away from the exact state. As the final part of our
numerical examples, we will present the wall clock time for each of our numerical examples and

assess the possibility for speedup using PinT to compute our time averaged quantities of interest.
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Figure 7.21: Here we see that the drag force erro on our final cycle is essentially flat for the r01 MGRIT+II
setup. For the i-type we see a similar behavior, but without the effects of interpolation.
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Figure 7.22: In this figure we see that the drag vs. time curve does not change much with MGRIT cycling

for the 113 MGRIT+II setup.

110



r01 Drag vs. Time

mmmm Fxact
0.275 | — [nitial ro1
Final ro1
0.250 -
0.225 -
[+7]
g
S 0.200
(=]
L
© 0175 / -
0.150 Nty |
iy, W
0.125 \
0.100 +— : . :
1 2 3 4 5 6

Time

Figure 7.23: In this figure we see that the drag vs. time curve is worse after MGRIT cycling for the r01
MGRITHII setup. We hypothesize that the interpolation costs to take corrections from the coarse spatial
mesh to the fine spatial mesh drive this growing instability.

7.3 Wall-Clock Timings

In this section we time MGRIT+II by comparing the wall-clock time for the sequential solu-
tion with the overall wall-clock time for MGRIT-+II for each of the numerical results presented
previously. For our exact results, we used one rank to solve the problem. Then, for the MGRITHI1
results, we used one rank per time brick. So, for our results with 40 bricks we used 40 ranks. This
is a fair way to compare the sequential and PinT methods since it most closely matches the way
PinT gets around sequential "saturation", see Section 2.1. We pretend that the sequential time inte-
gration saturates at one rank, and extend with more. The time integrator code ryujin also supports
multi-threading, so we used 4 threads per rank.

Overall, we note that the MGRIT+I1I simulations presented herein took significantly longer
than the sequential solution did, see Table 7.1. This is not surprising since the communication
cost is likely quite high for the MGRIT+II, where bricks need to share the entire spatial mesh

meaning that we have to communicate the state at every DOF in space, unlike spatial DD where
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the information that needs to be communicated comes from a ‘thinner’ region of space which
touches a fraction of the total spatial DOFs. Furthermore, we only use 40 time bricks, so based on
the discussions in Section 3.1 we would need convergence in many fewer than 40 cycles. Table 7.1
presents the wall-clock time to perform 13 cycles.

Table 7.1 illustrates the timing from 13 cycles since this is when the minimal error is reached
for the Two Cylinder case. If we had a well defined convergence criterion this is when we’d stop
the MGRITHII. Across the board, the MGRIT+II algorithm, converging in 13 iterations, is a few
times slower than the sequential solution.

The table does tell us that generally the spatial coarsening is faster than the integrator coarsen-
ing. We can see that the runtime for the r-type MGRITH-1I are lower than the i-type MGRIT+II
simulations. Given that each type reaches approximately the same relative error, this means that

r-type coarsening is a more efficient coarsening scheme.

Method Two-Cylinder Airfoil
Sequential RK3 223s 228,944s
456 29,426s
01 494,580s
13 37,395s 1,386,056s
123 86,1425

Table 7.1: Wall-time in seconds for numerical results. For all the numerical results presented herein, we
used a third order Runge Kutta (RK3) as the fine integrator F' giving the exact data. For the two cylinder
results, we used a fine mesh that was 6 times refined from a reference mesh. For the airfoil results, we used
a mesh that was globally refined once from a reference mesh. The table above presents wall-time for each
numerical example compared to sequential time integration on the finest level. The row r456 uses a three
level spatial coarsening MGRIT+II with the coarsest mesh having 4 global refinements from a reference
mesh, the middle having 5, and the finest 6. Likewise the row r01 is a two level method with the coarsest level
being the coarse, reference mesh. The row marked 1123 is a three level integrator coarsening MGRIT—+II
with the spatial mesh being the same as the fine mesh on each level, but using a first order Runge Kutta
integration on the coarse level, a second order on the middle, and a third order on the finest. Likewise, 113
is a two level method with first and third order integrators.

Table 7.1 also illustrates that MGRITHII is still far from demonstrating a faster wall-time
compared to the sequential method. In Chapter 8, we discuss that we should perform a strong

scaling study where we evaluate the performance of MGRIT+II as we add more processors and
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bricks to a fixed size problem. It is possible that the timings in Table 7.1, since they use a fixed
number of 40 processors, could decrease as we utilize more more bricks and therefore smaller

bricks with quicker time to solution.

7.4 Summary

In this chapter, we applied MGRIT—+II to two numerical examples. We answered our questions
posed in Section 5.2.1. First, we see that MGRITHII can be used to calculate time averaged
quantities of interest, but because of the added projection operations, we see a persistent error that
breaks exactness. Second, we answered that MGRIT+II seems to converge to a final state when
using spatial (r-type) coarsening, while it fluctuates between states when using integrator (i-type)
coarsening. This leads us to believe that the spatial coarsening is a better coarsening method. This
is further supported by the observation in Table 7.1 which shows that r-type coarsening produces
faster overall run times compared to i-type methods. However, all the MGRIT+I11I hierarchies we
tested were much slower than the sequential method. Finally, we note that convergence happens at

13 MGRIT cycles.
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Chapter 8

Conclusions

This chapter provides an overview of the results and open questions that remain. First, Sec-
tion 8.1 summarizes the novel contributions made herein. Then, Section 8.2 provides an analysis
of using PinT in realistic applications. Finally, Section 8.3 discusses the future research directions

and remaining open questions.

8.1 Novel Contributions

In our view, PinT has not found a home yet. This dissertation helps to expand PinT’s usefulness
beyond where people have used PinT so far. With the results in this dissertation, we have expanded
the horizon of PinT by assessing how well it can be applied to a useful goal: the computation of

time averaged quantities. Measuring these quantities helps to fill a major gap in the existing PinT

literature by using PinT to compute useful quantities from PinT methods in hyperbolic PDEs. In

particular, we made novel contributions by doing the following:

1. We analyzed how well PinT does when coupled with state of the art hyperbolic solvers in
computing time averaged quantities, including a comparison between ‘“‘spatial coarsening”

and “integrator coarsening" to define coarse levels,

2. We developed a MGRITH1T algorithm which enables the use of PinT methods to integrate
hyperbolic PDEs;

3. We created Stable Sets to help us stabilize MGRIT+II;

4. We wrote software that interested parties could use to assess how well MGRITHII might

work in their own situations [77] and as a jumping off for future research in PinT.

In the next section, we summarize our findings from the numerical examples and give an assess-

ment of MGRITHII’s prospects.
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8.2 Summary of Results and Efficacy

We began our study by asking 1) if PinT can be used to compute time averages accurately and
2) if there is any pattern to how many MG cycles we needed to compute these. To do so, we had to
develop a stabilized PinT method, which we called MGRIT-II. Then, we applied this new method
to two different numerical examples.

For our first numerical example with two cylinders in Mach 3 airflow in the Euler equations,
Section 7.1 showed that when MGRIT+Pi does converge, it converges to the wrong thing, for
example see Figure 7.9 where the average pressure curves do not match the exact curves at the
final MGRIT cycle. This implies that MGRIT+II is not an exact PinT method. However, the
resulting curves look pretty close. We saw that the limiting percentage of error was approximately
3-5% off of the exact time averaged pressure along one of the cylinders. We attributed this loss of
exactness to the addition of a projection operator. The time averaged drag curves also had a similar
magnitude of relative error, which is not surprising since drag and pressure are correlated. Finally,
we noted that the final relative error happens at 13 MG cycles. Overall, this numerical example
shows that MGRIT+II can improve initial errors in pressure and drag.

In the second numerical example, we took two two-level MGRIT-+IT hierarchies and used them
to predict the time average pressure and drag on an airfoil in landing configuration. This served as
a more ‘realistic’ example to test our method. For this method, we saw that the MGRIT+II method
seems to not help us in a consistent way. We saw that the drag error was reduced by a small amount
for an i-type MGRITHII. Still, the initial errors from the coarse solve are small, so at least for this
mesh and this set of initial condition, MGRIT+II is probably not worth using. Further, we saw
evidence that the r-type interpolation costs could drive instabilities (reference Figure 7.23).

Comparing coarsening schemes across both examples, we saw that r-type coarsening seems
to be more robust than the i-type coarsening. This means that future PinT methods for solving
hyperbolic PDEs should start with using spatial coarsening in their methodology. Table 7.1 shows
us that r-type coarsening is generally faster than i-type coarsening. Coupled with its higher level

of robustness, r-type coarsening is an appealing coarsening option.
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However, Table 7.1 also shows that none of the MGRIT+II hierarchies we tried are fast enough
to beat sequential integration. Though we showed that PinT time averaging produces quantities
that converge, it is unlikely that these methods will produce solutions faster than sequential time

integration, at least on problems like those we tested.

8.3 Future Directions and Open Questions

This section outlines the avenues for extending the research results in this dissertation. Over-
all, the results in this dissertation illustrate the possibility that time averaged quantities are reason-
ably computed with PinT methods. However, we did notice that these averages computed from
MGRIT+II have some limiting errors. Since the MGRIT+II algorithm we used here is very gen-
eral, we have a sign that there is fruitful research to be done extending the results contained herein.
The main barrier to extending the results for time averaged PinT will be the limiting error seen
herein.

One of the main open questions has to do with the loss of PinT exactness. In the hyperbolic
PinT literature, there is obscure mention of how in certain hyperbolic settings PinT might not be
exact. For example, the authors of [78] state: "There is one additional curiosity in Fig. 18, the
exactness property is not perfectly satisfied." They go on to offer that they believe that "This is
thought to be a result of a small difference in floating point values exhibiting chaotic behavior.
It may also be a result of some unknown and undesired interaction between levels in the three-
level case." Nobody, to our knowledge, has studied this phenomena. Our results seem to follow
this inexactness, but more work needs to be done discerning the origin of such phenomena. The
future directions posed below would be good places to start in understanding where, exactly, does
exactness go?

We highlight four overarching areas for future research to help answer this question. First, we
discuss future directions in the study of PinT with projection applied to linear hyperbolic problems.
Of particular interest is designing a better projection operator. Second, we highlight the parameters

of MGRIT that could be optimized. One example would be the choice of relaxation scheme. Third,
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we propose algorithmic directions like mixed spatial and integrator coarsening or a convergence
criterion. Fourth and finally, we note the need for extensions into other dimensions and PDE

systems.

8.3.1 Designing a Better Projection Operator

The first major issue that we noted with MGRITHII in Chapter 7 was that we had broken PinT
exactness. We supposed that this was due to the projection operator. We have a few areas that one

could study to understand why projection breaks exactness.

Study MGRIT+II with a Linear PDE

We noted in Section 7.1.4 that the corrections 7 for our two cylinder example had large negative
values near shocks. Large negative correction terms tend to cause more need for projections—which
we believe ultimately cause the limiting error.

These problematic shocks in the Euler equations arise from nonlinearities in the equations.
Since our research questions try to understand how time averaged quantities behave with hyper-
bolic PinT methods, one should study whether it is the hyperbolic nature or the nonlinearities
which drive the large negative parts of 7. To do so, it would be advantageous to study MGRIT+II
in the context of linear PDEs, as this isolates the hyperbolic behavior. One could study MGRIT+II

in the context of a scalar transport equation

ou  Ou
— +c—=0. 8.1
ot ' Cox @1
Doing this would provide a clearer understanding of the interaction between the corrections v + 7
and their projected state TT(u + 7).
In hindsight, this would have been a better starting point for this dissertation since the projection

operation breaks exactness which is hard to understand in the context on nonlinear PDEs.
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Tune Parameters in Algorithm 5

The specific projection operation we used was quite unsophisticated. First of all, we used a
reference density p.r which we picked arbitrarily, as well as a scale factor a = ﬁ which we
picked arbitrarily. The « parameter in particular could be optimized, since it effectively controls
the amount that we truncate the PinT correction. The more truncation that we have, the greater the
change that we will break exactness.

Further, we could try to define a projection operation that is more like an L2 projection. In
Section 6.3.2 we note that a projection like that in Algorithm 5 is really not ideal in the sense that it
can move us away from the point on our stable manifold that is closest to where the PinT correction

u + 7 is. An ideal or better optimized projection operator might alleviate some of the errors that

persist.

Toggle Projection in MGRIT-+II

On reflection on the nature of the projection problem, we see that Algorithm 7 applies a pro-
jection on every brick, every cycle. We could modify this using our knowledge of exactness. If a
brick B; is exact on iteration k£ > ¢, then we know that U + 7 should not need projection. We could
modify our algorithm such that if ¢ > k£, then we would proceed to use MGRITHII as defined in
Algorithm 7, but if we know exactness should happen to revert to MGRIT without projection like
Algorithm 4. Perhaps this "toggle" of I would allow the errors visible on early bricks in Figure 5.7
to be ironed out, and for exactness to be thusly restored.

Some possibly unclear questions in this are: Do we toggle on every level of MGRIT+II, or
only toggle on the finest level? Does the exactness property extend to coarse levels in that if we

know a fine brick ought to be exact, then is a coarser brick also exact?

Projection Based on Physics

Our projection views the state U as a vector, and corrects based on the difference in this vector
between a fine and a coarse level. However, each component of U is actually coupled to the

others. Furthermore, our stable set M, is based on physical constraints. Perhaps then we can
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define a projection II that is more physics informed in the sense that it is aware that the correct
projected state II(U + 7) might not be just the closest point on the set M, naively defined, but
one that respects physics. The PinT literature already has an example of this kind of physical
thinking where researchers try to find optimal coarse propagators for hyperbolic PDEs by looking

at propagating along characteristics in the PDEs [50, 57].

Local Projection

Finally, one idea to work on the projection operator as it exists in Algorithm 5 would be to
swap out the global reference p. to a local one. This might allow the densities to be smaller in
regions where they need to be small, and therefore allowing II to be tighter to what U + 7 is before
projection. We actually did try this for a while, but found that we cannot expect that this local
projection truly is a projection since P?(U + 7) might not equal P(U + 7). (In the Algorithm 5, a
global reference is used, so we can guarantee that P? = P.) However, it is possible that we do not

really need a true projection operation for MGRITH-11.

8.3.2 Study MGRIT Options

The MGRIT algorithm allows us to play with a few multilevel algorithm options. One option to
play with would be the relaxation scheme used in MGRIT+II. The other would be type of cycling

or defining how we visit each of the coarser levels (we used a V-cycle Figure 3.4)

Different Relaxation Schemes

One of the unexplained parts of Chapter 7 was that the integrator coarsening bounced between
two states after about 13 cycles (Figure 7.5). One thing we can do to try to make this behave better
is to use a weighted relaxation where we smear out the state on each brick using the surrounding
bricks. Some literature in this vein exists and show that a weighted relaxation performs better in
certain situations than one that is not weighted [12], like we use in this dissertation. The idea here
is that we can use information from bricks in the past and future to inform our construction of the

state in the present. The ratio of what we take from the past/future/present would be the weights
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we could tune for our time averaged computations. One could also deign schemes where the new

state is a weighted average of the old state U and the proposed new state U + 7.

Use Different MG Cycles

The way in which corrections move through the PinT hierarchy is probably quite important for
convergence properties of MGRIT+I1I. V-cycles are a natural starting point, but we should also
explore other ways to visit other levels. An easy direction to extend the results in this thesis would
be to try out other cycling shapes like the F-cycle (see Figure 3.5), or a W-cycle. It is possible
that these cycle shapes could have different convergence properties, especially considering our

projection scheme that we inject, than the V-cycles tested herein.

8.3.3 Algorithmic Extensions
Two areas to refine the MGRITHII algorithm would be to 1) study the effects of using both
r-type and i-type coarsening simultaneously and 2) to define a convergence criterion useful to our

goal of computing time averaged quantities of interest.

r-type and i-type Simultaneous Coarsening

We noted in Section 8.2 that the r-type coarsening seems to be the best bet for achieving a
speedup over sequential time integration methods that actually converge to an answer, even though
it incurs an interpolation cost, the full effects of which we saw in Section 7.2. Since we pay this
interpolation cost anyway, we could make our coarser r-type levels faster to evaluate if we also
used i-type MGRIT-+II coarsening at the same time. Consider, for example, a hierarchy of spatial
meshes r456 where the integrator is different on each level like 1123.

It would be useful to combine the two and see if this provides a closer speedup since coarsening
in space and in integration method means less DOFs to loop over and fewer Runge-Kutta sub-step
evaluations simultaneously resulting in a much coarser problem overall. Recall that PinT methods
really only have hope to provide wall-clock speedup if GG is much cheaper to evaluate than F', see

Section 3.1.
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Convergence Criterion

In Chapter 7 we ran our MGRIT+II code for 30 cycles without checking for any convergence.
Doing this will reduce any possible wall-clock gain to naught. We observed heuristically that
13 MG cycles was sufficient for convergence for out time averaged measurements. Future work

remains to devise a meaningful convergence criterion to be used to stop MG cycling.

8.3.4 Extend Research to Other PDEs and Dimensions

MGRITHII should explore applications in other dimensions and in other PDEs. We have
already proposed using a simple 1D problem to study the interaction of projection and PinT, but it
would be nice to perform measurements in 3D. Furthermore, as we noted in Section 7.2 it would
also be good to understand how MGRIT-+II behaves in the full Navier-Stokes equations. This
could be beneficial to PinT computations as the literature notes that physical dissipation helps

MGRIT convergence, even without any time averaging [19, 52].

8.4 Summary

PinT methods remain basically academic. I have not worked at a national lab, private company,
or institution where PinT methods are even widely known, much less actively used. A major reason
for this is PinT’s overwhelming use in systems that are not all that interesting. (This is my opinion.)
Another major reason is that there has not been a convincing result of actual wall-clock speedup
using PinT methods. (Again, this is my opinion).

The results in this dissertation help to push PinT methods to their limit in those more interesting
systems. Time averaged quantities are useful to engineers, and, up to some small error, can be
accurately computed with MGRITHII. This fact helps to expand PinT’s usefulness to more PDEs
than previous PinT research.

The second issue, a lack of convincing speedup, remains a daunting fact of the matter for PinT
methods. However, if PinT is to survive, results like this dissertation are helpful to keep people

aware of the constraints of PinT.
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