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ABSTRACT OF DISSERTATION

SIGNAL DESIGN, DIVERSITY, AND CAPACITY IN MULTI-ACCESS
COMMUNICATION SYSTEMS

In this dissertation, we exploit degrees of freedom in time and frequency to trade-
off capacity and diversity in time-frequency-spreading channels. We then design
signals to maximize channel performance.

We consider the trade-off between multiplexing gain and diversity gain for
the block-fading sub-channel model. The channel vector may be rank deficient
with arbitrary covariance structure. We derive this trade-off by considering the
scaling law of the ergodic capacity, which represents the multiplexing gain, and the
error probability, which determines the diversity gain at high SNR. With a fixed
multiplexing gain, we give an upper bound and a lower bound on the maximum
diversity gain, and give an optimization procedure to get the exact maximum
diversity gain.

We also address the trade-off between multiplexing gain and diversity gain for
the frequency-selective channel. Similarly, we derive this trade-off by considering
the scaling law of the ergodic capacity, which determines the multiplexing gain,
and the error probability, which determines the diversity gain at high SNR. It
is proved that this trade-off only depends on the number of independent taps of
the equivalent FIR channel filter. The error probability is bounded by the outage
probability and the error probability without outage. The scaling law of the outage
probability and the error probability without outage at high SNR are derived, as
are approximations of the outage probability at both low and high SNR.

Besides the theoretical research on capacity and diversity, we investigate sig-
nal design, i.e. joint analog precoder and equalizer design, for multichannel data

transmission over the frequency-selective channel. The design goal is to maximize

iii
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mutual information rate, minimize the mean square error, or minimize the bit er-
ror rate subject to a transmit power constraint. We assume a continuous channel
model with precoder transmissions for M subchannels that lie in an n-dimensional
linear subspace of L%(R). We first design the subspace according to the channel
characteristics, and then design the precoders as functions in this subspace. Af-
ter the design of the optimal precoder and equalizer, we explore the geometry of
these designs. We show that all of these precoder and equalizer designs are, in
fact, decompositions of a virtual two-channel problem into a system of canoni-
cal coordinates, wherein variables in the canonical message channel are correlated
only pairwise with corresponding variables in the canonical measurement channel.
This finding clarifies the geometry of precoder and equalizer designs and illustrates
that they decompose the two-channel communication problem into what might be
called the Shannon channel.

We also investigate joint precoder and equalizer designs for a CDMA multi-
user, multi-path system, and design the precoder to get a simplified receiver design
for an MMSE equalizer on the receiver side, using a warp convergence property

for special matrices.

Zhifei Fan

Electrical and Computer Engineering Department
Colorado State University

Fort Collins, CO 80523

Fall 2006
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CHAPTER 1

Introduction

1.1 Degrees-of-Freedom in Wireless Communications

In wireless communications, the effect of the channel on the transmitted signal
is a function of the signal bandwidth and signal duration. Figure 1 illustrates 4 dif-
ferent channel effects for signals with signal bandwidth W and signal duration T'.
In the figure, At. is a coherent time that roughly characterizes time intervals over
which the channel is time-invariant and A f. characterizes the bandwidth of this
time-invariant channel. If the signal duration T is less than the channel coherence
time At., and the signal bandwidth W is less than the channel coherence band-
width Af,, then the channel is time-invariant and frequency-nonselective. The
signal is said to experience flat fading in time and frequency when transmitted
through the channel. If the signal duration T is less than the channel coherence
time At., but the signal bandwidth W is greater than the channel coherence band-
width Af,, then the channel is time-invariant and frequency-selective. Sometimes
this frequency selectivity may be associated with time-invariant multipath scat-
tering. If the signal duration T is greater than the channel coherence time At,,
but the signal bandwidth W is less than the channel coherence bandwidth Af,,
then the channel is time-variant and frequency-nonselective. The signal is said to
experience time-varying flat fading in frequency. If the signal duration T is greater
than the channel coherence time Af., and the signal bandwidth W is greater
than the channel coherence bandwidth Af,, then the channel is time-varying and
frequency-selective. In other words, the channel is a time-varying filter. Sometimes
these effects may be associated with Doppler spreading and multipath fading.

Qver- and Under-Spread Channels

According to the product p := At Af., the channel may be classified as un-
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Figure 1. Channel effects for signals with different signal bandwidth W and signal
duration T'. The first signal has T' < At., and W < Af,, so it sees a channel that
is time-invariant and frequency-nonselective. The second signal has T' < At,, and
W > Af., so it sees a channel that is time-invariant and frequency-selective. The
third signal has T' > At, and W < Af,, so it sees a channel that is time-varying
and frequency-nonselective. The fourth signal has T > At, and W > Af,, so it
sees a channel that is time-varying and frequency-selective.
derspread or overspread. When p >> 1, the channel is underspread. According to
the Landau-Pollak Theorem, we can design a signal with 1 < TW < p to estimate
the channel and then use it for communication. On the other hand, when p < 1,
the channel is overspread. In this case, no signal can lie in a subspace of dimension
less than 1, so the channel varies too fast to be estimated and used. In our work,
we only consider the underspread channel. That is p >> 1. For intuition we note
that p = Bd;Tm = At Af,., where By = ALtc is the doppler spread and T, = —Alﬁ is
the multipath spread, so that they cannot both be large.

Usage of the Time-Frequency Signaling Space

Given a frequency band W which is much greater than the coherence band-
width, W >> Af., and given a signaling interval T" which is much greater than
the coherence time, T' >> At,., then in this TW time-frequency signaling space,
there are —A?—XT independent fading paths. This is case (d) in Figure 1.

There are many ways to design the signaling in this TW time-frequency signal-

ing space. We can divide this time-frequency signaling space into non-overlapping

time-frequency cells whose bandwidths are less than or equal to the coherence
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Figure 2. 4 different ways to design the signaling in the TW time-frequency sig-
naling space. In (a}, we divide the TW signaling space into non-overlapping time-
frequency cells whose bandwidths are less than or equal to the coherence band-
width and whose time durations are less than or equal to the coherence time. In
(b), we divide the TW signaling space into non-overlapping time cells whose time
durations are less than or equal to the coherence time At.. In (c¢), we partition
the TW signaling space into non-overlapping frequency cells whose bandwidths
are less than or equal to the coherence bandwidth Af.. In (d), we transmit high
time-frequency product signals in the space.

bandwidth and whose time durations are less than or equal to the coherence time.

W

ALAT, independent block fades.

See Figure 2(a). Approximately, the signal sees
Signal waveforms may be transmitted within each cell and each will see a time-
invariant, frequency-nonselective flat fading channel.

Using time division, as in Figure 2(b), we can divide this TW signaling space
into non-overlapping time cells whose time durations are less than or equal to the
coherence time At.. Signal waveforms are transmitted in each cell and see a time-
invariant, frequency-selective channel. Using frequency division, as in Figure 2(c),
the TW signaling space can be partitioned into non-overlapping frequency cells
whose bandwidths are less than or equal to the coherence bandwidth Af.. Sig-
nal waveforms transmitted in each cell see a time-varying, frequency-nonselective
channel.

We can transmit high time-frequency product signal waveforms, for example
CDMA signals, in the time-frequency signaling space, as in Figure 2(d). The signal

waveform sees a time-varying, frequency-selective channel.
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Note that in each of these time-frequency signaling spaces, there are essen-

tially % independent fading paths, so, equivalently, there are NV := Az;‘gfc in-

dependent parallel channels in each time-frequency signaling space, as illustrated
in Figure 3. Since the probability of simultaneous deep fading of several indepen-
dent parallel channels is far less than the probability of deep fading of one of them,
this gives us a possibility to reduce error probability by repeated transmission of
the same symbols carried by the information-bearing signals in different parallel
channels, which on the other hand will reduce the data rate compared to trans-
mission of each symbol once. In other words, the independent parallel channels
supplied by this time-frequency signaling space gives us freedom to trade-off error
probability and data rate. Note that there are many methods for linearly combin-
ing transmit symbols carried by information-bearing signals or modulation pulse
shapes to transmit bits in the channel. But the underlying idea to get diversity is

as described above.

Wo
Zo ho Yo
B
Wy
I hy Y1
° °
™ ™
° ® WxN
IN-1 hn-1 YN-1

Figure 3. Equivalent N independent parallel channels in the TW time-frequency
signaling space

In summary, to get diversity gain is to reduce the error probability. To get
multiplexing gain is to increase the data rate. The trade-off between multiplexing
gain and diversity gain is the trade-off between data rate and probability of error,

at high SNR.
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A natural question which come up is, what’s the maximum diversity gain we
can get for a given data rate? This question has been answered in [1] for MIMO
channels. In [1] the authors explored the degrees of freedom in time and space. In
our work, instead, we’ll explore the degrees of freedom in time and frequency.

Block Fading Sub-Channel: In this dissertation, we consider the block fading
sub-channel, i.e. the channel model in Figure 1 (a) and Figure 2 (a). We give
an upper bound and a lower bound on the diversity gain at high SNR with fixed
multiplexing gain in the case of symbolling in a time-frequency signaling space
over a time-frequency-spread channel whose channel vector may be rank deficient
and has arbitrary covariance structure. Then we give a simple linear programming
optimization procedure to derive the exact diversity gain at high SNR with fixed
multiplexing gain which doesn’t depend on the detailed values of the channel co-
variance matrix. We derive the outage probability and error probability at high
SNR for this channel.

Frequency Selective Channel: In this dissertation, we also consider the
frequency-selective channel model, i.e. the channel model in Figure 1 (b) and
Figure 2 (b). We derive the trade-off between multiplexing gain and diversity gain
for the frequency-selective channel. Then we derive the scaling law of the outage
probability of the frequency-selective channel (equivalent to the tapped delay line
channel model in [2]) at high SNR, and give approximations of the outage probabil-
ity at low and high SNR. We derive the error probability of the frequency-selective
channel at high SNR. The outage probability of the tapped delay line channel
with two taps is derived in [3], and the density of the mutual information of the
MIMO tapped delay line channel with arbitrary taps is derived in [4] with special

assumptions.
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1.2 Signal Design in the Multiaccess Channel

A general approach to digital communication is orthogonal signaling in which
transmitted symbols are modulated onto a set of orthonormal waveforms. One class
of such schemes uses a Gabor system, which consists of time and frequency shifts
of one pulse shape. Multiple carrier modulation, orthogonal frequency division
multiplexing (OFDM), or discrete multitone modulation (DMT) are all important
examples of Gabor systems. They divide the channel into many small time slots
and frequency bands that are matched to the characteristics of a doubly dispersive
channel.

To eliminate ISI and ICI in the dispersive channel, a cyclic prefix may be in-
troduced, but this reduces the spectral efficiency. To combat both time-dispersion
(multi-path fading) and frequency-dispersion (Doppler spreading), many Gabor
systems with good time and frequency localized pulse shapes have been stud-
ied. These include coded OFDM [5], Gabor systems with time-frequency product
greater than 1 [6], and OFDM with offset-QAM (OQAM) [7] [8], which also corre-
sponds to the Wilson basis [9]. While these orthogonal signaling schemes address
the signalling basis thoroughly, they leave the communication and information
aspects unexplored.

A large class of linear precoder and equalizer designs based on a variety of
criteria [10] [11] [12] [13], have been published for the discrete block transmission
model [14], [15], [13], [16]. In this model the channel, together with the digital to
analog converter in the transmit side and the analog to digital converter in the
receive side, is assumed to be FIR with order less than the transmission block
length. Zero padding or zero leading (including cyclic) prefixes are used to elim-
inate the inter-block interference and convert the system into a matrix map [14].

The implicit underlying assumptions when converting the continuous model into
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a matrix map are that the precoder and equalizer filter banks are time limited.

In this dissertation we bring the analog basis for precoder and equalizer design
directly into the problem, as in [17]. We then optimize with respect to it and with
respect to its linear combinations in order to design the analog precoders. We
consider an analog channel, and design the precoder and equalizer in two steps.
First, we match the subspace for the precoder filter-bank to the channel. Next, we
design the precoder filter-bank as linear combinations in a basis for this subspace.
In the under-spread linear time-variant channel, the importance of the two design
steps becomes clear.

Next, we explore the canonical coordinate geometry of these designs [18]. We
show that all the precoder and equalizer designs we consider are, in fact, decom-
positions of a virtual two-channel problem into a system of canonical coordinates,
wherein variables in the canonical message channel are correlated only pairwise
with corresponding variables in the canonical measurement channel. This finding
clarifies the geometry of precoder and equalizer designs and illustrates that they
decompose the two-channel communication problem into what might be called the

Shannon channel.

1.3 Precoder Design in CDMA Multi-user Multi-path Systems
The linear minimum mean square error (LMMSE) receiver is a widely used

linear equalizer in CDMA multiuser systems. To get the LMMSE equalizer, we

-1

s> where K is the number of users.

need to compute a K x K matrix inversion R
This is a time-consuming computation. There are many fast algorithms for the
matrix inversion. The conjugate gradient method is one of them, which is guaran-
teed to converge in K steps. When the number of users K is large, this is still a big

burden. It has been discovered that the convergence time of the conjugate gradient

method depends on the number of distinct eigenvalues of the matrix R,,. This
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initiates the thought that we might design the precoder to make R, have a small
number of distinct eigenvalues. In the flat fading CDMA system, precoding can be
used in both the uplink and downlink. But in the multipath CDMA system, since
each mobile receiver receives a signal experiencing different multipath fading, the
precoder in the down link can’t take care of everyone. We only consider the uplink
multipath CDMA system. Suppose the base station can estimate the channel of
each user, design the precoder, update the signature waveforms and transmit them
back to each user. In the next symbol period, each mobile user uses the updated

signature, and the MMSE equalizer is simplified.
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CHAPTER 2

Trade-off between Capacity and Diversity for Block Fading
Sub-Channels

In this chapter we consider a “block fading sub-channel” communication prob-
lem, wherein a transmitter-receiver pair exchanges symbols in flat-fading subchan-
nels to optimally trade off capacity and diversity. Capacity is used to increase
data rate and diversity is used to decrease error rate. So there is a trade off to be
made, which we characterize. The main result is to characterize admissible pairs
of capacity and diversity. Roughly, the sum of diversity and capacity is the rank

of a subchannel gain vector.

2.1 Channel Model

We consider the channel model in Figure 4, where we fix the time-frequency
signal space of dimension TW. At,. and Af. are respectively coherence time and
coherence bandwidth of the channel. We divide this TW signaling space into
non-overlapping At A f. time-frequency cells. Define K := Altc, and L = Alfc,
and N := KL. In each cell, the signal sees a flat fading channel. The fading
coefficients are assumed to be random variables with circularly symmetric complex
Gaussian distribution. We assume that in the (¢, j)th cell, the fading coefficient
h;; is distributed as h;; ~ CN[0,0?]. Define vector h; := [hig," -, hir-1]7, and
the “vec” h := [hl,.--  h%_,]T, which is a vecing of columns. We assume that
the correlation matrix of vector h is F [hhH] = Ry, the rank of Ry, is n < N,
and the eigenvalue decomposition of Ry, is Ry, = U hEhUhH . Recall that in the
introduction, we described the case where R, is diagonal with full rank /N. Here,

we consider the more general case where R;, has rank n < N. We call this channel

model a block fading sub-channel model. In this problem, we only consider the

10
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high SNR case, and assume that the receiver knows the channel state information
hij,i = 0,1,--- ,K —1;3 = 0,1,--- ,L — 1, but the transmitter only knows the

distribution for these random variables.

Figure 4. Block fading channel model. TW time-frequency signaling space is
partitioned into non-overlapping At A f. time-frequency cells

Note that the two dimensional subscript does not affect the analysis. For
simplicity, we change to a one dimensional “vec” description. The channel coef-
ficients in the N At Af. blocks are hgy,---,hy_1. Redefine the channel vector
h:=[hy, -+ ,hn_1]T, N=KL.

In the signalling design for this TW signalling space, suppose we separate the
N cells far enough apart in time-frequency that the basis for one At Af, cell is
orthogonal to the basis for another, so that there is no inter-cell interference. We
transmit p symbols z;[k],k = 0,---,p — 1 in the ith cell. The z;[k] are modu-
lated onto the transmitted signal z;(t) = S °_% z;[k]mi(k, t), where n;(k,t) are an

arbitrary orthonormal basis for the ith cell. The received signal in the ith cell is

k=0 k=0

The y;[k] := z;[k] + n;[k] are the demodulated symbols. n;(t) is proper, complex

white Gaussian noise with spectral density Np.
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Each At A f. time frequency cell has approximately 2p+ 1 dimensions accord-
ing to the Landau-Pollak Theorem. In this time frequency cell, we can transmit

p complex symbols which can be decoded at the receiver. Define the transmit

random vector in the ith block x; := [%;[0],-- - ,z;[p — 1]]7, and the received ran-
dom vector y; = [1:[0],--- ,y:[p — 1]]¥, and define the transmit random ”vec”
x:=[x],---,2%_,]%, and the receive random "vec’ y := [yd, - ,y%_,]T.

We use the notation = in [1] to denote exponential equality. For example,

f(p) = p* means

1
o e fle) _
p—oo  logp

and 2, < are similarly defined.

2.2 Mutual Information
The mutual information between the transmit symbol, and the composition
of the receive symbol and the channel is

1AV, H) =333 payn(u, v,w)log pm|y,;(’2:|:)1, w)

The conditional mutual information between the transmit symbols and the receive
symbols, conditioned on the channel is

I(X;Y|H) = Zzzpmyh(u v, w) log Pelyh 81V 1) Pajy,h(u|v, w) n(ujv, w)

Pajn(ulw)

Paz)y, 'U-l'U,'u_})
- Z Z th(w)Pm,ym(U, v|w) log _hl_"_(__

pzlh(u“w)

= 3 pa() 325 e ol og ”I‘)l"(("u'l'" w02 {1 Vb

. Pz (ulv,h) .
where the random variable I(X;V|h) = >, 5, Peyin(u, v|h)log zliy|:(ulh) is
the mutual information between the random vectors & and y, given the random

channel h.
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It is easy to show that I(X; YV, H) = I(X;H) + I[(X;V|H) = I[(X;VH).
The last equality follows because, without knowledge of the channel realization,
symbols are transmitted independently of the channel random variables.

Since in the communication system in Figure 4, given the channel and the
transmitted symbols, the symbols received in subchannel ¢ are independent of
those transmitted and received in subchannel j, or in other words, the channel
is memoryless, I(X;V|h) < Zﬁal I(X;; Vilh;) with equality if the transmitted
symbols in different cells are independent, which is assumed hereafter. Thus

I(X;Y]h) = Y10 1(X; Vilh).

2.3 Diversity Gain

In the TW time-frequency signaling space, there are N basic At Af, time-
frequency cells, which provide n linearly independent fading channels, because the
rank of E[hh*] is n. At high signal-to-noise ratio (SNR), without using diversity,
we know that the probability of the symbol error P, is inversely proportional to
SNR, P. = SNR™'. If we use diversity, the probability of the symbol error is
P, = SNR ¢, where d is the diversity gain. So, d = limgNr—o l;gloﬁ. In the TW
time-frequency signaling space, with correlation between the channel gains h;, there

are n < N linearly independent fading blocks, and the maximum diversity gain is

n<N.

2.4 Multiplexing Gain

We define the data rate of a coding scheme in the At Af. time-frequency
cell as Ra¢ ay. (bits/cell), and similarly the data rate of a coding scheme in a TW
time-frequency block as Rrw (bits/block). Since we can not get diversity in a

At Af, time-frequency cell, but we can in the TW signaling space, the spectral

efficiency (in bits/sec per Hz) is %VW- = %ﬁ, or in bits Rrw = YNRar.ay,
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with v € (0,1]. We shall call r = yN the multiplexing gain and note that this gain
is never greater than N.

The ergodic channel capacity is the maximum data rate at which the source
can transmit reliably. We show the ergodic capacity does exist in the communica-
tion system in Figure 4, and increases linearly with log SNR: C' = log SNR + O(1),
at high SNR.

Reliable communication at rates arbitrarily close to the ergodic capacity re-
quires averaging across many independent realizations of the channel gains over
time. Since at high SNR, the capacity increases linearly with log SNR, we should
consider schemes that support a data rate which also increases linearly with
logSNR. As we are considering coding over only a single TW time-frequency
signaling space, we must lower the data rate and take into account the random-
ness of the channel. At high SNR, we only consider coding schemes with data
rate in each At Af, time-frequency cell that increases linearly with log SNR. ap-
proximately as Ras.as, = plog SNR + O(1). Coding schemes whose rate does not

increase linearly with log SNR have multiplexing gain 0.

2.5 Result Statement and Idea of Proof

We derive the trade-off between the multiplexing gain r and the diversity gain
d in the TW signaling space for NV block fading sub-channels, each of dimension
p. The derivation follows the idea of the derivation in paper [1] where the authors
derived the capacity versus diversity trade-off in multi-antenna channels. First, we
prove that the ergodic capacity C' (bps/Hz) of the channel does exist and increases
linearly with log SNR at high SNR: C = SNR, or C' = log SNR+O(1) at high SNR.
So, there exists a coding scheme whose data rate increases linearly with SNR.

At the data rate Rrw = rplogSNR, with data rate plog SNR in each sub-

channel, and multiplexing gain r, we derive the maximum diversity gain over all
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coding schemes. Instead of deriving the exact symbol error probability, we give an

exponentially equivalent lower bound and an upper bound on P, [1],
Pout(r, SNR) <P < Pyut(r, SNR) + P(error, no outage)(r, SNR),
where the last inequality comes from

P.(r,SNR) = P,u(r, SNR)P(error|outage) + P(error, no outage)

< P,u(r,SNR) + P(error, no outage).

Here, P,u(r,SNR) is the outage probability defined as the probability that the
instantaneous mutual information of the channel is less than or equal to the given
rate. Then we try to find the maximum diversity gain over all coding schemes for

a given multiplexing gain r by taking

log P,ui(r, SNR)

= —d
SNRooco  log SNR

and finding some coding schemes such that

log (Pout(r., SNR) + P(error, no outage))

N, log SNR =—d
Then we are able to say the error probability is
log P,(r, SNR)
1 — = .
SNR—o0 log SNR )

This formula is used to explore the trade off between the time-frequency mul-

tiplexing gain and the diversity gain.

2.6 Ergodic Capacity
We consider the case where the channel changes slowly enough that the re-
ceiver can estimate the channel parameters but there is no feedback from the

receiver to the transmitter. The channel is underspread, meaning p >> 1. So the
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X i
Ao > h h
n & v

Figure 5. The realization of the channel is known to the receiver but not the
transmitter. So equivalently, the channel output consists of the pair (Y, H).
channel output consists of the pair (y,h) and the distribution of h is known at
the transmitter. See Figure 5.

In [2], it is proved that the discrete time-invariant memoryless channel has
ergodic capacity equal to the maximum of the mutual information between the
transmit symbols and receive symbols. We follow the arguments of [3] to construct
a discrete time-invariant memoryless channel. Consider the communication system
in Figure 4, which transmits p independent complex symbols in each At A f, time-
frequency cell. We construct p complex super symbols, where each super symbol
isan N := #‘Xfc tuple constructed by joining together one complex symbol from
each of the NV time-frequency cells of area At Af,. For given values of the channel
parameters {h;}, we have a memoryless time-invariant super channel, to be defined
in due course, for which the coding theorem [2] assures that rates close to I(X’; Y|h)
can be reliably transmitted with the specific coding scheme above provided p >> 1,
that is p is very large such that transmission at rates close to /(X; Y|h) with high
reliability is possible [2]. As I(X;Y|h) (for finite T) is a random variable, strict
capacity in the Shannon sense does not exist. Thus the concept of capacity versus
outage arises here, where the outage (or failure) probability for a given rate is
interpreted as the probability that 7(X; Y|h) falls below that rate. When T" — oo,
then, under mild regularity conditions, the random variable limz_, —Aq—fﬁl (X;Y|h)

equals (due to the weak law of large numbers) to its average with probability 1.
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In this sense, strict Shannon capacity does exist and it equals the average mutual
information I. The mild regularity conditions require that the channel h satisfy
the asymptotic mean stationarity property [3].

Consider the communication system in Figure 4. Suppose we repeatedly use
the TW signalling subspace to transmit symbols, and the fading is independent
identically distributed from channel use to channel use. Obviously, this channel
model is a kind of block interference (BI) channel defined in [4], and furthermore
it satisfies the compatibility assumption in [4]. Since in every block the channel is
memoryless, the ergodic capacity of this channel is the maximum of the average
mutual information.

Given h, channel (1) is a Gaussian channel, the optimal x is a complex Gaus-
sian distributed random vector, and the mutual information between the transmit

and receive vector is

No

)

where R, ., is the covariance matrix of x;, and x; is the symbol vector transmitted
in subchannel ¢. We distribute power into each At A f. time-frequency cell so that
tr{ Ry, } < P; with Z o ! P, = PT as the power constraint.

The ergodic capacity of the communication system in Figure 4 is
C = max —-E' Zlogdet m’m’lhl — )
R/.z i Vl TW NO

Suppose Ry, = U; AU f{ is the eigen decomposition of Rg,z;. Then recalling

that TW = Np, the objective function may be written as

N-1p-1 /\
zk
5kv1kNpZZElog )
i=0 k=0
subject to
N-1p-1
b < PT.
i=0 k=0
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Here, &;; is the kth diagonal element of A; and \; := |hy|%
Since h; ~ CN|[0, 0%], the random variable z = |h;|*> has density function

f(z) = en{-5}.

Define py = %’,ﬁ, so that
E[log([ + pik/\i)]
e 1 T p
= A log(1 + pikx); exp{—;} i
1 [ T
= —5/ exp{——5}1og(1 + pux)dz
a? Jo o

1
Pikdz)’

1
= — Ei
exp{ ) i

where Ei is the exponential integral function

oo
Ei(-z) = —/ et tdt.
z
This yields
N-1p-1
1 1 1
C=- max -3 3 exp{——}Bi(-——),
PNk IND =i =2 PikC PikC
subject to
N-1p-1 PT
Zpik S 5
=0 k=0 0

It is easy to show that the optimal p; = p, for all (3, k), where p is defined to
be p 1= NOLW. From now on, we use p to denote SNR. The capacity is then

1
po?

I
C= —exp{F}El(— ).

An asymptotic expression for C is

O = po?, po? << 1
) log(l+po?)=C, po?>>1

where C = 0.577 - - - is the Euler constant. At high SNR,
C =logp+loga® —C.

So, at high SNR, C =logp + O(1).
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2.7 Outage Probability
Given a rate Rrw = YNRaiwas = YNplogp = rplogp per TW time-
frequency signaling space, we want to derive the maximum diversity gain of a

coding scheme, or the maximum d such that

logP,
, lim
p—00 logp

1
Pei—d, or
0

We can follow [1] to prove that P,y (r, SNR) < P.(r,SNR). The proof is omitted

since it is essentially unchanged from [1]. An upper bound for P,[r, SNR] is
P.(r,SNR) < P,(r,SNR) + P(error, no outage). (3)

So, next we derive Pou(r, p). Following the proof of [1] to choose the circularly
Gaussian distributed random vector x and optimize over the input covariance
matrix, the outage probability is

Pou(r,p) = inf P[I(X Y|h) < rplogp]

pa(u)

N-1 R B2
= ian log det(I 2 %y < rplo ,
nf Z g — N ) Splogs]

where the area (a) is Z " trace(Rg,,) < PT, and the probability is taken over
the random channel vector h. Recalling that x; is a p dimensional vector, and that
N p% = PT, taking R, = %I gives an upper bound on the outage probability,

N-1

P[p> log(1+ plhf*) < rplogp]. (4)

i=0

On the other hand, since Zf;‘ol trace(Rgz,»,) < PT, each eigenvalue of
R,,.,, for all 7 is less than or equal to PT. Then PTI — R,,,, > 0, for all ¢,
which means that it is a positive semi-definite matrix. If we replace each Ry ., by

PTI, the mutual information is increased, since logdet is an increasing function
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on the positive- semi-definite matrix:

Ry o, |hil? PT|h |21
log det (I i < log det(I
Z g —p) < 2; g — )
N-1
= pY_ log(1l+ Npp|hil*). (5)
1=0

Hence, the outage probability satisfies

N-1
Plp>_log(1+ Npplhil") < plogp] < Pou(r:p)
=0
N-1
< P[pz log(1+ plhi|*) < Tplogp].
=0
At high SNR,
logP[pZ 108(1 + p|hi]?) < T‘plogp]
oo logp
— IOgP[PZ 10g 1 + Npplh;|? )<rplogp]
= log(Npp) '

Therefore for high SNR or when p — oo, the bounds are tight, and we have

N-1 N-1
Poulr,p] = P[p Y _log(1+ plhi|?) < rplogp] = P[> log(1 + plhi|?) < rlogp],
=0 =0

(6)
and we can fix the input distribution to be i.i.d. Gaussian without loss of generality.

2.7.1 A Lower Bound

Since h = [hg, -, hy-1]T is a circularly symmetric complex Gaussian ran-
dom vector with covariance matrix Rp, = UZU¥, we can find a vector ¢ =
[, - - - ,wn_l]T whose elements are independent circularly symmetric complex

Gaussian random variables ¢; ~ CN|[0, ¢?], where o7}

is the ith eigenvalue of X,
such that h = U,v¢, where U,, is defined to be the left n columns of U. Since
the vector h has reduced rank with rank n, we can choose a vector of linearly

independent elements with dimension n from vector h. W.l.o.g. we assume h,, :=
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[ho, -, hn1]T is this linear independent vector. Vector Ay _p, := [An, -, hy_1]|T is

a linear combination of vector h,, as
hN—n = W(N—n)xnhn: (7)

where W (y_pn)xn is an (N —n) x n matrix whose (, 7)th element is defined to be

wi,j-

Lemma 1. A lower bound on the outage probability in the block fading sub-channel
s Poyyi(r,log p) > p~™1=%) or an upper bound on the mazimum diversity gain is

n(l — %), when the channel rank is n and the multiplexing gain is v, which is to

say the spectral efficiency is fized at ETLVEL = ﬂ’;—‘;’\;— = % logp, where rp = vN.

Proof. Since the arithmetic average is greater than the geometric average, we get

that
N-1
> log(1+plhif?) = 10gH + plhal)
=0
N-
< Nlog Z 1+ plhi|?)
i=0
hal2
= Nlog(l—i—p lIl)
_ ieo 194l
= Nlog(1+p——N )
The last equality is easily obtained from h = U,¢. Then, a lower

bound on the outage probability is P [N log(1 + p;&;ﬁﬁ) < rlog p} .

n—1 X
The event {N log(1 + p;a}\#ﬁ) <rlog p} is equivalent to event

{Xis [e? < N(pF~' = p7")} and
N {loe < M= o {Z 67 < NG - ,,—1>},
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Then, a new lower bound of the outage probability is

n—l E-1_ -1 n—-l N(pw-1_ p-!
P m{lfﬁiIzSN(p - P )}] =HP{|¢i|25 G - P )}
i=0 =0

(8)
This equality is because the ¢; are independent. Since

Pliop s MO0y { NGT 2

2
no;

Quantity (8) is equal to

It follows that

y log [ ;’:_01 <1 — exp {__N(Pwv::i—p‘l) })} 1 .
e log p =n(l- %)

or equivalently

n-1 £-1_ -1
T {ia e X)L o
n

=0
from L’Hospital’s method. This gives a lower bound on the error probability and

an upper bound of the maximum diversity gain at a fixed multiplexing gain. [

2.7.2 An Upper Bound
Lemma 2. An upper bound of the outage probability in the block fading sub-channel
is Puu(r, log p) < p_("_’)+, when the channel rank is n and the rate is fized at

Rrw = rplogp. Here zt = max{z,0}.

Proof. Define \; := |;|?, ¢; := arg(h;) and «; := %- The joint density of
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o = [ao, e 3a'n—1]T, d) = [¢07 e ,¢n_1]T is
fapla, @) = (logﬂ)"p(zi!ol“t—mw
1 n—1 el 1
X exp (— 3 [ZAu(p”"1 —p )+ > (AL + Bt
=0 §,j=0i<j

X (o7t = p) (% = p7Y)) % cos(ds — b + 9ij)] )

where A and B are constant matrices depend on the correlations between
h;, foralli € [0,n — 1], A;; and B;; are their (¢, j)th entries, and 6;; is a con-
stant dependent on A and B.

By changing variables, the outage probability becomes

out T‘ ,0]

Z% < r] = /{ Syt mer) fas(o, @)dade. (9)

We analyze exp(—zh(a, @)) in fae(a, @), where h(a, @) is defined to be
the part within the brackets. Note that h{a, @) > 0, and for any o > 1,
exp (—%h(a,(f))) decays with p exponentially. At high SNR, we can therefore
drop the integral over the range with any «; > 1, and replace the integral
range from A := {El 0 <r}ﬂ{ai > 0, foralls}({—7 < ¢; < 7} to
A ={0; <1,i=0,---,n—1}NA In A, as p — oo, exp (—sh(a,p)) — 1
when ¢ < 1, and converges to

exp (“ ZAM + Z A2 + Bj; %COS(@' — ¢, +9ij)) ’ (10)

1,j=0,1<J
when o; = 1, which does not affect the SNR exponent. So at high SNR, (9) is

approximately

N-1
>Sa< r] = [ pT W dadg. (1)
=0 A

Since the integrand is constrained to be ZNol a; <1y Yo 0 a; < r. Recall

that a; < 1,7 = 0,--- ,n — 1 which implies that when r > n, E?;ol o < n.
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Therefore, an upper bound is

N-1
P> < r} =0 / P ) dade < p~p", (12)
1=0 A
which proves that Poy(r, logp) < p= =7, 0

2.7.3 Methods to Derive the Exact Results
Theorem 1. At high SNR, the outage probability is exponentially equivalent to
Pou(r, p) = p~ (7@ where f(a) := 17 oy and a* is the solution of the fol-

lowing optimization problem.
n—1
max Z e 7]
i=0
n—1 N-1
s.1. Zai-i-ZafnaxSr
=0 i=n

0<a;<li€e0,n-1], (13)

k ax 15 defined to be af . := max{a;,t € [0,n — 1], 5.t. Wk-n); # 0.)

where o
Proof. From (11), we know that outage probability is exponentially equal to
Pou(r, p) = p~ (@747, (14)

where f(a, @) := Z:;_Ol oy and &%, (27* is the solution of the following optimization

problem

i
L

max (64

2 .
all
—_ o

ey

s.t. T

(]
R
IN

.

In S

oy S 1,’&6 [0,71—1]

IA

-

¢ <mi€0,n—1] (15)
First, we prove that the exponential equivalence in equation (14) does hold. An
exponentially equivalent upper bound is

. ndet A+]B Ad* i . ‘d*‘*_n
Pous(r, p) < (log p) &W—p)n)pf (@8) = pled ), (16)
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We follow the ideas of [1] to get a lower bound. Note that f(e, ¢) is continuous,
therefore for any ¢ > 0, there exists a neighborhood Q of &*, (}5*, within which

~

fle, @) > f(&*, @) = 6. Tt follows that

,det(A + jB)
(4mp)"

Since P,y (r, p) > pf(d"‘i")“s“” for any 6 > 0, we have Pyy(r, p) > pf(d"‘i")‘" which

Pou(r, p) 2 (log p) vol[f2 N A]pf (67 )-8 = pf(& @) -=n  (17)

together with the upper bound proves equation (14). This means the integral is
dominated by the minimum SNR exponent.

By (7), we know that

log (1 +pl 2000 Wikmy i/ P4 — p—1e1¢i|2)

IOg (1 + (paﬁlax — 1)| Z?:_Ol W(k—n),i\/;(g:kz—Tilej‘biP)
. log p

for k = n,---,N. It follows that lim, .., = of . at high SNR, dominant
convergence theorem can be used to change the optimization problem (15) into
(13), and furthermore prove that P, (r, p) = p~ ™ /(@) where a* is the optimal

solution of (13), and f(a) := 317 . O

Note that given ot __, the optimization problem (13) is a linear programming
problem and can be solved using the methods in [5]. But there are many ways
to choose ot and we experiment to find the best choice. Theoretically, the

maximum number of ways to try is n¥~". Next, we convert this problem to a

linear programming problem.

Lemma 3. The optimization problem (13) can be solved by the following linear

programming problem. In other words, the optimal feasible solution of the following
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linear programming problem is also an optimal feasible solution for problem (13):

n—1
max Z (6%}
=0
N-1
s.t. o, <r

0<eq <1,i€(0,n-1)
> o, Vk € [n,N —1]; and k; € {z €[0,n — 1], s.t.W(k—n); # 0}.

(18)

Proof. It is obvious that the feasible solution of problem (13) is also a feasible
solution of problem (18). For the other direction: define the feasible set of problem
(13) as &1, which is a subset of the feasible set of problem (18) defined as S;. If
the optimal solution of problem (18) lies in set Sy, it is also an optimal solution of
problem (13). Next, we prove that the optimal feasible solution of problem (18)

does lie in set ;.
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The KKT conditions [5] for problem (18) are

L p20m 208 2 05 pp; 2 0;

Vi€ [0,n—1];k € [n, N — 1];

2. —1+M+Tli—§i+zpk,i=0,w€[0,71—1];
k
3. M—ZPk,kj=0,‘v’ke[n,N—1];
k;

N-1
4. H(Zai—T)=0;

i=0
5  ma;—1)=0,Vie[0,n—1];
6. &‘al' = O,V’L < [O,n - 1],

7. prg(or —ox) =0;Vk € [n, N —1];

N-1
8. Zaigr;

=0
9. 0<a;<1i€0,n—1]

10. e 2 akj,‘v’k € [n,N - 1]

If the optimal feasible solution of problem (18) does not lie in set S, then there
exists an m € [n, N — 1] such that ap > ap;, for all m;. From condition 7,
we obtain ppm,, = 0, for all m;. Then, from condition 3, we obtain u = 0.
Then for all k € [n, N — 1], 3°, pix, = 0. Together with condition 1, we obtain
prx; = 0, for all k € [n, N — 1]. Putting these into condition 2, we obtain —1 +
i —& =0, foralli € [0,n — 1]. Using this with the condition n; > 0, for all
and & > 0, for all 7 in condition 1, we see that n; > 0, for all ¢, which means «o; =
1, for all 2 € [0,n — 1] from condition 5, and furthermore that oy, > 1, for all k €
[n, N — 1] from condition 10. This violates condition 8.

So, the assumption that the optimal feasible solution of problem (18) lies

outside set &) is impossible to satisfy. The optimal feasible solution of problem
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(18) does lie in set S;, which means the optimal solution of problem (18) is also

the optimal solution of problem (13). O

2.8 Error Probability with no Outage

Next we consider the other part of the error probability: the probability of
symbol error in the case that no outage occurs, which affects the upper bound on
the error probability.

In each A{.Af. time-frequency cell, we can transmit p symbols. In the TW
time-frequency signaling space, we can transmit TW = pN symbols. Define D;, =
diag[h], which is a diagonal matrix with diagonal elements as the elements of vector

h defined in Section 2.1. Then
y=(D,®I,),

where we omit the noise for notation simplicity, the definitions of x, y are in
Section 2.1, and ® is the Kronecker product. We choose a random code from i.i.d
Gaussian ensemble. Suppose xy and x; are two N dimensional complex symbols.
If x; is transmitted, the probability that a ML receiver makes a decision in favor

of &1, conditioned on a realization of the channel, is [ [6] p. 318]

Plxy — xi|h] = Q(\/” (Dy, QZ}{;;)A:B “2)

where Az = ; — xg. By the Chernoff bound [7] p. 53, Q(z) < e™**/2, and

Pleo - @ilh] < esp{-p3- | (Du® L) Az |}

Averaging this bound over the ensemble of the random code, we have the average

pairwise error probability given the channel realization:

N-1
P _
P[X, — Xi|h] < g(l + -2-|hi|2) P,
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Now at a data rate Rrw = rplogp per TW time-frequency signaling space, we

have a total of p" codewords. Apply the union bound, to get
N-1
Py -
P[error, no outage|h] < p' g(l + §|hii2) P,
Changing variables, 1 + p|h;|?> = p*, we obtain

P [error, no outage|h] < p_p(zilif)l“""‘).

Averaging with respect to the joint distribution of c, ¢ (see Appendix 2.12), we

have

P [error, no outage] < / p“"’(vzf;?)l ) f (o, p)dodep, (19)

N-1_
i=0 %27

where f(a, ¢) is defined in Appendix 2.12. Define the integral area as B :=
{Zfi—ol a; >riN{a; >0, for all i} N {—m < ¢; <, for all ¢}. By a similar argu-
ment for the proof of Lemma 2, we replace the B by B’ = {a; < 1, for all i} B,

and get an exponential equivalent upper bound for P [error, no outage],

. B n—
P[error, no outage] < (log p)"%(—?—g]T) / p(l—p)Ein “dade. (20)
m n AN—pr ’

2.8.1 An Upper Bound
Lemma 4. An exponential equivalent upper bound on the symbol error probability

without outage is
P[error, no outage] < p_("‘r).
Proof. From (20),

P [error, no outage]

- det(A + 7B N

< (logp )(4§r)—p]) / PIPEE e dadg
2det(A+9B) 4_,

< (logpyr ZHALIB) i)

2'n.pn—pr

—(n—r)'

=p
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2.8.2 Methods to Derive a Tighter Upper Bound

From (20), it is easy to show that

ndet(A + jB)

[myprrr

_det(A + jB)
(4mp)"

Plerror, no outage] < (logp) / PP E0 % dod

§(&* ) o —(n-g(&d"))
o p ,

IA

(log p)

where §(a, ¢) = Z:‘:ol oy — pZzN:_OI a; + pr and &*, ¢, is the solution of the

following optimization problem

n—1 N-1
max Zai—pZamLpr
i=0 i=0
N-1
s.t. Z o >T
i=0

0<a;<1,i€[0,n—1]

- < ¢ <mie(0,n—1). (21)

With the same arguments as those for the proof of Theorem 1, we show that at

high SNR, the optimization problem above is

n—1 N-1
max (1-p)Y a—pY ok, +pr
k=

i=0 n
n—1 N-1
s.t. Zai + Z akmax >r
i=0 k=n
0<a;<1liel0,n—1], (22)
where af  is defined to be of,, = max(a;,i = 0, - ,n — 1,s.twk-ny; # 0).

Therefore,

P[error, no outage] < p-(n—9la®))

where a* is the solution of the above optimization problem (22), and

n—1 N-1
gla) = a;i—=pY oi+pr
=0 =0
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Lemma 5. The optimization problems (22) and (13) are equivalent.

k

max?

Proof. First, we prove that given o for all k € [n, N —1], the two optimization

problems are equivalent. Given o, for all k € [n, N — 1], problem (13) becomes

n—1
max Z (67}
1=0
n-1
s.t. Zc,-ai <r
i=0

0<a; <LVie[0,n-—1]. (23)

where ¢; > 1 is the weight of a; in the inequality constraint. Obviously, ¢; — 1

Next we prove that the first inequality is actually equality by the KKT con-
dition. The KKT condition of problem (23) is

L p20m =06 > 0;Vi€ [0,n —1];
2. —l4cp+mn—§&=0,Vie0,n—1];
3. M(nz_l co; —r) =0;

4. 771‘(:'0— 1) = 0;

5. &-ai = 0,
n—1
6. Z co; <1
i=0
n—1

Suppose the first inequality is strict, or ) 7" c;o; < 7. From condition 3, p = 0.
Then from 2, —1 + 7, — & = 0. Together with conditions 1, 5, and 6, we get that
a; =1, for all ¢ € [0, n— 1], which violates the condition 6. Consequently, the first
inequality should be equality, and the problem (23) becomes
n—1
max Z o
i=0

n-1

s.t. E Ci0; =T

=0
0<a <LVie[0,n—1] (24)
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Given of ., for all k € [n, N — 1], problem (22) becomes
n—1
max Z(l - pc;)o; + pr
i=0
n-1
s.t. Z Co; > T
=0
0<o; <1,Vie[0,n—1] (25)

As above, we can prove that the first inequality is actually equality by KKT
condition, and the problem (25) becomes

n—1

max Z(l — pc;)oy + pr
i=0
n—1

s.t. E Cio; =T

=0

0<e; L1, Vi€ [0,n—1]. (26)

Because of the first equality constraint, the objective function above is

n—1 n-1 n—1

> (l—pe)ai+pr=> ai—pr+pr=> o,
=0 =0 =0

which makes the problem (26) exactly the same as the problem (24), and further-

more proves the Lemma. O

From this Lemma, we know that g(a) = f(a), and
Perror, no outage] < p~("=f(=),

2.9 Summary of the Results

From P, (r,p) < P.(r,p), and Lemma 1, we get that P.(r, p) > prl-g),
From inequality (3), Lemma 2 and Lemma 4, we get that P,(r, p) < p~™ 7", In
summary,

p %) < Porop) < p7 0.
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Equivalently, we get an upper bound and a lower bound on the maximum diversity
gain:

(n—r)t<d<n(l- N)

Figure 6 illustrates the above inequality. The diversity gain d can only take on
values in the shaded area.

d:diversity gain

n: |rank of Ry,

n N r:multiplexing gain

(n—r)r <d<n(l-%)
Figure 6. This figure gives the inequality (n — r)™ <r < n(l — &). The diversity

gain d can only be the values in the shaded area.

By solving the linear programming problem (18), we can get the exact expo-

nential equivalent form for the error probability

P(r,p) = p~ "I
and the exact maximum diversity
d=n— f(a”).
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2.10 Examples

Example 1. Suppose all the w;; in matric W (y_nyxn (7) are non-zero. Then the

optimization problem we need to solve is

n—1
max oy
=0
n—1
s.t. Zai + (N —n)omax =7

=0
0<;<1,i€0,n—1], (27)
where max = max{ag, - -+ ,an_1}. Without loss of generality, we assume qupax =

ap. Solving the modified optimization problem, we find that the solution is oy =
~» foralli and f(a*) = 5. Then Poy(r,p) = p~™1=%). Note that this solution
matches the lower bound for outage probability and upper bound for the mazimum
diversity gain.

As a special case, consider the case where the channel vector h has full rank,
orn = N. Then the upper bound of mazximum diversity matches the lower bound,

which isn(l — £) = N —r. So, in this case Po(r,p) = p~ ™", andd =N —r.

Example 2. Suppose N —n < n, and in each row of Win_n)xn (7), only one
w;; # 0, and in different rows the w;; that are nonzero are in different columns.

Then, w.l.o.g. we get the following optimization problem

n—1
max Z (¢ 7]
=0
n—1 N-n-1
s.t. Zai+ Z a; =T
=0 =0
0<e; <1,5€(0,n—1]. (28)

The optimal solution is as follows: whenr < n— (N —n), s = 1,i € [N —
n,N —n+r —1| and o; = 0, for all other i; whent >n— (N —n), a; = 1,0 €

[N—n,n—-1] and a; = f—;-(%"—__%),for all other i. Whenr <n—(N —n), f(a*) =T,
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Pou(r,p) = p~ =7 Note that in this case, the solution reaches the upper bound
for the outage probability, and a potential lower bound for the mazimum diversity.
Whenr >n— (N —n), f(a*) =n—2. Pu(r,p) = p . Note that this outage

probability is between the lower and upper bounds.

The above two examples are extreme cases where there is only one choice of
ak .., for allk € [n, N—1]. Then the optimization problems are linear programming
problems, which are easy to solve. We do not need to solve them using tricks in

Lemma 3. We give a more complicated example to illustrate the optimization

procedure.

Example 3. Consider the channel model [hy,- - , hs] whose rank is 2. [hg, hq] is
a full rank sub-vector. hy depends on hg, h1. hs depends on hy Then according to

Theorem 1 and Lemma 3, we formulate the optimization problem as follows:

max g+ 0
s.t. a0+a1+a2+a3§r

0 <1,1=0,as 2 a;,1 =0,1; 3 2 xo.

Following the simplex method in [5], we can solve this linear programming problem.

The optimal solution is ag = oy = 7, and the optimal objective function is 5. To

3
verify, we see that oy = a3z = 7, which satisfy the inequality constraints, but not
the strict inequality.

We can check this solution by choosing the o for allk = 2,3, and this

max?

shows the optimal solution is correct.

2.11 Discussion and Conclusion
In a block fading sub-channel model, when the covariance of channel coeffi-

cients has rank n < N, and the multiplexing gain is r, the maximum diversity
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gain is between (n —r)* and n(1 — §). We have found a simplified optimization
problem to get the maximum diversity gain without knowing the values of the
entries of the covariance matrix.

From the examples, we see that when the channel has full rank, the maximum
diversity gain is N —r, which fits the intuition that the more independent channels,
the more diversity we can gain, and the smaller error probability we can have.

In the Introduction and Section 2.1, we set the block size for a sub-channel to
be p = At Af.. Actually, we do not have to assume that the block size is equal to
At Af, as long as p >> 1, which guarantees the existence of the ergodic capacity.
Note that from the derivation of the outage probability, we see that the block size
p >> 1 does not affect the result. Therefore, we have given a general method
to derive the outage probability at high SNR for the block fading sub-channel
model regardless of the size of the sub-channel block. That is to say, the model we
study is a construct for deriving a more general result where the sub-channel block
size need not match the channel coherence. The fading correlations are evidently

enough to capture all channel effects.

2.12 Appendix:Joint Density

In this appendix, we derive the joint density of ag, - - - , a1 in Section 2.7. hyg
is a complex circularly symmetric Gaussian distributed random vector. As in [8],
we define X, := [Xep,-+, Xen ] = Re(ho) and X, i= [Xog, -+, Xsny]” =

Im(hg) with covariance matrices K. and K, and cross-covariance matrix K.

Then the joint pdf of X, and X, can be written as

1 1o r 1 -1 [ L ])
L., Tg) = rexp| —= |z, T, | K ,
Jxex ) (2m)(det(K))?z p( 2[ ] Zs
where
KCC KCS
K= [ K' K, }
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is a nonsingular symmetric matrix. Note that [zT 7] K™* [ e ] > 0. Denote
8

BT D
Define random variables vy, , Yan-1, ¢0,** , ®n_1 in terms of X,., and X,

K= [ 4 B } So (Koo + jKo) = A+ jB.

as y; == (X2 + Xfi)lﬂ, ¢; == tan~! (%) ,i=0,--+-,n—1. Define A, := |hn|?,

and o; = lcﬂ%;’)’—m. Note that since \; > 0, oy = 0, for all 7. Define a :=

[a0, - -+, an_1]". The joint probability density of e, and ¢ is

foplc &) = (log p)rpCia - IHALIB) (L 4)), @9)
(4m)n 2
where
n—1 n—1 L
hla, 9) = ZAzl(Pal_l—P_l)ﬁL Z (A?j+Bi2j)7
1=0 1,7 =0i<j

x ((pai—l _ p—l)(paj-l _ p—l))% COS(¢i — ¢j + Hij)-

And the joint probability density of « is

_ n (Zn___—lal_n)det(A+]B)
fala) (log p)"p'%1=0 @

X /_:-n/_:exp (—%h(a,(]b))d(ﬁo---d(pn*l. (30)
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CHAPTER 3

The Approximation of Outage Probability and the Trade-off between
Capacity and Diversity for the Frequency-Selective Channel

In this chapter, we derive the capacity and diversity trade-off for the time-
invariant, frequency-selective, channel model. The result is d + r = L, where L is

the number of independent channel taps in an L—path model for the channel.

3.1 Channel Model

In this chapter, we consider the time-invariant, frequency-selective channel
model in case (b) of Figures 1 and 2. The signal resolves L = Alfc multipaths,
approximately. Here, we assume that L is the smallest integer greater than or

equal to Alfc. Then we get a tapped-delay-line channel model [1]

hr) = i b (T — %),

We assume h,,, are i.i.d. complex Gaussian, circularly symmetric random variables
Ay ~ CN|O, 9;], and we assume that the channel independent identically changes
from one At.W block to another. We assume that the receiver knows the channel
state information h,,, m = 0,---, L —1, but the transmitter only knows the distri-
bution for these random variables. Define the channel vector h := [hq,- -+, hr_1]'.

In the design for the signalling space, suppose we separate the At.W blocks
(the number of resolvable paths in a coherence time) far enough in time-frequency
that the basis for one At.W block is orthogonal to the basis for another, such
that there is no inter-block interference. We transmit the signal u(t) in one of the

blocks. Then the received signal v(t) is

L-1
v(t) =Y hmu(t - %) +n(t),0 <t < At,,

m=0

39
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where n(t) is proper, complex white Gaussian noise with density Ny. Suppose the

transmit signal and the receive signal are all bandlimited to [—-VZ,K, —VZ,K] Then by

sampling both the transmit signal and the receive signal at Nyquist frequency W,

we can get the discrete time model

L-1
n n m n
il = 2 il = )+ )
The discrete-time notation is

L-1
Uy = E Rty + Tig,.
m=0

Put NV symbols into one block to get the block system of equations

T v ] " ko 0 - ... 071 u ]
h hg 0
VL1 = hpy hpp -+ hg -+ 0 vL-1
0 hr,
L UN-1 L 0 0 hp-1 -+ ho 1l L un-1 |
0 0 hpor hro hy 17T U_nN i
0 0 0 hr_; ha
+ hr-1 U_N-(L-1)
0
[0 .- 0 0 0o .- 0 | L u_; |

Here we omit the noise for simplicity of notation. By forcing the first L ! samples
of the received vector v to be zeros, and forcing the first L samples of the transmit

vector u to be same as the last L samples, or in other words applying the cyclic

!Eliminating L —1 samples is enough to get rid of the inter-block interference. Here we remove
1 more symbol for the convenience of the outage probability derivation.
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prefix in the transmit vector, we get the equivalent block system of equations

-

e

(J2 ho 0 0 hpy hio hy UL
hl ho 0 0 hL—l h?
0 0 hp_:
hp1 hr o
0 hp
| UN-1 ] | O 0 hp- ho | | unvoa |

Since the equivalent channel matrix is circulant, applying the M x M Fourier
matrix Fy; and inverse Fourier matrix FZ before and after the matrix, where

M:= N — L, we get

y=Hz+n, (31)
where - - - -
Zo ur
T = =Fa )
| Tm-1 | ] UN_1J
( Yo vr ]
y=| - |=FL| |,
Ym-1 | | UN-1 j

and H is the channel matrix H := diag[Hy,- -, Hy—1]. The complex frequency

L-1 —32mim . . .
responses H,, = »_,_; e~  are complex circularly symmetric Gaussian ran-

dom variables H,, ~ CN[0,0?]. The correlation between H,, and H, is

9 —j2nL{m—n)

oc‘l—e M

_E 1 —Jj2n(m-n) °
- €

M

E[HmHn] =

In summary, this models the OFDM system in Figure 7.
Since we assume that the channel changes independently and identically from
block to block with block size At,W, we have to choose N less than or equal to the

block size At.W. Making N to be the block size of At.W, we have L redundant
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n
(Tm )M IFFT] +CP H \IJ\J -CP FFT {ym}s'™*

Figure 7. The OFDM system whose equivalent system function is (31), where
{2} and {y,}d"" represent the transmit and receive M symbol blocks re-
spectively. +CP and —CP are the operation of adding and subtracting the cyclic
prefix. H is the L tap FIR channel. In this figure, we omit the transmit and
receive filters which can be included in the channel H.

symbols in one block. Remember that L = —A%. So N = At Af.L = (p+ 1)L.
Since we assume p + 1 := At Af. >> 1, we have N >> L. Soo M =N — L = pL.
Then the block size of the equivalent channel model (31) is a multiple of the channel
length, which for simplicity of notation in the following derivation explains why
we set the block size At Af, to p+ 1.

From the equivalent channel model, we see that in each transmission block
we use a cyclic prefix to add L redundant symbols. This operation sacrifices the
information rate to eliminate the inter-block interference. To make the loss of the
information rate as small as possible, we need to make the block size N >> L,
which is what we assume. So, in the following derivation, we omit the loss of the
information rate, and use M = pL to represent the block size of the time-frequency
block At . W.

Recall we use the notation = established in [2] to denote exponential equality.

For example, f(p) = p* means

and >, < are similarly defined.
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3.2 Mutual Information
The mutual information between the transmit symbol, and the composition

of the receive symbol and the channel is

- W
[(X;y, 'H) — ZZZPm,y,H(uava W) logp Iy,H(’u|’U )
u v W pm(u)

where u, v and W are realizations of random vectors «, ¥ and random matrix H.

The conditional mutual information between the transmit symbols and the

receive symbols, conditioned on the channel is

:z:y,H(ul ’W)
[(X;V|H) = ;;;Pm,y,H(u,v,W)logpILwIH(ur;V)

_ v 0 Pajy,m (ulv, W)
- ;;;PH(W)PWIH(“’ W)log Pajrr(u|W)

= D pa(W) Y D peym(u,v[W)log Pajy.a(ulv, W)
w vl

Pz (u|W)
= E[I(x;V|H)],

where
Dajy,r(u|v, H)
Pm|H(U|H)

I(X; VI H) =Y " payn(u, v|H) log
is the mutual information between = and y, given H.

It is easy to show that

XV H) = I(X;H)+ 1(X;V|H)
= I(X;V[H)

The last equality follows because, without knowledge of the channel realization,

symbols are transmitted independently of the channel random variables.

3.3 Diversity Gain
In the At.W time-frequency signaling space of dimension M, there are L

basic At.Af. time-frequency cells, which provide L linearly independent fading
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channels. We can reduce the probability of error by repeatedly transmitting the
same symbols carried by the information-bearing signals in different independent
channels, for diversity. At high signal-to-noise ratio (SNR), without using diversity,
we know that the probability of the symbol error P, is inversely proportional to
SNR, P, = SNR™'. If we use diversity, the probability of the symbol error is
P, = SNR™. Here d is defined to be the diversity gain. So, d = limgNg—oo ;g’%.

In the At W time-frequency signaling space, since there are L linearly independent

fading blocks, the maximum diversity gain is L.

3.4 Multiplexing Gain

We define the data rate of a coding scheme in the At .Af, time-frequency
cell as Ra¢.ay.(bits/cell), and similarly the data rate of a coding scheme in a
At W time-frequency block as Ra:w (bits/block). Since we can not get diversity

in a At.Af. time-frequency cell, but we can in the At.W signaling space, we

Batw _ . Rateas, H
Ay = YAy or (in

assume that we have spectral efficiency (in bits/dim)
bits) Ras.w = YLRaras, with vy € (0,1) and L = wa—c. Wecall 0 <r=~4L <L
the multiplexing gain.

The ergodic channel capacity is the maximum data rate at which the source
can transmit reliably. We show the ergodic capacity does exist in this communi-
cation system, and increases linearly with log SNR: C' = log SNR + O(1) at high
SNR.

Reliable communication at rates arbitrarily close to the ergodic capacity re-
quires averaging across many independent realizations of the channel gains over
time. Since we are considering coding over only a single At.W time-frequency
block, we must lower the data rate and take into account the randomness of the

channel. Since at high SNR, the capacity increases linearly with log SNR, we con-

sider schemes that support a data rate that also increases linearly with log SNR.
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At high SNR, we only consider a coding scheme with data rate per At.Af,

time-frequency cell that increases linearly with log SNR approximately as
Rat.af. = (p+1)logSNR + O(1) = plog SNR + O(1).

Note that coding schemes whose rate does not increase linearly with log SNR have

multiplexing gain 0.

3.5 Result Statement and Idea of Proof
We find that the trade-off between the multiplexing gain r and the diversity

gain d in the At W signaling space for the frequency-selective channel is
r+d=L.

The proof follows the idea of proof in [2], where the authors derived the capacity
versus diversity trade-off in multi-antenna channels. First, we prove that the er-
godic capacity C' (bps/Hz) of the channel does exist and increases linearly with
log SNR at high SNR: C = SNR, or C = log SNR + O(1). So, there exists a coding
scheme whose data rate increases linearly with SNR.

At the data rate Ras,w = YLRat.ay. = rplog SNR, with multiplexing gain
r = vL, we derive the maximum diversity gain for a coding scheme. Instead of
deriving the exact symbol error probability, we give an exponentially equivalent

lower bound and an upper bound on P, [2]:
Pou(r,SNR) < P, < Poy(r,SNR) + P(error, no outage)(r, SNR),
where the last inequality comes from

P.(r,SNR) = P,u(r,SNR)P(error|outage) + P(error, no outage)

< Poui(r, SNR) + P(error, no outage).

Here, P, (r,SNR) is the outage probability defined as the probability that the

instantaneous mutual information of the channel is less than or equal to the given
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rate. Then we find the maximum diversity gain over all coding schemes for a given

multiplexing gain r by taking

im log Pout(r, SNR)
SNR—c0 log SNR B

_d,

and finding some coding schemes such that

log (Pout(r, SNR) + P(error, no outage))

i = —d.
N log SNR
Then allows us to say the error probability is
log P.(r, SNR)
— . = —. 2
SNR—0o log SNR (32)

This formula is used to explore the trade off between the time-frequency mul-

tiplexing gain and the diversity gain.

3.6 Ergodic Capacity

We consider the case where the channel changes sufficiently slowly that the
receiver can estimate the channel parameters, but there is no feedback from the
receiver to the transmitter. The channel is underspread, meaning p >> 1. So the
channel output consists of the pair (y, H) and only the distribution of H is known

at the transmitter. See Figure 8, where y = Hx + n.

x b+
Ho................. - H H
" & ’

Figure 8. The realization of the channel is known to the receiver but not the
transmitter. So equivalently, the channel output consists of the pair (y, H).

In (3], it is proved that the discrete time-invariant memoryless channel has

ergodic capacity which is the maximum of the mutual information between the
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transmit symbols and receive symbols. Suppose we transmit symbols in A con-
secutive At.W blocks, and the fading is independent identically distributed from
block to block. Ergodic capacity does have meaning when N' — oco. We follow
the arguments of [4] to construct a discrete time-invariant memoryless channel.
Consider the equivalent communication system (31) which transmits M complex
symbols in each At W time-frequency block. We may construct M complex super
symbols where each super symbol is an A -tuple constructed by joining together
one complex symbol from each of the consecutive N time-frequency cells of area
At W. For given values of the channel parameters {h;} we have a memoryless time-
invariant super channel (31) for which the coding theorem [3] assures that rates
close to I(X;Y|H) can be reliably transmitted with the specific coding scheme
provided M >> 1. Then transmission at rates close to I(X;Y|H) with high
reliability is possible [3].

As I(X; Y|H) (for finite T') is a random variable, strict capacity in the Shan-
non sense doesn’t exist. Thus the concept of capacity versus outage arises, where
the outage (or failure) probability for a given rate is interpreted as the probability
that I(X'; Y|H) falls below that rate.

Under mild regularity conditions, when N'' — oo, the random variable
limpa oo ﬁ Zﬁl I1(X;; Vil H ;) converges to its average in probability (the weak law
of large numbers). In this sense, strict Shannon capacity does exist and it equals
the average mutual information /. The mild regularity conditions require that the
channel H should satisfy the asymptotic mean stationarity property [4].

Consider the communication system. We assume that we transmit symbols in
succeeding At.W time-frequency blocks, and the fading is independent identically
distributed from channel use to channel use. Obviously, the channel model is a kind

of block interference (BI) channel defined in [5], and furthermore it satisfies the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

compatibility assumption in [5]. Since in every block the channel is memoryless, the
ergodic capacity of this channel is the maximum of the average mutual information.

Given H, channel (31) is a Gaussian channel. The optimal distribution of x
is circularly symmetric complex Gaussian, and therefore the mutual information

between the transmit and receive vector is
R, H'H

(X, V| H) = logdet(I +
No

),

where R, is the covariance matrix of . The power constraint is tr{ Rz} < PAt,.

The ergodic capacity is

1

1
= nﬁmaxME[[(X;ylH)}

= HYH
ilHi,2
< max—E E 1 N )],

where the §; are diagonal elements of Rm. The equality holds when R, is

diagonal. The objective function is
M-1

C= —
S M &

i)
)

0

subject to
M-1

>4 < PAL,
=0

where \; := |H;|%. Since H; ~ CN|0, ¢, then |H;|? has density function

f(2) = Zop{-5)

Define p; = %3 and compute the expectation

E[log(I + p;Ai)] = /oo log(1 + pix ) ! exp{——}dx

= —/ exp{——}log(1+pz Jdx

. 1
= — eXp{;ia_?}El(_F)
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where Ei is the exponential integral function defined to be

Ei(—-z2) = —/ et 1dt.

This yields
M-

1
= _If,}a‘v’f_ Z; xp{—} i(——3)
subject to
PAt

M§

i=0

It is easy to show that the optimal p; = p, where p is defined to be p := 5.

From now on, we use p instead of SNR. The capacity is then

C=—eXp{ 1B ( )-

An asymptotic expression for C' is

_ 1.1 po?, po® << 1
C= —exp{P}El(-;p) = { log(1+ po?) —C, po®>>1 [’

where C = 0.577 - - - is the Euler constant. At high SNR,
C =logp+loga®—C.

So, at high SNR, C = p, or hm,,_.00 oep = 1- This proves that ergodic capacity

increases linearly with log ~2- ol for large N R

3.7 Outage Probability
Given a rate Ra,,w = YLRatay. = vLplogp = rplogp per At.W time-
frequency block, we want to derive the maximum diversity gain d of a coding

scheme with multiplexing gain r = yL. Or the maximum d such that

= —d.

1 log P,
P, = —, o, lim o8
P p—oo logp
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We can easily follow [2] to prove that P, (r, SNR) < P,(r,SNR). The proof is
omitted since it is essentially unchanged from [2]. An upper bound for P,[r, SNR]

is
P,(r,SNR) < P,u(r, SNR) + P(error, no outage). (33)

So, next we derive the P,y (r, p).
Following the proof of [2] to choose the circularly Gaussian distributed random
vector & and optimize over the input covariance matrix, the outage probability is
Pou(r,p) = iI}f)P[I(X;yIH) < rplogp]
Pz U

R..H"H
= inf P[logdet(I + —=———

< rplogp|,
trace( Rea )SPAtc o )— Y4 ng

where the probability is taken over the random channel matrix H. Recalling that
x is an M dimensional vector, and since M p% = PAt,, taking Ry e = %I gives

an upper bound on the outage probability

M-1

P[> log(1+ pIHilz)} < rplogp.

i=0

On the other hand, since trace(Rz.) < PAt,, each eigenvalue of R, is less than
or equal to PAt,. Then PAt I — R, > 0, which means that it is a positive semi-
definite matrix. If we replace R., by PAt.I, the mutual information is increased,

since logdet is an increasing function on positive- semi-definite matrices:

R . HYH &
logdet(I + —=—~) < Z log(1 + Mpl|h;|?).
0 i=0
Hence the outage probability satisfies
M-1
P[> " log(1 + Mp|Hy|*) < rplogp] < Pou(r, p)
=0
M—1
< P[Y " log(1+ p|Hi|?) < rplogp].
i=0
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At high SNR,

o 08 P[50 log(1 + plHif?) < rplogp]
p—00 lng

5 logP[Zfigl log(1 + Mp|H;|?) < rplogp]
= lim
P00 log(Mp)

Therefore for high SNR or when p — oo, the bounds are tight, and we have this

probability statement for outage probability:

M-1

Poulr,p) = P[> log(1+ p|Hyl*) < rplogp]. (34)
1=0

3.7.1 Preliminary
From the channel model (31), we have that the frequency responses H,, =
lL__Ol hle—z'z-:rlm

a , for all m are circularly symmetric complex Gaussian random vari-

ables, with correlations

_ 0?1 — e B p2p1 T S
E[HmHn] =7 “jam(mon) . “j2n(m—n) '
L 1 _ =557 M _
The last equality uses M = pL.
We divide Hy, -, Hpy 1 into p groups, each of which has L elements, as
follows
Hy H, H,
H H Hy,_
N AR P B (35)
Hi 1y Hp 1yp41 Hpp

According to the DFT formula H,, = lL:_Ol hlelﬁu, we see that the first column

is the standard DFT

Hy 1 12 -‘21L_1 ho
Hp 1 e:.LL.’L ‘e E-ML_Z hl
Hp-1yp ] e w0 mfmiohdod) hy_1
Define
ho = th
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Hpm
hm = P.‘l‘ =.'F'LDmh:%‘J:LDmy:th;m:O)l:”'ap_]-)

Hi-1)ptm

where %.’Ff is the inverse L point DFT matrix and

D, = diag [1,62‘]}4&, e ,e_?mx!L_l ] .
Obviously, for arbitrary n and m,
1 H
h'n = _fLDn—m]:L hm- (36)

L
%.’F LDm.’FIZ is a unitary matrix. It is easy to prove that all h,, are identically
distributed.

Define the polar coordinates r,, and 6,, of H,:

T'm €08(0r) = ReH,,, Tm SIN(0r) = ImH,,,

mo

random vector 7, := [Tm, e ,T(L_l)p+m]/ ,0,, = [Qm, e 70(L—l)p+m]/, Am = T2
and random vector A,, := [/\m, e ,/\(L_l)p+m]/.
Using this notation, the mutual information between x and y, given channel

realization H is

M-1 M-1 M-1
(XY H) = > log(l+ p|Hnl*) = Z log(1+ pr2) = > log(1 + pAn)
m=0 m=0
p—1 L-1 p—1 L-1
= Z IOg 1 + lelp—Hnl Z Zlog 1 + prl2p+m)
m=0 [=0 m=0 [=0
L-1

»

p-1
= 3 I, (37)
m=0

> 108(1+ pAm)
=

Ln =Y log(1+ p|Hipiml?). (38)
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Then, the outage event is

M-1
{leog 1+ p|Hn |)<rlogp}

53

121
{_ E Im < Tlng}
p

m=0 m=0
1 p—1 L-1
pm:O =0
The fact that
p—1 1 p—1 p—1
() {Im < rlogp} C {; Im < rlogp} C |J {Im <rlogp}
m=0 m=0 m=0

yields

3.7.2 Joint Density

pl <P

p—1 p—1
P{ﬂ {Imgrlogp}} SP[ ZI <rlog

U{I <Tlogp}] (40)

Since the elements of hg, Hy,l € [0,L — 1], are ii.d. complex Gaussian

distributed random variables, it is easy to derive the joint Rayleigh distribution

f(r(b s T L=y 60) o 79([/—1) )

and

flro, - r@-1p) = H(lffg_)%l

Since hp,, forallm € [0,p —

[Tm, e >T(L-—1)p+m]/ , Om = [0m7 cee

L-1
Hz 0 " on d _Lul=0 i
( 0'2)L P 0-2

L-1 9o

1=0 "l
exp§ —==—¢.

a

1], are identically distributed,

Twm =

/ . .. .
0(L—-1)p+m] consists of i.i.d. random wvari-

ables, and all r,,, and 0., are identically distributed, and independent.

The joint distribution of A,, := [/\m, e

f(Ama em) =

2L
(71'02)L exXp < —

and furthermore

f(Am) = (0-2)L

o2

1 2o Aipam
exp {_21_0 lp+

7)\(L_1)p+m]/, and 0,,, is

L-1
elz0 PR lp+m}Vm € [0,p-1],

}‘v’m €0,p-1]. (41)
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Define «, = %. Then, the joint distribution of o, :=
[am, e ,a(L_l)p+m]', and 8,, is
L-1 (84 lp+m)_1 _1
2logp)t si-, 1=0 (p( p)
flatm, 0m) = DL (ro?)L i=0 Hptm) exp § — = vm € [0,p—-1]
(42)
and
L-1 a -1 1
lo P L L1, =0 (p (Ip+m) — —)
f(am) = /()L(gO_Q%Lle:O Uptm) €Xp§y — o2 2 Vm € [0,p - 1]
(43)

Since h,, = %.7- 1Dy W F f h,, by changing the variables as above, we can get

the relationship between the 3,, := [e,,0.,]’, for all m € [0,p — 1], as

Bm = ICm—ﬂ(ﬂn)

Here Ky,—n, depends on the difference m — n. Then defining 8 := [By---,8,_;]'

18) = 18) 158 — Kn(Bo))
= 1B ] 8.~ Kmn(BL). (14)
m=0,m#n

3.7.3 Lower Bound for the Outage Probability

Lemma 6. An ezponentially equivalent lower bound on the outage probability is

Pout('ra P) 2 p_(L—T)'
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Proof. From equation (37) and (39), we get
L M
= log(l+pAn) =
p m=0

N (ﬁ(l ¥ pAMm))

Aip)- (45)

The inequality (a) is the inequality that the geometric average is less than or equal

to the arithmetic average. The equality (b) follows from
L-1 L-1
> Npim =D |Hpyml* = trace {hnhl}
1=0 1=0

1 1 .
= trace{z.’FLDmffhohél (z]:LDmfIg) }

= trace {hohgl }
L-1 L-1
- SHE=Y N
1=0 1=0
So, a lower bound for the outage probability is
17273
- Z I, <rlogp|.
p m=0

The event {Llog 1+ £ E o Aip) <rlogp} = {Zf;ol,\lpg Li_—ll}. We fur-

P <P

L—
p
Llog(1l -Ego ») < rlogp

ther give an event which is contained in this event, and thus produces a weaker,
but more tractable, lower bound for the outage probability.

Since
L-1

z L-1 z
D{AZpSpL 1}g ZN;;SL(L_U ,
=0 P 1=0 P
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then a weaker lower bound is

P

We can show that

£_11\*
log (l — exp {—%’T})
lim — =L-r,
p—00 logp

by repeatedly using L’Hospital’s rule, which gives a lower bound for the outage
probability

Pout:(ra P) Z P_(L-T)-

A Geometric Ezplanation. Consider the set

L-1
{Io < rlogp} = {Zlog (1+plHp|?) < rlogp} :
1=0
Suppose we have L dimensional complex Euclidean space with coordinates Hy,, 1 €
[0, L — 1]. It is easy to see that the set above is symmetric with respect to every
coordinate in this L dimensional space and invariant to permutation []hg, as
explained in Figure 9 in 1 dimensional space.

Since h,, = %.’F LDm.'Ff hg, where %.’F LDm.’Ff is a unitary matrix, we can

get coordinates Hy,ym, ! € [0, L — 1] by rotating the coordinates Hy,, [ € [0, L — 1]

in the same L dimensional space as explained in Figure 10. In the new co-
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A ¢ L I
=10 -5 0 5 10

Figure 9. Set {l, < rlogp} = {ZzL;ol log (14 p|Hypl?) < 'rlogp} in one dimen-
sional space

sl
6F
/
4 \\ S / /
- e /
S~ /
2 > |
|
N ‘\
oF |
\z
b ; .
/ e T
/ rd T ~
4 /s
/ S
/ /
- s
/
. /
L n | L 1
-10 8 -6 -4 -2 [) 2 4 6 8 10

Figure 10. Set {[,, <rlogp} = {ZLL:_Ol log (1 + p|Hip+m|?) < rlogp} in one di-
mensional space
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ordinate system, {ElL:_Ol log (1 + p|Hipsm|?) < rlogp} has the same shape as
{ZZL:_Ol log (1 + p|Hyp|?) < rlogp} in the old coordinate system. We can get
{ Ll og (14 p|Hipyml|?) < rlog p} for all m, by coordinate rotations. Since all
the sets are symmetric in their own coordinates, we may search for a convex set
that belongs to all the sets.

We stick to coordinates Hy, and the set {ZIL:"OI log (1 + p|Hyp|?) < rlogp}.
From the inequality (a) of equation (45), we see that { le—Ol Aip < @} c

{ZzL:_ol log (1 + p|Hp|?) < rlog p}, as explained in Figure 11. Geometrically,

= - 0 5 m
Figure 11. This figure shows that { lL:_Ol Ap < ﬂ%ﬁ} -
{Zf;ol log (1 + p|Hipl|?) < rlog p}

the set {Zf;ol Ap < ﬁ’”:‘:;l)} is a multi-dimensional ball invariant to coor-
dinate rotations. It is easy to prove geometrically that this ball is con-
tained in the set { Lt log (1 + p|Hypl?) < rlogp}. Similarly in coordinates
Hipim, there exists a multidimensional ball { 1L=_01 Alpym < 1‘—("——%9_—1)} which is in-
side of the set { le_Ol log (14 p|Hipm|?) < 7log p}, as explained in Figure 12.
Geometrically the multidimensional ball {ZZL;OI Aiptm < Mr‘;—ﬂl} is the rotation

of {Zf:_ol Aip £ @}. So they are the same as we proved before. Then this
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-6+

-8+

S0 % s 4 2 o 2z +« s &
Figure 12. This figure explains that {ZIL:_OI Atptm < L(p—i_ll} C

{ZzL;ol log (14 p|Hipsm|?) < rlogp}

multidimensional ball is a convex set contained in all the sets, and therefore the
probability of this set is a lower bound on the outage probability, as explained in

Figure 13.

3.7.4 An Upper Bound

Lemma 7. An exponentially equivalent upper bound for the outage probability is
Paut(r"y ,0) S p_(L_T)‘
Proof. From (40), we know an upper bound on the outage probability is

P

p—1 p-1
U {Im < rlogp}] <> P{l.<rlogp}.
m=0 m=0

By (39),

L-1 YLl <
1=0 alp_'f'
P{Iogfrlogp}:P[Zalpgr] =/ flap)dayg
1=0 0

_ L-1 aj,—1 1
log )b [Zise apsSr 1=0 (p P ')
(poLgU/;)L / pTE aw exp d - - 22 % day.  (46)
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UIL

1
-10 -5 o

Figure 13. This figure shows that set {E Ap < L(pt 1) }
subset of the intersection of {Zf: Jlog (14 p|Hpp|?) < rlog p}
{Z " 1og (1+ p|Hipym|?) < Tlogp}

L-1( oj,—1_1 oy, —1
We analyze exp {_h_(”?f___ﬁ} Note that for any a;, > 1, exp{—ig—}
decays with p exponentially. At high SNR, we therefore ignore the integral over

the range with any a;, > 1, and replace the integral range from A := {a;, >
0, for all l} M aup <7}, to A = {ay, < 1, forall [}NA. In A, as p — oo,
Ctl 1
exp{———g—} — 1. So at high SNR, (46) is approximately
Z (ogp)l” [ sty a7
ap ST = —L'U2—L ,P = Q. (47)

We next derive an upper bound for (47). Let V = {oy, < 1, for all I} ({ay, >

0, for all I}. So, A’ = V({315 asp < r}. The upper bound of (47) is derived as
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follows

(log p)*
P epsr] = L0 [ ntiun,
=0 !

pLo2l

L
logo)? [ etitensa,
2%

l L
(logp)~ / o dexg
v

pL0—2L

IA

(A

(logp)¥
pLg?l -

Since all I,,, are identically distributed, it is easy to prove Lemma 7:

Pout(ra P) S p_(L_T)'

Combining Lemma 6 and 7, we get that

Fout (T» P) = P_(L—T)
and
i 08 Pou(rip) _

p—oo log p

3.8 Error Probability with no Outage

Next we consider the other part of the error probability: the probability of
symbol error in the case that no outage occurs, which affects the upper bound on
the error probability.

Recall the channel model in (31). We choose a random code from the i.i.d
Gaussian ensemble. Suppose X and X are two M dimensional complex symbols.

If X, is transmitted, the probability that a ML receiver makes a decision in
favor of X, conditioned on a realization of the channel, is in ( (6] p. 318)

| (AX)H |?

P[XO_’XIIH] = Q( 2N,

),
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where AX = X; — X¢. By the Chernoff bound ( [1] p. 53), Q(z) < e~=°/2,
1
P[Xo — X1|H] < exp{—m | (AX)H ||?}.

Averaging this bound over the ensemble of the random code with density

function
| X I
P
25w

fxo(X) = xp{ — }

P
(27Tw)M
we have the average pairwise error probability given the channel realization:

M-1
Plx, - xH] < JJa+ §|H,-|2)—1.

=0
Now at a data rate R = yLplogp = rplogp per At.W time-frequency signal-

ing space, we have a total of p"? codewords. Apply the union bound, to get

M-1
P [error, no outage|H] < p™® H 1+ g|Hi‘2)_1-
=0

Changing variables, |H;|?> = p*~! — %, we have
P[error, no outa.ge|H] < p‘(zgﬂ_lo“'“pr).
Averaging with respect to the joint distribution of 3 defined in (44), we obtain

. P
P [error, no outage} < / ——5_1—— f(B)dg. (48)
{E45 am>rp} pEm—o om
Lemma 8. An exponential equivalent upper bound for the error probability with
no outage s

P[er'ror, no outage] < p“(L_T).

Proof. Please see Appendix 3.14-A for the proof and Appendix 3.14-B for an al-

ternative proof. a

Lemmas 6, 7 and 8 prove the following Theorem.
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Theorem 2. Fizing the data rate R = rplogp, the error probability of the DFT
channel (31) is

Pe(r,p) = p~77,

or in other words, fixring the multiplexing gain r, the mazimum diversity gain is

d=L—r.

3.9 An Alternative Way to Derive the Maximum Diversity

In this section, we follow the ideas in [2] to give another prove of Theorem 2,
which gives more intuition for this problem. Please see Appendix 3.14-B for the
detailed proof.

Recall the process by which we derived the channel model (31). Using the
Fourier transform, we transform h;,! =0,--- , L —1to H,,,m=10,--- , M —1in
the frequency domain. M = pL is far greater than the L which is the degrees of
freedom of the channel. The H,, are highly correlated. From the proofs, we see
that the lower bound and upper bound on the error probability do not depend at

all on channel spreading factor p. They only depend on the filter order L.

3.10 Approximations of the Outage Probability at Low and High SNR
In the previous sections, we derive the scaling law for the outage probability
at high SNR.. Motivated by the methods we used in those sections, we give approx-
imations of the outage probability at low and high SNR in this section. Although
these results don’t contribute to the main subject, they are important in their own
right.
From equation (45) in Subsection 3.7.3, we get that

1 M-1 1 p—1 L-1
’ Z log(1 + pAn) = ; Z log (H(l +p/\l,,+m)> .
m=0 m=0

=0
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At low SNR, approximately

L-1 L-1
H(l + p)‘lp+m) ~1+p Z /\lp+m-
=0 =0

So,
1 M-1 1 p—1 L-1
- Z log(l14+ pAm) = - Z log (H(l + p)\zp+m))
P P 1=0
1 p—1 L-1
~ =) log (1 + pZAMm)
P 1=0
L-1
@ log (1 + pz /\,p>
1=0
L-1
~op Z Aip- (49)
1=0
The equality (a) is because ZIL:_OI Alptm = lL:_Ol Aptn, for all m # n. From equa-

tion (45) at low SNR,
L M-l p i L-1
- log(1 + pAm) < Llog(l+ — Aip) = Aip-
3 a1+ ohn) < Liog1+ 23 M) 03

Summarizing the above two equations, we can use L log(1+£ Z{‘:_Ol Aip) to approxi-
mate i ij;ol log(14pA,,). Therefore, the outage probability can be approximated
by
P [Lz—:l Aip < M} ,
1=0 p

which is the lower bound of the outage probability we derived before. We explain
the low SNR case in Figure 14 and 15 that when SNR gets lower and lower,
the lower bound of the outage probability gets closer and closer to the outage
probability. In paper [7], the author used a similar idea to get the characteristic
function of the mutual information of the MIMO-OFDM system at low SNR.

From  Subsection 3.7.3, we know that the outage event

{ ; M og(1 + pAm) < 'r} has a convex set which is {Zfz_ol Ap < &Z—_l—)}.
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Figure 14. When SNR gets smaller, the probability of the set Ef;ol Ap < 5(”2—"1)
gets closer to the outage probability.
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Figure 15. When SNR gets even smaller, the probability of the set E{J:—ol Aip <
L—(’%'—ll gets even closer to the outage probability.
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The points Ay, = Lr/;'—l, for all { or equivalently oy, = T are the intersection points
of the boundaries of two sets. In Section 3.9, we show that at high SNR, the
outage event is equivalent to

L-1

{Zalp + L(p - 1)amax < T} )

1=0
where amax = max {oy,, VI}. The boundary ZlL__Ol ap + L(p — Damax = 7 i
symmetric for every aj,.

We consider the area where g > ayp, for all i # 0. It is easy to check that

the highest value is where

Qg = —r-m,alp = O,Vl 7é 0.
L_T
When Lp >> L,
r
Qg & Z,alp =0, VIl # 0,

or equivalently,

-1
&zp:),AszW¢O.

This is approximately equal to

L{pt — 1)

A(): ,)\lp=0,Vl7éO,

at high SNR, a point on the boundary of the convex set Efz_ol Ap < L—(%—l—). So
at high SNR, we can also use the convex set to approximate the outage event, and
get a unified approximation of the outage probability both at low and high SNR
% L-1
- L(pt — 1)
P[Z;&pg . }.
This outage event is illustrated in Figure 16 and 17.
The condition Lp >> L is equivalent to M >> L which is what is required

to minimize the information loss. When the channel is underspread, then p >> 1,

M = At.W = pL >> L, and the condition is justified.
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Figure 16. When SNR gets larger, the probability of the set ZzL=_ol Aip < ﬂ@
gets closer to the outage probability event.

" 1 L 1
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Figure 17. When SNR gets even larger, the probability of the set ZIL:_OI Ap <

M‘i_ﬁ gets even closer to the outage probability event.
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3.11 More General Channel Models

We have assumed that the channel changes independently and identically from
block to block, with block size N. Or in other words, the channel is time-invariant
in one block and changes independently from block to block. In this case, we
choose the block length for the block input-output model as N = At.-W, which
actually has to be less than or equal to N, and we consider the outage probability
for one block. For a channel that is time-invariant, the block size N in the model
may increase without bound, in which case rate loss % may be reduced to zero.

We have supposed that the original tapped-delay-line channel has indepen-
dent identically distributed channel coefficients. It is easy to find that the i.i.d.
constraint can be relaxed to linear independence, so that the channel coefficients
have full rank covariance, in which case the proofs are essentially the same.

Another constraint is the block length M = pL is a multiple of the number of
channel taps. If it is not, all of the results aboye still hold, but not all the proofs.
The ergodic capacity arguments do not change. We can still use the method in
Subsection 3.7.3 to derive the lower bound for the outage probability, but the
geometric explanation doesn’t apply. Both the lower bound and the upper bound
on the outage probability and the error probability without outage can be proved

using alternative methods in Section 3.9.

3.12 Outage Probability at High SNR for a MIMO-OFDM System
We assume a MIMO system with N, transmit antennas and N, receive anten-
nas. In each channel, we use signals with time duration 7' < At, and bandwidth

W > Af.. Then the signal in each channel resolves a time-invariant frequency-

w_

selective channel with L = AT

channel taps. Following the ideas in Section 3.1,

we pose the channel model from the n,th transmit antenna to the n,th receive
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antenna as
H, .0
Y. [0] (0] Hyp (1] Zn, [0]
Yn, [A[ - ]-] H, . [M _ 1] L, [AI - 1]
where H,, . [n] = le_ol S [l]ej%}n‘l is a circularly symmetric complex Gaussian

random variable H,_,[n] ~ CN[0,0%]. The correlation between H,_ . [m] and

Hy, 5.(n] is
B 021 — e—jzw&gi—kz
E[Hy, n,[m|Hy, n[n]] = T T men
l—e

Considering all the channels from N, transmit antennas to NNV, receive antennas,

we get the following channel model:

yo HO o
H x
y.l _ 1 ’ :1 ’ (50)
Ym—a Hpy Tp-1

where H,, is an N, X N; matrix with i.i.d. circularly symmetric complex Gaussian
distributed random elements, whose (i, 7)th element is the mth frequency response
of the channel from the jth transmit antenna to the ¢th receive antenna, x,, :=
[Zolm], - -+, Tne—1[m]] and y,, == [yo[m], - - -, yn, 1 [m]]".

As in the SISO case, we divide the channel matrices into p groups, each of

which has L elements as follows,

HO H1 Hp—l
H H H,,_
! T (51)
H(L—l)p H(L-l)p+1 HLp—l
According to the DFT formula H,_,,[n] = le_Ol S [l]e:‘?\lﬂ‘i, we see that the
first column is a standard DFT
H, ! -1'21: o —j21r1gL—12 ho
Hp 1 e_JL—- v e L hl
: - : : - : ® Ipxe : '
H -1y I TP S hi-
(52)
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where ® is the Kronecker product, and h,, is an n, x n; matrix whose (¢, j)th
element is the nth tap of the channel model from the jth transmitter to the ith

receiver. With h :=[hg---h;_1) and H,, = [Hpm, Hpym -+, H—1)p+m]’, then
Ho = (.7'-[,® ILXL)h'

The relationships between H,,, h and H,, are

Hor = (F1Dw) ® L) = (L(FLDRFY) 8 Tt ) Mo

and

H,, = (%(ﬂpm_n}'f ) ® ILxL> H,. (53)

(%(.’F LDm.’Ff ) ® Iy L) is a unitary matrix. It is easy to prove that all ‘H,, are
identically distributed. We assume p > (N; + N, — 1).

3.12.1 Outage Probability
Following the arguments in the derivation of the SISO case and in [2], we can
choose the Gaussian distributed input vector and obtain the exponential equivalent

outage probability

M-1
Pout(r, p) Z logdet(I + pH,,HZ) < rplogp]| .

m=0

Block-Fading Sub-Channel Model

In this Subsection, we consider a special case of the frequency-selective channel
model, the block-fading sub-channel model, where the columns of the channels in
(51) are the same, or the channel does not change during p symbols. The outage

probability for this block fading channel is

L-1

Poui(r,p) = P[I(X;Y|H) < rplogp| = Zlogdet(I + lelep) <rlogp| .
1=0
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Suppose the eigenvalues of H;, H f; are Ay = [Apo, -+ » Aip, 1), where K =
min(N;, N,). The eigenvalues are supposed to be in increasing order. So, the joint
distribution of these eigenvalues is

L-1 fK-1
- N¢—Ny - A
PR+ Aa-1w) = Cri 11 (H N 7 [ [ g = /\lp,j)2> e” Zustini, (54)
1=0 \i=0 i<j
Where Cl, v, is a normalizing constant.
Define ayp,; = log(l+Phips) Note that since Aipi 2 0, ayp; > 0, for all 1,4, The

log p

joint density of Qmp = [@mp0, - » Emp,L-1]" 1S

L-1K-1,
p(ao, cee a(L—l)p) — C]:/tl,(N,.(log p)LKle=0 Yiso Cipi

L-1 /K-1
X H (H(palp'i_l —_ p—l)th—er H(palp’i_l _ poqp'j—l)2>

=0 i=0 <]
xe~ Zua(p™re ™ =07t (55)

At high SNR, the density is approximately

pla) = C&fNT(logp)LKsz,i(alp‘i—l)(th—er+1)

L-1
X H H(palp,i—l _ pera1)2e” zl,i(pa,p,,.,l_p_l),

1=0 i<j
where o = [ag, -+, ;)| After changing variables, the outage probability

becomes

P(Z Qp.i < 'r) = /ACIT/gI,{NT(IOg p)LKpZz,i(alp,i—l)(th—Nr|+1)
L

X

L1
H H(palp.i‘l — poei~l)2e” Cea(e T =0 ) gy (56)

1=0 i<j
Here, we define A = {}_,; ay; < r}N{ap; >0, for all L} N {opo S appy £ -+ <
Qup k-1, for all I}

o‘lp,i_l_p—l)

Note that when ay,; > 1 forany lori, e” Siale decays exponentially

in p. At high SNR, we therefore drop the integral over the range with any au,; > 1,
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and replace the integral range from A to A = {ay,; < 1, foralll,i} N A In

A as p — o0, exp{—”alLi;;;Ll} — 1. So at high SNR, outage probability is

approximately

P e <) = [ Gyl logn)®pEutemshiiestitn)
L3

L-1
X H H(palp'i—l _ pa"”j—l)zda.
1=0 i<j
(57)

Suppose r = sL + ¢ where s is an integer, ¢ < L.

Lemma 9. The outage probability of this block fading channel is erponentially

equivalent to p—[q[(Nt_s_1)(N1’_s_1)]+(L_q)[(Nt_s)(Nr—s)]]_
Proof. Please see the Appendix 3.14-C for the proof. O

Frequency-Selective Channel Model
We return to the MIMO-OFDM channel in this Subsection.

An Upper Bound Since the outage event

p—1 L-1
{Z Z log det(I + lep+mHg+m) <rp logp}

m=0 [=0

p~-1 L-1
C U {Zlogdet(IerHlpJ,mHngm) < rlogp} ,

m=0 \ I=0
then
p—1 L-1
Pou(r,p) < D P> logdet(I + pHippmHi,,,) < rlogp]
m=0 L_ll—O
= pP Zlogdet([ +pH,H[) < rlogp] . (58)
1=0

The last equality is because the {H,,} are identically distributed. Since

P

L-1
Zlogdet([+le,,Hg) < rlogpj| ,
1=0
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is the same with that in (54), we can get the upper bound using the results in

Subsection 3.12.1. Given r = sL + q,

Poa(r, p) < p~ (dINems= D=5 DI+ (L-0)[(Ne=5)Ne=9)])

Exact Result

Lemma 10. The outage probability of this block fading channel is erxponentially

equivalent to p_[Q[(Nt_3_1)(NT_S_1)]+(L_Q)[(N‘5_s)(NT'_S)]].
Proof. Please see the Appendix 3.14-D for the proof. O

3.13 Conclusion and Discussion

We have proved that in the frequency-selective channel with L independent
identically distributed taps, the maximum diversity gain is d = L — r, with multi-
plexing gain 7.

We use the OFDM technique to transfer the tapped-delay-line channel into the
frequency domain to get a diagonalized, highly correlated channel model, where
the channel vector in the frequency domain is reduced rank. From the proof, we
find that regardless of the block size and the size of the FFT for the channel, the
diversity gain depends only on the number of the independent channel taps of the
original tapped-delay-line channel model, and so does the scaling law of the outage
probability and the error probability without outage at high SNR.

We apply various methods to derive the scaling law of the outage probability
and the error probability without outage. We use a geometric picture to derive
a lower bound for the outage probability, which is also a key step to derive the

approximations at low and high SNR.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.14 Appendices
3.14-A Proof of Lemma 8

Proof. We analyze the integral area in equation (48)

p—1 L-1

m=1 [=0

{{ga,p > r} N { S L_la,p+m >r(p— 1)}}

m=1 =0

IN

p—1 L-1

Z Upym > T(p — 1)}}

Define
M-1
g := { Ay, > rp}
m=0
L-1 p—1 L-1
Bzz{{ al,,>r}ﬂ{ al,,+m>r(p—l)}}
1=0 m=1 1=0
L-1 p—1 L-1
sz{{ alpgfr}ﬂ{ a1p+m>'r(p——l)}}
1=0 m=1 1=0
and
L-1 p—1 L—-1
D::{{ alp>r}ﬂ{ alp+m§r(p—1)}}
1=0 m=1 1=0
Since G C BUCU

=(BUCUD)NG=(BNnGHUCNGHUDNG)CBUCU(DNG).

We analyze DN G,

Dﬂgz{ZalP>r}ﬂ{IHL—

m=1 [=0

—

Note that the middle term
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So,
L—1 p—1 (L-1 M-1
DNng C { alp>r}ﬂ{U{Zalp+m<r}}ﬂ{ an>rp}
=0 m=1 =0 n=0
p—1 L-1 M-1
- { {Za1p+m<r}}ﬂ{ an>rp}
m=1 =0 n=0
p—1 L-1 M-1
= {{ alp+m<r}ﬂ{zan>rp}}
m=1 =0 n=0
p—1 L-1 p-1 L—1
= {{ alp+m§'r}n{ Zalp+n>r(p—1)}}
m=1 1=0 n=0mn#m =0
Define
L1 p-1 L-1
Dm ={Zalp+m§r}ﬂ{ Z Zalp+n>r(p——1)}.
=0 n=0,n#m 1=0
So, finally,

GCBUCU(DNG)CBUCU(WLD,).

Since the integrand in (48) is greater than 0, then

p'r
P[error, no outage] < /gmf(ﬁ)dﬂ
PP
< —_— d
- /Bucu(u” . Dm) pz,’t{_lam Je)s
prp . prp
_r d d
< /Bp () + [ 1 (B)dp

m=0 %m Cme

+ Z/ pzmo )
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We analyze these terms one by one.

/ o BB = L; f%IUw Kon(Bo)) 4By

L-1{ op—1 _ _1.)
rp—L L - P
— ﬁ_p___(_l.(l%ip_ an_:ll Z:le_()1 a(lp+m) eXp - 1=0 (p P
s (mo?)k o?

p—1
x 11 6 (B — Kin(Bo)) dBg
m=1

L-1 gy, —1 1
a r—L(] L =0 (p T — _>

2 P (ogp)” ) )\ g,
{ngol al,,>1‘} (02)L a?

Inequality (a) is because in area B,

p_ an_:—.ll EIL=_01 Aptm p"'(!’—l).

Using the techniques, for deriving the upper bound of the outage probability,
we can easily get that at high SNR,

" (log p)*
[t s < e -
Similarly, we can get that
PP p"~t(log p)*
| e fa@s < Pt (60)

Next we derive the integral under area D,,.

. p—1
/Dm PZM—O m dﬂ / pzﬁf—ol " 'Bm) Eo (ﬁn - Icn—m(:Bm)) dﬁ

L-1 ( Qipym—1 _ l)
L - P
—_ M Zn 1,n¥Em Z{d:.ol a(lp+") exp p— =0 p p
m (mo?)b o?

x [16 (B = Ku(8,)) B

L-1 Qptm—1 _ 1
o[ S (e -4

ks ) o)L — — doyy,.
1=0 Qp+m->T

IA
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Since a, are all identically distributed, we can get for all m € [1,p — 1],

pP . P (log p)®
/m mf(,@)dﬁ < N (61)
From (59), (60) and (61) we obtain

(p+ 1)p"*(log p)*
(a2)F

P [error, no outage] <

3.14-B Alternative Proof of Theorem 2
Proof. From equation (39), and the density functions (44), (43) and (42) we can

represent outage probability as follows

p—1 L-1
Pou(r,p) = Zz%m < } = / f(exo, 6)dexgdBy
P00 A
SEte,-L L-1/ -1 _ —1
— / (210gp) p2l 0 P exp _ZZ:O (p P p ) da0d90
A (mo?)L o2
(a) L-1
= / pZz=o “‘P‘Ldaodeo
Q pferdn-L (62)

Here the integral area A := {217 p‘ 0 fol Qupim < r} N {0 < ayp, foralll} N

{-7 <0, <m, foralll}, A/ = AN{a, <1, foralll}. Define V := {0 < o, <
1, for all [}. We see that A" C V. We get the exponential equality (a) using the
same arguments as in the proof of Lemma 7 f(é& Zz 0 Qup. O, 6" is the

optimal solution of the following optimization problem

max E agp
1=0

s.t.

- <6 <mVi. (63)
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We prove the exponential equality (b) in equation (62) next. An upper bound

is derived in the following

Pout ('I"’ p) = / leL=_()1 le—Ldaodeo

< s / doxgdy
\%
< @8 -Lygy)

= pfe)-L (64)

The inequality (b) is obvious since f(&* ) is the maxima of Zz o Q1p in the
integral area A’, and the integral area A’ C V. The vol(V) is fixed yields the last
exponential equality.

We follow the ideas of [2] to get a lower bound. Note that f(cx, 8) is continuous,
therefore for any ¢ > 0, there exists a neighborhood Q of d*,é*, within which

f(a,8) > f(&*,87) — 4. Tt follows that

Pout(ra P) = / leL:—Ol a“’_[‘daodOO

vol[2 N A’ pf (@"87)-5-L

v

pf(d*,é‘)——ts—L‘ (65)

Since Py (r, p) > pf(d*’é*)_‘s_L for any § > 0, we have P,y (r,p) > pf(& -1
which together with the upper bound proves the Lemma, which means the integral
is dominated by the minimum SNR exponent.

From equation (36), defining

1
Um = E]-:LDm:Fg,

which is a unitary matrix with (4, [)th element 7, we can get that

log (1 + ol Yoy /et~ p'lej"’plz)

7Z:11ap_1
log p

Aiptm =
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Define amax = max{ay,, forall l}. At high SNR, because wuj; #
0, for all ¢,/ andm # 0

log (1 T (oo — D)) S5 g/ —”T”—I)

lim aipym = lim
p—00 p— 0 log P
= Qmax- (66)

W.lo.g. assuming an,a.x = &, because of the dominated convergence Theorem at

high SNR the optimization problem (63) becomes

L1

max Z Qip
=0
W=

st. = (Z o+ Lp — 1)a0) <r

P\'=
ap < ap, V€ [1,p—1]
0 S oqp S ].,Vl

By KKT condition in [8], it is easy to check that the first inequality constraint can

be changed to be equality, which yields the following optimization problem

t~
[y

max

Q

lp

L-1
Z oy + L(p — 1)a0> =7
1=0

ap < ap, VI € [1,p— 1}

o~

[
/‘\O

s.t.

0<ay <1V (67)

Solving this problem, we get that the optimal a;, = for all [, and the optimal

T
Al

objective function is f(a*) := ZlL:_Ol ay, = 7, which proves that

Pout = p_(L—T)'

We consider the error probability without outage now. From equation (48),
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we get

P [error, no outage]

P
S /_ pzﬁ—_olaf(ao, eo)daodog

A pLim=0 Om

2log p)Lp~ Enci Zico' ciptm+rp=L L1 pap=1 _ -1

B /A ( : (ra?)L exp ¢ — =0 ( P ) dagdfg
(a) _
- / p~ Era Zi0 ettt Loy, g,

B
@ .
< Pg(a"e )_L, (68)

where A := {Z;‘;g Q> rp}n{a,,, > 0, for all (}n{—7 < 6, < =, forall }. The
exponential equality (a) is got with the same arguments as we get the exponential
equality (a) in (62). B := ANYV. Define g(&*,8) := — S S Qe + 7D
We prove the exponential equality (b) next.

With the same arguments as before, we get that
P [error, no outage] < pg(em*,@;m)—L7

where &*, 6" is the solution of the following optimization problem

max - Z Qipt+m +rp
m=1 [=0
M-1
s.t. Z Ay > TP
m=0
< Ay < I)VZ

Next, we prove that this optimization problem is equivalent to problem (67) at

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



81

high SNR. From equation (66), the optimization problem above becomes

max rp— plLog
L—1

s.t. Z ap+ L(p—1)ag > rp
1=0
Qpp < g, VI € [1,p — ]_]

0< ay, <1,V

By the KKT condition in [8], the first inequality constraint can be changed to be
equality, which makes the above optimization problem equivalent to problem (67).

Therefore the solution is the same, which proves that

P [error, no outage] < pmUEm),

3.14-C Proof of Lemma 9
Proof. Following the proof of [2], we give an upper bound P,.(r, p) and a lower
bound of the outage probability.

First we derive an upper bound. Since we are only interested in the SNR
exponent, we simplify the integral by ignoring all the parts which has no effect on

the SNR exponent. Consider

Pout(’r, p) = P(Z Aip i < T)
IX)

. L-1
= / pzlp’i(alp,i_1)(|N1_NT|+1) H H(palp.i“l _ po‘lp,j‘l)Zda
AI

1=0 i<j
L-1

< / poti@pi—1(INe=Nel+1) H H(O — pori~ 2oy

I=0 i<j

_ / U SIS 1 - INe=No 42640 4oy — P ().

Define f(a) := lL:—Ol S N aups ~ 1)(|N: — No| 4+ 2i + 1), and denote a* =

argsup 4 f(a). Define ¥V = {ay,; > 0, VI, i} N{ayp; < 1,VI,i}. We see that 4" C V.
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Then

Pout("'a p) = lL:_Ol Zf(:r)l(alp’i_1)(|Nt_Nr|+2i+1)da

p

!

L— K- .
plise 250 (@tp =D (INe-Nel+2i41) g
'ny

pf @) de

I
T~

fla*)

I
A

A lower bound of P,(r, p) can be found by noting that f(a) is continuous,
therefore for any § > 0, there exists a neighborhood 2 of a*, within which f(a) >

f(a*) — 4. Now
Pous(r,p) = / p e da
QnA’
= vol[Q N A)pfe)-2,

Since at high SNR, P,u(r, p) > pfe”)=6 for any § > 0, we have P,y(r, p) >

p@) which proves that

log Pyoui(r, p)

Now to derive a lower bound of Pyytage(p), for any § > 0, define the set
S5 = {a : |alp,j — alp,il > (5, Vi 75 J}

Now

L-1
Pou(r,p) = / proadCipa DN N D TT T T (pa™d — pea =1 )2dey
A/

1=0 i<j
L-1
> / pZz,i(alp,i—l)(Wt—Nr|+1) H H(palp,i—l _ palp,j—l)Zda
A'NSs 1=0 i<j
L1
> / pZz,,:(mp,i—1)(INt—Nr|+1) H H((l _ p—é)pal,,,j—l)Qda
A'NSs 1=0 i<j

= (1_p—5)K2/ o @ da.
A'NS;
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Following the above arguments [, o p’ (@) da has SNR exponent

sup f(a)
A'NSs

which, by the continuity of f, approaches f(a*) as § — 0. Combining the upper

and lower bound, we have that

hm lOg Pout(rv P)

Next, we derive f(a*). First we get a* by solving the following optimization

problem.
L-1K-1
max > (oupsi — D(INe = No| + 2 + 1)

1=0 =0

L-1K-1

st. Z alp,i S T

=0 i=0

0< appi < 1,VU,e

apo <oy <o < agp k-1, Vi (69)

It is easy to get the optimal a* as

alp,K—s —_ ... = alp,K—l — 1, Vl

L-1

Z Qp K—s—1 = G, and Up K—s—1 <1 Vi

1=0

Qupo =+ = Qipk-s-2 =0, vi. (70)

So,

Jle) = = [ql(Ne = s = 1)(Nr = s = )] + (L — @)[(Ne — s)(Nr — s)]].

3.14-D Proof of Lemma 10
Proof. Applying the SVD to each Hipir,, we get Hyppr, = Ulp+mEl,,+mVlI; >

where .., is the diagonal matrix with diagonal elements as the singular values
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of Hiptm, and Up,r, and Vi, are unitary matrices having the invariant Haar
measure [9]. Knowing that the singular values of H ., and the unitary matrices
Uip+m and V4, are independent, together with the density in equation (54), we
get the joint distribution of eigenvalues Ay, = [Apo-- -, Apx—1), VI, U, VI and
Vip, V1 as

p(Xo,-  Az-p Uo, - Uiy Vo, -+, Vie-wyp)

L-1
CITItI,{Nr H (H Ay;[; N”'I H(Alp, Alp‘] ) e_zlﬂ: Alp,i

=0 =0 i<j
X p (UOa T 7U(L—1)p) p (VO, T V(L—l)p) ) (71)
where p(UO,u~ ,U(L—1)p) and p(VO,-~~ ,V(L_l)p) are joint distributions of
Ui, Vi and V', Vi respectively. Therefore, the joint distribution of ay,, VI, Uy, Vi
and V', Vi is

plao, ,au-1pUs -  Ug—1yp, Vo, . Vi-1)p)

= C N logp)Lszl _olz —o alpi

L-1 /K
- - — _ — (p™ipi~l_p-1
X H (H api=l _ g 1)|Nt NT'H(pO‘lw L piwi 1)2) e ra(e™r p7t)

1=0 \i=0 i<y

x p(Uog, Up1yp) P (Vor- -, Vie-1p) - (72)

Then the outage probability is

L-1p-1 K-1
Pout('ry p) = li Ulpim,i < Tp:l

=0 m=0 =0
= /P(Olo,"‘ a1, Uoy o Uiy, Vo, oo, Vieoyp)
A

da, - - ada(L—l)p1 dUy, - -- ’dU(L—l)pa dVy,--- 7dV(L—1)pa

L-1
where area A := ), =0 21—0 Uptm,i S TP.

Following the arguments in Apendix 3.14-C, we can get the exponential equiv-
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alent form for the outage probability by solving the following optimization problem

max Y > (s — D)(INe— No| +2i + 1)

st. Z Alpt+myi < Tp

apo S ogp1 S0 L agp k-1, VI

Ui, Vi, are unitary Vi. (73)

Solving this problem is difficult. But we derive an upper bound for the outage

probability in the last section 3.12.1, which means that

L-1K-
fle, U, V) = Z (api — 1)(|Ne — N, + 2i + 1)
=0 i=0

< —(gl(Ne = s = )Ny — s = D]+ (L = )[(Ne — 8)(N: — 5)])

o~

for all {a, U:=[Uy,- -, U,),V:=[Vg,--- ,pr]’} satisfying the constraints. If

we find a solution {a*, U™, V*} such that
F(@, U, V) = —(al(V — s = DN, 5 — 1] + (L — g)[(N: — s)(V, — s)],

then this solution is one of the best solutions, and the exponential equivalent form
of the outage probability is p~ (q[(N‘_S_l)(NT_s"l)H(L"q)KN‘"s)(NT'S)]).

From the solution (70) of the optimization problem (69), we know that

AlpK—s =" = QpK-1= 1, Vi
q
Ap K —s—1 = E’ vi
alp,o == alp’K_s_z = 0, Vl (74)
makes

L-1K-1
> Z(O‘lm — 1)(|Ny = N| +2i + 1)
=0 ¢

alNe— 5 = )W, — 5 = D]+ (L = (Vs = 5)(N, — 5)).
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From this and the relationship H,, = (%(.7-' 1D FIH® I, 1) Ho, we can easily
get that (74) together with Uy, = In.«n,,Vl and V, = Iy, «n,, VI satisfy the

constraints in (73) and make the objective function
f,U, V)= —(qg[(Ne = s = 1)(N; — s = )] + (L = @) [(N; ~ s)(N: = 5)]),
which proves that

Pou(r, p) = p—(q[(M—s—1>(Nr—s—1)1+(L—q>[(Nz—s)(Nr—sn),
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CHAPTER 4

Analog Precoder and Equalizer Designs and Their Geometry for
Multichannel Communication

The problem of precoder and equalizer design is the problem of jointly de-
signing a transmitter and a receiver so that some property is optimized. Typically
the property is information rate, mean-squared error, or error probability. In this

chapter we design transmitter and receiver pairs directly in their analog domain.

4.1 Preliminaries

Consider the complex analytic received waveform y(t) = (Au)(t) + n(t) where
the transmitted waveform is (Au)(t) := 3 -, ukak(t). We assume that the wave-
forms ay(t) are linearly independent and that the message vector u := [u1, - , U]
is complex proper N (0, R,,) and independent of the proper zero-mean, white Gaus-
sian noise n(t) with power spectral density S(f) = o2. Direct evaluations of mutual
information, mean squared error, or bit error rate are complicated by the fact that
u is a column vector and y is a continuous-time random process. We follow the
arguments of [1], [2] to show that there exists a column vector v which is a suf-
ficient statistic for the random process y. We use notation for constructing the
m-dimensional transmission Au that allows m users to be accommodated, but
of course kK < m users can share the subspace and use the extra dimensions for
diversity gain.

Let A :=span{a;,- -+ ,a,}, and let P4 denote the projection operator ! onto

LA projection operator on a vector space is an idempotent linear transformation. Such trans-
formations project any point in the vector space to a point in the subspace that is the image of
the transformation. For example, P4 is Pay := (A(A*A)"1A*y)(t) in the space A we defined,
where A* is the adjoint operator of A which will be defined later. In an inner product space,
such an operator is an orthogonal projection if and only if it is self-adjoint. In finite-dimensional
inner product spaces, an orthogonal projection matrix is one whose matrix M satisfies M2 = M
and M* = M where M™ is the conjugate transpose of M.

87
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A. Since y = Au + n, where Au € A, we have § := Pay = Au+ Pyn and
§:=y—9§=n—Pan = Pin. Here P; denotes the projection onto A%, the
orthogonal complement of A. Since § and § are uncorrelated and jointly Gaussian,
they are independent. Moreover the mapping y — (g, ¥) is invertible, and only
7 carries information about u, Thus 7 is a suflicient statistic for y, which means g
contains all the relevant information in y for purposes of detecting or estimating
the column vector u, with respect to any criterion of optimality.

We next show that the analog waveform ¢ is equivalent to the digital column

vector
<y,a; >

Aty = :
<Y,am >

where A* denotes the adjoint of operator A and < -,- > denotes the inner product,
< y,a>:= [y(t)a(t)dt. Here a(t) is the complex conjugate of a(t). By equivalent
we mean that § can be obtained as a function of A*y and A*y can be obtained as a
function of §. To see this, first recall that P, = A(A*A)"'A*. Thus, § = Payis a
function of A*y. Conversely, A*y is a function of §j: A*y = A*A(A*A)"1A*y = A*j.
Since § and A*y are equivalent, A*y is also sufficient for the message u. (Note that
the adjoint operation A*y corresponds to putting the received waveform into a
bank of matched filters.) Define v in terms of A*y by the invertible transformation
v = (A*A)~Y2A*y, where each element of the m x m Hermitian matrix A*A is
an inner product of the form < a,,, a, >. Hence we get a column vector v which
is sufficient for the message u. We assume here and throughout that A*A is non-
singular, which defines what we mean by the waveforms {a,(t)} being independent.

Specifically and as an example, we analyze the average mutual information
between u and y which is denoted by I(uw,y). Using the fact that the mapping

y — (9,7) is invertible, along with a standard identity, we have

Iuyy) = I(w; 9, 9) = I(w;9) + I{w; 79).
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To see that this last term is zero, observe that

(u;gl9) = H(glg) — H(§lg,w)
= H(§) — H(J), by independence of §,y

= 0.

Thus, I(u;y) = I(uw;9) = [(u; A*y) = I(u,v), as v and A*y are related by an

invertible transformation.

4.2 Signaling Waveforms for Maximum Mutual Information

We derive the optimal precoder and equalizer to maximize the mutual infor-
mation /(u;y) between the received signal y and the transmitter vector u. Observe
that

v=(A"A)"V2A = (A" AV u+w (75)

where w := (A*A)"Y/2A*n is an m-dimensional complex N (0, ¢2I) random vector.
It follows that u and v are jointly Gaussian with cross-covariance matrix R,, =

Euv® = R, (A*A)H/? and auto-covariance matrices Ry, and Ryy:

Ry = (A*A)2R, (A*A)H/2 4 o2
= (A*A)2RYII + o? R (A*A) ' Rt ?|RE[ (4 a)H/2

The mutual information between u and v is
I(u;v) = H(u)+ H(v) — H(u,v)
= logdet (I + 0 2RE/2(A*A)RY?). (76)
4.2.1 Precoding
We now introduce a precoder G and channel filter i, and define the digital-

to-analog operator,

A = hG, (77)
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where h is determined by the time-varying channel impulse response h(t, 7), and G
by the precoders gx(t). So, now A models the action of the precoder and channel

on the transmit symbols w :

> urar(t) = / h(t,t— 7)) upge(r)dr
k=1 k=1
Zuk/h(t,t — 7)gi(1)dT := (hGu)(t).

By A = hG, we mean ax(t) is the response of the time-varying channel to the
precoder waveform gi(t): ai(t) = [ h(t,t — 7)gi(T)dT = (h* gi)(t). We assume the
functions (h * gi)(t) are linearly independent.

The adjoint operator A* is A* = G*h*, where

(A'y)y = <y,ap >= /y(t)dk(t)dtz /y(t)dt/]_'b(t,t—T)gk(T)dT
= [t [t -y = @y
It is important to note that the analog - analog operators h and hA* work like
this: (hy)(t) = [ h(t,t — 7)y(r)dr and (h*y)(r) = [h(t,t — 7)y(t)dt. The matrix
A*A = G*h*hG is developed by first writing (hg;)(¢t) = [ h(t,t — 7)g;(7)dr and
(h*hg;)(t) = [h(s,s —t) [h(s,s — T)g;{T)drds. The i,jth element of A*4 =
G*h*hG is then

(A*A)ij = gfh*hgj

/gi(Tl)dT//l-l(s,s—T/)/h(S,S—-T)gj(T)deS

- /gi(T/)/gj(T)/}_Z(S,S—T’)h(s,S—T)deTdTI.

With A*A determined, we may re-write the mutual information I (u;v) in (76)

I(u;v) = logdet (I + o *RA/2(G*h*hG)RL?). (78)
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Note that the only analog channel characterization that matters is this determin-

istic second-order characterization of A:

(h*h)(r', 1) = /f_L(S, s — 7')h(s,s — T)ds,

which is a correlation function in the local delay variables (7', 7).

We assume the precoder subspace G := span{gi, -, gm} C S, which indi-
cates that G is a subspace of a signal space S, and further assume {¢,- -, 9.}
is an orthonormal basis of S, assumed to be n-dimensional. Thus gx(t) =

(Uye)(t) = 3 i Vka¥i(t), where the v, are expansion coefficients for g in the

basis {¢1, - ,¥,}. Define the n x m coeflicient matrix I' := [y, -, vm|, where
the column vectors v; are v; = [v1, -+ ,Vjn)T - Then,
(A*A);; = ZZ’_Yi,k / / Uk () (R R) (7, T (T)dT dTy;,
k=1 l=1
= ZZ’?i,ka,z’)’j,l,
k=1 I=1
where

Qi = //1/7k(7")(h,*h)(7",‘r)i/zl(r)dT'd‘r. (79)

So, A*A =TH(U*h*h¥)I = I'"QI' and the mutual information in (78) becomes
I(u;v) = logdet (1 + o 2Ry THQTRLY). (80)

The matrix @ is a complete deterministic second-order characterization of the
action of the channel ~ on the basis {¢1,--- , ¥, }. It is positive definite Hermitian
with unitary decomposition @ = VAV#, where V is an n x n unitary matrix, and
A is an n X n diagonal matrix with non-negative diagonal elements in decreasing
order.

-1/2

W.lo.g., we parameterize the coefficient matrix I' as I' = V®R,,'", where ¢

is an arbitrary n X m matrix. Then the information rate in (80) becomes

I(u;v) = log det(! + o 2@ A D). (81)
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The design problem for the precoder G is to maximize the mutual information

between u and v (or u and y):

max I(u;v) = maxlogdet(/ + o T20HAD),
5.t. tr(®®) < P,
where the power constraint comes from the constraint tr(G*GR,,) =

tr(TATR,,) = tr(CR,ITH) = tr(®®f) < P. But we have to show that

tr(G*GR..) < P. Because the expected transmit power is

E <z(t),z(t) >= E/Zukgk(t) Zulgz(t)dt
= > ru / ge()Gi(t)dt = Y " riick: = tr(G*GRu),

where ry; = Eugll;, and cg; = [ gi(t)gs(t)dt.
We know from [3] [4] and [5] that the solution for ® is an n x m diagonal

matrix with nonzero elements ¢; only on its main diagonal, with

2
9+
/\i)
1
po= T (82)
%+%Zi=1x

Here, (z)* = max(z,0), m is the number of the subchannels where |¢;|? > 0, and

los> = (

"l

A; are diagonal elements of A. Large power P and large “per-channel” SNR ?g is
favored, so that many channels may be used. The maximum mutual information

is then

Ai
520, (53)

I{u;v) = Zmax(log(

which is a sum of “per-channel information rates” of the form log( g\i-) So infor-

i
u
mation rate increases with increasing SNRs % and with increasing power.

If the correlation of the symbols R,,,, may also be designed without constraint,

then ' RL. is replaced by I' = V®, and the design proceeds unchanged.
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4.2.2 Design Rules

We summarize the design rules.

1. Choose signal space S and the corresponding basis {¢x}%_; to match the

channel h(t, 7).

2. Compute @ whose (k,{)th element Qy; := [ [ (7" )(R*R)(7', 7)¢()d7'dT

is the second-order characteristic of the channel.

3. Decompose @ as @ = VAV#, and construct the diagonal matrix ¢ with
the diagonal elements computed according to the water filling solution of

equation (82).
4. Compute I' = VOR./? and design precoders gi(t) = > Teathi(t)-

In this design, we note that the channel is determined by A(t, ), and the design
is constrained by the basis {yx}?_;. The best we can do is to design the best

waveforms g; in the space spanned by these basis.

4.2.3 Precoder Subspaces

Since (h*h)(r’, ) is nonnegative definite and we assume (h*h)(7’, 7) is contin-
uous, and square integrable on I x I (I is an interval on R}, according to Mercer’s
theorem, (h*h)(7',7) can be decomposed into (A*h)(7',7) = > o) w@i(T)i(T),
where the series converges absolutely and uniformly on I x I, and the continuous
functions ;(7) are eigenfunctions of (h*h)(7’,7) corresponding to eigenvalues p;:
J(h*h) (7', T)pi(7")dT’" = pipi(T). The eigenfunctions {y;(7)} are orthonormal on
I: [ oi(m)@;(T)dt = &;.

Assume the y; are in decreasing order. Given any e > 0, there exists an integer
N¢, such that for all n > N, >>° u, < €. We shall assume, as a practical solution,

that n, the dimension of S, approximates N, the e-dimension of (h*h)(7’, 7). Then
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the ¥,(7) may be assumed to equal the ¢;(7), and A; = p;. The maximized mutual
information is given in equations (83) and (82).
From the solution, we see that the actual dimension of the subspace the pre-

2 and

coders lies in is m, which depends on the eigenvalues p;, noise variance o
power constraint P. As long as P is finite, the dimensions N, and 7 should be
finite. We can choose n = N, large enough such that the optimal solution m < N,
to guarantee that we do not leave any available power unused, and the mutual in-

formation is maximized. The precoders lie in a subspace spanned by the dominant

eigenfunctions of (h*h)(7', 7).

4.2.4 Extension to the SIMO Multi-Channel System
We can directly extend the above design process to the SIMO multi-channel
system. Assume A = hG where G is determined by the precoders gi(t) as in
(77), but h is now by an Ny X 1 time-varying channel impulse response vector
= [h1(t,7), -, hwg(t, 7)]’, modelling channel effects from one transmitter to Ng
receivers.

The derivation and the final design process are the same except that

(R*R)(',T) = / (t, t — Thi(t, t — T)dt,

which is a summation of the correlation functions in the local time variables (77, 7),
determined by the time-varying channel impulse responses in each channel.

So, in the design rules, the space S and the corresponding basis {v}r_;
should be chosen to match the channel vector h = [hi(t, ), -, hn,(¢, 7))’ under

transmitter constraints. All other steps are the same. As long as

Ngr
(R*h) (', 7) =" / hs(t,t — 7'Vhi(t, t — 7)dt
=1

is continuous, nonzero, and square integrable on I x I (I is an interval on R), we

can find such a space S.
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4.2.5 Canonical Coordinates and Geometry

Canonical correlations measure cosines of principal angles between random
vectors in a Hilbert space. These cosines of principal angles (also called canonical
correlations between canonical coordinates) between the message and measurement
spaces determine error covariance, information rate, and capacity. For reduced-
rank and/or quantized estimation of one random vector from another, canonical
coordinate designs are known for estimation at minimum MSE and maximum
information rate [6] - [7]. These designs show that reduced rank estimation must
be done in a system of canonical coordinates.

In this section, we investigate the canonical coordinates between transmit
vector u and receive vector v, after the design of the optimal precoder and equalizer.

From [8], we know that the mutual information between source vector u and
measurement vector v is I(u,v) = logdet(] + S), where S is the signal-to-noise
ratio matrix on the receiver side?. Moreover the connection between S and the
so-called coherence matrix C is (I — CCH) = (I + S)™!, where C is the cross
correlation between whitened versions of the message v and measurement v: C :=

w’? RuwRy? and CCH = R Ry Ry} Ry R .

From the design results in subsection 4.2.1, we find that I(u;v) = logdet(I +
S) = log det(I + 020" A®) with @7 AP diagonal, which means the signal-to-noise
ratio matrix S is diagonal and furthermore, CC# is diagonal.

Thus, the optimal precoder design makes squared coherence matrix CC#
diagonal. Directly from the design, we do not know if C itself is diagonal or
not. But, without loss of generality, C' can be diagonal. This means the com-
bined effects of precoder and equalizer have been to transform the whitened source

- —1/2 . . - -2 .
@ = Rya! u, and equalized and whitened measurement v = Y v, into a system

2Suppose the equivalent channel model is v = Hu + n, where u and v are respectively the
message and measurement vectors, H is the equivalent channel transformation and n is the noise
vector with covariance matrix R,,. Then § = R;& HR,  HY.
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of canonical coordinate where variables are pairwise correlated with correlations
|Ew0,)* = (CCH),; = ﬁz’f%— Because @; (ith element of @) and ¥; (ith element
of ¥) have unit variance, wé may call (CCH); the cosine-squared of the angle
between i; and v;. It is as if the whitened source i is communicating over m
uncorrelated channels, where m is the number of channels with |¢;| > 0. In each
such channel, the SNR and squared canonical correlations are SNR; = Mil—z and
(CCH); = #;lf%— The geometry of each channel is illustrated in Figure 18. in this
Pythagorean dec:)mposition of a subchannel, |¢;|? is the message power, )\% the noise
power, and ﬁ;f%— is the cosine-squared of the angle between the whitened mes-
sage and the equallized and whitened measurement. This interpretation is further
illuminated in Figure 19, where the whitened variables 4 = Ruly and 5 = Ry
are illustrated. It is the geometry of these whitened variables that is illuminating.
The precoder GRY? and equalizer Ru./?F transform these white variables into a
canonical coordinate system. Here F' represents the equalizer which is the matched

filter under the maximizing mutual information criterion. The coloring steps Rﬁ{?

and Ri.’ that take the white variables to the original variables only obscure this

|¢:]* + )‘%/ /\%
/ loif

Figure 18. Pythagorean decomposition of a subchannel

geometry.

4.3 Signaling Waveforms for Minimum Mean Square Error
We derive the precoder and equalizer that minimize the mean square error

between u and Fv. It is well known that the Wiener filter

F= RuvR;vl — Rruu(A*A)l/2 [(A*A)1/2R1LU(A*A)1/2 + 0_21] -1
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Figure 19. An equivalent system diagram with precoder and equalizer, where the
precoder and the equalizer transform the whitened variables ¢ and ¢ into canonical
coordinates.

minimizes the mean square error. After applying F', the mean square error between

uand Fv is

tr (R7! + 07%(A%A)) " (84)

4.3.1 Precoding

We introduce precoder G and channel filter h as in (77), and assume A = hG.
Then (84) becomes

tr (Ryl +072(A%A4)) ™
= tr (R, + 0 %(G*h"hQG)) =t (Roa + <7_21"HQI")—1
= tr (Ryl + 0 2RMPOHAGRLY?) T = tr (A7 + oAU AQUA )
= tr (A(I + a-zéHAé)-l) ,
where G*h*hG,Q, T, V, A, ® are defined as in subsection 4.2.1. In the above formu-
lae we introduce the eigenvalue decomposition R,, = UAU*, and define d .= dU.

So, minimizing the mean square error subject to a power constraint becomes the

following optimization problem:

min  tr (A(I + 0—2Ci>HA<i>)‘1)

st tr(®dF) < P.

The same problem has been solved in [9]. Here we use the majorization idea
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of [5] to re-solve this optimization problem. By Theorem 9.H.1.h. in [10],

tr(A(I + o207 AD) ) > Z Sievm—is1 (I + 0 2&FAD)Y),

i=1

where evy,_;11(A) is the (m — ¢ 4+ 1)th eigenvalue of Hermitian matrix A, with
eigenvalues sorted in decreasing order, and §; is the ith eigenvalue of the diagonal
matrix A with eigenvalues sorted in decreasing order. The equality holds when
(I + 0285 Ad) ! is diagonal with diagonal elements in increasing order, or when
(@H Ai)) is diagonal with diagonal elements in decreasing order. Suppose PHAD =
3, where X is an m xm diagonal matrix with diagonal elements sorted in decreasing
order. W.lo.g. ® = A~1/2P%1/2 where P is an n x m matrix such that PHP = 1.

Putting this ® in the power constraint, we get

tr(®d7) = tr(ATTPEPH) > > A,

i=1
where ); is the ith diagonal element of A, whose eigenvalues are sorted in decreasing

order, and &; is the ith element of ¥. The equality holds when P = [ Lrxm } .

0(n—m) xm

Summarizing these arguments, for all ® = A=1/2PE2 which yield the same mean

Imxm

square error, choosing P = [ } minimizes the power. So, the optimal o

O(n—m)xm
21/2

is ® = A1 [ ] , where the diagonal elements of A and ¥ are in decreas-

0(n—rn) Xm

ing order. The matrix optimization problem then yields the scalar optimization

problem
min i Si(1+o072g)7 !
i=1
s.t. i A <P
i=1
Solving this problem we get

2 | VAS(0 PP+ 3 A

&i=o0 - -1
ZT:l vV /\El5k
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This yields the diagonal elements of diagonal matrix dHP

+

|¢i|2 — 0,2 _2P + Zk 1 / - /\— . (85)
Zk 1 \/ 15k

Here [z]* = max(z,0), and m is the number of channels where & > 0 or
|#:)> > 0. Summarizing, the coefficient matrix for the optimum precoder T' is
' = VOUHR? , where ® is diagonal with squared diagonal elements in (85).

The minimized mean square error is

MMSE := iy

o72P + Zl_ /\‘

To find the best subspace which minimizes the mean square error, we also
choose space S spanned by ¢;(7),1 < ¢ < N, which are the eigenfunctions
of (h*h)(7',T) for an arbitrary small ¢, and solve the optimization problem to
get m and the optimal precoders. From the optimization solution, we see that
the precoders are in the subspace spanned by the dominating eigenfunctions of
(h*h)(7’, 7). This conclusion is the same as the conclusion reached for maximizing
the mutual information. Therefore, the precoder space design is the same. Only
the coeflicient matrix for designing the precoder waveforms from the precoder space
is different.

There is no change in the extension to the SIMO channel.

4.3.2 Half Canonical Coordinates and Geometry

Half canonical correlations measure correlation between source vectors and
whitened measurement vectors, after they have been resolved into a half-canonical
coordinate system. In this subsection, we investigate half canonical coordinates
between the transmit vector v and receive vector 9 after optimal precoding and
equalizing.

We know from the last subsection that the optimal mean square error matrix
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M = (Ryl+07*R,*®"A®R,/*)™!

= U(A™ 40 2AV2RHASAY2) 1Y H,
Define the matrix [6] DD¥ = R,, — M, in which case
DDH =U [A _ (A—l + U~2A_1/2(§HA&)A_1/2)—1] UH

Here D is the half coherence matrix, which is the cross covariance matrix between
the transmit vector u (un-whitened) and the whitened receive vector ¥. Then the
squared half canonical correlation matrix [6] can be derived from DD¥ by simply

applying the normal matrix U as follows
LI =UHDDHU = A — (A7 + 0 2A72HHADA /)2

LLH is diagonal. We do not know if L itself is diagonal. But, w.l.o.g. L can be
made diagonal easily from LL.

W.lo.g. this means the combined effects of the precoder and equalizer have
been to transform the decorrelated (but not uniform variance) source @ := U u,
with diagonal covariance A, and equalized and whitened measurement ¥ into a
system of half canonical coordinates where variables are only pairwise correlated,
with correlation |E4;07|* = (LL?); = 'Idfl%r If we normalize the variable (@); by
its standard deviation 1/3;, then the cosine-squared of the angle between (@);/v/9;
and (9); is |E7’.‘§fﬁ;‘|2 = E;lr;’—r Again we see that the channel is decomposed
into parallel uncorrelated channels where the SNR in each channel is - ld" , and the
cosine-squared of the angle between (@); and (¥); remains 7%—1_ Flgures (18)
and (19) still apply, with Rl in Figure (19) replaced by U¥. Then the precoder
GU and the equalizer Ry/*F transform % and ¥ into half canonical coordinate

systems. This geometry is obscured in the original coordinates (u, v).
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4.4 Signaling Waveforms for Minimum Bit Error Rate
Here, we use the model and result of [11]. The transmit symbols are assumed
to be equiprobable antipodal symbols with R,, = I. Recalling that in (75) the

system function is
v=(AA)V2 Ay = (A*A)?u +w,

where w := (4*A)~/2A*n is an m-dimensional complex N (0, 02I) random vector,
the equalizer F = (A*A)™'/2 is a zero forcing equalizer. Use A = hG to write
F = (G*h*hG)~Y/2, where the definitions of G*h*hG are the same as before. Under
the minimum bit error rate criterion and under all of the above assumptions, the
optimum coefficient matrix T' for the precoder G is I' = V®D#, where V is the
n X n unitary matrix in Q = VAV¥ @ is an n x m diagonal matrix with nonzero
elements only on its main diagonal, and D¥ is an m x m unitary inverse DFT
matrix [11].

The probability of error is [11]

m

1 1 1 & 1
= — erfc(————=) = — erfe )
o 2 " TarE,) & ey

This function is convex with respect to (P#A®);;* if and only if (P#A®);' < 17

[11]. When it is convex, using Jensen’s Inequality,

m

) > lelrfc

1 1 —
Fe=gm 2ot =P, .5
2m p erfe( 202(<I>HA(I,)i—il 2 (\/20.2tr((I)HA(I))—1) LB

The equality holds when (7 A®)~! has equal diagonal elements. So the optimiza-

tion problem becomes

min tr(®7A®)~". (86)

The constraints are both the power constraint and (®7A®);' < 15 It has been
proved in [11] that if and only if tr(®¥A®)~! < J%;, there exists a unitary matrix

B such that (B(®7A®)~!'B");; < 3. So, the problem is simplified to minimizing
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(86) subject to the power constraint. And the solution is feasible if and only if
tr(@FAP) ! < 327- We introduce the singular value decomposition ® = PTWH,
where P is a n X n unitary matrix, T is a n X m diagonal matrix with nonzero
elements only on its main diagonal in increasing order, and W is an m x m unitary
matrix. Since we have assumed that n > m, T = [ Lnxm ] T. Here T is a

0(n—m) xm

mxm diagonal matrix with diagonal elements in increasing order. So (86) becomes

(@TAD) " = (T ([ Lo omx(n_m)]pHAp[ Lrxm ])—lf—l)

O(n—m) xm

= tr((THT)_l([ Imxm Omx(n—m) ] PHAP |: I J )_1)‘

O(n—m)xm
The power constraint becomes tr(TTH) < P. Define & = (THT)!. So,
Y is diagonal with diagonal elements in decreasing order. Define Z =
([ Imxm  Omx(n—m) ] PHAP { O(T{T_n:;;zm } )_1. According to Theorem 9.H.1.h.
in [10], tr(X2) > Y7, &evi(Z), where &; is the ith diagonal element of 3, and
ev;(Z) is the ith eigenvalue of Z, with eigenvalues in increasing order. The equality
holds when Z is diagonal with diagonal elements in increasing order. Since A is
diagonal with diagonal elements in decreasing order, the optimal P is P = /. The
problem is simplified to a scalar optimization problem, and we can easily get the
solution [t;|2 = —P—\/—)‘_;-. If and only if i N < &, the solution is feasi-
Y, \/)\k_l P 3o

ble. In case the solution is feasible, we should find a unitary matrix B such that
(B(®¥A®)'BH);; = (BW(THAT)'WHBH);; < =5. From [11], B = DpW¥ is
an optimal choice since it makes the diagonal elements equal. Here Dp is a unitary
DFT matrix. So the optimal & is ® = TD¥. The optimal I' is I' = VT D,

From above, we see that the equivalent optimization problem in (86) becomes
(——%@ after applying the optimal solution. The bigger the A;, the smaller the
objective function. So, we still want the A; as large as possible, as in the previous

two designs.

The extension to the SIMO channel remains unchanged.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



103

4.4.1 Canonical Coordinates and Geometry
With this optimum coefficient matrix I" for the precoder G the squared coher-

ence matrix is
CCH — DF@HAl/Q(A1/2¢(DHA1/2 + I)—lAl/Q(DDg,

from which we easily get the diagonal squared canonical correlation matrix by

applying the DFT matrix
KK" = DECCHDp = ®HAVZ(AYPQQH A2 4 [)TINY29H,

This means the combined effects of precoder and equalizer have been to transform
the white source @ = Dfu and equalized and whitened measurement ¥ into a
system of canonical coordinates where variables are only pairwise correlated:
" H |42
|Euof|° = (KK"™);, = W
It is as if the whitened source D¥u is communicating over m uncorrelated channels.
In each, the cosine-squared is
H |42
(KK%); = l¢i|2+,\%'

Again, the geometry of each channel is that of previous designs. Figures (18) and
(19) still apply, but now R is replaced by D¥. Then the precoder GDr and
equalizer Ry,/*F transform @ = DHy and o = Rys/?v into canonical coordinates.
4.5 Examples
4.5.1 An Example for the Time-invariant Frequency-selective Channel

In wireless communications, when the spread factor of the channel satisfies
the condition T, Bq << 1 [12], where T,, is the time spread and By is the doppler
spread, it is possible to select signals having a signal duration T < At., and a

bandwidth W > Af., where At, ~ Bid is the coherence time, and Af, ~ %n- is the
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coherence band-width. Then the signal sees a time-invariant frequency-selective
channel with the tapped-delay-line channel model [12] and time-invariant channel

taps
L-1 I
h(T) = lgzo h[(S(T - -M—/)

The second order channel correlation (h*h)(7', 7) will be

L-1L-

* _ * ! l k
(RR) (1) =D hihid((r + 57 = (T 7))

=0 k=0

,,_.

It is easy to get that the nth eigenvector of (h*h)(7',7) is e~ T - am corresponding
to the nth eigenvalue |H,|* which is defined to be the squared magnitude of the

1|'1L

complex frequency response of the channel, sampled at frequency 7 2mn

h
o

—j2nni

H, = hje W,
1=0
Therefore, the subspace spanned by the N, Fourier basis functions {e~ e HYe is
the best signal space for the time-invariant frequency-selective channel model. The

well known OFDM technique is used to diagonalize the channel.

4.5.2 An Example for the Time-varying Frequency-selective Channel

If we select signals having a signal duration 7' > At., and a bandwidth
W > Af., then the signal sees a time-varying frequency-selective channel. For
this time-varying frequency-selective channel, we still assume a time-spread T,
and Doppler-spread By, with product T,,B; << 1, which means the channel is
underspread. The coherence time is approximately the inverse of the Doppler-
spread At, = -I;—d and the coherence bandwidth is approximately the inverse of the
time-spread Af, = ﬁ In Figure 20 the rectangle associated with each of four

channel descriptions is intended to convey qualitative features of the channel. For

example, the scattering function S(v, 7) has finite support defined by B, and T,,.
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The input-output description of the channel is

y(t) = / X(N)H(, e df.

We follow the arguments in [13] to constrain the bandwidth of the input signal to
W and constrain the output observation time to T. Then we get the equivalent

time-varying frequency response as follows

H(, f) = xe)H(E, fxw(f),

where
1, —T/2<t<T/2
xr(t) = { 0, otherwise °

By Fourier transforming H (t, f), we can get the scattering or ambiguity function

M-1N-1

S(,m) =Y S[m, nlsine(T(v - —T;))sinc(W(T - %)),

3

where S[m,n] = #7S(%, #%). m and n are constrained to 0 < m < M — 1 and
0 <n < N —1 since we've assumed a time-spread T, and Doppler-spread By. So,
%zBd or M =TB;~ Altc and%———Tm orN———WTmzAlfc, From S(v,7), it is
easy to get the time-varying impulse response as

M-1N-1

hit,7) = Z Z S[n, mlsinc(W (7 — %))e'jz”%t.

A channel identification algorithm would estimate the ambiguity coefficients

S[n,m] by transmitting training pulses with resolution % in time and £ in doppler.

Note that sinc(W (r — #))e™#2™F forall n,m is a basis of L*(R), called the
Gabor basis. Then sinc(W(r — %))e‘ﬂ”’?‘, forall0 < n < N-10<m<
M —1 is a basis for a subspace of L%(R). Although this basis does not diagonalize
(h*h)(7',7), we can use it as an approximating device to construct the space S,

and then follow the design rules to find the precoder waveforms g;(t).
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B = At | (1) h((:_’)'r)

S(v, 1)
()
Tm

By | (v) 1—3%=Atc ) H(, f)
()

% -k

By | )@@ D
?)

7 = ar

Figure 20. The four corners diagram of the four Fourier transforms of time-variant
and frequency-selective channel h(¢, 7)

There are many other ways to find the near-optimal basis for this linear
time-variant channel. Prolate spheroidal functions are an obvious, but imprac-
tical choice. In [14], the eigenfunctions are approximated, within an error bounded
by the moments of the channel spread function, by multicomponent signals. In [15],
the author discusses many near-optimal basis methods, and presents a novel chan-
nel partitioning and modulation technique using adaptive bases of localized com-

plex exponentials for linear time-varying channels.

4.6 Practical Considerations and Conclusions

The first step in the design rule is to choose a precoder space S and a cor-
responding basis to match the channel h(t,7), possibly under constraints on the
transmitter. Under all optimization criteria we have considered, the best space
to be the one spanned by a subset of the eigenvectors of (h*h)(7’, 7). From the

examples in the last section, we find that practically, it is difficult to get exactly
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the eigenvalues and eigenvectors of (h*h)(7/,7) for a given channel model, so we
may have to choose a space that only approximates the optimal one. In this case,
the choice of a subspace basis is suboptimal. In the space we choose, however,
the solution is optimal. In the last example, we present many methods to find the
near-optimal eigenfunctions for the linear time-variant channel.

In these analog precoder and equalizer designs we assume that the transmitter
and receiver both know the channel, which requires that the channel changes slowly
enough for the receiver side to estimate the channel and feed back the channel
information to the transmitter. It is impractical for the receiver side to feedback
the basis and coefficient matrix to the transmitter side when the channel changes
fast. One way to proceed is to assume that only channel coefficients change within
a fixed basis, at a slow rate. This makes it possible to only feed back the coeflicient
matrix.

In conclusion, the results show that analog precoder design may be carried out
in two steps: first, the precoder space is matched to the analog channel, and second,
the precoder functions are selected from this subspace according to standard rules
[11], [5], [9], [3], [4]. The resulting designs have an illuminating canonical coordinate

geometry.
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CHAPTER 5

Precoder and Equalizer Design in the CDMA system

In this chapter we aim to design transmitter-receiver pairs that simplify re-
ceiver design. We choose a CDMA system to demonstrate the problem and its

solution.

5.1 Down-link Synchronous CDMA System for Flat Fading Channel
We consider the synchronous CDMA downlink system. The transmit signal

of the kth user is
.’E}c(t) = Akbksk(t),
where Ay, by and si(t) are respectively the amplitude, the transmit symbol +1 or

—1, and the signature waveform of the kth user. The received signal in the base

station is the sum of K such signals, from K users,

On the receiver side we apply the matched filter and get the baseband equiv-
alent vector model

r = RAb+ n,

where R is the K x K autocorrelation matrix whose (,7)th element is p;; =
[ 5i(t)s;(t)dt, A is a diagonal matrix with kth diagonal element Ay; b and y are
K-dimensional transmit and receive vectors, and n is a K-dimensional noise vector
with covariance matrix o2 R. If we apply a K x K precoder G on the transmitter

side, then the received signal is

r = RGAb+ n.

109
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Then the problem of minimizing mean square error for a linear estimator of b,
subject to a transmit power constraint, can be formulated as the following opti-

mization problem

min  tr(I + 0 2AYGHRGA)™!

st. tr(AYGPRGA) < P. (87)

It is easy to get the solution

G = ,/ EUA“/?VHA—I,
T

where we decompose R into R = UAU¥ and V is an arbitrary K x K unitary
matrix. Al is the pseudo-inverse of A.

With this precoder, the MMSE matrix is

MMSE := (I +02AG*RGA)™

= I+ iI)-l. (88)

ro?
where I is a diagonal matrix consisting of a number of 1s equal to the rank of R
and remaining Os.

Since the covariance matrix of the received vector r is

R,. RGAAYGER + o’R

= (RGAA"GY + 0*IR, (89)
the Wiener filter on the receiver side is

R, R = A"GYRYR'RGAA"GH" +o°I)™!

= AYGH(RGAARGH + 427 (90)

On the receiver side, the matrix inverse is the most computationally intensive

part in the Wiener filter. Practically, we may use the steepest descent or conjugate
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gradient algorithms to iteratively solve the quadratic problem to approximate the
matrix inverse. With the optimal precoder G, the matrix inverse part of the

Wiener filter becomes
RGAA"GH + %I = U(@i + o2 UH. (91)

This matrix has one distinct eigenvalue when the rank of R is K, or when all the
K signature waveforms are linearly independent of each other. When the rank of
R is less than K, the matrix has two distinct eigenvalues. The conjugate gradient
algorithm will converge in n steps, where n is the number of the distinct eigenvalues
of the matrix (91). So, with the precoder which minimizes the mean square error,

the conjugate gradient algorithm converges in one or two steps.

5.1.1 Performance Analysis
We investigate the channel model again. Suppose we use the DS-CDMA

waveform
N

sk(t) =D cuip(t — iTe).

i=1

On the receiver side the received vector can be expressed as
y=CGAb + n,

where C is an N x K signature matrix and y is the received vector sampled at
the chip rate. When < ¢(t — iT,),¢(t — jT.) >= &;;, then R = cHEC. So we
can decompose C as C = WAY2U# where W is an N x K matrix such that

WHW = I. Putting the optimal G into the formula, we get that

Y= EWVHb—{—n.
V

We see that the equivalent signatures after the precoder are orthonormal to each

other if K < N, or with the appropriate choice of V' are sequences that meet the
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so-called Welch-bound equality (WBE) when K > N, and the maximum power is
allocated to each user.

The optimal MMSE for the th user is

_ P iy H -1
MMSE; = ((I + —3 VIVE) ),
where MMSE, is the ith diagonal element of the MMSE matrix defined in 88. If the

rank of R is K, the MMSE for all the users are equal. Since MMSE; = g [1],

where SIR; is the signal to interference ratio for user i, the SIR of each user is %.

If the rank of R is less than K, the MMSE of each user and therefore the SIR

of each user depends on the unitary matrix V. We can design V' to change each

user’s SIR. The eigenvalue vector of the MMSE matrix [1,-- - , 1, Fl_‘p;, cen Fl_p;]T

majorizes the diagonal vector [MMSE;,, - - - , MMSE]|T of the MMSE matrix. Since
TISlI'RT- := MMSE;, we can design V' to make SIR; satisfy some SIR requirement
for each user subject to the constraint that Hs;mi is majorized by the eigenvalue

vector.

5.2 Uplink Multipath CDMA System
We consider the uplink of the multipath synchronous CDMA system. The

transmit signal of the kth user is
.’Ek(t) = Z Ak[i]bk[’i]sk(t — iT),

where Ag[i], bi[i] and sk(t) are respectively the amplitude of the ith symbol, the
1th transmit symbol +1 or —1, and the signature waveform of the kth user. s;(t) =
SN critb(t —4T,), and T'is the symbol period. The multipath channel for user &
is et

hk(t) = Z hkld(t —_ Tk[).
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Then the received signal in the base station is

Li—1

y(t) =YD > Aulilbililhusi(t — iy — iT).
=0

k=1 1
Suppose the chip period is T¢, and the processing gain is N such that T = NT..
Assume 7, is an integer multiple of T;. Define L := max{L,,---,Lk}. Then the
received signal becomes

K L-1
y(t) = Z Z Z Ak[i]bk[’i]hklsk(t - ch - I,NTC)
=0

k=1 1

Notice that some hy; may be zero.

Assume the system is synchronous, or 7xg = 0, Vk. Assume the delay spread of
the channel is far less than the symbol period, so that the inter-symbol interference
can be ignored. Or, L << N, so we can insert a guard interval to eliminate the
inter-symbol interference.

On the receiver side we use the chip matched filter and sample at the chip
rate. Then we get

Y, = HyegAgby

during one symbol period. Here y, is an (N + L — 1) dimensional received

vector from user k. Theoretically, ¢; is an N dimensional signature vector

¢k = [ck1,* -y crn]T, and Hy is an (N + L — 1) x N dimensional Toeplitz ma-
trix with the first column [hgo, -+, hr 1,0, -+, 0]7.
Define (N + L — 1) x K dimensional matrix Cyg = [[Hic1], -, [Hkck]).

Then the received N + L — 1 vector from all the users is
Yy = CHAb +n,

where A is a K x K diagonal matrix whose kth diagonal element is A, bis a K
dimensional vector with kth element by, and n is a (N + L — 1) dimensional vector

with covariance matrix o21I.
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On the receiver side, we use the Wiener filter to minimize the mean square
error
_ -1
F=RyR, .

Applying the precoder, we get the following optimization problem:

min  tr(c’l + APGHCECLGA)™!

st.  eva(APGHICHCGA) < P,. (92)

In the uplink synchronous CDMA system, we assume we can not distribute power
between users. So, we constrain the peak power of each user by constraining the
maximum eigenvalue, which dominates all diagonal elements of APGHCHCGA.

Suppose CHC = UAU?, Decompose G into G = UA'2& A" and define
.= AMVURCEC,UAM? = vTVH,
Let & = V®. Then the optimization problem becomes

min  tr(o’l + @4 T®)™*

st evma(PT®) < Py, (93)

where ® is an arbitrary K x K matrix. Note that the diagonal elements of the
diagonal matrices A and T are in decreasing order.
Solving this problem, we get the optimal ® = DW? where D is a diagonal

matrix with diagonal elements

di = { 0 Vist. t;=0" (94)

and W is an arbitrary K x K unitary matrix. Note that diagonal elements of T’
are the eigenvalues of A™2U¥ CEC ;U A™? and depend on both the signature

and the channel. The measurement covariance is

R, = CyGAA"GHC] + oI
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Then the eigenvalues of R,, are equal to the eigenvalues of
APGHCECHGA + 0T = ®T® + 7°I,

which are 1 + Pyt; using the precoder that minimizes the mean square error.

The precoder that minimizes the mean square error does not give a simple
MMSE receiver unless the matrix T" has a small number of distinct eigenvalues.
But this depends on both the signature and the channel, which we can not control.
To get a simple MMSE receiver, where conjugate gradient recursions converge in
a small number of steps, we need to design ® to make the number of distinct
1 + |d;|t;, Vi smaller. Suppose the purpose is to get M distinct eigenvalues. We
need to divide the eigenvalues 1 + |d;|?¢; into M groups and make the eigenvalues
in each group equal. Without loss of generality, we do not consider the eigenvalues
with ¢; = 0. Suppose all t; # 0. From the optimization problem above, we know
that |d;|* < Py, Vi and the larger the |d;|?, the smaller the minimum mean square
error. If for i > 7, |d;|?t; = |d;|?t;, since t; > t; # 0, |d;|> < |d;|%. So, in the same
group where the eigenvalues are equal, suppose £; is the smallest ¢; in this group,
then the corresponding |cii|2 = Py. The eigenvalues are equal to 1 + Pyi; for this
whole group. We order all 1 + |d;|?t; according to the decreasing order of ¢;. To
make the minimum mean square error as small as possible, we have to put the
consecutive elements into one group. If we put the last K — (M — 1) eigenvalues
into one group, we get a solution similar to the reduced rank MMSE solution, but
better because we do not set the eigenvalues equal to zero.

Suppose we divide the K eigenvalues into M groups where the pth group
contains k, elements, and Eﬁil k, = K. Suppose fp is the smallest ¢; in the pth
group. So, t, = ty» k. Set all the eigenvalues in the pth group equal to 1+ Pot,p.
The optimal precoder that minimizes the mean square error has eigenvalues 1 +

Pot;, Vi. Then the method looks like quantizing the K eigenvalues into M sets of
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approximately equal eigenvalues. The loss of minimum mean square error is
Pk

i 2ok ( 1 B 1 ) -
14 Pot, 1+Poti)

Pyt

The problem is how to pick the M eigenvalues to make the MMSE loss small-

est. The optimal solution can be got by exhaustive search for all the possibilities.

K(K-1)-(K-M+1)

But the computation will take T

steps and is time consuming. This
is not what we want. Next, we’ll give a simple algorithm to get a suboptimal
solution.

Predivide the K eigenvalues into M groups by guess. Define ev; = T—I——;E'
From (95), we notice that the MMSE loss depends on the difference between adja-
cent ev; — ev;_; and the number of eigenvalues in the same group. So, during the
original guess, we try not to put the eigenvalues with comparatively big differences
ev; — ev,_; into one group. And we try not to put too many eigenvalues into one
group. Or, in this quantization procedure, we try to put those eigenvalues with
small differences into one group.

After the pre-division, we optimize the group division by searching between
the adjacent groups. In this way, we get a suboptimal solution with computational
complexity not more than 2K.

Till now, we have the optimal or suboptimal precoder which minimizes the
mean square error when a Wiener filter is used on the receiver side. But how is
this precoder applied to each mobile user? Suppose the base station can estimate
the amplitude matrix A for each user and get the optimal precoder. The signa-
ture vector [si(t),sa(t), - ,sk(t)] can be updated as [si(¢), s2(¢),- -, sk (t)]G,
and the updated signatures are sent back to each mobile user from the base
station. The resulting transmit signals, after matched filtering on the receiver
side are PTY?\/P,W# where P is a unitary matrix from the decomposition
CrUA"? = PT?V.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



117

List of References

[1] S. Verdu, Multiuser Detection. Cambridge University Press, 1998.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



