
DISSERTATION

SIGNAL DESIGN. DIVERSITY, AND CAPACITY IN MULTI-ACCESS 

COMMUNICATION SYSTEMS

SUBMITTED BY 

ZHIFEI FAN

ELECTRICAL AND COMPUTER ENGINEERING

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS 

FOR THE DEGREE OF DOCTOR OF PHILOSOPHY 

COLORADO STATE UNIVERSITY 

FORT COLLINS, COLORADO 

FALL 2006

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



UMI Number: 3246275

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy 

submitted. Broken or indistinct print, colored or poor quality illustrations and 

photographs, print bleed-through, substandard margins, and improper 

alignment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript 

and there are missing pages, these will be noted. Also, if unauthorized 

copyright material had to be removed, a note will indicate the deletion.

®

UMI
UMI Microform 3246275 

Copyright 2007 by ProQuest Information and Learning Company. 

All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company 
300 North Zeeb Road 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



COLORADO STATE UNIVERSITY

October 19, 2006

WE HEREBY RECOMMEND THAT THE DISSERTATION PREPARED 

UNDER OUR SUPERVISION BY ZHIFEI FAN ENTITLED SIGNAL DESIGN, 

DIVERSITY, AND CAPACITY IN MULTI-ACCESS COMMUNICATION SYS­

TEMS BE ACCEPTED AS FULFILLING IN PART REQUIREMENTS FOR 

THE DEGREE OF DOCTOR OF PHILOSOPHY.

Committee on Graduate Work

Edwin K. P. Chong

Peter J.

- X3-. ■*
id R. AzamfciSadiaaT#ipmoed R. Â mjGBadjc
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A BSTR AC T OF DISSERTATION

SIGNAL DESIGN, DIVERSITY, AND CAPACITY IN MULTI-ACCESS 

COMMUNICATION SYSTEMS

In this dissertation, we exploit degrees of freedom in time and frequency to trade­

off capacity and diversity in time-frequency-spreading channels. We then design 

signals to maximize channel performance.

We consider the trade-off between multiplexing gain and diversity gain for 

the block-fading sub-channel model. The channel vector may be rank deficient 

with arbitrary covariance structure. We derive this trade-off by considering the 

scaling law of the ergodic capacity, which represents the multiplexing gain, and the 

error probability, which determines the diversity gain at high SNR. With a fixed 

multiplexing gain, we give an upper bound and a lower bound on the maximum 

diversity gain, and give an optimization procedure to get the exact maximum 

diversity gain.

We also address the trade-off between multiplexing gain and diversity gain for 

the frequency-selective channel. Similarly, we derive this trade-off by considering 

the scaling law of the ergodic capacity, which determines the multiplexing gain, 

and the error probability, which determines the diversity gain at high SNR. It 

is proved that this trade-off only depends on the number of independent taps of 

the equivalent FIR channel filter. The error probability is bounded by the outage 

probability and the error probability without outage. The scaling law of the outage 

probability and the error probability without outage at high SNR are derived, as 

are approximations of the outage probability at both low and high SNR.

Besides the theoretical research on capacity and diversity, we investigate sig­

nal design, i.e. joint analog precoder and equalizer design, for multichannel data 

transmission over the frequency-selective channel. The design goal is to maximize

iii
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mutual information rate, minimize the mean square error, or minimize the bit er­

ror rate subject to a transmit power constraint. We assume a continuous channel 

model with precoder transmissions for M subchannels that lie in an re-dimensional 

linear subspace of L2(1Z). We first design the subspace according to the channel 

characteristics, and then design the precoders as functions in this subspace. Af­

ter the design of the optimal precoder and equalizer, we explore the geometry of 

these designs. We show that all of these precoder and equalizer designs are, in 

fact, decompositions of a virtual two-channel problem into a system of canoni­

cal coordinates, wherein variables in the canonical message channel are correlated 

only pairwise with corresponding variables in the canonical measurement channel. 

This finding clarifies the geometry of precoder and equalizer designs and illustrates 

that they decompose the two-channel communication problem into what might be 

called the Shannon channel.

We also investigate joint precoder and equalizer designs for a CDMA multi­

user, multi-path system, and design the precoder to get a simplified receiver design 

for an MMSE equalizer on the receiver side, using a warp convergence property 

for special matrices.

Zhifei Fan

Electrical and Computer Engineering Department

Colorado State University 

Fort Collins, CO 80523 

Fall 2006
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C H A PTER  1 

Introduction

1.1 Degrees-of-Freedom in W ireless Communications

In wireless communications, the effect of the channel on the transmitted signal 

is a function of the signal bandwidth and signal duration. Figure 1 illustrates 4 dif­

ferent channel effects for signals with signal bandwidth W  and signal duration T. 

In the figure, A tc is a coherent time that roughly characterizes time intervals over 

which the channel is time-invariant and A f c characterizes the bandwidth of this 

time-invariant channel. If the signal duration T  is less than the channel coherence 

time A tc, and the signal bandwidth W  is less than the channel coherence band­

width A/c, then the channel is time-invariant and frequency-nonselective. The 

signal is said to experience flat fading in time and frequency when transmitted 

through the channel. If the signal duration T  is less than the channel coherence 

time A tc, but the signal bandwidth W  is greater than the channel coherence band­

width A f c, then the channel is time-invariant and frequency-selective. Sometimes 

this frequency selectivity may be associated with time-invariant multipath scat­

tering. If the signal duration T  is greater than the channel coherence time A tc, 

but the signal bandwidth W  is less than the channel coherence bandwidth A f c, 

then the channel is time-variant and frequency-nonselective. The signal is said to 

experience time-varying flat fading in frequency. If the signal duration T  is greater 

than the channel coherence time A tc, and the signal bandwidth W  is greater 

than the channel coherence bandwidth A /c, then the channel is time-varying and 

frequency-selective. In other words, the channel is a time-varying filter. Sometimes 

these effects may be associated with Doppler spreading and multipath fading.

Over- and Under-Spread Channels

According to the product p := A tcA f c, the channel may be classified as un-

1
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(a) F lat Fading

A tc

A /c

T

A /c

(b) Time-Invariant 
Frequency-Selective

A tc

(c) Time-Varying 
Frequency-Nonselective

(d) Time-Varying 
Frequency- Selective

Figure 1. Channel effects for signals with different signal bandwidth W  and signal 
duration T. The first signal has T  < Atc, and W  < A /c, so it sees a channel that 
is time-invariant and frequency-nonselective. The second signal has T  < A tc, and 
W  > A /c, so it sees a channel that is time-invariant and frequency-selective. The 
third signal has T  > A tc and W  < A /c, so it sees a channel that is time-varying 
and frequency-nonselective. The fourth signal has T  > A tc and W  > A /c, so it 
sees a channel that is time-varying and frequency-selective.

derspread or overspread. When p »  1 , the channel is underspread. According to 

the Landau-Pollak Theorem, we can design a signal with 1 < T W  < p to estimate 

the channel and then use it for communication. On the other hand, when p < 1, 

the channel is overspread. In this case, no signal can lie in a subspace of dimension 

less than 1, so the channel varies too fast to be estimated and used. In our work, 

we only consider the underspread channel. That is p »  1. For intuition we note 

that p «  B}rrn = A tcA f c, where Bd = is the doppler spread and Trn = -Uy is 

the multipath spread, so that they cannot both be large.

Usage of the Time-Frequency Signaling Space

Given a frequency band W  which is much greater than the coherence band­

width, W  »  A f c, and given a signaling interval T  which is much greater than 

the coherence time, T  »  Atc, then in this T W  time-frequency signaling space, 

there are independent fading paths. This is case (d) in Figure 1.

There are many ways to design the signaling in this T W  time-frequency signal­

ing space. We can divide this time-frequency signaling space into non-overlapping 

time-frequency cells whose bandwidths are less than or equal to the coherence
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A /c

A tc

T  T  T  T
(a) (b) (c) (d)

Figure 2. 4 different ways to design the signaling in the T W  time-frequency sig­
naling space. In (a), we divide the T W  signaling space into non-overlapping time- 
frequency cells whose bandwidths are less than or equal to the coherence band­
width and whose time durations are less than or equal to the coherence time. In
(b), we divide the T W  signaling space into non-overlapping time cells whose time 
durations are less than or equal to the coherence time Atc. In (c), we partition 
the T W  signaling space into non-overlapping frequency cells whose bandwidths 
are less than or equal to the coherence bandwidth A f c. In (d), we transmit high 
time-frequency product signals in the space.

bandwidth and whose time durations are less than or equal to the coherence time. 

See Figure 2(a). Approximately, the signal sees Af  independent block fades. 

Signal waveforms may be transmitted within each cell and each will see a time- 

invariant, frequency-nonselective flat fading channel.

Using time division, as in Figure 2(b), we can divide this T W  signaling space 

into non-overlapping time cells whose time durations are less than or equal to the 

coherence time Atc. Signal waveforms are transmitted in each cell and see a time- 

invariant, frequency-selective channel. Using frequency division, as in Figure 2(c), 

the T W  signaling space can be partitioned into non-overlapping frequency cells 

whose bandwidths are less than or equal to the coherence bandwidth A f c. Sig­

nal waveforms transmitted in each cell see a time-varying, frequency-nonselective 

channel.

We can transmit high time-frequency product signal waveforms, for example 

CDMA signals, in the time-frequency signaling space, as in Figure 2(d). The signal 

waveform sees a time-varying, frequency-selective channel.
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Note that in each of these time-frequency signaling spaces, there are essen- 

tially independent fading paths, so, equivalently, there are N  := in­

dependent parallel channels in each time-frequency signaling space, as illustrated 

in Figure 3. Since the probability of simultaneous deep fading of several indepen­

dent parallel channels is far less than the probability of deep fading of one of them, 

this gives us a possibility to reduce error probability by repeated transmission of 

the same symbols carried by the information-bearing signals in different parallel 

channels, which on the other hand will reduce the data rate compared to trans­

mission of each symbol once. In other words, the independent parallel channels 

supplied by this time-frequency signaling space gives us freedom to trade-off error 

probability and data rate. Note that there are many methods for linearly combin­

ing transmit symbols carried by information-bearing signals or modulation pulse 

shapes to transmit bits in the channel. But the underlying idea to get diversity is 

as described above.

7 W0 lZo /  h0 ^  X Vo

7 Wl
^  *  > * Vi

•  w N I
>  tf> ye - 1

% N - 1 ^ ^

Figure 3. Equivalent N  independent parallel channels in the T W  time-frequency 
signaling space

In summary, to get diversity gain is to reduce the error probability. To get 

multiplexing gain is to increase the data rate. The trade-off between multiplexing 

gain and diversity gain is the trade-off between data rate and probability of error, 

at high SNR.
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A natural question which come up is, what’s the maximum diversity gain we 

can get for a given data rate? This question has been answered in [1] for MIMO 

channels. In [1] the authors explored the degrees of freedom in time and space. In 

our work, instead, we’ll explore the degrees of freedom in time and frequency.

Block Fading Sub-Channel: In this dissertation, we consider the block fading 

sub-channel, i.e. the channel model in Figure 1 (a) and Figure 2 (a). We give 

an upper bound and a lower bound on the diversity gain at high SNR with fixed 

multiplexing gain in the case of symbolling in a time-frequency signaling space 

over a time-frequency-spread channel whose channel vector may be rank deficient 

and has arbitrary covariance structure. Then we give a simple linear programming 

optimization procedure to derive the exact diversity gain at high SNR with fixed 

multiplexing gain which doesn’t depend on the detailed values of the channel co- 

variance matrix. We derive the outage probability and error probability at high 

SNR for this channel.

Frequency Selective Channel: In this dissertation, we also consider the

frequency-selective channel model, i.e. the channel model in Figure 1 (b) and 

Figure 2 (b). We derive the trade-off between multiplexing gain and diversity gain 

for the frequency-selective channel. Then we derive the scaling law of the outage 

probability of the frequency-selective channel (equivalent to the tapped delay line 

channel model in [2]) at high SNR, and give approximations of the outage probabil­

ity at low and high SNR. We derive the error probability of the frequency-selective 

channel at high SNR. The outage probability of the tapped delay line channel 

with two taps is derived in [3], and the density of the mutual information of the 

MIMO tapped delay line channel with arbitrary taps is derived in [4] with special 

assumptions.
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1.2 Signal Design in the M ultiaccess Channel

A general approach to digital communication is orthogonal signaling in which 

transmitted symbols are modulated onto a set of orthonormal waveforms. One class 

of such schemes uses a Gabor system, which consists of time and frequency shifts 

of one pulse shape. Multiple carrier modulation, orthogonal frequency division 

multiplexing (OFDM), or discrete multitone modulation (DMT) are all important 

examples of Gabor systems. They divide the channel into many small time slots 

and frequency bands that are matched to the characteristics of a doubly dispersive 

channel.

To eliminate ISI and ICI in the dispersive channel, a cyclic prefix may be in­

troduced, but this reduces the spectral efficiency. To combat both time-dispersion 

(multi-path fading) and frequency-dispersion (Doppler spreading), many Gabor 

systems with good time and frequency localized pulse shapes have been stud­

ied. These include coded OFDM [5], Gabor systems with time-frequency product 

greater than 1 [6 ], and OFDM with offset-QAM (OQAM) [7] [8 ], which also corre­

sponds to the Wilson basis [9]. While these orthogonal signaling schemes address 

the signalling basis thoroughly, they leave the communication and information 

aspects unexplored.

A large class of linear precoder and equalizer designs based on a variety of 

criteria [10] [11] [12] [13], have been published for the discrete block transmission 

model [14], [15], [13], [16]. In this model the channel, together with the digital to 

analog converter in the transmit side and the analog to digital converter in the 

receive side, is assumed to be FIR with order less than the transmission block 

length. Zero padding or zero leading (including cyclic) prefixes are used to elim­

inate the inter-block interference and convert the system into a matrix map [14]. 

The implicit underlying assumptions when converting the continuous model into

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



7

a matrix map are that the precoder and equalizer filter banks are time limited.

In this dissertation we bring the analog basis for precoder and equalizer design 

directly into the problem, as in [17]. We then optimize with respect to it and with 

respect to its linear combinations in order to design the analog precoders. We 

consider an analog channel, and design the precoder and equalizer in two steps. 

First, we match the subspace for the precoder filter-bank to the channel. Next, we 

design the precoder filter-bank as linear combinations in a basis for this subspace. 

In the under-spread linear time-variant channel, the importance of the two design 

steps becomes clear.

Next, we explore the canonical coordinate geometry of these designs [18]. We 

show that all the precoder and equalizer designs we consider are, in fact, decom­

positions of a virtual two-channel problem into a system of canonical coordinates, 

wherein variables in the canonical message channel are correlated only pairwise 

with corresponding variables in the canonical measurement channel. This finding 

clarifies the geometry of precoder and equalizer designs and illustrates that they 

decompose the two-channel communication problem into what might be called the 

Shannon channel.

1.3 Precoder Design in CDM A M ulti-user M ulti-path System s

The linear minimum mean square error (LMMSE) receiver is a widely used 

linear equalizer in CDMA multiuser systems. To get the LMMSE equalizer, we 

need to compute a K  x K  matrix inversion R yy, where K  is the number of users. 

This is a time-consuming computation. There are many fast algorithms for the 

matrix inversion. The conjugate gradient method is one of them, which is guaran­

teed to converge in K  steps. When the number of users K  is large, this is still a big 

burden. It has been discovered that the convergence time of the conjugate gradient 

method depends on the number of distinct eigenvalues of the matrix Ryy. This
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initiates the thought that we might design the precoder to make RyV have a small 

number of distinct eigenvalues. In the flat fading CDMA system, precoding can be 

used in both the uplink and downlink. But in the multipath CDMA system, since 

each mobile receiver receives a signal experiencing different multipath fading, the 

precoder in the down link can’t take care of everyone. We only consider the uplink 

multipath CDMA system. Suppose the base station can estimate the channel of 

each user, design the precoder, update the signature waveforms and transmit them 

back to each user. In the next symbol period, each mobile user uses the updated 

signature, and the MMSE equalizer is simplified.
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C H A PTER  2

Trade-off between Capacity and Diversity for Block Fading
Sub-Channels

In this chapter we consider a “block fading sub-channel” communication prob­

lem, wherein a transmitter-receiver pair exchanges symbols in flat-fading subchan­

nels to optimally trade off capacity and diversity. Capacity is used to increase 

data rate and diversity is used to decrease error rate. So there is a trade off to be 

made, which we characterize. The main result is to characterize admissible pairs 

of capacity and diversity. Roughly, the sum of diversity and capacity is the rank 

of a subchannel gain vector.

2.1 Channel M odel

We consider the channel model in Figure 4, where we fix the time-frequency 

signal space of dimension T W . A tc and A f c are respectively coherence time and 

coherence bandwidth of the channel. We divide this T W  signaling space into 

non-overlapping A tcA /c time-frequency cells. Define K  := ■£-, and L := 

and N  := K L. In each cell, the signal sees a flat fading channel. The fading 

coefficients are assumed to be random variables with circularly symmetric complex 

Gaussian distribution. We assume that in the ( i,j) th  cell, the fading coefficient 

hij is distributed as /i^ ~  CA[0, a2}. Define vector hi := [hii0, • • • , /q,x,-i]T, and 

the “vec” h  := [h^, • • • , h ^ _ 1]T, which is a vecing of columns. We assume that 

the correlation matrix of vector h  is E [hhH] = R h, the rank of is ft ^  

and the eigenvalue decomposition of Rh is Rh  =  Recall that in the

introduction, we described the case where Rh is diagonal with full rank N. Here, 

we consider the more general case where Rh has rank n < N. We call this channel 

model a block fading sub-channel model. In this problem, we only consider the

10
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high SNR case, and assume that the receiver knows the channel state information 

hij, i =  0,1, ■ ■ • , K  — 1; j  =  0,1, • • ■ , L — 1, but the transmitter only knows the 

distribution for these random variables.

T

Figure 4. Block fading channel model. T W  time-frequency signaling space is 
partitioned into non-overlapping A tcA f c time-frequency cells

Note that the two dimensional subscript does not affect the analysis. For 

simplicity, we change to a one dimensional “vec” description. The channel coef­

ficients in the N  A tcA f c blocks are ho, • • • , hyv-i- Redefine the channel vector 

h  : =  [ h 0 , • • • , h N _ ! ] T , N  = KL.

In the signalling design for this T W  signalling space, suppose we separate the 

N  cells far enough apart in time-frequency that the basis for one A tcA f c cell is 

orthogonal to the basis for another, so that there is no inter-cell interference. We 

transmit p symbols Xj[fc], k = 0, • • • ,p  — 1 in the ith cell. The x%[fc] are modu­

lated onto the transmitted signal x^ t)  =  [>̂ fe=o ■'Ti[h]T?l(h, t), where r]l(k, t) are an 

arbitrary orthonormal basis for the ith  cell. The received signal in the Rh cell is

p —i  p —i

Vi(t) =  Xi( t )  +  ni ( t )  = Y ^ x i [ k ] r i i ( k , t ) +  ^ 2 n i [ k } r ) i ( k , t ) .  ( 1)
k = 0 k = 0

The yi[k\ := Xi[k] + nx[fc] are the demodulated symbols. nx{t) is proper, complex 

white Gaussian noise with spectral density N q.
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Each A^c A /c time frequency cell has approximately 2p+ 1 dimensions accord­

ing to the Landau-Pollak Theorem. In this time frequency cell, we can transmit 

p complex symbols which can be decoded at the receiver. Define the transmit 

random vector in the ith  block £; := [xi [0], • • • , .x, [p — 1]]T, and the received ran­

dom vector y i := [j/»[0 ], • - - ,Vi[p — 1]]T, and define the transmit random ”vec” 

x  := [xq , • • • , and the receive random ”vec” y  := [y^, • ■ • , y^_i]T-

We use the notation =  in [1] to denote exponential equality. For example, 

f ( p )  =  Pa means
log /(p )lim —;------- =  a

p->oo log p

and > , <  are similarly defined.

2.2 M utual Information

The mutual information between the transmit symbol, and the composition 

of the receive symbol and the channel is

n v  n , \  ' n  /  M  P x \ y , h ( u \ v , w )i ( x - , y ,n )  = 2_^2 ^ 2 ^ p x%yth(u ,v ,w ) \o g — — t - :— .
14 V W

The conditional mutual information between the transmit symbols and the receive 

symbols, conditioned on the channel is

Tf-L> A ) n / \  I m  P x \ y , h { u \ v , w )
I(X-, y \ H )  =  X ,  £  £  “ ) log p„h(u |^ ) -

U V IV '
i \ I I M Px\y,h(u\v, w)

=  E E E  log
V, V VJ 1

=  Y , Ph^  lQg Px]pxĥ u jw ) ~  =IV U V '

where the random variable I(X -,y \h ) =  Y , v Px,y\h(u, v \h) log P is

the mutual information between the random vectors x  and y ,  given the random 

channel h.
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It is easy to show that I (X- , y ,H)  = I ( X \ H )  +  I (X- ,y\H) = I ( X-y \H) .  

The last equality follows because, without knowledge of the channel realization, 

symbols are transmitted independently of the channel random variables.

Since in the communication system in Figure 4, given the channel and the 

transmitted symbols, the symbols received in subchannel i are independent of 

those transmitted and received in subchannel j ,  or in other words, the channel 

is memoryless, I(X-,y\h)  < 1 ^ 3^I ) with equality if the transmitted

symbols in different cells are independent, which is assumed hereafter. Thus

n x - ,y \h )  = 'E ? ^ 1i(Xi-,yi\hi).

2.3 D iversity Gain

In the T W  time-frequency signaling space, there are N  basic A t cA f c time- 

frequency cells, which provide n linearly independent fading channels, because the 

rank of E [hhH] is n. At high signal-to-noise ratio (SNR), without using diversity, 

we know that the probability of the symbol error Pe is inversely proportional to 

SNR, Pe =  SNR-1. If we use diversity, the probability of the symbol error is 

Pe =  SNR-<i, where d is the diversity gain. So, d = limSNR->oo iog°sNR ■ T W

time-frequency signaling space, with correlation between the channel gains hi, there 

are n < N  linearly independent fading blocks, and the maximum diversity gain is 

n < N.

2.4 M ultiplexing Gain

We define the data rate of a coding scheme in the A tcA f c time-frequency 

cell as Ra^a/c(bits/cell), and similarly the data rate of a coding scheme in a T W  

time-frequency block as R tw  (bits/block). Since we can not get diversity in a 

A tcA f c time-frequency cell, but we can in the T W  signaling space, the spectral 

efficiency (in bits/sec per Hz) is > or in bits Rtw  =  lN R & tc&.fc
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with 7  E (0,1]. We shall call r =  7 N  the multiplexing gain and note that this gain 

is never greater than N .

The ergodic channel capacity is the maximum data rate at which the source 

can transmit reliably. We show the ergodic capacity does exist in the communica­

tion system in Figure 4, and increases linearly with log SNR: C = log SNR +  0(1), 

at high SNR.

Reliable communication at rates arbitrarily close to the ergodic capacity re­

quires averaging across many independent realizations of the channel gains over 

time. Since at high SNR, the capacity increases linearly with log SNR, we should 

consider schemes that support a data rate which also increases linearly with 

log SNR. As we are considering coding over only a single T W  time-frequency 

signaling space, we must lower the data rate and take into account the random­

ness of the channel. At high SNR, we only consider coding schemes with data 

rate in each A tcA f c time-frequency cell that increases linearly with log SNR ap­

proximately as R-AtcA/c =  P log SNR +  0(1). Coding schemes whose rate does not 

increase linearly with log SNR have multiplexing gain 0.

2.5 Result Statem ent and Idea of Proof

We derive the trade-off between the multiplexing gain r and the diversity gain 

d in the T W  signaling space for N  block fading sub-channels, each of dimension 

p. The derivation follows the idea of the derivation in paper [1] where the authors 

derived the capacity versus diversity trade-off in multi-antenna channels. First, we 

prove that the ergodic capacity C  (bps/Hz) of the channel does exist and increases 

linearly with log SNR at high SNR: C = SNR, or C = log SN R +0(1) at high SNR. 

So, there exists a coding scheme whose data rate increases linearly with SNR.

At the data rate Rtw  =  rp log SNR, with data rate p log SNR in each sub­

channel, and multiplexing gain r, we derive the maximum diversity gain over all
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coding schemes. Instead of deriving the exact symbol error probability, we give an 

exponentially equivalent lower bound and an upper bound on Pe [1],

Povt{ri SNR) < Pe < Pout(r , SNR) +  P(error, no outage)(r, SNR),

where the last inequality comes from

Pe(r, SNR) =  P0ut( !̂ SNR)P(error|outage) +  P(error, no outage)

< P0ut( !̂ SNR) +  P(error, no outage).

Here, Pout (r, SNR) is the outage probability defined as the probability that the 

instantaneous mutual information of the channel is less than or equal to the given 

rate. Then we try to find the maximum diversity gain over all coding schemes for 

a given multiplexing gain r by taking

lim logR,ut(r SNR) = _ d
SNR—>oo log SNR

and finding some coding schemes such that

log (Pout(r. SNR) +  Pferror, no outage)) 
lim -----------------------— ——------------------- - =  —aSNR-oo log SNR

Then we are able to say the error probability is

]im logP.tr SNR) _
SNR—>00 log SNR

This formula is used to explore the trade off between the time-frequency mul­

tiplexing gain and the diversity gain.

2.6 Ergodic Capacity

We consider the case where the channel changes slowly enough that the re­

ceiver can estimate the channel parameters but there is no feedback from the 

receiver to the transmitter. The channel is underspread, meaning p »  1. So the
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n -------------------------------------------0 ------------------------------------------- ^  y

Figure 5. The realization of the channel is known to the receiver but not the 
transmitter. So equivalently, the channel output consists of the pair (Y , H ).

channel output consists of the pair (y, h ) and the distribution of h  is known at 

the transmitter. See Figure 5.

In [2], it is proved that the discrete time-invariant memoryless channel has 

ergodic capacity equal to the maximum of the mutual information between the 

transmit symbols and receive symbols. We follow the arguments of [3] to construct 

a discrete time-invariant memoryless channel. Consider the communication system 

in Figure 4, which transmits p independent complex symbols in each A tcA f c time- 

frequency cell. We construct p complex super symbols, where each super symbol 

is an TV := tuple constructed by joining together one complex symbol from

each of the N  time-frequency cells of area A tcA  f c. For given values of the channel 

parameters {hi}, we have a memoryless time-invariant super channel, to be defined 

in due course, for which the coding theorem [2] assures that rates close to I(X ' ,y \h )  

can be reliably transmitted with the specific coding scheme above provided p »  1 , 

that is p is very large such that transmission at rates close to I(X-,y \h)  with high 

reliability is possible [2], As /(A ; y \h )  (for finite T) is a random variable, strict 

capacity in the Shannon sense does not exist. Thus the concept of capacity versus 

outage arises here, where the outage (or failure) probability for a given rate is 

interpreted as the probability that /(A ; y \h )  falls below that rate. When T  —► oo, 

then, under mild regularity conditions, the random variable lim ^oo ^ / ( A ;  y \h )  

equals (due to the weak law of large numbers) to its average with probability 1 .
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In this sense, strict Shannon capacity does exist and it equals the average mutual 

information I. The mild regularity conditions require that the channel h  satisfy 

the asymptotic mean stationarity property [3].

Consider the communication system in Figure 4. Suppose we repeatedly use 

the T W  signalling subspace to transmit symbols, and the fading is independent 

identically distributed from channel use to channel use. Obviously, this channel 

model is a kind of block interference (BI) channel defined in [4], and furthermore 

it satisfies the compatibility assumption in [4]. Since in every block the channel is 

memoryless, the ergodic capacity of this channel is the maximum of the average 

mutual information.

Given h, channel (1) is a Gaussian channel, the optimal a: is a complex Gaus­

sian distributed random vector, and the mutual information between the transmit 

and receive vector is

I(X i,y i\h i)  =  log det(I +
iv0

where R XiXi is the covariance matrix of x t) and cct is the symbol vector transmitted 

in subchannel i. We distribute power into each A tcA f c time-frequency cell so that 

ti'{R XtXt} < Pi with Pi =  P T  8,8 the power constraint.

The ergodic capacity of the communication system in Figure 4 is

c = ¥ivE (glogdet</ + 5eSTL>) ■
Suppose R XiXi — U iA iU f  is the eigen decomposition of R XiXi. Then recalling 

that T W  = Np, the objective function may be written as
1 N  — l P~  1 r- .

C =  max - i - Y "  V £ l o g ( l  +

subject to
TV—1 p - 1  

i= 0  fc=0
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Here, Sik is the kth  diagonal element of A* and A, := \ht \2.

Since /i, ~  CW[0, a2], the random variable x = \hi\2 has density function

f (x )  = -^ e x p { --^ } .
a2

Define =  |j£, so that

E[\og(I + pik\i)]
1 x

/  log(l +  P i k X )— exp{ -}dx
Jo G afOO

X
1 X= —= /  exp{ -} log(l + pikx)d.

^  J o  &

=  -e x p { ----- -}Ei(--------),
P i k & 2 P i k °

where Ei is the exponential integral function
POO

Ei(—z) = — I e~tt~ ldt.
J  Z

This yields
1 JV- l p _ 1  l 1

C = -  max —  exp{--------}Ei(---------),
ftk.Vi.fc N p  ^  “  piktr2 p ika 2

subject to
N —l p - 1  p r p

i=0 k=0 u
It is easy to show that the optimal Pik = p, for all (i, fc), where p is defined to 

be p := From now on, we use p to denote SNR. The capacity is then

C = -  ex p { -^ } E i(— ^ ) .
per2 pa2

An asymptotic expression for C is

pa2, pa2 «  1

^  '  log(l +  pa2) -  C, pa2 »  1

where C «  0.577 • ■ • is the Euler constant. At high SNR,

C  =  log p +  log a2 — C.

So, at high SNR, C  =  logp +  0(1).
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2.7 Outage Probability

Given a rate R t w  =  l ^ R ^ . tcAjc =  7 -ZVplogp =  rp log p per T W  time- 

frequency signaling space, we want to derive the maximum diversity gain of a 

coding scheme, or the maximum d such that

p  1 r  l o g F e  a  Re — —7, or, lim  ------- =  —a.pd i0g p

We can follow [1] to prove that Pout!?', SNR) < Pe(r, SNR). The proof is omitted 

since it is essentially unchanged from [1], An upper bound for Pe[r, SNR] is

Pe(r, SNR) < PoutO") SNR) +  P(error, no outage). (3)

So, next we derive Pout(n p). Following the proof of [1] to choose the circularly 

Gaussian distributed random vector x  and optimize over the input covariance 

matrix, the outage probability is

Pout{r,p) = inf P [ l ( X m,y \h )  < rplogp]Px(u)

= P  [ log d e t ^1  +  Rx%XJ h^ ) < rp log p] ,
( a )  iVQz=U

where the area (a) is trace(i?XiXi) < PT, and the probability is taken over

the random channel vector h.  Recalling that aq is a p dimensional vector, and that 

Np-^ = P T , taking R XiXi = {^1 gives an upper bound on the outage probability,

N - l

P [p ^2 ^o g (l +p\hi\2) < rplogp]. (4)
i = 0

On the other hand, since t race(- â:ia;i) < PT, each eigenvalue of

R x ^ , for all i is less than or equal to PT. Then P T I  — R x iXi > 0, for all i, 

which means that it is a positive semi-definite matrix. If we replace each R XiXi by 

P T I, the mutual information is increased, since logdet is an increasing function
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on the positive- semi-definite matrix:

1 R x x \h i\\  , / r  PT\hi\2I
^ l o g d e t  (1 + — ^ ---- ) < E lQg det(J +  N q )
2 = 0  2 = 0

N - 1

=  p ^ 2 lo g ( l+  Npp\hi\2). (5)
i = 0

Hence, the outage probability satisfies
N - 1

R | p E  logC1 +  Npp\hj\2) < rplogp] < Pout(r,p) 
i = 0

JV -l

< P [p ^2 ^o g {l +p\hi\2) < rplogp}.
i=0

At high SNR,

lim lo g ^ b E t^ o ^ o g l1 + P\hi\2) < rplogp]
p—too log p

=  lim log p[p  E ^ o 1 !og( 1 +  Npp\hj\2) < rplogp] 
p—> oo log(Npp)

Therefore for high SNR or when p —> oo, the bounds are tight, and we have
TV-1 JV-1

Pout[r,p] =  P f p ^ M i  +  H ^ I2) < rplogp] =  P [ ^ 2 lo g ( l  + p\hi\2) < rlogp],
2—0  2 = 0

(6)

and we can fix the input distribution to be i.i.d. Gaussian without loss of generality.

2.7.1 A Lower Bound

Since h  =  [h0, • • • , /ijV_i]T is a circularly symmetric complex Gaussian ran­

dom vector with covariance matrix R^h — U"EUH, we can find a vector ip =

[ipo, • • • ,'ipn-iY ' whose elements are independent circularly symmetric complex 

Gaussian random variables ipi ~  CN[0,a2\, where of is the zth eigenvalue of £ , 

such that h  =  U nip, where U n is defined to be the left n columns of U . Since 

the vector h  has reduced rank with rank n, we can choose a vector of linearly 

independent elements with dimension n from vector h.  W.l.o.g. we assume h n :=
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[h0, •, hn-i]T is this linear independent vector. Vector /iv-n := [hn, • •• , /qv-i]T is 

a linear combination of vector h n as

hr>i—n  W {N - n ) x n h n , ( 7 )

where W (W_„)Xn is an (N  — n) x n matrix whose ( i,j) th  element is defined to be

W i,j  ■

Lem m a 1. A lower bound on the outage probability in the block fading sub-channel 

is Pout{r, logp) > or an upper bound on the maximum diversity gain is

n (l — jj) , when the channel rank is n and the multiplexing gain is r, which is to 

say the spectral efficiency is fixed at =  rp̂ f p = ^ logp , where rp = 7 N.

Proof. Since the arithmetic average is greater than the geometric average, we get 

that

N - 1 JV- 1

i = 0  i = 0

N - l

]T lo g ( l  +  p |h,|2) =  log J J (1  + p\hi\2)
i= 0

N - l

< N  log— 5 ^ (1  +  p\hi\2

N

" - 1 u . 1 2 '
=  IVlog + ^

The last equality is easily obtained from h  =  U n(f>. Then, a lower
— 1 11 |2

fVlog(l +  p jy *--) < r lo g p  .
— 1 I j |2

N  log(l +  p i=QN ) < r log p ?■ is equivalent to event 

{EL'o1 W  < NffiT}-1 -  p”1)} and

n {m2 * A,(p”"‘"p"1)}e {i>|2 s -

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



22

Then, a new lower bound of the outage probability is

P
n —1n
. 1= 0

N (p7}~1 -  p - 1)
n

71—1 ✓

r u l i
i= 0 '■

2 < N ( P n 1 ~  p  l ) 
~  n

This equality is because the (pt are independent. Since

N { p i f ~ l — p_1)" 1 -  P
n

= 1 — exp < —
n o t

Quantity (8 ) is equal to

n(l-e*p{-
i=o v k

N (pN  1 — p 1)
no?

It follows that

— lim
p—>OQ

or equivalently

71—1

logp

n  p  \  i * i 2 < A eP P i a A  |  =  ( i-*)
i=0 '■ n J

= n ( l - w )

(8)

from L’Hospital’s method. This gives a lower bound on the error probability and 

an upper bound of the maximum diversity gain at a fixed multiplexing gain. □

2.7.2 An Upper Bound

Lemma 2. A n  upper bound of the outage probability in the block fading sub-channel 

is P out(r, logp) < p~(n~A+, when the channel rank is n and the rate is fixed at 

R t w  = rplogp. Here x+ =  max{x,0 }.

Proof. Define A.t := |/ij|2, <pt := arg(hi) and := ■ The joint density of
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a  : bo, , ^n—l] , 0  • bo, , 0 n—l] I®

r  n —1

x exp " 2

n —1

X ((pai 1 -  P  ^ (p0* 1 -  P  *))5 cos(0i -  0, +  d i j )

where A  and B  are constant matrices depend on the correlations between 

hi, for all i € [0, n — 1], AtJ and BtJ are their ( i , j )th entries, and dij is a con­

stant dependent on A  and B.

By changing variables, the outage probability becomes 

~N~i I »

P o u t M  =  P  =  /  f a<<j>{a,<t>)datd<t>. ( 9 )

U o  J •'{Ef=o1«i<r}

We analyze exp(—l/i(a , 0)) in / ^ ( a ,  0), where h(a,4>) is defined to be 

the part within the brackets. Note that h (a ,0 )  > 0, and for any a; > 1 , 

exp (—̂ h(a , 0 )) decays with p exponentially. At high SNR, we can therefore 

drop the integral over the range with any a; > 1 , and replace the integral 

range from A  := {Ezio* a i — r } ^  R foralH}P){ —ir < 4>i < tt} to

A  = < 1, i =  0, • • • , n — 1 } P) A. In A ' , as p —> oo, exp (—\h (a ,  0)) —>• 1

when a; < 1 , and converges to

COS (jfti (j)j + ( 10)

when at — 1, which does not affect the SNR exponent. So at high SNR, (9) is 

approximately
'N-l

<
1=0

= p~n f  p&?=°ai)dad<t).
JA'

(11)

Since the integrand is constrained to be E i lo 1 a,t < r, a i — r - Recall>71—1

that ai < l , i  =  0 , ••• ,n  — 1 which implies that when r  > n, E l  =0  a i — n.
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Therefore, an upper bound is
7V -1

<
L 1=0

= p~n [  p(E "=olQ,)d ad 0  < p -npr, (1 2 )
JA'IA

which proves that Pout(r, logp) < p r) . □

2.7.3 M ethods to  D erive th e  E xact R esu lts

T heorem  1. At high SNR, the outage probability is exponentially equivalent to 

Pout{r i p) = p- (n- /(“*)) where f(cx) a i and solution of the fol­

lowing optimization problem.

£ ■

n —1

max oti
2 = 0

n —1 N —1

s.f. J ] Q!i +  E Q!̂ - r
i = 0  i= n

0 < OLi < 1, i G [0, n — 1], (13)

where is defined to be a^ax := max(aj, i G [0 , n — 1], s.f. w ^ - n),i 7  ̂ 0 .)

Proof. Prom (11), we know that outage probability is exponentially equal to

P out(r,p)= p-{n- n “''+')], (14)

where / ( a ,  0 ) := and a*, 0  is the solution of the following optimization

problem
n—1

max ^
2 = 0

N - l

s.t. ^ 2  o ii< r  
2 = 0

0  < ai < 1 , i € [0 , n — 1]

—tt < 4>i < 7r, i € [0, n — 1]. (15)

First, we prove that the exponential equivalence in equation (14) does hold. An

exponentially equivalent upper bound is

Pout(r,p) < ( l o g p ) - ^ ^ / ^  =  (16)
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We follow the ideas of [1] to get a lower bound. Note that / ( a ,  0) is continuous,

therefore for any 6 > 0 , there exists a neighborhood of a*, 0  , within which

/ ( a ,  0) > /(a* , 0  ) — 5. It follows that

Pout(r, p) > ( \ogPr deU^ JnB K oi[n n (17)

Since P0ut(?5 p) > p ^ “ for any 6 > 0, we have P0ut(r, p) > pTa' )_n which

together with the upper bound proves equation (14). This means the integral is 

dominated by the minimum SNR exponent.

By (7), we know that

log ( l  +  p| £r=o W(fe-„),i\/P “ i_ 1  -  p - V ^ I 2)

a h  log P

log ( l  +  (P< ~  - 1 )| Er=~o ^ - " ) . V ^ r r eJ0f )

logp

for k = n , - N .  It follows that limp_ 00afc =  af high SNR, dominant 

convergence theorem can be used to change the optimization problem (15) into 

(13), and furthermore prove that Pout(r >p) =  where a* is the optimal

solution of (13), and / ( a )  := ^"^o1 ai- ^

Note that given a lmax, the optimization problem (13) is a linear programming 

problem and can be solved using the methods in [5]. But there are many ways 

to choose a)nax and we experiment to find the best choice. Theoretically, the 

maximum number of ways to try is nN~n. Next, we convert this problem to a 

linear programming problem.

Lem m a 3. The optimization problem (13) can be solved by the following linear 

programming problem. In other words, the optimal feasible solution of the following
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linear programming problem is also an optimal feasible solution for problem (13):

n — 1 

£ ■

n —1

max a,;
i = 0  

N - l

s. t. Oii < r
i= 0

0  < a* < 1 , i G [0 , n — 1]

> afcj, Vfc e  [n, N  — 1]; and kj G {i G [0 ,n— 1], s.t.w ^_n)ti ^  0} .

(18)

Proof. It is obvious that the feasible solution of problem (13) is also a feasible 

solution of problem (18). For the other direction: define the feasible set of problem 

(13) as <Si, which is a subset of the feasible set of problem (18) defined as d>2 - If 

the optimal solution of problem (18) lies in set <Si, it is also an optimal solution of 

problem (13). Next, we prove that the optimal feasible solution of problem (18) 

does lie in set <Si.
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The KKT conditions [5] for problem (18) are

1. p  >  0; rji >  0; & >  0; p k ,kj >  0;

Vi G [0, n — 1]; k G [n, N  — 1];

2. —1 +  /x +  77* +  =  0, Vz G [0, n  — 1];
k

Vfc, s.t.3/Cj =  «;

3. p  -  ^ 2 p k , k j  =  0, Vfc G [n, TV -  1];
k j

N - l

4- oti -  r) = 0 ;
i = 0

5. Pi{oti — 1) =  0, Vt G [0, n — 1];

6 . frctti = 0;Vi G [0,n -  1];

7. Pk,kj{°tk -  Oikj) = 0; V/c G [n, TV -  1];
iv-i

8 . Y l a i - r;
i = 0

9. 0 < Qfj < 1, i G [0, n — 1]

10. a k > a kj,Vk e [ n ,N  -  1].

If the optimal feasible solution of problem (18) does not lie in set <Si, then there 

exists an m  G [n, N  — 1] such that am > a m ., for all rrij. From condition 7, 

we obtain pT„i7Tlj =  0, for all rr i j .  Then, from condition 3, we obtain p =  0. 

Then for all k € [n, N  — 1], Yhkj Pk,kj =  0. Together with condition 1, we obtain 

Pk,kj = 0, for all k G [n, N  — 1]. Putting these into condition 2, we obtain —1 +  

rji — & = 0, for all i G [0, n — 1], Using this with the condition rji > 0, for all i 

and > 0 , for all i in condition 1 , we see that p, > 0 , for all i, which means a* = 

1, for all i G [0, n — 1] from condition 5, and furthermore that a k > 1, for all k G 

[tt, 77 — 1] from condition 10. This violates condition 8 .

So, the assumption that the optimal feasible solution of problem (18) lies 

outside set <Si is impossible to satisfy. The optimal feasible solution of problem
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(18) does lie in set <Si, which means the optimal solution of problem (18) is also 

the optimal solution of problem (13). □

2.8 Error Probability w ith no Outage

Next we consider the other part of the error probability: the probability of 

symbol error in the case that no outage occurs, which affects the upper bound on 

the error probability.

In each A tcA f c time-frequency cell, we can transmit p symbols. In the T W  

time-frequency signaling space, we can transmit T W  = pN  symbols. Define D h =  

diag[h], which is a diagonal matrix with diagonal elements as the elements of vector 

h  defined in Section 2.1. Then

y  = (D h <g> I p)x,

where we omit the noise for notation simplicity, the definitions of x, y  are in 

Section 2.1, and <g> is the Kronecker product. We choose a random code from i.i.d 

Gaussian ensemble. Suppose x 0 and Xi are two N  dimensional complex symbols. 

If Xo is transmitted, the probability that a ML receiver makes a decision in favor 

of Xi, conditioned on a realization of the channel, is [ [6 ] p. 318]

m  i m m  /II (D h ® I p) A x  | | 2 P  [x0 -> ®i|h\ = Q(W--------- ^ ---------- )

where A x  = Xi — xq. By the Chernoff bound [7] p. 53, Q(x) < e~x2/2, and

P [x 0 ^  Xi|h] < e x p { - - i -  || (D h <S> I p)A x  ||2}.
4 iv0

Averaging this bound over the ensemble of the random code, we have the average 

pairwise error probability given the channel realization:

N - l

p i x o ^ x ^ h ]  < n ^ + f N 2)""-
i=0
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Now at a data rate Rtw  = rplogp  per T W  time-frequency signaling space, we 

have a total of prp codewords. Apply the union bound, to get
N - l

P[error, no outage|Ai] < pTp ] [ J ( 1  +  ^ l^ i|2)_p-
i = 0

Changing variables, 1 +  p\K\2 =  p°l , we obtain

P  [error, no outage|/i] < /o_p(Ei=o a*-r\

Averaging with respect to the joint distribution of a ,  0  (see Appendix 2.12), we 

have

P  Terror, no outage] < [  p-p(Ei=0 Qi_r) / ( a ) <p)dad<f>, (19)
-'Edo1 <*i>r

where / ( a , 0 )  is defined in Appendix 2.12. Define the integral area as B := 

{ S ilo 1 ai — r l  n  > 0, for all i} fl {—tt < 4>i < n, for all i}. By a similar argu­

ment for the proof of Lemma 2, we replace the B by B' =  {a* < 1, for all i} 

and get an exponential equivalent upper bound for P  [error, no outage],

P [error, no outage] < ( l o g f  P{1~V)S"=° aid(xd</>- (20)

2.8.1 An Upper Bound

Lemma 4. An exponential equivalent upper bound on the symbol error probability 

without outage is

Proof. From (20)

□

P [error, no outage] < p n̂ r\

P  [error, no outage]

< (log )n* f ( A  + jB )  r  (i-p)Edo1 aida d(p 
~ y ’ (4tt)npn-pr JBP

< (tog „r det(A + j * y - . »
— 2  npn~Pr

= p~^n~r\
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2.8.2 M ethods to  Derive a Tighter Upper Bound

Prom (20), it is easy to show that

P  [error, no outage] < (log J  P(1~P) E ”=° aidad<t>

<  (logp)-det(A + ± p-{n-g{&\4>’))
~ v (4tt p)n t

where g(a,(f)) := ^"Jq 1 a% — pJ2iLa* +  Pr and ot*, (p , is the solution of the

following optimization problem

n - l  JV-1

max E o n - p  E ai +  pr
i= 0 i = 0
N - l

. E T
i = 0

0  < ai < 1 , i € [0 , n — 1]

3.t. ^  a i  >

—ft <  <(>i <  7r, * £  [0, n  — 1], (21)

With the same arguments as those for the proof of Theorem 1, we show that at

high SNR, the optimization problem above is

n —l  N —l

max (1 -  p )  a i -  p  +  p r
2=0 k =n

n —l N  — l

s.t. a i +  “ max > ^
2=0 k=n

0 < ai < l , i  G [ 0 , n -  1], (22)

where a^ax *s defined to be a^ax := max(aj,'i =  0 , • • • , n — 1 , s .t.w ^ -n),i 7̂  0 ).

Therefore,

P  [error, no outage] < p~('n~g(-a 

where a* is the solution of the above optimization problem (2 2 ), and

n - l  N - l

g(a) := <*i -  P ^  a i +  pr.
i = 0 i= 0
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Lem m a 5. The optimization problems (22) and (13) are equivalent.

Proof. First, we prove that given a ^ ax, for all k G [n, iV — 1], the two optimization 

problems are equivalent. Given for all k G [n,N  — 1], problem (13) becomes
n —l 

£ ■

n —l

max ai
i=0 
n —l

s.t. Cjttj < r
i=0

0 < cti < 1,V* G [0 ,n— 1]. (23)

where c, > 1 is the weight of at in the inequality constraint. Obviously, c* — 1

=  a i-

Next we prove that the first inequality is actually equality by the KKT con­

dition. The KKT condition of problem (23) is

1. p > 0;r/i > 0;& > 0;Vi G [0, n — 1];

2. — 1 +  Q/x + r]i — = 0,Vi G [0, n — l];
n —l

3. p L j^  Cjaj -  r) = 0;
i = 0

4. ^(cq -  1) =  0;

5. =  0;
n —l

6 . ^ 2  CiOi < r.
i = 0

Suppose the first inequality is strict, or Y'fT) cia l < r. From condition 3, p. =  0. 

Then from 2, — 1 +  77* — & =  0. Together with conditions 1, 5, and 6 , we get that 

at =  1, for all i G [0, n — 1], which violates the condition 6 . Consequently, the first 

inequality should be equality, and the problem (23) becomes
n —l 

£

n —l

max ^ 2  a i
i= 0 

n —l

CiCq =  r
i = 0

0 < ai < 1,V* G [0,n — 1]. (24)

s.t. J 2 '
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Given afnax. for all k G [n, N  — 1], problem (22) becomes

n —l

max E d  -  pci)ai +  pr 
i = 0

n —l

s.t. CiCti > r
i= 0

0 <  cti < l,Vi e  [ 0 , n -  1], (25)

As above, we can prove that the first inequality is actually equality by KKT

condition, and the problem (25) becomes

n —l

max E d  -  pci)ai +  pr 
i = 0

n —l

S.t. C;a; =  r

i= 0

0 < Oi < 1,V* 6  [ 0 , n -  1]. (26)

Because of the first equality constraint, the objective function above is

n —l  n —l n —l

~  PCi ) a i + p r  =  '}T ,0:i - P r + P r  =  ^ 2 a i ’
i = 0  i = 0  i = 0

which makes the problem (26) exactly the same as the problem (24), and further­

more proves the Lemma. □

From this Lemma, we know that g(a) =  f(c t), and 

P  [error, no outage] < p- (n- /(“ *))

2.9 Summary of the Results

From P0ut(r,p) < Pe(r,p), and Lemma 1, we get that Pe(r, p) > p~n^~7f\ 

From inequality (3), Lemma 2 and Lemma 4, we get that Pe(r,p) < p- ("- r )+. In 

summary,

< P e(r,p) < p - ^ +.
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Equivalently, we get an upper bound and a lower bound on the maximum diversity 

gain:

(n -  r)+ < d < n (l -  -^).

Figure 6  illustrates the above inequality. The diversity gain d can only take on 

values in the shaded area.

d:diversity gain

rank of Rhhn:

N  r: multiplexing gain

(n — r)+ < d < n (l — jj)

Figure 6 . This figure gives the inequality (n — r )+ < r < n (l — jj). The diversity 
gain d can only be the values in the shaded area.

By solving the linear programming problem (18), we can get the exact expo­

nential equivalent form for the error probability

Pe( r , p ) = p - ^ “*»

and the exact maximum diversity

d = n — /(a* ).
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2.10 Exam ples

E xam ple 1. Suppose all the wtj in matrix W\/v-n)xn (7) are non-zero. Then the 

optimization problem we need to solve is

n —l

max ai
i= 0 
n —l

v l^max r
i= 0

0 < on < l , i  G [0,n — 1], (27)

£ '
i= 0
n —l

s.t. aj +  (N  — n)c

where a max := max{a0l • • • , a n_i}. Without loss of generality, we assume a max =  

a 0- Solving the modified optimization problem, we find that the solution is — 

jf, for all i and f(ct*) = j f .  Then P0Ut(r,P) =  Note that this solution

matches the lower bound for outage probability and upper bound for the maximum 

diversity gain.

As a special case, consider the case where the channel vector h  has full rank, 

or n = N . Then the upper bound of maximum diversity matches the lower bound,

which is n ( l — fj) = N  — r. So, in this case Pe(r, p) =  p (N r\  and d = N r.

Exam ple 2. Suppose N  — n < n, and in each row of W ^-n )x n (7), only one 

w^ /  0 , and in different rows the w^ that are nonzero are in different columns. 

Then, w.l.o.g. we get the following optimization problem

n —l

max aj
i = 0

n —l  N —n — 1

s.t. ^ 2  a i =  r
i=0  i = 0

0 < « i <  M e  [0 , n - l ] .  (28)

The optimal solution is as follows: when r < n — (N  — n), on =  l,z  G [N —

n, N  — n +  r — 1] and a j =  0 ,/or all other i; when r > n — (N  — n), oti =  1, i £

[N — n, n — 1] and a* =  r~ > f or other i. When r < n — ( N —n), f(a * )  =  r,

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



35

P<mt{r,p) =  Note that in this case, the solution reaches the upper bound

for the outage probability, and a potential lower bound for the maximum diversity. 

When r > n — (N — n), f(ot*) =  n — —f - .  Pout(r, p) = pÊ L■ Note that this outage 

probability is between the lower and upper bounds.

The above two examples are extreme cases where there is only one choice of 

a max> f°r G [n, N —1]. Then the optimization problems are linear programming 

problems, which are easy to solve. We do not need to solve them using tricks in 

Lemma 3. We give a more complicated example to illustrate the optimization 

procedure.

Exam ple 3. Consider the channel model [ho, • • • , /13] whose rank is 2. [ho, hi] is 

a full rank sub-vector. h2 depends on ho, hi. h2 depends on h2 Then according to 

Theorem 1 and Lemma 3, we formulate the optimization problem as follows:

max do +  di

S .t .  Oi0 +  OC\ +  Oi2 T  £*3 5; f

0 < at < 1 , i =  0,1; a 2 > a^, i = 0,1; > a 2-

Following the simplex method in [5], we can solve this linear programming problem.

The optimal solution is » 0 =  a i =  and the optimal objective function is To

verify, we see that a2 = 0:3 =  j ,  which satisfy the inequality constraints, but not 

the strict inequality.

We can check this solution by choosing the a[°nax, for all k = 2,3, and this 

shows the optimal solution is correct.

2.11 Discussion and Conclusion

In a block fading sub-channel model, when the covariance of channel coeffi­

cients has rank n < N , and the multiplexing gain is r, the maximum diversity
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gain is between (n — r )+ and n (l — jj) . We have found a simplified optimization 

problem to get the maximum diversity gain without knowing the values of the

entries of the covariance matrix.

From the examples, we see that when the channel has full rank, the maximum 

diversity gain is N  — r, which fits the intuition that the more independent channels, 

the more diversity we can gain, and the smaller error probability we can have.

In the Introduction and Section 2.1, we set the block size for a sub-channel to 

be p = A£CA /C. Actually, we do not have to assume that the block size is equal to 

AfcA /c as long as p »  1, which guarantees the existence of the ergodic capacity. 

Note that from the derivation of the outage probability, we see that the block size 

p »  1 does not affect the result. Therefore, we have given a general method 

to derive the outage probability at high SNR for the block fading sub-channel 

model regardless of the size of the sub-channel block. That is to say, the model we 

study is a construct for deriving a more general result where the sub-channel block 

size need not match the channel coherence. The fading correlations are evidently 

enough to capture all channel effects.

2.12 Appendix:Joint Density

In this appendix, we derive the joint density of ao, ■ ■ • , a n_i in Section 2.7. h 0 

is a complex circularly symmetric Gaussian distributed random vector. As in [8 ],

Im(/i0) with covariance matrices K cc and K ss and cross-covariance matrix K cs. 

Then the joint pdf of X c and X s can be written as

we define X c := [Xco,--- ,X Cn_1]T =  Re(h0) and X s := [ X 0,--- ,X Sn_1]T

f x c,Xs(XC-!Xs) —
(27r)n(det(lT))2

1
-ex p X c

x s

where
K cc K  cs
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> 0. Denoteis a nonsingular symmetric matrix. Note that [x^ x j ]  K  1

K l =  £ T %  .S o  { K cc +  j K csy l =  A +  j B .

Define random variables 7o, • • • >7 n-i> <fio, • • • , 4>n-i in terms of X c, and X s

as 7 i := (X 2. +  X%.)1/2, 4>i := tan - 1  , * =  0, ■ • ■ , n — 1. Define Am := |fim|2, 

and ai := loĝ ~pAî . Note that since A; > 0, a; > 0, for all i. Define a  :=

[a0, • • ■ , Qfn-i]T- The joint probability density of a , and 0  is

/ a , ^ ( a , 0 ) =  ( lo g p ) V E "=°lai n) 6XP

where

(29)

h{a,<t>) := Y 1 A u(pa‘ l ~ P  :) +  (A l  +  B i j ^
1 = 0  i,j= 0 i< j

X ((p Qi_1 -  P~l ) {pa°~l -  P- 1 ) ) 5 co s (4>i -  <t>j +  Q ij) .

And the joint probability density of a. is

/ Q(a ) =  (logp)"p^"~o

J  - J  exp ^ -  i / i ( a , 0 ) j d 0 o • d(p.n —l* (30)
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C H A PTER  3

The Approximation of Outage Probability and the Trade-off between 
Capacity and Diversity for the Frequency-Selective Channel

In this chapter, we derive the capacity and diversity trade-off for the time- 

invariant, frequency-selective, channel model. The result is d +  r =  L, where L  is 

the number of independent channel taps in an L —path model for the channel.

3.1 Channel Model

In this chapter, we consider the time-invariant, frequency-selective channel 

model in case (b) of Figures 1 and 2. The signal resolves L =  ^y- multipaths, 

approximately. Here, we assume that L is the smallest integer greater than or 

equal to -gj-. Then we get a tapped-delay-line channel model [1]

/ l (T) =
rri—O

We assume hm are i.i.d. complex Gaussian, circularly symmetric random variables 

h m ~  CN[0, qy], and we assume that the channel independent identically changes 

from one AtcW  block to another. We assume that the receiver knows the channel 

state information hm, m  = 0, • ■ • ,L  — 1, but the transmitter only knows the distri­

bution for these random variables. Define the channel vector h  := [h0, • • • , hi-i]'.

In the design for the signalling space, suppose we separate the AtcW  blocks 

(the number of resolvable paths in a coherence time) far enough in time-frequency 

that the basis for one A tcW  block is orthogonal to the basis for another, such 

that there is no inter-block interference. We transmit the signal u(t) in one of the 

blocks. Then the received signal v(t) is

L—1

v(t) = hmu(t -  + n(t), 0  < t < A tc,
771=0

39
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where n(t) is proper, complex white Gaussian noise with density N 0. Suppose the 

transmit signal and the receive signal are all bandlimited to [—y ,  y ] . Then by 

sampling both the transmit signal and the receive signal at Nyquist frequency W, 

we can get the discrete time model

L - 1

The discrete-time notation is

m = 0

n m . 
LW  ~  IT 1

n
W 1

L —l

V n. —

m= 0
4" Tin*

Put N  symbols into one block to get the block system of equations

Vo h,0 0 • • • 0 ' Uq

h i h o 0

V L - 1 = h'L—i h’L - 2  ■ ■ ■ h o  ■ • 0 V’L  — 1
0 h h - i  ■ ■ ■

v n - 1  . 0 0 h>L-i • 1
O

•*

.  u n - i  .

' 0 •• 1

o

h -L -2 ‘ ' • h x
" u.- N

0 0 0 h - L - i  ■ • h 2

+ 1
’ ‘ 

 ̂
-€2 U - N - -(L

0

_ 0 •• 0 0 0 •• 0 U-1

Here we omit the noise for simplicity of notation. By forcing the first L 1 samples 

of the received vector v  to be zeros, and forcing the first L samples of the transmit 

vector u  to be same as the last L samples, or in other words applying the cyclic

1 Eliminating L — l  samples is enough to get rid of the inter-block interference. Here we remove
1 more symbol for the convenience of the outage probability derivation.
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prefix in the transmit vector, we get the equivalent block system of equations

vl

v n -i

h0
hi

0

ho
0  hL_i hL _ 2 

0  /il_ i
■ • • hx

h2

0

hh- l  fin- 2  

0  fiL_i

îV- 10  0  • • • ho

Since the equivalent channel matrix is circulant, applying the M  x M  Fourier 

matrix F m and inverse Fourier matrix before and after the matrix, where 

M  := N  — L, we get

y  = H x  +  n, (31)

where
X 0 U L

X  ■ = II

% M - l U n -  1

2/o VL

y  ■■= II

V m - i v n -i

and H  is the channel matrix H  := diag[//0, • • • , IIM-\\. The complex frequency

responses Hm = hie are complex circularly symmetric Gaussian ran­

dom variables Hm ~  CÂ fO, a2]. The correlation between Hrn and Hn is

cr2 1 — e
—j 2 n  L ( m —n)

In summary, this models the OFDM system in Figure 7.

Since we assume that the channel changes independently and identically from 

block to block with block size A tcW, we have to choose N  less than or equal to the 

block size AtcW. Making N  to be the block size of A tcW, we have L  redundant
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n

+CP -C P FF1IFF1

Figure 7. The OFDM system whose equivalent system function is (31), where 
{xm} ô _1 and {ym}of_ 1  represent the transmit and receive M  symbol blocks re­
spectively. +CP and —CP are the operation of adding and subtracting the cyclic 
prefix. H  is the L  tap FIR channel. In this figure, we omit the transmit and 
receive filters which can be included in the channel H .

symbols in one block. Remember that L =  So N  = A tcA f cL — (p +  1)L. 

Since we assume p +  1 := A tcA f c > >  1, we have N  »  L. So, M  = N  — L = pL. 

Then the block size of the equivalent channel model (31) is a multiple of the channel 

length, which for simplicity of notation in the following derivation explains why 

we set the block size A tcA  f c to p +  1.

From the equivalent channel model, we see that in each transmission block 

we use a cyclic prefix to add L redundant symbols. This operation sacrifices the 

information rate to eliminate the inter-block interference. To make the loss of the 

information rate as small as possible, we need to make the block size N  »  L, 

which is what we assume. So, in the following derivation, we omit the loss of the 

information rate, and use M  =  pL to represent the block size of the time-frequency 

block A tcW.

Recall we use the notation =  established in [2] to denote exponential equality. 

For example, f (p)  =  pa means

log/(p) hm — -------- =  a
p-> oo log P

and >, < are similarly defined.
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3.2 M utual Information

The mutual information between the transmit symbol, and the composition 

of the receive symbol and the channel is

/ ( * ;  X  « )  =  £  », W )
u v W

where u,  v  and W  are realizations of random vectors x,  y  and random matrix H.

The conditional mutual information between the transmit symbols and the 

receive symbols, conditioned on the channel is

m m )  =  £ £ £ p , „ * ( « , » . w )  logp« ^ v ' W )
u v W \W )

-  E - ( - ) E £ — i ^ w )log^ E l

where

is the mutual information between x  and y, given H .

It is easy to show that

i ( x - ,y ,H )  = i ( x - ,n )  + i (x - ,y \H )

=  i ( x ;y \ n )

The last equality follows because, without knowledge of the channel realization, 

symbols are transmitted independently of the channel random variables.

3.3 D iversity Gain

In the A tcW  time-frequency signaling space of dimension M, there are L 

basic A tcA f c time-frequency cells, which provide L linearly independent fading
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channels. We can reduce the probability of error by repeatedly transmitting the 

same symbols carried by the information-bearing signals in different independent 

channels, for diversity. At high signal-to-noise ratio (SNR), without using diversity, 

we know that the probability of the symbol error Pe is inversely proportional to 

SNR, Pe — SNR-1 . If we use diversity, the probability of the symbol error is 

Pe =  SNR-<i. Here d is defined to be the diversity gain. So, d =  limsNR-*oo ^ s n r - 

In the A tcW  time-frequency signaling space, since there are L  linearly independent 

fading blocks, the maximum diversity gain is L.

3.4 Multiplexing Gain

We define the data rate of a coding scheme in the A tcA f c time-frequency 

cell as i?AtcA/c(bits/cell), and similarly the data rate of a coding scheme in a 

A tcW  time-frequency block as R&tcw (bits/block). Since we can not get diversity 

in a A tcA f c time-frequency cell, but we can in the A tcW  signaling space, we 

assume that we have spectral efficiency (in bits/dim) =  7  Atea/J: ’ or 0 n

bits) R&tcw =  l L R ^ tĉ f c with 7  € (0 ,1] and L = We call 0 < r =  7 L < L 

the multiplexing gain.

The ergodic channel capacity is the maximum data rate at which the source 

can transmit reliably. We show the ergodic capacity does exist in this communi­

cation system, and increases linearly with log SNR: C — log SNR +  (9(1) at high 

SNR.

Reliable communication at rates arbitrarily close to the ergodic capacity re­

quires averaging across many independent realizations of the channel gains over 

time. Since we are considering coding over only a single A tcW  time-frequency 

block, we must lower the data rate and take into account the randomness of the 

channel. Since at high SNR, the capacity increases linearly with log SNR, we con­

sider schemes that support a data rate that also increases linearly with log SNR.
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At high SNR, we only consider a coding scheme with data rate per A tcA f c 

time-frequency cell that increases linearly with log SNR approximately as

RAtcAfc = (P +  1) log SNR + 0(1) log SNR +  0(1).

Note that coding schemes whose rate does not increase linearly with log SNR have 

multiplexing gain 0 .

3.5 Result Statement and Idea of Proof

We find that the trade-off between the multiplexing gain r and the diversity 

gain d in the A tcW  signaling space for the frequency-selective channel is

r + d = L.

The proof follows the idea of proof in [2], where the authors derived the capacity 

versus diversity trade-off in multi-antenna channels. First, we prove that the er­

godic capacity C (bps/Hz) of the channel does exist and increases linearly with 

log SNR at high SNR: C = SNR, or C = log SNR+  0(1). So, there exists a coding 

scheme whose data rate increases linearly with SNR.

At the data rate R&tcw = l L R ^ tcAfc =  rp log SNR, with multiplexing gain 

r  =  7 L, we derive the maximum diversity gain for a coding scheme. Instead of 

deriving the exact symbol error probability, we give an exponentially equivalent 

lower bound and an upper bound on Pe [2]:

Pout{r, SNR) < Pe < P0ut(r , SNR) +  P(error, no outage)(r, SNR),

where the last inequality comes from

Pe(r, SNR) =  Pout(r, SNR)P(error|outage) +  P(error, no outage)

< -Pout(a SNR) +  P(error, no outage).

Here, Pout (r, SNR) is the outage probability defined as the probability that the 

instantaneous mutual information of the channel is less than or equal to the given
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rate. Then we find the maximum diversity gain over all coding schemes for a given 

multiplexing gain r by taking

lim log Fpii, (r, SNR) _
SNR—>00 log SNR

and finding some coding schemes such that

log (Pout(r, SNR) +  P  (error, no outage))
hm -----1--------------- -— — —--------------------- =  —a.

SNR—»00 log SNR

Then allows us to say the error probability is

Hm =  - A  (32)
SNR—kx) log SNR

This formula is used to explore the trade off between the time-frequency mul­

tiplexing gain and the diversity gain.

3.6 Ergodic Capacity

We consider the case where the channel changes sufficiently slowly that the 

receiver can estimate the channel parameters, but there is no feedback from the 

receiver to the transmitter. The channel is underspread, meaning p »  1 . So the 

channel output consists of the pair (y , H ) and only the distribution of H  is known 

at the transmitter. See Figure 8 , where y  = H x  +  n.

H . H

4-

Figure 8 . The realization of the channel is known to the receiver but not the 
transmitter. So equivalently, the channel output consists of the pair (y , H ).

In [3], it is proved that the discrete time-invariant memoryless channel has 

ergodic capacity which is the maximum of the mutual information between the
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transmit symbols and receive symbols. Suppose we transmit symbols in AT con­

secutive A tcW  blocks, and the fading is independent identically distributed from 

block to block. Ergodic capacity does have meaning when Af  —» oo. We follow 

the arguments of [4] to construct a discrete time-invariant memoryless channel. 

Consider the equivalent communication system (31) which transmits M  complex 

symbols in each A tcW  time-frequency block. We may construct M  complex super 

symbols where each super symbol is an jV-tuple constructed by joining together 

one complex symbol from each of the consecutive Af  time-frequency cells of area 

A tcW. For given values of the channel parameters {hi} we have a memoryless time- 

invariant super channel (31) for which the coding theorem [3] assures that rates 

close to I {X ' , y \H)  can be reliably transmitted with the specific coding scheme 

provided M  »  1. Then transmission at rates close to 7(T; y \ H )  with high 

reliability is possible [3].

As /(A ; y \H )  (for finite T) is a random variable, strict capacity in the Shan­

non sense doesn’t exist. Thus the concept of capacity versus outage arises, where 

the outage (or failure) probability for a given rate is interpreted as the probability 

that I (X - ,y \H )  falls below that rate.

Under mild regularity conditions, when Af  —> oo, the random variable 

lirnv_ 00 Yl'iLi y ^ H i )  converges to its average in probability (the weak law 

of large numbers). In this sense, strict Shannon capacity does exist and it equals 

the average mutual information I. The mild regularity conditions require that the 

channel H  should satisfy the asymptotic mean stationarity property [4],

Consider the communication system. We assume that we transmit symbols in 

succeeding A tcW  time-frequency blocks, and the fading is independent identically 

distributed from channel use to channel use. Obviously, the channel model is a kind 

of block interference (BI) channel defined in [5], and furthermore it satisfies the
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compatibility assumption in [5]. Since in every block the channel is memoryless, the 

ergodic capacity of this channel is the maximum of the average mutual information.

Given H , channel (31) is a Gaussian channel. The optimal distribution of x 

is circularly symmetric complex Gaussian, and therefore the mutual information 

between the transmit and receive vector is

I(X - ,y \H ) = logdet(J +  —xxI*  H ),
j \ 0

where R xx is the covariance matrix of x.  The power constraint is t i { R xx) < P A tc. 

The ergodic capacity is

0  =

=  ie ^ E [ l o s d e t ( / + Jia" "  H )i
M -1

M  N 0
i= 0

where the Si  are diagonal elements of R xx. The equality holds when R xx is 

diagonal. The objective function is
-j M — 1 r- »

C =  max ■—  f?log(l +
Si,vi M  ^  v No

subject to
M—1

J 2 Si<  P A tC:
i= 0

where Ai := \Hi\2. Since Hi ~  CN[0, cr2], then \Hi\2 has density function

f{x) = ^ e x p { - ^ } .
(7

Define Pi = jfc and compute the expectation
r°° 1 x

£ [lo g ( / + PiXi)]  = /  log(l T PiX^ — exp{ -}d.
J o  cr cr1

1 f°° x
= — / exp{ -}  \og{\ + pix)d.

cr2 J o  cr2

x
0

oo
r  X  ,  ,  „  .

_£j  ^  X

= - exP{TT?}Ei(-~ T ? )' (her2 pier2'
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where Ei is the exponential integral function defined to be

/OO

This yields
1 m j 1 1

C = — max —  exp{ j}E i( j)
ft,Vi M  ^  p i(J 2 PiCT2

subject to
^  P&tc

i = 0 U

PIt is easy to show that the optimal p-t =  p, where p is defined to be p := NqW- 

From now on, we use p instead of SNR. The capacity is then

C = — exP { - - 2  }Ei(—- - j ) .pa* pa*

An asymptotic expression for C  is

^  r 1 i t w  1 \  /  p v 2 , p v 2 «  1
6 pa2 pa2 (  log(l +  pa2) -  C, pa2 »  1

where C «  0.577 • • • is the Euler constant. At high SNR,

C = log p +  log a2 — C.

So, at high SNR, C = p, or lim^oo =  1 . This proves that ergodic capacity

increases linearly with log for large pN qW  N qW  '

3.7 Outage Probability

Given a rate RAtcw =  lLR&tc&fc = 'yLplogp =  rplogp per AtclT time- 

frequency block, we want to derive the maximum diversity gain d of a coding 

scheme with multiplexing gain r  =  jL .  Or the maximum d such that

P  ' 1 I ' l 0 g P e  r!Re — —i, or, hm   =  —d.pd p *oo log p
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We can easily follow [2] to prove that Pout(r, SNR) < Pe(r, SNR). The proof is 

omitted since it is essentially unchanged from [2]. An upper bound for Pe [r, SNR] 

is

Pe(r, SNR) < P0ut(r, SNR) +  P(error, no outage). (33)

So, next we derive the Fout(r,p).

Following the proof of [2] to choose the circularly Gaussian distributed random 

vector x  and optimize over the input covariance matrix, the outage probability is

Pout(r,p) =  mi P [ l { X - y \ H ) < r P \ogp)
P x ( u )

— inf P  [ log det ( I  +  —xx^  ^ ) < rp log p],
trace(i2aja:)<PAic N q

where the probability is taken over the random channel matrix H . Recalling that 

x  is an M  dimensional vector, and since M p A  =  P A tc, taking R xx = gives 

an upper bound on the outage probability

"M—1

i= 0

<  r p l o g p .

On the other hand, since trace ( P ^ )  < P A tc, each eigenvalue of R xx is less than 

or equal to P A tc. Then P A tCI  — R xx > 0, which means that it is a positive semi- 

definite matrix. If we replace R xx by P A tcI ,  the mutual information is increased, 

since log det is an increasing function on positive- semi-definite matrices:

n  f  r / /  t t  ^  1
11 11 ,

log det ( I  +  xx ------ ) < ^ 2  log(l +  Mp\hi\2).
iVn

u i = 0

Hence the outage probability satisfies

M -1

P [ log^  + M P\Hi \2) -  7Tlogp] < Pout(r,p)
i = 0

M—1

-  P [ Y 2  + P\Hi\2) ^  rplogp].
i = 0
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At high SNR,

lim 1° g p [ E ^ o l l°g ( 1 +  p\Hi?) < rplogp]
p—►OO logp
v ^ogP[ ^ 2 ^  \og(l + Mp\Hi\2) < r p logp]

=  llm --------------------- 1— 7Tr~\--------------------- •P-KX> log {Mp)

Therefore for high SNR or when p —> oo, the bounds are tight, and we have this 

probability statement for outage probability:
M —l

Pout[r,p] = P[ ^ 2  l°g(l +  p |/ii |2) < r p logp]. (34)
i=0

3.7.1 Preliminary

From the channel model (31), we have that the frequency responses Hm =  

E fjo 1 h/e J2m m, for all m  are circularly symmetric complex Gaussian random vari­

ables, with correlations

E[HmHn] =
j 2 n L ( m ~ n )

a I — e m a2P  1 — e
- j 2 n ( m  — n )

- j 2 n  ( m  — n ) M 1 — j2T(m —n) '1V1 1 — e ML I — e J m 

The last equality uses M  = pL.

We divide H0, ••• ,H M- i into p groups, each of which has L elements, as 

follows
H0 i r h, i r Hp—i '
H H . , ,

(35)

According to the DFT formula Hm = hie , we see that the first column

H0 Hi '  # P-  i '

Hp Hp+i H2P- i

11i _ #(L—l)p+l _ H Lp—1

is the standard DFT

Ho
Hp

=

_ H(L—i)p _

-  i2tt
: l

-j2ir(L-l)
1 e l

e l
ho
hi

hL-i

Define

ho rh
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h m . —

H„
Hp + m

H,(L—l)p+m

= T LD mh  =  h 0, m  =  0 , 1 , • • • , p -  1 ,

where \  is the inverse L point DFT matrix and

D m =  diag
—j2i rm

l ,e  m ,

Obviously, for arbitrary n and m,

1
h n — l,D n- mJ~ r hL

(36)

is a unitary matrix. It is easy to prove that all h m are identically

distributed.

Define the polar coordinates rm and 0rn of Hrn:

ReHm, vm sin($m) J.ixiHrn,

random vector Vm . [rm, , f ’( L —l ) p + m ] I • [ ^ m i ; @(L—l ) p + m \  > Am Un>

and random vector A m  := [Am, • ■ • , A(L_i)p+m]'.

Using this notation, the mutual information between x  and y, given channel

realization H  is

Af-l M—l M-l
I(X - ,y \H )  = ^ l o g ( l  +  p |/fm|2) =  £ l o g ( l +  /*£) =  ^ l o g ( l  +  PAm)

m = 0 m = 0 m = 0

= EE \og(l + p\Hlp+m\2) = EE log(l +  prfp+m)
771=0 1=0 771=0 / =  0

p - 1  L — l

=  EE log(l +  P^lp+m)
m = 0  1=0

p - 1

=  E 7-  <37)
771=0

where is the rate
L- 1

Im ■= E  +  P\H lP+m\2)- (3 8 )
1=0
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Then, the outage event is

M —l

P
^ lo g (l + p\Hm\2) < rlogp  \  < r\ogp  I

) J l P m=0 Jf 1 P_1 L_1 1
=  ] z  XZ X̂ aip+m — r f •

L P  m = 0 Z=0 )

The fact that
p-ip - i  (  p - i  "j p - i

n  V m <  rlogp}  C } - J 2 1™ < r log p i  C U  V m  < rlogp}
—n I P m=0 I *-—n771=0

yields 

P
p - i

f ]  V m  < rlogp}
.771=0

< P
p - 1

771=0

-  ^ 2 Im -  r l o § / 9
P ^ o

< p
p- i

( J  V m  < rlogp}
771=0

• (40)

3.7.2 Jo in t D ensity

Since the elements of h Q, Hip,l G [0, L — 1], are i.i.d. complex Gaussian 

distributed random variables, it is easy to derive the joint Rayleigh distribution

/ ( r o> • • • i f ( L - i ) p i  Qo, • • • i 0 { L - i ) p )  — y z V i \ L  e x P

n L —1
1=0 r i 

( n a 2 ) 1

L —l 2
0 V

a*

and

Since h m, for all m  G [0,p — 1], are identically distributed, r m := 

[rm, • • • ,r(L- 1)p+m] ' , 0m := [6m, ■ ■ ■ , 0 ( L - i ) p + m } '  consists of i.i.d. random vari­

ables, and all r m and 9rn are identically distributed, and independent.

The joint distribution of A m  := [Am, • • • , \L - i ) P+m\', and 0m is

J ( A m , 9rn) 2 L I E / = 0 ^ l p + m

(7T<72 ) j
exp < - - Vm G [0,p — 1],

and furthermore

Ezto1 A,/p+7?l Vm G [0,p — 1]. (41)
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Define am = loŝ 11ô Am̂ . Then, the joint distribution of a ,  

[®mi ■ ■' i ^(L—i)p+m] i and 9m is

and

(2  log p)L 
pL(ira2)L>

E L — 1
1=0 a {lp-\-m) exp < -

E f = 01 (pQ(,p+m) * - j )
Vm G [0, p— 1] 

(42)

/(am ) =
(log/o) 2 exp

Ezto1 (pQ(ip+m) 1 -  j )
^(< r2)L'

Since h m = ~ZFLD rn- û l h n> by changing the variables as above, we can get

> Vm G [0,p — 1].

(43)

the relationship between the Pm := [a'm. 0'm]', for all m, G [0, p — 1], as

P m  =  £ m - n ( P n ) -

Here JCm- n depends on the difference m — n. Then defining P := [P'0 ■ ■ ■ ,P p_ J '

p - i

f ( P )  =  f W U H P m - Z M )
m =  1

o-l
= f ( P n) J ]  S((3m -IC m. n((3n)).

m=0,m^n
(44)

3.7.3 Lower B ound for th e  O utage P ro b ab ility

Lem m a 6 . An exponentially equivalent lower bound on the outage probability is

P0ut(r,p) > P (L r)-
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Proof. From equation (37) and (39), we get

M —l , p - 1  L —l

P

 ̂ M —l  ̂ p - 1  L—l

- ^ i ° g ( i + p A m) =  - J 2 Y 1  l o g ( l  +  pA/p4-m)
^  m = 0 ^  m = 0  1=0m = 0 Z=0 

p - 1  / L —l

= - J ^ l o g  1 1 (1 +  PXip+m)
V  n  \ / = 0m= 0

(a) ! P=i A  ^  V

m = 0 \  Z=0 /
^ p - 1  L—l

~ ^  log(l +  — ^   ̂Alp+m)
1=0

— L l o g ( l  +  j  A/p).
L—l

(45)
Z=0

The inequality (a) is the inequality that the geometric average is less than or equal 

to the arithmetic average. The equality (6 ) follows from

L—l

^   ̂Aip+m ^  ' l- /̂p+ml trace { h mh m J
1=0 1=0

=  t r ace  LD L  h o ho  |

=  trace {/i0h.^}
L —l L—l

= E W - E v
Z=0 1=0

So, a lower bound for the outage probability is

L —1 ' " p - 1

P L log(l +  j- Xip) < r log p < P  - V / m < rlogp  .
Z=0 . P  m=0

The event |h lo g ( l  +  f  Y.f=o K )  ^  r lo S/°} =  V  < L(Pp~1}|-  We fur­

ther give an event which is contained in this event, and thus produces a weaker, 

but more tractable, lower bound for the outage probability.

Since

c { | > <
t 1=0
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then a weaker lower bound is

We can show that

lim —
log ( t - e x p  { - 4 ^ } ) *  L r

logp

by repeatedly using L’Hospital’s rule, which gives a lower bound for the outage 

probability

Suppose we have L dimensional complex Euclidean space with coordinates Hip, I 6  

[0, L — l]. It is easy to see that the set above is symmetric with respect to every 

coordinate in this L dimensional space and invariant to permutation n ^ o ,  as 

explained in Figure 9 in 1 dimensional space.

Since h m =  where LDmF l[  is a unitary matrix, we can

get coordinates Hip+m, I G [0, L — 1] by rotating the coordinates Hip, I £ [0, L — 1] 

in the same L dimensional space as explained in Figure 10. In the new co-

Pout(r,p) >  p {L r).

□

A Geometric Explanation. Consider the set
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•10 •5 0 5 10

Figure 9. Set {/q < rlogp} =  {Ef=ol l ° g ( 1 +  ^li / (rl2) < r l °gp}  in one dimen­
sional space

Figure 10. Set {Im < rlogp} =  ^2i=o ^ i 1 + P\Hip+m\2) < rlogp}  in one di­
mensional space
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ordinate system, log (1  +  p| |2) < rlogp  j has the same shape as

{ E £ o  loS C1 +  p\HiP\2) < r lo§p} in the old coordinate system. We can get 

{Ef=“01 log(l +  p |//;p+m|2) < r logp j for all m, by coordinate rotations. Since all 

the sets are symmetric in their own coordinates, we may search for a convex set 

that belongs to all the sets.

We stick to coordinates Hip and the set jE E Z  l°g (1 +  P\Hip\2) < r lo g p j . 

From the inequality (a) of equation (45), we see that {Ej^o1 ^ip — L<'pTp~l '> j C 

{ E ^ q 1 1oS (! +  p\Hip\2) < rlogp} , as explained in Figure 11. Geometrically,

8

6

4

2

0

•2

-4

•6

-8

•10 •5 0 5 10

1 1 .Figure

{E E o 1 log(l + p |tf /

This figure shows 

2) < rlogp}

that { : s

the set | E S  ^1p — L('pTp ~ 1'1 1  is a multi-dimensional ball invariant to coor­

dinate rotations. It is easy to prove geometrically that this ball is con­

tained in the set | E / E 1 l°g (l + PWip\2) ^  rlogp} . Similarly in coordinates 

Hip+m, there exists a multidimensional ball { E ^ o 1 ^ ip+m < MeL zH |  which is in­

side of the set jEnTt)1 1oS (1  +  pWip+m\2) < rlogp} , as explained in Figure 12. 

Geometrically the multidimensional ball | E f=o ^ip+m < } js the rotation

°f |E /= o  ^ip < g0  they are the same as we proved before. Then this
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Figure 12. This figure explains that ^Ylt=o ^ip+m ^  j Q

{EfzTo1 loS (! +  P \ H i p + m \2 ) < rlogp}

multidimensional ball is a convex set contained in all the sets, and therefore the 

probability of this set is a lower bound on the outage probability, as explained in 

Figure 13.

3.7.4 A n U p p er B ound

Lem m a 7. An exponentially equivalent upper bound for the outage probability is

Pout(r,p)<p-{L- r).

Proof. From (40), we know an upper bound on the outage probability is

P
p - i

(J {Im < rlogp}
.771=0

P- 1

< ^ 2  P { I m < rlogp} .
771=0

By (39),

z,-i rLi=o aip^r
P{Io  < rlogp} =  P fV 'c tip  < r] = [  f ( a 0)doL0

i=o Jo

(log p)L [Zi=o a^ r L-1  Qir) {  E f = 01 (paiP~l -

p L a 2L J 0
p E (=o “ ip e x p  ^ ---------------^— ----------- 'LL }  d a Q ' (45)
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is aFigure 13. This figure shows that set ^ } *

subset of the intersection of {Xw^cj1 l°g (1  +  PWip\2) < r lo g p j and 

{XfzTo1 log (1 +  p\Hlp+m\2) < r logpj

We analyze exp . Note that for any aip > 1 , exp{ ^ —-}

decays with p exponentially. At high SNR, we therefore ignore the integral over 

the range with any aip > 1 , and replace the integral range from A  := {onp > 

0 , for all 1} H I S /S )1 aip ^  r }> t°  A! = {aip < 1 , for all 1} P) A. In A! , as p —► oo, 

exp{ —-} —> 1. So at high SNR, (46) is approximately

P a -M'
(47)

We next derive an upper bound for (47). Let V = {a(p < 1, for all 1} P|{£pp > 

0 , for all I}. So, A! =  V niX itfo 1 aip — r }- The upper bound of (47) is derived as
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follows

P [ J > ip < r ]  =  ^ n r  JA'PE t ~°laipd a 0

*  / / E - a,p^

-  V" l° 2L" /  ^rd a °p V 2L Jv

(log p y
pLa2L

(log p y
p La 2L

(log p)L r
pLa2L P

Since all Im are identically distributed, it is easy to prove Lemma 7:

Pout(r,p)<p-(L- rl

□

Combining Lemma 6  and 7, we get that

Pout(r,p) =  p~{L~r)

and
logh m ------p-.oo log p

3.8 Error Probability w ith no Outage

Next we consider the other part of the error probability: the probability of 

symbol error in the case that no outage occurs, which affects the upper bound on 

the error probability.

Recall the channel model in (31). We choose a random code from the i.i.d 

Gaussian ensemble. Suppose X 0 and X  x are two M  dimensional complex symbols.

If X o  is transmitted, the probability that a ML receiver makes a decision in 

favor of X i, conditioned on a realization of the channel, is in ( [6 ] p. 318)

s p i ,
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where A X  =  X \  — X o ■ By the Chernoff bound ( [1] p. 53), Q(x) < e x2/2,

P [ X 0 -  X i |H ]  <  e x p { - j i -  || ( i X | H  ||2}.

Averaging this bound over the ensemble of the random code with density 

function

r  1  r 1 1 * 1 1 %
f x o ( * )  c27r_P_')Mexp  ̂ o —

'A 71 2 W >  2 W

we have the average pairwise error probability given the channel realization:

M - 1

P [ * , - * i | H ]  < n a  +  f W ) - 1-
i=0

Now at a data rate i? =  7  Lp log p =  rp log p per A tcW  time-frequency signal­

ing space, we have a total of prp codewords. Apply the union bound, to get

M — l

P  [error, no outage|iJ] < prp (1 +  ^ |i/* |2) 1.
1 = 0

Changing variables, \H i \ 2 =  pai~l — we have

P  [error, no outage |/J ] <  p~^<=°

Averaging with respect to the joint distribution of /3 defined in (44), we obtain

f  orp
P  [error, no outage] < / m1-— f{P)d(3. (48)

J { Z X = i f ° m >r p}  P ^ r n = 0

Lem m a 8 . An exponential equivalent upper bound for the error probability with 

no outage is

P  [error, no outage] < p~^L~r\

Proof. Please see Appendix 3.14-A for the proof and Appendix 3.14-B for an al­

ternative proof. □

Lemmas 6 , 7 and 8  prove the following Theorem.
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Theorem  2. Fixing the data rate R  = rp log p, the error probability of the DFT  

channel (31) is

Pe(r,p) = p-(L~r\

or in other words, fixing the multiplexing gain r, the maximum diversity gain is 

d = L  — r.

3.9 An Alternative Way to Derive the M aximum Diversity

In this section, we follow the ideas in [2] to give another prove of Theorem 2, 

which gives more intuition for this problem. Please see Appendix 3.14-B for the 

detailed proof.

Recall the process by which we derived the channel model (31). Using the 

Fourier transform, we transform hi, I = 0, • • • , L — 1 to Hm, m  =  0, • • • , M  — 1 in 

the frequency domain. M  = pL is far greater than the L which is the degrees of 

freedom of the channel. The Hm are highly correlated. From the proofs, we see 

that the lower bound and upper bound on the error probability do not depend at 

all on channel spreading factor p. They only depend on the filter order L.

3.10 Approxim ations of the Outage Probability at Low and High SNR

In the previous sections, we derive the scaling law for the outage probability 

at high SNR. Motivated by the methods we used in those sections, we give approx­

imations of the outage probability at low and high SNR in this section. Although 

these results don’t contribute to the main subject, they are important in their own 

right.

From equation (45) in Subsection 3.7.3, we get that

M - 1 .  p - 1  / L —l

-  x  k sc 1 + a « ) = _  x iog ( n ^ 1 + Ap+m)
P  m —0 P  m = 0 \  Z—0
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At low SNR, approximately

So,

n<‘ +  P ^ lp + m )  ~  1 +  P  E ̂Zp+ro* 
1=0 1=0

M —1 1 p—1 /  L —l

-  ]c +pXm) = ~ e  iog (n ̂ +pk+™)
P  m = 0 ^  m =0 \Z = 0  /

~ S log [ l + p Y l Xip+m )
m = 0 \  1=0

=  l o g ^ i + p E v )

L—1

p ^ A ip. (49)
1=0

The equality (a) is because ^ip+m — J2iLq1 ^ tp+*»> f°r ^  n - From equa­

tion (45) at low SNR,

M —l L - 1 L —l
P_

P  . lm= 0
- ^2 loĝ +pAm) - L loĝ + f  S  A(p) ~ p Yh Xip-

1=0 1=0

Summarizing the above two equations, we can use L  log(l +  -£ Xz^o1 Aip) to approxi- 

rriate 4 Y 2 2 2  log(l+pA,„). Therefore, the outage probability can be approximated 

by

P
L - 1

E * Ip —
l (p t - 1 )

1=0 p

which is the lower bound of the outage probability we derived before. We explain 

the low SNR case in Figure 14 and 15 that when SNR gets lower and lower, 

the lower bound of the outage probability gets closer and closer to the outage 

probability. In paper [7], the author used a similar idea to get the characteristic 

function of the mutual information of the MIMO-OFDM system at low SNR.

From Subsection 3.7.3, we know that the outage event 

Em=o togC1 +  A J  < J" j  has a convex set which is {XiX* V  ^  L(Pp~~~}~
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0.4

- 0.1

- 0.2

0.2 0.4 0.6-0.6 -0.4 -0.2 0

r

Figure 14. When SNR gets smaller, the probability of the set ^ip — L p̂Tp~^ 
gets closer to the outage probability.

0.03

- 0.01

- 0.02

0.060.02 0.04- 0.06 -0.04 - 0.02 0

Figure 15. When SNR gets even smaller, the probability of the set o* ^ p —
r

gets even closer to the outage probability.
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r
The points A;p =  p for all Z or equivalently cqp =  £ are the intersection points 

of the boundaries of two sets. In Section 3.9, we show that at high SNR, the 

outage event is equivalent to| J 2 a lp + L { p - l ) ^max ^  ^ ̂  )

where a max =  max{cqp, VZ}. The boundary cqp +  L(p — l)a:max =  r  is

symmetric for every cqp.

We consider the area where ctn > cqp, for all 1 ^ 0 .  It is easy to check that 

the highest value is where

When Lp >> L,

or equivalently,

T
ota — L —i  ’ ^  ^

p

a ° ~  ~L'aip = ^

2-

Aq ~  — —— , Aip =  0, VZ ^  0.

This is approximately equal to

L(p i  — 1 )
Ao = ------------- , Aip = 0, VZ ^  0,

P
r

at high SNR, a point on the boundary of the convex set Yht=a < H££rll. So

at high SNR, we can also use the convex set to approximate the outage event, and 

get a unified approximation of the outage probability both at low and high SNR 

as
L(p i  -  l)'

Ip —<p
L(=o

This outage event is illustrated in Figure 16 and 17.

£ a

The condition Lp »  L is equivalent to M  »  L which is what is required 

to minimize the information loss. When the channel is underspread, then p »  1, 

M  = A tcW  — pL »  L, and the condition is justified.
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-40

20 40 60-60 -40 -20 0

Figure 16. When SNR gets larger, the probability of the set ^ p ^
gets closer to the outage probability event.

-60

50 100-100 ■50 0

Figure 17. When SNR gets even larger, the probability of the set
r

L(pT~1') gets even closer to the outage probability event.

L(Pi - 1)
p
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3.11 More General Channel M odels

We have assumed that the channel changes independently and identically from 

block to block, with block size N.  Or in other words, the channel is time-invariant 

in one block and changes independently from block to block. In this case, we 

choose the block length for the block input-output model as N  = A tcW,  which 

actually has to be less than or equal to N,  and we consider the outage probability 

for one block. For a channel that is time-invariant, the block size N  in the model 

may increase without bound, in which case rate loss may be reduced to zero.

We have supposed that the original tapped-delay-line channel has indepen­

dent identically distributed channel coefficients. It is easy to find that the i.i.d. 

constraint can be relaxed to linear independence, so that the channel coefficients 

have full rank covariance, in which case the proofs are essentially the same.

Another constraint is the block length M  =  pL  is a multiple of the number of 

channel taps. If it is not, all of the results above still hold, but not all the proofs. 

The ergodic capacity arguments do not change. We can still use the method in 

Subsection 3.7.3 to derive the lower bound for the outage probability, but the 

geometric explanation doesn’t apply. Both the lower bound and the upper bound 

on the outage probability and the error probability without outage can be proved 

using alternative methods in Section 3.9.

3.12 Outage Probability at High SN R  for a M IM O-OFDM  System

We assume a MIMO system with Nt transmit antennas and Nr receive anten­

nas. In each channel, we use signals with time duration T  < A tc and bandwidth 

W  > A f c. Then the signal in each channel resolves a time-invariant frequency- 

selective channel with L := d j- channel taps. Following the ideas in Section 3.1, 

we pose the channel model from the ntth transmit antenna to the nrth  receive
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antenna as

y«r[0]
Hnr,nt [0]

Hnr,nt[ 1]
xnt [0]

_ VnrW ~  1] _ Hnr,nt[M -  1] _
_ x nt[M -  1] _

where Hrir nt [n] =  Y1l= o [I\e is a circularly symmetric complex Gaussian

[n] ~  CN[0,a2]. The correlation between HnrJlf[m] andrandom variable Hn

Hnr,nt [n\ is

E \H nr ,nt \jw\ Hnr ,nt [̂ ] ]
<T2 1  — C

Vo H 0 *0
Vi =

H  i x x

Vm - i H m - i &M-1

Considering all the channels from Nt transmit antennas to Nr receive antennas, 

we get the following channel model:

(50)

where H m is an Nr x Nt matrix with i.i.d. circularly symmetric complex Gaussian 

distributed random elements, whose (i, j) th  element is the m th frequency response 

of the channel from the j th  transmit antenna to the ith receive antenna, x rn 

[x0[m], • ■ • , xnt_i[m]]' and y m := [y0[m], ■■■ , ynr_i[m]]'.

As in the SISO case, we divide the channel matrices into p groups, each of 

which has L elements as follows,

Ho H  i H p - i  ‘
H v Hp+1 H - i p - i

H  (L - l ) p H ( l - i )p+ i H l p - i

According to the DFT formula Hnrint 

first column is a standard DFT

Ho
H p

I

H( l- i)p V .

1

- j 2 i r ( L - l )
1 e l

M =  Ezto1 V ,» ,

- . ;2 i r ( L - l )
e l

(51)

[l\e m""1 , we see that the

\ h 0
h i

® I lxl

flL-l
(52 )
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where <g> is the Kronecker product, and h n is an nr x nt matrix whose (i, j) th  

element is the n th  tap of the channel model from the j th  transmitter to the ith 

receiver. W ith h : = [ h 0 --- h L_x]  and Ti.m ■= [Hm, H p+m ■ ■ ■ , H {L_1)p+m]', then

Ho = {?L  ®  lLxL)h.

The relationships between H m, h  and H n are

H m =  ( ( ^ m )  ®  I L x l )  h  =  ^  —  )  <g> ILxL  j  H q

and

H m  = ®  I LxL"j H n. (53)

( l i ' P L D mF  L  )  ® I  L x l )  is a unitary matrix. It is easy to prove that all H m are 

identically distributed. We assume p > (Nt +  Nr — 1).

3.12.1 Outage Probability

Following the arguments in the derivation of the SISO case and in [2], we can 

choose the Gaussian distributed input vector and obtain the exponential equivalent 

outage probability

T M - l

Pout{r,p) =  P Y  logdet( I  + p H mH%) < rp logp
771=0

Block-Fading Sub-Channel Model

In this Subsection, we consider a special case of the frequency-selective channel 

model, the block-fading sub-channel model, where the columns of the channels in 

(51) are the same, or the channel does not change during p symbols. The outage 

probability for this block fading channel is

1
Pout(r, p) = P  [!(* ; y \ H)  < rp log p] =  P Y ^  log det (I +  p H ipHff,) < rlogp

U=o

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



71

Suppose the eigenvalues of H ipH fp are Aip = [AjPj0, • ■ • , A ^^-i]', where K  = 

min(Art, Nr). The eigenvalues are supposed to be in increasing order. So, the joint 

distribution of these eigenvalues is

jKAo,-'- .V -D p) f  n  Al"r,,T I (V . -  A«)2 ) 6-S mV.. (54)
(=0 V i=0 i < j  /

Where C^t^ r is a normalizing constant.

Define a Lp,L =  loĝ iogp'p’̂ ■ Note that since A;PiJ > 0, aip<i > 0, for all l.i. The 

joint density of a mp = [ampfl, • • ■ , a mPiL-i]' is

p (a 0, • • • , a(n -i)P) =  C ^ Nr(logp)LKp^=o^= olaip<'
L —l / K - 1 \

X I ~  p-1) ^ - ^ 1 J J (p a,p’i_1 -  pQ,P'J-1)2 j
1=0 \ i =0 i < j  )

X e - E , li(pQ,p' - 1- P- 1)

At high SNR, the density is approximately

p(a) = C ^ r(logp)Ljrp ^ M ( ^ - ^ ‘-^l+D

x J^ (p a,p-i_1 — p“'P'J_1)2e_ -̂'i’i p̂ ,p’’ ~p *),
(=0 i < j

where a  := [a'0, • • • , a.'(L_l}p\'. After changing variables, the outage probability 

becomes

= f  ^ V r(l0gP)LV  
i t  JA

L —l
J J ( p “ (p.i_1  _  p a !p , j -1) 2e _ E i , i ( p  ip’' - p ) d c t '  ( 5 6 )

L-l
x

Z = 0  i <j

Here, we define A  =  ~2t^ aiti < r} fl {aiPii > 0, for all I, i} fl {alpfi < onp<\  < • • • < 

oiip , K - 1, for all I}.

Note that when aiPj > 1 for any I or i, e~ ^ lt p Ip,‘ ~p ) decays exponentially 

in p. At high SNR, we therefore drop the integral over the range with any aiPti > 1,
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and replace the integral range from A  to A' = {&ip,i < 1, for all I, i }  n  A.  In 

A', as p —» oo, exp{ — p 'r’‘~2~p ’ } —> 1- So at high SNR, outage probability is

approximately

=  /  CNuNr(loSP)LKPETT JA'
l -  1

x H ( p “‘p,i_1 -  pa'p’-’_1)2da .

l,i

1=0 i < j

(57)

Suppose r = sL + q where s is an integer, q < L.

Lem m a 9. The outage probability of this block fading channel is exponentially 

equivalent to p A q [ ( N t - s - i ) ( N r - s - i ) \ + ( L - q ) [ ( N t - s ) ( N r - s ) ] }

Proof. Please see the Appendix 3.14-C for the proof.

Frequency-Selective C hannel M odel

We return to the MIMO-OFDM channel in this Subsection.

□

A n U p p er B ound  Since the outage event

{p - l  L —i 'IEE log det(J +  pHip+mH?p+m) < rp log p I 
m = 0  Z=0 J

p - l  ( L - 1 ^e U E logdet( I  +  pHip+mH?v+m) < rlogp  I , 
m = 0 I. 1=0 J

then
p - i

Pout(r ,p)  <  y  p
m = (

=  p p

L —l

log det ( I  + p H  ip+mH fp+m) < rlogp
. 1=0

L - 1

y  log det (J  +  pHipH?p) < r log p .
. 1=0

The last equality is because the { H m} are identically distributed. Since
' L —l

P y  log det (J  +  pH ipH ^)  < rlogp  ,
1=0

(58)
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is the same with that in (54), we can get the upper bound using the results in 

Subsection 3.12.1. Given r = sL  +  q,

P Q t r̂  <  p - { q [ ( N t - s - l ) ( N r - s - l ) ] + { L - q ) [ ( N t - s ) ( N r - s ) ] )

E xact R esu lt

Lem m a 10. The outage probability of this block fading channel is exponentially 

equivalent to p - [ Q m t - s - i ) ( N r - s - i ) ] + ( L - q) [ ( Nt - s ) ( NT-s)]\^

Proof. Please see the Appendix 3.14-D for the proof. □

3.13 C onclusion and  D iscussion

We have proved that in the frequency-selective channel with L independent 

identically distributed taps, the maximum diversity gain is d = L  — r, with multi­

plexing gain r.

We use the OFDM technique to transfer the tapped-delay-line channel into the 

frequency domain to get a diagonalized, highly correlated channel model, where 

the channel vector in the frequency domain is reduced rank. From the proof, we 

find that regardless of the block size and the size of the FFT for the channel, the 

diversity gain depends only on the number of the independent channel taps of the 

original tapped-delay-line channel model, and so does the scaling law of the outage 

probability and the error probability without outage at high SNR.

We apply various methods to derive the scaling law of the outage probability 

and the error probability without outage. We use a geometric picture to derive 

a lower bound for the outage probability, which is also a key step to derive the 

approximations at low and high SNR.
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3.14 Appendices
3.14-A P roof of Lemma 8

Proof. We analyze the integral area in equation (48)

{M - 1 'j ( L - l  p - 1  L —l

Y , a m > r P \ = ^ E ^  +  E E  Cfyp+m ^  ^P
rri—0 )  /= 0  m —1 1=0

L - l  ^ (  p - 1  L - l

c { E ^ H e E ^ - ^ - 1)}
l  1=0 '  ̂m= 1 1=0 ' J

u |{e  aip <  n  (EE ̂/p+m •'> L(p 1)\\
L  ̂ 1=0 '  ̂m=1 1=0 J J

u { {  E a i p > r } n {  E E a , f + m -  r<& -
l   ̂ 1=0 '  ̂m= 1 1=0 '  )

Define
' M —l

and

Q ■= < E a,n > rP f 
lm=0 J

B :=  { { E a ^ > r } n { E S  &lp-\-m ^  T(jp l ) \ \
I  ^ Z=0 '  ^ m= 1 1=0 )  J

C : = j { S ^ ^ r } n { E S  ^Zp+m ^  ^{p ^ |
I  ̂ 1=0 '   ̂m=l 1=0 '  )

P:={{Eafr>r}n{EE ĈZp+ro f(P |
L ^ / =  0 '  ^ 771=1 1=0 )  )

Since Q C B U C U V,

g  = (B u  c  u  v )  n  g  = {B n  g)  u  (c n  g)  u  { v  n  g)  c  b  u  c u  ( p  n  g).

We analyze V  fl g,

✓ L—l  \  ,  p— 1 L—l n x M —l \

v n g  =  l E^^f fn  EE a-ip+m < r ( p  -  1) I n ] E > r p f •
t 1=0 J  ̂m=1 1=0 m=0

Note that the middle term

(  p - l  L - l  ") p - 1  ( L - l

EE otip+m < r(p -  1) = U E Cllp+m —
^ m =  1 1=0 J  m =  1 (. 1=0
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So,

v n g  c  { ^ a ' p > r } n {  U  { 5 Z Q!ip+m - r } } n { S Q:" > r p )
''1=0 '  ̂m=1 I 1=0 J '  ̂ n=0 '
f p—1 L—1 -V S A/ — 1 N- 1 u {5̂ +™<r>|n| Y^a”>rp\
t  m=1 1=0 ' *• n=0 '

-  u { { E “ ^ £ 4 n { f > » > ^ } }
m = l  t   ̂ 1=0 '  n=0 '  J
p - 1  (  ,  L - l  ■. ,  p - 1  L - l  'j

=  U  11 ^ 2 a lp+m < r  [ n  j X  X I  «/p+n >  p(p -  1) [ [ •
771= 1 I. ' 1=0  ̂71=0,71̂ 771 1=0 )

Define

{L - l  'j (  p - 1  L - l  ^

' y  ' &lp+Tn 5: r  r ["'j > y  ' ^   ̂a lp + n  >  p(p ^  f

/=0 J v n=0, n^m 1=0 J

So, finally,

G c B u c u ( v n g )  c b u Cu (u ^ i1p m).

Since the integrand in (48) is greater than 0, then

f  prp
P  [error, no outage] < /  M-1— f{P)d(3

Jg pLm=o 

/
/BUCUiU^Vm) P

Em - i  . ̂ m=0 a”

< j  JZ-fme
< /  r iQ -/ ( w g +  [  J Z l a i m p

J  £  p 2 ^ m =0 Qm .7C p ^ r n =0

/• ,/'p
+  E /  - T ^ r W W -r r ;  Jvm p^m=0 a™
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We analyze these terms one by one.

f  n r p  f  n rp
/  J L  f((3)d/3= /  P

J B  p * -rn = 0 “ m p 2 -,m = 0 a ”*

r pi-v L(log p)L y'P-i J ^ = o  i f  ‘P p)
/  / p~E ~=lE '=° ^ ‘p+^exp '  v '

Jb (na2)L

p - i

771=1

< / pr L(logp)L
--------------L-------eXP <

Z L V  ( p - - - 1 -  j )  1

{Ef=olQip>r} ^  

Inequality (a) is because in area B ,

► d a 0 .

P  X lm = l T ^ l L o  a l p + m  p  P(P 1)

Using the techniques, for deriving the upper bound of the outage probability, 

we can easily get that at high SNR,

L
= x £ — &(£)<*£<g p2̂ m=0 am —

P r  L { \ o g  p y  
(a2)L

Similarly, we can get that

L

nrP
— fp(P)dp <>  p r  L ( i o g P y

p52m=0 am J ~K ’ (Cr2)J

Next we derive the integral under area Dm.

(59)

(60)

Prp L{l0gP)L yP-i r±-n'a (lv+n) _

(™ 2)L P ^

/  - ^ r f ( P ) d P  = f
J V m P ^ m = 0 Qm J x .

- L

p - 1

x Y [ S ( p n - K n- m{ P J )d p .
n = l  

<  [

J [ 7 - L : (a‘>

n r P

T z n T - t t 0 J  n  6 (Pn -  £ n - m ( / 3 J )  d(3r, 
V m  P ^ o  A X

D—1

E t J  ( p a i p + m  1 -  j )

a*
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Since a m are all identically distributed, we can get for all m E [l,p  — 1],

L "  J W P  < (61)lvm p Z ™ = (a2)

From (59), (60) and (61) we obtain

(p +  l)pr~L{\ogp)L
P  [error, no outage] <

□

3.14-B Alternative Proof of Theorem 2

Proof. From equation (39), and the density functions (44), (43) and (42) we can 

represent outage probability as follows

p - 1  L - l

P .
Pout(r, p)

iP_1 L_1 1 r
- ^ 2 ^ 2  aiP+m -  r =  /  Oo)d a od90P  n J Am = 0 1=0

= f  (21°gf  g f  °l,"L exp ~ P" ] > < * A » o/ o \ t \
' A  VKG2 ) L j <7

(a) f  W L _ 1 ™ T= / pE i=0 a‘P-Ld a od0o
JA'

i  p f W ) - L .  (62)

Here the integral area A  := ^  J 2 i= o  a iP+ m  <  r j  D  { 0  <  a ip, for all /} n

{ — i t  < 0ip < 7r, for all /}, A! =  A fl {a;p < 1, for all I}. Define V := { 0  <  aip < 

1, for all /}. We see that A! C V. We get the exponential equality (a) using the 

same arguments as in the proof of Lemma 7 f ( a , 0 )  := J2t=o a ip- dx*,d is the 

optimal solution of the following optimization problem
L - l

max

s.t.

Xv a ip  
1=0

 ̂ p - 1  L - l

&lp+m —

^  m = 0 1=0

0 < a tp< i y i

-7T < 01 < 7T,VZ. (63)
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We prove the exponential equality (b) in equation (62) next. An upper bound 

is derived in the following

P0ut(r,p) = [  p ^ = o a,p~Ldcx0dd0
JA'

< [  d a od0o
J v

< p^(“ *’®*) - ivol(V)

=  pf(&'& ) - L. (64)

The inequality (b) is obvious since f ( a * ,0  ) is the maxima of a ip ™ the

integral area A',  and the integral area A  C V. The vol(V) is fixed yields the last 

exponential equality.

We follow the ideas of [2] to get a lower bound. Note that / ( a ,  0) is continuous, 

therefore for any 6 > 0, there exists a neighborhood Q of a* ,0  , within which 

/(c*, 6) > f(ac*, 6 ) — 5. It follows that

P o u t ( r , p )  =  [  p'L ‘‘=°la,p~Ld a 0ddo
JA'

> vo\[nr)A']pH“' r ) - s- L

= pf ( ^ A ) S - L _  (gg)

Since Pout{r ,p) > p f A f i  ) - s - l  for a n y  S > 0, we have Poat(r ,P) > )- l

which together with the upper bound proves the Lemma, which means the integral

is dominated by the minimum SNR exponent.

From equation (36), defining

um : =  >

which is a unitary matrix with (i, I)th element u"lt, we can get that

log ( l  +  p\ E fJo1 UZ P aip~l ~  p - le ^ p|2)
Qip+m \ i  ̂ f i ' * ’ i P f*logp
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Define « max =  max{aip, for all I}. At high SNR, because u") ^

0, for all i, I andm ^  0

log ( i +  -1)1  E to 1
lim  a ip+m  =  hmp—*OQ ' p—*QO log p

— ^max ■ (66)

W.l.o.g. assuming a max =  ao, because of the dominated convergence Theorem at 

high SNR the optimization problem (63) becomes

L - l

max
1=0

aip
1=0

1 / i_1 \
S.t. -  I a ip +  L ( p  ~  1)Qo ) <  r

P \  i=o /
aip < a0y i  e  [1, p — 1]

0 < a ip < i y i .

By KKT condition in [8], it is easy to check that the first inequality constraint can 

be changed to be equality, which yields the following optimization problem

L - l

max E OClp 
1=0

s-t - “ ( 5 Z a i p + L (p ~  ^ a ° ) =  r
P \  1=0 J
aip <  a Q,Vl E [ l , p  -  1]

0 < a ip<l ,Vi .  (67)

Solving this problem, we get that the optimal cqp =  £, for all /, and the optimal 

objective function is /(a * )  := YLf=o a ip = r > which proves that

P  — n ~ ( L ~ r  ̂l o u t  — P

We consider the error probability without outage now. From equation (48),
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we get

P  [error, no outage] 
r prp

< /  v a/-i— f ( a 0,G0)dac0dO0
J A  p A -m = 0 a ™

= r f— ^T.----------------- exP< ~ ^ =U V" - 9 ------r— } d a 0dO0

(a)

0IA pl
(21ogp)i p_ '̂'»=i '̂^=olQip+m+rp_/' J  S i^o1(Pa,p_1 — P 1) 

l A  ( n a 2 ) L

w  r

Jb
p  Ld a 0dG0

IB 
(f»)

<  (68)

where .4 := jEm =o am > rp jn { a /p > 0, for all Z}n{—7r < 0tp < ir, forall /}. The 

exponential equality (a) is got with the same arguments as we get the exponential 

equality (a) in (62). B := A  D V. Define g(d*, 0 )  := -  Em=\ E /to 1 +  rp. 

We prove the exponential equality (b) next.

With the same arguments as before, we get that

P  [error, no outage] < p9^  *-L,

/v *  ̂*where o: , G is the solution of the following optimization problem

p - 1  L - l

max — EE ̂ /p+m “1“
m = 1 1=0 

M —l

s.t. y , a m>rp
m=0
0 < a tp < 1 ,VZ

—  7T <  9ip <  7T, V 7 .

Next, we prove that this optimization problem is equivalent to problem (67) at
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high SNR. From equation (66), the optimization problem above becomes

max rp — pLa0
L - l

s.t. ^ 2  a ip +  L (p -  > rp
1=0

aip < o-o, V/ e  [l,p -  1]

0 < aip < 1,V/.

By the KKT condition in [8], the first inequality constraint can be changed to be 

equality, which makes the above optimization problem equivalent to problem (67). 

Therefore the solution is the same, which proves that

P  [error, no outage] < p~^L~r\

□

3.14-C P roof o f Lemma 9

Proof. Following the proof of [2], we give an upper bound Pout, (r, p) and a lower 

bound of the outage probability.

First we derive an upper bound. Since we are only interested in the SNR 

exponent, we simplify the integral by ignoring all the parts which has no effect on 

the SNR exponent. Consider

Pout(r > p) := P { ^  aiP,i < r)
l,i

L - l
=  I pẐ ip,i(aip,i i)(l-Nt—JVrl+i) 1 1  J"J(pazP'‘  ̂— paip,J *)^doc

1=0 i<j 
L - l

pEi,i(“ip,t-i)(|Aft-^Vr|+i) J J (0  — p a ‘p’j ~ 1) 2dcx

1=0 i<j

=  f  pEfJo1E£o1(»«p.i-l)(|Aft-̂ |+2i+l)da = pout(r)P).

JA'

Define / ( a )  := J2i=o J2?=~q1 (a ipj ~ l )(\N t ~ Nr\ + 2 i + 1), and denote a* = 

argsupA, f ( a ) .  Define V =  {cqp,i > 0, V7, z}n{a;Pi; < 1 ,V/,i}. We see that A'  C V.
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Then

Pont(r,p)  =  [  p £ t V i : £ o W - l ) ( l " ‘- " r |+ 2i+ l) rfa
JA'

=  [  p T . t o T , t ~ o 1(c‘^ - V ( \ K t - N r \+2i +l ) d a

JA' nv

<  f  p ^ a  d̂a. 
Jv
J(CL*)=  P'

A lower bound of Pout(r ,p )  can be found by noting that f(cx) is continuous, 

therefore for any 5 > 0, there exists a neighborhood Q of a*, within which f(at) > 

/(<**) — S. Now

Pont (r ,p )  > [  Pn a ' ]~sdcx
JiinA'

= v o \ { n n A ' } p f{a ,)- s .

Since at high SNR, Pout(r, p) > pPa">~6 for any S > 0, we have Pout(r,p) > 

p/(“*), which proves that

hm 1°gP ” (r- ',) =  /(a * ),
P-* OO l o g  P

Now to derive a lower bound of P0utage(p)> for any 5 > 0, define the set 

Sfi — {o! . &lp,i | ^  d, V?. 7̂  J } •

Now

Pout(r, p) =  f  m - N r \+l)  J-J _  p«iPj- l ) 2d a

^ A ' 1=0 i<j

r h~x
>  I p!2i,i(aip,i i)(lNt wr |+i) I I I I [pc‘lp,i  paip i 1)2da.

JA'nSx^ ' nSS 1=0 i < j
r  L - l

>  /  pEi.d^P.i-bd^-^rl + l) — p ~ 5) p aipJ ~ 1) 2d o t

f A ' nS* 1=0 i < j

=  (1 -  p ~ 6) K2 [  P f { a ) d o t .
J A ’nSx
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Following the above arguments f A,nSs p ^ a)dot has SNR exponent

sup / ( a )
•A'nSi

which, by the continuity of / ,  approaches f(at*) as 5 —>■ 0. Combining the upper 

and lower bound, we have that

lim logP U r ^ f l  =
p-> oo log P

Next, we derive /(a* ). First we get ol* by solving the following optimization 

problem.
L - l  K - 1

max 1)(|JV, -  JV,| + a +  i)
1=0 i = 0 
L - l  K - 1

St. EE &lp,i — T
1=0 i= 0

0 ^  E 1) VI, ^

®lp,0 E ®lp, 1 — ’ ’ ’ — &lp,K—l i  VI.

It is easy to get the optimal a *  as

Ctlp'K-s =  • ■ • =  aiPtK-1 =  1, Vi
L - l

^   ̂^ip,K—s—i Qi and otip̂ K—s—i E 1 VI
1=0

Qiip.o =  • ■ ■ =  ai P:K - s - 2 =  0, VI. (70)

So,

/ ( a * )  =  -  [9 [(IVt -  s  -  l)(IV r -  s -  1)] +  (L  -  q) [ ( Nt -  s ) ( N r -  s ) ] ] .

□

3.14-D Proof of Lemma 10

Proof. Applying the SVD to each H ip+m, we get H Lp+rn = t7/p+mE ip+mV " +m,

where E;p+m is the diagonal matrix with diagonal elements as the singular values
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of H ip+m, and Uip+m and Vip+m are unitary matrices having the invariant Haar 

measure [9]. Knowing that the singular values of H ip+m and the unitary matrices 

Uip+m and Vip+m are independent, together with the density in equation (54), we 

get the joint distribution of eigenvalues Aip =  [A;Pj0 • •' , ^ ip,k - i]\ V/, Uip, VZ and 

ViP, VZ as

P  (Ao) i A(L —l)pi  u 0, , U ( L —i)p, V 0 , , V ( L —l)p)

= n (ff n<v. - * * ? )
1=0 V *=0 i <j  J

x  P  { U qi • • • i U ( L - i ) P) P  ( V o ,  • • • j V ( L - i ) p )  i ( 7 1 )

where p ( U 0, ■ ■ • , L7(£,_i)p) and p (V 0, • • • , V(£_i)p) are joint distributions of 

Uip,Ml and V ip , V/ respectively. Therefore, the joint distribution of ocip, VZ, U ip, VZ 

and Vip,Vl is

P  (<*0i ' ‘ ' i a ( L - l ) p i  • • • , U  ( L - l ) p ,  V 0 , • • ■ , V  ( L - l ) p )

= C N * N r (^g p ) L K f ^ ^  E *=“o1

L - l  / K - l  \

x n  ( n ^ - - 1 -  p -1)1̂ - ^ 1 n ( P —  -  p^ - 1?  e - ^ u ^ 1-?-1)

(72)
/=0 \  i=0  i <j

X p  (C/q, i ̂ "(L—l)p) P  ( V 0 , , .

Then the outage probability is 

Pout(r,p) = P
L - l  p - 1  K - 1

EEE
/=0  m=0 i=0

— P  ( a o ,  • • ■ j a ( L - i ) P> • • • , U  ( L - i ) p i  V 0 > - - -  , V  ( L - i ) p )
JA

dcto, , dci^L—i p̂i dXJo, , dt/(£_pp, dVQ, , dV(£_i)p,

where area ,4 := EL’io  E i lo 1 “ ip+m,. < rP-

Following the arguments in Apendix 3.14-C, we can get the exponential equiv-
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alent form  for th e  ou tage probability  by so lv in g  th e  follow ing op tim iza tio n  problem

L -l K - 1

m ax 5 3  5 3 ( Qfo>i — — AV| +  2* +  1)
z=o 1=0
L -l p-1 K - 1

St. E E E  ̂ Zp+m,i E  rp
i=0 m=0 1=0
0 <  a/p,i <  1, VZ, z

a lp,0 E  «Zp,l <  ' ' • <  &lp,K-l ,Vl

U i p, V i p are u n itary  VZ. (73)

Solving th is  problem  is difficult. B u t we derive an  upper b ound  for th e  ou tage  

probability  in  th e  la st section  3 .12 .1 , w hich m eans th a t

L -l K - 1
f ( a , U , V )  :=  ^ 2 ^ 2 ( aiPt i - l ) ( \ N t - N r \ +  2i  +  l )

1=0 1=0
<  ~ { q [ ( N t -  s  -  l ) ( N r — s — 1)] +  (L  — q) [ ( Nt -  s ) ( N r -  s)])

for all { a ,  U  : =  [U'Q, ■ ■ • , U'lp]', V  :=  [Vq, • • • , V^p]'} sa tisfy in g  th e  constra in ts. If 

we find a so lu tion  { a * , U*,  V * }  such th a t

f ( a *, U \  V * )  =  - ( q [ ( N t -  s  -  l ) ( N r -  s  -  1)] +  (L  -  q ) [ ( Nt -  s ) ( N r -  s ) ] ) ,

th en  th is  so lu tion  is one o f th e  b est so lu tion s, and th e  exp on en tia l equivalent form  

of th e  ou tage probability  is p - (9KiVt_s_b(W r-s-i)]+(L-9)[(Vt-s)(ivr-s)]) ^

From  th e  so lu tion  (70) o f th e  o p tim iza tion  problem  (69), we know  th a t

&lp,K—s ‘ &lp,K — 1 1) VI

(%lp,K—s—1 ~T i VI
IJ

&ip, o =  • • • =  a /Ptx - s - 2  =  0, VI (74)

m akes

L -l K - 1

5 3  5 3 k . i  -  i)(i Nt -  a v i + 2 i + 1)
Z=0 1=0

= -{q[(Nt -  s -  l) (Nr - S - 1 ) }  + ( L -  q)[(Nt -  s)(Nr -  s)]).
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From this and the relationship 7i.m =  ( ^ ( ^ 1 5 ^ )  ® I lxl) Tto, we can easily 

get that (74) together with £7/p =  LvrxAy,VZ and V lp =  //vtxwrIVZ satisfy the 

constraints in (73) and make the objective function

/ ( a ,  U, V)  = -(q[(Nt -  s -  1 )(Nr - s - 1  )} + ( L -  q)[(Nt -  s)(Nr -  s)}), 

which proves that

P q t r̂  -L. p - ( q [ ( N t - s - l ) ( N r - s - l ) ] + ( L - q ) [ ( N t - s ) ( N r - s ) } )

□
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C H A PTER  4

Analog Precoder and Equalizer Designs and Their Geom etry for 
M ultichannel Communication

The problem of precoder and equalizer design is the problem of jointly de­

signing a transmitter and a receiver so that some property is optimized. Typically 

the property is information rate, mean-squared error, or error probability. In this 

chapter we design transmitter and receiver pairs directly in their analog domain.

4.1 Preliminaries

Consider the complex analytic received waveform y{t) =  (Au)(t) + n(t) where 

the transmitted waveform is (Au)(t) := XX=i ukak{t)- We assume that the wave­

forms ak(t) are linearly independent and that the message vector u := [iq, • • • , urn]' 

is complex proper N ( 0, R uu) and independent of the proper zero-mean, white Gaus­

sian noise n(t) with power spectral density S ( f )  =  a2. Direct evaluations of mutual 

information, mean squared error, or bit error rate are complicated by the fact that 

u is a column vector and y is a continuous-time random process. We follow the 

arguments of [1], [2] to show that there exists a column vector v which is a suf­

ficient statistic for the random process y. We use notation for constructing the 

m-dimensional transmission Au  that allows m  users to be accommodated, but 

of course k < m  users can share the subspace and use the extra dimensions for 

diversity gain.

Let A  := span{cq, • ■ • , am}, and let P \  denote the projection operator 1 onto

1A projection operator on a vector space is an idempotent linear transformation. Such trans­
formations project any point in the vector space to a point in the subspace that is the image of 
the transformation. For example, P4  is Pxy  := (A(A*A ) - 1  A*y)(t) in the space A  we defined, 
where A * is the adjoint operator of A which will be defined later. In an inner product space, 
such an operator is an orthogonal projection if and only if it is self-adjoint. In finite-dimensional 
inner product spaces, an orthogonal projection matrix is one whose matrix M  satisfies M 2 =  M  
and M* =  M  where M* is the conjugate transpose of M.

87
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A.  Since y =  Au  +  n, where Au  € A, we have y := P^y  =  Au  +  P^n  and 

y := y — y = n — P^n = Pj^n. Here Pj[ denotes the projection onto A 1 , the 

orthogonal complement of A.  Since y and y are uncorrelated and jointly Gaussian, 

they are independent. Moreover the mapping y i— > (y, y) is invertible, and only 

y carries information about it, Thus y is a sufficient statistic for y, which means y 

contains all the relevant information in y for purposes of detecting or estimating 

the column vector it, with respect to any criterion of optimality.

We next show that the analog waveform y is equivalent to the digital column 

vector

A*y =
< y , a i >

^  Vi ®ro ^
where A* denotes the adjoint of operator A and < •, • > denotes the inner product, 

< y.a  >:= f  y(t)a(t)dt. Here a(t) is the complex conjugate of a(t). By equivalent 

we mean that y can be obtained as a function of A*y and A*y can be obtained as a 

function of y. To see this, first recall that P 4 =  A{A* A)~lA*. Thus, y =  P^y is a 

function of A*y. Conversely, ^4*y is a function of y: A*y = A*A{A*A)~1A*y = A*y. 

Since y and A*y are equivalent, A*y is also sufficient for the message u. (Note that 

the adjoint operation A*y corresponds to putting the received waveform into a 

bank of matched filters.) Define v in terms of A*y by the invertible transformation 

v := (A*A)~1/2A*y, where each element of the m  x m  Hermitian matrix A*A is 

an inner product of the form < am,an >. Hence we get a column vector v which 

is sufficient for the message u. We assume here and throughout that A*A is non­

singular, which defines what we mean by the waveforms (a fc(/,)} being independent.

Specifically and as an example, we analyze the average mutual information 

between u and y which is denoted by /(it, y). Using the fact that the mapping 

y 1— > (y, y) is invertible, along with a standard identity, we have

/(u;y) =  /(it;y,y) =  I(u; y) + I(u, y\y).
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To see that this last term is zero, observe that

I(u;y\y) = H(y\y) -  H(y\y, u)

=  H(y) — H(y), by independence of y, y 

=  0 .

Thus, I(u;y) = I (u \y ) =  I(u;A*y) = I(u,v),  as v and A*y are related by an 

invertible transformation.

4.2 Signaling Waveforms for M aximum M utual Information

We derive the optimal precoder and equalizer to maximize the mutual infor­

mation I(u] y) between the received signal y and the transmitter vector u. Observe 

that

v = (A*A)~1/2A*y =  (A*A)1/2u + w (75)

where w := (A*A)~1/2A*n is an m-dimensional complex N ( 0, a21) random vector. 

It follows that u and v are jointly Gaussian with cross-covariance matrix Ruv =  

EuvH = FLau(A*A)11/2 and auto-covariance matrices FLau and R vv:

R ,v = (A* A)1/2 RuU(A* A)H/2 +  a21 
=  (A*A)1̂ 2R 1u/u2[I + a2RZu/2(A*A)-1R ^ " /2] R ^ \ A * A ) H/2 '

The mutual information between u and v is

I(u\v) = H{u) + H(v) — H(u,v)

= logdet ( /  +  g~2R%12(A* A )R lJ 2) . (76)

4.2.1 Precoding

We now introduce a precoder G and channel filter h, and define the digital- 

to-analog operator,

A = hG, (77)
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where h is determined by the time-varying channel impulse response h(t, r) , and G 

by the precoders gk{t). So, now A  models the action of the precoder and channel 

on the transmit symbols u :

m  p m

(.Au)(t) := ^ u fcafc(f) =  / h(t ,t  -  T ) 'Y ^ u kgk(T)d,T
k=1 ^ k=l
m  p

= ^ 2 uk h(t, t -  T)gk(r)dT := (hGu)(t). 
k= 1 ^

By A = hG, we mean Ofe(t) is the response of the time-varying channel to the 

precoder waveform gk{t): dk{t) = f  h(t, t — T)gk(r)dT = (h*gk){t). We assume the 

functions (h * gk){t) are linearly independent.

The adjoint operator A* is A* = G*h*, where

(A*y)k :=  <  y, ak > =  J  y(t)ak(t)dt =  J  y(t)dt j  h(t , t -  r ) ^ ( r ) d r  

=  J  9k{r)dT J  h(t , t -  r)y(t)dt = ((G*h*y)k■

It is important to note that the analog - analog operators h and h* work like 

this: (hy)(t) =  f  h(t, t  — r)y(T)dr and (h*y)(r) =  f  h(t, t — r)y(t)dt. The matrix 

A*A = G*h*hG is developed by first writing (hg.j){t) = f  h(t, t  — T)gj(r)dT and 

(.h*hgj)(t) = f  h(s,s  — t) f  h(s,s  — T)gj(r)dTds. The i , j t h  element of A*A = 

G*h*hG is then

(A*A)ij = g*h*h9j

-  / 5i( r > r ' / S ( S. S - / ) / h (S. S - r t e W ^ S

=  J  gi(r') J  gj(r) J  h(s, s — r /)/i(s, s — ^ d s d r d r ' .

With A* A  determined, we may re-write the mutual information I(u] v ) in (76)

as

I{u-v) =  logdet (I  + o - 2R*l2{G*h*hG)R]£). (78)
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Note that the only analog channel characterization that matters is this determin­

istic second-order characterization of h:

(h*h)(r',T) =  J  h(s, s — r')h(s, s — t ) cLs ,

which is a correlation function in the local delay variables ( r ' , r ) .

We assume the precoder subspace Q := spanjyyi, • • • ,gm} C <S, which indi­

cates that Q is a subspace of a signal space S,  and further assume {'ip\ , ■ • • , ipn} 

is an orthonormal basis of S,  assumed to be n-dimensional. Thus gk(t) =  

(4 '7 fc)(t) =  where the 7 k,i are expansion coefficients for in the

basis {-0 1 , • • • , ipn}. Define the n x m  coefficient matrix F := [7 !, • • • , 7 m], where 

the column vectors 7  ̂ are 7 ,- =  [7 ^1, •• • , 7 jn]T■ Then,
n n  p r

{A*A)ij =  ^ ^ 7 a  /  /  ^k(r')(h*h)(T,,T)i>i(T)dT,dT'yj<i
k = 1 1 = 1 ^

n  n

= y  \ y  y ii,kQk,nj,u
k = 1 1=1

where

Q k , l  ■=  I I  ̂ k { r ' ) { h * h ) { T ' , r ) ^ ( r ) d r /dr. (79)

So, A*A — TH(<F*h*h<F)F = FHQF and the mutual information in (78) becomes

/(u; v) = logdet {I + a~2 R}J2TH QFRlJ 2) . (80)

The matrix Q is a complete deterministic second-order characterization of the 

action of the channel h on the basis {ifii, • • • , u>n }• It is positive definite Hermitian 

with unitary decomposition Q = V A V H, where V  is an n x n unitary matrix, and 

A is an n x n diagonal matrix with non-negative diagonal elements in decreasing 

order.
 1 /Q

W.l.o.g., we parameterize the coefficient matrix T as T = VQRUU , where $  

is an arbitrary n x m  matrix. Then the information rate in (80) becomes

I{u ; v ) =  log det(7 +  cr~2$ H A<f>). (81)
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The design problem for the precoder G is to maximize the mutual information 

between u  and v  (or u  and y ) :

m ax/(u ;u) =  maxlogdet(7 +  cr~2$ HA$),$ $

s.t. tr($$>H) < V,

where the power constraint comes from the constraint t r (G*GRUU) =  

t r ( r Hri? uu) =  tYiTRuuT11) = t r ($ $ i/) < V. But we have to show that 

tr (G*GRuU) < V.  Because the expected transmit power is
P m  m

E  <  x ( t ) , x ( t )  > = E  u kg k { t ) ' Y ^ u i g i { t ) d t

J k=1 1=1
m m  p  m m

=  EE Tki /  9k{t)9i{t)dt = EE  TkiCki = tr  (G*GRUU),
k = l  i ~ l  J  k=1 i=1

where rki =  E u kUi ,  and cki =  /  g k { t ) g i ( t ) d t .

We know from [3] [4] and [5] that the solution for $  is an n  x m diagonal

matrix with nonzero elements </>* only on its main diagonal, with

w ’ -

= Z i I  y*™ s i '
771, 771 1 A i

Here, (x)+ =  max(x,0), fh is the number of the subchannels where \4>l\2 > 0, and 

Aj are diagonal elements of A. Large power V  and large “per-channel” SNR is 

favored, so that many channels may be used. The maximum mutual information 

is then
m  »

/(it; v )  =  Y ]  m ax(log(-^-), 0), (83)
t r  a ^

which is a sum of “per-channel information rates” of the form lo g ( j^ ) . So infor­

mation rate increases with increasing SNRs ^  and with increasing power.

If the correlation of the symbols RuU, may also be designed without constraint, 

then r R ^ 2 is replaced by f  = R4>, and the design proceeds unchanged.
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4.2.2 Design Rules

We summarize the design rules.

1. Choose signal space S  and the corresponding basis {'f/’fclJiUi to match the 

channel h(t,r).

2. Compute Q whose (k, l)th element Qk,i ■= J  f  4>k(T'){h*h)(T',t )\1)i(t )cIt 'dr 

is the second-order characteristic of the channel.

3. Decompose Q as Q = V A V H, and construct the diagonal matrix $  with 

the diagonal elements computed according to the water filling solution of 

equation (82).

4. Compute T =  V Q K ^u2, and design precoders <?*,(£) — X^=i Iki^iit)-

In this design, we note that the channel is determined by h(t,r) ,  and the design 

is constrained by the basis {ipk}k=i- The best we can do is to design the best 

waveforms gi in the space spanned by these basis.

4.2.3 Precoder Subspaces

Since ( h * h ) { r r) is nonnegative definite and we assume ( / T / i ) ( t ' ,  r )  is contin­

uous, and square integrable on I  x I  (I is an interval on 7Z), according to Mercer’s 

theorem, (h*h)(r': r)  can be decomposed into (/i*/i)(r', r )  =  kLi(Pi{T')lPi{T) 

where the series converges absolutely and uniformly on I  x I, and the continuous 

functions ^ ( r )  are eigenfunctions of (//.*/?,)(r', r)  corresponding to eigenvalues /q: 

J(h*h)(T',T)<pi(T')dT' =  The eigenfunctions {</?.t(r)} are orthonormal on

/: f  ( P i ( r ) t p j ( T ) d t  =  6 i j .

Assume the /i* are in decreasing order. Given any e > 0, there exists an integer 

Ne, such that for all n > Ar£, gn < e. We shall assume, as a practical solution,

that n, the dimension of S, approximates Ne, the e-dimension of (h*h)(r', r). Then
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the may be assumed to equal the <P i(r ) ,  and Ai = fa. The maximized mutual 

information is given in equations (83) and (82).

From the solution, we see that the actual dimension of the subspace the pre­

coders lies in is fh, which depends on the eigenvalues / a, ,  noise variance a2 and 

power constraint V. As long as V  is finite, the dimensions Ne and fh should be 

finite. We can choose n = Ne large enough such that the optimal solution fh < Nt 

to guarantee that we do not leave any available power unused, and the mutual in­

formation is maximized. The precoders lie in a subspace spanned by the dominant 

eigenfunctions of (/i*/i)(r',r).

4.2.4 Extension to the SIMO Multi-Channel System

We can directly extend the above design process to the SIMO multi-channel 

system. Assume A  =  hG where G is determined by the precoders gk(t) as in 

(77), but h is now by an Nr x  1 time-varying channel impulse response vector 

h =  [hi(t, r) , • • • , hxR{t , r)]', modelling channel effects from one transmitter to N r 

receivers.

The derivation and the final design process are the same except that
N r

(h*h){r', t )  =

i = 1

which is a summation of the correlation functions in the local time variables (r', t ), 

determined by the time-varying channel impulse responses in each channel.

So, in the design rules, the space S  and the corresponding basis {i^k}k=i 

should be chosen to match the channel vector h =  [hi(t, r), • • • , hNR(t, r)]' under 

transmitter constraints. All other steps are the same. As long as
N r

(/i* /i)(t',t) =  ^
i—1

is continuous, nonzero, and square integrable on I  x I  (I is an interval on TZ), we 

can find such a space S.

J  hi(t, t -  r')hi(t , t -  r)dt
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4.2.5 Canonical Coordinates and Geometry

Canonical correlations measure cosines of principal angles between random 

vectors in a Hilbert space. These cosines of principal angles (also called canonical 

correlations between canonical coordinates) between the message and measurement 

spaces determine error covariance, information rate, and capacity. For reduced- 

rank and/or quantized estimation of one random vector from another, canonical 

coordinate designs are known for estimation at minimum MSE and maximum 

information rate [6] - [7]. These designs show that reduced rank estimation must 

be done in a system of canonical coordinates.

In this section, we investigate the canonical coordinates between transmit 

vector u and receive vector v, after the design of the optimal precoder and equalizer.

From [8], we know that the mutual information between source vector u and 

measurement vector v is I(u,v) = log det(/ +  S), where S  is the signal-to-noise 

ratio matrix on the receiver side2. Moreover the connection between S  and the 

so-called coherence matrix C is (I — CCH) = (I + 5 )_1, where C  is the cross

correlation between whitened versions of the message u and measurement v: C :=

Ruu/2RuvR^iH/2 and CCH =  BZu'2R^VR -^RvuR v I /2■

From the design results in subsection 4.2.1, we find that /(u ; v) =  logdet(7 +  

S ) = logdet(I + a~2$ HA4>) with diagonal, which means the signal-to-noise

ratio matrix S  is diagonal and furthermore, CCH is diagonal.

Thus, the optimal precoder design makes squared coherence matrix CCH 

diagonal. Directly from the design, we do not know if C  itself is diagonal or

not. But, without loss of generality, C  can be diagonal. This means the com­

bined effects of precoder and equalizer have been to transform the whitened source 

u = Ruu2u, and equalized and whitened measurement v = R^J^v,  into a system

2Suppose the equivalent channel model is v =  Hu  +  n, where u and v are respectively the 
message and measurement vectors, H  is the equivalent channel transformation and n is the noise 
vector with covariance matrix Rnn. Then 5  =  R~^HRuuH h .
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of canonical coordinate where variables are pairwise correlated with correlations 

\EuiVi\2 =  (CCH)u =  Because Ui (ith element of u) and Vi (ith element

of h) have unit variance, we may call (CCH)a the cosine-squared of the angle 

between and w,. It is as if the whitened source u is communicating over fh 

uncorrelated channels, where fh is the number of channels with \(pi\ > 0 . In each 

such channel, the SNR and squared canonical correlations are SNR* =  ■ r̂- and 

(CCH)i =  . J f f [ i . The geometry of each channel is illustrated in Figure 18. In thisI vi I + \ .
Pythagorean decomposition of a subchannel, 1 | 2 is the message power, y- the noise 

power, and j_ is the cosine-squared of the angle between the whitened mes-
î

sage and the equalized and whitened measurement. This interpretation is further

illuminated in Figure 19, where the whitened variables u =  FQu2u and v =  Rvv^v

are illustrated. It is the geometry of these whitened variables that is illuminating.

The precoder GRl/u and equalizer RZv^F  transform these white variables into a

canonical coordinate system. Here F  represents the equalizer which is the matched
1 /2filter under the maximizing mutual information criterion. The coloring steps RJU 

1 /2and RW that take the white variables to the original variables only obscure this 

geometry.

Figure 18. Pythagorean decomposition of a subchannel

4.3 Signaling Waveforms for Minimum Mean Square Error

We derive the precoder and equalizer that minimize the mean square error 

between u and Fv. It is well known that the Wiener filter

F  =  R*vR £  =  Ruu{A*AfF [(A*A)l/2RuU(A*A)1' 2 + a 2/ ] " 1
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n

- 1 /2 1/2

Figure 19. An equivalent system diagram with precoder and equalizer, where the 
precoder and the equalizer transform the whitened variables u and v into canonical 
coordinates.

minimizes the mean square error. After applying F , the mean square error between 

u and Fv  is

tr  {R-ul  + a - \ A * A ) Y l . (84)

4.3.1 Precoding

We introduce precoder G and channel filter h as in (77), and assume A = h,G. 

Then (84) becomes

tr (R uu +(t~2{A*A))~1

= tr f c 1 +  a~2(G*h*hG) )_1 =  tr { R ^  +  a ^ Q T ) ' 1

= tr  (R~^ +  a - 2R - y 2<S>HA $ R ~ y 2) _1 =  tr  ( A - 1  +  a - 2A - 1/2UH^ HA ^U A ~ 1/2)

= tr (jA(I +  ct_2$ h A$)_1  ̂ ,

where G*h*hG, Q, T, V, A, $  are defined as in subsection 4.2.1. In the above formu­

lae we introduce the eigenvalue decomposition R uu = U A U H , and define := $[/. 

So, minimizing the mean square error subject to a power constraint becomes the 

following optimization problem:

min tr ( / +  cr~2$ HA<l)_1j

s.t. tr(4>$H) < V.

The same problem has been solved in [9], Here we use the majorization idea
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of [5] to re-solve this optimization problem. By Theorem 9.H.l.h. in [10],

TO
tr(A (/ +  ^evm_i+1(( / +  a ^ A d ) - 1),

t=i

where evm_l+1 (A) is the (m — z +  l)th  eigenvalue of Hermitian matrix A, with 

eigenvalues sorted in decreasing order, and 5i is the zth eigenvalue of the diagonal 

matrix A with eigenvalues sorted in decreasing order. The equality holds when 

( /  +  cr_2$ HA $)_1 is diagonal with diagonal elements in increasing order, or when 

(§HA<f>) is diagonal with diagonal elements in decreasing order. Suppose Al> = 

E, where E is an m  x m  diagonal matrix with diagonal elements sorted in decreasing 

order. W.l.o.g. $  =  A ^ ^ P E 1/2, where P  is an n x m  matrix such that P HP  = I. 

Putting this $  in the power constraint, we get

TO
t r ($ $ " )  =  tr(A_1P E P H) > ^  A"1̂ ,

i= 1

where A* is the zth diagonal element of A, whose eigenvalues are sorted in decreasing 

order, and is the zth element of E. The equality holds when P — _ ^mxm
U(n—to) x to

Summarizing these arguments, for all $  =  A_1//2P E 1,/2 which yield the same mean
Imxm minimizes the power. So, the optimal $square error, choosing P =

E1/2
0 ( n —m ) X r

ing order. The matrix optimization problem then yields the scalar optimization

is $  =  A- l
9 ( n —m) xm

, where the diagonal elements of A and E are in decreas-

problem

mm

s.t.

i = 1
TO

i= 1

Solving this problem we get

di = CT2
y / \ j5 i ( c r  2V  + Y j™= l \
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This yields the diagonal elements of diagonal matrix

^ + E r =1Afc-iy ^ - _ A_1 (85)E m
fc=l

Here [x]+ =  max(x, 0), and m is the number of channels where (, > 0 or 

\4>i\2 > 0. Summarizing, the coefficient matrix for the optimum precoder T is 

T =  V$>UH R^u 2, where $  is diagonal with squared diagonal elements in (85). 

The minimized mean square error is

MMSE := J S h lV V ^ ) 2
°~2v + YZiKx'

To find the best subspace which minimizes the mean square error, we also 

choose space S  spanned by </?i(r), 1 < i < Ne which are the eigenfunctions 

of {h*h){r', r )  for an arbitrary small e, and solve the optimization problem to 

get m and the optimal precoders. From the optimization solution, we see that 

the precoders are in the subspace spanned by the dominating eigenfunctions of 

(h*h){r' , r) . This conclusion is the same as the conclusion reached for maximizing 

the mutual information. Therefore, the precoder space design is the same. Only 

the coefficient matrix for designing the precoder waveforms from the precoder space 

is different.

There is no change in the extension to the SIMO channel.

4.3.2 H alf Canonical Coordinates and Geom etry

Half canonical correlations measure correlation between source vectors and 

whitened measurement vectors, after they have been resolved into a half-canonical 

coordinate system. In this subsection, we investigate half canonical coordinates 

between the transmit vector u and receive vector v after optimal precoding and 

equalizing.

We know from the last subsection that the optimal mean square error matrix
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is

M  := (R~x + 

=  U{A~X + a - 2A - 1/2$ HA $ A - l/2) - 1UH. 

Define the matrix [6] D D H = RuU — M, in which case

D D h =  U A  -  (A-1 +  a - 2A -1/2$ h A $ A -1/2)_1 UH

Here D is the half coherence matrix, which is the cross covariance matrix between 

the transmit vector u (un-whitened) and the whitened receive vector v. Then the 

squared half canonical correlation matrix [6] can be derived from D D H by simply 

applying the normal matrix U as follows

LL h = Uh DDh U = A  -  (A "1 +  CT-2A - 1/2 ^ A $ A - 1/2) - 1.

LL h is diagonal. We do not know if L itself is diagonal. But, w.l.o.g. L can be 

made diagonal easily from LLH.

W.l.o.g. this means the combined effects of the precoder and equalizer have 

been to transform the decorrelated (but not uniform variance) source u := UHu, 

with diagonal covariance A, and equalized and whitened measurement v into a 

system of half canonical coordinates where variables are only pairwise correlated, 

with correlation \EuiV*\2 =  (LLH)i = -rnrfn-- If we normalize the variable (u ) j  by
I <Pi I i \ .Az

its standard deviation y/Sl, then the cosine-squared of the angle between (u) i / V Z  

and (v)i is \ E ^ v * \ 2 =  Again we see that the channel is decomposed

into parallel uncorrelated channels where the SNR in each channel is -^r-, and the
x i

cosine-squared of the angle between (fib and (v)l remains . i . Figures (18)
I <Pi\ + X i

and (19) still apply, with RZu2 in Figure (19) replaced by UH. Then the precoder 

GU and the equalizer FGv^2F  transform u and v into half canonical coordinate 

systems. This geometry is obscured in the original coordinates (u,v).
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4.4 Signaling Waveforms for M inimum B it Error R ate

Here, we use the model and result of [11], The transmit symbols are assumed 

to be equiprobable antipodal symbols with Ruu = I. Recalling that in (75) the 

system function is

v = (A* A)~1/2 A*y =  {A*A)l^2u +  w,

where w := (A*A)*1!2A*n is an m-dimensional complex 1V(0, cr21) random vector, 

the equalizer F  =  (4 M )~ 1//2 is a zero forcing equalizer. Use A = hG to write 

F = (G*h*hG)~1/2, where the definitions of G*h*hG are the same as before. Under 

the minimum bit error rate criterion and under all of the above assumptions, the 

optimum coefficient matrix T for the precoder G is T = V $ D p ,  where V  is the 

n x n unitary matrix in Q = V A V H, $  is an n x m  diagonal matrix with nonzero 

elements only on its main diagonal, and Dp is an m  x m  unitary inverse DFT 

matrix [11].

The probability of error is [11]
1 m ^  1 m  1

F-=^  £  erfc(7mm?=̂  5 erfc( 7swm]'
This function is convex with respect to A ^)^1 if and only if (<hwA<E>)ri1 <

[11]. When it is convex, using Jensen’s Inequality,

1 m 1 1 I-------------- rh---------------

p‘ = -  2 eifc(v  J = k -l b -

The equality holds when (4>HA4>)_1 has equal diagonal elements. So the optimiza­

tion problem becomes

mintr(4>ifA4>)_1. (86)

The constraints are both the power constraint and ( ^ A ^ ) ^ 1 < -A?. It has been 

proved in [11] that if and only if tr ($ HA4>)_1 < ^ , there exists a unitary matrix 

B  such that (B ($H A$)~1B H)u < Aj .  So, the problem is simplified to minimizing
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(86) subject to the power constraint. And the solution is feasible if and only if 

tr ($ HA $)_1 < We introduce the singular value decomposition $  =  P T W H, 

where P  is a n x n unitary matrix, T  is a n x m  diagonal matrix with nonzero 

elements only on its main diagonal in increasing order, and W  is an m  x m. unitary
/mxm T _ Here r  ig amatrix. Since we have assumed that n > m, T

\ n —m ) x m

m x m  diagonal matrix with diagonal elements in increasing order. So (86) becomes

l m x m

0tr(<f>HA<f>)-1 =  t r ( f - H( [ ImXm 0mx(n-m) ] P HAP

=  t r ( ( f Hf ) - 1( [ Imxm Omx(n-m) ] P HAP

^rri X in 

(n—m ) x m

im.
0(n—m ) x m

y ' t - 1)

V > -

The power constraint becomes t r (TTH) < V. Define S =  (THT) 1. So, 

S is diagonal with diagonal elements in decreasing order. Define Z  =

( [ ! «m x m  0  m x ( n —m) ] P HAP ) 1. According to Theorem 9.H.l.h.
0 ( n —m) x m

in [10], tr(SZ ) > X^”=i ^ ev*(^)> where Cz is the Ah diagonal element of S, and 

evj(Z) is the zth eigenvalue of Z, with eigenvalues in increasing order. The equality 

holds when Z  is diagonal with diagonal elements in increasing order. Since A is 

diagonal with diagonal elements in decreasing order, the optimal P  is P  = I. The 

problem is simplified to a scalar optimization problem, and we can easily get the
vJx : (ST™- .

=. If and only if =1^  *—  < the solution is feasi-solution \U\2 = — — ^   -------- j, v  3(j2
1 V Afc

ble. In case the solution is feasible, we should find a unitary matrix B  such that 

(B (§HA<fr)~l B H)ii = (B W (T HAT)~lW HB H)u < From [11], B  =  DFW H is 

an optimal choice since it makes the diagonal elements equal. Here Dp is a unitary 

DFT matrix. So the optimal $  is $  =  TDp.  The optimal F is T =  VTDp.

From above, we see that the equivalent optimization problem in (86) becomes

(S l^yA - 1)2 after applying the optimal solution. The bigger the Ait the smaller the

objective function. So, we still want the A, as large as possible, as in the previous 

two designs.

The extension to the SIMO channel remains unchanged.
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4.4.1 C anonical C oord ina tes  an d  G eom etry

W ith this optimum coefficient matrix T for the precoder G the squared coher­

ence matrix is

CCH = Df $ h A1/2(A1/2$ $ h A1/2 +  i y W P Q D g ,

from which we easily get the diagonal squared canonical correlation matrix by 

applying the DFT matrix

K K h = D f C C HDF =  $ h A1/2(A1/,24>$h A1̂ 2 +  I ) - 1 A 1' 2* 11.

This means the combined effects of precoder and equalizer have been to transform 

the white source u = DFu and equalized and whitened measurement v into a 

system of canonical coordinates where variables are only pairwise correlated:

m 2\EuiV*\2 = (K K H)i =
l2 + i

It is as if the whitened source DFu is communicating over m  uncorrelated channels. 

In each, the cosine-squared is

\<Pi\2_  
1 •W  + £

Again, the geometry of each channel is that of previous designs. Figures (18) and 

(19) still apply, but now RZ,u2 is replaced by Dp.  Then the precoder GDF and 

equalizer FGiJ2F  transform u = DpU and v =  FGv^v into canonical coordinates.

4.5 E xam ples
4.5.1 A n Exam ple for th e  T im e-invarian t F requency-selective C hannel

In wireless communications, when the spread factor of the channel satisfies 

the condition < <  1 [12], where Tm is the time spread and Bj, is the doppler

spread, it is possible to select signals having a signal duration T  < Atc, and a 

bandwidth W  > A /c, where Atc ~  is the coherence time, and A /c «  is the
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coherence band-width. Then the signal sees a time-invariant frequency-selective 

channel with the tapped-delay-line channel model [12] and time-invariant channel 

taps

K r)  = '%2hl6(T -  -L).
1=0

The second order channel correlation (/i*/i)(r', r )  will be

{h*h){r\ t ) = J 2 Y 1  hi hkS((T’ +  -tff) ~  (T +  j^ ))-
1=0 k= o

It is easy to get that the nth eigenvector of (h*h)(r\ r)  is e j2t " t corresponding 

to the nth eigenvalue \Hn\2 which is defined to be the squared magnitude of the 

complex frequency response of the channel, sampled at frequency

L—1
hie tw .

1=0

Therefore, the subspace spanned by the Nt Fourier basis functions {e j2t " t }^e is 

the best signal space for the time-invariant frequency-selective channel model. The 

well known OFDM technique is used to diagonalize the channel.

4.5.2 An Example for the Time-varying Frequency-selective Channel

If we select signals having a signal duration T > A tc, and a bandwidth 

W  > A /c, then the signal sees a time-varying frequency-selective channel. For 

this time-varying frequency-selective channel, we still assume a time-spread Tm 

and Doppler-spread , with product TmB,i «  1, which means the channel is 

underspread. The coherence time is approximately the inverse of the Doppler- 

spread A t c ~  -̂ 2 aud the coherence bandwidth is approximately the inverse of the 

time-spread A f c ~  J - .  In Figure 20 the rectangle associated with each of fourm

channel descriptions is intended to convey qualitative features of the channel. For 

example, the scattering function S(v, r)  has finite support defined by Bd and Tm.
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The input-output description of the channel is

y(t) = j  X( . f )H ( tJ )eJ2*ftdf.

We follow the arguments in [13] to constrain the bandwidth of the input signal to 

W  and constrain the output observation time to T.  Then we get the equivalent 

time-varying frequency response as follows

H(t, f )  = , f ) x w { f ) ,

where
v m  =  / 1. —T/2 < t < T / 2 

'  '•0 , otherwise

By Fourier transforming H(t, / ) ,  we can get the scattering or ambiguity function

M - l  N - 1

S( v, t ) = ^ S [m ,n ]s in c (T (i/ -  ^ ))sinc(W (r -  ^ ) ) ,
m  n

where S[m,n] = m  and n are constrained to 0 < m < M — 1 and

0 < n < N  — 1 since we’ve assumed a time-spread Tm and Doppler-spread B d. So, 

jr = Bd or M  =  T B d ^  ^  and ^  =  Tm or A =  W T m «  From S(u , t ) ,  it is 

easy to get the time-varying impulse response as

M - l  N - 1

h(t,r) = EE Sfn, m]sinc(M/r(r — pp))e ^ .
m  n

A channel identification algorithm would estimate the ambiguity coefficients 

5[n, m] by transmitting training pulses with resolution in time and ^ in doppler.

Note that sine(IT(r — ^ ) ) e -j2,rt^ , forall n, m is a basis of L2(Tt), called the 

Gabor basis. Then sinc(W(r — ^ ) ) e _j27rtT, forall 0 < n < N  — 1,0 < m < 

M — 1 is a basis for a subspace of L2(1Z). Although this basis does not diagonalize 

(/i*/?,)(r', r) , we can use it as an approximating device to construct the space S,  

and then follow the design rules to find the precoder waveforms gj(t).
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B d ( „ ) ^ / )
(/) 

r -  = A fc1 m

Figure 20. The four corners diagram of the four Fourier transforms of time-variant 
and frequency-selective channel h(t, r)

There are many other ways to find the near-optimal basis for this linear 

time-variant channel. Prolate spheroidal functions are an obvious, but imprac­

tical choice. In [14], the eigenfunctions are approximated, within an error bounded 

by the moments of the channel spread function, by multicomponent signals. In [15], 

the author discusses many near-optimal basis methods, and presents a novel chan­

nel partitioning and modulation technique using adaptive bases of localized com­

plex exponentials for linear time-varying channels.

4.6 Practical Considerations and Conclusions

The first step in the design rule is to choose a precoder space S  and a cor­

responding basis to match the channel h(t,r),  possibly under constraints on the 

transmitter. Under all optimization criteria we have considered, the best space 

to be the one spanned by a subset of the eigenvectors of r). From the

examples in the last section, we find that practically, it is difficult to get exactly
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the eigenvalues and eigenvectors of r) for a given channel model, so we

may have to choose a space that only approximates the optimal one. In this case, 

the choice of a subspace basis is suboptimal. In the space we choose, however, 

the solution is optimal. In the last example, we present many methods to find the 

near-optimal eigenfunctions for the linear time-variant channel.

In these analog precoder and equalizer designs we assume that the transmitter 

and receiver both know the channel, which requires that the channel changes slowly 

enough for the receiver side to estimate the channel and feed back the channel 

information to the transmitter. It is impractical for the receiver side to feedback 

the basis and coefficient matrix to the transmitter side when the channel changes 

fast. One way to proceed is to assume that only channel coefficients change within 

a fixed basis, at a siow rate. This makes it possible to only feed back the coefficient 

matrix.

In conclusion, the results show that analog precoder design may be carried out 

in two steps: first, the precoder space is matched to the analog channel, and second, 

the precoder functions are selected from this subspace according to standard rules

[11], [5], [9], [3], [4], The resulting designs have an illuminating canonical coordinate 

geometry.
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C H A PTER  5 

Precoder and Equalizer Design in the CDM A system

In this chapter we aim to design transmitter-receiver pairs that simplify re­

ceiver design. We choose a CDMA system to demonstrate the problem and its 

solution.

5.1 Down-link Synchronous CDM A System  for Flat Fading Channel

We consider the synchronous CDMA downlink system. The transmit signal 

of the kth  user is

•'Cfe(i) =  A kbksk(t),

where A k, bk and sk(t) are respectively the amplitude, the transmit symbol +1 or 

— 1, and the signature waveform of the kth. user. The received signal in the base 

station is the sum of K  such signals, from K  users,

K

y{t) = ^  Akbksk(t) +  n(t).
fc= 1

On the receiver side we apply the matched filter and get the baseband equiv­

alent vector model

r  =  R A b  +  n,

where R  is the K  x K  autocorrelation matrix whose (z ,j)th  element is pij = 

J  Si(t)sj(t)dt, A is a diagonal matrix with kth  diagonal element A k\ b and y  are 

A-dimensional transmit and receive vectors, and n  is a A-dimensional noise vector 

with covariance matrix a2R.  If we apply a K  x K  precoder G  on the transmitter 

side, then the received signal is

r = R G A b  +  n.

109
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Then the problem of minimizing mean square error for a linear estimator of 6,

subject to a transmit power constraint, can be formulated as the following opti­

mization problem

min t r ( I  +  o~2 A H G H R G  A)~l

st. t r (AhGh RGA) < V.  (87)

It is easy to get the solution

G  =  \ f^-UAn/2V HA ~ \
V r

where we decompose R  into R  = U A U H and V  is an arbitrary K  x K  unitary 

matrix. A* is the pseudo-inverse of A.

W ith this precoder, the MMSE matrix is

MMSE := ( I  +  a~2A HGHRGA)~1

=  (88)

where J  is a diagonal matrix consisting of a number of Is equal to the rank of R  

and remaining Os.

Since the covariance matrix of the received vector r is

Rrr = R G A A HG HR  + a2R

=  (R G A A hG h +  a2I)R,  (89)

the Wiener filter on the receiver side is

RbrR - 1 =  A HG HR HR - \ R G A A HG H + a2I ) - 1

= A HG H{R G A A HG H+ a2I ) - \  (90)

On the receiver side, the matrix inverse is the most computationally intensive

part in the Wiener filter. Practically, we may use the steepest descent or conjugate
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gradient algorithms to iteratively solve the quadratic problem to approximate the 

matrix inverse. With the optimal precoder G, the matrix inverse part of the 

Wiener filter becomes

R G A A h G h + a21 = U ( —i  + a2I ) U H. (91)
r

This matrix has one distinct eigenvalue when the rank of R  is K,  or when all the 

K  signature waveforms are linearly independent of each other. When the rank of 

R  is less than K,  the matrix has two distinct eigenvalues. The conjugate gradient 

algorithm will converge in n steps, where n is the number of the distinct eigenvalues 

of the matrix (91). So, with the precoder which minimizes the mean square error, 

the conjugate gradient algorithm converges in one or two steps.

5.1.1 Performance Analysis

We investigate the channel model again. Suppose we use the DS-CDMA 

waveform
N

sk{t) =  £ c fĉ  -  iTc).
i=i

On the receiver side the received vector can be expressed as

y  =  C G A b  +  n,

where C  is an N  x K  signature matrix and y  is the received vector sampled at 

the chip rate. When < %p(t — iTc),if>(t — j T c) > =  Sij, then R  = C HC.  So we 

can decompose C  as C  =  W A 1̂ 2U H where W  is an N  x K  matrix such that 

W HW  =  I .  Putting the optimal G  into the formula, we get that

y  = < —W V Hb +  n.
V r

We see that the equivalent signatures after the precoder are orthonormal to each 

other if A < N,  or with the appropriate choice of V  are sequences that meet the
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so-called Welch-bound equality (WBE) when K  > N,  and the maximum power is 

allocated to each user.

The optimal MMSE for the zth user is

MMSE, =  ((J +  ^ - V i V H) - % ,  
raz

where MMSEj is the zth diagonal element of the MMSE matrix defined in 88. If the 

rank of R  is K,  the MMSE for all the users are equal. Since MMSEj =  1+gIR. [1], 

where SIRj is the signal to interference ratio for user z, the SIR of each user is

If the rank of R  is less than K,  the MMSE of each user and therefore the SIR 

of each user depends on the unitary matrix V.  We can design V  to change each 

user’s SIR. The eigenvalue vector of the MMSE matrix [1, • ■ • , 1, V , • • • , -]T
r a ^

majorizes the diagonal vector [MMSEi, • ■ ■ , MMSEk]t  of the MMSE matrix. Since 

1+gIR := MMSE,, we can design V  to make SIRj satisfy some SIR requirement 

for each user subject to the constraint that 1+gjR. is majorized by the eigenvalue 

vector.

5.2 Uplink M ultipath CDM A System

We consider the uplink of the multipath synchronous CDMA system. The 

transmit signal of the kth user is

xk(t) = ^ 2  A k[i]bk[i]sk(t -  zT),
i

where Ak[i], bk[i\ and sk(t) are respectively the amplitude of the zth symbol, the 

zth transmit symbol +1 or —1, and the signature waveform of the kth  user. sk(t) =  

^2iLi ckiip{t — iTc), and T  is the symbol period. The multipath channel for user k 

is
Lfc — 1

hk{t) = ^ 2  hki&{t ~  m)-
1=0
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Then the received signal in the base station is

K  L k - 1

A k\i]bk[i]hkisk(t -  rki -  i T ).
k—1 i 1=0

Suppose the chip period is Tc, and the processing gain is N  such that T  =  N TC. 

Assume rki is an integer multiple of Tc. Define L := max{Li, • • • , LK}. Then the 

received signal becomes

K  L - 1

y{t) = A k[i]bk[i]hkisk{t -  ITC -  iN Tc).
k=1 i 1=0

Notice that some hki may be zero.

Assume the system is synchronous, or rk0 = 0, Vk. Assume the delay spread of 

the channel is far less than the symbol period, so that the inter-symbol interference 

can be ignored. Or, L «  N,  so we can insert a guard interval to eliminate the 

inter-symbol interference.

On the receiver side we use the chip matched filter and sample at the chip 

rate. Then we get

y k H  kck A kbk

during one symbol period. Here y k is an (N + L — 1) dimensional received 

vector from user k. Theoretically, ck is an N dimensional signature vector 

ck = [cfci, • ■ • ,Cfciv]T, and H k is an (N  +  L — 1) x N  dimensional Toeplitz ma­

trix with the first column [hkfi, • • • , hk^ ~ i, 0, • • • , 0]T.

Define (N  +  L — 1) x K  dimensional matrix C h =  [[iTiCi], • • • , [Hk Ck ]]- 

Then the received N  +  L — 1 vector from all the users is

y  = C HA b  + n,

where A  is a K  x K  diagonal matrix whose /cth diagonal element is A*,, 6 is a A 

dimensional vector with /cth element bk, and n  is a (N + L — 1) dimensional vector 

with covariance matrix cr2I.
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On the receiver side, we use the Wiener filter to minimize the mean square 

error

F  =  RbyRyy.

Applying the precoder, we get the following optimization problem:

min tr(<72/  +  A H G H C * C  HG  A ) ' 1 

s.t. evmax( A HG HC HC G A )  < V0. (92)

In the uplink synchronous CDMA system, we assume we can not distribute power 

between users. So, we constrain the peak power of each user by constraining the 

maximum eigenvalue, which dominates all diagonal elements of A HG HC HC G A .  

Suppose C HC  = U A U h , Decompose G  into G  =  t7A^1//2$ A _1 and define

r := An/2U HC%CHUAn/2 = V T V H.

Let $  =  V$>. Then the optimization problem becomes

min tr(<r2 J  +

s.t. evmax( $ H$ )  < V0, (93)

where $  is an arbitrary K  x K  matrix. Note that the diagonal elements of the 

diagonal matrices A and T  are in decreasing order.

Solving this problem, we get the optimal 3? =  D W H where D  is a diagonal 

matrix with diagonal elements

a -  ! V V 0 Vi s.t. U ±  0 , .
* I 0 Vi s.t. u = o ’ 1 J

and W  is an arbitrary K  x K  unitary matrix. Note that diagonal elements of T  

are the eigenvalues of A^l^2U HC ^ C h UA tl//2 and depend on both the signature 

and the channel. The measurement covariance is

Ryy = C hG A A hG hC hh +  cr2I.
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Then the eigenvalues of R yy are equal to the eigenvalues of

A hG hC%ChG A  +  a21 =  +  a21,

which are 1 +  Vqti using the precoder that minimizes the mean square error.

The precoder that minimizes the mean square error does not give a simple 

MMSE receiver unless the matrix T  has a small number of distinct eigenvalues. 

But this depends on both the signature and the channel, which we can not control. 

To get a simple MMSE receiver, where conjugate gradient recursions converge in 

a small number of steps, we need to design $  to make the number of distinct 

1 +  \di\2ti, Vi smaller. Suppose the purpose is to get M  distinct eigenvalues. We 

need to divide the eigenvalues 1 +  \di\2ti into M  groups and make the eigenvalues 

in each group equal. Without loss of generality, we do not consider the eigenvalues 

with U = 0. Suppose all U /  0. From the optimization problem above, we know 

that |dj|2 < V(h Vi and the larger the \di\2, the smaller the minimum mean square 

error. If for i > j ,  \di\2ti = \dj\2tj, since ti > tj ^  0, |dj|2 < \dj\2. So, in the same 

group where the eigenvalues are equal, suppose ti is the smallest fj in this group, 

then the corresponding \cli\2 = Vq. The eigenvalues are equal to 1 +  Vqti for this 

whole group. We order all 1 +  \di\2ti according to the decreasing order of ti. To 

make the minimum mean square error as small as possible, we have to put the 

consecutive elements into one group. If we put the last K  — (M — 1) eigenvalues 

into one group, we get a solution similar to the reduced rank MMSE solution, but 

better because we do not set the eigenvalues equal to zero.

Suppose we divide the K  eigenvalues into M  groups where the pth group 

contains kp elements, and kp — K- Suppose tp is the smallest t% in the pth 

group. So, tp = t^p  ̂ki. Set all the eigenvalues in the pth group equal to 1 +  Vqtp. 

The optimal precoder that minimizes the mean square error has eigenvalues 1 +  

Voti,Vi. Then the method looks like quantizing the K  eigenvalues into M  sets of

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



116

approximately equal eigenvalues. The loss of minimum mean square error is

The problem is how to pick the M  eigenvalues to make the MMSE loss small-

is not what we want. Next, we’ll give a simple algorithm to get a suboptimal 

solution.

Predivide the K  eigenvalues into M  groups by guess. Define ev, =  1+y t. ■ 

From (95), we notice that the MMSE loss depends on the difference between adja­

cent eVj — evj_! and the number of eigenvalues in the same group. So, during the 

original guess, we try not to put the eigenvalues with comparatively big differences 

evi — evj_i into one group. And we try not to put too many eigenvalues into one 

group. Or, in this quantization procedure, we try to put those eigenvalues with 

small differences into one group.

After the pre-division, we optimize the group division by searching between 

the adjacent groups. In this way, we get a suboptimal solution with computational 

complexity not more than 2K.

Till now, we have the optimal or suboptimal precoder which minimizes the 

mean square error when a Wiener filter is used on the receiver side. But how is 

this precoder applied to each mobile user? Suppose the base station can estimate 

the amplitude matrix A  for each user and get the optimal precoder. The signa­

ture vector [si(t),s2(t), - ■ ■ , s^(i)] can be updated as [si(t), s2(t), ■ ■ ■ , 

and the updated signatures are sent back to each mobile user from the base 

station. The resulting transmit signals, after matched filtering on the receiver 

side are P T l/2y / % W H, where P  is a unitary matrix from the decomposition

m  E U k-

(95)

est. The optimal solution can be got by exhaustive search for all the possibilities.

But the computation will take K K̂ M+1) steps and is time consuming. This

C HU  Atl/2 =  P T 1/2V.
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