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ABSTRACT

STATISTICAL MODELING OF HIGH-DIMENSIONAL CATEGORICAL DATA WITH
APPLICATIONS TO MUTATION FITNESS AND SPARSE TEXT TOPIC ANALYSIS

The growing availability of large-scale categorical data has created a strong need for statistical
methods capable of modeling high-dimensional discrete structures. Such data are common in
fields like biological sequence analysis, natural language processing, and social network modeling,
where observations often involve thousands of categorical or count-valued variables, exhibiting
complex dependencies and high sparsity. Conventional statistical models, designed for continuous
or low-dimensional settings, often fall short in capturing the latent structure and combinatorial
complexity of such data. This dissertation introduces new statistical modeling frameworks and
estimation techniques tailored for high-dimensional categorical data, supported by theoretical
guarantees and validated through applications in protein sequence analysis and topic modeling.

The first part of the dissertation focuses on modeling mutational fitness in proteins, where
predicting the effects of amino acid mutations is challenging due to the vast combinations of sites
and amino acid types. We propose a new framework for analyzing protein sequences using the
Potts model with node-wise high-dimensional multinomial regression. Our method identifies key
site interactions and important amino acids, quantifying mutation effects through evolutionary
energy derived from model parameters. It encourages sparsity in both site-wise and amino acid-
wise dependencies through element-wise and group sparsity. We have established, for the first time
to our knowledge, the ¢, convergence rate for estimated parameters in the high-dimensional Potts
model using sparse group Lasso, matching the existing minimax lower bound for high-dimensional
linear models with a sparse group structure, up to a factor depending only on the multinomial nature
of the Potts model. This theoretical guarantee enables accurate quantification of estimated energy

changes. Additionally, we incorporate structural data into our model by applying penalty weights
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across site pairs. Our method outperforms others in predicting mutation fitness, as demonstrated
by comparisons with high-throughput mutagenesis experiments across 12 protein families.

The second part focus on topic modeling which is a fundamental technique for uncovering
latent semantic structures in large text corpora. While traditional probabilistic models such as
Latent Dirichlet Allocation and probabilistic Latent Semantic Indexing have been widely adopted,
they often rely on assumptions that do not align well with the properties of real-world text data,
particularly the pervasive presence of zero counts. These structural zeros, especially in short
documents, often reflect more than random sampling variability and can indicate meaningful
absence. To address these limitations, we propose a novel Zero-Inflated Poisson model that
incorporates three essential components: a zero-inflation mechanism explicitly accounting for
excess zeros that arise from structural rather than sampling sources; a functional link connecting
the zero-inflation probability to the Poisson intensity to capture informative missingness related
to topic prevalence, and document-level random effects accounting for unobserved heterogeneity
across documents. An efficient alternating optimization algorithm is developed for intensity
parameters estimation under a low-rank structure. We establish finite-sample error bounds for
topic-word matrix recovery via a vertex hunting procedure. Empirical studies on synthetic
datasets show that the model outperforms existing methods in sparse and heterogeneous settings.
Application to a real-world corpus of statistical publications further confirms the model’s ability to

recover meaningful topics and track their evolution over time.
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Chapter 1

Introduction

High-dimensional categorical data have become increasingly prevalent in the era of data-
driven science, emerging across a wide range of disciplines including computational biology,
natural language processing, and the social sciences. Unlike continuous measurements, categorical
observations, such as protein sequences with amino acids, or word frequencies among documents,
are inherently discrete, often characterized by extreme sparsity, and structured in complex ways.
These characteristics pose significant challenges to traditional statistical modeling, which typically
relies on assumptions better suited to continuous or low-dimensional data. Consequently, to
uncover meaningful patterns and develop reliable predictive models in such settings, new statistical
methodologies that can effectively leverage domain-specific structures and address the unique
properties of discrete, high-dimensional spaces are urgently needed.

This urgent need for new statistical methodologies is particularly magnified by the rise of
large-scale biological and textual datasets, which present high-dimensional, heterogeneous, and
often noisy categorical data. In the domain of molecular biology and biomedical engineering, one
critical challenge lies in evaluating and predicting the effects of genetic mutation effects. As the
catalog of observed variations continues to grow in both humans and model organisms, identifying
amino acid alterations that drive phenotypic differences or contribute to complex diseases
becomes increasingly important. Although high-throughput mutational scanning technologies
have advanced the experimental study of mutation effects (Melamed et al., 2013; Lek et al.,
2016), these approaches are often constrained by cost, scalability, and experimental feasibility.
For example, analyzing protein mutations may involve hundreds of sites, making exhaustive
experimentation impractical and highlighting the need for statistical models that can leverage
sequence data.

In parallel, the explosion of textual data across a variety of domains has posed significant

challenges for extracting structured insights from unstructured language in natural language



processing. Topic modeling has emerged as a foundational unsupervised technique for discovering
latent thematic structures in large collections of documents. While originally designed for text
analysis, topic modeling methods have proven highly adaptable, finding applications in diverse
areas such as bioinformatics (McMurdie and Holmes, 2014), social network analysis (Hsieh et al.,
2012), and healthcare analytics (Li et al., 2021). However, traditional topic models often assume
relatively long and information-rich documents, which limits their effectiveness in increasingly
common settings involving short, sparse texts such as paper abstracts, or social media posts.

This dissertation investigates two distinct applications of high-dimensional categorical data
analysis: the modeling and prediction of protein mutation fitness using structural information
through a high-dimensional Potts model, and the topic analysis of sparse short texts using a zero-
inflated Poisson model combined with a singular value decomposition (SVD) approach for a low-
rank structure. Although these applications differ in scientific domain and modeling framework,
they share a common statistical objective: developing structured, scalable, and theoretically
grounded methodologies for learning from sparse, high-dimensional categorical data. Background

for each study appears in Sections 1.1 and 1.2, respectively.

1.1 Modeling of Protein Mutation Fitness with Potts Models

Understanding how mutations affect protein function is a fundamental problem in molecular
biology, with implications for disease research, drug development, and evolutionary studies. A
key source of information for such analysis comes from evolutionary data, where patterns of
conservation and co-variation across protein sequences offer clues about functional constraints.
Multiple sequence alignments (MSAs) align sites across evolutionarily related protein sequences
within the same family and serve as primary input data for studying mutation effects. For
example, Figure 1.1(a) showcases a portion of the MSA data for the Dihydrofolate reductase

(DYR) protein family, a key enzyme in folate metabolism, responsible for reducing dihydrofolic
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Figure 1.1: (a) MSA data for the DYR family at sites 143-153. (b) Protein structure highlighting the spatial
proximity of sites 143 and 150, with site-wise physical distances derived from structural data. (c) Integration
of MSA and structural data facilitates mutation fitness landscape analysis.

acid to tetrahydrofolic acid (Schnell et al., 2004). Each row represents a protein sequence, with
twenty distinct letters! encoding specific amino acids and dashed lines indicating alignment gaps.

MSA data are widely used in computational methods for assessing the functional impact of
amino acid mutations. For example, SIFT (Ng and Henikoff, 2003) directly relies on conservation
scores derived from MSAs to predict whether a mutation is likely to affect protein function,
while PolyPhen (Adzhubei et al., 2010) incorporates these conservation features into probabilistic
classifiers such as Naive Bayes. Although effective in practice, these methods evaluate each site

largely in isolation and do not explicitly model dependencies between sites.

'A,C,D,E,F,G,H,I,K,L,LM,N,P,Q,R,S, T,V,W,and Y represent amino acids



The aforementioned computational approaches using MSA data primarily treat it as a collection
of fixed amino acids, without quantifying its uncertainty or integrating it with other informative
resources, such as protein structural data shown in Figure 1.1(b). In fact, MSA data for each
sequence can be viewed as a multivariate categorical random vector. The Potts model (Potts,
1952), an extension of the Ising model (Ising, 1925), naturally model such data, allowing for the
investigation of both single-site and pair-site parameters. In this context, single-site parameters
represent site-wise effects, while pair-site parameters, known as direct coupling between sites
(Morcos et al., 2011), capture both site-wise and site-amino acid-wise dependencies. This
framework facilitates the calculation of evolutionary statistical energy and provides a coherent
assessment of relative energy changes caused by single-site or even multiple-site mutations.
Consequently, the Potts model offers a flexible statistical framework for predicting mutation effects
and constructing mutation fitness landscapes, as illustrated in Figure 1.1(c).

Building on the principle of maximum entropy, which supports constructing statistical models
that reproduce observed correlations without making unwarranted assumptions, direct coupling
analysis (DCA) applies the Potts model to estimate direct site-site couplings from MSA data. It
does so by fitting a sparse Markov random field to the sequence alignment, allowing the model
to disentangle direct interactions from indirect correlations mediated through other sites within a
protein family (Morcos et al., 2011; Levy et al., 2017). By estimating coupling parameters that
match empirical amino acid frequencies and covariances, DCA reveals a network of interactions
that are critical for understanding protein structure, function, and stability. Similarly, EVmutation
(Hopf et al., 2017) builds on the Potts model to characterize mutation fitness landscapes by
capturing interactions across all pairs of sites using MSA data. It extends the DCA framework by
assigning a statistical energy to each sequence, allowing the effect of a mutation to be quantified
as the change in energy between the wild-type and mutant sequences.

Despite their effectiveness in modeling pairwise interactions, existing Potts-based approaches
such as DCA and EVmutation face limitations in fully leveraging structural information and

handling the sparsity of dependencies within sequence alignments. These challenges underscore



the need for new statistical frameworks that are interpretable, theoretically grounded, and scalable
to high-dimensional protein sequence data. We propose a modeling approach that builds upon
and extends these ideas. Our work specifically aims to improve the prediction of mutation
fitness, with a particular focus on robust integration of structural information and enhanced model

interpretability.

1.2 Topic Modeling of Sparse Texts

Topic modeling is a fundamental tool in text analysis that aims to uncover latent thematic
structures within large collections of documents. It provides a principled way to organize,
summarize, and explore unstructured textual data by identifying coherent groups of words, known
as topics, that tend to appear together. These topics reveal underlying semantic patterns and are
useful in a wide range of applications including information retrieval, document classification,
recommendation systems, and content summarization.

Mathematically, given a corpus of n observed documents and a fixed vocabulary of V' words,
we represent it as a document-word matrix Z = (Z;;) € R™*Y where Z;; denotes the frequency
of word j in document :. The goal of topic modeling is to recover K underlying topics and model
the relationships among documents, topics, and words using a document-topic matrix W € R"*&
and a topic-word matrix A € RE¥*Y, Each document is assumed to be a mixture of topics, and
each topic is defined by a distribution over words.

Notably, recent work on topic modeling has increasingly focused on neural embedding-based
approaches, particularly those leveraging large pretrained language models such as BERT. Methods
like BERTopic (Grootendorst, 2022) apply a pretrained bidirectional encoder to generate dense
semantic embeddings for documents, which are then processed using dimensionality reduction
techniques (e.g., UMAP) and clustering algorithms. Topic words are extracted heuristically
via TF-IDF applied to the resulting clusters. While effective at capturing high-level semantic
similarity, these models lack an explicit generative process for word occurrences and provide

no theoretical guarantees for topic recovery or estimation stability. Moreover, because they



rely on frozen pretrained encoders, their adaptability to domain-specific vocabulary and context
is limited. These limitations have motivated a renewed interest in probabilistic models, which
offer transparent generative formulations, interpretable parameter structures, and theoretical
justifications for recovery guarantees.

Two prominent probabilistic models in this context are Latent Dirichlet Allocation (LDA) (Blei
et al., 2003) and probabilistic Latent Semantic Indexing (pLSI) (Hofmann, 1999), both of which
rely on probabilistic frameworks based on multinomial distributions to model word frequencies
within individual documents. LDA is a foundational method in topic modeling. It employs a
hierarchical Bayesian framework that includes a Poisson prior for document length and a Dirichlet
prior for the distribution of topics within documents. This allows each document to be modeled as
a mixture over topics, where each topic is represented by a multinomial distribution over words.
Parameter estimation in LDA is typically performed using techniques such as Markov Chain Monte
Carlo (MCMC). The model has been extended in numerous directions, including dynamic topic
models (DTM) (Blei and Lafferty, 2006), which introduce a temporal structure by placing a state-
space model over the Dirichlet parameters. This allows the topic proportions and word distributions
to evolve over time, capturing topic shifts and trends in longitudinal corpora. Variants of Latent
Dirichlet Allocation (LDA) have been adapted for supervised learning, modeling correlations
between topics, and incorporating additional labels, demonstrating the model’s considerable
flexibility across diverse application domains.

The probabilistic Latent Semantic Indexing (pLSI) model (Hofmann, 1999) has served as a
foundational approach in topic modeling by representing each document as a mixture over a set
of latent topics, with each topic characterized by a probability distribution over the vocabulary. In
the modern matrix factorization formulation of pLSI (Arora et al., 2012; Bing et al., 2020a,b;
Wu et al., 2023; Ke and Wang, 2024; Tran et al., 2023), the parameter matrix of document-
specific multinomial word distributions is denoted as IT € R™*V. Each row II;. of IT defines

the multinomial parameters for document ¢, encoding the probabilities of observing each word



type in the vocabulary. The key modeling assumption is that IT admits a low-rank factorization of
the form IT = WA with the number of latent topics K < min(n, V).

To ensure that W and A admit a probabilistic interpretation, additional constraints are typically
imposed. Specifically, the rows of both matrices are required to lie on the probability simplex.
These constraints place the factorization within the framework of non-negative matrix factorization
(NMF) with simplex structure, which has been widely studied in both theory and application.
However, the non-uniqueness of matrix factorizations poses a significant challenge in recovering
the true underlying topic-word matrix A. Without additional structural assumptions, W and
A are only identifiable up to a rotation within the space of rank-K factorizations, making the
interpretation of recovered topics ambiguous. To address this, Arora et al. (2012) introduced
the anchor words assumption, which provides a sufficient condition for the identifiability of A.
The anchor words condition assumes that each topic contains at least one word that has non-
zero probability only within that topic and zero probability under all others. This assumption
geometrically implies that the rows of A lie within a convex hull whose vertices correspond to
anchor words, enabling exact recovery of the topic-word matrix under separability, which builds
upon the separability condition introduced by Donoho and Stodden (2003) in the context of non-
negative matrix factorization. Under the separability condition, numerous algorithms have been
developed to leverage this structural property. These include geometric approaches such as the
Successive Projection Algorithm (SPA), convex optimization methods, and spectral techniques that
combine dimensionality reduction with vertex search procedures. Recent advances, exemplified
by Bing et al. (2020b); Wu et al. (2023), investigate the sparsity of the topic—word matrix A and
offer statistically near-optimal guarantees. The subsequent study (Tran et al., 2023), however,
suggests that the underlying sparsity assumption may be overly restrictive and susceptible to
overfitting. Furthermore, Bing et al. (2020b); Ke and Wang (2024) introduce scalable algorithms
for anchor word recovery, which significantly enhance the practical utility of the pLSI framework

for analyzing real-world text corpora.



While pLSI and LDA are effective for many text corpora, their underlying multinomial
assumption presents limitations in practical applications. In particular, the conventional treatment
of document length as a fixed parameter within the multinomial framework constrains the model’s
capacity to capture the relationship between document size, topic complexity and vocabulary
richness. Empirical evidence, as demonstrated in Figure 1.2(b), reveals a positive correlation
between document length and vocabulary coverage, suggesting a systematic relationship that
merits explicit modeling. However, this relationship is overlooked under the multinomial
assumption, which treats document length as exogenous. Although one could model document

length as a function of vocabulary size, the relationship is not trivial to specify.
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Figure 1.2: Analysis of a corpus of scientific abstracts, where each document is represented as a bag-of-
words vector. Left: (a) All words in the vocabulary are sorted by their TF-IDF scores in descending order
and divided into consecutive 100-word groups. For each group, the total frequency of the included words is
computed per document, and the distribution across documents is visualized using a boxplot. Right: (b) All
words in the vocabulary are randomly shuffled and divided into consecutive 100-word groups. Let G, denote
the union of the first k£ groups in this shuffled list. For each document and each k, the total frequency of
the words in G, that appear in the document is computed. The distribution of these cumulative frequencies
across documents is visualized using a boxplot.

Furthermore, Figure 1.2(a) illustrates a highly skewed word frequency distribution, where a
small set of words accounts for a large portion of total usage, while most words are relatively rare.

In contrast, the distribution observed in synthetic corpora generated by LDA with Dirichlet priors



is notably less heavy-tailed and less skewed. This discrepancy suggests that LDA fails to capture
the degree of imbalance in word frequencies characteristic of natural language.

In addition to length-vocabulary dependency, sparsity is another key challenge. Many real-
world corpora, particularly short texts or domain-specific documents, contain words that appear
rarely or not at all across most documents. To explore this issue, we examine ten commonly used
datasets: the Multi-Attribute Dataset on Statisticians (MADStat) introduced by Ke et al. (2024); the
Associated Press (AP) dataset from Ke and Wang (2024); the COVID-19 Open Research Dataset
(CORD-19) from Wang et al. (2020); research articles from Kaggle; the DBLP Discovery Dataset
(D3) from Wahle et al. (2022); and the Enron Emails, NIPS Papers, KOS Blogs, NYTimes, and
PubMed Abstracts provided by Newman (2008). Table 1.1 reports the sparsity of each dataset,
computed as the proportion of zero entries in the corpus matrix relative to the total number of
entries which is nV/. All datasets exhibit sparsity levels exceeding 95%, indicating that sparsity
is a substantial factor that cannot be ignored in downstream analysis. We replicate this level of

sparsity in our numerical experiments.

Table 1.1: Sparsity levels of ten commonly used text datasets.

Data n V Sparsity Data n Vv Sparsity
MADStat 14000 2102 98.16% AP 10473 2246 | 98.72%
CORD-19 10694 8129 | 98.33 % Enron Emails 39861 28102 | 99.67%

NIPS Paper 1500 12419 | 95.99% KOS Blog 3430 6906 | 98.51%
NYTimes 300000 | 102660 | 99.77% || PubMed Abstracts | 8200000 | 141043 | 99.95%
Research Abstracts | 29961 10572 | 98.93% D3 6300000 | 16000 | 99.19%

While some studies have explored adaptations of pLSI to sparse settings (Bing et al., 2020b; Wu
et al., 2023; Tran et al., 2023), the multinomial framework inherently lacks mechanisms to handle
structured sparsity or distinguish between structural zeros (words that cannot appear in certain
contexts) and sampling zeros (words that could appear but happen not to). Although zero-inflated
extensions of LDA (Deek and Li, 2021) have been proposed, they typically rely on MCMC for

estimation, which incurs substantial computational overhead with limited theoretical guarantees.



These observations reveal a fundamental mismatch between the traditional multinomial
assumption and the statistical realities of real-world text corpora, especially given their extreme
sparsity and structured zeros. To overcome these limitations, we introduce a novel probabilistic
framework centered on a zero-inflated Poisson (ZIP) model. This model is designed to explicitly
account for excess zeros and accommodate low-rank structure to effectively determine the topic-
word matrix. Our approach ensures reliable estimation, preserves interpretability, and offers

theoretical guarantees for consistency.

1.3 Outline

The subsequent chapters of this dissertation are organized as follows, each addressing a
distinct modeling challenge involving high-dimensional categorical data. Chapter 2 introduces a
high-dimensional Potts model for predicting mutation fitness from multiple sequence alignments.
It presents the model formulation, describes the estimation procedure, establishes theoretical
properties, and includes empirical evaluations based on real biological data. Chapter 3 develops
a zero-inflated Poisson (ZIP) topic modeling framework with a low-rank structure designed to
address the challenges posed by short and sparse text corpora. It details the statistical formulation,
outlines an efficient estimation algorithm, and demonstrates the method’s advantages through
simulation studies and applications to real-world datasets. Finally, Chapter 4 concludes the
dissertation by summarizing the main contributions and outlining directions for future research

in the statistical modeling of high-dimensional categorical data.
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Chapter 2
Modeling and prediction of mutation fitness on
protein functionality with structural information

using high-dimensional Potts model

2.1 Introduction

Understanding the effects of amino acid mutations on protein function is a central problem in
molecular biology, with broad implications for disease mechanism studies, protein engineering,
and evolutionary analysis. As discussed in Chapter 1, statistical models that aim to predict the
functional impact of mutations from MSA data must capture not only single-site conservation
patterns but also site-amino acid-wise dependencies. The Potts model has emerged as a powerful
framework for this task, as it enables the joint modeling of site-specific effects and pairwise site-

amino acid-wise interactions across sites.

2.1.1 Related works on estimating high-dimensional Potts model

Bayesian approaches using Metropolis-Hastings (MH) algorithms are commonly employed
for parameter estimation in the Potts model (Mgller et al., 2006; Li et al., 2017). Due to
the computational intractability of the partition function, calculating the MH ratio requires
introducing auxiliary variables. This approach leverages the conditional distributions based on
the data and additional parameters to eliminate the intractable term. However, several challenges
arise, including selecting priors for Potts model parameters, managing burn-in processes, and
determining the conditional distributions of auxiliary variables. Sampling these auxiliary variables
could be fairly challenging, particularly for high-dimensional cases, requiring either unbiased

sampling or accepting Markov chains whose stationary distribution may deviate from the desired
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posterior (Park and Haran, 2018). These complexities underscore the need for careful consideration
when drawing inferences on the results.

An alternative strategy for parameter estimation in the Potts model is the pseudolikelihood
(Hopf et al., 2017), which relies on the product of conditional probabilities of one variable given
the others (Balakrishnan et al., 2011). While these methods avoid involving prior knowledge of
parameters or auxiliary variables, they are computationally expensive for simultaneous estimation
of all parameters. To address this, the Potts-Ising model (Razaee and Amini, 2020) reduces the
dimensionality by constraining pair-site parameters to match the Ising model form. However, this
model is tailored for categorical data with a distinctive category, where dependencies depend only
on the presence or absence of that category.

As a special case of the Potts model, the Ising model has received significant attention in the
literature. Node-wise ¢;-regularized logistic regression (Ravikumar et al., 2010) is among the
most popular approaches for parameter estimation in the Ising model, with practical algorithms
and well-studied theoretical guarantees. It is natural to extend this approach and apply node-wise
multinomial regression for parameter estimation in the Potts model, which allows the incorporation
of specific penalties. For example, recent work in Tian et al. (2024) investigates the estimation and
prediction errors for /;-penalized multinomial regression, while other studies explore multinomial
regression with structured penalties (Tutz and Gertheiss, 2016; Nibbering and Hastie, 2022;
Levy and Abramovich, 2023), assuming element-wise or group-wise sparsity. Although Tutz
and Gertheiss (2016) mentions the idea of combining penalties for recapitulating data-specific
structures, simultaneous element-wise and group-wise sparsity remains largely underexplored in

multinomial regression.

2.1.2 Our contributions

We propose a high-dimensional Potts model-based statistical framework to analyze MSA data
for studying protein mutation effects. We develop parameter estimation for the Potts model

using node-wise multinomial regression, which is computationally efficient. Biologically, site-
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wise dependencies are not expected to be universal to maintain evolutionary flexibility (Jones
et al., 2012; Jernigan et al., 2021), considered as site-wise sparsity, and strong dependencies
between specific amino acids are not densely observed in general, considered as element-wise
sparsity. Thus, we enforce group-wise and element-wise sparsity using the sparse group Lasso
penalty (Simon et al., 2013), resulting in a node-wise multinomial regression with a double sparse
structure at both group and element levels. Additionally, since site-wise dependencies tend to be
stronger at spatially closer sites (Morcos et al., 2011; Marks et al., 2012), we integrate protein
structural data with MSA data by deriving group weights in the sparse group Lasso penalty based
on spatial distance between sites. Our framework integrates the Potts model, sparse group Lasso,
and combined MSA and structural data, providing an efficient statistical approach to predict protein
mutation fitness. We apply our method to 12 protein families to estimate both single-site and pair-
site parameters, aiding in the estimation of energy changes due to mutations. As demonstrated in
Section 2.6, our method achieves much higher correlation with experimentally measured mutation
fitness compared to the benchmark EVM (Hopf et al., 2017).

Beyond methodological development, we rigorously analyze the theoretical properties of
the proposed method. Estimators with sparse group penalties pose challenges due to their
non-decomposability (Cai et al., 2022). Existing approaches primarily rely on analysis of the
Karush—Kuhn—-Tucker condition and require additional assumptions, such as incoherence-type
condition (Cai et al., 2022) or strong sparsity conditions (Zhang and Li, 2023), to establish
estimation error bounds. We take a different strategy that avoids these assumptions by deriving
a tight upper bound for the stochastic term Zszl €, Xuy, induced by the proposed loss function
Equation (2.8). Here, X € R™*D is the design matrix, ¢, € R"™ are errors, and wu is a D-
dimensional vector. Traditional treatments for Zszl €y Xug, such as €, Xug < || X ekl ook 15
may result in sub-optimal convergence rates for estimation (Lounici et al., 2011), especially for
non-decomposable penalties like sparse group penalties. By modifying the new oracle inequalities
for high-dimensional linear models (Bellec et al., 2018), we derive a finer upper bound for

> le €, Xuy, as detailed after Theorem 2.3.1. This refined bound allows us to establish ¢, error
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bounds (¢ = 1,2) for the high-dimensional Potts model using sparse group Lasso, matching
the minimax lower bound for high-dimensional linear models with sparse group structures, up
to a factor dependent on the multinomial nature of the Potts model. This factor highlights
fundamental distinctions between multinomial regression and linear or logistic regression, which
remain underexplored in existing literature. Furthermore, these error bounds provide consistency
guarantees for the estimated energy changes, forming the theoretical foundation for Potts model-
based mutation analysis in the literature.

The remainder of this chapter is organized as follows. Section 2.2 provides background on
the Potts model and defines evolutionary statistical energy. We then introduce our estimation
procedure for the high-dimensional Potts model, employing sparse group Lasso in node-wise
multinomial regression. In Section 2.3, we establish the ¢; and /5 convergence rates of the proposed
estimators and demonstrate guarantees of the estimated energy changes. Section 2.4 discusses the
integration of structural information into the Potts model for mutation analysis. Sections 2.6 and
2.5 evaluate our method through comprehensive real data mutation analyses and simulation studies,

both demonstrating the superiority of the proposed method.

2.2 Methodology

2.2.1 Potts model and evolutionary energy for protein mutations

Consider an MSA data with n protein sequences, each containing d sites. The amino acids at
each site are encoded by K + 1 possible states, starting from 0, where K generally equals to 20 and
represents the 20 amino acid types, with 0 denoting the alignment gap. Denote [r] = {1,2,...,7}
and [r]o = {0,1,2,...,7} for any positive integer r. For each j € [d], the MSA data at site j can
be represented as z; := (zjo, ..., zjx)" € {0, 1}**!, where the binary value z;; indicates whether
amino acid k is present at site j. It follows that Zke[K]o zj, = 1. An individual protein sequence

can then be expressed as z := (z7,...,z})" € {0, 1}4K+1D With these notations, the Potts model
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for a sequence z with d sites and K + 1 states is given by

J

) i K K K
P(z) = G P { Z Onzjn + Z Z Z %’r,klzjkzrz} ; (2.1)

0 1<j<r<d k=0 [=0

where C' is the partition function, the parameter ¢, represents the single-site effect on energy at
site 7 for amino acid k, while v;, 1; quantifies the direct coupling between site j with amino acid k&
and site » with amino acid /.

Following the definition in Levy et al. (2017), the evolutionary statistical energy (short for

energy hereafter) of a protein sequence z is defined as

d K K

K
E(z) = Z Z Oz + Z Z Z%r,kﬂjkzﬂ- (2.2)

j=1 k=0 1<j<r<d k=0 1=0

The overall energy of the sequence is thus the sum of single-site effects and direct couplings
between sites, subject to the constraint that only one amino acid type can be assigned to each
site. We can represent the energy change of a mutation at single or multiple sites with these
parameters. Specifically, consider a mutation at site j that changes the amino acid from the wild-
type a; to another amino acid k, while leaving all other sites unchanged. The energy change of this

single-site mutation can be calculated as

AEj,k = ejk - ejaj + Z(’Y]’r,kar - f)/jr,ajar)' (23)
-y

This can be naturally extended of a multiple-site mutation. Let 7 denote the set of sites where
mutations occur, and k7 = (k; : 7 € J) denote the amino acids at the mutated sites transitioning
from the wild-types. Assuming the cardinality | 7| > 0, the energy change of such a multiple-site

mutation is

AEjakJ = Z(eﬂ% - ejaj) + Z Z(’er,kjar - ’er,ajar) + Z (7jj’,k:jkj/ - ’ij/7ajaj/)- (24)

JjeT JeT r¢J 3,3’ €T J#5’
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The energy change corresponds to the log-likelihood ratio between the mutant and wild type, with
higher values indicating favorable mutations and lower values for unfavorable ones.

Previous studies (Hopf et al., 2017) have demonstrated a notable agreement between energy
changes and experimental results on mutation fitness. Thus, to analyze mutation fitness using MSA
data modeled by the Potts model, it is sufficient to estimate the model parameters. For parameter
identifiability, we assign k£ = 0 to the wild-type amino acid and set the corresponding parameters
850, Vjr.01» and 7, ko to zero. This identifiability adjustment does not affect the definition of AE;

in Equation (2.3).

2.2.2 Node-wise sparse multinomial regression

As mentioned in Section 2.1.1, directly estimating all parameters in the Potts model Equa-
tion (2.1) can be computationally challenging. Instead, it is more practical to estimate the
parameters at each site individually. With a slight abuse of notation, we exclude the wild-type
amino acids from z. For each j € [d], let z; = (21, ..., z;x)" € {0, 1} represent the amino acid
type at site j, and letz_; = (z{,...,2} ;,2]4,...,23)" € {0, 1}@=DK represent the states at all
other sites. Given this setup, when focusing on a single site j while conditioning on the other sites,

the conditional probability in the Potts model follows an exponential family distribution that

K K N
P(zi|z_;) = TTimy X005k + D2, Dimy VimkiZe) 7
’ ! 1+ Z?:l eXp<93k + Zr;ﬁ] Zl[il P)/jr,klzrl>,

(2.5)

Thus, a node-wise multinomial regression can be applied by considering z; for each j € [d] as the
response, representing different amino acid states, and z_;, the amino acids at all other sites, as
covariates. A similar approach is adopted by Cai et al. (2019) to estimate parameters in an Ising
model using node-wise logistic regression.

For each site j € [d], we first derive the loss function for our node-wise multinomial regression.

Since the MSA data at site j is treated as the response, let Y; = (Y§1), Y](.z), e ,YJ('"))T represent
the response matrix of n observed sequences, where Y](.i) = (y](.il), ce ;ZI)()T € {0,1}% is the

ith sequence of z;, and yj(z) = 1 indicates that the amino acid at site j in the sth sequence is in
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state k. Meanwhile, since the MSA data at all other sites are considered as covariates, let X_; €
©)

{0, 1}»*@=DK represent the design matrix, where the ith row is denoted as X_;; = x_;. Here,
x(_lz represents the sth observation of z_;, specifically x(_zz = (XSZ)T, o ,ngﬁ, xgﬁ, - ,X((;)T)T €

{0,1}@-DK where x\V = (x%. ... xW)r € {0,1}X for r # j. Here, x') = 1 indicates the

amino acid at site 7 in the ith sequence is in state £. Given X_; and Y ;, the negative log-likelihood

function is

n K K
08,7 Y;. X)) =Y llog (1 +) exp{f; + 7}.,k.xg;}> -y Y (05 + ’Y}.,k.X@)] :
i=1 =1 k=1 2.6
where 0; = (0;1,...,0,x)" € RY consists of the single-site effects for the K amino acids at site
Joand ¥; = (Yje 100+ Ve, Ke) € REDE* consists of all possible dependencies between the K
amino acids at site j and the K amino acids at each of the other d — 1 sites. For each k € [K],

T ¢ R@DE represents the dependencies

7jo,ko - (7}17]“7 ce 77}“@_1)7]9.7 7§(j+1)7k.7 ce 77}d7k0)
between site j; with amino acid k£ and the K amino acids at each of the other d — 1 sites. In
addition, v, e = (Virk1s- - Virkk)" € RE for r # j collects the dependencies between site j

with amino acid k and the K amino acids at site 7.

Given a fixed site j and for each site pair (j, r) with r # 7, the direct coupling

2
7]'(1") = (’7;;7‘,10? s 7’7;?7",KQ)T € RK (27)

between the K amino acids at site j and the /K amino acids at site r can be viewed as a
subgroup within «,. Particularly, sites j and r are independent conditional on other sites if
and only if v,,y = 0. As discussed in Section 2.1, dependencies are not expected for all site
pairs, indicating site-wise sparsity. Also, strong dependencies between specific amino acids,
primarily driven by biochemical properties like polarity and charge, are neither expected to be
universal, suggesting element-wise sparsity within amino acid groups. To account for these, we
enforce both group-wise and element-wise sparsity in our procedure. This leads to the penalty

h(v;) = Ag 2z 1V ll2 + A 32, 175 11, where Ag, A > 0 are the tuning parameters for the
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group Lasso and Lasso penalties, respectively, and || - ||, denotes the ¢,-norm of a vector for a
positive integer ¢. In this context, the group Lasso penalty (Yuan and Lin, 2006) selects sites with
strong dependencies with the site j, while the Lasso penalty (Tibshirani, 1996) identifies significant
dependencies at the amino acid level. Combining these penalties results in the sparse group Lasso
penalty (Simon et al., 2013), which enables a double sparse structure at both the group and element
levels. Thus, for each site j € [d], we propose the following risk function with sparse group Lasso
as the objective:

L(6j,7v;) = €(0;,7;: Y;,X_;) + h(v;), (2.8)

where /¢ ('yj, 0;;Y;,X_;)is specified in Equation (2.6). With this objective function, our estimator
for (6;,;) of site j is

~

(Oj,'ij) = argmin L(Oj,'yj). (2.9

0;.7;
Remark 2.2.1. To further incorporate additional structural information, group-specific weights
wj, can be introduced into the group Lasso penalty, resulting in the following modified penalty

function

W) = X D wiell Vi ll2 + A D 175l (2.10)
r#j r#j

These weights can be selected to reflect the expectation that sites in closer proximity are likely

to exhibit stronger dependencies, allowing the model to account for underlying spatial structures

more effectively. A further discussion is detailed in Section 2.4.

2.2.3 Parameter estimations

For each j € [d], although the optimization in Equation (2.9) does not have a closed-form
solution, it can be solved with a coordinate gradient descent algorithm (Vincent and Hansen,
2014). The algorithm consists of a sequence of nested loops: the outer one relies on a quadratic
approximation of Equation (2.6) at the current iteration, while the middle and inner loops focus on

solving the within-group subproblems as described in Simon et al. (2013). Notably, the estimates
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~

(0;,7;) obtained from the node-wise regressions do not inherently guarantee the symmetry of
Vjr.kt and 7,5 11, To enforce symmetry, we post-process the estimates by averaging the two values.

Let the gradient of £(68;,7;;Y;,X_;) at v; be denoted as V/(v;) and its Hessian matrix as
V2((v,). Here, Vl(v;) € REUDE® and V2((vy,) € REDEX(E-DE® We use VI(v,)(,) and
[V20(v;) VL)) € RE *, following the same group order defined in Equation (2.7). Define the
coordinate-wise soft thresholding operator S(a, b) for a vector a = (ay, ..., a,)" and a constant b as
S(a,b) = (sign(a;) max{|a;| — b,0}, ..., sign(a, ) max{|a,| — b,0})". The estimation procedure
for fixed A and )\, is outlined in Algorithm 1, while (), A;) can be tuned via 5-fold cross-validation,
as described in Section 2.5.1. In Section 2.2.2, we take the MSA data at each site as the response

and the data from the remaining sites as covariates. This allows us to obtain (8;,7;) for all j € [d]

less costly by leveraging parallel computation.

Algorithm 1: Parameter estimations for the Potts model Equation (2.1)

Input: MSA data, initialization of /O\j, ~; for j € [d], and penalty parameters {), A}
For each j € [d], extract {X(_Zz, Y§i)}?:1, repeat

For each r € [d], r # j, repeat

Update 5;” by mean centering as suggested by Friedman et al. (2010);

Define the block gradient
VQJT(7j> = ve(:)\’j)(r) + [V2€(;)\’j)(7j - :;j)](r) e R*®,

i 15(V,-(0), Vll2 < A, then 72" = 0.
else Minimize the objective function over each component in 47" (Simon et al.,

2013).
until convergence;

N “~NeEw

v, =7, +t; —7;") and 5j = /O\j +1(0; — 6, ) with step size ¢ from line search.
until convergence;
for j € [d],r > jand k,l € [K] do
‘ Post-process estimates for symmetry: 5, ki = Vrjix = %(ﬁjnM + Vriik)-
end

Output: @, v;
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2.3 Theoretical Guarantee

In this section, we derive non-asymptotic ¢; and ¢ error bounds for the proposed sparse group
Lasso estimator Equation (2.9). Building on these results, we also establish theoretical guarantees

for the plug-in estimators of energy changes.

2.3.1 Preliminaries and assumptions

As described in Section 2.2.2, for each site j € [d], the dependency parameter vector 7y, € RP,
where D = (d — 1)K?, has a group structure such that elements in <, can be divided into d — 1
groups {'yj(r) :r # j}, where 7 ;(ry corresponds to the group (site) r as defined in Equation (2.7).
Moreover, let v;; for [ € [D] represent the Ith element of «;. Given two positive integers s and s,
satisfying s, < d—1and s, < s < s,K?, wesay; is (s, s,)-sparse if [|[v; /o2 := >, H{v;() #
0} < sgand [[v;llo == D2, 2ok ier) H{Vjrm # 0} < s, where || - [|o represents the vector (o-
norm. Let 67 and ~y; represent the true parameter vectors in the Potts model Equation (2.1) for the
site j, and define v5* = (07", ~;")". We assume for each j € [d] that the true coefficient vector v}

is (s, s4)-sparse. That is, for the Potts model, we have

max ||« <s, and maxl|~v.llo < s.
mas [y oa < 5, and - ma ;o <

Since entries in @7 are often assumed to be non-zero for all j € [d] to model the MSA data, then
Y5t is (s°, s;)—sparse with s° = s + K and s; = s, + 1 by treating 9; as an additional group.
Recall that, for each j € [d] and ¢ € [n], the ith row in the design matrix X_; is x(_’z €

{0, 1}*"DX_ To investigate the theoretical properties of 55 = (9;, ~,)" from Equation (2.9), we

propose the following assumptions.

Assumption 1. For each j € [d], suppose the rows {X(_Zg : 1 < i < n} in the design matrix
are independent and identically distributed random vectors with ¥ = E[(1 (x(_lj).)T)T(l (x(_lj) DI

where X satisfies Apin(X) > ¢y for some ¢y > 0.
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Assumption 2. With probability larger than 1 — M,, where M, — 0 as n — oo, there exists an

(@)

absolute constant Cy > 0, such that maxc|n) k(K] je(d] |Cj(2)| < Cy with CJ(Q = H;k + fy;fik.x i3

which implies that min;e ) ke(k),jcld eXp(C](Q){l + Zfil eXp(Cj(i))}_l > ¢, and min;ep,) jeg {1 +

S eXp(Cﬁ))}_l > ¢, for some c, > 0.

Conditions similar to Assumption 1 regarding the eigenvalues of 3 are commonly adopted in
high-dimensional statistics (Cai et al., 2022; Zhang and Li, 2023; Tian and Feng, 2023). Unlike
many studies on high-dimensional regressions, the rows in our design matrix are not sub-Gaussian
vectors but instead have bounded entries. This distinction imposes a stronger sparsity requirement
compared to sub-Gaussian cases; see the discussions following Theorem 2.3.1 for more details.
Conditions similar to Assumption 2 are also frequently used for the high-dimensional multinomial
regression (Tian et al., 2024; Abramovich et al., 2021) and high-dimensional logistic regression
(Guo et al., 2021; Ma et al., 2022). The factors c, and c, play important roles in establishing the
convergence rate of an estimator in multinomial regression; see more discussions after Theorem
2.3.1. Notably, the Potts model reduces to the Ising model when K = 1, and similar assumptions

on ¢y, ¢, = O(1) are often imposed in literature (Ravikumar et al., 2010; Cai et al., 2019).

2.3.2 Guarantees on estimated parameters

For a constant 7 € (0, 1/2), define 6(\) = exp[—{(nAy/n)/40}?] so that

A =40~ 1y/n~1log(1/5(N))

. Set

Ay = 400 (nn'/?)71{2(s5) " log(ded/s) + log(2e K /s5)}, (2.11)

where 0% = max; Var(y,(f)|x(")) is the conditional variance of the responses, and s; = s°/s;
represents the average sparsity per group in the true groups. For non-negative sequences {an} and
{bn}, an = o(by) or a, < b, means a,/b, — 0asn — oo, and a, = O(b,) or a,, < b, means

~

an < cb, for some absolute constant ¢ > () and sufficiently large n. Recall that +j are (s, s, )-sparse
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for each j and v;° are (s°, s;)-sparse with s° = s + K and s; = s + 1. We have the following

guarantees on the proposed estimators.

Theorem 2.3.1. Suppose Assumptions 1 and 2 hold, and s° < c? W. Let §y € (0,1)
satisfies log(1/00){s°log(1/d(Xs))} ' = O(1). For each site j € [d], there exists an absolute
constant C' > 0, such that with probability at least 1 — C((d — 1)K + 1)~! — M, — &y, the
estimator (gj, ;) from Equation (2.9) with X = 2)\; and \; = \/5/54 satisfies for ¢ = 1,2

(168, — 62119+ 117, — ;94 < CRy By, (2.12)

where Ry = o /(cxc2) and By, = (s°)Y/4n~1/2{2(s5) " log(ded/s;) + log(2e K% /s5) }1/2.

The condition s° < CEW is necessary for two main reasons. First, the factor c?
arises from the multinomial nature of the Potts model, particularly in the quadratic approximation
analysis for the likelihood function. Second, while sub-Gaussian designs for high-dimensional
regression typically require s° < ¢?n/log(dK), our design matrix, with rows {xg-, 1 <i<n},
has bounded elements and falls outside the sub-Gaussian framework. In such cases, stricter sparsity
requirement for s° is often required, as noted in Theorem 2.4 of van de Geer et al. (2014).

In Theorem 2.3.1, A and )\, depend on (s, s,), while the convergence rate is determined by
(s°, 3;). This arises because our estimation procedure penalizes only the dependency vector .
As the true dependency vector «; is (s, sy)-sparse, it is intuitive that the tuning parameters are
related to (s, s4). Since the single-site effects vector 8 is not penalized and 5" is (s°, s;)-sparse,
leading to a convergence rate dependent on (s°, s7).

The convergence rate in Equation (2.12) is B,, when Ry is an absolute constant, which holds
if K is fixed, including the important Ising model with K = 1. In this case, the convergence rate

in Theorem 2.3.1 matches the minimax optimal rate for linear models. By taking
8o = exp[—Co{2s; log(4ed/s]) + s° log(2e K*/s5)}],

we have dy = o(1) as long as d diverges.
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The condition log(1/d9){s° log(1/d(As))}~ = O(1) is then satisfied with this dy. As a result,

with probability approaching one as n — co, we have

~ . ~ . ded 2680K2 1/2
<||ej—9j||%+||vj—vjuWZsT{Qs log( )+slog( " )} RNRE)
9

Compared to the ¢y error bounds in Cai et al. (2022) and Zhang and Li (2023) for linear models
with sparse group structures, our error bound in Equation (2.13) sharpens their results by reducing
logarithmic factors. Specifically, the second term in Equation (2.13) from previous works is at
least of order s°log(eK?), which is strictly larger than our bound. Moreover, our error bound
tightly matches the minimax lower bound, including the logarithmic factors, derived in Cai et al.
(2022) for linear models. Our analysis leverages sharp oracle inequalities recently developed in
Bellec et al. (2018) and Li et al. (2023) for high-dimensional linear models with ¢;- and sparse
group Lasso penalties. Unlike standard Lasso-type analysis (Wainwright, 2019), the new oracle
inequalities are based on a refined analysis of the concentration of the sum of the leading entries
in the non-increasing rearrangement of the magnitudes of the products of covariates and error
terms. However, adapting this analysis to the Potts model requires substantial modifications; see,
for example, Lemma A.2.1 in Chapter A.2 for details.

In Equation (2.12), Rx may depend on K and is determined by three factors: the smallest
eigenvalue of 3 for the covariates, governed by c,; the minimum success probability level c,;
and the conditional variance o2 of the response. The product cyc? provides a lower bound for
the smallest eigenvalue of the Hessian matrix of the log-likelihood function, which is typically
assumed to be O(1) in linear or logistic regression. In logistic regression, 02 = O(1) under
a common boundedness condition similar to Assumption 2. In multinomial regression, even
with Assumption 2, the variance level ¢ is of order O(1/K), differing fundamentally from
logistic regression. While ¢, = O(1) is a natural assumption, the smallest eigenvalue of the
Hessian matrix for the multinomial log-likelihood is tightly bounded below by ¢? = O(1/K?), as

shown in Lemma A.2.5 in Chapter A.2. This suggests that the multinomial regression likelihood
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exhibits singularities as K diverges. This characterization of ¢ is a substantial distinction between
multinomial and logistic regression that remains underexplored in the literature. Notably, in Tian
et al. (2024), the authors studied ¢;-penalized multinomial regression under similar assumptions
as ours, with ¢y = O(1). However, their /5 error bound involves K°/? factor, significantly larger
than our result with /3/2. Finally, the Potts model shares all the intrinsic features of multinomial
regression but admits ¢, = O(1/K) due to its unique covariate structure. This can be intuitively
understood by considering a case where all sites in z_; are independent for some site j. Here,
cx = ming<k<k pjr = O(cx) = O(1/K), where pj, = P(z;, = 1).

Theorem 2.3.1 shows that the proposed estimator (@,%) from Equation (2.9) achieves an
improved error bound when the parameter vector is simultaneously element-wise and group-wise
sparse. Recall that v§* = (67,7;) has length D° = K + (d — 1)K, with d groups and is

(s°,57)-sparse. Using only an /; penalty Al|v||; in Equation (2.9) yields an /; estimation error

of order \/son—l log(D°/s°) (Bellec et al., 2018), larger than the order in Equation (2.13) when

sg/d = o(1) and s7/s° = o(1). Similarly, using only a group penalty Ay >, _; [|7;( [|2 results in

an /5y error bound of order \/ s;n*l(log d 4+ K?2) (Lounici et al., 2011), which exceeds the order in
Equation (2.13) when log d/ K* = o(1) and 5° /s = o(K?/log K*). Thus, the proposed estimator
achieves a tighter ¢, error bound compared to estimators using only ¢;- or group penalties, when

the true underlying parameter vector is both element-wise and group-wise sparse.

2.3.3 Consistency on estimated energy for mutation fitness

From Equation (2.12), we also have the ¢, error bound of the proposed estimator:

~ . N . 5° . ded 5 263;K2 1/2
18, =651+ 13, =5l 5 ey {2t (40) v (225 )

which immediately implies the consistency for AL j.k» the plug-in estimated relative energy change

~

using (0;,7;) from Equation (2.9) for AE}, defined in Equation (2.3), as summarized below.
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Corollary 2.3.2. Under the assumptions of Theorem 2.3.1, for each site j € [d] and amino acid
type k € K|, with the same probability therein, we have |Z\Ejk — AE; x| < RgB,, where Ry
and B,, are defined in Theorem 2.3.1.

Building on the results for each site in the Potts model, we can straightforwardly establish
global results for the entire sequence. To enforce symmetry in the estimator (ajﬁj) from
Equation (2.9) for site j, we average the estimates in Section 2.2.3, yielding the symmetrized
estimator ;. Specifically, ¥j. 1 = Frjir = (Vjrk1 +7rjax)/2 for each r # j. Below, we summarize

the global results for {(6;,;) : j € [d]}, based on which the theoretical guarantees for the plug-in

estimator of the energy changes for multiple-site mutations can be readily established.

Corollary 2.3.3. Under the assumptions of Theorem 2.3.1, with the same probability and Ry, B,

specified therein, we have

d d
> (16; = 6515+ 17; = ;13) S dR% By and Y (116; = 651 + |7; = ¥;l1) S dRx By

J=1 J=1

2.4 Integration of Structural Information via Group Weights

The sparse group Lasso penalty ensures the desired site-wise and element-wise sparsity in
our method but may not fully leverage the dependencies between spatially proximal sites (Marks
et al., 2012). To address this, we first retrieve one representative 3-dimensional protein structure
(Alphafold prediction) for each family from the UniProt database (Consortium, 2020). For each
site pair (j,r), spatial proximity is calculated as the Euclidean distance (in fi) between the 3-
dimensional coordinates of their respective alpha-carbon atoms, denoted as D,.

To integrate this structural information into our method, we then introduce group weights
determined by physical distances within the protein’s structure. That is, for each site j € [d],

we define the group weight w;, in Equation (2.10) as

Wjr = (\/dr/n + \/2 log(d - 1)/”)’C(Djr‘)7 (2.14)
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where d, denotes the group size of v;,, specifically K ? as defined in Equation (2.7), and K(D;,)
is a function that incorporates structural information into the weights.

To determine the form of K(+) from data, we draw inspiration from the adaptive group Lasso
(Huang et al., 2008). We consider four protein families: DYR, Trypsin-2 (TRY2), Tyrosine-
protein kinase Fyn (FYN), and Yes-associated protein (YAP), and estimate 'Ayg‘(] 2 ) using multinomial
regression with group Lasso for all site pairs (j, 7). Next, we examine the relationship between
H’T’E?Z) |2 and D;,. As shown in Figure 2.1, there is a consistent trend across the protein families
under considerations, with greater magnitude of dependency parameters observed at spatially
closer sites. This aligns with the biological intuition that direct couplings within sequences are
expected to be stronger at spatially closer sites. It suggests that K(-) should assign larger group

weights to more distant sites to encourage greater sparsity in their dependency parameters. Based

on this observation, we consider
K(Djr) =1 — exp(—=Dj, /MS;), (2.15)

where MS; = (d — 1)1 3 . [Djr — (d —1)7" 37, Dj]? is chosen to normalize the distances
between site j and other sites (Li and Luan, 2003; Wang et al., 2009). In Section 2.5, we also

explore alternative forms of /C(-) to demonstrate the robustness of the choice in Equation (2.15).

DYR TRY2 FYN YAP

I, norm of estimation
.

“e

Figure 2.1: The distances D, between sites j and 7 versus \|’Ay§‘((]7)) |l2 with the fitted trend.

Remark 2.4.1. When group weights are considered, the theoretical results in Section 2.3 can be

easily extended to cases where the weights are fixed or derived from an independent dataset, such
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as the protein’s structural data, by adjusting Ny of Equation (2.11) to \;/Wnin, Where Wy, =
MiN,—£j 4y, £0 Wir- AS Wnin IS independent of the sample size of the training dataset, this adjustment

has minimal impact on the convergence rate.

2.5 Evidences from Numerical Experiments

In this section, we evaluate our proposed method numerically and compare it with following:
node-wise Lasso with A\, = 0 in Equation (2.10), node-wise sparse group Lasso with w;, = 1 for
all 7,7 in Equation (2.10), and node-wise ridge regression as implemented in EVM (Hopf et al.,

2017).

2.5.1 Settings and implementations

For all numerical experiments, we generate n independent d-dimensional sequences. Data
generation for the Potts model is non-trivial due to the computational challenges of the large state
space of z, even for modest K and d (Izenman, 2021). To address this, we use a Gibbs sampler
based on the conditional probability in Equation (2.5) to sequentially sample each site. Further
details on the data generation are provided in Section A.3.1.

The independent entries of model parameters 6, i are generated from Unif(0, 2). To introduce
structural information among sites, we generate a distance matrix D with independent symmetric
entries D;, ~ 40Beta(2,2) for j < r, where D;, provides the distance between sites j and .

We also generate a binary adjacency matrix A with independent entries A, ~ Ber(p;,), where
Ajr = 0 indicates v, = 0. Here, p;, € (0,1) controls group-wise sparsity s,. For element-wise
sparsity, we set ;. = 0 for 6 < k,{ < K and each j, 7. We consider two settings of coefficients:
(M1) where the magnitude of coefficients, i.e., the signal strength between sites, is related to their

distance, and (M2) where the connection probability between sites is distance-dependent.

(M1) Setp,, = log d/(2d), making the site-wise connections sparse (Bollobas and Riordan, 2011).

If Aj, =1, we set vj, 1 = exp(—DJQ-T/MSj)ujrvkl as nonzero entries for all 1 < k,1 < 5,
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where w;,. ; is independently sampled from Unif([—2, —0.5] U [0.5, 2]), and MS; is defined

in Equation (2.15).

(M2) The nonzero entries 7;,. 5, are independently sampled from Unif([—2, —0.5] U [0.5, 2]), with
pjr = Texp(=D3,/MS;)[3°, exp(—D3,, /MS;)|~!, where MS; is defined as in (M1). To

control the group sparsity s,, 7 = 3 is used for d = 25 and 7 = 1.5 for d = 50.

Tuning parameters for all methods are selected via 5-fold cross-validation. For our method and
node-wise sparse group Lasso, which involve two tuning parameters A\, and )\, we search over the
grid {(i27,(1 —i)27) : i € I;j € J} to reduce computational cost with I = {0,0.1,0.2,...,1}
and J = {-5,—4,-3,-2,-1,-0.5,0,0.5,1,2}. If the simulated data are highly imbalanced
such that frequency of z;;,, = 1 falls below 10 for some j € [d] and ky € [K], the corresponding

observations are excluded, and we set 4, ;. , = 0 by default to ensure valid cross-validation.

Jkoe
We also explore two ways for constructing group weights w;, of the form Equation (2.14)
using different /C(D;,) to examine how the choice of KC(D;,) affects coefficient estimation. In

(N1), K(Dj,) matches the form used in the data generating process, while in (N2), it differs but

retains a similar trend.

(N1) Set K(Dj,) = 1 — exp(—D3,/MS;), consistent with how Dj, is used for generating

coefficients in (M1) and (M2).

(N2) Set K(D;,) = exp(D;,.)[1 + exp(Dj,)] !, commonly used to generate adjacency matrices

in the Erdés-Rényi model in network analysis.

2.5.2 Results

To assess the estimation accuracy of a method, we use the mean squared estimation error
(MSE), i.e., Z?:1 l|[7v; —;1I3. For selection accuracy, we consider the true positive rate (TPR) and
the false discovery rate (FDR) for identifying nonzero 7, and groups =y,,. To clarify, TPR is
defined as TP/(TP+FN), where TP and FN are the numbers of correctly and incorrectly estimated

nonzero parameters, and FDR is FP/(FP+TP), where FP is the number of incorrectly estimated
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nonzero parameters. The TPR and FDR for identifying nonzero groups are defined similarly and
denoted as TPR, and FDR,. We evaluate our model and competitors under (M1) and (M2) with
n = 1000, 2000,4000, d = 25,50, and K = 20. All measures are computed based on 100
independent Monte Carlo replicates.

Table 2.1 reports the mean squared error (MSE) along with entry-wise and group-wise TPRs
and FDRs for the (M1) setting. The results show that our method outperforms competitors in
both estimation and selection accuracy across varying sample sizes n and numbers of sites d
when signal strengths depend on distances. Similarly, as shown in Table A.1, our method also
excels under (M2) when site connection probabilities are determined by their distances. These
findings confirm the effectiveness of our method for accurately estimating coefficients when signal
strengths or inter-site connections are physically distance-dependent. By incorporating distance
information into parameter estimation, our method provides reliable estimates, even when the
chosen K(Dj,.) only approximates the desired trend, as in (N2). This robustness supports the form
in Equation (2.15) for physical distance-based group weights in practice. Additionally, estimation
errors decrease and selection accuracy improves as n increases or d decreases, consistent with
Theorem 2.3.1. Owing to space constraints, detailed results for (M2) and more settings with greater

d and n, aligned with the real data in Section 2.6, are presented in Section A.3.2.

2.6 Protein Mutation Analysis and Fitness Landscape

To demonstrate our method for mutation analysis, we apply it to MSA datasets from 12 protein
families, each accompanied by a representative protein structure and experimentally evaluated
mutation effects.

In MSA data analysis, sequence sampling bias commonly arises from closely related species,
leading to an overrepresentation of protein sequences with high similarities. This imbalance in
taxonomic diversity skews mutation rate sampling and introduces spurious correlation signals
(Hopf et al., 2017; Marks et al., 2011). Following Morcos et al. (2011), we used sample weights

w = (wq, ...,w,)" to account for redundancies within a protein family by applying a threshold to
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Table 2.1: Results in (M1) with K = 20

d | 3., Ajr | Methods | n | MSE TPR FDR TPR, FDR,
Our method with (N1) 24.595 0.798 0.054 0.960 0.250
Our method with (N2) 30.332  0.747 0.084 0.940 0.242
Lasso 1000 | 47.192 0.694 0.392 0.860 0.403
Sparse Group Lasso 38.513 0.731 0.120 0.920 0.270
Ridge 84.050 - - - -
Our method with (N1) 17.368 0.842 0.051 0.980 0.197
Our method with (N2) 25.357 0.790 0.080 0.980 0.210

212 Lasso 2000 | 36.148 0724 0352 0900 0.365
Sparse Group Lasso 29.429 0.757 0.116 0.940 0.254
Ridge 60.954 - - - -
Our method with (N1) 14934 0.871 0.043 1.000 0.138
Our method with (N2) 18.172 0.813 0.069 1.000 0.153
Lasso 4000 | 27.637 0.788 0.314 0.960 0.308
Sparse Group Lasso 23.080 0.810 0.085 1.000 0.242
Ridge 48.695 - - - -
Our method with (N1) 67.819 0.758 0.077 0.923 0.242
Our method with (N2) 73.855 0.712 0.105 0.904 0.265
Lasso 1000 | 94.631 0.633 0.374 0.852 0.355
Sparse Group Lasso 80.518 0.686 0.177 0.846 0.284
Ridge 127.514 - - - -
Our method with (N1) 50.145 0.803 0.073 0.944 0.216
Our method with (N2) 57.254 0.762 0.093 0.936 0.239

O T Lasso 2000 | 73.953 0.677 0293 0.878 0.327
Sparse Group Lasso 62.148 0.724 0.132 0913 0.253
Ridge 88.367 - - - -
Our method with (N1) 41.512 0.849 0.064 1.000 0.194
Our method with (N2) 44416 0.810 0.112 1.000 0.218
Lasso 4000 | 51.794 0.720 0.278 0.926 0.275
Sparse Group Lasso 48.268 0.783 0.112 1.000 0.243
Ridge 72.620 - - - -

the normalized Hamming distances between sequences, where w; = {3, ]l{DHM(xg, xglj)) <

0.2}}7! and Dy is the normalized Hamming distance. In practice, sample weights can be

computed from the same data or estimated from an independent source. Although our theoretical
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results assume equal sample weights, they readily extend to cases with fixed or independently

estimated sample weights.

2.6.1 Predicted energy changes versus experimental fitness

As discussed in Section 2.2, our method evaluates energy changes, reflecting the relative
favorability of site-specific mutations. To validate our method, we compute the Spearman
correlation between our estimated energy changes and experimentally determined mutation fitness.
As shown in Section 2.5 later, our method is relatively robust when KC(Dj,) is of the form in
Equation (2.15), reflecting the biological intuition that direct couplings between sites tend to
decrease as inter-site distances increase. Thus, we adopt group weights Equation (2.14) with
KC(Dj,) of the form in Equation (2.15) for analysis. We compare our results with predictions from
other methods, including the widely-used EVM, which does not account for residue structural
information or group sparsity. We also consider three sparse group Lasso estimators: no weights
(SGL) with all wj, = 1 in Equation (2.10), adaptive weights, and refitted weights. Both estimators

with adaptive and refitted weights start with an initial estimate 'y ) from group Lasso with

= (y/d,/n++/2log(d — 1)/n). For refitted weights, we use the generalized additive model in

R package mgcv to fit D, and |\‘)7(97),)

2, yielding ||$j‘(7r) Il = f(DjT), and then re-run the node-wise
multinomial regression with a sparse group Lasso penalty and group weights w;, = []? (D))t
While refitted weights incorporate structural information between sites, they do not specifically
model the decay of direct couplings with distance. For adaptive weights, we re-run the node-wise
multinomial regression with group weights w;, = H’?%) |5, which are adaptive (Huang et al.,
2008) yet do not account for structural information.

Table 2.2 summarizes mutagenesis experiments of 12 protein families. These protein
families encompass a diverse array of biological functions, including enzymatic activity in
antibiotic resistance (e.g., Beta-lactamase TEM (BLAT), Aminoglycoside 3’-phosphotransferase

(KKA?2)), digestion (e.g., TRY2), molecular chaperoning under stress (e.g., yeast ortholog of heat

shock protein 90 (HSP82)), and cellular signaling and regulation (e.g., Disks large homolog 4
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Table 2.2: Spearman correlations between estimated energy change and experimental mutation fitness.

Protein ~ Sequences Sites Exp. | Mutation Our EVM Refitted Adaptive SGL
Family Number (n) (d) Data | Feature Method Weights  Weights

BLAT 8403 263 4611 | T, | 065 057 035 042 037
DLG4 102410 101 1577 | CRIPT | 055 054 041 037 039
DYR 8494 158 16 | abundance37 | 0.86 075  0.81 083 073
FYN 115571 66 42 | T, | 070 0.63  0.66 073 0.62
GAL4 17521 75 1196 | SEL | 064 059 052 060 048
HSP82 15329 240 4323 | SEL | 057 049 024 030 033
KKA?2 12861 264 4385 | Kany; | 062 049 039 0.67 042
PYP 124287 125 125 | AGy | 057 052 040 035 042
YAP1 40302 36 363 | linear | 063 044 058 0.57 049
MTH3 14115 330 1957 | Weq | 052 051 0.16 0.38 046
TRY2 47913 223 14 | log(keat/Ky) | 014 -0.13  0.13 0.14  0.10
UBE4B 9172 104 900 |log,ratio | 047 042  0.19 045 032

(DLG4), FYN, Galactose-responsive transcription factor 4 (GAL4), and Ubiquitination Factor
E4B (UBE4B)). The column "Exp. Data" indicates the number of experiments conducted, each
introducing a single mutation at one site on the wild-type sequence. The "Mutation Feature"
column lists measures used to quantify mutation fitness, with various metrics applied in these
studies. We denote T}, as the denaturation midpoint temperature, where 50% of proteins are
folded, analogous to thermodynamic stability (AGy). CRIPT refers to cysteine-rich interactor
(McLaughlin Jr. et al., 2012), while abundance 37 indicates intracellular abundance at 37°C'
(Bershtein et al., 2012). SEL represents functional selection coefficients (Kitzman et al., 2015).
Linear and log, ratio are different functions performing on the enrichment of variants (Araya et al.,
2012; Starita et al., 2013), and W,..; denotes relative fitness effects (Rockah-Shmuel et al., 2015).
Finally, k.. /K,, represents the conversion rate at minimal substrate concentration, and Kan,.

refers to kanamycin substrate with aminoglycosides at 1:8 dilutions (Melnikov et al., 2014).

32



Table 2.2 shows that the estimated energy changes from our method exhibit a strong
correlation with experimental mutation fitness across all protein families. Particularly, our method
outperforms all other methods for ten out of all twelve families, with slightly lower performance
than the adaptive weights method in the remaining two. This confirms the advantages of

incorporating structural information and group sparsity in predicting mutation fitness.

2.6.2 Mutation analysis for the Dihydrofolate reductase protein

We showcase our method for mutation analysis on two protein families: DYR in this section
and Postsynaptic density protein 95 (PSD95) in Sec 2.6.3. Dysregulation of DYR activity is
associated with various diseases and studying mutation patterns in the DYR family has broader
implications for health and disease treatment (Baccanari et al., 1981; Schweitzer et al., 1990).
Figure 2.2(a) presents the fitness landscape, where each block represents Z\Ejk as defined in
Equation (2.3), for the mutant of amino acid & from the wild-type at site j. The y-axis corresponds
to selected sites, and the z-axis represents the 20 amino acid types. The color gradient (blue to
white to red) reflects increasing FEM» with higher values (red) indicating favorable mutations
and lower values (blue) indicating unfavorable ones. Wild-type amino acids at each site are shown
in white. This landscape helps identify mutations favored by evolution. In this landscape, sites
such as 40, 112, 115, and 133, shown in blue, represent highly conserved sites where most amino
acid changes are unfavorable. Conversely, sites such as 12, 88, 127, and 145, shown in lighter red
tones, exhibit greater tolerance to mutations.

Amino acid variations at coevolved site pairs exhibit strong mutation dependence, indicating
constraints on changes at these sites and they often interact within close spatial proximity in the
protein structure. Our approach calculates amino acid-wise dependencies between coevolved sites,
which offers finer resolution of interactions between different amino acid types. Figure 2.2(b)
presents a Sankey plot illustrating amino acid-wise dependencies between sites 12 and 127. Each

side lists amino acid types observed at the MSA data, with connections between sites representing
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Figure 2.2: Predicted mutation fitness of DYR. (a) Landscape of estimated energy changes for different
amino acids occurring at various sites. (b) Sankey plot showing amino acid-wise dependencies between
sites 12 and 127. (c) Two coevolved residues, sites 12 (Argl2, right) and 127 (Asp127, left), forming a
contact in the wild-type protein structure (DYR in E.coli). The two contacting residues are highlighted in
red and shown in the sphere representation.

Vjrkl + 05 + 0. Dark orange connections indicate a preference for co-occurrence of two amino
acids, whereas lighter-colored connections indicate repulsion.

In Figure 2.2(b), we show two pairs of highly dependent amino acid types: (1) polar amino
acids Asparagine (N) and Arginine (R) at site 12 with polar amino acids Aspartate (D) and
Glutamate (E) at site 127, and (2) hydrophobic amino acids Glycine (G) and Isoleucine (I) at
site 12 with polar amino acids Aspartate (D), Glutamate (E), and Threonine (T) at site 127. The
amino acid composition at site 127 suggests conservation of polar amino acids, while site 12 shows
greater tolerance for amino acids with different properties. The interaction between polar amino
acids indicates potential charge compensation is preferred at those sites. In Figure 2.2(c), we show
that the two residues corresponding to sites 12 and 127 are in close contact on the protein structure
of DYR in E.coli. A covalent bond may form between the negatively charged Aspartate (D, left)

and the positively charged Arginine (R, right).

2.6.3 Mutation analysis for the Postsynaptic density protein

PSD95, also known as Disks large homolog 4 (DLG4), is a postsynaptic scaffolding protein
involved in synaptogenesis and synaptic plasticity (Prange et al., 2004; Gao et al., 2023). The
mutation fitness landscape of the DLG4 family generated by our method is presented in Figure

2.3(a).
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Figure 2.3(a) highlights framed regions covering sites 24-26 and 63-65, with low average
mutation fitness values (mostly blue), suggesting weak tolerance to mutations at these sites. These
regions are more conserved in the MSA data, often indicating functional or structural importance.
Figure 2.3(b) shows amino acid-wise dependencies between two strongly dependent sites, 13 and
58. Similar to Figure 2.2(b), each side of the Sankey plot in Figure 2.3(b) lists amino acid types
observed at the MSA data, with connections indicating the strength of the dependency between

amino acid types.

a ¢ | [ | IR = s BE Eom BN u
B i m ] - | " | B [
E N | D ] | EEE Delta E
F N 'EEEN BESE_ B EN = n | ] [
G | | EEE EE I W | L m = |
2H En [ | NS EE u " B
= . | | [ | [ \ u
S« [ [ n ] [ [ 0
L | ] | u u
Y EEY DEE B =N O u u [
EN ] oy B | e ] [ |
Ep [ N | mam EET BY EEEOE EE N H EE CEsEN EE_ EN
<8 i . At F iR R By
s | N E B = | i _ B
¥ [ | E | . ]
W C pEmsC Em-  mEE Em SeE EE EEE § pEEcmeEC E tow
Y "A'm B C N Em |7,1 mm N Em’ NT mml ,,,L ]
7 13 31 37 44 50 58 63 69 75 85 91 97
Sequence Site
b c —_—
D A . Argl3
signal AL

R Low

Site 13 Site 58

Figure 2.3: Predicted mutation fitness of DLG4. (a) Landscape of estimated energy change for different
amino acids at each sites. The framed regions exhibit low mutation fitness. (b) The Sankey plot showing
amino acid-wise dependence between sites 13 and 58. (c) Protein structure with a contact formed between
sites 13 (Arg13, top) and 58 (Asp 58, bottom). The two contacting residues are highlighted in red and shown
in the sphere representation.

We consider a pair of coevolved sites, 13 and 58, to demonstrate the mutation effect predicted
by our method. The DLG4 protein structure from Rat is shown in Figure 2.3(c), where the

interaction between the two corresponding residues is confirmed by their close proximity. A
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covalent bond may form between a positively charged Arginine (R, top) and a negatively charged
Aspartate (D, bottom), with their side chains pointing towards each other. Our method identifies
strong mutation dependence between these two sites, with amino acid-wise dependencies shown
in Figure 2.3(b). Strong connection between Lysine (K) at site 13 and Aspartate (D) at site 58, as
well as Arginine (R) at site 13 and Glutamate (E) at site 58, is shown in dark orange connections,
suggesting a clear pattern of charge compensation. In contrast, the co-occurrence of Aspartate (D)
at site 13 and Glutamate (E) at site 58 in the sequence is unfavorable due to the same charges, as
shown by the gray connection. Additionally, strong dependence is observed between Phenylalanine
(F) and Aspartate (D) and between Alanine (A) and Arginine (R). While these pairs do not fit a clear
property compensation pattern, they could be explained by higher-order dependencies involving

multiple coevolved sites or false signals arising from misalignments in MSA data.
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Chapter 3
Topic Modeling for sparse texts via high-dimensional

zero inflated Poisson model with low-rank structure

3.1 Introduction

3.1.1 Motivation

As introduced in Chapter 1, traditional multinomial-based models such as LDA and pLSI face
significant limitations to deal with the problem of topic analysis in sparse text corpora. Poisson-
based topic models (Zhou et al., 2012; Gan et al., 2015; Airoldi and Bischof, 2016; Jiang et al.,
2017; Henao et al., 2016; Carbonetto et al., 2022) offer a principled alternative by directly modeling
word frequencies and allowing document length to arise naturally from the generative process. The
Poisson framework further offers an advantage through zero-inflated Poisson (ZIP) models (Xu
et al., 2015), which incorporate a zero-inflation component specifically designed to accommodate
the abundant zeros.

To empirically evaluate the suitability of the ZIP framework, we perform a preliminary analysis
on abstracts from the four top-tier statistics journals included in the MADStat, the AP corpus, and
a subset of 2000 randomly selected words from the KOS Blog and Enron Email datasets, due to
their large vocabulary sizes. For each word in the vocabulary, we conducted zero-inflated Poisson
regression across documents (Lambert, 1992). Figure 3.1 shows the relationship between estimated
zero-inflation probabilities and the logarithm of the estimated Poisson intensities. The scatterplots
from all datasets except AP exhibit a clear and consistent relationship between the fitted zero-
inflation probabilities and the logarithm of Poisson intensities. The lack of a discernible pattern in
the AP dataset may be attributed to its pre-processing procedure, which involved removing the 50%
least frequent words and the 5% shortest documents. This filtering likely eliminated informative

low-frequency patterns that are essential for capturing the zero-inflation structure. These findings
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provide strong empirical support for modeling the dependency between zero-inflation and intensity

using a logit link function.

Fitted zero-inflated probability

Fitted zero-inflated probability

1.00 A 1.004
KOS MADStat
0.754 0.754 ~
i ) o
& ° 2
0.50 i
0.25+ -
0.00q ComEmm—" e ool @ -
. ) : 0001 ——— -
6 -2 0 50 2 00
1.001 W-o 1.00 4 QQWe
Enron R AP ¥
0.754 0.754
0.50 4 0.50 A
0.25 4 0.25
0.004 = . . . . 0.00 4 a"luom [
75 -5.0 I-j.s(lambda)o'o 2.5 x Z 3 :
g log(lambda)

Figure 3.1: Estimated zero-inflation probabilities plotted against the logarithm of estimated Poisson
intensities obtained from zero-inflated Poisson regression applied to four datasets.

3.1.2 Our contributions

We propose a zero-inflated Poisson (ZIP) topic model that explicitly models structural zeros

through zero-inflation probabilities while allowing sampling zeros to arise naturally from the

Poisson component. Guided by empirical evidence on the relationship between zero-inflation

probabilities and Poisson intensities, we incorporate a logit link function to model this connection

(Lambert, 1992; Xu et al., 2021). To further enhance model flexibility and better capture variability

across documents, we introduce random effects into the Poisson intensity component. The full
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model specification is provided in Section 3.2.2. This formulation enables more expressive
modeling of real-world textual phenomena, including length-dependent sparsity, structural zeros,
and thematic heterogeneity, which are particularly relevant in sparse or short-text corpora.

Similar to the pLSI model, we assume that the Poisson intensity matrix maintains a low-rank
structure to preserve model interpretability. However, the incorporation of random effects renders
traditional expectation-maximization (EM) algorithms (Lambert, 1992; Bohning et al., 1999; Xu
et al., 2021) inapplicable. This departure from conventional topic modeling methods necessitates
specialized optimization techniques. We develop an alternating optimization algorithm that
leverages the low-rank structure of the intensity matrix. The procedure proceeds in two stages:
we first estimate the Poisson intensity parameters A via first-order moment matching, followed by
maximum pseudo-likelihood estimation of the zero-inflation parameters o and ( using iterative
optimization. We then apply the vertex hunting algorithm of Ke and Wang (2024) to X to recover
the low-rank structure A.

From an application perspective, we demonstrate the effectiveness of the proposed model
through comprehensive simulation studies that examine performance across varying dimensions
of (n,V,K), as well as different levels of sparsity and random effects. Comparisons with
oracle settings and existing topic models reveal that our method achieves consistently superior
performance. We further validate the model on the MADStat dataset (Ke et al., 2024), where
our implementation uncovers 11 distinct topics that accurately capture the thematic structure
of prominent statistics journals. The recovered temporal topic trends align closely with known
developments in the field.

The remainder of this chapter is organized as follows. Section 3.2 provides background on
the explicit form of our zero-inflated Poisson model. We then introduce two-step our estimation
procedure with moment matching optimization for the Poisson intensity matrix and SCORE-based
vertexing hunting for the topic-vocabulary matrix. In Section 3.2, we establish the relative ¢,
convergence rates of the proposed estimators. Section 3.4 and 3.5 evaluate our method through

comprehensive simulation studies and application on the real-world corpus, both demonstrating the
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superiority of the proposed method. Finally, Section 4.1 concludes with discussions and potential
extensions.

The remainder of this chapter is organized as follows. Section 3.2 presents the formal
specification of the proposed zero-inflated Poisson (ZIP) model and details the two-step estimation
procedure, which combines moment-matching optimization for estimating the Poisson intensity
matrix with a SCORE-based vertex hunting algorithm for recovering the topic-word matrix.
Section 3.3 establishes theoretical guarantees for the proposed estimators, including relative ¢;
convergence rates for each column of the topic-word matrix. Sections 3.4 and 3.5 are dedicated to
evaluating the proposed methodology through comprehensive simulation studies and an application
to a real-world corpus, respectively. The simulation results demonstrate the superior performance
of the method across a range of settings, while the real-data analysis reveals interpretable topic

structures and meaningful temporal trends.

3.2 Methodology

3.2.1 Notations

Throughout the chapter, for an integer X' > 0, we use [K] to denote the set {1,2,..., K'},
I, € R™ " to denote the identity matrix of size n and 1, <y to denote the matrix with all entries
equal to one. For a matrix Q = (Q;;) € R™™, tr(Q) = >, Qs is the trace. For a vector u,
||| is the Euclidean norm. For a matrix A = (4;;) € R¥*Y with 1 < K < V and the singular
decomposition A = S5 gyuv;, A is the j-th column of A and A;. is the i-th row of A. ||A|| =

. B . v\ L2 B y

maxi<i<i 0, ||Alls = 22,0 00 [[Alr = (s 2221 A5 ) [[All20 = maxi<i<k || 4] and
A1 = Zfil Z;./Zl | A;;| represent the spectral norm, the nuclear norm, the Frobenius norm, the

two-to-infinity norm and the entry-wise ¢; norm of A, respectively.

3.2.2 Model

Recall that we use Z = (Z;;) € R™V to denote the corpus matrix with n as number of

documents and V' as vocabulary size. Each entry Z;; in the corpus matrix records the frequency of
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word j in document 7. We assume that each Z;; follows a zero-inflated Poisson (ZIP) distribution,

as motivated in Section 3.1.1.

0 with probability  p;;

Poisson(e;; - A;;) with probability 1 — p;;

where p = (p;;) € R™*V is the matrix of Bernoulli probabilities capturing structural zeros, with
0<p; <1l,and A = (\;;) € R™*V is the matrix of Poisson intensities, with \;; > 0. p;; and \;;
jointly characterize both the occurrence and frequency of words across documents. Motivated by
the positive association observed in Figure 3.1, we propose the logistic link with shape parameter

a and location parameter 3 to associate p;; and \;; by
logit(p;;) = alog Ai; + B, (3.2)

where @ > 0. To account for additional variability not captured by J\;;, we introduce a

multiplicative random effect e;; in the Poisson component, where E(e;;) = 1 and Var(e;;) < oo.
Consistent with the assumption in the probabilistic Latent Semantic Indexing (pLSI) model

(Hofmann, 1999), we posit the existence of an unobserved number of latent topics K € Z™ such

that the Poisson intensity matrix A admits a low-rank factorization of the form

K
Nij = WirAw, (33)

k=1

where WW;;, are entries of the document-topic matrix W € R™¥ and Ay; are entries of the
topic-word matrix A € RE*V for all 4, j and k. Each row A;. := (Agi,..., Apy)T defines a
probability mass function (PMF) over the vocabulary, and W, represents the contribution of topic
k to document .

To formalize the statistical structure of our zero-inflated Poisson topic model, we introduce

several assumptions. These assumptions, stemming from both practical modeling considerations
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and theoretical requirements, are designed to preserve interpretability, ensure identifiability, and

maintain coherence with established topic modeling frameworks of pL.SI discussed in Chapter 1.

Assumption 3 (Nonnegativity). All entries of the document-topic matrix W € R™X and the

RKXV

topic-word matrix A € are nonnegative. That is,

Wi, >0 foralli € [n), ke [K], and Ay >0 foralkc [K], je[V]

In addition, the parameter « in the linear model Equation (3.2) is assumed to satisfy o > 0.

Assumption 4 (Simplex Constraint). Each row of the topic-word matrix A € RE*V defines a
probability distribution over the vocabulary. Specifically, for each topic k € [K|, the entries of the

k-th row satisfy

\%4
> Ay =1 (3.4)
j=1

It is important to note that the matrix factorization A = WA is inherently non-unique without
additional structural constraints. In general, both W and A are only identifiable up to a nonsingular
transformation, which poses challenges for interpreting the latent topics. To achieve identifiability
of the topic-word matrix A, we adopt the anchor word assumption, a widely used condition in
topic modeling, which imposes a minimal and interpretable structural constraint that aligns with

the separability condition introduced in Chapter 1.

Definition 1. The word j is defined as an anchor word for topic k if it appears exclusively in that

topic and has zero probability under all other topics. Formally,
A >0 and Ap;=0 forallk'#k. (3.5)

Assumption 5 (Anchor Word). For each topic k € [K], there exists at least one anchor word

Jr € [V] that appears exclusively in topic k.
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3.2.3 Estimation and Algorithm

As introduced in Chapter 1, topic modeling seeks to uncover latent semantic structures in
textual data by recovering the underlying topic-word matrix A from the observed document-word
count matrix Z with X' < min(n, V). In the context of the proposed ZIP model with random
effects, we now outline the model fitting procedure designed to estimate the topic-word matrix A.
Assuming the number of topics K is known, the estimation is carried out in two primary stages.
First, the Poisson intensity matrix X is estimated from the observed data using moment-based and
likelihood-based techniques. Second, the topic-word matrix A is recovered from X by leveraging
its assumed low-rank structure.

Alternating estimation of A. We begin by jointly estimating the Poisson intensity matrix A
and the parameters « and /3 in the zero-inflation link function Equation (3.2), using an alternating
optimization procedure. To simplify notation, we reparameterize 3 as 1 := ¢”. The optimization
proceeds iteratively by alternately updating A and («, ) until convergence.

At each iteration, we first fix («, ) and update A. To mitigate the random effects, we leverage

the expectation under the ZIP model defined in Equation (3.1), which satisfies

A
E(Z)=—"
( ) 1n><V+Aa77

where the operations represent the entry-wise calculation. Based on this, we estimate A by
minimizing the squared Frobenius norm between the observed document-word matrix Z and its

model-based expectation. Specifically, we solve the following constrained optimization problem

A

. 1
min L(A) = §HZ - m”%
nx

A>0

(3.6)
st. A €Cx ={A:rank(A) < K}.
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To solve the optimization problem Equation (3.6), we apply projected gradient descent. The

entry-wise gradient of the objective function L(\) with respect to each entry of A is given by

VL) = (; _ z) o ( Lxy aA™n ) , (3.7)

]-n><V + )\an ]-n><V + )\an B (]—n><V + )\an)g

where o represents the entry-wise production in matrices. To enforce the low-rank constraint and
nonnegativity, we apply singular value projection (SVP) (Jain et al., 2010) at each iteration by
truncating the singular value decomposition of the updated matrix to rank A and further threshold
any negative entries to a small positive constant (e.g., 107°).

With the updated estimate of A fixed, we proceed to estimate the parameters (a,7n) by
maximizing a pseudo-likelihood. Due to the presence of unobserved random effects, the exact
likelihood function of the observed data is not directly tractable. To address this, we adopt a
Poisson-based pseudo-likelihood approach, which, while not modeling the full data-generating
process, preserves the correct expectation of the model. This approximation facilitates a tractable
approach to estimating the parameters («,n) by maximizing a pseudo-likelihood that correctly

captures the first moment of the ZIP model under a Poisson approximation.

(&7 ﬁ) = arg max g(Oé, 77’Z7 A)
a,mn>0

1+ )\%-77 1+ )\‘?377

1, 1,

=arg gﬁ}({) > Zi;log (
4]

The optimization in Equation (3.8) can be efficiently performed using the optim function
in R, which provides a flexible framework for nonlinear optimization. The complete alternating
estimation procedure for jointly estimating the Poisson intensity matrix A and the zero-inflation
parameters (a, ) is summarized in Algorithm 2.

Estimation of A and W. Once X is estimated via the alternating optimization procedure,
we proceed to recover the topic-word matrix A using the SCORE method with vertex hunting,
implemented via the Sketched Vertex Search (SVS) algorithm introduced by Jin et al. (2024).

Specifically, we begin by normalizing the estimated Poisson intensity matrix p by dividing each
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Algorithm 2: Alternating Estimation of A, «, and n

Require: Corpus matrix Z € R"*", number of topics K, step size t
Initialization iteration index r < 1, A) «<— 0, @ + 0.5, 7 « 0

while not converged do
Update \ with fixed o("—), (=1
repeat
Compute gradient VL(/\(T_I)) using Equation (3.7)
Perform gradient step: A A g VLATD)
Compute rank-K SVD: A —upyT
Project to nonnegative space: A" < max(UDVT,107°)
until A converges
Update o), ") with fixed A"
Solve Equation (3.8) using opt im on (e, n) with fixed A"
Increment 7 <— 17 + 1
end while

return Final estimates: )\(T), ), 77(7")

row by its row sum to mitigate the effects of row-wise heterogeneity in A, thereby reducing
the influence of differing total word frequencies across documents on the estimation of topic
proportions. We then perform spectral decomposition on the normalized matrix to extract its
right singular vectors, which provide a low-dimensional embedding of the vocabulary. These
embeddings define a point cloud in a reduced-dimensional space, from which the Sketched Vertex
Search (SVS) algorithm identifies K vertices corresponding to anchor words via a K-means
clustering step. The coordinates of these anchor words are subsequently used to reconstruct the
right singular vector matrix, yielding the final estimate A of the topic-word matrix.

As a byproduct, each row of the document-topic matrix W is estimated via a weighted least-
squares procedure, where the weights are derived from the normalization factors used in the pre-
processing step of the vertex hunting algorithm. Any negative entries in W are set to zero to ensure

nonnegativity.
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3.3 Theoretical Guarantee

In this section, we present the main theoretical results demonstrating that the proposed
projected gradient algorithm consistently recovers the low-rank Poisson intensity matrix A, and
that the subsequent SCORE-based procedure yields a provable error bound for the estimation of
the topic-word matrix A.

Although document length is not parametrized explicitly, we have the length of each document

i as a random variable with expectation E(N;) = 2;;1(1 — pij)Nij. We denote the corpus-wide
average of these expected lengths by N.
To analyze the theoretical properties of X, we begin by recalling that the projected gradient

descent procedure used for its estimation

~(r+1 S (r4+1 <>
A =P (AT) = e [RT =190 (A0 0 (wa?) - 2)]
where P¢,. denotes the projection onto the rank-K constraint set C, 1 : R™Y — R™V is a
nonlinear, entry-wise mapping as (A) = %W, V() denotes the corresponding entry-wise
derivative and o denotes the Hadamard product.
We adopt standard assumptions from the optimization literature (e.g., Chen and Wainwright,

2015; Barber and Ha, 2018), beginning with the following definitions on the objective function .

Definition 2 (Restricted strong convexity and restricted smoothness). For curvature parameters
Ca,Cp and statistical tolerance €, > 0, we say the objective function L satisfies a restricted strong

convexity (RSC) and restricted smoothness (RSM) over C if for any A1, Ay € C,
Ca Ca
E()\l) > ﬁ(Az)—i‘ < Vﬁ()\g),)\l — )\2 > +§H)\1 — )\QH% — 56% (39)

L(A1) < L(A2)+ < VL(A2), A1 — Az > +%H)\1 — Aol — %E% (3.10)

As is common in the low-rank factorized optimization literature, we conduct our analysis

within a local neighborhood of the target A" by assuming that the initialization lies within a
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radius p of A*. This local assumption permits the required regularity conditions on the objective
function L to be imposed only in a neighborhood around A*. The term ¢, is introduced to quantify
a vanishingly small level of statistical error, which, in the high-dimensional statistics literature,
characterizes the best attainable accuracy in recovering the underlying parameter. Specifically,
A" may denote a global minimizer that lies within an e,-neighborhood of the true parameter.
Consequently, convergence to A* within an error of order €, implies that the estimated solution
achieves near-optimal accuracy in approximating the true parameter.

The following lemma establishes that the objective function satisfies the necessary curvature
and smoothness properties within a local neighborhood, and that the projection operator used in

the algorithm behaves in a geometrically stable manner.

Lemma 3.3.1. The objective function L(\) defined via the projected gradient updates satisfies

the restricted strong convexity and restricted smoothness in Equation (3.9) and Equation (3.10),

(n+V) log(n+V)

respectively, with statistical tolerance e, < RTTa

. Furthermore, the projection operator
Pe,. that retains the top-K singular vectors naturally satisfies | A1 —Pc,. (A1)||r < minyee, ||A1—

Allp.

We now establish the convergence behavior of the projected gradient algorithm under the local
geometric and statistical conditions outlined above. To guarantee that the sub-exponential tail
bounds required for the analysis hold, we assume the random effects are bounded, thereby ensuring

the applicability of concentration inequalities used in our theoretical guarantees.

Theorem 3.3.2 (Convergence of projected gradient algorithm). With the constraint set Cx and
\* € Cx defined above, suppose Lemma 3.3.1 holds, for any initialization X° with d(A°, X*) <

o1(X*), where o1(X*) is the largest singular value, the projected gradient iterates { '}, satisfies

~rH1) L 2log(n+ V)\" , <0 9K (n+V)log(n+V)
d(A AV <({l——————=) dX\ A 3.11
A7 xp s (1 2R EN) R VstV e
where CZ(S\(TH),)\*)2 = %H)\(TH) — X%, co =1when0 < a < lorc, = max{l,%}
otherwise.
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Wheen turning to the second step of the procedure, where vertex hunting is applied to A to

recover the topic-word matrix A, let Dy be the diagonal matrix of average word intensities, with

(Da)j; = 57" | Ay, vertex hunting is performed on the normalized matrix A*(Dx+)"Y/2. To

T on

ensure stability of the right singular vectors, we impose the following assumptions.

Assumption 6 (A and W are well-conditioned). For some constant ¢ € (0,1) and h > 0,

W™W

O'K(A)EC\/?, UK( )Zh

Assumption 7 (Regular topic-topic correlation). The entries of AA™ satisfy the following for some
constant ¢ > 0:

min (AA"), > c.
1<k I<K

Both assumptions ensure that topic vectors in A are not too correlated and no single word
dominates the embedding space, promoting the stability of vertex estimation and ultimately of A.
We establish an entry-wise error bound for the estimated topic-word matrix obtained via the

SCORE-based procedure applied to X after normalization.

Theorem 3.3.3 (Error bound for topic-word matrix estimation). Suppose Assumptions 3—7 hold.

Then, as r — oo, with probability 1 — o(n™"), the estimated topic-word matrix satisfies:

. Vlog(n+V)
[A; = Al S callAjll  Nn
Therefore, with probability 1 — o(n™'), we also have
v Vieg(n+V)
A — Al S co Ky —2—2.
jZ:; ” J J ||1 ~ C NTL
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3.4 Simulations

3.4.1 Data generation mechanism

In this section, we assess the numerical performance of our proposed method through a series
of simulation studies conducted under various controlled settings. To construct the topic-to-

vocabulary matrix A € RF*V

, we assume that each topic contains exactly one anchor word (i.e.,
Nanchor = 1). For topic k, we assign a small baseline loading to its corresponding anchor word,
setting Ay; = 0.001 for the anchor word j associated with topic k. For the non-anchor words,
we follow the simulation framework introduced in Tran et al. (2023), where word frequencies are
designed to follow Zipf’s law (Zipf, 1999). This results in a distribution of word loadings that
mimics empirical patterns commonly observed in real-world text corpora, as illustrated in Figure
1.2(a). Specifically, for each topic £, the loading of the jth most frequent non-anchor word, denoted

Ap(j)» is generated according to

1
Apiy K ————
k(]) (] + bzipf)azipf

where a,ipr = 1, byipe = 2.7. Each row of the topic-word matrix A is normalized to ensure that
its entries sum to one, thereby defining valid probability mass functions over the vocabulary. The
document-topic matrix W € R™*¥ is generated by independently sampling each row from a scaled
Dirichlet distribution, 7, Dir(1y), where 7 = 500 serves as a concentration parameter selected to
yield an average document length of approximately 300.

To introduce moderate variability around the structured Poisson intensity matrix, we generate
a random effect matrix e € R™"*" with entries independently drawn from the uniform distribution
Unif(0, 2). In Section 3.4.2, we also consider oracle scenarios where the random effects are not
entirely latent, and partial prior information is available.

Given A and W, we compute the Poisson intensity matrix as A = WA, and then derive the
zero-inflation probability matrix p via the logistic link function in Equation (3.2), parameterized
by (a,m). We investigate a range of («,7) values across experimental settings, as detailed

in the subsequent subsections, chosen to ensure that the average of the resulting zero-inflation
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probabilities remains approximately constant as the vocabulary size V' increases. With (p, A, e)
specified, the observed corpus matrix Z is generated according to the zero-inflated Poisson (ZIP)
model defined in Equation (3.1).

We evaluate the numerical performance of our method across a range of document counts
n € {2000, 4000, 6000, 8000, 10000} and vocabulary sizes V' € {2000, 4000, 6000, 8000}, where
the vocabulary sizes are chosen to reflect the typical number of commonly used words in real-
world corpora. In addition, we assess the estimators under different numbers of topics, with K €
{3,5,10}. For each setting, we assume that the true number of topics K is known and report the
average relative estimation errors over 100 independent repetitions.

The model’s performance is evaluated in Section 3.4.2 using the logarithm of the relative ¢,
estimation error of the topic-word matrix A, denoted as log(L;(A — A)), defined by log(L; (A —
K)), which is the same measurement in Tran et al. (2023); Ke and Wang (2024), Since A is
identifiable only up to a permutation of its rows, we evaluate the RE by considering all possible
row permutations of the estimated matrix. Let S([K]) denote the permutation group on K], and
let A, represent the matrix obtained by permuting the rows of A according to r € S ([K]). The

relative ¢ estimation error L; (A — A) is then defined as

- A=A
Li(A—A)= —_—
1( ) rer.gl(l[lll(]) K

3.4.2 Comparison with oracle scenarios across varying number of docu-

ments and vocabulary size
In this section, we evaluate our model’s performance across a range of (n, V') with K = 3 and
(ar,m) = (1,exp(V/2000)) and compare it with two oracle scenarios (S1) and (S2) that assume

different levels of knowledge about the random effect.

(S1) We assume the distribution from which each e;; is drawn is known, and aim to integrate
out e;; from the ZIP model to facilitate estimation on the model parameters. Since £(Z;;)

remains the same, the moment matching step for estimating A in Equation (3.6) still applies.
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Moreover, knowing the random effect distribution yields an explicit likelihood function,
allowing us to apply maximum likelihood estimation (MLE) similar to (S1) to estimate «
and 1. Assuming e;; ~ Unif(0, 2), the marginal distribution of Z;; is also a zero inflated

distribution

0 with probability  p;;

F(Ziji Mig) = Z2A+—122“ with probability 1 — p;;

where (s, x) is the lower incomplete gamma function defined as (s, z) = [, ¢*~'e "dt.

(S2) We assume the exact values of the error terms e;; are known. Therefore the conditional
expectation simplifies to E(Z;;|e;;) = (1 — pi;)e;jA\ij. Consequently, the moment-matching

criterion for estimating A becomes

el

L e [

Moreover, having exact error terms allows us to leverage the full likelihood, rather than a

pseudo-likelihood. Specifically, the probability mass function becomes

P(Z” = O) = plj + (1 _ pij)eieij)\ij

_6” (67, ) ij

> 0.
7! » 2

P(Zy; = 2) = (1 - py)~

Thus, to estimate « and 7, we maximize the following log-likelihood

max > [1{Z,; = 0} log (B(Z,)) + 1{Zy; # 0} log (B(Z,)
ij
Figure 3.2 demonstrates that the REs of A in our model decrease as the number of documents

n grows, but increase with larger vocabulary sizes V. When examining log(L;(A — K)), VK

corresponds to the number of parameters to be estimated, whereas n represents the sample
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size. Consequently, the observed trends from our model indicate that increasing the sample size
improves estimation accuracy of A, while a higher number of parameters makes the estimation

problem more challenging.

Unknown Known Dist Known Values

-1.00

A

log(L1(A-A))

-1.50

-1.75

2000 4000 6000 8000 100002000 4000 6000 8000 100002000 4000 6000 8000 10000
Sample Size n

V @ 2000 @ 4000 ® 6000 @ 8000

Figure 3.2: log(L(A — K)) with K = 3: Comparison among three scenarios—(i) e unknown (our model),
(ii)known distribution with Unif(0,2) in (S1), and (iii) known values in (S2). Each scenario is labeled
accordingly in the plot.

When compared to the oracle scenarios, our model exhibits only minor discrepancies in the
estimation of A, indicating that the variability introduced by the random effect is largely absorbed
at the topic-to-vocabulary level. Interestingly, the scenario in which the random effects are fully
observed performs worse than the other two, potentially due to overfitting to the observed noise.
These results underscore the robustness of our estimator under increasing data dimensionality and

across varying assumptions regarding latent noise.

3.4.3 Connections and comparisons with pLSI

In this section, we present a comprehensive evaluation of our proposed model through
systematic comparisons with three existing approaches: Topic-SCORE (Ke and Wang, 2024),
the Sparse Topic Model solver (STM-TOP) (Bing et al., 2020b), and the thresholded Topic-

SCORE (TTS) (Tran et al., 2023), where the latter two are pLSI-based models specifically
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designed to handle sparse data. For TTS, we follow the authors’ recommendations and set
the threshold parameter to 10, which ensures that approximately 10-40% of the vocabulary is
removed. The design of our model incorporates three essential components: (i) random effects
accounting for unobserved heterogeneity, (ii) zero inflation to address excess zeros in the data
accounting for the high sparsity in the data, and (iii) a functional relationship linking the zero-
inflation probability to the Poisson intensity accounting for informative structural zeros patterns.
To rigorously evaluate the individual and joint contributions of these components, we consider all
possible combinations of their inclusion, resulting in a set of distinct experimental settings. Table
3.1 outlines the experimental settings and summarizes the performance of our method relative to
existing approaches under each setting. Detailed simulation results are presented in the following
subsections.

Table 3.1: Experimental settings and comparative performance of our method relative to existing
approaches.

Highly Sparse | Heterogeneity | Informative Zeros | Performance Summary

X X - Our model, Topic-SCORE, and TTS
exhibit comparable performance, while
X 4 - all three outperform STM-TOP.

Our model and Topic-SCORE perform
v X 4 similarly under mild zero inflation, while
the other approaches already exhibit
failure and instability. Under strong zero

v 4 4 inflation, our model outperforms
Topic-SCORE.

When the sample size is small, our model
outperforms Topic-SCORE. Moreover,

v X X both methods consistently outperform the
remaining baseline approaches.
v v X All the methods fail to estimate.
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Settings without zero inflation

We begin by evaluating the performance of our method under data-generating settings that do
not include zero inflation with (o, n) = (0,0). As shown in Figure 3.3, in both the presence of
random effects and their absence, our method, Topic-SCORE, and TTS yield consistent estimation
results, all of which outperform STM-TOP. The similarity in performance between our method and
Topic-SCORE is consistent with the theoretical equivalence between the Poisson and multinomial
models (Carbonetto et al., 2022) which proves in Section B.1. While TTS is designed to enhance
the identifiability by removing low-frequency words, we observe that it performs slightly worse
than our method and Topic-SCORE. This may be due to the unintended removal of informative
rare words, which can reduce the resolution of A and impact estimation accuracy. Moreover,
for our model, Topic-SCORE and TTS, we observe a clear trend in which the estimation error
increases with the vocabulary size V, reflecting the greater difficulty of accurate estimation as the
number of parameters grows. When random effects are present, the estimation error tends to be
higher at smaller values of V/, likely due to the increased variability introduced by the unobserved
heterogeneity. However, as V' becomes large, the impact of random effects diminishes, resulting
in similar performance with or without random effects. In contrast, STM-TOP exhibits instability
as n and V increases. The presence of random effects does not exhibit a consistent or interpretable

pattern on STM-TOP.

Settings with zero-inflation

We examine the complex scenario, where zero-inflation probabilities are linked to Poisson
intensity via a logit function defined in Equation (3.2). Since the parameters («,n) directly
control the magnitude of zero inflation, we consider both mild and strong levels of zero-inflation
probability in the following experiments. Due to instability in estimation, STM-TOP is excluded
from the following comparisons. Furthermore, because bounded random effects with light-tailed
distributions introduce only limited distortion to the estimation process, we include random effects

in all scenarios to consistently account for document-level heterogeneity.
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Figure 3.3: log(L;(A — ;‘;)) under zero-inflation-free settings with K = 3. Top: (a) No random effects
(es; = 1). Bottom: (b) Random effects drawn from Unif (0, 2).

Mild zero inflation. We consider a setting with (a,n) = (1,exp(1//4000)) with random
effects, which increases the average zero-inflation probability from approximately 0.25 to 0.27
as V ranges from 2000 to 8000. Correspondingly, the proportion of observed zeros in the
data ranges from 86.5% to 96.5%. Under this setting, we further evaluate model performance
across different numbers of topics with K € {3,5,10}. As shown in Figure 3.4, our method
substantially outperforms TTS, which fails to produce reliable estimates when V' > 2000 with
relative estimation errors exceeding 1. Our model also consistently outperforms Topic-SCORE
across all settings, with particularly pronounced advantages when K is large and n is small.
The estimation error decreases as n increases, demonstrating consistency. In contrast, as either
V or K increases, the estimation error tends to rise due to the growing number of parameters
to be estimated. Although our theoretical guarantees in Section 3.3 are established under the
assumption of bounded random effects, we further investigate the impact of alternative random

effect distributions in Section B.2.
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Figure 3.4: log(Li(A — A)) with random effects, evaluated across varying (n,V, K), comparing our
method with Topic-SCORE and TTS.

Strong zero inflation. We next consider a setting characterized by strong zero inflation, with
parameters («,n) = (0.5,exp(V/2000)). Under this specification, the average proportion of
observed zeros increases from approximately 92.2% to 99.6% as the vocabulary size V' ranges
from 2000 to 6000, aligning closely with the sparsity observed in real-world datasets. The results,
summarized in Figure 3.5, show that our model benefits from increasing sample size, thereby
confirming its consistency. Moreover, it maintains stable performance across varying values
of V and K, while capturing the increasing estimation challenge posed by larger vocabulary

sizes and a greater number of topics. Overall, our method consistently outperforms both Topic-
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SCORE and TTS in terms of estimation accuracy across most settings, with especially pronounced

improvements observed when the vocabulary size and the number of topics are small.
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Figure 3.5: log(L;(A — K)) from our model, Topics-SCORE and TTS with strong zero inflation and
random effects generated from Unif (0, 2), evaluated across varying (n, V, K)

Our method demonstrates strong performance across diverse parameter regimes, particularly
excelling in strong zero inflation containing informative structural zeros with large V. Notably,
it maintains comparable performance even when our zero inflation assumption is relaxed. This
versatility makes our approach well-suited for most real-world text datasets, which typically exhibit

sparsity and Zipf’s law decay. While alternative methods like Topic-SCORE and TTS may remain
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competitive in certain scenarios, especially those with minimal zero inflation, our method offers
broader applicability across common text analysis challenges.

Furthermore, we consider the presence of structural zeros and evaluate settings without the
functional link defined in Equation (3.2), examining both the presence and absence of random
effects. In this case, we set (a, ) = (0, exp(0.5)) which results in zero proportion remain constant
of 0.92 across documents and vocabulary. This setting corresponds to a missing-completely-at-
random (MCAR) mechanism, in which structural zeros arise independently of the underlying topic
intensities. Given that previous results consistently show that LDA and STM-TOP yield higher
estimation errors than the other three models, we omit them from the comparisons in all subsequent
analyses.

Figure 3.6 shows that all methods exhibit decreasing estimation error as n increases, reflecting
consistency in the absence of random effects. Our method performs better at smaller n, while
Topic-SCORE slightly outperforms our method across all vocabulary sizes when n is large. Our
method also consistently outperforms TTS. These trends suggest that the convergence rate of our
method is slower compared to Topic-SCORE and TTS under this setting. Nevertheless, the overall
differences in estimation error between the three methods remain modest. This outcome suggests
that, under a MCAR mechanism where the zero-inflation pattern is independent of the underlying
structure, estimation becomes relatively easier due to the absence of informative zeros, and our
method is able to provide competitively reliable results.

To further illustrate the effect of informative zeros on estimation, we vary the value of a under
the setting n = V' = 2000 and K = 3. The results in Figure 3.7 show that, even as the overall zero
proportion decreases, estimation becomes more difficult when zeros are more informative—that
is, when « is larger. This trend is understandable for Topic-SCORE, which is known to be limited
in handling sparse data and lacks a mechanism to account for informative zeros. However, for
our model, although the zero-inflation mechanism is correctly specified, we still observe that
estimation accuracy deteriorates as « increases. This is because high-intensity entries in A , which

are the most informative for vertex hunting, are increasingly masked as zeros. While the zero
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pattern remains informative in theory, it provides weaker and more indirect information, leading
to increased estimation variance in finite samples. As a result, even under correct specification,

estimation becomes more challenging when the zero-inflation pattern is strongly linked to the

underlying signal.

3.5 Real Data Analysis

In this section, we apply our ZIP model to the Multi-Attribute Dataset on Statisticians
(MADStat) (Ji et al., 2022), which contains bibliographic information (e.g., author, title, abstract,

journal, year, references) for 83,331 papers authored by 47,311 individuals over a 41-year period
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(1975-2015). For our analysis, we focus on 14,000 abstracts from four leading statistical journals:
Annals of Statistics (AoS), Biometrika (Bka), Journal of the American Statistical Association
(JASA), and Journal of the Royal Statistical Society: Series B (JRSSB). The abstracts in MADStat
are preprocessed through tokenization, stemming, and the removal of numbers, punctuation, and
stop words. The text corpus consists of (n,V) = (14000,2106) after the pre-processing. By
focusing on these high-impact journals, we explore the topics identified by our model and analyze

topic trends over time and across journals.

3.5.1 Selection of the number of topics

The analysis so far has assumed a known K. However, selecting an appropriate K is
crucial for real data applications and remains a challenging problem (Ke et al., 2024). To
systematically analyze the data and identify topics along with their corresponding representative
words, we combine the scree plot from singular value decomposition (SVD) with substantial
manual evaluation to determine a suitable number of topics. As shown in Figure 3.8, the scree

plot reveals noticeable drops in singular values, suggesting a valid range for K between 4 and 16.
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drop in magnitude becomes evident starting from the 17th singular value.

The analysis has the assumption of known K so far. But it’s necessary to consider the
estimation of K to ensure applicability to real data analysis. Since we have the pseudo-likelihood
of our model and the low rank structure of A, we consider the Bayesian information criterion (BIC)
based on the factor model (Bai and Ng, 2002; Alessi et al., 2010):

BIC(K) = —{(X, &, 7)|Z) + cK (n + V) log( v

— ) (3.13)

where K(X, &, m|Z) follows the definition in Equation (3.8), and ¢ > 0 is a tuning parameter to
adjust the penalty.

For each value of K within the range of [4,16], we estimate the model parameters using
Algorithm 2 and calculate the Bayesian Information Criterion (BIC) as defined in Equation (3.13)
with ¢ = 0.1. The results depicted in 3.9 indicate that ' = 11 is the optimal number of topics

which matches the choice in Ke et al. (2024).

3.5.2 Frequent words for the identified topics
With the number of topics K = 11, we apply our method to get the estimated word-topic
matrix A. Theoretically, each topic should have at least one anchor word. However, in practice,

it is uncommon to find a word j with a clear assignment, i.e., a case where Aj; = 1 and A =
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Figure 3.9: BIC criteria under different K.

0,Vk" # k. Instead, we identify the top frequent 20 words for each topic based on their topic
loading scores, denoted as a;(k), which quantify the association of word j with topic k. Given K,
we follow the rule defined in Ke et al. (2024) to compute a;(k) = Ay;/ [Z . AU] and define the
most frequent word j* for topic k when j* = arg max;{a;(k) : 1 < j < V'}. Figure 3.10 displays
the 20 most frequent words for each of the 11 estimated topics. Based on our understanding of the
statistical community, we assign topic names by interpreting the frequent words of each topic. For
example, "optimal" and "D-optimality" are indicative of experimental design, while "prior" and
"posterior” suggest Bayesian statistics. Following this approach, we propose possible topic names,
as summarized in Table 3.2.

We evaluate the quality of the estimated topics using the topic coherence Coherence(k) defined
in Mimno et al. (2011). It assesses how semantically related the top frequent words within each
topic are by measuring their co-occurrence frequency in the corpus. Given the estimated topics

from our model and those from Ke et al. (2024), we compute coherence by

D(vgi, vgi) + 1
Coherence (k) = Z Z log (U];;’(Zk] )) a (3.14)
: kj
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No. Label Topic

1 Exp.Design | Experimental design

2 Hypo.Test | Hypothesis testing

3 Multi.Test | Multiple testing

4 GLM/Lkh | Generalized linear models and likelihood methods
5 Bayes Bayesian statistics

6 Inference Statistical inference

7 | Npara/Graph | Nonparametric estimation and graphical models
8 | Smooth/Reg | Smoothing and regularization

9 Causal Causal inference

10 Survival Survival analysis

11 Survey Survey statistics

Table 3.2: Topics Identified with Labels

where vy; represents it" representative words in topic k, D(vy;) is the number of documents
containing word vy;, and D(vy;, vg;) is co-document frequency of i'" and j*" representative words
(the number of documents containing both words). The measure provides an interpretability-
focused assessment of topic quality and has been demonstrated to align more closely with human
judgment. Figure 3.11 presents the topic coherence scores for both our method and the results from
the pLSI model in Ke et al. (2024). The results indicate that our method consistently produces
topics with higher coherence scores, suggesting that the extracted topics are more semantically

meaningful and better clustered.

3.5.3 Topic prevalence over time

Given the estimated word-topic information, we obtain the estimation of W by the weighed
least square discussed in Sec 3.2.3. Each row \/7\\7z represents the topic allocation for an individual
document 7, enabling us to analyze the topic prevalence over time across different journals. We
standardize the allocation for each document by \7\72 = \/7\\7Z /D Wlk We then compute the
yearly average of Wz by averaging standardized topic allocation across all documents published
in the same year from the same journal. To enhance stability and reveal long-term trends, we apply

a moving average with a 5-year window for smoothing.
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With the average standardized weights over time across journals, we identify six topics
(experiment design, hypothesis testing, multiple testing, Bayesian statistics, asymptotic theory and

causal inference) with particularly notable trends for further discussion, as they reflect meaningful

shifts in statistical research over time.
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Figure 3.12: Topic prevalent over time across journals.
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The trends depicted in Figure 3.12 closely mirror the historical evolution of statistical research
across distinct time periods. The prominence of experimental design during the 20th century
reflects its foundational role in the development of modern statistical methodology. While it
remains a fundamental area in statistics, as reflected in the stabilization of its prevalence in
the 2000s, modern applications have increasingly shifted toward causal inference and machine
learning-driven experimentation, which have built upon and extended classical design principles.
The observed decline in hypothesis testing suggests a move away from traditional null hypothesis
significance testing as the dominant paradigm for statistical inference. This trend is likely
influenced by increasing awareness of the limitations and potential misinterpretation of p-values,
leading to a reevaluation of their role in scientific practice. In contrast, interest in multiple
testing has grown markedly since the early 2000s, in parallel with the rise of high-dimensional
data analysis. This growth corresponds with the development and widespread application of
techniques for controlling the false discovery rate (FDR), particularly in journals such as AoS
and JRSSB. The increasing relevance of Bayesian statistics from the 1990s through the early
2000s reflects its resurgence driven by advances in computational techniques, most notably
MCMC methods. The slight decline in its prevalence after 2010 may be less indicative of
reduced interest and more reflective of its integration into broader methodological frameworks,
where Bayesian tools are often embedded rather than presented as standalone contributions. The
declining focus on statistical inference as a general topic over the past two decades underscores
a broader disciplinary shift. As predictive modeling and machine learning continue to gain
prominence in applied settings, the emphasis has increasingly shifted from explanatory modeling
and inference toward predictive accuracy and algorithmic performance. Finally, the steady rise of
causal inference, particularly after 2000, corresponds with the growing adoption of the potential
outcomes framework across disciplines such as economics, epidemiology, and the social sciences.
This trend highlights the expanding role of causal reasoning in empirical research and its centrality
to data-driven decision-making. The heightened representation of causal inference in JASA further

reflects the journal’s interdisciplinary scope and its strong emphasis on applied methodology.
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Chapter 4

Conclusion and future work

4.1 Potts model with structure information for mutation effects

prediction

Chapter 2 studies the long-standing challenge of predicting protein mutation fitness by using
the high-dimensional Potts model. To estimate model parameters, we adopt node-wise multinomial
regression with a sparse group Lasso penalty, capturing both site-wise and element-wise sparsity
in protein sequences. Our method balances selecting significant site pairs with identifying key
amino acid-level interactions, and incorporating protein structural data via group weights enhances
the estimation accuracy of parameters. Theoretically, we extend recent oracle inequalities for
high-dimensional linear models (Bellec et al., 2018) to derive error bounds for our estimator,
underscoring its validity. These error bounds match the minimax lower bound for double
sparse linear regression, up to a factor specific to the multinomial structure of the Potts model.
Experimentally, our method outperforms existing competitors, particularly the widely-used EVM
in predicting mutation fitness, validated by high-throughput mutagenesis experiments across
multiple protein families. This suggests the potential of our method to advance the understanding
of protein functionality in an evolutionary context.

Limitations and Challenges. While our method shows promising results, several areas warrant
further exploration. Our method assumes that spatial distances between sites is the primary factor
that determines the strength of direct couplings. Including additional factors, such as solubility
and solvent accessibility, could enhance predictions and merit investigations. Furthermore, our
approach focuses on pairwise effects, but higher-order interactions involving three or more sites
may also significantly impact protein functionality. Efficient algorithms to address these higher-

order dependencies remain a key challenge for future work.
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While parallel computing with node-wise multinomial regressions mitigates some of the
demanding computational costs of our method, the high dimensionality of the categorical design
matrix, caused by many sites and categories, makes the algorithm slow to converge. This limitation
underscores the need for more efficient optimization strategies, and recent advances in nonconvex
optimization may offer promising directions for improvement (Qi and Li, 2024). In addition,
incorporating complex structural dependencies into data generation from the Potts model remains
a difficult task. Accurately capturing such structure is essential for realistic benchmarking and
evaluation. Future work is needed to develop more sophisticated generative procedures that better
reflect the characteristics of real multiple sequence alignment (MSA) data, analogous to efforts
such as scDesign3 (Song et al., 2024) in the context of single-cell RNA sequencing.

Our theoretical guarantees focus on estimators from multinomial regression. While node-wise
multinomial regressions provide a solid foundation for estimating the Potts model, the lower bound
for estimation in multinomial regression over the double sparse parameter class remains unknown.
Consequently, it is unclear whether the derived error bounds fully capture the complexities inherent
in multinomial regressions, which is left for future studies.

Extensions and Future Directions. While focused on protein mutations, the proposed method
has broader applications in computational biology, such as detecting gene regulatory networks
or metabolic pathways, where hierarchical and spatial dependencies are prevalent. The model
can also be refined to account for dynamic aspects of protein interactions, incorporating temporal
changes in coevolutionary patterns. Our theoretical results can readily extend to accommodate
fixed or independently estimated sample weights (for sequence sampling bias) and group weights
(for structural information integration) in the penalty. However, in practice, these weights may be
derived from the same dataset, a challenge that could be addressed through dedicated analysis or
data splitting techniques. Moreover, while this work emphasizes the estimation of the Potts model,
statistical inference for the Potts model remains largely unexplored yet holds significant values
for understanding uncertainties in predicting protein mutation fitness. We plan to address these

directions in future research.
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4.2 Topic Modeling by using ZIP

Chapter 3 proposes a zero-inflated Poisson (ZIP) topic modeling framework tailored for
analyzing sparse and short-text corpora. By modeling word counts directly using a Poisson
distribution and accounting for excess zeros through a zero-inflation component, the framework
offers a more expressive alternative to traditional multinomial-based approaches. To capture
heterogeneity across documents and words, the model incorporates entry-wise random effects,
while a low-rank structure is imposed to preserve interpretability of the latent topic space.
Estimation proceeds in two stages: the Poisson intensity matrix and zero-inflation parameters
are estimated via a moment-matching and pseudo-likelihood optimization procedure, followed
by recovery of the topic-word matrix through spectral decomposition and vertex hunting, using
the Sketched Vertex Search (SVS) algorithm. Theoretical guarantees are provided in the form of
relative /; convergence rates for the recovered topic-word matrix, ensuring statistical consistency.
Extensive simulation studies demonstrate the effectiveness of the proposed method, showing
improved estimation accuracy across a wide range of sparsity levels, dimensional settings, and
random effect magnitudes compared with existing methods. Application to the MADStat dataset
further illustrates the practical utility of the approach, revealing underlying topics and interpretable
temporal trends that align with well-known developments in statistics.

Limitations and Challenges. Despite these advantages, several challenges remain. The
incorporation of both zero-inflation and random effects introduces additional model complexity,
which increases sensitivity to initialization and makes the optimization landscape more intricate.
While empirical performance remains reliable even under mildly heavy-tailed unbounded random
effects, the lack of formal theoretical guarantees in such settings warrants further investigation.
Additionally, although the number of topics was selected using the Bayesian Information Criterion
(BIC) in the real data analysis, selecting the optimal number of topics remains an open problem
that calls for more principled and scalable model selection strategies.

Extensions and Future Directions. Several methodological extensions are possible. Integrating

document-level covariates, such as author seniority, collaboration networks, and journal metadata,
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could enhance both the interpretability and predictive accuracy of the model. For example, authors
who frequently collaborate may develop shared research interests, leading to recurring focus
on similar topics across their publications. Similarly, articles published in specialized journals
may consistently highlight domain-specific themes, such as biostatistics in a medical journal
or machine learning in a computer science journal, reflecting editorial priorities and audience
expectations. Furthermore, the model could be extended to accommodate temporal dynamics,
which enables the analysis of topic evolution over time to offer insights into shifting thematic
trends. Incorporating such external variables may necessitate reformulating the underlying
intensity structure to accommodate covariate-dependent effects and potential interactions, thereby
enabling more nuanced modeling of topic prevalence across documents.

Beyond text analysis, the proposed ZIP modeling framework holds promise for other domains
characterized by sparse count data, notably genomics. Single-cell RNA sequencing data, for
instance, exhibits extreme sparsity due to both technical limitations and biological variability.
The zero-inflation component naturally models this duality, distinguishing between technical zeros
(arising from measurement error) and biological zeros (true absence of gene expression). Topics
in this setting can correspond to latent gene modules or cellular pathways, offering biologically
interpretable insights. The random effects component can accommodate batch effects, cell-type
variability, and experimental conditions, thereby improving robustness to noise and enhancing
biological relevance. Applying this framework to such data could yield novel insights into cellular
heterogeneity and gene regulatory mechanisms, while providing a flexible statistical tool that

accounts for the unique challenges of high-throughput sequencing technologies.

4.3 Discussion

This dissertation presents two complementary contributions to the statistical modeling of high-
dimensional categorical data. These contributions are unified by the overarching aim of developing
interpretable and theoretically grounded models for complex, sparse, and structured observations.

Although the two projects are motivated by different applications in statistical genomics and
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natural language processing, both emphasize the importance of structural assumptions, low-rank
representations, and specialized estimation procedures for addressing the challenges associated
with high-dimensional discrete data.

These methodological advances offer contributions to the fields of statistical genomics and
natural language processing, providing a flexible foundation for future research. Potential
extensions include the integration of auxiliary covariates, the incorporation of temporal or spatial
dependencies, and improvements in computational scalability through advanced optimization
techniques. More broadly, this work highlights the critical importance of domain-informed model
design and opens promising avenues for adapting these frameworks to a wider array of data-

intensive scientific and technological problems.
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Appendix A

Supplemental materials for Chapter 2

In Section A.1, we provide the detailed proof of Theorem 2.3.1, with auxiliary results presented
in Section A.2. In Section A.3, we provide details of the data generation procedure that mimics

the real data, as well as additional results from simulation studies.

A.1 Proof of Theorem 2.3.1

A.1.1 Notation and Preliminaries

For simplicity, for each site j € [d], we suppress the subscript j from the related notations.
Specifically, for each k € [K]and i € [n],let @ = 0; € R*, v =+, € R” with D = (d — 1)K?,
Y = y§2 € {0,1} and x¥ = x(fg € {0, 1}{@=DX_ Moreover, for components in ~, we denote
Yoy = Vi) € R%* and ~, = Yjere € RUTDE forr =£ jand k € [K]. As the vector of
dependency v € R consists of d — 1 groups of parameters, with a slightly abuse of notation, we
denote the d — 1 groups as {7, : 7 € [d — 1]} in this chapter.

Set~° = (0",~")" to be a general parameter vector, y°* = (6", 4*")" to be the true parameter
vector, and 4° to be the estimated parameter vector. Since v* is assumed to be (s, s,)-sparse, v°*
is then (s°, s;)-sparse, where s° = s + K and s; = s, + 1 by treating 8" as an additional group.
In our analysis, unless otherwise specified, the notations ¢, C, ¢y, C;, and so on denote positive
absolute constants, which may vary from context to context.

With these notations, our estimator 4° can be equivalently obtained from the following

penalized optimization:

~° = argmin (v°, Y, X) + h°(7°),
‘YO

where the negative log-likelihood is

n K K
o o 1 oT (3 i or (i
() =", Y. X) = = 3 <10g 1+ exp(vy X”)] >y X”)) ,
i=1 k=1
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where X = ((x")T ..., (x(M)")T ¢ R™*(+@=DK) 5 the design matrix by a slightly abuse of

notation such that x = (1, (x\")7, ..., (X§?1)T, (Xgl)T, L xY)T € {0, 1}HEDE includes

1 for the intercept,

vp = (Oh, 7)™ € RMFUEDE (A.1)

and h°(~y°) is the sparse group penalty, which is convex in ~°, given by

K d—1
ho(v°) == h(y) = A il + 20 D vl
k=1 r=1

The corresponding gradient of ¢ at v° is
VIY) = (' (25), - £ (7)) € RFHDEE,

where, for each k € [K],

: 1 o exp(v;"x(V) 0\ o) _ LN (0 D) () = RI+d-1)K
E('YZ) = - — — Yg x®) = = <pk (v°) — Y )X(l) € R )
2N\ T o8, et 3

and
- . 0T (1)
(@) oy o @) 1y XD X))
pr (7)== Py, = 1[x") = R
1+ Zl[il exp(y;"x)
Moreover, we introduce the pseudo error (—:,(j) = y,g,i) — p,gi) (v°*) for each k € [K] and ¢ € [n].

Recalling that 02 = max; ; Var(y\” |x?), by Assumption 2, we have 02 = max;, " (v**)[1 —

(o).

A.1.2 From Zero Sub-gradient Condition

By the zero sub-gradient condition, we have

VIF) +v =0, (A.2)
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where v is a sub-gradient of h° at 4°. Since h° is convex, by the definition of a sub-gradient, we

further have v™ (v°* — %) < h°(y*) — h°(¥°), which, together with Equation (A.2), results in

VLA (A" =) + h(F°) < h(v*). (A.3)

For the first term on the left-hand side of Equation (A.3), we have

S|

\CRINCAEEE { (h&) - u”) <x“>>T<fyz—vz*>}

:
it

where, for each & € [K|, 4} and ~;° are defined similarly to Equation (A.1), 6,(:) = pg) J¥°) —

M 11
3DI1>—;

(r73) =2 () = 7)) xO) (7; — '72*)}

=
Il
—

1

I
M)~
:blﬂb_;

i 7 20 ox 1 ~0 ox*
S (x DT (7 — 45t — ~6X(— 7 )} . (A%

>
Il

1

P\ (4°*), and

i (<)
= | eR", X= : e R (I+A-DE) (A.5)
e (x)"

Inserting Equation (A.4) into Equation (A.3) leads to

K n K
1 7 i)\T /0 ox ~o0 o* 1 T ~o0 o*
>, {; >0 )@ - )} +h(A) <h(y) + ) —aX@F - (A0)
i=1

k=1 k=1

Next, we turn to analyze the first term A = =137 57K 500(x)7(52 — 4°*) on the
left-hand side of Equation (A.6). For each i € [n], let 6@ = (6. . %) € RX and b® =

(XNT@y =5, (XN T(Jr —v%)))" € RE. Then, we have A = n=t 37 (§@)"b@. For
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each i € [n| and k € [K], by the mean-value theorem, one obtains

1) (250 i ok 1 i o 0 Ok
P’ (3°) Pt (%) Sy VP ()T RS — o)t 1
o = S : = ; — / Bi(~3)b®at,
0
i) f~0 i o% 1 i o ~o0 o%
PWAE°) P (") Sy IV (F° — o)t
where v§ = v°* — t(§° —~°*) forany ¢ € [0, 1], Vp,(f) (7¢) is the gradient of pff) evaluated at vy,
and
PV =) =D () PP ()
. ) A =S ()] - =P () ()
Bi(v°) = ,
wl (v e () PR - ()]

for any 4° and each i € [n|. From Lemma A.2.5, for each i € [n]|, we have Ay (B;(77)) >
. . , -1
Milge(x] (2 - i (v2), where pi (v5) = [1 +35 exp(’ytlx(l))] > ¢, for ¢, given in

Assumption 2. Therefore,

n

1 e [
_ = ()T T (z)
A - 5 [b'"] / B;(~5)dtb® b / min pk (v;) (y;)dt. (A7)

ke|K]
i=1 0 €lK]
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For each k& € [K], by Lemma A.2.7, we can bound pg) (v5) - pg) (7¢) from below as

exp (( )T’Y k)
1+ 30 e (x0)t3y)|

() pP(g) =

i€[n]

1—1—21 Lexp ((x)Ty

> exp (( ’))T'7 ) ~ exp (_2tZK: ‘(X(i))T<,’7\/? . 7?*)}>
1 + 308 exp ((x@)Ty )] I=1
S a3 —— <_2t maXZ < 7?*)|>
( )
(

()
> min exp (x)™7) 5 €Xp ( 2tmaXZ| 7?*)‘)
e e <<x<f>>T7°*>} o

2 o (z
Zc*eXp< 215%%(2\ )|>,

where the last inequality is due to Assumption 2. Inserting the above result into Equation (A.7),

we obtain a further lower bound for A:

n

1 N 1 Koo
A>— b@Th@ . 2. / exp | —2t max xNTF? —~99)| | dt
> = [b] | exp na ;}( )" =)

=1

3

k=1
where
L e (2w T |60 7~ 7))
2maiep) >y |(x0)T () — 7|
and ||z||7, = n~' > "_, 27 is the empirical norm for any p-dimensional vector z = (z1,...,2,)" €

R?. Combining above result with Equation (A.6), one obtains

cFmaxZIIX D2+ R < ho(v°) +Z—ekX o =) (A®)
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To proceed, we divide our analysis into two regions: 2 max;c|y] Z{il |(x0)T(F] =) < C

and 2 max;cfy, K |(x)" (57 = 47*)| > C for some absolute constant C' > 0. In the first region,
referred to as the convergence rate region, we derive the ¢,, with ¢ = 1,2, error bounds for the
proposed estimator. While in the second region, referred to as the contradiction region, we aim to

find a contradiction.

A.1.3 Convergence Rate Region

Assume

2maxz [€3 —v)| <0, (A.9)

i€[n]

for some absolute constant C' > 0. Given Equation (A.9), for each k € [K],

l — _
)dtz/ exp (—tC) dt = 1epr(C').
0

1
Fmax = 2t
[ e ( 52%2 (! 7)

Inserting the above inequality into Equation (A.8), we find
“ 1
ot Z IXA: = ¥l2 < Y2~ X E = 90) + b () = ), (A10)

k=1

for some absolute constant C'; > 0. Without loss of generality, we assume C; = 1 in our analysis.

Given a constant p € [0, 1/2), from Equation (A.10), one has

P =" + e Z XA =¥l

K d—1
X @ =)+ PAAT =N+ ) Al = MAD + 20 Y (i ll2 = 7 ll2)
r=1

k=1

IA
]~
SEge

e
Il
—

By + B,
where
1
B, = ZeTX (RS — ~0F A.l1
1 E nﬁk (Ve 'Yk); ( )

k=1
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and

K d—1
By = pAIR° =l + D> Ollvill = AAel) + 20 D (Ivinllz = 17 ll2)
k=1 r=1

= P =+ Al = 1311 + AUy lle = 17111.2)

=22 [P = "Ml + [l = 1711 + Vol e = [IFl1.2)] (A.12)
where ||yl = %1 |7 |l2 and similarly for [|¥]li2, so = s/s4, and )y is defined in

Equation (2.11) for a given absolute constant n € (0,1/2).

For any vector # € RP, denote x;; as the jth largest element in x for j € [p]. Let u =
7° — 4°* € RE+-DE* Note that u consists of d groups, denoted as {ugy : r € [d — 1]o}.
In these groups, u) € R corresponds to the intercept vector 8 and Uy € RE” corresponds to
the coefficient vector 7,y of group r for each r € [d — 1]. Augment u ) with zeros such that
) = (uf):0,...,0) € R, Then, combining d groups of vectors {iiy, u(,) : 7 € [d — 1]} into
@ € R? with D = dK?, we have ||l = ||ullq for ¢ = 1,2. Since @ o) and all u(, for r € [d — 1],
are of the same length, we can set U € RE® xd_referred to as the group matrix of u, to be the matrix
whose columns are formed by d groups in @. Let ||U:||2 be the jth largest element of /,-norms of
columns in U for j € [d]. Moreover, recall that s is the jth largest element in 4 for j € [D]. For

each k € [K], we set

0 0
= = | ereE, (A.13)

O%

32 Y

where 05 _; is the zero vector in R¥ 1.

With Lemma A.2.1 and by applying the same arguments in the proof of Theorem 3 in Li et al.
(2023), it follows that, given u = 5° — 4°* and the corresponding augmented vector @ defined via
Equation (A.13), we have

By < max{F(u),G(u)}, (A.14)
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where

D d
F(u) =40\ |2Vsllalla+ | DY g+ > VsellUgl2 ||
j=s°+1 j=s3+1

and

K 1/2 1/2
© o 2/log(1/do) log(1/6o)
0= e (3 HXuan> VISIUR] | s (3

1/2
log(1/dy)
o, \/_\/ ) (Z X ||n> ,

with X = [0, (k—1), X] € R™K for the zero matrix 0,,,(j_1) of the shape n x (K — 1), uj, =

~

Y — & and

50) £ exp ( ("W)Q) ot 3, = 20, lo1/30)]

40 n

for any given absolute constant ) € (0, 1/2).

For B, in Equation (A.12), letting 0 = 60— 6" andv = —~* € R with the corresponding

]RK x(d—1)

group matrix V' € , and recalling that @ is augmented from 4° — ~4°* by adding zeros,
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one has

By = 224 [(pl7" =Ml + 177l = 1701) + Vsolllv e = 17111.2)]

=2\,

< 2\,

<2\

=2\,

<2\,

<2\,

20 =07+ (ol ="l + 1l = 1Y [h) + Vsl = H;)\’||1,2)]

pVE o]l + ((1 +o)Vsllol = (1=p) Y ) V5l iz = H%Hm)]

pVE ol + ((1+p)\/5HvH2—(1—p) > vja> + | Vgsollvlla — i V/50[[Viell2

Jj=s+1 j=sg+1

(VElolla + 1+ p)Valull + vagsillels) = [ (1=p) 3 vp+ 3 VaullVala

j:5+1 j:Sg+1

WElolls 4 @+ o3l — (1 =p) S vt 3 VIVl

j:5+1 j:Sg+1

D d—1
@+ p)Veellalla— | (T=p) D ve+ > Vool Viella | | (A.15)

j:3+1 j=8g+1

where the first inequality is due to Lemma A.1 in Bellec et al. (2018), the second inequality is from

Lemma 3 in Li et al. (2023), and the last inequality is from a basic inequality that

VE|oll2 + V3llvlls < VE + sll(0", v") (|2 = vs° |1

Therefore, combining Equation (A.14) and Equation (A.15), we have

K
P =71l +e2 ) IXE =)
k=1

< max{ F(u), G(u)} + 2 | @+ oWl — (1= p) 3 vp+ S vVl

j:3+1 j:Sg+1

(A.16)
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(Case F'(u) < G(u)). In this case, we have

1/2
. log(1/dp)
Julls = [|a]lz < \/S “Tog( 1//50 (Z IIXuk||n> . (A.17)

Inserting Equation (A.17) into Equation (A.16) gives

" 1/2
2 log(1/do)
Xy ||? < =(2 A
(Z;szh> < G2Hpr i VybgyéMD

which further implies that

2 log(1/6
lulls < 224 p+ ) —8d/%)__ /5y

c? s°log(1/0(Xs))
<ﬁ log(1/do) \/S_o)% (A.18)

— o 5% log(1/0(N))

where the first inequality is from Equation (A.17). Furthermore, from Equation (A.16), one also

has

1/2
~o ox log(1/6o)
P =7l §2Aﬁ(2+p+n)\/?\/ /%) (ZIIXUan>

s°log(1/0( Ny
<2>\ )2 log(l/éo)
< : (2+p+n)’s° solog(1/6(\:))”

We then deduce that

- 9 log(1/4o)
0% < 2 2 °
IV ="l = 25 @ et ) sy
log(1
< Cs Og( /60) So)\ﬁ- (A.19)

= 2 5°log(1/5(\y))

(Case F(u) > G(u)). With D = (d—1)K?and D = dK?, note that v = 4 —~* € R is contained
in @ € R? which is augmented from §° — 4°* € RE+(@-DE? by adding zeros, and s° = s+ K and

d— (d 1)_89 HCDCC Z] s°+1 ]ﬁ < Z] s+1 ]ﬁ and Zg s°+1 || ||2 < Z] sg+1 ||V;n||2
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Consequently, when F'(u) > G(u), we have

PAIR =7l + ¢ ZHX — vl

D d—1
< N 2(2+p+n)\/8_°||ﬂ||z—(2—n—2p)(Zvn) 2= D Vsl

Jj=s+1 Jj=sg+1

(A.20)

Therefore, since p € [0,1/2) and n € (0,1/2), one obtains

D d—1 D
24+ p+ - -
il = Y et Y VallVelez Y
p—n j=s+1 j=sg+1 J=s°+1

This implies that @ belongs to a cone Csgp(s°®, ¢’), as defined right before Lemma A.2.3, for an
absolute constant ¢ > 0. Consequently, by Lemma A.2.3 and Equation (A.20), with probability at

least 1 — ¢((d — 1)K + 1)7!, we have

|2 = [|a)2 _Z”~ 2 < ~ e Xl Y IXulln 22+ + p) Vs Jullay
C P A(®) D) T Aa(DE

which further leads to

Gy Vo
2

2 (X)) (A.21)

lull2 <

Meanwhile, from Equation (A.20), one also has
P =Nl < 202 + 0+ p)Vs° ull2.
Inserting Equation (A.21) into above inequality, we obtain that

15" ="1h <

04 SO)\ﬁ
— (A.22)

2 pPAnin(B)
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Hence, combining Equation (A.18) and Equation (A.21), the /5-error bound of 7 is

~0 o% C/ 10g<1/50) 1
— < — ° '
e R b i e

Moreover, combining Equation (A.19) and Equation (A.22), the ¢;-error bound of 7 is

~0 o O/ o IOg(l/(SO) 1
1~ 7 < 2 5"y maX{SO log(l/(S(/\ﬁ))7 Amin (2)

*

Simplifying the above results with the \; given in Equation (2.11), we obtain that, with probability

displayed in Theorem 2.3.1,

log(1/4o) 1
$°10g(1/8(Ng))” Amin(X)

=0 o% C o
17 =77l < 500 e { b= s,

for ¢ = 1,2, where R = 0/(cxc?) and

(s9)a |2 ded 2eK?
B, = —1 — 1 .
vno\ g o8 59 +og 9

A.1.4 Contradiction Region

Assume
K

2max Y [(x")" (5] —~7)

1€[n] —1

<, (A.23)

for some constant C' > 0. Similar to Equation (A.16), from Equation (A.8), one has
K

P =7l + € Fax Y IIX A7 = i)
k=1

< max{F(u), G(u)} +2X |2+ p)Vsellalla— | (L=p) D v+ i Vol [Viell2 | |

j:3+1 j:Sg+1
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for any given constant p € [0,1/2), and F(-) and G(-) introduced in Equation (A.14). Recalling

that
1= exp (—2maxeq 15, | (9)7 (57 — 7))

K 1 20 o*
2 maxXe(pn] 2121 |(X(Z))T(7l - )‘

and with the assumption Equation (A.23), for each k € [K], we have

Fmax =

)

1 —exp(—C)
2 maX;ep] le; |(x)T (7] — )| ’

max —_

which implies

K
P =~ 1+ ¢ P Y IXF =)

k=1
D d—1
< max{F(u), G(u)} + 2% [ @+ p)Vee e — [ (1 =p) 3 v+ > Vsl Vil
j=s+1 Jj=sg+1

(A.24)

(Case F'(u) < G(u)). In this case, inserting Equation (A.17) into Equation (A.24) gives

K 1/2
2 log(1/d) _
E X2 < 2+ p+n)AVs F.L,
<k21 [ X | ) ( p+mAs \/ °log(1/6(\:))

Meanwhile, from Equation (A.24), one also has

1/2
~o0 log 1/50
— Ay < 20(2 5 X
P — 77l < 274 +p+n)\/8_\/solog(1/5 (ZH uan)

10g<1/50) 1
“Tog(1/30)) ™

(2)7)°

<
- 2
Cs

(2+p+n)s
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which leads to

C1 log(1/d)

~0 _ [eX3 < et 3 O)\ F*l
H7 Y ||1 = Cz Solog(l/(S()\ﬂ))S f

max

02 o —1
< C_zs )‘ﬁFmaX

K
Cs (i "
< 9 0)\ K3 o O%
> 633 tinﬁﬂxl |kz:;||7k Ve Il

C3 o 1) 0 ox
= s hmax x5 =77,
where the second inequality is due to the assumption of %% = O(1). The above inequality

suggests that, if Equation (A.23) holds and F'(u) < G(u), then

s° ;
= g max 7] 2 G
* 9

for some absolute constant Cy > 0. However, since s° < ¢?1/n/log(dK) by assumption and

|xl(i)| < 1, the left-hand side of the above inequality is of the order o(1), resulting a contradiction.

(Case F'(u) > G(u)). Similar to Equation (A.20), when F'(u) > G(u), we have

K
PAIF® =71 + € Fnax Y IIX A7 = i)
k=1

<Ay 2(2+p+n)\/s_ollﬂ||z—(2—n—2p)(Z vjn)—(Q—n) i: Vol Viglla | |

]:s+l j:Sg+1

which also implies that @ belongs to a cone Csrg(s°, ¢'), as defined right before Lemma A.2.3, for

an absolute constant ¢ > 0. Hence, from Lemma A.2.3, with probability at least 1 — c¢((d — 1)K +

1), one has

13 =7l < A+ DVIFT =272,

and

CEFmachmin(B)[F° =713 < 222+ p + Vs 77 =772
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Combining these two inequalities, we obtain that

C
77 =2 ll2 < 5 VA P
C*
C. 1)1 0 o
< VP max x5 47,

Cg ° ] ~o0 o%
< s hemax =7,

This also results in

2 /\ﬁ max|xl I > Cy,

for some absolute constant Cjy > 0, leading to a contradiction as the previous case.

A.2 Auxiliary Results

The following lemma is used to analyze B defined in Equation (A.11), for a generic vector

@ € RP with D = dK? and the corresponding the group matrix U € RE**d we introduce the

function N (@) as follows:

SH

D
Z 5+ ST la/550 | (A25)

%\

where, 0 < s < K?,

2%K? 2 4d
A = \/log L Zlog =2, Ve d),
50 S0 J

and

N Alifsg) < sods
Ad j > Sgd,

for 02 = max; , Var(y'”|x®) and ¢, given in Assumption 2. By this definition, N (v) is positive

homogeneous, that is, N (ai) = aN (@) for all a > 0, % € R and N (@) > 0 for u # 0. Moreover,
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let X = [0, (-1, X] € R4 with X specified in Equation (A.5). With these notations, we

propose the following lemma.

Lemma A.2.1. Consider N (@) in Equation (A.25) and let 6y € (0,1). Then, under Assumption

2, for {ex,k = 1,..., K} and X given above, with probability at least 1 — 6y we have, for all

u= (uf,...,u%)" with each @y, € R,
ST N SO V2o (a2 + /2108(1]00))
2K < 40 i i
> X < d0max NG, (3 1Kl = ,

for some absolute constant ¢, > 0. Furthermore, assuming 6y = o(1) as n — oo, then, for

sufficiently large n, we have that

K

X 1/2
1 o 5 ~ 20 log(l/éo)
—6; Xty < 40max  N(a), HXUkHan - = (-

holds with probability tending to one.

Proof. Withe = (],...,¢%)T € R™¥ and the following diagonal-block matrix

X - 0
X — c RnKXﬁ
0 - X
we observe that Zszl n~ el Xy, = n~'¢"Xa. According to the group partition (1),...,(d),
we can split the columns {1, ..., D} of X into d disjoint groups U?ZlG(j), each containing K?

elements. Set ® = n~'/2¢"X, and for each j € [d] and any S C G(; with |S| = s, denote

by =n"Y 27X s Where X s is the submatrix of X with columns indexed by the set .S.
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By calculation,

Pl(l - pl)]n —p1p21y ce —pipr Iy
— 1, 1-— I, ... — 1,
So—cov(e) =Ex | Pl =) b e RMOTE - (A26)
_prlln PK(l _pK)[n

where we denote p, = pl(:)('yo*) for short, and the expectation Ex is taken with respect to X.

Observe that . = Ex[P ® I,,], where ® is the Kronecker product, and

p1(1 - ]91) —P1DP2 . —P1PK
—P2p1 p2(1 - Pz) S —P2PK
P =
—PKD1 pr (1l — pk)

From Lemma A.2.5, Ayin(P) > ¢? > 0 by Assumption 2. Consequently, A, (2c) > ¢? > 0.

Let

K ~
DoIXa2 ] <1p,
k=1

with L = /n/[o(y/7/2+ +/21og(1/d))]. Using Lemma A.2.2 and Proposition 1, we obtain that,

with probability at least 1 — 9,

K K
1 o 1 o 8Lo
su —6; X1y, < 80Med |[su —z, Xy | + —=(/7/2 + /21og(1/)
o L, < st [p 3~ L + 57 (TR 1)
8L
<324 Tg(w/z +\/210g(1/5,)) = 40,
where z = (z7,...,25)" ~ Nnk(0, I,k ) is a Gaussian random vector with z;, = (z,il), . ,z,(j“)) €
R” for k € [K]. O
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Lemma A.2.2. Consider N(u) in Equation (A.25) and X in Equation (A.26), and let 6y € (0, 1).

Then, under Assumption 2, with probability at least 1 — )y we have,

K

Z% T Xy | <

k=

sup
a=(al,...,aL)TeRD:N (7)<

where £ = (&F,... )T ~ Nk (0,0%1,k), and N,k (0, I,,x) is the nK-dimensional standard

Gaussian distribution.

Proof. Recall the notation X and the index set S with |S| = s§ introduced in the proof of Lemma

A2.1. Let &g = n~1/26"X, where € = o€ ~ N, x(0,01,) and

Xsllz </ IXs1[IXsllee < V/m,

where the second inequality holds because the absolute sum of each row in Xy is at most 1 due
to the construction of S. Consequently, we can re-establish Theorem 1 in Li et al. (2023) by the

argument therein, which leads to the desired result. O]

Proposition 1. Ler U C {u € R"* : ||ul|y < 1} be a subset of the unit ball. Given ¢ and o > 0 in

Lemma A.2.1, for any x > 0, with probability with at least 1 — exp(—x) we have

supe'u < 8¢E {sup zTu] + 80V 2x < 8oMed {sup ZTul + 8o (\/7/2 + V2x),

uelU uelU uclU
. . . 1
wherez = (z7,...,2})" ~ N,k (0, I,x) is a Gaussian random vector with z;, = (z,g ) ,z,(cn)) €

R™ for k € [K], and Med(-) is the median function.
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Proof. Let (¢, ... &™) be a vector of i.i.d. Rademacher variables independent of £. Then, for

any t > 0, we have

B K n
E |exp (t sup eTu)] =E |[exp tsup RO

I K

=E [exp | tsup €. U
L uel o [; o ])]
I K

<E |exp tsup 28(z ey Y

< E |exp (8750 sup zTu)] , (A.27)
L uelU

where the first inequality is due to the symmetrization inequality (Theorem 2.1 in Koltchinskii,
2011), and the second inequality is from a contraction inequality (Lemma 4.6 in Ledoux and
Talagrand, 1991) and the fact that P <]e(i)e,(:)| > t) < 4P (a!zk)| > t) fori € [n] and k € [K]
due to Lemma H.1 in Bellec et al. (2018). Let f(x) = sup,¢y X" u, then f is 1-Lipshitz. Thus, by
Theorem 5.5 in Boucheron et al. (2013),

E [exp <8at sup zTu>] = E [exp (80t f(z))]

uelU

< exp (80tE|[f(z)] + 320°t°)

= exp (SUﬂE {Sup zTu} + 320%2) . (A.28)

uelU

Furthermore, by the discussion after equation (1.6) in Ledoux and Talagrand (1991),

’Med {325 zTu} ~E E‘ég zTu} = [Med[f(2)] — E[f(2)]| < /7/2. (A.29)

Inserting Equation (A.28) into Equation (A.27), a Chernoff argument with Equation (A.29)

completes the proof. O
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Introduce the cone

Csrp(s.c) = {v=(vi,...,vi)" € R |v[li < (1 +o)Vs[lv]2}

for some absolute constant ¢ > 0.

Lemma A.2.3. For a design matrix X € R™*P with rows x of bounded elements for 1 < i < n,
let © = E[xW(xM)"] and assume its smallest eigenvalue satisfies Ayin (X) > c» for some constant
cx. Assuming s < +/n/log p, with probability at least 1 — c¢,p~! we have, for sufficiently large n

and all v € Csrp(s, c)\{0},
K 2
§ X
M > Anin(2).
Iv][3

Proof. By Lemma A.2.4, with probability at least 1 — ¢;p~!, for all k € [K],

log p

XVl = Amin(B) Vil = Cy vl

Therefore,

K K

log p
ZIIXVkII2ZAmin(E)IIVH%—Cq/ - levkllf
k=1

> Ain(3)[|V]1% — \/log (Z leh)

log

= Auin (D) V]2 —

Elv2
log

s[IvII3

> Aanin(B) V12 —

where the first inequality holds since ||v||3 = "1, ||v4||3, and the last inequality is due to the fact

v € Csrr(s,c) \ {0}. In the above inequality, the second term on the right-hand side tend to zero

as n goes to infinity due to the assumption that s < y/n/ log p. [
Lemma A.2.4. For a design matrix X € R"*P, assume its rows x@) e Rp, § = =1,...,n, have

bounded elements. That is, max; ; \in)] < c for some absolute constant ¢ > 0. Denote ¥ =
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E[xM (xM)™] and suppose that its smallest eigenvalue satisfies A\min(X) > cy for some constant

cx. Then, with probability at least 1 — c1p~t, we have

log p
n

IXV[? > Auin (D) || V]2 = Cy

IvIi

forall v e RP.

~

Proof. Let \ = ||f3 — X|oe, Where X = (xM) ... x™)T € R"P is the design matrix, X =
n~tX"*X is the sample covariance matrix and || A||, for a matrix A is the element-wise maximum

norm of A. Then for any v € R?,

viYv — VTEV‘ =

vi(E - Z)v| < AV

Since elements in X are bounded, according to Problem 14.3 in Biithlmann and van de Geer (2011),

~ 1
POE—muzawﬂg>s@p%
n

for some absolute constants C, ¢; > 0. Therefore, with probability at least 1 — ¢;p~!, one has

we have

|Xv|? = VISV > viSv — O

log p log p
" IVIT > Amin () [VII5 — Cy " Iv|?

]

Lemma A.2.5. Consider a probability sequence (py, p1, - . ., pr) satisfying that Zszo pr = 1 and

MiNlge(g], Pk = C« for some constant c, > 0. Define the matrix

pl(l - Pl) —P1pP2 . —P1PK
—pap1 p2(l—pa) ... —DaPK
Q —
—DK D1 . ... pr(1—pxK)
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Then, the smallest eigenvalue of Q, A\in(Q), satisfies

Amin(Q) > nin pepo 2 2.

Proof. By the definition of (po, p1, ..., pk), for each k € [K], the sum of the absolute values of
the non-diagonal entries in the kth row is ry = >, Lk DR = pr(1 — pr — po). Hence, by the
Gershgorin circle theorem, there exists some ky € [K], such that the smallest eigenvalue of @

satisfies

|)‘min(Q) - pk’o(l - pko)| < Tkos
which implies
Amin (@) = Pro (1 — Pio) — Thy = ProPo = lgigrlekpo >,

as desired. [
Remark A.2.6. Notably, the lower bound derived in Lemma A.2.5 is tight. Observe that () =
P, — Py, where P, = diag(v) is a diagonal matrix with diagonal elements v, and P, = vv™, with
v=(p1,...,px) € RE. Clearly, the eigenvalues of P, are the elements in v, while the eigenvalues
of Py are trace(P,) = Zle pi and 0. Consider the case where py = p; = -+ = pr = 1 /(K +1).
That is, ¢, = 1/(K + 1). Then, the largest eigenvalue of Q) is 1/(K + 1), while the smallest

eigenvalue of Q is 1/(K + 1)% Let M\1(Q) > M (Q) > -+ > A\g(Q) be the eigenvalues of Q in

descending order. By Weyl’s inequality, we have
/(K +1) = M(P1) = A2(P2) S M(Q) < Mi(P1) — Ax(P2) = 1/(K + 1),

and

M(P) = M(P2) < Ag(Q) < M(P1) — Mi(P),

where A\ (Py) — M\ (P2) = p1 — ZkK:lpz =1/(K+1) - K/(K+1)?*=1/(K +1)2
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Lemma A.2.7. Given a vector v = (1, ...,2x)" € RE, for each 1 < k < K, define the function

. exp(xk)
9(*) = 5K o]

5. Then, we have that

~—

K K
X
exp (—22 |z — ykl) < Zk( ) < exp (22 |z, —yk|> ;
I=1

by I=1
holds for each 1 < k < K and any vector y = (y1,...,yx)"

Proof. Note that

[L+ 30 exp(y)])”
[+ 300y exp(ar))

< exp(zy — Yi) exp (2 > (e — xk)+)

=1

K
< exp (22 |2k — yk|> :

=1

= eXP(iﬁk - yk)

where we define (a); = max{a, 0} for any number a. Similarly, we also have

gk(yi < exp (221(: e yk|> :

k(e I=1

Q

Combining these two results completes the proof. 0

A.3 Extra Results from Numerical Studies

A.3.1 Data generation

For simplicity, we assume that each site of z can take on K distinct values instead of
K + 1. The space of z from the Potts model Equation (2.1) consists of K¢ elements, making
direct computation infeasible even for moderate K and d. To clarify the generation process,
we adopt a categorical representation for protein sequences z: for a sequence with d sites,
z = (21,..,24)" € RY, where z; € [K] for j € [d]. Denote the sequence that excludes the

4 . d—1
J-thsiteas z_; = (21, ..., 2j-1, Zj41, ..., 2a) " € R
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The widely-used Swendsen—Wang algorithm (Edwards and Sokal, 1988; Izenman, 2021)
applies only to the Potts model in the specific form P(z) o« exp {Zl il =1 (z = zr)]},
where the direct couplings between two sites .J;, are scalars. Specifically, when z; # z,, the pair
contributes J;, to the energy function in Equation (2.2), whereas z; = z, contributes nothing.
In contrast, our study focuses on a more general case where the direct couplings between sites
are characterized by v, = (Vjr11, s Virkt, - VirKK) € RE*, We adopt a Gibbs sampler as
an alternative for generating samples from the Potts model (Casella and George, 1992; Gelfand,
2000; Li et al., 2019). The Gibbs sampler sequentially samples values for each site z; based on the

conditional probability given the current values of other sites z_;:

P(ojfz) = [Ty exp{bn + 3,2 S5y il (2 = D} =Y
J14=3) — :
S exp{0k + 32, S Virw L (2 = )}

(A.30)

The data generation process is outlined in Algorithm 3. To generate a data set, we ran Algorithm
3 for 10° iterations, initializing all sites with values randomly generated from a discreet uniform
distribution (Li et al., 2017, 2019). To mitigate the effects of random initialization and thoroughly
explore the state space of z, the first 40% of iterations were discarded as the burn-in process (Carlo,

2004).

Algorithm 3: Data generation from the Potts model
Input: Model coefficients Iy 4—1)x x> and 6, number of sites d and sample size n, initial
z" and total iterations R
forr € [R], j € [d] do

Sample 2} from the multinomial distribution P(2}[2],; 1), Z(Tj;ll): ;) in Equation (A.30)

end

Collect the pool Z := {z" | 0.4R < r < R};
Randomly draw n samples from Z, denoted as Z,,.
Output: Z,

To demonstrate the capability of Algorithm 3 to simulate data that closely resemble real
data, we used the estimated coefficients from Equation (2.8) based on real data from Tyrosine-

protein kinase Fyn (FYN, Di Nardo et al. (2003)) and Yes-associated protein (YAP, Araya et al.
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(2012)) along with Algorithm 3 to generate data, and then computed the similarity matrix between
real and simulated data using the LIN1 measure for categorical data Lin (1998); Boriah et al.
(2008). This matrix was further projected onto a two-dimensional space using Uniform Manifold
Approximation and Projection (UMAP, Becht et al. (2019)). Similar idea to validate the simulated
data by comparing it with the real data has also been employed in synthetic single-cell RNASeq
experiments (Song et al., 2024; Xia et al., 2024). As shown in Figure A.1, the simulated data
occupies a similar two-dimensional space as the real data, demonstrating the Algorithm 3’s

capability to emulate real data effectively.

e *
® Label
Voo S v &°
2 ‘e ® ® B real
- “. $ lb’ ] Y { ® simulated
D) 8 ® -
p * S w 1 ct\:I 'y se
o K] Voo ® & P
2 . 2 2 $upS o &
(0] > (0] 250
£ . 1S e o
a ¢ a o
% ° a & s Lo
® ¢ %
= *3 = _ 8
> L 2 =) L g 29
J ¢ Label o a B .
) ®
real <
8 simulated ® 9
UMAP Dimension 1 UMAP Dimension 1

Figure A.1: UMAP of real and simulated data with similarity matrix calculated from LIN1 measure. Left:
YAP; Right: FYN.

A.3.2 Extra simulations

Table A.1 presents the results for setting (M2) with n = 1000, 2000, 4000, d = 25,50, and
K = 20. Additionally, we consider simulations with d = 150 sites and large sample size of
n = 4000, 6000, 8000 under settings of (M1) and (M2), resembling the size of real data. For
setting (M2) with d = 150, we set 7 = 2. The results are shown in Table A.2, which show
that our method outperforms others in both estimation and variable selection, even when the

group weights function is misspecified. Furthermore, the sparse group Lasso without structural
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information performs better than Lasso and ridge, highlighting the benefits of incorporating both

group-wise and element-wise sparsity.
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Table A.1: Results in (M2) with K = 20

d | 3., Ajr | Methods | n | MSE TPR FDR TPR, FDR,
Our method with (N1) 40.395 0.774 0.062 0.942 0.228
Our method with (N2) 43.658 0.743 0.078 0.942 0.234
Lasso 1000 | 59.028 0.655 0.328 0.846 0.353
Sparse Group Lasso 49.444  0.720 0.137 0.923 0.284
Ridge 95.815 - - - -
Our method with (N1) 31.581 0.831 0.054 0.962 0.206
Our method with (N2) 32967 0.807 0.067 0.962 0.212

25126 Lasso 2000 | 45172 0732 0295 0.904 0.309
Sparse Group Lasso 35.084 0.783 0.110 0.942 0.246
Ridge 69.860 - - - -
Our method with (N1) 25.039 0.862 0.047 1.000 0.161
Our method with (N2) 28.743 0.826 0.059 1.000 0.175
Lasso 4000 | 37.588 0.765 0.266 0.942 0.290
Sparse Group Lasso 31.117 0.801 0.088 1.000 0.224
Ridge 55.145 - - - -
Our method with (N1) 92.414 0.756 0.069 0.907 0.225
Our method with (N2) 94.252 0.720 0.074 0.903 0.232
Lasso 1000 | 113.466 0.664 0.348 0.854 0.340
Sparse Group Lasso 102.733 0.701 0.092 0.892 0.264
Ridge 143.535 - - - -
Our method with (N1) 68.252 0.815 0.061 0.959 0.206
Our method with (N2) 70.564 0.787 0.070 0.952 0.217

O 8 Lasso 2000 | 83.056 0716 0315 0.898 0.320
Sparse Group Lasso 77.480 0.752 0.089 0.925 0.241
Ridge 99.579 - — — -
Our method with (N1) 54.794 0.870 0.057 1.000 0.188
Our method with (N2) 58.138  0.846 0.064 1.000 0.201
Lasso 4000 | 69.266 0.736 0.281 0.934 0.287
Sparse Group Lasso 61.852 0.827 0.082 1.000 0.233
Ridge 85.917 - - - -
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Table A.2: Results with K = 20, d = 150 under different model settings

Model | 3. . Aj, | Methods | n | MSE TPR FDR TPR, FDR,
Our method with (N1) 317.497 0.788 0.096 0.935 0.211
Our method with (N2) 352.646 0.751 0.131 0.934 0.220
Lasso 4000 | 421.714 0.694 0.316 0.852 0.319
Sparse Group Lasso 384.022 0.726 0.158 0.907 0.247
Ridge 488.528 - - - -
Our method with (N1) 273.158 0.823 0.087 0.952 0.194
Our method with (N2) 297.134 0.791 0.115 0.948 0.208

MD 353 Lasso 6000 | 359.365 0.725 0279 0.884 0.290
Sparse Group Lasso 325.645 0.752 0.124 0.922 0.233
Ridge 412.459 - - - -
Our method with (N1) 210.518 0.881 0.062 0.992 0.169
Our method with (N2) 233.982 0.857 0.084 0.984 0.184
Lasso 8000 | 295.008 0.802 0.236 0.935 0.276
Sparse Group Lasso 248.156 0.825 0.095 0.964 0.213
Ridge 377.510 - - - -
Our method with (N1) 351.374 0.775 0.105 0915 0.253
Our method with (N2) 369.702 0.757 0.143 0.909 0.272
Lasso 4000 | 406.606 0.686 0.330 0.855 0.318
Sparse Group Lasso 374.742 0.729 0.176 0.901 0.290
Ridge 502.565 - - - -
Our method with (N1) 309.590 0.817 0.084 0.945 0.225
Our method with (N2) 322.535 0.801 0.109 0.941 0.243

M2) 1355 Lasso 6000 | 360.367 0.711 0296 0.876 0.305
Sparse Group Lasso 339.063 0.785 0.133 0.934 0.278
Ridge 440.593 - - - -
Our method with (N1) 244307 0.869 0.076 0.985 0.203
Our method with (N2) 261.112 0.844 0.094 0972 0.222
Lasso 8000 | 314.978 0.772 0.267 0.931 0.280
Sparse Group Lasso 278.886 0.825 0.118 0.968 0.264
Ridge 416.751 - - - -
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Appendix B

Supplemental materials for Chapter 3

B.1 Equivalence of Poisson non-negative model and pLSI

Let Z = (Zij); € R"*" denote the corpus matrix. Both our model without zero-inflation

(1'7‘7
and pLSI can be considered as different fitting models for Z. Given K > 2, the topic-vocabulary

matrix A = (Aj) ;) € RE*Y and the document-topic matrix W = (W )ik € R™*5 our

(J.k

model is

Z;j|A, W ~ Poisson(}\;;) (B.1)
Nij = WAy (B.2)
k=1

We impose non-negativity constraints on both A and W, and assume that the rows of A lie on a

simplex. Relatively, the pLSI model given K, A*, W* and document length NN; for each 7 is

Zi;|A*, W* ~ Multinomial (N;; 71, ..., 7;5) (B.3)
i = Wiy B4
k=1

where both A* and W* have the simplex constrains on rows.
Denote A.; as the jth column of A and W;,. as the ith row of W. We state the equivalence of

A and A* in the models in the following lemma.

Lemma B.1.1. Denote the Poisson non-negative model density in (B.1) as Ppy(Z;.|W,., A.;) and

the multinomial model density in (B.3) as P,.5(Z;.|W7, AY;, N;). For each document i, since the

i

document length N; in the pLSI model carries no information about 11, where I1 = (m;; we

)i,j’
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can assume it follows a Poisson distribution to link the two models. We have

74 \%
N; = Z Z;; ~ Poisson (Z >\ij>

Jj=1

Define the mapping ¢ : (A, W) — (A*, W* w = (wy,...,w,)") by the procedures:

A e Ay k=1, K;j=1,..,V
K
wz%ZW,k 1= 1,,7’L
k=1

Wy /wi k=1, K;i=1,..,n

Obviously, this is a one-to-one mapping with the inverse )~ of Ay; < Ap;and Wiy, <= Wi w;.

Notice that

1% K K
=S wikAkj_z< mz%)
j k=

Agi=1

14 kg

el Z Wik = wi Z
Zk 1 Wk_l

)

Then the following equation of likelihoods holds

Pon(Zi |[WE, A™ w;) = Posi(Zo [WE, A*, N)P(N;[W*, A%, w;)

Notice that

RHS = Psi(Zi|W:, A* N;,w)P(N;|[W?, A%, w;)
= P(Z:, Ni|W:, A" w;)

Ni=>_,-1 Zij
MR P g WA w,)
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N
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N ¢
M— N>]
Ay

) K Zij . /K [ K Zij
) Wa | =T]%— Wi | Wi A
=I5 (maowa ) =115 | 22 {22 War ) Wik AL
j=1 4 k=1 j=1 7% \k*=1 \k=1
Aij Zij
Use the mapping v e
1 ( WZkA’”’)
j=1 “%° \k=1
1% e 1% e_)‘ij ZZ]
— ZZ]
LHS_H 7 R _H 7.1 ZW”‘?A’W
j=1 ~° j=1 7Y \k=1

B.2 Extra simulation with different random effects

In addition to evaluating random effects generated from Unif(0,2) with mild variance and
no skewness, we further examine settings with either no or more heterogeneous random effects.
Since both our method and Topic-SCORE consistently outperform TTS, we exclude TTS from

this comparison. Specifically, we consider distributions with greater variance and skewness,

including the truncated normal TN(yu = 0,02 = 25), Gamma distributions with shape-scale

1

parameterizations Gamma(3,3) and Gamma(3,2) and the log-normal distribution LN(y =

—%, 0% = %) We evaluate the relative Frobenius norm as the estimation error, which is
~ A-A
Ly(A —A) = mi w.
reS([K)) HAHF
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Across all settings, as shown in Figure B.1, the estimation error decreases as n increases,
confirming the consistency of both methods. In contrast, the error increases with 1, reflecting the
greater number of parameters in the matrix A that must be estimated. Estimation errors are also
smaller when random effects are absent, which is expected given the reduction in variability due to
the exclusion of latent noise. Beyond these general trends, our method consistently achieves lower
estimation error than Topic-SCORE, with the performance gap becoming more pronounced in the
presence of random effects exhibiting greater variance and skewness. Notably, under the heavy-
tailed Gamma distribution with large variance, our method demonstrates substantial improvements
and stable performance when V' is small. In contrast, when the random effects are milder and more

symmetric, the two methods perform similarly, especially as the sample size grows.
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Figure B.1: Ly(A — K) with K = 3 under different random effects distributions, evaluated across varying
(n, V'), comparing our method with Topic-SCORE.

We further explore the random effect with heavier tails with e generated from Gamma(1/2, 2)

and Gamma(1/4,4) as shown in B.2. The results indicate that as the tail of the random effect
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distribution becomes heavier, the estimation performance of our model deteriorates significantly
for small n, with near failure even for low values of K. However, when n is sufficiently large, the

estimation remains competitive despite the presence of heavy-tailed effect.
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Figure B.2: Ly(A — A) with K = 3, where e sampled from Gamma(1/2,2) (left) and Gamma(1/4, 4)
(right) is known for the distribution.
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