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ABSTRACT

STATISTICAL MODELING AND INFERENCES ON DIRECTED NETWORKS

Network data has received great attention for elucidating comprehensive insights into nodes
interactions and underlying network dynamics. This dissertation contributes new modeling tools
and inference procedures to the field of network analysis, incorporating the dependence structure
inherently introduced by the network data.

Our first direction centers on modeling directed edges with count measurements, an area that
has received limited attention in the literature. Most existing methods either assume the count
edges are derived from continuous random variables or model the edge dependence by parametric
distributions. In this dissertation, we develop a latent multiplicative Poisson model for directed
network with count edges. Our approach directly models the edge dependence of count data by
the pairwise dependence of latent errors, which are assumed to be weakly exchangeable. This
assumption not only covers a variety of common network effects, but also leads to a concise rep-
resentation of the error covariance. In addition, identification and inference of the mean structure,
as well as the regression coefficients, depend on the errors only through their covariance, which
provides substantial flexibility for our model. We propose a pseudo-likelihood based estimator
for the regression coefficients that enjoys consistency and asymptotic normality. We evaluate our
method by extensive numerical studies that corroborate the theory and apply our model to a food
sharing network data to reveal interesting network effects that are further verified in literature.

In the second project, we study the inference procedure of network dependence structures.
While much research has targeted network-covariate associations and community detection, the
inference of important network effects such as the reciprocity and sender-receiver effects has been
largely overlooked. Testing network effects for network data or weighted directed networks is

challenging due to the intricate potential edge dependence. Most existing methods are model-
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based, carrying strong assumptions with restricted applicability. In contrast, we present a novel,
fully nonparametric framework that requires only minimal regularity assumptions. While inspired
by recent developments in U-statistic literature (Chen and Kato, 2019; Zhang and Xia, 2022), our
work significantly broadens their scopes. Specifically, we identified and carefully addressed the
indeterminate degeneracy inherent in network effect estimators — a challenge that aforementioned
tools do not handle. We established Berry-Esseen type bound for the accuracy of type-I error rate
control, as well as novel analysis show the minimax optimality of our test’s power. Simulations
highlight the superiority of our method in computation speed, accuracy, and numerical robustness
relative to benchmarks. To showcase the practicality of our methods, we apply them to two real-
world relationship networks, one in faculty hiring networks and the other in international trade
networks.

Finally, this dissertation introduces modeling strategies and corresponding methods for dis-
cerning the core-periphery (CP) structure in weighted directed networks. We adopt the signal-
plus-noise model, categorizing uniform relational patterns as non-informative, by which we define
the sender and receiver peripheries. Furthermore, instead of confining the core component to a
specific structure, we consider it complementary to either the sender or receiver peripheries. Based
on our definitions of the sender and receiver peripheries, we propose spectral algorithms to identify
the CP structure in weighted directed networks. Our algorithm stands out with statistical guaran-
tees, ensuring the identification of sender and receiver peripheries with overwhelmingly probabil-
ity. Additionally, our methods scale effectively for expansive directed networks. We evaluate the
proposed methods in extensive simulation studies and applied it to a faculty hiring network data,

revealing captivating insights into the informative and non-informative sender/receiver behaviors.
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Chapter 1

Introduction

In light of the advancement in modern data collection techniques, the availability of diverse
network datasets at varying scales has surged. This has spurred the need for creation of new
scientific disciplines and demanding the development of innovative statistical methods for network
modeling and analysis. Network data comprises measurements of relationships between pairs of
entities, and they find broad utility in depicting connections between individuals or interactions
within complex systems across diverse domains. For a comprehensive review, please refer to
Newman (2010). The modeling of network data has sparked profound interest due to its ability
to provide a deeper insight into the intricacies of relationships within complex systems. This
enthusiasm is exemplified in various contexts, from deciphering intricate brain connectivity maps
and uncovering the nuances of friendship relationships to characterizing the intricate structures of
economic networks.

Network information is at times gathered in conjunction with conventional covariates for each
unit of analysis, which may pertain to the characteristics of individual node or edge. One example
of such network data is the food sharing network data collected by Koster and Leckie (2014). This
dataset encompasses records of gift exchanges occurring over a year among 25 households within
indigenous Mayangna and Miskito horticulturalist communities in Nicaragua, along with distance,
relationship, and other attributes. Figure 1.1 shows the food sharing network between households
as well as their game harvest information. In general, intricate gift exchange patterns are observed
among households. Gift transportation, particularly of significant volume, primarily originates
from households with substantial game harvests and is directed towards those with comparatively
smaller game yields. Furthermore, households with lower game harvests tend to receive a greater
number of gifts in contrast to households with more abundant game harvests.

In other scenarios however, the primary focus is on the observed network data itself rather

than the associated attributes. Numerous studies have been conducted to infer the global structural



Figure 1.1: Plots of the food sharing network with all non-zero edges (left) and the top-60 weighted edges
marked in blue (right). A larger node size within the network signifies a higher level of game harvesting
within a household. A wider edge represents larger amount of gift exchange from one household to another.

relationships within entire networks. Among them, extensive research is dedicated to address-
ing clustering problems, encompassing tasks such as community detection in networks (Newman,
2006; Zhao et al., 2012; Abbe, 2017; Zhang et al., 2020; Li et al., 2022) and the identification of
core-periphery structures within networks (Elliott et al., 2020; Gallagher et al., 2021; Miao and Li,
2023; Yanchenko and Sengupta, 2023). In the latter task, such as when the emphasis is on global
structures, it is pivotal to discern noninformative structures. This is essential for both interpreta-
tion and subsequent analysis, as has been empirically employed by Li et al. (2020, 2022). In terms
of downstream analysis, the removal of non-informative network components can facilitate more
efficient modeling using established models (Miao and Li, 2023).

It turns out that numerous inquiries can be raised when conducting an analysis of networks.
For example, when the target is to develop a regression model for some specific types of networks,
how we account for the innate edge dependencies inherent in a network? What advantages does
incorporating network information bring to the traditional prediction framework? When the target

is to understand the network structures, how can we make valid inference on network dependence



structure while accommodating flexible data assumptions? Furthermore, how can we develop
computationally efficient methodologies to distinguish between informative and non-informative
structures within networks?

This dissertation aims to address the above inquiries through the presentation of modeling
strategies for directed networks with count outcomes, the development of optimal nonparamet-
ric inference procedures for network effects, and the exploration of distinct components within

directed networks. Detailed introductions to these topics are presented in Section 1.1-1.3.

1.1 Modeling of Directed Networks with Count QOutcomes

Understanding the intricate relationship between a network and its covariates is crucial for
grasping network dynamics. This pursuit has led to a diverse body of research, extending back to
the previous century, and encompassing seminal contributions, including the social relations model
(Warner et al., 1979; Wong, 1982; Kenny and La Voie, 1984; Snijders and Kenny, 1999) and the
row-column exchangeable model (Aldous, 1985). We study the modeling of directed networks
with count measurements, where examples can be found in various domains such as co-authorship
and citation networks (Ji and Jin, 2016), mobile phone data (Dong et al., 2012), email corpus
(Diesner and Carley, 2005), and annual average daily traffic values (Wang and Kockelman, 2009).
Existing methods tend to assume that count edges derive from continuous random variables and
handle edge dependencies with parametric distributions (Hoff, 2005; Krivitsky, 2012a; Banerjee
et al., 2013). We depart from those conventions mentioned and focus on addressing the integration
of count measurements and covariates into a unified network model for both edges, and propose a
nonparametric framework of the inherent edge dependencies within the directed network.

In Chapter 2, we introduce a novel approach grounded in a latent multiplicative model. The
multiplicative nature of our proposed model facilitates the characterization of the edge dependency
structure in networks directly through the latent errors. And the edge dependence can be further
modeled by the covariance of the latent errors. Our method requires only mild moment constraints

in addition to the exchangeability assumption (Silverman, 1976; Eagleson and Weber, 1978) on



error terms. Such flexibility is particularly useful in the analysis of networks, where the dependence
structure can be complex and traditional likelihood-based estimation methods are violated due to
the unspecified marginal distribution.

We proved the asymptotic normality of our estimator and demonstrated its excellent empiri-
cal performance where the simulation results demonstrate the necessity to handle the dependence
structure in network analysis. As an example, we applied our model to the food sharing network
as shown in Figure 1.1. Our method discovered significant effects of distance and association
closeness between households, as well as giver and receiver behaviors on gift exchange patterns.
Additionally, our findings deviate from prior research in shedding new light on the connection be-

tween receiver behavior and the daily harvest of meat and fish in relation to gift exchange patterns.

1.2 Optimal inference on network effects

While network regression models are valuable for elucidating the connection between network
data and its attributes, there is also a profound interest in addressing more general questions on un-
covering the underlying mechanisms and identifying the dependence structures within networks.
For instance, consider the hiring network collected by Clauset et al. (2015) among computer sci-
ence departments in 2010, where an weighted edge represents the number of hiring from one
institute to another. Figure 1.2 provides a glimpse into the hiring behavior within the network.
Considering this visualization, a compelling question arises: how are edges with the same sender
node correlated with each other? Similarly, we may explore additional dependence structures, such
as the general reciprocity of hiring behaviors.

Given the compelling insights raised by these questions, however, we find that inference on the
dependence structures within networks, particularly directed networks, remains a notable challenge
that is largely understudied. Formally, these dependency patterns manifest as covariance structures
between edges, which are referred to as network effects. Empirical estimation involves scrutinizing
the frequencies of small subgraphs or motifs. They can be empirically estimated by examining the

frequencies of small subgraphs or motifs. Existing methods on the inference procedure of network



effects rely heavily on strong model assumptions. In this work, we focus on testing network effects
with more flexible data assumptions, and study the fundamental difficulty in testing network effects

to establish the optimally of the proposed tests.

University of Georgia

University of Georgia Case Western Reserve University

University of lowa Case Western Reserve University University of Iowa

Cornell University Cornell University

MIT MIT
. University of Houston University of Houston
Concordia University, Montreal Concordia University, Montreal
University of Nevada, Las Vegas University of Nevada, Las Vegas
Syracuse University Syracuse University
Northwestern University Northwestern University
Duke University Duke University
. . University,of Arkansas, Fayetteville University/of Arkansas, Fayetteville
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University of Texas, Austin

University of Texas, Austin
Georgia Tech

Georgia Tech

Figure 1.2: Plots of the hiring network within computer science departments focusing on randomly sampled
15 nodes for male (left) and female (right). Larger node size with more solid color indicates higher out-
degree of a department. The send-out edges, in orange and blue, reveal different trends of heterogeneity as
a sender between two plots.

In Chapter 3, we introduce a unified nonparametric inference framework tailored for assess-
ing a variety of network effects within weighted directed networks, distinguishing it from existing
model-based approaches in literature (Warner et al., 1979; Bond and Lashley, 1996; Lashley and
Bond Jr, 1997; Li and Loken, 2002; Nestler, 2016, 2018; Nestler et al., 2020). Our method re-
quires only minimal assumptions on the network data generation process, encompassing the node
exchangeability and moment conditions on the edge weights. We propose the network moment-
based estimators for various network effects, which can be considered as network U-statistics.
Nevertheless, due to the inherent edge dependence within a directed network, these estimators ad-
mit nontrivial indeterminate degeneracy. Specifically, the network U-statistics can be degenerate
even under an alternative, with the order of degeneracy dictated by the elusive network generation
process. To navigate this challenge, we deploy a diagnostic test for degeneracy and adapt subse-

quent inference steps accordingly. To contend the intractable asymptotic distribution of network



U-statistics for network effects, we employ the reduced U-statistic that not only reinstates asymp-
totic normality, but also speeds up the computation. Furthermore, we establish the finite-sample
proprieties of our testing procedures, ensuring control over both Type I and Type II error rates and
demonstrate that our proposed tests are nearly rate-optimal. These progresses also set our work
apart from all existing works on network method-of-moments, which exclusively focused on the
non-degenerate case. Moreover, we showcase the advantages of our method in terms of speed,
memory efficiency when compared to other methods, and apply our method to a faculty hiring

networks as well as the international trade network, yielding valuable insights.

1.3 Informative and Non-informative components Detection in

Directed Networks

In recent years, numerous works have been proposed for detecting core-periphery structures in
networks (Borgatti and Everett, 2000; Zhang et al., 2015; Gallagher et al., 2021). However, many
existing methods suffer from restrictive model assumption on the core structure, or missing the
theoretical grantees (Rossa et al., 2013; Rombach et al., 2017). In Chapter 4, we aim to introduce
a computationally efficient method for discerning both informative and non-informative structures
in weighted directed networks without presuming a specific core structure. The identification of
non-informative structures is not only interpretatively valuable but also essential for downstream
analysis. For example, examining the faculty hiring network illustrated in Figure 1.2, an institution
lacking distinct hiring preferences may signify adherence to neutral institutional bias policies or
indicate diverse hiring needs. Such findings offer compelling avenues for social studies. Further-
more, excising non-informative components enhances the efficiency of subsequent modeling using
established approaches (Li et al., 2020; Miao and Li, 2023).

In contrast to prior studies that assume the core component as a densely connected sub-network,
our approach differentiates between core and periphery components based on their informative
connection patterns. For directed networks, we provide two models to define the non-informative

network components. In the first one, we define uniform relational patterns as non-informative,



denoting the non-informative nodes as sender or receiver peripheries. In the second one, we con-
sider a variation of the non-informative connection which only depends on two nodes separably,
based on the configuration model (Bollobds, 1980; Cooper and Frieze, 2004; Cai and Perarnau,
2020). Under specific conditions, our algorithm is shown to asymptotically guarantee the recov-
ery of sender and receiver peripheries with probability asymptotically goes to one. We showcase
the performance of the proposed algorithm through simulation studies and its application to a fac-
ulty hiring network, uncovering intriguing insights into varied hiring and job-seeking preferences

among institutions.

1.4 Outline

The subsequent sections of this dissertation are structured as follows. In Chapter 2, we propose
a nove model for directed networks with count outcomes. Following that, in Chapter 3, we intro-
duce a nonparametric inference procedure for the dependence structure within networks. Chapter 4
is dedicated to detailing the algorithm designed for detecting both informative and non-informative
components in directed networks, supported by theoretical guarantees. Lastly, in Chapter 5, we of-

fer a comprehensive summary of our work and suggest potential avenues for future research.



Chapter 2
Regression modeling of the count relational data

with exchangeable dependencies

2.1 Introduction

The modeling of relational data (Hoff, 2007) has garnered profound interests across various do-
mains as it leads to a more comprehensive understanding of relationships in complex systems. Ex-
amples include deciphering brain connectivity maps (Zhao et al., 2014; Drton and Maathuis, 2017;
Zhang et al., 2020, 2023), understanding friendship relationships, (Moody et al., 2011; Gupta and
Porter, 2020; Zhang et al., 2020), and characterizing economic networks (Fafchamps and Gubert,
2007; Jack and Suri, 2014; Sigler and Martinus, 2017; Han et al., 2020). For this type of data,
an important goal is to infer the mechanisms responsible for the observed relations, taking into

account additional information on attributes within the relational structure.

2.1.1 Motivation and background

Consider relational data measured on ordered pairs of a set of n nodes, where the directed edges
may be assigned specific weights. Efforts on modeling relational data have scattered in literature,
with seminal examples including the social relations model (Warner et al., 1979; Wong, 1982;
Kenny and La Voie, 1984; Snijders and Kenny, 1999) and the row-column exchangeable model
(Aldous, 1985). In these modeling frameworks, the dependence structure within relational data are
characterized by the latent variables. To further incorporate with the possibly additional covariate
information, Hoff et al. (2002) develop latent space models, where they model the relational data
as conditionally independent given the unobserved positions in social space of two nodes and the
observed covariates that measure characteristics of the relational structure. Aligned with the latent
space models, people proposed the latent factor models (Hoff, 2005; Westveld and Hoff, 2011)

and additive and multiplicative effects (AME) models (Hoff et al., 2013). Note that the latent



space models impose a parametric model based on the latent factors. Consequently, in contrast
to this approach, a more generalized model is imposed, referred to as dyadic regression models
(Graham, 2020a), which operates without specifying a particular model form dependent on latent
factors. Beyond modeling a single network, there also exists a rich body of literature on temporal
modeling of dynamic relational data (Zhu et al., 2017; Kim et al., 2018) and multiple relational data
(Zhang et al., 2018). Although a handful of efforts on modeling relational data (Zhang et al., 2017;
Li et al., 2019; Hoff, 2021; Le and Li, 2022) as well as relational arrays (Harris, 2011; Banerjee
etal., 2013; Marrs et al., 2023) scatter in literature, there is a lack of methods specifically designed
for analyzing relationship data with count observations.

As observed, a frequently encountered scenario is the presence of relational data characterized
by weighted edges of count measurements (Krivitsky, 2012b; Squartini et al., 2013). We refer to
such data structure as “count relational data”. Examples can be found in various domains such as
coauthorship and citation networks (Ji and Jin, 2016), mobile phone data (Dong et al., 2012), email
corpus (Diesner and Carley, 2005), and annual average daily traffic values (Wang and Kockelman,
2009). A naive yet widely employed approach is to convert count edges to unweighted relational
data with binary outcomes, which however may lead to information loss and spurious discoveries.
Among the limited studies focused on count outcomes in relational data, Krivitsky (2012b) ex-
tended the exponential-family random graph models (ERGMs) to encompass the modeling count
outcomes in relational data. As a pioneering method for estimating covariate effects on network
data, ERGMs (Holland and Leinhardt, 1981; Frank and Strauss, 1986; Snijders et al., 2002, 2006)
relies on Markov chain Monte Carlo approximations to facilitate estimation that hinders its appli-
cability for large relational data. Also, the maximum likelihood estimator for ERGMs could be
time-consuming (Caimo and Friel, 2011; Schmid and Desmarais, 2017) and has been found to be
inconsistent (Shalizi and Rinaldo, 2013). Moreover, ERGMs has been shown to admit some fun-
damental constraints, such as that a wide range of ERGMs has essentially no edges or is essentially
complete (Chatterjee and Diaconis, 2013) and that ERGMs are prone to place unrealistic quanti-

ties of probability mass on typical types of relational data (Handcock et al., 2003; Schweinberger,



2011). Lastly, the theoretical investigation of ERGMs for relational dara remains unknown, imped-
ing their use in modeling relational data with count measurements. Furthermore, there exists some
efforts by utilizing multivariate counting processes to model counts of interactions when incorpo-
rating continuous time. For instance, Perry and Wolfe (2013) proposed a continuous-time model
for dynamic data featuring directed counts of interactions, building upon event history analysis
and assuming that no two interactions take place simultaneously. We refer to Chen et al. (2023) for
further discussions on such kind of dynamic models for continuous time relational data. Diverg-
ing from those models that rely on counting processes, we focus on a single network, employing
a distinct approach to access the dependence structure. In essence, our targeting model can be

considered as operating on discrete-time snapshots.

2.1.2 Our contributions

To address the challenges for modeling count relational data with the incorporation of node and
edge covariates, we propose a latent multiplicative Poisson model. In particular, the model assumes
the directed relational data with count measurements, denoted by {yij}1§i¢j§n, follows a Poisson
distribution with mean {\;; = g(xj;8)ei; }1<izj<n, Where {X;;}1<izj<, are observed covariates
and {e;; }1<izj<n represent unobserved errors. Within the proposed model, {e;;}1<;zj<n yields an
extra level of flexibility in the network structure which cannot be handled by ERGMs (Holland and
Leinhardt, 1981; Krivitsky, 2012b). Additionally, in contrast to the latent space model (Hoff et al.,
2002; Hoff, 2005) and other approaches (Warner et al., 1979; Li and Loken, 2002) which enforce
a parametric model of the latent factors, we avoid imposing a parametric model on the latent
errors. Dependency among edges represents an important characteristic for relational data, and the
failure to capture this aspect can lead to significant information loss of the dependency structure
(Yuan and Qu, 2021). Fortunately, the multiplicative nature of our proposed model facilitates
the characterization of the edge dependency structure in relational data directly through the latent
errors. And the edge dependence can be further modeled by the covariance of the latent errors. Our

method requires only mild moment constraints in addition to the weak exchangeability assumption,
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as defined in (Silverman, 1976; Eagleson and Weber, 1978). Such flexibility is particularly useful
in the analysis of relational data, where the dependence structure can be complex and traditional
likelihood-based estimation methods are violated due to the unspecified marginal distribution.

As our model imposes no parametric specification on the dependent errors, the estimation of
regression coefficients 3 therefore needs to be tailored for the absence of full knowledge of like-
lihood. To that purpose, we employ the pseudo-maximum likelihood (PML, Gourieroux et al.
(1984b)). For data comes from a linear exponential family, the PML only requires correct spec-
ification of the mean structure of data generation processes to get consistent estimation of the
coefficients. Consequently, the PML approach has been widely applied across various domains to
obtain consistent estimation of models for data with sophisticated dependence (Gourieroux et al.,
1984a; Laroque and Salanie, 1989; Dryden et al., 2002; Kumar and Hebert, 2003; Foncel et al.,
2004; Robinson and Zaffaroni, 2006; Solomon and Weissfeld, 2017; Besag, 1975). In the con-
text of our proposed model, we condition on the latent errors and estimate 3 by maximizing the
PML function of {¥;; }1<izj<n. Note that our approach directly models the edge dependence of
relational data by the pairwise dependence of latent errors (see Section 2.2.1). Moreover, the
asymptotic properties of estimated coefficients involve the dependency structure of {y;; h1<izj<n
up to the second moment as shown in Section 2.3. To lay the groundwork for the inference proce-
dure of regression coefficients, we estimate the covariance among {e;; }1<;j<n. Specifically, edge
dependency within relational data can be empirically estimated by the frequencies of small sub-
graphs between two or three nodes (Opsahl and Panzarasa, 2009; Westveld and Hoff, 2011). When
incorporating the proposed regression model, after getting the consistent estimation of coefficients
employing the PML method, we can consistently estimate the covariance parameters of the latent
weakly exchangeable errors via function of network moments (Zhang and Xia, 2022), as proposed
in Section 2.4.

To further draw inference on the regression coefficients, we need to account for the dyad de-
pendence within the relational data directly through the errors. To that purpose, the asymptotic

normality of the estimated regression coefficients is established in Section 2.3, where the limiting
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covariance is uniquely determined via the covariance terms of the latent errors. These theoretical
findings lead to the desired inference procedure of the regression coefficients. Our procedure is eas-
ily implemented and provides a computationally efficient approach for modeling count relational
data compared to the existing methods that rely on Markov chain Monte Carlo approaches.

It is noteworthy that our proposed model differs from existing efforts that have utilized node-
specific fixed effects to study the relational data (Graham, 2017; Zhang et al., 2018; Dzemski,
2019; Chen et al., 2021a). We leverage a more general formulation that takes advantage of intro-
ducing the weak exchangeable (Silverman, 1976; Eagleson and Weber, 1978) errors, which lends
to us a concise representation of the error covariance. In addition to existing works, such as Gra-
ham (2020a), which assume that any pair of (y;;, yx) sharing at least one index in common are
dependent, our model does not require such an assumption. Furthermore, our model sets itself
apart from the model in Graham (2020a) by accommodating edge attributes, which may not be

encoded by the observable vertex information.

2.1.3 Organization and notation

The rest of the chapter is organized as follows. Section 2.2 introduces our latent multiplicative
Poisson model on count relational data and detail the structure of latent errors. In Section 2.3, we
present a pseudo-maximum likelihood estimation procedure on the regression coefficients, together
with its asymptotic normality. With the consistently estimated covariance parameters of latent
errors proposed in Section 2.4, we design valid inference procedures on the regression coefficients.
Simulation studies are presented in Section 2.5 to demonstrate the superior performance of the
proposed method. The application of our model to a food sharing network is presented in Section
2.6, where we analyze social activities among households in Nicaragua. Technical proofs are given
in the Appendix.

Notation. The gradient and Hessian matrix of function g(x; ) with respect to (3 are represented
by Vg(x{;8) and V?g(x};3), respectively. For ease of presentation, Vg(3) and V*¢(83) are used

as their simplification. Denote the first and second derivatives of ¢(-) as ¢’(-) = dg(z)/dz and
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g"(-) = dg’(2)/dz. The diagonal matrix with off diagonals {a,;} is denoted as diag{a;;}. Unless
specified otherwise, we write the -norm of a vector as ||a/|. Let 4 2 and ot represent the
convergence in distribution, in probability, and in probability given 3, respectively. Throughout
the rest of the chapter, {-;;} is used to denote the set of variables indexed by 4, j, i.e. {-;; }1<izj<n.

for clarity.

2.2 Model on count relational data

We first introduce the latent multiplicative Poisson model for count relational data in Section
2.2.1. Subsequently, Section 2.2.2 discusses in details the latent weakly exchangeable edgewise

errors in our framework, which models a variety of commonly-encountered network effects.

2.2.1 Latent multiplicative Poisson model for count relational data

We observe a relational data with count outcomes {y;; } among n nodes indexed by 1, ...,n as
well as the covariates {x;; : x;; € RP}, where self-loops are excluded as node’s interaction with
itself is not of interest. Here, different from the traditional undirected weighted graph models, data
{yi;} is not necessarily symmetric with respect to indices, and edges sharing common nodes are
naturally dependent. Inspired by the conditional autoregressive models on count process (Zeger,
1988; Davis et al., 2000; Diggle et al., 2002), to model the association of {y;;} and {x;;}, we

introduce the following latent multiplicative Poisson model that
yij|/\ij ~ Poisson (>\ij = g(X;B)ei]’) ) (2.1)

where 3 = (51, B2, ..., 3,)" € RP is the vector of regression coefficients, g : R — (0, 00) serves
as the link function, and the latent error e;; admits unit mean such that E(\;;) = g(x};3). The
choice of g is pre-specified and includes logistic function, arc-cotangent function, and exponential
function, to name a few. In (2.1), the dependence across observations are modeled via latent errors
ei;» whose distribution does not need to be specified and therefore leads to great flexibility of our

model.
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The multiplicative nature of A;; with respect to the regression component and the latent error
benefits in two ways. First, it facilitates an analogous way to define the residual of count relational
data without specifying a stringent parametric model. Second, it establishes a direct connection
between the data dependence represented by the covariance of {y;;}, and the dependence among
latent errors characterized by the covariance of {e;;}, as shown in (2.2). This cannot be achieved
via an additive model for {)\;;} as the positivity of {);;} is not easily aligned with traditional

assumption on E(e;;) = 0. Under model 2.1, we have

Cov(yij, yiryr) = 9(x;;8)9(xi1;,8)Cov(eij, einjr), fori # i or j # j (2.2)

and

Var(y;;) = ¢°(x};8) Var(e;;) + g(x1;3). (2.3)

By letting &;; = y;;{g(x};3)} . it is easy to see that Cov (e, eyj1) = Cov(&;j, £ijv), which hints a
natural covariance estimator of {e;; } in Section 2.4. Moreover, covariance of {e;; } in (2.2), namely
Cov(ei;, €ji), Cov(esj, eir), Cov(esj, ex;), and Cov(e;;, e;) represent the commonly-encountered
network effects, which we refer to as the reciprocity effect (Squartini et al., 2013; Cranmer et al.,
2014), same sender effect, same receiver effect, and sender-receiver effect, respectively. Such
dependency structure is denoted as the social relations covariance model in Hoff (2021) under

parametric model assumptions.

2.2.2 Weakly exchangeable latent errors

To complete the model specification, we are now in position of further modeling the latent
errors {e;;}, which lends a concise representation of the dependence among edges in relational
data. Instead of imposing parametric assumptions on e;;, we only assume that the latent errors are

weakly exchangeable (Eagleson and Weber, 1978). As we noted, this mild assumption provides
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great flexibility of our model. Furthermore, it allows us to get consistent estimator of the second
moments between random errors (see Section 2.4).

An array z is called weakly exchangeable is {z; ; } 4 {2x(i)x(j) } for any simultaneous permu-
tation 7(-) of both the row and column labels. Such an assumption is desirable for relational data
as it is of great interest to relate the outcomes involving node ¢ as a sender to that involving 7 as
a receiver (Hoff, 2009; Bickel and Chen, 2009). In this chapter, we will focus on the dissociated
(Silverman, 1976; Eagleson and Weber, 1978) weakly exchangeable array z, where any random

variables within the array are independent whenever their indexing sets are disjoint.

Covariance structure of weakly exchangeable errors

A major appeal of the weak exchangeability is the concise parametrization of the covari-
ance of € = (€19, €13,...,6n_1,)" € R¥ ™", Q, := E{(e — E(e))(e — E(e))"}. In fact, six
unique parameters are sufficient to parameterize the O(n*) entries of €2, since there exist six dis-
tinguishable configurations of pairs drawn from {e;;} with unlabeled nodes (Hoff, 2021; Marrs
et al., 2023). To be specific, the diagonal of €. admits 7; = Var(e;;), while off-diagonals
Cov(e;j, €5i), Cov(ei;, €ir), Cov(e;;, ex;) and Cov(e;;, ex;) are represented by 1), 773,74 and 7, re-
spectively. Additionally, 776 = Cov(e;;, e;) = 0 for {7, 7} N{k, £} = 0 according to the dissociated
array assumption of our model (MoGinley and Sibson, 1975; Silverman, 1976). With such a pa-
rameterization, the multiplicities of 7; to 75 in 2. are 1, 1,n — 2, n — 2, 2n — 4, respectively, while
remaining entries are zero. Denote 1 := (11, 12, 73,74, 75)". For the non-negative definiteness of

2., n should fall in the following parameter space:

Mn(n1777277737774a775) :{R5 215 2 _(773 _'_774)/2 - (772 +771)/(2” - 4)7 — S T2 S m,
M5 < (M +m2— 03 —1m4)/2, 5 > (=1 + 12 + 13 +1m4)/2,

m >0, and {(n — 3)(n3 + na) — 205 + 2m}* > o + K},

where t = (97 +12)(n? — 2n + 1) + 4n2(n% — 6n +9) + 2n3n4(1 — n? + 2n) and k = nn5(8n —

24) + (n3 + na)ns(12 — 4n) + 4ne{n2 — (3 + m4)}. Details are deferred to Section A.3 in the
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Appendix. In practice, this helps to establish an valid estimation of 7 to draw inference on 3, to
be discussed in Section 2.4.

It is common to assume dependence between edges with sharing nodes, such as in the social
relations model (Warner et al., 1979; Wong, 1982; Kenny and La Voie, 1984; Gill and Swartz,
2001a), the conditionally independent dyad model (Chandrasekhar, 2016; Graham, 2020b), and
the random-effects model (Gelman and Hill, 2006; Westveld and Hoff, 2011; Aronow et al., 2015;
Graham et al., 2021). For relational data, those dependencies characterized by covariance terms as
we defined in Section 2.2.1, represent the network effects between edges sharing common nodes,
i.e. the same sender effect, same receiver effect, and sender-receiver effect. For our model, we
assume at lease one of the above three effects is nonzero. In practice, the weakly exchangeable

array can be easily generated from a variety of widely-used models, such as the following.

Example 2.2.1 (Weakly exchangeable errors from linear mixed effects models). Consider e;; =
C(a; +bj+ 5 +¢€;). Here, (a;,b;)" is bivariate truncated normal with location peo = (ftag, i) "
covariance Y, = [(020, P0CasTb) "5 (P0CagTby s afO)T] and truncation parameters vo, Uo; (i) =

2 2 . .
Yy ~ truncN (g, 05, Uy, Uy, ) and €55 ~ truncN(jie,, 07, ; Vey, e, ). The normalization constant

€07
C = (o + po + py + pie) ", where 14, i, f1, and p, are means after truncation corresponding to
independent a;, b;,7(;j) and €;;. As shown in Section A.2 in the Appendix, {e;;} are indeed weakly
exchangeable. In addition, Var(e;;) o (07 + 0} 4 02 + 07), Cov(ey;, ex;) o< a3, Cov(ey, €ji) o

2 2 .
(05 + 2pap040p), Cov(es, exi) X pardaoy, Cov(eij, ei) x o;, and Cov(ey;, ex) = 0, which agree

with the covariance parameterization of weakly exchangeable arrays.

Alternative to Example 2.2.1, weakly exchangeable arrays can also be generated via social
relations model, mixed effects model, and conditionally independent dyad model, as introduced

above.

16



2.3 Estimation and inference on regression coefficients

As the primary task to understand the relational data, we estimate the regression coefficients
B = (b1, B2, ..., B,)" by utilizing the pseudo-likelihood, from which the estimator’s asymptotic
distribution is carefully established to draw inference on 3.

The dependence in {e;;} impose difficulty to estimate the regression coefficients, since inte-
grating out the latent variable e;; requires the knowledge of the joint distribution of error array. In
our model, the weak exchangeability of {e;;} is a mild assumption, where the joint distribution
of errors does not need to be specified. As discussed in Section 2.1, the PML method provides a
first-moment-match estimation, yet still enjoys asymptotic properties of likelihood-based estima-
tors. Though it can not easily work with dependence as pointed by Besag (1975), the observations
are independent conditional on the error terms. We therefore work on the conditional pseudo-
likelihood since our target 3 is on mean structure of model (2.1). Enlightened by this approach,
we maximize a likelihood function associated with a family of probability distributions, which
does not necessarily contain the true distribution of the disturbances. Conditional on latent errors,

the distribution of {y;;} from model (2.1) is
IT TT exp(=X)(ip)?s (wi) e
i=1 j=1iji

The objective function of the data under model (2.1) is

n

G(B) = (n* —n) ™1 Y |yiloglg(x8)} — 9(x5B)|. (2.4)
Z;];ézjl

Essentially, an estimator of 3, denoted as ,@n is a maximizer of the objective function.

Our goal here is to draw inference on Bn To this end, we impose the following conditions.

Assumption 2.3.1.

(a) The limit of |Smn| ™' 225 kyes,.. [VI(X58)]" Vg(xiyB) exists for m € {1,2,3,4,5};
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(b) the limit of (n* —n)~' 370, [Vg(x5B)]"Vg(x};8){g(x};8)} " exists and it is invertible,

denoted by J;

(c) the limit of (n® —n) 1| 320y 1y XXl and (n® —n) =M 3272y XigXExa || exist, addi-

tionally, g"(-){g(-)} '] and {log(g(-))}"{g(-)} ! are L integrable;

(d) the fourth moment of error term is bounded: |le;j|ls = E(|e;|*)* < L < oo, fori,j =

1,2,...,n;

(e) for any t € RP, there exists Ly < oo such that sup; jt"Vg(x};8) = Ly < oo, fori,j =

1,2,...,n.

Assumption 2.3.1 above establishes the regularity conditions for deriving the asymptotic be-
havior of Bn Firstly, as is noted in the Appendix, conditions (a), (b) and (c) ensure the consistency
of Bn and regulate the limiting behavior of the asymptotic covariance of Bn Conditions (a) and
(b) are extensively employed in Poisson model literature (Davis et al., 1999, 2000; Davis and Liu,
2016), which are considered to be mild assumptions on the gradient of the link function. Condi-
tion (c) incorporates summable assumptions on the attributes and the integrable constrains on g(+),
which are widely applied in regressions (Phillips and Moon, 1999; Wooldridge, 2010). This con-
dition could be easily satisfied by linear functions and other functions discussed in Section 2.2.1.
Secondly, the asymptotic normality of ﬁn is guaranteed by conditions (d) and (e). Condition (d) is
analogous to those made by Conley (1999); Phillips and Moon (1999); Lumley and Mayer Ham-
blett (2003) and Marrs et al. (2023), where the assumptions are introduced to satisfy the moment
condition required for the asymptotic normality. The moment condition in (d) exhibits a higher
degree of flexibility when compared to those found in high-dimensional generalized linear models
(Li et al., 2022; Tian and Feng, 2022), which typically impose a light tail assumption on random
noises. Indeed, there exists a broad spectrum of distributions for {e;;} satisfying condition (d),
such as sub-Gaussian and sub-exponential families. As for condition (e), it can be met by em-
ploying suitable encoding techniques to ensure that X remains within a compact domain. More

specifically, this condition can be easily satisfied in the case of fixed design. In the context of
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random design, we can restrict X to the domain defined by the observed minimum and maximum
values.

Now, we are in the position to formally provide the inference of Bn The asymptotic property
of Bn is summarized in the following theorem. We will focus on the population condition with

respect to the true asymptotic covariance matrix in the following result.

Theorem 2.3.1. Assuming data generated from model (2.1), under Assumption 2.3.1, the pseudo-

likelihood estimate ,@n is asymptotically normal:

-~

VB, —B) 5 N(0,I7'LIY),

with J = lim,, ;00 Jp, L = lim,, o L, where J,, = (n* — n)~'Vg(8)X,'Vg(B)", L, = (n® —
n?)"We(B)X, ' QX' Vg(B)*. Within J,, and L, X denotes the variance matrix associated
with choosen linear exponential family, and let Qy = (X, 3) be the covariance of Y. Given

design matrix X, we have ¥y = %(X, 8) = diag{g(x};8)} € R =m)x(n?=n),

Note that the existence of J,, and L,, are guaranteed by conditions (a) and (b) in Assumption
2.3.1. The sandwich formula for constructing an asymptotic covariance matrix for the seudo-
likelihood estimator is simply replacing 3 and n by ,[;n and ) in J,, and L,, to get jn and fn
Theorem 2.4.2 demonstrates the consistency of the empirical estimator of the asymptotic covari-
ance in Theorem 2.3.1, denoted as j; lﬁnj; !, More specifically, the consistency of 7] is guaranteed
by Theorem 2.4.1, and Proposition 2.4.1 shows that ﬁo, the empirical estimator of the covariance
of Y, is positive define.

Theorem 2.3.1 paves a road for drawing inference on 3. Numerical illustrations of the coverage
of confidence intervals, are discussed in Section 2.5. As pointed out in relational data regression
literature (Fafchamps and Gubert, 2007; Jackson et al., 2008), B\n cannot be viewed as a sum of
independent random variables, hence a basic central limit theorem cannot be directly applied here.
The proof of Theorem 2.3.1 is given in Section A.1 in the Appendix, where we applied the lemma

proposed by Bolthausen (1982) which provides a sufficient condition for asymptotic normality
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of a sequence of measures based on the standard normal characteristic function. The following
Example 2.3.1 provides an illustration of Theorem 2.3.1 with exponential link function, which

gives a simple form of the asymptotic covariance matrix.

Example 2.3.1. Under the setting in Theorem 2.3.1, choose exponential link function and denote

A as diag{g(x;;3)}. The asymptotic variance of estimator is given below:

n—oo

-1
J7LI! = lim [(n2 —n) (XAZglAXTﬂ (n® — n2)’1<XA251QOEglAXT)

1

[(n2 ) (XAZglAXTﬂ -

" -1 n -1
= lim | Y (xixtg(xiB)Y| (XXT) | Yo {xixha(xiB)}
i) i#]
where €2y = Cov(y,;) is the covariance matrix of Y, which is fully specified using 7 under the

weak exchangeability assumption.

2.4 Estimation on covariance parameters 7

Our next step is to estimate 1), as it serves as the cornerstone for the inference of 3 by con-
structing a consistency estimator of the asymptotic covariance in Theorem 2.3.1. To facilitate
our derivation, we first introduce a few notations. For directed relational data with n nodes, let
Sin = {{(5,0), (i,4)} i € [nlsj € [nlsi # j}s Som = {{(6,9), (45,0)} i € [n)sj € [nsi # 5}
Sy = {£(0,4), (1, k)} 2§ € [nl;j € sk € [mlsi # jsi # kij # ks Suw = {{(0,4). (k,4)}
i € [nlij € ik € [nlyi # jii # kij # kY and S5, = {{(, 1), (k,)} - € [n]:j € [n] b €
(nlii# jsi# kg #kYU{{(6,9), (G, k)} ci€nfsj € [nlik € [n]si # jyi # ks j # K}

Recall that 7, is the variance of error terms while 7, through 7); are the covariance terms in €2,
and 5, ,, through S; ,, represent the sets of pairs of links corresponding to 7, through 7s. First, we

develop the estimation procedure of the covariance terms. By (2.2), given the knowledge of {;;},
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we consider the moment estimator of 7y through 7;:

Ty = Sanl ™" D &si — |52,n\72(25z’j) <Z€ji>a for {(¢,7), (4,9)} € Sz,

i2] i2] 2]

Ty = | Sanl ™! Z &iji — |53,n|_2(25z‘j> (Z&l>7 for {(4,7), (1,1)} € Ss.n,
i#j#l i#] i#l

Ty = 1Sanl™ Y &y — |54,n|_2<25ij> (Z&w) for {(z,7), (k. j)} € Sin,
i#j#k i#j k#j

s = 1S5l Y &Gk + &) — 2 |55,n|72<251‘j> (Zﬁm + Zéjk>,
itk i£] i pey

for {(Zaj)v (k,’l)} € S57n and {(Z,]), (]7 k>} S S5,VL' ReplaCing {&J} in ﬁ27ﬁ37ﬁ4’ and ﬁ5 by {glj}
giVeS us ﬁ?) 7/7\37 ﬁ4a and ﬁ5-

For the variance term 7, = Var(;;)—{g(x};3)} ', a natural estimatoris 77, ,, = |Sy.| ™" D1, &~
1S1nl 2 (30, 6i3) — 1S1al ™ 200 {9(x3;8)} ', given the knowledge of 3. In practice, replacing
3 by Bn obtained from (2.4) gives:

e =180 308 150 (308) IS S olBY 2.5)

i#] i#] i#]
However, the estimator in (2.5) does not necessarily guarantee the positivity of the variance term,
which may not lead to a legitimate ﬁe. To circumvent that difficulty, we refine the estimator using
a hybrid procedure, which proceeds by first computing estimator in (2.5), and then modify it using
a k-shorth estimator (Kim and Pollard, 1990; Andrews and Hampel, 2015; Pensia et al., 2019). The
k-shorth estimator outputs the center of the shortest interval containing at least £ points. While the
traditional shorth estimator uses k¥ = N/2 for sample size N, the estimator in Pensia et al. (2019)
considered k£ = clog (V) for tunning parameter ¢, which provides the guaranteed optimality.
Based on (2.3), ;1 = E(&§7) — 1 — {9(x};8)} ' fori,j = 1,2,...,nand i # j, and El-j =
yij{g(x;fjén)}*l. Let (;; = 2 —1—{g(x] ,Bn)}*l, the estimator in (2.5) can be rewritten as
(n?> —n)~! D is aj We consider the n? — n elements in {Em} to be the total points we apply

the shorth estimation procedure on. Then we control the size of the k-shorth interval by letting
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k = clog(N) for N = n? — n, and take only the valid intervals with a positive center to constrain
the estimator to give us a positive estimate of 7, denoted as 7); ;. The proposed hybrid estimation
procedure outputs the estimate in (2.5) when it is greater than zero; otherwise, it outputs the positive
k-shorth estimate. The hybrid estimator could be represented by 71 = i hybrid = M1+ - L1 <

0) + ﬁl,* : ]1(7/7\1,* > 0)
consistency of 7. When the number of nodes goes to infinity, 77 will fall in the parameter space

discussed in Section 2.2.2 by its consistency.

Theorem 2.4.1. Under the assumptions of Theorem 2.3.1, the parameters of covariance of weakly

exchangeable errors are consistently estimated in the sense that §; — n; ~ 0 fori € {1,2,3,4,5}.

The covariance estimator of €2, in Theorem 2.3.1 takes the form ﬁg = @/(yij), where
Var(yij) = g(xfBa)7h +9(x580): Cov{yij, i) = 9(x[;B1)g (x5:8,)7e: Cov (g, ya) = (x5;B)
9(x}Ba)ls: Cov(yis. yy) = 9(x8;Bu) 9 (xk;Bu)ns Cov(yiz y) = 9(x1;81)9(x}1 Bl and
Cov(vij, yr) = 0 by model assumption. Note that to obtain the asymptotic properties of 3, €2
needs to be invertible. The following proposition shows that the consistent estimators provide us a
positive define ﬁg as the estimator of covariance matrix of Y. Therefore, our parametric method

guarantees valid inference under Assumption 2.3.1.
Proposition 2.4.1. Given ﬁe is positive semi-define, SAZO is a positive define matrix.

Finally, we provide the following theorem for drawing inference on (3, illustrating that the
sandwich formula for the asymptotic covariance matrix in Theorem 2.3.1 is consistently estimated

in practice.
Theorem 2.4.2. Under the assumptions of Theorem 2.3.1, j; linjg Yis consistent for J-'LJ L.

As noted above, the consistency of the empirical estimator of the asymptotic covariance is
demonstrated by Theorem 2.4.2, which leads to a formal inference procedure together with The-

orem 2.3.1. For example, for each ¢ = 1,. .., p, denote o7 the ¢th diagonal entry of J-L,J 1 a
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100(1 — )% confidence interval for the ¢th entry of 3, 3y, is given by [Bg — 0P 1 (1—-a/2), Bg +

P71 (1 — a/2)], where ®(-) is the cumulative distribution function of standard normal.

2.5 Simulation studies

In this section, we evaluate the numerical performance of the proposed method for count re-
lational data and compare it with other benchmark methods. We illustrate the validity of our
inference framework under the proposed weakly exchangeable error setting in Section 2.2.2. Since
few models have been studied for count relational data and even fewer for the dependence struc-
ture introduced in this chapter, we examine the performance of 95% confidence interval coverage

among the following three methods:

(1) Our model: the inference procedure proposed in this chapter;

(2) Naive: the inference procedure assuming no edge dependencies;

(3) Oracle: the inference procedure where the true structure of error term is known.

The oracle result with known value of 7 serves as a benchmark to evaluate the performance of
our proposed method. Additionally, the naive method assumes observations Y are marginally
independent. It is included to illustrate the necessity of involving the dependency structure of

relational data in the inference procedure.

2.5.1 Numerical settings

In all configurations, we employ the following model to generate count relational data

Yij ~ Poisson[exp {51361z'j + Baxoixa; + Palrsi — x3;] + 54I4z‘j}€z'j]- (2.6)

We vary the size of relational data n € {20, 50,100, 150}, fix 3 = (1,—0.5,—0.5,—1)", and
independently draw x;; ~ N(2,1), x9; ~ Bernoulli(0.6), z3; ~ N(1,1), and x4;; ~ N(1,1).

Under each realizations of X, we simulate 1,000 error terms to calculate the empirical coverage
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probability, and repeat the experiment 15 times to evaluate the variation in the 95% confidence
interval coverage of the three competing methods. In particular, we present comparison results

applying settings in Example 2.5.1 for generating {e;;}.
Example 2.5.1 (Generating error terms using truncated normal distribution).

(i) Independent and identically distributed errors, where e;; ~ truncN(—7,1,0,00) and nor-

malized to satisfy the model assumption that e;; > 0 with unit mean.

(ii) Dependent errors with weakly exchangeable structure under Example 2.2.1, where (a;, b;)"
is generated with o = (—1,1)", 4 = (1,0.5;0.5,1), vo = (0,0)7, and ug = (00, 00)";

Yij) = Vi) ~ truncN(0, 1,0, 00), and €;; ~ truncN(1, 6,0, co).

By construction, we have n = (1.1, 0, 0, 0, 0) under setting (i), and = (13,2,7,2,0.4) x 1072
under setting (ii). Although setting (i) falls outside the scope of our primary interest due to the
absence of edge dependencies, we can still estimate the asymptotic covariance matrix of B by
nilj; 1f1njg !, This serves as a comparison against the performance of the naive approach. It is
worth noting that the error generating procedures in Example 2.5.1 will provide 7 naturally satisfy
the constrains in Section 2.2.2 for weakly exchangeable errors, thus define legitimate covariance
matrices of errors on the parameter space.

In practice, to get the hybrid shorth estimate of 7; from {aj}, we apply cross validation to
tune parameter c¢ (Pensia et al., 2019). We set the possible range of ¢ to span from 2/ log(n* — n)
o> 0 ]I[a-j > — max({aj})]/ log(n? — n) and denote the set of tunning parameters by S. For
each ¢* € §, we randomly divide {aj} into 10 folds of approximately equal size. After selecting
a validation set, we apply k-shorth method on the remaining 9 folds. The mean squared error,
MSE,, ¢ = 1,2,...,10, is computed using the observations in the held-out fold and the k-shorth
estimate. The positive k-shorth estimator 7, . is calculated by setting ¢ = argmin’{c* € S :
1—10 ;ﬂl MSE,}. Moreover, as highlighted in Section 2.2.2, the parameter space of €2, under

finite sample depends on the number of nodes. In practice, we can enforce the positive semi-

definiteness of (AZG by applying an eigenvalue correction to 71 nybrid- Specifically, we adjust the
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smallest eigenvalue of €2, to ensure it is nonnegative. Our numerical experiments indicate that such

a minor perturbation has a negligible impact on the computational accuracy of the final results.

2.5.2 Comparison results of coverage probabilities

Figure 2.1 shows the coverage probabilities of 95% confidence intervals for regression coeffi-
cients of the three comparison methods applying settings in Example 2.5.1. Additional simulations
with {e;; } generated from Gamma distribution (heavy-tailed configuration) and experiments with

different configurations under model (2.6) are given in the Appendix.
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Figure 2.1: The estimated coverage probability of 95% confidence interval of three competing methods
under setting (i) (first row) and setting (ii) (second row).

As shown in Figure 2.1, when error terms are independent and identically distributed, our
method always performs as good as the oracle results. The estimated mean coverage of naive
method, however, is further from the nominal 95% level, and its variability across different realiza-

tions is larger than that of our method, especially when the number of nodes is close to or less than
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50. For dependent error terms generated from setting (ii), our method performs extremely well
as it recovers the dependence structure in the relational data. Specifically, our proposed inference
procedure produces confidence intervals with coverage probability close to the nominal 95% level
under all configurations. Its performance becomes better and closer to the oracle results as the
size of relational data grows, whereas the coverage probability of naive method is far below the
nominal level and becomes worse as the number of nodes increases.

In conclusion, our method performs extremely well compared to the naive method across all
settings, especially for weakly exchangeable dependent errors. Specifically, the empirical cover-
age probability of our method is approaching the nominal level and closely approximates the oracle
benchmark as the number of nodes increases. Moreover, our method demonstrates robustness in
terms of empirical coverage probability under different error generating procedure (heavy-tailed
errors from Gamma distribution as well as light-tailed errors from truncated Normal distribution),
and different configurations under model (2.6). Comprehensive simulation results further support-

ing these findings can be found in the Appendix.

2.6 Food sharing network analysis

2.6.1 Background and preceding investigation

In this section, we apply the latent multiplicative Poisson model to investigate a food sharing
network data collected by Koster and Leckie (2014). The data includes the number of transferred
gifts over a yearlong period among 25 households of indigenous Mayangna and Miskito horticul-
turalists in Nicaragua, along with distance, relationship, and other attributes given in Section A.5
in the Appendix. The “association index" (Cairns and Schwager, 1987) reflects the amount of time
that households interact with one another, which characterizes the multi-faceted inter-household
relationships. A complication which arises in the study is that not all households were present
for the full duration of the yearlong study. For model interpretation, Koster and Leckie (2014)

accounts for the variation in the proportion of the year for which both members of each dyad were
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simultaneously present in the community by entering the natural logarithm of this exposure as an
offset variable. This modification allows us to model the expected number of gifts per year.

The social relations model (SRM) developed by Kenny and La Voie (1984) is applied in Koster
and Leckie (2014) to separate individual effects in the log mean structure from relationship effects
in dyadic data. Their overall results indicate that food sharing networks largely correspond to kin-
based networks of social interaction, suggesting that food sharing is embedded in broader social

relationships between households.

2.6.2 Preliminary analysis

Note that the marginal mean of y;; in our model does not depend on the network effects defined
in Section 2.2.1. The reciprocity effect, same sender effect, same receiver effect, and sender-
receiver effect defined in our model are characterized by 7), which are different from the random
effects defined in SRM. The analysis in Koster and Leckie (2014) assumes random effects are
normally distributed, but the authors find a noteworthy outlier (the number of gifts given between
Household 1 and Household 25) in the relationship-level random effects and therefore include a
dummy variable to represent this outlier as a fixed effect. Our model, however, benefits from the
flexibility where we do not introduce distributional assumption on error terms except for weak
exchangeability. Therefore, we exclude the artificial relationship attribute between Household 1
and Household 25 as introduced in Koster and Leckie (2014).

We choose the exponential link function and put all variables in model (2.1) for preliminary
analysis. it is worth noting that household dyads which spend considerable time together typically
have close kinship ties (Hames, 1987; Alvard, 2009; Koster and Leckie, 2014). This also agrees
with the correlation of estimated coefficients given in Section A.5 in the Appendix, where we find
strong correlation between the effect of association index and mother-offspring ties. Conceptually,
association index is a proximity measure of close kin ties. To deal with the collinearity problem, we
consider the model where mother-offspring, father-offspring, full sibling, or other close kin ties are

omitted, whereas the association index (Association,;) are reserved. We further consider a dummy
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variable Relatedness5;; = 1 — Relatedness1;; — Relatedness2;; — Relatedness3;;, to denote weak
ties as discussed in Koster and Leckie (2014). Note that fishing is a common strategy for virtually
all households (Koster and Leckie, 2014), and as mentioned in DeFrance (2009), meat circulated
as a source of wealth and people generated wealth from the products that animals produced. These
suggest a potential colinearity between meat harvesting and the wealth of a household. Together
with the observations according to Section A.5 in the Appendix, we omit “Wealth" in the nodal
attributes since there is notable correlation of its estimated coefficients with that of others (“Fish"
and “Pig"). We further omit “Pastors" variable in our model since there is only 2 households with
pastors among the 25. The structured sparsity introduced by it would make the inference procedure

unstable.

2.6.3 Model setting and estimation results

Our final model takes the following form:

y;j ~ Poisson|exp {4y + $1Game; + BoFish; + [3Pigs; + fsGame; + SsFish;

+ fsPigs; + [7Relatedness5;; + fsDistance;; + (yAssociation;; }e;; ],

where {e;;} are weakly exchangeable with unit mean. In summary, after accounting for network
effects, our model detects a statistically significant giver-game, giver-pigs, receiver-game, receiver-
fish, weak kinship, distance, and association effects, but finds no evidence of effects for giver-game
or receiver-pigs. It further suggests strong reciprocity effect and notable same sender/receiver
effect in the relational data.

Figure 2.2 shows the estimation results, where 77 = (0.829,0.427,0.093,0.111,0.011). Recall
that the marginal mean of y;; in our model is different from that of SRM applied in Koster and
Leckie (2014), making it difficult to compare the regression coefficients of our model and theirs.
Nonetheless, we would like to compare the significance of estimated coefficients of our model
to the existing results. We could also verify whether the sign of 7, through 75 agrees with the

result obtained in Koster and Leckie (2014) since the network effects can be presented by vari-
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Figure 2.2: Left: Point estimates of 7. Right: Estimated regression coefficients and 95% confidence inter-

vals.

ance/covariance parameters in SRM model. Applying our definition of 1 to SRM gives 1y =
exp (0] + 07 4 03){exp (204, + 04a) — 1} = 0.643; 93 = exp (0] + 07 + 07){exp (20]) — 1} =
0.756; 1y = exp (07 + 07 + 03){exp (207) — 1} = 0.426; and 15 = exp (o4 ){exp (207) — 1} =
0.041, where the variance/covariance parameters are defined in Koster and Leckie (2014). Though
not directly comparable, the positiveness of these four network effects defined in our model agree
with the results in Koster and Leckie (2014). Note that for SRM, 73 and 74 have to be nonnegative,
whereas they could be negative in our model under finite sample settings. This provides more
flexibility in modeling the network effects.

5.3.1. Significant effects of distance and association index between households, together with
giver and receiver behaviors. As a result, our model finds 8 significant coefficients among the 10.
The intercept is estimated to be 0.853, which is significantly different from 0, indicating the will-
ingness of gift giving between the Households. Households who harvest more game (31 = 0.357)
and own more pigs (33 = (.128) are predicted to give significantly more gifts than households
who harvest less game and own less pigs. However, there is no significant association between the
amount of fish (BQ = —0.974) that households harvest and the number of gifts they tended to give

to other households, which partly attributes to the relatively small proportion of fish that are sent as
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gifts. Additionally, the association between the amount of pigs (B\ﬁ = —0.033) the households own
and gift receiving is not significant, having adjusted for the other factors in the model. Households
located farther apart are predicted to exchange less gift (B\g = —0.384) than nearby households.
Distance is entered as a log-transformed variable and so its coefficient has a partial elasticity in-
terpretation: a 10% increase in the distance between two households is associated with a 3.8%
decrease in the expected number of gifts exchanged between the two households. Regarding the
association index, households who associated more frequently with one another were predicted to
give more (39 = 2.444). Those results are similar to what is observed in Koster and Leckie (2014).
Moreover, our model predicts less transfers between households with weaker ties (37 = —0.996),
after omitting the dummy variables denoting mother-offspring, father-offspring, full sibling, or
other close kin ties. Similar observation on kin ties and food sharing could be found in Helms
(1971) and Parsons (1974).

5.3.2. Different findings than prior research concerning the significant impact of receiver be-
havior on daily harvest of meat and fish. As for the difference in results, our model suggests that
households who harvest less game (34 = —0.175) and less fish (55 = —1.020) receive significantly
more gifts than households who harvest more game and fish, while Koster and Leckie (2014) finds
no significant association between the amount of game/fish and the number of gifts they tended to
receive from other households. This could result from that we omit “Wealth" in our analysis due
to colinearity but Koster and Leckie (2014) include this variable in their model.

5.3.3. Implication of strong reciprocity effect and notable same sender/receiver effect. Now, we
are in the position to analyze the dependence structure in the food sharing network. The left plot
in Figure 2.2 suggests that reciprocity effect dominates same sender effect, same receiver effect,
and sender-receiver effect. Specifically, it suggests strong dependence between household ¢’s gift
giving pattern to household j, and household j’s gift giving pattern to household 7. The dyadic pair
representing 7, shares two nodes and the interaction between them could result in large correlation
coefficient between ¢;; and e;;, while the dyadic pair representing 73, 74 and 75 shares only one

node. Though relatively smaller compared to 7),, the magnitude of 13 and 7, are larger than 7.
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This indicates notable dependencies between relations involving the same sender: household 7’s
gift giving to household j and household k, where j # k; and the same receiver: household i’s
and household £’s gift giving to household 7, where ¢ # k. The fact that 75 is close to 0 compared
with others naturally leads to the necessity to test whether the network effects defined in our model
are significantly different from zero, which is a potentially fruitful yet challenging direction for
future work. Additionally, it would be a reasonable pattern that 7, is larger than 13, 4, and 75 in

reciprocity relational data.
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Chapter 3
Optimal nonparametric inference on network effects

with dependent edges

3.1 Introduction

Understanding the edge-dependency structure in social network has been a long-standing chal-
lenge that attracted considerable research interest. Consider relational data (Hoff, 2007) measured
on ordered pairs of a set of n nodes, where the directed edges may be assigned specific weights.
In social psychology, Warner et al. (1979) and Wong (1982) proposed a ‘“‘social relations model”
featuring additive Gaussian random effects for such data. Under the framework of social relations
model, Kenny (1988) studied the relations among three nodes, which could be viewed as different
edge dependency structures. Analysing edge dependency within networks not only attracts great
scientific interest, but it also offers valuable insights when evaluating whether empirical data sup-
ports presumed network models (Fafchamps and Gubert, 2007; Silva and Tenreyro, 2010; Graham,
2020a). Mathematically speaking, these dependency patterns can be characterized as covariance
structures between edges (Li and Loken, 2002; Westveld and Hoff, 2011; Koster and Leckie, 2014;
Hoff, 2021) and can be empirically estimated by the frequencies of small subgraphs, or motifs, be-
tween two or three nodes (Opsahl and Panzarasa, 2009; Westveld and Hoff, 2011; Underwood
et al., 2020).

To motivate our study, we quickly review a few popular directed network models in existing
sociology and econometrics literature. Let £ := {e; ; }1<{; j3<n denote the adjacency matrix, where
e; ; might notequal e, ;, and e; ; = 0 for all 7. Li and Loken (2002) proposed a “variance component
model”:

€ij =W+ gi+g;+si;+di—dj+rj, 3.1
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where (g, d;) " N(0, (02, 04a; 0ga, 03]) for all 4, and s; ; N0, 02) and 7y K N(0, 02) for

1 < j. Related to (3.1), Wong (1982) proposed an “additive Gaussian random-effects” model:

€ij =p+a; +b;+ €y, (3.2)
where {(a1, 1), ., (. b) } 5 N(0, [02, 0ap; 0ap, 07]) and { (1, €10 hi<icien " (0,02[L, p3 p, 1]).
In social sciences (Warner et al., 1979; Kenny, 1988), a;, b; and ¢; ; are called actor, partner and
relationship terms, respectively. Silva and Tenreyro (2006); Behar and Nelson (2014); Graham

(2020a) proposed a multiplicative model for economic networks:
ei,j = Q; - bj . Ei,ja (33)

where a;, b; and ¢; ; are generated in the same way as in Model (3.2).

We are now ready to introduce our main objective, network effects. Under Models (3.1)-
(3.3), we always have Cov(e; j,ex;) = 0 for any {7,5} N {k,¢} = 0 (MoGinley and Sibson,
1975; Silverman, 1976). Consider the variance-covariance terms of directed edges which share
less than four nodes, where 17, = Var(e; ;) and 1. := Cov(e; j, e;;) involve two nodes; 7, :=
Cov(e;j,€ir), m = Cov(e;j, ek ), and ng := Cov(e;;,e; ;) consist of three nodes. Among
them, we employ the covariance terms which involve two different directed edges sharing at least
one node to characterize the edge dependency structure in a network. Specifically, we define four
network effects (Squartini et al., 2013; Cranmer et al., 2014) as in Table 3.1, which do not depend

on the specific values of (i, j, k).

Table 3.1: Definitions of network effects (¢, 7, k are distinct indexes)

Network effect Reciprocity Same sender Same receiver Sender-receiver
Definition 2 = COV(BZ‘J7 6]‘,1‘) N3 ‘= COV<€i7j, 61‘7]6) Ny = COV(ei,]‘, €k,]‘) N5 = COV(G@j, ej,k)
Schematics e Se ei—0— e P o0 —e
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Moreover, there exists a one-to-one map between (72, 113, 74, 1j5) and the parameter set of each
of Models (3.1)—(3.3). Table 3.2 re-expresses 7’s in terms of model parameters, where the bijection

is evident. Consequently, the nonparametric inference for 7’s we develop provides informative

Table 3.2: Relationship between network effects and parameters of Models (3.1)—(3.3)

2 "3 T4 M5

Liand Loken (2002) 207 4 02 — 205 — 0} 0, + 2044+ 05 0, — 2044+ 05 0, — 0
Wong (1982) 204 + po? o2 o} Tab
Silva and Tenreyro (2006) (o4, — 1)*(po? — 1) o2 o} Oab

guidance on model selection and validation. This is an urgently needed technique that will serve
not only Models (3.1)—(3.3), but also many other important models in genetics (Cockerham and
Weir, 1977; Motten and Stone, 2000), social psychology (Kenny and La Voie, 1984; Snijders and
Kenny, 1999; Koster and Leckie, 2014; Gin et al., 2020) and economics (Ward and Hoff, 2007;
Anderson, 2011; Helpman et al., 2008a; Chandrasekhar, 2016; Graham, 2020b).
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Figure 3.1: Visualization of network effects: (a) scatter plot of pairs of weighted directed edges sharing
the same sender/receiver in the business school hiring network. Since the order of edges in pair {e; ;, €; 1 }
and {e; j, ex ; } does not matter, we add a dashed line for reference. Intuitively, the plot demonstrate a larger
sender effect, indicateing an agent-specific heterogeneity (Zeleneev, 2020; Candelaria, 2020; Chen et al.,
2021b; Johnsson and Moon, 2021) as a sender. (b)&(c) The scatter plot of node-level average out-degree
versus node-level average in-degree for business school hiring network (b) and international trade network
after regression (c¢). The sender-receiver effect should be more detectable in (¢) than (b).
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Figure 3.1 illustrates the significant presence of different network effects in two real-world data
sets: business school faculty hiring process (Clauset et al., 2015) and international trade (Helpman
et al., 2008b). One natural but challenging question is how to quantify the significance of network
effects by formulating statistical tests with theoretical guarantees, under weak modeling assump-

tions.

3.1.1 Literature review

Existing literature overwhelmingly focused on model-based approaches. Examples include:
gravity models (Tinbergen, 1962; Anderson, 2011), conditionally independent dyad model (Chan-
drasekhar, 2016); mixed effects model (Gelman and Hill, 2006; Westveld and Hoff, 2011); social
relations model (SRM) (Warner et al., 1979; Wong, 1982), exponential-family random graph mod-
els and extensions (Holland and Leinhardt, 1981; Frank and Strauss, 1986; Snijders et al., 2002,
2006; Hunter et al., 2012; Schweinberger and Stewart, 2020; Yuan and Qu, 2021). Among these,
the bulk of analysis of network effect were based on SRM. The arguably most popular approach
employs analysis of variance (ANOVA) for parameter estimation (Warner et al., 1979; Bond and
Lashley, 1996) and model-based inference, especially in psychological applications (Card et al.,
2005; Eisenkraft and Elfenbein, 2010; Kluger et al., 2021; Meagher et al., 2021).

However, several issues haunt this approach (Snijders and Kenny, 1999; Liidtke et al., 2013;
Nestler, 2016), including the difficulty in deriving standard errors for ANOVA estimators, and
the unrealistic strong assumption of normality of SRM variances and covariances (Lashley and
Bond Jr, 1997; Li and Loken, 2002; Nestler, 2016). These model-based approaches typically
assume some additive effect models, where all latent variables are normal. Additionally, Bayesian
methods have been employed to estimate covariance terms in SRM (Gill and Swartz, 2001b; Hoff,
2005, 2011; Westveld and Hoff, 2011; Liidtke et al., 2013; Koster and Leckie, 2014; Hoff, 2021).

In the network literature, the permutation test is another notable method. While its use spans
various testing tasks across multiple networks (Simpson et al., 2013; Van Borkulo et al., 2022)

and causal inference for networks (Fredrickson and Chen, 2019), its application is limited when
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it comes to adaptively testing individual network effects. This limitation stems from the edge
dependence. Specifically, the permutation-based approach is constrained to testing a narrow set of
hypotheses, namely those that operate under the null assumption that all network effects are zero.
As aforementioned, network effects defined in Table 3.1 can also be empirically estimated by
network motifs, which relates to a line of works on network method-of-moments (Borgs et al.,
2010; Bickel et al., 2011; Zhang and Xia, 2022). However, existing tools are insufficient for our
task of handling directed networks with potential degeneracy (Fisher and Lee, 1983; Fan and Li,

1999; Korolyuk and Borovskich, 2013).

3.1.2 Our contributions

Our contributions are fourfold. First, contrasting the overwhelming popularity of model-based
approaches in existing literature, we propose a unified nonparametric, model-free inference for
network effects, only requiring minimal regularity assumptions (see Section 3.3). As discussed
in Section 3.1.1, the majority of current generative models accounting for edge dependency struc-
ture are grounded in a model-based framework. When investigating network effects, the ANOVA
method (Lashley and Bond Jr, 1997) and likelihood-based approaches (Nestler, 2018; Nestler et al.,
2020) place significant reliance on additive-model and other assumptions.

Second, after formally proposing for the first time a non-parametric inference procedure on
network effects, we conduct a meticulous analysis of the theoretical properties. We present the
asymptotic normality results of test statistics for each network effect and carefully address the in-
determinate degeneracy of our test statistics. We express estimators based on network moments
(Zhang and Xia, 2022), which after projection and Hoeffding’s decomposition could be expressed
in a more traditional U-statistics decomposition form, complemented by an error term arising from
the complicated network dependence structure. However, Zhang and Xia (2022) focuses on un-
weighted network configurations, while our study extends this framework to a more general setting
of weighted networks. More importantly, for network effects, there is a substantial challenge of

indeterminate degeneracy due to the model-free framework, which is not covered in Zhang and
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Xia (2022). Specifically, we will demonstrate that the linear part in the decomposition has in-
determinate degeneracy when applied for testing reciprocity and sender-receiver effects. Under
these scenarios, we can test the degeneracy status of the linear part applying concentration re-
sults. Additionally, we will show the linear part consistently degenerates when employed to test
the same sender and same receiver effects. Given the discussions surrounding the degeneracy of
U-statistics in literature (Dehling and Mikosch, 1994; Van der Vaart, 2000; Major, 2007), people
propose different methods to deal with its complicated limiting distribution, including incomplete
U-statistics Chen and Kato (2019) and quadratic functionals method (Lou et al., 2023). Note that
under non-parametric network setting, the limiting distribution of our estimators is not a mixture
of x? when the linear part degenerates, as the quadratic part also has indeterminate degeneracy
which can be on the same order of the error term. Illustration examples of indeterminate degener-
acy of both linear and quadratic parts are given in Section 3.3. We appeal to the trick of U-statistic
reduction (Weber, 1981; Chen and Kato, 2019; Shao et al., 2023) to derive non-asymptotic Gaus-
sian approximation error bounds under a unified framework for degenerate case. Different from
their works, we derive finite-sample results under network setting, which is more complicated due
to network dependencies. Specifically, in Section 3.3, we develop accurate distribution approxi-
mations, formulate Berry-Essen type bounds, and establish finite-sample error rate of our testing
procedures. We emphasize that our method adeptly handles intricate degeneracy arising from de-
pendencies within a network, which was not covered in Zhang and Xia (2022). This sets our work
apart from all existing literature on network method-of-moments, which exclusively focused on
the non-degenerate case.

Third, the current literature lacks comprehensive insights into lower bound results for testing
network effects. Among the existing lower bound results under network settings, Gao et al. (2015)
and Gao et al. (2018) establish optimal rate of convergence for graphon estimation and community
detection, which are different from the focus of our work. Additionally, Shao et al. (2022) presents
lower bound results of two-sample hypothesis testing for comparing two networks. In this chapter,

we bridge the gap by establishing the first set of lower bound results in the context of testing net-
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work effects. The work of Cai and Ma (2013) on testing covariance matrices against a simpler null
hypothesis is remotely related to our work, under high dimensional setting rather than networks.
A key step in this work to establish the lower bound involves constructing innovative subsets of
the parameter space of different network effects. This is done using either multivariate normal
configurations or carefully selected graphon functions. In this context, the techniques in Cai and
Ma (2013) and Shao et al. (2022) appear to be insufficient. As we mentioned above, the linear part
in the decomposition of estimator faces challenges related to indeterminate degeneracy for testing
reciprocity and sender-receiver effects. We will introduce a term to characterize such dichotomy
of degeneracy status. Notably, our highlighted contribution lies in demonstrating that our proposed
tests are nearly rate-optimal under different degeneracy status up to a logarithmic factor, as shown
by the finite-sample lower bound results given in Section 3.3.

Lastly, we developed a user-friendly and highly efficient packed algorithm code for practition-
ers. Our algorithm, as introduced in Section 3.3.1 using reduced network moments, effectively
addresses the challenges of memory and computation burden encountered in analyzing large net-
works. Section 3.6 exhibits the superiority of our method in speed, memory parsimony, and ro-
bustness over competing methods, as demonstrated on synthetic and real-world data sets.

For the convenience of our readers, we provide a quick reference chart to all main results as
Table 3.3, in which, a user-chosen tuning parameter A\ € [1,2) will be defined in Section 3.3.1.
Our investigation starts by testing network effects involving three nodes, which offer theoretical
guarantees directly applicable to test the reciprocity effect, thus concluding the entire testing pro-
cedure. Among the network effects consisting three nodes, we commence by examining the same
sender/receiver effects, as they employ a simpler testing procedure in which the point estimate

always degenerates under the null hypothesis.

3.2 Network effects in exchangeable networks

In this section, we formally set up the problem and prepare for the description of our method

in the next section. In Section 3.1, we defined network effects in Table 3.1 for Models (3.1)-(3.3).
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Table 3.3: Summary of testing procedure

Null hypothesis Degeneracy Test Statistic  Rejection Region See Section Theory
i3 =0 always degenerate n*/?7); /53, Equation (3.20) 3.3.1 Theorem 3.3.2
Ny =0 always degenerate n*2 1), ;/5,; Equation (3.24) 332 Theorem 3.3.5
_ 0 nondegenerate case  /n7s,/051  Equation (3.30) 34.1 Theorem 3.4.3
s = degenerate case ~ n2 175 ;/55.;  Equation (3.33) 3.4.2 Theorem 3.4.5
_ 0 nondegenerate case  \/n7,/021  Equation (3.37) 3.5.1 Theorem 3.5.3
2= degenerate case ~ n2 1) ;/5,;  Equation (3.38) 352 Theorem 3.5.5

Under these modeling frameworks, the dependence structure within relational data are character-
ized by the independently generated latent variables. It is noteworthy that Models (3.1)—(3.3) allow
degree heterogeneity (Hoff, 2021). Analogously, the Degree-Corrected Stochastic Block Models
(Karrer and Newman, 2011) can also be viewed as functions of independent latent variables gener-
ated from hyper distributions. Here, we expand the definition of network effects to a much larger

family of models — exchangeable networks.

Definition 3.2.1 (Node exchangeability (Hoff, 2007)). A network E := {e;;}1<{ijy<n is called
exchangeable, if it is embedded in an exchangeable infinite matrix {e; ; }; jen+, where for any node

. d
permutation 7 : N <> N*, we have {e; ;}i jent = {€x(i),x(j) }ijen+

Node exchangeability means that the order in which we collect nodes does not carry infor-
mation. The main appeal of exchangeability is that it leads to a concise universal representation,
called Aldous-Hoover Representation, of a large family of network models, including social re-
lations model (Warner et al., 1979; Wong, 1982; Kenny and La Voie, 1984; Snijders and Kenny,
1999), mixed effects model (Gelman and Hill, 2006; Westveld and Hoff, 2011), conditionally inde-
pendent dyad model (Chandrasekhar, 2016; Graham, 2020b), as well as row-column exchangeable
models (Aldous, 1985), multiway clustering (Cameron et al., 2011), and crossed random effect
models (Owen and Eckles, 2012). The graphon model describes an i.i.d. procedure of sampling

nodes from a hyper-population of “all kinds of nodes”.
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Theorem 3.2.1 (Hoover (1979); Aldous (1981)). A network {e; ;}1<(i jy<n satisfying Definition

3.2.1 admits the universal representation

d
{ei,j}lg{i,j}gn = {F(XHX]v X(Z’J))}IS{ZJ}STL’ (34)

where F is a latent, potentially asymmetric function that encodes all network structure, and latent

1

rv.s Xes are generated by { X }1<i<n, { X (i) = X(ji) h1<icj<n B Uniform|0, 1].

Importantly, representation (3.4) guarantees that the network effects 7, through 75 as described
in Table 3.1 are all well-defined. Therefore, the definition in Table 3.1 goes much beyond Models

(3.1)—(3.3). In this work, we focus on testing the hypotheses

Hy:n; =0, versus H,:mn #0, fori=234,5. 3.5)

3.3 Inference on the same sender or receiver effect

The first step towards our goal (3.5) is to devise proper point estimators. Here, we elaborate the
same sender effect 13 as an illustrative example, and point estimators for other 7’s will be presented

in Sections 3.3.2-3.5 later.

3.3.1 Inference for same sender effect 7);

Notice that
T3 = COV<€i,j7 ei,k) = E<€i,jei,k) - Eei,jEei,k = E<€i,jei,k) - u?, (3.6)

where . = Ee;; = Ee;; due to exchangeability. With the shorthand S5 = {{(4, /), (i, k)} :

distinct 7, j, k € [n] := {1,2,..., n}} denoting all edge pairs from the same senders to different
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receivers, we can naturally devise the estimator 73 ,, as the empirical version of (3.6)

n

2
ﬁ37” = |Sg’71 Z ei,jei,k — {nfl(n — 1)71 Z em} s (37)

{(i,j),(i,k)}GS;; i#£]

where in the second term on the RHS of (3.7), we used a plug-in estimator for x? to reduce com-
putation while only introducing ignorable bias.

To facilitate analysis and test design, we will re-express 73, in terms of network moments
formulated as that in Zhang and Xia (2022). Here, we take a short excursion to review sample
network moments. Generally speaking, the sample network moment indexed by a motif between r

nodes is defined as

-1
~ n
Uy = <7~) > WE;L ) (3.8)

1<i1<...<ip<n

where E;, _; is the induced sub-network of E between nodes {i1, ..., i, }. The network moment

-----

in (3.8) is also referred to as network U-statistic (Shao et al., 2023). The key approach of Zhang

and Xia (2022) is to decompose ¢; ; into two parts, as follows:
eij = f(Xs, X5) + pij, (3.9)

where f(XzyX]) = E(€l7]|X7,,X]) = E(F(X“XJ,X(%])”XZ,XJ) encodes the random varia-
tion due to (X, X;), and p; ; := e;; — f(X;, X;) captures the observational error conditional on

(X, X;). Using (3.9) and continuing its idea of decomposition, we rewrite (3.8) as

~1
ﬁn — (n) Z h(Eil ..... i) (Remainder), (3.10)

r . .
1<i1<..<ir<n

.....

{i1,...,4,}, and the remainder term depends only on E and {pi;}1<{i,jy<n- The decomposition in
(3.10) is particularly useful for analysis, as its first term is a conventional “noiseless” U-statistic

with inputs { X }icpn)-
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Now we are ready to return to the analysis of (3.7). Like Chiang et al. (2021), we propose the
following assumption for establishing the essential technical conditions required for concentration

results for the test statistics.

Assumption 3.3.1. For any {i,j} pairs, we assume e, ;, f(X;, X;), E(e; ;| X;), E(e;;|X;), and
pi,jpji are sub-exponential random variables, where p; ; # 0. Additionally, For edges e; j, ey,

share at least one common node, we assume E(e; jei, ;| X;) is sub-exponential.
Define shorthand by (E; ;) = (e;j+¢€;,)/2 and h3(E; j 1) = (€ijeir + €€k + €k i€k )/3. We
can rewrite (3.7) as a function of two network moments:

ﬁg,nz(g)l 3 fz?,(fzid-,k)—{(@1 3 hl(Ei,j)}Q. (3.11)

1<i<j<k<n 1<i<j<n

It turns out that the stochastic variation in 7)3 ,, is dominated by the randomness due to X;’s. For-

mally, define

Hg,n=<§)l 3 hg(Ei,j,k)—{(Z>l 3 hl(E@j)}z, (3.12)

1<i<j<n

where E = E[E|X, ..., X,]. In the decomposition 73, = Hs,, + (73, — Hs), we observe the

following result.

Proposition 3.3.1. The remainder term 73 , — H ,, = Op(rf1 log n), where we write Y,, = Op(an)

ifP(|Y,| > Cay,) < n! for some constant C > (

This guides us to design the variance estimation for 73 ,, by studying H3,,. With the shorthand

oy —1 ~ oy —1 ~ .
Usn = (3) Yor<icjencn P3(Bijn) and Ury = (5) Y1cicicp P(Biy), we rewrite (3.12) as

Hs, = Us, — Uﬁn. As a conventional U-statistic, Us,, admits the following Hoeffding’s decom-

)
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position.

3 6 ~
e — 2= 2 . - - ) ) -3/2 3/2
Usin — 3 — e = o E 93,1 (Xi) + nn—1) E 932(Xi, X;j) + Op(n~*"log” " n),

1<i<n 1<i<j<n

(3.13)

where we define 9371(1’1‘) = E{hg(EZ7j7k)|Xz = l’z} _E(ei,jei,k)’ 9372(ZL’¢, Ij) = E{hg(E17]7k>|Xz =
xi, Xj = x;} —g31(x;) — g3.1(x;) —E(e; je; ), and recall the definition of s, from (3.6). Similarly

decompose U, ,,:

2 ~ )
Z 911 Z 91,2(Xian) +Op(n_3/2 102%“5/2 n), (3.14)

1<1<n <n - 1) 1<i<j<n

where we set g1 1(2;) := E{h1(E; ;)| Xi = 2:} — pte and g1 o(s, ;) 1= B{hy (B ;)| X; = 25, X; =

x;} — g11(xi) — g1,1(x;) — pte. Combining (3.12)—(3.14), we have

1 n\ _ ~
—s == D gun(X) + (2) N o (X0, X)) + 40T E{g2, (X0)} + Ruty

1<i<n 1<i<j<n

(3.15)

where g1, (Xi) := 3931 (Xi) —4pteg1,1(Xs), and g2, (X3, Xj) := 393.2(Xi, Xj)—2p1e12(Xi, X;)—
4n~t(n—=1)g11(X:)g1.1(X;), and gg 1y (X, . . ., X;, )’s are mutually uncorrelated. If gy ,, (X;) # 0,
this reduces to the non-degenerate noisy U-statistic setting of Zhang and Xia (2022). However, here

we face a novel setting of degeneracy.

Proposition 3.3.2. In (3.15), we have fx’Hw = Op(n_?’/ 2]0g3/? n). Moreover, under Hy, the linear
part of the Hoeffding’s decomposition vanishes, namely, g1 ,,(X1) = 0. When g1 ,,(X1) # 0, 03 is

bounded away from zero.

Further distinct from Zhang and Xia (2022), in our setting, the degree of degeneracy can go

beyond g, ,,, i.e., sometimes, g ,, can also be zero.
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Example 3.3.1 (Indeterminate degeneracy of go ,,, under Hy). Let {€; ; }1<i j<n be i.i.d., mean-zero

r.v.s. We have
o ife; = Xgj) + € then go,(X;, X;) = 0;
s ifei; =X, + € then go, (X, X;) = n (X, — 1/2)(X; — 1/2) £ 0;
Cifers = (X 1/2)(X; — 1/2) + es,, then gap (X X,) = (X: — 1/2)(X, — 1/2)/12.

The asymptotic distribution of Hj, varies with its degeneracy status. When Var(gs,,) >
Constant > 0, the limiting distribution /3, is a mixture of x2. Otherwise, it is a complicated
“Gaussian chaos” (Van der Vaart, 2000). Fortunately, we can appeal to the trick of U-statistic
reduction to reinstate asymptotic normality and accelerate the computation (Weber, 1981; Chen

and Kato, 2019; Shao et al., 2023). Some algebra shows that 73 ,, could be rewritten as

—1
. n
N3n = <4) Z V3(Eijri),

1<i<j<k<l<n

where ¥3(Eijk1) = D, iy isyetijuny 18 (Birinis) /4 — he(Eijg1) + Op(n~1) is a random variable

of constant order in view of Assumption 3.3.1, and

{/[/7-j7k7l}
he(Ei k) Tl Z €i1,i2Cis,ia> (3.16)

{i1,42,13,34}

where the summation is over all permutations of the 4-tuples of indices {7, 7, k, [} with a single
permutation outcome denoted by {i1, ia, 73,74 }-

Define the reduced version of 7)3 ,,, which we referred to as reduced network moments, as

M3y i=n"" Z V3(Eijri), (3.17)

(i7j7k7l)€“]n,)\
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where J, ) = (Iil), If), ey IZE'J”’AD) is a subsample (with replacement) of size |.J,, y| = n* from

Cﬁ. We will show in the following decomposition (Chen and Kato, 2019; Shao et al., 2023)

3.0 — 3 = (M —13) + 1" Z {¥s(Eijr1) — ant (3.18)

(izjykzl)e‘]n,)\

the second term on the RHS is dominating. Consequently, we will tailor our variance estimator
accordingly. Notice that we investigate degenerated network moments as noisy U-statistics, which
was not covered in Shao et al. (2023). By Propositions 3.3.1 and 3.3.2, we have 7j3,, — 73 =
O,(n""logn). Also, conditioning on {e; ;}1<; j<n. the second term on the RHS of (3.18), de-
noted by V3 ;, can be viewed as a sample mean of independent mean-zero random variables.
Therefore, we have Var(Vs s|/{e;;}) = n %03 ; = O(n™*), where 03 ; is estimated by 03 ; =
n=* Z(ivjvkvl)et]m)\{wg(EiVijVl) — 73,7 }%, and consequently, V3 ; is the dominating term in (3.18) for

A € (0,2). This leads to the following studentization form.
(a7 — m3)/ (n%G5.1) = Va.s /(0?55 5) + O,(n™* Llogn). (3.19)

By studying the first term on the RHS of (3.19), we derive the Berry-Esseen type bound for the

studentized estimator in Theorem 3.3.1.

Theorem 3.3.1. When g, ,,(X1) = 0, for X € [1,2) such that n* € Z, we have
sup ’P[”/\/Z(ﬁB,J —13) /03,y < x| — q’(ﬂf)‘ < CmM* '+ nV?)logn,

for some constant C' > 0.

Based on Theorem 3.3.1, for any pre-specified significance level « € (0, 1), we can test Hy :
13 = 01in (3.5) by

Ty, = H{\nw Pos[Gas| > (1 — a/Q)}, (3.20)
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where ®71(1 — «/2) denotes the 1 — «/2 lower quantile of N (0, 1). Theorem 3.3.1 allows us to

quantify finite-sample error controls. Recall that gy ,,,(X1) = 0 under H,,, we have
Theorem 3.3.2. Under the conditions of Theorem 3.3.1, we have the following results:
1. The Type-I error rate of test (3.20) is a + O((n*?*~' +n="2)logn).
2. The Type-II error rate of the test is o(1) when 13 = w(n=/?).

Noticeably, our test is model-free, only assuming minimal assumptions such as sub-exponential
distribution and exchangeability. Theorem 3.3.2 quantifies the finite-sample trade-off between size
control accuracy and computational complexity of 73 ;. Throughout the chapter, we use “Type-I
error rate” and “size” of a test interchangeably without ambiguity. The error bound for accurately
controlling the Type-I error is optimized at A = 1, which yields IEDHO(%){T;@ = 1} = o+
O(n~'/?logn). Moreover, Theorem 3.3.2 elucidates that the test (3.20) has an asymptotic power
of 1 when 13 = w(n~*/2) under H, with g; ,,,(X;) = 0. Recall that according to Proposition 3.3.2,
ns is bounded away from zero when g ,,(X1) # 0. In this specific context, we demonstrate that
the test (3.20) attains an asymptotic power of 1 as the number of nodes in a network goes to infinity
in the proof of Theorem 3.3.2. Consequently, the power consistency is assured under alternative
H, : n3 # 0, irrespective of whether g, ,, (X1) is zero.

Next, we present our lower bound result.

Theorem 3.3.3 (Lower bound for testing the the same sender effect). For any o € (0, 1), there
exists exchangeable network models f, under Hy and f, under H,, satisfying n, = 0 under fy and
ne = O(n=1) with &, = O(n~Y%) under f,. Any test T for testing Hy : 3 = 0 with the type-I

error rate not exceeding o admits
P(Reject Ho|Hy) + P(Fail to reject Hy|H,) > Constant > 0.

Note that the linear part in (3.15) could be rewritten as g ,,, (X1) = 4p2—2pE(e12+e21|X1)+

E(e12e13 + 2e21€23/X1) — 3E(e12e1 3), which only depends on the observed network data and
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latent variable X;. We stress that ¢, ,,,(X;) can be viewed as a nonparametric population param-
eter (or a numerical feature), which does not depend on the inference method despite its origin of
inspiration. Thus our Theorem 3.3.3 can sensibly specify the collection of candidate models under
consideration with a condition on gy ,,, (X1).

Theorem 3.3.3 indecates that our test is nearly rate-optimal in power with the choice A\ ~ 2.
However, the error bound of controlling the Type-I error rate around o demands choosing A = 1.
This is sensible. Choosing A < 2 to reinstate normality through the incompleteness of U-statistics
(Weber, 1981; Chen and Kato, 2019; Shao et al., 2023) comes at the price of sacrificing test power,
since the variance of the point estimator has been inflated. In practice, it is recommended that the
user choose a A in [1, 2) closer to 1 for smaller samples, where risk control (in the sense of Type-I

error) is the paramount challenge.

3.3.2 Inference for 7, (same receiver effect)

Based on the illustrative example of the same sender effect ns; in Section 3.3.1, we note that
the definition of 73 and 7, are similar in the sense that 73 is the covariance between directed edges
sharing the same first subscript, while 7, is the covariance between directed edges sharing the same
second subscript. Analogous to (3.11), estimator of 74 can be written as a function of two network

moments which takes the form:

M = (Z) R D ha(Bige) - {(Z) ; > hl(Ei,j)}Q,

1<i<j<k<n 1<i<j<n

where hy = (€; jex; + €ji€ki + €ix€jx)/3. Formally define

H47n:<g>_l 3 h4(E,,j,k)—{(Z)_l 3 hl(Eiﬁj)}Q, (3.21)

1<i<j<k<n 1<i<j<n

we have 7y, — Hyp, = Op(n‘l log n) as derived in Proposition 3.3.1. As a result, we have 7, ,, =
Hy, + Op(n_l logn). This guides us to design the variance estimation for 7, by studying H,,,

which is similar as that of Hs,,.
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With the shorthand U, ,, = (,;)—1 Zl§i<j<k§n h4(Ei,j,k), we rewrite (3.21) as Hy,, = Uy, —
Ufn, where U, ,, is defined in Section 3.3.1. As a conventional U-statistic, U, ,, admits the follow-

ing Hoeffding’s decomposition.

U4,n—774—,u§— 2941

1<z<n

Z g472(X7;, X]) -+ Op(n_3/2 1Og3/2 )

1<i<j<n

n(n—1)

(3.22)

where we define g471(l’i) = E{h4(EZ7]7k)’XZ = fﬂl} — E(ejﬂ-ek’i), 9472(.1'1‘, l’j) = E{h4(EZ’]7k>’Xl =
zi, Xj = x;}—ga1(x;) —gaq1(z;) —E(e;;€x,:), and recall the definition of y. from (3.6). Combining
(3.14), (3.21), and (3.22), H4,, could be decomposed as

ng (2> > ganlX X))

1<z<n 1<i<j<n

Llnear part

+4n"E{g},(X1)} + Ry, (3.23)

where 91,n4(Xi) = 394,1(Xi) - 4N691,1(Xi); 92,n4(Xi, Xj) = 394,2(Xi>Xj) - 2Me91,2(Xi>Xj) -

4n~tn —1)g11(X:)911(X;); and gxp, (X, - - ., Xy, )’s are mutually uncorrelated.

Proposition 3.3.3. In (3.23), we have Ry, , = O,(n~3/?10g*? n). Moreover, under Hy, the linear
part of the Hoeffding’s decomposition vanishes, namely, g1 ,,(X1) = 0. When g1,,(X1) # 0, 04 is

bounded away from zero.

Proposition 3.3.3 shows that when 7, = 0, the linear part in (3.23) will degenerate to zero.
We therefore consider the reduced version of 7 ,,, follow the same idea when deriving the reduced
version of 73 ,,. Define 7y ; := n™* > ik \ V4(FE; j k1), where J, , is defined in (3.17), and
Va(Eijrt) = D pivimistetijhn Ma(Bivisis) /4 — he(Eijri) + Op(n~1), recall the definition of
he(E; k) from (3.16).

We conjecture that Berry-Esseen type bound in Theorem 3.3.1 also holds for testing 7,. Define

32 Jg=n - Z(i,j,k,z)ejn,A {Va(Eijn) — ;7\4,J}2a we have
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Theorem 3.3.4. When g, ,,,(X1) = 0, for X € [1,2) such that n* € Z, we have
sup [P[n? (s — 12)/B1.s < ] = B(2)| < COM 417V log,

for some constant C' > 0.

Based on Theorem 3.3.4, for any pre-specified significance level « € (0, 1), we can test Hy :
14 = 01n (3.5) by
T, = ]I{W/z P /Gas| > @711 - a/z)}. (3.24)

Given the discussion in Section 3.3.1, we directly show the finite-sample error control results

in Theorem 3.3.5. Recall that ¢, ,,, (X;) = 0 under H,, we have

Theorem 3.3.5. Under the conditions of Theorem 3.3.4, we have the following results:
1. The Type-I error rate of test (3.24) is a + O((n™*~! +n=*2)logn).
2. The Type-II error rate of the test is o(1) when 13 = w(n=/?).

Note that the upper bound result in Theorem 3.3.5 holds for more general condition that
Vg1, (X;) = Op(1), as shown in its proof. We end this section with the lower bound result
of testing the same receiver effect, and refer to discussions in Section 3.3.1 for more details on

rate-optimality and Type-I error rate control.

Theorem 3.3.6 (Lower bound for testing the the same receiver effect). For any o € (0,1), there
exists exchangeable network models f, under Hy and f, under H,, satisfying n, = O under f, and
ne = O(n™) with &1 = O(n~Y?) under f,. Any test T for testing Hy : ny = O with the type-I

error rate not exceeding o admits

P(Reject Hy|Hy) + P(Fail to reject Hy|H,) > Constant > 0.
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3.4 Inference for the sender-receiver effect

As shown in Section 3.3.1 and 3.3.2, when testing the same sender effect and the same receiver
effect. in a network, the linear part in the Hoeffding’s decomposition of the main terms H3 ,, and
H, ,, degenerates to zero under the corresponding null hypothesis. When testing sender-receiver
effect, however, we also need to take the non-degenerate scenario into consideration. Follow the

procedure of deriving (3.11), we devise the estimator of 775 as a function of two network moments:

Mo, = (g) R Y hs(Eige) - {(Z) > hl(Ei,j)}Z,

1<i<j<k<n 1<i<j<n

where 55 is a symmetric kernel function takes the following form

{i.g.k,1}
h5 i, kl 3| Z €i1,i2€ia,i3 - (3.25)

{i1,i2,i3}

The summation in (3.25) is over all permutations of the 3-tuples of indices {1, j, k, [} with a single
permutation outcome denoted by {i1, ia, i3 }.

Likewise, we define

-1 -1
n ~ n ~ 2
Hs, = (3) S hs(Eig) - {(2) > (i)} (3.26)
1<i<j<k<n 1<i<j<n
which gives 75, — Hs,, = O,(n~'logn). We refer to Lemma B.1.2 in the proof of Theorem
3.4.1 for details about the order of the remainder term. We rewrite (3.26) as Hs,, = Us, — Uﬁn,
where Us,, = (g)_l > 1<icjcken P5(Eijr), Uiy as defined in Section 3.3.1, and Us,,, admits the

following Hoeffding’s decomposition.

3 6 ~
Us — 15 — 1 = - Z 95,1 (Xi) + ) Z 952(Xi, X;) + Op(n~*?log** n),

1<i<n (n—1) 1<i<j<n

(3.27)
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where we define g571(l’i) = ]E{hg)(EZ,J’k)‘XZ = I’Z} _E<ei,j€j,k>» 95,2(5151'; .Z‘j) = ]E{h5(EZJ7k>|Xz =
2, Xj = x;}—0g51(2i)—g5.1(x;) —E(e; je; x ), and recall the definition of 1. from (3.6). Combining

(3.14), (3.26), and (3.27), Hs,, could be decomposed as

1 n\ "
Hsp — 15 = " Z 91,775(X¢)+(2) Z 92,15 (X, X;)
1<i<j<n

1<i<n

Linear part

+4n B9t (X1)} + Ry, (3.28)

where g1, (Xi) 1= 3951(Xi) — 4peg1,1(Xi); G2, (Xi, X5) 1= 3952(Xiy Xj) — 2pe912(Xi, Xj) —

dn~t(n —1)g11(Xi)g1.1(X;); and gx, s (X, - . ., X;,)’s are mutually uncorrelated.
Proposition 3.4.1. In (3.28), we have Ry, ,, = O,(n=/?log®*n).

Unlike what we observe in Section 3.3.1 and 3.3.2, when testing sender-receiver effect, the
linear part in (3.28) is not necessarily to be zero under the null hypothesis Hy : n; = 0. We

demonstrate this by employing Example 3.4.1.

Example 3.4.1 (Indeterminate degeneracy of g, ,, under Hy). Consider the following examples

where {¢€; j }1<i j<n are independent with zero mean,
1. whene; j = X; + X(; j) + € j, we have 5 = 0 and g1 ,,,(X;) = 0;

2. whene;; =W; +Y; + X + € we have s = 0 and g1,,5(X;) # 0, where W; and Y; are

uncorrelated random variables as in Remark 3.4.1.

Remark 3.4.1. The linear form of Aldous-Hoover representation ¢;; = aX; + bX; + cX ;),
for some constant a,b, c, could not generate a weakly exchangeable array with nsny # 0 and
ns = 0. An easier way to generate {e; ; } under the setting is considering the linear random effects
model as in Hoff (2005) without Gaussian assumption. Statistical models of this form for normally
distributed data have been called “social relations model” (Warner et al., 1979; Wong, 1982). The

model takes the form e; ; = W; +Y; + c¢dq jy + €, where c is some constant, {0; ;) }i<; are i.i.d.
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random variables with 0(; jy = 0(;.:), {6(1'7‘7‘)}2‘7&]' are i.i.d. random variables with Ee(; jy = 0, W; and
Y; are uncorrelated random variables, and {Z; = (W;,Y;)T'} are i.i.d. random vectors. Under this

model, we have g1 ,,,(Z;) = (W; — EW;)(Y; — EY;).

The asymptotic distribution of Hj,, varies with its degeneracy status. When g ,.(X1) = 0,
referred to as degenerate case, we apply a similar approach as in Section 3.3.1 and 3.3.2, using
reduced version of network moments to reinstate asymptotic normality and accelerate the compu-
tation. When Var(gl,%) > Constant > 0, referred to as non-degenerate case, the linear part in
(3.28) will make dominating contribution to Var(Hj,), where we propose a different test statistic
under the framework of U-statistics, which is more efficient than a test statistic based on reduced
network moment under this scenario. A practical way to test the degeneracy of ¢, (X;) is pro-
posed in Section 3.4.1. We start with the testing procedure under non-degenerate case in Section

3.4.1, followed by the degenerate case in Section 3.4.2.

3.4.1 Non-degenerate case

In this section, we introduce the inference procedure of sender-receiver effect when Var( gl,ns) >
Constant > 0. Since the linear part of M5, dominates the remainder term 75, — Hs, of order
O,(n""logn), we consider the studentized test statistic 7 , /s Where s is a suitable studentizer to
be defined later.

To design a variance estimator of 7); ,, for studentization and testing the degeneracy of g, ,, (X1),

we first derive the asymptotic normality of 7); ,, in Theorem 3.4.1.

Theorem 3.4.1. When g, ,,,(X;) # 0, 15 ,, is asymptotically normal:

Vi Tsn —115) 2 N(0,02,),

where o2 | = E{g}, (X1)}.
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In practice, 052)71 in Theorem 3.4.1 could be estimated from observable E by

=03 {0 -a(y) X mEaman)

1<k<I<n

where

R n—1\" n\ "
g5.1(Xi) = ( 9 ) Z hs(Eijx) — (3) Z hs(Eir.s);
1<l<r<s<n

1<j<k<n;
Jok#i
-1
~ n
Gra(X) = —-1"" > hi(Ey) (2) > hi(Epy). (3.29)
1<j<n; 1<k<iI<n
J#i

The concentration result of 3%71 is given in Theorem 3.4.2, with which we could test the degeneracy
of g1,,,(X;) in practice. Additionally, we derive the Berry-Esseen type bound for the studentized

estimator in Theorem 3.4.2 by studying the linear part in (3.28).

Theorem 3.4.2. Under the model assumptions for non-degenerate case, we have 6\%’1 — o2, =

O,(n~Y?1og"? n), which yields, for some constant C > 0,

sup [P{v/n(sn — 15) /051 < 2} — ®(z)| < Cn~?logn.

Based on Theorem 3.4.2, under non-degenerate case, for any pre-specified significance level

€ (0,1), we can test Hy : 75 = 0 in (3.5) by

T —]I{|\/’n5n/a51\ > ¢! 1—a/2)} (3.30)
The finite-sample error controls are quantified by Theorem 3.4.3 as below.
Theorem 3.4.3. Under the conditions of Theorem 3.4.2, we have the following results:
1. The Type-I error rate of test (3.30) is o + O(n~"/?logn).

2. The Type-II error rate of this test is o(1) when 15 = w(n=/2).
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The finite-sample Type-I error rate control in Theorem 3.4.3 is identical to the error rate in
Theorem 3.3.2 and 3.3.5 when optimized at A = 1. Theorem 3.4.3 shows that the test (3.30)
can distinguish between the null Hy : 15 = 0 and the alternative H, : 75 = d,, when d,, =
w(n~1/2) for non-degenerate case. It should be emphasized that, graphon F'(-) in the Aldous-
Hoover representation in Theorem 3.2.1 is s not specified. The test procedure is valid without
any knowledge of latent functions and variables. In practice, we could apply the concentration
result of 53 | in Theorem 3.4.2 to test whether g, ,;(X1) = 0. We should perform test (3.30) when

2

o5, > Cn~121og'/? n for a prespecified constant C' > 0. Otherwise, we conduct the test in

Section 3.4.2 under degenerate case.

3.4.2 Degenerate case

In this section, we introduce the inference procedure of sender-receiver effect when gy ,,, (X;) =
0. Similar to the proposed methods in Section 3.3.1 and 3.3.2, we consider a testing proce-
dure based on reduced network moments. The reduced test statistic before studentization is de-
fined as 75 ; := n~* D (igkyedn Us(Eijkg), where Jy s defined in (3.17), and 5(Ej ;1) =
D tivinisye by 15 (Binisis) /4 = he(Eij i) + O,(n™1), recall the definition of he(E; ;) from
(3.16).

Analogous to the derivation of (3.18), we decompose 75 ; as

M50 — 15 = (M —15) + 1" Z {Us(Eijrt) — Msn}- (3.31)

(i,j,k,l)GJn,A
We will show the second term on the RHS of (3.31) is dominating. By the fact that 75 ,, — Hs,, =
O,(n~"logn) and Proposition 3.4.1, we have 75, — 15 = O,(n"'logn). Also, conditioning on
{€:;}1<ij<n. the second term on the RHS of (3.31), denoted by V5 ;, can be viewed as a sam-
ple mean of independent mean-zero random variables. Therefore, we have Var(V; ;|/{e;;}) =
n~*o} ; = O(n™*), where o7 ; is estimated by 67 ; = n~* Z(i’j’k’l)ejn,k {s5(Ei k1) — 05,5}, and

consequently, V5 ; is the dominating term in (3.31) for A € (0,2). This leads to the following
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studentization form.
(5.7 — 15)/ (n"%55.7) = Va0 /(n"?G5.5) + O, (n™* ogn). (3.32)
By studying the first term on the RHS of (3.32), we derive the Berry-Esseen type bound for the

studentized estimator in Theorem 3.4.4.

Theorem 3.4.4. When g, ,,,(X1) = 0, for X € [1,2) such that n* € Z, we have
sup [P (02 (7,s — 15) 5,0 < 2] = ®(x)| < CY2 402 logn,

for some constant C' > 0.
Based on Theorem 3.4.4, under the degenerate case, for any pre-specified significance level
a € (0,1), we can test Hy : 5 = 0in (3.5) by

T o= I [2 .0 /55.0 > @71 (1 = a/2) . (3.33)

Given the discussion in Sections 3.3.1 and 3.3.2 of test statistics based on reduced network
moments, we directly show the finite-sample error control results for degenerate case in Theorem

3.4.5.

Theorem 3.4.5. Under the conditions of Theorem 3.4.4, we have the following results:
1. The Type-I error rate of test (3.33) is a + O((n**~! +n=*2)logn).
2. The Type-II error rate of this test is o(1) when 15 = w(n=/?).

Similar to the information delivered in Theorem 3.3.2 and 3.3.5, Theorem 3.4.5 shows the
finite-sample trade-off between Type-I error rate control accuracy and computational complexity of
the reduced network moment estimator. The error bound for accurately controlling the Type-I error

is optimized at A = 1, which yields Py, ;) {75, = 1} = a+O(n""/?logn). The test could detect
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a minimum separate rate under the alternative when 15 = w(n~"/?) for degenerate case, though
the upper bound result in Theorem 3.4.5 is more general as it only requires \/ng; ,; (X;) = O,(1)

instead of ¢y ,, (X;) = 0 as shown in the proof.

Remark 3.4.2. Note that n3 = ns = 0 implies g, ,,, = 0, but is not necessarily true vise versa. Since
failing to reject the nulls of testing the same sender and the same receiver effects does not imply
ns = 1y = 0, we will always use concentration results in Theorem 3.4.3 to test the degeneracy of

91,5 = 0 in practice.

3.4.3 Optimality of detecting the sender-receiver effect

The following theorem shows lower bound of testing the sender-receiver effect.
Theorem 3.4.6 (Lower bound for testing the sender-receiver effect). For any o € (0, 1), we have

(i) when Var(gy,,(X1))"Y2 = O(n=Y2), there exists exchangeable networks f, under Hy and

fa under H,, satisfying ns = 0 under fo and ns = O(n™') under f,,

(ii) when Var(gy ,,(X1))~Y/? > Constant > 0, there exists exchangeable networks fo under Hy

and f, under H,, satisfying s = 0 under fy and ns = O(n~'/?) under f.,

such that any test T for testing Hy : 15 = 0 with the type-I error rate not exceeding o admits

P(Reject Hy|Hy) + P(Fail to reject Hy|H,) > Constant > 0.

Note that the upper bound result in Theorem 3.4.5 holds for more general condition that
V1g1.45(X;) = O,(1), as shown in the proof of Theorem 3.4.5. Recall that by Theorem 3.4.3,
our method has accurate Type-I error rate control under non-degenerate cases. Combining with
Theorem 3.4.6, the proposed test is nearly rate-optimal up to a factor of log(n). We refer to the
discussion in Section 3.3.1 for the inference procedure under degenerate case.

This section ends the testing procedure of network effects involving three nodes. The only
thing left is the inference procedure of reciprocity effect and the former sections offer theoretical

guarantees directly applicable to test the reciprocity effect.
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3.5 Inference for reciprocity effect

In this section, we propose the inference procedure of the reciprocity effect. The general struc-
ture of this section is similar to that of Section 3.4. We first devise the estimator of the reciprocity
effect based on network moments, denoted by 7, ,,. Then we develop the testing methods for both
degenerate case and non-degenerate case, after detailed inspection of 7, ,,.

The form of proposed estimator of 7, is different form the previous sections in the sense that
7a2.n is only built on 2-node sub-network. It could be written as a function of network moments as

defined in (3.8):

Tom = (Z) R Y. ha(By) - {(Z) B >, hl(Ez',j)}2,

1<i<j<n 1<i<j<n

where h, is a symmetric kernel of 2-node sub-network defined as ho(E; ;) = e;;e;,. To inspect

the asymptotic behavior of 7 ,,, we define

-1 -1
n ~ n ~ 2
Hy, = (2) > B { (2) > hl(E,,j)} , (3.34)
1<i<j<n 1<i<j<n
which gives 7y, — Ha, = E(pipji) + ép(n_l log n), recall the definition of p; ; in 3.9. We refer
to Lemma B.1.3 in the proof of Theorem 3.5.1 for details about the order of the remainder term.
We rewrite (3.34) as Hy,, = Us,, — Uﬁn, where U, = (2)71 Zl§i<j§n hg(Em), Uy ,, is defined

in Section 3.3.1, and Us ,, admits the following Hoeftding’s decomposition.

2

n(n —1)

Z gQ,Q(Xi> X]) + Op(n_l log TL),

1<i<j<n

2
Uz — 12 — 112 = E(pipji) + ” Z 92,1(X;) +
(3.35)

where wed define 9271(1'2‘) = E{hQ(E’L,])|XZ = wi}_]E(ei,jej,i_pi,jpj,i)a 92’2(1'1‘7 I’j) = E{h2(Ez,])|Xz =

X, Xj = I‘j} — gg’l(l'i) — 9271(1,’]') — ]E(ei,jej,k — pi,jpj,i)9 and recall the definition of e from (36)
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Combining (3.14), (3.26), and (3.27), H,,, could be decomposed as

1 n\ ' -
Hoo + Blpigp) 1= 7 ¥ 01004 (5) X 0260 X) + B 330

2
1<i<n 1<i<j<n

[

Linear part

where g1, (Xi) 1= 2921(Xi) — 4pe91,1(Xi); G2, (Xi, X5) 1= 292.2(Xiy Xj) — 2pe912(Xi, Xj) —

4n~t(n —1)g11(Xi)g1.1(X;); and gxp, (X, - - ., Xi,)’s are mutually uncorrelated.
Proposition 3.5.1. In (3.36), we have Ry, ,, = O,(n~"logn).

Similar to the observation in Section 3.4, when testing reciprocity effect, the linear part in
(3.36) is not necessarily to be zero under the null hypothesis H, : 7o = 0. We exemplify this by

Example 3.5.1.

Example 3.5.1 (Indeterminate degeneracy of g, ,, under Hy). Consider the following examples

where {¢€; j }1<i j<n are independent with zero mean.
1. By Remark 3.5.1, when e; j; = X; + €; j, we have n, = 0 and g1 ,,,(X;) = 0;

2. Under the setting of Remark 3.4.1, when e; j; = W;+Y,+¢; ;, we have 1o = 0 and g ,,,(Z;) =
2(W; — EW;)(Y; — EY;) £0.

Remark 3.5.1. Consider the linear form of Aldous-Hoover representation: ¢; ; = aX; + bX; +

cX(ij) + €., for some constant a,b, c. In general, we have g1 ,,(X;) = 2abX? — 2abX; + ab/3.

/L'7j
Therefore, g1,,(X;) = 0 if and only if at least one of a and b is 0.

Therefore, the asymptotic distribution of H,, varies with its degeneracy status. Analogous
to the procedure in Section 3.4, We propose testing method under non-degenerate case where

Var(gi,,,) > Constant > 0 in Section 3.5.1, followed by the degenerate case where g ,,,(X1) = 0

in Section 3.5.2.
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3.5.1 Non-degenerate case

Follow the idea in Section 3.4.1, for the non-degenerate case, we first show the asymptotic
normality of 7),,, in Theorem 3.5.1. Secondly, we derive the Berry-Esseen type bound for the
studentized estimator in Theorem 3.5.2 and propose our test. Lastly, we provide the finite-sample

error controls of our test in Theorem 3.5.3

Theorem 3.5.1. When ¢, ,,(X1) # 0, 1), is asymptotically normal:

V(o —12) % N(0,02,),

where 03, = E{g?, (X1)}.

In practice, 03 ; could be estimated from from observable E by

n -1

~ - A n R 2

05,1 =n" Z {292,1(Xi) - 4(2> Z hl(Ek,l)gl,1<Xi)} )
i=1

1<k<I<n

where

-1
~ _ n
G21(X) = (n—1)7" Z ha(Eij) — (2) > ha(Eyy),
1<j<n; 1<k<iI<n
J#
and g;1(X;) as defined in (3.29). The concentration result of 6%71, given in Theorem 3.5.3, is

applied to test the degeneracy of ¢, ,,(.X;) in practice.

Theorem 3.5.2. Under the model assumptions for non-degenerate case, we have o5, — 05, =

O,(n~Y?1og"? n), which yields, for some constant C > 0,
sup |P{v/n(o,n — 12) /G210 < 2} — ®(2)| < Cn~?logn.

Based on Theorem 3.5.2, for any pre-specified significance level « € (0, 1), we can test Hy :
172 = 01in (3.5) by

Tyo = H{|\/ﬁﬁ27n/3271\ > o1 - a/z)}. (3.37)
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And the finite-sample error controls are quantified by Theorem 3.5.3 as below.
Theorem 3.5.3. Under the conditions of Theorem 3.5.2, we have the following results:

1. The Type-I error rate of test (3.37) is o + O(n~"/?logn).

2. The Type-II error rate of this test is o(1) when 1, = w(n=/2).

In practice, we apply the concentration result of 8%71 in Theorem 3.5.3 to test the degenerate
case, i.€. g1, (X;) = 0. We should proceed test (3.37) when 53, > Cn~/?log'/* n for a prespec-

ified constant C' > 0. Otherwise, we conduct the test in Section 3.5.2.

3.5.2 Degenerate case

When the linear part in (3.36) degenerates, we apply an analogous test procedure as in Sec-

tion 3.4.2 based on reduced network moment to test reciprocity effect. Consider the reduced test

statistic 7/7\27‘] = n‘A Z(i,j,k,l)eJn,A wQ(EiJ,k,l), where @DQ(EL]"]@’[) = Z{il,ig}e{i,j,k,l} hQ(EihZ'Q)/B —
he(Ei k1) + Op(n~1), recall the definition of J,, \ and he(E; ;) in (3.17) and (3.16).
Decomposing 7 s as in (3.31) leads to the Berry-Esseen type bound for the studentized esti-

mator in Theorem 3.5.4.

Theorem 3.5.4. When gy ,,,(X1) = 0, for X € [1,2) such that n* € 7Z, we have
sup [P (12 ([,s = 12) /32,5 < 7] = B(x)| < (Y2 +072) logn,

for some constant C' > (.

Based on Theorem 3.5.4, under the degenerate case, for any pre-specified significance level

a € (0,1), we can test Hy : 7o = 0 in (3.5) by
Ty, = ]I{W/? P [os| > @71 (1 — a/2)}. (3.38)

The finite-sample error control results for degenerate case are given in Theorem 3.5.5, and we refer

to the discussion in Section 3.4.2 for tests based on reduced network moments.
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Theorem 3.5.5. Under the conditions of Theorem 3.5.4, we have the following results:
1. The Type-I error rate of test (3.38) is a + O((n**~! +n=*2)logn).

2. The Type-II error rate of this test is o(1) when 1, = w(n="/?).

3.5.3 Optimality of detecting the reciprocity effect

The lower bound of testing the reciprocity effect is given in Theorem 3.5.6. Together with
3.5.3, under non-degenerate cases, our method is nearly rate-optimal up to a factor of log(n). In
view of Theorem 3.5.5, our method is nearly rate-optimal under degenerate cases with the choice

A = 2, up to an order of log(n).
Theorem 3.5.6 (Lower bound for testing the reciprocity effect). For any o € (0, 1), we have

(i) when Var(gy,,(X1))™Y2 = O(n=Y2), there exists exchangeable networks f, under Hy and

fa under H,, satisfying no = 0 under fo and n, = O(n™') under f,,

(i) when Var(gy,,(X1))~Y/? > Constant > 0, there exists exchangeable networks fy under H,

and f, under H,, satisfying 1, = 0 under fy and ny = O(n~'/?) under f.,

such that any test T for testing Hy : 1o = 0 with the type-I error rate not exceeding o admits

P(Reject Ho|Hy) + P(Fail to reject Hy|H,) > Constant > 0.

Lastly, we remark that the Type-I and Type-II error rate controls in Sections 3.4 and 3.5 are
based on correct specification of degeneracy of ¢; ,,(X1) and gy, (X1 ). In practice, when testing
Hy :ne = 0and Hy : 5 = 0, we first test the degeneracy of linear part using the concentration
results of ’U\%,l and 852)71. We then apply the testing procedure under either degenerate case, i.e. linear

part is zero, or non-degenerate case, i.e. linear part is non-zero of constant order.
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3.6 Simulations

As mentioned in Section 3.1, existing analysis of network effects only scatters in literature and
pertains largely in studies of SRM, which presumes additive model together with other distribu-
tional constrains. In this section, we examine the finite-sample performance of the following three

testing procedures:

(1) NET: the network effects tests proposed in this chapter;

(2) SRM-A: the ANOVA approach (Lashley and Bond Jr, 1997);
(3) SRM-L: the likelihood based method (Nestler et al., 2020).

Specifically, the ANOVA approach estimates the variance and covariance parameters of the SRM
(Warner et al., 1979; Bond and Lashley, 1996; Lashley and Bond Jr, 1997). The likelihood methods
(Li and Loken, 2002; Nestler, 2016, 2018; Nestler et al., 2020) assume that all latent variables in
SRM are normally distributed. We remark that when applying the ANOVA approach, the inference
of a variance parameter in SRM could be problematic for a small sample size. This issue arises
from the fact that the sampling distribution of the variance parameter follows an asymmetrical
chi-square distribution with associated degrees of freedom (Jiang and Nguyen, 2007). In practice,
discrete or continuous moderator variables are not easily incorporated into the ANOVA estima-
tion approach (Kenny et al., 2006; Liidtke et al., 2013), and the estimation of standard errors for
ANOVA estimators could be problematic and hence unsatisfactory (Nestler, 2016). We conduct our
computations using the the RMACC Alpine supercomputer with node of 20 core, 12 hours wall
time, and 128G memory, which is supported by the National Science Foundation (awards ACI-
1532235 and ACI-1532236). For the experiments, we keep track of the unsuccessfully compiled
tests with NaN or N A outputs, as we employ R package “TripleR” for SRM—-A and R package
“srm” for SRM~-L. The versatility of competing methods are evaluated by the successfully com-
piled rate of tests across 1,000 Monte Carlo simulations.

Note that methods based on SRM are not directly applicable to test Hy : Cov(e;;,e;;) = 0,

and the testing procedure for the same sender effect and the same receiver effect is analogous to
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each other, differing only by a flip of indices. Therefore, we focus our analysis on testing the same
sender and sender-receiver effects and present comparison results applying settings in Example
3.6.1. Additional simulation results of NET, including testing reciprocity effect and same receiver

effect, are given in Section B.3 in the Appendix.

Example 3.6.1. For testing ns and 15, respectively, the data {e;;}1<{; jy<n are generated with
independent {a;|Ea; = 1o # 0}1<i<n and {€; j }1< (i, j3<n, Where each component is generated from
either normal distribution (light-tailed continuous configuration) or Poisson distribution (heavy-

tailed discrete configuration).

(a) Test Hy : n3 = 0. Generate data from e; j = ca; + €; j;

(b) Test Hy : n5 = 0. Generate data from e, j = €; ;;

(c) Test Hy : n3 = 0. Generate data from e; ; = (a; — b)(a; —b) + € j;
(d) Test Hy : 5 = 0. Generate data from e; j = c(a; — b)(a; — b) + €; ;.

We first investigate the empirical sizes for tests in Example 3.6.1, where settings a—b belong
to additive model while settings c—d consist of multiplicative components which violate the model
assumption of SRM. For null settings, we set ¢ = 0 for a and set ¢ = 1 in d to maintain its
multiplicative part. In addition, to construct null values in c—d, we take b = p,. We fix a =
0.05, vary the network size n € {25, 50, 100, 200,400} and repeat the experiment 1,000 times for
all three competing methods. When constructing test statistic from reduced network moments,
we set A = 1 to achieve the optimal Type-I error rate control of O(n~'/2logn). Under normal
configurations, we set a; ~ N(1,1) and ¢;; ~ N(0,1), while in Poisson configurations, both
{a;}1<i<n and {€;j}1<( j3<n are generated from Poisson distribution with unit mean. Note that
SRM-L reached the memory limit when n > 100, we therefore omit the corresponding results in
Table 3.4.

The simulated sizes of competing methods are shown in Table 3.4. Several observations stand

out. First, as expected, NET attains the nominal of 0.05 under all configurations as the number
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Table 3.4: Empirical sizes of the three testing methods under Example 3.6.1. Experiments that exceed the
memory limit are marked in X.

Normal configuration Poisson configuration
a b c d a b c d

n =25 NET 0.066 0.064 0.058 0.056 0.068 0.065 0.055 0.049
SRM-A 0.005 0.025 0.282 0.325 0.013 0.009 0.259 0.303
SRM-L 0.278 0.238 0.607 0.634 0.270 0.249 0.564 0.607
n = 50 NET 0.054 0.062 0.042 0.041 0.047 0.054 0.063 0.065
SRM-A 0.027 0.026 0.487 0.528 0.026 0.030 0.452 0.562
SRM-L 0.102 0.077 0.625 0.706 0.109 0.063 0.636 0.710
n =100 NET 0.050 0.048 0.057 0.047 0.039 0.048 0.040 0.038
SRM-A 0.047 0.042 0.668 0.736 0.046 0.049 0.705 0.764
SRM-L X X X X X X X X
n=200 NET 0.051 0.045 0.049 0.059 0.051 0.060 0.042 0.044
SRM-A 0.066 0.056 0.782 0.855 0.041 0.053 0.760 0.831
SRM-L X X X X X X X X
n =400 NET 0.058 0.047 0.053 0.055 0.050 0.037 0.045 0.044
SRM-A 0.068 0.053 0.803 0.848 0.072 0.042 0.828 0.851
SRM-L X X X X X X X X

of nodes increases, though a slight size inflation is observed for some settings under small sample
sizes (n = 25, 50). In contrast, SRM-L fails to control the size in most circumstances except testing
Hy : n5 = 0 under setting b when n = 50. Specifically, the finite-sample size control of SRM-L
is poor even when edges are i.i.d generated. Second, both SRM-A and SRM-L fail to control the
size in settings c—d as they are sensitive to model misspecification. Even though SRM-A appears
to be conservative at small sample size under settings a-b, a size inflation is observed for SRM—-A
under setting a when n = 400, especially for heavy-tailed Poisson distribution with empirical size
of 0.072. Third, the lack of theoretical guarantees regarding finite sample Type-I error control for
both SRM-A and SRM-L hinders their applicability for testing network effects under small sample
sizes, even in the context of additive models. It is also worth noting that more than half of the
Monte Carlo simulations employing SRM—A encounter computational issues, resulting in Na/N

or N A outputs. This addresses the estimation of standard errors for ANOVA estimators could
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be problematic (Nestler, 2016) in practice, while our method exhibits a high degree of reliability.
Details of the number of unsuccessfully compiled test are given in Section B.3 in the Appendix.
Lastly, take setting a for example, the empirical computation times (elapsed time in seconds) for
the considered methods on 1,000 Monte Carlo simulations are 0.604 for NET, 5.504 for SRM-A,
4132.693 for SRM-L when n = 50; and 3.604 for NET, 362.32 for SRM—-A when n = 400.
Therefore, our method shows clear advantages in speed, as well as versatility in practice.

Figure 3.2 shows the Q-Q plots of test statistics from 1,000 Monte Carlo simulation under nor-
mal configurations. We observe that the null distribution of our test statistic closely approximates
the standard normal distribution in general. Plots under Poisson configurations are given in Section

B.3 in the Appendix, which reveal similar trend as in Figure 3.2.
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Figure 3.2: Q-Q plots for null distribution of the test statistics under normal configurations in Example
3.6.1.

In order to study the power properties of different methods, we employ settings a and d in
Example 3.6.1, where we set b = 0 to generate non-zero value of network effects for alternatives.
We fix o = 0.05 and let n € {50,100}, vary the value of network effects by modifying ¢ €
{0.05,0.2,0.5,1,5}/2 for both settings and repeat the experiment 1,000 times. Again, we set A\ =
1 to achieve the optimal Type-I error rate control of O(n~'/?log n), when constructing test statistic
based on reduced network moments. For all methods, experiments are successfully compiled upon

1,000 Monte Carlo simulations under all configurations in Table 3.5, except that of SRM-L when
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n = 100 as it exceeds the memory limit. For both normal and Poisson configurations, we employ

the same generating procedure as in investigating the empirical sizes.

Table 3.5: Empirical powers of the three testing methods under Example 3.6.1. Setting a satisfies the
additive model assumption for SRM while setting d not. Experiments that exceed the memory limit are
marked in x. Results corresponding to the failure of Type-I error control in Table 3.4 are marked in red with
less transparency, otherwise they are marked in blue with less transparency.

a - Normal configuration d - Normal configuration
c? 005 02 05 1 5 005 02 05 1 5

n=>50 NET 0.144 0.743 0.999 1.000 1.000 0.170 0.624 0.980 0.995 0.995
SRM-A 0.998 1.000 1.000 1.000 1.000 0.998 1.000 1.000 1.000 1.000
SRM-L 1.000 1.000 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000
n =100 NET 0.224 0.953 1.000 1.000 1.000 0.265 0.860 1.000 1.000 1.000
SRM-A 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SRM-L X X X X X X X X X X
a - Poisson configuration d - Poisson configuration

c? 005 02 05 1 5 005 02 05 1 5

50 NET 0.142 0.736 0.995 1.000 1.000 0.155 0.626 0.957 0.969 0.972
SRM-A 1.000 1.000 1.000 1.000 1.000 0.993 1.000 1.000 1.000 1.000
SRM-L 0.997 1.000 1.000 1.000 1.000 0.993 1.000 1.000 1.000 1.000

n =100 NET 0.234 0951 1.000 1.000 1.000 0.244 0.897 0.998 1.000 1.000

SRM-A 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

SRM-L X X X X X X X X X X

S
I

It is sensible that when one correctly specifies the additive structure of social relations model
under setting a, SRM-A and SRM-L exhibit higher powers than NET when the value of network ef-
fect is small. This phenomenon occurs because SRM—-A and SRM-L assume additional information
compared to our proposed non-parametric testing procedure. However, the observed higher em-
pirical power of SRM-L compared to NET can be explained by the size inflation of SRM-L under
setting a as shown in Table 3.4. Unsurprisingly, SRM—A and SRM-L also have higher powers than
NET under setting d, which violates the model assumption of social relations model. The reason

can be attributed to the fact that SRM-A and SRM-L are subject to large size inflation under model
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misspecification as shown in settings c—d in Table 3.4. Configurations with larger size inflation are
marked in more solid red in Table 3.5, which are mostly under setting d for SRM—-A and SRM-L.
In general, the power of NET increases with a rise in the number of nodes within the network
and as the network effects become significant. Our method demonstrates validity in the context
of exchangeable networks, setting itself apart from SRM-A and SRM-L by not imposing strict
model assumptions. As we have noticed, SRM-based methods do not lend themselves to the direct
testing of the reciprocity effect. For a more comprehensive understanding of our proposed method,
additional simulation results of NET, including testing the reciprocity effect, are given in Section

B.3 in the Appendix.

3.7 Real data applications

In this section, we apply the proposed methods to analyze two different types of network data,
each of which suggests different sources of network effects. The first dataset is faculty hiring
networks characterized by count outcomes and the second is bilateral trade flows with additional

trade-related variables.

3.7.1 Faculty hiring networks

In this section, we apply the proposed method to analyzing faculty hiring networks (Clauset
et al., 2015). When testing the degeneracy case of reciprocity and sender-receiver effects, we set
the prespecified constant in the diagnostic test for degeneracy as C' = 1. Guided by the simulation
results with different \’s, here, we set A = 1.2 to balance the conflicting considerations of accurate
type-I error rate control and power enhancement. An additional data example on the bilateral trade
flows with trade-related variables is shown in Section 3.7.2 in the Appendix.

The faculty hiring networks were collected by Clauset et al. (2015) to investigate the institu-
tional prestige ranking that best explains an observed faculty hiring network in computer science
departments, business schools, and history departments. For the three distinct disciplines, each

node represents a PhD-granting institution in the respective field, and a directed edge from node ¢
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to node j indicates that an individual received a PhD degree from institution ¢ and was a tenure-
track faculty at institution j during the time of collection (computer science in 2010, business in
2012, and history in 2009). We focus on the number of positions that institution ¢ hiring from
institution 7, denoted by the count outcome e; ;, while ignoring any self-loops in the network. Un-
der this scenario, the hiring network for computer science departments consists of 205 nodes and
2,881 directed edges with positive count weights. The hiring network for business departments
comprises 112 nodes and 3, 404 directed edges with positive count weights. Lastly, the history de-
partment’s hiring network has 144 nodes and 2, 372 directed edges, each associated with positive
count weights.

For visualization, we consider a local version of network effects for each node in the network,
where for node i € [n], the local reciprocity effect is calculated by (n — 1)7' 370 (€i; —
ft)(eji—f1); the local same-sender effect is computed through (n—1)""(n—2)"" 37, i ;1) distine (€6 —
ft)(e;r — f1); and the local same-receiver effect and local sender-receiver effect are similarly de-
rived by replacing (e; ; — f1)(e;x — f2) by (ej; — f1)(er; — 1) and (e;; — f1)(e;x — f2), respectively,

with shorthand /i denoting the sample mean of {e; ; }1<{i j}<n-
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Figure 3.3: Left: Density plots of local network effects around zero. Right: Scatter plot of local reciprocity
effect versus same-sender effect. Institutes with larger local reciprocity effect and same-sender effect are
marked in red.
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Stanford Harvard MIT UPenn
Rank:1 Rank:2 Rank:3 Rank:3
Reciprocity Reciprocity Reciprocity Reciprocity
8.5 8.5 85 8.5
55 (59,3 55 55
28 28 2R 28
Same- DR Same- R Sender— Same- P Sender— Same- P Sender—
sender sender receiver sender feceiver sender feceiver
Same-receiver Same-receiver Same-receiver Same-receiver
Chicago Northwestern Berkeley Columbia
Rank:5 Rank:5 Rank:7 Rank:9
Reciprocity Reciprocity Reciprocity Reciprocity
8.5 y 8.6 8.5
558 556 55 55
2.5 25 25 2.5
Same— IR Same— D Sender- Same— AR Sender- Same- R Sender—
sender sender receiver sender receiver sender feceiver
Same-receiver Same-receiver Same-receiver Same-receiver
NYU Duke Michigan UCLA
Rank:10 Rank:12 Rank:14 Rank:14
Reciprocity Reciprocity Reciprocity Reciprocity
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Figure 3.4: Radar plots of local network effects for institutions labeled in Figure 3.3, ordered by the U.S.
News & World Report rankings in 2012 for business schools.

Figure 3.3 presents the density and scatter plots that illustrate the local network effects of the
hiring network in business schools. The density plot reveals a striking contrast between the distri-
butions of the same-receiver and same-sender effects. One interpretation is that the same-receiver
effect might be influenced by hiring mechanisms that exhibit fewer variations across institutions,
implying they adopt similar hiring strategies. On the other hand, the same-sender effect could be
determined by an institution’s production of graduates who are competitive for positions elsewhere,
and this ability might differ substantially between institutions. The scatter plot highlights the local
reciprocity effect in contrast to the same-sender effect, with the other two effects being relatively
negligible (close to 0). Furthermore, Figure 3.4 clearly shows that top-ranked institutions exhibit
more pronounced reciprocity and same-sender effects compared to their lower-ranked counter-

parts. This aligns with our real-life observation that institutions across all tiers strive to recruit the
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best possible candidates. In line with this strategy, while the majority seek hires from higher-tier

institutions, those ranked at the top would subscribe to reciprocal hiring.

Table 3.6: The p-values for testing distinct network effects across disciplines

Hy:m=0 Hy:m3=0 Ho:ny=0 Hy:ns =0

(reciprocity) (same-sender) (same-receiver) (sender-receiver)
Business 0.102 <1073 0.418 0.093
History 0.021 <1073 0.558 0.042
Computer Sciences 0.029 <1073 0.556 0.095

Table 3.6 shows the p-values of our tests, along with the corresponding estimated values of net-
work effects. For tests based on reduced network moments, we report the p-value of combination
test based on 10,000 repeated random sampling and leveraging the concept of data-splitting strat-
egy (DiCiccio and Romano, 2019; Liu and Xie, 2020; Zhang et al., 2021). We employ the approach
known as the Z-average test, as referenced in Liu et al. (2022), to combine p-values under general
dependence. Specifically, assuming the test statistics follows a multivariate normal distribution, a
Z-average test based on the sample mean of test statistics rejects the null hypothesis if the absolute
value of the average of test statistics is greater than z,, where z,, is the upper «/2-quantile of the
standard normal distribution. More analytical details and results are provided in Section B.4 in the
Appendix.

Our method detects significant same-sender effect across all three fields, which agrees with our
observation from the density plots for business schools in Figure 3.3. This result highlights the
presence of heterogeneity among institutes as a sender of competitive candidates (Zeleneev, 2020;
Candelaria, 2020; Chen et al., 2021b; Johnsson and Moon, 2021). Table 3.6 also reveals that the
hiring behavior is reciprocated among computer science and history departments. We also observe
clear sender-receiver effect between history departments. A potential explanation could be that
recruiting from higher-tier institutions appears to enhance the competitiveness of the candidates

produced by an institution, thereby reinforcing its role as a more effective sender.
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3.7.2 International trade network

We now proceed to analyze the network effects within the trade network between 157 countries
in 1986, using data from Helpman et al. (2008b). This network contains outcomes {y;. j}lg{id}gn,
representing the volume of trade in thousands of constant 2000 US dollars from country ¢ to country
J, together with eight trade-related covariates {xi7j}1§{i7j}§n to be listed in (3.39). We follow the
data processing procedure described in Chen et al. (2021b) and applied their preferred specification
of model estimation to derive {ei7j}1§{i7j}§n of our interest. Let B\’s, where 1 = 1,2,...,8, denote
their estimated coefficients in the gravity equation of trade between countries. Then e; ; could be

written as

€ij = yi,j/ exp { BlDistancei,j + ggBorderi,j + BgLegali’j + @Languagem

+ @Colonym + BGCurrencyi,j + @FTAM + BgReligionm}. (3.39)

A detailed description of covariates in (3.39) can be found in Helpman et al. (2008b). Note that
{€ij}1<{i,jy<n captures the dependence within a network through the nonlinear factor model de-
veloped in Chen et al. (2021b). In this application, we set A = 1 for the testing procedure based on

reduced network moments. We conduct the tests for network effects and the results are summarized

in Table 3.7.
Table 3.7: The p-values for testing different network effects.
Hy:me=0 Hy:n3=0 Hy:ny=0 Hy:ns =0
(reciprocity) (same-sender) (same-receiver) (sender-receiver)
p-value <107° <107° <107° <107°
estimate 72.681 33.913 17.963 23.122

Our tests suggest that all types of network effects are positive and significantly different from

zero. Among these effects, the reciprocity effect accounts for most part of variation in international
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trades, followed by the same sender effect, sender-receiver effect, and the same receiver effect in
decreasing order. The positive estimate of the recrprocity effect indicates that high import volume
from one country to another is typically reciprocated. This observation aligns with the findings
in Chen et al. (2021b). In fact, the reciprocity effect is widely observed in economic networks
(Squartini et al., 2013; Cranmer et al., 2014). A comparison between the estimation of the same
sender effect and the same receiver effect indicates that countries vary more in their export volumes
than in their import volumes. This heterogeneity in countries’ roles as importers and exporters
has also been observed in other trading networks, as noted in Hoff (2021). Moreover, the positive
estimate of the sender-receiver effect implies a correlation between a country’s propensity to import
and export commodities. Specifically, countries that are more likely to import commodities are
also likely to be more active in exporting commodities, and vice versa. This observation suggests
a process of market liquidity whereby few countries are net importers or net exporters. Additional

results are shown in Section B.4 in the Appendix.
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Chapter 4
Informative core and partial informative periphery

detection in directed networks

4.1 Introduction

Recent years have witnessed an increasing number of studies addressing the detection of core-
periphery structures in networks. Identifying non-informative structures is crucial when the em-
phasis is on global structures, serving both interpretation and subsequent analysis, as exemplified
in empirical applications such as Li et al. (2022) and Li et al. (2020). For instance, in network
modeling, the assumed structure of interest may only apply to a subset of the network, leaving
the remainder non-informative. An adept preprocessing method should accurately discern the core
and exclude the peripheries. Moreover, discerning the non-informative and informative compo-
nents in complex networks enhances our comprehension of the distinct roles played by various
actors within the network.

Many existing methods for identification of core-periphery structures suffer from restrictive
model assumption on the core structure (Borgatti and Everett, 2000; Zhang et al., 2015; Gallagher
et al., 2021) or missing the theoretical grantees (Rossa et al., 2013; Rombach et al., 2017). More-
over, although many methods designed to identify core-periphery structures were formulated with
a focus on undirected networks, a frequently encountered scenario is the presence of relational data
characterized by directed networks. Examples can be found in various domains such as coauthor-
ship and citation networks (Ji and Jin, 2016), hiring networks (Clauset et al., 2015), international
trade networks Helpman et al. (2008b), email corpus (Diesner and Carley, 2005), and annual av-
erage daily traffic values (Wang and Kockelman, 2009). In this study, our goal is to propose a
computationally efficient method for identifying both informative and non-informative structures

in weighted directed networks without making assumptions about a specific core structure. Un-
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like previous research that assumes the core component as a densely connected sub-network, our
approach distinguishes between core and periphery components based on their informative connec-
tion patterns. This idea draws inspiration from the work of Miao and Li (2023), with our method
offering a more comprehensive extension tailored specifically to weighted directed networks, in
contrast to their emphasis on the unweighted undirected network setting.

In directed networks, nodes inherently assume distinct roles within the system as both senders
and receivers. Leveraging the directionality, we provide two modeling strategies to delineate non-
informative senders and non-informative receivers in directed networks. In the first approach, we
categorize uniform relational patterns as non-informative, denoting the non-informative nodes as
the sender or receiver peripheries according to their sending/receiving behaviors. In the second
approach, we explore a variation of non-informative connections that depend only on two nodes
individually, inspired by the configuration model (Bollobds, 1980; Cooper and Frieze, 2004; Cai
and Perarnau, 2020). Note that in both approaches, the informative components are not confined
to a specific network model, providing our method with flexibility across various scenarios. In
the context of the proposed models, we devise corresponding algorithms to identify the informa-
tive and non-informative components. Under specified conditions, our algorithm is demonstrated
to ensure the recovery of sender and receiver peripheries, with the probability asymptotically ap-
proaching one.

The rest of the chapter is organized as follows. Section 4.2.1 introduces our core-periphery
model, while Section 4.2.2 outlines the algorithm for informative core and non-informative periph-
ery identification under the proposed model. Section 4.3 delves into the theoretical properties of
the algorithms, focusing on identification accuracy. Extensive simulations are included in Section
4.4.1, demonstrating our method’s superiority over benchmark methods. We apply the proposed
algorithm to the faculty hiring network in Section 4.4.2, revealing insights into hiring preferences.
Proofs and additional simulation results are provided in the Appendix.

Notification. We use capital boldface letters such as M to denote matrices. Given a matrix M,

M, ., M, j, and M, ; are the i-th row, j-th column, and (7, j)-th entry, respectively. Let || M||, and
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|M]|2,0 be the spectral norm and the two-to-infinity norm (maximum Euclidean norm of rows)
of M, respectively. For sequences {a,} and {a,}, we write a,, < b, if there exists there exists a
constant C sufficiently large such that a,, < b,, for sufficiently large n; a,, = b, if there exists there
exists a constant C sufficiently large such that a,, > b,, for sufficiently large n; and a,, < b, if
a, = b, and a,, = b,,. For two numbers a and b, we write a \VV b to denote the maximum of a and b;

a A b to denote the minimum of a and b.

4.2 Method

4.2.1 The core-periphery model for directed networks

Consider a weighted directed network of n nodes, represented by A := {A; ;}; jc[, With the
shorthand [n] := {1,2,...,n}. Inspired by the signal-plus-noise model (Lei, 2019; Cai et al., 2021;
Agterberg et al., 2022; Zhang and Tang, 2022), we assume that there exists an underlying mean
structure matrix W such that W := {W, ; = E(A; ;) }: jcn» and define the noise between A and
W as E := A — W. We inherit the definition of the ER-type core-periphery structure proposed by
Miao and Li (2023) for the periphery components in [n], which do not admit structures that may
be interesting for modeling. Nevertheless, distinct from Miao and Li (2023) where the authors
consider an undirected and unweighted network setting, we define the “sender periphery” and
“receiver periphery” components in based on the directionality of the edges. A node in the sender
periphery, denoted by P, is non-informative for its behavior as a sender in W, while it may yield
interesting pattern as a receiver. Analogously, a node in the receiver periphery, denoted by P,, is
considered non-informative in its role as a receiver in W, but it can manifest notable patterns when
functioning as a sender in the network. In our context, a node in the core component C indicates it
is informative for both its behavior as a sender and its behavior as a receiver in W.

Although the informativeness of a specific type of structure may differ across specific appli-
cations, we assert that the commonly perceived non-informative pattern can be relatively straight-
forwardly defined. Within the framework of directed networks, we establish the following core-

periphery structure that is based on one such pattern.
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Definition 4.2.1 (The ER-type informative core-periphery model for directed networks). For net-
work A € R"*", assume there exists a matrix W € R" " such that E(A) = W. Moreover,
the nodes in the network can be characterized into a core set C, a sender periphery set Ps, and a

receiver periphery set P, such that for all j, k € [n],

Po={i € [n)|Wi; = Wi}, P = {i € [n]|W;; = Wy},

and C = [n]/(Ps U P,).

Definition 4.2.1 indicates that all directed edges with sender node from the sender periphery are
generated with the same mean value, analogous to identical probability in the Erd6s-Rényi (ER)
model (Erd6s and Rényi, 1959). That means, a node is non-informative as a sender if there is no
variation among its out-degrees in W. Similarly, a node with no variability in its in-degrees con-
sidered to be a non-informative receiver. The overlap components between P, and P, is referred
to as the “pure periphery”, which underscores its lack of informativeness in both its capacity as a

sender and its role as a receiver. Consequently, there exists a mean value wy € R such that

W, ; =wy, when i € P; or j € P,. 4.1)

In contrast, directed edges that incorporate at least one node from the core set may follow any con-
nection pattern as long as the pattern is distinct from (4.1). Such versatility ensures the capability
to capture any non-uniform relational structure. This ensures that our model can be effectively uti-
lized as a preprocessing stage for subsequent analysis. In general, node 7 in [n]/P; is informative
in its sending behavior since the variation presents in the ith row of matrix W. Likewise, node 7 in
[n] /P, is considered informative in terms of its receiving behavior. Henceforth, we shall designate
[n]/Ps as the “informative sender set” and [n|/P, as the “informative receiver set”. The model in
Definition 4.2.1 enables the identification of nodes that exhibit distinct patterns when functioning

as senders or receivers. Note that certain nodes can reveal informative patterns as senders while
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remaining non-informative when acting as receivers, and vice versa. This dichotomy may provide
valuable insights for practical applications.

In the realm of network modeling, to extend the capabilities of the ER model and accommodate
heterogeneous edge weights, one can turn to the Chung-Lu (CL) model (Chung and Lu, 2002).
Unlike the ER model, which assumes uniform edge weights, the CL. model incorporates a node-
specific weight vector to capture heterogeneity in the network. Specifically, the value taken by edge
from node ¢ to node j is directly proportional to the product of their respective weights. Motivated
by these insights, we propose a configuration-type core-periphery model for directed networks as

in Definition 4.2.2. This model aims to address the degree heterogeneity in the peripheral structure.

Definition 4.2.2 (The configuration-type informative core-periphery model for directed networks).
For network A € R™ ™, assume there exists a matrix W € R™*" such that E(A) = W. Denote
the expected in-degree and out-degree of node i as d.; == Y. W, and di := Y7 W, ;. Let
dwi := Y, d;s. The nodes in the network can be partitioned into a core set C, a sender periphery

set P, and a receiver periphery set Ps, where for all j € [n],

PS = {Z c [HHW%] = dl*d*j/d**},,])r = {’l € [n”W],z = dj*d*z/d**},

and C = [n]/(Ps U P,).

Similar to the observation in ER-type core-periphery model, directed edges with sender node
from [n]/P, or receiver node from [n]/Ps can follow any connection pattern other than the periph-
ery structure characterized in (4.2). Specifically, the non-informative pattern in Definition 4.2.2

indicates that

W, o< did,j, when i € P, or j € P,. 4.2)

The pattern observed in the periphery is considered to be non-informative, as the connection pattern
between two nodes relies separately on specific node features. More precisely, this pattern is

analogous to a streamlined version of the directed configuration model (Cooper and Frieze, 2004;
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Cai and Perarnau, 2020), which stems from the work of Bollobas (1980). In this context, the
expected value of a directed edge is determined solely by the product of the expected in-degree

and expected out-degree of the two nodes involved.

4.2.2 Algorithm

Under Definition 4.2.1, for 2 € P and j € P,, W, , and W, ; are vectors of the same value,
respectively, which display minimal variability. On the contrary, for i € [n]/Ps and j € [n]/P,,
W, . and W, ; exhibit a larger variation, which demonstrates a informative pattern. Therefore, the
detection of the sender/receiver periphery sets and the core set within node set [n] can be achieved
by analyzing the respective variation in their sender and/or receiver behaviors, i.e. the row-wise
and column-wise variation in W.

Consider the centering matrix H,, :=I,, — n‘llnlg as in Miao and Li (2023), we define the
sender score and receiver score of node 7 in W based on the variation of the entries in correspond-

ing vectors as

Six 1= (V n-— 1)_1||Wi,*Hn||2 and S,; 1= (V n-— 1)_1||W*T,z‘Hn||27 (4.3)

respectively. The the detection of the non-informative components within the node set are two-
folded regarding the sending behavior and receiving behavior for i € [n]. Firstly, by Definition
4.2.1, fori € Py, we have S, = 0, since W, , is a vector of constant values. Secondly, the receiver
periphery could be detected for its small receiver score, i.e. S,; = 0. Consequently, for < € C, the
elements in W, ; and W, , exhibit a large variation, which indicates its sender score and receiver
score are bounded away from zero.

Note that the mean structure matrix W cannot be directly observed in practice. To overcome
this limitation, we consider the estimator of W by denoising the observed matrix A, denoted by

W. This can be accomplished by employing the Universal Singular Value Thresholding (USVT)

strategy based on the singular value decomposition (SVD), as proposed by Chatterjee (2015). We
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provide a comprehensive overview of our algorithm for the ER-type model under Definition 4.2.1

in Algorithm 1.

Algorithm 1 Variation-based algorithm for detecting C, P,, and P, under Definition 4.2.1

Input: the adjacency matrix A and approximating rank 7.

1. Find the low-rank approximation of A through rank r truncated SVD. Denote the resulting
matrix by W.

2. Calculate the sender score and receiver score for i € [n] by substituting W with W in (4.3),
denoted by 5;, and S,;, respectively.

3. Determine the thresholds for sender score and receiver score, denoted by ¢, and ¢;..

4. For each ¢ € [n] and prespecified cg, ¢, > 0, classify node 7 as sender periphery if §Z* < ¢
classify node ¢ as receiver periphery if S,; < ¢,, otherwise classify node 7 as a core node.

We now proceed to introduce the detection procedure for discerning informative and non-
informative sender and receiver nodes in the context of the configuration-type model under Defi-
nition 4.2.2. A strategy analogous to that utilized in the ER-type core-periphery model can be em-
ployed with a specific modification to deal with the heterogeneity in out-degrees and in-degrees.

Specifically, this approach incorporates a degree-correction step, where

W, ;/dy; o d;y, when i € P, and (4.4)

Wi,j/di* X d*j, when ] S Pr. (45)

Therefore, the sender score for nodes in the sender periphery is zero after scale W by the corre-
sponding in-degrees as shown in (4.4). This sets nodes in Py apart from other components with
sender scores bounded away from zero. Note that we utilize the column vectors in W to to perform
degree correction and calculate the sender score based on row vectors after this manipulation. Sim-
ilarly, (4.5) indicates that the receiver score for nodes in receiver periphery is zero after scale W by

the corresponding out-degrees. To simplify the derivation, define D, := diag{dy., dox, ..., dn.}
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and D, := diag{d,1, d., . .., d., }. In practice, the in-degree and out-degree of node 7 can be esti-
mated from the adjacency matrix by cﬁ, = Z;‘:l A;;and c/l\z* = Z?:l A,; ;. For the configuration-
type core-periphery model, we consider the plug-in estimator for both D, and D, to perform

degree-correction, as outlined in Algorithm 2.

Algorithm 2 Variation-based algorithm for detecting C, P, and P, under Definition 4.2.2

Input: the adjacency matrix A and approximating rank r.

1. Find the low-rank approximation of A through rank r truncated SVD. Denote the resulting
matrix by W.

2. Estimate D, by ]35 = diag{c?l*, C/i\g*, . ,Jn*}, and D,. by ﬁr = diag{ci*l, C/Z\*% . ,c@n}.

3. For i € [n], calculate the sender score by substituting W with WD Lin (4. -3), denoted by Six;
and the receiver score by substituting W with D W in (4.3), denoted by S.i.

4. Determine the thresholds for sender score and receiver score, denoted by ¢ and ¢,.

5. For each i € [n] prespecified ¢, ¢, > 0, classify node 7 as sender periphery if S < Ty classify
node ¢ as receiver periphery if S,; < ¢,, otherwise classify node i as a core node.

4.3 Theoretical properties

We now proceed to present the theoretical analysis of the variation-based algorithms applied
to both models, as defined in Definition 4.2.1 and Definition 4.2.2. Our exploration begins with
the ER-type informative core-periphery model for directed networks, which is discussed in detail
in Section 4.3.1. The theoretical insights and properties uncovered in this section will then be

extended to the configuration-type model in Section 4.3.2.

4.3.1 ER-type directed models

Recall the sender scores and receiver scores are defined by row-wise and column-wise variation
in W by (4.3). In order to characterize a node by its sending and receiving behavior, it is necessary

for the existence of a distinction between the scores attributed to informative components and those
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of non-informative components. With this in mind, we will investigate the conditions such that the
minimum sender score for nodes in [n]/P; serves as an upper bound for the maximum sender score
among nodes in P,. Similarly, these arguments apply to the receiver scores.

Note that we apply the rank-r truncated SVD for estimating W in Algorithm 1. In our context,
both W and A are not necessarily symmetric. To facilitate our derivation, we first decompose the
adjacency matrix A and its mean structure W. Let A\; > Ay > ... > ), and Xl > Xg > ... > Xn

be the singular values of W and A, respectively. Consider the following decompositions:

A 0| |VT
W = [U UL} = UAVT + U A VT, (4.6)
0 A | |VT
1A o | (VT
A= [U UL:| R =UAV" + U, A, VT, 4.7)
0 A | |VT

where A = diag(\i, Ag,..., \;) and A; = diag(A41, Ario, ..., \,). Additionally, U and V are
n x r matrices with orthonormal columns; U and V| are n x (n — r) matrices with orthonormal

columns. Additionally, we can define IAJ \Af U 1 and \Y% 1 in (4.7). Furthermore, we define

w" := max W,;;. (4.8)

1<i,j<n

In order to ensure the effective performance of the estimation procedure for W in Algorithm 1, we

consider the following assumptions. Our first assumption pertains to the noise matrix E.

Assumption 4.3.1 (Noise). The elements in the noise matrix E are independent mean-zero sub-

exponential random variables with variance uniformly bounded above by a positive constant.
The following assumption validates the low-rank approximation in Algorithm 1.

Assumption 4.3.2 (Approximate low-rankness). For some universal C that is large enough, A\, >

Cnw* /\/r, and N\, = \11.
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The following assumption pertains to the incoherence of the matrix W, serving as a metric
for quantifying the “spikiness" inherent in the matrix (Chen et al., 2021). Specifically, Assumption
4.3.3 assumes the singular vectors of W are j1p-incoherent, which is noted in much of the literature

(Balcan and Zhang, 2016; Chi et al., 2019; Wei et al., 2020).

Assumption 4.3.3 (Incoherence). The matrix U and V of left and right singular vectors of W

satisfy [|U||2.00 V || V]|2,00 < toy/7/n for a scalar 1 that may depend on n.

We are now ready to present our main result regarding the identification of informative and non-
informative components with a network under Definition 4.2.1 in relation to sender and receiver
behaviors. Define the minimum sender score in [n]/P;s scaled by v/n — 1 as f4(n) in (4.9) and

similarly define ¢,.(n):

ly(n) := min |[|[W,, H,|ls, ¢(n):= min |[WI.H,|-. 4.9
(n) ier[{%l]l/rg%ﬂ <Hall2, £:(n) ie?ﬁ]%” «iHall2 (4.9)

Theorem 4.3.1. Assume a weighted directed network A is generated from the ER-type core-

periphery model under Definition 4.2.1, satisfying Assumption 4.3.1-4.3.3. Furthermore, we as-

sume that \i /\, is bounded and w* = r*® /n \V r'° /\/n. If
ls(n)/logn = {(logn + r)uo}> + Ari1, (4.10)

then there exists c¢; > 0, such that for sufficiently large n, Algorithm 1 recovers Py and [n|/Ps with
probability at least 1 — (B(r) + 1)n~" for some positive constant vy, where B(r) = 10min{r, 1 +

logy (A1 /A) }. Similarly, if
(.(n)/logn = {(logn + r)uo}?* + Ai1, (4.11)

then there exists ¢, > 0, such that for sufficiently large n, Algorithm I recovers P, and [n|/P, with

probability at least 1 — (B(r) + 1)n™7.
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Generally, Algorithm 1 will recover the sender periphery and receiver periphery with prob-
ability asymptotically goes to one if the thresholds for sender score and receiver score satisfy
s =< /n ' (logn)*{(logn +r)2u2 + Ay1 } and ¢, =< ¢, for any o € (0,1). In practice, we can set
Cs = Cp = \/ﬁ_l(log n)*{(logn + 7)*ué + \.+1}. We provide a more comprehensive expression
than (4.10) and (4.11), incorporating A; /., without necessitating assumptions of the bounded-
ness of A;/A, in the proof of Theorem 4.3.1. We introduce this assumption here to enhance the
conciseness of Theorem 4.3.1.

Different from Miao and Li (2023) where the authors explicitly assume p* = p2rlogn/n V
p2r*logn/n, with p* representing the maximum value of underline symmetric connection prob-
ability matrix for a binary network, we assume w* = r%°/n V r°/\/n in Theorem 4.3.1. The
disparity between these two assumptions arises from the fact that our framework encompasses
more expansive scenarios, accommodating network configurations in which the edge weights are
not confined to binary values of O or 1. In view of Assumption 4.3.3 and the condition on w*, our
algorithm is adept at accommodating some degrees of sparsity within networks. As an illustration,
consider the zero-inflated Poisson model, where P(A; ; = 0) = 7, + (1 — 7,) exp(—A\; ;). Our
assumptions hold true when (1 — ,,) > 1/4/n. Furthermore, in the case of binary networks where

A, ; ~ Bernoulli(p,p; ;), our assumptions are fulfilled when p,, > 1/1/n.

Remark 4.3.1. The assumption of w* = r*5/n \V r'5/\/n in Theorem 4.3.1, is introduced for
controlling the error associated with the utilization of a rank-r truncated SVD for the estimation of

W. Specifically, this assumption guarantees the upper bound control of ||[UAVT — GK‘GTHQ’OO.

4.3.2 Configuration-type directed models

Now we proceed to demonstrate the theoretical properties of Algorithm 2 under Definition
4.2.2 of the configuration-type directed models. By (4.2), when ¢ € P, the variability ob-
served in W, ,D;"" is minimal. Analogously, when i € P, the variation exhibits in W ;D
is minimal. Recall the sender score and the receiver score of i € [n] are denoted by Si =

(vn—1)7Y|W,.D:'H, |, and S,; := (v/n — 1)_1|]W£iﬁ;1Hn|]2. In parallel to Equation (4.9),
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under the configuration-type directed model, we define the minimum sender score in the set [n] /P,
normalized by a factor of \/n — 1, denoted as h4(n); and define A, (n) in a similar manner:

he(n) := min [|[W,.D'H,l||2, h.(n):= min |WI.D;'H,|.. (4.12)
i€[n]/Ps ’ i€[n]/Pr ’

Moreover, we write 0* := max; <; j<, Var(E; ;), and

n n

Osmax ‘= max » Var(E;;), 0, max :=max » Var(E;;), (4.13)
i€[n] 4 JE[n] £
j:l =1
and define the minimum sender degree and receiver degree as in (4.14). By Assumption 4.3.1, we
have 05 max V 0rmax = 1 and o is bounded above by a positive constant. We are now ready to
present the main result concerning the identification of informative and non-informative compo-
nents under Definition 4.2.2.

ds,min ‘= min di*, dr,min = min d*l (414)

i€[n] i€[n]

Theorem 4.3.2. Assume a weighted directed network A is generated from the configuration-type

core-periphery model under Definition 4.2.2, satisfying Assumption 4.3.1-4.3.3. Furthermore, we
assume that d, yin > (\/Ormax lognV v/o*logn), A1 /A, is bounded, and w* = r*° /n\ ' /\/n.
If

hs(n)/logn = d, . {(logn + 7)1 + As1 + [[WD, ! [2,00(v/0r.max log n V Vo*logn)},
(4.15)

then there exists c; > 0, such that for sufficiently large n, Algorithm 2 recovers P, and [n|/ P, with

probability at least 1 — (B(r) + 3)n~" for some vy > 0, where B(r) = 10min{r, 1 +log,(A1/\,)}.
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Similarly, substituting the assumption on d, iy With ds min = (\/0smax 10gn V v/ o*logn), if

he(n)/logn = d_} . { (ogn +7)°ug + Mgt + [[W D |2,00 (/0 s max log n V Vo*logn)},
(4.16)

then there exists ¢, > 0, such that for sufficiently large n, Algorithm 2 recovers P, and [n] /P, with

probability at least 1 — (B(r) + 3)n™".

More general expressions of (4.15) and (4.16), which do not rely on assumptions regarding
the boundedness of \;/\,, are given in the proof of Theorem 4.3.2. The assumptions regarding
the minimum sender and receiver degrees indicate that the worst-case scenarios are characterized
by dsmin = Vnlogn and d,min > y/nlogn. These conditions are notably more rigorous than
that employed in the context of undirected and unweighted networks, as elaborated in Miao and
Li (2023). Specifically, the authors assume independent generation of A; ;’s from Bernoulli(P; ;)
for 1 <1 < j < n, where P is the underlying probability matrix. The pivotal aspect of their
simplification hinges on the fact that the variance of a Bernoulli random variable is constrained by
its mean. It turns out our assumption on minimum sender and receiver degrees can be relaxed to

s min N dymin > logn if we have

iVar(Em) = d;x, and i Var(E; ;) < d,; forany ¢ € [n]. (4.17)
j=1 J=1
This aligns with the condition required in binary settings. In fact, for weighted directed networks,
there exist a multitude of scenarios that meet the condition in (4.17). In addition to Bernoulli
configurations, scenarios where A; ; ~ Poisson(J\; ;), as well as Negative Binomial configurations
where A, ; ~ NBin(c; ;, p; ;) with the condition that p; ;’s are less than 0.5, all conform to (4.17).

We present the corresponding result with weaker assumptions on d; i, and d, i, than Theorem

4.3.2 in Corollary 4.3.1.

Corollary 4.3.1. Assume a weighted directed network A is generated from the configuration-

type core-periphery model under Definition 4.2.2, satisfying Assumption 4.3.1-4.3.3 and (4.17).
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Furthermore, we assume that d,. i > logn, A1/, is bounded, and w* = r*° /n N/ r'° /\/n. If

hs(n)/logn = d;rlnm{(logn + 7218 4+ A1 } 4 [[WD;[2,004/108 1/ dr i, (4.18)

then there exists cs > 0, such that for sufficiently large n, Algorithm 2 recovers P and [n] /P with
probability at least 1 — (B(r) + 3)n~" for some vy > 0, where B(r) = 10min{r, 1 +log,(A1/\,)}.

Similarly, substituting the above assumption on d, i, With ds min > logn, if

he(n)/logn = d . {(logn +7)ug + Ag1 } + [[WD; ! |2,001 /108 1/ d o, (4.19)

then there exists ¢, > 0, such that for sufficiently large n, Algorithm 2 recovers P, and [n|/P, with

probability at least 1 — (B(r) 4+ 3)n™".

Consequently, under the conditions of Corollary 4.3.1, Algorithm 2 is capable of recover-
ing both the sender periphery and the receiver periphery with probability asymptotically goes
to one, provided that the threshold values for the sender score and receiver score adhere to the
conditions ¢, = \/ﬁ_l(logn)o‘{d;;in{(logn + 722 + Arg1} + [[WD2,000/108 1/ min }

and ¢, < /n ' (log n)*{d; 1in{(logn + r)?ud + A1} + [[WD 2,001 /10g /s mmin} for any
a € (0,1).

4.4 Numerical studies

In this section, we assess the efficacy of the proposed algorithms through experiments on syn-
thetic networks and demonstrate their application using data from the faculty hiring network as

introduce in Section 3.7.1, where our method uncovers intriguing insights.

4.4.1 Simulation studies

Denote our proposed method as Directed-CP, we consider the following benchmarks of

core-periphery identification method for comparison

(1) Degree: the centrality measure based on the degree within a network (Chung, 1997);
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(2) PageRank: the centrality measure based on the random walk method (Brin and Page, 1998);

(3) Undirected-CP: the “coreness” score based on variation in a network (Miao and Li, 2023);

(4) Co-clustering: the directional clustering method based on the spectral algorithm (Rohe

et al., 2016);
(5) ASE: the adjacency spectral embedding algorithm (Sussman et al., 2012).

The above methods examines the core-periphery structure as a type of centrality defined in
complex networks. Firstly, the degree method characterizes nodes with higher degree as core
components, and degree-based algorithms have demonstrated competitiveness, as highlighted in
the study by Cucuringu et al. (2016); Rombach et al. (2017). Secondly, The PageRank algorithm
(Page et al., 1998) recursively define nodes as important their connections to other nodes that
are important. It was originally designed for Google Search to assess and rank website pages
in search engine results. This algorithm navigates through webpages by randomly clicking on
hyperlinks, assigning each node ¢ a weight representing its PageRank centrality measure. The
PageRank method has found diverse applications, including ranking proteins (Liu et al., 2020)
and assessing the influence of scientists and academic papers (Ma et al., 2008; Ding et al., 2009).
Thirdly, the undirected-CP method is proposed by Miao and Li (2023) for identifying the non-
informative periphery structure of networks without imposing a specific form for the informative
core structure. The centrality measure of this method depends on whether the nodes in a network
have informative connection patterns. Since the method focuses on undirected networks, we adopt
the input (A + AT)/2 when dealing with a directed network represented by the adjacency matrix
A. Fourthly, unlike the previous methods which assign different weights for each node, the co-
clustering method proposed by Rohe et al. (2016) clusters the nodes by the eigenvectors, which
could be considered as clustering based on eigenvector centrality. Lastly, we consider the ASE

method (Sussman et al., 2012) where the embedding associates each node with a vector and the
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vectors are clustered via minimization of a square error criterion. We employ the co-clustering
method and ASE method to categorize nodes into informative and non-informative components

based on their sender and receiver behaviors, respectively.

Simulation settings

In the generation process, we explore both weighted networks with count outcomes and un-
weighted networks. Across various configurations, we manipulate network sparsity to illustrate its
impact on different algorithms. We consider networks with 1,000 nodes in this section, where the
core size 1s 500, and the sizes of P, and P, are 300 and 400, respectively. By construction, the
network consists of 200 nodes that serve neither as informative senders nor informative receivers.

We consider the following settings

(a) For the informative part where i ¢ P, and j ¢ P,, generate g2(a;, b;) = sin{dm(a; + 2b; —
1) + 1}/2 4 0.5, within which {a;}i<i<, and {b;}1<;<, are independently generated from
Uniform(0, 1). For i € P or j € P,, we set the ratio between the average weight of g2(a;, b;)
and that of the informative part as 0.8. Generate A;; ~ Binary{pgs(a;, b;)}, where p is the

sparsity parameter for binary networks.

(b) For the informative part where i ¢ P, and j ¢ P,, generate ¢1(a;,b;) = a; + b;, within
which {a; }1<i<, and {b; }1<;<, are independently generated from Poisson(1.5). For i € Ps or
J € P,, we set the ratio between the average weight of ¢ (a;, b;) and that of the informative
part as 0.8. Generate A; ; through a zero-inflated Poisson (ZIP) model (Lambert, 1992) with

Aij = g1(a;, b;) and 1 — p as the probability of extra zeros.

We adapted setting (a) from a construction similar to that in (Miao and Li, 2023) for binary con-
figuration where the network does not have a block structure. We can derive that W := {W, ; =
pga(a;, b;)}i jepm) and different levels of sparsity can be achieved by adjusting the parameter p. For
setting (b), the underlying mean structure matrix W varies by the choice of the probability of ex-
tra zeros in the ZIP model. Specifically, we have W := {W, ; = pgi(a;,b;)}; jepn). Varying p

constructs different sparsity level in weighted networks. We apply the cross-validation method (Li
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et al., 2020) to choose r for the low-rank approximation of A through rank r truncated SVD. In
practice, people can also consider other alternatives for choosing r, such as likelihood ratio test
and the scree plot (Jolliffe, 2003) and the apporach based on the ratio of consecutive eigenvalues
(Lam and Yao, 2012; Ahn and Horenstein, 2013; Fan et al., 2016).

To comprehensively assess the identification performance of different methods, we utilize the
receiver operating characteristic (ROC) curve (Fawcett, 2006). The ROC curve provides a graph-
ical representation of the trade-off between the true positive rate (TPR) and the false positive rate
(FPR), where the TPR is defined as the proportion of actual informative nodes correctly identified
by a method, while the FPR represents the proportion of non-informative nodes incorrectly to be
identified as informative. Under each configuration, we repeat the experiment 10 times and show
the average value of TPR and FPR. For the methods outlined in (1) through (3), as well as our
proposed algorithm, we present the ROC curve across a range of threshold values. In contrast, the

co-clustering method and ASE method are represented by individual points within the ROC space.

Simulation results

Figure 4.1 and figure 4.2 show the results under the ER-type model under settings (a) and (b),
respectively. Figure 4.3 and figure 4.4 show the results under the configuration-type model under
settings (a) and (b), respectively. Evidently, our proposed method Directed—-CP outperforms
other approaches across a range of settings characterized by varying levels of sparsity. The ef-
ficacy of our method remains particularly pronounced in less sparse networks. However, as the
network approaches high sparsity levels (e.g., p = 0.06 for (a) and p = 0.2 for (b)), the advantage
diminishes to a more moderate extent. This observation aligns with the inherent challenges posed
by extremely sparse networks, where the minimum sender score within the informative sender set
may become too small to satisfy the conditions in (4.11) and (4.16). A parallel rationale applies to
the receiver score in such scenarios. Moreover, an increasing level of sparsity may leads to a worse
estimation of W from observing a network. Nevertheless, our method remains the most superior

for identifying informative and non-informative components within directed networks.
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Figure 4.2: Simulation results for ER-type directed models under zero-inflated Poisson configurations in
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Figure 4.3: Simulation results for configuration-type directed models under binary configurations in (a)
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Figure 4.4: Simulation results for configuration-type directed models under zero-inflated Poisson configu-
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We extend our investigation to encompass the generation of networks characterized by differ-
ent densities in informative and non-informative components, where our method exhibits superior
performance across different ratios of density between the core and the periphery components. A

more detailed discussion on this aspect is deferred to Section C.4 in the Appendix.

4.4.2 Real data analysis

In this section, we apply the proposed Algorithm 1 to analyze the faculty hiring network in
business schools collected by Clauset et al. (2015) as introduced in Section 3.7.1. We truncate
the data at 4 to avoid any extreme values for better estimation of the underlying mean structure
of the network. Figure 4.5 displays both sender and receiver scores across 112 business schools.
Moreover, we explore the relationship between the scores and the rank of business schools based

on 2012 rankings by U.S. News & World Report.

usc farvard . Category

: : . I
University of Chicago ‘ Sender
Duke University i 7 ”

Rutgers University Stanford 1.0+
Bentley University UCLA '

Receiver

_.
o

A MIT
Cornell .
Dartmout’h C'ollege PSU

University of Rochester
Univefsity, of Oregon e

4 Universify offKansas

Score

0.5

Receiver Score
©
(6]

TR gl

Rollins -College

0.01

0.0 05 1.0 15 0 30 60 90
Sender Score Rank

Figure 4.5: Left: the sender and receiver scores across 112 business schools. Right: the bar plot for scores
versus ranks of different institutions.

The left plot in figure 4.5 illustrates that top-tier institutions (e.g. , Harvard and Chicago) ex-
hibit notably high scores in both dimensions. This observation implies that these institutions not
only display informative hiring preferences but also that their alumni demonstrate distinct pref-

erences regarding their faculty placements. Notably, USC demonstrates a comparatively lower
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sender score but a significantly elevated receiver score compared to its counterparts. This obser-
vation implies that while USC sends a considerable number of students to other universities, it
exhibits a distinct preference in hiring. This discernible inclination may be rooted in geographical
factors, potentially linked to the high desirability of job opportunities in the Los Angeles region.
The right plot in figure 4.5 shows that numerous institutions, particularly those of lower tiers,
appear to display non-informative sending behaviors, possibly due to a smaller number of their
alumni pursuing academic careers. Despite exhibiting less informative sending patterns, many
schools reveal discernible hiring tendencies, evident from the generally higher blue bars in the plot
compared to the red ones. Moreover, we observe that Dartmouth College exhibits a notably lower
sender score compared to other top-10 institutions, as indicated by the significant drop in the bar
plot. This observation may be attributed to a small number of its graduates entering academic
professions. Consequently, the informativeness of an institution as a sender or receiver is not
necessarily aligned with its overall ranking, and our method reveals compelling aspects for further

examination.
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Chapter 5

Conclusion

To recap, we have introduced methods for modeling network data, providing flexible frame-
works to capture dependence structures in Chapter 2. Our focus extends to the inference procedures
for uncovering the underlying dependence structures within networks in Chapter 3. Additionally,
we have developed algorithms designed to identify different connection patterns within complex
networks in Chapter 4. In this section, we conclude our work in Sections 5.1 through 5.3 and

discuss additional potential research directions in Section 5.4.

5.1 Modeling of count data in networks

We have proposed a flexible multiplicative model on count edges in relational data in Chapter 2.
The model can handle different count distributions and is able to capture the underline pairwise
structure between edges given the observed data. For the regression setting, we have shown the
proposed estimator is asymptotically normal and the estimate of covariance parameters is consis-
tent, which delivers valid inference under a weak exchangeability assumption. Our work makes
important progress toward the inference problem for modeling count edges in directed relational
data. We have also demonstrated the proposed model on the real-world data example.

Note that the estimation procedure of coefficients is robust to model misspecification if data
comes from a linear exponential family with the same mean structure as in our model. The con-
sistency of the estimator is guaranteed by the limit theory for the statistical agnostic, which is
discussed in Gourieroux et al. (1984b). Under the model assumption of weakly exchangeable er-
rors in Section 2.2.2, the asymptotic variance of ,@n is dominated by 73, 74, and 75, since in €2,
elements of 7 occur with multiplicity n? — n (for both 7, and 1), n® — 3n? + 2n (for both 73 and
n4), and 2(n® — 3n? + 2n) for ns. Our variance-covariance estimation in Theorem 2.3.1 naturally
involves 77, and 7, which accounts for the asymptotically negligible bias mentioned in Graham

(2020a), though under a different modeling framework. As mentioned in Graham (2020b), it is
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the preponderance of these non-zero covariances that drives their importance for understanding
the sampling distribution of the estimator. It is not of our interest in this work when the same
sender effect, same receiver effect, and sender-receiver effect do not exist, though it gives a faster
convergence rate of Bn Under this scenario, the asymptotic normality of Bn does not necessarily
hold except for i.i.d. errors, since less correlation does not imply less dependencies in the model.

Related discussions could be found in Menzel (2021).

5.2 Testing network effects

In Chapter 3, we have developed non-parametric inference procedures for four types of network
effects, incorporating the underlying dependency structure under exchangeability assumption. We
focus on studying the limit distribution of estimators based on network moments, whose marginal
randomness is jointly contributed by latent r.v.s X},; and E|X},;. We carefully address the in-
determinate degeneracy of the estimators and introduce a term to characterize such dichotomy
of degeneracy status, drawing on concentration results. For different degeneracy status, we pro-
pose test statistics for network effects accordingly. Specifically, to handle the degenerate case, we
adapted the U-statistic reduction technique (Weber, 1981; Chen and Kato, 2019; Shao et al., 2023)
that not only reinstates asymptotic normality, but also speeds up computation. It turns out that
the test statistics based on reduced network moments could also be applied to the non-degenerate
cases in Section 3.4.1 and 3.5.1, letting A € (0,1). However, this approach is not recommended
especially when the network size is small, since the estimator will be less efficient and have an
inflated variance compared to the proposed one.

In theory, we establish the asymptotic normality of test statistics using tools related to U-
statistics (Chen and Kato, 2019; Zhang and Xia, 2022) and reduced network moments. We lay the
theoretical groundwork for our testing procedures by developing precise distribution approxima-
tions of test statistics, formulating Berry-Essen type bounds, and assessing finite-sample error rate
of our testing procedures. Note that existing literature presents very little understanding of lower

bound results for testing network effects. Another main new contribution of our work is a local
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power analysis. We demonstrate that our proposed tests are nearly rate-optimal under different
degeneracy status up to a logarithmic factor, by establishing the first set of lower bound results for
testing network effects.

Our numerical experiments provide compelling evidence of the merits of our proposed non-
parametric methods for testing network effects. Unlike other methods that rely on strict model
assumptions, our approach remains robust and effective across various configurations of networks.
This flexibility is crucial in real-world scenarios where the underlying data may not conform to
specific parametric assumptions. In addition, our method exhibits a clear and compelling superior-

ity over competing approaches in terms of speed, memory parsimony, and numerrical robustness.

5.3 Identifying informative components in networks

In Chapter 4, we have proposed two core-periphery models for extracting informative struc-
tures from directed networks, leveraging the nodes’ roles as both senders and receivers. In order
to identify the informative and non-informative components in complex networks, we have intro-
duced two quality measures: sender score and receiver score. Based on these, we have proposed
two efficient algorithms for core identification under different models. The algorithms presented
herein offer theoretical assurances of accurately identifying core nodes, subject to mild conditions.
We highlight the efficacy of our algorithms on synthetic benchmarks where ground truth is avail-
able. Our approach is flexible as it differentiates between informative and non-informative compo-
nents based on their connection patterns without imposing a specific structure on the informative
components.

Given the aforementioned flexibility of our method, its performance might not surpass that of
model-based methods in cases where there exists specific types of underlying core structure of
interest. Additionally, there may be instances where an alternative definition of non-informative
components is considered other than the two core-periphery models we proposed. In such cases,
direct applicability of our method may be limited, necessitating adjustments to the algorithms as

needed.
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5.4 Discussion on future work

Building upon the groundwork laid in Chapter 2, it would be intriguing to further investigate
network regression, considering potential variations in the dependence of pairwise edges depend-
ing on network size. Such an investigation could provide insights into how these variations impact
the convergence rate of model estimators. Additionally, while the exchangeability assumption in
Chapter 2 and Chapter 3 forms the basis for numerous methods in network analysis, the testing of
network exchangeability remains an open question. Despite recent works addressing related as-
pects (Ramdas et al., 2022; Bates et al., 2023), this area remains largely unexplored within network
contexts.

Lastly, as an extension of the concepts presented in Chapter 4, exploring the core-periphery
model for datasets with more complex structures, such as dynamic networks and multilayer net-
works, would be worthwhile. This may involve formulating modified definitions of core-periphery
models and employing different model-fitting algorithms. Our research lays the groundwork for
several promising avenues of extension. Another interesting direction to explore is incorporating

the edge dependence in analysis through the noise matrix E.
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Appendix A

Supplemental materials for Chapter 2

This supplementary file contains technical details, additional numerical results, and further
analysis of the real data. Proofs for the main theorems, along with technical lemmas featured
in the work, can be found in Section A.1. Section A.2 contains discussions related to examples
presented in the main chapter. Section A.3 offers an extensive discussion on the parameter space
of network effects, denoted by 1. Additional numerical results are provided in Section A.4. Lastly,

Section A.5 reports further findings and investigations based on the food sharing network data.

A.1 Proof of Main Theorems

A.1.1 Proof of Theorem 2.3.1: Asymptotic Normality of ,@n

To establish the asymptotic normality of Bn, we first obtain its consistency. The proof of
consistency is conducted in the same spirit as the argument in Fan and Li (2001), where we show
with high probability, there exists a local maximizer such that the /5-norm of distance between Bn
and the true value of 3 is O,(n~'/2). The two main parts of consideration are to be defined in (A.2),
where the first term consists of the gradient of log-likelihood function; and the second term consists
of the Hessian matrix of log-likelihood function. We demonstrate the consistency by proving that
the second term dominates the first term, which is to be shown in (A.7). Then we demonstrate the
asymptotic normality of Bn via Taylor expansion of log-likelihood function measured at Bn, to be
shown in (A.10). We mainly rely on the consistency of ,@n together with three auxillary lemmas in
Section A.1.4 to prove the limit distribution of the log-likelihood function to be defined in (A.11).
Specifically, Lemma A.1.1 from Bolthausen (1982) provides a sufficient condition for asymptotic
normality of a sequence of measures based on the standard normal characteristic function. Lemma
A.1.2 and A.1.3 provide variance bounds that surface in the proof of asymptotic normality in

(A.16), to be derived from (A.11).
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Proof of Theorem 2.3.1. Step 1 (Consistency of En) We first prove the consistency of Bn. For
the ease of composition, we consider the true 3 denoted by 3y. Let L = > [yzjlog{g( )} —
ij=1
%
9(x3; )] . It suffices to show that for any € > 0, there exists a large constant C' € R such that

lul|=C

P( sup L(By +n Y?u) < L(ﬁ0)> >1—c (A.1)

This implies with probability at least 1 — ¢, there exists a local maximum in the ball {3, +n"'/2u :
|ul| < C'}. Hence, there exists a local maximizer such that || B, — Boll = O,(n~Y/?). Note that for

[uf =C
L(By +n~Y?u) — L(By) = n Y?VL(B)"u — %uT{—VzL(ﬂo)}u{l +o0,(1)}, (A2)

where VL(3) and V2L((3) are the gradient and Hessian matrix of L(/3) respectively.

We first show that the second term on the right-hand side of (A.2) dominates the first term, fol-
lowed by the proof that the term 140, (1) in (A.2) holds true. Note that VL(By) = > " D7 i Xij
{v:;9 (x580)/9(x580) — ' (x];30) }» where ¢/(-) = dg(z)/dz is the derivative of g(-), and the co-

variance matrix of VL(3,) is

ZZXU {g Xz]ﬁo)} {g(xmﬁo} + Z Z XijX ”g Xz]ﬁo) ( ;j’/go)cov(eiﬁei/]")'

i=1 j=1 3,4 =1 ]]/71
J#i INIESRA

(A.3)

Denote the first and second terms of (A.3) as V; and V5. By Assumption 2.3.1, we have
V, = O(n?). We further denote the limit of |S,, ,,,| ™" D iknesnn (VIO Vg(xy,8) as My,
form € {1,2,3,4,5}. Note that in ., € R ~)*("*~7) the elements of 17 occur with multiplicity

n? — n (for both n; and 1), n® — 3n? + 2n (for both 73 and 74), and 2(n® — 3n? + 2n) for 75. In
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view of Assumption 2.3.1 part (a),
Vo = mMiO(n?) + o MaO(n?) + nsMs0(n®) + naMyO(n?) + 205 M50 (n?). (A.4)

Since at least one of 73, 14, 5 is nonzero, the terms consist of 13, 14, and 75 in V5 will dominate
those containing 77; and 1, when n is sufficiently large. Thus, we have Vo, = O(n?). Hence, V; +
V, = O(n?) + O(n®) = O(n?). Thatis Var{VL(By)} = O(n?), which implies n =32V L(8,) =
O,(1). Thus, the first term on the right-hand side of (A.2) is of order O,(n).

Next, consider the explicit form of —V2L(8):

— V2L(Bo)

=30 D [0 080) — {0 (KB {905 B0)} ! — {9/ (< Bo) Lo 800} 11

i=1 j=1j#i

ST x| - o B (ol B} — 1]+

i=1 j=1,j#i

o> XX :{gl(xfjﬁo)}Q{g(ijBo)}‘l{yij{g(X?jﬂo)}‘l - 1}]+

i=1 j=1,ji

>3 i g (B0 {80}

i=1 j=1j#i

where ¢”(-) = d?g(z)/dz? is the second derivative of g(-) and x;; is known. In view of Assumption

2.3.1 part (b), we have

1

n?—n

S5 w90 80) Hg(xB0) Y 1] = .

i=1 j=1j#i
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Note that, conditional on {e;; }7.,;, {yii{o(x] ,30)}_1 — 1}7,; are independent with mean zero and

E[{yij{g(xgjﬁ())}_l -1}’ = Var[%j{g(xiTjﬁo)}_l —1]
= Var(y;;){9(x};80)} °

= Var(e;;) + {g(X;FjBo)}_la

which has an upper bound for any pair of indices {7, j}. By the conditional law of large numbers

(Rao, 2009),

(n* —n) Z Z [yi;{g( XZ],@(]} - } =0.

=1 j=1,j#1
Thus, for any ¢, > 0,
P{W ST ST (a8 - 1]‘ > & {eij};;j} S 0asn o oo, (AS)
i=1 j=1,j7#1

Since (A.5) is bounded in L? space, it is uniformly integrable. Then for any ¢, > 0,

{‘n —n) Z Z yw{gxwﬁo} 1]‘>eo}

i=1 j=1,j#i
:E{ {‘ n?—n)” Z Z [yii{9(x5;80)} ]‘>€0 {ew}zs«éaH
i=1 j=1,j#i
—0asn — 0. (A.6)
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More specifically, by applying conditional version of Kolmogorov’s inequality in Majerek et al.

(2005), for any €5 > 0, we have

P{maxzﬁ n* —mn) Z Z [yi;{9( Zjﬁo} 1]‘ > € {eij}?#}
i=1 j=1,j7#i
IP{ axZ#’ Z Z [yii {9(x5;80)} 1]‘ > (n* —n)eo {eij}gﬂj}
1= 1] 1]751
< (n®—n)~? *22 Z [Var(es;) + {9(x};80)} ]
1=1 j=1,j#i
=n"20(1).

It follows that

P
[ ngﬁo)) {g XUIBO {ym{g ZJIBO)} - 1}} ﬁg 0,
i=1 j=1,j7#i
and
1 n n
n2 —n Z Z XIJXZ’I.;[ XZ_]/BO {yl]{g Xz]ﬁo - 1}]
i=1 j=1,j#i

Thus, —V?(,(B0) = J + 0,(1), where J is a positive define matrix. Then we have —V*L(3,) =
(n? —n)J + 0,(n?) and the second term on the right-hand side of (A.2) is on the order (n — 1)J +
op(n), that is

L(Bo +n~"*u) — L(Bo) =n"/*VL(Bo)"u — %UT(—VQL(ﬁo))u{l +op(1)}

=O0n)u—{(n—1J +o,(n)}u"u{l + 0,(1)}. (A7)

Thus, the second term on the right-hand side of (A.2) dominates the first term by choosing a

sufficiently large C', which indecates the difference in (A.2) is strictly negative.
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It remains to show the term 1 + 0,(1) in (A.2) holds true. We carefully examine L(3, +
n~2u) — L(By) — n~/?V L(By)"u based on the dependence structure of our model using the

multi-index notation:

L(Bo 4+ n~Y*u) — L(By) — n~ Y2V L(By)"u

OVL( —1/24)
= 3 TR R
\7I 2
T o7 L ,80+n 1/2 )
_ —u {V2L(Bo)}u+ > 7] :
[vI=3

where v = (71,72, ...,%) and u = (uyg,ug, ..., uy) With |[y| = 31 + 792 + ... + 7, ! =
Yyl ol uY = uwltud? . wt, and 87 f(u) = 071 03% ... 0y f = AN f /o702 ... Ok, Note
that (n? —n)~'V2L(By) — —J + 0,(1). We consider the general case where 3y € R? with p > 2.

For simplicity, we denote G(x;;) as

g"{x5(Bo+nPu)} g {x(Bo + nPu) b {x3;(Bo + ' Pu)}

g{x5(Bo +n )} g {x}(By + n~1/2u)}
29" {x5(Bo +n V)t 2{g/{x5(Bo +nV?u)}}? AS)
2{X (Bo +n~12u)} 3{X (Bo+n~?u)} .

where ¢'(-) = dg(z)/dz, ¢"(-) = d¢'(z)/dz, and ¢"'(-) = dg¢”(z)/dz are the first, the second,
and the third derivative of g(-). Note that |y| = 3, we can write out the explicit form of the
elements in 9" L{x%;(By + n~"/*u)}. Suppose taking unique indices ki, ko, k3 € {1,2,...,p}

(ki)

and let x;;" be the ith element in x;;, then the explicit form of the elements in 07 L{x};(Bo +

P} are (1) () = i xg?xGYGOx), (i) halyg) = uiy {0 G (xiy) and
(17) hs(yij) = yij{xij1 }3G(x;;). By applying Holder’s inequality, Minkowski inequality, and by
Assumption 2.3.1 part (c), there exists M (Z) > 0 with Eg {M(Z)} < oo, and | (ys;)| < M (yi5)
forl = 1,2, 3, where By € RP. For given X, we again apply conditional version of Kolmogorov’s
inequality in Majerek et al. (2005), conditional on {e;; }Zé ;» and follow the same argument as in

(A.6), we have (n® —n)~' >0 JOVL(By +n “2a)u(41)t — M* + 0,(1), where M* € R.
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Apply an analogous argument for 8y € R? with p = 1 and p = 2, we can get the same result.
Thus, for [lul| = C' < oo, (2n)"'u"V>L(B;)u dominates } ,_; 07L(By +n~V2u)u (n? 241!
and the term 1 + 0,(1) in (A.2) holds true. We have shown that by choosing a sufficiently large C,

the difference in (A.2) is strictly negative, and thus (A.1) holds true.

Step 2 (Asymptotic property of ,@n) To establish the asymptotic normality of Bn, we first define

692 169 B, — 89 1902 169

An=95™ o 8 " 98

Recall that V; and V,, are the first and the second term in (A.3) and V; + V5, = B,,. By (A.4),
_3 Pay ;. 3 Pay
(Vi+Vy) 2 V: n°Vy, =V, (A.9)

where V is a positive define matrix. Denote the neighborhood of 3, as G. Note that

BB, — Bo)

Vn(Bn) = Vi, (Bo) + V20, (80)(Bn — Bo) + Z TV ~1

|v|=2

7 (A.10)

where 3* lies on the line segment connecting 3, and Bn.

Itis sufficient to show that (i) n ™' A 'B, A} 31y ~1, which follows directly from (A.9)
and Assumption 2.3.1, (i) n'/? > iyl=2 VL, (B) (B — Bo) /! % 0 and V20, (Bo) g -7,
and (iii)

n2V0,(Bo) % N(0,V), (A.11)

We start from proving (ii). Note that 3, € G, we have (8, — o) = Op(n~1) for |y| = 2.

107¢,,(Bo)|| with |y| = 3 is bounded in B,-proability. Since 5;; € g, by Slutsky’s theorem,
n2Y L 0B} (B — o)/ 3 0
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Next, let f(-, -) be the density of Poisson distribution, which is in the linear exponential family.

Conditional on X, we have -2 8ﬁ2 log{ f(y, g(x, B) }‘ﬁ B = agE 1097 . Thus,

0 9B |ﬁ:ﬁo

v, (Bo) = (n —n)" 127; (9862 [ym log{g(x;; Xij B} — g(Xzy )} |6=6

8,6210g{f(ygxﬁ }|,3 5 —

It remains to show (A.11). Let

Up :=n'*V,(Bo) = n'*(n? —n)™! Zi:l Zj:l,j#z‘ xij{yi39'(x5580) /9(x3;80) — ' (x;80) }-
For t € R?, we have
/21
Eexp (vV—-1t"U,) = exp{— Z

-n i#£]
1/2

n —1
E| Hi# eXp{nn%n_thijyij 9 (x580)/9(x580) (A.12)

ijg ( zjﬁo)}

n nY/2/=1 o . .
E[Hi# exp {mthzjyijg'(xgjﬁo)/g(xfjﬁo)} Nij 4, J =1,2,...,n,1 # ]}
= H exp (AijNij),
ij=1
i

where A;; = exp {\/—1(71 — 1)_1n‘1/2tTXijg/(xfjﬁo)/g(xfjﬁo)} — 1, and

E{ H;J exp (AZMU)} = ]E[exp {Z;j Aijg(x;fjﬁo)eij}] _ (A.13)

In view of (A.12) and (A.13), we have

Eexp (V=1t"U,) = exp (D,,)E [ exp {E, + 0,(1)}], (A.14)
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where D, := >0 { A —v—1(n— 1) 267%;9' (x5 B0) [ 9(x580) Y9 (x5/30) and B, :=

> i jriizg Aii9(x;B0) (ei; — 1). Under Assumption 2.3.1, by Taylor expansion,

n

nDy =Y [ = (n—1)7(t"xy)*{g" (x1;80)}* /9 (x;80)] {1 + 0(1)} /2
i#]
Pg, 1. g —._,0g"
— — §t Eﬁ (@20 1@) ‘Bzﬁot
1’l',TJt.
2

Hence, D,, = O,(n™1).

Note that E,, = ZZj:l;i;éj [\/—_1(11 — 1)_1n_1/2thijg’(x;F]ﬂo){g(x;-f]ﬁo)}_l{l + 0(1)}]

9(x3;80)(ei; — 1), we further define

G, = (n— 1)_171_1/2 E tTXijg/(X;l;‘/BO)(eij —-1).
ij=1
i

By (A.9), the variance of GG,,, Var(GG,,), converges to t"Vt. Let

(n— 1)*171*1/2 T VT
Zii = t %9 (x;:80)(€;; — 1),
! Var(Gn) jg( / 0)( ! )

where E(z;;) = 0 and Var(3_7,;_, ;. zi;) = 1 by definition. To prove D', .. z; converges
to N(0, 1), we refer to Lemma A.1.1, A.1.2, A.1.3 in Section A.1.4, where Lemma A.1.1 from
Bolthausen (1982) provides a sufficient condition for asymptotic normality, and Lemma A.1.2,
A.1.3 for getting the second condition in Lemma A.1.1. It is worth noting that we repeat the
counting argument in the proof of Lemma A.1.2 in some following proofs.

By assumption 2.3.1, {e;; — 1}%:1#]- is a sequence of weakly exchangeable random vari-
ables with mean zero and there exists L € R such that ||e;; — 1|4 < L < oo. The covariance

structure of e;; is defined in Section 2.2.2. In view of Assumption 2.3.1 and Lemma A.1.2, let
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sup;;t"x;9' (x7;80) = Lo < oo and denote t*x;;¢'(x;;80)(ei; — 1) as Hy;. Then

C LiL*
—Var Z Z Hkl 1n0 — 0asn — oo,

1,j=1k,l€O;;
]

for some ('} < oo and L < oo. To demonstrate (A.11), it is sufficient to show

=3 ay = izt “#H 4N, 1)
521 \/n3Var(G

i#]

(A.15)

(A.16)

Define n®Var(G,) = 02 = n*t"Vt. We now apply Lemma A.1.1 to establish (A.16) where v, is

the probability measure corresponding to .S, for all n. The first condition of the lemma is satisfied

since E(S2) = Var(D ;i i 2ij) = 1. It remains to show that for all A € R,

E{(v/—=1X = S,) exp (v —1AS,)} — 0 asn — oo.

(A.17)

Note that H;; = t"x;;9'(x};80)(ei; — 1), where t"x;;¢'(x};B0) is bounded from above and below.

Apply Lemma A.1.3, there exsits a constant M/ < oo, such that

Var(Z” Livg Hij )

2
n

<M

g

We then decompose the term in the expectation in (A.17) as

(\/ -1\ - gn) exp (\/ _1)\571) = Al + A2 + Ag,
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where

A =V —1)Xexp (\/—1)\5’n)(1 —0,? Z Hz’jSij:n)7

ij=1
1#]
AQ = 0'1:1 exp (\/ —1>\Sn) Z H,J{ Vv _1)\gzg,n -1 + €xp <_ Vv _1)\‘§ZJ,7Z)}7
ij=1
iJ#J'
As= —o! Z H;;exp {\/—1)\(§n — gijm)},
ij=1
ijsﬁj
Sijn = Z Hjy, and 5Vz'j,n = Sijn/0n-
k,l€O;;

Note that | exp (v/—1AS,)| = 1 and 02 = O(n?). By (A.15) and (A.18), for all real ),

E(|Ai]?) = NE(|]1 - 0,2 Z Hi;Sijnl)
Z@]#Jl
= NE{|1 - 0,2 Hy( Y Hu)|'}
i,j=1 k€O
i#]
= \Var{o;? Z Hy( Y Hu)} + M1 -0, %Ef Z Hy( Y H)}
1,j=1 k,l€O;; 1,j=1 k,l€O;;
1#] i#]
= 2n’ﬁVar Z Z Hinkl) + )\2{1 — a;2Var( Z Hij)}Q
1,7=1k,1€O;; 3,7=1
1#£] i#j
2 —1
<207t + {1 - Tn +S2(” Jy?
72 "
—xfon )+ 20y

For A,, by Taylor expansion of exp (—v/—1AS;;,,.), we can calculate

|\/_1A§ij,n -1 +6Xp( VvV — /\Swn)‘ < C/\2( Un) )
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for all n, A and some 0 < ¢ < co. Note that |©,;| = 4n — 6. We have

E(|Az|) = 0, "B{ Y |Hyj| - [V=1ASjj — 1 + exp (—V/=1AS;,)
i,j=1
isﬁj

< cMo! Z E{|H;|(S

% g .1
#J

— oo Y B{|Hy (5,07}

2,7=1
1#]

}

z]n }

< X0, % (n* —n)(4n — 6)°L° — 0,

for A € R.
Lastly, for A3, note that S;;,, sums all terms in the sequence {Hij};fj:l;i;,,é ; that depend upon

H;;, and E(H;;) = 0 by definition. Thus, H;; and S,, — S;; ,, are independent. For ) € R,

E(Ag _1 Z exp {\/—_1A(gn — gij,n)}}
Zz‘ééjl
ot Z E(H;;) exp {\/_)\ S, — gz]n)}}
li];éjl
= 0.

Therefore, E(A;), E(A2) and E(A3) converge to zero. By Lemma A.1.1, 3 7 . 2 4 N(0, 1).
Asaresult, G, % N(0,t"Vt). Since E,, = v/—1G,, + 0,(1), we have

E{exp (V=1t"U,)} — exp ( — %tTVt),

from which (A.11) follows. This finishes the proof of Theorem 2.3.1.
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P
Remark A.1.1. Note that L = lim,,_,. L, = 73 Mj + s My + 205 Ms. It implies the asymptotic
variance of Bn only contains 73, 74, and 75, which results from the fact that in 2., elements of
1 occur with multiplicity n? — n (for both 1; and 7,), n® — 3n? + 2n (for both 75 and 7,4), and

2(n3 — 3n? + 2n) for n5. Therefore, 703, 14, and 75 will dominate the pairwise relationship of

{€Z‘ i 62‘"} and {61' i 6‘11‘}.
5] J 3]0 ]

A.1.2 Proof of consistency of 7

To facilitate our derivation, we first introduce a counting procedure like we used in Lemma
A.1.2. Let {W;;} be a sequence of weakly exchangeable random variables with mean zero and co-
variance structure defined in Section 2.2.2. In Lemma A.1.2, we show that the number of nonzero
entries in the covariance structure of Z?ZJ;l > kicoi, Wi Wi 18 O(n®). Here, we need to be more
specific that within the O(n®°) entries: (4) ilOW many of them only contain one of {73, 74,75} and
(77) how many of them do not contain any element in {73, 74, 75 }. For the first case, the index sets
should have the form {4, 7,4, 7}, {r,s,r,u} and there must exist overlap between the index sets.
Thus, the number of entries in the second case is O(n4). For the second case, the index sets should

have the form {i, j, i, 7}, {r, s, s, 7} and there must exist overlap between the index sets. Thus, the

number of entries in the second case is O(n?). Define 7 as

n

= (B) = > [ty ~ taty ) 1],

i = ) = ; [ laGB) o))~ 1]

= B) = ; [vavalats0) o) —1],

= () = ﬁ ; a5 ot 1]

s = 5(8) = 5 _6n2+4n é [yzg{g x50)} Huridg(xuB)}  + uin{9(x}:8)} 1}—1]
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where 3 is the true coefficient. Correspondingly, we define 7} := 71 nybria and 1} := 7y (Bn) for
i €{2,3,4,5}, where Bn is the estimated coefficients. The proof is carried out by three steps. We
first show that under oracle 3, 7); is consistent for 7;. Then we show 7; and 7} are asymptotically
equivalent, followed by the asymptotically equivalence of 7)f and 7);, applying the consistency of

Bn from Theorem 2.3.1.

Proof of Theorem 2.4.1. Step 1 (Consistency of 7; for 1;) To show 7); convergent to 7; in proba-

bility for i € {1,2,3,4,5}, we use the argument that the bias and variance both tend to zero. First,

we calculate the expectation of 7);:

E() = 5 > E[3)10(<8)) * — {s6<58)} — 1]
i#]

S [ Varlu) + ) Ha(8)) — {a(8)) 1

nt—n i#]
=3 1_ - Z [{QQ(XZ )m + g(xi;8) + ¢ (x58) Ho(x;8)} 2 —{g(x;8)} ' —1
i#]
=m-

Then we calculate the expectation of 7y:

B() = —— > (500 Lo(8)) o8} 1]
S ; {Cov(un ) + Bl Bl o)) o038y = 1]
S ; {(58)9 (<8 + 9 (<58 (x58) Ho(x58)} {axB)} " — 1]
.
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Apply an analogous argument, we have E(7;) = n; fori € {1,2,3,4,5}. Thus, E(7; —n;) =0

forallnandi € {1,2,3,4,5}. Now consider the variance:

Var(ﬁi) = |Si|_2 Z Z Cov{gmjfkhgrsftu}?

(myj,k)ES; (rs,tu)€S;

where S; is defined in Section 2.3. In the proof of Lemma A.1.2, we show Cov{(e;; — 1)(ex —
1), (eps — 1)(es — 1)} < L*. Thus, Squ,j,k,l,r,s,t,uCOV{gmjgkl7 gmgtu} = B < oo for some
B € R. By Assumption 2.3.1, each of the |S;|? covariances in the sum above are bounded. Apply
the counting argument at the beginning of the proof, the covariance between §&,,,;§,; and &5, is
nonzero only if there is overlap between their two index sets, which reduces the number of nonzero
covariances from the maximum possible |.S;|? by a factor of at least n. Thus,

B|S;|*0(n~)
|53l =2

Var(7;) =

Therefore, for i € {1,2,3,4,5}, 7; convergent to 7); in probability.

Step 2 (Asymptotic equivalence of 77; and 7)7) To show 7)f convergent to 7; in probability for

i€{1,2,3,4,5}, we first consider the case of : = 2. The difference between 75 and 7, is given by

N5—T =

({9080} Mot B} — {o(xB)} Ha.8))

i

A908)} o0 Lo B oY 9 B)(x58) — 1],

i#j

Note that E [(n* — n) " Y7 viu5i{9(x58)} {9(x:8)} '] = 1+ 2. In view of the counting

argument at the beginning of the proof,

Var n - n Zyzﬂ/ﬂ{g Xz] )}71{9<X3T‘15)}71] < O(n74)0<n3>0(1) = O<n71) — 0.
i#£]
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Thus, there exists some By such that (n* —n)~" 377 yiy;i{9(x5;8) ) H{g9(x;;8)} ! — By < oo,
= . ey = -1 = -1

By Theorem 2.3.1, 3, converges to 3 in probability. Then {g(x};8,)} " {9(x};8,)}

g(xiTj ) g(xJT-i ) — 1 by continuous mapping theorem. By Slutsky’s theorem, 7; — 7}, converges

to zero in probability.

Then we consider the case of i = 3. Again, we write the difference between 775 and 7j; as below.

1 - ~ ~
5 =i = oo > [ {o0xh B} {o(xiB} ! — {9 B){a(xiB)}
i#jF#
- XigavuyaleGaiB)} HebaqB)H {908} (B} 1 g(x5B)g(x58) — 1]
B n? —3n? + 2n '
(A.19)

Note that E[(n® — 3n? + 2n) ! D ik Yivadlg(x58)} H{g(xi8)} 1] = 1+ ns. Again, we apply

the counting argument, then

Var[(n® = 3n® +20) 7" Y yyyalg(x58)} e (xiB)} '] < OO (%) — 0.
i#]
Thus, there is some By such that (n® — 3n* +2n)~' 370 yiya{g(x};8)} {g(x3B8)} ' — By <
oo. Then, {g(xfjﬁn)}_l{g(xflﬁn)}_lg(xfj )g(x},3) — 1 by continuous mapping theorem. By
Slutsky’s theorem, 775 — 73 converges to zero in probability. The same arguments holds for i = 4
and 5.
Finally, consider the case of 7 = 1. Recall that
1 n

= o 3 R )~ (o)~ 1],

n vy
i#]

Let 7, be the positive k-shorth estimator over [yfj{g(x;fjgn)}_Q — {g(xfjﬁn)}_l — 1]Zj=1 with

parameter &, and let 71 . = (n*—n)~' Y20, [y7; {g(xfj,fi’\n)}*2 - {g(x;fjﬁn)}*l —1] be the moment
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estimator of 7;. For given £k,
Minybrid = T g L1 < 0) + 71 - L7 > 0). (A.20)

We first show that for ¢ = 1, 1)1 . — 7j; converges to zero in probability. We write the difference

between 7); , and 7; as below.

n

e = > [ 0GB} — i (0O} + o8 — (o8} ]

i#]

= > A8} {8} 2 x8) — 1) + {{9xB)} ! — {a(xtB)} .

i#]

Note that E[(n?—n)~ s uie(xEB) 2] = 14-m;. By previous counting procedure, Var[(n?—

n) Y us{e(x5B8)} 7] <

O(n~
such that (n? —n)~' 377 yw{g( x;;8)} " — By < oo. By Theorem 2.3.1, B, converges to
B.)

} 202 (x58) — 1and {g(x};8)} " — {9(x},B,)} " — 0 by

continuous mapping theorem. Therefore, 7); , — 7; converges to zero in probability. Thus

Ho(n*)O(1) = O(n~') — 0. Thus, there exists some By

B in probability. Then {g(x;

P(f. > 0) = E(I(f. > 0)) — 1 as.

Apply the fact that 7)7 , is bounded in probability and the consistency of 7; ., we have I pybria —
M+ Therefore, by Slutsky’s theorem, 7; hytria — 71 converges to zero in probability. Hence, for

i € {1,2,3,4,5}, the asymptotic equivalence of 7; and 1)} holds.

Step 3 (Asymptotic equivalence of 7' and 7)) Finally, we show the asymptotic equivalence of 7}
and 75; which completes the proof of consistency of the covariance estimator given in section 2.4.

By definition, we have 7j; = 7} and

B = 1= 152 (08) (308:). for (). G0} € Sa

i#] i#]
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3

= = 1= 185,02 (328 ) (D &), for {(0,4), (.1} € S,

N~— \_/>
/N
NE

i£j il
=t = 1= 1502 (D2 6) (Do &) for {(i.g). (k,9)} € S
i#j k#j
s = = 1= 2+ 155 2( D &) (Do G+ 2 6.

i#] k#i k#j
for {(l,j)7 (k72)} S S577l and {(Z,j), (]7 k)} € 55771’

Consider the case of i = 2, for pairs of edge {(i, ), (,1)} € San, [S2n| ™" D20 é’;j — las.
and Sy, |7t 00 Eﬂ — 1 a.s.. Thus 72 — 775 — 0 a.s. by Slutsky’s theorem. Follow the analogous
argument, 7; — 77 — O a.s. fori € {1,2,3,4,5}.

]

Remark A.1.2. In practice, when the number of nodes is large, the first part in (A.20) is hardly
used because of the consistency of the moment estimator. However, for some finite sample cases,
the positive k-shorth estimator could outperform the the moment estimator for 7; as it fully cover

the theoretical property that 7; is bounded below by 0.

A.1.3 Proof of consistency of asymptotic covariance

Proof of Proposition 2.4.1. Recall that (Ale = (fo\v(e,-j); M1, T2, 13, N4, and 75 represent \/gr(eij),

6&/(6”',€ji>,c/:(;/(€ij,61'[)760\\7(62‘j7€kj) as well as both C/?(;/(eij,eki) and 6(;/(61-3-76]%), respec-

tively. Let
9(x150) 1
9(x730) 1
M = ) and 1=|. ;
T
1
_g(Xn,nfl/B)_ (n2—n)x1 - < (n2—n)x1
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where n is the number of nodes. Note that ﬁo could be written as
Qo =M1"0Q,01M" +Io (M1%),

where 1 is the (n? — n)-dimensional identity matrix. Since g(-) € (0, 00), each element in M is
positive. Then M1" is positive semi-definite matrix and I o (M17) = diag{g(xj;8)} = X is
positive define. By Schur product theorem, M1™" o ﬁe o 1M is positive semi-definite and ﬁo is

therefore a positive define matrix.

]

Proof of Theorem 2.4.2. The consistency of Bn and 7) leads to (Bn, 1) & (8,m). It follows from

Theorem 2.3.1 that

lim J,(8,) = lim (n? —n) ™ (Vg(B,)ding{g ™ (x;8,)}Vg(B.)") = I(B.):

n—o0 n—oo

Note that J (Bn) is invertible since it is the sum of positive define matrices. Therefore, J,; 1(B\n)

converges to J~! in probability. Similarly,

lim Ly (B, 1) = aMa(B) + 0:Ma(B) + 2735 M5 (B,)
shows that L,,(8,, 1) & L by continuous mapping theorem. Thus J- 'L, J-! & J-ILJ-!. [

A.1.4 Auxillary lemmas

Lemma A.1.1. (Bolthausen (1982)). Let v,, be a sequence of probabilities over R which satisfies
1. sup, [ z*dv, < oo, and
2. forall X € R, lim,, [(v/—1X\ — z) exp (v/—1Az)dv,(z) = 0.

Then, v, % N(0,1).
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Lemma A.1.2. Under the assumptions of Theorem 2.3.1,

1 - CyL*
EVar{Z Z (eij — )(ew — 1)} < — —0asn = oo,
271‘]75:]‘1 k,l€O;;

for some L < oo and Cy < 0o, where ©,; is the set of ordered pairs (k,l) that share at least one

index with (i, j) with |©,;] = 4n — 6.

Proof. By definition, we write

%Var{ D (e — Ve — 1)}

i,j='1 k,l€O;;
i#]

= % DX >0 > Cov{(ey — Dlew — 1), (s — Dlen — 1)} (A.21)

1,j=1k,1€0;; r,s=1tu€Ors
i#£] r#s

If Cov{(e;; — 1)(ers — 1), (ers — 1)(eru — 1)} # 0, there must exist overlap between the index
sets {i,7,k,l} and {r, s,t,u}. By Assumption 2.3.1 and Chausy-Schwarz inequality, Cov{(eij —
Dew — 1), (ers — 1)(e4 — 1)} < L* for some L < oo. To bound (A.21), we will show the
number of nonzero entries in the sum is O(n°). Note the sum in (A.21) is taken over index sets
that themselves contain overlap, like {7, 7} N {k,{} # 0 and {r, s} N {t,u} # 0. For example, the
index sets {4, j, k, i} and {r, j, ¢, 7} have nonzero covariance in (A.21). Since there are 5 unique
indices in the union of the sets {i, 5, k,4} and {r,7,t,i}, there are O(n’) such index set pairs of
this form in total. There are 96 pairs of index sets that result in nonzero covariance terms, each of
which is (at most) O(n®). Therefore,

96L'0(n%) _ C1L*

nb n

%Var{ YooY (e —lew—1)} =

i,j=1k,1€O;;
7]

— 0asn — oo,

for some C; < oo. ]
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Lemma A.1.3. Under the assumptions of Theorem 2.3.1,

Var{ ZZj:l,i;éj(eij - 1)}
n3(n3 + 14 + 2ns)

< 027

for some Cy < o0.

Proof. By definition,

n

> Y Cov{(ey—1), (e —1)}

Var{ >0, (e — 1)} ijiTizinico,
n3(n3 + N4 + 2n5) n3(ns + Ny + 215)
(n* = n)(m +mna) + (n° —n)(n —2)(n3 + 04 + 215)
n3(ng + n4 + 25)

— lasn — oo.

A.2 Proof of claims in Example 2.2.1

We need to show the error terms generated from Example 2.2.1 are weakly exchangeable. The

joint cdf of errors is

Fi(z12, %13, - o, 1) = Plere < @12, 13 < 13, .oy €nm1n < Toein)-
For any arbitrary permutation 7(-) of {1,2,...,n}, define
F2($12a T13; - - - 7:En—1,n) = ]:P){eﬂ’(l)ﬂ(Q) < 19, Er(1)m(3) < T3, )y En(n—1)m(n) < xn—l,n}

For any pair {7, j} and its corresponding permutation {r(7), 7(5)}, e;; = C(a; + b; + Y45 + €ij)
and e (i)r(j) = Car@) + br() + Vir(iyr()) T Ex(in(j))» Where a;, b;, ;) and €;; are independent.
Notice that {a;, ax()}, {05, b=(j) }> {V6j)> Vri)=(j)) } and {€i5, €x(iyn(j) } are independent. Therefore,

the characteristic function of (a;, b;), v(;j) and ¢;; will not change under any permutation 7 (-).
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To show the exchangeability, it suffices to show the equivalence of the characteristic functions
of {e12,€13,.. ., en—1n} and {€r(1)r(2), €x(1)x(3)s - - - » Ex(n—1)n(n) }» denoted by ¢ (t) and ¢, (t), un-

der any permutation 7(-). For any t = {t12,t13,...,tn_ 1} € R*"D*1 we have

n

o1(6) = Edexp(i Y eiitiy) |

#j
— E{exp ZC’ a; + b + vy + €ij) 'tij)}
Z#J
= {exp ZC’ (a; +b;) - } {exp ZC Vij) tw}
z;é] i#]
{exp ZC’ €ij * Lij }
i#]
= ﬁE-exp{iiC(ai,bi) b H ﬁE{exp(iCV(ij)tM)} ﬁE{exp(iCeijtij)}
i=1 i#] Lji i#j i#j
= ﬁE eXp{IZC Ar(i)s Ur(i)) i H ﬁE{exp(iC’y(ﬂ(i)w(j))ti]’)}
i=1 i#] Lji i#j
ﬁE{eXp(ij)w(ntzj)}

i#J

n

:]E{exp Z C - (an(i) + br(s)) - u)} 'E{e"p(i' 2. Cntn t”)}'

7r(l)s«éﬂ(J) m(§)7#m ()

E{exp Z C- Ex(i)m(5) l])}

( )#7(7)

E{exp(i ZC ax@) + be(i) + Ve@rt) + Extin) - i) }
i#j

E{exp(i > €w<i>w<j>fij} =

i#]

That is, for any permutation and t € R*"~1D*1 4, (t) = ¢,(t). Then,

Fi(212, %13, . ., Tn10) = Fa(%12, 13, - ., T10),
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follows from the Cramér-Wold device. Hence, the error terms are weakly exchangeable.

A.3 Further discussions on the parameter space of 7

Now we impose some constraints on 7 to guarantee the non-negative definiteness of €2.. This
could also help us understand how different types of network effects will take part in the depen-
dencies under different sizes of relational data. For example, a positive 73 in a friendship network
indicates how a person acts friendly with another person is positively related to how well this per-
son get along with others. A positive 7, in an international trade network indicates a country tends
to increase or decrease its import volume simultaneously from other counties. The parameter space

is summarized in the following corollaries.

Corollary A.3.1. For finite number of nodes n, the parameter space of n whenn > 3 is

M (01,02 m3, M4, M) ={R® t 15 > — (03 +14)/2 — (2 +m1)/(2n —4), —m <2 <1y,
s < (m+m2—n3—m1)/2, 15 > (—m1 + 102 + 13 +14)/2,

m >0, and {(n — 3)(ns + 1m4) — 25 + 2m}* > ¢ + K},
where 1 = (N? +13)(n? = 2n + 1) +4n2(n? — 6n + 9) + 2n3n4(1 — n® + 2n) and k. = nns(8n —
24) + (13 + n)ns(12 — 4n) + 4Ana{n2 — (n3 + na) }-
Corollary A.3.2. When the number of nodes goes to infinity, a necessary and sufficient condition

for €2, to be a non-negative definite matrix is that 1 falls in the set:

M (01, 12, M3, M4, M5) ={R® 105 < (1 + 12 — M3 — 04)/2, 05 > (=11 + 02 + 13+ 1) /2,

—m <nm2 <, — VMsha <05 < /Man, > 0, and 73, my > 0}

To visualize the parameter space, we consider fixing (71,72) = (2,1). The left plot in Figure
A.1 provides a visualization of the three-dimensional parameter space in Corollary A.3.2. And the

right plot in Figure A.1 shows the two-dimensional parameter space when further fixing 7, = 1.
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Figure A.1: Left: Parameter space in Corollary A.3.2 when (n1,72) = (2, 1). Each manifold corresponds
to one constraint in the parameter space. The red plane, blue plane and gold cone correspond to the the
first, second and forth constraint, respectively. Right: The shaded area corresponds to the parameter space
in Corollary A.3.2 of 13 and 75 when further setting 774, = 1. We will observe similar space shape of n, and
15 when letting 3 = 1, due to the symmetry of 13 and 74.

Proof of Corollaries A.3.1 and A.3.2. For simplicity, consider the correlation matrix 2% = €. /m;
with off-diagonals py = 12/m1, p3 = 13/M1, pa = na/M, and ps = 15 /1. As derived in Marrs et al.
(2023), the eigenvalues of €2} are

A =1+ pa+ (n—2)(ps + pa) +2(n — 2)ps,

A2 =1+ ps— (p3+ pa+2p5),

A3 =1—(p2+ p3s + ps) + 2ps,

A ={(n—3)(ps+ ps) — 2p5 + 2}/2+ Vi + K/2,

As = {(n = 3)(ps + pa) — 205 +2}/2 = Vi + K/2,
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where . = (p]+p3)(n? —2n+1)+4p2(n* —6n+9)+2p3p4(1 —n?+2n) and k = pap5(8n—24)+
(p3+ pa)ps(12 —4n) +4pa(p2 — (p3 + pa)). The corresponding multiplicities of eigenvalues are 1,

(n—1)(n—2)/2—1,(n—1)(n—2)/2, and n — 1 (for both A, and \5). Note that the non-negative

*
e

definiteness of 2., which is equivalent to the non-negative definiteness of €2, leads to the natural

constrains on ps, ps, ps, p5. The necessary and sufficient condition to make €2} a non-negative

definite matrix is the smallest eigenvalue of 27 should not be less than 0, which gives:

M i (p3: 1, p5) = {R? 2 ps > —(ps + pa) /2 — (p2 + 1)/ (2n — 4),
ps < (L4 p2—ps—pa)/2,p5 > (=14 p2 + ps + pa)/2, (A.22)

and {(n — 3)(p3 + pa) — 2p5 + 2}> > 1 + K}.

This completes the proof of Corollary A.3.1. From (A.22), as the number of nodes of relational
data goes to infinity, p5s > —(p3 + p4)/2. Consider the boundary {—1 < ps < 1, p3 = ps = —ps},
with p3 > 0, where ps > —(ps + ps)/2 — (p2 + 1)/(2n — 4) holds. When —1 < py < 1,
the parameter space is bounded by ps = —(ps + p4)/2 — (p2 + 1)/(2n — 4) from below. More

specifically, givenn > 3 and —1 < py < 1:

Mio1§p2§l<p37p4ap5) = ﬂ M21<p2§1(P3aﬂ4,p5)

n>1
={R®: p5s < (1+p2—p3— p1)/2,p5 > (=1 + p2+ p3 + pa) /2,

— V/psps < ps < \/p3ps and ps, py > 0}.

Therefore, the constrains on 7 which admit the necessary and sufficient condition such that €2, a

non-negative definite matrix are:

M® (1,213,014, 15) ={R® : 5 < (1 + 12 — 03 — 1) /2, 05 > (=1 + 02 + 13 + 1) /2,

—m < <m, — /M1 <15 < \/M3ha, m >0, and 13,4 > 0}
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Furthermore, the convexity of parameter space is given by the proposition below.
Proposition A.3.1. The parameter space M>, ., - (n3,M4, 7M5) is convex.

Proof of Proposition A.3.1. Equivalently, we show M>,_  _ is convex. Letx;,x2 € M>_ ,

where x; = (a;, b;, ¢;,d;)" and b;, ¢; > 0,7 = 1,2. For t € [0, 1], we have

0 §t{(1+a1 _bl —Cl)/Q—d1}+(1—t){(1+&2—bg—Cg)/2—d2}
= (1 +ta1 + (1 —t)ag —tbl — (1 —t)bg —tCl — (1 _t)CQ)/Q —tdl — (1 —t)dg,
0 2t{(—1+a1+b1—i—cl)/2—d1}+(1—t){(—1+a2—|—b2+cz)/2—d2}

= (—1 + ta1 —+ (1 — t)&z + tbl -+ (1 — t)bg "—tCl + (1 — t)Cg)/2 — tdl — (1 — t)dg

Note that when dyd, < 0, we have 2d;dy < bicy + byc;. When dids > 0,

2d1d2 =1/ 4d%d% < \/4b1[?20102 < \/(blCQ + b201)2 = b162 + bQCl,

which leads to

{td, + (1 — t)dy}? = tdi + (1 — t)d; + 2t(1 — t)dyds
< t2blcl + (1 — t)szCQ + t(l — t)(b1C2 + b261>

= {tb1 + (1 — )by }{tcl + (1 — t)es).

Since tx; + (1 — t)xp € M>,, - fort € [0,1], the parameter space is the intersection of

convex sets, thus convex. L]

A.4 Additional simulation set-up and results
We apply the same configuration of design matrix as in Section 2.5.1. To demonstrate robust-

ness of our method in terms of empirical coverage probability under different error generating
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procedure, we consider error terms generated form heavy-tailed distribution applying Example

A4.1
Example A.4.1 (Generating error terms using Gamma distribution).

(a) Independent and identically distributed errors, where e;; ~ I'(0.5, 2) and normalized to satisfy

the model assumption that e;; > 0 with unit mean.

(b) Dependent errors with weakly exchangeable structure, where e;; = C(a; +b; + Vi) + €i;) with
(CLZ', bZ)T ~ FQ{(OQ, 0.2)T7 (04, O.4)T7 p = COIT(CLi, bz> = 06}, 7(1]) = 7(]1) ~ F(02, 03), and

€ij ~ I'(0.2,0.3) and normalized to make e;; > 0 with unit mean.

By construction, we have n = (2,0, 0,0, 0) under setting (a), and n = (2,1.2,1,1,0.6) under
setting (b). Figure A.2 shows the coverage probabilities of 95% confidence intervals for regression
coefficients of the three comparison methods applying settings in Example A.4.1. As expected, for
error terms generated from heavy-tailed distribution, our method performs as good as the oracle
results and performs extremely well compared to the naive method in all settings, especially for

weakly exchangeable dependent errors.

A.4.1 Studies for different configurations

In this section, we demonstrate robustness of our method in terms of empirical coverage
probability for different configurations under model (2.6). We vary the size of relational data
n € {20,50,100, 150}, fix B8 = (—0.5,0.5,0.5,1)", and independently draw x;; ~ N(—4,1),
Tg; ~ Bernoulli(0.6), x3; ~ N(1,0.25), and x4;; ~ N(1,1). This configuration yields a larger
proportion of zeros in Y compared to the one in the main chapter. We fit the count data in re-
lational network using our method, the naive method and the oracle procedure. The estimated
coverage probability is then reported in Figure A.3 and A.4, applying Example 2.5.1 (light-tailed)
and Example A.4.1 (heavy-tailed) for error generating procedure.

In summary, as noted in Section 2.5.2, our method exhibits robust performance in coverage

probability of 95% confidence intervals for regression coefficients. It demonstrates resilience
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Figure A.2: The estimated coverage probability of 95% confidence interval of three competing methods
under setting (a) (first row) and setting (b) (second row).

across a variety of error-generating procedures, i.e. heavy-tailed errors generated from a Gamma
distribution and light-tailed errors from a truncated Normal distribution, as well as differing levels
of sparsity in Y.

We conclude this section with an extra numerical experiment to demonstrate the consistency
of the coverage probability of our method. Consider dependent errors generated from the model
in (b), where we independently draw €;; ~ I'(0.2,0.3), (a;,b;)" ~ I'2{(0.2,0.2)",(0.4,0.4)", p},
and ;) = V(i) ~ '(0.2,0.3). We check the performance of our estimator under four error gener-
ating settings with different strength of dependence in relational data, where p € {0,0.3,0.6,0.9}.
This setup fixes 7,73 and n4 at 2, 1, 1, respectively; and gradually increases 7, and 7, taking
{0.14,0.61,1.21,1.80} and {0,0.3,0.6,0.9}. In other words, the reciprocity effect and sender-
receiver effect become stronger in the relational data across the four settings. For n = 50, we

generate 15 configurations of design matrix applying the configuration described at the beginning
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Figure A.3: The estimated coverage probability of 95% confidence interval of three competing methods
under setting (i) (first row) and setting (ii) (second row) for more sparse networks.

of this section. For each them, we generate 1,000 error terms under the four error settings. Com-
parison results are presented in Figure A.S.

As expected, the naive method performs worse under stronger dependence within the relational
data, whereas the coverage probability of our method is consistent and close to the nominal level
across four settings. The better performance of the naive method in the last plot in Figure A.5 may
result from the fact that, under this specific design, the dependence between two edges does not
contribute much to the variance estimate of 34 compared to the variance of edges. While the trend
may be less immediately discernible in the last plot compared to others, the coverage probability
associated with the naive method continues to diverge from the nominal level, as the reciprocity

effect and sender-receiver effect become stronger.
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Figure A.4: The estimated coverage probability of 95% confidence interval of three competing methods
under setting (a) (first row) and setting (b) (second row) for more sparse networks.
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Figure A.5: The estimated coverage probability of 95% confidence interval under four exchangeable error
settings with increasing value of reciprocity effect and sender-receiver effect.

A.5 Addition results for food sharing network analysis

In this section, we present addition details for analyzing the food sharing network data. The

nodal and dyad attributes of the data are given in Table A.1. Detailed descriptions could be found
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in Koster and Leckie (2014). Let y;; denote the total number of gifts given by household ¢ to

household j over the course of the yearlong study.

Table A.1: Attributes and descriptions

Variable Categories N
Household-level

Game Kg meat harvested per day 25
Fish Kg fish harvested per day 25
Pigs Average number of pigs owned during study period 25
Wealth Household wealth index 25
Pastors Dummy variable to denote a pastor in the receiving household 25
Relationship level

Relatedness1 Dummy variable to denote a mother-offspring tie 300
Relatedness?2 Dummy variable to denote a father-offspring or full sibling tie 300
Relatedness3 Dummy variable to denote other close kin ties 300
Relatedness4 Dummy variable to denote weaker ties 300
Distance Distance (km) between the two households, log transformed 300
Association Index of frequency with which the two households interact 300

For preliminary analysis, putting all variables in to model (2.1), Figure A.6 shows the corre-
lation matrix with absolute value of its entries, as well as the histogram and heat map of {y;;}.

Applying our model, the final estimated coefficients are given in Table A.2.

Table A.2: Estimation results

Parameter 3 b1 Ba B3 B4
Estimate 0.853 0.357 -0974 0.128 -0.175

Std. Dev. 0.414 0.058 0.508 0.036 0.066
Parameter  [35 Be Br Bs By

Estimate -1.020 -0.033 -0.996 -0.384 2.444
Std. Dev. 0.498 0.043 0.146 0.124 0.841
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Figure A.6: Left: Histogram and heat map of y;; with four levels (level 1: y;; < 5; level 2: 5 < y;; < 20;
level 3: 20 < y;; < 50; level 4: y;; > 50, denoted by light blue to dark blue). Right: Absolute value of
correlation matrix of estimated coefficients putting all variables in to model (2.1).
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Appendix B

Supplemental materials for Chapter 3

This supplementary file contains technical details, additional numerical results, and further
analysis of the real data. Proofs for the main theorems except the lower bound results can be found
in Section B.1. Section B.2 proves the lower bound results of four network effects of our interest.
Section B.3 reports additional numerical results for simulations detailed in Section 3.6 in the main
chapter.

Notations: In this chapter, we define [n] := {1,2,...,n} and Z as the set of integers. The
network of n nodes is written as {e; ;}, where 4, j € [n] and 7 # j. Let {e; ; }1<(i,j1<n denote the

adjacency matrix of a network of n nodes without self-loops, and £, _; 1is r-node sub-network

of {€; j}1<(ijy<n- The cardinality of a set S is denoted as |S|. We write Y, = O, () if P(|Y;| >
Ca,) < n~! for some constant C' > 0. Let 4 and & represent the convergence in distribution and
in probability, respectively. Throughout this work, we use C' to denote a generic positive constant,

whose definition may change from line to line. We assume the edge set could be represented by

{€ij}iziijem and {e;;} is used as its simplification without ambiguity for ease of presentation.

B.1 Proof of main Theorems in Section 3.3 — 3.5
Proof of Proposition 3.3.1. To derive the asymptotic order of 73, — Hj ,,, we rewrite it as 7j3 ,, =

H3,n + Lg’n + RS,n’ where Lgyn = Zlgi#jgn 03,i,j,0i,j with

O35 =2{n(n—1)(n—2)} {) f(X:, X)) — f(Xi, X))} = 2{n(n—=1)} > Y (X0, X));

k#i 1<i#j<n

and the last part admits the following form:

—1 —1
n n 2
R, = (3) > (piipik + piipik + Pripis)/3 — { (2> > (pij+ Pj,i)/Q} :

1<i<j<k<n
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We first introduce the following lemma to clarify the asymptotic order of Lj,, and I3, in the

decomposition of 7); ,,.
Lemma B.1.1. Ls,, = O,(n""logn) and Rs,, = O,(n"*/?log?n).
Proof. First of all, let [n] := {1,2,...,n}, we rewrite Rs,, as
Rsn =2{n(n—1)(n—-2)}7" Z pijpir—{n t(n—1)"" Z pig 2 (B.1)

4.5, k€ [n];i#]; 1<i#j<n
1#£k;k<j

Then we define an array {M;;},~; by

Mij ::pm{ Z Pi,k}+pj,i{ Z pﬁk}v

1<k<j<n 1<k<i<n

which yields >, .\ ciizishne; PiiPik = Di<icjon Mij. We sort {(4, j) }iz; by lexicographical
order where (k,l) < (i,j)if kAl <iAj,orkANl=iANjand k VI < iV j. Based on some

tedious yet elementary calculations, it is easy to show that
E[MZ'JH,OkJ}k;él,WhCI'C (k), l) < (’L,j)] = 0. (BZ)

Since {p; ;} are mean zero sub-exponential random variables, we have P(|p; ;| < logn) > 1 —
c1exp(—czlogn), for some ¢;,c; > 0. Note that given {X,}ic[n), pi,; is mean zero, and is inde-
pendent with py; if (k,1) # (4, ) by lexicographical order. By Bernstein inequality, for fixed j,

where i # j, we have

IP( Z Pik > anogn) < exp{ — %(CO’;TZ# A covgx/nlogn)} < exp(—%glogn),

1<k<i<n

for some co1,¢p2,c3 > 0. Thus, for fixed j, where i # j, we have ]P’(| Y oi<heicn Pik| <

vnlogn) > 1-2exp{—cslog(n)/2}, and P(| 32, ;< pik| < vnlogn) > 1-2exp{—c;log(n)/2}
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by analogous arguments. Therefore, we have the concentration result for { M, ;},; as follows

]P)(|M”| > /nlog®? n) > [1— ¢y exp(—czlog n)f[l — 2exp(—c3 log(n)/Z)}Q.

The concentration result combined with a union bound gives P(max;<;<j<, |M;;|) < n~'. By

Theorem 32 in Chung and Lu (2006), we have

v
2 (Z) nlog®n

o 3

1<i<j<n

> u> < 2exp [— ] Ty (B.3)
foru > 0. Asaresult, 2{n(n — 1)(n — 2)} 7' 37, .\ i 0isiizhne; PiiPide = O,(n=3%1log?n).
Note that the second term in (B.1) could be written as {n~'(n — 1)7" >, ;. (pij + pji)}*
where conditioning on { X }icpn, (pi; + pj,i) is mean zero sub-exponential random variable, and is
independent (p; + pix) if (k, 1) # (i, j) by lexicographical order. Standard calculation gives that

for u > 0,

P({n'n—1)" 3 o

1<i#j<n

> u) < cyexp{—csn’u}, (B.4)

where ¢4, c; > 0. Therefore, Rs,, = O,(n~*/?log?n) by (B.3) and (B.4). Next, we bound the
linear part in the decomposition of 73 ,,. Since {f(X;, X;)}1<; j<n are sub-exponential, we have
{05 ;i }1<i.j<n to be bounded with probability 1—O(n~'). Rewrite L3 ,, as L3, = Zlgi<jgn(937i7jpi7j+
05 .ip;.i). Therefore, Ls, could be considered as the sum of independent sub-exponential random
variables. An analogous argument as above yields P(| L3 ,,| > u) < ¢7 exp{cgnu} for u > 0, where

¢cg, c7 > 0, which completes the proof of the OZD(n*1 log n) bound. [l

In view of Lemma B.1.1 and the fact that 7); ,, — H3 ,, = L3, + R3 ,,, the proof is completed. [
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Proof of Proposition 3.3.2. We first show the asymptotic order of Op(n_3/ 2 log3/ >n) in (3.15)

holds. Note the remainder term in (3.15) takes the following form:

Y (s -and +{(3) X a0} oS o)

1<i<j<n

{(Z>_1 2 g1’2<Xi’Xj)}+{<g>_l > 93,3(Xi>Xj>Xk)}7 (B.5)

1<i<j<n 1<i<j<k<n

where 11 = E{g7 (X1)}, g3,3(Xi, Xj, X)) = ha(Xs, X, Xi) — 93.1(Xi) — 93.1(X5) — 93,1 (Xp) —
932(Xi, X;) —93.2(Xi, X)) — g3.2(Xs, X;) —n3—E2e; , and h3(X;, X, X)) = hs(Ei ). Note that
{g3.1(X;)} are i.i.d. sub-exponential random variable with zero mean. By Bernstein inequality, we
have n~' Y27 g3.1(X;) = O,(n~"/?log"?n). Then we rewrite (Z)_1 Dicicjen 932(Xis X)) =
(n—1)~" 370, Jj, where for j = 2,...,n, J; = 2n7" 37, 5 g32(X;, X;). Note that J; could be
considered as a U-statistic of order 1 scaled by 2j/n for fixed j. The concentration result above

combined with a union bound gives P(max;; n~'|J;| > en=/?log"/?n) < n~!, where ¢ > 0 is

some constant. By Theorem 32 in Chung and Lu (2006), we have

en?u?

)
P(| 5=

zQ§2apL- ]+n*, (B.6)

logn

for u > 0, where ¢ > 0 is a constant. Therefore, (’;)71 Y icici<n 932(Xi, Xj) = O,(n~"logn).
Follow the same idea, we rewrite (g)_l D cicjen 938(Xi, X5, Xi) = (n — 2)7' Y05 Ky, where
for k = 3,...,n, K = 6n~'(n — 1)7' 37, ., 933(Xi, Xj, Xi). The concentration result of

(5) - Y 1<icj<n 932(Xi, X;) combined with a union bound gives P(maxy, n~ ! | K| > en~?logn) <

n~!, where ¢ > 0 is some constant. By Theorem 32 in Chung and Lu (2006), we have

‘ > u) < 2exp[ lcn 2u } +n, (B.7)

153



foru > 0, where ¢ > 0is a constant. Therefore, (5) - D i<icj<n 933(Xi, X5, Xy) = O,(n=3/?1og*? n).
An analogous argument gives =" 327 | g1.1(X;) = O,(n""/?1log"/*n) and (5) - D icicien 912(Xi, Xj) =
O,(n~"logn), which completes the proof that (B.5) is of order O, (n~3/%1og®*n).

Then, we move on to show that under the null hypothesis H : 13 = 0, we have g ,,,(X;) = 0.

Under exchangeability assumption of {e; ;}, we have

ELf (X0, Xo) f (X, X)[Xo ) = E{f (X0, Xo) [ X0 JE{f (X1, X5)| X1}
= E{E(e12| X3, X5)| X1 FE{E(e1,3| X1, X3)[ X1 }
= E(er2| X1)E(e151X7)
= E{F(Xy, Xo, X(1,2)) [ X JE{F(X1, X3, X(1,8))| X1}

=E*{F(X1, X2, X1.2))| X1} (B.8)
and

Cov(ea,e23) = E(eg1623) — E(ea1)E(ea3)
= E[E{F(Xa, X1, X(2.1)) F'(X2, X3, X(23))| X1, X, X3}] — E(e21)E(ea3)
= E{E(e2,1[X1, X2, X5)E(e23/ X1, X2, X5)} — E(e21)E(ea3)
= E{E(e,1| X1, X2)E(e2,3| X2, X3)} — E{E(eq,1|X1, Xo) JE{E(ez3/ Xa, X3)}

= COV{f(XQ,Xl),f(XQ,Xg,)}. (B9)
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Note that (B.8) and (B.9) hold without any condition on {e; ;} other than exchangeability. When

ns = 0, by (B.8) and (B.9), we have

E?f(Xa, X1) = Cov{ f(Xa, X1), f(Xa, X3)} + E* f(Xa, X1)
= B{f(Xs, X1) (X2, X3)}
= E[E{f(X2, X1) f (X2, X3)| Xo}]
= E{E*(e21|X2) }
= Var{E(es1|X2)} + E*{E(eq 1| X5)}

= Var{E(es1|X2)} + E*f (X2, X)), (B.10)

which implies that Var{E(e21|X2)} = 0. Thus E(ey;]|X>) is some constant when 73 = 0.
Since E{E(e21|X2)} = E(es1), we have E(ex;|X2) = E{f(X2, X1)| X2} = E(es;). Recall
that g1,,,(X;) = 3g31(X;) — 4E(e;;)g11(X3), g31(z) = Ehs(z, X;, Xi) — E(e; je;r), and
g11(z;) = Ehy(x;, X;) — E(e; ;). Here we use hy (X, X;) and hs(X;, X;, X;) to indicate hl(EZ-,j)

and h3(E; ;) without ambiguity. We write

3931 (X1) = E{f (X1, Xo) f(X1, X3) + f(Xo, X1) f(Xo, X3) + [( X3, X1) f(X3, X2)| X1} — 3E(e1261,3)

= E{f(X1, X2) f(X1, X3)| X1} + 2E{ (X2, X1) f (X2, X3)| X1} — 3E(e1,2);

and 4E(e12)g1,1(X1) = 2E(e12)E{ f (X1, Xo)| X1} + 2E(e12)E{ f (X2, X1)| X1} — 4E*(e12). By
(Bg), when N3 = O, ]E{f(Xl, XQ)f(Xl, X3>|X1} = EQ(SLQ). Note that

E{f(Xa, X1) f(Xa, X3)| X1} = E[E{f (X2, X1) (X2, X3)[ X1, Xo}| X1 ]
= E[f(Xa, X1)E{f (X2, X3)| X2} | X1]

= E(e23)E{f (X2, X1)| X1} (B.11)

Therefore, we have g; ,,, (X1) = 3¢3.1(X1) — 4E(e12)91.1(X1) = 0.
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Lastly, to show 73 is bounded away from zero when g ,,, (X;) # 0, we prove that g, ,,,(X;) goes
to zero as 73 — 0. In view of (B.10), when 13 — 0, we have E(e; 5| X1) = E{f(X1, X2)| X1} =

e + 0,(1). Standard yet tedious calculation yields

Gine(X1) = pd = 2pe [B{f (X0, Xo) | X1} + E{f (X2, X1)| X1} +
E2{ f (X1, X2)| X1} 4 2E{ f (X2, X1) f (X2, X3)| X1} — 33
= 2B{f (X2, X0)(E{f (X2, X3)|Xo} — pe)[ X1} — 3m3 + 0p(1)

= op(1),

as 13 goes to zero and E{ f(X2, X3)| X2} — pe = 0,(1), which finishes the proof.
O

Example B.1.1 (Indeterminate degeneracy of ¢ ,, under H,). Consider the following examples

where 13 # 0 and {¢€; ; }1<; j<n are independent with zero mean,
1. whene;; = X; + € ;, we have g1 ,,(X;, X;) # 0;

2. when e;; = 1(X; > 1/2) + I(X; > 1/2) + €, we have g1 ,,,(X;, X;) = 0. This example
also satisfies ny # 0 while g ,,,(X;, X;) = 0, and ns # 0 while g, ,,,(X;, X;) = 0.

Proof of Theorem 3.3.1 and Theorem 3.3.2. Let V; := n~* Z(ivj’k’l)e,m {Us(Eijri) — M}
We first prove that when /ng; ,,(X;) = O,(1), V; is the dominating term in (3.18), which is
more general than gq,,(X;) = 0. Recall that 7)3,, = Hj, + L3, + Rs,, together with (3.15),
Lemma B.1.1, and the proof of Proposition 3.3.2, we have 73, — 13 = O~p(n‘1 logn). Also note
that conditioning on {e; ;}, V; can be viewed as a sample mean of independent mean-zero random

variables. For A € (0,2), Var(V;|{e;;}) = n"*03 ; = O(n™*). Therefore, V; is the dominating

term in (3.18) and

(ﬁgJ — 773)/(71_/\/2037J) = VJ/(n_/\/QagJ) + ép(’fl)\/Q_l log n) (B12)
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For the second term in (B.12), by Berry—Esseen Theorem, there exists ¢y > 0 such that
sup ‘P[n)‘/QVJ/UgJ < zl{e;;}] — @(x)‘ < con™M2.
Since ¢y is bounded by some finite moment of ¢; ;. By Fatou’s Lemma,

sup ‘P[nx/va/a?,,J <z] - CID(x)‘ = sup )E{P[nmvj/aw < zl{e;}] — @(x)}‘
< E{ sgp ’P[n’VZVJ/UgJ < w\{ei,j}] — (I)(SL’)|}

< con 2. (B.13)

Then by Lemma 2 in Maesono (1997) and (B.13), there exists ¢; > 0 such that for « = ¢;n~/?logn,

we have

sup |]P’[n’\/2(ﬁ37J —13) /03,5 < [L’] — (I)(QS)|
= sup |]P>|:n>\/2VJ/O-3,J + 0,(nM?* logn) < z] — ()|
< sup |]P’[n’\/2VJ/03,J < x} — Cb(x)‘ + P{nkﬂ_l logn) > a}+

max{®(z + a) — ¢(z), P(z — a) — P(2)}

< con_’\/2 +n 4 enFt logn.

As a result, there exists co > 0 such that sup, |]P’[\/ﬁ(ﬁgn —n3)/03 < x| — @(2)] < (M +

n*2~1logn). Follow an analogous argument as in the proof of theorem 3.2 in Shao et al. (2023),
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we have the concentration results of 53 :

o5, =n" Z [U3(E; jry) — 773,J]2

(iajukul)e‘]n,)\

- ~ ~ ~ 2
=n g Z [wS(Ewkl) — N3 T N30 — 773,]]
(ivjvk’l)ejn,k

=0 N [Us(BEird) = Tn)” — [ — ]’

(i7j7k7l)ejn,)\

=03 ; + Op(n?logn). (B.14)

We again apply Lemma 2 in Maesono (1997). There exists c3 > 0 such that for & = csn~'/?logn,

we have

MW — 1) /3,0 < 2] — O()]

sgp |]P’[n
< sup [P [n*?(7s.5 — 1) /03,5 < x[] — ®(x)| + P{O,(n"?logn) > a}+
max{®(z + &) — ¢(x),P(x — &) — ¢(x)}

< co(n™M? 40N Hogn) + n7t + es(n M2 logn).
Therefore, there exists C' > 0, such that
sup [B[n¥2 (s — m3)/33s < 2] — (a)| < C(n2logn + 0> logn),

The error rate is optimized at A = 1. This finishes the proof of the Berry—Esseen-type bound in
Theorem 3.3.1. Analogously, when g; ,,,(X;) # 0, we have Var(V;|{e; ;}) = O(n™), Tz, — 13 =
O,(n"?1log"? n) and nO/2(75 ; — n3) /Gs, 7 = O,(1).
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Now we are ready to begin the main proof for Type-I and Type-II error rates of test (3.20). For

z follows a standard normal distribution, we have

Prtyi { T = 1460} } = Bty [1{ [0 27,1/F.0] > @71(1 = a/2) }|
= Eptyo) [I{ 0 27.0/G0.5 > 07 (1 = af2) } + 10251/, < 07 (a/2) }]
=By [I{2 > 07 (1 = a/2)} + T{z < 07 (a/2) } |+

Entotn [I{n"/,1/5.0 > @71 (1 = af2) } ~1{z > @71 (1 = a/2) } |+

E o (ns) :H{nA/Qﬁ?;,J/a?),J < CD_I(Oz/Q)} - ]I{z < <I>_1(a/2)H

< a+2C0(nM?logn 4+ n**tlogn).

Therefore, we have Py () {T5, = 1} = o+ O(n™*? 4+ n*?71) log n. Next, we prove the upper
bound of test (3.20). When /ng; ., (X;) = O,(1) and 13 = w(n=*/2), we have

nA/Qﬁs,J _ n’\/2(ﬁ3,J - 773) X

/2
n* UE
03,J 03,J 03,J

Note that we have n*/2(7s.;—n3) /G3.; < N'(0, 1). Therefore, [n*/27; /55| £ 0o as [n™?n3 /55,4 >
oo. Note that here we prove the results for A € (0, 2), while omit the A\ € (0, 1) as in the theorem
statement, since little information is used under this setting.

Given the upper bound results, we further show the power consistency of our test when gy ,,, (X;) #

0 and A € [1,2). Combining the result in (B.14), we have

nA/Qﬁ:%,J _ {nl/z(ﬁw —13) n1/2773 }n(x—l)h

= = + —
03,J 03,7 03,J

where n/2(1)3. ;1 — 13) /535 = O,(1) as g1, (X;) # 0, and n'/?n3 /G5 ; — oo since 73 is bounded
away from zero when g¢; ,,,(X;) # 0. By definition of Type-II error, this finishes the proof of power

consistency of our test.
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Proof of Proposition 3.3.3. Analogous arguments as in the proof of Proposition 3.3.2 indicate
that the asymptotic order of O~p(n*3/ 2 log?’/ 2 n) in (3.23) holds. Here, we will focus on showing

the second half of Proposition 3.3.3. Under exchangeability assumption of {e; ;}, we have

E{f (X2, X1) f(X5, X1)| X1} = E{f (X2, X0) [ X JE{f (X3, X1)[ X1}
— B{E(es1| X1, Xo)| X1 VE{E (€51 X1, X5)| X1}
— E(es | X1)E(e5.|X1)
= E{F (X2, X1, X2.)) [ X1 JE{F (X3, X1, X(31)) [ X1}

= E*{F(Xo, X1, X)) | X1 }; (B.15)

and

Cov(ey o2, e32) = E(e12e32) — E(e12)E(es2)
= E[E{F(XlaX%X(m))F(X& Xo, X(z,z))’Xl, Xo, X3H - E<€1,2)E<63,2)
= E{E(e12| X1, X2, X3)E(e32]| X1, X2, X3)} —E(e12)E(es2)
= E{E(e12| X1, X2)E(e52| X2, X3)} — E{E(e12| X1, Xa) }E{E(e32| X2, X3)}

= Cov{f(X1,X3), f(X5,X2)}. (B.16)
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Note that (B.15) and (B.16) hold without any condition on {e; ;} other than weakly exchangeabil-

ity. When 14 = 0, by (B.15) and (B.16), we have

E?f (X1, Xa) = Cov{ (X1, Xa), f(Xs, Xa)} + E*f(X1, X5)
=E{f(X1,X2) f(X3, X5)}
= E[E{f(X1, X2) f(X3, X2)| Xo}]
=E{E*(e12|X2) }
= Var{E(e; 9| X2)} + E*{E(e; 2] X5)}

= Var{E(e; 2| X2)} + E*f (X1, Xo), (B.17)

which implies that Var{E(e;2|Xs)} = 0. Thus E(e;2|X>) is some constant when 7y = 0.
Since E{E(e12|X2)} = E(e12), we have E(e; 2| X2) = E{f(X1,X3)| X2} = E(e12). Recall
that g1, (Xi) = 30941(X;) — 4E(e;;)911(Xs)s gan1(zi) = Ehy(zy, X;, Xi) — E(e; je;r), and
g11(z;) = Ehy(x;, X;) — E(e; ;). Here we use hy (X, X;) and hy(X;, X;, X;) to indicate hl(EZ-,j)

and hy(E; ;) without ambiguity. We write

394.1(X1) = E{f(Xa, X1) f(X3, X1) + f( X1, Xo) f(X5, X2) + f( X1, X3) f(Xo, X3)[ X1} — 3E(eg,1e3,1)

= E{f (X2, X1)f (X3, X1)| X1} + 2E{ (X1, X3) (X3, X2)| X1} — 3E(e1,2);

and 4E(e31)91,1(X1) = 2E(e9,1)E{ f (X2, X1)| X1} + 2E(e2,1)E{ f (X1, X2)| X1} — 4E*(e12). By
(BIS), when Ny = 0, E{f(X27 Xl)f(Xg, X1)|X1} = E2<€1,2). Note that

E{f(X1, Xo) f(X3, Xo)| X1} = E[E{f (X1, Xa) f(X3, X2)[ X1, X }| X1 ]
= E[f(X1, X0)E{f (X5, X5)| X }| X, ]

= E(vag)E{f(Xl,XgﬂXl}. (Blg)
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Therefore, we have gy ,,, (X1) = 394.1(X1) —4E(e12)g1,1(X1) = 0. Lastly, analogous arguments as

in the proof of Proposition 3.3.2 indicate 7, is bounded away from zero when ¢, ,,,(X;) #0. O

Proof of Theorem 3.3.4 and Theorem 3.3.5. Decompose 7, ; as

Mg — s = (g — na) + 07 Z {Va(Eijpi) — Mants (B.19)
(i3, k) €T

and let V; := n=? Z(iyjyk,l)ejm{¢4(Ei7j7k7l) — Tan}. We first prove that when \/ngs ,, (X;) =
O,(1), V; is the dominating term in (B.19), which is more general than g; ,, (X;) = 0. Recall
that 7y, = Hypn + Lan + Ry, together with (3.23), and the proof of Proposition 3.3.3, we have

Nan —na = Op(n~'logn). Also note that conditioning on {e; ;}, V; can be viewed as a sample

mean of independent mean-zero random variables. For A € (0,2), Var(V;|{e;;}) = n"*0} ; =

O(n="). Therefore, V; is the dominating term in (B.19) and
(As —m1)/(R204 7) = Op(n** Hogn) + Vi /(n 204 ). (B.20)
For the second term in (B.20), by Berry—Esseen Theorem, there exists ¢y > 0 such that
sup ’P[HA/QVJ/OZLJ < zl{e;}] — @(m)‘ < con™ M2

Since ¢ is bounded by some finite moment of ¢; ;, in view of (B.13) and by Fatou’s Lemma, we

have

sup ‘P[nA/QVj/mLJ < x] — CID(x)’ < con M2 (B.21)
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Then by Lemma 2 in Maesono (1997) and (B.21), there exists ¢; > 0 such that for « = ¢;n""/?logn,

we have

sup |P[n’\/2(ﬁ4”] — M) /045 < x] — CID(ac)|
= sup |P[n’\/2VJ/04,J + O,(n* ogn) < z] — O(z)|
< sup |P|:n)\/2VJ/O'4’J <z| - P(x)| + P{n**logn) > a}+

max{®(z 4+ a) — ¢(z), P(z — a) — P(x)}

M2 LTt 4 M2 ogn.

< con
As a result, there exists ¢; > 0 such that sup,, |P[v/n (7, — m) /04y < 2] — ®(2)]| < c2(n™2 +

n*?~!logn). Conditioning on {e;;}, we have the concentration results of 55 ;:

Gry=n Y [a(BEige) - M)

(i7j7k’l)€‘]n,>\

- ~ ~ ~ 2
=0 > [l Eie) = T+ T — 7]
(4,9,k,1) €T 2

=n" Z [wzl(Ei,j,k,l) - 774,11]2 — [?/7\4,71 — 774,J]

(i’j’k’l)e‘]n,)\

2
= aij + Op(n~?logn). (B.22)

We again apply Lemma 2 in Maesono (1997). There exists ¢, > 0 such that for & = ¢,n~"/?logn,

we have

sup |P[n’\/2(ﬁ4”] —1N4) /04 < x] — @(m)|
< sup |P[n’v2(ﬁ4,(} —m)/oay < x] — ()| + P{O,(n"*?logn) > a}+

max{®(z + a) — ¢(z), &(z — &) — P(z)}

< co(n M2 4+ M2 ogn) + 0t 4 cy(n M2 logn).
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Therefore, there exists C' > 0, such that
sup [P[n2 (@1 — m) /G4,y < x] = ®(x)| < C(n?*logn +n** ogn).

The error rate is optimized at A = 1. This finishes the proof of the Berry—Esseen-type bound in
Theorem 3.3.5. Analogously, when g1 ,,, (X;) # 0, we have Var(V;|{e; ;}) = O(n™), Ny — ma =
O,(n~"210g"? n) and nMV/2(5y ; — n4) /Gay = Op(1).

Now we are ready to begin the main proof for Type-I and Type-II error rates of test (3.24). For

z follows a standard normal distribution, we have

Prtsino { Tra = 1{€i}} = Ernotuo [1{ [0 271,1/F10] > @711 = a/2) }|
= Eptyg [I{n270,0/50s > 07 (1 = af2) } + 1025, /50 < 07 (a/2) }]
= Epyo [I{z > 0711 = a/2)} +1{2 < 07 (a/2) }]+
Ertyin ({0 2,0/515 > 07 (1= a/2)} ~1{z > @711 = a/2) }] +
Ertytno [1{n271,1/51,0 < @7 (0/2) } ~1{z < 07 (a/2) ]

< a+2C(n"M?logn 4+ n**tlogn).

Therefore, we have Py, {T5o = 1} = o+ O(n™*? 4+ n*?71) log n. Next, we prove the upper

bound of test (3.24). When /ng; ,,,(X;) = O,(1) and 1y = w(n=*/2), we have

nwﬁu _ nw(ﬁw - 774) 4

A/2
n*/ T4
04,J 04,7 04,J

Note that we have n™/2(7y j—14) /54,1 LN N(0,1). Therefore, |07, 1 /G4y 2> oo as [n*?n,/54 5] L
oo. Note that here we prove the results for A € (0, 2), while omit the A\ € (0, 1) as in the theorem

statement, since little information is used under this setting. O]
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Proof of Proposition 3.4.1. We apply an analogous argument as in the proof of Proposition 3.4.1.

Note the remainder term in (3.28) takes the following form:

Y {00 —anb+{(5) T )+ ot aaon s

1<i<j<n

{@ 2 gl’Q(X“X”}*{(Z)_l > galX XX}, (B23)

1<i<j<n 1<i<j<k<n

where 11 = E{g7 (X1)}, 95,3(Xi, Xj, X)) = hs(Xs, X, Xi) — 95.1(Xi) — 95.1(X;) — 95,1 (Xp) —
95.2(Xi, X;) = 95.2(Xi, X)) — g5.2(Xs, X;) —15 —E?e; , and hs(X;, X, X)) = hs(Ei ). Note that
{g51(X;)} are i.i.d. sub-exponential random variable with zero mean. By Bernstein inequality, we
have n=' Y27 g5.1(Xi) = O,(n~"?log"?n). Then we rewrite (g)_1 Y icicjen 95.2(Xi, Xj) =
(n—1)~" >0, J;, where for j = 2,...,n, J; = 2n7" 37, g52(X;, X;). Note that J; could be
considered as a U-statistic of order 1 scaled by 2j/n for fixed j. The concentration result above

combined with a union bound gives P(max;; n~"|J;| > en=/?log"/?n) < n~!, where ¢ > 0 is

some constant. By Theorem 32 in Chung and Lu (2006), we have

en?u?

)
P(|5=r

>u) < 2exp | — +nt B.24
) 2o [ 2] ®2

logn

for u > 0, where ¢ > 0 is a constant. Therefore, (’;)71 Y i<ici<n 95.2(Xi, Xj) = O,(n~"logn).
Follow the same idea, we rewrite (g)_l D icicjen 95.8(Xi, X5, Xi) = (n — 2)7' Y05 Ky, where
for k = 3,...,n, K = 6n~'(n — 1)7' 37, ., 953(Xi, X, Xi,). The concentration result of

(5) - > i1<icj<n 95.2(Xi, X;) combined with a union bound gives P(maxy; n™!| K| > en~?logn) <

n~!, where ¢ > 0 is some constant. By Theorem 32 in Chung and Lu (2006), we have

3
(’ZM ‘ > u) < 2exp[ IC" Y } e (B.25)
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foru > 0, where ¢ > 0is a constant. Therefore, (5 ) D i<ici<n 95.3(Xi, X, Xi) = O,(n=3/?1og*? n).
An analogous argument gives =" 327 | g1.1(X;) = O,(n""/?1log"/*n) and (g)_l D icicien 912(Xi, Xj) =
O,(n~"logn), which completes the proof that (B.23) is of order O, (n~%/?log®? n). O

Proof of Remark 3.4.1. Since €ij = VVZ + 3/] + C(S(i,j), we have f(Zl, Z]) = E(ei,j|Z,~, Z]) =
Wi+Y,+pus, where 15 = Eé(; j). Note that we have E(e; ;|Z;) = E{f(Z;, Z;)|Z;} and E(e; ;|Z;) =

E{f(Z;,Z;)|Z,}. An analogous decomposition procedure yields

G1.05(Z1) = 395.1(Z1) — 4E(e12)g11(Z1)
= {E(e12|Z1) — E(e12) H{E(e21]Z1) — E(e12) }+

E{€1,2€2,3‘Z1} - E(€2,3)E{€1,2‘Zl} + E{€2,1€3,2’Z1} - E(GS,Q)E{GZ,l‘Zl}-

Since X, and Y5 are uncorrelated, E{eq 163 2|Z1 } = E{(Wa+Y1+pus) (W3+Ya+pus)| Y1} = E(Wa+
}/1 + [L5|}/1)E(€372) = E(6372)E{6271|Z1}. Slmllarly, we have E{€1726273|Z1} = E(€273)E{6172|Z1}.
Therefore, g17n5(Z1> = {E(€172|Zl) - E(elyg)}{E<€2’1|Zl) - E(€1’2>} = (W1 - EW1)<Y1 - E}/l)

[

Proof of Theorem 3.4.1. To derive the asymptotic behavior of 7 ,,, we rewrite it as 75 , = Hs , +

L57n + R57n, where L5,n = Zlgi#jgn 05,i,jpi,j with

9572'] {n(n—l ’I’L—2 I{Zf Xk, ’L)+Zf(X]7XkJ)_2f(X]7X’L)}_

ki kj

2{n(n - 1)} > f(Xi, Xp);

1<i#j<n

and

-1
n 1
Rs :( ) Z E(Pi,jpj,k + PP PiiPik + PriPig t PikPri t PikPR)—

3 iy
1<i<j<k<n
n\ 2
{(2) Z (pij + pj,i)/z} :
1<i<j<n
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We first introduce the following lemma to clarify the asymptotic order of L;, and s, in the

decomposition of 7); ,,.
Lemma B.1.2. Ls,, = O,(n"'logn) and Rs,, = O,(n"*/?log?n).
Proof. First of all, we rewrite Rs ,, as
Rsp={n(n—1)n-2}" > pupu—{n'-1" Y p}  (B26)

1,5,k €[nl;i#]; 1<i#j<n
i#£k;k#£]

Then we define an array {M;;},<; by

M= pii{ Y pisd+pd Y. pirkh

1<k<i<n 1<k<j<n

which yields >, .y ciizjithinr; PiiPik = D1<icjon Mij- We sort {(i, j) }iz; by lexicographical
order where (k,l) < (i,j)if kAl <iAj,orkANl=iAjand kV I < iV j. Based on some

tedious yet elementary calculations, it is easy to show that
E[M; j|{pk}rn, where (k,1) < (i,7)] = 0. (B.27)

Since {p; ;} are mean zero sub-exponential random variables, we have P(|p; ;| < logn) > 1 —
c1 exp(—cz logn), for some ¢y, ¢, > 0. Note that given { X }ic[,» ps,; is mean zero, and is indepen-
dent with py; if (k,1) # (i, 7) by lexicographical order. By Bernstein inequality, for fixed ¢ # j,

we have

IP( Z Pik > anogn) < exp{ — %(CO’;TZ# A covgx/nlogn)} < exp(—%glogn),

1<k<i<n

for some o1, o2, ¢s > 0. Thus, for fixed i # j, we have P(| >, _ic,, sl < v/nlogn) >

1 — 2exp{—czlog(n)/2}, and P(| 2i<kejen Pikl < Vnlog n) > 1 — 2exp{—cslog(n)/2} by
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analogous arguments. Therefore, we have the concentration result for {M; ;},; as follows

]P)(|M”| > /nlog®? n) > [1— ¢y exp(—czlog n)f[l — 2exp(—c3 log(n)/Z)}Q.

The concentration result combined with a union bound gives P(max;<;<j<, |M;;|) < n~'. By

Theorem 32 in Chung and Lu (2006), we have

u2

2 (Z) nlog®n

JHRIE

1<i<j<n

u> < 2exp [— ] Yl (B.28)
foru > 0. Asaresult, {n(n — 1)(n — 2)} 7" 32, ) cluriviihnss PiiPid = O,(n=3%1log?n).
Note that the second term in (B.26) could be written as {n~'(n — 1) 37, ., ;. (pij + psi) }*s
where conditioning on { X }icpn, (pi; + pj,i) is mean zero sub-exponential random variable, and is
independent (p; + pix) if (k, 1) # (i, j) by lexicographical order. Standard calculation gives that

for u > 0,

]P’(’{n’l(n SRy

1<i#j<n

) < ¢y exp{—csn’u}, (B.29)

where ¢4, c5 > 0. Therefore, Rs,, = O,(n~*/?log®n) by (B.28) and (B.29). Next, we bound the

linear part in the decomposition of 7js ,,. Recall that L, = >, ;. <, 05,:,jpi;, where

05, ={n(n—1)(n—2)} 1{Zka, —l—Zf i Xi) = 2f (X5, Xi) }—

k#i k#j

2{n(n—-1)} Z f(Xi, X;).

1<i#j<n

Since {f(X;, X;)}1<i j<n are sub-exponential, we have {65 ; }1<; j<» to be bounded with proba-
bility 1 —O(n™"). Rewrite Ls , as L5 = Y <;j<,(05.,jpij + 05 jipji). Therefore, Ly, could be

considered as the sum of independent sub-exponential random variables. An analogous argument
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as above yields P(| L5 ,| > u) < ¢7exp{cgnu} for u > 0, where cg, c; > 0, which completes the

proof of the O,(n~"logn) bound. O

Recall that 75, = H5, + L5, + R5,,, and

1 n\ _ ~
—ns == > g (X)) + (2> 3 G (X X))+ dn7 ey + Op(n 2 log¥ 2 n),
1<i<j<n

1<i<n

where &, = E{g?,(X1)}, and gy, (X;) # 0. Therefore, n=" 37, ., 91,4, (X;) will make domi-
nating contribution to 7 ,,, by Lemma B.1.2 and the decomposition of 75 ,,. Apply the asymptotic

normality results of U-statistics with Var{ g ,,(X;)} > 0, we have

V(T — 15) 2 N(0,02,),

where 0 | = E{g7,.(X1)}. O

Proof of Theorem 3.4.2 and Theorem 3.4.3. We first prove the concentration result of 2 ;. Note
that o3 | = E{g7,,,(X1)} = E{9¢3;(X1) + 16267  (X1) — 244195,1(X1)g1,1(X1)}. And we could

rewrite G2 | as
5§,1 = 91@93,1()(1) + 16(712@1@29171()(1) — 24(71,nIAE{95,1(X1)91,1(Xl)}7

where E{gs 1 (X1)g11(X1)} =n~" Yo 911 (Xi) G50 (X5), Eg5 [(X0) =000 980 (X), U =
n\—1 —
(5) D i<icj<n M (Ei;), and I[“I‘,g1 1(X1) =n"1Y00 971 (XG). Note that

to= (1) X vx)i06x0 2+ (3) X e

1<i<j<n 1<i<j<n

and by the proof of Proposition 3.4.1, we have n ' 3" ¢,,(X;) = O,(n~"/?log"?n) and

ntn =170 i (Pig + i) = O,(n~'logn). Therefore, we have

ﬁljn — pte = O,y (n"?10g"?n), and (/jfn — 12 = 0,(n"Y?1og"?n). (B.30)

e
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To derive the concentration results of Egg,l (X1), we define

-1 -1

~ n R n—1

U5,n = <3) 4 E h5(Ei,j,k)7 as,i = ( 9 ) E h5(Ei,j,k’)a
1<i<j<k<n

1<j<k<n;
jk#
n\ n—1\""
Ug,,n:(g) D he(Xe Xy, X), ag,,z:( ) ) > hs(Xa X X,
1<i<j<k<n 1<j<k<n;

5kt

where h5 (XZ, Xj, Xk) = h5<Ei,j,k), [75,11 = n_l Z?:l 65’7; and U57n = ’I’L_l Z?:l as ;. By deﬁnition,

we have

n

Egg,l(Xl) =n"! Z(aE),i - [75,71)2 =n"! Z{(aE),i —Uspn) + (Us — U5,n)}2

i=1 i=1
n n

=n! Z(ag,i —Us,n)? +2n7" Z(@w‘ — Us ) (Us — Usp) + (Usp — Us)?

=1 =1
n

=n"" 2(55,1‘ —Usp)? — (Us — ﬁ57n)2 (B.31)
i=1
An analogous argument as in the proof of Lemma B.1.2 yields (75771 —Usp = Op(n_l logn). Thus,

the second term in (B.31) is of order Op(n_2 log? n). For the first term in (B.31), we have

n! 2(35,1‘ —Usy)?=n"" Z{(as,z' —as;) + (as; — Us )}
i=1 i=1

=n"t Z(aE),i - a5,i)2 +2n7! Z(a&i —as;)(as; — Us )+

=1 =1
n

nY (as; — Usy) (B.32)

1=1

By the Hoeffding’s decomposition of U-statistics, we have a5; — U, = O,(n""/?log'/? n). Note
that an analogous argument as in the proof of Lemma B.1.2 gives @5; — as; = O,(n~"/?logn).

Therefore, the first and second term in (B.32) is of order Op(n_l log n). To study the third term in
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(B.32), we define a5 ; = g5,1(X;) + p5, where pi5 = E(e; je;,) Then we have

nt Z(%,z’ —Usp)? =n"" Z{(%,i — pi5) + (s — Us ) }2
i=1 i=1

=n"! Z(%,i - M5)2 — (s — U5,n)2, (B.33)
i=1

where (us — Us ,)? = Op(n‘1 logn) by the Hoeffding’s decomposition. And we could decompose

the first term in (B.33) by

n~! Z(%,z‘ — )t =n"" Z{(GS,i — G5;) + (a5 — p15) }
i=1 i=1
=—n ! Z(as,z‘ — ds,i)Q +2n7! Z<a5’i — Gis.0)g5.1(X0) + 01 Z g;l(Xi).
=1 =1 i=1

(B.34)

Note that as; — as; = 2(n — 1)7" 30 i 95.2(Xa, Xj) + O,(n~21log"? n). Therefore, the
first term in (B.34) is of order Op(n_1 logn). The second term in (B.34) could be written as

(5 D icicieni951(Xi)g52(Xi, Xj) + g5.1(X;)g5.2(X;, Xi)} /2, which gives 2n~" 7% (a5 —
i5.1)95.1(Xi) = Op(n~"/?1og"?* n). Combining (B.31), (B.32), (B.33), and (B.34) gives

Egg,l(Xl) - E9§,1(X1) Op(n_l/Q 10g1/2 n) + n! Z 9?,1(Xi) - E.gg,l(Xl)
i=1

= O0,(n"?log"? n). (B.35)
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Next we derive the concentration result of ]/Ezgil(X 1) follow the same procedure as above. For

notation convenience, we define

-1
~ n N
G=(3) X mE). du=-)" ¥ i)

1<i<j<n 1<5<n;
J#
n —1
Uin = (2) Z h(Xi, X;), a1, =(n—1)" Z hi (X5, X5),
1<i<j<n 1<j<n;
J#

where 7, (X;, X;) = hi(Ei;), (/jm =n !> Ay, and Uy, = n~t Y7 | ai,. By definition, we

have

n

Eg}y(X1) =0 (@1 — Uin)? =01 {(@1 — Ui) + (Ur — Urn) ¥
=1 =1

=nt Z(al,i — U1,n)2 4 2n71 Z(au — U n)(Up — I/jln) + (U — ﬁl,n)Q

=1 i=1
n

=" (1 — Uin)? = (Unn — Ur)? (B.36)

i=1

Note that (AJM — U, = (g)_l Zlgkjgn(pi,j + pji)/2. An analogous argument as in the proof
of Lemma B.1.3 yields (A]l,n — Uy = Op(n‘1 logn). Thus, the second term in (B.36) is of order

O~p(n*2 log® n). For the first term in (B.36), we have

n- Zau Upn)? = Z{ (@1 — ary) + (a1 — Upn)}?

n n

=n" 2(51,7; —ay)* +2n7 Z(al,z’ —ay;)(ar; — Urp)+
i=1 i=1
=ty (ar; — Urp)? (B.37)
i=1
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By the Hoeffding’s decomposition of U-statistics, we have a; ; — U; ,, = Op(n_l/ 2 logl/ n). Note

that

A —a = =17 Y (piy+p)/2=Op(nlog!n).

1<j<n;j#i
Therefore, the first and second term in (B.37) is of order O,(n~'logn). To study the third term in

(B.37), we define a; ; = g1.1(X;) + jt.. Then we have

n! Z(al i Ul,n)2 =n' Z{(al i :ue) + (:“e Uy n)}2
=1 =1
=n"" ) (a1; — pe)® = (pte — Urn)?, (B.38)
=1

where (1. — Uy,,)? = O,(n"logn) by the Hoeffding’s decomposition. And we could decompose

the first term in (B.38) by

n Z(Gl,i — )’ =n"" Z{(al,i — 1) + (A1 — pe)}?
i=1 i=1

—n! Z(am —a14)? 4 207" Z(al,i — d1)g1a (X)) + 0t 293,1()@-
=1 =1 i=1

(B.39)

Note that ay; — a1 = (n — 1) 30 i 912(X0, Xj) = O,(n""?1log"/? n). Therefore, the
first term in (B.39) is of order Op(rf1 logn). The second term in (B.39) could be written as

Wi D icicienl 911 (Xi)g12(Xs, Xj) + g1.1(X;)g1.2(X;, Xi)}/2, which gives 2n~! Y1 (a1 —
d1.1)91.1(X;) = Op(n~"/?1og'/* n). Combining (B.36), (B.37), (B.38), and (B.39) gives

= 0,(n"Y?1og'?n). (B.40)
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Now we move on to derive the concentration result of ]E{ G2,1(X1)g1.1(X1)}. Note that

g11(Xi) =a1,; — fjl,n = (a1, — Urp) + (U — ﬁm)
= (a1, —a;) + (a1, — Uin) + O~p(n_1 logn)
= (ar; — pte) + (e = Urn) + Op(n~"?log'? n)
= (a1; — 1) + (@1, — pe) + Op(n_l/Q log'/? n)

= g11(X;) + O, (n 2 1og"? n). (B.41)
Analogously, G5 1(X;) = g51(X;) + Op(n~"/?log"/? n). Therefore,
E{g11(X1)g51(X1)} = B{g1.1(X1)g51(X1)} + Op(n~ " log"? ). (B.42)

Finally, combining (B.30), (B.35), (B.40), and (B.42) gives 62, — 02, = O,(n""/?log"/* n). This
finishes the proof of concentration result of 5\%’1 in Theorem 3.4.3.

Next, we will derive the Berry—Esseen-type bound for
sup ‘P{\/ﬁ(%n —15) /051 < x} — CID(m)‘

Note that go,,. (Xi, X;) = 3g52(Xi, X;j) — 2E(e;;)g12(X;, X;) — d4n~H(n — 1)g11(Xi)g1.1(X;).
An analogous argument as in the proof of Proposition 3.4.1 gives (’2‘) - > i<ic i<n 92,15 (Xi, X;) =
O,(n~'logn). Since 75, = Hs, + L5, + Rs,p, in view of (3.28) and Lemma B.1.2, we have
V(s —n5) = n~/? D icicn L (Xi) + O,(n"1%logn). Note that g5 (X;) and g, 1(X;) are

sub-exponential. By Berry—Esseen Theorem, there exists ¢y > 0 such that

sup \P%{ > 1K)} o < 2] — 0()| < (B.43)

1<i<n

Sl
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Then by Lemma 2 in Maesono (1997) and (B.43), there exists ¢; > 0 such that for « = ¢;n"'/?logn,

we have
sup |]P>{\/ﬁ(ﬁ5,n —n5)/051 < x} — CID(x)’
:sup|]P’ \/_{ Z G5 (Xi) Y051+ Op(n 1/2logn)§x}—<l)(x)‘
< \/—{I;R Gis(Xi) Y o50 < x] — @(:c)) +P{O,(n"Y*logn) > a}+

max{®(z + a) — ¢(z), P(z — a) — P(2)}
Co 1 logn

<
SRt m

As aresult, there exists ¢; > 0 such that sup,, |P{y/n(7s,n—75) /051 < 2} —®(2)| < can™/*log n.
We again apply Lemma 2 in Maesono (1997). There exists c3 > 0 such that for & = csn™"/?logn,

we have

sup [P{vV/n(Tls.n —115)[T51 <} — ()]
< sup [P{Vn(Tls.0 = 15)/ 051 < ) — ()| + P{O,(n~*1og'* n) > a}+

max{®(z 4+ a) — ¢(z), ®(z — &) — P(x)}
logn 1

\/ﬁ+n

S (02 + C3)

Therefore, there exists C' > 0, such that sup,, |P{y/n(7s5,,—75) /551 < 2} —®(x)| < Cn~"?logn.

This finishes the proof of the Berry—Esseen-type bound in Theorem 3.4.3.
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Now we are ready to begin the main proof for Type-I error rate and power consistency of test

(3.30). For z follows a standard normal distribution, we have

Pty {Tso = 1} = Bty [ I{ [Vls.0/51] > @71 (1 = a/2) }]
= Ertyory [I{V/7l50/30 > 07 (1 = a/2) } + H{ s/l /55 < 07 (0/2)
= Eppyon) [I{2> @' (1 = 0/2) } + 1{z < 07 (a/2) }] +
Etty ) ]1{\/577571/051 >0 (1-a/2)} ~1{z> 0 (1-a/2)}]+
Bty |[1{ V5.0 /55,1 < 971 (0/2) } = T{z < 07 (a/2) }]

< a+20n"Y2logn.

Therefore, we have Py, ;) {T5.0 = 1} = a + O(n~'/*1logn). Next, we prove the upper bound of
test (3.30). When 75 = w(n~"/2), we have

Vs /(050 — 15) n Vs

05,1 05,1 05,1

We have shown that 551 = 051 + O,(n~"?log"/? n), and sup, [P{y/n(7sn — 15)/551 < @} —
®(z)| < Cn~Y?logn. Note that |\/nn;/55,1| = oco. Therefore, |\/ni)s,/55,1| = 0o. By defini-
tion of Typr-II error, this finishes the proof of Theorem 3.4.3.

[

Proof of Theorem 3.4.4 and Theorem 3.4.5. Let V; := n™* D tijnyens Ws(Eijrt) = Tsnl}-
First, we prove V; is the dominating term in (3.31). Recall that )5, = Hs5,, + L5, + R5,. We
prove this under assumption of \/ng; ,;(X;) = O,(1), which is more general than g; ,, (X;) = 0.
Since \/ngi,;(X;) = Op(1), together with (3.28), Lemma B.1.2, and the proof of Proposition
3.4.1, we have 75, — 15 = Op(n_l log n). Also note that conditioning on {e; ;}, V; can be viewed

as a sample mean of independent mean-zero random variables. For A € (0, 2), Var(V;|{e; ;}) =
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n~*o? ; = O(n™*). Therefore, V; is the dominating term in (3.31) and
(M50 — 775)/(714/2057]) = Op(n’\/z’l logn) + VJ/(n’)‘/2057J). (B.44)
For the second term in (B.44), by Berry—Esseen Theorem, there exists ¢y > 0 such that
sup ’P[n)‘/QVJ/og,J < zl{e;}] — @(x)‘ < con™M2.

Since ¢ is bounded by some finite moment of e; ;, in view of (B.13) and by Fatou’s Lemma, we

have
sup ‘P[nA/QVJ/U&J < [E] — (P(x)‘ < con M2, (B.45)

Then by Lemma 2 in Maesono (1997) and (B.45), there exists ¢; > 0 such that for « = ¢;n""/?logn,

we have

sup |P[n>\/2(ﬁ5,J —n5)/05,y < x| — ‘I’(I)|
= sup |P|:n>\/2v(]/0'57(] + 0, (nM?* logn) < z] — O(z)]
< sup |P[n’\/2VJ/05,J < x} — q)(x)‘ + P{n)‘/z_l logn) > a}+

max{®(z + a) — ®(z), ®(z — a) — P(2)}

A2

< con +n 7t 4+ cln)‘/Q’1 logn.
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As aresult, there exists ¢ > 0 such that sup, |P[v/n(7s,, — 15) /055 < ] — ®(2)| < ca(n™? +

n*2-11ogn). Conditioning on {e; ;}, we have the concentration results of 3%7 gt

os,=n" Z [U5(Ei jry) — 7A75,J]2

(6,5,k,1) € Jn A

- fol ~ -~ 2
=0 Y [Us(Eir) = T+ T — 75,0
(4,9,k,1)Edp 2

=0 > [WUs(Bijrs) = Tn)” — [on — 1]

(i7j7kvl)e']n,>\

=0z ; + Oy(n?logn). (B.46)

2

We again apply Lemma 2 in Maesono (1997). There exists c3 > 0 such that for & = csn~'/?logn,

we have

sup |P[n’\/2(7/7\5”] —1)5)/05,.0 < x] — @(1‘)|
< sup |P[n’\/2(775,J —ns)/05,y < x| — (ID(x)| +P{O,(n"*?logn) > a}+

max{®(z + a) — ¢(z), ®(z — &) — P(x)}

< co(n M 4 M2 Nogn) +n7t + es(n?logn).
Therefore, there exists C' > 0, such that
sup |]P>[n’\/2(7/7\57J —15)/05,5 < x] — ®(z)| < C(n~?logn + n?logn).

The error rate is optimized at A = 1. This finishes the proof of the Berry—Esseen-type bound in

Theorem 3.4.5.
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Now we are ready to begin the main proof for Type-I and Type-II error rates of test (3.33). For

z follows a standard normal distribution, we have

Prtyiom { T = 1460} } = Ertotun [1{ [0275,0/F5,0] > @71(1 = a/2) }|
= Eptyon) [I{n270,0/55.5 > 07 (1 = af2) } +1{n 25 /55,5 < 07 (a/2) }]
=By [I{2 > 07 (1 = a/2)} + 1{z < 07 (a/2) } |+

Ertotr [I{n"/ 5,1 /5.0 > @71 (1 = af2) } ~1{z > @711 = a/2) } | +

E o (ns) :H{”A/Q%,J/@,J < CD_I(Oz/Q)} - ]I{z < <I>_1(a/2)H

< a+2C0(nM?logn 4+ n**tlogn).

Therefore, we have Py, {15, = 1} = o+ O(n™*? 4+ n*?71) log n. Next, we prove the upper

bound of test (3.30). When 75 = w(n~*/?), we have

nA/Qﬁs,J _ n’\/2(ﬁ5,J - 775) X

/2
n* M5
05,J 05,J 05,J

Note that we have /(7. —n5) /G5.s = N'(0, 1). Therefore, [n*/25 /55| £ 0o as [n?ns/55.4] L
0o. By definition of Type-II error, this finishes the proof of Theorem 3.4.5. Note that here we prove

the results for A € (0,2), while omit the A € (0, 1) as in the theorem statement, since little infor-
mation is used under this setting.

]

Proof of Remark 3.4.2. We need to show that when 73 = 1, = 0, we have ¢ ,,(X;) = 0, regard-

less of the value of 75. By the parameter space mentioned in Section 3.4, we have 737, > 0. Under
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exchangeability assumption of {e; ; }, we have

E{f (X2, X0) f (X1, X3)[ X1} = E{f(Xa, X1)| X1 JE{ f (X1, X3)[ X1}
= E{E(€2?1|X1, X2)|X1}E{E<€1’3|X1, X3)|X1}

= E(ez1|X1)E(e1,3/X1); (B.47)

and

Cov(ey o, e23) = E(e12e23) — E(e12)E(ea3)
= E[E{F(X1, Xs, X(1,2))F(X2, X3, X(2,3))| X1, X2, X3}] — E(e12)E(ez3)
= E{E(e12| X1, X2, X3)E(e23] X1, X2, X5)} — E(e12)E(ea3)
= E{E(e1 2| X1, X2)E(e2,3| X2, X5)} — E{E(e12] X1, Xo) }E{es3| X2, X3)}

— Cov{f(X1,Xs), (X, Xy)}. (B.48)

Note that (B.47) and (B.48) holds without any condition on {e; ;} other than exchangeability.

Recall that 917775 (Xl) = 395’1 (Xl) — 4E(ei,j)gl,1 (Xz), 95,1 (ZEZ) = Eh5((lf¢, Xj, Xk) — E(ei,jej,k)» and

ng(xi) = ]Ehl (xi, Xj) — E(em-), where hg(XZ', Xj, Xk) = hg(Ei7j7k> and hl (Xza Xj) = hl (EZ,])

By (B.47), we write

395.1(X1) = E{f( X1, Xo) f(Xa, X3)| Xa} + E{f (X2, X1) (X5, Xo)| X1 }+

E(€172|X1)E(63,1 |X1) — 3]E2(6172).

Note that

AE(e12)g11(X1) = 2E(e12)E{f (X1, X2)| X1} + 2E(e1 ) E{ f( X2, X1)| X1} — 4E*(e12)

= 2E(€1,2)E(6172|X1) + 2E<€172)E(€271‘X1) — 4]E2(€172)
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Therefore, we have

91.05(X1) = 395.1(X1) — 4E(e12)g1.1(X1)
=E(e12|X1)E(e21]X1) + E{e12e23| X1} + E{ea1e32]| X1} —

2E(6273)E{6172|X1} — 2E(6372)E{6271|X1} + E2<€1’2>.

Applying the result in the proof of Proposition 3.3.2 and 3.3.3, when 13 = 1y = 0, we have
E<€2’1’X1> = E(ezl) and E(€172’X1) = E(elyg). Together with the fact that E<€1’2€273’X1) =
E{E<€1726273|X1, X2)|X1} = EQ(GLQ), it follows that 91,5 (Xl) =0.

[
Proof of Proposition 3.5.1. The remainder term in (3.36) takes the following form:
n n —1 9
4n722‘qil(Xi> + {<2> Z 91,2<X1,Xj)} +
i=1 1<i<j<n
n —1
_ n
{n 1291,1(X¢)}{(2) Z 91,2(Xian)}a (B.49)
i=1 1<i<j<n

where, by the proof of Proposition 3.4.1, n=' 327 g11(X;) = O,(n~"/?log"?n) and
(g)fl Dicicjen 912(Xi, Xj) = O,(n~'logn). Thus, (B.49) is of order O,(n "'logn). To be
specific, itis n 'E{g? ;(X1)} + O,(n~*21og®* n). O

Proof of Remark 3.5.1. Generally, p; ; and p;,; could be correlated given {X;}, we have
E(eijeji) = E{f(Xi, X;) f (X, Xi) + pijpji}- (B.50)

By (BSO), we have 9271(1’@') = Ehg(l‘i,Xj) — E{f(X“X])f<XJ,Xz)}, where hQ(Xi,Xj> =

ho(E; ;). Consider the linear model e;; = aX; + bX; + cX; ;), for some constant a,b,c. We

have ]Eem = (CL —+ b —+ C)/2, f(XZ,X]) = GXZ‘ + bX] —+ 0/2, E(617]|XZ) = (IXZ‘ + (b —+ C)/2, and

181



E(e;:|X;) = bX; + (a + ¢)/2. Therefore, we have

E{hs(X1, X2)| X1} = E{(aX; + bXs + ¢/2)(a X, + bX: + ¢/2)| X1}

= abX} + (a® +b* + ac + bc) X1 /2 + ab/3 + (ac + be + ¢*) /4, (B.51)
and

E{f(Xl, X2)f(X27 Xl)} = E{(CLXl + bX2 + C/2)(CLX2 + bX1 + 0/2)}

= (a® + b* + 2ac + 2bc + ¢*) /4 + 2ab/3. (B.52)
Recall that

4E(€172)9171(X1) = 2E(6172)E(6172|X1) + 2E(€172>E(€2’1|X1> — 4E2(61’2)
— (a+b+c) [{aXy + (b+0)/2} + {bX1 + (a+0)/2} = (a+b+<)

= (a+b+c){(a+b)X1—(a—l—b)/Q}. (B.53)

Then 91,mo (Xl) = 292’1(X1) — 4E(6172)gl,1(X1) = (lb(2X12 - 2X1 + 1/3), by (BSl), (B52) and
(B.53). Therefore, under linear form of Aldous-Hoover representation: e; ; = a.X; +bX; +cX; j),

91.,,(X;) = 0 if and only if 731, = 0. O
Proof of Theorem 3.5.1. To derive the asymptotic behavior of 7 ,,, we rewrite it as 7>, = Ha,, +

L27n + Rgm, where L27n = Zlgi;éjgn 92,i,jpi,j with

Ori =2{n(n — D} f(X;, X;) = 2{n(n - D} D f(X;, X))

1<i#j<n

and the last part admits the following form:

Ry, = (Z>_1 > Pi,jpj,i—{G)_l ) (pi7j+pj’i)/2}2'

1<i<j<n 1<i<j<n
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We first introduce the following lemma to clarify the asymptotic order of Ls, and R, , in the

decomposition of 7, ,,, where B, = E(p; jp;.i)

Lemma B.1.3. L,,, = O,(n""logn) and Ry, — B, = O,(n""logn).

Proof. Note that

-1 —1
Ryp = (Z) > piipii— { (Z) > (pig+pia)/ 2}2- (B.54)

1<i<j<n 1<i<j<n

Note that the first term in (B.54) is a U-statistics of order 2, where conditioning on {Xi}ie[n] s PiiPji
is sub-exponential random variable with mean B,, and is independent py, ;p; 1, if (k,1) # (i,7) by

lexicographical order. Standard calculation gives that for u > 0,

1
n
]P’(‘ (2> Z PiiPii — Bp‘ > u> < ¢y exp{—canu}, (B.55)

1<i<j<n

where ¢;,c; > 0. The concentration result in (B.55) together with (B.29) gives Ry,, — B, =

Op(n_l logn). Next, we bound the linear part in the decomposition of 7. Recall that Ly, =
Zlgi;ﬁjgn (92,i,jpi,j’ where

Ori =2{n(n — D} f(X;, X;) = 2{n(n - D} D f(X;, X))

1<i#j<n

Since { f(X;, X;)}1<ij<n are sub-exponential, we have {65, ;}1<; j<, to be bounded with proba-
bility 1 — O(n™"). Rewrite Ly, as Loy = D 1< i< (02015 + 025ipji)- Therefore, Ly, is the
sum of independent sub-exponential entries. An analogous argument as in the proof of Lemma
B.1.2 yields P(|Ly,| > u) < ¢y exp{cenu} for u > 0, where ¢y, c2 > 0, which completes the

proof of the O,(n~"logn) bound. O

Recall that 7, = Ha, + Lo, + Ry, and

1 n\ -
n Z 91 (Xi) + (2) Z 92 (Xi, Xj) — B, 4 Op(n Hlogn),

1<i<n 1<i<j<n
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where g1 ,,,(X;) # 0. Therefore, n=" 37, ., g1.,,(X;) will make dominating contribution to 7, ,,
by Lemma B.1.3 and the decomposition of 7),,. Apply the asymptotic normality results of U-

statistics with Var{g; ,,,(X;)} > 0, we have

Vi Tan — ) % N(0,02,),

where 03, = E{g{,,(X1)}. O

Proof of Theorem 3.5.2 and Theorem 3.5.3. We first prove the concentration result of 53 ;. Here

we follow the same idea as in the proof of Theorem 3.4.3. Recall that g; ,,(X;) = 2g2,1(X;) —

4E(e;)g1,1(X;). Note that o3, = E{gf,, (X1)} = 4E{g3 1 (X1)+4u297 1 (X1) —4hego,1 (X1)g11(X1)},

where /1. = Ee; ;. We could rewrite 8%71 as
53, = 4|Bad, (X1) + 407, B2g1,(X1) — 401, B{go.1 (X1)g11 (X1)} .

where E{QQ,I(XI)QI,I(X1>} = 122 191 1( )92 I(Xz) and E951<X1> =nt Zz 192 1( )
~ n —1
Ui = (2) 21§i<j§n hi(Ei;), and Egl (X)) =n"t 300 a1, P1(X0).

Now we derive the concentration result of E 9271 (X1). For notation convenience, we define

1
~ n R
U2,n = (2) Z hQ(EiJ), Q2; = n - 1 Z h2 7,]

1<i<j<n 1<j<n;
JF#i
n -1
Gn=(3) X X asi= -7 5 X X))
1<i<j<n 1<5<n;
JFi
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where hy(X;, X;) = ho(Fi ), (72% =n !> Gy and Usy, = n7t Y7 | as,. By definition, we

have

n n

Eg3 (X1) =0 (o — Uny)? = 0" {(@i — U = By) + (Un + B, — Una) 12

i=1 =1
n

=0 (Gni — U — Bp)? + 2071 (@i — Usyy — B,)(Unn + B, — Un )+

=1 i=1
! Z(UQ:” + BP - [72771)2
i=1
=0 (Ga; — Usp — B,)* = (Usn + B, — Uz, (B.56)
=1

~ n —1
where Bp = E(,Oi,jpj,i)- Note that Ugyn—Ug,n—Bp = (2) Zngjgn{f(Xi, Xj)pj;ri‘f(Xj, Xl)pz’]—i—
pi;Pji — B,}. An analogous argument as in the proof of Lemma B.1.3 yields (72@ - Uy — B, =
O,(n""logn). Thus, the second term in (B.56) is of order O,(n~2log”n). For the first term in

(B.56), we have

n

n! (@y; — Ugp — Bp)2 =n! Z{(aQ,i —ag; — B,) + (az; — U2,n)}2
i=1

i=1

=n! Z(aQ,i —Qg; — Bp)2 +2n7 ! Z(ﬁgﬂ- —ag; — By)(az; — Usn)+
i=1 i=1

n

n' Y (az; — Uz)’ (B.57)

i=1
By the Hoeftding’s decomposition of U-statistics, we have ag; — Us ,, = Op(n_l/ 2 logl/ n). Sim-

ilar as the form of the second term in (B.56), we could write

Gy —as; — B, = (n=1)"" > {f(Xi, Xj)pji+ (X5, Xi)pij + pijpsii — B},

1<) <nijti

which yields @y ; —ay; — B, = O,(n~'/? log'/? n). Therefore, the first and second term in (B.57) is

of order O,(n~"logn). To study the third term in (B.57), we define 11, = E{ f(X;, X;) f(X;, Xi)}
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and @2 ; = g21(X;) + p2. Then we have

n! Z(CLQ,i —Uspy)? =n"" Z{(au — pi2) + (p2 — Uzn) }°
i=1 i=1

=0 (az; — p2)” = (p2 — Unn)?, (B.58)
=1

where (uy — Uy ,)? = Op(n‘l logn) by the Hoeffding’s decomposition. And we could decompose

the first term in (B.58) by

ntY (agi — ) =17 {(ag; — ) + (di — pi2) Y’
i=1 i=1
=n Z(ali —lz)" + 207" Z(az,z' — a2,1)921(X;) +n Z 931(X;).
=1 =1 i=1

(B.59)

Note that as; — ds; = (n —1)~* Zlgjgn;j;éi g2,2(X;, X;). An analogous argument as in the proof
of Proposition 3.4.1 yields (n — 1) 37, i 922(Xi, X)) = O,(n~"?1og"/?n). Therefore,
the first term in (B.59) is of order Op(n‘l logn). The second term in (B.59) could be written as
() Yicicieni02(Xi)g22(Xi, X)) + g2.1(X;)g22(X;, Xi)}/2, which gives 207 Y7 (4, —
G2.1)92.1(X:) = Op(n~"/?1og"? n). Combining (B.56), (B.57), (B.58), and (B.59) gives

Egg,l (X1) — EQSJ(XI)

Op<n71/2 10g1/2 n) + n! Z 93,1(Xi) - Eg;,l(X1>
i=1

= 0,(n"Y?10g"?n). (B.60)
Similar argument as in (B.41) gives §21(X;) = g21(X;) + Op(n~"/?log"/? n). Therefore,
E{g11(X1)921(X1)} = E{g1,1(X1)g2.1(X1)} + Op(n?log!?n). (B.61)

As a result, combining (B.30), (B.40), (B.60), and (B.61) gives 53, — 02, = O,(n""/?log'/? n).

This finishes the proof of concentration result of 8?),1 in Theorem 3.5.3.
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Next, we will derive the Berry—Esseen-type bound for

Sup [P{v/n (o0 —12) /G < a} — B(2)].

Note that ga, (Xi, X;j) = 2922(X;, X;) — 2E(e;3)01,2(Xi, Xj) — 4n~ (n — 1)g1,1(Xi) 91,1 (X;).-
An analogous argument as in the proof of Proposition 3.5.1 gives (3) - D i<icicn 92 (Xiy Xj) =
O,(n~'logn). Since 7z, = Ha, + Loy + Ray, in view of (3.36) and Lemma B.1.3, we have
V(T —112) = 07230 iy 91 (X) + Op(n™/2log n). Note that gy 1 (X;) and g11(X;) are
sub-exponential. By Berry—Esseen Theorem, there exists ¢y > 0 such that
1 Co
sup ‘IP’[—{ Z G (X))} 021 < ] — @(x)‘ < —. (B.62)
v v 1<i<n Vi
Then by Lemma 2 in Maesono (1997) and (B.62), there exists ¢; > 0 such that for « = ¢;n""/?logn,

we have

Slip |]P>{\/E(ﬁ2,n — 1) /021 S x} — q)(x)’

= sup IIP’[\/E{% > (X} /021 + Op(n?logn) < x| — ®(z)]

1<i<n

< sup [P[I=( 3 gum(X0}/ous < ] = B(o)| + PO logn) = a)+
max{P®(z + a) — ¢(z), P(z — a) — P(2)}
Co 1 logn
<—=+—+c

TVinon T Vn

As aresult, there exists ¢; > 0 such that sup,, |P{y/n(Tn—12) /02,1 < 2} —®(2)| < can™/*log n.

We again apply Lemma 2 in Maesono (1997). There exists c3 > 0 such that for & = csn~/?logn,
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we have

sup [P{V/1(Ton — m2) /G < 2} — ()|
< Sup [B{VA(fh — ) /021 < 2} — B(z)| + F{O, (0" l0g!n) 2 6} ¢

max{®(zx 4+ a) — ¢(z), ®(z — &) — P(x)}
logn 1

\/ﬁ+n

S (CQ + 03)

Therefore, there exists C' > 0, such that sup,, |P{y/n(72,,—12) /52,1 < 2} —®(x)| < Cn~?logn.
This finishes the proof of the Berry—Esseen-type bound in Theorem 3.5.3.
Now we are ready to begin the main proof for Type-I error rate and power consistency of test

(3.37). For z follows a standard normal distribution, we have

Prig(n){ T2 = 1} = Enynn) L |Vl /T2 | > @711 - Oé/Q)H
— Bty [1{ Vo G2 > @711 = 0/2) b+ T /iy /5oy < @7 (a/2)}

{
i

= Epy ) _]I{z > o1 - a/2)} + H{z < (I)‘l(oz/Q)}]-i-
H

Therefore, we have P ,,,) {T 20 = 1} = a + O(n~"2?1ogn). Next, we prove the upper bound of

test (3.37). When 15 = w(n~%/2), we have

\/57/7\2771 _ ﬁ(ﬁ?n - 772) + \/5772

021 021 021

We have shown that G, = 091 + O,(n""/?*log"/*n), and sup, IP{V/n(Ton — m2) /G2 < a} —
®(z)| < Cn~?logn. Note that |\/nns/Gs,1| = oo. Therefore, |\/nijs,,/F21| = 00. By defini-

tion of Type-II error, this finishes the proof of Theorem 3.5.3.
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Proof of Theorem 3.5.4 and Theorem 3.5.5. We decompose 7 ; as

Mo — 12 = (Tam —12) + 07 Z {¥2(Eijrt) — Mon} (B.63)
(i,j,k,l)GJn,A

Let V; == n~? Z(i,j,k,l)eJn,A{¢2(Ei,j,k,l) — o). First, we prove V; is the dominating term in
(B.63). Recall that 1), = Hap, + Loy, + Ry, Since gy ,,(X;) = 0, together with (3.36), Lemma
B.1.3, and the proof of Proposition 3.5.1, we have 75, — 172 = Op(n_l logn). Also note that
conditioning on {e; ;}, V; can be viewed as a sample mean of independent mean-zero random
variables. For A € (0,2), Var(V,|{e;;}) = n"*a3 ; = O(n™*). Therefore, V; is the dominating

term in (B.63) and
(M2.g — 7]2)/(71—)\/20'27J) = Op(n’\/Q_l logn) + VJ/<n—)\/2O'27J). (B.64)
For the second term in (B.64), by Berry—Esseen Theorem, there exists ¢y > 0 such that
sgp ’]P)[n)\/2ve]/0-2“] < x\{em}] — (I)(LL‘)‘ < con M2

Since ¢y is bounded by some finite moment of e; ;, in view of (B.13) and by Fatou’s Lemma, we

have

sup ‘P[nVZVJ/Ug,J < x] — @(x)‘ < con M2 (B.65)
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Then by Lemma 2 in Maesono (1997) and (B.65), there exists ¢; > 0 such that for « = ¢;n"'/?logn,

we have

sup |P[n’v2(ﬁ2”} — 1) /09,5 < x] — CID(ac)|
= sup |P[n’\/2VJ/02,J + O,(n* ogn) < z] — O(z)|
< sup |P|:n)\/2VJ/O'2’J <z| - P(x)| + P{n**logn) > a}+

max{®(z 4+ a) — ¢(z), P(z — a) — P(x)}

M2 LTt 4 M2 ogn.

< con
As a result, there exists ¢; > 0 such that sup,, |P[\/n(72,n — 72) /02,y < 2] — ®(2)]| < c2(n™2 +

n*?* ! logn). Conditioning on {e;;}, we have the concentration results of 53 ;:

oy, =n" Z [©2(Ei ki) — 772,J]2

(i7j7k’l)€‘]n,>\

- ~ ~ ~ 2
=0 > [Ua(Eik) = o+ T — 2]
(4,9,k,1) €T 2

=n" Z Wz(Ei,j,k,z) - 7/7\2,11]2 — [?/7\271 — 7/7\2,J]

(i’j’k’l)e‘]n,)\

2
= O’SJ + Op(n~?logn). (B.66)

We again apply Lemma 2 in Maesono (1997). There exists c3 > 0 such that for & = csn~'/?logn,

we have

sup |P[n’\/2(ﬁ2”] — 1) /02,5 < x] — @(m)|
< sup |P[n’\/2(?]2,(] — 1) /02,y < x] — ®(z)| + P{O,(n"*?logn) > a}+

max{®(z + a) — ¢(z), &(z — &) — P(z)}

< co(n M2 4+ M2 ogn) +nt + cy(n M2 logn).
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Therefore, there exists C' > 0, such that
sup |]P)[n)\/2(7/7\2,J —12)/02,0 < x] - (I)(JC)‘ < C(ni/\/Z logn +n**"log n).

The error rate is optimized at A = 1. This finishes the proof of the Berry—Esseen-type bound in
Theorem 3.5.5.
Now we are ready to begin the main proof for Type-I and Type-II error rates of test (3.38). For

z follows a standard normal distribution, we have

Prtoe) {Toe = 1Hers}} = Bty [1{ [0 30.0 /52| > @721 = a/2) }|
= Bty |[I{ 1 27,0/F2,0 > @71 (1= a/2) } + {020 /05 < 07 (a/2) }|
= Epyy [I{2 > @71 (1= a/2) } +1{z < 07 (a/2) } |+
Bty ({0 27,0/52.5 > 07 (1= a/2) } =1z > @7 (1 = a/2) }] +
Ertoin |I{n" 1 /52.0 < 971 (0/2) } —1{z < @7 (a/2) }|

< a+2C(n M logn 4+ n** 'logn).

Therefore, we have P, () {15, = 1} = o + O(n=*? + n*?71) log n. Next, we prove the upper

bound of test (3.37). When 1, = w(n~*/2), we have

”A/27/7\2,J _ ”’\/2<ﬁ2,J - 772) 4

/2
n* 72
02,7 02,0 02,7

Note that we have n/2(7y.;—n2) /G2.; < N'(0, 1). Therefore, [n*/27y. /G| L 0o as [0, /5s.4| B>

oo. By definition of Type-II error, this finishes the proof of Theorem 3.5.5. Note that here we prove
the results for A € (0, 2), while omit the A € (0, 1) as in the theorem statement, since little infor-

mation is used under this setting. [
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B.2 Proof of lower bound results in Section 3.3 - 3.5

Proof of Theorem 3.3.3. Follow the traditional study of minimaxity of hypothesis testing (Cai

and Ma, 2013), and the fact that for any test 7 with significance level «, we have

P(Reject Hy|Hy) + P(Fail to reject Hy|H,) > Prrr(Reject Ho|Hy) + Prgr(Fail to reject Ho|H,)
1
=1- ETV(PH(J»PHCL)

> 1 — {KL(Py,, Pu,)/8}">. (B.67)

To upper bound the KL divergence in (B.67), we carefully constructing different settings for Pp,
and Py, .

In this proof, we adopt similar techniques for establishing moment estimation lower bounds in
Shao et al. (2022), where we use a common graphon function f(X;, X;) for not necessarily uni-
formly distributed {X; }1<;<,, across Py, and Py,. Then by constructing different PDF functions
po(x) and p,(x) of {X;}1<i<, under Hy and H,, we derive the boundary case to upper bound the
KL divergence in (B.67).

First, we set e; ; = X; X; + ¢, ; with E(¢; ;) = 0, which gives f(X;, X;) = X;X; for both H,
and H,. Second, for Hy, we set po(z) := PMF : {P(X = —1) = 1/2;P(X = 1) = 1/2}, which
gives g1, (X1) = 0 and 3 = 0. Under H,,, for a small positive number §, we set py(z) := PMF :
{P(X =-1)=1/2—-0;P(X =1) =1/2 + 6}, which gives

G5 (Xi) = (40 — 326%) X; — 8% + 644"

and 73 = 46% — 166*. Additionally, we have KL(po||p,) = —3 log(1 — 44?).
Applying the derivation in the proof of minimum separation condition for testing consistency
in Shao et al. (2022), we have KL(Ppg, ||Pr,) < nKL(po||pa), where KL(po||p.) =< 6*. Therefore,

the boundary case is § =< n~'/2 which indicates that under H,, g.,,(X;) = O,(n~/?) and 03 =
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O(n~1). This matches with the upper bound result for our test statistics in Theorem 3.3.2 as \ goes
to 2.

]

Proof of Theorem 3.3.6. An analogous argument as in the proof of Theorem 3.3.3 directly gives

us the lower bound. O]

Proof of Theorem 3.5.6. For testing the reciprocity effect, to upper bound the KL divergence in
(B.67), we carefully constructing different settings for Pp, and Py, . The key idea here is consid-
ering multi-normal configurations of {e; ; }1<i j<n.

(Non-degenerate case) In the non-degenerate case, we consider a common additive model for
both Hy and H,: €;; = a; + b; + €;;, where {a;}1<i<n, {b;}1<j<n and {€; ; }1<i j<n are inde-
pendent normal random variables with mean zero and variance equals 1/3. Let Z; := (a;, b;)7,
then ¢1,,(Z;) = 2a;b; — 2Cov(a;, b;) # 0. Here we set Cov(a;,b;) = 6 € (0,1) for H, and
Cov(a;, b;) = 0 for Hy. By construction, we have 1, = 24 and 75 = . Analogously, we denote

the covariance matrix of {e; ; }1<; j<n as 2o and 3,. We have

KL(Pu,|[Pr,) = {tr (n* —n) log

)
186 65+1.
4 ) }

n n?

- 5{50(1) +(1-90% + (B.68)

By (B.68), the boundary case is § < n~'/2, Therefore, when 1, = O(n~'/2), we have P(Reject Ho|Hy)+
P(Fail to reject Hy|H,) > [ > 0, for some constant # > 0 and n — 0.

(Degenerate case) Under the degenerate case, we set {e; ; }1<; j<, to be independent standard
normal variables for Hy, and set e; ; = 7 ;) + €;; for H,, where {7 ;) = 7(;:)} are independent
pairs of normal random variables with Var(v ;) = 0 and E(v; ;) = 0, and {¢;;}1<ij<n ~
N(0,1 — ). Here, we set 6 € (0, 1) as a small positive number which gives 1, = ¢ under H,, and

denote the covariance matrix of {e; ; }1<; j<n as 3o and X,, respectively. By construction, we have
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Y = I,2_,, and thus

KL(Pu,||Pu,) = {tr (n* —n) — log\2a|}
= - 5 log |Ea|
= — %(1 — 522, (B.69)

By (B.69), the boundary case is § =< n~!. Therefore, when 7, = O(n™!), we have P(Reject Ho|Hy)+

P(Fail to reject Hy|H,) > 3 > 0, for some constant 3 > 0 and n — 0. O

Proof of Theorem 3.4.6. In general we need upper bound the KL divergence in (B.67). For the
non-degenerate case, the example in the proof of Theorem 3.5.6 yields that ¢, ,.(Z;) = a;b; —
Cov(a;, b;) # 0. When 5 = O(n~'/?), we have P(Reject Hy|Hy) + P(Fail to reject Hy|H,) >
B > 0, for some constant 5 > 0 and n — oo.

(Degenerate case) Follow the same set up as in the proof of Theorem 3.3.3, we have 7; = 0 and

G1,45(X;) = 0 for Hy. Under H,, for a small positive number §, we have

G10s (X;) = (46 — 326%) X; — 867 + 645"

and 75 = 462 — 166*. Again, we apply the derivation in the proof of minimum separation con-
dition for testing consistency in Shao et al. (2022). Then KL(Pg,||Pr,) < nKL(po||p.), where

KL(po||pa) < 02. Therefore, the boundary case is § =< n~1/2

which indicates that under H,,
915 (Xi) = Op(n™1/2) and 05 = O(n™!). This matches with the upper bound result for our test

statistics in Theorem 3.4.5 as A goes to 2.
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B.3 Additional numerical set-up information and simulation

results

In this section, we report additional numerical results for simulations detailed in Section 3.6
in the main chapter. For test statistics based on reduced network moments, we sample .J,,  with
replacement on a network data, each of which provides a test statistic, and repeat the random
sampling 1,000 times. For testing the degeneracy case of reciprocity and sender-receiver effects,
we set the prespecified constant in Section 3.4.1 and Section 3.5.1 as C' = 1. The number of
unsuccessfully compiled tests upon 1,000 Monte Carlo simulations under Example 3.6.1 is shown
in Table B.1.

Table B.1: The number of unsuccessfully compiled tests upon 1,000 Monte Carlo simulations under Exam-
ple 3.6.1. Experiments that exceed the memory limit are marked in x.

Normal configuration Poisson configuration

@ ) @© (@ @ ) @© (@

n =25 NET 0 0 0 0 0 0 0 0
SRM-A 559 796 620 717 540 767 645 736

SRM-L 0 0 3 3 0 0 1 1

n = 50 NET 0 0 0 0 0 0 0 0
SRM-A 559 767 647 697 531 766 644 712

SRM-L 0 0 1 1 0 0 0 0

n =100 NET 0 0 0 0 0 0 0 0
SRM-A 529 760 702 731 522 775 668 691

SRM-L X X X X X X X X

n=200 NET 0 0 0 0 0 0 0 0
SRM-A 513 766 683 710 518 772 696 716

SRM—-L X X X X X X X X

n =400 NET 0 0 0 0 0 0 0 0
SRM-A 501 754 700 717 527 785 669 677

SRM-L X X X X X X X X
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Figure B.1 shows the Q-Q plots of test statistics from 1,000 Monte Carlo simulation of Poisson
configurations. We observe that the null distribution of our test statistic is in general very close to

standard normal distribution.

(@) (b) (c) (d)

) ® = ® s ] e
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Figure B.1: Q-Q plots for null distribution of the test statistics under Poisson configurations in Example
3.6.1.

B.3.1 Additional simulations on NET with different value of \

As mentioned in Section 3.3.1, tests based on reduced network moments are nearly rate-optimal
in power with the choice A =~ 2. However, to achieve better error bound of controlling the Type-I
error rate around «, we need choose A close to 1. In practice, it is recommended that the user
choose a A in [1,2), closer to 1 for smaller samples, where risk control (in the sense of Type-I
error) is the paramount challenge.

In this section, we illustrate the insensitivity of our method w.r.t. the choice of A in prac-
tice. Again, we apply setting (a) in Example 3.6.1, fix o = 0.05, vary the network size n &€
{50,100, 200}, consider A € {1,1.2,1.4,1.6,1.8}, and repeat the experiment 1,000 times under
normal configuration, where a; ~ N(1,1) and ¢; ; ~ N(0, 1). Figure B.2 shows the empirical sizes
and powers of NET under different values of A from 1,000 Monte Carlo simulations.

We observe that the empirical sizes of NET is in general very close to the nominal level o under
different choices of A\. Moreover, the powers increase with a rise in the number of nodes within the

network and when )\ become larger.
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Figure B.2: Empirical sizes and powers of NET for different values of A under Normal configurations
applying setting (a) in Example 3.6.1.
B.3.2 Additional simulation on empirical sizes and powers of proposed testes
In this section, we carry out extensive simulation studies to evaluate the performance of our
method in various aspects: Type-I error control accuracy, power, and the goodness of normal ap-
proximation. In all experiments, we fix « = 0.05, vary the network size n € {25, 50, 100, 200, 400}
and repeat the experiment 1,000 times. Now we describe the data generation mechanisms.
We apply settings in Example B.3.1 to investigate the sizes of the tests and consider three
different generating distribution under each setting, including heavy-tailed distribution and discrete

configurations.

Example B.3.1. The data {e; ;}1<{; jy<n are generated as follows with each component indepen-

dent from others and 7y(; jy = 7(j5)-
(i) Test Hy : 13 = 0. Generate data from e; j = b; + 7y jy + €5,
(ii) Test Hy : ny = 0. Generate data from

(1) €ij =, + €y

(2) a latent surface model (Breza et al., 2020), where e; ; ~ Ber{exp(X; + X; j) — 2)};
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(iii) Test Hy : ns = 0, where g, ,; # 0. Generate data from e; ; = a; + b; + v j) + €55
(iv) Test Hy : n5 = 0, where gy ,,; = 0. Generate data from e; ; = v j) + € ;s

(v) Test Hy : ny = 0, where g1 ,, # 0. Generate data from e; ; = a; + b; + €; ;;

(vi) Test Hy : ny = 0, where g, ,, = 0. Generate data from

(1) €ij = €ij>

(2) e;; ~ Ber{(X; + Z;;)/2}, where Z; ; ~ U(0, 1).

The generating distributions we considered in Example B.3.1 are normal distribution, t-distribution
and Poisson distribution. Note that setting (ii2) and (vi2) give binary outcomes, which do not de-
pend on the distribution of {a;, b;, v ), €, }. We will show the size control result of setting (ii2)
and (vi2) separately from other settings. When constructing reduced network moment test statistic,
we set A = 1 to achieve the optimal error rate O(n~"/2logn).

Now we specify details of each configuration. First consider the normal configurations. For test
(1), (v) and (vil), we generate elements from standard normal distribution. For test (iil) and (iv),
Ya.5) ~ N(0,9) and €; ; ~ N(0,4). For test (iii), a;, b;, 7, ;) are generated from N(0,0.25), and ¢, ;
from standard normal distribution. Next, for t-distribution configurations, we generate components
in all settings from t-distribution with 3 degrees of freedom scaled to have unit variance, denoted
by t3/ V3, except in test (iil) and (iv), we set v(; ;) ~ t3. Lastly, we generate all components
from Poisson distribution with unit mean in Poisson configurations. The sizes for all the tests are
summarized in Table B.2. As expected, the the nominal of 0.05 is retained as the number of nodes
increases, though a slight size inflation is observed for some settings under small sample sizes.

Figure B.3 shows the Q-Q plots of test statistics from 1,000 Monte Carlo simulation of normal
and binary configurations. We observe that the null distribution of our test statistic is in general
very close to standard normal for all settings being considered. In addition, Figure B.4 and Fig-
ure B.5 show Q-Q plots for null distribution of the test statistics under t-distribution and Poisson

configurations in Example B.3.1, which reveal similar trend as in Figure B.3.
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Table B.2: Empirical sizes of the proposed tests in Example B.3.1

Normal configuration t-distribution configuration
n (i) @dil @) @Gv)  (v)  (vil) (1 @il @i) @Gv)  (v) (vil)

25 0.064 0.070 0.064 0.064 0.079 0.129 0.069 0.048 0.067 0.057 0.057 0.081
50 0.043 0.050 0.050 0.051 0.049 0.076 0.064 0.051 0.058 0.047 0.043 0.068
100 0.057 0.047 0.049 0.052 0.054 0.069 0.048 0.045 0.056 0.041 0.049 0.048
200 0.052 0.052 0.064 0.051 0.053 0.054 0.046 0.050 0.051 0.053 0.046 0.055
400 0.040 0.044 0.054 0.064 0.048 0.056 0.058 0.053 0.056 0.049 0.052 0.051

Poisson configuration Binary configuration
n (i) (@il @) @Gv)  (v)  (vil) (ii2) (vi2)
25 0.063 0.064 0.048 0.048 0.061 0.109 0.070 0.118
50 0.067 0.054 0.055 0.050 0.059 0.081 0.061 0.086
100 0.046 0.063 0.050 0.050 0.046 0.068 0.042 0.075
200 0.061 0.041 0.058 0.057 0.056 0.046 0.049 0.064
400 0.046 0.053 0.065 0.053 0.045 0.058 0.052 0.051

(i) (ii1) (iii) (iv)
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Figure B.3: Q-Q plots for null distribution of the test statistics under normal configurations ((i), (iil), (iii),
@v), (v), (vil)) and two binary settings ((ii2), (vi2)) in Example B.3.1.
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Figure B.4: Q-Q plots for null distribution of the test statistics under t-distribution configurations.
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Figure B.5: Q-Q plots for null distribution of the test statistics under Poisson configurations.
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Given the size control results, for the purpose of demonstrating power consistency of the pro-
posed test, we focus in t-distribution and Poisson configuration in the generating procedure. The
powers for Example B.3.2 are reported in Figure B.6, which is based on 1,000 Monte Carlo sim-
ulations at the nominal level « = 0.05. We set the number of node n € {25,50,100,200}.
We generate €; ; ~ 13/ /3 for t-distribution configurations and generate other components from

t3/+/3 + 1, and apply the same setting as in size control experiment for Poisson configurations.

Example B.3.2. The data {e; ;} 1< jy<n are generated as follows with each component indepen-

dent from others and c = (0.05,0.2,0.5,1,5)"/2,

(a) Test Hy : n3 = 0, where g1, # 0. Generate data from e; ; = ca;a; + € j;

(b) Test Hy : ny = 0, where g1, # 0. Generate data from e, ; = ca; + €; ;;

(c) Test Hy : ns = 0, where g, ,, # 0. Generate data from e; ; = ca;a; + €; ; with 15 # 0;
(d) Test Hy : ny = 0, where g1, # 0. Generate data from e; ; = caj/\/§ + € withny # 0;

(e) Test Hy : ny = 0, where g1, = 0. Data e; ; = ¢ ;) + € j, where v jy = V(j)-

(a) Poisson (b) Poisson (c) Poisson (d) Poisson (e) Poisson
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Figure B.6: Power consistency plots for settings in Example B.3.2 under Poisson and t-distribution config-
urations.

201



From Figure B.6, it is noteworthy that the power of proposed tests increases with a rise in
the number of nodes within the network. It is observed that for both t-distribution and Poisson

configurations, the powers increase substantially when the network effects become larger.

(a) Applicability comparison by Computation time comparison
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Figure B.7: (a) The versatility and robustness comparison of three test methods. (b) The computation effi-
ciency comparison of three test methods of 1,000 replicates of a single experiment, where NET incorporates
reduced network moments. (a)&(b) omit SRM-L results when the number of nodes equals 200 as it exceeds
the preset running time limit.

In plot (b) of Figure B.7, the comparison of computation time of SRM-A, SRM-L, and our
proposed test based on reduced network moments demonstrates the computational efficiency of
NET for testing the same sender effect, the same receiver effect, and for the sender-receiver effect
under its degenerate case, where we could further check if the degenerate case holds. In practice,
one could consider testing the degeneracy of the moment estimator in NET using reduced network
moments instead, which reduces the computation complexity especially for the degenerate case. In
addition, as we have noticed, SRM based methods are not directly applicable to test the reciprocity

effect.

B.4 Real data analysis

For tests based on reduced network moments, we run 10,000 repeated random sampling, each
of which gives a 95% confidence interval. We then calculate the 95% confidence interval for

network effects based on the average of 10,000 lower bounds and upper bounds. In view of the
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concentration results of ’0\5’71 and 8371 given in Theorem 3.4.3 and Theorem 3.5.3, when testing
the degeneracy case of reciprocity and sender-receiver effects, we set the prespecified constant in

Section 3.4.1 and Section 3.5.1 as C = 1.

B.4.1 Analytical details of faculty hiring networks

As discussed in the main chapter, for tests based on reduced network moments, we report the
p-value of combination test using 10, 000 repeated random sampling, which is known as the Z-
average test (Liu et al., 2022). Specifically, the p-value is 2{1 — ®(|m~'>_1" | Z;|)}, where m is
the number of repeated random sampling. In this application, we set A = 1.2 for testing procedure
based on reduced network moments. Figure B.8 presents the densities of different local network

effects of the hiring networks in history and computer science departments.

History Computer science
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Figure B.8: Left: Density of various local network effects of the hiring network in history departments.
Right: Density of various local network effects of the hiring network in computer science departments.

For faculty hiring networks in Section 3.7, we first test the degeneracy of 75, and 7, for
all disciplines. For the hiring network between business schools, we have Zg,l = 0.328 and
2;1 = 8.417, both of which are larger than C'n =1/ logl/ > n = 0.205. Therefore, our diagnosis test
suggests the non-degeneracy of 75 ,, and 7),,,,. For the hiring network among history departments ,

we have %1 = 0.013 and g%,l — 0.140. Note that they are smaller than Cn~"/21log"/*n = 0.186.
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Similarly, in the computer science hiring network, we have §§71 = 0.003 and 5371 = 0.133, both of
which are smaller than Cn~'/? logl/ ?n = 0.161. Therefore, 75, and 1), are degenerate for both

the history and computer sciences.

B.4.2 Analytical details of international trade network

Figure B.9 shows the histogram of {ei7j}1§{i7j}§n from international trade network in Section
3.7.2. There are no trade flows for 55% of the country pairs. As mentioned in Chen et al. (2021b),
the authors take R, = 3 as their preferred specification of model estimation, where R, is the

interactive effects defined in their work. Therefore, in (3.39),
(B, Bay - .., Bs) = (—0.69, —0.36, 0.22, 0.03,0.45, 1.38,0.13, 0.34).

Both of 52, = 1330.26 and 53 ; = 12822.52 are greater than Cn~"/2log"/? n = 0.18. There-
fore, the testing of 7, and 75 follows the procedure of non-degenerate case, with test statistics of
value 8.04 and 7.94, respectively. The distribution of test statistics based on reduced network mo-
ments, i.e. for testing 73 and 7,4, under 10,000 repeated random sampling is shown in Figure B.9,

which provides strong evidence against the corresponding null.

Frequency
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Figure B.9: Left: Histogram of {ei7j}1§{i7j}§n. Middle: Empirical distribution of test statistic for Hy :
13 = 0. Right: Empirical distribution of test statistic for Hy : 4 = 0.
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Appendix C

Supplemental materials for Chapter 4

C.1 Proof of important auxillary lemmas

U U _ U U
Lemma C.1.1. Let U, := \/% and Uy, := \/% |, we have
vV -V vV -V

HUAVT - 67\{\/T||max j dQ,oo(ﬁcomy Ucom)(HUHQ,oo Vv ||V||2,oo))\1+

(01300 V IVIE I Ell2 + d2 o (Ueom, Ucom) (M + | E]l2), (C.1)

where da oo (Ucom; Ucom) 1= infoerrxr 0T0=1 |UcomO — Ucoml|2,00 is the ls o distance between

U.om and U,,,.

Proof of Lemma C.1.1. We employ the the “Hermitian dilation” trick, as introduced by Paulsen

(2002), to facilitate the proof. Note that

SN 0 UAVT — UAVT
[UAVT — UAVT||max = o
VAUT — VAU?T 0 max
A 0O N A 0| .
- Ucom Uz;m - Ucom . Uz;m (CZ)
0 —A 0 —A max
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Then by Lei (2019),

e~ ~ E
||UAVT - UAVTHmaX j dQ,OO(Ucoma Ucom)”UcomHQ,oo)\l + ||Ucom||g,oo +
0l
PN 0 E
d2,oo(Ucom7 Ucom)(/\l + )
E” 0] |,

= dQ,OO(ﬁcoma Ucom)(HUHQ,oo \ ||V||2,OO))\1+

([0 V IVIZ0) 1El2 + @3 oo (Ucom, Ueom) (M1 + [|E|2). (C.3)

]

Lemma C.1.2. Inherent the definitions in Lemma C.1.1, under the assumptions of Theorem 4.3.1,

we have

R©) , o(9)

*E(o
) Ui + 3, (VR + L) ca

d2,oo(ﬁcom7 UCO’m) j ( )\ - )\ —+1

with probability at least 1 —(B(r)+1)n~" for some positive constant ~y, where B(r) = 10min{r, 14
logy (A1 /M) }. In (C.4), we define 6 :=n=", R(5) := log(n/d) +r,

E(6) ;:3\/552% {;E }\/{ZE O (2n) + cllog(n/d)ggﬁ]Em\ (C.5)

for some c; > 0, and 5(0) := {(M /N VAr)+(2E(0) + [[W|2.00 VIIWT |[2.00) /A +1}1(8) + E(5),
with shorthand notation n(9) := E(0) — colog{d/(5"n)} + c31/—{0/(5"n) } for some co, c3 > 0.

Proof of Lemma C.1.2. We apply Theorem 2.4 in Lei (2019) to prove this lemma. Note that
Theorem 2.4 in Lei (2019) pertains to symmetric matrices, whereas our scenario is more general
and accommodates asymmetric matrices. Again, we employ the Hermitian dilation trick as in

(C.2). In order to use the Theorem, we check the four assumptions listed in Lei (2019) are satisfied
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under our scenario, denoted by A;—Ay, respectively. More precisely, unless otherwise specified,
we adopt the notations presented in assumptions A; through A, as outlined in Lei (2019).

Firstly, in view of Proposition 2.1 in Lei (2019), assumption A; is satisfied by letting L;(J) =
V2([Wllzoe VW |20 + E(8)), La(8) = 1, and L(8) = (2E(0) + [[W 2.0 V [WT|2,00) /Ar.
where E(9) is defined in (C.5).

Secondly, we check that F'(¢) is a valid upper bound in assumption A,. Define shorthand

~ 0
E = , by Bandeira and van Handel (2016), we have that for every ¢ > 0 there exist a

E” 0
constant ¢; such that

2n
P |Ell, > 3vnmax | Y "E(E2)/(2n) +t p < nexp{—t*/(c; max |E;;[*)}.
i€[2n) = ’ i,j€[2n]

Therefore,

2n
Il < 3/ max ;E(Eij)/(%) + Verlog(n/) max [By;| = E(9)

with probability at least 1 — J. Assumption A, in Lei (2019) is satisfied with A_(§) = E () =
E,(8) = Ex(8) = E(9).

To check assumption Az, we first show that for any § € (0,1) and a € R?", there exits
f1(6) > 0 and f5(6) > 0 such that for any k& € [2n], Eg*a < fi(d)|laljec + f2(0)]|alle with
probability at least 1 — . Note that for any k£ € [2n], E, . consists of zeros and independent
centered sub-exponential random variables. By Bernstein’s inequality, for any ¢ > 0, there exists

¢ > 0 such that

~ 12 t
P{E{.,a>t} < exp{ —c A },
g (%ol " Kfale)
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where K := max;cp) inf{t > 0 : Eexp(|Ep;|/t) < 2}, which is bounded by Assumption 4.3.1.

Consequently, for any ¢ € (0,1), k € [2n] and a € R*",

Klogé —logd

El,a<-— lall + K all2

with probability at least 1—4. By Proposition 2.2 in Lei (2019), assumption A3 holds with b, (0) :=

calog{d/(5"n)} and by(8) := c3+/— log{d/(57n)} for some ¢z, c3 > 0.
Lastly, we show the eigengap condition in assumption A, is satisfied under our scenario. For

E, we have

7(8) + Li(8) + A (8) = {(\/Ar A7) + (2E(8) + [[W a0 V [W7 ||200) /Ar + 1} X

{E(é) —colog{0/(5™n)} + c3/ —{5/(5%)}} + E(0)+
V2{|W 200 V W [l200 + E(6) } + E(6). (C.6)

Now we study the asymptotic upper bound of E(d). By Assumption 4.3.1, {E; ;} can be viewed as
sub-exponential random variables with common parameter v and a, which implies P(|E; ;| > ¢) <
2exp{—t/(2a)} forany t > v*/aand i, j € [n]. By the union bound, we have P(max; jep,) |E; ;| >
t) < 2n? exp{—t/(2a)} for any t > v?/a. Solving 2n? exp{—t/(2a)} = n™" for some vy > 0, we
have

P( matx} |E; ;| > ¢v/n/logn) <P( ma[x] |E; ;| > 2a(2 +v)logn + 2alog2)
n INIS

1,]€

<n™ (C.7)

for some ¢ > 0. Combining Assumption 4.3.1 and (C.7) we have max; jcn) |E; ;| = 1/n/logn

which yields

B(8) < vn (C8)
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with probability at least 1 — n~" for some v > (0. Throughout the rest of the proof we restrict the
attention on the space where (C.8) holds. In view of Assumption 4.3.2 and w* = r*°/n\V r'?/\/n

as introduced in Theorem 4.3.1, we can bound (C.6) as follows

o(8) + Li(6) + A_(8) = (r + M)Wﬁr logn 4 7) + vn(1 +w*)

r(v/n+ 1) + vVnw*
= nw*/\/r.

Recall that under Assumption 4.3.2, for some universal C' that is large enough, A, > Cnw*/ N2
and A, = \,..1. Therefore, assumption A, in Lei (2019) holds.

We have demonstrated that assumptions A; through A, hold for the Hermitian dilation of A,
and we are now poised to employ Theorem 2.4 from Lei (2019), in conjunction with Remark 2.2

from the same reference. For a universal constant ¢, we have

I EHEUcom”2 00 ¢ E(0)bs(9)
d 00 Ucoma Ucom S 7 5 Ucom o] -\
2 ) S we wew (O L P oy
E©6)([[Wll2,00 V IIWTHz,oo)}
Ar
6)
< 1 o(
=< {)\ (log(n/d) +r) + e }HUcom||2,oo+
E(9) E(9)
1 *
R ODEE v wr b wes wra'i
R(9) a(0) _ Vnw*E(5)
= ( + _ )||Ucom||2,oo+)‘r1(\/R<5)+_—)a
AT AT )\r+1 AT Ar-i-l
which finishes the Proof of Lemma C.1.2. [
Lemma C.1.3. Under the assumptions of Theorem 4.3.1, we have
[UAVT — UAV7 |00 = (logn + 7)%2, (C.9)
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with probability at least 1 —(B(r)+1)n~" for some positive constant ~y, where B(r) = 10min{r, 14

logy(A1/Ar)}-

Proof of Lemma C.1.3. Inherent the definitions in Lemma C.1.1 and Lemma C.1.2 and combine

(C.1) and (C.4), we have

[UAVT — UAV”|l2.00 = vV1d2.00(Ucom, Ueom ) (| U206 V [|V]]200 ) A1+
V(U VIIVI3 I Ell2 + vids o (Ucoms Ueom) (A1 + | E]2)

VB O o 3 R 4 PO

([Ull2.00 VIV [l2.00)M + Vi[O3 00 VIIVIE )N Ell2 + Vi(Ar + [ E]l2) %

{(RA(:S) DY (i(i)m)!IUcomHzm FATY(VERE) + %ﬂ?)}??

with probability at least 1 —(B(r)+1)n~" for some positive constant y. Then by (C.8), Assumption

4.3.3, and the fact that ||Uom||2.00 = [|U]|2,00 V || V]|2,00» We further derive that

o~~~ 2 2 N B
[UAVT — BAV | < THM 0@ (VR +mwt /O = M) hioyTh

\/ﬁ)\r \/ﬁ()‘r - )\r+1) Ar
2 R pgr pgro*(9)
u0r+()\1+\/ﬁ){ N3y \/ﬁ()\r—/\r+1)2+
2 3(0,%\2 _ 2
VR{R? +n (MA)Q/(AT A1) }} (C.10)

r

with shorthand notation R := R(§) = log(n/d) +r = (1+~)logn + r. Again, (C.10) holds with
probability at least 1 — (B(r) + 1)n~" for some positive constant . Note that in Theorem 4.3.1 we
assume that A /), is bounded which yields A\ /(A — A\,+1) is bounded. Through a meticulous yet

straightforward calculation, we now provide a more concise form of (C.10) with above assumptions
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and w* = r*°/n Vv r1®/\/n. Specifically, we have

o~ logn+r T N
[UAVT —UAVT ||y = T,ugr +{r+ T Hi+ %}ugr + logn + rugr+

logn +r)?ud  r?(logn +7)ud
+ +
nt-ow* n?(w*)?

with probability at least 1—(B(r)+1)n~" for some positive constant y, where B(r) = 10min{r, 1+

logy(A1/Ar) }. O

C.2 Proof of results in Section 4.3.1

Proof of Theorem 4.3.1. We first focus on discerning the informative sender set [n| /P and sender
periphery P;. To achieve and exact separation between those components, the following inequality

should hold
min_ |[W,.H,|> > max |[W, . H,|. (C.11)
i€[n]/Ps i€Ps
By triangular inequality, we have for i € [n]/P,

For ¢ € P,, we have
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Therefore, (C.11) is satisfied if {s(n) > 2||WH,, — WHanm. Note that |H,|2» = 1. Apply

Lemma C.1.3, we have

IWH, — WH,||2.0c < |[W — W
— JUAVT + U, A, VT — UAVT |5
< JUAVT = UAVT 300 + [ULAL VT |5

= (logn +7)2us + i1 (C.14)

with probability at least 1—(B(r)+1)n~" for some positive constant -y, where B(r) = 10min{r, 1+

logy(A1/A) }. Therefore, (C.11) holds with probability asymptotically goes to one if
ls(n)/logn = {(logn + r)uo}* + Ary1. (C.15)

Consequently, Algorithm 1 recovers P and [n] /P, with probability at least 1 — (B(r) 4+ 1)n~"
for some positive constant . Moreover, comparing (C.12), (C.13), and (C.15), the algorithm
recovers the sender periphery with probability asymptotically goes to one if the thresholds for
sender score satisfies ¢, < /n ' (logn)*{(logn + )22 + Ay} for any o € (0,1). A similar

line of derivation concerning the receiver score indicates that if
(-(n)/logn = {(logn + )i} + Ary1. (C.16)

Algorithm 1 recovers P, and [n]/P, with probability at least 1 — (B(r) + 1)n~" for some positive
constant . Combining (C.15) and (C.16) finishes the proof of Theorem 4.3.1.
We remark that there is a more general form of than the bound in Theorem 4.3.1 without

assuming the boundedness of \;/\,, by employing (C.10). The general bound takes the form

212



ls(n)/logn = £ and {.(n)/logn = ¢ where

Rpgr fgrAio(6) {VR + nw* /(A = Ayt) pioV/TA
\/_)‘ \/_( /\T—I—l) )\r

MoT pigro®(9) Vi{R? +n’(w)? /(A — Ari1)?}
s R 1 oy o 2 s

(=

+ pgr+

+ >\r+1-

(C.17)

]

C.3 Proof of results in Section 4.3.2

Proof of Theorem 4.3.2 and Corollary 4.3.1. We offer a comprehensive proof pertaining to the
sending behavior. Owing to the inherent symmetry, the proof concerning the receiving behavior
follows a parallel structure, and therefore, we will provide a concise discussion of it later.

Under the configuration-type directed models, in order to achieve an exact separation between

informative sender and non-informative sender, i.e. [n|/P; versus P, we need
min ||WMD H, |, > max||WMD H, .. (C.18)
i€[n]/Ps

By triangular inequality, we have for i € [n]/P,,

|W...D; 'H,[|; > [|W,..D; 'H,||; — [W,.D; 'H, — W, .D; 'H,|»

> hy(n) — |[WD:'H,, — WD "H,, |2
For i € Py, we have < |W, . D, 'H,,||» = 0 and thus
IW,.D;'H, |, < |W.,D.'H, — W,;,D-'H,||» < [WD.'H, — WD, 'H,2.0..

Therefore, (C.18) is satisfied if hs(n) > 2|WD,'H,, — Wf);lHanm. Note that [|[H, |, = 1
implies [|[WD;'H,, — WD 'H,|j200 < |WD:! — WD:||5.. To upper bound |[WD:! —
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WD, Y|2., We rewrite it as

WD, = WD, |20 < WD} = WD, |30 + [|[WD; ! = WD, |2

< [W = W]lse[D; Y|z + [[WD; |0 [ DD, = Lyl (C.19)
Combine (C.19) and the fact that [WD 500 < [[WD: 300 + WD = WD 5.0, we have

(1—|D,D; " — L[l2) [WD; ' — WD; |50,

< [W = Wlsn0|ID; |2 + [[WD; 2,00 [ DD = L 2. (C.20)

Now, we shift our focus to investigate the concentration result for |[D, D! — I,||5. Note that for

any j € [n], we have

Y

| Xm Ay
> i1 Wi

| X By
d.;

and for any 0 > 0,

> i)

Zin By ) :P(‘ZEM

By Bernstein’s inequality, for any j € [n] and ¢ > 0, there exists ¢ > 0 such that

t2
> iy Var(E;

2t>§26><p{—c( )/\

*

P(’ZEW \/O_)}.

Then for v > 0, we have

V

P (‘ > i1 Eij
d.;

S (1+~)logn> " Var(E; ;)
- cd?

r,min

(14+~)vo*log n) < on-1

Cdr,min
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Note that HIA)TD;1 — L||2 = max;epy |@j/d*j\ — 1. By taking the union bound, we get

- 1+7)1 " Var(Ey) (1 ]
P(HDTDJ—IRHZZ\/( a)logn i, Var(By) |, (L +2)Ve” L) < 2

Cd2 Cd'r,min

r,min

Therefore, if d, min > (1/0rmax l0ogn V v/o*logn) as assumed in Theorem 4.3.2, for sufficiently
large n, || IA)TD; 1 —T,,||2 goes to zero with probability goes to one. Consequently, combining (C.20)

and the above union bound, we upper bound |[WD ! — \/7\\7]/:\); !l2.00 as follows
WD = WD e = piu {(IW = Wil oe + WD, a0 (v/Grmas Iog v Vo log )}

Furthermore, applying the bound of |W — \/7\\7]\2,00 as in (C.14), we have that if

hs(n)/logn = d, . {(logn +7)2u + As1 + [[WD, ! [2,00(v/Or.max log n V Vo*logn)},

then there exists ¢; > 0, such that for sufficiently large n, Algorithm 2 recovers P; and [n]/Ps with
probability at least 1 — (B(r) + 3)n~" for some v > 0, where B(r) = 10min{r, 1 +log, (A1 /A,)}.

Analogous arguments regarding the receiver score indicates that if

he(n)/logn = dg L {(logn +7)°p5 + Arsr + [[WD l5,00(v/0smax logn V Vo logn) },

then there exists ¢, > 0, such that for sufficiently large n, Algorithm 2 recovers P, and [n]/P, with
probability at least 1 — (B(r) + 3)n~". This finishes the proof of Theorem 4.3.2.

More general forms of conditions on h,.(n) and hs(n) without assuming \; /A, is bounded are

hs(n)/logn = d;ﬁnin{(ﬁ + WD, |2,00 (v/ 0 max log 7. V \/glogn)}7 and
h.(n)/logn = d;fnin{(ﬁ + [[WID2.00(n/Ts.max log n vV \/a_*logn)},

where ¢ is defined in (C.17).
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Lastly, under condition (4.17) of Corollary 4.3.1, we can further simplify (C.21) as

(14 ~)logn y (1+~)Klogn

Cdr,min Cdr,min

P(|D,D; " - L[> > ) <2~

where K is a positive constant given by Assumption 4.3.1. Since d, ,in > logn, then for suffi-

ciently large n, if

ho(n)/logn = d, p {(logn +7)° 115 + Ars1 } + [WD, 12,001/ 10g 7/ i,

there exists ¢ > 0, such that Algorithm 2 recovers P, and [n]/Ps with probability at least 1 —
(B(r)+3)n~7 for some v > 0, where B(r) = 10min{r, 1 +log,(A1/A.)}. Similarly, we can show

the condition on h,.(n) as stated in Corollary 4.3.1.

C.4 Additional results for numerical studies

In this section, we show the results based on networks generated by varying density ratios
between informative and non-informative components. Specifically, we fix p = 0.08 in setting (a)
and vary the ratio between the average weight of g»(a;, b;) in the informative components and that
of the non-informative components among 0.5, 0.75, 1. Correspondingly, we fix p = 0.5 in setting
(b) and vary the ratio between the average weight of g (a;, b;) in the informative components and
that of the non-informative components among 0.5, 0.75, 1. The results are shown in Figures C.1

-C4.
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Figure C.1: Simulation results for ER-type directed models under binary configurations in (a) with differ-
ent ratios between the average edge weight within the informative components and non-informative compo-
nents.
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Figure C.2: Simulation results for ER-type directed models under zero-inflated Poisson configurations
in (b) with different ratios between the average edge weight within the informative components and non-
informative components.
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Figure C.3: Simulation results for configuration-type directed models under binary configurations in
(a) with different ratios between the average edge weight within the informative components and non-
informative components.
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Figure C.4: Simulation results for configuration-type directed models under zero-inflated Poisson configu-
rations in (b) with different ratios between the average edge weight within the informative components and
non-informative components.
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As the ratio between the average edge weight within informative components and non-informative
components increases, the identification task becomes more challenging, leading some benchmarks
to approach random guessing. Despite this heightened difficulty, our method consistently main-
tains robust performance, with its advantage over other methods becoming more pronounced. This
outcome aligns with our expectations, as several benchmarks rely on the density gap between the
two components, whereas our method depends on the variation of connection patterns within net-
works. In general, our method consistently outperforms others in all settings, underscoring its
generality and adaptability since we refrain from imposing constraints on any specific model for

the informative components.
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