- DISSERTATTON

GLOBAL MINIMIZATION OF HOPF BIFURCATION SURFACES WITH
APPLICATION TO NEMATIC ELECTROCONVECTION

Submitted by
Ihraheem Alolyan
Department of Mathematics

Adviser: Dr. Eugene Allgower

In partial fulfillment of the requirements
for the Degree of Doctor of Philosophy
Colorado State University
Fort Colling, Colorado

Spring 04

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 3131651

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy
submitted. Broken or indistinct print, colored or poor quality illustrations and
photographs, print bleed-through, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

®

UMI

UMI Microform 3131651
Copyright 2004 by ProQuest Information and Learning Company.

All rights reserved. This microform edition is protected against

unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, Ml 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



SOLORADO STATE UNIVERSITY

February 14, 2004

WE HEREBY RECOMMEND THAT THE DISSERTATION PREPARED
UNDER OUR SUPERVISION BY IBRAHEEM ALOLYAN ENTITLED
“‘GLOBAL MINIMIZATION OF HOPF BIFURCATION SURFACES WITH AP-
PLICATION TO NEMATIC ELECTROCONVECTION” BE ACCEPTED AS
FULFILLING IN PART REQUIREMENTS FOR THE DEGREE OF DOCTOR
OF PHILOSOPHY.

Committee on Graduate Work

//f}'ﬂbw /( //,K/{,g/x l,u 4@&/
/éf 1 ﬁ”‘g/ﬁ"’m ]

.A“‘ /‘/ ,
{f@f*f@}fﬁ ,m«fﬁ /zf w’“{sz e
/
Advy 1”%01 _
gg y o 9
hleara [peeo
4

1, LI

Co-Adviser o,

() P o X
s gL e

Department Head

it

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ABSTRACT OF DISSERTATION

GLOBAL MINIMIZATION OF HOPF BIFURCATION SURFACES WITH
APPLICATION TO NEMATIC ELECTROCONVECTION

This dissertation addresses two problems which frequently arise in applica-
tions: locating the Hopf bifurcations for autonomous systems of ordinary differ-
ential equations and finding the global minimum of continuous functions. These
problems are important in dynamical systems and optimization, respectively.

- The first problem is to locate Hopf bifurcation points of dynamical systems.
Two approaches are used to find the Hopf points. The first approach is the polyno-
mial resultants method. In this method, the characteristic polynomial of a special
matrix is introduced and then a necessary and sufficient condition for this poly-
nomial to have two purely imaginary roots is given. The second approach is the
Werner Method. In this method, bordered matrices are used to classify the set of
matrices with rank deficiency two, at which Hopf points occur.

The second problem is to compute the global minimum of a continuous fune-
tion defined on a compact region. We use two approaches to find the global min-
imum. The first approach is the Nelder-Mead method. This method attempts to
find the minimum of a continuous function using only functions values without
using any information about derivatives. The second approach is the Cell Exclu-
sion Algorithm. We begin with some region on which we wish to determine the

global minimurm. If a cell fails the rinimization condition, it is discarded. If a cell

il
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satisfies the condition, it is subdivided and the condition is then applied to the
new cells. For the minimization condition, we choose the monotonicity condition
and we then introduce the space of functions of bounded variation which contains
all functions that have finite arclength in 1-dimension. We consider the Jordan
Decomposition Theorem and use it in the monotonicity condition.

Finally, we apply those methods to the mathematical model of the electrocon-
vection in nematic liquid crystals. The surface to be minimized consists of Hopf
bifurcation points and comes from a linear stability analysis performed on the weak
electrolyte model and is used to test previous algorithis and compare them.,

In this dissertation we present the theory behind Hopf bifurcation and global
optimization. We present both types of algorithms and give multiple numerical

examples.

Ihraheem Alolyan
Department of Mathematics
Colorado State University
Fort Collins, Colorado 80523
Spring 04
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CHAPTER 1

INTRODUCTION

Mathematical models in science are usually nonlinear, often formed by compli-
cated systems of algebraic, ordinary differential or partial differential equations
and include a number of characteristic parameters. In problems of theoretical
interest as well as engineering practice we are concerned with the dependence of
solutions on parameters and particularly with the values of parameters where qual-
itatively new types of solutions, e.g. new stationary solutions, oscillatory solutions
or chaotic attractors appear (bifurcate). In this dissertation we will consider the
global minimization of the surfaces of Hopf bifurcation points that may arise in
multiparametric stability problems.

This dissertation will address two problems: finding the Hopf bifurcation sur-
face for autonomous sets of ordinary differential equations depending on parame-
ters and locating the global minimum of a continnous function of several variables.
These problems are important in dynamical systems and in optimization, respec-
tively.

The first problem we address here is the computation of the global minimum
of a continuous function. We consider the case where f 1 A ¢ R" — R is a
continuous function and A is a compact region. This problem arises very often in
global optimization. We use two approaches to find the global mininam.

The first approach is the Cell Exclusion Algorithm, Related algorithms have

been used for many years in the area of interval analysis [12, 35, 48], We begin

&

with some region, e.g. a cell, on which we wish to determine the global minimum,
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The algorithm is based on a given optimization condition that can be applied to
sach cell. If a cell fails the condition, we know it will not contain a point at which a
function achieves its global minimum, and it can be discarded. If a cell satisfies the
condition, it is subdivided and the condition i then applied to the new cells. For
the minimization condition, we choose the monotonicity condition. This condition
has not been used in the numerical investigation of global optimization. In fact, it
has only been used in the case where f is a polynomial. The monotonicity condition
was introduced in [66] for finding zeroes of nonlinear systems of equations, and was
then generalized to find the global minima in [17]. The Cell Exclusion Algorithm
is discussed in Chapter 2.

In order to use the monotonicity condition in the Cell Exclusion Algorithm,
we first present the concept of functions of bounded variation [5, 43, 64]. Connec-
tion of the Cell Exclusion Algorithim with functions of bounded variation has not
been discussed in the literature before. In this topic, we have introduced new defi-
nitions and theorems. The space of functions of bounded variation in 1-dimension
contains all functions that have finite arclength, in particular, it includes Lipschitz

- functions. Among the properties of these functions, we focus owr attention to Jor-
dan Decomposition Theorem which states that each function of bounded variation
can be written as the difference of two increasing functions p and n. We define a
weaker definition of increasing: that is e-increasing concept where ¢ is a positive
real number and we then introduce the Decomposition Algorithm. The space of
functions of bounded variation is investigated in Chapter 3.

The Cell Exclusion Algorithm for minimization of general multivariate func-
tions and the Decomposition Algorithm are the main contribution of this disser-
tation. Therefore, several theorems and examples are presented in Chapters 3 and
2. Since this algorithm requires many evaluations of the function, we can use this

algorithm to narrow down the size of the cell to get one or more cells in which the
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global minima may be and then apply one of the methods that computes the local
minimum, e.g., Nelder-Mead Algorithm.

The second approach is the Nelder-Mead method [50]. This method is one
of the direct search methods which are easy to program and does not require
derivatives [58, 63]. Since its publication in 1965, the Nelder-Mead algorithm has
become one of the widely used methods for nonlinear unconstrained optimization.
The Nelder-Mead method attempts to find a local minimum for a scalar-valued
nonlinear function of n real variables using only functions values without any
derivative information (explicit or irmplicit) [40, 46, 52]. The algorithm for this
method and some examples are discussed in Chapter 4.

The second problem we address in this dissertation is to compute numerically
Hopf bifurcation points of dynamical systems [24, 30, 47, 62]. We consider the
dynamical systems & = f(a, 1), where z € R”, p € R” and f : B — R s
continuously differentiable. Then the stability of the stationary solution (@), i)
of fla,pu) = 0 changes at a Hopf bifurcation point which f:an be characterized
by computing the eigenvalues of f.(x(p), ) [30]. We discuss Hopf bifurcation
points and give introductory information about Hopf points in Chapter 5. We
use two approaches to find the Hopf bifurcation points for the dynamical systems
& = flz, 1)

The first approach is to use the characteristic polynomial of the matrix f.(x(g),
w) (see for example [10, 11, 37, 41, 56]). In this approach we define the Sylvester
matrix and the resultant of two polynomials. After that we give the necegsary and
sufficient condition for a characteristic polynomial to have two purely imaginary
roots [29]. This method is known as the polynomial resultants method and is dis-
cussed in Chapter 6. This method can often be numerically unstable, Therefore,
we will need to use another approach if the dimension of this matrix is high. How-
ever, the polynomial resultants method can be used to find the starting value of u

in the second approach.
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The second approach is known as the bordering method [61]. This is a recent
method which is finding widespread use to comopute Hopt bifurcation points. In
this method, bordered matrices are used to classify the set of matrices with rank
deficiency two, at which Hopf bifurcation occurs. A necessary and sufficient con-
dition for a matrix to have two purely imaginary eigenvalues is given in Chapter
7. This method can be used for higher dimensional matrices.

Both approaches are discussed in this dissertation and numerical algorithms
are written to find the Hopf bifurcation points, Furthermore, examples are pre-
sented to illustrate how these algorithms work.

Finally, in Chapter 8 we will apply those methods to the mathermatical model
of electroconvection in nematic liquid crystals. This system ig studied in detail in
[13]. The surface to be minimized comes from a linear stability analysis performed
on the system of partial differential equations describing the weak electrolyte model
for the electroconvection of Nematic Liquid Crystals, We apply the bordered
matrices algorithm to numerically compute the surface. Then we compute the
global minimum of this surface in a box using the cell exclusion algorithm to get
smaller boxes at which the global minimum is guaranteed to be in. After that we
apply the Nelder-Mead algorithm to these boxes and we obtain the global minimum

of the surface.
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CHAPTER 2

CELL EXCLUSION ALGORITHM FOR
OPTIMIZATION

We consider the constrained minimization problem
min f(x),
aGhA j( )

where f: R" — R is a continuous function and A ¢ B" is a cell. In order to solve
this problem, we use the Cell Fxclusion Algorithm. Related algorithms have been
used for many years in the area of interval analysis to solve systems of equations
[12, 35, 48]. One can easily describe the basic structure of such an algorithm. We
begin with some region, e.g. a cell, on which we wish to determine the global
minimum. The algorithm is based on a given optimization condition that can be
applied to each cell. If a cell fails the condition, we know it will not contain a point
at which a function achieves its global minimum, and it can be discarded. If a cell
satisfies the condition, it is subdivided and the condition is then applied to the new
cells. This leads to a recursive algorithm. We will investigate how a cell exclusion
algorithm may be used to find the global minimum of f on a cell A, In Section 2.1
we give some introductory definitions about cells and partitions. In Section 2.2 we
describe how a cell exclusion algorithm works and write a general algorithm. We
then prove in Section 2.3 that this algorithm converges to the global minimum.
In Section 2.4 we give the minimization condition and then conclude this chapter

with some numerical examples in Section 2.5,

fkd

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.1 Introductory Definitions
We consider the constrained minimization problem

min f(x), (2.1

FEA
where f @ R" — R is a continuous function and A < R™ is a cell. We now give
the definition of a cell and other background definitions that will be used in our

algorithm. These definitions are hased on [3].

Definition 2.1.1 (Cell). A set ¢ is said to be a cell if it Is an n-dimensional

region of the form

T
7o I"[[a«y‘,} 3 aw}il}?
o]

where a1, am € B, ay < agp, t5=1,...,n.
3 ¥

(Midpoint) The midpoint of a cell o is defined to be

%(“11 + ayn)
My == )

1
F_):(a’n,l + a’?’z}‘;’.)
(Mesh Size) The mesh size of a cell ¢ is defined to be ||d,||, where

a1y
dg 7= Mg —

Qny
We can use any norm to compute ||dg||; however, unless otherwise noted, the
norm which we use is the infinity norm. We now define the partition of a cell and

its refinement.

Definition 2.1.2 (Cellular Partition). Let I' be a finite set of cells and let A

be a cell in ’R"®, We say that I' is a cellular partition of A if

1. J\. =5 UW@F [0

2. If oy, op €T, then oy Moy is a common face of oy and oy or oy Mog = ¢
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3. The number of cells, o & T" such that o N A % ¢ is finite.

Definition 2.1.3 (Refinement). Let Uy and [y be any two cellular partitions of
A T'o is said to be a refinement of Ty if for all oo € 'y there exists o € Iy such
that ey C oy with strict inclusion holding in at least one case. We also say 'y is

finer than I'y.

A cell exclusion algorithm looks for a global minimum in some initial cell A,
As the algorithm executes, A is partitioned into successively refined partitions. We

give the explicit formulation for the algorithun in the next section.
2.2 Cell Exclusion Algorithm

A cell exclusion algorithm systematically discards cells as it progresses. In
order to do this, the algorithm makes use of some test which we will refer to as a
minimization condition (M.C.). A minimization condition is a necessary, but not
necessarily sufficient, condition which must be satisfied if a global minimum point
is present in a cell. Therefore, if a cell fails the minimization condition, we know

it does not contain the global minimurm and may be discarded immediately.

Definition 2.2.1 (Minimization Condition). A minimization condition is a
computationally verifiable necessity test for the presence of a global minimum in

a cell,

The algorithim is based on a given sequence of refining partitions I'y and uses
at cach stage a given minimization condition to exclude all cells which cannot

contain the global minimum of f. The remaining cells are then stored in .

Definition 2.2.2 (M(A)). We define M{A) to be the set of points where a

function f: A ¢ R" - R attains its global minimum in the cell Al

~3
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Figure 2.1: Hustration of the sets {2,

Definition 2.2.3 (£;). The set of cells which satisfy the minimization condition

on the k™ level of partitioning is called §2; (see Figure 2.1).

Definition 2.2.4 (I'y). The set of cells which result when .., undergoes one

level of partitioning is called I'.

Here is the general minimization algorithm which we will use to obtain the

global minimurm:
Algorithm 2.2.1. [17]

1. Let I'; be the sequence of cellular partitions of A defined above with T'g = {A}
such that I'ypy is finer than Ty, k = 0,1. .., and the mesh sizes ||dp.]] — 0 as
k — oo. Let M), be the current approximation minimum value generated by

the algorithm at level £.
2. Let fiACR" - R,

3. We assume that a given minimization condition can be implemented for each

cell o with midpoint m, and ¢ C A.

4. Set 2y« {A}, My <~ f(my). (Initialization)

h. For k= 0,1,2,.

If fldi]] < tol,
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then print M.
Else

Dy = .

17"[;‘,,4,1 e M 1’8

For o € [y such that o < 7 for some 7 €
If o satisties the minimization condition,

then ey o Qg U {0}

For o € Oy

If flms) < My,

then Mypy e f{me).
Note that M, < mingeq, f(my) and {M;} is a decreasing sequence.
2.3 Convergence of the Optimization Algorithm

The sequence we obtain using the minimization Algorithm 2.2.1 does indeed

converge to the global minimum f = f(Z) for some & € A.

Theorem 2.3.1. [17] Let f : A CR® — R be a continuous function on some cell
A, and let 7 € M{(A). The decreasing sequence of values { My} generated by the

minimization Algorithm 2.2.1 converges to the global minimum f = f(&).

Proof. Since f is uniformly continuous on A, for every ¢ > 0 we can find a d > 0
W W/ 1 .

stuch that
o~ yll < 8= |fle) ~ fly)l <e VoyeA

Since & € M {A), it follows that & & o € A for a sequence of cells {0 }72, with

mesh vectors dy, and midpoints my, such that [|di] = 0 as k — .

For sufficiently large k, we have

g — 2]

<8 flmg) — f(#) <
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must approach f(F) as k - oo, (]

The following lemma shows the the relationship between the global minimur

f and its approximation M, at level k.

Lemma 2.3.1. Let f be C% on A and let f + A CR® — R attain its global minimum

at o reqular zero point, %, of the gradient on the interior of the cell A, then
- P i
My < f(@) + Clldll®

where My, is the sequence defined in the minimization algorithm 2.2.1, dy, is the

sequence of mesh vectors in Sy, and C 15 some positive constant independent of k.

Proof. The subdivision process ensures that {[dg]| - 0 and

My < min f{my)
ae{d

We know that £ € o for some o € , with midpoint m,. We now expand f about

T and we get

3)7

f(m%) — f(Z) = %('m,, — 8V H (%) (my ~ &) + O(|}myy ~ &

because the gradient of f vanishes at & Here H(Z) is the Hessian matrix of [ at

Z. Since 7 is a regular point of the gradient, there exists a constant A" such that
0 < A" = || H (Z)]].

Thus, for sufliciently large n we may take C' larger than A* and neglect the term

()(!17r<1'0 - .['”'%;) t() g(;t

fimg) — f#) < C

Mg~ &7 =5 My < fmg) < F(8) + Clldil*.

]
Ld
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2.4 Minimization Condition

There are several choices for the minimization condition (see for example [17]);
nevertheless, we choose the monotonicity condition. This condition has not been
previously used in the numerical investigation of global optimization. In fact, it has
only been used in the case where f is a polynomial. The monotonicity condition
was introduced in [66] for finding zeroes of nonlinear system of equations, and was

then generalized to find the global minima in [17].

Definition 2.4.1 (Monotonically Decomposable). The fauction f: R" — R
is said to be monotonically decorposable if there are two increasing functions g

and A such that f = g — h.

Given a cell o, we define the “lowermost” and “uppermost” corners, ¢ and &

respectively, of the cell as follows

g = (ay1, a1, . Gny )

T = (a1, a9, .. -, Gn2).

Notice that all polynomial systems are monotonically decomposable. If we
consider a positive domain, we can decompose the polynomials according to terms
having positive and negative coefticients (see Example 2.4.1). If we consider a
negative domain, we can expand the polynomials about the lowermost corner of
the cell then decompose the polynomials according to the positive and negative

coeflicients of this expansion (see Example 2.4.2).

Example 2.4.1. Consider the following polynomial with A = [1,3]:

) = (@~ (e - 2}z ~ 3) = 2* - 627 + 11z — 6
We may take g(x) = 2* 4 Ul and h{z) = 62° + 6. Indeed, f(2) is monotonically
decomposable on A with f(a) = g(z) ~ h{x).
11
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Example 2.4.2. Consider the following system of polynomials, f @ R* - R,

) = (filx), folz)), with A = [3,3] x [~3, 3], and
filwi ) = (21 4 Ly,
Jolwy, @q) == :(:% w1,
Expanding f{z) around (-3, ~3), we obtain
Jilawy, o) = (g 4+ 3) (g + 3) ~ 3wy -+ 3) ~ 2wy 4 3) + 6,
falwey, w2) = (2 + 3)* — 6(zn -+ 3) -+ 8,
Thus, we may take the functions
g,h R =R

to be g(a) = (gu(a), g2(2)), with gi(y,2e) == (xy + 3)(xg + 3) + 6, gy, 22) =
(wg + 3)% + 8 and h{x) = (hy(x), ha(x)), where Ay (wy, o) = (21 + 3) + 2(xg + 3),
ho(my, xe) == 6(y + 3). It is easy to see that f(x) is monotonically decomposable

on A with f(x) = g(x) — h(x).

The following theorem can be applied to give an exclusion test for a cell to

have a global minima [17].

Theorem 2.4.1. Let o be a cell and f : R" — R be « Lipschilz function, then f is
monotonically decomposable with f = g — h. Moreover, if M € R and g, h satisfy

the following condition:
glo) — h(F) > M,

then f does not oftain a value smaller than or equal to M in o,

Proof. Since f is a Lipschitz function, f is monotonically decomposable from the
Jordan Theorem . By monotonicity, g(g) — h(&) < glz) — h(z) = f(x) for all

x € 0. Thus, if M < g(e) —~ W{@) then M < f(x) for all z € 0. ]
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Suppose that f is a Lipschitz function that i defined on a cell A, then we
can define the functions g and A so that g and h are increasing on A, Then use
these functions for the minimization condition in Theorem 2.4.1. However, most
of the cells o will satisty the condition g{g) ~ h(F) > M; therefore, we need to find
another way to improve this condition. In fact, it suffices to choose g and A such
that they are increasing in the small cell o, Consequently, for each cell ¢ we should
compute the functions g and h such that f = g — h and g and I are increasing in

o. We illustrate this idea in Example 2.5.1 in the next section.
2.5 Numerical Results

In this section we use Algorithm 2.2.1 to find the global minima of several ex-
amples. We have programmed a Matlab implementation to solve these examples.
We described a method to find the functions ¢ and A if the function [ is a poly-
nomial. In the next chapter, Chapter 3, we will give another way to compute the
functions g and h so that they are increasing in each subintervals of the domaiu.
The first example shows the advantage of choosing g and h to be increasing in each

subinterval rather than choosing ¢ and A to be globally increasing on [a, b].
Example 2.5.1. Let f: [~3,2] - R, be defined by
flr) = 3at 4 42 — 1222 + 4.

We plot the function [ in Figure 2.2 and we can see that this function has its

global minimum at the point (2, ~28), We will compute the functions g and A

using two different approaches.

1. The first approach is to compute g and h analytically. Since we have a nega-

tive domain we expand f about the point -3 and decompose the polynomials

13
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Figure 2.2: The plot of f{x) = 3z* + da® ~ 1227 + 4.

g and h according to the positive and negative coefficients of this expansion.

Expanding f(x) about the point —3, we get
Jr) = 3(x + 3)* ~ 32(x + 3)* + 11d(x + 3)* — 144(z + 3) + 31.

We now define g and h to be

5000 . v . 5000
4500} 4500} 4
4000 : 4000) :
3500 : 3500} / ;
3000 : 3000} /’ ]

P / o

Zag00 2500} /

& £ y

2000 2000 4
// /
1500 ’ ] 1500,
/ e
1000k : 1000} A

! o
500 T 500 o
O i 0 i 2 LA 4 § 1 2
X X
{n) The function g{a). {b) The function h{x).

Figure 2.3: The functions g aud A for Example 2.5.1

Pigure 2.3 plots the functions g and h in the domain [~3,2]. We can see

immediately that these functions are increasing very fast and therefore, we

14
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do not expect the condition g{g) — h(&) = M to be strong enough to discard
cells. For example, if we consider the cell [1,2] then g(1) ~ h{2) = 2007
a value much smaller than f = —28. Now we consider a smaller interval
[1.9,2] and then we have g(1.9) ~ h(2) = -222.42 which is again smaller

than f = 28,

. The second approach is to use the decomposition algovithm, which will be
described in Chapter 3, to compute the functions g and & for each cell o In
this algorithm we compute g{1) — h(2) = ~5.33 which is greater than f=
~28; therefore, this cell can be discarded from the beginning. This problem
was numerically solved using a Matlab implementation. The measure of
tolerance is given by the cell size. Consider a cell o with mesh vector d. If
o satisfies the minimization condition and 2||d|| < tolerance, then o i in
. We now apply Algorithin 2.2.1 with tolerances equal to .1, .01, .001 and
.0001. The results appear in Table 2.1 where M. C. C. means Minimization

Jondition Checks and D. A. means Decomposition Algorithin.

| Analytically D. A |

Tol | Level ! } Cellsin Q| M. C.C. || Cells in @ | M. C. C. }
0.1 6 | -27.991287 60 121 2 15
0.01 9 -27.999965 194 653 4 23
0.001 13 | -28.000000 298 1427 4 33
0.0001 | 16 | -28.000000 838 3275 2 39

We

Table 2.1: Approximation of the mininum of f = 34 + 42 — 1222 + 4.

can see from Table 2.1 that the decomposition algorithm requires much less

computation than the analytic approach. The reason for that goes back to the

way g and A were constructed analytically. They are required to be increasing on

that it is difficult to check the M. C. In Figure 2.4, we tix the tolerance to be 0001
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Figure 2.4: The refinement of [~3, 2] for Example 2.5.1

and apply Algorithm 2.2.1 to f using the two approaches that we discussed. We

keep intervals that satisfy the M. C. and discards other intervals,

If f is not a polynomial, we might need to use the decomposition algorithm.

The following example involves the sine function.
Example 2.5.2. Let f:[0,1] — R, be defined by

f(&) = sin(20x).

14 ¥ u
* - #
kES - * *
* L »
Y - & *
L] » £
A - L kg
4 s ” e
B R d Easd ik
Nomdemny el b and
L) nmeiigenerl
- ‘0 02 4 0.8 0:5’ y ] wt [ 2] EX E2d B4 “? Py 9% i
X L
{a) The hunction f{@) = sin{202), {by Refinement of the domain,

Figure 2.5: The function and the refinement of the domain for Example 2.5.2
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The function f has 3 global minimizers in the interval [0, 1]. The global minimum
is f = —1. We plot the function f(x) in Figure 2.5(a). Since this function is not a
polynomial, we cannot readily compute an explicit formula for the functions g and
h . Therefore; we use the decomposition algorithm to compute the global minimum.
We compute the number of levels needed to achieve the desired tolerance, the global
minima, the number of cells in §2, and the number of checks for the minimization
condition. Table 2.2 shows the results for different choices of Tolerance. Tn Figure
2.5(b), we plot the refinement steps and we can see that Algorithin 2.2.1 refines in

a neighborhood of the three minimizers.

L;.I_Lf_:éfimnm Level ! Cells in © | M. €. Checks }
0.1 4 -0.975626 8 23
0.01 71 -0.999914 8 43
0.001 10| ~1.000000 6 6l
0.0001 14 1 -1.000000 6 87

Table 2.2: Approximation of the minimum of f = sin{20z).

We now give other examples for functions in two variables.
Example 2.5.3. Let f: [~2,3] x [~3,3] — R, be defined by

Flay) = (y—2)?+ (1 -a)

8.

Figure 2.6: The function flx,y) = (y — 2%)* + (1 - )2,

17
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This function is a well known test function in optimization that has its global
minitmum 0 at the point (1,1). We plot the function f{x,y) in Figure 2.6. We
define the functions ¢ and b analytically by first expanding f{z,y) about (-2, -3

to get,

flo,y) = (x+2)" ~ 2y +3)(z+2)* - 8o+ 20° + 8(z + Dy + 3) + (y -+ 3)*

+ 31z 4+ 2)% = 62(x + 2) ~ 14(y + 3) + 58

Then we decompose the polynomials g and h according to the positive and negative

coefficients of this expansion to get

gla,y) = (y + 3 + (@ + 2)" + 31{x + 2)* + 8(a -+ 2)(y + 3) + 58§,

h{a,y) = 2y + 3)(x + 2)* + 8z + 2) + 62(x + 2) -+ 14{y + 3).
G Analytically | DA |
[ Tol | Level I Cells in 2 | M. C. €. || Cells in ; M. C. C.
0.1 6 | 0.000978 3664 4977 96 325
0.01 10 0.000004 - - 96 721
0.001 13 | 0.000000 - - 104 1017
0.0001 | 16 | 0.000000 - - 96 1309

9

Table 2.3: Approximation of the minimum of f(z,y) = (y — a?)? + (1 — )

We then compute the functions g and h using the decomposition algorithm. Finally,
we apply Algorithm 2.2.1 with tolerances .1, .01, .001 and .0001. The results appear
in Table 2.3. In the case wheve g and A are computed analytically, we can see that
the number of cells is large even for Tol = 0.1; therefore, we do not proceed in this
direction. Figure 2.7 illustrates the level sets of the function f and the refinement
of the domain in the cases where g and h are computed analytically and when they

are computed using the decomposition algorithin,

We now present an example where the function f(x, y) oscillates several times

in the x-direction and in the y-direction.

13
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Figure 2.7: Refinement of the domain for Example 2.5.3

fla,y) = 2® 4 7 — sin(102y).

Figure 2.8: The function f(z,y) = 2 + ¢ — sin(10zy).

We plot the function f(z,y) in Figure 2.8. Note that f is symmetric in the sense
that f(x,y) = f(y,2). Since this function is not a polynomial, we cannot compute
an explicit formula for the functions ¢ and /. Therefore, we compute the functions
g and h using the Decomposition Algorithm. Finally, we apply Algorithm 2.2.1
with tolerances .1, .()1,‘ 001 and .0001. The results appear in Table 2.4.

Figure 2.9 illustrates the level sets of the function f and the refinement of the

domain where g and h are computed using the decomposition algorithm,

The following example is taken from [34] where the function [ has two global

minimizers.

19
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Tolerance | Level I Cells in 2 | M. O, Checks 1
0.1 5 | -0.703363 112 373
0.01 9 <. 705004 60 625
0.001 12} -0.705908 72 817
0.0001 15 1 -0.705908 5 1005
Table 2.4: Approximation of the minimum of f(x,y) = «° + ¢ —~ sin(102y).

“‘w‘"’“‘

{a) The level sets of f.
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{h) Refinement of the domain.

Figure 2.9: Refinement of the domain for Example 2.5.4
Example 2.5.5. Let f: A = [--10,20] x [~3,10] -+ R, be defined by

fl,

y) = 4’

— 212t +

1 5
7{:71:6 4wy — 4yt + xly“l.

This test function is known as siz hump camel back function and it has two global

minimizers in this region. We plot the function f on A in Figure 2.10(a) and then

plot f in a neighborhood of its minimizers in Figure 2.10(b).

| Tolerance || Cells in Q || Cells in Q in [34] |
0.1 9 105
0.1/2 10 149
0.1/2 11 201
0.1/8 2 571
0.1/16 13 1140

Table 2.5

We use the decomposition algorithm to compute the globa

f"m

- 1.02635208. In Table

the number of cells in [34].

o

Approximation of the minimum of f for Example 2.5.5.

2.5, we compare the nuber of cells we obtain with
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Figure 2.10: The function f(z,y) = 4a® — 2.12* + 1/32° + xy ~ 4y + dy*.

Figure 2.11 shows the level sets of f and the refiuement step for Tol == 0.01.

=

T2 A5 et ey o (X3 1 k] 2

{a) The level sets of f. {b) Refinement of the domain.

Figure 2.11: Refinement of the domain for Example 2.5.5

We conclude this chapter with an example that has infinitely many minimizers
and we see that our algorithm capture the global minima and makes refinements

in the circle where this function has its global minima.

Example 2.5.6. Let f: [~8,8] % [~8,8] -+ R be defined by

* o Enach )

@

where €y 18 the machine ¢, This function has infinite global minimizers ag can

be immediately seen from its graphical representation in Figure 2.12. We use the
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Figure 2.12: The function f(x,y) =

sin(/2"

ST

Y+ €anch)

T e
m Yt €nuch

I

Toleranoe

‘ Level

J

f Clells in 2

M. C. Checks

1 4 1 -0.216998 108 193

0.5 5 | -0.217210 252 445

0 .25 G | -0.217229 920 965
0.1 8 -0.217234 2252 4353

Table 2.6: Approximation of the minimum of f for Example 2.5.6.

decomposition algorithm to compute ¢ and b then use Algorithm 2.2.1 to find

the global minimum and we get f

number of cells is 2252 as expected.

-().217234. We see from Table 2.6 that the

Figure 2.13 shows the set level of f and the refinement step for Tol = 0.1,

(5) The level sets of f.

Figure 2.13: Refinement of the
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} Refinement of the domain.
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CHAPTER 3

FUNCTIONS OF BOUNDED VARIATION

In Chapter 2 we formulated a cellular exclusion algorithm for functions which
can be expressed as a difference of two monotone functions, For this reason we
study how to construct such a difference. Functions of bounded variation can
be expressed as such a difference and hence we can briefly review the concept of
e-increasing. This concept is introduced to find the difference of two functions
numerically. It can also be used if we do not have an explicit formula for the
function, i.e., in the case where we have a black box that gives the behavior of the
function at each point.

The notion of functions of bounded variation (FBV) plays a very significant
and important role in the theory of real functions [5, 38], measure and integration
[19, 20], partial differential equations [25, 45, numerical analysis [25, 26], applied
mathematics [18, 42], mathematics economics, optimization and optimal control
[64]. Moreover, there has been increasing interest in these functions because of
their importance in Fourier series and probability theory [60].

The space of functions of bounded variation containg all functions that have
finite arclength, in particular, it includes Lipschitz functions, functions that are C*
(i.e., have continuous first derivative), monotone functions, ... ete. In the litera-
ture, several properties of these functions have been discussed in one dimension,
e.g., [5, 60, 64, 68] and in higher dimensions [1, 43, 44]. We focus onr attention to
one of these properties that will be used in implementing the Cell Exclusion Al-

gorithm. This property is known as Jordan Decomposition and it states that each

23

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



function of bounded variation can be written as the difference of two increasing
functions p and n. In Section 3.1 we give general information about FBV in one
dimension and state the Jordan theovern. In Section 3.2 we write the Decompo-
sition Algorithm 5.2.1 to find p and n. This algorithm produces two functions p
and n that are not increasing; therefore, we define another concept of increasing
that is e-increasing where € is a positive real number. We then prove, in Theorem
3.2.1, that the functions p and n, computed by Algorithm 3.2.1, are e-increasging
under certain assumptions. Then we generalize our discussion to functions in N

dimensions in Sections 3.3 and 3.4,
3.1 Bounded Variation in One Dimension

In this section we will point out some properties of functions of bounded

la,bl,i == 0,1,...,n:a= 2 < 21 < ... <z, = b} be a partition of [a,b]. The
variation of f over m is the nonnegative real number

Valfia,0] = Y [ £(:) = i)

o1
Definition 3.1.1. If I" and A are two partitions of [a, b], then T" is finer than A if

ACT.

The variation of f over A will either increase or at least be the same if we add

more points to A. In other words,

Proposition 3.L.1. If T" and A are two partitions of {a,b] and I is finer than A
then
Velfia,b] 2 Vil fia, b).
The proof of this theorem is standard and can be found in [60]. We define

next the concept of oscillation of a function.

~
b
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Definition 3.1.2. We say that a continuous function [ : [a,b] — B oscillates k

times on the interval [a, b] if there are exactly k points sy, 89, ..., 8, € (a,b) such
that for all ¢ = 1,...,k, the value f(s;) is either a strict local maximum or a

strict local minimum. If the function f has an infinite number of maximum and

minimum points on («, b), we say that f oscillates infinitely often.

Example 3.1.1. 1. The function f : [-4,4] — R, defined by f(x) = (v~ 1)z~
2)(x ~ 3), oscillates 3 times.
2. The function g : (0,1) — R, defined by g{x) = xsin(1/x), oscillates infinitely

often.

We now consider all functions f which have the property that Vi{f;a,b| is

bounded for all partitions « of [a, b].

Definition 3.1.3. A function f defined on an interval [a, b] is a function of bounded
variation if there exists a number M such that for every partition = of [a,b], we
have

Z |fl@) = flaia)l € M.

gl
We then define the total variation of f on [a,b] to be the number

Vila,b] = sup > [ f(@) — flwio1)l, (3.1)

wila,b] Ty

4

where 7], b] means “r is a partition of [a, b].”

Geometrically, the variation of a function is a measure of how much the func-
tion oscillates over an interval. We denote the set of all functions of bonded vari-
ation on [a, b] by BV]a,b]. For simplicity, we will write sup,, instead of supy, -

The following continuous function is an example which is not of bounded

variation,
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Figure 3.1: The function f(x) = xsin(1/x).
Example 3.1.2. Let f be the continuous function defined on [0, 1] by

1
rsin~—~ if O <<
flay=q Ty D<=l

The function f is not, of bounded variation because f has infinite “length” over
the interval [0,1]. In other words, continuous functions are not guaranteed to he
of bounded variation. The following proposition gives sufticient conditions for a

function to be of bounded variation.

Proposition 3.1.2. [60]
1. If f is a Lipschitz function on [a,b] then f € BV[a,b].
2. If f € Cla,b], then f € BY|a,b],
3. If f is monotone on [a,b], then f € BV]a, b].

One of the most interesting properties of such functions is that each function
of bounded variation can be written as the difference of two increasing functions.
We develop some definitions and lemmas to prove this property for FBV. We first

view the sum in (3.1) as a suun of positive and vegative parts of the diffevences
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fla) — f(#1). Now we define Pylu, b} to be the suramation of the positive parts
of f(x:) ~ f(xi) and Nypfa, b) to be the summation of the negative parts, i.e.

Prlab) : = mn}d () — flw. 1‘)\)'4”7

PES ]

f\lf{a, {) T o t.,upz 1(2 — f(/"z 1)} ..... ,

(3.2)

where zF 1= max{0,z} and 2~ == max{0, -2}, Then we have || = 2 + 2~ and

o= g - 27, Using these formulas, we get

Vila, b = Ptla, b] -+ N¢la, b],
Jb) = fla) = Psla,b] — Nyla, b].

Now, we will vary b and denote it by x and keep a fixed. Obviously, if f is a
function of bounded variation on [a,b] then it is also of bounded variation on
each subinterval [a,z] of [a,b]. Therefore, if f € BV]a, b} then we can define the

functions Prla, ], Nyla, ] ¢ [a,b] — BT U {0} as we did in (3.2).
Lemma 3.1.1. If f € BV{a,b], then the functions Psla,x] and Nla,x] are in-

creasing on the interval [a, b].

Proof. If x = a, then P¢la,z] = Nyla,z] = 0, so let us assume that 2,y € (a,b]
and z < y, then [a,x] C [a,y]. Consequently, for every partition I' of [a, 2], we

have A := I'U {y} is a partition of [a,y]. Thus we have

S0 = Faeolt € 3 w) = flea) + (o) ~ Fa)*
dusc] ucl

WZ(/(I 11 1))

If we take the supremum in both sides of all partitions I', we get Prlo, 2] < Prla, ]+
(Fly) = [(2))" < Prla,y). The same argument can be made to prove that Nyla, ]

is increasing on |a, b, £l

27
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This observation leads to the following theorem, known ag the Jordon De-
composition Theorem, which shows that a function of bounded variation can be

expressed as the difference of two increasing functions.

Theorem 3.1.1 (Jordan Decomposition). /60] If [ is o function of bounded
7 (A

variation on [a,b] then [ can be written as the difference of two inereasing functions

Flx) = pla) — nlx).

Proof. We have f(x) ~ f(a) = P¢la, ] ~ Nyla,z] for all @ € {a, b]. Choose p(z) =

Fla) + Prla, z] and n(z) = Nila, ¢ then apply Lemma 3.1.1. O
f 7

In Section 3.2 we will present and algorithm to find the functions p and n; the
generalization of Theorem 3.1.1 to functions of N variables will be given in Section

3.3.
3.2 Decomposition Algorithm and Examples

Even though the Jordan decomposition theorem is a familiar theorem, it has
not been exploited numerically to find p and n. That is because the supremum
sum over all partitions is impossible to be computed numerically. We will describe
below an algorithm that approximates p and n with respect to the uniform partition
7= {a 4 i(z — a)/(m + D}PEY of the interval [o,2]. In this algorithm, we
choose m to be the number of points between @ and z to approximate Pyla, 2]
and Nyla,z]. Consequently, the functions p and n will not be always increasing.
We give Example 3.2.1 to show that p and n cannot be increasing on [a, b] even
for smooth functions and for any value of m. To avoid this problem, we detine

e-increasing, a weaker definition than increasing, and then show that p and n are

e-increasing it f is a Lipschitz function and m is chosen large enough.

28
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Algorithm 3.2.1 (Decomposition Algorithm). INPUT: «, f and .
OUTPUT: p and n evaluated at z.

choose m (number of points between a and x).

d = (x -~ a)/{m+ 1).
fori=0:m+1
Ty o i,
p= fla)
n =0,
fori=1:m+1
if & = flx) ~ f(wiy) =0
pepts.
else

N = T+ 8.

Note that we can choose m -4 1 = 2% to decrease the number of computations
when we increase m (i.e., if we choose -+ 1 = 281 then we already computed the
the values f(x;) for i is even). The main question about this algorithm is how to
compute m such that p and n are increasing. Unfortunately, m cannot always be
computed even for smooth functions. We give the following example to illustrate

this point.

Example 3.2.1. Let f:[0,2] — R be defined by f(x) :== 1~ (1 - z)* In theory,
this function can be written as the difference of two increasing functions, e.g.,
p(z) = 2z and n{x) = z* In order to compute p and n numerically, we notice
that this function is increasing on the interval [0, 1]; therefore, the value of p(z)
will increase on this interval for any choice of m. Nevertheless, on the interval

1, (m 4 1)/m), the function p will take values less than one. To explain this, let 2
Ly : i ;
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be any point in (1. (m+ 1)/m), and % : {iz/(m + 1)} be the uniform pactition

of [0,2], then flx) < f(1) and ma/(m + 1) € (m/(m 4+ 1), 1) and we have

.

Fr-pe

pla) = Z(/(I‘) - f(’ax))%

fam

= flma/(m + 1)) = 1(0) + (&) ~ flma/(m + 1)))*

Jlma/(m+ 1)) — fO) + (f(1) = flma/{m + 1))

Il

== f(1) = F(0) = 1= p(1),

1491
'
.50
6398
a.697
Fovuch
RiE
L
[
e
L300

1 L () i 148 2

{a) m == 10 {b) m = 100 {¢) m = 1000

Figure 3.2: The function p in Example 3.2.1

Therefore, the function p is not increasing on (1, (m+ 1)/m). In fact, p equals the
value one if there exists an 4, 1 < ¢ < m + 1, such that ix/(m + 1) = 1, i.e., the
point 1 is one of the mesh points. Solving for z, we get © = (m+ 1) /i; therefore, p
cequalsone if z = (m41)/(m+1) =1,z = (m+1)/m, = (m+1)/(m~1),...0r
x = m+1. Figure 3.2 plots the function p on the interval [1, 2] for m = 10, 100 and
1000. Although the functions in Figure 3.2 increase in oscillations, the amplitude
decreases as m increases. We can see from the plots that for m = 10, we have p = 1
on the interval [1, 2] for the values 1,10/9,10/8,10/7,10/6, and 10/5 ; however, for
all other values, the function p is strictly less than one. For m = 100, the function
p oscillates more because it equals one at 1,100/99,100/98, ..., 100/50 and it is
strictly less than one for all other values on [1,2]. Finally, the same argument

holds for the case where m = 1000,
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The previous example shows that m cannot be chosen in such a way that p
is always increasing. In fact, p will oscillate in a small e-neighborhood of 1. As m
increases, the number ¢ becomes smaller and smaller. This idea led us to introduce
a new definition that we call e-increasing and we will use it in the Decomposition

Algorithm.

Definition 3.2.1 (e-Increasing). We say that the function f @ [a,b] — R is
e-increasing, where e is a positive nuruber, if f(z) < f(y) + ¢ for all @ < y and

x,y € [a,b].
We now give the definition of the oscillation point of a continuous function.

Definition 3.2.2 (Oscillation Point). A point 2 € [a, ] is said to be an oscilla-
tion point of the function f, if for all 6 > 0, the function f hag an infinite number

of oscillations on [z — &,z + 8] (], b].

In our next discussion, we choose a special subspace of the space of functions of
bounded variation, that is the space of functions which satisfy a Lipschitz condition

because in this space, the value |f(2;) ~ f(zi-1)| can be controlled hy

Ly~ Lienl l

Definition 3.2.3 (Lipschitz Functions). [2] A function f : [a,b] — R is said to
be a Lipschitz function on [a, b] with a Lipschitz constant C, if there is a constant
C such that
(@) = f)] < Cla =yl Y,y € lab].

We denote the space of Lipschitz functions on [a, b] by Lip[a, b].

We have discussed in Proposition 3.1.2 that all functions in Lipla, b] are of
bounded variation ou [a,b]. We come now to the main theorem in this section
which shows that p and n in Algorithm 3.2.1 have, in fact, a special property that

can be exploited munerically.
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Theorem 3.2.1. If f : [a,b] — R is a Lipschitz function with o Lipschitz constant
', and the number of oscillation points is finite (can be O) then for all ¢ > O there

exists o= m, € N such that p and n an Algorithm 3.2.1 are e-increasing.

In order to prove this theorem, we need to prove the following propositions.
b o]
We will always take the partitions {2,375 and {4174 to be the uniform partitions
) , ) VY5 f ity i
of la, 2] and [a, y], respectively. Moreover, every time we mention p and n, we refer

to p and n previously introduced in Algorithm 3.2.1.

Lemma 3.2.1. 1. If f is increasing on [a,b], then p is increasing and we have

2. If [ is decreasing on [a,b], then n is inereasing and we have p(x) = f(a) and

n(z) = fla) — f(x) for all x € [a,b].

Proof. This follows immediately from the way p and n are constructed in Algorithm

3.2.1 1

In the following discussion, we will consider the function p and prove that
this function is e-increasing. A similar argument can be made to prove that the

function n is also e-increasing.

Proposition 3.2.1. If f : [a,b] — R is a Lipschitz function with a Lipschitz
constant C and there is a point ¢ & [a,b] such that [ 4s increasing on [a,¢] and
decreasing on [c,b], then for all € > 0, there exists an integer m, € N such that if
we choose m == m, in Algorithm 3.2.1, then the resulting function p is e-increasing

on [a,b], i.e.,
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@ ¢ b
Figure 3.3: The shape of the function f(z) in Proposition 3.2.1
Proof. Let € > 0 be given, theu choose m = m, such that 1/(m+ 1) < ¢/C{b-a).
If 2 € (¢,b] and {&; = a4 i(e — a)/(m+ D)} is the uniform partition of [a, «],
then | f(z;) ~ flo)) £ Cloy — 2) £ Clb—a)/{m+1) < e Since x > ¢, there

must be an index k& between 0 and m such that @, < ¢ < ey, We now compute

p(x) and assume that m < k (if mn = &, then the last summation L;”}ﬁ , will not
appear).
met-1
p(e) = fla)+ Y (f(wi) = flzi))*
iww]
k
= fla) + 3 (flai) = Fwi)t + (Flan) = fla)*
=l , >0
a f (g f ()
-1
+ Z »Z:L 1))+
@»/x +2
=0
> fla) + ) ~ fla)
> fle)~¢ becausef(c) ~ fley) < ¢
w p(e) - 6.
To prove the left inequality, we note that (f (@)~ fe))" < fle) -~ flag) because
floear) < flo). Then it follows that p(x) < f(e) = p(e). [fffj}
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Jorollary 3.2.1. If fla,b] -~ B satisfies the conditions in Proposition 8.2.1 then

p is e-increasing on [a, b].
Proof. Let z,y € [, b} and z < y then we have three cases:
1. Iz <y« e then p(x) < p(y) because p is increaging on |a, .
2. If & < ¢ <y, then pa) < ple) < ply) + ¢ (from Proposition 3.2.1).
3. If e <z <y, then p(z) < p(c) and p(c) < p(y) -+ ¢; therefore, p(x) < ply) +«.
£l

Proposition 3.2.2. If [ : [0,b] ~— R is o Lipschitz function with o Lipschitz
constant C' and there is a point ¢ € [a,b] such that [ is decreasing on |, ¢ and
increasing on [c,b] then there exists an m, € N such that if we choose m = m, in

Algorithm 3.2.1, then the resulting function p is e-increasing on {a, b].

a ¢ b
Figure 3.4: The shape of the function f(x) in Proposition 3.2.2

Proof. Let x,y & [a,b] be such that 2 < y. Choose m == m, such that the following

inequality holds C'(b - a)/{m 4 1) < ¢/3 and consider the two uniform partitions

[ Yih and {y, 3! for [a, 7] and [a, 5], vespectively. If 2 < ¢, then f(a) = f(a)
and fly) = fla) because p(y) — fla) = ST Fly) = flyia))t = 0. So, we

assume that ¢ < < y. Since {y;} 18 a partition of [a, y], there is k between 0 and
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m osuch that ye < ¢ < yupr. I g = ¢, then p(y) = fla)+ f(@mer) ~ flys) which is
obviously greater than p{x). If v, < ¢ < yepr, then there are some points z; such
that v, = &y < Yy for 4= r 4 1,7 + 2, - 8. Now either r 4+ s = m+ 1 or

ros<m4+L et s=m-+1then

& Pobe i
(Fla) = flaoe))t = (f(zen) = Flae + Y (fa) — flaia))?
i !‘wbl 'i::c’l"f“g
peded
< Oltr = 20)+C 3 (s~ 2i1)
Ryl
< C@pgr = ) A+ Clyn = Yrow1)
L bh—a e

. L
m4 1 3
Therefore,

p(x) f(a)+-~ < ply) +

7+ s <m-+1 then we have yp < @5 < Y41 < Lpperr and the value of p(a) is

A8
pla) = f( Zu D) = fla))t + Z (211))"
myf 1
:‘:(} M‘ZEZ,/’J
714
+£f(:vr»%8+l) - [(Lrww))i"*“ }_J (]L(%) - f('fciv—l))q}u~

For the last part of the expression of p(r) we have f (yk;.l) < f{@rqep1) and

FWms1) > f(@mqa), this implies

z (i(L ) - /(Iz l) J(Lm ) - .f(?'c%{«wml)

denpep g2
’Qi,f<3lr:'»4~-‘1> - f((//\ »,l»l)

7!171

:/\M’a
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Now we compute p(y),

9
S

k
ply) = Fla) + > 0w = fla)) + (Flyen) = flos))”

».L_r; ! e " v“
()
el
+ > (fly) = Flyea))?
k42

>pla) — e

[
We treated the case where [ oscillates one time. [n the following proposition
we will prove that if p is e-increasing on the interval [a, ¢} where the function f is

increasing (decreasing), then p will vemain e-increasing in the interval [e, b] where

f i8 decreasing (increasing).

Proposition 3.2.3. If f : [a,0] — R is a Lipschits function and there are ¢,d, e €
(a,b) with a < ¢ < d < e < b such that [ is increasing on |a,c] and [d, €] and
decreasing on [c,d] and [e,b] then for all € > 0, there is an m, € N such that if we

choose m = m, in Algorithm 3.2.1, then the resulting function p is e-increasing on

[a, b].

e

N

! B

& 0 d e b
.

Figure 3.5: The shape of the function f(x) in Proposition 3.2.3
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Proof. Let € > 0 be given, choose m == i, such that C(b -~ a)/(m+1) < /5. We
will consider three cases

1. On the interval |a, d); it follows from Proposition 3.2.1 that the function p
is e-increasing. Furthermore, for all x € [a, d], we have p(x) < p(c).

2. On the interval [d, e]; let y € [d, ¢] and {5175 be the uniform partition of
[a,y] then we claim that p(c) < p(y) — ¢/5. To show this, we notice the existence

of k such that vy < d < ¥y and

p(y) = Fla)+ Y _(F ) = Flyea)) 4 (o) = Flu))
. fam] » “';6

o
sk )

el

57 (fl) - Flue))*

fenkirt-2
. "

>0
Since p(c) —plyx) < /5, we have p(y) > p(c)—¢/5. Now, choose @ < y, then either
w € la,d] and therefore, p(z) < p(c) < ply) +¢/6 or z € (d,e]. If w € (d, ¢ then
there are » and s such that v < @ < ypyy fori=r+1,. . rds. Hr+s=m+1

then we have
P8 Yroeg
SO () = Flaa))™ = (Flons) = F@)" + 3 (Flo) = f))
prtl -
7o

< C{tyyy — @)+ C Z(;JI.; - Tiy)
bl

< Clarsr = 25) + Clye — Ye-1)

b« e
< 2 —.
)

‘ i
o+ 1

o

Therefore,

T 78
ple) = fla)+ SO0 w) = floe o)t + 30 () = flen))
dus] fragreb )

4
4

sepli )

8
P
=Y

e

. 2¢
< ple) + =

5

< ply) + 3¢/b.
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Ifr+s < m-+1, then we have v, < &y < Y1 < Tpggay fOr 4w -4 1,0, 10+ 5,
Moreover,
bl el
< ! ) "!""
E (Flre) = flaea))™ < > (Flwa) = flye))*
...... 2 b b B fufedd

We now (:(1)1*111:)11(;0 pl{y) and p(x) and compare them

k

ply) = F(a)+ > (Fys) = Flum))™ + () = Flu))
o sl e ’%‘ 0
(i)
m }
+ 3 lw) ~ Fly))?t
jomhdd
L ]
Zple)=ef5+ Y (fla) = flea))?,
PR RV
and
r v:ti
pla) = fla) + 3 (flw:) = floea))+ D (Flw) = o)t
b ()
“+ (.f(_mv"«}-ua-%l) - f(mr+&))“i+ }_, (f(wi) - /.(Lb’i))F
4:;:/‘3 imer g2

< p6) + 26/5 4 ¢/5 -+ plg) - plc) + €/
= ply) +4/5¢.
3. On the interval [e, b]; let 2 € [a,b] and y € (e, b] such that x < y. We first
show that p(e) < p(y) + €¢/5. For the partition {y;}, there is an index & such that

Y < e < Ypyy and we have

k
ply) = Fla)+ 3 (F(y) = Flyin)) "+ () = Flan)”
[EZ3}

p{yn )
el
— . N
+ L (Flw) = Flysa))™
PRy
. — .
()

> ple) = ¢/5.
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If & € [a,¢]. then p(x) < ple) + 4e/5 and ple) < ply) + ¢/5 which implies p(z) <

¢

p(y) + €. 8o we assume that @ € (e,b]. Then for the partition {w;}, we have

Yo S i S gy Tor il rdes e 4 s = m+ 1, we have

p{a) = fla) + Z(f(:z:,i) o g )T -k é Flapi1) — j"(;&'r:))"*;
jmel -

™ — o <efB

“ple)be/s

1ode
+ ST (Flw) = o)
P e
<e/s

If r+s < m- 1, we will have two more terms added to the previous p(x)

yrtl
gf(mr»}».ﬂ-l) o ‘f.(xrﬁw))w}:”\t“ Z (f(lfz) o /(I:LI))‘} f“;: 6’/5;
<efs fertat? y
=0
therefore, p(y) > ple) — ¢/5 = p(x) — e. {ff]

After stating and proving the previous propositions, we now have the tools to
prove Theorem 3.2.1.

Proof of Theorem 8.2.1. Since f € Lipla,b] and has a finite number of oscil-
lation points, we have that either f is monotone, has finite number of ogcillations
or has finite number of oscillation points.

1. If f is monotone then p is increasing.

2. I f oscillates finitely many times then there is a partition I' = {&},
(needs not be uniform) such that f is incressing on some intervals and decreag-
ing on others. 'We then use induction on Proposition 3.2.3 fo prove that p is
e-inereasing,.

3. I f has finite number of oscillation points in |a, b}, say sy, ..., 8, then for
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all § > 0, the function f oscillates at most finitely many times on {a, b — [ J([s
§, 85 -+ 8] [, b]). Since this is true for any § > 0, we can choose § < ¢/4Ck. For
i= 1,2,k leb {t;}70, be a partition of the interval [s; — 0, 5; + 0} []a, b] then

we have

i i
DU ltig) = Fllaga))t € O (ty = lign) < 208 < ¢/2k,
ol Py

If we take the swmmation over all the intervals around sq,..., &, we get

n;

LL” (bi7) = Flligg-n))" < e/2.

feml el
Now we will consider the case where we have one oscillation point and then use
induction. Suppose that s is the only oscillation point of f on [, b] and f oscillates
n, times on [a,b] — [s — §, 5 + 8] where 2§ < ¢/6. We prove next that the function
p is e-increasing on [a, b]. Choose m, = m to be C(b— a)/{m + 1) < ¢/3(2n, + 4)
and let z,y € [a,b] such that x < y. We will consider the case where > s+ 4
(if # < s+ ¢ then this case can be proven with the same argument). Since f
has finitely many oscillations on [a,s — 8] and [s + 4,0], the function p is ¢/3-
increasing on these intervals. We consider the uniform partitions {w;}7+! and
{y; Y741 of [a, 7] and [a, y], respectively. Let y, be such that y, < $—§ < yp4q and
Yipr < 84§ < Yprrpr where r can take the value 0. For the partition {a;}, let
Te < Yp < T AR Ypbr € Ters < Yiyrs1. NOw p is €/3-increasing on [a, s — 0);

therefore, p(yk) > p(z.) ~ €/3.

et f

Pless) ~plee) = 3 (f(w) = Flri))" < /3. (3.3)

dsmebd

We have yei, < Zewr, and y » @ therefore,
Ykt PR E ;

p(y) = i) > pla) = plers) -~ €/3.
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Finally, we compute p(y
Y . Py

p(y) = ply) — plre) + pWhir) =~ PWoat) A+ P(Wrst)

"

g
ap(a)—pl@gy pye/B &0 2plie)~ef3

= p(a) = p(Lers) + plae) ~ 2¢/3

= p(a) = plesy) + ple) + plaiery) = plae) = ¢ (from (3.3))

and n(x) < n{y) + paen = n{y). We now use Algorithm 3.2.1 and Theorem 3.2.1
to compute p and n in the following examples, where we will choose €paen t0 be

1072,
Example 3.2.2. Let f be the function defined by f(x) = a®. We
consider three domains of f;[0,1],[-1,0] and [~1, 1].
1. If f is defined on [0, 1], then f is increasing. Therefore, it suffices to choose

m =0 and we have p(a) = f(x) and n(z) = 0 for all z € [0, 1].

~ (%)
4 == blx)
o )
0.7
A4
2
?0&
Y

PO My v LS R T R PR Y] ”

xY
X Bl

Figure 3.6: The functions f, p and » in part 2 of Example 3.2.2.

the functions f,p and » in Figure 3.6.
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o,
e

{a) me=0

Figure 3.7 The functions f, p and n in part 3 of Example 3.2.2.

3. Finally, we combine the two intervals to get a different situation. ln this
case, f s not monotone and hence, we do not expect m = 0 to be sufficient
condition for the functions p and n to be increasing. We apply Algorithm
3.2.1 to this function with m = 0,2 and 10 and plot the resulting function
in Figure 3.7. We now compute m, to obtain two e-increasing functions p

and n. Since f is smooth, we have f € L{~1,1] with a Lipschitz constant

C = max|f'(x)] = 2. Suppose that € = €gun = 1072, then the functions
p and n are e-increasing if we choose m such that C(b ~ a)/(m + 1) < ¢/3.
Therefore, if we choose m == 75, then p and n are increasing in this machine
and f = p - n. We plot the function n{x) for x € [0,1] in Figure 3.8 and

notice that n is ¢;-increasing where ¢; = 2 x 10™* which is much better than

Emach-iCrEasing.

09999} UL
o909 15
0.9999
09960}
oogsat
09908

D.9998

] b7 b 06 o i
X

Figure 3.8: The funetion n(x) in Example 3.2.2, where m = 75
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(a) me=2 (b} m=20 {) =80

Figure 3.9: The functions f, p and »n in Example 3.2.3.

We saw that m == 75 was enough for Example 3.2.2 to have two e-increasing

"

functions p and n. Nevertheless, this is not always the case. The function in the

following example has more oscillations than f(x) = x*.

Example 3.2.3. Let [ : [~1,1] — R be defined as f{x) = sin(10x) cos(10z) ~
23sinz. This function is not monotone on [-1, 1]; moreover, it oscillates several
times on [—1,1]. We illustrate the behavior of p and n as m increases in Figure
3.9. If we want p and n to be e-increasing then it suflices to choose m such that
(20 x 2)/(m+1) < ¢/10; therefore, the value m == 4 x 10* is sufficient to guarantee
that p and n are e-increasing in the interval [—1,1]. In figure 3.10, we plot the

function p in the interval [0.9, 1] and we can see that p is in fact ep-increasing where

6.0325 v ¥ r T .

6.0825
8,025

6.0325 Rt i)

pix)

. ‘ il
6.0325 dill i [
60925} ;

60225

6.0328 - ‘ *
was 0.9 G842 0.94 0.98 (0.08 1
X

Figure 3.10: The function p(z) in Example 3.2.3, where m = 4 x 10
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The above exaples were smooth and the arclengths were not “very long”.
However, if we choose any function that is not of bounded varistion and remove
a small neighborhood of the point at which the function is not C', we will get
a C! function and hence a function of bounded variation. For example if f :
[1,2] {3} — R is defined by f{z) = sin(tanz) then f is not of bounded variation.
However, if we define f on [ := [1,2] — (§ = §,5 + ) for § > 0 then [ ¢ BV(/).
So, for every ¢ » 0, there must be an mg € N such that Algorithm 3.2.1 produces
two e-increasing functions p and n. As § -+ 0, we have mgy — oc. The following

example illustrates this idea,

AR
T

tafer g0t s ] .

o et e A L
34 o 0 .

o e e

d r
. . P et o,

b -
A
5

f

- GE (X T (13 3 o 53 T £y B v of ¥ [ [ wE '
ol Kol Kotk

(&) m=100 {b) m=1000 {¢) m=10000

Figure 3.11: The function f(x) = zsin{1/x), p(z) and n(x), with § = 102

Example 3.2.4. Let f:[6,1] — R be defined by f(x) = zsin(1/z), where § is a
positive number less than 1. The function f is smooth a,nd’ hence is of hounded
variation. However, if we consider the interval (0,1], then f is not of bounded
variation. Therefore, as ¢ approaches 0, the number m, goes to oc. We choose
§ to be 1072 and 107*. For the first case where § = 1072, we see that choosing
m = 10% gives two functions p and n that are ¢-increasing when ¢ is a small
number. We plot the functions f, p and n in Figure 3.11. However, for the second

case where & = 101, we see from Figure 3.12 that n(0.2) = 1.6 and n{1) o 1.3,

So, the function n s not eincreasing for ¢ < .3, Now, if we want p and n to

be epaen-increasing then we should choose m for each case. For the first case,
1 «

we can compute C' = max|f'(x)] = 10% therefore, we can choose m, such that
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2% 104/ (m + 1) < 1072/10%, eg., m = 2 x 10% In the second case, we have

€' = max

F()] = 10* and therefore, we choose m = 2 x 10%3,

[t

wst /'”"’A" ey Rl
s ra s w},m" ¢
ol »
v : :me Ay ] o
5 — i
§ L8
i o
& i 84 L8 48 ‘ o 4 L3 B4 B wh ¥ h h o X1 E g 1
At Koedlily R
{a} w==100 (1) me1000 {¢}) m=10000

Figure 3.12: The function f(x) = zsin(1/z), p(z) and n{z), with § = 104

From the previous examples, we notice that the choice of m, produces two
functions p and n that are in fact ¢~-increasing where e; € ¢. The reason goes
back to our choice of m, where we choose m, to satisfy the strong condition C{b—
a)/{me+ 1) < e. This condition was given for the theoretical proof and we can

choose m to be less than m, in our nurnerical experiments.
3.3 Bounded Variation in Two Dimensions

There are various approaches to the notion of variation for functions of N
variables. These definitions and the way they are related are discussed in [1, 9]. To
simplify notation, we consider the case of functions of two variables. All theorems
obtained for N = 2 carry over to the case NV > 2. Consider the function [ : [ay, by]x
[(LQ,Z’)Q} — R and let aq ==y < ) < ... <l = l)[, (g = 8§ < 8 < ... < Sy = by
be partitions of the rectangle [ay, by] % [ag, bo], Arzela [31] suggests that f is of

bounded variation if the summation

T

2 U(f@ §i) ~ f(f; 1) %,;)‘
Pzl
has an upper bound. This approach will not help us to write f as the difference

of two increasing functions. Therefore, we will consider another expression that ig
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more clogely related to integration in two vaciables; this approach was defined by
Hardy-Krause [6].

We start by generalizing some of the properties that we have discussed for
one variable. Let IY = [aq,by] X [ag, by] be the basic rectangle with a == (a4, as),

o

b == (by, bo). We say that o < y where @ = (@, 22), ¥ = (y1,y2), if 7y < 4 and

Let & == {1}y and 1 5= {5}, be partitions of [ay, b] and [y, by], respec-
tively (e, aq == fo <) <00 <oy < by == by and 0y == 8¢ < 8y <0 ... < Sy <
sn == by) and let Dj; be the rectangle defined by Dy; == [f;y, 8;.4] % [, 5], then

we use the notion
])#?\) j( M"’y) ”f(fz‘wi) f(jfuf‘? )+f(f,4,{-, »«L)
to denote the double difference which involves all four vertices of I2;;.

Definition 3.3.1. We define the variation of f: I® — R over the partition 7 =

(€,m) to be

my T
(1D = E g (D)
fmal fual
Figure 3.3 illustrates the way F.(1?) is defined for m = n = 2. If we have two

partitions 71, 7y of I° and 7 can be obtained by adding more partitions to 7, we

say that 7y is finer than 5. We now define a special case.

- A+ - 4
,,{,. - +. -
- - +
+ - -
Figure 3.13: F.(I°) in 2-dimensions where m == n = 2,
46
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Definition 3.3.2. 1f 7y == (&, ) and 7 5= (&, 7m2) ate two partitions of 12 then

we say 7 18 fotally finer than oy if & C & and 1y © .

Proposition 3.3.1. If v = (&, ) ds totally finer than ry = (&, 7)), then

RACHES NEME

Proof. We have 7y is totally finer than 7 which implies that & € & and 72 € 9y,
This means that & and 1 can be obtained from &, and 79, respectively, by adding
a finite number of points. So it suffices to prove, without loss of generality, that if

we add one point {#*} to & then we have F,, (12) > F,,(I") and then use induction.

SUDDOSC‘ hat :2 ay = to < p <l L. WD ton and let é] U 1‘“’ TSl < b
b <o <l == by, and my =g ag = osp <L <08y, = by Now
T
Fry(18) == L Z (D
,,,,,, ], feel
n ) T
L ,
=SS D+ X IF L)
k= -
< LZU‘ Dij)l + Z}f(tkm '''' F(s5) = (b, 8500 + F{E 85-0))]
dusl fuml
ishk

+ D U 5) = Ftee,s5) = F(E,5520) + Flteoy, s5-0)),
= I (I3).
]

We now give the definition of functions of bounded variation of two variables

and we will use the notion

H
3

Ay f = [t ) = [t an),

Do f == flag, s5) — flag, s5.1).

47
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Definition 3.3.3 (Bounded Variation). Let f @ I° — R be a function and

r == (€,7) be a partition of IY. We define the Vitali variation [21] of f to be
V(£ 12) = sup P (1),

and we define the Jordan variation of the functions f) := f(.,ay) and fy = f(o,.)
of one variable to be

V{fi;a0,by) == WP\ FANTRAR
£

le

V (fas g, by) = MtpLIA i S

1 e

We finally define the total variation of f by
V(f,13) = V{(fi;a1,00) + V{fas az, be) + Va(/, 17),

and we say that f is a function of bounded variation if V/(f, I2) < oo. We denote

the set of functions of bounded variation by BY(J?).

We will make use of these concepts for the CEA in higher dimensions. Our
goal is to prove that each function of bounded variation can be written as the

difference of two increasing functions.

Definition 3.3.4. We say that f : I — R is an increasing function if f{xy,z,) <

flyy, yo) for all 2y < yp and 2 < ya.

Now we define the positive and negative parts of V{f, I fj ) as follows

P(f, _fb «,up Z F(D;)*" + Hllp Z (Auf)t + sup Z(Aﬂ,‘)f‘)“ba
bas i jawl

NI s = sy F(Dy)” + sup Z(A ) pr( Do f)”
T £ et o

Replacing b by 2 and letting » vary we get PP and N as functions of 2. These

functions have a special property that will be shown in the following lemma.

"1’ 8
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Lemma 3.3.1. If f ¢ BV(IY) and we consider P(f, 17} and N{f, 1) as functions

of x = (xy, x2), then P and N are increasing functions.

Proof. Suppose that © < y where x,y € B?, then we have three cases:

1. 2y <y and zg = yy.
2. @y =y and Ty <y,

3. wp <y and 2y < Y.

We will prove the first case for the function P(f, IF). Let 7y 5= (£, m1) be a partition
(01,29) (1, x2) (y1:2)
& & @

L 4 & .
(ah (1‘2) (:1712 CI‘Q,) (?lh aQ)

Figure 3.14: The function V(f, I*).

of [ar, 1] X [ag, w2] where & = {t;};5 and g = {s;}7}, and 7 = (&,12) be a

partition of [ay, y1] X [ag, 0] such that & == & U {yy} and ny = 5 (see Figure

3.14). Then we have

Mgy R, mg, .
Prlf 1) =30 JF(Du) + 3 (Auf)™ + 3 (Ayf)
il el e jo=1
Mgy Ty g, o Tiy
<Y N ED) Y (AR (D)t Y P (D, i)
il jal o] ) et
- (Al (‘IY)!.*l o lf}f)VF
GCTRS N g, 41 Ty
g} J ae] P ‘J v

k=g FMQ (j ‘7 [ é/)
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Now we take the supremuin on both sides of the inequality for all partitions 7 and

we get
P L) < PILLY).

The second cage can be proven in the same way we proved case 1. The last ¢

follows immediately from case 1 and case 2. The same argument can be made to

prove that N(f,I7) is an increasing function. o

We now generalize the Jordan decomposition theorem to functions in two

variables and use the previous lemma to prove this theoven.

Theorem 3.3.1. If f is a function of bounded variation on I® then f can be written

as the difference of two increasing functions
() = p(x) —n(z), zell
Proof. We have (by cancellation)
flry,z0) — flzy,a2) — flagxa) + flay, an) = 3111)2 F(Dy).
iy

First, we consider the two functions of one variable f(xy,as) and f(ay,xs). For

the first function we have

Flay, ag) — flay, ay r*wp}_JA“

If we let pi(wy,00) = sup, > ;(Auf)" and ny(wr,a0) = supey_(Nuf)” then
bz el 1 £ i I £

flay,a0) = flag, ag) -+ pi{xy, ag) — ny(zy, az) where py and ny are increasing func-

tions of one variable 1. Similarly, if we let po(ar, x2) = sup, 3 2o {Dg; YT and

na(ar, @) = sup, 3, (Ag; )7 then pe and ng are increasing functions and

flayg, xs) = flag, as) + palay, w2) = nglay, 24).
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Finally, sup, 37, ; F(Di;) " and sup, 37, (D)™ are increasing functions. Hence

..... -

Fl@r,wg) == flag, ap) 4 [p (21, a2) + palag, o) + M'xp /'( D]

- [ny (e, ag) + nafay, To ) WPL F Du)
which means f(x) = (a1, a9) + P(f, 12}~ N(f, 1), L

In the following section we exploit this proof of the theorem to write an al-
gorithm to compute p and n. As we have noticed in one dimension, these two
functions cannot be increasing on I, Therefore, we will use the same argument as

in one dimension and show that they are in fact e-increasing,.
3.4 Decomposition Algorithm and Examples

In this section we will introduce the decomposition algorithm for two variables
that approximates p and n with respect to the uniform partition 7 = (&,n) of I¥
where £ = {ay +i{my - a1)/(my + 1)} and n == {ay+ j{wa — az)/ (ma + 1)} 73
For the algorithm, we choose m; to be the number of points between a; and x; for
i = 1,2. Then we approximate the functions Pyla,z] and N¢[a,z]. It is not hard
to construct an example to show that p and n are not increasing even for smooth
functions. Therefore, we will again need the definition of e-increasing functions in

two dimensions. We now write our algorithm and we will use different notion for

Algorithm 3.4.1 (Decomposition Algorithm). INPUT: a = (a,b), f and x =
(x,y).

OUTPUT: p and n evaluated at x.

choose iy (number of points between e and ).

choose niy (number of points between ay and xq).
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d = (-~ a)/(my + 1).
dy = {y ~ b)/(my + 1).
fordi=0:my +1
@y = a4 id,
for j=0:my-+1
Yj o= b+ jdy.
p = f(a,b).
n = (0,
for ¢ =1:my+41
Hae=Opuf 20
T R
else
7= 8.
for j=1:mg+1
Ifs=A0yf20
p =P8,
else
=N 8.
fori=1:my+1
for j=1:mg+1
Ifs = F(Dy) 20
p=pt s
else

T == T 8.
We now define the concept of e-increasing and the definition of Lipschitz con-

dition in two dimensions.

52
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Definition 3.4.1 (e-increasing). We say that the function f @ ¥ — R is e-
increasing, where ¢ is a positive nuober, if f(z) < fly) + ¢ for all 2 < y and

x,y € I8

Definition 3.4.2 (Lipschitz Condition). [2] A function f : I — R isa Lipschitz

function on I” with a Lipschitz constant ¢ if there is a constant ¢ such that
[f@) = Fl € Clle -yl Vayel,,
for some norm. We denote all Lipschitz functions on I® by Lip(I®).

We have discussed in Proposition 3.1.2 that all functions in Lipla, b] are of
bounded variation on [a,b]. In fact, this proposition can be generalized in two

dimensions.

Proposition 3.4.1. If f : I¥ — R is o Lipschitz function then [ is of bounded

variation on IP.

Proof for this proposition is straightforward and is based on the Lipschitz
condition.

We now state an analogous of Theorem 3.2.1 for the case where we have
two variables. This theorem can be proven in a similar way we proved 3.2.1;
nevertheless, we should consider three cases, where [ oscillates in the x direction,
in the y direction and finally in both directions. We will not write details for
the proof of this theorem since it requires tedious computations and is similar in

concept to the 1-dimensional case.

Theorem 3.4.1. If f : I" — R is a Lipschitz function with o Lipschitz constant
C, then for all e > O there exists my == my(e) and my 2= ma(e) € N such that p

and n in Algorithm 3.4.1 are e-increasing.
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We conclude this section with some examples that illustrate the usage of

Algorithm 3.4.1.

Example 3.4.1. Let f:[~1,1] % [~1,1] — R be defined by f(a) = 2* + y*. We
can see immediately that this function is not increasing nor decreasing. We apply
Algorithm 3.4.1 to this function and plot the functions f, p and n in Figure 3.15
where m = my = my = 2. Since our function is smooth and has only one local
minimum, we do not expect that we need a very big value for m in order for p
and n to be eincreasing for ¢ = 1072, We plot the function p for the case where

m = 4,6 and § in Figure 3.16.

{(a) m =4

Figure 3.16: The function p in Example 3.4.1

The function f in the previous example hag only one minimum and therefore,
a small value for m can be sufficient. In the following example we choose another

function that involves the functions sine and cosine.
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a

{(a) The function f {b) The function p {¢) The function n

Figure 3.17: The fanctions f,p and n in Example 3.4.2 where m = 4.

This function is not monotone on [~1,1]; moreover, it oscillates several times on
[~1.1]. We plot the functions f,p and n in Figure 3.17 where m = 4. Then we
illustrate the behavior of p as m increases in Figure 3,18, It seems that p is increas-
ing on [-1,1] x [~1, 1]; however, if we take a closer look at p in a neighborhood of
(0,0) for m = 40, we notice that p is not increasing on this region. Nevertheless,

it is e-increasing for some ¢ > 0. We plot the function p in Figure 3.19.

{a) m == § (b} m == 20 {¢) m == 40

Figure 3.18: The function p in Example 3.4.2

15151
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Figure 3.19: The function p in a neighborhood of (0.0} where m = 40,
(ol &3 H

56
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CHAPTER 4

NELDER-MEAD ALGORITHM

The Nelder-Mead Algorithm (NMA) [50] is one of the direct search methods which
are easy to program and do not require derivatives, |58, 63]. Since its publication
in 1965, the Nelder-Mead algorithm has become one of the widely used methods
for nonlinear unconstrained optimization. For example, the Matlab function fmins
uses the Nelder-Mead algorithm. Morveover, this algorithm appears in Numerical
Recipes [51].

The Nelder-Mead method attempts to find a local minimum for a scalar-valued
nonlinear function f of n real variables using only functions valued without any
derivative information (explicit or implicit). More introductory information about
NMA can be found in [40, 46, 52]. Section 4.1 describes the way this algorithm
works. Then Section 4.2 presents some couvergence results for NMA. In Section
4.3, some examples are given where this algorithm converges to a local minimum.
Finally, we conclude this chapter by other examples in Section 4.4 where this

algorithm does not converge to a minimizer.
4.1 The Algorithm

The Nelder-Mead algorithun starts with a nondegenerate simplez, a geometric
figure in n dimensions of nonzero volume that is the convex hull of n-+1 vertices, in
such a way that this simplex is “close” to the minimizer [36]. In [33], it was enough

(! i ? Lo

to chose one vertex, say @y, which ig an initial approximation of the minimum, and

24

=3
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then define the following auxiliary values:

V-l —1-4n,
ﬁ‘ﬁ i o j"\,_’l s
ny' 2

On ==

where M is a scaling factor. The n + 1 vertices are given by:
e AT
Ty o= {ag @y, @),

R » ,
Aoy (f»‘-n, RAORR i LV PR s o ”‘n) )

- s , y , T
Tppt == (Gn + 01, G+ G2y oo P+ a0)"

741

In this algorithm the vertices {z;}77; are resorted according to the objective

function values as follows:

/(3’) i ]’(FQ) f.':: i: f(’l‘m}-l) (*-L't.)

The vertex x; is called the best vertex and x,,.y is the worst. The algorithin
attempts to replace the worst vertex a,.4; with a new point of the form:
a(p) = (1 + )& ~ pan1, (4.2)
where Z is defined by the barycenter of the face opposite .1
T o i T, (4.3)

T ) '

]

and the value of p is selected from a sequence:
1 e <0 = e <y e
A typical sequence [40] of candidate values for g is

{ iy Py fhoey fhic} = {1,2,1/2, —1/2}.

Lrt
3o
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Each iteration of NMA begins with a sitaplex which is specified by its n + 1
vertices and the associated function values. One or more test points are computed,
along with their function values, and the iteration terminates with a new simplex
such that the function values at its vertices satisfy some form of descent condition
compared to the previous simplex. The next algorithm shows how the Nelder-Mead

method can find a local minimurn [36, 40).

Algorithm 4.1.1 (Nelder-Mead Algorithin).

Evaluate f at the vertices of S and sort the vertices of S so that (4.1) holds.
1. Compute & from (4.3), 2, = x(p,) from (4.2), and f, = f(2,).

2. Reflect: If f(xy) < f < f(x,), replace 2,47 with x, and go to step 7.

If f. < fr, veplace iz, with x,; otherwise replace 2,41 with z,.

Go to step 7.

4. Outside Contraction: If f(xz,) < f; < f(©,41), compute fo = f(z.).

If f, < [ replace &,y with 2, and go to step 7; otherwise go to step 6.

ot

. Inside Contraction: If f. > f(zn1), compute f. = f(z;).
If fo < flang), replace .14 with z;, and go to step 7;

otherwise go to step 6.
6. Shrink: For 2 <i < n+1:set 2z == (@ + 21)/2 and compute f(x;).
7. Sort: Sort the vertices of S so that (4.1) holds.

Repeat until a stopping criterion holds.

59
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Figure 4.1: Reflection, expansion, and contraction for NMA

Several choices have been made as a stopping criterion for Algorithm 4.1.1.
For example, [36] suggests either f{z,.1) — f(x1) < 7 for a given 7 > 0 or a user-

specified number of function evaluations has been expended. While [33] suggests

wkl e RN
(fla:) — f(z))*
2

< T,

-t

Figure 4.1 is an illustration of the options in two dimensions.
4.2 Convergence Property

There are only limited convergence results for the NMA in a restricted class of
problems in one and two dimensions, which assume that f is strictly convex among
other things. Let A be the simplex 21, ..., 2,41, then we define the diameter of A

[y — 5],

Definition 4.2.1 (Strict Convexity). The function f is strictly convex on B"

if, for every pair of points y, z with y # z and every X satisfving 0 < A <0 1,

FOW (1= N2) < AF(y) + (1~ N f(2).

60
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Let CB be the set of all functions that ave strictly convex and bounded below.
We now consider the case where {j6,, fhe. foc, fric} == {1,2,1/2,~1/2}.

In one dimensions [40], if f € CB then NMA will converge to a local minimum
Trin. I other words both end points of the NM interval converge to @ym. The
convergence in this case is M-step linear, i.e., there are integers M and A such
that

diam(Ag )

— g

1 .
e »;;diz;xm(&;‘,) Vi > K.

In two dimension [40]; however, this is not the case . If f: R® — R is in
CB and the NMA is applied to f beginning with an initial simplex g, then the
simplices {A),} will collapse to a point, ie.,
lim diam(Ay) = 0.

B 13

Fven though NMA will converge to a point for all functions f : B* — R and
f € CB, this point is not guaranteed to be a local minimum as we will discuss in

Section 4.4.
4.3 Examples

We present two examples in R?. In the first example, NMA will converge to
Zmin even if the initial point x4, is far from the minimizer. In the second example,

21 must be chosen so that it is close t0 .

Example 4.3.1 (Rosenbrock’s Function). Let f : ®? ~ R be the Rosenbrock’s

function which is defined by:
Fla,y) = 1000y — 2 + (1 - 2)%

This function is a classic optimization problem, The global optiraum is inside a

long, narrow, parabolic shaped flat valley. The convergence to the global optimum,
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[ iteration L x i) Ty

0] (5, .5) (.GO318, 55176 | (6176, .69318)
] (GI143, 35857} T ({69318, 55 176) (5,75

2 (sz, BERBT) | (70012, .44396) | (69318, B5E176)
T7 00004, T.00008) | (59998, 509057 | {59996, 59594]

Table 4.1: NMA for Example 4.3.1 with 23 = (.5, .5)

Toin 2= (1, 1), is difficult and hence this problem has been repeatedly used in assess
the performance of optimization algorithms., We choose several values for x; and
fix the tolerance to be 1071%, The first choice for xy is (-1.2,1). With this point the
algorithm will converge to the mintmum in 79 iterations. The simplex at iteration
79 is xy = (.99998,.99997), xo = (1.00001, 1.00002), 3 = (1.00007, 1.00016). The
second choice for @y is (.5,.5), then this algorithm will converge after 47 iterations.
The simplex in this case is xy == (1.00004, 1.00008), xy = (99998, 99995), zs ==
(.99996, .99994). In fact, NMA converges to the minimum value even for zy =
(100,100). Figure 4.2 illustrates the plot of the Rosenbrock’s function, and Table

4.1 gives the values of some simplices for the case x; = (.5,.5).

Figure 4.2: Rosenbrock’s Function

Example 4.3.2. Let f: R? — R be the function

Fla,y) = me
62
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This function has its minimum at the point @y = (-~ J> (). We choose two values
for #; and fix the tolerance to be 107, If we choose xy to be (-1,1) then the algo-
1 A

rithm will converge to the minimuam in 35 iterations. The simplex at iteration 35 is

xy = (~0.70714,0.00003), 2 = (~0.70707, —0.00012), 23 == (~0.70719, —0.00004).

On the other hand, if we choose 2y to be (5,4), then NMA will converge in the

(6.93185,4.51763), 2y = (5.51763, 5.93185), and
1

S~ Ul = f0r)
2

= 3% 1077

el

The reason that NMA does not converge goes back to the shape of the function,
this the function is “fat”, i.e., the function values at the vertices of the first simplex
are very close. Figure 4.3 illustrates the plot of the function f, and the iterations

of NMA starting at x, == (~3,3).

[£59
N .
A8
37 ~
2 " . n
i S &
[ «‘;5' 1
0, .,.,"“

Figure 4.3: NMA iterations for the function in Example 4.3.2

4.4 Examples Where NMA Converges to a Nonstationary
Point

In this section, we will consider the problem:

I

p
ks

1
X

63

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



. N = 2, and give some examples where NMA couverges to a nonminimiz-

ing point. The first example was given by Mckinnon [46], where a family of
strictly convex functions in two dimensions have the property that all vertices in

the Nelder-Mead method converge to a nonminimizing point. All functions cause
the Nelder-Mead method to apply the inside contraction step repeatedly with the
best vertex remaining fixed.

Fxample 4.4.1. Let f be defined as:

fla,y) = { br" +y+y?, w0,

and consider the parameter sets:

(3,6, 400),
(r,0,0) = { (2,6,60),
(1,15, 10).

The initial simplex is:
oy = (LD 20 = (A, AT @y = (0,0)7 where My = (14 v/33)/8

With this data, the Nelder-Mead iteration will converge to the origin, which is not
a critical point for f. In this case, the algorithm will repeat inside contractions
that leave the best point (which is not:‘a‘ minimizer) unchanged. We compute sote
values for the case (7,0, ¢) = (1,15, 10) in Table 4.2 and we illustrate the behavior

of NMA for the same case in Figure 4.4,

iteration || 2y | T | X5 |
0 T0.0) T (8130703300, -.5030703300) i
1 (0,0 0) | ((TIOTG6TE827, .3517324173) (.8430703309, ~5930703309)
50,07 | (5092270611, — 20R6000611) | (7107675827, S517324173)
3 (0,0) 1 {B0KI90H566, . 12371569 34) | (5992270611, -.2086020611)
4 (D m (4259111697, -.073372107: 3) ( H051905566, '1237'1,536()34:)
0,00 | (3500730707, 0435 14R100) | (4250111607, -.07a37L073)

Table 4.2: NMA for Example 4.4.1 where (7,0, ¢) = (1,15, 10)
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Figure 4.4: NMA for Example 4.4.1 where (7,0, ¢) = (1,15,10).

However, if we start with a different set of vertices, e.g., xy == (1,1), 29 =

(1/4,~1/2) and zg = (0,0) then NMA will converge to the local minimum (0,

1/2).

It is also possible to construct examples of nonconvex differentiable functions
for which the the Nelder-Mead method converges by repeated contractions to a
simplex , none of whose vertices are a stationary point [46]. An example of this

case follows:

Example 4.4.2. Let f: R? — R be defined as:

flay) = 2® - yly ~ 2),

with initial simplex (1,0),(0, -3}, (0, 3).

Then NMA converges to the simaplex (0,0}, (0,3), (0,-3), where non of the vertices
of this simplex is a minimizer. Table 4.3 gives some values for the first 5 iterations
and we can see that x; and zy are fixed and 2z takes the value (1/2%, U) where k

is the iteration number. Figure 4.5 explaing the behavior of the NMA.

G5
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| iteration | x| T
0 O3 103 (1,0)
1 (0,-3) 1 (0,3) | (1/2,0)
2 (0,-3) 1 (0,3) | (1/4,0)
3 (0-3)1(0,3) | (1/8,0)
i (0,-3Y770.3) (/u) 0)
5 (037 7(0,3) | (1/32,0)

Table 4.3: NMA for Example 4.4.2

Figure 4.5:

These examples are presented to show that this algorithm can not always
converge to a local minimizer; however, in both examples, the initial simplex was
chosen carefully so that NMA does not converge. If we change the choice of the
initial simplex, the NMA will converge in the first exaraple to the global minimum
and diverge in the second example, because the function in the second example

does not have a local minimum. Therefore, these examples are very special cases

NMA for Example 4.4.2

and does not reflect the general behavior of the NMA.
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CHAPTER B

HOPF BIFURCATION

We consider the dynamical system & == f{z, 1), where @ € R, u € B™ and
fo R s R i continuously differentiable. The stability of the stationary so-
lution (@), pe) of f(x, 1) = 0 changes at a Hopf bifurcation point, which can be
characterized by computing the eigenvalues of fi(x(u), ). In Section 5.1 some
properties of dynamical systems are given to introduce the definition of Hopf bi-
furcation point. In Section 5.2 we describe how to locate Hopf bifurcation points.
We conclude this chapter with mi example which illustrates the computation of

those points.
5.1 General Information about Hopf Bifurcation

Consider an autonomous set of ordinary differential equations of the form

(],LZ.';L‘ . . .
ez f( @y T s ), i 1,200,

dt
which C:an be written as:
&= flx, 1), (5.1)
where 2 € R*, p € BR™ and f - If‘%‘”'“*"""' -+ R™ is continnously differentiable. In order
to define Hopf bifurcation, we need to define first the critical points of (5.1) and
their stability.

Definition 5.1.1 (Critical Point). [30] The point (g, 20) is said to be a critical

¢

point of (5.1) if flxg, po) = 0; (y, po) 18 also called a stationary point.
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If special conditions are satisfied by f near the eritical point {2, 1), then,
locally, f{x, ;) = 0 can be written as f(x{u), p) = 0 in a neighborhood of (g, pio).

These conditions are explained in the following theorem:

Theorem 5.1.1 (Lmplicit Function Theorem). [60/ Suppose V is open in
R and F oV o— R™ ds continuously differentiable on V. Suppose further that

Fwg, o) == 0 for some (xg, pto) € V, where zq € R and po € R™. If

N . :Y ) ) |
G (ST S W A ;
« <d(;[/‘11 e ,.In) (Y() /[0\) 7/ (

then there i an open set W O R™ containing po and o unigue continuously dif-

ferentiable function @ : W —» R" such that a(pg) == xg, and F{z{p), 1) = 0 for all
pe W,

Let (#(t), ji(t)) be any solution of (5.1), then (#(t), i(f)) is stable if solutions
starting “close” to (#(t), i(t)) at a given time remain close to (£(4), i(t)) for all

later times.

Definition 5.1.2 (Stability). [62] The solution (&(£), i(t)) is said to be sta-

ble if, given ¢ > 0, there exists a § = 5(«-:) > 0 such that, for any other so-

lution, (y(t),»(t)), of (5.1) satistying ||(Z(to), fi(te)) — (y(to), v(to))]] < §, then

H(E(t), i(t)) ~ (y(t), v(t)]] < € for t > ty, ty € R, where (Z(to), B(t0)) = (o, Ho)-
The stability of the stationary solution (z{u), ) for a given y is determined

hy the real parts of the eigenvalues of the Jacobian of the linearized system
&= fo(o, po)n = Ao, o). (5.2)

The elements of the Jacobian matrix A depend on g continuously, because f is
continuously differentiable. Suppose that the eigenvalues of A are of the complex
formn A(p) == a(pe) + 40 {p) and they are distinet, then a solution for (5.2) is of the
form

el B o o8 (cog( 1) 4 isin(Bt)).
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In order to have stability, we assume that o = Re(\) < 0 for all eigenvalues of
A, Moreover, we assume that when g is increasing, one or more eigenvalues cross
the imaginary axis. In this case, the stability of the stationary solution ean change,
If for p < pto all eigenvalues of A were in the complex left half-plane, the stationary
solution will have lost its stability for p = g, and for g > pe it will be unstable.
This travelling of eigenvalues from one half-plane to another can be realized in one
of two different ways. The first case appears when afug) = F{ug) = 0. Tn this case
the point (g, jto) is called a Takens-Bogdanov (TB) point, which is discussed in
[39, 61]. The second cage appears when o) = 0 and B(ue) > 0. In this case the
point (o, f10) 18 called Hopf bifurcation point (see Figare 5.1.3). Now we give a

brief discussion of Hopf bifurcation points.

Figure 5.1: Hopf bifurcation point occurs.

Definition 5.1.3 (Hopf bifurcation point). [16, 23] Consider the dynamical

ug = (@, po) = (2{pt0), po) is a simple Hopf bifurcation point if for small {j ~ pol

there is a complex conjugate pair of simple eigenvalues (i) = p(p) & dw(p) of

Y

Fel@(pe), po) crossing the tmaginary axis for p = po, Le., plue) = 0, plug) # 0,
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w(po) # 0, and all the remaining n — 2 eigenvalues have negative real parts. The

value vy = (wlj))? is called the Hopf nwmber.

More information about Hopf bifurcation can be found in [30, 39, 47, 59, 62].
In the next section, we will discuss how to locate Hopf bifurcation points for the

dynamical system (5.1).
5.2 Finding the Hopf Bifurcation Points

We briefly describe how to compute Hopf bifurcation points for the dynamical
systems (5.1). Assume that (x(u),p) is one parameter solution family of (5.1).
In order to compute the Hopf bifurcation point, we introduce the one parameter
matrix A(p) = fo(x(p), 1) asin Section 5.1. From definition 5.1.3, Hopf bifurcation
points occur when A(p) has 2 pure imaginary eigenvalues and the remanning n—2
eigenvalues have negative real parts. Consequently, the numerical computation of
Hopf bifurcation becomes the problem of determining p so that A(y) has a pair of

pure imaginary eigenvalues [67].

Definition 5.2.1 (Hopf Matrix). We say that a matrix A is a Hopf matrix if
A has two pure imaginary eigenvalues and the remanning n — 2 eigenvalues have

negative real parts.

The following example illustrates the main ideas of Hopf bifurcation points
and will be used in the subsequent chapters.
Example 5.2.1. Let f: R* x B* — R? be defined by :
2 .
J© e g o ph T

I — e 4,
flap) = @y b Py - ity )
P fiy A By - iy
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where v € B and p € R? Then a stationary solution oceurs at the point (&, i) =

(1, &9, &y, iy, fig), where

a8 ) 3 P P) :
By = g ppa” = paa® = pig) PR fr (= ptn® iy ® o+ pay)
a1 I » g s
15 2%
pat gy ) .
Ty == 5 Jhg == phg, o= 102
H2

and in this case,
00 —pu?
Alp) = fe(B, @)= 1 0
0 1 =y pe

is a Hopf bifurcation point. We compute
00 -9
A(/th) = L0~ ;
01 =3

and the characteristic polynomial of A is
p(A) = A3 4+ 3 A+ A+ 9. (5.3)

If the system & == f(x, 1) has a Hopf bifurcation point, then A must have two pure
imaginary eigenvalues tiw and one real negative eigenvalue s < 0. Therefore,
p(A) = (A +iw)(A ~ iw) (A — s)

= (A2 4w (A —s) (5.

<
=
N’

. ‘ ‘ :
= A= AP+ WA - st
Comparing (5.3) and {5.4) we find that the conditions for A to be a Hopt mafrix

V3.

are Spy > 0 and 3pf = 9, that means gy = /3, and the Hopf numbey is v =

In the previous example, we computed the Hopf bifurcation point by applying
the definition 5.1.3. This can be done easily if 4 is a 3 x 3 matrix. However, if 4 is

of higher dimension, definition 5.1.3 may not be easy to verity. For example, if 4

3
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is a 4 % 4 matrix with characteristic polynomial p(A) = A* 4 3N+ e\ b ¢ A -+ ¢,
then A is a Hopl matrix if there exist s,¢,10% & R such that p(A) = A — (s -+
DA 4 (w? + st~ (5 + DA + w?st. Therefore, the conditions in this case are
cr e < 0, coy 00 > 0, 8541 = —eg, w -+ sto== 0, {5+ w? = —c; and w?st = ¢.
This system is not easy to be dealt with and it will be more complicated if the size
of A is greater than 4. Therefore, we need other numerical methods to find the
Hopf bifurcation points. Several methods for the computation of Hopt bifurcation
have been discussed in the literature, see for example [16, 49, 53, 54, 65, 67]. We
will investigate two methods for the numerical of computation of Hopf hifurcation

points in the next two chapters; polynomial resultants and bordered matrices.
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CHAPTER 6

HOPF ALGORITHM USING POLYNOMIAL
RESULTANTS

The polynomial resultants method uses the characteristic polynomial of the matrix
A(p) to compute Hopf bifurcation points. In Section 6.1, we define the Sylvester
matrix and the resultant of two polynomials. Then we develop, in Section 6.2, the
relationship between the characteristic polynomial of a matrix and the resultant.
After that, Theorem 6.2.1 is used to detect Hopf bifurcation points. In Section
6.3, we describe the properties of this method and when it can be used. It turns
out that this method is not practical for high dimensional matrices. However, this
method can be used to find starting values for u, the Hopf parameter, and v, the
Hopf nunber, in the next chapter. Finally, we discuss some test results in Section

6.4,
6.1 Sylvester Matrix

Consider the two polynomials

F) =" A ap gt L agt - ao, ty, # 0,
= (t o)t —ag). . (t— o),
(6.1)
Gty = 47 4 b ek bbby, by 0,
w= (L A Bo) o (P

The Sylvester matrix of f and ¢, §(f,¢), i8 the (m +n) x (m + n) matrix defined

by:
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L aner ... oap oas O 0 07
{) 1 [P R SR £ 7} 0 t)
0 " " S

o ... R ¢ I 1

1 f)m ol P bl ?J() 0 0 {0

{ i b,,«%.,.,1 o b 1 b() () 0

{ o T IR

0 0 0 0 1 ... 0y

and the determinant of S(f,g) is known as Sylvester’s resultant which is denoted

by Ry [56].

S, g) =

b -

Definition 6.1.1 (Resultant). [10] Given two polynowmials f(t), g(t) € R[t] with
roots o, ..., & and Gi, ..., 3, respectively the resultant R{f,¢) of f and ¢ is
defined to be

R(f,g) = [ J(oi = 8).

i

We will give a theorem to connect these two ideas in next section.
6.2 Detection and Computation of Hopf Points

We seek explicit criteria that specify whether an n X n matrix, A, has a
pair of pure imaginary eigenvalues. We explain necessary conditions in terms of
the corresponding characteristic polynomial for the matrix A. Let p(\) = ¢ +
A+ A Cag AT 4 AT denote the characteristic polynomial of A. Then next

proposition describes the conditions for p to have a pair of nonzero roots {A, —A}.

Proposition 6.2.1. The characteristic polynomial p has the non-zero root pair
{X, =AY if and only if N is a common root of the two polynomsals p(N)+p{—A) and
P = p(=A).

Proof. “=+" Suppose that p has the roots A and —A then p(A) Lp(~A) = 0420 = 0.
“e=" Adding p(A) + p(—A) and p(A) —~ p(-A) vields p(A) = 0. While subtracting,
yields p(—A) = 0. rl
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We now make the substitufion z = A\? {o construct two new polynomials. If

n is even , let

;‘(”) Oy b Col b (‘:,‘.;,z"’ -

o 5
Tol2) = €1 -+ a2 4+ 2™ -+

while if n i8 odd, set
.92 jes] ‘ The: o .
To(2) = oo b o b eaz” b b Cpead T F et T, (6.3)

) i o ) n;»,‘i
To{2) == ¢y 0z A Cpd” AL gt

then p has a non-zero root pair {A, —A} if there exists a z that satisties :

( ;U ) =0 (6.4)

The polynomials r.(z) and r,(z) have a common root if and only if they share a
common factor. Let the Sylvester matriz of the pair of equations (6.2) or (6.3) be
the (n — 1) % (n — 1) matrix given by

X Co Ca ... Cp.y 1 0 0 0 7 3
0 ¢ ¢ ... ¢o 1 0 ... 0

0

0
0 ... ... 0 o o ... Cpoz 1
C1 €3 ... Cpet 0 0 ... 0
0
0

S B
y EEE rows

S =

0 ¢ o ... ¢pr 0

oo n-l 2 rows
0
o ... ... 0 €1 (& S SV /

if n is even, while if n is odd, this matrix is defined to be

Co Ca . Cpen Cpeq D g ... 0 3

i

0 ¢ ¢ ... Cpoa Cpey 0 .. 0

0 0
g ... ... 0 o 0y . O Cpeed

¢ 03 ... Cpes L 1 {

0 ) Ve ) i { . 0
et G-z : > 22l rows
0 0

¥
7
1 P § i Ca e Cpet 1

> L

1%
i
o e
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The following proposition, which is proven in [10], describes the relationship be-

tween Sylvester’s resultant and the resultant.

immediately from proposition 6.2.2 that:

Proposition 6.2.3. [29] The Sylvester matrix is singular (equivalently, R, = 0)

if and only if the polynomials v and r, share a common root.

The next example describes how to compute the Sylvester matrix from the

characteristic polynomial of a matrix.
Example 6.2.1. Let p(A) be the characteristic polynomial of A which is defined
by:

p(A) = A% — 23" 4 10A% — 1907 4+ 9X — 9

(N 4+ 9O =222 4 A=~ 1).

i

Then we define

re(z) = 0 - 19z — 222

0 =9 ~19 -2
9 10 1 0
0 9 10 1

We then compute the determinant of &

Ry = det{§) = 0,

76

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



which means that r.(2) and r.(2) have a common root, say v. Therefore,

re(z) = 2z — v){(z -~ uy),

and p(\) can be written as :
/[)()\} = 7."13()\2} + :'\7‘(11()\2}
| (6.6)
m (AT (A o 207 g+ ).

Comparing (6.5) and (6.6), we get v = ~9, g = —& and pg = ~1.

Suppose that p(A) = (A? — v)q(\), then in order for the matrix 4 to have a
Hopf bifarcation point, we have to require v <. (. This condition can be verified

using subresultants.

Definition 6.2.1 (Subresultants). [29] We define the subresultant matrices Sy
and S) to be the matrices obtained from & by deleting the rows 1 and § and the
columns 1 and i+ 2, for i =0, 1.

More information about resultants and subresultants can be found in [10, 11,
37, 41, 56]. Our work will be based on the following theorem which was proven in
[29].
Theorem 6.2.1. [29] Let & be the Sylvester matriz for the polynomials r, and
ro in Equation (6.2) or (6.3). Then A has precisely one pair of pure imaginary
etgenvalues if

Ry =10 and det(Sy) - det(S) = 0.

If Ry 5 0 or det(Sp) - det(S)) < 0, then p(X) has no purely imaginary roots.

The following algorithm uses the Resultant Method to compute the Hopf
bifurcation points of (5.1). Its details and Maple implementation are presented in

the Appendix A.

7
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n R det(Sp) - det(S))

2 oy Co

3 ¢y o Ol 1

4 eath — €1eey -+ c% e

5 | {¢p — eacy)eren = cacs) + cyeqlereq — 2e0) + ¢ | (00~ caca) » {Co — ¢1cq)

Table 6.1: Conditions for theorem 6.2.1 where n = 2,3,4, 5.

Algorithm 6.2.1 (Resultant Algorithm).

INPUT: A matrix A which depends on p.

OUTPUT: A set H = {p: Ro{p) = 0 and det(So(p)) - det(Sy{p)) > 0}
1. Compute the characteristic polynomial of A.
2. Find the Sylvester matrix of A.
3. Compute the subresultants Sy and 5.

4. Evaluate the determinant of S and solve R, = 0.

H = ¢.

a3

6. For each root p of Ry =0
if det(So(p)) - det(S1(p)) > 0
H = HUJ{u}.

6.3 Comunents about the Resultants Method

The Resultants method works well for small dimension matrices; however, it
cannot be applied for high dimensional matrices [29] because the computation of
the characteristic polynornial coefficients is numerically unstable [49]. On the other
hand, this method can give an explicit description for the Hopf curve, i.e., a curve
such that each point in this curve is & Hopf bifurcation point, (see example 6.4.1).

Moreover, it can find all Hopf bifurcation points.
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6.4 Examples

We illustrate how this method works by some examples where the Hopf data
reported in the discussion which follows was computed using the Maple symbolic

algebra package.

Example 6.4.1. We reconsider example 5.2.1, where

e 3 2 9
PIA) = X - iy pra N b A p.
In this case, we have ¢ == 3, ¢ = py and ¢y == pypug. We now use the table (6.1)

which gives the conditions
) B
1. i = iy,
2. ey > 0,

Therefore, the Hopf bifurcation curve of A is defined by pg = u?, where 1y > 0,

and the Hopf number is v = p1;. So, we have

p(A) = (N 4 ) (N + ).

Even though the matrix A in Example 6.4.1 has an analytic description of
the Hopf bifurcation curve, that is not always the case as we will see in the next
examples. The following example shows a case where (5.2) does not have any Hopf

bifurcation point.

Example 6.4.2. Let

1 ~2 o
Ap)y= 1 1 0 |, (6.7)
iy oy

then the characteristic polynomial of 4 is

PIA) == AF e A% o (Db g A N F (2 2pg iy + 1)
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e
i3
W
1 L L
u 28 i 18 ! 25 # 35 4 445 4

find Hopf bifurcation points, we use Table 6.1 to get the conditions
1.2~ 2uypag -+ 43 = 201 4 pf + 1d).
2. (1 pd +p3) > 0.

However, ¢, is strictly less than zero. Therefore, 4 does not have Hopf bifurcation

points.

Next example was given in [8]. The system (5.2) has a Hopf bifurcation point,
but not a Hopf bifurcation curve.

Example 6.4.3. Let

-1 0 m%u

Apy:= | $p -1 0 |,
0 4u -1

then the characteristic polynomial of A is
3 3 3 ; 1 3
P(A) == A7 3N A4 3N 4 (1 + GH ),

and we have ¢y = 1+ {: 13 ey == 3, ¢ = 3. In order to find a Hopf bifurcation point,

we use table 6.1 to get the conditions
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Therefore, A has ouly one Hopf bifurcation point; narsely at p == 4.

The following example was constructed in such a way that the system (5.2)
has a Hop!t bifurcation point at (py, tte, us) = (1,1, 1)
Example 6.4.4. Let
00 0 =2usin(5ppem) ~ Gijy iy
Alp) = 3 U U . (zl(l,“y: )’ ) ‘ (6.8)
) 10 e QEWHIRT Y ey o g1y :
001 2sin(§pops)
Then
co == 2t siu(g-;;,;l Jto) 4 Opiy oo,
= =2y + 1)’
¢y == 2eimpal) fbo 4 Ay,
Cq =2 2 sin(%uya;).
We want to compute the Hopf bifurcation surface in a neighborhood of the point

(1,1,1). We use Table 6.1 to get the conditions
11— c;tgcg — 0y Gl - (:}3 =z (),
2.2 — CiCy > 0.

It is clear that this surface cannot be computed analytically because of the
terms sin(5 e pe) and sin(% paps). Therefore, we use Maple to compute the surface
numerically. Now we consider gy as a function of uy and piy and vary py and .

Then we solve condition (1) for g and check if condition (2) is satisfied. Some

ralues of py ave cormputed and listed in Table 6.2.
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! My M fhy == puy{fy pha) |
9999999 1000000200
9999999 1 1.000000100
1 1 1
1 1.0000001 1000426957
1.0000001 | 1.0000001 1.000667492

Table 6.2: The values of 1y at a neighborhood of (1, 1) for example 6.4.1

In the following chapter we deseribe another algorithm to find Hopf bifurcation
points which is more efficient and can be applied for higher dimensional matrices.
However, this algorithm requires starting values for p1, the Hopf parameter, and v,
the Hopf number. These values can be obtained from the resultants method if we
have a discretization problem. We {irst choose a small value for n, the dimension
of A, and then use the resultant method to locate the starting values pg and 1.

Then we increase the dimension n and and use the method in the next chapter

with starting values pg and vy,
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CHAPTER 7

HOPF ALGORITHM USING BORDERED
MATRICES

The bordered matrices nmt,hod is widely used nowadays to compute Hopt bifur-
cation points. In this method, bordered matrices are used to classify the set of
matrices with rank deficiency two, at which Hopf bifurcation point occurs. We
first define the Hopf manifold in Section 7.1. Then we describe the relationship
between bordered matrices and the Hopf manifold in Section 7.2. In Section 7.3, we
use Theorem 7.3.1 to write an explicit algorithm to detect Hopf bifurcation points.
We conclude this chapter with numerical examples to compute Hopf bifurcation

points.
7.1 Hopf Manifold

We say that A is a Hopl matrix with Hopf number v = w?® > 0, if 4 has
geometrically simple pure imaginary eigenvalues ziw. Then we define the Hopf

manifold to be:

Definition 7.1.1 (Hopf Manifold). [61] The Hopt manifold, My, is defined

to be:
My, = {(Av) € R"" «R: Ais a Hopf matrix with Hopf number v},

If we denote A(A) to be the kernel of 4% + I then NY(A) is just the real

eigenspace associated with the eigenvalues ddw € o(A) [61]. Tt is possible to give
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a characterization of My, in ters of two scalar equations
(A, ) =0, B(A, 1) =0, (7.1)

which can be used for the computation of curves of Hopf matrices since My, is

a codimension-2 manifold [61].
7.2 Bordered Matrices

We consider the following linear bordered system:

[ﬁ‘ / ‘8 ' l»] ’ 017 m 5
(L’f 0 ) ( T ) = ( I, ) (72)

with B ¢ R¥" R LU ¢ R and T ¢ BR™™ and we denote the bordered
matrix in (7.2) by B(B, R, L). We assume R and L have maximal rank m. Our
goal is to classify matrices B with rank deficiency m. This can be done by taking
T = 0,,. In this case, we have m* equations. The following proposition reduces

the size of T for the special case B = A% + v[ and m = 2.

A2

Proposition 7.2.1. If B = A% + vl € R {s singular and v = w? > 0, then B

has rank deficiency at least two.

Proof. Since B is singular, det(B) equals 0, and we have
det(A* + vI) = 0 = det((A + iwI)(A ~ iwl)) = 0
= det(A + iwl) det(A — iwl)) = 0,
0 either det(A + dwl) = 0 or det(A ~ iwl) = 0. I det(A + 4wl) = 0, then —~iw
is an eigenvalue of A, but since A is real 4w is also an eigenvalue of 4. The same
argument can be made if det{A —dwl) == 0. So, there exist two linearly independent
vectors z and y € C” such that (A + wl)x = 0 and (A -~ dwl)y = 0. This implies

that B = 0 and By = 0. Consequently, B has rank deficiency at least two. [
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In the bordered matrix systern (7.2), we let m = 2 and B = A% + v to find
Hopf bifurcation points. It seems that we need to have 17" = 0, € R*? in order
for B to have rank deficiency two. However, it is enough to take 7" == [0, 0] since
v = (0 and B is singular, which implies that B has at least rank deficiency two, by

Proposition 7.2.1. Moreover, we take [1,0]7 or [0,1]" instead of I
7.3 Conditions for Hopf Bifurcation

For the bordered matrices in B(B, R, L), a special choice for R and L, which
depends on A, was done by Werner [61]

A? +vl Ar v
B{A, ) = [ (,A 0 0
17 0 0

where r and [ € R". Then we consider the system:

A? +ul Ar oy Uy On
" l_A 0 0 o = 1
" 0 0 i1 0

where u; € R, v, 5 € R. Observe that the normalizing conditions
Ty =0, T Au =1,
from our bordered system force uy not to be an eigenvector of A. Because if uy is

an eigenvector of A, then we have

Aug = My = 1 Aug = NPy

= 1 =0 (contradiction).
We now define acute pairs of subspaces, which will be used in the subsequent

discussion.

Definition 7.3.1. [61] The pair (I, V) of two m-dimensional subspaces U and V

of R™ are acute if:

In other words, we # 0, Vu e U, ve V.
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The following lemmas were given without proof in [61]. These lemmas are
Y & , )

used to prove Theorem 7.3.1.

Lemma 7.3.1. (H. B. Keller)[27]. If B is regular, then the regularity of B(B, R, L)
is equivalent to the regularity of the Schur complement LY B R € Riyxm. More-

over,

If rank B is less than n—m, then B(B, R, L) is singular and if rank B = n~m, then
B(B, R, L) is regular if and only if the pairs (Im(L), N(B)) and (I'm(R),N(BT))

of m-dimensional spaces are acute.

Lemma 7.3.2. If A is a Hopf matriz with Hopf number v > 0, then dim NV(A4) =

2 (or equivalently the rank deficiency of A*+ vl is two). The converse is also true.

Proof. * =" Suppose that A is a Hopf matrix with Hopf number 1 = w? > 0. Then
A has simple imaginary eigenvalues 4w, i.e. there exist two linearly independent
vectors z,y € R” such that Az = iwe and Ay = —iwy. Multiplying hy A,
we get A’z = —w?r and A%y = —w?y. That implies z,y € NV(A). Therefore
dim N*(A) > 2. But iw are simple eigenvalues of A, so dimN"(A) = 2.

“ =" Suppose that dim N*(A) = 2, and let N¥(A) = span{z,y}. Then det(A*+

vl) = 0. Which is equivalent to
det((A 4 iwl)(A + iwl)) = 0.

By the same argument we used to prove Proposition 7.2.1, we conclude that 4w
are cigenvalues of A. And since dimNY(A4) = 2, diw are simple eigenvalues,

Therefore 4 is a Hopf matrix. ' 4

Lemma 7.3.3. A is a Hop/ matriz with Hopf number v > 0 iff there exist

nonzero u such that w and Au are linearly independent and span NV (A).
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Proof. " Suppose that A is a Hopf matrix with Hopf nwmber v = w® > 0.
Then from Lemma 7.3.2, dimANY(A) = 2. Let u € N"(A), then (A + vl)u = 0.
By the way of contradiction, we suppose that « and Awu are linearly dependent,

then there exists a A € B such that Au = Au. Now
o » ,
(A% + vhu = Nu+vu,

this implies that v = =A% < 0, which is a contradiction.
“m I NV(A) == span{u, du}, where v and Aw are linearly independent, then it

follows immediately from Lemma 7.3.2 that A is a Hopt matrix t
Theorem 7.3.1. [61] Let B(A,v) be regular. Then

(A, 1) € My, ¢ afA,v) =0, [A V)= (7.5,

~3
fo3 1
Rl

Proof. “ =»7 1 Because of Lemma 7.3.2 we have dim A"(A4) = 2 and by Lemma

7.3.1, (B is regular ), there exists no nontrivial @ € N(A) satistying
MTi=0, TAii=0

Hence there is a unique u; € NY(A) with [TAuy = 1, Tu; = 0 and we have
a4, v) =0, f(A,v) =0

“ &= 71 yy and Auy are linearly independent (this follows from [fu; = 0 and
I Auy = 1). Both are in N%(A). By Lemma 7.3.1 and the regularity of By, dim

NY(A) = 2, and N”(A) is spanned by u; and Auy . Now apply Lemma 7.3.2. [

If we interchange 1 and 0, we obtain an analogous description of My, by
YA, v) =0, 6(A,v) = 0 with =, § replacing «, 3. The following theorem gives the

conditions for B(A, ») to be regular and was proved in [61].

Theorem 7.3.2. Let A be a Hopf matriz with Hopf number v {or let Gim NV (A) =
2) Then B(A,v) is reqular if and only +f

UNY(A) {0} and v N¥(AT) £ {0}, (7.6)
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The two scalar equotions

a(d,v) =0, AlA ) =0
are equivalent to (A, v) &€ My, provided that (7.6) are fulfilled.
7.4 Computation of Hopf Points.

To detect Hopf points we use the test function 7(A) = a4, v(A)) during a
path-following algorithm applied to A. We first solve (A, 17) = 0 for v = v(A4). To
perform this step, we fix a reference number vy and try to solve the scalar equation
BlA, ) == 0 for given A by a secant-like method with starting value v = . Then
we set 7(A) 1= ol A, v{A)) with the approximate solution v = v{A) of H(A, 1) = 0.
Hopf bifurcation will then be detected by a sign change of 7(A).

The following theorem, on which we base our numerical approach, is due to

Werner [61]. Let us introduce the notation

A= AlG) 0=

Theorem 7.4.1. [23] Let @ = (x(i1), &) be a simple Hopf bifurcation point. Let
Lr € RY be such that span {AT1,1} is acute to kernel( A®+ 01 ), and span {Ar,r}
is acute to kernel( A® 4+ 0I)T. Then the following linear system is nonsingular for

u=14 and v =7
A*(w) + vl Alwr 7 uy (u, v) 0

1 Alu) 0 0 afu,v) | =111. (7.7)
" 0 0 Su, v) 0

Note that for v = ¥ and v = @ we have o(ii, ) = J(4,0) == 0, and u (i, )
is a particular vector in the two-dimensional kernel of A* 4 vl.  Furthermore,

Blu,v) = O implicitly defines v{u), e, Ao, o) # 0, and 7{u) = alu, v(u))
changes sign at w = . Hence, r{u) can be regarded as o test function for Hopf

bifurcation.
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The following algorithm uses the bordered method to compute the Hopf bi-
< fawl 4 2
furcation points of (5.1). Its details and Matlab implementation can be found in

the Appendix A.

Algorithm 7.4.1 (Bordered Matrices Algorithm).
INPUT: A matrix A that depends on .

OQUTPUT: (i, v) such that oA, v) = 0, and B(A,v) = 0.

1. Chose r and [ to be in generic position (i.e., randomly ). By the theorem of
Sard, the matrix in (7.7) will be regular for almost all [ and » in the Lebesgne

Bonse.

2. Get an approximation for vy, and ug (this can be done using the method

described in Chapter 6).
3. Define M = By(A,v) as in (7.3).

4. Define 8 and « to be the solution of (7.4).

for fixed p
using secant like method, find v such that F(A(u),v) = 0,
so we defined » == v(p).

for fixed v

using a secant like method, find p such that a(A(u), v(u)) = 0.

7.5 Examples

We will choose two examples from the previous chapter so that we can compare

our results. We use a Matlab package to compute the Hopf bifurcation points.
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JIVI I T

1/

R I O

0.99999999999995

(0.9999H999999992

1oy .51 .3

1.49999999999999

2.24999999999998

2 1.51.3

1.99999999993700

3.99999999992167

250051 3

2.49999999999784

6.24999999998033

Table 7.1: Some values for py are computed for Example 7.5.1

Example 7.5.1. We reconsider example 5.2.1, where

G 0 - ].!;;32
Alp) =1 1 0 -~y
a1 - 142

We vary gy and compute pig = pun(py) using Algorithm 7.4.1. As starting values,
7 was chosen to be .5, where (i == 0.3. It turns out that this choice works for
py = 1,2, ..., 12, After that another choice must be made. The numnerical results

are listed in Table 7.1.

Example 7.5.2. We reconsider example 6.4.4 where,

0 0 0 —2uysin(Guyp) ~ G pe
_ftroo0 2{pq + p2)?
Al =14 1 ¢ Qi) o gy
0 0 1

2sin(Fuops)

We vary pi, gz and compute g = pa{py, ) in a neighborhood of (1,1) using
algorithm 7.4.1. As starting values, 7 was chosen to be 3, where jiz = 1.5. Since
we are in a small neighborhood of (1,1), this choice can be fixed. The numerical

results for this example are listed in Table 7.2.

H1 I v fi v fa = pa(p, o) |
1 1 31 1.5 | 4.00000000000000 | 1.00000000497444
1 10000001 | 3 | 1.5 | 4.00000050000005 | 1.00014225251169
1.0000001 ] 31 1.5 1 4.00000079999995 | 1.00028470497100
1.0000001 | 1.0000001 || 31 1.5 | 4.00000130000003 | 1.00031820980166

Table 7.2: Some values for gy are computed in a neighborhood of (1,1) for Example
7.5.2
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One can immediately see that both algorithms from this chapter and the

previous one gave the same vesults, These algorithms will be used again in matrices

with higher dimension resulting from a stability analysis of the electroconvection

of nematic liquid crystals (see chapter 8).
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CHAPTER &

APPLICATION TO NEMATIC LIQUID
CRYSTALS

Electroconvection in Nematic Liguid Crystals (NLC) is a paradigm for pattern for-
mation in anisotropic systems, exhibiting a rich variety of dynamical structures.
When an electric potential is applied across a thin NLC layer confined between
two electrode plates, an electrohydrodynamic instability can occur above a critical
field strength. The neutral stability of the basic state occurs on a neutral stabil-
ity surface in (p, ¢, R)-space, where R is the bifurcation parameter, and p, ¢ are
the wave nurnbers in the  and y divection, respectively. The parameter values
of physical interest are (pe, e, Fe) - the coordinates of the global R-minimum on
the Oscillatory Neutral Stability Surface (ONSS), for which the first physical in-
stability, when R increases, is a Hopf Bifurcation. The mathematical model for
the nematic electroconvection is described in Section 8.1, In Section 8.2 we apply
the bordered matrices algorithm described previously to numerically compute the
ONNS using Hopf Algorithm 7.4.1 described in Chapter 7 and then compute the

global minimum using the NMA, Algorithm 4.1.1, and the CEA, 2.2.1.
8.1 Basic Equations and Linear Stability Analysis

The bifurcation analysis on the weak electrolyte model (WEM) has been dis-
cussed in [13]. We consider a thin layer of nematic liquid crystals sandwiched
between two horizontal electrode plates, subjected to a vertical electric field. The

weak electrolyte model (WEM) describes the electroconvection process that takes
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place in the nematic and is described by the Navier-Stokes FHquations. In nondi-

mensionalized units, the WEM consists the following set of equations.

(O + v -Vin=wxn+dAAn ~h), (3.1)
POy + v Vv ~Vp— V. (T+ 1) + 7K, (8.2)
Vv, (8.3)

Po(0y+v - V)p =~V - (iB0), (8.4)

4

(O +v - Vo = —a?n*V . (uEp) - 3(67‘3 -1 = Pian®p?)

together with Poisson’s law,

p= V- (ek),

f

where the dielectric tensor ¢ and the conductivity tensor p are given by ¢ =
0ij + eqming and ;= §;; + oanyng, respectively, n is the director field, v is the

fluid velocity, p is the pressure, B = (V2R/n)es — V¢ is the electric field with

local conductivity and g, and o, are the dielectric, respectively the conductivity,
coefficients. Furthermore, P is the ratio of the viscous relaxation time to the
director relaxation time, Py is the ratio of the charge relaxation time to the director

relaxation time, and h is the molecular field which is given by

of af ., 4
On " 9Vn ) = £am (0 - E)E,

and is derived from the elastic energy density due to splay, twist and bend defor-
mations,

2f = (V-n)’ + Ky[n 5 (V x 0)* + Kaln - (V x n)]*

The parameter g, is the dielectric coefficient, and Ky and Ky ave the ratios of the

twist and bend elastic coefficients to the splay elastic coefficient. The tensors d,
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A, and T are the projection tensor dy; = 8;; — nymy that guarantees [n] = 1, the

shear flow tensor Ay == &(v;; -+ v;,), and the viscous stress tensor
~Tij == ceyngngngng Ay -+ agngmg -+ aangmy 4 ag i -+ asngng Ag + agngmgdy;,

where m = d(AAn — h). The tensor 1T is the nonlinear Ericksen stress tensor

with components I;= 5

oy ... 0 and the Onsager coefficient A satisfy the Ounsager and scaling relations

expressed in terms of four independent Miesowicz coeflicients no, 11, 92, 73,
A== a)y = T, G o= g~ 2 20 4 2 Loy = {14 A)/2, a0 o= (1 - N)/2,

g = 2m, op = 20y - 20— (14 A) /2, 0 = 5).772 o 20h3 = (1= A)/2.

We assume an infinitely extended NLC laver in both horizontal directions

(x,y) and use vertical boundary conditionsl

%E,'ng,ng,(b,v =0 at z = i%
The WEM equations (8.1)~(8.5) depend on the basic parameter R, proportional
to the strength of the electric field, four time scale ratios Py, P, o and r, and the
following scaled material parameters: g,, 0., Ky, K3, and the Miesowicz coefficients
o, Thy T2y 3.

In [13], P; and Py are set to zero in the system of dynamical equations (8.1)-
(8.5), because Py, Py are very small compared to the other parameters. In this
limit v and ¢ are slaved by o and n through the equations (8.2) and (8.4) [13]. In
addition to the main parameter R, we are left with ten independent parameters

M0 11, 12 Ty S0y Ty 8, Ko, Ky,

v = 0, p = constant and ¢ = (. The stability of this state is governed by linearized
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equations for perturbational fields der, dny, dng, d¢, dv,, dp. Owing to the transla-

tion invariance w.r.t. {2,y), the perturbational fields are represented by borizontal

Fourier modes,
(30, 0y, dng, 6, dvy, Op) = PRI (Y N, N, @, Vi, P),

where £, N ete. depend on (¢, z, p, ¢} and the parameters. The V; and P are repre-
sented by poloidal and toroidal stream functions F' and G leaving us with a system
of linear equations for (%, Ny, N3, @, V), F, (), Symbolically, these equations can

be written as

0:U = Lu(U, ¢, p,q, R), (8.6)
La(®,U,p,q, R) =0, (8.7)

Lp(F,®,U,p,q, R) =0, (8.8)

where U = U(X, Ny, Ng), F = (F, (), and Ly, Le, L are linear differential oper-
ators w.r.t. z that depend on (p,q, R) and the other parameters [13]. Formally,

we view (8.6)-(8.8) as a linear dynamical system for U,
WU = L{U,p,q, R).

where L is defined by substituting the solution ®[U,p, ¢, R}, F[U,p, ¢, R] of (8.7)
and (8.8) into Ly.

The neutral stability of the basic state occurs on a neutral stability surface
in (p, g, R)-space, on which L has either a zero eigenvalue (stationary neutral sta-
bility surface) giving rise to a stationary bifurcation, or an imaginary eigenvalue
(oscillatory neutral stability surface - ONSS) giving rise to a Hopf bifurcation. The
parameter values of physical interest are (p,, o, R.) - the coordinates of the global
R-minimurm on the ONSS, for which the fivst instability is a Hopf Bifurcation,

when B increases.
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Owing to the symmetry (2, ng,v3,¢) ~» (2,13, v3,¢), L has odd and even

invariant subspaces spanned by modes of the form U, and 'V, respectively, where

U, = (ay sin{2m — 1)z, ag sin 2mz, ay cos(2m - Dz)  (m 2= 1),

H

Vi == (g 08 2maz, ay cos(2m -+ 1)z, ag sin 2mz) {(m 2z 0).

For the parameter range considered here the instability occurs in the odd subspace.
In this subspace, L is represented by an infinite matrix M composed of 3 x 3 blocks
A ¥ |
M(m,n) defined by
g pwfe
My (m,n) = — LU, - Updz, 14,5 <3,
Ay
where U,,; is the U,, mode with a; = §;. Their computation is shown in [13].
For computing {(p., 0., ;) numerically, we use a 3N x 3N truncation of M b
1 <D bl H E o

restricting mn and n to 1 < m,n < N. Numerical convergence with an accuracy

up to five significant figures usually was observed for N < 9, in [13].
8.2 Numerical Results

We consider the NLC-matrix M of size 3N x 3N resulting from the linear
stability analysis, that depends on three parameters p,q and R, where R is the
main bifurcation parameter, proportional to the strength of the electric field, and
p,q are wave numbers in x,y direction; respectively. This matrix was computed
by Oprea and Dangelmayr [13], and they kindly provided me the software for this
matrix. From this matrix, we compute the surface B = R(p, q) and find the global
minimum value R, = R{p.,q.) for this surface. We use the bordered matrices
algorithm to compute the surface R = R(p.q). The independent parameters and
the starting values of p and g are taken from [13]. The values @ = 0.8,0 = 0.07,¢ =

01,7 = .9, 6= 002, = = 0.7 are fixed, Let

p == 1030151161, ¢ = 0.7096795031 be the starting values for the algorithm and we
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will choose N == b then we use the bordered matrices method to compute R and we
get H o= 7,11280244928449. In thig case, the 15 x 15 matrix M has 15 eigenvalues,
13 of which have negative real parts and the remaining two have purely imaginary
parts that are £2.555917241105; therefore, we have v = 6.53271294337779. We
use the values R and v to be the starting values for computing the surface K =
R{p,q). We first find the local minimum R of the surface R = R{p,q) in a small
neighborhood (p, ¢), say Ay . Then we will take a larger domain to show that R is
in fact the global minimum of the surface R = R(p,q). We will consider the cell

Ay = p =~ 0.2, - 02] % [p+0.2,q -+ 0.2] to be ouwr domain. Figure 8.1 plots the

Figure 8.1: The surface R = R(p, q).

Our goal is to find the global minima of the surface R = R(p,q). In order to
find the global minima, we use Cell Exclusion Algorithm in the region A,. We
choose Tol = 001 and we get the global minimum is R = 7.04302807 at (p,q) =
(1.130151, 0.7065545). We plot the level sets of the surface and the refinements of *
the domain in Figure 8.2.

We now compute the global minima for the cases where NV = 7,9 and 10. The
values of p, ¢ and R are listed in Table 8.1.

Now we define a larger domain to insure that R is in fact the global minimum.

Moreover, we choose My, = min{R, R{my)} for & = 1,2,... so that CEA works
97
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{a) The level sets of the function H = (b} Refinement of the domain.

B(p, q)-
Figure 8.2: Refinement of the domain A for N = 5.
Nl P q R
7 11 1.130146 | 0.7065543 | 7.04433204968870
9§ 1.1301459 | 0.70655429 | 7.04502799195270
104 11301459 | 0.70655429 | 7.04593846328180
Table 8.1: Approximation of the global minimum of of the surface R = R(p,q).

faster. We consider the domain Ay == [1071%,10] x {1071, 10] and then we apply

the CEA to Ay We noticed that the algorithm immediately discarded the boxes
[5,10] x [1071%,10] and then [1071% 5] x [5,10]. After that CEA kept refining until
we were left with a box that was contained in Ay. At this point we stopped the
algorithm and concluded that & is in fact the global minjmum.

We will choose different values of the parameters and compute the global
minimuim for each case. All the parameters are chosen from [13]. We fix the values
a = 0.8,b=007¢c=01n=—1¢=

~0.1,r = 0.5,0 = 1, = 0.3, Then we

choose ky == .5, kg = 6766 and p = 1.413. In this case we do not have a value

for q; therefore, we choose ¢ == 1.2123 as a starting value. We then compute

the global minimum in the cell A = [p ~ 0.2, ~ 0.2] x [p 4 0.2,¢ + 0.2]. The

global minimum in this case is located on the boundary of the cell at the point

(p,q) = (1.411,1.0123). Therefore, we expect the global minimum to be in another
cell. We choose the next cell to be A = |p —~0.2,¢ — 0.6] x [p+ 0.2, ~ 0.2]. In
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this case, we find that the global minimum is also on the houndary of this cell;
consequently, we continue the same procedure and we get the global minimum atb

the point (pe, o) = (1.4105,.00001) in the case where N = 5. We now compute

the global minima for the cases where N = 7,9 and 10. The values of p, ¢ and R
are listed in Table 8.2,

[N]

Y2

: i R |
141048

00001 | 6.67866662421935 |

1.41047

000098

6.67890829710754

1.410465

000098

6.67895519682318

1.410468

000097

6.67896339968781

Table 8.2: The global minimum of of the surface B = R(p, ¢).

We now change the values ky and kg and chioose another starting point (p, g)

and then compute the global minimam. Let by = 1.5, &y = 1.869, p = 1.2069 and
q = .7654. We compute the global minima for the cases where N = 5,7,9 and 10.

The values of p, ¢ and R ave listed in Table 8.3.

p
1.2059
1.2059
1.2060
1.2060

I~ | R
12.47467521 704080
12.47501607580518
12:475700230495
12.47508087 723542

g
00001
000099
00001
000098

it

7
9
10

Table 8.3: Approximation of the global minimum of of the surface A.

We now choose the values a = 0.98,b = 0.23,¢ = 0.38,n = —1,e = ~-0.1,r =

and ¢ = .70309834593154. We compute the global minima for the cases where
N =579 and 10. The values of p, ¢ and R are listed in Table 8.4,

Finally, we choose the values a = 0.8,0 = 0.044375,¢ = 0.1,n = ~0.85,¢ =
0.02,7 = 0.8, 0 = 8 o = 0.3 ky = L3, ky = 8 Then we choose p = 1.08 and
g = .79. We compute the global minima for the cases where N = 5,79 and 10.

The values of p, ¢ and R are listed in Table 8.5,
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N p g R ]
O 0 1.AB3T6L | T03100 | 24.94507618845H82
T 1 LB53THY | 703099 | 24.94698883685102
9 I 1.B53TH8 | 703089 | 24.94750460660934
10§ 1.B53THT | . T03098 | 24.94762161873586

Table 8.4: The global minimum of of the surface R.

N P q R _MB
4] 1.005 | 0.865 | 10.94861882211243
74 10051 | 0.860 | 10.956020898222485
9 1 1.0051 | 0.8649 | 10.96620253770384
100 10049 | 0.8651 | 10.96938463281803

Table 8.5 An approximation of the global minimum.

We now give a summary of the way we computed the above results. The
computer that was used to do all the computations is an Intel Penthun I11 with
Mobile CPU 1000 MHz. We first choose N to be b and then use bordered matrices
to define the function 1@ = B(p,q). The computer spends almost 12 minutes to
compute the value first value Ry for a given point (py, q). After that, the value
Ry is used as a starting value for the next point {py, ¢2). This idea saves time for
the computation of Rs, and in fact the computer takes almost 8 minutes to find
Ry. This method gives a “black box” for the function R = R(p,q). In order to
find the global mininmum, first define a domain A and then apply the CEA to A.
We stop the CEA when the size of remaining cells is small and we are close to a
minimum. Then we safely switch to the NMA because it is cheaper and faster.
This procedure takes about 24 hours. After that we increase the value of N to 7
and do the same procedure but with (p,, q.) a8 a starting point, where (p., o) i the
global minimum obtained from the case where N == 5. Ag soon as the CEA start
refining close to {pe, q.), we switch to the NMA with (p., g.) as a starting point.

The numerical results confirm the convergence of this approach for increasing N.
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CHAPTER 9

CONCLUSIONS AND OUTLOOK

Cellular Exclusion Algorithms (CEA) are a relatively new idea which show great
promise as a versatile tool for handling the computation of global optima of very
general functions which may even be defined as a result of some complicated pro-
cess. This dissertation helps to bear out this promise. We have developed a
practical computational cell elimination test using an extended aunalogue of the
Jordan decomposition of functions of bounded variation. The extension involves
the e-increasing concept which is introduced and studied here.

A MATLAB implementation of a CEA using this exclusion test has heen
created. Numerical tests of the CEA have been made in which global minima
were computed for the oscillatory neutral stability surface (ONSS) arising in the
modelling of electroconvection in nematic liquid crystals. These results nourish

the hope for extensions in the following directions:

1. We wish to develop the CEA for somewhat higher dimensions than we have

done so far.

imation of a global minimum and then converted over to a usually faster
Nelder-Mead Algorithm (NMA). Tt would be very useful to find criteria for
a good point at which this conversion from the CEA to the NMA could bhe

made.
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¥

3. For the verification of the e-increasing property, we need to have an appro-
priate mesh size. We would like to have a practical criterion for verifying the

e-increasing property.

i

. We plan to apply a combination of CEA and NMA to further investigations
of the similar minimization problems arising in the study of the Ekbaus

stability of bifurcating waves in nematic electroconvection.
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APPENDIX A

Decomposition Algorithm and Cell Exclusion
Algorithm

A.1  Decomposition Algorithm

In this appendix we present computer codes to compute the functions p and n
for Decomposition Algorithms 3.2.1 and 3.4.1. The first code is for the case of one
dimension. The second is for the case of two dimensions. Both codes are written
using Matlab implementation.

Do lotoh oo oot oot oo ToTula oo oo oo o ads fatodadn o n ot Tota oo o ode oo do oo o oo o o oo o oo dodeTo To oo
%Whth This Algorithm computes the functions p and n such that %i%

W% p and n are increasing and f:[a,b]l-->R such that yANA
Wkt £ = p-n ~ yyyy,
%A% INPUT: £, a, x, and m yyry
%% QUTPUT: p and n oy

Il Tttt sttt et Todo et to s o o oo o oo et o T ottt to fo oo oo o oo oo o et e oo o o o oo
function [p,n] = bvi(a,x,m)

p=fi(a); % initial value of p
=0; % initial value of n
dy=(x~a)/(m+1): % the mesh size
for i=1:m+l
g=f (a+i*dx)~f1(a+(i~1)*dx);
if 8>0
pEprs;
elself s<0
EL-5 )
end
end
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ettty o e ot T o ot o sy oo e o o o o oo s oo oo o ot T P e
Wit This Algorithm computes the functions p and n such that %%%
%hh p and n are increasing and f:[al,b1l] x [a2,b2]~->R such %%%

%%% that £ = j Saud 3 %a/;%
Y% INPUT: f, a, x, and m yyy
%doth OUTPUT: p and n VA

Tt T ds oo toto o Tota ot to oo oo o o o oo oo ot fo ol oo o o o oo o oo o oo o o o o o
function [pf,nf] = bv(a,x,y,m)

p=-f(a(1),a(2)); % initial value of p
n=0; % initial value of p
dx=(x~a(1))/m

dy=(y-a(2))/m;

for i=1l:m
for j=l:mm
g=f (a(1)+ixdx,a(2)+j*dy) ...
+f(a(D+ (-1 *dx,a(2)+(§-1)*dy) . ..
~f(a(1)+(i-1)*dx,a(2)+j*dy) ...
~f(a(1)+ixdx,a(2)+(j-1)*dy);
if s>0
p=p+s;
elself =<0
n=n-s;
end
end
end

% to compute f(x,a(2))
for i=i:nm
s=f (a(1)+i*dx,a(2))~f(a(1)+. ..
(i-1)*dx,a(2));
if 8»0
pEx=pix+s;
elseif <0
nfx=nfx—-s;
end
end

% to computae f(a(l),y)
for i=1:mm

s=f(a(1),a(2)+ixdy)-£(all),...
a(2)+(i~1)*dy);

109

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



if s20
pfy=pfy+s;
elself <0
nfy=nfy-s;
and
end

nf=n+nfx+nfy;
pi=p+pfx+ply;
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A.2 Cell Exclusion Algorithim

In this appendix we present computer codes to compute the the global mini-
mum of a function [ for Cell Exclusion Algorithi 2.2.1. The first code is for the
case of one dimension. The second is for the case of two dimensions. Both codes
are written using Matlab implementation.

Dototo e o to e oo th e T o teTo oo oot Vo dato o o oo o oo Todo o o oo o o oo o o oo oo o Fa o Fofa o fo s o
Wht This Algorithm computes the global minima of a function %A%
Wit £:la,b]-->R such that f is monotonically decomposable %%k

%%% f = g - h %%%
W% INPUT: £, a, b o
%% OUTPUT: the global minima Yoy

Gttt ot f T ot s e To oo s ot o T ot Voo fedo e B o Fo e o e ta o oo o to oo foto oo ot
function cell_ex(a,b,Tol,choose)

% Tol = tolerance

% choose = 1 or 2

% if choose = 1, g and h are computed by D. A.

% 1f choose = 2 g and h are computed analytically

% Initialization

i=1;

3=1;

Check=1; % # of M. C. Checks

s=a/2+b/2;% the midpoint

global _min=f(s); % Approximation of the global minima
cellab(i,j,1:2)=[a,b]; % to keep track on the cells at level i
NumCell(i)=1; % number of cells at level i
IntLength=b~a; % the length of the interval ||dl|

while IntLength > Tol % While Loop if |ld|| < Tol
LastIndex=1;
NumCell(i+1)=0;
for k=1 : NumCell(i)
% compute g and h
if choose == 1 % use D. A. to compute g and h
[gh,hb]=bvi(cellab(i,k,1),cellab(i, k,2),100);
se=f (cellab(i,k,1)) ~ hb; % the condition g - h
elaeilf choogew==2
sg=g(cellab(i,k,1))~h{cellab(i,k,2));
and

if global_min >= gs
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NumCell (i+1)=NumCell (i+1)+2;

cellab(i+1,Lastindex,1:2)={cellab(i k,1),...
(cellab{i,k, 1)+cellab(i,k,2))/2};

g= (3%cellab(i,k,1)+cellab(i,k,2))/4;

M=f (5);
if M < global min;
ale=g:
global min = M;
end

Check=Check+1;

LastIndex=LastIndex+l;

cellab(i+1,LastIndex,1:2)=[(cellab(i,k,1)..
+cellab(i,k,2))/2,cellab(i,k,2)];

g= {cellab(i,k,1)+3*%cellab(i,k,2))/4;

M=f () ;

if M<global min
gl=g;
global_min=M;

end

Check=Check+1;
Lastlndex%LastIndex+1;
end
end
IntLength=IntLength/2;
i=i+1;
end
fprintf (g & %3.6f & Yg & %g ...
,i~1,global_min,LastIndex-1,Check)
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Tt IoTo T o toto o o T Te o o do s Toto s T T o o ot o o o T Fu o Fo oo 1 oo o o o o To o oo ot Vo dodo oo o Fo
%hh This Algorithm computes the functions p and n such that %%%

Wt p and n are increasing and f:[a,bl x [a,bl-->R such

%t that £ = p-n
%hh INPUT: £, a, x, and m
%% OUTPUT: p and n

Tothth
Wt
Wl
Tl

Tetotototalotalototolale ototuttuttolslosadodotolstate s o oo totorodefolo fote o tota Fotads odats o tads o o ode o oso ot

function cellex(a,b,Tol,choose)

% Initialization

i=1;

J=1;

Check=1;

sl=a/2+b/2;
global_min=f(s1(1),81(2));

cellab(di,j,1:4)=[a,bl;
NumCell (i)=1;
IntLength=norm(b~a,inf) ;

while IntLength > Tol
LastIndex=1;
NumCell (i+1)=0;
for k=1 : NumCell(i)
if choose==]

[gh,hb]l=bv(cellab(i,k,1),cellab(i, k,2),...

cellab(i,k,3),cellab(i,k,4),5);
ss=f(cellab(i,k,1),cellab(i,k,2))~hb;
elseif choose==
ss=g(cellab(i,k,1),cellab(i,k,2))...
~h(cellab(i,k,3),cellab(i,k,4));
end

if global _win >= ss
NumCell (i+1)=NumCell (i+1)+4;
Mid=([cellab(i,k,1),cellab(i,k,2)]+...
[cellab(i,k,3),cellab(i,k,4)]1)/2;

cellab(i+l,LastIindex, 1:4)=[cellab(i,k,1),...

cellab(i,k,2) ,Mid];
g= ([cellab(di,k,1),cellab(i, k,2))+Mid)/2;

M=f (s(1),8(2));
if M < global min
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sl=g;

global mins=M;
end
LastIndex=LastIndex+];

cellab(i+1,Lastindex, 1:4)=[Mid(1),cellab(i,k,2), ...

cellab(i,k,3),Mid(2)];
s= ([Mid(1),cellab(i,k,2)]1+...
[cellab(i,k,3),Mid(2)]1)/2;

M=f(s(1),8(2));
1f M<global min
pl=s,
global min=M,
end

LastIndex=LastIndex+1;

cellab(i+1,LastIndex, 1:4)=[cellab(i,k, 1) ,Mid(2), ...

Mid(1),cellab(i,k,4)];
g= ([cellab(i,k,1),Mid(2)]+...
[(Mid(1),cellab(i,k,3)1)/2;

M=f(s(1),8(2));
if M < global_min
sl=g;
global _min=N;
end

LastIndex=LastIndex+1;

cellab(i+1,LastIndex,1:4)=[Mid, ...
cellab(i,k,3),cellab(i,k,4)];

s= (Mid+. ..
[cellab(i,k,3),cellab(i,k,4)1)/2;

M=f(s(1),s(2));
if M<global_min
sl=g;
global min=M,
end
LagtIndex=LastIndex+l;
Check=Check+4;
end
end
IntLength=IntLength/2
i=i+]1;
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end
fprintf Clg & %3.658%g8%g’ ..
,i~1,global_min,LastIndex~1,Check)
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APPENDIX B

NELDER-MEAD ALGORITHM

In this appendix we present two computer codes that compute a local minimum of
a function using the Nelder-Mead algorithm that was discussed in Chapter 4. This
algorithm can find a local minima of a function if the initial point is close to the
minimum. It only requires the value of the function at a point. The idea hehind
this algorithm is to compute the valne of the function at three points and then to
drop the one that has maximum function value and replace it with a “suitable”
point. Sometimes it keeps the point that has minimum function value and replaces
the other two. The first code was written in Maple, and the second one is a Matlab
code. Both codes have the same inputs and outputs.

Procedure: We start our procedure by defining the initial simplex which depends
on x;. After that, we compute the value of the function at each vertex of the
simplex. Then we decide which step should we take; reflection, expansion,
contraction or shrinking and cousider the new simplex. We do this until
stopping criterion is satisfied.

INPUT: The function f, a starting point y, scaling value M and tolerence,

OUTPUT: Number of iterations and the vertices of the last simplex.
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B.1 Maple Code

LSS e R R s e s e E s s R R S s g
###  This program uses NM Method to find a local minimum  ###
###  of a function f : R"2 -~> R. Eidiz
#HH INPUT: £, x1, M and tol. it
#t# OQUTPUT: number of iterations, x1, x2 and x3. HitH
g B R i e e S S S S E S S e S S e b s e

A ERVES

4

restart:
### Defining £, and the simplex x1, x2, x3. ###
fo=(n,y)->100% (y-x"2) "2+ (1-x) " 2:
x1:=(~1,1):
M:=,0001:
tol:=10"(-16):
pl:=(sqrt(3)+1)/2%sqrt (2)*M:
ql:=(sqrt(3)~1)/2%sqrt (2)*M:
x2:=(pl+x1(1], qi+x1[2]):
x3:=(qi+x1{1], pi+x1[2]):
### The midpoint z0 and the stopping criterion ###
20 =(x2+x3)/2:
> cri:= evalf (((£(x1)~£(x0))"2+(f (x2)-£ (x0)) "2+ (£ (x3)-£(x0))"2)/2):

VOV VY YV VY YW

v

### Starting the loop until cri <= tol or the #i#4
### maximum number of iterations (100) achieved ###
for i from O while (cri> tol and i<101) do

sl:=evalf (f(x1)):
82:=gvalf (f(x2)):
g3:=avalf (f(x3)):

### Ordering the vertices ###
if ( 81>=g2 and s1>=83) then
xh:=x1:
if s2>=s3 then
bR
x):=x3:
alse
X& =3
x1:=x2:
end if
elif (82»=sl and 82»=s53 ) then
xhi=xd:
if 81>=53 then

VOV VOV OV VYV VY VYV VY VY VYV Y

17
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®l=x3
else
X8 =X3
xl =%l
end if
glse
xh:=x3
if s2>=gl then
X8 =X
¥li=x1:
alse
xsr=xl;
%1 =g
and if
apnd if:
x0:=(xa+x1)/2:
xr:=2%x0~-%xh;
sri=evalf (f(xr)):
ss:=evalf (f(xs)):
sli=evalf (F{zx1)):
if sr<sl then

Xe:=24%xr-x0:
se:=evalf (f(xe)):
if se<sl then

xh:=xe:  ### Expansion
else

xhi=xr: ### Reflection
end if

elae

if ss>=sr then
xho=xr: ### Reflection
else
shi=evalf (f(xh)):
if sr<sh then
xh=xy: ### Beflection
end if:
xe = (xh+x0) /2:
gcr=evalf (f(xc)):
if scr=gh then
xso=(xs+xl) /2 ### Shrinking
xho=(xh+xs)/2:
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alse

xh=xe ### Contraction
end if
end if
end if:
x1:=xh;
X2 =Xs !
£3=xl

sl:=evalf (f(z1)):
82:=evalf (£(x2)):
s3:=gvalf (f (x3)):

fmin:=min(sl,s2,s3):
if si=fmin then
Li=Cx101], x1[2], fmin):
2lif 82=fmin then
Li=(x2[1], x2(2], fmin):
else s3=fmin:
T:=(x3[1], x3[2], fmin):
end if:

end do: ### End loop

V VIV V V VIV VYV VY YV VYV Y YV Y YV VYV

### Final print of the vertex where the ###
##4 minimum value of £ occurs #Hi#
x1_value:=evalf (1{1]);
x2_value:=evalf (1[2]);
fmin_value:=1[3];
number_of_iteration:=i;

vV VvV VY
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B.2 Matlab Code

function [1] = nm(xt)

BRIt T to o s et o T o o e o Tt oo oo T o o oot Tl oo o oo o fafo oo o Pt o e

W% This program uses the Nelder-Mead Algorithm to find a
%4k local minimum for a 2-variable function z = £(x,y).

%%% The idea for this algorithm is to compare the values of
%is 3 points and drops the one that has maximum value and
%kt replaces it with a point that has value less than the
%h%h dropped one.

Tototh
Folots
b
hths
Holoth
Tloth

Tl tetotototototaTodae otelo oteto oo ot Totatata o e toshtta o oo ot ot adeta o oloda o oot o doda oot ot oo o

%k INPUT: the initial point
%%% OUTPUT: the minimum point (x,y,z)

M=1; % to scale the choice of p and q.

tol=10"-12; % stopping tolerance

p=(sqrt(3)+1) /2%sqrt (2) +M;

q=(sqrt(3)~1)/2%aqrt (2) *M;

x2=[p+x1(1) gq+x1(2)]; % the other 2 points are defined.
x3=[q+x1 (1) p+x1(2)];

x0=(x2+x3)/2; % the midpoint

i=0;

while % starting loop
(CED -£(20)) "2+ (£ (x2) ~£ (x0)) "2+ (£ (x3)~£(x0))"2) /2 > tol &
1<100)

i=i+l; 7 to compute the number of iteration

%td we define xh, xs and x1 such that
Whth £(xh) >= f(xs) >= f(x1)
if (£(x1)>=f(x2) & £(x1)>=f(x3) )
xh=x1;
if £(x2)>=f(x3)
xa=x2;
x1=x3;
elge
xE=x3;
X1=x2;
and
elseif (f(x2)>=f(x1) & {(g2)>=f(x3) )
xhex2
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1 £ (xL)»=f (x3)

xs=x1;
x1=x3;
alse
*e=x3;
xl=x1;
end
else
xh=x3;
if £(x2)>=f(x1)
Xe=x2;
x1=x1;
else
xs=x1;
x1=32;
end
end

%4t Replace the worst vertix.
*0=(xs+x1)/2;
xr=2%x0~-xh;
if £(xr)<f(xl)
xe=2%xr-x0;

if (f(xe)<f(x1))
xh=xe; %Ak Expansion
else
xh=xr; %A% Reflection
end
glse

if £(xs)>=f(xr);
xh=xr; %hh Reflection
else
if £(xr)<f(zh)
xh=xr;  %h% Reflection
end
xe=(xh+x0) /2;
if £(xc)>=f(xh)
xs=(xs+x1)/2;  %hh Shrinking
xh={xh+xs) /2,
else
zh=xc; Yih Contraction
end
and
end
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%h% the minimum point (x,y,z)
xl=xh;
X2=KG;
x3=x1
fmin=min([f(x1),f(x2),f(x3)]);
if Flx1)==fmin;

L=[x1(1) %x1(2) fmin];
elseif f(x2)==fmin;

1={x2(1) x2(2) fmin];
else f(x3)==fmin;

I={x3(1) x3(2) fmin];
end

end

%hh print the result
fprintf (’number of itertion is: %d’, 1)
if 1i>=100
fprintf (’\nAlgorithm reaches its maximum number of iteration 100’)
end

Wit Defining f

function [x] = £(x)
y=100%(x(2)-x (1) "2) "2+ (1~x(1) ) "2;
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ArprenDIx C

COMPUTER CODE FOR HOPF
BIFURCATION

In this appendix we present two computer codes to compute Hopf bifurcation point.
The first one is a Maple code which uses the Resultant Method. The second is
a Matlab code that uses the Bordered Matr Method. For each algorithm we
describe how the algorithm works, what the input and output ave, and finally we
present the code.

C.1 Resultants Algorithm

Included here is the Maple code designed to compute a Hopf bifurcation point
for a given matrix A. This code uses the Resultant Method as described in Chapter
6.

A procedure is defined for a given matrix A which depends continuously on
p, ¢ and . It locates the Hopf point by computing R for given values of p and ¢,

where R is the minimum positive value for which the matrix has a Hopf point.

Procedure: We first define the matrix A which depends on p, ¢ and R, then we
substitute p == Puia and ¢ = Qe After that we compute the matrix
(Al — A), then we compute the coeflicients of A that depend on R. Secondly,
we define the Sylvester Matrix S and its subresultants Sy and 5. Finally,
we make the test det(S) = 0 and det(Sy) - det(S;) > 0, to find all R values
that satisfy these conditions and take R to be the minimum positive value.

INPUT: Hopf parameter values piiiar and Qinsgiar. N 18 the size of the matrix.

OUTPUT: R will be considered as a function of p and ¢.

> SRR R R R R
> ### This program uses Resultant Method to find the Hopf  ###
> ### bifurcation point for a matrix A(p,q,R). it
> ###  INPUT: p, q and N. ik
> ### QUTPUT: R. ik
> R R AR S A A A A 4
» restart:
123
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> R_value:=proc(p_initial,q_initial,N)

> local AAR,i,],d,ve,r0,8,580,51 ,det_3,det _S0,det _81,dim,
> first_condition,solution,test hopf_test,index of i,
> first_min,mini,ind:

>  with(linalg):

> Arsmatriz(N,N,[....]): ### A:=A(p,q,R)

> ### Evaluate the matrix at fixed parameters

>  A_R:=evalf((subs(p=p_initial,q=q_initial,evalm(A)))):

> ### Compute the coefficients lambda for the matrix

> ### (lambda I ~ A_R)

>  for i from 1 to "N do

> CA_R[i,d) :=A_R[i,1]~lambda

> od:

>  evalm(simplify(A_R)):

> dr=(~1"N)*simplify(evalf(det(A_R))):

>  for i from O to N do

> ¢[i] i=coaff(d,lambda,i);

> od:

LS s S s e s L s s s s e e e s s e s s S e
### Compute the Sylvester Matrix and its Subresultants  #i#
B R S A R
re:=0:ro:=0:

HHHH#
### If N is even i

HiES R HE
if N mod 2 = 0 then

for i from 0 to (N/2)-1 do

re:= re + ¢[N-2%i]*z"i:
ro:= ro + c[N-2%i-1]*z"1:
od:
re:=re + ¢[0]*z " (N/2):
c[N]:=1:
S:=gylvester(re,ro,z):
if N=2 then
S0:=c0:81:=1:
else

S0 :=matrix(N-3,N~3):
for 4 from 1 to N-3 do
for j from 1 to N-3 do
if i < (N~2)/2 then
S0[1, 3] :=8[1+1,5+2]:

VoW OV OV OV OV VY VYV VYV VYV VY VY VY VY VY Y VYV
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else
S0[1, 4] :=801+2,3+2]:
fi:
od:
od:
Si:=matrix(N-3,N~3):
for i from 1 to N-3 do
for j from 1 to N-3 do
if j<2 then
if 1 < (N~2)/2 then
S1[4,31 :=8[i+1, j+1]:
else
S1d,3] :=8i+2,3+1];
fi:
alse
if 1 < (N-2)/2 then
S1li,j]l:=8[i+1,§+2]:
else 81[i,j1:=8[i+2,j+2];
fi:
fi:
od:
od:
fi:
HHESRRS
### If N is odd ik
H#
else
for i from 0 to (N-1)/2 do
re:= re + c{N-2%i-1]%z"1:
ro:= ro + c[N-2%i]*z"i;
od:
ciN]:=1:
S:=sylvester(re,ro,z):
if Ndim=3 then
80:=cl:81:=1:
else
80 :=matrix(N=-3,N-3}:
for i from 1 to N-3 do
for j from 1 to N-3 do
if 4 < (N~1)/2 then
80[i,j]:=8(i+1, j+21:
else
S0[i, 3] =8[i+2,j+2];
fi:

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv
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od:
od:
81 twmatrix(N-3,N-3):
for i from 1 to N-3 do
for j from 1 to N-3 do
if j<2 then
if 4 < (N-1)/2 then
S10i, 3] :=80di+1,j+1]:
else
S104,3]:=801+2,§+11;
fi:
alse
if 1 < (N-1)/2 then
S1li,j]:=8[i+1,j+2]:
else
S8101,3):=8[i+2, j+2];
fi:
fi:
od:
od:
fi:
fi:

VOV VYV VOV VY VY Y Y VY Y VY VY Y Y Y VY

HEHE B R A R
i Conditions for Hopf bifurcation point H##
S R R S
det_8:=det (8):
if N=1 then

D_80:=1;:

D_S1:=cx{1]:
else

det_80:=det(80):

det_S1:=det(81):
fi:
dim:=degree(det_5,R);
first_condition:=simplify(evalf(det_S)):
solution:=[solve(hopf)]:
test: :=vector(dim):
### We check for all Rs that are positive real numbers
for i from 1 to dim do

if (Im(solution(i]) = 0 and Re(zolution(il)>0) then

test[i] :=Re (solutionli]);
else
test{i] :=0;

VOV OV VYV VYV VYV VYV VYV VY VYV YV VY
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fi:
od;
##H# For each positive R we check 1if | 50 # 81 | » 0.
for i from 1 to dim do
hopf_test:=subs(R=test[i],det_SOxdet_51):
if (hopf_test> 0 and test[i]<>0) then
test 1] :=solutionlil;
alse
test{i]:
fi:
od:
##4# Now we define R Lo be the minimum of all Rs,
index_of ji:=1;
first_min:=test[1];
for 1 from 1 by 1 while test[i] = 0 do
first min:=test[i+1]:
index_of _i:=i+l:
od:
mini:=first_min;
ind:=index_of _i+1 ;
for i from ind to N do
if mini > test[i] and test[i]<>0 then
mini :=test[i];
£i;
od:
mini:
end proc:

0

i

\’VVVVVVVVVVVV\SV\?\?VVVVVVVVVV
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C.2 Bordered Matrices Algorithm

The following is a Matlab code designed to compute a Hopf bifurcation point
tor a given matrix A. This code uses Bordered Matrices as described in Chapter
L4
{

In this program, the matrix A depends continuously on one parameter R,
where all other parameters are assigned to real values. It locates the Hopf point

by solving the system 7.4.

Procedure: We first define the matrix A which depends on R. After that we
compute the value of i for fixed Ry such that (i, Ry) = 0. Then we compute

the value of R such that a(v(R), 1) = 0.
INPUT: Initial values vy and Ry.

OQUTPUT: New values v and R such that 7.4 holds.

TotototoTota o odoto 1o 1s oo oo foto o oo oo o oo oot To o o o e fo T fo o oo oot o oo o do oot o oo o o

%l This Algorithm solves for a Hopf bifurcation point YANA
%ht using the Werner method. Yohts
%%% INPUT: Initial values nu_0 and R_O %ot
%#h% OUTPUT: nu and R such that beta(nu,R)=alpha(nu,R)=0 YAYA

TootoTotutalalodododetotatolototalatao oottt ooto atata od foto oo oo oo tae ode fosatadte o o totatare o o oot

%ht A is defined as a function of R

function A4 = A_matrix(R)

%% matrix is defined to be the Bordered Matrix

function M = matrix(R,nu)

A =A_matrix(R);

n=length(A);

l=zeros(l,n);

1(1,10)=1;

r=zeros(n,1);

r(2,1)=1;

M=[A"2+nu*eyae(n) ,A¥r, r ;
1#A , 0, 0
1 , 0, 01;
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%At beta function produses the value of nu such that
%kt beta(nu,R_0) is a solution of the Bordered System
Wik where RO is fixed

function nu_value=beta(nu,R_0)

n=length(4);

b=zeros{(n+2,1);

b{n+1,1)=1;

=matrix(R_0,nul\b;

nu_value=x{n+2);

YoY% nur Function solves for beta(nu,B_0)=0
function beta_ O=nur(nu,R_0)

FEI

=)

fa = betala,R_0);
b=a~.1;

fb = beta(b,R_0);
%4h% Secant~Like method is used to solve for betal(nu,R_0)=0
pO=a,
pl=b;
q0=fa;
ql=1fb;
while abs(ql)>107(~12)
p=pl-qlx(p1~p0)/(qi-q0);
po=pl;
q0=ql;
pl=p;
gl=beta(p,R);
end
beta_0=pl;

%ifh alpha function produses the value of R such that
%% alpha(nu(R),R) is a solution of the Bordered System
function R_value=alpha(nu,R)
n=lingth(4);
=zeros(n+2,1) ;
b(n+1,1)=1;
x=matrix(R,nur (nu,R))\b;
nuvalue=x(n+1);

%hh tau function solves for alpha(nu(R),R)=0
function [R_value,nu_value] = tau{nu,R)

a=R;
b
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fa=alpha(nu,a);
b=a~-.1;
fb=alpha(nu,b);
Whh Secant-Like method is used to solve for alpha(nu(R),R)=0
pO=a; ‘
pl=b;
qO=fa,
ql=b;
while abs(q1)>10~(~12)
p=pl-qix*(p1~p0)/(ql-q0);
pO=pl;
q0=q1;
pl=p;
ql=alpha(nu,p);
end
R_value = pl;
nu_value=nur{(nu,pl);
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