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ABSTRACT OF DISSERTATION

GLOBAL M INIM IZATION OF HOPF BIFURGATION SURFACES W ITH 

APPLICATION TO NEMATIC ELECTROCONVECTION

This dissertation addresses two problems which freqixenfcly axise in applica.- 

tions; locating the Hopf bifurcations for autonomous systems of ordinary differ­

ential equations and finding the global minimum of contimious fiinctions. These 

problems are important in dynamical systems and optimization, respectively.

' The first problem is to locate Hopf bifiircation |)oi:nts of dynamical systems. 

Two approa.ches are used to find the Hopf points. The first approach i.s the polyno­

mial resultants method. In this method, the characteristic polynoniial of a special 

matrix is introduced a.nd then a necessary and sufficient condition for this poly- 

norriial to have two purely imaginary roots is given. The second approach is the 

Werner Method. In this method, bordered matrices a.re us(xi to classify the sot of 

matrices w ith rank deficiency two, at which Hopf points occur.

The second problem is to compute the global minimum of a continuous fimc- 

tion defined on a compact region. W% use two approaches to find the global min­

imum. The first approach is the Nelder-Mead method. This method at;tempt.s to 

find the minimum of a (jontiriuous function using only tiinctions values without 

using any information about derivativfxs. The second approach is thcx Cell Exclu­

sion Algorithm. We begin with some region on which we wish to detenniue the 

minimum. If  a cell fails the niiiiiniization <x)aditIou, it  is discarded. I f  a <’ell

ui
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satisfies the condition, it  is subdivi<led and the c:;onditioij, is then applied to the 

new cells. Rtr the miniinizatiorj condition, we choose the monotonicity condition 

and we then introcliKje the space of fimctions of bounded variation which contains 

all functions that have finite arcleiigth in l-dirnension. We consider the Jordan 

Decomposition Theorem and use it  in the monotonicity condition.

FiiialW  we apply those methods to the mathematical model of the electrocoii- 

vection in nema-tic liquid crystals. The surface to be minimized consists of Hopf 

bifurcation points and comes from a linear stability analysis performed on the weak 

electrolyte model and is used to test; prGvious algorithins and compare them.

In this disserta.tion we present the theory behind Hopf bifurcation and global 

optimization. We present both tv{>es of algoritlirns and give multiple numerical 

examples.

Ibraheem Alolyan 
Department of Mathematics 
Colorado State University 
Fort Collins, Colorado 80523 
Spring 04

IV
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2.2 Approximation of the minimum of /  =  sin(20a;)........................................ 17

2.3 Approximation of the minimum of f (x ,y )  =  {y — +  (1 — x f'. . . .  18

2.4 Approximation of the minimum of f {x ,y )  =  -  sm(lQxy). . . . 20

2.5 Approximation of the minimum of /  for Example 2.5.5.    20

2.6 Approximation of the minimum of /  for Example 2.5.6...........................  22

4.1 NMA for Example 4.3.1 w ith xi — (.5, .5) ...............................................  62

4.2 NMA for Example 4.4.1 where (r, =  (1 ,1 5 ,1 0 ) ...............................  64

4.3 NMA for Example 4 .4 .2 .............................................................................  66

6.1 Conditions for theorem 6.2.1 where n — 2,3,4,5........................................ 78

6.2 The values of ps at a neighborhood of (1,1) for exaniple 6.4.1.................  82

7.1 Some values fo r / i 2 are computed for Example 7 .5 .1 ................................ 90

7.2 Some values for /ig are computed in a neighborhood of (1,1) for Example

7 .5 .2   90

8.1 Approximation of the global minimum of of the surface R — R{p, q). . 98

8.2 The global minimum of of the surface R  =  R{p, q)....................................  99

8.3 Approximation of the global minimum of of tlie surface..R ......................  99

8.4 The global minimum of of i;lie surface* 11....................................................... 100

8.5 An approximation of tht:> global minimum.....................................................100

XI

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C h a p t e r  1 

INTRODUCTION

Mathematical models in science are usually nonlinear, often h>rmed by coinpli- 

cated systems of algebraic, ordinary differential or partial dift'erential equations 

and include a number of characteristic parameters. In problems of theoretical 

iixterest as well as engineering practice we are concerned with the dependence of 

solutions on parameters and partic.ulaiiy with the values of pa.rameters where quab 

itatively new types of solutions, e.g. new stationary solutions, oscillatory solutions 

or chaotic attractors appear (bifurcate). In this dissertation we w ill consider the 

global minimization of the surfaces of Hopf bifurcation points that may arise in 

miiltiparametric sta:bility problems.

This dissertation will address two problems: finding the, Hopf bifurcation sur­

face for autonomous sets of ordinary differential equations depending on parame­

ters and locating the global minimum of a continuous function of several variables. 

Tliese problems are important in dynamical systems and in optimization, respec-

The first problem we address here is the computation of the global minimum 

of a continuous function. We consider the case where /  : A C R" —» R is a 

continuous function and A is a compact region. This problem arises very often in 

global optimizatio,ii. We use two approaches to find th,e globa.J mini,raum.

The first approach is tlie Cell Exclusion Algorithm. Related algorithms have 

been used for many years in the area of interval analysis [12, 35, 48]. We begin 

with some regi,on, e.g. a cell, on wtiicli we wish, to determine the global minimum.
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Tlie algorithm is based on, a given optimization condition that can be applied to 

each cell. I f  a cell fails the condition, we know it  will not contain a point at which a 

function achieves its global miniinmn, and it  can be discarded. If  a cell satisfies the 

c;oadition, it  is subdivided and the condition is then applied to the new cells. For 

the minimization condition, we choose the monotonicity condition, l l i is  condition 

has not been used in the numerical investigation of global optimization. In fact, it 

has only been used in the case where /  is a polynomial I ’lie monotonicity condition 

was introdiiceti in [66] for finding zeroes o:f nonlinear systems of equations, and w'as 

then generalized to find the global minima in [17]. Tlie Cell Exclusion Algorithm 

is discussed in Chapter 2.

In order to use the monotonicity condition in the Ceil Exclu.sion Algoritlim, 

we first present the concept of functions of bounded variation [5, 43, 64]. Connec­

tion of the Cell Blxclusion Algoritlun w ith functions of bounded variation has not 

been discussed in the literature before. In this topic, we have inttoduced new defi­

nitions and theorems. The space of functions of bounded variation in l-dirnension 

contains all functions that have finite arclength, in particular, it includes Lipschitz 

functions. Among the properties of these functions, we focus our attention to Jor­

dan Decomposition Theorem which states that eadi function of bounded variation 

can be written as the difference of two increasing functions p and n. We define a 

weaker definition of increasing; that is c-increasing concept where e is a positive 

real number and we then introduce the Decomposition Algorithm. The space of 

functions of bounded variation is investigated in Chapter 3.

The Cell Exclusion Algoritlnn for minimization of general multivariate funo 

tions and the Decompo.sition Algorithm aix; the main contribution of tins diSiSer- 

tation. Therefore, several theorems and examples are presented in Chapters 3 and

2. Since this algorithm requires many evaluations of the function, we can use this 

algoritlnn to narrow down the size of t.he (-ell to get one or more cells in which the
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global minima may be and then apply orie of the methods that ciompiites the local 

miuiranm, e.g., Nelder-Mead Algoritlim.

Ttie second approach, is the Nelder-Mead method [50], This method is one 

of the direct search methods which are easy to program and does not reqthre 

derivatives [58, 63], Si,nce its publication in 1965, the Nelder-Mead algorithm has 

!:>econie one of tlie wide.ly used methods for iionlinear unconstrained optirnization. 

The Nelder-Meiwi .method attempts to .find a locsal t,ainirmim, £(.«• a scalar-valued 

nonlinear function of n real variables using only ftmctions values without any 

derivative informa.tion. (explicit or implicit) [40, 46, 52], The algorithm for this 

method and some examples are discussed in. Chapter 4,

The second problem we address in this di.8sertatiori is to compute numerically 

Hopf bifurcation points of dynamical systems [24, 30, 47, 62]. We consider the 

dynamical systems i; =  wliere x € R” , p € E” ' and /  : .1.”  is

continuously differentiable. Then the stability of the stationary solution (;c(/t),/.i) 

of f{x ,j, i)  ~  0 chauges at a Hopf bifurcation point which can be cha.racterized 

by computing the eigenvalues of fx{x(j.i), (j.) [30]. We discuss Hopf bifurca,tio.n 

points and give introductory information about Hopf points in Chapter 5. We 

use two approaches to find the Hopf bifurcation points for the dynamical systems 

i- =  f(x ,^ i).

The first approach is to use the characteristic polynomial of the matrix /a,(»(^), 

fi) (see for example [10, 11, 37, 41, 56]). In this approach we define the Sylvester 

matrix and the resultant of two polynomials. After that we give the necessary and 

sufficient condition .tor a characteristic polynomial to have two purely imaginary 

roots [29]. This method is known as the polynomial result.ants ir.iethod and is dis­

cussed in Chai:)ter 6. This method can often be numerically unstabhc Theref£)re, 

we w ill need to use anotlKjr approadi if  the di.mensioi.i of thi.s rnatri.x is high. How­

ever, the polynomial resultants method can be used to find the starting wilue of p 

in the second approacdi.

3
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The second approadi is known as the bordering method [6J]. This is a recent 

method which is finding widespread nse to compute Hopf Irifiin'ation points. In 

this method, bordered mat.rices are used to chissify the set of matrices with rank 

deficiency two, at which Hopf bifurcation occurs. A necessary and suiicient con­

dition for a matrix to have two purely imaginary (sigenvalues is given in Chapter 

7. This method (-an be used for higher (fiinensional matrices.

Both apfiroadies are discussed in this dissertation and numerical algorithms 

are written to find the Hopf bifurcation points. Ih.irthennore, examples are pre­

sented to illustrate how these algoritlirns work.

Finally, in Chapter 8 we w ill apply those methods to tire mathematical model 

of electrocoiivection in nematic li(|uid crystals. This system is studied in detail in 

[13]. The surface to be minimized comes from a linear stability analysis performed 

on the system of partial differential equations describing tlie weak electrolyte model 

for the electroconvection of Nerna,tic Liquid Crystals. We apply the bordered 

matrices algorithm to numerically compute the surface. Then we compute the 

global minimum of this surface in a box using the cell exclusion algorithm to get 

smaller boxes at wdiich the global minimum is guaranteed to be in. After that we 

apply the Nelder-Mead algorithm to these boxes and we obtain the global minimum 

of the surface.
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C h a p t e r  2

CELL EXCLUSION ALGORITHM  FOR 
OPTIM IZATION

We consider the constrained minimization prol)lem

min f ix ) .

where /  : E ”' —> S  is a continuous function and A C M"' is a tie ll In order to solve 

this problem, we use the Cell Exclusion Algorithm. Related algoritlmis Iiave been 

used for many years in the area of interval analysis to solve systems of equations 

[12, 35, 48]. One can easily describe the basic structure of such an algorithm. We 

begin with some region, e.g. a cell, on which we wish to determine the global 

minimum. The algorithm is based on a given optimization condition that can be 

applied to each cell. I f  a cell fails the condition, we know it w ill not contain a point 

at which a function achieves its global minimum, and it  can be di.scarded. If  a, cell 

satisfies the condition, it is subdivided and the condition is then applied to the new 

cells. This leads to a recursive algorithm. We will investigate how a cell exclusion 

algorithm may be used to find the global minimum of /  on a cell A. In Section 2.1 

we give some introductory definitions about cells and partitions. In Section 2.2 we 

describe how a cell exclusion algorithm works and write a general algorithm. We 

then prove in Section 2.3 that this algorithm coimM'ges to the global minimum. 

In Section 2,4 we give the minimization condition and then conclude this chapter 

with some numerical examples in Sechion 2.5.
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2.1 Introductory Definitions

We coiisifler the constrained miiiiinization problem

:Quii/(.r), (2.1)

where /  : R”  —> R is a continuous function and A C E ”' is a cell. We now give

the definition of a cell and othej’ background definitions tlia t w ill be used in our 

algorithm. These definitions are based on [3].

D efin ition 2,1.1 (C ell). A set a  is said to be a cell if it is an n-dimensional

region of the form
n

O' =

where an , aî  G R, an <  an, i ~  1 ,. . . ,  n.

(M id p o in t) Tlie midpoint of a cell a is defined to b(3

5 (0 -1 1 + 0 1 2 ) \

+a„2) /

(M esh Size) The mesh size of a cell a is defined to be |lei(r||, where

/  On \
d tff  . —  ;

y O'nl j

We can use any norm to compute ||do-||; however, unless otherwise noted, the 

norm which we use is the infinity norm. We now define the partition of a cell and 

its refinement.

Definition 2.1.2 (C ellular P artition ). Let F be a finite set of cells and let A. 

be a cell in R", We say that F is a cellular partition of A if

'I- A =  U .€ t'^ '

2. I f  (Tj, (T2  € r ,  then ctj f1 a2 a common foce of ai and o-g or o'l n  0 5  =  9-
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3. The mmiber of cells, a 6 T such tlia t a f l A ^  f  is finite.

D e fin it io n  2.1.3 (lle fin e m en t). Let I ’ l a-nd i>e fuiy two cellular partitions of 

A. r ’ 2  is said to be a refinement of T’l if for ail ff2  € Fy there exists cri e Fi such 

tiia t a-z C at w itii strict inclusion iiolding in at least one case. We also say I'b is 

finer than Fj.

A cell ex.clusion algoritlim looks for a global miniruum in some in itia l cell A. 

As tlie algorithm executes, A is partitioned into successively refined |>artitioris. We 

give the explicit formulation for the algorithm in the next section.

2.2 Cell Exclusion Algorithm

A cell exclusion algorithm systematically discards cells as it progresses. In

order to do this, the algorithm makes use of some test which, we w ill refer to as a 

mirdmization condition (M. C.). A minimization condition is a necessary, but not 

necessarily sufficie,iit, condition which must be satisfied if  a global minimum point 

is present in a cell. Therefore, if  a cell fails the minimization condition, we know 

it does not contain the global minimum and may be discarded immediately.

D e fin itio n  2.2.1 (M in im iza tio n  C ond ition ). A minimization condition is a 

computationally verifiable necessity test for the presence of a global minimum in 

a cell.

The algorithm is based on a given sequence of refining partitions I';, and uses 

at each .stage a given minimization condition to exchide all cells which cannot 

contain the global minimum of / .  The remaining cells are then stored in ilk-

D e fin itio n  2,2.2 (,M /(A )). We define A if{A )  to be the set of i.)oii:its wliere a 

function /  : A C R” ■“-> R attains its global ruiuirnum in tlie cell ,A.
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Figure 2.1: Illustra,tioii of the set.s 12?..

D e fin it io n  2.2.3 (12^). The set of cells whicli satisfy the minimization condition

oji the /;:*’* level of partitioning is called fk, (see Figure 2.1).

D e fin it io n  2.2.4 The set of cells which result when undergoes one

level of paj’tltioning is called Fk-

Here is the general minimization algorithm which we will use to obtain the 

global minimum:

A lg o r ith m  2.2.1. [17]

1. Let r *  be the sequence of cellular partitions of A defined above with Fo =  {A} 

such that Fjfe+i is finer than F*.,fc =  0 ,1 .. . ,  and the mesh sizes \\dk\\ - *  0 as 

k —* oo. Let Mfc be the current approximation minimum value generated by 

the algorithm at level k.

2. Let /  : A C M”  E.

3. We assume tlxa.t a given minimization condition can be implemented for each 

cell a with midpoint me and u C A.

4. Set- Qq {A }, M q *- /(m ,\). (Initialization)

5. R)r k = 0 ,1 ,2 ,.,.

I f  1141 < tol,
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then print Mk.

Else

0 /,+i <■— it>.

Mk+i <—■ Mfc.

For O' € T'k+i such that cr C r  for some r  € ilk

I f  <j satisfies the miniiniza:tion condition, 

then ilk+ i i^k+i U { it} .

For (7 G ilk+ i

I f  f(m ^) < Mk+u 

then Mk+'i

Note that <  miQffcnfc and {M /.} is a decreasing sequence.

2.3 Convergence of the Optimization Algorithm

The sequence we obtain using t'he minimization Algorithm 2.2.1 does indeed 

converge to the global minliniim /  :=  f {x)  for some x. e A.

Theorem  2.3.1. [17] Lei /  : A C R” E  be a continuous function on some cell 

A, and let x £ M f{A ) . The decreasing sequence of values {M k} generated by the 

minimization Algorithm, 2.2.1 converges to the global rninirnurn f  =  f i x ) .

Proof. Since /  is uniformly continuous on A, for every e >  0 we can find a S >  0 

such that

j|;i; -  y|| < 5 => |/(:f) -  f {y)\  < e V;c, ;y € A.

Since X G M f ( A ) ,  it  follows tliat x € ay C A for a s(X}uence of cells with

mesh vectors dk and midpoints rrifc sucii that \\dk\\ —> 0 as k <X).

For sufficiently large k, we have

llrufc -  x|| < 5  ^  f{rn.k) -  f i x )  < e
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and as a, result f { : i )  < Mk <  f i ’fM) < f{S‘) +  Thus, since e is ar'bitrary. .M  ̂

must api:)roa.ch f { x )  as k  oo. □

The following lemma shows the tlie relationship between the global mininumi 

/  and its a,pproximation M'k at level k.

Lem m a 2.3.1. Let /  be on A and let /  : A C M” R attain its global minimum 

at a regular zero point, x, of the gradient on the interior of the cell A, then

Mk < f {x )  +  C ^ d k f

where Mk is the sequence defined in the rmnirnization algorithm S. 2.1, dk is the 

sequence of mesh vectors in Qf.,, and C is some positive constant independent of k.

Proof. The subdivision process ensures that \\dk\\ 0 and

Mik <  in in f{ in ,j)
O&lk

We know that x  G a for some cr £ ilk  with midpoint m„. We now expand f  about 

X  and we get

f { r r ia)  -  f { - i )  =  “ (wo- -  ■xfHf{x){ rn.^  -  x)  +  0{\ \ma -

because the gradient of /  vanishes at x. Here Hf{x)  is the Hessian matrix of /  at 

X .  Since x is a regular point of the gradient, there exists a constant A* such that

0 < A* =  ||/f/(5:)||.

Thus, for sufficiently large n we may take C larger than A* and neglect the term 

0(|jrri,o -  x||'*) to get

f { m ^ )  -  f i x )  <  C\\npr  -  x j p  i \ 4  <  f l rna )  <  f ( £ )  +  C | | 4 | | ‘ ' .

□

10
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2 .4  M inimization Condition

There are several choices for the minimization condition (see firr example [17]); 

neverthelesH, we choose the monotonicity condition. I'h is condition has not been 

previously used in the uuiru^rical investigation of global optimization. In, fact, it has 

only been used in the case where f  is a polynomial. The monotonicity condition 

was introduced in [66] for finding zeroes of noiilineax system of equations, and was 

then generalized to find the glol)al mini,ma,. in [17].

D efia ition  2.4.1 (M onotonlcally Decomposable). The ftmcticm /  : M” E 

is said to be ruonotonically decomposable if  there axe two increasing .ftmctions g 

and h siK:h tlia t f  =  g — h.

Given a cell <r, we define the “lowermost” and “iippennost” corners, £  and W

respectively, of the cell as follows

£ =  (a ii.a a i,. . .

a =  (a-i2 , 022, ■ ■ - , On2)-

Notice that all polynomial systems are monotonlcally decomposable. If we 

consider a positive domain, we can decompose the polynomials according to terms 

having positive and negative coefficients (see Example 2.4.1). I f  we consider a 

negative domain, we can expand the polynomials about the lowermost corner of 

the cell then decompose the polynomials according to the positive and nega,tive 

coefficients of this expansion (see Example 2.4.2).

Exam ple 2.4.1. Consider the following polynomial with A =  [1,3]:

f(:i:) ~r; (;E — l)(;c -  2)(a: ~ 3) =" +  Ih'c 6

We may tate g(.v) =  ;.v'̂  + H x and h(x') =  + 6. Indeed, f ( x )  is monotonically

decomposable on A with f (x)  =  g(x) — h(:v).

11
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E xam p le  2.4.2. Consider the following system of polynomials, /  : 1.'̂  -•> E, 

f {x )  =  i j \ { x ) , f ‘2(:x)), w ith A =  [-3 ,3 ] x [-3 ,3 ]. and

=  (x i + 1)3: ,̂

h(jKt,X2) =  4  1-

Expanding j ’(x) a.round (-3 , —3)j we obtain

~  {xi  +  Z'){x2 +  3) -  3{xi  +  3) -  2{;C2 +  3) +  0,

f2{xi ;X2} ~  {x2 +  3)*'̂  6(;t:2 +  3) +  8.

Thus, we may take the functions

g, h : R" R

to be g{x) =  (gi{x),g2(x)), with gi (x i ,X2) =  (a’l +  3)(;ra + 3) +  6, g2{xi ,X2) =

(;r2 +  3)’-̂ +■ 8 and h{x) =  {hi{x),tv2(x)),  where /i:i(xM,a;2) =  3(x] +  3) +■ 2(.r2 + 3),

h^ixi,X2) =  6(;E2 +  3), I t  is easy to see that f {x)  is monotonically decomposable 

on A w ith  f {x)  ~ g(x) — h{x).

The following theorem can be applied to give an exclusion test for a cell to 

have a global minima [17].

Theorem  2.4.1. Let cr be a cell and f  : R" —> E be a Lipschitz. function, then f  is 

monotonically decomposable with f  =  g — h. Moreover, i f  M  € R and gfh satisfy 

the following condiMon:

-  h{lf) > M,

then f  does not attain a value smaller than or equal to M  in a.

Proof. Sinc:e /  is a Lipschitx function, /  is monotonicaJly’ def:oi:nposal:)le from tlie 

Jordan Tlieorem , By rnonotoiiicity, g{a) -  h{W) < g ixf -  h(x) =  f {x )  for all 

X € a. Thus, if  M  < g iji) -- h{a) tJieii M  < f {x )  for all x & a. □

12
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Suppose that /  is a Lipschitz function that is defined on a. cell A, then w(j 

can define the funciions g and h so that g and h are increasing oii A'. Then use 

tliese functions for the minimization condition, in Theorem 2.4.1. However, most 

of the cells a w ill satisfy the condition g(g:) h{W) > M : bherefo.re, we need to find 

another wa.y to improves this condition. In feet, it suffices to clioose g a;iKl h such 

that they are increa.sing in the .sinall cell cr. Consequently, for each, cell a we should

compute the functions g and h sudi that /  =  g  h and g and h are increasing in

cr. We illustrate tliis idea in Example 2.5.1 in i.he ne,xt sectio.n.

2.5 Numerical R.esults

In this .section we use Algorithm 2.2.1 to find the global rniriirn,a of several ex­

amples. We have programmed a Ma.tlab implementation to solve the.se examples. 

We described a method to find the functions g and h if the function /  is a poly­

nomial. In the next cha.irtcr, Chapter 3, we will give another way to compute the 

functions g and h so that they are increasing in each subintervals of the domain. 

The first example shows the advantage of choosing g and h to be increasing in each 

subinterval rather than choosing g and h to be globally increasing on [a,b].

Exam ple 2,5.1. Let /  : [--3,2] M, be defined by

f {x)  =  +  4x'̂  — 12x'̂  +  4.

We plot the function /  in Figure 2.2 and we can see that this function .has its 

global minimum at the point (—2, —28). We will compute the functions g and h

using two different approaches.

1. The first approach is to compute g and h analytically. Since wr; turve a nega­

tive domain we expand /  aboih; the point -A  a,nd decompose the polynomials

13
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-10

-30,

Figure 2.2: The plot of f {x )  = 3,'c‘* +  4x'  ̂ -  12aF +  4.

g and h ac::c:ording to the positivf; aiid negative coefficients of this expansion. 

Expanding j ' {x)  about the point —3, we get

f i x )  =  Z{x +  3)^ -  32(x + 3)'* +  114(a; +  3)^ -  144(2; +  3) + 31.

We now define g and h to be

g(x) :=■ 3(.'t; + 3)  ̂ -f- 114(.i; +  3 ) “ T 31. 

h{x) 32(;X’ +  3)'̂  +  144(;i’ H- 3).
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(a) The l'unct;ion <7(a;). (b) The  function h{x).

Figure 2.3: The functions g and h for Example 2.5.1

Figure 2.3 plots the functions g and h in the domain [- “3,2j. We can see 

immediately that. thes() functions are increi:ising very faat and therefore, we

14
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tlo not expect the condition g { a )  hi'a) > M  to be strong enough to discard

colls. Fbt example, if  we consider the cell [1,2] then g{l )  -  h(2) =  —2()97 

a value much smaller than /  =  ■™28. Now we consider a smaller inteia'a!

[1.9,2] and then we have (/(1.9 )    h{2) =    222.42 which is again sirialler

than /  =■ —28.

2, The second approach is to use, the decomposition algorithm, wliicli will bcj 

described in Chapter 3, to coiripute the fimotioim g a.nd h for each ceil a. In 

this algorithm we compute g{ i )  ~ h{2) =  ~-5.33 which is greater than /  =  

—28; therefore, this cell can be discarded trom tire Iregirming, This problem 

was numerically solved using a Matlab implementation. The measure of 

tolerance is given by the cell size. Consider a cell a w ith mesh vei;tor d. I f  

(T satisfies the minimization condition and 2||ci|| <  tolera:n<;e, then a is in 

Q. We now apply Algorithm 2.2.1 w ith tolerances equal to .1, .01, .001 and 

.0001. The results appear in Table 2.1 where M. C. C. ineaii.3 Miiiiniization 

Condition Checks and D. A. mea,ns Decomposition Algorithm.

Analytically D, A,

Tol Level f Cells in Q 'M. C. C, Cells in a M. C, C.
0.1 6 “1 -27.991287 60 121 2 15
0.01 9 -27.999965 194 653 4 23
0.001 13 -28.000000 298 1427 4 33
0.0001 16 -28.000000 838 3275 2 39

Table 2.1: Approximation of the minimum of /  =  dx* +  4a"* — 12.r/‘* + 4.

We can see from Table 2.1 that the decomposition algorithm requires much, less 

computation than the a.nalytic approach. The reason for that, goes ba,ck to the 

way g and h were constructed analytically. They are r(:!(|uired to be increasing on 

the whole intervfil. [-3 ,2 ]: therefore, g and h are increa,sing very fast in such away 

that it  is difficult to check the M, C. in Figure 2.4, we fix the tolerance to be ,0001

15
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(a) g, h computed analytically (b) g, h computed by D. A.

Figure 2.4: The refinement of [—3,2] for Example 2.5.1

and apply Algorithm 2.2,1 to /  using the two approaches that we discusstKl. We 

keep intervals that satisfy the M. C. and discards other intervals.

If  /  is not a polynomial, we might need to use the decomposition, algorithm. 

The following exa,mple involves the sine function.

Exam ple 2.5.2. Let /  ; [0,1] R, be defined by

f { x )  =  siii(20a:).

O.B

0.4

-0.4

0,g 0.4 0.6
X

(a) T lie  .fiirictioii f { x )  — $m{20x). (b) .B-efinomcu:it of th^ doriiain.

Figure 2,5: The function and the refinement of the dornain for Example 2.5,2

16
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The function /  has 3 glol)al miniraizers in tiie interval [0,1,]. The gk)bal miiiiirmin 

is /  =  — 1 . 'We plot the function f {x )  in Figure 2.5(a). Since this furuhion is not a 

polynomial, we carmot readily compute a;ii explicit formula for the fimctioiis g and 

l i . Therefc):re; we use the decomposition algorithm to compute the global minimuni. 

We compute the number of levels needed to achieve the desired tolerance, the global 

minima, tl:ie number of cells in, 0 , and the number of checks for the minimization 

condition. Table 2.2 sl.iows the results for different choices of Tole,rance. In Figure 

2.5(b), we plot the refinement steps and we can see that Algorithm 2.2.1 refines in 

a neigliborhood of the three minimizers.

Tolerance Level / Cells in 0 'M. C. Checks
4 ^1)(975626" ..

0 . 0 1 7 -0,999914 8 43
0 . 0 0 1 1 0 - 1 . 0 0 0 0 0 0 6 61

0 , 0 0 0 1 14 - 1 , 0 0 0 0 0 0 6 87

Table 2.2; Approximation of the minimum of /  =  sin(20x).

We now give other examp,les for functions in two variables. 

Exam ple 2.5.3. Let /  : [—2,3] x [—3,3] — R, be defined by

Figure 2.6: The function /(x ,  y) =  (y ~  +  ( 1  — x)^

17
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This fiuKJtion is a wcjll known test function in optimization that lias its global 

minirrmm 0 at the point (1,1), We plot the limfhion in .Pigiire 2.6. We

define the functions g and h analytically by first expanding f { x , i j )  about (-•2 , "-3) 

to get

/(» , y)  — (x +  2)'̂  — 2(y +  3) (a; +  2)"* — Six +  2)'* +  8(.i; + 2)(y H- 3) +  [y +  3)^

+  31(.t; +  2 f  -  62(.t +  2) -  14('|/ +  3) +  58.

Then we decompose the polynomials g and h according to the fiositive and negative 

coefficients of this expansion to get

< ; ( ; £ ,  y) =  {y  +  3)“ +  {x +  2)'* - f  31(.:r; +  2 ) ^  +  S{z  ~ f  2){y  +  3) +  58, 

h{x, y) =  2{y +  3)(;r +  2}“ +  Six +  2)^ +  62(j -+• 2) +  14(y +  3).

Anah^tically D. A.
Tol Level / Ccdls in Q M, C. C. Cells in i l M. C. C.
0 . 1 6 0,000978 3664 4977 96 325

0 . 0 1 1 0 0.000004 - “ 96 721
0 . 0 0 1 13 0 . 0 0 0 0 0 0 - - 104 1017

0 . 0 0 0 1 16 0 . 0 0 0 0 0 0 - - 96 1309

Table 2.3; Approximation of the minimum of f{x , y) =  [y — x?)'  ̂+  (1 — x)~.

We then compute the functions g and h using the decomposition algorithm. Finally, 

we apply Algorithm 2.2.1 with tolerances .1 , .01, .001 and .0001. The results appear 

in Table 2.3. In the case wliere g and h are computed analytically, we can S(3e that 

the number of cells is large even for Tol =  0.1; therefore, we do not proceed in this 

direction. Figure 2.7 illustrates the level sets of the function /  and the refinement 

of the domain in the ca.ses where g and h are computed a.nalytically and when they 

a,re computed lisiiig the decompo.sition algorithm.

We ntjw present an example where the function f (x .  y) oscillates several times 

in the ;r-directlon and in the y-direction.

18
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:

(b) <7, h corapiitwl analyti- (c) g, b compul«d by I), A. 
cally

(a) T Im? kn'el sets of /

Figure 2.7; RelTneme.nt of tlie domain for E]xa.Tnple 2.5.3

E xam ple  2.5.4. Let /  : [-“ 1,1] x [■-1,2] —> 11, be defined b,?

f {x ,y )  =  ar- + r"  -  sin(lCte-y).

Figure 2.8: The function f { x ,y )  =  xr +  i f  — sin(10;t;;//).

We plot the function f {x ,y )  in Figure 2.8. Note that /  is symmetric in the sense 

that f{x ,  y) ~  /(y , x). Since this function is not a polynomial, we cannot compute 

an explicit formula for the functions g and h . Therefore, we compute the functions 

g and h using the Decomposition Algorithm. Finally, we apply Algorithm 2.2.1

with tolerances .1, .01, .001 and .0001. The results appear in Table 2.4.

Figure 2.9 illustrates the? level sets of the function /  a,nd the refinemeut of the 

dornain where g and h axe computed using the decomposition algorithm,

TI:u3 following exa-mple is taken from [34] wheix! the function /  has two global 

minimizers.

19
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Tolerance Level Cells in i i “ ^L 'c rC lm c is .
0 . 1 5 .().7i)33(i,3 1 1 2 373

0 . 0 1 9 -0.70590J 60 625
0 . 0 0 1 1 2 -0.705908 72 817

0 . 0 0 0 1 15 -0.705908 56 1005

Table 2.4; Approxima:tioii of the miiiimiirn of f {x ,y )  =  3r +  ' i f  ~~ Hm{10xy)

(b) RefineniCTit of the donjain.(a) The level .sets of / .

Figm-e 2.9: Refinement of tlie doniain for Example 2.5.4

Exam ple 2.5.5. Let /  : A ;= [-10,20] x [ - 3 ,10] R, be defined by

1
/(.X', y) — 4a;̂  — 2 . la:'* +  +  xy -  Ay^ +  A i f .

This test function is known as six hump camel back function and it has two global 

minimizers in this region. We plot, the function /  on A in Figure 2.10(a) and then 

plot /  in a neighborhood of its minimizers in Figure 2.10(b).

Tolerance Cells in Q Cells in 0  in [34]
0 . 1 9 105

0 .1 / 2 1 0 149
0.1/4 1 1 291
0 .1 / 8 1 2 571
0.1/16 13 1140

Table 2.5: Approximation of the minimum of /  for Example 2.5.5.

We use the decomposition algorithm to compute the global miuimum and we get 

/  =  —1.02935208. In Table 2.5, we comp<ire the number of cells we obtain with 

the number of cells in [34].

20
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(a) The function / .  (b) Close look at /  near the I'Mininiizers.

Figure 2.10: Tlie function f (x ,  y) =  4;:ĉ  -  2.la;"* + l/3a;‘’ +  x y  4|/^ +  4y‘̂

Figure 2.11 shows the level sets of /  and the refinement step for Tol =  0.01.

« f ( ' ) ) } )  ' ( m

(a) The level sets of / . (b) Refinement of the (ioraain.

Figure 2.11: Refinement of the domain for Example 2.5.5

We conchide this chapter with an example that has infinitely tnaiiy minimizers 

and we see that our algorithm capture the global minima and makes refinements 

in the circle where this function has its global minima.

Exam ple 2,5.6. Let /  : [—8 , 8 ] x [—8 , 8 ]  E be defined by

s ir i(v ^ ^ +  ;//* + c,„ach)

V  ^  * "b U" "i" .̂'insjch

where is the machine c. This function has iniinite global nilnimizers as can 

be immediately seen frrjm its graphical representation in Figure 2.12. We use the

21
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Figure 2.12: Tlie function /(a;,?/)
sin(yg^' H" 'i/̂  +■ e«iach)

+  fiuacJi

Tolerance Level / Cells in Q M. C. Checks
1 4 -0.216998 108 193

0.5 5 -0.217210 252 445
0 ,25 6 -0.217229 520 965

0 . 1 8 -0.217234 2252 4353

Table 2.6; Approximatio.n of the minimum of /  for Ekample 2.5.6.

decomposition algoritlim to compute g and h then use Algorithm 2.2.1 to find 

the global minimum and we get f  =  —0.217234. We see from Table 2.6 that the

niunber of cells is 2252 as expected.

Figure 2.13 .shows the set level of /  and the refinement step for To! =  0.1.

(b) Rcifiuciineiit of the domain.(a,) The level sets of / .

Figure 2.13: Refinement of the domain for Example 2.5.6
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C h a p t e r  3

FU N C TIO N S OF BOUNDED VARIATION

In Chapter 2 we tbnnulated a cellular exclusion algorithm Ibr functions which 

can be expressed as a difference of two inonotoiie functions, Fbr this reason we 

study liow to construct such a difference. Functions of bounded variation can 

be expressed as such a difference and lience we can briefly review the concept of 

€-increasiiig. This concept is introduc;ed to find the difference of two functions 

numeric8.11y. I t  can also be used if  we do not have an, explicit fonnula for the 

function, i.e., in the case where we have a black box that gives the behavior of the 

function at each point.

The notion of functions of bounded variation (FBV) plays a very significant 

and important role in the theory of real functions [5, 38], measure and integration 

[19, 20], partial differential equations [25, 45], numerical analysis [25, 26], applied 

mathematics [18, 42], mathematics ecorioiiiics, optimization and optimal control 

[64], Moreover, there has been increasing interest in these functions because of 

their importance in Fourier series and probability theory [60].

The space of functions of bounded variation contains all functions that have 

finite arclength, in pa,rticular, it i,acludes Lipschitz iimctions, functions that are 

(i.e., have continuous first derivative), monotone functions, ... etc. In the litera­

ture, several, properties of these functions have bt;e.u disc;us.sed in one dimension, 

e.g., [5, 60, 64, 6 8 ] and in higher dimensions [1 , 43, 44], W<? Ibcus our a,ttention i;o 

one of these properties that will be used in implementing the Cell Exclusion Al­

gorithm. This property i.s known as Jordan Decornpositian and it states tl,iat each

23
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funcfcioxi o f bounded va,riation can be written as the diffijrcsnce of two increasing 

functions p and n. In Se<d.ion 3.1 we give general information about FBV in one 

dimension and sta-te the Jordan theorem. In .Section 3.2 we writ-.e the Decornpo- 

sitio'fi Algorithm S.2.1 to find p and n. This alg'orithm produces two functions p 

and n tha t a.re not increasing; therefore, we define another concept of increasing 

tlia t is €-ii:icreasing where e is a positive real, imniber. We tlje,n prove, in Tlieorcaii 

3.2.1, that the functions p and n, computed by Algoritlim  3.2.1, are e-increasiiig 

U-uder certain assiimptio,ns. Then we generalize our disGussion to functions in N  

dimensions in Sections 3.3 and 3.4.

3.1 Bounded Variation in One Dimension

In this section we will point out .some properties of lunctions of bounded 

variation in one dimension. Let /  ; [a, 6 ] R be a function and let n ~  (a;.; € 

[a,6 ] , i  =  0 ,1 ,... ,n  : a ~  xq <  x\ <  . . . <  a;„ =  b} be a partition of [a,b]. The 

variation of /  over tt is the nomiegative real number

i-yl

D e fin it io n  3.1.1. I f  P and A are two partitions of [o, 6 ], then F is finer than A if

A c r.

The variation of /  over A will either increase or at least be the same if we add 

more points to A. In other words,

Proposition 3.1.1. I f T  and A are two part/itions of [a.b] and F is finer than A 

then

The proof of this theorem is standard and can be found in [6 b]. We define 

next the concept of osciMatwn of a function.

24
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D e fin it io n  3.1,2. We say that a coutiruions fimctioii /  : [aji] —+ IR oscilUdes k 

times on, the interval [a,b] i f  there are exactly k points si,S2, ■ ■. ,i^k S («sb) sitcb 

that fbr all i  ■— the value f (s i)  is either a strict local maximum or a

strict local miiiiimim. I f  the fiincfcion /  has an infinite number of maximum and 

minimum points o,ii (a, 6 ), we say that /  oscillates infinitely often.

Exam ple  3.1.1. I. The function /  : [-4 ,4 ] S, defined by f { x )  ~ x{x -  l ) ( ; r  -  

2)(.'}; -  3), oscillates 3 ti:mes.

2. The function g : (0,1) -+ R, defined by g{x) =  a;sin(l/.t), oscillates infinitely 

often.

We .now consider all functions /  which have the property that l4 [/ ;a , 6 ] is 

bounded fbr all partitions -k of [a, 6 ],

D e fin it io n  3.1.3. A function /  defined on a,ri intrirval [a, b] is a function of bounded 

variation i f  there exists a number M  suc:h that for every partition -tt of [o,6 ], we 

have

^ l . f ( - A )  “  /(;b:-u)| < M.

We then define the total variation of /  on [a, b] to be the number

n

Vf[a, 6] ;=  sup |/(rci) -  (3,1)

where 7rl[a,??] means ‘V  is a partition of [a.b]."

Geometrically, the variation of a function is a measure of how much the func­

tion oscillates over an intrjrval. We denote the set of all ftinctions of l)onded vari­

ation on [a, 6] by B¥[o, 6 ). For simplicity, we will write sup.,̂  iristead of sup.,.|[„j,j.

Tli,e following continuous fimction is an example whi<,;h is not of bounded 

variation.
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X

Figure 3.1; The function f {x )  =  ;rsin{l/;i;'

Exam ple  3.1.2. Let /  be tlie contiiuious fimction defined on [0,1] by

(  . 1;r; ,sm — if  0  < x <  1 ,

0 ■' If ;/; =  0.

The function /  is not of bounded variation because /  has infinite “length” over 

the interval [0,1], In other words, contimious functions are not guaranteed to be 

of bounded variation. Tlie following proposition gives suificient conditions for a 

function to be of boimdeci variation.

P ropos ition  3.1.2. [60]

1. I f  f  is a Lipschitz function on [a,b] then f  G BV[a,6 ].

!>. I f f  e C'^[a,b], then f  € lV [a , 6 ],

3. I f  f  is monotone on [a, 6 ],, then f  G BV[a, 6 ].

One of the most interesting prop<;rtie.s of such .functions is that each fu,uctiofi 

of bounded variation can be written as the difference of two increasi,Qg functions. 

We develop some de.tiniti(.)iis and lemmas to prove this property for FBV. We first 

view the sum in (3.1) as a, sum of positive and negative parts of tlie differences
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fi'-i'i) ™ Now we define to be the summation of the positive parts

of f { x i )  ~  f i 'X i- i)  and Nf[a,b] to be the summation of the negative parts, i.e.,

n

Pf[cLb] : == s u p X ^ ( /(n )  -
It . ,,

(3.2)

: =  su p y '(/( :C i) -  f(x i...i)) ,

'wliere :iP :=  max{f),.'c} and x~ :=  :max{0, —x}. Then we have |a'| =  a;''” + x'~ and 

X =  .'r"'" — 3 " . Using tiiese formuiiis, we gei;

t);'[a,6 ] =  F>f[a,h] +Nf[o,,h],

m ^ - f (a ) -= P j . la ,b ] - ^ -N A a , l i

Now, we w ill vary b and denote it by x and keep a fixed. Obviously, i f  /  is a 

function of bounded variation on [a, 6 ] then it  is also of boiuided variation on 

each subiiiterval [a, ;i;j of [a, 6 ]. Therefore, if  /  G BV[a,5] then we can <iefine the 

functions .P/[a, -], A^/[a,,] ; [o, 5] R'*" U {0} as we did in (3.2).

Lem m a 3.1.1. I f  f  € BV[a,6 ], then the functions Pf{a,x] and ,/V/[a, :c] are in­

creasing on the interval /a, bj.

Proof. I f  X =  a, then Pf[a,x] =  N/(a, cc] =  0, so let us assume that x,y  e (a, b] 

and X <  y, then [a,x] C [a.,y]. Consequently, for every partition T of [a,x], wo 

have A ;= r  U {y }  is a partition of \a,y\. Thus we have

np « r

X ^(/(3h) ■”  f(x rA )y^  <  + (/(;'/) -  l y y y '
■isl'l; i = l

'«'A
=  E o o . )  ■ "/(■ A .yy .

■!= 1

I f  we take the sui)remum in Irotli sides of ail partitions F, we get Ff [o, a:] < Pf [o, ;r]+ 

i f i v )  "■ f y y y '  5;  i'V [a , !/]■ The same argument can be made to prove idiat Nf\a, x\ 

is increasing on [a, 6 ], □
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Tliis  observa,tioi:i leads to the following theorem, known as the Jordan De­

composition Theorene which shows tJiat a fim<:;tion of bounded variation can be 

expressed as the difference of two increasing functions.

Theorem  3,1.1 (Jordan, .Decomposition), [60] I f  f  is a function, of hounded 

variaium on [a, ft] then f  can be wiitten as the difference of two incretmng ftinctions

f i x )  =  p{x) -  n{x).

Proof. We have f i x )  — f{a) ~  Pf[a,;c] — iV/[a, x] for all x € [a,b]. Choose p(x) =  

/(a )  +  Pf[a,x] and n{x) =  Nf[a,,x] then apply Lemma- 3.1.1. □

In Section 3.2 we w ill present and algorithm to find th,e functions p and n; the 

generalization of Theorem 3.1.1 to .functions of N  variables will be given in Section 

3.3.

3.2 Decomposition Algorithm and Examples

Even though the Jordan decomposition theorem is a familiar theorem, it has 

not been exploited numerically to find p and n. That is because the suprernum 

sum over all partitions is impossible to be computed numerically. We will describe 

below an algorithm that approximates p and n with respect to the uniform partition 

TT :=  (a +  i{x  — a)/{m  + l)}"ho*' of the interval [a,x]. In this algorithm, we 

choose m to be the number of points between a and x to approximate P/[o, x] 

and Consequently, the functions p arid n w ill not be alwa.ys increasing.

We give Example 3.2.1 to show that p and n cannot be increasing on [a, ft] ev(.m 

for smooth fuxiction,s and .for any value of rn. To a.void this problem, we define 

eincreasing, a weaker delinition than increasing, and then show that p and n axe 

e-increasing if  /  is a Lipschitz function and m is chosen large enough.
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A lg o r ith m  3.2.1 (D ecom position  A lg o r ith m ). INPUT; a, /  and ;r.

OUTPUT; p and n evalnai,ed a.t x.

choose rn (number of points between a aiKi x).

d :=  (x — a) I  {rn + 1 ). 

for i =  (3: rn +  1  

Xi a -f id.

P =  /(«)■ 

n =  0 .

for i = 1  : rn +  1

i f  =  f{x.i) -  f{xi....i) >  0  

p =  p +  s.

else

n =  n +  s.

Note that we can choose m +  1 =  2 *' to decrease the number of computations 

when we increase m (i.e., if we choose rn + 1 =  2^'^ then we already computed the 

the values f ( x i )  for i  is even). The main question about this algorithm is how to 

compute TO such that p and n are increasing. Unfortunately, to cannot always be 

computed even for smooth functions. We give the following example to illustrate 

this point.

E xam ple  3.2.1. Let f  : [(), 2] E  be defined by f (x )  ;=  1 ~  (1 ~r x 'f .  In theory, 

this function can be written as tlie difference of two increasing functions, e.g., 

p(x) =  2x and n(x) =  In order to compute p and n numerically, we notice 

that this function i.s increasing on the interval [0 , 1 ]; therefore, the value of p(x) 

w ill increase on this interval for any choice of rn. Nevertlieless, on. the interval 

( 1 , (rn -f l) /m ), the function p will take values less than one. Ib  explain this, let a;
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be aay  p o in t  in  ( 1. (771 +  I ) I'm), a nd  'k : { ix li; in  +  be  th e  u n ifo rm  pax tition .

o f  [0, t h en  f i x )  <  / ( I )  and  'in:c/(m +  1) G (rnl(m  +  1). 1) a n d  we have

m'fl
p{x) == 5 3 ( /( i- . )  -

i = l

=  f { r n x / {m +  1 )) -  ,/{0 ) +  (J{x) -■■■ / ( m a : / ( m +  1) ) )+  

< f { rn x j{m  +  1 )) -  /(()) +  ( / ( I )  f ( rn x /{m  +  1.))) 

=  / ( I )  /(()) =  1  =

a) ni === 1 0 (b) m 1 0 0  (c) m =“ 1 0 0 0

Figure 3.2: The function p in .Example 3.2.1

Therefore, the function p is not increasing on (1, (m, +  l)/m ). In fact, p equals the 

value one if there exists an i, 1  <  i  <  rn + 1 , such that ix /{ rn  +  1) =  1, i.e., the 

point 1 is one of the mesh points. Solving for x, we get x =  (m +  l ) / i ;  therefore, p 

equals one if x =  (m + l)/(m -h l) =  1 , x =  {rn +  l) /rn , x =  { m + l ) / { m ~ l ) ,  ... or 

X =  m +1. Figure 3.2 plots the function p on the interval [1,2] for m  =  10,100 and 

1000. ,Althoi.igh the functions in Figure 3.2 increase in oscillations, the amplitude 

decreases as m increases. We can see from the plots that for m  =  10, we have p =  1 

on tlie interval [1,2] fbr the values 1,10/9,10/8,10/7,1.0/6, and 10/5 ; however,, for 

all other values, the .fun,ction p is strictly less than one. For rn —■ 100, the function 

p oscillates more because it  equals one at 1,100/99,100/98,.,., 100/50 and it is 

strictly less thau one for all other vahies on [1,2]. Finally, the same argument 

holds for the case where rn =  1 0 0 0 .
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The previous example shows rn camiot be chosen in such a wm  that p 

is always increasing. In facit. p w ill oscilla.te in a small €-neighborhood of 1. As rn 

increases, the number e becomes smaller and smaller. This idea led us to introduce 

a new definition that we call e-increasing and we will use it in the Decomposition 

Algorithm.

Definition 3.2.1 (f-Iiic reas ing ). We say that the function /  : [a, 6 ] —•> R is

c-increasing, whexe c is a positive number, if  f { x )  < f {y )  +■ c for all ,i; < y and 

x, y e [a, 6 ].

We now give the definition of the oscillation point of a (jontinuous hrnction.

Definition 3.2.2 (Oscillation Point). A point x € \a, b] is said to be an oscilla­

tion point of the function / ,  i f  for all 5 > 0, the function /  has an infinite number 

of oscilla.tions on [s -■ S, x +  d'] b]-

In our ue.xt discussion,, we choose a special subspace of the space of fiuictions of 

bounded variation, that is the space of functions which .satisfy a Lip.schitz condition 

because in this space, the value \ f {x i)  — /(;c,;_])| can be controlled by |a;,; ~

D efinition 3.2.3 (Lipschitz; Piinctions). [2] A function /  : [a, 5] M is said to 

be a Lipschitz function on [a, b] with a Lipschitz constant C, if  thei'e is a constant 

C such that

\f(x )  -  f{;y)\ < C\x — y\ Vx, y 6  [a, b].

We denote the space of Lipschitz functions on [a, h] by Lip\a, b].

We have di.scussed in Proposition 3..L2 tl:ia.t all functions in Lip[a,h] are of 

bounded v'ariation on [a, 6 ], We come now to th<? main theo'ern in tliis section 

which shows that p and n in Algorithm 3,2.1 have, in fact, a special property that 

can be exploited miinericjally.
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T heorem  3.2,1. I f  f  : {/i,6 ] R. i$ a Lipschitz function with a LipschMz constmit 

C. and the number of oscillation points %s finite (can be Oj then fo r all c > 0  there 

exists rn € N such that p and n in Algorithm 3.2.1 are. e-mcreasing.

In order to prove this theorem, we need to prove the Ibllowing propositions. 

We w ill always take the paxtitions fuid to he tlie uniform pa.rtitioiis

of [a, a:] and respeetively. Moreover, every time we ment.ioiyp and n, we refer 

to %) and n previously introduced in Algorithm 3.2,1.

Lem m a 3.2.1. i.  I f  f  is increasing on [a, h], thenp is mcreasing a.nd we have 

p(r) =  f {x )  and n{x) =■ 0  fo r all x € [a, fc].

2. I f  f  is decreasing on [a, 6 ] , then n is increasing and we have p(x) ~  f{a) and

n(x) =  f{a )  — f {x )  for all x € [a, b].

Proof This follows immediately from the way p and n are constructed in Algorithm

3.2.1 □

In the following discussion, we w ill consider the function p and prove that 

this function is e-increasing. A similar argument can be made to prove that the 

function n  is also g-increaaing.

P ropos ition  3.2.1. I f  f  : [a, 6 ] —> IR is a Lipschitz funcfion tvith a Lipschitz

constant C and there is a point c e [a, b] such that f  is increasing on [a, c] and

decreasing on [c, 6 ], then for all e > 0 , there exists an integer rrif, € N such that i f  

we choose m =  ni^ in Algorithm. 3.2.1, then the resulting fimction'p is e-increcising 

on [a,b], i.e.,

P{^)  <  p{c)  <  +  e Va:- >  c.
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ba c
Figure 3.3: The shape of the function f ( x )  in Proposition 3,2.1

)of. Let € > 0 be given, then choose jri, ;=  m.,̂  sucli that l/( r / i.+  1 ) <  €/C{h — a). 

I f  X € (c, ft] and {a;,: =  a +  i{x  — a)/(rn +  is the iiniform partition of [a, a;],

then j/( ; i’j) ■" f{x i.- i) \ < C{xi — < C{b — a)/iTn +  1) <  e. Since x >  c, there

must be a,n index k between 0 and rn such tiia t Xk < c <  We now compute 

p(x) and assume that rn <  k (if m =  k, then the last summation

P(^) =  ,f(«) +

=  ./(«) +  -  f ( x i ..i))+ +  (/(a;fc,fi) .f(a-fc))' .̂
t=i

> 0

m+1 

= fc+ 2

=0

C   C.

because/(c) ■- f ix k )  < f

Ta prove the left inequality, we note that {f{Xk4.{) 'fixk))'^' <  .f{c)-~fi-Ck

/(;Cfc+i) < /(c ). Then it  follows that p(;r) <  /(c ) p(c).

:>ecause

□
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C o ro lla ry  3,2.1. I f  f [a j) \  -•-> M satisfies the amditions m Propositton S.S.l then 

p is e-increasing on [a, b].

Proof. Let €. [a, 6 ] and :i; < y then, we have three cases:

1. I f  X < y <  c, then p(x-) <  p(j/) because p .is incireasing on [a, c|.

2. I f  X <  c < y, then p{x) <  p{c) < p{y) 4- e (from Proposition 3.2.1).

3. I f  c < X < y, then. p{x) <  p{c) and p{c) < p(y) +  e; therefore, p{x) < p{y) +  c.

□

P ro p os itio n  3.2.2. I f  f  : [a, b\ ]R in a Lipschitz function with a Lipschitz 

constant C  and there is a point c € [a, b] such that f  is decreasing on [a, c] and 

increasing on [c, 5] then there exists a,n rn,, € N such that i f  we choose rn =  rn,. in 

Algorithm 3.2.1, then the resulting function p is e-iricreasmg on [a,!)].

a c b
Figure 3.4: The shape of the function f { x )  in Proposition 3.2.2

Proof. Let x, y € [a, b] be such that x < y. Clioose rn := rn,, such that the fo.llowing

inequality holds C {b  a)/{rn -I- 1) < e/3 and consider the two uniforrn partitioriB

and for [a,x] and [a,y], respectively. I f  x < c, then f (x )  =  /(a )

and f i t / )  >  f(a )  because p(y) -  /(« ) =  (./‘(y*) /(?/< i i  So-

assume that c < x < y. Since {?/,} is a partition of [a, y], there is k between Q and
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rn such tha t yk <  c < yi,+i. I f  yk ~  c, t-hen p{y) =  /(a ) +  ,/'(|/m+i) -■ f i j jk)  wliich is

ot;)viously greater tlian p{w). U yk < c < yk+i, then there are some points sy such

that yk <  Xi <  yk+i for i  =  r  +  l , r  -f 2 ,,. . , r  +  s. Now either r  +  s =  rn +  1  or

r  -I- s <  rn +  1. I f  r  •+• s =  rn + 1 then

=  ( / ( a t '+ i )  -  +  J ]  i f ( x { )  -  f ( x i  i ) ) +

i—r-f-l
<  C{XrJ^. l  " "  3' r )  +  C ( y k  — V k - l )

n /■'f 2 -̂< 2 C-— —  < --T-.
r n  +  1 o

Therefore,
2 e

p(s) < /(a ) +  — < p(y) +  e.
O

I f  r  +  s <  rn. +  I then we have yk < Xi <  yk+\ <  Xr+s+i <Mid the valucj of p{x) is

r+'S
p{x) = f {a )  +

i-~:{ is-'r+l ̂       ✓
<2c/U

+  {f {Xr+8+l)  "  I i ' ^ r + s ) y \ +  y  , ( / (X i)  / ( X i- l ) ) 'h

For the last part of the expression of p{x) we have f{yk+i) <  /(x,-+s+i) and 

f i V r n + l )  >  / ( X m + l ) :  tlliS illiplieS

jn-41
53 =/('iV»4l) -  fiXr+8+l)

</(ym,+i) -  /(m -fi)

=  T  (/(!/.) -  /(•/. ..))-
==fc+ 2
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Now we compute p{y),

pi:y) +
k

V"^
Vi) -  +  (J{yk+i) -  f(yk}T '

U~.\
> 0

= 0

k+2
pp{x) -  e.

We treated the casĉ  where /  oscillates one time. In the following ])roposifcion 

we w ill prove that if  p is c-iiicreasing on the interval [a, c] where the function /  is 

increasing (decreasing), then/j w ill remain e-increasing in the interval [c, b] wliere 

/  is decreasing (increasing).

P ro p o s itio n  3.2.3. I f  f  ; [a, 6 ] R is a Lipschitz ftmcidon and there are c, d, e € 

(a, b) with a <  c <  d < e < h such that f  is increasing on [a, c] and [d, e] and 

decreasing on [e, and [e,6 ] then for all e > 0, there is an nit € N such that i f  we 

choose rn =  rn,; in Algorithm 8.2.1, then the resulting function p is e-increasing on 

[a,b].

V

a c d e b
Figure 3.5: The shape of the function f i x )  iu Proposition 3.2.3
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Proof. Let e > 0 be given, choose rn :=■ rn, such that C(b -- ii)/('nt.+ 1 ) <  e/5. We 

will consider three (';ases

1. On the interval [a, d]; i t  follows from Pro})0 6 ition 3.2.1 that the function p 

is e-increasing. Furthermore, for all x € [a, ci], we have p{x) <p{c).

2. On the interval [d, e]; let y G [d, e] and be the iiniform paxtition of

[o, ?y] then, we claim, that p(c) <  p{y) -  e/5. To show this, we notice the existence 

of k such that yk <  d <  yk+'i and
k

+•

~ p ( : i i k }

m+1

+  T u w - f { y i - ^ i ) r '
i ~ k + 2V - -

>0

Sincep(c)—23{p*;) <5 e/’fo havep(y) > p{c) f./5. Now, choose x < y, then eitlier

X e [a,d| and therefore, p{x) < p(c) < p(y) +  e/5 or x G (<le|. If x G (d.ej then 

there are r  and .s such that yk <  x.; <  yt+i for i =  -r +  1 , . . . ,  r  -f .s. I f  r  -f s -■ rn 4-1 

then we have
T~\-s

^  =  i f  {xr+i)
M—IllliiWf

< C ( . X r + i  —  X r )  T  C  —  X j ~ l )

■ r f l

<  C ( X r + l  —  . ' I ' r )  +  C’iyk — Vk-l)

O C 'A iJ i ?£ 
m + 1  5

Therefore.
•r r-|- ,s

p(x) =  f{a )  +  Y l i f i x , )  /(Xi...i))+ + y ]  ( f ix / )  -  f ix i^ . i }y
'i--* I  I'i.-?’ -!™ i

 _____,___r iT i r - — m.-.-iiTiuin in OT-*  ̂ V  ,

i  P(fo +

= i p ( r i i r )  " S p f p i

2t:
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I f  ?• +  s <  rn. +  1, then we ha;ve t /k  s k  < y u .y i < a;̂ ,f.;s+i for i  ■= r  +  L . . , ,  r  +■ s. 

Moreo'ver,
m-H jn-44

%.7s:.T Â■f‘'2
We now compute p{y) and p(.x') and compare tliem

k

'  / ( « )  +  y  MiV i)  “  +  i f iVkH) ~ fiVk))'^
i 1----------------------------- '---  '/------------ '.______tZ  . > 0

and

-=p(»)
m +i

E  ( / ( ! ' . ) - / f e - ) ) '

c ) - f / 5 +  E  (/(■■'i) - / ( * .  i ) r ,

r -r'4“S
p(.x') =  / ( a )  +  +  13 f {xn .- i )T

i= l i^r+1 - -......... —-.---I_ I------------------------ .%............  ..................
~ p ( x r )  < 2 c /5

OT-fl
+  if(Xr+,.H} -  /(*^V+.))'^ +  1 3  (/(:-*'i) -  /{a-e~i))'^_J>

< 6 /5  » = r+ s + 2

< p(c) +  2e/5 +  e/5 +  ^(y) p(c) +• e/5 

=  p{y) +  4/5e.

3. On the interval [e,6 ]; let x € [a,b] and y € (e,6 ] such that a; < y. We first 

show that pie) <  p{y) +  e/5. For the partition {iji}, there is an index k such that

Vk :< e <  J/fc+i and we have
k

p{y) = ,/(« ) +  l ] ( / ( y i )  +  (J{yk+i) -  /(^c/,))+iWriiiimwlf_____________________________________ _ _ ■ _       ■ V
i= l

~x(Vk)
m.+'l

+• Y1 f i v i - i j y
'hz,-k-\-"2

> 0

P ( e )  e /5 .
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I f  X e [a,e], then p(x) <  p(e) +  4e/5 axicl p(e) < p(y) 4- e/5 wliicii implies p(a;) < 

p(y) +  e. So WB aBSu:me that x e (e,6 ]. Tlieti for the partition {x i} ,  we have 

Vk Xi <  'ijk+i for i  =  7" 4 -1 , . . . ,  r  +  s. I f  r  +  s =  rn +  I, wb hawe

V
p(x) =  /(a ) +  -  /(sem))''^' +  (/(^J^r+i) -. |-.|. i-'T-r nrt-rrr-̂

V . . . . ^ .........................  - ....< f / 5

< f;/5

< 2)(e) +  3e/5.

I f  r  +  s < rn +  1 , we w ill have two more terms added to the previous p(x)

(f(Xr+,+l) -  f{Xr+,)y'+ J2  ( / ( - ^ ’i )  -

V__________________________ - .....................  - .......-■ >

therefore, p{y) >  p(e) — e/ 5  >  p(x) — e. □

After stating and proving the previous propositions, we now have the tools to

prove Theorem 3.2.1,

Proof of Theorem 3.2.1. Since /  € Lip[a,b] and has a finite number of oscil­

lation points, w’-e have that citlicr /  is monotone, has finite number of oscillations 

or has finite number of oscillation points.

1. I f  /  is monotone then p is increasing.

2 . I f  /  oscillates finitely many times then there is a partition F :=

(needs not be uniform) such that /  is increasing on some intervals and decreas­

ing on others. We tlien use induction on Proposition 3.2.3 to prove tlia t p is 

e-increa.sirig.

3. If /  has finite numfier of oscillation points in [a, 5], say Si,, . . ,  then for
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all (*) > 0 , the fimc’tioE /  oscillates at most finitely many times on [a,6 | -• lj( |s i — 

S, Si +  5] n(a, b\). Since this is true for any S > 0 , we can ch.oose S < e/iCk.  For 

i  == 1 ,2 ,. . .  ,k, let be a partition of the interval [si — S, s,: +  S] b] then

we have

tH ‘f'H
-  /(^hi^a)))'" < C Y , { k j  -  < 2C5 < e/2k.

If  we take th(:; summa.tiou over all the intervals around S i , . . . ,  Si,., we get

k t'H
E E ( / r t ) - / a G w ) ) ) * < V 2 .
i=:i i= i

Now we w ill consider the case where we have one oscillation point and then use 

induction.. Suppose that .s is the only oscillation point of /  on [a, 5] and /  oscillates 

rig times on [a,b] — [a -- 5,s +  5] wliere 2(5 < c/6. We prove next tlia t the function 

p is e-increasing on [a, b]. Clioose rrp. := 'in to be C{b — a ) l/m  -f I)  < ej'ii/lrig H- 4) 

and let x ,y  € [a,b] such that x <  y. We will consider the case where x >  s 4- 5 

(if X <  s +  5 then this case can be proven with the same argument). Since /  

has fin itely many oscillations on [a,s — (5] and [.s +  S,b], the function p is e/3- 

increasing on these intervals. We consider the uniform partitions and

{ViYlki^ of [a, .x] and [a,y], respectively. Let yu be such that; pk < .s ~ 5 < pk+i and 

y/c-hr <  s -f 5 < Pk+r+i where r  can take the value 0. For the partition {.x.,;}, let 

Xe <  Vk <  Xe+i and yk+r < x,,+f <  yk.\r-\ i ' Now p is c/3-increasing on [a, s — 5]; 

therefore, p{yk) > p(j'e) -  e/3.

e+'/
p(ay,4,./) - p(Xe)  =  <  e /3 .

We have yk+r < ^e+j, ami y > x: t;l:ierefore,

(yk+r) > p{^;) p{;rt+/) -  €/3.
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Finally, we cotnpiitio p{y)

V ~  V I +i j/F  p(!fe+x)
> p ( . i ; c ) — c / 3

p{x) -  p(x^+f) +  p(xe) +  Pixe+f)  p(x,,) -  € (fl'Om (3.3))

p{x) -  €.

' )  pix,i+f) +p(Xe) -  2e/3

□
I f  we ciloose e to be the machine epsilon f„iach, then the functious p and n w ill 

l)e increasing in this computer because it  x < y then p{x) < ]}{y) + p{y)

and n(x) <  n{y) + (■:i„ach = '»■(!/)• We now use Algorithm 3,2.1 and Th.eorem 3.2.1 

to compute p mid n in the following examples, w-here we will choose Cmach to be 

10" " " .

Exam ple 3.2.2. Let /  be the function defined by f i x )  =  ar. We 

consider three domains of / ;  [0, 1], [—1, 0] and [ - 1, 1].

1. I f  /  is defined on [0,1], then /  is increasing. Therefore, it suffices to choose 

rn =  0  and we ha,ve p{x) =  f {x )  and n(x) =  0  for all x G [0 , 1 ].

Figure 3.6; The functions / ,  p and n in part 2 of Exarnpl.e 3.2.2.

2. I f  /  is defined on [~L0J, then /  is decreasing. Hence, we <::hoose rn 0 and 

we haw p(x) =  / ( - - I )  =  I and n(x) — / ( —I) -  f i x )  =  1 -  f ix ) .  We 

the functions f ,p  and n in Figure 3.6.
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Figure 3.7; The functions / ,  p and n in part 3 of Ekample 3.2,2.

3. Finally, we combine the two intervals to get a different situa.tion. In this 

case, /  is not monotone and hence, we do not expect m =  0  to be suflicient 

co.uditioii for tlie functions p and n to be increa,sing. We apply Algorithm

3,2.1 to this function with m. =  0,2 and 10 and plot the resulting function 

in Figure 3.7. We now compute to obtain two c-increasing functions p 

and n. Since f  is smooth, we have /  € L \~ l ,  1 ] w ith a Lipschitz constant 

C =  max|/'(a:;)| =  2. Suppose that e =  then the functions

|) and n are e-increasirig if  we choose m kSucIi that C{h — a)/{m  + 1) < e/3. 

Therefore, if we choose rn =  75, then p and n are increasing in this machine 

and /  =  p — n. We plot the function n{x) for x € [0 ,1 ] in Figure 3.8 and 

notice that n is Cj-increasing where ci =  2  x 10"'* which is much better than 

emadriiicreasiiig.

o.mm

Figure 3.8: The function n(x) in Example 3.2,2, where rn =  75
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/~f~

(b) in=.“2() (c) Tri~80

Figure 3.9: Tlie functions / ,  p and n in Exam,|)le 3.2.3.

We sa.w that rn 75 was enough for Example 3.2.2 to have two s-increasing 

functions p and n. Nevertheless, this is not alw^iys the case. The function in the 

following example lias more oscillations than f ( x )  — x^.

Exam ple 3.2.3. Let /  ; [—1,1] —> E be defined as f { x )  ~  sin(103;) cos(ll).r.-) -  

x^sinx. This function is not monotone on [-1 ,1]; moreover, it oscillates several 

times on [—1,1]. We illustrate the behavior of p and n as m increases in .Figure 

3.9. If  we want p and n to be e-increasing then it  suffices to choose m such that 

(20 X 2)/(m  + 1) < e/10; therefore, the value rn =  4 x 10'* is sufficient to guarantee 

that p and n are e-increasing in the interval [~ 1, Ij. In figure 3.10, we plot the 

function p in the interval [0.9,1] and we can see that p is in fact e2 -incrca.sirig wlie,re 

€ 2  =  1 0  ^

Figure 3.10: The fimctioo p(x) in Blxaruple 3.2.3, where rn =  4 x 10*
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The above examples were smooth and the arcleiigtlis were not 'Very long'd 

However, i f  we choose aiy?- function that is not of bounded variatioii and remove 

a small neighborhood of the point at which the function is not we w ill get 

a &  function and hence a function of bomrded variation. For examj)le if  /  ;

[1 , 2 ] — { 1 } -H- S  is defined by f { x )  =  sin(tan.'E) then /  is not of bounded variation. 

However, if  'we define /  on 1 := [1,2] -  ( |  -- d', ~ 5) for 5 > 0 then /  6  B ¥ (/).

So, for every e > 0 , there must l>e an 'm.o € N such that Algorithm 3.2.1 produces 

two 6 -increa.sing functions p and n. As <5 0, we have mo —̂ ir>c- The following

example illustrates this idea.

Figure 3.11: The function /(jc) =  ;j;sin{l/a:), p(;r;) and n{x), w ith 5 =  10~̂

Exam ple  3.2.4. Let /  : [5,1] R be defined by f { x )  =  ,xsin(l/ri;), where 5 is a 

positive number less than 1. The function /  is smooth and hence is of bounded 

variation. However, i f  we consider the interval (0,1], then /  is not of bounded 

variation. Therefore, as S approaches 0, the number goes to oo. We choose

S to be 10"  ̂ and 10” .̂ For the fir.st case where S =  10 ", we see that choosing

rn =  10  ̂ gives two functions p and n that are c-increasing when e is a small 

number. We plot the functions / ,  p and n in Figure 3.11. However, for the second 

case where <5 =  lO'"*, we see from Figure 3.12 that rj(t).2) c:̂  1.(5 and ~  1.3, 

So, the function n is not r-iiicretisiug for e < .3. Now, if  we waul; p ar;id n to 

be e„i,u,h-increasing then we should choose rn for eadi case, hbr the first case, 

we can compute (7 =  ma,x|/'(:f:)| =  10 :̂ therefore, we can choose rrif such tha.t
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2 X 10‘Y (rn  +  1) < 10 e.g., rn =  2 x 10 .̂ In tlie seeoiid ciise, we luive

C — ma.x j/ '(x ) | =  .1 0 * and therefore, we dioose m, =  2  x 1 0 ’*.

J ]M I —'d

’■1
i f

(a) 111-̂ 4̂00 (b) m=ei,0O() (c) m -10000

Figure 3.12; The function f i x )  =  ;rs in (l/;r), p{x) and n{x), w ith S ~  lO"*

From tiie previoius example.s, we notice that the clioice of m,; produces two 

functions p and n that are in fa.ct criacreasiiig wliere ei -C c. Tiie reirson goes 

back to our choice of m.« where we choose; to satisfy the strong condition C{b -  

a)l{rnf +  1) < e. This condition was given for the theoretical proof and we can 

choose rn to be less than me in our numerical experiments.

3.3 Bounded Variation in Two Dimensions

There are various approaches to the notion of variation for functions of N  

variables. Those definitions and the way they are related are discussed in [1, 9|. To 

simplify notation, we consider the case of functions of two variables. All theorems 

obtained for N  =  2 carry over to the case N  >  2. Consider the function /  : [a-i, 6i] x 

[a,2, 62] -»• R and let at =  to < ti <  . . .  <  t.„ =  bi, (12 -  so <  Si < .. . < s„ =  62 

be partitions of the rectangle [ai,bi] x [02, 62]: Arzeia [31] suggests that /  is of 

bounded variation if  the summation

n

-  f i k  j

lia.s an upper bound. This approach w ill not help us tt) write /  aa the difference 

of two increasing functions. Therefore, we w ill c;oiisider another expression that is
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mote closely related to iirtcsgration ia two variables; this approa(^h was defined by 

Hardy-Kranse [6 ].

We start by generalizing some of the properties that; we have discussed for 

one variable. Let ;= [ai,b]\ x [aa,l)2 ] be the basic rectangle with o =  (aj.oa)! 

b =  {bi,b2 )- We say that a; < y where x ■— (ati.ao), y =  iyh-. Vz)-. i f  ?S' ?yi and 

X2 <  1/2-

Let ^ :=  iJ>i}iLo and y ;=  be partitions of [tp ,6 i] and [o2 , 6 2 ]> respec­

tively (i.e., at =  to <  t i  < . . .  < < t,n =  6 i and 0,2 -  sq < si < ... <  <

Sn =  fea) and let Dij  be the rectangle defined by idy := 1 , x [b;,.sy], then

we use tlie notion

F(Di i)  := f { t i ,S j )  -  /(L._i,.Sj) -

to denote the double difference which involves all four vertices of Dij.

D efin ition 3.3.1. We define the variation of /  ; - *  E  over the partition r  ;=

(f.r,) to be

a m
i=,l,

Figure 3.3 illustrates the way Fr(/«) is defined for rn =  n =- 2. If we have two 

partitions n , ra of and t i can be obtained by adding more partitions to ra, we 

say that ti is finer than ra. We now define a special case.

- d - +

+ +•
“ + +

+ . . f .

Figure 3.13: in 2-dimensions where rn =  n =  2 .
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D e fin it io n  3.3.2. I f  r j := a,nd r j  := (('2 ; 'da) a-f® two partitions of i,j tlien

we say ?y is totally /iner than, tz i f  ^ 2  Q Ci fj2 Q yi-

P ro p o s itio n  3.3.1. I f  Ti := is totaUy finer than rg := (Cioda)? then

F r M  >  fr; i:C)-

Proof. We have is totally finer tlian wliich implies tliat. 4~2 Q. C;i wid % Ci Vi ■ 

This means that; 4i tji can be obtained fi'om 4 2  a-nd respectively, by adding 

a finite number of points. So it, snfHces to prove, without loss of generality, that if 

we add one poi,i:it {d }  to ^ 2  fhen we liave F ri(4 ’) tliea i,ise induction.

Suppose that 4a • Oi =  to <  h  <  . . .  <  t , n  and let f \  : oj =  to <  . . .  <  tk- i  <  t* < 

tic< . . .  <  tjn —' bi, and 7/1 =  % : 02 =  *‘0 < . ■ - <  s„, ~  63. Now

m, n

0,(4‘) = E E I 0 A j)I,

rn  n  n

1gl J2C.1 j.::.!

m  n  'n

- Y l Y l  1 / ( 4 ,  Sj) f{t*,Sj)  -  f{tk, Sj 1 ) +  f{t%
j= i

i .̂k
n

+  Y 1 ®7') -  f(t% +  / ( 4 ™ i ,  Sj....i)\,
j = l

= o . ( / a .

□

We now give the definition of fuuctious of bounded variation of two variables 

and we will use the notion

^ l i f  ~  /(fo«2) -  /(4 - i,a 2 ),

A 2; /  “  /(ai,77j) -  f iauSj..  i).
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D e fin it io n  3.3.3 (Boim ded V a ria tio n ). Let; /  : K be a fiirietion and

T :=  be a partition of I^. 'We define; the V ita li variation [21] of /  to be

r

and we define the Jordan variation of tJie functions / i  := /(..aa) and j '2 ;=  / ( o i . .) 

of one variable to be

V ( f r , a i , h )  =  sup V  |A i i / | ,
« 7^.

V(j2', (*2, &2) =  sup ^  1^2;/!.
'> i= l

We filia lly  define the total vaiiation of /  by

v ( f ,  = v y , ; « „ » , ) + la /s ; 0 2 , w + w .

and we say that /  is a function of bounded variation if  V (/, /^) <  00. We denote

the set of functio:ns of boimded variation by BV(7j[).

We will ma,ke use of these concepts for tJie CEIA in higher dimensions. Our 

goal is to prove tha.t each fiuiction of bounded variation can be written as tlie 

difference of two increasing functions.

Definition 3.3.4. We say that /  : —> E is an increasing function if f {x i ,  *2) <

f iy i ,  y-i) for all Xi <  tn and x-2 <  ŷ .

Now we define the positive and negative parts of V ( /, /„ )  as follows

171. 71

P{f ,  I t )  : =  sup 5 3  F(D.j)> +  sup 5 3 (A ,./)+  +  sup Y ^ { A „ f ) + ,
 ̂ i= l i= l

i!X n
.V{.f, I t )  =  sup V  F (D i,) ■ +  sup 5 3 (A „ /) -  +  sup y j A v f )  ...........

i j   ̂ i= l JsU.

Replacing b liy x  and letting ic vary we get P  and N  as fuuctious of x. These 

functions have a. special property that; will be shown in the following lemma.
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Lemma 3.3.1. I f  f  E IBV(Ig) and we cormder P( f ,  I f )  and as fwruMons

of X  =  (xiEt '2), thsn P  and N  are increasing fimctions.

Proof. Suppose that a; < y where x ,y  E then we have tluee cases;

1 . x i  <  yx and x<i =  y^,

2 . X] ~  tji and < i t-

3. ;bi <  Hi and x-i <  y%.

We w ill prove the first case for the; fun(;tiou P (/, I f ) .  Let r t =  (Cj., ’hi.) ^ * 6  a partition

{o i, xf)  (a-'i; X'z) i v i , 'IJ2)
0 ----------------- --------------- «

0 ------ ---------- --------------- (>------ ----i

b02

Figure 3.14: The function V { f , r f ) .

of [ai ,x i ]  X [0 ,2 , 3 :2 ] where 4‘i =  and r/i =  , and ra =  (&,''/2 ) be a

partition of [0 -1 , 1/]] x [0 2 , 3/2 ] such that ^ 2  •= 6  U { 1/1 } and r/ 2  •= fo (see Figure 

3.14). Then we have

" ‘ii

j= i
'ni

i=) j.'=l 1=1

•'Hi Hi ”Hi

E E  + E(a«/)* +Y.(HfV -I- E^-’(®i'”<,«)..)
i= l  j= l  4=1 j= l

"f~  ( W  1 (-;n t' j  •+ 1) /  )  

m^,+l n,„ OT.*j + :i n,,

E  E^'’(«o"'+ Z  EufC + Y d H fr
1=3 / = 1 i=3 p=l

p s f . n )
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Now we take the supremum on both sides of the iiicKjnalifcy ibr all ijartitio iis r\ and 

we get

The second case can be proven in the same way we proved case 1 . The last case 

Ibllows iinnaediately from case 1  and case 2 . The same argument can be made to 

prove tlia t N { f .  iJ ) is an increasing function. □

We now generalize the .Jordan decomposition theorem to hinctions in two 

variables and use the previous lemma to prove this theorem.

Theorem  3.3.1. I f  f  is a function of bounded m r ia t im  on then f  can be written 

as the difference of two increasing functions

f ( x )  = p { x ) - n { x ) ,  x e l ' l

Proof. We have (by cancellation)

f { x i , X 2) -  f { x i , a 2) -  f {a i ,X 2) +  f iaucci) =  sup /'’(% ) .

First, we consider the two functions of one variable f {x i ,a f )  and f{a.i,X2). For

the first function we have

f i x i , «/i) -  f  {til, 02) =  sup Y ]  A i i/ .

I f  we let Pi{x i ,a2) =  sup^ and n,i(rci,a2 ) =  sup^ fhen

f { x i , a 2) =  f  (0 1 , 02) +  Pi (ay, 0 ,2 ) “ ■ where pi and ni are increasing fimc--

tions of one variable ay. Similaiiy, if  rve let paf/ii.rty) = 

nofaijX'i) =  suPr, !Z]!^(A2yf)"" then p?, and n-? are, increasing functions arul

f (auX2) =  f iauau) +p2(ohX2) -  rf2 (a i,% ).
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Finally, sup,j, F{Dij)^" and sup .̂ Y'j,. j F{Di j )  are increasing ftnictions. Hence

/ ( ; r i , X2) =  /(« !, 0.2) +  [pila'i, aa) +  p2{ai ,X2) +  sup Y ]  F(Di j) ' ' ]
r . .■hJ

-  [«i(-r:i,«2 ) + n2{ai ,X2) + sup .F(Aj)'^1 ,
hj

which means f { x )  =  /(a i,  a-s) + P{f ,  1^) -  N { f ,  I^). □

In the following section we exploit, this proof of the tfieorem to write an al­

gorithm to compute p and n. As we have noticed in one dimension, these two 

functions cannot l:>e increasing on i^. Therefore, we w ill use the same argument as 

in one dimension and show that they are in fact, c-iucreasing.

3.4 Decomposition Algorithm and Examples

In this section we w ill introduce the decomposition algorithm for  two variables 

that approximates p and n with respect to the uniform partition r  {f,r}) of I f  

where ^ =  (o j +  i (xi  — ax)/(m i +1)}™)/'^' and r; =  ( 0 3  4- j(a >2 ~ u-a)/ (jf'h +  .

For the algorithm, we choose rn* to be the number of points between Oi and ry for 

i  =  1,2. Then we approximate the functions P/[a, s] and A/[a,;E]. It is not ha,rd 

to construct an example to show tha;t p a,nd n are not increasing even for smooth 

functions. Therefore, we will again need the definition of e-increasing fuirctions in 

two dimensions. We now write our algorithm and we will use different notion for 

a and x. We write, for simplicity, a =  (a.b) and x =  (x,y)-

A lg o r ith m  3.4.1 (D ecom position A lg o rith m ). INPUT; a =  (a,b), f  and x  =

{x,y)-

OUTPUT: p and n evaluattjd at x.

choose mi  (number of points between ai and .ti ),

choose w -2 (raunber of points Iretween and ara).
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dx ;=  (x -  a)/(rrH +  1 ). 

dy :=  (y ~ h)/(m2 ■+■ 1 ). 

for i  —■ 0  : n ii f  1 

Xi a -f idx. 

for j  =■■ 0  ; ni2 +  1 

yj ;=  b +  jdy.  

p =  /(a , b). 

n =  0 .

for i =  1  : rui +  I 

I f  s =  A i i /  >  0

p =  p +  s.

else. 

f i  — n  -i"' $. 

for j  =  1  : m-j +  1  

I f  ,s =  A 2j f  >  0

p =  p +  s. 

else 

n =  n +  s. 

for i =  1 : rni +  1  

for j  =  I : 7n% +• 1  

I f  s =  F iP i j )  > 0 

p =  p +  s.

else

n n -f s.

We now clefiae tlie c.oncept, of e-increasiiig and tlie definition of Tjipschitz con­

dition in two dimensions.
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D e fin it io n  3.4.1 (t;~increa.sing). We say that the fimctioti /  : —4’ E  is €-

increasing, where e is a positive mimber, if f ( x )  < f{y )  +  e for all x < y and 

x y y €  I t .

D e fin it io n  3.4.2 (Lipschitz C ondition). [2 ] A function f  : I t  E is a Lipschitz

function on I t  w iili a Lipschitz constant C if  there is a coii.stant C  sucli that

for some norm. We denot(j all Lipschitz functions on I t  by lAp{lt ).

We have discussed in Proposition 3.1.2 tliat all functions in. Lip\aJ:>\ are of 

bounded variation on [a, 6 ]. In. fact, this p,ropositio:a can be generalized in two 

dime,iisi.ons.

P ro p o s itio n  3.4.1. I f  f  : I t  R is a Lipschitz function then /  is of bounded 

variation on It-

Proof for this proposition, is straightfoinvard and is based on the Lipschitz 

condition.

We now state an analogous of Theorem 3.2.1 for the case where we have 

two variables. This theorem can be proven in a similar way we proved 3.2.1; 

nevertheless, we should consider three cases, where /  oscillates in the z direction, 

in the y direction and finally in both directions. We will not write details for 

the proof of this theore,m since it  requires tedious computations a.rid is similar in 

concept to the l-dinien,sional case.

Theorem  3.4.1. I f  f  : i t  R is a Lipschitz function vrith a Lipschitz constant 

C, then for all e > 0 them exists m.\ := rn^ie) and m2 := rn-iiei) € N such that p 

and n in Algorithm 3.4.1 are e-increasing.
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jV

 ■ f . „  -  - '

y " ' X y ' X r X
(a) The function /  (b) The function p  (c) 'I'he function n

Figure 3.15; The faiictions / ,  p and n in Example 3.4,1 where m ~  2.

We couchide this section w itii some extmiples that illustrate the usage of 

Alg'orithm 3.4,1.

E xam ple  3.4.1. Let /  : [~ 1 , 1] x [ - 1 , 1 ] —> R be defined by f ( x )  =  +  y~. We

can see in.unediately tlrat this function is not increasing nor dec.reasiiig. We apply 

Algorithm 3.4.1 t;o this function and plot the functions / ,  p and n in B'igure 3.15 

where rn =  rni ;= m -2 —■ 2. Since our fiinction is smooth and has only one local 

minimum, we do not ex{:)ect that we need a very big value for rn in order for p 

and n to be e-increasing for € =  We plot the function p fc>r tlie case where 

rn =  4,6 and 8  in Figure 3.16.

■'M h

Y ' , ,  - '  '■" . y  . ■ , y  -
y ’ ' X y X y ' X

(a) rn -■ -4 (b) m =■ 6 (c) m  =■■ 8

iPigure 3.16: The function p in Example 3.4.1

The function /  in tlie previous example has only one minimum, and thereibre, 

a small value hir rn can be sufficient. In the following example we choose another 

fimctioii tiiat involves tl:ie functio,ns sine and cosine.

54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11)

(a) Tlie function /  (b) The function p (c) The function n

Figure 3.17: The fimctioas f . p  and n in Example 3.4.2 where rn =  4.

Exam ple 3.4.2. Let /  : [--1 ,1] x [~ 1 , I j —> R be defined as f ( x )  =  xyBhi{20xy). 

Tl'iis function is not monotone on [-1 ,1 ]; moreover, it  oscillates several times on 

[—1 ,1 ]. We plot the functions f , p  and n in Bfigure 3,17 where rn =  4. Tlien we 

illustrate the behavior of p as rn increases in Figure 3.18. It  seems that p is increas­

ing on [—1,1] X  [~ 1 ,1]: however, if we take a closer look at p in a neighborhood of 

(0,0) for rn =  40, we notice that p is not increasing on this region. Nevertheless, 

it is e-increasing for some e >  0. We plot the function p in Figure 3.19.

SM

(a) m. ~  8 (b) rn =  20 (c) rn ~  40

Figure 3.18: The function p in Example 3.4.2
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Figure 3.19: The function p in a neighborhood of (0,0) where m =  40.

56

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C h a p t e r  4 

NELDER-M EAD ALGORITHM

Tlie Nelder-Mead Algoritltm (NMA) [50] is one of the direct search methods which 

are easy to program and do not recfuire derivatives, [58, 63]. Since its publication 

in 1965, the Nekier-Mead algorithrn has become one of the widely used methods 

for nonlinear unconstrained optimization. For example, the Matlab function fmins 

uses the Nelder-Mead algorithm. Moreover, this algorithm appears in Ntmicrical 

Recipes [51].

The Nelder-Mead method attempts to find a local minimum for a scalar-valued 

nonlinear function f  of n  real variables using only functions valued without any 

derivative information (explicit or implicit). More introductory information about 

NMA can be found in [40, 46, 52). Section 4.1 describes the way this algorithm 

works. Then Section 4.2 presents some convergence results for NMA. In Section

4.3, some examples are given where this algorithm converges to a local minimum. 

Finally, we conclude this chapter by other examples in Section 4.4 where this 

algorithm does not coim'uge to a rriinimizer.

4.1 The Algorithm

The Nelder-Mead algorithm starts with a noudegenerate mtvplex, a geometric 

figure in n dimensions of rionzero volume tliat is the co,nve,K hull of » - | - 1 vertice.s, in 

such a way that this .simplex is “close” to the minimizer [36]. In [33], it was enough, 

to chose one vertex, say .C], which is an initia l approxirnation of the minimum, and

0 1
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tluai define the following a.uxiliary values:

 ̂̂  \ /  n + 1 ~ 1 -f

V r  1 ~ 1 , , ,

<ln =  ................. M,

wliere M  is a scaling factor. The n +  I vertices axe g.i;ven by:

:xi  =  ( a b a 2 , . . . , a „ j ^ ' ,

»2  =  (p« +  f l b  +  «2.  ■ • • y < h .  +  < h i Y ' ,

=  ( %  "b « 1 1 P n  d- a -h  • • ■ ) <In +  ,

-r-n+t =  {(In +  a ;, Cjn +  Oa, . • . ,Pn +  (^m f- 

In this algorithm the vertices are resorted a.ccording to the objective

function values as follows;

/ ( a : , , )  <  f { x 2 ) < . . . <  / ( . x v + i ) .  (4 .1 )

The vertex ;ri is called the best vertex and is the worst. The algorithm 

attempts to replace the w-’-orst vertex Xn+i with a new point of the form:

x{ii) =  (1 -f/,t)x

where 5; is defined by the baryceiiter of t;he face opposite

I
X — -  y  :r;,,

and the value of //, is selected from a sequence:

-1  < Hie <  0 < /i«. < Hr < He- 

A typical sequence [40] of candidate values firr /r is

{ p r ,  H-r, Hoc, I k . : }  =  { b 2 ,  1 / 2 ,  - 1 / 2 } .
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Eacli iteration, of NMA begins with a simplex wliich is specified by its n +  1 

vertices and tlie assoc’iated function vahi.es. One or more test points are ('omputed, 

along w ith their function values, and the iteration terminates with a new simplex 

such that the fimction values at its vertices satisfy some form of descent condition 

compared to the previous simplex, Tlie next algoritlim sliows b,ow' th,e Nelder-Mcad

metliod can find a local mini,muin [36, 40],

Alg(M'it.h„m 4.1.1 (N elder-M ead A lg o rith m ).

Evaluate /  at the vertices of S and sort tlie vertices of S so that (4.1) holds.

1 . Cornpute x from (4.3), x.,. =  x(/'-t) from. (4.2), and f,. ~ f(xr ) .

2. Reflect: I f  f { x i )  <  fr  <  /(« „) , replace Xn+t with ;ry and go to step 7.

3. Expand: I f  < f ( x i )  then compute ft, ~  f(x{f.ie)) =  f (x f ) .

If  fe < fr , replace Xn+i with otherwise replace Xn+i with 

Go to step 7.

4. Outside Cont,raction: I f  /(;c„) < f r  < f{Xnxi),  compute fc =  /(.x'oc)- 

If  fc <  fr replace with Xoa and go to step 7; otherwise go to step 6.

5. Ins ide Contraction: If f r  >  / (x „+ i) ,  compute f ,  — f ixu ) .

I f  fc < f{-^'n+i), replace with Xic and go to step 7; 

otherwise go to step 6 .

6 . S hrink: For 2 < i  < n +  1 : set Xi ~  {xi +  x t ) /2  and compute f {x i) .

7. Sort: Sort the vertic&s of S so tlia t (4:,I)  holds.

Repeat until a stopping criterion holds.
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X3

Xic

X2

xoc

'Xr

Figure 4,1: Reflection, expansion, and coiitraction for NMA 

Several choices have been made as a stopping criterion for Algorithm 4.

For example, [36] suggests either f{xn+{) ~ f { x i )  < r  for a, given r  > 0 or a user- 

specified nunilrer of function evaluations has been expetideti. While [33| suggests

2
< r .

\ j : = l

Figure 4.1 is an illustration of the options in two dimensions.

4.2 Convergence Property

There are only limited convergence results for the NMA in a restricted class of 

problems in one and two dimensions, which assume that /  is strictly convex among 

other things. Let A  be the simplex 2 :1 , . . . ,  fhen we define the diameter of A

diain(A) =  max ||.Cj -- ;zg-||,,.■i'gi ' "

Definition 4.2.1 (S trict Convexity). The function /  is strictly convex on I

if, for every pair of jzoints -i/, z with / y- z and every A satisfyirig 0 < A < 1,

y  + (1 “  A),z) < A /(y) +  (1 -  X)f{z).
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Let CB be the set of a.ll ftinc;tioiis that are strict;ly convex and boimdecl l)elow. 

We now consider the case where =  {1,2,1/2, "~4/2}.

In one dimensions [40], if  f  €: CB then NM A will converge to a local miiiimiuri 

In  otlier words both end points of the NM interval converge to rr,„in- The 

convergence in this case is Af-step linear, i.e., there are integers M  and K  snch 

that

diam(Ai.4 .M) < ~diam(A/,,) V/;; >  K.

In two dimension [40]; however, this is not the case . I f  /  : IR is in

CB arid the NMA is applied to /  beginning with an initial simplex Ao, then the 

simplic.es (A /.} w ill collapse to a point, i.e..

Urn diam(Afc) =  0.

Even though NMA will converge to a point for all functions /  : —f IS and

/  € CB, thi.s point is not guaranteed to be a local mininmm as we will discuss in 

Section 4.4.

4.3 Examples

We present two examples in R". In tlie first example, NMA w ill converge to 

even if  the initial point is far from the minimizer. In the second example, 

a;i must be chosen so that it is close to ;rmin.

Exam ple 4.3.1 (Rosenbrock’s Function,). Let /  ; > M be the Rosenbrock’s

function which is defined by:

f {x ,y )  := 1 0 0 (1/ -  +  ( 1  -  x f .

This function is a classic optimization prolrlem, Tlie global optirniiin is inside a 

long, narrow, parabolic shaped fl,at valley. The c;onvergence to the global optimum.
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iteratio:u ■'■j ;C‘> £ 3

0 (.5, .5) (.(i0.318, .55176) ThoiTffiTiiOdisT'
1 (.64142, .35857) {.rmiH, .f.r,l7fij -.V
2 (.64142, .35857) (.70912, ,44396) (.69318, .55176)

:

47 ri.W)004, 1..00008) (.99998, .99995) ^.99996, .991)94)

Table 4.1: iNMA for Example 4.3.1 with Xi =  (.5,.5)

:= (T  1 ); is difficult a.u(l hence this problem has been repeatedly used in assess 

the performance of optimization algoritlims. We choose several values for ;:ri and 

fix the tolerance to be 1 0 " ' The :first choice for Xi is (-1.2.1). W ith  this point the 

algorithm w ill converge to the minimum in 79 iterations. The simplex at iteration 

79 is ,xj. =  (.99998, .99997), ;:r-2 =  (1.00001,1.00002), £ 3  =  (1.00007,1.00016). The 

second choice for a;j is (.5,.5), then this algoritlim w ill converge after 47 iterations. 

The simplex in this case is x\ =  (1.00004,1.00008), £ 2  = (.99998, .99995), £ 3  =  

(.99996, .99994). In fact, NMA converges to the minimum value even for z% =  

(100,100). Figure 4.2 illustrates tlie plot of the Rosenbrock’s function, and Table 

4.1 gives the values of some sirnplices for the case xi =  (.5, .5).

:! 4.2: Rosenbrock’s Function

Exam ple 4.3.2. IvCt f  : IR‘‘̂ ~> R be the functioii

f { x ,y )  := x f r ^ '.
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This function has its minimum at ttie poini; := ()). VVh dioose two values

for x i  and fix the tolerance to be 1 0 If we choose a;x to be (-1,1) then the algo­

rithm  w ill converge to the minii.rmni in 35 iterations. The simplex at iteration 35 is 

.'Cl =  (-0.70714,0.00003),.t:2 =  ( -0 ,7 0 7 0 7 ,-0 .0 0 0 1 2 ),=  (-0.70719, -0.00004). 

On the otlier hand, if we choose ;ri to be (5,4), then NMA will converge in the 

first step to a nonmirii,raizer point. The simplex in this case is Xj, =  (5,4),;i-2 = 

(6.93185,4.51763),0 :3  =  (5.51763,5.93185), and

T a x  10-“=.

The reason that NMA does not converge goes back to the shape of the function, 

this the function is “ flat” , i.e., the function values at the vertices of the first simplex 

are very close. Figure 4.3 illustrates the plot of the function / ,  and the iterations 

of NMA starting at r j  =  (--3,3).

r  .
i

■ ■ i

■ ■ .7 O'.

: .......     .

Figure 4.3: NMA iterations for the function in Example 4.3.2

4.4 Examples Where N M A  Converges to a Nonstationary 
Point

In this .section, we w ill coiLsider tb,e problem:

m.iri f i x )  (4.4)xca*
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i.e., TV =  2, and give some examples where NMA converges to a noiimininhz- 

ing point. The; first example was given by Mckinnon [46], where a. family of 

s trictly convex functions in two dimensions have the property that all vertices in 

the Nelder-Mead method converge to a rionminimizing poirit. A ll iiinctions cause 

1;he Neldei'-Mead method to apply the inside contraction step repeatedly with the 

best vertex remaining fixed.

E xam p le  4.4.1. Let /  be defincxi as: 

and consider the parameter sets:

{ (3,6,400),
(r,d ,d ) =   ̂ (2,6,60),

[  (1,15,10).

The in itia l simplex is:

Xi =  (1, l ) ’’̂  ,x'2  =  (A.f, A^)^’,:7;3 =  (0,0)'^ where A-t =  (1 ±  '/33)/8.

W ith  this data, the Nelder-Mead iteration w ill converge to the origin, which is not 

a critical point for / .  In this case, the algorithm w ill repeat inside contractions 

that leave the best point (which is not a raiuimizer) unchanged. We compute some 

values for the case (r, 0, (j>) ~  (1, 15,10) in Table 4.2 and we illustrate the behavior

of NM A for the same case in Figure 4.4,

iteration .̂ ’1 :r-2

0 (0,0) (.8430703309, -.5M0763309) (1,1)
1 (0,0) (.7107675827,.3517324173) (.8430703309, -.5930703309
2 (0,0) (.5992270611, -.2086020611) (.7107675827, .3517324173)
3 (0,0) (.5051905566,.1237156934) (.5992270611, -.2086020611)
4 (0,0) (.4259111697,- 0715721073) (.50.51905566. 1237156931)
5 (0,0) (.3590730707, 01,)H8199) (.42.59111697. .073:1721073)

Table 4.2: NMA for Example 4.4.1 where (r,0.4i) =  (1,15,10)
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Figure 4.4: NMA for Example 4.4.1 where {r,d,(p) =  (1 ,15.10).

However, if  we start with a different set of vertices, e.g., a:'i (1,1),.ra ;=

(1 /4 ,—1/2) and := (0,0) then NMA will converge to tlie local riuihiniun ((),- 

1/ 2).

I t  is also possible to construct examples of nonconvex diiferentiable functions 

for which the the Nelder-Mead method converges by repeated contractions to a 

simplex , none of whose vertices are a stationary point [46]. An example of this

case follows:

Exam ple 4.4.2. Let /  : R be defined as:

f i x ,  y) =  -  y{y -  2),

with initial simplex (1,0), (0, —3), (0 ,3).

Then NM.A, converges to the simplex (0,0), (0,3), (0,-3), wliere non of the vertices 

of this simplex is a minimizer. Table 4,3 gives some values for the iirst 5 iterations 

and we can see that xi  and X2 are fixed and xs tates the wilue (l/2^/0 ) where k 

is the iteration number. Figure 4.5 explains the behavior of the NMA.
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fiteratiori :r.i :i;2 •ttj
0 (0r3) (0,3) (1,0)
1 (Or3) (0,3) (1/ 2,0)
2 (0r3) (6,3) (1/4,0)
3 (0r3) (0,3) (1/ 8,0)
4 (0,41) (0,3) d g y o )
5 (0,-3) (0,3) (1/32,0)

Table 4.3; NMA for Example 4.4,2

y

(0,3)

TO,-3)

Figure 4.5: NMA for Example 4.4.2

These examples are presented to show that this algorithm can not always 

converge to a local minimizer; however, in both examples, the in itia l simplex was 

chosen carefully so that NMA does not converge. If  we change the choice of the 

initia l simplex, tlie NMA will converge in the first example to the global minimum 

and diverge in the second example, because the fiinction in the second example 

does not have a local minimum. Tlierefore, these examples are very special c.ases 

and does not reflect the general behavior of the NMA.
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C h a p t e r  5 

H O PF BIFURCATION

VVe con,sider the dynamical system x =  /(a ;,/i), where ,r € M", jj, € E"' and 

/  : R"' is coritinuonsly di{i'ereiii;iable. The stability of the stationary so­

lution (a;(/i),/r) of f {x , ( i )  =  0 changes at a, Hopf bifurcation poirit, wliich can be 

characterized by computing the eigenvalues of /.r(;r(/r),/,t). In Section 5.1 some 

properties of dynamical systems are given to introduce the definition of Hopf frit 

furcation point. In Section 5.2 we describe how to locate Hopf l)i:furcatioi:i points. 

We conclude this chapter with an exa.rnple which illustrates tlie computation of 

those points.

5.1 General Information about Hopf Bifurcation

Consider an autonomous set of ordinary differential equations of tlie fonn

~  1 ■ • • ) X,fi) f l l  , • ■ . ; /lirf).), i  1 , 2 , . . . ,

which can be written as:

i: = /(.T,/.i), (5.1)

where x € R” , /i S S™' and /  : E" is cont.inuously differentiable. In order

i;o define Hopf bifurcation, we need to define first tlie critical points of (5.1) and 

their stability.

D e fin itio n  5.1.1 (C r it ic a l P o in t). [30] The |>oint (;X’o,/io) is said to be a critical 

point of (5.1) if  f{xo,(M}} =  0; (xo,fio) is also called a stationary point.
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I f  special conditions are satisfied by /  near the critical point (:ro,//o), then, 

locally, /(aa /i) —• 0 can b<~; written as /(;r(/i),/,/.) =  0 in a. neighltorliood of (:ro,/.to). 

These coiuiitions axe explaine<l in tlie following theorem:

Theorem  5.1.1 ( Im p lic it  Function  T lieo rem ). /6Y1/ Suppose V” is open in 

jgn.+m p  . y  £31 continuously different.iabk on V. Suppose further that 

F ( . t o , M o )  =  0  for  some (x-o,}iq) G V, where xq 6  M "  and Ho G  R ”h  I f

then there is an open set W  l .  E '" containing po and a unique continuously dif­

ferentiable function x : W  E" such that x'(/i.o) ~  Xo, and F{x{p).j.i) =  0 for all 

/i. e VF.

Let (x{t), f i{ t))  be any solution of (5.1), then (x(f;),/i(t)) is stable if solutions 

starting “close” to at a given time remain close to (f(/;),/i(t)) for all

later times.

D e fin it io n  5.1.2 (S ta b ility ). [62] The solution is said to be sta­

ble if, given e > 0, there exists a 5 — 5(e) >  0 such that, for any other so­

lution, iy i t ) ,o{t)) ,  of (5.1) satisfying \\ix{to),fi(tQ)) ~  {y(,to),iy{to))\\ < 5, then 

“  (y(f)>*^(f))ll < foi’ t >  h), to e E, where {x{to),pfto)) =  (xo./io).

The stability of the stationary solution (x(/y.),/i) for a given /,/, is determined

l:)y the real parts of the eigenvalues of the Jacobian of the linearized system,

X =  /;.(xo, /io).x =  A{xo, po)x. (5.2)

The elements of the Jacoliian matrix .4 depend on //, continuously, because /  is 

continuously differentiable. Suppose that tlie eigenvalues of ,.4 are of the complex 

form A(/r) == a{jj.) ■-(- i0{p) and they are distinct, then a solution for (5.2) is of tlie 

fbrm
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In order to have sta.bility, we assume tlia t a. =  Re(A) < 0 for all eigtjuvalues of 

.4, Moreover, we assume that when /i is increasing, one or more eigenwrlues cross 

the imaginary axis. In this case, the stability of the stationary solution can change. 

I f  for 1.1, <  I.M) all eigenvalues of .4 were in the complex left half-plane, the stationary 

solution w ill ha.ve lost its stability for p. =  fiQ, and for / . i  > po it  w ill be unstable. 

This travelling of eigenvalues from one half-plmie to another can be realized i.n one 

of two ditfereiit. ways. The first case appears when a(/io) =  (HiM)} =  0. In tins case 

the point (;ro,/io) is called a Takens-Bogxlanov (TB) point, which is discussed in 

[39, 61]. The second case appears when Q'(/io) =  0 and Pipo) "> 0. In this case the 

point (ico.po) is called Hopf bifurcation point (see Figure 5.1.3). Now we give a 

brief discussion of Hopf bifurcation points.

Figure 5.1: Hopf bifurca.tion point occurs.

D e fim tio n  5.1.3 (H o p f b ifu rca tio n  p o in t). [16, 23] Consider the clytiamical 

system (5.1), and let u-=■ , j.i) be a solution curve of f { x , / i )  =  0, A point

uq — {xo,H()} =  iMjM)), po) is a simple Hopf bihirca.tion point if for snia.ll | / i  — poi 

there is a cotnplex conjtigate pair of simple! eigenvalues A(/i) =  p(j.i) :1: iiAj(jj.) of 

/,,;(a:(/r),/i) crossing tlie imaginary axis for p =  /io, i.e., p(/ro) =  0, /)(/.to) 0,

69

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



uj{l.io) 0, and all the remaining n,  2 eigenvalues have negatiw real pa.rt8. The

value uq =  (uj{no)’f  is called the Hopf rmmhar.

More infonnation about Hopf Ijifiircation can be found in [30, 39, 47, 59, 62], 

In the iicjxt section, we will discuss how to locate Hopf bihircation point„s for the 

dynamical system (5,1).

5.2 Finding the Hopf Bifurcation Points

We briefly describe liow to compute Hoi)f bifurcation points for the dynamical 

systems (5.1). Assume that (x(/i.),/r) is one parameter solution family of (5.1). 

In order to compute the Hopf bifurcation point, we introduce tlie one parameter 

matrix A{p)  =  as in Section. 5,1, From definition 5.1.3, Hopf bifurcation

points occur when A{jt) has 2 pure imaginary eigenvalues and the remamring n--2  

eigenvalues have negative real parts. Consecp.iently, the uiirnerical computation of 

Hopf bifurcation becomes the problem of determining p. so that A{p) has a pair of 

pure imaginary eigenvalues [67].

D efinition 5.2.1 (H opf M a trix ). We say that a matrix A. is a Hopf matrix if 

A  has two pure imaginary eigenvalues and the remanning n — 2 eigenvalues have 

negative real parts.

The following example illustrates the main ideas of Hopf bifurcation points 

and will be used in the subsequent chapters.

Exam ple 5.2.1, Let /  : x —> R'̂  be defined by :

+  /i'2 -
/ ( a ; , p ) = (  x i + p i x s  , ,  

piP2 + ;:C2 -  Mi/isX:}
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where x  G R’̂  and j i G Then a stationary solution, occurs at the i)oint ( f . / i)  =  

where

 hi'^   +  Ih '̂  "1" IMi)
a ;, j =   ----------------------------------^ ------------------------------------------------------; i ; 2     ^

fJ'2

i ’3 =  , fii ~  jj„. i  =  1, 2.

and in this case,
0 0  /i2“

A{i.i) :=■ =  \ 1 0  Hi
0 1 -HiP‘2

Suppose that H2 =  3 and we want to find tlie value or values of fj,\ so that (x, /i) 

is a Hopf bifirrcation poin.t. We compute

/  0 0.......9
A(h u Z) = 1 0  -H i

\  0 1 -3/,p. 

and the characteristic polynomial of A is

p(X) =  T  3/ijA“ H- HiX +  9. (5.3)

If  the system x =  f { x ,  /.i) has a Hopf bifurcation point, then A  must have two pure 

imaginary eigenvalues ±iu> and one real negative eigenvalue s <  0. Therefore,

p(A) =  (A +  iin)(A — iu>){\ — s)

= (A"̂  H“ m^)(A — s) (5.4)

=  A'̂  ~ sA'̂  +  cû A — suj~.

Comparing (5.3) and (5.4) we find that the conditions for A. t<j be a Hopf .matrix 

are S/m >  0 and 3/if =  9, that means =  v/3, and the Hopf numlier is i/ =  \/3.

In the previous example, we computed the Hopf bifurcation point by applying 

the definition 5.1.3. 'Phis can be done easily if A  is a 3 x 3 matrix. However, if  .4 is 

of highe.r dimension, de.linitior.i 5.1.3 .may not be easy if) verify. For example, if  A.
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is a 4 X 4 ma.trix with chaxacteristic polynomial p(A) =  A'* +  +  C2 A  ̂+  CiA -f co.

then A  is a. Hopf matrix if  there exist s, t,uP € M'*' sucii that p(A) =  A'* — (s -f 

t)A'^ +  (jiiA +  st)X^ — (s H- t)nr'X +  iiAst. 'rherefore, the ctxiditions in. this case are 

C i,C 3  <  0, Co, C<2 >  0, S +  t  — — C3, W '' +  S t  =  Cg, { s  +  t ) w ^  =  ~~Ci a n d  n A s t  Co- 

This system is not easy to be dealt w ith and it  w ill be more complicated if  the siz,(3 

of A  is greater than 4, Therefore, we need other numerical methods t:o find the 

.Hopf bifurcation points. Several methods for the coniputation of Hopf l:>ifurc;:il;ioji 

have been discussed in tlie literature, see for example [16, 49, 53, 54, 65, 67]. We 

w ill investigate two methods for the numerical of comiiut.ation of Hoi:)f liifurc.atioii 

points in  tlie next two chapters; polynomial resultants and lioi.’dered matrices.

7‘>
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C h a p t e b . 6

H O P F  ALGORITHM  USING POLYNOMIAL 
RESULTANTS

The polynoinial resulta.nts method uses the clia.ra,cteristic polynomial of the matrix 

A{j.i) to compute Hopf bifurcation points. In, Section 6.1, we define the Sylvester 

matrix and the resultant of two polynomials. Then we develop, in Section 6.2, the 

relationship between the characteristic polynomial of a matrix and tlie resultant. 

After that, Theo,rem 6.2.1 is used to detect Hopf bifurcation points. In Section

6.3, we describe the properties of this .metliod and when it  can be used. I t  turns 

out that this method is not practical for high dimensional matrices. However, this 

method can be used to find starting values for p., the Hopf parameter, and p, the 

Hopf number, in the next chapter. Finally, we discuss some test results in Section

6.4.

6.1 Sylvester Matrix

Consider the two polynomials

/(■/:) =  4- 4- .. .  4- ciit +  do, tin y- 0,

=  {t-~ a i) { t  -  Q'a)... (t -  a „),
(6 .1)

git) =  r  4- b,,, +  .. . 4- bit 4- bo, ^  0,

The Sylvester matrix of /  a.nd g, S{f.,g), is the (rn 4- n) x  {m +  n) matrix defined 

by:
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S(J,g)

1 0-1 a,) 0 0 0
0 1 an-,..] at oo 0 0

0
0 .................................. 0 1 . . . . , . a-o
1 brn-l • • ■ h ho 0 0 0
0 1 hi k) 0 0

0
0 0 0 0 1 . . . - • • k)

and the determinant of S{f.,g) is known as Sj'ivester’s reanltant wliich is denoted 

by n .

D e fin itio n  6.1.1 (R esultant). [10] Given two polynomials f { t ) ,  g{t) € E[i] with 

roots a .i,. . .  ,(Xm and /?i,.. .  ,/?„ respectively the resultant R {f,g )  of /  and g is 

defined to be

R{f ,g) =  -- A?)'

We w ill give a theorem to coT,mec:t these two ideas in next section.

6.2 Detection and Computation of Hopf Points

We seek explicit criteria that specify whether an n x n matrix, A, has a 

pair of pure imaginary eigenvalues. We explain necessary conditions in terras of 

the corresponding characteristic polynomial for the matrix A. Let p(A) =  co +

ciA +  ... +  c„ 1 A” ""̂  +  A” , denote the characteristic polynomial of A. Then next

proposition describes the f:;onditions Ibr p to ha.ve a pair of nonzero roots {A, —A}.

P ropos ition  6.2.1. The characteristic polynomial p has the non-zero root pair 

(A, — A} zf and only if  X is a cormnon root of the two polynondals p{X} +  p{-~X) and 

p(A)--p(-A).

Proof. Suppose that, p has tlie roots A and — A then p{X)±:p(—X) =  ()±0 =• 0. 

“4-” Adding 'p(A) -f p (-A ) and p{X) -- p(--X) yields piX) =  0. While sulrtracd.ing, 

yields p(—A) =  0 . □
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We now make i;he siil)stitiitio,n to coristrviet two new polyriomialB. If

n  is even , let

T f . { z )  = ■  C o  +  c ^ z  +  C 4 2 "  ■ + ■ . . .  +  c V d - a *  '  +  s * .

ro{z) •= Cl +  C3 2 ' + c;,z  ̂+  .. .  +  3 ,

(6.2)

while if n is odd, set

9
Co •+• C jS  +  C42'" 4* . . . 4" G,i,„sZ 3 +  C ,i-4 Z  3

T'o(z) =  C'j 4" QiZ 4* C.5 .2 " -j- , . . +  C„„2^ * +  3 3 , 

then p has a non-zero root pair {A, -v \}  i f  there exists a 3' that satisfies

=  0 .

The polynomials re(z) and t'o(z) have a common root if and only if  they share a 

common factor. Let the Sylvester rnairix of the pair of equations (6 .2 ) or (6.3) be 

the (n — 1) X (n — 1) matrix given by

Oq C'2 . . • Cri—2 I 0 0
0 Co C2 . . .  C„,_2 1 0

0
0   0 Co C2 . .

C] C3 . . .  0 0

0 Cl C3 . . .  c „ ^ i  0 , .

0 ■ • .  ■ ■ .  ■ • .  • • 

0 ...........  0 Cl C3 . .

0
0

0
C„.,.2 1

0 
0

0
. . . C r | , „ . i

rows

rows

if n is even, while if n is odd, this matrix is defined to be

Co C‘2 . . . C , C-n..1 0 0 0

0 Co C-2 • ■ • tVi.— ! 0 0

0 0

0 .............. 0  Co (>2 . , . C, ,._3 C,(..

C'J. d i • • ■ C„„,o 1 0 . . . . 0

0 Cl C3 . . .  f l.l ' 0

0
. 0  .............. i) Ci C;f ■ ■ . C,

6

,..;i 1

-  rows

n - l rows
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The fallowing proposition, which is proven in [10], describes the relationship be­

tween Syivtsster’s resultant and the resultant.

P ro p o s itio n  6.2.2. [10] Let /  and g be defined as in (6.1) and let S ~  S{f ,g)  be 

the Sylvester matrix. Then R (f, g) =  det (.S').

L<3t IZf, =  det(<S) be the Sylvester‘s resultant of r,, and ry .Then it  follows 

imm<3diately from proposition 6.2.2 that:

Proposition 6.2.3. [29] The Sylvester matrix is singular (equivalently, Kg 0) 

i f  and only i f  the polynomials r\. and Vg share a common root

The next example describes how to compute tlie Sylvester matrix from the 

characteristic polynomial of a matrix.

E xam ple  6.2.1. Let p(A) be the characteristic polynomial of A  which is defined 

by:

p{X) =  -  2A'̂  + lOA'̂  -  19A  ̂+  9A 9

-  (A  ̂+  9)(A'' -  2A  ̂+  A -  1).

Then we define

(6.5)

Tefz) =  - 9  -  1 9 ^  - -  2^

T'oi-Z') =  9 T  IO2  +  z“ .

-.2

and the Sylvester matrix for r f iz )  and ro(z) is

- 9   -19 ...2 0
0 - 9  -1 9  -2
9 10 1 0
0 9 10 1

We then compute the deterniinant of S

n ,  =  det(5) =  0,
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which means that re(-s) a'lid rf,{z) haw? a common root, say v. Therefi:)rc,

r^{z) =

Toiz) =  {Z -  t>){z  fJ,2),

and p(X) can be written as ;

p(X) =  re(A^) +  Ar,,(A^) 
(6,6) 

=  (A'^ t/)(A''^ - - 2A  ̂ /xgA -f 2/cj).

Comparing (6.5) and (6.6), we get v ~  ~9, pt =  ~ |  and j i2 ~  -1 .

Suppose that p(A) = (A'̂  — n}g(A), then in order for the matrix, A to have a 

Hopf bi,furcation point, we have to require ly <  0. This condition can be verified 

using sixbreaultants.

D efin ition 6.2.1 (Subresultants). [29] We define the stibresultant matrices So

and Si to be the matrices obtained from <S by deleting the rows 1 and |  and the 

columns 1. and i  +  2, for i =  0,1.

More information about resultants and subresultants can be found in [10, 11,

37, 41, 56). Our work w ill l:)e based on the ibllowing theorem which was proven in 

[29].

Theorem  6.2.1. [29] Let S he the Sylvester matrix for the polynomials rv, and 

To in Equation (6.2) or (6.3). Then A has precisely one pair of pure imaginary 

eigenvalues i f

7^, =  0 and det(So) ■ det(5i) > 0.

IfT is  0 or det(*Sb) • det(5i) < 0, tiitn p{X) has no purely imaginary roots.

The following algorithm uses the Resultant Method to compute the Hopf 

bifurcati(,)n points of (5.1). Its details a-ud Maplf? ii:a};)lemei:itatiorx are prt'sented in 

the Appendix .A.
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n VC. det(So) ■ ciet(S’i)
2 C.1 <'■0

3 C{) C1 (>2 t'l
4 C()C| -- CiC2C;:s +  4 Cfoi
5 (C2 -  C;iC4 )(C)C2 “ ■ CoC:i) +  C|C.4(CiC4 -  2Co) +  Cq { ( ‘2 -  C3C4) ■ (fo  -  r’ l fo )

Table 6.1; Gonditions for theorem 6.2.1 wh(3re n -= 2,3,4,5.

A lg o r ith m  6.2.1 (R esu ltan t A lg o rith m ).

INPUT: A matrix ,/l which depends on /i,

OUTPUT: A set H =  { / i : =  0 and det(Ao(/r)) ■ det(S'i(/i)) > 0}.

1. Compute the characteristic polynomial of A.

2. Find the Sylvester matrix of A.

3. Compute tlie subresultants Sq and S'l.

4. Evaluate the determinant of S and solve TZg =  0.

5. H  =  (p.

6. For each root /r of 'Rg =  0

if det(SQ(/i)) ■ det(5'i(/i)) > 0 

H  =  I I U {/i} .

6.3 Comments about thct Resultants Method

The Resultants method works well for small dimension matrices; however, it 

cannot be applied for high dimensional matrices [29] because the cornputation of 

the characteristic polynomial coefficients is numerically unstable [49], On the other 

hand, this method can give an explicit description for the Hopf curve, i,.e., a curve 

such that eadi point in tlris curve is a Hopf bifurcation iioint, (see example 6.4.1). 

iVIoreover, it can find all Hoiif liihircation point,s.
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6.4 Examples

We illustrate how this method works by some examples where the Hopf data 

reported in the discussion wdiich follows was computed using the hfaple symbolic 

algebra pa.ckage,

Exam ple 6.4.1. We reconsider example 5.2.1, where

■ A'* + /ii/ryA" +  /i(A +  jj'i'

In this case, we ha,™ co =  ~ /^i ^ “2 “  h i ha- We now use the table (6.1)

wliich gives the conditions

1, p I  =

2. iM > 0.

Therefore, the Hopf bifurcation curve of A  is dc'fined by =  /if, where /ii > 0, 

and the Hopf number is /i =  i.i\ . So, we liave

p(A) =  (Â  ̂+  /ii)(A  +  /if).

Even though the matrix A in Example 6.4.1 lias an analytic description of 

the Hopf bifurcation curve, that is not always the case as we will see in the next

examples. The following example shows a case where (5.2) does not have any Hopf 

bifurcation point.

Exam ple 6.4.2. Let
r 1 - 2  /io

. 4 ( / i )  : =  I  0  / i i

 ̂ //,2 / l  | 1

then the characteristic polynomial of A. is

(6 .7 ;

=  A " ’  —■ 2Â  — (1 + /,/-] +  /i2)A + (2 2j.iij.i2 +  / T ) -
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Figure 6.1: Hopf bifurcalion curve for Example 6,4.1

We therefor(3 have co =  2 ~ 2jiij.i2 +  /if; Ci =  --(1 -i- / if +  /,/,|), 02 =  -2 .  In order to 

find Hopf bifurcation points, we use Table 6,1 to get the conditions

1 . 2 -  2/ii/i2 +  //| =  2(1 + /if + 14).

2. — (1 + /if + /i|)  > 0.

How'ever, ci is strictly leas than '/ero. llierefore, A  does not have Hopf bifurcation 

points.

.Next e,xainp.le was given in [8]. The system (5.2) has a Hopf bifurcation point, 

but not a Hopf bifurcation curve.

Exam ple 6.4.3. Let
- 1  0 
i / i  -1
0 | / i

A  is

0
-1

p(A) =  A’* +  3A  ̂+ 3A +  (1 +  - /? ) ,
O

and we ha.ve c<) — l  +  ci — 3, — 3. In order to find a Hopf bifnrcatiori |)oini.,

we iis(3 table 6.1 to get the conditions
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1. 1 +  |/i'^ =  9 jx ~~ 4.

2. 3 >  0.

Therefore, A has only one Hopf bifnrc:;ation point; namely at /./, =  4.

The following example was constructed in siicli a way that the system (5,2) 

has a Hopf bifurcation point at =  (1,1,1)

Exam ple 6,4.4. Let 

/ l( / i)  :

Then

( 0 0 0 -2/,ci s in(|p i/r2}6 /i i / /2  \
1  0  0  2 ( / i j  +

0 1 0 -  4/0,
\  0 0 1 2sin(|/,i2/i3) /

TT
Co =  2/ii +  6 /ri/.(2 ,

(6.8)

C2 =  “ '2(/ii +  /ij)'**,

C3 ■= +  4/ii,

C-i
TT

) ■

We want to compute the Hopf bifurcation surface in a neighborhood of the point

(1 , 1 , 1 ). We use Table 6 . 1  to get the conditions

1. 1 -  coc| -  C1C2C3 +  c'l ■= 0.

2. 2 CjC;! > 0.

It  is clear that this surface cannot be computed analytically because of the 

terms sin.(|/^l/r2 ) and s in ( |/ i2 /i3 ). Therefore, we us<; Maple to computf’ the surfiice 

numerically. Now we consider /,cj as a functiori of fx\ and f.12 and vary /p and 

Then we s<3lve condition (1) for /cj and check if  condition (2) is satisfied. Some 

values of m  axe computed and listed in Ihble 6 .2 .
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fj'i iki '■=' fk i i f 'u l i i )
.091)99!)!) .99<)999U 1 .000000200

•o o o y jo o i 1.000000,100

1 1 1

1 1,0000001 1,000426957
1 .0000001 1.0000001 1.000667492

Table 6.2: The values of /ig at a neighborhood of (1,1) for example 6.4.1

In the following ciiapter we describe another algoril'.hm to find Hopf bifurc,ation 

points which is more efficient and can be api)iied for higfier dimensional matrices. 

However, this algorithm requires starting values for //., the Hopf parameter, and /v, 

the Hopf number. These values can be obtained Ixom the resulta;nts niethod if  we 

liave a discretization problem. We first choose a small value for ri, the dimension 

of A, and then use the resultant; method to locate the starting values /.<o and uq. 

Then we increase the dimension n and and use the method in the next chapter 

w ith starting values ij .q and i/ q .
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C h a p t e r  7

H O P F  ALGORITHM  USING BORDERED 
M ATRICES

The bordered matrices method is widely used riowafiays to compute Hopf bifur­

cation points. In this method, bordered niatricts are used to classify the set of 

matrices with rank deficiency two, at which Hopf bifurcation point occurs. We 

first defi,ne the Hopf manifold in Section 7.1. Then we descrribe th.e relatioiishii> 

between bordered matrices and the Hopf manifold in Section 7.2. In Section 7.3, we 

use Theorem 7.3.1 to write an explicit algorithm to detect Hopf bifurcation points. 

We conclude this chapter with numerical examples to compute Hopf bifurcation 

points.

7.1 Hopf Manifold

We say that A  is a Hopf matrix w ith Hopf number r  =  >  0, i f  A has

geometrically simple pure imaginary eigenvalues ± iu .  Then we define the Hopf 

manifold to be:

D efin ition 7,1.1 (H o p f M an ifo ld ). [61] The Hopf manifold, Adjjj,, is defined 

to be:

M h ,v ■— {(A, u) €  X R : A is a Hopf matrix with Hopf number u}.

I f  we denote ./V’'''(.4) to l)e the kernel of +  id  ther.i A^''{A') is just the real 

eigenspacc; Jissociated with the eigenvalues ±ha € a{A) [61]. I t  is possible to give
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a c'haracterizaiion of Mn,i. in terms of two scalar equations

a(.4,r/) =  0, d{A,u) =  i), (7.1)

which c;an be used for the computation of curves of Hopf ma.triccs since fr,,/ is 

a codimension-2 manifold [61].

7.2 Bordered Matrices

We consider the following linear bordered system:

B R \  f  I I  \  f  0,
/;'■ 0 ) \ T )  - V i ' , :  j

w ith B  6 R, L ,U  € and T  € and we denote ituj bordered

matrix in (7.2) by B{B ,R ,L).  We assume R  and L  have maximal rank rn. Our 

goal is to classify matrices B  with rank deficiency rn. This can be done by taking 

T  =  Om- In this case, we have equations. The following proposition reduces 

the size of T  for the special case B  =  +  u l  and rn ~  2.

Proposition 7.2.1, I f  B  := +  u l  € R”'"" is singular and v =  >  0, then B

has rank deficiency at least two.

Proof. Since B  is singular, det(B) equals 0, and we have

det(A^ +  u l)  =  0 =» det((.4 +  io j I ) { A  iuji)) =  0

=» det(-4 +  i iv l)  det(/l — itol)) — 0, 

so either det(.4 -f iujI) =  0 or det(y4 — iurl) =  0. If det(A +  kv l)  =- 0, then —ico 

is an eigenvalue of .4, but since A. is real iu  is also an eigenvalue of ,.4. The same 

argument can be made if  det (A —to.’/)  =  0. So, there exist two linearly independent 

vectors x and p € C”' such that (A 4- iurrjx ~  0 and (4 ™ uvr)y ~~ 0. Tills implies 

that Bx  =  0 and By =  0. Consequently, B  has rank deficiency at least two. □
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In the bordered rnatrix system (7.2), we let m =  2 and B =  4̂̂  •{■ id  to find 

Hopf bifurcation points. If, seems that we need to IniTO 'T =  O2 € in order

for B  to ha,ve rank deficiency two. However, it is enough to ta,ke T  =  [0,0]’̂ ’ since

1/  >  0 and B  is singular, which implies that B  lias at least rank deficiency two, by 

Proposition 7.2.1. Moreover, we tako [ 1 , 0 ] ^ ’ or [ 0 , instead of i '2

7.3 Conditions for Hopf Bifurcation

For the bordered matrices in B(B. II, L), a special choice for R and L, which

depends on A, was done by W(?riiei: [61]

/  +  u l  At r
B { A , u ) : = \  F A  0  0  j ,  ( 7 . 3 )

\  F  0 0

where r  and I € E". Then we consider the system:

+  u l  ,.4'r r  \  /  Ul \
F a  0  0  ft U  j 1 1, (7,4)
F  0 0 /  \  0 J

where u\ € E ” , a ,0  G R. Observe that the normalizing conditions

7^ « i =0 ,  f A u i  =  l ,

from our bordered system force ui not; to be a,n eigenvector of A. Because if  ui is 

an eigenvector of A,  Hien we have

Aui =  Au) 0  Axil =  XFui

1 =  0 (contra,diction).

We now define acute pairs of subspaces, which w ill be used in the subsequent

discussion.

D e fin itio n  7.3.1. [61] The pair {0\ V)  of two rn~dimensional subspaces U and V  

of E " are acute if:

u  n  V'"- =  { 0 }.

Ill otlier words, uv 0, V u € IJ, v €
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The following lemmas were given witlrout proof in [61]. '1 lu lemmas are 

used to prove Theorem 7.3,1.

Lem m a 7.3.1. (H. B. Keller)fS7j. I f  B  i$ regular, then the itgtdarily ofB{B, R,L) 

is equivale.nt to the regularity of the Schur complement I?'B"'^R  € Mmxm- More­

over,

T  =  T{B )  =

I f  rank B is less than n — rri, then B{B, R, L) is singular and i f  rank B  =  n —rn, then 

B(B, R, L) is regular i f  mid only i f  the pairs { I rn {L ),M {B ))  arid (frn(R),Jif{B '^)) 

of m-di'nie,nsional spaces are acute.

Lemma 7.3.2. I f  A is a Hopf matrix with Hopf number v >  0, then <&axN''{A) =  

2 (or equivalently the rank deficiency of A'  ̂+ i / I  i s  two). The converse is also true.

Proof. “ =>• ” Suppose that A  is a Hopf ma.trix with Hopf number i> =  > 0. Then

A  has simple imaginary eigenvalues ±ica, i.e. there exist two linearly independent 

vectors x ,y  € R”' such that Ax — iojx and Ay — —iovy. Multiplying by A, 

we get A^x =  —uj~x and A^y =  -uf^y. That implies x ,y  G Af''{A). Therefore 

diniA/*'''(M) >  2. But ±'io; are simple eigenvalues of A, so dimA/’'^(T) =  2.

“ 4= ” Suppose that dirnJV"'^(,A) =  2, and let M''{A) ~  span{,r;,;y}. Then det(A^ + 

id )  =  0. Which is equivalent to

det((A -h iojI){A +  iw l))  =  0.

By the same argument we used to prove Proposition 7.2.1, we conclude tlia t ± i i v  

are eigenvalues of A. And since dimA'"‘'(A,) =  2, ± i u  axe simple eigenvalues. 

Therefore A  is a Hopf matrix. ' □

Leretma 7.3.3. .4 i s  a  Hopf r n a i r i x  w i t h  Hopf n u m b e r  p  >  0 i f f  t h e r e  e x is t s  a  

nonzero u  such that u and An are l i n e a r l y  independent a n d  span Jd'^{A).
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Proof. “ ” Suppose that A  is a, Hopf rii.atrix with Hopf munbej; i/ =; u “ > 0.

Then fTora Lemma 7.3.2, =  2. Let u £ Af'fy i), fclieri + i / l )u  =  0.

By the way of contradicticm, we suppose that u and Au are linearly dependent, 

then there exists a. A G K. such that Au =  Xu. Now

(j4“ T  pTfii, A“ 'u T  vu.

this implies that v =  —A  ̂<  0, which is a contradiction.

“ -t= ” I f  =  spanj'U, Att}, wdiere u and Au are linearly independent, then it

follows imimxliately from Lemrna. 7.3,2 that A  is a. Hopf matrix □

Theorem  7.3.1. [6.tJ Let B{A,u) be regular. Then

(A, p) 6 M h ,,̂  a(A, v) =  0, d(A, v) =  0, (7.5)

Proof. “ ~4> ” : Because of Lemma 7.3.2 we have dim AP'(A) =  2 and by Lemma 

7.3.1, (B  is regular ), there exists no nontrivial u € N ’'{A ) satisfying

A u  =  0, A  Au 0.

Hence there is a unique U\ G N ‘'{A) w ith A A u i  =  1, Au\ ~  0 and we have 

a'(A, v) ~  0, (3{A, y) — 0.

“ 4= Ul and Au% are linearly independent (this follows from l [u i  — 0 and 

l l 'A u i  =  1). Both are in J\f‘'(A). By Lemma 7.3.1 and the regularity of Be, dim 

J\f^{A) =  2, and J\f'{A) is spanned by ui and Aui . Now apply Lemma 7.3.2. □

If  we interchange 1 and 0, we obtain an analogous description of Mu,,j by 

7 (A,z/) =  0, 5{A,u) =  0 with 7,5 replacing a,/?. The followdng theorem gives the 

conditions for to be regidar and was proved in [61].

Theorem  7.3.2. Let A be a Hopf m(dris with Hopf imTnber v (or let dim A'’'''(A) ~ 

2) Then B{A,i/) is regular i f  and only i f

AJAAA) a  {0} and A  {O}. (T.6)
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The two scalar equations

(k{A, u) = 0, fl{A, v) =  0 

are equivalent to (A, u) € M h ,,„ provided that (7.6) are fulfilled.

7.4 Computation of Hopf Points.

To detect H.opf points we nse tlie test tiinction r {A )  a{A, lAA))  during a 

path-folio wing algoritlmi applied to ,/l. We first solve v) =  0 for u ~  To 

perform this step, we fix a reference number no ar.i(l try to solve the scalar equation 

/3(A,i') =  0 for given A. by a secant-like method with starting value n =  /-'o. Then 

we set r(A ) ;=  q:(,.4,, ;/(A)) w itli the approximate solution n =  iv(/i) of d(A, v) =  0. 

Hopf bifurcation w ill then be detected by a sign change of r(A ).

The following theorem, on which we base our numerical approach, is due to 

Werner [61]. Let us introduce the notation

A  :=  A(u) P :=

Theorem  7.4.1. [23] Let u — (.r(/i),/l) be a simple Hopf bifurcation point. Let 

l , r  6 be such that span {A^'l, 1} is acute to kernel] A'  ̂+  u l) ,  and span {A t, r }

is acute to kernel] A^ + v l Y . Then the following linear system is nonsingulo/r for 

u =  u and o =  P

A-^ iu jT iy l A {u)r r  \  /  u i{u,iA \  f O \
■f'A]u) 0 0 a(iq u) =  1 . (7.7)

F  0 0 J \  f3(u,y) J \  0 /

Note that for v =  v and u ~ u we have a{u,P) ft{u, P) =  0, and irAil.P) 

is a particular vector in the two-dimensional kernel of A  -t- 9 l . Furthermore, 

(5{u,u) =  0 implicitly defines t.e., A d; and r]u ) := a{n.ac]u))

changes sign at u ~  u. Hence, t(u )  can be regarded as o test function for 

bifurcation.
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The following algorithm xrses the bordered method to conipute the Hopf bi­

furcation points of (5.1). Its details and Matlab implementation can be found in 

the Appendix A.

A lgorithm  7.4.1 (B ordered Matrice.s A lgorithm ).

INPUT: A matrix A  that depends on p.

OUTPUT: (/i, u) such that a(A, v) =  0, and /?(A, v) =  0.

1. Chose r  and I to be in genetic position (i.e., randomly ). By the theorem of

Sard, the matrix in (7,7) w ill be regular for a.lmost all I and r  in the Leb<;Sgue

sense.

2. Get an a,pproximation for i/o, and po (this can be done using the method 

described in Chapter 6).

3. Define M  := Bh {A ,p) as in (7.3).

4. Define a,nd cx to be the solution of (7.4).

for fixed /,/.

using secant like method, find u such that l3{A{jj), u) =  0,

8 0  we defined // =  t'(/t). 

for fixed u

using a secant like method, find /i such that o;(A(/r), i/(/r)) -= 0.

7.5 Examples

We will choose two exa.mple.s from the previous cliapter so that we can compare 

our results. 'We use a Matlab package to compute the Hopf bifurcation points.
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IH P i ( " . V ../'>(/d j J
1 .5 .3 0.9999999999999.5 0 M'IOm )'l i' i'I 1 I‘l') )

1.5 .5 .3 1.19999999999999 2 1 19999<)9i)ot)')<K
2 .5 1.999999999<)S700 3 999999* )0')9 IK )7

2.5 .5 .3 2.49999999999784 5. 2t')99')999*)S0,;i

I ’able 7.1: Some values for are computed for Example 7.5.1

E xam ple 7.5.1. We reconsider example 5.2.1, where

A(p)

We vary p-j and compute p2 := /ra(/.fi) using Algorithm 7.4,1, As starting values, 

I? was chosen to be .5, where fin =  0,3. It, turns out that this choice works for 

Pi ~  1,2,..., 12. After that another choice must be niade. The niitnerica,! results 

are listed in Table 7.1.

Exam ple  7.5.2. We reconsider example 6.4.4 where,

/ ( )  0 0 -2 /iis m (f/.r i/i2 ) -  6/i|,/.t2 \

A{p ) :=
2(/ii +

4yui
2 siri(|/i2/i3)

We vary H i,p 2 and compute pz ■= /-i3 (d'j, / i2 ) in a neighborhood of (1,1) using 

algorithm 7.4.1. As starting values, P was chosen to be 3, where fin =  1.5. Since 

we are in a small neighborhood of (1,1), this choice can be fixed. The numerical 

results for this example are listed in Table 7.2.

f h /A u [Mi V P'i /Aj(hi,/A)
1 1 3 1.5 4.00000000000000 1.00000000497444
1 l.OOOOOOl 3 1.5 4.000()0050000005 1.00014225251169

l.OOOOOOl ), 3 1.5 4.00000079999995 1.00028470497100
0000001 1.0000001 3 1.5 4.00000130000003 1.00031820980166

Table 7.2: Some values for pz are corni)uted in a neigliborhood of (1,1) .fe>r Example 
7.5.2
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One can immediately see that both algoritimis Ixom this chapter and the 

previous one gave the same results. These algorithms w ill be used again in matrices 

with higher dimension resulting froiri a stability a.na.lysis of the electroGonvection 

of nema.tic licjuid crystals (see chapter 8).
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C h a p t is r  8

A PPLICA TIO N  TO NEM ATIC LIQUID 
CRYSTALS

E’lectroconvection in Nematic Llcjuid Crystals (NLC) is a paradigm for pattern for­

mation in anisotropic systems, exhibiting a ricli variety of dynamical structures. 

When an electric; potential is applied across a thin NLC layer confined between 

two electrode plates, an electrohydrodynamic instability can occur above a critical 

field strength. The neutral stability of the basic state occurs on a neutral stabil­

ity  surface in {p, g, ,R)-space, where R is the bifurcation parameter, and p, q are 

tlie wave numbers in the x and y direction, resp<3cfcively. The parameter values 

of physical interest are {pc,qc.-, Re) - the coordinates of the global R-minimiira on 

the Oscillatory Neutral Stability Surface (ONSS), for which the first physical in­

stability, when R increases, is a Hopf Bifurcation. The mathematical model for 

th(? nematic electroconvection is described in Section 8.1. In Section 8.2 we apply 

the bordered matrices algorithm described previously to numerically compute the 

ONNS using Hopf Algorithm 7.4.1 described in Chapter 7 and then compute the 

global minimum using the NMA, Algorithm 4.1.1, and the CEA, 2.2.1.

8.1 Basic Equations and Linear Stability Analysis

The bifurcation analysis on the weak electrolyte model (WBAI) l.ias been dis­

cussed in [13]. We <;onsider a thin layer of iiemadc licpid ciystals sandwiched 

between two horizontal elec;trod(; irlates, subjected to a vertical electric field. The 

weak electrolyte model (WEM) desraibes the electroconvection process that takes
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place in the nematic and is described by the Navier-Stokes Equations. In nondi- 

meiisionalized units, the WEM consists the following set of equations.

(df. +  V • V )n  =  u-' X II +  d(AAn. ™ h), (8.1)

Piidt + V • V )v  =  - V p  -  y  ■ {T  +  II) +  ttV E , (8.2)

V  • V =  0, (8.3)

P i i i h  +  V  • y ) p  =  V  • ( / i E o j ,  (S .4 )

{dt +  V • V)<T =  “ ft'̂ TT^V ■ (ji'Ep) -  -  1 -  F^mPp-^), (8.5)

together w ith PoLsson’s law,

p =  V  • (eE),

where the dielectric ten.sor e and the conductivity tensor p are given by eiij =  

5ij +  eaTkUj and p,ij =  5ij +  (Tnihnj, respectively, n is the director field, v is the 

fluid velocity, p is the pressure, E (v '^ /7 r)e3  ~ V</> is the electric field w itli 

4> the potential, u — | (V  x v) is the vorticity, p is the charge density, <r is the 

local conductivity and e„ and tT„ are the dielectric, respectively the conductivity, 

coefficients. Furthermore, Pj is the ratio of the viscous relaxation time to the 

director relaxation time, Pj is the ratio of the charge relaxation time to the director 

relaxation time, and h is the molecular field which is given by

h =  2 (^^  -  V  • 4 I - )  -  e„7r^(n • E)E. 
on  dVn;

and is derived from the elastic energy density due to splay, twist and bend defor­

mations,

2 / =  (\7 - ,n)  ̂+  K^ln  x ( V  x n)]^ +  K^ln ■ (V x  n )]‘ .

Tlie para.meter is the dielectric coefficient, and K ’2 and Jfo arc the ratios of the 

twist and bend elastic coefficients to the splay elastic coefficient. The l.ensors d.
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A , and T  are the projection tensor dy =  dy ~ nin.j that guarantees |.o,| =  1, 

shear flow tensor Ay =  l ( v i j  4- and the viscous stress tensor

- T i j  =  ainir i jngi i iAki  +  a^njtrM -f +  a^Jkj +  annjUkAki +  (Xi^riinkAkj^

where m — d(AAn -  h). The tensor 11 is the nonlinear Ericksen stress tensor 

with cornponeats ]ly-~ In our dimerisionless units, the Leslie coefficients

Q:j, . , . ,  ae and the Orisager coefiident A satisfy the Onsager and scaling relations 

a% +  03 =  Ofi ■- as, a'3 — 03 =  1 and A =  ag - f  ag. These parameters are usually 

expressed in temis of four independent .Miesowicz coefficients r/o,7/i,?/2)

A =  f]i — r/2 , tti =-• riQ ~  2r/i ~ 2% +  2r/3 +  1,ag =  —(1 + A)/2 ,as -- (1 — A)/2,

a -4  =  2rj:i, a g  =  2% -  2 r / ; i  ( 1  + -  A ) / 2 ,  (Xn =  2 %  S r / g  -  ( 1  -  A ) / 2 .

We assume an infinitely extended NLC layer in both horizontal directions

{x, y) and use vertical boimda,ry conditionsl

n t—  ,ri2 ,n 3 , ^ , v  =  0 at 2  =  ± “ .

The W EM equations (8.1)-(8.5) depend on the basic parameter R, proportional 

to the strength of the electric field, four time scale ratios I \ ,  P2 , a  and r, and the 

following scaled material parameters: a„,, K 2, K 3, and the Miesowicz coefficients

V ci, V i A ) 2 ,  V3.

In [13], Pi and P2 are set to zero in the system of dynamical equations (8.1).

(8.5), because Pi,Pa are very small compared to the other parameters. In this 

lim it V and <l> are slaved by a and n through the e<pia;tions (8.2) and (8.4) [13], In 

addition to the main parameter R, we are left w ith ten independent parameters

ho ,'ih, V2, m : ! « 1  > K:i.

The basic (non~conv(x;ting) state of (8.1) -(8.5) is given by a — 1, n (:i, (),()), 

V .= 0, p =  constant and (j> =  0. The sta,biljty of this state is govcirned by linearized
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equations for perturbatioual fields 5a, Sn2, Sriii, 5(1̂  Sv-j, 5p. Owing to tlie transla­

tion invariance w.r.t. {x,y), the perturbational fields are represented l>y horizontal 

Fourier modes,

(5a,5n2Jn^,6<pJvj,Sp) =  iVa, #, ,P),

where S, N 2 etc. depend 0 1 1  {t, z.p, q) and the parameters. The Vj and P  arc; repre­

sented by poloidal and toroidal stream functions F  and G leaving us w ith a system 

of linear equations for (E ,N 2,N 2,i>,Vj,F,G). Symbolically, these equations can 

be w ritten as

diXJ -  Lu (U , <1>,p, q, R ), (8.6)

L.i>(4>,U,p,g,F) =  0, (8.7)

Lp(F,#,U,p,c?,.R) =  0, (8.8)

where U  =  IJ{J1 N2, N^), F =  (F,G), and L o ,F .},,L f are linear differential oper­

ators w.r.t. z that depend on {p, q, R) and the other parameters [13]. Formally, 

we view (8.6)-(8.8) as a linear dynamical system for U,

dtU  =  L (U ,:p ,(i,R ).

where L  is defined by substituting the scdiition # [U ,p , cj-, l i], F[U ,p, c;,R] of (8.7) 

and (8.8) into Ly.

The neutral stability of the bcisic state occurs on a neutral stability surface 

in (p. q, H)-space, on which L has either a zero eigenvalue (stat.ioiiary neutral sta,~ 

b ility  surface) giving rise to a stationary bifurcation, or an imaginary eigenvalue 

(o.scillatory neutral stability surface - ONSS) giving rise to a Hopf bihircat.ion. Tire 

parameter rvalues of physical interest are (jp,, q,., Rcj ~ the coordinates of the global

Rrminirntim on the ONSS, .for wiuch tlie first in.stability is a Hopf Bifurcation,

when R increases.
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Owing to the symmetry (5 ,^ 3 , n3 , 0 ) —(*, n3 jW3 )<y), 'l> hsrs odd and even

invariant subspa,(;es spanned by modes of the form U„,, and V „t, respectively, where

U„,. —- (ai sin(2 fft -- l)z , aa sin 2mz, 0 .3  cos(2 to. -- 1,),*) (m > 1 ),

V „ i =  (ai cos 2mz, a-> cos(2m +  1 ).?, as sin 2mz) {rn >  0).

For the parameter range considered here tlte instability occurs in the odd subspace. 

In this 8 u,l>spa.ce, L  is represented by aii infinite matrix M  composcid of 3 x 3 blocks 

M{rri,n )  defined by

Aiy (m, L(U„«) • 1 <  i, j  <  3,
.i~jr/ 2

where U ^ i is the U,.„ mode with a,- =  5^. Their computation is shown in [13].

For computing (pc, (?c, flc) iramerically, we use a ZN x ZN truncation of M  by 

restricting rn and n to 1 < m, n < N. Nirmerical convergence w ith an accuracy 

up to five significant figures usually was observed for N  <  9, in [13].

8.2 Numerical Results

We consider the NLC-matrix M  of size 3 iV x ZN  resulting from the linear 

stability analysis, that depends on tliree parameters p, q and R, where R is the 

main bifurcation parameter, proportional to the strength of the electric field, and 

p,q are wave numbers in x ,y  direction; respectively. This matrix was computed 

by Oprea and Dangelmayr [13], and they kindly provided me the software for this 

matrix. Prom this matrix, we compute the surface R ~  R(p, q) and find the global 

minimum value Rf, =  R{pc,(k) for this surface. We use the bordered matrices 

algorithm to compute the surface R, -■ l{(p, g). The independent parameters and 

the starting values o ip  and g are taken from [13]. The values a ~  0.8, 6  =  0.07, c =

0.1,?/ =  ~-.9,e =  0.02,r  =  0.5, cr =  l , t t  =  0.3, A:2  =  .7 and kn =  0.7 a,re fixed, Let 

p =  1.030151161, q =  0.7096795031 be the starting values for the algorithra and we
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w ill choose N  =  5 then we use the bordered matrices method to conipute R and we 

get R  = 7.11280244928449. In this case, the 15 x 15 matrix M  lias 15 eigenvalues, 

13 of which have negative real parts and the reraainirig two have purely ir,nagina.ry 

parts that are ±2.555917241105; therefore, we have n ■= 6.53271294337779. We 

use the values R and u to be the starting values for computing the surface /?, =  

R{;p,q). We first find tlie l(x;al minimum /?, of the surface R =  R{p,q) in a small 

neighborhood {p, q), say A; . Then we will take a larger domain to show tlia t i? is 

in fact the global minimum of the surface R — R{p,q). We w ill consider the cell 

A i :=  [jj — 0,2,1/ — 0.2] X ||> +  0,2, g +  0.2] to be our domain. Figure 8,1 plots the 

surface R =■ R(p,q).

EC

Pq

Figure 8.1: The surface R ~  R{p,q).

Our goal is to find the global minima of the surface i? =  R{p,q). In order to 

find the global minima, we use Cell Exclusion Algorithm in the region A j. We 

choose Tol =  .001 and we get the global minimum is R. =  7.04302807 at (;p,q) =  

(1.130151,0.7065545). We plot the level sets of the surface and the refinements of 

the domain in Figure 8.2.

We now coinijute the global minima for the cases wliere N  -- 7,9 and 10. The 

values of p, q and E, are listed in Table 8.1.

Now we define a larger domain to insure that R is in fact the globa.l rniriimuin. 

Moreover, we choose A'4 =  min{/?.,/?.(7riAd} for k =  1,2,. . .  so that CEA works
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Sxŵ \xn\\\\\.\. , v,.\. a  \

t5,iis m
•>u

I

(a) T lie  level sets of t.he li:m<;tion R (b) Rcfmenient o f tiie  doraairi.

Figure 8.2: Refinement of the domain A for N  =  5.

N P (1 R
7 1.130146 " d. 7(165.543 7.04433204968870
9

[ l o “
1.1301459

'1.1301459
0.70655429
0.70655429

7.0450279919.5270
7.0459384632818(r|

Table 8.1; Approximation of the global minimum of of tb,e surface R -■ R(p,q).

faster. We consider the domain Aa =  [10“"̂ ‘V10] [fO'"^‘7lO] and then we apply

the CEA to A')- We noticed that the algorithm immediately discarded the boxes 

[5,10] X [l()”'̂ *h 10] and then [10“ ’ ‘75] x [5,10], After that CEA kept reiining until 

we were left w ith a box that was contained in Aj. At this point we stopped the 

algorithm and concluded that l i  is in fact the global minimum.

We will choose different values of the parameters and compute the global 

minimum for each case. All the parameters are chosen from [13]. We fix the values 

a =  0.8,6 =  0.07,c =  0.1,r; ™ --T,e =  —0.1,r  =  0.5,o' ~  l,o ; =  0.3. Then we 

choose /t'2 ~  .5, .6766 and p =  1.413. In this case we do not have a value

for q; therefore, we choose q =  1.2123 as a .starting value. \Me iheii compute 

the global rninimurn in the cell A := [p — 0.2,9 — 0.2] x \j.) -f 0.2,9 4- 0.2]. Tlie 

global nuriiramn in this case is located o.n the boundary of tlie cell at tlie point 

{p, q) =  (1.411,1.0123). TlierBfore, we expect the gl(.ibal minimum to be in auotlier 

cell. We choose the next cell to be A := \p ~ 0.2, q -  0.6] x \p 4- 0.2,9 ■- 0-2|. In
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I.his case, we fitid that th(? global minimum is also on the boundary of this cell; 

consequently, we continue the same procedure and we get the global luinimum at 

the point (Pciio) =- (1.4105, .00001) in the case where iV =  5. We now compute 

the global minima for the cases where .N' 7,9 and 10. The values of p, q and R

are listed in Table 8.2.

N P tf R
5 1.41048 . 0 0 0 0 1 6.67866662421935
7 1.41047 .000098 6.67890829710754
9 1.410465 .000098 6.67895519682318

1 0 1,410468 .0()0097 6.67896339958781

Table 8.2: The global minimiim of of the surface R =  R{p,q).

We now cha.ii,ge the values k‘2 and k->, and choose another starting point {p, (/) 

and then compute the global minimum. Let ka — 1.5, Ara »  1.869, p — 1.2069 and 

q =  .7654. We compute the global minima for the cases where N  =  5,7,9 and 10. 

The values of p, q and R are listed in Table 8.3.

N P Q R
5 1.2059 . 0 0 0 0 1 12.47467521704980

1.2059 .000099 12.47501607580518
9 1.2060 . 0 0 0 0 1 12.475700230495
ID 1.2060 .000098 12.47598087723542

Table 8.3: Approximation of the global minimum of of the surface R.

We now choose the values a =  0.98, b =  0.23, c =  0.38, p =  —1, e =  r  =  

0.8, (T =  .6 ,t t =  0.2 k.2 =  1.1, h, =  .362. Then we choose p =  1,55376099544189 

and q =  .70309834593154. We compute the global ininima for the ca.ses where 

N  =■ 5,7,9 and 10, The values ofp, q and H are listed in Tabh) 8.4.

Finally, we choose the values a =  0.8,6 =  0.044375, c =  0 .1 , r/ =  —0.85,e =

0.02, r  =  0.8, <7 =  .8 , 0  =  0.3 k2 =  1.3, k) =  .8 . Then, we choose p =  LOS and 

q =  .79. We compute the global minima for the cases where N  =  5.7,9 and 10. 

The values of p, q and R are listed in d’able 8,5. ^
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N P r R
5 '1,553761 .703100 24.9450761881.5.582
7 1.553759 .703099 24.9469888368.5102
9 1.553758 .703099 ^24.94750460660934
10 1.553757 ,7()3098 24.94762161873586

Table 8.4: The global minimiiru of of the surface R.

N P '/ R
5 1.005 b.865 :,b).9486lIS2M'i243
7 1.0051 0.865 10.956020898222485
9 1.0051 0.8649 10.96629253770384
10 1.0049 0.8651 10.96938463281803

Table 8.5: All approximation of the global minimum.

We now give a summary of tlie way we computed the above results. The 

computer that was used to do all the computations is an Intel Pentium I I I  with 

Mobile CPU 1000 MHz. We first choose N  to be 5 and then use bordered matrices 

to define the function R, =  R{p,q). The computer spends almost 12 minutes to 

compute the value first value Ri for a give;n point (pi,r/i). After that, the value 

Ri is used as a starting value for the next point ip-2, go)- This idea saves time for 

the computation of Rz, and in fact the computer takes almost 8 minutes to find 

Rz- This method gives a “black box” for the function l i  =  R{p,q). In order to 

find the global minimum, first define a domain A and then apply the CEA to A. 

We stop the CEA when the size of remaining cells is small and we are close to a 

minimum. Then we safely switch to the NMA because it  is cheaper and faster. 

This procedure takes about 24 hours. After that we increase the value of N  to 7 

and do the same procedure but with (jy., (p) as a starting point, where (p^, (Jc) is the 

global ininirmim obtained from the case where N  =  5. As soon as the CEA start 

refining close to (PcPfc), we switch to the NMA w itli (PgAA) as a- starting point. 

The numerical results confirm the convergence of this approach for increfising N.
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C h a p t e r  9

CONCLUSIONS AND OUTLOOK

Cellular Exclusion Algorithms (CEA) are a relatively new idea whicli show great 

promise as a versatile tool for ha.ndling tiie computation of global optima of very 

general functions which may even l)e defined as a result of some complicated pro­

cess. This dissertation helps to bear out this promise. We have developed a 

practical computational cell elimination test using an extended analogue of the 

Jordan decomposition of functions of bounded variation. The extension involves 

the f-increasing concept which is introduced and studied here.

A M ATLAB implementation of a CEA using this exclusion test has Ireen 

created. Numerical tests of the CEA have been made in which global minima 

were computed for the oscillatory neutral stability surface (ONSS) arising in the 

modelling of electroconvection in nematic liquid crystals. These results nourish 

the hope for extensions in the Ibllowirig directions:

1. We wish to develop the CEA for somewhat liigher dimen.sions than we have 

done so far.

2. In the dissertation we u.siiaily first applied the CIEIA to find a first approx­

imation of a global rniriimiim and then converted over to a usually faster 

Nelder~i\Iead Algorithm (NMA). I t  would be very iiseful to find criteria for 

a good point at which this conversion from the CEA to the NMA could be 

made.
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3. R>r tlie  verification of the e-increasing property, we need to have an appro­

priate mesh size. We would like to have a practical criterion Ixir verifying the 

e-increasing property.

4. We Ilian to ajiply a combination of CEA and NMA t;o fiirtlie r investigations 

of the similar minimization problems arising in the study of the Ekhaus 

stability of bifurcat,ing waves in nematic electroconvection.
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A p p e n d ix  A

Decom position A lgorithm  and Cel! Exclusion
A lgorithm

A .l  Decomposition Algorithm

In this appendix we present; computer codes to compute the functions p and n 

for Decomposition Algorithms 3.2.1 and 3.4.1. The finst code is tor the case of one 

dimension. The second is for the ca.se of two dimensions. Both codes are w iitten 

using Matlah implementation.

Yo/o/V w  w  w  wvwwv®/vv w  w  vv w  w®/vw w  w  v w w  w  vv w  v v w w  w  whhhhhio,hhhii>hhhhhhf'ilt>Uhh/ohhhhf<ih/iihhhi'iI î9hitihhhhh( îiit9hf<i/i^hhhhhhhi^hhhiiihhf^h
7X/o This Algorithm computes the fu nc tio ns  p and n such that “/X/«
V/X p and n are increas ing  and f : [ a , b ] —>R such th a t “/X/o
•/;/.% f  -  p -n  yx/,
yx/. INPUT: f ,  a, x, and m "/X/.

OUTPUT: p and n 7X7.m
w  w  vv w  w  w w  w®/w®/w w  w w  w  w  w  vv w  vv w  w  w w  w  w  w  w  w  w  w  wh i i i h h h h h h h f i h f t i h h h h i i t f i i h k k h h i ^ h h i Q h h k h h h h n h h h h h f ^ h h h i ^ l ^ h h h / t i k f t t h h f g h h h i ^ h f t i h h h

function [p,n] = bvl(a,x,m)

p = fl(a ) ;  7s i n i t i a l  va.lue of p 
n=0; % i n i t i a l  value of n 
dx=(x-a)/(m +l); 7 the mesh s ize  
for i-1:m+l

s~fCa+i*dx)“f l ( a + ( i - l ) * d x ) ; 
i f  3>0 

P"P+s; 
e l s e i f  s<0 

n=n~s;
end

end
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WW  VW W W W  WWW®/WWW W W W  VWW WWW WWW®/W W W W  W W W  h / i i f Q h t 6 h n U f 6 n h n h h h l < i h f 9 h h f < i h h k h f e i k h l i i h h / ^ h h h f t > h n n h h h i ^ h f t > h l t s h h h h h f 9 h h U h h f f » { i > h i ^ h h

yX/e T h i s  A l g o r i t h m  co m pu tes  t h e  f u n c t i o n s  p and  n. s u c h  t h a t  %7,%

7X/« p  a n d  n a re  i n c r e a s i n g  and f ; [ a l , b l ]  x  [ a 2 , b 2 ] “ ->R  such 7X/«
%%% th at f  = p -n  7X/o
7XA INPUT: f , a, x .  a nd  ra %%%
V/X  OUTPUT: p  and  n  I I I
®/w wv°/®/w w  w  w  w  vv w  w  w  w w  w  vv w®/w wv®/v w  vv®/v w  w  w  w  w  w wh f f ) h h h h h U h h h h h h f 9 h h h h f 9 n h k h f ^ h h h h h h h h h ( ^ f t i h h h / 9 h h h h / 9 h h h h n / 9 n n / t h h f ( ^ h h h h h h h

fu n c tio n  [p f .n f ]  = bv(a ,x ,y ,m )

p “ - f  ( a ( l )  , a ( 2 ) ) ; 7. i n i t i a l  v a lu e  o f  p 
n = 0 ;  I  i n i t i a l  v a lu e  of p 
d x = (x -a ( l)) /m  
d y = ( y - a ( 2 ) ) / m ;

f o r  i = l : m
fo r  j~l:mm

s « f(a ( l)+ i* d x ,a (2 )+ j* d y ) . . .
+ f ( a ( l ) + ( i - l ) * d x ,a ( 2 ) + ( j - i ) * d y ) . . .
- f ( a ( l ) + ( i - l ) * d x , a ( 2 ) + j * d y ) . . .
- f ( a ( l ) + i * d x , a ( 2 ) + ( j - l ) * d y ) ; 

i f  s>0 
p = p + s ; 

e l s e i f  s<0 
n=n--s:

end
end

end

I  t o  com pu te  f ( x , a ( 2 ) )  
f o r  i = l : m

s = f ( a ( l ) + i * d x , a ( 2 ) ) - f ( a ( l ) + . . .
( i - l ) * d x , a ( 2 ) ) ; 

i f  s>0
pfx=pfx+s; 

e l s e i f  s<0
n f x = n f x - s ;

end
end

I  to  com pute  f ( a ( l ) , y )  
fo r  i - 1 :mm

s = f ( a ( l ) , a ( 2 ) + x * d y ) - f ( a ( l ) , . . .  

a ( 2 ) + ( i “ l ) * d y ) ;
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i f  s>0
p f  y = p f  y + s ; 

e l s e i f  s<0
n f y = n f y - s ;

end
end

n f = n + B f x + n f y ; 
p f ” p + p f x + p f y ;
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A .2 Cell Exclusion Algorithm

In this we present compixter codes to compute the tlie global mini­
mum of a function /  for Cell Elxcliision Algorithm 2.2.1. The first, code is for the 
case of one dimension. The second is for the case of two dimensions. Botli codes 
a.re written using Matlab implernentation.

«/&/«/® / W W  W W W * / V W W V V  W W W  W W W  W W W  W W  W W W ® / W W W  W W W  h h U h h h h h h h h h h h U h h h n h h h h h h h h l 9 h h h h h h h h h h h t i i h h h h h k h h h f o h h h f ^ h f ( 3 h h h h h h h

7X/o This Algorithm computes the global minima of a function 777,
7Jt7« f : [ a , b ] —>R such that f  i s  monotonically decomposable 7«7»7,

% n  f  -  g -  h v a
V a  INPUT: f ,  a , b  % ll
7 X /. OUTPUT: t h e  g l o b a l  m in im a  7 X /.
® /W  W  W ® / W  W ® /® /V W  W  W ® /V  W  W ® / W ® / W  W V  W  W  VV W  W W  W  W  V w  w  w  w w  f t i h h h n f o h i i i h h n f f } i 9 h h h h h h h f < i h h h i f t h f 9 h h n k h h h h h h h h f ' i i o h h h / < i n h h h i ' 3 h h h k / ' i i ( t h t ^ ! i s h h f f i h

function  ce ll„ex (a ,b ,T o l,ch oose)

7, Tol »  t o l e r a n c e  
% c h o o s e  = 1 o r  2
7, i f  choose = 1, g and h are computed by D. A.
7, i f  choose = 2 g and h are computed a n a ly t ica lly
7. I n i t ia l i z a t io n
i= l;
j= l;
Check=l; 7« # of M. C. Checks 
s=a/2+b/2;7o the midpoint
global„min=f ( s ) ; 7, Approximation of the global minima 
cellabC i, j , 1 :2) = [a,b] ; 7» to keep track on the c e l l s  at le v e l  i  
NumCell(i)=l; 7. number of c e l l s  at l e v e l  i 
XntLength=b-a; 7, the length of the in terva l I |d| |

while IntLength > Tol 7, While Loop i f  I |d| I < Tol 
Lastlndex=l;
NumCell(i+l)=0; 
for  k=l : NumCell(i)

7, compute g and h
i f  choose ~  1 7» use D. A. to  compute g and h

[ g b , h b 3 = b v l ( c e l l a b ( i , k , l ) , c e l l a b ( i , k , 2 ) , 1 0 0 ) ;  
s s = f ( c e l l a b ( i , k , l ) )  -  h b ;  7« t h e  c o n d i t i o n  g  ~ h 

e l s e i f  choose==2
S 3 = g (c e l la b ( i ,k , l ) ) “ h ( c e l l a b ( i , k , 2 ) ) ;

end

i f  g lo b a l_ m in  >= ss
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NumCell(i+l)®NumCel1 ( i+ 1)+2;
c e lla b ( i+ l.L a s tl'iid e x , 1:2) = [c e l la b ( i ,k ,  1 ) , .  , .

( c e l la b ( i , k , l ) + c e l la b ( i , k ,2 ) ) /2 ] ; 
s= (3 *ce llab  ( i , k , 1) + C 0 l . l a b  ( i , k , 2 )) / 4 ;
M=f(s);
i f  M < global,„m in; 

s l “ s;
g lobal_m in = M;

end
Check=Check+l;
LaatIndex=LastIndex+l;
c e l la b ( i+ l ,L a s t I n d e x , l : 2 ) = [ ( c e l la b ( i ,k , l ) . . .

+ c e l la b ( i , k ,2 ) ) /2 , c e l la b ( i , k ,2 ) ] ; 
s= C c e lla b ( i,k , l)+ 3 * c e lla b ( i,k ,2 ) ) /4 ;
M=f(s):
i f  M<global„min

s l^ s ;
global.m in^M;

end
Check”Check+l;
LastIndex=LastIndex+1;

end
end
IntLength=IntLength/2; 
i==i+l;

end
f p r i n t f ( ’%g ic %3.6f k °/,g & %g

, i-1 ,g lobal_m in ,L astInd ex-l, Check)
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hhto

This A lgorithm  computes the func tions  p and n such th a t V/X 
%%% p and II. are increas ing  and f : [a ,b ]  x [a ,b ]—>R s u c h  °/X/«
m  th a t f  -  p-n t /X
%7X INPUT; f , a , x, and m 
7X1 OUTPUT: p and n */whhfo
wv®/w w  w  v v w v w  w w v  vv WW®/w w w  vv w  vv w  w w ® /w w v  WW®/V*̂ /Vhhhhhhnhtiihhhhhhhhhhhhhhhhhltifiihhffthhhkffihhhhhhhf^hnhiiihhhhhhhhhhhhhhh

fu n c tio n  ce lle x (a ,b ,T o l,cho ose )

% I n i t ia l i z a t io n
i = l ; 
j= l ;
G heck-l: 
s l~a /2+b/2 ;
g lo b a l_ m in = fC s l( l) ,s l(2 ) ) ;

ce lla b  ( i , j  , 1:4) ~ [a , b] ;
N um C e ll( i)= l;
In tLeng th=norm (b -a ,in f) ;

w hile  In tLength  > Tol 
La s tln d e x= l;
N um C ell(i+ l)=0; 
fo r  k= l : NumCell(i) 

i f  choose==l
C g b ,h b ]= b v (ce lla b (i,k ,1 ) ,c e l la b ( i , k ,2 ) , . . .

c e l la b ( i , k ,3 ) ,c e l la b ( i , k ,4 ) ,5 ); 
s s = f(c e lla b C i,k ,1 ) ,c e l la b ( l , k ,2 ))~hb; 

e ls e if  choose==2
s s = g (c e lla b ( i,k ,1 ) ,c e lla b C i,k ,2 ) ) . . .

- h ( c e l la b ( i ,k ,3 ) , c e lla b C i,k ,4 ) ) ;
end

i f  global_m in >= ss
NumCell(i+l)=NumCellCi+l)+4;
M id = ([c e lla b C i,k ,1 ) ,c e lla b C i,k ,2 ) ]+ . . .

[ c e l la b ( i , k ,3 ) , c e l la b ( i , k ,4 ) ] ) /2 ; 
c e lla b ( i+ l.L a s t ln d e x ,1;4 )® [c e lla b C i,k ,1 ) , . . ,  

c e lla b C i,k ,2 ) ,M id ]; 
s= ( [c e lla b C i,k ,1 ) ,c e lla b C i,k ,2 ) ]+M id)/2;

M = f(s C l) ,s (2 )) ; 
i f  M < global_min
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s l * s ;
global„mir.i=-M;

end
LastIndex“LastInd0X+l;
c e lla b ( i+ l,L a s tIn d e x ,1:4 )~ [M id ( l) ,c e l la b ( i ,k ,2 ) , 

c e l la b ( i,k ,3 ) ,M id (2 ) ] ; 
s= ( C M id ( l) ,c e lla b ( i,k ,2 ) ]+ . ..

[c e lla b ( i,k ,3 ) ,M id (2 )3 ) /2 ;

M“ f ( s ( l ) , s ( 2 ) ) ;
i f  M<global..iain 

s l=s;
g loba l „rnin~M;

©nd

LastIndex“ LastIndex+1;
c e lla b ( i+ ljL a s t ln d e x ,1:4 ) = [c e l la b ( i , k ,1 ) ,M id (2 ), 

M id ( l ) ,c e l la b ( i ,k ,4 )3 ; 
s= ( [c e lla b C i,k ,1 ) ,M id (2 )]+ . . .

[M id ( l) , c a l la b ( i ,k ,3 ) ] ) /2 ;

M = f( s ( l) ,s (2 ) ) ; 
i f  M < global_min 

s l=s;
global_mlE=M;

end

LastIndex=LastIndex+l;
c e lla b (1+1.Las tIndex ,1:4 )= [M id ,. . .

c e l la b ( i , k ,3 ) , c e lla b ( i,k ,4 )3 ; 
s= (M id+ ...

[c e l la b ( i , k ,3 ) , c e l la b ( i , k ,4 ) ] ) /2 ;

M = f( s ( l) ,s (2 ) ) ; 
i f  M<global_min 

sl~s;
global_min-M;

end
LastIndex=LastIndex+l;
Check=Check+4;

end
end
XntLength“ In tL eng th /2 
i= i+ l ;
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end
fp r in t f  ('7,g & %3.6f&%g&”/,g’ . , .

, i - l ,  g lobal „niiu, Last Index-1. Check)
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A p p e n d ix  B  

NELDER,~MEAD ALGORITHM

In this appendix we present two computer codes that cotnpute a local niinimum of 
a function, using the Nelder-Mead algorithm that was discussed iu Cliapter 4. This 
algo,rithrn can find a local minima, of a functif)i:i if  the initial point is close to the 
minimum. It  only re<|uires the value of the function at a point. Ttie idea, behind 
this algorithm is to compute the value of the function a,t three points and then to 
drop the one that, has maximum function value and replace it w ith a “suitable” 
point. Som,etimes it  .keeps tlie point tlia t has minimum function value anti replaces 
the other t:wo. The first code wa.s written in Maple, and the second one is a Matlab 
code. Both codes have the same inputs and outputs.

P rocedure: We start ou,r procedure by defini,ug the initia l simplex which depend.s 
on xi- After that, we compute the value of the hmctioii at each vertex of the 
sirnpks. Then we decide which step should we take; reflection, expansion, 
contraction or shrinking and consider the new simplex. We do this until 
stopping criterion is satisfied.

IN P U T : The function / ,  a starting point a:i, sca.ling value M' and tolerence.

O U T P U T : Number of iterations and the vertices of the last si.mplex.
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B .l  Maple Code

> ##############################################################

> ### Th is program uses NM Method to  f in d  a lo c a l rainiraum, ###
> ### o f a fu n c tio n  f  : R"2 —> R. ###
> ### INPUT: f , x l ,  M and t o l .  ###
> ### OUTPUT: number of ite ra t io n s ,  x l ,  x2 and x3. ###
> ##############################################################

> r e s ta r t :
### D e fin ing  f ,  and the simplex x l ,  x2, x3. ###

> f  :-(x ,y )~ > 1 0 0 *(y ~ x "2 ) ''2 + (l-x ) ''2 :
> x l , 1) ;
> M:=*.0001:
> to l:= 1 0 “ (~-16):
> p i : = (s q r t (3)+1)/2 * s q r t (2 )+M;
> q l:= (s q rtC 3 )~ l) /2 *s q rt(2 )*M :
> x 2 := (p l+ x lC l] , q l+ x l [2 ]) ;
> x3: = C q l+ x l[ l ] , p l+ x l [2 ] ) :

### The m idpoint xO and the stopping c r i te r io n  #•##
> x0:=(x2+x3)/2 :
> c r i : = e v a lf ( ( ( f ( x l) ~ f ( x O ) )"2+ ( f (x 2 ) - f(x O ) ) ' ‘2+ ( f ( x 3 ) - f(x O ) ) ' ’2 )/2 )

### S ta rtin g  the loop u n t i l  c r i  <- t o l  o r the ### 
### maximum number o f i te ra tio n s  (100) achieved ###

> fo r  i  from 0 w h ile  (c r i>  t o l  and i<101) do
>
> s i := e v a l f ( f ( x l ) )
> s 2 := e v a lf( f(x 2 ))
> s 3 := e v a lf( f(x 3 ))
>

> ### Ordering the v e rtic e s  ###
> i f  ( s l> -s2  and sl>=s3) then
> xh := x l:
> i f  s2>=s3 then
> xs :=x2:
> x l :~x3:
> else
> xs :~x3:
> x l :=x2:
> end i f
> e l i f  (s2>»sl and s2>=s3 ) then
> xh :=x2:
> i f  sl>~s3 then
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> x s := x l:
> x l;= x 3 :
> e lse
> x s :=x3:
> x l : ==xl;
> end i f
> e lse
> x h :=x3:
> i f  s2>~sl then
> x s :=x2;
> x l : ~ x l :
> e lse
> x s := x l:
> x l : ” x2 :
> end i f
> end i f :
>
> xO = (x s + x l) /2 :
> x r =2>HxO"Xh:
> sr = e v a l f ( f ( x r ) ) :
> ss = e v a lf ( f ( x s ) ) :
> s i = e v a l f ( f ( x l ) ) :
>
> i f s r< s l then
> xe :=2*xr” x0:
> s e := e v a lf ( f ( x e ) ) :
> i f  se<sl then
> xh:=xe: ### Expansion
> else
> xh := x r : ### R e flec tion
> end i f
> else
> i f  ss>=sr then
> xh ;=xr: ### R e flec tion
> else
> s h := e v a lf( f (x h ) ) :
> i f  sr<sh then
> xh.‘ “ x r :  ### R e fle c tio n
> end i f :
> x c : = ( x h + x 0 ) / 2 :
> s c := e v a lf ( f( x c ) ) :
> i f  sc> = sh  th e n
> x s :“ (xs+ x l)/2 : ### Shrinking
> x h ; - -= (x h + x s ) /2 :
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> else
> xh :~xc: ### Cent
> end i f
> end i f
> end i f ;
> x l:= x h :
> x2 :“XS:
> x 3 ;= x l:
> s i ;= e v a lf( f ( x l ) ) :
> s 2 := e v a lf( f (x 2 )> :
> s 3 := e v a lf ( f ( x 3 ) ) :
>
> fm in := m in (s l,s 2 ,s 3 );
> i f  sl®=fmin then
> l :  = ( x l [ l ] ,  x l [ 2 ] , f ia in ) ;
> e l i f  s2“ fm in then
> l :  = ( x 2 [ l]  , x2C2] . frain):
> e lse  s3“ fm in:
> l - ( x 3 C l ] ,  x3[2] , fm in ) :
> end i f :
>
> end do: ### End loop
>

### Final print of the vertex where the ### 
### minimum value of f  occurs ###

> x l_ v a lu e :- e v a l f (1[1]);
> x2_value:= ev a lf(1[2]);
> fmin_value:~1 [ 3 ] ;

> number_of_iteration:=i;
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B.2 Matlab Code

f u n c t i o n  [1 ]  “  m ( x 1)

4/9/o/o/o/6y o/o/o/o/a/e/a/V W  W  W  W  W  W  V W  W  W  W  W  W  W  W  W  V W  V V  W  V W V  W  V V  W  W  i‘!,hUhf(^Uhhi^hhhUf‘&hh{%hhUt̂ (̂ hhhUi<ihhUf<shhhiQf'iUhhhhhkl%nhnhhhî hhhhnhhf<ihî ht̂ h
"/,%% This program uses the Nelder-Mead A lgorithm  to  f in d  a %%*/„
7X/« lo c a l minimuffi fo r  a 2--variable fu n c tio n  z = f ( x , y ) .  %%%
“/X/» The idea fo r  th is  a lgo rithm  is  to  compare the values o f */X/a
7o'/Jo 3 p o in ts  and drops the one th a t has maximum value and 7»%7«
7X/o replaces i t  w ith  a po iix t th a t has value less than the 7X/«
7XA dropped one. 7X/.
(»/«/i»yo/9y9/o/fl/9/9/«/o/9/6/ftyo/o/5y6y8yo/<i/o/d/o/a/o/'y 0/0/9/«y ye/0/0/»/«/«/8/0/0/oy 0/0/6/0/8/«/«/«!/c/«/6/0/6/o/8ye/o/e/<i/«/oy iQhhhh/ttkh/9hnhhhhhhhhhhhhf(ihhhhht9t^hh/ihl<i/9hh/fihhhiiihf(ihhitihhhhhi(ihhhhh/6hhi9

t k t  INPUT; the i n i t i a l  p o in t
7XA OUTPUT: the minimum p o in t (x ,y ,z )

M=l; % to  scale the choice o f p and q. 
t o l ” 10"-12; % stopping to le rance 
p = (s q rt(3 )+ l) /2 *s q rt(2 )*M ; 
q = (s q r t(3 ) - l) /2 *s q r t(2 )*M ;
x 2 = [p + x l( l)  q + x l(2 ) ] ; % the other 2 p o in ts  are defined. 
x 3 - [q + x l( l)  p + x l(2 ) ] ; 
x0=(x2+x3)/2; 7, the m idpoint 
i=0 ;

w h ile  y» s ta r t in g  loop
( ( ( f ( x l) - f ( x 0 ) ) ^ 2 + ( f ( x 2 ) - f ( x 0 ) )~ 2 + ( f ( x 3 ) - f (x 0 ) )~ 2 ) /2  > t o l  & 
i<100)

i= i+ l ;  7o to  compute the number o f ite ra t io n

7,7,7, we de fine  xh, xs and x l  such th a t 
7X/o f(x h ) >= f(x s )  >= f ( x l )  
i f  ( f ( x l) > - f ( x 2 )  k f ( x l)> = f(x 3 )  ) 

x h -x l;
i f  f(x2 )> = f(x3 ) 

xs=x2; 
x l= x3 ;

else
xs=x3;
xl~x2;

end
e ls e if  ( f (x 2 )> = f(x l)  & f(x2 )> = f(x3 ) ) 

xh=®=x2;

1 2 ( 3
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i f  f ( x l )> - f (x 3 )  
x s= x l; 
xl=x3;

e ls e
xs=x3; 
x l= x l ;

end
e ls e

xh=x3:
i f  f (x 2 )> = f(x l)  

xs=x2: 
x l= x l ;

e ls e
xs=xl; 
xl=x2;

end
end

’/o’/.’/i Replace the worst v e r t ix .  
x0~(xs+xl)/2;  
xr=2*xO-xh; 
i f  f ( x r )< f (x l )  

xe=2*xr-x0; 
i f ( f ( x e ) < f ( x l ) )

xh=xe; %%% Expansion
e lse

xh=xr; VL% R eflection
end

e lse
i f  f ( x s )> = f (x r ) ;

xh=xr; 7X/« R eflection
e lse

i f  f(xr)< f(xh)
xh=xr; 7 X /. R eflection

end
xc=(xh+x0)/2; 
i f  f(xc)>=f(xh)

xs=(xs+xl)/2; yXA Shrinking 
xh=(xh+xs)/2;

e lse
xh~xc; yX/« Contraction

end
end

end
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“/«%% the minimum point (x ,y ,z )
x l “ xh;
x2=xs;
x 3 « x l;
fm in = m in ( [ f (x l ) , f (x 2 ) , f (x 3 ) ] ); 
i f  f  (x l )= “fniin;

1=[ x l (1) x l (2 )  fm in]; 
e l s e i f  f(x2)~fffiin ;

1== [x2(D  x2(2) fmin] ; 
e l s e  f ( x 3 ) ””fmin;

l-~[x3(l) x3(2) fmin];
end

end

°/X/o print the resu lt
f p r in t f ( 'number of i t e r t io n  i s :  %d’ , i )
i f  i>-100

f p r i n t f ( ’\nAlgorithm reaches i t s  maximum number of i te r a t io n  100')
end

1XL Defining f
function [x] = f (x )
y -1 0 0 * (x (2 ) -x ( l ) ‘ 2)'‘2 + ( l-x ( l) )~ 2 ;
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A p p e n d ix  G

CO M PU TER  CODE FO R H O FF 
BIFURCATION

In  this appendix we present two computer codes to compute Hopf bifurcation point. 
The first one is a. Maple code which uses the Resultant Method. The second is 
a Matlab (X)de that uses the Bordered Matrices Method, R)r each algorithm we 
describe how tlie algoritlini works, what the input and output are, and finally we 
present the code.

C . l  Resultants A lgorithm

Included here is the Maple code desigtujd to compute a Hopf bifurcation point 
for a given matrix A. This code uses the Resultant Method as described in Chapter 
6 .

A procedm'6 i.s defined for a given matrix A  which depends continuously on 
p, q and It. I t  locates the Hopf point by computing R tor given values of p and q, 
where R  is the m iriiinum  positive value for which the matrix has a Hopf point.

Procedure; We first define the matrix A which depends on p, q and R, then we 
substitute p =  piniuai and q =  qiniuai- After that we compute the matrix 
{X I — A), then we compute the coefficients of A that depend on R. Secondly, 
we define the Sylvester Matrix S and its siibresultants Sq and Si. Finally, 
we make the test det(S') =  0 and det(So) • det(<S'i) > 0, to find all R values 
that satisfy these conditions and tahe R to be the minimum positive value.

IN P U T : Hopf parameter values Pimuai and QinUiai- A  is the size of the matrix.

O U T P U T : R will be considered as a function of p and q.

> ##############################################################

> ### This program uses Resultant Method to find  the Hopf ###
> ### b ifurcation  point for a matrix A(p,q ,R). ###
> ### INPUT; p, q and N. ###
> # # #  O U T P U T :  R. ###
> ##############################################################
> restart:
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> Revalue:-p r o c (p _ in i t ia l , q _ i n i t i a l , M)

> lo c a l  A,A„R,i, j ,d,re,ro,S,SO,Sl,det_S,det_SO,det„S:l,dim ,
> f ir s t„ co iid it io n , so lu tion , t e s t ,hopf „ t e s t , iEdex..of ,
> f ir s t_m ln ,m in i, ind:
> w i t h ( l in a l g ) ;
> A:“m atr ix (N ,N ,t .■ . . ] ) :  ### A:=A(p,q,R)
> ### Evaluate the matrix at f ix ed  parameters
> A 3 := e v a lf  ( ( su b s(p = p „ ii i i t ia l ,q = q „ in it ia l ,ev a lm (A )))) ;

> ### Compute the c o e f f ic ie n ts  lambda for the matrix
> # # #  (lambda I  -  A_R)
> for  1 from 1 to N do
> . A„R [ i , i]  : * A 3  [ i , i] -lambda
> od:
> ©valm(simplify(A_R)):
> d: = ("l''H)*sim plify(evalf (det(A_R)) ) :
> for  i  from 0 to N do
> c [ i ] : - c o e f f (d , la m b d a , i ) ;
> od:

> ############################################################
> ### Compute the Sylvester Matrix and i t s  Subresultants ###
> ############################################################

> re:=0:ro:=0;
> #######
> ### I f  N i s  even ###
> #######
> i f  N mod 2 - 0  then
> for i  from 0 to (N/2)~l do
> re:= re + c [H-2*i3 * z '' i:
> ro:» ro + c[N“2 * i-1 ]* z " i;
> od:
> re:=re + c [ 0 ] ( N/ 2) :
> c [N ]:- l :
> S := sy lv e ster (re , r o , z ) :
> i f  N=2 then
> SO:=cO:Sl:=i:
> e lse
> S0:=matrix(N~3,H“3 ) :
> for i  from 1 to N~3 do
> for j from 1 to  N-3 do
> i f  i  < (N~2)/2 then
> SOCi,j] :»S [i+ l,  j+23 :
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> ©Ise
> S O [i,j]  :=SCi+2,j+2] :
> f  i :
> od:
> od:
> SI :=matri.x(N“3,N"3):
> for  i  from 1 to  N-3 do
> for j from 1 to  N-3 do
> i f  j<2 then
> i f  i  < (N-2)/2 then
> S l [ i , j ]  :=S[i+ l,j+1] :
> e ls e
> S l [ i , j ]  : -S [ i+ 2 J + l]  ;
> f i :
> e ls e
> i f  i  < (N“2 ) /2  then
> S l [ i , j ] : = S [ i + l , j + 2 ] :
> e l s e  SI [ i ,j ] :™ S [i+ 2 ,j+ 2 ];
> f i ;
> f  i :
> od:
> od:
> f i :
> 4* UJ. J i.-14.-W. ̂#######
> ### I f  N i s  odd ###
> #######
> e lse
> for i  from 0 to (N -l) /2  do
> re;= re + c [N -2*i-l]*z''i:
> ro:= ro + c [N-2*i] ♦z ''i:
> od:
> c[N]:=l:
> S := sy lv e s ter (r e , r o ,z ) :
> i f  Nditn=3 then
> SO:=cl:Sl:=l:
> e lse
> S0:-matrix(N~3,N~3):
> for i  from 1 to N-3 do
> for 3 from 1 to N-3 do
> i f  i  < (N -D /2  then
> S O [i ,j ] ;= S [ i+ l ,j+ 2 ]  :
> e lse
> SO [i,j]:=S[i+2 ,j+ 2] ;
> f i ;
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> od;
> od:
> S l : “matrix(M-3,N™3):
> fo r  i  from 1 to  N-3 do
> for  j from 1 to  N-3 do
> i f  j<2 then
> i f  i  < (N -D /2  then
> S lC i,j ]  :=S[i-H ,j+i] ;
> e ls e
> S l [ i . j 3 : - S C i + 2 . j + l ] ;
> f i :
> e lse
> i f  i  < (N -D /2  then
> S l [ i , j ] : = S [ i + l , j + 2 ] :
> e ls e
> S lC i , j ] : -S [ l+ 2 ,j+ 2 ] ;
> f i :
> f i :
> od;
> od:
> f  i :
> f i ;

> ############################################################
> ### Conditions for Hopf b ifurcation  point ###
> ############################################################
> dG t_S:-det(S):
> i f  N=1 then
> D_S0:=1:
> D _Sl;=cx[l];
> e ls e
> det_SO:=det(SO):
> d e t_ S l;= d et(S D :
> f i :
> dim:=degree(det„S,R);
> f irs t_ co n d it io n := sim p lify (ev a lf(d et_ S )):
> s o lu t io n ; = [so lv e (h o p f)] :
> t e s t :-vector(d im ):
> ### We check for a l l  Rs that are p o s it iv e  rea l numbers
> for i  from 1 to  dim do
> i f  (Im (so lu t io n [ i] ) == 0 and Re (so lu tion  [i] )>0) then
> t e s t  [i]  :=-Re(solution[i]);
> e lse
> t e s t [ i ] : = 0 ;
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> f i :
> o d ;
> ###  For e ach  p o s i t i v e  R we c h e c k  i f  I SO *  S I  I > 0 .
> f o r  i  f r o m  1 to dim do
> h o p f_ te s t :“subs(R -test[ i] ,det_SO *det„S l);
> i f  (hopf„test> 0 and te s t [ i ]< > 0 )  then
> t e s t  [ 1 ] r e s o l u t i o n [ i ] ;
> e l s e
> t e s t [ i ] : = 0
> f i :
> o d :
> ###  Now we d e f i n e  R t o  b© t h e  m in im um  o f  a l l  Rs.
> i n d e x _ o f „ i : = i ;
> f i r s t _ m i n : = t e s t [ 1 ] ;
> f o r  i  from 1 by 1 while t e s t  [i] = 0 do
> f  i r s t . . m i l l : “ t e s t  [ i + 1 ] :
> i n d e x _ o f _ i ; = i + l :
> od:
> m i n i ; i r s t „ m i n ;
> ind:=index_of„i+l ;
> for  i  from ind t o  N do
> i f  mini > t e s t  [i]  and t e s t [ i ] <>0 t h e n
> mini : = t e s t [ i ] ;
> f  i ;
> od:
> m in i:
> end proc;
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C.2 Bordered Matrices Algorithm

The following is a, Matlab code designed to compute a Kopf bifurcation point 

ft)r a given matrix A. This code uses Bordered Matrices as described in Cha^pter 

7.

In this program, the ma,trix .4 depends continuously on one parameter /?., 

where all other parameters are assigned to real values. locates ttw  ̂ Hopf point 

by solving the system 7.4.

Procedure; We first define the matrix A. winch depends on R. After tlia t we 

compute the value of n for fixed l?4) siicli that /3(;/, Rq) =  0. Then we coinpute 

the value of R such that a(i/(R ),R ) ~  0.

IN P U T : In itia l values uo atid Kq.

O U T P U T ; New values and R such that 7.4 holds.

W  W  W W  W  V ® / * /V W  V W  W  W  W  W  W W * / W ° / W  W  W  W  W “/ W  w  w w  w  w  v w w  ltihhhh/^hktf>hhnhhit)hnliihhhhidhhhftihhhliihhhnhhhhf9hnhhhhkf'iih/ihhhnhf<t/f>nfiin/<ih/9
yX/» This Algorithm so lves  for a Hopf b ifurcation  point 7X/»
“/X/s using the Werner method. %°/,%
°/X/« INPUT: I n i t ia l  values nu_0 and R_0 “/XA
7X/o OUTPUT: nu and R such that beta(nu,R)=alpha(nu,R)=0 %"/,%
8/o/o/o/oyo/o/<iy9/o/oyo/o/oyo/a/e/«/o/o/YV®/WW W  W  V V  W  V V  W  W  W ® / V  W  V V  W  W  W ® / W  Wi f i / < i h h l ^ f i h f ( t h h h f Q i Q h h h h / ( i / f t h h / 6 i ^ h f Q h h h h h h h / t i h f f i i i : i h h n k i i ) h l 6 h h h U / < i f t h / ( i i < i h h h h / 9 h U / ^ h i < i h

i^Hit A i s  defined as a function of R 
function A = A_matrix(R)
%y,7, matrix i s  defined to be the Bordered Matrix 
function M = matrix(R,nu)
A =A_matrix(R); 
n=length(A); 
l= z e r o s ( l ,n ) ;
1(1,1)=1: 
r~zeros(n ,1): 
r(2,1)=1;
M=tA''2+nu*ey€j(n) ,A*t, r ;

1*A , 0 , 0 ;
1 , 0 , 0 ] ;
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7 X /. b e t a  f u n c t i o n  p ro d u s e s  t h e  v a lu e  o f  nu  such, t h a t
%y,7. beta(nu,R-0) i s  a so lu tion  of the Bordered System
%%% where R„0 i s  f ixed
function  nu_valuQ“beta(nu,R_0)
n~length(A );
b~zeros(n+2,1);
b ( n + l , l ) “ l;
x=matrix(R_0,n u ) \b ; 
nu_value=x(u+2);

VV7hlih nur function  so lves  for beta(nu,R„0)=0 
function beta_0~nur(nu,R„0) 
x=nu;
a“ X;
fa  = b e ta (a ,R _0); 
b=a-.1;
fb = beta(b,R_0);
7X/o Secant-Like method i s  used to solve for beta(nu,R„0)®0
pO=a;
pl=b;
qO=f a;
ql=fb;
while abs(ql)>10~(-12)

p=pl~ql*(pl-pO )/(ql-qO); 
pO=pl; 
qO=ql; 
pl=p;
ql=beta(p ,R);

end
beta_0=pl;

V/X alpha function produses the value of R such that
%%% alpha(nu(R),R) i s  a so lu tion  of the Bordered System
function R_value=alpha(nu,R)
n=lingth(A);
b=zeros(n+2,1);
b (n + l , l )= l;
x=matrix(R,nur(nu,R))\b; 
nuvalue=x(n+l);

7o7J. t a u  f u n c t i o n  s o lv e s  f o r  a lp h a  (nu  (R) ,R )- '0  
f u n c t i o n  tR „ v a lu e  , n u _ v a lu e ]  t a u ( n u , R )  
a=R;
x=̂ -a;
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fa=alphaCnu,a); 
b=a-.1;
fb--alpha(nu,b);
°/X/o Secant-Like method i s  used to solve for alpha(iiu(R) ,R)=0
pO-a;
pl=b;
qO=fa;
ql=b;
while abs(ql)>10''(-12)

p -p l-q l* (p l-p O )/(q l-q O ); 
pO«pl; 
qO«ql; 
pl=p;
ql=alpha(rm ,p);

end
R_value -  pi;  
nu_valne=nur(nu,pl);
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