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ABSTRACT OF DISSERTATION 

ON THE PARADOX OF CONVECTIVELY-COUPLED WAVES

This thesis investigates the forced response of waves on a linearized, shallow 

water beta-plane in an attempt to develop some gross understanding of the properties of 

convectively coupled waves. Two concepts are central to this new theory: (i) a 

convectively coupled wave is a forced wave; (ii) a convectively coupled wave is a 

coupled feedback system, wherein the forcing and wave mutually reinforce one another. 

Furthermore, a convectively coupled wave exhibits phase-locked structures as it 

approaches steady state.

The basic theory of forced waves is explored and it is shown that such forced 

waves are governed by two equations, one for the amplitude and one for the frequency of 

the wave. The difference between the speed of the forcing and the theoretical speed of the 

wave, Sc, is an essential parameter of these solutions. It is shown that many of the 

observed features of convectively-coupled waves, for example the energy spectra and 

apparent paradox of slow propagation, can be explained by consideration of the 

parameter Sc.

Focus is then directed to the problem of the forced Kelvin wave, whose solutions 

show that a single wave produces two wave fronts that propagate at different phase 

speeds, one with a speed equal to the forced response and the other with a speed equal to 

the free response. Consideration of the feedback of the wave response to the forcing leads 

to the condition that Sc < 0 is required to produce a positive feedback. Furthermore, 

using the derived definition of power and an alternate physical scaling argument leads to
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the same optimal condition, Sc °c —o xe , where <JX is the x  Gaussian scale of the forcing

and e  is the dampening rate. This relationship serves as a predictive and diagnostic 

equation that correctly predicts the phase speed of convectively-coupled Kelvin waves 

and possibly the MJO as well adhering to the multi-scale view of these systems.

The theory introduced demonstrates that the stmcture of the forcing is central to 

its application. Furthermore, the large scale forcing represents the aggregate effect of 

many processes operating on smaller scales. The role of shallow cumulus clouds in this 

process is also explored and it is demonstrated that shallow convection is fundamental to 

moistening as well as the low-level static stability, both of which have a significant effect 

on convection and indirectly, the forcing of convectively coupled waves.

Lyle Alistair Pakula 
Atmospheric Science Department 

Colorado State University 
Fort Collins, CO 80523 

Summer 2006

iv

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Contents

List of Tables viii

List of Figures ix

1 Introduction I

2 The Forced /3-plane Equations and General Solutions 8

2.1 Quasi-Static Approximation and log-p C oordinates................................. 10

2.2 /3-plane Approximation................................................................................ 11

2.3 L inearization ......................................   12

2.4 Separation of Vertical and Horizontal S tru c tu re .......................................  14

2.5 Solutions of the Divergent Barotropic Model ..........................................  19

2.5a Homogenous S o lu tio n ...................................................................  21

i Hermite’s Solution.........................................................  22

ii Discussion of Eigenvalues............................................. 24

iii The E igenfunctions......................................................  30

2.5b Particular S o lu tio n ........................................................................  31

i Computational Simplification....................................... 38

2.6 Interactions Between Forcing and the S y s te m .........................................  41

2.6a Interpretation of the Amplitude E q u a tio n ....................................  42

2.6b Interpretation of the Phase E quation .............................................  45

v

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.7 General Wave Behavior Under Steady Propagating F orcing ...................  46

2.7a General Spectral Response............................................................. 49

2.7b The Steady State Response............................................................. 50

2.7c The Transient R e sp o n se ................................................................ 51

2.7d Example Solution for a 15 ms-1 Forcing ..................................... 52

2.8 Phase Locking and its S tability .................................................................  53

2.9 S u m m ary ....................................................................................................  57

3 The Forced Kelvin Wave 59

3.1 The Undamped Kelvin W av e ..................................................................... 61

3.1a General S o lu tio n ............................................................................. 61

3.1b Example R e s u lts ............................................................................  63

3.2 The Damped Kelvin W a v e ........................................................................ 66

3.3 A Mechanistic View of the Forced Kelvin Wave Response ..................  67

3.3a Observational Implications.............................................................  72

3.4 On Estimating the Optimal Propagation Speed of Convectively Coupled

W aves...........................................................................................................  73

3.4a A General Method using Real and Radiant P ow er.......................  74

3.4b A Dimensional Approach to the Optimal Propagation Speed . . 78

3.4c Application to a Kelvin Wave ....................................................... 80

3.5 S u m m ary ....................................................................................................  82

4 ‘Cumulus Clouds’ in a RCE-CRM 84

4.1 Model Description and Experimental S e tu p ...........................................  89

4.2 Equilibrium Results at 3 0 0 K ..................................................................... 92

4.2a Evolution to Equilibrium................................................................  92

4.2b Profile properties at Equilibrium .................................................... 94

4.2c Stability............................................................................................. 98

vi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.3 The water cycle at Equilibrium .....................................................................102

4.4 Radiative Heating and Cumulus C lo u d s ..................................................... 108

4.4a Divergence of a moist p lu m e ..........................................................108

4.4b Stability Analysis................................................................................ 109

4.5 Life cycle of cumulus c lo u d s ........................................................................ 114

4.6 Sensitivity Experiments..................................................................................120

4.6a Grid Resolution Sensitivity.................................................................120

4.6b Sea Surface Temperature Sensitivity.................................................121

4.7 S u m m ary ........................................................................................................125

5 Conclusions 129

5.1 A New Theory .............................................................................................. 129

5.2 The Forced Kelvin W a v e ...............................................................................131

5.3 A Conceptual V ie w ........................................................................................133

5.4 The Effects of Shallow Clouds on Wave Forcing.........................................134

5.5 Future W ork.................................................................................................... 136

A General Vertical Co-ordinate 138

B The Hermite Polynomials 145

C Orthogonal Eigenfunctions for the Degenerate k =  0 Rossby Mode 149

D Power Series Solution of Hermite’s Differential Equation 150

E Gaussian Forcing In Meridional Projection 155

References 159

vii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



List of Tables

4.1 Summary of Model Configurations In tegrated ..........................................  89

4.2 Table of cloud regime type and their contribution to the domain total

Cloud water Path (CWP), Ice Water Path (IWP), Latent Heat Flux (LHF) 

and surface precipitation. This analysis is performed for the two most 

distinct model runs, the IR and PR-lin runs. The bracketed number next 

to each experiment indicates the frequency of that cloud regime in that 

experiment......................................................................................................106

4.3 Same as table 4.2 except for the three SST sensitivity experiments. Note

that the OLR filter now differs for each experiment.......................................123

viii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



List of Figures

2.1 Non-Dimensional dispersion diagrams for the shallow water /3-plane 

system, (a) has linear scaling for — oo < k < oc whilst (b) depicts

the log-log scale of the absolute frequencies for k > 0 only ....................  25

2.2 Partial visualization of K transformation kernel for n = - 1  to n =

0. Note that all figures are non-dimensionalized and wind vectors are

scaled for each figure independently.......................................................... 32

2.3 Partial visualization of K transformation kernel for n =  1 to « =

2. Note that all figures are non-dimensionalized and wind vectors are

scaled for each figure independently............................................................  33

2.4 Partial visualization of the divergence of theK transformation kernel for

n =  — 1 to n =  0. Note that all figures are non-dimensionalized and 

wind vectors are scaled for each figure independently.............................  34

2.5 Partial visualization of the divergence of the K transformation kernel for

n =  1 to n =  2. Note that all figures are non-dimensionalized but wind 

vectors are scaled for each figure independently......................................... 35

2.6 Non-dimensional plots for the form of the first (a) four, (b) even and (c)

odd fifty nine %n functions........................................................................  40

ix

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.7 (a) depicts a Hovmoller of the Outgoing Longwave Radiation (OLR)

observational data averaged from 5N to 5S for the period May 1 to May 

28, 1998 superimposed with 10, 15, 22 and 44 m s" 1 phase lines for 

reference, (b) is a reproduction from Wheeler et al. (2000) spectrally re­

gressed composite analysis of the Kelvin wave, depicting the anomalous 

OLR, surface level pressure and wind field associated with the wave. . . 46

2.8 Time-space Hovmoller representation of the forced response from a 

Gaussian forcing propagating to the east at 15 m s 1.................................. 47

2.9 Phase-Plane plot of system trajectory. System trend in phase lock is 

marked by arrows from the null position. Adapted from Fig 3.2 of 

Viterbi (1966)................................................................................................. 56

3.1 Amplitude portion of the undamped transient Kelvin Wave response de­

scribed by (3.5) at time 12, 24, 72 and 120 hrs for (a) 5c =  0 ms”1, (b)

5c =  —15 ms" 1 and (c) 5c =  15 ms” 1. Note the heavy solid line in all 

figures represents the mass sink with a scale ax = 1000 km and that the 

amplitude in (a) is an order of magnitude larger than (b) and (c)............  65

3.2 Steady, damped (e =  (4 day)"1) Kelvin wave responses of a mass sink 

(ax = 1000 km) for various propagation speeds (a) slower than the in­

trinsic phase speed (c =  45 m s"1) and (b) faster than the intrinsic phase 

speed. Note that the heavy solid line in both figures represents the lo­

cation of mass sink and the resonance case (5c — 0) is included in both 

figures. Only half of the spatial domain is presented.................................  68

x

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.3 Conceptual view of a convectively coupled Kelvin wave moving at 15 

ms-1 with deep heating leading stratiform heating. The surface level, 

steady, divergence response due to the deep (44 ms-1) and stratiform 

heating (23 ms-1) is presented separately. Note that the dotted line for 

the deep divergent response notionally represents Bjerknes (1938) uni­

form adjustment view of this mode, e =  (4 day)-1 ....................................  69

3.4 Comparison of non-dimensional power response of two Kelvin Waves 

of horizontal scale ox= 200 km and ax = 1000 km. (a) Total real power

and (b) Total radiant power...........................................................................  76

3.5 Steady Kelvin wave surface level response for an intrinsic phase speed 

of c =  23 ms-1, like that of the second internal trapped heating mode 

(stratiform response) for 5 different forcing propagation speeds (c/ =

23, 20, 17, 14, 11 ms-1). In contrast to Fig. 3.2, only a portion of the 

40,000 km domain is shown.........................................................................  78

3.6 Optimal Kelvin wave propagation speed for four different values of e-1

(see text for details).......................................................................................  79

4.1 Time evolution of domain (a) surface precipitation and (b) precipitable 

water. Note a 4 day running average is applied and legends contain the 

total time mean average value......................................................................  92

4.2 Precipitable water plots for the (a) Prescribed Radiation experiment (lin­

ear), (b) Interactive Radiation experiment, (c) Prescribed radiation ex­

periment (mean) and (d) Interactive radiation experiment with only clear-

sky forcing .................................................................................................. 93

xi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.3 Final 10 day mean net (a) radiative heating rates and (b) latent heating

rates for the four radiation sensitivity experiments. Note that PR-mean 

radiative heating profile overlies the IR profile nearly completely but the 

same is not true for the latent heating term. Figure (c) and (d) are the 

same but for the three SST sensitivity experiments....................................  95

4.4 Final 5 day mean cloud water fields for the (a) PR-lin, (b) IR, (c) PR-

mean and (d) IR-nocld experiments ......................................................... 96

4.5 Comparison of the final 10 day (a) domain mean cloud water and ice, (b) 

domain fractional cloud cover, (c) total cloud mass and (d) mean liquid

in c lo u d ........................................................................................................  97

4.6 Final 5 day mean stability profile ( | | )  for the (a) PR-lin, (b) IR, (c) PR-

mean and (d) IR-nocld experiments. Note that the relative humidity is 

contoured for values between 50% and 80%..............................................  99

4.7 10 day time series of 400km horizontally averaged total cloud liquid

(water and ice), relative humidity and stability parameter ( | | )  for the 

PR-lin (column 1) and IR (column 2) experiments. The position of the 

averaging window is largely irrelevant for the PR-lin experiment since 

the convection is spatially homogenous while for the IR experiment it 

is chosen to lie in the center of a ’moist dome’. Note that the relative 

humidity is contoured for values between 50% and 80% in the stability 

plots....................................................................................................................101

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.8 Day 50 to 60 histograms (2 W / m 2 bins) of hydrologic variables used 

to identify the OLR windows for designating the three cloud regimes of 

interest, Deep convection, cumulus convection and clear-sky subsidence 

regions. The left column depicts the mean variable value for a particular 

OLR bin while the right column depicts the integrated contribution of 

that bin to the 10 day mean. Note that the legend for the right column 

contains the domain mean value for reference. Row 1 (a and b) - cloud 

water path, with mean values in m m / m 2. Row 2 (c and d) - ice water 

path, with mean values in m m / m 2. Row 3 (e and f) - precipitable water, 

with mean values in m m .................................................................................. 103

4.9 Same as figure 4.8 except for moisture budget variables. Row 1 (a and b)

- latent heat flux in m m / h r / m 2. Row 2 (c and d) - surface precipitation

in m m / h r / m 2...................................................................................................104

4.10 Domain net moisture flux as a function of precipitable water and cloud 

regime, (a) Clear-Sky, (b) cumulus convection and (c) deep convection. 107

4.11 Comparison of the final 10 day, domain mean stability profile for, (a)

9, (b) PR-lin and IR-300 stability comparison and the terms (see equa­

tion 4.3) involved in altering the stability, (c) (d) J^Qlh, (e) de­

formation and (f) advection. Note that the heavy line in figure (a) is the 

19.5C moist-adiabat while the heavy-dashed is the 14.5C moist-adiabat 110

4.12 Composite analysis of the initial stages of deep convection for the Inter­

active Run over the final 5 days. The method used identifies 37 convec­

tive events, represented here. All plots are smoothed with a z  =  5 verti­

cal smoother. Cloud water (a) shows the build up to deep convection at 

time zero and ~ 6  (b) shows the erosion of the stable layer concurrent at 

this time while (c) shows the concurrent increase in value and vertical 

extent of relative hum id ity ............................................................................. 114

XIII

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.13 Comparison of day 20-30 (a) Radiative heating profile and (b) domain 

mean cloud water for the increased grid resolution sensitivity experi­

ments. Note that the large domain, coarse grid IR experiment line is 

included for comparison but that the experiments produce general cir­

culations that preclude this from being conclusive to just grid resolution. 120

4.14 Final 10 day comparisons for the three sea surface temperature sensi­

tivity experiments, (a) mean static stability with heavy lines denoting 

characteristic pseudo-moist adiabats and (b) mean cloud water and ice. 121

4.15 Same as Figure 4.10 except for the three SST sensitivity experiments. . 124

5.1 Conceptual view of the forced wave (B) and wave response (A) as it 

varies from the tropical west Pacific (TWP) to the tropical east Pacific 

(TWP). The amplitude of A  and B  notionally indicate the strength of 

the wave and forcing, the ratio of which is 7 whose value determines 

the ability to phase lock....................................................................................137

xiv

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1

Introduction

The theory of equatorially trapped waves is frequently used as a basis for explaining 

many of the fundamental modes of variation of the large scale flows of the tropical 

atmosphere, including the Walker circulation (e.g. Gill 1980), the Madden Julian Os­

cillation (MJO Lau and Peng 1987, and others) and the El Nino-Southern Oscillation 

(ENSO Lau 1981). A key aspect of these phenomena is the way they apparently orga­

nize convection to such an extent that indices of deep convection, derived from observed 

Outgoing Longwave Radiation (OLR), are used to reveal the waves themselves (e.g. Lau 

and Peng 1987; Wheeler and Kiladis 1999). Because of the perceived importance of the 

interactions between the waves and convection, the observed wave-like phenomena in 

OLR are most often referred to as convectively coupled waves (e.g. Yang et al. 2003).

The theory of equatorial waves, most frequently developed for a linearized beta- 

plane (Matsuno 1966; Lindzen 1967), explains many of the salient wave-like structures 

observed in tropical circulations (e.g. Gill 1980; Silva Dias et al. 1983; Lau and Peng 

1987; Wheeler et al. 2000; Yang et al. 2003; Biello and Majda 2005, and others). How- 

ever, the interactions between the convection and the large-scale flow and the feedbacks 

defined by these interactions are not well understood and a paradox exists between the 

theory and observed structures as highlighted in time-longitude (Hovmoller) represen-
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tations of OLR shown in Fig. 2.7a. The wave propagation speed implied by tracking 

areas of low OLR, and thus presumably deep convection, is significantly slower than 

that derived from linear wave theory that invokes expected vertical distributions of heat­

ing and related equivalent depths of the fluid. There are three prevailing ideas about 

the resolution of this paradox: (i) The interaction of convection with dynamics in some 

way modifies the background static stability or “equivalent depth” and thus the intrinsic 

phase speed (Gill 1982b; Emanuel et al. 1994; Neelin and Yu 1994, and others), (ii) The 

importance of different vertical wavelengths, and thus phase speeds, affect the propaga­

tion speeds of these systems (Lindzen 1973, 2003). (iii) That the inability to explain the 

propagation characteristics of the observed phenomena suggests that the system is not 

wave-like at all (Zhang 2005).

This investigation outlines a new dynamical theory to explain this paradox. Three 

concepts are important to the theory and its interpretation:

• a convectively coupled wave is a forced wave whereby the forcing is defined by 

convection. In forming the solution of the forced wave problem, the difference 

between the speed of the forcing and the theoretical speed of the wave, hereafter 

defined as Sc, is an essential parameter of the particular solution. It is conjectured 

that the forcing and the wave propagate at different speeds and must do so to ex­

plain observed properties (i.e. Sc ^  0). This notion is at least supported in Fig. 

2.7b taken from Wheeler et al. (2000). The figure is a time-longitude diagram of 

anomalies of OLR, sea-level pressure (SLP) and 1000 hPa (after Wheeler et al. 

2000) of a composite convectively coupled Kelvin wave. As in Fig. 2.7a, the 

figures shows a convective envelope that propagates eastward at about 15 ms-1 

whereas the SLP anomaly propagates eastward diverging away from the convec­

tive envelope at speeds more like that predicted by simple wave theory as indicated 

by the 44 ms-1 phase lines shown.

• a convectively coupled wave is a coupled feedback system, wherein the forcing

2
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and wave mutually reinforce one another. Although the theory explicitly investi­

gates the problem of ‘given a forcing, what then of the wave’, the idea of feedback 

is a central concept of the theory introduced and in this context. It is suggested that 

reinforcing feedbacks only exist when the forcing propagates at speeds less than 

the wave itself (i.e. Sc < 0). In this way we suggest that the apparent paradox is 

not a paradox at all but rather reflects the optimal configuration for self-sustaining 

convectively coupled waves.

• a convectively coupled wave exhibits features of phase-locking as it approaches 

steady state. We use the radio frequency engineering definition of phase locking 

which describes how one wave acquires another. It seems counter-intuitive that 

two waves propagating at different speeds can become phase-locked, where the 

forcing, considered as a wave, captures the wave response. The phase lock con­

cept identifies a number of useful conditions about convectively coupled waves, 

such as the ratio of the forcing to wave amplitudes serving as a measure of the 

coupling and the tendency of phase-locking to filter out smaller scale structures.

Chapter 2 derives and analyzes the forced /3-plane system, revealing that forced 

waves are governed by two equations; one relating to wave amplitude and the other to 

the phase speed. Furthermore, these equations are shown to relate to the energetics of 

the system such that the equation for wave amplitude is transformed into an equation 

for the time rate of change of energy (power) that describes the rate at which energy is 

drawn from the forcing and is thus termed the ‘real’ power of the forcing. The equation 

for phase is also converted to an equation of power and is conjectured to describe the 

rate at which energy is propagated away from the forcing region. The power quantity so 

derived is thus referred to as the ‘radiant’ power of the forcing.

These results are expanded upon in the context of the forced Kelvin wave in chapter

3. We present the solution of a Kelvin wave forced by a Gaussian forcing and choose this 

example, not only because of its observed importance to the large-scale flow patterns of

3
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the tropics, but also because its solution can be expressed analytically. Assuming that 

the condition for positive reinforcement of the forcing by the wave occurs in regions 

of large-scale (low level) convergence, then we show how the solutions reveal that a 

convectively-coupled Kelvin wave only positively feedbacks to the forcing, thus rein­

forcing the coupled system, when Sc < 0. That is the forcing must propagate slower 

than the wave itself if the forcing that drives the wave is to be sustained by that wave.

Chapter 3 highlights the importance of the transient response for the Gaussian forced, 

undamped Kelvin wave and shows that comparison of the apparent /?-plane frequencies 

with the physical space is ambiguous while also illustrating basic concepts introduced 

in chapter 2. We explore the feedbacks between the wave and the forcing in identi­

fying the solutions that are most likely those that produce the observed Kelvin wave 

feature of the real atmosphere by consideration of the Gaussian forced, damped Kelvin 

wave. We then provide physical arguments for estimating characteristic values of Sc for 

the convectively coupled Kelvin wave based on heuristic considerations involving both 

Bjerknes (1938) ‘uniform’ adjustment condition and Mapes (1993) stratiform mode lift­

ing mechanism. These concepts lead to a linear scaling of Sc as a function of forcing 

size and damping. These physical arguments are connected back to the definitions of 

real and radiant power where it is conjectured that the optimal configuration of convec­

tively coupled waves is one in which energy is radiated away from the forcing at the 

same rate at which it is created by the forcing. This then permits the calculation of the 

optimal propagation speed for all wave types on the /3-plane and it is shown that for the 

forced Kelvin wave, this concept leads to the same scaling relationship between Sc as 

a function of forcing size and damping as deduced from the more physical arguments. 

We then show how this simple relationship appears to predict the correct phase speed of 

convectively-coupled Kelvin waves and, possibly, the MJO.

The investigation in chapters 2 and 3 highlight the importance of the physical struc­

ture of the forcing, both in space and time. While the large scale structure of the forcing

4
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can be deduced from observation (Yanai et al. 1973; Houze 1989; Johnson et al. 1999, 

and many others), it is becoming increasingly clear that the large-scale is representative 

of many cooperative processes operating on a variety of spatial and time scales that act 

to establish preferential forcing scales of the real atmosphere (for example Nakazawa 

1988; Stephens et al. 2004a; Biello and Majda 2005; Zhang 2005). According to the op­

timal relationship derived in chapter 3, the propagation speeds of convectively coupled 

systems should be continuous based on a continues distribution of forcing sizes. While 

this is somewhat observed (Masunaga et al. 2006), spectral analysis of OLR reveals dis­

tinct spectral peaks in k (Wheeler and Kiladis 1999), which are analogous to peaks in 

forcing size. Thus, the observed propagation speeds of convectively-coupled systems 

are not continuous but discrete and the physical processes that control the propagation 

of the forcing are not understood.

Chapter 4 begins an investigation into what factors may contribute to the selective 

scale of the space-time structure of the forcing and, in particular, the role of shallow 

cumulus clouds on the tropical atmosphere. The importance of cumulus clouds has pre­

viously been highlighted (Yanai et al. 1973; Betts 1973; Johnson et al. 1999; Inness 

et al. 2001, and others) as one of the many mechanisms that influence the organization 

of convection and thus the forcing of convectively coupled waves. In this investigation a 

radiative convective equilibrium (RCE) cloud resolving model (CRM) is used to inves­

tigate elementary aspects the large-scale organization of convection with relation to the 

hydrologic cycle. It is found that cumulus clouds create a ‘moist dome’ feedback system 

that strongly influences deep convection and the resulting large-scale forcing fields. It is 

found that shallow clouds are integral in increasing moisture while decreasing low-level 

lapse rates, both of which produce a favorable environment for deep convection. This 

feedback, as shown, is sensitive to radiation and sea surface temperature and has signifi­

cant implications for many tropical phenomena, including forced, convectively-coupled 

waves.

5
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Chapter 5 summarizes the research described in this thesis and hints at future appli­

cations of the theory described. The main new findings are:

•  Forced waves on the /5-plane are governed by two equations, one for amplitude 

and the other for frequency (phase speed).

•  These two equations relate to the ‘real’ and ‘radiant’ power of the forcing, the 

former indicating the work done on the atmosphere and the later the location of 

this work.

• The difference in phase speed of the forcing to that of the wave, denoted as 5c is 

an essential parameter of the forced response problem.

• Consideration of a convectively-coupled wave as a forced wave response and that 

the forcing and response mutually feedback on each other in a positive fashion, 

explains several key observations in the atmosphere:

-  A direct comparison between observed energy spectra of meteorologic vari­

ables and that of the /5-plane is ambiguous but with this in mind, the energy 

spectra can be explained

-  The observations of domain spectral energy and observations of convectively 

coupled waves with coherent structures outside the forcing region implies 

that 5c /  0

-  Upon steady state, convectively coupled waves phase-lock and the necessary 

condition for this demonstrates the scale of the coherent response and the 

likelihood of convective-coupling

-  A positive feedback between the forcing and wave can only exist for 5c < 0

-  Thus, the apparent paradox that the forcing travels slower than that theoreti­

cally implied is not a paradox at all but rather the optimal state.

6
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• A forced wave response from a propagating forcing has a radius of influence 

defined by RiX oc 5c/e which reduces the expected form for a stationary forcing

(Sc —> c).

•  For a forced Kelvin wave, the optimal propagation speed is given by two methods, 

both of which define Sc oc —axe. This correctly predicts the observed convec­

tively coupled Kelvin propagation speed as well as, possibly, the MJO. As a diag­

nostic equation, it predicts the correct damping rate in accordance with previous 

research. Furthermore, it adheres to the multi-scale view of convectively-coupled 

systems.

• Shallow cumulus clouds provide a feedback system that promotes deep convection 

by (i) moistening the environment, and (ii) reducing the low-level static stability 

as the clouds deepen.

•  This feedback system, termed a ‘moist dome’ is sensitive to radiations interaction 

with water vapor and, thus, sea surface temperature.

7
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Chapter 2 

The Forced /3-plane Equations and 

General Solutions

Sections 1 to 5 in this chapter derive the linearized shallow water /3-plane equations 

from the compressible Navier Stokes equation on a rotating plane. We perform this to 

emphasize the approximations, and thus limits, of the shallow water /3-plane equations 

since these will form the basis for most of this research. The shallow water /3-plane 

equations are then solved for the conditions of a constant, propagating forcing with 

a linear Rayleigh Friction and Newtonian Cooling term, this leading to a governing 

spectral equation.

Section 6 performs a complex analysis on this spectral governing equations, separat­

ing it into two governing equations for wave amplitude and frequency (phase speed) and 

explores the physical significance of these two equations. Section 7 investigates the gen­

eral wave behavior under a steadily propagating forcing, illuminating the importance of 

the phase speed difference 8c and demonstrating that the wave response for a Gaussian 

thermal forcing remarkably resembles the structures of Fig 2.7b. Section 8 discusses 

the characteristics of the forced solutions in terms of phase locking and stability analo­

gies drawn from radio frequency engineering and the work of Viterbi (1966). Section 9

8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



provides a summary of the chapter and its key conclusions.

The theory begins with the compressible Navier-Stokes equations on a rotating plane:

=  — - V p  — f l x u  — g +  F
Dt p

(2.1a)

(2.1b)

(2.1c)

p =  pRT (2. Id)

Where

D b b 
—  =  — 4- — V v by bz

u - three-component velocity vector : (u, v, w) 

p - Density 

p - pressure 

T  - Temperature

F - three-component momentum source and sinks vector : (Fu, Fv, Fw) 

Q - Diabatic heat source and sinks

0  - Earth rotation vector

g - Gravitational vector, with the earth’s centrifugal force included

R  - Dry air gas constant

Cp - specific heat of dry air at constant pressure

9
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2.1. Quasi-Static Approximation and log-p Coordinates

The vertical component of the momentum equation (2.1a) is

Dw 1 dp
Dt p dz

9 d- Fz

and assuming a reference background state, such thatp(.x, y, z, t ) =  ps(z) +p'(x, y. z, t) 

and p(x, y, z, t ) = ps(z) +  p'(x, y, z, t), and further assuming this background state to 

be in hydrostatic balance (~ p s =  —psg), then:

(  p ' \  Dw Dw dp' , _ . „ .
+ x ’’•T i = ~Tz - M + F‘

The quasi-static approximation attempts to simplify the vertical momentum equa­

tion by use of scaling arguments. Since Fz is unknown at this time and could have 

any magnitude, this term must be set to zero. Hence, unresolved sources of vertical 

momentum can not be included in this model. A scale analysis performed on the hor­

izontal momentum equation for typical atmospheric motions allows an estimate of the 

perturbation vertical pressure gradient (not shown). Under all conditions, the vertical 

acceleration term is negligible, such that;

dp . r Depth
T z = - pg If w iSh << 1

the atmosphere remains in hydrostatic balance if the flow is dominated by horizontal 

motions (quasi two-dimensional). The quasi-static approximation does permit vertical 

motion, which can be diagnosed using the mass continuity equation, however, variations 

in the vertical pressure gradient will only be reflected by changes in //, that is buoyancy 

(temperature) rather than vertical acceleration.Thus, the quasi-static approximation has 

excluded non-hydrostatic flows from the model and any coupling with vertical momen­

tum producing parameterizations.

10
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In later sections, the solutions for the system will be separated by their horizontal 

and vertical structures. The separation is made easier by a change of vertical coordinate, 

from physical height to ‘log p’ coordinates, that is where z =  \n(p0/p). Appendix A 

outlines this procedure and we find the Tog p’ system, with the f-plane approximation 

(not shown), to be:

Where

(2.2a)

(2.2b)

uz
(2.2c)

du dv dw
d ^  + d ^ + d ! ~ W = ° (2.2d)

D T  + K,Tw - Q 
D t + Cp

(2.2e)

p = pRT (2.2f)

D d d d d
Di = ai+Kdi+% +wrz

A. R9 = gz K =7=rOr)

where /  =  2f2 sin(0) and 9 is the lattitude of the /-plane. Note that w is redefined as 

the vertical log pressure velocity and derivatives on z surfaces are now implied to be on 

\n(po/p) surfaces.

2.2. /3-plane Approximation

The /3-plane approximation attempts to represent the non-linear variation of the Coriolis 

parameter in the meridional direction by a linear function. A Taylor expansion of /

11
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yields:

f ivo  +  y) =  f ( y 0) +  V ( j f \  +  Higher Order Terms
\  y /  2/=j/0

~  f ( y 0) + yP

Where higher order terms have been ignored and /3 = ( )  is the ‘beta’ term.
\ d y J « = y  0

Recalling that /  =  20 sin(0) and using the arc length formula dy =  adO;

d f \  /'d[2n s in (0)]N\ 20

y=yop = { t r y ) = \ - ^ l - ^ - cos{eo)

For the case of the /3-plane situated on the equator (90 =  0), /  =  2Qy/a. Note that as 

the actual Coriolis parameter must lie in the domain [0,20], the /3-plane approximation 

is un-physical for y > a and probably quantitatively incorrect for all y. That said, 

the /3-plane approximation has been shown to be qualitatively accurate for the types of 

problems considered in this thesis and certainly suitable for such applications.

2.3. Linearization

The dependant variables for the quasi-static /3-plane can be expressed as

u(x, y, z, t) = u + u'(x, y, z, t ) 

v(x, y, z, t) = v  + v '(x ,y ,z , t )  

w(x, y , z , t )  =  w + w'(x, y, z, t)

<f>(x, y, z, t ) =  cj)(z) + <j>'{x, y, z, t )

T(x, y, z, t ) =  T(z)  +  T'(x,  y, z, t ),

12
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where the mean states for <j> and T  are assumed to be a function of z. Setting the basic

state to be at rest (u = v =  w =  0) and be in hydrostatic balance, as required by the
d(f>quasi-static approximation, | —  =  R T  ], (2.2) becomes;

du' d(j>' , p
~ Pyv = Fu -dt dx

dv' d<p' ,
Ju +  +  P y u  = F v ~dt dy

,du' ,du'  ,d u n
u ~a h » f W -x—ox oy oz

.dv'  .dv'  .dv1
u — h v ' -  hw

/ ( d T
%  + w ' { j ; + k T

dx dy dz

¥ = R rdz
du' dv'  dw' ,
d i  + d ^  +  = 0

Q
Cn

= F„

, d r '  , d r '  , d r '  ;
u —---- h « - ---- b w —---- h kT  w

dx dy dz
Q_
C„

(2.3a)

(2.3b)

(2.3c)

(2.3d)

(2.3e)

Noting that F„ , Fv and Q are redefined potentially containing the non-linear terms that 

would otherwise be set to zero by the ‘negligible product of perturbations’ approxima­

tion. From here on, primes are dropped and implied. In general, for the linearized 

system, one assumes that the sum of non-linear terms in square brackets is negligibly 

small compared to any of the individual terms on the left hand side. Thus, eddy fluxes 

are assumed negligible but all solutions should be checked for possible locations where 

this is assumption is broken.

The thermodynamic equation (2.3e) can be simplified by the introduction of a mean
d f

state static stability, defined as T{z) = —— b kT ( z). As this appeal's coupled to the ver-
dz

tical velocity, the first term represents the temperature change due to advection and the 

second term the temperature change associated with dry-adiabatic motions. As the mean 

state is in hydrostatic balance, it must also be unconditionally stable for dry convection, 

that is T(z) must be positive.

13
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2.4. Separation of Vertical and Horizontal Structure

Fortuitously, the /3-plane system defined thus far is separable and allows the structure 

of the solution to be considered by two independent differential equations. We begin by

collapsing the vertical differentials in (2.3c, d and e) into a single equation. Noting that
?d(e~zw) , . . .

 — w = e ——— -, the continuity equation (2.3d) can be written as:
dz dz

du dv d(e~zw )
i r  +  7 r  +  e ^ — =  0’ (2-4>dx dy dz

and taking the time derivative of the hydrostatic equation (2.3c) and substituting in for
dT
—  in the thermodynamic equation (2.3e), we find:
dt

d dd>
—  —■ + RT w = kQ where k = R / C p (2.5)
dz dt

It will be advantageous to redefine the thermal forcing as;

dd(j)
m a t  =  k Q  ( 2 ' 6 )

where 4> is the forced change in geopotential that would arise if the thermal heating were 

constrained to only alter the thickness of the layer and not drive any vertical motions (i.e. 

w =  0 in 2.5). Hence, (2.5) can be written as:

^ d[°0z ^  + R r w  = o (2.7)

0  € ~ z
Eliminating w by taking the of (2.5) and substituting in (2.4), (2.3c, d and e)

are reduced to a single equation:

14
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is an operator only in z. The complete linearized system is thus:

5  < = K  (2.9a)

|  +  | + * a =  F„ (2.9b)

I)-
d d~4>

T z m =KQ

noting w and T  can be diagnosed from the original set of equations. It is self evident that 

(2.9c) is separable in the vertical and horizontal and since (2.9a and b) have no vertical 

derivatives, the system is linked through this equation. We may formally show this by 

assuming that 4>{x, y, z, t ) =  (z)(f>(j:, y, t), with similar expressions for u. v, Fu, Fv

and (f). The forcing terms may contain dependencies on vertical derivatives but we pro­

pose that the forcing could be projected onto these vertical structure functions, such as 

that done by use of normal mode analysis (e.g. Fulton and Schubert 1985). The ben­

efit of this derivation is that no assumption on the boundary conditions or horizontal 

structure is made (in contrast to the wavelike assumption in Lindzen 1967), enabling a 

general discussion of the solution. Substituting these into (2.9c), noting that (2.9a and 

b) are trivial and omitted:

£ , [ f  (z )]^ [g (s , y, t) -  i ( x ,  y , «)] -  tt(s) F ^ g J 1’0 +  = « C2-10>

15
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which can be rearranged to:

V(z) £ [ $ ( x , y , t ) - $ ( x , y , t ) ]  c2
(2.11)

Two eigenvalue problems are defined for the vertical and horizontal structure with c2 the 

eigenvalue of this separation, noting that we have chose that this must be negative for 

physical solutions, then:

noting that the modified versions of (2.9a and b) would be required to solve (2.12a), 

which are now formally equivalent to the shallow water equations on a linearized /3- 

plane . Section 2.5 is dedicated to the solution of this system and for the rest of this 

section, we investigate the properties of the vertical structure problem (2.12b). Setting 

T constant in (2.12b) greatly simplifies the problem to:

which we note is an oscillator equation with a generating function. We can remove 

this generating term by use of a Euler transform through the assumption that 'b (z) =  

4Y{z)ezl2, then:

If e2 is large enough, evanescent solutions pertain while wave solutions pertain other­

wise. In either the wave or evanescent contexts, m  is related to the vertical depth of 

the vertical structure function, 'b. If RT/c2 > >  1/4, which for a typical atmosphere

(2.12a)

£ z[V} + y / c 2 = 0 (2.12b)

dz2 dz  c2

(2.13)

which has the characteristic solution 4/ (z) = (Ae"az+Be  tm2)eZ//2 with in =  ±  ( ——  -

16
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(F ~  17 K) implies c < <  138 m/s then

c ~  V R T / m  ~  50/j  m/s

where j  is the vertical mode of the wavelike (baroclinic) solution. Note that j  is con­

tinuous in this discussion but is discrete under the ‘rigid upper-lid’ boundary condition 

(Fulton and Schubert 1985). Thus, the first baroclinic mode has a horizontal propaga­

tion speed of ~  50 m/s. Only one mode has a phase speed c > 138 m/s, the external 

mode or Lamb wave, and under either a rigid lid or radiation upper boundary condition, 

this solution is evanescent (trapped) as c ~  300 m/s (DeMaria 1985; Wu et al. 2000b).

It has been shown by Fulton and Schubert (1985), and follows from the separable 

property of the system, that the forcing can be considered a projection onto a set of verti­

cal basis functions and then the resultant solution will be governed by the consideration 

of the vertical and horizontal structure separately. In section 2.5, the forced horizontal 

solution is shown to be wavelike with time structure where ui is an apparent

frequency. Hence, if the vertical solution is wavelike, it will propagate with vertical 

phase speed cv = co/m but if it is evanescent, it is vertically trapped. Since both m  and 

ui can be of either sign, this defines that energy may propagate in four directions, that 

is ‘radially’ away in the vertical plane. As the horizontal solutions govern u,  we can 

consider this a parameter defined by cu =  cpk, where cp is the horizontal phase speed 

and k is the horizontal wave number. Thus, cv =  cpk/m ,  implying that for a given verti­

cal structure of forcing (i.e. constant m), horizontally larger disturbances (small k ) will 

propagate slower in the vertical. Furthermore, faster intrinsic modes (i.e. Kelvin versus 

Rossby modes) will propagate faster in the vertical but that under forced conditions, 

phase-locking can occur that implies the vertical propagation will be reduced. As will 

be shown, the concept of phase-locking introduced later implies that waves propagate 

at the speed of their forcing so that the apparent vertical propagation speed will be set

17
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by the speed of the forcing under phase-locked conditions. Note that this is just an ap­

parent advection of vertical propagating energy since in the refract frame of the forcing, 

the vertical propagation is always zero in phase-lock.

18
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2.5. Solutions of the Divergent Barotropic Model

In Section 2.4 it was shown that the compressible /3-plane can be separated into vertical 

and horizontal eigenproblems with a common eigenvalue c2. The horizontal eigenprob- 

lem was shown to be equivalent to the divergent barotropic equations on a linearized 

/3-plane, that is:

du 8(f)
dt dx  
dv d(p
M + - d i +fiVU

Fu -  eu

dd> 9 (  du
~dt+ c  ( a x S H €(j)

(2.14a)

(2.14b)

(2.14c)

Where a constant Rayleigh friction / Newtonian cooling linear damping term (e) has 

been added and the forcing terms are now defined as projections onto the vertical struc­

ture function of this mode:

FU = F'U.  *(z)  

FV = F'V.  *(z)

Fa ~dt
tzQdz

noting that F^ represents the vertically integrated total mass sink/source projected onto 

this vertical solution. Rewriting this in matrix form;

d_
dt

+  e W +  LW =  F

(  < Au (x ,y , t )  ̂Fu(x,y,t)^

where W = v(x ,y , t ) , F  = Fv( x ,y , t ) and L =

restating the definition variables:

(  o - p y

Py 0

2 9 c — 2 9 C ----
V dx dy

(2.15)

d_\

9i

dy
0

and

/
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u

V

x  velocity perturbation 

y velocity perturbation 

geopotential height perturbation 

Meridional gradient of coriolis parameter

e coefficient of damping

- Forcing terms of u, v and 4>, possibly containing non-linear terms 

c2 = gh - Characteristic Phase Speed

An analogous system exists on the sphere through modification of the operator L ex­

cept that such a system becomes prohibitively complex to solve analytically (Longuet- 

Higgins 1968). The equations represented by (2.15) are usually made non-dimensional 

but we refrain from doing so. These equations also differ from those of Matsuno (1966) 

through the presence of an unspecified general forcing by diabatic heating and momen­

tum source terms as well as through the presence of a linear damping term. Unlike Mat­

suno (1966) and other studies, we refrain from assuming wavelike solutions in (x,t), 

effectively Fourier transforming (2.15) with respect to these two dimensions. General­

ity of the forcing is maintained by noting that at any given time, it too may be Fourier 

transformed in space but not in time and thus define for a general function the Fourier 

transform pair f (x ,  y, t ) and f ( k : y, t ) as:

Note that on the infinite plane k is continuous, however, with periodic or closed bound­

ary conditions k becomes a discrete quantity which we may express as fk(y, t). Keeping 

the notation for the continuous values of k and applying the Fourier transform to (2.15)

9

h

gravitational constant 

equivalent depth or scale height

(2.16b)

(2.16a)

20
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produces:
d
dt

+ e W +  LW =  F (2.17)

where W

u ( f ^1 u

V ,F  = F.

W kf *)

and L

0

Py

fly ik 
d_ 

dy
0

ike2 c2
\

d_
dy

0

2.5a. Homogenous Solution

Wu and Moore (2004) showed that there exists a complete set of solutions for the ho­

mogenous version of eqn (2.17) (i.e. for F =  e =  0). Since the goal of this study is to 

find the particular solution for a given forcing and damping of the system, the known 

completeness of the homogenous solution defines that the particular solution will be 

an appropriate combination of homogenous solutions. Hence, we now discuss the ho­

mogenous solution, which is taken to be separable and oscillatory in time and of the form 

u(k, y,t)  — U(k, y)elut with similar expressions for v and ((>, so that (2.17) becomes:

LK -  - i u K (2.18)

f U{Ky)^

where K(k, y) — and is complex and v is the eigenvalue. One might beV{k, y)

tempted to write W (k, y, t ) =  K(A:, y)eiÛ  but we emphasize this is only true for F =  0 

and e =  0, that is the unforced and undamped solution. Using suitable row operations, 

one can show that:

U

$

c2k2
o/3yV +  kc

dy
ic

c2k2
kj3yV + v

dV~ 
dy _

(2.19)

(2.20)
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and that (2 .1 8 )  red u ces to the fo llo w in g  ordinary d ifferentia l equation:

<PV
dy2

+
v

k'2 P k-V
V  =  0 (2.21)

Which is formally equivalent to the classic harmonic oscillator equation except for the y2 

term, hence, this will yield oscillatory or evanescent solutions depending on the value of 

y, that is the meridional extent of the wave. Thus, equatorial waves are trapped between

some latitude and that their meridional extent will be proportional to yjc/ft.  We proceed 

to solve this equation recognizing it as Hermites’ Differential equations (Appendix B) 

but we additional use a power series method (Appendix D) to illustrate that the Hermite 

polynomials that form the solution are composed of odd and even functions and that all 

basis functions must be considered when speaking of the true physical solution.

i. Hermite’s Solution We now cast this equation into Hermites Differential equation 

(See Appendix B or Gradshteyn and Ryzhik 2000) by non-dimensionalizing the y vari­

able using y =  yjc/jdy, where the ‘hat’ is not to be confused with that of the Fourier 

transform, then
<PV
dy2

+
v
cj3 P

c i2 k  
-A t +  c y2

v
V  = 0 (2 .22)

We now state the ‘radiation’ boundary condition on the problem by assuming that 

V (k , y ) —> 0 as y —> oo. The following substitution removes the y2 part from the 

second term and will also guarantee the boundary condition;

V ( k , y ) = V ( k , y ) e - y 2/ 2 (2.23)

then (2.22) becomes:

d2V  
dy2

.dV
dy

+
V  C , 2 k
—  - - f c 2 +  c - - l  
cp p V V  = 0 (2.24)

22
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Which is now formally equivalent to Hermites Differential Equation provided the cubic 

root equation for v satisfies

(2.25)

where n =  0 , oo and V(k, y) =  Hn(y) where Hn is the n ’th Hermite polynomial. 

It is important to note that the Hermite polynomials are orthogonal with respect to the 

inner product Hn>(y)Hn(y)e~y dy and that the eigenvalue depends on both the 

Hermite number (n) and cubic root (r) and thus we write the eigenvalue as ivn,r. Note 

that this differential equation contains a generating term dependant on y, indicating 

that this is actually a source term - the /3 affect. In this respect V  -* oo as y —» oo 

however, weighting this by e~$ guarantees that V  —»• 0 as y —>■ oo, easily verified 

by considering L’Hosptials rule and that the Hermite solution is polynomial while the 

weighting function is exponential and will, thus, always obtain.

The Kelvin Wave

An additional non trivial solution for (2.18) exists for V(k, y) =  0, in which case 

the system becomes;

Reducing (2.26) to two equations for <3>, it is easily verified that the dispersion relation

uU +  k& = 0 

dy

+ kc2U = 0

(2.26b)

(2.26c)

(2.26a)

is;

V  =  dz ck

23

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and that the general so lu tio n  is;

A - y 2$(k, y) = e 2 c

Only the negative exponent satisfies the radiation boundary condition on y thus, the 

positive solution must be discarded and the Kelvin wave has the form;

v

U(k ,y ) ' (  \c

V(k,y) = 0

®(k,y)J r2 
\ C )

A - y 2e 2 e (2.27)

and V-1,2 = —ck, where it has been indexed as n —  — 1, which is one of the roots 

for (2.25) with n =  — 1. Furthermore, the Kelvin wave is non-dispersive (i.e. Inertia 

Gravity wave like) and may only propagate east and we notionally index it as r  =  2.

ii. Discussion o f  Eigenvalues The homogenous system (2.18) eigenvalues are given by 

u, which from the solution to V  are given by the cubic equation:

— ^ k 2 +  c-^— =  2n +  1 (n =  0, 1,..., oo) (r =  0, 1, 2) (2.28)
C p  p  V n ,r

Where vn>r specifies that for every eigenvalue n there are 3 roots (r =  0,1,2) which 

form three separate eigenvalues for the homogenous system. Since all other coefficients 

are parameters of the system, this forms a dispersion relation for the eigenfunctions. 

We now explore the behavior of these eigenvalues as a function of k, depicted non- 

dimensionally by setting vd = vndy/cA and kd =  knd\JcjP  in Fig. 2.1a for all k and 

Fig. 2. lb for A; > 0 on a log-log scale and where subscripts n and nd refer to dimensional 

and non-dimensional, respectively.

The dispersion equation (D.l) can be simplified by considering its behavior at large
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Figure 2.1: Non-Dimensional dispersion diagrams for the shallow water /3-plane system, 
(a) has linear scaling for — oo < k <  oo whilst (b) depicts the log-log scale of the 
absolute frequencies for k > 0 only.
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k. The first term may be ignored provided that vk2 / 8  << k and that v < 1, then

If v > 1, then the first term must be included but the third term may be ignored, then:

In Fig. 2.1 these roots are spectrally separated. Considering the phase speed of these 

solutions, that is cp — u/k,  the V =  0’ root describes a wave whose phase speed is 

always less than the maximum (c) and always propagates west. The V =  1’ and V =  2’ 

roots frequency are symmetrical in k such that their phase speed changes direction with 

the change of sign of k but, importantly, are always faster than the maximum (c). The 

eigenfunctions, to be discussed, show that the slow moving wave is quasi-geostrophic 

and, as in Matsuno (1966), is referred to as a Rossby wave. The fast moving waves 

are referred to as Inertia-Gravity (IG) waves but since they have no directional sense 

when all k are considered, we refer to both roots as IG waves, in contradiction to typical 

nomenclature that only considers k >  0.

n-0 Modes

Special care is needed when n =  0, as the dispersion equation factors to;

vn,\ =  + \ / c 2k2 +  cf3(2n +  1)

vn, 2 =  - \ / c 2k2 +  cf3(2n +  1)
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



in which case;

z/0,0 =  ck

uo,i =  ~ ^ k  + ^ y /c 2k2 ■+ 4c/3 

vo,2 = ~ k  -  ^y7c2k2 +  4c/3

The ‘r  =  0’ root must be rejected as nonphysical because it corresponds to a zero in the 

denominator for the solution to U(k, y) and $(k, y) (i.e. 2.19 and 2.20). Root ‘r  =  1’ 

and V =  2’ both exhibit phase speeds that are typical of Rossby and Inertia-Gravity 

waves, when considered for all k. Typical nomenclature for k > 0 identifies the first 

root as a mixed-Rossby gravity wave and the second as an eastward IG wave but we note 

the 2nd root also exhibits Rossby phase speeds for k < 0 and we refer to these solutions 

simply as the “n =  0” solutions.

Inertia-Gravity Waves

Fig 2.1 shows that IG waves are strongly dispersive, while in a non-rotating sys-
9ptern they are non-dispersive (Gill 1982a). The group velocity (— ) in Fig 2.1a shows
ok

that IG waves slow for larger k. Furthermore, there is an asymmetry towards slower 

westward waves versus eastward waves since both roots depict a turning point for the 

group velocity in westward propagating quadrants of the dispersion diagram, this de­

picted more clearly in the log-log plot (Fig 2.1b). Using the large k approximation, the 

group velocity is:
dp  ± e

®  “  (1 +  J , ( 2« +  l ) )1/2

Which only captures the symmetrical decrease in group velocity for k -» 0, noting that 

the reduction in phase speed for a given k increases as a function of (5 and n. The 

mechanism for wave propagation is the phase difference between the divergence and 

pressure fields. For larger waves (smaller k), these fields vary much more slowly in time 

and, by their increased scale, approach the Rossby radius of deformation, even near the
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equator. Thus, we conjecture that larger IG waves geostrophically adjust, reducing the 

isallobaric flow and hence divergence, decreasing the speed of the wave.

Consider the spectral momentum equations (2.3a and b) rearranged to identify the 

terms that balance the pressure gradient force;

then we note that the beta (Coriolis) term does not depend on the size of the wave (k) 

or the frequency (;/) while the other term do in a way that for an increasing wave size 

(h -» 0), these terms become smaller implying an increasing importance of the beta 

term and thus the system tends towards geostrophy. Interestingly, as k —>• 0, the U 

wind is driven purely by the beta term, implying an inertial oscillation. In this manner, 

if /? =  0, that is some scale where rotation may be neglected, the dispersion equation 

reduces to that of the non-rotating, non-dispersive IG wave system. We note that the 

group velocity depends on n because this relates to the turning latitude of the wave and, 

for increasing n, implies increasing y and thus, / .

Geostrophy also implies the existence of Potential Vorticity (PV), symbolized as q, 

which can be shown for the spectral /3-plane system discussed here to be:

such that the PV is proportional to the meridional flow advecting the planetary vorticity. 

Hence, a Kelvin wave possess no PV as V  =  0, IG waves possess some PV as V  ^  0 

and v /  0 and Rossby waves are strongly PV driven as v —» 0. From the previous

ik§  =  f iyV — ivU 

<9$
—  = - p y U - i v V  
dy

(2.29b)

(2.29a)

PV
(2.30)Q =

where
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discussion, for small IG waves (k —> oo), u «  ±ck  such that (2.29a) implies that 

/3V oc k -1 . Thus, small IG waves carry little PV while large ones possess increasingly 

more PV, again implying a greater tendency for geostrophy. We conjecture that the 

asymmetry between east and westward IG waves is a result of large scale westward 

moving IG waves having more PV, with similar group velocity to Rossby waves and, 

thus, conjectured to be behaving as a Rossby wave. One may physically understand 

this by considering the divergence field for a monochromatic IG wave moving east and 

conversely, one moving west. Consider then how the PV anomalies induced by the 

meridional winds might cause a local rotation that feedbacks on the wave in a Rossby 

like fashion. In general, the PV anomalies act to damp the divergence field since they 

are associated with geostrophy but for the eastward IG wave, the PV anomalies moves 

out of phase with the westward Rossby propagation tendency, while the westward IG 

remains in phase and then amplifies the PV anomaly. Hence, the westward IG waves 

have more PV and propagate slower than their eastward counterpart at scales where 

geostrophy becomes important.

These concepts are best illustrated by visualization of the eigenfunctions as a func­

tion of k in Fig. 2.4 and Fig. 2.5. These figures illustrate the magnitude of the divergence 

and U and V  wind vectors in the (k, y) plane. The scale of the contours and wind vec­

tors varies from figure to figure. For example, note that the Kelvin wave contains no V  

wind component, indicating no PV. Rossby waves are dominated by V  wind and have 

little divergence compared to the other waves. The IG waves also consist of large zonal 

wind and divergence fields for |k\ —>■ oo but become more PV dominated as A: —>■ 0. The 

‘n =  0’ waves exhibit both characteristics in a much stronger manner as expected by 

their typified mixed characteristics.

In summary, the naming conventions and permissible roots of the dispersion equa­

tion (D.l) are introduced here to be :
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for n > 0 -  «k2 +  c-
k

cj3 ft un .
2 n  +  1

for n  =  0 ^0,r
H— c2k2 + 4e/3 

2 2

r =  <

r = 1

0 Rossby

1 inertia gravity

2 inertia gravity

“n = 0”
-A: — -  \ / c 2k2 +  4c/? r  =  2

forn  =  — 1 ẑ _i 2 =  —ck r =  2 Kelvin

«i. The Eigenfunctions From (2.23), the solution to V  is used to solve for U and <f> in 

(2.19) and (2.20). As the solution to V  is only known to an arbitrary constant, we thus 

define a constant that makes the substitution a little easier and yields natural units:

V(k ,y)  = - c 2k2)Hn ( J f y  e 2- \ - v 2

Substituting this into the definition of U and 4>;

U{k,y) =  y/c/fi { y n ,r ck^Hnjri ( \]  cy I ~t~ n{yn,r ~f ck/Hn—i J \ /  y
1(3 2

- - - y  
e 2 c

${k,y)  = c y c / p 2  iy n ,r  c k Z /H ii+ l ( y  CV J ^ ( ^ n , r  "F ck 3 )H n —\ \ \ j  CV

1/3 2 
- ~ - ye 2 c
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Redefining Knjr(A:, y) as a three component, complex matrix depending on the indices 

n and r  and incorporating the Kelvin Wave;

y ) — V(k,y)

$(k ,y)

( (
\ {vn,r -  ck)Hn+i ( J \ y  ) +  n(un>r +  ck)Hn ( J §

V'y/cfP
( \

c

0

Vc7

2 \yn,r ck)Hn+i f J -  n iyn,r +  ck)Hn-i

- \ ~ y2 e 2 c n

which is the complete solution to (2.18) according to Wu and Moore (2004). Figures 

2.2 and 2.3 present the magnitude of the eigenfunctions in the (k, y) plane noting that 

the contours are of geopotential and the scale of these contours and wind vectors differ 

from figure to figure.

2.5b. Particular Solution

Given the completeness of the homogenous solution as mentioned, the solution to (2.17) 

is an appropriate combination of the homogenous solutions, given by the eigenfunctions 

K. We now define a normal mode transform in the meridional direction using K as a set
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Kelvin Wave

W avenum ber ( 0 /c )

- 5 3 - 3 7 - 2 2  - 7  7 22 37 53
<f>' (10“2 c2)

n = 0 , r = l  n = 0 , r =2

W avenum ber (/? /c ) W avenum ber ( 0 /c )

- 4 5 - 3 2 - 1 9  - 6  6 19 32 45 - 4 5 - 3 2 - 1 9  - 6  6 19 32 45p (1<T2 c 2) 0 ' (10“2 o2)

Figure 2.2: Partial visualization of K transformation kernel for n =  — 1 to n — 0. Note 
that all figures are non-dimensionalized and wind vectors are scaled for each figure 
independently.
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Rossby n -  1
3.8

1.9

-3 .8

IG n r = 2

-7 .8  - 3 .9  0.0 3.9 7.8
W avenum ber (jS /c)~1/z

- 4 0 - 2 9 - 1 7  - 5  5 17 29 40
p' (10“Z c z)

Rossby n = 2, r= 0

-7 .8  - 3 .9  0.0 3.9
W avenum ber ( /? /c )"1/z

- 5 3 - 3 7 - 2 2  - 7  7 22 37 53
p' (10-2 c2)

IG n = 2
3.8

3  -3 .8

-7 .8  - 3 .9  0.0 3.9 7.8
W avenum ber (j8/c)~1/2

- 4 4 - 3 2 - 1 9  - 6  6 19 32 44
p ‘ (10"Z c2)

3.8

7.8 - 7 .8  - 3 .9  0.0 3.9 7.8
W avenum ber (/S /c)_1/z

- 5 3 - 3 7 - 2 2  - 7  7 22 37 53
p ' (10_Z e z)

IG n = 2, r = 2

3  -3 .8

- 7 .8  -3 .9  0.0 3.9 7.8
W avenum ber (j3/c)~l/2

- 4 5 - 3 2 - 1 9  - 6  6 19 32 45
<p' (10 ‘2 c2)

- 7 .8  - 3 .9  0.0 3.9 7.8
W avenum ber (/9 /c )"1/z

p ' (10~2 c2)

Figure 2.3: Partial visualization of K transformation kernel for n =  1 to n =  2. Note 
that all figures are non-dimensionalized and wind vectors are scaled for each figure 
independently.

33

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Kelvin Wave

W avenum ber (j8/c)

-4 1  - 2 9 - 1 7  - 5  5 17 29 41
D ivergence 10-1 (/Sc)-l/2

n = 0 ,  r = l  n =0 ,  r= 2

W avenum ber (/? /c ) W avenum ber ( 0 /c )

- 3 5 - 2 5 - 1 5  - 5  5 15 25 35 - 3 6 - 2 5 - 1 5  - 5  5 15 25 36
D ivergence 10"1 (/Sc)"1/2 D ivergence 10_1 (/3c)~1/2

Figure 2.4: Partial visualization of the divergence of theK transformation kernel for 
n =  — 1 to n =  0. Note that all figures are non-dimensionalized and wind vectors are 
scaled for each figure independently.
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R o ssb y  n = l ,  r = 0 IG n =  1, r = l

—  <5a-

-1 .9

- 3 .8

- 7 .8  - 3 .9  0.1 4.0 7.9
W avenum ber (/S /c)_1//8

-0 .960 .600 .440 .14). 140.410.690.96 
D ivergence 10"1 (j8c)"1/2

R o ssb y  n  = 2, r = 0

IG n =  1, r —2

-7 .8  - 3 .9  0.1 4.0
W avenum ber ( £ / c ) " 1/8

- 4 2 - 3 0 - 1 8  - 6  6 18 30 42
D ivergence 10"1 (/Sc)"1/8

IG n  = 2, r=  1
3.8

2  - 3 .8

- 7 .8  - 3 .9  0.1 4.0  7.9
W avenum ber (/3/c)~,/2

-0 .7 0 0 .5 6 0 .3 4 0 .1 D. 110.340.560.79 
D ivergence lO "1 (|8c)~1/8

-7 .8  - 3 .9  0.1 4.0 7.9
W avenum ber ( p / c ) ~ 1/s

- 3 6 - 2 6 - 1 5  - 5  5 15 26 36
D ivergence 10"1 (jffc)“,/8

7.9 -7 .8  - 3 .9  0.1 4.0 7
W avenum ber (/? /c )~ 1/8

-4 1  - 2 9 - 1 7  - 5  5 17 29 4
D ivergence 10”1 (fic)~lj/z

IG n = 2 ,  r = 2
3.8

2  - 3 .8

-7 .8  - 3 .9  0.1 4.0
W avenum ber (/3 /c)~1/8

- 3 6 - 2 5 - 1 5  - 5  5 15 25 36
D ivergence 1 0 '1

Figure 2.5: Partial visualization of the divergence of the K transformation kernel for 
n  =  1 to n =  2. Note that all figures are non-dimensionalized but wind vectors are 
scaled for each figure independently.
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o f  b a sis  fu n ction s, n o tin g  that the transform  m ust ensure orthonorm ality:

Wn,r (M ) =  (yV(k,y,t) ,Kn,r(k ,y) j  (2.31a)

W (k ,y , t )  = Y JWn,r{k, t)KnAKy)  (2.31b)
n,r*

where

/OO 1
+  h d l  +  ~^h9l)dy

•OO c

is the inner product of any two complex, three-component vectors and g* denotes the 

complex conjugate. The definition of this inner product is motivated by the total energy 

of the system, (i.e. §j.(u2 +  v2 +  <?2/Y;2) and the orthogonality of K with respect to this 

inner product such that our desired property is summarized as:

1 (n,r) = (n',r')
(Kn,r{k ,y) ,Kn,y (k ,y ) )  =  { (2.32)

0 (n,r) ^  (n1 ,r')

To assure orthonormality, we take the inner product (KiV, KN), with N  being a nor­

malization constant and note that §A^Hm{y)Hn{y)e~^dy =  (5mn2nn!v/7r. We then 

find;

I j 2nn ! ^  [(c/3)-1( ^ )r -  c2k2)2 +  (n +  l ) ( iy r -  ck)2 + n{vn r̂ +  c/c)2] n >  0

N 2n,r I r~  -t2 ̂ 7t n =  — 1
(2.33)

Taking the inner product of (2.18) with K„/r/, noting that L is skew-Hermitian with 

respect to the inner-product, such that:

(L /, 9) = -  ( / ,  Lg)
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and it follows;

L K n / r /^  -f- i V n , r  (K n ,r >  K » ' r ' )  —  0  

( K f l , n  ^ n ' , r ' ^ - n ' r ’ ) “1“ i ^ n ,r  0 ^ n , n  ^ n ' r ' )  — 0  

(^n,r) Kn'r') {vn r̂ ^n',r') — 0

so that K is orthogonal so long as degeneracy does not occur in the eigenvalues. For 

the Rossby modes (r =  0), degeneracy does occur when k =  0 and we follow the 

procedure of Schubert and Masarik (2005) outlined in Appendix C to find the orthogonal 

eigenfunctions for this case.

Since the meridional normal mode transform (2.31) has been shown to be complete, 

orthogonal and orthonormal, it can be used to form the particular solution for the inho- 

mogeneous system (2.17). Taking the meridional transform of (2.17):

m
dt

which becomes

,Kn,r +  ( e W A , )  +  (LW ,K n,r) =  (F ,K n>r) ,

d
dt 1 “ 1 ' '  n'r

e ) Wn,. +  ( LW, K(L W ,K n>r) = F n>r (2.34)

where Fn>r(t) = (P(t) ,Kn^  is the forcing term at time t. Since L is skew-Hermitian, 

^LW ,Kn>r̂  =  - ( w , L K n,r ) =  -  (w , =  - i v n,rWn>T and (2.34) be­

comes:

d_
dt

+  e -  ivn>r Wn,r =  Fn,r (2.35)

which is the governing spectral equation for the particular solution.
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In the process of linearizing the system, the non-linear terms can be grouped into the 

forcing terms. If these are projected back onto the linear modes, the non-linear problem 

is not solved analytically. Rather, the non-linear forcing is projected onto the linear 

space but the true non-linear solution could only ever be calculated with the use of a 

fully non-linear model. The utility of incorporating the non-linear terms in the forcing 

might be to identify the scale that they operate on and, possibly, also capture some of 

their affects. One may not assume that all non-linear forcing produces a non-linear 

result, as is the basis of the model used by Biello and Majda (2005).

i. Computational Simplification We use a modified function following Schubert and 

Masarik (2006):

H n(y) = Hn(y)e-**\2nnl)-* (2.36)

to simplify the computation of K and Nn>r. This allows us to take the original form of
1 „2 1

the Hermiterecurrence relation (Appendix B) and, multiplying them by e~?y (2nn\)~2, 

form a modified recurrence relation:

</«»(#) =  %h-i(») +  ( I ) ’ ' H n - i ( v )  (2.37a)

^  = " ( ^ )  * + (D ‘ H" - M  <2'3?b)

The recurrence relation is initialized using the definition of the Hermite polynomials 

H0 — 1 and Hi  =  2y in (2.36) to obtain Ho(y) = e~ ^ 2 and 'H\{y) =  a/2 y . This 

modified recurrence relation offers a numerical advantage, avoiding calculation of the 

factorial values and large values associated with the Hermite polynomials. Figure (2.6) 

depicts the structure of H  for the first (a) five functions while (b) and (c) depict the even 

and odd functions for the first 63 components. Note that for increasing n, the turning 

latitude increases for a given meridional wave structure.
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The solution is now summarized as:

^■n,r{kj y) —

r /  i r i i(e/2/5) 5 (n +  1) 5 (i/n>r -  cfc)?/n+1 (y) +  n* (i/n>r +  ck)9in-! (y)

*/5_1(^n,r -  c2k2)Un{y)

 ̂ c(c/2/5)  ̂ (n +  1)^ iyn,r -  c k ) n n+i(y) -  n^(vn,r +  ck)'Hn- 1(y)
( \c

Nn r n > 0

0

I \  - /

(2Vtt) 2 'Ho(y) n =  —1

(2.38)

having applied an appropriate constant to ensure K has natural units and where the 

normalization constant is:

[(c/3) l W l ,r  -  C2*;2) 2 +  (n +  ljfi'n .r  -  c k f  +  n(vn<r +  c*)2] , n >  0

The dispersion relation is summarized as:

for n > 0 un,r c 2 A:-k + c =  2n + 1
C/5 /5 Vn ,r

for n = 0 i/Qj. — <
— - k  + \ \ /  c2k2 + 4 c/5

2 2

■^k — ^y/c2k2 +  4c/5 

for n = — 1 2 = —cA;

r = <

r = 1 

r = 2

r = 2

Rossby 

inertia gravity 

inertia gravity

“n = 0”

Kelvin Wave
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Figure 2.6: Non-dimensional plots for the form of the first (a) four, (b) even and (c) odd 
fifty nine 'Hn functions
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2.6. Interactions Between Forcing and the System

For a single spectral wave (n, r, k), the spectral form of the /3-plane system (2.35) can 

be written as;

d in  Wit)  . Fit)
— a r d  = - c + w + W )  (239)

The system state W (t ) and forcing F(t)  can be expressed in Euler’s form as:

W(t) = A{t)ei0^> (2.40a)

F(t)  =  B (i)e® ^) (2.40b)

where A  and 0 represent the amplitude and phase of the wave in the system, respectively, 

and B  and 6 are the amplitude and phase of the forcing function. Given (2.40a) and 

(2.40b), then:

w § )  = = J § )  (cos(^W ) + 1 sinW ) ) )  (2.41)

where 59(t) =  <p(t) — Bit) is the phase difference between the forcing and wave. On

substituting (2.40) and (2.41) into (2.39) and omitting the notation of time dependance 

for convenience, then:

din A .dO . B  . .
— ------1- 1 —  =  — e +  +  — (cos(<50) +  i sm(<50)) (2.42)

C/t C/v J \
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The real and imaginary parts of this expression thus yield a pair of predictive equations 

for the amplitude and apparent frequency (u>) of the forced system:

-f— = —eA +  B  cos(Sh) 
dt
de B  • ir/Du; =  — =  i/ +  - s m  (66)

(2.43)

(2.44)

and hereafter u is referred to as the intrinsic frequency of the system. Under conditions 

of zero forcing (B  = 0), the apparent frequency (cu) and intrinsic frequency (u) are the 

same.

2.6a. Interpretation of  the Amplitude Equation

The amplitude equation (2.43) is related to the total available energy, henceforth referred 

to as the ‘energy’. The energy equation derives by taking the dot product of W with 

(2.15) producing the following equation for energy at a point (a, y):

Total Available Energy

where we note that all quantities on the right hand side have units of power. The damping 

term is simply proportional to the energy and the flux term depends on the state of the 

flow at a point. The source term is of the form W • F, which implies that the effect of a 

forcing will depend on the state of the system and will be non-linear.

We can now relate this discussion back to forced wave interactions by invoking 

Parsevals relation which states:

d(uf)  | d(W>)\
dx dy )

Source Term Damping
Flux Terms

(2.45)
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Where () denotes the Fourier transform, and ()* the complex conjugate, as before. Writ­

ing (2.45) in matrix form and noting that the dot product is of the form (W • W) =

(u2 + v2 4- 4>2/c2), then :

Integrating over the entire horizontal domain, noting that the flux terms will be zero 

on a periodic domain or as the perturbations -> zero at ±oo, then yields :

/  1 o \  poo poo poo poo

\ 2 d i  + e) J J (W ' Vf) dxdy = J J (W ‘ F )dxdy

Using Parsevals relation, this becomes

/OO poo , v poo poo ,
/ ( W  - \ V J d k d y =  /  /  r w - ¥ * ) d k d y  (2.46)

OO J —oo J —OO J —OO

q  \  p o o  poo ,  v poo  poo

2 ai  + e

where we recognize that this is the form of the inner product if the integration over y is 

non-dimensional. Using the definition of the inner product (2.31) we can write the left 

hand side as:

J  ( w  • W*) d y = V c V ^ ( w , w )

=  ( W , ^ W n,r( M ) K n,r (fc,y)
\  n ,r  

n,r
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Then (2.46) becomes

/1  8 \  r°°
\ 2  & + € )  j  J Z \ W n,r?dk = / ̂  E \W n A \ K , r \ d k

which states that the energy in the system (Wn,r) is modified by the energy in the forcing 

(Fnir) convolved with the system and damps proportional to the energy in the system, as 

expected from (2.45). Expressing the total domain energy in physical space:

/ OO p O O  -i     p o o  1

/  ~( u2 +  v2 +  (p2/ c 2) dxdy  =  d W n , r | 2( M )d fc
'Oo J —oo ^  n r  ~ ° °

=  V ^ E  r \ Alr (k , t )dk  (2.47)
n,r

So that in multiplying (2.43) by A, we obtain a predictive equation for how the energy 

of a single wave in the system is affected by the forcing, i.e.:

d - A 2
- 4 —  =  +  A B  c o M )  (2.48)at

This equation implies the occurrence of three regimes of interaction between the wave 

and its forcing, expressed through the cos (88) term which can also be thought of as 

arising from the dot product between the wave and its forcing. In the first regime, the 

forcing and wave are positively correlated or ‘in-phase’ occurring when cos(69) > 0. 

The second regime is characterized by a negative correlation or ‘out of phase’ interaction 

in which cos (SO) < 0. The third regime is one that results in no energy change. The 

non-linear aspect in (2.48) is captured through the product term A B  and, as expected, 

the damping is proportional to the current energy of the wave. From (2.47), A 2 relates 

to the energy in the system and we refer to the forcing term in (2.48) as the real power.
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2.6b. Interpretation of  the Phase Equation

Equation (2.44) can be written in terms of phase speed:

(2.49)

where ca =  oj/k and cp = v jk  are the apparent and intrinsic phase speeds, respectively. 

According to (2.49) the change in phase speed depends on the ratio of the amplitudes 

of the wave (A) and forcing (B ), the wavenumber (k) and the phase difference between 

the wave and forcing as expressed by the sin(59) term. By multiplying (2.44) by A 2 we 

obtain:

which is also an equation of power and since it derives from the imaginary part of the 

system the quantities of (2.50) do not directly contribute to the the total energy of the 

system (i.e. 2.45). Given that the phase equation relates to the apparent phase speed we 

suggest, by analogy, that (2.50) then relates to the apparent speed of energy propagation. 

For example, energy propagates at the intrinsic phase speed for the unforced case (B =  

0). Furthermore, the net effect of the energy-phase equation (2.50) is always zero when 

summed over all (k,n, r ) as every eigenvalue (un.r) for k > 0 has an odd counterpart for 

k < 0. Although (2.50) does not directly describe the state of the energy of the system, 

we conjecture that the equation describes the amount of energy being moved within the 

system and as such, we refer to the forcing term as the radiant power.

It is tempting to interpret both (2.49) and (2.50) as a change in physical wave speed, 

however, we maintain that it is impossible to alter the speed of a wave other than by 

altering the properties of the medium in which it is propagating. Hence, while the ap­

parent solution permits the change of phase and energy speed, the actual wave and 

energy always propagate at their intrinsic speeds, easily verified when the forcing is 

turned off.

ujA2 = a A2 +  A B  sin(5$) (2.50)
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Figure 2.7: (a) depicts a Hovmoller of the Outgoing Longwave Radiation (OLR) ob­
servational data averaged from 5N to 5S for the period May 1 to May 28, 1998 super­
imposed with 10, 15, 22 and 44 ms~l phase lines for reference, (b) is a reproduction 
from Wheeler et al. (2000) spectrally regressed composite analysis of the Kelvin wave, 
depicting the anomalous OLR, surface level pressure and wind field associated with the 
wave.

2.7. General Wave Behavior Under Steady Propagating 

Forcing

Consider a general forcing of the form

F (x,y ,t)  =

0 A■L 1
R ,

\ F*J

(2.51)

where cj denotes the propagation speed of the forcing. If we assume steady forcing, then 

T(t) =  constant. The Fourier transform of (2.51) can be generalized for any specified 

propagation speed c/ by applying a Doppler shift to (2.44) as in Lindzen (1967) and 

Schubert and Masarik (2006). Applying the Fourier transform (2.16) to F(.x, y, t ) with
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Figure 2.8: Time-space Hovmoller representation of the forced response from 
Gaussian forcing propagating to the east at 15 ms" 1.
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Cf =  0, followed by the meridional transform (2.31), then a transformed forcing of the

Note that the meridional transform M n r̂ { k )  is a function of k  as an indirect result 

of the natural scaling of specific waves in the /3-plane system towards particular k ,  as 

depicted in Figs. 2.2 and 2.3. The amplitude of the geopotential and velocity vectors 

relate to the response from thermal and momentum forcings, respectively. For exam­

ple, a Kelvin wave responds equally to any forcing of any size while a Rossby wave 

responds naturally to horizontally larger disturbances. The Kelvin wave also responds 

preferentially to equatorially centered disturbances whereas the Rossby wave prefers 

off equatorial disturbances. Furthermore, the Rossby wave preferentially produces off 

equatorial meridional flow while the Kelvin wave is strictly zonal. These figures serve as 

a first order tool for identifying what waves govern the observed flow and geopotential

With the forcing now spectrally defined, we solve for W n r̂ { k ,  t ) and introduce the 

Doppler shift to account for the movement of the forcing by replacing vnj  in (2.35) with 

(*V +  cf k ):

form F n t r ( k )  =  G { k ) M n ,r ( k ) T ( t )  results, where M n > r ( k )  =  ( M (y ) ,  K ( k ,  y)).

fields.

(2.52)

and

W n ,r ( k , t )  =  F n ,r ( k )
I  _  e [ i ( V n , r  +  C f k ) -  e ] t

(2.53)
e -  i ( l ' n , r  +  C f k )

for an initially undisturbed state.
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2.7a. General Spectral Response

On decomposing (2.53) into Euler’s form, the amplitude spectrum becomes:

A i , r ( k ,  t ) =  G(k)Mnj.{k)e €̂  ( ( —1 +  ^  cos[ktSc])2 +  e^  sin2[kt5c] j  (e2 +  (Me)2)

(2.54a)

Sc(k) = un!r(k)/k  + Cf (2.54b)

where Sc represents the difference between the intrinsic wave speed and forcing speed, 

recalling the convention that v would be of opposite sign to cj if the intrinsic wave 

traveled in the same direction as the forcing. The expression for the apparent frequency 

(u>), or phase speed, is cumbersome but simplifies under two conditions, noting that 

we have applied a Doppler shift back into the stationary reference frame and that an 

eastward propagating forcing corresponds to Cf > 0:

and note that for the damped case, the apparent frequency is also given by the second 

condition at t  =  0 and adjusts towards the first in a non-linear manner (not shown). 

Thus, the second condition serves as an upper-limit to the apparent frequency. We also 

note that;

(i) A moving forcing acts as a filter, preferentially energizing waves of similar phase 

speed through the kSc factors in (2.54a).

(ii) The first condition of (2.55) implies that once the system reaches steady state (i.e. 

t -» oo), the apparent phase speeds for all waves, of any equivalent depth, exactly 

match the speed of the forcing. This situation is referred to as phase-locking for 

reasons explored in the next section.

e > 0 t —> oo
(2.55)
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(iii) u  =  0 (stationary phase speed) results for two situations, the first being the system 

in steady state around a stationary forcing, just mentioned, and the second when 

the forcing moves at exactly the opposite speed to the intrinsic wave

(iv) If the forcing were turned off, all waves would once again propagate at their in­

trinsic speed, namely v n , r { k ) / k .

(v) According to (2.44), u  =  vn<r if sin(5$) =  0 which occurs only if c/ =  c, even 

when e >  0. By (2.50), this imphes that the radiant power is zero and no energy 

propagates out of the forced region. This follows physically since the speed of 

the forcing, resultant wave and energy propagation are all the same. Furthermore, 

when sin(50) =  0, then cos(<50) =  1, implying a resonance of the real power 

(2.48) which always occurs when the forcing and wave speeds are the same, ie 

Sc = 0, also evident in (2.54a).

2.7b. The Steady State Response

The time varying components of the damped solution simply characterize the transient 

behavior as the system evolves to steady state. In this way, the steady state solution 

represents the eventual state to which any steady input evolves. The steady state solution 

follows by taking the limit t —> oo in (2.54a) producing:

A n , r ( k )  =  G { k ) M n ,r { k )  (e2 +  [Me]2) -172 (2.56)

Although Sc is strictly a function of k, we can usefully consider all waves in terms of a 

mean propagation speed of some equivalent monochromatic wave. For example, Rossby 

waves exhibit only a slight variation in cp for low wave numbers while mixed-Rossby 

gravity waves and inertia-gravity waves exhibit a stronger dispersion. Considering the 

Fourier transform of a Gaussian function, we can say that narrow spectral power cor-
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responds to large physical solutions and visa-versa. Then, if Sc =  0, we find that the 

spectral amplitude is only modified by a linear constant (e~l), meaning that the physical 

solution will have exactly the same physical size as the input forcing. If Sc /  0, then 

we see that the final spectral amplitude varies as [kScff1, thereby narrowing the spectral 

width. This implies that the domain of the physical space solution grows beyond that of 

the input forcing by a factor proportional to 1 /Sc. This is a general property of dispersive 

waves since Sc 0 for all k. Hence, we now enunciate: for any forcing on the linear 

beta-plane, only those forcings moving at a different speed to the intrinsic phase speed 

of the wave will cause the wave to scale to larger sizes, otherwise the response, and 

thus energy, is largely trapped in the forced region. Therefore any coherent structure 

observed outside the region of forcing occurs because the forcing and waves propagate 

at different speeds.

2.7c. The Transient Response

Early in the evolution of the wave when t is small and when damping might be ignored, 

(2.54a) becomes:

A n,r{k, t) = G{k)Mnjr
\2sm(ktSc/2)/kSc\ Sc f  0

(2.57)
t Sc =  0

and recall from (2.54b) that Sc is defined individually for every (k , n, r) combination. 

For the case of Sc =  0, the forcing does not influence the scale of the wave but the 

amplitude grows continuously being a linear function of time. For the case of Sc f  0, 

the forcing broadens the spectrum of the wave at a rate dependant on kSc and the total 

time of interaction, which scales as e~l for the steady state. Interestingly, a constant 

forcing can only increase the amplitude if it interacts over a time range t < 2n/k8c, 

or multiples thereof, implying that larger waves (smaller k) will be more amenable to
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amplification. One notes that the point of maximum response is just half this time so that 

while larger waves will be more prevalent to positive influence, they take a long time 

to reach peak amplitude. Furthermore, short duration forcing will then preferentially 

energize larger kSc, that is smaller waves (k —> oo) and wave types of much different 

phase speed (Sc —»■ oo). The reader is referred to Silva Dias et al. (1983) for a thorough 

analysis of the transient excitation of different waves.

Using the e-folding time scale of t oc for the steady state, we may define a nat­

ural wavenumber cut-off for which waves are energized, given by k < e/8c. Finally, 

Wheeler and Kiladis (1999) note that the tropical OLR energy spectra, presumably as­

sociated with linear waves, appears red and we note that this is only occurs if 8c 0 or 

if the forcing function possesses the same red power spectrum. For the observed high 

energy synoptic and planetary scale waves, presumably generated by much smaller sub 

synoptic scale forcing, the former is true.

2.7d. Example Solution for a 15 ms~l Forcing

We now demonstrate that much of the observed structure for a convectively coupled 

Kelvin wave (Fig 2.7b) can be obtained by considering the forced response for a vertical 

structure with phase speed c =  44 ms” 1. Chapter 3 provides more detailed discussion of 

the Kelvin wave solution. For the example presented, we define the forcing as Gaussian 

in form with ox — 1000 km, oy =  300 km centered on the equator and propagating east 

at 15 ms-1 with a Gaussian time scale of 8 days and a damping e =  (4 day)-1. Fig 

2.8 presents a time-longitude style Flovmoller representation of the response in surface 

geopotential perturbation (i.e. SLP perturbation analogous to that of Fig 2.7b), surface 

wind and surface convergence, the latter considered a proxy for anomalously low OLR, 

averaged from -500 km to 500 km in the meridional direction, similar to the scale used 

by Wheeler et al. (2000). Two pressure signals are evident, a Rossby wave that prop­

agates slowly to the west and a Kelvin wave signal propagating to the east. The point
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of minimum pressure and maximum zonal winds lie just east of the forcing, slowly ex­

tending out from this forcing in time. The non-disperive low pressure signal generated 

by the forcing propagates at the free wave speed (44 ms-1) around the domain.

2.8. Phase Locking and its Stability

The concept of phase locked systems, which owes its origins to radio frequency en­

gineering, involves the use of a feedback to synchronize a local event with some ob­

servable external event. This concept is also fundamental to many problems outside of 

purely electronic systems. The quantity controlled in such systems is the phase differ­

ence 89(t) and its time derivative 889(t)/dt. The phase difference is the difference of 

the phase of the signal of interest (i.e. the wave) and of the reference signal (i.e. the 

forcing), which we recall is denoted as 9(t) and respectively. In simple terms, the 

system-generated signal 9 is said to be phase coherent with the reference <fi when their 

difference remains approximately constant over some specified time interval, i.e. if the 

derivative 889{t)/dt -* 0. We note that phase locking requires non-linearity and the 

phase difference, 89, referred to as the phase error in engineering, need not be small.

From (2.55), we infer that convectively forced waves at steady state, or that are 

slowly varying, can also be thought of as a phase locked system. From this analogy 

we can derive a number of important properties of the solution. Under these slowly 

varying conditions, the ratio of the forcing to response ^7 =  can be considered to 

be constant. By subtracting d(j)/dt, which we define as the forcing frequency O7 ), from 

both sides of (2.44) we develop a predictive equation for 89:

1 889 v — vt ,
— = -------------- sin(<?0), (2.58)
7  dt 7
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Since v  =  cpk  and Uf =  Cfk,  then

(2.59)

Figure 2.9 offers a conceptual presentation of (2.59) adapted from Viterbi (1966). 

The figure identifies null points at those values of SO where d80(t)/dt =  0. A null point 

is defined as stable if under some perturbation the system returns to the same null point, 

this being determined by the sign of the derivative in the direction of the perturbation, 

while an unstable null point will cause the system to evolve, possibly to another null 

point. The resultant trajectory of the system at the null points are represented by heavy 

arrows in the figure and clearly demonstrate the stable and unstable null points. The 

conditions of stable and unstable phase locking can be written as follows:

which describe a repeating loop of period 2tt. If kSc f  0, then phase lock can only occur 

if the forcing and wave are out of phase since no null point exists at SO =  0. Note that 

the sign of Sc depends on two factors: the direction of the wave and whether the forcing 

is moving faster than the wave. For example, an eastward moving wave and forcing is 

defined by Sc = —cp +  c/ so that if the wave moves faster than the forcing (cp > cf), 

Sc < 0, implying that the first stable null point for all waves exists at 0 > SO > 7t / 2, 

which physically means the response leads the forcing in the east direction. If the forcing 

propagates faster than the wave, the response then lags the forcing noting that these 

arguments are clearly symmetrical for westward moving waves.

The phase lock equation (2.59) sets limits on conditions under which phase lock 

occurs. Since phase locking occurs when sin(SO) =   and since |sin(<50)| <  1

kSc
^stable =  2m7r — sin ” 1 -----

7
kSo

S^unstable =  (2 m  -  l)7T +  Sm_1 -----  VI =  0, ± 1 ,  ± 2 ,  ... (2.60)

7
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then:
kSc

< 1 (2.61)
7

is the condition for phase locking the wave to the forcing. The implications of this 

condition for convectively-coupled waves are as follows:

(i) convective forcing and waves of similar speeds (i.e. Sc -» 0) will phase lock more 

readily but for such circumstances the response of such a system is trapped in or 

near the region of forcing. Furthermore, if Sc = 0, the waves will always be in 

phase but are not in phase-lock since phase-lock requires the response wave to 

change speed to acquire the other. We illustrate in chapter 3 that Sc —* 0 cannot 

support the maintenance of the coupled system.

(ii) larger scale waves (i.e. k —> 0) will phase lock more readily than smaller scale 

waves, suggesting that the observed coherent structures of a convectively coupled 

feature will preferentially be large;

(iii) the ability for the wave to phase-lock to convection will be highly dependent on 

the current energy of the wave and that of the forcing. For example, weakly forced 

systems with B  — > 0 and thus 7  —>• 0 or highly energetic waves (A —> 0 0  and thus 

7  —>■ 0) will tend not to phase lock. Thus the parameter 7  provides some measure 

of the ability of the wave to couple to and feedback back on its forcing.
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Figure 2.9: Phase-Plane plot of system trajectory. System trend in phase lock is marked 
by arrows from the null position. Adapted from Fig 3.2 of Viterbi (1966).
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2.9. Summary

In developing the solution for forced waves, we conjecture that the forcing and the 

wave naturally propagate at different speeds where the difference between the speed of 

the forcing and the theoretical speed of the wave, Sc, is an essential parameter of the 

particular solution. The particular solution of forced waves was shown to be governed 

by two characteristic equations, the first for the amplitude of the wave response and the 

second for the frequency (phase speed) of the wave response. Using Parseval’s relation, 

the amplitude equation was shown to be directly related to the energy of the system 

and thus the forcing term in this equation is referred to as the ‘real’ power. The phase 

equation does not contribute to the energy of the system directly but it is conjectured 

that this equation governs the apparent propagation of energy from the region of forcing 

and the forcing term in this equation was termed the ‘radiant’ power. It also should be 

remarked that the forced wave solutions introduced require consideration of the entire 

spectrum of waves and notably waves of wavenumber (k < 0), which are traditionally 

ignored in most representations of the dispersion diagram.

The apparent frequency of the wave response for the case of a damped, forced wave 

was shown to vary in a stationary reference frame between kSc/2 — Cfk and —Cfk, the 

latter implying phase locking of all waves of all equivalent depths to the forcing speed. 

However, the movement of the forcing acts as a filter, preferentially energizing waves 

of similar intrinsic phase speed and while resonance occurs for waves with 8c =  0, the 

response is shown to be trapped (i.e. radiant power is zero). It thus followed that if the 

observed flow structure around a convectively-coupled feature is attributable to forced 

linear waves, it must be for waves in which Sc ^  0. Furthermore, if the observed domain 

energy spectrum is also attributable to forced linear waves, it too only follows if 8c ^  0, 

nullifying the apparent paradox that attempts to match the speed of the wave to that of 

the forcing.

The notion of phase locking of the steady convectively coupled wave, which in this
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study refers to a wave response that couples to the forcing, was used to develop a number 

of properties of the coupled system. The properties that govern phase-locking of the 

wave to the forcing were introduced drawing from the concepts developed from radio 

engineering. It was shown that the condition for phase locking is:

\k8c\/j < 1

and, depending on the sign of 8c, a stably phase-locked response either leads or lags the 

forcing in its respective propagation direction. The implications of this to the convec- 

tively coupled wave are;

(i) convective forcing and waves of similar speeds (i.e. 8c —* 0) will phase lock more 

readily but for such circumstances the response of such a system is trapped in 

or near the region of forcing. Furthermore, if 8c =  0, the waves will always be 

in phase but not phase-locked since phase-locking requires the response wave to 

change speed to acquire the other. We illustrate in the next chapter that Sc —> 0 

cannot maintain the coupled system.

(ii) larger scale waves (i.e. A: —>• 0) phase-lock more readily than smaller scale waves, 

suggesting that the observed coherent structures of convectively coupled waves 

are preferentially large;

(iii) the ability of the wave to phase-lock to convection will be highly dependent on the 

energy of the wave and that of the forcing. For example, weakly forced systems 

with B  —y 0 and thus 7  —>■ 0 or highly energetic waves (A —> 00 and thus 7  —> 0) 

will tend not to phase lock. Thus the parameter 7  provides some measure of the 

ability of the wave to couple to and feedback back on its forcing.
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Chapter 3

The Forced Kelvin Wave

Chapter 2 outlined a new theory of the dynamics of convectively coupled waves based 

on the general solution of a forced wave on a /5-plane. One of the critical assumptions 

is that the forcing and the wave are assumed to propagate at different speeds with this 

difference, Sc, being an essential parameter of the particular solution. A second key 

assumption is that a convectively-coupled wave is one that positively feedbacks on its 

forcing, an idea further explored here in the context of the forced Kelvin wave. We 

present the solution of a Kelvin wave forced by a Gaussian forcing and choose this 

example, not only because of its observed importance to the large-scale flow patterns of 

the tropics, but also because its solution can be expressed analytically. Assuming that 

the condition for positive reinforcement of the forcing by the wave occurs in regions 

of large-scale (low level) convergence, then we show how the solutions reveal that a 

convectively-coupled Kelvin wave can only sustain itself, when Sc < 0. That is the 

forcing must propagate more slowly than the wave itself if the forcing that drives the 

wave is to be sustained by that wave.

Section 2 highlights the importance of the transient response for the Gaussian forced, 

undamped Kelvin wave and illustrates a number of the basic concepts introduced in 

chapter 2. In this example, we also underscore the ambiguity that arises in interpreting

59

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the wave solutions in spectral space in terms of the physical system. Section 3 explores 

the solutions of the Gaussian forced, damped Kelvin wave. In this section, the feedbacks 

between the wave and the forcing are used to identify the solutions that sustain the cou­

pled system thereby representing the circumstances that are most likely those of the 

observed Kelvin wave features of the real atmosphere. Section 4 and 5 provide physical 

arguments for estimating characteristic values of 5c for the convectively coupled Kelvin 

wave based on heuristic considerations involving both Bjerknes (1938) ‘uniform’ adjust­

ment condition and Mapes (1993) stratiform mode lifting mechanism. These concepts 

lead to a linear scaling of 5c as a function of forcing size and damping. These physical 

arguments are then connected back to the definitions of real and radiant power in section 

5 where it is conjectured that the optimal configuration of convectively coupled waves 

is one in which energy is radiated away from the forcing at approximately the same rate 

at which it is created by the forcing. This then permits the calculation of the optimal 

propagation speed for all wave types on the /3-plane and it is shown that for the forced 

Kelvin wave, this concept leads to the same scaling relationship between 5 c as a function 

of forcing size and damping as deduced from the more physical arguments of section 4. 

We then show how this simple relationship appears to predict the correct phase speed of 

convectively-coupled Kelvin waves and, possibly, the MJO.
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3.1. The Undamped Kelvin Wave

3.1a. General Solution

The equations pertinent to solving the general forced Kelvin wave (n =  — 1 and r  =  2) 

on a /3-plane were developed in chapter 2 and are re-written here for reference, beginning 

with the governing spectral equation:

d_
dt

+ e -  ivn W n , r  —  Fri r (3.1)

where Wn,r is the wave solution to which a normal mode meridional transform in y and 

Fourier transform in x  is applied. This transform is defined by:

Wrhr( k , t ) =  { w ( k , y :t ) ,K n,.(k ,y))  

W (k ,y ,t)  = J 2 W^ ( k , t)K n A k ,y )

(3.2a)

(3.2b)
n,r

where

(f,g) 2 / ( f i d l  + h g l  + ~ h g t ) d y
3 —00 ^

is the inner product of any two complex, three-component vectors, g* denotes the com­

plex conjugate. Similarly, Fv ,r — (F, is the meridional transform of the Fourier 

transformed forcing (F). For the Kelvin wave, the meridional transform Kernel (K) is 

given by:

f U {k ,y ) \  ( c 

0V (k ,y)

H k ,y )

(2V7t) 2 Ho(y) (3.3)

\ C J

e y / ~. Consider in (3.1) a thermal forcing (i.e. a mass
2

recalling that (y) =  e ~ & 

source/sink) in physical space of the form F ^ x ,  y, t ) = A M  # where A

is a forcing constant in units of c2/s , ax is the x  e-fold scale of the convective distur-
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bance that creates this forcing and M  (y) is a dimensionless meridional structure. Setting 

U— i 2 =  — ck and e =  0, we find that the solution of the undamped wave in physical space 

with respect to the reference frame of the moving forcing is;

u{x, y, t)

v ( x ,y , t ) 

</>(x,y,t)

where

Erf

( \c

\ °  /

(3-4)

X
- E r f

x  +  Set
_&x _

\ - i

(25c) 1 Sc /  0 

Sc =  0
(3-5)

and M _i;2 =  (M (y ), K_1i2) has units of c~2, Sc =  — c + Cf has the same meaning as 

in chapter 2, being the difference between the forcing (c/) and wave speed (c), and the 

quantity (x, t) is hereafter referred to as the amplitude response. The spectral ampli­

tudes of the solution are defined by (2.54a) and the predicted frequency with respect to 

a moving reference frame for the undamped Kelvin wave is given by u j  =  kScj2 (2.55). 

Physically, the solution (3.4-3.5) describes two wave fronts, one stationary with respect 

to the forcing and the other propagating away at a shifted wave speed with respect to the 

forcing. In a stationary reference frame this would appear as a response moving with the 

forcing and a wavefront moving ahead (or behind) at its intrinsic speed. These two wave 

fronts are commonly referred to as the ‘forced’ and ‘free’ oscillations, respectively, but 

we note they are produced by the interaction of the same wave with the forcing.

When Sc =  0, the wave fronts become trapped within the region of the forcing ac­

cording to (3.5), and also Fig. (3.1a) to be discussed below, yielding a physical solution 

proportional to the input forcing function multiplied by t (section 4 in chapter 2). It was 

argued in chapter 2 that observations of convectively coupled waves and energy spectra 

could only be explained for the case of Sc /  0. In this case, the spectral amplitudes,
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which relate to the physical size of the wave in the x  direction were shown to broaden 

in a manner proportional to Sc whereas the physical space solution (3.5) broadens at a 

rate of exactly Sc.

As mentioned, the physical solution for a single wave yields two wave fronts that 

propagate at different phase speeds, one with a speed equal to the forced response and 

the other with a speed equal to the free response. Performing a Two-Dimensional Fourier 

Transform (2DFT) in (x, t) on this physical solution defined for a stationary reference 

frame, identifies these same two propagating features, one with a characteristic fre­

quency kc of the ‘free’ wave and the second with the frequency of the forcing, kcj. 

Such features are also observed. Wheeler and Kiladis (1999), for example, find both 

‘dry’ modes of equivalent depth h = 200m and ‘forced’ modes of much smaller equiva­

lent depth (h = 12 — 50m). As commonly done, it is tempting to project the theoretical 

/3-plane frequency (cu) to that derived from the 2DFT analysis of real data. Ftowever 

this frequency (uo =  kScj2) does not represent any real wave front as it lies between the 

frequencies of the two real wave fronts. Thus the spectral wave properties of the forced 

problem cannot be simply projected onto 2DFT transformations of the real physical sys­

tem. However, the //-plane frequency (cu) of a damped system, eventually evolves to the 

single frequency of the forcing according to (2.55) and to be shown later. In this case, 

the 2DFT view of the physical system and the /3-plane frequency (co) are the same since 

the wave is phase locked to the forcing and, as shown in the next section, both wave 

fronts appear to propagate at the speed of the forcing.

3.1b. Example Results

Figure 3.1 a-c depicts the amplitude response (3.5) for a forcing of size ax = 1000 km 

respectively for Sc = 0 m/s, -15 m/s and 15 m/s, noting that the scale in Fig. 3.1a is 

an order of magnitude larger than that used in Fig. 3.1b and c. The heavy solid line 

represents the forcing function and the various other lines are the wave solutions at t =
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[12, 24, 72, 120] hrs. The amplitude response solution given by (3.5) for Sc =  0 has 

exactly the same structure as the forcing function (Fig 3.1a) and grows linearly with 

t. We refer to this response as being trapped, as previously discussed. If we consider 

that the amplitude responses project onto the first baroclinic mode, then the amplitude 

responses shown represent the surface level responses. As the amplitude is proportional 

to the surface zonal wind (3.4), the convergence of this wind implies ascending motion 

and thus an environment conducive for a positive feedback on the forcing (convection). 

It is easy to verify from the derivative of (3.5) or its representation in Fig 3.1a that in 

the case of Sc = 0, both convergence (highlighted by the vertical lines) and divergence 

(highlighted by the hatching) are trapped within the region of forcing while the ampli­

tude continually amplifies in time. Since the divergence region also remains contained 

within the region of forcing, we propose that this half of the forcing region shuts down 

due to unfavorable effects of wave induced subsidence on convection. The result is a 

forcing now contained in the convergent region of the wave response being now half its 

original size. This then produces the same convergence-divergence pattern with half of 

that forcing now being shut down, and so on until the forcing is completely annihilated 

by the negative feedback of the Kelvin waves.

Although the above results are shown specifically for the Kelvin wave solution,

the convergence/divergence feedback concept illustrated in this example extends to all
dv

waves and all vertical modes. Since the divergence of the general solution is iku  +  — ,
dy

the divergence of the K kernel (2.38) is easily verified to be imaginary with respect to 

the thermal field thus producing a divergence field in quadrature with thermal forcing. 

In the case of dispersive waves, however, the response spreads since Sc(k) ^  0 for all 

k indicating that the divergence-convergence pattern is no longer confined solely to the 

forcing region. It can also be shown trivially that divergence will always be in quadrature 

with u momentum forcing but not the v momentum forcing.

The expressions given in (3.4-3.5) and illustrated in Fig. 3.1b and c demonstrate how
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Figure 3.1: Amplitude portion of the undamped transient Kelvin Wave response de­
scribed by (3.5) at time 12, 24, 72 and 120 hrs for (a) Sc = 0 ms-1, (b) Sc =  —15 ms-1 
and (c) Sc =  15 ms” 1. Note the heavy solid line in all figures represents the mass sink 
with a scale ax = 1000 km and that the amplitude in (a) is an order of magnitude larger 
than (b) and (c).
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the size of the wave response in the x  direction increases at a rate of 5c. The results also 

show how the region of divergence propagates away from the forcing region for 5c < 0 

and, conversely, how the region of convergence propagates away from the forcing region 

when 5c > 0. Initially (e.g. £ ~  12 hrs), the transient response is confined to the 

region of forcing such that half of this region experiences convergence and the other 

half divergence. As in the case of 5c = 0, assuming that the mass sink is caused by 

some forcing related to convection and convergence, this is not an ideal configuration 

for sustaining the system. By time t  —>■ ox/5c (e.g. t ~  18 hrs), the wave front has 

moved an e-fold out of the forcing region and the feedback of the Kelvin wave on the 

forcing would then be expected to enhance the forcing through the convergence that now 

exists over most of the forcing region. This favorable condition occurs only for 5c < 0 

(Fig. 3.1b). Conversely, the forcing region remains under divergence for all time for 

5c > 0, such that the wave is expected to suppress convection and negatively feedback 

on the forcing, in turn suppressing the wave. Again, we note that these arguments apply 

to all vertical structure functions.

3.2. The Damped Kelvin Wave

We know of no simple analytical solution in physical space for the damped Kelvin wave. 

The solution in spectral space, however, follows analytically from (3.1) and the physical 

space solution is obtained from a numerical application of the inverse Fourier transform. 

This numerical procedure is applied to a 40,000 km periodic domain (Fig 3.2) to produce 

the steady state amplitude response for a forcing with ax = 1000 km, t  = (4 day)-1 and 

intrinsic wave speed c =  45 ms-1. Figure 3.2a presents solutions for forcing propagation 

speeds less than the intrinsic phase speed (referred to as “sub-mach”), that is for 5c < 0, 

whereas Fig. 3.2b presents solutions for 5c > 0 (“super-mach”). In both figures, the 

propagation speeds are |<5c| =  [5,10,15,30] ms-1 and the heavy solid line, shown for
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reference, represents the forcing function multiplied by 104 so as to be visible on the 

scale of the diagram. We first note that all constituent waves are phase-locked to the 

forcing but that this does not imply that the wave energy travels at the forcing speed, 

rather that it is the apparent wave energy that travels with the forcing. Any perturbation 

applied to the forcing would move through the steady state solution until it too reached 

steady state and then appear to phase-lock. Taken together, the amplitude responses of 

both the super- and sub-mach solutions are symmetrical about the forcing for a given 

|Ac| except that the responses either lead or lag the forcing, respectively.

Of particular interest are the implied convergence/divergence regions relative to the 

domain of the forcing since these imply feedbacks to the forcing as discussed previ­

ously. For 18c \ sufficiently large, a stark contrast appears between the super-mach and 

sub-mach solutions. As in the undamped case, convergence is implied over the entire 

forcing region for the sub-mach solutions whereas divergence predominates the forc­

ing region for the super-mach solutions, as found also in the undamped transient case. 

Whereas the undamped solution’s divergence field was confined only to the wavefronts, 

the damped solutions divergence field now extends over the entire region of influence of 

the disturbance in the x direction, the scale of which is Rtx oc 5c/e. Finally, the special 

case of Sc =  0 stands out with its large amplitude and, once again, confinement to the 

forcing region with the divergence field half out of phase with the forcing.

3.3. A Mechanistic View of the Forced Kelvin Wave Re­

sponse

We now describe two concepts that, combined, offer a mechanistic view point of the 

coupling between convection and the vertical structure of the wave it excites and how 

these influence the propagation of the convectively coupled system. The first concept is 

that of Bjerknes (1938) who hypothesized that the optimum energetic configuration for
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Figure 3.2: Steady, damped (e =  (4 day)-1) Kelvin wave responses of a mass sink (ax = 
1000 km) for various propagation speeds (a) slower than the intrinsic phase speed (c =
45 ms-1) and (b) faster than the intrinsic phase speed. Note that the heavy solid line 
in both figures represents the location of mass sink and the resonance case (8c =  0) is 
included in both figures. Only half of the spatial domain is presented.

a convective cloud of finite width is one that minimizes the ratio of the updraft area to 

subsidence area. This implies that the “uniform adjustment” by dry adiabatic descent 

(subsidence) is spread over large regions resulting in a small magnitude which then has 

little influence on the environmental temperature that effects the buoyancy of convec­

tion. Bretherton and Smolarkiewicz (1989) view such an ‘adjustment’ process as a wave 

response. The second aspect of the wave response considers the view of Mapes (1993) 

who argued that the ‘stratiform’ response is conducive to initiating new convection. 

These ideas are conceptually brought together in Fig. 3.3 to offer a mechanical view 

of how a convectively coupled Kelvin wave propagates and influences its environment. 

Shown is a conceptual representation of the propagating cloud field (c/ = 15 ms-1) in 

the convective region of a convectively coupled Kelvin wave. This representation is 

broadly based on observations by Straub and Kiladis (2002) and depicts deep cumulus 

heating followed by ‘top-heavy’ or stratiform heating. The top panel indicates the mass 

source/sink at the surface induced by idealized heating profiles in the convective region, 

where the heating profiles are assumed to be Gaussian. We simplify the vertical struc-
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Figure 3.3: Conceptual view of a convectively coupled Kelvin wave moving at 15 ms""1 
with deep heating leading stratiform heating. The surface level, steady, divergence re­
sponse due to the deep (44 ms-1) and stratiform heating (23 ms-1) is presented sepa­
rately. Note that the dotted line for the deep divergent response notionally represents 
Bjerknes (1938) uniform adjustment view of this mode, e = (4 day)-1.
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ture of these heating profiles and only consider the deep cumulus heating as projecting 

purely onto the first baroclinic mode (the deep mode c = 4 4  ms-1) and the stratiform 

heating as projecting purely onto the second baroclinic mode (the stratiform mode c = 

23 ms-1). In this manner, the deep mode produces a mass sink at the surface (low pres­

sure) and the stratiform mode produces a mass source at the surface (high pressure). For 

convenience, the 0 km line represents the approximate transition line between these two 

modes. The second and third panel respectively depict the divergent responses due to 

the deep and stratiform heating functions and the implications of these responses will 

be discussed shortly.

We first consider the deep mode within the Bjerknes (1938) deep adjustment con­

text. In doing so, however, we note a few fundamental differences between Bjerknes’ 

original ideas which apply to a cumulus scale constant mass flux that is balanced by 

subsidence fixed over some prescribed area, notionally represented by the dotted line in 

Fig. 3.3, panel 2. In considering the region of (deep convective) forcing as analogous 

to the Bjerknes cumulus scale, we propose that the adjustment by deep convection is re­

stricted to the region described by the forced wave response, which is inhomogeneous. 

Viewed in this light and in contrast to Bjerknes, the mass flux related to the forcing 

is not constant but is a function of the response of the fluid. Nevertheless, the basic 

tenet of Bjerknes’ is that dry adiabatic descent will tend to stabilize the thermodynamic 

profile and thus set a limiting lapse rate for saturated convection such that reducing the 

magnitude of the subsidence by spreading it over large areas is energetically desirable 

for supporting a convective system as it propagates into the adjusted region. Although 

Bjerknes’ ideas suggest that the size of this area of divergence would ideally be as large 

as possible, we also suggest that the location of this divergence is important to the me­

chanics of the convective system. Using the region of divergence as a proxy for the 

region of adjustment, then the total adjustment relates directly to the total divergence
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which can be expressed as;

which describes the divergence over a portion of the wave extending from a -* b. Setting 

a to the point of maximum zonal velocity and b =  oo yields the total adjustment, u(a), 

since u(oc) —>■ 0 for t < oo in both the damped and undamped cases.

The undamped solution (3.5) indicates that the maximum amplitude is proportional 

to c/8c. For |5c| —» oo, this implies that u(a) —> 0 and thus zero thermodynamic adjust­

ment. Furthermore, the faster the intrinsic wave speed (i.e. the larger is c in Eqn 3.5), 

the larger the adjustment for a given forcing {A'). While conditions of zero adjustment 

appear optimal according to Bjerknes, it also implies that the forcing region must be 

one of zero convergence by mass continuity, which clearly would not support continued 

convective development. As shown earlier, the response and thus convergence is maxi­

mized for the case of 8c = 0 but so too is subsidence which now occurs directly within 

the region of forcing. We may conclude that to satisfy Bjerknes’ arguments and place 

the location of adjustment outside the region of forcing while maintaining convergence 

within this region, — oo < Sc < 0 implying that some optimal value presumably exists 

between the unphysical bounds Sc = — oo and Sc = 0.

As discussed by Mapes (1993), the stratiform mode response induces low-level con­

vergence away from the forced region which is then conducive to further convective 

development in a region local to the previous convective events. We again cast this cu­

mulus scale argument into the large scale context of a convective coupled Kelvin wave 

and conjecture that this is the mechanism of propagation of the convective system. Ob­

servations of convectively coupled waves (Nakazawa 1988; Straub and Kiladis 2002, 

and others) depict the envelope of the large scale convective system as moving through 

the generation of new convection developing in previously clear air leading the system.
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This implies that the forcing that triggers these new cells is not trapped further implying 

that 8c 7̂  0. It then follows from previous discussion that 8c < 0 is the only condition 

that would support the Mapes’ gregarious convection arguments on the large scale. As 

argued previously, 8c —> — oo is the condition for zero response and that some opti­

mal value presumably exist for this vertical mode too. We also note that the stratiform 

induced response in the region of stratiform forcing will further promote stratiform con­

vection, as is true for all vertical modes if Sc < 0.

We have argued that both 8c —> — oo and 8c —>■ 0 are conditions that do not support 

the convectively coupled wave system. However, these arguments are framed around 

only two vertical modes whereas convection generally excites a spectrum of vertical 

modes all with different equivalent depths (Lindzen 1967; Wu et al. 2000b; Lindzen 

2003) and presumably different mechanistic processes. We will only attempt to address 

how the fundamental response of forced waves on the /9-plane relate to the two modes 

considered as we view these as the most likely candidates that predominantly affect the 

large scale region, to be discussed next. At this juncture, we can confidently say that 

for a positive response between the Kelvin wave and its forcing, the forcing propagation 

speed must be less than and not equal to the intrinsic phase speed (equivalent depth) or, 

alternatively, only those equivalent depths with associated phase speeds greater than the 

forcing speed will positively reinforce the forcing.

3.3a. Observational Implications

Gill (1980) first recognized that the scale of the wave response was set by the intrinsic 

phase speed of the wave, thus explaining the asymmetry in the east-west, Kelvin-Rossby 

wave couplet. Mapes (1993) appears to have been the first to term the effect of different 

vertical modes as causing a ‘vertical dispersion’ in the response of a forced fluid causing 

faster (deeper) waves to arrive sooner at farther locations. Wu et al. (2000b) termed this 

an effective gravity wave speed. These previous discussions were posed with respect to
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a stationary forcing and showed that under damped conditions, the x  radius of influence 

is R IX oc c/e. We have shown that for a moving forcing, this scale is modified such that 

R lx ex 5c/e. Furthermore, the meridional scaling factor is \Jc/B  so that faster waves 

also exhibit a larger scale in the y direction.

The fact that their is a scale of influence of different vertical modes forced by con­

vective systems propagating at different speeds has a number of implications to the 

interpretation of observations. Different observational data sets and theoretical stud­

ies sometimes highlight the importance of one vertical mode over another (Yanai et al. 

1973; Houze 1989; Mapes 1993; Johnson and Ciesielski 2000; Biello and Majda 2005, 

and others). However, due to the vertical dispersion of a forced fluid and damping within 

that fluid, one mode or equivalent depth may appear more prevalent than another as one 

moves away from the forcing function primarily as a consequence of the scale being 

observed. For example, a convectively coupled Kelvin wave moving at 15 m s 1 will 

produce a deep response with an area nearly 4 times larger to the east than the strati­

form response and observations made in this region will predominantly reflect this deep 

response mode. This implies that observations are a function of their viewpoint and, in 

this manner, it is not surprising that the equatorial mean heating profile deduced from 

observations reflect mostly the fastest mode (Yanai et al. 1973; Johnson and Ciesiel­

ski 2000) while smaller observational space-time periods highlight the stratiform mode 

(Houze 1989; Mapes 1993; Mapes and Houze 1995) and sometimes yet smaller scales 

within the convecting region (Johnson et al. 1999).

3.4. On Estimating the Optimal Propagation Speed of Con­

vectively Coupled Waves

It has been emphasized that a necessary condition for the maintenance of convectively 

coupled systems is Sc < 0 and that the limits Sc =  0 and Sc —> —oo cannot support a
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convectively coupled wave. This suggests there exists some optimal 5c that lies between 

these limits. Here, we introduce two arguments for estimating this optimal state.

3.4a. A General Method using Real and Radiant Power

From (3.9) and (3.11) in PGS1, the real (P eai) and radiant (Padiant) powers of the wave 

are:

Peai =  eyl2 (3.7a)

Padiant =  -k S c A 2 (3.7b)

and in steady state, (Eq 3.5 and 3.6 in PGS1):

A{k) = B(k)cos(59(k))/e (3.8a)

59(k) =  —Tan~1(k5c/e) (3.8b)

with all basis waves phase-locked to the forcing such that they propagate at the 

same speed as the forcing although each possess different phase shifts and amplitudes, 

producing the non-local response when 5c(k) /  0. According to (3.7a) the amplitude 

is an even function about 5c whereas 59 is not. Thus, a moving forcing acts as a form 

of symmetrical filter on the amplitude (energy) but is non-symmetrical with respect to 

phase shift, implying a non-symmetrical response, this being the cause for dichotomy 

in the sub and super mach solutions for the Kelvin wave (Fig 3.1) and now shown by 

(3.8b) to be generally true for all waves.

Setting 0 —1 2  =  ~ck  for the Kelvin wave and defining the forcing as before, the 

spectral forcing becomes:

B(k)  = A !M -ia {k)axe - k2° x lA/ ^  (3.9)
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Defining the total power in the same manner as the total energy, i.e. :

/*QO

T P =  I =-P2dk (3.10)
—OO "

then the total real and radiant powers follow from (3.7), (3.8), (3.9) and (3.10):

T P , ^  »  O .lla )
e Jo 1 + ( dcn/eOxY

r r-u2/ 2 Wv
e2 J0 1 +  (Scfj,/eaxy

where /i =  kax. We can relate these quantities to our previous discussion of the mecha­

nistic view of the wave response in recalling that the real power relates to the adjustment 

or work by that wave while the radiant power relates to the location of this adjustment. 

For example, according to (3.11a), TPreal is maximized and TPradiant =  0 when Sc = 0 

which was shown to be the case for maximum adjustment trapped within the location 

of the forcing. For |<5c| —> oo corresponding to the case of zero adjustment, both total 

powers approach zero and no work is performed on the atmosphere.

Figure 3.4 compares the total power terms of a Kelvin wave of scale ax — 200 km 

and o x =  1000 km normalized by (o xj t ). In producing Fig. 3.4b we have not applied 

the absolute operator to Sc in (3.1 lb) in an attempt to convey the direction of energy 

propagation relative to the forcing (negative TPratuant results when energy moves ahead 

of the system as Sc < 0). The forcing scale of ox 1000 km is of scale similar to the 

composite results of Wheeler et al. (2000) which depict a forcing speed Cf «  15 ms-1. 

We first consider the deep mode response, c «  45 ms-”1, then a Cf «  15 ms" 1 implies 

that Sc —30 m s"1. According to Fig 3.4a, Sc —30 ms" 1 lies about two e-folds 

along the real power curve away from the resonance case of Sc = 0 m s"1. This small 

value of TPreal implies that the work done by the deep adjustment of the atmosphere is 

effectively minimized, broadly satisfying Bjerkens’ condition. We illustrate this result
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radiant power.
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in Fig. 3.3 showing a divergence due to the deep mode that occurs both outside the 

location of forcing and is everywhere small. For the stratiform mode, c a  23 ms-1 and 

Sc fa —8 ms-1. In this case, this value of Sc corresponds to the condition where the 

radiant power is approximately equal to the real power and close to its maximum.

We conjecture that this is an optimal condition for the system because it represents 

the circumstance for which the power generated by the forcing is removed at the same 

rate from the forcing region while being kept as local as possible to sustain nearby con­

vergence but not so close to have the negative affects for the Sc —>• 0 case. Figure 3.5 

depicts the steady amplitude response solutions for Sc =  -[0, 4, 8, 12, 16] ms-1 for 

the stratiform mode response (c =  23 ms-1). The location of maximum amplitude for 

each solution corresponds to the location of u{a) in (3.6) such that the adjustment oc­

curs to the east of this position. For Sc a  —8 ms-1, the region of adjustment is largely 

moved away from the region of forcing. For values of \Sc\ >  8 ms-1 the amplitude 

decreases without any significant increased forward movement away from the forcing. 

Thus, Sc a  —8 ms-1 appears optimal in maximizing the low-level lift in a region as 

local as possible to the stratiform convective system but not within it. This solution is 

consistent with the observations of new convection developing into the clear air lead­

ing the stratiform forcing while also maintaining a positive feedback to the stratiform 

forcing thus maintaining the source of the wave response.

By equating the two powers in (3.11), we find th a t:

— ^a^real//radiant (3.12)

where Jreai and / ra(jiant are the respective definite integral terms in (3.1 la  and b) which we 

note are principal functions of ax, e and Sc. Figure 3.6 derives from the condition that the 

complete spectrum of powers expressed by (3.11) as a function of ox, e and Sc are equal. 

The most striking feature of this figure is the linearity of Sc with respect to ox, implying
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Figure 3.5: Steady Kelvin wave surface level response for an intrinsic phase speed of 
c =  23 ms-1, like that of the second internal trapped heating mode (stratiform response) 
for 5 different forcing propagation speeds (cy =  23, 20, 17,14, 11 ms-1). In contrast to 
Fig. 3.2, only a portion of the 40,000 km domain is shown.

that the ratio of the integral terms in (3.12) is a constant and largely independent of the 

forcing parameters. It can also be trivially shown that Sc varies linearly with e.

3.4b. A Dimensional Approach to the Optimal Propagation Speed

It was noted in section (3.1b) that the time for the negative portion of the Kelvin wave 

transient response to move one e-fold out of the forcing region was t e & ox/Sc, provided 

Sc < 0. Since the forcing is assumed Gaussian, the number of e-folds moved in the x  

direction also relates to the amplitude of the forcing and a three e-fold movement would 

effectively mean the response has moved out of the forcing region. The timescale of 

the wave response is also ts oc e-1 before it reaches steady state and remains stationary 

(phase-locked) with respect to the forcing. Thus, by matching the steady state timescale
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Figure 3.6: Optimal Kelvin wave propagation speed for four different values of e"1 (see 
text for details).

t s to te yields:

8c oc—eax (3.13)

where 8c represents the minimum forcing-wave propagation speed difference for the 

negative response to propagate at least one e-fold away from the forcing region in the 

time ts. This applies to any equivalent depth and the actual value one might calculate 

for 8c depends on the desired number of e-folds used to establish both the timescale ts 

and horizontal e-fold movement te. Equation (3.13) suggests that the speed difference 

between the forcing and Kelvin wave scales by the size of the forcing in the x  direction 

and by the damping of the wave. This simple relationship suggests that if the response is 

strongly damped, then the forcing must travel at very different speed to that of the wave 

to avoid the wave response becoming highly localized with the negative consequences 

this implies to the forcing. On the other hand, as the forcing scale (ax) becomes large, 

the speed difference must also increase to allow the energy generated on one side of the 

forcing to propagate rapidly enough over the region of forcing into the unforced region
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before reaching steady state.

Since both the power analysis and physical scaling arguments lead to the same re­

lationship for the optimal propagation speed, we propose that computations of the real 

and radiant power for all wave types as a function of forcing size, meridional position 

and damping forms a general method for estimating the optimal propagation speed of 

the convectively coupled system.

3.4c. Application to a Kelvin Wave

Without knowledge of the actual damping in the real atmosphere or what represents an 

adequate number of e-folds required to define sufficient separation of the response from 

the forcing, (3.13) implies that if the stratiform mode controls the optimal propagation 

speed of the forcing and for a convectively-coupled Kelvin wave, Sc ~  8 m s"1, then 

a disturbance that grows twice as large in scale implies an optimal forcing propagation 

speed of cj ~  7 m s"1, which is consistent with the observed propagation of the Madden 

Julian Oscillation (MJO Madden and Julian 1971; Wheeler et al. 2000). However, even 

for Cf ~  15 m s"1, assuming a meridional equatorially centered Gaussian disturbance of 

scale ay = 500 km, the Kelvin wave only accounts for 47% and 46% of the total energy 

(power) for the c =  45 m s"1 and c =  23 m s"1 modes, respectively. Hence, a complete 

power analysis of all waves is required using the method just proposed.

In this discussion we did not actually define values for the parameters in (3.13) but 

note that it may serve as a diagnostic tool. For example, (3.13) predicts a damping rate 

of (1.5 days)"1 for convectively-coupled Kelvin waves of horizontal scale (ax =  1000 

km). However, (3.13) assumes one e-fold distance is adequate to remove the response 

from the forcing where it may be argued that two or three e-folds would be optimal, this 

producing damping rates of (3 days)"1 and (4.5 days)"1, respectively, all of which are 

consistent with Wu et al. (2000a). We also note that the processes that establish ax and 

e remain unresolved in this study.
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For small scale disturbances (e.g. squall-lines), one would expect excitation of 

inertia-gravity waves to predominate (Silva Dias et al. 1983, and chapter 2) but at those 

scales, they are nearly non-dispersive (see discussion in section 2.5a-iii). In this limit, 

the non-dispersive Kelvin wave relation (3.13) applies except that the response is now ra­

dially symmetrical, demanding that the optimal forcing propagation speed be stationary. 

In the case of a sheared environment or when the scale of the gravity experiences ro­

tational effects, gravity waves then predicate towards particular directions (Gill 1982a) 

and in this case, (3.13) holds in the direction of wave propagation. However, other 

processes also play an important role in squall-line propagation (e.g. vertical shear, cold 

pools, etc, Rotunno et al. 1988) and we would only conjecture that (3.13) serves as 

the upper limit before the negative response of the forced gravity waves might interfere 

with the squall-line. In this light, meso-scale convective systems can ideally travel faster 

since their scale is much smaller, noting that this is generally observed in the multi-scale 

view of convectively-coupled systems (Nakazawa 1988; Straub and Kiladis 2002, and 

others).
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3.5. Summary

The main findings of this chapter are:

(i) The solutions predict that a single wave produces two wave fronts that propagate at 

different phase speeds, one with a speed equal to the forced response and the other with 

a speed equal to the free response, explaining the observed energy spectra apparent in 

Two-Dimensional Fourier Transform (2DFT) analysis of OLR and other meteorologic 

variables (Wheeler and Kiladis 1999; Wheeler et al. 2000). We also note that a simple 

comparison of the apparent /3-plane frequency to that of a 2DFT of the physical solution 

is ambiguous.

(ii) Assuming a deep mode vertical structure then conditions of low level convergence 

is required to sustain the (convective) forcing, and conversely divergence acts to destroy 

this forcing, then we show that the condition that Sc < 0 provides a system of positive 

feedback between the wave and the forcing. We also show that Sc = 0 results in a 

wave that is trapped to the forcing whereby half the domain comes under the influence 

of divergence which we suggests acts to shrink the forcing eventually eliminating it and 

the wave completely. The behavior of the damped solutions is similar to the undamped 

solutions except that the the divergence field, confined to the wave fronts of the un­

damped solution, extend out over the entire region of influence. The physical scale of 

this influence in the zonal direction was shown to be

RiX oc Sc/e

which reduces to the scale expected for a stationary forcing (Sc —» c) (Gill 1980). Fur­

thermore, these arguments are general to any vertical structure.

(iii) Consideration of the critical assumptions demonstrated that a mutually supporting 

convectively coupled system can only exist for the conditions;

82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



—oo < Sc < 0

and that a convectively coupled system cannot exist at the bounds Sc —> — oo and 

Sc -* 0. It was conjectured that an optimal value of Sc exists between these bounds and 

we deduce the relationship for this optimal value as

Sc oc — ear

defined in terms of the scale of the forcing (ax) and rate of damping (e). This relation was 

derived assuming that an optimal configuration of the convectively coupled wave is one 

in which the rate at which wave energy propagates out of the forcing region (the derived 

radiant power) matches that rate at which energy is created by the forcing (derived true 

power). A more mechanistic explanation of the propagation of a convectively coupled 

wave that leads to the same relationship is also presented based on the first two internal 

baroclinic modes in the context of Bjerknes (1938) “uniform adjustment” and Mapes 

(1993) gregarious convection hypotheses applied to the large scale flow. We show how 

this relationship correctly estimates the phase speeds of convectively-coupled Kelvin 

waves and, possibly, the MJO as depicted by Wheeler et al. (2000) using observed scales 

of convective forcing for typical values of ax. As a diagnostic equation, the relation also 

predicts damping rates consistent with the study of Wu et al. (2000a). Furthermore, the 

relation adheres to the multi-scale view of convectively-coupled systems with increasing 

propagation speeds at smaller scales (Nakazawa 1988; Straub and Kiladis 2002).
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Chapter 4 

‘Cumulus Clouds’ in a Radiative 

Convective Equilibrium Cloud 

Resolving Model

Shallow convection is a ubiquitous feature of the tropical boundary layer. Shallow cu­

mulus clouds occur over most of the tropical oceans away from atmospheric conver­

gence zones (Betts and Ridgway 1989) and the significance of this convection on the 

tropical climate is a topic of much interest. A number of earlier studies point to the 

importance of shallow convection in maintaining the trades and its circulation (Riehl 

and Malkus 1958; Nitta and Esbensen 1974; Augstein et al. 1973) and in serving as a 

source of moisture for the boundary layer that eventually feeds the convergence zones 

and deep convection (Betts 1973). Thermodynamic budget studies of Yanai et al. (1973) 

also point to the coexistence of copious amounts of shallow convection in regions of 

deep convection although the connection between these two modes of convection is not 

well understood.

More recent studies suggest that the heights of tropical convective clouds are distrib­

uted in a characteristically trimodal fashion (Johnson et al. 1999) - one mode of shallow
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convection with tops reaching to about 2 kms, a deep convective mode with tops reach­

ing to the tropopause and a third mode of congestus with tops to about 6km or slightly 

above. Stephens and Wood (2005) document the influence of cumulus congestus on the 

observed surface radiation and precipitation at the ARM Manuus site and further show 

the predominance of these clouds forming as part of multiple layered systems with this 

congestus-type convection commonly occurring under thick layers of cirrus. The impor­

tance of congestus-type convection to the tropical atmosphere has recently been raised 

in a number of studies. Johnson and Lin (1997) and Johnson et al. (1999), for instance, 

present evidence of the importance of cumulus congestus clouds in moistening the mid­

dle troposphere prior to deep convection. Inness et al. (2001) demonstrate that a GCM 

with high vertical resolution produces this congestus-like mode and a more realistic 

MJO-like variability whereas a course resolution version of the same GCM neither con­

tains a congestus mode nor a mode of intra-seasonal variability like that observed in the 

real atmosphere. In the GCM experiments that use a cloud resolving model (CRM) for 

the convection scheme, Ziemianski et al. (2005) report significantly more cloud water 

distributed in a congestus-like manner than is produced by the version of the same GCM 

that employs a more conventional type of convection parametrization and speculate on 

the importance of this convection to the improved modeled climate of the tropics.

There remains, however, much we do not understand about the roles of the two 

shallower modes of convection on the tropical climate and how or whether shallow con­

vection influences the deeper tropical hot-towers. This chapter describes a series of 

cloud resolving model (CRM) radiative convective equilibrium (RCE) experiments that 

begins to examine such connections. The general concept of RCE considered here have 

proven to be a useful paradigm for studying broader aspects of the Earth’s global climate 

system (Stephens 2005) and has much relevance to the study of the tropical atmosphere 

(e.g. Betts and Ridgway 1989). More recently, a class of RCE studies have emerged that 

treat convection more explicitly using CRMs (Held et al. 1993; Sui et al. 1994; Tomp-
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kins and Craig 1999; Grabowski and Moncrieff 2000; Stephens et al. 2004b, and other). 

The use of CRMs as a means of modeling the convection explicitly offers a more self- 

consistent means for connecting radiative processes to hydrological processes than was 

possible with the earlier, simpler RCE models and, for that matter, is currently possible 

with the existing parameterizations used in GCM climate models. Many of the earlier 

CRM-RCE studies, however, are set on model domains that are too small to consider 

RCE as a realistic governing state of the system. Out of necessity, larger domain RCE 

experiments set on domains of many 1000’s of kms, and more relevant to the concepts 

of equilibrium of the global tropics, for example, are typically forced to use CRMs set 

on two dimensions with spatial resolutions A x  2-4 km. While these experiments 

accommodate the larger-scale aspects of equilibrium, they suffer from uncertainties as­

sociated both with this coarse resolution that only marginally resolves convection and 

with issues surrounding the 2 dimensional representation of convection. To date, suffi­

cient computer resources for equivalent large-scale, three dimensional RCE studies have 

not been made available except for the 3D channel experiments by Tompkins (2000).

There are many elementary aspects of RCE that remain to be understood, such as 

what is the role of the different modes of convection on the water and energy balance 

at equilibrium, how do these balances change with different external forcing and how 

does convection feedback on its environment to establish the equilibrium state? Given 

the above mentioned caveats, several CRM-RCE 2D experiments are discussed here that 

are used to explore the connections between shallow and deep convection, how radiative 

processes affect the resultant modes of convection and, in turn, the organization of the 

broader aspects of the hydrological cycle of the model. The results of the experiments 

are consistent with our understanding of shallow convection as an essential aspect of the 

water cycle being involved in both moistening the environment and drying the environ­

ment through their evolution to deep convection. Despite the noted limitations of the 

model, many aspects of the resultant equilibrium resemble the real world. For example,
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the CRM experiments produce thermal structures in the convective environment very 

similar to those observed, such as low level and mid-tropospheric stable layers. The 

experiments also produce realistic trimodal cloud-top distributions and exhibit a vari­

ability of water vapor as it affects convection in general agreement with the observed 

variations of water vapor.

The importance of feedbacks between water vapor and the organization of convec­

tion is also explored, underscoring the role of these shallow clouds in this feedback. The 

results reinforce the ideas that feedbacks between water vapor and convection induce a 

type of ‘self-aggregation’; a topic discussed in many contexts, such as on the observed 

thermodynamics of shallow convection (Esbensen 1978; Nicholls and Lemone 1980), 

deeper convection associated with the easterly wave (Johnson 1978) and in the context 

of cloud resolving RCE experiments (e.g. Held et al. 1993; Tompkins 2001b; Brether- 

ton et al. 2005, and others). The present study shows that a coupling between water 

vapor and radiation provides an important additional mechanism that promotes shallow 

cumulus clouds through effects of radiative cooling on low-level stability. In the RCE 

context, these shallow clouds respond to low-level radiative cooling structures and their 

existence is critical to the low to mid-level moisture build up as shallow convection 

deepens into congestus which in turn provides a pathway for the development of deep 

convection. Regions of such moisture build-up are referred to as ‘moist domes’ owing to 

their appearance in the vertical structure of water vapor. Moist domes form in a number 

of locations across the domain and it is there that deep convection develops and water is 

removed by convective precipitation.

Section 1 describes the cloud resolving model used in the experiments and the var­

ious experimental setups reported on in this paper. Section 2 reviews the equilibrium 

achieved in the four experiments conducted with an SST of 300K and discusses the 

cloud properties and atmospheric stability at equilibrium. Section 3 describes the effects 

of deep convection, cumulus convection and clear skies on the equilibrium hydrologic
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cycle demonstrating that at equilibrium, a water balance exists between the moistening 

effects of shallow clouds and the drying by precipitating deep convection. Section 4 

outlines the mechanism responsible for the development of cumulus convection in the 

model and explores how this development is related to the profile of radiative cooling. 

Section 5 describes the factors that control the life cycle of shallow convection and il­

lustrates the pathway connecting shallow convection to deep convection in the model. 

Section 6 addresses the sensitivity of these findings to grid resolution and SST reinforc­

ing the results described in the earlier sections. Section 7 summarizes the main results 

of the study.
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Model ID Configuration Summary

IR / IR-300 

PR-lin

PR-mean

IR-nocld

IR-295

IR-305

FINE-IR

FINE-PR-lin

Fully interactive run over an SST of 300K

Homogenously prescribed mean radiation profile, lin­
earized to remove vertical gradients

Homogenously prescribed mean radiation profile (as is)

Interactive run with only clear-sky forcing (no cloud forc­
ing)

Interactive run over an SST of 295K 

Interactive run over an SST of 305K 

IR-300 experiment conducted on the fine grid 

PR-lin experiment conducted on the fine grid

Table 4.1: Summary of Model Configurations Integrated

4.1. Model Description and Experimental Setup

The RCE experiments reported in this study are conducted using the System for 

Atmospheric Modelling (SAM) Cloud-Resolving Model (CRM) developed at Colorado 

State University (CSU) by Khairoutdinov and Randall (2003). Incorporated into this 

model is the radiative transfer model developed at CSU and is referred to as BUGSrad 

(Stephens et al. 2001). The radiation module was called every five minutes producing 

heating rates at this frequency.

In summary, the CRM uses the anelastic set of dynamic equations with a sub grid 

scale (SGS) 1.5 order closure scheme based on Deardorff (1980). Microphysical processes 

are treated using a bulk microphysics scheme that predicts the total water (water vapor, 

cloud water and cloud ice) and total precipitating condensate (rain, snow and graupel). 

The phase distribution of hydrometeors in this scheme are diagnosed by the temperature 

at that grid point and the formation of clouds is parameterized by the ‘all-or-nothing’ 

approach. Cloud water is set to have a zero fall velocity but cloud ice is allowed to sed-
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iment at a rate proportional to the altitude to prevent unrealistic build up of ice clouds. 

The formation of precipitation is parameterized using the Kessler (1969) autoconver­

sion method and subsequent drop size follows a Marshall-Palmer distribution. Droplet 

growth forms exclusively by collision and coalescence and evaporation is parameterized. 

Surfaces fluxes are parameterized by simple aerodynamic-bulk formulas.

Apart from the grid-resolution sensitivity experiments described later in section 6, 

all experiments were conducted on a 2D grid of 8192 points, at 2.4 km grid spacing 

covering roughly 20,000km in the horizontal. Vertical structure is resolved using a 

stretched grid of 65 points with a boundary layer resolution as fine as 50m near the 

surface, increasing to 500m by 5km and then constant to the top of the atmosphere at 

27 km, which has been shown to adequately resolve vertical water vapor profiles (e.g. 

Tompkins and Emanuel 2000). The Coriolis parameter was set to zero with a free-slip 

lower oceanic boundary and time step of 10s, with the capability of this being split 

in two if a linear instability was detected. A gravity-wave absorber in the upper 1/3 

of the domain was active with a Rayleigh damping back to the mean state applied to 

the x  momentum to prevent the build up of vertical shear (r =  7200s). The lateral 

boundaries are periodic. All runs were initialized with the 00 GMT 5 December 1992 

TOGA CO ARE 1 sounding with zero mean wind in the vertical. The standard NCAR 

2 tropical ozone sounding was used for the interactive radiation experiments to create 

a radiative tropopause. This is required to balance the eddy heat flux divergence from 

overshooting deep convection and, thus, maintain a fixed tropopause height over the 

long integrations. An initial small-amplitude randomized disturbance was introduced 

into the temperature field to initiate convection and all surface fluxes are interactive, 

that is they are wind-speed and humidity dependent.

The experiments reported in this paper are summarized in Table 1. The first group

'The Coupled Ocean-Atmosphere Response Experiment of the Tropical Ocean and Global At­
mosphere Programme sounding

2National Center for Atmospheric Research
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of experiments employ four different model configurations all with a lower boundary 

condition defined by a uniform and fixed SST of 300K. These experiments are designed 

to illustrate the effects of radiation on convection. The four experimental designs are i) 

The Interactive Radiation experiment (IR-300) which serves as the control run, ii) The 

Prescribed Radiation - linear experiment (PR-lin) applies a hypothetical radiative heat­

ing profile that is a constant -1.12 K/day between 1000 mb to 130 mb and a constant 0.1 

K/day from there to the top of the atmosphere, thus removing first-order vertical gradi­

ents of radiative heating, except at about 130 mb. For this profile the mass integrated 

tropospheric cooling is the same as the final 10 day mean IR-300 profile and that heating 

is applied homogeneously across the model domain, iii) a second prescribed radiation 

experiment (PR-mean) that applies the mean profile from the last 10 days of the IR-300 

experiment, also uniformly across the model domain, iv) An interactive radiation exper­

iment (IR-nocld) that couples only the clear-sky component of radiative heating, thus 

removing explicit effects of cloud radiative heating.

The next group of three experiments are referred to as the SST sensitivity experi­

ments, including the IR-300 experiment for reference. The three experiments of this 

group all apply radiation interactively as in the IR-300 experiment. One experiment as­

sumes a fixed SST of 295K (hereafter IR-295) and the second assumes a fixed SST of 

305K (IR-305) providing a direct contrast to the results of the IR-300 experiment. The 

final group of experiments explores the effects of grid resolution on equilibrium. Both 

the IR-300 and PR-lin experiments were repeated using a 500m horizontal resolution 

but over a more limited horizontal domain.
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Figure 4.1: Time evolution of domain (a) surface precipitation and (b) precipitable water. 
Note a 4 day running average is applied and legends contain the total time mean average 
value.

4.2. Equilibrium Results at 300K

4.2a. Evolution to Equilibrium

Figures 4.1a-b show the evolution of the domain means surface precipitation and pre­

cipitable water (PW). These indicate that the model reaches equilibrium after about 50 

days with PW and surface precipitation reaching steady values on a shorter convective 

time scale consistent with Tompkins and Craig (1998).

Although quantities plotted in Fig. 4.1 indicate all experiments reach a steady equi­

librium, the way this equilibrium is achieved across the model domains varies from 

experiment to experiment. A succinct way of presenting the structure of these quantities 

as the model evolves to equilibrium is in the form of time longitude variations of the 

type shown in Fig. 4.2. This figure is a Hovmuller-like presentation of the Precipitable 

Water (hereafter, PW) from the IR-300, PR-lin, PR-mean and IR-nocld experiments and 

offers a broad view of the wider-scale characteristics of the RCE reached by each ex­

periment and how the water cycle of the model is grossly organized. The results show 

a marked difference in the temporal evolution of the spatially distributed water vapor 

between the experiments with fixed radiation (Figs. 4.2a and c) and the experiments 

with interactive radiation (Figs 4.2b and d). After an initial spin-up of around 10 days,

92

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



P r e c i p i t a b l e  Water  Q 5Q

a)

0 6 13 19
x 1000 km

P r e c i p i t a b l e  Water
0 ■ ■ ■ ■ ■ ■ I  ■  50

c)

6 13
x 1000 km

P r e c i p i t a b l e  Water
o ■ ■ ■ ■ ■ ■ ■  ■  50

b)

0 6 13
x 1000 km

19

P r e c i p i t a b l e  Water
0 ' ■ ■ ■ ■ ■ ■ ■ ■  ■  50

S' 30

d)

6 13 19
x 1000 km

Figure 4.2: Precipitable water plots for the (a) Prescribed Radiation experiment (linear), 
(b) Interactive Radiation experiment, (c) Prescribed radiation experiment (mean) and (d) 
Interactive radiation experiment with only clear-sky forcing
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water vapor organizes into dry and moist regions that remain more or less coherent over 

time. In the two fixed radiation experiments, these moist and dry regions propagate in 

both directions across the model domain whereas the moist/dry regions remain quasi- 

stationary in the interactive radiation experiments, although hybrid behavior is observed 

in all experiments. Originally noted in Held et al. (1993), why such stationary features 

arise with interactive radiation and the factors that define their horizontal scale and or­

ganization are issues not addressed in this paper but are topics being pursued in another 

related study. The stationary moist-dry structures evident in these experiments hints at 

the notion of self-aggregation of convection which locks into the wettest areas of the 

domain. When coupled to the dry areas through a broad solenoidal circulation between 

them (e.g. Fig 4.2), these moist regions appear to be self-sustaining. The pattern of 

moist-dry is a robust feature of such equilibria being noted in similar experiments con­

ducted with very different CRMs (e.g. Held et al. 1993; Tompkins 2001b; Bretherton 

et al. 2005, and others).

The general circulation established in the interactive radiation experiments is signif­

icantly different from the general circulation of the fixed radiation experiments, due in 

some way to spatial variations of radiative forcing in the former. These findings suggest 

that the spatial gradients of the clear-sky cooling rate must be important to whatever 

mechanism affects the general circulation given the similarity of the IR-300 and IR- 

nocld experiments. As we shall show in following sections, the vertical structure of the 

radiative heating also grossly influences the cloud distributions.

4.2b. Profile properties at Equilibrium

Figure 4.3a compares the domain-averaged net radiative heating rate profiles for the 

four 300K SST experiments (IR-300, PR-lin, PR-mean and IR-nocld) averaged over 

days 50-60 of the experiments. Figure 4.3b is the latent heating rate profiles and Figs. 

4.3c and d respectively present radiative and latent heating profiles for the three SST
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Figure 4.3: Final 10 day mean net (a) radiative heating rates and (b) latent heating rates 
for the four radiation sensitivity experiments. Note that PR-mean radiative heating pro­
file overlies the IR profile nearly completely but the same is not true for the latent heating 
term. Figure (c) and (d) are the same but for the three SST sensitivity experiments.
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Figure 4.4: Final 5 day mean cloud water fields for the (a) PR-lin, (b) IR, (c) PR-mean 
and (d) IR-nocld experiments

sensitivity experiments (IR-295, IR-300 and IR-305). A remarkable feature of the ra­

diative cooling profiles (Figs. 4.3a and c) is the low-level cooling maximum that appears 

in all experiments except for the PR-lin experiment which, by design, has a profile that 

has no maximum in these lower levels. The low-level cooling maximum also increases 

in magnitude and raises in height as the SST increases. The cooling maximum and its 

variation with SST is a consequence of the enhanced absorption that occurs in the at­

mospheric window region of the IR absorption spectrum through a mechanism known 

to be proportional to water vapor partial pressure (Burroughs, 1968; Cox, 1973; and 

Stephens, 1976). As shown later, these low-level cooling maxima are central to the en­

hanced development of shallow cumulus convection. Further discussion of the effects 

of sea surface temperature on the convective equilibrium is given later in section 7 and 

future papers.

Figure 4.4 contrasts the two dimensional vertical cross sections of the cloud water
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Figure 4.5: Comparison of the final 10 day (a) domain mean cloud water and ice, (b) 
domain fractional cloud cover, (c) total cloud mass and (d) mean liquid in cloud

for all four 300K SST experiments derived from averages over the final 5 days of the ex­

periments (days 55-60). The cloud fields that evolve in all experiments broadly consist 

of cumulus and cumulus congestus clouds approaching the 6km level, with intermittent 

deep convection. The characteristics of the clouds produced in the experiments agree 

generally with the trimodal distributions reported by Johnson et al. (1999). Notable, 

however, is the lack of low level cloud water in the PR-lin experiment (Fig. 4.4a) com­

pared to the other experiments. The two prescribed radiation experiments (PR-lin and 

PR-mean, Figs. 4.4a, c) also exhibit a more homogenous occurrence of low-level cloud 

across the domain whereas the two interactive radiation experiments display relatively 

more synoptic scale variability of low-level cloud water contents on a scale 0(1000km). 

These localized regions of low cloud water content coincide with the regions of high PW 

(Fig. 4.2) and deep convection.
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Figure 4.5a compares the domain averaged profiles of cloud liquid water and ice 

contents for the four 300K SST experiments under discussion. As expected from the 

comparisons of Fig. 4.4, the cloud water contents below 6km of the PR-lin experiment 

are a factor of two smaller than the cloud water contents of the other experiments and we 

will show later that this is related to the differences in the low level radiative cooling be­

tween the experiments. Figure 4.5b compares the corresponding vertical distributions of 

the domain averaged cloud cover showing similar amounts of upper level ice content and 

cloudiness in all experiments but much reduced low cloud amounts in the PR-lin exper­

iment between 1 -4 km suggesting that the reduction in low level water is a consequence 

of reduced cloud amount. Fig 4.5c compares the in-cloud water contents, which are gen­

erally similar in the 4 experiments although the water contents of the cumulus clouds of 

the interactive radiation experiments are slightly reduced, perhaps a consequence of the 

greater precipitation that falls from the cumulus clouds of these experiments (discussed 

further in the next section).

4.2c. Stability

dO
Figure 4.6 presents vertical cross-sections of the stability (— ) for all four experiments 

averaged over the final 5 days of each experiment. Humidity contours between 50% to 

80% are also superimposed for reference. In the IR-300 and IR-nocld experiments, the 

synoptic scale organization of enhanced low-level cloud water coincides with low static 

stability (l-3km) and increased humidity, the latter exceeding 50% above 5km in some 

regions. The PR-mean (4.4-c and 4.6-c) behaves slightly differently with most of the 

low level cloud water (4.4-c) appearing in the left half of the domain where the highest 

stability exists and unconnected to elevated regions of low-level humidity. The cause of 

this behavior is the development of a domain wavenumber-1 circulation at the beginning 

of this temporal averaging period in the PR-mean experiment (Fig. 4.2c). Note that 

deep moisture regions appear in the right half of the domain and that these regions are
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Figure 4.6: Final 5 day mean stability profile ( | | )  for the (a) PR-lin, (b) IR, (c) PR-mean 
and (d) IR-nocld experiments. Note that the relative humidity is contoured for values 
between 50% and 80%.
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associated with reduced static stability, congestus and deeper cumulus convection, as in 

the IR experiments. In this manner, for the PR-mean and PR-lin experiments, the ‘moist 

domes’ and their associated reduced mean static stability propagate.

Stable layers form around the freezing level within and near regions of deep convec­

tion in all experiments (shown more clearly in Figs. 4.7 and 4.12 below) in a manner 

that resembles the observations reported in J95 and probably due to one of the processes 

proposed in J95. Stronger stable layers develop in the interactive radiation experiments 

suggesting that the radiative cooling associated with these stable layers further sustains 

them much as speculated by Mapes and Zuidema (1996). J95 also observe low-level 

stable layers in deep convecting regions similar to those observed in the trade cumulus 

regions but not associated with any obvious vertical moisture gradients. We will show 

that such stable layers also occur in these simulations. Although the precise origin of 

these low-level layers is not conclusively determined, they most likely arise from the 

effects of convectively induced wave dynamics on the environment.

In summary, shallow cumulus clouds tend to occur in regions of enhanced water 

vapor that are surrounded by drier regions making these moist region appeal- as synop­

tic scale ‘moisture domes’ whose propagation characteristics are influenced by spatial 

variations of radiation not investigated here. Held et al. (1993) refer to these regions as 

‘wet-spots’ as they also correspond to regions of highest surface precipitation. These 

moist domes also possess lower static stability than surrounding subsidence regions in 

the temporal mean but, as discussed in section 6, life cycle analysis shows the static sta­

bility varies and evolves with episodes of increased vertical cumulus cloud development 

coinciding with decreased stability prior to the formation of deep convection.
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Figure 4.7: 10 day time series of 400km horizontally averaged total cloud liquid (water 
and ice), relative humidity and stability parameter (§f) for the PR-lin (column 1) and 
IR (column 2) experiments. The position of the averaging window is largely irrelevant 
for the PR-lin experiment since the convection is spatially homogenous while for the 
IR experiment it is chosen to lie in the center of a ’moist dome’. Note that the relative 
humidity is contoured for values between 50% and 80% in the stability plots.
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4.3. The water cycle at Equilibrium

More detailed analysis of the water cycle properties at equilibria given below shows how 

the shallow cumulus clouds and the clear sky regions of the model supply the moisture 

to the wet areas and how the deep convection that forms in these moist dome regions 

remove it, establishing the overall water balance at equilibrium. The nature of this bal­

ance is demonstrated with a simple procedure that employs the simulated OLR as a way 

of organizing the water budget into clear-sky, shallow convection and deep convection 

regimes. Three OLR thresholds were found to best categorize such regions; (i) a low 

OLR regime that characterizes deep convection as typified by heavy precipitation and 

the presence of thick ice clouds, (ii) an intermediate OLR regime that characterizes cu­

mulus convection that primarily consists of (precipitating) water clouds free of ice and

(iii) a high OLR regime that identifies clear skies devoid of most cloud and precipitation. 

Regions defined in this way do not perfectly isolate the effects of deep convection from 

shallow convection and clear sky regions. Regions of deep convection and thick anvil 

cloud in the moist domes, for instance, also contain shallow convection below and the 

regions of shallow convection are furthermore juxtaposed with clear regions such that 

the evaporation from these neighboring clear regions is strongly influenced by the local 

scale turbulence associated with the shallow convection.

The OLR thresholds used to define these regimes were chosen according to the 

analysis contained in Figs. 4.8 and 4.9. These figures are histograms of selected hy- 

drologic variables (cloud water path (CWP), ice water path (IWP), PW, latent heat flux 

(LHF) and surface precipitation) taken from the final 10 days of the four 300K SST 

experiments and grouped into 2Wm~2 OLR bins. The left set of panels are the mean 

values of the given quantity in each OLR bin presented as a function of OLR and right- 

hand panels present the integrated contribution of that bin to the total variable in such 

a manner that the integral under each curve is normalized to unity. The domain mean 

value of a particular parameter is given in the legend for reference. Practically all ice and
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Figure 4.8: Day 50 to 60 histograms (2 W /m 2 bins) of hydrologic variables used to 
identify the OLR windows for designating the three cloud regimes of interest, Deep 
convection, cumulus convection and clear-sky subsidence regions. The left column de­
picts the mean variable value for a particular OLR bin while the right column depicts 
the integrated contribution of that bin to the 10 day mean. Note that the legend for the 
right column contains the domain mean value for reference. Row 1 (a and b) - cloud 
water path, with mean values in m m /m 2. Row 2 (c and d) - ice water path, with mean 
values in m m /m 2. Row 3 (e and f) - precipitable water, with mean values in mm.
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much of the precipitation occurs in those model columns for which the OLR is below 

235Wm-2. Consequently, this value was used to define the deep convective threshold. 

The cumulus cloud regime occurs for OLR values between 235 Wm~2 and 273 Wm“2 

and the clear sky regime corresponds to OLR values above 273Wm-2.

The percentage contributions of the three cloud regimes to the total cloud water path 

(CWP), ice water path (IWP), latent heat flux (LHF) and precipitation are summarized 

in Table 4.2 for all four experiments. This summary indicates that the clear sky and 

cumulus cloud regimes contribute about 80% of all the moisture in the four experiments 

by evaporation and only loose 10-14% of this moisture by precipitation. Conversely, 

evaporation in designated regions of deep convection contributes only about 20% to 

the total water content while these regions account for 86-90 % of the moisture lost 

by precipitation. This behavior is also reflected in Fig. 4.9 to some extent showing a 

monomodal distribution for latent heat flux strongly peaked above OLR values of 235 

Wm~2. The precipitation exhibits a bimodal distribution with respect to OLR.

Further insight into the nature of the hydrologic cycle at equilibrium follows from 

consideration of the domain wide precipitable water (PW ) budget written in the form

~ P W  =  Latent Heat Flux — Surface Precipitation Flux (4.1)
(Jj L

where advection is zero in the domain integral. The latent heat fluxes and surface pre­

cipitation fluxes are differenced and grouped by the OLR regimes and then binned with 

respect to precipitable water. This analysis is shown in Fig. 4.10 and illustrates how 

the domain moisture flux for the three regimes varies according to precipitable water 

and its important to note that PW is a proxy for location indicating collocated cloud 

regimes. Figure 4.10a emphasizes the dominant contribution of the clear sky regions to 

the moisture budget, especially for PW > 30mm. These regions coexist with cumulus 

clouds (Fig. 4.10b) that enhance the evaporation in these neighboring clear skies regions
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Cloud Regime Sampling Frequency CWP IWP LHF Precipitation
Deep Convection (< 235 W /m 2)

IR 15 51 98 18 86
PR-lin 17 59 98 21 90
PR-mean 17 52 98 20 88
IR-nocld 15 50 98 18 87

Cumulus Convection (235 - 273 W /m 2)
IR 20 42 2 20 14
PR-lin 29 34 2 32 10
PR-mean 28 42 2 31 12
IR-nocld 25 43 2 21 13

Clear-Sky (> 273 W /m 2)
IR 65 7 0 62 0
PR-lin 54 7 0 48 0
PR-mean 55 6 0 49 0
IR-nocld 65 7 0 60 0

Table 4.2: Table of cloud regime type and their contribution to the domain total Cloud 
water Path (CWP), Ice Water Path (IWP), Latent Heat Flux (LHF) and surface precip­
itation. This analysis is performed for the two most distinct model runs, the IR and 
PR-lin runs. The bracketed number next to each experiment indicates the frequency of 
that cloud regime in that experiment.

by the deeper mixing by cumulus clouds. It is noteworthy that PW «  40mm appears to 

be the cross over point above which both clear skies and cumulus clouds no longer act 

as a net source of moisture and the precipitation from shallow cumulus clouds now ex­

ceeds any moistening effects by evaporation. As such the cumulus clouds become more 

precipitation efficient preventing any further moisture build up and act as a regulator of 

the system. In the wet regions (PW > 40 mm), deep convection coexists with cumulus 

clouds with the intense precipitation from deep convection rapidly drying the region.
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4.4. Radiative Heating and Cumulus Clouds

The previous section highlighted the important role of shallow convection and its sur­

rounding environment as the principle moisture source of the model, through surface 

evaporation, while also acting to regulate this moisture build-up in very moist zones. 

The moisture is then available for use by deep convection which can rapidly dry a re­

gion. In this way it was shown how the relation between shallow and deep convection is 

central to understanding the way the water budget of the RCE experiments is established. 

In this section and the section to follow, we examine this connection further focusing in 

on the moist-dome regions of the model. Here a mechanism that explains the differing 

amounts of cumulus clouds that develop in the different experiments is introduced.

4.4a. Divergence o f a moist plume

The experiments discussed so far highlight the differences in the amounts of cumulus 

clouds in those experiments and suggest these differences occur as a result of differences 

in low-level radiative cooling (e.g. Fig. 4.3a and c). A mechanism is now forwarded to 

explain this connection through the stabilizing effects of radiative cooling in the lower 

moist layer. The mechanism proposed is simple. The mean water vapor path causes a 

radiative cooling profile that promotes a stable layer across the domain that restrict the 

penetration of convective moist plumes from below. On reaching these stable layers, 

moist plumes detrain, moistening the stable layer, and eventually shifting the cooling 

slightly higher and reducing the stabilizing affect of radiation in that layer. The plume 

itself adjusts the local region to a moist-adiabat that effectively destabilizes that layer 

and provides a neutral pathway for further convection to penetrate into the now elevated 

stable layer, the process repeating until a moist dome is created, the size, moisture and 

longevity of which being controlled by other factors.

The effects of a cloud on it environmental stability is described in Bretherton and
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Smolarkiewicz (1989) as a gravity wave adjustment of the surrounding cloud free en­

vironment (CFE) towards the in-cloud buoyancy. They show that a moist plume will 

preferentially detrain in an environment that is more stable than some reference moist 

adiabat;

£  < f  (4-2)oz oz

where 9P is the parcel potential temperature and 0 is the potential temperature of the 

environment.

This simple idea provides a useful framework in studying Fig. 4.11. The domain 

mean vertical profile of stability for all four radiation experiments is contrasted in Fig. 

4.11a against a pseudo-moist adiabat (heavy solid line) corresponding to a saturated 

surface parcel, 9es = 345K. Also shown for reference is the 9es =  340K pseudo-moist 

adiabat which corresponds to a surface parcel at 50% saturation (heavy dashed line). 

The temperature profile derived from all experiments exhibits the general structure that 

is discussed in Mapes (2001). The lapse rates of the middle troposphere between 6 

and 8km closely follow a moist-adiabat with departures from the moist adiabat above 

and below this region. In the context of (4.2), the results of Fig. 4.1 la  imply that a 

convective plume detrains above 8km and either entrains or detrains below about 6 km 

depending on the reference moist adiabat. Unsaturated entraining parcels would rise 

along a moist adiabat notionally like the 9es =  340K pseudo-moist adiabat shown and 

thus would be expected to detrain at all levels. Those experiments with more prolific 

cumulus cloudiness also possess slightly higher mean stability in the 1 -6km layer (Figs 

4.1 la  and b), thereby enhancing the potential for such detrainment effects in this layer.

4.4b. Stability Analysis

The simple stability arguments above rely on a comparison between the local stability
dO

(— ) and a moist adiabat. Such comparisons as shown in Fig. 4.11 suggest that any en-
t / v
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Figure 4.11: Comparison of the final 10 day, domain mean stability profile for, (a)
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training shallow cumulus that forms in the l-6km layer will mostly likely preferentially

more specifically to local atmospheric stability variations observed in the experiments, 

consider the vertical derivative of the thermodynamic equation;

where the right hand side contains four source terms, one due to advection, one due to 

deformation and the remaining two associated with the vertical derivatives of latent and 

radiative heating.

Figures 4.1 lc, d, e and f present domain averaged profiles of each source term calcu­

lated from the average of the last 10 days of the four 300K experiments. Notable are the 

differences of the radiative heating source terms (Fig. 4.1 lc) in the lower levels for the 

different experiments. This result could simply have been anticipated from the cooling 

rate profiles of Figs. 4.3a where the increase in cooling rate with height induces stabi­

lizing effects below 3.5 km and the decrease cooling with height induces destabilizing 

effects between 3.5 km and 6 km in each of the three experiments that exhibit increased 

cumulus clouds. In a relative sense, the radiative cooling profile acts to enhance de- 

trainment between 1-3 km and then promote growth up to 6 km where detainment then 

occurs again. Such behavior is consistent with the observed low-level cloud detrainment 

levels documented in J95 and also consistent with the cloud top distributions.

Figure 4.11b highlights the mean stability states of the IR-300 and PR-lin experi­

ments more clearly and one immediately notes that, although the lapse rates above 6km 

are similar, the IR-300 is characteristically more stable in the lower layers than is the 

PR-lin experiment. In particular, the mean stability profile appears to possess a more en­

hanced stable layer in the l-3km layer, emphasized in the figure by the heavy portions 

of the plots. Careful study of Fig. 4.11a reveals that all experiments with a realistic

99 99
detrain in that layer since —  > -—^(340K). To examine those factors that contribute

oz oz

(4.3)

local change advection deformation diabatic source termsadvection deformation diabatic source terms
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vertical variations of radiation show this enhanced stability which can be attributed to 

the direct influence of radiative cooling in these experiments in altering the tempera­

ture field directly in a subtle manner when allowed to operate over long enough time 

periods. In these experiments, the spatial distribution of low-level radiative cooling is a 

relatively homogeneous feature which means it does not project readily onto wave struc­

tures and thus does not readily propagate away by wave action as suggested in Mapes 

and Zuidema (1996).

It is important to keep in mind that the actual stability profile in the 1 -6km layer 

while influenced by radiative heating is shaped predominantly by the other source terms

(4.3). The latent heating contribution shown in Fig. 4.1 Id is similar for all four ex­

periments except where the profile is affected by the latent heating of cumulus clouds 

especially in the layer between 1-4 km. An interpretation of the LH source profiles is as 

follows. The general mean latent heating profile of the experiments is largely defined by 

the deep convective mode and the latent heating profile of this mode is typically approx­

imated as a half sinusoid (e.g. Houze 1977). The differential of this profile is a sinusoid 

in quadrature, yielding a stabilization affect below the point of maximum heating and 

destabilization above this point. Superimposed on this effect is the heating by cumulus 

clouds. In this case, the heating profile can also be thought of as broadly defined as a 

half sinusoidal profile but now confined over a shallower layer (approximately between 

the surface and about 4-6 km with a maximum heating somewhere near the middle of 

this layer). This heating structure induces the tendency to stabilize the lower portion of 

this cumulus convective boundary layer and destabilize the upper half of the layer. The 

superposition of this effect on the deeper mode of heating is evident in Fig. 4.1 Id where 

the differences in the sources of stability between the PR-lin and other experiments 

shown is most marked in the region between about 2-5 km.

Both the deformation and advective terms are strongly dependent on the general 

circulation of the model making it difficult to draw general conclusions about the dif-
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ferences between the four experiments. To a first approximation, we can assume a deep 

solenoidal circulation exists between convecting and non-convective regions (e.g. Betts 

and Ridgway 1989; Mapes 2001). According to Fig. 4.1 le, the advective term stabi­

lizes the low layers below about 3 km and broadly destabilizes the upper layers, im­

plying convection transports the more stable subsiding air into the convective region at 

the low-levels. The vertical component of the deformation term, — f j f f ,  is generally 

an order of magnitude larger than the horizontal component. As | |  > 0, a negative 

deformation term implies > 0, such as that found in the accelerating portion of a 

convective core or the rising branch of a gravity wave. The opposite of this would be 

true for accelerating downdraughts and the subsidence portion of a gravity wave. Based 

on Fig. 4 .lid , it would appear that the deformation term is dominated by subsidence 

processes. These results are consistent with the notions forwarded by Bjerknes (1938) in 

that the cloud mass flux acts to stabilize the cloud free environment, primarily through 

vertical motions.
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Figure 4.12: Composite analysis of the initial stages of deep convection for the In­
teractive Run over the final 5 days. The method used identifies 37 convective events, 
represented here. All plots are smoothed with a z = 5 vertical smoother. Cloud water 
(a) shows the build up to deep convection at time zero and j~Q (b) shows the erosion of 
the stable layer concurrent at this time while (c) shows the concurrent increase in value 
and vertical extent of relative humidity.

4.5. Life cycle of cumulus clouds

The results shown in Figs. 4.7 and 4.12 suggest that the development of moist domes are 

primarily a consequence of shallow convection mixing moisture in the vertical. Figure 

4.7 compares a 10 day time series of cloud water, relative humidity and stability between 

the PR-lin and IR-300 experiments, averaged over a 1000km region of the model. The 

averaging region for the IR-300 experiment is centered on a moist dome whereas the 

location of this averaging region is less relevant for the PR-lin experiment since these 

quantities are more homogeneously distributed than in the IR-300 experiment. The 

contribution of radiative heating to stability (i.e. the dQra(i/d z  source term in eqn 4.3) is 

also provided in Fig. 4.7g for the IR-300 experiment only (since this contribution is zero
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in the PR-lin experiment). Contoured over both the radiative heating rate source and the 

stability (Fig. 4.7e, f  and g) are the relative humidity values between 50-80% shown. 

The variability of relative humidity is greatest below 6km in the IR-300 experiment with 

values varying from less than 30% and greater than 80%. Such low-level variations are 

also observed in the real atmosphere (J95). The humidity of the PR-lin experiment is 

less variable rarely exceeding 70% in the 1.5-6 km layer.

Figures 4.7e and f also illustrates how the low-level stability below about 5km is 

also more variable than the more homogenous unstable air above. Although the at­

mospheric stability of the PR-lin and IR-300 experiments are broadly similar during 

periods of enhanced convection, there are subtle but important differences in the stabil­

ity of both experiments. Both experiments show stable layers around the freezing level 

(also hinted at in Fig. 4.12b), although these levels are more stable in the IR-300 exper­

iment suggesting that radiation further sustains these layers (e.g. Mapes and Zuidema 

1996). Both experiments also reveal thin low-level stable layers around 1km that ap­

pear to be modulated on the timescale of the deep convection. J95 similarly observe that 

congestus clouds typically co-exist with trade cumulus clouds and that thin, low-level 

stable layers with little vertical moisture perturbation reside in the deep tropics. The 

origin of these trade like stable layers in these experiments has not been determined and 

they appear in all experiments, including the SST experiments discussed in the next sec­

tion. More notable, however, are the enhanced stable regions that coincide with strong 

vertical gradients of moisture and the build up of water vapor in the IR-300 experi­

ment (Fig. 4.7f, notably between days 55-57) and also evident in the PR-lin experiment 

around days 56-57 but with much less associated build up of moisture. It is also in 

this same region of the IR-300 experiment that the radiation contributions are largest as 

these too are affected most by sharp moisture gradients. Although these stable layers are 

a product of wave-scale dynamics in both experiments, radiation reinforces them in the 

IR-300 experiment. The connection between radiation stabilization effects and the ver-
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tical moisture gradient suggested by these experiments also supports the ideas described 

by Mapes and Zuidema (1996). More generally, radiation modulates the background en­

vironmental stability given that radiative cooling acts persistently and over wide spatial 

and relatively long time scales, clearly evident in Fig. 4.7g. Furthermore, the cumulus 

cloud activity in the periods of enhanced convection is greater for the IR-300 experi­

ments than the PR-lin experiment and the moisture below 6km remains much higher 

during these periods of higher low-level stability.

Near day 57 of both experiments, the strong low-level inversion is removed with the 

rapid growth of congestus-like clouds which then develop into deep convection. In both 

experiments, deep convection is led by shallow convection but the existence of shallow 

convection does not necessarily always lead to deep convection. To illustrate the general 

behavior of the evolution from shallow to deep convection, a compositing method was 

developed based on a deep convection identification procedure. The procedure uses the 

surface precipitation fields smoothed with a x  =  12.5km and t = 45min box smoother. 

Initiation of the core is identified as the earliest point in time and central point in space 

for a single closed 10 mm/hr (x, t) contour in the smoothed field. Only precipitation 

swaths that persist longer than three hours were then composited, thereby selecting only 

the larger and more persistent deep convective systems. The two dimensional fields 

from the model, captured at half hour intervals, are then averaged in a ‘compositing 

box’, defined as x  =  [—30,30]km, t =  [—6, 2]hrs, z =  [0,8]km from the core. This 

method identifies 69 convective events in the final 10 days of the IR-300 experiment. 

The results shown in Fig. 4.12 are smoothed with a vertical z = 5 point smoother and 

depict the mean of the x axis compositing box. In this way, the analysis provides the 

composite mean time evolution of cloud water, relative humidity and stability leading 

up to the time of a deep convective event. The abscissae in these figures are in hours 

prior and post the identified time of the convective core. Since the evolution depicted 

in this figure is similar for all experiments, only the cumulus clouds life cycle for the
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IR-300 experiment is shown.

Figure 4.12a illustrates how cloud water builds in three apparent stages. The first 

is a semi homogenous shallow ‘trade’ cumulus layer with limited vertical growth up to 

-3 hours, probably due to a slight increase in surface winds and subsequent response of 

the CBL (Betts and Ridgway 1989). This is followed by a rapid deepening congestus 

phase associated with wave induced surface convergence up to time zero (not shown), at 

which point deep convection occurs as indicated by water values filling the troposphere. 

The stability profile (Fig. 4.12b) indicates a stability maximum between 1.4-4km during 

this first stage coinciding exactly with the location of the radiative forcing term of the 

stability equation (Fig. 4.11c). During the congestus phase, the stability reduces and 

it has a similar vertical extent to the cloud water field although it lags the latter by 

about half an hour. At time zero, the stability suddenly increases through a deep layer 

after which time two even stronger signals appear, one in the vicinity of the melting 

layer much as conjectured by J95 and one in the lower-levels, presumably due to the 

cold pools associated with deep convection (Tompkins 2001a). The sudden increase in 

stability through a deep layer, but still less than the stability at time -6hr, is indicative 

of a moist plume ascending a warmer adiabat. In general, the stability profiles do not 

resemble any single moist adiabat as a consequence of the combined effects of different 

processes acting in this composite box and the vertical dispersion of this adjustment 

process (Mapes 1993). Thus, we interpret the coherent signal between cloud water and 

stability as the direct effect of cumulus convection.

It appears that the cumulus in stage one ascend one adiabat, the congestus ascend 

an adiabat that is slightly warmer and then deep convection ascends the warmest moist 

adiabat. This implies that these various stages reflect different origins for the moist 

plume and/or different levels of entrainment into the plume, also implied by the lowering 

lifted condensation level (LCL) apparent in 4.12-a. This result is consistent with fig 

4.12-c, which shows that the relative humidity also possesses similar vertical structure
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and time variations, supporting the idea of vertical mixing by detrainment into the stable 

layer. We note that the PW increases in the congestus stage (implied by Fig. 4.12-c). 

In this manner, successive cycles of shallow convection can penetrate deeper because 

they ascend ever warmer adiabats and have reduced effects from entrainment due to the 

near moist-neutral stability and increased humidity in the previously adjusted layers. 

The plume then encounters the higher stability above the previous clouds location and 

detrains and destabilizes there. The processes continuing until the cumulus clouds reach 

around 6km where the buoyancy increases markedly, as also shown in Mapes (2001). At 

this stage, the pressure perturbations and sheer size of the deep convection keep the gross 

entrainment to a minimum and, thus, allow moist plumes from the surface to ascend their 

warmest adiabats. In this light, we attribute the mean reduction of low-level stability, as 

compared to a deep moist adiabat, in the domain-time mean plots (Fig. 4.11a) and in 

regions of shallow convection in the time-mean plots (Fig. 4.6) as being due to cumulus 

clouds ascending cooler adiabats while the low-level ‘notch’ as being primarily due to 

radiation. In the next section, the effects of SST show that cumulus clouds become 

less prevalent at cooler SST’s and the low-levels begin to better approximate the surface 

moist adiabat.

In summary, deep, high moisture and moisture distributions, along with convection 

and wave dynamics, alters the environmental stability which then effects the detrain­

ment of moist plumes. Radiation acts persistently over large regions and over relatively 

long time scales of these experiments to produce a significant influence on the back­

ground stability profile such that detrainment in the l-3km layer and entrainment in the 

3-6km layer is enhanced. In regions of sufficient moisture, cumulus clouds form and 

detrain into the low-level stable layers, increasing and deepening the moisture while 

also destabilizing the layer in a local region, thereby providing a preferred pathway for 

deeper convection. This cycle of radiative and wave stabilization, cloud destabilization, 

entrainment and detrainment by ever deepening convection ascending ever warmer adi-
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abats alters the mean state in this mixing layer so that its gross stability does not match 

the upper levels, which only ever feel the deepest convection. In this proposed mech­

anism, the affect of radiation on this cycle is sensitive to the absolute moisture profile 

and through feedbacks on stability and clouds act to promote these ‘moist domes’.
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Figure 4.13: Comparison of day 20-30 (a) Radiative heating profile and (b) domain 
mean cloud water for the increased grid resolution sensitivity experiments. Note that 
the large domain, coarse grid IR experiment line is included for comparison but that 
the experiments produce general circulations that preclude this from being conclusive to 
just grid resolution.

4.6a. Grid Resolution Sensitivity

It was emphasized from the outset that the model resolution only marginally resolves 

deep convection let alone the shallower ‘cumulus’ convection. The IR-300 and PR-lin 

experiments were repeated on the same domain of 8192 grid points but at 500m reso­

lution thus shrinking the overall domain size from approximately 20,000 km to slightly 

over 4,000 km. Unfortunately, computational limitations preclude the option of running 

these finer resolution experiments on the same domain and the smaller domain alters 

the general circulation of the model to an extent that a direct one-to-one comparison 

between these fine grid results to the coarse grid experiments is inconclusive. The ra­

diative cooling properties are however largely independent of model resolution and, as 

a result, it is to be expected that the bulk equilibrium state of the fine-scale experiments 

should resemble those of the coarser scale experiments described in greater detail above 

despite the differences in circulation.

Figure 4.13a compares the day 20-30 radiative heating profile for the fine grid ex-

4.6. Sensitivity Experiments
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Figure 4.14: Final 10 day comparisons for the three sea surface temperature sensitivity 
experiments, (a) mean static stability with heavy lines denoting characteristic pseudo- 
moist adiabats and (b) mean cloud water and ice.

periment with the 50-60 day averaged profile of the IR-300 coarse grid experiment. The 

smaller domain experiments reach equilibrium much faster than the larger domain mod­

els. Clearly, the radiative profiles for the IR-300 coarse and fine grid experiments are 

very similar to each other as expected with only slight differences in the 2-4km layer of 

interest. Figure 4.13b compares the equilibrium period domain mean cloud water and 

shows the same behavior as before, with the IR-300 run producing enhanced cumulus 

cloud amounts over the matching resolution PR-lin run. The cloud water of the fine grid 

experiment though is significantly less than the coarse grid counterpart and we can not 

conclude whether this is because of the increased resolution of the cumulus clouds or 

because the general circulation is changed so significantly. Nevertheless, the general 

effect of the low-level radiative cooling enhancing cumulus clouds is repeated in these 

experiments suggesting the result discussed are not entirely a consequence of model 

configuration.

4.6b. Sea Surface Temperature Sensitivity

The mechanism discussed in section 5 suggests that increased cumulus clouds will occur 

when low-level radiative cooling is increased. The sensitivity results described above
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further suggest that the cooling has little dependence on model resolution as it arises 

from elementary absorption and emission processes that are proportionally dependent 

on the local column water vapor partial pressure of the lower model atmosphere. As 

shown in Fig. 4.3c, this cooling is sensitive to SST due to the intimate relationship 

between the two (e.g. Stephens 1990).

The bulk effects of SST on the equilibrium are explored further in Fig. 4.14 which 

compares the final 10 day domain mean vertical profile of (a) static stability and (b) 

cloud water and ice. Recall that Fig. 4.3c and d depicts the 10 day mean radiative 

and latent heating profiles of these experiments. Characteristic pseudo-moist adiabats 

are computed for each experiment and are shown as the heavy lines in Fig. 4.14a. 

The IR-305 experiment shows increased low-level radiative cooling with the cooling 

maximum rising in height causing a deeper layer of higher static stability leading to 

more cumulus clouds. We note that the characteristic low-level maximum of stability 

(the ‘notch’ emphasized as the bold portions of the plots) is sensitive to SST and further 

that the low-level departure of potential temperature from a moist adiabat amplifies with 

SST. This result is consistent with the notion that the ‘notch’ is related to the radiative 

stabilization perturbation while the lapse rate deviation is related to increased cumulus 

cloud entrainment activity.

The analysis of the hydrologic cycle discussed in section 4 is repeated for the other 

two SST experiments with new OLR thresholds defined for these experiments. Ta­

ble 4.3 summarizes the OLR thresholds and the water budget parameters grouped by 

the three regimes in the same manner as Table 4.2. The quantities listed show how 

the bulk properties of the hydrological cycle systematically vary with SST. For the IR- 

295 experiment, cumulus clouds contribute relatively little to the hydrologicial cycle, 

and presumably then the thermodynamic and dynamic budgets, with most of the model 

moisture coming from evaporation in the clear sky regimes being offset by rain-out by 

deep convection. In contrast, cumulus play an increasingly important role in the IR-305
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Cloud Regime Sampling Frequency CWP IYVP LHF Precipitation
Deep Convection

IR-295 (< 235) 19 91 95 24 99
IR-300 (< 235) 16 51 98 18 86
IR-305 «  235) 14 35 97 16 75

Cumulus Convection
IR-295 (235-250) 9 8 1 11 1
IR-300 (235-273) 20 42 2 20 14
IR-305 (235-300) 66 61 3 63 25

Clear-Sky
IR-295 (> 250) 72 1 4 65 0
IR-300 (> 273) 64 7 0 62 0
IR-305 (> 300) 20 4 0 21 0

Table 4.3: Same as table 4.2 except for the three SST sensitivity experiments. Note that 
the OLR filter now differs for each experiment.

experiment (compared to the IR-300 experiment) contributing 25% of the precipitation 

and 63% of the latent heat flux. Cumulus cloud amount is also much greater as the sub­

sidence areas become moist enough to support cumulus clouds. Thus, a lower SST limit 

appears to exist for moist domes.

Figure 4.15 is the same as Fig. 4.10 except computed using new OLR thresholds 

specifically selected for each SST experiment. The figure shows a clear trend in in­

creased contributions from cumulus clouds with warmer SSTs (middle panel). The vari­

ance and mean values of precipitable water also increase with SST, the former indicating 

a strengthening in the up-moist/down-dry circulations as SST increases, possibly due to 

the enhanced upper-level cooling (Mapes 2001, and Fig. 4.3c) and/or the strengthening 

of convective systems (not shown).
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4.7. Summary

This chapter demonstrated that 2D RCE-CRM reproduced many of the observed tropical 

phenomena, such as: (i) trimodal cloud distributions with bimodal precipitation loss; 

(ii) low-level (1km) stable layers with no moisture perturbation and ones with moisture 

perturbations; (iii) freezing level stable layers in and away from the deep convecting 

zones; (iv) realistic humidity profiles (especially of interest l-5km); (v) reduced lapse 

rates in the 1 -5km zone when compared to a deep moist adiabat; (vi) a stable bulge in the 

1 -3km layer; (vii) convectively-coupled gravity waves with counter propagating squall 

lines (i.e. reminiscent of the superclusters defined by Nakazawa 1988, and of the theory 

introduced in chapters 2 and 3).

The inhomogeneous distribution of precipitable water (PW) and surface precipita­

tion has previously been recognized in these types of experiments but features such as 

its spatial and time scale, propagation, intensity and relation to radiative forcing remain 

poorly understood. In this investigation, we explored the affect of vertical variations of 

radiation in promoting vertical distributions of clouds. These shallow clouds, nominally 

representative of shallow cumulus and cumulus congestus, were integral in creating the 

vertically increased moisture regions with lower static stability, which we termed as 

‘moist domes’. The increased moisture in the moist dome was shown to be directly 

attributable to shallow clouds enhancing surface evaporation, subsequently being trans­

ported in the vertical by deepening shallow convection, creating a deeper moist layer 

(l-5km) than would otherwise just exist in the tropical boundary layer.

In general, the atmosphere adjusts towards the in-cloud moist adiabat (Bretherton 

and Smolarkiewicz 1989), thus explaining why the observed (and modeled) troposphere 

grossly resembles that of a saturated surface parcel, except in regions below 5km and 

near the tropopause. The resulting lapse rate for a warmer moist adiabat is always 

greater than that of a cooler moist adiabat. Hence, for shallow entraining cumulus that 

ascend cooler adiabats, the gross troposphere appears stable and the plume detrains,
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noting that this does not imply zero buoyancy, just that buoyancy decreases with height. 

In this manner, deepening shallow clouds penetrating the overlying ‘stable layer’ were 

attributable to a reduction in the time-mean static stability in this layer as compared to 

non convecting regions. Thus, the process of deepening shallow cumulus is congruent 

with increasing moisture in the vertical and decreasing lapse rates, allowing the next 

cycle to ascend a warmer adiabat and penetrate vertically further, this process going 

on until, possibly, deep convection. In this context, the moist dome system creates 

a neutral lapse-rate pathway for deep convection while also reducing entrainment for 

deep convection when it forms.

The moist dome is enhanced by radiation due to the enhanced absorption that oc­

curs in the atmospheric window region of the IR absorption spectrum through a mecha­

nism known to be proportional to water vapor partial pressure. This enhanced low-level 

cooling induces a mean stabilizing affect in the l-3km layer that promotes plume de­

trainment and, thus, shallow convection. Although, we take note that radiation is not 

the only process important to low-level stability. The increased stability prevents deep 

convection from immediately forming and allows larger values of moisture to build by 

the evaporation processes associated with the shallow convection. Since this radiation 

feedback is sensitive to mean moisture path, it is dependant on SST. In this manner, it 

was shown that moist domes appeared to be active only for when the SST > 295K and 

that only in those cases did the low-level static stability deviate from that of a deep moist 

adiabat, thus confirming our hypothesis.

We believe that moist domes are active in those regions of the deep tropics where 

high PW exist, for example the tropical west Pacific (TWP). While it is widely recog­

nized that column moisture has a substantial effect on convection and subsequently sur­

face precipitation, the moist dome system provides additional mechanisms to promote 

this observed relation. The benefits of the moist dome system rely on the prevention of 

the immediate formation of deep convection such the the region must undergo a shallow
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cumulus transition that increases the PW while decreasing the static stability, this having 

two major benefits;

(i) since the deep convection that may ensue is a large sink of moisture, building up 

moisture for the event may allow further events to take place in a similar location. 

Also, the increased mid-level moisture reduces the effects of downdraughts into 

the sub-cloud layer.

a dO dx)
(ii) As N 2 = and w2 oc —-/W 2 (Holton 1992), a reduction in the static stability

0 oz oz
implies that for a given vertical pressure gradient, the vertical motion is enhanced. 

For the tropical atmosphere and this model, large scale waves dominate (Wheeler 

and Kiladis 1999) and a reduced static stability also implies a slower wave prop­

agation speed (Fulton and Schubert 1985; Emanuel et al. 1994, and others). Both 

effects enhance the triggering potential for such systems which then may posi­

tively feedback to the energy of that system.

It is convenient to cast these processes into four conceptual phases as described in 

this chapter, noting that they are broadly consistent with the observations of Stephens 

et al. (2004a).

Phase 1 Initially, the region is under the influence of a stable layer with little surface con­

vergence and the cloud mode is trade cumulus like as described by Betts and 

Ridgway (1989). Radiation strongly acts to enhance this stable layer by the large 

gradient of moisture at the top of the shallow moist layer much in the manner 

suggested by Mapes and Zuidema (1996).

Phase 2 Some disturbance forces convection which then builds the moist dome in the ver­

tical, as described previously. The moisture increases in the vertical while the 

static stability decreases.
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Phase 3 Deep convection may trigger or be ongoing and in balance with the shallow con­

vection moisture sources. The large scale forcing may leave the region but if 

the moisture remains adequate, the region will remain suitable for deep convec­

tion. Furthermore, the radiation mechanism is weekend by the reduced gradient 

of moisture in the vertical as compared to surrounding regions in phase 1 or 4 but 

will still promote shallow cumulus modes.

Phase 4 The region is depleted of its deep moisture by convective processes and/or the 

influence of a strong stabilizing process. The decrease of moisture in the vertical 

and increase in the low-level stability returns the system back to Phase 1.

In this manner, the TWP may be semi-permanently in phase 2 and 3 exhibiting 

trimodal cloud structures, deep moisture profiles and decreased low-level static stability 

(Johnson et al. 1999). Convectively-coupled waves appear to exhibit all phases as they 

pass through a region but the processes that define the scale of a moist dome in this 

mode are unresolved and is a topic of future research.
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Chapter 5

Conclusions

5.1. A New Theory

This investigation outlines a new theory for convectively-coupled waves based on a 

method for obtaining the particular solution of the forced /3-plane system with constant 

damping. Forced waves were shown to be governed by two equations, one for amplitude 

and the other for frequency (phase speed). The amplitude equation was shown to related 

to the real energy of the wave and the forcing term in this equation was referred to as 

the ‘real power’ of the forcing. The frequency equation was shown not to relate to the 

real energy but was conjectured to relate to the propagation of energy out of the forced 

region. The forcing term in this equation was termed the ‘radiant’ power. This derivation 

was then applied to the convectively coupled wave problem under the following three 

concepts:

•  a convectively coupled wave is a forced wave with the forcing defined by convec­

tive processes.

•  a convectively coupled wave is a coupled feedback system, wherein the forcing 

and wave mutually reinforce one another.
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• a convectively coupled wave exhibits phase-locked structures as it approaches 

steady state.

The particular solution of the forced problem showed that the phase speed difference 

between the forcing and that of the wave, denoted as 5c, is an essential parameter of the 

forced problem. Consideration of a general forcing revealed that the frequency of forced 

waves approached the frequency (phase speed) of the forcing in the steady state limit and 

this was termed ‘phase-lock’. Furthermore, observed properties of convectively coupled 

waves, in particular coherent structures outside the region of forcing and the observed 

energy spectra, could only be explained if 5c ±  0, nullifying the apparent paradox that 

attempts to match the speed of the forcing to that of the wave.

The notion of phase locking of the steady convectively coupled wave, which in this 

study refers to a wave response that couples to the forcing, was used to develop a number 

of properties of the coupled system. The properties that govern phase-locking of the 

wave to the forcing were introduced drawing from the concepts developed from radio 

engineering. It was shown that the condition for phase locking is:

|/c5c | / 7  < 1

and, depending on the sign of 5c, a stably phase-locked response either leads or lags the 

forcing in its respective propagation direction. The implications of this to the convec­

tively coupled wave are;

(i) convective forcing and waves of similar speeds (i.e. 5c —» 0) will phase lock more 

readily but for such circumstances the response of such a system is trapped in 

or near the region of forcing. Furthermore, if 5c =  0, the waves will always be 

in phase but not phase-locked since phase-locking requires the response wave to 

change speed to acquire the other. We illustrate in the next chapter that 5 c —>• 0 

cannot maintain the coupled system.
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(ii) larger scale waves (i.e. k -> 0) phase-lock more readily than smaller scale waves, 

suggesting that the observed coherent structures of convectively coupled waves 

are preferentially large;

(iii) the ability of the wave to phase-lock to convection will be highly dependent on the 

energy of the wave and that of the forcing. For example, weakly forced systems 

with B  —> 0 and thus 7 —>■ 0 or highly energetic waves (A oc and thus 7 -► 0) 

will tend not to phase lock. Thus the parameter 7 provides some measure of the 

ability of the wave to couple to and feedback back on its forcing.

5.2. The Forced Kelvin Wave

The problem of the forced Kelvin wave was studied to illustrate some fundamental con­

cepts of the theory developed. The main findings of this part of the research are:

(i) The solutions predict that a single wave produces two wave fronts that propagate at 

different phase speeds, one with a speed equal to the forced response and the other with 

a speed equal to the free response, explaining the observed energy spectra apparent in 

Two-Dimensional Fourier Transform (2DFT) analysis of OLR and other meteorologic 

variables (Wheeler and Kiladis 1999; Wheeler et al. 2000). We also note that a simple 

comparison of the apparent /3-plane frequency to that of a 2DFT of the physical solution 

is ambiguous.

(ii) Assuming a deep mode vertical structure, then conditions of low level convergence 

is required to sustain the (convective) forcing, and conversely divergence acts to destroy 

this forcing, then we show that the condition that 5c < 0 provides a system of positive 

feedback between the wave and the forcing. We also show that 5c =  0 results in a 

wave that is trapped to the forcing whereby half the domain comes under the influence 

of divergence which we suggests acts to shrink the forcing eventually eliminating it and 

the wave completely. The behavior of the damped solutions is similar to the undamped
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solutions except that the the divergence field, confined to the wave fronts of the un­

damped solution, extend out over the entire region of influence. The physical scale of 

this influence in the zonal direction was shown to be

R ix oc 8c/e

which reduces to the scale expected for a stationary forcing (Sc -> c) (Gill 1980). Fur­

thermore, these arguments are general to any vertical structure.

(iii) Consideration of the critical assumptions demonstrated that a mutually supporting 

convectively coupled system can only exist for the conditions;

—oo < Sc < 0

and that a convectively coupled system cannot exist at the bounds Sc -> — oo and Sc —» 

0. It was conjectured that an optimal value of Sc exists between these bounds and we 

deduce the relationship for this optimal value as

Sc oc —eax

defined in terms of the scale of the forcing (ax) and rate of damping (e). This relation 

was derived assuming that an optimal configuration of the convectively coupled wave 

is one for which the rate that wave energy propagates out of the forcing region (the 

derived radiant power) matches the rate that energy is created by the forcing (derived true 

power). A more mechanistic explanation of the propagation of a convectively coupled 

wave that leads to the same relationship is also presented based on the first two internal 

baroclinic modes in the context of Bjerknes (1938) “uniform adjustment” and Mapes 

(1993) gregarious convection hypotheses applied to the large scale flow. We show how 

this relationship correctly estimates the phase speeds of convectively-coupled Kelvin
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waves and, possibly, the MJO as depicted by Wheeler et al. (2000) using observed scales 

of convective forcing for typical values of ax. As a diagnostic equation, the relation also 

predicts damping rates consistent with the study of Wu et al. (2000a). Furthermore, the 

relation adheres to the multi-scale view of convectively-coupled systems with increasing 

propagation speeds at smaller scales (Nakazawa 1988; Straub and Kiladis 2002).

5.3. A Conceptual View

Figure 5.1 is a schematic of the monochromatic solution of convectively coupled waves. 

The figure schematically portrays the typical equatorial region with increased Sea Sur­

face Temperatures (SST) in the tropical western Pacific (TWP) with associated increased 

moist static energy in the boundary layer there. The tropical eastern Pacific (TEP) is a 

region of cooler SST and lower moist static energy. We envisage the TWP as a region 

of strong convection that forces waves, emanating ‘dry’ or ‘free’ waves, for example the 

45 ms-1 deep wave. The only waves that reach the TEP are the intrinsically fast waves 

by the nature of their large region of influence, as observed (Milliff and Madden 1996; 

Wheeler et al. 2000). Furthermore, these fast waves will tend to be highly energetic 

since one might assume they may have been coupled and amplified as they crossed the 

TWP, resulting in large (A). As these waves reach the TEP, the wave induced subsidence 

will adjust the atmosphere towards a moist adiabat reminiscent of the TWP. While this 

would imply increased shallow convection, unlike the RCE-CRM models experiments 

discussed in chapter 4, the shallow convection will be unable to ever achieve a moist 

adiabat of that of the upper troposphere as the SST is less in the TEP than the TWP and 

the effect of shallow cumulus would only excite a weak moist dome. The result is thus 

weaker or non-existent convection, implying that B 1WP > BTEP and thus:

7 t w p  > >  7 t e p  
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Hence, the condition for phase-locking is more readily achieved in the TWP than the 

TEP and that convectively-coupled systems will decouple or not form at all in the TEP.

5.4. The Effects of Shallow Clouds on Wave Forcing

The theory assumes that the forcing is given and predicts a continuous spectrum of 

wave speeds and, while this behavior is broadly observed for the Kelvin wave and MJO 

(Masunaga et al. 2006), there is notable structure in observed OLR occurring as spectral 

peaks in k (Wheeler and Kiladis 1999) suggesting that notable structure also exists in ox. 

We suggest that such structure is governed by other processes that influence the diabatic 

heating, for example the Humidistat feedback (Stephens et al. 2004a), meso/multi-scale 

convection (Nakazawa 1988; Mapes and Houze 1995), convective aggregation (Tomp­

kins 2001b; Bretherton et al. 2005) and the influences of shallow convection.

Using large domain radiative convective equilibrium cloud resolving model (RCE- 

CRM) experiments, we concentrated on the role of shallow clouds in shaping the heating 

structures so integral to the findings just mentioned. It was found that deep convection 

always occurred in regions of high column precipitable water, a finding well noted in 

many such experiments. We termed these regions ‘moist domes’ because of their appear­

ance as vertically stretched domes of increased relative humidity. These regions were 

shown to coincide not only with the deep convection but also copious amounts of shal­

low clouds. The low level static stability in the moist domes was shown to be episodic 

in nature with periods of increased stability and decreased cumulus cloud development 

and, conversely, with decreasing stability and increasing cumulus cloud development. It 

was revealed by a compositing technique that identified deep convective events that deep 

convective events are always preceded by deepening shallow cumulus convection asso­

ciated with decreasing low-level static stability and that the decreasing static stability 

was directly attributable to the shallow cumulus convection.
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The moist dome system is enhanced by radiation due to the enhanced absorption 

that occurs in the atmospheric window region of the IR absorption spectrum through 

a mechanism known to be proportional to water vapor partial pressure. This enhanced 

low-level cooling induces a mean stabilizing affect in the 1 -3km layer that promotes 

plume detrainment and, thus, shallow convection. We take note, however, that radiation 

is not the only process important to low-level stability. The increased stability prevents 

deep convection from immediately forming and allows larger values of moisture to build 

by the evaporation processes associated with the shallow convection. Since this radiation 

feedback is sensitive to mean moisture path, it is dependant on SST. In this manner, it 

was shown that moist domes appeared to be active only for when the SST > 295K and 

that only in those cases did the low-level static stability deviate from that of a deep moist 

adiabat, thus confirming our hypothesis that shallow cumulus clouds are the cause for 

low-level static stability deviations in observed soundings.

We believe that moist domes are active in those regions of the deep tropics where 

high PW exist, for example the tropical west Pacific (TWP). While it is widely recog­

nized that column moisture has a substantial effect on convection and subsequently sur­

face precipitation, the moist dome system provides additional mechanisms to promote 

this observed relation. The benefits of the moist dome system rely on the prevention of 

the immediate formation of deep convection such the region must undergo a shallow cu­

mulus transition that increases the PW while decreasing the static stability, this having 

two major benefits;

(i) since the deep convection that may ensue is a large sink of moisture, building up 

moisture for the event may allow further events to take place in a similar location. 

Also, the increased mid-level moisture reduces the effects of downdraughts into 

the sub-cloud layer.

q 30 3d
(ii) As N 2 =  and w2 oc — /A"2 (Holton 1992), a reduction in the static stability

u Oz Oz
implies that for a given vertical pressure gradient, the vertical motion is enhanced.
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For the tropical atmosphere and this model, large scale waves dominate (Wheeler 

and Kiladis 1999) and a reduced static stability also implies a slower wave prop­

agation speed (Fulton and Schubert 1985; Emanuel et al. 1994, and others). Both 

effects enhance the triggering potential for such systems which then may posi­

tively feedback to the energy of that system.

5.5. Future Work

The current work only considers the forced Kelvin wave in detail while we have stated 

that only about half the power exists in Kelvin waves for the first two internal modes. 

Hence, calculations of the full power spectrum for all waves is the immediate next step. 

Following this, specific consideration of the MJO and explanation for the lack of the 

MJO in GCM simulations needs to be addressed. The concepts introduced to explain the 

observed features of the convectively-coupled waves can be considered a new adaptation 

of wave-CISK and further exploration of wave CISK within the context of the theory 

developed deserves further attention.

The RCE-CRM models are also an ideal environment for understanding some of the 

more elementary features of the meso- and cumulus scale interactions that presumably 

govern the forcin. We plan on continuing to use these models to better understand the 

factors that shape the forcing function and, in particular, the mechanics behind water 

vapor self-aggregation. Since these models contain convectively-coupled waves, a more 

critical assessment of the theory derived here is planned to hopefully elucidate some of 

the processes that couple the large range of scales that appear to be relevant to convec- 

tively coupled waves.
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Cool, TEP

y »  1 7 ^ 0

Figure 5.1: Conceptual view of the forced wave (B ) and wave response (A) as it varies 
from the tropical west Pacific (TWP) to the tropical east Pacific (TWP). The amplitude 
of A  and B  notionally indicate the strength of the wave and forcing, the ratio of which 
is 7 whose value determines the ability to phase lock.
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Appendix A 

Generalized Vertical Co-Ordinate On a 

Cartesian Plane

The derivation for a general vertical co-ordinate is now presented. We wish to convert 

some variable ip from one set of dependant variables to another but where only the 

vertical co-ordinate is changed, such that;

ip (x ,y ,z , t )  ip (x,y,r)(x ,y ,z, t) ,t)

Where the new vertical co-ordinate r)(x, y, z, t ) is arbitrary. One condition on 77 is that it 

must be monotonic so that every vertical level has a definite position. It would first help 

to restate the quasi-static primitive equations in cartesian coordinates, explicitly stating 

where the vertical co-ordinate is held constant with respect to a differential. Note that 

the /-plane approximation has been made.
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Where

All terms with respect to z surfaces must be transformed to be with respect to y surfaces. 

Using the chain rule on some variable ip;

4 )  = ( 4 ) ( I )  + d r)  ( 4) + (4 ) (4) + 4(4dt J z \ d t J n \ d tJ z  \ d x J r , \ d t J z  X d y J r tK d tJ z  dy \ d t

Knowing that in the natural cartesian co-ordinate system, (x, y, z, t ) are all independent 

and orthogonal, they have no derivatives amongst them, thus the first and last terms on 

the right hand side are zero. Then, following the same procedure for x  and y;

dip' 
dt 
dip" 
dx  
dip'

dip
~di
dip
dx
dip
dy

dpi f  dy
+

dy \ d t  
dip (  dy 
dy \ d x  
dip ( dy 
dy \ d y

(A.2a) 

(A.2b) 

(A. 2c)
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Special care must be taken with the z-ordinate;

dip _  ( dip\ dt ( dip\ dx ( dip\ dy dip dr]
dz \ d t  )  ̂ dz \ d x ) v dz \ d y  )  ̂ dz ^  dr) dz

dip dr) 
di) dz

Substituting (A.2a)-(A.3) into the material derivative (A) for an unknown ip;

(A.3)

+
dr)\ ( d i)\ ( dr)\ dr) 
M j z + U \ ^ ) z + V \ ^ ) z + Wd~z.

d
dr)

d \  f  d \  /  d \  . d 
d t ) T1 + U { d x ) ri + V { d y ) n + rifr,

D t ) ,

Note that the new form of the material derivative is designated specifically as the (-§{) ■ 

Hence, f) = ijpi)z =  {jpi)rj but that this second form actually yields no informa­

tion. From here on, subscripting on the ^  operator is dropped due to their equivalency 

(except when calculating rj). Physically, f) is the particle velocity perpendicular to r) 

surfaces. Similarly, (u ,v ,w ) are all velocities along the natural orthogonal variables 

(x, y, z), respectively. For example, w = ~  and so forth. Hence, special care must be 

taken when w appears explicitly in the equations as we wish the equations to be with 

reference to a new, arbitrary vertical co-ordinate. As this arbitrary co-ordinate is not 

necessarily orthogonal to (x, y, t), an expression relating w to the new velocity r) is de­

sired. As w only appears in the continuity equation (A.Id) as |j j ,  we can guess this to
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be our desired form;

dy
dy

d /  Drj 
dr] \  Dt
dz

d_
dr]

dr]
dt

u
dr]
dx

dr] 
dy

w
dr]
~d~z

drj
d dr] d dy d dr) d dy
d td z  JrU dx dz V dy dz ~^Wdz dz

+
dz
dy

dz D dy /  dy
dy D td z  +  \ d x

dy
d x ,  z

du 
dy

du ( dy \  dv dy dw 
dz  +  \  dy )  dz ^  dz dz

+
dy \  dv dw 
dy )  z dy +  dz

x
dz
dz

Rearranging

dw dy dz D dy
dz dy dy Dt dz

d y \  du
dx )  „ dy

d y \  dv 
d y ) z dy

(A.4)

Substituting (A.2a)-(A.3) and (A.4) into the continuity equation (A.Id);

D \n p
+  K d x ) r̂  dy \ d x )  \ d y )  ̂  dy \ d y )

' dy \  dv

Dt
du
dx

du /  dy 
dy + |A )  +d y j v dy \ d y J

dy dz D dy 
dy dy D t dz

dy
dx

du
dy d y )  dy

D ln p
Dt +

du
dx

f  d v \  dy dz D dy
v d y )  dy dy D td z

(A.5)
V \ v / q

The last term can be simplified using the hydrostatic equation and solving for p. By 

definition, p is always positive so we can cast the equation as such;

1 dp 1 dy dp
g dz 9 dz dy

=  m
dy
dz

(A. 6)

Where

m  =
dp
dy

(A.7)
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is known as the pseudo-density because hydrostatically dp — gd(mass)/ d/xdy => d(mass) 

pdzdxdy =  mdpdxdy. dr) may contain information about mass and length, in which 

case m  is a modifier to convert this number to an actual mass, just like p does to a vol­

ume element, dzdxdy. Note that the absolute sign could be dropped because r/ and p are 

monotonic.

Now taking the of A.6;

D ln p
Dt

D_
Dt

In m  +  In
dr)
dz

D ln m  dz D dr) 
Dt  +  'dpW tdz

Now substituting this into the last term of (A.5) to get the new form of the continuity 

equation;
Dm
~Dt

4- m (?) + V3\ d x j  \ d y
d v \  dp 

+  TT
n dri

0 (A.8)

We now transform the hydrostatic equation (vertical momentum equation) with A.3;

dp _  dp dr) _  
dz dp dz ^

dcf>
dp

1 dp 
p dp

(A.9)

where <p =  gz.

The last terms to transform are the horizontal pressure gradient terms. For this, 

substitute ip =  P into A.2b and ip =  <p> into A.3, noting that (f^) =  0, eliminating 

(f^) between them and using the hydrostatic equation to relate to to, we find;

1 {dp  
p \ d x

1 dip ( dp
dx ) v m d p  \ d x / dx

Where the last term is for the special case p =  f(p)  only. This applies similarly for the 

y component too.

Restating the complete, generalized vertical co-ordinate system on the cartesian
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plane, with the First Law back in explicit form;

Du
~Dt
Dv

d<f>
dx
dc/)
dy

1 d(j) f  d p \
+ \ d i ) n + f V  +

+ l_9l ( 9p \  _ f u  + F
m  drj \ d y  J^  y

D m
~Dt

+  m

d(f)
drj

du
dx +

1 dp 
pdrj

dv \  drj 
d y ) n + drj

c p r _ i D p  = 
p D t p Dt ^

p = pRT

(A. 10a)

(A. 10b)

(A. 10c)

(A.IOd)

(A.IOe) 

(A. 1 Of)

where

D_
m + u

d_
dx

d \  . d
V [ d y j n + Vdv

f  = 20 sin 6 V =
D rf
~Dt

m
dp
drj

Log-Pressure Co-Ordinate

Now for the special case of rj = In (pojp) =  z*.

V = Poe v = pQe z
dn D 7 *
—  =  - p  m = \-p\ /g  =  {po/g)e-z’‘ fj =  —  =  w*

Where w* defines the In —p velocity. As p is a function of rj, the second term in the 

horizontal pressure gradient force is zero. Similarly, as m  = f(p) — /(//), all but the 

last term in the material derivative are zero, and by direct substitution, =  —w*.

143

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The right hand side of the hydrostatic equation becomes p /p  = R T  by the ideal gas 

law. Furthermore, as the First law contains the term jjj- and p = /('//), this becomes 

=  —w*p which allows the first law to be written as ^  +  kT w * = and the entire

system can be written as;

Du d(j> 
D i ~ ~ d i  +  f V  +  F l
Dv d(j>
Dt dy

dcj)

- f u  +  Fy

*  R Tdz
du dv dw
H  ̂ "o------w ~dx dy dz

D T  . r p  Q

- m + , i T w = c f

p =  pRT

Where

D d d d d
D i = m + u a i  + ' %  + wTz

With subscripts dropped and w =  w*.
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Appendix 6

The Hermite Polynomials

Various methods for defining the Hermite polynomials are available. The discussion 

here permits the derivation of the form of the Hermite polynomials, their reoccurrence 

relations and the differential equation that they inherently satisfy.

Beginning with the function definition;

F°(z) = e~z2

F 1{z) =  ^  =  -2 ze~ z* dz

F Hz) =  0  =  (4z2 -  2K ' !
/ jn  TP

F n(z) = t e T  = H  )nHn(z)e-'*

Where Hn are the Hermite polynomials, such that;

H0(z) = 1 

Htiz) = 2z 

H2(z) =  Az2 — 2
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Where the definition of Hn arises from rearranging the general expression of F n(z). 

Now taking the Taylor series expansion of F(z  — t);

This is known as the generating function. One might quickly see that describing the 

Hermite polynomials from this series would be painstaking compared to the initial de­

finition. However, by taking the derivative with respect to t of this expression, we can 

form a recurrence relation that provides the simplest method for generating the Hermite 

Polynomials;

Writing F (z — t) = e ^  ^  = e z2+2zt then;

OO

We now wish to have all t  to the same power, so, re-indexing appropriately;
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Note that the summations are not of the same order. Furthermore, the indexing on the 

Hermite polynomials involves +1 and -1. As we know the first two Hermite polynomials 

(H0 and Hi), we can assume the summation starts from H2, or n =  2, thus

oo n  00 i n  oo j n

2 z E “7 -  2 E ?  T Y i^ -'W  =  T,~t TTT^+iW“  n(n — 1)!

Hence,

Hn+i(z) =  2zH n(z) -  2nHn_i(z)

In a similar fashion, differentiating the generating function with respect to 2;

OO

Hence,

„ n\ dzn=0

OO j j f \  QG j Y i  J

2t y 2  — Hn(z) =  V  —— Hn(z)
“  n! n! az
7 7 = 0  77= 0

0 0  47 7 + 1  0 0  j .n  j

z—' n! ^  n! az
n = 0  n = 0

-777 777

2E ^ - w = E ^ « » w
77=1 v ' 77=0

° °  477 ° °  4.77 J

2 E  7--------------------- =  E  I  oT T T ^ WZ- i y n — 1)! ^  nm  — 1)! cfe
n = 2  v '  r i = 2  v 2

■£Hn(z) = 2nHn-i(z)

The Hermite Polynomials also satisfy a general class of differential equations. By 

Taking the ^  of the Hermite recurrence relation;

^ H n+1(z) = 2Hn(z) +  2 z -^ H n(z) -  ^ n H ^ z )
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and substituting the differential recurrence relation;

d d2
2(n +  1 )Hn{z) = 2Hn{z) +  2z — Hn(z) -  Hn(z)

( | j - 22I + 2 ” ) f " w  =  0

In Summary;

The Hermite Polynomials are given by

H0(z) =  1 

H x(z) =  2z

— 2zHn(z) . (^)

and have derivatives by;

^ H n( z ) = 2 n H n^ ( z )

They have the symmetry property that;

Hn( - z )  = ( -1  )nHn(z)

They are orthogonal to the weighting function e~z2 such that;

/»oo

/  Hm(z)Hn(z)e-z2 =  5mn2nn \ ^

and thus form linearly independent solutions to the general differential equa­

tion

i ? - 2z i + 2 n )  H " { z ) = 0

148

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix C

Orthogonal Eigenfunctions for the 

Degenerate k  —  0 Rossby Mode

For the r  =  0 root of the cubic dispersion diagram, as k —>• 0, v  —>• 0 for n  >  1 

such that degeneracy occurs and orthogonality is not guaranteed by the uniqueness of 

eigenvalues. To find the orthogonal eigenfunctions, we wish to take the limit of the 

known eigenfunctions as k —>■ 0, which by the dispersion equation, implies that k «  1 

and v  «  1. Ignoring higher powers of these parameters, the dispersion equation 

becomes:
ck

u ~  2n - T T  (C 1 )

Substituting this into (2.38) and taking the limit as k -* 0, noting that we have evaluated 

the normalization constant, we find:

K ».o(0 ,y )
\/2vr4 y/2n +  1

(n + l ) 12'Hn- i ( y )  - n z k i n + i i y )  

0

(n + l ^ H n - i i y )  +  n^Hn+iil

n > 1

(C.2)

which can be verified to satisfy (2.32) by direct substitution.
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Appendix D

Power Series Solution of Hermite’s 

Differential Equation

Although the solution to Hermites’ differential equation are known, this derivation high­

lights some useful properties and points relating to the solution. Defining the power 

series and their first two differentials ;

OO
V (k ,y)  = ^ a mym (D.l)

Then

m=0

7T' 'r  OO OO

_  =  mamym~l =  mamym~~l
m= 1 m=0

where we can index m  from 0 instead of 1 because ( ~  ) = 0 . Taking the derivative
\ ^ / m=0

of this and re-indexing with m  =  m + 2;

d2 V  °°
5 3 (m -  1 )m amy m 2 =  +  l)(m + 2)am+2y rdy2
m = 2 m = 0

150

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Substituting these into (2.24);

OO
^  [(rn +  1 )(m +  2)aTO+2 +  (R -  2m) am] ym = 0
m = 0

where R  = ^  — |A;2 +  — 1. As ym =  0 only for y == 0, we require the bracketed

term to be zero for all m  to guarantee that the power series (D.l) is a solution to the 

differential equation (2.24). This yields the recurrence relation for the power series 

coefficients as;
_  2 m  — R

am+2 =  7 : 7T7 r~n\am (D.2)(m +  l)(m  +  2)

Thus (D.l) and (D.2) form a complete solution for (2.24).

Harmonics of The Power Series

The form of (D.l) as an infinite series is not very practical nor insightful. We first 

note that the recurrence relation has two unknowns, a0 and aj. From these, the even m  

completely depend on a0 and the odd rn on (y . As a() and ai are constants of integration, 

they are completely arbitrary and we simply choose a,0 =  1 and a} = 2 .  It is evident 

that, as rn 00, am+2 —>• 0 such that the power series is truncated at some point if R  

is finite. Thus the complete infinite series is not required to represent the solution for 

R < 00. Clearly, if R  =  2n and (n — 0 ,1 ,2 ,..., 00) then the series is truncated exactly 

at m  =  n for either the odd or even m ’s following but not both. Using this property, we 

divide the complete solution into a set of even and odd solutions, such that:

OO OO

v (k ,y )  = ' 5 2 amym +  E  a™ym
f = 0  ^ = 0

The even series solution will be truncated if n  is even and the odd series solution if n is
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odd, which defines the harmonics:

(  n

Hn =  <

hmym if n even
2 u

n

Y  hmym if n  odd

V. 2 -=0

R  = 2n and n =  0, l,...,o o

where the harmonic coefficients are defined as hm to distinguish these from the full 

solution am and that;
, 2(m -  n) _
hm+2 =  7 : 7w ; hrn (D.3)(m + 1 )(m  +  2)

We now evaluate the first few n  and chose ho and hi to make all coefficients integers;

#o =  l

H 1 ^ 2 y  

H2 =  % 2 -  2 

# 3 =  % 3 -  12y 

H4 = 16y4 -  48y2 +  12

ho — 1

hi =  1 

ho =  2 

h i  =  12 

ho =  12

Which are formally equivalent to the Hermite Polynomials. This is expected since we 

have already shown that the solutions to the Hermite Differential equation are the Her­

mite polynomials and that they consist of odd and even functions. The utility of this is 

that it can now be shown that the sum of these Harmonic solutions, with the appropriate 

weight Wn, are equivalent to the general solution. Redefining the harmonic (Hermite) 

polynomials as;

Hn = Y  ]l r
m=0
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Noting that hm are the Hermite Coefficients, which depend on n, then;

oc OO
V (k ,y)  = Y ,  arnVm =

m —0 n=0
OO 00

= J 2 w '‘ J 2 h’-ym
n=0 m —0

oo oo

n= 0 m=0 
oo oo

m = 0 n = 0

This is true if, and only if;

O O

am = Y l Wnhm m =  0 ,l,...,o o  (D.4)
n = 0

This explicitly states that the true solution is the sum of weighted basis functions (Her­

mite Polynomials). From Appendix B, we also know that the basis functions are orthog­

onal. This is a classic result of linear differential equation theory in that the true solution 

of a system with boundary conditions will be some combination of constants (an eigen­

vector) multiplied by basis functions (eigenfunctions) whose linearly independence is 

guaranteed if their eigenvalues (R  in this case) are unique. Note that if the eigenvalues 

were not unique, care must be taken to make sure the eigenfunctions are. If this were 

note the case, there would be multiple harmonic basis functions with the same form - 

that is they would be identical Hermite Polynomials but with a different index n. In this 

case, (D.4) could not be true because Wn would be identical for both n yielding a value 

of a,m twice as large as required.

The utility of the power series derivation is to highlight that R  =  ( ^  — j k 2 + c^ — l) 

is not discrete but is continuous and that harmonics exists only because the solution 

can truncate, based on the boundary conditions. One must be careful not to interpret 

the harmonic functions as the actual solution since, as this derivation proves, the true
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solution is the sum of all harmonics. In the case that R m n for the true solution, 

then it is easily verified that the basis functions whose index is n will dominate the 

solution. These arguments are analogous to the mechanics of a Fourier transform and in 

that manner, one must consider all basis functions when refereing to the true, physical 

solution.

In summary, the re-dimensionalized solution of

is

if
is c k
—  -  —k2 + c 1 =  2n (n =  0,1,..., oo)
cp p v

and C  is some constant.
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Appendix E 

Analytical Solution for Gaussian 

Forcing in the Meridional Projection

We now assume that the structure for any of the forcing terms are gaussian in y, that is 

that the forcing is separable such that;

W ( k ,  y, t ) =  W(k, t) e~(y ~  ^o)2/®2

Where y0 is the latitudinal offset of the forcing and a is the forcing radius, both in rn’s. 

Then the inner product for the meridional transform becomes;

Wn,r(k,t) =  ,(*;,?/))

Noting that the backward transform remains the same. When the inner product is com­

puted, the following term appears commonly among the different components;

r  * .(* )« -< # - h o v *
J —oo
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This integral has mixed units, so we non-dimensionalize y, yo and a by the usual substi­

tution () =  ( ) while also substituting the full form for H n;

(2nn!)l(c//3)^ Hn(y)e ^  e ~ ^  ~  ^ ) 7 « 2(

Combining the exponentials exponents into one term

1 2̂ / * ^ \2 /a2 2 + a
-2y  — (y — yo) /«  =

42/q
2 +  a2 -  i/o2/« 2

Complete the square of the term in brackets using the formula y2+by =  (y+b/2)2 —b2/A

2 +  d/ 
2a2 '

2yo \ 2 4yo2

\/2  +  a2 „ y0 \/2

2 +  a2/  (2 +  a2)2

2 - 2 
yo

-  y V / a 2

\/2d  a \/2  +  a2 /  (2 +  a2)

The integral now becomes;

i/o
I'+n-V 2(2nn!) (2 +  a2) fJ  — c

"s/2 +  a2 „ yo a/2

\/2a ^ aV2 + az
dy

From Gradshteyn and Ryzhik (2000);

( i - « 27

Setting

v /^ T a 2
\ [2 a

Y  = i/ov^
aV2 +  a2

a X  =  y
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and noting that 1 — a 2 = 1
2d2 2 - a 2

2 +  a2 2 +  a2
l . a

- 7- y

. Care must be taken with the resub­

stitution of H n, since it contains the term e 2 , which we combine with the leading

exponential.

(y -  yo)2/a2U n(y)e
i

f  a2y02
(c//?)5e — d4

dy

2tt a2
2 +  a2 \ 2 +  d

2 \  +2
U r 2yo

where 0 < a < \/2

Note that as 0 < a < ^ 2 c/j3, the shallow modes can not extend far in y for this to 

remain valid. We now use this integral to complete the inner product for all components 

and find that the full spectral transform of the forcing is;

Wn,r(k,t) = 

(

W

(c/2/3) 2 (71 +1)2 (Pn ,r ('k^Qn^-i +  7 1 2 ( Vn,r T c^)0n— 1

-  C2k2)gn
1 1  1 

(2 c / ? ) “ 2 (n +  l ) 2 ( i+ ;r. -  ck)Qn+1 -  n 2(i+>r +
\

N„ r n > 0

(:2A H  0o

I V 1 /
and

gn = c e

«¥q2 , ! ,
_ 2 \ 4  _  ^4 j  (  2ird2 y  ( 2  -  a2\ n‘' nt (  2y0

2 +  a2 /  V 2 +  a U r,
s/4 — a4

n =  —1

noting that () =  () y//3/c.

A special case of this projection is when y0 =  0. This dictates that the only values
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of Qn that can contribute are ones in which 'Hn(O) ^  0, which can only be satisfied for 

the symmetrical class of Hermite polynomials (even n). If the forcing is in U or $  then, 

by the above equation, only odd values of n in Wn ,r will have non-zero spectral power, 

which then correspond to the symmetrical structure functions in U and <f>. Thus, the 

equator must be a local maxima/minima for these fields, which then implies no first- 

order cross-equatorial gradients. Furthermore, as V  projects onto the odd functions, 

it must be zero on the equator. Note that forcing in V  will produce the opposite effect 

with cross equatorial flow (nonzero V ) with zero U and <f> and, possibly, cross equatorial 

gradients.
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