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ABSTRACT

VISCOUS REGION OF TURBULENT BOUNDARY LAYER

The nature of mean and turbulent motion in the viscous
sublayer of a thick boundary layer with zero pressure gradient has
been investigated. Measurements have been made of the mean motion,
two of the turbulent velocity components, the turbulent shear stress,
and spectra of the longitudinal component of the velocity fluctuation.
Traverses were made through approximately one=-fifth of the boundary
layer, which was approximately 32 inches thick. The boundary layer
was developed along the floor of the wind tunnel test section for 85 feet.

The turbulent shear stresses and the turbulence intensities
were evaluated from a single rotated wire. A detailed account is given
of the theory concerning the yawed wire operation. Included are cor-
rections for the results from normal and yawed hot wires when operated
in large mean velocity gradients and/or turbulence intensity gradients.

By assuming local similarity. the semilogarithmic velocity
distribution can be derived. However, when local similarity is

oU
assumed, it is required that — 0 or that -E?—T— = 0 in the

ox dy
region where the law of the wall is valid. The measurements confirm
the existence of a constant shear-stress region near the wall. How-
ever, the results show that the constant shear layer does not exist as

far out as where the semilogarithmic velocity distribution is valid.

Cross-checks were made between mean flow measurements,



turbulence measurements and wall shear-stress measurements. The
results were compared with existing theories for boundary layer flow
near the wall.

Energy spectra of the streamwise turbulence component
indicate that the theory of local isotropy can be applied to turbulent
shear flows. This is especially true when the boundary layer is
allowed to develop for a relatively long time. Measurements indicate
thatﬁ is much closer to ﬁ in magnitude as compared to the
results from small scale boundary layers. This study was made in
connection with a program which intends to give criteria for the

modeling of atmospheric boundary layers in the wind tunnel,

v
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Chapter 1

INTRODUCTION

Much progress has been made in the measurement of mean
and fluctuating quantities of specialized turbulent shear flows. Most
of the experiments have been made in free turbulent shear flows,
because the absence of solid boundaries facilitates the measurements.
Fully developed turbulent flow in pipes and channels has been investi-
gated in great detail by Laufer and other investigators. The research
in two-dimensional boundary layers has been limited to relatively thin
boundary layers. The characteristics and structure of the turbulent
boundary layer with zero pressure gradient has been investigated by
Klebanoff (19) and Townsend (39). A great deal of emphasis was
placed on the turbulent energy balance in these experiments. Sandborn
and Slogar (30) investigated the distribution of terms appearing in the
equation of motion in a turbulent boundary layer with a progressively
increasing adverse pressure gradient. The results given by Schubauer
and Klebanoff (34) show that the measured skin friction is higher than
the expected values. This was observed in the region where the longi-
tudinal pressure gradient was small. Sandborn and Slogar (30) report
that the shear-stress measurements by Askenas, Riddell, and Rott at
Cornell University were inconsistent with the expected values. They
found that even for zero pressure-gradient flow, the measured shear-

stress curves show a maximum away from the wall.



An adequate model for the turbulence is not yet available.
Great mathematical complexities are encountered in the solution of
the Navier-Stokes equations. In order to make any progress, hypothe-
ses have been made. These hypotheses attempt to explain the physical
processes occurring in turbulent boundary-layer flow. The mixing
length theory is one of such attempts. Although this theory gives good
engineering results, the theory does not give any insight into the phy-
sical characteristics of the production and dissipation of turbulence.
A better model for the turbulence, which is consistent with recent
observations concerning the detailed structure of the turbulence, is
not yet available.

In the last two or three decades the statistical treatment of
homogeneous isotropic turbulence has been quite successful.
Kolmogoroff's theory (1) of local similarity of the small scale eddies
of the turbulence has led to this success. Much time and effort has
been spent to find an acceptable theory for the transfer of energy of
large eddies to the small eddies. Based on existing evidence, the
eddy-viscosity transfer theory due to Heisenberg (16) has been gen-
erally accepted. Many attempts have beenlmade to apply similar
methods to the study of turbulent shear flow. The merits of these
methods have not been fully assessed, due to the difficulties encoun-
tered in measuring the energy dissipation and energy transfer of the

turbulent energy.



Hot wire techniques have been used quite successfully to
obtain an understanding of the mechanisms which are the cause of
production and dissipation of the turbulence. However the uncertainty
in the measurements using hot-wire techniques is appreciable and not
completely evaluated. A number of assumptions are necessary to
evaluate turbulent quantities from hot-wire anemometer measurements .
Under direction of Professor Sandborn (32), a long term project has
been undertaken at Colorado State University to improve on existing
hot-wire techniques.

In this report, experimental studies of the operation of hot
wires in turbulent shear flow are described. The experiment was
carried out in connection with a program which has as its goal the
modeling of atmospheric boundary layers in the wind tunnel.

A detailed account is made of the sensitivity of hot-wire output with
respect to changes in velocity and angle of yaw. The turbulent velocity
component in the y-direction and turbulent shear stress are evaluated
from yawed wire measurements. Cross checks are made between
turbulence measurements, mean flow measurements and wall-shear
measurements. The results cast doubt on the use of the basic as-
sumptions in the evaluation of yawed wire or crossed-wire data. The
uncertainty in the measurements is especially true in the presence of
large mean-velocity gradients and large gradients of turbulence inten-

sity which occur in the viscous sublayer. Finally. energy spectra



were measured in the viscous sublayer to see how far the theory of

locally isotropic turbulence can be applied to turbulent shear flow.



Chapter II

THEORETICAI. BACKGROUND

2.1 The Turbulent Boundary laycer

At the turn of the century, Prandtl showed how viscosity affects
the flow past a solid body. [For fluids with a low viscosity, this effect
is limited to a thin layer in the immediate neighborhood of the solid
boundary called the boundary layer. The flow in this layer can either
be turbulent or laminar. The laminar boundary-layer problem has
been solved. However, at the present the problem of the turbulent
boundary layer is still far from solved. Attempts have been made to
utilize the information from the laminar boundary-layer theory in the
turbulent layer. Although several models have been introduced, a
consistent model for the turbulent flow is still missing.

The development of the boundary layer is greatly influenced by
the free-stream pressure gradient and the nature of the surface rough-
ness. In order to keep the case simple, the boundary layer developing
along a smooth flat plate with zero pressure gradient is being con-
sidered. When the flow is also considered to be two=dimensional and

steady, the Reynolds equations of motion reduce to

aU U 92U duv u’ 1 9P
U— + Vo = Y - - - = e— 2=1
Ix oy dy? oy ax p OX ( )
and
duv ov 2 1 aP
. 4 9F Pl



Neglecting the term a;v , one may obtain after integration of (2-2)
X
P
P . @ ve o {3=3)
P P

The x- and z-axes coincide with the surface of the flat plate, the x-axis
being in the direction of the mean flow, and y-axis is at right angles to
the surface (Figure 1). The Reynolds equations of motion are the re-
sult of the statistical averaging of the general Navier-Stokes equations
and the required continuity condition. A mathematical solution for
these equations has not been obtained due to their non-linear character.
Differentiation of equation (2-3) with respect to x and substitu-

tion in equation (2-1) gives

P
U oU 1 e 9%u
U % + VW‘ B E % + v 8y3
ouv D a2 =s
il (u® - v*) (2-4)

Experimental evidence, such as given by Sandborn and Slogar (30),
s e

indicates that the terms % and al:( are unimportant as long

as separation is not approached. When the condition of zero pressure
gradient outside the boundary layer is imposed, the governing

momentum equation becomes

au 8U d%U duv 1 ot
UBx * Vay - ay2 dy  p By ' (2-5)

The boundary conditions are
for y=0 : U =V =0 uv = 0

for y-ssc0 : U = U uv = 0



The momentum equation is to be used in combination with the
continuity equation,

ou oV
ol = Do o 2-6
e 5 0o . (2-6)

The momentum equation is similar to the one for the laminar boundary
layer, except for the term with the correlation of u and v . The
term -puv is known as the turbulent shear stress in the x-direction,
also known as one of the Reynolds stresses. The total shear stress is
made up of a turbulent part and a viscous part. Adjacent to the solid
surface the viscous shear dominates, and away from the wall the tur-
bulent shear dominates.

The momentum equation for the turbulent boundary layer to-
gether with the continuity equation form a set of equations which is
indeterminate. There are more unknowns than there are equations.
The problem is now to find a relation between the Reynolds stress and
the mean flow. So far, a satisfactory solution to this problem has not

been obtained.

2.1.1 Flow near the wall - Close to the wall, the flow is greatly

influenced by the presence of the solid boundary. When the wall is
approached, the effect of viscosity gradually increases with the result
tha: the turbulence becomes less important. Consequently, the viscous
shear stress increases in importance with respect to the turbulent
shear stress. At the wall itself it is assumed that the turbulent shear

stress vanishes completely. The wall-shear stress can be expressedas



T = u (—g—;—J- . However, the region adjacent to the wall. where

w -0

the viscous sh:ar cannot be neglected. is relatively small with respect
to the entire boundary-layer thickness. This means that the change
from almost completely viscous flow to fully turbulent flow takes place
in the "viscous sublayer'. This sublayer may be subdivided into two
regions. The first is the 'linear sublayer'' where the velocity profile is
almost linear when no longitudinal pressure gradient is present. The
remainder of the viscous sublayer includes the region where the turbu-
lent shear stress cannot be ignored. At the outer edge of the viscous
sublayer, the viscous shear becomes negligibly small in comparison
with the turbulent shear.

Close to the solid boundary, the mean flow must be parallel to
the floor. Consequently, the magnitude of the vertical component of
the mean flow is zero or nearly zero. Away from the wall, the vertical
component becomes larger but it always will be small compared to the
longitudinal component of the mean velocity. If V =~ 0 near the wall,
the continuity equation demands that % has an extremely small
magnitude. An examination of the momentum equation shows that the
slope of the shear stress at the wall is zero. It will be shown later

) :
that the term -BE%' is zero at the wall. This requires that at the

2
wall the term v 3y 2 is zero, which leads to the requirement that

2U
ay y=0

= constant. In the viscous sublayer. the viscous shear
changes from a large value at the wall to a negligible magnitude at the

edge of the viscous sublayer. In the same distance, the turbulent



8}

shear stress varies from a zero value at the wall to a large value.

52 duv
Therefore, it can be expected that the terms v 8yg and ;; are

large in magnitude relative to the other terms in the momentum equa-

tion. For part of the viscous sublayer it can be assumed that

32U ouv 1 oT
- = — e ~ 21\.
T oy P 3y o 2%

Upon integration of this expression, one obtains immediately

T

.- . 2"8
——— ( )

V  — - =

oy P
This means that the total shear stress in this region is constant and

equal to the wall shear stress. The simplification of the momentum

equation in the viscous sublayer can be interpreted as the vanighing

W and v2U | #f iwie kuown how the

of the inertia terms U
ox oy

term uv varies with respectto y , or how uv is related to the
mean flow, then equation (2-8) may be integrated to obtain the velocity
distribution in the region where it applies. Data taken by Sandborn (32)
show that near the edge of the viscous sublayer the terms duv

ay
82U :
-5-y—2 are also relatively small in magnitude. Therefore, it can be

and

v

expected that all the terms in the momentum equation are of the same
order of magnitude. Consequently, equation (2-8) is no longer valid,
and no further information can be obtained from this simplified
momentum equation.

Beyond the viscous sublayer the viscous term in the equation
of motion becomes negligibly small with respect to the other terms.

The momentum equation reduces to



10

oU U duv 1 o7
Sulics® —_— = ST 4.8 2 2=-0
u ox * % oy oy p 0y ( )

This equation is similar to the equation of motion for the laminar

boundary layer with zero pressure gradient. The exception is that

the turbulent term - 8;1; has taken the place of the viscous term
9%U - : ‘ : o
v 5y The difficulty with equation (2-9) is the proper specifica-

tion of its boundary conditions near the wall. If similarity for the
velocity distribution exists and the term uv can be related to the
mean flow, a solution for equation (2-9) may be found. Measurements
made by Sandborn (32) in the Army wind tunnel indicate that the magni-
oU . . . oU
tude of the term U % 18 larger than the other inertia term V =
oU . , . ou - :
The term U Ty is negative while V -5-};- is positive, which results
1 9
in the necessity that ; 8_; be negative. Consequently, as soon as
the inertia terms can no longer be neglected, the shear stress,
- pE = T , decreases in magnitude, until it vanishes near the edge

of the boundary layer.

2.1.2 Similarity considerations - For laminar boundary-layer

flow with a zero-pressure gradient. the velocity profiles are all of
similar shape if a dimensionless coordinate system is introduced. For
this type of flow, the profiles are identical, forming the well-known
Blasius profile. This similarity will be maintained regardless of the
Reynolds number of the flow or of the local skin friction. A similarity
where the velocity profile is a universal function of one single param-

eter has not been found for the turbulent boundary layer. The solution
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of the zquations is not as simple for turbulent boundary layers as for
the laminar boundary layer. For turbulent layers the presence of the
turbulence introduces a new unknown. the turbulent shear stress. The
assumptions which are made for the distribution of the turbulent shear
stress are based on experiment.

When an obstacle is placed in a laminar houndary layer. the
velocity profiles downstream from this disturbance do not resemble
the Blasius profile. However, if the layer is allowed to develop far
enough downstream, the velocity profiles slowly return to the Blasius
profile. In turbulent layers, the effect of upstream disturbances is
wiped out quite soon, and the velocity profiles return to a "normal"
boundary layer profile. This phenomenon was experimentally investi=-
gated by Klebanoff and Diehl (18). Their results show that the inner
portion of the turbulent layer returns more quickly to "normal' than
the outer portion of the layer. This suggests that the flow close to the
wall is relatively insensitive to the flow conditions away from the wall
and to the upstream conditions. On the other hand, the flow away from
the boundary is affected a great deal by upstream conditions. This
leads to the two-layer concept for the turbulent boundary layer. and
one cannot expect the entire boundary layer to be represented by a
single universal profile as is the case in laminar boundary layers. The
examination of the momentum equation in the previous section seems

to support the above arguments for a two-layer concept.
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Rotta (29) points out that the flow near the wall is completely
determined by the distance from the wall. the wall-shear stress and
the kinematic viscosity. Consequently, the mean velocity distribution

can be expressed by the similarity law

yU
—_ @ f( T) (2-10)

v

which is called the law of the wall. This means that in a region close
to the wall the flow is solely determined by the conditions existing at
the wall. In the previous section, it was shown how integration of the
equation of motion within the viscous sublayer led to equation (2-8).

A subsequent integration of this equation will lead to

I}J.,. = v" % vluT j v dy . (2-11)
This equation is valid as long as the inertia terms in the equation of
motion are negligibly small with respect to the other terms, and as
long as the shear stress does not vary in the y-direction. If the tur-
bulent shear stress can be expressed in terms of local flow conditions
and of the wall shear, one may expect the law of the wall to be appli-

cable in part of the viscous sublayer. For fully developed turbulent

pipe flow, the turbulent shear stress can be expressed as

— alU r 2
- el = 1] i
uv v 5r + = 5 (2-12)

where a is the radius of the pipe and r the radial coordinate. In
this case, the turbulent shear stress is expressed in terms of local

flow conditions and the shear velocity. If the flow near the wall is
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affected very little by the flow in the outer layer, it can be assumed
that all wall flows are similar (for the case 9P/8x = 0). Conse-
quently. the turbulent shear stress of a turbulent boundary layer in
the region near the wall can be expected to depend on local flow condi-
tions and the wall-shear stress only. Therefore, the law of the wall
is compatible with the equation of motion in a region of the viscous
sublayer where the inertia terms can be ignored. Experimental data
seem to confirm the existence of a similarity law in the region adja-
cent to the solid boundary. The results also indicate that this simi-
larity exists not only in the viscous sublayer but extends well out into
the turbulent part of the boundary layer.

If the similarity law, equation (2-10), and the continuity
requirement are introduced in the momentum equation (2-5), the

following expression may be obtained.

nv
. EBU,r (l)a ) 3(U/UT) I—ﬁ: U i | 7 ek
ox ||\U_ an 0 L an
yUT yU_r
where n = = . Assume the function f (—;—-—- is a truly

universal function for turbulent boundary-layer flow near a smooth
wall. Now one may expect that when this universal function is intro=-
duced in the momentum equation an expression is obtained which is
independent of x . Only when the derivative of the wall shear stress
with respect to x is a constant can true similarity of the form

yU
i f (—V—T) exist. For flow within the viscous sublayer, the
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oU G s ;

term U'ﬁ' was neglected, which is basically the same as neglecting
BUT

the term ——— . The true similarity can only exist for very large

9% 5U
L
9x

Reynolds numbers where U-r is nearly constant. The term wu
1s extremely small in magnitude so that the deviation of the shear
stress from its value at the wall is necessarily small. Therefore,

the assumption of constant shearing stress leads to similarity. Even
in regions where the wall-shear stress is no longer constant with dis-
tance away from the wall, similarity of prescribed form may still be
successful.

Rotta (29) argues that the self preservation of the velocity
profile in a turbulent boundary layer is a justification for the assump-
tion of local similarity. The flow is locally similar when the distribu-
tion of the mean flow quantities, expressed in non-dimensional form,
is independent of the x-coordinate. From experiment and general

dimensional arguments, it was generally found that a similarity law

U-u
for the outer part of the turbulent boundary layer exists when _U_m
T
and % are used as coordinates.
U-UCD 5
—— =z P (& ; -
T, (5) (2-14)

This similarity law for the fully turbulent part of the boundary layer is
usually referred to as the velocity-defect law. H‘owcwer, there is a
great difference between the velocity-defect law and the Blasius pro-

file. For the laminar layer. the ratios of momentum thickness and
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displacement thickness with respect to the boundary layer thickness
are constants. For turbulent layers, the ratios of the various thick-
nesses will vary with the skin friction. The velocity-defect law cannot
be valid close to the wall, since the flow next to the wall must depend

on the absolute value of the velocity and not on the velocity defect. For
Uoo
U
lr
other end of the boundary layer when y approaches § , the function

small values of y , the function F(y/6) approaches At the

F(y/8) goes to zero. For turbulent boundary-layer flow with a zero-

pressure gradient, F(y/8) is only a truly universal function when

U U
- ig independent of x or when — =0 . Previously, it was
U‘r 5U 9x

concluded that 8:: had to be at least a constant in order that the

law of the wall should be truly a similarity law. In order to have com=-
plete similarity throughout the turbulent boundary layer, the shear
velocity must be independent of x . In other words, the wall shear
stress must be a constant in the x direction. These conditions can
only be approached when the boundary layer Reynolds number, Re_ ,
has a very large value. These high Reynolds numbers have never been

obtained in laboratory experiments. However, experimental results

; U
indicate that the variables T and A correlate the data in the
T U-U00
wall region, and the variables T and %— correlate the

data in the outer region. There is an overlap region where both
methods of correlation can be used successfully. This leads to the

conclusion that some relation between the two sets of parameters
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must exist. Clauser (5) has shown that only when the function F and

f are logarithmic a region of overlap can exist. For this region one

has
U - U00 v
T = A log (E) + B (2-15)
-
and
yU
U T
T]: = Alog (V_ + C . (2'16)

Equation (2-16) is only valid in the overlap region where the flow is
fully turbulent. Adjacent to the wall in the linear sublayer, the veloc-
ity varies linearly with the distance away from the wall. Between the
overlap region and the linear sublayer there exists a transition region
where the velocity profile blends smoothly from the linear form into
the semilogarithmic form.

In the large Army wind tunnel, the velocity profiles also show

similarity in the outer region when T]U— is plotted versus y/é
(0 0]

This similarity can be written as UU = F1 ( %’- ) . Close to the
(98]
wall, the law of the wall applies. Again there is an overlap region

where both correlation methods can be used. The correlation for the

outer region can be written in the following form.

U ~ o] Y
ol T Fy (6). (2-17)

The law of the wall can be written as

.P.._:f}_'.aUT 2-18)
UT 6 v (=




The two functions F1 and f should give similar results in the overlap

6U
T s
region., This means that the multiplication of —— inside the func-
U
tion f must have the same effect as the multiplicative term T
=
outside the function F‘1 . In order to satisfy this requirement. one
has to resort to a power law. In the overlap region one has
m
U . ( X) (2-19)
U 6
(o]
and
yo_ ™
U T
—_— — 2“'20
U-r Ci ( v ( )

However, equation (2-20) does not apply all the way to the wall. Near
the wall, the values of m and C1 must be unity.

2.1.3 Hypothetical relations - Several empirical hypotheses

have been introduced based on some simplified model of the turbulent
motion. The older hypotheses are still being used at the present
despite their shortcomings. This is due to the fact that the perfect
relation is still missing.

Boussinesq was the first to attack the problem by introducing
the concept of eddy viscosity. He assumed that the turbulent stresses
act in the same way as the viscous stresses, implying that the turbu-
lent stresses are proportional to the velocity gradient. The coefficient
of proportionality was called the ''eddy viscosity' and was defined by

—_ oU

-puv = pe_ -%—y- (2-21)
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The velocity profile of the turbulent boundary layer can now be
calculated. provided a satisfactory distribution of the "eddy viscosity"
can be assumed.

Prandtl tried to relate the turbulent shear stress to the mean
velocity, using the characteristics of the turbulence. Analogous to
the kinetic theory of gases, Prandtl assumed that the coefficient of
"eddy viscosity' was equal to the product of a "mixing length' and
some suitable velocity (mixing length theory). According to this
theory, the turbulent shear stress in a turbulent boundary layer can

now be calculated from the following expression.

-puv = pf? % % (2-22)

The relation between the eddy viscosity and the mixing length becomes

e, = 1° |g—;J . (2-23)
Again, assumptions have to be made on the distribution of the mixing
length in the turbulent boundary layer. Several assumptions concerning
the distribution of the mixing length, { , and the eddy viscosity have
been tabulated by Rotta (29). However, no general relation for the
distribution of these parameters is available. The most serious objec-
tion to the validity of these theories is that eddy viscosity as well as
mixing length depend solely on the local flow conditions.

Townsend (40) has pointed out that the local conservation of

turbulent kinetic energy supports these objections. Beceuse the turbu-

lent motion cannot sustain itself. a continuous supply of energy is
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necessary to maintain the motion. The necessary energy is obtained
from the mean flow working against the turbulent stresses. The local
energy balance depends not only on the local production and dissipation
of turbulent energy, but also on the transport of turbulent energy to
and from other parts of the turbulent flow. Consequently, it can be
expected that the local turbulent shear stress depends not only on
local flow conditions, but also on conditions at other parts of the flow.
Prandtl assumed that the mixing length at relatively short
distances from the wall had to be proportional to the distance y
He also assumed that outside the viscous layer the viscous shear can
be neglected, so that 7 = = p uv . Additionally he had to assume
that the shear stress in this region is constant, so that 7 =7
Substitution of these assumptions in equation (2-22) leads, after inte=-

gration to the well known equation for the velocity distribution, to

yU
U T
T = A log (—v + C . (2=-24)

-
This expression for the velocity is similar to the expression obtained

by Clauser in the overlap region, where either the law of the wall or
the velocity defect law correlate the data. Since equation (2-24) was
derived for the region where viscous shear can be neglected, one may
expect this equation to fail in the immediate neighborhood of the wall.
Approaching the wall, the logarithmic term tends to go to minus infin-
ity. The same logarithmic velocity distribution is obtained when it

is assumed that the eddy viscosity is proportional to the distance

from the wall such that

1

& =& Y. v . (2-25)
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2.1.4 Hypothetical relations for the viscous sublayer - Most

of the existing hypothetical relations cover only part of the region
where the law of the wall is applicable. Hama (14) obtained a univer-
sal relation between the dimensionless mixing length and the dimen-
sionless distance from the wall. By the use of experimental results,
the following universal relation was found,

2
EUT yU

= o!
v v

, (2-26)

where a' is a numerical constant of approximately 0.1, This uni-
versality seems to be valid for the entire viscous sublayer. Outside
the viscous sublayer, Hama's solution is connected smoothly to the
logarithmic velocity distribution. The most complete relations for
the turbulent velocity profile near the wall are given by van Driest (7)
and Reichardt (28). Both authors give continuous relations for the
mean velocity and the turbulent shear stress for the regions where
the law of the wall is expected to be valid.

Van Driest points out that the turbulence near the wall is
expected to be damped by viscosity. This viscous effect is estimated
by considering Stoke's second problem. This problem involves the so-
lution of the Navier-Stokes equations for the flow about an infinite flat

plate which is harmonically oscillated parallel to itseii in an infinite

fluid. The solution of this problem has the form of a damped harmonic
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oscillation with an amplitude of Uo oo . Here UO is the
amplitude of the oscillation of the infinite plate. Consider the case
where the plate is fixed and the fluid oscillates relative to the plate,
The damping effect of the plate on the fluid can be expected to be of

-y/G . A L
the form (1 - e ) In crder to describe the velocity distribution
in the viscous sublayer, Prandtl's mixing length needs to be modified
to

¢ - X [1-e-y/G] (2-27)

or in dimensionless form

[ U_r yU_ yU )

This result can be substituted in the expression for the shear stress

2
AU . [oU
T o= ug— el (_8y . (2-29)

With the assumption that 7 = T w the following relation for the mean

velocity distribution is obtained.

yU yU
7 2d ( v"')

o = —— i (2_30)
L1 0 _‘/ (U |2
1+\/1+4 ( i )
v

From empirical fitting of the experimental results. van Driest chose

as magnitudes for the constants. -i- = 0.4 and G* = 26
yU

For > 100 , the above expression becomes

yu_
= §.24 % 8.75 log[ ) _ (2-31)

v

e
]
L
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yU
For : T <5 the velocity distribution becomes
yU
U T
- 2432
U v ) ( )
T

Therefore, this assumed distribution for the mixing length seems to
fit the experimental data quite well for the entire region where the

law of the wall is applicable. Reichardt (28) points out that, approach-
ing the wall, the turbulent shear stress varies proportionally to y?
Consequently, the eddy viscosity must vary in a similar manner,

since in the linear sublayer % is a constant. The eddy viscosity
should change smoothly from a third power distribution to a linear

distribution. Reichardt, therefore, proposes to use the following

expression
yU yU
v T T
R eem - gk 4 * &
g, 5 = y* tanh |— /'y ) (2-33)
It can be shown that
U T
‘ ( UT ) . '
y—UT = _"e";—'— . (2-34)
d( ) 1 + —
v v
By substitution and assuming that : = 1 ,
w
yu_ i (yUT
U _ v v
U‘r 1 "VUT yu 123
—_— - 3 T A
0 1 Y = y* tanh (—— /'y )
where A and y* are constants. Reichardt gives A - 2 5 and

y* = 11 asthe best values for these constants .
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Assuming that the simplified momentum equation (2-8) is
valid, and introducing the concept of mixing length, one obtains in

non-dimensional form

a(u/u_) U_\? [ a(u/u_)
T T T
PR WP - — = 1 3 (2= 36)
yUT v yDT
8( ) G
v v
The solution of this quadratic equation is
YUy AL
U v -1 + 1+ 4( = ) yUT
U'r (QU )z d( = J . (2-37)
0 T
2
v

This equation is the same as equation (2-30), Van Driest's relation
is compatible with the momentum equation for the viscous sublayer.
However, this relation seems to fit the data also quite well in the
region where the inertia terms can no longer be neglected.

2,1,5 Distribution of the turbulent quantities = No theory is

available for the distribution of the turbulent velocities in the boundary
layer. Only a solution of the total energy equation can give the distri-
bution of the three turbulent velocity components. Measurement of
these quantities have not led to any similarity. Usually these measured
turbulent velocities are presented in the same nondimensional manner
as the mean velocity is presented in the region where the law of the
wall is valid. Measurements by Plate and Sandborn (27) of the longi-
tudinal turbulent velocity in the Army wind tunnel seem quite insensi-

tive to a variation in x distance. This is true when the turbulent
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velocity is plotted with respect to the local velocity instead of with
respect to free stream velocity or local shear velocity.

The distribution of the turbulent shear stress is of importance,
since this term appears in the equation of motion. The turbulent
velocities appear only in the energy equation, and so far there has
been no need for a hypothetical relation for these velocity components
Only in the immediate vicinity of the wall can predictions be made
about the distribution of the turbulent shear stress and the turbulent
velocity components. Rotta (29) shows, by means of the continuity
requirement and the condition of no slip at the wall, how the term uv
varies in this region. It is assumed that the three turbulent velocity
components are zero at the wall.

u=v=w=0, for y=0 , (2-38)
This requires that

du du _ o9v _ 9v _ Ow _ Ow _
ox 9z  9x 9z  dx 0z =@ yJor ¥y =0 . (2-209)

From the continuity equation it follows that

av ou ow
—_— T — - —— =0 = -
3y e 5 , for y=0 . (2-40)
. . Jdu ow .
However, the derivatives g and W and higher order

derivatives with respect to y have finite values for y = 0
2
bl .
Therefore, the term _8—3}7 may have a finite value at the wall.

Using these requirements, it turns out that the first two derivatives

of uv with respect to y are zero at the wall., The third derivative

——
ou a“v

may have a finite value at the wall, since the term
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does not necessarily vanish at the wall. Close to the wall, the shear

stress can be assumed to be equal to the wall shear stress
T = MU — = puv =T ; (2=41)

The mean velocity close to the wall can be obtained by integration of

3 av

the above expression and the use of the assumption that —"F- is
not zero for y = 0 . The result is
T Yy 3 —
U - w & 1 9° uv y4 PR ' (2-42)
u 24 v 3
oy~ | y=0

The streamwise velocity fluctuation u(x , y, z , t) is assumed
to be analytic everywhere in the flow field. Consequently, this velocity
fluctuation may be expanded in a Taylor's series. If u(x, y, z, t)
is expanded about a point Yy close to the boundary, the fluctuation of

u at y =0 is, of course, zero. Therefore,

2

_ ) { )
O-u(x,yi,z,t) iy yi a—y— [u(x,yi,z,t)] +~Z yfg-}-’-s [u(x,yi,z,t)} Foe
(2-43)

Similarly for the vertical fluctuation

2

a 1 0
O:V(Xtyiszat)'l_ y1 _a_y [V(X,}’t,zst)] +E ;‘/12‘53;'5 [V{xsyIQZst)] ¥

(2-44)
or
i = = ou 1 5 3% E
= Y3 ~z Y Syz (2-45)
and
av 1, 3%

v = = Y —a? - -Z Yy aya s LI R (2--—16)
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Now in the immediate neighborhood of the wall

.2 1 3w 2% 13 2% oy
dy 9y 2 oy ayZ 2 ayZ Ay
2 2
1 4 Q9u 9v
+'Z y r— _2 + e s e . (2-47)
dy 9y
It follows from the continuity equation that % = 0 for y=0
2
Therefore, the terms ?-B ?—V- and _a_u .?.E are zero at the
9y 9y 2 9y

oy
wall. The turbulent shear stress is clearly zero at the wall, as well

as the first and second derivative with respect to y . However, the
third derivative may have a finite value at the wall. According to

this scheme it turns out that

3= 2
2 uv - g 28 A% _ (2-48)
5 3 oy 5 2

y y:O y y:O

This result is similar to the one obtained by Rotta except for the
magnitude of the coefficient.
As shown before, the streamwise fluctuating velocity compo-

nent may be expressed as

—
[y}
Q@
=

E Y 2 T e

This leads to an expression for the mean square of the velocity

fluctuation in the x-direction of

ou )2 3 Bu azu
— + —
oy




The velocity distribution adjacent to the wall is

U yu

T v
i

T

(2-51)

The distribution of the turbulent velocity with respect to the local

velocity can be written as

— 1
ou | 2 du 9°2u Bau) 2
Vaz |13 , 2 By By?
g Uf:/va U: / v? U / v?
(2-52)
=1
Therefore, at the wall the ratio i does not vanish.
At the wall
Bu
T2
= ——-L “+ 0 (2-53)
U
¥=9 "w
or
Vaz tz
o \ = e %= 0 , (2-54)

y=0 w
where tW is the fluctuating part of the shear stress at the wall.
Experimental evidence given by Mitchell and Hanratty (24) indicates
that the ratio of the rms of the fluctuating velocity, VE_Z , and the
mean velocity is 0. 32 at the wall.

2.1.6 The energy equations - In a turbulent boundary layer,

energy must be brought into the layer to make up for the loss of energy
due to dissipation. The necessary energy is obtained from the mean
flow working against the shear stresses. The shear stresses also

act as the energy-transfer agent, so energy is transferred from the
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outer layer of the turbulent boundary layer to the wall region. Here,
some of this transferred mean energy is converted into turbulent
energy, and finally most of this energy is dissipated into heat, Some
of the turbulent energy produced near the wall is diffused to the outer
layer to maintain its turbulence level. The conversion and transport
of energy in the turbulent boundary layer is necessary because the
turbulent motion cannot sustain itself. Therefore, a continuous supply
of turbulent energy is necessary at all parts of the turbulent boundary
layer to maintain the turbulent motion.

The energy balance at any point in the turbulent boundary
layer can be discussed best by consideration of the individual terms
in the energy equations for the mean flow and the turbulent flow. The
mean flow energy equation for the turbulent boundary layer may be

obtained by multiplying the boundary layer momentum equation by U

Ll

to obtain
20U U 92U d uv

g + W = ¥ Ugm ~ Bt : (2-55)
Rearranging, one obtains

1 2 1 2
UaEU +V82U . 23U, 3(Uuv)

IxX oy dy oy

v alu? ouU |?
-3 2% ( ay) . (2-56)

The first two terms represent the loss of kinetic energy of the mean

flow due to its retardation, or the work done per unit time per unit
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mass by the inertia forces. The term uv —% is the well known
production term. The next two terms represent the transfer of energy
The last term indicates the direct dissipation. Near the wall where
the inertia terms in the momentum equation can be neglected, the

mean flow energy equation reduces to

1 a2yl (U uv) aul? —au Tw auU
2 " Tayr T Tay v(W "Way T By (BT

In this region, the energy required to balance the loss due to direct
dissipation and production of turbulent energy has to come from the
outer part of the boundary layer. Outside the viscous sublayer where
the viscous shear stress in the momentum equation can be neglected,

the mean flow energy equation reduces to

1 2 1 2
o[z ) oz v =
2 2 — 93U o (Uuv)
18} 5% + V ——é?r_—_ - uv Ty— + —-3_3;_—- = 0 (2-58)

For most of this region, the production term is small compared to
the other terms. The energy lost from the mean flow, due to its
retardation, is practically all transferred toward the wall. Closer
to the wall this energy, transferred from the outer layer, is either
converted into turbulent energy or dissipated directly into heat.

The turbulent energy equation can be obtained by multiplying
the complete Navier-Stokes equations fer the x, y, and z-direction
by u, v, and w, respectively. After taking the mean values and
summation of the three equations, the following equation for the con-

servation of turbulent energy is obtained [Rotta (20)]
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11— —
di= q 9|5 q2
U |2 )+v (2 ]+(u2_va)g_U+E;_g_t_J_
9x oy “ Y
9 L 4% 4+ B B° Xy =]
+-§—&- V(Zq +p) + € vay2 5 4 + v =0
(2-59)
where Ei = U2 4+ yv2 4+ w2 ., The first two terms are indicative

of the convective transport of turbulent energy by the mean flow. The

next two terms are the production terms. The production terms

uz 9-%- and v?2 -g-g are an order of magnitude smaller than the

term uv %— . The difference of these small terms may be ne-

glected in well developed turbulent boundary layers. The term

F“;—r- v% q? represents the diffusion of turbulent energy in the
o . 7 P

y=direction by turbulent motion. The term -— 5y is indicative

of the transfer of energy under the action of pressure gradients. The
turbulent dissipation is indicated by the term € . The last term
represents the transport of turbulent energy in the y-direction by the
viscous forces. The mean flow-energy equation and the turbulent
energy equation can be added to obtain the total energy equation in
which the production term will disappear. The total energy equation
indicates that the loss of mean-flow energy and turbulent energy is
transported to other parts of the boundary layer wherc it is dissipated

into heat by viscosity.



2.2 Turbulent Scales and Structure

The concept of local isotropy proposed by Kolmogoroff (1)
has been generally accepted. However, these concepts can only be
applied to flows whose Reynolds number is large enough. Unfortu-
nately, the theory does not predict when the Reynolds number is
large enough so that local isotropy can be assumed.

The theory of local isotropy states that the small-scale
structure of the turbulence has statistical properties, which are
invariant under a rotation of the coordinate system and under a
reflection with respect to the coordinate planes. The low wave-
number part of the energy spectrum consists of the energy-containing
eddies. The structure of these eddies is determined by the mean
flow from which they receive their energy. However, on the other
end of the wave-number scale, the turbulence may be expected to be
statistically independent of the energy-containing turbulence. This
means that the small scale structure of the turbulence is statistically
isotropic and approximately homogeneous in space and time. When
this is the case, it may be assumed that local isotropy exists. So far,
the statistical theory of turbulence has been limited to the treatment
of homogeneous isotropic turbulence. Since no shear can be present
in this type of turbulence, the turbulence must decay in the course of
time. The basic concepts obtained from the study of homogeneous

isotropic turbulence are introduced into the study of turbulent shear

flow .
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All of the dissipation of energy occurs in the high wave=-
number region of the energy spectrum. This region of the spectrum
where the energy is dissipated contributes only a negligible amount
to the total turbulence energy. During the decay process, the energy-
containing eddies lose their energy to the smaller digsipative eddies.
The energy of the turbulent motion is dissipated into heat through the
action of viscosity. Due to the inertial forces, energy is passed on
from the larger eddies to smaller ones, and these in turn break down
into still smaller ones, and so on. When this process takes place,
the viscous forces become gradually more effective in dissipating
the energy. The effect of these two types of forces ténds to bring
about an equilibrium distribution of the energy. When the energy-
containing eddies and the dissipative eddies are sufficiently far apart
in size, the smaller eddies are in a state of statistical equilibrium
and are independent of their origin. The properties of this type of
turbulent motion can be summarized as follows:

1. For sufficiently large Reynolds numbers, the turbulent
motion can be locally isotropic, independent of whether the energy-
containing eddies are isotropic or not. This part of the spectrum is
called the universal equilibrium range.

2. The eddies at the high wave-number range of the spectrum
are governed by the viscous forces. It is in this region of the spec=-

trum that the turbulent energy is dissipated into heat .
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3. The eddies which lie between the two ends of the spectrum
are not affected by viscosity. The statistical properties of this part
of the turbulent motion depend solely on the rate of energy dissipa-
tion. This range in the spectrum is called the inertial subrange,
which is the lower wave-number range of the universal equilibrium
range.

A three-dimensional spectral density function E(k) is defined,
such that the total turbulent energy per unit mass is

@

(uz + vz + w?) = I E(k) dk . (2-60)

0
The time rate of change of the spectral-density function, E(k) , at
any wave number consists of two parts. The rate of energy transfer,
which is the net transfer of energy from one wave number to another,
is denoted by T(k) . The second term is the rate of viscous dissipa-
tion which turns out to be - 2 v k® E(k) . Thus,

..éf?.t__ E(k) = T(k) - 2vk?E(k) , (2-61)

which is the dynamic equation for the energy-spectrum function,
E(k) . Here is one equation with two unknowns, E and T . The
theory of isotropic turbulence is concerned with the relationship
between T and E . Several so-called 'physical'' transfer theories
have been proposed. On the basis of existing evidence the eddy
viscosity-transfer theory due to Heisenberg (16) seems to be more

successful than the other theories. Heisenberg's theory is based on
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the assumption that the mechanism which is governing the energy
transfer is similar to the one governing the viscous dissipation. Con-
sider the rate of change of energy from wave numbers zero to k ;

then
5 k k Kk
— E(k') dk' = T(k') dk' - 2 v k'? E(k') dk' . (2-62)
& 0 0 0

Heisenberg argued that the motion associated with wave numbers
from zero to k can be considered as the mean motion. This is in
contrast with the motion associated with wave numbers from k to
infinity which is considered to be the turbulent motion. Analogous
to turbulent boundary-layer flow, there is transfer of energy from
the mean motion to the turbulent motion. Continuing the analogy,

Heisenberg assumed that there exists a turbulent kinematic viscosity

y such that
k k
[ T(k') dk' = - 2y J’ k'? E(k') dk' . (2-63)
0 0

As was pointed out, y depends on the smaller eddies and therefore
can be expected to be of the form of an integral over all wave num-
bers larger than k . By dimensional reasoning, Heisenberg ob-

tained the following expression for the turbulent kinematic viscosity:

e8] 1
v(k) = a*J' E(kj} d k' (2-64)
k VA

where a is a constant. By substitution, one obtains the tollowing

expression:



A solution for the dynamic equation has been obtained for the

universal equilibrium range. At wave numbers in this range,

d
term —= E(k) is small, and consequently, the term

9 0
5t f E(k) d k
k

is negligibly small as compared to the term

9 (0 8]
2 j E (k) d k
ot 0

E(k') dk'
(2-65)
the

This is true because the total energy lies almost entirely in the region

of small wave numbers. The total transfer across the entire wave-

number range is clearly equal to zero,

(03]
j T(kydk = 0
0

It was pointed out that
9 k g P
— E(k'")dk' >> — E (k') d k'
ot 0 ot K

or

) ¥ 9 o
.. E(k"dk' =~ — E (k') d k'
ot 5 ot o

(2-66)

(2-67)

(2-68)

Substituting these assumptions in the dynamic equation, one obtains
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9 (o0} a0
- E(k') dk' = - 2v k'2 E(k") dk'= - € (2-89)
ot Jy 0

where € is the total dissipation of turbulence per unit mass. Hence,

o k
e =2 |v+ a'f 1/ EED g J' k'?E(k') dk' . (2-70)
k k3 0

The solution of this equation gives the expression for the spectrum in
the universal equilibrium range,

2/3

. 3 -4/3
E(k) = (W K

B3 4 x 8"2 K . (2=71)

300 €

The equation contains only the parameters € and v as was pre-
2 ) 1/4

30 €

dicted by Kolmogoroff's theory. When k << { , the

8v3
spectrum function reduces to the appropriate form for the inertial

subrange of the spectrum

E(k) = >y . (2-72)

2/3
8 ) €?_/‘3 ~5/3

As was predicted, this part of the energy spectrum depends solely

on the rate of dissipation of energy per unit mass. For large wave

3026 14
numbers when k > > ( 3 ) , the spectrum function
8v
reduces to
2
o 2 =7
E(k) = ( 2) € k a (2-73)
2v

'

The presence of the dissipation and the kinematic viscosity in this
expression is in agreement with Kolmogoroff's prediction for the

high wave-number region of the energy spectrum,
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Since no three-dimensional energy spectrum has been
measured, it is necessary to transform this equation to the one-
dimensional form. Using the theory of isotropic turbulence, these

two spectrum functions can te related by the following expression:

Bk) = 4+ k2 2ZEK 1, OF(K)

AR LY S S ) (2-74)
2 ok 2 2 9k

[Hinze (17)] . F(k) is the one-dimensional spectrum of the longi-

tudinal velocity fluctuations and defined as

o S
f F(k) dk = u?® ; (2-75)
0

The one-dimensional spectrum function for the universal equilibrium

range becomes

2/3 3 -4/3
18 [ 8e -5/3 8v 4
3a €
302 1/4
Define a wave number kn , such that k ( - 35 ) This
v

wave number lies in the intermediate range of the spectrum where
both the inertia forces and viscosity play a role. By substitution,

the one-dimensional spectrum function becomes

5 t/4 {(—:v5)1/4 L 15/3 NTL BEVE
FO) =55 57| e (Tr) ”(T) -
o n n
(2-77)
K 1g [213|1/4 (€v5f/4 W |73/3
For — < i F(k) = — (—) ( ) (2-78
k- 5 37 372 k
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Kk 18 213 1/4 & 5.1/4
FOI‘T(-n—->1 F(k)=5(?) __T/’T( ) 279)

However, kﬂ contains the constant @ , whose magnitude is not
exactly known, but is of the order of 0.5 (3). This constant may
vary, depending on whether local isotropy exists or not. For the

purpose of representing the data, the wave number k is used,
1/4
where k (—) , and k =~ 0.57 k . The data can be

represented in non-dimensional form using the non-dimensional

F(k) k
(ev )1/4 and -k_s-

The rate of turbulent energy per unit mass in isotropic

coordinates,

turbulence is given by

=z

€ = 2v f k- E(k) dk . (2-80)
0

In terms of the longitudinal one-dimensional spectrum, F(k), this

expression becomes

@® 5
€ = 15v f k“ F(k) dk . (2-81)
0

Taylor (38) showed how the longitudinal correlation coefficient

and -UL(H)- are Fourier transforms of each other.
2 V 2T
®
_ 4 2mnx

F(n) = G jo Rx cos ] dx (2-82)

and
e 2mnx
Rx = J’ F(n) cos i dx (2-83)
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oe)
where F(n) is defined such that j F(n)dn = 1 , and R\_ is
0 3

the longitudinal correlation coefficient. The definition for the micro-
scale given by Taylor (37) is

1 -R
— = 2Lim - (2-84)

A x === 0 xz

Expanding cos in a Taylor series and substituting in the

™mX
U
expression for the micro-scale, one obtains

2 (0 0]
2. - 2 f 5" F(n) dn . (2-85)

The rate of dissipation per unit mass for isotropic turbulence is

2 2
ou ou
€ = T7.5v (a—y) = 15 v 5';) i (2—86)

Taylor (37) showed how the micro-scale can be expressed in terms

of turbulent velocities

2
2 u
A e 2 (2-87)
2]’
ox
Therefore, _
2
€ = 15v — (2-88)
12
and
=3 g5 R s
€ = 15v uz T f n F(n)dn . (2-89)
0
By introduction of the wave-number notation, such that k = sz
u 2 ,
and F(k) = — u F(n) , one obtains

2T
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@ 3
€ = 15v j k“ PF(k) dk . (2-90)
0

This result, of course, is similar to equation (2-81), which was
obtained through the dynamic equation for isotropic turbulence. The
micro=-gcale of the turbulence can now be obtained by measuring the

one-dimengional energy spectrum.,

i) 1) 5
L = j k“ F(k) dk . (2-91)
G 0

The other method is to assume that Taylor's hypothesis is valid, so

that
(2-92)

Liu and Sandborn (21) have shown that the time=-derivative of the
turbulent signal can be measured relatively, simply by means of a

differentiating circuit.

Taylor (37) defined the average size of the eddies as
o)
L = J’ R_dx , (2-93)

where Rx is the longitudinal correlation coefficient . By the use of

equation (2-82) and n = 0 , one obtains

F(n) , = = f R dx = —— . (2-94)
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In wave-number notation, the macro=-scale of turbulence is

Ly, = e PR, - (2-95)
2
Zu

To determine the magnitude of F(k) , the method of extrapolation

k=0

as suggested by Sandborn and Slogar (30) has been used. Dryden (9)
V 2
u“A

shows that, for large Reh (Re’L = —— ) , the energy spectrum
can be expressed as I
4 —Ux
F(n) = (2-96)
47°n? L
1+ —————2-—x—
U
or
F(n) _
F(n) = net (2-97)
4 ,NZ n?. L
L 2
U
or
F(k)
k=0
F(k) = . (2-98)
2 T
1 +k F(k),
2 u? k=0

The value of F(k)k__‘0 was determined by fitting this parabolic

equation to a faired curve through the lower wave-number region of

the energy spectra.
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Chapter III

EXPERIMENTAL EQUIPMENT AND PROCEDURES

The entire experiment was performed in the large U.S. Army
Meteorological wind tinnel located in the Fluid Dynamics and Diffusion
Laboratory at Colorado State University. The purpose of this experi-
ment was to survey thé part of the boundary layer close to the rigid
boundary. In this region the viscous contribution to the total shear
cannot be neglected. The experiment and procedures used for this
study will be discussei in the following sections. A special chapter

will be devoted to analysis of data and corrections.

3.1 Wind Tunnel

Measurements were taken in the boundary layer which was
allowed to develop alohg the floor of the 100 foot long test section of
the large U.S. Army Meteorological Wind Tunnel (Figure 2). The
cross section of the tunnel is approximately 6 by 6 feet, and the ceil-
ing of this facility is adjustable in order to control the streamwise
pressure gradient. The wind tunnel is of the recirculating type, and
the air speed in the tunnel is controlled by means of a variable speed,
variable pitch aircraft propeller. The air temperature in the tunnel
can be maintained at a constant level by means of an air conditioning
system. Detailed description of this facility has been given by Plate

and Cermak (26). Damping screens and a 3:1 entrance contraction
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produce a low free stream turbulence intensity, .\/_u_?/UOD . This
turbulence intensity ranges from 0.00015 to 0,00027 at a free stream
velocity of 20 fps to 80 fps, respectively (Figure 3). All measure-
ments were made at a distance of 85 feet downstream from the inlet
of the test section. The measurements were made in a vertical

plane along the center of the tunnel. The boundary layers along the
walls of the tunnel were artificially tripped by a saw tooth fence pre-
ceded by a four foot section of 1/2 inch gravel fastened around the
perimeter of the tunnel just downstream from the entrance contraction.
The roughness at the entrance of the test section was found to thicken
the boundary layer providing the experimenter with a thicker boundary
layer to explore. Another advantage of inducing transition as far up-
stream as possible was to have as long a period of turbulence devel=

opment toward equilibrium as possible.

3.2 Instrumentation

3.2.1 Actuator - Measuring probes were moved vertically
through the boundary layer by means of a precision actuator
(Figure 4). The position of the probes could be changed accurately at
one thousandth of one inch intervals. This was achieved by means
of a counter which was connected to the actuator movement. The
position of the probes with respect to the tunnel floor was determined
from the counter reading when the probes were touching the floor.

With a set of magnifying lenses it could be determined whether the
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probes were touching the tunnel floor or not, The total movement of
the actuator was approximately 7.5 inches. The actuator was fastened
at the center of the tunnel floor, outside the tunnel, so that only the
measuring probes were allowed to protrude into the boundary layer.

3.2.2 Pitot-static tube and static-pressure tube - Mean

velocity measurements were made with a flattened total-head tube
with a square cut end (Figure 5). This probe had a width of 0.050
inch, a height of 0.030 inch and a wall thickness of 0.005 inch. The
total head tube, which was mounted directly to the actuator, could be
moved by the actuator vertically away from the floor up to a distance
of approximately 7.5 inches. The free stream velocity was measured
by a standard 1/8 inch diameter pitot-static tube (Figure 5) at the
axis of the tunnel perpendicular above the position where all other
measurements were made. The pressure of the total-head tube in
the boundary layer was measured against the pressure of the static
openings of the pitot-static tube in the free stream.

An attempt was made to measure the static-pressure
distribution in the boundary layer. For this purpose a static tube
with a rounded nose and two static openings (0.016 inch diameter)
was used. The diameter of the static tube was 0.043 inch and was
1.5 inch long (Figurc 5). The static openings were located 0.75 inch
from the rounded nose, opposite from each other in a plane parallel

to the floor of the tunnel. The static pressure in the bou wiary layer



was measured against the pressure of the static openings of the
pitot-static tube in the free s:ream.

The pressure probes were connected to a Trans-sonics
Equibar Type 120B electronic manometer by means of plastic tubing.

3.2.3 Hot-wire probes - Turbulence measurements were

made by means of the hot-wire technique. The hot wire, made of
platinum coated tungsten with a diameter of 0,0002 inch, was operated
by a constant temperature hot-wire anemometer designed at Colorado
State University by Finn and Sandborn (11)., The rms of the output
signal of the hot-wire anemometer was measured by a true rms
meter. After appropriate amplification, the fluctuating part of the
output of the anemometer was recorded on F.M. magnetic tape. The
streamwise velocity fluctuation, ‘\r'u__a , was measured by means

of a hot wire which was positioned parallel to the floor and perpendicu-
lar to the axis of the tunnel. The 0,050 inch long wire was soldered
at each end to a support which in turn protruded from a 3/32 inch
diameter ceramic probe (Figure 5), The ceramic probe was placed
in a vertical position and could be moved by the precision actuator in
the same manner as described before.

A rotating single wire of similar description was used to
measure the turbulent shear stress. The wire could be rotated 360°
in a plane parallel to the flow and perpendicular to the floor of the
tunnel. The movement of the rotating wire was provided by a low-

speed electric motor, and the position of the wire was determined
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from the output of a 10-turn potentiometer which was rotated by the
motor through a set of connecting gears.

3.2.4 Wall shear-stress meter - The wall shear stress was

measured by means of a pivoting-element gauge (Figure 6). The wall
shear stress which acts on the horizontal surface of the pivoting ele-
ment is magnified by a lever arm. The surface on which the shear
stress acts was mounted flush with the floor of the tunnel; its center
coincided with the point where all other measurements were made.
The instrument was positioned in such a way that the surface was
only allowed to move in a streamwise direction. The shear meter is
used as a null-reading instrument, The measurements are obtained
only when the horizontal surface of the pivoting element is flush with
the floor of the tunnel. The pivoting element with the horizontal sur-
face is held by two strain-gauge wires each at one side of the pivoting
element. One end of each of the strain-gauge wires is fastened to the
pivoting element just above the point of rotation; the other ends are
fastened to micrometer movements. The micrometers are able to
stress or relax each wire independently. When the wall shear acts
on the horizontal surface of the pivoting element the strain-gauge
wires are stressed accordingly. The different magnitudes of strain
can be read as voltage changes from a Wheatstone bridge. The shear
meter was calibrated with known weights,. each of them representing
a certain shear stress. One wire was used as a reference wire to

determine the position of the horizontal surface. The other, called
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the active wire, was used to determine the force on the horizontal
surface. Two 'dummy' wires of about the same length as the active
and reference wires were mounted inside the instrument to act as
temperature compensators. The active wire and one of the dummy
wires made up two adjacent arms in one Wheatstone bridge; the refer-
ence wire and the other dummy wire made up two adjacent arms in
the second Wheatstone bridge. If the two wires are identical in dimen-
sions and resistance and if both wires are subjected to the same
changes in temperature during the course of measurement, the resist-
ance changes due to temperature alone will be the same for both of
the Wheatstone bridge arms in which the wires are located. The
effects of temperature on the wires will cancel and will not influence
the measurement of the stress-induced strain at the active wires.
Sigmund Cohn #479 platinum alloy was used as the wire
material; the wire diameter was 0,0005 inch and the resistance of
each wire was approximately 350 ohms. The strain sensitivity of
this type of wire was higher than that of most other materials and
since it also had a relatively high tensile strength this type of wire
material made an excellent sensing element for unbounded strain
gauges. The pivoting element was supported by means of two tungsten-
carbide pivots, each positioned carefully in sapphire vee-jewel bear-
ings. The pivots were precision ground to match the geometry of the

bearings in order to obtain almost frictionless movement. Each
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Wheatstone bridge was excited by 4 volts D.C. The bridges were
balanced with each wire in an unstressed state.

With the pivoting element locked in the null position, the
reference wire was stressed until an unbalance of 0,004 volt was
obtained. The pivoting element was then unlocked and allowed to
move due to either the calibration weights or due to the actual wall-
shear stress acting on the horizontal surface. The active wire was
then stressed until the pivoting element had returned to the null posi-
tion as indicated by a 0.004 volt unbalance of the Wheatstone bridge
containing the reference wire. With the pivoting element in the null
position, the unbalance of the Wheatstone bridge containing the active
wire was read. This voltage is indicative of the streamwise shear
force on the horizontal surface of the pivoting element. The calibra-
tion curve (Figure 7) shows a linear relationship between output
voltage of the bridge and shear stress. The instrument was mounted
in the wind tunnel, and shear measurements were obtained for a range
of Reynolds numbers.

3.2.5 Integrator - Some mean quantities are difficult to
establish due to the fact that these quantities are made up of a mean
component and a fluctuating component. Therefore, it is necessary
to employ some averaging method over a sufficient length of time so
that a reliable average can be obtained. This can be done graphically
or electronically. The graphic integration is not desirabie for the

evaluation of great quantities of data. An alternate approach is to



use an electronic integrating circuit that was developed at the Fluid
Dynamics and Diffusion Laboratory at Colorado State University
(Figures 8 and 9). The integrator uses an operational amplifier tech-
nique to insure proper frequency response. The integrator can easily
be calibrated by introducing & non-fluctuating voltage from a power
supply or a non-fluctuating output of the transducer for the required
period of time. The integrator was used in conjunction with mean
velocity measurements, space correlations, and turbulence spectra.

3.2.6 Differentiating circuit - A differentiating circuit was

used to measure the average size of the smallest eddies. The differ-

entiating circuit (Figure 10) was used to evaluate ‘% ,a o Lhis
quantity was obtained indirectly from the calibration curve of the
differentiating circuit (Figure 11). The output voltage of the differen-
tiating circuit is equal to the product of a constant and the time deriva-

tive of the input voltage,

Cout - R.C. [d_}]ﬂl

(3-1)
The magnitude of the constant, R.C. , depends on the magnitude of
the resistive and capacitive elements in the differentiating circuit.

The frequency response of the differentiating circuit was better than
2000 cps. To prevent saturation, the hot-wire signal from the F.M.

tape had to be attenuated so that the magnitude of the rms of the

signals was between 0.01 and 0.05 volt.
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Chapter IV

CALIBRATION PROCEDURES AND DATA REDUCTION

4,1 Mean-Velocity Measurements

Instrumentation used to obtain measurements in a boundary
layer especially close to the solid boundary needs to be small in
dimensions, and the position needs to be known accurately. There
are many uncertainties about pressure measurements in the imme-
diate neighborhood of a solid boundary. Velocity measurements
require corrections for low Reynolds number, turbulence and velocity-
gradient effects and wall proximity. For boundary=-layer exploration,
the diameter of the total-head tube needs to be small because of the
steep velocity gradient close to the solid boundary. In order to reduce
the dimensions of the total-head tube in the direction normal to the
wall, the tube is flattened to a roughly rectangular shape.

4.1.1 Calibration of pitot-static tube - A 1/8-inch diameter

pitot-static tube was used as a standard throughout the entire experi-
ment. It was calibrated against a temperature compensated heat-
transfer device, which in turn was calibrated in a whirling-arm
apparatus.

The temperature compensated heat-transfer device consists of
two thin quartz crystals, each having a diameter of 0.5 inch. The
crystals will resonate at their natural frequency, which d-pends on

the geometry of the crystals and the environment in which the crystals
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are placed. One of the crystals was provided with a resistive
material, which acted as a heating device. A change in temperature
will cause a comparable change in the natural frequency of the crys-
tal. When the heated crystal is subjected to forced convection, the
change in natural frequency will become a function of the velocity.
The second crystal acts as a compensator for ambient temperature
changes. The natural frequency of the reference crystal is subtracted
from the natural frequency of the heated crystal. This difference in
frequency is a function of the temperature difference between the two
crystals. Assuming that other conditions do not alter the response

of the crystals, their temperature difference will then be a function

of the velocity when normal atmospheric conditions are maintained.
The two crystals were mounted in a holder side by side and placed in
the whirling=arm apparatus. The heating current to the active crystal
was kept constant at 26 milliamperes throughout the experiment. The
crystals were placed in such a position that they were parallel to the
path of the probe. The probe was placed at the end of a horizontal
arm which rotated about a vertical axis. The horizontal distance
between the vertical axis and the heated crystal was 34,25 inches. The
circumferential speed of the probe could be altered from 1 fps to 32 fps
by using different pulley combinations. A set of brushes was used to
transmit the electrical signal from the crystals to the electrical
counter outside the whirling-arm apparatus. The horizontal arm

rotated above a cylindrical tank. The probe rotated in the tank through
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a narrow circular slit in the cover of the tank. Due to the motion of
the probe, a circulatory air flow was set up in the tank, moving in the
same direction as the probe. Two vertical baffles were placed in the
tank to decrease the strength of this circulatory flow. Nevertheless,
a correction for this flow had to be made. This correction was ob-
tained by means of a pitot-static tube inserted horizontally through
the side of the tank as close to the path of the heated crystals as possi=
ble. The dynamic pressure due to the swirl created by the moving
probe is plotted against the calculated speed of the probe in Figure 12,
The probe speed was obtained by counting the number of revolutions
of the horizontal arm in a certain time span. The radial distance at
which the heated crystal is mounted away from the vertical axis can
be measured. Consequently, the speed at which the heated probe is
traveling can be obtained. The relative velocity of the heated crystal
with respect to the air in the immediate vicinity was obtained by sub-
tracting the swirl velocity from the probe speed. The calibration
curve of the probe (Figure 13) shows the frequency difference as a
function of the relative velocity of the probe.

The next step was to calibrate the pitot-static tube against the
crystal probe. This was done in the free stream outside the boundary
layer in the wind tunnel. The probe was placed in the tunnel in such
a way that the crystals were parallel to the mean flow, It was found
that the maximum permissible error in alignment of the <rystal probe

was approximately = 59 up to a velocity of 32 fps. This was the
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maximum obtainable speed with the swirling arm. Trying to get
higher speeds resulted in slippage of the belt connecting the pulleys,
with the result that the speed of the probe became unstable. The
calibration of the 1/8~inch pitot-static tube against the crystal probe
is shown in Figure 14. The results of this calibration show that the
velocity head as measured by the pitot-static tube needed a correction
of 1.73%.

4,.1.2 Viscous effects on total-head tubes = MacMillan (22) has

pointed out that the tube Reynolds number for total-head tubes at low
velocity may become so small that viscous effects are important. He
found that at low speeds the pressure in the circular total-head tube
was greater than the true total pressure. For flattened, blunt nosed
total-head tubes, the pressure in the tube is higher than the true total
pressure as long as the tube Reynolds number based on the internal
height is less than 15. For tube Reynolds numbers between 15 and
800, the pressure in the tube is lower than the true total pressure.
For tube Reynolds numbers higher than 800, the effect of viscosity on
total-head tubes can be neglected. The total=head tube used in the
boundary layer exploration was calibrated in the free stream against
the standard pitot-static tube, so that this calibration takes into
account the viscous effects. It turned out that there was no detectable
difference between the pressure as measured by the standard pitot-

static tube and the pressure differential between the total-head tube
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and the static pressure from the standard pitot-static tube (over the
range of velocities encountered in the boundary layer).

The effects of shear, wall proximity and turbulence intensity on
the velocity head readings in the boundary layer still need to be deter-
mined. Calibration took place in the center of the tunnel where the
turbulence intensity is extremely small, the shear stress is zero and
the wall is too far away to have any effect on velocity head readings.

4.1.3 The effect of shear on total-head tubes - MacMillan (23)

found that the effect of shear alone could be conveniently expressed as
a displacement d of the effective center of the tube toward the region
of higher velocity. MacMillan found that the value of d/D was 0.15,
independent of Reynolds number and velocity gradient. D is defined
as the external height of the tube, which in the present case was
0.030 inch. Therefore, the displacement of the tube toward the
region of higher velocity is 0.0045 inch.

4.1.4 Wall proximity effects on total-head tubes = MacMillan

(23) gives a relation for wall effect expressed as a function of y/D
In this case, y is defined as the distance from the rigid boundary to
the center of the total-head tube. When y/D < 2 , this correction
must be applied. It is expressed as a correction u' to be added to
the measured velocity UM . MacMillan also found that u'/UM de-
pends only on y/D and is independent of a Reynolds number, the
latter being based on the shear velocity and the external height of the

tube (Figure 15).
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4.1.5 Turbulence effects on total-head tubes - Goldstein (13)

obtained the following expression for the quantity which is measured

by the total-head tube in a turbulent stream.

1 o
" N | 2 . 4-1
P P + p U 5 p (u? + v+ wo) (4-1)

o =

The following discussion is partly taken from the analysis
Landweber (20) made for the effect of turbulence on total-head tubes.
The equation of motion for a two-dimensional incompressible

boundary layer normal to the rigid boundary can be reduced to

e

av?2 1 o8P
Eow o R 4-2
oy p 3y -2

Integration with respect to y gives

vZ = - % + constant . (4-3)

The constant of integration is determined by the condition outside the

boundary layer, v? = 0 , and the local mean pressure equals the
external pressure Poo . It follows then that
P
P (e0]
— E aearn - YO (4-4)
p P

When this equation is introduced in the expression for the quantity

measured by a total-head tube, one obtains the following:

1 SRR —
P =P + = pU? 4 3 P [u"'-v + wz] ; (4-5)
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Putting P_ - P_ = = p U? and substituting in the above
m (oo} 2 m
equation
lpUz = pUz+1p(F*$+wa) (4-6)
2 m 2 2
or
. == == 1
uz VZ WZ ]
= 1 - — — -
U Um N + ?z— G . (4 7)
m m m

Assuming vZ/ U:‘n equal to F/U:n , the expression for the

effect of turbulence on a total-head tube becomes

m U (4-8)
Hinze (17) questions Goldstein's expression for the quantity
measured by the total-head tube. In the first place, due to the finite
dimensions of the opening of the total-head tube, deviations from
Goldstein's relation may be expected. Goldstein's expression might
be correct if the tube were infinitely small in dimensions so that the
total=-head opening can be considered a true point. When the dimen-
sions of this opening are of the same order of magnitude as the
lateral or the vertical scale of the turbulence, a correction must be
made. This correction is necessary because of the resulting averag-
ing that will inevitably occur. The opening of the total-head tube had
the following dimensions: height = 0,020 inch, width = 0,040 inch,.
The lateral integral scale of the turbulence close to the floor was

measured to be 0,049 inch and 0,030 inch at free-stream velocities
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of 20 fps and 40 fps, respectively. These scales are of the same
order of magnitude as the width of the opening of the total-head tube.
However, total-head tubes, which are too small and too fragile, are
impractical for use in thick boundary layers.

Secondly, Hinze maintained that lateral and vertical velocity
fluctuations will not produce the same effect as predicted by Goldstein.
No systematic investigation is available concerning the effect of tube
dimensions and the effect of turbulence on total-head tube readings.

In view of this, and since no better method is available, the correction
outlined above is applied to all the measurements with the total-head
tube. Figure 16 shows the magnitude of the correction as applied to
velocity measurements in the boundary layer at free-gstream velocities
of 20 fps, 30 fps, and 40 fps, respectively.

4.1.6 Mean-velocity calculations - The mean velocities are

obtained through the following steps:

1. Obtain the pressure differential in mm Hg from the
calibration curve for the integrator output versus
Trans-sonics reading (Figure 17).

2. Apply the correction for the Trans=-sonics from the
calibration curve of the Meriam micromanometer
versus Trans-sonics (Figure 18),

3. Apply the total-head tube correction of 1.73%, as
obtained by calibration of total-head tube versus

standard pitot-static tube.
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4, Calculate the measured velocity from

!
true - 2 P U]i’[ (4-9)

5. Make correction for wall proximity. Obtain y/D and

enter into Figure 15, to obtain , where u' is

u
UM
the correction for wall effect to be added to the measured

velocity UM

U =7U. + u' . (4-10)

6. Correction for turbulence effects.

(S

-
U = 1 ..

m Tz - (4-11)
m

7. Correction for shear effects. d = 0.15D = 0.0045 inch.
This correction is made toward the region of higher

velocity.

4,2 Static=-Pressure Measurements

The velocity fluctuations in a turbulent flow field go hand in
hand with the sta.tic pressure fluctuations. The static-pressure fluc-
tuations are the result of the non-linearity of the governing equations
of motion. It has always been a difficult problem to evaluate the
change in velocity and pressure fields due to the introduction of a
probe in the stream. It is relatively easy to obtain relialile pressure

measurements in a non-turbulent uniform flow. In such a case, the



reading of a static-pressure tube will depend on the shape of the nose
and the distance of the supporting stem behind the openings. Accord-
ing to Fage (10), the reading obtained with a static-pressure tube is
independent of the geometry of this tube as long as the following
requirements are met. The static openings must be at least 6 tube
diameters behind the nose and the supporting stem at least 15 stem
diameters downstream from the static openings.

However, for turbulent flow the problem becomes much more
complicated. Again, there is very little evidence in the literature of
a systematic investigation of the effect of turbulence on the readings
of the static-pressure tubes. Goldstein (13) argued that the difference
of the measured static pressure and the true average static pressure
is due to the effect of the impact pressure of the fluctuating cross
velocities on the tube and its openings. This effect depends not only
on the geometry of the tube and its openings but also on the magnitude
and frequency of the cross velocities. Goldstein proposed that for a
tube with a large number of small openings equally spaced around its

periphery, the reading of the tube can be expressed as

Pm=P+k1p(F+F) (4-12)

where P is the true average static pressure and k1 some coefficient.
For isotropic turbulence, he expects kl to have a value of % . How-
ever, a reliable value for k1 can only be obtained experimentally.

It is also conceivable that the scale of the lateral velocity fluctuations
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will affect the tube reading. This is especially true when this scale
is of the same order of magnitude as the tube diameter. According
to Hinze, the static pressure measured by a static-pressure tube will
be too low. The cross turbulence affects the pressure distribution
along the circumference of the tube. The statement that the measured
static pressure is too low becomes evident when it is realized that
normal flow around a cylinder gives a resultant negative pressure.
Corcos (6) discussed the effect on the pressure field by the cross
flow in a turbulent flow field. Instantaneously, the static-pressure
probe will experience a cross flow which will cause an additional
pressure field. The effect of the cross flow will depend on the probe
geometry and the Reynolds number of the cross flow (based on the
probe diameter). The instanta;.neous side force due to the instantane-
ous cross flow will depend on the Reynolds number of this cross flow.
For high cross-flow Reynolds numbers, the side force is proportional

to the area exposed, the velocity squared and the density,

Vf: ~A1p(V5+F—') . (4-13)

At low Reynolds numbers in the Stokesian range, the side force is
proportional to the diameter of the probe, the viscosity, and the

velocity,

Vf; ~ du V¥ + w2 | (4-14)
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Chao (4) yawed his static-pressure probe, so that the probe could be
subjected to a known cross flow. His probe had a diameter of 1/16
inch and four static openings of approximately 1/32 inch each. The
openings were located at 90° intervals around the circumference of the
probe. The pressure measured by the probe did not change when the
probe was exposed to a known cross flow deliberately. Even with a
67% increase of the lateral force due to the yawing of the probe, Chao
did not observe any appreciable changes in static pressures. From
Chao's experiment, it can be inferred that the static-pressure tube is
insensitive to small errors in alignment. In view of what is mentioned
above, there does not seem to be a reliable method to calibrate and to
correct the measurements taken with a static-pressure tube. An
attempt was made to measure the static pressure in the boundary
layer with respect to the static pressure in the free stream. This
pressure differential was too small to be measured accurately with

the available equipment.

4,3 Turbulence Measurements

4.3.1 Hot-wire sensitivity to velocity and angle of yaw - The

measurement of transient velocity components was done exclusively
by the constant-temperature hot-wire anemometer designed at
Colorado State University by Finn and Sandborn (11).

The detecting element of a hot-wire anemometer consists of

a very fine and short metal wire, which is heated above ambient
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temperature by means of an electric current. By using a constant-
temperature hot-wire anemometer the electric resistance of the wire
and its temperature are kept constant. A slight variation in velocity
will result in a variation in heat loss from the hot wire, which in turn
produces an unbalance of a Wheatstone bridge. Any unbalance in the
bridge is compensated for by means of an electronic feedback system,
The feedback system senses the unbalance in the bridge and alters the
current to the bridge to rebalance it. Such a feedback system operates
almost instantaneously, and it can follow and balance the bridge for
frequencies up to 50,000 cps or greater.

The amount of heat transferred from the hot wire depends on:

1. The velocity of the fluid

2. The difference in wire temperature and the temperature

of the fluid

3. The physical properties of the fluid

4. The dimensions and physical properties of the wire

5. The orientation of the wire in the flow field.

The wire loses heat through conductio-n, free convection, forced
convection and radiation. Generally, the effects of radiation and of
free convection are neglected. The temperature distribution along the
wire can be predicted by solving the steady-state problem of heat
transfer from a finite hot wire with Joulean heating, conduction of
heat into the wire supports and forced convection. Since we want to

measure transient velocities rather than mean velocities, we need to
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consider the heat transfer from the hot wire in the transient state.
The transient solution can be approximated by assuming that the wire
responds as a first order system. In hot-wire anemometry, it is
assumed that the fluctuations can be evaluated from a calibration
between the wire heat loss and the quantity to be measured. The
wire heat loss must be known very accurately so that the first deriva-
tive of heat loss with respect to the quantity which changes the heat
loss can be obtained.

The heat loss from a circular cylinder of infinite length has
been found to be a function of velocity, temperature, fluid properties
and angle of attack. For this experiment, it was agssumed that the
hot wire was used in flows where temperature and fluid properties
were considered constant. It is assumed that the hot wire is operated
ideally by the electronic circuit, so that problems of frequency re-
sponse do not need to be considered. The problem is now to find a
technique to obtain the turbulent velocities from the hot wire output
and the calibration curves. The output of the constant-temperature
hot-wire anemometer, which is indicative of the hot=-wire heat loss,
can now be assumed to be a function of velocity, U , and the

T

angle of attack, ¢ , provided the geometry and physical properties

of the wire remain constant,

= E(U £ ) . (4-15)

Eour TOT °
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The total velocity seen by the hot wire at any moment is

UTOT = V(U4 u)? + v: o+ w? o (4-16)

The rectangular coordinate system is rotated so that the mean velocity
U is directed in x-direction only. The angle ¢ -s the total angle
between the direction of total velocity and the position of the hot wire.
The angle ¢ can be thought of as being made up of two angles ¢ and
¥ . Angle ¢ is the angle the hot wire makes with the x-axis when
rotated in the x-y plane, and angle ¢ is the angle the hot wire makes
with the x~axis when rotated in the x-z plane (Figures 19, 20, and 21).
Any combination of ¢ and ¢ coincides with one value for angle ¢

When the wire is perfectly aligned in the x-y plane, the value of %5'
is zero. However, the heat loss is quite sensitive to angle of yaw for
small deviations from perfect alignment (32). Therefore, it is essen-
tial that a wire yawed in the x-y plane is aligned exactly in this plane.
Considering now only angles of yaw in the x-y plare, the output of the

constant-temperature hot=-wire anemometer can now be assumed to be

a function of total velocity vector, UTOT , and the angle of attack,

TOT ° ¢) . (4-17)

In terms of differentials, one obtains

dE oE
dE T mm— U 4 == dd . (4-18)
ouT BUTOT TOT ad
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The differential of the total velocity is

dU = ! (U + u) du + vdv + wdw ]

TOT
'\/(U+u)3+ vi+ w?

Generally, it is assumed that U >> u, v or w , so that the above

(4-19)

equation reduces simply to

d UTOT ~du . (4-20)

For large magnitudes of turbulence, the complete expression of
clUTOT must be utilized. If the fluctuations of the velocity are large
in reference to the mean velocity, it is nearly impossible to evaluate
the output of a hot wire anemometer. From Figure 19, it can be easily
seen that the instantaneous angle of attack can be written as

v

-1
oo
o' = ¢ + tan TR

(4-21)

Its differential may be expressed as

dd = (U+ u) dv = vdu . (4-22)

(U+ u)?+ v?

By substitution, one obtains

0 i
dEOUT = % [(U+ u) du + vdv + wdw] +

N R P

JE (U + u) dv = vdu (4-23)
¢ (U+u)?+ v?
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The above equation is still impossibly complex, and additional
assumptions seem necessary to obtain a less complex expression in
which the terms can be evaluated.

It is now assumed that the mean velocity U is much greater
than the turbulent velocities (i.e., U >>u, v or w). Substituting

these assumptions in the above equation, one obtains the following

relation:
oE oE
= —— + — d -
dEOUT ] du 39 ¢ (4~-24)
or consequently,
E = E(U, ¢) . (4=25)

ouT
Assuming now that E(U , ¢) is analytic everywhere in the flow field,
the above function may be expanded in a Taylor series about some
convenient point of operation. The deviations of the velocity and
angle from its mean values are assumed to be small and will be de-
noted by u = U' - U and q51= ¢'-0 |, respectively. Expanding the
output of the hot wire about U and ¢ , the following is obtained,

oE

E(U', ¢ = E(U, ¢) + (%) u+ -5'(?)_) ¢1 +_21_!_ (%{%) u? 4+
m m m

8ZE 1 adE
(auaqs up, + 37 (a—¢r) 65+ cein . (4-26)
M m

The deviation of the wire voltage from its mean is denoted by e

]

where e = E(U', ¢') - E(U, ¢) . The partial derivatives with
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subscript m denote the evaluation of these partial derivatives at
the point of operation (U, ¢)
Neglecting higher order terms, the expansion can be

rewritien as

5}
& (5% b (% 8, - (4-27)
m m

(g—]é) is the sensitivity of the hot wire voltage to a deviation in

. E
velocity from its mean, and (53—) is the sensitivity of the hot

m

wire voltage to a deviation in angle from its mean. From now on,
the subscript m of the partial derivatives of E will be omitted with
the understanding that all partial derivatives are being evaluated at
the mean.

From Figure 19, it can easily be seen that

TR S— (4-28)
V(U+u? + v
After expansion,
3
‘ \4 1 v
90 = + 5 Fennne (4-29)

V(U +u)? + v? V(U+u)?+v2

Previously, it was assumed that the mean velocity, U , is much

larger than the turbulent fluctuations, consequently ¢1 ~ % and
oE 1 ©oE
e = 30 u + T % \'s : (4=-30)

To employ this expression, it must be written in terms of quantities

which can be measured such as root-mean squares or mean squares
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of fluctuating quantities. Therefore, the above equation is squared

and averaged. This leads to

2
E —_ 1 ok 2
( ) (aU) (U _q‘)) oy ("I'J" %) ve . (4-31)
9B _ g LB -
Letting 3 bU and T 3¢ SV , one obtains
2 2 — 2 —3 .
(SU) u? + 28,8, W+ (sv) vE . (4-32)

The above equation requires that the hot wire has to be
calibrated with respect to angle and velocity in order to obtain a
value for uv from which the turbulent shear stress in the
x=-direction can be obtained. These sensitivities themselves vary
with angle and velocity, however, it was found that the two sensi-
tivity terms SU and SV are of equal magnitude at an angle of
¢ = 40° ., Based on this information and previous experiments it
was decided to operate the hot wire at angles of plus and minus 40°
from the x=-axis in the x-y plane. For the case of ¢ = 90°, or
when the wire is perpendicular to the mean flow, the angle sensi-

tivity is zero (Figure 22) and the above equation becomes

(SUla uz ., (4-33)

From this expression, the magnitude of u? can be obtained when the
wire is properly calibrated against velocity, and the mean velocity
at the point of measurement is known.

Knowing the magnitude of u? , values of v¢ and uv can

now be obtained by using the measurements of e2 at the wire
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positions of plus and minus 40° . Lxumining a plot (Figure 22) of

hot wire voltage versus angle of attack. it can be seen that for posi=

-~

tive angles of ¢ ., S, 1is a positive quantity, and for negative angles

\'

of attack SV is 4 negative quantity. Therefore, two equations can

now be constructed; one for the positive angle of attack,

(Ee‘=T)+40 = (82) uZ + 2(S

i u) (8y) wv o+ (8 vE

+40 +40 +40 +40
(4-34)

and the other for the negative angle of attack,

ol ) s — : =
(ez)”40 = (SIZJ) . uz + 2(SU)-40 (SV)-40 uv + (SV)-40 ve
(4=35)

4,.3,2 Hot=wire calibrations = All hot wires used for this

experiment were calibrated in the free stream outside the boundary
layer in the Army wind tunnel, so that accurate values for the hot=-
wire voltage could be obtained. The wire which was used for the

turbulent shear measurements was calibrated for angles of attack

of +920%and + 40° , In these positions, the output voltage from the
hot wire was obtained for mean velocities ranging from 5 to 40 fps.
From these results, the velocity sensitivity, SU = %—%—
tained for the three different angles: 90° + 40°, and = 40°, In

y was ob=-

order to insure a high degree of accuracy, the velocity sensitivities
were obtained in two different manners. The most straight=forward
way is to obtain the slope directly from the calibration curve of the

wire voltage versus velocity. However, the measurement of the
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velocity sensitivity in this manner is subject to a relatively great
amount of error.

From previous experiments, it was found that the mean heat
loss from hot wires in subsonic continuum flow was quite well pre-

dicted by King's Law,

2
"15'11_-%' - A+ B VU . (4-36)
a

In order to obtain an accurate value for the velocity sensitivity, the
equation not only must represent the data but also give a good first
derivative. It was found that the power of the velocity in King's Law
varies with the wire Reynolds number. The relation between the
mean heat loss and the mean velocity appears to be expressed best

by the relation

I°R : m
—— + ' -
R-R A B' U i (4=37)
a
For constant temperature operation, one can write:
£ m
= A' + B! ' -
RIR - Ra U (4-38)

If the temperature of the fluid and of the wire is constant, the term

R(R - R’a) is a constant and
E® = A + B U . (4-39)

If for no=flow the wire voltage is E0 , one gets

2 Bl m
E* - ES+ B, U . (4-40)
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Since the wire voltage for the no-flow condition can be measured
very accurately, the term E? - E; is plotted versus the velocity on
a log-log plot. As it turns out, this plot is not quite a straight line.
However, straight lines can be fitted for certain ranges of velocity.
For the velocity range of 1.5 - 4 fps, m is usually larger than 0.5,
For the velocity range of 4 - 12.5 fps, m is close to 0.5. For
velocities greater than 12.5 fps, m turns out to be smaller than 0.5.

The derivative of equation 4-40 with respect to U yields an
expression from which the velocity sensitivity can be obtained. For
each velocity range where the data can be fitted with a straight line,
accurate values for m and B may be obtained and the velocity sen-
sitivity calculated. The results for the velocity sensitivity of both
methods are similar except for velocities below 3 fps. In this velocity
range, m changes so rapidly that no straight line can be fitted to the
data. This method to obtain the velocity sensitivity was used for all
three angles of yaw.

For an absolutely symmetrical wire, the velocity sensitivity
curves should be the same for + 40%and - 40°: it turns out that
there is a slight difference in the two curves (Figures 23 and 24).

Figure 25 shows the variation of velocity sensitivity with velocity for

a wire normal to the flow. The angle sensitivity SV = '{':1]" 'g'%" at
¢ = +40° and ¢ = - 40° was obtained by measuring the hot wire

voltage at seven different angles ranging from ¢ = + 35% to

¢ = +45° , andfrom ¢ = = 35° to ¢ = - 45°, respectively.
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The results show that no difference in angle sensitivity between the
positive and negative angle of yaw could be discerned because of the
scatter of the data (Figure 26).

4.3.3 Calibration of the differentiating circuit - The average

size of the smallest eddies, which are mainly responsible for the
turbulent energy dissipation, can be measured directly by means of

a differentiating circuit. The size of the smallest eddies, A ,

called the micro-scale, can also be obtained from the power spectrum,

The micro-scale is defined by Taylor (37) as

. 1 -R { <R
~: = 2lm X = lim —X] . (@-a1)
x =30 x 2 y—0 y?

For isotropic turbulence, it turns out that Rx = Ry when x=yV2 ,
The micro-scale, A , is the intercept on the y axis of a parabola of
correct curvature drawn in such a manner that it touches the (Ry yY)

curve at its maximum when y = 0 , Taylor shows that

2 2 4 2 2
o ik X (a_) ok 2 (M) ]
7 o
’ 2 : 2
u u

= = e
b4 y dy
(4-42)
Neglecting higher order terms,
5 2 - 1 -R
(—l-l- ) = 2u Iim S 4 (4-43)
oy 2
i £ y
or _
2 2
Ju 2 u
(5‘&' ) =2 ).2 . {4-44)



For isotropic turbulence

e - & ) .

Therefore,

A . (4-46)

i )

Assuming that Taylor's hypothesis is valid, the previous equation

can be written as

% . (4-47)

For a wire normal to the mean flow, the instantaneous output voltage
is related to the instantaneous velocity by

e(t) = S ut) . (4-48)

The micro-scale can now be directly expressed in terms of the hot-

wire anemometer output voltage, e(t) ,

u Ve

A = , (4-49)
\ ’ -a;s 2
ot
where V e? is the rms of the signal which is fed into the differen-
[De |2
tiating circuit. The magnitude of V _Te) is obtained from the

calibration curve (Figure 11),



Assume that the input signal to the differentiating circuit is

a sine wave, e = A sin wt . It can easily be shown that the rms of
this signal is V ez = it . Now g—te = A wcos wt and
2
_d.e_)"‘ . Ae = (4-50)
dt -\('é
where w = 27 n . Therefore, the rms of the derivative of the

input-sine wave can be calculated when its frequency and the magni-
tude of its rms are known. It is possible to obtain a calibration of
the differentiating circuit of the output voltage, VE , versus the
calculated value for V(g—f) ’ (Figure 11). The micro-scale, X ,
can be calculated since all the terms in the expression for A can be
obtained.

4. 3.4 Possible sources of error in turbulence measurements -

The measurement of turbulent velocity components seems relatively
easy following the previous discussions. However, these measure-
ments are subject to a great deal of uncertainty. In this section,
the possible sources of error in turbulence measurements will be

pointed out,

a. Effect of the solid boundary on turbulence measurements

When a hot wireis used close to a solid boundary, errors
are introduced due to the effect of the boundary on the rate of heat loss

from the wire. When a tungsten wire is used at an overheating ratio
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of R/Ra = 1.5 , the wire temperature is approximately 250° F,
Consequently, when this hot wire is used near a solid boundary the
wire can be 180°F hotter than the surface. Besides losing heat to

the air due to forced convection, the wire may lose additional heat to
the surface, due to conduction. Piercy, Richardson and Winny (25)
used potential-flow theory to determine the conduction-heat loss due
to the presence of a solid surface. These results cannot be expected
to apply to the boundary layer, since different velocity profiles are
involved. Wills (42) showed the effect of the solid boundary for lami=
nar flow. The air velocity at the wire was found from the known
laminar velocity profile. Using the same channel, the boundary
layer was allowed to become turbulent. The same values for U_
were used in order to maintain the same velocity gradient at the wall.
As could be expected, the laminar correction was too big to be used
in turbulent flow. The results indicated that close to the wall a cor=
rection approximately half as big as for the laminar case was a good
estimate.

No exact correction for the effect of a solid surface on the
heat transfer from a wire can be obtained, unless one resorts to
experimental methods. The effect of the boundary on the heat trans-
fer from the hot wire for the no-flow condition is shown in Figure 27.
For this condition, the effect of the surface becomes negligible when
the wire is 0.1 inch away from this surface. For the turbulent bound-

ary layer with a free stream velocity of approximately 20 fps, surface
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effects were detected when the wire was within 0.01 inch of the
surface. At such distances from the surface, 10% discrepancies in
estimating the clearance between the wire and the boundary exist.
The fact that the surface is not perfectly smooth adds to this problem.
In this experiment, data within 0.02 inch of the surface are subject

to these uncertainties. It was found that at distances greater than
0.02 inch from the surface the velocity measurements from the hot

wire and the total-head tube coincide quite well.

b. Effect of wire length on turbulence measurements

When the integral scale of the turbulence in the direction
of the hot wire is of the same order of magnitude as the length of the
wire, the turbulence measurements are in error. Hot wires approxi=-
mately 0.05 inch long were used for the turbulence measurements.

It could very well be that velocity fluctuations on one part of the wire
are not completely correlated with those on another part, This means
that the dominating eddies are of the same size or smaller than the
length of the wire. The lack of correlation causes the rms voltage to
be reduced. This reduction depends on the falling-off of the correla-
tion curve of the turbulence in the direction of the wire. This reduc-
tion must be taken into account in all turbulence measurements,
including turbulence intensity, correlations, turbulent shear and
energy-density spectra. For maximum signal output, however, it

is required to have a relatively long hot wire. The space resolution



requires a hot wire of zero length. These two requirements are in
conflict and some sort of compromise has to be made.

Dryden, et al. (8), Frenkiel (12), and Uberoi and Kovasznay
(41) came to the same conclusion about the space-resolution correction

for the turbulent voltage:

, (
; J’ @ -2z) R (z)dz , (4-51)
(2 0 “

where is the measured mean square of the fluctuating voltage.

) 0]
?ﬁml t'DIJ P'b:ul

However, before an attempt is made to correct the turbulent voltage
for space resolution, it is important to realize the influence of con-
duction into the wire supports. The effective length of the wire is
shorter than its actual length due to the drop in local temperature of
the wire toward its supports.

The correction for wire length was calculated using the
measured lateral correlation coefficient, R.z . This correlation
coefficient was measured by means of two vertical wires, each being
approximately 0.01 inch long. The centers of these wires were lo-
cated at a distance of 0.015 inch above the tunnel floor. The calcula=-
tions were made for a free stream velocity of 40 fps. For this case,
the measured lateral integral scale was 0,030 inch. The correction

factor, C1 , was found to be 1.15. This correction factor is defined

B = a2 -5
e = C1 eE % (4-52)
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2 ¢ _
a2 jo (-2 R dz . (4-53)

For ( , the actual wire length of 0.05 inch was used. For
the worst possible case, the correction for finite wire length is 15%.
This result was obtained using the actual wire length and not a
shorter length due to end effects. It can be expected that this lateral
integral scale will increase rapidly with increasing distance from the
solid boundary. This would then result in a rapid decrease in the
correction factor C1 . No turbulence measurements are considered
accurate within 0,02 inch of the tunnel floor. The lateral correlation
measurements were made with wires which were positioned verti-
cally and close to the tunnel floor. The vertical velocity gradient and
the vertical gradient of the longitudinal velocity fluctuations are of
large magnitude close to the solid boundary. Under such conditions,
the measurements of hot wires seem to be exaggerated as will be
shown later. For these reasons, and lack of reliable measurements,
no correction for finite wire length was made as far as the turbulence-
intensity measurements and the turbulence-shear measurements were
concerned,

Also the one-dimensional energy spectra need to be corrected
for wire length. The contribution to the energy by high wave-number

turbulence of small scale will be too low, due to the finite length of



the hot wire. Betchov (2) corrected his results for the effect of the

-7
finite length of the hot wire. The uncorrected spectrum falls as Kk
in the viscous range. However, after the correction is made the

-6 ) . o )
spectrum falls off as k . The true one-dimensional spectrum can

be recovered from the measured spectrum using the correction equa-
tion given by Uberoi and Kovasznay (41).

@ gk dk!

f
k K Vk' - k2

F(k) =~ (4-54)

where F'(k') is the measured one-dimensional spectrum which will
approach the true one-dimensional spectrum, F(k) , when (
approaches zero. The correction equation is derived with the assump-
tion that the temperature distribution is uniform along the wire. If

it is assumed that F' (k') = B k-'? , the true one-dimensional
spectrum becomes

=7

15 )
W k . (4"'35)

F() = -

This result shows that the spectrum function still falls off as k-7
Betchov's results after the correction showed a slope of =6 on a log-
log plot. The two methods of correction for finite wire length do not
give similar results.

Since the hot wire has a finite length and does not give a point
measurement, the recorded signal is an integral of the turbulence
over the wire length. For eddy sizes several times smaller than the

wire length, it is possible that two or more such eddies strike the
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wire simultaneously. The result would be that the measured power
al such high wave numbers tends to be larger than the true power.

Previously, it has been argued that if the scale of the eddies in the
direction of the wire was of the same magnitude or sl vhtly smaller

than the length of the wire. the rms voltage was reduced.

The wire length should be small compared to the wave length
of a particular frequency. However, it is questionable how well the
wave length represents the true scale of the eddies at this particular
frequency. The wire length (0.05 inch) corresponds to a wave number
of 1500 feet™! | This would indicate that the viscous regions of
spectra measured close to the wall (y < 0.5 inch) may need to be

corrected.

The effect of wire length may be determined by obtaining the
energy spectrum with wires of varying length. Extrapolation for
zero wire length could give the proper value for the spectrum function
at a given wave number. Difference in logarithmic slope of the vis-
cous region of the spectrum was observed by comparing two recorded
signals, taken under the same flow conditions but at different times.
This would indicate that the measurements taken at different times
are sensitive to slight changes in behavior of the electronic equipment,
In view of this, and since no reliable method is available, no correc-
tion was made for the effect of the wire length on measured power

spectra.,
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c. Effect of velocity gradient and turbulence-intensity

gradient on turbulence measurements

For heat transfer from a finite hot wire in the steady
state with a uniform velocity distribution normal to the wire, the
temperature distribution along the wire can be written as

dcT

ds?

-3 T - -8 . (4-56)

In this case, Bi and Bz are constants. However, with a steady
non-uniform flow normal to the wire the above equation becomes
more complicated. Both 81 and Bz now are functions of s . This
is due to the fact that the convective heat-transfer coefficient varies
with the velocity distribution along the wire. The equation for the
temperature distribution along the wire becomes

d? T(s)
ds?

- T(s) By(s) = = B,(s) . (4-57)

2

The general solution of this differential equation does not seem to be
expressible in terms of simple functions of 81 and BZ . When a
hot wire is operated in a velocity gradient, the heat transfer along
the wire is non-uniform. This results in a shift of the effective
center of the wire toward that part of the wire with the higher heat
transfer. If the wire also experiences a turbulence-intensity gradient
in the direction of the wire, a mathematical solution for the tempera-

ture distribution is almost impossible to obtain.
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Hot wires operating close to the solid boundary in the
turbulent boundary layer and projected partly or completely in the
y=direction are subject to the above mentioned gradients. When
operated under such conditions, the measurements with a vertical
and a horizontal hot wire positioned normal to the mean flow do not
give the same value of turbulence intensity. Figures 28 and 29
demonstrate the results obtained for ﬁ/ U with the horizontal and
vertical wire, The discrepancy in results from the horizontal and
vertical wire seems to increase with increasing Reynolds numbers.
It is reasonable to assume that the measurements with the horizontal
wire are more nearly correct. When this is true, it seems that the
vertical wire is affected by a large mean-velocity gradient that exists
along its length or possibly by the existence of a turbulence gradient
a'\/'&"—z/ay . For measurements of the longitudinal turbulence inten-
sity, the wire can be placed such that these large gradients are not
present along the wire. However, for measurements of the turbulent
shear stress, the wire must be yawed so that it is partly projected in
the y-direction.

Results show that total shear obtained from measurements
with the hot wire were systematically higher than the expected values
obtained from the mean velocity distribution. The wall-shear stress
was obtained experimentally with the wall-shear stress meter and

theoretically from the Ludwig-Tillman equation for local skin friction.
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In the viscous region close to the solid boundary. it is possible to
neglect the inertia terms in the equation of motion. The result is
that the vertical gradient in total shear is zero if the longitudinal
pressure gradient is also zero. Sincc the wall shear is known, the
turbulent shear in this viscous region can now be calculated by sub-
tracting the viscous shear from the total shear. However, the experi-
mental results were systematically higher than the calculated results
(Figures 30 and 31). Close to the wall, in the region with an appre-
ciable velocity gradient, the longitudinal turbulence intensity meas-
ured with the vertical wire was generally larger in magnitude than
the one measured with the horizontal wire. The turbulent shear
stresses measured with the yawed wire are larger in magnitude than
the calculated values obtained from the momentum equation. This
leads to the conclusion that the measurements with hot wires, which
are partly or completely exposed to velocity gradients, are generally
exaggerated. Plotting '\{-u_—z versus distance from the tunnel floor
(Figures 32 and 33), it was noted that V_E—E measured with the verti-
cal wire already differed from the true value of VTu_s— before the
term QX8 ayF becomes significant. Therefore, it was believed
that the mean velocity gradient had much more effect on the hot wire
output than the gradient of the longitudinal velocity fluciuations.

The measurements were corrected in the following manner.
The rms output of the vertical hot wire was compared with the rms

uz

calculated from the true turbulence intensity. - ., obtained
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from the measurements with the horizontal wire. For each distance
from the floor, a ratio for the difference in rms voltage and measured
rms voltage can be obtained. This same ratio was used to correct
the measurements of the yawed wire. By correcting the output of

the yawed wire it is assumed that the calculated terms uv and vz

are corrected for effects of velocity and turbulence gradient.

d. Effect of turbulence on heat transfer from hot wires

The heat transfer from cylinders placed in a turbulent
flow is affected by the Reynolds number, the intensity of the turbu-
lence and the ratio between the scale of the turbulence and the cylin-
der diameter. These effects were investigated by van der Hegge
Zijnen (15). The results show that for very small or very large
magnitudes of the ratio Lx /D , the turbulence intensity has hardly
any effect on the heat transfer from the cylinder. When the scale of
the turbulence is of the same order of magnitude as the cylinder diam-
eter (Lx /D = 1.5), an increase in turbulence intensity will marked-
ly increase the heat transfer especially for high Reynolds numbers.

In this experiment, the wires were calibrated in the free stream with
a very low turbulence intensity. It is possible that the heat transfer
increases when the same wire is operated in the boundary layer at
much higher turbulence intensity. So far, it has been assumed that
the mean heat transfer is the same whether the turbulence intensity

is low (free stream) or the turbulence intensity is high (boundary



layer), as long as the mean flow does not change. A change in heat
transfer due to turbulence intensity would result in a change in hot
wire voltage. However, the measured mean velocities near the
boundary were in good agreement with the velocities obtained from
the hot-wire calibration. This indicates that the heat transfer from
the wire is not affected by turbulence intensity as long as the scale
of the turbulence is sufficiently large with respect to the wire

diameter.

e. Effect of linearization on turbulence calculations

The sensitivity of the hot wire anemometer to velocity
fluctuations was explained in section 4. 3.1. The expression for the
differential of the hot wire output was too complex and additional
assumptions had to be made. The classical assumption was made
that the magnitude of the mean flow was much larger than the magni-
tude of the fluctuations.

By using the expression for the differential of the hot-wire
output, it is assumed that the calibration curve of the hot wire is
linear around the point of operation. This assumption may be ade-
quate for small turbulence intensities at high mean velocities. But
the assumption of the velocity-voltage curve being linear over the
range required by dEout =~ e must be questioned. The possible

error due to non-linear averaging of the hot-wire anemometer was

checked graphically from the calibration curve. For a fluctuation
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intensity of .\/-TJ:Z/U = 0.30 , the maximum error of 3% was found
when U = 20 fps . For lower velocities and at the same turbulence
intensity the error was found to be less. Therefore, it can be con-
cluded that for all turbulent measurements the non-linearity of the

voltage versus velocity calibration curve is unimportant.

f. Effect of large turbulence components on hot wire

measurements

In the previous section, some light was shed on the
effect of large velocity fluctuations in the same direction as mean
flow. The maximum possible error to be expected under the condi-
tions encountered in this experiment was 3%. Next to the solid
surface, the scale of the turbulence in the longitudinal direction is
ten times as large as either the lateral or vertical turbulence scales.
For a wire normal to the flow and parallel to the tunnel floor, the
wire sees a relatively large fluctuation in the x-direction and a com-
paratively small fluctuation in the other two directions. The maxi-
mum longitudinal turbulence intensity encountered in this experiment
was of the order of 0.3 close to the wall. Therefore, one might
expect that the intensities of the lateral and the vertical turbulence
components, ﬁ/l] and .\/-_w_;/U would be of the order of 0.03.
In the region close to the wall, the assumption that U >> v or w
can therefore be accepted without introduction of a great deal of

error. Schraub and Kline (33) have attempted to estimate the errors



due to large turbulence fluctuations along a hot wire. The results
show that ¢rrors of the order of 5% arc possible for turbulence
intensities of approximately 35%. The maximum value for this tur=
bulence intensity, encountered in a region away from the wall was
approximately 10%, Therefore, it can be concluded that the effect

of v and w turbulence components is relatively small (less than 5%),

so this effect has been ignored.



Chapter V

RESULTS AND DISCUSSION

5.1 The Nature of the Turbulent Boundary Layer

The presence of the gravel roughness at the entrance to the
test section of the Army wind tunnel results in a large increase in
skin friction. This increased skin friction means an increased wall-
shear stress and a higher loss in momentum. Therefore, momentum
has to enter the boundary layer to make up for this increased loss of
momentum. The only way for more momentum to enter the boundary
layer is for the boundary layer to increase in thickness at a faster
rate. Downstream from the gravel roughness, the velocity profile
is expected to return to a "normal" boundary layer profile. The only
difference is that the roughness has helped to develop the boundary
layer at a much faster rate than would have been the case without the
roughness.

For the zero-pressure gradient turbulent boundary layer, the
form factor, H , depends solely on the skin friction. Rotta (29)

gives an expression for the variation of form factor with skin friction.

1 U-r
w ' o (5-1)
[09)
where
ea} U _-u )° yU
f00) T
I1 = I 5 d
0 T § U



89

and
U [
T |

8} 2
(¢0)

Since the boundary-layer thickness can be defined in several ways,
yu_

Rotta introduces the dimensionless wall distance, = )
6" Yo

instead of y/6§ . The parameter I, can be expected to be a

1
constant, assuming that similarity of the velocity defect exists.

The calculated value of the parameter I1 is given by Rotta as 6.1,
Figure 34 shows the calculated variation of form factor with skin
friction, as well as the experimental results of Smith and Walker (36)
and the results obtained in this experiment. The experimental re-
sults seem to fall above the calculated curve. The same is true for
the experimental results of Schultz-Grunow and Hama as presented
in Figure 13.6 of reference 29. All the velocity profiles of the Army

wind tunnel seem to have the same value for form factor. This is in

agreement with the similarity of the profiles when

d is

U

plotted versus y/é (Figures 35 and 36). According to the theory,
this would mean no change in skin friction. When turbulent velocity
profiles are plotted as was done for laminar layers, using U/Um
versus y/6 , the profiles seem to become similar notwithstanding
the change in skin friction. However, it must be noted that Reynolds
numbers, based on the distance from the virtual origin, of magnitude

3x 108 were obtained. Reynolds numbers of such high magnitudes

are not generally obtained in laboratory experiments. In Table I,
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the important profile parameters are given for the measured
velocity profiles along the test section of the tunnel. This table
includes the results from the profiles at the station for which

x = 85 feet. The skin friction was calculated from the empirical
relation due to Ludwig and Tillman

-0.678 H

-0.268
c, = 0.246 x 10 (U, 6/v)

(5-2)
The values for the distance from the virtual origin were obtained
by means of the resistance law due to Smith and Walker (36).

The von Karman momentum=-integral equation,

_ ,40
Cf - Z_CK 3 (5"'3)

gives values for the local skin friction which are 2.5 to 3 times as
large as the values obtained from the Ludwieg-Tillman equation.
However, the Ludwieg-Tillman equation seems more reliable since
its results agree well with the values for local skin friction as
obtained from the shear meter (Figure 37). The momentum-integral
equation gives exaggerated values for local skin friction as compared
with the results obtained from the shear meter. These exaggerated
values for local skin friction are a result of the fact that the flow in
the tunnel is not completely two-dimensional. Due to the increased
momentum loss in the corners of the tunnel, more momentum has to
be delivered by the free stream. This gives rise to the development
of a secondary flow where high velocity fluid is transported from the

center of the tunnel toward the corners. The necessary result is



a1

that slow moving fluid is transported laterally away from the corners
along the boundary and finally transporred back 1o the free stream
along the center line of the tunnel. This secondary flow tends to
increase the boundary layer thickness at the center of the tunnel.
The momentum thickness increases faster than is expected. resulting
in an exaggeration of the local skin friction.

In Chapter II, it has been pointed out that for local similarity

aUu

of the outer part of the turbulent boundary layer the term -TX-T— has

to vanish (when longitudinal pressure gradient is absent). Rotta (29)
found the following requirements for local similarity of the turbulent
boundary layer flow:
d(UT / Uco)
dx
d(s U_/U
(6 U_/U)
dx

= constant

/
Figure 38 shows that this first requirement for local similarity is

no: fulfilled. However, this figure shows that the shear velocity
varies almost linearly with the x~distance. This means that the law
of the wall applies, or that the function f (ZI;J-I-) is a truly universal
function for turbulent shear flow near a smooth wall. Rotta's second

requirement for local similarity is fulfilled, as can be seen from

Figure 39,
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5.2 The Flow Near the Wall at Station: x = 85 feet

The mean velocity distributions for approximately 1/5 of the
boundary-layer thickness are shown in Figures 40, 41, and 42.
Included in these figures are the slopes of the velocity profile at the
wall, obtained from the wall shear-stress meter. The magnitudes
of the wall-shear stress are plotted in Figure 37. In this figure,
the measured and calculated values for the wall-shear stress are
plotted versus a ratio of free stream velocity and kinematic viscosity.
The values of the wall-shear stress obtained with the Ludwieg-
Tillman skin-friction formula are slightly higher than the measured
values obtained with the shear meter. Comparing the measured
velocity distribution with the slope of the velocity at the wall, one
can see that the region of linear velocity distribution is limited to a
region of 0.020 inch from the wall. The thickness of this region
varies with the Reynolds number of the flow.

Figure 43 shows the distribution of the term :%_% versus
y/6 . When these terms are plotted, one notices immediately a great
deal of similarity. In the immediate neighborhood of the wall, equa-
tions (2-42) and (2-47) lead to the following expression

9y 9y

1 3y Oy?
tozoyut LYy (5-5)
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However, continuity requires that the term %E -g—V is zero at the
y 9y

u
wall. Consequently, the term _I'J'VT should vanish at the wall. From
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-uv
U2

goes to zero at the wall or not. The turbulent shear stress cannot

the data in Figure 43, it cannot be concluded whether the term

be measured close enough to the wall, because a yawed wire has to
be used to make this measurement.

The viscous shear stress and the turbulent shear stress
distributions are shown in Figures 44 and 45. Only in the immediate
neighborhood of the wall is the viscous shear of any importance. For
the case Ug, ~ 40 fps, a slight positive pressure gradient was meas-
ured. When the inertia terms are neglected, the equation of motion
(2-4) reduces to

oP oT

o 5; . (5-6)
The accuracy of the turbulent shear stress measurements is within
+ 10%. Evidence is found that difficulties are encountered when a
hot wire is operated in a region where large mean and turbulent veloc-
ity gradients exist. In this light, it is nearly impossible to expect
that the term uv can be measured within an uncertainty level of
less than 10%. The measurements indicate that the total shear stress
is constant only in a relatively small region adjacent to the wall.
Beyond this region, the inertia terms can no longer be neglected.
Several attempts were made to measure the longitudinal mean=
velocity gradient, Ba_li . However, this term is extremely small
for thick boundary layers, especially in the region close to the wall.

The results seem to indicate that there is a very small region next



to the wall where the velocity profile varies linearly with y
However, the measurements so close to the wall are not accurate

enough to substantiate this assumption. Near the surface, the term
)
dy 2

v is zero or nearly zero. Beyond this region, the viscous

term becomes relatively large until it reaches a maximum and there-

uv

2 follows a similar
oy

after decreases rapidly. The term

pattern. There is a relatively large region where both the viscous

2 T

term v —g?lzj- and the turbulent term

Bat;v are relatively small.
This is the transition region between the viscous sublayer and the
fully turbulent part of the turbulent layer. In this transition region,
the inertia terms are probably of the same order of magnitude as
either the viscous term or the turbulent term of the equation of
motion. Beyond the transition region, only the viscous term can be
neglected from the equation of motion.

Figure 46 shows the distribution of 7 /7, versus y/s for
two different free stream velocities. For y/§ > 0.05 , the curves
are similar. Close to the wall, the similarity breaks down due to
the existing pressure gradient at Uy =~ 40 fps. It was found that
close to the floor the output of the vertical and yawed hot wires show
much larger voltage excursions than the output of the horizontal wire.
The output of the hot wire seems to oscillate about one point, then

makes a large excursion and oscillates about another point. Conse-

quently, it is extremely difficult to obtain a reliable average of the
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rms of the fluctuating voltage. For the horizontal wire these

difficulties are less severe, and a better average can be obtained.

A change in rms voltage of less than 5% may result in completely

erroneous results of the terms uv and v2 . This is another

reason why the measurements of the turbulent shear stress close to

the wall are subject to a great deal of uncertainty. The large fluc-

tuations in rms voltage from yawed hot wires can possibly be related

to the streaky structure of the turbulence near the wall (33).

Vaz
U

are given in Figure 47. At the wall, this ratio should not vanish but

The distributions of the longitudinal turbulence intensity

must have a finite value (equation (2-53) ). According to the data,
this finite value could be 0,30 or slightly higher. This is in agree-

ment with the results of Mitchell and Hanratty (24), who claim a

Viz

value of 0, 32 for the ratio — when y =0 . In Figure 48, the
Voz
U

For the distribution near the wall, one may write from equation (2-46),

distribution of the vertical velocity fluctuation,

, is shown.

2 2 2 2 \2
2 2 |ov 3 ov 8% 1 4 [o%
L (8y) Y 3y 2y2 Ll ol (8—'372) +ooen J(5=7)

However, at the wall the first two terms to the right of the equal sign

ov
are zero. The term a_y = 0 at the wall, as is required by the

2
U
to vanish at the wall. The distribution of U near the wall is given
Ve

—

continuity equation. Consequently, one may expect the ratio

by equation (2-42). The data in Figure 48 indeed indicate that
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tends to zero near the wall. Figures 49 and 50 show the comparison
of the longitudinal and the vertical turbulent intensities. The two
intensities are of the same order of magnitude except for the region
extremely close to the wall. Klebanoff's results (19) indicate that
the lateral turbulent intensity falls between the longitudinal and verti-
cal turbulent intensities. The results from this experiment indicate
that the three turbulent intensities are much closer in magnitude than
those encountered by Klebanoff. This observation may be attributed
to the fact that the flow in this experiment had more time to develop

than in Klebanoff's boundary layer. Due to the action of the correla-

. ou ov ow .
tions p 3 ' P B_y and p 3z , energy is transferred from

the larger turbulence components to the smaller ones (29). There-
fore, the turbulence tends to become more isotropic. The three
turbulence components must have the same magnitude when the flow
is completely isotropic.

The large excursions seen by the vertical and yawed hot wires
close to the wall can possibly be related to the observations made by
Schraub and Kline (33). They found that the pattern of flow appears
to consist of an array of 'islands of hesitation'. Longitudinal vortices
are formed at the edge of these 'islands of hesitation'. After the
vortex has been carried away from the wall, it will break up into un-
oriented turbulence. The "islands of hesitation' are interspersed

with areas of faster moving fluid. An attempt was made to do similar
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studies in air. Schraub and Kline did their observations in water
boundary layers, with the help of dye and the hydrogen-bubble tech-
nique. A "mammoth' hot wire was placed normal to the flow and
close to the wall. In order to make observations, a Schlieren method
was used. Close to the wall, darker lines interspersed with lighter
lines were shed from the heated wire. This indicates that density
gradients exist in a direction normal to the flow. The spacing of
these lines seems to vary with the Reynolds number of the flow. For
higher Reynolds numbers, the distance between streaks is smaller
than for the lower Reynolds numbers. This agrees with the observa-
tions of Kline and Schraub (33). When the "mammoth' hot wire was
placed in the same direction, but away from the wall, these streaks
were no longer observed. The fact that density gradients exist
across the flow, downstream from the wire, when the latter is placed
close to the wall, indicates that the heat transfer from the wire is

not constant along the wire. This can be interpreted as a passage of
alternate fast and slow moving air past the wire. However, the den=-
sity gradients are small and consequently, the contrast between light
and dark areas is small. It was difficult to obtain photographs from
which measurements could be made. Rough estimates show that the

A'U
parameter M\ = ~ 2 is of the order of 100. Here A' is the

average spacing of the streaks. The results of Schraub and Kline

indicate the value of A ™ = 102 + 10 ., This suggests that the
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instability which produces the streaks depends on wall shear stress
and viscosity.

The similarity law for flow near the wall,

yU
U T
v - f ( = ) (5-8)
T
U yUT
seems to be valid. When the coordinates T and are
T

used, either in a linear or in a semilogarithmic plot, the data col-
lapse to one curve (Figures 51 and 52). The solid line in the linear
plot is the semilogarithmic velocity distribution as was obtained by

van Driest (7). The semilogarithmic law fits the data quite well in

yu.

the range 40 < < 1000 . The semilogarithmic law was
first derived by Prandtl using the mixing length theory. He had to
assume that the mixing length was proportional to the distance from
the wall and that the shear stress is constant, so that 7 = Tw
However, for the region where the semilogarithmic velocity distri-
bution fits the data the ratio % decreases from 1 to about 0.7
or 0.8, depending on the Reynolds number of the flow. Therefore,
the assumption made by Prandtl is subject to a 20% to 30% error in
this case. The reason why Prandtl did not make a serious error
with this assumption can be obtained from equation (2-13). The
assumption of constant shear stress leads to the similarity law for
the flow near the wall. Clauser (5) arrives at the logarithmic veloc-

ity distribution by assuming that near the wall, the law of the wall,

and for the outer flow the velocity defect law is valid. However, the



assumption of the law of the wall leads to the requirement that

U
¥
-—g% is at least a constant. The term wu B is extremely small,

which implies that —g—;— is almost zero.
The relation given by van Driest fits the data quite well for

yu,

the range 0 < < 1000 . Possibly there is a Reynolds num-=-

ber effect. The high Reynolds-number data are best fit by Hama's

yU,

curve in the region 5 < < 40 . Reichardt's curve and

yu,

van Driest's curve are identical for the region 0 <
yU

< 40

T

For high values of , Reichardt's expression reduces to

U-r = 5.25 + 5.5 log yv—UT . Van Driest's constants in the
semilogarithmic expression for the velocity distribution are 5.24
and 5.75, respectively. Reichardt fixed his relation for the turbu-
lent shear stress such that the term uv varied proportionally to y3
in the immediate neighborhood of the wall. This is in agreement with
equation (2-48). Away from the wall, the Reynolds shear stress
gradually changes to a linear distribution. Van Driest's relation
allows the turbulent shear stress to vanish at the wall with the fourth
power of y . Similarly, using Hama's relation, the turbulent shear
stress vanishes like y4 at the wall. In Figure 53, the relations for

the mixing length given by Hama and van Driest are compared with

the measured data. The assumption of a linear distribution for the
yU

mixing length is valid in the range 40 < < 400 . Within

the viscous sublayer, Hama's relation for the mixing length seems
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eu, yU.,
adequate. The data also indicate that e is a function of

v

in the region where the law of the wall is valid.

The semilogarithmic velocity distribution fits the data best

yU
in the range 40 < vT < 1000 . The linear sublayer can be
yU
expected in the range 0 < vT < 4 . The viscous sublayer
yu. yu_
extends from —_— @ 0 to ~ 60 . Beyond the viscous

sublayer, the inertia terms can no longer be neglected. All terms

in the equation of motion are of the same order of magnitude. Only

the viscous term can be measured with any degree of accuracy. The

other terms are either difficult to measure or are subject to error.
The balance of the mean energy equation (2-56) is difficult to

obtain. The terms include the loss of kinetic energy of the mean flow

due to its retardation. The term, —8-% , was too small to be meas-

ured accurately in thick boundary layers, especially near the surface.
a(Uuv) . .

The energy transfer term % is a difficult term to measure.

The distribution of the turbulent shear stress is subject to error.

This means that the y-derivative of the term U uv becomes very

unreliable. In order to show the order of magnitude of the terms in
T

equation (2-58), it was assumed that _p_w - v g—yq = - uv . Know-

ing the wall-shear stress and the mean velocity distribution, the tur-
bulent shear stress can be obtained. In the viscous sublayer, the
mean energy equation becomes

_— 38U, aUw) _ ¥ N g
WSy dy 2 dy? "\ oy - (5-9)
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or

T, 2
Uuw) _ = 30 _ 23U _ , (5-10)
oy Ay 2

Figure 54 shows the distribution of the direct dissipation, the transfer
of energy due to viscous diffusion and the work done by the viscous
shear per unit time. The latter term is balanced by the first two
terms. The distribution of the terms appearing in equation (5-10) is
shown in Figure 55. Close to the wall, the dissipation due to the
mean velocity gradient is more important than the turbulent energy
dissipation. The flow is almost completely viscous. However,

within a short distance the effect of viscosity becomes relatively
unimportant. From here on, the turbulent energy dissipation domi-
nates the total dissipation. In the region away from the wall, the

kinetic energy, lost by the mean motion due to its retardation is

a(U uv)

mostly transferred to the wall region by the term 3y

(Figure
13,12 of reference 29). In the outer region, this last term is rela-
tively large but of opposite sign when compared to the viscous sub-
layer. The total dissipation in the viscous sublayer is large compared
to the dissipation in the outer layer. Most of the energy which is
dissipated into heat comes from the outer layer due to the transfer

of the energy which was taken away from the mean flow. According

to Schubauer (35), 40% of the energy lost by the mean flow is directly

dissipated into heat, without going through the stage of turbulence.

The remaining 60% of energy lost by the mean flow is transferred
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into turbulent energy. The maximum rate of turbulence production
takes place just outside the layer where the velocity profile is linear.
The terms in the turbulent energy equation are difficult to measure.
The turbulent dissipation, € , has been obtained from the turbulence
spectra, assuming local isotropy. The results will be discussed in

the next section.

5.3 Energy Spectra and Turbulence Scales at Station: x = 85 feet

Further insight into the characteristics of turbulence in the
boundary layer can be obtained by examining the spectral distribution
of turbulent energy. Energy enters the spectrum through the large
eddies and is then transferred through the spectrum to the smaller
eddies where it is finally dissipated. Chapter II shows how the theory
of local isotropy leads to expressions for the distribution of the one-
dimensional spectrum function (equation (2-77) ). In turbulent shear
flow, it is not known how the one-dimensional spectrum function is
related to the three-dimensional spectrum function. However, it is
assumed that the one-dimensional spectrum function is still an inte-
gral effect of the three-dimensional spectrum function. In spite of
these and other experimental difficulties, the study of the energy
spectra may lead to very interesting conclusions,

In order to test the spectra for similarity, the data should be

presented with Ev) and e as coordinates. In Fi 56
*s. In Figure 56,
e 05 1/4 ke g

a number of spectra of the longitudinal turbulent velocity are
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represented in non-dimensional form. Included in this plot is the
non-dimensional form of the one-dimensional energy spectrum func-
tion as was obtained by Heisenberg (equation (2-77) ). The results
show that equation (2-77) is a similarity law for the longitudinal
energy spectra. Each spectrum branches away from Heisenberg's
theoretical formula at a different point, depending on the size of the
large scale eddies. In the region 10-1 < - < 1 , the experi=-

k
s

mental values of the non-dimensional spectrum seem to fall below

the values predicted by Heisenberg. At the high frequency end of the
spectra, the scatter of the data is appreciable. This is partly due

to the fact that the spectra at 0,005 inch and 0.003 inch from the wall
can no longer be predicted by Heisenberg's theoretical formula. The
spectra at varying distances from the wall show varying extents of
the inertial subrange, depending on the size of the large scale eddies.
For example, the spectrum at y = 0.022 inch and Uyp = 20 fps
joins with Heisenberg's expression at the end of the inertial subrange.
Consequently, the spectrum at this point will show only a very small
region where F(k) varies as 1«:-5/3 . The spectrum at a point
where the Reynolds number of the flow is much higher, for instance
the spectrum at y = 7.0 inches and U_, = 40 fps, shows an appreci-
able region where F(k) varies as k-s/3 . Sandborn and Marshall (31)

have compared the spectra taken in the Army wind tunnel with spectra

taken in flows with extremely high Reynolds numbers. These flows



104

included flow in an ocean tidal channel, and the flow of the atmospherec
over water waves. These high Reynolds-number flows show a still
larger region where F(k) varies as k~5/3 ;

The question is, what are the criteria for a turbulent shear
flow to be considered locally isotropic? The theory does not predict
when the turbulence may be considered to be locally isotropic.
Bradshaw (3) compared the factor of proportionality, K , of
equation (5-13) for power spectra obtained from grid turbulence and
from turbulent shear flow. He found that the value of K in the spec-

2 =
trum formula F(k) = K € /3 k 5/3

is constant for homogeneous
grid turbulence as well as for turbulent shear flow. The constancy of
the factor K is true as long as the micro-scale Reynolds number,
Re),L , is not smaller than 100, A necessary condition for local

isotropy to exist is the requirement k >> LL . Here, L_ is
X

X

the longitudinal integral scale of the turbulence as is defined in
equation (2-93). The results of Figure 56 indicate the existence of
the inertial subrange up to ?k;- = 0.1. The lower limit of the iner-
tial subrange depends on the magnitude of the integral scale Lx
According to Figure 56, the - % region of the energy spectrum
shrinks to zero at about Rek = 25 . The magnitudes for the
micro-scale were obtained from the wave number spectra using

equation (2-91). Bradshaw (3) points out that it is possible for the

energy spectra to obey the local-isotropic relations in spite of the
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fact the shear-stress spectra do not. The requirement for local
similarity could follow from Kolmogoroff's postulate that in the
inertial subrange the energy spectra depend on k and € only. This

leads to the similarity of the energy spectra when the data are pre-

ted i .5 d F(k) as coordinates
sented using ke an m s coor .

Figures 57 and 58 show the distribution of the macro-scales
and the micro-scales. The scales decrease to zero at the surface,
as might be expected, and seem to become constant in the fully tur-
bulent part of the boundary layer. The macro-scales were determined
by the use of equation (2-98). The micro-scales were determined
either by using equation (2-91) or by use of equation (2-92), The
results obtained by the method of integration of the second moment
of the energy spectra seem to be more reliable than the results
obtained from the differentiating circuit. The results show that the
micro-scale obtained by the differentiation method are consistently
higher. Based on the comparison of the magnitude of the turbulent
dissipation with the magnitude of the production of turbulent energy,
it can be concluded that the method of integration gives more reliable
results.

Figures 59 and 60 show the distribution of the turbulent
production and the turbulent dissipation. The turbulent dissipation
was obtained by the use of equation (2=90), The necessary assumption

of local isotropy seems to hold beyond the viscous sublayer. The
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dissipation measurements are subject to a great deal of uncertainty.
In equation (2-90), the major contribution comes from the inertial
subrange. The energy spectrum, F(k), rapidly decreases in this
range; on the other hand the square of the wave number increases
rapidly. The product, k? F(k) , is therefore subject to a great
deal of uncertainty, and consequently so are the values for the turbu-
lent dissipation. Any conclusions concerning the validity of local
isotropy in the relation for the turbulent dissipation are difficult to
draw. First, reliable measurements are difficult to obtain espe-
cially close to the solid boundary. It is in this region where the bulk
of the turbulent dissipation takes place. Secondly, it is not known
how the production, diffusion and convection of turbulence affects the
assumption of locally isotropic turbulence. Thirdly, only the one-
dimensional spectrum can be measured. For isotropic turbulence
this is no problem since the three-dimensional spectrum function can
be expressed in terms of the one-dimensional spectrum function
(equation (2-74) ). Whether or not this expression is valid for turbu-
lent shear flow is still an unanswered question.

Figures 59 and 60 show the distribution of the turbulent
production and the turbulent dissipation. Since the turbulent convec-
tion and diffusion are small terms, one expects the production to be
of the same order of magnitude as the turbulent dissipation. For

Uy, = 20 fps, the two terms are of the same order of magnitude in
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yU
the range —T > 30 ., For Ugy = 40 fps, the production and
v

dissipation are of the same order of magnitude in the range
U
Y

v

> 130 . The assumption of locally isotropic turbulence
seems valid outside the viscous sublayer. The criterion for validity
of this assumption will depend also on the Reynolds number of the
flow. When the flow has more time to develop, the turbulence will
tend to become more isotropic. In this experiment, the boundary
layer has developed for 85 feet. This is considerably longer than
the 10.5 feet in Klebanoff's experiment. In Figure 61, the produc-
tion term and the direct dissipation term are compared with
Klebanoff's results. When plotted in dimensionless terms, a great
deal of similarity can be observed. Figure 62 shows the comparison
of the production term and the turbulent dissipation term with
Klebanoff's data. The distributions of the dimensionless production
term show excellent similarity. The turbulent dissipation term
shcws some scatter. However, since the turbulent dissipation is a
difficult term to measure it probably falls well within the uncertain-y
limits.

Heisenberg's theoretical expression which fits the data
(Figure 56) is
F(k) -5/3 4 7 -4/3

k
—p - 0.48 | 14+ 10.67 —kl-‘-— (5-11)
(ev™) s s
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For the inertial subrange one has

-5/3
F(k) ) k |77 .
W = 0.48 l"l'(—'—) (--"!Z}
(ev’) s
or
F(k) = 0.48 52/3 k_5/3 (5-13)

Consequently, all spectra which can be represented by Heisenberg's
theoretical expression must yield a proportionality factor, K , of
0.48. Bradshaw found from several sets of experimental data a value

of 0.5. He used the following formula for the turbulent dissipation:

& = , (5-14)

Here, L is the dissipation length parameter, and is represented as

1
L = ol 0.4 y , for the inner part of the turbulent boundary

layer. In dimensionless form, equation (5-14) becomes:

T ° 30 /v \5~15)

This expression for the turbulent dissipation shows a remarkable

similarity with Klebanoff's data (Figure 62), in the range

yU
10 < LA

< 2000 . Table II gives the parameters calculated

from the energy spectra using the relations for isotropic turbulence.
In Figure 63, the one-dimensional energy spectra are plotted

for different values of y . The plot shows how, for small distances

of y ., more energy is contained at higher wave numbers. At larger
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distances away from the wall (y = 0.5 inch), less energy is

yU
contained at high wave numbers. For = T > 120 . the value of

€ changes very little as compared to the value of € in the range

yU
T. < 120 (Figure 62). Conscquently. the one-dimensional
yU'r 2
energy spectra in the range = > 120 tend to become similar

(equation (5-13) ). Table III gives the numerical values of F(k)/uz
for all measured spectra.

As mentioned before, measurements were made of the lateral
velocity correlation coefficients. The results are shown in Figures
64 and 65. These measurements were made with two vertical wires,
parallel to each other and positioned as close to the wall as possible.
It was estimated that the centers of the wires were approximately
0.015 inch from the wall. From these measurements, the lateral
intqgral scale of the eddies close to the wall can be measured. It is
obser%r_ed that the lateral correlation coefficient becomes negative for
larger separation distances. This is similar to the results of corre-
lation measurements made by Willmarth and Tu (43). These authors
give a model for the turbulence structure in the immediate neighbor-
hood of the wall. Vortex lines which are originally parallel to the
wall in the z-direction are bent and stretched in the direction of the
flow at some angle to the wall. This model explains why, close to
the wall, areas of faster moving fluid are alternated with areas of

slower moving fluid. This phenomenon was observed by Schraub and
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Kline (33), and also in the present experiment with the "'mammoth"

hot wire in the wind tunnel.



Chapter VI

CONCIUSICNS

The turbulent boundary layer can be considered to be divided
into three regions. The first region is in the immediate neighborhood
of the wall, where the inertia terms in the equation of motion are
small compared to the other terms. The second region makes up the
largest part of the boundary layer, where the flow is fully turbulent.
In this region, the viscous term in the equation of motion is small
compared to the other terms. Between these two regions exists a
transition region where all the terms in the equation of motion are
small, but of the same order of magnitude. The present study was
carried out to evaluate the flow quantities in the wall region of the
turbulent boundary layer. While the concepts of a constant shear layer
have been discussed in the literature, no detailed measurements for
this region are available.

The existence of local similarity close to the wall and in the
outer portion of the turbulent boundary layer has been experimentally

justified in this experiment as well as many others. It has been

oU
pointed out that a—; has to be independent of x in order that the
ou
law of the wall is a similarity law. Similarly, _8_;_ has to vanish

in order that the velocity defect law is a similarity law. Experimental
data have indicated that both methods of correlation overlap in a re-

gion outside the viscous sublayer. Therefore, it can be concluded



that i;g- = 0 is a r‘equire{;nent for local similarity. When the

similarity law, T l‘[va ) , is introduced into the equation of
T

glL(I)tion it can be concluded that g—; = 0 , since it is required that

a—: = 0 . This means that for boundary layer flow with zero pres-

sure gradient, a constant shear layer must exist in the region where

the law of the wall is valid. Experimental evidence shows that the law

yU
of the wall is valid in the region 0 < =

< 1000 . Consequently,
one may expect the constant shear layer to exist in the same region.

The experimental results indicate that a constant shear layer

yu.
exists in the region 0 <

< 60 . This, in spite of the fact that

YU,

the law of the wall correlates the data in the region 0 < <1000,

It was found that turbulent shear-stress measurements can be subject
to considerable error. In order to investigate this problem, measure-
ments were made for '\/'_u_z. with a hot wire in a horizontal and a ver-
tical position. The results from the vertical wire showed a definite
increase in the magnitude of V’? » especially near the surface. It
was concluded that in this region the measurements from the vertical
wire were influenced by the gradient of the mean velocity in the
y-direction. The result was that the heat transfer along the wire was
not uniform, and incorrect values for the rms voltage were obtained.
The measurements with the yawed hot wire were corrected for the

effect of velocity gradient using the results from the vertical and



horizontal wire. After these corrections werce made the turbulent
shear stress could be obtained within an uncertainty range of £10%.
The local similarity of the flow near the wall was established
experimentally. The semilogarithmic expression for the velocity dis-
tribution is derived for the region where the law of the wall and the
velocity defect law overlap. The semilogarithmic velocity distribution

yU
.
fits the data best in the range 40 < : < 1000 . For the outer

and L are

layer, a great deal of similarity is observed when 5

used as coordinates. For boundary layers with a Reynolds number of
the order of 108 to 109 , the local skin-friction coefficient varies
very little with x , and similarity of the above mentioned form is

observed.
Van Driest's relation for the velocity distribution in the region

where the law of the wall is valid fits the data quite well. In the
¥y,
region 40 < —— < 1000 , van Driest's expression becomes
U yUT
T = 5,24 + 5.75 log e The assumption of a linear dis-
7

tribution for the mixing length is in agreement with the measurements
yU

in the range 40 ~ < 400 . In the viscous sublayer. Hama's
relation for the mixing length coincides quite well with the
measurements .

It was difficult to obtain a reliable average of the rms voltage
from a hot wire which was partly or completely projected in the

y-direection. This is especially true for measurements close 1o the

wall. The idea was conceived that this obscervation could be related
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to the 'streaky' structure of the turbulence near the surface as was
observed by Schraub and Kline. A Schlieren image from a ''mammoth"
hot wire normal to the flow and close to the wall of the wind tunnel
showed alternating areas of fast and slow moving fluid. The distance
between these areas varied with the magnitude of the Reynolds number
of the flow. Measurements of the lateral velocity correlation coeffi-
cient are in agreement with these observations.

The energy density spectra of the longitudinal turbulence
component show a great deal of similarity when plotted in non-
dimensional form. Except for spectra of points within 0.010 inch of
the wall, Heisenberg's expression correlates the data quite well.
However, this does not include the low wave-number range. Although
the data correlate well with Heisenberg's expression it cannot there-
fore be concluded that the turbulence is locally isotropic everywhere
in the turbulent boundary layer. The term 61/4 appears in
Heisenberg's expression; consequently, this expression is insensitive
to changes in € . The existence of the inertial subrange where the

5/3

spectrum falls off as k is also an inconclusive argument for the

existence of local isotropy. Every spectrum varies as k-5/3 at
some point. A better way to decide whether or not local isotropy

exists is to check the magnitude of the factor of proportionality, K

2/3 k-5/3

]
in the spectrum formula F(k) = Ke . This expression is
more sensitive to changes in € than Heisenberg's equation. The

most reliable way to check the existence of local isotropy is to
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measure the individual terms in the expression for the turbulent
dissipation by means of hot-wire anemometry, and to compare

these results with the calculated values from the expression

a0
€ = 15vf k? F(k) dk .
0

The conclusions can be summarized as follows:

1. The existence of local similarity of the form

U yU'r
T = f == demands the existence of a
-

constant shear layer.

2. Experimental results show that the constant shear

yU
T < 60

layer exists only in the region 0 <

3. Turbulent shear measurements are usually too
high close to the wall where large mean velocity
gradients occur.

4. The existence of local similarity was well established
for high Reynolds number boundary layers.

5. The '"'streaky'' structure of the turbulence close to the
wall as described by Schraub and Kline was confirmed.

6. The longitudinal and vertical turbulence components
are much closer in magnitude than previous published
results would indicate.

7. Local isotropy seems to exist outside the viscous
sublayer of turbulent boundary layers whose Reynolds

numbers are sufficiently large.
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APPENDIX

COMMERCIAIL INSTRUMENTATION

Pressure Transducer

A Trans-sonics Type 120B Equibar pressure meter was used
to obtain pressure measurements. The instrument is a portable
differential micromanometer which operates over a total pressure
range of 0 = 30 mm Hg in eight full-scale ranges. The pressure
sensor is a differential capacitance device consisting of a stretched
diaphragm clamped between two glass discs. Capacitor electrodes
are formed on the concave surfaces of the discs, adjacent to the dia-
phragm. These two capacitances form two arms of an A, C. bridge.
Any pressure differential causes an unbalance of the bridge. This
signal is amplified and fed to a detector circuit, which provides a
voltage to the meter and to the D.C. output terminals. The D.C. out-
put varies from 0 - 30 millivolts * 2%, proportional to the pressure
differential. This output is the same for each scale range. The accu-
racy of the meter reading is listed as 3% full scale of each selected
range. Since the kinetic pressure measurements in the turbulent
boundary layer were subject to a great deal of fluctuation, it was
necessary to integrate the output of the Trans-sonics over a suitable
period of time in order to obtain an accurate measurement. The D, C.

output of the Trans-sonics was first amplified one hundred times by
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means of a D.C. amplifier. and then integrated over a time span of
200 seconds. A calibration curve (Figure 17) of pressure in mm Hg
versus integrator output voltage was obtained for each scale range of
the Trans-sonics. Since the D.C. output of the Trans~-sonics varied
from 0 - 30 millivolts for each scale setting, these calibration curves
were all similar when plotted on the proper scale. A Meriam Model
34FB2TM micromanometer was used as standard to calibrate the
Trans-sonics electronic manometer. A calibration curve (Figure 18)

for each scale range was obtained.

True R.M.S. Voltmeter

In order to measure the A.C. output of the constant temperature
hot-wire anemometer, a Bruel and Kjear electronic voltmeter type
2416 was used. This instrument is able to make A.C. voltage meas-
urements in the frequency range of 2 cps to 200,000 cps and has
eleven voltage ranges varying from 10 millivolts to 1,000 volts full
scale deflection in 10 db steps.

A two-stage amplifier is followed by rectifying and squaring
circuits for rms, average and peak measurements, and a moving coil
meter. A large capacitor can be connected across the meter to obtain
accurate readings. Since the amplifier is provided with an output
jack, the instrument can be used as a calibrated amplifier having a
maximum gain of 60 db. The frequency response of the instrument is

linear within 2% rms from 2 cps to 200,000 cps. The accuracy of the
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meter scale is listed as better than 1% of the full scale deflection.
This instrument was usecd as an amplifier for the A.C. signal from
the hot-wire anemometer before it was recorded on F. M. magnetic

tape.

Wave Analyzer

The spectra of the turbulence signals from the hot-wire
anemometer were determined from magnetic tape and analyzed by
means of a Technical Products Company wave-analyzer system. A
signal of approximately 1.0 volts rms from the magnetic tape was fed
in the input of the T,P., =627 analyzer. The second input to the T.P.
~-627 analyzer came from the T.P.-626 oscillator which provided the
heterodyne signal for the analyzer. The T.P.-627 analyzer was used
with a filter having an effective band width of 1.12 cps. The output of
the filter will be the power in the 1.12 cps filter band at the frequency
to which the T.P.=-626 oscillator is tuned. This output was fed to the
T.P.-633 power integrator where the signal was squared. Additional
circuitry in the T.P.-633 power integrator provides the functions of
integrating over a certain time period up to 100 seconds and multiply-
ing the signal by the reciprocal of the integrating time. After the
T.P.-633 power integrator performs the necessary functions to obtain
the power spectrum, the output can either be fed to an X-Y recorder or

the output can be read immediately on a built=in meter.



125

In order to obtain accurate readings, the output of the T.P,
-633 was integrated for two minutes by means of the integrator cir-
cuit, Occasionally, the results of the Technical Products Company
wave analyzer were checked against the results of a spectrum analyzer
type 2109, manufactured by Bruel and Kjear. These passive filters
were of the octave type, varying in band width approximately propor-

tional to the center frequency.

Multiplier

For the two point lateral-space correlation, a Philbrick
multiplier was used. The output of the multiplier is a D.C. voltage
which was fed into the integrator in order to obtain accurate results.

The correlation coefficient can be written as

R - 1 "2
EEREAL

The multiplier was calibrated in such a way that the correlation

coefficient could be obtained from

25 E
R - out

Ve_f V‘e";:

where El0 is the D.C. output of the multiplier. Since the sensitivity

ut

coefficients cancel, the required velocity correlation coefficient can

be obtained directly from the measured voltages.
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TABLES



TABLE I - TURBULENT BOUNDARY-LAYER PARAMETERS

X U U c Tw 6 &% 6 H Re x! v

o0 T f X
ft fps fps 1bs/ft2 inches inches inches ft  ft2/sec.

w3 -3 -7 ~

12 30.30 1.011 2,228 x 10 1,900 x 10 11,04 1,66 1.22 1.37 2,23 x 10 155 2,10 x 10
22 29,35 0.995 2,299«x 1.836 x 14,70 2,10 1,61 1.30 1.73 % 124 2,10 x
32 29,56 0,967 2,139x 1.731 x 18,77 2,61 1. 99 1.31 3.14 x 223 2.10 x
42 29.50 0.948 2,063 x 1.658 x 22:100 3,02 2.30 1.31 4,30 x 308 2,11 x
52 29.33 0.916 1,952 x 1,551 x 24,12 3,59 2.72 1.32 6,80 x 490 2,12 x
62 29.44 0,897 1.859x 1,489 x 27,06 3,95 2,96 1.34 1.03 x 10"8 737 2.11 x
72 29,47 0.889 1.822x 1,463 x 30.14 4.41 3.32 1,33 1.21x 864 2,11 x
85 30.84 0.903 1,713 x 1,564 x 33.75 4,86 3.64 1.33 2.14 x 1377 1,99 x
85 20.25 0.610 1,.817x 0.715 x 35,04 4,59 3,44 1,34 1,24 x 1216 1.99x
85 41.40 1.186 1,642 x 2,701 x 32,46 4,57 3.46 1.32 3.10x 1487 1,99 x

L?1
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TABLE II - PARAMETIERS OBTAINED FROM

SPECTRUM CALCULATIONS

U =~ 20 fps

o

y yUr A Ly € V ;2 -3

inches T inches inches ft2/secd =
0,005 1, 21 0.028 0.090 20,2 2.7
0.008 1,94 0.034 0,156 32.5 4,3
0.010 2,42 0.043 0,207 32,4 6.8
0.014 3.39 0.058 0,302 32,2 12.5
0.022 5,33 0,071 0.339 47,6 22, 7
0,032 7.66 0,092 0.471 50.7 39,1
0.050 12.1 0.110 0, 660 53,1 7.5
0,150 36.4 0,129 0,754 34, 2 62,7
0, 200 48,5 0,135 0.905 28.5 63.1
0.300 72.7 0,133 1,093 25,7 58.2
0. 400 97.0 0.152 1, 206 19.0 65.5
0. 500 121 0,163 1,320 16.3 69. 4
0,500 121 0,224 1,282 9,32 93.5
1.0 242 0.259 1,357 6.70 106
1.5 364 0, 297 1,494 4,66 116
2.0 485 0,324 1, 847 3.66 123
3.0 727 0,361 2,074 2,63 129
4,0 970 0.383 2,167 2,25 134
5.0 1212 0.393 2,357 2,19 139
6.0 1454 0. 427 2,357 1,87 152
7.0 1697 0.437 2,431 1.79 156
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TABLE II - PARAMETERS OBTAINED FROM
SPECTRUM CALCULATIONS - Cont'd.
U = 40Ips

yU A Lk € V u2 2

inches v inches inches ft2/sec’ v
0.003 1. 40 0,017 0.132 286 3 2
0,007 3.27 0,040 0.198 260 16, 6
0.010 4,67 0.056 0.358 253 31,
0.013 6.07 0.070 0,452 259 47,
0.018 8.41 0.088 0. 490 246 76.
0,023 10,7 0.106 0.603 212 98.
0.028 13.1 0,117 0.754 195 122,
0.058 27.1 0.142 0.905 141 155.
0.108 50. 4 0.164 1.06 96,7 171,
0. 208 97.2 0.191 1,32 71.3 201,
0.308 144 0.217 1,47 55.0 227.
0.408 191 0,239 1.62 44,17 247,
0.508 2317 0. 261 1.89 37.3 270.
0.5 234 0.202 2,45 65.0 200,
1.0 467 0,244 2,83 40.7 2371,
1.5 701 0.265 2.92 32,0 242,
2.0 934 0. 296 3.20 23.9 260,
3.0 1400 0.329 3. 30 17. 4 2:(5;
4,0 1868 0.360 3.58 13..7 292,
5.0 2335 0.388 3.77 10.8 302,
6.0 2802 0.395 3.96 9.52 293,
7.0 3270 0,401 4,15 8.48 306.
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TARLE I = NUMERICAL VALUES OF MEASUIRKD ONE-IIMENSIONAL SPECTHUM FUNCTIONS Uw = A fps

¥ = 0,003 ilH-‘h_ y w007 lll'll_ ¥ U 010 ek y 0,013 ml'll__ y = 0,018 i-llﬁ‘h_ ¥ = 0,023 inch
k Pl fu? K Pk fu? K ik fu? K ¥ fu? K ¥k fu? " Flolat
1.3 | T.o2x 10°? a2 | me x =t 5,11 1.8 x 102 3, 2,08 x 10-2 2,65 2,49 x 1072 2,36 | 2,83 x 10-2
25.9 6,20 1.0 1,02 x I.U', T.67 |91} 5, g 1.87 4.28 2,33 3, 54 2,51
34,6 5.1 14,6 810 x o 10,2 1.44 T.87 1,64 5,71 2. 00 4.72 217
43.2 | 4.0 18,3 B, 46 12.8 120 084 140 7,14 1,90 5.0 | 1.8
51.9 3.78 22.0 G, 48 15,4 1.0m 1.8 1,23 8. 58 1. 65 7.08 1. 65
60,5 | 3.486 25,6 6. 61 17,4 0,26 x 10 15.8 1,02 0,58 L.49 8,26 173
69.1 | 3.05 20,3 5,87 0.4 15,7 110 11,4 1,40 5,44 | 1.61
86, 4 2.48 46,6 5,18 25,6 T.83 19.7 D11 x ID':’ 14.4 1.22 1.8 1. 40
108,0 | 2,24 45,8 4.7 a0 7.05 246 8,00 17,8 1,08 y 14.7 1.24
138 1,87 58.6 4.41 40,10 5,06 1.5 6,08 22,8 9,39 x 107 18,9 1.04
173 1.67 73.2 4.51 At 5,00 R 6,06 28,5 811 23.6 9.13 x 10-3
216 1,42 1.5 2,87 6.0 4,06 40,2 5,25 5.7 6,97 20,5 7.51
2717 116 n7 2.44 Bl.8 1,10 G0 4.26 45,7 5,85 3T 6,37
346 8,40 x 104 | 146 1.82 102 2,52 8.7 3,30 5.1 4.52 47.2 5.36
432 5.87 183 146 128 1,18 98, 4 2,42 Th.4 3,62 59,0 4,39
540 3.82 20 L1y 160 1. 8 123 1,84 89,2 2,05 T3.7 3.41
691 2.54 203 744 % =4 | 204 1.0h 157 1.50 114 2,30 94.4 2,63
BE4 1.56 Bl 5,11 256 B, 40 x l.LI" 1 1.14 143 1.78 118 2.08
1080 1.00 458 S.2n 414 5,45 246 837 x 1074 |78 1,12 147 1,69
1383 6,30 x 105 | 586 2,04 400 400 #15 5,67 228 110 189 1.27
1120 4.03 132 1.27 511 2,46 E 1,72 285 7,08 x 1074 | 238 9.75 x 10-4
2161 2,83 s 752 x 1075 | 6o 101 R 2,05 357 3,90 % 10°% | 208 4.23
2768 2.04 171 4.14 818 4.86 x 10°7 LED] 5.95x JD"" 457 B.B3 x 107 am 1.04
3457 9,16 x 10-6 | 1464 108 I 1022 L4 x 108 | 787 1,60 x 10° 571 2,38 x 105 | 472 2,89 x 1073
a2 1.60 x 10-% | 1830 2.32x 1070 1218 3.0 x10-6 | 84 3,0 x10°% | 714 3,90 x 10°5 | 590 4.55 % 10-8
5402 3.65 x 107 | 2288 6,30 x 1077|1587 5.8 % 1077 | 1290 5.56 x 107 BY2 8,89 x 1077 | 737 9,10 x 10-7
6914 818 x 1078 | 2020 1,25 % 1077|2044 124 x 1077 | 1574 L7 x 107 |42 2.37x 107 | 044 2.54 x 107
B643 3.56 x 1078 | 3681 4.05 x 1078|2555 4125 1078 | o6 6,50 x 10°8  |1427 9.84x 107 |1180 8.13 x 10-8
2450 4,46 x 1078 1475 5.20 % 10°
¥y = U u28 i.m-h_s ¥ 0,058 inch ¥ 00 e ¥ UL 208 inches y = 0.308 inches ¥ * 0, 408 inches
K Fik)/u K Fikifu K Pk u? K ol K il k Pl lue
2,00 | 3.87x 1072 4,66 % 1072 14 S 18 % 0mE 6,70 x 10°% 123 x 10-2 119 | B.30x 1072
314 | 327 1,82 AT 450 [ .78 | 7.66
418 | 3,20 2,88 402 [ G0 298 | 1.04
5,24 2,80 4. 25 A, Gy | 5,21 '2' 07 5' .2
6.20 | 2,42 2,85 492 .20 4,47 356 | 5.5
7.94 | 2,15 2,50 504 s | 5,85 116 :
8.30 | 1.95 218 5,76 2,50 4,45 515
1.5 1.88 1 T30 2.0 2,76 5. 04
13,1 1,46 () .00 175 | 2,44 7 42
16,8 1,22 1,45 1.5 1,48 2,02 2,22 4, 50
21,0 1,02 1,22 . 14.4 1.2 ] 10 170 1nn
26,2 8.5 x4 0,82 k=S 180 Lok 121 1,36 14.8
3.5 6. 68 178 a0 o745 0t L1z .0
A s e | Te S.e6< 103 | an.e ta-3
65.5 | 948 531 PR i fgl
B3N 2.7 347 L H 4. 04 41' 5
14,8 $.28 T2 1.7 P
191 2.7 e Fais Yz | Aoh
158 210 15 2,56 v | 287
210 ‘ eI O B 1. 87 Tt 1,84
262 5,80 % 10" [ TR U] 187 490 % 10 154 I o0 x et
315 1.22% 10 230 1A o p =)
419 TN e 2un RE 1 Lede s o
524 7.5 x =0 o “':“ p=t j,‘,: b B
54 T i ! £ x ig r A0 107
= | lwg i b B | bmied
1048 LB x 107 1.0 % w7 T S ::: :fl:: ::;'7
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TABLE I - NUMERICAL VALUES OF MEASURED ONE-DIMENSIONAL SPECTRUM FUNCTIONS Um = W fps - Comt'd,

¥ = 0,508 inch ¥ * 0.50 inch ¥ = 1,00 inch y * 1.50 inch_ ¥ = 2.00 inch__ ¥ = 3,00 inch
K Fik) fu2 K Fikl e K Firnlu? K Fik) fu? K Fin /u? * Fikfu?
115 | 0,363 1272 15 | 1,25 %1070 15 1.46 x 107! 0,803 | 1,27x 107! 0.958 1,60 x 10} 0.811) 1.66x 1)1
1.73 | 8.69 173 | 122 1.57 1.26 1,48 1,36 144 T 1,37 | 1.68
2,3 1.38 2,31 1,08 .10 1,08 1.08 1.26 1.82 .24 1.82 1.43
2.80 | 6.18 2.88 | 101 2.62 u. 06 x 1072 2.48 1.02 2,39 L1 | 2,28 | 118
3.48 | 5,38 3.46 | 7.62x 1072 1,15 8.98 2,08 1,02 2.87 8.43 % 1072 273 | 112
4.04 | 4.85 4.04 | 590 1,67 7.24 3.48 8.32 x 10-2 3,35 7.82 3.19 | 9.89x10°2
4.62 | 4,35 4.61 | 5.66 410 5. 51 307 7.75 3,83 6.88 .65 | 8.71
5711 | 3.88 5.77 | 4.55 5,24 .17 4.07 5.21 419 6.26 4.56 | 6.62
7.22 .08 .21 | 3.67 5.55 414 5.21 4.32 5.08 420 5.70 | 4.83
824 2,34 8.21 | 2,68 830 301 7,08 .21 .88 .01 7.29 | 3.30
1.8 1.84 1.5 2.04 10.5 2.06 9. 83 2.17 9,58 2.22 9.11 | 2.08
14.4 1,37 14.4 1.63 13.1 1.57 12,4 1.96 12.0 1.61 1.4 1,67
18,5 1.07 18.5 112 16,8 1.03 15.9 1.18 153 | 108 14.6 1.05
23,1 8.02x10°% | 23,1 8.34x 1073 | 21,0 .70x 1077 | im0 s.20x 1073 | 18,2 s.aax 10 | 182 7.93 x 10-3
28,9 6,68 28,8 5,84 26.2 5. 60 24,8 5,96 23.9 5.54 22,8 5.43
8, 1 5.51 6.0 310 32,8 .33 3.0 3.08 29,9 3,88 28,5 3,92
45,2 3,85 46,1 2.686 419 2,28 39,7 2.71 38,3 2,62 6.5 2.52
57,7 3.08 57.1 1,71 52,4 1,53 49,1 1,42 47,9 1.87 45.6 1.68
12,2 2.76 12,1 1.41 65,5 1,37 82,1 1.34 58,8 1,20 57,0 1.32
92,4 2.04 92.3 8.92x 1074 83,9 9,71 x 1074 79,8 9.84 x 1074 6.6 9.50 x 10-% 12.9 B.80 x 10-4
115 1.00 115 8.15 105 112 99,3 6.68 95,8 5,94 91,1 5.99
144 5.88x 1074 | 144 5.39 131 .32 124 4,28 120 1,02 114 3.6
185 L21x 1074 | 185 2.18 168 2,57 159 2.12 183 2,38 146 2.21
231 2.51x 1075 | 2m 1.41 5 | 210 131 190 1.31 102 117 182 1.08
288 6.60x10°% | 288 865 x 10° 262 5.87x10°% | 248 5.36x 10°% | 238 5.36x 105|228 5.22 x 1075
181 1.32x 1075 | 380 2.70 228 2.51 110 2.45 l 200 2,46 285 1,95 x 1075
452 2.88x 1077 | 461 L2 s | 419 L 307 1.05 383 1.01 365 9,02 x 1078
a1 rLosx 10T | 8717 6.58x 10°% | s24 .96 %1075 | 497 4.62x 108 | 419 4.32x10°6 | 458 3.55x 1078
121 2.22x 1075 | 885 1.80x 10°% | 621 1.84x10°% | 500 1,30 x 107 570 1,26 x 1078
923 7.77x 1077 | 839 7.00x 1077 | 795 7,22x 10°7 | 186 6.37x 10°7 | 720 s.13x 1077
1153 5, 13x 1077 |1048 5,33 x 1077
¥ = 4.00 inches ¥ = 5,00 inches ¥ = 6.00 inches ¥ = 7.00 inches
K Fik) fu K Flio fu k Flk)1u? X FOo/u?
0.882 | 1,81 % 107! 0.859 | 1,76x 10°} 0.843 | 2.00x 107! 0.820 | 2,10 x 10"}
1.32 1,86 1,29 1.88 1.26 1,94 1,24 2,03
116 | 1,86 1.72 1.54 1.80 1.56 1,66 1.80
220 | 1.3 2,18 1,37 2.1 1.45 2,07 1.58
2,65 | 1,14 2.58 1.08 2.5 1.12 2,49 1.20
3.08 1.06 1,01 1,08 2.85 1.12 2,90 1,10
353 | 8.36x 1072 3. 44 8.15 % 1072 337 9,23 x 1072 3,32 1.02
441 | 8,35 4,30 6. 41 4.21 8.22 4,15 7.01 x 10-2
5.51 | 4,65 5,37 4.83 5.21 4.41 5.18 4.55
1.08 | 322 5. 87 2,96 6.74 3.42 5,84 3.18
8.82 | 2,20 8.59 2.33 843 2,34 8.28 2.15
11.0 1.44 10,7 1.46 10,5 1.80 10,4 1.58
14,1 9,90 x 1073 13.8 1,02 3.5 1,02 13,3 1.04
1.6 6,64 17.2 6.81x10°? | 159 ‘ 6.80 x 1077 15,6 7,86 x 1077
22.0 .19 21,5 5.01 21,1 418 20,7 8.21
27,8 2.89 6.0 2.82 26,3 3.30 25.8 370
35,3 1.87 4.4 2.00 33,1 2,06 13,2 2,08
4.1 1.80 431.0 1,689 42.1 1.83 41,5 1.74
5.1 1.36 53.7 1.21 52,1 121 51,8 1.20
70,5 8.91 x 1074 68,7 8.58x10°% | 7.4 8,94 x 1074 A6.4 | 8,.a5x10°"
88,2 5.80 1 B85, 6. 78 84,3 5,44 82,8 | 5,47
110 1,85 | 107 3,52 105 | 3,42 104 I 3,71 |
141 1.74 138 1.78 135 1,82 133 1.63
176 1.02 172 ol x 107> | g6 5.37x 107 | 166 9,46 x
220 e x1075 | a8 LeTx 1072 | 2n 4,02 207 5.20 %
276 2.01 x 107 264 2,08 x 10° 264 | w4 256 | LeTx
353 B.40x 1075 | 349 815 x10°% |47 8.6 % 10°6 | 432 7.7 x
441 L54x107% | 4y L x 108 | 42 $.37x 1070 | a8 338 x
551 1.00x 1078 | 537 Lzivx 107f | s27 | tusx106 | 518 1,28 x
105 5,41 x 107 674 | oaesx T | e6g | sirix




TABLE [l - NUMERICAL VALUES OF MEASURED ONE-DIMENSIONAL SPECTRUM FUNCTICNS Um

132

= 2) fps - Cont'd,

¥ = 0,001 inch ¥ = 0,003 inch y + 11,004 inch ¥ * 0. 005 inch y = 0,008 inch_ ¥ = 10,010 inch
k Flalut X Flolul " Fikdfu K Fiola® K Fliofu? k Flo ful
-4 =3 4 -3 -3 -3 -2
199.5 | B.46x 10 60.1 |2.77x 10 44,6 | %.51x10 35,0 | 4.11x10 22,0 | B.16x 10 18,3 |1,03x10
198 7.0 80,2 |2.20 66, 0 3,12 53.9 .39 | 34.3 7.63 27,5 |9.39x 1073
agg 6,87 120 2.20 B4, 1 2.63 71.8 3,33 45.8 6,82 36.7 | 8.66
488 8.03 150 1.80 1 2,23 89.8 | 3,08 | 5.2 | 6,90 45.8 | 8.39
598 5,56 180 1,61 114 1.04 108 2,58 58.7 6,30 85.0 | T.27
658 .37 210 1.56 156 1.88 126 2.56 30.1 | 5,48 84,2 |6.26
798 438 241 1,44 178 L7 144 2.28 3.6 | 4,83 73.3 |5,97
207 3,83 300 1.15 223 1,68 180 2,08 14 .17 91,7 |5.21
1247 2.99 316 118 i 219 1,18 224 1.58 143 3.18 115 4.08
1506 3.3 481 8,21 % 107 187 1,12 287 111 183 .11 147 3.08
1895 1.78 801 5,06 146 7.41x 1074 350 7.71x 107 229 1,78 183 2.21
2484 118 752 .67 557 5,84 440 5,35 286 1.26 220 1.86
3192 8,34 x 1073 962 1.02 713 2.04 575 3.33 l 388 0.60x 1074 203 1.15
3990 4.87 1203 1,08 891 1,54 718 218 . 458 8.15 387 6.11x 1074
4987 2.05 1503 s.1ax 1077 | N 6,70 x 107 898 9,33 x 107 512 2.51 l a8 |a.s4
6234 1,03 1870 3.75 1303 1,65 122 5,00 18 1,53 4 573 1.68
7880 w.80x 1076 | 2408 1.50 l . 1783 1,05 g | 1436 2,41 916 6.40 x 107 733 6.84x 10°°
9975 2.08 3007 7,50 % 107 2228 9,68 x 107 1705 110 1145 2.50 I 917 3,40
12470 117 7 | 3138 4.00 I 2786 4.89 2244 6.81 x m': 1431 1.28 " 1148 1.81
15860 4.84 % 107 4811 1.00 4565 1,67 2873 1,90 x 10° 1831 5.92x 107 1467 6.21 x 1078
19950 1,32 x 10-7 6013 2,04 x 107 4457 a.5tx 1077 | 3581 8.09x 1077 | 2288 2,56 x 10°° 1834 3,58
25030 | 5.00x m': 7817 2,60 x m': 5704 1.88 4868 2.53 3863 - 2.00x 1077 | 2384 1.05
31920 2.34x 107 ezl 1.00 x 107 7131 1,12 5745 1.32 4578 1.21x 107 2034 w.10x 10"
BU14 5.43x 1078 | 1182 5.85x 1078 3667 1,77
4584 1.04 l
y = 0.014 "":1" ¥ - D122 inch ¥y = 0,032 inch ¥ = 0.050 inch_ ¥ = 0,150 inch ¥ = 0,200 inch
X Foa/u X Flolat 8 Fik) /u " Flk/u? P PR fu? X Fik/u?
13,4 | 1,51 x 1072 8.89 | 1,68 x 10-2 6.38 | 2,37 x 1072 4.54 | 3,48% 1072 2,07 | 4.26%10-2 -2
20.1 | 151 13,3 | 112 088 | 202 | .82 | 3.18 e | ) i ar
26.8 | 1,35 1.8 | 1.50 e | u.08 | 2,80 €14 | 2.82 5,78 (3,12
33.5 .21 22,2 |1.47 16.0 L I.l ! 1.4 2.53 .87 2.85 7.22 | 2.68
40.2 1198 3 26,7 | 1.32 m, 2 L1 | 13,6 2,38 &0 2.38 B.67 | 2,34
46,9 | 9,29 10° 3.1 [ 1,20 22,3 | 1.5 | 15,4 | 1.04 10,7 | 2.18 w1 |27
53.6 | 8.07 15,5 | 1.24 28,5 [ 145 | 18.2 | 2.02 12.3 | 2.08 1.6 | 1.92
67.0 | 7.43 4.4 |9,03x 1073 FIT AE 22,7 | 1,85 15,3 | 1.60 14,5 | 1,18
83.8 | 6.25 5.5 | 1,88 .9 | 1o l 2.4 | 1,27 1.2 | 150 18,1 [1.56
107 .01 1.1 6,48 511 | T.48x 10 36.4 | 112 26.5 | 1.36 231 |1.20
134 312 BE.O | 4,34 518 | 642 454 | 1,91 1077 .7 1.00 26.9 | 1.03
168 2.25 111 3,45 1.8 | 5.0 56,8 | 7,18 36,3 | 5.88x 1070 3.1 | 7,24 % 1073
214 | 187 142 |2.78 2 102 12,7 | 8.00 a1 | 483 46.2 | 5.93
268 1.01 . 178 1,84 128 2,81 no.u | 3,51 61.4 | 3.28 s1.8 | 497
138 6,48 x 107 222 1.10 ™ 1.42 114 2,70 6.7 | 2.34 12,2 |2.89
a9 | 2.33 | 2718 |6.34x 1074 200 T.22x% 10 142 1.62 05,8 | 2.24 80,3 | 2.50
536 | 1.03 R 255 410 182 8.00 x 10~ 122 144 16 | 154
670 5,00 x 10° 444 1.18 410 2,00 | 227 403 153 1,00 145 108
B38 2,22 x 10° 555 5,80 x 10 101 1,03 284 2,22 1902 6,02 x 104 181 LAY
1072 5,88 x 10 1 2.68 1 511 s.12x107% 364 1.03 245 3.00 231 .80
1340 3.0 I 88 1,91 B8 .15 I 454 6.04 x 10°5 07 1.88 280 1,95
1742 1.92 % 1155 5.62x 108 Bin 1,16 501 2,52 x 1077 298 1,02 376 110
2144 3.717x 107 1422 2.08 x 107 oz 2,36 % 1070 721 4.97 x 1079 401 2,90 x 1073 162 1,08 x 10-3
2680 174 x 107 1777 6,40 x 107 1217 5,00 x 10-7 oY 111 x 10-8 614 4.35 x 10°8 578 4.62 x 1w0-8
2221 1.81 x 107 1506 2,80 x -7 1146 5.21 % 1077 %7 1,12 % 10° 122 1,20 x 10°
2117 7,25x 1078 | yoos .58 x 10°8 1420 9,84 x 1078 58 2,44 x 1077 i 12165 10"
[




TABLE T -

NUAERICAL VAL S 60 W1

133

ASEHRED ONE-DIVENSIONAL SPECTRUM FUNCTIONS l..‘m; 20 fps - Comt'd,

y=O.8m hu-;' [ER T 11T "“1!1 [T TN T 1] » v 0, 50 inch ¥y = LW inch ¥ 7 1,30 inches
K Fiki /s k ‘ Ry fu™ 3 | Pk fu? 3 k) L3 | Fo u® 3 Fio/u®
|
2.74 | 5.35x 1074 2,60 | a0z e? ‘| 2,40 | 649 x w2 2.23 | 7,08x 1072 I aarxae?
a1 422 | ! J .74 | 5,07 3,35 | 6,67 | t.48 !
5.48 | .43 | 4 | LOB | 4.4 4.46 | 5,06 B, 14
6.84 | 300 | 3,97 ! G230 4018 5,58 | 5.18 3,02
8.21 | 2.8 | 2,01 | 747 3,39 6.60 | 4.40 ! |
9.56 | 2,50 | p ; 8,72 | 3,08 7.81 | 3.69 Lot
10,9 2,20 | + .78 8,92 3,28 3,386
13,7 1L92 i 2.6 1.2 2.61 I 2.58
;':; :.:s 5.3 | l 1.78 13,9 1.99 2,16
f .29 w0y | ) 1,26 1.8 1.3 1.55
7.4 L4 4 i I i RIS [ .41 x 1073 22,3 1.08 1 1.23
i;.: :. ;a x 10° 32.1 - | ob.ay 7,07 1.9 8.56 x 1073 7.19 x 1073
e | = | s |l |
::.; :.;: 65,1 2.55 2,10 55.8 2,86 217
& 2 8.6 ; i : A
109 1.38 m: t ::; :::: x 1074 :::; ::: x10°% | 842 :11' :: x 1074
137 1.6 T 1L 8,00 x 10~ 6.94 112 6.26 108 6,07
171 6,80 x 10° 163 | 5,50 x fomd 5.35 4,07 139 3,89 132 3,84
218 4,50 00 156 41 I 2.19 178 2,10 168 1,86
:;: ::; m 210 1] | 1,01 8 223 s.48x10°% | 211 8,60 x 1073
: : 1 " 4.21x 107 279 3,98 263 3,36
438 413x 1-:-: 418 440 x 1'.1:;: 1.10 x 1073 357 1,08 ] 337 1,06
548 B.olx 1078 | 522 To2x 10 5,11 x 1076 448 s.15x 1078 | 421 4.55x 1078
884 L77x 1070 653 150 x " 1,68 x 1078 558 1,52 % 107 526 1,43 x 1078
855 283 x 10° 816 1o x 107 3.93 x 1077 897 3,75 x 107 658 2,88 x 10°
7.37x 107 892 8,98 x 1078 | g4z 7.58 x 1078
1115 4.87x10°% | 1052 5,08 x 10°
y=2.00 mcln_ll y o= 4 mulu-_: ¥ o= 4,00 lhe _'! ¥ © 5.00 inches y = 8,00 I.ncnr_s_ ¥ = 7,00 Inches
k Fik) u ® Fik fu h l Fikilu K | Pk fud k Fiki [u? Pl fu?
272 | 8.87x 102 tonzx o7t 1.6 1.08x 107) L1720 x 107! L2 1 =1 1
B . . - . . . L1310 1,88 | 1,18 10"
a‘:gi :.:: :[;: *19 L7 Lol :u_; 268 | Lozx 2,58 | 1,04x 107! 2,33 TR
ol b 10 4.54 | B84 x 10 .45 | 0.15x 1072 3.37 !
cot | ¥mi o ! .42 6.88 | 431 1,81 4,2
vt | T 0 A0 5,76 5.17 . 6,04 5,03
. . G.1f . 5,08 6.03 ' 5,38 3.0
8.08 3.58 7,07 4,86 G, 80 4,22 b, T4
::,: ;.?; LA L] 2,1 B, 61 3,08 o, 42
!..’ I-gg 110 2.2.1 10.8 2,08 . 3
o b | B oEmae)
. . 5 4 . . . 17.2 0.8 x 107 16,8
25.2 | 6,50 x 1077 10°* 12,1 814 % 107" 2.5 N T
32,3 4,84 | | 28,4 5,40 27,6 7.0 558
.4 | nm | 154 2.88 4.3 ] e
. 1,57 1 44, 43,1 42,1 2,10
63,1 1,27 AT Lo | 53 318 o a
80,4 8,47 x 10°4 74,1 W, 10 0.1 B, 22a0 1o
101 6.22 | e 354 HE, 4 I 1.4 2ale ol
126 4,08 i i f St 042 i
v . Hn 103 0
162 1,14 t x 1 Lty 141 1A "'_ .
202 7.15 x 109 (L (ORI 1 177 Yok 1' - T
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