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Chapter I

INTRODUCTION

Turbulent diffusion is a peculiar kind of phenomena occurring
in transport processes. The phenomena of turbulent diffusion can be
found in the processes of heat, mass and momentum transfer. The
process is produced by the random motion of turbulent eddies con-
tained generally in wind flow. The process of turbulent diffusion
may be.treated as a stochastic process (13). This process is a
random irreversible process. This means that the distribution of
a stochastic variable of the process is not related to the initial dis-
tribution after sufficiently long times.

The main study of the process of turbulent diffusion is to
follow the process until the turbulent diffusive phenomenon reaches
its final status.

The basic equation describing turbulent diffusion was devel-
oped by Richardson (30) from the macroscopic viewpoint in 1926,
Also a famous theory relating the Lagrangian correlation coefficients
to the turbulent diffusion process was developed by Taylor (36) in

1921.

On the other hand, the understanding of transport processes

has been also advanced by the study of the molecular motion of dilute



gases (37, 421)™. Some studies (14, 93) of the interrelation between
turbulent and molecular diffusion do exist; however, their results
must be used with caution, because turbulent diffusion is associated
with mixing on a macrec-scale while molecular diffusion refers to
the motion of discrete molecules (18, 459),

A more practical way to develop the analogy between transfer
by motion of turbulence and individual molecules is to consider the
similarity of the flux produced by the molecular diffusion and the
.small scale turbulent diffusion which are both represented by a mean
characteristic velocity and scale length (18, 32) and (34).

When the dispersion time of turbulent diffusive particles is
greater than the Lagrangian scale of turbulence. The result of
Taylor's theory is considered to be similar to that for Brownian
motion developed by Einstein. Since Einstein's result can be obtained
from the diffusion law stated by Fick, and considering the turbulent
diffusion in an isotropic homogeneous field may be represented by
Fick's law, the coefficient of the turbulent diffusion of Fick's law
may be represented by Taylor's theory (17, 213),

In this dissertation, the author does not discuss turbulent
diffusion from the purely theoretical viewpoint; instead it is con-

sidered from the viewpoint of the macroscopic laws of turbulent

* The second number in a parentheses refers to a particular page
of the reference specified by the first number.



diffusion which are now believed to be valid for turbulent flow

(17, 216). Also, this turbulent diffusion is related to the subject

of transport processes in the lower atmosphere of the earth.
Physical quantities diffused by the turbulence are mass, momentum,
and heat.

Predominate factors that influence diffusion in the atmos-
pheric surface layer are shown by Monin (18, 29) to be the following:

1. Nature of the diffusion source whether continuous or

instantaneous, constant or variable, point or line or
volume source, etc,

2, Characteristics of the turbulent wind, which determines

the transporting hydrodynamical process.

3. Interaction of the diffusing quantity with the earth or

water surface.

Wind -tunnel model similarity tc the prototype of atmospheric
surface layer is also very important. Much remains to be learned
about the proper similarity criteria; therefore this aspect is still
being explored in the Fluid Dynamics and Diffusion Laboratory.

In this paper, the experimenial studies are not considered
in relation to any specific prototype. The similarity between the
laboratory model and the prototype is not discussed here,

A rough surface giving an 1dealized representation of vegeta-

tive cover was installed in the wind tunnel and the characteristics



of the turbulent shear flow and of helium gas diffusion above and
within this rough surface were studied. The results of this study

of turbulent diffusion may be applied to analyze turbulent diffusion
phenomena in the atmospheric surface layer having irregular surface

conditions by using the concept and procedure of this study.



Chapter II

REVIEW OF THE PROBLEM

According to the concept of Reynolds, the turbulent diffusive
elements are assumed to consist of the superposition of the mean
and fluctuation values.

Adapting this concept to the macroscopic equation of turbulent

diffusion of a property C whose measure per unit mass of air

yields the following equation:

ac P mm . O v =
7t T %z (4,C) = 9Zc‘(€ 37 + #%:C*)
# =

oc 9 -~ S reg
72t U ag (0D = 55 [(“Q*Kzz)ﬁ

W

(2-1)

wher > Kxi is the coefficient of turbulent diffusion or the eddy
diffusivity of a property C . The equation (2-1) is a basic equation
of reoresenting the process of turbulent diffusion. In this equation,
when the distributions of mean velocities ﬁi and the coefficients
of turbulent diffusion Kxi are obtained, the characteristics of the

diffusive property C can be obtained, Therefore, these mean

* Refzr to the following section.



velocities and the coefficient of turbulent diffusion are very important
in the studies of turbulent diffusion, and are reviewed in the following

sections.

Coefficient of Turbulent Diffusion

The coefficient of turbulent diffusion is effectively defined by

a linear relation of the flux F of the turbulent diffusive property C .

/L—;c "“f Kz;% = (f'%a’) C’ (2-2)

The concept of the similarity between molecular and turbulent

motion shows that the coefficient of turbulent diffusion K is

K= w/t (2-3)

where _/ is the scale of turbulent motion analogous to the mean
free path of molecular motion.

In the above discussion, the element of the turbulent diffusive
property C is not limited to any particular one. Therefore, an
.analogous relation may be expected between the coefficients of the
turbulent diffusion and the different elements (28).

Recently, in a Cartesian coordinate, the coefficient of turbu-
lent diffusion has been discussed in the turbulent shear flow in the
vertical wind direction only. There are some trial studies of the

coefficients in other directions. Classically, when the logarithmic



law repfesents the vertical wind profile of the turbulent shear flow,

the coefficient of turbulent diffusion of momentum is given by

K,(®) = ktlp 2 = k‘zz”/“

7z (2-4)

Pasquill (26) suggests several methods for calculating the
coefficient of turbulent diffusion of momentum., He classifies it into

three types according to the relation between the coefficient and the

turbulent energy.

1. The High-Frequency Energy Method (small scale turbulence)

Based on the Kolmogoroff (20) similarity theory of the turbu-
lence on the dimensional grounds, the energy density at a given wave

number S(k) in the high frequency range is
oy
St = cePg = (2-5)

where £ 1is the rate of dissipation

AY 2

e~ ww L K () (2-6)

in a neutral shear flow case. Given measurements of S(k) over the
appropriate range of wave numbers, and the vertical gradient of mean
wind velocity, the above two equations provide a means of determin-

ing K (24).



2. The Total Energy Method

In thermally unstable and neutral air, the turbulent velocity
corresponds to total energy and the turbulent scale length directly
proportional to the height above the ground. Panofsky introduced the

above suggestion. Then

Kn = A6 2 (27

where A 1is constant, and

5;2 =j Sy dn n=ku

3. The Low-Frequency Energy Method (large scale turbulence)

Using the results of Taylor's theory and assuming the linear
relation between the Lagrangian and the Eulerian time scales of
turbulence with f, being the ratio between the scales, for the time
of travel T:JB /7‘/, the coefficient is 2/< :jg’j—[:gxzj -, for
large T' . Since T has to be several times greater than the
Lagrangian time scale of turbulence, the averaging time T' accord-
ingly has to be several times greater than the Eulerian time scale.
Thus, K is determinable from a knowledge of _/8 ’ and of the
energy on the low frequency side of the spectrum (since large
averaging time spectrum).

In the thermally stratified field, the coefficient of the turbu-

lent diffusion is related to a stability scale length introduced by



Monin and Obukhoff. Therefore, in the following sections which
review the similarity hypotheses, the coefficient in the nonneutral

case is reviewed at the same time.

Eulerian Similarity Hypothesis

The concept of similarity in the turbulent shear flow is based
on the possibility that the vertical distributions of mean velocities
at different downwind distances have the same shape and can be made
coincident by appropriate changes in the scale of length and velocity.

There are two basic similarity hypotheses for the study of
turbulent diffusion in the lower atmosphere,

One is the Eulerian similarity developed by Monin and
Obukhoff (23) in the case of a stationary and horizontally homo-
geneous turbulence. The hypothesis is that the turbulent regime is
completely determined by the parameters zgf)}.?: and /@%
which do not vary with altitude in the surface layer, and by the
universal parameter /ﬁ/fo . Therefore, the only scale of velocity

in the surface layer is u, and the only scale of length is the value
3

L = kf (.,_3’_

e

The following results may be obtained from this hypothesis:
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B oy w- LB (B o

; leux 2

Ky(®) = —-2: K. = Ry Z

;([_) ) H -
de 2 -

Assuming that

Kn=Ke=K $E) = 4= 4&)
Richardson number is defined for
gL Tz
LRy L A

so that K may be expressed as
K = k Un L~ }e:'
When ,% &« J
=
PEY~ [TTE

then
) MUy ,
U(R) = *@L(%% + a(%) (2-11)
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Utilizing this hypothesis, Monin and Kazansky give the
maximum velocity of the vertical propagation of the diffusion

(18, 334) as

(6—(/7/1 = N Uy %(—f—) (2-12)

where ’/\ is constant. Using the turbulent energy balance equation,

the following results are obtained

Wz \2 )
( %*z) =< (/= &K (2-13)
from which

}/ )=/~ OOQ:) /( )J/ (2-14)

and from

([)( —/M 6/2 =
Ve ' Jc W

X FE- &)
AR VN [/ - /f/(%ﬂ% (2-15)

Ellison, Townsend, Monin-Kazansky, Yamamoto, Panofsky

and others discussed the above similarity theory, and reached
identical results. In this study Yamamoto's results are presented

as a representation of all these works. Yamamoto obtains the
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coefficient of turbulent diffusion by using the energy balance of the
turbulent motion. This theory is reexamined by Calder (3) who

referred to Richardson's (29) previous formulation

Ky = Pzt (/- CX/ﬁ')é (2-16)

Yamamoto (39) also shows that ;/ (£ is defined by

greBt- = o (2-17)

Panofsky obtains Yamamoto's result by using dimensional analysis.

Yamamoto gives the approximate solution of f! as

=4
L2y s
f/(-[z;) = fX/('z%) 1 m for —‘Z‘i70 (2-18)

. . Ed
%(’)*e/b(— —’ [ f—r—/é’ﬂ ﬂ1—‘fz-<o (2-19)

Hamuro and Shono (33) solved the Yamamoto-Panofsky equation

of ?(
55“ l/ 2Z(| +[T) b~ ;K f* g>o (2-20)

7/: %i/;&{z-fz;z(/_}é{;.;g‘;Z f ;<0 (2-21)
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where

z_l i/ &£ VZ" 2/'3
§= A5 Zl gt gl o g2

Lagrangian Similarity Hypothesis

The second type of similarity is the LLagrangian similarity
hypothesis which was developed by Batchelor (1) and (2). He sug-
gests that the similarity concept may be also applied to the turbulent
velocity field described in the Lagrangian manner in a nearly neutral
condition.

According to the Lagrangian similarity hypothesis, the
statistical properties of the velocity of a marked fluid particle at

time t after leaving the ground depend only on u, and t. Also,

b3
the statistical properties of the velocity of a marked particle at
time t after release at height h are the same as those of a

particle leaving at the ground (z = 0) at the instant -t provided

1
e C , Where t1 is expected to be of the order of magnitude of
the time-scale of the turbulence at height h, that is, of the order
h/u, . This hypothesis was discussed by Gifford (11), Cermak
(4) and others.

Establishment of an exact relation between the Eulerian and
the Lagrangian quantities is usually difficult, but Batchelor suggests

that the similarity hypothesis makes this relationship possible. It

follows from this hypothesis that the probability distribution of the
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position of a particle released at the ground at t = 0 --defining a
kind of ""cloud" of marked fluid in probability--retains the same
shape at t with an increase of length scale proportional to u, t
The mean horizontal speed of a particle at time t is,by definition,
the average of the horizontal speed of an ensemble of marked
particles at time t spread about the mean position (3-(, Z) over
a vertical range which increases with u,t ; and must remain in a
fixed relationship with the mean horizontal speed of the fluid at
points between the ground and a height which increases linearly
with t . There seems to be no reason why the mean speed of
particles at time t should be equal to the mean speed of the fluid
at the mean position of the particles at time t , but it must be
equal to the mean speed of the fluid at some constant times the
mean height of the particles.

At a time t after being released the mean position of the

marked particles is X (t), Y(t), Z(t) and
A’z Uy
T = -t
Ve
X 7
AT 4-2‘,3 (2-22)
AZ

since ——— is to be finite for all time
4a
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UZ
dr = b

where b is constant

Integration of the last of Eq. (2-22) given

X _ o ETLL
—[%‘—* = Qﬂié/ 2+t (2-23)

where a is constant

Referring to the above discussion

AX _ U CZ
72‘ = 4((2) = @ ‘Z"' 2"

where C is constant

A 3
//5 b/e ] (2~-24)

The average concentration from the continuous point source

of the particle released must be a function of the following

-X -F
Cp = o £’”¢ (X‘Z“X ) *;‘ ’gjz‘_'z)‘z?a (2-25)

on dimensional grounds, where Q(/, is strength of the point source.

At ground level (y =0, z=0)

e
Cv/f o< ——r (2-26)

Z0 UE)
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Cermak (4) assumes CC/? o< ,’Cmc/’ and uses a logarithmic

profile for the vertical velocity distribution to obtain

> /'/‘»o
Me -‘(/Eb (2-27)

in the neutral case.

Also in a thermally stratified case, using Swinbank's (35) velocity

distribution, the exponent 7}77, is

ly/e( izé( )+—5—(—z"—/)+f(z)+/ Z

Mep == gfz Zo(z /)J[%Z 2(Z+ Z'I)J

(2-28)

Turbulent Shear Flow

The characteristics of turbulent shear flow have been
studied during the last half century, but there are still many diffi-
culties encountered when these characteristics are analyzed.
Classically, there are some concepts concerning the charac-
ter of the flow; for example, Prandtl's mixing length theory, skin
friction law, law of the wall, etc. (21) and (32) which are not well
satisfied in the turbulent shear flow, even if the results are used

for expedience.
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Inoue (15) suggests the following physical structure of the
turbulent shear flow on the flat plate in the wind tunnel: the turbu-
lent shear flow is created by the results of the interaction of the
energy between the mean ambient uniform flow with velocity
and the plate surface. As a result of the interaction, the energy
dissipates the magnitude of ((70'2' U ), where u is the local
velocity of the shear flow. Therefore, it may be considered that
momentum loss sources spread on the surface of the plate and that
these momentum losses are diffused by turbulent eddies and molecu-
lar motion to the region of the turbulent shear flow. Generally, in
the turbulent shear flow, the diffusivity of the turbulent eddies is
larger than that due to molecular motion.

When the short length of the plate is set in the wind 'tunnel,
this plate is viewed the same as an equivalent line source of momen-
tum loss from far downwind distance, turbulent shear flow is
considered a combination of turbulent wakes.

Using the turbulent-energy-balance equation and the scale
of large turbulent eddies which seem to determine the energy

dissipation, the vertical wind profile is given by

A (@
& A,

(2-29)

where /\o (2) is the scale of the eddies and assumed to be pro-

portional to the height z , also ( 67’2)& is assumed constant.
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The results of Inoue are the same as those given by the
logarithmic law of Prandtl's theory.

Recently, Coles (6) proposed the consideration of turbulent
shear flow which is called the law of the wake while as an extension
of the law of the wall. He examined practically all available experi-
mental data on turbulent boundary layers in terms of the logarithmic
form of the law of the wall, and he concluded that the flow has a
wake-like character. A linear co_mbination with the law of the wall
is then proposed as an over-all similarity law representing the com-
plete profile for equilibrium and nonequilibrium flows alike.

Hence the vertical wind profiles are given by

72 W2y @ x
7 _—Eﬂ,( )/)*f‘(_ + w(—f (2-30)

where C is a constant equal to 5.1, /J(X)is expressed in the terms
of skin friction coefficient Cf and (/) (-5%—) is a universal wake
function.

In the thermally stratified case, the turbulent shear flow is
discussed in many works based on the similarity hypothesis. In the

nearly neutral case, Hamuro and Shono (33) show that this case

| &
means | < /\7515“
¥
L KH
where L* Sl , < = ?;
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and the vertical wind profile is given by

wEZ) = %‘— (%Zﬂ + %} —‘?) (2-31)

In the unstable case if—; >> /

v _ 4 & -4
’% - -3l (27 EXOR -J;Lf(z 27 (2-82)

In the stable case Z <z~/
Ly

U / /o /—:. -3 .3
% tEa e FEte)

(2-33)

These results are given by Shono and Hamuro (33) who solved
the Yamamoto=-Panofsky equation for %(%) and substituted it into
the basic equation of the similarity hypothesis.

These results also coincide with the solutions of Kazansky-
Monin and Yamamoto.

The analysis of the turbulent shear flow with a change in
rough surfaces in the downwind distance was studied by Elliott (9).
He concluded that there were two turbulent shear flows --one for
each surface.

Recently, Elliott (9), Miyake (22) and Panofsky-Townsend

(25) discussed the growth of a new turbulent boundary layer generated
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by the downwind rough surface (called an internal boundary layer).

In the thermally neutral case, the thickness of the boundary layer

L~

o is

5= (e78~ c.03 4, g)zf'iz o by Elliott (2-34)
or

o 54[3% i L4 % =7 by Miyake (2-35)
or

5= L /+6’\ZJ’(_Z..:-)C?]Z;V§Z&5/ by Panofsky-Townsend (2-36)

where 2/ is the roughness length of the upstream surface, %,

is the roughness length of the downstream surface, and

A2
77 = V% = DAty

where D and A are constant.

Classically, almost the same study was developed by Jacobs
(19) who assumed the shear stress distribution, and analyzed the
wind profile.

Miyake (22) analyzed the growth of the internal boundary

layer in the thermally stratified case also.
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Chapter III

EXPERIMENTAL EQUIPMENT AND TECHNIQUES

The object of the experimental studies was to obtain data on
mean wind velocity, temperature, and helium gas concentration over
the elements of a rough surface and also between them in a wind
tunnel, in order to analyze the process of turbulent diffusion.
Helium gas was used as a tracer for this diffusion process.

Experimental equipment and techniques used in the study are
described in this chapter. The equipment and techniques are dis-
cussed separately in two sections titled as Equipment of Wind Tunnel,
and Measuring Equipment and Techniques. Experimental techniques
for determining the wake of a cylinder are also described in the last
section of this chapter. This experiment is the preliminary study

of turbulent diffusion over the rough surface.

Equipment of Wind Tunnel

The large wind tunnel of the Fluid Dynamics and Diffusion
Laboratory of Colorado State University was used for the experi-
mental studies of turbulent diffusion discussed later in this

dissertation.
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The structure of this wind tunnel of circulating type is
shown in Fig. 1. The dimensions of the test section of the wind

tunnel are:

80 ft in x-direction
6 ft in y-direction
6 ft in z-direction

where the reference coordinators (x, y, z) of the experimental
studies are shown in Fig. 2. A turbulence stimulator consisting of
a sawtooth strip and a sheet of gravel are placed at the test section
entrance. The upstream 40 ft length of test section is a thermally
neutral floor. The downstream 40 ft length of test section is a
thermally controlled floor which can be heated by electric heaters
or cooled by circulating cold brine. The entire wind tunnel is
thermally insulated. Ambient air temperature in the wind tunnel
can be controlled by passing the air through cooling and heating coils
placed in the return flow section. The slope of the test section roof
is adjustable in order to produce the condition of zero pressure
gradient in the flow direction.

The rough surface that was used to simulate vegetative cover
was placed over the downwind 40 ft length of the test section of the
wind tunnel as shown in Fig. 3. Therefore, the upstream 40 ft of
the test section was a smooth surface. The simulated rough surface

was comprised of ten roughness plates. Each roughness plate
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consisted of a base aluminum plate (1/4 in. x 4 ft x 6 _.ft) and the
small vertical wooden cylinders corresponding to roughness elements
were 3/16 in. in diameter and 1 3/4 in. in height. The separation
distances /y between the cylinders were 1 in. in the downwind
direction (x-direction) and in the lateral direction (y-direction).

The air speed in the wind tunnel can be adjusted in the range of 5 to
60 ft/sec. However, all experiments employed a mean ambient

wind velocity of 10 ft/sec. Also the pressure gradient in the down-

wind direction was adjusted to zero by adjustment of the roof slope.

Measuring Equipment and Techniques

The mean wind speeds were obtained by using a pitot tube.
The pitot tube was installed on a vertical carriage so that the
vertical position of the pitot tube could be changed continuously by
the driving action of a small DC motor. The output of pressures
from the pitot tube was connected to a 'transonic' electric pressure
transducer. The two electric signals from the vertical position
potentiometer and the pressure difference (dynamic and static) of
the pitot tube, formed the input to an x-y plotter. The vertical
pressure difference profiles were obtained directly in graphical
form from the x-y plotter. Between the pressure difference Af?
and wind velocity 4¢ , there is the following relation based on

Bernoulli's equation
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# = KYap

where K is a constant dependent on air temperature and atmos-
pheric pressure. These two quantities were measured in each
experimental study. The Transonic error is less than 1% (pressure)
when compared with an alcohol tilting pressure tube. The position
error of the vertical carriage signal is less than 1/16 in. The
mean velocity profiles were taken over and between the elements of
the rough surface along the center line (y = 0) of the mid-point
between elements. The wind tunnel flow was adjusted to be ther-
mally neutral, stable, or unstable cases. The ambient air and floor
temperatures during heating or cooling of the air are described in
the following discussion concerning the experiments with tempera-
ture gradients.

Mean temperature was measured with a copper-constantan
thermo-couple and a Honeywell Type 153 recorder having a range
of 0°A, 350", The error of this equipment was + 1°F. The time-
response of this thermo-couple was not sufficiently sensitive.
Therefore, the temperature in the turbulent diffusion field was
measured point by point over and between the rough surface elements.
The mean temperature data were obtained for vertical profiles
taken along the centerline (y = 0) of the wind tunnel. The tempera-

ture conditions of the wind tunnel were:
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Jfloor temperature was 20°F and the
stable case --

\ ambient air temperature was 160°F
(

floor temperature was 300°F and the
unstable case ==
ambient air temperature was 40°F

vol.

Pure helium gas (Grade A, AIRCO nearly 100% (vol

)) was
used as a tracer for the turbulent diffusion experiment. Experi=-
mental equipment for the diffusion measurements included such
equipment as a gas injection unit, gas suction unit, and gas detector
unit. A continuous point source of gas was made from a 1/16 in,
nozel attached to the tube of the gas injection unit. The suction unit
employed the same type of tube as did the injection unit. The gas
flow rates of both units were measured by flow meter and controllec.
Gas flow rate for most experiments was 100 cc/min (0.56 in./sec).
In the experiments where measurements were made of gas concen=-
tration at a large distance from the source, the injection flow rate
was 900 cc/min (5.04 in./sec) or more. The flow rate of gas into
the sampling system was 200 cc/min (1.12 in./sec) in both of the
above cases. The gas detector was a mass spectrometer, model
MSCAS of the Vacuum-Electronics Corp. (Vecco). The horizontal
and vertical gas concentration profiles were obtained at several
sections in the downwind direction from each continuous point source
which was placed at several positions along the centerline (y = 0) of

the test section. Positions of the source and the profile are in the
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experimental data. The time-response of this whole equipment was
insufficient to measure concentration fluctuations. The concentra-
tion - was obtained pecint by point over and between the elements of

the rough surface. The mass-specirometer was not stable for con-
tinuous use. Therefore it was necessary to calibrate the mass-
spectrometer for each run of the experiment. Standard mixing gases
of nitrogen and helium of three types (N: 99.5%, He: 0.5%; N: 99.8%,

He: 0.2%; N: 99.95%, He: 0.05%) were used for this calibration.

Measuring Equipment and Techniques to Study Wakes of Cylinders

In order to confirm the concept of combination of wakes
generated by aligned cylinders, the following equipment and tech-
niques of measurement were considered. The concept of combination
of wakes was applied to analyze the characteristics of turbulent shear

flow on the rough surface, as shown in Fig. 3.

(A) Horizontal Cylinders Aligned in Horizontal Plane

In the uniform flow zone (outside of boundary layer) of the
wind tunnel, each lateral (y-direction) wooden cylinder having
3/16 in. diameter (the same diameter of the roughness element of
the rough surface as shown in Fig. 3) and 2 ft length in the y-
direction (simulated enough to infinite length cylinder of the
experiment) was placed in the horizontal plane (x-y place, z = 3 ft)

with separation distance A =1 in. between each cylinder. Each
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horizontal cylinder (y-direction) was normal to wind direction as
shown in Fig. 4. First, a cylinder was placed in its position and
the velocity profile, a two-dimensional Gaussian wake, was meas-
ured in the vertical sections along downwind direction behind the
center point of the cylinder. After measuring the first cylinder's
wake, a second cylinder was placed in its position and the velocity
profile of the combination wake for the first and second cylinders
was measured at the same vertical section where the wake of the
first cylinder was measured. This measuring technique for com-
bination wakes of two cylinders was repeated for the cases of three

cylinders, four cylinders, and so on, up to six cylinders.

(B) Irregularly Aligned Horizontal Cylinder

The cylinders in the above case (A) were placed in a hori-
zontal section. In this case (B), the same cylinders used for
case (A) were aligned in two horizontal planes in the uniform flow.
The cylinders were placed alternately in each horizontal place. In
the downwind direction, the separation distance of each cylinder
was 1 in. ( A =11in.). The two horizontal planes were separated
by a distance of 0. 35 in. in one case, and by 0.75 in. in the other
case, as shown in Fig. iO. Behind these cylinders, two-dimensional
combination wakes were measured by using the same technique as

described for case (A).
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(C) Semi-Infinite Aligned Cylinders

In order to examine the wakes generated by the ends of the
aligned cylinders for case (A), the ends of the cylinders were
aligned on a straight line along the downwind direction (x-direction)
in a uniform flow. The combination wakes were measured down-
stream from the ends of the cylinders by using the same technique

as described in case (A).

(D) Finite Cylinders in Turbulent Shear Flow

Only along the base center line (x-direction, y = z = 0),
finite vertical cylinders were aligned on this centerline with the
separation distance , = 1 in. in turbulent shear flow. The cylin-
ders were the same as the cylinders comprising the rough surface,
as shown in Fig. 3. Behind the cylinders, velocity profiles in the
three-dimensional wakes were measured by using the same tech-

nique as described for case (A).

(E) Rows of Cylinders in the y-direction in Turbulent Shear Flow

In case (D), ends of the cylinders were aligned only on a
straight line along the x-direction. In this case (E), each row of
cylinders (aligned on a line in the y-direction) was aligned in
x=-direction, with a separation distance A =1 in. in turbulent shear

flow, Each cylinder was the same as the cylinders of the rough

surface, The combination wake was measured by using the same

procedure used for case (A).
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Chapter IV

THEORETICAL STUDY

The process of turbulent diffusion is related to the random
motion of turbulent eddies (or vortices) contained in a turbulent
diffusive medium. The motion of these turbulent eddies is deter-
mined by the energy they contain. The energy balance of turbulent
eddies is discussed from two different aspects. One aspect is the
local energy balance of turbulent motion. The other is the energy
balance among different sizes of turbulent eddies.

Concerning stationary turbulent shear flow in a thermally
neutral condition, the above two basic concepts of the energy of
turbulent motion are discussed briefly as follows (3). Local energy
balance of turbulent motion for two-dimensional mean motion in

unit time and unit mass may be represented by Eq. (4-1)

277,77 ZZ— ?_.. j Z 2, Z p 7o (= 4-1
—%W;oag oz iz(’l{‘f-ﬁ +66")£(/+J~£faj}—f (4-1)

(1) (1) (m)

The meaning of each term of Eq. (4-1) is as follows: term (I) is
energy production obtained from mean wind flow by the shear stress;

term (II) is energy diffusion which transports the energy from one
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point to another, and term (III) is energy dissipation transformed
to heat through viscosity of the fluid flow. This equation is valid
when the flow is essentially invariant in the x-direction. Equation

(4-1) may be rewritten as follows, as shown in Ref. (26).

LA :
- AW o= &
o R
or (4-2)
)il

This form is approximately valid for the lower 10% of a turbulent
boundary layer. The time rate of energy dissipation £ 1is repre-

sented by Eq. (4-3), except for regions very close to the wall.

5 Y e D 2 Vor o
e =22 (5 + (ﬂ“) 2 (”‘ 9 + QL el
P Qu 3 PR
i : 4 ML 2
* (”*’ tay) ot (}’3 * :”:7“ ( (4-3)

When the motion of the part of turbulence which is responsible for
the viscous dissipation is isotropic, the expression for the turbulent
energy dissipation, Eq. (4-3) can be simplified. Using the continu-

ity equation and the definition of isotropy, Eq. (4-3) reduces to
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£ = J5Y = 0
(5% 5w X

—_—

/\5\'/J 471(/ &
Zz (5= (-1

where ]\ is the size of the smallest turbulent eddies (micro-
scale).

Concerning the energy of each size of the turbulent eddies,
the fundamental physical concept of turbulent flow was developed by
Kolmogoroff (20) and Obukhov (24). A turbulent flow at large
Reynolds number is considered to be the result of imposing disturb-
ances of all possible scales of turbulent eddies. In these turbulent
eddies, the largest eddies arise directly from the instability of the
mean flow. The motion of turbulent eddies is unstahle except the
eddies of the smallest size of which characteristic Reynolds number
is less than the critical value of the stability condition of viscous
flow. The unstable condition of the turbulent eddies produces the
subdividing action of turbulent eddies to the eddies having smaller
scale of the second order, and energy of the large eddies transfers
to the smaller eddies. However, energy of the smallest size eddies
is dissipated as heat. The motion of turbulent eddies, except for
the largest ones, may be assumed locally homogeneous isotropic and

also quasi-stationary. And for all eddies except.the smallest ones,
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the characteristic Reynolds number is large and the viscosity has

no appreciable effect on their motion.

Superposition Concept for Momentum Defect of Wakes

In order to study the turbulént diffusion over the rough
surface described in Chapter III, first it is necessary to obtain the
characteristics of the turbulent shear flow. Observing the geo~
metrical structure of the rough surface, as shown in Fig. 3,
turbulent shear flow on the rough surface is congidered to be pro=
duced by effects from each roughness element, These effects on
turbulent shear flow may be considered to have wake characteristics.
Because, considering each roughness element of the rough surface,
the element should produce a wake in the downwind direction. Tur-
bulent shear flow on the rough surface may be congidered as a
combination of the wakes generated by each roughness element of
the surface. If a valid combination principle and the flow character-~
istics of the wakes of the element can be faund, turbulent shear
flow may be analyzed by methods of wake combination,

Consider first a problem of greater simplicity, the case of
a two-dimensional wake having a Gaussian profile which is created
by a circular cylinder of infinite length placed normal to a uniform
flow. If an array of infinite cylinders is formed in the downwind

direction with a separation distance A between the cylinders, and
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is placed in a horizontal plane in the uniform flow as seen in Fig. 4,
a turbulent shear flow is expected. This experimental arrangement
was utilized for the exploratory study of combination of wake char-
acteristics in this chapter.

The following two questions finally evolve when the second
cylinder is set in the wake of the first cylinder. What is the wake
created by the second cylinder? What is the wake formed from
combination of the wakes of the first and second cylinders ?

At long downwind distance, the two cylinders look like a
single equivalent cylinder, therefore, the wind flow should be a two-
dimensional wake having a Gaussian profile. The first cylinder,
of course, has a two-dimensional wake having a Gaussian profile.
Therefore, the wake generated by the second cylinder can be as-
sumed to be a two-dimensional wake having a Gaussian profile.

The next question is, what is the combination law for the
wakes produced by the first and second cylinders? A simple com-
bination may be a superposition of the wake. The elements for the
superposition may be momentum defect flux of the wakes.

It is generally assumed that the turbulence of the turbulent
diffusion field is not influenced by the existence of the diffusion
source. In the case of the wake, however, the turbulence is trans-
formed by the sourée irom the original isotropic to the nonisotropic

turbulence. However, it may be still assumed that the wake
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turbulence is quasi-isotropic. Therefore, time rate of energy dissi=~

pation of a wake in unit mass is represented by (Townsend, 1949)

_ o ,572
C o> 4 .
A
The energy is equal to 7/)/—( wZtyr + w2 in unit mass.

3 =

Assuming quasi-isotropy, this energy is proportional to = "

then “/
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When two wakes are mixed and the largest turbulent eddies
of each wake are assumed to be created independently by instability
of mean flow of each wake, then

vz Py 3 —
“ftov wales aj?:rs’f% + ﬂ/:m,,‘,gw
The energy of eddies for both wakes only transfers to eddies of the
smaller size and there is little interaction between the same size
of eddies. The total energy dissipation for two wakes is considered,
therefore assumed to be a direct superposition of the energy dissipa-

tion for each wake

c .
loro wihys = aﬂrsfm/zg_ Tt & speonl wake S

The turbulent intensity ¢¢“2 of a wake has a characteristic similar

5 ~
to that of the momentum defect (Z; —2¢) = 4 for the wake (38, 135).
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s z A,
U2 o (Ti-%) = %?
Then the following relation should exist

(4%
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On the other hand, from Eq. (4-2) locally,
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Therefore, locally

B, — (ZHLf (DAY

Ao
The mean velocity defect # = %, of a wake having a two-

dimensional Gaussian profile is defined as the following (31, 601)

2

U (H,B) = Uy @) 5/——(_%’2)3/1f = Uomy * f (4-7)

by ) = }%‘/’V‘J(ﬂ()& F@) (4-8)
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and

for x =0

il

CF (0)
f = 1 for z =0

The concept of superposition of the momentum defect of wakes*
is applied to two-dimensional wakes for the cylinders aligned in a
horizontal plane. First, considering two cylinders, the combination

L
of momentum defects of wakes (#;)  is

(4/)2 _ (%/‘C)Z + ({{/’/)2
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where («,,,,)2 is the momentum defect of the wake of the first
cylinder and ('{(,l,)z is the momentum defect of the second

cylinder.

(&7)2 = Eﬂ/,omtxfz)‘sz + [{(/./mzxc{-&'flz
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along the wake axis
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2

z 2 =
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The function F(x) and )C( b/,{(x)) Z) for the wake are assumed the

same for each wake by the discussion of this section. The coefficient

C, includes the drag coefficient CD , therefore, C’. for the first
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cylinder is not equal to that for the second cylinder. However, in
the following relationship C, for any cylinder is assumed to be the
same as for the first cylinder. If C, is only dependent on the

apparent ambient velocity U of the cylinder, then )& ¢ and

G =< (7‘-%‘ (Tp= [/~ 10 ft/sec.) -- (31, 16)

Therefore, the above assumption may be valid.
Considering three cylinders, the momentum defect of com-

o
bination wake Z(Z is

(1) = (%) + (%4,0° + (4,2
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Therefore, the combination of wakes behind (n + 1) cylinders

X = 7 X o 2
(%n) = OZ[U;C, F&=i>- f 7 (4-10)
~ 2 77 . i ; -
(Z{lﬂqu) = OZ[[/;C/ F(/{—(A)J (4-11)
-féz X >l
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o = 7= i: [T ¢ FG=rd]"
S (i = 2 -3
= TE- J[QCFEra] + U
17
- < " T 2
5= 2 [O¢GF(-rd)] (4-12)
¢

Equation (4-10) and Eq. (4-12) are the equations which determine
the velocity profile perpendicular to the plane of aligned cylinders.
Before further discussion about the velocity profile perpen-
dicular to the plane of aligned cylinder, the width of the combined
wakes which corresponds to the boundary layer thickness and the

coefficient of turbulent diffusion are discussed. This is necessary

because the wake function J(( A%(z)) g) includes the wakes widths.

Coefficient of Turbulent Diffusion

From the conservation of momentum of the air flow behind

(i + 1) aligned cylinders (x-direction) of the cylinder surface in a
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uniform flow is obtained

po ~ =
j U, (T, ~ Uy ) (J/Z = IC},‘ s 6( (4-13)
b0 Z
where C is the equivalent drag coefficient of these (i + 1)

Di

cylinders. Considering (i + 1) cylinders in the uniform flow, and
observing the flow in the downwind distance from (i + 1) cylinders,
the wind flow can be represented by a two-dimensional Gaussian

wake. But in this expression of the flow the drag coefficient C

Di
is not a constant and CDi should be a function of (X — v ).
~ o yA :
Uimay = condZ.- o [Gx-ca)] FX44) (4-14)

Jéz X >4

On the other hand, according to the concept of superposition

of momentum defect of wakes, from Eq. (4-11)
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Equations (4-14) and (4-15) should be identical. Therefore,

Di

. (¢ F-r&) o2
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when (1"6.4) «/ ) /T-_(Z”)/A) 'r\\/, F(é‘_:;d)

[cZ(-(UrC, F(/——-;A))ZJ/% =

At the short distance x from the ith cylinder, the wakes
generated by each cylinder of ith, (i - 1) th .., and (i - n) th position
do not superpose on the wake completely, This wake is a completely
superposed wake generated by the first (i - n) cylinders, The widths
of wakes generated by the ith, (i - 1) th, ,.. (i - n) th cylinders are
not the same width as the wake generated by the first (i - n) cylinders.
The combination of the wakes behind the ith cylinder is considered to
be the superposition of the (i - n) wake, the (i - n+ 1) wake , ..

the (i + 1) wake in vertical direction perpendicular to the surface of
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cylinders as shown in Fig. 34, Therefore, Eq. (4-11) can be

understood as Eq. (4-17)

;
z _ 2 4%~
g = Z[GGFar) £1 1 Uy 4y (720 (4-17)
A
where Z{(-_(”ﬁ) is the completely superposed wake which has a

Gaussian profile on the first (i - n) cylinders. And also at each

vertical superposed zone of wakes, the corresponding vertical veloc-

4

ity fluctuation ( WL'/Z) can be assumed to be the superposition

of the vertical velocity fluctuation for each wake ( L{/c;f)

—
—

)
(47> = 7 (@z)

The width of wake bi can be determined by the vertical velocity

)
fluctuation of ([ 4y 73 % 10, 342)
(Dmax > ¢

RN ol b
(@) = 7 = Uy

then A. I
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For the zone of the ith superposed wake from Eq. (4-15)

7Y e UL foGim) [l -

17220294

The function 6-‘62’-«(&) may be expressed by a power function of
i . . )
(X -=¢4 ), also the function F(Z’"c'd) is (-~ zA)/L . Finally,

the width of the wake generated by ith cylinder bi is

/%

bi

const. * ‘/Q,ﬁ'(»f"‘d) (= L'\A)

/
F &4

const. [/Cp 6’(2"62) . (*/‘ (4-18)

Prandtl (refer 31, 603) suggests that the relation concerning
the coefficient of the turbulent diffusion K for a wake is propor-
tional to the production of maximum velocity defect and width of
wake. This may be expected as K<>< %”,M'é . The maximum
defect velocity and width of the flow for combined wakes can be re-
presented by a wake flow function through Eqs. (4-15) and (4-18).
The coefficient of turbulent diffusion of the flow of combination wakes

is
~e .
K, = const. - WUemay - by (4-19)

in (i + 1) wakes combination zone.
The results of numerical calculation corresponding to each

equation of combined wakes are shown in the following figures.
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Fig. 7 Eq. (4-11)
Fig. 37 Eq. (4-12)
Fig. 35 Eq. (4-18)
Fig. 40 Eq. (4-17)
Fig. 36 Eq. (4-19)

The theoretical study for combined wakes in this chapter
is discussed only concerning the two-dimensional wake. The com-
bination of wakes of three-dimensional (generated by spheres) can
be treated the same as the case of two-dimensional wakes when the
sources of wakes are only arranged on a straight line in x-direction.
The characteristics of three-dimensional Gaussian wakes may be

represented as the following -- (31, 595).

-2 % %
Uimaxy =< T (f (,’)/507;9 7 (4-20)
= ZL o FOED

/@)5 A (Z) 1)

—y
= Ozjjrf'z)cz’z

Uc2) = TGO fby ) (2-22)

By using the above relation, the results of calculation corresponding
to the case of two-dimensional wakes are shown in each correspond-
ing figure described in the above discussion. The treatment of this

concept of combination of wakes on a general rough surface are dis-

cussed in Chapter VI of this dissertation.
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Using the velocity profile and the coefficient of turbulent
diffusion of momentum, the shear turbulence #'t0”  and the length
scale of the turbulence 1{/ can be calculated. In stationary turbu-
lent shear flow with a thermally neutral condition, dissipation energy
is equal to production energy

s, T /
7Ty | D

a/l

{ ox

and e = K. (55 AR (@ e
. ——— 2
(&%)
then " e = const.
A
also /'/; — /(744
) (d Y

The calculated value of the shear turbulence Z(éi’/ and
the length scale of the turbulence / are shown in Figs. 41 and 42.

A surface consisting of an arrangement of heated cylinders
which are the same as case (A) in Chapter III may be used to
simulate the surface of unstable turbulent shear flow.

From the motion equation, the Reynolds stress in the wake

of a heated cylinder is (32, 35)

et (4-23)

£ = /’Z(’a/ -g—

\n(&
I
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Assuming that the characteristics of the wake's temperature profile
is the same as that of the velocity profile and that the coefficient of
the turbulent heat diffusion is similar to the momentum, the Reynolds

stress may be represented by

(= jﬂ’”/ C/—x™ (4-24)
where

D(//':-‘(:/f'.r@/ =~(/6_,(,</%Z
7 aw’ vl 2% (4-25)

Therefore, the coefficient of the turbulent diffusion of momentum in

a thermally stratified wake is

= K y(1=XD  (4-26)

K(thermal wake) (neutral wake
where Ke< C

Therefore, the coefficient of wake CI is

Cl(thermal wake) - C/(neutral wake) SR, ($-27)
In the theoretical calculation of combination of wakes, when the
coefficient of wake coefficient C/ is taken to have a different value

than for the neutral wake, the results can be obtained concerning the
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stratified combination wakes. The characteristic difference of the
coefficients of the turbulent diffusion Ki in a thermally stratified
case is shown in Fig. 43, In this figure, if K‘2 is assumed to

correspond to the neutral case, then K_ corresponds to the stable

3

case and K1 corresponds to the unstable case.
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Chapter V

EXPERIMENTAL RESULTS

OF COMBINATION OF WAKES

The purpose of the experiments for combined wakes gener:ated
by cylinders is to confirm the concept of superposition of momentum
defect of wakes. Two=- and three-dimensional Gaussian wakes
were measured as described in Chapter III of this dissertation.
Following the cases described in Chapter III, the characteristics of

these wakes are discussed.

Two=Dimensional Wakes

First, in order to obtain the coefficient of C1 in Eq. (4-9)
and C2 in Eq. (4-8), that means ﬂ and CD of the Schlichting's
solution, single cylinder in uniform wind flow whose velocity was
10 ft/sec was examined. The Reynolds number concerning this
cylinder in this case is 975, then CD = 1 by using the reference
graph of (CD L Re) (31, 16), andﬁ is 0.18 given by Schlichting

(31, 602). Therefore,

Vs
/O

2, Vit

G = 0975
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c, =Y B, d =0 s07 (in)

The results of the experiments concerning ﬂ/-mzx and b&

as shown in Figs. 5 and 6 were

@
1l
(e)
(o]
w

by 0.5

= 0.048 + ——— = 0.13
2 é} 0.183

@
I
o
)
=
o)

Even if the experimental results were satisfied with the function
form of ¢(, and b}ﬁ » the coefficients were slightly different
from Schlichting's results. In the following discussion of this
chapter, these values of C1 = 0483 and C2 = 0,13 (in,) are
used,

The experiment of case (A) described in the subsection of
Chapter III gave the following results, Each experimental result

satisfied the theoretical results,

Maximum velocity defect of Eq. (4-11)
[ = in Fig. 7, and
combination of wake (u, ) Eq. (4-12)
i max
Maximum velocity defect
of each wake in combination in Fig, 8, Eq. (429)
with (O

)

of wakes (u, .
1,1 max

[ Velocity profile of u in Fig. 9«A, Eq. (4-7)

1.1

Lu, , in Gaussian scale in Fig. 9-B, Eq, (4-7)
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Half width of combination
( in Fig. 35, Eq. (4-18)
Lof wakes (bi)

From these results of theories and experiments, the momen-
tum flux defect superposition of the wakes for aligned cylinders may
satisfy the characteristics of the flow on aligned cylinders.

However, the superposition of wakes for the aligned cylinders
is not a general case in the superposition of the wakes. The reason
is that each cylinder is located at the maximum velocity position of
uy of the upstream wake. Furthermore, the turbulent shear u'w'
for the front wake is zero.

Two types of irregularly aligned cylinders are considered for
the general combination of the wakes shown in Fig. 10 and in case (B)
of Chapter III. The results of the combination of the wakes of the
above irregular cylinders are shown in Figs. 11 and 12. It still

seems that the concept of momentum flux defect superposition is

satisfied in the case of irregularly aligned cylinders.

Three-Dimensional Wakes

Next in uniform flow, the aligned cylinders of case (C)
in Chapter III were used as the elements of the wakes.

Behind the cylinder, the cylinder appears to have infinite
length except near the end zone of the cylinder. There, the wake

should be a two-dimensional wake that is horizontal to the cylinder.
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The wake behind the top edge zone of the cylinder may have a
three-dimensional wake having a Gaussian profile of half. This
wake connects to the two-dimensional wake generated by the central
part of the cylinder. The wake behind the cylinder may transform
from the combination of the two- and three-dimensional profiles to a
three-dimensional wake in the downwind direction when the length of
the cylinder is finite,

Interesting wakes for the turbulent shear flow are the wakes
on the surface which are produced by the ends of the aligned cylinders.
These wakes are the three-dimensional wakes generated by the top
ends of the cylinders.

Concerning the wake generated by the top edge zone of the
cylinder, it was confirmed that the wake has three-dimensional
Gaussian characteristics by the experimental studies as shown in
Figs. 13 and 14. From the experimental data, the coefficient of
C, and CZ' which i{s related to'the drag coefficient CD can be

1

expressed as
-2/ |
’(;(‘L = e B _-z /3 By - /3 .
b ALY (Ra 14% = 022 (‘,() (m>
These three-dimensional vertical wakes having a Gaussian
profile of half are connected to the two-dimensional horizontal
wakes generated by the central part of the cylinder, as shown in

Fig. 15. Along the downwind distance, the position of the three-

dimensional wake having a half Gaussian profile moves downward.
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This means that the position of maximum velocity of o) trans-
forms downward in the downwind direction, but the wake boundary
(where the wake velocities are equal to the ambient velocity) also
transforms downward in the downwind direction. However, the wake
boundaries which are behind the second cylinder do not show clearly
this movement in the downwind direction. These ends are located
almost at the same height of the cylinder in the downwind direction,
as shown in Fig. 16.

As shown in Fig, 17, the momentum flux defect superposition
is satisfied in relation to these three-dimensional wakes having
Gaussian profiles of half, even if the position in (vertical direction)
are different between two wakes.

Next, when the cylinders of case (D) in Chapter III were set
in the turbulent shear flow, the wakes behind the cylinder were again
examined.,

As described in Chapter IV, if the turbulent shear flow can
be considered as a combination of wakes which are generated by each
roughness element on the surface, it is possible to apply the concept
of momentum flux defect superposition between turbulent shear flow
and the wake generated by the cylinder set in the turbulent shear flow.

The single roughness element of the rough surface (as shown

in Fig. 3) is selected for the experimental study of the wake in the
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turbulent shear flow. The results of the experiment of this wake are
shown in Fig. 18. The three-dimensional wake, having a Gaussian
profile of half, may exist behind the top edge zone of the cylinder
element.

Applying the concept of momentum flux defect superposition
to the combination wake with the turbulent shear flow, where the
shear flow is assumed to have the same profile (decay characteristics
were not obtained) in the downwind direction, the maximum velocity
defect of U5 and the half width b& of the wake generated by
the top edge of the cylinder can be obtained as shown in Figs. 19 and
20. The data show that the wake is a three-dimensional Gaussian
profile.

The concept of superposition is also confirmed by the experi-
ments of the combined wakes of two and three cylinders. These
results are shown in Figs. 21 and 22, and the drag coefficients of
the wake of the second and third cylinders are found to have the seme
values as the case of uniform flow.

The vertical position of the end of the wakes relative to the
cylinder does not vary much in short distances.

At a far downwind distance, it seems that the vertical position
of the maximum value of uy of the wake finally reaches the base

surface or some balancing position, and afterwards the ends of the

wakes are developed upward.
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At a far downwind distance from the cylinder element, it is
rather difficult to distinguish the point of maximum three-dimensional
wake velocity defect, because the transition between the three-
dimensional and two-dimensional wakes is not clear. Therefore, the
maximum velocity defect of u, . of the three-dimensional wake

1.1

shows the characteristics of the two-dimensional type, as shown in
Fig. 19,

Behind the central part of the cylinder (this is thev excluded
parts of both end zones of the cylinder), the horizontal two-
dimensional wake can be observed as shown in Figs. 23 and 24. In
this case, the turbulent shear flow affected by the wake of a cylinder
is also assumed to have the same profile in the downwind direction.

The vertical profile of the wind in this two-dimensional wake
zone has a uniform profile as shown in Fig. 18. Referring to
Fig. 25, the ratio of the velocities (under the concept of super-

position of momentum defect) at different heights is
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when 7 is not a large distance as compared with A

UEGEF ) > [t ) - 2 %) G F )]

0 G Foo) > [ te) - %) Fi]

4 () = (%)

Therefore, the vertical profile of the velocity defect over
the two-dimensional wake region is uniform.

The lower zone of the wind behind the cylinder is small and
also combines two types of flow conditions which are the eddy wake
flow and the shear flow. This eddy wake flow is generated by the
downward flow along the front surface of the cylinder. Shear flow is
regenerated by the smooth base boundary behind the element. The
wake generated by the downward flow seems to be a three-dimensional
wake.

Summarizing, the wake generated by a single roughness
element in the turbulent shear flow is shown in the schematic dia-
gram of Fig. 26.

The general characteristics of the wind profile behind the
fifth cylinder are shown in Fig. 27. From this result, the top posi-
tion of the combined three-dimensional wake is higher than that of
the single element case, and is constant in height for a short distance.

Therefore, it may be possible to suggest that the top edge position of
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these wakes is dependent on the initial wind characteristics and that
the position of the maximum velocity defect of the wake finally
reaches the equilibrium height with the eddy wake of the base. After-
wards the end of the wake advances upward.

The experimental results of case (E) in Chapter III are not
much different from wakes generated by the single elements, at short
downwind distances. In Figs. 28, 29, 30, and 31, the results of
the experimental characteristics of the wakes of single and five rows
are shown. Midway between two cylinders, the general wind profile
of a wake generated by a single row of aligned cylinders is shown in
Fig. 32.

From these experimental results, at far downwind distances,
the wakes generated by a row of aligned cylinders are combined in
the lateral direction. The wakes seem to show the same character-
istics as the two-dimensional wakes of the infinite cylinder in the
y=-direction.

The general velocity profile behind the cylinder at the 188th
row (24 ft.) aligned cylinder is shown in Fig. 33. The relative
position of the maximum velocity defect ZZ of three-dimensional
edge wakes is almost the same as the wake generated by a single

element in the downwind direction.
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Chapter VI

EXPERIMENTAL RESULTS

OF TURBULENT DIFFUSION

The horizontal roughness plates described in Chapter III were
used for the experimental studies of turbulent diffusion in the wind
tunnel. The experimental data were obtained over and between the
rough surface by following the techniques described in Chapter III.

In the following section, the experimental results are discussed.

Turbulent Shear Flow

In the downwind distance the transformation of the wind
velocity profiles in the y- and the z-directions are shown in Figs. 44,
45, 46, 47 and 48.

From these vertical wind profiles, it may be possible to
separate the profile into several zones that seem to have different
flow characteristics.

Referring to Fig. 45, zone 1 is a region at the bottom of
the roughness elements and near the leading edge of the rough
surface. This zone is very small as compared with the other zones.

The wind profile may be affected by the smooth base plate of
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roughness elements and the eddy flow generated by downward flow
along the front surface of each roughness element. This zone decays
in the downwind direction.

Zone 2 is also between the roughness elements. The wind
velocity profiles have a uniform distribution in this zone. This zone
corresponds to the horizontal two-dimensional wake zone of the
vertical cylinder. The magnitudes of wind velocity and zone height
decay in wind direction.

Zone 3 is a type of transition zone which connects zone 2
and zone 4. There is a question as to whether it is necessary to
set this zone in the wind profiles. When the logarithmic or power
law is applied to the wind velocity profile in zone 4, it is necessary
to set this transition zone. There is not, however, much physical
meaning to this zone. Inoue in 1965 (16) used lower atmospheric
field wind data to suggest that the wind profile was of the exponential
type. The zone's upper limit is not clear and it exists around the
roughness top.

Zone 4 is the turbulent shear flow zone. The wind char-
acteristic has been discussed by numerous papers (21) (30) and (32).
The logarithmic or power law theory satisfies the experimental daza
in this zone. Zone 3 and zone 4 are considered and discussed
by the combination of wakes in this dissertation.

Zone 5 1is the outer turbulent shear flow zone. In this

author's experiment this zone is another turbulent shear zone
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affected by front smooth bed. Therefore, the internal boundary
layer exists between zone 4 and zone 5

Referring to Fig. 44, the horizontal wind velocity profiles
are of the trigonometric function curve type corresponding between
the roughness elements. Over the roughness element's zone, the
profiles are uniform. In zone 3 of the vertical profile the horizon-
tal wind profile shows a transition from the trigonometric profile to
the uniform.

Even if the data of velocity profiles were obtained under the
condition of stratified air, the experimental data could not obtain
any remarkable differences between the data. It should be noted that
there is a large temperature gradient between the top of the base
roughness plate and the floor of the wind tunnel. This fact means
that the actual thermal effect betwecen the rough surface and the
ambient wind flow is small. Also, the mechanical turbulence
created by the rough surface is large when compared with the lesser
thermal turbulence generated in the turbulent shear flow. Therefore,

the thermal effects on turbulent diffusion are not apparent clearly in

experimental results.

Temperature Distribution

The data of the mean vertical temperature profiles of the

experiments are taken by using the copper-constantan thermo-~couple.



60

The measured vertical temperature profiles are shown in Figs. 49
and 50, At the corresponding vertical wind profile zones of Fig. 45
the temperature profiles have similar characteristics. In order to
make clear the similarity between the wind profile and the tempera-
ture profile, the relations between the velocities and the temperatures
at the same height z are plotted in Figs. 51 and 52. It can be seen
from these results that each zone of the vertical velocity profile has
a linear relation between the velocity and temperature. Also, the
above linear relations in zones 3 and 4 show the same character-
istics.

From these experimental data of the velocity and the tempera-
ture profile, the considerable coefficients of the turbulent diffusion

of momentum or heat are

Zone 1 K(z) (linear)
Zone 2 K(z) const.
Zone 3 K(z) linear
Zone 4 K(z) linear
Zone 5 iK(z) linear

The same results were also found by Denmead (8) in the lower atmos-
pheric field.
The stability length given by Monin and Obukhoff can be calcu-

lated by using the experimental data
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TN ]
- =lep) B M Uk
From the experimental data C%g/?%z = constant

Therefore, [/ — 5{* (2>

In Fig. 53, the above relation is shown by using the experi-
mental data of zone 4 where the velocity profile is assumed to

have the logarithmic profile for obtaining of “y .

Gas Concentration

Typical diffusion profiles and the longitudinal traces of the
position of the maximum gas concentration are shown in Figs. 54 and
55. In the above experiment, the gas point sources are set on the
rough surface at different distances from the leading edge of the
rough surface. The profiles of the gas concentration in horizontal
and vertical directions are shown in Figs. 56, 57 and 58. In the
horizontal direction, the concentration profiles are of the Gaussian
type. In the vertical direction, the profiles do not show the Gaussian
type but do show approximately the half Gaussian profiles. The
stendard deviation and the width between the half maximum concentra-
tion points are shown in Figs. 59, 60 and 61.

A strong injection flow rate must be issued from the continuous

point source in order to measure the concentration at the far distances
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from the source. Therefore, the concentration profiles near the
source are affected by jet gas flow from the source.

From the experimental data (standard deviation and the concen-
tration profile), it seems that the turbulence of the diffusion field
over the rough surface is homogeneous horizontally.

When the concentration profiles in the horizontal and vertical
directions show the Gaussian profiles, the decayed characteristics of
the maximum concentrations (27, 190) in the longitudinal direction x
is represented by

e,

C%‘(X CZ) =< —Q/ZM%,LO/;

where the standard deviation é}’ and 0,/8L of the profile can be

obtained from the experimental data which seem to satisfy the above

condition over the rough surface approximately.

) as
G = =
é;/u X‘,'?

and U is assumed independent of x locally. Therefore,

—

(;mtx CE) e 2’—/3

This result is confirmed by the experimental studies shown

in Figs. 62 and 63 over the rough surface.
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Between the cylinders of the rough surface, the experimental
data concerning maximum concentration of gas can be also obtained
in the same way as the data over the rough surface, as shown in

Figs, 60, 61 and 63,

a3 97
by== b < z

Gnax (B0 =< z =

When the point source is placed at x = 15 ft , the characteristics

of turbulent diffusion are¢ the same as the characteristics over the
rough surface, because the flow zones 2 and 3 seem to be very
small, On the other hand, when the point source is placed at x = 0 ft
(the leading edge of the rough surface), the velocity and the coefficient
of turbulent diffusion are functions of (x, y, z) even if these profiles
seem to be uniform locally, Therefore, analyses of the data of maxi-
mum concentration of gas may contain more difficulties, even if the

data show the same result over the rough surface.
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Chapter VII

DISCUSSION

Theoretical studies based on the concept of combined wakes
and the experimental studies in the wind tunncl made clear the
characteristics of the turbulent diffusion on the rough surface.

In this chapter, the characteristivs of turbulent shear flow
are discussed by theories and experimental results. The character-
istics of gas diffusion are also discussed by using the above shear

flow characteristics,

Turbulent Shear Flow

N

The velocity profile #¢ (¥, Z) of combined wakes described

in Chapter IV is from Eq. (4-17)

B < — 2 vz 14

2T, 2)= L&;L(Z’rq Fa-ra). ]+ '“c‘-(m/),]z
=1

(a<T<{HA

. 2, - —-f2
~ L jf L TG Fap) f] 4(;@-’(1,3 )J/ (

z 7-1)

where (), is defined as
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‘ z’é
U -=[;(Z/;C/F(z-_m))]

z 2
~ [f [UG)c F(f ~Q]2d}']} (7-2)

E€X is an effective distance that corresponds to the distance of

x = (L"'}l)A , and [ (X,Z) is the completely superposed
Gaussian profile wake generated by the front zone of rough surface
which corresponds to the zone of the first [-(;1-”) cylinders. The

velocity DL‘ is defined by

[
, U () 7-3
mez':o/ /;_E) dg {7-3)

in the combination of two-di. _cacional wakes.

The exact solution of equation (7-3) is unknown but the numer-
ical solution is shown in Fig. 37. The velocity p’( g}seems to have
a constant value locally in the downwind direction.

The application of the conc-~t ¢ combined wakes to the
analysis of turbulent shear flow on a general rough surface is rather
difficult. This difficulty arises because the roughness elements of
the surface are generally scattered randomly the lateral y and the
longitudinal x directions, the initial flow is not always uniform, etc.

On the rough surface described in Chapter III, the combina-

tion of wakes generated by each roughness element should be
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considered to superpose in the x and y directions. At the far
downwind distance, the combination of wakes in the y-direction has

a constant lateral velocity profile as follows. This wake is generated
by each roughness element aligned as a lateral row of the front zone

of the rough surface.
%)
] s @ dy =~ conaZ.
200

Thus, the roughness elements in a front zone row seem to have the
chearacteristics of the infinite cylinder laid in the y-direction. The
combined wakes in the y-direction of this front zone of the rough
surface can be considered to be a two-dimensional wake, and the
velocity profile 5(; (Z,X) in Eq. (7-1) has the characteristics of a
two-dimensional Gaussian wake.

On the other hand, at the short downwind distance from a
roughness element, it is not necessary to consider the combination
in the y-direction. Therefore, the wake function F(x) transforms
from a two-dimensional to a three-dimensional wake in the x-
direction.

As described in Chapter V, the vertical relative position of
wakes generated by each roughness element does not have a constant
height in the downwind direction as shown in Fig. 18. Thus, in the

calculation of 77> , the decaying function /:(';Z‘—/‘A) should be some
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suitable function of the wakes. Also for the calculation of the com-
bined wakes, it is necessary to consider the vertical displacement
of each wake.

The initial wind flow, which is generally considered to be a
turbulent shear flow, also affects the combined wakes. From the
result of the experiment probing of the turbulent shear flow as shown
in Figs. 38 and 39, the velocity U, is obtained locally as a constant,
and the vertical displacement position of ZZ"?mzx is also obtained
as a local constant.

The initial turbulent shear flow is considered to be a combined
wakes flow. The effect of this initial flow should decay some distance
from the leading edge of the rough surface.

On the basis of the above discussion, except for the front
zone of the rough surface, Eq. (7-1) with constant Z/; can represent
the vertical velocity profile of the turbulent shear flow. Assuming

that

For) < 2 % £ = (! “((Ci@fi)z

2

that is

PO I W

then Eq. (7-1) is reduced,
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the first term on the right had side of the above equation is

At
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5 = [‘1 ? f-'? should be equal to the thickness of the boundary

layer S\ . Therefore,
As z. _ _2_1__3 # j== — 2
= pll= (5] )+ (7-4)
here oy U_Lz('z =2/
whier &) = (I-& x
/2l )
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The first and the third terms on the right hand side of the above
Eq. (7-4) have the same functional form concerning the height z .

Therefore,

nn 2,2 ,é
2= [heo U= &P -962)]
From the boundary conditions,

@ 20 W= RhpatU AW LY =0T

o 2=§ 2 F=0 J =

It is apparent from the above result that the velocity profile shows

the Gaussian profile when 2z approaches zero and 5 .
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On the other hand, by using the Eqgs. (4-10) and (4-18), the
velocity profile can be obtained by numerical calculation. This
numerical result is shown in Fig. 40. But these two theoretical
analyses of the vertical velocity profiles are calculated in the zone
of the vertical wakes generated by each roughness element (zone 3
and 4 described in Chapter III). Therefore, the height X is not
taken from the base plate of the roughness elements but is taken
from the height of the maximum velocity of U of the combined
wakes. There is a uniform velocity profile under this height, At
the far downwind distance on the rough surface, this height
approaches the base plate. If it is possible to consider the same form
of vertical velocity profile in the x-direction over the rough sur-
face, the experimental results can be satisfied with these results
as shown in Fig. 40.

Experimental data of the vertical wind velocity profiles are
taken at the center position among four roughness cylinders. The
lower part of the velocity profile is not independent of the measured
position. As shown in Fig. 33, the velocity profiles directly behind
the roughness cylinders are clearly not the same as the velocity
profiles at the center position, even if the profiles are .aken at a very
far downwind distance from the leading edge of the surface. How-
ever, over the rough surface this profile difference is negligible
since it seems that the velocity profiles are independent of the

measuring position.
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From the analytical calculation of turbulent shear flow pro-
file based on the concept of combined wakes, both ends of the verti-
cal velocity profile show the characteristics of the wake flow as
shown in Fig. 40, This is a confirmation of the wake law suggested
by Coles (6). Also the upper part of the velocity profile shows the
same characteristics as the studies by Hama (12), Clauser (5), et. al.

At present, the most utilized concepts of the turbulent shear
flow characteristics in lower layers of the atmosphere are:

1. The vertical velocity profile is given by the logarithmic

law.

2. The coefficient of the turbulent diffusion in the vertical

direction is proportional to the height z .
3. The vertical shear turbulence W is constant.
4, The scale of the turbulence in the vertical direction f
is proportional to the height z .
Referring to the theoretical and experimental results of Figs. 40,
41 and 42, at the middle lower part of the vertical velocity profile.
( }a{- = 225 4%5‘ ), the above characteristics of the factors are
almost proved by the momentum defect superposition of wakes.
Comparing the analytical velocity profiles with the experimental
data in Fig. 40, it is difficult to distinguish whether two- or three-

dimensional wake combinations satisfy the experimental data.
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When the two-dimensional wakes combination is applied to
turbulent shear flow, the relation between the momentum of turbulent

shear flow and the equivalent drag coefficient is shown as Eq. (4-16)

and also
//ML‘ _ -g,/(;,' — lwe
Ala) A ((4) VA frf
where

The experimental data of %f in Fig. 66 are obtained from the velo-
city profile (from the part of the logarithmic profile). Comparing the
experimental data of ¢/ (Fig. 38) with the analytical calculation
values, it is found that they have the same characteristics.

The development of the thickness of the boundary layer 5\
(internal) over the rough surface can be analyzed by taking the width
envelope of the combined wakes of Fig. 35, as shown in Fig. 64. The
experimental data of this 5‘ are shown in the same figure. The
development of the internal boundary layer can not be represented by

a power function as X f5 , but as the local zone of the far downwind
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distance from the leading edge of the rough.surface, the thickness of

the layer S‘ is approximately represented by the function of ;C/; where

Pg ] 0.8 . The equivalent drag ceefficient at the height of internal
B a¥-a3 .
boundary layer appears to be C}(\ = G, f(z_,‘d)oh“z = za3

Variation of this drag coefficient in the longitudinal x-direction is

shown in Fig. 65.

Stratified Turbulent Shear Flow

Concerning the coefficient of the turbulent diffusion, in a ther-
mally stratified case, the result of the analytical study of the Eulerian

similarity hypothesis shows (39),

K CSZS@/%JM/)
K etbel >

where Ri is the Richardson number, and XA/ % . The
™m

— -y

Richardson number is nondimensional. However, when the tempera-

ture profile is similar to the velocity profile, then

P 2 0¥z I S
‘T (MY 7% Az

£ e oug,

so that

K(.S‘?znz?/[/r?ﬁ/ ¥ /
" ( /Qm/m/jﬂ < %
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Using the ratio of Kl and [(Z in Fig. 44, and the velocity gradient
% (the values are given by the concept of combined wakes), the
above relation is confirmed analytically as shown in Fig. 67. Alsc
the experimental data of the gas diffusion concentration, as shown in -
Fig. 59, show the thermal effect on the coefficients of the gas turbu-
lent diffusion in the horizontal direction, but the thermal effect in the
vertical direction is not clear from experimental data shown in Fig.

61.

Concentration Profile

The equation for the diffusion from a continuous point source

in a steady state is given by
9 _ 2 08y 0 . 0F

“iz = oy (5500 + 5z (g (7-5)
where E is the helium gas concentration of the diffusion.

The results of the analytical vertical velocity profile shown in
Fig. 40, and the coefficient of the turbulent diffusion in Fig. 36 (the
coefficient of momentum is assumed to be similar to the coefficient of
the helium gas) are used for the analysis of the concentration profile,

e %

(These K and ©{ are assumed zero at %-:- ¢ ). When the point

source position is at the far downwind distance from the leading edge,

locelly, it is possible to consider that approximately (40)
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d = conat
Hd = #Z(Z)
K, = k(%)
/(; < Ag

= K?/Z)

g =@ as X, Z=> @

2. ¢ = w as 2 =2 =
2C -

3. /\/Z F =0 as Z2=0, x>0
4. 2C as Y =

K/7=0 g =G X7

(y <= Clp)=max)
and with the source strength

/a:iz/m%?ddﬂ = Q

Rewriting Eq. (7-5) to the following finite difference equation, then it
is possible to obtain the numerical solution of the mean profile of the
helium gas concentration from the equation.

The equivalent finite difference equation of Eq. (7-5) is

c(,z—rAry %)= c(17 z)+ az [M#/ZZE[Z)grA;!/Z)

-25('Lg,z)TZ(Ag—Ajz)]+A gg[kglzme)_fi(z,;/,zmz)

-~

“Clxg. 0] ke(2)( Tl y2)-Slagz-az]f 7
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At the vertical section of the maximum concentration Eq. (7-5) is

=~ = :Z -~
ZHAL, 8D = CrLEL2)Y + 2 s,
C ( CcC Aoy 2Kg(z+dg) [Clr 27e2>
TCEB] - K B[R — T, 2—42)]Z : (7-7)

In the numerical calculation of equation (7-6) and (7-7), the boundary
condition 2 1is reconsidered to have a finite pulse or a Gaussian
profile (40).

Using one of the experimental concentration profiles as the in-
itial value for the calculation, the difference of this concentration
profile and the profile of the following section 4 E(£)= ECZf}/AZ/Z)
- E(z,g) is calculated by dividing the distance 4% into five steps
instead of the complete calculation of equation (7-6) or(7-7) by using
an electronic digital computer. The calculated values and the
experimental results of AC are shown in Figs. €8 and 69, Except
the lower zone of the profile that is inside the roughness element, the
calculation values satisfy the experimental data.

Considering Eq. (7-7), when the coefficient ‘kz,, and the
velocity ¢{ are constant, the difference of the concentration A¢ (2)
is symmetrical in relation to the axis of the maximum concentration
if the initial concentration distribution is symmetrical, as in a
Gaussian profile. The profile of 35(&) is the difference between

two Gaussian profiles with different Cma;,r < and widths,
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When the coefficient Kz is a large value, the value of
’A5(8)| is also a large value, and when the coefficient K& is small,
the value of {A El is small. Also, the value of)ACT,' is proportional
to the term of —%L . When the velocity profile has a positive gradient,
in the vertical direction, the value of |A 5{ becomes a small value
along the height as compared with the case of uniform flow,

On the other hand, when the coefficient of the turbulent dif-
fusion KZ has a positive gradient in the upward direction, the value
of {A C—I becomes large in the vertical direction as compared with
the case of the constant coefficient,

As shown in Fig. 70, at the leading edge zone of the roughness
surface, the coefficient of turbulent diffusion KZ is nearly constant,
but the velocity gradient is rather large. Therefore, when the point
source of the diffusion is located at the leading edge on the rough
surface (the difference value of A has the negative value at the
surrounding part of the maximum concentration of its profile), the
negative value AZ‘: has a large lower part and a small upper part
concerning the axis of the maximum concentration. This means that
the position of the maximum concentration transforms upward in the
downwind direction.

When the point source is located in the far downwind distance,
both of the coefficients KZ and the velocity 7/ have a positive
gradient in the vertical direction. Therefore, the transferred posi-

tion of the maximum concentration cannot be understood directly,
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The result of the calculation of Eq. (7-7) shows that the position of
the maximum concentration transfers downward in the downwind dir-
ection as shown in Fig., 63. These transformation are confirmed
experimentally as shown in Figs. 54 and 55,

It seems that the transformation of the positions of the max-
imum concentration are determined by the gradients of the coefficient

of the turbulent diffusion and the velocity profile.
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Chapter VIII

CONCLUSIONS

The study of the turbulent diffusion over a rough surface in the
wind tunnel was utilized with the concept of momentum defect super-
position in the wakes of an array of roughness elements. Based on
this concept, the characteristics of each factor of turbulent diffusion
are analyzed and the results are confirmed experimentally. From
agreement between theory and experiment, the concept, the turbulent
shear flow consists of the combination of the individual wake flows, is
confirmed and forms the conclusion of this study.

The results of this study may suggest a method for predicting
diffusion in the lower layer of the atmosphere. When the thickness of
the internal boundary layer § and the distance from the leading edge
of the rough surface to the observation point are known, the equivalent
drag coefficient at the height of the internal boundary layer can be
analyzed by using Fig. 65 and the value of the initial drag coefficient.
From this coefficient, the coefficient of turbulent diffusion is calcu-
lated, and in all z-directions the coefficient of turbulent diffusion can
be obtained from Fig. 36. Therefore, the diffusion profile may be

calculated by numerical Eq. (7-6) using the velocity profiles of Fig. 40.



80

If the height of the internal boundary layer is large compared
to the plume height, the results which are already discussed in many

studies ( Koc Z/ U< by Z e ) may be satisfactory.
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TABLE

1

Numerical Calculation of Eqs. (4-11) and (4-12)

u

1
100.83¢(x/d)” ?

1.0 max
~ ~ ~ ~r ~ ~

x/8 x/d u1‘0 max 1.1 max "1 max 1.2 max Y2 max ul. 3 max "3 max Y1.4 max ''4 max 1.5 max uS max 1.6 max uS max

0 0 1

1 5.:33 0. 360 0.933 1

2 10.67 0.254 0.336 0. 421 0.907 1

3 16.00 0.207 0.237 0. 314 0. 326 0.453 0. 892 1

4 21.33% 0.180 0.193 0.264 0.230 0. 350 0. 321 0.475 0. 880 1

5 26.67 0.161 0.168 0.233 0.188 0.299 0. 226 0. 375 0.317 0. 490 0.871 1

6 32.00 0.147 0.150 0.210 0.163 0. 266 0.185 0. 324 0.224 0. 393 0. 314 0.504 0.863 1

7 37.33 0.136 0.137 0.193 0. 146 0.242 0.161 0.291 0.182 0. 343 0. 221 0. 408 0. 311 0.513

8 42.67 0.127 0.127 0.179 0.133 0.223 0.144 0.265 0.158 0.309 0.180 0. 358 0.219 0.419

9 48. 00 0.120 0.118 0.167 0.123 0.208 0.131 0.245 0. 142 0.283 0.157 0. 323 0.179 0. 370
10 53,133 0.114 0.112 0.160 0.115 0.197 0.121 0.231 0.129 0.265 0. 140 0. 300 0.156 0. 337
11 58.67 0.108 0.106 0.155 0.109 0.187 0.113 0.218 0.120 0.249 0.128 0. 280 0.139 0. 312
12 64.00 0.104 0.101 0.145 0.103 0.178 0.107 0.208 0.112 0.236 0.119 0.264 0.127 0.293
13 69. 33 0. 0996 0. 0970 0.139 0. 0980 0.170 0.102 0.198 0.106 0.225 0.111 0. 250 0.118 0.276
14 74.67 0. 0961 0.0930 0.134 0. 0940 0.164 0. 0962 0.190 0.100 0.217 0.105 0.238 0.110 0.262
15 80. 00 0. 0927 0. 0897 0.129 0. 0904 0.158 0. 0827 0.183 0. 0950 0.206 0. 0993 0.229 0.104 0.251
16 85. 33 0. 0898 0. 0865 0.125 0. 0872 0.152 0. 0888 0.176 0. 0915 0.199 0. 0941 0.220 0. 0984 0.239
17 90. 67 0.0873 0.0838 0.121 0. 0841 0.147 0. 0857 0.171 0. 0876 0.192 0. 0906 0.212 0.0933 0.231
18 96. 00 0. 0849 0. 0851 0.118 0. 0792 0.142 0. 0826 0.164 0. 0845 0.185 0. 0867 0.204 0. 0898 0.223
19 101,33 0. 0820 0.0792 0.114 0.0768 0.138 0. 0801 0.159 0. 0815 0.179 0. 0837 0.197 0. 0860 0.215
20 106.67 0. 0781 0.0765 0.109 0.0744 0.132 0. 0779 0.154 0. 0791 0.173 0. 0807 0.191 0.0803 0.208

xld u? 2 ~2 2 2 2 ~2 2 ~2 2 o~ ™

:/A O, 11- 0 max “1(;1 max 1 max Y1.2 max "2 max 1.3 max 3 max 1.4 max "4 max 1.5 max u; max 1.6 max u; max

1 5.33 0.130 0. 870 1 0

2 10.67 0. 0645 0.113 0.178 0.823 1 0

3 16. 00 0. 0430 0. 0560 0. 0990 0.107 0.206 0. 795 1

4 21,33 0.0324 0.0373 0. 0697 0.0530 0.123 0.103 0,226 0,774 1

5 26.67 0. 0259 0.0283 0. 0542 0. 0354 0.0896 0.0510 0. 141 0.100 0.241 0. 759 1

6 32.00 0.0216 0. 0225 0. 0441 0. 0266 0. 0707 0. 0241 0.105 0. 0500 0,155 0. 0987 0,254 0. 747 1

7 37,33 0.0185 0.0188 0.0373 0.0213 0. 0586 0.0258 0. 0844 0.0332 0.118 0. 0488 0.166 0. 0965 0.263

8 42.67 0. 0161 0. 0161 0. 0322 0,0177 0. 0499 0.0206 0, 0705 0. 0215 0. 0956 0.0324 0.128 0. 0480 0.176

9 48. 00 0. 0144 0.0140 0. 0280 0. 0151 0.0431 0.0171 0. 0602 0. 0201 0, 0803 0. 0247 0.105 0. 0321 0.137
10 63. 33 0. 0130 0.0126 0. 0256 0.0132 0.0388 0.0147 0. 0535 0.0167 0.0702 0. 0196 0.0898 0. 0242 0.114
11 58.67 0.0117 0.0112 0. 0229 0.0119 0.0348 0.0128 0.0476 0.0143 0. 0619 0. 0164 0.0783 0.0193 0.0976
12 64.00 0. 0108 0.0102 0. 0210 0.0106 0.0316 0.0115 0. 0431 0. 0125 0. 0556 0. 0141 0. 0697 0.0161 0. 0858
13 69. 33 0.00992 0.00942 0.0193 0.00960 0.0289 0.0103 0.0392 0.0111 0.0503 0, 0122 0. 0625 0.0138 0.0763
14 74.67 0.00924 0.00865 0.0179 0.00885 0.0267 0.00925 0.0360 0. 0101 0. 0461 0.0109 0.0570 0,0120 0. 0690
15 80.00 0.00862 0.00805 0.0167 0.00818 0.0249 0,00860 0.0335 0.00903 0. 0425 0. 00985 0. 0523 0.0107 0. 0630
16 85. 33 0.00808 0.00747 0.0156 0.00760 0.0232 0.00788 0.0310 0.00837 0.0394 0. 00885 0.0483 0.00920 0.0575
17 90. 67 0.00753 0.00703 0.0147 0.00705 0.0217 0.00735 0.0291 0. 00767 0.0367 0. 00822 0. 0450 0.00872 0.0537
18 96. 00 0.00720 0.00665 0.0139 0.00628 0.0201 0.00682 0.0270 0.00715 0,0341 0. 00752 0.0416 0.00805 0.0497
19 101.33 0.00672 0.00628 0.0130 0.00590 0.0189 0.00641 0.0253 0. 00665 0.0320 0. 00700 0.0390 0.00740 0. 0464
20 106,67 0.00610 0.00585 0,0120 0. 00555 0.0175 0,00607 0.0236 0.00625 0.0298 0. 00652 0.0363 0.00688 0. 0432

G8
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< >
x/a u|,7maxu7max ul.8max ﬁ’ﬁmax ul.Smax a’Qmax Y. 10 max qumax ul.llmaxﬁlllmax Y1, 12 max “12max ul.leaxﬂ’Hmaxul.va.

U

1

2

3

4

5

6

7 0.858 1

8 0.309 0.521 0.853 1

9 0.218 0., 429 0. 307 0.528 0. 849 1
10 0.178 0, 381 0,217 0,438 0. 305 0.534 0. 845 1
11 0,155 0. 349 0,172 0, 391 0.216 0. 447 0. 304 0,541 0, 842 1
12 0,138 0. 324 0.154 0. 359 0.176 0. 400 0,214 0.453 0,303 0,545 0. 839 1
13 0,126 0. 304 0,138 0.333 0.153 0. 366 0,175 0,407 0,213 0. 459 0. 302 0.548 0. 836 1
14 0,117 0.288 0.126 0. 314 0.137 0. 342 0,152 0.374 0.174 0,413 0,213 0,464 0. 301 0,553 0, 833
15 0.109 0.274 0.116 0,297 0,125 0, 322 0.136 0. 350 0.152 0, 381 0.174 0.418 0.212 0. 470 0. 300
16 0.103 0. 251 0,108 0.282 0.116 0,215 0,124 0, 329 0.136 0. 356 0. 151 0, 387 0.173 0. 424 0.212
17 0.0978 0,252 0,103 0,271 0.108 0.292 0,115 0,314 0,124 0,337 0.135 0. 364 0. 151 0. 394 0.173
18 0.0927 0,241 0.0973 0,260 0.102 0.279 0.107 0,299 0, 115 0. 321 0.123 0, 343 0.135 0. 369 0,150
19 0.0893 0,233 0. 0921 0,251 0. 0968 0.268 0,102 0.287 0,107 0. 306 0.114 0. 327 0.123 0. 349 0.134
20 0,0855 0,225 0, 0887 0,241 0.0917 0.258 0, 0963 0,276 0.101 0.294 0.107 0,313 0.114 0.332 0.123

2 ~2 2 ~2 2 ~2 2 ~2 2 ~2 2 ~2 2 ~2 2

xl& ul.7max Y7max Yf.8max “8max Uf.9max -9 max Y{.10max "10max "1.11max 1imax "1.12max "12max 1.3 mex Y13 max "1.14 mex

0

1

2

3

4

5

6

7 0.737 1

8 0.0955 0,272 0. 729 1

9 0,0476 0,185 0. 0945 0.279 0. 721 1
10 0.0317 0.146 0. 0468 0,193 0. 0930 0. 286 0. 715 1
11 0,0242 0.122 0.0312 0.153 0, 0467 0,200 0, 0925 0,292 0,708 1
12 0,0191 0,105 0. 0236 0.129 0.0310 0.160 0, 0458 0,205 0.0918 0,297 0,723 1
13 0,0159 0,0922 0.0189 0.111 0. 0234 0.135 0. 0307 0,165 0.0453 0,211 0. 0910 0, 302 0. 699 1
14 0.0137 0,0826 0.0158 0,0984 10,0187 0,117 0. 0232 0,140 0.0303 0.171 0. 0454 0.216 0. 0905 0, 307 0. 695
15 0.0119 10,0749 0.0135 0,0884 0,0156 0,104 0. 0185 0.123 0.0229 0.145 0. 0302 0.176 0. 0450 0,221 0. 0900
16 0,0106 0,0681 0,0117 0,0797 10,0133 0,0930 0.0154 0.108 0,0184 0,127 0. 0228 0.150 0,0300 0,180 0. 0448
17 0,00957 0,0632 0.0105 0,0737 0,0117 0, 0854 0,0132 0.0986 0,0153 0,114 0.0183 0.132 0, 0227 0,155 0. 0298
18 0.00860 0,0583 0,00947 0,0677 0,0104 0.0781 0,0115 0.0896 0,0131 0,103 0, 0151 0.118 0.0181 0,136 0. 0225
19 0.00800 0.0544 0,00847 0,0628 0.00940 0,0722 0,0103 0.0825 0,0115 0,0940 0. 0130 0.107 0.0151 0,122 0, 0180
20 0,00730 0,0505 0,00787 0.0584 0,00843 0, 0668 0,00930 0,0761 0,0102 0.0863 0.0114 0, 0977 0.0129 0,111 0. 0150
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x/a 14 max u1.15max ﬁlSmax ui. 16 max ‘16 max ul. 17 max u17max ul. 18 max ﬁ’leax Y1, 19 max wlsmax “TZOmax
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14 1
15 0,557 0,831 1
16 0,473 0.299 0.560 0.828 1
17 0,430 0,211 0,478 0.298 0.564 0. 826 1
18 0, 398 0.172 0,433 0.210 0. 482 0.297 0.566 0. 824 1
19 0,374 0.150 0. 403 0.171 0,437 0.210 0. 486 0.296 0.568 0. 823 1
20 0. 354 0.134 0. 379 0.149 0.407 0,171 0. 441 0.209 0. 488 0. 296 0.572 1
2 2 ~ve 2 bt 2 ~2 2 ~2 2 ~2 ~2
XIAuHmax ui.lSmax YY5max “1.16max “16max u1.17max Y17 max ul. 18 max 18 max ul.lQmax Yf9max “20max
0
1
2
3
4
5
6
7
8
9
10
i |
12
13
14 1
15 0, 311 0. 689 1
16 0,224 0. 0895 0. 314 0.686 1
17 0.185 0. 0445 0,229 0. 0890 0.318 0. 682 1
18 0.158 0. 0297 0.188 0. 0442 0.232 0. 0885 0. 321 0.679 1
19 0.140 0. 0244 0,163 0, 0293 0.192 0. 0442 0.236 0. 0877 0. 324 0.676 1
20 0,126 0,.0179 0.144 0. 0222 0.166 0, 0293 0.195 0. 0437 0,239 0, 0877 0. 326 1
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TABLE 2

Numerical Calculation of Eq. (4-16)

& ol : : : : : : : : : : H s z : 3 : : I ot
Xl ('I)O CDl CDZ CD3 CD4 CD5 CDﬁ CD7 CDB CDQ CD10 CDH CDIZ CDIS CD14 CDlS CDlS CD17 CDIB CD19 Cl)ZO
0 1,04
1 1,04 1. 04
¢ 1,04 1,22 1,04
3 1.04 1.29 1.31 1,04
4 1,04 1.33 1.44 1.37 1. 04
5 1.04 1.35 1.50 1,54 1,41 1.04
6 1,04 1. 36 1.54 1.63 1.61 1.46 1.04
7 1.04 1.37 1.56 1.68 1,73 1.67 1.48 1,04
8 1.04 1.37 1.58 1.72 1.78 1.80 1,72 1,51 1.04
9 1,04 1. 37 1.59 1.74 1.83 1,87 1.86 1.76 1.53 1. 04
10 1,04 1,38 1..61 4,77 1.88 1.94 1.95 1,92 1.80 1.54 1,04
11 1,04 1.38 1.62 1.79 1.90 1.98 2,01 2,02 1.97 1.83 1.56 1,04
12 1,04 1.40 1,62 1,80 1,93 2,02 2,07 2,09 2,07 2,01 1.86 1.58 1.04
13 1,04 1.39 1.64 1.81 1,96 2,05 2.1t 2,15 2,156 2.1 2.04 1.88 1.59 1.04
14 1,04 1,40 1,64 1,83 1,98 2.06 2,16 2,20 2,22 2,21 2.16 2,08 1.90 1,60 1,04
15 1,04 1.40 1.65 1.83 1,99 2,09 2,18 2,24 2,27 2.28 2,26 2.20 2,10 1,93 1,61 1. 04
16 1,04 1,40 1,65 1,84 1,99 2,12 2,18 2,26 2,31 2,33 2,33 2,30 2,24 2,13 1,94 1.62 1,04
17 1.04 1,40 1,66 1.85 2,00 2,12 2,23 2,30 2,35 2,39 2,40 2,39 2,35 2,27 2.16 1. 96 1.63 1. 04
18 1,04 1,40 1,64 1.84 2,00 2.13 2,23 2,32 2,37 2.42 2.45 2.45 2,43 2,38 2,30 2,18 1.98 1.64 1.04
19 1,04 1.40 1.64 1,84 2,01 2,13 2,25 2,33 2,42 2,45 2,49 2,55 2.50 2,47 2.42 2,33 2,19 1.99 1.64 1.04
20 1,04 1,38 1.62 1,83 2,00 2,14 2,25 2,35 2.41 2.48 2,52 2,53 2.57 2.54 2.51 2,45 2,35 2,22 2,00 1.651.04
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TABLE 3
Numerical Calculation of Eq. (4-18) b,

- 0. 135+ (x/d)? (in)

x/A by(x10) by b, b, b, by be b, bg by b0 Pyy Piz Pz Py Pi5 P P17 Pig Pyg Py
0 o

1 3.12 0

2 4,40 3,79 0

3 5,40 5.65 4.08 0

4 6,23 7.15 6.32 4.27 0

5 6.98 8.40 8.10 6.75 4.41 0

6 7.64 0,47 9.56 8.28 7.08 4.54 0

7 8.25 10,42 10,90 10,45 9.32 7.35 4.62 0

8 8.83 11,30 12,05 11,95 11,10 9.70 7.55 4.70 O

9 9.36 12,10 13.05 13.25 12.75 11.60 10,03 7.73 4.75 0

10 9,87 12,95 14,22 14.55 14.30 13,50 12,15 10.35 7.90 4.80 0

11 10,33 13,55 15.10 15.75 15.65 15.10 14,00 12.60 10.62 8.05 4.87 0

12 10,80 14,40 16.00 16.85 17.05 16.65 15.80 14,60 12.90 10,85 8.18 4.92 0

13 11,23 15,00 16,90 17.80 1{8.25 17.70 17,40 16,40 15,00 13.15 11,00 8,27 4.94 0

14 11.65 15.75 17.65 18.80 19.50 19.35 18.95 18.15 16.95 15,40 13.45 11.40 8.36 4,99 0

15 12.07 16.25 18,50 19.75 20.50 20.55 20,40 19.47 18.70 17.40 15.75 13,70 11,35 8.47 5.02 0

16 12.47 16.90 19.15 20,70 21.40 21.85 21,50 21,10 20,40 19,02 17.80 16.05 13.90 11.50 8.54 5.03 0

17 12.85 17.45 20,00 21,50 22.50 22.90 22.95 22.70 22.00 21.10 19.80 18.20 16.40 14.15 11.65 8.62 5,08

18 13,22 18,00 20,40 22,20 23,20 23,90 24,10 23.90 23.40 22,60 21,60 20,20 18.55 16.60 14.30 11.75 8.69 5.10 0

19 13,57 21.60 21.00 22.90 24.30 24,80 25,20 25,20 25,00 24,10 23,30 22.55 20,60 18.85 16.95 14.50 11.85 8.76 5.11 0
20 13,95 22,00 24,20 23,50 24.95 25,80 25,90 26.40 26.00 25,60 24,90 23,70 22.65 20,90 19.13 17.10 14.65 11,95 8.80 5.14 0
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