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ABSTRACT

EMERGENT TOPOLOGICAL PHENOMENA IN LOW-DIMENSIONAL SYSTEMS INDUCED BY

GAUGE POTENTIALS

In this dissertation we discuss how gauge potentials can be used as a key ingredient for
inducing topological phase transitions in condensed matter systems, such as conductors, in-
sulators, and superconductors. The first chapter covers some important background physics:
Maxwell’s equations, gauge invariance, minimal coupling, and Peierls phase, etc. It then presents
a review of how one can realize Majorana fermions (MFs) in superconductors and their impor-
tance to topological quantum computing. In the end of chapter 1, we give an overview of the
basics of Landau levels (LLs) and their relation to the Chern number. Chapter 2 presents a the-
oretical proposal for inducing topological phase transitions that allow for MFs to be hosted and
rotated along the corners of a hollow equilateral triangle, which can serve as a basic building
block for topological quantum logic gates. This provides a potential new avenue for achieving a
topological quantum computation where a network of interconnected triangular islands allows
for braiding of MFs. In chapter 3 we show using Floquet theory and high-frequency expansion,
that oblique incident, circularly polarized light can give rise to spectral features analogous to
Landau levels in the quantum Hall effect (QHE), where the effective magnetic field is related
to the electric field of the laser light. Outside of having the electric field as a useful param-
eter for achieving a QHE device, this finding enables us to explore non-equilibrium systems
exhibiting topological phenomena in the absence of spatial periodicity. Chapter 4 concludes

and discusses further implications of the work in this dissertation.
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Chapter 1

Introduction

In this chapter we will review some key concepts that will be frequently encountered in the
remaining chapters. We will review Maxwell’s equations, gauge invariance, minimal coupling,
and Peierls phase. Then we move onto MFs in superconductors, their connection to topological
quantum computing, and how one can achieve them in a lab setting. Finally, we will cover the

basics of LLs and their relation to the Chern number.

1.1 Maxwell’s equations and gauge transformations

Here we give an overview of Maxwell’s equations in relation to gauge potentials and trans-
formations. The electric and magnetic fields, E and B, respectively, are physical observables.
While different scalar potentials V' and gauge potentials A are not directly observable, they pro-
duce the same electric and magnetic fields, reflecting the principle of gauge invariance. The
following derivation can be found in many textbooks. Here we follow [1].

We start with Maxwell’s equations

V-E=—p, (1.1)
€o
V-B=0, (1.2)
VxE=-0,B, (1.3)
V x B = uoJ + po€od/E,. (1.4)



One can write Maxwell’s equations in terms of potentials, V and A using B=V x A, and E =

—-VV -0:A. Eq. (1.1) and (1.4) provide the most relevant information, which become

1
e—p:—VzV—OtV-A, (1.5)
0

—'u()]:VZA—IUOEQG%A—V(V-A+,Lt()€06tV). (1.6)

We now transition to gauge transformations. Suppose A’ = A+ a and V' = V + . Both vector

potentials give the same magnetic field,

B=VxA=VxA'=Vx(A+a),

which leads to @ = VA. The two potentials should also give the same electric field,

E=-VV-9,A=-VV' -3,A,

then f= -0+ k(¢) and

A'=A+VA (1.7)

V' =V -0,A+k(1), (1.8)

which is a general gauge transformation of potentials. Thus V and A are gauge covariant. This
allows one to leverage gauge invariance to conveniently determine both scalar and gauge po-

tentials for a system.

1.2 Minimal coupling and canonical momentum

With gauge potentials and their invariance shown we next review how a gauge potential
couples to the momentum operator, also known as minimal coupling. Minimal coupling comes

from the following substitution



—ihV — —ihV - gA, (1.9)

which can be derived from the canonical momentum operator when a charged particle is present
in a gauge potential. Rigorously speaking, minimal coupling ignores higher order multipole
moments. This also allows the system to have a local gauge invariance under U(1) transforma-
tions,i.e. A—A+VA [2].

Next, we derive the canonical momentum operator. Starting with the Lagrangian for charged

particle coupled to a gauge potential,

£=T-U
| .
:fzimr -qV+qgr-A, 1), (1.10)

1

where T = ymi? and U = qV — gi-A(r, ). Recall

0L
Pcan = oF
Pcan = Pkin + gA. (1.11)

With the canonical momentum defined, the Hamiltonian becomes

a%:pcan'i'_g

1
T = %(pcan—qA)2+qV. (1.12)

Thus, a charged particle in the presence of a gauge potential has the following minimal cou-

pling, iV — gA.



We will now show the Hamiltonian is gauge invariant. While one can include a scalar poten-
tial in the Hamiltonian in the derivation below, we ignore it to keep things simple. Supposing

F\p) =ely) and A’ = A+ VA, the Hamiltonian acting on the wavevector is

1
JO\y)y = %(ﬁ—qA’+qm)2|w> =ely). (1.13)

We assert

N = ——(p— gA— qVAYIY") = ely). (1.14)
2m

Let |y') = Ulw), where U is a unitary operator such that U TU = 1. Position and momentum ex-
pectation values should be the same under both gauge choices. Starting with position operator

we have

W' Ity = (w|UUy) = (yiily) (1.15)

which gives the following useful commutation relation: [¢, U] = 0, leading to [A(r), U] = 0. For

the momentum operator we find

W'1p—gA'ly"y = (WU (p- gAY Uly) = (ylp - gAly) (1.16)

that gives the following commutation relation [p, U] = —ifi0;U = gVAU. This leads us to find

U = exp[igA/h]. The gauged Hamiltonian is related to the original one by

H' 'y = Uely). (1.17)



We see the local phase of the wavefunction is changed but it still represents the same energy

shown by

/|71y = (p|U Uely) =,

(Y| ALy) = (ylely) =e. (1.18)

Thus, UT#'U = #, and gauge invariance is shown [3].

1.3 Peierls phase in tight-binding models

When working with condensed matter systems we often either work with free particles us-
ing Schrédinger’s or Dirac’s equation or tight-binding models describing how much energy is
needed for a particle to “hop” from one lattice site to the next. In tight-binding models there is
typically no momentum term to use minimal coupling to introduce the gauge potential, but we
can find a basis transformation that is equivalent. A few different names this can go by include:
Aharonov-Bohm effect, Berry phase, geometric phase, or Peierls phase. There are a few ways to
derive Peierls phase and we will use the differential geometry approach. Below we follow [2].

Before, we introduced minimal coupling and now we would like to express it in terms of a

covariant derivative

Let us now envision how a wavefunction will evolve in the presence of a gauge potential field.
Using the covariant derivative with parallel transport along curves we can obtain an expression
for the phase accumulation on the wave function. The covariant derivative should vanish if it
has been parallel transported along the curve € defined by points x and x’ = x+ vt. The expres-

sion is as follows V,s — tv# D, sy, = 0. This turns out to be a first order ordinary differential



equation

Sx(n) — iXM(0) Ax(r),uSx) =0

with the following solution

Sx(r) = Sx(0) €Xp (1.20)

lf dx”Ax(t/),u
€

and in general we can rewrite it as the following expression ¥ (¢) = ¥ (0) exp [% ﬂg A(r)- dl] .

Given the following tight-binding Hamiltonian

_ _ T
S = tgzz:) cjcl+h.c., (1.21)

a gauge potential is applied to the system making the following Peierls phase transformation, a

unitary transformation, to its creation/annihilation operators

f t iqg ™
c.Cc;— C.clexp —f A-dl|. (1.22)
J J noJy;
The Hamiltonian in the new basis takes the following form
— T
H =) —tjicic+hc, (1.23)

Gh

where t;; = texp [%qfrrle-dl].

1.4 Majorana fermions and topological superconductors

We discuss here MFs, their connection to topological superconductors, and the properties
that can be exploited for topological quantum computing. Fermions are particles that follow
Fermi-Dirac statistics and the Pauli exclusion principle and have half-integer spin (spin 1/2,

3/2, etc.). There are three types of fermions: Dirac, Weyl, and Majorana. In 1926, both En-



rico Fermi and Paul Dirac derived Fermi-Dirac statistics independently. Dirac’s equation led to
the derivation of a (complex) wavefunction solution for spin-half fermions that have mass and
charge, and an antiparticle, coined as the positron. A few years later, Hermann Weyl derived
from Dirac’s equation a simplified solution for describing massless fermions. Then, in 1937 Et-
tore Majorana hypothesized from Dirac’s equation a (real) wavefunction solution that showed
that these fermions were their own antiparticles and neutrally charged.

Examples of observed fermions include electrons, neutrinos, neutrons, and protons. The
Standard Model does allow for neutrinos to potentially be MFs. The MAJORANA project: neutri-
noless double beta decay, is one experiment for detecing neutrino MFs and has yielded negative
results thus far. The particle physics community has yet to find either Weyl or MFs in experi-
ments. There are, however, avenues for pursuing them as quasiparticles in condensed matter
systems. For example, in 2011 Weyl fermions were theorized to be in topological semimetals
then quickly observed as quasiparticles by 2015 in TaAs semimetals using angle-resolved pho-
toemission spectroscopy (ARPES) [4-6]. Since 2001 it has been hypothesized that MFs can be
found in p-wave superconductors in pairs, either at cores of half-quantum vortices or at the
ends of wires.

In conventional superconductors there are Cooper pairs that support supercurrents. These
Cooper pairs are made up of two electrons (or holes) with opposite spin and momenta caused
by the electron-phonon interaction. A Bogoliubov quasiparticle is the first excited state of a
Cooper pair condensate. This is when an electron and hole with opposite momenta become
paired. Tuning the system’s chemical potential allows the electron and hole bands to cross one
another in the Brillouin zone. The superconducting order parameter, A, dictates the type of
spinful coupling for the Bogoliubov quasiparticles. For example, superconductors that are s-
wave, pair electrons and holes with opposite spin, while p-wave ones pair electrons and holes
that compose spin-triplets. In a p-wave superconductor, if the Bogoliubov quasiparticle is a
zero-energy excitation, it can be written as a highly non-local Majorana zero mode (MZM).

MZMs come in pairs due to particle-hole symmetry of the system.



There are a few reasons why MFs are highly sought after: MFs are dictated by non-Abelian
exchange statistics, which allows for building a universal quantum computer. Another perk of
non-trivial topological superconductors, is the ability to protect MFs from local perturbations,
also known as fault-tolerant. This reduces the error that qubits can acquire when performing a
braiding operation. The next few subsections will review these properties of MFs in topological

superconductors.

1.4.1 Kitaev chain

We now review the Kitaev chain, a realization of MZMs, or MFs, on a 1D spinless p-wave
superconductor. The derivation can be found in the following reference [7]. Originally, Kitaev’s
proposal was to design a topological quantum storage device. However, a Kitaev chain can be
used for more than storage: it is a key building block in constructing topological quantum logic
gates.

Start with a 1D spinless p-wave superconductor tight-binding Hamiltonian

N-1 N

A=) (—tc;ch+chcj+1+h.c.)—z,uc}cj, (1.24)
J J

where ¢ is hopping amplitude, A = |A| is the superconducting order parameter, p is chemi-
cal potential, and c'(c) is the creation (annihilation) operator for a complex fermion. We use
the following MF basis transformation: c} = %(aj —1ibj), where {a;, aj/} = {aj, aj/} = 26]-,]-: and

{aj,bj} =0. The Hamiltonian becomes

i
=53 (~pajbj+(t+Mbjaj+(—t+MNajbj). (1.25)

J

A trivial topology phase, meaning there are no MFs at chain ends, can be achieved by having

pL#0and t =A=0,leading to

1
Jf:—pEZajbj. (1.26)
J



N
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Figure 1.1: The top chain represents the system in a trivial topology where each complex fermion
cj = %(a j+1bj) is a linear combination of intraconnected MFs. The bottom chain represents the sys-
tem in a non-trivial topology where each complex fermion ¢; = %(a j+1ibj.1) is a linear combination of
interconnected MFs, leaving the non-localized complex fermion f = %(ul + iby), and thus leaving one
MF located at each end of the chain.
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The non-trivial topology phase, in which there are MFs present at chain ends, can be realized

by setting © =0, and t =A>0:

H=it) bjaji. (1.27)
i

Notice terms a; and by are missing in the non-trivial topology Hamiltonian. We define the
non-localized zero energy mode present in the system as the following fermionic operator, f =
%(al + iby). This state is composed of two well separated MZMs. Figure 1.1 shows the wire in
both topological phases.

Slightly outside the Kitaev limit, a non-trivial topology persists if |u| < 2¢ and ¢ = |[A] > 0.
Due to bulk-edge correspondence, MZMs are localized at the interface between trivial and non-
trivial segments. To formalize this, we calculate the topological invariant, known as the Ma-
jorana number. While calculating the Majorana number is straightforward enough, its proof,
shown in App. A.1, is not. To compute the Majorana number, we perform a MF basis transfor-

mation on the Hamiltonian, A= —iU.U", then take the sign of the Pfaffian,

M =sgn[Pf(A)]. (1.28)



If the system has translational symmetry in the chain direction, the Hamiltonian can be trans-
formed into momentum space. Using the symmetry condition e(—k) = —e(k), we find that for
any given k, there are equal numbers of positive and negative eigenvalues. The Majorana num-

ber then simplifies to

sgn[Pf(Ax=o)Pf(Ax=-)], ifLiseven,
M= (1.29)

sgn[Pf(Ax=0)l, if Lis odd,
where L is the number of lattice sites. Within the Kitaev limit, if |u| < 2¢, then .# = -1, and if
|l > 2t, then .4 = 1. If one section of the material exhibits non-trivial topology while adjacent
sections remain trivial, MZMs will localize at interfaces of differing topological numbers. This
phenomena is a direct consequence of bulk-edge correspondence.

Now that we have a way to distinguish topological states, we must consider the size of the
systems band gap and robustness. When |u| = 2¢, the system reaches a critical point where the
band gap opens and closes, making this region of parameter space undesirable. A too small
band gap allows even minor local perturbations to reopen or close it and therefore compro-
mises the stability and information of the MZMs. By tuning the chemical potential further from
these critical points, the band gap becomes larger, increasing robustness against local pertur-
bations.

But what are local perturbations and how do they contribute to error? There are two com-
mon types of error in quantum computers: classical and phase. Classical error flips the qubit
state, |1) — |0) and vice versa. Phase error changes the sign of the occupied state, [1) — —[1), rel-
ative to the unoccupied state |0). To get rid of the classical error we can envision the following:
Imagine an electron hopping from one site to another, creating two classical errors simulta-
neously. If our fermionic qubit state has its information distributed non-locally in MZMs, the
possibility of an electron hopping between the two MZMs becomes exponentially small with
separation distance. Simply put, the error must affect both MZMs at the same time which is

highly unlikely given a large separation.

10



Phase error can be represented as c} cj, leading to different electron configurations acquir-

ing different phases over time. Majorana operators as defined earlier give the following phase

error operator C;C = %(1 +1ia;jb;). This would require the highly non-local MZMs to share the
same site to induce a phase error. In summary, non-trivial topology makes MZMs difficult to

couple together due to their separation and a large band gap prevents excitations. [7].

1.4.2 Half-quantum vortices in p-wave superconductors

We now transition to Ivanov’s derivation of MFs [8] and introduce braiding for their topo-
logical quantum computing applications. It was proposed by Read and Green that the Pfaf-
fian quantum Hall state derived by Moore and Read belongs to the same topological class as
the Bardeen-Cooper-Schrieffer (BCS) pairing state. Ivanov later verified that this was the case:
BCS states in p-wave superconductors exhibit non-Abelian statistics in the presence of half-
quantum vortices. To explicitly show this, we first need to understand how the superconducting
order parameter acts under different pairing potentials composed of singlet or triplet states.

The superconducting order parameter, also called order parameter or pairing potential for
short, tells us the correlation between two fermionic operators in a superconductor and re-
quires the state to be antisymmetric. The order parameter is made up of a spatial and spin
component, with symmetry constraints dictating their relationship. In spin-singlet pairing, the
spin component is antisymmetric, limiting the spatial component to be symmetric. This occurs
in s- and d-wave superconductors. In spin-triplet pairing, the spin component is symmetric,
limiting the spatial component to be antisymmetric. This occurs in p- and f-wave supercon-
ductors.

In terms of Pauli matrices, the order parameter can be expressed as

Ak) = (Ag(k) +d(k)-0) ioy, (1.30)

where the antisymmetric condition A(k) = AT (k) encodes Ay (k) as spin-singlet components

and d(k) as spin-triplet components, and 0, maintains the overall antisymmetric nature of the
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Figure 1.2: The order phase ¢ and angle « of d rotate by n: (¢,d) — (¢ + m,—d). The order parameter 0
maps to itself, (0,2m), under simultaneous change of both d and ¢: 6 = ¢ + a.

matrix. The direction vector d must be a three dimensional vector to ensure the three spin con-
figurations | 11), | 1)+ 1), and | ||). The parity of the spatial component determines A(k).
Even-parity is of even powers in momentum, proportional to even spherical harmonics. Odd-
parity is of odd powers in momentum, proportional to odd spherical harmonics. For example,
in s-wave superconductors [ = 0, the spherical harmonic Y is constant and has no momen-
tum dependence and takes the form Ag(k) = iAgoy,. In contrast, for p-wave superconductors
I =1, the spherical harmonic Y7 +1 o< ky + iky, leading to linear dependence in momentum.
This leads to the order parameter A, (k) = iA(d- o) (ky + iky)oy. In a word, the symmetry of
the superconducting state determines the structure of A(k) and how it influences the physical
properties of the system.

In Ivanov’s proof [8], a slightly different basis for the triplet-pairing order parameter is used

AK) = Ae™ [dyoo+idyo, +do ] (ke +iky), (1.31)

satisfying the antisymmetric relation A(k) = —A”(~k). For a half-quantum vortex to exist, we

must allow d to rotate in 3D or in a plane. Additionally, the order parameter maps to itself, which

12



requires the change of sign of d and shift in the phase ¢ by 7, simultaneously. This mapping is
(p,d) — (¢ + m,—d) and can be seen in Figure 1.2.

We now specialize to a 2D superconductor, force d to point and rotate in the x — y plane, and
remove the coupling of spin-up and -down fermions in the pairing term. The order parameter

can then be written in polar coordinates

_leir 0
Ak, 1,0)=A(r)e'? (kx +iky)
0 e—ia
el 0o
=A(r) (kx +iky), (1.32)
0 1

where «a is the angle of d, remembering its simultaneous change w.r.t. ¢. We see that the spin-
up fermions have a vortex while the spin-down do not have a vortex (and thus no low energy

states). The Hamiltonian for spin-up or spinful fermions can now be described by

szfdzr

where * is the symmetrized product [A* B = (AB+ BA)/2]. One can diagonlize the Hamiltonian

V2 :
—pt (2— +eF) ¥4+t [eleA(r) % (0, + iay)] ¥+ he|, (1.33)
m

using the quasiparticle operator y' = u¥' + v'¥. The creation annihilation of the same fermion
isrelated by the parameters u and v, causing the energy eigenstates to be symmetric about zero-
energy, restricting YT (E) = y(=E). The spinful nature eliminates the spin degree of freedom and
shows the creation and annihilation operators are coupled due to superconductivity, making

MFs possible through self-conjugacy.

1.4.3 Braiding

To discuss braiding, it is important to start with gauge transformations. Under U(1) gauge

transformation, if the phase of the superconducting gap is shifted by ¢, it is the same as rotating

13



Figure 1.3: Two vortices in an elementary braid exchange.

o\ \Jy

i+1

I

\ \Tm

Figure 1.4: Braid group relation for T;T;41T; = Tj+1T; Ti+1-

the creation annihilation operator by half the shift. Thus, ¥, — e!?2y  which leads to the
MF operator weights transforming as (u, v) — (ue'?’?,v=1%/2), We can see with a change of
superconducting order parameter by 27 the MF changes sign, y — —y [8].

This change of sign is important in braiding transformations since it allows for non-Abelian
exchange statistics. We can circumvent a global phase by introducing branch cuts for the vor-
tices to cross, causing a 27 phase change in the MFs. Vortices can be exchanged as described in

Figure 1.3, with a "bird’s eye" view. We can define the braiding operators as the following

Yi—Yis1

Tityis1— —vi (1.34)

Yi—Yj forj#iand j#i+1.

This leads to the following braiding relations
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Figure 1.5: (Left) Braiding two MFs on a T-junction. (Right) Ladder junction schematic for hosting and
braiding multiple MFs.

TiTjZTjTl’, |i—j|>1,
(1.35)
T,TiT;=T;T;Tj, li—jl=1.

Figure 1.4 demonstrates three neighboring vortices with braiding statistics having two means

of achieving the same braiding exchange. One can write the braiding operators in terms of

fermionic operators with the following

T 1
(T)) = eXp(z)’HlYi) = (L yiar). (1.36)

This can be further carried out for any number of MFs and builds a set of braiding operators for

that system.
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1.4.4 T-junction qubit
The simplest qubit theorized for braiding MFs is on 1D wires connected in a T-junction,
which can be extrapolated to a ladder junction for 2n MFs. In the T-junction we define the

quasi-1D Hamiltonian

S = —,uz c}cj —Z (tC}Cj.'.l + IAIei‘pcjch + h.c.), (1.37)
i j

where ¢j = e '?(y .11 + iyj2)/2. We additionally have to define the pairing as |Ale’®c;cj4

such that the site indices have the following definitions
* Increase moving — / 1 in the horizontal/vertical wires: ¢ =0,
* Decrease moving < / | in the horizontal/vertical wires: ¢ = 7.

The braiding of two MFs in a T-junction is achieved by adiabatically tuning the voltage gate, or
chemical potential, of the wires which can be seen in Figure 1.5. The process can be extrapo-
lated to a ladder junction as shown in Figure 1.5 [12]. While this approach is simple in theory
and being seriously pursued, it is difficult to build, manipulate, and read experimentally. An-
other difficulty for these wires is that there are no pristine p-wave superconductors known to
date, while effective p-wave superconductors made of heterostructures, to be introduced next,

are prone to various artifacts.

1.4.5 Effective p-wave superconductors
There are several ways to build an effective p-wave superconductor. One example, which
we will follow in this section, is provided by Sau et. al. [9] where a zinc-blende semiconductor
quantum well grown along the (100) direction is considered. We start with the relevant non-
interacting Hamiltonian
272

nck
(750=ZC;£ ﬁ—,u+a(axky—aykx) Ck (1.38)
k
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where m is the effective mass, pu is the chemical potential, « is the Rashba spin-orbit coupling
strength, and o' are the Pauli matrices that act on the spin degrees of freedom in ¢y, and /2 = 1
throughout.

Next, introduce a ferromagnetic insulator to induce a Zeeman effect. The ferromagnetic

insulator has magnetization pointing perpendicular to the 2D semiconductor with energy

Hz=V,)_ cltazck (1.39)
k

but neglible orbital coupling. One can build an eigenbasis from the combined Hamiltonian
with the following eigenenergies ¢/, (k) = +1/ VZ + a?k? with eigenvectors u. (k). The details of
the derivation can be found in appendix A.4.

With the semiconductor in contact with an s-wave superconductor, a pairing term is gener-

ated by the proximity effect. The full Hamiltonian becomes A = A + #7 + #sc with

Hsc =Y Acl ol +He. (1.40)
k

Writing the pairing potential in terms of c.. using a basis transformation to u. (k), we have

+ h.c., (1.41)

Hsc = ZAHCLJFCLH + A__clty_cik,_ + AWL_(k)clTHcT
K

—k,—

where the Ay terms can be found in appendix A.4. To write the full Hamiltonian in matrix form

we will use the following Nambu spinor

W= (aes €y o ch DT (1.42)
The Hamiltonian becomes

17



1
S = EZ\P*HMG\P (1.43)
k

with
e+ (k) 2A 44 0 Ay_(k)
2A% —;(-k) -A*_(-k 0
Hpac=| " ’ , (1.44)
0 -A,;_(-k) e_(k) 2A__
AT_(k) 0 2AF _ —e_(-k)
and
k2
er(k) = %—,u+e'i(k). (1.45)

Upon studying V, > «, near the Fermi surface the interband pairing has little effect on the band
gap. Scaling its effect from 0 — 1 the intraband gap appears at a slightly smaller momentum as
the interband pairing is turned off. We use the approximation A, _(kf) = 0 and set u such that

it only crosses the lower bands, allowing c:[ — 0, leaving

e-(k) 2A__(k
Hpac = . (1.46)

2A*_(k) —e_(-k)

Solving for the dispersion relation of the system

E.(0 = +\/(e_(10)? +4IA__(0 P, (1.47)

we arrive at an effective p-wave superconductor with opening and closing band gaps.
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1.5 Landau levels and quantum Hall effect

1.5.1 Landau levels in condensed matter systems

Here we will discuss the presence of Landau levels (LLs) in condensed matter systems, such
as Dirac and 2DEG. In the classical case of charged QHE, the charged particles in the system
are quantized in cyclotron orbits due to their coupling to a uniform, perpendicular magnetic
field. Such eigen-energies are called LLs. To understand why LLs appear and QHE arises we
need to first solve the Hamiltonian associated with a 2DEG and Dirac systems in the presence
of a uniform perpendicular magnetic field. We can start with the square lattice tight-binding

Hamiltonian for a 2DEG

_ _ T
A= % tcjci+h.c., (1.48)

and in momentum space

Jﬁz—ZZt(cos(pxa)+cos(pya))cgcp. (1.49)
P

Then, in the limit of small momenta p and shifting the constant energy term, we find

2 2
pi+p;
—}

#Pp) = 2m

(1.50)

which is Schrédingers equation. Let us assume a 2DEG in the x-y plane and have a magnetic
field that points in the positive Z direction, B = BZ or A = Bxy. The Hamiltonian in momentum

space becomes

1
= 5~ (px+(py—qBD?) (1.51)

Recall [7o, pgl = ihdg, p» meaning magnetic term commutes with py, and lets us assume ¥ (x, y) =

e'kyYy (x). Acting the Hamiltonian on the ansatz wavefunction yields

19



L. .
H = %(pi+q232x2), (1.52)

where we let x — q—By — x. This is the expression for a quantum harmonic oscillator. A derivation

for the energy solutions can be found in B.1. The energy solutions are
hqB 1 1
Enzi(n+—):hw(n+—). (1.53)
m 2 2

An alteration to the lattice model can have slightly different results. Using a honeycomb

lattice, provided by graphene, gives the following Hamiltonian

H=-1) c}aclﬁ+ h.c., (1.54)
il
ap

with lattice vectors a; = v/3ax and a, = @aﬁw %afz. In momentum space

0 1+e/Pal 4 ol
H=—1) )

P [1+e P 4o P2 0

which gives the following energy spectrum

3
\/gpxa)cos( pya). (1.55)

E(p):itJ3+Zcos(\/§pxa)+4cos( 2

There are several high symmetry points on the corners of the Brillouin zone, one point is K =

4n

3v3a

X. Expanding about K with small q, q = p + K, results in

i2m/3 (

t(q) = vpe dx—1iqy),

—i2n/3(

r*(q) = vre dx+1iqy),
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keeping the leading order in q and v = ?% Using a gauge transformation and redefiningq — p

the Dirac equation becomes

FE(p) = VFo - P. (1.56)

With graphene spanning the x-y plane in the presence of a magnetic field B = BZ, A = Bxy, the

Dirac equation becomes

H(p) = vro-(p—qA). (1.57)

A derivation for the energy solution can be found in B.2. The quantized energy solutions for a

2D Dirac equation in the presence of perpendicular magnetic field are

E,=vr\/2nhqB (1.58)

Energy in both systems produce discrete quantized energies for charged particles in cy-
clotron orbits with no dependence on momenta, by definition LLs. It is important to note these

Landau levels are highly degenerate flat bands, which leads to bulk insulating states.

1.5.2 Quantized Hall conductivity and Chern number
Here we will go over the relationship between quantized Hall conductivity and Chern num-
ber, which is given as
o2
Oxy= —C%, CeZ. (1.59)

Consider a 2D system with translation symmetry in the x and y axis with lattice constants

and [, respectively. The Brillouin zone boundaries are

T

ky=—[-1,1) and ky:lz[—l,l), (1.60)

lx y
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where the periodicity in ky and ky, creates a torus, T, in 3D space. We now introduce the Kubo-
Greenwood formula, which is a linear response to a physical observable by a time-dependent

perturbation and non-interacting, for conductivity as

S f A2k Wy ludy (| Tl udy — (el (| Ty | ugd)
Xy — .
g E.<Ep<E) T (27)? (Ep— Eq)?

(1.61)

The a and b terms represent dispersion bands below and above the Fermi energy, respectively,
separated by a gap throughout the magnetic Brillouin zone. With the current density operator

defined by J = (e/h)0xH, Eq. (1.61) becomes

ie? f d2k (Ul 10k, Hludy |0k, Hlul) — (uf |0k, Hlup) (|0, Hlul 162
<EF<Eh T . .

Oyxy=—

Y h g, 21 (Ep— Eq)?
Using the product rule on the following expression (a|d;(H|f)) and }_,, = 1 -3, ul‘:)(ul‘(ll sim-
plifies the previous expression to

d’k

< '(<a 10k, 1) — Ok, 110 “))—ez dzkg‘ (1.63)
7oy =y 2y g\ IOk 10 = O 1w, 0| = 0 | S Fay

The integral is the negative of a Chern number integral, which is always integer. The Hall con-

ductivity becomes

82

h (1.64)

82
ny:_%;Cu:_C

The Hall conductivity becomes quantized and increases for adding more LLs below the Fermi
level. This is one way to describe the topological invariant of the quantum Hall effect by looking

at geometry of momentum space with periodic boundary condition (PBC).
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1.5.3 Laughlin pump on a Hall cylinder

We demonstrate another way to describe quantum Hall effect for Landau Levels on a Hall
cyclinder. For a 2D system let there be PBC in the y-axis with length L, which discretizes mo-
mentum space into k = 2z n/L points. This creates a cylinder with y along the angular axis and
x along the axial axis. Laughlin pumping requires one to apply a flux along the cyclinder’s x

axis. We can introduce the flux in the gauge potential as

A= (Bx+®/L)y. (1.65)

Inserting the flux into the LL Schrédinger Hamiltonian gives

1 27h P)?
= (p§+( 7 n+eBx+e—) ) (1.66)
2m* L L

This becomes the quantum harmonic oscillator solution seen earlier, if we set x' = x + x, and

()
Xp = L(n+—), (1.67)
eBL (o}

where @ = h/e is the flux quanta. The generalized LL wave function solution is

eB(x+x,,)2/2hei2nn/L

Yn(xX) x Hy(x+xp)e” ) (1.68)

where Hj,(x) is the Hermite polynomial. Solving for (x,) = (¥, (x)|x|y,(x)) results in each elec-
tron centered at Eq. (1.67).

When the flux increases by one flux quanta, the electron’s center of mass shifts by an integer
multiple, moving from states n — n + 1. This causes a charge transfer as electrons are pumped
across the Laughlin cyclinder. If n LLs are filled, n electrons are transferred, hence AQ = ne.
Hall conductivity is oy = AQ/A®, and for a change in n flux quanta, it becomes quantized as
o g = ne?/ h. Thus, Hall conductivity remains quantized in LLs systems mapped to a Laughlin

cylinder.
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Chapter 2
Superconducting Triangular Islands as a Platform for

Manipulating Majorana Zero Modes

2.1 Context

This chapter consists of the paper Superconducting triangular islands as a platform for ma-
nipulating Majorana zero modes, which was published in Physical Review B in 2024. The full
reference is:

A. Winblad, H. Chen, Phys. Rev. B 109, 205158 (2024).

The supplemental information is shown in section 2.4. This article shows two ways to in-
corporate geometry and gauge potentials in triangular lattice models to host and manipulate

Majorana zero modes for topological quantum computing systems.

2.2 Paper abstract

Current proposals for topological quantum computation (TQC) based on Majorana zero
modes (MZM) have mostly been focused on coupled-wire architecture which can be challeng-
ing to implement experimentally. To explore alternative building blocks of TQC, in this work
we study the possibility of obtaining robust MZM at the corners of triangular superconducting
islands, which often appear spontaneously in epitaxial growth. We first show that a minimal
three-site triangle model of spinless p-wave superconductor allows MZM to appear at different
pairs of vertices controlled by a staggered vector potential, which may be realized using cou-
pled quantum dots and can already demonstrate braiding. For systems with less fine-tuned
parameters, we suggest an alternative structure of a “hollow" triangle subject to uniform super-
currents or vector potentials, in which MZM generally appear when two of the edges are in a

different topological phase from the third. We also discuss the feasibility of constructing the tri-

24



angles using existing candidate MZM systems and of braiding more MZM in networks of such

triangles.

2.3 Research article
Introduction

For more than twenty years, Majorana zero modes (MZM) in condensed matter systems
have been highly sought after due to their potential for serving as building blocks of topo-
logical quantum computation, thanks to their inherent robustness against decoherence and
non-Abelian exchange statistics [8, 10-13]. MZM were originally proposed to be found in half-
quantum vortices of two-dimensional (2D) topological p-wave superconductors and at the ends
of 1D spinless p-wave superconductors [7, 14]. Whether a pristine p-wave superconductor [15]
has been found is still under debate. However, innovative heterostructures proximate to or-
dinary s-wave superconductors have been proposed to behave as effective topological super-
conductors in both 1D and 2D. These include, for example, semiconductor nanowires subject
to magnetic fields [16-18], ferromagnetic atomic spin chains [19-24], 3D topological insulators
[25-28], quantum anomalous Hall insulators [29-31], quasi-2D spin-orbit-coupled supercon-
ductors with a perpendicular Zeeman field [9,32-36], and planar Josephson junctions [37-43],
etc. It has been a challenging task to decisively confirm the existence of MZM in the various ex-
perimental systems due to other competing mechanisms that can potentially result in similar
features as MZM do in different probes [40,41,44-49]. Other proposals for constructing Kitaev
chains through a bottom-up approach, based on, e.g. magnetic tunnel junctions proximate to
spin-orbit-coupled superconductors [50], and quantum dots coupled through superconduct-
ing links [51-53] are therefore promising. In particular, the recent experiment [53] of a designer
minimal Kitaev chain based on two quantum dots coupled through tunable crossed Andreev
reflections (CAR) offers a compelling route towards MZM platforms based on exactly solvable

building blocks.
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In parallel with the above efforts of realizing MZM in different materials systems, scalable
architectures for quantum logic circuits based on MZM have also been intensely studied over
the past decades. A major proposal among these studies is to build networks of T-junctions,
which are minimal units for swapping a pair of MZM hosted at different ends of a junction, that
allow braiding-based TQC [13]. Alternatively, networks based on coupled wires forming the so-
called tetrons and hexons, aiming at measurement-based logic gate operations [54], have also
been extensively investigated. To counter the technical challenges of engineering networks with
physical wires or atomic chains, various ideas based on effective Kitaev chains, such as quasi-
1D systems in thin films [55], cross Josephson junctions [43], scissor cuts on a quantum anoma-
lous Hall insulator [31], and rings of magnetic atoms [56], etc. have been proposed. However,
due to the same difficulty of obtaining or identifying genuine MZM in quasi-1D systems men-
tioned above, it remains unclear how practical these strategies are in the near future. These
challenges, along with the advancements in building designer minimal Kitaev chains, motivate
us to explore new MZM platforms that are not based on bulk-boundary correspondence: In
small systems with only a few fermion degrees of freedom, discussing the emergence of MZM
due to bulk-boundary correspondence is less meaningful. Instead, it is easier to fine-tune sys-
tem parameters based on exactly solvable models to realize well-behaved MZM.

Additionally, in this Letter we highlight triangular superconducting islands as a promising
structural unit for manipulating MZM. Unique geometries combined with simple protocols of
control parameters can greatly facilitate MZM creation and operations [56-59]. We also note
that triangles naturally break 2D inversion symmetry and do not present a straightforward strat-
egy for morphing into either 1D or 2D structures with periodic boundary conditions, implying
different bulk-boundary physics from other quasi-2D structures. Finally, it is worth mentioning
that triangular islands routinely appear spontaneously in epitaxial growth [60] on close-packed
atomic surfaces.

In this Letter we propose two triangular geometry designs that are pertinent to different

experimental platforms. The first is an exactly solvable “Kitaev triangle” model consisting of
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three fermion sites. The Kitaev triangle hosts MZM at different pairs of vertices controlled by
Peierls phases on the three edges [Fig. 2.1 (a)], that is not due to topological bulk-boundary cor-
respondence, and can realize the braiding of two MZM. The second is finite-size triangles with a
hollow interior [Fig. 2.1 (b)] under a uniform vector potential, which tunes its individual edges
into different topological phases. Compared to existing proposals based on vector potentials
or supercurrents [?,2,2,?], our design explores the utility of geometry rather than the individ-
ual control of superconducting nanowires. We also discuss scaled-up networks of triangles for

implementing braiding operations of MZM.

(a) (b)

Figure 2.1: Schematics of two triangle structures proposed in this work. (a) Three-site Kitaev triangle
with bond-dependent Peierls phases. (b) Hollow triangular island with a uniform vector potential.

Kitaev triangle

In this section we present an exactly solvable minimal model with three sites forming a “Ki-
taev triangle" that can host MZM at different pairs of vertices controlled by Peierls phases on the
edges. The Bogoliubov-de Gennes (BdG) Hamiltonian includes complex hopping and p-wave

pairing between three spinless fermions forming an equilateral triangle [Fig. 2.1 (a)]:

S = Z (— tei‘pf’c;cl + Aemﬂcjcl +h.c.)— Zuc;cj, 2.1)
G i

where ¢ is the hopping amplitude, A is the amplitude of the (2D) p-wave pairing, p is the chem-

ical potential, 6;; is the azimuthal angle of r;; = r; —r; (the x axis is chosen to be along r1»),
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consistent with {c;, c}} = 0. ¢j; is the Peierls phase due to a bond-dependent vector potential
A to be specified below (the nearest neighbor distance a is chosen to be the length unit and
e = =1 hereinbelow): ¢;; = frrjl A-dl=—¢;j. We have chosen a gauge so that the vector poten-
tial only appears in the normal part of the Hamiltonian [?], and the p-wave gap A is assumed to
be an effective one induced by proximity to a neighboring superconductor, on which the vector
potential has negligible influence. The minimal model may be realized as an effective low-
energy model of carefully engineered mesoscopic superconductor devices, such as that made
by quantum dots connected by superconducting islands [53]. Rewriting # in the Majorana
fermion basis a; = cj + c}, bj= %(cj - c}) and specializing to the Kitaev limit = A, u =0, we can
obtain explicit conditions for getting MZM at different sites [61]. For example, first let ¢p;2 =0
so that sites 1 and 2 alone form a minimal Kitaev chain with #, = ith; a, and hosting MZM a,
and b,. Then one can set ¢»3 and ¢3; so that all terms involving the above two Majorana opera-
tors cancel out. Solving the corresponding equations gives ¢,3 = —7/3 and ¢3; = —¢p13 = —7/3.
The three Peierls phases can be realized by the following staggered vector potential
21

y

A=[1-20(x)] — (2.2)
| x]3\/§

where O(x) is the Heavisde step function. The above condition for MZM localized at triangle
corners can be generalized to Kitaev chains forming a triangular loop, as well as to finite-size
triangles of 2D spinless p-wave superconductors in the Kitaev limit, as the existence of a; and
b, are only dictated by the vector potential near the corresponding corners. It should be noted
that in the latter case, 1D edge states will arise when the triangle becomes larger, and effectively
diminish the gap that protects the corner MZM. In this sense, the gap that protects the MZM in
the Kitaev triangle model, defined by the energies of the first excited states +(1 — g) t~+0.29¢
[61], is due to finite size effects. On the other hand, for the longer Kitaev chain, another pair
of MZM will appear near the two bottom vertices which can be understood using a topological

argument given in the next section. In this sense, the MZM in the Kitaev triangle here are not
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due to topological bulk-boundary correspondence [the point of A = % and p = 0 sits in the
trivial phase in Fig. 2.3 (a)].

We next show that the minimal Kitaev triangle suffices to demonstrate braiding of MZM. To
this end we consider a closed parameter path linearly interpolating between the following sets

of values of ¢ j;:

(P12, 23, P31) 1 Pp1 — P2 — Pp3 — Py (2.3)

with ¢1 = (0,-%,-%), ¢2=(-5,-5,0), ¢3 = (-%,0,-5). It is straightforward to show that at ¢,
and ¢3 there are MZM located at sites 1,3 and 2, 3, respectively. Therefore the two original MZM
at sites 1,2 should switch their positions at the end of the adiabatic evolution.

Fig. 2.2 shows that the MZM stays at zero energy throughout the parameter path that inter-
changes their positions. In [61] we proved the exact degeneracy of the MZM along the path [65].
To show that such an operation indeed realizes braiding, we explicitly calculated the many-
body Berry phase of the evolution [12,56,61] and found the two degenerate many-body ground
states acquire a 5 difference in their Berry phases as expected [12]. Compared to the minimum
T-junction model with four sites [?, 12], our Kitaev triangle model only requires three sites to

achieve braiding between two MZM, and is potentially easier to engineer experimentally.

Hollow triangles

For systems with less fine-tuned Hamiltonians than the minimal model in the previous sec-
tion, it is more instructive to search for MZM based on topological bulk-boundary correspon-
dence. In this section we show that MZM generally appear at the corners of a hollow triangle,
which can be approximated by joining three finite-width chains or ribbons whose bulk topology
is individually tuned by the same uniform vector potential.

To this end, we first show that topological phase transitions can be induced by a vector po-
tential in a spinless p-wave superconductor ribbon as illustrated in Fig. 2.3 (a). In comparison

with similar previous proposals that mostly focused on vector potentials or supercurrents flow-
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(a)

Energy (t)

(b)

|w|?

Figure 2.2: (a) Evolution of the eigenvalues of the 3-site Kitaev triangle along the closed parameter path
for ¢ on the three edges. (b) MZM wavefunctions at different points of the parameter path. Clockwise
from the upper left panel: ¢; — %((,bl +¢2) — P2 — P3.

ing along the chain [?,?], we consider in particular the tunability by varying the direction of the
vector potential relative to the length direction of the ribbon, which will become instrumental
in a triangular structure.

Consider Eq. (A.74) on a triangular lattice defined by unit-length lattice vectors (a;,ay) =
X, %f( + @37) with W unit cells along a, but infinite unit cells along a;, and assume the Peierls
phases are due to a uniform vector potential A so that ¢;; = A-r ;. The Hamiltonian is periodic
along x and can be Fourier transformed through c;% n= \/%V Yk ci'ne_"km, where m, n label the

lattice sites as r,, , = ma; + nay. The resulting momentum space Hamiltonian [61] can then

be used to calculate the Majorana number [7,62] .4 of the 1D ribbon. When .# = -1, the 1D



system is in a nontrivial topological phase with MZM appearing at open ends of semi-infinite

ribbons, and otherwise for .4 = 1.

(a)

-

M)

(c)

W

Energy (t)

-0.2

-0.4
0.00 1.00 2.00 3.00 4.00 5.00 6.00 7.00
A

Figure 2.3: (a) Schematic illustration of a finite-width (W = 3 here) ribbon based on the triangular lat-
tice in the presence of a vector potential A = A(—singX + cos¢y). (b) Topological phase diagram for a
W =1 triangular chain obtained by superimposing the .4}, ;(A, 1) (b-bottom edge, t—top edges) plots
of 1D chains with A = Ay (bottom edge) and A = A(%fc+ %if) (top edges). Color scheme: black—
[y, ;) = [1,1], yellow—[—1, —1], purple—[—1,1], orange—[1,—1] (not present in this case) (b) Near-
gap BdG eigen-energies vs A for a finite triangle with edge length L=50, W =1,and p=1.6. t=A=11in
all calculations.

In Fig. 2.3 (b) we show the topological phase diagrams for a 1D ribbon with width W =1,
A=Ayand A = A(§ﬁ+ %3‘7) superimposed. We found that the vector potential component
normal to the ribbon length direction has no effect on the Majorana number, nor does the sign
of its component along the ribbon length direction. However, topological phase transitions can

be induced by varying the size of the vector potential component along the ribbon, consistent
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Figure 2.4: (a) Topological phase diagram for a W = 1 triangle by superimposing the .4, ;.1 (A, ¢) plots of
1D chains (b-bottom, r-right, I-left, p = 1.1). ¢, ; are equal to ¢} + /3 and ¢, — 7/3, respectively. The
colors are coded by which edges have non-trivial topology. For example, Black—[.¢4},, 4, 4] = [1,1,1]
means all edges are trivial. The behavior depicted in panels (b-f) is representative of that when A is in
the range of (2.25,2.5), for which the .# = —1 phase “crawls" through the three edges counterclockwise
as ¢ increases. (b) Spectral flow of a triangle with W =1, L =50, u = 1.1, and A = 2.35 with increasing ¢.
(c-f) BAG eigenfunction |¥|?> summed over the two zero modes at ¢ = 0, %, Z, and Z, respectively. The

bottom edge is parallel with X in the coordinates illustrated in Fig. 2.3 (a),. we
with previous results [?,?2]. These properties motivate us to consider the structure of a hollow
triangle formed by three finite-width ribbons subject to a uniform vector potential A = Ay as
illustrated in Fig. 2.1 (b), in which the bottom edge is aligned with X. The purple regions on
the phase diagram Fig. 2.3 (a) mean the bottom edge and the two upper edges of the hollow
triangle have different .4/, which should give rise to MZM localized at the two bottom corners if
the triangle is large enough so that bulk-edge correspondence holds, and gap closing does not
occur at other places along its edges.

To support the above arguments, we directly diagonalize the BAG Hamiltonian of a finite

hollow triangle with edge length L = 50 and width W = 1. Fig. 2.3 (c) shows the spectral flow

(BdG eigen-energies evolving with increasing vector potential A) close to zero energy at chem-
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ical potential u = 1.6. Indeed, zero-energy modes appear in the regions of y and A consistent
with the phase diagram. Hollow triangles with larger W also have qualitatively similar behav-
ior, although the phase diagrams are more complex [61]. The eigenfunctions for the zero-energy
modes at A=2.35and p = 1.1 in Fig. 2.4 (c) also confirm their spatial localization at the bottom
corners of the triangle.

We next show that rotating the uniform vector potential in-plane, guided by the phase dia-
gram of the three edges overlapped together [Fig. 2.4 (a)], can manipulate the positions of the
MZM. Specifically, a desired path on the (A, ¢) plane, ¢ being the in-plane azimuthal angle of A
[Fig. 2.3 (a)], of the phase diagram should make the nontrivial .# = —1 phase cycle through the
three edges but without entering any trivial regions, when all edges have the same ./ .

Fig. 2.4 (b) plots the spectral flow versus ¢ for a path determined in the above manner,
which clearly shows that the zero-energy modes persist throughout the rotation and the bulk
gap never closes. At a critical point when individual edges change their topology, e.g., near the
middle of the ¢ € [0,7/6) region, gap closing is avoided due to finite-size effects, as discussed
in [12]. Figs. 2.4 (c-f) plot the BAG wavefunctions of the MZM at special values of ¢p. One can see
that the two MZM appear to cycle through the three vertices by following the rotation of A. We
note in passing that if the vector potentials on the three edges can be controlled independently
similar to the Kitaev triangle case, a swapping of the two MZM can in principle be achieved as
well.

In [61] we also gave an example of a W = 3 triangle, for which one has to additionally con-
sider the nontrivial dependence of the bulk gap of the three edges on A. In general, optimization
of the parameter path can be done by examining the (suitably designed) topological phase dia-
gram together with the bulk gap diagram, and choosing triangles of appropriate sizes.

Before ending this section, we present a tentative design for braiding more than two MZM
based on our hollow triangles. The structure, illustrated in Fig. 2.5, consists of four triangles
sharing corners with their neighbors. The critical step of transporting y» to the left vertex of

the rightmost triangle, corresponding to Figs. 2.5 (b,c), can be achieved by rotating the vector
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potential of the bottom-middle triangle counterclockwisely from ¢ = & to %, which swaps the
topological phases of the two side edges as shown in Fig. 2.4. In [61] we show this operation

does not involve gap closing when the parameter path is chosen judiciously.

(@) (b)
Y3
o—0 o O;.Q_\_O
Yi Y2 Y3 Y4 Y1 Y2 Y4
(©) (d)

Y3
71 Y2 o Y4 Y1 Y3 Y2  Ya

Figure 2.5: Representative steps for braiding four MZM in four triangles sharing corners. (a) Initializa-
tion of four MZM y1,72,73,Ya. All three edges of the bottom-middle and the top triangles are in the trivial
phase by e.g. controlling the chemical potential. The bottom-left and bottom-right triangles have ¢ =0
so that their bottom edges are nontrivial. (b) Moving y3 by “switching on" the middle triangle by chang-
ing the chemical potential under a fixed vector potential at ¢ = %, and then turning on the top triangle
with similar means except ¢ = 0. (c) Transporting y» to the right triangle through rotating the vector
potential in the middle triangle counterclockwise by 7/6. (d) Moving y3 to the left triangle by “switching
off" the top triangle followed by the middle triangle.

Discussion

The hollow interior of the triangles considered in this work is needed for two reasons: (1)
W « L is required for bulk-edge correspondence based on 1D topology to hold; (2) A finite
W is needed to gap out the chiral edge states of a 2D spinless p-wave superconductor. The
latter is not essential if one does not start with a spinless p-wave superconductor but a more
realistic model such as the Rashba+Zeeman+s-wave pairing model. On the other hand, the
former constraint may also be removed if one uses the Kitaev triangle. Nonetheless, an effective
3-site Kitaev triangle may emerge as the effective theory of triangular structures if a three-orbital

low-energy Wannier basis can be isolated, similar to the continuum theory of moiré structures.
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We also note that the corner MZM in our triangles appear due to different reasons from that in
higher-order topological superconductors [47,57-59].

For possible physical realizations of our triangles, immediate choices are quantum dots
forming a Kitaev triangle [53], planar Josephson junctions or cuts on quantum anomalous Hall
insulator/superconductor heterostructures [31] that form a hollow triangle, and triangular atomic
chains assembled by an STM tip [24] on a close-packed surface. The quantum-dot platform
may be advantageous in the convenience of implementing parity readout by turning the third
vertex temporarily into a normal quantum dot [63-65]. Looking into the future, it is more in-
triguing to utilize the spontaneously formed triangular islands in epitaxial growth [60] with the
center region removed either physically by lithography/ablation, or electrically by gating. To
create a staggered vector potential or supercurrent profile for the Kitaev triangle, one can use a
uniform magnetic field, corresponding to a constant vector potential gradient, plus a uniform
supercurrent that controls the position of the zero. It is also possible to use two parallel super-
conducting wires with counter-propagating supercurrents proximate to the triangle. Our work
provides a versatile platform for manipulating MZM based on currently available candidate
MZM systems and for potentially demonstrating the non-Abelian nature of MZM in near-term

devices.

2.4 Supplemental material
Analytic solutions of the Kitaev triangle

In this section we present some analytic results related to the 3-site Kitaev triangle.
We start from the 1D Kitaev chain Hamiltonian with complex nearest-neighbor hopping

—te'? and p-wave pairing Ae’? in the Kitaev limit (f = A > 0, u = 0):

H:Z(—tei‘/’c,tcnﬂ +Aeiecncn+1 +h.c.) (2.4)
n
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In the Majorana fermion basis a,, = ¢, + CL, b, =—ilc, — c);) the Hamiltonian becomes
it
H= Y Z [(S¢ = Sp)anan+1+ (Sp+ Sp)bnbps1 + (Cp— Co)anbp+1 — (Cp + Ce)bnan+l] (2.5)
n

where Sy = sin¢, Cy = cos ¢, etc. Therefore, when ¢ = 0, a,, becomes decoupled from a;; and
b,+1, and a; drops out from the Hamiltonian. Similarly, when ¢ = 8 + 7, b; becomes isolated.
To find the other MZM, we note that when ¢ = 0, terms involving ay and by in the Hamiltonian

are
HNZ—ith_l(S¢bN—C¢aN). (2.6)

Considering the unitary transformation

ag\, C(p —S(/) an

2.7
vyl Sy Cp|\bn

we have

Hy = il‘bN_lcl;V (2.8)

Therefore the other MZM is b, = Span + Cpby. Similarly, when ¢ = 6 + 7 the other MZM is
ag\, = C(pdN - S¢bN.
For the 3-site Kitaev triangle at the initial configuration ¢, if the three edges were isolated

from each other, the MZM would have been

1-2: ay, b2 (29)
1 V3
2-3: by, —as+—Db
2, 5 a3+ =03
V3 1
3-1: a;, —az+—b
L A3t 5 bs

36



One can therefore see that the two MZM at site 3 are not compatible with each other.
We next solve for the excited states of the Kitaev triangle at the initial configuration ¢,. The

Hamiltonian in the Majorana basis is
ir | —_—
H = —? (—21?1 a) — \/§6l2d3 + 6l2b3 + \/§b1 b3 -b ag) = El"hl" (2.10)

r = (bl,dz,&lg,bg)

1 V3
o -1 - Z
h it ! 0 _g % t 1ar 10"[ oyT,+ 5
= - =t|-= - = - = —O04T
1 V3 0 0 2 0ty 2 zly 2 ytz 2 xty

2 2
V3 1

-2 —z 0 0
h has the following symmetry:

3 1

We therefore rotate the Hamiltonian so that O becomes diagonal using the following unitary

operator

U=e 3% geli 2.12)

which leads to

utou = Diag(1,-1,-1,1) (2.13)
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U therefore block-diagonalizes h as

1 -1
t -1 1
U'hU=- (2.14)
2 1 -3
-1 3
which can then be diagonalized by
1+v2 0 1-v2 0
442v/2 4-2v/2
0 1+v2 0 1-v2
V= 422 4-2v2 (2.15)
0 1 0 L
442V/2 4-2/2
L 0 1 0
4422 4-2V2
as
2 2 2 2
VIUThUV = t x Diag 1—%,—“%,“%,—1—% (2.16)

We therefore have the two lowest excited states with eigenenergies +#(1 — g)

1+v2 .
4422 1+V2-V3i
U 0 . 1 (1+v2)i-V3 017
Vi1 = =Tx —— :
0 4V2+V2 | i+V3+V6
1 )
442V/2 L+(V3+VB)i
0 1+v2)i-v3
L+v2 1 1+v2—-+/3i
wo, = TU|V¥2VZ|orx——
1 4\/2+\/§ 1+(\/§+\/6)i
4+2V/2
0 i+vV3+6
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The first excited states can therefore be understood as a hybridization between the “bulk" states

of the 1-2 bond and the fermion on site 3. The other two eigenstates can be obtained similarly.
We next prove that in the braiding process given in the main text there is always a pair of

MZM at exactly zero energy. Without loss of generality we consider the ¢; — ¢, step. The

Hamiltonian in the fermion basis becomes

ix .t —ix T T.F

H= —e"cie+ccte Tec, — (¢, (2.18)
2n
—e 3lCT03+€3 CrC3 + €53 czcg—e 31026;:
_T_ 4 _2n;
+el™3 x)‘clc;r—e 3l01€3—€[ )cTc +€3ICIC§

where we have temporarily omitted the energy unit . We then have

[cI,H] = o+te ’xcg+e( %_x]"c;:—e_%”’bg, (2.19)
lc;, H = —[CI,H]T:—ei" c+e ’xcg e 2?ﬂic;;,+e(_%_’c)"c:_‘;
Therefore
le?cl+e % ¢, HI=0 (2.20)
Namely we have an MZM:
&1Eei7xcf+e iszl Cxa1+S by (2.21)
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To find the other MZM, we calculate the commutators between the other fermion operators

with the Hamiltonian:

[Cg,H] = eGC-lr Cl—e 3Cg+e%:;)r (2.22)
[co, H = —e” Cl+CT+e% t e_%cg
1 C3
(c,H = e5c+eTea—ec+e37c]
[c3, H] = —elgCZ—elgcg +e IL?CI e i3+3) ¢
Therefore
[c2=c), Hl = (1-e ™Mer+1-eM)e] (2.23)

[(e% c3—e 6 c;r) , H] e (1- e_i(%”))cl +e (1- e"(%”‘))c;r
However, the ratio between the coefficients of ¢; or CI in the two commutators above is purely
real:

1—e ix 2—-2cosx 1-cosx

T in X =TTz e — = (2.24)
ev(1-e Gy T -eiBI)1-ev)  cos(x+Z)-L

Thus the following Majorana operator commutes with the Hamiltonian and is the second MZM:

523 = —iN( cos(x+%)—— (cz—c;r)+(1—cosx)(e%03—e_%[c;r)) (2.25)
Ty V3 1 V3
= N( cos(x+g)—7 b2+(1—cosx)(§a3+7b3))

where N is a normalization factor. When x = 0 only the first term survives since

. 1—cosx
lim =0 (2.26)

i NG
x Ocos(x+%)—73
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while when x = —% only the second term survives. So Dos continuously evolves from b, to %ag +

§b3 along the path ¢; — ¢-.

Many-body Berry phase calculation for the 3-site Kitaev triangle

In this section we provide details for calculating the many-body Berry phase for braiding two
MZM in the Kitaev triangle, as shown in Fig. 2 in the main text. To start we use the Hamiltonian

Eq. (1) in the main text,

S = Z (— tei‘/’flc}cl + Aeia/lcjcl +h.c.)— Z pc}cj, (2.27)
Ggn J

and write the creation and annihilation operators in the following Fock space basis for three
spinless fermions
(10),11),...,17)) ={ln1, nz, n3)}
=(10,0,0),
1,0,0),10,1,0),]0,0,1),
0,1,1),[1,0,1),[1,1,0),

11,1,1))
The creation(annihilation) operators in this space are defined as

cllm,enjy = 1D, 041,00, (2.28)

cjlnl,...,nj,...)

V=D, n-1,.00),
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where

5j = (2.29)

For the initial configuration corresponding to ¢; in Eq. (6) of the main text, diagonalizing
the 8 x 8 BAG Hamiltonian in the above basis leads to two degenerate ground states that can be
distinguished by the occupation number of the following fermion operator constructed from

the two MZM at the two bottom vertices
1 . T
cp = E(al +ibs), ny = Cp M (2.30)

The two degenerate ground states for the initial configuration, denoted as |0); and [1);, there-

fore satisty

nyl0); = 0, (2.31)

I1);

nyll);

In practice, we first construct the operator Rgs as a 8 x 2 matrix by combining the two column

eigenvectors of the two lowest-energy eigenstates of the initial BAG Hamiltonian:
Rgs = (Wi, y)) (2.32)

and then diagonalize the projected n)s operator:

tpt t 0
U (RisnaRgs)Un = RinyR; = (2.33)
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To carry out the Berry phase calculation we next need to adiabatically “rotate” the vector
potential field by following the linearly interpolated closed parameter path described in the
main text, which is discretized into N + 1 segments. At any given point labeled by j along the
path, we diagonalize the corresponding Hamiltonian and construct the projection operator P;

using the two lowest-energy eigenvectors v, y/':
P; 51//]'®1//;+1,U’j®1[/7 (2.34)

where ® means tensor product. The 2 x 2 Berry phase matrix Ms.; for the given parameter path
is then obtained as

My ;= lim R\PNyPN_... PR (2.35)

N—oo

where Ry = R; since the path is closed.

By using a large enough N we found the converged M. ; matrix has only diagonal elements
being nonzero, meaning the braiding only changes each ground state by a scalar phase factor.
Their values are (My._;)oo = pi0-1187 4104 (Mj_)n = o—10.3827 _ ,i(0.118-0.5)1

We end this section by noting that the parameter path considered for the 3-site Kitaev trian-
gle above is not equivalent to rotating a staggered vector potential but to separately manipulat-
ing the Peierls phases along the three edges. We have also done calculations for the latter case
and found the two lowest-energy states fail to be degenerate everywhere along the parameter

path, leading to non-standard relative Berry phases between the two initial states.

Corner MZM in finite-width hollow triangles

A model that is closer to a realistic hollow triangular island is the finite-width triangular
chain or ribbon. An example, illustrated in Figure 2.7 (d), has its edge length L = 80 and width

W = 3. The Hamiltonian for a single ribbon parallel to X is constructed and Fourier transformed
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Figure 2.6: (a) Topological phase diagram for a W = 3 hollow triangle obtained by overlapping the

My, (A, 1) plots of 1D chains withA = Ayand A = A(%X+ %)‘r). Color scheme: purple—[.4,, 4] = [1,1],
yellow—|[. 4y, ;] = [-1,-1], red—[ My, ;] = [-1,1], orange—[.4y, 4] = [1,—1] (b) Near-gap BdG
eigen-energies vs A for a finite triangle with edge length L =80, W =3, and pu = 1.6.

in the way described in the main text and has the following block form up to a constant

hi(k)  ha(k)

(2.36)
hi(k) —hi(-k)

where Wi = (ck1,-..) Ck,w» cfk oy cik W)T. h.(k) is a W x W Hermitian tridiagonal matrix with

() =—2tcos(k+A-ay) —pand (h)ppe1 = —t (e CFFAD) 4 @iA ) (here ag = —a; +ay). ha (k)

isa W x W tridiagonal matrix with (ha),,, = —2iAsink and (hp) p,ne1 = FA [e‘”ilﬁ%ﬂ) +e iz,
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The phase diagram Fig. 2.6 (a) is created in a similar way as that in Fig. 3 (b) of the main text,
assuming a constant vector potential along ¥ and infinitely long W = 3 ribbons. The spectral
flow for the actual triangle with p = 1.6 in Fig. 2.6 (b) shows MZM in the parameter regions in
agreement with the phase diagram. Fig. 2.6. The MZM wavefunctions for A =0.83 and p = 1.6,
illustrated in Fig. 2.7 (d), are indeed well localized at the bottom corners.

We next discuss how to move the MZM on a hollow triangle by rotating the vector poten-
tial. Due to the Peierls phase accumulated by hopping that is not parallel with the finite-width
ribbon edges, the vector potential has a more complex effect on the energy spectrum here than
that for the W =1 case. To ensure that the bulk band gap of individual edges only closes at a
few isolated topological phase transition points, we plot in Figure 2.7 (b) the smallest gap of
the three edges with periodic boundary condition versus (A4, ¢) when u = 1.6. A relatively clean
region can be identified when A € (0.75,0.8). Further taking into account the topological phase
diagram Fig. 2.7 (a) obtained in a similar way as Fig. 4 (a) in the main text, we chose a parameter

path on the (A, ¢) plane that linearly interpolates the following points:

(4,9) = (0.83,0) — (0.7, %) — (083, g) — (077, g) (2.37)

The phase diagram indicates that along this path, the nontrivial .4 = —1 phase crawls through
the three edges in a clockwise manner. Such a path ensures that only one edge undergoes a
topological phase transition at a time. Then in the actual triangle the bulk gap will stay open
due to finite size effect as a MZM moves across an edge without hybridizing with the other
MZM.

To support this claim, we plot in Fig. 2.7 (c) the spectral flow for a finite triangle with L = 80,
W = 3, u = 1.6 and the above parameter path. The bulk gap is indeed open throughout the
path, and the degeneracy of the two MZM also stays intact. The wavefunctions of the MZM
at representative points along the path are plotted in panels (d-g) in the same order as that
marked in panel (c). The locations of the MZM are also consistent with that inferred from the

topological phase diagram.
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Figure 2.7: (a) Topological phase diagram for three W = 3 ribbons corresponding to the three edges of a
hollow triangle. (¢ = 1.6 in all panels.) (b) Minimum of the bulk gaps of the three ribbons plotted on the
(A, ) plane. (c) Spectral flow of a hollow triangle with W = 3, L = 80, and the parameter path given in

Eq. (2.37). (d-g) BAG eigenfunction |¥|> summed over the two zero modes at ¢ = 0, %5 5, respectively.

Braiding MZM in a small network of triangles

In this section we show that one can braid two out of four MZM, a minimal setting for non-
trivial manipulation of the degenerate many-body ground states, by using a small network of
corner-sharing triangles. We focus on the critical step of swapping y, and y3 as labeled in Fig. 5
of the main text. This can be done by rotating the vector potential of the triangle in the middle
of the bottom row from ¢ = § to Z. More specifically, when ¢ = %, with the chosen values of u
and A, only the right edge of the said triangle is topologically nontrivial. The chain that hosts
Y3,4 thus extends through this nontrivial edge to the top triangle as in Fig. 2.8 (b). On the other
hand, when ¢ increases to Z, the nontrivial edge of the middle triangle changes from right to
left, which leads to y» hopping from its left corner to the right through the top corner, while y3
is unaffected [Figs. 2.8 (c-g)]. As a result the y»,y3 swapping is done without closing the bulk

gap, as can be seen from the spectral flow in Fig. 2.8 (a).

46



(a)

0.2

0.1

Energy (t)
o
o

0.52 0.65 0.79 0.92 1.05

(b) (©

AVAVANIVAVAVAN

(d) (e)

AN AN

) (®

[\/> /\%\/\

Figure 2.8: (a) Spectral flow for the critical step of swapping y» and y3 in the example of Fig. 5 in the main
text, calculated using four corner-sharing triangles of W =1 and L = 50, with ¢ = 1.6 and A = 2.6. Vector
potential for the middle triangle in the bottom row can rotate according to A = A(—sin¢X + cos ¢¥y) from
¢ = & to %, while the other three have fixed ¢ = 0. (b)-(g) BdG eigenfunction |¥|? summed over the four
zero modes at equally-spaced points along the rotation path. The black arrow indicates the direction of
the vector potential for the bottom middle triangle.
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Chapter 3

Landau Level-Like Topological Floquet Hamiltonians

This chapter is a working manuscript that will be submitted for publication at a later date.

3.1 Introduction

The quantum Hall effect (QHE) in conventional two-dimensional electron gas (2DEG) is one
of the most remarkable phenomena in condensed matter physics [66]. This effect arises when a
uniform external perpendicular magnetic field quantizes the electron energy spectrum into dis-
crete Landau levels (LLs). Subject to a strong magnetic field, the diagonal (longitudinal) electric
conductivity is vanishingly small, while the nondiagonal (Hall) conductivity is quantized. This
happens when the Fermi energy lies in the gap between two LLs, referred to as integer QHE
as the Hall conductivity takes values of —Ce?/h with integer C, being the number of occupied
bands below the Fermi energy [67]. Recent experimental realization of graphene has stimulated
additional interest to explore QHE in two dimensional systems [67-69].

This significant effect is important to explore in Floquet systems [70, 71] because one may
observe new phases in an alternative venue that can be experimentally realized [72-77]. Time
periodically modulated Floquet theory has been extensively studied and well established for a
large class of systems [71,78-82]. One can then employ the high frequency expansions [71, 81—
88] such as the well known Floquet-Magnus expansion [86-89] and Van Vleck expansion [71,
81], to analyze these effects. The significant difference is the latter provides an explicit formula
for the time evolution operator starting at initial time #, = 0 rather than former starting with
finite time f, as seen in appendix B.3. In nonequilibrium systems, circularly polarized laser
light can drive transitions that induce nontrivial topological phases, even in materials that are
topologically trivial in equilibrium [?].

Optical manipulation of electronic properties has been emerging as a promising way of ex-

ploring novel phases [90, 91]. This leads to Floquet-Bloch states exhibiting emerging physi-
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cal properties that are otherwise inaccessible in equilibrium [92]. Examples include Floquet
Chern insulator [93], Floquet topological insulators [94], Floquet notion of magnetic and other
strongly-correlated phases [94], manipulation of topological antiferromagnet [95], topologi-
cal classifications, symmetry-breaking concept, and symmetry protected topological phases in
nonequilibrium quantum many-body systems [94, 96]. However, it is important to note that
these studies have been demonstrated in the presence of time-periodic homogeneous laser
lights. The role of spatially inhomogeneous laser light [97-101] remains largely unexplored.

In this work, we demonstrate that QHE can be observed in Floquet systems without need of
a uniform magnetic field. We show that three linearly polarized lights are an effective and ver-
satile way of realizing QHE, both in graphene-like 2D systems or in conventional 2DEGs. Addi-
tionally, two of the lights need to be spatially inhomogeneous and mirror one another to create
a standing wave on the material. Employing Floquet theory, we rely on the standard degener-
ate perturbation formalism and use the Van Vleck expansion B.3 [71, 81] to derive an effective
Hamiltonian and corresponding bandstructure in the long wavelength limit. We leverage high-
refractive index materials [?] to enhance the effective magnetic fields and energy bandstructure.
Our work provides new platforms for realizing QHE and related novel phases in nonequilibrium

systems.

3.2 Floquet Landau level-like bands in Dirac systems

In this section we demonstrate a Dirac system in the presence of a standing, non-uniform,
circularly polarized light becomes an effective Dirac Hamiltonian with a magnetic field that is
composed of the electric field component of light. Dirac electrons can be represented with a

generic model 2D Hamiltonian honeycomb monolayer in the presence of a gauge potential as

(1) = vpo - (p+ eA(1)), 3.1)

where A is the gauge potential, p is the momentum operator, vr is the Fermi velocity of Dirac

fermions, e is electron charge, and o the Pauli matrices vector in 2D. The light is made of three
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E;

Y

High Refractive Index

Figure 3.1: Schematic of two oblique (forward and backward) and one normally incident light on
graphene or a 2DEG substrate with high refractive index material on top. Oblique lasers have polar-
ization in y-axis and travel in xz-plane and normally incident laser has polarization in the x-axis and
travel in yz-plane. With beam width large enough to cover the device fully.

linearly polarized lasers, as shown in Fig. 3.1. Where the first is normally incident in the z-axis
with polarization in the x-axis. The second and third are of oblique incidence in the xz-plane,
to acquire non-uniformity in the x-axis, with polarization in the y-axis, and mirrored about the

yz-plane. This is to introduce x-dependence with the p,, term of the Dirac Hamiltonian. The

relevant electric field components at the Dirac system interface are

Ei = EcoswtX,

E, =B/ + B} = Esin(Kx)sin2w¢ §, 3.2)
Where w is angular frequency of the laser with time 7 and K = wsin (0;)/ vy, with 6; as incident
angle of the oblique lasers and v}, is phase velocity of the lasers. Notice, the second electric field

has twice frequency of the first, this allows for the second gauge potentials o, to have non-zero

commutation with the first gauge potentials o, and due to the high-frequency expansion used
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later, allows for the second gauge potential to return to a g, as seen in B.4.1. This form of the

electric field relates to the following gauge potential, via E = —0;A as

E, 1
A1) = a(—smwt,—sm(Kx) cos2wt), (3.3)

Substituting Eq. (3.3) into Eq. (3.1), we arrive at

vpeE

. vreE |
JC(t) = VFO -p— 0y sinwt—ay sin (Kx) cos2wt. (3.4)
w

Due to the laser’s time-translation symmetry through A(t + T) = A(t) with T = 2n/w, one can
apply the Floquet theory [61, 71, 81] and obtain an effective Hamiltonian from Eq. (3.4). This
introduces the quasienergy matrix Q;, m+n = H, + mhwd o after performing the Fourier time-

transform of the Hamiltonian, given as

1 T .
H, = ?fo A I (3.5)

then we are left with modes m = 0, £1, +£2. To use the high-frequency approximation we require
hw > Hy 1o, the off-diagonal terms. After applying the high-frequency approximation to first
and second order expansion in Aw, it leads to the zeroth-mode effective Hamiltonian in Eq. (3.4)

as

v%ezEzpy 1/%63’]53 sin (K x) vfgezE2 {px,sin? (Kx)}

o o
h2w* y 4h2wd * 8h2w

Heff = vpo -p—0y (3.6)

The derivation can be found in the Appendix B.4.1. This effective Hamiltonian can be simplified

in the long wavelength limit, Kx < 1 to

FOR = vEoypy+ vpoy (Cpy +eBPx), (3.7)
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2 Kv2e?E3
where C = 1—(”FeE) and BP = s

hw?
nkKelE3
el = J_rV?:\/ Tohws (3.8)

which is similar to graphene LLs spectrum in the limit of equal velocities. The effective mag-

. Diagonalizing the Hamiltonian in Eq. (3.7), we obtained

the eigenvalues for Dirac system as

netic field in the Dirac Hamiltonian achieves a highly degenerate energy spectrum similar to
LLs. Unlike conventional LLs, the electron motion is not a cyclotron orbit but a potentially
more complicated orbit, due to CPL inducing a Coulumb force in the material’s 2D plane. In
Eq. (3.6), the first order term in /iw leads to gap at the Dirac point in normally incident, circu-
larly polarized light experiments [73, 75] and is zero here due to the non-uniformity nature of
oblique incident lasers.

There are several ways to enhance the effective magnetic field and directly LL-like energies
for a Dirac system. Electric field strength can be increased within reason as we are limited by
the photon energy to ensure the high-frequency expansion holds, E < 2fiw?/evp. One can
reasonably use electric field strengths up to 20% of the limit due to photon energy. The laser
wavenumber K = wsin (6;)/ v, has a linear relationship to photon energy, too. Overall, consid-
ering the high-frequency limit on the electric field, the effective field B” o« w?sin (6;)/(vr Up).
Without too much consequence the incident angle can be increased up to /2 and decreasing
the phase velocity of light would enhance the effective magnetic field. Increasing photon en-
ergy is one way to enhance the effective magnetic field. As considered in previous literature,
when photon energy and electric field are increased more energy is pumped into the system,

shorter pulses are required to prevent damaging the system [73, 75].

3.3 Floquet Landau level-like bands in 2DEG systems

In this section we show a 2DEG system with a standing, non-uniform, circularly polarized

light becomes an effective 2DEG Hamiltonian with an effective magnetic field composed of the
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electric field component of light. We consider the case of Schrédinger charged particles in the

presence of a gauge potential as

Jf(t)—L( +eA(r)” (3.9)
_2m* pte .

where m* is the effective charge mass. We again consider a similar setup with three linearly

polarized lasers. The relevant electric field components at the 2DEG interface are

E; = EcoswtX,
E; =B/ +E} = —Ecos (Kx)sinwt §. (3.10)
Unlike the Dirac system, all lasers have them same frequency. This ensures a LL-like behavior

from the nonzero commutation of x and p, terms during the high-frequency expansion. The

electric field relates to the following gauge potential, via E = —9;A as

A(n) = S (—sinwt,cos (Kx)coswt). (3.11)

Substituting Eq. (3.11) into Eq. (3.9), we arrive at

(1) = — |2+ 2 OB cos2wt)+ SE (1 + cos2wt) cos? (K
= — cos2w cos2wt)cos” (Kx
2me PxT Py T 202
2eE .
+—(pycos(Kx)coswt—pxsmwt)]. (3.12)
w

Again, due to laser’s time-translation symmetry we can apply the Floquet theory, which in-
cludes computing the Fourier time-transform using Eq. (3.5). This leaves us with modes m =
0,+1,+2. In the high-frequency expansion we still require 7w > H,1 1». After applying the high-
frequency approximation to first order in fiw, it leads to the zeroth-mode effective Hamiltonian

as
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1
2m*

Ke?E?sin (K x) 2+ e?E%2cos? (Kx) K2e*E*sin(Kx)

c%eﬂ::
m*w3 w2 m*2w®

P;zc + (Py

where we shifted a constant energy out of the effective Hamiltonian and completed the square
for the p,, and x terms. Here we can see the high-frequency expansion terms H*) and H"®, as
shown in B.3, introduce a periodic potential in the x-direction, this can be cancelled out by ap-
plying an external periodic potential of the same strength and wavenumber in the x-direction.

Finally, in the long wavelength, Kx <« 1,

1 2
AT = o | Pt (py = eB*POx) | (3.13)

. 2 2
with B2PEG = £eE The energy spectrum values are

(3.14)

hK2e?E? 1
¢2DEG _ (n ) ,

" m2o 72
which is similar to 2DEG LLs spectrum. This is another highly degenerate LL-like spectrum due
to an effective magnetic field induced by the combination of lasers provided.

The 2DEG system has the same ways to enhance its effective magnetic field and energy
spectrum. First, the electric field is limited by the high-frequency expansion, we find E «
(8m*hw®/e*)''* to be a reasonable cutoff. The effective field B°°*C oc w?sin®(6;)/v3, is sim-
ilar to the Dirac system. For a 2DEG system, the enhancement to the effective magnetic field
follows a squared dependence on the incident angle and phase velocity, differing from the Dirac
case, where it scales linearly and by Fermi velocity. Similarly, increasing the photon energy is
one way to enhance the effective magnetic field, with the requirement of using shorter pulses

as photon energy and electric field increase.
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3.4 Conclusion

We now examine the topology of both systems. Egs. (3.7) and (3.13) are in LL Hamiltonian
form, and typically exhibit QHE. The two systems only have translational symmetry in the y-
axis, so a Chern number based on periodicity in k, and ky is not applicable, though one can
relate the center of mass of an electron to the Chern number as shown in Appendix B.7, which
is related to the Laughlin pump. Considering the Laughlin pump argument, both systems have
quantized Hall conductivity, since both have the same eigenstates as their respective LL Hamil-
tonian. A key difference to note about both systems is the C term in Eq. (3.7). This term will
stay positive for the values of E used in the high-frequency limit for the Dirac case.

Using existing experiments [73, 75] we can provide an estimate for the strength of the ef-
fective magnetic field to observe LL-like spectrum and QHE. Analytical structure of Eq. (3.8)
and Eq. (3.14) are primarily responsible for the LL-like spectrum in both the Dirac and 2DEG
systems, respectively. Although such results are valid for other 2D materials or Schréodinger
systems, however, for simplicity, we will consider parameters realized for graphene or topo-
logical insulators [73, 75]. We will consider a similar range of mid-IR photon energies (or A =
[3um, 10um]) as seen in graphene or topological insulators [73, 75] to match with recently pro-
posed high refractive index metamaterial composites [?]. In these experiments [73, 75], the
strength of the electric field used is 1 x 10’ V/m to 1 x 108 V/m, for the parameters used to
estimate effective magnetic fields for both systems the largest electric field is around 1.4 x 102
V/m. As should be considered, the larger both photon energy and electric field become ultrafast
pulses should be used to prevent thermal damage to materials, on the order of 500 fs. To note,
for the following results we assume a high oblique angle to let sin (8;) = 1.

To enhance the effective magnetic field, aside from using higher photon energy, reducing
the photon phase velocity can see a considerable increase in both systems. The refractive index
materials can be set above graphene, or any Dirac material, such that the lasers can propagate
through to reduce its phase velocity. Germanium refractive index increases monotonically with

increasing photon energy, we use a linear interpolation of the refractive index due the small
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Figure 3.2: Effective magnetic field (cyan) and first quasienergy (red) as a function of photon energy for
various refractive materials: vacuum (triangles), germanium (squares), and Al-composite metamaterial
(circles).

change for the range of photon energies used. Al-composite metamaterials refractive index is
monotonically decreasing with increasing photon energy and we use a linear interpolation here
as the data is roughly linear.

In case of a Dirac system Fig. 3.2 shows graphene with various refractive index materials to
enhance the effective magnetic field and first order quasienergy of the LL-like spectrum. For
mid-IR ranges of lasers, the effective magnetic field (cyan) can get up to 8.8 mT for vacuum,
37.2 mT for germanium, and 163 mT for Al-composite metamaterial for Zw = 413 meV and
results in first order quasienergies (red) of 5.3 meV, 11 meV, and 23 meV, respectively. As can
be seen in 3.2 as photon energy increases the Al-composite refractive index decreases quite a
bit and if we used higher energy we would see the effective magnetic field and quasienergies
start to decrease, as will be seen with 2DEG. While the material has higher index of refraction
overall, it would be better to find a material that increases refractive index with photon energy,
like germanium can, for it can drastically increase for slightly higher photon energies before
effective magnetic field dips [?].

For 2DEG systems Fig. 3.3 shows GaAs and InSb materials with the same refractive materi-
als used for graphene to enhance effective magnetic field and zeroth order quasienergy of the

LL-like spectrum. The vacuum and germanium interfaces are scaled up by a factor of 10 and 50,
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Figure 3.3: Effective magnetic field (cyan) and first quasienergy (red) as a function of photon energy for
2DEGs for various refractive materials: vacuum (triangles) scaled by a factor of 50, germanium (squares)
scaled by a factor of 10, and Al-composite metamaterials. The 2DEG materials used are (a) GaAs and (b)
InSb.

respectively, to visually enhance and compare it to the Al-composite interface. GaAs is used as it
is one of the most common 2DEG with relatively small effective electron mass, followed by InSb
since it has the smallest effective electron mass found in 2DEG materials. For the GaAs system,
effective magnetic field (cyan) can get up to 0.92 mT for vacuum, 16.5 mT for germanium, and
362 mT for Al-composite metamaterial and achieves zeroth order quasienergies (red) of 0.8 ueV,
14.3 peV, and 314 peV, respectively. In the InSb system, effective magnetic field is the same as
GaAs, since it has no dependence on effective mass, and achieves zeroth order quasienergies
(red) of 3.8 ueV for vacuum, 68.2 peV for germanium, and 1.5 meV for Al-composite. As alluded
to earlier, due to Al-composites large decrease in refractive index for increasing photon energy,
it peaks earlier around 7w = 328 mT, for 2DEG. Overall, we see large changes in 2DEG for both
effective magnetic field, due to being proportional to refractive index squared and quasiener-
gies, being inversely proportional to effective electron mass.

There are a few items we did not consider for our calculations. First, we do not consider
any effects due to a refractive index material in contact with a Dirac or 2DEG system. Secondly,
while the high-frequency expansion limits the electric field applied to the materials one could

still go beyond the limit of iw < Hj;,1, H+2 to enhance the effective magnetic field by a few
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orders of magnitude with some error. For example, if instead we use iw = H., H4», this would
be multiplying the electric field by a factor of 5 from our calculations presented, Dirac effective
magnetic field would increase by a factor of 125 while 2DEG effective magnetic field would in-
crease by a factor of 25. For Dirac systems with higher electric field strengths, if C = 0, there
would be no QHE as there is no coupling between x and p,, and if C < 0, the direction of chiral-
ity flips.

In conclusion, we have shown Floquet LLs and the QHE using three linearly polarized lasers,
two of them mutually mirrored and having oblique incidence, for Dirac and conventional 2DEG
systems. We have presented results using frequency space expansion method and degenerate
Floquet perturbation theory. A tight-binding model capable of using “low-frequency” with a
Peierls substitution can be found in appendix B.5 and B.6, although the results are currently
difficult to interpret. The results indicate Floquet LL-like spectral features can appear in experi-
mentally accessible parameters range. Also, it is vital to note that we are flexible to use different
values of the electric field strength, photon energy, or phase velocity to realize QHE and control
the strength of the effective magnetic field. Therefore, we believe that Floquet LL-like spectra
and QHE can be observed in experiments for moderate strength of the spatiallyinhomogeneous

lasers, opening up new avenues for nanoelectronics in nonequilibrium systems.
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Chapter 4

Conclusion

In this dissertation, we focused on gauge potentials as a key mechanism for tuning systems
from trivial topology to non-trivial topology. One can either use minimal coupling to intro-
duce a gauge potential in a continuum model or a Peierls phase in a tight-binding model. Both
approaches are equivalent for slowly varying gauge potentials. This lends a lot of flexibility
in tackling a Hamiltonian in either form, continuum or tight-binding. Another key aspect of
gauge potentials is gauge invariance under a gauge transformation. This allows us to transform
a Hamiltonian into a basis that is more descriptive of the physics we are interested in.

In Chapter 2, we showed, through a Peierls phase of a gauge potential in a superconduct-
ing tight-binding model in Majorana basis, one can achieve nontrivial topology. We showed
that for a three lattice superconducting equilateral triangle one can apply a gauge potential
as a step function and exactly solve the Hamiltonian to have two MFs on two of the triangle’s
three vertices. With a rotation of the gauge potential via a linear interpolation, we can keep the
band gap from closing and rotate one MF at a time to the next vertex. Then, for larger triangu-
lar islands, as a chain or with finite thickness edges, we can use bulk-edge correspondence to
deduce which edge is trivial vs non-trivial. Using a uniform gauge potential across the trian-
gle allows, due to geometry and the gauge potential contributions, individual edge’s topology
to be tuned between trivial and non-trivial topology. The phase diagrams showed that there
are swaths of tunable parameters to allow the topological segments to crawl clock- or counter-
clockwise, without band gap closing, around the triangular island, thus effectively rotating two
MFs around a triangle. With two options for hosting and rotating MFs, we finally showed a
minimal network of triangles to host and braid 4 MFs, which can be up-scaled to increase the
number of MFs for braiding operations. This opens up new routes to achieve fault-tolerant,

topological quantum computing.
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In Chapter 3, we showed through minimal coupling of a gauge potential, created from laser
light, for both Dirac and 2DEG systems, one can induce LL-like spectrum and QHE. This used
Floquet theory and high-frequency expansion, and allows us to arrive at an effective magnetic
field as a function of electric field, subsequently generating LL-like Hamiltonians, which we
know the physics of in equilibrium systems. Additionally, there are many tunable parameters
to enhance the LL-like spectrum and QHE, ranging from photon energy, electric field, phase
velocity, incidence angle, to Fermi velocity or effective electron mass. The estimated values are
achievable with current experimental setups found in previous literature and comparable with
classic magnetic field strengths in QHE experiments. These findings open up new frontiers in

nonequilibrium topological physics.
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Appendix A

Superconducting Triangular Islands

A.1 Kitaev chain

A pair of Majorana fermions can be defined in terms of spinless operators a;, a}, where j

labels general quantum numbers, as

B
C2j-1=aj+ aj (A.1)

czj:—i(aj—a;)

which are hermitian conjugates of themselves. Conversely,
1 .
aj= E(CZj—l +ic2j), (A.2)
v_ 1 -
a;= E(CZj—l —1ic2j)

For a general mean-field Hamiltonian

H:Zlhj,a}al (A.3)
J
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where h is a Hermitian matrix, it can be transformed to the Majorana fermion representation

as follows:

H = _Zh]l(CZJ 1_102])(021 1+icoy) (A.4)
]l

= —Z(hJICz, 1621-1 = Ehjicajcoi1 +ihjicaj 160+ Rjicajcop)
]l

i —ihj;  hj || ca
= ZZ(CZj—l:CZj)
il —hjl —lh]'l C2

z Y AmnCmen

4mn

where the matrix A anti-Hermitian since
i
H' =-=% A} cncm=H (A.5)
4 mn

which leads to A},,, = —Ap;. If the Hamiltonian does not preserve particle number, i.e., it is a

BdG Hamiltonian, we have, similarly

Z( j1a} al+A]la]al+AT t j) (A.6)
l

supposing we do not double count the terms in the normal part of the Hamiltonian. Then

; —ih—i(A+AY)  h+(A-A") C21-1
H=2) (c2j-1,¢2)) (A7)
jl —h+(A-A"  —ih+i(A+AD L\
J
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On the other hand, the BdG Hamiltonian can be written as

_ T
H = —Zh]+z ]la a;— hl]a]a +A]la]al+A]l ;
1 T
1 sh A aj
- 5Tr(h)+Z(a},a,«) 2
jl A -inT a;
jl
1 T
1 sh A
= zTr(h)+aJr 2 a
1,7
A -in

where a = (a1, ay, .. ,a]{, a,..

goliubov transformation:

T
a

(A.8)

)T. Suppose the BAG Hamiltonian can be diagonalized by a Bo-

DM
. —

T
a, Urij+ axUszkj

a = alU1 tal Uzk]

Preserving the anticommutation relation suggests

5,’]' =

{di’a;} = {aluili + a;U?:k,ki’a;/Ul,l’j + ak/Ug'k/j}
Ul*,liUlvlj-i_UZ klU2 kj= (U U1+UTU2)”
{a;,a;} = {alUl*,li-kaLUz*’ki,al/Ul Vi +6l£,U2 K 1
1l i
Uy 11Uy 1+ Uy Uy ;= U U7 + U, Uy
@l aty = (@l Uy 1+ axUs i, @ Uy pj + apeUs o)
i’ ] - 1 1,1i kY2,ki» I Ll’] k! 2,](3’]

Uy,1iUs,1j+ U iUy kj = (UTUS + U;rUl*);j
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The above identities simply indicate

U = (A.11)

is a unitary matrix. Therefore one can diagonalize the BAG Hamiltonian using usual unitary

matrices obtained from the eigenvectors of the matrix in the last line of Eq. A.74:

1
H = 5Tr(h)+5zTUT Ua (A.12)

1 1 €
—Tr(h) +—a' a
2 2

= Zhu+ Z(GJ e]a]a)
1 o1
= EZhjj+Zej(ajaj—§)
j j

where € = Diag[ey, €2,...]. To see why U can transform the BAG Hamiltonian into such a diag-
onal matrix with opposite eigenvalues at the same positions in the upper-left and lower-right

blocks, we check these two terms explicitly
1
~t ~ ~ ~T.)

E(elajaj—emja] (A.13)

€1

= E(a}—Ul,lj + akUZ,kj)(al'Ul*l/] +6l U2 k' j )= (al’ 1 I'j + a U2 Kj )(a;Ul,lj + akUZ,kj)
1 f

= E(elUl l]Ul Uj UZZJUZI’])a ap+ - (GIUZkJUzkI U1 k]Ulk’])akakr
1

1
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Comparing them with the original BdG Hamiltonian Eq. A.74, we can conclude that

qUuﬂﬁ”fwﬂg”Umv:_@ﬂbfﬂgu—quﬁquﬂ (A.14)

elULljUZ*,k’j —EZU* -Ul,k’j = (elUZ,k’jU*

* *
2,1 1,1 ~€2U) ;U215

or equivalently

(€1 —€2)(Un,1;Uy y;+ Uy jUy ) =0 (A.15)

0=0

The first equation therefore dictates €, = €2. However, note that €; does not have to be all posi-

tive. If the original normal state Hamiltonian can be diagonalized into a form
H=Y &b!b (A.16)
J

where €; can be either positive or negative, the state with the lowest possible energy from the

system is

1) =[] blI0) (A.17)

€x<0

where |0) is the true vacuum with no particles in any sense. This is the ground state, and its
parity is therefore determined by the number of single-particle eigenstates that have negative
energies.

From the same perspective, one can define the ground state of the BAG Hamiltonian Eq. A.12

for a specific set of Fermion operators dj, as

Q8ac) = [ @}0gac) (A.18)

€j<0
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where |0pqg) is certain “vacuum state" for the given set of a;:

ajl0ggg) =0,Vj (A.19)

The number of particles in the ground state is therefore determined by the number of negative
€j. However, the sign of ¢; in the present case does not have absolute meaning. For example,

supposing € j, < 0, the following Bogoliubov transformation

~ _ =1
aj,=a; (A.20)
~It o~

. = ajo

that only interchanges the creation and annihilation operators for a single j, and keeps the

others unchanged, leads to a different ground state

Q%4> =[] @}l0sac) (A.21)
€j<0,j;éj0

since the number of negative energy eigenstates decreases by one. The transformation in Eq. A.20
therefore neither preserves particle number nor particle parity. This can be explicitly checked.

The particle number operator in the a; representation is
N=Y ala; (A.22)
J
Therefore

N'= Y alaj+aj,dl, = N+(1-2a, aj) (A.23)
i#o

The latter equation also means that when the jj state is occupied in Qgqg, i.e., ~;O aj,|QBdc) =

|Qpgg), the transformation decreases the total number of particles by 1. Conversely, if it is un-
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occupied (e, > 0), or sz.o aj,|Qpag) = 0, the transformation increases the particle number by

one.

The fermion parity operator can be defined by
P=[]a-2ala) (A.24)
J
so that P =1 if the number of occupied states is even, and —1 otherwise. Alternatively, since
poo 1 . o1 .
a;aj= Z(ng_l —icj)(Ccj-1+ic2j) = E(l +1iC2j-1C2j) (A.25)

P can be written in the Majorana representation as

P=[[(-iczj-162)- (A.26)
J
Eq. A.20 transforms P by changing
_ost = o 1_9x AT —_(1_FTH
1 2aj0a]0 1 Zajoajo =-(1 ajoajo) (A.27)

and hence indeed changes P.
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We can also understand why the BdG Hamiltonian preserves P but not N. Due to the fol-

lowing commutation relations:

and

[a;r.al, (1 —Zaj.aj)(l —Za;al)]

lajay, (1 —Zaj.aj)(l —Za;al)]

we have

[a}al,a;aj] :a}ala;aj—a}aja;al:—a;al (A.28)
[a}al,a;al] = a;ala;al - a;ala}al = a;al

[a}a}r,a}aj] = a;a;a}aj - a;r.aja; ; = —a;r.a;r

[a;a},a;al] = a;a;a;al — a}ala;a; = —a}a;

[ajal,aj.aj] = ajalaj.aj — a;r.ajajal =aja

[ajal,a;al] = ajala;ral — a;alajal =aja

(1 —Za;aj)[a}al, (1 —Za;al)] + [a;al, (1- Za;aj)](l — ZaZral)
= =-2(1- 2a}aj)a;r.al +2a;al(1 —ZaIal)

= —Za;al +4aj.al +2a;al —4a}al =0

(1-2alapla;a;, (1 -2ajap +[ajay, (1 -2alap) (1 -2a]a)

= =2(1 —2a;aj)ajal —2aja(1 —Za;al)

—2aja;—2aja;+4aja; =0

[H,N] = 2;(Aj,ajal—A}la}aj) (A.29)
J

Il
o

[H, P]
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Since [H, P] = 0, there are common eigenstates of H and P, or that they can be simultane-
ously diagonalized by some unitary transformation. However, since P is not a one-body op-
erator, its unitary transformation in general cannot be written as multiplications of 2N x 2N
matrices as the BAG Hamiltonian. We therefore need to understand how the Bogoliubov trans-

formation Eq. A.9 transforms P. To this end we first write Eq. A.9 into a block form
@', a)=(a", ayu (A.30)

where a = (a;, ay, ..., ay) and so on. On the other hand, Egs. A.2 and A.1 can be written as

1 i 1
(CorCe) = (a', @) (@' @)= (corce) | (A.31)
1 —i -

- NI

DN~
N~

where ¢, = (cy,c3,...con-1) and ¢, = (¢, ¢4, ..., C2n). The above equations then lead to

[\S]
. N

(Co,Ce) = (Co,Ce) /4 (A.32)

N~
N~

Re(U1 + Ug) —Il’Il(Ul - Ug)
(Co, Ce)

Im(U; +Uz) Re(U; —U»)

= (co,C)O
or equivalently
Coj-1 = Ck-10kj + C2kON+k,j (A.33)
C2j = Ck-10kN+j+ C2kON+k,N+j
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Since all elements of @ are real,

[\
. NI

o'o=0"0= ytoy =1 (A.34)

Do~
(SIES

Namely, @ is a real orthogonal matrix. As a result we have
1 =det(G70) = (det{G})? (A.35)

which necessarily means det{0} = £1. From linear algebra we know that an arbitrary special

orthogonal matrix, i.e., det{0} = +1, can always be written as
0 =e” (A.36)

where A = — AT is a real skew-symmetric matrix. But no such general expressions exist for those
O with det@ = —1. For later convenience we reorganize the elements of @ so that they are

labeled in the same way as the Majorana operators. Namely

Okj — Oz-12j-1 (A.37)
On+k,j — O2k2j-1
OkN+j — Ozk-12j

ONn+ikN+j — Oazkpj

This does not affect the orthogonality of 0.

To see how @ transforms P, we start from Eq. A.26 and note that it can be written as

N
P= ()N (czj-102)) = pf(6) (A.38)
j=1
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where

G
0 —ngj_ngj
€ = , Cj = (A.39)
iCzj_lcgj 0
Cn

The pfaffian pf for an arbitrary skew-symmetric matrix is defined as

n
Y sgn(o) H A (2i-1),0(2i) (A.40)

g€So, i=1

piA) = 2"n!

where Ais a2nx2n skew-symmetric matrix, Sz, is the permutation group of order 2n. For skew-
symmetric tridiagonal A with Az;j_12; = —Azj2j-1 = b; and all other elements zero, pf(A) =
?:1 b;. Eq. A.38 is valid since all the —ic,j-1¢2j commute with one another and can be viewed
as c-numbers.
Our goal is to convert the complicated transformation rule of P under & to something that

is more manageable. To this end we generalize the € matrix above to the following:

0 m=n
Emn = (A41)

—icpmC, M#n

Apparently € = —€” and one can still calculate its pfaffian. To simplify the calculation we use

the following equivalent definition of the pfaffian:

pf(A) =) Aq (A.42)
a€ll
where A, is
Ag =sgn(1a)ajy, jy Aiy, jy - - - Qi (A.43)
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and the permutation 7, and its set 1 are constructed in the following way: Consider a partition

of{1,2,...,2n} into unordered pairs and define a as such a partition

a = {(i1, j1), (G2, j2), ..., (iny Jn)} (A.44)

so that there are (2n)!/(2" n!) such partitions. The permutation r is defined as

1 2 3 4 ... 2n-1 2n
Ty = (A.45)

i 1 @2 J2 ... in  Jn

For our ¥ this means the counterpart of A, is

N
sgn(ita)(—i)l\’cm1 CnyCmyCry + - - Cmy Cny = l_[ (—iczj-1C2) (A.46)
j=1

since sgn () is exactly compensated by the anticommutation relation of the Majorana fermions.

We therefore have

2NN ¢

We next consider the transformation of € by 0

i#]

which is nothing but the usual similarity transformation of the matrix €. We therefore imme-

diately get
- 2NNt 2NN T 2N N1
P = —(ZN)!pf(‘é) = —(ZN)!pf(@’ C0) = mpf(‘é) det(0) (A.49)
= det(©)P
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Therefore the Bogoliubov transformation @ preserves the parity if det(©) = +1, and changes the
parity if det(©) = —1.

Using the above transformation rule of P under a general Bogoliubov transformation we can
now understand the meaning of ground state parity in [7]. Start from an arbitrary state that is

an eigenstate of P with even parity, we have
Ply)y =1y) (A.50)

Under a Bogoliubov transformation, the state itself is unchanged, but P — P, since the meaning

of particles is different. We then have
Ply) = det(®)P|y) = det(0)|y) (A.51)

Namely, because the Bogoliubov transformation redefines particles and hence the parity op-
erator, an even-parity state can become an odd-parity state in the new definition of the parity
operator. Therefore for a given BAG Hamiltonian, the meaning of its ground state parity must
be relative, and we need to choose a reference in order to discuss the parity. Such a reference is

the ground state of the “canonical form” of the BAG Hamiltonian:

1 I« . _
=)= Cm-18m (A.52)
20 24

_ =t ~
Hcanonical = Zem(amam_
m

i
2m

where the crucial requirement is that all the eigenenergies are non-negative. For a given BdG
Hamiltonian such a canonical form is uniquely fixed, and we can use its ground state as a refer-

ence for the parity and the parity operator. The ground state of Hcanonical is defined by

am|Qcanonica) =0 Ym € [1, N]. (A.53)
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and the “reference” or canonical parity operator is
N
— -7/ i
Peanonical = | | (=ibj,bly,). (A.54)
m=1
Since there are no a particles in |Qcanonical), We must have

P canonica1|Qcanonical> = |Qcanonical> (A.55)

Namely |Qcanonical? has even parity. We can then ask the following question: What is the parity
of |Qcanonical) in the sense of particles in the original BAG Hamiltonian, i.e., a;? This requires us

to evaluate

l_[ (- iCZj—l C2) |Qcanonical? = det(@) Peanonical|2canonical) (A.56)
J

= det(0) |Qcanonical?

p BdG | Qcanonical)

Namely, the parity is equal to the determinant of the orthogonal transformation that transforms

cto b’ and b". More precisely,

b} c
b} Co
=o| : (A.57)
by CoN-1
by, CON
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and

0A0T =

€1

0 EN

—€EN 0

(A.58)

where A is introduced in Eq. A.4, and our @ is the matrix W in [7]. Eq. A.58 therefore leads to a

convenient formula for calculating det(5):

pf(@ AGT) = det(@)pf(A) = pf

Therefore

€1

—€EN 0

det(©) = (H em) [pf(A)]~?

=[Jem=0 (A.59)

(A.60)

Since det(0) = +1 we only need the signs of the two quantities on the right hand side of the

above equation. If none of the ¢, vanishes, ([],,€m,) > 0, we finally arrive at

det(0) = sgn[pf(A)]
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Namely,

PpdG|Qcanonica? = det(@)|Qcanonical? (A.62)

sgn[pf(A)]1Qcanonical)

A.2 Gauge potential and gauge invariance

In this section we address the question of how to understand the Peierls substitution in BdG
Hamiltonian.

Although the superconductivity order parameter appears to break the U(1) gauge symme-
try, all physical observables are still gauge invariant. More explicitly, consider a general tight-

binding BdG Hamiltonian

c'hc (A.63)

N =

H= Z (t;xjﬁc:.racjﬁ+Aij,aﬁcmcjﬁ—gc;’acia+h.c.) =
p

ij,a

where i, j label position, a, § label any internal degrees of freedom, and C = ({cia},{c:.ra})T. H

has the eigensolutions

Hl’Wn) = €n|1//n> (A.64)

Wy = dy 10 =Y ¢ 1N Uiao,n

iao

where |Q2) is the BCS ground state, o = + distinguishes the creation (particle) and annihilation
(creation for hole) operators, and U is a Bogoliubov transformation matrix which is unitary for

fermions. Substituting |y) into the eigenequation leads to

U'hU = Diagl[{e,}] (A.65)
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where the pairing potential satisfies the gap equation

_ 1 g
Aijap = Z le[Vjﬁ,iaC}ﬁclTae fBT ] (A.66)
= Y fle) WUV up
n
where V is a matrix with the only nonzero element being Vg ia— = Vjg ia, f is the Fermi-Dirac

distribution function.
We now show that physical observables are gauge invariant. A gauge transformation corre-

sponds to
A—A'=A+Vy (A.67)

where A is the gauge potential. A enters the tight-binding Hamiltonian implicitly through the

Peierls substitution:

to gt o R At
Cia " Cia=¢€ Cia

(A.68)

and we can understand Eq. (A.63) as that written for certain A already absorbed into the defini-

tions of ¢ and A. The gauge transformation leads to

T T -y,
cl, —c e X (A.69)

ia
The Hamiltonian therefore becomes

H—-H = )
ij.ap

af -yt R (e 7 ) PPN L% Y
ti].e AT e, cipt Ajjape M M cigCip 2cmcwﬁh.c. (A.70)

1
t T
S ClUyhU}C

77



where
U, = Diag[{e” 7 X1}, {7 11}] (A71)

As a result, the BAG eigenvalues as well as all other physical observables represented in terms
of Bogoliubov quasiparticles are invariant under the gauge transformation.
The above derivation includes, however, an assumption. Namely the pairing potential A; ; 44

stays unchanged. This is indeed the case, since

!
!
Aijap

(A.72)

_ ey pyy —nH
VA lTr[Vjﬁ,mc;ﬁcjae 7 XitXj) o~ KT ]

Y. flen W' UjuvUiu,U)

n

= Aijap

A.3 Kitaev Triangle and Peierls substitution

We start with a spinless or spin-polarized p-wave superconductor

S = Zz (—tc}cl+Aei9flcjcl+h.c.)—Z/,Lc}cj, (A.73)
b J

where 7 is the hopping amplitude, A is the amplitude of (2D) p-wave pairing, u is the chemical

potential, 6 is the polar angle of rj; = r; —r;, consistent with {cl*, c;} =0.
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We will now include a gauge potential via a Peierls substitution as

[P e G L
c; cjexp( hfo Adl),

e —c! L faa
C;C1— C;Crexp 7). .

J

BN R (TS|
ch]e bt

e (U
</>jz=ﬁf A-dl=—¢i; (A.74)

J
The modified Hamiltonian is then
=Y (~te'nt c}cl + Aeieﬂcj c;+h.c)— Z,uc}cj, (A.75)
D 7

The complex fermion operator can be written in the Majorana Fermion basis, a superposi-
tion of two Majorana fermions c; = %(a j+ibj). Due to the nature of Majorana fermions, aj. = aj,

the creation operator is c} = %(a i —ibj). Itis quickly seen after substitution we arrive at

to Ly

cjcj:§(1+zajbj), (A.76)

Ter= S(asay+biby+iab)— ib; A77

cjcl—z(a]al+ ibi+iajb;—i ]al), (A.77)
1 . .

cjcl:Z(ajal—bjbl+zajbl+zbjal). (A.78)

The hopping term in MF basis are

b i it .
—t(e’“b/lc}cl +e “bﬂc;cj) = —E(sm(pjl(ajal +bjby) +cosji(ajb;—bjap), (A.79)
the order parameter terms are
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. e in
A(e’ef’c}c; +e ’Hﬂcjcl) = ?(smeﬂ(alaj —bibj) +cosb;ji(a;bj + baj)). (A.80)

Our Hamiltonian in MF basis is then

7=-L Y [(tsingpj;—Asin®j)aja; + (tsingj; + Asind;))bjb;
G

+(tcos¢pj—Acosbj)ajb;—(tcospj+Acosbj)bja]

—%Zajbj (A.81)
7

For concreteness we consider a 1-D chain in the Kitaev limit £ = A, u = 0, and choose
phij; = 0 (either zero or a perpendicular gauge potential). The Kitaev chain is resultant with

S = _Zj,j+1 ithjajsy and hosting MZM a; and by.

A.4 Effective p-wave superconductors

We start with the relevant non-interacting Hamiltonian

21.2

hk
%O=Zc;£ o —,u+a(0xky—0ykx) Ck (A.82)
k

where m is the effective mass, u is the chemical potential, « is the Rashba spin-orbit coupling
strength, and o' are the Pauli matrices that act on the spin degrees of freedom in ¢, and i1 = 1
throughout.

Next, introduce a ferromagnetic insulator to induce a Zeeman effect. The ferromagnetic

insulator has magnetization pointing perpendicular to the 2D semiconductor with energy

F7 =V, Y clotac (A.83)
k
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but neglible orbital coupling. One can build an eigenbasis from the combined Hamiltonian

with the following eigenenergies €/, (k) = +1/ V7 + a?k? with eigenvectors

A0
. (k) = k- ike | (A.84)
-A; (k) .
(A.85)
ky+iky
Bi (k) —L
O k . (A.86)
B, (K)

Where A, = A, and B, = B,, and the coefficients are

—ak 1
A (k) = (A.87)
: \QQMVdM—%
e (k) -V,
Ak =4 42— = (A.88)
PRV 2eh a0
"k +V,
Bi(K) = \/% (A.89)
B 00 = K L (A.90)
P e\ eto+ v, '

The expressions for A; | and B;,| can be written as

£,00 = A1) A (k) = By (—K) B, (K (A.91)
_ _—ak (A.92)
- 2¢ (k) '
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With the semiconductor in contact with an s-wave superconductor, a pairing term is gener-

ated by the proximity effect. The full Hamiltonian becomes A = A + #7 + #sc with

HCsc = ZACTT,kCI,—k + H.c.
k

(A.93)

Write the pairing potential in terms of c.. using a basis transformation,

cr k= Mus (K) e+ + (Tu-(K)) i -

ky+iky
k

= A1 Koy + + Bt (k) Ck,—»

|-k = (U up (k) ey + + (Lu—(=K)) c_y -

ky_ ikx

= Al(—k) C_k,+ +Bl(—k)C_k’_

with the adjoints being

ky - ik
ca= A1 MG, +BlO———0q _

+ ky+iky

¢l = Ak

Reducing the pairing potential further becomes

T!k l>_k k,

ky+ik k
Act ¢l :A[AT(k)Al(—k)%chik&+BT(k)Bl(—k)y—

+ (A1 0B (-1 + B1 (0 A (-I0) ¢, ¢f 1.
We make the following substitutions

82
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C 4+ B (—k)c_k’_.

(A.94)
(A.95)
(A.96)

(A.97)

(A.98)

(A.99)

iky + .t
k k—-"-k—-

(A.100)



ky+iky

Asi(K) = Afy(K) - (A.101)
A__(k) =Afp(-k) 2 (A.102)
Ai—(k) =AfK), (A.103)
where
fs@) = (A B (-K) + B KA (-K). (A.104)
The pairing potential Hamiltonian then becomes
Hsc=Y Aiicf et +A ¢ +a,q  _+he (A.105)
- , , , , , ,
Writing the full Hamiltonian in matrix form we will use the following Nambu spinor
W = (G s €yl T (A.106)

Then, write the Hamiltonian using the conventional BAG approach of applying the anti-
commutation relation and reindexing the momentum vector of the second term to give
1t
S = EZ‘P Hpac¥V (A.107)
k
with
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Hpac =

where

Rearranging the matrix into a more block diagonal form of (++) and (-) gives

Hpgac =

-

€+ (k)
0

20, (K)

| AL

0
e_(k)
-Ar_(-k)

2A*_(k)

2

2A 44 (k)
A, (k)
—€4+(=k)

0

e+ (k) = 2——,u+e’i(k).

€+ (k)
27,

0

A%

m

2044
-+ (k)
A (k)

0

84

0
-Ar_(-k)
e_(k)

20T

A (k)
2A__(k)

0

—e_(—k)J

Av—(k)
0

2A__

—e_(—k)‘

(A.108)

(A.109)

(A.110)



Appendix B

Landau Level-Like Topological Floquet Hamiltonians

B.1 Quantum harmonic oscillator

We will quickly derive this energy solution and derive ladder operators. Rewrite the quan-
tum harmonic oscillator as (and dropping the operator hat)

_ o220
H_zm(px+mwx),

then complete the square by adding "zero"

1
H= 2m (Imwx —ipxlmwx +ipy] — imwlxpy - pxx])

1
=5 (Imwx —ipxllmw + i py] + mho)

1
=— (&Tiz+ mhw)
2m

:hw( ata 1)

+_
2mhw 2

=hw (aTcH—), (B.1)

_ 1 mo . Px . . . . . .
where a = 7 (,/ Ho X+ \/%) We have simplified the Hamiltonian into new creation and
annihilation operators, called ladder operators, which we will now show how they work. Also

note [a, a'] = 1. Let looks at how the operator commutes with the Hamiltonian
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" a " a
[H, a] :Ha—aH:hw(a aa+§—aa a—E))
=hw@a-1+a'a)a
=—-fiwa, and (B.2)
at a'
[H, aT] =Ha'-a'H=how|a"aa" + 5 aaa- >
=hwa'(aa' - a'a)

= howa'. (B.3)

Let H act on the wavefunction as

HIwp) = Eplyn).

Ha'ly,) = (a"H+hwa")ly,)

Ha'ly,) = (En+hw)a' ly,).
Haly ) = (B, — hw)aly ).

(B.4)

We notice

Hlyo) = Eolyo)

Halyo) = (Eo — hw)alyo), (B.5)
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however, Ej is the minimum so Ej — /iw cannot exist and thus

alyo) =0 (B.6)

Again, we look at the ground state energy

(ol Hlwo) = (wolhw(a'a+1/2)lyq)
" nw
Ep = ho{yola alyo) + 7<U/0|1,Uo>

Ey = 5 (B.7)

Then for the given eigenstates

a'lyey, a'a'lye), a'a'alyo),

with eigenvalues

3 5 7
zh(u, zhw, ihw,

Can be generalized to

[y o (@)™ |yo),

with the eigenenergy

With our goal complete we continue on to determine how the ladder operators evolve the state.

We can now renormalize our proportional expression
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[Wni1) = ca'ly,)
1= WnilWae1) = P Qualah) @ty )
= ey laa’ly,)

= |c|*(y |£+llw )
"ho 27"

which give the following relation

Y ns1) = 1Y) (B.8)

vn+1

Similarly we find

T

a
n— i n/- B.
1¥n-1) \/ﬁhﬂ) (B.9)

Thus aTalwn) = nly,). The energy of the system is definitively
1
En:hw(n+z) (B.10)

B.2 Dirac equation in the presence of a magnetic field

We now focus on how the presence of a magnetic field affects the Dirac equation. The Dirac

Hamiltonian with vector potential
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H=vpo-(p-qh) (B.11)

Using the previous definition, A = Bxy, the Hamiltonian becomes

Like Schrédinger’s equation we use the same ansatz wavefunction and arrive at

S =Vf0oxPx—VfOyqBX, (B.13)

where we recognize the x term is just shifted by a constant. In matrix form the Hamiltonian

looks like

0 Px+igBx
7= iv;qB *

0 a
S = il/f\/th]B

a 0
The form of the Hamiltonian can be quickly solved by squaring then acting on a wavefunction

ata 0

H* = 2hqBu}
.‘.
0 aa

We focus on the first element of the matrix
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Wl T W n) = WalESly )
=2hqBv(y,la’alyy)
= 2RGBVHWalnly )

E% = than?

En,=*vp\/2IgBn (B.14)

B.3 General framework of Floquet theory

In this section we review the basic results of the Floquet theory and how to recast it into a
matrix diagonalization problem. The discussion in this section is mostly following [71].
For a time-periodic Hamiltonian H(¢) = H(t + T) with period T, the time evolution of a

wavefunction governed by it is described by the Schrodinger equation
ind,w(t) = HOw(r). (B.15)
Floquet theorem states that y(#) must satisfy
w(t+T) =y(pe T, (B.16)
where € is a real number of energy units, or equivalently
(D) =e T u(p), (B.17)

where u.(t) = u.(t+ 7).
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Here we give a proof that is closely analogous to that of the Bloch theorem, based on plane

wave expansion. An arbitrary wavefunction can be expanded into plane waves
w() :;cee_i%, (B.18)
where € € R, while a time-periodic function H(¢) can only be written as a discrete Fourier series
H(t) = ;Hnei”“”, (B.19)

where w = 27/T, and H, = % fOT H(t)e '"™!d¢t. Substituting the two expansions above into

Eq. B.15 gives

- (e—nhw €
0 = Z [Z Hne_’[ h )tce —ecee_’ﬁt] (B.20)
€ n
= Z[ZHnC€+nhw_€Ce e—i%’
€ n
which leads to
Y HyCernhw —€ce =0. (B.21)
n

For an arbitrary € € R we can define € € [-fiw/2,hw/2) so that € = € + mhw. It is apparent that

Eq. B.21 only couples c¢+mno belonging to the same €. We thus define
Cé+mhow = Cmé> (B.22)
so that Eq. B.21 becomes a set of coupled equations for ¢;,s, m € Z:

> (Hy— mAWS 1) C+n,e = ECme. (B.23)
n
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Eq. B.21 is the eigenvalue problem of the infinite-dimensional matrix Q with the matrix ele-

ments
Qm,m+n = Hy — mAwé py, (B.24)

which is also the quasienergy operator in [71]. In practice the number of eigenvalues € is deter-

mined by the dimension of H(f). The solutions of Eq. B.15 are therefore

—i E+mhw)t

ve®) =Y cmee =Ty cpee ™ = €7 ug (1), (B.25)
m m

The proof above also gives a useful device for calculating the Floquet states yz(t) based
on plane wave expansion. In general H, can be a complicated operator depending on, e.g.
position, spin, etc., and c¢,,¢ is a function depending on these quantum numbers. One can
choose a representation that makes Hj diagonal, such as the Bloch representation, leading to
the eigenvalues €, of the time-averaged Hamiltonian (Hy). When H, is 0 for all n # 0, we
have € = €, — mhw, m € Z. When H,, is nonzero for any n # 0 there is in general no simple
relationship between € and €,,. Nonetheless, when H,, n # 0 can be viewed as perturbation the
spectrum of € is similar to that of €, — mhw, i.e., the eigenenergies €, together with infinite
number of its copies shifted vertically by m#iw.

The importance of € is that it completely determines the stroboscopic motion of an arbitrary

Floquet wavefunction, i.e.,

émT

we(t+mT)=e' " ye(t), YmeZ. (B.26)

Since {y¢(1)} is a complete set at time £, the stroboscopic evolution of an arbitrary wavefunction

governed by H(t) is

émT

noe(t), (B.27)

Y(t+mT)=) Cee™
z
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where V(1) = )} s Cswe(1). The full time-evolution operator O(n, tp) is therefore

E(r1—1tp)

U(n,10) = Y_lwe(t))(welto) = Y lue(n))ue(to)le” (B.28)
€ €
Now we introduce two operators
0F (11, 10) = ) lue(01)) e (1)1, (B.29)
€
and
H] = us(t0))&us(to), (B.30)
€
which allows us to rewrite Eq. B.28 as
. . (11—t Hy (t—tH] |
U(ty, o) =Ur(t, 1) exp —ZT = exp —ZT Ur(f, t). (B.31)

Namely, the full time evolution is separated into two parts: I:Iff; governs the stroboscopic evolu-

tion with the starting time f, since

mTHY

Ip

exp | —i welto) = e yelto) = welto + mT), (B.32)

while Ug(t;, t) evolves the periodic part of the Floquet wavefunctions. flg and Ug(ty, tp) are
respectively called the Floquet Hamiltonian and the micromotion operator.
The most unsettling property of I:II;; is its dependence on #,. To get rid of it we note that

Eqg. B.25 implies

lus(0)y =) (Z c,igge"'mw) lay =) |ayUqs(0), (B.33)

a m
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where the time-independent basis |a) spans the Hilbert space of H(¢), and U(¢) is a time-

dependent unitary matrix satisfying U (¢ + T) = U(¢). Substituting this |uz(t)) into Eq. B.15 gives

Diag[{é}] = UTH(nU - iU, U = UTQU, (B.34)

where Diag[{¢}] is a diagonal matrix with its eigenvalues being €. Comparing this with the effect
of a time-dependent unitary transformation of the wavefunction ' = Uy in the Schrodinger

equation:

indyy' = UTHU - kU8, Uy = H'y/, (B.35)

we can see that U essentially transforms H(#) to an effective Hamiltonian H' = UTQU which is

time independent. The time evolution of y can thus obtained as

/ .H,(tl - tO) /
y(h) = Uy (i) =U(f)exp —ZT v (o) (B.36)
H'(t; -t
= U(f)exp —'“T(’)]U*(to)w(to)
= 0(t, 1)y (to).
We therefore define
Hr=U'QUu=H' (B.37)

as the Floquet effective Hamiltonian, which gives the time-evolution operator

U(r1,10) = U(ty) exp —im] U’ (to). (B.38)

h
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Intuitively, this means that the time evolution is obtained by first doing a gauge transformation
to the time-independent gauge, evolving the system, and finally gauge-transforming back to
the original gauge.

Although we have been assuming that U () diagonalizes Q, this is not necessary. Any time-
independent unitary transformation multiplied to U(#) can still make Hr time independent.
To make connection between the fy dependent Floquet Hamiltonian flg in Eq. B.30 and the

effective Hamiltonian Hp, we use a minimal U(¢) that is independent of the basis of H(#):
Ur(H) =) cpe™ ™", (B.39)
m

which is a time-dependent scalar function. In the matrix form of Q, this Ur(f) block-diagonalizes
Q. All the diagonal blocks have the form Hr — mhw1. Here we removed the hat of Hr to indi-
cate that it is a matrix written in certain representation instead of an operator. In this particular

representation or gauge, |a(t)) = |a) Ur(t). We thus have

Hy, = ) lue(10))&ue(to)] = Zﬁ Ur(to)la) (HF) o p{BIU. (t0). (B.40)
¢ a

Or loosely speaking HE = Uy (1o)Hp U] (fy). Therefore the fy dependence in Hif is only due to a
gauge transformation and is not physical. The complete information of time evolution can be
obtained from Hr and Uf according to Eq. B.38.

In practice, to obtain the quasienergy spectrum or Hr we simply start from the eigenvalue
problem Eq. B.21 for Q = H+Qo, where Hy, im+n = Hy and (Qo) m,m+n = —mhws 0. We can either
use perturbation theory and treat H as perturbation, which is accurate in the high-frequency
limit, or directly diagonalize Q with a large enough cutoff. The first several terms in the pertur-

bation series of Hr are given in Eqs. 86-89 in [71] (m there should be —m in our notation).
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B.4 High Frequency (Van Vleck) expansion from degenerate per-

turbation theory

In order to understand the effects of coherent time-periodic modulation of quantum sys-
tems, we need an efficient method to obtain the Floquet Hamiltonian H” for a given time-
dependent Hamiltonian H(1). Generally, for the Floquet systems, one would like to obtain a
suitable Hamiltonian H(r) given a desired static Hamiltonian Hefr. Usually the formal approach
in making use of the full eigenstates of a time-dependent model Hamiltonian is not feasible in
practice. Therefore, one requires an approximate scheme that still provides a valid description
at least on the time-scales and energy-scales. Such an approach is provided by high-frequency
approximations [71,78-82]. Using the Van Vleck expansion within the degenerate perturbation
theory as shown in Ref. [71], we can write the explicit expressions for the first few terms with

n=0,1,2 as required;

Aaf® -o, (B.41)
aro -, (B.42)
I:IF(Z) — Z [I:Im»ﬂ—m]

mzo M
1o~ y [H_, (Ho, Hyll 5 (H_, (A, Hppll

Expressions for higher orders can be found in the above equations and refs. [71, 78-82]. From
a practical point of view, and in the cases which we will be considering, one often engineers
the time-dependent Hamiltonian in such a way that the approximate Floquet Hamiltonian Heg
=y™ , HF™ corresponds to the desired model Hamiltonian of the effective systems.

Some of the commutators are related by transpose or Hermitian conjugate. As an example

in H¥® the transpose reduces the sum down by
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(Hp, H-m|  [H_m, Hpm)  [Hpm, H-pm] | [Hp, H-pil
+ = +

(B.43)
mhw -mhw mhw mhw
Hp,, H-
- zﬂ (B.44)
mhw
Additionally, an example in H'® the Hermitian conjugate reduces the sum down by
(H_p, [Hp'—m» Hm]]Jr = [[Hm'-m> Hm]T’ Hjm’]
=[H},H, 1, Hyl
= [[H-m, Hp-m'], Hyy
= [Hw, [Hp-m', H-ml] (B.45)
or in general the following identity
[A,B,CN" = (AT, (BT, CT]1. (B.46)
With the symmetry in modes we have the following simplification
(H_yt, [Hpy—py Hmll - [Hypy', [Hyy—pr, H-n]l  [H_yyt, [Hpy—n, Hml1 + h.c.
N = (B.47)
mm' (hw)? (—m)(—m') (hw)? mm' (hw)?
We can reduce the second and third perturbation summation terms to
2[H,,, H-
pre =y 2Hm Homl (B.48)
o mhw
HF(3) — Z [H—I’Hy [HOyHm]] + h.c. " Z [H—m’r [Hm’—m’ Hm]] + h.C. (B49)
o 2(mhw)? Em 3mm! (hw)?

97



B.4.1 Non-uniform circularly polarized light on Dirac

We start with the Dirac equation in 2D with a gauge potential

FE(1) = vpo - (p + eA(1)) (B.50)

where A(t) = g (—sinwt, 1 sin (Kx) cos 2wt). Which is made up of two electromagnetic wave

sources. The time dependent Hamiltonian becomes

eE . eE .
JE(t) = Vp (ax (px— ;smwt) +0y (py+ Zsm (Kx)cos (2wt))), (B.51)

Performing the Fourier time-transform from

1T .
H, = —f F (e Mgy (B.52)
T Jo
gives the following terms
Hy=vro-p (B.53)
ivpeE
Hii=+0, (B.54)
2w
vpeE
Hi» =0y ™ sin (Kx). (B.55)

We compute the following Hermitian commutators for the high-frequency expansion
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We find each term to be

[le H—l]

[HZ’ H—Z]

(H-1, [Ho, H1]

[(H-2, [Ho, H>]]

[(Hy, [H-p, H1]]

(H_1,[H_1, H2]].

(Hy,H.11=[H>,H 2] =0

Hf® =0,
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(B.56)

(B.57)

(B.58)

(B.59)

(B.60)

(B.61)

(B.62)

(B.63)



2
vFeE

(Ho, Hi1]l = 20, Py
vf:’:ezE2
(Hy, [Ho, H-1 1l = -0y 2 Py
v2eE

[Hy, Hip] = +i0,—L
4w

(pxsin (Kx) + sin (Kx) py)

3 212
vFeE

2w?

[H,, [Hy, H-5]] = =0 (pxsin® (Kx) +sin® (Kx) py)

_ (vpeE\? .
[Hi1, Hy)] = Fo,|—— | sin(Kx)
2w

vf:’:e:'}E3 )
[(Hy,[H-2, H1]] = _O-yW sin (Kx)
v3eSE8

(H_1,[H-1, H2]] = UyZT sin (Kx)

Piecing each term together

HE® _ (H, [Hy, H-1]] N (H-2, [Ho, H]l  [Hy,[H-p, Hil] N [H_y,[H-1, H>]]
2h2w? 8h2w? 3h2w? 6h2w?

vye”E? vye*E? » vye B
:—oympy—axm{px,sm (Kx)}+aymsm(1(x).

The full Hamiltonian to second order in Ziw becomes

v3.e’ E? vgezE2 9 U%egEe’ .
Hqg = UFU-p—O'pry—O'xW {px,sm (KX)}'FO'J/WSIH(KX).

B.4.2 Non-uniform circularly polarized light on 2DEG

We start with the Schrédinger equation in 2D with a gauge potential field
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+ h.c.

(B.64)

(B.65)

(B.66)

(B.67)

(B.68)

(B.69)



(p+ eA(t))2

A1) = 2m*

(B.70)

where A(t) = % (—sinwt, cos (Kx)coswt). Which is made up of two electromagnetic wave sources.

The time dependent Hamiltonian becomes

2E2 eZEZ
JO(t) = p2 + p2 + ¢ (1 + cos? (Kx)) + sin® (Kx)cos2wt
2m* L7 TV 22 2w?
(B.71)
N 2eE (Kx) ; 2eE ot
—pycos(Kx)coswt— —pysinw
o Py o Px
Performing the Fourier time-transform from
1T ,
H, = —f H(He Mg (B.72)
T Jo
gives the following terms
Ho = — ( 24 521 S (14 cos? (Kx) (B.73)
0% o \Px TPy ™52 '
1 eE, .
Hy = S (£ipx+ pycos(Kx)) (B.74)
1 2 72 )
Hyp=- sin“ (K x B.75
+2 o A2 (Kx) ( )

We compute the following Hermitian commutators for the high-frequency expansion

1 hKe*E?

Hy,H 1]=-
(Hy, H-1] YR

pysin (Kx) (B.76)

[Hy, H 2] =0 (B.77)

then
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2[Hy, H- 1 2Ke*E?
HF® _ [ ;w 1]:_2m* 3 pysin (Kx) (B.78)

The full Hamiltonian to first order in iw becomes

e’ B2 ) 2Ke’E?
(I+cos“(Kx))—
2w? w3

1
Hegr = Py (Pi + Pi + pysin (Kx)) . (B.79)

We can further manipulate by shifting the energy by a constant and completing the square w.r.t.

py and sin (Kx) terms to get

1, Ke’E? SRS K2e*E*
Hegr = px+|py-— 7 SIn(Kx)| +——-cos” (Kx) - 5 Sin” (Kx) |. (B.80)
2m* m*w 2w m*cw

B.5 Tight-binding model Dirac

We start with a nearest-neighbor single-orbital tight-binding Hamiltonian

S =— Z hC;laCj'l’ﬁ + h.c. (B.81)
Jla,j'l'p

The incident laser beam in vector potential forms looks like

E 1
A(r, t) = —(-—sinwt, 5 sin(Kx)cos2wt). (B.82)
w

Using the following approximation for smoothly varying vector potential fields

a
Wl

rf 1‘[.3 +r¢
i . g i J.l ) B _
fr A n-dix Al Lo ) (- ) (B.83)

where

102



a; = vV3ax (B.84)

ay = 3ay (B.85)
ri) = jai+lay (B.86)
rf; =(j+da+ (U +day (B.87)
=+ pan+ U+ pag (B.88)
rir=(j+Dai+ (1 +5a. (B.89)

a2

Figure B.1: Unit cell for dirac system with gauge potential with tranlation symmetry in the y — axis
described by Eq. (B.82).

Applying a Peierls substitution the Hamiltonian becomes
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__ T _ JlA2 o F _ JIBz oyt ,
FE(1) = Zl R (05, €+ 1yl (D€ g Cliny + hp 2 (0C5, Cjip,
J

where in general

jla

hj'l’ﬁ(t):hexp ido _]T

jlBy

i+1,lA
+RITHA

j+1,1,A
+h! 2

T .
jlB; (I)CﬂBlCJHJAl jlB,

i+1,[+1,A
+h! !

T
Ciig, Cj+1,14, (1)

T
leZ (t)clezcj+1,l+1,A1 +h'C'

B
Xy — x;?‘l

sinwt +

-y

a

where ¢y = eE/(hw). More explicitly for each term

: ' 3 1
hﬁﬁi(t):hexp i —%sinwt+L—Lsin(\/§Ka(j+i))c032wt)

i 1
h;fgf(t) ~ hexp |ipg Esin(\/gKa(j + %)) cosZa)t)]

JjiBy " . _\/§ . 1 . .. 3
hlez(t) = hexp |i¢o 7smwt+ Zsm(\/gKa(] + Z))cosZwt)

: 3 1 '
hﬁBll,lAl(t):hexp i _£sinwt——sin(\/§Ka(j+%))0032wt)

j+1,14,
hlez

j+1,1+1,A;
hﬂBz

(f) = hexp |igo

(t) = hexp |ipo

V3 . 1.
——SInwt— —Ssin
2 4

y'rl/_yl
M LN

B

X" +qu

Il!
S K% cos2wt

(\@Ka(j + %)) cosZwt)-

%sin(\/gKa(j + 1)) CcoSs2w t)]
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(B.90)

(B.91)

(B.92)

(B.93)

(B.94)

(B.95)

(B.96)

(B.97)



The incident laser beam allows for translation symmetry along the y-axis, so we can reduce

the dimension of the Hamiltonian with the following Fourier transform

1 o 1 .
cho=—Y ¢l MR __ Nl (ikGla (B.98)
jla Ny T jka Ny T Jjka

The Hamiltonian then becomes

_ JjiB1 T JlA2 T J1B> t
Jf(r)_—zkh (O 0, CikBy + Ml (€1 Cikeay + Ty (D€ o kB
J

jlA jlB jlAy
j+1,14, + _ j*1LLAs ' (B.99)
+hjl81 (t)cjkBl Cj+1,kA; T hleZ CjkBZC]H,kAZ(t)

Jj+LI+1,A; —i3ka .t
+hle2 (e cjszcj+1,kAl+h.c.

Making use of Floquet theory we can make the Hamiltonian time-independent with the

following time domain Fourier transform

1 [2m .
Hapn k= Y= ap(k, e "Tdr (B.100)
0

where a, b represent the matrix indes of the previous Hamiltonian and 7 is the n-th order mode

of light. Each term has the general following form

1 r2r ., .. ;
Hab,n,k: g/(; elzlslnT+lZZCOSZT—lanT (B.101)

which looks a lot like the Hansen-Bessel integral function. However, because of the linear com-
bination of sint and cos 27, there is no elementary solution to the integral as currently defined.
We thus solve the integral numerically for each given n. After the time domain Fourier trans-

form the Hamiltonian can be reduced to the following matrix form

Hp==2 [\P]]L'kaj\ij W H kYt e, (B.102)
jk
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0 0 0 0
JlA
o hlel 0 0 0
S S L R
JlA2
JlA2
0 0 Ko
and ) )
Jj+1,1A; j+LI+1,A1 k-
0 h].lB1 0 hle2 el
, 0 0 0 0
Jitk = 41,14 ’
o o o Ay
0 0 0 0

withk=kyand W i = [¢jka,, CjkB,» Cjk A, cjkBZ]T.

The quasienergy energy matrix has elements Q;, n+n = Hp, — mhwd 0. We choose a cutoff
for mode m, |m| < m., where m, is a positive integer. This cuts the matrix down to have N, =
2m.+ 1 diagonal blocks, where each block is of size a Ng = 2r; + 1 square matrix, H,, and r, is
the cutoff radius of unit cells. The matrix can be solved using an eigenvalue solver, producing
N, Ns eigenenergies and eigenvectors for a given electric field strength E. It is difficult to glean
any information from looking at all the energies but one can do a projection to the m = 0 mode
to highlight which energies belong to it. This is still not all that imformative because when using
a finite system we discretize the brillouin zone uniformly and it does not necessarily mean we
are picking energy values close to the folded in Dirac point, since the unperturbed brillouin

zone gets folded into the perturbed smaller brillouin zone.

B.6 Tight-binding model 2DEG

We start with a nearest-neighbor single-orbital tight-binding Hamiltonian on a square lat-

tice

Jt,”:Z—h(c}lcjﬂ,l+c},lcj,l+1+h.c.) (B.103)
Jl
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The incident laser beam as a vector potential is as follows

E
A(r, t) = —(—sinwt,cos(Kx)coswt). (B.104)
w

Using the following approximation for smoothly varying vector potential fields

ry,+rp

fbA(r, 0 -dl:A( ,t)-(rb—ra) (B.105)

and using Peierls substitution the Hamiltonian becomes

SC(t) = —Z(hj,j+l(t)0},lcj+1,l + hl,l+1(l‘)C}le,l+1 +h.c), (B.106)
Jl

where

eEaXji1—Xj
hj j+1(t) = hexp (—i—Lsinwt)
hiw a

= hexp (—igosinwt) (B.107)
.eEa yi.1—yi
hy,141(2) = hexp z%Tcos(Kxj)coswt
= hexp (i¢po cos(Kx;) coswt). (B.108)

The incident laser beam allows for translation symmetry along the y-axis, so we can reduce

the dimension of the Hamiltonian with the following Fourier transform

Yl elkla, (B.109)

PNy VN, &k

The Hamiltonian then becomes
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A1) =Y (hy (e *e 4 h;lﬂ(t)e”““)c;kcj,k + (hj,jﬂ(t)c}kcm,k +h.c) (B.110)
Jk

_ T o Si T
= j,ZkZhCOS(% cos(Kxj)coswt — ka) Ci kCik+ (he'®o Sln‘“"‘cjy

kcj+1,k+h.c.). (B.111)

Making use of Floquet theory we can make the Hamiltonian time-independent with the follow-

ing time Fourier transform

1 7T .
Jfab,n(k):?f Tk, t)e "l d t (B.112)
0
1 (27 .
=5 (ke " dr (B.113)
0

where a, b represent the matrix index of the previous Hamiltonian and 7 is the n-th order mode

of light. We will make use of the following Hansen-Bessel integral formulas

1 21

einr—inﬂ/2+zcosrd.[.’ (B.114)

1 2r .
T.(z :_f pinT—zsinT go
n(2) 21 Jo 21 Jo

note that the integral bound can be the same due to the integrand being periodic from [0, 27].

Recall, Bessel function identities for n € Z

Jn(=2)=(=1)"J,(2) (B.115)

J-n(2) = (=1)"Ju(2) (B.116)

The terms for given k become the following time Fourier transforms
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h e, . ) T . ) i
ejfj,j,n(k) — _Z_f (eupocos(Kx])cosr ika int 4, i cos(Kx;)cost+ika znT) drt
T Jo

e~ tka p2m . eika r2m .
——h f pl7CosT—int 7o | f pizcosT—inT g
21 Jo 2m Jo

—ika—inm/2 eika—inn/Z

e 2n . 2 2n . . 2
— —h( f plecosT—int+inml2 g f pizcosT—inT+inm/2 4o
0 0

27 27

= _he—mn/z (]_n(z)e—lka +]_n(—Z)elka)
= —h]n(z)e_inﬂ/z(eika+ e—ika+inn)
= _h]n(z)(ei(ka—nn/Z) + e—i(ka—nn/Z))

= —2hJ, (o cos(Kx;)) cos (ka— nm/2) (B.117)

and

h e . . .
,ffj j+in = __f e—t(/)osmr—m‘rdT
A 27 Jo

= —hJ_,(¢po)

= —h(=1)"Jn(¢ho) (B.118)
Hi1,jn = —%fozn pidosinT—int 7

= —hJ-n(=o)

= — (o) (B.119)

This completes finding all the matrix terms for the quasienergy matrix Q for a 2DEG tight

binding model with incident inhomogeneous laser light.
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B.7 Chern number of Landau levels

In this section we discuss how to understand the Chern number of Landau levels. For two-
dimensional periodic systems, the 2D Brillouin zone is a closed manifold, and one can de-
fine the Chern number as a topological invariant for the mapping between complex functions
(ground state wavefunctions) and this manifold. However, for Landau levels the system does
not have translational symmetry which causes a conceptual difficulty in defining Chern num-
bers.

To address this difficulty, let us start from the Chern number of typical 2D Bloch Hamiltoni-

ans. The Berry curvature of band 7 at crystal momentum k is defined as
Quk =2 (Vk xApk) =Z- (Vi x (Unkl iVl unk)) (B.120)
The Chern number for band n, which must not touch other bands throughout the Brillouin

zone, is defined as

d*k
Ch=| —Qux (B.121)
27

However, according to Eq. (B.120), C, can be rewritten into

d*k _ d?k )
f A B (ttcl 100, | ) — f O B Cttmel i, 1 (B.122)
27 v 2m Y

Cn

1 . 1 .
gfdkxakxfdky(”nk|laky|unk>_Efdkyakyfdkx(”nk“akxlunk)
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It is worth noting that the last result is related to the expectation value of polarization (or posi-

tion operator) in a Bloch state:
(nklr|n'ky = f d*ry! L Oy () (B.123)

—_97 g 7 ,.
= fdzru‘;lk(r)e Ty ok Ty o ()

= f d*rul (1)e (= iowe™ ") o (1)

—i0 (nk|n'k') +fdzruzk(r)e_ik'reik,'r[iakr Ui (1)]

2m)?

uc

2m)? " o
—i5nn’(VL)ak’5(k—k') +Z eru;k(r)el(k _k).r[iak/un/k/(r)] el(k -k)-R

uc R Juc

—i8 Odk—K) + f d*ru’ (1)e” ™ ™ (G Uy (1)]

2 2
@n) O 0 (k— K)+ (27)

uc uc

= —ibpy 5k-K) f d*rul, (r) (10 1y (1)] ' & WOR
uc

2 2
= (‘;[) [i6nn’0k5(k_k,) + <unk|i6k|un'k>6(k_k,)]

uc

where we have used the normalization condition of 2D Bloch states (nk|n'k’) = §,,,» %5 (k-k)

with V¢ the unit cell volume or area. The above result means that

a a
ncl f dky(nklr|nk) Nry(ky) = -~ f dky lim (nk|r|nk’) (B.124)
27 2n kK'—k

ay .
_ —Nfdky(unk|lak|unk>
21

where a, is the lattice constant along y. Namely

rn(kx)
a,

1
o [ ko uno = (B.125)

111



Therefore

1 1
C, = — f dkyOp, Y () — — f dk,0x, xn(k,) (B.126)
ay ax

1 1
= a_y [y”|kx=% _J’nlkxzo] - d_

X _2n — X =
. nlky—ﬁ nlky 0

Ayn Axp

ay Qy

In other words, the Chern number can be understood as an effect of adiabatic pumping. The
parameter defining the pump is k, (1st term in the above equation) or ky, (2nd term in the above
equation). When the pumping parameter increases by a period, the expectation value of the
position operator y, (or x,) for the given band does not necessarily return to itself. A nonzero
change leads to the finite Chern number. A caveat that is not mentioned in many references
or textbooks is that since A, is not a gauge invariant quantity, the two individual terms in the
last line of Eq. (B.126) are not separately well defined. Instead, one can choose a gauge so that
Ax(ky=0)= Ax(ky = i—’y‘) [but Ay (ky=0) # A, (kx = i—’;), since otherwise C,, always vanishes], so

that

_Ayn
ay

2
o , Ay (ky + a—”) = A4(ky) (B.127)

y

In this manner, the Chern number is equivalent to the change of the y-component of the center-
of-mass position of the given Bloch state, when k, changes by 27/ a,.

The above adiabatic pumping understanding of the Chern number can now be used to de-
fine the Chern number of Landau levels, for which the Hamiltonian can only be made transla-
tion invariant along one direction. The Landau level Hamiltonian for a uniform magnetic field
Bz =V x (Bx§) =V xAls

_Px 4 (py+eBx)*

H=
2m 2m

(B.128)
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Assuming the eigenfunctions are (x, y), we can first make use of the translation symmetry

along y to define

w(x,y) = % f dkp(x, k)e'*r (B.129)

The inverse transform is

w(x, k) = f dyw(x, y)e kY (B.130)

which is consistent with the direct transform since

wix, k) = f dy% f aK' ¢(x, k)e'® -0y (B.131)

f AK b (x, KNS (K - k) = p(x, k)

Here we assume the wave functions are normalized as

f a’ry’ (x, Yy x,y) =1 (B.132)
which means
] o= f d’r f dk f dk' ¢t (x, ) (x, kel K =Ry (B.133)
(2m)?
- Lfdxfdkfdk’c/ﬂ(x, k)p(x, kKN2r8 (k' - k)
(2m)?

_ 1 f dx f dke' (x, DP(x, k)
27

dk
f )
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The k-dependent Hamiltonian is

2 2
; ; hk+eB
Hy = e~V Hetky Py | (k+eBx” (B.134)
2m 2m
2 2 2
L LB (o )
2m 2 m eB
which is a quantum harmonic oscillator with w = eB/m = w.. The eigensolutions are
1
Hipn(x, k) = hw(n+ 3| (X k), (B.135)
1 [(mweyi _mect-x? mw
,k = 2n H, - —
dutk) = e[ e ANE=CRE

where H,, are the Hermite polynomials and x; = —%. However, the above ¢, are normalized as

f Adxd’(x, k) (x, k) =1 (B.136)

incompatible with our earlier definition in Eq. (B.133). To this end we choose a cutoff for the k

integral and replace the normalization condition in Eq. (B.133) as

1 [a
1= f " dk(PR)Ip(k)) (B.137)
ay

Since ¢, (x, k) depends on k only through a shift of x, we have

1 (2 1 1 1
—f ! Ak{pn(k)pn(k)) = —{pnlk=0)|pn(k=0)) = —{Pulpp) = — (B.138)
27 _% ay ay

ay

This means that the ¢, should be redefined so that Eq. (B.137) is satisfied:

\/a_y mwc% _ mocbe-xp? mo
Pn(x, k) \/zn_nv(hﬂ) e 2 Hp 7(x—xk)

ay

(B.139)

(Pnldn)
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We can now try to use the above interpretation of the Chern number to check if Landau
levels indeed have C = 1. To this end we would rewrite Eq. (B.126) assuming k as a pumping pa-
rameter. But this requires us to re-interpret Eq. (B.125) r;, defined there is for Bloch waves with
a different normalization condition from that in Eq. (B.137). Regarding |nk) as an eigenstate of

the Hamiltonian playing the same role as |¢), we have

x yfdk fdk (nkink) = = fdzk( ) 500 =1 (B.140)
(2m)? 2 )2 axay .
In other words,
ay
22 [ aky ik =~ ¥ ki) —<¢n(k>|x|¢n<k» = %ok (B.141)

Ny’

which corresponds to taking the expectation value of x in a given normalized eigenstate. There-

fore Eq. (B.126) applicable to the present case should be

1 27
- — B.142
Cn andkak(Lx xnk) ( )

1

— | X =L —x ___)
Lx( nk nk ay

Due to the symmetry of ¢, (x, k) = (x|, (k)) = ¢, (x — x§, k = 0), we have

(PnklxX|Ppnr) = ayxi (B.143)
As a result
1 7 (=m 7
Ch = ——|—+— (B.144)
Ly,eB\a ay
h 1 (O
= — = —Ny
e BayL, ©
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where Ny, = L,/ a,. However, this result is obtained by assuming that the period of k is 27/ a,,. If

one wraps the 2D system into a cylinder parallel to X so that k is quantized into
k=—m (B.145)

where m can be any integer. Then imagining that one inserts a flux (or phase) through the

cylinder defined by

_e

= hALy (B.146)

so that @, enters the Landau level Hamiltonian as

h 2
P?c N (py + L—yq)x +eBx)

H®,)=—
(©) 2m 2m

(B.147)

Then apparently the Hamiltonian is symmetric under ®, — ®,+2m, so that ®, can be viewed as
a pumping parameter. In the above language, this is equivalent to choosing k as the pumping

parameter but defining its period as

27 27
- = (B.148)
ay Ly
The Chern number is thus defined as
1 27
6 = L faoan 2] w10
27 L,
1
Y

The final result above is, however, not necessarily an integer. To see what is wrong with it, let

us now use the above cylinder picture to understand what is really going on when the flux @,
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changes by 27. Since the cylinder has periodic boundary condition along y, k is quantized as
mentioned above, which restricts the eigenstates |¢,(k)). This further constrains the values of

Xy, i.e., the center-of-mass of the wave functions ¢, (x, k) = (x|¢, (k)):

(Pnrlx|pni) znm —h — m=-mA (B.150)
X = — = — = — X .
Pricl X|Pni L, eB BL,

where we recover the original normalization of the Landau level wavefunctions Eq. (B.136).

Note that from this we can also obtain the total number of electrons within a Landau level:

Ly @

== =—. (B.151)
Ax CD()

When @, changes by a period, which is equivalent to k changing by L orm changes by 1, the
center-of-mass of the Landau level wavefunction shifts along x for all k by the same quantity
®y/(BLy), which is the same as their nearest neighbor spacing. Thus increasing ®, by 27 is
equivalent to removing a Landau level wavefunction at the boundary of x = —L,/2 and adding
another one at x = L, /2. That one electron is transported from one edge to the other edge is the
Chern number. However, Eq. (B.149) does not describe this integer directly. A modification that

leads to the direct correspondence is to multiply Eq. (B.149) by the total number of electrons N:

N 2n
27 Ly

= —-— Zf d®, 0o, (iﬂ xnk(q)x))

1 2n
_g f dq)xaibx (L_xXn(q)x))

= Li [X,(2m) — X, (0)]

X
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where X, = Y ;. X« is the X coordinate of the center of mass of all electrons multiplied by the
number of electrons within a Landau level. The above formula can be generally applied to other
systems that has translation symmetry only along one direction.

More specifically, suppose we have a Hamiltonian H with eigenstates labeled by discrete
band indices n and some other quantum numbers g characterizing the degenerate states within

a band, and the eigenstates are simply normalized as (nqlng) = 1, then
X, =) (nqlx|ng) (B.153)
q

One can get C,, by diagonalizing the Hamiltonian so that H|ng) = €,|nqg), adding the flux so

that
H(®@y)|nqg(®y)) =€p(Px)Ing(D@y)) (B.154)

and making sure that €, (®,) does not intersect with other bands as @, increases by 2. After

that, calculate
X (@, =2m) — X, (D, =0) (B.155)

and divide the above result by the finite length of the system along x. The result, if nonzero,
means the system has a finite Chern number despite the absence of translation symmetry.

If, however, that €;,, depends on g as well. Namely €,, — €,(q), one can still define the Chern
number by making sure that all eigenenergies €,,4(®) do not touch other bands as ®, increases

by 2I1. The final step of calculating the Chern number stays unchanged.
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