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ABSTRACT

APPLICATIONS OF LEAST SQUARES PENALIZED SPLINE DENSITY ESTIMATOR

The spline-based method stands as one of the most common nonparametric approaches. The
work in this dissertation explores three applications of the least squares penalized spline density
estimator. Firstly, we present a novel hypothesis test against the unimodality of density functions,
based on unimodal and bimodal estimates of the density function, using penalized splines. The
test statistic is the difference in the least-squares criterion, between these fits. The distribution of
the test statistics under the null hypothesis is estimated via simulated data sets from the unimodal
fit. Large sample theory is derived and simulation studies are conducted to compare its perfor-
mance with other common methods across various scenarios, alongside a real-world application
involving neuro-transmission data from guinea pig brains. Secondly, we tackle the deconvolution
density estimation problem, introducing the penalized splines deconvolution estimator. Building
upon the results gained from piecewise constant splines, we achieve a cube-root convergence rate
for piecewise quadratic splines and uniform errors. Moreover, we derive large sample theories for
the penalized spline estimator and the constrained spline estimator. Simulation studies illustrate
the competitive performance of our estimators compared to the kernel estimators across diverse
scenarios. Lastly, drawing inspiration from the preceding applications, we develop a hypothesis
test to discern whether the underlying density is unimodal or multimodal, given data with mea-
surement error. Under the assumption of uniform errors, we introduce the test and derive the test
statistic. Simulations are conducted to show the performance of the proposed test under different

conditions.
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Chapter 1

Introduction

1.1 Nonparametric Density Estimation

Density estimation is a widely adopted tool in statistics. Consider a set of independent and
identically distributed (i.i.d.) observations X7, . .., X,, with an unknown density function f. In or-
der to estimate f, nonparametric approaches are often employed. This technique finds widespread
applications across various fields, including statistics, machine learning, econometrics, and signal
processing. Over the years, various methods have been developed and refined in this field. One of
the earliest and mostly widely used methods is kernel density estimation. Introduced by [Parzen,
1962] and further studied by [Silverman, 1978]. The essence of kernel density estimation lies
in smoothing the empirical distribution of the data using a kernel function, typically a symmet-
ric, non-negative function centered at each data point. Commonly used kernel functions include
the Gaussian, Epanechnikov, and uniform kernels, each with its own properties and suitability for
different types of data. The choice of kernel function and bandwidth significantly impacts the re-
sulting density estimate. A smaller bandwidth results in a more localized and detailed estimate,
whereas a larger bandwidth produces a smoother but potentially oversmoothed estimate. Select-
ing an appropriate bandwidth is crucial for obtaining an accurate and reliable density estimate.
Cross-validation techniques are commonly used to tune the bandwidth parameter and assess the
performance of the kernel density estimator.

Histogram-based density estimation [Freedman and Diaconis, 1981] is one of the simplest and
oldest nonparametric methods. The basic idea is to divide the data range into a set of equally
spaced intervals (bins), and the density is estimated based on the frequency of observations within
each bin. While histograms are intuitive and computationally efficient, they may produce biased
estimates, especially when the number of bins or bin width is not appropriately chosen. Various

modifications and adaptions, such as adaptive histograms [Birgé, 1987], kernel density histograms



[Rudemo, 1982], and Bayesian histograms [Leonard, 1973] have been proposed to address these
limitations.

The nonparametric maximum likelihood estimation approach was pioneered by [Goodd and
Gaskins, 1971] and [de Montricher et al., 1975]. The key idea is to find the density that maxi-
mizes the likelihood of observing the data, subject to certain constraints to ensure that the resulting
estimate is a valid density function.

Spline-based methods offer a flexible framework for nonparametric density estimation by fit-
ting piecewise polynomial functions to the data, which allows splines to capture complex shapes
in the distribution. B-splines [De Boor, 1972], natural splines [Lyche and Schumaker, 1973], and
penalized splines [Wegman and Wright, 1983] are among the commonly used spline basis func-
tions. One of the key strengths of spline-based density estimation methods is the ability to easily
incorporate shape constraints, for example, unimodality. Once the spline basis functions are con-
structed, estimating the density involves solving an optimization problem, such as least squares
or maximum likelihood problem. The shape constraints can be modeled as either equality or in-
equality constraints, or both. Solving the optimization problem with these constraints is relatively
straightforward.

In this dissertation, we focus on the spline method and its application in nonparametric density

estimation. We also compare its performance with kernel density estimation in various scenarios.

1.2 Penalized Spline Density Estimation

Suppose the underlying density f is known to be smooth and we estimate f by constructing
a spline density basis 41, ..., d,,. We first determine a support [S;, S5] for our estimated density
and knots ¢, ..., 1,,, distributed over the support. The selection of knots can vary depending on
the specific requirements of the analysis. We describe two methods for selecting knots in this
dissertation, see details of knots based on sample quantiles in Chapter 2 and equality spaced knots
in Chapter 3. The number of knots, denoted as m;,, is determined based on the properties of the

spline basis functions we use. For example, if the d; are B splines, the number of knots m; = m—1.



Figure 1.1 shows an example of B splines with degree 2 on equality spaced knots 0, 1, ..., 10. The
choice of spline basis is flexible. For example, if we want to use B splines to estimate a density
function that is known to go to zero at the ends of the support, there’s no need to include the first
and last B spline basis since both are not zero at the endpoint of the support. In the example shown

in Figure 1.1, By and B;5 can be excluded while estimating the density if needed.
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Figure 1.1: An example of B splines with degree 2 on knots 0, 1, ..., 10

We use a linear combination of basis functions Z;"Zl b;é;(x) to estimate f. The goal is to find

an estimator f of the form
f(z) = Zl;jdj(:c), such that f(z) > O forall #, and a'b =1,
j=1

where b = (by,...,b,)". Ensuring that the area under the estimated density to be one is ac-

complished by constraining a’b = 1, where aj = [0;(x)dx is the area under ¢;(z) with a =

a,...,ay) . I'he least-squares criterion o roeneboom et al., 1S used. We minimize
7. Thel iteri f[G b 1., 2001] i d. We minimi
2 n
X)) = 2de — = X; 1.1
(S X) / f@plde =03 1(X) (1.D)



over the set of spline densities f with the desired shape. To accomplish this, define the m x m
matrix H as Hj, = [*_6;(x)6;(x)dx, and c as the vector in R™ with ¢; = 37", §;(X;)/n. The
least-squares criterion can be written in terms of the coefficients of the spline basis, resulting in the

quadratic programming problem
minimize b' Hb — 2¢'b, subjecttoa’'b =1 and Ab > 0,

where the constraint matrix A defines the desired shape such as unimodal or bimodal, and con-
strains the density to be non-negative. Minimizing the criterion function under the equality and
inequality constraints is accomplished with the R function solveQP in the package quadprog.
The minimizer b provides the constrained density estimator f(z) = > i b;6;(x). Figure 1.2
shows an example of the estimated density with data from a bimodal density with sample size

n = 1000.

—— unpenalized estimate
- — true

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

Figure 1.2: Example of data from a bimodal distribution with sample size n = 1000, and the corresponding
unpenalized B splines density estimate



The estimate in Figure 1.2 appears wiggly and lacks smoothness. To achieve a smooth estimate,
a penalty term can be applied to penalize fluctuations in the estimate. This dissertation primarily
focuses on scenarios where the spline basis functions are piecewise polynomial with a degree
no greater than 2. In the cases described above, the second derivative f” is piecewise constant,
so we employ a penalty that penalizes the consecutive differences in the second derivative. Let
0; = f"(x) = >, b0} () forz € (¢, ti1),i=1,...,m; — 1, and define

m+1

X0 = [ FoPde = 237 FOG) + XY (61— 00

where A is the penalty parameter.
Let D' bea (m — 2) x (m — 1) matrix such that D}, = —1,D}, ; = 1fori=1,...,m; — 1,
and D? be the second derivative matrix of the basis function, so D}; = 6)(x) for x € (t;,tiy1)

Then we have

0y — 0,

D'D% — b = b2

emtfl - 677’7472

To make sure that the H and the penalty matrix change by the same proportion when the data are
re-scaled, for example measured in a different unit, we apply a multiple to D. Let D = d°/? D' D?
where d = (t,,, — t1)/m; we have a scale-invariant estimator if the penalty matrix is D" D. Now

the criterion with penalty can be written as
minimize b’ (H + AD " D)b — 2¢"b, subjecttoa’d =1 and Ab > 0. (1.2)

The penalized estimate f(z) = > b;0;(z). [Chen and Meyer, 2023] showed that the optimal
convergence rate for f ,in the L, norm as n increases, is achieved with m on the order of n'/7 and

penalty parameter A on the order of n~/7. \ is chosen by cross-validation, see more details in



Chapter 2 and Chapter 3. Figure 1.3 shows the penalized density estimation using the same data in

Figure 1.2.

—— penalized estimate
= = true

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

Figure 1.3: The penalized B splines density estimate with the data of 1.2

The remainder of the dissertation unfolds as follows. In Chapter 2, we present a hypothesis test
against the unimodality of density functions. Our approach involves getting penalized unimodal
and bimodal density estimations, from which a test statistic is computed. The distribution of the
test statistics under the null hypothesis is obtained via bootstrapping techniques. The validity of our
method is supported by theoretical analyses, and simulation studies are conducted to evaluate its
performance across various scenarios. Additionally, we provide a real-world application involving
neurotransmission data from guinea pig brains to showcase the practical utility of our methodol-
ogy. Moving on to Chapter 3, we study the deconvolution problem, introducing a penalized splines
deconvolution estimator. Leveraging quadratic splines and assuming uniform errors, we achieve a
cube-root convergence rate. Through simulation studies, we demonstrate the competitive perfor-
mance of our estimators compared to kernel estimators across diverse scenarios. In Chapter 4, we

integrate the methodologies developed in Chapters 2 and 3. Specifically, we investigate hypothesis



testing against unimodality for deconvolution problems, using results gained from both chapters to

address this novel problem domain.



Chapter 2

Modality Test using Constrained Penalized Splines

This chapter is dedicated to addressing the problem of determining the modality of a distribu-
tion given a random sample. Specifically, the interest is in whether the distribution is unimodal or
multi-modal. A novel test is proposed, based on unimodal and bimodal estimates of the density
function, using penalized splines with a least-squares criterion. The test statistic is the difference
in the least-squares criterion, between the unimodal and bimodal fits. The null distribution of the
test statistic is estimated with simulated data sets from the unimodal density estimate. We review
the constrained spline density estimation in Section 2.2. In Section 2.3, we derive the test statistic
and provide relevant large sample theory. Furthermore, the simulations conducted in Section 2.5
demonstrate that the proposed test has higher power than competitors for some simple examples.
Finally, we present a real data application in Section 2.6 involving neuro-transmission data from

guinea pig brains, thereby showcasing the practical utility of our methodology.

2.1 Introduction and Background

Suppose X1, ..., X, are independent continuous random variables with common density func-
tion f. Interest is in testing the null hypothesis that f is unimodal, versus the alternative that f has
more than one mode. [Haldane, 1951] introduced a simple test for detecting bimodality in a dis-
tribution. This test relies on the consecutive discrepancies of frequencies for adjacent categories
within a sample frequency distribution. In a similar vein, [Larkin, 1979] devised an algorithm
tailored to data arranged in an integer array, in a histogram format. [Silverman, 1981] proposed a
method to increase the bandwidth of a kernel estimator until the resulting estimator is unimodal.
The smallest bandwidth that produces a unimodal fit is the test statistic; its null distribution is deter-
mined by simulations. This is one of the most commonly used and studied modality tests. [Mam-
men et al., 1992] and [Hall and York, 2001] provided more details and large sample theory. The test

is implemented in the R package mult imode. [Miiller and Sawitzki, 1991] developed a method



based on the excess mass functional which was studied further by [Cheng and Hall, 1998]. The dip
test, based on the distance between the empirical distribution and the unimodal distribution closest
to it, was proposed by [Hartigan and Hartigan, 1985]. The RUNT test developed by [Hartigan and
Mohanty, 1992] used single linkage clusters. The MAP test by [Rozdl and Hartigan, 1994] is based
on minimal constrained spanning tree. [Minnotte, 1997] proposed a method to test each individual

observed modes of the data.

2.2 Penalized Density Estimate with Constrained B-Splines

Suppose we have i.i.d.observations X, ..., X,, having density f that is known to be smooth
and have a shape such as unimodality. Section 1.2 provides a least-squares constrained penalized
spline estimate of the density. The estimator proposed in this chapter is similar. We use B-spline
basis functions with degree two for this problem. We first determine a support [S;, Ss] for our
estimated density. The chosen support is defined as (o1 — 0.4(G.99 — G.01), G99 + 0.4(G.o9 — G.01)),
where ¢, is the pth quantile of the sample, p € (0,1). We use ¢, for the population pth quantile.
The selection of knots %4, ..., t,,_1 is based on the sample quantiles, with additional knots placed
around the antimode (the local minimum between modes) and at the edges of the support if needed.
We strategically place additional knots around the antimode if the low density value leads to sparse
quantiles in that region to ensure a more accurate estimation, particularly in intervals where the
density undergoes a change in direction. Let B;(x),..., B, (x) be the B-spline basis functions
using the knots above. We use a linear combination of basis functions Z;":l b;B;(z) to estimate

f. The aim is to find

flz) = Z b;B;j(x), such that f(x) > 0 for all z, and flz)dz = 1.
i=1 5
Let a; = SSf Bj(z)dz be the area under B;(x) with @ = (ay,...,a,)". For convenience, we

replace B;(x) with B;(x)/a;, so that the areas under each B;(z) are all one. Hence, ensuring that

the area under the estimated density to be one is accomplished by constraining E;”Zl b; =1, and



shape constraints such as unimodal or bimodal, as well as positivity, are imposed as linear inequal-
ity constraints on the spline basis coefficients, in the form of Ab > 0. The least-squares criterion
introduced in 1.1 is used. Similarly, with the m x m matrix H as H;, = [~ B;(z)B,(x)dz, and

c as the vector in R™ with ¢; = )" | B;(X;)/n, the least-squares criterion can be written as

minimize " Hb — 2¢'b, subjectto » b; =1 and Ab > 0.

j=1

The constrained density estimator is f(z) = >y b;B;(z), where b = (by, ..., b,,)" is the mini-
mizer.

Notice f” is piecewise constant when the B-spline basis functions B;(z) have degree 2, so we
can penalize the consecutive differences in the second derivative as 1.2. We denote the penalized

estimate as f(z) = . b;B,(x). The choice of the penalty parameter is introduced in next

section.

2.3 Construction of the Test Statistic

Recall the we’re interested in the hypothesis
Hy: fhasonemode vs. H, : fhas more than one mode.

With knots t4, ..., t,,_1, we will obtain a density estimate with unimodal constraints, denoted as
fl, and another with bimodal constraints, denoted as fg. We initially start with fl. The unimodal
estimation is achieved by constructing constraint matrices Agi). Each Agi) constrains the density to
be unimodal, with the mode between ¢; and ¢, ;. Each element of Agi) corresponds to the slopes of
the basis functions at the knots, with a positive sign for knots below the mode and a negative sign
for knots above the mode. We select the index ¢ = 74, ...,io to minimize the criterion function,
where i1 = min(i : ¢; > §o.1) and 7o = max(i : t; < Gog) — 1. The range of i is to make sure that

the mode is between Go; and Go.g. Let C% = {b : Agi)b >0 and )7, b; = 1}, the unimodal fit

10



fi(x) = 32, b;B;(x) is obtained by minimizing

o
b'(H +\D'D)b—2¢c"b, subjecttob e | ] 1"
i=i1
Similarly, we can get the bimodal density estimation fg. To impose bimodal constraints on
the density estimation, we identify three knot intervals where the monotonicity constraints change
sign, so that the density is increasing to the first knot interval, decreasing after, then increasing,
then decreasing again. These intervals are used to construct bimodal constraint matrices Agi’j *)
With i; <14 < j < k < iy, the first mode is situated between ¢; and ¢, ,, the antimode between ¢;
and t;,, and the second mode between ¢, and ¢;,. Additionally, we ensure that the modes and
the antimode are positioned at least one knot apart from each other, specifically setting j > ¢ + 1
and k& > j + 1. The triplet (¢, 7, k) is chosen to minimize the criterion and obtain the bimodal
density estimation. Figure 2.1 shows an example of the unimodal and bimodal fits of a sample that

comes from a mixture of two normal distributions 0.4N (0, 1) + 0.6 N (3.8, 2.4?) with sample size

800.

8 —

PR — true density
— = unimodal fit
- — - bimodal fit

[Te)

=)

o

o

[Te)

o

o

o m

o

o

Figure 2.1: Example of data simulated from a mixture of normal densities, with » = 800 and the corre-
sponding unimodal and bimodal fits.
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The bimodal estimate f2 might actually be unimodal with a “flat spot”; in this case we interpret
this as supporting evidence for the null hypothesis, so we accept the null hypothesis. We refer this
as the “auto-acceptance” rule in the following contents. If fz has two distinct modes, define the

test statistic

T = a(f1, X) — ¥a(fo, X).

To find an optimal penalty parameter )\, we think about the concept of kurtosis. Sample kurtosis
serves as a statistic to quantify the ‘tailedness’ of the data. When the true distribution is highly
peaked or ‘pointy’, it suggests that we should opt for a smaller A, as a large A in such cases can
lead to an over-smoothed density estimation with a shorter peak. Conversely, if the true distribution
is not particularly ‘pointy,” a small A may lead to an under-smoothed estimate. To strike a balance

between these considerations, we set

n~Y7102 K <2
n~ Y7104 K 2<K <5

n~Y7103/2-K2 5< K <9 '

\ n71/71073 K Z 9

And K is the sample kurtosis of the data. This choice ensures that the penalty is appropriate for
the the shape of the data.

To approximate the distribution of the test statistic under H,, we generate © = 1,...,B
bootstrap samples from fl. Let fu and fg,i be the estimates with unimodal and bimodal con-
straints, respectively, for the ith bootstrap sample. For each bootstrap sample, if the bimodal
fit fzﬂ' turns to be unimodal, we consider this as having less evidence against the null hypothe-
sis than the data set, and we set the corresponding bootstrapped statistic 7; = —oo, otherwise,
T; = Ya(fri, Xi) — alfoi X).

The null is rejected when

12



where « is the level of significance. At times, particularly when the true density is bimodal, the
unimodal estimate f1 may have a “flat spot” around the mode it fails to detect. In such cases, if we
sample bootstrapped samples from this unimodal fit with a “flat spot”, the bootstrapped estimates
might show more evidence for the null hypothesis. To address this potential bias, we introduce
additional constraints for the unimodal fit. Specifically, for knot intervals that are neither around
the mode nor at the tails, we constrain the slope to be strictly non-zero by setting its absolute value
greater than or equal to 0. The additional constraints ensure that the unimodal fit can only display
a ‘flat spot’ at the mode or the tails. The choice of the bound o for the slope is determined based

on the sample skewness and the support:

2n~%7/(Sy — S1)? |skewness > 0.7|
5n=27/(Sy — S1)? o.w.

The (S5 —.S1)? in the demominator ensures that the o remains the same when the data are re-scaled.
Employing a relatively smaller o for skewed data aims to prevent over-constraining the slope of
intervals where the density is ‘flatter’. In the above example shown in Figure 2.1, our method
results in a p-value of 0.021, while the kernel method [Silverman, 1981] has a p-value of 0.376.
Since the true density is bimodal, our method results in the right decision at a = 0.05,while the

kernel method leads to a type 1I error.

2.4 Large Sample Theory

In this section, we show that if the true density f; is unimodal with mode 1, then the test size
converges to (at most) the target test size « as n gets large. Further, we show that if the true f; has
two distinct modes, then the power increases to one as n increases. We show that if f, has no “flat

spots” then the test size goes to zero as n increases, for any target o.

Theorem 1. Suppose f is “strictly unimodal” with mode pi, so that f{/(u) < 0, f(z) > 0 forx €

(s1, 1), fo(x) <0 forax € (u,sq2). Further, i € (qo1, qo.o) and for any min(| fi(qo.1)|, | f(q0.0)]) >

€ > 0, there is a 0 such that f'(x) < —eforx € (u+ 9,qo9), f'(x) > €eforz € (g1, 1t — 9), and
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|f'(x)| < eforx € (u—90, u+0). Then the probability of rejecting Hy goes to zero as n increases.

Proof: First we show as ¢ — 0, 6 — 0 as well. Forall z € (u — d, 1 + 0), using Taylor’s

Theorem we have

folx) = folp) + fo () (@ — ) + h(z)(x — p) = f5 (1) (x — p) + h(z)(z — p),

where lim,_,,, h(xz) = 0. So —e < fl'(p)(x —p) +h(z)(x —p) < eforallz € (u—46, 1+ 6). Then
when € — 0, 9 has to converge to zero too. Let f be the estimate without modality constraint. Next
we can show that f is unimodal with probability approaching one as the sample size increases, by
contradiction. Suppose f is not unimodal. Given that the basis splines are quadratic B-splines,
f can change direction at most once between knots. Consequently, the first estimated mode, the
estimated antimode, and the second estimated mode are separated by at least one knot. Thus, no
matter which knots interval the true mode p is at, it is at least one knot away from one of the
estimated modes. So, there exists an interval [ty, 5. 1] at least one knot away from the mode 1
such that f, is monotonic while f is increasing on [t;, ] and decreasing on [v, t;41] for some v/
in [tg, tr+1]. Without loss of generality, we assume f; is decreasing. Now we consider interval
[tk—1, ], within which f, is decreasing and f is non-decreasing. We write f = ¢ + C, where
ft:,l g = 0 and C'is a constant. First we show that for any C, ft’;4 (g9 + C — fo)*dz is minimized

over non-decreasing functions when g is a constant function. We can write the expression as

v v

[ @ +c—fwpi= [ ©-p@rds [ g@lisrz [ @ - )

te—1 te—1 te—1 te—1

- [ C- @it [ gapa-2 [ g

lk—1 te—1 te—1
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The first term is a constant. Using mean value theorem, we know there is a ¢; € [t_1, V| such that

g(c1) =0, further g(x) < 0on [tx_1, c1] and g(x) > 0 on [cy, v]. So we have

/t:l 9(x) fo(x)dz = /:1 g9(x) fo(x)dx + /V 9(@) folz)dz

C1

< [ s@hleds+ [ g)ifends

th—1 c1

0.

So the last term —2 ftz,l g(x) fo(x)dx is non-negative. To minimize (2.4), g(x) has to be 0 in

[tk—1, v]. Next, it’s easy to find the minimizer C' = ft:_l fo(z)/(v — tx—1). Hence the minimized

[ " () = fola))de = / " (g(2) +C — fola))de = / " (O = fola))d.

- —1

To bound the integral from below, notice that there exist ¢y € [t;_1, V] such that fy(c2) = C. Now
consider fi(z) = C' — ¢(x — c2), which is a line passing the point (c,, C') with slope —e. Then we

have

| C-nwpes [ 0-C-de-apPi= [ o e)Pis

th—1 th—1 tp—1

Andletd = m — t;_q,

/t:—l(x — ¢p)’dx = é[(l/ —2)* 4 (g — t1)"] = %KV — )’ +(d— (v —c2))]

1
=dv—c)? — (v —c3) + §d3.

has minimized value d/12 when (v — ¢3) = d/2. Since f{(z) > —e on [t;_y, V], we know that
fo > fion [ti_i,c] and fo < fion [er,v]. So, |f — foll> > |If — ful> > ed®/12 is on the

order of n=3/7 when d is on the order of n~ /7. In other words, if f is bimodal infinitely often,
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| — foll? is on the order of n=%7 with. probability approaching one , which is contradictory to f
being the unconstrained estimator with || f — fo||2 = O, (n=%/7). So, f is unimodal with probability
approaching one as n increases. Recall that f is the minimizer without modality constraints, since
f is unimodal with probability approaching one, it is the minimizer under bimodal constraints as

well. Therefore, the bimodal fit f2 has to be unimodal with probability approaching one. According

to the decision making rule, the null hypothesis is accepted.

Theorem 2. If fy has more than one mode, the probability of rejecting the null hypothesis goes to

one as n increases.

Proof: Suppose f, has more than one mode. To obtain the sampling distribution of the test
statistics under the null hypothesis, bootstrapped samples are generated from the unimodal esti-
mate fl. As per the proof of Theorem 1, given that the data are sampled from a strictly unimodal
density fl, each bimodal estimate fu from the bootstrapped samples will turn out to be unimodal.
Consequently, this results in a bootstrapped test statistic of —oo, thereby yielding a p-value ap-
proaching zero and leading to the rejection of the null hypothesis with a probability approaching

one.

2.5 Simulations

2.5.1 Simulation 1

We first design a simulation study to compare the performance of our method, Silverman’s
kernel method and the Dip test. Figure 2.2 plots the 8 distributions used in this simulation study.
The study involves a range of distributions, symmetric or skewed, unimodal or multimodal. For
each distribution, we generate 1000 samples of sample size n = 50, 100, 200, 500, 1000. For each
sample, three methods are applied to get three p-values. Table 2.1 shows the proportion of rejection

for each distribution shown in Figure 2.2.
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Figure 2.2: Distributions used in the simulation study

The first distribution is a common Beta distribution, which is unimodal. The second distri-
bution is a unimodal mixture of two normal distributions and exhibits a “flatter part". All three
methods demonstrate good test size for these two unimodal distributions. Moving on to the next
two distributions, they are considered as "obvious" bimodal distributions, which can be clearly
observed in the plot. Following these, the next two bimodal distributions are considered as “not
that obvious" bimodal distributions, indicating that one of the modes is less prominent. Conse-
quently, the power increases more slowly compared to the first two bimodal distributions. For all
four bimodal distributions, our spline method exhibits competitive power for small sample sizes

and stronger power for larger sample sizes than the other two methods. Finally, the last two distri-
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Table 2.1: The proportion of rejection of tests based on samples from distributions in Figure 2.2 with sample
size n = 50, 100, 200, 500, 1000

Distribution method n=50 n=100 n=200 n =500 n=1000
splines  0.011 0.007 0.007 0.003 0.003
Beta(4,8) kernel  0.037 0.057 0.032 0.034 0.034
dip 0.003 0.001 0.001 0 0

splines  0.024  0.024 0016  0.019 0.02
0.3N(0,1)+0.7N(3,16)  kernel 0.051  0.042  0.038  0.047 0.05
dip  0.008  0.006 0 0 0

splines  0.127 0.319 0.576 0.916 1
0.5N(0,1) +0.5N(3,1) kernel  0.177 0.326 0.486 0.797 0.969
dip 0.063 0.114 0.189 0.475 0.812

splines  0.265 0.432 0.73 0.981 1
0.6N(0,1) +0.4N(2,0.0625) kernel  0.392 0.537 0.724 0.967 0.998
dip 0.209 0.299 0.441 0.806 0.977

splines 0045  0.061 008  0.184 0428
0.7N(0,1) + 0.3N(3,1) kernel  0.059 0058 0065  0.123  0.179
dip 0014 0008 0002 0003  0.001

splines  0.039 0.087 0.148 0.236 0.405
0.4N(0,1) + 0.6N(3,2.25) kernel  0.095 0.135 0.182 0.231 0.313
dip 0.025 0.023 0.026 0.025 0.034

splines  0.169 0.291 0.667 0.978 1
kernel  0.172 0.244 0.353 0.605 0.837
dip 0.038 0.045 0.078 0.181 0.366

0.4N(—4,1) + 0.5N(0,1)
+0.1N(4,1)

splines  0.133 0.220 0.358 0.689 0.928
kernel  0.161 0.284 0.389 0.715 0.936
dip 0.059 0.081 0.1 0.242 0.484

0.1N(—4,1) 4+ 0.35N(0,2.25)
+0.55N (5, 2.25)

butions are trimodal distributions. In both scenarios, our method demonstrates competitive power

in most cases.
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2.5.2 Simulation 2

In this simulation study, our focus is to compare the three methods based on the ‘distance of

the modes’. Three different mixtures of distributions are included:

(2)0.6N(0,1) + 0.4N(d, 1)
(6)0.4N(0,1) + 0.4N(d, 1) + 0.2N(0, 9)

(c)0.6x*(5) + 0.4x*(d)

The first scenario is a mixture of two normal distributions. For the second scenario, a third normal
distribution is added to show the performance when there’s a ‘tail’. The third scenario is about
the mixture of chi-squared distributions. With d increasing, the distributions turn bimodal from
unimodal. The cut-off values of d are shown by the vertical dashed lines in the figures. For each
distribution and each d, we generated 1000 samples with sample size n = 200 and n = 800. The
bootstrap size we use is 1000. We compare our method with Silverman’s kernel method and the

Dip test. The proportion of p-values below 0.05 was plotted below.

0.6N(0,1)+0.4N(d, 1), n=200

0.6N(0,1)+0.4N(d,1), n=800
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Figure 2.3: The proportion of rejection for samples from 0.6N(0,1)+0.4N(d,1), with sample size n = 200
and n = 800
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Figure 2.4: The proportion of rejection for samples from 0.4N(0,1)+0.4N(d,1)+0.2N(0,9), with sample size

n = 200 and n = 800
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Figure 2.5: The proportion of rejection for samples from 0.5chisq(5)+0.5chisq(d), with sample size n = 200

and n = 800

Figure 2.3 presents the rejection proportion for 0.6/N(0,1) + 0.4N(d, 1) with sample size

n = 200,800. Notice the cut-off value for d in this case is around 2.4. In other words, the

mixture distribution remains unimodal until d excesses 2.4, beyond which the simulation indicates

a notable increase in the rejection proportion, signifying the transition to a bimodal distribution.
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Also our methods show greater power than the other two methods. Notice that since we have the
’auto-acceptance’ rule in our method, the rejection proportion is a lot lower than 0.05 when the dis-
tribution is unimodal. Figure 2.4 illustrates the rejection proportion for 0.4N(0,1) +0.4N(d, 1) +
0.2N(0,9). The addition of a third component with a larger variance is intended to introduce heav-
ier tails to the mixture distribution. The cut-off d value for this case is 2. Furthermore, since the first
two major components have equal weights, the unimodal density at d = 2 exhibits a *flat mode’.
The simulation results also suggest a potential for an inflated test size with the kernel method. Fig-
ure 2.5 shows the rejection proportion for mixures of chi-square distributions 0.6x%(5) + 0.4x?(d).
The distributions are highly skewed and has the fixed lower support. The cut-off d is 15.25, and
when the mixture becomes bimodal, the second mode is a lot flatter and less obvious compared to
the first mode. According to the plot, our method method demonstrates competitive performance

in terms of both power and test size when compared to the other two methods.

2.6 Real Data Application

We demonstrated our method using Paulsen’s data for neurotransmission in guinea pig brains.
Measurements were taken on prepared sections from the brains of adult guinea pigs, with record-
ings taken of spontaneous currents flowing into individual brain cells. The aim of the study was
to see whether the current flow exhibited quantal characteristics. If the current was quantal then it
would be expected that the distribution of the current amplitudes would be multimodal. We used
the data in the R package boot. Of a total of 346 current were observed and the corresponding

histogram is presented in Figure 2.6.
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Figure 2.6: The histogram of Paulsen’s data along with the unimodal and bimodal fit

The unimodal fit and bimodal fit from our method are also shown in Figure 2.6. Compared to
the other two methods used in Section 2.5, our method differed in the ability to distinguish whether

the distribution is unimodal or not, p-values are shown in Table 2.2.

method | splines kernel dip test

p-value | 0.015 0.124  0.699

Table 2.2: P-values for three tests using Paulsen’s data.

2.7 Summary

This chapter addresses the challenge of determining the modality of a distribution from a ran-
dom sample, focusing on distinguishing between unimodal and multi-modal distributions. We
propose a novel test using penalized splines and a least-squares criterion. The test statistic com-
pares the least-squares criterion of the unimodal and bimodal fits. We estimate the null distribu-

tion of the test statistic using simulated data from the unimodal density estimate. Large sample
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theory are derived and simulation studies are conducted to demonstrate the test’s superior power
compared to competitors in certain scenarios. Additionally, we apply our methodology to real

neuro-transmission data from guinea pig brains, illustrating its practical utility.
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Chapter 3

Deconvolution Density Estimation

In this Chapter, we present a straightforward solution to the deconvolution density estimation
involving penalized splines. The key idea of the estimation is outlined in Section 3.2. The con-
vergence rate for piecewise constant splines is derived in 3.3. Additionally, in Section 3.4, we
show that with quadratic splines and uniform errors, a cube-root convergence rate is attained. Fur-
thermore, large sample theories are derived for the penalized spline estimator and the constrained
spline estimator. The simulations conducted in Section 3.4.4 show that the estimators perform well

compared to kernel estimators in a variety of scenarios.

3.1 Introduction and Background

Suppose X is a random variable with an unknown density f. We are interested in the estimation
of f based on observations Y7, ...,Y, fromY = X + Z, where Z is a continuous random variable
representing measurement error, with a known density function ¢. If X and Z are independent, the

density function of the random variable Y is the convolution of f and ¢, i.e.

9(y) = f*oly) = /f(z)¢(y — 2)dz.

For this reason, the measurement error problem has been referred to as a density deconvolution
problem, which has a variety of applications and has been studied widely.

Most previous approaches used a kernel method. [Carroll and Hall, 1988] and [Stefanski and
Carroll, 1990] estimated f using a kernel that is a function of the characteristic functions of the
error and a kernel function for estimating g. They showed this estimator is point-wise consistent,
and the large sample properties were further studied by [Fan, 1991], [Delaigle and Gijbels, 2004],
and [Carroll and Hall, 1988]. They showed that the convergence rate of nonparametric deconvolu-

tion methods is quite slow for smooth error distributions such as the normal distribution.

24



A number of authors considered semi-parametric methods; for example, [Cordy and Thomas,
1997] modeled the distribution of X to be that of a finite mixture of known distributions. [Hazelton
and Turlach, 2010] proposed a semi-parametric method, where the ratio of the the unconvoluted
and convoluted densities is specified parametrically. [Delaigle and Hall, 2014] proposed a para-
metrically assisted nonparametric method.

[Mendelsohn and Rice, 1982] used B-splines to estimate f, minimizing the Lo distance from
the empirical distribution, and showed consistency of the estimator. [Koo and Park, 1996] provided
a maximum-likelihood B-spline solution, estimating log( f) by a polynomial spline, and employing
an EM algorithm to estimate the spline coefficients. [Hall and Qiu, 2005] described deconvolution
methods using a Fourier series expansion. Wavelet methods were studied by [Walter, 1999] and
[Pensky, 2002].

Our work focuses on spline density estimation of f where the measurement error distribution is
uniform. We define a spline basis ¢y, . . ., d,, for the estimation of f, and define the spline basis for
the estimation of g as y; = ; * ¢. We estimate §(y) = z;nzl lsj’yj(y) with the observed Y7, ...,Y,,
then f(z) = > b;6;(x). With quadratic splines, a cube-root convergence rate in the L norm
is achieved for f . A main advantage of spline density estimation, compared to kernel density

estimation, is that shape constraints such as unimodality are readily imposed on spline estimators.

3.2 The Deconvolution Least-Squares Spline Estimation

We want to estimate f, the density for X, using i.i.d. observations Y7, ..., Y, having density
g = f * ¢ with known ¢. We do this by constructing spline basis functions ¢y, . .., d,, for the

estimation of f, where the goal is to find an estimator f of the form

f(z) = Zgjdj(x), such that f(z) > O forall #, and a'b =1,
j=1
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where a; is the area under &, () with @ = (ay, ..., a,,)". For any such f, its convolution with the

error density is

with v,(y) = ffooo 0;(2)¢(y — z)dz for j = 1,...,m. The basis functions ~, ..., ", are used
to estimate g, and the coefficients from this estimator are used to construct f . Constraints in the
form Ab > 0 may be imposed, where A is an appropriate constraint matrix. For example, we can
constrain f to be unimodal.

Let F be the space of linear combinations of the ¢ basis functions and let G be the space of
linear combinations of the « basis functions. If we choose a set of linearly independent basis func-
tions 41, ..., d,,, then the basis functions =1, ..., ~,, will also be linearly independent, and there

is a one-to-one mapping between F and G. To estimate the density g of Y given n independent

observations, the least-squares criterion similar as 1.2 is used. We minimize
2 2 O
W(g:Y) = [ glldy— = g(¥)
i=1

over the subset of G that corresponds to densities with the desired shape. Define the m x m matrix
H as Hjy = [°°_7;(y)7(y)dy, and ¢ as the vector in R™ with ¢; = """ | v;(Y;)/n. The least-
squares criterion can be written in terms of the coefficients of the spline basis, resulting in the

quadratic programming problem
minimize b' Hb — 2¢ b, subjecttoa’'b=1 and Ab >0,

where the constraint matrix A defines the desired shape and constrains the density to be non-

negative. Let B be the subset of b € R™ so thata'b = 1. We can write b € Basb = b, + 3
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where by = a/||a|| € B, and a" 3 = 0. The equivalent problem is to find 3 to minimize
B'"HB —2(c— Hby)' 3, subjecttoa’ 3 =0 and AB > —Aby.

To deal with the equality constraint, let W be an m x (m — 1) matrix with columns forming a basis
for the linear space orthogonal to a, so that @' 3 = 0 if and only if 3 = W« for some a € R™ .

Hence we have b = by + W« and the criterion function can be written in terms of a:
minimize o' W' HW a — 2(c — Hb,)" W subject to AW a > — Aby.
Ignoring the inequality constraints for now, the “unconstrained” estimator is obtained:
a= (W' HW)'W'(c— Hby) and 3 =W (W ' HW)'W'(c— Hby).

Finally,
b=[I-WW ' HW)'W'Hby+ WW HW)'W'¢,

sog(x) =371, b;7; () is our unconstrained estimator for g and f(z) = > e b;d;(x) is the cor-
responding estimator for f. From b, the constrained density estimators are §(z) = > by, ()

and f(x) = 31, b;6;(x).

3.3 Piecewise Constant Splines

The simplest case is uniform errors and piecewise constant splines. Suppose the error density
is uniform on (—h, h), and we estimate f using piecewise constant splines with equally spaced
knots ¢1,...,tn41. Letdbe t;41 —t; for j = 1,...,m and for convenience suppose i = {d for a

positive integer /.
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The piecewise constant spline basis for estimating f is 0,(z) = 1 for x € (¢;,t;41) and 0,(z) =

0 for = ¢ (t;,t;11). Then the basis functions for estimating g are trapezoids:

0 for y <t; —h
o5 (y—tj+h)  for yelt;—h,ti—h)
& for y € [tj1 — h,t; + A
3 (tiy1 +h—y)  for y e (t;+h,tj1+h]

0 for y >t +h

Let = m + 2¢ — 1 and define s) = t; — df and s; = sp + jd,for j = 1,...,m + 1 as in the

plot below with m = 6 and £ = 2. The s; are an expanded set of knots representing the support for

geg.

5

S
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Figure 3.1: Example basis functions for m = 6 and ¢ = 2.

Define ¢ € R™ so that (; = g(s;) for j = 1,...,m and note that if g(y) = > ", b;7;(y), then

and

¢=Mb

b=(M"M)"'M'¢
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where the 7 x m matrix M has nonzero elements M; ; = % fori =j4,...,7+20—1.
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S _ —— decon spline [} —— decon spline
— - naive spline = = true density
B < =+ ftrue density
Ls] I (3
o 7 ,’ 1 - o 7
_IF M /TN
. \
= e
a | | _ :
° I 1
rt
— i\
S
o . ~
o
T T T 1 T T 1
2 4 6 8 0 2 4 6 8

Figure 3.2: Example of simulated data with n = 800 and estimated densities constrained to be unimodal.
Left: the histogram of the unobserved sample from f. Right: the histogram of the observed sample from g.

Figure 3.2 shows an example of simulated data with n = 800 and measurement error from a
uniform distribution on the interval [—1, 1]. The “naive" spline estimation refers to the estimated
density without considering the presence of measurement error. In the piecewise constant basis
framework, the naive estimate is the same as the histogram of Y3, ..., Y.

As the sample size n grows, the number of knots m increases, so that the space d between
the knots decreases. In this section our goal is to determine the rate of increase of m that leads
to the fastest rate of convergence of f. We start with a result that illustrates the difficulty of the
deconvolution problem. Functions g; and g, in G have to be quite close together to guarantee that

the corresponding f; and f, in F are near each other.

Theorem 3. For fi and fo in F, ||f1 — fo||*> = O(m?||g1 — g2||?) where g1 and g, are the corre-

sponding functions in G.

Proof: Because the piecewise constant spline basis functions defined above all have the same
area, the nonzero elements of the matrix W used in the solution of the quadratic programming

problem in Section 3.2 may be setto W;; = —1,W;y;; =1, fori =1,...,m — 1.
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Let b; and b, be the corresponding coefficients. Then b; — by = W (ay

that for all b = W e, ||b])* < 4]|a?

Hence we have ||b; —

16> = a'W Wa

a1 — Q2

IA IA
= 2
iMoo+
[\

M

bo||* < dflew — .
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2
a1+1 amfl

2
z+1 am—l

a? = 4|o|*.

— ). First we show



Let ¢; € R™ be such that (;; = g1(s;) and ¢, € R™ be such that (5; = ga(s;). Letr; =

C1; — Coy. Since g1 — go is piecewise linear, ||g; — go||* can be written as

Jaw) -y = 3 [ 0w - g0k

ST = Si1Vi — SiTi+1\2
> / g T

0

-.
Il

Si+1
Si

d Tit1 — T4 Si+17T5 — SiTi+1.\3
Tyt y )
(Ti+1 —7“1‘)

Il I
'MSI 'MSK
wl . w

@
Il
=)

I
o

(7’1'2+1 + 77 T

m—1

d d
37"3 + Z ST

m—1
[zmmnuzzr;wﬂ@

I
ol g Mgl
[\

[y

=1

So we have

d
26 =Gl < [l0(0) - gy < i, — I

1€, — &P = (0 — o) T W MTMW (o, — az), and matrix W M "MW = %Q, where
Qisa(m — 1) x (m — 1) sparse Toepliz matrix with Q;; = 2fori =1,... ,m — 1l and Qy,;; =
Qi,2l+i = —1fori = 1,...,(m— 1-2[)

Lemma 1. There exists an ¢ > 0 depending only on S/h (not depending on m or 1) such that the

lowest eigenvalue of Q is at least €.

The proof of the Lemma is in Section 3.6. By Lemma 1, we have ||, —,[|? > & 4h2 Slla — s,

50 [ar — az||* = O(m*|lg1 — g2]*). Then

J15te) = e =32 [ 00 = b)dy@de = 4300, = by = Ol = gl

=1
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]

As an example, consider the densities fi(x) = 1/d for x € (t1,t3), and fo(x) = 1/d for

x € (tg,t3) and f;(z) = 0 otherwise. The densities fi(x) and f5(x) are not overlapping and the
distance || f1 — f2||*> = 2/d will increase on the order of m with increasing m. The corresponding

trapezoids ¢; (y) and go(y) are

0 for y<t; —h
5y —ti+h)  for y €[ty —h,ty—h)
91(y) = o for y € [ty — h,t1 + h]

s(ta+h—y) for y€ (ti+h,ts+hl

0 for y >ty +h

0 for y <ty —h
ﬁ(y—tz—kh) for y € [ty — h,t3 — h)
92(y) = > for y € [t3 — h,ty + h]

ﬁ(tg,—l—h—y) for ye(t2+h,t3+h]

0 for y >t3+h

fy f,

ty to ts

Figure 3.3: Example of fi(x) and fy(z) with corresponding g1 (y) and g2(y).
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Apparently g;(y) and g2(y) overlap more for larger m, and by symmetry we have the distance

to—h 1 2 ts—h 1 1 2
l91(y) = g2(W)II” = 2/ . {%(y—tﬁh)} dy+2/ ) [ﬁ—%(y—tﬁh) dy
t1— to—

1 & 1 &3
W23 T omaE 3
d
312
= O(1/m).

This example shows that even though the f functions are getting farther apart, g functions can
get closer together, and the bound above is the closest bound we can get. Therefore, to show that
I

| f — fol? is small we must show that || — go||? is very small, where f; and g, represent the true

density functions.
Theorem 4. If fy has a bounded third derivative, then || f — fo||> = O,(n=2/°).

Proof: We first find the convergence rate of g, and apply Theorem 3 to get the convergence

rate of f . Let g be the vector of quantiles of go such that the cdf Go(¢;) = nil fori =1,...,n,
and define g as the minimizer (g, q) over densities g € G. We split the error into two pieces:
1 — g0l < 11g—3ll+ 1|9 — gol|, where the first term is called the “estimation error” and the second
is the “approximation error.”

Starting with the estimation error, we show that ||g — g||> = O,(m/n). Let iy, ..., n, be an

orthonormal basis of G, and define vector ¢, as

1 n
Cng = > ni(w)
i=1

Define the vector €, so that

I R
Crg = > nila)
=1
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Then
o 1< 1< i
len —enll” = EZWJ(%‘) —EZ%’(%)
(-3 ) — B (V) + (B (V) — = nj<qz->>]

203" myla) — By (1)))? +2(E (V) - %Zm(qi))Q]

<
Il
—-

|
I-Msn |-M3|

<
Il
—

=

|
Q

p

where the last equality is obtained by the central limit theorem.
Define INJ77 to be the vector of coefficients of the 7 basis functions for the estimated density g,
ie.g(y) = Zm: l;nnj(y).while b, is the vector of coefficients for the approximation density g, i.e.

9(y) = X7, byn;(y). Then by the calculations in Section 3.2,

b,—b,=WW ' HW)'W'[c, - ¢,

where H, is defined as H; = f nj(y)m(y)dy. Since ny, ..., n, are orthonormal, H, is an

identity matrix and W(WTH nW)‘IWT is a projection matrix with eigenvalues 0 and 1. So,
15 = glI° = (by = by) TH (b, = b)) = by = b,[1* < l|e; = &I = Op(m/n).
Next we tackle the approximation error ||g — go||%. Define f*(x) € F to be

Py =3 [ pwdu for o€ bt

J

that is, b} = ft?“ fo(u)du and f*(x) = > b;d;(x).

t; 7=1

34



We have

5=l = [1r@) = f@Pde = 3 [ 78 = pl@)Pde = O@ma®) = Om™).

Define g*(z) = f* * ¢(x); now we prove ||g* — gol|? = O,(m™*). Let F be the cdf of X, then

g(y) can be written as

9(y) = o [Fly +h) = F(y = h)]. 3.1

So,

[ - aPdy = 55 [{F @+ b = Fy= 1) - [Faly+ )~ Foly — b)) dy

- i/{[F*@*h)—Fo(wh)]—[F*(y—h>—Fo<y—h)]}2dy,

where F™* and Fj are the corresponding cdf with respect to f* and fy. Consider = € (t;,t;.1],

F'(a) = / pde = Y [ e [

So,
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Therefore ||g* — go||> = O,(m™*). Then ||g* — go|| = O(m~2). Recall ¢ = (g1, .. .

CDF Gy(¢;) = i/n. Let qo be the lower bound of the support. Also define

1

AISO,
2 dOé ’ '

Then we have

n

0 @) = (95:@) =20 — gl + = 3 [he) ~ hlao)]

=1

, qn) so that the

The second term is O(1/n) if h is of bounded variation. For some M, and large enough 7,

M
2||h — gs||* — 70 < (h;q) —(gs;q) <2||h — gs|* + -

Now we show that ||g — g,/|?

[ap(g1;y) + (1 — a)¥(g2;y)] — Y]ags + (1 — a)ga; Y]

My

is small. First we show that v(g; y) is strictly convex in g. For any y,

_ / ag: (v)2dy + / (1 - a)ga(y)*dy — / g () + (1 — a)ga(y))dy

— a(l-a) / 01(9) — ga(y)dy,

which is strictly positive for any g1, g2 such that [[g1(y) — g2(y)]*dy > 0. note that

Y(h;q) —Y(gs;q) = /0 %w (ah + (1 = a)gs; q) do

2

d d
=~ (ah+(1-a)gsq) | ot o5¢(ah+ (1 —a)gsq),

da
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using integration by parts. For a € [0, 1] and h =} '" | b;y; for b € B,
2 2 ¢
v(ah+(1-a)giq) = [ lahly)+(1-a)g(y)] dy -~ > loh(g:) + (1= a)gslg)]

=1

so that

w (ah + (1 — a)gs; q) ‘

[ 20h(s)+ (=0 1)(h(4) =06y = 3 0a) = )|
- [ 25000 = )= 23 (h00) = )
i}/ 29, ()1 (y) — 29(y)*] dy — % Zi;(h(%‘) — 9s(a))
=3 [2ue)+ o fqz 3] = 3 2ot o) = £ 3 i) — i)
where ¢; € (¢i_1,¢:). Also,
L o+ (1= a)gesa) = =l

so that

n

0(h:a) ~ $lg0) = 20— gl + = D [hle) — hlao)],

=1

and the second term is O(1/n) for any h of bounded variation. For some 1/, and large enough n,

M, M,
20— g~ 20 < (hig) ~ vgia) < 2h— g+ 22
Because |go(y) — gs(y)| = O(n™ 1) fory € [gi_1,q:), we have ||go — gs||* = O(n~'). Hence
lg* = gsll < llg* — goll + llgo — gsl| = Op(m™*) + O,(n~"); then there is M; so that for large

enough n,

V(g q) —V(gs;q) < Mym™ + Mon™*
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Fix £ > 0 and consider all h € G such that ||h — g,||* = (M; + £)m™*. For these h,

V(h;q) — ¥(gs; @) > (My +&E)m™* — Mon™".

Then ¢(h;q) > ¥(g*;q) when |h — gs||* = (M; + £)m™*, for large enough n. Because g
minimizes 1(g; q) over g € G, and by convexity of ¢, we must have ||g — g,||* < (M; + &)m~™.
Hence [|g — goll < |9 — g5l + llg5s — 97] + l9" — goll = Op(m™?).

I

To minimize the error ||§— gol|*, we set the estimation error and the approximation errors equal.

With m = O,(n'/%), ||§ — go||? = O,(n=*/%), and further by Theorem 3 ||f — fo||> = O,(n"*/").

3.4 Piecewise Quadratic Splines

In this section we general the results for piecewise constant spline basis and focus on piecewise
quadratic basis functions. We estimate f using piecewise quadratic splines with equally spaced
knots t1,...,t,43. Letdbet;; —t;forj =1,...,m+2and S = ¢,,13 —t;; for convenience we

choose the knots so that h = /d for a positive integer . The spline basis functions for estimating

f are
( 0 for z <t;
2 (x —t;)? for x € [t;,tj11)
5() = 4 1= ghale —tyn — 92 for 2 € [t t500] -
52 (T = tjy3)’ for © € (tj12,t43]
\ 0 for x > 113
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and the corresponding 71 (y), ..., ym(y) are v;(y) = [~ 0;(y — 2)p(x)dx. Suppose the error

density is uniform on (—h, h), we have

v = | " 5y — 2)o(a)da

( 0 for y <t;—h
s (y+ b — t;)? for y € [t; — h,tjp1 — h)
—grrWth =t —3d)P + 5 (y+h—t0) + 55 for y €[t —htjo—h)
sz (y+h —tj3)° + 2 for y € [tjra —hytjrs —h)
_ % for y € [tjzs — h,t; + ]
(g —h— )P+ 4 for y € (t; + h,tjs1 + A
sz —h—ti—3d?+5-(tya—y+h)+ 1% for y € (tj1+h,tjo+h
iz (tivs —y +h)? for y € (tjy2 + h,tji3+ hj
0 for y >ti3+h

Define sy = t; — ld and . = m + 2] + 1. The basis functions are illustrated in Figure 3.4 for

m = 17, where the ¢ = h/d = 4.

o
ty—h th o 3ty ts ts t7 tg to tio ty1 ti2 tiz tya tis tie 47 tis tio too typ+h

Figure 3.4: Example basis functions for m = 17 and ¢ = 4.
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An example data set is shown in Figure 3.5, with a histogram of simulated X, ..., X,, shown
on the left along with the true density shown as a dashed curve. The histogram of Y7,...,Y), is
shown on right, where Y; = X; + Z; for Z; ind Unif(—10, 10). The solid curve on the right is
the least-squares spline density estimate of g, using the ~ basis functions, and the solid curve on
the left uses the same coefficients with the ¢ basis functions. The fits are constrained so that f is
unimodal with mode at zero. The g density can be estimated well, but small variations in ¢ can

translate to large variations in f .

unobserved (x) observed (y)
©
A (ST A
1 [S) — g
- = f -=0
& 9 | _
~ /c‘
/ < VBN
) / S z \
| o -\
o ! '4 \
P = o
\ o 4
g — ! © 4
d | [a}
o 4
/ S .
[aV]
S 4 —
=} o -
S 4
o 4 o
S = S
e g \ \ \ \ \ \ \ S \ \ \ \
-15 -10 -5 0 5 10 15 20 -20 -10 0 10 20

Figure 3.5: Example of simulated data with n = 800 and estimated densities constrained to be unimodal
with mode (of f) at the origin. Left: the histogram of the unobserved sample from f. Right: the histogram
of the observed sample from g.

The choice of the support and the number of knots affects the estimation of the densities. If
the support of f is known and finite, a number of knots can be chosen that is sufficiently large
for flexibility of the estimate. The over-fitting of f seen in Figure 3.5 can be controlled through
penalization as described in Section 3.4.2. If the support of f is unbounded, we expect that with
increasing n, the range of observations increases without bound. Especially if the density f is
heavy tailed, or is itself “contaminated” so that the observations have “outliers,” the range of the

data can be large with most of the data near the center. To address the problem of choosing knots
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in this case, we actually estimate the density f truncated to a finite support. This support can be
chosen by the user, or automatically chosen by the data set. For example, in the simulations in
Section 6, we choose the middle 99 percent of the sample, extended by one third of this range
upwards and downwards. The support converges to [(4a — b)/3, (4b — a)/3] as the sample size
grows, where a and b are the .005th and .995th quantiles of the actual density. For the simulations

in Section 3.4.4, this support almost always captures the entire data set.

3.4.1 Large Sample Theory

As the sample size n grows, the number of knots m increases, so that the space d between
the knots decreases. In this section our goal is to determine the rate of increase of m that leads
to the fastest rate of convergence of f. We start with a result that illustrates the difficulty of the
deconvolution problem, showing that functions g; and g, in G have to be quite close together to
guarantee that the corresponding f; and f5 in F are near each other. The three Lemmas used in the

proof are proved in Section 3.7. Define || f1 — fol|* = [(fi(z) — fo(x))?d.

Theorem 5.

— fall =

O(ml|g1 — g2||) where g1 and g, are the corresponding functions in G.

Proof: Let b, be the vector of spline coefficients for f; and gy, and let by be the coefficients for f;

and go. Let r; = by — by for j = 1,...,m, so that

/ (91(y) — 92(y))*dy = /

Lemma 2. Let [;(y) = 2L fory € [tjy1 — h+ 4t +h+ 9], j=1,...,m; then

m

> Tj]j(y)] dy.

=1

/ (61(9) — gal))*dy = (1 + O(d)) /
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Because [ is a rectangular function, and using 7 = W (a; — a), we can write

4d3
[@w) - m)dy = (140G Mr
Ad’ Ty T
= (1+ O(d))W(al —a) W MW (a; — aw),
where M is an m X m symmetric Toeplitz matrix with sub-diagonals 2/, ... 1.

Because the spline basis functions all have the same area, the nonzero elements of the matrix
Wae W,;, = —1and W,;, = 1. Then Q = W MW is a sparse Toeplitz matrix with
Q’L,’L — 2, Q’L,’L+2Z — _1 fOfZ — 1,...’m_2€, andQl’172e — _1 fOI'Z — QE“I_ ]_,...7m.

By Lemma 1, we have

4d3e

/(gl(y) = 92(y)*dy > (14 O(d)) 55

[[e% —a2||2-

So [la — a)? < 2% |lg) — g2||* when d is small.

Lemma 3. The distance between f, and f5 is bounded by the distance between the corresponding

b, and by as

29d 257d
b, — byl]? < — 112 < Z=b, — byl
b= ball? < s = ol < by — b

It is straight-forward to show that for b = Wa, ||b||*> < 4|/«||?. Putting everything together,

when d is small, we have

257d 1028d 257h?

If1 = fall* < ﬁ”bl —by|* < Wﬂal —ay? < Ted2 g1 — golI> = O(m?[|g1 — gol|?)

O

To show that the bound in Theorem 5 is attained, consider the densities fi(x) = %61 (x) and

fo(z) = &04(x). As can be seen in Figure 3.4, f(z) and f»(x) are not overlapping and the squared
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distance between them is

ta 9 [ 9 4d 9
— 2 _ 2/ 2 dr = 52 dr = = _
Hfl f?” " fl (1:) xz 8d2 " 1(1‘) T 8d2 5 10d’

which increases on the order of m. However, ¢1(y) = 57 (y) and g2(y) = 574(y) are more

overlapping for larger m, and the squared distance between them is

0 A, 3d
16d29h2  h2’

l91(y) — g2(9)]1> <

Though ¢, and g- get closer together in L, distance, the corresponding f; and f; are getting farther
apart. Therefore, to show that || f — f,||? is small we must show that ||§ — go||? is very small, where

fo and g represent the true density functions.
Theorem 6. If fy has a bounded third derivative, then || f — fo||*> = O,(n=2/3).

Proof: We first find the convergence rate of g, and apply Theorem 5 to get the convergence

rate of f . Let q be the vector of quantiles of gy such that the cdf Gy(¢;) = nj—l fori =1,...,n,
and define g as the minimizer v(g, q) over densities g € G. We split the error into two pieces:
G —g0ll < lg — gll + 1| — goll, where the first term is called the “estimation error” and the second
is the “approximation error.”

The estimation error is the same as Section 3.3, ||g—g]|* = O,(m/n). As for the approximation
error, Define f*(x) € F to be a quadratic spline approximation such that F**(¢;) = Fy(t;) for
j=1,...,m+ 3. Using Simpson’s 1/3 rule and the bounded derivatives assumption,

1§)-1 13)-1

Fo(t;) :g Jo(ti) 44 Z fo(ta:) +2 Z fo(tair1) + folt;) | +O(d"),

i=1

while, because f* is quadratic between the knots,

) d
F*(t5) =3

Frt)+4 ) flta)+2 Y f(tan) + f7(t)

=1 =1
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Since F*(t;) = Fy(t;), we have S°7_, ¢; [fo(t:) — f*(t:)] = O(d?) for j = 1,...,m + 3, where ¢;
is the corresponding coefficient (1, 2, or 4). So, |fo(t;) — f*(t;)] = O(d®) forj = 1,...,m + 3.

Now we use Simpson’s 3 rule on fo(x) and f*(z), for j =1,...,m + 3, so that
A1 14)-1 14)-1
fo(t;) = 3 Folt) +4 > foltar) +2 > foltaa) + £3(t;) | +O(dY),
=1 =1
A 14)-1 14)-1
f[rt;) = 3 Fr0)+4 D [ t) +2 ) i) + £7(t) | +O(dY).
=1 =1

Similarly we have |f;(t;) — f*(t;)] = O(d?) forall j = 1,...,m + 3. By mean value theorem,

there are a; and b; € (;,t;41) so that

6I(aj) _ f(l)(tj+1>d_ f(/J(tJ) and f*//(bj) _ f*/(tj+1)d_ f*/(tj)

Soforj=1,...,m+2,|f(a;) — f*(bj)| = O(d). Using Taylor expansion on f{ and f*,

"

fo(ty) = folag) + f3(a;)(t; — a;) + =° (@) (t; — a;)* + O(d%),

2
P = £ ) + £ B — ) + L)

(t; = bj)* + O(d”).

So we have | f{(a;) — f*(b;)| = O(d?). Now we use expansion on f; and f*,

£ = ) + 100~ b+ T s o)

By subtracting we have | fo(a;) — f*(b;)| = O(d?) for j = 1,..., m+ 2. From this we can see that

|fo(z) — f*(z)] = O(d?) for all z. Using a Taylor expansion at = € (¢;,%;11),

fola) = foas) + Syl — ay) + T8 (0 a2 o),

O by 4 o).

~

fr(@) = [ (bg) + 7 (bj)(x = bj) +
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So. [ fo(x) = f*(x)] = O(d).

Now we consider F*(z) — Fy(x). For z € (t;,t;11],

F*(z) — Fo(x) /f du — Ft, /fo
=/tj[f() fo(uw) du

= O(d4).
Then we have, for g* € G with the same coefficients as f*,

/[9*(y)—go(y)]2dy = %/{[F*(y+h)—F*(y—h)]—[Fo(y+h)—Fo(y—h)]}2dy
= g [ UF ) = Foly + ) = [P = )~ Foly — 1))} dy

< i JUF ) = Foly + b + [P (y = b) = Ry = 1)y

= O(d%).
Recall that Go(g;) = i/(n + 1). Let o be the lower bound of the support, and define

1
s = ——— for € Gi—1,9)-

Now we show that ||g — g,||* is small by first show that ||g* — ¢,]|? is small using similar approach
described in Section 3.3. We have ||g* — gs|| < [|g* — 9ol + ||go — gs|| = O(m™*) +O(n~'). There

is M; so that for large enough n,

V(g% q) —V(gs;q) < Mym™® + Mon™*

Fix ¢ > 0 and consider all i € G such that |k — g,||* = (M; + £)m~®. For these h,

U(h;q) — ¥(gs;q) = (My +&m™ — Mon™
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Then ¢ (h;q) > ¥(g*;q) when ||h — g,||* = (M + §)m®, for large enough n. Because j
minimizes 1(g; q) over g € G, and by convexity of ), we must have ||g — g;||* < (M; + &)m

Hence |7 — goll < 1|7 — g5l + lgs — ¢*|| + lg* — goll = Op(m™*).

To minimize the error || — go||?, we set the estimation error and the approximation error equal

to find the optimal m. With m on the order of n'/°, ||§ — go||> = O,(n~%/°), and finally by

2 = 0,(n™").

3.4.2 Penalized Spline Estimator

The example fits in Figure 3.5 illustrate that while the g density can be estimated well, the
estimate of the f density can be “wiggly,” because small perturbations in g can lead to larger
changes in the corresponding f. A penalty to smooth the estimate of f may be used in the
estimation of g. Consider the second derivative of f = > b;0; wth b € B; f” is piece-
wise constant because the spline basis functions ¢; are piecewise quadratic. Let §; = f"(y) for

y € (tj,tj+1),7 =1,...,m+ 2, then we have

4 4
01 - —3d2b1, 92 3d2( 261 + bz)
4 .
Gj = @(bj_g — 2bj_1 -+ bj), fOI'j = 3, e,y
4 4
Oms1 = @(bm—l —2by,), and O, 40 = @bm-

Define the criterion function ¥, (¢;Y") as
m+1

wx(g;Y)z/g(y)Qdy—ng +AZ 1 —

=1
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Let A be a (m + 1) x m matrix such that A;; = 3, A1, = —3fori =1,...,mand A; 4, =

1,Aj40;, =—1fori=1,...,m — 1. Then we have
0y — 0,
2 03 — 0
Ab:% o

9m+2 - 9m+1

To make sure that the H and the penalty matrix change by the same proportion when the data are
re-scaled, for example measured in a different unit, we apply a multiple to A. Let D = 4v/dA /3;
we have a scale-invariant estimator if the penalty matrix is D' D. Recall that b = by + Wa, so

the criterion with penalty can be written as

o' W (H+)\D'D)Wa —2[c— (H +\D'"D)by)" Wa, subject to AW a > — Ab.

Figure 3.6 shows the significant impact of different penalty parameters on the estimated density of
the underlying density of X. It is also noteworthy that the estimated densities of Y are very close to
each other, reinforcing the idea discussed in the previous chapter that estimating f is considerably

more challenging than estimating g.
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Figure 3.6: Example of the estimated densities with different penalty parameter A
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The proof of the following is in Section 3.8, showing that a small penalty will increase smooth-

ness of the estimate while retaining the convergence rate of the unpenalized estimator.

Theorem 7. Let gy minimize 15(g;Y') over densities in G and let f)\ be the corresponding density

in F. With X = O(n=5"), | fx — fol*> = O(n=%/3).

The penalty parameter A is selected by k-fold cross validation as in [Celisse, 2014]. The risk

function is defined by

B [ o) -y = £ [ 2wy + B [ Gy =2 [ 9wy

The first term is constant in A, so the penalty parameter A is selected by minimizing the estimated

risk

Rula) = [ 3 (dy——ZZgM (v5)dy,

i=1 jen;
where the data set is partitioned randomly into % subsets, and n; is a set of indexes of the ith subset.
Then g, ;) is estimated without the observations in the ith subset.

The effectiveness of the penalty on the “wiggliness” of the estimate of f is illustrated in Fig-
ure 3.7, where the simulated data from Figure 3.5 are used. The fit f is improved while the fit g is

similar to the unpenalized estimate.

3.4.3 The Constrained Density Estimator

An advantage of using splines, compared to kernel methods, is that shape constraints are readily
imposed using inequality constraints on the spline coefficients. Suppose first that we know the
position y of the mode. A knot is placed at the mode, and a constraint Ab > 0 is used. The
elements of the constraint matrix A correspond the slopes of the basis function at the knots, with
positive sign for knots below the mode, and negative sign for knots above the mode. To constrain

the slope to be zero at the mode, an equality constraint A;b = 0 is imposed, where #;, is the knot
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Figure 3.7: The penalized splines estimates with the data of Figure 3.5, showing a smoother f .

at the mode and Ay, is the kth row of A. Let 3 , be the solution that minimizes
B'(H +)\D'"D)3 —2(c — Hb,)' 3, subjecttoa’' B8 =0, A3 > —Abgand A;3 = 0.
Notice that

B'(H+\D'D)3—2(c— Hb,) '3

= ||(H + AD" D) 2(c — Hby) — (H + AD" D)28]|]> — constant.
Then B y 1s the minimizer if ( [Silvapulle and Sen, 2011], Chapter 3)

[(H+AD'D) 2(c— Hby) — (H+AD"D)3,]"[(H +\D"D):8— (H+\D"D)23,] <0
foralla' B =0, AB > —Ab,, and A;,3 = 0.

With some calculations and plugging in 3 = b — by,

[(H+AD"D)by, —AD " Dby —c|"(by —b) <0, foralla'b=1, Ab>0, and Aub=0.
(3.2)
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Similarly, for the unconstrained estimator b \, we have

[(H +AD"D)by, — A\D" Db, — ¢|"b =0, forallb ¢ R™. (3.3)

Now consider

1G5 — gl|* = (by — b)"H(b\ — b)

— (by — b)) "H(by — b)) + (by — b) H(by — b) + 2(by — b)) "H(b, — b).

SO

lgx — gll* = lgx — alI?
=[1gx — Ga||*> + 2(by — by) TH (b

=[x — GalI> + 2(by — b)) T (H + AD " D)(by — b)%& — 2X\(by — b)) "' D" D(b, — b).

The second term

2(by — b)) (H + AD"D)(b, — b)
=2[(H + AD"D)b,]" (by — b) — 2[(H + AD " D)b,]" (b — b)
—2((H + AD"D)by, — AD" Db, — ¢|" (b — b)

—2[(H +AD"D)by, — AD" Dby — ¢|" (b — b)
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is non-negative by (3.2) and (3.3). Then

13x — all* = llgx — glI> > 2A\(bx — b)) " D" D(by — b)
> 2X\(by — by) ' D" D(by — by + b, — b)

> 20| D(by — by)|| [|D(bs — by)l| - | D(bs ~ B)]]
1.e.
93 = g1 < 132 — g = 221 Dby — by)|| [ID(Br — b} — | D(Bs — B

According to the derivations in Sections 3 and 4 we know that ||jy — || = O(n~*/°) and ||by —
b||2 = O(n=5/%). For any b, |Db|> = b' D"Db = O(n9||b||2). So, if || D(by — by)|| <
O(n=/%), [|gx — gl = O(n~°). If | D(by — by)| > O(n=*/"%), |lgx — g|I* < |lgr — g]I* =
O(n=%/). Then we have ||gx — g||*> = O(n=*?) and hence ||§x — go||*> = O(n=%/7).

For the unknown mode case, we first consider that f is symmetric, then g and f have the same
mode. This mode can be estimated well from the observed Y7, ..., Y,, using the median. Linear
equality constraints can be used to constrain f to be symmetric, by putting the estimated mode
exactly between two knots, and constraining the by = by, fori=1,... ,m/2.

If f is not symmetric, we estimate the mode by constructing constraint matrices A =
1,...,m — 1, that correspond to the mode of f; being between ¢; and ¢, 1, finding the unimodal fit
for each A, and choosing ¢ to minimize the criterion function. The mode of g may be different
from the mode of f, and estimating the mode of g does not result in precise knowledge of the mode

of f. From (3.1) we have

90) = o [Fly+ )~ Fly— )] and ¢"(y) = 5 [F'(y + h) — 'ty — b,

which tells us that the mode of g occurs where f(y + h) = f(y — h), so that if f has no flat spots,

we can conclude that g has a unique mode /i , that is within 4 /2 units of the mode of f. Let i/ be
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the mode of fj, and suppose there are e > 0 and > 0 so that f'(z) < —eon (uy —n, p1y +n).

The proof of the following lemma is straight-forward.

Lemma 4. For such an f, if h is any density with mode 1y + &, for |§| < 0, then

2 L o5
/[fo(x) — h(x)]*dx > e £°.

Let 11, be the mode of gy, where gy = fo * ¢. Then g{(p1,) < en/h, and hence for h with mode
g + &, we have
2,2¢5
2 eng
/[QO(Z‘) — h(x)]*dz > A5h2
Let g;, be the minimizer of 1(g;y) under the constraint that the mode of ¢ is in [t,t;.1], and

suppose that the true mode of g is in [tg,, tx,+1]. Then
A A e 2 o 2N
V(g y) = i y) = [ ae@)’dy — =3 0w — [ G ®)*dy+ = > ro(v:)
i=1 i=1

= / g (y)*dy — 2 / ar(y)go(y)dy — / o (y)*dy + 2 / k0 (1) 90(y)dy + Oy(n~/?)

= /[9k(y) — go(y)*dy — /L@ko(y) — go(y)PPdy + Op(n™/?).

The second integral is of order n=%. If the distance between the modes of §;, and y, is £, then
the first integral is at least €2n2£°/(45h), by Lemma 4. Therefore if fi;, is the minimizer over all
constraint matrices, we must have [[9x(y) — go(y)]*dy is at least on the order of /2, and £ is
O,(n~'/19). For the unknown mode case, without an assumption of symmetry, we obtain ||f —
foll = Op(nq/ 36). To constrain a density to be bimodal, we choose three knot intervals in which
the monotonicity constraints change sign, so that the density is increasing to the first knot interval,
decreasing after, then increasing, then decreasing again. We fit the density for many possible
choices of the three knot intervals, and choose the one that minimizes the criterion function. The

left plot of Figure 3.8 shows a histogram of n = 1200 values from the bimodal density f shown as
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the dotted curve. These values are not observed; errors uniformly distributed on (—8, 8) are added,
to get the observations shown on the right. The density g of the sum is shown as the dotted curve;
this is unimodal because of the large error. The penalized spline estimates of the two densities are

the solid curves, and the dashed curve on the left is the kernel estimator.

unobserved (x) observed (y)
[co]
0 . (SR .
N — spline oS — spline
e ’2“ - = - kernel _ - = true
o - = true — M |
N 8 | ==
i g Z — \
2 | | \
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8 | =]
oS
o o
S S -
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-4 -2 0 2 4 6 -10 -5 0 5 10

Figure 3.8: Estimating a bimodal density when the observed density is unimodal.

3.4.4 Simulations

Simulations compare the performance of the proposed method with kernel method ( [Stefanski
and Carroll, 1990]). Samples z1, ..., x, are generated of varying sizes n as shown in Figure 3.9.
We chose four unimodal f distributions with uniform (—h, h) error densities : (a) N(0,1) with h =
3, (b) Gamma(4,1) with i = 4, (c) .7N(0,1)+.3N(0,2), with » = 4, and (d) .7N(0,1)+.3N(0,8) with
h = 4. For each, the samples v, . . ., y,, are generated by adding a random error that are uniformly
distributed on (—h, h). For the four distribution above, we use h, = 3,h, = 4,h. = 4,hg = 4.
For (a), (c) and (d), the estimated density f is computed using five methods: (i) deconvolution
spline methods with known mode and symmetry, (ii) deconvolution spline methods with unknown
mode and symmetry, (iii) deconvolution spline methods with known mode and non-symmetry, (iv)

deconvolution spline methods with unknown mode and non-symmetry, (v) deconvolution kernel
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method. For (b), only methods (iii), (iv) and (v) are applied. The square root of estimated mean

integrated squared error (SMISE) is computed as

by numerical integration under repeated sampling with N = 100. From the results in Figure 3.9
we see that our proposed spline method has smaller SMISE compared with the kernel method,

especially when the f density is a mixture that produces “outliers.”

(a) (b)
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Figure 3.9: The SMISE for (a) N(0,1) and h=3; (b) Gamma(4,1) and h=4; (c¢) .7N(0,1)+.3N(0,2) and h=4;
(d) .7N(0,1)+.3N(0,8) and h=4.
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For bimodal densities, we choose (a) .6N(-2,1)+.4N(2,1) and (b) .8N(-2,1)+.2N(2,1), both with
h = 5. The kernel method has trouble distinguishing the two modes if they are close to each other,

or for smaller sample sizes.
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Figure 3.10: The SMISE for (a) .6N(-2,1)+.4N(2,1) with h=5; (b) .8N(-2,1)+.2N(2,1) with h=5.

3.5 Discussion

In this chapter, we propose a deconvolution density estimator using penalized splines. With
quadratic splines and uniform errors, our analysis reveals a cube-root convergence rate. The abil-
ity to incorporate shape constraints makes the method more predicted and enables the method to
outperform kernel method in various scenarios. There are several possible directions for future
research. First, our work focuses on uniform error distribution. We would like to generalize our
method to other error distributions by starting with the mixtures of uniform distributions. Second,
we only demonstrate unimodal and bimodal shape constraints. It would be of interest to study

multimodal constraints and propose a criterion to select the number of modes for unknown density

£l
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3.6 Proof of Lemma 1

For Lemma 1, we note that the matrix @ in Lemma 1 can be characterized in terms of k1,
ks, and N, where k; = 2] — 3, N is the integer part of (m — 1)/k;, and ks = m — 1 — Nk;.
Then ky < ki, and we define Q™"***2(2) to be a (Nk, + ky) x (Nk; + ko) block matrix with
zeroes except Q" (z) = x fori =1,..., Nky + k; and Qﬁﬁf"? () = vak’fifQ (x) = —1 for

i=1,...,(N — 1)k, + ky. Then Q""*"*2(z) can be written as

kaleﬂ _Ik1><k1
_Ik1><k1 mIklxkl
QY Fike (1) — BNk
)
—1Iy, <k,
o D2 I
Ol T gy
where BYM*1%2 is a Nk x ky sparse matrix with Bg\’,k_l’ll;iﬁi,i = —1fori = 1,...,k and

CNhrka — (BN#k2)T - Now we study the determinant and eigenvalues of Q**2(2), which
is the @ matrix in the Lemma and in Theorem A1 below. We will show that these depend only
on N, not on ky or k. This will prove the lemma, because /N does not increase with n; in fact
N = S/(2h). As n increases, the sizes of the blocks in @"*'"** increase, but the number of blocks
does not increase.

We start with a simpler matrix Q*V:**2 (x), where k5 can be zero or one. For N = 5,6, .. .,

Un(x) = detQ™**2 () = xipy_1(2) — 2n_3(x) + Yn_a().
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To see this we use the method of cofactors:

Yy (z) = det
-1 0 =z 0 -1
-1 0 =z O
-1 0 =z
_ 0 =z -1
-1 0 0 -1
-1 z 0 -1
= zpn_1(x) — det 0 =z 0
-1 0 =z
-1 0
| z -1
-1 =z 0 -1
= zpn_1(x) — det v b
-1 0 =z 0
-1 0 =z
_—1 0
z 0
= apn-1(x) — zpN_3(x) — det 0 =z
-1 0

= rxpn-1(x) — 2PN_3(®) + Pn-_a(z).
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We have ¢, (z) = z,1o(z) = 2%, ¢3(x) = 23 — x, and ¢4 (x) = 2* — 22 + 1. Then we know that
¥y (x) is a polynomial of x forany k = 1,2,. ...

Lemma Al: for each N > 0, the smallest eigenvalue of Q""**2(2) is strictly positive.
Proof: Let ey be the determinant of QN’Q””(2), i.e. ey = ¥x(2). Then we have e; = 2, e; = 4,
e3=06,andes = 9,and for k > 4, ey = 2eny_1 — 2eN_3 + €N_4.

Then ey is and convex in k because for k > 4,
en —2en_1+en—o=[2eny_1 —2en_3+en_4] —2en_1+En_2=eENn_2 —2en_3+ en_4,
so convexity holds by induction. Also by induction, ey is increasing because
EN —EN—-1 = EN_1 — EN_2.

Because ¢y (z) is continuous in x and 1y (2) is strictly positive, there is an € > 0 (depending on
N) such that )5 (2 — €) is positive for all N. So Q"**2(2 — ¢) is positive definite. Let \ be the

eigenvalues of Q""**2(2), then we have
det(QN**2(2) — M\I) = det(Q™**2(2) — eI — (N — )I) = det(Q"**2(2 —¢) — (A —)I) =0

So, the eigenvalues of Q*:**2 (2 — €) are A\ — € and they are positive. Then the lowest eigenvalue
of QV*"(2) is at least ¢, for ky = 0 or ky = 1.

Next, we show that the eigenvalues of QY ’kl’k2(2), for any k; > 2 and 0 < ky < kq, have the
same values as the eigenvalues of Q""**2(2), (with growing multiplicities).

Lemma A2: Define di(z) = z,dy(z) = 22 — 1,dy(2) = zdy_1(x) — dy_o(x) for N =

3,4, .... Then we have

k
det(QN—&—Q,kl,kz)(l,) — det(ka2xk2 o CN+1,k1,k2(QN—I—I,kl,O(x))7lBN+1,k1,k2) _ (dN-l-Q(«r)) 2
dyi1()

for 0 < ko < kq.
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Proof: Notice (Q ’kl’o(a:));,il, i = (QF 10(x)) 'y in other words, the last diagonal element

of (QN*°(z))~" and (Q™*°(2))" are the same.

0
QNfl,l,O(l,)
0
(@¥1(x)) ™ =
-1
i 0 0 —1 o]

Let uy(z) = (Q™"°(x)) 5y then
ax@)= |z = (0 - 0 —1H@ @) M0 e 0 —1)T| =l uya (@)
for N = 3,4,.... Also us(x) = z/(2?> — 1) = di(x)/ds(z), so we have uy(z) = 1/(z —

UN_l(ZE)) = 1/(ZE — dN_Q([L')/dN_l(SB)) = dN_l(ZE)/dN(ZE) by induction. Then

det(-rIkgku o CN+1’k1’k2(QN'H’kl’O(x))_lBN‘H,liQ)
= det(kaQX;Q — UN+1 (x)Ik2xk2)

= (z — uny1(z))"
- <m - diiif%))
-(2259)

N+1,k1,0 (I)

In next lemma, we start with Q since it can be written as
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QN,kl,k‘Q (x) DN,k’l,kQ
QN+1’k1’O(:L') — 7

E N F1ke T () — g x (k1 — k)

k1,k2

where D™V**2 is a (Nk; + ky) x (ky — k) sparse matrix with DZ\}—I)k1+k2+z’z’ = —1fori =

1,...,k — kyand EN ke (DN:kl’kz)T.

Lemma A3: With D™V"F1*2 and EV*1F2 defined as above, we have

_ d z)\ M
det( (5, ko) x (k1 —ks) — BH(QE2 (z)) "L DY) = <—N+1( )>
dN(ZL')

for 0 < ]{?2 < ]{71.

Proof:

N,Ek1,0 N,k1,k2
(@b ()1 = Q""" (z) B

CN7k17k2 ka2><k2

So the bottom right of (Q™"*1*2(z))~1 is

[ka oy — CN,kl,kg(QN,kl,O(x))leN,kl,kg] -1
2 2
= (& ky — U1 (2) Tpyey] "

= UN+1($)Ik2xk2
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And the top left block of (Q™"**2(2))~" is

(QV40(a)) ™ 4 (QH () BN [y () Iyt OO (@0 )

O(N—1)ky x (N—1)ky

= (@¥0(@)t + (@M (a)) !

N,k1,0 _
vy Tkaxha (@M F0(x)) !

O(klsz)x(k‘l*kz)
T T

T2 unN(2)T (k) —ko)x (k1 —k2)

where T'y1, T'15, T'5; can be computed but we are more interested in the bottom right block.
Since EVFuRz(QNFrk2 (1))~ DN#MR2 gelects the ((N — 1)ky + ky + 1)th to the ((N — 1)k; )th

elements in the diagonal, we can get

det(2d 1y o) (1 ko) — BVFIE2(QNFIR (1)) L DN A2

= det(@ (5, ko) x (b1 —kz) = UN(Z)T ey k) x (1~ k2) )

= (z — uy(z))"

)
_ (m _ dya(a) ) bk
dN ([L’)
_ (dN+1($) > B
dn ()
Lemma A6: We can write the determinant of QN ke (x) in terms of N, k1, and k, as follows.
detQ"*#2 (z) = dy (2)" P2 dy 1 (2)".

Proof: We prove this lemma by induction. First we consider the cases when k; = 0. When N = 2,

I PN
Q,k 70 . 1 1 1 1
Q ! (x) - 9

_Ilek‘l 'rIlekl
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SO

1
detQQ’kl’O(I) = det(.%’Ilekl>det(JJIkl><kl — EIkIXkl) = (372 — 1>k1 = dg(ﬂ?)kl.

Suppose we have detQ™*"(z) = dy ()", now consider Q™ 1*1:0(z),

detQN+1’k1’O (I)

= detQV 10 (z)det | 2Ty, xk, — < 0 .. 0 —I)(QN”“’O(SU))‘1

= dy(z)"det [(z — up (@) Ty x|
= dn(2)" (& — uy(2))"

= dy41(2)"

Next, consider 0 < ky < k;. When N = 2,

Q2,k1,0 B2,k1,k2
k1,k
QQ’ 1, 2(33) — ,

CQ,kl,kg kangz

SO

det@Q** "2 (z) = detQ*"°(z)det(x 11, xi, — C**2(Q*F0(2)) " B>152)
X
x?—1

— <I2 _ 1>k17k2xk2 (IQ _ 2)k2

— (1;2 — 1)’“1det($1k2xk2 — Ik‘2><k’2)

= dg(I)kl_k2d3(l€2>.
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Suppose we have detQ™"*"*2(z) = dy(x)" *2dy ()", now consider Q" TF1+2(z),

detQN—‘rl,kl,kQ (x) — detQN-‘rl,khO(x)det(kagXk2 _ CN+1,k1,k2(QN—I—l,kl,O(a:))—lBN—‘rl,kl,kg)

= det@QV Oy dn2(T) i,
dn+1(z)
= detQN’kl’kQ (x)det(xl(kl_kQ)X(kl_k2)

_EN,kl,kg( N,k1, kg( )) 1DNk;1 ko dN+2([E) ko

dN+1($>
B dN(x)kl k2d e )k2<d27;2(f) k1—ko Z]NVi—iEg)m

= dy ()" R dy o (2)",

So, this lemma holds for all 0 < kg < kj.

Theorem A1: For any integer N > 0, k; > 0and 0 < ky < kq, there exists an € > 0 depending
only on N, such that the lowest eigenvalue of QV*1+2(2) is at least e.

Proof: From Lemma A6 we know that for any N > 0,k > 0,0 < ko < ky, the lowest
eigenvalue of Q"**2(2) is the same as the lowest eigenvalue of Q"**'(2). Similarly, for any
N > 0,k; > 0, ks = 0, the lowest eigenvalue of Q" ’kl’k2(2) is the same as the lowest eigenvalue
of QV*%(2). So by Lemma Al, there exists an ¢ > 0 depending only on N such that the lowest

eigenvalue of Q™V:¥1:%2(2) is at least e.

Proof of Lemma 1: Let r = S/(2h) = m/(2¢). Define s as the remainder when m — 1 is

divided by 21 — 3. Then the (m — 1) x (m — 1) matrix Q can be written as Q2 3l2t- $5(2).

Since %—1 = % decreases to r when d decreases. So by Theorem Al, there exists an € > 0
depending only on r such that the lowest eigenvalue of () is at least . [
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3.7 Proof of the Lemmas for Theorem 5

To prove Lemma 2, we write

/(gl(y)—gz(y))Qdy = /[Zrm(y)] dy:/[Zn i) +&(y ] dy
- Z  [UP + 26w ) + &Py
S [ &) + L&) + EWEWdy

=2 j<1

First consider > [L(y)* + 2L;(y)&(y) + &(y)?]dy. For each i, we have

le

8?2 13d3 23
Li(y)?dy = —, and [ I;(y)&(y)dy = ——, and (y)dy < | —
/ (y)*dy = 5~ an / W& W)y = 17550 an /5 y /9h2dy_ 3

>0t [l + 2060 + 60y = 1+ 0) D [ 1wty
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For each 7, we can show that for j < ¢

;

4d2 . . . .
oz (2h — (i —j)d) forj>i+4+1—2(
/ L(y)[(y)dy = °
0 0.W.
\
—& forj=1—-1
0 forj=i—2,...i—20+2
d3 . .
o forj=1—20+1
[rwea =1 T o
Taan? forj =1— 20
dS . .
364n2 fOI'j:Z—Qé—]_
0 foryj=i—20—-2,...,1

‘/f()i()d‘< W forj=i—1,0—2,i—20—2,...0—2(+2
i\Y)s;j\¥)ay| >

0 otherwise

So, for each 7 we have

>0 [IWLEy+ L&) + L&) + @0

Hence

2Y" Y ry [ LWL + L&) + La0) + W60

i=2 j<i

=2(1+0(d) Y > rir; / Li(y)1;(y)dy

i=2 j<i
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Combining the two terms we have

/ (9(9) — 92())*dy
1+0(d Zn/ Vdy +2(1 +0(d ZZTJJ/ I;(y)dy

=(1+0(d)) / [Zrifi(y>] dy.

For Lemma 3:
m—+2 m 2
/(fl(x> — fow))?dz = Z/ [Z Tj@'(@] dzx
j=1
d m—1 m—2
— ﬁ [Z 1327’22 -+ Z 1047’1'7’1'_;,_1 + Z 4TZ'Ti+2
=1 =1 =1

On one hand,

m m—1 m—2
Z 1327"12 + Z 104TiTi+1 + Z 47"1'7“1‘4_2

m—2 -1

= Z 2972 + 5472 + 3372, + Z (ri + 471 + 2ri0)? + > 247 + 57y )?
1

3

+(47“1 +2r9)% + (11 + 4rm)2

m

> 20r7.
=1

v

On the other hand, we can also find a upper bound

m m—1 m—2
Z 132732 + Z 104r;r; 1 + Z Aririss
i=1 i=1 i=1

m—2

Z 2577‘12 — 767“% - 33’/“:1 - Z(TZ + 47“Z'+1 - 2T2‘+2)2 - 2(4’/‘2 - 67"“_1)2
i=1 1

3
L

=1 %

—(4ry = 2r)? = (ry +Ar)? < 25702,

=1
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So,

257d
by — bo|> < || f1 — fo* < 1—35Hb1—b2H2- (3.4)

204
135

3.8 Proof of Theorem 7

We use o), to denote the unconstrained penalized estimator, i.e.
ay=WTHW + \W'D'DW)'W'(c— Hb).
By Woodbury matrix identity, we have

ay=(WTHW) 'WT(c— Hby)

1
— (WTHW)*WTDT(XI + DWW HW) "W D 'DW W THW) W' (c - Hb)

=& — (WTHW)*WTDT(%I + DWW 'HW) 'W D" 'DWa
so that the difference in the penalized and unpenalized solution is
ay—a=-AN\WHW)'W' D" (I + \DW (W ' HW)'W'D")"'DWa.
Then we have
By, —B=- \WW HW) "W D' (I+\DWW HW)'W'D"'Dg,
and

~ ~ 2 .
185 — BII> < A’maxeval [W(WTHW)—leDT(I +ADW (W' THW) 'W'D")"'D| (]3|
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By the definition of H and W, we know that
WW HW) "W and D' (I + \DW (W 'HW)'W'D")"'D
are both symmetrical, positive semi-definite matrices. Therefore

18, — B> <\’maxeval [W(WTHW)*WT}2 X

maxeval [DT(I + )\DVV(VVTI{VV)_1VVTDT)_ID]2 ”BHQ

Now we look into the maximum eigenvalues separately. First, by [Higham and Cheng, 1998] we

have
maxeval [W(WTHW)'W ] < maxeval (W 'HW) '] maxeval [ WW ']

By Lemma 1, we have [|g, — §[|* = (&, — &)W HW (&, — &) > %0 ||&, — &||?, so that the

lowest eigenvalue of W' HW is at least 49?23 . As for WW ' for any z with ||z|]> = 1,

m m—1 m m—1
' WW'x = QZazi -2 Z iy < le + Z(mf +a7,,) < 4.
i=1 i=1 i=1 i=1

Therefore we have

9h?

maxeval [W(WTHW)'WT] < i
€

It is straight-forward to show that the largest eigenvalue D' D is O(d). Then,

maxeval [D'(I + \DW (W' 'HW)'W'D")"'D]|
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1s at most

maxeval [D " D] x maxeval [(I + \DW (W 'HW) 'W 'D")™']

For any x such that ||z||* = 1,

' (I+ DWW HW) "W DN ="z + e DWW HW)'W' Dx > 1.

So the maximum eigen value of (I + A\DW (W THW)-'W ' D")~! is less than or equal to

O(d). Now we have

~ ~ 81h* -
18, = BII* < X*= =181
Then by 3.4,
= ~ 257d | ~ ~
1= flI? < EHbA —b||* = O(X*m*).

If we retain m = O(n'/?), we may choose A = O(n~'/18), so that || f, — f||?

further || f — fol|? = O(n=2/3).
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Chapter 4

Multi-Modality Test with Measurement Error

4.1 Motivation

Chapter 2 introduces a hypothesis test against unimodality given data X,..., X,,. Chapter
3 offers a solution to derive density estimation with shape constraints, given contaminated data
Y1, ..., Y,. These two distinct topics naturally converge, prompting the study of a novel inquiry:
how do we conduct a hypothesis test for unimodality when the data has measurement error? In this
Chapter, we combine the insights from the previous chapters and investigate the modality test for

the deconvolution problem.

4.2 Construction of the Test Statistic

Suppose that the observed sample is not from f, but rather Y; = X; + Z;, where X;,..., X,
is a random sample from f, and 7, ..., Z, is a random sample from a known error distribution
¢, and the X; and Z; form an independent set. The estimate f given only the Y; is called the
deconvolution density estimator. Chapter 3 proposes a penalized spline deconvolution density
estimator and shows that if the errors are uniform, a cube-root convergence rate for f can be
attained.

Let g be the density of Y, then g(y) = f*¢(y) = | f(2)¢(y — z)dz. Suppose the error density
is uniform on (—h, h). We stick to the spline basis ¢y, . . ., §,, used in Chapter 3 for the estimation
of f, and define v;(x) = J; * ¢ as the spline basis for the estimation of g. Utilizing a similar
approach as described in Section 3.4, we can get the estimates §(y) = S/, bi7i(y). The estimate
for f can be obtained by f(x) = 327, b;d;(x).

To test the hypothesis

Hy: fhasone mode vs. H, : f has more than one mode
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given measurement error data, we extend the decision rule outlined in Section 2.3. If f2 has one
mode, the null hypothesis is automatically accepted. If fQ displays two modes, we proceed generate
1 =1,..., Bbootstrap samples X ; from fl, along with error samples Z; from ¢. The test statistics
T; is then computed using Y,; = X, + Z,.

An example is shown in Figure 4.1, with a histogram of observed Y7, ..., Y, shown on the
left along, and the unobserved Xi, ..., X,, shown on the right. The unimodal and bimodal fits
are shown, as well as the true densities. The true density is a mixture of two normal distributions
0.6N(0,1) + 0.4N(4, 1), which is clearly bimodal. However, with uniform error ~ U(—2, 2), the
contaminated density turns unimodal. Our method leads to a p-value of 0.027, which means we

correctly reject the null hypothesis.

unobserved (x) observed (y)

n —— true density o —— true density
= = unimodal fit = = unimodal fit
+ = bimodal fit + = bimodal fit

NG
AR

Figure 4.1: Example of simulated data with n = 800 and estimated unimodal and bimodal densities.
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4.3 Simulations

4.3.1 Simulation 1

We first conducted a simulation study to assess the performance of our method with varying
measurement error size h. To illustrate, we considered a simple example distribution: 0.5N (0, 1)+
0.5N(4,1), and introduced different measurement errors. Initially, we generated 1000 uncontam-
inated samples, each with a sample size of n = 1000. The contaminated samples were obtained
by adding random errors uniformly distributed on (—h, h), where h took values of 1, 1.5,2,2.5, 3.
Figure 4.2 displays the contaminated densities for different / values alongside the underlying true
density. It is evident that as h increases, the contaminated density tends towards unimodality. Par-
ticularly, when h exceeds 2, it becomes challenging to discern whether the true underlying density

is unimodal or not.

true density contaminated density with h=1 contaminated density with h=1.5
o e _
S s
s
©
2
©
z A °
2
e |
° s
2
0
0 8 -
g | S
s
3 3 3
8 8 8 |
< T T T T < T T T T < T T T T
5 0 5 10 5 0 5 10 5 0 5 10
contaminated density with h=2 contaminated density with h=2.5 contaminated density with h=3
e <
8 s s
s
o | o
e | s S
s o | °
© S s
8
s E 2
s S
8
= 8 | 8 |
s s
3
S 3 3 |
o S
S o o
g g 3 ]
o s 3
S S A S A
< T T T T ° T T T T < T T T T
5 0 5 10 5 0 5 10 5 0 5 10

Figure 4.2: The contaminated densities with different measurement error size h, along with the underlying
true density.
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Table 4.1 presents the proportion of rejections (power) for each h value. The results demon-

strate that our method maintains strong power even when the measurement error h is relatively

large, leading to contaminated densities that are strictly unimodal.

h I 15

2 2.5 3

power

I 0997 0959 0923 0918

Table 4.1: The rejection proportion of tests based on 1000 samples from 0.5N(0,1) + 0.5N(4,1) with

different measurement size h.

4.3.2 Simulation 2

Following similar idea in Section 2.5.2, we run simulation studies according to the mode dis-

tance. Uncontaminated data are sampled from 0.6/N (0, 1) 4+ 0.4N(d, 1). Contaminated data were

simulated with a uniform measurement error with size h, below are the results.

0.6N(0,1)+0.4N(d,1), n=800

e e ht A = = Soe—— == x
% h=2 S ¢
© ;
= ] r
S d K
S o / X
T S r J
c ] /
g S 7 £
g ry
3 .
P I ¢
[] ><>2<
»
o o s
g | g-_-.-.-.-——.——..--n.--‘-—x'
T T T T T T T
0 1 2 3 4 5 6

d

Figure 4.3: The proportion of rejection for samples from 0.6N(0,1)+0.4N(d,1), with sample size n = 800,

when the measurement error size h = 1 and h = 2

Notice the cut-off value for d (the vertical dashed line in Figure 4.3) is around 2.4. This implies

that the mixture distribution remains unimodal for d values less than 2.4 and becomes bimodal
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when d exceeds 2.4. When d is larger than 2.4, as d increases, the power of the test also increases.
Additionally, for larger measurement error sizes, the increase in power is slower, which is expected
because larger measurement errors make it more challenging to detect bimodality. It’s worth noting
that due to the "auto-acceptance” rule in our method, the rejection proportion is much lower than

0.05 when the distribution is unimodal.
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Chapter 5

Conclusion and Future Directions

The spline-based method stands as one of the most common nonparametric approaches. In
terms of density estimation problems, one of the key strengths of spline-based density estimation
methods is the ability to easily employ shape constraints. The work in this dissertation explores
three applications of the least squares spline density estimator. Represented in matrix form, the
least squares spline density estimator can be obtained by solving a quadratic optimization problem.
To ensure the smoothness of the estimate, a penalty on the consecutive differences in the second
derivative is employed.

In Chapter 2, we present a hypothesis test against the unimodality of density functions. Our
approach involves obtaining penalized unimodal and bimodal density estimations. The test statistic
is the difference in the least-squares criterion, between these fits. The distribution of the test statis-
tics under the null hypothesis is estimated through simulated data sets from the unimodal fit. The
validity of our method is supported by theoretical analyses, and simulation studies are conducted
to evaluate its performance across various scenarios. Additionally, a real-world application about
neuro-transmission data from guinea pig brains is presented.

The deconvolution density estimation problem is studied in Chapter 3. The penalized splines
deconvolution estimator is introduced. Begininng with piecewise constant basis functions with
uniform error, we derive the convergence rate and illustrate the difficulty of the deconvolution
problem. Building upon the results gained from piecewise constant splines, we achieve a cube-root
convergence rate for piecewise quadratic splines. Moreover, we derive large sample theories for
the penalized spline estimator and the constrained spline estimator. Through simulation studies, we
demonstrate the competitive performance of our estimators compared to kernel estimators across
diverse scenarios. Note that our work primarily focuses on the uniform error distribution. We
would like to generalize our method to accommodate other error distributions by starting with

the mixtures of two uniform distributions. Given that any distribution can be approximated by a
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mixture of uniform distributions, our method holds potential for extension to various known error
distributions. Another possible future exploration involves studying additional shape constraints
beyond the demonstrated unimodal and bimodal constraints in this dissertation.

The work in Chapter 4 is a combination of the findings from Chapters 2 and 3. Specifically,
given a random sample with measurement error, the interest is in whether the underlying density
is unimodal or multimodal. Under the assumption that the error density is uniform, we introduce
a test, with the test statistic similar to that in Chapter 2, which is the difference in the least-squares
criterion between the unimodal and bimodal fits. A deconvolution sampling approach is proposed
to estimate the null distribution of the test statistic. Simulations are conducted to show the per-
formance of proposed test under different conditions. It would be of interest to study the large
number theory of this deconvolution multimodality test. Moreover, drawing inspiration from the
future direction of the deconvolution spline estimator, exploring the application of deconvolution

multimodality test for various error densities presents an interesting direction for further research.
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