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ABSTRACT 

A theory of scour for a three-dimensional jet impinging on an 

erodible bed is developed and applied to the analysis of experimental data 

obtained in the Hydraulic Laboratory, Colorado State University. 

SYNOPSIS 

Using the polar coordinate system the equation of continuity of 

mass sediment transport has been derived, and the phenomenon of scour is 

then described mathematically by the continuity equation. The relation

ship between the shape of the scour hole and its variation with time is 

assumed for different conditions of scour and deposition. Expressions for 

distribution of sediment transport along the bed are derived for each 

condition. 

The impingement of a three-dimensional jet on a normal boundary 

is analyzed by making the assumption that the Bernoulli Equation is valid 

in the neighborhood of the stagnation point •• The ideal jet flow, with 

uniform velocity distribution and without diffusion, is considered first, 

followed by real jet flow with non-uniform velocity distribution and verti

cal diffusion. For conditions of submerged and non�ubmerged outlets, 

expressions for the horizontal velocity and shear distribution along the 

boundary are developed using Bernoulli 's theorem and the boundary layer 

theory. 

The variation of the depth of scour is determined for two con-
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ditions of outlets by assuming a law of open channel flow for sediment 

transportation and by using the previously determined shear distributions 

and the continuity equation. In particular, the variation of scour depth 

with respect to time and the final depth of scour are described theoreti

cally in terms of dimensionless parameters. It is then shown that the 

development of the scour hole with respect to time follows the power and 

logarithmic laws for the submerged and non-submerged outlets respectively 

before the final state is reached. 

The influence of the angle of the jet is analyzed in the same 

manner as in the case of a vertical jet. In this case, expressions for 

the variations of the depth of scour with respect to time and the final 

depth of scour are also developed. 

Results of the theoretical analysis are applied to the experi

mental data for the cases of vertical and horizontal non-submerged 

outlets obtained by tests conducted and being conducted in the Hydraulics 

Laboratory of Colorado State University. Three regimes of scour, maximum 

and minimum jet deflections defined by H. Rouse (1), and a final state 

are determined for the case of the horizontal non-submerged outlet. 
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INTRODUcriON 

There is no essential difference between two- and three-dimen

sional c ases of the scour phenomena due to jets. This is proven in the 

analysis of scour by a two-dimensional jet (2) .  The existence of the 

regimes of maximum and minimum jet deflections ( 2) and a final state 

of scour (3) will be expected also for the case of the three-dimensional 

jet.. The problem lies only in the extension of the m athematical treat

ment to the cylindrical coordinate system. Since experiments of scour 

for the three-dimensional jet h ave been conducted (4) and are now being 

continued ( 5) ,  the developed theory will be verified by application to 

experiment al data •. 
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EQUATION OF CONI'llmiTY OF MASS SED IMBNI' TRANSPORT 

Theoretical Development of the Continuity Equation 

To determine the equation of continuity of mass sediment trans-

port, the quantity of sediment tr ansported through the infinitesim al 

� � -
element ABCD, Figo 1, defined by arcs AB and CD and radial lines AC and 

BD m ay be considered. ...... -
The quantity of sediment transported through arcs AB and CD 

per unit of time· is given by -AB 
CD 

in which qs is the mass rate of sediment transport per unit width from 

Z = 0 to Z = oo. 

The quantity of sediment scoured by the jet per unit of time 

can be expressed by 

in which � is the porosity of the sediment. 

The equation of continuity of m ass sediment transport in terms 

of cylindrical coordinates (see Fig. 1) is, therefore, expressed by 

( J - i\ ) rc iJ � + -P-- · ( !/ « ·z ) = o u"t u 'l. \ ,f � / ., 
Conditions of Applic ation of � Continuity Equation 

(1) 

The relation·between the shape of the scour hole an d the distri-

bution of the scoured sediment will now be considered for the following 
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cond i tions : 

a. The condi tion of o Z/at = 0 ( No scour ) 

For this c ondi t ion Eq 1 bec omes 

+ il"t ::. 0 

Integrating Bq 2 gives 

in \�h ich c1, is the integral constant . 

b.  The condi tion of o Z/«)t = -c( t),  in which C (  t)  )' 0 

( Unifo rm scour ) 

(2) 

( 3) 

From Eq 1, the cont inui t y  equation for this condi tion is 

=(I-/\) cf{_ ( 4) 

In tegrat ing Eq 4 g ives 

+ ( 5) 

in Whic h  c2 is th e integral const ant .  

c .  The condit ion of az;0t = C ( t ) ,  in \>Jh i c b  C ( t) ? 0 

( Unifo r m  deposi tion ) .  

The sol ut ion for t his condit ion is obtained b y  changing 

the sign of C in Eq S, or 

- (t- ..\)C& 
2. 

in which c3 is the integral constan t .  

{6) 

d. The condi t ion of aZ=ot = -<A1-B1r>, in which A1 and B1 
are f unc t ions of t and pos i tive . (L inear scour ) 
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F ro m Bq 1 

The solution of Bq 7 is 

= ( I _ 'A) ( � _ 13, "' ) '"L 
2 3 

in wh i ch c4 is the in tegral const an t .  

+ .i::_;t_ 
'l 

( 7) 

(8) 

e. The condi tion of 0 Z/Gt = B {l. -A1 , in which A1 and Bl are 

f untions of t and pos i t ive .  ( Linear deposition) 

The equat ion for this condi tion i s  the same as for 

condit ion (d)  def ined by Bq B. 

f .  The condition in which conditions def ined by sections 

b ,  d ,  and e are combined as f ollows : 

o Z/at = -c( t) f or I"[< '(0(Un iform scour ) 

for '7_0 < •'(. <. A1 JB1 (Linear scour ) 

Th e rel ations g iven qs in t his c ase are obtained by 

combining the equations det ermined for the conditions 

of sec tions b ,  d ,  and e ;  that · i s  

ts 
- .0._::}j c J{_ + ct._ f�y '1.. ( '?..o -

2 r(. 

�\ - ( 1- A)(�· - �· "-) f( 
+ �-� lo" ·zo <. -1. < A, ( 9) 

-'Z 6, 

t � =- (/-/\)(';_· - �,·()� +- ('f j f Ot' 7/� 
'?.. 8, 

The distribution of sediment transport f or condi tions a 

through f are illustrated schematically in F i g s .  2, 3 ,  4 ,  5 and 6. 

The direction of sediment movement i s  in the direc t ion of th e ·a rrow 

on each f igure . 
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The foregoing mathematical analysis has considered both the physically 

possible and the physical! y impossible cases of scouJ; deposition, and scour and 

deposition. Therefore, it is essential that the physically possible cases, which 

have ;.a bearing on the anal)sis of scour as presented in this report, be identified. 

First, since qs is a function of en/r the origin must be excluded 

as a zone of consideration; for, if the constant of integration has a finite value 

en·> 0 , then en/r has a value of infinity at the origin. However, it is pos

sible to circumvent this discrepancy by assuming that in the vicinity of the stag-

nation point (r = 0 ) the constant en changes rapidly from 0 at r = 0 to 

en at r = r0• This assumption is valid since 'the constant of integration denotes 

the initial sediment discharge carried into the zone under consideration by the 

incoming flow. Due to the finite width of the jet, the discharge cannot be intro-

duces at a single point. Furthermore, since the origin is a point of stagnation, 

the sediment discharge at the origin must be zero since the velocity is zero. 

Second, since the constant of integration denotes the initial sediment 

discharge, it can never become negative as long as the jet is impinging on the 

boJ.llldary. Therefore, all of the foregoing cases in which the direction of sedi-

ment movement is toward the origin, e <0 , are not relevant to the analysis of n-

this report. 

Lastly, the sediment discharge cannot change sign, that is, as shown 

in Fig. 4 for the case e3 >0 , only that quantity of sediment contained by the 

flow can be deposited. Also, if the initial discharge is zero, no sediment can 

be deposited unless sediment has been scoured from the region near the origin. 



IMPINGEMTINT OF A THREE-DIMENSIOOAL JET 

ON A NORMAL BOUNDARY 

Ideal Fluid: ------
The impingement of a three-dimensional jet on a non-erodible bed 

covered by a tailwater of depth b is considered for the case of ideal flow, 

that is, flow without diffusion or boundary shear {see Fig. 7). 

For this case, Bernoulli's theorem applied between points M and N 

in Fig. 7 gives: 
� _VIa -+ 

2t 
in which Wo is the velocity of jet at a distance � from the boundary and 

Uo the velocity in the deflected jet at a point N located a great distance 

from the stagnation point 0 and a distance ZN from the boundary. 

Bernoulli's equation shows that 

Wo = Uo 

Furthermore, from the continuity equation of water mass flux 

(10) 

and Eq 10, the following relation for the thickness of the deflected jet h is 

derived: 

(11) 

The relationship expressed by Eq 11 is valid only in the region where the 

streamlines are parallel to the boundary. 

The flow within the stagnation region can be closely approximated 

by three-dimensional, axisymmetrical, potential flo\·J with stagnation. For this 

.. . 
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flow, the vertical and horizontal velocity components N and U can be 

expressed, according to Schlichting (6), by 

U = ar 

N = -2a Z 

in which a is a constant. Equations 12 and 1 3  satisfy the equation of 

continuity 

+ + �1-V =0 
?Jt 

For ideal flow, Eq 10 expresses the velocity distribution along 

the boundary for the case where the streamlines are essentially parallel 

to the bed; whereas, Eq 12 expresses the velocity distribution near the 

(12) 

(1 3) 

(1 4) 

stagnation point. Furthermore , by assuming a smooth transition between the 

n�o cases, the velocity distribution along the boundary would be as shown in 

Fig. 8. 

Real Flow: Non-submerged Outlet: 

For real flow, the analysis of the flow conditions is more complex. 

The jet impinging upon a normal, plane bed covered by a tailwat·er of depth b 

results in the development of two types of flow phenomena. One is.the develop-

ment of a boundary layer along the bed through boundary shear, and the other is 

the jet diffusion, or more specifically, the development of kinetic energy tur-

bulence through interaction between the jet and the tailwater 

For an analysis of the development of the boundary layer, use will be 

made of the fundamental ideas regarding boundary layer development on a rotating 

disk put forth by Schlichting and Truckenbrodt (7, 8). In their study the assump-

tion was made tbat the velocity distribution in the deflected jet is uniform 



b 

h z,. 

Fig. 7 Schematic drawing of  impingement  of the 
jet in ideal f lu id 

u 
/ 

.. o/ \)/ 
/ U = Uo ----- -7---__:-::::...::::=.---

/ 
/ 

r o �--------------------------------� 

F ig. 8 Dis tribution of c omponent ve loc i t y  U along 
t h e  bottom. 
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·-

outside of the boundary layer: On the basis of this assumption, they found 

that the thickness of t he boundary layer£ and the shear veloci:ty Ute in the 

neighborhood of the stagnation point may be expressed as follm11s: 

For laminar boundary layer, 

= constant 

-vv:.v = 1. 312 

and for turbulent boundary layer and smooth boundary, 
I 

+ 0. 0 ?> b �a. t�) - � 
v I 

U�� (' " -'7 -z-}- + � o.o414 � 
u'l. v 

(15) 

(16) 

(17) 

(18) 

That is, U *2 is proportional to r in the laminar boundary layer and to r815 

in the turbulent boundary layer. 

For an analysis of jet diffusion for the case of a pipe outlet at a 

fixed distance above the water surface,use will be made of the expe,;iment investi-

gation··by Homma (9), who found that the velocity distribution along the center-

line of jet can be expressed as f ollm11s: 

- o. /0� (b-:t:) 4-'vl.v. =- 1.1..4 e -d- -Po....- 1?e. (_ 2. s- '/.. /o w. 

1. �4- e 
_ 0. \3 7 ( I�-�) 4-

d -+...- l<e > 3i-IC> 

(19) 

(20) 

in which \'Jm is the maximum ve1oci ty at the center of the diffused jet, d the 

diameter of jet as shown in Fig. 9, and Re the Reynolds number of jet flow. 

Since an expression for the velocity distribution across the jet in 

the case of a non-submerged outlet, has not been developed; the following general 
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expression, as assumed for the tvw-dimensional case (2) , is introduced herein: 

'W_ (21) 
vJ 1"\-

in which \'J is the vertical velocity component \'Jhose distribution across the 

normal section of any particular zone of f low can be approximated by the Gaussian 

normal probability function (see F ig. 9). 

At the deflecting boundary Z = 0 and the variables defining the mean 

flow pattern are given by the relationship 

(22) 

in which Wbm is the maximum--centerline-- velocity and Wb is the previously 

defined vertical velocity component. 

In order to approximate the velocity distribution along the deflecting 

boundary, use \-Jill be made of the results of the experimental study by Homma (9) . 

On the basis of the experimental results, the pressure distribution on the 

boundary in the proximity of the stagnation point is given by 

p � 1: w'o'- + ,.Oifb (22a) 

and for the stagnation point is giv� by 

(22b) 

If it is assumed that the vertical centerline of the jet and the upper 

surface of the boundary layer form a streamlin� along which Bernoulli's equation 

is valid, then the f ollo\-Jing relationship is obtained 

� (U'L-t-W2) -r ;0�l ·;;, ·po -� (23) 

Along the r-axis at the upper surface of the boundary layer Z = <S� 0 

and W �0 ; thus, the horizontal velocity component Ub above the boundary 

layer is given by 

(24) 
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S ub st i t uting the exp re ssi on s  f or p and p0 given by Eqs 22a and 

2 2b in E q  24 ob tain 

( 2 5a) 

S ub st i tu t ing E q  22 int o  Eq 25a gives 

( 2 Sb) 

The r ela ti on given by Eq 25b i s  val id onl y in the pr oximi ty of the 

stagnat i on p oint , becau se the pre ssure rapidl y app r oache s  the c on stan t  pre ssure 

P gb as the f l ow move s away f r om the p oint of stagnat i on .  F or a con stant p r e s-

sure p gb , E q  22a g ive s Wb = 0 and E q  2 5a give s Ub = Wbm = con st . , which , of 

cour se ,  d oe s  n ot ag ree wi th act ual f l o w  c ondi t i on s. 

An a pp r oximati on of the boundary l ayer and the shear vel oc ity al on g  

the b oundary c an be mad e ,  h owever , but use of E q  2 5b and the momen tum equat ion 

given by T ruckenbr odt (8), whi c h  is·as f ol l ow s: 

in which s = z;6 and u i s  the h orizon t al vel oci ty c omp onent in the b oundary 

lay er. of  thi ckne ss ff a s  shown in Fig . 10 

Assume that f or a smo oth boundary the vel oci ty pr of ile in the boundary 

l ayer can be expre ssed by 

(27) 
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z 

d 

Wo 

-
'U b 

Fig. 9 Schematic drawing of impingement of the jet 1s suing 
from a non- submerged outlet on a p l ane bed 

z 

Fig 10 Boundary layer a l ong t h e  bottom 
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and the shear vel ocit y b y  
� 

vlf - k -
vb1 ( vll o- )n 

v 
( 28) 

in whi ch 

Y'\ - :l.ht o..nd h.= l. -
I + I'Y\ I 4 ( 29 ) ;  (30) 

w hen k = 0 . 02 25 and m'  = 1 /7.  

S ub sti tut ion B q s  27 and 2 8  int o Bq 26 give s 

+ 
( 31 ) 

in whi ch 

( 3 2) 

ds ( 3 3 )  

L e t t in g  

( 34) 

B q  31 be come s 

in '\.\hich 

h+l 
t J... L (A .,._a)= 

2. 

L 

('h"l)h 
-.. yl 

( 35) 

( 36) 

B q  3 5  can be solved onl y for the condi tion tha t  L i s  c onstant , 

m" • -that i s, when U b = c5r , 1n wh1ch c 5 and m" are constan t s. Theref ore , 

a ssuming L con stant , the sol ution of B q  3 5  ma y be wr itten a s  
"" 

dlf- = ( 1J-:> � r I+ h f3 I ( 37) 
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The value of JY is obtain e d  by subs t i t ut ing E q  37 into Eq 35, or 
I I 

ft = k 
2A-A(h:,)+l [A + f- tl � H J "�I (38) 

F ur thermor e ,  substitut ion of Eq 37 int o Eq 28 g ives 

F or n ... 1/4, E qs 37 and 39 can be wri t ten 1 
� �� =. ( 0 � ) - S j3 I 

(39) 

(40) 

( 41) 

Subs tituting Eq 25b into Eq 41, the fol lowing express ion for the shear 

vel oci ty distr ibution can be obtained : 

v.'l.4 = k /31-� (w'btt- b)-� (�)-� (1-¢o�)� 
Wa.-.. \) b (42) 

Real F l uid : Jet Is suing F rom ! S ubmer ged O ut let . 

Albertson and o t hers (10) determine d expressions f or the longi -

tudinal dis tr ibution of the veloc ity trJm as wel l  as th e transverse di str i -

but ion of th e ver t ical velocity W al ong the centerl ine of a diff us ing jet . 

These expressions a dopte d here in are 

v/M 6.2 d (43) VVo b- 2 
_:d_ -76 -!n - e (b -� ,_ ( 44) -
\A/IV\ 

in wh ich b is the distance f rom t he outlet to the bot tom , and d and 

W o  are the diameter and t he veloc ity of j e t  at the outlet respec tively 

as shown in F i g. 11. In par ti c ul ar, along the r-axis where t = 0, 
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Fig. II Sc hematic drawing of impingement of the jet issuing 
from a submerged outlet on a p lane bed 
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F ig. 1 2  Hor izont a l  ve l oc i ty dis tr ibution a l ong t h e  plane bed 
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Eq 44 become s -n{!L) 
=- e b 

"')._ 

(45) 

U sing a similar ap proach t o  the one u sed for the case of a 

n on-submerged outl et , the ho ri zontal veloc ity  di str ibution near the 

b ottom corr e sponding to Eq 25b can be der ived , or 1 -1'D.(3_) I l� � = ['-e. b 
V/t,'M J (46) 

The h ori zontal veloci t y  di str ibution gi ven b y  Eq 46 i s  sh own 

b y  the f ull l ine in F ig. 12 and i s  a ssumed to be correc t in the p roximi t y  

of the stagnat ion point . The do t ted l ine indicate s a mo re pr obabl e 

vel oci t y  di stribut ion when the later al dif f u sion i s  taken into acc ount.  

The method for der iving the boundar y  l a yer thickne ss and shear 

veloci t y  u sed in the c a se of a non-submerged outlet is al so val id in 

in which )3' i s  expre ssed b y  Eq 3 8. H o wever , L in Eq 3 8  def ined b y  

E q  3 6  c an be c alcul ated b y  using E q  46, or 

L -
?.. -l!l.2.(�) '-�· -ISl.(� )")· ·-1 

- 3 o + ( � ) c_ b \1- e 
' 

(47) 

(48) 

(49) 



'· 

The variation of L with r/b is given in Fig. 13, which 

shows that, in the vicinity of the stagnation point, L is approximately 

constant and equal to 2; whereas for values of 1: >o.::2.. , L tends 
b 

rapidly to zero. Bqs 47 and 48 were derived under the assumption 

L a constant, in �he neighborhood of the stagnation point at least this 

assumption seems valid. 

Fig. 14 represents the shear velocity distribution given by 

. ,_J.. 
Bq 48. In the computation of k fi +in Bq 48, it has been assumed that 

m' a 1/7 (therefore, A = 7/72, B = 118 and n• 1=4 from Bqs 32, 33 

and 30) and k = o.022S. 
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Fig. 1 3  Variation  of L with r /b 
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Fig. 14 S he ar v e l o city  distributio n  along  the p l a n e  bed 
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IMPINGBMEtlT OF A THREE-DIMENSIONAL VERTICAL JBT 

ON AN ERODIBLE BBD 

� of Sediment Transport � 

In order to solve Bq 1, it is necessary to know the relation-

ship between t� and r. Similarly to the case of a two-dimensional 

jet (1) , the expression for sediment transport in open channels mainly 

as bed-load is: 

Ao [ -u " (! "-J" �� = 1r - • ' 
tf., ds v4 � 

(50) 

and 

v!.� :. c; -1) jds 
(51) 

In Bqs 50 and 51, U*c is t�e critical shear velocity, � and ds the 

density and the mean diameter of sediment particules respectively, 

and A0 and m are constants which are, in general, the function of 
'2 3.. 

U"/Vs. When u., 7/' u .. c, Bq 50 simplifies to 

(52) 

and then applied, as will be shown, in the calculation of the depth 

of scour. When U,. is of the same order of magnitude as U•c, the 

value of m increases and the value of Ao decreases with decreas-

ing U-lf-/Vs. 

Non-Submerged Outlet 

Substituting Bq 42 into Bq 52 gives 
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The following quantities are now defined 

1 'l.m+l(- , 1 L )-lm+l :1) q(l...,+d 
f1 - A.o {KjJ ,-'1) 2. I.?.. �o D f 10( I -¢, j �o (54) 

11'-== df/1 d(l) (55) 

( · � -0./37i('8,.,.., +�l b. b 'lU 1: . .  1 
l :. 0,1"37) 18Mtq e 10 ) d ('· :li(. �) .M_ +M ds l . l'IWot. (56) 

I - l\ I o Vs -J ( \) d b 
Then Bq 53 and the derivative of E5 with respect to (r/b) are 

written: 

(57) 

(58) 

Substituting Bqs 57 and 58 into Bq 1 gives 

(59) 

Since W&
�

IWo depends only on the depth of �. the integra

tion of Eq 59 gives the depth of scour for the case in which u_.. "'?/ UA-c 

and is written J2( IJb ...... )-'�:+�:l + 
/.1'fW., 0 

( 18 -r"') 
IO d e 

o./37 ;o 

�26-

o . 1 37 (ta m +- q) 

_b._ d 
1 = 0 (60) 



'· 

In fact, r/b in M and M 1 defined by Eqs 54 and 55 should be \'lri tten 

r/ (b - Z) since the bed is erodible. For this case, however, the 

integration of Bq 59 is impossible; therefore, the study is limited 

to the case in which b /'/�, that is, when r/ (b - Z) can be written 

as rib. 

Substituting Wm�'�o given by Bq 20 into W"171.t\'lo in Bq 60 

and integrating the first term yields - 0.137(� )_£. 
I - e Jo d + '1. = o 

(61) 

Putting Zs • - �. Bq 61 becomes 

:: (62) 

in which 1L is a function of the following dimensionless parameters 

as seen from Eqs 56, 54, 55, and 22 (noting that m and Ao are both 

functions of u./ I ( 7-I)�Js>: 
Vo� .I -'?.. ') sl£. �'t <f- 1) 3 ds b d b 

The final depth of scour �aP 
J 

will be attained when 

Furthermore, replacing Wbm/1 . 24'/o by Wm/1 . 24Wo and using Eq 20, 

Bq 63 becomes 



or 

-----= -----c( 9 r tl./37 

From Eqs 6L. and 22., it can be soon that t; + Zts-"" )/ci is n ftmction 

of Wo/U.:�' Viob/l� , r/b., nnd b/d, 

.�ubmcrgeq Qut],et 

The follm·1ing quanti tics a.rc defined in :: !ll3nnor similar to 

cl .1/ !.t / r.-_), / C L l .([ 

N 1 f c{, C.l vf/.., t+- \ a -:o _, c:-

(.:.G) 

(67) 

Th.on Eq, 1 can be written in the s.:-�mc manner as in tho case of the 

non-submerged outlot. 

' /,f;n -1- 'i .... , :\.:2 I , ,1,. ) ·- .J •. / • 1/ · n  '- ;  ,/fl;r -�� ,1. / j ( -� � ) _v_z::_ +' ..;!!-_,_,_ /v us. . - { G . 2 YV v)( (. �-!� .. <>--) _'V r ::!:,_ I= (./ - -
d t: \D .l W.., / - � I .t ! \,S / ?.. If . 

The integration of Eq. 68 giv'-.s, vlith f. defined by Eq .. 67 ,
J 

j=o 
Substituting the vc.lue of Wm/vlo given by Eq.LJ. into-, 

Ubm/Ho in Eq.69 and integrnting,_thc first term givos 
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(70) 

Finally, letting :ts = - a, the depth of scour in this c2se is given 

by the follmvi.n�· relc:tion: 

(71) 

in vJhich � is a function of the s2me dimensionless parameters o.s 

those for � • Hm-Iever, it should bo noted th2t the f orm of !�q 71 

is different from that of Eq 62 l,Jhich gives the depth of scour for 

tho c�so of a non-submerged outlet. 

An expressi0n for the final depth of scour Zsoa can be 

obtained by putting U�� = U-:�c in Eq l..t8 and reple.cing Wbm by Wm in 

Bq h3, or 

in l.Vhich (b + Z3s � )/d is �. flmction of \rJ'o/Ux , web I�, ' and r/b. "c v-

hov1ever, a better approximntion for 2·.s 0'1 is obtained if the 

exp onent r/b in tho last bracket is replaced by r/ · ( b + g5� ) , 

especially Hhen Zs cP e.nd b are of tho same order of magnitude. 
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IMPINGEMENT OF A THREE-DH1ENSIONAL INCLIHED JET 

ON AN ERODIBLE BED 

Jet Issuing from � Non-Submerged O·.:tt let 

The �'-axis and r 1 -axis are taken along the centerline of 

the jet and perpendicularly to tho Z '-axis respectively as shmm in 

Fig. 15. On the vertical plane containing the centerline of the jet, 

the relations bet•,18en the system of coordinates (r', Z1) and (r, �) 

are 

r' r sine + 2 cos e 

Z I = - r COS 8 + Z sin $ 

(73) 

(7h) 

Since AH = b' - n' and HM = r' in Fig. 15, an expression similar to 

Eq 19 or 20 for the maximum velocity of the jet t·Jm' along the 

centerline can be written as follows: 

I �� -ft( b'-�') 
w.... .:: o< e d 

(75a) 

Accerding to Homma1s experiments (19), the values of o( and J are 

1.2h and 0.021.! respectively for the case in which C9 = 60°and 

Re � 25,000. 

The velocity distribution in the direction parallel to or', i.e. 

along the cross-section ffi1, is assumed, similarly to Eq 21, as 

= P c;, (76a) 
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Fig. 15 Co o rdinate system s for on inclined jet 

-31-



Expressions for Bqs 7Sa and 76b using t he relations 73 and 

74 as functions of r, Z, and 0 are a s  follows: 

For any point on the vertical plans 

For a point along the axis or ( Z = 0 ) 

:::. .( C1-P ( -;:5' (f.+ -1 Cos e)] 
p (£., · _:!_ 5 i NQ;(£ 1 +.:+Co� e)} 

d. ' €'' . c:L � 

For the point 0 (Z = 0 and r = 0 ) 

As in the case of a vertical jet, the horizontal velocity 

U
b 

along the r-axis can be expressed by 

in which 

By combining Bqs 7Sc, 76c, and 76d, -� becomes 
0 

-32.-

(7Sc) 

(76c) 

(76d) 

(77) 

(78) 



For the sh ear distribution al on g t he b ed ,  t he a.Qproac h 

given f or the case of a vertical jet is s till valid i f  L in Bq 36 

is assumed con stan t i  t herefor e , i t  can be sho wn t ha t  -h.(' v t)- h. - k;B' : � 

Introducing Bq 77 into Bq 39 and takin g  n a s  1/4 gives 

;__ \ j_ q 

(39) 

u*" ) -�!./-( I e -z \-S'( J..) -(wt:V.,oSif'Je)l::. k;B WtfMD;;ti\J4 1- io IO (80) 

S in ce Bq 52 is an e xpression fo r t he rate of s ediment 

t ranspor t  fo r the case in which u*>)· U +c ' Bq 80 may be subs tituted 

into Bq 52. to g ive 

in \thich 

(81) 

.1M+ I 9 C1,Dl i£4 
?�A. (k.f3' -J.t/ ;+'f-w�5'""/(f-'w·'J'we{ f) '"(f) 20 

(82) 
L e t  

p '  = dP/d (T) 
The d er ivati ·1e of 

I 

qs wi th respect t o  r /b  i s  

� q 5 -:;::' w t ·M� I 0 
... ( 9 (..lMt !) 

d l /C) r.{ VJo1} 
S ubs tituting Bqs 81 and 84 int o  Bq 1 give s  

-33-
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For the case of an erodible bed, N 1moA'lo' depends upon Z and is 
b 

equaJ. to \'lmAIJo given by Bq 7Sa. 

Since Bqs 73 and 74 can b e  written 

r = r' sin 0 - Z' cos G 

Z = r I COS 0 + Z 1' Sin 9 

along the Z'-axis, that is r1 = 0 ,  Eq 87a becomes 

z = zt' sin e 

Therefore, Eq 7Sa is written for any point along the Z'-axis as 

follows: 

wt.A' 

Substitution of Bq 7Sd into Bq 85 yields 

/C --;r cJ...�rN9 J7:: lli�±!J ;8 c&'. _z ) 
e �z 

() 

Moreover, integrating Bq 88 gives 

q(?.-M-fl � £. 
I ' - e I 0 A_ 5 IN e + 17...-' ::: 0 

in which 
I �tB. 

71\..,-;:.. J - ,._ 

w/t 
_g 

Denoting the actual depth. of scour by Zs = -z, Bq 89 becomes 
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(87a) 

(87b) 

(7Sd) 

(89) 

(90) 

(91) 



From Eqs 79, 82, 83, and 90, it can be seen that t_' depends upon 

the following parameters: 

.) 

b a-nd /i 
b 

The final value of tho scour depth Z5 �is attained when 

U�� = U-:�c • From this equality, :Gq 80 yields 

u.; . � 1<f'-f(w;mo)�(o<.Wo1 s; .... eTL)-�1-
( o( ¥.{,' S ��. � «. Wo' y> 

(92) 

Replacing vJ �...,(l I o( Ho ' by 1rlm/c( vJo I and using Eq 7.5d, Eq 92 becomes, 

for the critical value of the scour depth Cos r1 = -z Q(J ) , 
9. p iscP+b 

es dso.� = l<.ji' 4 o<. wo Su•e o<. w0�i11l9't 5( 1_ l'o to _ .L ( ,.J I . ) "l.( .. ! 1 ) -l 
,l 7 ) � 

u-K-c. v 
or 

From Eqs 93 and 79, it can be seen that (Z�� +b ) / (d sine) is a 

function of 

Jet Issuing from � Submer!2·ed Outlet 

In this case , the same expressions for the longitudinal 

distribution of the velocity Wm' along the centerline of the jet 

and the transverse distribution of tho velocity vJ' �s given by 

-35-



·-

Eqs h3 nnd hh for the vertical jet nre also employed 

= 6.2 (9hn) b I I -2 
11 -76� 

= e (b'-z'F'- (95a) 

Using the relntions between both coordinntes (r1, �1) nnd (r, �) Bqs 

73 nnd 7h, expressions for tho velocity distributions are f,iven 

for the following
.

cnses: 

For a point nlonp, the axis or (� = 0) 

\lb� -= 6. 2 d 
(9hb) b' -r -'{_Cos 8 

(95b) 

For the point 0 (Z = 0 and r = 0) 

\Jbm� - 6-1. cl -
Wo' b' (9hc) 

Althou�h Eq 77 is still valid, in this c<se, the vnlue of 

sPo becomes, by combining Eqs 95b, 9hb, and 9hc, ns follows: 
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For the shear velocity distribution, Eq 80 can be applied 

as given. Furthermore, Eqs 81, 82, 83, 84, and 85 can also be used 

by changing P and P' to Q and Q' respectively and letting <=(= 6.2; 

that is, 

in which 

7s 
c,,� w,/ s, 1\J & � s Q 

It can be shown that \'11 b /lifo' fo r an erodible bed is equal 
mo 

to Nm" A�o' given by Eq 94a. Therefore, substituting Bq 94a into 

E q 101 and using Bq 87a yields 

-t _(c.j,,,.; @) 1 /0 . j . t,,2 $ f 1 Cf{�M+I) J 
� 5 � � � . 1-� 

Integration of Eq 102, with the initial condition Z =0 at t = 0, 

gives 

( !') 0 
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(97) 

(100) 

(103) 



in which 

/8n, f/9 
/0 

t.1. 
t- A 

Va't -
b 

Lattin� 3s = -f, Eq 103 becomes ,o 

b + ts : f 1 +- ( b. ) 10 [ 1$,., + '1 18n-, .f-lq 

d�:ne 'L d�,,.,e 

(lOh ) 

(105) 

in which ;,_ ' depends, since m �nd Ao .�re functions of u.// �- l ) e;ds, 

upon tho followin:- p:lr.:lmotors: 

Wa '1: - ( w.(5,·n e ) 2 . i ( � e) · b ) ( g:::'- I ) 3 cl,s .> 0 b ' .) 
· /' 

.:md b 
d 'i in e 

J 

An expression for the fin"'.l depth of scour Zs oP cnn be ob-

t�incd by lettine U�� = U., in Eq 80 Qnd usino- Eq 9u.!: o.s the vt>.lue of 1\ ii"C "� 
I 

V.Jbmo/Wo 1, 

Therefore, it c�m be shown th:>.t (b + 13s rP ) /(d sin8 ) 

depends upon the follol-Tins:v par<'.metcrs 

J J v.nd 

Those pnr�metcrs �ro similnr to those for tho c2se of � 

non-submcrood outlot except for thG f .... ct thd (b + Zs <P )/(d sin e) 
is a function of [\ powc:r 1.-,_r;.r 1-1�1ilo for tho non-submcre:ed outlet, 

ns given by Eq 9J, it is � funct:ion of the loeo.rithmic lo.w. 
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EXPERIMENTAL VERIFICATIONS 

Ve rti cal � with ! Non-Subme rged Outl e t  

I n  the expe rime ntal s tudy b y  Doddiah ( 1 1 ) , the chara cteris t i c  

depth o f  s co ur was adop ted a s  the distan ce f rom the orig inal bed to 

the point of intersect ion of the side slopes of the crosss e ction ins tead 

of the meas ured maximum depth of s co ur at the s tagnation poin t as shown 

in F i g .  1 6 .  This express ion for the depth of  s cour i s  similar to t he 

one used by R ouse (1 ) for the case of a t wo-dimensional jet.  The 

e quat ion for the depth of s cour for the case of the ver tical j et with 

a non-submerged outlet is expressed by E q  62 , or  

= /0 � (If 1- I) 
o. I� 7 ( 18 rn .._9) l 

F urth e rmore , if  th e chara cter isti c dep th of s cour Zs is assumed to be 

e quivalen t to that fo r a cer tain val ue of r/b whi ch contains the 

dimensionless parameter 1L and if the s quar e root of th e crossse ctional 

a rea of the jet at the wa ter surface J A; is used instead of d,  

then Eq 62 , for values of �)/ 1, can be  writ ten as 

-= y ( loj ( d_:_ \Jot)-+ loJ Z) 
wi th 

and 

z 

L v'Aj b 

y 

- /.1.4- !Ti 
-(t-l\)y/4 

/0 
o. 137( 18m+- 9) 

-39 -
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Or ig inal bed 

~ ' 

A· J 

Fig. 16 Schematic drawing for a chara cteristic depth of 
s c our in the case of ver tical jet issuing fro m  a 
non- su b merged outlet 
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in which Mo and Mo ' a re the val ues of M and M' corresp onding t o  a 

ce rtain val ue of r/b denoted by.( r/b6• 

S in ce m and Ao a re contained in the para me t e rs Mo and lvio1, and are 

f unctions of u*2;vs2, i t  i s  evident that b oth Y and Z a re f un ctions 

of the foll owing parameters .  

F urthe rmo re ,  i t  i s  to be not ed tha t  the exponent o f  W ob/j? is con

s iderably s malle r than that of Wo2/Vs 2; the refore ,  b/d5 sh ould be 

int rod uced instead of W�b/j? when the bed is regarded as a r ough 

boundary.  Th us ,  for a rough b ound ary, the eff e ct of Wob/� on the 

de vel opmen t of the s co ur h ole will be ins ignif i can t .  

F ro m  E q  107 , i t  i s  evident that the s l ope of the s t raight 

l ine obtained by the pl ot ting of Zs I(A.j agains t l og ( � 
vA; 

( see F ig .  17) represents the val ues of Y and of ls/ � a t  the 

point whe re('d� \Jofl:/whi ch a re equal t o  that of Y l og �. I n  the VA: 67-
pl ots of Fig.  l7 ,  the co mp uted val ues of[A; and Wo , we re used. 

. � 'l. F ig .  1 8, g iving the rel at ionship be t ween Y and �YV�o �
(�-')jds 

sh ows that the effect of the para mete r _b_ is very s mal l �!th ough 
YAj 

there is cons iderabl e s catt e ring of dat a ,  espe cially f or the case 

when b =  1 6  in. The s olid l ine in F i g .  18 represent s  the f oll owing 

equation: 

y (Ito ) 
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F ig .  1 9 ,  wh i ch gives the relationships be ��een Z and -� , 
r A : ..E. .} 

shows that Z increases td th increasing {if except fo r the case of 
I 

Ser ies 8. This t rend i s  valid , however,  only for the reg ion whe re 

b i s  l ess than a certain value ; that is , af ter � rea ches 
VA; A j  

a certain value , Z will decrease wi th increase of � • F i g . 20 

w l.  A j  
shows the effect of 

a- 0 )  d on the magnitude of � ,  in whi ch (}5 - I  5 s 
-1. /o� _b._ is added to log Z to eli minat e the effect o f  b 

Vf vf\j ..J 
The solid l ine in F ig.  20 represents the following equation : 

• 

( 111) 

The data plo t ted on F i g .  20 are for the sedi ment size 6 . 25 mm for 

S e ries 7 and 8 and for the sediment s ize 4. 1 1  mm for Series 9, 10 , 

1 1 , 12 , and 1 3 .  The eff ect o f  sediment size canno t b e  checked l 
satisfactorily by F igs. 18 and 19 , since these f igures rep resent 

onl y the ef f e ct of the velocity of th e j e t  Wo. The resul t of the 

analysis of Rouse ' s  data fo r the two-di mens ional case in the p re-

vious paper 

Wo ._ 
( ! )  suggests that � should be taken rathe r than 

IAJ� '-
• The inf l uence of sediment si ze can be establ ished 

only by f u rth er exper i ment s  us in g  a wider range of sedi ment size .  

Incl ined j e t  � Non-S ubme rged Outlet 

In the analysi s  of the experiment al study by S mi th ( 1 2) , 

the cha ra cteristi c depth of s cour was again taken as the distance 

f ro m  the ori ginal bed to the point of inters ect ion of the s ide 

slopes of the s coured basin. (See F ig .  21 ) .  
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The equation for the depth of sc otrr for the case of the in-

clined jet issuing from a non-submerged outlet is expressed by Eq 91, 

ot 
/o 

d s ; ..,  e 

Substituting J A.J· for d ,  Eq 91 nw.y be written when 1_' ? '? I , as  

::. (. 1 [ /oj / ds �)  f /0j Z 1} 
� .S ; .,  <9 . (1:4: S in 8 h 

J J 

with 

and 

2 '  

(112 ) 

(113) 

in which Po and Po ' are the values of P and P 1  c orresponding to  a 

certain value of r/b denoted by (r/b ) 0 • Furthermore , it is ob

vious that both Y '  and z t  are functions of 

· e  J 

Fig. 22 shows , in dimensionless terms , the variation of 

depth of s cour \dth time , and bn sed on Eq 112 . This fieure 

shows that there are apparently three reeimes of the scour devel

opment : ( a )  maximum jet deflection, (b )  minimum jet deflection, 

which are identified by Rouse (2) , and ( c )  n final c ondition of 

scour. 



r-

S ignificant l y ,  the regimes shif t from maximum jet deflec-

tion ( curves wi th f latter slopes ) to minimum j e t  defl ec tion at 

approximately the same time as determined by Rouse ( 1) f or the two-

dimensional case. 

By the f oregoing procedure , val ues of Y' and Z' in Bq 112 

are obt ained f rom F ig .  22 for each regime . Howeve r, the range of 
..,._ VVo in the expe rimental data is so limi ted that its eff ect c.% - I ) Cj J.,-

On Y '  and Z '  cannot be dete rmined. Among the parameters inf luencing 

Y '  and Z ', the most eff e ct ive is the angle of impingement of the 

jet e as can be seen in F igs . 23 and 24. The re is I however t a 

cons ide rable scatt e r  of the data on these f igures wh ich is  d ue to 

othe r undef ined f a ctors as well as expe rimen tal e rrors . 

I t  is evident that the re exists opposite trends in Y' 

and Z ' for $ between maximum and minimum jet defle ctions . More• 

ove r, it  seems apparent that the re gime of maximum jet  defl ection 

disappears a t e = 61 °. When c9 ". 61 ° , the re exists only the regimes 

of minimum j e t  deflection. On these figures have been plotted the 

val ues of Y ' and Z '  f or e = 90 ° estimated f rom Ooddiah ' s data.  

It  can been seen that Doddia h ' s data belongs to the regime of 

maximum jet defle ction. 

The spread of three points at S in e D 1 . 0  in F ig .  23 is 

caused by different values of ( ;·, )�J, as a third variable. The 

th ree dot ted l ines in F ig. 23 show the variation of �� with �� �. , of whi ch the various ranges of variation are indica ted by 
J 

heavy l ines be tween the same symbols of the l ine of sin e = 1 .0 
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The value of p,  which is c ontained ih the parameter Y '  

of Eq 113, seems t o  be a function of � on the basis of experi-

mental results by Homma ( 9 ) .  Evidence of this i s  shown by the 

values  of j3 in Eq 75a wherejB � 0. 02h for � � 60° and Re � 25,000 

and j3 = 0.137 for fJ = 90° and Re / 30,000 (See Fir.;. 20)  • This 

fact is an explanation for the increase in the value of y r  with a 

decrease in the value of E1 for maximum jet deflection. However, 

the variation of Y '  for minimum jet deflection, which shows the 

opposite trend to  that in the case of maximum jet deflection, cannot 

be explained by the variation of j3 with 9 • The reason for this 

will depend upon the eventual explanation of the difference between 

the fluid mechanics of maximum and minimum jet deflection phenomena.  

Also ,  there is  need for detailed studies of the effect of � on the 

value of )3 and the characteristics of the exponent m in sco� phen-

omena. 

The relationship of the final depth of sc our for the cas e 

of the inclined jet issuing from a non-submerged outlet is expressed 

by Eq 93 , Since it is expected that } i s  a function of E1 and the 

influence of Wo b is small , � �  oP_ + b depends on Wo , _b_ and v d -. ' i1  e u..,. <- d s lld�  
8 for a given r/b . Replacing d by {f:; and c onsidering 

� J 
v�c l � ..P +- b  . 

( sz:  1 )  d as approximately c onstant, at the po1nt 
:./ - � s .;-;:: 5/n e "l 

of the maximum depth of scour is a function ol c:1":' w'o d , b . 
(? - I )� � (It So,  (;) 

and � • Furthermore , the parameter {;( b _ _  � might be omitted, A.; .s , ...., 
because �0 for the case of a submerged outlet does not include 

this parameter as may be seen in Eq . 96 . Thus , rs 1:P + b is a 

ff. �/'n$  J 
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f u nctio n  o nly of the parameters and e . 
F ig .  25 shows a plot of the dat a for the f i nal dep th of 

s cour obtained f rom F i g .  22. I t  is evide nt f rom this f igur e that 

there are two poi nts of dis crepancy : 

1. F or a certai n value of f) , the smal ler of the vel o ci t� 
of · the jet , the greate r the depth of s co ur .  

2 .  For a give n vel o city o f  j e t , the smaller the angle 
of jet , the smaller the depth of  s co u r. 

F u rthe rmo re , the val ue of p de creases as the depth of s cour i ncreases 

with a decrease i n  the a ngle of jet . 

The i nf l ue nce of � on th e f i nal depth of s cour , as wel l  

a s  the i nco nsis tencies i n  Y �  a nd Z '  i n  t h e  case o f  mi nimum j e t  

deflect ion , needs furthe r i nvestigat ion . 
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SUi'llMAR Y AND CONCLUS ION 

A theoretical analysi s  has been a ttempted he rein f o r  the 

me chani cs of s cour fo r th ree-dimens ional j e ts issuing f rom subme rged 

and non-subme rged outle ts . In  developing the theo ry ,  some assumpt ions 

have been int rodu ced and some eff e cts have been negl e cted, s u ch as : 

1 . I t  has been as sumed that the Bernoul l i ' s  theo rem is 
val id i n  the neighbo rhood of the stagnation point. 

2. The value of L in Eq 36 has been assumed cons tant 
in solving the boundary layer equat ion. 

3. I t  has been assumed that the depth of  s cou r i s  small 
compared with the tail wa te r depth in int eg rating 
the continu ity equat ion of mass sediment t ranspo rt . 

4. The late ral diff usion along the bed , af te r impinge
men t  of the j e t  on the bed , has been neglected. 

s. The bed has been t reated as a hydraul i cally smoo th 
boundary in obtaining the shear dis t ribution f rom 
the bo unda ry l ayer equati on. 

6. The equat ion of sediment t ranspo rt for open channel 
f l ow has been appl ied , that i s ,  i t  has been assumed 
that the rat e  of sediment t ranspo rt depends only 
upon the shear vel o ci ty and the s ize and spe ci f i c  
w.eight o f  sediment . 

This theo re t i cal inve s t igat ion with the expe rimental ve ri-

f i cations f o r  the two cases of ve rt i cal and incl ined j e ts f rom non-

subme rged outlets indi ca tes th e following : 

1.  The rate of s cour by a jet i s suing in o r  into still 
wate r f rom a submerged or non-submerged outlet is 
gove rned by the characterist i cs of j e t  diff usion. 
In the case of a subme rged out l e t ,  the depth of 
s cour varies wi th the powe r law wi th respect t o  
t ime , and i n  the case o f  a non-s ubme rged outl e t ,  
the variation of the s cour depth follows the loga
rithmi c law wi th respe ct to time. 
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,.. 2. The dimensi onles s  parameters defining the depth of 
s c our with respect t o  time , are 

d s i�'� e and d s ,�, e 
vlo t  

b • 

3 .  The effect of sediment characteristic s  can be expre s sed 
by the parameter 

; 

however , its validity has not been established by experi 
mental data because of the narrow range of sediment sizes 
used in the experiment s . 

h. The tail water depth i s  introduced by the dimensi onle s s  
parameter 

b 

5. The a ngle of impingement of the jet 8 indicates a sig
nificant influence on the depth of s c our in the case of 
the non-s ubme rged outlet . 

6. The dimens i onle ss f orm f or the final depth of s c our 
should be of the form 

which is expre ss ed by p ower and l ogarithmic equati ons 
with other parameters f or the cases of s ubmerged and 
non-submerged outlets re spe ctively . 

Applicati ons of the the oreti c al res ults t o  the analyse s  of experi-

mental data lead to the f ollowing c onclusi ons : 

1. In the case of the non-s ubmerged outlet , the variati on of 
the depth of s c our with time follows the l ogarithmic law 
as found empirically before . 
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2 .  The infl uence of b/d on the value of Y in the case of 
a ver ti cal jet and of 

b 

on Y '  in the case of  an incl ined j e t  seems t o  be 
neglig ible. 

3 . There exi st s three regime s of scour in the ca se of 
the three-dimensional j e t :  

a )  maximum j e t  deflect ion 

b) minimum j e t  deflec tion 

c ) the f inal condition 

The f i r st two were i dentif ied by Rouse for the case 
of a two-dimensional j e t .  

4 .  The regime o f  maximum j e t  deflec tion di sappears when 
the angle e of jet  impingemen t on the tail water 
reache s  approximatel y 61 °. When � i s l e ss than 61 ° , 
the regime i s  minimum j e t  def l ec tion onl y.  
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Symbol s  

a 

A 

b 

b '  

B 

d 

g 

h 

k 

L 

m 

LIST OF SYMBOLS 

Def inition 

Coeff icient of proport ional ity beb1een U and r or W and Z. 

Ratio of momen tum thickness of boundary layer to thickness 
of boundary layer 6 

Cons tant in sediment t ranspo rt equat ion 

F unc tion of time having pos i tive value 

C ross-sec tional area of j e t  at  water s urface 

Tail water dep th o r  heigh t  of outlet from bed 

b/sin CS> 

Ratio of displ ac emen t thickness of boundary layer to thick
ness of boundary l ayer 

F unc t ion of t ime having pos i tive val ue 

F unction of t ime having pos itive value 

I ntegral cons tants 

D iameter of  j e t  a t  outlet or wat er surf ace 

Mean diame ter of sediment part icle 

A cc el erat ion of gravity 

Thickness of def lec ted jet in c ase of ideal f l uid 

C onstan t , 0.0225 for smooth boundar y and m'  = 1 /7 

Coef f i c ient in boundary layer equat ion 

Exponent in sedimen t transport equat ion 

m '  Exponent i n  powe r-law veloc i t y  distribution 

M F unc t ion def ined by Eq 54 

M0 M corresponding to a certain value of ( r/b) 
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S ymbols 

M '  

M '  0 

n 

N 

N '  

Def ini tion 

Deriva tive of M w i th respec t to ( r/b) 

M '  corre sponding to a certain val ue of ( r/b )  

2m ' /O+m ' )  

F unc t ion def ined by E q  6 5  

Derivative o f  N with respect to ( r/b) 

p P ressure intensity at a point 

p0 Pressure intensi ty at s tagnation point 

P Func ti on def ined by E q  82 

P P corresponding to a certain value of ( r/b) 0 

P '  D erivative of  P with respec t to ( r/b) 

P '  P ' c orresponding to a cer tain val ue of ( r/b )  0 

q
s Mass rate of sediment transpo r t  per unit width 

Q F unc tion def ined by E q  98 

Q "  D erivative of Q w i th respec t to ( r/b) 

r R adial coordinate paral l el to bot tom 

r '  R adial coord inate perpendicular to incl ined jet  

r0 R adius of uniform scour 

R e  R eynolds number 

t Time 

U Horizontal component of velocity a t  a po int 

U0 Hori zontal veloci ty of defl ec ted j e t  at a point N in F ig. 7 

Ub Hori zontal component of velocity al ong r-axis 

U� S hear veloci ty 

U� c  C r itical shear vel ocity 



Symbol 

Wo 

Wm 

Wbm 

W '  

W o '  

Wm ' 

Wb ' 

Wbm 

Wb'mo 

y 

Y '  

Z '  

z 

Z ' 

j3 

Def ini tion 

[ { t' 1 + ' } � d, J � 
Ver t ical component of veloci ty at a point 

Vertical component of j e t  velocity a t  ou tlet or water 
s urf ace 

Maximum vel ocity at cen ter of j e t  

Value of 1r: at Z =- b 

Val ue of Wm a t  Z = b 

V eloc i ty of inclined j e t  at a point 

Velocity of incl ined j e t  at outl e t  or wat er surf ace 

Maximum ve locity of j e t  at center of incl ined j e t  

Value of W '  at � = b 

Val ue of Wm ' cor responding at point along r-axis 

Value of W b'm at c = b and r = o 

F unction def ined by Eq 1 08 

F unc tion def ined by E q  1 1 3  

Ver t ical coordinate perpendic ular to bottom 

Vert ical dis tances from :r.-axis to po ints M an d  N in 
F ig. 7 

Depth of scour 

F inal depth of  scour 

Parallel to inclined j e t  

Func tion def ined b y  Eq 109 

F unc tion def ined by Eq 114 

Constant in equat io� of maximum veloc ity of incl ined jet  

C oef fic ient in exponent in equat ion of  maximum veloci ty 
of incl ined jet 



Symbol 

.13 ' 
Def ini tion 

C oeff ic ien t in equat ion of boundary l ayer thictmess 

Thickness of boundar y laye r 

F unc t ion def ined by Eq 56 

F unct ion def ined by E q  90 

Angl e of j e t  at water surface 

Poros ity of sedime nt 

Kinema tic vi scos ity of water 

F unc tion defined by Eq 67 

F unc tion def ined by Eq 104 

Densi ty of water 

Density of sedimen t 

F unc tion expr essed by B q 21 

'/) at Z = b 

F unc tion represent ing veloc ity dis t r ibution of incl ined 
j e t  

p at Z = b 

Angular Coo rdinate 



DISCUSSION 

E .M. Laursen l Eq 1 is co rrec t . The sections on cond i tions of 

appl ication of the con tinui ty equat ion and ideal f l uid seem to be principally 

for academic in teres t .  The essence of  the s tudy begins wi th the sec tion on 

real flow :  non-submerged outlet.  

The purpose of  the paper i s  commendabl e--to ob tain a t ransport 

relation as a f unction of r and Zs and the in i tial condi tions of \11/o , 

d and z • The at tempt i s  val ian t and the general idea of the requi red 

s teps reasonable.  Individual steps , however , are more or  l ess questionabl e. 

In order of appearance , they a re as fol lows : 

1 A 

1 .  A.s demonstrated by Corr sin in h is disc ussion o.f " Diffusion of 
S ubme rged Jets" by Alber tson ( 10) , a simpl e similarity cri teria 
WJW = f ( rib) whe re b is any t ypical wid th of the jet , and 
the

m
assumption of constant p r essure thro ughout the f ield i s  

s uf f icient to demonstrate l inear spread o f  the jet and that 
\�mA�o d. l /X  mere X is the dis tanc e f rom the f ree surface. 
On thi s bas is , Eqs 21 and 22 seem to be at variance \-Ji th Eq 23. 

2 .  Appl icat ion of Berno ul l i ' s  theorem to obtain the horizont al or 
radial vel oci ty dis tr ibu tion in E q  2 7  is a quest ionable procedure . 
I t  i s  suffici en t  f or obtaining an approximation o f  the velocity 
dis tribution near the stagnat ion point , but as the jet  con tin ues 
to spread by di ffusion and is affected by boundary layer develop
ment becomes less and l es s  appl i cable .  

3. The determination of shear velocity i s  onl y  approxima te b u t  is 
be t ter than the previo us assump tions that ent e r  in to the r elation
ship . 

4. Eq 41 is a sedimen t t ransport equation that upon examinat ion seems 
ques tionabl e as to its  val idity. For example , dropping the cri
t ical term by making m a var iabl e exponent i s  onl y proper if  m 
becomes inf inite \m en the shear becomes criti cal . By disregardin g  
cri tical sh ear andlbr the f act that m becomes infin i te the scour 
seems to pr oceed to inf ini t y  at inf inite time . More impor tant , 

s sociate P rofessor , D epa r tment of C ivi l Engineering , Mi chigan S tate Universi t y ,  
East Lansing , Michigan . 



the infl uence of some critical t erm i s  comple tel y overloolted. 
At low rates of s co ur the shear will be almost the critical 
shear and the l a tt er should not be igno red. 

L. K. Ducks tein , Y.  Iwagak i :' ,  and G .  L. Smi th.· . --The commen ts by 

M r .  Laursen wer e greatl y appr ec iat ed. 

M r .  Laursen , in reference to the discussion by Corrsin , poin ts out 

that E qs 21 and 22 seem to be at variance '�i th Eq 23.  

In his di scuss ion , Cor rsin actual l y  proves that a similari ty hypothesis 

of the t ype of Eq 23 necessar ily l eads to a ver ti cal vel oc i ty di s tribution wher e 

the velo c i ty rela tionship WmA10 is proportional to ( b  - � I d) . 

I t  should be no ted , howeve r ,  tha t Eqs 21 and 22 are experimen tal 

expressions , \'lh ich have been ve r if ied by exper imen tal dat a ,  that def ine a j e t  

issuing f rom an non-s ubme rged outl e t ;  \me r eas , E q  23 i s  an experimen tal expres-

s ion for a j e t  is suing from a submerged outl et . 

Since , in th is anal yt ical st udy of scour ; we are c onsider ing j et flow 

f rom non-subme rged outl ets ; a mo re rigorous approach , as impl ied by M r .  Laursen , 

would be to replace E q .  23 by a general rel ationship of the type 

.l ( ..r:  ' �  _!2_ )  ':i' b d " d  

Al though the f unc t ion � will have to be det ermined by e..'Cper imen t , E q  2 3  may be 

cons idered as an order of magn itude of the funct ion � • 
A basic assump tion in this s tudy was that the Bernoul l i  equation could 

be appl i ed in the n eighborhood of the s tagnation point to determine the velocity 

di s tribution . As a first  approximat ion , it  seems to give a representat ive velo c i ty 

distribution . I t  i s  recogni zed , however , that the appl icat ion of the Bernoul l i  

equa tion , a s  the j e t  cont inues t o  spread b y  diffusion i n  the radial direc tion and 

is affec ted by bo undary layer devel opmen t ,  can be subs tantiated onl y  by exper iment .  
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An impor tant point of this s t udy is that it  is val id onl y  at the 

in i tial stage of the scouring phenomenon . Ther efore , to better unders tand 

the scour phenomena ,  Eq 41 must be appl ied ins tead of E q  42 , . and ( b  - Z) must 

r eplace b • The solu tion of Eq 43 then r equi res numerical in teg rat ion. 

However , the l imi ting val ue of the scour hole dep th can be obtained by mak ing 

qs e qual to zero . Fur thermore , by subs ti tut ing E q  41 into E q  43 an approxi

ma te val ue o f  the time t when the depth is 99 per e'en t of i ts final val ue 

c an be determined. 


