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ABSTRACT

COMPOUND-GAUSSIAN-REGULARIZED INVERSE PROBLEMS: THEORY,
ALGORITHMS, AND NEURAL NETWORKS

Linear inverse problems are frequently encountered in a variety of applications including com-
pressive sensing, radar, sonar, medical, and tomographic imaging. Model-based and data-driven
methods are two prevalent classes of approaches used to solve linear inverse problems. Model-
based methods incorporate certain assumptions, such as the image prior distribution, into an it-
erative estimation algorithm, often, as an example, solving a regularized least squares problem.
Instead, data-driven methods learn the inverse reconstruction mapping directly by training a neural
network structure on actual signal and signal measurement pairs. Alternatively, algorithm un-
rolling, a recent approach to inverse problems, combines model-based and data-driven methods
through the implementation of an iterative estimation algorithm as a deep neural network (DNN).
This approach offers a vehicle to embed domain-level and algorithmic insights into the design of
neural networks such that the network layers are interpretable. The performance, in reconstructed
signal quality, of unrolled DNNs often exceeds that of corresponding iterative algorithms and stan-
dard DNNs while doing so in a computationally efficient fashion. In this work, we leverage algo-
rithm unrolling to combine a powerful statistical prior, the compound Gaussian (CG) prior, with
the powerful representational ability of machine learning and DNN approaches. Specifically, first
we construct a novel iterative CG-regularized least squares algorithm for signal reconstruction and
provide a computational theory for this algorithm. Second, using algorithm unrolling, the newly
developed CG-based least squares iterative algorithm is transformed into an original DNN in a
manner to facilitate the learning of the optimization landscape geometry. Third, a generalization
on the newly constructed CG regularized least squares iterative algorithm is developed, theoreti-

cally analyzed, and unrolled to yield a novel state-of-the-art DNN that provides a partial learning
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of the prior distribution constrained to the CG class of distributions. Fourth, techniques in statisti-
cal learning theory are employed for deriving original generalization error bounds on both unrolled
DNN s to substantiate theoretical guarantees of each neural network when estimating signals from
linear measurements after training. Finally, ample numerical experimentation is conducted for ev-
ery new CG-based iterative and DNN approach proposed in this paper. Simulation results show
our methods outperform previous state-of-the-art iterative signal estimation algorithms and deep-

learning-based methods, especially with limited training datasets.

il



ACKNOWLEDGEMENTS

Sincere gratitude to my advisors Dr. Margaret Cheney and Dr. Raghu G. Raj for providing
insightful discussions and relevant feedback throughout this project. This work was sponsored in
part by the Office of Naval Research via the NRL base program, under award number N00O14-
21-1-2145, and under award number NO001423WX01875. Further, this material is based upon
research supported in part by the Air Force Office of Scientific Research under award number

FA9550-21-1-0169.

v



DEDICATION

To my wife Sarah for her endless support and encouragement.



TABLE OF CONTENTS

ABSTRACT . . . . . e il
ACKNOWLEDGEMENTS . . . . . . e v
DEDICATION . . . . . e e e v
LISTOF TABLES . . . . . . e e e e e X
LISTOF FIGURES . . . . . . e e e xii
Chapter 1 Background . . . .. ... 1
1.1 Linear Inverse Problems . . . . . . . ... ... ... .. .. ... .. 1
1.1.1 Maximum a Posteriori Estimate . . . . . . . ... .. ... ....... 2

1.1.2 Change-of-Basis Representation and Sparsity . . . . . . .. ... ... 4

1.2 Compound Gaussian Prior . . . . . . ... ... ... .. ... 5
1.2.1 Subsumed Distributions . . . . . . ... oo 6

1.3 Deep Neural Networks . . . . . . . .. ... .. .. .. .. .. ...... 11
1.3.1 Algorithm Unrolling . . . . . . . .. ... .. ... ... ........ 14

1.4 Steepest Descent . . . . . . .. ..o 15
1.4.1 Backtracking Line Search . . . . . .. .. ... ... 0. 19

1.4.2 Properties of Steepest Descent . . . . . . . .. ... ... oL 20

1.5 Projected Gradient Descent . . . . . ... ... ... ........... 21
1.5.1 Backtracking Line Search . . . . . ... ... ... ........... 23

1.5.2 Properties of Projected Gradient Descent . . . . . .. .. ... .. ... 23

1.6 Iterative Shrinkage and Thresholding Algorithm . . . . . ... ... ... 27
1.6.1 Backtracking Line Search . . . . . ... ... ... ....... ... 29

1.6.2 Properties of Iterative Shrinkage and Thresholding Algorithm . . . . . . 29
Chapter 2 Compound Gaussian Informed Inverse Problems . . . . . . ... ... ... 35
2.1 Notation and Nomenclature . . . . . . .. ... ... .. .. ....... 37
2.2 Compound Gaussian Least Squares (CG-LS) . . .. .. ... ... .. .. 37
22.1 CG-LS Implementation Details . . . . . . ... ... ... ... .. ... 37
222 Existence and Location of CG-LS Minimizers . . . . . ... ... ... 43
223 Convergence of CG-LS . . . . . ... ... ... .. .......... 54
224 Numerical Results . . . . . . ... ... ... .. L. 63
2.2.5 Comparison of Computational Time . . . . . . ... ... ... .... 70
2.2.6 Comparison Between Tikhonov and CG-LS Estimator . . . . . . . . .. 71
2.2.7 Impact of Sparsity on Reconstruction Quality . . . . . ... ... ... 75

2.3 Compound Gaussian Network (CG-Net) . . . . ... ... ... ..... 77
2.3.1 Network Structure . . . . . . . . . ... L 77
2.3.2 Network Parameters and Loss Functions . . . . . .. .. ... .. ... 79
233 Numerical Results . . . . . . .. ... ... oL 82
234 Impact of Measurement Noise . . . . . . ... ... ... ....... 93
2.35 Ablation Study . . . . ... 94
2.3.6 Comparison of Computational Time and Parameters . . . . . . . . . .. 95

Vi



2.4

Chapter 3
3.1
3.2
3.2.1
322
323
33
3.3.1
332
333
334
335
3.3.6
34
3.4.1
342
343
344
34.5
3.5

Chapter 4
4.1
4.2
4.2.1
4.2.2
423
4.2.4
4.2.5
4.2.6
4.2.7
4.3
4.3.1
432
433
4.4
4.4.1
44.2
443
444
4.5
4.5.1
4.6

Conclusion . . . . . . . o e 97

Deep Compound Gaussian Regularized Inverse Problems . . . . . . . . . .. 99
Notation and Nomenclature . . . . .. ... ... ... ... ....... 101
Generalized Compound Gaussian Least Squares (G-CG-LS) . . . . . . .. 102

G-CG-LS Implementation Details . . . . ... ... ... ....... 102
Scale Variable Update Methods . . . . . . .. ... ... ........ 107
Convergence of G-CG-LS . . . . . .. .. ... ... ... ....... 108
Deep Regularized Compound Gaussian Network (DR-CG-Net) . . . . . . 116
Network Structure . . . . . . . . . ... 116
Network Parameters and Subnetwork . . . . . . . .. .. ... .. ... 121
LossFunction . . . . ... ... .. ... ... ... .. ... 123
Data . . . . . .. e 124
Numerical Results . . . . . . ... ... ... ... . 124
Network Parameters . . . . . . . . .. ... ... . L oL 146
Deep Scale Regularized Compound Gaussian Network . . . . . . . . . .. 147
Iterative Algorithm Implementation. . . . . . . .. ... ... .. ... 148
Deep Scale Regularization Compound Gaussian Network Structure . . . 150
DSR-CG-Net Parameters . . . . . .. . ... ... .. .. ....... 152
DSR-CG-Net Loss Function . . . . . ... ... .. .......... 155
DSR-CG-Net Numerical Results . . . . . . ... .. .. ... ..... 155
Conclusion . . . . . . . ... 159

Generalization Error Bounds for Deep Compound Gaussian Neural Networks 161

Notation and Nomenclature . . . . . .. . ... ... .. .. ....... 163
Preliminaries . . . . . . . . . . ... L 165
Generalization Error . . . . . . . .. ... L o 166
Rademacher Complexity . . . . ... ... ... ... .. ....... 168
Dudley’s Inequality . . . . . ... ... ... ... L. 169
Rademacher Process . . . . . . . ... .. ... ... ... 170
Covering Number Bounds . . . . . . ... .. ... ........... 174
Properties of Bounding Functions . . . . . . ... ... ......... 177
Integral Bounds . . . . . .. ... oo 183
Generalized Compound Gaussian Network . . . . .. .. ... ... ... 186
Iterative Algorithm . . . . . . . ... .. ... L L 186
Unrolled Deep Neural Network (G-CG-Net) . . . . ... ... ... .. 188
Realizations . . . . . . . . . . . .. ... 190
Generalization Error Bound for G-CG-Net . . . . . .. ... ... .... 192
Assumptions for the Generalization Error Bound . . . . . . . . . . . .. 192
Lipschitz Property of G-CG-Net . . . . . ... ... ... .. ..... 194
Constructing a Generalization Error Bound . . . . . . . . ... ... .. 208
Alternative Generalization Error Bounds . . . . . . . .. .. ... ... 217
Generalization Error Bound for CG-Net . . . . . . . .. ... ... .... 224
AsymptoticForms . . . . . . ... ... Lo oo 232
Generalization Error Bound for DR-CG-Net without Bias . . . . . . . .. 236

vii



4.6.1
4.6.2
4.6.3
4.6.4
4.6.5
4.7
4.8

Chapter 5
5.1
5.1.1
5.1.2
5.1.3
5.2
5.2.1
522
523
524

Bibliography

Chapter A
A.l

Appendix B
B.1
B.2
B.3
B.4

Appendix C

Appendix D

Properties of Fully-Connected Neural Networks . . . . . .. ... ... 237
Generalization Error Bound for PGD DR-CG-Net . . . . . .. ... .. 239
Asymptotic Forms of PGD DR-CG-Net Generalization Error Bounds . . 246
Generalization Error Bound for ISTA DR-CG-Net . . . . . .. ... .. 251
Asymptotic Forms of ISTA DR-CG-Net Generalization Error Bounds . 258
Generalization Error Bound Comparison . . . . . ... ... ... .... 263
Conclusion . . . . . . . . .. 266
Summary and Future Work . . . . . . . ... .. o oL L 267
Summary . . . ... 267
Compound Gaussian Network . . . . . .. .. ... ... ..... .. 267
Deep Regularized Compound Gaussian Network . . . . . . ... .. .. 270
Generalization Error for Compound Gaussian Based Networks . . . . . 273
Future Work . . . . . . .. Lo 274
Compound Gaussian Network . . . . . .. ... .. ... ... ... 275
Deep Regularized Compound Gaussian Network . . . . . . .. ... .. 277
Theoretical Properties of Compound Gaussian Based Networks . . . . . 279
Compound Gaussian Generative Adversarial Networks . . . . . . . .. 279
.......................................... 281
Additional DR-CG-Net Numerical Results . . . . . . ... ... ... .... 300
Histograms . . . . . . . . . . ... 300
CG-Net Asymptotic Generalization Error . . . . . . .. ... .. ... ... 307
Properties of Big O Notation . . . . . . .. ... .. ... ......... 307
Dependent on Signal Size . . . . .. ... ... oL 307
Independent Measurement Matrix Norm . . . . . .. ... ... ..... 323
Independence of Signal Size . . . . . . .. ... ... oL L. 325
PGD DR-CG-Net Asymptotic Generalization Error . . . . . . ... .. ... 327
ISTA DR-CG-Net Asymptotic Generalization Error . . . . . . ... .. ... 341

viii



2.1

2.2

2.3

24

2.5

2.6

2.7

LIST OF TABLES

Average SSIM (x10%) and PSNR with 99% confidence intervals for our gCG-LS and
nCG-LS and six comparative methods. Each algorithm estimated two hundred, 32 x 32
CIFAR10 images from Radon transform measurements taken at 15, 10, or 6 uniformly
spaced angles. Each measurement has an SNR of 60dB or 40dB. We find that CG-
LS performs best in all noise and sparse scenarios with nCG-LS, in bold, slightly
outperforming gCG-LS, initalics. . . . . . . . . . . . . . . ...
Average SSIM (x10?) and PSNR with 99% confidence intervals for our gCG-LS and
nCG-LS and five comparative iterative compressive sensing methods. Each algorithm
estimated two hundred, 32 x 32 CIFAR10 [69] images from random Gaussian mea-
surements taken at a sampling ratio of 0.5, 0.3, or 0.1. Each measurement has an SNR
of 60dB. We find that CG-LS performs best in all noise and sparse scenarios where
nCG-LS is in bold and gCG-LS is initalics. . . . . . . . . . ... .. .. ... ....
Average SSIM (x10?) and PSNR with 99% confidence intervals for our gCG-LS and
nCG-LS and six comparative methods. Each algorithm estimated two hundred, 64 x
64 CalTech101 images from Radon transform measurements taken at 15, 10, or 6
uniformly spaced angles. Each measurement has an SNR of 60dB or 40dB. We find
that CG-LS performs best in all noise and sparse scenarios with nCG-LS, in bold,
slightly outperforming gCG-LS, in italics. . . . . . . . . . . . .. ... ... .....
Average SSIM (x10?) and PSNR with 99% confidence intervals for our gCG-LS and
nCG-LS and five comparative methods. Each algorithm estimated all 11, 128 x 128
Setll images from Radon transform measurements taken at 15, 10, or 6 uniformly
spaced angles. Each measurement has an SNR of 60dB or 40dB. We find that CG-LS
performs best, or comparably, in all noise and sparse scenarios with nCG-LS, in bold,
slightly outperforming gCG-LS, in italics. . . . . . . . ... .. ... ... ......
Average reconstruction time of 32 X 32 images from Radon transform measurements
at 15 uniform angles for our nCG-LS, our gCG-LS, and five comparison iterative al-
gorithms. . . . . . . . e e
Average SSIM (x10?) and PSNR with 99% confidence intervals for our gCG-LS, our
nCG-LS, and a standard Tikhonov solution. Each algorithm estimated two hundred,
32 x 32 CIFARI10 images from Radon transform measurements taken at 15, 10, or 6
uniformly spaced angles. Each measurement has an SNR of 60dB or 40dB. We find
that CG-LS performs best in all noise and sparse scenarios where nCG-LS is in bold
and gCG-LSisinitalics. . . . . . . . . . . e e
Average SSIM (x10?) and PSNR with 99% confidence intervals for our gCG-LS, our
nCG-LS, and a standard Tikhonov estimate. Each algorithm estimated two hundred,
32 x 32 CIFAR10 [69] images from random Gaussian measurements taken at a sam-
pling ratio of 0.5, 0.3, or 0.1. Each measurement has an SNR of 60dB. We find that
CG-LS performs best in all noise and sparse scenarios where nCG-LS is in bold and
gCG-LSisin italics. . . . . . . . o o i e e e e

ix



2.8

29

2.10

2.11

2.12

2.13

2.14

Study on the impact of sparsity for FISTA, ¢,-LS, BCS, and CoSaMP reconstructions.
Each method reconstructed two hundred, 32 x 32 CIFAR10 images from Radon trans-
form measurements taken at 15, 10, or 6 uniformly spaced angles with no additive
noise. The wavelet coefficients of each image were sparsified before measuring by
setting all but the absolute largest 20% of the entries, i.e. 820 of the 1024 entries, to
zero. Provided is the average SSIM (x10%) and PSNR with 99% confidence intervals
for each reconstruction algorithm. We find that a truly sparse signal greatly benefits
each of the methods in terms of reconstruction quality and many small but nonzero
components in the image wavelet coefficients is detrimental to each methods success. .
Average SSIM (x10%) and PSNR with 99% confidence intervals for ten machine
learning-based image reconstruction methods. Each method reconstructed two hun-
dred, 32 x 32 CIFARI1O0 [69] images, after training on a set of only 20 samples. Sens-
ing matrix, W, is a Radon transform at 15, 10, or 6 uniformly spaced angles and the
dictionary, ®, is a biorthogonal wavelet transform. Each measurement is noisy with
an SNR of 60dB or 40dB. In all our method CG-Net, highlighted in bold, outperforms
other approaches. . . . . . . . . . . .
Average SSIM (x10?) and PSNR with 99% confidence intervals for ten machine
learning-based image reconstruction methods. Each method reconstructed two hun-
dred, 64 x 64 CalTech101 [70] images, after training on only 20 samples. Sensing
matrix, ¥, is a Radon transform at 15, 10, or 6 uniformly spaced angles and the dictio-
nary, @, is a biorthogonal wavelet transform. Each measurement is noisy with an SNR
of 60dB or 40dB. In all our method CG-Net, highlighted in bold, outperforms other
approaches. . . . . . . .. e e
Average SSIM (x10?) and PSNR with 99% confidence intervals for six deep learn-
ing based image reconstruction methods for training and testing on alternative sens-
ing matrices, V¥, and dictionaries, . Here, ¥ € R™*" is a Radon transform, at 15
or 10 uniformly spaced angles, or a Gaussian matrix, with 0.5 or 0.3 sampling ratio
(deﬁned as %), as in compressive sensing. Additionally, ® is either a biorthogonal
wavelet dictionary or discrete cosine transformation. Each measurement is corrupted
with noise at an SNR of 60dB. Every method reconstructed two hundred, 32 x 32 CI-
FAR10 images after training on a set of 2000 samples. The samples in training and
testing are produced from the same measurement and representation matrices. In all
cases, our method CG-Net, highlighted in bold, performs better or comparably to all
other approaches. . . . . . . . . . . .
Ablation study for CG-Net. Average SSIM (x10?) and PSNR for 32 x 32 image
reconstructions from a Radon transform, at several different amounts of uniformly
spaced angles, with a set SNR. We find that gCG-Net and nCG-Net outperform the
full version of CG-Net in the lowest training scenario since fewer parameters must be
fitforthesecases. . . . . . . . . . L
Average reconstruction time of 32 X 32 images from Radon transform measurements
at 15 uniform angles for our CG-Net and nine comparison deep learning based image
reconstructionmethods. . . . . . ... Lo Lo
Parameter count for our CG-Net and nine comparison deep learning methods in the
reconstruction of a 32 X 32 image from Radon transform measurements at 15 uniformly
spaced angles. . . . . .. L.

76

85

86

92



3.1

3.2

33

34

3.5

Refinement block study for ISTA DR-CG-Net. Displayed is the average SSIM ( x 10?)
and PSNR for CIFAR10 image reconstructions from a Radon transform, at several
different amounts of uniformly spaced angles, with a set SNR. T and F indicate if the
refinement block is or is not used, respectively. Further, b.t. and a.t. denote if the
refinement block is removed before or after training, respectively.. . . . . . . . . . ..
Average reconstruction time of 32 x 32 images from Radon transform measurements
at ISuniformangles. . . . . . ..
Parameter count for our DR-CG-Nets and ten comparison deep learning methods when
each method is reconstructing a 32 x 32 image from Radon transform measurements
at 15 uniformly spaced angles. . . . . . . . . . .. ..
Average SSIM (x10?), PSNR, and reconstruction time with 99% confidence interval
over 8000 test image reconstructions, from Radon transforms at 15 uniformly spaced
angles with 60dB SNR, for each reconstruction algorithm. . . . . .. .. ... .. ..
Average SSIM (x10?%), PSNR, and reconstruction time with 99% confidence interval
over 8000 image reconstructions, from Radon transforms at 6 uniformly spaced angles
with 60dB SNR, for each reconstruction algorithm. . . . . . .. ... ... ... ...

X1

143

146

158



1.1

2.1

2.2

2.3

24

2.5

LIST OF FIGURES

A sample deep neural network with the following structure: Input layer, L, has three
hidden units. The first hidden layer, L, has five nodes (i.e. f; : R® — R®). The
second hidden layer, Lo, has four nodes (i.e. f» : R> — R*). The third hidden layer,
L, has two nodes (i.e. f3 : R* — R?). Finally, the output layer, L,, has five hidden
units (le. f4 :REZ—= R, . .. .

Image reconstructions, with SSIM value in parenthesis, using our gCG-LS, our nCG-
LS, FISTA, KF, ¢;-LS, FBP, BCS, and CoSaMP. The input to each algorithm is a
vectorized (2.1b), which is a Radon transform of (2.1a) at 15 uniformly spaced angles
with an SNR of 60dB. We observe that CG-LS outperforms all methods with nCG-LS
slightly outperforming gCG-LS. . . . . . . .. ... ... ... ... .. .......
Image reconstructions, with SSIM value in parenthesis, using our gCG-LS, nCG-
LS, FISTA, KF, ¢;-LS, Fourier backprojection, Bayesian Compressive Sensing, and
CoSaMP. The input to each algorithm is a vectorized (2.2b), which is the Radon trans-
form of the original 64 x 64 image, (2.2a), at 15 uniformly spaced angles with a noise
level of 60dB SNR. We observe that CG-LS outperforms all methods with nCG-LS
slightly outperforming gCG-LS. . . . . . . . . . .. ... ... ... ... .....
Image reconstructions (SSIM) using our gCG-LS, our nCG-LS, FISTA, KF, ¢;-LS,
FBP, BCS, and CoSaMP. The input to each algorithm is a vectorized (2.3b), which is
the Radon transform of (2.3a) at 15 uniformly spaced angles with an SNR of 60dB.
We observe that CG-LS outperforms all methods with nCG-LS slightly outperforming

Sparsified image reconstructions, with SSIM in parenthesis, using four sparsity based
iterative reconstruction methods: FISTA, ¢;-LS, BCS, and CoSaMP. The input to each
algorithm is noiseless 15 angle Radon transform of (2.4a). Compared to Figure 2.1,
we observe that measuring truly sparse wavelet coefficients produces significantly im-
proved reconstructions from eachmethod. . . . . . . . . ... ... ... ... ...,
End-to-end network structure for CG-Net, the unrolled deep neural network of Al-
gorithm 2, is shown in (2.5a). A mathematical description of each layer is given in
(2.5¢). CG-Net consists of an input layer, Ly, initialization layer, Z,, output layer, O,
and K CG-Net blocks (2.5b). Each CG-Net block, k, contains .J steepest descent lay-
ers, Z}, ..., Z{, and a single Tikhonov layer, U. Every layer takes the measurements,
Ly = y, as an input so these connections are omitted for clarity. . . . . .. ... ...

Xii



2.6

2.7

2.8

2.9

2.10

2.11

2.12

Model loss curves on a validation dataset for training each deep learning-based method
on Radon inversion from 15 uniformly spaced angles with 20 training samples. The
point on each model’s loss curve represents the epoch in which that model achieved
its best loss on a validation dataset and overfits on subsequent epochs. Only these best
loss epoch results are presented for each method. Note, for the plots above, CG-Net
uses an SSIM loss function, MADUN uses a mean absolute error loss function, and
all other methods use a mean square error loss function (possibly with some additional
regularization). As the network loss functions are not equivalent, these plots do not
contribute a comparison between the methods and only illustrate that each method is
maximally trained for every supplied training dataset. . . . . . .. ... ... ... ..
Average test image reconstruction SSIM (left) and PSNR (right) when we vary the
amount of CIFAR10 [69] data in training eight machine learning-based image recon-
struction methods. Here, the sensing matrices, ¥, are a Radon transform at 15, 10, or 6
uniformly spaced angles and the sparsity dictionary, ®, is a biorthogonal wavelet trans-
form. Measurements in training and testing have an SNR of 60dB. Our method, CG-
Net, significantly outperforms all comparative methods, as highlighted in the boxed
region, in the low training regime. . . . . . . . . . . ... ..o
Image reconstructions with SSIM in parentheses using CG-Net and nine other deep
learning methods for 32 x 32 Barbara images. The sensing matrix, W, is a Radon
transform at 15 uniformly spaced angles, the dictionary, @, is a biorthogonal wavelet
transformation, and each measurement has an SNR of 60dB. Our method CG-Net,
shown in (2.8c) performs best. All test reconstructions were performed after training
each method on a dataset of only 20 samples. . . . . . .. .. ... ... ... ....
Image reconstructions with SSIM in parentheses using CG-Net and nine other deep
learning methods for 64 x 64 Barbara images. The sensing matrix, W, is a Radon
transform at 15 uniformly spaced angles, the dictionary, @, is a biorthogonal wavelet
transformation, and each measurement has an SNR of 60dB. Our method CG-Net,
shown in (2.9¢), performs best. All test reconstructions were performed after training
each method on a dataset of only 20 samples. . . . . . .. .. ... ... ... .. ..
Test image reconstructions, with SSIM value in parentheses, of a 32 x 32 dog image.
Here, ¥ is a Radon transform at 10 uniformly spaced angles, ® is a biorthogonal
wavelet transformation, and each measurement has an SNR of 60dB. Our method CG-
Net (2.10c) performs best. All test reconstructions were performed after training each
method on a dataset of only 20 samples. . . . . . . . . .. ... Lo
Test image reconstructions, with SSIM value in parentheses, for a 32 x 32 truck image.
Here, V¥ is a 6 uniformly spaced angle Radon transform, ® is a biorthogonal wavelet
transformation, and measurement have an SNR of 60dB. Our method CG-Net (2.11¢)
performs best. All test reconstructions were performed after training each method on
adataset of only 20 samples. . . . . . . . . ..
Study of the impact that higher measurement noise has on CG-Net. Displayed is the
average test image reconstruction SSIM when we vary the amount of CIFAR10 [69]
data in training eight machine learning-based image reconstruction methods. Here, the
sensing matrices, W, are a Radon transform at 10 or 6 uniformly spaced angles and the
sparsity dictionary, @, is a biorthogonal wavelet transform. Measurements in training
and testing have an SNR of 40dBor30dB. . . . . . . . ... ... ... ... ... ..

Xiii

89

90



3.1

3.2

33

34

3.5

3.6

3.7

End-to-end network structure for DR-CG-Net, the unrolled deep neural network of
Algorithm 2, is shown in (3.1a). DR-CG-Net consists of an input block, L, initial-
ization block, Zj, K + 1 Tikhonov blocks, Uy, K complete scale variable mappings,
Z., a Hadamard product block, C, and an optional refinement block, G. Each Z, with

structure in (3.1c¢), consists of .J scale variable updates g,(f ) further detailed in (3.14d).

Each g,ik) consists of a data fidelity gradient descent step, r,(j ), added to a convolu-

tional neural network, W,gj Jin (3.1e), and corresponds to an intermediate update of the
zvariable. . . ...
Structure of the w update block, Uy, for using gradient descent steps with Nesterov
momentum. This block provides an approximate estimate of the Tikhonov solution. . .
Model loss curves on a validation dataset for training each deep learning-based method
on Radon inversion from 15 uniformly spaced angles with 20 training samples. The
point on each model’s loss curve represents the epoch in which that model achieved
its best loss on a validation dataset and overfits on subsequent epochs. Only these best
loss epoch results are presented for each method. Note, for the plots above, CG-Net
uses an SSIM loss function, MADUN and DR-CG-Net use a mean absolute error loss
function, and all other methods use a mean square error loss function (possibly with
some additional regularization). As the network loss functions are not equivalent, these
plots do not contribute a comparison between the methods and only illustrate that each
method is maximally trained for every supplied training dataset. . . . .. .. ... ..
Average test image reconstruction SSIM and PSNR when we vary the amount of CI-
FARI10 data in training nine machine learning-based image reconstruction methods.
Here, the sensing matrices, W, are a Radon transform at 15, 10, or 6 uniformly spaced
angles, ® = I, and the measurement SNR is 60dB. Our DR-CG-Net method outper-
forms the compared prior art methods, in all scenarios, and does so appreciably
inlowtraining. . . . . . . . . ...
Average test image reconstruction SSIM and PSNR when we vary the amount of CI-
FARI10 data in training nine machine learning-based image reconstruction methods.
Here, the sensing matrices, W, are a Radon transform at 15, 10, or 6 uniformly spaced
angles, ® = I, and the measurement SNR is 40dB. Our DR-CG-Net method outper-
forms the compared prior art methods, in all scenarios, and does so appreciably
inlowtraining. . . . . . . . ...
Image reconstructions (SSIM) using our DR-CG-Nets and ten comparative deep learn-
ing methods on a 32 x 32 cat image after training on only 20 samples. The sensing
matrix, W, is a Radon transform at 15 uniformly spaced angles, ® = I, and the mea-
surement has an SNR of 60dB. Our DR-CG-Net methods perform best visually and
by SSIM. . . . . e
Image reconstructions (SSIM) using our DR-CG-Nets and ten comparative deep learn-
ing methods on a 32 x 32 car image after training on only 100 samples. The sensing
matrix, W, is a Radon transform at 10 uniformly spaced angles, ® = I, and the mea-
surement has an SNR of 60dB. Our DR-CG-Net methods perform best visually and
by SSIM. . . . . e

Xiv

131

132



3.8

39

3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17

Image reconstructions (SSIM) using our DR-CG-Nets and ten comparative deep learn-
ing methods on a 32 x 32 horse image after training with 1000 samples. The sensing
matrix, W, is a Radon transform at 6 uniformly spaced angles, ® = I, and the mea-
surement has an SNR of 60dB. Our DR-CG-Net methods perform best visually and
by SSIM. . . . . e 133
Test image reconstruction quality for deep learning-based image estimation methods
trained on only 20 samples. In all cases, our method, DR-CG-Net given by the top
red bar, outperforms the other approaches. . . . . . . . ... ... ... ...... 134
Image reconstructions (SSIM) using our DR-CG-Net and six competitive deep learn-
ing methods on a 128 x 128 test scan after training with only 20 samples. The sensing
matrix, U, is a Radon transform at 76 uniformly spaced angles, & = I, and each mea-
surement has an SNR of 60dB. Our DR-CG-Net methods perform best visually and by
SSIM. . o 135
Image reconstructions (SSIM) using our DR-CG-Net and six competitive deep learn-
ing methods on a 128 x 128 test scan after training with only 20 samples. The sensing
matrix, U, is a Radon transform at 76 uniformly spaced angles, & = I, and each mea-
surement has an SNR of 60dB. Our DR-CG-Net methods perform best visually and by
SSIM. . o 135
Image reconstructions (SSIM) using our DR-CG-Nets, ten comparative deep learning
methods, and two baseline iterative-based methods on a 64 x 64 spider image. The
sensing matrix, W, is a Radon transform at 30 uniformly spaced angles, ® = I, and
each measurement has an SNR of 60dB. Our DR-CG-Net methods perform best visu-
allyand by SSIM. . . . . . . .. 136
Image reconstructions (SSIM) using our DR-CG-Nets and ten comparative deep learn-
ing methods on 64 x 64 Barbara images after training on only 20 samples. The sensing
matrix, U, is a Radon transform at 15 uniformly spaced angles, & = I, and each mea-
surement has an SNR of 60dB. Our DR-CG-Net methods perform best visually and by
SSIM. . o e 137
Test image reconstruction quality for six deep learning-based image estimation meth-
ods trained on only 20 samples. Every Gaussian measurement has an SNR of 60dB
and ® = discrete cosine transformation. In all cases, our method, DR-CG-Net given
by the top red bar, outperforms the other approaches. . . . . . . .. ... .. ... 138
Image reconstructions (SSIM) using our DR-CG-Net and six comparative deep learn-
ing methods on a 32 x 32 plane image after training on only 20 samples. The sensing
matrix, ¥, is a Gaussian matrix at 0.5 sampling ratio, ® = discrete cosine transforma-
tion, and each measurement has an SNR of 60dB. Our DR-CG-Net methods perform
best visually and by SSIM. . . . . . . . . . 139
Image reconstructions (SSIM) using our DR-CG-Net and six comparative deep learn-
ing methods on a 64 x 64 strawberry image after training on only 20 samples. ¥ =
Gaussian matrix at 0.5 sampling ratio, ¢ = discrete cosine transformation, and mea-
surements have an SNR of 60dB. DR-CG-Net method performs best visually, particu-

larly the leaf detail, and by SSIM. . . . . . . . . . . ... ... . 140
Network structure for DSR-CG-Net, the unfolded deep neural network of GS-CG-LS
in Algorithm 4. . . . . . . . .. e 150

XV



3.18 Testimage reconstructions using Newton DSR-CG-Net, gradient DSR-CG-Net, ¢;-LS,

4.1

A.l

A2

A3

A4

AS

A.6

filtered backprojection, Bayesian Compressive Sensing, and CoSaMP. Each method
operates on a vectorized (3.18b) which is the Radon transform of the original image,
(3.18a), at 15 uniformly spaced angles with an SNR 60dB. Newton DSR-CG-Net out-
performs gradient DSR-CG-Net and both outperform all compared methods. . . . . . .

End-to-end network structure for G-CG-Net, the unrolled deep neural network of Al-
gorithm 5, is shown in (4.1a). G-CG-Net consists of an input block, L, initialization
block, Zy, K +1 Tikhonov blocks, Uy, output block, O, and K complete scale variable
m(a;))pings, Z, with structure in (4.1c). Each Z; consists of J scale variable updates
e

Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 15 uniformly spaced angles with a SNR of 60dB, us-
ing DR-CG-Net and seven competitive deep learning methods. Each method is trained
with a dataset of only 20 samples. The solid vertical line and dashed vertical line on
each histogram plot marks the mean and median SSIM value, respectively. . . . . . . .
Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 15 uniformly spaced angles with a SNR of 60dB, us-
ing DR-CG-Net and seven competitive deep learning methods. Each method is trained
with a dataset of 1000 samples. The solid vertical line and dashed vertical line on each
histogram plot marks the mean and median SSIM value, respectively. . . . . ... ..
Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 15 uniformly spaced angles with a SNR of 40dB, us-
ing DR-CG-Net and seven competitive deep learning methods. Each method is trained
with a dataset of only 20 samples. The solid vertical line and dashed vertical line on
each histogram plot marks the mean and median SSIM value, respectively. . . . . . . .
Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 15 uniformly spaced angles with a SNR of 40dB, us-
ing DR-CG-Net and seven competitive deep learning methods. Each method is trained
with a dataset of 1000 samples. The solid vertical line and dashed vertical line on each
histogram plot marks the mean and median SSIM value, respectively. . . . . ... ..
Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 10 uniformly spaced angles with a SNR of 60dB, us-
ing DR-CG-Net and seven competitive deep learning methods. Each method is trained
with a dataset of only 20 samples. The solid vertical line and dashed vertical line on
each histogram plot marks the mean and median SSIM value, respectively. . . . . . . .
Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 10 uniformly spaced angles with a SNR of 60dB, us-
ing DR-CG-Net and seven competitive deep learning methods. Each method is trained
with a dataset of 1000 samples. The solid vertical line and dashed vertical line on each
histogram plot marks the mean and median SSIM value, respectively. . . . . .. . ..

Xvi



A.7 Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 10 uniformly spaced angles with a SNR of 40dB, us-
ing DR-CG-Net and seven competitive deep learning methods. Each method is trained
with a dataset of only 20 samples. The solid vertical line and dashed vertical line on
each histogram plot marks the mean and median SSIM value, respectively. . . . . . . .

A.8 Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 10 uniformly spaced angles with a SNR of 40dB, us-
ing DR-CG-Net and seven competitive deep learning methods. Each method is trained
with a dataset of 1000 samples. The solid vertical line and dashed vertical line on each
histogram plot marks the mean and median SSIM value, respectively. . . . . . .. ..

A.9 Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 6 uniformly spaced angles with a SNR of 60dB, us-
ing DR-CG-Net and seven competitive deep learning methods. Each method is trained
with a dataset of only 20 samples. The solid vertical line and dashed vertical line on
each histogram plot marks the mean and median SSIM value, respectively. . . . . . . .

A.10 Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 6 uniformly spaced angles with a SNR of 60dB,
using DR-CG-Net and seven competitive deep learning methods. Each method is
trained with a dataset of 1000 samples. The solid vertical line and dashed vertical
line on each histogram plot marks the mean and median SSIM value, respectively. . .

A.11 Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 6 uniformly spaced angles with a SNR of 40dB, us-
ing DR-CG-Net and seven competitive deep learning methods. Each method is trained
with a dataset of only 20 samples. The solid vertical line and dashed vertical line on
each histogram plot marks the mean and median SSIM value, respectively. . . . . . . .

A.12 Histogram density plots of SSIM values from 8000 test CIFAR10 images, recon-
structed from Radon transforms at 6 uniformly spaced angles with a SNR of 40dB,
using DR-CG-Net and seven competitive deep learning methods. Each method is
trained with a dataset of 1000 samples. The solid vertical line and dashed vertical
line on each histogram plot marks the mean and median SSIM value, respectively. . . .

xXvii

. 305

306



Chapter 1

Background

In this chapter, we introduce a variety of notations, tools, and techniques from existing litera-
ture that are employed throughout the remaining chapters when we construct and evaluate multiple
novel compound Gaussian-based iterative and deep learning methods. First, we briefly overview
linear inverse problems and common techniques to solve them. Second, we introduce the com-
pound Gaussian prior. Third, we succinctly discuss deep neural networks and the algorithm un-
rolling technique. Lastly, we overview three common descent methods used in optimization and

provided an assortment of theoretical guarantees for each.

1.1 Linear Inverse Problems

Inverse problems in a variety of applications, including compressive sensing (CS) and certain
imaging tasks, often assume a linear measurement model. Let ¢ € R" be a vectorized signal
observed through measurement matrix A € R™*" with additive zero-mean white Gaussian noise

contamination, ¥ € R™, producing measurements y € R™ given as
y=Ac+v. (1.1)

In many applications of interest m < n, which we refer to as the sparse sensing scenario, and
the measurements, y, are a severe undersampling of the signal, c. Signal reconstruction, or esti-
mation, is the linear inverse problem aimed at recovering the signal, ¢, given the measurements,
y, and sensing matrix, A. Two prevalent classes of approaches are used in practice for image
reconstruction, namely model-based and data-driven approaches.

First, model-based approaches incorporate certain assumptions, such as the expected prior
density or sparsity level of the signal ¢, into the signal estimation method. Often, model-based

methods apply an iterative algorithm designed to minimize an objective function. Examples in-



clude the Iterative Shrinkage and Thresholding Algorithm (ISTA), Bayesian Compressive Sensing
(BCS), Basis Pursuit, and Compressive Sampling Matching Pursuit (CoSaMP) [1-4]. Many pre-
vious works model the prior density as a generalized Gaussian, p(c) oc exp(—Al/c||?), and solve a
corresponding least squares problem with ¢, regularization [2,4-7]. Alternatively, some previous
works consider a compound Gaussian (CG) prior [8, 9], which is a class of densities subsuming
generalized Gaussian and other densities as special cases, that better captures statistical properties
of images [10-12].

Second, data-driven approaches learn the signal reconstruction mapping directly by training
a standard deep neural network (DNN) on a dataset of (measurement, signal), i.e. (y,c), pairs.
Data-driven approaches have been fueled by advances in computing and the success of machine
learning in image recognition tasks. Common DNNSs in image reconstruction are structured upon a
convolutional neural network (CNN), recurrent neural network, or a generative adversarial network
(GAN) [13-19].

A more recent approach to signal reconstruction, known as algorithm unrolling or unfold-
ing, stemming from the original work of Gregor and LeCun [20], combines the model-based and
data-driven methods by structuring the layers of a DNN upon an iterative algorithm. Unlike a stan-
dard DNN, which acts as black-box process, we have an understanding of the inner workings of
an unrolled DNN from understanding the original iterative algorithm. Works utilizing algorithm
unrolling have shown excellent performance in signal reconstruction while offering simple inter-
pretability of the network layers [21]. Examples of iterative imaging algorithms that have been
unrolled include: ISTA [20, 22-26], proximal gradient or gradient descent [27-29], the inertial
proximal algorithm for non-convex optimization [30], the primal-dual algorithm [31], alternating

direction method of multipliers [32], and half-quadratic splitting [33].

1.1.1 Maximum a Posteriori Estimate

A fruitful way to solve the linear inverse problem to (1.1) is through Bayesian estimation.

Let p(c|y) be the conditional probability density of the signal, ¢, given the measurements, y.



Furthermore, let p(y | ¢) be the conditional probability density of the measurements, y, given the
signal, ¢, and let p(c) be the probability density of the signal, c¢. From Bayesian estimation,

consider the maximum a posteriori (MAP) estimate of the signal in (1.1) given as

¢ = argmax p(c|y) = argmax p(y | ¢)p(c)
c (&

= arglI:naX {In(p(y |c)) +1In(p(c))}

=argmin {—In(p(y|c)) —In(p(c))}. (1.2)

[

Note, for a Gaussian random vector £ € R" ~ N (u, Xx), deterministic matrix M € R™*", and

deterministic vector b € R™
ME+b~N (Mp+bMESxMT). (1.3)
Since v ~ N (0, 0*1) then, taking M = I, £ = v, and b = Acin (1.3), we have
plyle) =p(Ac+v|c) ~ N (Ac,0%1)
and so

—In(p(y|e)) = —In ((; exp (—% (y — AC)T (y — AC)))

2wo?)"

_ gln(27n72) + % (y — Ae)” (y — Ac). (1.4)



Combining equation (1.2) and (1.4) gives

C = argmin {% In(270?) + %2 (y — AC)T (y — Ac) — ln(p(c))}

c

= arg min {% (y — AC)T (y — Ac) — % ln(p(c))}

c

1
= argmin §Hy—ACH§+R(c) (1.5)

where R(c) = —2 In(p(c)). Equation (1.5) is a regularized least squares estimate where the regu-
larization is informed by the prior distribution of the signal, ¢. Therefore, we equivalently view the
MAP estimator as a regularized least squares estimate for properly chosen regularization function.
In either case, the prior density assumed for the signal, c, is a critical choice to incorporate domain

level knowledge into the signal reconstruction process.

1.1.2 Change-of-Basis Representation and Sparsity

Frequently, A is decomposed into the product an observation matrix ¥ € R™*" and a change-
of-basis transformation & € R"*". That is, A = W&, which corresponds to expressing some
original signal * € R" with respect to (w.r.t.) the transformation ¢ as * = ®c. When A is

decomposed, the linear measurement model from (1.1) is instead given by
y=VYdc+v. (1.6)

The decomposition of A is often employed when a has some desirable properties, such as sparsity,
when represented through the change-of-basis.

Recall that a digital signal x € R" is k-sparse if at most k entries of « are non-zero. For
example, natural images are known to have a sparse representation under a wavelet dictionary or
discrete cosine transformation (DCT). In such a case, x is a vectorized image, ® is the wavelet

dictionary or DCT, and c are the sparsity coefficients of the image x.



1.2 Compound Gaussian Prior

As shown in Section 1.1.1, the choice of regularization on, or prior density of, the signal of
interest, ¢, is a crucial component to incorporate domain level knowledge into a linear inverse
problem. Many previous works have employed a generalized Gaussian prior. The generalized
Gaussian prior includes a Gaussian prior, corresponding to a Tikhonov regression, [34, 35] and
a Laplacian prior, as is predominant in the compressive sensing (CS) framework, [1, 2,4-6, 36].
Additional regularization, not derived from a specific prior density, have been implemented for
image reconstruction including total variation norm [36-39], stochastic based regularization [40],
and deep learning based regularization [18,41,42].

Through the study of the statistics of image sparsity coefficients, it has been shown that sparse
coefficients of natural images exhibit self-similarity, heavy-tailed marginal distributions, and self-
reinforcement among local coefficients [11]. Such properties are not encompassed by the gen-
eralized Gaussian prior typically assumed for the image sparsity coefficients. Instead, classes of
densities, known as CG densities [43] and Gaussian scale mixtures [10, 11], better capture statis-
tical properties of natural images and images from other modalities such as radar [12]. A useful

formulation of the CG prior lies in modeling the sparse coefficients of images as
T
c=z0u:= [zlul Zolg - znun} (L.7)

such that 2z is a positive random vector, u ~ N(0, ¥.), and u and z are independent random
vectors. We denote z as the scale variable and u as the Gaussian variable. We remark that Gaussian
scale mixtures are a special case of CG densities corresponding to the restriction that z = 21 =
z[1,1,...,1]T. That is, z is not a random vector but rather a scalar random variable. Hence, the
CG formulation in (1.7) allows for greater statistical representation ability than the Gaussian scale

mixture density.



Finally, we remark that one practical formulation of the scale variable, as discussed in [8, 11],

is to take

z = h(x), (1.8)

where » : R — R is a componentwise, positive, nonlinear function and z follows a multi-scale
Gaussian tree process. Previously, the CG prior has been used, with h(z) = y/exp(xz/a) for
a € (0,00), in a hierarchical Bayesian MAP (HB-MAP) estimate of wavelet and discrete co-
sine transformation (DCT) coefficients of images [8,9]. The HB-MAP algorithm produces recon-
structed images with superior quality, measured by the structural similarity index (SSIM), over
other state-of-the-art CS techniques [8]. Furthermore, the Gaussian scale mixture prior has been

successfully used for image denoising [44] and hyperspectral image compressive sensing [45].

1.2.1 Subsumed Distributions

The CG class of distributions subsumes many well-known distributions including the gener-
alized Gaussian that is frequently used in prior works on image reconstruction and linear inverse
problems. Thus, the use of the CG prior can be interpreted as a generalization upon these previous
works. Next, we state a collection of well-known distributions that are special cases of the CG

prior.

Proposition 1.2.1. The generalized Gaussian, student’s t, a-stable, and symmetrized Gamma dis-

tributions are special cases of the compound Gaussian distribution.

The result of Proposition 1.2.1 is found in the literature [10, 11]. Additionally, Proposition
1.2.6 provides the specific nonlinearity, i, producing a Laplace prior allowing an interpretation of
the CG prior as a generalization of previous CS work. To prove Proposition 1.2.6 we first show a
handful of lemmas to describe the decomposition of a Laplace random variable. First, a lemma on
the distribution of the square root of an exponential random variable; the result of which exists in

the literature [46].



Lemma 1.2.2 ([46]). If Z ~ Exp()\) then \/Z ~ Rayleigh ( That is,

)
VZ ~ pyz(2) = 2z e’

Proof. Recall the probability density function of Z is pz(z) = Ae ™ and let Pz(z) = 1 — e™**

denote the cumulative distribution function. Then observe
P(VZ < 2) = P(Z < 2°) = Py(2?)
and so
d d 2 2 —Az2
pyz(2) = d—]P’(\/Z <z)= d—PZ(z ) =22pz(27) = 2z e . X
z z

Second, we define the Inverse Gaussian or Wald distribution, from [47], that is parameterized

by ;> 0and A > 0.

Definition 1.2.3 ([47]). Random variable X is Inverse Gaussian of parameters ;. > 0 and \ > 0,

written X ~ 1G(u, A), if and only if it has probability density function

A Az — p)?
px (@3 p, A) = O exp <_2M—2$ .

Third, a lemma on the mean of an Inverse Gaussian random variable; the results of which exists

in the literature [47].
Lemma 1.2.4 ([47]). Let X ~ IG(u, A). Then E(X) = p.

Proof. We calculate E(X) using the moment generating function (MGF) of X. Observe,

Az
MX(t):/ ey (T, A d:z:—\/ / x 2exp(zt:c— <2M;)>dx.
0



Now, let x = 2itu® /X and note

Mz —p)?  Ax? Az — p)?

o _ B
e 22 2u2xm 212x
A
= 5.0 (*(1 = K) — 2uz + 41°)
A A
2 - @ =) )
A A
==—=V1—-k+ 2z p/ (:v2(1 — k) + p?)
oo 2u2 prr
A A A
=———V1l—-kKk-— (z? (1—/@)—2m/1—f<;+,u2)
O 20l
AA A 21 >
SN AN 1— 2 _
oo " 2u2:17( K)(x x/l—f<o+1—/f)
AN A no N\’
AN AN Sy 1— -
foop 2/~L2w( ") (x \/1—/@)

Next, define v = 11/+/1 — k. Then

Hence

\/7/ x2exp(——é_)\(27—_;)2>dx
_exp(___)/ \/7:U2exp( 27?)@
—ow(3-3) [ et e
)



Therefore

Fourth, with the Inverse Gaussian distribution and its mean, we show that a Laplace distribution

may be decomposed as a Gaussian scale mixture. An alternative proof of this result is provided

an [10].

Lemma 1.2.5 ([10, 11]). Random variable X ~ Laplace()\) if and only if X = /ZU for Z ~
Exp (552) and U ~ N(0, 1).

Proof. Let Z ~ Bxp (555) and U ~ N(0,1) and define X = +/ZU. Therefore

o 1
px(0) = [ el ds
0
o 1 2 1 122 ]
:/ Qz——e~ e e 222 —(dz
0 z

w Vor
1 1 (2% 4 A2
Sl e ((5E0))
1
2

1 /°° 24 — 222X z) + Nz | + 222 )|z
= — exp | — dz
A2\ 271 Jo A222
1 [ 1(2% — A|z])?
= me A ; exp <—§T dz. (19)

Define v = |z|? and = |x|)\. Then

1 o0 (22 = Nz|) (22 — p)?
E/o exp <—§_)\222 ) \/—/ \/%exp( 2722 )dz (1.10)



Next, define v = 22 then du = 2zdz implying

[ VEn (e [ om0 )

1 (o)
=37 )y pw (u; 1, y)du
- g (1.11)

where W ~ IG(p, ). Combining equation (1.9), equation (1.10), and equation (1.11) gives

1w [ 2% — Nzl)?
px(z) = \/_e A exp( 2%) dz

>\2

1 / — p)?
g / ( 24222 )dz
1

ﬁ .

E(W

e%—
2\/v

Since E(W) = 1 = |x|\ by Lemma 1.2.4 then we have

1 = 1
px(e) = 53¢ % 5 =BV)
1 = 1
= 12¢ A2‘ Hm\)\
_ie la
T 2)\

Implying that X ~ Laplace(\).
Similarly, when X ~ Laplace()\) we reverse the steps above to show X = VZU for Z ~
Exp (555) and U ~ N(0, 1). X

Finally, we prove Proposition 1.2.6, which constructs a nonlinear function, h, such that for
multivariate Gaussian random vectors X and U the random variable h(X) @ U is a multivariate

Laplace random vector. This result likely appears in the existing literature already.
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Proposition 1.2.6. Let Y be the cumulative distribution function (CDF) of a standard Gaussian
random variable. Define

h(z) = (=22 In(1 = T(x))) ">

Then ¢ = h(z) © u, forx ~ N(0,1) and u ~ N(0,1), has a Laplace distribution. That is
¢~ Aexp(=Ale|l1)/2.

Proof. By Lemma 1.2.5, a Laplace random variable X ~ X exp(—Az)/2 is decomposed as X =
VZU, for U ~ N(0,1) and Z ~ Exp(1/2)?). Let F(2) = 1 — exp(—5152) be the cumulative
distribution function of Z. Due to independence in the components of ¢, we only need to show that

h(z;)* ~ Z, which is easily observed since

P(h(z;)* < z) =P (-2X\In(1 — T(z;)) < z)

1
In(1—7"(z;)) > —2—)\21‘>

(
e (1 700> o0 (—5r))
(

ey £ 1o (gl

1.3 Deep Neural Networks

A DNN may be viewed as a collection of ordered layers, denoted Ly, L+, ..., Ly for K > 1,
that form a directed acyclic graph starting with the input layer, L, and ending at the output layer,
L. Intermediate layers Ly, ..., Lx_; are known as hidden layers. Each layer, L;, contains dj
hidden units [48], or nodes, and for simplicity, we identify the nodes with the computed values
assigned to each node when a signal is processed by the DNN.

Real vector-valued signals and functions are considered for everything that follows; how-

ever, complex vector-valued signals and functions could be substituted instead. A function fy :

11



R x ... x RY%® R, that is parameterized by some 0, defines the computation, i.e.
signal transmission, at layer Ly where 7, := {i1(k),...,i;(k)} € {0,1,...,k—1} are the indices
of layers that feed into L;. That is, given an input signal 7 € R% assigned to Lj, a DNN is a

composition of parameterized vector input and vector output functions where

L, = fi ( i(k)s - - 7Li]-(k);0k) .

We now provide two examples of common DNNs and the structure of the parametric functions

[ defining each layer in these DNNSs. First, fully-connected or dense neural networks.

Example 1.3.1. Fully-Connected Neural Network (FCNN).

2

L L, = fi(Ly) Ly= fo(Ly) Ls= f3(Ls) Ly= fa(Ls)

Figure 1.1: A sample deep neural network with the following structure: Input layer, Lg, has three hidden
units. The first hidden layer, L1, has five nodes (i.e. fi : R3 — R5). The second hidden layer, Lo, has four
nodes (i.e. fo : R® — R%). The third hidden layer, L3, has two nodes (i.e. fs : R* — R?). Finally, the
output layer, Ly, has five hidden units (i.e. f; : R? — R5).

Each layer L; in a FCNN is a non-linear activation function, o, composed with an affine
transformation of the previous layer Ly_;. That is, Z, = {k — 1}, 6, = [W}, by] where W, €

R¥-1%dk i a weight matrix and b, € R% is additive bias, and

Ly = fi(Ly—1;0k = [Wy,bi]) = o(WiLy_1 + by,)

12



for every k € {1,2,...,K}. A sample fully-connected DNN diagram is shown in Figure 1.1
where K = 4 and Ly, Ly, Lo, L3, and L4 have 3, 5, 4, 2, and 5 hidden units, respectively.

The second DNN example is a convolutional neural network.

Example 1.3.2. Convolutional Neural Network (CNN).

Each layer Ly, in a CNN is a non-linear activation function, o, composed with a convolution of
the previous layer L, ;. Thatis, Z,, = {k — 1}, 8, = [W}, bi] where W}, is a convolutional weight

kernel and b,, is additive bias, and

Ly = fr(Lp-1;0r = [Wi,b]) = o(Wy x L—1 + by,)

forevery k € {1,2,..., K} where x denotes a discrete convolution.

Note that a convolution is a linear transformation and thus is able to be expressed as a ma-
trix multiplication. Hence, a convolutional network is a special case of a fully-connected network
where the weight matrix has Toeplitz structure induced by the convolutional operation. Addition-
ally, the convolution in every layer of a CNN may be implemented as a d-dimensional discrete
convolution where the input signal to f; is a discrete signal (possibly reshaped to be) of d in-
puts. For instance, when a CNN is processing 2-dimensional images, then each convolution is

2-dimensional and the input to each f; is a matrix representing an image.

We remark that a DNN can be, equivalently, viewed as a directed graph. In this formulations,
each hidden unit, or numerical value assigned to the hidden unit, corresponds to a vertex in the
graph and the directed edges between vertices are determined by the operations f1, fa, ..., fx. In
a fully connected network, for example, every hidden node in layer L;_; has an edge connecting

to every node in layer Ly.
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A DNN learns, or trains, its parameters, © = (61, . ..,0x), by optimizing a loss function £(O)
over a training dataset D = {(y,,¢;) : i = 1,2, ..., N} where each (y,, ¢;) satisfies equation (1.1).
Let¢(y;; ©) denote the DNN output given the input 3,. Then the DNN loss function is often defined
as L(0) = Ni SN L (€(7;;©),¢) where L(zy, x5) : R x R* — R calculates the error between
inputs «; and x,. Thatis, L (¢(y;;©),¢;) is the error between the network output, ¢(y;; ©), and the
actual coefficients, ¢, Common selections for the error function L(x1, ) in image reconstruc-
tion neural networks include mean-squared error (MSE), mean absolute error (MAE), normalized
mean-squared error (NMSE), peak signal-to-noise ratio (PSNR), or SSIM [49]. After training a

DNN, the cascade of function compositions can collectively model a desired transformation from

an input space to an output space.

1.3.1 Algorithm Unrolling

Algorithm unrolling or unfolding [21] is a technique to create a DNN that is structurally in-
formed by some iterative algorithm. Specifically, the operations from each step % of the iterative
algorithm are assigned as the function f, defining layer k. That is, layer & in the DNN should cor-
respond to the output of £ iterations of the original iterative algorithm. Hence, an unrolled DNN
with K layers corresponds to the iterative algorithm truncated after K iterations.

Next, any parameters, @, on each step k of the iterative algorithm parameterize fj in the
DNN [20,21]. Note, some parameters may be artificially introduced through the unrolling process
such that these parameters are related to step k of the iterative algorithm. For instance, previous
works have introduced a cascade of composed convolutional layers that correspond to applying a
proximal operator in an unrolled proximal gradient descent network or unrolled ISTA network [22,
23,26,27]. In training the unrolled DNN, each 0, is learned, which optimizes the iterative algorithm

to produce improved image estimates.
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1.4 Steepest Descent

Steepest descent is a general method for numerically optimizing differentiable cost functions
that subsumes both gradient descent and Newton’s descent as special cases [50]. Broadly, steepest
descent generates a sequence of estimates where each estimate minimizes the linear approximation
of the underlying cost function centered about the previous estimate. For everything that follows
we consider only the vector space R™ however any n-dimensional vector space V', which is iso-
morphic to R", could be substituted instead. Furthermore, all of the results of this section appear
in the literature [50].

To define the iterative update for steepest descent we first require the notation of a dual norm.

Proposition 1.4.1 ([50]). Let ||-|| : R — R be any norm on R". The function ||-||. : R" — R
defined as

|lw||. = ”Sl”lp w’v (1.12)
v||=1

produces a norm on R™ called the dual norm of ||-||.

Proof. We show ||-||. satisfies the properties of subadditivity, absolute homogeneity, positive defi-
niteness, and non-negativity.
1. Subadditivity: || + yl|. < |||, + ||y, forall z,y € R".

Let ,y € R". By definition of the supremum, for all w such that |[w|| = 1 it holds that
x'w < supj, = ' v = ||z, and y"w < supj, =, y'v = |ly|l.. Thus, z"w + y"w =
(x + y)Tw < ||z||. + ||y for all w where ||w]| = 1. Therefore, for some v* € R"

satisfying [|v||* =1

lz +yll. = sup (x+y)'v = (z+y)'v" < lz]. + [yl

l[v]l=1

2. Absolute Homogeneity: ||sx||. = |s| ||x||. for all € R™ and any scalar s.
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Let z € R" and s be a scalar. If s = 0 then ||sz||. = [|0]|. = supj,—, 07v = 0 = |s] [|]..
For s # 0 observe
!l

|sz|. = sup (s¢)'v= sup x'v= sup v = sup x’|s|||w| = |s| ]

[vfl=1 [[s—toll=1 l[wll=ls| f[w]|=1

where we defined ¥ = sv in the second equality and w = |s| '@ in the fourth equality.

. Positive definiteness: |||, = 0 if and only if = 0.

Take s = 0 then ||0]|« = ||sx||« = 0, for any € R", by absolute homogeneity. Now assume

that ||«||. = 0. For contradiction assume « # 0. Observe

0=z|. = sup &"v>a" =
lvl=1 [E2 R

implying that 0 = ||z ||2 or & = 0 providing a contradiction.

. Non-negativity: ||z||. > 0 for all x € R".

By positive definiteness ||0]|. = 0. Let & € R™ and assume « # 0. Then

L= s Too s T L |3 -0
x| = sup v > @ =
loll=1 ] el

as ||z||2 > 0 and ||| > 0. X

For illustration, we provide two examples of dual norms. First, the dual norm of the Euclidean

norm is presented, which is relevant in reducing steepest descent to gradient descent.

Example 1.4.2. The Euclidean norm ||-||2 has the dual norm ||-||2. = ||-]|2-

T

To see this define, for w, v € R", the inner product (w, v) = w’ v and note ||[v]|3 = (v, v).

By the Cauchy-Schwartz inequality |(w, v)| < ||w||2 ||v||2 and equality holds if and only if w and
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v are linearly dependent. Therefore

T

T ww

lwllze = sup w'v = sup |[w'v| = sup [(w,v)|= = [lwll2

oll,=1 o]la=1 o]la=1 w2

where in the second to last equality we use that v is only linearly dependent with w and satisfy

[v]l2 = 1if v = w/[Jwl],.

Second, the dual norm for a quadratic norm is presented, which is relevant in reducing steepest

descent to Newton’s descent.

Example 1.4.3. For a positive definite matrix B € R™™"™ the quadratic norm defined as ||w| g =

(w” Bw)'/? has the dual norm ||w||p, = ||w]||z-1.

To show this, first note that there exists an invertible and symmetric matrix B'/2 such that

B = B'Y?2B'/? since B is positive definite. Second, note ||w||z = || B*/?w||, Then

|lw|g, = sup wiv= sup w'v

lv][B=1 (vT Bw)1/2=1

= sup w’ (81/2)71q
llgllz=1

— sup <(B1/2)—1 ’LU>Tq

llgll2=1

— |(BY*) " w|la. = [|(BY?) " wls = w5,

where we have defined ¢ = B'/?v (or equivalently v = (B 1 ?) - q).

Next, we use the dual norm to define an update direction for the steepest descent method. Let

g : R — R be a cost function and ||-|| be any norm on R". The steepest descent direction is a
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function d : R" — R", induced by g and |||, given by

d(x) =||Vyg(x)|« <arg inf Vg(a:)T'v> . (1.13)

[[v]l=1

Recall the linear approximation of g centered at « is §(y) = g(x) + Vg(z)'(y — ). When
considering y = x + v the linear approximation reduces to g(x + v) = g(x) + Vg(z)'v.
Therefore, the steepest descent direction (1.13) may be viewed as a scaling of arg inf =1 g(z+v)
the constrained minimization of the linear approximation of the cost function. That is, the steepest

descent direction provides the largest cost function decrease of a unit step, unitized by ||-||, from

the point & as measured by the linear approximation. We present the steepest descent directions

for the Euclidean norm and the quadratic norm.

Example 1.4.4. For a cost function g : R™ — R, the Euclidean norm ||-||5 and quadratic norm

||| B induce the respective steepest descent directions

do(x) = =Vy(x)

dp(xz) = —B'Vg(z).
Using the Cauchy-Schwartz inequality we first observe

do(x) = [[Vg()| 2« (arginf Vg(w)T'v) = —Vy()|2 (argsup Vg(tv)T’v)

[[v]l2=1 [[v]l2=1

el YI®)
B (e

= —Vyg(x).
For the quadratic norm, recall [|w/|| g, = sup, -1 w" v = [|w| -1 = (w" B~ w)'/? implying
argsup wlv = (w' B~lw) V2B w = B~ w/||w||g-1.
lvllz=1
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Therefore

dp(z) = [[Vg(z)| 5. <f|%£g inf Vg(iv)T'v>
B~ 'Vy(x)

= —[|Vg(z)| g (argsup Vg(a;)Tv) = —HVg(cc)HB—lW —

llvll =1

Finally, provided an initial point ° € R", steepest descent generates a sequence {x’ }32, given

by
2 =27+ nWd(z7 )

where n) is a step size, which can be determined by a backtracking line search as discussed
in Section 1.4.1. For further generality, we could assume that each steepest descent direction is
determined by a step-specific norm. That is, let ||-||; be a norm on R" that defines a descent
direction d’, which is implemented on steepest descent step j. Then the steepest descent sequence
{x}22, is given by

@l = @i D (@Y,

Newton’s descent for convex cost function with non-constant Hessian is a well-known example
of steepest descent where a different norm defines the steepest descent direction for each descent

step.

1.4.1 Backtracking Line Search

Given a starting point & and steepest descent direction d, we desire to choose a step size 7 to
obtain the largest decrease in the cost function, g, with an update of the form « + nd(x). That is,
we want

7 = arg min g(x + td(x)).
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As this line search for the step size is often difficult to solve exactly, inexact iterative methods
to determine the step size are instead used in practice. One such method is the backtracking, or
Armijo, line search that is a simple and efficient method for approximating the optimal step size.
Let 7 € (0,1/2] and 8 € (0,1). Then the backtracking line search chooses the step size to be

n = (" where r = r(x) is the minimum, non-negative integer such that

g(x + f'd(z)) < g(z) + 76" Vg(z) d(z). (1.14)

In practice, 7 is determined iteratively by incrementing 7 starting from O until (1.14) is first satisfied

as given in Algorithm 1.

Algorithm 1 Backtracking Line Search

Input: Differentiable cost function g, descent direction d, estimate x, parameters 7 € (0, 1/2]
and 5 € (0,1)
:Setn=1
while g(x + nd(x)) > g(x) + ™Vg(x)'d(x) do
n=pn
end while
Output: 7

bl ey

1.4.2 Properties of Steepest Descent

Here we show a few important properties of a steepest descent direction d : R™ — R". First, a

simplification of the inner product of the steepest descent direction and the gradient.

Lemma 1.4.5 ([50]). Let g : R" — R be a differentiable function, ||-|| @ norm on R"™ with dual

norm ||-||«, and d : R™ — R" the induced steepest descent direction. Then

V() d(x) = —[|Vg()|:.
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Proof. Recall ||w||, = |Trn”ax'wTv. Now observe
v||=1

l[v]l=1

Vy(x)'d(x) = Vg(z)" (HVQ(-’B)H* (arg mian(w)Tv>>

[[v][=1

= [[Vg(z)]| (Vg(m)T (arg mian(w)T'v>>

= I¥s@l. (min V(o) )

[[v]|=1

~ -~ I9s@l. (maxata)v)

l[vl[=1

= —[Vg()|:. >

Second, we show a bound on the norm of the steepest descent direction.

Lemma 1.4.6 ([50]). Let g : R" — R be a differentiable function, ||-|| @ norm on R"™ with dual

norm ||-||«, and d : R™ — R" the induced steepest descent direction. Then

ld()]| = [[Vg(x)]..

Proof. Observe

ld(@)[| = ‘

IVg()]l. (arg mian(w)Tv> H

[[v]|=1

= [[Vg(z)|.

‘ (arg mian(a:)Tv>

[[vl[=1

|= Vg ()] X

1.5 Projected Gradient Descent

Projected gradient descent is a general method for numerically optimizing a differentiable cost
function, f, over a closed convex region X’. The composition of a projection onto X" and a gradient
descent step on f forms the foundation of a projected gradient descent step. As such, we define
the projection onto a set and show that this projection is unique for convex sets. First, we provide

an optimality condition, from [51], defining stationary points of a differentiable cost function.
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Definition 1.5.1 ([51]). Let X C R"™ be convex and f : X — R be a differentiable cost function.

Then x* € X is stationary if and only if

(Vf(x*),x —x*) >0 forallx € X.

We remark that for convex functions, stationary points are global optimizers. Now, we define

a projection, or proximity map, onto a closed set as given in [52].

Definition 1.5.2 ([52]). Let X C R" be a closed and non-empty set. The projection onto X is
denoted by P~ : R" — X and defined as

Pr(x) = argmin ||z — 2|2 (1.15)

zeX

Furthermore, from [52], P~ () is a projection of x onto X if and only if

(x —Px(x),v —Py(x)) <0 forallve X. (1.16)

Note that (1.16) is a direct consequence of combining (1.15) with Definition 1.5.1. To see this,

first note that minimizing || —z||» with respect to z is equivalent to minimizing g(z) = 1||z—z||3.

Second, let z* be any minimizer of g(z) then by Definition 1.5.1 for all v € X" the minimizer z*

satisfies

0< (Vo(z)w—2) = (=" —wv—2) = (w-2z"v-2)<0,

Next, we show that the projection onto a convex set is unique; the result of which is found in [52].

Proposition 1.5.3 ([52]). Let X C R" be a closed, non-empty, and convex set. Then Px is a

function. That is, for any x € R"™ there exists a unique projection Px(x).

Proof. Note ||x—z||2 is continuous in z on R" and bounded below by 0. Thus, as X’ is closed by the

Extreme Value Theorem there exists a z* € X minimizing ||« — z||. Next, let z € R™ and assume
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x;, xy € X are two projections of x onto X'. Then by (1.16) it holds that (x — x}, x5 — ) <0

and (x — «}, ] — x}) < 0. Therefore

= (z—aj,x; — @) — (z - xp, 25 — @) = (x5 — @], 25 —a]) = |23 - 2][3

Additionally, as ||z} — x}||2 > 0 then ||z} — x}||2 = 0 implying =} = x5. X

Finally, as in [51], for a non-empty, closed, convex set X, a differentiable function f : X — R,

and initial point &y € X the projected gradient descent generates the sequence {x }7° , defined by

x, = Px(xr—1 — iV f(xr-1)),

where 7, > 0 a step size and Py a the projection onto X'. When X = R", then projected gradient

descent simply reduces to standard gradient descent.

1.5.1 Backtracking Line Search

Similar to Section 1.4.1, a backtracking linesearch to determine 7, in PGD employs two user-
chosen parameters o € (0,1/2] and 3 € (0, 1) and sets 7, < 1 as the maximum multiple of 5 such

that

f(@rt1) < flxr) — oV f(xr), e — Tpia). (L.17)

1.5.2 Properties of Projected Gradient Descent

In this section we provide two properties for projected gradient descent, which can be found
in [51]. First, we show the following lemma bounding the cost function change for a projected
gradient descent step when the cost function is twice continuously differentiable and has Lipschitz

continuous gradient.
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Lemma 1.5.4 ([51]). Let X C R"™ be a non-empty, closed, convex set. Assume f : X — R is twice
continuously differentiable with L-Lipschitz continuous gradient on a compact subset S C X.
Then for xy € S, the sequence {x}7>, determined by projected gradient descent with fixed step

size n, for 0 < n < 2/L, or step size determined by a backtracking linesearch, satisfies

f(e) = f(@ra1) > el — 23 (1.18)

for positive constant c.
Proof. In (1.16) take * = xy — 1V f () and v = @y, since Py (xr, — 1 Vf(xr)) = T

we have

0> (xp — M1 V(xr) — Px(xe — Mo Vf(xk)), 2 — Pr(xe — nea Vf(xk)))
= (@, — M1 VI (Tr) — Thy1, T — Tpep1)

= Nk — ®pga 53 — Mo (VF (@1), T3 — Tppa).
Implying

1
(Vf(xr), x — Tps1) > — @y — @[3 >0
Nk+1

and

1
—(Vf(@r), @ — Tpy1) < ———|[|@ps1 — 4][3. (1.19)
Mk+1

Let H(x) denote the Hessian of f evaluated at . Using Taylor’s Theorem [53] to a second-

order remainder observe

f(@r1) = flze) +(Vf(zr), T — zr) + %(warl — wk)THf(f)(wkH —xy)
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where & € X is on the line segment between x, and @y ;. Thatis, & = cxp + (1 — )z € X
for some ¢ € (0,1). As Vf is L-Lipschitz then the Hessian of f is bounded by L. That is,

z"H;(x)z < L||z||% for all z, z € X. Hence

L
fl@in) < fla) + (V@) @ — @) + S llaen - 5. (1.20)

Combining (1.19) and (1.20) produces

f(@r) < fzr) +(Vf(2r), Trr — zr) + g”wk—s—l — |3

1 L
< f(zr) — U_Hwarl — x5 + §Hwk+1 —xi |3

k1
1 L 5
= flan) = (2= = 5 ) lower = aull
where the second inequality results from using (1.19).
Thus
1 L ,
f(®r) = f(@ri1) 2 =5 | @k — @[3 (1.21)
M1 2
For fixed step sizes ;11 = 1 where 0 < 7 < 2/L we have (1.21) produces (1.18) with ¢ = - — 2.
Next, combining (1.19) and (1.20) again
L 2
f(@ri1) < flxew) + (V (k) T — xp) + §||wk+1 — x|l
L
< flzg) +(Vf(zr), Tr1 — Tr) + 577k+1<vf(93k), Ty — Tpy1)
L
f(®rs1) < flar) — (1 - 57716+1> (Vf(®k), T — i) - (1.22)

25



Since (V f (@), r — k1) > 0 then for nx; < 1/L equation (1.22) implies

L

) < flan) = (1= Gmen ) (VF(@n). 0 - o)

< flaw) — 5 (VF (@), o — o)

< flr) — a(V (L), T — Tpy1)

for « € (0,1/2]. That is, (1.22) implies the backtracking linesearch requirement (1.17) when
Mk+1 < 1/L and thus the backtracking linesearch terminates when 7, < 1/L. Combining (1.17)

and (1.19) with the fact that 7,.; < 1 produces (1.18) with ¢ = a. X

Finally, we show that a point &* of projected gradient descent is fixed, i.e. * = P(x* —

nV f(x*)), if and only if it is stationary.

Lemma 1.5.5 ([51]). A point is a fixed point of projected gradient descent if and only if it is

stationary.

Proof. Let x* be a fixed point. That is, for a step size > 0 it holds z* = P(x* — nV f(x*)).
Using (1.16) with ¢ = x* — nV f(x*) shows forall v € X

0> (x—Px(x),v —Px(x))
=(z" —nVf(z") —Pl@" —nVf(z)),v—-Plx" —nVf(z"))
= (" —nVf(z") —z"v—z")

= (=nVf(x),v—-=").

Therefore, (V f(x*), v — *) > 0 for all v € X’ and x* is a stationary point.
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Next, let x* € X be a stationary point. Then for all v € X

(Vi) v—a) =20
(=nVf(@"),v—a") <0

(" —nVf(x*) —x",v—x") <0. (1.23)

By (1.16) equation (1.23) implies «* is the projection of * — nV f(x*) onto X'. That is, * =

Pr(x* —nV f(x*)) and x* is a fixed point of projected gradient descent. X

1.6 Iterative Shrinkage and Thresholding Algorithm

Projected gradient descent and steepest descent, while being generic optimization methods,
are restricted to differentiable functions. Instead, the iterative shrinkage and thresholding algo-
rithm (ISTA), otherwise known as proximal gradient descent, is an optimization method for con-
vex and non-differentiable cost functions that can be written as a sum of a differentiable and a
non-differentiable component. At its core, a step of ISTA involves a composition of a proximal

operator and a gradient descent step. Accordingly, we define a proximal operator as given in [2].

Definition 1.6.1 ([2]). Let X be a Hilbert space with norm ||| x. For a lower semi-continuous

convex function f the proximal operator of f is defined as
1 2
prox;(v) = argmin ||z — v|% + f(z).
reX 2

We remark that for a lower semi-continuous convex function f the function % ||z — v||3 + f(z)
is convex and thus has unique minimizers. Therefore, the proximal operator is well-defined for
lower semi-continuous convex functions. Additionally, the proximal operator is an optimization
tool for non-smooth, convex functions as fixed points of prox f('v) minimize f. In considering the
sum of a convex, differentiable function and a convex, non-smooth function, the proximal operator

is implemented to optimize the non-smooth function.
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Finally, we define the ISTA optimization method as in [2]. Let X C R", f : X — R be a
convex and differentiable function, and h : X — R be convex and possibly non-smooth function.
We consider optimizing the function » = f + h. Thus, for y € X let ﬁ?(w,y) = f(y) +
(Vily),z—y) + %Hw — y||3 be a quadratic approximation of f centered about y € X. Now

define Q,(xz,y) = ﬁ](az, y) + h(x). Next, define

py(y) = argmin Q,(x,y)
xeX

and observe

py(y) = argmin f(y) + (Vf(y), @ —y) + %nw I+ he)

reX

.27 1
= argmin —(Vf(y),z —y) + |z — y|3 + h(z)
xeX 277 27]

~ argmin %mw«y), () + %Wf(y), T —y)+ %@c gz —y)+ hiz)

= axg min (19 (). 1V f(y) + % — ) + 501V () + @~ 9.2~ y) + h(w)
zeXx 4] n

1
= argmin %<77Vf(y) +z -y nVfy) +z—y) +h(z)
xre
1
= argmin _—[nV f(y) + @ — y[5 + h(z)
xeX n
1
= arg min g [lz — (y — NV f ()5 + nh(z)

xrxeX

= prox,,, (y —nVf(y)). (1.24)

Therefore, given an initial point , € X, the ISTA sequence {xy };>, on r(x) is defined as

x), = Py, (Th-1) = proxnkh(wk—l — iV f(xg-1))
1
= argmin ||z — (@1 — V[ (@5)) 5 + meh(@)

reX

where 7, > 0 is a step size and prox, (v) is the proximal operator of h.
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1.6.1 Backtracking Line Search

Due to possible non-differentiability of h, a backtracking linesearch to determine 7 in ISTA
differs slightly from Section 1.4.1. For a single user-chosen parameter § € (0, 1) the ISTA back-

tracking linesearch sets 7, < 1 as the maximum multiple of 3 such that

1
f(®ii1) < foe) = (Vf(@r), Be — Tpir) + Q—%Hwkﬂ — @3- (1.25)

1.6.2 Properties of Iterative Shrinkage and Thresholding Algorithm

In this section we provide two properties of ISTA, which can be found in [2]. First, we show
a bound on the cost function change for an ISTA step. For this we require the definition of a

subdifferential, as given in [54], and a couple of lemmas.

Definition 1.6.2 ([54]). Let X C R" and f : X — R be a continuous and possible non-smooth

function. A subgradient of f at x € X is any point g € X satisfying
fy) = f(x) = (9,9 — =)
forally € X. The subdifferential of | at x, denoted O f (x) is the set of all subgradients given by
Of(x) = {g € X : g is a subgradient of [ at x}.

We remark that for a convex function f the subdifferential f(x) is a non-empty, closed,
and convex set for all . Furthermore, for differentiable f it holds that 0f(x) = {Vf(x)}.
Hence, subdifferentials generalize the notion of a gradient to convex functions that are possibly
non-smooth.

Next, we provide an optimality condition, from [54], for convex functions using the subdiffer-

ential.
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Lemma 1.6.3 ([54]). Let X C R" and f : X — R be a continuous and possible non-smooth

function. A point x* minimizes f if and only if 0 € Of(x*).

Proof. Let x* € X and assume 0 € Of(x*). Then by Definition 1.6.2 f(y) — f(z*) > (0,y —
x*) = 0forally € X. Implying f(y) > f(x*) for all y € X or equivalently * minimizes f.
Next, let £* € X minimize f. Then f(y) > f(z*) for all y € X. Implying f(y) — f(x*) >

0=(0,y — a*) for all y € X or equivalently, by Definition 1.6.2, 0 € Jf(x*). X

Now, we provide the following lemma, from [2], which is useful for bounding the change in

the cost function during an ISTA step.

Lemma 1.6.4 ([2]). Let f : X — R be a convex and differentiable function and h : X — R be a
convex and possibly non-smooth function. Define r = f + g and p,(v) = prox,, (v — nV f(v)).

For any v € R" and n > 0 satisfying
1
f(py(v)) < f(v) +(Vf(v), py(v) —v) + %Ilpn(’v) —vll3 (1.26)
it holds that
1 , 1
r(x) = r(py(v)) > %Ilpn(v) —vll; + 5(@ — @, py(v) — v) (1.27)

forany x € R™.

Proof. Define w(z) = 3|z — (v — nV f(v))||5 + nh(zx). First note that dw(z) = & — v +
nV f(v) + noh(zx). Thus, by Lemma 1.6.3 and (1.24), z = p, (v) if and only if 0 € Jw(z). That

is, there exists a g(v) € Oh(z) such that

2~ v+ gV f(y) +ng(v) = Vi(y) + %<z —v) +g(v) = 0. (1.28)
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Since f and h are convex then for all ¢,y € X there exists a g(y) € dh(y) such that

f(®) > f(y) +(VI(y),z—-y) (1.29)

h(z) > h(y) +(9(y), T — y). (1.30)

Furthermore, by Definition 1.6.2, equation (1.30) holds for every g(y) € 0h(y). Therefore, taking

y = py,(v) in (1.30) gives

h(z) > h(p,(v)) + (g(Py(v)),  — P, (v)) (L.31)

where g(p,(v)) satisfies (1.28). Now taking y = v in (1.29) and then adding (1.29) and (1.31)

together gives

f(@) + h(@) = f(v) +(V[(v),2 —v) + h(py(v)) + (9(py(v)), & —py(v)).  (1.32)

From (1.26) it holds that

F(pa®)) > —f(®) — (VS (0), pyl) — ) — 2—177||pn<v> ol
F(@) + h(x) — [(py(0)) — h(y(0) > F(@) + h(@) — F(0) — (V (), py(v) — )
- %upnw) — 2~ h(p,(v))
r(@) — 1(py(v)) > f(0) + (V). — v) + h(py(v))
T {g(Dy(0)), 2 — py(v)) — f(0)
1 2

~ (V1(0).,(0) =) = 5=y 0) ~ vl = h(p, (o)

= (VI(0), 2 — ) + gDy (0)), & — py(v))

1

— (Vf(v), py(v) —v) - %Il'pn(v) — |3
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where the third inequality results from using (1.32). Simplifying this inequality further gives

r(@) —r(py(v)) = (V(v), 2 — py(v)) + (g(py(v)), & — py(v)) — %Hpn(’v) s

— (VF(0) + g(py(0)). 2 — py(v)) %umm .

1 1 2
= (—5(1977(”) —v), @ — py(v)) — %Ilpn('v) — 3

where the final line results since g(p, (v)) satisfies (1.28) thatis, g(p,(v)) = =V f(y) —%(pn(v) -

v). Simplifying this inequality again

(@) = r(py(v) 2 (0 = py(0).@ = Py (0)) = 5Py () = 0.y 0) — )
0= p0). = Py () + (0= py(0).py(0) — 0
+ 5 0,(0) — .2 () — v)
= (0= py0).2 =) + 5Py (v) = 0.y f0) ~v)
= 5o lp(0) = vl + (0~ @.p, (v) v). 8

Now, we provide a bound on the change in the cost function over a single ISTA step; the result

of which is found in [2].

Lemma 1.6.5 ([2]). Let f : X — R be convex, differentiable, and have L-Lipschitz continuous
gradient on compact subset S C X. Let h : X — R be convex and possibly non-smooth. Then the
sequence {x}32, determined by ISTA on r = f + g with fixed step size n), for 0 < n < 1/L, or

step size determined by a backtracking linesearch, satisfies

r(xy) — r(Tes1) > ||z — zill3 (1.33)

for positive constant c.

32



Proof. Let p,(v) = prox,, (v — nV f(v)). As f has L-Lipschitz continuous gradient then (1.26)
holds for any 0 < n < 1/L. Thus, by Lemma 1.6.4, (1.27) holds for any 0 < n < 1/L. In (1.27),
let # = v = x;, and note p,(v) = x)41. Then for fixed step size 7,1 = 7, (1.27) produces
(1.33) with ¢ = % When the step size is determined by a backtracking linesearch, we observe
for 0 < mry1 < 1/L that (1.26) holds and implies the backtracking linesearch requirement (1.25).

Combining (1.27) with the fact that 7,1 < 1 produces (1.33) with ¢ = 1/2. X

Lastly, we show that the fixed points of ISTA are stationary. For this, recall the following

optimality conditions, from [51], defining a stationary point of a convex function.

Definition 1.6.6 ([51]). Let f : X — R, for convex X, be convex. Let Of(x) denote the subd-
ifferential of f at x. Then x* € X is stationary if and only if there exists a d* € Of(x*) such

that
(dyx—a*) >0 forallx € X.

We remark that for a convex cost function, f, Definition 1.6.6 implies that any internal station-
ary point x* satisfies 0 € df(x*). Thus, by Lemma 1.6.3 any stationary point is a minimizer.
Finally, we show that fixed points of ISTA are equivalent to stationary points; the result of

which appears in the existing literature [51].

Lemma 1.6.7 ([S1]). A point is a fixed point of ISTA if and only if it is stationary.

*

Proof. Let x* be a fixed point. That is, for a step size n > 0 it holds that * = proxnh(a: -

nV f(x*)). Define w(zx) = 5 ||x — v||> 4+ nh(z) and note

ow(x) = x — v + noh(x).

Recall that prox,,(v) = argminw(x). Let v* € X satisfy prox,,(v) = v*. Then v* is a
reX

minimizer of w(x) and thus, since w(x) is a convex function, v* is a stationary point of w from
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Definition 1.6.6. Furthermore, using the definition of Jw(z) and Definition 1.6.6, prox,,(v) = v*

if any only if there is a d € Oh(v*) such that for all x € X
(v —v+nd,x—v") > 0. (1.34)
As x* = prox,, (z* — nV f(x*)) then (1.34) implies that there exists a d* € Oh(z")

0<(z" - (z" —nVf(x")) +nd" o — )

= (nVf(x") +nd, z—x)

forallxz € X. Hence (V f(x*) +d*,x — x*) > 0 forall z € X and it holds that * is a stationary
point of r(x) = f(x) + h(x).
Next, let * be a stationary point of r(x) = f(x) + h(x). Then there exists a d* € Oh(x*)

such that forall x €¢ X

0<(Vf(z*)+d z—x)
=V [f(z*) +nd", x —x")

= (& — (2" =V [f(x")) +nd", x —a7)

where 1 > 0. Hence, by (1.34), =" = prox,,,(z* —nV f(x*)) and therefore = is a fixed point. X
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Chapter 2

Compound Gaussian Informed Inverse Problems

As discussed in Section 1.2, the compound Gaussian (CG) class of distributions has been shown
to better capture statistical properties of sparsity coefficients of natural images and images from
other modalities such as radar [10—12]. Additionally, many recent works [13-20, 22-26, 30, 32,
33,55, 56] have shown that deep learning-based approaches, in particular unrolled deep neural
networks, can outperform model-based, iterative methods in signal reconstruction quality when
solving inverse problems. Inspired by these results, we desire to incorporate the CG prior into a
deep learning framework, which we do using the algorithm unrolling technique. First, we develop
a CG prior informed iterative signal reconstruction algorithm named compound Gaussian least
squares. Subsequently, we unroll the compound Gaussian least squares algorithm converting it
into a CG prior informed DNN method named compound Gaussian network.

To start, we discuss the measurement equation we consider throughout this chapter. While
many inverse problems are non-linear, we focus on linear inverse problems as this is frequently the
assumed measurement model in many applications — including compressive sensing, computed
tomography (CT), and magnetic resonance imaging (MRI) — and leave non-linear inverse problem
applications to future work. Working from the linear measurement equation (1.6), let x € R" be a
vectorized signal that has a representation x = ®c¢ with respect to (w.r.t.) a dictionary, ® € R™*",
and coefficients, ¢ € R". An example, ® is a wavelet transform and c are the wavelet coefficients
of the signal . Consider linear measurements y € R™ given by y = W®dc¢ + v for additive white
noise, ¥ € R™. Now, we decompose ¢ according to the CG prior in Section 1.2. Thatis,c = zOu
for u ~ N (0,%,), z and u are independent random vectors, and z = h(X) where h : R — R is
a componentwise, positive, nonlinear function and X follows a multi-scale Gaussian tree process.

Then the linear measurement model we consider is
y=Ud(zoOu)+v 2.1)
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and the linear inverse problem to (2.1) aims to recover z and u given y, W, and P.

The new contributions of this chapter are succinctly presented in our IEEE Asia Pacific Signal
and Information Processing Association conference proceedings [57] and in our IEEE Transactions
on Signal Processing journal article [58]. We provide additional explanation, details, and numerical
results in this chapter on top of those found in our publications [57,58]. Specifically, in this chapter

we have completed:

1. The construction of a novel iterative signal estimation algorithm, named compound Gaus-
sian least squares (CG-LS), to solve the linear inverse problem to (2.1) with general ¥ and
® matrices. A regularized least squares (RLS) optimization is the foundation for CG-LS
where the regularization enforces a CG prior on the signal coefficients. Specifically, the reg-
ularization is the sum of two regularization terms; one regularization term is set to enforce

normality of w and the second term is set to enforce normality of X.

2. The development of a fundamental characterization for the existence and location of mini-

mizers of the CG-LS cost function.

3. The derivation of a convergence analysis of CG-LS to stationary points of the cost function

under a two-block coordinate descent with one block estimated via steepest descent.

4. A thorough experimental validation of CG-LS illustrating the effectiveness of CG-LS in lin-
ear image estimation. We found that in linear tomographic imaging and compressive sensing,

CG-LS outperforms many prior state-of-the-art iterative image reconstruction methods.

5. The development of an original DNN through unrolling CG-LS. This new DNN, which we
name compound Gaussian Network (CG-Net), is, to the best of our knowledge, the first DNN

for general linear inverse problems to be fundamentally informed by a CG prior.

6. A thorough experimental validation of CG-Net that has demonstrated the efficacy of CG-Net

to reconstruct images after training. We have shown that CG-Net outperforms other state-of-
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the-art deep learning methods for image reconstruction in low measurement noise and low

training scenarios.

2.1 Notation and Nomenclature

The set of symbols provided in this section are defined here for ease of referencing and in

reading the remainder of this chapter. We note that some have already been defined previously.

oERRe

S

SNO)
=

s

oS
=2
c
&

I m m

Set of real numbers.

[Viliz12,..n» € R™. Boldface characters are vectors.

[M,]]f;l; 7777777777 o€ R™*" Uppercase characters are matrices.

Transpose of vector or matrix (-)

Hadamard product.

Diagonal matrix with entries vy, vs, . . . , v, on the diagonal.

MD(v) for M € R™*™ and v € R™.

[9(vi)]iz1,2,..n € R" for v € R™ and a componentwise function g : R — R.
max{0, 2z} is a componentwise function.

a+ReLU(x — a)—ReLU(z — b), for a, b € R, is a modified ReLU (mReLU)
activation function. This componentwise function projects input x onto the
interval [min{a, b}, max{a, b}|.

R™*™ is a measurement or observation matrix.

R"™ ™ is a change-of-basis matrix or dictionary.

U,

2.2 Compound Gaussian Least Squares (CG-LS)

2.2.1 CG-LS Implementation Details

As in the measurement equation (2.1), we decompose the image coefficient as ¢ = z ® u and

leth: R — Z C [0, 00) be the componentwise, invertible, and non-linear function as given by the

CG prior. Define f := h~! and define the regularization function R : R" x Z" — R as

R(u, z) = Mull; + pllf(2)]]5
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to enforce normality of w and X := f(z), as desired from the formulation of the CG prior specified
in equation (2.1), where Z is the domain of f. We consider the novel regularized least squares cost

function, from (1.5), for CG-LS given by

F(u,z) =|ly — A(z © w)|[; + Al|ul; + pllf(2)]I2 (2.2)

for positive real constants A and p. Then CG-LS, detailed in Algorithm 2, aims to obtain the

estimator

[z",u*] = argmin F(u,z) (2.3)
z€Z™ ucR”

and subsequently estimate the signal coefficients as ¢* = z* ® u*. We note that R(c) = R(u, 2z) is
not exactly proportional to log(p(c)) as specified in the MAP estimate from Section 1.1.1. Instead,
the regularization, I?, is an approximation capturing important statistical properties of the CG prior
while also simplifying the optimization.

For notation we define a function D : R" — R"*"™ as

wy 0 0

w 0

D@) =D ([wr wy o w])=diglw)= [ P
0O O W,

and let A, = AD(w).
Due to the explicit joint estimation in (2.3), we optimize by block coordinate descent [59] also
known as the nonlinear Gauss-Seidel method. Thus, on iteration k£, we desire the block variable

estimates

) 2
Zp = argmin Hy—Auk_l,ZHQ—I—MHf(Z)H% (2.4)
zeZn
u, = arg%nin ||y—Azku||§+)\Hu||§. (2.5)
ucR™
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Block coordinate descent generates a monotonically decreasing sequence of cost function values,
{F(ug, zi) }72,, that is bounded below by zero. Thus, it is guaranteed that the sequence of cost
function values, { F'(uy, z) } 32, converges. Convergence rates of block coordinate descent under
different requirements on the cost function, such as convexity, have previously been proven [60—
62]. We remark that our approach differs from true block coordinate descent as (2.4) does not have
an analytical solution for most choices of f and thus we will only be able to approximately, instead
of exactly, solve (2.4).

Equation (2.5) is the well-known Tikhonov regularization problem with a solution
w, = (AL Ay, + M) TAL y. (2.6)

Note, in practice, we do not calculate the inverse directly, but instead solve the forward linear

system of equations

(AL As, + M)up = AL y.

Additionally, using the Woodbury matrix identity [63], we rewrite the Tikhonov solution as

wp = (AL A, + M) AL y
=[N =ATPAL T+ XA, AL )AL ALy
=A[I— AL (M + A, AL )AL ALy

=A[AL — AL (M + A AL )AL ALy

=ATAL [I— (M + A, AL )AL AL |y

= ATAL [(M + AL AT )TN + A AT ) — (M + A, AT )AL AT Ty

= NTAL AT+ AL AT )M+ AL AT — AL ALy

=ATAL M+ AL AT )T My

— Afk(/\] + AzkAfk)_ly. (2.7)
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As before, to find (2.7) in practice, we do not calculate the inverse directly, but instead perform the

following linear solve

to find %y, and then set u;, = AL .

Next, we solve (2.4) numerically, and approximately, through the steepest descent iterative
approach, detailed in Section 1.4. Specifically, we apply steepest descent on the cost function
Gi(2z) : 2" — R defined as Gj(z) = F(uy_1, 2) for uy_, fixed. Let 2] be the estimate of z on
steepest descent step j of CG-LS iteration k. As in Section 1.4, we allow a different norm || - || (1

with dual norm || - ||.(x;), to define the descent direction dJ, that generates zj. That is,
2l =2 vl d (=)

for n,ij ) determined by the backtracking line search in Algorithm 1. We remark that the descent
direction d{; is parameterized by the current u estimate, u;_;, and the measurements y. Thus,
we write the descent direction in any of the following three equivalent forms di = df;(z) =
d{;(z; Up—1,Y).

Now, for the initial estimates, zo and ug, of CG-LS define a modified ReLU (mReLU) activa-

tion function P,p : R — R as

a r<a
Paup(z) =a+ReLU(x —a) —ReLU(z —b) =qx a<ax<b
b b<ux

for a,b € R. We remark that P, ;(z) is a projection operator that projects a given input = on the

compact interval [min{a, b}, max{a, b}|. The initial estimates for CG-LS then are

2o = Pup(ATy) (2.8)

wo = (AL A+ M) AL y.
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We remark that P, ;, in (2.8) is a componentwise function and thus is applied elementwise to the
backprojection vector ATy. Applying P, eliminates negative values of A”y, as z should have
positive entries, as well as limits the maximum entries in the initial z estimate for stability in
calculating w,.

Next, we determine convergence of CG-LS based on the dual norm, || - ||.(;), of the gradient,
V.F(u, z), and a user chosen parameter 6 > 0. On each steepest descent step, j, of each iteration,
k, we check if ||V, F(ug_1, zi_1)||*(k,j) < 0. When this holds, we exit the steepest descent steps
taking z, = zi_l. Since, for all & > 0, V,F(ux, 2zx) = 0, then ||VZF(uk_1,z2)|]*(k71) <0
implies ||V F(uy_1, 2))|l«x1) < 0. Therefore, once ||V, F(uy_1, z})||«x1) < 0 occurs we say
CG-LS has converged and return estimates u,_; and z;_;. Let K be a user chosen maximum
number of iterations. If no k € {1,2,..., K} exists such that ||V, F(uy_1, 2})||«,1) < 0, then

we say CG-LS did not converge.

Algorithm 2 Compound Gaussian Least Squares (CG-LS)

Input: Maximum number of iterations /', number of steepest descent steps ./, measurement oper-
ator A, (possibly scaled) measurement y, modified ReLU function P, ;, steepest descent dual
norms and descent directions, and convergence parameter 0.

1: 29 = Pap(ATy) and ug = (AL A,  + M) 'ALy
2: for k € {1,2,...,K} do

3: z ESTIMATION:

4 20 =2z,

5: forj € {1,2,...,J}do

6: if |V F(uy_1, ziil)Hi(k’j) < 0 then

7 return z;, = zi_l

8: end if ‘

9: Compute step size 77,(3 ) (backtracking line search)
10: 2=z ) di (= e y)
11: end for
12: zp=2z
13: u ESTIMATION:

14: u, = (AL A, + M) AL y
15: end for
Output: c* = zx O ug
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Finally, we remark that the Hierarchical Bayesian maximum a posteriori (HB-MAP) esti-
mate [8, 9] serves as additional inspiration for the development of our CG-LS iterative algorithm
proposed in Algorithm 2. Similar to CG-LS, the HB-MAP method uses the compound Gaussian
prior, formulated as z ® u for z = h(X), in estimating image sparsity coefficients. Empirically
shown in [8, 9], the HB-MAP estimator outperforms many other state-of-the-art iterative image
estimation algorithms, including sparsity-based approaches, to the reconstruction of images from
Radon transform measurements.

For sake of completeness, we briefly discuss the HB-MAP algorithm and the differences be-
tween it and CG-LS. First, HB-MAP performs a single estimate of the z field by estimating the X

field through the optimization of
T T —1 T T
Y (Ah(w)EuAh(m) +3,) 'y +log det(Ah(w)ZuAh(w) +3,) +x Xy (2.9

w.r.t. © where ¥, and X are covariance matrices for the assumed Gaussian distributions of v and
X. Second, with the optimum X* of (2.9) the optimal z* is estimated as z* = h(X*). Lastly, using
z*, an HB-MAP estimates v* via a Tikhonov type estimate as in (2.6).

Compared to HB-MAP, our CG-LS algorithm distinctly performs alternating estimates of the
z and wu fields where each z estimate is produced through the optimization of the cost function
in (2.4), which is far simpler and easier to optimize and implement as compared to (2.9). Specif-
ically, calculating the Hessian and gradient of (2.9) is the most computationally intensive part of
the HB-MAP algorithm due to the presence of Kronecker operators on high dimensional matri-
ces [8]. Whereas the optimization of the z field in CG-LS requires no such Kronecker operations.
Furthermore, it has been shown that the Tikhonov estimate of the w field is the primary component
in handling a signal reconstruction [9]. Thus, the simplified optimization for the z field in CG-LS
does not hinder the reconstructed signal quality much. That is, despite the simplified optimiza-
tion for z, CG-LS still produces high quality reconstructed signals, as compared to other prior art

iterative estimation methods, as shown empirically in Section 2.2.4.
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Therefore, as our goal is to apply algorithm unrolling to create a CG prior informed DNN,
we developed the CG-LS algorithm, instead of directly unrolling HB-MAP into a DNN, since the
HB-MAP estimate suffers from high computational cost in reconstruction time, memory, and data
storage [8,9]. These deficits of HB-MAP are problematic in producing a feasible unrolled DNN:
First, the DNN adds additional memory and data storage requirements, on top of those required by
HB-MAP, to optimizing the DNN parameters. Second, the unrolled DNN formulation requires the
evaluation of HB-MAP over a batch of reconstructions, which is very slow and requires massive
amounts of memory. Third, the unrolled DNN would be trained for many epochs where each epoch
involves the evaluation of HB-MAP in reconstructing a set of training data signals, which again

would be too slow for practical implementation.

2.2.2 Existence and Location of CG-LS Minimizers

Understanding the optimization landscape of a cost function is critical in understanding the
success any optimization algorithm will have in finding extrema. For the CG-LS cost function in
equation (2.2) we discuss the existence of minimizers along with details on their location that can
be ensured through a sufficient scaling on the input measurements, y, or proper choices of CG-LS
parameters, A and z. Throughout the remainder of this chapter, we assume that f : Z — R is a C?

function defined on Z = (2, 00) that is coercive. That is,

lim f(z) = +o0 and lim f(z) — £o0.

Z—Zmin Z—00

While in theory f should be an invertible function, for this section we do not specifically require
this.
First, we note that the gradient of (2.2) is

VuF(u,z) —2AT(y — Au) + 2)u
VF(u,z) = = : (2.10)

VF(u, z) —24,,(y — Auz) +2uD(f'(2)) f (2)
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Now, let p : R™ x Z™ — R" be given by
p(u,z) = AT(AD(2)u — y).
Additionally, let hy : Z™ — R" be given by
hy(z) = D(f"(2))f(2) + D(f'(2))f'(2).
The Hessian of (2.2), denoted Hr(u, z), is then given by

Hp(u,z) = Ju(VuF(u,2)) Ju(VF(u,z))
J.(VoF(u,2) Jy(V.F(u,z))

ATA, + NI ATA,+ D(p(u, 2z
.y (p(u, 2)) 2.11)

ATA, + D(p(u,z)) ALA, + uD(hy(2))

where J,, and J, denote the Jacobian matrix with respect to u and z, respectively.

Now, we show that the CG-LS cost function (2.2) is has no maxima.

Proposition 2.2.1. The CG-LS cost function in equation (2.2) is strongly convex in the u block

with parameter at least 2.

Proof. Letv € R™\ {0}. Applying (2.11) we have

[v" 07] Hp(u, 2) [”

O} = 0" Ju(VuF(u, 2))v =2v" (ALA, + M) v > 2)

where the final inequality holds since AL A, is a real symmetric matrix for all z and thus satisfies
vT AT A, v > 0 for all v € R™. This implies that J,, (V. F(u, 2)) = 2\I and thus (2.2) is strongly

convex in the u block with parameter at least 2. X

A consequence of Proposition 2.2.1 is that all zero gradient points of the CG-LS cost func-

tion (2.2) are local minima or saddle points. Thus, a local maximum of (2.2) only occurs on the
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boundary where the gradient may not be zero. That is, define the boundary set 0.Z,,;, as
0Zmin ={z2 € 2" : z; = zy, for atleastone i = 1,2, ..., n}. (2.12)

Then any local maximum must occur a boundary point [u, z] € R™ X 0Z,,;,. Since Z = (2yjn, 00)

is an open interval than it has no boundary, that is, 0Z,,,;, = ). Therefore, the optimization domain

R™ x Z™ has no boundary and thus local maxima are inconsequential in implementing CG-LS.
Next, we express the minimizer solution, in w, for the CG-LS cost function (2.2), with z € Z"

fixed, in the following new lemma. For this, we require a function v(z) : Z™ — R" defined as
v(z) = AT(ALAL + 2Dy, (2.13)
Lemma 2.2.2. Let z € Z" be fixed. The CG-LS cost function (2.2) is minimized, over u, at
u* = (ATA, + \I)'Aly = D(2)v(2).

Proof. From equation (2.10), V,,F'(u, z) = 0 if and only if u* = (AL A, + \I)~' ALy. By Propo-
sition 2.2.1, the stationary point w* is a minimizer. Applying the Woodbury matrix identity [63]

observe
(ATA, + M) =21 (1T — AL(A AL + M)A, .
Also observe

T — (AL AT 4 M) TVALAT = (A AT + M) 7Y (ALAT + M) — (AL AT + M) P A AT
— (A AT+ ) (ALAT + 0T — A AT)

= ANA AT + D)7
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Therefore

w' = (ATA, + \I) "' ALy
= A1 (I = AT(A AT + AD)71A,) ATy
=\ AL (1= (A AT + M) AAY) y
= D(2)AT(A.AT+ M)y

= D(z)v(2). X

Lemma 2.2.2 provides an avenue to gain further insight into optimizing the CG-LS cost func-
tion (2.2) over z. In particular, we derive an insightful equation with roots coinciding to the

stationary points, in z, of (2.2) as stated in the following new lemma.

Lemma 2.2.3. Let v(z) be given as in (2.13) and define F : Z" — R" by
F(2) = ~AD(2)D(v(2))v(z) + uD(f'(2))f(2). 2.1

The CG-LS cost function in equation (2.2) has a stationary point [z*, w*| if and only if F(z*) = 0

and u* is given as in Lemma 2.2.2 with z = z*.

Proof. The CG-LS cost function (2.2) has a stationary point when V F'(u, z) = 0, which holds if
and only if V,, F'(u,z) = 0 and V,F(u, z) = 0. By Lemma 2.2.2 V,, F(u, z) = 0 if and only if
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u = u* = D(z)v(z). Then VF(u, z) = 0 if and only if V,F'(u*, z) = 0. Now, observe

AT(y — Ay-z) = AT(y — AD(u")z)
= AT(y — AD(2)*v(2))
— AT(I — AD(2)?AT(A AT + XI) M)y
= AT((AAT + M) (A AT + A1) — AD(2)?AT(A,AT + M) Ly
= AT(ALAT + AT — AD(2)*AT) (A4, AT + X))y

= AT(ALAT + AT — ALAT) (A AT + M)ty

= \v(2).
Hence
V.F(u',2) = —2D(u") A" (y — Ay-2) + 2uD(f'(2)) f(2)
= —2\D(2)D(v(2))v(z) + 2uD(f'(2)) f(2)
=2F(=z).
Therefore, V. F'(u*, z) = 0 if and only if F(z) = 0. X

As z is a positive random vector then each component of w = AD(z)D(v(z))v(z) is non-
negative since w; = Azv;(2)?. Thus, (2.14) only has a root when all of the components of
uD(f'(z))f(z) are non-negative. Define ST(f) = {z € Z : f'(2)f(z) > 0}. Then for every
stationary point [u*, z*| of the CG-LS cost function (2.2), each component of z* must be contained
in ST. Hence, we gain sufficient insight into the location of a minimizer for CG-LS by examining
the function f?(z) and eliminate all regions outside of ST(f), which corresponds to eliminating
all regions where f?(z) is strictly decreasing. As an example, if f*(z) obtains a stationary point at
2o and is decreasing to left of zy, such as when f is invertible, then z* € [z, 00)™.

We remark that (2.14) may have a root when AD(z)D(v(z))v(z) = 0 = uD(f'(z))f(z) but

this case, in general, is not applicable. Since AD(z)D(v(z))v(z) = 0 only when v(z) = 0. As-
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suming that A is of full rank then v(z) = 0 only when y = 0, which we assume to have non-trivial
measurements and thus y # 0. Furthermore, if A is not of full rank then AD(z)D(v(z))v(z) =
0 = uD(f'(2))f(z) only applies if there exists a vector z € Z" such that each component of Z is
a stationary point of f?(z) and (A3 AL + \I)~'y lies in the null space of A”. This specific set of
circumstances does not hold, in general, and thus this case is not applicable.

Now, assume that the measurements have been scaled. That is, y = sy where y is given by
(2.1) and s is a positive real value. With certain choices of scale, s, and CG-LS parameters, A\ and
1, we can further refine the location of a stationary point for the CG-LS cost function (2.2) from

knowledge of the stationary points of f2(z) as stated in the following new theorem.

Theorem 2.2.4. Let f*(z) obtain a local minimizer at 2o € Z. There exists a point b € R,
with b > zy, such that f'(b) f(b) > 0. Furthermore, there exists positive s, \, and . where the

CG-LS cost function in equation (2.2) has a stationary point [u*, z*| such that z* € [z, b]" and

u* = (AL A, + M) TALy.

Proof. As 2 is a local minimizer of f?(z) then there exits an ¢ > 0 such that f?(z) is increasing
on (2, 2 + €). Thatis &£ f%(z) = 2f'(2)f(z) > 0 on (20,20 + €). So, fix b as any point in
(20, 20 + €). Now, we write F(2z) = [Fi(2), Fa(2), ..., Fu(2)]7, for F given in equation (2.14),

and v(z) = [v1(2),v2(2),...,v,(2)]" for v given in equation (2.13). Fori € {1,2,...,n} define
Zi(z)={z € [20,b]" T Z": z; = z}.
Since f(20)f(z0) = 0 then for any z € Z;(z)
Fi(z) = —Aznvi(2)]* <0.
Write v(z) = AT(A AT + \)~'y = s7'v(2) and define

Toec(0) = ) 1)
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As Z;(b) is a compact set and v(z) a continuous function on Z;(b), then max,cz,e) [v:(2)] is

defined and finite. Thus vy, (b) is finite as it is a maximum over a finite set. Hence, if

(2.15)

then

wf (D) f(b) > Abs*Tmax (b)? > Abs*0;(2)? > Abvy(2)?

for any z € Z;(b). Thus, foralli € {1,2,...,n} and any z € Z;(b) we have

Fi(z) = =Abvi(2)* + puf (0) f(b) > 0.

Therefore, by the Poincare-Miranda theorem [64] when s, A and p satisfy (2.15) there exists a
z* € [20,b]" such that F(2*) = 0. By Lemma 2.2.3, the point [u*, 2*|, where u* = (AL A, +

M )L AL, y, is a stationary point of the CG-LS cost function (2.2). X

Applying Proposition 2.2.1, any stationary point obtained in Theorem 2.2.4 is a local minimizer
or a saddle point of the CG-LS cost function (2.2). We extend Theorem 2.2.4 to ensure the obtained
stationary point is a local minimizer with an additional requirement on the scaling, s, and CG-
LS parameters ;1 and \ as well as convexity of f2(z). To show this extension we require the

eigenvalues of a block 2 x 2 matrix containing diagonal matrices as given in [65].

Lemma 2.2.5 ([65]). Let a = [a;] € R",b = [b;] € R", and ¢ = [¢;] € R™ Define A =
D(a), B = D(b), and C = D(c). The eigenvalues of

A B
=[5 ¢
are
1
=+ — " (q . )2 2
A= 5 (al—i—clj:\/(az ) —|—4bi) (2.16)

fori=1,2,....,n.
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Proof. Letr € R. As B and C' — [ are diagonal matrices they commute. Thus, applying Theorem

3 from [65], we have
det(M — rI) = det((A —rI)(C —rI) — B?).

Since (A—rI)(C —rl)— B?is a diagonal matrix the determinant is be the product of the diagonal

entries. Namely

n

det((A—7I)(C —rl) — B*) = H [(a;i —7)(c; —7) = b7].

i=1
Then det(M —rI) = det((A—rI)(C—rI)—B?) = 0ifandonly if []_, [(a; — 7)(c; — 1) — b?] =

0 implying (a; — r)(c; —r) — b2 = 0fori = 1,2,....,n. As (a; — r)(¢; — ) — b2 = 1% — (a; +

¢;) + a;c; — b2 then (a; — r)(¢; — r) — b? = 0 when

1
r=s (ai +c £ \/(ai +¢i)? — 4(a;c; — b?))
1
= 5 (ai + ¢ + \/(CL, — Ci)z + 4b12>
=\’
Therefore, the eigenvalues of M are )\ii given in (2.16). X

We now have the necessary tools to extend Theorem 2.2.4 from guaranteeing the location of a
stationary point to guaranteeing the location of a minimizer of the CG-LS cost function (2.2), as

provided in the following new theorem.

Theorem 2.2.6. Let f?(z) be strictly convex on |a,b] C Z and obtain a local minimizer at zy € Z.
Then there exits positive s, A, and . such that the CG-LS cost function (2.2) has a non-degenerate

local minimizer [u*, z*| where z* € [20,b]" and u* = (AL A« + \I) 1AL y.

Proof. From Theorem 2.2.4, there exists a point b € R, with b > z, such that f'(b) f(b) > 0. Let

s, A, and y satisfy (2.15). Then, by Theorem 2.2.4, there exists a stationary point [u*, z*] such that
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z* € [20,0]" and w* = (AL A~ + \I)"' AL y. We now show the Hessian at this stationary point,

Hp(u*, z*) for Hp given in (2.11), is positive definite under certain choices of s, A, and u. Recall

from (2.11)
Hp(u*2%) AT Az + AN Az-Aus + D(p(u”, 2%))
: AL Az + D(p(ur, z%) AL Ay + pD(hy(2"))
AL A D(p(u*, z%))
= [Az* Au*l +
AL D(p(u*,z*)) pD(hs(z"))

for p(u, z) = AT(AD(z)u — y). From Lemma 2.2.2, we have u* = (AL A, + \)71AL.y =
D(z*)v(z*) forv(z) = AT(A, AL + X\I)~'y. Hence

p(u',z") = AT (AD(2")u" — y)
= AT(A,-D(2")v(z") — y)
= AT(A AL (A AL + X7 ly —y)
= AT(AL AT (AL AT XD — (AL AL + XD (AL AL+ 0D Dy
= AT(A AL — AL AT, — XD (A-AL + M)y

= AAT(A AL 4+ XDy

= —\v(z").
Thus
A D(p(u*,z")) _ A —AD(v(z")) 217
D(p(u,z%))  uD(hy(z")) —AD(v(2")) pD(hs(2"))

which, by Lemma 2.2.5, has eigenvalues

A=

| >~

(1+ % /(T — )2 + 4oz
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for ¢; = 5(f"(2F)f(2) + f'(25)?) where i = 1,2,...,n. Since f?(z) is strictly convex on [a, D]
then f”(z})f(2f) + f'(2)* > 0 implying ¢; > 0 and thus \;” > 0.

Observe,

A.:

)

% <1 +¢— (1 —c)?+ 4vi(z*)2> >0

14+ c > V(1 — )2+ 4v;(2%)?
(1+¢)? > (1+¢)* +4(vi(25)? — )
ci > vi(2%)%
That is, A; > 0 if and only if ¢; > v;(2*)%. Write v(2) = AT(A, AT + \)7'y = s~ 'v(z) and
define
hfmin = g[linb} {f//(Z)f(Z) + f/(z)z}
z€[z0,

Umox = [AX | max 5(2)].

As [29, b]" is a compact set and v(z) is a continuous function on [z, b]", then max,cp., 5j» [0:(2)|
is defined and finite. Thus, ¥y, is finite as it is a maximum over a finite set. Additionally, as [z, 0]
is compact and f?(z) is strictly convex on [zp, ] then h s, is defined and satisfies iy > 0.

Therefore, if

(2.18)

then, forall = 1,2,...,n, we have

1" % * 1 %\2 X
f (Zz)f(fz) + /(%) > R f min > isz.
Ur2nax 51'21184)( /’L
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This implies

ci =5 (J"GOIED +T'(2)) > 8”0 2 8°0(27)° = vil2")",

> =

Thus, when s, A\, and p satisfy (2.18) then )\Z-i > (0 implying (2.17) is a positive definite matrix.
Therefore, when s, A, and p satisfy (2.18) the Hessian Hp(u*, z*) is the sum of a positive semi-
definite matrix and a positive definite matrix, implying it is positive definite and [u*, z*| is a local

minimizer of the CG-LS cost function (2.2). X

Combining the two requirements on s, A\, and x given in (2.15) and (2.18) we have the single

requirement

A )
—5° < min
L

{hfmm HON0 } |

V2. DUmax(D)?

max

AS Umax = Umax (b) We alternatively express this requirement to guarantee a local minimizer as

Ao I - ') f(b)
;s < W_mm{hfmm’—b } (2.19)

max

Since f a single variable function obtaining min {h £ mins M} is practical. On the other hand,

02

max

obtaining is far more difficult as our optimization variable z is contained within a matrix

02

inversion. Although a rough numerical approximation of v .

may be sufficient to choose a scale
s for the implementation of CG-LS. For our numerical experiments, we choose a scaling s empir-

02

max"*

ically instead of attempting to approximate

We remark that Theorem 2.2.6 extends optimization insights from the single variable function
f?(z), which is far easier to analyze, to the multivariate CG-LS cost function (2.2) that involves 2
and w. In particular, knowing that z* € [z, b]", which is informed by intervals of convexity and
roots of f2(z), we can choose the mReLU interval defining 2 to be [zo, b], which may increase the
convergence rate for CG-LS. Furthermore, we may localize the optimization in CG-LS by applying
the mReLU function, Py, after each update in line 10 of Algorithm 2 to further increase the

convergence rate. Finally, the convexity of f?(z) in conjunction with the scaling law revealed in
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Theorem 2.2.6 guarantees a region of convexity for the cost function in (2.4) and the existence of

a unique stationary point within this convex region.

2.2.3 Convergence of CG-LS

For convergence analysis, we assume that f is a C? function, defined on Z = (Zmin, 00), and

is coercive. That is,

lim f(z) — +o0 and lim f(z) — +oo.

Z—Zmin Z—00

Now, given initial estimates, u, and z;, define a sublevel set
S(ug, z9) = {(u,z) e R" x Z": F(u, z) < F(ug, 2o) }

for F' the CG-LS cost function (2.2). We note that S(ug, zo) C R™ x Z™ is closed, since F is
continuous, and bounded, since F' is coercive in both w and z. Thus, S(u, ) is compact by the
Heine-Borel theorem [53]. Now, we show that F" has a Lipschitz continuous gradient on S(ug, 2o).
For this, we use a proposition about the convex hull of a compact set dependent on the following

lemma; a result which appears in [66].
Lemma 2.2.7 ([66]). The set W = {(wg, w1, ..., wq) : w; >0, Z?:o w; = 1} € R is compact.

Proof. For any w € W we note that 1 = ||w||; > ||w]|2 and thus W is bounded. Now let the
sequence {w; };en € W converge to w. For notation let [w;]; be the jth component of the vector
w;. Assume for contradiction that w ¢ W then w; < 0 for some j or Z?:o w; # 1. First, if w; <0

for some 7 then for all 1 € N
Jw; — wlly > [[wa]; — w;| = [wn]; —w; > |w;| >0

implying that {w; };cn does not converge to w, which is a contradiction. Hence, all components

of w must be non-negative. Second, assume Zf:o w; = a # 1 for all w; > 0. Then, using the
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reverse triangle inequality, for all - € N

d

7=0

Jw; — wlly > lwi = wlly = [ [Jwilly — [Jwll; | = =[1—a[>0

1
vVd+1

implying that {w; };cn does not converge to w, which is a contradiction. Thus, w € W implying

that WV contains all its limit points and is closed. Therefore, V' is compact. X

Now we show the required proposition that the convex hull of a compact set is compact as

provided in [66].

Proposition 2.2.8 ([66]). Let S C R be compact. Then the convex hull of S, denoted Conv(S), is

compact.

Proof. Define W = {(wo,wy, ..., wa) : w; > 0,0 jw; =1} CR™ ! and let G : S x W —

R? be a convex combination function given by

d
= E Wi,
i=0

where & = (xg, T1,...,T4) € S and w = (wg, w1, . .., wy) € RITL

Let G(S%1 x W) be the image of G. That is, G(S* ' x W) = {G(z,w) : x € S, w € W}.
Note that since S is compact, Cartesian products of compact sets are compact, and, by Lemma
2.2.7, W is compact then S x W is compact. Next, let [;]; denote the jth component of vector
x; and §; € R be a vector with 1 in the ith component and zeros in all other components. We
observe that Vi, G(x, w) = w;d;. Similarly, V,G(x,w) = x. Hence, G is a differentiable
and thus continuous function. Therefore, as the continuous image of a compact set is compact,
G(8 x W) is a compact set.

Now, by definition of a convex hull, G(x, w) € Conv(S) for all z € S¢*! and w € W. Hence,
G(84! x W) C Conv(S). By Carathéodary’s Theorem [67,68], for any v € Conv(S) there exists
ax € S and w € W such that v = G(x, w). Hence, Conv(S) C G(S4! x W). Therefore,

G(8¥ x W) = Conv(S) and thus the convex hull Conv(S) is compact. X
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Using Proposition 2.2.8 we show that the CG-LS cost function (2.2) has Lipschitz continuous

gradient on the sublevel set S(ug, () as given in the following new corollary.

Corollary 2.2.9. The CG-LS cost function (2.2) has Lipschitz continuous gradient on the sublevel

set S(’U,O7 Zo).

Proof. As f is a twice continuously differentiable function on Z then the CG-LS cost func-
tion F(u, z) is twice continuously differentiable on R™ x Z". Hence, the Hessian of F', de-
noted Hr(u, z) and given in (2.11), is a continuous function of w and z on R™ x Z™. Thus,
|Hr(u, 2)||2 is a continuous function on R™ x Z". As S(ug, z9) € R™ x Z™ is compact then by
Proposition 2.2.8 the convex hull of S(uy, 2), denoted as Conv(S(ug, 20)), is compact. Further-
more, as R” x Z" is convex and Conv(S(ug, 2o)) is the smallest convex set containing S(ug, 2o)
then Conv(S(ug, 2z9)) € R® x Z". Thus F(u, z), Hr(u, 2z), and ||Hp(u, z)||; are defined on
Conv(S(uo, z0)). Hence, by the Extreme Value Theorem [53], since | Hp(u, z)||2 is a continuous
function on the compact set Conv(S(uo, 2o)) then ||Hp(u, z)||2 obtains a bounded maximum on
Conv(S(u, 20)) that we denote by Hp .y Therefore, by the Mean Value Theorem [53], for all
(u;, z;) € Conv(S(ug, z9)) where i € {1,2}
V(w2 - VFu )l < (w9l ) ) - (20

< Hpmax|| (w1, 21) — (u2, 22) |2

and thus F' has Lipschitz continuous gradient on Conv(S(uo, 20)). Similarly, F' has Lipschitz
continuous gradient on S(uo, zp), with Lipschitz constant at most Hpmax, since S(ug, zp) C

Conv(S(uo, z0)). X

Next, we remark that a Euclidean bound exists for any norm, || - ||, on R™. That is, there exists
aconstant 0 < v < 1such that || - || > 7| -||2. So, for every CG-LS steepest descent norm || - || ;)
with dual norm || - ||, we let v j) and v, ;) be the respective Euclidean bound constants. To

show CG-LS, in Algorithm 2, converges, we first give a lower bound on the change in the cost

function for a steepest descent step on z in the following new proposition.
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Proposition 2.2.10. Define Gy(z) = F(uy_1, z) for up_ fixed and F(u, z) given in (2.2). For
every k,j € N, there exists a positive constant, ¢, ;), such that CG-LS in Algorithm 2 satisfies

2

Gr (21 ") = G (21) = ey [|[VGr (=) *(kog) °

Proof. By definition (ug, z9) € S(uo, z9). For any fixed k,j € N assume that (uk_l,zi_l) €
S(ug, zo). As zi = zi_l + n,ij )dfc (zi_l) and di (zi_l) is a constrained minimizer of the linear
approximation of G, centered at ziil, then, for sufficiently small 77,(; ) > 0, it holds that Gk(zi) <
Gk(zi_l). Hence, (uk_l,zi) € S(uy, z9) and thus, by induction on j, (uk_l,zi) € S(uo, zo)
for all j € N. Implying (uy_1, 2z) = (uk_l, z,;’) € S(up, z9). As uy is the global minimizer of
F(u, z) then F(uy, zx) < F(ug_1, zx). Hence, (ug, zr) € S(ug, zp) and thus, by induction on
k, (ug, zr) € S(uo, 2o) for all k& € N. Therefore, the sequence of estimates generated by CG-LS
satisfies {(ur, z1) Viey C S(uo, 20).

By Corollary 2.2.9, the function Gx(z) has Lipschitz continuous gradient on S(ug, zo). Let
L = L,(uo, zo) be the smallest Lipschitz constant of VG on S(ug, o). Thus, for any « and z

such that the points (u;_1, x) and (ug_1, 2) satisfy (ug_1, ), (ur_1,2) € S(uo, 2o) it holds that
L 2
Gi(z) < Gu(@) +({VGi(z), 2 — ) + Sz — z|;.

Setx =z, 'andz = 2] = 2] ' + 77,(5 )di (ziil) for small enough step size, n,(cj ) > 0, such that

(wg_1, %)) € S(ug, o). Then
, - , N Ll in o 112
Gi () < Ge () + VG () d () + 5 [0l ()| @20
Applying Lemma 1.4.5, we have

CINT i i i
VG (zi 1) d;. (%, 1) = —[|[VGy(z;, 1)H3(k,j)-
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Since 77, I3 < [I-I{,. ;) then applying Lemma 1.4.6,

izl < 3 Ikt = 5 196
Combining these two properties with (2.20) gives
| | | 0 o,
o) <o) - 1= Y Iva G, e
The backtracking line search simultaneously requires
G (2]) < Gu (27) =70 ||V G ()| - .22)

Since 7 € (0,1/2], then (2.21) implies (2.22) when n,ij ) < 7(2,67 j/ L. Hence, the backtracking line
search step size satisfies 1 > n,(cj) > min {1, 5’7(2k:,j) / L} > 0, which combined with (2.21) and
(2.22) gives

2

G (z1") = Gi (=) = mmin {1, 02,/ LH|VG (7]

Therefore c(;, ;) = 7 min {1, ﬂ’y(QM)/L} > 0. X

From Proposition 2.2.10, the sequence of cost function values, {Gk(zi)}‘;‘;o, monotonically
decreases, and when the gradient is large, we expect a large decrease in the cost function. Since
Gr(z) > 0 for all z, we know the sequence {Gk(zi)};";o converges by the monotone convergence
theorem. That is, each steepest descent process updating z in CG-LS does converge.

Now, to show convergence of CG-LS to a stationary point of the CG-LS cost function (2.2),
we apply Proposition 2.2.10 and similarly bound the change in the CG-LS cost function over an

iteration of CG-LS as in the following new theorem.

Theorem 2.2.11. Assume the Euclidean bound sequences, given by {1 }721 and { Vi) } o1,

are bounded below by vy > 0. Then CG-LS converges to a zero gradient stationary point of F'(u, z)
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given in (2.2). Furthermore, the sequence of minimum gradient dual norms

{ min HVF(Uk,Zk)Hz(k,l)}

1<k<K K=1

satisfies

. 1
wmin [[VE(up, 2)] %) < O (—) |

1<k<K K

Proof. For all £ > 1, we have z,g = z,_1 and zk‘] = 2j. Thus, using a telescoping sum observe

that

F(up_1,251) — Fup_1, z¢) = F(up_1, 27) — F(up_1,2])

I
]~

(F (s ")~ F (s, 20))

1

<.
I

Now, summing the conclusion of Proposition 2.2.10 over the .J steepest descent steps produces

J J

D (F (w27 = F(wner, 24)) = D ey [ VF (wner 27)

J=1 Jj=1

2
*(k.j)

> ey || V2F(ug 1y, Zk—l)Hz(k:,l) :
Therefore, summing the telescoping series on the left hand side of the above inequality, we have
F(ug_1, zp—1) — F(up—1, 2) > caoy ||V F (wg—1, Zk—l)”i(k’l) : (2.23)

First, note that V., F'(ug_1,2x—1) = 0 since u;_; is a global minimizer of F(u, z) when z

is fixed at z,_;. Hence,

VaF (w1, 25-1)|2.1) = [[VF(wk-1, 21-1)|[% 1). Second, note that
F(uy, z) < F(ug_1, zx) since uy, is a global minimizer of F'(u, z) when z is fixed at z;. Hence,

—F(uy, z;) > —F(uy_1, 2;). Third, define

¢:=7min{1,3y*/L} >0 (2.24)
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and note, since (1) = 7, then
C(k,) = T Min {1,ﬁfy(2k71)/L} > c.
Combining these three results with (2.23) gives
F(ug—1, 25-1) — F(up, z) > ||[VF (g1, 211|351 (2.25)

Thus, CG-LS generates a monotonic decreasing sequence of cost function values, which are
bounded below by 0. Hence, {F(uy, zx)}i>, converges to a value F™* by the monotone con-

vergence theorem. Hence, using a telescoping series, observe

> (Fupr, z6-1) — Flug, z1)) = F(uo, z0) — lim F(ug, z) = Fluo, 29) — F*.

00
k=1

Now taking an infinite sum of (2.25) and using that ||-||.(x,1) > Ver,)||[])2 and viq,1) > v gives

> (F(uro1, zro1) = Flug, zi) = > el VF(ury, z5-) 2y
k=1 k=1
> Ve DV F (w1, z1)[3
k=1

> 7202 IV F (w1, ze—1)|[3-
k=1
Therefore

F(uo, z0) — F* > 7% [|[VF(ug—r, 2e1) 3. (2.26)
k=1
Equation (2.26) implies that .- ||V E(uy, z;)||3 converges. Thus, klim |V F(ug, z)|[3 — 0
—00
and so lim VF'(uy, z;) — 0. Hence, since VI is a continuous function then limy_, . (ug, zx) —

k—o0

(u*, z*) where VF'(u*, z*) = 0 implying that CG-LS converges to zero gradient stationary points.
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Finally, taking an average of (2.25) over K iterations gives

F(ug, z0) — Fug, zx) 1 ; 2
c K= 1£?K||VF(UMZK)H*<M)- X

Theorem 2.2.11 shows that CG-LS generates a monotonic decreasing sequence of cost function
values, {F'(ug, zi)}72,- Combining Theorem 2.2.11 with the fact that the CG-LS cost function
(2.2) has no local maxima, then CG-LS, in Algorithm 2, is guaranteed convergence to a local min-
imum or a saddle point. As (2.2) is, in general, not convex, we cannot guarantee that Algorithm 2
converges to a local nor global minimum. However, if Theorem 2.2.6 is also satisfied, we guarantee
convergence to a global minimizer of (2.2) relative to the interval z € [z, b]"

Lastly, we further strengthen our convergence results when Theorem 2.2.6 is satisfied through

the following new theorem.

Theorem 2.2.12. Let Theorem 2.2.6 be satisfied with local minimizer [u*, z*| corresponding to
minimum value F*. Then there exists a region C C R™ x Z" such that [u*, z*| € C and F(u, z),
given in (2.2), is strongly convex on C with constant (. Furthermore, for any [ug, zo] € C we have

forallk >0

F(ug, zi) — F* < (1 = 20+%¢)*(F(ug, z0) — F*) (2.27)

where ¢ > 0 is given in equation (2.24) and vy > 0 is as given in Theorem 2.2.11

Proof. For§ > 0, u’ € R", and 2’ € Z" define

Bs(u'.2') = {(u,z) e R" x 2" : ||(u, z) — (v, 2')||, < 0} .

Note that the non-degenerate local minimizer (u*, z*) in Theorem 2.2.6 satisfies, for all w € R?",
wl Hp(u*, z9)w = fo(w) > Apin > 0 where Ay, is the minimum eigenvalue of the Hessian
Hp(u*, z%), for Hp(u, 2) is given in (2.11). Since F'(u, z) is twice continuously differentiable

then, for fixed w € R?*", Q(u, z) := w’ Hr(u, z)w is a continuous function. Fix £ € (0, A\,) and
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let € = Apin — ¢ > 0. By continuity of @) there exists a § > 0 such that for all (u, z2) € Bs(u*, 2*)
we have |Q(u, 2)—Q(u*, 2*)| < € = Apin—¥¢, which implies Q(u, z) > ¢ since Q(u*, 2*) > Apin-
Therefore, F'(u, z) is strongly convex on C = Bs(u*, z*) with constant /.

Next, strong convexity of F'(u, z) on C, with constant ¢, and (u, zo) € C implies that for all

k>1
* 1 2
F(’U,k_l, Zk—l) - F < Z—EHV}?(’U,k_l7 zk—l)HQ' (228)
From (2.25), using ||-{[+(x,1) > 7||-||2 observe

F(ug-1, 26-1) — Flug, 25) > ¢ |[VF (wp1, z51) |
F(ug_y, z5-1) — F(ug, z5) — F* > 7| |[VF(up_1, ze1)||5 — F*

Fug_1,zk-1) — F* > Fug, z,) — F* + 'ychVF(uk_l, zk_l)Hg.
Combining with (2.28) produces

F(up1,2z51) — F* > Flug, z1,) — F* + 20y%c(F(up_1, zp_1) — F*)
(1 —20y%c)(F(ugp_1, z,1) — F*) > F(uy, z1,) — F*. (2.29)
Applying (2.29) recursively gives F'(uy, ;) — F* < (1 — 20v%¢)*(F (ug, z9) — F*). X

Theorem 2.2.12 shows that there exists a region around the local minimizer where (2.2) is
strongly convex and thus we guarantee a linear rate of convergence of the cost function values

within this region.
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2.2.4 Numerical Results

We test the CG-LS algorithm using gradient descent, which we denote by gCG-LS, and Newton

descent, which we denote by nCG-LS, as the steepest descent method for updating z. That is,

di(z) _ {_VZF(uk—h z) ) gCG-LS
—(Jo(VoF(up_1,2))) 'V, F(us_1,2) nCG-LS
where V_F and J,(V,F) are given in (2.10) and (2.11), respectively.

Using nCG-LS requires J,(V.F(ux_1,2)) to be a positive definite matrix for any z in the
optimization domain of interest. Assume the chosen f(z) satisfies the requirements of Theorem
2.2.6 for interval [a, b] and minimizer zy. Then J,(V,F (uy_1, z)) is positive definite for all z €
[a, b]™ and, informed by Theorem 2.2.6, we guarantee a local minimizer lies in [z, b]" C [a, b]"
under sufficient scaling of the input data. Therefore, we can properly scale the input measurements
to nCG-LS and apply the mReLU function P, ; at each z update in line 10 of Algorithm 2 to
ensure J,(V, F(u,_1, z)) is positive definite. Alternatively, or in addition to scaling the input data,
to find zi we may perform an eigendecomposition on J, (V. F(uy_1, zi_l)) to find the closest
positive definite matrix that is then used in the Newton descent step. That is, let Ai, Qi be the
eigendecomposition of J, (V. F (ug_1, 2] ")) satisfying J, (V. F (uz_1, 2] ")) = QLAL(Q))T for
AJ a diagonal matrix. Then instead of using J, (V. F(uz_1, z) ")) to find the Newton descent step
we use Q1 (A1)t (Q1)T where, for a small positive parameters ¢ > 0, the diagonal matrix (A7)
is defined as [(A])t];; = max{[Al];;, e}. We remark that Q7(A2)"(Q1)7 is the closest matrix
with a minimum eigenvalue of € to J,(V, F(u_1, zi_l)) as measured by the Frobenius norm.

For numerical evaluation, we test CG-LS on the linear inverse problems of image reconstruc-
tion from tomographic and compressed sensing measurements. The datasets we employ include:
32 x 32 images from the CIFAR10 image dataset [69], 64 x 64 images from the CalTech101 image
dataset [70], and 128 x 128 images from the Setl1 image dataset [22]. Each image from every
dataset has been converted to a single-channel grayscale image, scaled down by the maximum pixel

value and vectorized. For tomographic measurements, a Radon transform, at a specified number of
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angles, is performed on each image. Instead, for compressed sensing measurements a fixed random
Gaussian matrix is applied to each vectorized image. After applying the measurement matrix to
each image, white noise is added producing noisy measurements, y, at a specified signal-to-noise
ratio (SNR). Finally, a biorthogonal wavelet transformation is applied to each image to produce
the sparsity coefficients, c.

We compare CG-LS against six prior art iterative algorithms for solving linear inverse prob-
lems: Fast Iterative Shrinkage and Thresholding Algorithm (FISTA) [2], ¢,-least squares (¢;-
LS) [6], Fourier backprojection (FBP) [71], Bayesian compressive sensing (BCS) [3], Compressive
Sampling Matching Pursuit (CoSaMP) [4], and Kalman Filtering (KF) [72]. Note, FISTA, ¢;-LS,
BCS, and CoSaMP are sparsity based approaches to signal reconstruction. For signal prior FISTA
and ¢;-LS assume a Laplace distribution and BCS assumes a student’s ¢ distribution. FBP is a
method specifically for Radon inversion and dependent on the structure of the sinogram measure-
ments produced by the Radon transform. The hyperparameters for each prior art method were
chosen to maximize each algorithms performance.

For reconstructing 32 x 32 images we use f(z) = In(z), Z = (0,00), p = 2, K = 1000,
J =1,and 6 = 1075. For tomographic measurements at an SNR of 60dB and 40dB, we take
A = 0.3 and A\ = 2, respectively. For compressed sensing measurements at an SNR of 60dB we
set A = 150. Using nCG-LS requires J,(V . F (ur_1, 2)) to be positive definite in the z variable,
which for f(z) = In(z), is guaranteed when z € (0, e)". Informed by Theorem 2.2.6, we guarantee
a local minimizer lies in [1, €)™ under sufficient scaling of the input data. Therefore, in each nCG-
LS test in reconstructing 32 X 32 images, we scale the input measurement by a factor, chosen
empirically, of e~*. Additionally, we use an eigendecomposition on J, (V. F(u_1, 2)) to find the
closest positive semi-definite matrix that is then used in the Newton descent step. Alternatively, we
remark that the mReL U function P; . may be applied at each 2z update in line 10 of Algorithm 2 to
ensure J,(V,F(u;_1, z)) is positive semi-definite. Finally, for the initial z estimate, we choose

Pap = Pi1 . for nCG-LS whereas for gCG-LS we use P, = P c2.
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A visualized reconstruction of a 32 x 32 Barbara snippet, from a 60dB SNR Radon transform
at 15 uniformly spaced angles, is shown in Figure 2.1. We see by visual inspection and SSIM
that both gCG-LS and nCG-LS produce superior reconstructions to the other iterative algorithms
with nCG-LS slightly outperforming gCG-LS. Table 2.1 provides the average image reconstruction
SSIM and PSNR along with 99% confidence intervals for our gCG-LS, our nCG-LS, and each of
the six comparative methods when every method reconstructs 200, 32 x 32 CIFAR10 images
from Radon transform measurements. Note, larger SSIM and PSNR values correspond to image
reconstructions that are visually closer to the original image of interest. Thus, as seen in Table 2.1,
CG-LS performs best in all noise and measurement scenarios with nCG-LS slightly outperforming
gCG-LS.

The superiority of CG-LS in 32 x 32 image reconstruction is further highlighted in Table 2.2.
Table 2.2 displays the average SSIM and PSNR, with 99% confidence intervals, from the recon-
struction 200, 32 x 32 CIFARI10 images from random Gaussian measurements. That is, the mea-

surement matrix ¥ € R™*™ has entries drawn i.i.d. from a Gaussian distribution, which is typical

10
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(a) Original (b) Radon Transform  (¢) gCG-LS (0.952)  (d) nCG-LS (0.953) (e) FISTA (0.896)
e S a— = - — = N = .
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(f) KF (0.887) (g) ¢1-LS (0.849) (h) FBP (0.844) (1) BCS (0.827) (j) CoSaMP (0.838)

Figure 2.1: Image reconstructions, with SSIM value in parenthesis, using our gCG-LS, our nCG-LS, FISTA,
KF, ¢;-LS, FBP, BCS, and CoSaMP. The input to each algorithm is a vectorized (2.1b), which is a Radon
transform of (2.1a) at 15 uniformly spaced angles with an SNR of 60dB. We observe that CG-LS outper-
forms all methods with nCG-LS slightly outperforming gCG-LS.
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Table 2.1: Average SSIM (x10?) and PSNR with 99% confidence intervals for our gCG-LS and nCG-LS
and six comparative methods. Each algorithm estimated two hundred, 32 x 32 CIFAR10 images from Radon
transform measurements taken at 15, 10, or 6 uniformly spaced angles. Each measurement has an SNR of
60dB or 40dB. We find that CG-LS performs best in all noise and sparse scenarios with nCG-LS, in bold,
slightly outperforming gCG-LS, in italics.

Angles 15
SNR 60 dB 40 dB

SSIM (x10?) PSNR SSIM (x10?) PSNR
nCG-LS 91.3+.59 | 28.0+£.39| 87.0£.97 | 26.2+£.28
gCG-LS 90.1 £ .57 | 27.1£.38 | 85.9£.93 | 25.5 £.28
KF 89.8 £ .67 279+ .34 85.2£1.0 26.0 = .26
FISTA 86.6 £1.0 26.6 £ .29 78.6+£1.1 23.6 £ .27
¢1-LS 86.6 £ .58 26.0 £ .42 72.7£1.6 22.1+£.35
FBP 85.7 £ .77 20.6 £ .36 81.2+£1.2 20.2+£ .35
BCS 77.4 £ .96 22.7+ .43 74.1+£.93 221+ .34
CoSaMP || 75.9+1.0 22.4 £ 48 71.2 £ .98 21.3+ .34
Angles
SNR 60 dB 40 dB

SSIM (x10?) PSNR SSIM (x10?) PSNR
nCG-LS 83.6 £ .82 | 24.8+.39 | 80.6+.94 | 24.0£.32
gCG-LS 82.3 .78 | 24.3£.40 | 80.1 £.86 | 23.8+.34
KF 81.9 £ .84 249+ .39 78.0 £ .95 23.9+ 31
FISTA 81.4 £ .89 24.8£.39 69.4 £ .97 21.7+ 31
¢-LS 74.5 £ .93 22.8 £ .42 67.2+£1.1 21.2£.29
FBP 724+£1.1 14.5 + .42 68.4+1.3 14.3 £ 43
BCS 62.4+£1.2 19.9 + .44 60.4£1.2 19.6 + .42
CoSaMP | 61.7£1.2 19.5 + .44 28.6 1.1 18.9 + .36
Angles
SNR 60 dB 40 dB

SSIM (x10?) PSNR SSIM (x10?) PSNR
nCG-LS 70.0+1.1 |21.7+£.37| 68.0£1.2 |21.3+.35
gCG-LS 68.9+1.1 |21.4+.42| 67.9+£1.1 |21.3+ .40
KF 67.9+£1.2 21.8 £ .38 64.6 £ 1.2 21.3 £ .34
FISTA 67.9+£1.2 21.4 £ .39 03.3£1.2 19.1 £ .38
01-LS 55.2+£1.3 19.4 + 42 02.5+£1.2 18.9 + .36
FBP 53.4+£1.1 18.8 + .46 50.2+£1.2 18.7 + .45
BCS 446 £ 1.5 17.3 + .45 441415 1724+ .44
CoSaMP | 355+1.5 14.8 + .48 324+£1.3 14.2 + 43

in compressed sensing applications. The reconstructions in Table 2.2 are from measurements at a

compressed or sampling ratio — defined as the fraction of the measurement matrix dimensions * —
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of 0.5,0.3, or 0.1. We observe that nCG-LS and gCG-LS outperform all five comparison methods
for each sampling ratio. Furthermore, while Kalman Filtering was comparable to prior art in the
tomographic imaging problem of Radon inversion, it performs underperforms appreciably in these
compressive sensing experiments. Thus, a thorough examination of Kalman based approaches to

general linear inverse problems is a subject of future work.

Table 2.2: Average SSIM (x10?) and PSNR with 99% confidence intervals for our gCG-LS and nCG-LS
and five comparative iterative compressive sensing methods. Each algorithm estimated two hundred, 32 x 32
CIFAR10 [69] images from random Gaussian measurements taken at a sampling ratio of 0.5, 0.3, or 0.1.
Each measurement has an SNR of 60dB. We find that CG-LS performs best in all noise and sparse scenarios
where nCG-LS is in bold and gCG-LS is in italics.

Ratio 0.5 0.3 0.1
SNR 60 dB 60 dB 60 dB

SSIM (x10?) PSNR SSIM (x 10?%) PSNR SSIM (x10?) PSNR
nCG-LS 76.2+ .87 | 23.1+.40| 57.1+1.2 |20.0+.43 | 25.2+1.4 |15.3+.43
¢CG-LS 76.9 .91 | 23.8 .42 | 57.5£1.8 | 20.0%£ .46 | 24.7x1.5 | 15.1 & .44
KF 12.4 4+ .96 7.62+.29 | 6.80+0.56 | 6.68+ .34 1.574+ .14 5.66 £+ .31
FISTA 75.1+1.1 22.8 + .44 542 +1.3 194+ .46 | 20.6+0.97 | 14.2+ .40
{1-LS 74.6 £1.5 22.7 + .58 52.4+2.0 18.8 + .85 21.4+1.0 14.6 + .36
BCS 724+1.6 22.3 + .56 53.0+1.9 19.1 + .56 23.5+1.6 14.8 &+ .43
CoSaMP 69.0 1.7 21.3 £+ .56 494419 | 184+0.58 | 0.038+1.4 1.0 £ .95

For reconstructing 64 x 64 images we use the same parameter setup for CG-LS as in the
32 x 32 image reconstructions except that in each nCG-LS test the input measurements are scaled
by a factor, chosen empirically, of e™5. A visualized reconstruction of a 64 x 64 Barbara snippet,
from a 60dB SNR Radon transform at 15 uniformly spaced angles, is shown in Figure 2.2. We see
by visual inspection and SSIM that both gCG-LS and nCG-LS produce superior reconstructions to
the other iterative algorithms with nCG-LS slightly outperforming gCG-LS.

In Table 2.3 is the average image reconstruction SSIM and PSNR along with 99% confidence
intervals for our gCG-LS, our nCG-LS, and each of the six comparative iterative methods when
every method reconstructs 200, 64 x 64 CalTech101 images from Radon transform measurements.
As seen in Table 2.3, CG-LS performs best in all noise and measurement scenarios with nCG-LS

slightly outperforming gCG-LS.
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Figure 2.2: Image reconstructions, with SSIM value in parenthesis, using our gCG-LS, nCG-LS, FISTA,
KEF, ¢1-LS, Fourier backprojection, Bayesian Compressive Sensing, and CoSaMP. The input to each algo-
rithm is a vectorized (2.2b), which is the Radon transform of the original 64 x 64 image, (2.2a), at 15
uniformly spaced angles with a noise level of 60dB SNR. We observe that CG-LS outperforms all methods
with nCG-LS slightly outperforming gCG-LS.

For reconstructing 128 x 128 images we use K = 100 and J = 1 as the maximum iteration
choices for CG-LS. With tomographic measurements at an SNR of 60dB and 40dB, we take A\ =
0.3 and A = 30, respectively. Both the maximum number of iterations and the regularization
parameter A, for reconstructing 128 x 128 images, where chosen empirically to maximize the
trade-off between CG-LS performance and required computational time. All other parameters are
setup exactly the same as in the case of reconstructing 64 x 64 images with CG-LS.

Table 2.4 displays the average reconstructed image SSIM and PSNR quality along with 99%
confidence intervals for our gCG-LS, our nCG-LS, and five of the comparative methods when
every method reconstructs all Setl1, 128 x 128 images from Radon transform measurements. As
seen in Table 2.4, CG-LS performs best, or comparably, in all noise and measurement scenarios
with nCG-LS slightly outperforming gCG-LS. A visualized reconstruction of a 128 x 128 boat
image, from a 60dB SNR Radon transform at 15 uniformly spaced angles, is shown in Figure

2.3. We see by visual inspection and SSIM that both gCG-LS and nCG-LS produce superior, or
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Table 2.3: Average SSIM (x10?) and PSNR with 99% confidence intervals for our gCG-LS and nCG-LS
and six comparative methods. Each algorithm estimated two hundred, 64 x 64 CalTech101 images from
Radon transform measurements taken at 15, 10, or 6 uniformly spaced angles. Each measurement has an
SNR of 60dB or 40dB. We find that CG-LS performs best in all noise and sparse scenarios with nCG-LS, in
bold, slightly outperforming gCG-LS, in italics.

comparable, reconstructions to the other iterative algorithms with nCG-LS slightly outperforming

¢CG-LS.

Angles 15
SNR 60 dB 40 dB

SSIM (x10?) PSNR SSIM (x10?) PSNR
nCG-LS 67.5+1.2 | 227+ .45| 63.2+1.4 | 22.0£ 41
gCG-LS 65.5 1.1 | 22.0+ .43 | 61.3+1.53 | 21.4+.39
KF 64.5£1.2 22.7+£ 45 99.7+1.3 21.9 = 40
FISTA 63.5£1.2 22.6 £ .44 01.2£1.3 19.8 + .40
¢1-LS 61.6 £1.3 21.5 £ .49 453+ 1.7 18.3 + .46
FBP 04.6 £1.3 15.3 £ .57 481 +14 14.9 + .56
BCS 54.3£19 19.4 4+ .49 52.3£1.8 19.1 + 47
CoSaMP || 542420 19.2 £ .49 515 £ 1.7 18.6 = .45
Angles
SNR 60 dB 40 dB

SSIM (x10?) PSNR SSIM (x10?) PSNR
nCG-LS 58.3+1.3 |21.0+.43 | 56.0£1.3 | 20.7+£ .41
gCG-LS || 56.9x1.2 |20.5%£ .44 | 54.4 1.2 | 20.3 £ .42
KF 26.6 £1.3 21.1 £ .44 03.1£1.2 20.7 £ 41
FISTA 56.5 £1.3 21.1 £ .44 429+1.0 18.5 + .39
(4-LS 487+ 14 19.4 + .46 407+ 1.1 18.0 &+ .40
FBP 41.5+1.1 9.33 & .66 36.2+£1.1 9.13 £ .65
BCS 40.7£1.9 172+ .47 39.6£1.9 17.0 + .46
CoSaMP | 41.1+2.1 16.8 + .48 40.0£1.9 16.6 &+ .46
Angles
SNR 60 dB 40 dB

SSIM (x10?) PSNR SSIM (x10?) PSNR
nCG-LS | 46.8+1.3 |19.0+ .42 | 45.7+1.3 | 18.9 + .42
eCG-LS || 464 £1.4 | 185 £ .47 | 44.0+1.2 | 18.4 £ .46
KF 4724+ 1.5 19.2 4+ .44 43.7+ 1.3 18.9 + .42
FISTA 455+ 1.5 19.1+ .44 31.1£1.0 16.5 = .40
¢1-LS 33.7£14 16.7 + .44 30.0£1.0 16.2 + .43
FBP 27.6 £ .81 144+ .71 23.6 £.76 14.1+ .70
BCS 29.1£19 15.2 4+ .49 280+19 15.2 + .48
CoSaMP | 24.8£1.6 13.5 + .47 243+£1.5 13.4 + .46
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Table 2.4: Average SSIM (x10%) and PSNR with 99% confidence intervals for our gCG-LS and nCG-
LS and five comparative methods. Each algorithm estimated all 11, 128 x 128 Setl1 images from Radon
transform measurements taken at 15, 10, or 6 uniformly spaced angles. Each measurement has an SNR of
60dB or 40dB. We find that CG-LS performs best, or comparably, in all noise and sparse scenarios with
nCG-LS, in bold, slightly outperforming gCG-LS, in italics.

Angles 15
SNR 60 dB 40 dB

SSIM (x10?) PSNR SSIM (x10?) PSNR
nCG-LS 51.3+£7.7 | 20720 | 46.9+7.6 | 19.9+1.7
gCG-LS | 51.3+£7.8 | 20.7£2.0| 46.9+7.6 |19.9=£1.7
FISTA 50.9£74 206 £1.9 33.0+3.9 174+1.3
(1-LS 426 £7.3 19.2+1.9 32.9+£4.0 174+ 1.3
FBP 35.3£4.0 11.2 + .69 274+£29 10.6 + .62
BCS 39.1£11 17.7+£2.1 37.6 £11 175+ 1.8
CoSaMP 38. 7+ 11 17.3+£2.0 38.0£11 172+ 1.9
Angles 10
SNR 60 dB 40 dB

SSIM (x10?) PSNR SSIM (x10?) PSNR
nCG-LS || 44.3+7.4 |19.2+1.5 | 40.4+£7.1 | 18.6+1.3
gCG-LS || 448374 |19.2£1.5| 40.3x£7.1 |18.5%+1/4
FISTA 434 +£7.1 191+ 1.5 27.8£4.0 16.6 £ 1.2
¢,-LS 33.5+6.8 175+ 1.6 27.3+£4.1 16.5+ 1.3
FBP 25.0£3.2 5.46 £ .55 18.7+ 2.0 5.23 £ .55
BCS 31.7£10 16.3+1.4 31.4£9.7 16.3+1.4
CoSaMP 32.2+£10 15.6 £ 1.3 32.0£10 156 1.4
Angles 6
SNR 60 dB 40 dB

SSIM (x10?) PSNR SSIM (x10?) PSNR
nCG-LS 37.8+79 | 17.8+14 | 35.1+6.7 | 17.6+1.3
gCG-LS | 37.8£7.9 | 17.8+t1.4 | 35.1 6.7 | 176%+1.3
FISTA 37.3£8.3 178 +1.4 26.4+4.3 16.0 £ .97
¢-LS 25.6 £6.4 15.7+1.4 21.7£45 15.1+1.2
FBP 15.74+2.5 0.85 £ .59 11.2+1.2 0.68 £ .59
BCS 28.7£10 151 +£1.1 28.5£10 151 £1.1
CoSaMP 28.9+£10 146 £ 1.0 28.8£10 14.5 +£ .95

2.2.5 Comparison of Computational Time
Table 2.5 lists the average computational time per image, in milliseconds, across 200 test im-
age reconstructions for CG-LS and each of the compared prior art iterative algorithms. For fair

comparison, each algorithm was run on the same 64-bit Intel(R) Xeon(R) CPU E5-2690 machine.
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Figure 2.3: Image reconstructions (SSIM) using our gCG-LS, our nCG-LS, FISTA, KF, ¢;-LS, FBP, BCS,
and CoSaMP. The input to each algorithm is a vectorized (2.3b), which is the Radon transform of (2.3a) at
15 uniformly spaced angles with an SNR of 60dB. We observe that CG-LS outperforms all methods with
nCG-LS slightly outperforming gCG-LS.

We observe that the high performance of CG-LS is at the expense of a significant computational
time. Although, while CG-LS is slower than all of the comparative iterative methods, it, however,
has yet to be optimized for computational efficiency and speed. As such, the required computa-
tional time for CG-LS could likely be significantly improved upon either through improving the

base code implementation or by implementing CG-LS in C' or C++.

Table 2.5: Average reconstruction time of 32 x 32 images from Radon transform measurements at 15
uniform angles for our nCG-LS, our gCG-LS, and five comparison iterative algorithms.

Method | nCG-LS | gCG-LS | FISTA | /,-LS | FBP | BCS | CoSaMP
Time (ms) | 1.5 x 10° | 8.7 x 10* | 410 | 180 | 1.5 | 622 | 407

2.2.6 Comparison Between Tikhonov and CG-LS Estimator

Here, we discuss the relationship between the CG-LS estimator and a general Tikhonov regu-
larization solution to the inverse problem of (1.1). We specifically compare against the Tikhonov

solution as this is a core component of the CG-LS estimator since the u field is a Tikhonov esti-
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mate. Consider the general Tikhonov regularization problem and corresponding solution

cty = arg min ||y — Ac|[; + ||Tell3
= (ATA+T'T)'ATy

where ' is known as the Tikhonov matrix. Typically, [' = o for some scalar o > 0. Assume that

I is the Cholesky factorization of some matrix (). Thatis, ) = I''T". Then
cri = (ATA+ Q) ' ATy = QTAT(I + AQ™'AT) Ty

where the second equality results from the Woodbury matrix identity and holds only if () is invert-
ible.

Now, consider a generalized CG-LS problem

clg=2"0u" where

1 1
z*,u" = argmin §||y —Alzou)|3 + iuTPJI'u, +R(z)

for any regularization function R(z) and P, a covariance matrix of u. Note, for CG-LS, P, =
AT and R(z) = pl|f(2)]|3 and thus the above cost function may be viewed as a generalization

of the CG-LS cost function. As the u estimate is a Tikhonov solution we have
u' = (AL A, + Py ALy
and thus, for D(z) = Diag(z)

o =2 @ (ALA + P ALy
= 2" O PAL (I + AP, ALYy

— D(")P.D(") A" (I + A(=")P.D(")A") 'y
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where the second equality results from the Woodbury matrix identity and holds for all z* and

invertible P,. Take B(z*) = D(z*)P,D(z*) then the generalized CG-LS solution is

cig = B(z)AT(I + AB(z*)AT) y.

Thus, summarizing the solutions

p

(ATA+ Q) 1ATy Tikhonov

220 (AL A, + P;Y) 1ALy CG-LS
\
>

Q TAT(I + AQtAT) 1y Tikhonov

B(2*)AT(I + AB(z*)AT)"'y CG-LS

\

where the second equality again is from the Woodbury matrix identity and holds only for invertible
Q. Therefore, the Tikhonov solution is equivalent to the CG-LS solution when Q! = B(z*).
From this perspective, we can view the CG-LS algorithm as a method determining the optimal
Tikhonov matrix, by estimating z*, for each linear inverse problem of interest. As the Tikhonov
matrix is typically determined a priori and fixed for all estimates in the standard Tikhonov solution,
CG-LS has the benefit of removing these required user chosen parameters to allow for improved
reconstructions over the standard Tikhonov solution. Additionally, the equivalence between CG-
LS and the standard Tikhonov solution only occurs for invertible ) where Q! = B(z*). For
sparse reconstructions, z* controls the sparsity of the final reconstruction ¢* = z* ® v* and clearly
if any entry of z* is zero then B(z*) is not invertible. Therefore, the CG-LS solution is distinct
from a standard Tikhonov solution for reconstructing sparse signals of interest.

We empirically evaluate the standard Tikhonov solution to further show that the CG-LS solu-
tion is distinct from, and outperforms, the Tikhonov solution. Table 2.6 shows the average SSIM
and PSNR from gCG-LS, nCG-LS, and a standard Tikhonov solution to the linear inverse prob-

lem of recovering an image from Radon transform measurements at 15, 10, or 6 uniformly spaced
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angles. We observe that our nCG-LS and gCG-LS methods outperform the standard Tikhonov by
SSIM while performing comparably in PSNR. Furthermore, noise has a greater impact on the stan-
dard Tikhonov solution as compared to CG-LS. This is observed by inspecting the difference in
the average SSIM or PSNR for reconstructing from 40dB SNR measurements versus reconstruct-
ing from 60dB SNR measurements. The decrease in SSIM and PSNR is greater for the Tikhonov

solution as compared to CG-LS.

Table 2.6: Average SSIM (x 102) and PSNR with 99% confidence intervals for our gCG-LS, our nCG-LS,
and a standard Tikhonov solution. Each algorithm estimated two hundred, 32 x 32 CIFAR10 images from
Radon transform measurements taken at 15, 10, or 6 uniformly spaced angles. Each measurement has an
SNR of 60dB or 40dB. We find that CG-LS performs best in all noise and sparse scenarios where nCG-LS
is in bold and gCG-LS is in italics.

Angles 15 10 6
SNR 60 dB 60 dB 60 dB

SSIM (x10?) PSNR SSIM (x10?) PSNR SSIM (x10?) PSNR
nCG-LS 91.3+£.59 | 28.0+.39| 83.6+.82 |24.8+£.39| 70.0+1.1 |21.7+.37
gCG-LS 90.1 .57 | 27.1£.38 | 82.3+.78 | 24.3+£ .40 | 68.9+1.1 |21.4+ .42
Tikhonov 90.0 £ .55 28.1 £ .39 81.9+ .84 24.7+ .39 67.9+1.2 21.6 £.39
Ratio 15 10 6
SNR 40 dB 40 dB 40 dB

SSIM (x10?) PSNR SSIM (x 10?) PSNR SSIM (x10?) PSNR
nCG-LS 87.0+.97 |26.2+.28 | 80.6+.94 | 24.0+.32 | 68.0+1.2 |21.3+£.35
gCG-LS §5.9 .95 | 25.5L£.28 | 80.1+.86 | 23.8+£.34 | 67.9+1.1 |21.8%+ .40
Tikhonov 85.2+1.0 26.0 £ .27 78.0 £+ .96 23.7+ .31 65.5 £ 1.2 21.3+ .34

Similarly, Table 2.7 shows the average SSIM and PSNR from gCG-LS, nCG-LS, and a standard
Tikhonov solution to image reconstruction from random Gaussian measurements at a sampling
ratio of 0.5, 0.3, or 0.1. Table 2.7 emphasizes the difference in reconstruction quality that is
obtained from CG-LS over a standard Tikhonov solution as CG-LS significantly outperforms a
standard Tikhonov solution in these compressive sensing examples. Lastly, we comment that in
each Tikhonov experiment, the Tikhonov matrix was set as I' = a/ where o was chosen to produce

the best reconstructions possible.
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Table 2.7: Average SSIM (x 10?) and PSNR with 99% confidence intervals for our gCG-LS, our nCG-LS,
and a standard Tikhonov estimate. Each algorithm estimated two hundred, 32 x 32 CIFAR10 [69] images
from random Gaussian measurements taken at a sampling ratio of 0.5, 0.3, or 0.1. Each measurement has
an SNR of 60dB. We find that CG-LS performs best in all noise and sparse scenarios where nCG-LS is in
bold and gCG-LS is in italics.

Ratio 0.5 0.3 0.1

SNR 60 dB 60 dB 60 dB

SSIM (x10%) | PSNR SSIM (x10?) |  PSNR SSIM (x10%) | PSNR
nCG-LS 76.2+.87 [23.1+.40 | 57.1+1.2 [ 20.0+.43| 25.2+1.4 |15.3+.43
gCG-LS 76.9+.91 | 28.894 42| 57.5+1.3 | 200+ 46| 24.7+1.5 | 15.1 £ .4
Tikhonov | 1244 .96 | 7.62+.29 | 6.80+.56 | 6.68+.34 | 1.57+0.14 | 5.66+ .31

2.2.7 Impact of Sparsity on Reconstruction Quality

One reason our CG-LS method outperforms the comparative methods may be attributed to
the relatively low sparsity level of the wavelet coefficients, c. That is, only a small number of
the wavelet coefficients are zero, which CG-LS manages while the sparsity based approaches of
FISTA, ¢;-LS, BCS, and CoSaMP on the other hand require a sufficiently high signal sparsity for
superb performance. Additionally, we remark that while a small number of the wavelet coeffi-
cients are zero, many of the wavelet coefficients are small, e.g. on the order of 10~*, compared
to the maximum wavelet coefficient that is on the order of 10!. These small, but nonzero, wavelet
coefficients appear to be particularly troublesome for the sparsity based iterative reconstruction
approaches.

To illustrate the impact of the small, nonzero wavelet coefficients, let I and ¢ = ®I be a
vectorized image and corresponding biorthogonal wavelet coefficients, respectively. Let Hs : R —

R be the Hard Thresholding componentwise function defined as, for 6 > 0 a fixed parameter,

Hs(z) = {O =] <

r x| > 0.

We sparsify the image wavelet coefficients by applying the Hard thresholding function, thatis, c¢5 =
Hs(c). Then we define a “sparsified" image formulation, the image is not necessarily sparse but
formed from the sparsified wavelet coefficients, Iy = ®cs. The “sparsified" image is measured as

in (1.6), that is, y = W®cs + v and we consider the linear inverse problem of recovering c; from
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y. With the estimated sparse coefficients ¢; we consider the estimated image IA(; = ®T'¢s, which is
compared against I to assess reconstruction quality in terms of SSIM and PSNR.

Table 2.8 displays the average SSIM and PSNR from estimating 200 “sparsified" 32 x 32 CI-
FAR10 images using FISTA, ¢;-LS, BCS, and CoSaMP. In comparing Table 2.1 and Table 2.8 we
see that truly sparse coefficients significantly improve the reconstruction quality of each sparsity-
based iterative algorithm. In particular, the small but nonzero components that exist in the wavelet
coefficients of natural images, and images from other modalities, is detrimental to the success of
each sparsity-based iterative algorithm. Note, for each image, 6 was chosen such that Hs(c) sets
all but the absolute largest 20% of the wavelet coefficients, i.e. 820 of the 1024 coefficients, to
zero. Additionally, the results of Table 2.8 are for no additive measurement noise, i.e. v = 0,
and adding measurement noise to the “sparsified" image measurements produces results for each
of the iterative algorithms on par with those appearing in Table 2.1. That is, adding small nonzero
deviations in the measurements, via the measurement noise, is also detrimental to the success of
each sparsity-based iterative algorithm.

For visualization a sample “sparsified" reconstruction is displayed in Figure 2.4. Figure 2.4
shows the reconstruction of a “sparsified" 32 x 32 Barbara snippet from a 15 angle Radon trans-

form with no additive noise. Comparing Figure 2.1 and Figure 2.4 we again see that sparsity in

Table 2.8: Study on the impact of sparsity for FISTA, ¢;-LS, BCS, and CoSaMP reconstructions. Each
method reconstructed two hundred, 32 x 32 CIFAR10 images from Radon transform measurements taken
at 15, 10, or 6 uniformly spaced angles with no additive noise. The wavelet coefficients of each image
were sparsified before measuring by setting all but the absolute largest 20% of the entries, i.e. 820 of the
1024 entries, to zero. Provided is the average SSIM (x10?) and PSNR with 99% confidence intervals for
each reconstruction algorithm. We find that a truly sparse signal greatly benefits each of the methods in
terms of reconstruction quality and many small but nonzero components in the image wavelet coefficients is
detrimental to each methods success.

Angles 15 10 6

SSIM (x10%) | PSNR | SSIM (x10%) | PSNR | SSIM (x10?) | PSNR
FISTA 975+ .35 [343+.71| 848+.77 [25.6+.41| 61.6+1.3 |20.6+ .42
(;-LS 98.5+.31 [39.1+13| 852+.95 [25.94+.45| 61.8+1.2 |20.6+ .42
BCS 95.5+.86 |33.3+33| 715+1.1 |21.54+.40| 495+1.6 | 18.1+ .43
CoSaMP | 97.0+ .63 |36.1+21| 743+.98 |21.9+ 42| 492+1.1 | 189+ .44
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the wavelet coefficients has monumental impact on the quality of the estimate image for each of
the four sparsity-based iterative algorithms. While these experiments highlight the importance of
sparse signals for FISTA, ¢;-LS, BCS, and CoSaMP, these experiments have little practical appli-
cation as often only the noisy measurement y is known upfront and we cannot force sparsity of the

image coefficients as we have done for illustration in this subsection.

5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30

(a) Original (b) FISTA (0.933) (c) £1-LS (0.943) (d) BCS (0.957) (e) CoSaMP (0.947)

Figure 2.4: Sparsified image reconstructions, with SSIM in parenthesis, using four sparsity based iterative
reconstruction methods: FISTA, ¢;-LS, BCS, and CoSaMP. The input to each algorithm is noiseless 15
angle Radon transform of (2.4a). Compared to Figure 2.1, we observe that measuring truly sparse wavelet
coefficients produces significantly improved reconstructions from each method.

2.3 Compound Gaussian Network (CG-Net)

2.3.1 Network Structure

We create a novel DNN, named compound Gaussian Network (CG-Net), by applying algorithm
unrolling to CG-LS in Algorithm 2. CG-Net has the structure shown in Figure 2.5, which consists
of an input layer, L, and initial z layer, Z;, and initial w layer Uy, K CG-Net blocks given in
Figure 2.5b, and an output layer, O.

Two main functions, f; : R" x R™ — R" and gi R x R" x R™ — R", define the CG-
Net layers. Each fi(z,y) = fx(z,y; \x), which is parameterized by a scalar )., corresponds to

updating w as

fiu(z,y) = AT(ALAL + N\ D)y (2.30)

77



T | lm o B G By
L IFl  l#l |/ -
Z1J Zzl "fo—l Zé Zic; 'ZJ:+1' ZI{,

(a) End-to-end network structure of CG-Net.
CG-Net block k

L=y |[U= (A7, Az; + M)A L) (0=Ux o 2]

- i1 P 17 ¢ ori—]
20 = P A7L0)| 2= Py (21" +l(Z]3 Vs, Lo)
(b) Block k of CG-Net (c) Mathematical descriptions of the CG-Net layers.

Figure 2.5: End-to-end network structure for CG-Net, the unrolled deep neural network of Algorithm 2,
is shown in (2.5a). A mathematical description of each layer is given in (2.5¢). CG-Net consists of an
input layer, Lg, initialization layer, Zj, output layer, O, and K CG-Net blocks (2.5b). Each CG-Net block,
k, contains J steepest descent layers, Z ,1, A ;C] , and a single Tikhonov layer, Uy. Every layer takes the
measurements, Ly = y, as an input so these connections are omitted for clarity.

That is, each f;, is the Tikhonov solution (2.7) with parameter \,. Next, each g](z,u,y) =

gi(z, u,y; a{;, bi, 17,(3 ) , d /), which is parameterized by a descent direction, d, step size, 77(J and
mReLU parameters ai and bf;, corresponds to updating z as
gi(z,'u,, y) = Paiab?; (z + n,gj)di(z; u, y)) ) (2.31)

That is, each gi is a projected steepest descent update of z.

In CG-LS, the step size, 77,9 ), is found by a backtracking line search, which we cannot imple-
ment in CG-Net. Thus, the application of the mReLU activation function, P, at each steepest
descent step serves to guarantee the next step is not too large and stays within Z. Implementing
the mReLU activation function at each steepest descent step is further justified by Theorem 2.2.6
where we know that a minimizer lies within a hypercube and that P, , projects onto this hypercube.
Finally, the application of the mReLLU function additionally assists in providing generalization er-

ror bounds for CG-Net.
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Now, we mathematically detail the CG-Net layers:

Ly = y is the input measurements to the network

Zol= ao’bO(ATy), for A = A/|A

2, 18 the initial estimate of z from line 1 of Algorithm 2.

Us|= fo(Zo,y) is the initial estimate of u corresponding to line 1 of Algorithm 2.

The kth CG-Net block, shown in Figure 2.5b, consists of layers:
Z,‘i = gi(Z,Z_l, Uk_1,y) is z on steepest descent step j of iteration k, corresponding to

line 10 in Algorithm 2.

Ui = f1(Z],y) is u on iteration k, corresponding to line 14 in Algorithm 2.

O |= U ® Z}, is the estimated wavelet coefficients produced by CG-Net.

Note, to simplify notation, we let Z) = Z/ | forevery k € {2,..., K} and Z) = Z,. CG-Net
contains K + 1 estimation layers for u, K .J steepest descent step layers for z, one input, one output
and one initialization layer. Thus, CG-Net contains K (J + 1) + 4 layers in total.

By incorporating the CG prior, CG-Net differentiates from previous unrolled DNNs in two
key ways. First, the Tikhonov updates of u provide non-linear transformation layers of z. These
layers impose a significant structure via data consistency in equating measurements and measured
estimated signals. Second, instead of estimating the original signal of interest directly, CG-Net
simultaneously estimates two separate signals and formulates its output as a Hadamard product,
which may be viewed as a unique output activation function. These network attributes, inspired by

the theory in Sections 2.2.2 and 2.2.3, are shown to be advantageous empirically in Section 2.3.3.

2.3.2 Network Parameters and Loss Functions

We further detail the parameters that will be learned by CG-Net. First, let ¢ > 0 be a small,
positive real number parameter, which is not updated during the training of CG-Net. This stabi-
lizing parameter € acts as a minimum value threshold for certain parameters in CG-Net. Now, for
every k = 0,1,..., K, the layer Uy, is parameterized by regularization scalar, A\, as given in (2.30).
While in CG-LS, given in Algorithm 2, every )\ is taken to be the same constant, A from (2.2),

we instead increase the trainability of CG-Net by allowing different Ay at each layer updating w.
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Furthermore, as each \; must be positive for (2.30) to guarantee a unique solution, we replace )\
in (2.30) with max{\, €}.

Next, for each Z,Z layer, defined by (2.31), we implement the steepest descent direction
d)(z;u) = —BJV.F(z;u)

for a positive definite matrix Bi that is learned in CG-Net. Note, this descent direction is steepest

descent based upon the quadratic norm || - .- Thus, CG-Net can be understood as learning

2
sy~
the quadratic norm defining every steepest descent step that optimally traverses the optimization
landscape of the cost function in (2.4). Alternatively, CG-Net can be understood to be learning the
geometry of the optimization landscape of the cost function in (2.4) to produce the best updates of

z. For matrix L, let  and A be the eigendecomposition of (L + LT)/2. Thatis, (L + LT)/2 =

QAQT. Define, for small € > 0, the diagonal matrix A, as [A.]; = max{A;, ¢} and let
P.(L) = QAQ". (2.32)

That is, P.(L) is the closest symmetric, real-valued matrix with minimum eigenvalue of € to (L +
L") /2 as measured by the Frobenius norm.

We enforce Bi to be positive definite by learning a lower triangular matrix Li and setting Bl =
P.(L3). Therefore, CG-Net layer Z is parameterized by a lower triangular matrix 7 defining the
steepest descent vector

df;(z;u) = —PE(Li)VZF(u, z).

Note, while the entire matrix L{: could be learned, we set CG-Net to learn only the diagonal and
sub-diagonal in L{; constraining Bi to be a tridiagonal matrix. An alternative, for further restriction,
would be to only learn the diagonal of Li.

Additionally, as V,F(u, z), given in (2.10), depends on the regularization scalar y, the CG-

Net layer Z,z is parameterized by regularization scalar ,ui. As before, while in CG-LS every ui
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is taken to be the same constant, p from (2.2), we instead increase the trainability of CG-Net by
allowing different ,ui at each layer updating z. Furthermore, layer Z,z is parameterized by the step
size n,(cj ) which we take to be a diagonal matrix to allow each steepest descent update to scale the
step length in each component separately.

Finally, layer Z,i learns real numbers ai > Zmin and bfg > Zmin, Which are applied through
the mReLU activation function, Pai L in (2.31). As we require that ai > Zmin and bi > Zmin
we set ai = max{ai, Zmin + €} and - max{b{;, Zmin + €}. Similarly, the initial z layer, Z, is
parameterized by two real numbers a( and by, defining the mReLU function, P, ;,, where we set
ap = max{ag, Zmin + €} and by = max{by, zmin + €} for learned a( and by.

At a maximum, for each Li a full lower triangular matrix, CG-Net has K (% (n(n+3) + 6)) +
3 parameters

e = {)\0, a0, bo, N, pil, L9, al, b;;}j:m"'”]

k=1,2,...,.K
for n is the reconstructed signal size. For our application of CG-Net, only the diagonal and sub-
diagonal in L7, are learned and thus CG-Net has a total of K (J(3n + 2) + 1) 4 3 parameters. The

CG-Net parameters are trained by minimizing a loss function involving the SSIM image quality

metric [49], namely

Lp(©) =1z Y (1-SSIM(Pc(y; ©), e;))
(y;,¢i)eB
where B C D = {(y,,¢) : i = 1,2,..., Ny} is a batch of data points and ¢(y;; ©) is the
estimate of ¢ from CG-Net given input y, and network parameterization ®. We note that the mean
absolute error loss function is an adequate alternative providing nearly identical results for CG-Net
as produced by the SSIM loss function.

The CG-Net loss function is optimized through adaptive moment estimation (Adam) [73],
which is a stochastic gradient-based optimizer. Other common optimization methods include:

stochastic gradient descent, RMSprop, and Adadelta [73]. The gradient, Vg Lz, used in Adam is
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calculated via backpropagation through the network, which we implement with automatic differ-

entiation [74] using TensorFlow [75].

2.3.3 Numerical Results

Given a sensing matrix, W, sparsity transformation, ®, and noise level in SNR, we create a set
of training and testing measurement-coefficient pairs, (y, ¢), as in Section 2.2.4, that we use to
train and evaluate a CG-Net. Measurements are formed from 32 x 32 CIFAR10 [69] images and
64 x 64 CalTech101 [70] images. For network size, CG-Net running on 32 x 32 or 64 x 64 image
measurements use (K, J) = (20,1) or (K,J) = (5,1), respectively. These network sizes were
chosen empirically such that the time to complete one image reconstruction was reasonably quick
while still producing excellent reconstructions on a validation set of test images.

For all experiments we set f(z) = In(z) and initialize ay = 1,by = exp(2), every n,(cj ) = 11,

8

00 bi = exp(3), and Li = [. Finally, we initialize A\, = 0.3 for measurements with

W, =2 aj, =
an SNR of 60dB and )\; = 2 all other measurements. Every CG-Net was trained for 30 epochs
using a learning rate of 10~3 for Adam with early stopping implemented as necessary to prevent
overfitting.

We compare CG-Net against nine state-of-the-art methods: memory augmented deep unfold-
ing network (MADUN) [22], ISTA-Net™' [23], FISTA-Net [24], iPiano-Net [30], ReconNet [13],
LEARNT™" [29], Learned Primal-Dual (LPD) [31], FBPConvNet [56], and iRadonMAP [55]. Ad-
ditionally, memory augmented proximal unrolled network (MAPUN) [26] was considered, but due
to the similarity in performance to MADUN only MADUN results are shown. Note, LEARN"*,
LPD, FBPConvNet, and iRadonMAP are CT-specific reconstruction methods relying on the struc-
ture of the CT sinogram measurements. Instead MADUN, ISTA-Net', FISTA-Net, iPiano-Net,
and ReconNet are linear inverse problem reconstruction methods with particular application in im-
age compressive sensing. Furthermore, we remark that MADUN, ISTA-Net™*, FISTA-Net, iPiano-
Net, LEARN™T, and LPD are DNNs formed by algorithm unrolling while ReconNet, iRadonMAP,

and FBPConvNet are instead standard DNNs.
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For every set of training data, each method was trained using early stopping. That is, as shown
in Fig. 2.6, training was conducted until the model initially overfits as compared to a validation
dataset. In doing so, we ensure every model is sufficiently trained while also not being over trained
thereby presenting the best performance for each model for the provided set of training data.

Shown in Fig. 2.7 is the average SSIM quality, over 200 test image reconstructions, for CG-
Net and the nine comparison methods when each is trained on a varying amount of training data.
We consider small sets of training data specifically of size 1000, 500, 100, and 20 measurement,
coefficient pairs. Note, ReconNet, iRadonMAP, and some instances of FBPConvNet perform sig-
nificantly lower are thus omitted from Fig. 2.7. In Fig. 2.7a, 2.7b, and 2.7c we see for the recon-

struction of images from Radon transforms — at 15, 10, or 6 uniformly spaced angles, respectively
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Figure 2.6: Model loss curves on a validation dataset for training each deep learning-based method on
Radon inversion from 15 uniformly spaced angles with 20 training samples. The point on each model’s loss
curve represents the epoch in which that model achieved its best loss on a validation dataset and overfits
on subsequent epochs. Only these best loss epoch results are presented for each method. Note, for the
plots above, CG-Net uses an SSIM loss function, MADUN uses a mean absolute error loss function, and all
other methods use a mean square error loss function (possibly with some additional regularization). As the
network loss functions are not equivalent, these plots do not contribute a comparison between the methods
and only illustrate that each method is maximally trained for every supplied training dataset.

83



29 e —
0.92 |
i i
w4 |
I |
0.90 ok i
i - i 7 7
i f-._' - -”:P : I
'l g gl !
] - / | -9 CG-Met ] i
so{ | JI < i g g% | ¥ . it #- Learn®”
Z e~ ’ I ¥~ Learn i [ & > -
4 f/ o | .« LPD x| |4/ I, < LPD
0864 | [/ :b FBPConvhet &/ L v FBPConviet
.}"l | -8 MADUN o BT = MADUN
i ; | & FISTA-Net . 4 FISTAMNet
0ed| 1@ | = iPiano-net sl 1®/ - iPiano-Net
§ | -@ ISTANet® L @ BN
20 100 300 500 700 1000 20 100 300 500 700 1000
Taining Dataset Size Taining Dataset Size
(a) Reconstructions from fifteen uniformly spaced angle Radon transforms.
0.84 T 1 x
s | : i -
0.82 = i :
080 1 24 i ."_
e CG-Met o i F |
E 0.78 - Learntt FB{| S # i #- Learn™*
. LPD & | &/ ! « LPD
076 | B FBPConwNet 1z | P FEPConuNet
- MADUN : l‘ : -~ MADUN
074 | & FISTA-Net | & | FISTA-Net
%~ iPiano-Met 21 : * : #- iPiano-Net
0724 L -@- |STA-Met™ | SR e T O e A Attt | ~@- [STA-Net™
—* T =T T T T T T - T T T T
20 100 300 500 700 1000 20 100 300 500 700 1000
Taining Dataset Size Taining Dataset Size
(b) Reconstructions from ten uniformly spaced angle Radon transforms.
0.70
2.0
0.68
215
0.66 1 210 A
0.64 |
- s . 205 il
I -~ Learn = -~ Learn
A 062 .y £ 200 1 .y
- ] -4
0.60 ® FBPConvNet 195 ! & FBPConwNet
i ~@- MADUN ~@- MADUN
056 4 i & FISTA-Net 1901 |4 & FISTA-Net
' i #- iPiano-Met » #- iPiano-Met
056 1 : -@ ISTA-Met™ 183 P ] -@- ISTA-Met™
_' LC 1 T T T —T — T T T
20 100 300 500 700 1000 20 100 300 500 700 1000
Taining Dataset Size Taining Dataset Size

(c¢) Reconstructions from six uniformly spaced angle Radon transforms.

Figure 2.7: Average test image reconstruction SSIM (left) and PSNR (right) when we vary the amount of
CIFAR10 [69] data in training eight machine learning-based image reconstruction methods. Here, the sens-
ing matrices, ¥, are a Radon transform at 15, 10, or 6 uniformly spaced angles and the sparsity dictionary,
®, is a biorthogonal wavelet transform. Measurements in training and testing have an SNR of 60dB. Our
method, CG-Net, significantly outperforms all comparative methods, as highlighted in the boxed region, in
the low training regime.
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— with an SNR of 60dB that CG-Net outperforms all comparative methods and does so appreciably
in low training, which is highlighted in the boxed in regions.

Results from training with the smallest training dataset, of size 20, are further detailed in Table
2.9 and Table 2.10, which displays the average SSIM and PSNR plus 99% confidence intervals
over 200 test image reconstructions for CG-Net and each comparison method. The results of
Table 2.9 are for reconstructing 32 x 32 CIFARI10 [69] images whereas the results of Table 2.10
are for reconstruction 64 x 64 CalTech101 [70] images. We see in both Table 2.9 and Table 2.10
that CG-Net significantly outperforms all compared prior art methods in this low training scenario.
CG-Net provides, roughly, a 0.03 improvement in SSIM and 1.9dB improvement in PSNR for
Table 2.9: Average SSIM (x10%) and PSNR with 99% confidence intervals for ten machine learning-based
image reconstruction methods. Each method reconstructed two hundred, 32 x 32 CIFAR10 [69] images,
after training on a set of only 20 samples. Sensing matrix, U, is a Radon transform at 15, 10, or 6 uniformly

spaced angles and the dictionary, @, is a biorthogonal wavelet transform. Each measurement is noisy with
an SNR of 60dB or 40dB. In all our method CG-Net, highlighted in bold, outperforms other approaches.

Angles 15 10 6
SNR 60 dB 60 dB 60 dB
SSIM (x10%) PSNR SSIM (x10?%) PSNR SSIM (x10%) PSNR

CG-Net 89.9+.56 |27.7+.38| 81.5+.83 | 24.84+.40| 67.6 1.2 |21.84+.40
LEARN*+ 79.1 £ .98 22.24 .32 72.7+1.1 21.14+ .33 59.24+14 19.7 £ .33
LPD 86.8 £ .64 25.1+ .34 76.5 £ .93 22.5+£ .36 61.0£1.2 19.7 + .32
FBPConvNet | 62.6 £ 2.2 172+ 41 54.1+1.6 16.3 £ .31 419+ 14 14.8 £ .31
MADUN 82.6 .74 243+ .33 71.3 £+ .86 21.9+ .35 55.3+1.2 19.5 +£ .36
FISTA-Net 83.8 + .81 23.24.30 75.8 .94 21.5+.29 61.9+1.3 19.6 £ .29
iPiano-Net 84.2 + .63 23.1+ .44 75.3 £ .91 21.4 4 .43 64.3+1.2 19.5 £ .46
ISTA-Net* 86.4 &+ .62 24.5+ .39 74.1+1.0 21.4 4+ .39 55.44+14 18.9 £ .33
iRadonMAP 2144+1.5 14.6 £ .33 208+ 14 14.4 £ .35 184 +£1.3 14.1 £ .37
ReconNet 196 £1.4 15.8 £ .32 18.7+£1.6 14.9 £ .32 177£1.5 14.6 £ .32
Angles 15 10 6

SNR 40 dB 40 dB 40 dB

SSIM (x10%) PSNR SSIM (x10?%) PSNR SSIM (x10?%) PSNR

CG-Net 84.4+ .86 |25.5+.28 | 77.4+.83 |23.7+.34| 66.1 1.2 |21.6+.37
LEARN** 78.7+£1.0 22.2+ .32 72.4+£1.0 21.1+£ .31 59.1+£1.3 19.6 &+ .32
LPD 84.3 .77 2444+ .30 75.9 £ .90 2244+ .33 59.6 £1.2 194+ 31
FBPConvNet | 56.5£1.7 15.4 £ .32 53.6 £2.1 16.3 £ .37 40.7+ 1.6 14.5 £ .31
MADUN 80.2 +£ .89 23.8+ .29 69.9 + .90 21.74+ .33 54.6 £1.2 19.4 £ .35
FISTA-Net 81.9+1.0 22.8 + .31 74.9+1.0 2144+ .29 61.6 +1.3 19.5 £ .28
iPiano-Net 82.1+.72 22.8 + .40 74.2 + .91 21.2 4+ .42 61.8+1.3 19.4 £ .43
ISTA-Net* 83.6 & .83 24.14+ .36 73.6 .99 21.4 4+ .37 55.3+ 14 18.7 £ .33
iRadonMAP 20.7+14 13.9+ .37 205+1.4 14.3 £ .34 182+ 1.3 14.0 £ .37
ReconNet 19.0+ 1.5 15.2 4+ .31 183+ 1.6 15.0 &+ .32 1714+1.6 14.5 + .31
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Table 2.10: Average SSIM (x10?) and PSNR with 99% confidence intervals for ten machine learning-based
image reconstruction methods. Each method reconstructed two hundred, 64 x 64 CalTech101 [70] images,
after training on only 20 samples. Sensing matrix, ¥, is a Radon transform at 15, 10, or 6 uniformly spaced
angles and the dictionary, ®, is a biorthogonal wavelet transform. Each measurement is noisy with an SNR
of 60dB or 40dB. In all our method CG-Net, highlighted in bold, outperforms other approaches.

Angles 15 10 6
SNR 60 dB 60 dB 60 dB
SSIM (x10?%) PSNR SSIM (x10?%) PSNR SSIM (x10?%) PSNR

CG-Net 65.4+1.2 |22.8+.46 | 56.6+1.3 |21.1+.44 | 45.7+1.3 |19.1+ .43
LEARN™* 53.4+14 19.3 £ .36 49.8+1.5 19.0 £ .37 38.6+1.3 17.1£ .35
LPD 64.4+1.2 21.0 £ .37 53.9+1.2 19.5 £ .36 442+ 1.3 17.5 £ .36
FBPConvNet | 45.0£1.6 15.9 £ .50 36.1+1.5 14.2 £ .38 304412 12.6 £ .45
MADUN 57.8+1.2 21.0 £ .46 49.1+1.2 19.8 £ .42 38.8+1.4 18.1 £ .42
FISTA-Net 63.7+ 1.1 21.7+ .38 55.24+1.3 20.2 + .36 45.6 + 1.3 17.9 £ .38
iPiano-Net 63.9+ 1.3 20.4 £+ .49 56.3 £ 1.6 19.1 £ .56 45.7+ 1.6 177+ .49
ISTA-Net* 60.0+ 1.6 20.3 & .42 54.5 + 1.7 19.6 £ .45 45.6 + 1.5 18.3 £ .42
iRadonMAP 129+£1.1 125+ .34 124+£1.1 12.3 £ .35 11.5£ .93 11.4 £ .36
ReconNet 129+ .97 14.0 £ .38 11.5£ .94 13.7£ .37 10.6 £ .96 13.4 £ .38
Angles 15 10 6

SNR 40 dB 40 dB 40 dB

SSIM (x10?%) PSNR SSIM (x10?) PSNR SSIM (x10?%) PSNR

CG-Net 60.6 +1.3 |22.0+.41| 53.1+1.2 |20.7+.41 | 43.1+1.2 |18.9+ .41
LEARNT* 52.3+14 19.2 £ .35 48.7+ 1.5 18.9 £ .37 37.1+1.3 17.0 £ .35
LPD 60.7 £ 1.1 20.7 £ .36 51.1+1.2 19.1 £ .35 43.5+ 1.3 17.6 £.35
FBPConvNet | 42.2+1.5 15.6 £ .43 323+14 13.7£ .39 2444+1.1 11.9 £ .40
MADUN 56.5 = 1.2 20.8 & .43 479+ 1.1 19.6 £ .40 382414 18.0 £ .42
FISTA-Net 59.6 = 1.2 21.0+ .35 53.44+1.2 194 + .34 444+ 1.3 17.9 £ .38
iPiano-Net 61.0+1.2 19.7 £ .44 54.0 1.6 18.7 £ .54 45.1+1.6 17.5 £ 48
ISTA-Net™" 58.9+1.5 20.2 £ 41 53.9+ 1.7 194+ 44 445+ 14 18.1 £ .42
iRadonMAP 128 £1.1 124+ .34 123+£1.1 12.3 £ .35 11.3 £ .92 11.4 £ .35
ReconNet 11.3£.92 13.5 £ .36 11.0£ .91 13.6 £ .38 9.40 £ .90 13.1 £ .38

reconstructing 32 x 32 images on average. Similarly, CG-Net provides a 0.97dB improvement in
PSNR for reconstructing 64 x 64 images on average. While the values in Table 2.9 and Table 2.10
may seem low, they are a result of training the models only on a very small training dataset. To
this point, while CG-Net does not appreciably outperform CG-LS in the lowest training scenario
it does so when provided enough training data. In particular, comparing the CG-LS results in Ta-
ble 2.1 and the results in Fig. 2.7 and in Table 2.11 we see that with over 100 training samples
CG-Net outperforms CG-LS. Nevertheless, as highlighted in Section 2.3.6, CG-Net provides a
significant reconstruction time improvement over CG-LS while still providing comparable recon-

struction quality even in low training.
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For a visual comparison of the methods, Fig. 2.8 and Fig. 2.9 respectively show the reconstruc-
tions, plus SSIM values, of a 32 x 32 and 64 x 64 Barbara image snippet from a 60dB SNR Radon
transform at 15 uniformly spaced angles. Additionally, Fig. 2.10 shows the reconstructions, plus
SSIM values, of a 32 x 32 dog image from a 60dB SNR Radon transform at 10 uniformly spaced
angles. Finally, Fig. 2.11 shows the reconstructions, plus SSIM values, of a 32 x 32 truck image

from a 60dB SNR Radon transform at 6 uniformly spaced angles. Every test reconstruction in Fig.

2.8, Fig. 2.9, Fig. 2.10, and Fig. 2.11 are performed after training each method on a dataset of
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Figure 2.8: Image reconstructions with SSIM in parentheses using CG-Net and nine other deep learning
methods for 32 x 32 Barbara images. The sensing matrix, ¥, is a Radon transform at 15 uniformly spaced
angles, the dictionary, ®, is a biorthogonal wavelet transformation, and each measurement has an SNR of
60dB. Our method CG-Net, shown in (2.8c) performs best. All test reconstructions were performed after
training each method on a dataset of only 20 samples.
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Figure 2.9: Image reconstructions with SSIM in parentheses using CG-Net and nine other deep learning
methods for 64 x 64 Barbara images. The sensing matrix, W, is a Radon transform at 15 uniformly spaced
angles, the dictionary, ®, is a biorthogonal wavelet transformation, and each measurement has an SNR of
60dB. Our method CG-Net, shown in (2.9¢), performs best. All test reconstructions were performed after
training each method on a dataset of only 20 samples.

only 20 samples. In all figures, we see CG-Net producing higher quality images both visually and
by SSIM over each of the nine prior art comparison methods.

We believe the high performance of CG-Net in low training scenarios is due to a couple of fac-
tors. First, the initialization of CG-Net corresponds precisely to CG-LS and, unlike other algorithm
unrolling methods, we do not replace any part of the optimization with a CNN or other subnetwork
structure. As these optimization-replacing subnetworks are learned completely from scratch, they

often overfit quickly in low training. Second, CG-Net naturally incorporates the powerful statistical
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Figure 2.10: Test image reconstructions, with SSIM value in parentheses, of a 32 x 32 dog image. Here, ¥
is a Radon transform at 10 uniformly spaced angles, ® is a biorthogonal wavelet transformation, and each
measurement has an SNR of 60dB. Our method CG-Net (2.10c) performs best. All test reconstructions were
performed after training each method on a dataset of only 20 samples.

CG prior through the Tikhonov estimates and Hadamard product output, which provides benefi-
cial data-consistency solution structure for low training. However, as discussed in Section 2.3.4,
with greater noise and higher training, CG-Net may perform lower than the best performing com-
parative methods, possibly due to the enforced structure that makes CG-Net so successful in low
training. Another consideration, as shown in Table 2.14, is that the model complexity of CG-Net

may need to be increased in higher training by increasing the number of unrolled iterations.
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Figure 2.11: Test image reconstructions, with SSIM value in parentheses, for a 32 x 32 truck image.
Here, ¥ is a 6 uniformly spaced angle Radon transform, @ is a biorthogonal wavelet transformation, and
measurement have an SNR of 60dB. Our method CG-Net (2.11c) performs best. All test reconstructions
were performed after training each method on a dataset of only 20 samples.

To further highlight the applicability of CG-Net we consider alternative sensing matrices, W,
and dictionaries, ¢ as summarized in Table 2.11. As typical in compressive sensing applications,
we consider ¥ € R™*™ as a Gaussian matrix with a fixed sampling ratio defined as the ratio of
measurement matrix dimensions 2. Furthermore, we consider a discrete cosine dictionary (DCT)
as an alternative representation dictionary to the biorthogonal wavelet dictionary. The training

dataset for each experiment in Table 2.11 consists of 2000 measurement, coefficient pairs. Finally,
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note that for each compressive sensing problem, we initialize every \;, = 10? and otherwise retain
the same setup and initialization for CG-Net as used in the Radon inversion simulations.

Table 2.11 provides the average SSIM and PSNR, across 200 test image reconstructions, with
99% confidence intervals for various choices of U and ®. As LEARN™T, LPD, FBPConvNet, and
iRadonMAP are reconstruction methods specifically for computed tomography (CT) the compres-
sive sensing problem is not applicable and thus these comparisons are omitted from Table 2.11.
Again, CG-Net outperforms, or performs comparably to, each of the competitive methods in these
alternative sensing matrices and dictionary schemes. We remark that an advantage of CG-Net is its
applicability to any general linear inverse problem while many of the comparison methods are only
for the specific problem of image estimation. It remains a point of future work to study CG-Net
and the comparative methods for non-image estimation tasks.

Lastly, as shown in Figure 2.7, Table 2.9, Table 2.10 and Table 2.11 all of the unrolled DNN
methods have a clear advantage over standard DNN methods in low training scenarios. This is, per-
haps, unsurprising given that the unrolled DNN methods enforce some solution structure, through
data consistency layers (typically a gradient step on a data fidelity measure), on the estimated out-
put produced by the network. More specifically, by solution structure, or data consistency, we
mean that the signal estimate produced by a DNN, ¢(y; ©), satisfies a degree of consistency with
the input measurement vy in that ||y — Ac(y; ©)||2 < ¢ for some ¢ > 0. This data consistency
provides better initialization over standard DNN methods with no such required structure. That is,
with no training the reconstructions from an unrolled DNN method, generally, are closer to the ac-
tual signal of interest as compared to the reconstructions from a standard DNN method. This likely
leads to unrolled DNN methods requiring less learning for ample performance and thus succeeding
in low training scenarios. To this point, the excellent performance of our CG-Net method in low
training, as compared to state-of-the-art unrolled DNN and standard DNN methods, is expected as
CG-Net enforces an appreciable solution structure, i.e. ¢ is a small value, by incorporating the CG
prior through the Tikhonov update layers and Hadamard product output. However, given enough

training data, standard DNN methods could outperform unrolled methods, which may now have
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Table 2.11: Average SSIM (x10%) and PSNR with 99% confidence intervals for six deep learning based
image reconstruction methods for training and testing on alternative sensing matrices, W, and dictionaries,
®. Here, ¥ € R™*" is a Radon transform, at 15 or 10 uniformly spaced angles, or a Gaussian matrix, with
0.5 or 0.3 sampling ratio (deﬁned as %), as in compressive sensing. Additionally, @ is either a biorthogonal
wavelet dictionary or discrete cosine transformation. Each measurement is corrupted with noise at an SNR
of 60dB. Every method reconstructed two hundred, 32 x 32 CIFAR10 images after training on a set of 2000
samples. The samples in training and testing are produced from the same measurement and representation
matrices. In all cases, our method CG-Net, highlighted in bold, performs better or comparably to all other
approaches.

P Discrete Cosine Transformation
v 15 Angles 10 Angles

SSIM (x10?) PSNR SSIM (x10?%) PSNR
CG-Net 92.6 £.44 | 29.2+ .44 | 84.3+.80 | 25.7+ .44
MADUN 90.9 £ .53 28.1 £ .42 82.50 £ .84 25.1 & .42
FISTA-Net 91.6 £ .53 27.8 £ .41 83.5 £ .92 25.0 £ .41
iPiano-Net 92.9 £ .57 289+ .49 85.0 £ .88 25.5 £ 42
ISTA-Net™ 92.7 + 48 28.7 £ .44 85.2 £ .85 25.6 £ .42
ReconNet 68.0£ 1.3 22.0+£ .35 64.2£1.5 21.5 £ .38
P Biorthogonal Wavelet Dictionary
v 0.5 sampling ratio 0.3 sampling ratio

SSIM (x10?) PSNR SSIM (x10?%) PSNR
CG-Net 84.4+.80 | 25.3+£.49| 70.7+1.1 | 22.2+ .48
MADUN 72.0 £ .98 22.2 £ .38 62.8£1.2 20.9 £+ .41
FISTA-Net 75.8 £ 1.1 23.0£.39 66.5 £ 1.4 214+ .42
iPiano-Net 88.7 £ .64 26.5 £ .39 79.5£1.0 241+ 44
ISTA-Net™ 85.5 £ .72 25.6 £.39 80.1 £.99 242+ 43
ReconNet 774+£1.0 23.4 £ .40 65.3 £ 1.3 21.2+£ .39
d Discrete Cosine Transformation
v 0.5 sampling ratio 0.3 sampling ratio

SSIM (x10?%) PSNR SSIM (x10?) PSNR
CG-Net 89.4+.72 [ 26.9+.37| 78.8+1.1 |23.2+.36
MADUN 79.2 £ .95 23.5 £ .37 70.6 £1.2 21.9 £ 41
FISTA-Net 75.8+ 1.1 23.0+.39 66.5 + 1.4 21.4 £ .42
iPiano-Net 88.7 £ .64 26.5 £ .39 79.5£1.0 24.1+ 44
ISTA-Net™ 85.5 £ .72 25.6 £.39 80.1 £.99 24.2 £ 43
ReconNet 774+£1.0 234+ .40 65.3 £ 1.3 21.2£.39

hindered learning capacities due to the required solution structure. Full coverage of a comparison

between unrolled and standard DNN methods is a topic we leave for future study.
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2.3.4 Impact of Measurement Noise

Shown in Section 2.3.3, CG-Net significantly outperforms many state-of-the-art deep learning
methods in image reconstruction in the presence of low measurement noise. However, when the
amount of measurement noise is increased, the performance of CG-Net may falter as compared
to the state-of-the-art deep learning methods. Figure 2.12 shows the average reconstruction SSIM
for CG-Net and all nine comparison methods when every method reconstructs two hundred, 32 x
32 CIFARIO [69] images from 10 or 6 uniformly spaced Radon transform measurements where

each measurement is corrupted by noise at an SNR of 40dB or 30dB. We observe that in the

s )
] R —— e |
0801 | ! 068 : i T ———
i I ; ,J:"". 066 : T .,.—"-‘ . : -
i % - ; -m
0781 |y e i 064 |
el o=t == i ]
| ~7 ; ~dr- CG-Met 0624 ! i
i F i 1 1
= 076 & I H 2 " 4 = H i
@ H A H 4= Learn @ i |
{" ! < LPD 0801 | I “
0741 147/ i @ FBPConvNet e i - FBPConuMet
L4 P - MADUN i ! -8 MADUN
012 : 4 : ~# FISTA-Net 0561 | .-; i —~# FISTA-Net
| / I %~ iPiano-Net 054 II 3 I %- iPiano-Net
- ——— 2 & I5TANet® S S | & I5TANet™
e — ; ; : 0.52 — . . ; .
0 100 300 500 700 1000 20 100 300 500 700 1000
Training Dataset Size Taining Dataset Size
(a) Ten uniformly spaced angles and 40dB SNR. (b) Six uniformly spaced angles and 40dB SNR.
064 T ‘E_
r— D AT N
0624 1 1 g -" z
. o
0604 | | K, =
bk - ——a
058 1 |l e 0G-Net
= 197F = ¥~ Learn™"
Aoseq 143 . H
dia_ - J
I g < LFD
054 = i r ~#= FBPConvhet
I - MADUN
0521 1g b ~& FISTA-Net
050 : ' : % iPiano-Net
L—F @ ISTA-Net™
048 — T T T T
0 100 300 500 700 1000

Taining Dataset Size

(¢) Six uniformly spaced angles and 30dB SNR.

Figure 2.12: Study of the impact that higher measurement noise has on CG-Net. Displayed is the average
test image reconstruction SSIM when we vary the amount of CIFAR10 [69] data in training eight machine
learning-based image reconstruction methods. Here, the sensing matrices, ¥, are a Radon transform at 10 or
6 uniformly spaced angles and the sparsity dictionary, ®, is a biorthogonal wavelet transform. Measurements
in training and testing have an SNR of 40dB or 30dB.
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lowest training scenarios, of 20 and 100 training data samples, CG-Net still outperforms all of the
comparison deep learning methods. However, with more than 100 training samples, CG-Net is
outperformed, sometimes appreciably, by the comparison deep learning methods.

A partial reason that CG-Net is adversely affected by measurement noise may be attributed to
the strong solution structure or data consistency imposed by the Tikhonov update layers. Specifi-
cally, the Tikhonov update layers closely match the measured estimated signal to the actual mea-
surements, which may be disadvantageous when the actual measurements have a higher amount
of additive noise. As such, CG-Net may be attempting to fit to the measurement noise rather than
learning how to remove it from the estimate signal, as is done in alternative deep learning meth-
ods, especially in higher training scenarios. Nevertheless, as shown in Table 2.14, CG-Net has,
by far, the fewest number of trainable parameters of the compared deep learning methods. Thus,
increasing the model complexity of CG-Net, by increasing the number of unrolled iterations, may
be necessary in these higher noise and higher training data scenarios as then CG-Net would have

greater learning capacities to better capture underlying properties of the signals-of-interest.

2.3.5 Ablation Study

We consider the effect of removing the learned steepest descent matrix Bi from CG-Net by fix-
ing it during training. Two possibilities are employed, a gradient CG-Net (gCG-Net) where Bi =1
and a Newton CG-Net (nCG-Net) where B] = (J,(V.F(uj_1,2] ")) ! Where J,(V,F(u, z))
is given in equation (2.11). Note, the nCG-Net was first proposed in [57] where it was empirically
shown to outperform many prior art iterative image reconstruction methods. All other aspects of
training gCG-Net and nCG-Net are identical to that of training CG-Net in Section 2.3.3 except for
nCG-Net we scale the input measurements by e~ and initialize aq = a,(j ) =1 and by = bg ) =e.

Shown in Table 2.12 is the average SSIM of 200 test image reconstructions — from Radon
transforms at 15, 10, and 6 uniformly spaced angles with an SNR of 60dB or 40dB — when we vary
the amount of training data. With fewer than 100 training data samples both gCG-Net and nCG-

Net structures perform comparably or outperform the fully general version of CG-Net. Likely, this
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is due to gCG-Net and nCG-Net having fewer parameters to be fit for these cases and thus avoiding
overfitting. However, with more than 100 training data samples CG-Net outperforms both gCG-
Net and nCG-Net. Again, this is likely due to gCG-Net and nCG-Net having fewer parameters
to be fit and thus being unable to extract as much information from larger training datasets as

compared to CG-Net.

Table 2.12: Ablation study for CG-Net. Average SSIM (x 10?) and PSNR for 32 x 32 image reconstructions
from a Radon transform, at several different amounts of uniformly spaced angles, with a set SNR. We find
that gCG-Net and nCG-Net outperform the full version of CG-Net in the lowest training scenario since fewer
parameters must be fit for these cases.

Training Dataset Size
Method | (Angles,SNR) 20 100 500
SSIM (x102) | PSNR | SSIM (x102) | PSNR | SSIM (x10?) | PSNR

gCG-Net 90.0 27.7 90.8 28.2 91.2 28.5
nCG-Net (15,60) 90.7 28.1 90.7 28.2 90.8 28.2
CG-Net 89.9 27.7 90.8 28.1 92.0 28.8
gCG-Net 81.6 249 82.4 25.1 82.8 25.3
nCG-Net (10,60) 81.7 249 81.8 24.9 82.0 25.0
CG-Net 81.5 24.8 82.4 25.1 83.6 25.5
gCG-Net 67.6 21.8 68.1 21.8 68.7 22.0
nCG-Net (6,60) 67.1 21.7 67.2 21.7 67.9 21.8
CG-Net 67.6 21.8 68.1 21.9 69.5 22.1
2CG-Net 66.1 21.6 66.4 21.6 66.7 21.6
nCG-Net (6,40) 65.5 21.5 65.6 21.5 66.2 21.6
CG-Net 66.1 21.6 66.4 21.6 67.7 21.7

2.3.6 Comparison of Computational Time and Parameters

Table 2.13 lists the average computational time per image, in milliseconds, across 200 test
image reconstructions for CG-Net and all nine comparison deep learning methods. For fair com-
parison, the reconstructions for each method were run on the same 64-bit Intel(R) Xeon(R) CPU
E5-2690 machine. In comparing Table 2.5 and Table 2.13, we observed that the required com-
putational time for CG-LS is reduced by more than a factor of 100 for CG-Net while producing

the same or slightly improved quality image reconstructions as compared to CG-LS. This reduced
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Table 2.13: Average reconstruction time of 32 x 32 images from Radon transform measurements at 15
uniform angles for our CG-Net and nine comparison deep learning based image reconstruction methods.

Method CG-Net ReconNet LPD LEARN*™ | iRadonMAP
Time (ms) 765 0.65 4.7 10.6 4.5

Method | iPiano-Net | FISTA-Net | MADUN | ISTA-Net™ | FBPConvNet
Time (ms) 13.0 6.4 26.0 7.9 2.0

computational time of CG-Net is one of the primary advantages in using CG-Net over using CG-
LS.

Nevertheless, CG-Net lags in computational time against the comparative DNN methods that
take a fraction of the time to reconstruct an image. This is likely an outcome of the required linear
solver used to calculate the inverse in (2.6) to update u and the required eigendecomposition in
(2.32). Instead, the comparative methods solely consist of convolutions or matrix, vector products
that are appreciably faster to implement than linear solvers.

Improving the speed of CG-Net serves as one direction of future work for which we suggest
a technique to remove some costly computations in CG-Net after training. For training CG-Net,
the eigendecomposition in equation (2.32) must be implemented within each Z,f; layer call as the
entries of L] are actively being updated and thus, we need to actively ensure (L7 + (L7)7)/2 stays
positive definite. Using CG-Net post-training, the eigendecomposition only needs to be imple-
mented once upon instantiating the model with pre-trained network parameters, thereby removing
many eigendecomposition calculations and thus increasing the speed of CG-Net.

Finally, Table 2.14 provides the number of parameters for CG-Net and all nine comparative
deep learning-based methods for linear inverse problems. We remark that CG-Net has the fewest
parameters to be trained out of the compared methods, which may be a contributing factor to
the success of CG-Net when small training datasets are used. Increasing the number of unrolled
iterations in CG-Net to produce a DNN with a model complexity matching the average of the
compared methods remains a point of future work. In particular, with larger training datasets, CG-

Net can be outperformed by the best-performing comparative method. Thus, in these scenarios, we

96



Table 2.14: Parameter count for our CG-Net and nine comparison deep learning methods in the reconstruc-
tion of a 32 x 32 image from Radon transform measurements at 15 uniformly spaced angles.

Method Parameters (x 10°) H H Method ‘ Parameters (x 10°)
CG-Net 0.62 ISTA-Net™ 3.37
LPD 2.53 MADUN 29.7
LEARN*™ 12.0 FISTA-Net 0.75
iRadonMAP 8.33 iPiano-Net 19.3
FBPConvNet 7.09 ReconNet 7.30

may be required to increase the number of unrolled iterations in CG-Net, thereby increasing the
number of learned parameters, to more adequately match the results of the comparative methods.
We remark that, for each each deep learning method, the ratio of unknowns to data points is
proportional to the values presented in Table 2.14. That is, we can obtain the ratio of unknowns to
measurements by dividing each entry of Table 2.14 by the number of data points used in training
the deep learning methods. As an example, the number of data points used when we train with
20 CIFAR10 images to reconstruct from Radon transforms at 15 uniformly spaced angles is 20 x
(image size+Radon transform size) = 20 x (1024 + 690) = 3.428 x 10*. Therefore, the ratio of

unknowns to measurements for CG-Net is 0.62 x 10°/3.428 x 10* ~ 1.81.

2.4 Conclusion

Informed by the powerful statistical representation of signals through the compound Gaussian
prior, we have developed two novel approaches to signal reconstruction in linear inverse problems.
The first is an iterative signal reconstruction algorithm, named CG-LS, that enforces the CG prior.
The second is a deep neural network implementation of CG-LS, constructed through algorithm
unrolling, named CG-Net. Both approaches have been published in our conference proceedings of
the IEEE Asia Pacific Signal and Information Processing Association conference [57] and in our
IEEE Transactions on Signal Processing journal article [58]. Furthermore, a provisional patent of
our two innovative methods has been filed.

The CG-LS algorithm is based upon a regularized least squares estimate of the signal change-

of-basis coefficients where the regularization, equivalent to the negative log prior from a MAP
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estimate, is chosen to capture the fundamental statistics of the CG prior. We have conducted a
rigorous theoretical characterization of CG-LS, which gave important insights into the implemen-
tation of the algorithm. We completed ample numerical validation of CG-LS, which showed a
significant improvement over other state-of-the-art image reconstruction algorithms.

Next, we have applied algorithm unrolling to CG-LS, creating a new deep neural network
named CG-Net. To the best of our knowledge, CG-Net is the first unrolled DNN for natural and
tomographic image reconstruction to be fundamentally informed by a CG prior. Multiple datasets
were used to train and test CG-Net where, after each training, we have shown that CG-Net outper-
forms other state-of-the-art unrolled DNNss and standard DNNSs. In particular, CG-Net significantly
outperforms prior art deep learning methods in low training contexts for both tomographic imaging
and compressive sensing applications. However, it was also demonstrated that in the presence of
higher measurement noise or larger training datasets, CG-Net is outperformed by the best perform-
ing deep learning-based signal reconstruction method. Finally, we completed a comparison study
on the computational time to reconstruct a single image from each iterative and DNN method. We
have shown that CG-Net significantly improved upon the necessary time to reconstruct an image
over CG-LS, but still falls short of the speed other DNN methods achieve for an image reconstruc-
tion.

In the next chapter, we expand upon the generalizability of the two CG-based methodologies
we have proposed in this chapter by replacing aspects of the CG-based optimization with relevant
neural network structures. In particular, CG-LS is expanded by a generalized regularization such
that greater information can be supplied into the Gaussian variable covariance and scale variable
prior distribution on a problem specific basis. Subsequently, unrolling this generalized CG-LS
method, replaces the scale variable prior information, e.g. the choice of nonlinearity s, with a sub-
network embedded inside of the unrolled deep neural network. This extension of CG-Net expands
upon its applicability as it no longer requires a user-specified function for /4 and provides a greater

learning capacity.
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Chapter 3
Deep Compound Gaussian Regularized Inverse

Problems

Inspired by the statistical richness of the compound Gaussian (CG) class of distributions in rep-
resenting images [10—12] and by the success of deep learning-based approaches in solving inverse
problems [13-20, 22-26, 30, 32, 33, 55, 56] we developed a novel unrolled-compound-Gaussian-
prior-based deep neural network in Chapter 2. This compound Gaussian network (CG-Net), while
outperforming many previous state-of-the-art methods in low measurement noise and small train-
ing dataset scenarios can be outperformed, sometimes considerably, when higher measurement
noise is present or larger training datasets are available. Part of problem may be attributed to the
small parameter count of CG-Net, but increasing the parameters through unrolling a larger number
of iterations exacerbates the, already problematic, reconstruction time requirements for CG-Net.
In this chapter, we have proposed, theoretically evaluated, and empirically evaluated a novel modi-
fication to the iterative compound Gaussian least squares (CG-LS) algorithm and unrolled CG-Net
that assists in the high measurement noise, large training datasets, and significant reconstruction
time problems present in CG-Net.

First, we name the novel modified CG-LS algorithm as the generalized compound Gaussian
least squares (G-CG-LS) algorithm. Instead of constraining the scale variable, z, to be a non-
linear function of a Gaussian, e.g. a log-normal variable in CG-LS, we now have implemented an
implicit regularization function to be specified on a problem-specific basis. The “generalized" in
G-CG-LS denotes the fact that, with defining the scale variable regularization to be log-normal,
G-CG-LS reduces to CG-LS as a special case.

Second, we have applied algorithm unrolling to G-CG-LS creating a new DNN we name deep
regularized compound Gaussian network (DR-CG-Net). Unlike CG-Net, where the scale variable

distribution continues to be fixed as log-norm, the implicit regularization of G-CG-LS is intro-
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duced as a subnetwork within DR-CG-Net and is learned during the training process. That is, the
regularization and thus distribution of the scale variable are learned by the unrolled DR-CG-Net.
The “deep regularization" naming of DR-CG-Net is attributed to the representation of the scale
variable regularization as another deep neural network.

In this chapter, we consider the same linear measurement equation used in Chapter 2. For sake
of chapter completeness, we restate the measurement equation here. While many inverse problems
are non-linear, we focus on linear inverse problems as this is frequently the assumed measurement
model in many applications — including compressive sensing, computed tomography (CT), and
magnetic resonance imaging (MRI) — and leave non-linear inverse problem applications to future
work. Working from the linear measurement equation (1.6), let * € R" be a vectorized signal
that has a representation * = ®¢ with respect to (w.r.t.) a dictionary, ® € R™*", and coefficients,
c € R". An example, @ is a wavelet transform and c the wavelet coefficients of signal . Consider
linear measurements y € R™ given by y = W®c + v for additive white noise, v € R™. Now,
we decompose ¢ according to the CG prior; that is, ¢ = z ® u for u ~ N(0,%,), z and u are
independent random vectors, and z ~ p, — for some density p, — is a positive random vector. The

linear measurement model we consider then is

y=Ud(z0u)+v 3.1)

and the linear inverse problem to (3.1) aims to recover the product z © wu, through the estimation
of z and wu, given y, ¥, and .

The new contributions of this chapter are succinctly presented in our proceedings of the IEEE
Asilomar Conference on Signals, Systems, and Computers [76] and in our IEEE Transactions
on Computational Imaging journal article [77]. We present additional explanation, details, and
numerical results in this chapter to those found in our publications [76,77]. Specifically, in this

chapter we have completed:
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1. The construction of a novel generalization on the CG prior informed iterative signal esti-
mation algorithm from [57]. Our algorithm, called generalized compound Gaussian least
squares (G-CG-LS), is a regularized least squares optimization that solves the linear inverse
problem to (3.1) with general W and ® matrices. The regularization of G-CG-LS consists of

a Gaussian term and an implicitly defined term, which together enforce a CG prior.

2. The derivation of new encompassing theoretical convergence analysis of G-CG-LS to sta-
tionary points for two distinct scale variable descent methods; namely, projected gradient

descent (PGD) and the iterative shrinkage and thresholding algorithm (ISTA).

3. The construction of novel unrolled DNN versions of G-CG-LS, called the deep regularized
compound Gaussian network (DR-CG-Net), such that the implicit portion of the regular-
ization in G-CG-LS is trainable. A PGD DR-CG-Net and ISTA DR-CG-Net have been
proposed, which correspond to a PGD or ISTA scale variable descent method, respectively.
Our unrolled DR-CG-Nets allow for learning of the prior density within the framework of

the powerful CG class of distributions.

4. A presentation of copious new empirical results for DR-CG-Net on tomographic imaging
and compressive sensing problems as the size of the training dataset is altered. The effec-
tiveness of DR-CG-Net to reconstruct images after training has been evaluated and shown to
outperform other state-of-the-art imaging algorithms, including CG-Net, especially in low-

training scenarios.

3.1 Notation and Nomenclature

The set of symbols provided in this section are defined here for ease of referencing and in

reading the remainder of this chapter. We note that some have already been defined previously.
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mm

Set of real numbers.

[Viliz12,..» € R™. Boldface characters are vectors.
[MZ]]Z;IS """"""" " e R™*™ Uppercase characters are matrices.
Transpose of vector or matrix (-)

Hadamard product.

Diagonal matrix with entries vy, vs, . . . , v,, on the diagonal.
MD(v) for M € R™*™ and v € R™.

[f(vi)]iz1.2,..n € R" for v € R" and a componentwise function f : R — R.
max{0, z} is a componentwise function.

Unique project operator onto convex set C.

R™*™ is a measurement or observation matrix.

R"™*"™ is a change-of-basis matrix or dictionary.

U,

AD(v).

3.2 Generalized Compound Gaussian Least Squares (G-CG-

LS)

3.2.1 G-CG-LS Implementation Details

Inspired by the compound Gaussian least squares (CG-LS) algorithm in Chapter 2, and work
in [57,58,76], we consider a maximum a posteriori (MAP) estimate of the scale variable, z, and
Gaussian variable, u, from equation (3.1). For this let p, () be the probability density function of
random vector x and let p, |, (z|v) be the conditional probability density given v. Additionally, let

N (w,X) be a multivariate normal distribution of mean g and covariance 3. As v, from equation

(3.1), is a vector of white Gaussian noise then v ~ N (0, o%I) for some ¢ > 0. Thus

Pyluz(Y[U, 2) = pyuz(A(z © u) + v]u, 2) ~ N(A(z © u), o’I)
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for A = ¥®. Since u ~ N (0, X,) then using independence of w and z the joint MAP estimate of

z and w from equation (3.1) is

u7 Z u.z u7 Z
Arg mAX P siy (1, 2|y) = arg mox Pz U1t 2)Pus(u: 2)
“* u,2 py(y)

= argmax Pyju (Y|, 2)pu (U, 2)

= argimax In (py|u,z<y|u7 z)) +In (pu,z<u7 Z))
u,z

= argmin — In(pyju - (Y|, 2)) — In(py,z(u, 2))

= argmin — n(pyju - (y|u, 2)) = n(pu(u)) - In(pz(2))

u,z

! 1 _
= arg min §||y —Alzou)|3 + §uTPu 'u + R(z)
u,z

where R(2) = —0?In(p,(2)) and P, = 0~ 2%,,. Therefore, defining the cost function
1 o, L o1
F(u,z) = §||y—A(z®u)H2—|—§u P u+R(z), (3.2)
we consider the estimates

[u* z*] = argmin F(u, 2) (3.3)

(u z)eR" %3

where 3 C [0, 00)" is the domain of R, which we assume to be convex. Our solution for the linear

inverse problem to (1.1) is then given as
cf=z"0u".

We remark that the term 3 [ly — A(z © u)|)3 in equation (3.2) is the data fidelity term while the
remaining two terms are regularization terms. Our G-CG-LS algorithm, given in Algorithm 3, is

an iterative method to approximately solve (3.3) through block coordinate descent [59].
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To further detail Algorithm 3, define A, = ADiag(z) and note that the minimization of

(3.2) w.r.t. u is a Tikhonov regularization, or ridge regression, problem with minimizer 7 (2)

T (z; P,), which we call the Tikhonov solution, defined as

T(2) =T(2;P,) = (ALA, + P, 1ALy (3.4)
= (P — PLAL(I + A.P,AD)"A.P,) ALy
= PAL (I - (I+A.P,AD) AP AL) y
= PAL(I+A,PAL) (I +APAL — A,PAL)y

= P,AL(I + A, P,AD) 1y (3.5)

where we used the Woodbury matrix identity in the second line. In practice, we do not calculate
the inverse matrix in equation (3.4) and instead solve a system of linear equations. Furthermore,
equation (3.4) is an X n system of linear equations, where 7 is the signal of interest size, which is
reduced to a m X m system of linear equation in equation (3.5), where m is the measurement size.
Typically, m < n and thus equation (3.5) is significantly faster to implement than equation (3.4)
in constructing the Tikhonov solution.

Next, for minimizing (3.2) w.r.t. z, a number, .J, of descent steps are iteratively applied. Let
g(z,u) : R" x R" — R" be a descent function of (3.2) w.r.t. z, which we call the scale variable
update function. Two possibilities for g that we consider are discussed in Section 3.2.2. Then, the
G-CG-LS estimate of z on descent step j of iteration k£ and the G-CG-LS estimate of u on iteration

k are given respectively by

z,(cj) = g(z,(ffl),uk,l) and wuy = T (zx; P).

Note that we define z ,EJ) = z,EBZl = zj, and that g is additionally parameterized by the measurement

y but this is omitted for simplicity.
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Algorithm 3 Generalized Compound Gaussian Least Squares (G-CG-LS)

Input: Measurement ¢y, measurement operator A, iterations K, scale variable update steps ./, and
projection operator Pjg pn

I: 2y = Py (ATy) and ug = T(29) (or T(0, z) for NAGD)
2: fork € {1,2,...,K} do

3: Z ESTIMATION:

4. z,go) = Zr_1

5: forj e {1,2,...,J}do

6 2 =gz w )

7 end for

8 FANES z,gj)

9 u ESTIMATION:

100 wp=T(z) (orT (ug1,z,)for NAGD)
11: end for
Output: ¢ =z © ug

For succinctness in representing the estimation of z, we define the complete scale variable

mapping Z : R” x R" — R" as

Z(z,u)=go---gog(z,u) ~argmin F(u,z) (3.6)
- z€3

~
J times

where the J compositions occur over the first component of g. Then on iteration k£ of G-CG-LS

we have the estimates

z = Z(zr_1,up_1) and wuy, =T (zx; Py).

Now, Algorithm 3 is initialized as z, = P[o,b]n(ATy) and uy = T (zp). Using the rectified
linear unit (ReLU) activation function, we remark that Pjo ;- () = [ReLU(z;) —ReLU(z; — )i,
and is applied to eliminate negative values in z;, since z should be a positive vector, and limit the
maximum value in 2z, for numerical stability in calculating w,.

Next, we remark that (3.2) is strongly convex w.r.t. w and thus the Tikhonov solution is ef-
ficiently approximated by Nesterov accelerated gradient descent (NAGD) [78]. Hence, for suf-

ficiently high-dimensional signals of interest, such that the linear solve in (3.5) is infeasible, we
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replace the exact calculation of (3.5) by a NAGD approximation. To detail the NAGD approxima-

tion, define forn > 0

ro(u, z;m) = ry(u, z2) = u —nV,F(u, z)

=u—n(Al(Au—y)+ P, 'u). (3.7)

Note that r, is a gradient descent step on (3.2) w.r.t. u. The NAGD estimate of u on descent step

j + 1 of iteration £ is then given by

wl ™ = ru(w) 2) + Blra(w, 2) = ru(ud ™ 20))
where § > 0 is a momentum control parameter and u,(f) = u,(;l) = u,_1. Let J, denote the

number of NAGD steps, then the estimate of w on iteration k is given as u, = u,(c‘]“). Note that

we denote this composition of all ./, NAGD steps as 7~‘(u, z) = %(u, z; P,) to emphasize that the
NAGD estimate approximates the Tikhonov solution, 7. That is, u; = u,(c‘]j‘l) = ’%(uk_l, Zk).
Lastly, as our G-CG-LS method generalizes on previous CG-based iterative algorithms [57,58,
76] we briefly explain key differences between these methods. Previous work [57,58,76] similarly
decomposes c via (1.7), but restricts z = h(x) where  ~ N (0, I) and h is an invertible nonlinear
function. For this choice of z, R in (3.2) is set at R(z) = u||h~!(2)||3, for scalar . > 0, to enforce
normality of &. Furthermore, previous work [57,58,76] restricts P, in (3.2) to be a scaled identity
matrix. Our G-CG-LS algorithm naturally generalizes these prior CG-based iterative algorithm
cost functions to a cost function with implicit scale regularization, R, and general covariance
matrix structure. By applying algorithm unrolling to G-CG-LS, as shown in Section 3.3, R and P,

are optimally learned to produce a DNN with greater representational capacity and applicability

than the previous unrolled CG-based DNNs proposed in [57,58,76].
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3.2.2 Scale Variable Update Methods

Two standard methods we employ in optimizing (3.2) w.r.t. z are detailed below. Note that 7 is
a positive real value and denotes a step size for each scale variable update method. Additionally,

we define A, = ADiag(u).

Projected Gradient Descent (PGD). When R is a differentiable function we apply a PGD step
to update z. That is, we perform a gradient step on F'(u, z) w.r.t. z and then project onto the

convex domain 3. Mathematically, the PGD step is given by

g(z,u) =P3(z—nV,F(u,z))

=P; (z—n (AL (Aduz —y) + VR(2)))
where P5 is the projection onto 3.

Iterative Shrinkage and Thresholding (ISTA). When R is a convex function and possibly
non-smooth, i.e. possibly not differentiable, then we apply an ISTA step to update z. That is,
we perform a gradient step on 1|y — A(z © w)||3, which is the data fidelity term of F(u, z),
w.r.t. z and then apply a proximal operator of R to incorporate optimization of the regularization.

Mathematically, the ISTA step is given by

9(z, u) = prox,p (z — A, (Auz — y))

1
= argmin o[¢ — (z =9y (Auz = 9))I3 + 1R(S)
S5

where prox; is the proximal operator of f and is well-defined for convex f. We remark that for
f a non-smooth, convex function the proximal operator is an optimization tool as fixed points of
prox, minimize f. The general ISTA method [2] above, which is equivalent to proximal gradient

descent, is an optimization method for the sum of a convex, differentiable function and a convex,
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non-smooth function. From the use of the proximal operator on the non-smooth piece, fixed points
of ISTA are optimality points of the original sum of functions (see Section 1.6).

The PGD and ISTA methods were chosen for their simplicity to implement, provable con-
vergence properties, and the previous success of unrolling ISTA for linear inverse problems [20,
22-24]. Additional details about PGD and ISTA, including backtracking linesearch methods to

determine 7 and descent bounds, are given in Sections 1.5 and 1.6, respectively.

3.2.3 Convergence of G-CG-LS

We first remark that, with 2z fixed, equation (3.2) is a Tikhonov regularization problem over u
and thus is strongly convex in u with strength controlled by the spectral radius of P, [34]. Hence,
equation (3.2) has no local maxima. Now, we derive convergence of G-CG-LS under various

combinations of the following regularization assumptions:

(A1) R is bounded below and satisfies 231_13;0 R(z) = coforalli=1,2,...,n.
(A2) R is convex and possibly non-smooth.

(A3) R is twice continuously differentiable.

First, a new proposition on the convergence of G-CG-LS cost function values.

Proposition 3.2.1. Let R satisfy (Al). If R satisfies (A2) for ISTA G-CG-LS or (A3) for PGD

G-CG-LS, then the sequence of cost function values { F(uy, zx,) }72, converges.

To prove Proposition 3.2.1 we use Lemma 1.5.4 and Lemma 1.6.5 providing lower bounds on
the change in cost function values for a PGD and ISTA step, respectively. Additionally, Proposition
2.2.8 is employed to guarantee that the convex hull of the sublevel set for the G-CG-LS cost

function is compact.

Proof of Proposition 3.2.1. For initial estimates uq and z,, define the sublevel set

S(ug, z0) = {(u,z) € R" x 3: F(u,z) < F(ug, 2)}
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and note that S(ug, z9) € R™ x 3. When either (A2) or (.43) hold then F is continuous and
thus S(wug, zo) is closed. Furthermore, as (A1) holds then F' is coercive in both w and z and thus
S(uo, zo) is bounded. Hence, S(uo, zo) is compact by the Heine-Borel theorem [53]. Lastly, by
Proposition 2.2.8 the convex hull of S(ug, z), denoted Conv(S(ug, 2p)), is compact. Additionally,
as R™ x 3 is convex and Conv(S(ug, 2p)) is the smallest convex set containing S(uo, z¢) then
Conv(S(ug, 20)) C R™ x 3.

Now, let f(u,z) = 1|ly — A(z ® u)||3. Note f is twice continuously differentiable in z.
When (A3) holds then F'(u, 2) is also twice continuously differentiable in z. Hence, Hy..(u, 2)
and Hp,.(u, z), the z Hessians of f and F' respectively, are continuous. Thus, ||H..(u, 2)|2
and || Hp..(u, z)||2 are also continuous. As Conv(S(uo, 29)) € R™ x 3 then ||Hy.,(u, 2)||2 and
| Hp,2(u, z)||2 are defined on Conv(S(uo, 2o)). Since ||Hy.»(u, 2)||2 and || Hp,.(u, z)|| are con-
tinuous functions on the compact set Conv(S(uy, 20)) then, by the Extreme Value Theorem [53],
each obtains a bounded maximum on Conv(S(ug, z)). Therefore, by the Mean Value Theo-
rem [53], f and F' (when (.43) holds) have Lipschitz continuous gradient on Conv(S(ug, 20)).
Similarly, since S(wg, z9) C Conv(S(ug, 20)) then f and F' (when (.A3) holds) have Lipschitz
continuous gradient on S(wy, 2o).

Hence, for PGD G-CG-LS where (.43) holds, Lemma 1.5.4 holds. Similarly, for ISTA G-CG-
LS where (.42) holds, Lemma 1.6.5 (taking = = R) holds. Consequently, for all & € N, any
7 =1,2,...,J,itholds for either PGD or ISTA G-CG-LS that

Flug, 2/ V) = Flue 1, 2) > oz — 2/ 7V|3 (3.8)
for some ¢ > 0. Then
Flug 1,25 1) = Flup_1,20) > Flup_1,24) > - > Flup_1,2]) = Flup_1, z1) > Flug, ;)

holds for all k£ € N. Hence, { F'(us, z)}32, is a monotonic decreasing sequence. As f is bounded

below by 0, u” P, 'u is bounded below by 0, and R(z) is bounded below by (A1) then F'(uy, z;)
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is bounded below for all k. Therefore, { F'(uy, 2;)}72 ; is a monotonic decreasing sequence that is

bounded below and thus converges. X

Using Proposition 3.2.1 we show, in the following new theorem, that G-CG-LS converges to

stationary points satisfying the optimality conditions of Definition 1.5.1 and Definition 1.6.6.

Theorem 3.2.2. Let R satisfy (Al). If R satisfies (A2) for ISTA G-CG-LS or (A3) for PGD G-
CG-LS, then every limit point of the sequence {(uy, z)}2>, is a stationary point of the G-CG-LS

cost function (3.2).

The proof of Theorem 3.2.2 is inspired by ideas from [2, 51, 79], which consider the conver-
gence of PGD and ISTA-type updates. Where [2,51] consider a single block update, which can
transfer to individual updates of z when w is fixed, we distinctly have two block updates defining
each iteration. While [79] considers multiblock updates with each block being updated by a single
step of an identical method, we instead consider multiple steps and unique methods defining each

block update. To prove Theorem 3.2.2 we use Proposition 3.2.1, Lemma 1.5.5, and Lemma 1.6.7.

Proof of Theorem 3.2.2. Summing (3.8), from the proof of Proposition 3.2.1, over j, and using

(0) (/)

J
z, ' =z and 2’ = zj shows

J

J
> (Pl 2™ = Flu, 2)) 2 3 ellz - 203

Jj=1 Jj=1

J
Fugr, zm1) — Flug_,z) 2 ¢y |z — 2072
j=1

where the left hand side results from the cancellation of a telescoping series. As F'(uy_1,2x) >

F(uy, z) we have —F(uy_1, z) < —F(uy, 2). Therefore

J
Fug_1, z5-1) — Fug, zx) > F(ug-1, 21-1) — Fug_1,2) > CZHZ;EJ) -z VB (3.9
=1

110



By Proposition 3.2.1, { F'(uy, z/) }32, converges and we let F™* be the limit point. Hence, summing

(3.9) over k € N and using that the left hand side of (3.9) is a telescoping sum we have

oo J
-1
F(ug, z0) — ZF Up_1, Zp—1) — F(ug, zx) ZZHz )Hg (3.10)
k=1 j=1
Therefore, the series a\”? for a! 29— 20002 converges. Hence, lim ) 0.
; k k Z” k k ||2 g L a
Since every a,(;]) is the sum of J non—negatlve terms then klim a,(c‘]) — 0 implies that each term
— 00
in the summation must converge to zero. Thus, it holds that klim Hz,(C — zk Hz — 0 for every
— 00
J=1,2,...,J.

We make two remarks. First, note that for any real-valued sequence {z}7>, the Cauchy-

Schwarz inequality implies

-
&
LN
vV
<l
(‘\
iM-
I3
<.
N~
[\

Second, using a telescoping sum and the triangle inequality note that

J J
J 0 : 1
lze — zi-1l2 = Hz;(€ )~ z/,(C )H2 = Z(zfj) J ) Z ”2
j=1 =
Combining these two notes we have
J . 7 9 1
. - ' .
;Hzg) TN 5 (;W — 2 >H2> >~z - Z|I2. 3.11)

Further combining (3.10) and (3.11) produces

o0
._c
F(ug, z0) = F* > j;sz — z1 )3
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o0
Hence, it also holds that the series Zsz — 2;_1]|3 converges and thus klim lze — zr_1ll2 —
—00

k=1
0. By continuity of the Tikhonov solution, 7 (z), it similarly holds that klim lur — up_1]|3 =
—00

Jim [|7(z,) = T (zx-1)[15 = 0.

Next, let (u*, z*) be any limit point of the sequence {(wug,zx)}7>, and {(wug,, zx,)}52, C

{(ug, zr)}32, be a subsequence converging to (u*,z*). By Lemma 1.5.4 and Lemma 1.6.5

o
the sequence of step sizes {77,(61)} is bounded and thus there exists a convergent subsequence
=1

)

subsequence converges to the same limit point implying {(uy,, , zx,,)}72, converges to (u”, z").

C {17,2) } . Let n* be the limit point of {77,(C )} . As {(uyg,, zx,) }52, converges every

As lim ||z, — 215 — Oand lim [Jay, — w13 — O then {(ug,, 1, 21, 1)}, also converges
k—o0 k—o0 ‘e

to (u*, z*). Similarly, as klim ||z,(€j) (] Y ||2 — Oforevery j =1,2,...,J we have
— 00
i |12 ?
hm H = lim sz — 2z, 1|l — 0,
2 fl—o0 ‘e ¢ 2

which implies {z,EOZ} and {z,(;j} converge to z*. In PGD G-CG-LS, by continuity of the
te ) =1 ) =1

projection Ps [52] and continuity of the gradient V , F', observe

(1)

2" = lim zk
{—00
— lim Py ( — IV, F(u z<0>))
oo kil z kiz_l’ kil

=Ps5(z" —n*V.F(u*, z")).

Therefore, by Lemma 1.5.5 it holds that

(V. F(u*,z"),z—2%) >0 forall z € 3. (3.12)
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In ISTA G-CG-LS, by continuity of the proximal operator [80]

. 1
2z = lim z,g_)
l—o0

=l (0) (1) gT (0)
N Zlggo pl‘OXm(:i;R (zkil N nkiz Aukie—l (Aukiz_lzk'ie - y))

= Prox,.r (z* — AL (A z* — y)) .

Therefore, by Lemma 1.6.7, since 0,F(u,z) = {V.f(u,z) + d : d € OR(z)} there exists a
d* € OR(z*), where OR(z") is the subdifferential of R a z*, such that

(Vof(u*,2")+d*,z—2%) > 0forall z € 3. (3.13)
As u* is the global minimizer of F(u, 2*) and V, F(u, 2) = V, f(u, ) + P, 'u then
(VoF(u*, 2%),u — u*) = (Vo f(u*, 2%) + P, lu* u —u*) >0 (3.14)
holds for all uw € R". For PGD G-CG-LS, adding together (3.12) and (3.14)
<VF(u*,z*), [u z]T — [w* z*}T> >0

holds for all (u, z) € R™ x 3. Therefore (u*, z*) is a stationary point of F'(u, z). Similarly, for

ISTA G-CG-LS, adding together (3.13) and (3.14)

<Vf(u*,z*) + [Prlur d*]T, [w z}T — [u* z*]T> >0

holds for all (u, z) € R™ x 3 and thus, (u*, z*) is a stationary point of F'(u, z). X

Next, we discuss the convergence of the G-CG-LS sequence of estimates. For this, we say a
sequence {xy}7>,; C R” converges to a set S if the sequence values become arbitrarily close to

elements of S.
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Definition 3.2.3. A sequence {x;}32, C R" converges to set S if for every € > 0 there exists a

ko € N where for all k > ky it holds that x;, € | J,cs {z €R" : ||z — 2|2 < €}

For example, the sequence {(—1)*}°, converges to the set S = {—1,1}. We now show that
the G-CG-LS estimates converge to a connected set of stationary points that have constant cost

function value in the following new proposition.

Proposition 3.2.4. Let R satisfy (A1) and satisfy (A2) for ISTA G-CG-LS or (A3) for PGD G-CG-
LS. Then the sequence {(uy, zx) }7>, generated by ISTA G-CG-LS or PGD G-CG-LS converges to

a closed and connected set of stationary points of constant cost function value.

To prove Proposition 3.2.4 we use Proposition 3.2.1, Theorem 3.2.2, the following two lemmas

from the literature [81].

Lemma 3.2.5 ([81], Proposition 12.4.1). Let {x;};>, C R" be a bounded sequence satisfying

limy oo ||Trt1 — Tkll2 — 0. Then the limits points of {xy}32, form a connected set.
Lemma 3.2.6 ([81]). A bounded sequence {x;}72, C R" converges to its set of limit points.

Proof. Let L be the limit points of {x}72,. Assume for contradiction {x }?° ; does not converge
to £. Then there is a ¢ > 0 and subsequence {xy, }3°, such that &y, € Uzer {T : ||z —Z||2 < €} for
every i € N. As {xy, }22, is bounded then by the Bolzano-Weierstrass Theorem [53] there exists
a convergence subsequence {ar:ki/Z }22,. Let * € L be the limit point and note that there exists a
{o € N such that for all £ > £y itholds that [|z* — @y, |2 < €. Thus, zy,, € {Z : [[z" —Z[]2 <€} C
Uzer {Z @ || — Z||2 < €} for all £ > ¢, producing a contradiction. Therefore, {x;};>, converges

to L. X

Now, we prove Proposition 3.2.4.

Proof of Proposition 3.2.4. Let S be the set of stationary points of the G-CG-LS cost function in
equation (3.2). Let {(ug, z)}32, be the G-CG-LS sequence of estimates with the set of limit

points £. By [53], £ is a closed set. By Theorem 3.2.2, £ C S and {(uy, z)}3>,, satisfies
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lmy oo |[(Wht1s Zkt1) — (W, 2x)||2 — 0. As {(wg, 2) }520 € S(ug, 29) and the sublevel set
S(uo, 2o) is compact by Proposition 3.2.1 then {(ug, zx)}72, is bounded. Hence, £ is a con-
nected set by Lemma 3.2.5. Additionally, by Proposition 3.2.1, { F'(uy, zx) }72, converges to some
value F*. Thus, for every subsequence {(uy,, zx,) }2, C {(uk, i) }72, it holds that the sequence
{F(uyg,, z,) 32, converges to F*. Therefore, the G-CG-LS cost function (3.2) is constant on L at

value F*. Finally, by Lemma 3.2.6, the sequence {(uy, 2x)}72, converges to L. X

Lastly, we provide a condition where the G-CG-LS sequence of estimates converges to a single

point as stated in the following new corollary.

Corollary 3.2.7. Let R satisfy (A1) and satisfy (A2) for ISTA G-CG-LS or (A3) for PGD G-
CG-LS. Additionally, if R is chosen such that the G-CG-LS cost function (3.2) has non-degenerate

stationary points then the ISTA G-CG-LS and PGD G-CG-LS sequences {(uy, zi) } 52, converge.

Proof. By Proposition 3.2.4 the G-CG-LS sequence {(uy, zx)}7, converges to its set of limit
points L that is connected. Since each stationary point is non-degenerate then it is isolated. Hence,

L is a set containing a single single point, which {(wug, zx)}3>, converges to. X

We remark in choosing a scale variable regularization R (z) to be positively defined on an open
domain, for example R(z) = ||log(z)||% defined on (0, 00)™ as in CG-LS, then all stationary points
are internal points and, consequently, the assumptions of Theorem 3.2.2 and Corollary 3.2.7 hold,
implying G-CG-LS converges to a limit point of zero gradient (or zero subdifferential when R
is convex). In choosing R(z) o —log(p.(z)), as in a MAP estimate, many prior distributions
p- produce R(z) defined only on the open domain (0, 00)". Specifically, any twice continuously
differentiable distribution satisfying lim,, o p.(z) — 0 will produce R only defined on (0, c0)",
thus satisfying the PGD assumptions of Theorem 3.2.2. Examples of such z distributions useful
in modeling image coefficients include log-normal and Gamma(c, 1) for « > 1 distributions [8,
10,11]. As CG-LS is a special case of G-CG-LS, Section 2.2 in Chapter 2 provides encompassing
numerical results for our G-CG-LS method showing that it outperforms many prior art iterative

image reconstruction algorithms.
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3.3 Deep Regularized Compound Gaussian Network (DR-CG-

Net)

3.3.1 Network Structure

We create a novel DNN named DR-CG-Net, with end-to-end structure shown in Figure 3.1,
by applying algorithm unrolling to G-CG-LS in Algorithm 3. Instead of requiring a specified R,
DR-CG-Net learns R through a subnetwork representing either V'R or prox,z. Thus, in training
DR-CG-Net, the regularization, and thus scale variable prior distribution, are learned.

Let V,ij) R" > R", fork=1,2,...,Kand j = 1,2,...,J, be a subnetwork. That is, each
V,ﬁj ) is a collection of layers mapping from R™ to R". For example, we use convolutional layers
making each V,gj ) subnetwork a CNN as detailed in Section 3.3.2. Following the scale variable

updates of Section 3.2.2 we define the intermediate scale variable mapping, g,(f ), as

ReLU r<j>(u,z)+v,§j>(z)) PGD

9 (z,u 4 4 (3.15)
¢ ReLU (VY (1 (u,2)))  ISTA.
where r,gj Jisa mapping of the data fidelity gradient descent step of F'(u, z) w.r.t. 2,
r,(cj)(u, z)=z— n,gj)(AZ(Auz - vy)) (3.16)

for a step size n,(j ) > 0. Note that g,gj ) corresponds to the update methods in Section 3.2.2 where
v,ﬁj ) replaces V'R or prox,z in PGD or ISTA, respectively. We apply the ReLU activation function
to ensure all intermediate z estimates in DR-CG-Net maintain positive entries. Finally, recall the
Tikhonov update defined in (3.4), and let 7;.(z) = T (z; Py) for a covariance matrix, P.

Each layer k£ of DR-CG-Net, shown in Figure 3.1b, is broken down into a complete scale
variable mapping block, Z; shown in Figure 3.1c, and a Tikhonov update block, Uy, so that layer

k corresponds to iteration k£ of Algorithm 3. As in Algorithm 3, every complete scale variable
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(a) End-to-end network structure of DR-CG-Net.

Layer k Complete Scale Variable Mapping
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(b) Layer k analogous to iteration k of Algo- (¢) Complete scale variable mapping, Zj, producing estimate zj in Al-
rithm 3. gorithm 3.

PGD Intermediate Scale Varlable Mapping g( 7) ISTA Intermediate Scale Variable Mapping g(J)
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(d) Intermediate scale variable mapping, g,(cj ), for PGD (left) and ISTA (right) which produces the estimate, z(J )i
Algorithm 2.

Convolutional Neural Network W,

»\ec

I
I
Mat |L_Conv + RelU, Conv + RelU _ Conv+RelU Conv
i f1 channels fa2 channels {3 channels fp = 1 channel

(e) Network representing V'R or prox, for PGD or ISTA, respectively. No bias is added, ReLU activation functions
are employed, and f1, fs,..., and fp denote the integer number of output filter channels. Mat converts a vector into
a matrix and Vec inverts this process.

Figure 3.1: End-to-end network structure for DR-CG-Net, the unrolled deep neural network of Algorithm
2, is shown in (3.1a). DR-CG-Net consists of an input block, Lg, initialization block, Zy, K + 1 Tikhonov
blocks, Uy, K complete scale variable mappings, Zi, a Hadamard product block, C', and an optional refine-
ment block, G. Each Zj, with structure in (3.1c), consists of J scale variable updates g,(j ) further detailed

in (3.1d). Each g,(c ) consists of a data fidelity gradient descent step, r,(g ), added to a convolutional neural

network, W( in (3.1e), and corresponds to an intermediate update of the z variable.

mapping Z;, consists of a composition of the J scale variable update blocks g,(gl), cee g,gj) shown

in Figure 3.1d for PGD and ISTA.
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Mathematically detailing the DR-CG-Net blocks we have:

Lo = vy 1s the input measurements to the network

: P[()’b]n(ATy), for A = A/||A||,, is the initial estimate of z from line 1 of Algorithm 3.

: ﬁ(g,i‘”; Py) (or 7N'(U;€_1, g,(c‘]); Py,) for NAGD), for covariance matrix Py, is the u

Tikhonov estimate corresponding to line 1 and line 10 of Algorithm 3.

The kth complete scale variable mapping contains:

g,gj )= g,ij ) ( g,(j _1), Uk_1) is the intermediate scale variable mapping analogous to z,i on line 6
in Algorithm 3.

r,(f )= r,(gj ) (Ug—1, g,(gj _1)) is the data fidelity gradient step.

ngj )|= D layer convolutional neural network.

: Uk © Z is the estimate signal, c.
g = ggll (C, 1) is an optional refinement of the estimated signal, ¢, producing the DR-CG-Net

output. Note 1 € R" is a vector of ones.

Note, to simplify notation, we let g,(j’) = g,(i)l and U_; = 0. We remark that the optional

refinement block G deviates from the structure of G-CG-LS and instead corresponds to an unrolled
PGD or ISTA step on the cost function F(c) := sy — Acl3 + R(c) w.rt. the overall signal, ¢,
where ﬁ(c) a learned implicit regularization on ¢. We further remark that minimizing F may be
viewed as finding a solution to the inverse problem of (1.1) directly for the total signal, ¢, rather
than through a CG decomposition as in G-CG-LS. As (3.2) is a special case of F, where the CG
decomposition from (1.7) is used to split ¢, the refinement block simultaneously updates both z
and w such that the interrelationship between these fields is best exploited for the signal of interest.

The refinement block is motivated, in part, by prior art approaches, such as MADUN [22]
and ISTA-Net™ [23], that model each DNN layer as an ISTA-type step on the cost function F.
As such, our DR-CG-Net approach first exploits the powerful CG prior through minimizing (3.2)
to obtain a high quality estimate for the inverse problem to (1.1), and subsequently fine-tunes

this estimate through the optional refinement block that mimics a single layer of these prior art

methods. Empirically shown in Section 3.3.5, the unrolled G-CG-LS portion of DR-CG-Net, that
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is, up to and including block C, is the core component in signal reconstruction performance and
that the refinement block marginally refines, e.g. denoises, the final estimate C.

Assume each subnetwork, VY ), uses D layers. Then DR-CG-Net contains K + 1 estimation
layers for w, K J(D + 1) layers for updating z, one input, one output, and one initialization layer.
Thus, DR-CG-Net is a DNN with K (J(D + 1) 4+ 1) + 4 layers.

Finally, we provide a slight variation on the DR-CG-Net structure that can be used to recon-
struct significantly higher-dimensional signals. Specifically, we use this alternative DR-CG-Net
structure for reconstructing images larger than size 64 x 64 where complications occur in calcula-
tion of the Tikhonov solution via (3.5). For significantly high-dimensional signals of interest, the
calculation of the Tikhonov solution requires large matrices to be stored and subsequently used
in a large linear solver. For example, in the problem of reconstructing a d x d image, the signal
of interest dimension is d? and the image sinogram of a Radon transform at s uniformly spaced
angles, as calculated by the Python package scikit-image, is a (d + ((\/5 — 1)dD x s image. Thus,
the measurement dimension is s (d + [(v/2 — 1)d] ). Hence, to calculate the Tikhonov solution, a
minimum of one d* x s (d + [(v/2 — 1)d]) matrix-matrix product and a s (d + [(v/2 — 1)d]) x
S (d + ((\/ﬁ — 1)cﬂ) linear solve are required. Therefore, a significant computational cost and
memory overhead are required to calculate the Tikhonov solution for large d. We empirically
found that, with our hardware constraints, often all available working memory would be allocated
before the calculation of the Tikhonov solution finished. Furthermore, when the Tikhonov solution
can be calculated, more working memory is still required to backpropagate through the Tikhonov
solution as multiple higher order tensors, with dimensions dependent on the signal and measure-
ment dimensions, must be calculated and stored.

To accommodate the complications introduced by calculating the Tikhonov solution for sig-
nificantly high-dimensional signals of interest, we, as discussed in Section 3.2, approximate the
Tikhonov solution with J,, gradient descent steps on (3.2) w.r.t. w that are accelerated via Nesterov
momentum [78] as shown in Figure 3.2. By replacing the Tikhonov solution with a NAGD ap-

proximation, we avoid overloading the available memory capacity to allow the training and testing
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Figure 3.2: Structure of the w update block, Uy, for using gradient descent steps with Nesterov momentum.
This block provides an approximate estimate of the Tikhonov solution.

of DR-CG-Net on higher-dimensional signals of interest. We empirically chose .J, = 100 NAGD
steps as we found this to be the minimum number of steps that provided a sufficient approximation
of the Tikhonov solution.

To mathematically detail the replacement of the Tikhonov solution with NAGD steps, we use

(3.7) to define the Gaussian variable update method, denoted by g, : R” x R" x R" — R", as

gu(w, w, 251, B) = gu(uw, w, 2) = ry(u, z;n) + B (ru(u, z;1) — ry(w, 2;7))

where [ is a positive, real-valued parameter controlling the Nesterov momentum. That is, a larger
[ corresponds to a greater amount of momentum allowed in the NAGD update. We adjust DR-
CG-Net such that the Tikhonov solution in each Uy, block is replaced by the NAGD approximation
block shown in Figure 3.2. From Figure 3.2, we set U, ,E,O) as the current u estimate, i.e. U ,EO) = Up_1,

and for j € {1,...,100} we define

U,gj) = Gu <U,§j71), U,EH), g,(CJ); n,1— %) is a NAGD update of (3.2) with respect to u.

We remark that U,i_l), used in calculating U, (1) , 1S set as Ulg_l) = Uj_;. Furthermore, in
calculating the U, block, we set UO(_I) = Uéo) = 0 to be a vector of zeros. Additionally, we
choose an adaptive Nesterov momentum parameter of 1 — %, where j € {1,...,100} is the

NAGD step count, as proposed in [78]. This adaptive momentum parameter gradually increases

the amount of allowed momentum used in subsequent NAGD steps, as, due to (3.2) being convex,

120



the momentum term r,(u, z;1) — r,(w, z;n) decreases in subsequent NAGD steps. Finally, the
step size 7 is determined on a signal-by-signal basis through a backtracking linesearch algorithm.
The backtracking linesearch is calculated outside of the DNN and thus is assumed to be a constant
by the network, which will not be backpropagated through.

Note that when we replace the Tikhonov solution with J, NAGD steps, each U, block, which
previously contained a single layer, now contains J, layers. We assume that each subnetwork V,Ej )
uses D layers. Then DR-CG-Net contains J, (K + 1) estimation layers for u, K J(D + 1) layers
for updating z, one input, one output, and one initialization layer. Thus, DR-CG-Net with NAGD
steps approximating the Tikhonov solution is an extremely deep neural network with K (J(D +

1)+ Ju,) + J, + 3 layers.

3.3.2 Network Parameters and Subnetwork

For every k = 0,1,..., K, the layer U is parameterized by a covariance matrix, FP. To
reduce the number of parameters learned by the network and for consistency in Fj representing
the covariance matrix of w, DR-CG-Net learns a single covariance matrix P and constrains P; =
.-+ = Pg = P. Furthermore, we consider the possibility of a structured covariance matrix where
P is either a scaled identity, diagonal, tridiagonal, or full matrix. Imposing a covariance structure
may be desirable or advantageous, for example to ensure only local reinforcement among entries
of the estimated signal c.

We remark that to ensure P is a covariance matrix, i.e. symmetric and positive definite, we

impose for € > 0 a small fixed real number, one of the following structures

max{\, e}/ Scaled Identity
p_ Diag([max{\;, €}|;) Diagonal

L LL + el Tridiagonal

LLT + el Full.

In the scaled identity case, only a constant X is learned. In the diagonal case, a vector A = [\;]";

is learned. In the tridiagonal case, two vectors A; € R™ and A, € R"! are learned such that the
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lower triangular matrix component L; is formed by placing A; on the diagonal and A, on the first
subdiagonal. Finally, in the full case, a lower triangular matrix, L, is learned.
Next, each Zj block is parameterized by both a collection of step sizes {7],5:1), e 7771({])} (as

77,(3 ) parameterizes the data fidelity gradient step, r,(j )) and by the parameters of the subnetworks

V,il), ceey V,iJ). Similarly, the refinement block is parameterized by a step size ngll and the param-
eters of the subnetwork V[(;)H.

We remark that for fixed constant v,,., > 0 and fixed z and u we take n,ij ) from (3.16) as

0 _ 5 )1 145 (Auz = )2 < Ymax
M = %

“Ymax
TATT A = N else
A% (Auz—y)l]2

and let the network learn 5,(3 ), a real-valued parameter. This is a slight variation on normalized
gradient descent [78, 82] for the data fidelity term of (2.2), which we empirically find to provide
stability. In particular, normalized gradient descent supplies sample specific step size adjustments
to prevent a large and counterproductive gradient descent step.

For detailing the subnetworks, we let W,gj ) be a CNN of depth D using RelLU activation func-
tions where the convolutions in layer d use a kernel of k; X ky size and produce f; output filter
channels as shown in Fig. 3.1e. Note, zero padding is applied to each filter channel of the input
such that that the output at each filter channel is the same size as the input. Furthermore, we take
fp = 1 such that for an input image X € R™*" we have W,gj )(X ) € R™™. Next, for x € R" we
define mat(x) to be x reshaped into a n X n matrix. Similarly, for X € R"*", we define vec(X)

to be X reshaped into a vector of size n? such that vec(mat(x)) = . Then we set

VO () vec(W,” (mat(w))) PGD
g x4+ vec(WY (mat(z))) ISTA.

Define W,gg, ford =1,2,..., D, as the convolutional weight kernels of W(j ), which, additionally,

parameterize the subnetwork V,gj ),
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From the above, the DR-CG-Net parameters are

_ () 0 s b2
©={P}uU {51@ Wias Ok WK+1,d} Uy
Let fo=1,p =Y, fa1fak3. and
1 Scaled Identity Covariance Matrix
n Diagonal Covariance Matrix

dim(P) =
(P) 2n — 1 Tridiagonal Covariance Matrix

@ Full Covariance Matrix.

As each Uy, block shares the same learned covariance matrix, then all Uy, blocks contribute dim(P)
parameters to DR-CG-Net. Every Zj block, for k& € {1,2,..., K}, has J scale variable update
blocks g,(f ), for j € {1,2,...,J}, each contributing a single step size parameter and p parameters
from the CNN subnetwork, V,gj ), Similarly, the optional refinement block contributes a single
stpe size parameter and p parameters from the CNN subnetwork, VI(QA. Thus, DR-CG-Net has

dim(P) + (KJ + 1)(p + 1) total parameters.

3.3.3 Loss Function

The DR-CG-Net parameters are trained by minimizing the mean absolute error loss function

given as
Ls®) == > |[c@;0)-al: (3.17)
(yivai)elg

where B is a batch of data points. The mean absolute error loss function is optimized with adaptive
moment estimation (Adam) [73], which is a stochastic, gradient-based optimizer. The gradient
VeLs, used by Adam, was calculated via backpropagation through the network where the back-

propagation was calculated using automatic differentiation in TensorFlow [75].
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3.3.4 Data

We use 32 x 32 CIFAR10 images [69], 64 x 64 CalTechl101 images [70], and 128 x 128
LoDoPaB-CT images [83]. Each image has been converted to a single-channel grayscale image,
scaled down by the maximum pixel value, and vectorized. We apply a given sensing method W
to each image, after which white noise is added, producing noisy measurements y at a specified
SNR. This produces a dataset Dy, = {(y,,¢;) : i = 1,2, ..., Ny} where N; is the number of data
samples i.e. the number of signals used. For a given sensing method and noise, we create three such
datasets: a training dataset, validation dataset, and testing dataset. The training dataset is used for
training a deep-learning-based method, the validation dataset is used to determine overfitting, and
the testing dataset is used after training to assess the performance of a deep-learning-based method.
Note that we randomly sample across all classes of images from CIFAR10 and CalTechl101 in
forming the training, validation, and testing datasets.

We consider two types of sensing matrices:

1. Radon Transform: Typical in tomography, specifically X-Ray computed tomography, we
form sensing matrices W that correspond to Radon transforms at a number of uniformly
spaced angles. For 32 x 32 images we use 15, 10, and 6 uniformly spaced angles. For
64 x 64 images we use 30, 22, and 15 uniformly spaced angles. Lastly, for 128 x 128 images

we use 76 and 60 uniformly spaced angles.

2. Random Gaussian Matrix: Typical in CS, ¥ € R™*" has entries sampled from a standard
Gaussian distribution with a given sampling ratio defined at »*. We form three sensing

matrices corresponding to sampling ratios of 0.5, 0.3, and 0.1.

Finally, we consider measurements with two different SNRs of 60dB or 40dB.

3.3.5 Numerical Results

Two types of DR-CG-Nets, called PGD DR-CG-Net and ISTA DR-CG-Net, are considered and

corresponding, respectively, to using the PGD or ISTA intermediate scale variable mapping given
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in (3.15). For unrolled iterations we set (K, J) = (3,4) for 32 x 32 image reconstructions and
(K, J) = (1,24) for 64 x 64 and 128 x 128 image reconstructions. Furthermore, each V,gj ) is taken
to be a CNN with depth D = 8. These network size parameters where chosen empirically such that
the time to complete a signal reconstruction was reasonably quick while still producing excellent
reconstructions on a validation dataset. Every convolution uses a 3 x 3 kernel initialized according
to the Glorot Uniform distribution [84] with ReLLU activation functions and f; = --- = f; = 32
and fg = 1 filter channels.

We initialize each step size as 5,? ) = 1, set Ymax = 1, and fix ¢ = 10~*. Each u covariance
matrix structure, P,, is initialized as a diagonal matrix with 0.1 or 10 on the diagonal for Radon
transform or Gaussian measurements, respectively. Additionally, for the initial z estimate, we
set Poyn = Plo,10»- We train all DR-CG-Nets using a learning rate of 10=* for 2000 epochs
implementing early stopping as necessary to prevent overfitting.

We compare our DR-CG-Net method against ten state-of-the-art deep-learning-based methods:
(1) compound Gaussian network (CG-Net) [57, 58], (ii) memory augmented deep unfolding net-
work (MADUN) [22], (iii) ISTA-Net™ [23], (iv) FISTA-Net [24], (v) iPiano-Net [30], (vi) Recon-
Net [13], (vii) LEARN™ [29], (viii) Learned Primal-Dual (LPD) [31], (ix) FBPConvNet [56], and
(x) iRadonMAP [55]. Although memory augmented proximal unrolled network (MAPUN) [26]
was considered, due to the similarity in performance to MADUN only MADUN results are shown.
Finally, two model-based approaches, filtered backprojection (FBP) [71] and super-voxel model-
based iterative reconstruction (svMBIR) [85], are compared. As these model-based approaches
are generally not as competitive as the top deep-learning methods, their results are relegated to the
single plot of Fig. 3.12 to provide a baseline.

Note that LEARN**, LPD, FBPConvNet, and iRadonMAP are CT-specific reconstruction
methods relying on the structure of the CT sinogram measurements. On the other hand, MADUN,
ISTA-Net™, FISTA-Net, iPiano-Net, and ReconNet are reconstruction methods with particular
application in image CS. Furthermore, we remark that CG-Net, MADUN, ISTA-Net™, FISTA-

Net, iPiano-Net, LEARN™", and LPD are DNNs formed by algorithm unrolling while ReconNet,

125



iRadonMAP, and FBPConvNet are instead standard DNNs. Lastly, as with DR-CG-Net, a refine-

ment block is added to, and trained with, each CG-Net.

Main Results

For each set of data discussed in Section 3.3.4, we train an ISTA DR-CG-Net, PGD DR-CG-
Net, and each of the ten comparison methods using varying amounts of training dataset sizes. For
CIFAR10 images, the training datasets consist of N, = 20, 100, 500, 1000, and 2000 data samples
and, after training, 8000 test data samples are provided to every network to assess its performance.
From varying the amount of training data, we find that a core utility of DR-CG-Net is its superior
performance on small training datasets, i.e. a highly underdetermined system in (3.17). As such,
for CalTech101 and LoDoPaB-CT images, we use training datasets with Ny = 20 samples, to
focus on evaluating low training scenarios in greater detail, and 200 test data samples are provided
to every network after training.

Average PSNR and SSIM quality metrics on the test dataset reconstructions are used to evaluate
network performance where higher values of these metrics correspond to reconstructed images
that more closely match the original images. Note, the test data samples are formed from the
same sensing matrix and measurement SNR that produced the training data, but are unseen by the
network during the training process.

Next, we remark that every method was trained using early stopping. That is, as shown in
Figure 3.3, training was conducted until the model initially overfits as compared to a validation
dataset. We define initial overfitting as the point after which the performance of the model on
a validation dataset no longer improves with further training of the models’ parameters on the
training dataset. By implementing early stopping, we ensure every model is sufficiently trained
while also not being over trained thereby presenting the best performance for each model given the
provided set of training data.

For training datasets of size N, = 20 and Ny = 100, we set P, as a scaled identity covariance
matrix structure. A tridiagonal covariance matrix structure for P, is used for all other training

datasets. Next, for images larger than 64 x 64, due to memory constraints in backpropagating the
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Figure 3.3: Model loss curves on a validation dataset for training each deep learning-based method on
Radon inversion from 15 uniformly spaced angles with 20 training samples. The point on each model’s loss
curve represents the epoch in which that model achieved its best loss on a validation dataset and overfits
on subsequent epochs. Only these best loss epoch results are presented for each method. Note, for the
plots above, CG-Net uses an SSIM loss function, MADUN and DR-CG-Net use a mean absolute error
loss function, and all other methods use a mean square error loss function (possibly with some additional
regularization). As the network loss functions are not equivalent, these plots do not contribute a comparison
between the methods and only illustrate that each method is maximally trained for every supplied training
dataset.

Tikhonov solution, we approximate the Tikhonov solution with 100 NAGD steps as detailed in
Fig. 3.2. Lastly, for Radon inversion experiments, we take ¢ = [ allowing DR-CG-Net to intrin-
sically learn the optimal signal representation basis. Instead, when reconstructing from Gaussian
measurements, we take ® = discrete cosine transformation.

Shown in Figure 3.4 and Figure 3.5 are the average SSIM and PSNR quality metrics, over a
set of 8000 test CIFAR10 image reconstructions, from ISTA DR-CG-Net and eight state-of-the-
art deep-learning-based comparison methods where each method is trained on a varying amount
of training data. The CIFARI0 images for training and testing are reconstructed from Radon

transform measurements, at 15, 10, or 6 uniformly spaced angles, with an SNR of 60dB and 40dB
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Figure 3.4: Average test image reconstruction SSIM and PSNR when we vary the amount of CIFAR10 data
in training nine machine learning-based image reconstruction methods. Here, the sensing matrices, U, are
a Radon transform at 15, 10, or 6 uniformly spaced angles, ® = I, and the measurement SNR is 60dB.
Our DR-CG-Net method outperforms the compared prior art methods, in all scenarios, and does so
appreciably in low training.

for Figure 3.4 and Figure 3.5, respectively. Note that the ReconNet and iRadonMAP methods

perform significantly lower and are thus omitted from Figure 3.4 and Figure 3.5. Additionally, as
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Figure 3.5: Average test image reconstruction SSIM and PSNR when we vary the amount of CIFAR10 data
in training nine machine learning-based image reconstruction methods. Here, the sensing matrices, U, are
a Radon transform at 15, 10, or 6 uniformly spaced angles, ® = I, and the measurement SNR is 40dB.
Our DR-CG-Net method outperforms the compared prior art methods, in all scenarios, and does so
appreciably in low training.

PGD DR-CG-Net performs equivalently to ISTA DR-CG-Net, it too was omitted from Figure 3.4

and Figure 3.5. From Figure 3.4 and Figure 3.5, we see that our DR-CG-Net method outperforms,
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or performs comparably to, each compared prior art method in every training scenario and excels
significantly in the lowest training scenarios of N, = 20 and N = 100.

With low training and low measurement noise, CG-Net is the second highest performing
method as measured by SSIM, which generally corresponds to better image quality from a human
perspective than PSNR. This is expected since, as shown in the results of Chapter 2, CG-Net per-
forms exceptionally well in low noise and low training scenarios. Otherwise, in general, MADUN
is the second highest performing method behind our DR-CG-Net. Comparing to the results pre-
sented in Chapter 2, MADUN performs significantly higher here, which is attributed to setting
the sparsity transform matrix to an identity matrix and allowing the network to learn the optimal
sparsity representation. Similarly, for DR-CG-Net in the Radon inversion experiments, using a
sparsity transformation reduces performance as compared to using an identity matrix where the
network is allowed to learn the optimal sparsity representation basis. We believe this, in part, to
be a consequence of the convolutions present in both DR-CG-Net and MADUN, as many previ-
ous works have shown convolutional layers to be excellent in processing and learning details from
images. While setting the sparsity transformation to be the identity matrix forces the MADUN
convolutions to act directly on the image, in DR-CG-Net the convolutions act on the z field of the
image rather than the z field of the image sparsity coefficients.

For higher training, roughly around 2000 data samples, and a lower number of angles in the
Radon transform, MADUN and our DR-CG-Net perform about equivalently as shown in Fig. 3.5.
We speculate that the lower performance of DR-CG-Net with lower numbers of angles in the Radon
transform, as compared to MADUN, may be attributed to the Tikhonov solution which struggles
to backproject from a measurement space of much lower dimension than that of the signal-of-
interest space. Further note that the discrepancy between DR-CG-Net and MADUN decreases as
the amount of measurement noise increases. We speculate that this also may be attributed to the
Tikhonov solution, which closely fits the measured estimated signal to the measurements and thus
overfits to undesirable measurement noise. Similarly, we conjecture that the Tikhonov solution

may attribute to the diminishing improvement of DR-CG-Net, over the comparison methods, as a
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greater amount of training data is used. The Tikhonov solution, which closely fits the measured
estimated signal to the true measurements, may be restricting the capacity that DR-CG-Net can
learn when significant training data is available. Although we have stated a few speculated limi-
tations of the Tikhonov solution, we still emphasize that the inclusion of the Tikhonov solution,
from the CG prior decomposition, is a crucial component to the success of DR-CG-Net, especially
in low-training scenarios. Further empirical investigation into all three of these properties and
studying possible remedies, such as expanding the refinement block for DR-CG-Net when higher
measurement noise is present, is a subject of future work.

Visual comparisons of all methods, in reconstructing 32 x 32 images from Radon transform
measurements, are displayed in Figure 3.6, Figure 3.7, and Figure 3.8. Displayed in Figure 3.6 are
the reconstructions of a 32 x 32 test cat image, from a Radon transform at 15 uniformly spaced
angles with 60dB SNR, after training with only 20 samples. Similarly, displayed in Figure 3.7 are

the reconstructions of a 32 x 32 test car image, from a Radon transform at 10 uniformly spaced
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Figure 3.6: Image reconstructions (SSIM) using our DR-CG-Nets and ten comparative deep learning meth-
ods on a 32 x 32 cat image after training on only 20 samples. The sensing matrix, ¥, is a Radon transform at
15 uniformly spaced angles, ® = I, and the measurement has an SNR of 60dB. Our DR-CG-Net methods
perform best visually and by SSIM.
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Figure 3.7: Image reconstructions (SSIM) using our DR-CG-Nets and ten comparative deep learning meth-
ods on a 32 x 32 car image after training on only 100 samples. The sensing matrix, ¥, is a Radon transform
at 10 uniformly spaced angles, ® = I, and the measurement has an SNR of 60dB. Our DR-CG-Net meth-
ods perform best visually and by SSIM.

angles with 60dB SNR, after training with only 100 samples. Finally, displayed in Figure 3.8
are the reconstructions of a 32 x 32 test horse image, from a Radon transform at 6 uniformly
spaced angles with 60dB SNR, after training with 1000 samples. From each visualization, we see
ISTA and PGD DR-CG-Net performing comparably and producing superior reconstructions, both
visually and by SSIM, to all ten comparison methods.

Average test image reconstruction SSIM and PSNR from training and testing with the Cal-
Tech101 and LoDoPaB-CT datasets are detailed in Figure 3.9. In particular, Figure 3.9b provides
bar plots showing the mean SSIM and PSNR with 99% confidence intervals for our ISTA DR-
CG-Net, CG-Net, MADUN, ISTA-Net", iPiano-Net, FISTA-Net, LPD, LEARN+-+, and FBP-
ConvNet. Each method reconstructed 200 test CalTech101 images after training with a dataset
of only 20 samples where the measurements are Radon transforms at 30, 22, or 15 uniformly
spaced angles with an SNR of 60dB or 40dB. Additionally, Figure 3.9a provides bar plots showing
the mean SSIM and PSNR with 99% confidence intervals for our ISTA DR-CG-Net, MADUN,
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Figure 3.8: Image reconstructions (SSIM) using our DR-CG-Nets and ten comparative deep learning meth-
ods on a 32 x 32 horse image after training with 1000 samples. The sensing matrix, ¥, is a Radon transform
at 6 uniformly spaced angles, ® = I, and the measurement has an SNR of 60dB. Our DR-CG-Net methods
perform best visually and by SSIM.

ISTA-Net™, iPiano-Net, FISTA-Net, LPD, LEARN-++, and FBPConvNet. Each method recon-
structed 200 test LoDoPaB-CT images after training with a dataset of only 20 samples where the
measurements are Radon transforms at 76 or 60 uniformly spaced angles with an SNR of 60dB.
As ReconNet and iRadonMAP perform much lower they omitted from Figure 3.9. Additionally,
as PGD DR-CG-Net performs nearly identical to ISTA DR-CG-Net only the ISTA DR-CG-Net
results are shown in Figure 3.9. From Figure 3.9 we observe that in reconstructing larger images
from Radon transform measurements DR-CG-Net still appreciably outperforms all ten comparison
methods in low-training scenarios.

Sample reconstructions of CalTech101 and LoDoPaB-CT images from Radon transform mea-
surements, after training with only 20 samples, are displayed in Figure 3.10, Figure 3.11, Fig-
ure 3.12, and Figure 3.13. In particular, Figure 3.10 and Figure 3.11 each show the reconstructions
of a test LoDoPaB-CT scan image from a Radon transform at 76 and 60 uniformly spaced angles,

respectively. Instead, Figure 3.12 shows the reconstructions of a test CalTech101 spider image
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(b) Average SSIM and PSNR, with 99% confidence intervals, for nine deep learning-based image estimation methods
reconstructing 200, 64 x 64 CalTech101 images [70] from Radon transform measurements. Each measurement has an
SNR of 60dB or 40dB and ¢ = I.

Figure 3.9: Test image reconstruction quality for deep learning-based image estimation methods trained on
only 20 samples. In all cases, our method, DR-CG-Net given by the top red bar, outperforms the other
approaches.

from a Radon transform at 30 uniformly spaced angles. Lastly, Figure 3.13 shows the reconstruc-
tions of a test CalTech101 jar image from a Radon transform at 15 uniformly spaced angles. Each
Radon transform measurement had an SNR of 60dB and every reconstruction shown is produced
from testing a deep learning method after training it with only 20 samples. Again, from each

visualization we see ISTA and PGD DR-CG-Net performing comparably and producing superior
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Figure 3.10: Image reconstructions (SSIM) using our DR-CG-Net and six competitive deep learning meth-
ods on a 128 x 128 test scan after training with only 20 samples. The sensing matrix, W, is a Radon transform
at 76 uniformly spaced angles, ® = I, and each measurement has an SNR of 60dB. Our DR-CG-Net meth-
ods perform best visually and by SSIM.

’ =
Original

N L N - iy
Radon Transform FBPConvNet (0.868) MADUN (0.845) iPianoNet (0.822) ISTA-Net* (0.772)

Figure 3.11: Image reconstructions (SSIM) using our DR-CG-Net and six competitive deep learning meth-
ods on a 128 x 128 test scan after training with only 20 samples. The sensing matrix, ¥, is a Radon transform
at 76 uniformly spaced angles, ® = I, and each measurement has an SNR of 60dB. Our DR-CG-Net meth-
ods perform best visually and by SSIM.

reconstructions, both visually and by SSIM, to all ten comparison methods. We particularly high-
light, from Figure 3.10 and Figure 3.11, that DR-CG-Net can recover small features present in the
original image that are of importance in medical imaging, e.g. X-ray CT and MRI, for identifying

and diagnosing aliments.
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Figure 3.12: Image reconstructions (SSIM) using our DR-CG-Nets, ten comparative deep learning methods,
and two baseline iterative-based methods on a 64 x 64 spider image. The sensing matrix, ¥, is a Radon
transform at 30 uniformly spaced angles, ® = I, and each measurement has an SNR of 60dB. Our DR-CG-
Net methods perform best visually and by SSIM.

To further highlight the applicability of our DR-CG-Net methods, we reconstruct CIFAR10 and
CalTech101 images from random Gaussian measurements as in the field of compressed sensing.
Figure 3.14 shows the average SSIM and PSNR, with 99% confidence intervals, from reconstruct-
ing test CIFAR10 and CalTech101 images from Gaussian measurements at a sampling ratio of 0.5,
0.3, or 0.1. Each method displayed in the bar plot of Figure 3.14a reconstructed 8000 test images
after training on a set of only 20 samples. Similarly, each method displayed in the bar plot of
Figure 3.14b reconstructed 200 test images after training on a set of only 20 samples. As LPD,
LEARN™Y, iRadonMAP, and FBPConvNet are CT-specific reconstruction methods relying on the
structure of the CT sinogram measurements, the compressive sensing problem is not applicable
and thus these comparisons are omitted from Figure 3.14. As ReconNet is significantly the lowest
performing method, the results of this method are omitted from Figure 3.14. Additionally, only
ISTA DR-CG-Net results are shown in Figure 3.14 since PGD DR-CG-Net performs nearly iden-

tically. Note that for all Gaussian measurement reconstructions, a discrete cosine transform matrix
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Figure 3.13: Image reconstructions (SSIM) using our DR-CG-Nets and ten comparative deep learning
methods on 64 x 64 Barbara images after training on only 20 samples. The sensing matrix, W, is a Radon
transform at 15 uniformly spaced angles, ® = I, and each measurement has an SNR of 60dB. Our DR-CG-
Net methods perform best visually and by SSIM.

is used for ®. From Figure 3.14 we observe that even with alternative measurement matrices,
our DR-CG-Net method still appreciably outperforms all ten comparison methods in low-training
scenarios. We remark that our DR-CG-Net method is not limited to the Radon transform and ran-
dom Gaussian measurement cases specifically considered here. Likely, DR-CG-Net has a greater
widespread applicability to linear inverse problems, focused on image estimation, with any general
measurement matrix. Further empirical study of DR-CG-Net in reconstructing images from other
measurement types is an ongoing subject of future work.

Sample reconstructions of CIFAR10 and CalTech101 images from Gaussian transform mea-
surements are displayed in Figure 3.15 and Figure 3.16. In particular, Figure 3.15 and Figure 3.16
respectively display a test CIFAR10 plane image and test CalTech101 strawberry image from a
Gaussian measurement at a 0.5 sampling ratio. Each Gaussian measurement had an SNR of 60dB
and every reconstruction shown is produced from testing a deep-learning method after the method

is trained with only 20 samples. From each visualization we see ISTA and PGD DR-CG-Net per-

137



Gaussian Measurements at 0.5 Sampling Ratio i at 0.3 ling Ratio Gaussian Measurements at 0.1 Sampling Ratio

' ' ' ' ' ' ' '
70 075 025 050

' ' ' ' i . | | ' . '
055 060 065 070 075 0.80 085 040 045 0.50 055 0.60 065 0. 0.30 035 0.40 045
Structural Simility Index Measure (SSIM) Structural Simility Index Measure (S5IM) Structural Simility Index Measure (SSIM)
.  ____________3 1 - ]
PO DK X3 K X

24 25 16

-

19 20 A oz =S ) 18 5 E A
Peak Signal to Noise Ratio (PSNR) Peak Signal to Noise Ratio (PSNR)

(a) Average SSIM and PSNR, with 99% confidence intervals, for six deep learning-based image estimation methods
reconstructing 8000, 32 x 32 CIFAR10 images.
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(b) Average SSIM and PSNR, with 99% confidence intervals, for six deep learning-based image estimation methods
reconstructing 200, 64 x 64 CalTech101 images.
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Figure 3.14: Test image reconstruction quality for six deep learning-based image estimation methods
trained on only 20 samples. Every Gaussian measurement has an SNR of 60dB and & = discrete co-
sine transformation. In all cases, our method, DR-CG-Net given by the top red bar, outperforms the
other approaches.

forming comparably and both producing superior reconstructions, visually and by SSIM, to all six
compared methods.

An advantage of DR-CG-Net, as highlighted by our CIFAR10 and CalTech101 results in Fig-
ure 3.4, Figure 3.5, Figure 3.6, Figure 3.7, Figure 3.8, Figure 3.9b, Figure 3.12, Figure 3.13,
Figure 3.14, Figure 3.15 and Figure 3.16 is its ability to perform well on non-uniform data. Both
CIFAR10 and CalTech101 contain many distinct classes of images from which we uniformly sam-
ple to create our training and testing datasets. In training with only 20 samples, few if any samples
from each class will be seen by the network. Despite this, DR-CG-Net is able to recover high
quality images in the test dataset that contains many more samples from both the classes present

in the training data and from classes not present in the training data. That is, DR-CG-Net has the

138



30 I;
5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30
Original ISTA DR-CG-Net (0.853) PGD DR-CG-Net (0.864) CG-Net (0.719) MADUN (0.588)
- —
57 . 1 Sl
10

15

20

25

| 30

5 10 15 20 25 30 5 10 15 20 25 30

L]
6 12 18 24 30 5 10 15 20 25 30
Gaussian Measurement FISTA-Net (0.541) iPianoNet (0.780) ISTA-Net* (0.831) ReconNet (0.204)

5 10 15 20 25 30

Figure 3.15: Image reconstructions (SSIM) using our DR-CG-Net and six comparative deep learning meth-
ods on a 32 x 32 plane image after training on only 20 samples. The sensing matrix, VU, is a Gaussian matrix
at 0.5 sampling ratio, & = discrete cosine transformation, and each measurement has an SNR of 60dB. Our
DR-CG-Net methods perform best visually and by SSIM.

ability to learn only from a handful of samples in a class and generalize well to unseen classes of
samples.

We posit that the high performance of DR-CG-Net, especially in low-training scenarios, is due
to the natural incorporation of the powerful CG prior through unrolling G-CG-LS. Specifically,
the Tikhonov estimation layers and Hadamard product layer provide significant data-consistency
structure by closely matching input measurements and measured estimated signals. Through this
data consistency, a natural regularization for the DNN optimization is enforced by restricting the
possible generated signals to a CG class. A thorough examination of the interplay between the iter-
ative algorithm regularization and regularization for the DNN optimization is an intriguing subject
of future work for unrolled DNN methods as a whole. Finally, the ability to learn the scale variable
distribution, unlike in CG-Net where it is fixed as log-normal, provides DR-CG-Net with greater
training capacity and flexibility. Thus, DR-CG-Net is able to significantly outperform competi-
tive state-of-the-art deep learning-based methods in image reconstruction quality for training with
small datasets. Furthermore, DR-CG-Net edges out CG-Net in test reconstruction performance
in low-training scenarios, where CG-Net has shown exceptional performance, and significantly

outperform CG-Net in test reconstruction performance in high-training scenarios.
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Figure 3.16: Image reconstructions (SSIM) using our DR-CG-Net and six comparative deep learning meth-
ods on a 64 x 64 strawberry image after training on only 20 samples. ¥ = Gaussian matrix at 0.5 sampling
ratio, & = discrete cosine transformation, and measurements have an SNR of 60dB. DR-CG-Net method
performs best visually, particularly the leaf detail, and by SSIM.

Next, we remark that PGD DR-CG-Net and ISTA DR-CG-Net perform comparably in all mea-
surement, measurement noise, and training dataset size scenarios considered for numerical exper-
imentation in this section. This is perhaps unsurprising given that both methods are similar in
implementation and that the learned subnetwork replaces a first-order optimization in both meth-
ods. As PGD DR-CG-Net has empirically shown a marginal image quality improvement over ISTA
DR-CG-Net and reconstructs images slightly faster than ISTA DR-CG-Net, we recommended to
default to PGD DR-CG-Net for any desired usage.

We reiterate that the results of Figure 3.6, Figure 3.7, Figure 3.9, Figure 3.10, Figure 3.11,
Figure 3.12, Figure 3.13, Figure 3.14, Figure 3.15, and Figure 3.16 are for training on limited
datasets, which is of interest in many applications in tomographic imaging. Consequently, the
results presented are not representative of the performance of these methods with unlimited training
data where our method is likely to be matched by the comparison methods as indicated by the
results in Figure 3.4 and Figure 3.5.

Lastly, displayed in Appendix A are histogram density plots of SSIM values from 8000 recon-

structed test CIFAR10 images from DR-CG-Net and seven prior art deep learning methods. The
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solid vertical line on each histogram plot is the mean SSIM value and the dashed vertical line on
each histogram plot is the median SSIM value. These histogram plots provide further insight into
the performance of DR-CG-Net compared against the competitive prior-art deep-learning meth-
ods. In particular, we observe that the median SSIM value, for every method, is always greater
than the mean SSIM value. Furthermore, the DR-CG-Net histograms visually display a narrower
spread of SSIM values about the mean SSIM value than the seven compared methods. Finally,
each SSIM histogram density appears to be roughly a truncated Gaussian distribution or a beta
distribution where the covariance of the distribution decreases with greater angles in the Radon
transform measurements and increases with more measurement noise and a greater amount of data

samples used in training.

Refinement Block Study

Here, we investigate the impact that the refinement block G has on the quality of the recon-
structed signals produced by DR-CG-Net. To this end, we empirically evaluate two alternative
formulations for DR-CG-Net where G is removed before and after training as shown in Table 3.1.
When G is removed prior to training, a fresh DR-CG-Net is trained using the setup of Section
3.3.5 with the C' block now as the DR-CG-Net output. Instead, when G is removed after train-
ing, a trained DR-CG-Net from Section 3.3.5 is truncated to return the C' block as output and no
additional training is conducted.

In Table 3.1, the T and F in the G column indicates if the refinement block is used and b.t. or
a.t. denote if G is removed before or after training. For both instances of removing the refinement
block, the reconstruction quality of DR-CG-Net is still significant, which indicates that the unrolled
G-CG-LS portion of DR-CG-Net is the core component in the superb image reconstructions pro-
duced by DR-CG-Net. Additionally, higher noise, i.e. 40dB measurement SNR, results in a larger
discrepancy in the DR-CG-Net performance when the refinement block is or is not implemented
as compared to the lower noise case. This suggests that the primary function for the refinement

block is to denoise the estimate image from the unrolled G-CG-LS portion of DR-CG-Net.
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Table 3.1: Refinement block study for ISTA DR-CG-Net. Displayed is the average SSIM (x10?) and PSNR
for CIFAR10 image reconstructions from a Radon transform, at several different amounts of uniformly
spaced angles, with a set SNR. T and F indicate if the refinement block is or is not used, respectively.
Further, b.t. and a.t. denote if the refinement block is removed before or after training, respectively.

Training Dataset Size

G | (Angles,SNR) 20 100 500
SSIM (x10?) | PSNR | SSIM (x10?) | PSNR | SSIM (x102) | PSNR
F b.t. 0.901 28.22 0.922 28.96 0.937 29.89
F at. (15,60) 0.900 27.97 0.912 28.35 0.917 28.76
T 0.919 28.59 0.932 29.45 0.940 30.07
F b.t. 0.852 25.98 0.882 26.94 0.897 27.71
F at. (15,40) 0.857 26.10 0.862 26.24 0.869 26.30
T 0.891 26.86 0.903 27.47 0.909 27.87
F b.t. 0.821 25.13 0.840 25.60 0.855 26.12
F at. (10,60) 0.820 25.03 0.829 25.30 0.839 25.63
T 0.828 25.17 0.844 25.69 0.860 26.29
F b.t. 0.775 23.84 0.794 24.34 0.826 25.15
F at. (10,40) 0.775 23.87 0.787 24.12 0.789 24.27
T 0.811 24.49 0.827 25.00 0.839 25.44

Computational Time and Complexity

Table 3.2 lists the average computational time per image, in milliseconds, across 8000 test
image reconstructions running on a 64-bit Intel(R) Xeon(R) CPU E5-2690. We see that DR-CG-
Net is comparable in reconstruction time to MADUN, which is the comparison method providing
the most competitive reconstruction results. While CG-Net was the second highest performing
comparison method, in reconstructed signal quality, for low training scenarios, we see from Table
3.2 that DR-CG-Net is, by comparison, at least 20 times faster on average in reconstruction an
image from Radon transform measurements.

The speed increase of DR-CG-Net over CG-Net is from three main sources: First, each update
of z in CG-Net implements an eigendecomposition calculation, which is slower than each z update
in DR-CG-Net requiring only matrix-vector products. Second, CG-Net was formed by unrolling
a larger number of iterations, specifically (K, J) = (20, 1), whereas DR-CG-Net only requires
(K,J) = (3,4) for excellent performance. Third, the Woodbury matrix identity is employed in

DR-CG-Net to accelerate the calculation of the Tikhonov solution.
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Table 3.2: Average reconstruction time of 32 x 32 images from Radon transform measurements at 15

uniform angles.

Method | PGD DR-CG-Net | ISTA DR-CG-Net | CG-Net MADUN
Time (ms) 22.0 52.7 765 26.0

Method ReconNet iRadonMAP LEARNTT LPD
Time (ms) 0.65 4.5 10.6 4.7

Method FBPConvNet iPiano-Net FISTA-Net | ISTA-Net™
Time (ms) 2.0 13.0 6.4 79

To explore the scalability of DR-CG-Net we consider the computational complexity of a for-
ward pass through the network, in floating-point operations (FLOPs), with respect to the signal-
of-interest size, n, and measurement size, m. We assume a batch size of one as the complexity
simply grows proportionally to batch size. The initialization block, Z, requires one matrix-vector

product of size n X m by m X 1 using 2mn FLOPs. Next, for : > 1, block Z; requires one data

fidelity gradient update, r,(f ), via (3.16) and D convolutions with 3 x 3 kernels and f1, ..

channels. Each evaluation of the data fidelity gradient update, r,ij )

., fp filter
, uses 4mn + 4n + m FLOPs as

follows:
1. u ® z: Multiplication of two length-n vectors requiring n FLOPs

2. Ayz = A(u©® z): Multiplication of a m X n matrix by a n x 1 vector requiring 2mn FLOPs

(technically m(2n — 1) but this scales as 2mn)
3. Auz — y: Subtraction of two length-m vectors requiring m FLOPs
4. AT(Ayz — y): Multiplication of a n x m matrix by a m x 1 vector requiring 2mn FLOPs

5. AL(Ayz —y) = u ® (AT (A,z — y)): Multiplication of two length-n vectors requiring n
FLOPs

6. nAL(A,z — y): Multiplying each entry of a length-n vector by a constant 7 requiring n
FLOPs

7. z —nAL(A,z — y): Subtraction of two length-n vectors requiring n FLOPs
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Note that the number of FLOPs in evaluating a convolution using a kernel of size k x k with f
output filter channelsis 2 x H x W x k x k x f where H and W denote the height and width of
the output image at each filter channel. Thus, the D convolutions of block Z;, which each output
images of size \/n x \/n, use 18n Zle fa FLOPs. Finally, block Z;, has an addition of two
length-n vectors, those being r,(j ) and the vectorized output from the D convolutions, which uses
n FLOPs. Therefore, in total, block Z; uses 4mn + 18n .7, fa+ O(n + m) FLOPs.

In the exact calculation of the Tikhonov solution via (3.5), first [ + A, PUAZ is calculated using

2mn? + 2m?n + mn + m FLOPs as follows:

1. A,: Multiplication of each entry of A by an entry of z requiring mn FLOPs

2. A.P,: Multiplication of an m X n matrix by a n X n matrix (assuming naively that P, is a

full matrix) requiring 2mn? FLOPs
3. A,P,AT: Multiplication of a m x n matrix by a n x m matrix requiring 2m?n FLOPs

4. I+ A,P,AT: Addition of m diagonal entries requiring m FLOPs

Second, (I + A, P,AL)~1y is calculated by solving a m x m system of equations that naively uses
2m® + O(m?) FLOPs. Third, AL (I + A, P,AL) "y is calculated by the multiplication of a n x m
matrix with a m x 1 vector using 2mn FLOPs. Finally, P, AT(I + A,P,AT)~1y is computed
by the multiplication of a n X n matrix with a n x 1 vector using 2n? FLOPs. Thus, a total of
2m® + 2mn® + O(m*n + n?) FLOPs are used in calculating (3.5). Therefore, when we calculate

the Tikhonov solution exactly, the total FLOPs for DR-CG-Net scales as
(@) (KJ [m + ZdD:lfd} n+ Km?® + Kmn2> .

When we consider, instead, the approximation of the Tikhonov solution by .J, NAGD steps,
the first two evaluations of 7, via (3.7) are computed, using 2n? + 4mn + 5n + m FLOPs each as

follows:

1. w ® z: Multiplication of two length-n vectors requiring n FLOPs
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2. A,u = A(u® z): Multiplication of a m X n matrix by a n x 1 vector requiring 2mn FLOPs
3. A.u — y: Subtraction of two length-m vectors required m FLOPs
4. AT(A,u — y): Multiplication of a n x m matrix by a m x 1 vector requiring 2mn FLOPs

5. AL(A,u —y) = 2 ® (AT(A,u — y)): Multiplication of two length-n vectors requiring n

FLOPs

6. P, 'u: Multiplication of a n x n matrix by a n x 1 vector requiring 2n? FLOPs (assuming
P! is a full matrix and is known, which, in our applications, it is known as we will learn

P! in DR-CG-Net directly when we approximate the Tikhonov solution by NAGD steps)
7. AL(A,u — y) + P, 'u: Addition of two length-n vectors requiring n FLOPs

8. n(AL(A,u—y)+ P, 'u): Multiply each entry of a length-n vector by a constant 7 requiring
n FLOPs

9. u—n(AL(A,u —y) + P, u): Subtraction of two length-n vectors requiring n FLOPs

Second, a length-n vector subtraction, scalar multiplication, and length-n vector addition are cal-
culated using, collectively, 3n FLOPs. Therefore, when we approximate the Tikhonov solution

with NAGD steps, the total FLOPs for DR-CG-Net scales as
O (KJ [m+ S0 fa] n+ KJun?)

Thus, the computational complexity of DR-CG-Net is reduced by a power of m for the re-
placement of the exact Tikhonov solution with NAGD steps. Still, both versions have non-linear
polynomial growth in computational complexity and thus, further computational reductions are

required for scaling DR-CG-Net to signals of significantly higher dimension.
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3.3.6 Network Parameters

Table 3.3 displays the number of parameters, i.e. unknowns, for DR-CG-Net and all ten com-
pared deep learning-based methods for linear inverse problems. Note that the ratio of unknowns to
data point measurements can be obtained by dividing each entry of Table 3.3 by the number of data
points. For example, when training with 20 CIFAR10 images and 15 angle Radon transforms we
use 20 x (image size + Radon transform size) = 20 x (1024 + 690) = 3.428 x 10 points of data,
giving a ratio of unknowns to measurements of 7.26 x 10°/(3.428 x 10*) & 21.2 for DR-CG-Net.
Instead, when training with 20 LoDoPaB-CT images and 60 angle Radon transforms, we have a
ratio of unknowns to measurements of 7.26 x 10°/(5.46 x 10°) ~ 1.33 for DR-CG-Net. These
ratios are on par with FBPConvNet and ReconNet that have a similar number of parameters to
DR-CG-Net.

While the ratio of unknowns to measurements is high in low-training scenarios, our empirical
results demonstrate that DR-CG-Net handles this situation well. In particular, we note that despite
DR-CG-Net having a significantly greater ratio of unknowns to measurements than CG-Net, DR-
CG-Net still outperforms CG-Net when both are trained on small training datasets.

Table 3.3: Parameter count for our DR-CG-Nets and ten comparison deep learning methods when each

method is reconstructing a 32 x 32 image from Radon transform measurements at 15 uniformly spaced
angles.

Method Parameters (x 10°) H Method ‘ Parameters (x10°)
ISTA DR-CG-Net 7.26 PGD DR-CG-Net 7.26
CG-Net 1.17 ISTA-Net™ 3.37
LPD 2.53 MADUN 29.7
LEARNT™ 12.0 FISTA-Net 0.75
iRadonMAP 8.33 iPiano-Net 19.3
FBPConvNet 7.09 ReconNet 7.30
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3.4 Deep Scale Regularized Compound Gaussian Network

In this section, we discuss the deep scale regularized compound Gaussian network (DSR-CG-
Net), which is a variation of DR-CG-Net. The deep scale regularized compound Gaussian network,
originally presented in our IEEE Asilomar conference proceedings [76], was proposed before the
DR-CG-Net method and is a hybrid between the CG-Net method and the DR-CG-Net method.
Specifically, the scale regularization is not learned in its entirety, as in DR-CG-Net, but instead is
a learned function of a Gaussian random variable.

A critical component of the compound Gaussian prior is the choice of distribution, p(z), for the
scale variable z. In CG-LS and CG-Net the scale variable distribution is captured by the nonlinear-
ity h (with inverse nonlinearity f), as given in (1.8) and (2.2), and choices of regularization, namely
the Euclidean norm, on the vector f(z). As images have wide variability, different scale variable
distributions, p;(z) and p;(z), may statistically represent the sparsity coefficients of two distinct
classes of images, Z; and Z;. That is, it may be useful to make CG-Net adaptable to the choice of
scale variable distribution by providing it the capability to learn either the inverse nonlinearity f
or regularization on the z variable.

As in Chapter 2, we use algorithm unrolling to incorporate the CG prior, from an iterative algo-
rithm, into the machine learning framework where, now, we include the learning of the CG scale
variable regularization. Thus, we first require an iterative algorithm to apply algorithm unrolling

to. Similar to (2.2) we consider a regularized least squares minimizer

argmin ||y — A(z © )|} + AlJull} + R(f(2)) (3.18)

[z,u]

where the regularization \||u||3 enforces normality of w and R : R — R is an implicit regular-
ization function with gradient » = V'R and Hessian Hz = Vr. In unrolling an iterative algorithm

to solve (3.18), the gradient and Hessian will be learned by the deep neural network.
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3.4.1 Iterative Algorithm Implementation

Due to the implicit joint estimation in (3.18), we optimize by block coordinate descent, which

on iteration k is given by

2, = argmin ||y — Ay, 2[5 + R(h(2)), (3.19)

wy, = argmin ||y — A, w||? + \|ul|[? (3.20)

Recall A,, = AD(w) and D(w) is a diagonal matrix formed from placing the entries of w along

the diagonal. Note (3.20) is a Tikhonov regularization problem with the solution
wp = (AL A, + )AL y. (3.21)
To solve (3.19), we use a steepest descent method, which on step j of iteration £ is given by

2l =27 - n,gj)d(zifl; Up_1,Y) (3.22)
where d is a function giving a steepest descent search direction and n,(cj Jisa step size chosen by
a backtracking line search. We specifically consider two steepest descent approaches: a gradient
descent approach, in which d is a gradient vector, and a Newton descent approach, in which d is an
inverse Hessian times a gradient vector. Algorithm 4 details pseudocode for the generalized scale
compound Gaussian least squares (GS-CG-LS) estimate of v and z.

Note, the gradient of the cost function in (3.19) is
v (i wn,y) = 24% (A z — ) + D (2)r(f(2)) (3.23)
and thus, the Hessian, H(z; ui—1,y) = J.(v4(2; up_1,¥)), is

H(z;up1,y) =2AL A, + P(2) (3.24)

Uk —1
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where, for Hy, is the Hessian of R,

P(z) = D(f"(2))D(r(f(2))) + D(f'(2)) Hr(f(2)) D(f'(2))-

For step j of iteration k, we take the steepest descent direction in (3.22) to be

—'vg(zi*l; Up_1,Y) gradient descent

d(zfl; Up_1,Y) = {

—(H(z w1, y) v, (2) w1, y)  Newton descent.
For the initial estimate of z we take zy; = Pa,b(ATy) where, for 0 < a < b

Pop(x) = a+ ReLU(xz — a) — ReLU(x — b)

and P, is applied componentwise to A”y. We remark that P, ;, which we call a modified ReLU

activation function, is a projection operator onto the interval [a, b], which eliminates negative val-

Algorithm 4 Generalized Scale Compound Gaussian Least Squares (GS-CG-LS)

Input: Measurement y, measurement operator A, number of iterations K, number of steepest
descent steps J, regularization parameter \, operator P, ;, and regularization function R
1: Calculate initial 2o = P, p(ATy) and ug = (AL A, + M) 'ALy
2: for k € {1,2,...,K} do

3: zZ ESTIMATION:

4: z) =z,

5: forj € {1,2,...,J}do

6: Compute step size nifl (Armijo line search)
7: Compute descent direction d(z] "; uz_1,y)

>  (d = v, for gradient descent and
> d=H 'v, for Newton descent)

8: 2] =271 - n,(cj)d(zi_l; Up_1,Y)
: end for

10: zp = 2}

11: u ESTIMATION:

12 up= (AL A, + M)A y

13: end for

Return: ¢* = zx © ug.
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ues, as z should have positive components, and limits the maximum values in the initial z estimate.

Then the initial estimate of w is given by (3.21).

3.4.2 Deep Scale Regularization Compound Gaussian Network Structure
We apply algorithm unrolling to GS-CG-LS in Algorithm 4 to create a deep neural network
we name deep scale regularization compound Gaussian network (DSR-CG-Net), which has the

structure shown in Figure 3.17. Unlike the GS-CG-LS iterative algorithm, a regularization func-
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(a) End-to-end structure of DSR-CG-Net.
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(b) ij subnetwork for approximating the steepest descent direction in Newton DSR-CG-Net.
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Figure 3.17: Network structure for DSR-CG-Net, the unfolded deep neural network of GS-CG-LS in Al-
gorithm 4.
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tion R need not be specified and instead is learned, via the gradient or Hessian of R, through a
subnetwork of layers in DSR-CG-Net.
Two principal operations, f; : R” x R™ — R" and gi R x R® x R™ — R"”, define the

DSR-CG-Net layers. Using (3.21), each f;, is defined as
filzy) = (ADA- + N I) ALy, (3.25)

for \;, > 0, and corresponds to updating u on iteration k in Algorithm 4. Next, let d{; be a steepest

descent direction, i.e. d{; = v, Or d{; = 7—[*1'09, then, using (3.22), each gi is defined as
9z, w, y: d}) = Py (2 = 0 d(z:u.y) ), (3.26)

and corresponds to updating z on the jth steepest descent step of iteration % in Algorithm 4. Note,
in Algorithm 4 the step size n,(gj ) is found by a backtracking line search and serves as a guarantee
that zi maintains positive components and that the steepest descent step is not too large. This is not
guaranteed by the step size 77,(5 ) learned by DSR-CG-Net during training. Thus, as given in (3.26),

we additionally apply the modified ReLU activation function P, , after each steepest descent step

to guarantee the step is not too large and each z estimate maintains positive components.
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We now detail the DSR-CG-Net layers and layer blocks:

I The input block I consists of the input layer L, = vy and an initialization layer 7, =

P.s(AT L) giving the initial z estimate corresponding to line 1 in Algorithm 4.

Uk The kth U block contains a single layer giving the kth estimate of « from line 12 in Algorithm

4. That iS, Uk = fk(Zk—h Lg)

Z The kth Z block contains J updates of z from lines 3-10 of Algorithm 4. Update j contains
the following blocks:

14 : : : o
k" A subnetwork of layers that approximate the gradient or Hessian of regularization

function R and subsequently calculates the jth steepest descent direction on iteration k£ given by
d}(Z]7; Uy_1, Ly). Block V;/ corresponds to line 7 in Algorithm 4.
7

k" A single layer containing the jth steepest descent step update of z on iteration & from
line 8 of Algorithm 4. That is Z,f; = gi(Z,z_l, Uk—1, Lo; V,g ). Note, for simplicity of notation we

define 70 = 7} ,.

@ The output block consists of the output layer that is the Hadamard product of the final U and
Z layers. Thatis, O = Zj ® Uy and gives the estimated wavelet coefficients.

Assume that each subnetwork 1/ uses L layers. Then DSR-CG-Net contains K estimation
layers for w, K'JL layers to approximate the steepest descent directions, K .J steepest descent z
updates, one input, one output, and one initialization layer. So, in total, DSR-CG-Net contains

K(J(L+1)+1) + 3 layers.

3.4.3 DSR-CG-Net Parameters

Each Uy layer is parameterized by a regularization scalar A, > 0 and each Z,Z layer is pa-
rameterized by a steepest descent step size 77,(3 ). The majority of the DSR-CG-Net parameters are
contained in the subnetworks ij that depend on whether a gradient or Newton descent method is

implemented.
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First, we consider applying algorithm unrolling when gradient descent is implemented in Algo-
rithm 4 and label the resulting DNN as gradient DSR-CG-Net (gDSR-CG-Net). In gDSR-CG-Net
the steepest descent directions di/, are taken to be v,, given in (3.23), and an approximation of
r = V'R is required. Each subnetwork v,g for gDSR-CG-Net is shown in Figure 3.17c and con-
sists of four convolutional layers using a convolutional kernel of size 5 x 5 with 100, 25, 5, and 1
filter channels, respectively. All convolutions are performed using a unit stride with zero padding
applied so that the input and output from each filter channel are the same size. Note that the number
of filter channels was chosen empirically, with a gradual reduction over the convolutional layers
to a single final filter channel, so that the output dimension from and input dimension to the four
convolutions are equivalent. A bias matrix is added to the output from each convolutional filter
channel, which, excluding the final convolutional layer, is passed componentwise through a Leaky

ReLU activation function defined, for slope coefficient 5 > 0, as
LeakyReLU(z) = ReLU(x) — fReLU(—x).

Therefore, each subnetwork, ij , contains the convolutional kernels and biases as parameters.

We remark that ij approximates the required steepest descent direction di,(Z,z_l; Uk—1, Lo) as
follows: the vector f (Z,ffl) is reshaped into a matrix and sent through the four convolutional lay-
ers, the output from the final convolution is reshaped into a vector that approximates (f(Z ")),
and finally di(Z,Z_l; Uk—_1, Lo) = 'vg(Z,z_l; Uk—1, Lo) is calculated using (3.23) with the approxi-
mated r(f(Z] 7).

Second, we consider applying algorithm unfolding when Newton descent is implemented in
Algorithm 4 and label the resulting DNN as Newton DSR-CG-Net (nDSR-CG-Net). In nDSR-
CG-Net the steepest descent directions di are taken to be H~'v,, using (3.23) and (3.24), and an
approximation of both r = V'R and Hir = Vr are required. Thus, we require a collection of
analytically differentiable network layers to approximate r and use the same layer weights to also

approximate Hy. As it is difficult to derive analytical gradients of convolutional layers, we instead
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consider a fully connected layer for r given by
r(¢) = o(W¢+b) (3.27)

for € R", W € R™" b € R", and o, a componentwise activation function. Then the Hessian,

Hpg, is given by
Hr(¢) = Vr(¢) = WID{o'(W¢ +b)}. (3.28)

Therefore, each subnetwork for nDSR-CG-Net, shown in Figure 3.17b, contains a weight matrix
W,ﬁ and bias bi as parameters that are used as W and b in (3.27) and (3.28).

We remark that V,f approximates the required steepest descent direction d{;(Z,Jfl; Uk—1, Lo)
as follows: calculate r(f(Z; ")) = o (W] f(Z]~") +b]) as given by (3.27), similarly calculate
Hr(f(Z]™")) using (3.28), and finally use 7(f(Z; ")) and Hr(f(Z,~")) in (3.23) and (3.24) to
calculate di,(Z] " Up_1, Lo) = (H(ZL " Uy, LO))’1 v,(Z] 7 Up_1, Ly). As H must be invert-
ible, in implementation we perform an eigendecomposition on each %(Z,g_l; Uk—1, Lo) and, for
some real number € > 0, set all eigenvalues with magnitude less than € to e.

Lastly, we let f(z) = h~'(z) = 2aIn(z) and thus each subnetwork V}/ is also parameterized
by a constant ai defining the inverse nonlinearity f(z). Note that we assume each subnetwork
has an independent set of parameters, e.g. different convolutional kernels and biases for each
ij in gDSR-CG-Net, for generality and ease of implementation. Alternatively, the same set of
parameters can define all subnetworks V}j which would decrease the total parameters in DSR-
CG-Net significantly and likely result in less required training while also reducing the amount that

could be learned by the network.
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3.4.4 DSR-CG-Net Loss Function

To learn the DSR-CG-Net parameters, we use a loss function based on the SSIM quality met-

ric [49] given by

1

L5(©) = 18]

Y (1—ssIM(¥¢(y; ©),9¢))

(¥;,¢i)€B

for B C D, a batch of measurement-and-wavelet-coefficient data pairs, (y;,¢;), and ¢(y;; ©),
the wavelet coefficients estimated from DSR-CG-Net. Note that ¢, which is the change-of-basis
matrix, is fixed as a biorthogonal wavelet dictionary such that ®¢(y,; ®) and d¢; denoted the
estimated and true image, respectively. We optimize Lz(©) using adaptive moment estimation
(Adam) [73], which is a stochastic gradient-based optimizer. Other common optimization meth-
ods include: stochastic gradient descent, RMSprop, and Adadelta [73]. The gradient VgL used
in Adam is calculated via backpropagation through the network, which we implement using auto-

matic differentiation [74] in TensorFlow.

3.4.5 DSR-CG-Net Numerical Results

We run experimental tests using the CIFAR10 image dataset [69]. Each image is converted
from three-channel RGB to single-channel grayscale and the CIFAR10 classification label is dis-
regarded. In Chapter 2, we considered R, in (3.18) and Algorithm 4, to be the ¢, norm for which
(3.19) is convex when each entry of z is contained within the interval (0, e). Additionally, it can be
guaranteed that each z estimate lies within (0, €) by scaling down the input measurements. Thus,
we scale down each image, /, by a factor of et /Imax> chosen emperically, where I, is the max
pixel value of /. We apply a Radon transform, at 15 and 6 uniformly spaced angles, to each image
and add white noise to produce measurements y at a set signal-to-noise ratio (SNR). Finally, we
apply a biorthogonal wavelet transform to each image to obtain the sparse coefficients c. Thus,
the training datasets, D;; and Dg, consists of Radon transform measurements, at 15 or 6 angles

respectively, and wavelet coefficient data pairs (¥, ¢;) corresponding to an image I;.
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For gDSR-CG-Net and nDSR-CG-Net, we choose (K,.J) = (10,2) and (K,J) = (10,1),
respectively. Every Leaky ReL.U activation function, in gDSR-CG-Net, utilizes a slope coefficient
of 0.1 and we take o in (3.27), for nDSR-CG-Net, to be the identity operation. We take P,;, =
Pro-2,+ for gDSR-CG-Net and P, = P; . for nDSR-CG-Net. We initialize all A, = 0.3, all
n,(cj ) = 0.5, all biases as zeros, all fully connected weight matrices for nDSR-CG-Net as Wi =4I,
and each convolutional kernel according to the Glorot uniform initialization [84]. We train both
DSR-CG-Nets on 4000 data pairs, i.e. |D5| = |Dg| = 4000, for 20 epochs with a learning rate of
1073, Note that all of these hyperparameter configurations were chosen on an empirical basis.

An example test reconstruction of a 32 x 32 Barbara image snippet is shown in Figure 3.18.

After training both gDSR-CG-Net and nDSR-CG-Net on D; 5, a Radon transform at 15 uniformly

spaced angles of the Barbara snippet with an SNR of 60dB is provided to each network. We
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(e) ¢1-LS (0.849) (f) Fourier (0.837) (g) BCS (0.827) (h) CoSaMP (0.838)

Figure 3.18: Test image reconstructions using Newton DSR-CG-Net, gradient DSR-CG-Net, ¢;-LS, fil-
tered backprojection, Bayesian Compressive Sensing, and CoSaMP. Each method operates on a vectorized
(3.18b) which is the Radon transform of the original image, (3.18a), at 15 uniformly spaced angles with an
SNR 60dB. Newton DSR-CG-Net outperforms gradient DSR-CG-Net and both outperform all compared
methods.
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see in Figure 3.18c and 3.18d noisy artifacts in the estimated images, but the main structure is
easily identifiable. Figure 3.18 also contains the Barbara image reconstruction for four iterative
algorithms: /;-least squares (¢1-LS) [6], filtered backprojection (FBP) [71], BCS [3], and CoSaMP
[4]. We see by visual inspection and SSIM value that nDSR-CG-Net outperforms gDSR-CG-Net
and both produce improved reconstructions over the compared iterative algorithms.

Table 3.4 lists the average values and 99% confidence intervals for SSIM, PSNR, and recon-
struction time over 8000 test image reconstructions from 15 uniformly spaced angle Radon trans-
forms with 60dB SNR. Larger SSIM and PSNR values correspond to image reconstructions that
are visually closer to the original image. From Table 3.4 we observe that DSR-CG-Net apprecia-
bly outperforms each of the four compared iterative algorithms in SSIM and PSNR image quality
while being on par to ¢;-LS, BCS, and CoSaMP in reconstruction time. Additionally, nDSR-CG-
Net provides, on average, a 0.43 SSIM and 0.17 PSNR increase in reconstructed image quality at
the cost of 0.233 seconds per reconstructed image over gDSR-CG-Net. We remark that many of
the test image reconstructions from gDSR-CG-Net display noisy artifacts similar to Figure 3.18d,
which are less pronounced in the image estimations from nDSR-CG-Net.

Benefits of gDSR-CG-Net and nDSR-CG-Net include the fast reconstruction time, indepen-
dence from image-specific parameter tuning (as required by ¢;-LS, BCS, and CoSaMP), and si-
multaneous multi-image reconstructions. These factors could allow for image reconstructions in
Table 3.4: Average SSIM (x10?), PSNR, and reconstruction time with 99% confidence interval over 8000

test image reconstructions, from Radon transforms at 15 uniformly spaced angles with 60dB SNR, for each
reconstruction algorithm.

SSIM (x102) | PSNR (dB) Time (s)
nDSR-CG-Net || 90.56 & 0.09 | 28.00 +0.06 | 0.662 + (3.10 x 1074
gDSR-CG-Net | 90.13 +0.09 | 27.83 +0.06 | 0.435 + (1.37 x 107%)
,-LS 84.61 4 0.10 | 24.93+0.06 | 0.631 =+ (2.56 x 1073
FBP 82.68 & 0.14 | 22.53 £ 0.06 | 0.0015 =+ (8.09 x 107)
BCS 77.7240.16 | 22.75+£0.07 | 0.616 + (1.68 x 1072)
CoSaMP 77.25+0.17 | 22.58 £0.08 | 0.400 + (7.58 x 1073)
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real-time. Furthermore, using convolutional layers in gDSR-CG-Net removes the network depen-
dency on the image size. Hence, the number of network parameters remains the same for larger
images and so the same trained network is able to be directly applied to larger images. Since
nDSR-CG-Net uses a fully connected layer to approximate the regularization gradient, the number
of parameters does depend on image size. Thus, larger images require retraining of nDSR-CG-Net
along with greater data storage capacities. A drawback of gDSR-CG-Net is that noise has a greater
influence on and presence in the estimated images from this network. This noise sensitivity may
hinder the success of gDSR-CG-Net when provided measurements that are heavily corrupted by
noise.

Additional simulation results are displayed in Table 3.5, which shows the average values and
99% confidence intervals for SSIM, PSNR, and reconstruction time over 8000 test image recon-
structions from Radon transforms at 6 uniformly spaced angles with an SNR of 60dB. Again,
nDSR-CG-Net and gDSR-CG-Net both outperform the four compared iterative methods in SSIM
and PSNR quality while being on par to ¢;-LLS and BCS in reconstruction time. Furthermore,
nDSR-CG-Net provides, on average, a 0.81 SSIM and 0.14 PSNR improvement over gDSR-CG-
Net at the cost of 0.199 seconds per image reconstruction as compared to gDSR-CG-Net.

Choosing to use nDSR-CG-Net versus gDSR-CG-Net will depend on user specific consider-
ations. As highlighted in Table 3.4 and Table 3.5, if core user interest is strictly to produce the
Table 3.5: Average SSIM (x10?), PSNR, and reconstruction time with 99% confidence interval over 8000

image reconstructions, from Radon transforms at 6 uniformly spaced angles with 60dB SNR, for each
reconstruction algorithm.

SSIM (x102) | PSNR (dB) Time (s)
nDSR-CG-Net || 67.96 & 0.19 | 21.84 +0.06 | 0.599 + (1.33 x 1073)
gDSR-CG-Net | 67.15+0.18 | 21.70 + 0.06 | 0.400 + (5.94 x 10~%)
¢,-LS 53.99 4 0.23 | 19.63 +£0.07 | 0.594 + (3.82 x 1073
FBP 53.18 £0.18 | 18.74 £ 0.07 | 0.0010 = (6.77 x 107)
BCS 40.72 4 0.24 | 16.68 £ 0.08 | 0.533 & (2.62 x 1073)
CoSaMP | 40.89 +0.21 | 15.77 +0.07 | 0.244 + (2.59 x 1073)
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highest quality image reconstruction possible then nDSR-CG-Net should always be prioritized
over gDSR-CG-Net. However, since the improvement in image quality, of nDSR-CG-Net over
gDSR-CG-Net, is relatively small as compared to the increased computational time, e.g. (from
Table 3.4) nDSR-CG-Net provides a 0.477% increase in SSIM and 0.611% increase in PSNR at
the cost of a 52.2% increase in computational time, gDSR-CG-Net could be the preferred method
in general.

Finally, we remark that DSR-CG-Net underperforms both CG-Net, from Chapter 2, and DR-
CG-Net, from Section 3.3. This may be due, in part, to the constraint of the inverse non-linearity
h~! that exists in both the CG-Net and DSR-CG-Net approaches. From a statistical point-of-view,
in implementing the CG prior, the inverse non-linearity applied to the z scale variable is expected
to generate a Gaussian random vector. This property is exactly captured in the /5 norm choice
of R used in CG-Net. Perhaps deviating from this choice, by allowing the network to learn R,
is a factor in the decreased image reconstruction performance of DSR-CG-Net. Additionally, in
DR-CG-Net, the entirety of the scale variable regularization is learned allowing it to take a form
outside of a non-linearity applied to a Gaussian, which DSR-CG-Net is forced to conform to. This
increased generalizability of DR-CG-Net is a contributing factor to it outperforming the DSR-CG-

Net method.

3.5 Conclusion

Using a powerful learned CG class of densities, that subsume many commonly used priors in
imaging and CS, this chapter has presented new fundamental techniques for linear inverse prob-
lems. We developed a novel CG-based iterative estimation algorithm, named G-CG-LS, that al-
lows for problem-specific choices of the scale variable distribution by generalizing prior CG-based
methods. Applying algorithm unrolling to G-CG-LS, we constructed a novel CG-based deep neu-
ral network, named DR-CG-Net, that optimally learns the scale variable portion and the Gaussian
covariance portion of the CG distribution. Hence, DR-CG-Net has the flexibility to learn the prior

while constraining to the informative CG class of distributions.
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We have conducted a theoretical characterization of G-CG-LS and a fundamental numerical
validation of DR-CG-Net in tomographic imaging and CS problems. Across multiple datasets, we
have empirically demonstrated that our DR-CG-Net significantly outperforms competitive state-
of-the-art deep learning-based methods in tomographic imaging and CS scenarios, especially in
the difficult case of low training. While CG-Net, which DR-CG-Net expands upon, is the closest
comparative method in signal reconstruction quality for the low-training scenarios, it is still appre-
ciably outperformed by DR-CG-Net both in estimated signal quality and in the computational time
required to train and reconstruct a signal.

Both the novel G-CG-LS and DR-CG-Net approaches presented in this chapter have been
published in our conference proceedings of the IEEE Asilomar Conference on Signals, Systems,
and Computers [76] and in our IEEE Transactions on Computational Imaging journal article [77].
Furthermore, a provisional patent for our two innovative methods has been filed.

In the following chapter, we tackle generalization error bounds, which are an important theo-
retical question for CG-Net, DR-CG-Net, and CG-based deep neural networks as a whole. Specif-
ically, we develop the framework for a generalized CG deep neural network that encompasses
both of CG-Net and DR-CG-Net as special cases. For this framework, approaches from statistical
learning theory literature are employed, under reasonable assumptions, to construct a generaliza-
tion error bound. Subsequently, this generalization error bound is applied to both the CG-Net and

DR-CG-Net approaches and asymptotic forms of these error bounds are derived.
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Chapter 4
Generalization Error Bounds for Deep Compound

Gaussian Neural Networks

Algorithm unfolding or unrolling is the technique of constructing a deep neural network (DNN)
from an iterative algorithm. Unrolled DNNs often provide better interpretability and superior em-
pirical performance over standard DNNs in signal estimation tasks. An important theoretical ques-
tion, which has only recently received attention, is the development of generalization error bounds
for unrolled DNNs. These bounds deliver theoretical and practical insights into the performance of
a DNN on empirical datasets that are distinct from, but sampled from the same probability density
as, the DNN training data. In this chapter, we develop novel generalization error bounds for a class
of unrolled DNNs that are informed by a compound Gaussian prior. These compound Gaussian
networks have been shown to outperform comparative standard and unrolled deep neural networks
in compressive sensing and tomographic imaging problems. The developed generalization error
bounds are formulated by bounding the Rademacher complexity of the class of compound Gaus-
sian network estimates with Dudley’s integral. Under realistic conditions, we show that, at worst,
the generalization error scales O(n/In(n)) in the signal dimension and O((Network Size)*/?) in
network size.

The success of machine learning in image classification has recently spurred its application,
in particular with deep neural networks (DNN), in signal estimation tasks. Signal estimation is
one example of an inverse problem where we desire a reconstructed signal from some undersam-
pled measurements. Particular applications of interest include X-Ray computed tomography (CT),
magnetic resonance imaging (MRI), and compressive sensing.

While DNNs have been shown to outperform iterative approaches in estimated signal qual-
ity and computational time, this typically requires a significant amount of available training data

as well as training time. Certain problems of interest, such as MRI, do not have large training
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datasets readily available and thus the performance of DNNs on these problems can falter. Addi-
tionally, standard DNNSs, e.g. convolutional neural networks, do not incorporate any outside prior
information into the estimation model, as is included in iterative approaches.

Algorithm unfolding or unrolling is a technique, introduced by Gregor and LeCun [20], which
combines the iterative approaches and deep learning methods by structuring the layers of a DNN
such that each layer corresponds to an iteration from the iterative algorithm. While a standard
DNN acts as a black-box process, we understand the inner workings of an unrolled DNN from un-
derstanding the original iterative algorithm. Furthermore, algorithm unrolling allows for the incor-
poration of prior information into the deep learning framework. Example iterative algorithms that
have been unrolled into DNNs include: iterative shrinkage and thresholding (ISTA) [20,22,23,25]
and proximal gradient descent [27,28]. These unrolled DNNs have shown excellent performance
in image estimation while offering simple interpretability of the network layers [21], although still
requiring large training datasets.

In Chapter 2 and Chapter 3 we have introduced and evaluated two compound Gaussian (CG)
informed DNNs that were developed through the use of algorithm unrolling. These CG unrolled
DNNs have empirically shown to produce superior estimated signals, over comparative iterative
and DNN methods in linear inverse problems, especially in the low training data scenario [57,
58,76, 77]. While this success has been shown empirically, no generalization guarantees, i.e.
guarantees on the ability of a DNN to perform well on unseen test data, have been provided; a gap

which this has chapter filled. Specifically, in this chapter we have completed:

1. The establishment and proving of a Lipschitz property of the outputs from unrolled, CG-

informed DNNs with respect to the DNN parameters.

2. The development of an encompassing generalization error bound (GEB) for unrolled, CG-
informed DNNs. The developed GEB results from bounding Rademacher complexities with
integrals of covering numbers through Dudley’s inequality and subsequently bounding these

integrals using a Lipschitz property of CG-informed DNNs.
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3. The application of the developed GEB for two distinct formulations of unrolled, CG-based
DNNSs named compound Gaussian network (CG-Net) and deep regularized compound Gaus-

sian network (DR-CG-Net) [58,77] proposed in Chapter 2 and Chapter 3, respectively.

4. The development of asymptotic forms for the CG-Net and DR-CG-Net generalization error
bounds that depend on reconstructed signal dimension and DNN size. Theoretically, we
demonstrate that DR-CG-Net exhibits a tighter GEB than CG-Net, which was empirically

observed in [58,77] and in Chapter 3.

The GEB we have developed in this chapter is formulated using techniques inspired by those
discussed in [86] which produces a GEB for an ISTA unrolled DNN with a learned sparsity trans-
formation. Such techniques are similarly used in [87] for an unrolled DNN employing a learned

analysis sparsity transformation and in [88] for an unrolled ¢;-¢; recurrent neural network.

4.1 Notation and Nomenclature

The set of symbols provided in this section are defined here for ease of referencing and in

reading the remainder of this chapter. We note that some have already been defined previously.

= Set of real numbers.

[Vi]i=12...a € R Boldface characters are vectors.

Transpose of vector or matrix (-)

Hadamard product.

[9(vi)]i=12...a € R for v € R? and a componentwise function g : R — R.

{1,2,...,d} is the set of the first d natural numbers.

max{0, z} is a componentwise function.

Pop(r) = a+ReLU(x —a)—ReLU(x — b), for a,b € R, is a modified ReLU (mReLU)
activation function. This componentwise function projects input = onto the
interval [min{a, b}, max{a, b}|.

pp(v) = wv/max{l,b !||v]]2} for b > 0, is the b-Ball mapping, i.e. the projection onto
the Euclidean ball of radius b.

n = Signal-of-interest dimension or reconstructed signal dimension.

m = Measurement dimension.

A € R™*™is a measurement, observation, or sensing matrix.
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R™ additive measurement noise.

Ac + v forward measurement model.

The scale variable of a compound Gaussian distribution.

The Gaussian variable of a compound Gaussian distribution.
ADiag(z) € R™*" for any vector z € R".

Ty(z; P,) = (ALA, + P tATy = PLAT(I + A, P,AL) y.
The number of training data points.

{(¥;, i) }ienpn,) 1s a training dataset.

Neural network loss function.

Neural network output given input y and parameterization ©.
Empirical loss of a hypothesis ¢ over training dataset S.
Actual loss of a hypothesis c.

Empirical Rademacher complexity over the training dataset S.
e-covering number of metric space (M, d).

Stochastic process over state space .S and index set 7.

sup,er v/ E| X¢|? is the radius of T (or radius of (X;)er).
Hypothesis class, i.e. space of possible outputs, for
generalized compound Gaussian network (G-CG-Net).

Hypothesis class for CG-Net.

Hypothesis class for DR-CG-Net.

Expected value operator.

Standard finite-dimensional vector space p-norm

or induced matrix operator p-norm.

Big O notation. That is, f(z) = O(g(x)) as  — oo implies there exists
ac> 0and xry > 0such that | f(x)| < cg(x) for all z > x.

Little o notation. That is, f(z) = o(g(z)) implies lim, . f(z)/g(z) — 0.
Scaling symbol. That is, a < b implies a < c¢b for some constant ¢ > 0.
Euclidean norm bound on ¢, the original signals-of-interest.

Maximum entry bound, i.e. co-norm bound, on the scale variables z.

{P € R™" : symmetric, positive definite, || Py < puax, [P |2 < Dty }-
Positive upper spectral bound on covariance matrices P € P.

Positive lower spectral bound on covariance matrices P € P.

P is a set of full covariance matrices.

Pran 1s a set of tridiagonal covariance matrices.

Pui 1s a set of diagonal covariance matrices.

Puiag 18 a set of scaled identity covariance matrices.

Dimension of vector space V.

Scale-variable update parameters.
A norm on the scale-variable update parameter 0,(3 ;.
Bound on the scale-variable update parameters, i.e. HO%H @ < wa-
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Qayq = Dimension of the scale-variable update parameter 0,(:2[.

B,ij ) = Learned positive definite steepest descent matrix in CG-Net.
/UL,(Cj ) = Learned regularization scalar parameter in CG-Net.
W = Positive bound on the learned CG-Net regularization scalar parameter.
13 = Positive, real-valued scalar parameter that defines the b-Ball mapping
used in each CG-Net and DR-CG-Net scale-variable update.
4] ,ij ) = Learned scalar step size parameter in DR-CG-Net.
4] = Positive bound on the learned DR-CG-Net step size parameter.
V,Ej ) = Convolutional neural network implemented as a subnetwork in DR-CG-Net.
L, = Number of convolutional layers in V,E,j ),
fo = Number of output filter channels from convolutional layer ¢ in V,gj ),
ko = Kernel size of the convolution in layer ¢ of V,gj ),
W,EJL,) = Weight matrix representation of the convolution in layer ¢ of Vlij ),
Wy = Bound on the convolutional kernel in layer ¢ of V,gj ). That is, W,gjg) |2 < wy.

4.2 Preliminaries

In this section, we define the generalization error of a DNN and provide some preliminary
statistical learning theory notation and results from the existing literature [1, 86—89] that we have
employed in the development of a generalization error bound for unrolled, CG-based DNNs. For
completeness of this chapter, we first provide a brief mathematical overview of a DNN.

A DNN can be viewed as a collection of ordered layers, denoted Ly, L1, ..., Ly for K > 1,
where layers feed into one another from the input layer, L, to the output layer, L. Intermediate
layers Ly, ..., Lx 1 are known as hidden layers. Each layer, L, contains dj hidden units [48],
which are assigned a computed value when a signal is transmitted through the DNN. For simplicity,
we identify the nodes with the computed values assigned to each node when the DNN is processing
a signal.

A function f;, : R%1® x ... x R%® — R that is parameterized by some 8y, defines the
computation, i.e. signal transmission, at layer L; where Z;, = {i;(k),...,4;(k)} € {0,1,..., K —

1} are the indices of layers that feed into L. That is, given an input signal ¥ € R% assigned to
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Ly, a DNN is the composition of parameterized vector input and vector output functions where
L, = fi (Lil(k‘)7 cee 7Lz‘j(k); Hk) .

A DNN learns, or trains, its parameters, © = (61,...,0x), by optimizing a loss function
L(©) over a training dataset S = {(y,,¢;) : ¢ = 1,2,..., N,} where each (y;,¢;) is a pair of
a signal measurement and corresponding true signal. Let ¢(y;;©) denote the DNN output given
the input y,. Then the loss function is often defined as £L(0) = Ni SN L (¢(y;;©),¢) where

L(x1,x2) : R" x R® — R calculates the error between inputs x; and x,. That is, L (¢(y,;;0),¢;)

is the error between the network output, E@i; ©), and the actual coefficients, ¢;.

4.2.1 Generalization Error

Let C and Y be the set of possible finite-dimensional signals of interest, e.g. images, and
possible finite-dimensional signal measurements, e.g. image measurements, respectively. Further,
let (C, A.,D.) be a probability space where A. and D, are a o-algebra and unknown probability
density on C, respectively. Similarly, define the probability space (Y, A,,D,). Now, consider
the probability space (Y x C, A, ® A., D) where D is an unknown joint probability density with
marginal distributions D, and D,,.

Let S = {(¥;, Ci) }ienpn,] be a training dataset where each pair (¥, ¢;) is drawn i.i.d. from D.
We denote the network parameters as @ = (64, ..., 0x) and let ;, be the space of 6, that can be
learned by the DNN. Further, we write the network output, i.e. signal at Ly that is dependent on
network parameters and input measurements y, as ¢(y; ©®). We remark that ¢(y; ©) is not a single
output, but actually a parameterized function with input y and parameterization ©.

Now, we provide a few required definitions, from the literature [86], for which we let L (x1, x5)
be a loss function that measures the distance between samples x; € R% and x, € R . Common

loss functions include mean-squared error and mean-absolute error [49].
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Definition 4.2.1 ([86]). The hypothesis space, H, of a DNN is the space of possible parameterized

functions that can be generated for the DNN. That is
H:{E(',@)@ GQl X XQK}.

Definition 4.2.2 ([86]). The empirical loss of a hypothesis ¢ € H, over a training dataset S, is

given by

1 &

£5(@) = 3 D L(E7:©).2).

Definition 4.2.3 ([86]). The actual loss of a hypothesis ¢ € H is defined as
L(€) = Egye)op [L(€(y; ©), ¢)]
where Ey oy~p [L(c(y; ©), c)| is the expected value or average of L(c(y;®),c) over samples
(y, ¢) drawn from the distribution D.
Finally, we define the generalization error for a DNN.
Definition 4.2.4 ([86]). The generalization error, denoted GEs, of a hypothesis ¢ € H is the
difference between the empirical and actual loss. That is,

GEs(c) = |L£(¢) — Ls(C)].

We remark that the training of a DNN is equivalent to iteratively minimizing the empirical
loss, i.e. by choosing a hypothesis ¢ € H that minimizes Ls(¢). A hypothesis that minimizes
the empirical loss produces estimates ¢(y;; ©) that closely match the signals of interest ¢; where
(y,, ;) is a training data pair. It is critical in applications, however, for a DNN to similarly generate
excellent results when provided any new data sample drawn from D that is not contained in the

training dataset. This is tantamount to minimizing the generalization error and thus, obtaining an
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estimate or bound on GEg is of significant interest. A tight bound on the generalization error, for
a hypothesis ¢ € H, implies that the network generalizes well from the training data to the testing
data. That is, the reconstruction performance of the DNN ¢ on training data accurately represents

the reconstruction performance on any arbitrary test data drawn from the same distribution.

4.2.2 Rademacher Complexity

A Rademacher variable is a real valued and discrete random variable ~y taking values 1 with
equal probability. Using Rademacher variables we provide a definition of an empirical Rademacher

complexity as given in [1].

Definition 4.2.5 ([1]). Let G be a set of functions g : X — Rand S = {x;}Y, C X. The

empirical Rademacher complexity of G is

N,
1 S
Rs(9) = Ey [sup %’g(ivi)]
9€9 S =1
fory =1|m,...,vn.] avector of i.i.d. Rademacher variables.

For a DNN with hypothesis space H using loss function L, we are interested in the Rademacher
complexity of the real-valued set of functions G = LoH = {Loh : h € H} as we apply the
loss function L to the DNN outputs to assess performance. The following theorem, from [90],
establishes a bound on the actual loss in terms of the empirical loss and Rademacher complexity

of LoH.

Theorem 4.2.6 ([90], Theorem 26.5). Let H be a set of functions, S = { (¥, €;)}1*, a training set
drawn i.i.d. from D, and L a real-valued loss function satisfying |L(h(y),c)| < cforall h € H

and (y, c) ~ D. Then, for ¢ € (0, 1) with probability at least 1 — ¢ we have for all h € H

L(h) < Ls(h)+2Rs(LoH)+ 4cy/21In(4/e)/N;.
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Next, we provide a contraction lemma, from [86,91], allowing us to ignore the loss function

and only consider the hypothesis class.

Lemma 4.2.7 ([91] Corollary 4, [86] Lemma 2). Let H be a set of functions h : X — R? and

S = {x;}Y°, C X. Then for any T-Lipschitz functions g; : R* — R, where i € N[N,],

S

N
E, [sup Z Yigi © h(:vl)] < V2rEp

heH =

sup ZS Z %khk(il?i)]

where v = [7;]ienv,) and I' = [%k]féi?[ﬁ] are collections of i.i.d. Rademacher variables.

The left hand side of the inequality in Lemma 4.2.7 is the Rademacher complexity of L o H
when we set each g; = L, whereas the right hand side of the inequality in Lemma 4.2.7 is a scaled
version of the Rademacher complexity on . Therefore, Lemma 4.2.7 allows for the removal of

the loss function from consideration so long as the loss function is Lipschitz.

4.2.3 Dudley’s Inequality

To define Dudley’s inequality, which is employed to obtain a bound on Rs(L o ) in Theorem

4.2.6, we require some terminology from [1, 89]. First, we define the covering of a metric space.

Definition 4.2.8 ([89]). Let (M, d) be a metric space. An e-covering of M is a subset Cy () C M

satisfying for every x € M there exists a ¢ € Cyy(€) such that d(z, c) < e.
Second, we define the covering number of a metric space.

Definition 4.2.9 ([89]). Let (M,d) be a metric space. The e-covering number of M, denoted
N (M, d,e), is a natural number giving the minimum cardinality of all e-coverings C\y;(€). Equiv-

alently, N'(M, d, €) is the minimum number of € radius balls, as measured by d, to contain M.
Third, we define a sub-Gaussian stochastic process. For this we first define a stochastic process.

Definition 4.2.10 ([1]). Let S and T be sets called the state space and index set, respectively. A
stochastic process or random process is a collection of random variables (X,).cr, each defined

on a common probability space (2, F,P), such that X, takes values in S for eacht € T.
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Now, we define a sub-Gaussian stochastic process.
Definition 4.2.11 ([1]). A real-valued stochastic process (X;)er is called a sub-Gaussian process
ifE(X;) =0andforall s,t € T and 6 > 0

E [exp(0(X, — X,))] < exp (%d(X,, X,)*/2)

where d(X,, X;) = (E | X, — X,|*)'/2 is a pseudo-metric.
Fourth, we define the radius of a stochastic process or, equivalently, the radius of the index set.
Definition 4.2.12 ([1]). Let (X;)ier be a real-valued stochastic process. The radius of Xr, or the

radius of T, is denoted by A(T') and defined as

A(T) = sup VE| X, |2

teT
With these four definitions we provide Dudley’s Inequality.

Lemma 4.2.13 (Dudley’s Inequality, [89], Theorem 8.23 [1]). For a sub-Gaussian stochastic pro-

cess (X¢)ier with pseudo-metric d

E (Sup Xt> < 4v2 /0 s \/ In (/\/ (T, d, e))de.

teT

In plain language, Dudley’s Inequality bounds the expected maximum of a stochastic process

by an integral over the root log covering number of the stochastic process index set.

4.2.4 Rademacher Process
A Rademacher process is a stochastic process where the stochastic properties of the process are
driven entirely by Rademacher random variables. To formally define a Rademacher process note

that for a vector space V and set D we write V' to denote the set of all functions that map from

Dto V. Thatis, VP = {f suchthat f : D — V}.
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Definition 4.2.14 ([1]). Let V be a vector space, T an index set, and X = V. A Rademacher
process, (X;)er, is a stochastic process of the form X, = Y, _, v,xx(t) where x), € X for each

k=1,2,...,nand~ = [y1,...,7V) are i.i.d. Rademacher variables.

We remark that the state space of a Rademacher process is the vector space V. Additionally,
the functions x;, are deterministic and thus the Rademacher variables -y drive the stochastic nature
for a Rademacher process. Now, we highlight two useful properties, from [1], of scalar valued

Rademacher processes, i.e. a Rademacher process such that V' C C.

Lemma 4.2.15 ([1]). Let (X;)ier be a Rademacher process on state space V- C C. That is X; =
Sor_ wwk(t) for p € VT foreach k = 1,2,...,nand v = [, ...,7,) are i.i.d. Rademacher

variables. Then

E,(1X) =) lan(t)?

and
d(X., X,)? =By Xo = X,P = (Jun(s) — z(t)])*.

k=1

Proof. Fora € C, let R(a) € R and C(a) € R respectively denote the real and complex parts of

a,ie. a = R(a) 4+ iC(a), and recall that |a| = y/R(a)? + C(a)?. Observe

2

By (IX:7) = By | D mera(t)
k=1

2

=E, | D wR(t) +i) wC(ax(t)

=E, (Z%R(xk(t))> +(Z%C($k(t))> - 4.1
=1 k=1
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Now, for any ¢, € R where k = 1,2, ..., n, using the linearity of the expected value operator, note

n 2 n n n n
By (Z %Ck) =D By (i) + DD By (vmeien) = Y& (4.2)
k=1 k=1

k=1 j=1 k=1
J#k

where in the final equality we used that 77 = 1 and E~(7;7x) = E~(7:)E+(7%) = 0 since ; and
are independent for any j # k and E. () = 0 for all k. Combining equation (4.1) and equation

(4.2) produces

2

E,(|X:*) = E, (Z %R(Ik(t))> +E, <Z ch(xk(t)))
k=1 k=1
= " Ran()? + 3 Clan(t))?
=" R(ax(t)? + C(ai(t))?

= lu@)

The second property d(Xs, X;)? = E,|Xs — Xi> = Y1_(Jzk(s) — x(t)])? is an immediate

consequence of the first property by noting that X;—X; = >, vk (zx(s)—xzx(t)) is a Rademacher

7]

process. X
Finally, we demonstrate that real-valued Rademacher processes are sub-Gaussian.

Lemma 4.2.16 ([1]). Any real-valued Rademacher process, (X,;)cr for X; € R, is a sub-Gaussian

process.

Proof. Let (X;);er be a Rademacher process. Using the linearity of the expected value operator

and that the expected value of a Rademacher variable is 0, observe for all t € T

E,(X:) = E, (Z %xk(t)> = K, (w)a(t) =0.
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First, note that, for any Rademacher variable, v, and x € R

1 1
E, (exp(yx)) = 5 exp(z) + 5 exp(—z). 4.3)

Second, we show that (2k)! > 2! for all k € N U {0}. The base case k = 0 holds trivially as

0! = 1 = 2°0!. Now assume that (2k)! > 2*k! holds for some fixed k > 0 and observe

2(k + 1) = (2k +2)! = (2k + 2)(2k + 1)(2k)!
> (2k + 2)(2k + 1)2"k!

=2(k + 1)(2k + 1)2"k! = (2k + 1)2" (k + 1)! > 28 (k + 1)!

where the final inequality holds since (2k + 1) > 1 for all k > 0. Thus, (2k)! > 2*k! for all
ke NU{0}.
Third, note that for all z € R, using the Taylor series of exp(z) and that (2k)! > 2*k! for all

ke NU{0}

(exp(z) + exp(—

N | —

l\')lr—\
VR

N | —

3 ZMg
8

(2Kk)!

k
2
1 x? 100(%> 1 x? x?
<N 2 —Cexp (L) < ). @4
=2 £ R 2]; Kl QGXp(2>—eXp(2) @4

k=

Now, recall for any independent random variables X and Y that E(XY) = E(X)E(Y). Ad-
ditionally, f1(X) and f>(Y") are independent random variables for any functions f; and f; defined

on the domains on which X and Y take values in. Using these two facts along with equation (4.3)
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and equation (4.4) observe for any s,7 € T and 6 > 0

Ey(exp(0(Xs — Xi))) = E, <eXp (9 > wla(s) - xk(t))>>

k=1

=E, (H exp (O (xr(s) — fEkz(@)))
E

i (P (O (2 (8) — 21(1))))

T exp 00a() = () e (—0(s) =)
< ,ﬁlexp (6P(0(5) — wl()/2)

~esp (92 :;m(s) - xk<t>>2/2>

— e (02 kf;(m(s) - xk<t>|>2/2)

= exp(0*d(X,, X1)?/2)

where in the final inequality we used Lemma 4.2.15. X
As a consequence of Lemma 4.2.16, any Rademacher process satisfies Dudley’s Inequality in

Lemma 4.2.13.

4.2.5 Covering Number Bounds

In this section, we provide a series of bounds on the covering number of various generic classes
of sets. Of key importance is a bound on the covering number for a set of parameterized functions.

First, we discuss a covering number bound on a subset of a unit ball as given in [1,89].

Lemma 4.2.17 ([89], Proposition C.3 [1]). For any norm ||-|| on R™ and subset U C {x € R" :

||| < 1} it holds that

N, Il e) < (1 +2/e)".
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Proof. For a metric space (M, d) let N?**(M d, €) denote the e-packing number. That is NP> is

-----

.....

e-packing points of (M, d) . Assume that X is not an e-covering of M. Then there exists av € M
such that d(xy, v) > e forall k € {1,2,..., NP} Hence, X U {v} is an e-packing of M, which
contradicts that X is the maximum e-packing. Therefore, every maximal e-packing of M is an
e-covering of M and thus N'(M, d, ) < NP*K(M d, ¢).
Define the radius § ball as Bs(x) = {z € R" : || — z|| < 0} and let vol(B) denote the stan-
dard volume of a set B C R™ By definition of an e-packing, B./:(x;) N Bej2(x;) = O for
all k,j € {1,2,...,N?%*} where k # j. Furthermore, as vol(B,s(x))) = vol (B2(0)) for
every k, then VOI(UQQTI( BE/Q(:ck)> = NPyol(B,2(0)). As every ¢, € U C B;(0) then
Q[:plk Beja(xr) € Biye/2(0) since xj, could be a boundary point of ;(0) where B, 5(x}) is then
outside of B1(0) by a maximum distance of €/2. Therefore, it holds that N'P**vol(B,»(0)) =
vol <U2\[:p alck B /Q(a:k)> < vol(Bi4¢/2(0)). On R™, volume satisfies a homogeneity relationships

given by vol(B;(0)) = ¢"vol(B;(0)), which implies
NPK(e/2)"vol(B1(0)) = NP**vol(B,2(0)) < vol(Bji¢/2(0)) = (1 + €/2)"vol(B;(0))

or NPk |I]l,€) < (1+¢€/2)"/(e/2)" = (1+2/€)™. Therefore, N'(M,d,e) < NP*k(M, d,e) <
(142/€)".

X

Second, we provide a covering number bound for a space of parametric function satisfying a

Lipschitz criterion.

Lemma 4.2.18 ([89]). Let (O, ||-||ls) be a non-empty, bounded, finite-dimensional, and normed
vector space. Define F = {fy : X — YV |0 € ©} and let ||-||  be any norm on F. Assume that for
any 0,0 € ©

Ifo(®@) = f3(@)|l = < T(@)[6 — by
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and let T' = sup,c» I'(x). Then
N(F, Iz, €) < N(O, [I-[lo, /).

Proof. Let Cg be any ¢/I'-covering of © and Cr = {fy : 0 € Co}. Note |Cx| < |Co| as it is
possible for 6, f € Co with 0 # 0 to generate fg = f; and equality occurs if and only if every
0 € Co uniquely defines a function f; € Cr. Further, by definition of an e-covering, for any

fo € F there exists a ¢ € Cg such that |0 — ¢|| < ¢/I". Thus f. € Cr satisfies

[fo(x) = fe(@)||l7 ST (@)]|0 —cllo <T[0 —clly <€
Hence, every €/T'-covering of © generates an e-covering of F. Take Cg to be the minimal cardi-
nality e/I"-covering of ©, then N'(F, |||z, ¢€) < |Cr| < |Co| = N (O, ]9, €/T). X

Finally, we generalize Lemma 4.2.18 to a class of functions parameterized by a sequence of
parameters; the result of which is a direct consequence of Lemma 4.2.18 and likely exists in the

literature.

Corollary 4.2.19. Let (O,

0,), for i € N[n], be a sequence of non-empty, bounded, finite-
dimensional, and normed vector spaces. Define F = {fg, o, : X = V|60, € ©,} and let ||-|| » be

a norm on F. Assume that

1 for0n(®) = f5. ||f<ZF

and let T'; = sup o I'i(x). Then

n

'F H H]‘—7 H Z7 :

[llo:s €/ (nT)).

Proof. Let (Sk,dy), for k € N[n], be metric spaces and define the product metric space (S, d)

where S = S; x -+ x S, and d(s,c) = >}, ardi(sk, cx) for s,c € S and fixed a;, € (0, 00).
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Let Cy be any €/(an)-covering of Sy and define C := C} x --- x C,,. Then for any s € S there
exists a ¢ € C such that d(s,c) = > ;_, apdy(sg, ) < > p_; are/(nay) = €, which implies that

C is an e-covering of S. Take every C}, to be the minimal cardinality €/(axn)-covering of Sy, then
- €

S,de) <|C Ch| Sk, d, — | . 4.5

N( €) <[C| = H|k ’HN<k, k’am) (4.5)

Next, let (O, ||-||e) be the finite-dimensional and normed vector space where © = O x---x0,,
and for @ = (6,,...,0,) € © we define ||0||¢ = > ., I';]|0i]|s,. Then for any 6, 6 c © where
6= (6,...,0,)and @ = (61,...,6,) we have

[ for....00(®) = [, o, (® H;<ZP )116;

<D Tl = billo, = 16 — 6o
i=1

Thus, by Lemma 4.2.18

N(‘F7 H'||7:7€) SN(@a ||'H@7€)

As (0, ]|]]|e) is a product space then applying equation (4.5) gives

n

N(F, 7€) <N(O, [-lle, ) H (03, [I-[ls;, €/ (nT'5))

producing the desired result. X

4.2.6 Properties of Bounding Functions

In this section, we provide a handful of functions, with a corresponding Lipschitz property,
that map an input vector onto a bounded space. These functions and their Lipschitz properties are

beneficial in analyzing the GEBs for unrolled, CG-based DNNs and all likely exist in the literature.
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Mapping to an Approximately Normalized Vector

Definition 4.2.20. Let B = {x € R" : ||x||o» < 1} be the open unit ball. For fixed ¢ > 0, the

approximately normalized vector mapping f. : R" — B is defined as

xr

14®) = Tl e

Now, we prove a Lipschitz property of the approximately normalized vector mapping.

Lemma 4.2.21. The approximately normalized vector mapping satisfies

1fu(@) = @)z < ~lles — ol

forall x,,x5 € R" and every € > (.

Proof. First recall that for any differentiable function f : R — R™
||f(x1) — f(x2)||2 < L||xy — @3]z forallxy, @y <= sup||Vf(x)|ame < L.

Note

1 1 .
= — 3 L .
llla+e (]2 + )|

Vi)

Let (A;(), v;(x)) be the eigenpairs of zx”. As the outer product zx” is a rank 1 matrix then n—1

of the eigenvalues are zero, which we assume WLOG that A\y(z) = - - - = A\, () = 0. Observe

e lz][joi(x) = [lz|pz"vi(z) = 2" 22" vi(2) = 2" M (@)vs(2)

implying that \; () = ||x||3. Also observe

1 1
lzll2 +e  (l]l2 + €)?/z]]

V(o) = ( Ma)) oa).
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implying that

eigenpairs(V f(x))

(= mqu'fUinwm7”*@)}U{((WW))};'

Note
- |13 1 ( =l ) 1
lella+e  (fzllz+ e[|zl [leflz+e llla+¢/) = |lell2+ €
where the last inequality holds since 0 < I\!ﬁyie < 1implying0 <1 — H!‘T\% < 1. Therefore
9 /@)l < :
su T sup ————— = —
mp 22 = mp ||x||2 +e A
and thus, the approximately normalized vector mapping is %—Lipschitz. X

Mapping to Ball of Radius B

Definition 4.2.22. Let By = {x € R" : ||x||s < B} be the ball of radius B. For fixed B > 0, the

B-Ball mapping pp : R" — Bp is defined as

() T llz|]]s < B T
P BE el > B max{L |[=l./B}

We remark that the B-Ball mapping is the projection onto the Euclidean ball of radius 5. Next,

we show that the B-Ball mapping is 1-Lipschitz.

Lemma 4.2.23. The B-Ball mapping satisfies

[lpB(®1) — pB(%2)||2 <[22 — 2|2

for every B > 0 and x,, x5 € R".
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Proof. This is trivially true for @1, x, satisfying ||z, ||, ||z2|| < B. Following the exact same steps
as in the proof of Lemma 4.2.21 shows the result holds for @1, , satisfying ||z+||, ||x2|| > B.
Now let ¢, and x, satisfy ||z;|| < B and ||x2|| > B. Without loss of generality we assume

x; = 0. Then

< |z2|[2 = ||21 — ®2][2
2

B
lon(@:) — pn(@s)lls — H—w
H332H2

proving the desired result. X

Lastly, we remark that the 5-Ball mapping is bounded in norm by B as

oo @ = | e T

<B (4.6)

=P
Componentwise Mapping to Ball of Radius 5B

Definition 4.2.24. Let B, = {x € R" : ||x||s < b} be the Euclidean ball of radius b. For fixed
B > 0, the componentwise /nB-ball mapping [z : R — [—B, B] is a componentwise function

defined as

B = Bsign(z) = > B.

x lz| < B

f(z) = {
||

Then for any vector x € R* we define fp(x) = [f5(2;)|2; : R" = Bap.

To show the componentwise ball mapping is Lipschitz we first show that any componentwise

function that is L-Lipschitz over R is similarly L-Lipschitz over R".

Lemma 4.2.25. Let f : R — R be a componentwise function that is L-Lipschitz. Then f(x) =

[f(z;)]", : R® — R™ is L-Lipschitz over R™.
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Proof. Observe

1/2 n 1/2
1f (1) = f(@2)|]2 = (Z(f(ﬂﬁu) - f(xai))2> = (Z(If(wu) - f(ﬂfzi)|)2>

i=1 =1
N 1/2
< (Z(L |z1; — 9521")2)
i=1
:Lle—wQHQ. X

Now, we show that the componentwise ball mapping is 1-Lipschitz.

Lemma 4.2.26. The componentwise \/n B-ball mapping satisfies

[ fa(®1) — fB(Z2)[|2 < [|21 — X220

for every B > 0 and x,, x5 € R".

Proof. Note

0 else

d 1 B
@ o) = { ] <

implying that fg(x) is 1-Lipschitz over R. Applying Lemma 4.2.25 produces the desired result.
X

Modified ReLU Activation Function

Recall the ReLLU activation function is a componentwise function defined as ReLU(x) =

max{0, z}.

Definition 4.2.27. Let a,b € R. The modified ReLU (mReLU) activation function, P,;(x) : R —

R, is a componentwise function defined as
Pop(x) = a+ ReLU(x — a) — ReLU(x — b).

We remark that the mReLU activation function projects an input z € R onto the interval

[min{a, b}, max{a, b}]. Now we show that the mReLU activation function is 1-Lipschitz.
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Lemma 4.2.28. The modified ReLU activation function satisfies

[Pap(@1) = Pap(®2)|2 < |21 — 2
for every a,b € R and x,,x2 € R.

Proof. We show the real-valued modified ReLLU function is 1—Lipschitz and then apply Lemma

4.2.25. For this we consider cases for the locations of inputs x; and x5 with respect to the interval
[min{a, b}, max{a, b}|.

Case 1: Let x1, x5 € [min{a, b}, max{a, b}]. If a < b then

|Pap(x1) — Pap(xe)| = |[ReLU(x; — a) — ReLU(z; — b) — (ReLU(z2 — a) — ReLU(z2 — b))]
= |r1 —a— (22— a)|

= |I1 — $2|.

Instead, if b < a

Pus(21) — Pap(2a)| = [ReLU(x; — a) — ReLU(z; — b) — (ReLU(z5 — a) — ReLU (25 — b))]
= |z = b— (21 — b

= |JJ1 — ZL‘2|.

Case 2: Let z; € [min{a, b}, max{a,b}] and z5 ¢ [min{a, b}, max{a,b}]. fa < band x5 > b
then

|Pop(x1) — Pap(x2)| = |21 —a — (22 —a — (z2 = b))| = |21 — b] < |21 — 23]

Similarly, if a < b and x5 < a then

|Pap(21) = Pap(x2)| = |21 — a] < |1 — 22].
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Instead, if b < a and z5 > a then

Pap(1) = Pap(a)| = | = (21 = b) — (2 —a — (z2 = D))| = |21 — a| < |21 — 22|,

Similarly, if b < a and x5 < b then

[Pap(x1) = Pap(z2)| = |21 — b < |71 — 22

Case 3: Let 25 € [min{a, b}, max{a,b}| and x; & [min{a, b}, max{a, b}]. This case follows
the exact same manner as Case 2.

Case 4: Let 21,29 ¢ [min{a, b}, max{a,b}|. If x; and z are both left or both right of the
interval [min{a, b}, max{a, b}| then |P,;(x1) — Pup(x2)| = 0 < |21 — 22|. Now, let 21 and z, be
on opposite sides of the interval [min{a, b}, max{a, b}]. Then |P,,(z1) — Pup(z2)| < Ja — b <
|z — 29

As z; and x, fall into one of the four cases above for any 1,25 € R, then P,;(x) is a 1-
Lipschitz function over R. Therefore, by Lemma 4.2.25 the modified ReLU function P, ;(x) is
1-Lipschitz over R". X

4.2.7 Integral Bounds

We conclude the preliminaries section with bounds on certain integrals that will manifest in the
derivation of generalization error bounds for compound Gaussian networks. First, a bound on the

integral of a function of the form In(1 + 1/x), which exists in the literature [86].

Lemma 4.2.29 ([86]). Forall v, > 0

/ VIn(l + v/z)dr < B+y/In(e(1 + v/B)). (4.7)

Proof. Let £? be the inner product space of square-integrable real-valued functions on [O B] for

B > 0. Then for f, g € L£* define the inner product (-, -) : £L2x L* — Ras (f, g) fo
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By the Cauchy-Schwartz inequality

B8 B8 B8
/0 f(2)g(x)da =<f,g>§\/<f,f><g,g>=\/ / f(2)2dz / g(x)2dz.

Take f(z) = 1 and g(z) = \/In(1 + v/x) for v > 0. Then

B B
/ vin(l+v/x)de = / vVIn(l+v/x)dx
0 0
B B g
< / 1da:/ In(1+v/z)dx = B/ In(1+v/z)dx. (4.8)
0 0 0
Take v = v/z then x = v/u, dv = —v/u*du, and u — oo whenz — 0 and u = v/3 when z = f3.
Thus

B viB oo q
/ In(1 +v/x)dx = / —— In(1 +u)du = 1// — In(1 + u)du.
0

oo u v/B U'2

Using integration by parts

B o q
/ In(1 +v/x)dx = 1// — In(1 4 u)du
0 v

/6 U2
o /°° 1 1
v/ v/B ul+u

:I/{Bln(l—l—u/ﬁ)—i-/ool ! du}

=v [—u_l In(1+ u)

v vl +u
1
— BIn(1 - 4.
B1In( +V/6)+V/V/5u1+uu 4.9)

where in the third equality we used that lim, ,., ! In(1 + u) = 0. Since < % forallz > 0

1
14+

then

*1 1 > 1
/ — dug/ —2du:é. 4.10)
,//Bul—l—u /g U v
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Thus

B
/0 In(1+v/r)de < BIn(l +v/B) + yﬁ =B(1+In(1+v/B)) =LBn(e(1+v/5)),

14

which combined with (4.8) produces

B8
/0 VIn(l 1 v/2)dz < /FIa(e(L + 7/B)) = fv/In(e(L + 7/B)).

which holds for all v, 5 > 0. X
Second, we improve the bound of Lemma 4.2.29, which likely already exists in the literature.

Lemma 4.2.30. Forallv,3 > 0

B
/0 (4 v/a)de < /B + v/B) + vBn(l + B/v). @.11)

Proof. Observe

1 1 U
— du =1In
vp Ul +u 14+u

Combining with (4.9) gives

B
/0 In(1+v/x)de =FIn(1+v/B) +vin(l + §/v),

which combined with (4.8) produces for all v, 5 > 0

B
/0 VIn(1 +v/z)de < /2 In(1 +v/B) +vBIn(l + 5/v). X
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4.3 Generalized Compound Gaussian Network

In this section, we provide the developmental setup for a generalized compound Gaussian
network (G-CG-Net) shown in Fig. 4.1. G-CG-Net is an unrolled, CG-based DNN for solving
linear inverse problems where the use of “generalized" in the naming of G-CG-Net denotes the
fact that this network encompasses the compound Gaussian network (CG-Net) [57, 58] and deep
regularized compound Gaussian network (DR-CG-Net) [76,77] as special cases. Recall that CG-
Net and DR-CG-Net are detailed in Chapter 2 and Chapter 3, respectively. In contrast, the use of
“generalized" in terms of network error, i.e. generalization error bound, denotes a DNNs ability to
transfer from training data to testing data. In developing G-CG-Net, we first establish a CG-based
iterative algorithm for solving linear inverse problems, named generalized compound Gaussian
least squares (G-CG-LS). Subsequently, we apply algorithm unrolling to G-CG-LS to produce
G-CG-Net.

Through the study of image statistics, it has been shown that sparsity coefficients of natural
images exhibit self-similarity, heavy-tailed marginal distributions, and self-reinforcement among
local coefficients [11]. These properties are encompassed by the class of CG densities [10, 11,43].
Thus, the CG prior better captures statistical properties of natural images as well as images from
other modalities such as radar [12,92]. A useful formulation of the CG prior is modeling a signal as
the Hadamard product ¢ = z ® w such that u ~ N (0,%,), z ~ p,, and u and z are independent
random variables [8, 11]. We call z the scale variable and u the Gaussian variable. The linear

measurement model we consider then is
y=Ac+v=Az0u)+v. (4.12)

G-CG-Net is a method that recovers ¢, by estimating z and w, when given y and A.

4.3.1 Iterative Algorithm

Algorithm 5 provides pseudocode for the iterative algorithm generalized compound Gaussian

least squares (G-CG-LS) to be unrolled into G-CG-Net. While G-CG-LS was first introduced in
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Chapter 3, we briefly restate it here for completeness of this chapter. Consider the cost function
1 o L o150
F(u,z) = §]|y—A(z®u)H2+§u P u+R(z). (4.13)

Note that a maximum-a-posteriori (MAP) estimate of z and w from (4.12) is a special case of
(4.13) when P, ¥, and R o log(p.(2)).
Using block coordinate descent [59], G-CG-LS alternatively minimizes (4.13) over z and wu.

The minimum of (4.13) in w is a Tikhonov solution, 7,(z) = 7,(z; P,), given by
Ty(z) = (ALA, + P, 'Aly = P,AL(I + A,P,AL) 'y

where the second equality results from using the Woodbury matrix identity.
As the minimum of (4.13) in z does not have a closed form solution, for general regularization
R(z), we iteratively minimize by performing J descent steps on z. That is, for g : R” x R" — R™

a scale variable descent update, the estimate z on descent step j of iteration k, denoted as z,ij )is

given by z,gj) = g(z,(gj_l), ui_1;y) where z,(ggl = z,iJ). For instance, in Chapter 2 and [57,58,76]
take g as a steepest descent step. Instead, in Chapter 3 and [77] take g as an iterative shrinkage and

thresholding step and as a projected gradient descent step.

Algorithm 5 Generalized Compound Gaussian Least Squares (G-CG-LS)

Input: Maximum number of iterations K, number of steepest descent steps ./, measurement op-

erator A, (possibly scaled) measurement vy, initial estimate z%o).

1: Choose a u (e.g. ug = 7;(Z§O)))
2: fork € {1,2,...,K} do

3: z ESTIMATION:

4: forj € {1,2,...,J}do
5: Z](gj) = g(z](gjil)7 uk*l) = g(zl(gjilx Up—1; y)
6: en(? for )
0 J
7 zl(erl =2
8: u ESTIMATION:
9: uy = E(zfj))
10: end for

Output: c* = zg) O ug
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4.3.2 Unrolled Deep Neural Network (G-CG-Net)

Applying algorithm unrolling to Algorithm 5, we create G-CG-Net with end-to-end structure
shown in Fig. 4.1. G-CG-Net is a generalization on CG-Net introduced in Chapter 2 and DR-
CG-Net introduced in Chapter 3; reducing to each with under specific choices of the scale variable
descent update and w covariance matrix structure. Each layer k of G-CG-Net, shown in the dashed
box of Fig. 4.1b, corresponds to iteration k& of Algorithm 5 and implements a complete scale
variable mapping, Z; shown in Fig. 4.1c, that updates z and a Tikhonov update of u. Each Z

)

consists of J scale variable updates Z,(cl), ceey Z,g‘]) where every Z,(Cj updates z once and is the

output of a scale variable descent update, denoted g,(f ), as given in line 5 of Algorithm 5.

_UUK \Ul_ ‘U2' ﬁ‘il
“ i - 0
Z, o Z, [ ._,ZK_T

(a) End-to-end network structure of G-CG-Net.

Layer k Complete Scale Variable Mapping
Ua| ! (U] ! Uha U177 N
L Y . L S i \, ] N
T . 1 i T (L; S = =) 0
Zr_1 I Zi i Zriq Zk—-l_ : 'Zk | -Zk U -"Zk : Zk+1_

(b) Layer k analogous to iteration k in Algo- (¢) Complete scale mapping module Z; producing estimate z,(c‘]) in Al-
rithm 5. gorithm 5.

Figure 4.1: End-to-end network structure for G-CG-Net, the unrolled deep neural network of Algorithm
5, is shown in (4.1a). G-CG-Net consists of an input block, Ly, initialization block, Zy, K + 1 Tikhonov
blocks, Uy, output block, O, and K complete scale variable mappings, Zj, with structure in (4.1¢). Each

Z. consists of J scale variable updates Z ,ij ),

Mathematically detailing the G-CG-Net blocks we have:

Lo = vy is the input measurements to the network

[Zd= Pos(ATy), for A = £ is an initial estimate of z.

lAll2”

: Ty(Z ,EJ)) is the Tikhonov estimate of u corresponding to line 1 and 9 of Algorithm 5.
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The kth complete scale variable mapping, Z;, contains:

Z ,ij - Po.- (gl(cj ) (Z ,gj -, Uk—1)) is the scale variable update corresponding to line 5 in
Algorithm 5.

@: Peman (2K © U ) is the estimated signal output. produced by G-CG-Net.

Note that p., .. and Py, for cpax > 0 and z,, > 0, are applied for technical reasons in
developing the GEB and are further discussed in Section 4.4.1. Furthermore, to simplify notation,
welet 2\, = 2 fork € {1,2,..., K — 1} and 2\ = Z,.

Every layer Uj is parameterized by the same covariance matrix P, and each scale variable
update / ,ij ) we assume, generally, to be parameterized by D arbitrary weights 9,(3 i, ceey 9,&% We
additionally assume that 0,(52[ € Qg for k € N[K], j € N[J], and some finite-dimensional vector
space (2;. For instance, if a fully connected layer, mapping from R" — R", is implemented in
each g,(ej ), then every 0,? i could be the weight matrix from the layer while 9,(5% could be the additive
bias of the layer. Hence, the G-CG-Net parameters are

© = {P}U{aY)} ] (4.14)

keN[K], deN[D].

We remark that a structured form may be imposed on the covariance matrix P,. In particular,
to ensure that P, is symmetric and positive definite (SPD), we consider, for ¢ > 0 a small fixed

real number,

max{\, e} Scaled Identity
p_ diag([max{\;, e}]’,) Diagonal
Y ) LD A eI Tridiagonal
LLT + el Full.

In the scaled identity case, only a constant ) is learned. In the diagonal case, a vector A = [\;]7
is learned. In the tridiagonal case, two vectors A; € R" and A, € R"! are learned such that the
lower triangular matrix component L; is formed by placing A; on the diagonal and A, on the first
subdiagonal. Finally, in the case of a full covariance matrix, an entire lower triangular matrix L is

learned.
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4.3.3 Realizations

Two specific forms of G-CG-Net are detailed here, namely CG-Net from Chapter 2 and DR-
CG-Net from Chapter 3. Note that we slightly adjust a few details of the implementation of CG-Net

and DR-CG-Net to assist in the generalization error bound analysis.

Compound Gaussian Network (CG-Net) [57]

For this method, the scale variable is formulated as z = h(X) for X ~ N(0, I) and h is a com-
ponentwise, non-linear, twice continuously differentiable, and invertible function. Accordingly,
the scale variable regularization is set as R(z) = u||h~'(2)]|3, for a constant > 0, to enforce
normality of X = h~!(2).

The scale variable descent update, g, is a projected steepest descent step based on a learned
quadratic norm. We consider a slightly adjusted update, to assist in the analysis, given as

97 (z,u) = Pop(z = B pe(VaF(u, z: 1)) (4.15)

where a, b, £ > 0 are fixed, B,(Cj )is alearned n x n positive definite matrix, and

V.F(u, z; 07 = AL(Auz —y) + 1[0 (2) © ™ (2) (4.16)
for ,ul(f ) a learned scalar. Note, the application of Euclidean ball projection mapping, p¢, ensures a
sufficiently small step size is used in each gradient update for numerical stability.

For parameters, P, is structured as a scaled identity matrix and D = 2 where 9,(3% = B,(Cj )

and 0,(:% = u,(j ). A structural similarity index measure (SSIM) loss function is used to train CG-

Net. For two images or matrices /; and I of equivalent size, the SSIM loss function is given by

L(Iy,15) = 1 — SSIM(Iy, I,).

Deep Regularized Compound Gaussian Network (DR-CG-Net) [76]

In this method, the scale variable regularization is left as an implicit function that is learned,

through its gradient, in the unrolled deep neural network. In DR-CG-Net, a projected gradient
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descent (PGD) or ISTA step are employed as scale variable descent updates. These scale variable

descent update methods are given by

) o9 (2,5 80) + V9 (2) PGD
g (z,u) = 4.17)

o zusol) + ) (o)) 15TA
where, for a step size (5,(3 ) > 0 and fixed real number £E>0,
v (z,u;6Y)) = 2 — 67 pe(AL(Ayz — y)) (4.18)

is a gradient update of z over the data fidelity term of (4.13) and V,E,j ) R" — R" an embedded
subnetwork. We remark that the PGD update in (4.17) is a gradient descent step on (4.13) with
respect to (w.r.t.) z when V,gj ) = VR. Instead, the ISTA update of (4.17) is a proximal gradient
descent step on (4.13) with respect to (w.r.t.) z when proxg(z) = z + V,Ej ) (z). Hence, in training
Vlij ) the regularization, or equivalently prior distribution, for the scale variable is learned. Finally,
pe 18 applied for numerical stability as in CG-Net.

Each subnetwork, Yy ), consists of L. convolutional layers using ReLLU activation functions.
That is, layer ¢ consists of f, convolutions, i.e. filter channels, using kernel size k, x k;, with unit
stride. Note, zero padding is applied to each filter channel of the input such that the output, at any
filter channel, is the same size as the input from any filter channel. Furthermore, we take f;,. = 1 so
that given a single channel image input to V,gj ) the output is also single channel image of equivalent
dimension. For our analysis we assume, without loss of generality, that convolutional layer ¢ of
V,ij ) is implemented as a matrix-vector product with weight matrix Wk(]e) As each weight matrix
W,gjg) is structured upon a convolutional layer mapping from f, | to f, filter channels using kernel
sizes of k¢ X kg then fy_; fok} parameters define W,ije)

For parameters, P, is structured as a tridiagonal matrix and D = L.+ 1 where 0,? z = Wk(]z) for
1 <?¢< L.and 0,(5)%“ = 5,(3). A mean absolute loss function, L(x1, ®2) = +||1 — @2]|1, is used

to train DR-CG-Net.
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4.4 Generalization Error Bound for G-CG-Net

In order to estimate the generalization error, similarly to [86—88], we derive an upper bound
on £(¢) in terms of Ls(¢) and a Dudley’s inequality bound of the Rademacher complexity for
the hypothesis space generated by G-CG-Net. The Dudley’s inequality bound is evaluated using a
covering number argument dependent on a Lipschitz property of the G-CG-Net outputs w.r.t. the
G-CG-Net parameters. Our key contribution here is showing the G-CG-Net outputs are indeed
Lipschitz w.r.t. to the network parameters and applying our derived GEB to the specific CG-Net
and DR-CG-Net structures.

The remainder of this section is structured as follows. Section 4.4.1 explicates boundedness
assumptions, a Lipschitz assumption, and loss function requirements that underlie our GEBs for
deep compound Gaussian networks. We derive a Lipschitz property of G-CG-Net outputs w.r.t.
the G-CG-Net parameters in section 4.4.2. Finally, section 4.4.3 details the GEB for G-CG-Net

and provides a proof of this bound.

4.4.1 Assumptions for the Generalization Error Bound

A common assumption in machine learning literature and implementation is that the input data
to a neural network is bounded. Specific bounds are often guaranteed through preprocessing of
the data, which has been shown to assist in the performance of DNN models [93]. For instance,
in [57,76], which use images as the signals of interest, each image is scaled down to be bounded
in the Euclidean unit ball. Furthermore, bounded data implies that the possible parameters to be
learned by a DNN are similarly bounded as DNNs are trained only for a finite number of epochs

using a small learning rate to estimate bounded signals from bounded inputs.
Assumption 4.4.1. The following bounds hold almost surely:
1. Original signals, ¢, satisfy ||c||2 < ¢max-

2. Scale variables, z, satisfy ||z||co < Zoo-
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3. Covariance matrices, P,, satisfy P, € P where, for 0 < pmin < Pmax

P = {n x n SPD matrices with bounded spectrum}

={P e R™": PisSPD, || Pz < pmax; [P |2 < vl }- (4.19)

4. Each scale variable update parameter, 0,(531 satisfies Hei(i)zH(d) < wyq for wg > 0 and some

norm ||‘”(d)-

We remark that assuming the scale variables are bounded is reasonable since we assume the
original signals are bounded and the original signals are a product of the scale variable and a
Gaussian variable. The boundedness of the scale variables is enforced in G-CG-Net by the mReLU
activation function, P ._, in each scale variable update layer. Finally, as the original signals are
bounded, we force the estimates from G-CG-Net to, equivalently, be bounded by applying the
projection operator p,,... to the estimate Zx © Uy produced by G-CG-Net.

Next, we require the following assumptions on the DNN loss function.

Assumption 4.4.2. For a finite-dimensional vector space V', the network loss function L(x, x2) :

V' — R satisfies:

1. Bounded:  |L(x1,29)| <c

2. 7-Lipschitz:  ||L(x1, ) — L(xa, x)||2 < 7|21 — 22 ||2
forc>0,7>0andall &1, 25,2 € V.

The final assumption we require is a Lipschitz property for the scale variable descent update.

Assumption 4.4.3. For every z; € R" satisfying || zj|| s < 2oo and w; = T, (z;; P;) where P; € P,

each scale variable descent update method g,(fj )(z, w), which is parameterized by some 19,(5 ) =

193



(0,(5}, . ,0,(33), satisfies

Hglg;j)(zla Uy; 19;(5)) - gl(gj)(z27u2; 5;(j))\|2 < T;i{fl)HZl — 2|2 + 7’;(5;1)“’&1 — Usl|2
D
R
+> rd 160 - 6w
d=1

for non-negative constants 7“,(51_1), 7’,(52_1), 7’,(5;;), and norms {||-| ) } ;.-

While the Lipschitz property of Assumption 4.4.3 may seem arbitrarily restrictive we show it

holds for CG-Net and DR-CG-Net in Section 4.5 and Section 4.6, respectively.

4.4.2 Lipschitz Property of G-CG-Net

In this section, we show that G-CG-Net is Lipschitz w.r.t. its parameters © in (4.14). This
result is a cornerstone in proving the GEB of G-CG-Net provided in this chapter and is dependent
on a Lipschitz and bounded property of the Tikhonov solution along with Assumption 4.4.3. The

following lemma from the literature will be frequently required.

Lemma 4.4.4. For 1 < p < oo let ||-||,, be the standard p-norm on R. Then for all 1 < q < { and

all ¢ € RY it holds that
11
zlle < |, and zll, < ds 7|z,

Proof. First, we show that ||z||, < ||z||, forall z € R?and all 1 < ¢ < /. Lety € R? satisfy
|yll; = 1. Thus, [|y||> = 1 for every p > 1 and each component of y satisfies |y;| < 1. Hence, for

any 1 < ¢ < £ it holds that |y;|* < |y;|9. Therefore

d d
Iyl = > 1wl < > 1wl = llylla = 1 = llyll;
=1 =1
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implying |ly|/, < ||y||,- Now, let & € R". As —%— = 1 then using homogeneity of norms

lzllq

Lzl H @
EP EP

1

= ||
= T
],

(]

=l
implying |z[[, < [|l{[,-
Second, we show that ||x||, < n%*%||a:||g forall z € R?and all 1 < ¢ < /. Clearly, equality

holds if ¢ = £. Now consider ¢ < ¢. Note, Holder’s Inequality states that for all a € R?, b € RY,

and all p, s > 1 satisfying 1/p + 1/s = 1 it holds that

d d s/ d 1
S o < (zwairp) (zw) |
=1 =1 =1

Forr > 1 setp = r and s = -*5 then
T

d d T /d 1-7
=1 i=1 =1

Seta; = |x;|9and b; = 1 fori = 1,2,...,d. Then for r = g > 1 observe

d d ) T /4 1-¢
S o < (DW) (z )
=1 =1 =1
d 3
)2 < (Z\mf) g4
=1
d 7
1 1
x|y < (ZWK) da—t
=1

1

1_1
[y < ot [l >

Next, we use Lemma 4.4.4 to derive a similar matrix norm inequality.
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Corollary 4.4.5. For 1 < p < oo let ||-||, be the standard vector p-norm or induced matrix p-norm.

Then for all 1 < q < { and all matrices M it holds that
[M]le < [[M]lq-

Proof. Recall

M, = sup [[Mz]|,.

€T
zll,<1

By Lemma 4.4.4 it holds that {x € R?: ||z||, <1} C {x € R?: ||z||, < 1} and thus

[M|le = sup [[Mz]l, < sup M|, < sup [[Mzll, = [|M]],. @

€T €T T
lzlle<1 2]l <1 l2llq<1

Lipschitz of Complete Scale Variable Mappings

For notation we write Z,g‘]) : R" x R™ — R" as the complete scale variable mapping consisting

of J scale variable updates. That is, Z,EJ) = Z,g‘]) 0---0 Z,gl). As each scale variable update,

Z,ij ), is parameterized by some 9,?3, e 791(3) then the complete scale variable mapping, Z,g‘]),
is parameterized by @,(g‘]) = (9,9 i, ceey 0,?33) jenps)- We remark that this notation is introduced

since we will show Z,g‘]) is Lipschitz w.r.t. @;‘]) by induction over J. Additionally, this notation

emphasizes that the number of unrolled scale variable updates, .J, is a parameter that can be varied

at implementation and so the following Lipschitz property holds for all J € N.

Proposition 4.4.6. Let the Lipschitz property in Assumption 4.4.3 hold. Then the complete scale
variable mapping Z,EJ)(Z, u), which is parameterized by some @,(f) = (0,%, o ,0,933) jenpJ], sat-

isfies

|29 z1 w1 00) = 217 (22,40 8| | <7721 = 2alle + 70w — wal:

J
> |ed - or)
j=1 1

+

D
d=

(d)
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J J-1
~J) _ (3-1) ~J) _ (3-1) JJ (3-1) (©)
for Tl = | Irk,l v Tro E :Tk,z Tk v and Tkd3 = Tk,d,3 | | Tk

j=1 J=1 J

~
||

Proof. Using induction on J, the base case, J = 1, holds by Assumption 4.4.3 where we set
Hj: T4l T,Ef i = 1. Let the induction hypothesis hold for fixed J > 1. Observe that, using Assump-

tion 4.4.3, the induction hypothesis, and that P, ,__ is 1-Lipschitz by Lemma 4.2.28

HZIgJ+1)(z1, g @l(CJJrl)) _ ZIEJJrl)(zQ’ s ég]+1)) H

2
= [Pongl V(2 (21, w1 007, was 0 *D))

P (97 2L (20,02 B7), s 0Y))

2

= "QIE;JJrl)(ZIEJ)(Zl, Uy; @;(.CJ)); Uy, 79;({”1))

_g’(€J+1)(ZIgJ)(z2, s @l({;]))7 s ;9“](€J+1)) H2

< TI(J? HZéJ)(zl,ul; 0y)) — 2.7 (22, us; 9;(57))“2

i lun — walls + Zrkdgne -6

d=1
< 7”1({]1) (d{f“zl — 2ol2 + 7A’(k:72)||ul - U2||2)
J D
J ,J
+r IS TR0 — 0@ + i s — |
7j=1 d=1
D
J J+1 J—|—1
+ Y 108 = 67 - (4.20)
d=1
First note
J J+1
(J) ) (J) (3-1) (G-1) A(J+1)
Te1 Tkl = Tk Hrkj,l = Hrkj,l =Tr1 -
j=1 j=1
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Second note

]:1
J
i—1 ¢ J
-3 Hr,aa vri)
j=1 =j
J J
-1 i (J ¢
=Sl T+ 1T 4
Jj=1 =3 1=J+1
J+1 J
(-1 (0)
= 7"1@],2 H Tk
Jj=1 t=j
_ (D)
=Tgo
Third note
J—1 J
() =G) (), .(G-1) (0) (G-1) () _ ~0,J+1)
Tk 7”kj,d,?, =Tk k]d?) Te1 = rk:jd3 H g1 = rkj,d,S
l=j l=j
and
J
J J ¢ 1,041
rods =roas 11 ri =7
(=J+1
Combining these three notes with (4.20) gives
|20, w0 ) — 204 (20, uns 8 || <7 1 = zlle + 75 s — e

D

+
J+1 1 1
Z * 6, — 07| X

Properties of the Tikhonov Solution

Recall, for square matrix M the induced matrix 2-norm, ||M||,, also known as the spectral
norm, is the largest absolute eigenvalue of M. First, we provide a few lemmas necessary to derive

a Lipschitz condition for the Tikhonov solution.
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Lemma 4.4.7. For any invertible and symmetric matrix P € R"*", and any scale variable z € R"

it holds that

I(AZ Az + P77 2 < || Pl

Proof. Let 0 < Ay < --- < )\, be the eigenvalues of AZAZ +PH0<y < <, be the
eigenvalues of AZAZ, and 0 < k; < --- < K, the eigenvalues of P. Note these eigenvalues are all
non-negative as AT A,, P, and AL A, + P~! are real, symmetric matrices. Then 0 < \;! <--- <
A; ! are the eigenvalues of (AT A, + P71 )"tand 0 < ;! < --- < k] are the eigenvalues of P~

From Weyl’s inequality [94]

A ET <N

and thus

1 1
ATA, + P YYo= 2T < < =k, = ||P||s. X
(AT A=+ P = AT € e < 5 = = (1Pl

Next, we provide a Lipschitz bound for the difference of matrices ||AL A,, — AL A, ||>.

Lemma 4.4.8. Let z; € R™ and z, € R” satisfy || 2100, || 22]|c0 < Zoo. Then

142, Az — AL Az ll2 < 220 [ All3]121 — 22l
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Proof. Using the triangle inequality observe

IAL A, — AL AL |l = [[AL AL, — AL AL, + AL AL — AL AL
<AL (As = Al + 1(AZ, — AL) Azl
= ||Diag(z;) A” A (Diag(2,) — Diag(21))|2
+ ||(Diag(z2) — Diag(2;)) A ADiag(21)|2
< ||Diag(z2)[||| A" Al2|| Diag (=) — Diag(z1)|2
+ ||Diag(22) — Diag(21)||2]| A" All2||Diag(z1)]|2
= (||Diag(z1)[|> + [|Diag(22)|l2) | A" A[|2[| Diag(21) — Diag(22)|»
< ([lz1floo + 122]l0) [ AT Alla[|21 — 20|00

< 2z || A3l 21 — 22 R

Now, we show a simple bound on the difference of the inverses of two invertible matrices in

terms of the difference in the original matrices.

Lemma 4.4.9. For any invertible matrices P € R¥** and P € RFxk
1P~ =P~ lo < [P 2P [l2| P = Pl
Proof. Observe
|P~ = Pty = [P (P = P) Pl < [P o PP = Pl X

Next, we bound the spectral norm on the difference of two invertible portions of the Tikhonov

solution. For an invertible matrix, M € R¥**_recall that the condition number of M is defined as

Cond(M) = || M]Ja[|M~"|2.
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Corollary 4.4.10. Let P, P € R™" pe any invertible and symmetric matrices. For any z; € R"

and zo € R" satisfying || 21|00, || Z2]|c0c < 2oo the following bound holds

1Az, Az + P77 = (AL, Azy + P77l < 220 [AIBN Pll2l| Pll2llz1 — 22l

+ Cond(P)Cond(P)|| P — P||s.

Proof. Using Lemma 4.4.9 and then Lemma 4.4.7 note

I(AL A, + P77t — (AL A, + P7H7Y
< (AL A, + PY Y| [(AL AL, + P AL A, + P71 — AT A

2

< Pl Plle AL A, + P71 = AL A = P7Yo.

2

Next, using the triangle inequality, Lemma 4.4.8, and Lemma 4.4.9 observe

|AZ A, + Pt — AT A, — PYa < | AL A, — AL A o+ | P = P72,

2

— P,

< 2za[| Al |21 — 22lloc + [P 2l P72 P = Pl

Combining these two inequalities gives

1AL Ay + P77 = (AL AL + P72

< |IP|2||Pll2| AL AL, + P7H = AT A, — PV

< [IP[l2/ P12 (2200||A||§||z1 = 2ofloc + [Pl P |2l P — PIIz)

< 22 | Al3| Pll2|| Pll2 121 — 22l + Cond(P)Cond(P)[|P — P|lo.

X

With all of the previous properties of the Tikhonov solution, we now prove that the Tikhonov

solution satisfies a Lipschitz property.
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Proposition 4.4.11. Let z; € R™ and z, € R” satisfy || 21|00, || 22]|cc < 2. Then the Tikhonov

solution T, which is parameterized by a SPD matrix P € R"*", satisfies
1Ty(21; P) = Ty(22; P2 < c1(y)]|21 — 22l + c2(y) |1 P — P2
for

() = 1P ALyl (1 -+ 222 Pl ALR)

¢2(Y) = 2o All2[|yl2 Cond(P)Cond(P).
Proof. Using the triangle inequality observe

|Ty(21; P) = Ty (20 P)la = (AL, Az, + P~ ALy — (AL A, + P ALyl
= [[(AL Az + P ALy — (AL AL, + P ALY
(AL Az, + P ALy — (AL AL, + PO ALy
= [[(AL Az + P TH(AL - AL) y
(AL AL+ PO = (AL AL+ PO ALy
< [[(A5 Az + P 7H(AL, - A7) wll,

+

(AL A+ P = (AL A, + P ALy
< [[(AZ, Az + P lyllollAZ, — AZ

+ 20| All2 lyll, (AL Az, + P77 = (AL AL, + P7H 7Y
< [I1Pll20lAll2[lyll2 |21 — 22[ls0

+ 2o | All2[yll2 (AL Az + P — (AL AL, + P7H 7Yy
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where in the last inequality we used Lemma 4.4.7. Combining the above inequality with Corollary

4.4.10 produces

175(21; P) = Ty(z2: Plla < Pl Allallyllz 121 = 22llec
+ ol Ayl (AL As, + P77 = (AL A, + P,
< [I1Pll2llAll2llyll2 [[z1 = 22/l
+ 2ol Allalylls (22l AN Pl Pllallz1 — 22l
+Cond(P)Cond(P)|[P - P|;)
= [Pl Al Iyl (1+ 221 Pl AI) ll21 - 22]luc
+ 2| Azl y 12 Cond(P)Cond(P)|P — Pl

= ci(y)llz1 = z2lloc + ca(y)| P = Pllz. X

Lastly, we derive a bound on the norm of the Tikhonov solution.

Proposition 4.4.12. For any SPD matrix P € R™", any z € R", y €¢ R"™, and 2 < p < oo it
holds that
17y (25 P)llp < |2llocl| Plll[ Allp1yllp-

Proof. Using Lemma 4.4.7 and Lemma 4.4.4 observe

17y (2 P)ll, = (AZ A= + P77 Azyll,
< [I(AZ Az + P=) 7|, || Diag(2) |, [l Allp [yl
< [I(AZ Az + P~) 72| Diag(2) |2/l Allp 1yl

< [1Zllso 112l Allplly - p

Lipschitz Property of G-CG-Net Outputs

Using the above Lipschitz property of the complete scale variable mappings and the Lipschitz

and bounded properties of the Tikhonov solution, we provide a Lipschitz property of the G-CG-
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Net outputs w.r.t. the network parameters. For this section we define ¢, and Ek as the G-CG-Net
scale variable estimates on iteration £ when G-CG-Net is parameterized by © or é from (4.14),
respectively. That is, ¢, is recursively defined by (. = Z,gj)(ck,l, Ty (Ci—1; Pu); @;‘]))

First, we show a Lipschitz property of the final scale variable estimate in the following propo-

sition.

Proposition 4.4.13. If Assumption 4.4.3 holds then

K J D
- K. - o
16 = Ciellz <& @)IP = Bull: + DD D a5 w165 — 0l
k=1 j=1 d=1
for
K K
K,J ~J)
d My Z Tk2 H 7"41 +Tzzcl(y))
k=1 (=k+1
K
K,J)
Caa(v) H a(y))
t=k+
where ?,g 1) ?( 2) nd A,(fd% are given in Proposition 4.4.6 and ¢, (y) and c3(y) are given in Propo-

sition 4.4.11.

Proof. Combining Proposition 4.4.6 and 4.4.11 for any £ it holds that

66 = Gelle = | 287 (Gers Ty (€uess P 6Y7) = 217 (Gt Ty (Goors P:6L)

2

<A1 = G ll + Fa I Ty (Chmri Pu) — Ty (G Pl

D

J
()
+ ZZ kdeHde 6;4ll(a)

7j=1 d=1

< (A + P es())1Cer — Coallz + T D2 (y) | Pu — Pl

J D
R
+3°5 7000160 - 07w 4.21)

j=1 d=

—_
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Now, we use induction on K. The base case K = 1 holds by (4.21) as ¢, = Eo = Z, and
I +1(7“§Jl) + ?“éz)c (y)) = 1. Assume the induction hypothesis holds for fixed K — 1 where

K > 2. By (4.21) and the induction hypothesis observe

e J J
¢k — Crella < @D+ Pher @) €1 — Sl + Pothea (@)1 P — Pulls

K-1 J D
J) ) K- 1J
+(?(K)1+ T2 Cl ZZ Cr.j,d,2 )Hekd 9%\!(@
k=1 j=1 d=1
J D
S . .
+ D R aslIO = 0l - (4.22)

First note,

K
J J J
=) Y 7y [ G+ 7))
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Similarly, note

and

K
j,J j,J J J K,J
rly =rd T B +7aly) =880, ).
(=K+1

= J J K—1,J J =
¢k = Crclla < [ + b ) ) + 7he )] 1P = Pula

K-1 J D
J J K—-1,J j (i
+ @O+ R0 Y D> @k S @16y - 0w
k=1 j=1 d=1
J D
o
+ 3N FED0, — 02w
j=1 d=1
K-1 J D
_AKD NP _ P 2T o gl) _ gl
=c "V (YIP. — Pulla + chk,j,d,z(y)\! kd k,d”(d)
k=1 j=1 d=1
J D
KJ
+3 3G )6, - 6
7j=1 d=1
K J D
K,J 5 G <
=& @R = Pulla + 3N @l )67 — 67 w- X
k=1 j=1 d=1

Finally, we show that G-CG-Net estimates, ¢(y; ©), are Lipschitz w.r.t. the G-CG-Net param-

eters.

Theorem 4.4.14. Let Assumption 4.4.3 hold. Then for any parameterizations ® and © of G-CG-

Net, the G-CG-Net estimates satisfy the following Lipschitz property:

K J D
16(y;©) — €w: ©) s < k(W) I1Pu = Pl + > > > kw107 — 67

k=1 j=1 d=1
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w(y) = zo(c1(y) + [ Pall2ll Allolyllo) & (91) + 200 ()

j K,J
£(Y) = zoo(c1(y) + | Pullal Alloolly o) e 7 (y)

)

A(K’J)(y), Cr..ja2(y) are given in Proposition 4.4.13 and c,(y), c2(y) are given in Propo-

where ¢}

sition 4.4.11.

Proof. As p.,... 1s 1-Lipschitz by Lemma 4.2.23 then using the triangle inequality

|e(y; ©) — &(y; ©)l»

= [P (€ © Ty (Cici Pa)) = e (Cic © Ty(Cics Bu)) 2

< [I¢k © Ty (s Pu) — Cx 0 Ty(Cics P2

< [I¢k © Ty (s Pu) = Cx 0 Ty(Cics Pu) + Cic © Ty (S Pu) — Cic © Ty(Cies P2
<7y (Cis P)llseliie = Ciella + 200l Ty (G Pu) = Ty (Cici Pu) -

Using Proposition 4.4.11

lety: ©) - e(y: O
< T (€ Pl lIC = Ciellz + 200 (1w 1€k = Cicllow + 2|1 Pu = Pullz)
< 11Ty (s Pl IS = Ciclla + 200 (ex(®)lICie = Ciclla + caw) [P = Pl )

< (I T(Cics Pu) oo + Zooc1 (9) 16 = Crclla + 20c2(9)[| P = Pl

Now, using Proposition 4.4.12

|ely; ©) — &(y: O],
< Gooll Pull2l| Allsellyllos + Zoce1 () 16 = Cicllz + zocca ()] P = Pullz

= zoo ([[Pull2l[Allsc[[9lloc + c1(¥)) [€x = Cicll2 + Zocca2 (W) P = Full2
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Finally, using Proposition 4.4.13

e(y; ©) — &(y; ©)]2

K J D
< oo (1Pl | Al so 1Yl oo + €1 (1)) (éK’”()IP Pl + 32353 a8 )6y eff,énw)

k=1 j=1 d=1

+ ZooCQ(y)HPu - jSuHQ

= (o0 (Pl Al oyl + 2 () & +zooc2< ) 1P = Pl

K
KJ (7
+ 2o (1Pl Allso |9 oo + c1(y ZZ im )67, — 6w

K J
= k@ IPe— Pl + Y SN kw165 — 671wy X

D
k=1 j=1 d=1

Theorem 4.4.14 provides that the difference in the G-CG-Net outputs given two different pa-
rameterizations depends directly on the discrepancy in the parameters. This property allows for
representing the covering numbers of the G-CG-Net hypothesis class in terms of covering num-
bers for the parameter space by Corollary 4.2.19. As the parameter spaces are subsets of finite-

dimensional and real-valued vector spaces, the covering numbers for the parameter spaces are more

tractable to calculate and bound than the covering numbers for hypothesis class of functions.

4.4.3 Constructing a Generalization Error Bound

Define Peonst C Paing C Pui C Pran to be the options for P, in Assumption 4.4.1, corre-
sponding to the vector spaces of constant, diagonal, tridiagonal, and full covariance matrices with
bounded spectrum, respectively. Additionally, let each scale variable update parameter, O,Ej‘)i, be of

dimension «y > 0 (i.e. 9 5 € R%) and define the sets

Qg = {0 € R : ||0]|0) < wa} (4.23)

208



for w, given in Assumption 4.4.1. Then the hypothesis class for G-CG-Net is

] .
MY = { < {P,,08Y }keN[D]) . P, e P,0)) ¢ Qd}.

Theorem 4.4.15 (Generalization Error Bound for G-CG-Net). Let S = {(¥;,€;)}*, be a training

dataset where each (€;,y;) is given by (4.12) and define Ymax = maxj<i<n,

Y;ll2. If Assumption
4.4.1,4.4.2, and 4.4.3 hold then with probability at least 1 — ¢, for all ¢ € HCG, the generalization
error of G-CG-Net is bounded as

Cmax

K J D (4)
8T Conae dwy(KJD + 1)"%,@&
+ N E E E agln <e (1 +

Cmax

£(6) < Ls(@) + Somax m\/m ( (1 1 Pme KJD + W))

+ 4cy/21n(4/e) /N

for dim(P) = 1,n,2n — 1, or n(n + 1)/2 when P = Peonsy P = Paiagy P = Pui» 0r P = Prun,

respectively. Additionally,

k= ZOO(CI + pmaxymaxHAHoo)/C\(lK’J) + Zo0Co (424)
K = zo(01 + Prnascthml | Alloo) 850 4.25)

where

1 = Pmax¥max || All2 (1 + 222 pmax | Al3)

Co = ZooymaxHAHQ (prnax/pmin)2

K,J)
4 Zrk2 H 7’“ +?§2)Cl>

k=1 l=k+1
K
K,J ~(,J J
/C\Ecjd)Q k]d;» H (iﬂ\él)_{_?é;cl)
(=k+1
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J J J-1 J-1
=) _ (3-1) ~J) _ (G-1) (0) ~5,J) _ .(G-1) 9 :
for Thi = ]‘_[7",%1 s Tho = E Tho H Tk and Thds = Tras Tp1 are as given
j=1 j=1 =5 t=j

in Proposition 4.4.6.

As an overview, proving Theorem 4.4.15 consists of the following steps: Step (1), we establish
a Rademacher process generated by the hypothesis class, H(Clé Step (2), using Lemma 4.2.7, we
express the Rademacher complexity of Lo HSG), for L the G-CG-Net loss function, as the expected
value of the supremum of the established Rademacher process. Step (3), invoking Dudley’s in-
equality we bound the expected value of the supremum of the established Rademacher process in
terms of an integral of some covering numbers. Step (4), we use the Lipschitz property of Theorem
4.4.14 together with Corollary 4.2.19 to bound the covering numbers from Dudley’s inequality by
covering numbers of the G-CG-Net parameter spaces. Step (5), we use Lemma 4.2.17 to further
bound the covering numbers of the G-CG-Net parameter spaces. Step (6), using the bounds of
Step (5), we bound Dudley’s inequality by evaluable integrals where evaluation by Lemma 4.2.29,

further simplification, and then the use of Theorem 4.2.6 produces the desired GEB for G-CG-Net.

Proof of Theorem 4.4.15. Let

~I

= [Yy,...,Yy,) € RN

and
M(l) = {M; = [é(7),) cgy)]:ce 7-[(1)}
CG - c y1;---7 yNs . cG
~ = N JENU] _
- {c <Y; o= {pro} ’Z}Eiﬁi}) : P € P, 0)) € Qd}
where
_ ai(Yy) - a(yy,)
E(Y;@) = [E(yl;e),...,a(ym;@)}: : : e R<Ns.
/C\n(gl) o /C\n(gNs)
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Step (1). Define the Rademacher process (X)) Mee (D @S
c CG

Ns n Ns n
Xogg = 3> vl Melri =D vincu (W) (4.26)

i=1 k=1 i=1 k=1

keN[n]

for Rademacher variables I' = [yix]; (v, -

Step (2). Let L be any G-CG-Net loss function satisfying Assumption 4.4.2 for bound c and
Lipschitz constant 7 (e.g. SSIM loss, mean absolute error, etc.). Given a hypothesis ¢ € ’H((:lc)} and
data point (g, ¢;) € S, we write L o ¢(y;) = L(c(y;), €;) to be the evaluation of the loss function

at the estimate ¢(y;). Now, the empirical Rademacher complexity, Rs, of the set of functions

Lo HS@, is
1 - 1 o
1 o~ ~f—
Rs(LoHE) =By | sup —= > %l oe(H)| = 1By | sup Y Lo
ceHly T8 =1 5 ceHly i=1

for v = [%]ieN[NS] a vector of Rademacher variables. Next, using (4.26) and Lemma 4.2.7 with

H= ’H(CIC), and each g;(x) = L(x,¢;) we have

V2T
N

N, n
: o V2r
Er | sup Zz%kck(yz) = ]E]_“( sup XME). 4.27)

N N, _
ceHly i=1 k=1 s eeHly

Rs(LoHy) <

Step (3). As (Xz,) is a real-valued Rademacher process then note by Lemma 4.2.15

MEEM((}G)
Ns n

J(XMENXMEQF = ZZ([MEJM - [MEQ]M)2 = || Mg, — MEzH%“

i=1 k=1

for ||| the Frobenius norm. Observe for any Mz € MY

Ns
1Mel|p = 2 0)|[r = 4| D 1@ ©)113 < v/ NiyCmax
=1
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where we used that any output from G-CG-Net is bounded, in Euclidean norm, by c¢,,,.,. Hence, by

Lemma 4.2.15, the radius of M.y, denoted A(M)) and defined in Definition 4.2.12, is

A(M(Clc)}> - sup \/ IE|‘>(]\46|2 = sup ZZ| ¢ kl|2 - Sup ||MA||F < V Cmax

MzeM&Y) cenly \ i=1 k=1

Therefore, using Dudley’s Inequality, from Lemma 4.2.13, and (4.27)

2
Re(t o) < Y0k s o )
Ns cery)
CG

87 [AME)/2
L& i (VO 1)) e

Ny
/ VNs Cmax

)\ JEN[J ~ 5 ~(j)1i€NLJ
Step (4). Let © = {P} U {Hlij’()i}iiN[[ll]vdeN[D] and ® = {P} U {Géfé}féN[[ll]vdeN[D] be any two

\/m (M -1, )) . (4.28)

possible parameterizations of G-CG-Net. By Theorem 4.4.14 for any i € N[N,
N N K J D '
165 ©) — €@ ©)ll2 < | P = Pulla+ 3 > > wilull6fs = 6w
d=

k=1 j=1 1

As x and /4153 31’ given respectively in (4.24) and (4.25), are independent of y, then

N
I8Y:©) — &(Y;0)|lr = | D _llc(::©) — c(m::©)[3 < V/N,|IE(F,;©) — (g ©)]
i=1
for any j € N[Vy]. Thus

K J
I8Y;©) = &(Y;0)llr < v/Norl| Pu = Pullz+ VN - D~ >~ w1655 — 64 -

k=1 j=1 d=1

Define ¢q(k, j,d) : N[K] x N[J] x N[D] — {2,3,...,KJD + 1} as q(k,j,d) = (k—1)JD +

(7 — 1)D + d + 1, which coverts three input indices to a single unique index. As P,, P, eP
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and 9,%,5,% € Qy, then from Corollary 4.2.19 where n = KJD + 1,0, = P91 = |[-[a,

1 .
Oty = Qs Vatrgty = Il F = M -7 = I-llps T1 = VNok, and Ty ya) = VN

we have

N (ME v €)

K J D
i €
- e A
<N <®1,191, (KJD + 1)F1) H H HN (@‘1(’“’]"1)’ Vathsiy (KJD + 1)Fq(k,j,d)>

K J D
:N<7D7 112, ‘ ) N Q: : ) ‘
Il = (KJD +1) ggg ( @ Il VNARU(KJD + 1)

Hence

In <N (Mcev I HF7 S In (N (P I ”2’ (KJD+ )))
K J D
+ I (N { 2, [, " ))*“”
R ( ( T R ID 1)

Step (5). As P, defined in (4.19), contains symmetric n X n matrices then for P = Py, only

n(n+1)/2 entries are required to uniquely define a matrix and dim(Pg,;) = n(n+1)/2. Similarly,
dim(Pyi) = 2n — 1, dim(Pgiag) = n, and dim(Peens) = 1. Furthermore, as P /pmax = { P/Pmax :
P € P}, where pp.y is given in (4.19), is contained in the ||-||5 unit ball, then, using Lemma 4.2.17,

observe

73 € 2pmax dim(P)
wamazN( el )g@+ ) |
pmaX pmax E

Similarly, as €24/w is contained in the ||-||(4) unit ball then, using Lemma 4.2.17, we have

2 od
N (@ e €) < Q+ﬂﬁ.
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Combining these two observations with (4.29) gives

i, 2DmaxV Nsk(K JD + 1))

0 (N (M Hlr.e)) < aim(P)in ( :
K I LD 2wy Nk (K JD + 1

+D.) D auln <1+ cu/ Vot KD >>. (430)
k= 1

, €
1 j=1 d=

Step (6). Taking the square root of and then integrating over both sides of the inequality in
equation (4.30) then applying Lemma 4.2.29 and the subadditivity of square roots produces, for

any 3 > 0,

[ i (o ()

< V) [\ fin (1 2 NAEID D

o/ Nk
S [ [ A,
k=1 j=1 d=1
- 2PmaxV Nski (K JD + 1)
< \/dun(P)ﬁ\/ln <e (1 + 5 ))
K J D w )
+ZZZ\/_ﬂ In <e (1+2 aV/ NV, ’“’?KJDH)». (4.31)
k=1 j=1 d
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Combining equation (4.31) and equation (4.28) produces

& [T 2
<[ VM e

< %’m\/ﬁscmw In (e (1 n 2DmaxV/ Nok(K JD + 1)))

vV NsCmax
2

K J D (4)
BT SRS
2

_ e s \/111 <6 ( | P (KTD + 1)))

Cmax

(4.32)

. gk (K JD + 1)) > |

Cmax

Finally, inserting (4.32) into Theorem 4.2.6, then for £ € (0, 1) with probability at least 1 — ¢

we have for any & € HY

L(@) < Ls(€) + 2Rs(L o HYY) + 4ev/21n(4/2) /N,

< Lo(@) + PG dim(P)\/ In (e (1 1 P BID + 1)))

Cmax

K J D (4)
8T Cimax dwatey 3(KJD + 1)
+ TN E E 5 Vg, | 1n (e (1 +

Cmax

+4cy/21n(4/e) /Ny

producing the desired generalization error bound. X

Discussion
Ideally, through training G-CG-Net a hypothesis ¢ € H(Clc)} is found such that the empirical
loss, Ls(¢), is minimized, but any ¢ possibly generated by G-CG-Net could be used in the GEB of

Theorem 4.4.15. Early stopping while training is of particular interest as the generated ¢ does not
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optimize Lgs, but the GEB of Theorem 4.4.15 would still apply to ¢. For instance, as discussed in
Chapter 2 and Chapter 3, both CG-Net and DR-CG-Net are training using early stopping and for
other DNN’s it may be advantageous to used early stopping to prevent overfitting especially when
small sets of training data are available.

Additionally, we remark for noiseless measurements, that is, ¥, = A€;, that yax < Cmax||A4||2
for any set of training data. For white noise measurements, that is, y, = Ac; + v where v ~

N(0,0%I), then Ymax < Cmax||All2 + 2,0 with high probability for large z,. For instance, using

the quantile function of a normal distribution, ymax < Cmax||A|l2 + 6.110 with probability (1 —
2 x 1079)™Ns ~ 1 — 2mN, x 10~°. Furthermore, as discussed in Chapter 2 for the pure Newton
formulation of CG-Net, denoted nCG-Net, there are advantages to scaling the input measurements
provided to CG-Net. Hence, the use of scaling may be an additional tool to bound ¥,;ax.

To determine the other parameters of the GEB in Theorem 4.4.15:

* 7 and c can typically be easily calculated for any chosen loss function used to train G-CG-

Net.
* N is fixed by the size of the training data set.

* Cmax May be determined by the preprocessing implemented on the training and testing data.

Alternatively, Cpax can be set as e = maxy<;<n, |G|z

* 2, could be taken equal to ¢, or chosen empirically, through a series of short training
experiments of G-CG-Net with varying choices of z.,, to optimize the performance of G-

CG-Net.

* ||A]|2 and || A]| can easily be calculated once the measurement model used for the experi-

mentation is specified.
* dim(P) is fixed by the chosen covariance matrix structure used in training G-CG-Net.

* «ay 1s fixed by the choice of scale variable update method. Specifically, oy is equal to the

dimension of the parameters that are present in each unrolled scale variable update method.
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® Pmax> Pmin, and wy can be set by providing any maximum norm bound requirement on the
parameters when training. For example, after updating 0,2] ()i via stochastic gradient descent
we can project 0,(521 onto the ball of radius w; as measured by a norm ||-||(q. Note, by
implementation of the covariance matrix py,;, is set at € where ¢ > 0 is the stabilizing

parameter guaranteeing a positive definite covariance matrix.

. r,(f i, rl(j;;, and rg’d‘g would need to be determined from the choice of unrolled scale variable

update method. Specifically, showing Assumption 4.4.3 holds for the desired unrolled scale
variable update method provides upper bounds on the parameters 7",(3 i, rff %, and r,(f ’d‘g. Likely

these parameters depend on the other parameters already defined above.
* xand /-f,(j Zl can both be readily calculated given all other parameters already defined above.
4.4.4 Alternative Generalization Error Bounds
Tighter Logarithmic Integral Bound
The GEB provided here is a tighter bound than that of Theorem 4.4.15, which results from
removing the simplifying bound in equation (4.10) of Lemma 4.2.29. That is, we will use the
tighter, but slightly more complex, integral bound of Lemma 4.2.30 rather than the integral bound

of Lemma 4.2.29. Specifically, examining equation (4.10) we note that

*1 1
//Bal+udu:ln(1+ﬁ/l/).

Hence, in exactly evaluating the integral of = over [v/f, 00), as in Lemma 4.2.30, we obtain
logarithmic growth in /v versus the linear growth provided in the upper bound of (4.10) and a

logarithmically growing bound is notably tighter than a linearly growing bound.

Theorem 4.4.16 (Generalization Error Bound for G-CG-Net). Let S = {(¥;, €)Y, be a train-
ing dataset such that Assumption 4.4.1 holds for each ¢;, vy, is given by (4.12), and Ymax =

maxi<;<n, ||U;||2- If Assumption 4.4.2 and Assumption 4.4.3 hold then with probability at least
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1—¢ forallc e H(Clc)} the generalization error of G-CG-Net is bounded as

L(@) < L5(€) + 2Rs(L o HE) + 4¢1/21n(4/2) /N,

4 KJD +1
< Lo(@) + 2 dim(P)\/ln (1+ Pt TP 1)

Cm ax

167

V dim(P)\/pmaX/i(KJD + 1) max In (1 + Cmax )

Apaxk(KJD + 1)

=

Cmax

K J D (4)
8T Crax 4wd/ik7d(KJD + 1)
+ \/E g E E Vogs | In (1 +

K J D
() Cmax
+ — Vaa,|waky H(KJD 4+ DegaxcIn [ 14 .
N ;ZZ N\ ) ( dwoak(KJD + 1))
+4cy/21n(4 /) /Ns

for dim(P) = 1,n,2n — 1, or n(n + 1)/2 when P = Peonsy P = Paiagy P = Puir or P =

Pran, respectively. Additionally, k and /ﬁ,(j 21 are given in equation (4.24) and equation (4.25) from

Theorem 4.4.15, respectively.

Proof. Follow the proof of Theorem 4.4.15 up to Step (6). Next, taking the square root of and then

integrating over both sides of the inequality in equation (4.30) then applying Lemma 4.2.30 and

the subadditivity of square roots produces, for any 5 > 0,
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/oﬂ \/ln <N <M£tlc);a (R €>>d6
< \/m/ﬁ \/ln (1 N 2pmax\/ﬁsn€(KJD + 1))d€

-~y wa/ Nk
+ZZZ@/OﬁJm <1+2 VN, ki(KJDJrl))de

=1 j=1 d=1

< \/Wﬁ\/m (1 + 2DmaxV/ Nok(K JD + 1))

B
- p

+ \/dlm(P)\/meax\/ﬁsﬁ(KJD +1)81In (1 + e Nn(KJD T 1))

K J D ()
+2.0 2 \/Oé_dﬁJ In (1 + demﬁ’“’d;KJD i 1>>

k=1 j=1 d=1

K J D B 5

2 N.w)”(KJD +1)B1In | 1 . )
+ ;;; Vaa, | 2wa/ Nkl +1)fIn < + S Nl (KT + 1))
(4.33)
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Combining equation (4.33) and equation (4.28) produces

Rs(Lo ch);)

8 mgmax
< —T/ \/m (N ME 1€ ) de
Ns Jo

T _ vV NgCmax 2PmaxV Nk (K JD + 1)
ﬁsx/dlm('P)—2 In <1 + \/Fs;max

IN

mcmax
2
2PmaxVNsk(KJD + 1) )

NS max
BT JGm(P), | 2pma/ Nos(KJD + 1)—”26 In (1 +

K J D (4)
SR HNCESNIE
2

87’ K J D () \/ﬁc mcmax
+— Qay | 2wa/ Nok? W (KJID 4+ 1) —"=1n [ 1+ 2
222 auy ey Nori 2 A KID T T

k=1 j=1 d=1
AT dim(m\/ln (1+ Wt (KJD + )>
\/ﬁs CmaX

8T Cmax
: KJD +1 In(1
+ dim(P)4 [ Pmaxk (K JD + 1)cmax n( + 4pmax,‘-g(KJD+1))

Cmax

K J D (4)
4 N dwar” (KJD + 1
T Cma § E § Vag, | In (1 i e ))

K J D
ST () Cmax
+ E E E Vag,|waky J(KJD 4 1) cpax In | 1+ . . (4.34)
: 4y | el ) ( desar Y (K JD + 1))
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Finally, inserting (4.34) into Theorem 4.2.6, then for £ € (0, 1) with probability at least 1 — ¢

we have for any ¢ € H(Clg,

,C( )<£3( )+2R3(LOHCG)+4C 21n(4/5)/N8

< Ls(@) + 8”‘“"“‘ dim(P)\/ln (1 1 At (KTD 1))

Cmax

Cmax
d max K J D 1 max l 1
lm%ﬁ Demetn (14 3

Cmax

8T Cnax Tm o dwgky)(KJD +1)
S (1 )

K J D
167 () Cmax
+ — g E E Vaay|wiky (KJD 4+ DegaxIn [ 14
VN, e e £ k.d dwgky (K JD + 1)

producing the desired generalization error bound. X

Discussion

While the GEB of Theorem 4.4.16 is a tighter bound than that of Theorem 4.4.15, we show
in the large-network-size limit that the GEBs are equal. Note that the G-CG-Net network size is
roughly equal to the product K'J D as for each iteration K there are J scale variable updates each

of which use a subnetwork consisting of D layers.

Proposition 4.4.17. The generalization error bounds of Theorem 4.4.15 and Theorem 4.4.16 are

equal in the limit KJD — oc.

Proof. We write GEBp and GEB y to denote the right hand side of the generalization error bounds

from Theorem 4.4.15 and Theorem 4.4.16, respectively. Observe

lim z1ln (1 + E) = lim

ZT—00 T ZT—300 1 00 = —
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where in the third equality we use L'Hopital’s rule. Thus, for Theorem 4.4.16

1 max
lim or \/dlm \/pmaxli KJD + 1)cpax In (1 + ¢ )

KJD=oo /N, APmaxk(KJD + 1)

16 max 1
= lim T \/d1m \/ PmaxKCmax T 1N <1 + ¢ )

T—00 S 4pmax/€ x

= 107 \/ dlm \/maxﬁcmax

87‘cmax

VN,

max"f

dim(P).

Similarly,

K J D
. 167 Crmax
K’%ljn_lmo N E E dg \/ad\l wd/fk d(KJD + 1)cmax In (1 + G )

dwgky (K JD +1)

Therefore

lim GEBy
KJD—00

Cmax

4 KJD +1
1+\/1n(1+ Pmaxti(KJD + )>>
Cmax

V(KJD + 1))

cmax

Cm ax

—Lo@+ tm STo m% (1. 2ot (KTD £

. dwgk ) (K JD + 1))

+4cy/21n(4/€) /Ns.
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Similarly,

lim GEBo
KJD—oo

Ls(@)+ lim o dim(P)\/ln (e (1 | e (KD + 1)n)>

Cm ax

Cmax

K J D (4)
. 8Tcmax 4&)d(KJD + 1)lik d
Pl N, 222l (e (”

cm ax

4 KJD
= £5(@)+ _lim 8Tmawle I+ 1n 1+ Punax (KD + >>

4wd(KJD + 1)@%)

Cmax

Crnax

87’Cmax \/ 4pmax (KJD + 1)k )

+ 4cy/21n(4/e) /N

and thus thJD_mo GEBO = limKJD_)OO GEBN X

Since we are concerned about the generalization error as the size of the network grows, Propo-
sition 4.4.17 shows that the improvement on the GEB present in Theorem 4.4.16 is actually negli-
gible and the GEB from Theorem 4.4.15 is an equivalent bound. While this may seem surprising
as the GEB from Theorem 4.4.16 was produced by using a logarithmic bound, In(1 + §/v), in
place of a linear bound, /v, the difference in these two bounds is actually negligible since for
G-CG-Net the ratio /v = O((KJD)™') = O((Network Size)™!). Then for large network sizes
B/v — 0 implying In(1 + 5/v) — 0. In other words, the second term v f 18 1 +u ——du in equation

(4.9) is negligible in comparison to the first term 3 In(1+v/f) for the G-CG-Net GEB application.
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4.5 Generalization Error Bound for CG-Net

In this section we apply the generalization error bound derived for G-CG-Net to the CG-Net
realization, discussed in Section 4.3.3, producing the GEB for CG-Net in Theorem 4.5.1. For

CG-Net, the scale variable update parameter spaces, {2, from (4.23), are

Q, — Prun d=1
[—pp] d=2

for a constant ;4 > 0. Thus, the hypothesis class for CG-Net is

N ) Y JENJ] . )
HE) = {c <.; {PWB,(j),u,(j)} ) . P, € Peonsts B € 0y, 4l € QQ} .
keN[K]

Theorem 4.5.1 (Generalization Error Bound for CG-Net). Let S = {(y;,€)}Y°, be a training

dataset where each (¢;,y;) is given by (4.12) and define Ymax = maxi<i<n,|[Y;l2- If Assumption
4.4.1 holds then with probability at least 1 — ¢, for all ¢ € ”H(ng, the generalization error of CG-Net

is bounded as

£(8) < £s(0) + 87 Cmax \/m (6 (1 o Pimax (2T + 1),4;))

V NS cmax
K J (9)
max 1 4 max 2KJ + 1 K
X 81c Z Z n(n + ) m(el1+ P ( ) k,1
\/E =1 j—1 2 Cmax
K J (9)
8Tcmax 4/’6(2[(‘] + 1)/{% 2
+ Z Z In (e (1 + ’
LV Ns 1 =1 Cmax

for T a Lipschitz constant of the SSIM loss function and

k= ZOO(Cl + pmaxymaxHAHoo)/C\(lK’J) + ZooC2

~A(K,J)

(jZl = Zoo(Cl + pmaxymaXHAHOO)ckava

Ry

)

224



where

¢1 = PmaxYmax || A2 (1 + 222 prax [|A]]3)

Co = ZooymaxHAHQ (pmax/pmin)2
I\ K
(=) [ (rf et

1—rJ
1— (Ti]‘f—ClTQl_l)

T1

» 1=\ (¢ d=

/C\gK,J)

r = 1 +pmax ((Zoopmaxymax||A||2HA||00>2 + NTh)
7y = PmaxYmax[All2 (1 + 25 Pmaxl|All2([|All2 + [|All))

Pmax = max (b1 (2)h71(2)

z€[a,b]

7= max [h7']"(2)h7(2) + [A7]'(2)".

z€[a,b]

That is, the GEB for CG-Net is as given in Theorem 4.4.15 where 7 a Lipschitz constant of the

SSIM loss function, dim(P) = 1,¢ =2, D = 2,

n(n+1) d =
(0, wg) = (%5, Pmax)
(1, 1) d=2,

~GT) 05 )8 d=1
pmathax d=2.

As an overview, proving the GEB for CG-Net in Theorem 4.5.1 consists of the following steps:

First, we show Assumption 4.4.2 holds for the SSIM loss function used in CG-Net. Second, we
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invoke Proposition 4.4.12 to show that the Lipschitz condition of Assumption 4.4.3 holds for each
CG-Net scale variable update method. Finally, we apply Theorem 4.4.15 to produce the GEB of
Theorem 4.5.1.

Proof of Theorem 4.5.1. As SSIM returns a value in [—1, 1] then the SSIM loss function is bounded
by 2. From [49] SSIM is a differentiable function and thus continuous. As the CG-Net outputs are
bounded, in the ||-||2 ball of radius cy,.x, then the gradient of the SSIM loss function is bounded.
Hence, by the mean value theorem [53], there exists a Lipschitz constant for the SSIM loss func-
tion, on the ||-||2 ball of radius ¢y,.x, which we denote by 7. Therefore, Assumption 4.4.2 holds.

Next, fori € {1, 2}, let z; € R" satisfy ||zi]|c0 < 200 and u; = 7'@p(zi; P,) for some P; € Peonst
and p € N[Vg|. As P, is 1-Lipschitz by Lemma 4.2.28, observe that the scale variable update
method of CG-Net, given in equation (4.15), satisfies

9z BY i) = 0(

— | Pustz1 = B pelVoF(wn, 205 10) = Pas(z2 - é,ij)pg(sz(uz, 2 i)

25,9, BY, 1)

2

<]

Z1 = B](fj)pﬁ(sz(ulvzlyﬂl(vj))) — %2~ Bl(f])pﬁ(v F u27z27 H

< llz1 = 2llo + || BY pe(V o F(wz, 22 i) — BY pe(V . F(uws, zl;uif)»H? (4.35)

where in the final line we used the triangle inequality.
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First, since p; is 1-Lipschitz by Lemma 4.2.23 and bounded by £ by equation (4.6) then using

the triangle inequality

1BY pe(V . F(uz, 2; i) — BY pe (Vo F (wr, 205 1)) |2
= |[ B 0e(VaF(uz, 20i ")) = B pe( Vo F (w205 1))
B pe(VF(wr, z1i 1) = B pe( Vo F (wr, 21 )|
< | B pe( VP wz, 22 i) = BY pel(VoF (s, 21 0)) |
+ || B0V F ur, 21 00) = BY pel(VF (w2 i)

<o),

Pe(VF(u, 25 1) = pe(VaF (wr, 215 0)|
+ 196 (Vo F(ur, 205 ) 2 |1 BY — Bl
< Prnas |96 (V2 F(ug, 205 1)) — pe(VoF (g, 205 u)) |l + €|BY — BY |

< Pl V2 F (w2, 253 1)) = Vo F (w1, 2010 |2 + €| B = B (4.36)
Second, using equation (4.16) and the triangle inequality for any j € N[/V;]

HVZF('U;Q,ZQ, ) V.F(uy, 2z1; Hk )H2
= A%, (Aueze = 7)) + W (22) © B (22)
AT (A2 — ) — i (Y (2 @ b )|
< |45 (Aw 21— 9)) — AL, (A2 = 9))

@ on @) - ER T ) o h )| @3
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Third, using the triangle inequality

|21 ) @ h M) = @ (22) @ b (22)

= [y @) @ h () — AP () 0 b ()
AP (1) © b =) = i) 7 () © b =) |

< [ E) o h ) - AP E) © b ()

2

Az © b ) — B (22) © B (z2)

2

< ||IF7 (z1) @ A7z |, 11 — B
AP ([P (21) © B (z1) = [ (22) © W () |,

< e |17 = 59|+ pmy || 21 — 2] (4.38)

where in the final inequality we used that 7, is an upper bound on V_[h~1]'(2)h~1(2) implying 73,
is a Lipschitz constant of [A™)'(2)h~'(2) and thus, by Lemma 4.2.25, 7, is a Lipschitz constant of
[ (2) © h™' ().

Fourth, assume that w; and w, are both Tikhonov solutions. That is,

u; = Ty, (2i; Pi)

J

for a measurement 3, some z; € [0, 00)" satisfying ||zi||oc < 200, and some covariance matrix

P; € Peonst Where @ = 1,2 and j € N[V,]. By Proposition 4.4.12 for i = 1,2 and a measurement

y; where j € N[N,], it holds that

[willy < zooPmax| [ Allp19;1l,-
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Hence, using the triangle inequality

| A%, Au, 21 — AL, Au, 20
= HAzlAulzl — AL Auyz1 + AL A,z — AL A,z + AL Ay, 21 — AZQAu2z2||2
< HAZlAulzl — AglAuzzlu2 + HAZIAmzl = A£2Au2z1“2 + HAZQAmzl = Angu2z2H2
< HAZlAzlul — AzlAzl'uQHQ + HDiag(u1 — Us) (ATAzlu2) H2 + HAZ?AU2 (z1 — z2)||2
< A Al llur = wally + |47 Az o], flun = walloo + [ Ag, Aus [, 121 = 22112
< fwalloe lzilloc AN llur = wally + [JANZ 120 lloc luzllz [ler = wall2 + A3 uzllZ]lze — 2212
< 25 Pmax [ Alloo 19 oo [1AN13 l2er — w2l + 25 prmax [ All2 55121 Al w2l s — ]2
+ (2ocPmasl[Alloo [T ll0)* 14113 121 = 22112

< 2aPmaxl| Al 175112 (1 All2 + [|Alloo) ler — wallz + 22pmac [AIZNANNT; 132 121 — 222
Thus, for any j € N[N{]

AL, (Au, 21 — Y;) — AL, (Au, e — Yi)llo
< [ Au, Au 21 — Ay Auy 222 + [[(Ag, — Ag, )T 2
< (zooPmax¥max | All2| Alle)® 21 = 22l
+ 25 Pma | Al Ymax (1ANl2 + [[Alloo) [[ur = wallz + [|A]l2]1F; 12 [lur — s ]lo
< (zooPmax¥max | All2| Allo)® 21 = 2215
+ (23Pmaxl| All3 Ymax (1 All2 + [[Alloo) + [ Alloymax) [[u1 — wall2
< (zooPmax¥max | All2| Allo)® (|21 = 2215

+ Yanax[All2 (1 + 23Pmax | All2 (| Allz + 1 Allso)) llur — u2]l2 (4.39)
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Next, combining equation (4.39), equation (4.38), equation (4.37), equation (4.36), and equa-
tion (4.35)

199 (z1,u1; BY, 1) — g7 (22, w03 BY, 1)l

<l = 2ol + | B pel(VF (s, 22 7)) = BY pel(VaF (s, 221 |
< Iz = 2ellz + P [V F (ua, 200 ) = VaF (i, 2057 ) 2 + €1B = BY |l
< |21 = 2all2 + €1 BY = BV ls + P | AL, (Aus 21 = B;) — AL (Auyz2 — 7)),

p 0 (1) © B () = i 0 (22) © BN )

+ Pmax
< |z — 2all2 + E1BY = BY ||z + Pmax || AL, (Aus 21 — F;) — AL (Auy22 — 7)),
+ DinascPumax |60 — B0+ Pt |21 — 202
< |lz1 = 2ol + €I BY = BV ls + punatma 117 = 5] + Prastimn |21 — 2312
+ Pax (2ocPumaxtimaxl| All2l| Alloe)” 121 — 2212
+ Pmax¥max]|| A2 (1 + 25 Pmax | All2(| Al + HAHOO)) |lwr — usll2
= (1 + Pinax ((zocPmaxtimaxl| All2ll Alloc)* + 74)) [l21 — 2212

+ PmaxYmax || Al|2 (1 + ZgopmaxHA\b(HAHz + HAHOO)) w1 — uslo

+€1BY = B la + Puachamas 1 — ). (4.40)
Therefore, by equation (4.40), Assumption 4.4.3 holds specifically with 'r,(jf ) = r1, 7“192 D=,
and
( 7, ” H ): ( 5 ||||2) d=1
kd? kd3 ) (M(])7pmathax7’ . |) d=2.
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ﬁc‘?, ?,(CJQ), and ﬁj Jg from Proposition 4.4.6 are given as

J=1
J J-1 J L
~J) _ (J-1) 0 _ J=j _ !
Tk,2—z7’k,2 Hrk,1—7"2z7"1 =T,
J=1 l=j J=1 !
and
J-1
A6 G T 0 G-, -5 -5 )6 d=1
kd3 = Tkd3 k1= Tkd3 Tt = =T L d—9
0=j Pmax/tmax — 4

Thus, the constants 6(1K’ ) and /c‘fg ;)2 from Theorem 4.4.15 are given as

EgKJ) =C2 Zrkz H e, 1) + %\E,JQ)Cl)

k=1 0=k+1
K K
1 7’{ J 1—7r/
—CQE T H 1 + 1o C1
k= 1- Lok l=m
=k+1

and
K K 1 7.J
SKT) =) D) AD) AT J — 7
Ckjd2 = lc]dS H (rgy +Tppa) = Tk],d,3 H (7"1 + 7o 1—r Cl)
=kt 1 t=k+1 1

» T—rf 7% (¢ d=1
:Ti]]<ri]+T21—rllcl> Dunacma 4 =2



for

1 = PmaxYmax || All2 (1 + 222 prax || A[]3)

Co = Zooymax||AH2 (pmax/pmin>2 .

Noting that each steepest descent matrix B,(gj ) € Prun, €ach step size ,u,(j ) e [—u, 1], and any

covariance matrix P, € Py, then

n(n+1) d=1
(Oéd, wd) _ ( 2 max)

and /dim(Peonst) = 1. Therefore, applying Theorem 4.4.15 produces the desired generalization

error bound for CG-Net. X

We remark that in Theorem 4.5.1 we only state a Lipschitz constant for the SSIM loss func-
tion exists as deriving one is not illuminating. This is, in part, due to the fact that the function
SSIM(14, I3), from the SSIM loss function, is implemented as the average structural similarity
over a set of patches from the input images where in each patch a Gaussian weighting filter is
used [49].

For examples of the parameters in the GEB of Theorem 4.5.1, all numerical experiments in [57,
76] and Chapter 2 use h(z) = exp(z) on [a,b] = [1,exp(3)] and £ = 1. Thus hyay = exp(—1),
7, = 1, and z,, = exp(3). Furthermore, preprocessing is used such that ¢;,,, = 1 and for e > 0, a
small stabilizing parameter, ppax = 1/€, Pmin = €, and |p| < 1/€. The remaining constants || A||5,

| Al|s> and ymax can be calculated given the measurement model and training dataset.

4.5.1 Asymptotic Forms

In this section, we provide asymptotic forms for the CG-Net generalization error bound given
in Theorem 4.5.1. We consider asymptotic bounds as the size of the network — i.e. K and J,

the number of unrolled iterations of CG-LS — grows, as the dimension of the measurements and
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reconstructed signal —i.e. m and n, respectively — grow, and as the number of training data samples
—1i.e. Ny — grows.

Recall the values T, Ciax; Pmaxs Pmins My Zoo, Ymaxs || A2, [[Allso, € Amax, and 7, that are utilized
by Theorem 4.5.1. Note that 7 is a Lipschitz constant on the SSIM loss function and is thus in-
dependent of network size, measurement dimension, reconstructed signal dimension, and training
dataset size. Similarly, A, and 75, are constant bounds determined solely by the choice of in-
verse nonlinearity h and are independent of network size,measurement dimension, reconstructed
signal dimension, and training dataset size. AS Pyax, Pmins 4, 200, and & are all parameters chosen
and fixed during the constructing of CG-Net before training, we assume that each is independent
of network size, measurement dimension, reconstructed signal dimension, and training dataset
size. Thus, we establish asymptotic forms for the CG-Net generalization error the rely on whether
Cmaxs Ymax, || A]|2, and || A|| depend on the measurement and reconstructed signal dimension.

Finally, let a < b denote that a < s.b for some constant s, > 0. Then a < b implies a = O(b).

Dependent on Signal Dimension

For the following asymptotic generalization error bound of CG-Net, we assume that each of
Cimax> Ymaxs || A]|2, and || Al|s depend on the measurement and reconstructed signal dimension in
that 1im,, 00 Cmax — 00, LMy 1—y00 Ymax — 00, iy, oo ||Al|, — 0o forany 1 < p < oo.
Note for any & € R* that |||l < V&||Z||os. AS Cmax and ymay are, respectively, the maximum
Euclidean norm bounds on the signals of interest, of dimension n, and measurements, of dimension
m, then ¢y < /1 and ymax S +/m; where we have reasonably assumed that the maximum entry
in any measurement or reconstructed signal is independent of the signal dimension. Furthermore,
as ||Allzs < vm||A]|s and ||A|| < n(max; ; |A;;]), since ||A|« is the max absolute row sum,
then || Alls < ny/m and ||Al|o < n; where again we have reasonably assumed that the maximum

entry of the measurement matrix is independent of the matrix dimensions.
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Corollary 4.5.2. Let Cpax, Ymax, || A2, and || A|| depend on the measurement and reconstructed

signal dimension. The generalization error for CG-Net scales as

L) - Lol < o W(Kﬂ?’an(ymax) * (1AL + n(l )

Furthermore, as, at most, ¢yax = O(\/N), Ymax = O(y/m),

Ally = O(ny/m), and || Al = O(n)

then generalization error for CG-Net scales at most as

. . n3(In(m) + In(n)) (K J)3
RCRYNCIE \/ = -

A proof of Corollary 4.5.2 is provided in Appendix B.2 and results from ignoring constants

to consider how the GEB from Theorem 4.5.1 scales in network size and signal dimension. From

Corollary 4.5.2, once the amount of training data satisfies

N ~ Coax (K J)* (I0(Ymax) + (| All2) + In([|All))

max

N, ~ n*(In(m) + In(n)) (K J)?

then the GEB of CG-Net is guaranteed to be small with high probability. Furthermore, Corollary

4.5.2 shows that, at worst, the CG-Net generalization error grows O(1/n3In(n)) in reconstructed
signal dimension, O(/(KJ)3) = O((Network Size)?/?) in network size, and O(/In(m)) in

. . —1/2y . - .
measurement dimension, and O(Nj / ) in training dataset size.

Independent Measurement Matrix Norm

Now we assume that ||A||2 and ||A||« are independent of m and n defining the dimension of

A. For instance, the measurement matrix could be normalized through preprocessing such that

[Afl2 = 1.
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Corollary 4.5.3. Let . and ymax depend on the measurement and reconstructed signal dimen-
sion. Furthermore, assume ||A|y and || Al are independent of the measurement and recon-

structed signal dimension. The generalization error for CG-Net scales as

w@—cams%m¢““7m“%®_

N

Furthermore, as, at most, ¢pax = O(y/n) and ynax = O(\/m) then generalization error for

CG-Net scales at most as

. . n3(KJ)?In(m)
w@—&@mJ i),

Corollary 4.5.3 is a direct consequence of Corollary 4.5.2, as shown in Appendix B.3, where
the terms involving || A|| and || A||« have been removed as they are of lower order, in m and n, than
the other terms, i.e. In(ymax ), Which are being summed. From Corollary 4.5.3, once the amount of
training data satisfies

N, ~c? nQ(KJ)?’ In(Ymax)

max

or
N, ~n*In(m)(KJ)?

then the GEB of CG-Net is guaranteed to be small with high probability. Furthermore, Corollary
4.5.3 shows that, at worst, the CG-Net generalization error grows O(n?/?) in reconstructed signal

dimension, O(y/(K J)3) = O((Network Size)*/?) in network size, O(/In(m)) in measurement

dimension, and O(N; /%) in training dataset size.
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Independence of Signal Dimension

Here, we assume that ¢iax, Ymaxs ||A]l2> and ||A||« are independent of m and n defining the
measurement and reconstructed signal dimension. As an example, CG-Net and DR-CG-Net from
Chapter 2 and Chapter 3 implement preprocessing to scale all images of interest to be in the unit
ball. That is, . < 1. Additionally, if the measurement matrix is normalized through preprocess-

ing such that || A||> = 1 then ypax < [|Al2Cmax < 1.

Corollary 4.5.4. Let Cpax, Ymax, || A

9, and || A||oo be independent of the measurement and recon-

structed signal dimension. The generalization error for CG-Net scales, at most, as

n?(K.J)3

1£@) - £5(0)) S 1 =5

Corollary 4.5.4 is a direct consequence of Corollary 4.5.2, as shown in Appendix B.4, where
the terms involving Cpax, Ymaxs> ||A4||2 and ||A||. have been removed as they are now of constant
order, i.e. do not scale with m and n. From Corollary 4.5.4, once the amount of training data

satisfies
N, ~n?*(KJ)?

then the GEB of CG-Net is guaranteed to be small with high probability. Furthermore, Corollary
4.5.4 shows that, at worst, the CG-Net generalization error grows O (n) in reconstructed signal di-
mension, O(y/(K J)3) = O((Network Size)*/?) in network size, and O(N, Y ?) in training dataset

size.

4.6 Generalization Error Bound for DR-CG-Net without Bias

In this section, we apply the generalization error bound derived for G-CG-Net to the DR-CG-
Net realizations discussed in Section 4.3.3. Recall that the two formulations of DR-CG-Net con-

sidered implement either a projected gradient descent (PGD) or an iterative shrinkage and thresh-
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olding (ISTA) scale-variable-update method as given in equation (4.17). We denote the implemen-
tations of DR-CG-Net using a PGD or ISTA scale-variable-update method as PGD DR-CG-Net
and ISTA DR-CG-Net, respectively.

To prove a GEB for DR-CG-Net we first require a bounded and Lipschitz property for fully-

connected networks.

4.6.1 Properties of Fully-Connected Neural Networks

In this section, we provide a series of informative properties of fully-connected neural net-
works; all of which likely exist in the literature. Let gfi) : R% — R%+1 denote a single fully-

connected layer that is defined by
(1) @
G'(x) =W, "x (4.41)

for a weight matrix Wt(i) € R%+1xd: - Next, for componentwise activation function o, define a

fully-connected network G7) : R4 — RiT+1 a5
g(i’T)(w) = géf) ogo Qéfll 0---000 Qfl)(;v) (4.42)

That is, the fully-connected network is a composition of fully-connected layers where the output
of each layer is provided to an activation function.

First, we record a bound on the output from a fully connected network.

Lemma 4.6.1. Let 0 be a componentwise activation function satisfying ||o(x)||2 < |||z and

GOT) be given as in (4.42). If W ||, < @, for all t € N[T), then

T
lo(G P @)l < [] willll2-
t=1
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Proof. We use induction on 7'. The base case 7" = 1 holds trivially. Assume the induction hypoth-

esis holds for fixed 17" where T > 1. Observe

o (GO (@) |2 = lo(Wi), o (G4T (2)))
T+1

< wrallo(@P (@) < T =l X
t=1

Now, we show that fully-connected networks are Lipschitz.

Lemma 4.6.2. In addition to the assumptions of Lemma 4.6.1 assume o is T-Lipschitz. Then

T
1601 @) = GO @s)llo < 7 [T willer — sl
t=1
T T
ST el | W0 = w2,
t=1 t'=1

t/£t

Proof. We use induction on 7'. First, observe for any ¢

16 (@1) — G (@)l = Wy — WP s
= W%, — WPz, + WPz — WP,

< willay = o + [laall2 W~ W o
Thus, the base case 7' = 1 holds. Additionally, for any ¢ > 1

1609 (@2) - G20 (@s) 2 < TG @) — G2 (@)l

+ oG (@) |2 (W — WP,
t—1

< 7@il|GH D (1) = GE D @) o + [T wwllalla W = Wi

t'=1

(4.43)
where we used Lemma 4.6.1 in the final inequality.
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Assume the induction hypothesis holds for fixed 7" > 1. Then using equation (4.43)

”g(l,T+1) (2131) . g(2,T+1) (w2> H2

T
<t |0 (@) — G (@) [l2 + [ [ wellwallz IWey — Wik 12
t=1

T T T
S 7—'wT—l—lTT_1 H Wthl - w2”2 + TWT+1 Z TT_t H wt/Ha:ng ||Wt(1) — Wt(Q)HQ
t=1 t=1 t'=1
t'#t
T
1 2
+ [T =zl W4, — Wil )
t=1
T+1 T T+1
=" [[ @il —aolo + Y | 77 [ wellzalle | WS — W1y
t=1 t=1 t'=1
t'#t
T+1
+ 7T T wellwallz [[We — Wi Il
viTh
T+1 T+1 T+1
=" [ @l —alla+ Y | 7 [ vl | 1WS = W2
t=1 t=1 t'=1

1/t

producing the desired result.

4.6.2 Generalization Error Bound for PGD DR-CG-Net

In this section, we state and prove the generalization error bound for PGD DR-CG-Net where a

PGD scale-variable update is implemented in DR-CG-Net. Furthermore, asymptotic forms of the

GEB for PGD DR-CG-Net are derived.

Note that, for PGD DR-CG-Net, the scale-variable parameter spaces, {2; from (4.23), are

_ {W € RMaxnfar  |W |, < wyy  d € N[L]
’ [_575} d:LC+1
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for real valued constants wy; > 0 and 6 > 0. Note, each W € Q, for d € N[L.], corresponds to a
convolutional layer mapping a v/n X \/n image from f; ; to f, filter channels using convolutional

kernels of size k; X k4. Thus, the hypothesis class for PGD DR-CG-Net is
. . JEN[J] . .
HE) = {c ( {P,, 09, wgg}gegm) . P, € P, WY €y, 0 € QLCH} .
y c ¢ y

Theorem 4.6.3 (Generalization Error Bound for PGD DR-CG-Net). Let S = {(5,,¢;)}*, be a
training dataset such that Assumption 4.4.1 holds for each ¢;, y, is given by (4.12), and Ymax =

Y.||2- Then for all ¢ € H(C?g with probability at least 1 — ¢, the generalization error of

maxi<;<nN,

PGD DR-CG-Net is bounded as

L(c) < Ls(e) + 8’%}’;% In <e (1 + 4pma"(K‘]ii:: D+ 1)%))

Shats ()
8 max 4w KJ LC _'_ 1 + 1 K
+ izN ZZ fa1faki, | In (6 <1+ a(KJ( )+ 1) k,d))
s 1

- Cmax
k=1 j=1 d=
K J )
8Cmax 45<K‘](LC + 1) + 1)Hk L.+1
+ Infe|1+ =
TLNS kz:; ; ( ( Cmax

+ 4Cmax \/2 In(4/¢)/(nNy)

for

k= 2o (€1 + Prnaman| Al oo JEE

K,J
2d - Zoo(Cl + pmaxymaXHA||°O>E§€7jvdv)2

+ ZooC2

J
R

)
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where

1 = PmaxYmax || All2 (1 + 222 prax || A[]3)

Co = ZooymaxHAH2 (pmax/pmin>2

1 J 1_Ti] K
KT) 1—r/ — i tars,
G T anly 1—r/
L 1-— (rlJ + i 1—7‘11>
» 1—’T’J K-k ( NZoo Lﬁ w) le,Q,...,LC
Ay = (ri] + T Tl ) vn Hf;é ‘
1 ¢ d=L.+1
for
L
rn = 1+ 6(200pmaxymaXHAH2HAHOO)2 + Hwé
=1

72 = OYmax||All2 (1 + 25Pmax [ All2(| Al + [|A]l ) -

That is, the generalization error of PGD DR-CG-Net is bounded as in Theorem 4.4.15 with
7=1/y/n,dim(P) =2n — 1, ¢ = Cpax//n, D = L. + 1,

(Oz w): (fd_lfdkfl,wd) d:1,2,...,LC
PETT (1,6 d=L.+1,
1 — J
A=l Y =rT—" and
’ ’ 1—7"1

~00) =g (\/ﬁzoongiéwe) d=1,2,..., L,
£ d=L.+1.

As an overview, proving Theorem 4.6.3 consists of the following steps: First, we show As-
sumption 4.4.2 holds for the mean absolute error loss function used in DR-CG-Net. Second, we

invoke Lemma 4.6.2 to show that the Lipschitz condition of Assumption 4.4.3 holds for each PGD
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DR-CG-Net scale variable update method in (4.17). Finally, we apply Theorem 4.4.15 to produce
Theorem 4.6.3.

Proof of Theorem 4.6.3. As DR-CG-Net employs the mean absolute loss function, L(xy, xs) =
||y — @2 ||1, for any @, x5, € R™ using the reverse triangle inequality and Lemma 4.4.4 results
in

1 Crmax

1
|L(x1, ) (xo, )| < L(z1, 22) nle To[1 < |21 — xa2 < \/ﬁ

NG

Hence, Assumption 4.4.2 holds for ¢ = ¢yax/v/nand 7 = 1/4/n.
Let V,gj ) and 17,? ) be the convolutional subnetworks of DR-CG-Net, which are parameterized

by {W,gjg) }eenir,) and {W,g]é)} ¢en[L.]» respectively. Using (4.17) and the triangle inequality observe

Hg,(f) <Z1,'U/1; {5;(3)7 W,ﬁf}}eeN[Lc]) - g/(gj) <227U2; {51(;); W,ﬁf}}eemc]) H2

= [0 w002 + V) (22) = o (5 255 — T (22

2

< o (z1,u158) — 0 (22, w93 8 |2 + [V (21) — VY (23) - (4.45)

For any 3, where p € N[N,], define d; = A} (Ay,2z; —¥,) fori = 1,2. Using (4.18) and the

triangle inequality note

[0 (21, 1156)) — 0 (29,19, 0) || = [|21 — 8 pe(dr) — 2o + 0 pe(da)| |

< iz = zells + 167 pelds) = 6 pe(da) o (4.46)
As pg is 1-Lipschitz by Lemma 4.2.23 and bounded, in norm ||-||2, by £ then

185 pe(dr) — 6 pe(da)llo = 1187 pe(dr) — 0 pe(da) + 05 pe(da) — 6 pe(d) |2
<169 [1pe(d) — pe(da) ||z + [lpe(da)ll2 105 — 0]

< 8||dy — dol|s + |69 — 6] (4.47)
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Now, let u; and u, be Tikhonov solutions. That 1s, u; = Ep(zi; P,) for a measurement Y,, some
z; € [0,00)" satisfying ||zi||c0c < Zs0, and some covariance matrix P; € Py; where i = 1,2 and

p € N[V,]. Then equation (4.39) gives

ldi — dal2 < (2ooPmaxYmaxl| All2]| All)? |21 — 22]|2

+ Ymax|[All2 (1 + 22 Dmax [ All2([|All2 + [ Alloo)) ler — a2,
which combined with (4.46) with (4.47) produces

o (210, w; 65) — v (22, ua; )2
< |lz1 — 2alla + 8|y — dall2 + £]6Y — 0]
< |21 — 22|2 + 6 (2coPmax¥max | Al 2| All o) | 21 — 222
+ Yumaxl|Allz (1 + 22 pmac | All2 (| Allz + [ Alloo)) llur — |z + &]6 — 6|

= (1 + 0 (zocPmarUmax||All2| Allo)?) |21 — 2oll2 + 72 [[ur — wallo + €]6Y) — 01|, (4.48)

Next, as Wk(ﬁ, W,% € Qq, for d € N[L_] then W,gg, and /va(jg are defined by f4_1f4k3 param-
eters and satisfy ||Wk(]3||2 < wy and ||Wé];||2 < wq. Additionally, 6 € Q| is a positive real
number satisfying ]5,9 )] < 4. Hence, the dimension of the parameter spaces a; and bounds on the
parameter spaces w, are given by

(e, wa) = (faorfak2,wg) d=1,2,..., L.
n (1,9) d=1L.+1.

Additionally, note that every Tikhonov solution covariance matrix has tridiagonal structure and

Vdim(Pyi) = v2n — 1.
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Now, as the ReLU activation function is 1-Lipschitz and ||z1||2 < v/nz. then from Lemma

4.6.2,

. (4.49)
2

5

L. L. L
IV (z) =V (22l < [Lwellzs = 22ll2+ Y | Vi [T e | W) - W8
=1 =1

Combining (4.49) and (4.48) with (4.45) produces

Hg;(f) <Z1,U1; {5;(5)7 W]EQ}ZGN[LJ) - 9;(3) (Z2,U2; {5;(6]), Wk(,]g)}éeN[Lc}) H2
< o (21,013 87) — 07 (22, u2: 8|2 + [V (21) = VY (22)])2

< (1 + 8(ZooPmaxtmax | All2]| Alloo)?) |21 = 2all2 + 72 [lur — wslls + €]6Y) — 6]

L. L. L
—|—ng”21—22”2+2 \/ﬁzooné’ HWISZ)—WISQ
(=1 (=1 =1 2

=

L. L.
=" ||Zl —Z2||2+’I"Q||’U,1 —’U,QH +Z \/ﬁZOOng/ HWk(?@) —WIE,JK) 2+£|5](€J) _5£J)|
(=1 /=1

040
Therefore, Assumption 4.4.3 holds with T,(f N = T1, 7“;(6]2_ b— T2, and

<Wé?3,ﬁzoonggwg,u-u2) i=12 . L

S
00 ) =\
(0,61-1) d=L.+1
Hence, the constants ?;(cjl), ?;(gjg), and ?,(f ;1{% from Proposition 4.4.6 are given as

J=1
D) N G T S g 1-r
rk,QZE:Tk,Q Hrk,1:7’2§ rT = 27,
J=1 t=j J=1 !
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and

Il . N Ve [T we d=1,2,... L.
?l(cjdj?); = Tl(cjd; i e riayri T =l t#d
l=j f d= LC + 1.

w»—t
"K

Thus, the constants /c\(l ) and ’c(k 2 from Theorem 4.4.15 are given as

K,J J
Eg = Z?l(m) H Tz1)+?é2)cl)

k=1 l=k+1
K K
1 —7"17 7 1—7“1]
= Co E T 1 + 1o &)
1—7’1 1—7’1
k=1 l=k+1
K K—k
1—rf J 11—/
= CaT9y E (] —|—7"2 Cq
1 — T 1—7'1
k=1
K-1 k
1—7"‘1] J 1—7"‘1]
= CoT9 1 + 19 C1
].—Tl 1 — T
k=0

and

~AK,J) _ ~GJ)
Chjd2 = Thd3 H 7“21 +Te201)

l=k+1
?l(cde) H (7”1 +T21_r )
t=k11 1
) 1_7“] K-k
=7 (e
E 1o od N [V 105 we d=1,2,..., L.
:7“1_] ry + 1 101 t#d
L=m 3 d=L.+1
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for

1 = PmaxYmax || All2 (1 + 222 prax || A[]3)

Co = Zooymax||AH2 (pmax/pmin>2 .

Lastly, applying Theorem 4.4.15 produces the desired generalization error bound for PGD DR-
CG-Net. X

4.6.3 Asymptotic Forms of PGD DR-CG-Net Generalization Error Bounds

In this section we provide asymptotic forms for the PGD DR-CG-Net generalization error
bound given in Theorem 4.6.3. We consider asymptotic bounds as the size of the network —i.e. K
and J, the number of unrolled iterations of CG-LS — grows, as the dimension of the measurements
and reconstructed signal — i.e. m and n, respectively — grow, and as the number of training data
samples —i.e. N, — grows.

Recall the values Cax, Pmax, Pmins fd, Kd, Wa, 05 Zoos Ymax, || A]|2, ||A]| s, and & that are utilized by
Theorem 4.6.3. AS Puaxs Pmins fd, ka, W4, 0, Zo0, and € are all parameters chosen and fixed during the
construction of PGD DR-CG-Net before training, we assume that each is independent of network
size, measurement dimension, reconstructed signal dimension, and training dataset size. Thus,
we establish asymptotic forms for the PGD DR-CG-Net generalization error that rely on whether
Cimaxs Ymaxs || A||2, and || A]| depend on the measurement and reconstructed signal dimension.

Finally, recall that we use the notation a < b to mean that a < s.b for some constant s. > 0;

that is, a < b implies a = O(b).

Dependent on Signal Dimension

For the following asymptotic generalization error bound of PGD DR-CG-Net, we assume that
each of Cpax, Ymax, f4, ||A]|2, and ||A||« depend on the measurement and reconstructed signal di-
mension in that lim,, ,—e0 Cmax — 00, liMyy 1n—y00 Ymax —> 00, and lim,, || Al|, — oo for any

1 < p < oo. Note for any = € R” that ||z, < Vk ||| co- AS Crmax and Ymay are, respectively, the
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maximum Euclidean norm bounds on the signals of interest, of dimension n, and measurements,
of dimension m, then ¢y < /1 and Ymax S +/m; where we have reasonably assumed that the
maximum entry in any measurement or reconstructed signal is independent of the signal dimen-
sion. Furthermore, as || 4|2 < v/m||4|« and ||4|l« < n (max;;|A;;]), since || A« is the max
absolute row sum, then || Al < ny/m and || Al < n; where again we have reasonably assumed

that the maximum entry of the measurement matrix is independent of the matrix dimensions.

Corollary 4.6.4. Let Crax, Ymax, ||All2, and || A||« depend on the measurement and reconstructed

signal dimension. The generalization error for PGD DR-CG-Net scales as

L.
£(@) ~ L5(@)] < Cunae <\/ﬁ LK <1 +3 W faa Mg)) FU S Le) <f; jj Le)
d=1 s
Lc
+ Cmax IS (Z A /fdlfdk?l> 1253)
d=1 S

for
=1

F(K,J,L) =In(KJL) + KJ <1n(ymax) + In(||All2) + In(]|Al|oo) + In (1 + f[wg>) .

Furthermore, as, at most, ¢yax = O(\/1), Ymax = O(vYm), ||All2 = O(ny/m), and ||Al|s = O(n)

then generalization error for PGD DR-CG-Net scales at most as

K J (In(m) + In(n) + Lc)'

£@) - £5(@)] (Vi + KJTL) \/ N

A proof of Corollary 4.6.4 is provided in Appendix C and results from ignoring constants to
consider how the GEB from Theorem 4.6.3 scales in network size and signal dimension. From

Corollary 4.6.4, once the amount of training data satisfies

2 [(\/ﬁ VKT (1 + Sk fdk:g)) VFE, T L) + KJ (25;1 N fdkg) \/ln(n)] ’

n

N, ~
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N, ~ (v + KJL)? KJ (In(m) + In(n) + L.)

then the GEB of PGD DR-CG-Net is guaranteed to be small with high probability. Further-
more, Corollary 4.6.4 shows that, at worst, the PGD DR-CG-Net generalization error grows as
O(y/nIn(n)) in reconstructed signal dimension, O(y/(K JL.)3) = O((Network Size)*?) in net-

work size, O(4/In(m)) in measurement dimension, and O (N, Y ?) in training dataset size.

Independent Measurement Matrix Norm

Now we assume that ||Al|2 and || A]|« are independent of m and n defining the dimension of
A. For instance, the measurement matrix could be normalized through preprocessing such that

[All2 = 1.

Corollary 4.6.5. Let ¢y and Y.y depend on the measurement and reconstructed signal dimen-
sion. Furthermore, assume ||A|z and ||Al|« are independent of the measurement and recon-

structed signal dimension. The generalization error for PGD DR-CG-Net scales as

Lc
1£(€) = L5(©)] S cmax <\/ﬁ +KJ (1 + Z \/ fd—lfdk§)> —.7:(};,]\}], Le)
d=1 s
L
+ Coax IS J (Z A /fd—lfdk?l> 1;153)
d=1 V s

for

F(K,J,L.)=In(KJL.)+ KJ (ln(ymax) +1In (1 + ﬁ wg>> .

(=1
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Furthermore, as, at most, ¢y, = O(\/n) and Ymax = O(y/m) then generalization error for PGD

DR-CG-Net scales at most as

KJ (In(m) + L) VKJL In(n)

£(@) - £s(@)| £ meJLc)\/ " =,

Corollary 4.6.5 is a direct consequence of Corollary 4.6.4 where the || A||, terms, for p = 2, oo,
are removed as they are now of order O(1). Furthermore, as in Corollary 4.6.4, Corollary 4.6.5
results from ignoring constants to consider how the GEB from Theorem 4.6.3 scales in network

size and signal dimension. From Corollary 4.6.5, once the amount of training data satisfies

N, ~

2 K\/ﬁ +KJ (1 + ke T fdkg)) VFE, L) + KJ (25;1 N fdkg) \/ln(n)] ’

or

N, ~ [(\/ﬁ + KJL) /KT (In(m) + L) + KJLC\/ln(n)] i

then the GEB of PGD DR-CG-Net is guaranteed to be small with high probability. Further-
more, Corollary 4.6.5 shows that, at worst, the PGD DR-CG-Net generalization error grows as
O(y/(KJL.)3) = O((Network Size)*/?) in network size, O(y/n) in reconstructed signal dimen-

1/2)

sion, O(4/In(m)) in measurement dimension, and O(N, ~'“) in training dataset size.

Independence of Signal Dimension

Here, we assume that ¢iax, Ymaxs ||A]l2, and ||A||« are independent of m and n defining the
measurement and reconstructed signal dimension. As an example, CG-Net and DR-CG-Net from
Chapter 2 and Chapter 3 implement preprocessing to scale all images of interest to be in the unit
ball. That is, . < 1. Additionally, if the measurement matrix is normalized through preprocess-

ing such that || A|]z = 1 then ypax < [|Al2Cmax < 1.

249



Corollary 4.6.6. Let ¢iax, Ymax |

Alla, and || A|| are independent of the measurement and recon-

structed signal dimension. The generalization error for PGD DR-CG-Net scales as

)~ o< (v 0 (10 35 i) ) 2R
ko (S i)

for

Lc
F(K,J L) =In(KJL,)+ KJIn (1 +]1] W) .

(=1

Furthermore, the generalization error for PGD DR-CG-Net scales at most as

2@~ 560 < (vi+ sr) | oke | UL

Corollary 4.6.6 is a direct consequence of Corollary 4.6.4 where the || A||, terms, for p = 2, oo,

and Cpax and Y.y terms are removed as they are now of order O(1). Furthermore, as in Corollary
4.6.4, Corollary 4.6.6 results from ignoring constants to consider how the GEB from Theorem
4.6.3 scales in network size and reconstructed signal dimension. From Corollary 4.6.6, once the

amount of training data satisfies

2 [(\/ﬁ +KJT (1 + ke SFa fdkg)) VFE, L L)+ KJ (25;1 N fdkg) \/In(n)] ’

n

N, ~

or

N, ~ (KJL.)?

250



then the GEB of PGD DR-CG-Net is guaranteed to be small with high probability. Finally, Corol-
lary 4.6.5 shows that, at worst, the PGD DR-CG-Net generalization error grows in network size as

O(V/(KJL.)3) = O((Network Size)*?) and in training dataset size as (’)(Ns_l/?),

4.6.4 Generalization Error Bound for ISTA DR-CG-Net

In this section, we state and prove the generalization error bound for ISTA DR-CG-Net where
an ISTA scale-variable update is implemented in DR-CG-Net. Furthermore, asymptotic forms of
the GEB for ISTA DR-CG-Net are derived.

Note that, the scale-variable parameter spaces, {2; from (4.23), and hypothesis class, 7—[((::2, for
ISTA DR-CG-Net are equivalent to those for PGD DR-CG-Net from Section 4.6.2. For conve-
nience, we restate both the scale-variable parameter spaces and hypothesis class here. The scale-

variable parameter spaces, {2; from (4.23), are

R faxnfa-1 . < d € N[L,
. {{We IWle < wa} deN[L] 450)

[_&5} d= L.+ 1.
for real valued constants wy > 0 and 0 > 0. Note, each W € Qy, for d € N[L_|, corresponds to a

convolutional layer mapping a \/n X y/n image from f;_; to f, filter channels using convolutional

kernels of size k; x ky. Thus, the hypothesis class for ISTA DR-CG-Net is

c

. . jEN[J] . .
HE = {c ( {P., s, W,gﬂg}eéegw L P, € P, W) € Q09 € QLCH} .
b e 9y

Theorem 4.6.7 (Generalization Error Bound for ISTA DR-CG-Net). Let S = {(7;, &)}, be a
training dataset such that Assumption 4.4.1 holds for each ¢;, y, is given by (4.12), and Ymax =

Y.||2- Then for all ¢ € H(Cg()}, with probability at least 1 — ¢, the generalization error of

max1 <i<N,
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ISTA DR-CG-Net is bounded as

£@) < Ls(e) + oz m\/ln (¢ (10 ol ICIE 1 2 0

nNs Cmax
K I L ()
8Cmax 4qwya(KJ(L.+ 1)+ 1)k
+»szzﬁ3£mG@_<< )+ i
Vs k=1 j=1 d=1 Cmax
K )
8Cmax 45(KJ(LC —+ 1) -+ 1)"{'kL 1
PSSy a1 L
TLNS k=1 j=1 \l Cmax
+ 4emaxy/21n(4/) / (nN,)
for
k= ZOO(Cl + pmaxymaXHA|’oo>/c\(1K’J) + ZooC2
' K,J
K0 = zoo(01 + PrnascYhmsl | Alloo) 2T
where

c1 = Pumaxtmax | All2 (1 + 225 Pmax [|Al3)
Co = Zooymax||A||2 <pmax/pmin)2
1—r{ K
S0) _ (1—7"1J> 1_<T1+Clr217">
-
1— (Tl “+ 119 1177411)
K-k Le _
KJT)  J—j 1_7~1J (\/ﬁzoo—{—éf)ng:l’u)g d 1727'--7Lc
Chjd2 = T1 Ty +Cire
<1+H£1w4> d=L.+1

1—7”1
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Lc
T = (1 —|— HU]() (1 + 5(Zoopmaxymax”A“2HA”00)2)

L
ry = (1 + Hwe> ymaxllAllz (1 + 25 Pmaxl [ All2([Allz + [|A]ls0))

(=1

That is, the generalization error of ISTA DR-CG-Net is bounded as in Theorem 4.4.15 with
7 =1/y/n,dim(P) =2n — 1, ¢ = Cpax//n, D = L. + 1,

(Oéd wd) = {(fd_lfdkgl’wd) d= 1,2,...,LC

(1,9) d=L.+1,
1 — J
A=t 7=t g
NZoo + 0 Lewy d=1,2,..., L.
oy [ SO T
k,d,3

(1+ Ty we) € d=L.+1.

As an overview, proving Theorem 4.6.7 consists of the following steps: First, we show As-
sumption 4.4.2 holds for the mean absolute error loss function used in DR-CG-Net. Second, we
invoke Lemma 4.6.2 to show that the Lipschitz condition of Assumption 4.4.3 holds for each ISTA
DR-CG-Net scale variable update method in (4.17). Finally, we apply Theorem 4.4.15 to produce
Theorem 4.6.7.

Proof of Theorem 4.6.7. As DR-CG-Net employs the mean absolute loss function, L(xy,x2) =

L@y — a»||1, for any @y, x5, @ € R" using the reverse triangle inequality results in

Cmax

NG

1 1
|L(x1, ) — L(xo, )| < L(xq,22) = ﬁle —xs|; < %Hﬂh —xs2 <

Hence, Assumption 4.4.2 holds for ¢ = ¢yax/v/nand 7 = 1/4/n.
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Let v,ff' ) and 17,9 ) be the convolutional subnetworks of DR-CG-Net, which are parameterized by

{W,i]g) }eenz. and {W/,ﬁ? }eenir.)» respectively. Using (4.17) and the triangle inequality we observe

Hgl(gj) <Z17 Uq; {5;(;), W;EQ}ZEN[LA) - gz(gj) (ZQ, U2; {51(3)7 WISQ}EGN[LCO H2
= [ (2189 £V (o1 50)) — o ) — T (o, i 5 )

< U]E;j)(zh Uq; 5;9)) - U;E;j)(zz,umg;(cj))

2

4 Hsz;j) (v,ij)(zl,ul;é,ij))> —pY (U]ga')(z%u%gg)))

. (4.51)
2

Next, as W,EQ, W,ﬁ@ € Qq, for d € N[L.] then ngg, and W,% are defined by fy 1 f4k3 param-
eters and satisfy HW,%HZ, ||W,§]Cg|]2 < wgy. Additionally, %) € Qg _, is a positive real number
satisfying |0 ,(cj )| < 4. Hence, the dimension of the parameter spaces «y and bounds on the parame-

ter spaces wy are given by

(g, wq) = (fdflfdkﬁ’wd) d=1,2,...,L.
dyWd (175) d:Lc+1

Additionally, note that every Tikhonov solution covariance matrix has tridiagonal structure and
Vdim(Pyi) = v2n — 1.

Now, as ||pe(x)|l2 < € forall z € R" and [|2|[; < 2z, then, for any measurement 3, by the

triangle inequality

[0 (z1,u158) 12 = 121 — 6 pe(AL (A 21 — F,))l2
< llz1ll2 + 116 pe(AL (A, 21 — ;)2

< Vnze + 06,
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Hence, as the ReLU activation function is 1-Lipschitz then using Lemma 4.6.2

HV;Ej) (v,(f)(zl,ul; 5(j))> Sy (U](cj)<z2’u2;gg)))

2
< s@y _ @ 5
Hwe‘v 217’“17 k ) Uy, (22,“’2, k ) )
Le ‘
37 | o (2, was o ||2Hwe, |we-we|
=1 e/;ez
L
(4) () <)
< _ .
_Hwe ) 217’“17 ) Vg (22,U2,5k ) )
=1
Le Le ‘
+ (Vnze + 66) Z wy ]ijg)
=1 ¢'=1
040

By equation (4.48) it holds that

[0 (21, w13 65) — v (2, us; 6|2

= (1 + 0 (2ooPmaxymaxl| All2[| All)?) [l 21 — 22|z

255
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+ 0Ymax || All2 (14 22 pras| Al ([All2 + [|A]lo0)) [t — walls + [0 = 6.



Combining equation (4.48), equation (4.52), and equation (4.51) produces

Hg;(cj) (Zh Uy; {5;(3); W}E?Z}EGN[LC]) - g,ff) (22, U2; {5;(3)7 W]EQ}EGN[LJ) H2
< Hv,(gj)(zl,ul;élij)) U Z27u2a H
n Hvéﬂ (v,gﬂ(zl,ul;a,gﬂ)) BRVIC) (Ug)(z%w;gg))) H2

L.
< (1 +ng> “v,g])(zl,ul;éli])) —v,?)(zg,ug;é]?))Hz
=1

G) _ )
Wi _Wk,je

+ (\/ﬁzoo +6€ Zp ]jwé’

=1 ¢=1
£

(1 + H“’f) (1 + 6 (2o0Pmaxtmax| All2 | Alloc)?) 121 — 22|l

2

L.
+ (1 + HW) ymaxl [ Allz (1 + 2oePmax | All2 ([|All2 + [[All)) s — a2

(=1

L¢ L. Lc
+ (1 +1] wg> €0 = 071+ (Vnze +0€) 3 [ we
/=1

W -

) .

(=1 =1
O+
Therefore, Assumption 4.4.3 holds with T](gj L =T r,(j2 V= 9, and

I itz + 09 T i | ||2) d—12,.. L

(6 kd7de37|| @) = )
((5k ,<1+H€:1w5>§,|-|> d=L.+1.
Hence, the constants ?fl), ?ikJQ), and ?“fj 5,73), from Proposition 4.4.6 are given as

J=1
)N GO0 g 1=
erIE:Tk;Z Hrk1:7’2§ S
j=1 (=j j=1 !
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and

J1 . , , (\/_zoo+5§)H,Z 1 W d=1,2,..., L.
l=j , < +HZ:1w£>€ d:Lc+1

)

Thus, the constants ¢; S

and ¢; /5 from Theorem 4.4.15 are given as

K K
A(KJ) Z H 7‘“ ‘H"ezcl)
k= =kt

K K
1—rf ( 1—rf )
Z H i+ T c1
ko= 1 "D 1=mn
K K—k
= Cor ry +r c
2l 1; 1 21—r1 1
1) &2 1—r7 \"
= CaoT'2 L (7"‘1]+ 2 101)
1—7"1 o 1—’/“1

and

K
&8 700 T G +70er)

Ckjd2 = Tkd3 Tor TTeall
(=k+1
G0 T —r{
=73 H (7’1] + 79 T cl)
(=k+1 1
1—7r/ K=k
= ﬁqjd@ r{ + 7 - Tll Cl>
’ 17 \E7F (VNnzeo +08) 12wy d=1,2,... L,
_ =] J 1 0£d
— Tl (7’1 —+ T9 C ) I
1—r (1+H£;1W)§ d=L.+1
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for

1 = PmaxYmax || All2 (1 + 222 prax || A[]3)

Co = Zooymax||AH2 (pmax/pmin>2 .

Lastly, applying Theorem 4.4.15 produces the desired generalization error bound for ISTA DR-
CG-Net. X

4.6.5 Asymptotic Forms of ISTA DR-CG-Net Generalization Error Bounds

In this section we provide asymptotic forms for the ISTA DR-CG-Net generalization error
bound given in Theorem 4.6.7. We consider asymptotic bounds as the size of the network —i.e. K
and J, the number of unrolled iterations of CG-LS — grows, as the dimension of the measurements
and reconstructed signal — i.e. m and n, respectively — grow, and as the number of training data
samples —i.e. N, — grows.

Recall the values Cax, Pmax, Pmins fd, Kd, Wa, 05 Zoos Ymax, || A]|2, ||A]| s, and & that are utilized by
Theorem 4.6.7. AS Pmaxs Pmins fd, ka, W4, 0, Zo0, and € are all parameters chosen and fixed during the
construction of ISTA DR-CG-Net before training, we assume that each is independent of network
size, measurement dimension, reconstructed signal dimension, and training dataset size. Thus,
we establish asymptotic forms for the ISTA DR-CG-Net generalization error that rely on whether
Cimaxs Ymaxs || A||2, and || A]| depend on the measurement and reconstructed signal dimension.

Finally, recall that we use the notation a < b to denote that a < s.b for some constant s. > 0;

that is, a < b implies a = O(b).

Dependent on Signal Dimension

For the following asymptotic generalization error bound of ISTA DR-CG-Net, we assume that
each of Ciax, Ymax, || A]|2, and || A||« depend on the measurement and reconstructed signal dimen-
sion in that limy, ;0 Cmax — 00, liMyy ns00 Ymax — 00, and lim,, ,, o0 ||A|, — oo for any

1 < p < oo. Note for any x € R” that ||z, < Vk ||| co- AS Crmax and Ymay are, respectively, the
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maximum Euclidean norm bounds on the signals of interest, of dimension n, and measurements,
of dimension m, then ¢y < /1 and Ymax S +/m; where we have reasonably assumed that the
maximum entry in any measurement or reconstructed signal is independent of the signal dimen-
sion. Furthermore, as || 4|2 < v/m||4|« and ||4|l« < n (max;;|A;;]), since || A« is the max
absolute row sum, then || Al < ny/m and || Al < n; where again we have reasonably assumed

that the maximum entry of the measurement matrix is independent of the matrix dimensions.

Corollary 4.6.8. Let Crax, Ymax, ||All2, and || A||« depend on the measurement and reconstructed

signal dimension. The generalization error for ISTA DR-CG-Net scales as

L.
£(@) ~ L5(@)] < Cunae <\/ﬁ LK <1 +3 W faa Mg)) FU S Le) <f; jj Le)
d=1 s
Lc
+ Cmax IS (Z A /fdlfdk?l> 1253)
d=1 S

for
=1

F(K,J,L) =In(KJL) + KJ <1n(ymax) + In(||All2) + In(]|Al|oo) + In (1 + f[wg>) .

Furthermore, as, at most, ¢yax = O(\/1), Ymax = O(vYm), ||All2 = O(ny/m), and ||Al|s = O(n)

then generalization error for ISTA DR-CG-Net scales at most as

K J (In(m) + In(n) + Lc)'

£@) - £5(@)] (Vi + KJTL) \/ N

A proof of Corollary 4.6.8 is provided in Appendix D and results from ignoring constants to
consider how the GEB from Theorem 4.6.7 scales in network size and signal dimension. From

Corollary 4.6.8, once the amount of training data satisfies

2 [(\/ﬁ VKT (1 + Sk fdk:g)) VFE, T L) + KJ (25;1 N fdkg) \/ln(n)] ’

n

N, ~
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N, ~ (v + KJL)? KJ (In(m) + In(n) + L.)

then the GEB of ISTA DR-CG-Net is guaranteed to be small with high probability. Further-
more, Corollary 4.6.8 shows that, at worst, the ISTA DR-CG-Net generalization error grows as
O(y/nIn(n)) in reconstructed signal dimension, O(y/(K JL.)3) = O((Network Size)*?) in net-

work size, O(4/In(m)) in measurement dimension, and O (N, Y ?) in training dataset size.

Independent Measurement Matrix Norm

Now we assume that ||Al|2 and || A]|« are independent of m and n defining the dimension of
A. For instance, the measurement matrix could be normalized through preprocessing such that

[All2 = 1.

Corollary 4.6.9. Let cy,.x and Y.y depend on the measurement and reconstructed signal dimen-
sion. Furthermore, assume ||A|z and ||Al|« are independent of the measurement and recon-

structed signal dimension. The generalization error for ISTA DR-CG-Net scales as

Lc
1£(€) = L5(©)] S cmax <\/ﬁ +KJ (1 + Z \/ fd—lfdk§)> —.7:(};,]\}], Le)
d=1 s
L
+ Coax IS J (Z A /fd—lfdk?l> 1;153)
d=1 V s

for

F(K,J,L.)=In(KJL.)+ KJ (ln(ymax) +1In (1 + ﬁ wg>> .

(=1
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Furthermore, as, at most, ¢yax = O(y/n) and ymax = O(y/m) then generalization error for ISTA

DR-CG-Net scales at most as

KJ (In(m) + L) VKJL In(n)

£(@) - £s(@)| meJLc)\/ " =,

Corollary 4.6.9 is a direct consequence of Corollary 4.6.8 where the || A||, terms, for p = 2, oo,
are removed as they are now of order O(1). Furthermore, as in Corollary 4.6.8, Corollary 4.6.9
results from ignoring constants to consider how the GEB from Theorem 4.6.7 scales in network

size and signal dimension. From Corollary 4.6.9, once the amount of training data satisfies

N, ~

2 K\/ﬁ +KJ (1 + ke T fdkg)) VFE, L) + KJ (25;1 N fdkg) \/ln(n)] ’

or

N, ~ [(\/ﬁ + KJL) /KT (In(m) + L) + KJLC\/ln(n)] i

then the GEB of ISTA DR-CG-Net is guaranteed to be small with high probability. Further-
more, Corollary 4.6.9 shows that, at worst, the ISTA DR-CG-Net generalization error grows as
O(y/(KJL.)3) = O((Network Size)*/?) in network size, O(y/n) in reconstructed signal dimen-

1/2)

sion, O(4/In(m)) in measurement dimension, and O(N, ~'“) in training dataset size.

Independence of Signal Dimension

Here, we assume that ¢iax, Ymaxs ||A]l2, and ||A||« are independent of m and n defining the
measurement and reconstructed signal dimension. As an example, CG-Net and DR-CG-Net from
Chapter 2 and Chapter 3 implement preprocessing to scale all images of interest to be in the unit
ball. That is, . < 1. Additionally, if the measurement matrix is normalized through preprocess-

ing such that || A|]z = 1 then ypax < [|Al2Cmax < 1.
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Corollary 4.6.10. Let cpay, Ymax || A

9, and || A||« are independent of the measurement and re-

constructed signal dimension. The generalization error for ISTA DR-CG-Net scales as

n(KJL.) + KJIn (14 ]k, w
L) - Ls(@ >|<<f+m<1+z,/fd ok )) nN< )
+KJ (Z \/fdlfdkﬁ) \/ 125\7;)

Furthermore, the generalization error for ISTA DR-CG-Net scales at most as

~ ~ KJL, _ [(KJL.)3
L) ~ Ls(@)| £ (Vi + KL S5 S0y

Corollary 4.6.10 is a direct consequence of Corollary 4.6.8 where the || A||, terms, for p = 2, oo,
and ¢ay and Y. terms are removed as they are now of order O(1). Furthermore, as in Corollary
4.6.8, Corollary 4.6.10 results from ignoring constants to consider how the GEB from Theorem
4.6.7 scales in network size and signal dimension. From Corollary 4.6.10, once the amount of

training data satisfies

2 [(\/ﬁ +KJ (1 + ke S M;)) F(K, J, L) + KJ ( Le T fdk§> \/ln(n)] ’

n

N, ~
for, F(K, J, L) = In(K JL,) + KJ1n< + 115 1wg>
N, ~ (KJL.)?

then the GEB of ISTA DR-CG-Net is guaranteed to be small with high probability. Finally, Corol-
lary 4.6.9 shows that, at worst, the ISTA DR-CG-Net generalization error grows in network size as

O(/(KJL.)?) = O((Network Size)*?2) and in training dataset size as O(N; '/?).
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4.7 Generalization Error Bound Comparison

It is readily observed in Section 4.6.3 and Section 4.6.5 that PGD DR-CG-Net and ISTA DR-
CG-Net have equivalent asymptotic generalization error bound forms. This is supported by the
numerical results of Chapter 3 and the numerical results of [77], which show that PGD DR-CG-
Net and ISTA DR-CG-Net have nearly equal performance on test datasets after training. As PGD
DR-CG-Net and ISTA DR-CG-Net have equivalent generalization error bounds, we simply refer to
DR-CG-Net as a whole for the remainder of this section instead of specifying which scale variable
update method is used.

We remark that the network size of CG-Net is roughly equal to K.J whereas the network
size of DR-CG-Net is roughly equal to K JL.. Next, we compare the asymptotic generalization
error bound forms of CG-Net and DR-CG-Net under the constraint that both networks have equal
network size. For the comparison we consider the following three cases: (1) ¢yax, Ymax, || A||2, and
| Al|s depend on the signal dimension, (2) ¢;ax and ypmax and depend on the signal dimension while
|Al|2 and || A/ are independent of the signal dimension, and (3) Cpax, Ymax; || A2, and || A||. are

all independent of the signal dimension.

Dependent on Signal Dimension

Here we assume that each of ¢y, YUmax, ||A||2, and || Al depend on the measurement and
reconstructed signal dimension in that ¢y.c = O(V/N), Ymax = O(v/m), ||All2 = O(ny/m), and
|Al|sc = O(n). By Corollary 4.5.2 and Corollary 4.6.8 the GEB of CG-Net and DR-CG-Net scale

at most as
\/ n3(In(m)+1In(n))(Network Size)3 CG-Net
~ ~ Ns
L&) - Ls(@)] |
(v/n + Network Size) |/ (et Sizef{ltm) i) DR_CG-Net.
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We are able to further upper bound the DR-CG-Net GEB as

\/n3 (In(m)+In(n)) (Network Size)3 CG-Net
A A Ns
|L(c) — Ls(e)] S

n(Network Size)3 (In(m)+In(n))
| etwork iz DR-CG-Net.

S

Therefore, the ratio of the CG-Net and DR-CG-Net GEB asymptotic forms is

GEB CG-Net
GEB DR-CG-Net

That is, the GEB for CG-Net grows to an extra order of the reconstructed signal dimension as
compared to the GEB for DR-CG-Net. Hence, DR-CG-Net produces a tighter GEB, which is sup-
ported by the numerical experiments of Chapter 2 and Chapter 3 — and additionally the numerical
experiments of [58,77] — showing that DR-CG-Net produces improved test reconstructions after

training as compared to CG-Net.

Independent Measurement Matrix Norm

Here we assume that ¢y, and y,.x depend on the measurement and reconstructed signal di-
mension in that Y., = O(y/m), and cpax = O(y/n). Furthermore, we assume that both || Al
and || A||. are independent of the measurement and reconstructed signal dimension. By Corollary

4.5.3 and Corollary 4.6.9 the GEB of CG-Net and DR-CG-Net scale at most as

\/n3 In(m) (I\]I{c[twork Size)3 CG-Net
1£(e) = Ls(e)| S )

(\/ﬁ + Network Size)\/(Network;isze) In(m) + \/(Networkjsvisze)Q In(n) DR-CG-Net.

We are able to further upper bound the DR-CG-Net GEB as

n3 In(m)(Network Size)3
N, CG-Net

1£(e) - Ls(e)] S \/

\/ n(Network ]\Sfize)?’ In(m)  DR-CG-Net.
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Therefore, the ratio of the CG-Net and DR-CG-Net GEB asymptotic forms is

GEB CG-Net
GEB DR-CG-Net

Again, the GEB for CG-Net grows with an extra order of the reconstructed signal dimension as
compared to the GEB for DR-CG-Net. So, DR-CG-Net produces a tighter GEB which is sup-
ported by the numerical experiments of [58, 77], Chapter 2, and Chapter 3 that show DR-CG-Net

producing improved test reconstructions after training as compared to CG-Net.

Independence of Signal Dimension

A

Here we assume that ¢,ay, Ymaxs 2, and || A||, are all independent of the measurement and

reconstructed signal dimension. By Corollary 4.5.4 and Corollary 4.6.10 the GEB of CG-Net and

DR-CG-Net scale at most as

n? (Network Size)3
S — CG-Net

1£(e) — Ls(e)| <

~

(Netwc;rvﬂ DR-CG-Net.

Therefore, the ratio of the CG-Net and DR-CG-Net GEB asymptotic forms is

GEB CG-Net
GEB DR-CG-Net '

Similarly to the previous to cases, the GEB for CG-Net grows to an extra order of the reconstructed
signal dimension as compared to the GEB for DR-CG-Net. Therefore, DR-CG-Net produces a
tighter GEB as compared to CG-Net, which is supported by the numerical experiments in [58,77],
Chapter 2, and Chapter 3, which show that DR-CG-Net produces improved test reconstructions

after training as compared to CG-Net.
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4.8 Conclusion

In this chapter, we have derived a generalization error bound for a class of compound-Gaussian-
prior-based DNNs that solve linear inverse problems. Subsequently, this generalization error bound
was applied to two realizations, namely, CG-Net from Chapter 2 and DR-CG-Net from Chapter
3, showing bounds for these two cases. The developed generalization error bound was produced
by bounding the Rademacher complexity of the network hypothesis class by Dudley’s inequal-
ity, which is further bounded using a Lipschitz property to estimate covering numbers of the
network hypothesis class. A key contribution of this chapter was our proof that parameters of
compound Gaussian DNNs satisfy a Lipschitz condition under reasonable assumptions, thereby
allowing us to produce generalization bounds for CG-based DNNs. Lastly, we derived asymptotic
forms for the CG-Net and DR-CG-Net generalization error bounds that show each bound scales
O((Network Size)®/?) in the network size, scales O(N; Y ?) in the training dataset size, and scales

O(n) in signal-of-interest dimension for CG-Net.
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Chapter 5

Summary and Future Work

5.1 Summary

5.1.1 Compound Gaussian Network

In Chapter 2, we have proposed, theoretically studied, and empirically validated two new meth-
ods for solving linear inverse problems. Both methods have been published in our conference pro-
ceedings of the IEEE Asia Pacific Signal and Information Processing Association conference [57]
and in our IEEE Transactions on Signal Processing journal article [58]. Furthermore, a provisional
patent of our two innovative methods has been filed.

Our goal was to develop a new method that approached inverse problems from the perspec-
tive of interweaving the powerful compound Gaussian (CG) class of densities with the power-
ful representational abilities of deep neural networks (DNNs). The choice of these two compo-
nents was inspired by prior work showing that CG densities better capture statistical properties
of natural images and images from other modalities such as radar [10-12, 44, 95] and by prior
work showing that DNNs outperform standard iterative reconstruction methods to inverse prob-
lems [15-26,28-33,41,42,45,55-58,76,77,87,96—104]. To accomplish our goal, we employed the
algorithm unrolling technique to create a DNN from an iterative signal reconstruction algorithm.
Therefore, the first of the two new methods proposed in Chapter 2 is a CG-informed iterative re-
construction algorithm and the second new method is an unrolled DNN version of the iterative
algorithm that inherently incorporates a CG prior.

The novel CG-informed iterative reconstruction algorithm we have developed in Chapter 2 is
named compound Gaussian least squares (CG-LS) and is a block coordinate descent method on a
regularized least squares cost function. The two-term regularization of the CG-LS cost function

consists of a Euclidean norm term, to incorporate the Gaussian component of the CG prior, and
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a Euclidean norm composed with an inverse non-linearity, to incorporate a non-linear Gaussian
transformation for the scaling, i.e. compounding, in the CG prior.

For the CG-LS cost function, we have provided a theoretical study on the existence and loca-
tion of stationary points and minimizers. Specifically, using the Poincare-Miranda theorem, we
first have derived measurement scaling and choices of the regularization scaling parameters to
guarantee the existence of a stationary point where the scale variable lies within a compact hyper-
cube and the optimal Gaussian variable is given by a Tikhonov solution. Second, we have derived
measurement scaling and choices of the regularization scaling parameters to guarantee that the
previous stationary point is an isolated minimizer of the CG-LS cost function.

For the CG-LS algorithm, we first have proven a lower bound on the change in the CG-LS cost
function over a single steepest descent update of the scale variable. Second, with the derived lower
bound, we have proven that the sequence of estimates produced by CG-LS converges linearly to
a stationary point of zero gradient of the CG-LS cost function. Lastly, under the assumption of
proper measurement scaling and choices of the regularization scaling parameters in the CG-LS
cost function, we have proven that the CG-LS cost function has an isolated minimizer to which
CG-LS will converge linearly given a sufficiently close initialization.

Our novel CG-LS algorithm was empirically compared against six state-of-the-art iterative
reconstruction algorithms in tomographic imaging and compressive sensing problems. In the to-
mographic imaging tests, images were estimated from Radon transform measurements taken at a
varying number of uniformly spaced angles. For each number of angles in the Radon transform,
our CG-LS algorithm outperformed all six comparison methods in reconstructed image quality
as measured by SSIM, PSNR, and visual inspection. In the compressive sensing tests, images
were estimated from random Gaussian measurements taken at a sampling ratio of 50%, 30%), and
10%. Again our CG-LS algorithm outperformed all six comparison methods appreciably in esti-
mated image quality. Despite the excellent estimated image quality produced by CG-LS, it was
observed in Chapter 2 that the CG-LS performance comes at the cost of a significant computational

complexity as compared to the other six iterative algorithms. Finally, we discussed a connection
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between the CG-LS estimator and a standard Tikhonov estimator. Specifically, we showed that the
Tikhonov estimator is a special case of the CG-LS estimator. Inasmuch, the empirical evaluation
we presented has highlighted the benefits of improved estimated signal quality produced by CG-LS
over a standard Tikhonov estimate.

With the theoretical guarantees and empirical success of CG-LS, we have transformed CG-
LS into a DNN through the algorithm unrolling technique. This DNN, which we name compound
Gaussian network (CG-Net), is inherently informed by a CG prior through the fundamental basis of
the CG prior within the CG-LS algorithm. Furthermore, our implementation of CG-Net allows the
DNN to optimally learn the geometry of the CG-LS optimization landscape for efficient traversal.
As such, we have empirically shown that fewer iterations are required in the unrolled CG-Net than
are necessary in CG-LS. Notably, this permits CG-Net to reconstruct signals roughly 100 times
faster than CG-LS.

Further numerical experimentation has been completed, which compares CG-Net against ten
state-of-the-art deep-learning-based methods for linear inverse problems in imaging. In particular,
by varying the amount of training data used for inverting a Radon transform, we have shown that
CG-Net not only outperforms each comparison method in image reconstruction quality, but does
so by a significant margin when a limited amount of training data is available. Additionally, we
analyzed the impact of using alternative sparsity transformation bases, i.e. wavelet and discrete
cosine transformations, and alternative measurement models, i.e. Radon and random Gaussian
transformations, and have shown that CG-Net still outperforms or performs comparably to all
ten prior art methods for all alternative measurements and sparsity transformations considered.
We have further demonstrated, however, that in the presence of ample measurement noise and
with larger amounts of training data, the CG-Net method has faltering performance and may be
outperformed by the best-performing prior art method. Finally, we have conducted an ablation
study of the CG-Net architecture and shown that removing certain trainable portions of CG-Net is
advantageous for extremely small training datasets, but the full CG-Net structure is, in general, the

best performing.
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On the theoretical front, in Chapter 4 we have developed a generalization error bound for CG-
Net. This bound provides that, with sufficient training data, the excellent CG-Net performance
on training data is guaranteed to extend to excellent performance of CG-Net on unseen test data.
Specifically, under realistic conditions, the test performance of CG-Net is guaranteed when the
amount of training data scales quadratically in the signal-of-interest size and cubically in the net-

work size.

5.1.2 Deep Regularized Compound Gaussian Network

In Chapter 3, we have proposed, theoretically studied, and empirically validated two new CG-
based methods for solving linear inverse problems that are novel extensions upon the CG-LS and
CG-Net structures from Chapter 2. Both methods have been published in our proceedings of the
IEEE Asilomar Conference on Signals, Systems, and Computers [76] and in our IEEE Transac-
tions on Computational Imaging journal article [77]. Furthermore, a provisional patent of our two
innovative approaches has been filed.

Our goal in developing these two novel extensions was twofold. First, we wanted to alle-
viate some of the complications and downsides occurring with CG-Net. Specifically, CG-Net
was computationally intensive with the impactful calculations occurring within the Tikhonov so-
lution and within a required eigendecomposition calculation for each scale variable update. Fur-
thermore, the high performance of CG-Net falters, comparatively to other state-of-the-art deep
learning methods, with high measurement noise and larger amounts of training data. Second, we
wanted to incorporate some learning of the prior distribution within the unrolled network as many
works with learned regularization have shown superb reconstruction performance in inverse prob-
lems [14,22,27,28,105-122] and since the scale variable distribution is rigidly fixed in CG-Net
as log-normal. To accomplish our goal, we first modified the CG-LS cost function and algorithm
to accommodate problem specific choices of the scale variable distribution and Gaussian variable

covariance. Afterwards, we again have invoked the algorithm unrolling technique to create a DNN
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that now permits a learning of the signal-of-interest prior, through a quickly calculable CNN em-
bedded in the DNN, while constraining to the CG class of densities.

The new iterative algorithm we have proposed in Chapter 3, named generalized compound
Gaussian least squares (G-CG-LS), is a novel generalization of the CG-LS algorithm from Chapter
2. As with CG-LS, the G-CG-LS algorithm is a block coordinate descent method on a regularized
least squares cost function or equivalently is a MAP estimate of the scale and Gaussian variables. In
CG-LS, the scale variable regularization is fixed to the Euclidean norm of an inverse non-linearity
and corresponds to a log-normal prior distribution. Instead, for G-CG-LS the scale variable regu-
larization is generalized to an implicit function defined on a compact set. Likewise, the Gaussian
variable covariance is generalized from a scaled identity matrix in CG-LS, to any symmetric pos-
itive definite matrix in G-CG-LS. As opposed to CG-LS, where only a steepest descent approach
is used to estimate the scale variable, both a projected gradient descent (PGD) approach and an
iterative shrinkage and thresholding algorithm (ISTA) approach have been implemented for es-
timating the scale variable. The usage of two distinct methods allows G-CG-LS to handle both
differentiable and non-smooth scale variable regularization choices.

For the G-CG-LS algorithm, we have leveraged existing literature on the PGD and ISTA ap-
proaches to show that, for both scale variable update methods, the sequence of cost function values
produces by G-CG-LS converges. With the convergence of the cost function values, we have next
proven that, with both scale variable update methods, the G-CG-LS sequence of estimates con-
verges to a closed and connected set of stationary points of the G-CG-LS cost function where the
cost function is constant on this set. Lastly, under the condition that the scale variable regular-
ization is chosen such that the G-CG-LS cost function has non-degenerate stationary points, we
have proven that the G-CG-LS sequence of estimates converge to a single stationary point of the
G-CG-LS cost function.

Next, we have transformed the G-CG-LS algorithm into an unrolled DNN with algorithm un-
rolling. This DNN, which we name deep regularized compound Gaussian network (DR-CG-Net),

learns the scale variable regularization, and thus scale variable distribution, through a CNN sub-
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network replacing the regularization gradient in PGD or replacing the proximal operator of the
regularization in ISTA. Additionally, the Gaussian variable covariance matrix is trainable by DR-
CG-Net. Hence, the new DNN we have proposed learns the prior distribution, by learning the
scale variable distribution and Gaussian variable covariance, accomplishing one of our goals. Fur-
thermore, the usage of CNNs in updating the scale variable, which are significantly faster than
implementing an eigendecomposition as is done in CG-Net, helps alleviate a portion of the com-
putational burden thereby accomplishing another part of our goals.

We have completed ample numerical experimentation of DR-CG-Net, which compares DR-
CG-Net against CG-Net and ten other state-of-the-art deep learning based methods for solving
linear inverse problems in imaging. By varying the amount of training data used for inverting
Radon transform measurements, we have shown that DR-CG-Net not only retains the impact-
ful property of providing outstanding performance in image reconstruction quality, with a small
amount of training data available, but continues to outperform other state-of-the-art methods when
larger training datasets are used. This accomplished another portion of our goals. In addition,
despite DR-CG-Net having a far greater number of parameters and learning capacity than CG-Net,
DR-CG-Net provides a remarkable performance increase over CG-Net in the small training dataset
scenarios. Beyond Radon inversion, we have empirically studied the compressive sensing problem
of reconstructing a signal from random Gaussian measurements. The results of this study similarly
showed that DR-CG-Net provides a significant improvement over CG-Net and all ten comparison
methods in image reconstruction quality as measured by SSIM, PSNR, and visual inspection. Fi-
nally, larger sized computed tomography scan image reconstructions were performed, where the
Tikhonov solution layer in DR-CG-Net was replaced with 100 gradient descent layers accelerated
with Nesterov momentum. From these reconstructions, we have visually seen that DR-CG-Net re-
constructs all of the fine grain details of the original scan that may be of importance in diagnosing
a patient and produces images with higher SSIM and PSNR than all ten comparison methods.

The only goal we did not entirely accomplish with our novel DR-CG-Net modification of CG-

Net is the handling of measurement noise. DR-CG-Net suffers from the same complication as
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CG-Net where in the presence of higher measurement noise the network performance will falter
as compared to the best-performing prior-art method. Although, DR-CG-Net is able to handle a
moderate amount of measurement noise, specifically measurements with an SNR of 40dB, while
CG-Net only effectively handles low measurement noise, measurements with an SNR of 60dB.
As we have stated in Chapter 2 and Chapter 3, the main problem in handling measurement noise
may be the Tikhonov solution, which is a structure that is shared between both CG-Net and DR-
CG-Net. Likely, the Tikhonov solution is overfitting the measured estimated signal to the original
measurement, which is harmful when a lot of noise is present in the measurement. Finally, on the
numerical front, we conducted an empirical study on the refinement block added to the end of the
DR-CG-Net structure, which highlighted that the main functionality of the refinement block is to
assist in the denoising of the estimated image from the unrolled G-CG-LS portion of DR-CG-Net.

On the theoretical front, in Chapter 4 we have developed a generalization error bound for
DR-CG-Net. This bound provides that, with sufficient training data, the excellent DR-CG-Net
performance on training data is guaranteed to extend to excellent performance of DR-CG-Net on
unseen test data. In particular, under realistic conditions, the test reconstruction performance of
DR-CG-Net is guaranteed when the amount of training data scales cubically with network size.
Therefore, the generalization error bound for DR-CG-Net is tighter than the CG-Net bound, which
agrees with all of our empirical study that has shown DR-CG-Net to consistently outperform CG-

Net.

5.1.3 Generalization Error for Compound Gaussian Based Networks
In Chapter 4, we developed a general framework for compound-Gaussian-based deep neural
networks and studied the theoretical property of generalization error for this framework. Our gen-
eral CG-based DNN framework and the corresponding generalization error bounds have been doc-
umented in a manuscript to be submitted to the IEEE Transactions on Information Theory [123].
The generalized compound Gaussian network (G-CG-Net) framework we developed is a class

of deep neural networks for linear inverse problems, which was constructed by applying algo-
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rithm unrolling to the G-CG-LS algorithm of Chapter 3. Instead of specifying a projected gradient
descent or iterative shrinkage and thresholding algorithm update of the scale variable, as is imple-
mented in DR-CG-Net, we employ a generic and implicit scale-variable descent function defined
by a set of the network parameters. Structuring the G-CG-Net framework in this way permits the
reduction of G-CG-Net to both CG-Net and DR-CG-Net as special cases when the scale-variable
descent function is properly chosen.

Employing tools from statistical learning theory literature, we have derived a generalization
error bound for the G-CG-Net framework of DNNs. The developed generalization error bound was
produced by bounding the Rademacher complexity of the network hypothesis class by Dudley’s
inequality, which is further bounded using a Lipschitz property to estimate covering numbers of
the network hypothesis class. A key contribution of our work in deriving the generalization error
was our proof that parameters of G-CG-Net DNNs satisfy a Lipschitz condition under reasonable
assumptions. This Lipschitz property enabled us to construct bounds on Dudley’s inequality and
thereby produce a generalization error bound.

Finally, we applied the G-CG-Net generalization error bound to the CG-Net and DR-CG-
Net realizations, showing bounds for these two cases. For both CG-Net and DR-CG-Net, we
derived asymptotic forms of the generalization error bounds under certain combinations of as-
sumptions on the dependence of some network hyperparameters on the reconstructed signal di-
mension. Under realistic assumptions, we have shown that each bound scales in network size as
O((Network Size)?/?), scales in training dataset size as O(N; Y %), and, only for CG-Net, scales

in reconstructed signal dimension as O(n).

5.2 Future Work

We conclude this chapter with a discussion on future work for our CG-Net, our DR-CG-Net,
theoretical details of compound-Gaussian-prior-based deep neural networks, and additionally pro-
pose new methods for compound Gaussian-based generative adversarial networks. Note that, while

our CG-LS, CG-Net, G-CG-LS, and DR-CG-Net methods are formulated specifically for solv-
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ing linear inverse problems, these techniques could be extended to general bivariate optimization
problems. Specifically, the block coordinate technique we employ could similarly be implemented
for the development of an iterative bivariate optimization algorithm. Subsequently, an unrolled
deep neural network could be constructed from the developed iterative optimization algorithm that
implements a similar learning of the optimization landscape, through the learning of an optimal
steepest descent step, as in CG-Net or implements a similar learning of the regularization, through

an embedded subnetwork, as in DR-CG-Net.

5.2.1 Compound Gaussian Network

From Chapter 2, specifically Table 2.5 and Table 2.13, we empirically demonstrated that the
improved reconstructed image quality produced by CG-LS and CG-Net was at a high computa-
tional cost. To this point, one direction of future work is to improve the speed of both CG-LS and
CG-Net. As discussed in Section 2.2.5, a possibility for increasing the speed of CG-LS is to im-
plement the method in a low-level programming language such as C' or C'++ rather than in Python
and Jupyter Notebooks as we have done. Additionally, as discussed in Section 2.3.6, one option for
decreasing the test reconstruction time of CG-Net is to implement the eigendecomposition, from
equation (2.32), in each scale variable update to only compute once upon instantiating the CG-Net
model with pretrained network parameters. Currently, CG-Net computes the eigendecomposition
for every new batch of signals the network processes as this is required during training to actively
ensure positive definiteness is maintained while updating the network weights. Since the CG-Net
weights are fixed after training, the repetitious eigendecompositions for actively ensuring positive
definiteness are no longer necessary.

Analyzing the performance of CG-Net for larger image reconstructions also serves as a key
point of future work. In Chapter 2 we presented fundamental development, theory, and results
for a CG-inspired iterative reconstruction algorithm and unrolled DNN. As CG-LS continues to
outperform competitive iterative methods for reconstructing larger images, we anticipate CG-Net

to similarly outperform or perform comparably to competitive methods in low-training scenarios
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when applied to larger image reconstructions. For larger images, the training time will be costly,
however, so optimization of the CG-Net implementation may be required. Alternatively, a tech-
nique, common in compressive sensing applications, of splitting an image into disjoint blocks of
small size and then measuring and reconstructing separately [22,26] could be employed for future
experimental evaluation of CG-Net.

As we focused, in Chapter 2, on laying the fundamental groundwork for solving linear inverse
problems with a CG prior, further future work could extend CG-LS and CG-Net to non-linear
inverse problems where the matrix A is replaced by a non-linear function F,4. Alternatively, a
linearization of a non-linear forward operator, which is an adequate approximation for many non-
linear inverse problems under suitable conditions (e.g. radar imaging [124]), could be utilized.
Therefore, the theoretical and empirical groundwork laid in Chapter 2 serves as the basis for future
applications of our CG-based inverse problem methodology to computed tomography, radar, or
other experimental data.

Finally, a thorough empirical comparison between standard DNN approaches and algorithm
unrolling-based DNN approaches for solving inverse problems stands as another crucial goal of
future work for deep-learning-based inverse problems as a whole. Briefly discussed in Section
2.3.3, unrolling approaches, such as CG-Net, appear to have a clear advantage when small training
data sets are available. However, given enough training data, standard DNN approaches could
have an advantage over unrolled approaches in a couple of ways. One is that unrolling approaches
have required solution structure and restriction through data consistency layers, which may limit
the total learning capacity of an unrolled DNN whereas standard DNN approaches have no such
restrictions. Additionally, unrolled approaches often share trained weights across network layers
leading to a recurrent network structure, which may suffer from vanishing and exploding gradient

problems.

276



5.2.2 Deep Regularized Compound Gaussian Network

Leveraging the new foundations established in Chapter 3, numerous opportunities for future
investigation of the G-CG-LS and DR-CG-Net approaches are illuminated. However, we note that
many such opportunities for future work align with those presented for CG-Net. Specifically, one
opportunity would be to extend G-CG-LS and DR-CG-Net to non-linear inverse problems by re-
placing the matrix A with a non-linear function for the forward measurement operator F4. Other
opportunities are to analyze the performance of DR-CG-Net for larger image reconstructions, for
data corrupted different noise models, and for training with larger datasets. In particular, studying
each of these future objectives will provide greater insight into the practical, real-world applicabil-
ity of our method.

We foresee the main complication in reconstructing larger images to be hardware constraints
in the memory required to store matrices for and calculate the Tikhonov solution. One workaround
is to replace the Tikhonov solution with gradient descent steps as we did for our 128 x 128 image
results. While the gradient descent steps may not exactly produce the minimizer as the Tikhonov
solution does, we have empirically shown that our DR-CG-Net method still successful reconstructs
images. For Radon transform measurements, A is a sparse matrix and can be stored in a memory-
efficient way (i.e. as a SparseTensor object in TensorFlow). Thus, with the development of a sparse
linear solver through TensorFlow, only a slight modification of our code is necessary to efficiently
deploy DR-CG-Net, with the exact Tikhonov solution, on larger images. Additionally, for Radon
transform measurements, a matrix-free method, such as conjugate gradient, may be substituted to
approximate the Tikhonov solution without constructing and storing the forward operator matrix.
For CS applications, it is common to split larger images into disjoint blocks of small size and
then measure and reconstruct the blocks separately [22,26], which may be employed for future
experimental evaluation of DR-CG-Net.

Another intriguing line of work is empirically studying DR-CG-Net, and each comparison deep
learning method, for training and testing on a single category of images. The training and testing

datasets employed in this paper contain images from multiple categories, e.g. CIFAR10 has 10
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categories and CalTech101 has 101 categories, creating a significant statistical variability in the
datasets. For some methods, such as FBPConvNet, the statistical variability in the training and
testing datasets can distort performance. As such, it would be of interest to observe if DR-CG-Net
continues to provide state-of-the-art performance on single modal datasets or if other deep learning
methods are better suited when homogeneity in the training and testing datasets is known upfront.
Furthermore, it would be of interest to observe how DR-CG-Net and all the other deep learning
methods generalize to images from alternative categories after training on a single category. We
conjecture that DR-CG-Net will generalize well to images outside of the training class in a similar
manner to how well it performs on the CalTech101 dataset.

Exploring alternative scale-variable-update methods, rather than PGD and ISTA, such as the
alternating direction method of multipliers is an additional opening for future work. The unrolled
implementation for DR-CG-Net would require careful construction for a different scale-variable-
update method, but may provide performance benefits such as in reconstructed image quality.
Furthermore, proving convergence properties of G-CG-LS for alternative scale-variable-update
methods stands as a crucial theoretical study when investigating this line of future work.

Additionally, the version of DR-CG-Net that uses convolutional layers as the subnetwork and
learns a scaled identity covariance matrix is independent of signal dimension. Thus, instead of
training a unique DR-CG-Net for different signal dimensions or measurement techniques, future
work may explore modifying DR-CG-Net so that a single network is able to reconstruct varying
sized signals from multiple measurement models. Modifications could include creating a bank
of measurement devices, as some prior works have done [101, 102], which DR-CG-Net accesses
and learns to interpolate for choosing an optimal measurement model when given an observed
measurement.

Finally, a thorough empirical evaluation of the G-CG-LS method on a wide variety of linear
inverse problems would be a fruitful point of future work. As CG-LS is a special case of G-CG-
LS, we know that G-CG-LS will be successful in inverse problems for tomographic imaging and

compressive sensing with a log-normal prior for the scale variable. However, as G-CG-LS permits
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alternative scale variable regularizations, it would be illuminating to observe how the performance
of G-CG-LS is affected by a total variation norm regularization or stochastic based regularization.
Such choices may improve the performance of G-CG-LS, in reconstructed image quality, above the
state-of-the-art performance demonstrated by CG-LS. Furthermore, a hybrid approach between G-
CG-LS and DR-CG-Net is inviting to explore where the learned regularization from DR-CG-Net

is plugged into the G-CG-LS algorithm for the scale variable regularization.

5.2.3 Theoretical Properties of Compound Gaussian Based Networks

While the generalization error bounds we have derived for CG-based deep neural networks
show that with sufficient training data, roughly scaling quadratically in signal dimension and cu-
bically in network size, small generalization error guarantees can be met, it still remains to be
shown that such a property is true in low-training scenarios. Such a property is desirable as CG-
Net and DR-CG-Net significantly outperform comparative methods in image estimation problems
when trained with a small training dataset. Likely, aspects of the iterative algorithm, in particular
the Tikhonov solution, would need to be further leveraged to provide insight into a small-training
generalization-error bound. Furthermore, PAC-Bayes generalization bounds [125] for CG-based
DNNs, extending the derived generalization error bounds in this paper, is another open line of
future work, which can provide greater insights into the generalization for low-training scenarios.

Additionally, the theoretical study of statistical minimax bounds for the CG-LS and G-CG-
LS estimators may help quantify the success that these two algorithms have shown empirically.
Furthermore, a lower minimax bound could illuminate potential pitfalls and worst-case scenarios
for the performance of either CG-LS or G-CG-LS. One possibility is to explore a sparsity-based
approach, as in [126], where we would take the sparse object to be the scale variable field rather

than the entire signal or image of interest.

5.2.4 Compound Gaussian Generative Adversarial Networks

Generative adversarial networks (GANs) are another deep learning technique that recently have

been implemented as a learned prior information for inverse problems. Originally proposed by
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Goodfellow et. al. in 2014 [127], GANs pit two separate deep neural networks, denoted as the
generator and the discriminator, against each other in a zero-sum game. The generator is trained
to produce counterfeit signals, i.e. images, while the discriminator is trained to distinguish au-
thentic signals from counterfeit signals. Currently, generative adversarial networks are a premier
approach in machine learning, gaining significant traction and attention across widespread fields
and applications including image generation [128—133,133-142], video generation [143—157], and
text generation [158—167]. Due to the success of GANs in capturing the statistical properties of
natural images, the generator of a GAN has been used as the prior information for linear inverse
problems [14, 105-122]. That is, an inverse problem is solved where the reconstructed signal is
constrained onto the range of a GAN generator.

Informed by the usage of GANSs in inverse problems and by the excellent empirical results
from Chapter 2 and Chapter 3, potential future work could create a CG-based GAN method to
solve inverse problems. For instance, instead of constraining the estimated signal onto the range of
a GAN generator, there may be an advantage gained in constraining the CG scale variable, Gaus-
sian variable, or both onto the range of a generator. Additionally, a CG-based GAN structure for
generating images could be a fruitful point of future work where independent parallel information
processing generators are utilized in a way to resemble the CG prior structure where the Hadamard

product of two independent random variables is applied.
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Appendix A
Additional DR-CG-Net Numerical Results

A.1 Histograms

This section of the appendix provides histogram density plots of SSIM values from 8000 re-
constructed test CIFAR10 images using DR-CG-Net and seven competitive deep learning methods.
The solid vertical line and dashed vertical line on each histogram plot mark the mean and median
SSIM value, respectively. We remark that for each method and every training setup considered
in the histogram plots below, the median SSIM value is greater than the mean SSIM value. This
signifies that the majority of reconstructed images are of higher quality than what is indicated by
the mean and that a handful of outlier images exist with significantly lower quality than the mean.
Although, this may also be an artifact of the SSIM function having a maximum value of 1 and
so many high quality reconstructed images will have an SSIM value that bunches up near this
maximum.

Additionally, while there is a significant variability among the histogram densities across the
methods and across the different training setups, the histogram densities appear to resemble either
a truncated normal distribution or a beta distribution (with parameter a > bie. a = 5 and
b = 2). Furthermore, the covariance of the reconstructed image SSIM values appears to decrease
as the number of angles in the Radon transform increases and appears to increase with greater
measurement noise and more data samples used in training. Lastly, in every histogram plot our
DR-CG-Net method visually displays the highest mean and median SSIM value and, additionally,

displays the smallest covariance out of the eight compared methods.
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Figure A.1: Histogram density plots of SSIM values from 8000 test CIFAR10 images, reconstructed from
Radon transforms at 15 uniformly spaced angles with a SNR of 60dB, using DR-CG-Net and seven com-
petitive deep learning methods. Each method is trained with a dataset of only 20 samples. The solid vertical
line and dashed vertical line on each histogram plot marks the mean and median SSIM value, respectively.
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Figure A.2: Histogram density plots of SSIM values from 8000 test CIFAR10 images, reconstructed from
Radon transforms at 15 uniformly spaced angles with a SNR of 60dB, using DR-CG-Net and seven com-
petitive deep learning methods. Each method is trained with a dataset of 1000 samples. The solid vertical
line and dashed vertical line on each histogram plot marks the mean and median SSIM value, respectively.
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petitive deep learning methods. Each method is trained with a dataset of only 20 samples. The solid vertical
line and dashed vertical line on each histogram plot marks the mean and median SSIM value, respectively.
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Radon transforms at 15 uniformly spaced angles with a SNR of 40dB, using DR-CG-Net and seven com-
petitive deep learning methods. Each method is trained with a dataset of 1000 samples. The solid vertical
line and dashed vertical line on each histogram plot marks the mean and median SSIM value, respectively.
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petitive deep learning methods. Each method is trained with a dataset of 1000 samples. The solid vertical
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Figure A.9: Histogram density plots of SSIM values from 8000 test CIFAR10 images, reconstructed from
Radon transforms at 6 uniformly spaced angles with a SNR of 60dB, using DR-CG-Net and seven compet-
itive deep learning methods. Each method is trained with a dataset of only 20 samples. The solid vertical
line and dashed vertical line on each histogram plot marks the mean and median SSIM value, respectively.

Figure A.10: Histogram density plots of SSIM values from 8000 test CIFAR10 images, reconstructed
from Radon transforms at 6 uniformly spaced angles with a SNR of 60dB, using DR-CG-Net and seven
competitive deep learning methods. Each method is trained with a dataset of 1000 samples. The solid
vertical line and dashed vertical line on each histogram plot marks the mean and median SSIM value,
respectively.
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Figure A.11: Histogram density plots of SSIM values from 8000 test CIFAR10 images, reconstructed
from Radon transforms at 6 uniformly spaced angles with a SNR of 40dB, using DR-CG-Net and seven
competitive deep learning methods. Each method is trained with a dataset of only 20 samples. The solid
vertical line and dashed vertical line on each histogram plot marks the mean and median SSIM value,
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Figure A.12: Histogram density plots of SSIM values from 8000 test CIFAR10 images, reconstructed
from Radon transforms at 6 uniformly spaced angles with a SNR of 40dB, using DR-CG-Net and seven
competitive deep learning methods. Each method is trained with a dataset of 1000 samples. The solid
vertical line and dashed vertical line on each histogram plot marks the mean and median SSIM value,

respectively.
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Appendix B

CG-Net Asymptotic Generalization Error

In this appendix we supply a detailed construction of the asymptotic generalization error bound

forms for CG-Net, which are stated in section 4.5.1.

B.1 Properties of Big O Notation

We provide a handful of properties of the Big O notation, which will be useful in producing

asymptotic forms for the unrolled, CG-based DNN generalization error bounds.
Lemma B.1.1. Ler f1 = O(¢1) and fo = O(g2) then fi + fo = O (max{g1, g2}).
Proof. As f; = O(g;) then there exists constants M; and x; such that | f;| < M;g;(z) forall z > x;.

Thus, using the triangle inequality, for all x > max{z, x5}

|f1+ fo| <A1+ |fe] £ Migi(z) + Mage(x)
< My max{gi(z), g2(x) } + Mz max{gi(x), g2(x) }

= (M + M) max{gi(z), g2()}
implying that f; + fo = O (max{g1,¢2}). X

B.2 Dependent on Signal Size

We provide a proof of Corollary 4.5.2 where ¢pax, Ymax, || A2, and ||A||~ depend on the mea-

surement and signal of interest size.
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Proof of Corollary 4.5.2. First recall that the CG-Net GEB given as

~ . STCmax 4maX 2KJ + 1)k
B A=)

K J (4)
87'Cmax Apmax (2K J + )""31@ 1
\/E ZZ\/ ln<e<1+ —

k=1 ]21
8rcmax XKI 2‘]: | KT+ D,
k=1 : Cmax
+8+/21n(4/¢)/N;
for 7 a Lipschitz constant of the SSIM loss function and
R = zoo(cl + pmaxymaxHAHoo)/C\(lK’J) + ZoC2
K.J
i = 7o (€1 F Prnactia | Alls )4 51

where

1 = PmaxYmax || Al2 (1 + 222 prax [|A]l3)

Cy = Zooymax”AHQ (pmax/pmin)2

1 J+ l_TiI K
’*(KJ):cr (1_T1J) —\nmanis,

cl
)\ en)
K,J - 1
/C\gmd)2 7’1J<T1‘]+C17’21_T1) onch J—9
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for

r = 1 + Pmax ((ZoopmaxyrnaxHA”QHAHOO>2 + //JTh)
ry = Pmaxtmaxl [ All2 (1 + 22 Pmax | All2 (1 All2 + | Alls))

Pmax = max [ (2)h~1(2)

z€[a,b]

7= max [h7']"(2)h7(2) + [h]'(2)".

z€[a,b]

We will consider each term on the right hand side of the CG-Net GEB separately and provide
a Big O bound for each. Subsequently, using Lemma B.1.1 we can combine each of the three
separate bounds into a single bound by taking a maximum. Note that the empirical loss term
Ls(c) is independent of the network size of CG-Net and we will assume it is independent of the
reconstructed signal size allowing us to ignore this term for the asymptotic analysis. Similarly, we
ignore the error term 84/21n(4/¢)/Nj as it is independent of the network size of CG-Net as well
as independent of the reconstructed signal size. Hence, we have four terms from the right hand
side of the CG-Net GEB to consider.

Term 1:

Note that /1 + 2 < 1+ y/zand In(1 + z) < ingg In(z) for all x > 2. Thus, taking n, K, and

J large enough such that ¢y > 4Pmax and 4pax (2K J + 1)k > 2¢max

\/m (e < | AP (2K T £ 1)ﬁ>)
Cmax
\/1+1 (1 AP 2K T + 1)k )
Cmax

+
n(3) Apmax (2K J + 1)K
\/ln(?) \/1 Crmax )
\/ 2(2) <\/ 4Cpmax +/In(2KJ +1) + \/hl(li))
<1 iz(; <\/ln Apmax) +/In (2KJ + 1) + \/ln(/@)>. (B.1)
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As(1—2")/(1 —xz)>1forallz > 1andn € Nand r; > 1 then

J 1-r{ \K
1—7f 1= (r{ +roq5tc1)

ln("€> = 111 Zoo(cl +pmaxymax||AHoo>CQT2 11_er + ZooC2
L—r 1 (7”‘1]—1-7“21,,,1101)
J
1—rd 1= (r{+ 7’21::1 c)E
<l | ——> S (Zoo(1 + Prasmaxl [ Allso) 22 + Z00s)
71— (r] + 1y —=c1)

J 1—r{ \K
1 —Tijl — (rq +T21_T101)

1—r J 1-r{
11— (r{ +mr = 1)

=In

+ In(2oo (€1 + PmaxYmax| | Al |oo)c2T2 + ZooC2).

(B.2)

Next, we will show that -=2~ < 2(1 4 z"!) for all z > 0 and n € N. For this, define the

1—z"”

rational function Q,,(z) = [(ED =)

forn € N. First, note that 1 — 2" = (1 —z)(1 + 2+ 22 +

-+ 2" 1) and thus Q,, = %—njw For n = 1, note that Q; (z) = 1 < 2. Now, letn > 1

and observe

(I+azm (1 +22+322+ -+ (n—1Dz" ) —(1+z+2>+- - +2"H((n - 1)z"?)

Q(r) = (14 zn1)2

Next, observe

(I+a2" Y1 +20 4322+ +n—Da"H—Q+z+22 4+ +2" H((n—1)a"?)
=14+20+32%+ -+ (n— 12" >+ 2" + 20" + 32" + - 4 (n— 1)
—(n=1)(@" 22" " 2P
=142z + 32>+ (n —2)2"*
+(1=(n—1))2" '+ 2-n—-1)2"+--+((n—2) — (n—1))a*>*
=14+20+32%°+(n—2)2"* -~ (n—2)2" ' -~ (n—3)2" — .- — ¥

=1 — 222 £ 22(1 — 22"3)) 43221 — 22 (0 — 2)2"73(1 — 2?)
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implying that

Z;f kxk_l(l _ xQ(n—(k—f—l)))

Qn(r) = (1+ 2 1)2

Clearly Q',(0) = 1 and Q'(1) = 0. Now, for 0 < = < 1 note that =1 > 0 and z?("~(:+1) < 1
forallm > land k € {1,2,...,n — 2}. Thus Q) (z) > 0 for all x € [0,1). Next, for z > 1, note
that zF=! > 0 and 22*=¢+D) > 1 foralln > land k € {1,2,...,n — 2}. Thus Q' () < 0 for
all x > 1. Therefore, on [0, 00), the function @),,(x) has a single maximizer x = 1 producing the

maximum value of (),,(1) = %, implying that forall z > 0 and n € N

< 3(1 + "), (B.3)

By (B.3), for all z > 0 and n € N it holds that

n

1—=x n
< —) +In(1+2™Y).
ln(l_m)_ln<2>+n( + 2"

Now, as In(1 + 2" 1) <In(z""' + 2" 1) =1n(2) + In(z"!) for all # > 1 then forall z > 1

In(z" ') = In(n) + (n — 1) In(z). (B.4)
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J
1

Since r; > 1 then 7"‘1] + 19 11::1 c1 > 1 and thus using equation (B.4)

J 1-r{ K
1 _7"1*]1 — (Tl +T217T101)

In ] 7
T 1 —(rf + ra1C1)
-
1—7"1] 1—(7"1]—1—7’2117?1101)1(
=In ] +In r—
- 1—(r{ +mr — 1)

<In(J)+ (J—1)In(r) + In(K) + (K — 1) In (r{ + 7«21 :chl) :

Next, using that ; > 1 and equation (B.3), observe

1 J 1—rf J i J—1
n r1+r21 c ] <In r1+r22(1+r1 )1

J J
=In (7"1]1 (7”1 + 7”2015) + 7’2501)

Jo1 J J
Sln T T1+7‘2C1§ +T’2§Cl

= (J - 1) 11’1(7’1) + In (T’l + 7“261:]) . (BS)

Hence

1—7“‘17
1—7r

J
— J 1-r
I=mn 1 (Tl T2 1,1}1 Cl)

1—rf 1= (r{ +ro7=tc)™

In

<In(J) + (J — 1) In(ry) + In(K) + (K — 1) In <r‘1] + rgi :;{c1>

<In(J)+ (J=1)In(r) + In(K) + (K = 1) ((J — 1) In(ry) + In (r; + recyJ)))

=In(J)+In(K)+ K(J —1)In(r) + (K — 1) In (ry + m2c1J). (B.6)
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Therefore, using equation (B.2), equation (B.6), and subadditivity of square roots

In(k)

1—p/ 1= (r{+r rlc K
S ln( Tl (l 2l 1) )+ 1n<q1)

lL—mr 1—(r{ +T21 Tlcl)

< V/In(J) +In(K) + K(J — 1) In(ry) + (K — 1) In (r; + r9¢1J) + /In(q1)

< VIn(J) +In(K) + V/K(J — 1) In(r)) + /(K — D) In(r; +ree1J) + /In(q1)  (B.7)

where ¢1 = 200 (€1 + PmaxYmax||A]|oo) 272 + ZooC2 1 a constant.

Combining equation (B.1) and equation (B.7)

\/1n <e (1 N 4pmax(irl;;f + 1),@->)

<1+ % (\/m (A4Pmax) + VIn (2K J + 1) + /In(J) + /In(K

+VE(J —1)V/In(r) + VK — 1y/In () +r9c1J) + \/ln(q1)> .
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Next, observe

C1 = pmaxymax HAH2 (1 + 2Z<2>opmax ||AH§)
< P max{1, 222 prna} [Ymax [ All2 (1+ [|A]13)]

5 ymaXHAH?z)a (B.3)

Co = ZooymaxHA”2 (pmax/pmin)2 5 ymaXHA”Z) (B9)

™ = 1 +pmax ((ZoopmaxymaxHAHQ||A||oo)2 + /”—h)
< 1+ Prnax (25Pmax + 17 [(Ymax | All2]| All )]

5 (ymax||A||2||A||OO)27 (BIO)

and

ro = pmaxymaX”AH2 (1 + Zc%opmaXHAH?(“AH? + ”AHOO))
< Pmax Max{1, 23 Prax} Wmax | All2 (1 + | All2 ([[A]l2 + [|Allo))]

S Ymaxl[All3 ([All2 + | Allsc) - (B.11)
Equation (B.10) implies that there exists a constant a,, > 0 such that

In(r1) < 10 (ar, (Ymax||All2]All))
= In(ar,) + 2 [I0(ymax) + ([|All2) + ([ Afl)]

S 0 (Ymax) + ([[All2) + ([ Alle)- (B.12)
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Equation (B.8), equation (B.10), and equation (B.11) imply that there exists a constant a; > 0 such

that

In(ry +raerd) < I (ar [(maxl|All2l| Alloe)® + Yona AN (1Al + 1 All) T])
= In(a1) +In (vl Al (AN + IANZ (JAll2 + [Allw) J])
= In(ay) + 2 In(Ymax) + 21In(||A|2)

+In (AN + 1AL ([All2 + [|All) )

< Infar) + 2In(Ymax) + 2([|All2) + 2In([[Alloc) + 3 (]| All2)

+In([|All2 + |Alloc) + In(J) (B.13)
< In(ar) + 210 (ymax) + 6 In([All2) + 3In([All) + In(]) (B.14)
S In(Ymax) + In([|All2) + In([[Al[ec) + In(J) (B.15)

where in (B.13) and (B.14) we used that In(z +y) < In(z)+1In(y) for =,y > 2 and took n, m, and
J large enough such that || A% > 2, [JA]3 (|Allz + [|All) J = 2, ||A]l2 > 2, and || Al > 2.
Furthermore, equation (B.8), equation (B.9), and equation (B.11) imply that there exists a

constant a,, > 0 such that

1 = Zoo(€1 + PmaxYmax| | Al |00 )22 + ZooC2
< g, %0 ((Ymax | All3 + PrmaxUmax || Al ) Ymax A5 (1ANl2 + | Allsc) 4 Ymax||All2)
< g, ZooYmax || All2 [max{1, pmax tyimax | A3 (1A115 + [ Allso) (1A]l2 + | Allso) + 1]

< gy 2o (1 + max{1, Prac}) Yimae |41l (1413 + [Allc) (ANl + [[Allsc) (B.16)
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Therefore, equation (B.16) implies that

In(q1) < In(ag,) +1n (20 (1 + max{1, pmax})) + 410 (Ymax) + 3 In(]|A]2)
+1In (JJA]13 + 1 Allso) + I ([|A]l2 + | Allo)
< In(ag,) +In (200 (1 + max{1, pmax})) + 410 (Ymax) + 3In(|| All2)
+ 3In([|All2) + In([|A[[e0) + In([[A]l2) + In(]| Al|o)

S I (Ymax) + In([[All2) + In([|All0) (B.17)

where in the second inequality we used that In(z +y) < In(z) + In(y) for z,y > 2 and took n and
m large enough such that ||Al|s > 2 and || A|, > 2.

Note that

1+ ig; VI (4pmme) = O(1)

Egg VIRKJT+1) =0 ( 1n(KJ)>

In(3)
) Vi) =0 (Mln(J))

In(3)
i VIn(K) =0 (Mln(K)) .

Furthermore, by equation (B.12)

oo VET = DVt = 0 (VETT = 1) (i) 7 WA + WAT)
and by equation (B.15)

In(3)
In(2)

= O (VK = 1) ({mar) + ([ A]) + ([ A]l) + (7)) ) .

\/K—l\/ln(T1+T201J)
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Lastly, by equation (B.17)

In(3)

n(2) Vin(q) =0 (wn(ymax) + In(]|A]2) + ln(HAHOO)>

Thus, by Lemma B.1.1

ca(Jm(e(L+@mM€ij+1m>)>

~0 (rnax {1, VIn(EJ), V/In(J), /In(K
VE(T = 1) (10(yma) + ([ A]2) + ([ Afl0)),
VE = 1) (0 (Yhme) + ([ A]2) + ([ Allo0) + (7)),
VI (Yma) + W([A]2) + (A } )

= 0 (VE(T = 1) ((y) + I([A]) + ([ AlC)) (B.18)

Term 2:

As in the analysis of Term 1, taking n, K, and J large enough such that ¢, > 4pmax and

W (2K T + )8 > 20

Apa (2K T + 1))
Jln ( (1  APuns(2T + D)
Cmax
Apac (2K T + 1))
Jl—t—ln(l—{— d ( )Kkl
Cmax
Apac (2K T + 1))
<14 In(3) In Prmax + )“kl
In(2) Crax
. ln(3) 4pmax )
=1+ \/ n(2) (\/In ( -~ ) +vIn(2KJ +1) +4/In (/ﬂ;m)
<14 /20 (i) + V@RI 1) + 4/In (M) .
= ln(2) max k.1
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By equation (B.5), note that

1-7"1

‘ o 1 . TJ K—k
In </<;,(j%> =In | 2e0(¢1 + PmaxYmax|| Al )& 7 <r‘1] + 79 1 cl>

= 1n(zoo(cl +pmaxymax||A||oo)§) + (J - .]) ln(rl)

J 1—rf
+ (K —Fk)In(r] +re 1

1-— 1
< In(Zs (€1 + Pmaxtmaxl[All00)$) + (J = 7) In(r1)

+ (K — ]{?) ((J — 1) 111(’/’1) + In (7”1 + 7“201J)) .

Therefore, using subadditivity of square roots

J (4)
dpmax (2K J + 1)k
E Jln(e(l—l— Pa| >kl>>
Cmax
1j=1

J
Z (1 + ;) \/ 1 (4Pmax) + VIn(2K J + 1)))
=1 j=1

Mw

?

K J

(3
Z Z In(2

k=1 j=1
J

5

+

<\/1n Zoo C1 ‘l’pmaxymaXHAHoo + \/J ]\/ln 7“1 )

~—

In

+ VE — k(VJ = 1y/In(r1) + /In(ry + roci J)). (B.19)

—

=

e
w

~— [ —

[M] =

2

17

e
Il

1

Since 1/ is a convex function on [0, c0) then any left Riemann sum approximation of f: Vadr,

for a, b > 0 is an under estimate. Hence, S _ /m < f1 vxdz and thus

M M-1 M 3 9
SVM=—m=> Vm< Vrdr = M3/2 5 < gM3/2. (B.20)
m=1 m=1 1
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LCtQQ = 1+

1 (2 (\/ I (4pmax) + v/ 1(200 (€1 + PmaxYmax| [ A]]o0 )€ )) be a constant. Combining

equation (B.19) and equation (B.20) produces

S5 (- (H@mx@mw%%))

Cm ax

< KJg+KJ

\/ (2KJ +1) +KJ3/2 ;’\/ n(r)

In(
+ K32 T — 15 In(3) \/ln(rl) + K3/2J§ liﬁvln(rl +rocyJ).

In(2)

Defining g3 = 1 + 4/ Eg; /11 (4pmax) Using equation (B.8) there exists a constant a,, such that

In(3)

n(2) \/ln(zw(cl + PmaxYmax|| A0 )§)

@ =0+

In(3)
In(2)

\/ln Zoog + 111(01 +pmaxymax||A||OO)

I
)

In(3)
In(2)

IA
Q>

V/1(2008) + 10(g, Yo | A3 + Pl |4 )

In(3)
In(2)
ln(3

Wrews)
n(2)
,ﬂ“ /I(ms {0, P ) + 0 (gma) + (LA 4]

IA
)

\/ln 2005 + ln(max{a(DJpmax}ymaX(HAH2 + HAHOO))

I/\

<@+ 1n(2) ( In(2508) —1—\/111 max{aqg,pmax}))

1

(2 Jl 1 (Yme) + 3 I0([ All2) + In([| Al ) (B21)
S \/ln(ymax) + In(||All2) + In(][Al|o) (B.22)
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where (B.21) results from using that In(x + y) < In(z) + In(y) for x,y > 2 and taking n and m
large enough such that ||A[|3 > 2 and || Ao > 2.

Therefore, by equation (B.22),

KJgz = O(KJ\/In(Ymax) + In([|A]]2) + In([| 4] 0))-

Note that

Eg VIn2KJ +1)=0 (KJ\/M> -

Furthermore, by equation (B.12)

K iiiiiv () = O (K7/Iyma) + ([ A]2) + ([ A]))
T =3 [ i) = O ()2 i) + (AT + (AT

2 [In(3
K3/2J§ IEEQ; In(ry + rocyJ)

= 0 (K*27y/I(yner) + ([ A]l5) + In([A]lc) + () .
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Thus, by Lemma B.1.1

K J (4)
o122 \l In <e (1 o CiChs 1)5’“’1))

Cmax

= 0 (maox { KJ /i) + ([ A]2) + ([A]).

KJ\/In(KJ),

KT \/I(Yinax) + (][ Al2) + ([ Al o),

(K)*2 /1 (gmax) + ([ All2) + ([ All0),

K27 W(yin) + I([AT) + ([ AT) + (7))

= O ((K)¥*y/ (i) + W([AT) + In([[A]1) ) (B.23)

Term 3:
Following the same steps shown in evaluating Term 2 of the GEB, where ¢ is replaced by

Pmaxfmax, We have

K J (4)
4u(2KJ + 1)k

g g In (e (1 + & ) m))

kzl ]:1 Cmax

< KJgs+ KJ, /%Mln(ﬂﬂ] +1) + KJW;1 / Eg V/In(ry)

K2 - 1%, / ig; VIn(ry) + K3/2J§ Eg; VIn(ry + rac1)

for g = 1+ (/i) <\/ln () + /I (20 (1 + pmaxymxHAyym)pmathax)). Therefore, again

following the steps in evaluating Term 2, the third term of the GEB scales as

K J (9)
o35 J . ( (1 | KT + 1>K,€72>>

Cmax

= O ((K)"*y/ () + ([ AT) + In([A]0)) (B.24)
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Full Generalization Error Bound:

Combining the bound on each of the three terms — i.e. equation (B.18), equation (B.23), and

equation (B.24) — we have

L(@) < Ls(E) + 2o \/ln (e (1 | APme(2KT 4 1>/~”~))

Cm ax

K J (4)
87_Cmax n(n + 1) 4pmax(2KJ + 1>I€k 1
- 7 1 1 s
- \/Ns Z; 2 Jn<e< " Cmax
K J )
4u(2KJ + 1)k
8Tcmax Z Z In (6 (1 + M( ) k,Q))
v Ny =1 i1 Cmax
21n

= Ls(@)+0 cmaX\/K(J — 1) (In(Ymax) +]\1[n(||AH2) +1In(]| Al )

/n(n+1) [(KJ)*(In(ymax) + In([[All2) + In(||All))
+ O | Cmax 5 \/ N

+0O Cmax\/(KJ)?’(ln(ymax) + lnN(HAHZ) +1n(]|A4]))

+ 4cy/21n(4/€) /N;.

As Vo +y < o+ /y < 2y/z+yforall z,y > 0 then the CG-Net generalization error bound

is given asymptotically by

J (K = 1)+ (14 252) (K)7) (a(ginae) + I Al) + In( 4] )
N, .

(B.25)
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Using Lemma B.1.1 and removing all but the highest order terms — i.e. highest power terms of

the variables K, J, m, or n —in (B.25)

L) — £5(8)] < oo \/n2<KJ>3<1n<ymax> (1AL + (1AL
o \/czmn%m)?)an(ym);1n<||A||2>+1n<||A||oo>> 26

Finally, let cpae = O(V/R), Ymax = O(V/), | Allz = O(/mn), and || Al = O(n) then

equation (B.26) reduces to

L) — Ls(e)] < ﬁ\/ n?(KJ)*(In(y/m) ]+Vsln<\/mn) +1In(n))

< \/n3(KJ)3(ln(m) +In(n))

~J NS
_ \/ nd(In(m) + In(n) (K.J)* | B2
N
producing the desired asymptotic forms for the CG-Net generalization error. X

B.3 Independent Measurement Matrix Norm

We provide a proof of Corollary 4.5.3 where ¢,y and y,,.x depend on the measurement and
signal of interest size. Furthermore, || A||; and || A||« are independent of measurement and signal

of interest size.

Proof of Corollary 4.5.3. Note that ¢; < Ymax> 2 < Ymas 1 S Yoiae a0d 79 < Yy Therefore
In(r1) < In(Ymax) and In(r; +72¢1J) S In(Ymax) +10(J). Further, by equation (B.16) and equation
(B.17), ¢; from the proof of Corollary 4.5.2 satisfies In(q1) < In(ymax). Next, by equation (B.22,
@2 from the proof of Corollary 4.5.2 satisfies ¢ < \/m Similarly, g3 from the proof of

Corollary 4.5.2 satisfies g3 < /In(Ymax)-
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Hence, following the proof of Corollary 4.5.2 but replacing the bounds on ¢y, ¢o, 71, 72, In(r; +

roc1J), q1, g2, and g3 with those in the above paragraph gives

o <\/In (6 (1 . 4pmax(inf;J+ 1%))) O (VET~ 1) g

K J 1)
O ZZ In (e (1 n 4pmax(2KJ+ ) kd)) _ O <(KJ)3/2 hl(ymax))

cm ax

ford =1, 2.

Combining these bounds with the CG-Net generalization error in Theorem 4.5.1 gives

@) < £5(@) + T \/m (¢ 1+ 2T 1))

K J ()
87 Cmax n(n+1) Apmax (2K J + 1)Kp)
+ N, E E s In (e (1 +

CmaX
k=1 j=1
K J (9)
8T Cmax 4p(2KJ + 1)’% 2))
+ Infel|l+ :
T3y (e (10 MO
+ 84/21In(4/¢) /Ny
_ 1 K J)3 In(Ymax
LE@) < Ls(@)+0 cmax\/K(‘] 2111(%”) L0 cmax\/”("; )\/ &) Nn(y )

2In(4/2)/N,

\/ (K.Y n(gmae) |

As r +y < o+ /y < 2y/x+yforall z,y > 0 then the CG-Net generalization error bound

is given asymptotically by

<K(J 1)+ (1 + ntD) ) (KJ)3 ) 10 (Yo

|£(/C\> - ES(E)‘ S Cmax NS

(B.28)
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Using Lemma B.1.1 and removing all but the highest order terms — i.e. highest power terms of

the variables K, J, m, or n —in (B.28)

2 3 2 2 3
1£(e) — Ls(2)| < cmax\/ n (KJ)Nln(yma") o) \/ Cimax? (K]{[) I(yme) | (g9

Finally, let cinax = O(y/n) and ypax = O(y/m) then equation (B.29) reduces to

£8) - £5(8)] < \/ﬁ\/ PP/

2(KJ)31 3(KJ)31
N, N
producing the desired asymptotic forms for the CG-Net generalization error. X

B.4 Independence of Signal Size

We provide a proof of Corollary 4.5.4 where Cpax, Ymax, ||A||2, and || A||« are independent on

the measurement and signal of interest size.

Proof of Corollary 4.5.4. Note that ¢c; < 1, ¢co < 1,r; < 1, and o < 1. Therefore In(ry) < 1
and In(ry + r2¢1J) < In(J). Further, by equation (B.16) and equation (B.17), ¢; from the proof of
Corollary 4.5.2 satisfies In(q;) < 1. Next, by equation (B.22, ¢, from the proof of Corollary 4.5.2
satisfies g2 < 1. Similarly, g3 from the proof of Corollary 4.5.2 satisfies g3 < 1.

Hence, following the proof of Corollary 4.5.2 but replacing the bounds on ¢y, ¢o, 71, 79, In(r1 +

roc1J), q1, G2, and g3 with those in the above paragraph gives

@ <\/ln (e (1 n 4pmax<iij + 1)n>)>

K J (9)
o Z Z n (e <1 N 4pmax<2KJ + 1)/{k,d>) —0 ((KJ>3/2)

Cm ax

O( K(J - 1))
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ford =1, 2.

Combining these bounds with the CG-Net generalization error in Theorem 4.5.1 gives

L(c) < Ls(c)+ STC_XZX \/ln <e (1 + 4pmax<if:;] + 1)“))

K )
87—Cmax n(n + 1) 4pmax(2KJ + ]')K“k,l
R S m(e(H

Cmax
k=1 j=1
K J (4)
8Tcmax 4#(2]{‘]—*— 1)/1192
+ Z Z In (e (1 + :
AV Ns k=1 j—1 Cmax

+8y/2In(4/e)/N,

£(@) < Ls(@) + 0 ‘/K(JT:D Lo /n(n2+1) /(fjvi)?’ o (Ij\}?g

+8+/21n(4/e)/Ns.

As r+y < o+ /y < 2y/x+yforall z,y > 0 then the CG-Net generalization error bound

is given asymptotically by

K(J = 1)+ (14 2052 (573

L) - £s(@)] £ ¥

(B.31)

Using Lemma B.1.1 and removing all but the highest order terms — i.e. highest power terms of

the variables K, J, m, or n —in (B.31)

N . n?(KJ)3 n?(KJ)3
2@ - £s@) 5 S5 = o [ ®.32)
producing the desired asymptotic forms for the CG-Net generalization error. X
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Appendix C
PGD DR-CG-Net Asymptotic Generalization Error

In this appendix, we supply a detailed construction of the asymptotic form for the general-
ization error bound of PGD DR-CG-Net stated in Corollary 4.6.4 where Cpax, Ymax, || A2, and
|Al|s depend on the measurement and signal of interest size. To prove Corollary 4.6.5 the ex-
act steps in the proof of Corollary 4.6.4 below can be followed with ||A||> and || A||. set to 1.
Similarly, to prove Corollary 4.6.6 the steps to prove Corollary 4.6.4 below can be followed with

Cmax ) Ymax, ||A||27 and ||A||oo set at 1.

Proof of Corollary 4.6.4. First recall that the GEB is

L) < Ls(@) + o /o =T, In ( (1+ P (I (L + 1>+1>m)>

nNs Cmax
S ()
S dwg(KJ(Le+1) + 1)k
Ty ZZ fa-1faki,|1In (e <1 T a(KJ( )+ 1) k,d)>
it k=1 j=1 d=1 Cmax
= )
8Cmax 45(KJ(LC + 1) —+ 1)/€k[l i1
P sy o1
i k=1 j=1 Cmax
=+ 4Cmax\/2 111(4/8)/(71]\75)
for
K= Zoo(cl +pmaxyrnaxHA”OO>’c\(1KﬁJ) + 200 Co
/ A(KJ)

K’k;()i = Zoo(Cl + pmaxymaXHAHm)Ck,jadaQ

)
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where

1 = PmaxYmax || All2 (1 + 222 prax || A[]3)

Co = ZooymaxHAH2 (pmax/pmin>2

1 J 1_Ti] K
KT) 1—r/ — i tars,
G T anly 1—r]
L 1-— (rlJ + i 1—7‘11 )
» 1—’T’J K-k ( NZoo Lﬁ w) le,Q,...,LC
Ay = (ri] + T Tl ) vn Hf;é ‘
1 ¢ d=L.+1
for
L.
r1 = 1+ 8 (zooPmasmasl | All2l| Allso) + [ we
(=1

72 = OYmax|[All2 (1 + 22Pmax [ All2(| Al + [|A]l ) -

We will consider each term on the right hand side of the PGD DR-CG-Net GEB separately
and provide a Big O bound for each. Subsequently, using Lemma B.1.1 we can combine each
of the three separate bounds into a single bound by taking a maximum. Note that the empirical
loss term Lgs(c) is independent of the network size of PGD DR-CG-Net and we will assume it
is independent of the reconstructed signal size allowing us to ignore this term for the asymptotic
analysis. Hence, we have four terms to consider individually; three terms structured in the form of

In(e(1 +¢(KJ(L.+ 1)+ 1), for constant ¢ and variable  dependent on signal and network size,

and the error term 4¢yax\/2 In(4/¢)/(nNy).
Define the function G : R™*" x R — R by

Lc
G(A, L.) == In(ymax) + In(]|A|2) + In(||]A|sc) + In (1 + de> . (C.1)

d=1

As the function G will be present in the first three terms we analyze below, it will be useful in

simplifying the asymptotic bounds for each term.
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Term 1:

As in the proof of Corollary 4.5.2 it holds that

\/ln (e (1 N 4pmax(KJii;+ 1)+ 1),43))

In(3)
<1+ n(2)

+VEK(J = 1)y/In(ry) + VK — 1\/In (1) + 19¢1J) + \/ln(ql)> ,

(\/m (4pmae) + VIn (KT (Lo + 1) + 1) + /In(J) + /In(K)

when taking n, K, J, and L, large enough such that ¢.x > 4pmax and 4ppax (K J (Lo + 1) 4+ 1)k >

2Cmaxa and fOf g1 = Zoo(cl + pmaxymax| |A||oo)02r2 + Zo0C2.

Now, let @ = 1 + §( 200 PmaxYmax || All2 || Alloo)?. Asa > 1
L L L
In(r;) = In (a + de> =In(a) + In (1 + de/a) <In(a) +1In (1 + de)
d=1 d=1
and
L. L
In(ry +rec;J) = In (a + rocyJ + de> <In(a+ryc;J) +In (1 + de> )
d=1 d=1
By equation (B.12), In(a) < In(ymax) + In(||Al|2) + In(]|A||s) and thus
L.
In(ry) < In(Ymax) + (|| A4]]2) + In(||A]| o) + In (1 + de> =G(A, L.). (C.2)
d=1
Similarly, by equation (B.15), In(a +72¢1J) < In(Ymax) + In(||Al|2) + In(]| A||oo) + In(J) and thus

L.
In(r; + me1d) S In(Ymax) + In(||All2) + In(||A||oo) + In(J) + In (1 + de)

d=1

= G(A, L) + In(J). (C.3)
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Additionally, by equation (B.17)

n(g1) S In(Ymax) + n([[All2) + In([[Al[)- (C4)

Note that

1+ f }Eg I () = O(1)

In(3)
In(2)

VI(KI(Le+ 1)+ 1) =0 ( ln(KJLC)>

In(3)
) V() =0 (\/m(J))

In(3)
) VIn(K) =0 (\/m(K)) .

Furthermore, by equation (C.2)

./ Eg; VEJT —1)y/In(rm) =0 <\/K(J “1)G(A, LC)>

and by equation (C.3)

In(3)
In(2)

VE —1\/In(r, + rec1d) = O <\/(K "1 (G(A, L) + 1n(J))) .

Lastly, by equation (C.4)

\/ EEZ; Viog(q1) = O (\/ln(ymax> +1In([|All2) + 1n(||A||oo)> .
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Thus, using Lemma B.1.1

\/h1 <€ (1 N 4pmaX(KJ(Cf1:X+ 1)+ 1),.@))

~0 <max {1, VI(KJL,), /In(J), /In(K), VE(J — DG(A, L),
VK =1 (G, L) + (7)), /() + ([ AT) + n([[A]1) })
—0 <\/max{ln(KJLc), K(J —1)G(A, LC)}> . (C.5)

Furthermore, let Wy = maxj<g<r, wq. Without loss of generality, we assume that wy,,, > 0,
otherwise every convolutional sub-network in DR-CG-Net would be using a matrix kernel of all

zeros thereby mapping all inputs to zero. By the binomial theorem for any z,y € Rand any k € N

k
k k
k:]]> k kE_ .k k
x+y Z() <0)x —|—(k>y " +y

J=0

implying 1 + 2% < (1 + z)*. Thus

In (1 + de> <In (1 + wmax) <In((1+ wmaX)LC) = L. In(1 4+ wpax) < Le,
d=1

which implies

G(A, Le) S (Ymax) + ([ All2) + In([[Alloc) + Le-

Combining with equation (C.5) and noting that In(KJL.) < K(J — 1)(In(Ymax) + In(||A]l2) +
In(||A|leo) + L.) produces

@) (\/m <e (1 n 4pmax(Kin:X+ 1)+ 1)%)))

— O (VK[ = 1) i) + (AL T ([Al) + L)) . (€6)
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Term 2:

Take n large enough such that ¢,,,,x > 1 and K, J and L. large enough such that 4w, (K J(L.+

1) + 1) > 1. Then, using subadditivity of the square root function, observe

dwg(KJ(Le + 1) + 1)
In (e (1 n wa(KJ( ) )“k,d
Cmax

< \/ln (e (1 +dwe(KJ(Le+ 1) + 1)’@2{21)

_ \/1 00 (1 dug (K (Lo + 1) + D)

<14 \/m (1 +Awg(KJ(Le + 1) + 1)/@'552)

<14+ \/m <4wd(KJ(Lc +1)+1) (1 + %;ﬁfé))

— 1+ \/In(dw) + (K T(Lo + 1) + 1) + In(1 + £Y)

<1+ In(Hwg) + V(K I (Lo + 1) + 1) + y/In(1 + £7).

Define 1y = Hf;l wy. Take n, K, and J large enough such that
t#d

o 1— TJ K-k
\/ﬁzgo(cl + pmaxymax”AHoo)rl - (le + C1T9 1 Tl ) 2 1.
-
Then for every d € N[L_|, by equation (B.5), it holds that

In (1 + /f,(jD

i 1— I\
= hl (1 + \/ﬁzgo(cl +pmaxymax||A||oo)ri] / (rlj + C1T9 1 ) Na

1—7“1

i 11—\ 57F
<hn ((ﬁz&@ + Pt Al (1] + ey =) ) 1 +nd)>

= In(v/n) + In(g) + (J — j) In(ry) + (K — k) In (ri] + ciro ;ll : :11]) +In(1 + n4)

<In(vn) +In(q) + (J —j)In(ry) + (K — k) (J — 1) In(ry) + In(ry + reciJ)) + In(1 + n4)
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where ¢y = 220(01 + PmaxYmax|| Al so)-

Hence

J . (e (1 ., Awy(KJ(L.+ 1) + 1)n,§{;>>

<1+ VIn(dwy) + /In(KJ (L + 1) + 1) + /In(v/n) + /In(g2) + /(] — 5)/In(r1)

+ V(K — k) (J = 1)vVIn(ry) + V(K — E)/In(ry + 1) + /In(1 + 14).

Therefore, by equation (B.20)

ii \l In (e (1 n dwa(KJ(Le + 1) + 1)“l(c]Zz>>

Cmax

KJ (1 + \/ln(4wd)> + KJ/I(KJ (Lo + 1) + 1) + KJy/In(v) + KJ/In(go)
+ %KJ?’/Q\/ln(rl) + §K3/2J\/J —14/In(ry)

2

+ §K3/2J\/ln (r1 + rec1J) + KJ+/In (1 + n4).

IN

Define s;, = 25;1 \/ fa—1fak3, then

iiiﬁdl ( <1+4wd(K‘](LC+1)+1)K’(jZ’>>
d—1JaRgs |10 | €

Cmax

L
J <ch + >\ fao fdkﬁx/ln(4wd)) + KJsp /In(KJ(L, + 1) + 1)
d=1

+ K Jsp /In(v/n) + KJsp,/In(gz)
2 2
+§KJ3/23LC ln(r1)+§K3/2JsLC\/J— 1+/In(ry)

L

2 c
+§K3/2J3Lc\/ln(r1+7“201J)+KJE \/ fa—1 fak2/In (1 4 ng).

d=1

Now, define Wax = max{l, max;<4<z. wq}. Note that /z +y < /o + /y < 2\/x+y for

all x,y > 0. Thus, for sufficiently large m,n, K and J such that 4Wmax < Ymax||Al2]| 4|l and
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4 < K J, observe that

Le Le
S\ Farfakn(wg) + 3\ fas fak3In (14 1)
d=1 d=1

Le
_Z\/fd 1 fak] In(dwy) +Z Ja—1fak31n 1+Hwe

=1
i+d

<2 Z fa—1fak3

In(dwg) +1In | 1+ ng
7

<2y \ fa-1fak3

In(4) + In (wd + H we))
=1

< 2\ <ln(4) +1In (wmax + HW>> Z N

< 2\ (111(4) + In(Wmax) + In (1 + HW)) Z \/ fa-1fak]

(Z V foorfak ) JKJ (ln ) + (| All2) + In([Afl0) + In (1 " ﬂwd>)

d=1

(ZW) VKJIG(A L.

Next, using equation (B.8), there exists a constant a., > 0 such that

g2 = Z (Cl +pmaxymax||A||oo) < z (ac1ymax||A||§ +pmaxymax||A||oo)

< 25 Ymax max{ e, Pax} (1413 + [[A]|) -
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Implying that

In() < In(22) + In(ma{ae,, ) + 1n(3imae) + I (JAI3 + 4]
< In(22) + In(max{ac,, Pmax}) + N (Ymax) + 310 (|| Al]2) + In (|| A|s0)

S In(Ymax) + In([|All2) + In([[Al[) (C.7)

where in the second inequality we used that In(x +y) < In(z) + In(y) for z,y > 2 and took n and
m large enough such that ||Al|s > 2 and || A|, > 2.

Note that
Kisy, = 0 (mz m)
Kji Vo fak (/g + v/ (T4 )
~0 ((KJ)E"/Z\/mdi W)
KJsp/In(KJ(L.+ 1) +1) =0 (KJ\/Mi W)
pus
KJsi\/m(vin) = O (KJ\/W di; \/m) |

By equation (C.7)

KJsp/In(g) = O (KJ\/ln(ymax) +In([[All2) + In([|All0) Z \/fdlfdk§> :

Similarly, by equation (C.2)

Lc
;KJg/QsLC\/ln(rl) =0 (KJ?)/?\/Q(A, L)Y 4/ fa mg)
d=1
Le
§K3/2J3LC\/J —1y/In(r;)) = O ((KJ)W\/Q(A, L) Z \ /fd_lfdk:fl> .
d=1
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Lastly, using equation (C.3)

2 S
§K3/2JSLC VIn (ry +reeJ) = O <K3/2J\/Q(A’ Le) +In(J) Z V fd_lfdkle) ’

d=1

Therefore, by Lemma B.1.1,

- - w ,{j)
@] (ZZ fdlfdk?ngH (e <1+4 d(KJ(LZ+1)+1) kd)))
k=1 j=1 d=1 max

Le

=0 (KJ (Z v/ fat fdk§,> max {1, VEJG(A, L), V/In(KJL,), \/In(n), \/JG(A, L.),

d=1

\/ln(yma)c) + In([|All2) + In(][Aflo0), \/KJQ(A> L), \/K (G(A, L) +In(J)) } )

=0 <KJ (Z \/ fa1 fdk§> Vmax {KJG(A, L), n(KJL,), 1n(n)}> (C.8)

where the final equality holds since
(Ymax) + I([[All2) +n([[Allo) < JG(A, L) < KJG(A, Le)
and, forall K, A,L.,J € N
K (G(A, L) +In(J)) < KJG(A, L.).

Finally, in equation (C.8), bound each f; by fnax = max;<4<r. fq and each k; by kpax =
maxj<g<r, ka. Additionally, recall that G(A, L.) < In(Ymax) + In(|A]l2) + In(||Al|oc) + Le. As
In(KJL.) < KJ(In(Ymax) + In(||Al|2) + In(||Al|oc) + L¢), then equation (C.8) reduces to

Shwly ()
@ (ZZZ fdlfdk(%J In (6 <1 N dwg(KJ (L. + 1) + UHk,d)))

Cm ax

= O (KJLey/KT (g + W([A) + W([AJ) + L) + n(m)) . (€9
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Term 3:

Following the analysis of Term 2 in Corollary 4.5.2, the inequality

( )
Cmax

<1+ Eg% <\/ln (46) + \/1H(KJ(Lc +1)+1) +4/In <“l(cj)L +1>>

holds when taking n, K, J, and L. large enough such that ¢, > 40 and 40(KJ(L. + 1) +

1)/@,(3 )L +1 = 2Cmax. Furthermore,

I (5], 1) < Wzuolcr + Pmastimasl|All)E) + (7 = /) In(r)

+ (K — k‘) ((J — 1) 111(7’1) + In (7’1 + TQClj)) .

Therefore, again following the analysis of Term 2 in Corollary 4.5.2, by using equation (C.2),

equation (C.3), and Lemma B.1.1 it holds that

K J 45(KJ(LC+1)+1)“§cj)LC+1
o (S5 n(e 1+ =)

k=1 j=1 Cmax

~0 (maX{KJ\/ln(ymax) FIn([Afl)) + m([A]w), KJIn(KJL.), KJ¥*\/G(A, L),

(KJY*\/G(A, L,), K¥*J\/G(A, L) + 1n(J)}>

-0 (KJ\/max (K JL.), KJG(A, Lc)}) (C.10)

where the final equality holds since

In(ymax) + In([|Al]2) + In([[Alls) < JG(A, Le) < KJG(A, L)
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and, forall K, A, L.,J € N
K (G(A, L) +In(J)) < KJG(A, L.).

Finally, recall that G(A4, L.) < In(Ymax) + In(||Al|2) + In(||Al|c) + L.. Hence, using that
In(KJL.) < KJ(In(Ymax) + In(||Al|2) + In(||A]|oc) + L¢), equation (C.10) reduces to

K J ()
o35 J . ( (1 L AKI(Le 1)+ 1),%LC+1>>

Cm ax

= O (K1) /W{ymas) + ([ A]) + ([ A]l) + e ) 1)

Term 4:

It immediately holds that

Aemax/210(4/€)/(nN,) = O (%) . (C.12)

Full Generalization Error Bound:
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Combing the bound on each of the four terms — i.e. equation (C.5), equation (C.8), equation

(C.10), and equation (C.12) — we have

L(€) < Ls(€) + BCmax m\/ln (e (1 + Wuan (K (Le+1) + 1>m>)

V nNs Cmax
K J L. (4)
8Crmax dwy(KJ(Le + 1)+ 1)k
+ o NS S ha fdk:gdln ( <1+ :
8 k=1 j=1 d=1 max
K J ()
8Cmax 45(K‘](LC + 1) + ]‘>I{k,Lc+1
+ —~ ZZJIH(&(l—i— .
¥ k=1 j=1 fax

+ 4emax/21In(4 /) / (nN)

= Ls(@)+ 0 cmax\/ max {In(KJL.), zﬁu —1)G(A, L.)}

o <Z m) \/ max {KJG(A, L;)],Vln(KJLC), In(n)}
d=1 s

L0 CmaXKJ\/max{ln(KJLc), KJ(G(A, L))}

)

+

niN

+ O Cmax
vnN, )~
Note that for positive functions f; and f,, ¢ = O(max{fi, fo}) if and only if |g| < f1 + fo.

Thus, the PGD DR-CG-Net generalization error bound is given asymptotically by

L.
1£(@) — L5(©)] < Camax (ﬁ +KJ <1 £y m)) %
d=1 s
L.
ot (3 i) |57 .
d=1 s
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for

F(K,J, L) =In(KJL.) + KJG(A, L.)

=In(KJL.)+ KJ (hl(ymax) +In(||All2) + In(||Al|e) + In (1 + ﬂw4>> :

(=1

Next, combining equation (C.6), equation (C.9), and equation (C.11), where each f;, k;, and

wy are bounded respectively by fiax, Fmax, and Wiy, then equation (C.13) reduces to

[£(e) = Ls(C)|

1 ]
< e (Vi + KT (14 L)) \/ A () + 10 AL) + (| A) + L)
+ Cmax K J L, ln(_n) (C.14)
nN,

Lastly, let ¢pax = O(V1), Ymax = O(v/m), ||All2 = O(y/mn), and ||A]|c = O(n). Then

equation (C.14) reduces to

~ A KJ(l 1 L.
1£(@) — Ls(@)| < (Vn+ KJL,) \/ (In(m) ;\; n(n) + Lo) (C.15)
giving the desired asymptotic forms form the PGD DR-CG-Net generalization error. X
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Appendix D
ISTA DR-CG-Net Asymptotic Generalization Error

In this appendix, we supply a detailed construction of the asymptotic form for the general-
ization error bound of ISTA DR-CG-Net stated in Corollary 4.6.8 where Ciax, Ymax; ||A]|2, and
|Al|s depend on the measurement and signal of interest size. To prove Corollary 4.6.9 the exact
steps in the proof of Corollary 4.6.8 below can be followed with ||Al|2 and ||A]| set to 1. Sim-
ilarly, to prove Corollary 4.6.10 the steps to prove Corollary 4.6.8 below can be followed with

Cmax ) Ymax, ||A||27 and ||A||oo set at 1.

Proof of Corollary 4.6.8. First recall that the GEB is

L(@) < Ls(@) + - /o =T, /In ( (1+ P (I (L + 1>+1>m)>

nNs Cmax
S ()
S dwg(KJ(Le+1) + 1)k
Ty ZZ fa-1faki,|1In (e <1 T a(KJ( )+ 1) k,d)>
it k=1 j=1 d=1 Cmax
= )
8Cmax 45(KJ(LC + 1) —+ 1)/€k[l i1
P sy o1
i k=1 j=1 Cmax
=+ 4Cmax\/2 111(4/8)/(71]\75)
for
K= Zoo(cl +pmaxyrnaxHA”OO>’c\(1KﬁJ) + 200 Co
/ A(KJ)

K’k;()i = Zoo(Cl + pmaxymaXHAHm)Ck,jadaQ

)
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where

1 = PmaxYmax || All2 (1 + 222 prax || A[]3)

Co = ZooymaxHA||2 (pmax/pmin>2

1—r{ K
LKD) (1_T1J> 1—<r1+017"21,>

G = CaT2 (
e (o rend)
K—k L _
NKT) TG T 1—r (Vnze + 6€) Hz:1 wy d=1,2,...,L,
Crjd2 =T ]+ C1re 1
- <1+H£1wé> d=1L.+1

for

(1+Hwe> (1 + 6(ZooPmax¥max || All2]| Al s0)?)

(=1

ry = (1 + Hw) Ymax|[All2 (1 + 25Pmax [ All2(| Al + [|All))

We will consider each term on the right hand side of the ISTA DR-CG-Net GEB separately

and provide a Big O bound for each. Subsequently, using Lemma B.1.1 we can combine each

of the three separate bounds into a single bound by taking a maximum. Note that the empirical

loss term Ls(¢) is independent of the network size of ISTA DR-CG-Net and we will assume it

is independent of the reconstructed signal size allowing us to ignore this term for the asymptotic

analysis. Hence, we have four terms to consider individually; three terms structured in the form of

In(e(1 +¢(KJ(L.+ 1)+ 1)R, for constant ¢ and variable  dependent on signal and network size,

and the error term 4cyaxy/21n(4/¢)/(nNy).
Define the function G : R™*" x R — R by

G(A, L) = In(ymax) + (| Al]2) + In(||A] ) + In (1 + H wd> .

d=1
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As the function G will be present in the first three terms we analyze below, it will be useful in
simplifying the asymptotic bounds for each term.
Term 1:

As in the proof of Corollary 4.5.2 it holds that

\/ln <€ (1 N 4pmax(KJ(ci:X+ 1)+ 1),@->>

<1+ Eg; <\/ln (Upmae) + VI (KJ(Le + 1) + 1) + V/In(J) + /In(K)

_|_\/K<j_ 1)\/ln(r1) + \/K— 1\/111 (1”1 +T261J) + \/ln(Q1)) )

when taking n, K, J, and L, large enough such that ¢;.x > 4pmax and 4ppax (K J (Lo +1) 4+ 1)k >

2Cmaxa and for q1 = Zoo(cl + pmaxymax‘ |AH00)02T2 + ZooC2.

Now, let
a1 = 1+ 8(zooPmaxYmax|| All2]| Al )?
az = OYmaxl| All2 (14 22 Pmasx [ All2(|All2 + [[All0)) -
Observe
LC Lc
In(ry) = In ((1 + ng> a1> =In(a;) + In (1 + de>
(=1 d=1
and

L. L.
In(r; +ryc;J) =1In <<1 + ng> (a1 + ClzClJ)) =1In(a; + asc1J) + 1In (1 + de> )
=1

d=1
By equation (B.12), In(a1) < In(ymax) + In(||Al|2) + In(||A||o) and thus
L.

In(r1) < In(Ymax) + In(||A|]2) + In(||A||e) + In <1 + de> =G(A, L.). (D.1)

d=1
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Similarly, by equation (B.12) and (B.15), In(a;+azc1J) < In(Ymax) +10(]|A|]2) +In(]| A/ oo ) +1n(])

and thus

L
In (71 4 72¢1.) S In(Ymax) + I ([|All2) + In(||Alloc) + In(J) + In (1 + H“’d>

d=1

=G(A, L)+ In(J). (D.2)
Furthermore, by equation (B.11)

L
r2 S <1+de> Ymax | All2 (1A]l2 + | Alloo) (D.3)
d=1

Lastly, equation (B.8), equation (B.9), and equation (D.3) imply that there exists a constant a,, > 0

such that

q1

= Zoo(cl + pmaxymax| ’A‘ ‘00)027'2 + ZooC2

L.
< Qgy 2o ((ymaXHAH% +pmaxymaxHAHOO) (1 + de> yIQnaxHAH% <||14||2 + ||A”OO) + ymaX||A||2>
d=1
L.
< Qg ZooYmax||All2 | max{l, pmax} <1 + de) Yo AL (1415 + 1 All0) ([All2 + [[All0) + 1
d=1

L.
< gy Zoo (1 + max{l, pmax}) (1 + de) Ymax|A112 (AN + [[Allso) ([All2 + | All) -

d=1

(D4)
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Therefore, equation (D.4) implies that

(1) < Inag,) + I (200 (1 + max{l, pmax})) + 410 (ymax) + 3In([|All2)
L.
+In ([JA]3 + [[Allso) +In (| All2 + | Alloo) + In (1 + de>
d=1
< In(ag,) +In (20 (1 + max{1, pmax})) + 4 (Ymax) + 3In(]|All2)

+3In([[All2) + ([ Allee) + ([ All2) + In(]Aflc) + In (1 + ﬂw)

d=1

Lc
< 1n(ynar) + (]| All2) + In((|Alloc) + In (1 + de>

d=1

=G(A L) (D.5)

where in the second inequality we used that In(z 4+ y) < In(x) + In(y) for 2,y > 2 and took n and
m large enough such that ||Al|s > 2 and || A|, > 2.

Hence, note that

1+ Egi VI (Apma) = O(1)

8 o )
/() = 0 (Vi)

In

In(3) B
m\/ln(K) ~0 (x/ln(K)> .

Furthermore, by equation (D.1)

o] VETT = v/t = 0 (VR = D604 L)
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and by equation (D.2)

In(3)
In(2)

VE —1y/In(r1 + e J) = O <\/(K " (G(A L) + m(J))) .

Lastly, by equation (D.5)

i) Viosta) = 0 (VBT L)

Thus, using Lemma B.1.1

\/ln (6 (1 N 4pmax(KJ(ci:X—{— 1) + 1),{>)

~0 (max{1, VI(KJL,), /In(J), /In(K), VK(J — 1)G(A, L),
VK =1) (G4, L) +n(J)), /G4, Lc>})
-0 <\/max{ln(KJLC), K(J —1)G(A, LC)}> . (D.6)

Furthermore, let Wy = maxj<g<r, wq. Without loss of generality, we assume that wy,, > 0,
otherwise every convolutional sub-network in DR-CG-Net would be using a matrix kernel of all

zeros thereby mapping all inputs to zero. By the binomial theorem for any z,y € Rand any k € N

k
k . k k
=3 (5)eow = (§)at + ()t =t 4ot

implying 1 + 2% < (1 + z)*. Thus

In (1 + de> <In(1+wk,) <I((1+ W) ™) = LeIn(1 + Wiax) < Le,
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which implies
G(A, Le) S I (Ymax) + In([|All2) + In([[Af|oc) + Le.

Combining with equation (D.6) and noting that In(KJL.) < K(J — 1)(In(Ymax) + In(||4]|2) +

In(||A|le) + L.) produces

0] (\/m (e (1 n 4pmax(KJ(ci;+ 1) + 1)%)))

= 0 (VKT = 1) ({ymar) + ([ AL) + In([[Al) + L)) (D.7)

Term 2:

Following the analysis of Term 2 in the proof of Corollary 4.6.8 it holds that

dwg(KJ(Le +1) + 1)
In (e (1 n wa(KJ( ) )"ﬁk,d
Cmax

<14 v/In(4wy) + V/In(KJ(L. + 1) + 1) 4 4/In(1 + “I(cJZl)

where we take n large enough such that c,,, > 1 and K,J and L. large enough such that
dwg(KJ(L.+1)+1) > 1.

Define 1, = Hf;l wy. Take n, K, and J large enough such that
(+d

_; 1—rI\*F
Zoo(\/ﬁzoo + 65)(61 +pmaxymaxHAHoo)7aij ! (Ti] + C1T2 1 Tl ) 2 1.
—
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Then for every d € N[L_|, by equation (B.5), it holds that

In (1+kf7))

s 1—p/\E7F
= 1In (1 + Zoo (VN2Zoo + 66) (1 + pmaxymaXHAHoo)ri] J (7“1] + 17y . ! ) nd)

i 11—\ EF
<In ((zoo(\/ﬁzoo +66)(c1 4 PmaxYmax| All o)) (Ti’ +arg Tl ) ) (1+ 77d)>
— 11

o
= In(v/nzeo + 0&) + In(qz) + (J — ) In(ry) + (K — k) In (7‘{ + 617“21 O ) + In(1 +ny)

< In(vnze +08) +1In(ge) + (J — j) In(ry) + (K — k) ((J — 1) In(ry) + In(ry + rocr J)) + In(1 + 1)

where ¢ = 200 (€1 + PmaxYmax || Al 00)-

Hence

)
J In (e (1 + 4wd(K‘](LCc +1) + 1)"@k,d>>

< 1+ /m(dwg) + VI(KI(Le + 1) + 1) + \/In(vnze + 6€) + /(T — )/(r)
+VIn(g) + VIE — VT = Dy/In(m) + VK = Byl + rend) + /(T + ).

Therefore, by equation (B.20)

K Awg(KJ(Le + 1) + 1)%))
g E Inlel|l+ :
k= J ( (

1 ]:1 Cmax

< K7 (1+ Vin(wy) + KJVi(EI L+ 1) +1) + K Jy/In(Vnza + 66)

2 2
+ KJ\/In(go) + gKJ?’/Q«/ln(rl) + §K3/2J\/J —1y/In(r)

2
+ 5K3/2J\/1n (r1 + 7oc1J) + KJy/In (1 + 14).
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Define s, = ZdLil \V/ fa—1fak?3, then

S ()
S ik o (6 <1+4wd(KJ<LC+1>+1)Kk{d>)

Cmax

Le
J (ch + Z \/fd_lfdkgx/ln(llwd)) + KJsp /In(KJ(L,+ 1)+ 1)
d=1

+ KJSLC\/ln(\/ﬁzOO +68) + KJsp,/In(ge)
2 2
+ gKJ3/2sLC\/1n(T1) + §K3/2J3LC\/J — 1y/In(ry)

L
2 (&
+ §K3/2JSLC\/111 (T‘l + 7’261J> + KJ E \/fd—lfdkczl\/lnu + T]d).
d=1

Recall that for sufficiently large m,n, K and J such that 4Wax < Ymax||Al2]| Al and 4 <

KJ

\/fd 1fak} In(4wq) +Z\/fd 1fakIn (14 nq) < (Z\/fd 1fak ) VEJIG(A, L.).

Next, using equation (B.8), there exists a constant a., > 0 such that

q2 = ZOO(Cl +pmaxymax||A||oo) S Zoo(a'qymaXHAHg +pmaxymax||A||oo)

S ZooYmax max{acmpmax} (”AHg + ||AHOO) :
Implying that

n(gs) < In(200) 4 In(max{ac,, Pmax}) + N (Ymax) + I ([ A[l53 + [|Allc)
S ln(ZOO) _'_ ln(max{aclapmax}) + ln(ymax) + 3ln (HAH2> + ln (HAHOO)

S I (Ymax) + In([|All2) + In([[Al[) (D.8)

where in the second inequality we used that In(z + y) < In(x) 4 In(y) for z,y > 2 and took n and

m large enough such that || Al|s > 2 and || A/ > 2.
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Note that

KJsi, = O (KJi \/m>
szm( n(dwg) + v/in (14 14))
-0 ((KJ>3/2¢M ; m>
KJspv/n(KJ(L.+1)+1) =0 (iji \/m>
pus
K Ty n(vitzn + 6€) = O (KJ Vin(n) dZ m> .

By equation (D.8)

KJsz,\/lg) = O (Kmn@max) ETFISERTEIY W> .
po
Similarly, by equation (D.1)
SK s, /n(r) = 0 (Kﬁ“m Z W)
§K3/2J3ch/ﬁ\/1n(—m) =0 <(KJ)3/2\/m:ch \/m> .

Lastly, using equation (D.2)

2 \/
§K3/2JSL \/hl (r1 +mroc1dJ <K3/2J\/g (4, L) + In(J Z fa1fak )
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Therefore, by Lemma B.1.1,

ety Wy . Hj)
O(ZZZ fdlfdk?iJln(e(l—{—Zl (KJ(L.+ 1) +1) kd)))

cm ax

=0 <KJ ( C \/ fat fdk§> max{1, VEKJG(A, L), /In(KJL.), \/In(n), /JG(A, L),

VIn(Ymax) + ([ All2) + In([Allo), VEIG(A, Le), VK (G(A, Le) +In(J)) } )

=0 (KJ (Z \/ fa-1 fdk§> Vmax {KJG(A, L), In(KJL,), ln(n)}) (D.9)

where the final equality holds since
(Ymax) + In([[All2) +n([[Alloo) < JG(A, L) < KJG(A, Le)
and, forall K, A, L.,J € N
K (G(A, L) +In(J)) < KJG(A, L.).

Finally, in equation (D.9), bound each f; by fin.x = maxi<g<r, fq and each kg by kyax =
max<q<r. kq. Additionally, recall that G(A, L.) S In(ymax) + In(||All2) + In(||A|ls) + L. As
In(KJL.) < KJ(In(Ymax) + In(||A|l2) + In(]|]A||) + L¢), then equation (D.9) reduces to

Shute Wy . )
0( zzm“( (KJ(Le+1) +1) )))

c
k=1 j=1 d=1 max

—0 (KJLC\/KJ (I0(Yomme) + In([[A]l2) + In([ Al o0) + Le) + 1n(n)) . (D.10)

Term 3:
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Following the analysis of Term 2 in Corollary 4.5.2, the inequality

45(K J(Le + 1) + D!
In (e (1 " ( ( ) )’%,LCH
Cmax

In(3)
In(2)

<1+

<\/ln (46) + /(K J(L. + 1) + 1) + 1 /In (K,(j}c“))

holds when taking n, K, J, and L. large enough such that ¢, > 49 and 46(KJ(L. + 1) +

1)&1(5 )Lc 41 = 2Cmax. Furthermore,
. Ld
In <HI(€],)LC+I) S In (Zooé.(cl + pmaxyrnaxHAHoo) (1 + H U)g)) + (J — ]) 111(7’1)
=1
+ (K —k)((J—=1)In(ry) +1In (ry + 72¢1J)) .
By equation (D.8) there exists a constant a,, > 0 such that

Lg
In (2005(61 + pmaxymax| |A‘ |00) <1 + H U)z))
(=1

< ag, (hl(ymax) +In(||All2) + In(]|A]|o) + In (1 + ng>> < anQ(A, Le).

(=1

Hence,

In (m;{;CH) < 4y, G(A, L) + (J — j)In(ry) + (K — k) (J — 1) In(ry) +In (1 + raci ) .
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Therefore, again following the analysis of Term 2 in Corollary 4.5.2, by using equation (D.1),

equation (D.2), and Lemma B.1.1 it holds that

K J (4)
o (kz Zl J In (e <1 + 46(KJ (L. imljx‘F 1)“k,Lc+1>)>

0 (max {KJ\/Q(A, L), KJ\/In(KJL,),
KT GUA L), (KJ)2/GA L), K¥2\/G(A L) +n(]) })
-0 (KJ\/max (In(KJL.), KJ(G(A, LC))}> (D.11)

where the final equality holds since
(Ymax) + In([[All2) +n([[Allo) < JG(A, L) < KJG(A, L)
and, forall K, A,L.,J € N
K (G(A, L) +In(J)) < KJG(A, L.).

Finally, recall that G(A, L.) < In(ymax) + In(]|A]]2) + In(||A]|«) + L.. Hence, using that
In(KJL.) < KJ(In(Ymax) + In(||Al|2) + In(||Al|sc) + L¢), equation (D.11) reduces to

K J )
O (kz: z; \l In (e (1 + 45(KJ(LC _Z:a)x‘i‘ 1)"‘3k,LC+1) >>

= O (K" /I (ymar) + I0([ALR) + In([[A]l) + L) (D.12)

Term 4:

It immediately holds that

Aemaxy/2I0(4/€)/(nN,) = O (%) . (D.13)
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Full Generalization Error Bound:

Combing the bound on each of the four terms — i.e. equation (D.6), equation (D.9), equation

(D.11), and equation (D.13) — we have

(@) < Ls(@) + Som m\/m (e (1 | e (KT (Le+1) + 1)&))

VNN Cmax
K J L ()
8Cmax dwg(KJ (L. + 1)+ 1)k
S S S i fdkgdln ( <1+ :
5 k=1 j=1 d=1 max
K J ()
8Cmax 45(KJ(LC + 1) + 1)’%/@ Lc+1
+ — ZZJIH(@(l—l— .
$ k=1 j=1 max

+ 4emax\/210(4/€) / (n.N,)

= Ls(€)+0 cmax\/max {IH(KJLc%]f\(f'(J —1)G(A, L)}

L.
T (Z m) \/ max {K.JG(A, Li}vln(KJLc), In(n)}
d=1 s

max {In(KJL.), KJ(G(A, L))}
+ (9 CmaxKJ\/ TLNS

G

+

Lo ( Cinax )
VnN; )~
Note that for positive functions f; and fo, ¢ = O(max{fi, fo}) if and only if |g| < f1 + fo.

Thus, the ISTA DR-CG-Net generalization error bound is given asymptotically by

Lc
L) ~ £5(8)] 5 e <\/ﬁ LK <1 5 W)) PR L)
d=1 s
Lc
+ Cmax (Z \/m> \/ 1253) (D.14)
d=1 s
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for

F(K,J, L) =In(KJL.) + KJG(A, L.)

=In(KJL.)+ KJ (hl(ymax) +In(||All2) + In(||Al|e) + In (1 + ﬂw4>> :

(=1

Next, combining equation (D.7), equation (D.10), and equation (D.12), where each f;, k4, and

wy are bounded respectively by fiax, Fmax> and Wiy, then equation (D.14) reduces to

[£(e) = Ls(C)|

1 ]
< o (Vi + KT (14 L)) \/ A () + 10 AL) + (| A) + L)
+ Cmax K J L, ln(_n) (D.15)
nN,

Lastly, let ¢pax = O(V1), Ymax = O(v/m), ||All2 = O(y/mn), and ||A]|c = O(n). Then

equation (D.15) reduces to

~ A KJ(l 1 L.
1£(@) — Ls(@)| < (Vn+ KJL,) \/ (Inm) ;\; n(n) + Lo) (D.16)
giving the desired asymptotic forms form the ISTA DR-CG-Net generalization error. X
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