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ABSTRACT

OUTLIER DISCORDANCY TESTS BASED ON SADDLEPOINT APPROXIMATIONS

When testing for the discordancy of a single observed value, a test based on large values of
the maximum absolute studentized residual (MASR) or maximum squared studentized residual
(MSSR) is known to be optimal, by maximizing the probability of correctly identifying an outly-
ing value, while controlling the risk of a false identification to «. The exact distribution of MASR
and MSSR is not known. In its place, the first Bonferroni bound on the distribution of these statis-
tics 1s commonly used as an outlier test; see Grubbs (1950). We present new approximations to the
distribution of MASR or MSSR, based on saddlepoint approximations of the density of statistics
calculated from truncated normal random variables. These approximations are developed in three
settings: a one-sample case, univariate regression, and multivariate regression. In comparisons
with three versions of Bonferroni bounds and a Monte Carlo simulation, the saddlepoint approxi-
mations are shown to perform well in a wide range of situations, especially at larger sample size.
The saddlepoint approximations also calculate faster than the improved versions of Bonferroni

bounds.
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Chapter 1

Introduction

The problem of detecting outliers in a set of data is centuries old, yet still not fully solved. In
specific settings, the optimal statistic for detecting a single outlying observation is well known, but
its exact distribution is not. As methods evolve, a series of ever sharper approximations are pro-
posed, generally in the form of Bonferroni bounds. For testing the discordancy of a single outlying
observation from among independent and identically distributed (i.i.d.) normally distributed vari-
ates, a new and better approximation is presented here. As will be seen, the same method works as
well in a broader class of problems with left-orthogonally invariant error distributions.

Following this introductory chapter, this outlier discordancy test is presented in three settings

of increasing complexity:

e Chapter 2 describes an outlier test applied to a one-sample case, where a set of univariate
data is assumed to be independent and identically normally distributed, except possibly for

one value. This setting is the most common application for outlier tests.

e Chapter 3 considers the univariate regression setting, where a linear model has been fitted to
explain the effects of independent variables, and then the studentized residual vector is exam-
ined for outlying observations, using the maximum absolute studentized residual (MASR)

as a metric.

e Chapter 4 examines the multivariate regression setting, in which each observation is a vector
of m dimensions. After fitting a multivariate linear model, the residuals can be considered
for the presence of outliers in /m dimensions. In multivariate literature, the maximum Maha-
lanobis distance is often used for this purpose, and for balanced designs, this is an optimal
metric, providing the best probability of detecting a single outlying value. However, for both

balanced and unbalanced designs, an optimal metric is the maximum squared studentized



residual (MSSR). Chapter 4 presents approximate distributions for MSSR, comparing them

to Bonferroni bounds and a Monte Carlo simulation.

e Appendix A describes the R code developed for this project. The code itself will be available
from the author. In the code, one top-level function PMASR calculates discordancy test
p-values for all settings considered, based on saddlepoint approximations. PMASR_Bonf
provides similar calculations based on Bonferroni bounds. Full comments are included in

the code.

1.1 Definition of OQutlier

What is an outlier? Even this simple question has no simple answer. Here are definitions

written by three prominent authors in the field:

"An outlying observation, or ’outlier,’ is one that appears to deviate markedly from
other members of the sample in which it occurs." - Grubbs (1969)

"The intuitive definition of an outlier would be ’an observation which deviates
so much from other observations as to arouse suspicions that it was generated by a
different mechanism.”" - Hawkins (1980)

"We shall define an outlier in a set of data to be an observation (or subset of
observations) which appears to be inconsistent from the remainder of that set of data."

- Barnett and Lewis (1994)

Each of these definitions is about feelings and appearances, but not math. Without the specifica-
tion of a mathematical model presumed to explain the data, these are the best available definitions.
Once a null model is specified to describe the outlier-free case, an alternative model incorporating
one or more outlying values can be evaluated probabilistically. To establish a mathematical method
for an outlier discordancy test, each of the following chapters defines a more mathematically pre-

cise definition for the potentially outlying observations to be tested.



1.2 Outlier Handling Practices

For as long as data has been collected and explanatory models applied, the responsible han-
dling of outliers has been a serious concern eliciting divergent practices and strong opinions from
different analysts. In a publication laying the groundwork for maximum likelihood estimation,

Daniel Bernoulli (1777) expresses ambivalence about these practices:

"I see no way of drawing a dividing line between those (observations) that are to
be utterly rejected and those that are to be wholly retained; it may even happen that
the rejected observation is the one that would have supplied the best correction to the
others. Nevertheless, I do not condemn in every case the principle of rejecting one or
other of the observations, indeed I approve it, whenever in the course of observation an
accident occurs which in itself raises an immediate scruple in the mind of the observer,
before he has considered the event and compared it with the other observations. If
there is no such reason for dissatisfaction I think each and every observation should
be admitted whatever its quality, as long as the observer is conscious that he has taken

every care.

In modern statistical practice, the divergent handling of suspected discrepant values remains

unresolved. Practices regarding outliers may be broadly assigned to these three categories:

e Discordancy testing, in which the dataset is subjected to a procedure to identify whether one
or more observations can be proven to be outlying, beyond a reasonable doubt, as quantified

by a known and specified risk level a.

e Accommodation, in which a modified descriptive or modeling procedure attaches greater
weight to more central observations than to more outlying ones, thus reducing the bias intro-

duced by outliers, should they be present.

e Ignorance, in which the existence, the causes, and the potential impact of outliers are not

considered.



Understandably, other scholarly works on outliers omit the third practice, ignorance, from
discussion, but it is real and widespread. With computers, it is far easier to apply statistical methods
than to understand the theory and assumptions behind them. Because of the proliferation of Six
Sigma and related business initiatives, legions of business leaders have become accustomed to
making data-based decisions from rote summaries comprising mean, standard deviation, and other
statistics derived only from those two. Such summaries rarely account for the bias induced by
outliers, should they exist. Unless individual observations are evaluated thoughtfully, the impact
of contaminating outliers is omitted from the decision process.

Accommodation takes many forms. From Chauvenet’s method of 1863, discussed below, to
today’s sophisticated robust modeling tools, accommodation procedures algorithmically handle
outliers by diminishing their influence on the conclusions reached from the analysis. The appli-
cation of an outlier accommodation method requires no thought about the potentially denigrated
outliers or the causes behind them, other than to select a particular procedure to apply. Since
each accommodation procedure may perform differently than other procedures on similar data,
this selection process is inevitably biased by the practitioner’s experience, and likely an a priori
examination of the data. As a result, the conclusions reached may depend as much on who analyzes
the data as on the process that produced the data.

Only discordancy testing, based on an optimal test statistic, provides a repeatable assessment of
the existence of outliers, free from the analyst’s biases. Once an outlier is identified, all options are
available. One may explore the potential causes behind the discrepant observations, to the extent
they can be known. After investigation, one can rationally decide whether to accept the outlier into
the data, reject it, remeasure it, or attempt to replicate the trial, depending on the situation. After
handling the outlier in a scientific and transparent manner, the model applied to the data may be
presented with greater confidence.

The remainder of this work will only consider discordancy tests based on an optimal test statis-

tic and applied to a dataset presumed to follow specified types of models.



1.3 Brief History of Outlier Discordancy Tests

In an appendix to an astronomy text published in 1863, Chauvenet advises this method of
handling outliers: "Any result of a series containing n ... observations shall be rejected when
the magnitude of its deviation from the mean of all measurements is such that the probability of
occurrence of all deviations as large or larger is less than 1/2n." In effect, Chauvenet’s method
rejects one-half an observation, on average, from every dataset. Barnett and Lewis (1994) aptly
describe the statistical weaknesses of this algorithm, especially its high likelihood of rejecting an
otherwise reasonable observation, while also observing that Chauvenet’s method lives on through
citations in modern textbooks. Chauvenet’s method is notable as one of the first proposals to adopt
a probabilistic basis for identifying an outlier, flawed as it may be. Because of the recommendation
to reject selected observations, this may be regarded as both a detection and an accommodation
algorithm.

In 1884, Wright recommended rejecting any observation deviating from the mean by more
than 3 times the standard deviation, while making no allowance for sample size. As will be seen,
sample size and model complexity have an enormous effect on the distribution of the maximum
absolute residual. The ad hoc value of 3, like any other single value, cannot perform well in
all situations, and it does not maintain a reasonable risk level o. Therefore, it ought not to be
recommended. This conclusion is clear to anyone who has studied the distribution of residuals,
but even today, such methods persist. Montgomery, in his widely used textbook on the design and
analysis of experiments (2005, p. 396), defines the ith standardized residual as d; = ¢; /&, where
e; 1s the raw residual and ¢ is the estimated residual standard deviation. Montgomery continues
with this advice: "Most of the standardized residuals should lie in the interval —3 < d; < 3, and
any observation with a standardized residual outside of this interval is potentially unusual with
respect to its observed response." Montgomery is not alone in offering similar advice, based on
the maximum absolute residual value of 3. A web search for "outlier residual three," or similar
keywords, finds many authors and instructors training practitioners in this way. The same value,

3, 1s even applied to different varieties of residuals with clearly different distributions. Figure 1.1



illustrates the impact of applying this rule of 3 to standardized residuals as Montgomery advises.
The graph plots the risk of a Type 1 error «, that is, identifying a non-discordant observation as
outlying, as a function of sample size. This figure uses the best methods from Chapter 2, with a

conversion from studentized to standardized residuals.

Alpha for test where max. abs. standardized res. > 3

010 0.15
| |
o
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Figure 1.1: Alpha from Outlier Test Based on the Maximum Absolute Standardized Residual Exceeding 3

To control type 1 error to a = 0.05 or any other value, one must consider both sample size
and the model applied to the data. For the mean-only model setting of Chapter 2, Figure 1.2
plots critical values for an outlier discordancy test based on maximum absolute residuals, of both
standardized and studentized varieties. In Figure 1.2, the type 1 error risk is controlled to o =
0.05. A program CritValue, written for this work, calculates this value using the best available

methods.



Critical Values for Qutlier Discordancy, alpha=0.05
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Figure 1.2: Critical Values for a Discordancy Test of a Single Outlier, with a Fixed Alpha Risk of 0.05

In the time of Wright, there was no effort to distinguish between the sample and population
standard deviation. If the only information available was derived from the sample at hand, its stan-
dard deviation was assumed to be correct. Following the work of William Gosset ("Student," 1908)
and others, the distributions of sample statistics from Gaussian (normal) data gained acceptance.
After inference procedures for means and variances were well established, attention eventually
turned to outlier identification. William Thompson (1935) published a distribution for what would
become known as studentized residuals. E. S. Pearson and Chandra Sekar (1936) applied Thomp-
son’s result to the rejection of outlying observations by observing the maximum absolute deviation
from the mean and rejecting the null hypothesis when large. Pearson and Chandra Sekar include a
graph of critical values quite similar to Figure 1.2.

Notably for this work, Pearson and Chandra Sekar identify a value within the support of the
maximum absolute residual beyond which it is not possible to observe more than one absolute
residual. We label this value Ms;. When the observed maximum absolute residual exceeds this

value, a simple and exact formula for the distribution of the maximum absolute residual is available



from the first Bonferroni inequality. Grubbs (1950) developed this prior work into tests for outliers
in normally distributed samples based on the maximum absolute studentized residual. This method
has become widely known as Grubbs’ test, and this test is available in the "Outlier Test" menu
item in Minitab 18 statistical software (2017). Grubbs’ test provides an exact p value for an outlier
test only when the observed value exceeds M5, and an upper bound on the p value otherwise.
Srikantan (1961) extended this work to selected regression settings. Stefansky (1969, 1971, and
1972) applied this method to balanced experimental designs and outlined a procedure by which
higher-order Bonferroni bounds could be calculated. Butler (1984) applied this concept to the
selection of a best-fitting regressor variable in the general linear regression setting, for which the
outlier identification problem turns out to be a special case. Hunter (1978) and Worsley (1982)
proposed an improvement to the first Bonferroni bound by using spanning trees. Applied to outlier
testing, the Hunter / Worsley procedure sharpens the upper bound to the p value for residuals in all
applications where Grubbs’ test does not provide an exact value.

The popular box plot, or box-and-whisker plot, of John Tukey (1977) often includes an outlier
test by which observations deviating beyond the first or third quartile by more than 1.5 times the
interquartile range are shown with a distinctive symbol. As an outlier test, this algorithm suffers
from the same lack of risk control as the rule of 3 discussed above. For normal data without
outliers, the probability of incorrectly identifying one or more observations as outlying varies from
0 to almost 1, depending on sample size.

Multivariate literature on the detection of outliers is both more sparse and more varied in the
approach to outliers. Wilks (1963) proposed an outlier test for a single outlier in multivariate
normal data. In this paper, Wilks showed that when the dimensionality m > 2, it is possible
to have multiple observations with distances from the mean up to the maximum possible value.
This concept will be graphically illustrated below. Srivastava and Van Rosen (1998) published
a distribution for one residual and a joint distribution of two such residuals from a multivariate

regression setting. But we have found no publication of an exact distribution for the most outlying



multivariate residual. Therefore, the available choices for an optimal outlier test include Bonferroni
bounds and the approximate methods we developed here.

A survey of articles published in 2017 and 2018 on "multivariate outliers" found them evenly
divided between discordancy testing and accommodation methods. Also, there is no consensus
in the literature on which metric of deviation from the centroid ought to be employed. While
many authors use versions of the Mahalanobis distance, many other metrics, with and without
modifications for "robustness" are being employed, and new variations continue to be published.

Although Chapters 2 and 3 discuss an absolute residual metric, we have chosen to follow the
lead of most authors in the multivariate literature by using a squared residual metric for the multi-
variate case. In Chapter 4, the optimality of the maximum squared studentized residual (MSSR) as
a test statistic for a single outlying value in multivariate regression is discussed. Any other metric
monotonically related to MSSR is also optimal. Mahalanobis distance, as generally defined, does
not include an adjustment for the variance of individual fitted values, calculated from the design
matrix X. Therefore, in balanced designs when all fitted value have equal variance, Mahalanobis

distance is equivalent to MSSR. In more general regression cases, it is not equivalent.

1.4 The Window of Opportunity

With an easily calculated Bonferroni bound offering an exact p value in a portion of the right
tail of the MASR and MSSR statistics, is there any need for an improved method? This section
illustrates why a better method is needed.

Srivastava and Van Rosen (1998) provides a joint density function for two studentized residuals
in a multivariate regression setting. A simplified version of this density was used to produce the
contour plot in Figure 1.3. In this example, the sample size n = 6, there is only p = 1 parameter,
the mean, and, since m = 1, the observations are univariate. The vector of studentized residuals,
a, is defined in Chapter 2. The upper end of the support for each a; is /5, which is the outer

boundary of the probability contours in this figure.



Figure 1.3: Joint Density of Two Studentized Residuals a; and a; whenn = 6,p = 1,and m = 1
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Since the optimal outlier test is based on the maximum absolute studentized residual (MASR),
Figure 1.4 shows the joint density function of |a;| and |a;|, for the same example. The red lines on
Figure 1.4 are located at M,, which is /3 for this example. It is possible for one residual to have

a value in the range |a;| > /3, but the probability is 0 that |a;| > /3 and |a;| > v/3 fori # j.

Joint density of |a;| and |a;| when
n=6, p=1, m=1

15

1.0

05

00

0.0 05 1.0 1.5 20

Figure 1.4: Joint density function of |a;| and |a;| when n = 6, p = 1, and m = 1, with lines representing
My

The first Bonferroni inequality provides an upper bound on the distribution of max; |a;|, based

on the marginal density of a single residual, multiplied by the sample size. When any |a;| exceeds

11



M, at most one value can be in that range, so this lower bound is the exact distribution of max; |a;|.
When max; |a;| < M, the first Bonferroni bound diverges rapidly from the true distribution.

The second Bonferroni inequality is more difficult to calculate, but it provides an exact distri-
bution of max; |a;| down to M3 < M, where the Mj is the smallest value such that there is a zero
probability that 3 values |a;| could exceed Mj3. The formulas for this calculation are provided in
Chapters 2 and 3, and a program PMASR_Bonf written for this project and described in Appendix
A calculates these bounds, as well as the values of M, and M3 for any setting considered here.

Now consider what happens in the multivariate setting. Chapter 4 discusses the distribution
of max; a?, the maximum squared residual, but for easier comparison, Figure 1.5 plots the joint
density of a; and a; in the bivariate case where sample size n = 6, there is only p = 1 parameter,
the mean, and the observations have m = 2 dimensions. Notice that the general shape of the
density in Figure 1.5 is similar to Figure 1.4, except in the upper right corner. There is a positive
and significant probability that more than one residual a; could exceed the value v/3. Because of
this fact, there is no region of values for which the first Bonferroni inequality provides an exact

distribution for max; a?.
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Outside of academic papers, we have not seen any second or higher-order Bonferroni bound
applied to outlier discordancy testing. Each higher bound is significantly harder to calculate, so
this is understandable. In this work, we present approximate distributions for max; |a;| based on
saddlepoint methods. These new approximations require one univariate root finding operation
followed by a set of formulas that calculate quickly in all but the most complicated situations.
These formulas have been coded in the PMASR function described in Appendix A.

We offer one more example to show the importance of the multivariate approach. Figure 1.6
is a scatter plot of randomly generated bivariate data, with n = 30 observations. The positive
correlation is obvious. But where is the outlier? The observation represented by the red diamond
appears to be outlying, but it is not. At least two models are reasonable here. If a univariate
regression model were fit to this data, the observation represented in red would have high leverage
on the model, but it is very close to a regression line fit through the data, so it is not an outlier. Using
a bivariate model where only the mean and the correlation are estimated, the red observation is not
significantly far from the bivariate mean, considering the variation along that vector. However, in
either model, the observation represented by the purple diamond has an unusually large studentized
residual value. Applying the methods from Chapter 4 to this bivariate dataset, the MSSR of the
purple observation is 11.413, with a p-value of 0.033 generated by saddlepoint methods, so it is
a significantly outlying value. But if any univariate outlier test were applied to either variable

individually, this outlier would be undetectable.

14
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Figure 1.6: Example Scatter Plot of Bivariate Observations with One Outlier
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1.5 Recommendations

To summarize this research, here are our recommendations to practitioners on the best way to

perform tests of discordancy of a single possibly outlying observation.

e We discourage the use of robust methods or other techniques designed to accommodate
possible outlying values. An outlier has a story to tell. After applying an accommodation

method, that story will never be heard.

e Use a discordancy test based on the MASR or MSSR, as this is the optimal test for a single

outlying observation, minimizing the probability of making a testing error.

e Always calculate the first Bonferroni bound, a.k.a. Grubbs’ test, because this provides an
upper bound on the p-value. If this upper bound is less than the chosen error risk «, the

outlier is significantly discordant, and no further calculation is required.
e For univariate problems, when only one y variable is observed:

— Calculate M,. If the observed value of MASR, x > M, then the first Bonferroni bound
(Grubbs’ test) provides the exact p-value. When = < M, this calculation provides
a bound that may not settle the question of whether the suspected outlying value is

significantly discordant.

— When = < My, calculate the calibrated second-order exponential saddlepoint approxi-
mation for the p-value, represented as 1 — F’ge(x) in Chapters 2 and 3. Use this value

to make the best decision about outlier discordancy.

— The second Bonferroni bound and the improved first Bonferroni bound often provide
tight upper and lower bounds on the p-value, but these require numerical integration
which may consume more time than the saddlepoint method. This is especially true
when regressing empirical data, in which each pair of observations may have different

correlation, and therefore require a different numerical integration.

e For multivariate problems, when m > 1 variables are observed:
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— Always analyze the dataset as a multivariate dataset, looking for an outlier in m-

dimensional space.

— The calibrated second-order exponential saddlepoint approximation for the p-value,
represented as 1 — Fb.(x) in Chapter 4, is generally the best saddlepoint alternative,
especially for larger sample size n. If calculation takes too long, the calibrated first-

order saddlepoint approximation may be used instead.

— The second Bonferroni bound and the improved first Bonferroni bound provide lower
and upper bounds on the p-value. In multivariate applications, these bounds require a
numerical triple integral for each pair of observations with a different correlation. In all
of the multivariate examples we have examined, this Bonferroni calculation consumes

significantly more computing time than any of the saddlepoint methods.
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1.6

Our Analytical Approach

We conclude this chapter by briefly discussing the novel approach to the analysis of this prob-

lem, proposed in this dissertation. Some portions of this approach were previously applied to the

approximation of other less challenging distributions in Butler and Sutton (1998). These distribu-

tions include gamma, Poisson, binomial, and negative binomial. Full details are presented in the

subsequent chapters, but here are the major steps.

The statistic of interest, M = max; |a;| is an ancillary statistic, which allows the parameters

of the underlying noise distribution to be set to any convenient values.

By Basu’s theorem, ancillary statistic M is independent of any complete, sufficient statistic

g, so any probability statement about M can be conditioned on any convenient value for g,

Applying Bayes theorem, the probability statement about M can be reexpressed in terms
of a conditional density of g, given a probability statement about M, combined with other

factors that are simple to calculate.

The probability statement about M is reexpressed in terms of an intersection of events con-
cerning the observed data. In this work, the event max; |a;| < x is the intersection of events

E; = {|a;| < z} for all 7.

If the statistic § is calculated from a distribution truncated in such a way that Pr [E] =1
for all 7, then the conditioning event becomes certain and disappears from the probability

statement.

The unconditional density of g can then be calculated from truncated distributions using a

saddlepoint approximation from Butler (2007).
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Chapter 2

One-Sample Outlier Discordancy Test

This chapter examines the most common application for an outlier test, a univariate sample
with no model applied, other than the mean. This application can be referred to as the independent
and identically distributed (i.i.d.) case, the mean-only case, or the one-sample case. The dis-
cordancy test based on saddlepoint approximation requires finding the root of one equation, then
using that root to calculate the approximate probability that the maximum absolute studentized
value (MASV) M exceeds the observed value . In this chapter, the saddlepoint approximation
is compared to Grubbs’ test, which is also the first Bonferroni bound, two improved Bonferroni

bounds, and a Monte Carlo simulation.

2.1 Setting

In this section, we define the setting for the outlier discordancy test and discuss the test as an

optimal test, from among a large class of potential tests.

2.1.1 Null model setting

The null model assumes that there are no outliers in the data. The null model is simply

y=s (2.1)
in which y = (y1,...,y,)" is an n x 1 vector of observed values. The random vector ¢ =
(€1,...,&,)7T is typically assumed to be i.i.d. normally distributed, but as detailed in Chapters

3 and 4, these methods work equally well over a larger class of distributions referred to as left-
orthogonally invariant (1.0.1.).

We define y; to be an outlier when this alternative model holds:
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y = Oe; + &, (22)

when 0 € R, 0 # 0, and e; is the j™ column of I, for j = 1,...,n.
When ¢ X N (i, 0?), the usual unbiased parameter estimates are i = §j = n~ " >y y; and

62=(mn—-1)" >y — 7). The vector of studentized values is a = (ay, .. ., a,)", where

a; = 22 j=1,...,n. (2.3)

The more customary "standardized" values are (y; — ¥) /&, but this chapter retains the \/m
factor so that a; has a consistent definition throughout this dissertation.

The maximum absolute studentized value (MASV) is the statistic // = max; |a;| whose cu-
mulative distribution function (CDF) under the null model is denoted as F); (x) = Pr (M < x).
A typical test for the discordancy of a single outlier caused by a change in distribution for one
component of € rejects the null model when M is large. Thus, if z is the observed value of M,
then the p-value is 1 — F);(z). Since the exact distribution F); is intractable, the purpose of this
chapter is to derive an approximation for the distribution of ), using saddlepoint methods.

Alternatively, upper and lower Bonferroni bounds are available. In limited ranges at the upper
end of the support of M, these bounds can be exact. The upper Bonferroni bound on the p -value
has become known as Grubbs’ test. The details of these bounds, and the ranges within which they
are exact, are presented in Section 2.5. This chapter will show where the Bonferroni bounds are
adequate or inadequate and show the opportunity for an improved method to be provided by the
saddlepoint approximations.

In Chapter 3, based on Butler (1986), we discuss that the outlier discordancy test defined here
as the optimal test among a large class of tests, in that no other test can have a higher probability
of making a correct decision about whether # # 0 in (2.2), and about which observation j is

discordant.
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2.2 Saddlepoint Approximation

An approximation for F'/(z) is derived by first reexpressing this CDF as a conditional proba-
bility to which Bayes’ theorem can be applied. A reversal of the probabilities in Bayes’ theorem
allows approximation to the CDF to be reexpressed in terms of a saddlepoint density approxima-
tion. Using first- and various second-order saddlepoint approximations for this multivariate density
leads to various CDF approximations I3 2 (x) with second-order approximations providing greater
accuracy.

Statistic M has bounded support, and owing to the nature of saddlepoint approximations, this
can lead to a loss in accuracy for the various Fu (x). Since the least upper bound on the support of
M is v/n — 1, these approximations can be calibrated by using a known exact value at the upper
end of the support of M, as described in Section 2.2.4. For small sample sizes, a correction may
also be needed at the lower end of the support. This calibration procedure is shown to improve

accuracy.

2.2.1 Reformulation of F;(z)

The studentized vector a has a joint distribution which does not depend on the parameters
(i, 0%), so that a is ancillary. Thus, there is no loss in generality in assuming y = 0 and 02 = 1.
Since estimates (ji, 52) form a complete sufficient statistic for (i, o%), (f1,5%) and a are indepen-
dent by Basu’s theorem. Thus, the distribution of a may be conditioned on any convenient value

for (i, 6?), say (0, 1). The net effect of such conditioning leads to

[ = ,&2:1> (2.4)

By defining the events £; = {|yj| <zy/(n—1) /n}, so that {M < z} = (;_, Ej, then Bayes’

theorem for densities is applied to the conditional probability in (2.4) to give



fa62 (07 1] ﬂ?ﬂ Ej) Pr (ﬂ?=1 Ej)
fas2(0,1) ’

Fu(z) = (2.5)
where f; 52 (0, 1) denotes the marginal density of /i, 6% at (0, 1), and f; 52(0,1| N, E;) denotes

the conditional density of /i, 62 at (0, 1) given event ﬂ?zl E;. The denominator density is simple

and explicit. With g = 0 and 0 = 1, then fi ~ N{0,1/n} and 6% (n — 1) ~ x2_, are independent,

so that
foor (0.1) = fu.(0) for (1) = \ /5= x (n=1) fyz, (n = 1)
_In (n — 1) D2 exp {—(n— 1) /2}
“Vaor ” (n—1) 20-1/2T{(n — 1)/2}
i i T -1/
"oV 2 {12y 7 (26)
where I (v) = /270"~ /2" denotes Stirling’s approximation for T (v).

Since {£;} are independent events and v, . .., y, are i.i.d. N (0, 1),

Pr (M) = jljlpr (E;) = jljlerf (%) = {erf <%) }n @.7)

where erf (z) = (2//7) [y e Fdt,and 7 := 2/(n — 1) /n.

Only the conditional density in the numerator of (2.5) offers any difficulty. Note that /i is linear
in {y,}, and

(n—1)6"=Y "y} —nji*,
j=1

is linear in {y?} apart from its dependence on ji. To obtain a multivariate density in which all
components are linear in {y;} and {y]?}, write the conditional density of (ji,52) given ﬂ?zl E;
in terms of the conditional density of (nji,v) = (nj,y’y) given -, E; through a one-to-one

transformation. The Jacobian of this transformation is n (n — 1) and

fas (o, 1 m;;lEj) =n(n—1) fupn (0, n—1| ﬂ;f;lEj) :
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Next, note that the net effect of conditioning on the event ﬂ?;l E; is to truncate the normal
random variables so that y; is restricted to the range |y;| < 7 for j = 1,...,n. Conditioning on
ﬂ;”:l E; affects the distribution theory in such a way that y; is independent of (), 4; P and is only
affected by the conditioning on E;. Thus {y; |E; } are independent with y; | E; having a standard
normal distribution truncated to {|y,| < 7;}. Let z; denote such a truncated random variable with
density

¢ (x)

fo () = ——— lz| < T,

erf (1/v/2)
where ¢ (+) is the standard normal density function, and let (n x 1) random vector z have indepen-

dent elements z;. In terms of z,

n

nf ﬂ?zlEj 2 Z zj = nz =: b, and (2.8)
j=1
o | B =yTy )m;;lEj L p—— 2.9)

The conditional distributions on the left-hand side of (2.8) and (2.9) are the same as the un-
conditional distributions on the right-hand side using truncated random variables, thus effectively

removing the conditioning required in the distribution theory. From (2.5) we may write

Fur (z) = fou(0,n — 1) w {erf (%) }n (2.10)

In (2.10), the density f; (0, n—1) cannot be readily computed but a saddlepoint approximation
can be constructed for it and used in its place to calculate an approximation for F);(x), as detailed

in the next section. This will be called a saddlepoint approximation for Fj (z).

Saddlepoint Density Function

A saddlepoint approximation for the density function of 2-dimensional (b,u), as defined in
(2.8) and (2.9), is provided in Butler (2007, eqn. 3.2). Let 2-dimensional (s, ¢) index the moment

generating function (MGF) of (b, u) denoted as
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M(s,t) =E (") .

The corresponding cumulant generating function (CGF) is K(s,t) = In M(s, t). Since the density

fo.u 1s to be evaluated at (0,n — 1), a joint first-order saddlepoint density for f;,,,(0,n — 1) is

. _exp {K(5,{) —t(n—1)}

fi(0,n—1): — , (2.11)
o [ K7 (3.5) |
where saddlepoint (3, ) simultaneously solves the equations

N~ OK(s,t)
K. (8,t) = ———= =0 2.12
’ (87 ) s s=38,t=t ( )

. 0K (s,t)
1(5,t) = ’ =n—1 2.13
ICt (87 ) ot s=8,t=t ! ( )

and matrix K" (3, %) is the 2 x 2 Hessian matrix of K (s, t) evaluated at (3, £).

Much of the analysis needed to complete the details of this expression is provided in a later
section. Section 2.4 gives formulas for K(3,%) and its derivatives and shows that § = 0. The
remaining saddlepoint component # can be found numerically as a 1-dimensional root of (2.13),
K, (0, f) = n — 1, in two steps. Since K(0,) and its derivatives have a removable discontinuity
at f = 1/2, corresponding to the MASV value z = /3, the first step in the solution process is to
determine on which side of the discontinuity the solution lies, according to x. Here is the decision
rule:
>

= T = 3. (2.14)

Spabd
VIA
N | —

Let g :=1—2tand ¢ := 1 — 2t . Then saddlepoint £ is the solution to
“-R@Y=n-1,
q

where
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R (i) = \/i e(ip\%7> |

We now present different versions of the saddlepoint approximation: first-order, second-order,

and second-order exponential denoted respectively as fl, fg, and fge. Upon substitution into (2.10)
to approximate F);(x), a calibration procedure may also be applied, which is indicated by changing
the circumflex to a macron. This leads to the possibility of six approximations of F);(z), denoted

by F, Iy, Fy, Fy, Fy,, and F,.

2.2.2 First-Order Approximation
The CGF K (s, t) and its derivatives are listed in Section 2.4, for ¢ # 1/2, corresponding to the
almost certain case where = # v/3. From (2.26),
erf <7’ Vaq/ 2)

exp {K (0,¢)} = ¢ /? reenE (2.15)

When § < 0, corresponding to z < /3, note that erf( ) in the numerator has a complex argument,
which is ok.

In the denominator of (2.11),

K" (0,1)| is the determinant of a 2 x 2 matrix of second deriva-

tives. From (2.30), I@;’t(O, t) = 0. This separates the determinant into

K" (0,1)| = K2 (0,1) Kf2 (0, ) (2.16)
n? R R
- ¥R1 (t) R2 (t) N
where
Ri(t) =1 — R(%)
and

Ro(t) =2 — (1 + ¢ R(t) — R*(1).
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Now all the pieces are in place to complete the approximate distribution of MASV M. Substi-
tuting the expressions from (2.11) and (2.15) into (2.10) and simplifying gives this result for the

first-order approximation:

. (n—1)exp{-t(n—1)} { ( \/5) }n
Fi(x) = erf | 754/ = , (2.17)
S argn9r2g Ry () s (3) V2
where ¢ is defined in (2.6).

2.2.3 Second-Order Approximation

The saddlepoint density is an asymptotic expression, of which the first-order approximation is
only the leading term. Including the second term often improves the accuracy of the approximation.

From Butler (2007, eqn. 3.37), the second-order saddlepoint density approximation of f () is

f2(2) = fi(z)(1+0) (2.18)

where O = {#4/8 — (2R3, + 3k1,)/24}.

The x terms are sums of higher-order cumulants, defined later in section 2.4.

In the one-sample setting of this chapter, O can be calculated by this function of polynomials

in R = R(1):
1 Ry(f) . Ra(f) _Rs(D)
O = 66—t +3——L -5 —2L 6, 2.19
24n ( R3(1) * R (1) Rt (219
where
Ry (t) =8 — (¢°r" +2¢7* + 3) R — 3 (1 + ¢7°) R* — 2R?,
and

Ry (8) =48 — (7% + 3¢°7* + 947> + 15) R

— (7¢*7* 4+ 14¢7* + 15) R* — 12 (1 4+ ¢7°) R* — 6R".
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An alternative second-order exponential approximation, based on McCullagh (1987, § 6.3) is

~

foe () = fu (2) €O, (2.20)

where O is the same as in (3.17). In many cases we have evaluated, including the examples shown
below, this 2e approximation is the best of all.

Therefore, the second-order saddlepoint approximations for F'(x) are

~ A

Fy(z) = Fi(z) (14 0) (2.21)

and

Fy(x) = Fy(x)e® (2.22)

Section 2.4 provides more details on the derivation of K and its derivatives required for this

application.

2.2.4 Calibration

Calibration is a simple procedure recommended to correct for known inaccuracies with the
saddlepoint approximation at the ends of the support of M. We denote the support of M as the
interval [M,,, My], where My, = 1 when n is even, or {n/ (n — 1)}"/* when n is odd, and My =
(n— 1)1/ ®. These limits can be derived from the joint distribution for residuals, as derived by
Raiffa and Schlaifer (1961, p. 259).

We use only the first- and second-order saddlepoint density approximations, which do not
integrate to 1, so they may be scaled too high or too low. For large values of M, where p-values for
a discordancy test are small, uncalibrated saddlepoint p-values could be negative or significantly
too high. Fortunately, this discrepancy is easily corrected. There are three options for where to
calibrate, specifically, M, € { M, My, M3}. As defined in Section 2.5, M, and Mj are the points
above which it is not possible to have two or three, respectively, of the absolute residuals |a;]|.

Once the value of M, is selected, we use the saddlepoint formula from (2.17), (2.21), or 2.22) to
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calculate F.(a:), 15.(]\/[ 1) and F’.(M*), where the , subscript represents either 1, 5, or 5... With these
values, the calibrated saddlepoint value is
Fur (M) { Fu() = Fu(M) |

B . (2.23)
F.(M,) — Fu(My)

Fy () =

To calibrate at M, = My = (n — 1)"2, set F (My) = 1.

To calibrate at M, = M,, Section 2.5 shows that

M, = \/g (2.24)

Since no more than one absolute residual may ever exceed M, the exact value of Fy, (Ms) is
calculated from the tail probability of the marginal distribution of a single residual and the sample

size n:

Fyr (M) =1 =2n{T» (Vn) },

where T, ( ) is the right tail probability of the Student’s ¢ distribution with v degrees of freedom.

To calibrate at M, = Mj is a lot more work, and uses an algorithm from Butler (1984). Section
2.5 provides the calculation algorithms for both M; and F); (M3), using the second Bonferroni
bound.

When n > 11, F.(M 1) is so small as to be irrelevant, and the calibration at the low end can be
ignored, by setting F, (M) = 0.

As a compromise between accuracy and computational difficulty, we recommend calibrating
at M, = M>, and when M > M, using the first Bonferroni bound, an exact solution. This choice
assures a smooth transition between calibrated saddlepoint and Bonferroni methods at M. This
is the method used to generate the calibrated p-values in the tables below. Comparing calibrated
to uncalibrated values in the tables shows the importance of calibration in providing a usable and

reliable discordancy test procedure.
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Table 2.1: Saddlepoint and Bonferroni p-values for Four Examples

n=6 |n=18 | n=30 | n =100
n 6 18 30 100
M value x 1.996 | 2.577 | 2.790 3.220
Simulated p-value 0.100 | 0.100 | 0.100 0.100
Saddlepoint approx.:
1— (x) —0.015 | 0.048 | 0.069 0.090
1— Fy () 0.112 | 0.099 | 0.100 | 0.100
1— Py () 0.104 | 0.097 | 0.099 | 0.100
1—F (x) 0.097 | 0.104 | 0.099 0.099
1— Fy () 0.116 | 0.100 | 0.100 | 0.100
1 — Fy (2) 0.114 | 0.101 | 0.100 0.100
Bonferroni bounds:
1% upper (Grubbs) 0.100 | 0.100 | 0.101 0.102
1*" upper (Worsley) 0.100 | 0.100 | 0.101 0.102
21 Jower 0.100 | 0.100 | 0.100 0.100
Limits on )M
My 2236 | 4.123 | 5.385 9.950
M, 1.732 | 3.000 | 3.873 7.071
M;3 1.195 | 2.423 | 3.143 5.763

2.3 Results

We present four examples, which are compared using the same outlier discordancy p-value of
approximately 0.1, corresponding to Fj;(z) = 0.9. The examples are all one-sample problems
with sample sizes n = 6, n = 18, n = 30, and n = 100.

Table 2.1 lists p-values for all versions of saddlepoint and Bonferroni methods discussed in
this article. Also included is a simulated p-value, based on sufficient trials that the width of a 99%
confidence interval is less than the least-significant digit listed.

For smaller sample sizes, the Bonferroni upper bound (Grubbs) performs very well, but it starts
to diverge for higher sample sizes. The saddlepoint methods are inaccurate at smaller sample sizes,
but perform very well at larger sample sizes. The 2"¢ Bonferroni lower bound performs well at
all sample sizes tested, but this is more work to calculate than even the most complex saddlepoint

method tested.
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For the four examples discussed here, Figures 2.1 through 2.4 below show all approximations
of 1— F)y (x) for 100 values of x in the support of M. Each of these four-panel graphs is organized
in a similar way. The top left panel shows all saddlepoint approximations of 1 — F; (x), plus a
Monte Carlo simulation. The top right panel shows all Bonferroni bounds on 1 — F; (x), plus
a Monte Carlo simulation. The bottom two panels show errors by subtracting the best available
estimate of 1 — F); (x) from each approximation in the top two panels. The best available estimate
is the Bonferroni lower bound when = > M3, and the Monte Carlo simulation otherwise. When

x < M3, these graphs appear jittery because of the uncertainty in the Monte Carlo values.
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2.4 Cumulant Generating Function /C(s, ¢) and its Derivatives

In this section, the joint CGF K(s,t) of b = nz and u = z”z is developed into a form for
calculation at the saddlepoint (3, ), along with its derivatives required for the saddlepoint approx-

imations. With ¢ = 1 — 2t, define the function

M;(s,t) =E {exp(sz1 + tzf)}
1 T t 9
= N (7-/\/5) /_T exp (sz — %z > dz.

After completing the square separately for ¢ = 0, let ¢ = sig(q) := ¢/ |g/, so that

exp (s*/2q) [T lq] v )
Mls ) = \/%erf(T/\/_)/ P —g( 277 2]q]> az,

for ¢ # 0. Now we change the variable of integration and substitute erf (z) := (2/y/7) [y e~ dt,

which will have an imaginary argument when ¢ < 0, so that

exp (s*/2q)

2\/|?erf (7'/\/—)

e (Vi) ()il

When ¢ = 0, at the boundary between real and complex arithmetic, M has a removable singu-

Mi(s,t) = (2.25)

larity, as do all other formulas in this section. Relevant limiting forms are presented in Section
24.1.
The joint MGF of (b, u) is

M (s,t) =E {exp (snz + tz'z)}
=E {exp (Z {sz; +tz2}> } = {M(s,t)}"
and is convergent for all (s, t) € R2.Therefore, K (s,t) = nln M, (s, t).
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Note that since z; € (—7,7),for j =1,...,n, thenb € (—n7,n7). Also,

u=1z"z <nr’=2%n—1)

and u € (0,2%(n — 1)). Thus the support is bounded in R?.

To show that § = 0, note

n OM,(s,t)
M1(§7 tA) Js s=§

0=K. (51 =

_ ﬁE [21exp (sz1 +£27)] .

For any value of ¢, § = 0 solves the equation since E [z exp {{z}}] = 0. If, for § = 0 a solution

¢ can be determined for K} (0,#) = n — 1, then (0, £) must be the saddlepoint, since there is only

one solution to both equations. (Note that as ¢ 1 co then K} (O, f) must exceed n — 1). The finding

that § = 0 induces symmetry into the evaluation of K and its derivatives at saddlepoint (0,7). At

the saddlepoint, exp {IC (0, f) }, required by (2.11), simplifies to

erf (74/q/2
exp {K (0,{)} = {Ml(O,f)}n =G/ M ,

erf (1/v/2)
where § = 1 — 2¢.
The saddlepoint { is the solution to
R OM;(0,1) .
n—1=K,(0,t) = n : = _E { 2% exp(t2?
N B R VAT RS

1-—- 1-R(t
Frave el BRI

Q5| 3

The derivatives of /C (s, t) presented below are shown only for s = § = 0.

First derivatives:
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(2.26)

(2.27)



IC’S(O,t) = %IC (s,t) =0 Vit
s=0
R R (t
Ki0.6) = 2K (s.1) Az”;”
s=0,t=t
where
Ry (1) :==1-R ()

Second derivatives:

rr . 02 nRy(t
;2(O,t) = @’C (S,t) i = ;( )

11 N o 82K: <S7t) _ alc;(ovt) _
Ka0,8) = —5 5~ s a 0
o 02K (st nRy (¢
t/2 (07 t) - 8t(2 ) - AQ( )

s:O,t:f q

where

~

Ry (i) =2 — (1+¢)R (i) — B (D)

Third derivatives:

K900 = 23K (5,1 0w
K&(0,8) = %;tlc (s,1) T ”1222(5)
£9(0.1) = 20 - nR;3(f>

where
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(2.28)

(2.29)

(2.30)

(2.31)



Ry (1) :=8— (¢°r" + 247> + 3) R () — 3 (1 + ¢7%) R* ({) — 2R® (1) (2.32)

Fourth derivatives:

R ) 4 Ry(t) — 2R3(t
RW(0,8) = 2K (5,1) _ o 2()@ 10)
s s=0,t=t q
4
(@) 0K (s,1) B
K:(0,t) = e vt
R R 4 t t
’C%iz((),t) . oK (S, ) nRAg( )
s 0520t2 60,0t g3
K9(0,4) = FRGED gy
St 0ot | _,
R R 4 t R, (t
KW (0,8 = LR 0 _ i)
at4 s=0,t=t q4
where
Ry (t) :==48 — (¢*7° + 3¢°7* + 9¢7> + 15) R (f) (2.33)

— (7¢°7" + 1447 +15) B (i) — 12 (1 + ¢7°) B} () — 6R" (I)

From (2.18), the second-order term in the saddlepoint approximation is O = {#,/8 — (2k3; +
3k2,)/24}, where the & terms are now defined. Using the Einstein summation convention as in
McCullagh (1987, §1.2), where summation is implied over any subscript appearing once in a

subscript and once in a superscript, the three new  terms in the O formula are defined as

I%4 = ICijkllCilekl
~2 K ¢ Cir 10 is Kokt
Raos = ICijlemth”lC]SlC > (234)
Ry = KKyt K KT K51

where the subscripted K terms are derivatives of & with respect to the subscripted components,
evaluated at the saddlepoint (s,t) = (O,f), and the superscripted K terms are components of

the inverse of the Hessian matrix X" (07 f). When any index is 1, the referenced derivative is
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by s; when the index is 2, the derivative is by ¢. For example, when ¢ = 7 = 1 and k =
K112 = 0K (s,t) /9s20t| (s)=(0.)° In more complex applications, as in Chapters 3 and 4, these
sums must be calculated and summed term by term. However, in this case, O can be simplified

into this combination of the R functions defined above in (2.28), (2.31), (2.32), and (2.33).

_ _Fe(d) _ B
0_24n< R3(#) 333 (1) 5R§(£) 6) (233

+

2.4.1 Limiting Forms

As noted, the CGF K (s,t), its derivatives, and all saddlepoint distributions for M have a
removable discontinuity at ¢ = 0.5, corresponding to the M value 2 = +/3. Although this is
a set of probability 0, with theoretically no significance, it is important in programming these
methods. When calculating approximations of F', using typical double-precision arithmetic, there
is a neighborhood of the discontinuity within which these calculations become unstable. In this
neighborhood, it is advisable to switch to a Taylor series approximation, built using these limiting
forms, to present a well-behaved function for the user. Here are the limiting values of C (0, 1/2),

and its non-zero derivatives.

exp {/c (o%)} ( \/%ejw ﬁ)>n (2.36)

2
(0,) K, ( ):% (2.37)

| —

(0%) ( , ) - 42574 (2.38)

K (o, %) =K, (0,%) - 122? (2.39)
K% 0, %) - _217;74 (2.40)

Ky (o, %) - = : (2.41)
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2.5 Bonferroni Bounds

A Bonferroni expansion provides upper and lower bounds for the distribution of M. In fact,
the series of Bonferroni inequalities provides ever-sharper alternating bounds for the true value. If
all the terms in the Bonferroni inequalities could be calculated, the exact distribution of M would
be known. Only the first bound is easily calculated, and the second bound requires numerical
integrations. Additional terms become increasingly difficult to calculate.

However, each Bonferroni bound has a region of M values for which it provides the exact
answer. When M > M,, the first Bonferroni bound is exact; when M € [Ms, Ms), the second
bound is exact. Since the saddlepoint method is only an approximation, it is reasonable to use the
exact Bonferroni method when it is available and easier to calculate. We recommend calibrating
the saddlepoint method to provide a smooth transition point to the exact Bonferroni bound, either
at M, or at M.

Grubbs (1950) and others have used the first Bonferroni bound to estimate p-values for an
outlier test. Table 2.1 lists these values as 1* upper (Grubbs) Bonferroni bounds on the p-value.
Kounias (1968), Hunter (1976), and Worsley (1982) developed an improved Bonferroni first bound

that is sharper. Table 2.1 lists these values as 1% upper (Worsley) bounds.

2.5.1 Bonferroni Inequalities
As defined earlier, B, = {|a;| < 2} = {|yj| <ay/(n—1) /n} Jso {M <z} = (', B,
and 1 — Fy (z) =Pr(M > z) =Pr {U’;:l E} Now, define sums of probabilities of collections

of k events as follows:

Sy = Z;'L:I Pr (FJ)
Sy = Zl§i<j§n Pr (E n FJ)

Sk = Zl§i1<i2<~~<ik§n Pr (E_u N E_zz n---N Ezk)
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From elementary probability theory, as in Ross (1988), 1 — F; (x) = Pr (U?ﬂFJ) =5 —
So+S3— ...+ (—1)7”r1 S,. Noting that the probability of an intersection cannot be larger than the

probability of the component events, this leads to the following series of inequalities:

S1 =8 <1—-Fy(x) <S5
51—52+53—S4§1—FM<JZ)§51—SQ+53
(2.42)
S1— S+ .. =5, <1—-Fy(r) <SS —Sa+ ...+ S

forr=1,..., |22

From this point on, we focus only on the first line of (2.42), comprising the first Bonferroni bound
S; and the second bound S; — S.

Kounias (1968), Hunter (1976), and Worsley (1982) derived an improvement on the upper
bound S, using a spanning tree on the graph of the set of intersections. From Worsley’s Theorem
1, represent events E, . . ., 5, as vertices of a graph G, where vertices E; and E; are joined by an

edge ¢;; if and only if Pr (E; N Ej) > 0. Let T' be a subgraph of G. Then,

Pr(ULB) <Si— > Pr(BENE) (2.43)

1,j:e; €T
if and only if 7' is a tree, defined as an acyclic connected graph, in which any two vertices are
connected by exactly one path. 7 is defined to be a spanning tree of G if every vertex in G is
included in 7. Tt follows that to achieve the sharpest upper bound on 1 — F); () by this method,

one should find the spanning tree 7" that maximizes » Pr (E N FJ) and subtract this sum

i,j:e;; €T
from S in (2.43). Denoting that sum of intersection probabilities over the maximal spanning tree

as 9., the improved first two Bonferroni bounds are

S1—S52<1—F(x) <S5 — Sa (2.44)
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For each Bonferroni bound, there is a value of M, say M, for the ¢ bound, such that if M >
M, then all g-way intersections have zero probability. In other words, M, = inf {M : S, = 0}.
When M > M,, S; = 0 for j > 2, and the first bound is exact, i.e., 1 — F () = S; when x > M.
When M > M;, S; = 0 for j > 3, and the second bound is exact, i.e., 1 — F' () = S; — S, when
x> Ms.

For the one-sample problem providing the setting for this chapter, all Pr (E; N Ej;) are equal
for any ¢ # j, and therefore, the probability Sy, of any spanning tree is the same. Therefore, only
one calculation Pr (E N E) is required. From this probability, So. = (n — 1) Pr (E N E) and
Sy ={n(n—1)/2}Pr(EiNE,).

2.5.2 Distribution Theory

The theory behind the computation of My, M3, S;, Sa, and Ss, derives from the joint distribu-
tion of the studentized residuals. Butler (1984) presented this as Lemma 3.1, in a slightly different
setting. For more generality, Butler uses a Z matrix, here set to the identity matrix for outlier iden-
tification; Butler also scales the r residual vector to a maximum value of 1. To adapt to our setting,
letr =a(n—1)""2

LetS = {i1,...,i,} beany g-tuple subset of {1,...,n}. Let Rs be the ¢ x ¢ correlation matrix
of (r; : j € §), namely Rs = (p;;). In this setting, p;; = —1/ (n — 1) for all i # j and p;; = 1 for
1 = j. The g-variate density of rgs is

) = LR v Ry (1 PR iR <1 @49

To calculate M, Butler provides the following formulas in Lemma 4.1, here including the

vn — 1 adjustment to this setting.

G y
Pr(]ai|>x,|aj|>x)20iffx2\/(n )(2+|'0]|).

From this, it directly follows that:

41



n
-

The calculation of Mj; depends on the bounds of the ellipsoid defined by r’Rg'r = 1, the
boundary of the density function in (2.45). The calculation procedure is based on Lemma 4.2 of
Butler (1984), with ¢ = 3. This algorithm could be simplified for the one-sample setting. The
PMASR_Bonf code described in Appendix A uses the same algorithm for all settings analyzed in
this dissertation.

The sum Sy = 7, Pr(|a;| > 7) is calculated by using the marginal distribution from (2.45),
which has been shown by Grubbs (1950) and others to be related to Student’s ¢ distribution through
this identity:

3 tn—2 (2.46)

Therefore, in terms of the ¢ distribution:

[ n—2
Sl :2n{Tn2 (I’ m)},

where T,,( ) is the right tail probability of the Student’s ¢ distribution with v degrees of freedom.

The sums S, and S5, comprise probabilities of intersections Pr [|a;| > z, |a;| > z|. Calculating
the intersection probability Pr (E N E) is an integration of the bivariate marginal density of r =
(rg,r;)", given as:

n—>5

f(r)= %”—ip?_ (1-r"R7'r) °

if r’"R-Ir<1 (2.47)

where

R — [ 1 Pi]}
pij 1

and p;; = 1/ (n — 1)

—-1/2

Calculation of Pr (|a;| > ,|a;j| > x) = Pr(|r;| > ¢,|rj| > ¢), where ¢ = x(n—1)""'7, re-

quires bivariate integration over four regions of the ellipse defined by T’ R~!r < 1. By symmetry,
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this can be reduced from four to two regions. For each of the two regions, using the analysis of But-
ler (1982), we simplify the bivariate into univariate integration, computed using the integrate
function of R. Note that for the one-sample setting of this chapter, all Pr (E N E) are equal, so
only Pr (E; N E») needs to be calculated,

One special case, when n = 3, requires special handling in the algorithm. For this small sample
size, the joint density of two residuals becomes degenerate. In this case, use (2.46) to calculate

joint probabilities to avoid a calculation error.
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Chapter 3

Outlier Discordancy in Univariate Regression

In the univariate regression setting, the optimal test for a single outlying observation is provided
by testing for large values of the maximum absolute studentized residual (MASR) M. Since the
exact distribution of M is intractable, we present approximations to the distribution based on a
saddlepoint approximation. These are compared to first and second Bonferroni bounds and to a

Monte Carlo simulation.

3.1 Setting

In this section, we define the setting for the outlier discordancy test and discuss the optimality

of the test.

3.1.1 Null model setting

The null model assumes that there are no outliers in the data. The data derive from a standard

univariate linear model

y=XB+e, (3.1)

in whichy = (y1,...,¥.)" isann x 1 vector of observed values; X = (x{,...,x}

)T isthen x p
design matrix of full rank p < n, in which the first column is a vector of ones and ( is an unknown
p X 1 parameter vector, which may consist of both fixed and random effects. The studentized
residuals, defined shortly, are ancillary to any potential random effect parameters and hence are
independent of the corresponding random effect distributions. Hence these outlier results apply to
all fixed, random, or mixed models. Note that for residuals to have a non-degenerate distribution,
this requires p < n — 1.

The random error vector € in (3.1) is assumed to be left-orthogonally invariant (1.0.i.) with un-

correlated elements. This means that its distribution is invariant to premultiplication by any n X n
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orthogonal matrix. The most prominent members of this class are independent and identically
distributed (i.1.d.) normal components and the class of spherically symmetric multivariate ¢ dis-
tributions; see Butler (1986) and Dawid (1977) for details. From Dempster (1969, Section 13.3),
the distribution of ¢ is fully determined by that of e¥¢. Also, from Butler (1986), any statistic
which is a function of the least square residuals will have the same distribution regardless of which
l.o.i. distribution is assumed for €. Therefore, the following results in this chapter assume that
e ~ N, (0,0%1I,), and the same results also apply to any model (3.1) where € may follow any 1.0.i.
distribution.

We define y; to be an outlier when this alternative model holds:
y = X3+ fe; + ¢, (3.2)

when 0 € R, 0 # 0, and e; is the j™ column of I, for j = 1,...,n.

Define 0% := E (¢7¢) /n. Denote the hat matrix as H = X (XTX)71 XT = (hy;) and the
residual projection matrix as I — H. The usual parameter estimates are B = (XTX)_1 X7y and
02 =y"I-H)y/(n—p) = "¢/ (n—p), where ¢ = (I—H)y = (¢;) and § = Hy. The
vector of (internally) studentized residuals is a = (a4, ..., a,)’, where

~ Th
. — X
a; = 5 _ X0 j=1,...,n. (3.3)

15 1_hjj 6\/1_hjj

The maximum absolute studentized residual (MASR) is the statistic // = max; |a;| whose cu-

mulative distribution function (CDF) under the null model is denoted as Fj; (x) = Pr (M < x).
The distribution F; is the same, regardless of the assumed l.0.i. distribution for €. A typical test
for the discordancy of a single outlier caused by a change in distribution for one component of ¢
rejects the null model when M is large. Thus, if x is the observed value of M, then the p-value is
1 — Fy(z). The exact distribution F} is intractable.

Alternatively, upper and lower Bonferroni bounds are available. In limited ranges at the upper

end of the support of M, these bounds can be exact. The upper Bonferroni bound on the p -value
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has become known as Grubbs’ test. The details of these bounds, and the ranges within which they
are exact, are presented in Section 3.5. This chapter will show where the Bonferroni bounds are
adequate or inadequate and show the opportunity for an improved method to be provided by the
saddlepoint approximations.

The approach is also applicable when some of the columns of X are random. It this instance,
the distribution theory is conditional upon the attained values of these random columns. Fur-
thermore, the approach applies to classical linear mixed models in which some components of (3
represent random effects. Conditional upon the values these random effects, the distribution of M
does not depend upon these values; hence neither does the unconditional distribution. However,

the design matrix for the accompanying random effects must be a part of the matrix X.

3.1.2 Optimality

The optimality of this outlier test occurs when the distribution of ¢ is left orthogonally invariant
and 1-extendable with the latter property now defined. Error vector ¢ is said to be 1-extendable
if ¢ is the marginal distribution of some (n + 1) x 1 random vector which is also l.o.i. This
condition is still satisfied by normal, spherically symmetric multivariate ¢, and many other error
distributions. Butler (1986) proved that the two-hypothesis F' test in ANOVA is uniformly most
powerful invariant (UMPI) for all such 1-extendable l.0.i. error distributions.

Butler (1986) also showed that the test based on large M/ = max; |a;| is optimal within a
multiple (n + 1)-hypotheses framework with Hy: no outliers vs. H;: the j™ element of y is an
outlier for j = 1,...,n, as defined in (3.2). Let ¢; denote the probability of selecting H;, for
7 = 0,1,...,n and choose a loss function that is the indicator of a correct decision. Then the
Bayes risk with respect to a prior weighting of the hypotheses is the probability of an incorrect
decision.

Subject to group invariant conditions on the tests allowed, Butler (1986, thm. 4.1) shows that

the test defined by ¢, = 11if |a;-

= M > ¢, and ¢y = 1 otherwise is the Bayes decision rule that

minimizes the probability of an incorrect decision uniformly in 6 € R as given by the Bayes risk.
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The tests over which the optimality applies are restricted as follows: (i) invariant toy — y + X~
for any v € AP, i.e. translation of y by an arbitrary (n x 1) vector in the column space of X,
(ii) invariant to y — y/£ for any £ > 0, i.e. rescaling of y by an arbitrary constant, (iii) with
level 0 < o < 1, so that & (Z?:l b, ]HD) =1— FE(¢o|Hp) < a, and (iv) based upon an equal
prior weighting of 0 < 7 < n~! given to Hy,..., H,, where 7 ensures the level « in (iii). The
consequence of this is that any other test for a single outlier that meets the given criteria can not
have a higher probability of making a correct decision than the test we consider here, i.e. the test

based upon large values for M = max; |a;]|.

3.2 Saddlepoint Approximation

An approximation for F'/(z) is derived by first reexpressing this CDF as a conditional proba-
bility to which Bayes’ theorem can be applied. A reversal of the probabilities in Bayes’ theorem
allows approximation to the CDF to be reexpressed in terms of a saddlepoint density approxima-
tion. Using first- and various second-order saddlepoint approximations for this multivariate density
leads to various CDF approximations FM(:)J) with second-order approximations providing greater
accuracy.

Statistic M has bounded support, and owing to the nature of saddlepoint approximations, this
can lead to a loss in accuracy for the various I3 (). Since the least upper bound on the support
of M is y/n — p, these approximations can be calibrated by using a known exact value at the
upper end of the support of M, as described in Section 3.2.4. This procedure is shown to improve

accuracy.

3.2.1 Reformulation of F;(z)

The studentized residual vector a has a joint distribution which does not depend on the param-
eters (3,0?), so that a is ancillary. Thus, there is no loss in generality in assuming 3 = 0 and
0% = 1. Since estimates (3, 52) form a complete sufficient statistic for (5, 02), (/3,52) and a are

independent by Basu’s theorem. Thus, the distribution of a may be conditioned on any convenient
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value for (53, 62), say (0, 1). The net effect of such conditioning leads to

B=0,6>= 1) (3.4)

By defining the events E; = {|y;| < /1 — hy;},s0 {M <z} = ;=1 Ej, then Bayes’ theorem

for densities is applied to the conditional probability in (3.4) to give

f5.60 (07 INRp. Ej) Pr (ﬂ?:1 Ej)

FM(«T) B fg’&z (0, 1) ’

(3.5)

where f3 ;2 (0, 1) denotes the marginal density of 3,62 at(0,1), and f3.52(0, 1| N, E;) denotes
the conditional density of 3,62 at (0, 1) given event M= E
The denominator density is simple and explicit. With 3 = 0 and 02 = 1, then 3 ~ N,{0, (XTX)"'}

and 6% (n — p) ~ x,_, are independent, so that

XTX |2
f352(0,1) = f5(0) fs2 (1) = W x(n—p)fz (n—p)
XX D e (n—p) /2)
= —— n —
()PP P AT {(n )/

XIX|" 0= )/2) e
-p)/2= 3.6

M e A N o0

where I (v) = /270"~ /2" denotes Stirling’s approximation for T (v).

Since {£;} are independent events and v, . .., y, are i.i.d. N (0, 1),

Pr (ﬂyzlE]’) H Pr(E Herf <T]/\/_>

where erf (z) := (2/y/7) [ e Pdt,and 7; ;= x/T — hy; forj=1,....n
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Only the conditional density in the numerator of (3.5) offers any difficulty. Note that B is linear

in {y;}, and
(n—p)o*=y"y - F"X"Xp,

is linear in {yjz} apart from its dependence on B . To obtain a multivariate density in which all
components are linear in {y;} and {y?}, write the conditional density of (8,62) given Ni=1 Ej
in terms of the conditional density of (n@ , v) = (nB . yly) given ﬂ?:1 E; through a one-to-one

transformation. The Jacobian of this transformation is n? (n — p) and

Fror (011 Uy By) = (1= ) fz, (0.0 = 0] i)

Next, note that the net effect of conditioning on the event ﬂ?;l E; is to truncate the normal
random variables so that y; is restricted to the range |y;| < 7; for j = 1,...,n. Conditioning on
ﬂ;”:l E; affects the distribution theory in such a way that y; is independent of (), 4; P and is only
affected by the conditioning on E;. Thus {y; |E; } are independent with y; | E; having a standard
normal distribution truncated to {|y,| < 7;}. Let z; denote such a truncated random variable with
density

¢ (x)

[y (@) = ————= 2] < 7,

erf (Tj / \/5)
where ¢ (+) is the standard normal density function, and let (n x 1) random vector z have indepen-

dent elements z;. In terms of z,

np (ﬂ;;lEj L n (X"X) " X"z =: b, and (3.7)

v ‘ M= B = yly ) Nj=1 E 27Tz = u. (3.8)

The conditional distributions on the left-hand side of (3.7) and (3.8) are the same as the un-
conditional distributions on the right-hand side using truncated random variables, thus effectively

removing the conditioning required in the distribution theory. From (3.5) we may write
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Far (2) = fou(0,n—p) @ [T (rj /\/§> . (3.9)

In (3.9), the density fy (0, n — p) cannot be readily computed but a saddlepoint approximation
can be constructed for it and used in its place to calculate an approximation for F;(x), as detailed

in the next section. This will be called a saddlepoint approximation for F; ().

Saddlepoint Density Function

A saddlepoint approximation for the density function of (p+ 1)-dimensional (b, u) , as defined
in (3.7) and (3.8), is provided in Butler (2007, eqn. 3.2). Let (p + 1)-dimensional (s, ), with

s = (s1,...,5,)7, index the moment generating function (MGF) of (b, u) denoted as
M(s,t) =E <esTb+tu) .

The corresponding cumulant generating function (CGF) is K(s,t) = In M(s, t). Since the density

fo.u is to be evaluated at (3,7), this determines a joint first-order saddlepoint density for fy, ., (0, n —

p) as
. exp {K (8,t) —t(n — p)
f1(0,n —p):= { <1 2) - 1}, (3.10)
(27()(p+ )/ "C// (g) t) ‘ 2
where saddlepoint (8,f) simultaneously solves the (p + 1)-dimensional equation
N OK(s,t)
KL (8,t) = 7 =0 3.11
’ (S’ ) s s=8,t=t ( )
~  OK(s,t
K (s) = 2510 —n—p (3.12)
8t s=§,t=t

and matrix K" (8,7) is the (p + 1) x (p + 1) Hessian matrix of K (s,t) evaluated at (8,t).

Much of the analysis needed to complete the details of this expression is provided in a later sec-
tion. Section 3.4 gives formulas for (8,) and its derivatives and shows that § = 0 = (0,...,0)”.
The remaining saddlepoint component ¢ can be found numerically as a 1-dimensional root of

(3.12), K, (O,f) = n — p, in two steps. Since K(0,%) and its derivatives have a removable dis-
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continuity at £ = 1/2, corresponding to the MASR value = = /3, the first step in the solution
process is to determine on which side of the discontinuity the solution lies, according to z. Here is
the decision rule:

— T § V3. (3.13)

k>
VIIA
DO | —

Letq, :=1—2tand § := 1 — 2¢ . Then saddlepoint  is the solution to

Y =R} =n

where

R, (f) = Ve <_2) .
erf (Tj \/g)

We now present different versions of the saddlepoint approximation: first-order, second-order,
and second-order exponential denoted respectively as fl, fg, and fge. Upon substitution into (3.9)
to approximate F);(x), a calibration procedure may also be applied, which is indicated by changing
the circumflex to a macron. This leads to the possibility of six approximations of F);(x), denoted

byﬁluF17F27F2aﬁ267andﬁ2e-

3.2.2 First-Order Approximation

The CGF K (8) and its derivatives are listed in Section 3.4, for £ # 1/2, corresponding to the

almost certain case where = # V3. From (3.24),

n erf (Tj \/g)
exp {K (0,{)} = [[ ——F—% (3.14)
j=1 \/aerf <\/—J§>
When § < 0, corresponding to = < /3, note that erf( ) in the numerator has a complex argument.

In the denominator of (3.10),

K" (0,)| is the determinant of a (p + 1) x (p + 1) matrix of

second derivatives, some of which are zero. From Section 3.4, IC’S’,t (0, f) = 0. This separates the
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determinant into

K" (0,1)| = Kf2 (0,%) x | K (0,1)] (3.15)

() e

where Ry;(f) = (1 — R;(1)), Ry;(t) = 2 — (1 + ¢77)R;(t) — R3(t), and C =n(X"X) ' X" =
{cij} = (c1,...,¢cp).

Now all the pieces are in place to complete the approximate distribution of MASR M. Sub-

stituting the expressions from (3.10) and (3.14) into (3.9) and simplifying gives this result for the

first-order approximation:

Fl(m): nP(n —p exp{ ~t(n— p . H (T]\/7> (3.16)

g (QW)(p+1)/2 n)2 ‘IC” 8 t 2

where ¢ is defined in (3.6).

3.2.3 Second-Order Approximation

The saddlepoint density is an asymptotic expression, of which the first-order approximation is
only the leading term. Including the second term often improves the accuracy of the approximation.

From Butler (2007, eqn. 3.37), the second-order saddlepoint density approximation of f (x) is

fo(x) = fi(z)(1+0) (3.17)

where O = {#4/8 — (2k3; + 3k1,)/24}.

Using the Einstein summation convention as in McCullagh (1987, §1.2), where summation is
implied over any subscript appearing once in a subscript and once in a superscript, the three new <

terms in the O formula are defined as
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I%4 = lCijkllCilekl
/%23 = ICijlemth”lelekt s (318)
g2 .— /@ ,@ ’Cijlékrlést
13 -— Nvagklerst

where the subscripted K terms are derivatives of X with respect to the subscripted compo-
nents, evaluated at the saddlepoint (s,t) = (O,f), and the superscripted K terms are compo-
nents of the inverse of the Hessian matrix K" (0, f). For example, when 7,5,k < p, I@ijk =
DK (s,t) /asiﬁsjﬁsk\(svt):(ovf). In (3.18), the subscripts ¢, j, k,l,7,s,t € {1,2,...,p+ 1}, and
include ¢ as the (p + 1)™ argument of K.

An alternative second-order exponential approximation, based on McCullagh (1987, § 6.3) is

~

foe () = fi (z) €2, (3.19)

where O is the same as in (3.17). In many cases we have evaluated, including the examples shown
below, this 2e approximation is the best of all.
Putting all this together, the second-order approximate distributions of MASR M are one of

the following:

Fy(x) = Fi(x) {1+ ka/S — (2i%; + 3i%;)/24} (3.20)

Foo(x) = Fi(x) exp {fa/8 — (2h3; + 3h%,)/24} . (3.21)

In some special cases, as in Chapter 2, the & functions might be simplified, but in general, the
four-way and six-way sums must be calculated and summed term by term. Section 3.4 lists all the

third- and fourth-order derivatives of K(s, t) required to make these calculations.
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3.2.4 Calibration

Calibration is a simple procedure recommended to correct for known inaccuracies with the
saddlepoint approximation at the upper end of the support of /M. We denote the support of M as

/2 when n is odd, and

the interval [M, My, where M, = 1 when n is even, or {n/(n —1)}
My = (n— p)l/ ®. These limits can be derived from the joint distribution for residuals, as derived
by Raiffa and Schlaifer (1961, p. 259).

We use only the first- or second-order saddlepoint density approximation, which generally does
not integrate to 1. Thus, a calibration procedure is required. There are three options for where to
calibrate, specifically, M, € { M, My, M3}. As defined in Section 3.5, M, and Mj are the points

above which it is not possible to have two or three, respectively, of the absolute residuals |a;|. Once

the value of M., is selected, the calibration formula is

P (z) = 2w (M) Fuo) : (3.22)
Fo(M,)

where Fy; (M, ) is the known exact value of F); at M, and F,(x) and F,(}M,) are the (uncalibrated)
saddlepoint approximations for [y, at x and M,, respectively, where the , subscript represents ei-
ther 1, o, or 5.. In Chapter 2, for the one-sample case, the calibration formula includes an additional
element F, (M) at the low end of the support and for very small values of n. Because of its neg-
ligible impact in regression examples, we ignore this complication here.

To calibrate at M, = My = (n — p)1/2, set F' (My) = 1.

To calibrate at M, = Ms, Section 3.5 shows that

M, = \/”_p (1+max‘pij|>, (3.23)
2 i<j
where p;; = —hij/+/(1 — hy;) (1 — hy;) is the correlation between residuals a; and a;. Since no

more than one absolute residual may ever exceed M, the exact value of F; (M) is calculated

from the tail probability of the marginal distribution of a single residual and the sample size n:
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n—p—1
Fy (Mo)=1-2n<T, 1| Moy | ———— ,
w0 =12 (3525 )

where T, ( ) is the right tail probability of the Student’s ¢ distribution with v degrees of freedom.

To calibrate at M, = M3 is a lot more work. Section 3.5 provides the calculation algorithms
for both M3 and F'; (M3), using the second Bonferroni bound. In general, this calculation requires
many numerical integrations.

As a compromise between accuracy and computational difficulty, we recommend calibrating at
M, = M5, and then using first Bonferroni bound, an exact solution, for any problems where M >
M. This is the method used to generate the calibrated p-values in the tables below. Comparing
calibrated to uncalibrated values in the tables shows the importance of calibration in providing a

usable and reliable discordancy test procedure.

3.3 Results

We present four examples, compared with the same outlier discordancy p-value of 0.1, corre-

sponding to Fj;(x) = 0.9. The examples are:

e A balanced design with n = 100 observations, p = 10 treatments, and 10 replications per

treatment.

e A subset of the airquality dataset distributed with R (2019). The fitted model with
p = 3 terms, expressed in R, is Ozone ~ Temp + Wind, and this model is fitted to the

n = 116 rows without missing values in any of the three involved variables.

e A 12-run Plackett-Burman (1946) design, with 1 replication and p = 8 terms in the model,
including a mean and 7 main effects. This example is notable because of the failure of the
Grubbs’ test. At least two of the residuals have a correlation p;; = 1, with the consequence
that more than one residual may assume any value up to the maximum value, with positive

probability.
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Table 3.1: Saddlepoint and Bonferroni p-values for Four Regression Examples

10 x 10 balanced | airquality | PB 12-run | DSD 17-run
n 100 116 12 o1
D 10 3 8 9
M value x 3.213 3.445 1.904 2.971
Simulated p-value 0.100 0.100 0.100 0.100
Saddlepoint approx.:
1—F (x) —0.229 0.068 —3.603 —0.506
1— Fy () 0.140 0.100 3.382 0.222
1— Fy (2) 0.090 0.100 —0.009 0.071
1—F () 0.101 0.099 0.236 0.108
1— Fy () 0.099 0.100 0.262 0.099
1— B (2) 0.100 0.100 0.222 0.110
Bonferroni bounds:
1% upper (Grubbs) 0.102 0.103 0.149 0.101
1% upper (Worsley) 0.102 0.103 0.100 0.101
21 Jower 0.100 0.100 0.100 0.100
Limits on ) :
My 9.487 10.63 2.000 6.481
M, 7.071 7.843 2.000 5.180
M; 5.669 6.376 1.732 4.061

e A definitive screening design (DSD) after Jones and Nachtsheim (2011), with 17 runs and
3 replications, for n = 51. This X matrix comes from the DSD example packaged with
Minitab 18 (2017), and the fitted model includes p = 9 terms for the mean, A, C, D, E, G,

GG, AE, and CE.

Table 3.1 lists p-values for all versions of saddlepoint and Bonferroni methods discussed in
this article. Also included is a simulated p-value, based on sufficient trials that the width of a
99% confidence interval is less than the least-significant digit listed. Determining these p-values
required at least 2.4 million trials for each case.

Note that in three of the four examples, the first Bonferroni upper bound, also known as Grubbs’
test, performs well at the upper end of the distribution of M, where p-values are small. For the
PB 12-run design, the Grubbs p-value is substantially too high. The Worsley improvement to

the upper bound, or the lower bound, are significantly more accurate for this case, although each
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requires more computational time. The calibrated saddlepoint approximations also perform well,
when sample size is larger. Saddlepoint approximations generally work best at larger sample sizes.
For the same PB 12-run example, with only n — p = 4 degrees of freedom, none of the saddlepoint
approximations return accurate p-values. In general, when degrees of freedom are few, neither the
first Bonferroni bound (Grubbs test) nor the saddlepoint approximations work particularly well.
The two improvements to the Bonferroni bound evaluated here, the Worsley improvement using
spanning trees, or the second Bonferroni bound, both show improved performance at the upper end
of the support of M, at the expense of additional computation.

For the four examples discussed here, Figures 3.1 through 3.4 show all approximations of
1 — Fyy (x) for 100 values of z in the support of M. Each of these four-panel graphs is organized
in a similar way. The top left panel shows all saddlepoint approximations of 1 — F; (x), plus a
Monte Carlo simulation. The top right panel shows all Bonferroni bounds on 1 — Fy; (z), plus a
Monte Carlo simulation. The bottom two panels show errors by subtracting either the Bonferroni
lower bound, when x > M3, or the Monte Carlo simulation otherwise, from each approximation

in the top two panels.
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Figure 3.1: Comparison of p-values for a 10 x 10 Balanced Design
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3.4 Cumulant Generating Function (s, ¢) and its Derivatives
In this section, the joint CGF K(s, t) of b = n (X”X) ~'XTz and u = 2"z is developed into a
form for calculation at the saddlepoint (8, £), along with its derivatives required for the saddlepoint

approximations. Let

C:=n(X"X)"'X" = (c1,...,¢,) = (c55).,

so that b = Cz. Also, with ¢; = 1 — 2t, define the function

M;(v,t) =E {exp(vzj + tz?)}

— 1 /Tj exp (vz - %22> dz.
V2r erf (73/\/5) _ 2

After completing the square separately for g; = 0, let ; = sig(q:) := ¢/ |¢/|, so that

2
exp (v?/2q;) /TJ' A v

M;(v,t) = R YA

i(0,1) Verert (1;/v2) J_, oY 2 ° V2]al )

for ¢, # 0. Now we change the variable of integration and substitute erf (z) := (2/y/7) [; e~ dt,

which will have an imaginary argument when ¢; < 0, so that

exp (v?/2q;)

- 2,/q: erf (7;/V/2) g
] v |G| v
[erf{@( TTj_m>}_erf{\/§_t<_ TTj_—/m)}].

When ¢; = 0, at the boundary between real and complex arithmetic, M has a removable singu-

Mj(l), t)

larity, as do all other formulas in this section. Relevant limiting forms are presented in Section
3.4.1.
The joint MGF of (b, u) is
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M (s,1) = E {exp (s"Cz + t||z]*) }

= {exp (Z {(s"c;)z + tz?}) } = H.Mj(STCj,t)

J

and is convergent for all (s, t) € R”*! . Therefore, K (s,t) = Y7, In M;(s"c;, t).
Note that since z € ®/_,(—7;,7;), then b is in a bounded subset of the column space of C.

Also,
u=|zl* <Y 77 =2") (1-hy)=2"(n—p)
J J

and u € (0, 2%(n — p)). Thus the support is bounded in R+,

To show that § = 0, note

N 1 OMy(sTc;, 1) L oM,
0= K (5.4) = A ; _ _ J ,
&9 Z MEe ) 05 o Z METe D) 00 re,
= Z sTc], 0 o [z exp {(87¢))z +iz7 }] .

For any value of £, § = 0 solves the equation since F [zj exp {fzjz}} =0 forall 5. If, for§ = 0, a
solution  can be determined for K} (0,%) = n — p, then (0, {) must be the saddlepoint, since there
is only one solution to both equations. (As ¢ 1 oo then K} (0, t) must exceed n — p). Saddlepoint
8 = 0 induces symmetry into the evaluation of K and its derivatives at saddlepoint (0,%). At the

saddlepoint, exp {IC (O,f) }, required by (3.10), simplifies to

n noerf (7 g
exp {K (0,{)} = HMj(o, t) = H q(f—a (3.24)
J=1 er T

where ¢ =¢q; =1 — 2t.

The saddlepoint { is the solution to
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R = 1 OM;(0,t)
”_p_Kf(O’t)_ZMj(o,f) ot

j=1 t=t =1 7 )
n 24 —qu'Q n
1 e 2 1 .
N R DS BN
7=1 erf (Tj %) j=1

where R; (f) is given in (3.26).

The derivatives of /C (s, t) presented below are shown only for s = § = 0.

First derivatives:

/ o 0 _
Ky(0,t) = glC (s,t) B =0 Vit
D " Ry (1)
K0,1) = —K (st = L
0= FKE| =Y
where
Ry (t) =1-R; (f)
o HEren ()
R; (t) - .
erf <Tj\/§)
Second derivatives:
" N 0? o - Tle (f)
ssT <0’ t) 8SGSTIC (5. 5=0,t=1 B ;C]Cj q
" N 62’C (Sat) _ alcé(()»t) _
K¢, (0,¢) T e T 0 Wt
1 62’C (S’t> g RQ] (f)
2 O,t — — ~
t ( ) atQ s:O,t:f g q2

where
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Third derivatives: Let K\0) = 93KC/ 05105108 |s_g i for k,1,m < p. Then

Kin(0.8) =0 vt

. 3 - Ry (0)

(3) = ———F t - ' T F
’CSST,t (O’t) 65(95T8tlc(s’ ) s=0,t=f ;CJCJ &

) N PK(spt)

st ( ’ ) 0sot? s=0,t=F

A ~ 3 t - R i\

£ 00y = P8y

ot s=0=t 1 ¢

where

Rs; (£) :=8 — (¢°r} +2¢77 +3) R; — 3 (1 +¢r}) R; — 2R}

Fourth derivatives: Let I@,(ﬁznr = 0K/ 05,05108,05,|;_q ,—;» for k,I,m,r < p. Then

’6(4) (0’ tA) _ i {RQJ'(??) _A ZR%j(f)}

klmr 2 CrkjCljCmjCrj
=1 ¢
. . O (s, t)
KW (0,§)= ———22 | =0  Vtandk,l,me {1,...,
ama(0:8) = 5 e ot o and k. 1, m € {1,... p}
4 n N
(4) N OK(s,) B (1)
ICSST’t2(0’t) ~ 0s0sTot2 §*=0,t=1 N ;CJCj g
4
= (4) - 0*K (s,t)
0,{))=——22| =0 Wt
Kew(0,1) 0s0t3 | _q
X 0K (st " Ry (t
kd(0,h = ZE6 _y el
Ot Nocou=i 4

where

Ry; (£) :=48 — (@17 + 3¢°1] + 947 + 15) R,

— (7¢°7} + 14477 +15) R} — 12 (14 ¢7) R} — 6R;

65



3.4.1 Limiting Forms

As noted, the CGF K (s, t), its derivatives, and all saddlepoint distributions for M have a
removable discontinuity at ¢ = 0.5, corresponding to the M value 2 = +/3. Although this is
a set of probability 0, with theoretically no significance, it is important in programming these
methods. When calculating approximations of F', using typical double-precision arithmetic, there
is a neighborhood of the discontinuity within which these calculations become unstable. In this
neighborhood, it is advisable to switch to a Taylor series approximation, built using these limiting
forms, to present a well-behaved function for the user. Here are the limiting values of C (0,1/2),

and its non-zero derivatives.

exp{lC (O,% } ﬁ\/ﬁerizj/ﬂ)

(o) 5T
Kt(0,§>_;§

j=1
KB 1 _il&—aﬁ
#\"72)  £=945
7j=1
1 - 274

4
ICl(ch)nr(O? 5) = Z CrkjCljCmjCrj 15J

Jj=1

n 16T

) ZCJ I 945

(4)
]CssT 2 (

l\')lr—\
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1 " —3278
’C(j) 0.=- — J
t "2 Z 4725

j=1

3.5 Bonferroni Bounds

Bonferroni bounds and their application to outlier discordancy testing were explained in section

2.5. Only the details that are different for the regression setting are listed here.

3.5.1 Bonferroni Inequalities

In the regression setting of this chapter, E; = {|a;| <z} = {|y;| <z\/1—hy}, so
{M <z} = (_, Ej. Reexpressing Fiy (z) in terms of a union of events, 1 — Fjy (r) =
Pr(M >zx) = Pr {U?:1 FJ} With this definition of events £}, refer to section 2.5.1 for the

remaining details.

3.5.2 Distribution Theory

The theory behind the computation of p;;, M,, Ms, Si, Sz, and S, derives from the joint
distribution of the studentized residuals. Butler (1984) presented this as Lemma 3.1, in a slightly
different setting. For more generality, Butler uses a Z matrix, here set to the identity matrix for
outlier identification; Butler also scales the r residual vector to a maximum value of 1. To adapt to
—1/2

our setting, letr = a (n — p)

Let S = {i1,...,4,} be any ¢-tuple subset of {1,...,n}. Let Rs be the ¢ x ¢ correlation

matrix of (r; : j € ), namely Rs = (p;;), where p;; = —h;;/\/(1 — hy;) (1 — hy;). The g-variate

density of rg is

n—p—q—2

flr) = F(HQP)) 7 Rs|? (1-1TR5'r) 7 ifr"Rg'r<1 (3.27)

To calculate M, Butler provides the following formulas in Lemma 4.1, here including the

v/n — p adjustment to this setting.
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— (1 y
Pr(|a;| > z,|a;| > x) =0 iff z > \/(n ) (2 +\p]|).

From this, it directly follows that:

M, — \/(n —p) (1 + maxiqj |pyy|).
2
In the case where |p;;| = 1 for any pair of residuals a; and a;, indicating perfect correlation, observe
that My = \/n — p, equaling the upper end of the support of M. In effect, this perfect correlation
means there is no region of positive probability in which the Bonferroni upper bound is exact. In
the test data sets evaluated for this work, some experiments, such as a 12-run Plackett-Burman
design with more than 6 factors, exhibit this pattern for some but not all pairs of residuals.

The calculation of M3 depends on the bounds of the ellipsoid defined by r"Rg'r = 1, the
boundary of the density function in (3.27). The calculation procedure is based on Lemma 4.2 of
Butler (1984), with ¢ = 3.

The sum S; = 7, Pr(|a;| > z) is calculated by using the marginal distribution from (3.27),
which has been shown by Grubbs (1950) and others to be related to Student’s ¢ distribution through
this identity:

4\ |———5 ~ by (3.28)

Therefore, in terms of the ¢ distribution,

n—p-—1
=t (1 [1555)

where T, ( ) is the right tail probability of the Student’s ¢ distribution with v degrees of freedom.
The sums Sy and Ss, comprise probabilities of intersections Pr [|a;| > x, |a;| > x]. Calculating
each intersection probability is an integration of the bivariate marginal density of r = (r; rj)T,

given as:
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£ = 2 (1R iR < 329)
where
R = { L ””’1 .
pij 1

~1/2
/,re—

Calculation of Pr (|a;| > =, |aj| > x) = Pr(|r;| > ¢,|r;| > ¢), where ¢ = x (n — p)
quires bivariate integration over four regions of the ellipse defined by r’ R~!r < 1. By symmetry,
this can be reduced from four to two regions. For each of the two regions, using the analysis of But-
ler (1982), we simplify the bivariate into univariate integration, computed using the integrate
function of R.

Two special cases requires special handling in the algorithm. First, for any pair of residuals a;
and a; with |p;;| = 1, the bivariate distribution of a; and a; degenerates into univariate. In this

case, the intersection probability is calculated this way:

Prlla;| > z,|a;| > z] = 2 [Tn_p_l (:v ;__pp__xlgﬂ when |p;;| = 1. (3.30)

The second special case is when n — p = 2. In this minimal case, the joint density of two
residuals becomes degenerate, so again we use (3.30).

With all (’2‘) intersection probabilities calculated, S is their sum. Ss, requires selecting a span-
ning tree of the non-zero intersection probabilities that maximizes the summed probability. The
Kruskal (1956) algorithm, modified to find a maximal spanning tree, works for the task, although

certainly faster algorithms are available.
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Chapter 4

Outlier Discordancy in Multivariate Regression

In the multivariate regression setting, the optimal test for a single outlying observation is pro-
vided by testing for large values of the maximum squared studentized residual (MSSR) M. Since
the exact distribution of M is intractable, we present approximations to the distribution based on
a saddlepoint approximation. These are compared to first and second Bonferroni bounds and to a

Monte Carlo simulation.

4.1 Setting

In this section, we define the setting for the outlier discordancy test and discuss the optimality
of the test. There is a significant difference in notation between earlier chapters and this one.
In Chapters 2 and 3, M is MASR. Here, M is MSSR, the square of MASR. Most multivariate
literature focuses on squared distance metrics such as Mahalanobis distance, so in this chapter, we

are consistent with that convention.

4.1.1 Null model setting

The null model assumes that there are no outliers in the data. The data derive from a standard
multivariate linear model

Y(nXm): X(nxp)B(pXm)+E(nXm)’ 4.1)

in which Y = (y],...,y?)7 is the matrix of observed values, X = (x] ... XT)T is the design

r
matrix of full rank p < n — m in which the first column is a vector of ones and the remaining
columns may be fixed or random, and B is an unknown parameter matrix, which may comprise
both fixed and random effects. The studentized residuals, defined shortly, are ancillary to any

potential random effect parameters and hence are independent of the corresponding random effect

distributions. Hence, these results apply to fixed, random, or mixed models.
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The random error matrix E in (3.1) is assumed to be left-orthogonally invariant (l.0.i.) with
uncorrelated rows, as discussed in chapter 3. It suffices this chapter to assume that vec (E) ~
Npm (0,1, ® ), where vec (E) is the vector of stacked columns of E, that is, the rows of E are
iid. N, (0,X), since the same results apply to any model (4.1), in which E is a l.o.i. distribution.

We define y; to be an outlier when the following alternative model holds in which
Y = XB +e;0" +E, 4.2)

when 6 € R™, 0 # 0, and e; is the 5" column of I,, for j = 1,...,n.
Define & := E (ETE) /n. Denote the hat matrix as H = X (XTX)_1 XT = (h;;) and the
residual projection matrix as I — H. The usual parameter estimates are B = (XTX)71 XTY

and ¥ =Y ' (I-H)Y/(n—p) = ETE/(n—p), where E = I-H)Y = (&7,...,&")T and

Y = HY. A vector of (internally) studentized residuals is a = (ai,...,a,)T, where
, X (y,—xB)E(y, —x,B)"

The maximum squared studentized residual (MSSR) is the statistic M/ = max; a? whose cu-
mulative distribution function (CDF) under the null model is denoted as F' (z) = Pr (M < z). A
typical test for the discordancy of a single outlier caused by a change in distribution for one row of
E rejects the null model when M is large. Thus, if x is the observed value of M, then the p-value
is 1 — F(x). The exact distribution F is intractable.

Alternatively, upper and lower Bonferroni bounds are available. The upper Bonferroni bound
on the p -value has become known as Grubbs’ test in univariate applications. Unlike the univariate
settings of earlier chapters, there is no range of values for which Grubbs’ test provides an exact
p-value, as shown by Wilks (1963). The details of these bounds are presented in Section 4.6.
This chapter will show where the Bonferroni bounds are adequate or inadequate and show the

opportunity for an improved method to be provided by saddlepoint approximations.
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4.1.2 Optimality

The optimality of this outlier test occurs when the distribution of E is left orthogonally invariant
and m-extendable with the latter property now defined. Error matrix E is said to be m-extendable
if E is the marginal distribution of some (n + m) x m random matrix which is also l.0.i., using a
(n +m) X (n + m) orthogonal transformation. This condition is still satisfied by normal, spher-
ically symmetric matrix-variate ¢, and many other error distributions. Butler (1986) proved that
Hotelling’s 77 test in MANOVA is uniformly most powerful invariant (UMPI) amongst all such

m-extendable 1.0.1. error distributions.

2
j

Butler (1986) also showed that rejecting the null hypothesis of no outliers when M = max; a
is large is the optimal test for a single outlying observation within the same class of error distribu-
tions. The context is that of a multi-decision problem with Hy: no outliers vs. H;: the j™ row of
Y has slipped by 6 € SR™, with ¢; denoting the probability of selecting H;, for j = 0,1,...,n.
Let the loss in deciding H; when H; is true be the indicator function of ¢ # j, so the Bayes
risk, with respect to a prior weighting of the hypotheses is the probability of an incorrect deci-
sion. Subject to group invariant conditions on the tests allowed, Butler (1986, thm. 4.1) shows
that the test defined by ¢;, = 1 if a?-* = M > ¢, and ¢y = 1 otherwise is the Bayes decision
rule that minimizes the probability of an incorrect decision uniformly in # € R as given by the
Bayes risk. The optimality applies amongst tests restricted as follows: (i) invariant to translation
of Y by any n X m matrix whose columns are in the column space of X, (ii) invariant to rescaling
of Y by post-multiplication with any m X m nonsingular matrix, (iii) with level o, 0 < a < 1,
so that E(Y°7_, ¢ |Ho) = 1 — E(¢o |Ho) < «, and (iv) based upon an equal prior weighting of
7w € (0,n"!) givento Hy, ..., H,, where 7 ensures level « in (iii).

The practical consequence of this is that any other a-level test for a single outlier that meets

the given criteria must have a lower probability of making a correct decision than the a-level test

2

considered here, i.e. the test based upon large values for M = max; a;.
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4.2 Saddlepoint Approximation

An approximation for F'/(z) is derived by first reexpressing this CDF as a conditional proba-
bility to which Bayes’ theorem can be applied. A reversal of the probabilities in Bayes’ theorem
allows approximation to the CDF to be reexpressed in terms of a saddlepoint density approxima-
tion. Using first- and various second-order saddlepoint approximations for this multivariate density
leads to various CDF approximations I3 2 (x) with second-order approximations providing greater
accuracy.

Statistic M has bounded support, and owing to the nature of saddlepoint approximations, this
can lead to a loss in accuracy for the various Fu (x). Since the least upper bound on the support of
M is n — p, these approximations can be calibrated by using the fact that F;(x) = 1, as described

in Section 4.2.3. This procedure is shown to improve accuracy.

4.2.1 Reformulation of F);(z)

The studentized residual vector a = (ay,...,a,)’, where a? is defined in (4.3), has a joint
distribution which does not depend on the parameters (B, X), so that a is ancillary. Thus, there is
no loss in generality in assuming B = 0 and ¥ = I,,. Since estimates (B, 2) form a complete
sufficient statistic for (B, X), (B, ) and a are independent by Basu’s theorem. Thus, the distri-
bution of a may be conditioned on any convenient value for (B, f)) say (0,1,,). The net effect of

such conditioning leads to

B=03% :I) (4.4)

By defining the events E; = {yy; < z (1 — hy;)},so {M < 2} = (_, Ej, Bayes’ theorem for

densities can be applied to the conditional probability in (4.4) to give

fas (011 M1 B) Pr (M), )
fa.5(0,1) ’
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where f3 5 (0, I) denotes the marginal density of B, at (0,1), and fa(0,I] N, £;) denotes
the conditional density of B, 3 at (0, T) given event Nj—1 E

The denominator density in (4.5) is explicit. With B = 0 and ¥ = I, then B and ¥ are
independent, with vec(B) ~ N,,, {0,1,, ® (X7X)"'}, and £ (n — p) = ETE ~ W,, (I,n — p),

a Wishart distribution. With a Jacobian of (n — p)™(m+1)/2,

fs@ = (n—p)"" 2 fy g {(n—p) I},

so that

| X"X
(27 )mp/2

‘m/Z
m(m+1)/2

f5£(0,1) = f5(0) f5 (I) = X (n—p) fotm@n—p {(n =) Ln}

n—p\m(n—p)/
_ |XTX‘m/2 (Tp) ' Qexp{—m (n—p)/2} .

(2m)me2T {(n — p)/2} =9 (4.6)

where I, () is the multivariate gamma function, with

T, () = 7mm=D/4 H;”:l I {z+(1—j)/2}.

Since { £;} are independent events and y1, . ..,y, are i.i.d. N,, (0,L,,), {y;‘ryj} are i.i.d. X2,

and

n

Pr (ﬂ?zlEj) H Pr(E H . (

where 7; := 2 (1 — hy;) for j = 1, ..., n. Define

P, (1) = /T (27r)7m/2 exp (—z'2/2) dz="Pr (x}, <7) = Fe (1;), 4.7)

so that P, (7) is the readily available incomplete gamma function. With this substitution,
n

Pr (ﬂ?zlEJ) = H P (7).

j=1
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Only the conditional density in the numerator of (4.5) offers any difficulty. Note that B is linear in

{y,}, and
n—p)E=Y'Y - BIXTXB,

is linear in {yjij} apart from its dependence on B. To obtain a multivariate density in which all
components are linear in {y;} and {y;y] }, write the conditional density of (B, ) given N1 £
in terms of the conditional density of (nB, Y7Y) given (Nj1 £; through a one-to-one transfor-

m(m+1)/

mation. The Jacobian of this transformation is ™ (n — p) ? and therefore,

fB,ﬁ] (O’ 1 | ﬂ Ej) — ppm (77, B p)m(m—i-l)/2 fn}:),,YTY (07 (n — p) I ’ ﬂ?:lEJ) .
j=1

Next, note that the net effect of conditioning on the event ﬂ?zl E; is to truncate the m-variate
normal random variables so that y; is restricted to the range y;fryj < tjforj =1,...,n. Condi-
tioning on 0?11 E; affects the distribution theory in such a way that y; is independent of ), 2 B
and is only affected by the conditioning on E;. Thus {y, |E};} are independent and y, |E; has a
standard m-variate normal distribution that has been spherically truncated to {ijyj < 7;}. Denote

this truncated variable as z; with density

T
exp (—x'x/2
fa; (%) = 7(n o ) , x'x < ;. (4.8)
(2m)™" P (1)
Let (n x m) random matrix Z have independent rows zJT and elements z;; for j = 1,...,n, and
1=1,...,m. Interms of Z,
nB ‘m;?:lEj Dy (XTX) ' XTZ =V (4.9)
Y'Y | B 2277 = U (4.10)

The conditional distributions on the left-hand side of (4.9) and (4.10) are the same as the un-

conditional distributions on the right-hand side using truncated random variables, thus effectively
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removing the conditioning required in the distribution theory. From (4.5) we may write

>m(m+1)/2 n
12 ). (4.11)

j=1

n™ (n —p
g

Fu () = fvu(0, (n = p)I)

where ¢ is defined in (4.6).
In (4.11), the density fv u(0, (n — p) I) cannot be readily computed, but a saddlepoint approx-
imation can be constructed for it and used in its place to calculate an approximation for Fj,(x),

which we refer to as a saddlepoint approximation for F' (z).

Saddlepoint Density Function

A saddlepoint approximation for the density function of (V, U) is provided in Butler (2007,
eqn. 3.2). Since V is (p x m) and U = {uy} is (m x m) symmetric, (V,U) is treated here
as a random vector with m {p + (m + 1) /2} elements. Let (S, T) index the moment generating
function (MGF), where S is (p x m). Since U is symmetric, with only m (m + 1) /2 distinct

elements, we define T as an (m X m) upper triangular matrix, with elements {¢;z}, i < k. The

MGF of (V, U) is denoted as
M(S,T) =E [exp {tr (S"V) +tr (T"U) }|,

where S € RP™ and TV € R™™+1D/2 with AU defined as the upper triangular portion of square
matrix A. The corresponding cumulant generating function (CGF) is (S, T) = In M(S, T).
Since the density fv u is to be evaluated at (g —=0,T = t1,,), this determines a joint first-order
saddlepoint density for fv u (0, (n —p)I) as

) exp {/C(S,T) —(n —mmf}

f1(0,(n—p)I) = — 17 (4.12)
(271.)7”{1"*‘(7”4'1)/2}/2 K"(S,T)

A

where saddlepoint (S, T = 7I,,,) simultaneously solves the m {p + (m + 1) /2}-dimensional equa-

tion
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%)
—K(S,T) =0 (4.13)
S S—8,T—1U
o)
——K(S,T) =(n—-p)1Y. (4.14)
oTY S$=8,T=TY

Matrix K"(S, T) is the Hessian matrix of K (S, T) evaluated at (S, T).
As shown in Section 4.4, the saddlepoint equation is solved by S=0and T = {I,,. From

(4.32), the scalar value 7 is the solution to
m+2 qT]
n—p= E , 4.15)
qT]

where § = 1—2¢, and P,, is defined in (4.7). It is important to note that the range of possible values
for t is (—o0, 1/2), corresponding to the right tail of M, the MSSR statistic. All these formulas
have a removable discontinuity at f = 1/2, and the form of the equations changes on the other side
of the discontinuity, although these alternate forms when t>1 /2 are not presented here. At the

saddlepoint, from (4.29),

- P ()
o)) = T Lelim)
exp { (0,T) H iy, (1)
The Hessian matrix is a potentially large, block diagonal matrix, with determinant |K”(S, T)| given

by (4.41). Putting these pieces together, the first-order saddlepoint approximation for the density

of V,U s

n

; __ ep{-(n—pmi} P (d7;)
f1(0,(n—p)T) = T o ]Hl T, () (4.16)

With this approximate density for fyv (0, (n — p) I), substituted into (4.11), the first-order sad-

dlepoint approximation for the CDF of M, the maximum squared studentized residual, is

. nPm (n i p)m(m—i-l)/Q

Fy(x) = exp {—mi{n H 4.17)

g2 (2 )m{p+(m+1)/2}/2 K" (8, T |1/2

where g is defined in (4.6). After substituting ¢ and simplifying,
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o)« 2 G e [ () D)
Fi(e)= = 4.18

The ~ on F} (z) denotes the use of a saddlepoint density approximation to approximate Fi (z),
and the 1 subscript denotes the first-order saddlepoint approximation.

We now present different versions of the saddlepoint approximation: first-order, second-order,
and second-order exponential denoted respectively as fl, fQ, and fge. Upon substitution into (4.11)
to approximate F);(x), a calibration procedure may also be applied, which is indicated by changing
the circumflex to a macron. This leads to the possibility of six approximations of F);(x), denoted

byﬁlaF17F27F2,F267andﬁ26-

4.2.2 Second-Order Approximation

The saddlepoint density is an asymptotic expression, of which the first-order approximation is
only the leading term. Including the second term often improves the accuracy of the approximation.

From Butler (2007, eqn. 3.37), the second-order saddlepoint density approximation of f (x) is

fo(z)= fi(z)(1+0) (4.19)

where O = {#4/8 — (2k5; + 3R3,)/24}.

Using the Einstein summation convention as in McCullagh (1987, §1.2), where summation is
implied over any subscript appearing once in a subscript and once in a superscript, the three new &

terms in the O formula are defined as

/%4 = ’éijklléijlékl
/%23 = I@ijk’érst’&i,r’@js]&kt ’ (420)
I€13 = ICZ]leTSthZ]ICkT’CSt

where the subscripted K terms are derivatives of K with respect to the subscripted components,

evaluated at the saddlepoint (S, T) = (0, fIm) , and the superscripted K terms are components of
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the inverse of the Hessian matrix K (0, L,,). Since S is a (pxm) matrix and T is a (m xm) upper
traingular matrix, the vectorized version of (S, T) has m{p + (m + 1)/2} elements. Therefore, in
(4.20), the suffixes i, j, k,r, s, t range from 1 to m{p + (m + 1)/2}.

In programming this calculation, the inverse Hessian matrix, third- and fourth-order deriva-
tives are stored into two-, three-, and four-dimensional arrays of size m{p + (m + 1)/2} in each
dimension. It is convenient to assign rows 1, ..., mp to elements of S, rows mp+1,...,m(p+1)
to diagonal elements of T, and rows m(p + 1) + 1,...,m{p + (m + 1)/2} to the off-diagonal
elements of T, in each dimension. These arrays may be sparse, with many zero elements, but also
many non-zero elements. Except for the i.i.d. special case discussed in Section 4.5, it is necessary
to store and calculate with the full arrays. Formulas for each derivative of K are provided in section
4.4.

An alternative second-order exponential approximation, based on McCullagh (1987, § 6.3) is
fae () = fi (x) €, (4.21)

where O is the same as in (4.19). In many cases we have evaluated, including the examples shown
below, this exponential approximation is the best of all.
Putting all this together, the second-order approximate distributions of MASR A are one of

the following:

Fy(x) = Fi(2) {1+ ka/8 — (2k3, + 34%5)/24) (4.22)

Foo(x) = Fy(x)exp {#a/8 — (2i2; + 3/3;)/24} . (4.23)

In some special cases,the & functions might be simplified, but in general, the four-way and six-way
sums must be calculated and summed term by term. Section 4.4 lists all the third- and fourth-order

derivatives of KC(S, T') required to make these calculations.
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4.2.3 Calibration

Calibration is a simple procedure recommended to correct for known inaccuracies with the
saddlepoint approximation. The upper end of the support of M is My = n—p, so that F; (My) =
1. Whichever version of the saddlepoint approximation is used, it may not meet ﬁ.(MU) =1,
where here the , subscript represents either 1, 2, or 5.. To improve the accuracy of p-values for the
discordancy test, it is recommended to calculate saddlepoint approximations for both F, (My) and

~

F,(z), and then calibrate the approximation by

- F()
R = 2o (4.24)

where the macron over F' denotes the calibrated saddlepoint approximation.
In Chapter 3, with the univariate regression setting, options for calibrating at M, or M3 were
described. However, in the multivariate setting, with nonzero probabilities of two or more residual

values all the way up to My, these calibration alternatives are not available.

4.3 Results

In this section, we apply the methods of this chapter to eight examples. All examples are
compared with a value of M determined by simulation to correspond to a survival probability of
approximately 0.1. Four examples of the multivariate i.i.d. case are summarized in Table 4.1, using
the streamlined calculation formulas from section 4.5. Table 4.2 summarizes multivariate versions
of regression examples first analyzed in Section 3.3 in the univariate case. Following the tables are
graphs comparing survival curves for some of these examples.

From the graphs and tables, but also from the experience of running these calculations, we

make these observations:

e The only saddlepoint approximation that consistently approximates the survival probability
determined by simulation is the calibrated, second-order, exponential version. This version

of the saddlepoint method is recommended for all applications.
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Table 4.1: Saddlepoint and Bonferroni p-values for Four Multivariate i.i.d. Examples

n 30 30 100 100
D 1 1 1 1

m 2 5 2 5
M value z 9.969 | 14.519 | 13.084 | 19.058
Saddlepoint approx.:

1—F (x) —0.011 | —1.05 | 0.069 | —0.139
1— Fy(x) 0.085 | —1.40 | 0.096 | —0.199
1 — Fye (2) 0.081 | —1.43 | 0.095 | —0.201
1—F (2) 0.091 | 0.059 | 0.097 | 0.090
1— Fy () 0.099 | 0.098 | 0.100 | 0.102
1 — Fy (2) 0.099 | 0.105 | 0.100 | 0.102
Bonferroni bounds:

1*" upper (Grubbs) 0.102 | 0.104 | 0.103 | 0.105
1% upper (Worsley) 0.102 | 0.104 | 0.103 | 0.104
2" Jower 0.100 | 0.100 | 0.100 | 0.100
Limits on )M:

My 29 29 99 99

e The Bonferroni bounds listed in these tables are deceptively encouraging for the Bonferroni
method. It is worth noting two important weaknesses of the Bonferroni approach to this

problem:

— Only the 1st upper (Grubbs) bound is fast and easy to calculate. Both the improved
Worsley upper bound and the 2nd lower bound require calculation of all joint prob-
abilities of pairs of residuals, and each pair of residuals with a different correlation
requires a separate numerical triple integral. In the airquality example, the 116

observations require the calculation of 6,670 such triple integrals.

— In the examples tabulated here, the 1st upper bound looks quite good, but in some other
examples, this bound could be substantially higher than the true value, with no way to

determine when this is happening, other than to calculate the lower bound.
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Table 4.2: Saddlepoint and Bonferroni p-values for Four Multivariate Regression Examples

DSD 17-run | DSD 17-run | airquality | airquality
n 51 o1 116 116
D 9 9 3 3
m 2 5 2 4
M value x 11.224 16.319 13.420 17.68
Saddlepoint approx.:
1— [ (2) 0.785 0.992 0.069 1.000
1—Fy(x) 1.000 —1.40 1.000 1.000
1 — Fy () 0.921 —1.43 0.095 1.000
1—F(2) 0.104 0.059 0.097 0.093
1— Fy () 1.146 0.098 0.100 0.103
1— By (z) 0.113 0.105 0.100 0.102
Bonferroni bounds:
1% upper (Grubbs) 0.102 0.102 0.104 0.104
1% upper (Worsley) 0.101 0.102 0.104 0.104
21 Jower 0.099 0.099 0.100 0.100
Limits on )M :
My 42 42 113 113
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Figure 4.1: Comparison of p-values for i.i.d. case, n = 30 and m = 2
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Figure 4.2: Comparison of p-values for i.i.d. case, n = 30 and m = 5
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Figure 4.3: Comparison of p-values for i.i.d. case, n = 100 and m = 2
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Figure 4.4: Comparison of p-values for i.i.d. case, n = 100 and m = 5
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Figure 4.5: Comparison of p-values for DSD example, n = 51 and m = 2
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4.4 Cumulant Generating Function /C(S, T') and its Derivatives
In this section, the joint CGF K(S, T) of V = n (XTX)_1 XTz and U = Z"Z is developed
into a form for calculation at the saddlepoint (S, T), along with its derivatives required for the

saddlepoint approximations. Let
C .= TL(XTX) 1XT (Cl, ce ,Cn) = (Cij)

bep xn.Then V. =CZ=3" c;z; isp x m. Also, U =Z"Z = 3" | z;2] ism x m
The joint MGF of (V, U) with index variables S, (p x m), and upper triangular T, (m x m),

18

M(S,T) =E [exp {tr (STV) + tr (TU)}]

=E [exp {tr (ST Z cjzjr) + tr <T Z zjzjr> }]
L j=1 j=1

=FE _ﬁ exp {tr (Schz]T) + tr (szzjr) }] .

Lj=1

Since the {z;}, the rows of Z, are uncorrelated,
= HE [exp {tr (Schij) + tr (szz;r) o= HMj(S, T).
j=1 j=1
Since z; is spherically truncated standard normal,
1
2m)™? P, (1;)

/ZTW.eXp [tr (S"e;2") +tr {(T — 31) 22} }] dz (4.25)

M;(S,T) =

X

where P, (1) is defined in (4.7). The integrand in (4.25) is bounded and 7; is finite, therefore

M (S, T) is convergent for all real, finite (S, T). The cumulant generating function (CGF) is
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K(S,T) = M(S,T) =>"_, K;(S,T), where K;(S, T) = In M;(S, T). Therefore, K(S, T)
is also convergent.

To show that S = 0, note that

n

e OK 1 i
5 (8.1) = 5|, DYV 13“”“S(S’T)Ls
= as exp{tr (STCJ ])+tr{( %) }}”
_Z (2m)"2 Py (1) M;(8,T)

( (
icm[zjexp{tr<8c“>+tr{< ~ i }}]

(2m)™2 Py, () M;(8,T)

Jj=1

For any value of T, the saddlepoint equation K¢ (g ’i‘) 0 is solved by S = 0, since
E [zjetr {(T = 31) 72, }] =

for all j, where etr(A) = exp{tr(A)}. If, for S =0, a solution T can be determined for
K4(S,T) = (n—p)1, then (S, T) must be the saddlepoint, since there can be only one solu-
tion to both equations in the solution space for all real, finite (S, T).

Saddlepoint S = 0 induces symmetry into the evaluation of K and its derivatives at the saddle-
point (O, T) The density of Z is symmetric in that it is invariant to replacement of any element
of Z, say z;;, with —z;;. As a consequence, KC(S, T) must be an even function of each element of
S, and therefore, all odd-order derivatives of C with respect to any element of S are equal to O at
(0,T).

To show that the off-diagonal elements of T are 0, at the saddlepoint (O, T) consider any t;,

where 1 < ¢ < k < m. Note that
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a a 1 OM;(0,T)
3% ;(0,T) Oy,

J:1

3

T=T
S2E [tr {(T - 1) 2,27},
Y 2m)" P () M;(0, T

E [zjizjutr { (T — 31) z;2] }]

~

*(2m)"™? Py (7;) M;(0,T)

J

Il
,M:

J

The saddlepoint equation (4.14) requires that 9K (0, T) /Ot;. = 0 at the saddlepoint. Given the

spherically symmetric nature of z; as given in (4.8), the saddlepoint must have ti = 0 fori # k.
To show that T = {I,,, observe that Z is right orthogonally invariant, so that interchanging

columns of Z has no effect on the distribution. Therefore, M (0, T) must also be invariant to

interchanging diagonal elements of T. Therefore, T = {I,,,.

We now define ¢ := 1 — 2¢ and § := 1 — 2t. Therefore, at the saddlepoint, (4.25) simplifies to

. 1 1\ &
M;(0,T) = — / exp{(t——)Zz?}dz
(2m)™"? P, (1) JaTacr, 2) =
1 / ~ —d#
= exp — | dz.
(27T)m/2 Pm (Tj) zTz<7; (Z 2 )

=1

Now change variables withy = (y1,...,ym)" = (\/@21,- -, /@2n)". This leads to

M, (0 T)_M/ ox i—_yf d (4.26)
I B P, (Tj> yTly<gr; P 2 v .

=1

Re-expressing the integral in spherical coordinates,

. 27Tq —m/2 o2
MJ(O,T) - dAdr

where S™71(r) is an (m — 1)-sphere of radius r, an (m — 1)-dimensional manifold in R™, and d A
is an area element on that sphere. Since exp(—72/2) is rotationally invariant, the integral separates.

It is well-known that the surface area of S™~!(r) is
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27Tm/2,r,m71
dA = ———, (4.27)
/Sm L) ['(m/2)

and therefore, with y,,, being the y distribution with m degrees of freedom,

o (2mg) TP 2pm2 / W a
M;(0,T) = e 2y
(0 = e T my2)

F—m/2 qrj
— q m—1 —r2/2d
%mmwwww/ e

s—m/2

~ Pn(n)
qu/z p [ 2 A }
=——Pr|x;, <7

Pm(Tj) ’

Pr |:Xm < chj]

. P (67
M;(0,T) =g 2P (075) (4.28)
Therefore,

:i@mﬂziMW&ﬂ

J=1

- Z In (A—m/z ((qgﬂ))) . (4.29)

At the saddlepoint, T = I,,,, where { is the solution to n — p = >7—1 OK;(0,T)/0t;. To find

this derivative, start from this formula, where ¢;;, = 0 when < k, but all ¢;; are distinct:

K,(0,T) = In L%)m/jpm = / e {Z_; <t _ %) zf} dz] .

The first derivative by 17 is

OK;(0.T) _ Joryer, A o [0 (ta —3) =
Ot Juraer, exp [0 (i — 5)

(4.30)

Now, allowing { = t;; for all i and g=1-— o1,
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0K,;(0,T) szz<rj Zexp {—4z''z/2} dz
ot szz<Tj exp{—qzTz/2} dz

Using the fact that P, (z) is the x2, CDF,

/ exp{ jz z/2}dz = 27T/q)m/2 o (475 5
zTz<1;

and
0K;(0,T) szz<7' ztexp {—qz"z/2} dz

Otn  2n/Q)"" Pn(dry)

To make these formulas more compact, we define this new notation:

szz<7—j g (Z) exp {_QZTZ/2} dz
[j {g (Z)} = fZTZ<7—]. exp {—QZTZ/Q} dz

_ szz<T z) exp {—QZTZ/Q} dz
(QW/C])m/ P, (47;)

4.31)

so that

9K;(0,T) )
atn [ { }

I; {z}} can be derived from the identity that [; {z”z} = mI; {z}}, because of the interchange-

ability of columns of Z. Then,

I;{z"z} (27 /q) )" Py (G75) = /T z'zexp [—4z" z/2] dz
z" z<Tj

Since the integrand is rotationally invariant, we apply the same change of variables as in (4.26) and

the surface area of S™~!(r) from (4.27) so that
m/2
1 (a2} /)" Patir) = () 2 Pasa i),

and
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[{ 2}_ OT)_Pm+2<‘jTj)
61511 qPy, (47)

Therefore, the saddlepoint equation is the solution to
m+2 qT]
n—p= . 4.32)

The Hessian matrix K”(S,T) is a possibly large matrix, with m(p 4+ (m + 1)/2) rows and
columns, each corresponding to a unique element of S and T. Fortunately for computation, the

matrix is block diagonal at the saddlepoint, with this form:

mp m m(r’;fl)
A . m Kis(0, T 0 0
’C”(S, T) _ P SS( )
m 0 K. (0,T) 0
m(ngfl) 0 0 ICQ’K]C(O T)

In the top left of the Hessian, g (O, T) = 0?°K (S,T)/ 8vec(S)avec Because

|SOTT

OK (S, T) /0six = 0 at the saddlepoint for every element of S, (0 T> is a diagonal matrix.

Starting from (4.25),

1
M e R

/ exp [tr (SchzT) + tr { (T — %I) zzT}} dz
sz<Tj

sz<T exp [tr (STc;z”) + tr {(T — 31) zz" }] dz
(2m)"™? Py (1)

oK; szz<rj c;z” exp [tr (SchzT) +tr { (T — %I) zzT}} dz
oS szz<r,- exp [tr (STc;zT) + tr { (T — 3I) zz" }] dz

K;(S,T) =
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0%K; szz<T]- vec (cjo) vec (cjo)T exp [tr (SchzT) + tr { (T — %I) ZZTH dz
0s2 szz<rj exp [tr (STc;z") + tr { (T — 1) 22" }] dz -
szz<rj vec (c;z”) exp [tr (8T c;z”) + tr { (T — 1I) zz"}] dz
szKTj exp [tr (STc;z”) + tr { (T — %I) ZZTH dz 8
fZTZ<T]' vec (c;z") exp [tr (ST c;z”) + tr { (T — 1I) zz"}] dz r
szKTj exp [tr (STc;zT) + tr { (T — 31) zz" }] dz

At the saddlepoint, where S=0and T = {1, szz<T- Zj exXp Z:L (f — %) z;dz = 0 for all j.

Based on this fact,

D*K; _0
Dsik0s1o S=8§,T=i1
when {i, k} # {l, 0}, and
82]Cj B 02 szz<7-j ZI% €xXp {Z;& (tii - %) ZZQ} dz . CQ alcj
as?k S:g,T:ﬂ v szZ<’Tj exp {Z:r;l (t” - %) 212} dZ K 8tkk stvT:fI
Therefore,
’K ~ 2
gzk S=§,T=iI N Z Gl {Zl} ’
ik 1S=S,T= j=1
fori=1,...,pand k = 1,...,m. Of the mp diagonal elements of K4 (0, T, there are no more

than p distinct values, each with multiplicity m. For a balanced design, all diagonal elements of

s (O, T) will be the same. The determinant of this portion of the Hessian is

K&s(0,)| = (ﬁicfjfj {ﬁ}) . (4.33)
i=1 j=1

In the center of the Hessian, K (O, T) is the second derivative by the diagonal elements of
T at the saddlepoint. This matrix is not diagonal, but it has a pattern aI + 6117 for some a and
b, owing to the interchangeability of the m rows of Z. This means that all diagonal elements of
Kt (0, T) have one value, and all off-diagonal elements have the same different value.

To calculate 9°K;(0, T)/0t3,, start from (4.30) and take one more derivative to get
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2,0, T)  Jyraer, A exp {0, (ti — 3) 2} da
o2, B szz<Tj exp {2111 (tu‘ — %) 222} dz
Jyrner, Zexp{X0 (ta — 3) 22} dz)

( Jaraer exp {321, (ti — 3) 22} dz )

Now, allowing ¢ = t;; for all i and § = 1 — 2¢,

9*K;(0, T

J 7A>_ 4 212
at—%l_[j{zl}_([j{zl})

Therefore,

&K, T) ’C 0 1) ZI [z — (1; {22))°. (4.34)

For second and higher derivatives, it will be useful to have a general formula for /; {2} }, where

v is an even integer. This expression can be simplified in this way:

1 Gz''z
Li{]} = / z”exp{— }dz
T @n/)" P (my) e, 2

1 4 —Gz" .7z
me p / 21 e—qzl/2/ exp {u} dz_,dz,
(27T/q) (qT]) VTi ZZIZ—1<Tj72% 2

where z_; = (z9,.. ., zm)T. Substituting P, for the inner integral,
, 1 VT . o (m—1)/2 )
B = o By ) / P Shet ( i > P =) pda
m J VT
1 VT o .
= 2/ Py (am) / Ae P {a(r - 21 dan (4.35)
J VTi

For a given value of m, it is possible to evaluate the remaining univariate integral into an integral-
free formula, but not a simple one. For practical reasons, we chose to numerically integrate the
remaining integral using the R function integrate in the stats package. Despite the incomplete
gamma function P,,_; in the integrand, the integral evaluates rapidly using pchisq for P, ;.

The remaining terms in the Hessian matrix require this expression:
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1 —Gz"z
I {2222} = / 2222 exp { } dz
J { 1 2} (271_/(]/\)771/2 Pm ((j’/_]) ZTZ<7-j 1~2 2

_ 1 y (4.36)

(27/4)"* Py, (g7;) (m — 1)

{ (Q—W) Y (m +2) Prvra (a7 - /ﬁ AP, (- 22)} dz} '

2
q q Vst

This formula derives from the identity that
]j{(sz)Q} =ml; {z1} +m(m—1)1; {212}, (4.37)
a convenience induced by the interchangeability of columns in Z. The left-hand side in (4.37) can

be evaluated, again using the (m — 1)-sphere surface area substitution, so that

2) P,y (47
Ij{(sz)Q}_m(”;;r ) P:(;z;)’) (4.38)

Also, I; {1} is calculated according to (4.35). From these formulas, I; {2723} can be shown to
have the formula in (4.36).

The off-diagonal elements of K{. (0, T) are all equal to 92K(0, T) /Ot110t5,. With S = 0,

82 — 2.2 27\ 2
8t118t22’Cj(07T) T - Ij {le2} - (IJ {Zl}) .
After summing over j,
Tk - if {43} - (1;{=2})" (4.39)
8t116t22 ’ T p J 1~2 J 1 . .

Because of the pattern in IC;’“, (0, 'i‘), its determinant is formulaic, based on the fact that

|aL, + 0117 | = o™ <1 + mé) :
a

96



Using the derivative forms from (4.34) for a + b, and (4.39) for 0,

KL,(0.D)| = (Z L{A} -1 {z%z§}> x (4.40)
j=1

S {2 — (1 {23
(1 TS L E - LD ) |

In the bottom right of the Hessian, K, _, (0, T) is the second derivative by all m(m — 1)/2
unique off-diagonal elements of T. Because the solution to the saddlepoint equation, T,
is a diagonal matrix, it follows that the off-diagonal elements of IC;’Kk(O,T), representing
0*K;(0,T)/0t.0ty,, where (i, k) # (I,h), are all 0. Also, the diagonal elements are all equal,

because of the interchangeability of the m rows of Z. At the saddlepoint, the diagonal elements of

this matrix are

82

2% =2 K;(0,T) =1 {2723}
12 T={I
Given this value,
0? 9
8252 ’C Z[ {Z 2}
12 T i1

7=1

and
m(m—1)/2

‘ (0,1 \ - (ZI {2 ;})
With these pieces calculated, the determinant of the Hessian matrix is

~ A

‘IC” 8,1

(HZ%I {z%}) (ifj{zf} —fj{z%})mx

Zn [{Z% 2} (I {Z%} - (m—1)/2
<1+m S Li{at) — {2245} ) (ZI {212 2}> : (4.41)

For the second-order saddlepoint approximation, all third- and fourth-order derivatives of

IC(S, T) are required at the saddlepoint. Many of these derivatives are 0, because of the sym-
metry in (S, T). Any odd-order derivative of any element of S or of any off-diagonal element

of T is zero. The non-zero derivatives are listed here, without details of their derivations. Terms
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of the form I; {z%} are evaluated using (4.35), and I; {2723} is given in (4.36). A useful tool for
verifying these formulas is the polar integration function adapt IntegrateBallPolar in the

SphericalCubature library, Nolan (2017), for R.

2

I {=2"2) — YT 2275 Py (41— 2)) de b L [V e ™E P (47— 2%)) d
- (27/0)" Py (47)
(T2 — 2 Vr(m/2+V>Pm+2u<‘jTj)
li{="2)} <q) F(m/D) P (r,)

I; {2122}— [I {z z} I; {z +2}]

I {(ZTZ>3} e 1)
—1)(m—2) m—2 (m—1)(m—2)

I; {zlzzzg} =

9P1o(G7;) B
I {#17} = TPair,)" m =2
128P?:3(47j‘) ffpgefqp PP 4G (r; — p*) Y dp, m > 2

m—1)(m—2)(m—3) (m—1)(m—2)(m—3)
41, {751 } + 31; {Zl 32} 61; {Zl 22 }
(m —2)(m —3) m—3
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83

- — 3 2 LAY (705202
e Sl uy)
forer=1,...,pandk=1,....m
ks =S - (0 ()
&kaﬁtu ) S_o.T_t — i J 172 J 1
fori=1,...p,and k,l=1,...mk #1
o? _
o K(S,T) =LY s {2 (L {2
[ S=0,T=T j=1
fort=1,....m
% kST CNC LY 2 (222) 4 1 () T {2 42 (1 121
2 (S,T) R _Z ]{zle} ( i(z123) + J{Zl}) J{Zl}+ (]{Zl})
atiiatkk S=0,T=T j=1
fori,k=1,...m,i1#k
o0? -
m}C(S, T) Szo?T:T = ;Ij {zfzgzg} — 3[J {Z%Z%} [J {Z%} + 2 ([J {Z%})g

fori,k,l=1,..mi#k#1#1i

o3
$=0,T=T 3t?katkk

83

———K(S,T)
ot Ot

K(S,T)

S=0,T={I
=Y {5 - L {5} L {A)
j=1

fori,k=1,...m,i #k
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83

25 K8 T) =D L{Ra) - L{Aa8) L {7
k<l $=0,T=T  j—1
fori,k,l=1,..m,i#k#Il#1
o - 4 4 21)2
S| = S [ -3 (5 {3
? =Y, 1= jzl
forte=1,...,pandk=1,....m
o - 2 2 4 21)2
S (8. T) =Y LA -3 (5 {2
ik~ 2k S=0,T=T j=1
fori,l=1,...,p,i#l,andk=1,....m
o - 2 2 2.2 21)2
= KST)| =Y dd L {E) - ({3
ik~ lo S=0,T=T j=1
fori,l=1,...,pand k,o=1,....m,k # o
o - 8 6 2 41\2
- K(S,T) =D LR AL (A LR -3 (L)) +
[ S=0,T=T j=1

121, {1 (L {2))" = 6 (1, {2})’

fort =1,....m
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64

O30t g K(S,T)

—ZI {2122 — 31, {2122}1 {z }—

7j=1

31; {2’122}] {z }+6I {2122}(1 {21})
61 {21} (L {=1))" = LN} 1 {3} — 6 (L {=1))

fori,k=1,..m,1#k

S=0,T=T

ot -
g (5. T) = {a) Al {2 {2 -2 (1 {(2)) +
1w “kk S=0,T=T j=1
81 {23} (5 {4)" = (1 {=1})"+
Az {1} (1 {=1))" - 6 (5 {1})
fori,k=1,...m,i #k
8—ZIIC(S,T) = ZI {zszZg —21; {zf }Ij {zf} —21; {232223} I; {zf}
O30t Oty S—0.T—1
2([]- {zlzg}) -1 {2122}1 {z }+
107 {=43} (1, {=1})" + 20 {21} (5 {=1})" — 6 (1; {1})’
fori,k,l=1,..m,i#k#I1#1
o K(S,T) = Z[ {232327} — AL {22523} I; {2} —
D0t Otn Ot ot — 1727374 17273 1
(L {=18))" + 126 {323} (1, {=1})" — 6 (1, {1})"
fori,k,l,0=1,...,m, all distinct
8—41C(S T) icza—SlC( T),fori=1,.,pandk=1,...m
Osi 0t lscom=t 5 VOl o
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84

——K(S,T = : OT fori=1,..,pand k,l=1,....m
8s§k8tkk8t” ( ) S:O,T—T ]Z j@tQ 8tll )
o K(S,T) zn: 2 & K;(0,T), fori=1,...,pand k,l =1
R = Ci- : s 5 — 1, .. , 0= 1,...
0sfk8tl2l S=0,T="T J ]atkkat%l J
ot n o3 ~
——K(S,T = 2 C.(0,T),
6s§k8tu0too ( ’ ) S:O,T:’i‘ ;CZ] atkkatuatoo j< )
fori=1,....,pand k,l,o=1,..m k#l#o0F#k
L n o3 -
———K(S, T =Y K;(0,T),
as?kat%l ( ) S=0,T=T ; Wtkk@tiz ]( )
fori=1,...p,and k,l=1,...m, k #1
o4 n o3 A
———K(S,T = 2 K;(0,7T),
ER A I ;C” oo (0 1)
fori=1,...p,and k,l,o=1,.. m,k#1l#o0#k
84 4 2 2
5 k(8. T) = ZI {225} = 3(1;{2223))
ik S=0,T=T j=1
fori,k=1,...m,i #k
8—41CST _n[. 6,2V _or 42V 1 .21
2012 (S,T) = Z J {2122} J {2122} J {Zl}
7Ok s=0,T=T |

{45} 1 {0} + 20 {44} (1, {4})°

fori,k=1,...m,i #k
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64

————K(S,T
Ot 0t 1,012, (8,T)

—ZI {z122 — 21, {z122}f {z }—

7j=1

(L {2253))" + 2 {223} (1 {=1})°

fori,k=1,...m,i #k

S=0,T=T

84

=575 K(S,T) —ZI {ziz323} —2L; {7133} [; {3} -
Ot 0y s=0T=T =
(L {=12})" + 20, {35} (1 {4})°
for i, k,l=1,...m;i#k#1#1i
a—A‘IC(S T) = ZI ({7323} — L {z{25323} I; {21} —
I Moot 2 12323y — i {21223 1
LS} L {A} - (L {4)) +
21 {5} (1, {4})"
for i, k,l=1,...m;i#k#1#1i
a—ALIC(S T) = ZI {2372327} — 2L; {3523} I; {=]} —
Tt 0, g omin 2 t232323 } 17223 1

(L {=253))" + 2 {223} (5 {=1})°

for ¢,k,l,0=1,...,m; i, k, [, o all distinct

84

———K(S,T)
ot3,.0t2,

= Z[ {212223

S=0,T=T j=1

for i, k,l=1,...m,i#k#1#1i

103



84
55 K(S,T)
ot ot?

n
_ 2.2.2 2
= E :Ij {21222324}

S=0,T=T j=1

for 7,k,l,0=1,...,m;1,k,L, o all distinct

4.5 Special Case: i.i.d.

In the common special case where the oberserved data Y are independent and identically dis-
tributed, the design matrix X = 1,,. This has the effect of streamlining the calculations required
for the second-order saddlepoint approximation. The algorithm in the previous section requires
a six-way nested loop to calculate 43, and #%,. This calculation time is of order O (m'?) and is
impractical for larger m. In this section, single formulas are presented for &4, 435, and /75 only
for this special case. Although the formulas are lengthy, their use shortens calculation time dra-
matically for this situation. For brevity in this section, / {g (z)} = I, {g(z)}, since [; {g (z)} is
constant forall j =1,...,n.

In this special case, the Hessian matrix is

nl {23} 1,, 0 0
o n([{z} — I {222\ 1,,+
e61)=| o (1 )~ 128D )
n (1433} = 1{3)) 11,
0 0 nl {2725} Lnm—1)/2
with this inverse:
(nl {z21)""'1,, 0 0

where
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A a1 B
K (87) = (s} — T{323) " Tt
=Y -r{44) L

n([{zf}ff{z%zg}) (I{zf}+(mfl)1{z%z§}7ml{z%}2)

From (4.20),
/'%4 = lCz-jkllC”lel
/%/23 = ]Czjklcrstlczr]cjslckt
~2 ,€ ,@ ,@'j,@kr,@st
Risg ‘= ijkNorst

In the formulas that follow, factors of the form K from the center part of the inverse Hessian will

be denoted as follows:

I{4} + (m = 21 {23} — (m = ) 1{3)°
({4} = 1{z23Y) (T4} + (m = ) T {223} — mi {22)°)
1{2Y — 1{z3:3)
({4} = 1{z23Y) (T4 + (m = D) T {328} — mi {22))

]Ctn —

I€t12 —

Note that these formulas exclude the n in the denominator.

We also use the following symbols to represent various derivatives of X:

D%, =I{z} - 1{}}’
D%m =1 {zfzg} -1 {zf}g

DY = 1{e8} =3I {#} I {3} +21 {3}’

i
D}y, =1 {zta8) —20 {23} 1 {20} — 1 {=} 1 {at) + 21 {2})°
D} e =1 {212525} =3I {223} T {27} + 21 {zf}?’
Dp ., = 1{zm} — T {zn} {1}
D, = I {2523} — T {2} 1 {1}
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DZ% = I{zf} - 31 {zf}Q

D, 2 1= I{zfzg} — I{z%}Q

D;%t%l = I{z?} - 31 {zf} 1 {Z%} + 2]{2’%}3
D;%tutm = DZ%@Q =1 {zfzg} -2 {zfz%} I {z%} -1 {zf} I {zf} + 27 {zf}g
Df%tntgs =1 {zfzgzg} — 37 {zfzg} 1 {Z%} + 27 {zf}g

D42t22 =T {z\z} — 1 {3} I {=}}

DYy, = [{zfzgzg} —1 {zfz%} I {zf}

S1t23
Dhy = 1{8} — Al {3 1{e1} =31 {af} + 120 {4} T {21} — 61 {7}
Dl e 1 {203} — 3T {2422} 1 (22} — 31 {223} 1 (=} + 61 {28} 1 {2)°+
61 {4} 1{=t}" — 1 {0} 1{<} — 61 {4}
Df?ﬁ%z =1 {zfz;l} —41 {zfzg} 1 {zf} —2I {z%zg}Q + 81 {zfz%} I {zf}Q —
{0 ar {8 1{22)° —61 {22}
D;%ltzzm =1 {zfzgzg} — 27 {zfzg} I; {zf} — 21 {Zfzgzg} I {z%} — 27 {zfzg}Q =

I {zfz%} I {Zf} + 101 {zfzg} I {zf}Q + 21 {zf} 1 {zf}z — 67 {zf}4
=1 {zfzgzng} —41 {zfzgzg} 1 {zf} - 31 {2323}2 +

121 {zfzg} I {zf}Q — 67 {zf}4

D4

t11t22t33t44

Dfi‘z = I{zfzé} — 3[{2’%25}2

D;L%ltfg = I{z?zg} — 2]{2?23} 1 {Z%} — I{zfzg} I{zf} + QI{Z%ZS} 1 {z%}Q

D} e, = T{zm} =20 {213} T {3} — [ {8} + 20 {5} 1 {1}
Db =1 {eleda} — ol {32223} T {2} — I {2228)" + 20 {223} 1 {F)°
D}, =1l — T {2323} 1 {28} — I{ei3} 1 {23} — 1 {32} +
oI {222} 1 {22}
Dl =1 {2P282222} — 20 {22222} T {22} — 1 {2222)" + 21 {322} 1 {22}
D, =1 {21723}

D4

— 2.2.2.2
1242, = I {21222324}
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In the formulas that follow, some terms will only become active when m > 3, 4, 5 or 6.

Indicator functions of the form 1,3, denote these groups of terms.

~ ~ 2
= DL {3 oDk 1) K4y, (k)
m/!
— X
(m—2)n
—2 4 -1 Ct11 Ct12
(Dl (3} + Dl (23} (2K + 4K2) +

t§1t22

~ A N 2 R 2
2D, {22} 1 {223} + 4D ,Ctll,ctlg+%tg2{(,@l) +2(/ct12) }+

-1 2 -1 2 2 972
2D o [ {2328} KM 42D e T {2328} K0 4 DYy 1 {23237 +
m!

Lyog—
{ 23}(771—3)!71

[D;L%t%s]{zf}_l I{Z%Z%}_l + 2D4 I{Z%}_l ’€t12 +D4 (2’&7511 +4,€t12> l€t12+

S%t22t33 t%1t22t33

Db o T{A8) 7 K 44D} o T{28) 7 K 4 DYy {223} 77] +

ti1to2
] m!
tm24} (m—4)n
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4.6 Bonferroni Bounds

Bonferroni bounds and their application to outlier discordancy testing were explained in section

2.5. Only the details that are different for the regression setting are listed here.
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4.6.1 Bonferroni Inequalities
In the multivariate regression setting of this chapter, E; = {yjy; < x(1—hy)}, so
{M <=z} = (;_,F;. With this definition of events L}, refer to section 2.5.1 for the remaining

details.

4.6.2 Distribution Theory

The theory behind the computation of p;;, Si, Se, and Sy, derives from the joint distribution of
the studentized residuals. Srivastava and Van Rosen (1998) derive the density of 7); and the joint

density of 7; and 7, where T; = a? (n — p). After converting into our notation, the density of 7}

is given by
n—p—-—m 1Tj

NFm n—p—m-
m 1-T; p

S, =n {1 —Frpp <%) } ’

where z is the observed value of M, and FF, , is the CDF of the F' distribution with z and v

Therefore,

degrees of freedom.

The bivariate density of 7; and T; is

3 m n—p—1—1
nepes 11 ) (4.42)

where
R

pij 1
—hij
(1=hs)(1—hjj )

azmaX{—\/TTj,Pij -V(1-T)(1 —Tj)}
b= min{\/TT;, p;; + /(T - T) (1~ T5) }

n—p—m-—3
2

Pij =

v =
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The sums Sy and Sy, comprise probabilities of intersections Pr [a? >, a? > x} Given the
integral in (4.42), this is a triple integral over the region where b > a. The integral must be
calculated separately for each distinct value of p;;. For some balanced design where all values p;;
are equal, only one calculation is required, but for a general regression problem where each p;;
may be different, this calculation can consume a lot of time.

Some problems may have partially degenerate residual distributions, where |p;;| = 1. For
general-purpose applications, the code must detect these situations and substitute the univariate

distribution Pr [af > z] for Pr [af > x,a? > z], as required.
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Appendix A

R Code for Calculations

This appendix describes the R code written to perform the calculations for this project. A file
containing the code is available on request from the author at AndrewDSleeper @ gmail.com. The
code has been tested and runs properly with R version 3.5.3 (2019-3-11) "Great Truth". Here are
the top-level functions in the code, along with a description of required parameters. Note that only
minimal error-checking of parameters is performed.

The following R libraries are required for this code to run:

e NORMT3 provides the error function used for univariate calculations

e cubature is required for the Bonferroni bounds, when dimension m > 1
e tictoc isrequired for the optional reporting of calculation time

These discordancy test functions do not calculate the MASR or MSSR statistics. The regres-
sion, calculation of residuals, and determination of the maximum residual must be calculated prior
to running these functions. The studentized residuals are calculated using equation (2.3) for the
one-sample case, (3.3) for the univariate regression case, or (4.3) for multivariate regression. The
maximum absolute or squared studentized residual is the first parameter required for these func-
tions.

The second required parameter is the design matrix X. In the one-sample case, the sample size
n may be provided as a scalar value instead of matrix X.

Example: In a set of n = 30 observations from an assumed normal distribution, the most
outlying value lies at § + 3.000. Is this value significantly discordant?

First, note that 3.00 is a standardized residual, which must be converted to a studentized residual
by equation (2.3). M = max; |a,| = 3.00 x 1/30/29 = 3.05.

In R, calculate the p-value for a discordancy test this way:
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> PMASR(3.05,30)S$P

[1] 0.03242239

Since the p-value of 0.032 is less than 0.05, conclude that the value is significantly discordant.
Omitting the $P from the function call returns a list of information about the calculation, as de-
scribed below. By default, PMASR uses the Bonferroni method when it is exact, or the saddlepoint
method otherwise. In this example, saddlepoint was used. To see the Bonferroni bounds, enter
this:

> PMASR_Bonf (3.05, 30)

SUpper_Bound

[1] 0.03310819
SUpper_Bound_Raw
[1] 0.03310091
$Lower_Bound

[1] 0.03309549

Example: A 2* full factorial design (FFD) with 16 total runs is performed. In the analysis with
only the 4 main effects and no interactions, the maximum absolute studentized residual is 2.50. Is
this significantly discordant?

For this problem, the PMASR function requires the X design matrix as the second parameter.
Matrices may be entered into R in different ways. If the data has been analyzed using the 1m
function in R, the x member of the 1m object is the design matrix. Another way to create the
matrix directly is to source this code from a text file:

X.FFD16 <- cbind( rep(l,16),

c(rep(-1,8),rep(l,8)),

rep(c(rep(-1,4),rep(l,4)),2),

rep(c(-1,-1,1,1),4),

rep(c(-1,1),8))

After creating the matrix, inspect it for correctness:
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> X.FFD16

[16,] 1 1 1 1 1

Then, calculate the discordancy test p-value this way:
> PMASR(2.5,X.FFD16) SP

[1] 0.07410689

With a p-value greater than 0.05, the MASR of 2.5 is not significantly discordant.

A.1 Description of PMASR Function

PMASR (value, X) performs all calculations involving saddlepoint approximations. When
an exact Bonferroni bound is available, this exact solution is substituted automatically, using the
default settings. The function returns a list including a PDF value for MASR and a p-value for the

outlier discordancy test, plus other information. Here are the parameters

e value (required) is the observed value x of MASR or MSSR. A vector of values is allowed,

and the function will calculate PDF and p-values for each element in the vector

e X (required) is the n x p design matrix for a regression setting. For a one-sample problem,

when X is a single column of 1’s, X can be an integer value representing the sample size n

e m (optional, default = 1) is the dimension m, representing the number of columns in the

observed data Y
e eps (optional, default = 107°) is a convergence criterion used for some sub-algorithms

e order? (optional, default = TRUE) is logical, FALSE for first-order saddlepoint, TRUE for

second-order
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o2exp (optional, default = TRUE) is logical, FALSE for the 1 + O form of second-order

saddlepoint, TRUE for the e© form
calibrated (optional, default=TRUE) is logical, TRUE for calibrated, FALSE for not

calpoint (optional, default = 2) is either 1, 2, or 3 for which point to calibrate at. 1 is the

upper end of the support, 2 is Ms, 3 is M;.

method (optional, default = "best") is text, either "saddlepoint”, "Bonferroni", or "best".

Only the first two characters are required

quiet (optional, default = TRUE) for debugging only. FALSE produces lots of intermediate

results

squared (optional, default = FALSE) FALSE for maximum absolute studentized residual

MASR, or TRUE for maximum squared studentized residual MSSR

timing (optional, default=FALSE) TRUE will measure and print out the time required for

the calculation.

The value returned by the PMASR function is a list containing the following values.

SError is a string listing errors in the input parameters
S$P is the p-value for an outlier discordancy test, which is 1 — F; ().
SCDF is the approximated value of Fy (z).

SMASR is the value of the MASR or MSSR statistic passed to the function in the first param-

eter.
$squared echoes the parameter value passed to the function.
$n is the number of observations, represented by the number of rows in the X matrix.

$p is the number of parameters, represented by the number of columns in the X matrix.
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e Sm is the number of dimensions, passed to the function
e Sorder?2 echoes the value passed to the function.

e So2exp echoes the value passed to the function.

e Scalibrated echoes the value passed to the function.
e Scalpoint echoes the value passed to the function.

e Smethod echoes the value passed to the function, which may be interpreted from only two

provided characters.

e SM2 is M, the calculated limit beyond which it is not possible for two residuals to have

values, when m = 1.

e SM3 is Ms, the calculated limit beyond which it is not possible for three residuals to have

values, when m = 1.

e Seps is the value passed to the function.

A.2 Description of PMASR_Bonf Function

PMASR_Bonf performs all Bonferroni-based calculations, including the limits M5 and Ms;.
Values are returned in a list, including all available bounds and other information. Here are the

parameters

e value (required) is the observed value x of MASR or MSSR. A vector of values is allowed,
and the function will calculate PDF and p-values for each element in the vector. Note: The
MSSR option (squared=TRUE) is not available for this function. Enter MASR or the

square root of MSSR.

e X (required) is the n x p design matrix for a regression setting. For a one-sample problem,

when X is a single column of 1’s, X can be an integer value representing the sample size n
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mv (optional, default = 1) is the dimension m, representing the number of columns in the

observed data Y
eps (optional, default = 10~%) is a convergence criterion used for some sub-algorithms

quiet (optional, default = TRUE) for debugging only. FALSE produces lots of intermediate

results

status (optional, default = FALSE) when runs take a long time, set status = TRUE to

get progress reports.

maxeval (optional, default = 10°) When mv > 1, this code may run a lot of triple numerical
integrals, and this may take time. To limit the number of iterations in these integrals, set this

parameter lower.

timing (optional, default=FALSE) TRUE will measure and print out the time required for

the calculation.

The value returned by the PMASR_Bonf is a list containing these elements.

$Error is a string returning an Error message, if any

$Upper_Bound is the first Bonferroni bound, an upper bound on the p-value, including

the spanning tree improvement after articles by Kounias, Hunter, and Worsley

$Upper_Bound_Raw is the first Bonferroni bound, an upper bound on the p-value, with-

out any improvements. This is identical to the Grubbs test, as generally calculated.

$SLower_Bound is the second Bonferroni bound, a lower bound on the p-value.

SUpper_Exact is a logical value, TRUE if the upper bound is exact.

$Lower_Exact is a logical value, TRUE if the lower bound is exact.

SM2 is the value of M, above which no more than two residuals cannot occur.
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e S$M3 is the value of M3, above which no more than three residuals cannot occur.

The code module contains numerous other subroutines and debugging functions with names
that start with . and will not appear in default directory listings. Each function is commented in

the code listing.
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