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ABSTRACT 

Three quantitative measures are introduced for the concepts of "surplus" and 

"deficit" in hydrologic series. These are: run-length, run-sum and run-intensity. 

Positive and negative runs of a series are defined in terms of a fixed value, say 

c, of the variable under consider ation, namely precipitation. The distributi on 

function, moments, and other statistical properties of the three variables, 

run-length, run-sum, and r un-intensity, are obtained analytically under the 

following al t ernative assumpt ions on t he se·quence of annual precipitations: 

1. It is independent and normally distributed. 

2. It is independent and gamma distributed. 

For monthl y precipitat ions, zt' the series was first standardized by the trans­

formation 

where t is of the form t ~ 12(n-l) + T, T = 1, ... , 12, n = 1,2, ... ,and where ~T 

and oT are mean and standard deviation of the series corresponding to the month T. 

Calling "xt ~ c" as state "0" and "xt > c" as state "1," the series is then analyzed 

as a two-state Markov chain with stationary transition probabilities. 

Annual precipitation from 27 stations i n Colorado, and monthly precipitation 

from 219 stations in the Western United States are analyzed. 

v 



RUNS OF PRECIPITATION SERIES 

by 

Jose Llamas*and M. M. Siddiqui** 

Chapter I 

INTRODUCTION 

1 . 1 Subject of this study. The major objective 
of this study is to carry out the mathematical analysis 
of some parameters by which the concept of runs of a 
precipitation series may be defined with reference to 
the series itself. One of the main problems in water 
resource projects is to predict accurately the amount 
of water available during a period of operation and to 
determine whether or not i t will be sufficient. The 
total amount of water necessary in a given period of 
time, whether for one particular project or for a num­
ber of projects in one region, can be consi dered as the 
water demand of that region. Of course, the demand 
changes from region to region or from country to coun­
try. For instance, i n arid areas the water demand must 
be necessarily less than in the humid regions because 
of different water ava.ilability. The same situation is 
encountered in the agricultural countries as compared 
to the industrial ones. If in one period of time the 
supply of water is smaller or greater than the demand, 
then this period can be considered as dry or wet, 
respectively. 

The concepts of dry or wet periods ought to be 
taken only in a relative sense so that they depend on a 
certain level, c. This value, c, can be a constant or 
a variable according to the characteristics of the 
water demand. ln the case of agricultural projects on 
a constant surface of land and for the same kind of 
annual crops, the consumptive use of water is usually 
constant every year. In the case of urban develop­
ment, the future requirement of water is related to the 
growth of the population and to the expected industrial 
expansion. 

1.2 Backfround of the problem. The problem of 
runs of a prec pitation series has been initiated by 
Downer, Siddiqui and Yevjevich (1], and Yevjevich (2] . 
In these two papers, the authors define a dry or a wet 
run or a negative or positive run as the period in 
which the total amount of precipitation is less or 
greater than a certain constant, c. This constant may 
correspond to the concept of water demands previously 
defined. Three main factors may be used in order to 
characterize a particular negative or positive run: 
run-length , run-sum, and run-intensity. The run-length 
of a wet (positive) or a dry (negative) run is the num­
ber of terms in a complete positive or negative run, 
respectively. This is also the duration of a positive 
or a negative run. This quantity is particularly 

important in water resource problems because the knowl­
edge of the expected duration of drought or rainfall 
provides the engineer with the necessary design infor­
mation. 

The run-sum (or the magnitude of a run) is defined 
as the sum of deviations from a level (water demand) of 
precipitation over t he run- l ength . These deviations 
are negative or positive when the run is dry or wet, 
respectively. In some water resource problems t he run­
sum is the most important factor. The total capacity 
of water that must be stored and then supplied depends 
on the expected run-sum of the future dry negative run . 
The run-sum of positive or negative runs is directly 
related to the sizing of reservoir capacities, design 
and operation of hydroelectric structures, projects of 
water pollution, sizing of pumps, problems of erosion 
and sedimentation, and so on. 

The third factor characterizing the runs is the 
run-intensity, which is defined throughout this study 
as the average intensity or the ratio of run-sum to 
run-length. This quantity of run-intensity may be used 
as an index for the classification of regions with 
respect to precipitation patterns. In this study, the 
probability distributions of these three quantities 
will be obtained taking into account several pos.sible 
cases of the original variable, which is the amount of 
precipitation in a unit of time. 

First, since the unit of time for the precipitation 
measurement is one year, three different situations are 
then considered: 

(a) One single process of annual precipitation. 

(b) Two processes of annual precipitation that 
are mutually independent. 

(c) Two processes of annual precipitation that 
are dependent. 

The term "process" is used in the nar row sense of "sto­
chastic process." It is assumed that any functi·onal 
dependence on time , such as trend or periodicity, has 
been removed from any process under consideration. The 
total amount of annual precipitation is considered as 
the original random variable. 

*Former Ph.D. Graduate of Colorado Stat e University, Civil Engineering Department, Fort Col lins , Colorado, 
presently Adjoint· Director of Hydrauli c Management, Ministere des Richesses Nat urelles, Quebec, P.Q . Canada . 

**Professor, Department of Mathematics and Statistics, Colorado State University, Fort Coll ins , Col orado. 



With respect to the original process, two alterna­
tive assumptions are made : 

(a) The annual precipitations are independent 
identically distributed normal random varia­
bles. 

(b) The annual prec~p~tations are independent 
identically distributed gamma-type random 
variables . 

The hypothesis of independence in annual prec~p~­
tation is supported by Markovic [3), and physically 
speaking, seems to be realistic because only some fac­
tors of small effects (carry-over of water in river 
basins, evaporation, etc.) may affect the amount of 
precip~tation of the following year. This hypothesis 
may be easily verified (autocorrelation test, run test, 
etc .) before analyzing data for positive and negative 
runs. 

The hypothesis of normality of the annual prec~p~­
tation is, in fact, one of truncated normality (no 
negative precipitation) at origin. In the regions where 
the probability of zero annual precipitation is high 
(arid or arctic regions), neither the hypothesis of 
normality nor the hypothesis of gamma distribution are 
applicable. 

2 

From the analysis of the samples from 1141 stations 
in the western United States , Markovic [3) found that, 
on the average, the annual precipitations are positively 
skewed, and the gamma distribution hypothesis is more 
realistic than the hypothesis of normality. 

Second, the three main variables, run-length, run­
sum, and run-intensity are analyzed also with monthly 
precipit ation as the random variables . In this case 
the hypothesis of independence is tested and stated at 
the beginning of analysis, and no hypothesis of distri­
bution of monthly pre·cipi tat ion is made. 

The critical level (water demand) considered in 
this study is the mean value of the process. In the 
case of annual precipi·tation, the second order station­
arity of the process is assumed. Therefore, the criti­
cal level is assumed to be invariant in time. In the 
case of monthly precipitation, the stationarity is ob­
tained by standardization of the process. 

In order to simplify the algebraic operations, the 
annual precipitation series is standardized, and in 
both cases (annual and monthly precipitation) the criti­
cal level is assumed to be zero. 



Chapter II 

A SEQUENCE OF INDEPENDENT VARIABLES 

2.1 Introduction. In this chapter, a single 
process of annual precipita~ion is analyzed in order to 
obtain the statistical properties of the three main 
variables characterizing the positive and negative runs: 
run-length, run-sum, and run-intensity. This type of 
single rec~rd analysis is necessary before one can study 
several series and obtain correlation properties of one 
s tation with another or of one region with another . 

2. 2 Formulation of the problem. The problem was 
formulated by Downer, Siddiqui and Yevjevich (1]. For 
the sake of ready reference, however, it seems desira­
ble to summarize the essentials of that paper. Some 
of their results are reported here in a strengthened 
form, and some new results are also included. 

Let Xn, n = 1,2, ... , be independent identically 

distributed random variables with a common distribution, 
F, which is assumed to be continuous. In the appli­
cation to be followed after the derivation of theo­
retical results, Xn is the total precipitation at a 

given station during the n-th year. However, it can 
also represent the sum of precipitations over several 
stations in a given region. Also the unit of time may 
be shorter or longer than a year. 

A level, c, in the range of values of Xn is 

chosen such that 0 < F(c) < 1, and the n-th year is 
c lassified as a surplus year if Xn > c and , in that 

case, refer to Xn - c as the surplus. Similarly, the 

n-th year is called a deficit year if Xn ~ c, in which 

case, c - Xn is cal led the deficit. Thus defined, 

these surpluses and deficits are all positive random 
variables. 

A consecutive sequence of k surplus years pre­
ceded and succeeded by a deficit year is called a posi­
tive run-length k, the sum of surpluses t (Xn-c) over 

such a run is the positive run-sum, and this run-sum 
divided by the run-length is called the positive run­
intensity . Similar definitions hold for negative runs. 

For j = 1,2, ... , let Nlj denote the length of the 

j-th negative run-length and N2j the length of the 

following positive run-length. If the initial obser­
vation, xl, is greater than c, the initial positive 

run is disregarded. Suppose that the j-th negative run 
starts with Xi+l' Set 

Nlj 
'"~ slj l: (c-Xi+k) ' Ilj Nlj k=l 

N2j 
( 2 .1) 

s2. 
s2J r ex c) ' I2j - --=.J.. 

k• l i+Nltk N2j 

Then Slj' s2j are the negative and positive run-sums, 
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respectively, f or the j-th run, and Ilj' 12j are the 

corresponding run-intensities. The properties of 
Nij' Sij' Iij' i = 1,2, j = 1,2, ... are studied in the 

further text. 

2 .3 The independence of {(N 1j~s1j)} and { (N2j' 

~2jll· For convenience the following notations are 

introduced: 

p = F(c) • P(X
0 
~c) q = 1 - p 

F
1

(x) F~c) - F(c - x2 if X > 0 
F(c) 

- 0 X < 0 

F
2

(x) ~ F(x+c) - F(c) if X~ 0, 1 - F(c) ' 

- 0 if X < 0 (2.2) 

* Let Xln' n = 1,2, ... , be a sequence of independent 

random variables each with the distribution F1 and 

x;n' n = 1,2, ... , another sequence of independent ran­

dom variables, independent of the sequence X~n' with the 
distribution F

2
. Then 

P(Xi· < x) n- P(c - X < xlx < c) n - n- F1(x) 

P(x;n ~ x) P(Xn c < x I X > c) - n F
2

(x) 

m m <lm 
P( E Xi .<x) P( l: (c-X.)~xiX .~c , = 1, .. m) F 1 (x), 

j .. 1 J- j =1 J J 

m * m ~ 
P( E x2 .~x)=P( l: (X . -c)~x!X. >c , j=l, ... , m)=F

2
m(x) (2 .3) 

j=1 J j=l J J 

where, for any distribution function H and m = 1,2, 

... ,H®m denotes them-fold convolution of H with 
itself. 

First consider the distribution of N1j. If 

x
1 
~c, then P(N

11 
= k iX

1 
~c) = P(Xi ~c, i = l, ... ,k, 

I k-1 
xi+k > c x1 ~c)= qp 'k = 1,2, ... 

If x
1 

> c, then 

P(N
11 

= k iX1 > c) r P ex. > c, i = 
j=l l 

1, ... ,j ,Xj+i ~ c, 

k 
., 

k-1 i 1, ... ,k, xj+k+l > c 1 x1 > cJ i 
= P r q qp 

j=l 

k=l,2, ... 

Hence, the unconditional distribution of N11 is 



m(2.4) 

Similarly, 

so that 

and N11 and N21 are independent. This argument can be 

function 

f(x,A,r) • 
r r -1 -AX 

A X e 
r(r) 

and r > 0. If r = 1, then 

, X > 0 , 

-qAx " q>.e , x > 0 , ( 2. 9) 

an exponential distribution. For arbitrary r > 0 , 

d d h h Fs(x) ext en e t o sow tat N11, N21 , N12 , N22 , . .. are mutu- q[F(x,>.,r)+p F(x, A,2r) + p2F(x,A,3r) + ... ) 

ally independent, {N1j} are identically distributed, 

and {N2j} are identically distributed. 

Now, look at the joint distribution of (N11 ,s
11

). 

From (2 . 3) it follows that 

hence 

k-L~k 
P(N11 = k, s11 ~ x) = qp ~1 (x) , 

Similar expressions hold for (N21 ,s21 ) . Finally, 

P(S
11 

< x) 
k-1 J:lk 

I: qp f!-Cx) . 
k=l 

( 2. 5) 

(2 .6) 

(2 . 7) 

Again, one can show that the sequence of vectors 
(Nlj'Slj) is mutually independent and identically dis-

tributed with (2 .6). This sequence is also independent 
of (N2j,s2j), which themselves are· mutually independent 

and ident ically distributed. Since the treatment of 
one vector sequence is exactly parallel to the other, 
only one is considered . (In fact Xn ~ c is equivalent 

to -Xn > - c so that a negative run for Xn at level, c, 

is equivalent to a positive run for -Sn at level, -c) . 

We choose to concentrate on the negative run (Nlj'Slj). 

We drop the subscript, j, and write it as (N1 ,s1) unle~ 
the whol e sequence is consi dered . 

2.4 The distribution of s
1 

in some special cases. 

From (2 .7), the distribution function, Fs of s1 , is 

directly related to F1 rather than to F. Since 

0 < p < 1, pn + 0, terms aft.er some k = n may be 
negligi ble. For example , if p • 1/2, p7 < 0.01 and the 
series may be truncated at the sixth term wit h the 
error of approximation less than one percent uniformly 

for all x. Actually, since ~k(x) ~ l, then 

F s (x) 

For exampl e, let F1(x) 

k-1 qp n 
p ( 2 .8) 

F(x ,>.,r) with the density 

4 

n k-1 
q I: p F(x,>.,kr) + Rn(x) 

k .. l 

where 

n n+l q[p F(x, >. , (n+l)r) + p F(x , A, (n+2)r) + .. . ] 

~ qpn F(x, A(n+l)r)(l+p+p2+ ... ] = pn F(x,>.,(n+l)r).(2.10) 

This follows because, for x > 0 , 

F(x,A,kr) < F(x , >., (k- l )r) . 

Usually, n = 2 or 3 may give a satisfactory approxi­
mation. 

2.5 Moment gene rating functions. If y is any 
random variable with the distribution function, J(y), 
and E is the mathematical expectation operator, 
then 

M (6) = Eeey f~ eey dJ(y) 
y 

is called the moment generating function of Y or of 
the distribution, J . e is taken to be a complex number 
and MY(e) exists at l east for Re e ~ 0. If for some 

r = 1,2, . .. , the r-th moment of Y exists, then it is 
given by 

where M(r) (0) is the r - th derivative of ~~ evaluated 
at e = 0 . 

If Y1, Y2, ... ,Yn are independent and 

Y Y1+ ... +Yn, then 

M (e) = M (e) M (e) 
y yl y2 ~· (6) Yn 

The function, K (6) = .Q. nM (G), is called the cumulant 
y y 

gener ati ng function of Y. The r - th cumul ant of Y 



exists if the r-th moment of Y exists and is given by 

kr(y) = r-th cumulant of Y = KY(r)(O) . 

Clearly , for Y = Y1+ . .. +Yn' where Y1, ... ,Yn are inde­

pendent 

KY(e) .. K (e) 
yl 

+ ••• + K (e) 
Yn 

Recall that {X1n} have the common distribution function, 

F1. Set 

* vx11 "' cv c 
M ( ) E J vx dF ( ) __ e J e-vx d.F(x) , 

1 \l=e • e 
1
x-

_.., p _.., 

From Downer, Siddiqui and Yevjevich {1] , 

Also 

* EX 
ES ., ___!L 

1 q , var s1 • 
* * 2. q varx11 + p(EX

11
) 

q 

where var X is the variance of X, and cov (X,Y) is the 
covariance, and p(X,Y) is the correlation between X 
andY. 

The authors just mentioned did not give the 
sl 

moment generating function of 11 • ~ but, in a similar 

argument, 1 

• (2.13) 

The evaluation of the moments of 1
1 

involves sums of 
the form 

.. n-1 
z 

r 
n 

' r l, 2, ... 0 < z < 1 . 

Now, 

A
1

(z) • 1 + ~ + ~ + 
2 3 

1 
r - z 1n(l-z) 

Integrating both sides from 0 to p gives 

pl 2 3 
- J - tn(1-z} • p + L. + L. + 

z 22 32 

and so on. 

Finally, 

1 
• -A (p} 

p 2 ' 

(2 .14) 

There is little point in g~v~ng the algebraic form of 
higher moments as they can be numerically calculated 

(2.12) i n a specific situation. 

s 



Chapter Ill 

NORMAL AND GAMMA DISTRIBUTED VARIABLES 

3. 1 Normal sequence. Suppose that the original 
sequence {Xn} is an independent normally distributed 

sequence with EXn c 0, var Xn = 1. (If EXn = ~ and 

X = a2 , then consider the standardized sequence n 
(Xn - ~)/~) Downer, Siddiqui and Yevjevich [1) have 

studied this situation exhaustively for (N2j,s2j). 

Their results are equally applicable to (Nlj'Slj). 

Now consider the case of c ~ EX = 0 to illustrate 
n 

a method of approximating to the distribution of s 11 and I 
11 

. Thus 

ES1 = 1.59577, var s1 = 2.0, Es13= 18.8615, ES~•93 . 0225 

where an approximation to the value of rr is used. Also 

The coefficients of skewness of s1 is 

Since this is positive, a gamma distribution is chosen 
to approximate to fs(x). Siddiqui [4) gives the method 

for this type of approximation. 

Let 
e-x/2g xk/2-1 

f(x;g,h) • for x > 0 
(2g)h/2r(h/2) 

and 

d m 

where 

rn 
l: 

j=o 

y . 
..:.1. 
J! 

(3.4) 

The parameters g and h can be computed by the 
method of moments, i.e., equating the first two 
moments of the probability density function in Eq . 
(3.1) with the moments, ES1 and E(S

1
) 2, already found. 

The first two moments of the distribution ~n Eq. (3.1) 
are gh and g2h£h+2). Thus, setting gh = ES1 and 
g2h(h+2) = ES1 , 

g • 0.626657, h 2. 546482 . 

Then 

f(x;g,h) = 0. 816398 e-0 . 797885x x0 . 27324l 

In this kind of approximation, only the first 
few polynomials are really important. As a general 
rule, the order , m, of the last polynomial considered 
must be such that: 

(a) No appreciable oscillations appear in the 
probability density function. 

(b) The coefficient of xm must be small in com­
parison with the coefficients of the terms 
of lower order. 

With those considerations, the probability density 
function of s

1 
is truncated at m • 4. 

= 0 otherwise, 
Table 1 shows the different computations. In 

(3 . l) this table, A = m!r(h/2) 
m r(m+h/2) 

be the probability density function of a gamma variate, 
to which the probability density function of s

1 
is 

approximated. 

In (3.1), g is a scale factor and h is the 
effective number of degrees of freedom. 

The approximation to the probabilit y density of 
s1 can be improved as fol lows: 

f(x) " 
d c!!. - 1) 
_m_ L 2 (~) (3.2) 
(2g)m m 2g 

where L (c)(y) is the Laguerre polynomial of degree, m. 
m 

L (c)() m (m+c)(--v'' j 
Y • E m-J' ~J'! m j=O 

(3.3) 

6 

Finally, the probability density function of s 1 (and 
s2) is 

0.816398e-0.797885xx0.273241 (0.790207 + 

+ 0.514732x- 0.265132x2 + 0.042132x3-0.001922x4 ). 

3.2 Approximated probabilitb density funct ions 
£!_1

1 
and 12 . As before, the pro ability density 

function of r
1 

(and I 2) will be approximated by a 

function of a gamma-variate . 

In this case, 

Var 1
1 g • ze-y-- ~ 0.157840 

1 



TABLE 1 

IMPROVEt·1ENT OF PROBABILITY DENSITY FUNCTION <OF S; ( i = 1,2) 

om 
(0 .273241) 

m Am Lm (~) 
(2g)m 

0 

0 

2 0 

3 -0.017781 0.633311 1.579002-2 .968478x+1.041905x2-0.084658x3 

4 -0.192013 0.592816 1.686864-4.228341x+2.226157x2-0.361764x3+ 
+0.016887x4 

The parameters dm and Am and the functions Lm , 

form= 0 to 4, are given in Table 2. 

Finally, tho probability density function of 1
1 

and 12 is 

f1 (x)=l3.6505~-3 · 167764x x
1· 527516(0 . S95968+2.070133x-

-2.84862Sx2+1.356767x3-0.198404x~) . (3 .5) 

Figures 1 and 2 show the probability density functions 
of sl (or 52) and 11 (or 12) . 

3.3 Gamma distributed sequence. Let a random 
variable, X, have the distribution function, F{x), with 
the probability density function 

f(x) 
r-1 - x x e 

r(r) 

= 0, 

if X > (' 

if X < 0 

where r > 0. One can introduce a scale factor A, but 
it will simply involve multiplying the k- th moment by 

k •. A . S1nce EX = r,var X = r, we consider the moments of, 
the standardized variable 

X = !...::....!:. 
1 rr 

and the sequence Xn, n = 1,2, ... , which are identically 

distributed. 

If Xi1 and Xi2 denote the truncated random varia­

bles with c = 0, ther. 

*k -k/2 k EX11 = r EX11 , 

where x11 is the variable, X, truncated at EX * r. 
. . *k -k/2 k S1m1larly, EX21 = r EX22 . 

Let F1 and F2 be the distribution functions ob­

tained from Eq. (2.2) . Then 

TABLE 2 

IMPROVEMENI OF PROBABILITY DENSITY FUNCTION OF l;(i 1 ,2) 

m 

0 

0 

2 0 

(1.527516) 

Lm (h) 

3 0.035602 0.148638 6.727776-25 .295999x+22.716197x2-5.297942x3 

4 -0.439633 0.107562 9.296972-46.608005x+62.782081x2-29.284471x3+ 
+4.195661x4 

7 
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Figure 1 Distribution function and probability density function of s
1 

and s2 

t
1
(x) = t3.6~057e3.167764~1·5275'6co.595968 + 2.070133x- 2.848625x2 

+1.356 767 ~ - 0 .198 404x4 ) 

2 3 
X 

Figure 2 Distribution function and probability density function of r
1 

and r
2 

k 

4 

dF 
1 

(x) 
r-1 -(r-s) (r-x) e 

r(r) P(r,r) dx ' 0 ~ x ~ r t (-l)j rk-j r (r+j ) P(r+j,r) . jcO 

where 

X 
P(a,x) ; ~ f ta-l e-t dt a > 0, x > 0 , 

• ~a, o 

is the incomplete gamma function. 

Then 

k r (r) P(r,r) EX11 
r k r-1 ( ) f x (r-x) e- r-x dx 

0 

r r-1 k y f Y (r-y) e- dy 
0 

Hence, 
k j k- . 

.., EXk -~ (-1) r Jr(r+j)P(r+j,r) 
E (X ) k., ...J.!. = .._J -_O_-r.;-:;--------

11 rk/2 rk/2 r (r) P(r,r) 
(3 . 6) 

In a similar fashion 
k 
r (-l)j (k) ~ r(r+k-j) 

= j•O j 

rk/2 f (r) P(r,r) 

(3 . 7) 
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In t'he distribution of N11 and N21 , 
' 

p: F(r) : P(r,r), q = 1-p . 

We define 51 and S2 in terms of the "normalized" 

variables X~n' x;n and then calculate their moments. 

The following table shows the values of the first 

four moments of Xi1 and x;1 for several values of r . 

The values of the Incomplete Gamma Function have 
been taken from K. Pearson [5). 

TABLE 3 
MOMENTS OF Xfl (i=l,2) FOR SEVERAL VALUES OF r 

r 

0.58198 0.41802 0.32788 0.27027 0 .58198 1.16396 3.49184 13.96753 

2 0.64412 0 .54456 0.51807 0.53441 0.64412 1.13809 2.89771 9.56150 

4 0.69031 0.65486 0.72614 0.87779 0.69031 1.11027 2.49127 7.06530 

6 0.71055 0.71012 0.84056 1.10099 0.71055 1.09454 2.31406 6.11766 

The following tables show the first four moments of S; and r1 for several values of r. 

TABLE 4 
MOMENTS OF S;(i=l ,2) FOR SEVERAL VALUES OF r 

r 

1.58198 4.30027 17.20120 91.63671 0.92068 2.46503 9.89973 53.01123 

2 1.58768 4.33840 17.35705 92.41097 1.08383 2.86815 11.18544 57.70780 

4 1.S9252 4.38432 17.63093 94.21243 1.21849 3.24693 12.64762 65.03209 

6 1.59359 4.40703 17.77899 95.26155 1.28230 3.44160 13.46745 69.57820 

TABLE 5 
t-()MENTS OF l; (i=l ,2) FOR SEVERAL VALUES OF r 

r 

0.58198 0.38486 0.27422 0.20031 0.58198 0.98911 2.63477 9. 77068 

2 0.64412 0.49475 0.42168 0.37902 0.64412 0.96617 2.15717 6.50659 

4 0.69031 0.59059 0.57961 0.60859 0.69031 0.94718 1.85078 4.74713 

6 0.71055 0.63827 0.66659 0.75612 0.71055 0.93751 1.72266 4.09933 

Comparing the moments of S. and I., i = 1,2, obtained 
l. l. 

in this way with the same moments as for the normal, 
it follows that the moments corresponding to the gamma 
distribution of the original random variable, x1 , con-

verge to the moments corresponding to the normal dis­
tribution of x

1
. This convergence is almost independ-

ent of r for the moments of s1, but for the other 

random variables, s2, 11 and 12, both assumptions are 

9 

similar for large values of r only as shown in Figs. 
3, 4 and 5. ~ 

3.4 Example: Fort Collins, Station No. 5.3005. 

Years of records: N = 69 

Mean: ~ = 14.62 

Standard deviation: o ~ 4.00 

Equating the mean and variance, it follows 
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Then 

TABLE 6 

EXPECTED VALUES AND VARIANCES OF Xi and Ni (i =1 ,2) 

FOR DIFFERENT HYPOTHESES OF {X
0

} 

Normal 0.79789 0.79789 0.36338 0.36338 2.00000 2.00000 2.00000 2.00000 

Gamma 0.740 0 .740 0.245 0.565 2. 166 1.857 2.527 1.760 

From the 
data 0.670 0.910 0.243 0.502 1.850 1.524 0.928 0.725 

TABLE 7 

EXPECTED VALUES MlD VARIANCES OF Si AND 1;(1=1,2) 
POR DIFFERENT HYPOTHESES OF {X

0
} 

Hypothesis ES1 of {X
0

} 

Normal 1.59577 1.59577 2.00000 2.00000 0.79789 0.79789 0. 25188 0.25188 

Gamma 1.595 1.360 1.880 1.845 0.73800 0.73800 0.160 0.420 

From the 
data 1.239 1.386 0.816 1.027 0.673 0.957 0.123 0. 586 

IJ " r 14.62 r= 

). = 0.9138 r = 13.360 

11 

The preceding example shows that t he first moment 
of all random var iables, obt ained from the data , agrees 
quite well wi th t he first moment of the theoret ical 
hypothesis {better if t he compari.son i s done wit h gamma 
hypothesis). For the random variables , Ni,Si' and 

I.(i=l,2), the disagreement between the higher moments 
~ 

in bot h cases, provided by the fact that the sample 
s i ze and consequentl y the number of r uns , is very small 
in this example; t herefore, t he estimation is obvi ously 
subject to large sampling fluctuations. 



Chapter IV 

TWO MUTUALLY INDEPENDENT PROCESSES 

4.1 Introduction. In previous chapters, the 
parameters defining the negative and positive runs of 
annual precipitation were studied considering one sin­
gle sequence of original random variables: the total 
amount of annual precipitation at one station. The 
concept of runs defined in this way can be generalized 
to several points in space simultaneously in order to 
study the behavior of those phenomena in the joint di­
mensi ons of time and space. This situation is often 
encountered in hydrology. For example, if a river is 
passing through t wo regions with similar or different 
meteorological conditions, the expected runs in a 
downstream storage project depend on the combined pat­
tern of precipitation in both regions. In this case, 
two different sequences will be required in order to 
define the process. The same problem can arise in a 
large watershed in regard to the particular model of 
precipitation on its main tributaries. 

4.2 Formulation of the problem. Consider a se­
quence of a two-dimensional process, (Xn,Yn)' n = 1, 

2, ... , where these vectors are mutually independent 
and have a common distribution function, F(x,y). Given 
two levels, c1 and c2, such that 0 < F(c1,c2) < 1, we 

have four possible events: 

A 
n 

B 
n 

Of these four, An and Dn are of interest to us. 

The n-th year will be called deficit for both sequences 
if An occurs and surplus if Dn occurs. A sequence of 

k consecutive A' s followed and preceded by any other 
event is a negative run of length, k. A sequence of 
k consecutive D' s followed and preceded by any other 
event is a positive run of length, k. (For the initial 
run the requirement of "preceded by" is dropped .) The 
situation is depicted in Fig. 6. 

Thus the distribution of N11 is still given by the 

formula 

k-1 
P (N ll = k) = qp , k = 1, 2,.. . . 

The difference is that now there is no guarantee 
that a negative run will be immediately followed by a 
positive run. In fact, it is quite possible that a 
negative run is followed by a few B and C type 
events, which in turn, are fol l owed by another negative 
run . Also here q f P(Dn). Since the discussion of 

the positive runs is parallel to that of negative runs, 
we omit their mention entirely. We now use the symbols 
s11 for E(c-Xn) and s21 for r(c-Yn)' where the summa-

tion is over a (common) negative run. 

12 

x• 
-+ S,,• L: ·~ + N, 

Figure 6 Graphical representation of the random 
variables s11, s12, s22 , N1 and N2 

When {Xn} is independent of {Yn}' we have 

where F(x) = P'(Xn :_x) , G(y) = P(Yn :_y) . For example, 

i f both Xn and Yn are standard normal and c1 = c 2 = 0, 

then F(O,O) = 1/4. However, we are at liberty to 
choose F and G differently, for instance, F to be 
normal and G to be a gamma distribution. 

Now, let 

( 4 .1) 

so that the random variables, {X1n} and {Y1n}' can be 

defined independently by the truncation of F and G, 
respectively. The entire discuss i on of Chapter II 
carries through for s1j and s2j except for their 

covari ance proper ties. We have 



so that 

(4.2) 

13 

4. 3 Comment on the dependent case . From the 
equation (4 .1) , it is apparent that no general dis­
cussion can be carried very f ar if {Xn) and {Yn} are 

not independent , i . e. , when F(x,y) ~ F(x)G(y) . The 
essential difficulty is in finding the j oint distri­
bution of the truncated random variables (Xi1,Yi1) . 

Even the marginal distribution of Xi1 (or of Yi) ·depends 

on the joint condition (X
1 
~ c

1
, Y

1 
~ c

2
}. 



Chapter V 

~~NTHLY PRECIPITATION SERIES 

5.1 Introduction. In the three pervious chapters 
the annual precipitation as the basic random variable 
leadi ng to an objective definition of runs was consid­
ered. The series in this form were independent within 
and strictly stationary . 

However, in some cases it is preferable to r educe 
the length of this original random variable in order to 
create another process in which the length of observa­
tions will be longer . In practical terms this new 
process offers more advantages, in particular, in the 
study of those phenomena renewable in a short period of 
time. For example, the drought, defined as the negative 
run over the mean of annual precipitation, does not mean 
anything to a farmer so long as the precipitation is 
concentrated in the right period. 

In this chapter, the monthly precipitation is the 
basic random variable . The time series formed by the 
total precipitation during a month are not stationary 
because of the seasonal variations. Each series must 
be considered as a sample of 12 different populations , 
and some transformations should be necessary in order 
to bring about stationarity. 

5.2 Formulation of the problem. We consider a 
sequence of monthly precipitation. Let Pt, t = T+l2(n- U 

be the total amount of precipitation in the T-th month 
of the n-th year. Here, t • 1, 2, . .. , 12 and n • 1, 
2, Fix T and set 

pt - llT 
a 

T 
• t T + 12(n- l ) , 

where llT is the mean value and aT is the standard devia­

tion for the month T. Xn, n • 1,2, ... , then corres­

ponds to the standardized values of Pt for the same 

month of successive years. Clea~ly, this may be assumed 
to be either an independent sequence or a mildly depend­
ent stationary sequence. What we assume concerning the 
dependence is the following. Let 

0, 

if X > 0 
n 

i f X < 0 n-

We assume that the sequence of xn forms a two state 

Markov process with stationary transition probabilities. 
That is , 

P(x lx 
1
,x 2, . . . ,x1) o P(x lx 1) 

n n- n- n n-

Let 

P(x2 Olx
1 

0) 1 a, P(x2 = 1 lx1 = 0) =a 

P(x2 = Olx1 = 1) a P(x2 = 1lx1 1) 1 - a 

The transition matrix of the model is 

14 

... o 
1-a 

B .:.] 
with equilibrium probabilities 

We further assume that the initial probability dis­
tribution is given by 

so that the chain is stationary. That is, 

P(xn = 0) • 11
0

, P(xn = 1) = 111 , for all n = 1,2, .. .. 

Now let N1j be the j - th run of O's and N2j the follow­

ing run of l's. We have 

k-1 " (1-a) a , 

r P(xi•1, i =l, ... ,j, x .. • o , 
j=l J+l. 

i. l, ... ,k, 

I 
00 

j-1 k-1 
1 x

1 
• 1) • !: 6 (1-6)(1-a) a 

j•1 

k-1 = (1-a) a . 

Hence, the unconditional probability 

k-1 P(N
11 

• k) = a(l-a) k 1, 2 , .... 

which is the same as Eq. (2 .4) with p 1 - a. 

Similarly, 

P(N
21 

= k) ll(l-S)k-l , k 

Let 

z = n 

n 
r xi, yn 

j =l 
= n - Z n 

1,2, .... 

Then Zn is t he number of surplus months out of n, and 



yn is the number of deficit months. We know that [6] 

Yn is asymptotically (n~) normally distributed with 

EYn • n -
6
-oc+B 

var Y 
n 

, n aB(2- a-S) 

(a+ B) 3 

(Since Y + Zn = n, var (Y + Z ) ; 0 for all n.) 
n n n 

5.3 Properties of runs. Defining 51, I1, 52, I2 
as before, we note that for c = 0, the model outlined 
above is equivalent to the independent sequence model 
except that q =a, p = 1 -a for (N1,s1,I1) and the 

same (p,q) will not apply for (N2,s2, I 2) unless a = 
1 - a , which is the independent case. Thus, when 
discussing N1,s1,I1, i.e., negative run- l ength, run-

sum and run-intensity, we set p; 1 - a, q =a, in the 
formulas (2.11, 2.12 and 2.13) . 

5.4 Example. 

Station 4.7740 San Diego WB APT 

The probability density function of monthly pre­
cipitation for this station is given in Fig . 7. We 
obtain the following values for the parameters: 

a = 0.290 

B 0.683 

ES1 = 1 .596 

ES2 = 1 .609 

-3 -2 -I 

E(S1)2 4.6066 

E(S2)2 5.5628 

f(l() 

0.4 

0.3 

0.2 

0.1 

0 

E I l 0.4629 

EI2 = 1.0941 

From the data: 

ES1 1.5953 

A 

ES2 = 1 .5987 

EI1 : 0 .4629 

EI2 • 1 . 1023 

E(I1)2 0.2508 

E{I2)2 2.3969 

E(Sl)2 = 4.2246 

E(S2)2 5.8756 

E{Il l2 : 0.2416 

E(I2l2 .. 2.2147 

5.5 Explanation of appendices. In Appendix I 
the following tables are provided: 

1. Table of incomplete gamma function P(a,x) 
for a= 1(1)14, and x = 1,2,4,6,10. 

2. Data used in example of Chapter III. 

3. Locations of precipitation stations in Color~. 

4. Table giving numerical values of means and 
variances of variabl es related to runs for the 
annual precipitation series at stations in 
Colorado. 

Appendix I I provides numerical values of parameters 
discussed in Chapter V, such as EXi, a, B, w

0
, n1, 

EN 1, for monthly precipitation series at stations in 

the Western United States. Areal distribution of these 
stations is also provided . 

2 4 5 
X 

Figure 7 Probability density function of monthly precipitation. Station No. 4.7740. 
San Diego W.B. APT 
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APPENDIX I 

TABLE OF INCOMPLETE GAMMA FUNCfiOO IN TilE FORM P(a,x) 

USED IN CHAPTER III (FROM K. PEARSON (5] 

a \x 1 2 4 6 10 

1 0.63212 0.86498 0.98168 0.99752 0.99995 
2 0.26424 0.59430 0.90745 0.98257 0.99990 
3 0.08030 0.32362 0. 76441 0.93761 0.99959 
4 0.01899 0.14317 0.56653 0.84880 0.99668 
5 0.00366 0.05295 0 . 37099 0. 71374 0.98663 
6 0.00060 0.01686 0.21456 0.55412 0.96183 
7 0.00009 0.00483 0.11026 I) .39348 0.91243 
8 0.00002 0 .00139 0.05067 0.25579 0.83558 
9 0.00001 0 .00027 0.02135 0.15252 0.73226 

10 0.00000 0.00005 0.00813 0.08367 0.60625 
11 0.00000 0.00001 0.00274 0.04139 0.47678 
12 0 .00000 0.00000 0.00094 0.02017 0.35680 
13 0.00000 0.00000 0.00028 0.00883 0.24992 
14 0.00000 0.00000 0.00008 0.00356 0.16383 

DATA USED IN EXAMPLE OF CHAPTER III 

FORT COLLINS, COLO. STATION NO . 5.3005 

Year p s Year p s 

1891 17. 50 .71 1926 13.57 - .26 
1892 13.58 - .26 1927 15.77 .28 
1893 5.65 - 2.24 1928 13.54 - .27 
1894 12.35 - .56 1929 14.08 - .13 
1895 18.07 .86 1930 15.17 .13 
1896 15.76 . 28 1931 9.88 - 1 .18 
1897 15.24 .15 1932 12.80 - .45 
1898 11.03 - .89 1933 15.65 .25 
1899 16.19 '.39 1934 8 .87 -1 .43 
1900 19.21 1.14 19.35 15.95 .33 
1901 21.17 1.63 1936 11.81 - .70 
1902 18.43 .95 1937 12.93 - .42 
1903 11.63 - .74 1938 19.72 1.27 
1904 13.13 - .37 1939 7.85 -1.69 
1905 19 .85 1.30 1940 13.94 - .17 
1906 19.88 1.31 1941 17.81 .79 
1907 11.64 - . 74 1942 21.19 1.63 
1908 17.22 .64 1943 12.27 - .58 
1909 16.24 .40 1944 13.53 - . 27 
1910 12.92 - .42 1945 15.73 .27 
1911 10.89 - .93 1946 14 .11 - .12 
1912 19 .61 1.24 1947 17.95 .83 
1913 15 .85 .30 1948 10.45 -1.04 
1914 14.31 - .07 1949 18. 79 1.04 
1915 22.79 2.03 1950 12.70 - .48 
1916 13.15 - .36 1951 22.52 1.97 
1917 13.72 - .22 1952 12.74 - .47 
1918 21.79 l. 78 1953 11.42 - .80 
1919 10.92 - .92 1954 7.98 -1 .66 
1920 11.65 - . 74 1955 12.97 - .41 
1921 14.83 .OS 1956 12.19 - .60 
1922 9.98 -1.16 1957 19.56 1.23 
1923 27.57 3.23 1958 17.44 .70 
1924 10 .64 - .99 1959 14.67 .01 
1925 14.46 - .04 
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APPENDIX 1 (continued) 

In the preceding Table, P means the total amount of 
annual precipitation in inches, and S is the total 

Precipitation Stations in Colorado 

• 
5.3867 

• 5.7618 
• 

5.2281 

• 
5.4884 

• 
5.1440 

• 
5.3951 • 

5.2184 

• 
5 .1886 • 

5.2432 
. 5.4250 

amount of annu.al precipitation in standard measure, 

i.e., S = P-~ where~ • 14.62 and a= 4.00. a 

• 
5.44 13 

• 
5.3005 

• 
5.4082 

• 5.3546 • 
5.3038 • 

5.9295 
• 

5.5116 

• 
5.5116 • 

5 .1179 

• 
5. 112 1 

• 5.1528 
• 

5.5730 • 
5.1564 

• • 
5.1294 

5.2446 

• 
5.6131 

• 
5.4834 
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APPENDIX I (continued) 

Ne«lU PUCIPrtATlCIN 

SfAT10NS 01 Q.X.OlADO 

St.at-.1• St.a- • • ... c!;IJ •ll',l l(lj,J .... ... •cs1J £(12) . .. .... f!(Jl) £(12) . .. '" - tl• ta,~l ta,jl ta,jl ll',l oo,J cs1J cs,, (II) (1
2

) ... 
-- S,llll 1 ., 11.01 4.11 11.1 O.IH O.IH O,:HJ 0.34> 2.000 z.ooo 1.000 1.000 1.$9~ l.lfSI 1.000 1.000 0.191 0.791 o.nz 0.252' 
lift((.Qft 2 0. 73S o. 735 0 ,240 O.S70 2.US 1.110 2.751 1.466 1. 5950 l.lSS 1.110 1 . 1140 0.1JS o.ns 0.160 0. 42l 

> O,fll 0,116 0.236 0.4U l.t« I.IU I.S, t.04• 1.5917 l.SJ7 1,275 1 ,262 0.734 O.IU 0. 14' O.llt ., ... 1.111t l u )4,04 4,51 '·' 0.1tl 0.791 0. )0.1 0,:163 1.000 z.ooo 2.000 2, 000 l ,StSI I.JtiU 2.000 2.000 0 , 711 0.1tl 0,2JZ 0.252 

' 0 , 71$ o.ns 0.2.U O,S12 2.1H 1 . ... 2. 401 ..... l.StsO 1.J40 l."S l.UO o.aa O.IU o ..... O.HI 
> 0.116 o.e.u O.l4l 0,17l 1.647 l . Ul 2.2ll I.W 1.1000 1.7&1 ~. .... l.S.OI 0.797 o.uo 0.112 0.241 c- S.l2t4 1 .. u .... 3.2:4 15.3 0.7tt o.m o ..... 0.>41 ~.000 1.000 2.000 1 . 000 1.59Soa l.SiiiSf 1.000 1.000 0.7JI 0.7ta O.U2 O.ZSl 

City 2 0.747 0.747 0 , 2H 0.560 l.l4t 1.111 2.461 J.u• I.S!JSS 1 . >61 1.112 I,U2 0 . 740 0.740 0.162 0,.16 

' O.Ut O.ttl o.m 0,619 .1,161 1,4D 4. 10) l.tl7 ....... 2. 127 1.J7. l.JJI 0.175 o.t•J o.Ja 0. 167 c....,. .. ,. 1.1u.o 1 ll U.IO 2.61 u.s 0.191 0.79t O,S6J 0.363 1.000 2.000 2.000 2,000 l,$95t 1.5StSI 2.000 2.000 0.1tl 0.711 0.2n 0. 252 
2 0.7M 0,765 0,265 o.sso ..... l.t26 2.246 1.113 l,St.S.S 1 . )15 1.192 1.170 o.no 0.710 0. 161 0.410 
> 0.715 ..... 0,166 O.tll 2.647 2.•21 $.SS. .s.t.51 2.0267 2.o:u 0.659 2 . S60 o.u.s ..... 0.019 1.085 

""-- S.JSll l •• u .. n J.ts 24.1 0. 7M .. ,.. O.UJ ..... 1.000 2.000 2.000 2. 000 t,Sts.t 1.59$1 2.000 2.000 0.791 0.7!ill o.zn 0.2:5.2 
2 0.77. o.m o.:oo O.S40 2. 111 t.ttS ..... •·•" l.St57 L•ol 1.10.1 ..... O. ?St o.7St 0,174 0.400 

' ··- 0.7 .. 0. 413 O • .Sll 1.7 .. l . tJJ I.JJt .J. UI I . S>6< l.S2J t,tsa. .. , .. 1.010 o,7U 0, 411 0.11f a.,.- S. lSt-4 1 .. 14.14 ... .. U.J 0.191 0.7tl O.J4.1 0. :14> 2. 000 1.000 2.000 2. 000 I .StSI l.J•SI ..... 1 . 000 0.7M 0.7M O. lSl 0.2S2 
Wdb ~ 0.7.SO 0.710 O • .JJ.I 0.579 J.n.s 2.011 1.921 2.0 ... l.SIJSO 1.,...1 1.171 I.U6 0.7l0 o.no O.UI 0.424 

' 0.722 0. 93<1 0.2.1 0.296 2.JS7 2.000 3.102 1.000 J.7ll.S 1.461 •• ISS3 0.962 0.575 0.914 O.IIS 0.2.3:2 
Conn 5.1416 I 27 a:..JJ 4.29 ... 0.7UI 0.151 O.J4.1 0.161 2.000 z.ooo 2.000 2,000 •. usa 1,$9&.1 2.000 2.000 0. 791 0,791 0.2$2 0.252 

2 o.ns 0.725 O.U4 0,$12 2.071 l.U4 2.211 1 . 106 1.5ts0 l.S"'O J.t7S I , UO 0.727 o. 727 O.IU 0.421 
> o.su 0,,.. O.lOZ O. tS4 1.000 I , U2 1.2$0 0.104 l.02Jl 1.11) O.S02 l.e7J 0.414 O,UI o. on o .... 

0.1 Jln1.• 5.11.14 I .ll I .U 2.51 11.0 o ..... 0.7M O.J4.1 O.>Ol 2.- 1.000 1.000 1.000 l.~JSI l.Stll 1.000 1.000 0,791 0.7tl O. lU O.ll2 
2 o.uo 0. 7lo0 o.2.sa 0.570 J.t7J ..... l.tll ..... 1.5ts0 l.l41 1.&71 1.136 o.uo 0.710 O, IU 0,424 
l 0,74a 0.171 O.ZG2 o.m ··"' t .n• 1.213 1. 061 1.noo I,S.$2 0 , 107 1.17$ o.eto ..... 0 • .)4J 0.169 

Dill•• 1.2211 1 .. U . 2.J 4,ot lt.t 0.1H 0.771 ...... O.H.J 1.000 1.000 2.000 2.- l ,$951 1.1m 2.000 ··- o.nt 0.7'11 0.2U O.J$2 
2 0,761: 0.765 0.2.S o.uo ..... ..... 2.011 t . Ht l,SISS I.UJ 1.tf,) 1.171 0,714 0.750 O. JWI 0.410 
> o. us 0,6U 0.173 0.326 l.SS7 1.667 0.6SI 2.011 0.19.U. 1.0..9 0.671 I.JS6 0.'-41 0 .6U 0.014 o.2n ....... 5.2432 1 .. tt. u s.4t 12.2 0.7N 0 ,791 0.34> O.loU 1.000 2.000 2.,000 2.000 1.$951 l . .S~$.1 2.000 2.000 O.?tl 0. 791 0.25.2 0.252 

' o.ns 0.735 0.240 0.570 2.!71 .... , ..... 1.561 ).5900 LUS 1.110 L140 o.ns o. 7SS 0.160 O.Hl 
> 0.717 O.lll 0.21t 0,565 2. 2 .. 2. 0.7 ..... 2. 1t1 L7.l0l 1. 7:1 2.127 l • .JU 0,767 O.ISl O.J6Z o .... - 1 . 1446 I J2 U . 71 4, 19 10, 1 ··- '·"' o.JU 0.34> 1.000 1 . 000 1,000 >.ooo 1 . Stst I ,UU 2.000 1 . 000 o. m o.ttl 1.1n O.U2 

' 0. 7JQ 0.1.10 O.lJS 0. 570 ~,,, .. 2.021 1.t21 ..... I.S.HO 1,)41 l.UI t .u• 0.1.10 0.7JO t.IU 0.414 
>· ..... 1.017 o ..... 0.417 2.l$7 1 . 000 7.167 S.7SJ 1.94.16 2.011 S.l91 J.SI1 0.$$9 1.000 0.11'1 0.571 

u, . .. cn- S.25S7 1 ., lS. U 4.37 12.6 0.7H 0.7M O.l6J O. >M 2.000 ..... 2.000 2. 000 1.59SI I.U.SI 2.000 2.000 0,791 0.791 0.2Sl 0.2~2 
2 0. JJ7 0.7l7 0,240 O.S61 2.U6 1.6!Jl l.n5 1 .170 1.5950 I..S.S7 1.110 I,A41 0.736 0. 736 0.160 0,424 
> 0,60 1.066 0. 20> 0,504 3.200 1. 661 ..... 2.665 2.0700 1.rn l .SS:t J,4ll o.ut 1.006 0.052 0.514 .... I.SOOS l .. U ,t2 4,00 1.), 4 '·'" 0,7,. 0.)0.1 O.l6J 1.000 1 . 000 2.000 2,000 I,SISI 1,1-tU 2.000 1.000 o. 791 0, 7U 0,2$2 O, J$2 

Colliae 2 1.7>10 0.7• 0 0.14.1 0.565 2.166 I.I S7 2.521 1. 760 l.SISO ..... 1. 110 1.141 0.711 0.7JI a.ttO o • .c2o 
> 0.670 O.tJO O.l4J O.S02 J.ISO I.Sl4 0,921; 0.725 1.2300 ..... 0.1!6 1.017 0.610 0,110 0. 121 0.116 

fort .S.JO.l.ll .. U , $4 J .SO tS.t .... 0.7tl ...... O.l6l ...... 1.000 1.000 z.ooo J.stsa l,Sts.l ··- 2. 000 0,'191 0.191 0,2$2 0.251 
No1'1.U ' 1 ,741 0.745 0.24t o.sst 2.111 1 . U.S ...... l . Ul I.StsS ..... 1.111 l.l$1 0,740 0.7'1:> O, IU 0.416 

l 0 , 7$1 0.711 0.2t7 o.su. l , IJJ J.I4J 0.101 0.170 1.1161 I.UJ ..... 2.114 0.7l4 .... $ 0 , 216 O.liS 
Gr _ l .,. 1.1546 l .. u.u l.4l 12.6 0.1tl 0.7tl 0 , )0.1 O.J6l 2.000 ..... 1.000 2.000 1.5951 1.5151 2.000 2.000 0.791 0. 7tl 0.212 0.2S2 

' 0. 7.57 0.717 0.240 0.568 2.U 6 l.tt2 l.US 1.170 1.5~50 J.S.S7 1.1&0 1.141 0.1)6 0. 7l6 0.160 0.424 
l 0.743 o.no O.M7 0.211 1.000 LJ.lJ 1.7%7 ..... 1.70$0 t.on 2.Jll 1.4U 0 .6S9 0.714 0.113 O.iH ... ,_ 'S, lM7 1 .. 16,1) ),22 zs.o ··- o.m 0,)0.1 O.l6J 1.000 2. 000 1.000 2.000 J.nsa l .stit 2.000 1 .000 o. 791 0.711 G, 2S2 0.2Sl 
2 0.710 0.710 O.Ul 0.540 {.112 l.ttt :t.S47 1 . 7'07 1.5151 1.4 11 ..... ),Ito 0.7.0 0.760 o.us O.JN 
l 0.- o.m o ..... ..... 2.$71 1, 2$0 2 • .2'47 0.4)1 .2.1160 1.004 Z.74S O.UI 0.1 .. 0. 114 1.117 o.su .....,, .S.ltJl 1 .. u.u •.oo 14.f O.>M 0.7M 0.>41 o ..... 1.000 2.000 2.000 2.000 I.SJSI l.StSt 1.000 2.000 0.7U 0.791 t.2U O.ZSl 
2 0.745 0.74$ 0 , 24t 0.55.9 2.111 I.IJS 2.61) 1.U2 l.S9S5 1.361 1.U1 1.1$1 0.740 o.uo D,)U 0. 416 
l 0.711 0.123 0.216 0,642 2.22l 1.100 4.619 1.560 1.5800 ····· 2.:279 I.OSI 0.75l 1.035 o.oso 0,741 

Holyoh 1, 4012 l .. 11.12 4. 64 U . l 0,7tl o.nt o.m O.J6S z.ooo 2. 000 2.000 2,000 l.SIH J.Stll 2. 000 1.000 0,791 o. 791 ~:~!j 0.252 
2 0,74'1 0.747 o. uo 0,560 2.102 l . tol l.SU I , 731 J.SI5S ..... 1.112 1.1$2 O,Hl 0.7•1 0,415 

' 0.101 1.03$ 0.141 0.207 2.12$ .... 7 o .... 0, 665 ) .7012 1.126 0.041 1.2.12 o.t1o O.ttl 0.010 0.240 
t pacio s.uso 1 •• 1$ • .)0 4.24 U.G 0.1H 0.791 0.34> 0.163 1 . 000 2.000 2.000 2. 000 t.Stst t.StU 1.000 1 . 000 0.791 0.191 0.252 0.1Sl 

' 0.7J.t 0. 711 o.tu O.U7 l.Ut 1.171 2.461 1.711 1.5tSO ..... ..... ...... 0.717 0.137 0.160 0.420 

' ..... O.IU 0.212 o .... ..... ..... S.S60 '·"" l,lK4 ..... ),122 1 . 4JO 0, 672 o.D• 0,114 0.6SJ 
J-.. . .. ~~w. J.A14Ul .. lt.U 5,07 ll.O 0,1tl 0,1tl O. u.> O.l6J 1 . 000 2.000 1.000 1.000 l . SfSI l.lt.U ..... z.ooo 0. 7tl 0.111 t.lS:Z 0,2$2 

' 0,710 0.7.SO 0,2H O. S10 J .IT.S 2.021 l.tll 2.014 1.5150 l.l-41 1.171 1 . 136 0.730 o.uo O.UI 0,414 
l o.su 0.110 0,221 o. 7S4 1.UJ 1.000 ..... 1.667 1.122 I.SU 1.69SO 1.124 0.$40 l.OS41 O.UI l.UO .... 5.413-" J 11 U.l4 l.6J 11.2 0.711 0.791 0.161 0.363 z.ooo 2.000 2.000 2.000 1 . S9S8 1,5951 2.000 2.000 0 . 79! 0.79t 0.2$l 0.252 ..-.. 2 0.714 0.710 o.:ua 0.510 l.t?J 2.021 l.Ul 2.0 ... I.StSO l,:JAI 1.178 l.U' 0,710 0. 7$0 a.ua 0,424 

' 0.1~1 0.1>41 O. Uf o.us l.NJ 1. 462 Z. 4ot 0.716 I.Jllt a.:n J.IH ..... 0.624 o.uo 0.2 ... O.lt1 
........ 111• S. 41UI SI 11.01 4. 77 14 • .S o.>H 1.7tl O.J6J 0.34> 1 . 000 2, 000 2.000 z.ooo I .Stsl l .Stlol 2.000 2. 000 o.Ha 0.7tl 0. 252 0.2SZ 

2 0.742 0.7AIZ 0.241 O.SSl 2.UO 1. 161 ..... !.toOl , t.5J5S l . J.t7 ..... 1.111 0.740 0. 740 t. 161 0.417 

' o.sn o .... ...... o.m 1.000 2.on 3.667 S.lU 1.1417 2.010 1.21.3 l.t21 0.617 0.7•7 O.U4 0.1.7 
LoliiiiiOilf. 5.5116 ) " U.lS l.tl 11.5 0.7 .. 0.711 O • .Ml o . .... 1.000 1.000 2.- 2,000 l,SI SI t.St.U 2.000 1.000 0.79! 0.191 0.2U 0.252 

2 0.7J2 o.1.n O. HI 0,$61 1.17.1 l.OU l.t:fl 2.014 ),5150 1. HI l.J71 1.134 0.7.)1 0.7)1 0.1$1 0.423 
l O.llO 0.776 0.172 0.411 J.Ul l.t2J 2. 1•0 t. "4 1.6412 1. .. 91 2.163 l.SSI 0.177 0,171 O.l.SO 0.226 -· s.sno 1 •• U.ot 4. 11 U.7 0.7PI 0.7SII O.J4.1 O.J6J ..... >.000 2.000 2.000 l.StSI l .ltU 2.000 z.ooo 0,7tl o. ?tl 0,252 0.252 

' 0.7., 0.741: O.U2 o.su 1.110 ..... ..... l.S46 J . S!il55 ..... 1.112 1.112 0.741 0.741 O,IU 0.415 

' 0.771 0.110 0.>011 O. U7 ··- 1.500 l.l7S O.lOO I.USJ . l.llS 1.5• 6 0.1$4 0.72t ••• 10 0.2' ... O.lll .... , S. 6Ul 1 J1 U • .J1 S.tf ... '·"' 0,1tl ' O • .J6J ...... 1 .000 1 . 000 1.000 z.ooo 1.Stst I . St.51 2. 000 1.000 0,1ta 0. 79. 0.2'52 I . ZS2 
2 0.725 0.115 0 , 2)4 o.sn 2,0'11 ..... 2.Jl1 ..... 1.SfSO l . J40 '·'" I . UO 0. 1.17 o.n7 O.JU 0,4JI 
> 0,611 l.OH O.UI 0,615 z.no 2.14J t.4J7 ,,,,., 2.2290 2.Ail7 6.126 s.1as 0.$20 1.160 O.U7 O.J,. 

Shos.hone s. 7411 1 •• 17,72l.6ol 2.S.7 0. 791 o.ne O.l6l 0.:163 1.000 ..... 2.000 %. 000 l.5gSI 1.5tU 2. 000 2.000 0.7!11 0.791 0.212 0.252 

' 0.711 0.111 0,210 0. 549 2 . .SS4 1.166 2.416 1.617 1.S9S7 1 .40S 1.~1 l.US 0.753 0. 751 o.n2 0,.01 

' 0. 710 O.ISS 0.2U o.su 2.500 2.112 t .OSO J.60l 1.677l l.Ut 1.:1.10 2.gts 0.6S4 0.861 0.160 0. 207 - l.tztS I .. 17.14 4,$1 ... , 0.7. 1 0.7tl 0.)0.1 O.S6.J 1.000 2. 000 2.000 2. 000 I.SUI t . stll 2.000 z.ooo 0.1tl 0.791 0.252 0.252 
2 0.7oU o • .,., O. Ut O.lSJ 1.1.H 2. 111 1.107 2,J.50 I.SISJ ..... 1.111 1.&$1 0, 740 0. 740 O.UI 0.•11 
l .. , ... " ...... 0. 216 0,421 ..... ..... l.IU l."'O 1.5317 1. 541 t.U7 o.U4 0.751 O.llt o .... O.ut 

.. ttypoc)l .. h Mo. 

In the preceding table: N 
E (Y) N' l: Y. 

i=l 1 
H~othesis 1 corresponds to the case where the 

original random variable x. is a sumed to be normally 
N distributed. 1 

E(Y) 2 1 l: y~ 
N' i•l l 

In hz:Qothesis 2 the original random variable is 
assumed to be ganuna distributed . 

In hLJ20thesis 3 the expected values and variances Var (Y) .. E(Y) 2 - [E(Y)] 2 

of all random variables were estimat ed from the avail -
abl e data, where N is t.he number of observations. 

i.e., 
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~ ~: ftu:n- lenith, Ru.n-Sw., R.Wl.-lrnensity, Ga..m;:aa and Nor•al Ohtr-ibutions, 
Moc.ents 

Abstract : Three quantl Utiv~ •easure5 aro introduced for t ho conce-pts of "surplus" 
iii"d""'Tei"icitn in hydroloalc ser ies . Thuo ttre: run- l ength, run•,.t\ll,ancl run .. inten.sHy . 
Podtlve and n.esative nans of • series are d•fine4 in teras of a (hod villue, say c, 
or tbe variable uncier consideration, nuely p~cipitation. The distribution. function, 
.,..lllts, and other stauuic.a..l properties of the thre.e 'lariables, nan-lea&th, nm·s~La, 
and t\IR-Intensity, are obtained anal ytiully under the followlr\& aJtemath·e a.ss.,.ptlons 
on the sequence of attfl~al pre:e:ipitations: 

l. It h independent and n_om.ally distributed. 

2. It is i ndependent and &~a dist ributed. 

for monthly precipitat ions, z.t, the series vas first sumlardhed by the trans-
fo~tlon z • u 

x l a ~, 
' 

where t is of the forw t • ll(n- 1) • t'. t' • L ••. • 12, n • 1.2 .... . and •-here 111 
lllld o, arc aun and nandard deviat ion of tho series oorrnpondlni to tM I!Onl~ ' , ' 

Cal l lna 11X.t !.. c." as stete ••o•• and " xt > c " as .stat e " 1'," t.he .s:ttrles is t hen ana lyzed 

as a two-st ate Wa rkov d11i n with sta t 1onary transi tion probabilities. 

Annual prec:ipltatton !roo 27 stations in Colorado. and aonthly prcciplutlon 
f ro. 219 s t ations in t-he lil'estem United States are analyzed. 

References: Jose Llaau and N. N. Siddiq_ua, Colorado St.ate Unhcruty Hyd'rology 
Paper fto. :u (N.ay 1969) • "tuns O( PrecipitiltiOn Seri•s." 

!!l. ~: Jtun-Lenath, Run-Sua, Run- Intenshy, eu.a and Horaal Distt'lbutions, 
Mc.e.nts 

Abstract: nree quantitative grasures are introduced for t,h• concepts of "surplus'' 
~lcitu In hydroloaic series. Tbese are: run-lenath, run·J'--,and run- i nteJlSity. 
'" ... ' 1e Uld Peaative runs of a series an d t rtned i n te~ or 1 fixed value, say c. 
C.- l h• variable under consi deration , n.asely pre.cipitation. The distribution func:tton , 
m<JMotnts. and o t her sutistic.•J prope r ties o( t.h• three var h blt.t, r-wt· l enBt h . run-sum . 
and r .. l- intensily , are obtained analytically under the foJiowina alternative a$5UIIptlons 
on the $Cqucnce of annu31 p recipi tations: 

1. It h independent and AOrt:ally cUsulbuted. 

2. It is independent and. ~~ d.utrlbuted. 

For aoa.thly precJ.pltat lon..s, z t. Ute sorlos '-&S fi r st .su.ndardlted by the t ra.ns­
fo~tion 

z - • 

• = -·--· t 0 • 
l 

whore t is of t he forti t • J2(n- 1) • t, '( • 1, ... . 12~ n • 1,2, ... , and "'here ~ 
and o 

1 
a re aean and u.andard 4evhtion of t ho seriC$ c:orre.spondin.a to the aont.h 1." 

Callina "xt !. c" OIS sut• ,.0 .. and uxt > c" •.s .state ... ~. t.he s eries h the:: analyz.a4 

IS 1 tvo-st.at r Nar-lov c;;haln wsth stationary t ransition probabilities. 

Annual precipitation (rca 27 stations in Color ado, and monthly precipitation 
fro. 219 sution:5 in the Western Un i t ed Stat e$ are ;:malyzed. 

Ref•ren c;:os : J ose Llaaas .pnd N. H. Siddiqui, Colorado Sute U1' her.si ty llydr olocy 
Paper No. ll (May 1969) ~ ' 'Rwu of Precipi tation Ser lcs. 11 

!!!,~: Run-Lrnath, Run-Su., Run- Intensity, Ca.~~a and Woraal Distributions . 
Ma.ent~ 

AbstrlilU: Three Q~lilntltative ~~easures are J n troduc:cd fo r the concepts o ( ''.surpl u5" 
~icit11 in hydrol oaJc series. lhe~e 1ro: run· l eng th, run-,ta,and nm- intenslty. 
Posithc and neg•tive rwtJ of a series an dortnod in teras of o fixed value. s•y c, 
of the var-iable UAder con.sldaratioa., na.ely prec.ipltation. Tho distribution function, 
N~~Hnu, and other natlstlc:•J propert ies of the three variables, rua·le.nath. run-sw., 
and n.tn·lAtensity, are obl1Jn4:!d analytic:ally under the followina alternative assuaptions 
on the sequence of annu.l precipitations: 

1. It is independent an..J n.oraal ly distributed. 

2. lt. is independent a.nd ldaa distribliLOd. 

For aonth l t precip1Ution.5, z. • tbe series ~as fi r st standuJlud by the t rans ... 
Conation t ' - ~ 1 • _ , __ , 

t 0 • 

' 
whore t is of the fol'll t • 12(a-1) + '• t • I, .... 12. n • 1,2 ••.. , and "'here" 
and o

1 
1rc m.eaA ~d standard deviation of t.ho series correspondlna to tho -oath ". t 

Call ina "xt ! c• as atate "0" and 11xt > en as state "1~1 the serJos u then analyted 

a s a two-state Martiov chain wlt.h stationary trunsltion probabi lit ies. 

An.nu•l p~c:ipi tation fro. 27 stati ons In Colorado. and .mthly precipitation 
froa 219 sta tions ln the W•stcrn Unit ed Suus 1re Malyz.ed. 

Refereaces: Jose Ll._..s and N. JC. Siddiqui, Colorado St ate Unheru t-y HydroloiY 
Paper No. 33 ( tfay 1969). "Rwu of Precipit ation Series." 

!!l, ~: Rtm-Leneth, llun·SUII, Rwt- JI'Iteft.Slty, c.-a and Horaal Dhtrlbut iOfts, -. .. 
Abs&:rac.t: 'Three quantltathe ..:a.sures are introduced for tho cOnc.•pts of "surplus" 
~icit" in hydroloalc series. These a re : I'W'I~lenath, run-,.sa..a.nd run-intensity. 
Po.slthe and negative runs of' a seri es are defined in teras of a nxed value, say c, 
of the varhble unde r consldoration. namely precipit~tion. The dhtribution function, 
moments, and other stathtic&.l propert ies of tho three variabl es, run- l engt h, ru1,• $U., 
and r....-·intcnsity. a re obtained anZLlytica 11y wlder the f ollowi na a Jlen1a tive a:55U.pti ons 
on tho .sequence of a nnual precipitations: 

I . It is independ~nt a1\d noraally distributed. 

2. It is iadepeAdent ~md 1..-:::a distributed. 

For llOf'lthly preci pitations, 't' the seJ'le-s M&S fint uanda rdhed by the tran.s­
for.oa t aon ' - . X = _t __ t 

t o, 

..-he re t i s o f the fora L • l 2{n- l ) + t, '( • 1, ... , 12 , n • 1 ,2, ••.• and vhere l-1 
and a t are •~-an and s t andard deviation of t.he serie.s corre$pondina to the 1100th t. r 

C. I line .. .a.t ~ c" a.s StiLe .. 0" and "xt > en IS state *')~· the s e rhs is then analyz.ed 

as a bto-state NaJ'kov dtalft with stationary tr~nsition pra&abillths. 

A.Moal precipitation (rom. 27 stations in Colorado , and .onthly precipitat ion 
fr01t 219 stat ions in the Western Unit ed States are .;analyzed, 

Rcfennces : JoJe Lla.ma.s and M. H . Siddiqui, Colorado State Univerauy HyJrolOi Y 
Paper No. ll (t-iay 1969) , "Runs of Precipitat ion SoJ'Jes." 
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