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ABSTRACT OF DISSERTATION

TE C H N IQ U E S  IN  SUPPORT V E C T O R  C LA S S IF IC A T IO N

This work falls into the fie ld  o f Pattern C lassification and more generally A rtific ia l 

Intelligence. Classification is the problem o f assigning a “pattern" z to  be a member 

o f a fin ite  set ( “class” ) AT or a member o f a d is jo in t fin ite set Y . In  case z £ Rn 

and X . Y  C Rn we can solve th is problem using Support Vector Machines. Support 

Vector Machines are functions o f the form

/ ( z) =  s ign (£ L  a ^ x * ,  z) +  P jK & j,  z) +  6), (* )

where K : R " x R n - > R  and z is classified as a member o f X  =  { x 2} i f  / ( z) >  0 and 

a member o f Y  =  {y y }  otherwise. We consider three problems in  classification, 

two o f which concern Support Vector Machines.

O ur firs t problem concerns feature selection fo r classification. Feature selection 

is the problem o f iden tify ing  properties which d istinguish between the two classes 

X  and Y . Color, fo r example, distinguishes between apples and oranges, while 

shape may not. Our m ethod o f feature selection uses a novel com bination of a 

linear classifier known as Fisher’s d iscrim inant and a nonlinear (po lynom ia l) map 

known as the Veronese map. We apply our m ethod to  a problem in  materials 

design.

O ur second problem concerns the selection o f the kernel k  : Rn x  —» R

in  (* ) . For kernel selection we use a kernel version o f the classical G ram -Schm idt

i i i
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orthonorm aliza tion  procedure again coupled w ith  Fisher’s d iscrim inant. We apply 

our m ethod to  the m ateria ls design problem  and to  a handw ritten  d ig it recognition 

problem.

Finally, we consider the problem o f tra in in g  Support Vector Machines. Specif­

ically, we develop a fast method for ob ta in ing  the coefficients and ,3j in  (* ) . 

T rad itiona lly , these coefficients are found by solving a constrained quadratic pro­

gram m ing problem. We present a geometric re form ulation o f the S V M  quadratic 

program m ing problem . We then present, using th is  reform ulation, a m odified ver­

sion o f G ilb e rt’s A lg o rith m  for obta in ing the  coefficients ct; and [3j. We compare 

our a lgorithm  w ith  the Nearest Point A lg o rith m  and w ith  Sequential M in im a l 

O ptim iza tion .

Shawm M a rtin  
Departm ent o f M athem atics 
Colorado S tate U niversity 
Fort Collins. Colorado 80523 
Spring 2001
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Chapter 1

INTRO DUCTIO N

In  th is  d issertation we consider one problem in  Pattern  C lassification and two 

add itiona l problems in  Support Vector Classification. In  Chapter 2 we consider the 

problem o f feature selection using the idea o f nonlinear preprocessing, in  Chapter 

3 we address the problem  o f kernel selection for Support Vector Machines, and in 

Chapter 4 we consider the problem  o f tra in ing  Support Vector Machines.

The ideas in  Chapter 2 were motivated by a pa rticu la r problem  in  Materials 

Design (see Section 2.5) and a solution to  tha t problem developed, in  [53] (see 

Section 2.6). The ideas in  Chapter 3 were m otivated by the ideas in  Chapter 2 

and a notable lack o f methods o f kernel selection fo r Support Vector Machines. 

The ideas in  Chapter 4 were m otivated by a lack o f fast a lgorithm s for tra in ing 

Support Vector Machines.

As indicated by the tit le , our solutions to  these problems m ay a ll be considered 

"Techniques in  Support Vector Classification.” Obviously, Chapters 3 and 4 lie 

w ith in  the realm  o f Support Vector Classification. In  addition, the technique in 

Chapter 2 may be considered a special case o f the m ethod in  C hapter 3.

Before presenting our techniques in Support Vector C lassification, we give a 

b rie f overview o f P a tte rn  C lassification in Section 1.1 and a deta iled  presentation 

o f Support Vector Machines in  Section 1.2.

1
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1.1 The C lassification Problem

The classification problem  occurs in  its  simplest form , the tw o  class problem, 

whenever we have two d isjo int fin ite  sets X  and Y  and we ask: should an object 

z X  U Y  be classified as a member o f X  o r Y?  As an exam ple, le t ’s say tha t X  

is a pile o f apples and Y  is a pile o f oranges. We have an apple z. Does our apple 

z belong to X  o r Y?  The multi-class problem occurs when we have add itiona l 

sets. Say we have another set W  which corresponds to  a pile o f bananas. Does our 

apple z belong to  W ?

There are a large number o f books on this topic. Here w e cite two classics. 

[13] and [16], and two more recent works, [44] and [48]. The classics are both very 

readable and accurate. O f the more recent works [44] is readable and interesting 

while [48] is very comprehensive. Each o f these books addresses both the two 

class and the m ulti-class problems. For ease of exposition (and. because Support 

Vector Machines are fundam entally b inary in  nature) we consider on ly the two class 

problem in  th is  in troduction . In  Section 3.7 we consider very b r ie fly  a ten-class 

problem.

An im po rta n t pa rt of solving a classification problem is ide n tify in g  a salient 

feature (e.g. the color of the fru it)  th a t distinguishes between the two classes 

X  and Y . Th is  aspect o f classification, known as feature se lection , dictates the 

working form  o f the  problem. A  chapter on feature selection cart be found in  [16], 

[44], and [48]. A  survey of the topic can be found in [12].

Once we select good features, w hich we require to  be re a l numbers, our 

database X  U Y  is a subset o f Mn, where the coordinates ( z i , . . . ,  zn) of R " are 

the selected features. Feature selection is typ ica lly  perform ed to  reduce the d i­

mension n  o f the  problem and to  ob ta in  qua lity  features z i , . . . .  zn . In  addition, 

feature selection o ften helps to obta in  ins ight into the underly ing  physical problem.

2
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Another im portant part of solving a classification problem is constructing the

made to  lie in R re, a so lu tion  to  the classification problem is a decision fu n c tio n  

f  : R n —*• { ± 1 }  w ith  f ( X )  =  1 and f ( Y )  =  — 1. The form  o f the decision function, 

known as the decision fu n c tio n ’s architecture, is the subject o f much research in 

P a tte rn  Classification.

form , and when the entire s ta tis tica l s itua tion  is known, such a form  is the Bayesian 

classifier. In  Bayesian classification, we know b o th  the a p r io r i probabilities P ( X )  

and P ( Y ) th a t z should be classified as a member o f X  or Y  (respectively) and 

the cond itiona l p robab ilities p ( z \X )  and p( z \Y)  th a t z w ill occur i f  z should be 

classified as a member o f X  or Y.  Using Bayes’ Rule we can then calculate the a 

poste rio ri probabilities p ( X |z) and p ( Y |z) th a t z should be classified as a member 

o f X  o r T .  The Bayesian classifier has the decision function

B y m aking  the decision which is probably correct, the Bayesian classifier m in im izes 

average classification error. See [13] for details.

O f course, the Bayesian classifier is often d iffic u lt to  apply since we seldom have 

such deta iled s ta tis tica l knowledge of our problem . Since, however, the Bayesian 

classifier takes an op tim a l form , a logical approach to  classifier design is to  ap­

proxim ate  P ( X ) ,  P ( Y ) ,  p { z \ X ) ,  a n d p (z |T ). Once these p robab ility  densities are 

known, we can certa in ly  app ly  the Bayesian classifier. The main d ifficu lty  here 

lies in  approxim ating p ( z \ X )  and p{z\Y) .  Th is  is usually accomplished by e ither 

param etric  or non-param etric estim ation.

In  param etric estim ation  the forms o f the p ro b a b ility  densities are assumed to 

be know n (e.g. norm al) and the parameters w hich define the forms (e.g. the mean

decision function. W hen the  features have been selected and the database X  U Y

Ideally, the arch itecture o f the decision fun c tio n  /  should take some op tim a l

—1 otherwise.

3
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/j, and the variance a 2) are then estimated using the data. Methods for parameter 

approxim ation include m axim um  like lihood estimation, Bayesian inference, and 

maximum a poste rio ri estim ation. See [13] and [48].

The main troub le  w ith  param etric estimation, o f course, is th a t often the 

p robab ility  densities do no t have the assumed form . In  non-param etric estim ation 

the conditional p robab ilities  p ( z \ X )  and p(z \Y)  are approxim ated directly. The 

simplest way to  do th is  is using histograms, and in fact, the methods of non- 

parametric estim ation are typ ica lly  variations on this idea. These methods include 

Parzen windows and k  nearest neighbor density estimation. Again see [13] and 

[48].

Another approach to  classifier design is to  skip Bayesian theory entire ly and 

d irectly  acquire a decision function  /  w ith  some given architecture (e.g. linear). 

These "non-Bayesian’ methods, however, can usually be interpreted [44] as a t­

tem pting to estimate the a posteriori probabilities p { X |z) and p (Y |z) v ia  regression 

on the pairs X  x  {1 }  and Y  x  ( —1}.

The simplest non-Bayesian classifiers are the linear discrim inants. These are 

classifiers based on separating the two classes X  and Y  by a hyperplane H . Once 

th is  is done the decision function  /  classifies a point z ^  X  U Y  as a member 

o f X  i f  i t  lies on the "AT” side o f H  and a member o f Y  otherwise. The linear 

discrim inants are d iffe rent on ly in  the ir selection of the hyperplane H . Methods 

o f determ ining a separating hyperplane include Fisher’s linear d iscrim inant, the 

perceptron a lgo rith m , least mean squares, and many variants on these. See [13] 

and [48].

Finally, we have the nonlinear non-Bayesian classifiers. Included here are 

nearest neighbor a lgorithm s, neural networks (m ulti-layer perceptrons), rad ia l ba­

sis function networks, po lynom ia l classifiers, Support Vector Machines, and various 

combinations o f classifiers (e.g. classifier networks). See [48] and [44].

4
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1.2 Support Vector Machines

Support Vector Machines are classifiers (there are also Support Vector Ma­

chines which perform  regression [46]) which were o rig ina lly  developed in  [50]. [6], 

and [10]. The maximal m argin hyperplane was presented in [50]. the use o f kernels 

was suggested in  [6], and the soft margin generalization was given in  [10]. They 

are very adaptable (able to  assume polynom ial, R ad ia l Basis Function, and Neu­

ra l Network forms) and have been applied successfully in [41], [19], [35], and [55] 

to problems in handw ritten  d ig it recognition, te x t categorization, face detection, 

and prote in  sequence extraction. For an excellent in troduc tio n  to  Support Vector 

Machines see [7]. For an encyclopedic treatm ent see [51]. For the latest work on 

SVMs see [47].

1.2.1 Linear Case

The prototyp ica l Support Vector Machine is a linear d iscrim inant which uses 

an op tim a l separating hyperplane. This hyperplane is known as the m axim al 

margin hyperplane and is computed via a quadratic program m ing problem.

Following [7], suppose our two classes X  =  {x,} and Y  =  (y ,} are nonempty, 

fin ite  subsets o f Rn. Denote by (x, y) the inner p ro duc t o f x w ith  y in  Rn. Assume 

tha t X  and Y  are linearly separable. T h a t is, assume there exists a separating 

hyperplane H  w ith  equation (x, w) + 6 =  0, w ^  0 satisfying

(Xi, w ) +  b >  1 for a ll x* €  X  
(Y j: w ) +  6 <  - 1  fo r a ll y , € V,

w ith  equality for some i  and j .  Define the m argin  o f  H  to be tw ice the distance 

from  H  to  a nearest po in t in  X  (or, equivalently, a nearest po in t in  Y ).  I f  we have

xiQ and y JO such th a t (xIQ, w) -+-6 = 1 and (yJ0, w) +  5 =  -1  we can compute the

margin. I t  is
(w,xiQ) _  (w,y,-0) = 1 -6  _ - 1 - 6  = 2

IM | ||w|| ||w|| ||w|| ||w||'

5
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The Support Vector Machine is a Unear d iscrim inant which uses the m axim al 

m argin hyperplane. Since the margin is we compute the m axim al m argin 

hyperplane by solving

m in  ± ||w ||2

 ̂ f  (X i5 w ) +  b >  1 for a ll x* €  X
sub ject to  (  <  - !  for a ll y , £ Y.

O f course, th is  fo rm u la tion  is very restric tive  as i t  assumes perfect separation 

o f X  and Y . For line a rly  separable data w ith  errors, known as nonseparable data, 

we use the soft m argin  generalization  (due to  [10])

m in  ± ||w ||2 4 -C (E z< &  +  E y ^ y ) ,  C  >  0 
(Xj, w ) +  b >  1 — 0j 

subject to  (y j ,  w ) +  b <  — 1 +  ipj
4>i,iPj >  o,

obtained by incorpora ting  the slack variables <& and ipj in to  the problem. (C  is a 

fixed constant.)

The soft m argin  generahzation can in  tu rn  be reform ulated v ia  its Wolfe dual 

(see [26])
m ax f  m in

“ i, 0 j, m, l j  V w ’ )

subject to tt j. (3j, r ) i , l j  >  0,

where the Lagrangian

L =  |||w||2 + C(E>i + E; 4>j)
~  E i  <*t((Xi, w )  +  b -  1 +  (pi)
- P j ( ~ l  +  -  (y j,  w ) -  b)
-  E i  Vi<t>i -  E j  7

The Wolfe dual is preferable to  the o rig ina l fo rm u la tion  because i t  allows us to 

express the problem  in  terms o f inner products. This w ill be seen to  be the key to 

the nonlinear generahzation in  Section 1.2.2.

6
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Since our problem  is convex we can use the Kuhn-Tucker conditions (again 

see [26])
V WL =  w  -  +  E y  PjYj  - 0

VbL =  — E i  a i +  E y  Pi =  o
=  C  — cti — rji =  0 

V ^ L  =  C  — 0 j — 'yj  =  O
a i ( ( x i ,  w ) +  b — 1 +  0 j) =  0 

/? j(—1 +  ibj -  (y-j. w ) -  6) =  0
7?i 0i =  0 

=  0

to  rew rite  the W olfe dual as

m ax f  E :  a* +  E y  Pj ~  k E i , ,  x <?)
Pi \  +  E i J  ^ i ( x i ,  Y j )  -  5 E j , ,  PjPq^Yj, Yq)

subject to  /
I  0 <  cti, 0 j <  C

w ith  so lu tion
w  =  E )i a iX i -  Y .j P jY j

b =  1 — (xf, w ) for cti £  (0 ,C )
=  - 1  -  (Yj, w ) for €  (0, C)

and corresponding linear d iscrim inant decision function  /  : R n —>■ {0, ± 1 }  given

by

/ ( z) =  sign((z, w ) +  b),

where z is classified as a member o f X  i f  / ( z) >  0 and a member of Y  otherwise.

We rem ark th a t the so lu tion  w  is global and unique; th a t the representation

E z  Qzx ; -  E j  PjYj o f w  may not be unique, bu t is generally sparse (many o f the 

Qi and f i j  are zero); and th a t the x* and y j  which correspond to  the nonzero a, 

and f i j  are known as support vectors. We provide in  Figure 1.1 an illu s tra tio n  of 

linear SVM s in  b o th  the separable and nonseparable cases.

1.2.2 Nonlinear Case Using Kernels

In  order to  im plem ent a Support Vector Machine th a t works w ith  data which 

is non linearly  separable, we firs t preprocess the data w ith  an appropriate nonlinear

7
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Figure 1.1: L inear Support Vector Machines. On the left (a) we show a linear 
Support Vector Machine in  the case of separable data. The two classes X  and Y  
are depicted by x :s and o:s, w ith  the m axim al m argin  hyperplane shown as a solid 
line separating them. The tw o do tted  lines run  th rough the support vectors and 
are separated by a distance equal to  the margin. On the  righ t (b) we show a linear 
Support Vector Machine in  the case o f nonseparable data.

map. Consider, fo r example, the exclusive-or problem illustra ted in Figure 1.2(a). 

In  th is case the data is not linea rly  separable in R2, b u t i f  we apply the nonlinear 

map <3? : R 2 —► R3 given by

& ( x , y )  =  (x2, V 2 x y , y 2), (1.2)

we see th a t the data  becomes linearly separable in  R 3. as shown in Figure 1.2(b).

This example provides a nice illus tra tion  o f an appropriate application o f non­

linear preprocessing, b u t it  also h ints at a fundamental flaw  in  the direct application 

o f the technique. The map $  : R 2 —»• R3 results in  an increase in  the ambient d i­

mension o f the problem. Th is  increase typ ica lly  becomes more significant as the 

com plexity o f the problem increases. To avoid these problems we consider on ly  a 

special class o f maps for nonlinear preprocessing.

Specifically, we consider any map $  : Rn —> F  which has an associated kernel 

function k  : Ru x  Rn —► R w ith  the property tha t

«(x, y )  =  ($ (x ) ,$ (y ) ) ,

8
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Figure 1.2: The Exclusive-Or Problem. O n the le ft (a) we see th a t the  exclusive- 
or problem  is not linearly  separable. On th e  righ t (b) the exclusive-or problem 
becomes linearly  separable a fte r non lin ear preprocessing by $  in  E qua tion  (1.2).

where (<&(x), <&(y)) denotes the inner p ro du c t o f c&(x) w ith  <3?(y) in  the H ilbert 

space F . I t  is. for example, easy to  check th a t

« (x ,y )  =  ( x ,y ) 2
=  (x iV i  +  x 2y2)~
=  x \ y i  +  2 x l y l x 2y2 +  y\x%
=  ( S ( x ) , * ( y ) )

is a kernel for $  in (1.2). O ther known kernels include (see [7])

•  the Veronese kernel /c(x, y )  =  ((x , y )  +  c)d, c >  0, d G Z >0,

— ||x—y|j2
•  the rad ia l basis function  (R B F) kernel k (x , y) =  e 2^  . a  ^  0,

•  the neural network kernel k (x , y )  =  ta n h (a (x , y )  +  6), a, b >  0.

There are additional restrictions on the dom ain  o f the neural network kernel which 

can be found in  [8].

Such kernels allow us to  apply nonlinear preprocessing to  our o rig ina l data 

w ith o u t ac tua lly  applying a nonlinear map T>. Th is  is accomplished in  practice by 

replacing inner products w ith  kernels. In  th e  case o f the Support Vector Machine

9
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problem (1.1) th is gives

m ax f  E z  a i +  E y  Pj ~  i  E i.,, OiOLqKlXi, x q)
C*i: 0 j \  +  E z J  Oi0jK(Xi, Yj )  -  £ J2j,q PjP M Y j - yq )  ^

subiect to  {  ~  E y  AtsuD jectto |  o <  a . ' j .  <  c .

For more information, on th is  approach see [7], [6], and [51].

We refer to  the fo rm u la tion  in  Equation (1.3) as the Support Vector Machine 

Quadratic Program m ing problem. I f  C  =  oo th is is the separable S V M  QP problem, 

and i f  k (x , y )  =  (x , y )  i t  is the linear SVM  Q P problem. The Support Vector

Machine quadratic program m ing problem has decision function, o ffic ia lly  known

as Support Vector M achine

/ ( z) =  sign((z, w) +  b)
=  s ig n (E i atiK(z, x*) -  0jk (z ,  y y ) +  6),

where

b =  1 -  E 9 ^ k (X z , x ,)  -f- E j  0 jK(x i-. Y j)  for <*i e  (0. C )

=  - 1 -  E i  & M y j , x,-) +  E g0 q K ( y j , y q) for /?y e  (o. c ) .

The remarks made in  the previous section also apply here. In  particu la r, the 

solution /  to  the S V M  QP problem is global and unique w ith  m any o f the q £ and 

f i j  zero. We make the add itiona l observation th a t the architecture o f the Support 

Vector Machine /  is determ ined by the kernel k , and to  a lesser degree the constant

C.

10
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Chapter 2

FEATURE SELECTION FOR  
CLASSIFICATION

Here we consider the problem o f feature selection. A  chapter on feature selec­

tio n  is usually included in  the more modern books on P a tte rn  C lassification (e.g. 

[48], [44], and [16]). A  recent survey o f the top ic can also be found in  [12].

To state the problem precisely, suppose th a t in  add ition  to  our database X u Y  

we have a lis t F i , , Fra o f possibly useful features. The goal o f feature selection 

is a sub-list F^ . . . . .  Fkn o f m in im al length n  which best distinguishes between our 

two classes X  and Y.  Th is sub-list should s im p lify  the classification problem and 

give some insight in to  the underlying physical problem.

O ur method of feature selection uses a nonlinear version o f Fisher’s d iscrim i­

nant to  test the classification a b ility  o f a given feature. In  Section 2.1 we describe 

F isher’s d iscrim inant; in  Sections 2.2 and 2.3 we introduce the Veronese map as a 

m ethod o f nonlinear preprocessing for F isher’s d iscrim inant; in  Section 2.4 we in­

corporate our nonlinear version o f Fisher’s d iscrim inant in to  an exhaustive feature 

search; in  Section 2.5 we present an application  o f our feature search to  a problem 

in  M ateria ls Design; in  Section 2.6 we compare our m ethod w ith  the method in 

[53]; and in  Section 2.7 we place our m ethod in  the context o f other methods. An 

a lternate presentation o f the m ateria l in  th is  chapter may be found in  [29].

11

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 2.1: Fisher’s D iscrim inant. On the le ft (a) is an example o f F isher’s crite­
rion. The two classes are represented by x ’s and o ’s, and the span o f a  is shown 
as a line. In  th is example J (a) =  77. In  the m iddle (b) is an example where 
J (a ) =  64.5 is a large number despite the fact th a t the two classes are not linearly 
separable. On the righ t (c) is the fu ll version o f F isher’s d iscrim inant. In  th is case 
the line represents the span o f a* in  E quation (2.1) and the separating plane has 
Equation (2.2).

2.1 F is h e r ’s L in e a r  D is c r im in a n t

The basis o f our test o f classification a b ility  is Fisher’s linear discrim inant. 

F isher’s linear d iscrim inant (here we fo llow  [13]) locates a separating hyperplane 

by m axim izing F ishe r’s c rite rio n  function J  : Mn —+ R defined by

(m i -  m 2)2
J(a ) =

o f +  <r\

where m L and m 2 are the means of the (orthogonal) projections o f our two classes 

X  and Y. respectively, onto a. S im ilarly, erf and <j\ are the variances o f the 

projections o f X  and Y  onto a. An  illu s tra tio n  o f Fisher’s c rite rion  is provided in 

F igure 2.1(a).

Fisher’s crite rion function  provides a useful measure of the linear separability 

o f X  and Y. By its  defin ition, we see th a t larger values o f J  indicate better 

separation of X  and Y . In  particu lar, a value o f one indicates a separation of 

the projected means by one standard devia tion  o f the projected values o f X  plus 

one standard deviation o f the projected values o f Y . S im ilarly, i f  J  =  4 the 

means are separated by approxim ately two standard deviations, et cetera. O f

12
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course, high values o f F isher’s c rite rion  do not guarantee linear separability . This 

is demonstrated in  F igure  2.1(b).

B y m axim izing F isher’s c rite rion  we can locate a good separating hyperplane 

fo r X  and Y . M axim iz ing  J  is accomplished by firs t rew riting  F isher’s c rite rion  as

where

w ith

ar S’6a
m  =

Sb =  (m.! -  m 2) (m 1 -  m 2)r  
Sc =  S i +  S2

■?x =  A f r r E i l i t e  -m O C x i - m 1)r
S2 =  AT^r H j L i i Y j  -  m 2) (y j  -  m 2)

X  =
y  =

^
=  j t r ^ Z j U y j -

T

Next we calculate

2
V J (a )  =  ( ^ S ^ p ((aTScaKSba) ~  (a r ^ a )(Sca)).

F ina lly, we observe th a t V J ( a) is zero when Sca  =  (m.! — m 2) so th a t / ( a * )  is a 

m axim um  (according to  [13]) when

a* =  S'~l (m i -  m 2). (2.1)

The resulting separating hyperplane

g ( x )  =  (X ,a -) -  - 2- ‘ t f f l ^ ||a-|| -  0 (2.2)
O’ 1 +  cr2

yields a classifier known as F is h e r’s linear d iscrim inant. (Here (x , a ’ ) denotes the

inner product o f x  w ith  a* in  R n.) Fisher’s d iscrim inant is illu s tra te d  in  Figure

2.1(c). Using Fisher’s d iscrim inan t, a point z E K n is classified as a member o f X  

i f  z) and H ( m i)  have the  same sign, and a member o f Y  otherwise.

13
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2.2 The Veronese Map

To implement a non lin ear version o f F isher’s d iscrim inant we use nonlinear 

preprocessing as in  Section 1.2.2. For the present we consider o n ly  the Veronese 

map fo r preprocessing. The map <5 used in  Equation (1.2) to  solve the exclusive-or 

problem  is a pa rticu la r example o f a Veronese map. In  general, the  Veronese map

The essential p rope rty  o f the Veronese map is tha t po lynom ia l hypersurfaces 

o f degree a t most d in  R a are hyperplanes in  R jV. Figure 2.2 illus tra tes, fo r example, 

th a t xy  =  1 is a hyperbola in  R 2 bu t a plane in  R 3, again using <h in  (1.2). More 

exp lic itly , i f  $  in (1.2) is described by (u , v , w) =  (x 2, \ /2 x y , y 2) then  the hyperbola 

x y  =  1 in  R 2 yields the plane v =  \p l in R3. T h is  occurs in general and is precisely 

the p roperty  which makes the Veronese map useful in  con junction  w ith  Fisher's 

linear discrim inant.

2.3 Symmetric Veronese Map

A  varia tion  o f the Veronese map is the sym m etric Veronese m ap. We w ill use 

th is map in  our app lica tion  to  the M aterials Design problem in  Section 2.5. The 

sym m etric Veronese map may be implemented using the e lem entary symmetric

vd : R n —► R iV, where N  =  (n^d) — 1, is given by

Vd{Xi, Xo,
nonconstant monomials 

in  x i ,  r 2, - - -, x n o f degree <  d

I t  is a map borrowed fro m  algebraic geometry and can be found in  [45]. $  in  (1.2) 

is a homogeneous scaled version o f th is map. O ther examples are

vz {x , y )  =  {x3, x 2y , x y 2, y 3, x 2, x y , y 2, x , y )

and

v2{ x , y , z )  =  {x2, x y , x z , y 2,yz,  z2, x , y , z ) .

14
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Figure 2.2: The Exclusive-Or Problem Revisited. On the le ft (a), the hyperbola 
xy  =  1  separates X  and Y .  On the righ t (b), the same equation yields a plane 
which separates <3?(X) and <&(Y).

polynomials. T h a t is, we know tha t any sym m etric po lynom ia l in  the variables 

x =  (x 1; x 2, . . . ,  x n) can be w ritten  as a po lynom ial in  the elementary symmetric 

polynomials (see [33])

Si(x) =  Xi  X2 +  Xn

S2(x) =  X \ X o  +  2 : 1 2 :3  +  • • • +  X iX n  -f- X 2 X 3  • • - +  X n - i X n

Sn(x) =  XiX 2  ■■■xn.

Thus, to  obta in  a sym m etric Veronese map, we sim ply use the elementary sym­

m etric polynom ials to  "symmetrize” our data before applying the regular Veronese 

map. In  other words, the symmetric Veronese map is the com position

Rn Rn R iV 
X »-> s(x) =  (si(x),. . . ,  sn (x)) 1-f urf(s(x)).

2.4 Exhaustive Feature Search

Using Fisher’s linear discrim inant and the (symmetric) Veronese map we are

in  position to  perform  a search for the best feature com bination. Our a lgorithm  is

as follows:

15
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( 1 ) For a given choice o f feature(s) and a given degree d fo r the (symmetric) 

Veronese m ap we firs t preprocess our two class data X  and Y  using vd(os) : 

R ra —> R iV. We then calculate

•  The vector a* E R jV in  E quation (2.1) tha t maximizes Fisher's criterion 

J  : —► R and the actual m axim um  J(a*).

•  The percentage o f points in  V d (X \J Y )  correctly classified using Fisher's 

linear d iscrim inant in  E.N .

(2) We record the  results o f ( 1 ) fo r every set o f 1 .2 ,3 . . . .  features and every 

degree d =  1, 2, 3 , . . .  o f the (sym m etric) Veronese map. Th is is practical 

because the op tim iza tion  o f J  is com puta tiona lly  inexpensive.

(3) We rank the effectiveness of the feature combinations using the op tim a l values 

o f J  and the  percentages recorded in  step (2). In  general a feature whose 

op tim a l J  values and percentages are higher than another feature is a better 

d iscrim inator.

To see w hy th is  a lgorithm  provides a useful ranking o f feature combinations, 

consider two fixed features iq  and iq -  In  th is  case our data X  and Y  lies in the 

plane K 2. W ha t does our a lgorithm  measure? For each degree d =  1 , 2 . 3 . . . .  of 

the (sym m etric) Veronese map we preprocess X  and Y  then use Fisher's criterion 

and Fisher's linear d iscrim inant to  measure the linear separab ility  o f our data after 

preprocessing. Thus we are measuring the linear separability o f our data (d =  1 ). 

the quadratic separab ility  o f our data  (d  =  2 ), the cubic separab ility  o f our data 

(d =  3), et cetera. By using Fisher’s linear d iscrim inant in  com bination  w ith  the 

(sym m etric) Veronese map, we are measuring the linear and increasingly nonlinear 

separability o f our da ta  fo r our given features iq  and F^.

16
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We rem ark th a t th is  a lgorithm  m ight be applied d irectly  to  a classification 

problem. Specifically. F isher’s d iscrim inant coupled w ith  the Veronese map yields 

a classifier. T h is  classifier, however, while less expensive to  tra in  th a n  a Support 

Vector Machine (see C hapter 4), may not be as good as a SVM. Thus wre use our 

a lgorithm  on ly  fo r feature selection, not fo r classification.

2.5 Application, to Materials Design

Here we present an application o f our exhaustive feature search to  a prob­

lem  in  M ateria ls Design. Materials Design is the search for new* m ateria ls (e.g. 

metals and ceramics) w hich have special properties (e.g. super-conductiv ity) or 

w ork better th a n  o lder m aterials (e.g. m eta l alloys). The problem considered here 

comes from  the W rig h t Patterson A ir  Force Base in  Dayton. Ohio and concerns 

classifying chemical compounds. Specifically, a large number o f chemical element 

combinations have been collected, see [52] and [18], which through d ifferent pro­

cesses either fo rm  or fa il to  form  compounds. We want to  use these examples to 

pred ict when o the r chemical element com binations w ill form  compounds.

In  this section we perform  feature selection fo r classifying three-element combi­

nations into fo rm ing  and non-form ing categories. Here features are chemical prop­

erties (e.g. e lectronegativ ity) and our data consists o f 4031 fo rm ing  compounds 

and 2327 non-form ing  compounds (non-form ing ternary from  non-form ing  binary). 

Further, our da ta  is sym m etric in  the order o f the compounds, i.e., i f  elements 

( A . B . C ) form  a com pound then elements (B ,  A, C) and (C, B , A ) r etc. should 

fo rm  the same com pound. To explo it th is  observation we employ the  symmetric 

Veronese map in  Section 2.3 in  our feature search. We perform  a single feature 

search and a feature pa ir search w ith  sym m etric Veronese degrees d =  1 , . . . ,  10 and 

d =  1 , . . . ,  5 respectively. (Com puter m em ory constraints kept us fro m  considering 

higher degrees.)

17
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The product o f our test o f separability fo r each feature against the symmetric 

Veronese maps o f degree one through ten  is Figure 2.3. Here we have identified 

the P ettifor Mendeleev number (feature 6 ) as the single best feature (in  agreement 

w ith  [53]), followed by the A lfred-Rochow and Pauling e lectronegativities (features 

17 and 24) and the p-shell (feature 45). For the Mendeleev number we also include 

plots (Figure 2.4) o f the optim al J  value and the percentage o f points correctly 

classified using F isher’s linear discrim inant, bo th  versus the sym m etric Veronese 

degree.

The two feature test yields another in tens ity  p lo t (Figure 2.5). The prominent 

black group occurs when one feature is the Mendeleev number. W ith in  this group 

the feature which best complements the Mendeleev number is the valence electron 

number. For th is p a ir we again include plots (Figure 2.6) o f the  op tim a l J  and 

percentage correctly  classified versus the sym m etric Veronese degree.

2.6 Comparison to Villars’ Work

Finally, we present Pierre V illa rs ’ [53] m ethod of feature selection fo r the ma­

teria ls problem and show how our m ethod generalizes his approach. Pierre V illa rs ' 

method produces percentage separation p lots fo r various a rithm e tic  combinations 

(addition, subtraction, m u ltip lica tion , d iv is ion and maxim um ) o f the feature data. 

Comparing the resu lting  plots allows selection o f the best features. As an example, 

we include V illa rs ’ best result —  the percentage separation p lo t fo r the Mendeleev 

number (Figure 2.7). To produce th is p lo t we firs t calculated fo r M A <  M B <  M e  

the trip les

( V ,  +  Ms  +  Me, £  +  m a x ( M ,„  U B, M e ) )

in  bo th  the fo rm ing  and non-form ing classes. We next calculated the distance 

between each pa ir o f said trip les and considered fo r each po in t its  f i f ty  nearest

18
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Optimal J Values for a Single Feature
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Figure 2.3: One Feature Test. Th is is an intensity p lo t o f the op tim a l J  value 
(whose range is given by the scale bar on the righ t) versus the  sym m etric Veronese 
degree for each feature. A  dark horizonta l bar indicates h igh  op tim a l J  values and 
thus identifies a good feature.
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Optimal J for Mendeleev Number
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Percentage Correctly Classified using Mendeleev Number
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Figure 2.4: Mendeleev N um ber is the Best Feature. O n the top  (a) we p lo t the 
op tim a l J  value and on the  b o tto m  (b) the percentage correctly  classified bo th  
versus the sym m etric Veronese degree for the Mendeleev number.
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Figure 2.5: T w o  Feature Test. Th is is an intensity  p lot o f op tim a l J  versus the 
symmetric Veronese degree for every pa ir o f features.
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Optimal J for Mendeleev Number/Valence Electron Number Pair
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% Correctly Classified using Mendeleev/Valence Electron Number Pair
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Figure 2.6: Mendeleev/valence electron numbers are the Best Feature Pair. On the 
top (a) we p lo t the op tim a l J  value and on the bo ttom  (b) the percentage correctly 
classified both versus the sym m etric Veronese degree for the Mendeleev/valence 
electron number pair.
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Percentage Separation for Mendeleev Number100
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Figure 2.7: Percentage Separation P lot. Pierre V illa rs ' percentage separation plot 
for the Mendeleev number.

neighbors. The average over every po in t (in  bo th  classes) o f the percent o f neigh­

bors o f the same type was then p lo tted  versus the num ber (up to  fifty ) o f nearest 

neighbors considered.

I t  is no coincidence tha t our results agree so w ell w ith  V illa rs ' work. In  the 

Mendeleev number example, the percentage separation p lo t provides a rough mea­

sure o f linear separab ility  in a space w ith  coordinates given by the aforementioned 

trip les. Thus a h igh percentage separation indicates the existence o f a separating 

plane in  th is  space w ith  equation

a ( M A +  M b +  M c ) +  ( 3 { ^ r  +  + ' ^ )  +  7 m a x (M 4, M B, M c ) =  <5.
M& M q M c

Neglecting the 7 m a x(M j4, M s , M e )  term , this is a cubic po lynom ia l in  the variables 

M 4 , M s , and M e  —  a hyperplane in  the degree three Veronese space R 19.

Furtherm ore, w ith  the exception o f the m ax function , a ll o f the coordinate 

systems used by V illa rs  result in  hyperplanes in  d iffe rent Veronese spaces. By 

testing fo r linear separability in  these (and other) Veronese spaces, we thus extend 

V illa rs ' m ethod to  a much more general s ituation.
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2 .7  C onclusions

W ith  respect to  the M ateria ls Design problem, our m ethod has successfully 

explained and generalized Pierre V illa rs ’ work [53] and has confirmed his result 

in  iden tify ing  the Mendeleev number as the best single feature. In  add ition  we 

have discovered a new result, namely th a t the p-shell is a good single feature, and 

we have extended feature selection in fo rm ation  fo r the m ateria ls problem  in to  the 

realm  o f two features, where we have identified the Mendeleev number in combi­

na tion  w ith  the valence electron number as the best feature pair. Simultaneously, 

we have elim inated many features and feature pairs as in ferio r.

M ore generally, our m ethod is a novel com bination o f F isher’s d iscrim inant 

and the Veronese map applied to  feature selection. In  the parlance o f [12]. we 

have invented a new/ evaluation function. A n  evaluation function  is a function 

which evaluates the effectiveness o f a given feature or com bination o f features. 

F isher’s c rite rion  is often used as an evaluation function (as well as the Mahalanobis 

distance and the Bhattacharya  distance —  see [13] and [16]). bu t has not been 

combined w ith  the Veronese map fo r th is  purpose.

Combined w ith  an exhaustive search (certa in ly not the most efficient search), 

our m ethod is a filte r  m ethod (see [12] and [21]). A  filte r m ethod is a m ethod w'hich 

is independent o f the fina l classifier. I t  is interesting to  note, however, th a t our 

m ethod results in  a nonlinear version o f Fisher’s d iscrim inant (see also [31]). which 

is a classifier in itself. In  add ition , th is  version o f Fisher’s d iscrim inant occupies 

the same space as a Support Vector Machine w ith  the Veronese kernel (see Sections

1.2.2 and 3.2). Thus our m ethod may not be entire ly  (a p rio r i)  independent o f the 

fina l classifier, especially i f  the  fina l classifier is a Support Vector Machine.
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Chapter 3

KERNEL SELECTION FOR SUPPORT  
VECTO R MACHINES

In  this chapter we consider the problem, o f kernel selection fo r Support Vector 

Machines. (Refer to  Section 1.2.) U n til recently, kernel selection for Support 

Vector Machines has been performed by sim ply tra in ing  a varie ty o f Support Vector 

Machines and using the best o f those trained. This method, however, is unwieldy 

and slow. Thus efforts have been made towards autom atic kernel selection. Such 

efforts appear in  [1 1 ], [9], and [42], In  a ll o f these efforts, a "S tatistica l Risk 

M in im iza tion ” bound on the generalization error for Support Vector Machines 

from  Vapnik-Chervonenkis (VC) theory [51] is employed. Th is  bound depends on 

the radius o f the smallest ba ll containing the preprocessed (v ia  kernel) tra in ing 

data. In  [1 1 ], th is bound is computed to select a one parameter kernel while 

tra in in g  a Support Vector Machine using the Kernel A datron  A lgo rithm  [14]. In 

[9], an effort is made to  rescale the preprocessed tra in ing  data to  fill the Statistical 

R isk M in im iza tion  ball, thus resulting in  a more accurate bound. In  [42], the 

d is tr ib u tio n  o f the preprocessed tra in ing  data w ith in  the SRM  ba ll is analyzed 

using a technique called kernel PC A [43].

In  th is chapter we adopt a more empirical approach to  kernel selection. Specif­

ically, we generalize the approach in  Chapter 2 for feature selection using kernels. 

O ur m ethod again uses F isher’s discrim inant, bu t this tim e in  combination w ith
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a technique w hich we ca ll kernel G ram -Schm idt. In  Section 3.1 we in troduce ker­

ne l G ram -Schm idt; in  Sections 3.2 and 3.3 we generalize the method o f feature 

selection from  C hapter 2  using the Veronese kernel; in  Section 3.4 we provide 

sym m etric  extensions fo r the R BF and neural netw ork kernels; in  Section 3.5 we 

present our m ethod o f kernel selection for Support V ector Machines; in  Section 3.6 

we app ly  our m ethod to  the Materials Design problem ; in  Section 3.7 we compare 

o u r m ethod w ith  the methods in  [11], [9], and [42] using the United States Postal 

Service da ta  set o f handw ritten  d ig its; and in  Section 3.8 we offer some concluding 

rem arks. For an a lternate presentation o f the m a te ria l in  th is chapter see [28].

3 .1  K e rn e l  G ra m -S c h m id t

O ur p rim a ry  vehicle for extending the ideas in  C hapter 2 to the problem  of 

kernel selection fo r Support Vector Machines is a kernel version o f the  classical 

G ram -S chm id t orthonorm aliza tion procedure.

Suppose we have da ta  Z  =  { z i } ^  C (say Z  =  X  U Y).  Denote <&(Zi) by 

z \ fo r i  =  1 , . . . .  m , where $  : Rn —>■ F  is our nonlinear preprocessing map. and F  

is a H ilb e rt space w ith  inner product ( • , • ) .  For in it ia l no ta tiona l ease, we assume 

th a t  { z j} "L i is a linea rly  independent set o f vectors in  F .  We want to  produce a 

m a tr ix

where U i, . . . ,  u m form  an orthonorm al basis fo r the  subspace in F  spanned by

B  =
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Using the classical Gram-Schmidt orthonormalization procedure (see [49]) we

fo rm

Pl =  (z2,Ui)Ui
Uo =  g~Pi 
U2 IIS -p ill
p2 =  (z^,u2)u2 +  (z^,uI )u1
u ,  =  -£3~E?_
U3 ll*3-P2ll

Pm— 1 (^m? Um_ i )Um_ i 4“ • • • -f- (zm, U i)u L
. . ______ __ 2m Pm — I

771 llz m Pm — i ||

We then calculate

(z~„u,) = l|illl = f S
f e u , )  =  f e | > = | a s iUi)
(z2,u 2)2 =  j | z2 P i ||2 =  ||z2[|2 II Pi. | | 2

=  ( life )
\ — (z3,zD

(  3) U l )  (zT.uO
_ _ 1

(z^,U3) =  [(z3,Z3) -  ((z3,U2)2 +  (z ^ U i )2)] .

(z2, U2) =  (z2/ui7 [(Z2, Z2) ~  (Z2, Ul)2]

(Z3>u2) =  (Sjfe) [(z3i z2> ~ (z2, Ul)(z3, ul)]

and in  general

(z i?U j) =
(Z j,U j)

(Zu Zj )
_  f  (z j , Uj_i) (Zj, U j - i )  +  (Zj, Uy_2)(zt, Uj_o)

4------- 4- ( Z j .U iX z ^ U i )

Finally, we allow hnearly dependent {z \ }  by successively ignoring  the cases 

zi0 =  P(i0 —ij; =  P d i- 2 ), et  cetera. Thus we get a recursive a lgo rith m  fo r com­

pu ting  the m a trix

B  =
(  (Zi,Ui) - - • (zm,u i) \

V (z i,u9) • - • (zm,u9) j

where Ui. . . . .  u9 form  an orthonorm al basis fo r the subspace in  F  spanned by

Z i,

Th is method, w hich we call kernel Gram-Schmidt, has several im p o rta n t prop­

erties. F irs t and foremost, i t  is expressed en tire ly  in  terms o f inner products in  F
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so can be computed using kernels. Second, i t  en tire ly  avoids actua lly  computing 

the orthonorm al set { u i , . . . ,  u g} . This is necessary since F  may in  fact be infin ite  

dimensional. T h ird  and last, b u t very im portan t, the generated m a tr ix  B  repre­

sents the data {z z}  in  F  in  exactly the same manner tha t it  would be represented 

in  M.q. Thus we can app ly  any standard a lgorithm  from  linear algebra to  B.

I t  is also w orth  no ting  th a t kernel Gram-Schm idt represents a significant philo­

sophical deviation from  the typ ica l kernel based methods, including Support Vector 

Machines, kernel PC A  [43], and kernel Fisher’s D iscrim inant [31]. Kernel Gram- 

Schmidt makes an e ffort to  use the actual dimension o f the preprocessed data. i.e. 

the orthonorm al basis u i , . . . , u ?, while Support Vector Machines, kernel PCA. 

and kernel Fisher’s D iscrim inant a ll perform  calculations using the entire data set 

as a spanning set (see Section 1.2.2). For th is reason kernel G ram -Schm idt can be 

used on much larger data sets than kernel PC A and kernel Fisher’s D iscrim inant. 

(Special algorithm s exist fo r using Support Vector Machines for large da ta  sets — 

see Chapter 4.)

Finally, we should rem ark th a t the classical Gram-Schm idt m ethod is numer­

ica lly  unstable [49]. Thus i t  may be th a t kernel Gram -Schm idt is also numerically 

unstable. On the o ther hand, since i t  is the com putation of the o rthonorm a l basis 

U i , . . . ,u 9 th a t is unstable when using classical Gram-Schmidt, and since kernel 

Gram-Schm idt does no t actua lly  compute said basis, i t  may be th a t kernel Gram- 

Schmidt is in  fact num erica lly stable. C erta in ly  the situa tion requires further 

study. See Chapter 5 fo r other topics which also require fu rther study.

3 .2 T h e  V e ronese  K e rn e l

O ur first application  o f kernel Gram-Schm id t is to  provide a d irect generaliza­

tio n  o f the m ethod o f feature selection in  Chapter 2. To th is end, we observe that

28

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the Veronese map, as defined in  Section 2 .2 , is not known to  have an associated 

kernel, but tha t

« (x ,y )  =  ( ( x ,y )  +  l ) d

is a kernel (see [7]) fo r a scaled version o f the map. The scaled (o r weighted) 

Veronese map is given by

Wd(x) =  ( scaled monomials ajXJ ),

where the sequences j  =  ( j u j ' 2 , ■ ■ -, Jn) £ Z n range over { j  : 0 <  J* =  J i+ j ' 2 -i----- F

jn  <  d }.  the x j  are monomials x f x ^ 2 ■ • - x £ \  and a? =  ( ^ )  ( ^ J) =  ( £ . )  -

Examples o f the scaled Veronese map are

w3(x, y) =  (x3, y/3x2y, a/3x y 2, x 3, \ /3 x 2, V 6 x y , \ /3 y 2, \ /3 x , y/3y. 1 ),

and

W2 (x, y, z) =  (x 2, \ /2xy , y/2xz, y 2, y/2yz, z2, \ f l x ,  \ / 2 y ,  \ / 2 z, 1 ).

We also observe th a t we may implement a symmetric Veronese kernel using 

the symmetric polynom ials as in  Section 2.3.

3.3 Feature Search Revisited

Using the (sym m etric) Veronese kernel, we can generalize our method for 

feature selection as follows:

(F I )  For a given choice o f features and a given degree d fo r the (symmetric) 

Veronese kernel we apply kernel Gram-Schmidt to  o u r  data X  and Y  to 

obta in  a q x  m  m a tr ix  B .  We then calculate using B

•  The vector a* E U.q tha t m axim izes Fisher’s c r ite r io n  J  : Mf/ R and 

the actual m axim um  J(a *). See Equation (2.1) in  Section 2.1.
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•  The percentage p o f points in  B co rrec tly  classified using Fisher's dis­

crim inant w ith  separating hyperplane determ ined by a*. See Equation 

(2.2) in  Section 2.1.

•  The percentage t  o f points in  test sets T x  and T y  (see below) cor­

rec tly  classified. (T x  and T y  are firs t preprocessed using kernel Gram- 

Schm idt.)

(F2) We record the results o f (F l)  for d ifferent feature combinations and every 

degree d =  1 . 2 , . . . .  r  o f the (sym m etric) Veronese kernel. Generally we take 

r  between 4 and 10.

(F3) We rank the effectiveness o f the feature com binations using the o p tim a l values 

o f J  and the percentages recorded in  step (F2). More precisely, we order the 

features by averaging the values J (a*), p. and t  calculated in step ( F l)  over 

the Veronese degrees 1,2, . . . , r  in  step (F2). We denote these averages by 

J (a *)r , p. and t  and we use J (a*)r to  rank  the features.

In  th is version o f our method, we have included test sets and we have specified 

our system for rank ing  features using average values o f J ( a*). The m ention o f test 

sets requires explanation. In  practice, a given classification problem consists o f not 

only the sets X  and V , b u t also includes two o ther sets T x  and T y .  a ll fin ite  and 

pairwise d is jo in t. We use X  and Y  as " tra in in g ’ data  and T x  and T y  as "test” 

data. T h a t is, we use X  and Y  to determine our classifiers while we use T x  and 

T y  to test the performance o f our classifiers. Using T x  and T y  we can calculate in 

addition  to  p above the percentage t  o f test da ta  correctly  classified using Fisher's 

d iscrim inant. The values o f t  then give us a dd itio na l in form ation to  use in  our 

comparison o f features.

In  addition, we rem ark th a t other kernels could also be used for feature selec­

tion, a lthough they may result in  different feature rankings. In  add ition  to  being
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more easily interpreted (see Section 2.4) than the R B F  and neural network kernels 

(see Section 1.2.2), we chose the (symmetric) Veronese kernel because it  generally 

yields the  fastest com putations.

F ina lly , we remark th a t our use o f the Veronese kernel to  generalize the feature 

search in  Section 2.4 allows us to use higher dimensional data and larger degrees 

of the Veronese map. Specifically, the Veronese kernel reduces our use o f com­

puter m em ory by allow ing us to  use the Veronese map w ithou t actua lly  form ing 

monomials. Now instead o f storage constraints we are constrained by the scaling 

properties o f the Veronese map. Specifically, h igh dimensional data and large de­

grees o f the Veronese map can result in  very sm all numbers, i.e. x~y3z2 is very 

small when x, y, and 2  are small. These scaling effects can make calculations on 

the com puter inaccurate.

3.4 Symmetric Kernels

Here we provide sym m etric versions o f the R B F  and neural network ker­

nels fo r use in  the M ateria ls Design problem in  Section 3.6. In  fact, we pro­

vide a sym m etric generalization fo r any kernel k  : M.n x  U.n —► K. which can 

be expressed in  terms o f norms and inner products, i.e. any kernel o f the form  

fc(x, y )  =  / ( | |x | |2, (x, y ), ||y||2), where /  : R3 —► R. In  the case o f the R BF kernel, 

/ (u ,  v, w )  =  exp(—{u +  2v -F w ) /2 a 2) and in the case o f the neural network kernel 

f { u ,  v, w ) =  tanh(an b).

To w rite  our symmetric kernel we denote by c r i, . . . ,  crn\ the various perm uta­

tions o f ( x 1;. . .  , x n). In  the case o f M2, for example, we have u l (a;i, x 2) =  (x i ,  x 2) 

and <7 2 ( x i ,  x 2) =  (x2, X i). O ur sym m etric kernel k s : IR" x  —► R is then defined 

by

«s(x,y) =  K (o i(x ) ,y )  +K(<72(x ) ,y )  -I 1-«(crn!(x), y).
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To see th a t k s is indeed symmetric, we observe th a t

*s(<7i(x),y) = Ks(x,y)

and tha t

K»(x,y) = Ks(y, x)

fo r any perm utation cr*. The second equality is true  because

N I 2 =  N ( x ) l !2 
{(°i(x),y)} = {(x, cq(y))}

llyll2 =  lk i(y ) l l2-

A gain  using M2 as an example (take x, y  6  M2) we have

/c»(x,y) = «(x,y) + K(<r-2(x),y)
«a(x, cr2(y)) =  k(x , cr2(y)) + «(<72(x), 0-2(y)) =  «(<r2(x),y) -f-Ac(x,y) 
«a(a-2(x),y) =  /c(<r2(x),y) +  /c(ff-2(a-2(x)),y) =  k(cr2(x),y) +  «(x,y) 

Ks(o-2(x),cr2(y)) =  fc(<72(x),<72(y)) +  «:(cr2(ff2(x)), o"2(y)) = «(x,y) -h/c(cr2(x). y).

i.e. k s : Rn x  Mn —> R is symmetric.

3 .5  K e rn e l Search

To perform  kernel selection, we m im ic the feature selection procedure in  Sec­

tio n  3.3. We execute the following:

( K l )  For a given kernel and choice o f kernel parameters, we calculate a*, J (a *), p 

and t  as in  (F l) .

(K2) We record the results o f (K l)  for different kernels and kernel parameters. In 

fact we use various discretizations o f the parameters in  regions where, based 

on our data, we expect to  encounter good kernels. See, e.g., Sections 3.6 and 

3.7.

(K3) We compare the kernels using the values o f J (a *), p and t  recorded in  step 

(K2). Here we generally use the maximum values o f J (a ’ ), p and t to  compare 

the kernels, as opposed to  the averages used in  step (F3).
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As a fina l step, we im p lem ent the Support Vector Machines corresponding to 

the best kernels found in  steps (K 1 )-(K 3) using the  best features found in  steps 

(F1)-(F3). We w ill consider the  topic o f SVM  im plem entation  in  C hapter 4.

3.6 Application to Materials Design

Here we apply our m ethods to the M ateria ls Design problem. In  Section

2.5 we considered feature selection for classifying three element com binations into 

form ing and non-form ing categories. In  th is section we consider feature (using 

the sym m etric Veronese kerne l) and kernel selection fo r classifying two. three, and 

four element combinations in to  form ing and non-form ing categories. O ur da ta  set 

is an enlarged version o f th e  da ta  set used in  Section 2.5 supplied by [52] and [37]. 

I t  includes 1333 b ina ry  examples, 4963 te rnary examples, and 4278 quaternary 

examples along w ith  a lis t o f  8 8  possible features ( in  particu la r, we include the X I 

and N2 orderings o f the p e riod ic  table suggested in  [36]). We also have a binary 

test set w ith  692 examples, a  te rna ry  test set w ith  2156 examples, and a quaternary 

test set w ith  2535 examples.

Instead of producing in te n s ity  plots for feature selection as in  Section 2.5. we 

produced ranked lists us ing  (F l) - (F 3 ) . O ur generalized feature search in  Section 

3.3, using the sym m etric Veronese map, allowed us to  consider the larger data  set 

described above. The increase in  available features from  the previous chapter to 

this chapter, however, fo rced us to  consider different feature combinations. For the 

case o f single feature selection, we again used every feature to  produce our ranked 

lists, bu t for the case o f fea tu re  pa ir and feature tr ip le  selection, we used only a 

subset o f possible feature pa irs  and triples. Specifically, we required one o f the 

features in  each feature p a ir  to  be from the fist o f best single features, and two of 

the features in  each feature tr ip le  to  be from  the fis t o f best feature pairs.

Next, using the best features and feature pairs, we performed kernel selection, 

using sym m etric kernels, as specified in  (K l) - (K 3 ) .  For th is  step we also scaled
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our data to have mean zero and un it variance. For the sym m etr ic  Veronese kernel 

we used d from  1  to  10. We chose the sym m etric rad ia l basis fun c tio n  (R B F) 

kernel and sym m etric neural network kernel param eter search region to  have values 

between 0 and 2. (Recall from  Section 1.2.2 th a t the R BF kernel is k ( x . y) =  

exp( —||x — y||2/2cr2) and the  neural network kernel is /c(x, y) =  ta n h (a (x . y) +&).) 

Th is worked well for the R B F  kernel, presum ably because a  corresponds to  the 

w id th  o f the R BF, bu t no t as well for the neura l network kernel. Thus we also 

tested values o f a and b from  0 to  20 for the neural network kernel. O ur fina l 

selections o f the parameters fo r each kernel were chosen using plots such as those 

in  Figures 3.1 and 3.2.

In  presenting our results, we use the s truc tu re  and no ta tion  o f (F 1 )-(F 3 ) and 

(K 1 )-(K 3). Specifically, we use J(a*) to  denote the op tim a l value o f Fisher's c ri­

te rion obtained using tra in in g  data, p to  denote the percentage o f tra in in g  data 

correctly classified using F isher’s d iscrim inant, and t  to denote the percentage o f 

test data correctly classified. In  addition, we use Jr(a*)r, p, and t  to  denote the 

averages o f the values J (a *) , p, and t  over the Veronese degrees 1 , 2 , . . . .  r .  Once 

these values are calculated, we use them to  provide ranked fists o f feature combi­

nations and kernel comparisons, again as in  (F 1 )-(F 3 ) and (K l) - (K 3 ) .  F ina lly, the 

best Support Vector Machines (using various values o f C ) were im plem ented using 

Joachims’ S V M ll9flt [20] w ith  convergence tolerance e =  .001. (We w ill discuss SVM  

im plem entation in  C hapter 4.)

3.6.1 Binary Case

Feature Selection

The fo llow ing tables resu lt from  steps (F 1 )-(F 3 ) in  Section 3.3 using the sym­

m etric Veronese kernel w ith  degrees 1 , . . . ,  10 in  the case o f single features; degrees

1 , . . .  ,7  in  the case o f feature pairs; and degrees 1 , . . . ,  5 in  the case o f feature

34

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Veronese Kemd Seiec^on fof Tema/y Case wflfi Pao’s N2 odering R&FKemeiSe£ectofbrTemaiyCasewthFsarsM2ordeflng

c
0

9

0a
0
rg£

2 4 7 9 10J

C
0

I
0
g

a
o>

2 4 5 6 7 8 10

a.
oj

120 2 4 106 8 14 15

aIUw
0o

2 54 7 9 10

0
1

0
0

i!

0 2 19 12 146 8 16
Symme&K Veronese Degreed Symm^iic RBF Kernel ParsinetEro

Figure 3.1: Sym m etric Veronese and R BF Kernel Selection fo r M ateria ls Design. 
Here we display kernel selection plots for the te rna ry  case using Pao’s N2 ordering. 
On the left are plots o f Fisher’s criterion, the  percentage p o f points correctly 
classified, and the percentage t  of points correctly  classified (from  top to  bottom ) 
versus the sym m etric Veronese degree d. Using these plots we selected d =  3. On 
the righ t are plots o f the same values versus the sym m etric  R B F kernel parameter 
a. Using the R B F  plo ts we selected a  =  .25.
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Neural Network Kernel Selection for Ternary Case with Two Features

2 4 6 8 10 12 14 16 18 20
Symmetric Neural Network Kernel a

Figure 3.2: Symmetric Neural Network Kernel Selection fo r IVNaterials Design. Here 
we display a kernel selection p lo t for the ternary case using P a o ’s N2 ordering and 
Pauling’s E lectronegativ ity (the th ird  ranked feature pa ir). T h is  is an in tensity 
p lo t o f the values o f F isher’s crite rion  versus the sym m etric m eura l netw ork kernel 
parameters a and 6 . The values o f F isher’s criterion are in d ic a te d  by the scale bar 
on the right. Using th is  p lo t we selected a =  8.5 and 6  =  8 .
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triples. For the  case o f single features we’ve also included the means and standard 

deviations o f the values J (a * ) r , p. and t. (For two features, one o f the features is 

from the lis t o f best features. Thus the means and standard deviations fo r feature 

pairs are skewed and therefore no t included. Sim ila rly  for feature trip les.)

T o p  3 F e a tu re s
Name V t

1 M13 Paos N2 ordering 3.14 85.76 83.82
2 M 2 Mendeleev H t-d  s ta rt r igh t 2.77 85.27 84.78
3 M 6  Mendeleev P e ttifo r regular 2.69 85.03 83.77

Feature Mean Values .67 65.60 63.62
Feature S tandard Deviations . 8 6 9.65 9.97

T o p  3 F e a tu re  P a irs
Names

J (a * ) 7 P I

1
M13 Paos N2 ordering 
G2 valence e lectron num ber ( / )

6.40 90.56 88.58

2
M 4 Mendeleev H d -t s ta rt r igh t 
G2 valence electron num ber ( / )

5.44 90.28 89.49

3 M 5 Mendeleev P e ttifo r 
G2 valence electron num ber ( / )

5.41 90.05 87.88

T o p  3 F e a tu re  T r ip le s
Names J (a * ) 5 V t

1

M 13 Paos N2 ordering 
G2 valence electron number ( / )  
M 8  Mendeleev t-d  s ta rt le ft

4.08 88.69 87.66

2

M 8  Mendeleev t-d  s ta rt le ft 
G2 valence electron number ( / )
13 magnetic susceptib ility  (m3 kg-1 )

3.65 88.73 87.72

3
M 8  Mendeleev t-d  s ta rt le ft 
G2 valence electron number ( / )  
M 10 Mendeleev d -t s ta rt le ft

3.03 87.23 85.43

K e rn e l S e le c t io n

The tables in  th is section result from  steps (K 1)-(K 3) in  Section 3.5 using the 

symmetric versions o f the Veronese, R B F , and neural network kernels (see Sections

1.2.2 and 3.4). We include the best kernel o f each type for the best three features.
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the best three feature pairs, and the best three feature trip les. These kernels were 

chosen using plots s im ila r to  those in  Figures 3.1 and 3.2.

K e rn e l C o m p a ris o n s  f
Feature

o r  T o p  3 F e a tu re s
Best Classifier

J(a *) P t

1 M13 Paos N2 ordering
Veronese d =  3
RBF a  =  .5
Net a =  7.7, 6  =  5.2

2.42
5.61
1.35

84.77
92.27
76.22

82.80
91.47
73.41

2 M2 Mendeleev H t-d  rt.
Veronese d =  3 
RBF a  =  .25 
Net a =  4.4, b =  4.7

2.18
7.38
1.18

85.22
92.12
71.94

84.68
91.47
70.81

3 M 6  Mend. P e ttifo r reg.
Veronese d =  3 
R BF cr =  .45 
Net a =  18.1, 6  =  3

2 . 1 0

5.08
1.15

84.44
91.82
76.97

82.51
90.03
75.87

K e rn e l C o m p a ris o n s  f
Feature P a ir

o r  T o p  3 F . P a irs
Best Classifier

J ( a*) P t

1
M13 Paos N 2  ordering 
G 2  valence electron #

Veronese d =  3
RBF a  =  .65
Net a = 14.8, 6  =  6.4

3.97
1 2 . 1

1.50

91.00
95.87
83.57

89.88
93.06
82.94

2
M4 Mendeleev H d -t rt. 
G 2  valence electron #

Veronese d — 3 
RBF cr =  .25 
Net a =  16.8,6  =  7

3.71
26.2
.739

90.02
98.35
76.67

90.46
92.20
76.88

3
M5 Mendeleev P e ttifo r 
G2 valence electron #

Veronese d =  3 
RBF cr =  .2 
Net a =  7 ,6  =  5

3.50
35.0
1.07

89.00
95.42
85.25

88.87
91.91
80.64

K e rn e l C o m p a ris o n s  foi
Feature Triple

r T o p  3 F . T r ip le s
Best Classifier A  a*) P t

1

M13 Paos N 2  ordering 
G2 valence electron 
M 8  Mendeleev t-d  le ft

Veronese d =  5 
RBF cr =  . 6  

Net a =  6 , 6  =  1 2

7.92
36.4

1 . 6

94.22
99.02
82.67

92.05
93.50
81.36

2

M 8  Mendeleev t-d  le ft 
G2 valence election #
13 magnetic susceptib ility

Veronese d =  5
R BF cr =  .35
Net a =  9.5, 6  =  14.5

7.54
31.1
.984

94.90
97.75
77.79

92.49
92.34
77.89

3
M 8  Mendeleev t-d  le ft 
G 2  valence electron #  
M10 Mendeleev d -t le ft

Veronese d =  5 
RBF cr =  .55 
Net a =  6 , 6  =  14

5.29
33.6
.938

91.30
98.80
80.65

89.45
93.50
80.49

SVM  Classifiers

Using Joachims’ S V M hght [20] we tra ined (see Chapter 4) three Support Vector 

Machines on the b ina ry  data. The firs t SVM  was trained using Pao’s N 2  ordering
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w ith  a sym m etric  R BF kernel o f a  =  .5 and a tra in in g  value o f C  =  10. This 

SVM achieved a success rate o f p =  92.72% on the tra in in g  set and t  =  91.33% 

on the test set. The second SVM  was trained using Pao’s N2 ordering and the 

valence electron number w ith  a sym m etric RBF kernel o f cr =  .65 and a tra in ing  

value of C  =  1 0 0 . Success rates o f p =  96.92% on the tr a in in g set and t  =  94.36% 

on the test set were achieved in  th is case. The last S V M  was tra ined using Pao's 

N2 ordering, the valence electron number, and the Mendeleev t-d  left feature w ith  

a symmetric R B F  kernel o f a  =  . 6  and a tra in ing  value o f C  =  10. This SVM 

yielded p =  97.82% on the tra in in g  set and t  =  94.88% on the test set.

Remark

In  our search fo r good b inary features we discovered th a t the M2 feature was 

the negative o f the M3 feature, and th a t the G l and G2 features were identical. 

Thus we selected on ly one o f M2 or M3 and one o f G l  or G 2  in the final results. 

(This remark also applies to  the Ternary and Q uaternary cases.)

3.6.2 Ternary Case

Feature Selection

Here we again implemented steps (F1)-(F3) in  Section 3.3 using the symmetric 

Veronese kernel. In  th is case we used degrees 1 , . . . ,  7 fo r single features and 1 , . . . .  5 

for feature pairs. As in  the b inary case, we include means and standard deviations 

in  the case o f single features.

T o p  3 Fea tu res
Name V tJ (a * ) 7

1 M13 Paos N2 ordering 14.02 95.30 95.51
2 M3 Mendeleev H d -t s ta rt left 11.24 94.98 94.86
3 M 5 Mendeleev P e ttifo r 1 0 . 8 6 94.64 94.98

Feature Mean Values 2.29 75.32 74.82
Feature Standard Deviations 3.27 11.77 12.08
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T o p  5 F e a tu re  P a irs
Names V t

M13 Paos N 2  ordering
2 1 . 0 95.76 95.591

G l group number ( / )

2
M13 Paos N 2  ordering
125 de lta  H interface 0  in  M  Miedema

19.1 95.99 95.81

3 M13 Paos N2 ordering 
E 2  e lectronegativ ity  (Pauling) ( / )

18.7 96.07 96.09

Kernel Selection

Here axe kernel comparisons fo r the to p  3 ternary features and feature pairs.

K e rn e l C o m p a ris o n s  fc
Feature

>r T o p  3 F e a tu re s
Best C lassifier J (  a*) P t

1 M13 Paos N2 ordering
Veronese d  =  3
R B F  a =  .25
N et a =  12.6, 6  =  14.8

12.62
80.1
7.31

97.05
99.37
95.56

97.08
98.79
95.96

2 M3 Mendeleev H d -t le ft
Veronese d  =  3
R B F  a =  .3
Net a =  18.2, b =  19

9.96
46.3
8.90

96.70
98.92
95.86

96.61
98.24
95.92

3 M5 Mendeleev P e ttifo r
Veronese d =  3
R B F  a  =  .25
Net a =  11.8,6 =  15.4

9.91
56.8
2.55

96.24
99.23
92.87

96.38
98.42
92.90

Kernel Comparisons fo
Feature P a ir

r Top 3 F. Pairs
Best C lassifier

J (  a*) P t

1
M13 Paos N2 ordering 
G l group number ( / )

Veronese d =  5 
R B F  cr =  .45 
Net a =  12, 6  =  12.5

46.8
143
3.6

99.02
99.86
94.87

97.77
98.65
91.56

2
M13 Paos N2 ordering 
125 A  H interface O in  M

Veronese d =  5
R B F  a  =  .2
N et a =  11, 6  =  14.5

39.4
115
5.3

98.97
99.67
94.11

97.96
98.98
94.43

3
M13 Paos N 2  ordering 
E2 Pauling  Electroneg.

Veronese d =  5 
R B F  cr =  .2 
Net a =  8 .5 ,6  =  8

38.5
87.8
7.9

98.85
99.65
96.12

98.47
98.75
96.57

SVM  Classifiers

In  the te rn a ry  case we tra ined  two Support Vector Machines. The first was 

tra ined  using Pao’s N 2  ordering w ith  a sym m etric RBF kernel o f cr =  .25 and a 

tra in in g  value o f C  — 10. The resu lting  SVM  had a success rate o f p =  99.18% on
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the  tra in in g  data and t  =  98.79%  on the test data. The second SVM  was tra ined 

using Pao's N2 ordering and the G l group number (same as the valence electron 

number —  see rem ark in  Section 3.6.1) w ith  a sym m etric R BF kernel o f cr =  .45 

and a tra in in g  value o f C  =  10. Th is  SVM had a success rate o f p =  99.93% on 

the tra in ing  data and t  =  99.07% on the test data.

3.6.3 Quaternary Case

Feature Selection

In  the quaternary case we used the symmetric Veronese kernel w ith  degrees

1 . . . . .  5 for single feature selection. We again include means and standard devia­

tions.

T o p  5 F e a tu re s
Name P t

1 M5 Mendeleev P e ttifo r 53.1 97.37 97.16
2 M13 Paos N 2  ordering 51.3 97.24 97.10
3 E 8  chemical p o te n tia l Miedema ( /) 40.4 97.32 97.60

Feature Mean Values 1 2 . 0 88.33 8 8 . 0 2

Feature S tandard Deviations 12.4 10.53 10.79

Kernel Selection

Kernel comparisons fo r the quaternary case were implemented for the  best 3 

features.

K e rn e l C o m p a ris o n s  f<
Feature

or T o p  3 Fea tu res
Best Classifier A  a*) V t

1 M5 Mendeleev P e ttifo r
Veronese d =  2

R B F a  =  .45
Net a =  15 .6 ,6=  13.6

27.2 
508
25.3

98.97
99.96
98.51

98.93
99.88
98.34

2 M13 Paos N2 ordering
Veronese d =  3
R B F cr =  .4
Net a =  7.6,6 =  18.4

52.0
656
28.9

99.88
1 0 0

98.73

99.80
1 0 0

99.21

3 E 8  chem. pot. M iedem a
Veronese d =  2

R B F cr =  .55
Net a =  4.4 , 6  =  17.8

38.7 
299
34.8

99.56
99.88
99.03

99.49
99.80
98.74
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SV M  Classifier

For the quaternary case we tra ined only one Support Vector Machine. We 

used the Mendeleev P e ttifo r number w ith  a symmetric R B F  kernel o f cr =  .45 and 

a tra in ing  value o f C  =  100. In  th is case the resulting S V M  had a 100% success 

rate on bo th  the tra in in g  and test data.

3.7 Application to USPS Handwritten Digit Recognition

Here we use the U nited  States Postal Service database o f handw ritten dig its 

to  compare our m ethod o f kernel selection w ith  the methods in  [11]. [9], and [42]. 

(We do not consider feature selection for this problem.) The U nited States Postal 

Service database consists o f 16 x  16 images o f the d ig its 0 th rough  9. There are 7291 

tra in ing  examples and 2007 test examples. The USPS database can be obtained 

from  [47].

In  our firs t example, we perform  an experiment found in  [ 1 1 ]. Specifically, we 

have selected cr fo r an R B F kernel designed to separate the  d ig its  0 from 3. Plots 

o f J (a *), 100 — p, and 100 — t  versus a  are provided on the  left side o f Figure 3.3. 

Based on these p lo ts we selected a  from  5 to  8 . Our plots o f 100 —p and 100 — t are 

s im ilar (in  shape and w ith  s im ilar values) to the p lot o f the  generalization error o f 

the actual Support Vector Machine in  [1 1 ],

In  our second example, we have again selected cr fo r an RBF kernel. In this 

case the kernel is designed to  separate the digits 0 to  4 from  5 to 9. To provide 

a more d irect comparison o f our method w ith  the methods in  [9] and [42] we first 

random ly perm uted the entire USPS data set ( t ra in ing and test sets together) 

and then d iv ided the tra in in g  set in to  23 subsets o f size 317 (th is was orig inally 

proposed in  [42] and was also performed in  [9]). We then executed our method 

o f kernel selection. We include plots o f the average values o f J ( a*), 100 — p, and 

100 — t  on the r ig h t side o f Figure 3.3. The error bars show standard deviations
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Figure 3.3: USPS P a rtia l Problems. On the le ft are the plots o f J (a * ) , 100—p. and 
100 — t  ( fro m  top  to  bo ttom ) versus RBF kernel cr for the problem  o f separating
0 from  3 in  the  USPS data set. O n the righ t are the plots o f J (a * ) . 100 — p. and 
100 — t  versus log(cr) fo r the problem  of separating the d ig its  0 to  4 from 5 to  9.

over the 23 subsets. For th is example our m ethod selected a  =  .368. In  addition, 

our p lo t o f 1 0 0  — t  is s im ila r (in  shape only) to  the plots o f generalization error in

[9] and [42].

F ina lly , we have selected Veronese, R BF, and neural netw ork kernels for use 

w ith  the en tire  USPS data set. To be precise, we selected Veronese, RBF. and 

neural ne tw ork kernels fo r separating each d ig it from  the other nine (0 from  1 , . . . .  9:

1  from  0, 2 , . . . ,  9; 2 from  0 ,1 , 3 , . . . ,  9; et cetera). We then tra ined  (using the 

selected kernels) Support Vector Machines w ith  Joachims’ S V M l%9ht [20] on each
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o f the above cases and constructed a classifier fo r the entire USPS data  set by 

using the SVM  w ith  the largest ou tpu t. Tha t is. we classified a d ig it as zero i f  the 

SVM  designed to  separate 0 from  1 , . . . ,  9 had the  largest value (before applying 

the sign function) o f a ll the  SVMs. We classified the d ig its  one to nine sim ilarly. 

For the Veronese kernel we used c =  1 and for m ost d ig its  found d =  3 to  be the 

best parameter. For the R B F  kernel we found a  =  10 to  be the best value for 

every d ig it. For the neural netw ork kernel we selected a va rie ty  o f values o f a and 

b fo r the different d ig its, b u t in  each case found the values o f F isher’s c rite rion  to 

be d is tribu ted  in  a sim ila r manner. Figure 3.4 shows some plots representative of 

our findings for the three kernels. O ur Support Vector Machine classifiers using 

the Veronese kernel (we d id  no t m ix  kernel types) obta ined an error ra te  o f 4.59c 

on the test set, as d id  the  SVM s using the R BF kernels. For the neural network 

kernel we obtained an e rro r ra te  o f 9.1% on the test set.

We have also compared our results to the results o f the orig inal application 

o f Support Vector Machines to  the USPS data [41]. O ur kernel selections for the 

Veronese and R BF kernels agree very well w ith  the selections in  [41], as do our error 

rates. To be precise, the e rro r rates in  [41] were 4.0% and 4.3% for the Veronese 

and R B F  kernels. (A lso in  the interest o f precision, we should m ention th a t in

[41] the USPS images were smoothed via  a “ Gaussian kernel o f w id th  .75" p rio r to 

SVM  im plem entation. We perform ed no sm oothing or scaling.) Our selection for 

the neural network kernel, on the other hand, is in  disagreement, as is ou r error 

rate. In  [41] the neural ne tw ork kernels used have negative values o f b, which is 

interesting since such values are in  theory inva lid  (see Section 1.2.2 and [8 ]). In 

addition , the error rate in  [41] fo r the neural netw ork kernel is 4.1%, less than  ha lf 

our error rate.

3.8 C o n c lu s io n s
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Figure 3.4: E n tire  USPS Problem. On the upper le ft is kernel selection in fo rm ation  
for the Veronese kernel for separating each o f the USPS d ig its  from  the other nine. 
On the upper r ig h t is selection in fo rm ation  for the R B F  kernel. On the bo tto m  is 
selection in fo rm a tion  for the neural network kernel fo r separating the d ig it 5 from  
the other nine d ig its. The neural network p lo t is an in tens ity  p lo t w ith  the values 
o f F isher’s C rite rio n  shown on the  scale bar to  the rig h t.
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In  th is chapter we have developed a m ethod o f kernel selection for Support 

Vector Machines. We have applied i t  the the Materials Design problem  and we 

have used the USPS database o f handw ritten  d ig its to compaxe our method to 

existing methods. We remark tha t

•  O ur method selects good kernels for use w ith  Support Vector Machines, both 

in  the M ateria ls Design problem and in  agreement w ith  [ 1 1 ], [9], [42], and

[41] on the USPS data.

•  O ur method works on large problems (e.g. the Materials problem  and the 

entire USPS data  set). This distinguishes our method from  the method in

[42] and also distinguishes our use o f F isher’s discrim inant  from  the kernel 

Fisher’s D iscrim inant in  [31].

•  O ur m ethod works w ith  a ll SVM  kernels. Th is distinguishes our method 

from  the m ethod in  [1 1 ].

F inally, we rem ark th a t our method o f kernel Gram-Schm idt may be useful 

outside o f kernel selection. I t  could, fo r example, be applied in  con junction  w ith  

the Singular Value Decomposition (see also [43]), Least Squares regression (see also 

[46]). other methods o f classification (see also [31]), et cetera.
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Chapter 4

TR A IN IN G  SUPPO RT VEC TO R  M ACH INES

In  th is chapter we consider a new m ethod  fo r tra in ing S upport Vector M a­

chines. Support Vector Machines are tra d it io n a lly  obtained by so lv ing the Support 

Vector Machine Q uadra tic  Program m ing p rob lem  in Equation (1-3) from  Section 

1 .2 .2 . U nfortunately, standard Q uadratic Program m ing solvers typ ica lly  require 

com puter storage o f a square m a trix  w ith  # { x j }  +  # { y 3-} entries to  a side, i.e. a 

m a tr ix  w ith  (N  -f- M ) 2 entries, where N  and  M  are the num ber o f points in  our 

two classes X  and Y . For large problems (IV  +  M  >  5000) i t  becomes impossible 

to  accommodate such a m a trix . Thus efforts have been made towards developing 

S V M  specific tra in in g  algorithm s. In  pa rticu la r, the work in  [34], [39], [20], [14]. 

[27], and [24] has addressed th is  problem. In  [34] a decomposition o f the fu ll SVM  

QP problem in to  subproblems is proposed, in  [39] this decomposition is used w ith  

subproblems o f the smallest possible size, and in  [2 0 ] a very clean and com puta­

tio n a lly  efficient version o f the procedure in  [34] is implemented. In  [14] a variant 

o f the trad itiona l S V M  Q P problem is solved using an a lgo rithm  from  S ta tis tica l 

Mechanics known as the A da tron  a lgorithm , in  [27] another va rian t o f the tra d i­

tio n a l SVM  QP problem  is solved using successive overrelaxation, and in  [24] the 

va rian t in  [14] is solved using a geometric re fo rm ula tion  o f the S V M  QP problem.

Here we consider a new method fo r tra in in g  Support Vector Machines and 

more generally the so lu tion  o f the linear separable Support Vector Machine Quad-
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0j I  + E i j <Xi0j{xi,Yj) -  \  Em 0 M y*.y*) 

subject to  {  p < * = 0f l 0 i

In  Section 4.1 we provide an entire ly d ifferent fo rm ula tion o f the linear separable 

SVM  QP problem (also considered in  [24]); in  Section 4.2 we use our re form ulation 

to  implement a va rian t o f G ilb e rt’s A lgo rith m  [17] (also considered in  [24]) for 

tra in in g  Unear separable Support Vector Machines: in  Sections 4.3 and 4.4 we 

generalize our a lgo rithm  to  the fu ll (nonlinear, nonseparable) SVM; in  Section 4.5 

we compare our a lgo rithm  to  bo th  the Nearest Point A lgo rithm  [24] and Sequential 

M in im a l O ptim iza tion  [39]; and in  Section 4.6 we offers our concluding remarks.

4 .1  G e o m e tr ic  S V M  P ro b le m

To set the stage fo r our reform ulation o f the linear separable SVM QP problem 

we firs t generalize the  de fin ition  o f the SVM  m argin from  Section 1.2.1. Recall tha t 

fo r two nonempty, fin ite  sets X  and Y  in  R n separated by a hyperplane H . the 

m argin o f H  is tw ice the distance from  H  to  a nearest po in t in  X  (or. equivalent!}', 

a nearest point in  Y ).

We extend th is de fin ition  by considering any two nonempty, compact sets X  

and Y  in  Rn. They need not even be d is jo in t. We then w rite  the m argin  o f a 

hyperplane =  ( x  G R " : (x , w ) +  6  =  0 , w  ^  0 }  as

m {w ) =  d(PwC x , Pv,CY),

where C x  and C y are the convex hulls o f X  and Y  respectively, Pw is the orthog- 

onal pro jection jĵ 2 onto the one-dimensional subspace spanned by w , and d{», • )  

denotes the distance between two sets, i.e. d(A , B ) — m in { ||a —b[| : a 6  A, b  G B } .
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where || •  || denotes the Euclidean norm  in  R ". (Note tha t we may use min because 

X  and Y  are compact.)

I f  H  does no t actua lly  separate X  and Y  (which would be the case i f  X  D Y  #  

0). then the m arg in  is s im ply zero. In  addition, since m (w ) =  m (cw ) for c ^  0 we 

may restrict the dom ain o f m  to  the u n it sphere Sn~ l =  {x  G R n : ||x|| =  1} w ith  

no loss o f in form ation.

As we w ill ve rify  in  Lemma 4.1, the m argin m : Sn~ L —* R  is a continuous 

function on a compact set so by the Extreme Value Theorem  achieves a global 

maximum at some po in t w * G Sn~l . Th is is, o f course, the po in t we wish to 

locate, as it  is the  norm al to  the m axim al m argin hyperplane.

Finally, let S =  X  — Y  =  ( x - y  : x  6  X , y  E Y }  be the set o f secants 

between our two classes, le t Cs  be the convex hu ll of 5 , and let s* be the closest 

po in t in  Cs  to  the  orig in. Since Cs  is compact and convex, we are assured tha t s* 

exists and is unique. For th is  and other interesting facts about convex sets see [25].

L e m m a  4 -1 . The margin  m  : Sn~ l —> R is continuous.

Proof. Suppose w , v  G Sn~l . Since Cs =  Cx — CY we have

m {w ) =  min{|[Pwx  -  Pwy|[ : x  G C x , y e f y }

=  m in{||w w r (x  — y)|| : x  G Cx ,y  G CY}

- m in{|(s, w )| : s G C5}

=  l( t* ,w ) |

for some t* G C s  and s im ila rly  m (v) =  j(u*, v )| for some u* G Cs-
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Now by the Cauchy-Schwarz inequality

m (w ) — m (v ) =  |(t* . w )| — |(u *. v ) |

<  | (u * ,w ) | -  | (u * ,v ) |

<  I(u*, w  v ) |

<  l | u * l l l | u - v | |

<  M ||w  — v||,

where M  bound Cs, i.e. ||s|| <  M  fo r a ll s E Cs- S im ila rly  we have m (w ) —m (v )  >  

—M ||w  — v|| so th a t m  : Sn~ l —> R  is continuous as claimed. Q.E.D.

T h e o re m  4-.2. I f  nonempty, compact sets X  and Y  in  Rn are linearly separable 

then the m arg in  m  : Sn~ l —► R attains a nonzero global maximum at w * =

Proof. The hypotheses give C x  n  C Y =  0 (see [25]). Thus Cs =  C x  — C y  

does not conta in  the o rig in  so th a t w * is well-defined. We wish to  show tha t 

m (w *) >  m (w ) fo r a ll w  E 5 n _ 1  and th a t m (w *) >  0. As in  Lemma 4.1 and by 

the Cauchy-Schwarz inequality

m {w ) — m in { |(s ,w ) | : s E C s }

<  |(s * ,w )j

<  lls*lll|w|| =  ||s*||.

Since ||s*[] ^  0, i t  is enough to show th a t m (w *) =  ||s*||, i.e., tha t |(s ,w * ) j >  

|(s * ,w *) | =  ||s*|| fo r a ll s E Cs- For th is we use contrad iction : assume there is an 

s E Cs such th a t |(s, w *) | <  ||s*||. We w ill show th a t th is  implies the existence o f 

a po in t t  E Cs w ith  ||t|| <  ||s*||, which contradicts the de fin ition  o f s’ .

Consider the line segment I from  s* to  s ^  s* given by ( 1  — A)s* -I- As w ith  

0 <  A <  1. Note th a t I C  Cs and in  p a rticu la r any po in t o f I is in  Cs- Let Ao be 

the scalar p ro jec tion  ~,|SJ s.1p ) of —s* onto s — s*. Let t  =  ( 1  -  A0 )s* +  A0 s.
I |S  S  (I
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We claim  th a t t  €  I C Cs and th a t ||t|| <  ||s*||. To see th a t t E I i t  suffices to 

show th a t 0 <  Ao <  1- B y assumption we have

l ( s , w ' ) l  =  T^ir1 <  l | s ‘ " ’

so th a t

(s,s*) <  I(s,s*)| <  ||s* | | 2

M 2  -  =  Ao >  o.
I|s - s * | | 2

A nd  since by de fin ition  o f s*

(s ,s ’ ) < | | s ’ ||2 < ||s | |2.

we have

l|s* | | 2  -  (s,s*) <  ||s -  s* | | 2  =  |[s | | 2  -  2 (s, s’ ) +  ||s*||2.

or. equivalently. A0  <  1.

To see th a t ||t|| <  ||s*|| we note th a t t is orthogonal to  — A0(s — s’ ). Hence, 

we can apply the Pythagorean Theorem  to  get

||t||2 +  || -  A0(s -  s * ) | | 2  =  ||t -  A0(s -  s*)|j2  =  lls ’ H2.

Since 0 <  A0  <  1  and s ^  s’ , we have ||t||2 <  ||s* | | 2  as desired.

We have thus shown tha t m {w *) =  ||s*|| >  0 and hence th a t m  : S n~L —>• M

atta ins a nonzero global maximum a t w * . Q.E.D.

C o r o l la r y  4 -3 . The maximal m argin hyperplane is unique.

Proof. In  the p roo f o f Theorem 4.2, we used the Cauchy-Schwarz inequa lity  

to  assert th a t

m (w ) <  |(s * ,w )| <  ||s’ ||||w|| =  m (w ’ )

fo r w  E 5 n _ l. In  fac t the inequality is s tr ic t when w  and s* axe linea rly  inde­

pendent, i.e. the m arg in  m  : S'7 1 - 1  —> M. achieves global m axim um  on ly  when
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w  =  ±w *. As norm al vectors, these yie ld  the same hyperplane so the maximal 

margin hyperplane is indeed unique. I t  is given by

^  =  { x e l n : 2(x, s*) =  | | x * f  -  ||y*||2},

where s* =  x ’  — y*. Q.E.D.

T h e o re m  4-4- The linear separable Support Vector M achine Q uadratic Program­

ming problem in  Equation (4 -1 )  has solution  w * =  p fjp -

Proof. F irs t, i t  is instructive  to  observe tha t s* solves a constrained version of 

the linear separable SVM  QP problem . In  particular, i f  w  E Cs  we can w rite (see 

[25])

w = E y 7ij(Xi - y j ) ,

where =  l ,  and 7 >  0 fo r a ll i j .  By setting a t =  - P j  - Ex 7i> we

see tha t

W  =  E x  O ^ X i -  Y . j  P jY j :

w ith

E i  =  E j  Pj =  1, 

oh, Pj  >  0 .

Thus m in im iz ing  ||w|| when w  e  Cs imphes solving

max f  2  -  2 IIw | | 2  =  E *  +  E y  Pj ~  5  E x ., (x*, x , )
<*x, p, \  +  E x j  a iP j(x i-> y j )  - 1 E m  PjPq{y j ,  y q)

subject to  /  ^  ^
\ a i , P j >  0 .

Next, we note th a t we can in  fact generalize th is approach by tak ing  c >  0

and considering the convex hu ll C cs , where cS =  {cs : s €  5 } .  In  th is  case we can

w rite  w  E Ccs as
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w = Ez OliXi -  P j Y j  >

w ith  Y l i a i — Y l j& j  =  c and a *, Pj >  0. Thus m in im iz in g  ||w|| when w  E C cs 

implies solving

m ax f  2 c -  | | | w | | 2  =  -  5  H )it,  Q ia ^ x ^ x , )
P j  I  +  E i j  < * i# 7  ( * i ,  Y j )  -  ±  J2j,q P j P q i Y j :  Yq)

subject to  /  ^  ̂  C’
I  tti./Sfj >  0.

Th is problem  (by Theorem 4.2) has solution cs*. th e  po in t in  Ccs closest to  the 

origin.

F ina lly, we fin ish the p ro o f by observing th a t we have parameterized the  lin ­

ear separable SVM  QP problem  by c. M axim izing 2c — |||c s * | | 2  =  2c — |c 2 ||s* | | 2 

over c >  0  we obta in  the o p tim a l value c* =  ns ĵp 0 an<̂  ^ence the so lu tion  

w * =  c*s* =  jj-2Tj| 2 o f the Unear separable Support V ecto r Machine Q uadratic Pro­

gramming problem  in  Equation (4.1). Q.E.D.

The above results appear in  various sources b u t  w ith  different proofs. In  

particu lar, results s im ilar to  Theorem  4.2 appear in  [4] and [40], C oro lla ry  4.3 

appears in  [51], and Theorems 4.2 and 4.4 appear in  [24].

Theorem 4.2 is pa rticu la rly  useful for in te rp re tin g  Support Vector Machines. 

I t  tells us th a t the m axim al m arg in  hyperplane is essentia lly the “perpendicular 

bisector" o f a line segment connecting the two closest points o f the convex hulls 

o f X  and Y . Th is is illu s tra te d  Figure 4.1(c). F ig u re  4.1 in  its  entirety gives a 

p ic to ria l sum m ary of Theorem 4.2 in  its  re lation to  SVM s.

4.2 Gilbert’s Algorithm

Theorem 4.2 provides a geometric solution to  th e  Support Vector Machine 

problem, b u t in  order to  ac tua lly  implement a S V M  we need an algorithm, to
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Figure 4.1: P ic to ria l sum m ary o f Theorem 4.2. On the le ft (a) is the typ ica l 
illu s tra tio n  o f a Support Vector Machine. The two classes X  and Y  are depicted 
using x ’s and o ’s, w ith  the m axim al m argin  hyperplane shown as a solid  line 
separating them. The two do tted  lines ra n  th rough  the support vectors and are 
separated by a distance equal to  the margin. In  the m iddle (b) is the corresponding 
secant h u ll w ith  the o rig in  marked by a circle, and w ith  the po in t s* in  the secant 
hu ll closest to the o rig in  marked by a s ta r (and connected to  the o rig in  by a 
line segment). On the r ig h t (c) the m axim al m argin hyperplane is shown as the 
perpendicu lar bisector o f a shortest line segment connecting the convex hulls o f X  
and Y .

locate the  point s* in  the secant hu ll closest to  the orig in . G ilbe rt's  A lg o rith m  [17] 

perform s exactly th is task.

To describe G ilb e rt’s A lg o rith m  we use the fo llow ing notation. For a. b E R n 

we set

{ a if —(a, b — a) < 0
a +  (b ~ a) if 0 < - ( a , b - a )  < | |b -a ||2.

b if ||b — a|[2 < —(a, b — a)

Thus the  point [a, b]* is the po in t on the line segment from  a to  b closest to  the 

orig in.

Assum ing th a t X  and Y  are again fin ite  and w rit in g  S =  X  — Y  =  {s m}. we 

define the  support fu n c tio n  g : K.n —► R. by

g (x )  =  rnaxm{ ( x ,s m)}  

and the  contact func tion  g* :M.n —> R.n by

0*(x ) =  smo,
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Figure 4.2: Convergence o f G ilbe rt’s A lg o rith m . Here we illus tra te  the behavior 
o f G ilbe rt’s A lg o rith m . O n the left (a) s* G S , and the a lgorithm , whose progress 
is tracked by the jagged line, converges to  s* in  a fin ite  number o f steps. In the 
middle (b). s* £  S and the a lgorithm  converges on ly asym ptotically to  s*. On the 
righ t (c), G ilb e rt’s A lg o rith m  for Support Vector Machines converges rap id ly  in 
angle to s*.

where m0  corresponds to  the the smallest indices z'o and j 0 o f A ' and Y  such that 

(x, smo) >  (x, sm) fo r a ll m . This contact function  gives an extreme po in t o f S in 

the direction x. (See [24] or [17].)

Finally, let w L be a random  point in  S  and let w*. =  [w t_ L, <?*(—w *.^ ) ]*  for 

k >  1 . G ilbert showed in  [17] th a t lim  =  s*, where s* is the closest po in t in C's
fc—oo

to  the origin. G ilbe rt also made some observations on the convergence properties 

o f the sequence w*.. We note merely tha t G ilb e rt’s A lgo rithm  w ill converge in a 

fin ite  number o f steps i f  s* G S, but th a t asym ptotic convergence is very likely 

when s* ^  S. G ilb e r t’s A lg o rith m  is illu s tra ted  in  Figure 4.2 parts (a) and (b).

Unfortunately, the  asym ptotic behavior exhib ited by G ilb e rt’s A lgorithm  in 

Figure 4.2(b) is not on ly  like ly  bu t very slow as well ( ~  1 /n ) .  I t  was fo r th is  reason 

th a t G ilbe rt’s A lg o rith m  was abandoned in  [24]. Fortunately, G ilb e rt’s A lgorithm  

converges to s* in  angle much faster than in  norm. T ha t is, (w fc,s*)/(||w*.||||s*||) 

converges to 1  much faster than  ||wfc — s*|| converges to  0. Since the S V M  maximal 

m argin hyperplane is determ ined by d irection and no t by length (see e.g. Theorem 

4.4), we can use th is  angle convergence c rite rion  to  greatly improve the performance 

o f G ilbe rt’s A lg o rith m  fo r tra in in g  Support Vector Machines.
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In  addition , we can improve the rate o f convergence in  angle o f G ilbe rt's  A l­

go rithm  by using an associated sequence o f averages computed as follows. To 

compute m i,  we ite ra te  G ilbe rt's  A lg o rith m  u n til g *(—w t _ i)  =  gm( —W j _ l ) for 

some j  <  k. We set m L =  Y li= j+ i w t- To compute m 2, we repeat th is  pro­

cess as i f  we were resta rting  G ilbe rt’s A lg o rith m  from  w*.. In  th is  manner, we 

obta in  a sequence m i , m 2, . . .  o f averages o f points in  G ilbert's  A lg o rith m  which 

also converge to s* (since the points in  G ilb e rt’s A lgo rithm  converge to  s ') .  More 

im portan tly , the points m1,m2,...  converge very rap id ly  in  angle to  s*. This is 

illus tra ted  in  Figure 4.2(c).

A lg o r i th m  4-5- G ilbe rt’s A lgorithm  fo r  Support Vector Machines.

( 1 ) Com pute mi, m2, . . .  as above.

(2 ) Stop when <  e. where e is the convergence tolerance fo r the algo-

r ith m .

4.3 Nonlinear Generalization

To generalize G ilbe rt's  A lgorithm  fo r Support Vector Machines to  the non­

linear case we sim ply use SVM  kernels. Recall from  Section 1.2.2 th a t a kernel 

k : R.n x  R n —*■ R can be used to  im phc itly  preprocess data by an associated map 

$  : —► F . where F  is a H ilbe rt space and

« (x .y )  =  ($ (*)>  $ (y ) ) -

Kernels are used to  make Support Vector Machines nonlinear (see Section 

1.2.2). Hence, we use them  to  make G ilb e rt’s A lg o rith m  for SVMs nonlinear. This 

is accomplished by firs t re w riting  G ilbe rt’s A lg o rith m  for SVMs in term s o f inner 

products and then replacing the inner products w ith  kernels.

We w rite
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W fc-1 =  J2i <*i*i -  H j  PjYj-

for each. w fc_ L in  G ilb e rt’s A lg o rith m , where the a. and 6 j also depend on k. To 

im plem ent G ilb e rt’s A lg o rith m  fo r Support Vector Machines we need to  calculate 

g * ( ~ w *_ i) , w fc = and .

To com pute g*{—w fc_ !) we observe th a t

g ( - w i c - i )  =  maxm{ - ( w fc_ 1 ,s m)}
- m a x i{—(w fc .^ X t) }  + m a x J{ ( w fc_ 1 , y J') } .

(Recall S is indexed by m  and X  and Y  are indexed by i  and j . )  I f  we denote 

m a x j{—(wfc_i, X j)}  and m axj { ( w fc_ 1, y ^ )}  by gx { ~ ^ k - \ )  and gY(™k- i )  we get

g * ( - w fc_ !) =  gx ( - w fc_ i)  -  g*Y(w k- i ) -

Here we are using the no ta tion  in  Section 4.2 to suggest th a t gx (x ) is the point 

Xj0 e  X  w ith  smallest index i Q such th a t (x , Xj0) >  (x , x ,)  for a ll i.  and s im ila rly  

fo r g* (x ) .

Thus to  compute g*{—Wk- i )  we need on ly  calculate gx ( —'wk- \ )  and g * ( w k- i ) .  

These are easily obtained i f  we keep an inner product cache conta in ing the values 

(wfc_1; Xj) and (wfc-!, y j)  as we progress th rough the points in  G ilb e r t ’s A lgorithm . 

The idea o f using such a cache was orig inated in  [39] and adopted in  [24].

Next we calculate w fc =  [w * ^ ,  £ *(—w ^ ) ] *  from  —(w fc_ i, £ * (—w * ^ )  - w * ^ )  

and ||g*(—Wfc-x) — Wfc.xH2. These quantities can be computed using the above 

inner product cache along w ith  ||wfc_i||2. To fac ilita te  the com puta tion  o f Uwfc-xH2  

we observe th a t

ik ip =iiwu.ii> -  ^ - y ^ T ^ V 2||p *(-W fc .!) -  Wjfc.iH-

when w fc is neither Wfc_: no r g* (—Wfc_x). Th is  recurrence allows us to  compute 

||Wfc| | 2  w ith  a m inim um  o f e ffo rt a t each step o f G ilb e rt’s A lgo rithm .
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Finally, we can m a in ta in  an inner p roduct cache o f the values (rh;. x t ) and 

(m ,.y-j) by adding the inner product caches conta in ing (w fc_ 1 ; x t ) and ( w * _ i,y j)  

as we progress th rough  the points o f G ilb e rt’s A lgo rithm . Using th is  new cache 

we can compute the values

4 .4  N o n s e p a ra b le  G e n e ra liz a t io n

The fina l generalization o f G ilb e rt’s A lg o rith m  fo r Support Vector Machines is 

to  the nonlinear case w ith  errors (the nonlinear nonseparable case). Unfortunately. 

G ilb e rt’s A lg o rith m  fo r SVMs cannot be used to  solve the trad itiona l SVM  QP 

problem [10] in  Equation (1.3) in  Section 1.2.2. Fortunate ly, recent alternatives to 

the tra d ition a l SVM  QP problem  have been proposed in  [15] and [27]. We use the 

approach in  [15].

Specifically, we allow  errors by in troducing slack variables cq and Tj into the 

SVM  problem. We get

m in  1 1 | w | | 2  +  f  ( £ .  o f  +  r?)

, . . f  (x j, w ) 4 - b >  1 — <Ji fo r a ll x* E X  (-*-2)
subject to  |  ( y .| W ) f o r a l l  y . £ V -.

where o~t corresponds to  the data point x 2, Tj corresponds to the data point y_,. 

and C  is a positive constant.

We use th is  fo rm u la tion  o f the nonseparable Support Vector Machine because 

i t  can be solved via a separable problem (the tra d itio n a l form ulation [1 0 ] may be 

nonseparable). The separable problem is obta ined as follows (see [15], [24]). Let 

e, be a vector o f length # { x i }  (number o f po in ts in  the X  class) w ith  a 1  in the 

zth position and zeros elsewhere. S im ilarly, let f j  be a vector of length # { y j }  w ith

a 1 in the j t h  position  and zeros elsewhere. Le t <r be the vector containing each

and t  be the vector conta in ing each Tj. Fina lly , let

* - /  y i0  , 6  =  6 .
 L _ f .

V
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Then {x2} and {y y }  are linearly separable and we can solve

m in i | | w | | 2

subject to

to  ob ta in  the solution o f (4.2). Thus, to compute a Support Vector Machine in 

the case o f nonseparable data we use { x t } and { y , }  w ith  G ilbe rt's  A lgo rithm  for

For nonlinear nonseparable data, we replace the inner products ( x ;,y^ ) in  the 

dual problem

w ith  kernel products o f the form  k(x, y) =  k(x, y) -f- S i j / C , where is 1  when 

i  =  j  and zero otherwise. Th is gives the dual

o f the nonseparable SVM  problem in  [15].

Hence, to implement the fu ll nonlinear nonseparable version o f G ilbe rt's  Algo­

r ith m  fo r Support Vector Machines we sim ply replace the kernel k in  the nonlinear 

version o f G ilbe rt’s A lg o rithm  for SVMs w ith  the kernel k (x , y )  =  « (x , y )  + 6 i j / C .

4.5 Examples /  Comparisons

We now present some examples which we use to  compare our a lgorithm  w ith  

bo th  the Nearest Point A lgo rithm  [24] and Sequential M in im a l O p tim iza tion  [39]. 

(We should note th a t bo th  NPA and G ilb e rt’s A lg o rithm fo r SVMs use the above

SVMs.

? Pj
max £ t  “ i +  E j  P j -  \  E i.„  “ itt9( x i , x ?)

+  E i j  a iPj(*l: Yj) -  I  PjPqiYj: Yq)

subject to

subject to
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nonseparable generalization w hile  SMO uses the nonseparable generalization in

[10 ].) We used MATLAB to  code our a lgorithm , we obtained the  NPA code from  

[23], and the SM O code from  [2 ]. We used the different codes to  tra in  Support 

Vector Machines on the Tw o Spira ls D ata [22], the Wisconsin Breast Cancer Data 

[5], [3], and the A du lt-4a  D a ta  [38], [5]. A ll three data sets were used in [24], and 

the A du lt-4a  set was used in  [39].

To compare our a lgo rithm  w ith  NPA and SMO, we ran the three algorithm s 

on a random subset of each da ta  set containing 90% o f the o rig ina l data. We 

used the rem ain ing 10% o f each, da ta  set as a test set. For each a lgorithm , we 

used a convergence tolerance o f e =  .001 and a Radial Basis Function kernel 

k (x , y )  =  exp( ~^2 ~2y^ ). As suggested in  [24], we used cr =  l / \ / 2  for the Two 

Spirals Data, cr =  2 for the W isconsin Breast Cancer Data, and cr =  VTo for the 

A dult-4a Data.

For each ru n  we computed the fo llow ing statistics: the num ber o f kernel evalu­

ations needed to  tra in  a SVM  on the data; the percentage o f support vectors found 

(number o f support vectors found versus number o f data vectors): and the percent­

age o f the test set correctly classified. These statistics were selected to measure 

speed and q u a lity  o f solution. The number o f kernel evaluations performed was 

suggested as a measure o f speed in  [24] because the various a lgorithm s considered 

(including N PA  and SMO) were implemented using inner p roduct caches. Thus, 

the cost o f upda ting  said caches (number o f kernel evaluations performed) was the 

main com putationa l expense.

The d ifferent statistics are p lo tte d  versus the solution m arg in  o f the resulting 

SVM for each a lgorithm . The sta tis tics  for the Two Spirals D ata  can be found in  

Figure 4.3; the statistics fo r the  W isconsin Breast Cancer D a ta  can be found in  

Figure 4.4; and the statistics fo r the A du lt-4a  D ata  can be found in  Figure 4.5.
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x 10 Two Spirals Data
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Figure 4.3: Tw o  Spirals Data. Here we p lo t the performance sta tis tics for SMO. 
NPA and G ilb e r t ’s A lg o rith m  for SVMs on the Two Spirals Data. In  each p lot the 
horizontal axis gives the so lu tion margin, do tted  lines are used fo r SMO, dashed 
lines are used fo r NPA, and solid lines are used fo r G ilb e rt’s A lg o rith m  for SVMs. 
In  the top p lo t (a) we see on the vertical axis the number o f kernel evaluations 
performed, in  th e  m iddle p lo t (b) we see the percentage o f support vectors found, 
and in  the b o tto m  p lo t (c) we see the percentage o f points in  the test set correctly 
classified.
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Figure 4.4: W isconsin Breast Cancer Data. Here we plot the performance statistics 
fo r SMO, NPA and G ilb e r t’s A lgorithm  for SVM s on the W isconsin Breast Cancer 
Data. The data is presented as in  Figure 4.3. The success rates on the test set are 
identica l for a ll three algorithm s.
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x 10 Adult-4a Data
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Figure 4.5: A du lt-4a  Data. Here we p lo t the  performance sta tistics for SIMO. NPA 
and G ilb e rt’s A lg o rith m  for SVMs on the A du lt-4a  Data.
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I t  is in te resting  to  note, as ind ica ted  by part (a) o f Figures 4.3, 4.4. and 4.5. 

tha t our a lgo rithm  is sim ilar in  speed to bo th  NPA and SM O for large margins 

(corresponding to  sm all values o f C ), and significantly faster than  NPA and SMO 

for sm all margins (large values o f C ). I t  is also interesting to  note tha t our algo­

r ith m  provides Support Vector Machines w ith  representations w hich are sim ilar (in  

terms o f num ber o f support vectors) to  NPA and SMO in  some cases (part (b) of 

Figures 4.3 and 4.4), bu t which can be much more efficient (fewer support vectors) 

in  other cases (p a rt (b) o f F igure 4.5). F inally, we note th a t a ll three algorithms 

perform ed equally on the test set (p a rt (c) o f Figures 4.3, 4.4 and 4.5).

4.6 Conclusions

We must firs t acknowledge the  s im ila rity  o f our work to  the work in  [24]. 

The m a in  theoretica l foundation o f our work (Theorems 4.2 and 4.4) was done in 

the summer o f 1999, before we were aware o f the same results in  [24], G ilbert's 

A lg o rith m  was also considered in  [24], bu t dismissed because o f slow convergence 

in  its  fin a l stages. We have, on the other hand, successfully applied G ilbert's  

A lg o rith m  to  Support Vector Machines v ia  a simple m odification. O ur modification 

made an a ilin g  a lgorithm  in to  one o f the fastest available fo r SVMs and might 

s im ila rly  accelerate existing a lg o r ith m s .

F ina lly , G ilb e r t’s A lg o rithm  fo r Support Vector Machines has a number of 

advantages over b o th  NPA and SM O . F irs t, i t  is simpler (no heuristics) than SMO 

and much sim pler than  NPA. Second, G ilb e rt’s A lgorithm  fo r SVM s runs almost as 

fast (in  cpu tim e) coded in  MATLAB as NPA in  F o r tra n  and SM O  in  C++. Thus, it 

may be faster than  bo th  NPA and SMO when coded in  C++. (MATLAB is generally 

much slower than  either F o r tra n  o r C++.) T h ird  and last, the Support Vector 

Machines produced by G ilb e rt’s A lg o r ithm for SVMs are as accurate as those 

produced by N P A  and SMO and may have more efficient representations (fewrer 

support vectors).
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Chapter 5

CONCLUSIONS

In  th is  dissertation we proposed a solution to  a problem in  Pattern  Classifica­

tio n  and two additional solutions to  problems in  Support Vector Classification. In 

Chapter 2 we proposed a new m ethod o f feature selection for classification using 

Fisher's c rite rion  and the Veronese map. In  C hapter 3 we generalized our fea­

tu re  selection a lgorithm  form  C hapter 2  using the Veronese kernel and proposed 

a kernel selection a lgorithm  fo r Support Vector Machines. Finally, in  Chapter 

4 we developed a new, fast a lgo rithm  for tra in ing  Support Vector Machines. In 

th is chapter we summarize more precisely our work. In  Section 5.1 we recap the 

p rim ary  contributions o f th is dissertation, in Section 5.2 we give some possible 

extensions o f our results, and in  Section 5.3 we ask some questions raised during 

the course o f th is  research.

5.1 Primaxy Contributions

The highlights o f th is research include

•  The explanation and extension o f V iliam ’ m ethod o f feature selection in  Sec­

tio n  2.6 using the Veronese map and Fisher’s d iscrim inant.

•  The development o f kernel Gram-Schmidt in  Section 3.1.

•  A n  a lgorithm ic approach to  bo th  feature and kernel selection fo r Support 

Vector Machines.
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•  Theorem 4.2 in  Section 4.1, a theorem on an op tim a l separation o f convex 

sets, and the corresponding geometric so lu tion  o f the linear separable Support 

Vector Machine Q uadratic P ro g ra m m in g  problem  (Theorem 4.4).

•  A  new angle convergence criterion for G ilbe rt's  A lg o rith m  in Section 4.2.

•  The Tw o Point A lg o rith m  in  Appendix A .

5.2 Possible Extensions

Possible extensions o f this work include

•  The use o f kernel Gram-Schmidt w ith  o the r standard methods in  linear al­

gebra. Kernel Gram-Schm idt produces a m a tr ix  o f nonlinearly preprocessed 

data. Th is m a trix  may be used in  con junction w ith  Least Squares methods, 

the Singular Value Decomposition, linear regression, and other classification 

methods (e.g. linear perceptrons). This technique would offer an a lternative 

to  existing kernel methods, in  particu la r kernel P rinc ipa l Component A na ly ­

sis [43], Support Vector Regression [46], and kernel Fisher D iscrim inant [31]. 

In  particular, using kernel Gram-Schmidt w ould allow  much larger data  sets 

than kernel PC A  and kernel Fisher D iscrim inant.

•  Kernel selection using our kernel evaluation m ethod in  Chapter 3 combined 

w ith  some type o f gradient search a lgorithm . Th is would automate the pro­

cess o f kernel selection and most like ly be more effective than our present 

exhaustive search.

•  Use o f the Two Point A lgorithm  in  con junction  w ith  the angle convergence 

crite rion  to  find the po in t on a convex set closest to  the origin. This method 

m igh t be faster than the known methods fo r solving th is problem in  [17], [1],

[32], and [54].
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5.3 O pen Q uestions

Some questions raised du ring  the course o f th is  research include

•  Is there an effective way o f runn ing  kernel Gram-Schmidt backwards? T h a t 

is. how can we represent the results o f an a lgorithm  operating on the prepro­

cessed data m a tr ix  in  terms o f our o rig ina l data?

•  Is kernel G ram -Schm idt num erica lly stable?

•  How can we select C  in  the Support Vector Machine Q uadratic Program m ing 

problem in  E qua tion  (1.3)? Th is  question is addressed in  [9] and [1 1 ],

•  How does our kernel selection m ethod compare to the fast modern a lgorithm s 

fo r tra in ing  S upport Vector Machines (see Chapter 4)? In  other words, would 

i t  be effective to  use a fast modern S V M  tra in ing  a lgorithm  to  select kernels 

ju s t by brute force (tra in in g  many SVMs)? Or is our m ethod s t i l l  faster? 

Does our m ethod y ie ld  more in fo rm ation  about the fina l SVM?

•  Can Theorems 4.2 and 4.4 in  Chapter 4 be extended to  work w ith  the Support 

Vector Machine so ft m argin  generalization (see Section 1.2.1)?

•  How does the nonseparable SVM  generalization in Section 4.4 compare to  

the standard soft m arg in  generalization [1 0 ]?
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Appendix A

TWO PO IN T  ALGORITHM

W hile  developing G ilbe rt’s A lg o rith m  for Support Vector Machines in  Chapter 

4 we discovered a s im ilar a lgo rithm  which we call the Tw o Point A lgorithm . To 

describe the Tw o Point A lg o rith m  we use the nota tion  we used to  describe G ilbe rt's  

A lg o rith m  in  Section 4.2. Specifically, we set

and we use no ta tion  such as

a < b i f  a = b or a < b.

W ith  these definitions, [a, b]* is again the point on the fine segment from a 

to b closest to  the origin, a < b i f  [a, b]* =  a, and a ~  b i f  [a, b]* is between a 

and b. W ritin g  S =  {s * . } £ = 1  and denoting the convex hu ll o f S  by Cs, we have the 

fo llow ing lemmas.

L e m m a  A.I. If a <  b then ||a|| < ||b||.

(b — a) i f  0  < —(a, b — a) < [|b — a||2 

i f  ||b — a||2 < —(a, b — a)

i f  —(a, b — a) < 0

for a. b e  In  addition, we say th a t

a < b i f  a ^ b  and [a, b]* = a
a ~  b i f  a ^ b  and [a, b]* ^ a, b
a > b i f  a 7  ̂b and [a, b]* = b.
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Proof. B y hypothesis we have a ^ b  and —(a, b  — a) <  0. I f  a  and b  axe 

linearly  independent then  using the Cauchy-Schwarz inequa lity  we get

i i ~ n  /  ( b ’ a ) ^  I N I M I  n u n

l|a|1 -  t ^ t  -  i w r =  l|b "-

I f  a  =  Ab for some A g R  then we have

- (A b ,  b  -  Ab) <  0 
A ||b | [ 2  +  A2 11b|j2  <  0 

A(A -  1) <  0 
0 <  A <  1 .

Since a ^ b w e  have 0 <  A <  1 so th a t [|a|| =  A||bj| <  ||b||. Q.E.D.

L e m m a  A . 2. Suppose s* £ Cs- Then the fo llo w ing  are equivalent:

(a) s* is the po in t in  Cs closest to the orig in, 
i.e  ||s*|| <  llslj fo r  a ll s £  Cs

(b) s* <  s fo r  a ll s £  Cs
(c) s* <  sfc fo r  k  =  1 , . . . , p .

Proof, (a) (b). F ix  s £ Cs \  { s * } -  Let A0 =  — (ys’_s-'|p  ̂ an<̂  t  =  ( 1  — Ao)s* +

A0s. I f  we assume th a t A0 >  0 then we can show using (a) th a t t  £ Cs bu t th a t

||t|| <  | |s*||. (See the p ro o f o f Theorem 4.2.) Thus A0 <  0 and s* <  s.

(c) => (a). Let H  =  {x : (s*,x — s*) >  0 }. Note th a t H  is a closed ha lf­

space conta in ing S  (since s* <  ŝ . fo r k  — 1 , . . .  ,p).  Since H  is convex we see th a t 

Cs C H .  Further, h £  H  \  {s * }  implies th a t s* <  h so by Lemma A . l  ||s*|| <  ||h||. 

i.e. |[s*|| <  ||h|| fo r every h £  H  \  {s*}. This imphes th a t ||s*|| <  ||s|| fo r a ll 

s £ C S \  {s*} since Cs \  {s*} C H \  {s*}. Q.E.D.

L e m m a  A . 3. F ix  So £  Mn . Then the map

t  i—* [t, So]*

is continuous on M71.
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Proof. Denote the map t [t, s0]* by / .  Assume s0 0 and define

H  = {x : (s0,x  — s0) > 0}
B  =  { x : | | f - x | | < | | f | | }
E  =  Mn \  (H °  U B°),

where H °  and B °  denote the in terio rs o f H  and B.  We note th a t H. B ,  and E  are 

closed and th a t Mn =  H  U B  U E.  To show th a t /  is continuous it  is enough to 

show th a t f \ H , f  |s , and f \ E are continuous.

Suppose t  €  H  \  {s0}. Then (s0, t — s0) >  0 which implies th a t

(t,s0) > ||s0||2 
—(t, s0) ||t||2 > ||s0||2 — 2(t,So) -f- [|t||2

— (t,s0 — t) > J|s0 -  t|[2.

Thus / ( t) =  [t, So]* =  s0, and since / ( So) =  s0 we see tha t / \E =  s0 is continuous.

Next suppose t e B  \  {so}- Then | | ^  — t|| <  ||^ || which implies that

I l f  - t | | 2 < | | f | | 2
—(t,  So) +  | | t | | 2  <  0 .

Hence / ( t) =  [t, s0]* =  t and again / ( So) =  s0  so that / |s(t) =  t is continuous.

F ina lly, suppose t £  -E^fso}. Then (s0,t  — s0) <  0 and | | f  —1 || >  ||^ || .  which

im p ly  0 <  A0  =  <  1 as previously. Thus / ( t )  =  [t, sQ]* =  (1 — A0) t +  A0 s0

is continuous on E  \  {so}- To see th a t f \ E is continuous a t So we note that

l l / ( s o ) - / ( t ) | |  =  11 s0  (A0 (s0 t )  +  t ) 11 
=  ||(s0  — t ) ( l  — A0) ||
=  11 s0  11111 A0|
< 11 s0 11J.

We conclude th a t t  i—> [t,So]* is continuous as claimed. Q.E.D.

These lemmas assist in  the p ro o f o f the following theorem, w hich we call the 

Two Point A lg o rith m .

T h e o re m  A . 4- Let z =  ( s i , . . . ,  sp, S i, . . .  ,sp, S i, . . . ,  sp, . . . ) ,  and define 

(w fc)tLi by w t =  z i , w fc =  [wfc_!,Zfc]* fo r  k >  2. Then hm  w k =  s*, where s*
k —*oo

is the closest po in t in  CE to the o rig in .
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Proof. Since w*. E Cs for a ll k  the sequence (w lc) ĉL l is bounded so by the 

Bolzano-Weierstrass Theorem there exists a subsequence ( t j  =  w c o n v e r g i n g  

to  some t  E Mn . In  fact, t E Cs since Cs  is closed.

Case I : t  =  s*. B y Lemma A . l ,  ||w i|| >  ||w2|| >  - • - >  ||s*|| so tha t (Hw/tH))^ 

converges. Since w kj —► t  =  s* as j  —► oo we see tha t ||wfc|| —+ ||s’ || as k —>■ oc. 

Now combining Lemma A. 2(b) and the Cauchy-Schwarz inequa lity  we get

||s* | | 2 <  (s * ,w fc) <  ||s*||||wfc||

so tha t (s * ,w fc) —+ [|s* | | 2  as k —* oo and hence

||w * - s * | | 2  =  ||w f c | | 2  - 2 (s * ,w fc) +  ||s* | | 2  0 .

as k  —> oc. o r lim  w^. =  s*.
fc—oo

Case I I : t  ^  s*. Let (gm =  be the subsequence o f (Si)f= l of terms

sim w ith  t  <  sim, and let (h r =  si r ) rZ l  be the subsequence o f (s i)f= 1  o f terms slr 

w ith  t  ~  sI r . Note th a t {g m} n  { h r }  =  0 and {g m} U {h ,.} =  S  as sets, and that 

{ h r } 7^ 0 since ||s*|| <  [|t|| so by Lemma A.2(c) there exists si0 E S  w ith  t  ~  sI0. 

For r  =  1 , . . . .  p — q define

zr =  [t, h r]*, 
er =  ||t|| -  I M  >  0 .

Let e =  m in {e i, . . . ,  ep_9}. Since the maps x i—> [x, h r]* are continuous (Lemma

A .3) w ith  [t, h r ]* =  zr for each r  we have 5r >  0 such tha t

||[x, hr ]* -  zr 11 <  e

when

l|x — t|| < 8r

for r  =  1 , . . .  ,p  — q. Let 8 =  m in -fd !,. . . ,  8p- q}  and note th a t x  E B e(zr ) implies 

||x|| <  ||t||, where we use B €(zr ) =  { x  E l n : ||x — zr || <  e} to  denote the open e 

ba ll centered about zr .
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Next consider the  sequence

V =  (V1, . . . ,V 2(7_1) =  (§1 j - - - • gq: g l j • - • 5 S q — i ) •

Starting  backwards w ith  v2g_1 we get 0 <  72 -̂1 <  S such th a t

||[x;v2<7_!]* -  t|| < 6

when

| |x - t | |  <  72, - 1- 

C ontinuing on to  v r we get 0 <  7 1  <  7 2  <  • • • <  7 2(?_ i <  S w ith

II [Xj Vj]* 11| <  7i+l

when

l |x - t | |  < 7 i

for i  =  1, . . . ,  2q — 2. I f  {g m} =  0 let 7 x =  5.

Finally, p ick N  such th a t | | t j—1 || < 7 1  fo r j  >  N  and consider the subsequence

( ! )  w (fc,v)+ i =  [WfcAf 5 Z(Jbjf)+1]*
(2 )  W [ ^ ( f c / A + l i  Z(fciV)+2]

(?) [^(fcjv)+<7—1 ) Z(A;v)-t-,]
(q +  1) w(fc/v)+(7+1 =  [\V(kN)+q,Z {k!t:)+q+i}*

o f ( W fc ) ^ l -

A t step (1), z (A: „ ) + 1  =  Sj0 for some 1 <  i Q <  p. I f  sio is a te rm  o f (gm) ^ =1. 

say s, 0 =  gmo =  v mo, then w ( f c j v ) + 1  6  £ Tmo+1 ( t )  since w fc„  e  S 7 l ( t )  C 5 7 mQ(t) . 

I f  Z(fci V ) + 2  is also a te rm  o f v , i.e. z ( f c „ ) + 2  =  v mo+1, then w ( A : i v ) + 2  in  step (2 ) is 

contained in  B~,mQ̂ 2(t) .

Eventually, however, Z(fcw)+C is a te rm  o f (h r ) ^  since { h r }  7  ̂ 0 imphes th a t q 

is the m axim um  length  o f a consecutive subsequence o f v consisting o f consecutive
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Figure A . l :  Tw o Point A lg o rith m . Here we illustra te  the behavior o f the two point 
a lgorithm . O n the left (a) s* €  S, and the a lgorithm , whose progress is tracked by 
the jagged line, converges to  s* in  a t most p  steps (guaranteed). In  the m iddle (b). 
s* £  S bu t the a lgorithm  s t i l l  converges to  s* (in  less than p  steps for th is example 
— not guaranteed). On the r ig h t (c), the a lgorithm  converges on ly  asym ptotica lly 
to s*.

terms in  z. We choose the smallest c in  1 , . . . ,  q +  1 such th a t Z ( fcjv)+C is a term  o f 

(h r ) f= i, say z (fc,v )+c =  h ro =  sIrQ. Then we have 'W(_kN)+c_ l C B s( t )  so tha t

W ( k N ) + c  =  [ w ^ + c - ! ,  Z (fc„ ) +C] *

is contained in  B e(zro). Th is  im plies th a t

! | t | l  >  l l W ( f c ^ ) + c | l  >  l | w ( fc,v ) + c + 1 || >  . . . ,

which im plies th a t

l|t|| >  llt/v+d l >  ||tyv+c+ i|| >

which contradicts the fact the  t j  —+ t . In  other words, case I I  (t A s*) never 

happens. Q.E.D .

In  some instances, the T w o  Point A lg o rith m  (the sequence in  Theorem A .4) 

w ill converge in  a fin ite  num ber o f steps. In  particu la r th is  w il l  occur i f  s* 6  S. 

I f  s* ^  S  fin ite  convergence m ay s t il l occur, bu t i t  is not guaranteed. Figure A . l  

illustrates the convergence o f the two po in t a lgorithm  in  a va rie ty  o f situations.

Figure A . l  also shows the  s im ila r ity  o f the Two Point A lg o rith m  to  G ilbe rt's  

A lgo rithm  (compare Figure 4.2). In  particu la r, we note th a t b o th  the Two Point
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A lgorithm  and G ilb e rt’s A lg o rith m  become m ired in  the asym ptotic convergence 

in Figure A . 1(c). In  tha t s itua tion  b o th  a lgorithms also converge at a s im ila r rate: 

they are b o th  0 (p )  (recall S =  {s*-}£=L) for a single step.

O f course, the Two Point A lg o rith m  and G ilb e rt’s A lgo rith m  are different as 

well. The m a in  difference being th a t the Two Point A lg o rith m  progresses random ly 

while G ilb e r t’s A lg o rithm  does not. Another difference is the cost o f the in it ia l 

progress o f the two algorithms. Specifically, the Two Po in t A lg o rithm  is less costly 

for its in it ia l progress than G ilb e rt’s A lgo rithm  (the Tw o Point A lg o rith m  is 0 (1 ) 

for its in it ia l steps while G ilb e rt’s A lgo rith m  is 0 {p )  fo r every step).
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Appendix B

MATLAB C O D E

Here we include the MATLAB (ver 5.3.1 [30]) code which was used to implement 

the various a lgorithm s presented in  th is dissertation.

B .l V eronese  Map

function V = Veronese(X,d)
^VERONESE Veronese map
% V = VERONESE (X,D) returns a matrix V whose columns axe 
% the Veronese images of degree D of the columns of X.

[n,m] = size(X);
N = prod(2:n+d)/(prod(2:n)*prod(2:d)) - 1;
V = zeros(N,m); 
c = [onesCl.d),n+l] ; 
lc = d;
j - i;

% c cycles through the monomials of degree d down to degree 1 
for i = 1:N

V(i,:) = prod(X(c(l:1c),:),1) ; 
if c(j) < n 

cCj) = c(j)+l; 
elseif c(j+l) < n-1

c = [(c(j+l)+l) *ones(l, j+1) ,c(j+2:lc+l)] ;
j = i;

elseif c(j+l)<n
j = j+i; 
cCj) = c(j)+l; 

else
c = [ones(l, j-1) ,n+l] ; 
lc = j-1;
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j = i;
end.

end

B.2 Fisher’s Discriminant

function [J,a] = Fisher (beta,gamma)
7FISHER calculates Fisher’s criterion 
% [J,A] = FISHER (BETA,GAMMA) maximizes Fisher’s
7. criterion. Inputs: BETA is the X class with data points as
7. columns, and GAMMA is the Y class. Outputs: J is the maximum
% value of Fisher’s criterion function, and A is the vector
7 normal to Fisher’s hyperplane.

N = size(beta,2) ;
M = size(gamma,2) ;

51 = (beta*beta’ - (sum(beta,2)*sum(beta, 2) ’ )/N)/(N-l);
52 = (gamma*gamma’ - (sum(gamma, 2) *sum(gamma, 2) ’ )/M)/(M-l) ;
Sc = SI + S2;

ml = sum(beta, 2)/N ; 
m2 = sum (gamma,2) /M; 
b = ml-m2;

a = ScYb;
Sca = Sc*a;

atSba = (sum(a’*beta)/N - sum(a’*gamma)/M)~2; 
atSca = a ’*Sca;

J = atSba/atSca,•

B.3 Kernel Gram-Schmidt

function Xtilde = kerGS (X,stol,mtol,ker,kpl,kp2,maxdim)
7.KERGS performs implicit Gram-Schmidt via kernel.
7. XTILDE=KERGS(X,STOL,MTOL,KER,KP1,KP2,MAXDIM) finds the coeffs of 
7« the data X with respect to an orthonormal basis implicitly 
7. calculated using the kernel KER. Inputs: data matrix X with 
% data points as columns, relative error STOL for subspace 
7, inclusion (recommend .001), machine precision tolerance MTOL 
7. (recommend 6), inline kernel KER with two parameters KP1, KP2,
% and maximum allowed, dimension MAXDIM of problem. Outputs a data
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Vo matrix XTILDE with columns containing the coefficients of the 
Vo data in the orthonormal basis (dim is #rows) .

n = size(X,2);

Xtilde = zeros(maxdim+1,n);
PivotIndices = zeros(maxdim,1);
PivotValues = zeros(maxdim,1);

c = (l-stol)~2;

dimtest = zeros(n,l);

d=l;
for i = l:n

if c*ker(X(:,i),X(:,i),kpl,kp2) > Xtilde(l:d,i)’*Xtilde(l:d,i) 

for j = l:n
dimtest(j) = sqrt(abs(ker(X(:,j),X(:,j),kpl,kp2) - ... 

Xtilde(l:d,j)5*Xtilde(1:d,j))); 
end

[PivotValues(d).bestdim] = max(dimtest);
PivotIndices(d) = bestdim;

if d > mtol
if log(PivotValues(d)) > log(PivotValues(d-mtol)) 
d = d - mtol; 
break 

end 
end

d=d+l; 
for j = l:n

Xtilde(d.j) = (ker(X(:.bestdim),X(:,j),kpl,kp2) - ... 
Xtilde(1:d-l.bestdim)’ *Xtilde(l:d-l,j))/ ... 
dimtest(bestdim); 

end

if d > maxdim 
break 

end

end
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end

Xtilde = Xtilde(2:d,:);

B.4 Gilbert’s Algorithms for SVMs

function [w,b] = trainSVM(X,Y,ker,e,Ctilde) 
%TRAINSVM trains support vector machines
V. [W,B] = TRAINSVM(X, Y ,KER,E ,CTILDE) trains a SVM using 
% Gilbert's Algorithm for Support Vector Machines.
1
% INPUTS: X —  data matrix with points as columns
% Y —  row vector containing data labels (1 or -1)
% KER —  inline kernel function
% E —  angle convergence criterion
% CTILDE —  Friess’ constant
7.
7. OUTPUTS: W —  the point sstar closest to the origin 
7. (the normal to the maximal margin hyperplane)
% B —  bias: sepaxating hyperplane has form x.w + b = 0
% report —  time, flops, # kernel evaluations
7.
% NOTES: (1) KER takes two matrices of the same size 
7. with points as columns and returns a row vector
% of kernels. The first entry of the vector is the
7. kernel of the 1st column of each input matrix, etc.
7» (2) W is (alphal, . . ., alphan,-betal, ...
% -betam), where n = #classl, m = #class2.
7. (3) the points WK in Gilbert’s Algorithm are kept
% internally as structs, where the fields are:
7« .alphabeta —  as in (1),
% .norm2 —  the norm~2 of WK,
7. .nonzeros —  a vector of length n+m with
% l’s where nonzero entries of WK occur.
7. (4) CACHE is an internally maintained vector which
7. contains the kernel (inner) products of the points
7. WK in Gilbert’s Algorithm with the points in X.

st = cputime;
flops(0);

classl = find(Y==l); 
class2 = find(Y==-l);
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n = length(classl) ; 
m = length. (class2) ;
N = n + m;

i = classl(round(rand(l)*(n-l))+l); 
j = class2(round(rand(l)*(m-l))+l);

wk.alphabeta = zeros(1,N); 
wk.alphabetaC[i j]) = [1 -1] ;
wk.norm2 = ker(X(:,i),X(:,i)) - 2*ker(X(:,i),X(:,j)) + ...

ker(X(:,j),X(:,j)); 
wk.norm2 = wk.norm2 + 2/Ctilde; 
wk.nonzeros = zeros Cl,N); 
wk.nonzeros([i j]) = [1 1] ; 
kerevals = 3;

cache = ker(X.repmat(X(:,i),1,N))-ker(X,repmat(X(:,j),1,N)); 
cached) = cache (i) + 1/Ctilde; 
cache(j) = cache(j) - 1/Ctilde; 
kerevals = kerevals + 2 * N ;

[wk,avgwk,cache,avgcache,CV,gilevals] = ...
gilbert(X,classl,class2,wk,[i;j],ker,cache,Ctilde); 

kerevals = kerevals + gilevals;

fprintf(1.’);

solution = 0; 
while "solution

[wk,avgwksol,cache,avgsolcache,CV,gilevals] = ...
gilbert(X,classl,class2,wk,CV,ker,cache,Ctilde); 

kerevals = kerevals + gilevals; 
fprintf(’.');

avgwknz = find(avgwk.nonzeros);

coserr = avgwk.alphabeta(avgwknz)*(avgsolcache(avgwknz) ) ’ / .
(sqrt (avgwk. norm2*avgwksol. norm2) ) ; 

fprintf (' 7,f\n', coserr);

if coserr >= 1 - e 
solution = 1; 

else
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avgwk = avgwksol; 
end

end

w = avgwksol.alphabeta;

b = -(min(avgsolcache(classl)) + max(avgsolcache(class2)))/2; 

fprintf(’Report\n');

fprintf(’Time: %f seconds\n’,cpntime-st) ;
fprintf ('Flops: 7 o d \ n ',flops) ;
fprintf (5Kernel Evaluations: 7«d\n’ .kerevals) ;

function [wk,avgwk, cache, avgcache,CV,kerevals] = ...
gilbert (X,classl,class2,wk,CV,ker,cache,Ctilde) 

^GILBERT performs steps in Gilbert's algorithm 
7. [WK, AVGWK, CACHE, AVGC ACHE, CV, KEREVALS] = GILBERT(X, ...
7. CLASS 1,CLASS2,WK,CV,KER,CACHE,CTILDE) performs steps in 
7. Gilbert's algorithm in order to compute the associated 
% averages.

fprintf ( ' \n' ) ;

OUTPUTS: WK —  new point in sequence

INPUTS: X —  data matrix with points as columns

WK —  last point in sequence
CV —  last contact vector used (column vector [i;j]) 
KER —  inline kernel function 
CACHE —  inner product cache 
CTILDE —  Friess' constant

CLASS1,CLASS2 —  class indices in X

AVGWK —  average over repeated contact vectors 
CACHE —  updated cache
AVGCACHE —  inner product cache of avgwk with X 
CV —  newest contact vector
KEREVALS —  number of kernel evaluations performed

N = size(X,2);

avgwk.alphabeta = zeros(l,N); 
avgwk.norm2 = 0;
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avgwk.nonzeros = zeros(1,N) ; 
avgcache = zeros(1,N) ; 
avgcount = 0;

kerevals = 0;

CVs = CV; 
i = 2;

cycle = 0; 
while "cycle

CVs(:,i) = contact(classl,class2,cache);
[wk,cache,braevals] = bracket(wk,CVs(1,i),CVs(2, i) , ...

X ,ker,cache,Ctilde); 
kerevals = kerevals + braevals;

wknz = find(wk.nonzeros);
avgwk.alphabeta(wknz) = avgwk.alphabeta(wknz) + ...

wk. alphabet a (wknz) ; 
avgwk.nonzeros(wknz) = ones(1,length(wknz)); 
avgcache = avgcache + cache; 
avgcount = avgcount + 1;

% update avgwk, avgcache

if sum(sum(abs(repmat (CVs(: , i) , 1, i-l)-CVs( : , 1: (i-1))) , 1)==0) 
cycle = 1; 

else
i = i + 1; 

end

end

avgwknz = find(avgwk.nonzeros);
avgwk. alphabet a (avgwknz) = avgwk. alphabet a (avgwknz) /avgcount ; 
avgcache = avgcache/avgcount;
avgwk. no rm2 = avgwk. alphab et a ( avgwknz ) * ( avgc ache ( avgwknz ) ) ’ ;

CV = CVs(:,i);

function CV = contact(classl,class2,cache); 
"/.CONTACT computes the contact vector indices
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% CV = CONTACT (CLASS 1,CLASS2, CACHE) computes the contact vector 
% indices CV = [I; J] for the data given the two classes CLASS1 
7, and CLASS2 and the inner product CACHE.

[mU,i] = max(-cache(classl));
[mV,j] = max(cache(class2));
CV = [classl(i);class2(j)];

function [wk, cache .kerevals] = bracket (wk, i ,j ,X,ker, cache, Ctilde) 
7.BRACKET calculates [WK,X(I)-X(J)]* using kernel KER 
7. [WK, CACHE, KEREVALS] = BRACKET (WK, I, J,X, KER, CACHE, CTILDE)
7o computes the closest point on the line segment from WK to 
7. X(I) - X(J) to the origin after implicit remapping by KER.
%
% INPUTS: WK —  previous point in Gilbert's Algorithm
7o (row vector with alphai's, -betaj's)
% I,J —  determine the secant X( :, I)-X( : , J)
% X —  two class data with points as columns
% KER —  inline kernel function
% CACHE —  the inner product cache
% CTILDE —  Friess ' constant
7.
% OUTPUTS: WK —  next point: in Gilbert's Algorithm (closest pt) 
% CACHE —  the updated inner product cache
7. KEREVALS —  number of kernel evaluations

wksij = cache(i) - cache(j) ;
norm2sij = ker(X(:,i),X(:,i)) - 2*ker(X(: , i) ,X(: , j)) + ...

ker(X(:,j),X (:,j)) ; 
norm2sij = norm2sij + 2/Ctilde; 
kerevals = 3;

top = wk.norm2 - wksij;
bot = wk.norm2 - 2*wksij + norm2sij;

if top > eps 
N = size(X,2); 
if top < bot
lambda = top/bot;
wknz = find(wk.nonzeros) ;
wk. alphabeta(wknz) = (1-lambda) *wk. alphabet a (wknz) ;
wk. alphabet a ( [i j]) = wk. alphabet a ( [i j] ) + lambda*[l -1] ;
wk.norm2 = wk.norm2 - top~2/bot;
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wk.nonzeros([i j]) = [1 1]; 
cache = Cl-lambda)*cache + ...

lambda*(ker(X,repmat(X(:,i),1,N)) - ... 
ker(X,r epmat(X(:,j),1,M))); 

cached) = cached) + lambda/Ctilde ; 
cache( j )  = cache(j) - lambda/Ctilde; 

else
wk.alphabeta = zeros(l,N); 
wk.alphabeta([i j]) = [1 -1] ; 
wk.norm2 = norm2sij; 
wk.nonzeros = wk.alphabeta; 
wk.nonzeros(j) = 1;
cache = ker(X,repmat (X(:,i),1,W)) - ker(X,repmat (X( :,j ),1,M)); 
cache (i) = cached) + 1/Ctilde; 
cache( j )  = cache(j) - 1/Ctilde; 

end
kerevals = kerevals + 2*N; 

end
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