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ABSTRACT OF DISSERTATION

VIBRATION OF NANOSTRUCTURES: FROM ATOMIC
TO CONTINUUM SCALES

One of the most important and challenging characteristics of nanostructures is
the size-dependence that the properties of these materials and components exhibit
from what is known as the quantum size effect. The most suitable models to study
the behavior of particles at this very small scale are the computationally expensive
methods of quantum mechanics and molecular dynamics. At the other end of the
scale spectrum, continuum mechanics methods are computationally much faster, but
they do not explicitly consider atomic and electronic interactions that may affect the
properties of these novel structures which, below a certain scale, cannot be considered
as continuum solids.

In this study, vibrational frequency spectra of sphere-, cube-, tetrahedron-, and
pyramid-shape nanoparticles made of silicon, germanium, and carbon were computed
using three different models. The three methods span the range of length scales
starting from molecular mechanics at the atomic level, passing through a modified
molecular dynamics approach, and continuing on to the continuum level in which the
nanoparticles are considered as solid elastic structures.

The dependence of the natural frequencies of particles on the size at the nanoscale

was confirmed, the magnitude of the frequencies and the number and location of
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degenerate frequencies change with particle size. Normalized frequencies increase
non-linearly as the number of atoms forming the particle is increased, while they
increase linearly as a function of the particle size. The latter indicates that the scale
invariance of the normalized frequencies in continuum elasticity does not hold for the
range of particles sizes considered in this study.

First and second order polynomials were proposed to describe the variation of
the lowest normalized frequency as a function of the size, and of the number atoms
forming the particles, respectively. The converged frequency values using the second
order polynomials only differ about -2% for silicon particles compared to continuum
mechanics results for cubic material symmetry, while the differences are about +20%
and -15% for germanium and carbon nanostructures. Therefore, the applicability of
the continuum mechanics assumption at this scale depends not only on the size, but

also on the material of which the nanostructures are composed.

Fernando Ramirez R.
Department of Civil Engineering
Colorado State University

Fort Collins, Colorado 80523-1372
Summer 2006
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Chapter 1
Introduction

The advance of science and technology has reached the nanotechnology era. In
the past decade, significant advances have been achieved in the area of nanoengineer-
ing. The existence of numerous different types of nanostructures have been reported
in the literature, including nanoparticles or quantum dots, single- and multi-walled
nanotubes, nanowires, and nanoropes. One of the most important characteristics of
nanostructures is the size-dependence that the properties of these materials and com-
ponents exhibit. Due to the extremely small size of these structures, the development
of efficient methods to evaluate their electronic, mechanical, optical, and acoustical
properties is a challenge to researchers.

Different methods have been employed for the determination of the properties
of nanostructures. They can be divided into two main categories: atomistic models
and elastic continuum model theories. Atomistic approaches include both classical
quantum mechanics and molecular dynamics and mechanics. In principle, these are
the most suitable methods to deal with molecular or atomic motions. However, the
application of atomistic models are computationally expensive, and their application
is limited to nanostructures formed by a small number of molecules or atoms. On the
other hand, continuum mechanics approaches are computationally much faster, but
they do not explicitly consider atomic and electronic interactions that may affect the
properties of these novel structures. At these very small length scales, these nanos-

tructures cannot be considered continuous and the validity of classical continuum
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approaches must be evaluated and potentially modified.

In this study, the vibrational frequency spectra of nanoparticles with different
shapes are to be evaluated using three different models. The geometries to be consid-
ered correspond to cube-, sphere-, tetrahedron- and pyramid-shaped nanostructures.
The three methods to be employed span a range of length scales starting from molec-
ular mechanics at the atomic level, passing through a modified molecular dynamics
approach, and going to the continuum level in which the nanoparticles are ‘considered
as solid elastic structures.

The main objectives of this work are to 1) determine the validity of the modi-
fied molecular dynamics and continuum approaches for the evaluation of vibration
frequencies of the solids as their size tends towards the nanoscale, and 2) obtain
equations that allow the prediction of the natural frequencies of nanostructures as
a function of the number of atoms forming the particles, and as a function of the
particle size.

This dissertation is organized as follows: first, a brief literature review is presented.
Then, each of the proposed computational models is shortly explained, followed by
the analysis and presentation of the obtained results. Finally, the summary and

conclusions derived from this work are outlined.
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Chapter 2
Literature Review

Nanoparticles or quantum dot heterostructures are used widely in a number of
advanced semiconductor devices including quantum dot semiconductor lasers. Addi-
tionally, recent investigations predict extensive applications in biology, bioengineer-
ing, and medicine as biological tags and as active electrical contacts to neurons
[1]. Nanoparticles show optical and acoustic properties different from those of the
bulk crystals of the same material. These differences are attributed to the three-
dimensional confinement of electrons and holes in small volumes known as quantum
size effect [2]. There exist several studies in which the acoustic modes of nanoparticles
have been evaluated. Tamura et al. [3] used an extension of Lamb’s theory [4] of the
vibration of homogeneous and free standing elastic spheres to study the matrix, sur-
face relaxation, and local clamping effects on the eigenfrequencies of small particles.
Tanaka et al. [5] reported results from experiment on low-frequency Raman scattering
from CdS microcrystals of various sizes embedded in a germanium dioxide glass ma-
trix. They found that the Lamb’s theory assumption of considering the nanoparticle
as a homogeneous elastic body is reasonable if the CdS microcrystal is large enough
(diameter larger than 7.5 nm). Ovisuk and Novikov [6] also used low-frequency Ra-
man scattering to show the significant influence that a glass matrix have on the
spheroidal and torsional modes of microcrystals. Verma et al. [7] presented a theo-
retical model based on classical elasticity theory to establish the relationship between

particle size, the frequency, and the width of various confined phonons, obtaining good
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agreement with experimental results for the case of CdS;Se; — z nanoparticles embed-
ded in a glass matrix. Saviot et al. [8] reported the size-dependence of acoustic and
optical vibrational modes of CdSe nanocrystals in a glass matrix using low-frequency
Raman scattering. More recently, Saviot et al. [9] studied the vibrations of free and
embedded anisotropic elastic spheres, more specifically, silicon nanoparticles in a sil-
ica matrix. They used low-frequency Raman scattering, an analytical solution based
on continuum elasticity, and a molecular dynamics approach. They reported that
the silica matrix has three effects: it shifts energies, it creates damping, and it also
introduces new vibrational modes.

Most of the previously mentioned studies reported good agreement between exper-
imental measurements of the natural frequencies of spherical nanoparticles and those
obtained using theoretical models based on continuum elasticity. However, this agree-
ment was only valid for particles with diameter larger than 7.5 nm [5], or for particles
having a large enough diameter to satisfy the scale invariance of the frequency-radius
product holding for continuum elasticity. In the present study the natural vibra-
tion frequencies of free standing silicon, germanium, and carbon nanoparticles are
calculated using three different methods: molecular mechanics (at the atomic level),
molecular dynamics (at a ”quasi-continuum” level), and classical elasticity (at the
continuum level). Four different geometries are studied: cubes, spheres, tetrahe-
drons, and pyramids. Isotropic and cubic material behaviors are both considered.
Once the frequency spectra have been obtained, the particle size range for which the
assumptions of continuum elasticity are valid is intended to be determined. Equa-

tions describing the variation of the natural frequencies as a function of the number
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of atoms forming the nanoparticles are also constructed. The specific contributions

of this work are presented below, along with the current scientific advance.

1. Ewvaluation of the free vibration of free standing sphere-, cube-, and tetrahedron-
shaped silicon, germanium, and carbon nanoparticles. To the knowledge of the
author, only vibrational spectra for spherical nanostructures have been reported

in the literature.

2. Evaluation of the applicability of continuum elastic, and modified molecular dy-
namics models for the determination of the natural frequencies of free standing
particles with different size, shapes, and made of different materials as their size
tends towards the nanoscale. Only one work has been reported in this area, and

only for spherical particles [5].

3. Determination of analytical expressions to evaluate the natural frequencies of
silicon, germanium, and carbon nanoparticles with different shapes as functions
of the number of atoms forming the molecules, and as functions of the size of
the nanoparticle. These expressions can be used to estimate changes in elastic
constants as the particle size decreases. To the best knowledge of the author,

these type of equations have not been reported before
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Chapter 3
Theoretical and Computational tools

3.1 The Atomic Model

Molecular mechanics is a simple, empirically-based *ball-spring” atomistic model
for molecular structures. Atoms are connected by bonds that can be stretched or com-
pressed due to intra- or inter-molecular forces. The size of the atoms and the stiffness
of the bonds are determined empirically by being chosen to reproduce experimental
data. The force field /molecular mechanics model evaluates the potential energy, V,
for a molecule as the sum of energies from two, three, and four-body interactions [20],

and can be expressed as

V=V, + Vo + Vs + V,+ Viaw + Vy (3.1)

The first four energies on the right-hand side of this equation are related to bond
stretching, bond angle bending, dihedral angle torsion, and inversion terms, respec-
tively. The nonbonded energies include van der Waals and electrostatic contributions,
and they are represented by the final two terms on the right-hand side. The total
potential energy gives a mathematical representation for how each atom would move
under the influence of the motions of all the other atoms in the system. Vibrational
frequencies are determined using molecular mechanics by determining the equilibrium
geometry from energy minimization, and then using a harmonic oscillator approxi-
mation to reproduce the vibrational frequencies. Expressions for the different terms
that contribute to the total potential energy are functions of the atomic positions,

inter-atomic equilibrium distances, and different parameters that are obtained and

6

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



calibrated by fitting experimental data and quantum mechanics results.

In this study, the Approximate Pair Theory (APT) developed in the Department
of Chemistry at Colorado State University is used to calculate the vibrational spectra
of particles at the nanoscale. APT uses parametric models of electronic interactions
to permit reasonable descriptions of the electronic changes associated with nanoscale
chemistry. This theory makes use of the force field developed by Rappe et. al {10] and
known as the universal force field (UFF). The UFF is a set simple functional forms
and parameters used to model the structure, movement, and interactions of molecules.
The parameters are defined empirically or by combining atomic parameters according
to certain rules. A more detailed description of this process may be found elsewhere
[10-13].

In this study the focus is on silicon, germanium, and carbon particles for which
the different energy terms are presented below.

For the bond stretch term, an Extended Rydberg function (Murrell and Sorbie

1974 [14]; Huxley and Murrell 1983 [15]) is used as shown by

V. = ~D.BO(IJ) (3.2)

where D, is 85.0, 70.0, and 99.0 kcal/mol for silicon, germanium, and carbon respec-

tively, and the bond order BO is given by

BO (1J) = et 1t dayy (r — rpg) (14 gy (r = 75) [L 4 0z (r = 715)]]1(3:3)

Here, the constants for silicon, germanium and carbon are: the bond distance pa-
7
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rameters r;; are 2.330, 2.384, and 1.480 A, respectively, and the exponents, Q;; are
0.6955, 0.8251, and 0.9724 1/A.

A bond-order-dependent cosine expansion is used for the angle. Bond order medi-
ation of angular deformation terms has previously been used for the water potential
surface (Ermakov, Butayev, and Spiridonov, 1990 [16]) and in the general Stillinger-

Weber potentiai (Stillinger and Weber, 1985 [17]). It is given by

1
‘/9 - iKgBO(IJ)BO(JK) (COS 0],][( — COS 901,]1() (34)

where the force constants Ky for silicon, germanium, and carbon are 43.382, 58.361,
and 114.657 kcal/mol, respectively, and the equilibrium angle 6y;;x is 109.471° for
all elements considered.

A bond-order-dependent three-fold torsional potential is used and is given by

V¢ = K[JKLBO (]J) BO (JK) BO (KL) (1 — COS 3¢]JKL) (35)

The silicon torsion parameter, Kk, is 1.225 keal/mol. It is 0.701 and 2.730 kcal/mol
for germanium and carbon.

A Morse-Spline van der Waals potential is used for non-bonded interactions (Pack
et al. 1982 [18, 19]). A Morse potential describes the inner wall region as well as the

bottom of the well.

Viaw = Dy (e—ZaIJ(w—zu) _ Qe—au(z—wu)) (3.6)

8
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Here, dissociation energies are 0.303, 0.611, and 0.095 kcal/mol, the equilibrium dis-
tances are 4.41, 4.54, and 3.75 A, and the exponents ay; are 1.266, 1.291, and 1.40
1/ A, for silicon, germanium, and carbon, respectively.

Long range interactions are described by an inverse-6 potential as expressed by

C
Vaaw = —¢ (3.7)

The C6 coefficients (3689.64, 7641.02, and 473.32 A® kcal/mol) are selected to match
the Morse potential for non-bonded interactions (Eq. 3.6) at a crossover point or
cutoff distance, which is selected to provide continuous first derivatives.

The molecular mechanics calculations begin with the determination of the min-
imized or equilibrium molecular structures, which correspond to the lowest possible
energy level. The equilibrium coordinates for each atom within the molecule are ob-
tained by energy minimization using the Newton-Raphson minimization technique
[20]. In the Newton-Raphson algorithm, both the gradient of the potential energy
V'V (where we use bold-face to denote a vector), and the second derivative or Hessian
matrix, Hy, are evaluated at the initial trial geometry r,. Since the Hessian matrix
defines the curvature of the potential energy surface in each gradient direction, multi-
plication of this matrix by the gradient results in a vector which translates the system
towards the minimum at rpin- The general expression describing this procedure is

expressed as

Tmin = To — Hy'VV (3.8)
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The evaluation of the natural vibration frequencies begins with the expression for

the total kinetic energy (T) of the n-atom system given by (see Wilson et al. [21})

:_;_Xi:é (dA:c> ZZ ("‘) zqu (3.9)

a=1i=1 or—lz 1

where my, is the mass of atom o, Az? is its displacement in the ji* coordinate direction
relative to the equilibrium position, ¢ is its mass-weighted displacement /m,Azg,
and £ is time. For small vibrations, the potential energy may be expressed as a power

series in the displacement g;*

n 3 n 3
= ZZ(aq > %; Z— <6q°‘8 ) q q] + O(z;)® (3.10)

By selecting the zero energy at the equilibrium configuration, and considering that
the corresponding gradient of the potential energy is a minimum, V, and (8V/0¢%),
may be respectively eliminated, neglecting the higher order terms under the small

displacements assumption, Equation 3.10 becomes

=y ¥ ( ‘W.) e (3.11)

The Euler-Lagrange equation is given by

doT oV

Qo g

(3.12)

Since T is a function of the velocities only, and V is a function of the coordinates

only, substitution of them in Equation 3.12 yields the equations
10
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£+ Y ( ald ) =0 (3.13)

a,f=11i,j=1 8‘1?8(1?
This is a system of 3n simultaneous second-order linear differential equations.
The terms (5°V/ 8:1:?(%? ) are constants evaluated at the equilibrium configuration.
Assuming harmonic motion, Equation 3.13 takes the form of an eigenvalue problem

that can be solved using conventional methods, i.e.

[F]{z} = w* [M] {2} (3.14)

where w and the vector x represent the frequencies and corresponding eigenvectors
respectively, and the elements of the stiffness matrix [F], and the diagonal mass matrix

[M] are given by

2
o A ; (3.15)
a%‘aa% o
M2 = mq (3.16)

The General Molecular Incorporated molecular modeling software package avail-
able through the Department of Chemistry at Colorado State University was em-
ployed to evaluate the natural frequencies and corresponding mode shapes of the
nanoparticles using the molecular mechanics method. This software consists of a set

of interactive and batch modules with which molecular structures can be created,

11
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displayed, edited, and minimized, and the vibrational characteristics (normal modes

and vibrational frequencies) of a molecular system can also be generated.

3.2 The Molecular Dynamics Model

The molecular model used in this study is based on the molecular dynamics cal-

culation presented by Saviot et al. [22]. In their approach, a solid of arbitrary shape

is modeled by constructing a crystal cubic lattice from mass points connected by

springs. Each particle with mass pa® and position r;, where a is the lattice constant,

has six first neighbors, twelve second neighbors, eight third neighbors, and so on.

The potential energy U coupling every pair (i, j) of first, second, third, fourth, fifth

neighbors is expressed by the following relations

Upee = (1/2) ks ([r: — 5] — a)?

2

U2nd = 1/2 kspZ (”rl r]” - \/—a)
2

U3rd - (1/2)ksp3 (”ri - r]” - a)
2

Ugen = (1/2)kspa (JIr; — 1| = Va)

2
Usen = (1/2)kigs (|11 — x5l = v/5a)

(3.17)
(3.18)
(3.19)
(3.20)

(3.21)

There is also an eight point force term involving a constant kg This force is not

calculated for pairs, but for cubic groups of eight atoms. The energy relating cubic

octets is given by

Usn = (ks /4a?) (D — 6a%)’
12
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D=3 |Rem —1;] (3.22)

j=1

— (1/8) z

The next step in their model is to relate the force constants in Equations 3.17-
3.22 to the bulk elastic constants of the material. Saviot et al. showed that only
three interaction terms are required to exactly fit the three elastic parameters Cy,
(19, and Cyq of a general cubically elastic material. The terms for a cubic material
with a Zener anisotropy ratio (A = 2C44/(C11 — C12) below 2 correspond to the first,
second, and octet neighbor interactions. The force constants are determined from the
energy stored in a solid due to a small dilatation, and from the speed of transverse

and longitudinal plane waves moving along the x-axis of the solid. They are given by

kspr = a(C11 — (Cr2 + Cua) (3.23)
ksp2 = aCuys (3.24)
kspt = (1/8)a(Crz — Cua) (3.25)

For the case of materials with Zener anisotropy above 2, the three terms correspond
to first, third, and octet neighbor interactions. Expressions for the force constants,
as well as a detailed explanation of their derivation can be found elsewhere [22].

Our approach begins with the functions describing the potential energy interac-
tions given by Equations 3.17, 3.18, and 3.22. We then express the position vectors
of the mass points at any time in terms of their initial coordinates (z,y, z) and their

corresponding displacements (u, v, w) as

13
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r=(z+u)i+y+v)j+(z+wk (3.26)

The absolute distance between two pair of particles is then given by

e = 5l = (s = 25+ s = )" + (= g+ 0= 0"+ (3:27)

1/2
(Zi -~ Zj + Wi — wj)Z]

Substituting Equation 3.27 back into Equations 3.17 and 3.18, neglecting higher
order terms on u, v, and w based on the assumption of small displacements, and
using the binomial expansion, the potential energy equations corresponding to first

and second neighbor interactions result in

Urre = 572 (o = ) os — 5) + (01 = )01 = ) + (1 — 2w = )P (3:28)
Ugna = % [(z; — %‘)(Uz‘ — i)+ (yi — yj)(vi - Uj) + (2 — zj)(wz‘ - wj)]2 (3.29)

For the case of octet interaction we use Equation 3.27 to express the D and 6a?

terms in the octet potential energy as

0.125 i(:vj +uj) — (x5 — ug)

=1

8
D=

+ (3.30)

i=1

8

; [0-125 Z(yj +v5) — (i — Uz’):] + Z

0.125 f:(zj +w;) — (2 — wi)}

8 8 s 8 ’
6a2 = Z (0‘125 ij - «Tz> + Z <0.125 Zyj - yz> + (3.31)
i=1 '

j=1 i=1 j=1

14
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1 7j=1

8 8 2
0.125 Z 25— 2
=1

Substituting Equations 3.30 and 3.31 back into Equation 3.22, the potential energy

corresponding to octet interactions becomes

2

ngt = (]Cgpt/40,2) D= 28: {0125 i(l’i + Uj) — (.1'7, - Ui) + (332)

i=1 j=1

2

+ 0.125 Zs:(zj +w;) — (2 —wz‘)} -

J=1

Z [0-125 i(yj + ;) — (9 — vi)

i=1 j=1

8
i=1
2

8 8 2 s 8 2 s 8 2
> (0.125 > oz — x) +> (0.1252 yj — yi> +> (0.1252 zj— z,»)
i=1 j=1 i=1 Jj=1

=1 7j=1

The kinetic energy (T) of the system comprising all the mass points (m) in the

solid is given by

2

T=13 Y m, (d;f) (3.33)

where u¢ is the displacement of mass point « in the i coordinate direction, and m,
is the mass of the particle.

In order to obtain the final equations for the calculation of the natural frequencies

of the nanoparticles, we make use of the Euler-Lagrange equation again which is

rewritten here for the current notation as

dor oU

The free vibration of the solids is developed assuming harmonic motion. Solutions

for the primary unknowns have the form
15
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u(z,y,2,t) = u(z,y,2)et (3.35)
w(z,y, 2,t) w(z,y, z)e™* (3.37)

where w is the natural frequency. Taking second derivative with respect to time of

Equations 3.35 to 3.37 gives

(2, y,2,t) = —wu(x,y,2)e™ (3.38)
Ul(x7 Y, 2, t) = _wzvi(‘r7 Y, z)ei”t (339)
Wiz, y,2,t) = —wtwi(z,y, 2)e™ (3.40)

Replacing Equations 3.28, 3.29, 3.32, and 3.35 to 3.40 into Equation 3.34 and
simplifying, the dynamic problem becomes the following eigenvalue problem which
is solved assuming free vibrations (i.e. no external forces) to determine the natural

frequencies and the corresponding mode shapes for the different solids of interest.

ren) i) e ] [ g |
& K K | () (3.41)
e (] (5] | | ()
e o o | [w ] [
Ao pe o | (=1 o)
0 o e | ] | o
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here, the submatrices [M] are diagonal matrices with elements pa®, and the subma-
trices [K] are constructed based on Equations 3.28, 3.29, and 3.32. The contributions

from first neighbor interactions can be written in matrix form as

A* —-A* AB -AB AC -AC U
~A? A* —AB AB —-AC AC U

AB —-AB B* —-B* BC -BC v;

o

o (3.42)
a
—-AB AB -B? B> BC -BC v;
AC —-AC BC -BC c? -7 w;
-AC AC -BC BC -(? C? wj
Contributions from second neighbors are given by
A? —A? AB —-AB AC -AC u;
—A? A2 —-AB AB —-AC AC U;
Koo AB —-AB B? -B? BC -BC U4
5“;”5 (3.43)

-AB AB -B* B* BC -BC || v

AC —-AC BC -BC c* -C? w;

—AC AC -BC BC -C* || w

L B J

where (4, j) pairs are first neighbors in Equation 3.42 and second neighbors in Equa-

tion 3.43, and A, B, and C are given by

A=(z;— ;) (3.44)

B = (y; — y;) (3.45)
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C=(z—2z) (3.46)

The contributions from octet interactions form a (8x8) square matrix for each

cubic group of eight atoms. The elements of this matrix are given by

k 8 8

Kij=28r— 3 27)82— Y o) i=1.8j7=1.8 (347
32a m=1 m=1
k8pt 8 8 . .

K = 3—2—(1—2(8% =D um)Bzi— > ) i=1.8,7=9.16 (3.48)

3
ﬂ‘
3

=1
kSpt 8 8 . .
Kij = (SZJ 16 — Z Zm)(SH?l - z IL'm) 1= 18,] =17...24 (349)

32 2 m=1 m=1
Kpt 8 3 . :
Kij = 0 2(835 Z J;m)(Syi_s — Z Ym) 1=9..16,7=1...8 (3.50)
m=1 m=1
K, —ks”ts ; 8 ;1 =9..16,7 =9..16  (3.51
ij*322 yJS Zym yZS_Zym 1 =9...109,7 =4... ( )
K.._kspt(g _i )(8y; —Z ) ,=9...16.7 = 17...24 (3.52
i§ = 32 5 Z] 16 Zm Ui—8 Ym 1= J... ] = . )
m=1 m=1
kgpt 8 8 . .
Ky = = > zn)(8zicg — Y Zm) i=17.24,5=1.8 (3.53)
32(12 m=1 m=1
ks,,t 8 & . .
32a =1 m=1
Kespt 8 8 . .
K, = o3 (82j_16 — Z~1 Zm)(82%_s — 2;1 2m) 1=17..24,5=17.24 (3.55)

The molecular dynamics method presented in this section is employed to calculate
the natural frequencies and vibrational modes of the nanoparticles considered in this
study. For this purpose, a Fortran program was developed in which the mass and
stiffness matrices for each system are first evaluated according to Equations 3.42-
3.55, then, conventional eigenvalue solvers are used to calculate the frequencies and

corresponding mode shapes.

18
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3.3 The Continuum Model

The continuum approach begins with the equations of motion for a general anisotropic

linearly elastic solid given by

02ui
ot?

oijst+fi=p (3.56)

Here oy, fi, p, u;, and t denote the components of the stress temsor, the vector
components of the body force, the mass density, the components of the displacements,
and time respectively. Following the standard formulation used in variational solid
mechanics methods, the equations of motion are multiplied by arbitrary functions
that represent the virtual displacements du;, integrating over the volume V of the

solid results in

/6u'(a~'+f»— a2ui)dV—0 (3.57)
v t\Y3,2 2 p8t2 - .

Integrating by parts and applying the divergence theorem yields the weak form of

the governing equations as

82 U;

ot?

where t; are the vector components of the surface tractions, and ¢;; are the compo-
nents of the strain tensor which are related to the displacements and stresses by the

equations

19
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1
€ij = i(ui,j + u54) (3.59)
O'ij = Cijkleij (360)
Here C;ji; are the components of the elastic stiffness tensor. Using the assumption

of periodic motion with natural frequency denoted by w, the components of the

displacements and acceleration vectors are expressed as

u; = ui(Z, Y, 2, 1) = ug(x, y, 2)e™* (3.61)

81’;2‘ = Uz(x7 Y, =z, t) = —‘WQU,i(CIJ', Y, Z)eiwt (362)

For the problem of free vibration, there are no applied external loads, and each
face of the solid is assumed to be stress free. Hence in the weak form of the governing
equations there are no surface terms involving specified displacements or tractions.

Substitution of the strain-displacement relations, constitutive equations, and using
the assumption of periodic motion, Equations 3.56-3.59, into the weak form (Eq.
3.55), and assuming the absence of body force yields the variational form of the

governing equations for a material with at least cubic symmetry as

0 ov ow | ddu ou ov ow| 06
/V{[Cn—u+012 + Cis w} e [012 + Coo—— + Cos w] U+

0 Oy 0z ox Oy 0z | Oy
ou v ow| ddw v Odw\ [dév  Ddw
[Cwa + Oy + O ]7;‘2*044 (Eﬁ@) (‘5?*‘037)*
ou  Ow\ [(ddu  Bdw OJu Ov\ {Odu  Odv
C55<$+ax><a +"a“£> C66<a +ax>("a§+az)}dv_
/v w?p (udu + vév 4 z0w) dV =0 (3.63)
20
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Rather than directly solving the governing differential equations, the Ritz method
(see [23]) seeks approximate solutions to the weak forms of these equations. This
is accomplished by approximating the displacement components and their variations

using finite linear combinations of the form

u(z,y,2) = d5(x,y,2) + ) a;05(2,y, 2) (3.64)
=1

v(@,y, 2) = gp(z.y.2) + Y b;g(x,y, 2) (3.65)
=1

w(z,y,2) = @5 (,y,2) + 3_ d;d} (2,9, 2) (3.66)
=1

Here ¢}, ¢}, and ¢} are known functions of position, n represents the number of
terms in the approximation for the displacement components, and a;, b;, and d; are
constants determined by requiring that each of the variational statements holds for
arbitrary variations of u, v, and w. This latter requirement is equivalent to the weak
form holding for arbitrary variations of a, b, and d. The approximation functions for
the displacement components in each direction are selected as power series in terms
of the coordinate variables x,y, and z (e.g. 1, x, y, 7, Xy, Xz, yz, X, y?, 2%, x?y, and so
on).

Substitution of the approximate displacements and their variations into the vari-

ational statement and collecting terms corresponding to the coefficients of the varia-

tions of the displacements allows for writing the final equation in matrix form as

21
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[]{uu] [Kuv] [Kuw]

[Kvu] [va] [Kvw]

(K] (K (K]
(] [o] [0]
wrrofop M o)

O [0]

L .

1 ¢

[

{a}
{b}

| (@)

)
{a}

{b}
{d}

{0}
{0}

L)

(3.67)

By using a conventional solution technique, this system of equations can be solved for

the natural frequencies of the solid. Results obtained using this method have been

compared with other solutions, with excellent accuracy being obtained [24-26].

The explicit form of the elements of each of the sub-matrices in Equations 3.64, [K]

and [M], are given below before substitution of the specific approximations functions

for the components of the displacements.

K* =

i

oL 00y, dgrder . Ay Os
fv(C“%‘&;*Cﬁﬁ oy oy T80, )WV (3.68)
o gL 00y, DI
K = /V (cm L+ L (3.69)
o gL Oy 0t Iy
K —/V(Cw oz 0: " C"0 ar )V (3.70)
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" g 08% . Dgr 08 By 04
Kij —/V (Cﬁﬁ 9z O +C'22§Z;— By +C44E £ dv (3.71)

Ko = /V <023 %"f %7 +Cu %‘f} %ﬂf) v (3.72)

Ko = /V <C55 8(;2" aaf o 8;5 85? + O agf 3(;? > v (3.73)
M = /V pdtpidV (3.74)

MY = /V i@V (3.75)

M = /v pev SV (3.76)

The mass and stiffness matrices given by Equations 3.68-3.76 are assembled for
particles, with different shapes and made of different materials, within a Fortran
program written by the author. The vibrational spectra of these particles are then

evaluated using standard eigenvalue solvers.

The three methods used in this study to evaluate the vibrational spectra of

nanoparticles with different sizes, shapes, and made of different materials have been
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presented. All these methods resulted in general eigenvalue problems which solutions
provide the natural frequencies and corresponding mode shapes for the particles con-
sidered. Although the final equations to be solve for all the presented methods have
the same form, their components are different.

The molecular mechanics method resulted in a diagonal mass matrix which ele-
ments are the masses of each individual atom forming the nanostructure. The re-
sulting mass matrix in the molecular dynamics approach is also diagonal, but its
components are obtained by multiplying the mass density of the continuum material
by the volume of a cube with side equal to the lattice constant. In the continuum me-
chanics method, a consistent mass matrix is obtained, that is, the mass is distributed
over the volume of the solid according to the approximation functions used for the
displacements.

The stiffness matrices are also different for each method. For the molecular me-
chanics method, the stiffness matrix represents the interactions among particles at
the atomic scale. The molecular dynamics model resulted in a stiffness matrix that
describes the interaction among mass points, and their elements are stated in terms
of the components of the continuum elastic tensor. The continuum mechanics stiff-
ness matrix is also a function of the elasticity tensor, and its components basically
represent the elastic strain energy stored in the solid when undergoes deformation.

In summary, the molecular mechanics approach describes the vibrational behavior
of the particles at the atomic scale, and it can be used to evaluate the variation of
the particle properties with the number of atoms forming the nanostructure. For the

molecular dynamics approach, the mass and stiffness matrices are evaluated in terms
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of the material continuum properties. Therefore, the molecular dynamics method
is more a ”quasi-continuum approach” rather than a ”"molecular approach”. The
continuum mechanics method is based on the classic theory of elasticity, and its
applicability for the calculation of the natural frequencies of particles as their size
tends towards the nanoscale is evaluated by comparing the calculated frequencies
with those obtained using molecular mechanics.

Natural frequencies and modes shapes evaluated using all the methods presented

here are listed, discussed, and compared in the next chapter.
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Chapter 4
Numerical Applications

In this chapter, the calculated natural vibrational frequencies of isotropic and
cubic nanostructures using the three methods introduced in Chapter 3 (molecular
mechanics, molecular dynamics, and continuum mechanics) are presented.

Three different materials are considered in this work. They are silicon (Si), ger-
manium (Ge), and carbon (C). The components of the elastic stiffness tensor, and
the mass density for each of these materials are presented in Table 4.1 for the case of
cubic material symmetry [29]. The elastic stiffness constants for the case of isotropic
behavior are shown in Table 4.2. They where obtained based on those for cubic be-
havior as follows: CY, = 2C{,+CS, C, = C%, and C1, = CS, where the superscripts
I and C indicate isotropic and cubic behavior, respectively. The properties listed in
Tables 4.1 and 4.2 are referred to a coordinate system which orientation relative to

the crystal structure is shown in Figure 4.1.

Table 4.1  Material Properties - Cubic Behavior
Material Density (g/cm®) C;; (MPa) C;; (MPa) Cyu (MPa)

Silicon 2.329 166.0 63.9 79.6
Germanium 5.323 128.9 48.3 67.1
Carbon 3.515 1079.0 124.0 578.0

Nanoparticles having four different geometries were considered: spheres, cubes,
tetrahedrons, and pyramids. The orientation of the different geometries relative to the
Cartesian coordinate system in which they are described is crucial when considering

materials having anisotropic behavior. It should match not only the orientation in
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Table 4.2 Material Properties - Isotropic Behavior

Material Density (g/cm?®) C;; (MPa) C;; (MPa) Cy (MPa)

Silicon 2.329 223.1 63.9 79.6
Germanium 5.323 182.5 48.3 67.1
Carbon 3.515 1280.0 124.0 578.0

z

Figure 4.1 Orientation of the cubic crystal structure.
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which the elastic constants were determined, but also the crystal orientation used
in the atomistic model. Spherical nanoparticles of radius R where defined with the
center located at the origin of the coordinate system and with arbitrary orientation of
the (x,y,z) axes. Cubes with side length L were considered with the origin located at
one of the corners with the axes parallel to the sides. Tetrahedrons with edge length
a had the origin of the coordinate system located at one the tips of the solid, and they
are oriented such that the z-axis coincides with the height and the x-axis is parallel
to on the sides of the triangle forming the base of the tetrahedron. For the pyramids,
the origin of the coordinate system is located at the apex, with the z-axis along the
height, and with the x- and y-axes parallel to the sides of the square forming the base
of the pyramid. These orientations and locations of the Cartesian coordinate systems
were used in the continuum mechanics analyses, and they are shown in Figure 4.2 for
each of the different geometries. Note that the coordinate system for the tetrahedron
does not coincide with that of the crystal (Figure 4.1). As a consequence, the elastic
stiffness tensor was transformed in order to have their components defined in such
a way to be consistent with the crystal orientation used in the molecular mechanics
computations.

The natural frequencies reported in Tables 4.6 to 4.20 have been normalized as

_wR

=G (4.1)

where 1) represents the normalized frequencies, w are the frequencies obtained from
the analyses, C; = 4/Cu4/p is the shear wave speed, and R is the radius of the sphere

for the case of spherical nanoparticles. For the other geometries, R is the radius of a
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Sphere Cube

Tetrahedron Pyramid

Figure 4.2  Shapes of nanostructures.
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sphere having the same volume as that of the corresponding shape. For the case of
cube-shaped nanoparticles, L = 1.6119915R with L being the side length of the cube.
For tetrahedron-shaped solids, a = 3.287896694R with a being the edge length of the
tetrahedron. For pyramid-shaped particles, h = 1.46459R with A being the height of
the pyramid with sloped faces at an angle of 45 degrees (i.e. the length of the square
base is twice the height of the pyramid).

Molecular mechanics was used to determine the natural frequencies of sphere-,
cube-, and tetrahedron-shaped nanoparticles. Pyramid-shaped nanostructures were
not analyzed using this approach because this is not a shape that the materials con-
sidered in this study would naturally form at the nanoscale level due to their crystal
geometric structures. On the other hand, the natural frequencies of sphere-, cube-,
and pyramid-shaped silicon nanoparticles having isotropic and cubic symmetries were
calculated using molecular dynamics, but tetrahedron-shaped nanostructures were
not considered because the molecular dynamics approach employed here is based on
a cubic lattice with which is not possible to reproduce all the geometric symme-
tries of a tetrahedron. The continuum approach can model all shapes and material
symmetries.

The remainder of this Chapter is divided into three sections: first, the results ob-
tained using the molecular mechanics and continuum mechanics models are presented,
discussed, and compared. Those obtained using the molecular dynamics approach are
presented in the second section, along with the results obtained from continuum me-
chanics for comparison. In the final section of this Chapter a brief discussion of the

vibrational behavior of nanostructures according to the reported results is presented.
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4.1 Molecular Mechanics

In order to study the size dependence of the natural frequencies, nanostructures
having different dimensions and a differing number of atoms were studied. These are
presented in Tables 4.3, 4.4,and 4.5 for the cases of the spheres, cubes, and tetrahe-
drons respectively. These values will of course be non-dimensionalized as discussed

in a previous section.

Table 4.3 Radius R, in A, of the sphere-shaped nanoparticles considered in the molec-
ular mechanics approach

Atoms 123 227 477 933
Silicon 7.3280 9.2000 12.8463 15.6620
Germanium 7.6869 9.6155 13.4122 16.3476
Carbon 4.8671 6.1317 8.3297 10.3863

Table 4.4  Side length L, in A, of the cube-shaped nanoparticles considered in the
molecular mechanics approach

Atoms 64 216 512 1000
Silicon 9.5656 14.9988 20.4356 25.8838
Germanium 9.9925 15.6652 21.3273 26.9892
Carbon 6.3597  9.9605 13.5840 17.1774

Table 4.5 Edge length a, in A, of the tetrahedron-shaped nanoparticles considered in
the molecular mechanics approach

Atoms 51 136 281 502 815
Silicon 11.5125 19.1960 26.8761 34.5539 42.2301
Germanium 12.0154 20.0380 28.0560 36.0709 44.0838
Carbon  7.5635 12.6377 17.7171 22.7996 27.8841

The maximum number of atoms considered for each of the particles studied was
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limited by the capabilities of the molecular mechanics software used for the calcula-

tions, and the computational time required to run the simulations.

4.1.1 Sphere-Shaped Nanostructures

The lowest 20 normalized natural frequencies obtained for spherical nanoparticles
along with those obtained from continuum mechanics are listed in Tables 4.6, 4.7,
and 4.8 for silicon, germanium, and carbon structures.

Results indicate that there is in fact a dependence on the nanostructure size of the
vibrational frequencies at the nanoscale, not only the magnitude of the normalized
frequencies changes, but also the number and location of the degenerate modes.

The magnitude of the normalized frequencies increases as the size of the particles
is increased. For silicon, some of the frequencies remain below and others surpass
the values obtained from continuum mechanics, with the maximum difference being
about £ 7.0% compared to the frequencies calculated for the case in which cubic
symmetry was assumed. For germanium, all the frequencies are consistently lower
than those from continuum mechanics for the case of isotropic symmetry, while they
are higher than those obtained for the cubic case, with differences ranging from about
16% to 28%. Normalized frequencies for carbon nanoparticles are all lower than the
continuum values, being between 6% and 17% below those for the case of cubic
behavior.

The behavior of the lowest frequency as a function of the number of atoms forming
the particles, and as a function of the radius of the sphere is illustrated in Figures 4.3
and 4.4, respectively. It is interesting to see that the global behavior of the particles

for the three materials considered is similar. However, it is clear that there is not
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a smooth variation with number of atoms or radius, and it is not possible to fit an
acceptable equation to describe the size dependence of the natural frequencies. This
behavior may be caused by the variation of the geometry of the spherical particles
with the number of atoms. The geometry of the molecular structures modeled using
molecular mechanics is not perfectly spherical, and their geometric shape changes as
the number of atoms is increased as shown in Figure 4.5, with the molecule formed
by the highest number atoms being the one with a geometry closest to a sphere. The
reported radii were calculated as the average of the maximum and minimum values.
These values correspond to the largest and smallest distances between pair of atoms
located at the surface of the different sphere-shaped nanoparticles.

Somewhat surprisingly, the lower mode shapes of silicon spheres formed by 933
atoms are practically identical for both molecular and continuum mechanics ap-
proaches. The only difference is provided by the fact that the mode shape corre-
sponding to the 8t molecular frequency matches the mode shape associated with the
14" continuum frequency. The modes shapes corresponding to the first four degener-
ate groups are shown in Figures 4.6 and 4.7. It is recommended to view the animated
versions which are available at the web site: www.engr.colostate.edu\~framirez fol-

lowing, the link Nanoparticle Vibrations.

4.1.2 Cube-Shaped Nanostructures

Tables 4.9, 4.10, and 4.11 contain the lowest 20 normalized frequencies for sili-
con, germanium, and carbon cube-shaped nanoparticles respectively, calculated with
molecular and continuum mechanics for cubic and isotropic material symmetry.

Once again the frequency size dependence is exhibited. The number and location
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Figure 4.3 Lowest normalized natural frequency for silicon (*), germanium (o), and car-
bon (A) sphere-shaped nanostructures as function of the number of atoms (n). Frequencies
at 1/n=0 correspond to continuum mechanics results for cubic material symmetry.
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Figure 4.4 Lowest normalized natural frequency for silicon (x), germanium (o), and
carbon (A) sphere-shaped nanostructures as function of the radius (R).
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C.

Figure 4.5 Geometry variation of sphere-shaped molecular nanostructures with the
number of atoms: a. 123 atoms, b. 227 atoms, c. 477 atoms, and d. 933 atoms (side
views).

36

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MM: Modes 1,2, and 3 MM: Modes 4,5, and 6

CM: Modes 1, 2, and 3 CM: Modes 4,5, and 6

Figure 4.6 Identical vibrational modes of sphere-shaped nanostructures obtained using
molecular mechanics (MM), and continuum mechanics (CM).
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MM: Modes 6 and 7 MM: Mode 8

CM: Modes 6 and 7 CM: Mode 14

Figure 4.7 Identical vibrational modes of sphere-shaped nanostructures obtained using
molecular mechanics (MM), and continuum mechanics (CM).
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of the degenerate values also vary, and the magnitude of the normalized frequencies
increase with the number of atoms for all materials considered.

Molecular mechanics frequencies of silicon cubes approach the continuum cubic
values from below, with differences ranging between 4.4% for the lowest frequency
and 13.8% for the 20" frequency. Molecular mechanics analyses result in frequencies
higher than the continuum values for germanium cubes when 512 or more atoms are
used in the molecular model, with a maximum difference of about 18.4%. For carbon
nanoparticles, the frequencies also increase tending to the continuum cubic values
from below, with differences between 13.1 and 17.4%.

The behavior of the lowest frequency is illustrated in Figure 4.8 as a function of
the number of atoms (n). Once again the variation of the normalized frequency with
the number of atoms is similar for all materials considered. This time, the variation
is smooth, and second order polynomials were obtained using least square fitting
(Figure 4.8). They are given by the following equations for silicon, germanium, and

carbon particles respectively.

n = 3082.35(1/n)% ~ 103.08(1/n) + 1.793 (4.2)
n = 5310.30(1/n)? — 156.85(1/n) + 2.22 (4.3)
n = 674.57(1/n)? — 41.25(1/n) + 1.50 (4.4)

These polynomials result in converged values, i.e. frequencies evaluated at 1/n=0,

for the lowest normalized frequency of cube-shaped nanoparticles of 1.793, 2.22, and
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Figure 4.8 Lowest normalized natural frequency for silicon (x), germanium (o), and
carbon (A) cube-shaped nanostructures as function of the number of atoms (n). Dashed,
solid, and dotted lines represent the curve fitting for silicon, germanium, and carbon par-
ticles, respectively. Frequencies at 1/n=0 correspond to continuum mechanics results for

cubic material symmetry.
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Figure 4.9 Lowest normalized natural frequency for silicon (), germanium (o), and
carbon (A) cube-shaped nanostructures as function of the radius (R) of a sphere having
the same volume. Dashed, solid, and dotted lines represent the curve fitting for silicon,
germanium, and carbon particles, respectively.
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1.50 for silicon, germanium, and carbon respectively. Compared with the lowest
continuum mechanics frequency obtained assuming cubic symmetry, these values are
only 1.8% higher for silicon, 26% higher for germanium, and 15% lower for carbon
cubes. There is far better agreement between molecular and continuum mechanics
methods for silicon particles than for the other materials.

The poor agreement between molecular and continuum mechanics for germanium
and carbon nanoparticles is explained by the fact that the parameters used in the UFF
for the interatomic potential of the molecular mechanics method were not determined
for vibrational analyses. Force fields are mainly constructed to reproduce structures
and energies of molecular structures, and they usually omit fitting vibrational spec-
troscopy data [27]. There exist various other force fields that have been constructed
to fit also vibrational data such as MM3 [28], and the parameters employed in this
study may need additional calibration to better represent molecular vibrations.

The variation of the lowest normalized frequency with the size of the particle is
illustrated in Figure 4.9 as a function of the radius of an equivalent sphere having the
same volume as the corresponding cube-shaped nanoparticle. The variation of the
lowest normalized frequency is linear indicating that, for the range of particle sizes
considered here, the term wR is not scale invariant as it is for continuum elasticity.
The linear equations representing this behavior were obtained from least-square curve
fitting, and they are shown below for silicon, germanium, and carbon cube-shaped

nanoparticles, respectively.

7 = —7.269(1/R) + 2.159 (4.5)
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Figure 4.10 Identical vibrational modes of cube-shaped nanostructures obtained using
molecular mechanics (MM), and continuum mechanics (CM).

n=—9.981(1/R) + 2.668 (4.6)

n=—2.817(1/R) + 1.745 (4.7)

In spite of the excellent agreement between the cube geometries modeled for the
molecular and continuum mechanics methods, the number and location of the de-
generate frequency groups are not the same for these two approaches. However, the
mode shapes corresponding to the lowest two frequencies are the same for silicon

structures, and some higher modes also have the same deformation although the
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Figure 4.11 Identical vibrational modes of cube-shaped nanostructures obtained using
molecular mechanics (MM), and continuum mechanics (CM).
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corresponding frequencies appear at different locations. For instance, the molecular
mechanics mode shape associated with the sixth lowest frequency is the same as the
mode shape associated with the eighth lowest frequency calculated using continuum
mechanics. Figures 4.10 and 4.11 illustrate the lowest four degenerate mode shapes for
silicon cube-shaped nanoparticles obtained from molecular and continuum mechanics

methods.

4.1.3 Tetrahedron-Shaped Nanostructures

It is important to begin this section by noting that the geometry of the molecules
used in this approach perfectly describe tetrahedrons which four faces are equilateral
triangles. There is no discretization error for this geometry.

The lowest 20 normalized frequencies of silicon, germanium, and carbon tetra-
hedral particles are shown in Table 4.12, 4.13, and 4.14 respectively, along with
the continuum values for isotropic and cubic behaviors. The dependence on the
nanostructure size of the frequencies and degenerate modes is confirmed again for all
materials, with their magnitudes increasing with the number of atoms forming the
molecular model.

Normalized frequencies of silicon and carbon tetrahedrons obtained using molec-
ular mechanics tend toward the continuum values from below. silicon frequencies are
between 4.2% and 13.7% lower than continuum values, while the differences for those
of carbon range from 13.2% to 18.2%. For germanium tetrahedrons, molecular fre-
quencies are again higher than those obtained using continuum mechanics, with the
smallest difference being 3.6% for the 20 frequency and the maximum about 16.9%

for the lowest frequency.
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Figure 4.12  Lowest normalized natural frequency for silicon (*), germanium (o), and
carbon (A) tetrahedron-shaped nanostructures as function of the number of atoms (n).
Dashed, solid, and dotted lines represent the curve fitting for silicon, germanium, and
carbon particles, respectively. Frequencies at 1/n=0 correspond to continuum mechanics

results for cubic material symmetry.
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Figure 4.13 Lowest normalized natural frequency for silicon (*), germanium (o), and
carbon (A) tetrahedron-shaped nanostructures as function of the radius (R) of a sphere
having the same volume. Dashed, solid, and dotted lines represent the curve fitting for

silicon, germanium, and carbon particles, respectively.
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Figure 4.14 Identical vibrational modes of tetrahedron-shaped nanostructures obtained
using molecular mechanics (MM), and continuum mechanics (CM).
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Figure 4.15 Identical vibrational modes of tetrahedron-shaped nanostructures obtained
using molecular mechanics (MM), and continuum mechanics (CM).
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The behavior of the lowest frequency with the number of atoms in the molecular
mechanics model is similar for silicon, germanium, and carbon particles as shown
in Figure 4.12. The exhibited smooth variation allows the fitting of second order
polynomials, which are presented in Equations 4.5, 4.6, and 4.7 for silicon, germanium,

and carbon respectively.

n = 301.08(1/n)? — 20.81(1/n) + 1.175 (4.8)
n = 2972.15(1/n)? - 48.40(1/n) + 1.46 (4.9)
n = 344.81(1/n)* — 13.92(1/n) + 1.04 (4.10)

According to these polynomials, the converged value for silicon tetrahedrons is
1.175 which is only 2.9% lower than the continuum value. For germanium and carbon
particles, these equations indicate that converged values for the lowest frequency are
1.46 and 1.04, which are 21.3% higher, and 13.9% lower than those obtained using
continuum mechanics.

The variation of the lowest normalized frequency with the size of the particle is
illustrated in Figure 4.13 as a function of the radius of an equivalent sphere having the
same volume as the corresponding tetrahedron-shaped nanoparticle. The variation
of the lowest normalized frequency is again linear indicating that the scale invariance
of the term wR holding for continuum elasticity, does not hold for the range of sizes

studied here. The linear equations representing this behavior were obtained from
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least-square curve fitting, and they are shown below for silicon, germanium, and

carbon cube-shaped nanoparticles, respectively.

n = —1.308(1/R) + 1.259 (4.11)
n = —1.784(1/R) + 1.539 (4.12)
n = —0.397(1/R) + 1.063 (4.13)

The number and groups of degenerate frequencies match for both, molecular and
continuum mechanics methods. The mode shapes are also the same as illustrated in

Figures 4.14 and 4.15 for silicon tetrahedrons.

4.2 Mbolecular Dynamics

The molecular dynamics model presented in Chapter 3 was employed to calcu-
late the natural vibrational frequencies of sphere-, cube-, and pyramid-shaped silicon
structures with radius, side length, and height of 10.0, 16.119915, and 14.6459 A re-
spectively. The accuracy and convergence of this method was studied by analyzing
solids discretized into an increasing number of mass points (m). For spheres 312, 624,
1064, 1640, 2368, and 7736 mass points were considered, cubes were discretized into
343, 729, 1331, 2197, and 8000 points, while 406, 904, 1690, and 6416 were used for

the pyramids.
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4.2.1 Sphere-Shaped Nanostructures

The lowest 20 normalized frequencies determined using this method, as well as
those obtained from continuum mechanics are reported in Table 4.15 for the isotropic
case, and in Table 4.16 for the case in which cubic symmetry was considered.

The magnitude of the normalized frequencies increases as the number of mass
points (m) comprising the solid is increased for both material symmetries considered,
and they tend towards the continuum values with a maximum difference of about 12%.
The number and location of the degenerate frequencies are the same for these two
methods as expected, this behavior is explained by the fact that the potential energy
constants used in the molecular dynamics approach were determined to represent the
components of the continuum elastic stiffness tensor.

The variation of the lowest frequency with the number of mass points is illustrated
in Figures 4.16 and 4.17 along with curves obtained using least squares polynomial
fitting. Equations 4.8 and 4.9 show the obtained second order polynomials, and
they indicate converged values of 2.24 and 1.92 for the isotropic and cubic cases
respectively, these normalized frequencies are about 10% lower than those obtained

from continuum mechanics.

n = 49455.56(1/m)? — 318.31(1/m) + 2.24 (4.14)

n = 51552.14(1/m)* — 297.71(1/m) + 1.92 (4.15)

Murray [30] and co-workers used the present molecular dynamics method to evalu-
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ate the natural vibration frequencies of isotropic spheres, and they reported excellent
agreement with exact solutions, with differences smaller than 1%. Their calculation
of the frequencies is done by giving an initial velocity or strain to the lattice structure,
and the subsequent motion is simulated. The motion of individual atoms are then
Fourier analized to yield the spectrum of vibrational frequencies. The excellent agree-
ment between molecular dynamics and exact solutions reported by Murray was not
achieved in the present study. Some of the possible reasons explaining this behavior
include the simplifications made here when assuming small amplitude of vibrations
as explained in Chapter 3, and another important issue is the number of mass points
in which the solids were discretized in this study, which was determined by run time

limitations.

4.2.2 Cubed-Shaped Nanostructures

The lowest 20 frequencies for silicon cubes using molecular dynamics are listed in
Tables 4.17 and 4.18 for the isotropic and cubic cases respectively. The frequencies
of the nanoparticles increase with the number of mass points forming the solid, and
they tend towards the continuum values from below with a difference ranging from
5.7 to 8.4%, and from 5.8 and 12.5% for isotropic and cubic behavior respectively.
Once again the number and location of the degenerate frequency groups coincide for
both molecular dynamics and continuum mechanics methods.

The behavior of the lowest normalized frequency as a function of the number of
mass points is illustrated in Figures 4.16 and 4.17. The fitted polynomials are given
by Equations 4.10 and 4.11 for the isotropic and cubic cases, resulting in converged

frequencies, i.e. evaluated at 1/m=0, of 1.68 and 1.67 which are 5.1% lower than
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Figure 4.16 Lowest normalized natural frequency of silicon sphere- (), cube-(o), and
pyramid- (A) shaped nanostructures as function of the number of mass points (m) used in
the molecular dynamics model assuming isotropic material symmetry. Dashed, solid, and
dotted lines represent the curve fitting for spheres, cubes, and pyramids. Frequencies at
1/ms=0 correspond to continuum mechanics results.
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Figure 4.17 Lowest normalized natural frequency of silicon sphere- (x), cube-(o), and
pyramid- (A) shaped nanostructures as function of the number of mass points (m) used
in the molecular dynamics model assuming cubic material symmetry. Dashed, solid, and
dotted lines represent the curve fitting for spheres, cubes, and pyramids. Frequencies at
1/m=0 correspond to continuum mechanics results.
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Mode 1 Mode 2

Mode 3 Modes 4 and 5

Figure 4.18 Vibrational modes of pyramid-shaped structures obtained using continuum
mechanics.

those obtained using continuum mechanics.

n = 23070.60(1/m)2 — 141.60(1/m) + 1.68 (4.16)

n = 13385.66(1/m)? — 139.38(1/m) + 1.67 (4.17)

4.2.3 Pyramid-Shaped Nanostructures

Tables 4.19 and 4.20 report the lowest 20 normalized frequencies obtained using
molecular dynamics and continuum mechanics for silicon pyramids assuming isotropic
and cubic behavior, respectively.

Once again, the frequencies of the nanoparticles increase as the number of mass

points forming the solid is increased, and they approach to the continuum values from
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Figure 4.19 Vibrational modes of pyramid-shaped structures obtained using continuum
mechanics.
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below with differences ranging from 5.7 to 8.4%, and from 5.8 and 12.5% for isotropic
and cubic behavior respectively. The variation of the lowest normalized frequency
with the number of mass points is illustrated in Figures 4.16 and 4.17. The fitted

second order polynomials for the isotropic and cubic cases are given by

n = 17841.97(1/m)? — 79.33(1/m) + 0.63 (4.18)

n = 9530.07(1/m)? — 73.49(1/m) + 0.62 (4.19)

They indicate that converged values for the lowest frequency are 0.63 and 0.62 for
isotropic and cubic symmetries respectively. These values are about 13% lower than
those obtained using continuum mechanics.

The number and location of the degenerate frequency groups match for both
methods as expected. The mode shapes corresponding to the lowest 8 frequencies
are illustrated in Figures 4.18 and 4.19 for the case in which cubic symmetry was

assumed.

4.3 Discussion

In this section a summary and discussion of the main features observed based on
the results reported in the previous two sections is presented.

Results obtained using the molecular mechanics approach confirmed the size de-
pendence of particles properties at the nanoscale. Not only the magnitude of the
natural frequencies, but also the number and location of the degenerate frequency

groups change with the number of atoms forming the solid. The magnitude of the
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normalized natural frequencies increase nonlinearly with the number of atoms form-
ing the particles. This behavior for the lowest frequency exhibited a smooth variation
for the cases of cube- and tetrahedron-shaped nanostructures allowing the fitting of
a polynomial to describe this behavior. However, the natural frequencies for sphere-
shaped particles was not smooth, and it was not possible to fit an acceptable ex-
pression describing their variation with the size of the nanostructures. The latter is
attributed to the fact that the geometry of the molecular structures was not perfectly
spherical, and it changes with the number of atoms as explained before.

The magnitude of the normalized natural frequencies increase linearly with the
size of the nanoparticle. This behavior indicates that the scale invariance of the term
wR in continuum elasticity does not hold for the range of particle sizes considered in
this study.

It was observed that the normalized frequencies calculated using the molecular
mechanics method, approached from below to continuum values when material cubic
symmetry was considered. Comparison of the lowest normalized frequency between
these to methods showed a better agreement for silicon nanostructures than that
for germanium and carbon particles for which considerable differences were obtained.
This different behavior is partially explained by noting that the parameters used in the
molecular mechanics model have been calibrated for structure and energy calculations,
and a better calibration may be required for vibrational analysis. The shape of the
vibration modes obtained from molecular and continuum mechanics methods were
practically the same for the sphere- and tetrahedron-shaped particles with the largest

number of atoms. However, for cubes only the shape of the modes corresponding to
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the lowest couple of frequencies were identical for both methods.

Finally, normalized natural frequencies obtained using the molecular dynamics
approach increased as the solids were discretized into a larger number of mass points.
Their magnitude approached to continuum values, and the number and groups of
degenerate frequencies were exactly the same for these two methods. The latter
behavior was expected because the potential energy constant for the molecular dy-
namics method were determined based on the components of the continuum elastic
stiffness tensor. However, the excellent agreement with continuum values reported by
the developers of this method was not achieved in this study [30]. It is believed that
the simplifications made based on the assumption of small amplitude of vibrations,
and the maximum number of mass points used in the discretization of the solids are
the main causes of the poor agreement achieved between molecular dynamics and

continnum mechanics methods.
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Table 4.6 Normalized frequencies for silicon spheres obtained using molecular mechanics

Atoms 123 227 477 933 Continuum
R (A) 7.3280 9.2000 12.8463 15.6620 Cubic Isotropic
1 1.5441  1.5465 1.9959 2.0415  2.1295 2.5011
1.5848  1.54656  1.9959 2.0415  2.1295 2.5011
1.5848  1.5465  1.9959 2.0415  2.1295 2.5011
1.5848 1.6093  2.3137 22895  2.1320 2.5011
1.7646 1.7145  2.3137 2.2895  2.1320 2.5011
1.7646 1.7145  2.3603 2.3910  2.4780 2.6361
20129 2.0738  2.3603 2.3910 2.4780 2.6361
2.0129 2.0738  2.5835 2.6449  2.6109 2.6361
2.0988 21062  2.7930 27467  2.6109 2.6361
10 2.0988 21062  2.7930 2.7467  2.6109 2.6361
11 2.0988 21062  2.7930 2.7467  2.9547 3.3639
12 2.4550 2.3844  2.9139 29716  2.9547 3.3639
13 24550 23844 29139 29716  2.9547 3.3639
14 2.4550 2.3844 29139 29716  3.1308 3.8647
15 2.5006 2.4258  3.1121 3.2225  3.4418 3.8647
16 2.5006 24258  3.1121 3.2225  3.4418 3.8647
17 2.5006  2.4258 3.1121 3.2225  3.4418 3.8647
18 28712 24858  3.2168 3.4871  3.5273 3.8647
19 28712 24858  3.2168 3.4871  3.5273 3.8647
20 2.9472 24858  3.2168 3.4871  3.5273 3.8647

©C OO UG ER W
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Table 4.7 Normalized frequencies for germanium spheres obtained using molecular me-
chanics

Atoms 123 227 477 933 Continuum
R (A) 7.6869 9.6155 13.4122 16.3476 Cubic Isotropic

1 1.8258 1.8623  2.3940 2.4458  2.0644 2.5011

2 1.9010 1.8623  2.3940 2.4458  2.0644 2.5011

3 1.9010 1.8623  2.3940 24458 2.0744 2.5011

4 1.9010 1.9043 2.7744 2.7396  2.0744 2.5011
5 21964 21292 2.7744 27396  2.0744 2.5011
6
7
8
9

2.1964 21292 2.8729 29138  2.4736 2.6341

24253 24846  2.8729 29138  2.4736 2.6341

2.4253 24846  3.0751 3.1465  2.6034 2.6341

26021 25968  3.3980 3.3412  2.6034 2.6341
10 2.6021 2.5968  3.3980 3.3412  2.6034 2.6341
11 2.6021 2.5968  3.3980 3.3412  2.8619 3.3336
12 29899 28792  3.5317 3.9935  2.8619 3.3336
13 2.9899 28792  3.5317 3.5935  2.8619 3.3336
14 29899 28792  3.5317 3.5935  3.0337 3.8647
15 3.0191  2.9641  3.7641 3.8953  3.3816 3.8647
16 3.0191  2.9641  3.7641 3.8953  3.3816 3.8647
17 3.0191 29641  3.7641 3.8953  3.3816 3.8647
18 3.4760 3.0231  3.9125 4.2337  3.4670 3.8647
19 3.4760 3.0231  3.9125 42337  3.4670 3.8647
20 3.5825 3.0231  3.9125 42337  3.4670 3.8647
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Table 4.8 Normalized frequencies for carbon spheres obtained using molecular mechan-
ics

Atoms 123 227 477 933 Continuum
R (A) 4.8671 6.4076 8.5297 10.3863 Cubic Isotropic
1.6105 1.5840 2.0497  2.0707  2.3433 2.5011
1.6105 1.5840 2.0497  2.0707 2.3433 2.5011
1.6475 1.6565 2.0497  2.0977  2.3433 2.5011
1.6475 1.6565 2.0676  2.0977 2.3844 2.5011
1.6475 1.6565 2.0676  2.0977  2.3844 2.5011
1.7143 1.8585 2.3826  2.3292  2.4925 2.6129
1.8863 1.9496 2.3826  2.3292  2.4925 2.6129
1.8863 1.9496 2.3826  2.3292  2.5977 2.6129
1.8863 1.9496 2.5156  2.4846  2.5977 2.6129
2.1561 2.1603 2.5156  2.4846  2.5977 2.6129
2.1561 2.1603 2.5349  2.5585  2.8752 3.0451
2.1561 2.1603 2.5349  2.5585  2.8752 3.0451
2.1902 2.3541 25349  2.5585  2.8752 3.0451
2.1902 2.3541 2.8182 28770 3.1198 3.3381
2.3869 2.4643 2.8875  2.9069  3.5322 3.8285
2.5662 2.5248 2.9924  3.1446  3.6113 3.8285
2.5662 2.5248 2.9924  3.1446  3.6113 3.8285
2.5662 2.5248 2.9924  3.1446  3.6113 3.8285
2.8140 2.5299 3.0688  3.1621  3.6810 3.8285
2.8140 2.5299 3.0688  3.1621  3.6810 3.8285
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Table 4.9 Normalized frequencies for silicon cubes obtained using molecular mechanics

Atoms 64 216 512 1000

L (A) 9.5656 14.9988 20.4356 25.8838 Continuum

R (A) 5.9340 9.3045 12.6773 16.0570 Cubic Isotropic
09318 13749  1.6105  1.6875 1.7622  1.7723
1.1012 14325 16105  1.6875 1.7622  1.7723
1.1012 14325  1.6306  1.7547 19672  2.3724
1.2333  1.4884  1.6306  1.7547 1.9672  2.3724
1.2333  1.4884  1.6358  1.7948 1.9672  2.3724
1.2636  1.5123  1.6823  1.8087 22072  2.4224
1.4073  1.7407  1.9347  2.0819 2.2072  2.4224
1.4073  1.7407  1.9347  2.0819 22072  2.4224
1.5487  1.8465  2.0456  2.1785 2.3591  2.7081
1.6177  1.8465  2.1239 22632 2.3591  2.7081
1.6177  1.8478  2.1239  2.2632 23591  2.7081
1.6702  1.9330  2.1670 22702 23780  2.7561
1.6702  1.9608  2.1670  2.2736 2.3780  2.7561
1.7329  1.9608  2.1725 22736 2.3780  2.7561
17537 2.0112 22074 23922 25710 2.9082
1.8512 2.0112 22191 24179 25710  2.9082
1.8512  2.0318 22191 24179 25710  2.9082
19179  2.0440  2.3418  2.4465 2.6691  3.2045
1.9179  2.0440  2.3418  2.4465 2.6691  3.2045
2.0030 2.0519  2.3823  2.5590 2.9709  3.3975
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Table 4.10 Normalized frequencies for germanium cubes obtained using molecular me-
chanics
Atoms 64 216 512 1000
L (A) 9.9925 15.6652 21.3273 26.9892 Continuum
R (A) 6.1989 9.7179 13.2304 16.7427 Cubic Isotropic
1 1.0678 1.6117 1.9307 2.0745  1.7602 1.7722
2 1.3293 1.7241 1.9548 2.0745  1.7602 1.7722
3 1.3293 1.7241 1.9548 2.1022  1.9089 2.3698
4 1.4980 1.8032 1.9887 2.1022  1.9089 2.3698
5 1.5066 1.8388 1.9887 2.1369  1.9089 2.3698
6
7
8
9

1.5066  1.8388 2.0089 2.1470  2.1360 2.4217

1.7366  2.1240 2.3583 2.5307  2.1360 2.4217

1.7366  2.1240 2.3583 2.5307  2.1360 2.4217

1.9245  2.2396 2.4927 2.6441  2.3052 2.6852
10 1.9758  2.2396 2.5653 2.7228  2.3052 2.6852
11 19758  2.2673 2.5653 27228  2.3052 2.6852
12 2.0147  2.3363 2.6251 27472 23371 2.7561
13 2.0147  2.3646 2.6251 27472 23371 2.7561
14 2.0629  2.3646 2.6524 27616  2.3371 2.7561
15 2.1491 24377 2.6704 29011  2.5272 2.8963
16 22424 24377 2.6704 29102  2.5272 2.8963
17 22424 2.4647 2.6807 29102  2.5272 2.8963
18 23743 2.4770 2.8133 2.9424  2.5748 3.1767
19 23743 24770 2.8133 29424  2.5748 3.1767
20 24345 24935 2.8782 3.1155  2.9033 3.3924
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Table 4.11 Normalized frequencies for carbon cubes obtained using molecular mechanics

Atoms 64 216 512 1000
L (A) 6.3597 9.9605 13.5840 17.1774 Continuum
R (A) 3.9453 6.1790 8.4268 10.6560 Cubic Isotropic
1 1.0164 1.3224 14104 14612 1.7679  1.7718
2 1.0888 1.3224  1.4104 14612 1.7679  1.7718
3 1.0888 1.4886  1.6813  1.8053 2.1637  2.3420
4 1.2226 1.4886  1.6813  1.8053 2.1637  2.3420
5 1.2226 1.5035  1.7511  1.8649 2.1637  2.3420
6
7
8

1.3319  1.5870  1.8091 1.9550 2.3151 24128

1.3735 1.6679  1.8448 1.9767  2.3151 2.4128

1.3735 1.6856  1.8604 1.9767  2.3151 2.4128
9 1.3966 1.6856  1.8604 1.9957  2.3956 24732
10 1.5829 1.7892  1.9400 2.0210  2.3956 2.4732
11 1.5829 1.7893  1.9586 2.0316  2.3956 2.4732
12 1.6925 1.8244  1.9586 2.0316  2.5051 2.7561
13 1.7145 1.8605  2.0492 21775 2.5051 2.7561
14 1.7145 1.8605  2.0492 21775 2.5051 2.7561
15 17718  1.9217  2.1480 2.2285  2.6209 2.7819
16 1.7718  1.9493  2.1480 2.2285  2.6209 2.7819
17 1.8382 1.9493  2.1949 22743 2.6209 2.7819
18 1.8573  2.0268  2.2142 23676  2.6905 - 2.9300
19 1.8573 2.0268  2.2304 2.4353  2.6905 2.9300
20 1.8952 2.0760  2.2304 24353  2.8850 3.1076
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Table 4.12 Normalized frequencies for silicon tetrahedrons obtained using molecular

mechanics
Atoms 51 136 281 502 815
a (A) 11.5125 19.1960 26.8761 34.5539 42.2301 Continuum

R (A) 3.5015 5.8384 8.1743 10.5094 12.8441 Cubic Isotropic
1 0.8821 1.0443 1.0940 1.1303 1.1588 1.2100 1.3038

2 0.8821 1.0443 1.0940 1.1303 1.1588 1.2100 1.3038

3 0.8821 1.0647 1.1677 1.2338 1.2800 1.3357 1.4484

4 0.9575 1.0647 1.1677 1.2338 1.2800 1.3357 1.4484

5 0.9575 1.0647 1.1677 1.2338 1.2800 1.3357 1.4484

6 1.1083 1.1887 1.2317 1.2644 1.2910 1.3602 1.5034

7 1.1147 1.1887 1.2317 1.2644 1.2910 1.3602 1.5034

8 1.1147 1.1887 1.2317 1.2644 1.2910 1.3602 1.5034

9 1.1147 1.4082 1.5863 1.7023 1.7832 1.9421 2.1677
10 1.3334 1.5761 1.7127 1.7989 1.8586 1.9731 2.2346
11 1.3334 1.5761 1.7127 1.7989 1.8586 1.9731 2.2346
12 1.4090 1.6841 1.8375 1.9088 1.9521 2.0373 2.2346
13 1.4090 1.6841 1.8375 1.9088 1.9521 2.0373 2.2824
14 1.4090 1.6841 1.8375 1.9088 1.9521  2.0373 2.2824
15 1.4152 1.7139 1.8425 1.9382 2.0096 2.1505 2.2824
16 1.4152 1.7139 1.8425 1.9382 2.0096 2.1505 2.3043
17 1.4152 1.7139 1.8425 1.9382 2.0096 2.1505 2.3043
18 1.7316 2.0229 2.1759 2.2802 2.3585 2.5153 2.6666
19 1.7316 2.0229 2.2072 2.3408 2.4381 2.8278 3.0259
20 1.7316 2.0229 2.2072 2.3408 2.4381 2.8278 3.0259
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Table 4.13 Normalized frequencies for germanium tetrahedrons obtained using molec-

ular mechanics

Atoms 51 136 281 502 815
a (A) 12.0154 20.0380 28.0560 36.0709 44.0838 Continuum
R (A) 3.6544 6.0945 8.5331 10.9708 13.4079 Cubic Isotropic
1 1.0455 1.2638 1.3261 1.3712 1.4062  1.2033 1.2986
2 1.0455 1.2638 1.3261 1.3712 1.4062  1.2033 1.2986
3 1.0455 1.2732 1.4020 1.4844 1.5420 1.3231 1.4403
4 1.1530 1.2732 1.4020 1.4844 1.5420 1.3231 1.4403
5 1.1530 1.2732 1.4020 1.4844 1.5420  1.3231 1.4403
6 1.2926 1.4365 1.4913 1.5325 1.5656  1.3511 1.5026
7 1.3413 1.4365 1.4913 1.5325 1.5656  1.3511 1.5026
8 1.3413 1.4365 1.4913 1.5325 1.5656  1.3511 1.5026
9 1.3413 1.6672 1.8913 2.0373 21389  1.9278 2.1677
10 1.5961 1.8863 2.0520 2.1574 22306  1.9278 2.2261
11 1.5961 1.8863 2.0520 2.1574 2.2306  1.9280 2.2261
12 1.6394 2.0333 2.2084 2.2977 23548  2.0200 2.2261
13 1.6394 2.0333 2.2084 2.2977 2.3548  2.0200 2.2769
14 1.6394 2.0333 2.2084 2.2977 2.3548  2.0200 2.2769
15 1.7007 2.0359 2.2253 2.3489 24364  2.1496 2.2769
16 1.7007 2.0359 2.2253 2.3489 24364  2.1496 2.2990
17 1.7007 2.0359 2.2253 2.3489 24364  2.1496 2.2990
18 2.0517 2.3959 2.6279 2.7780 2.8735  2.4865 2.6407
19 2.0517 2.3959 2.6279 2.7971 29205  2.8202 3.0118
20 2.05617 2.3959 2.6279 2.7971 2.9205  2.8202 3.0118
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Table 4.14 Normalized frequencies for carbon tetrahedrons obtained using molecular
mechanics

Atoms 51 136 281 502 815

a (A) 7.5635 12.6377 17.7171 22.7996 27.8841  Continuum

R (A) 2.3004 3.8437 5.3886 6.9344 8.4808 Cubic Isotropic

1 0.8936  0.9546 0.9821 1.0049 1.0240  1.2080 1.2488
0.8936  0.9546 0.9821 1.0049 1.0240  1.2080 1.2488
0.8936  1.0512 1.0917 1.1118 1.1290  1.3112 1.3637
0.9165  1.0512 1.0917 1.1118 1.1290  1.3112 1.3637
0.9165  1.0512 1.0917 1.1118 1.1290 1.3112 1.3637
1.0281  1.0673 1.1346 1.1862 1.2217  1.4412 1.4942
1.0281  1.0673 1.1346 1.1862 1.2217  1.4412 1.4942
1.0281  1.0673 1.1346 1.1862 1.2217  1.4412 1.4942
1.1834  1.4503 1.5993 1.6936 1.7584  2.0580 2.1465
10 1.3029  1.50535 1.6240 1.7031 1.7599  2.0580 2.1465
11 1.3029  1.5055 1.6240 1.7031 1.7599  2.0580 2.1465
12 1.3029  1.5055 1.6240 1.7031 1.7599  2.0791 2.1677
13 1.3615  1.6057 1.7275 1.7918 1.8124 21176 2.2204
14 1.3615  1.6081 1.7349 1.7918 1.8124 21176 2.2204
15 1.4047  1.6081 1.7349 1.7918 1.8124  2.1668 2.2204
16 1.4907  1.7084 1.7640 1.8080 1.8550  2.1668 2.2540
17 1.4907  1.7084 1.7640 1.8080 1.8550  2.1668 2.2540
18 1.4907  1.7084 1.7640 1.8116 1.8735  2.2938 2.3948
19 1.7025  2.0076 2.1594 2.2453 2.2986  2.8106 2.8919
20 1.7025  2.0076 2.1594 2.2453 2.2986  2.8106 2.8919

©C WU WN

69

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 4.15 Normalized frequencies for silicon spheres with assumed material isotropic
symmetry obtained from molecular dynamics

Points 312 624 1064 1640 2368 7736 Continuum
R (X) 10.00 10.00 10.00 10.00 10.00 10.00 Isotropic
1 17161 18948 10516 20313 2.0926 22326 25011
1.7161 1.8948 1.9516 2.0313 2.0926 22326  2.5011
1.8376 1.9248 2.0208 2.0827 2.1504 22602  2.5011
1.8376 1.9248 2.0208 20827 21504 22602 25011
1.8376 1.9248 2.0208 2.0827 2.1504 22602  2.5011
2.0925 2.1753 2.2359 22984 23520 24488  2.6361
2.0925 2.1753 2.2359 22984 23520 24488  2.6361
2.0925 2.1753 2.2359 22984 2.3520 24488  2.6361
2.1369 2.1930 2.2599 2.3161 2.3699 24561  2.6361
10 21369 21930 22599 2.3161 2.3699 24561  2.6361
11 24572 26659 2.7449 2.8448 29224 3.0720  3.3639
12 24572 26650 27449 2.8448 2.9224 3.0720  3.3639
13 24572 26650 2.7449 2.8448 2.9224 3.0720  3.3639
14 24620 26926 2.9381 3.0307 3.1713 3.4011  3.8647
15 2.4620 2.7997 2.9381 3.0965 3.2317 3.4350  3.8647
16 24620 27997 29381 3.0965 3.2317 3.4350  3.8647
17 25381 27997 3.0238 3.0965 3.2317 3.4350  3.8647
18 25607 3.0053 3.0251 3.1811 3.2496 3.4684  3.8647
19 25607 3.0053 3.0251 3.1811 3.2496 3.4684  3.8647
20 25607 3.0053 3.0251 3.1811 3.2496 3.4684  3.8647
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Table 4.16 Normalized frequencies for silicon spheres with assumed material cubic
symmetry obtained from molecular dynamics

Points 312 624 1064 1640 2368 7736 Continuum
R (A) 10.00 10.00 10.00 10.00 10.00 10.00 Cubic
1 1.4886 1.5937 1.6732 1.7332 1.7920 1.9006 2.1295

2 1.4886 1.5937 1.6732 1.7332 1.7920 1.9006 2.1295
3 1.4886 1.5937 1.6732 1.7332 1.7920 1.9006 2.1295
4 1.7010 1.7561 1.8152 1.8602 1.9055 1.9790 2.1320
5 1.7010 1.7561 1.8152 1.8602 1.9055 1.9790 2.1320
6 1.7070 1.8767 1.9413 2.0197 2.0834 2.2181 2.4780
7 1.7070 1.8767 1.9413 2.0197 2.0834 2.2181 2.4780
8 2.0372 2.0219 2.2090 2.2774 2.3294 2.4248 2.6109
9 2.0372 2.1563 2.2090 2.2774 23294 2.4248 2.6109
10 2.0372 2.1563 2.2090 2.2774 2.3294 2.4248 2.6109
11 2.0646 2.1563 2.2939 2.3309 2.4590 2.6816 2.9547
12 2.1059 2.3384 23875 2.4944 2.5597 2.6955 2.9547
13 21059 2.3384 2.3875 2.4944 2.5597 2.6955 2.9547
14 2.1059 2.3384 2.3875 2.4944 2.5597 2.6955 3.1308
15 21323 2.5780 2.6048 2.7578 2.8245 3.0514 3.4418
16 2.1323 2.5780 2.6048 2.7578 2.8245 3.0514 3.4418
17 21323 25780 2.6048 2.7578 2.8245 3.0514 3.4418
18 22929 2.7015 2.8369 2.9904 3.1183 3.2626 3.5273
19 22929 2.7015 2.8369 2.9904 3.1183 3.2626 3.5273
20 2.3281 2.7015 2.8369 2.9904 3.1183 3.2626 3.5273
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Table 4.17 Normalized frequencies for silicon cubes with assumed material isotropic
symmetry obtained from molecular dynamics

Points 343 729 1331 2197 8000
L (A) 16.120 16.120 16.120 16.120 16.120 Continuum
R (A) 10.00 10.00 10.00 10.00 10.00 Isotropic

1 1.4657 1.5395 1.5851 1.6159 1.6732 1.7723

2 1.4657 1.5395 1.5851 1.6159 1.6732 1.7723

3 1.8159 1.9306 2.0064 2.0602 2.1664 2.3724

4 1.8159 1.9306 2.0064 2.0602 2.1664 2.3724
5 1.8159 1.9306 2.0064 2.0602 2.1664 2.3724
6
7
8
9

1.9673 2.0998 2.1621 2.2044 2.2837 2.4224

1.9994 2.0998 2.1621 2.2044 2.2837 2.4224

1.9994 2.0998 2.1621 2.2044  2.2837 2.4224

1.9994 2.1210 2.2250 2.3000 2.4513 2.7081
10 21776 2.2966  2.3720 24241  2.5243 2.7081
11 21776 2.2966  2.3720 24241  2.5243 2.7081
12 21776 2.2966  2.3720 2.4241  2.5243 2.7561
13 22392 23742 24464 2.4958  2.5892 2.7561
14 22392 23742 24464 24958  2.5892 2.7561
15 22392 23846 24787 2.5443 2.6717 2.9082
16 2.2586 2.3846 24787 2.5443 2.6717 2.9082
17 22586 2.3846 24787 25443 2.6717 2.9082
18 24595 26179 27211  2.7935  2.9355 3.2045
19 24595 26179 27211 2.7935 2.9355 3.2045
20 2.4881 2.6949 2.8303 2.9255 3.1110 3.3975
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Table 4.18 Normalized frequencies for silicon cubes with assumed material cubic sym-
metry obtained from molecular dynamics

Points 343 729 1331 2197 8000

L (A) 16.120 16.120 16.120 16.120 16.120 Continuum
R (X) 10.00 10.00 10.00 10.00 10.00 Cubic
1.3768 15107 1.5694 1.6012 1.6602 1.7622
1.3938  1.5107 1.5694 1.6012 1.6602 1.7622
1.3938 15107 1.5884 16437 1.7518 1.9672
1.3038  1.5224 1.5884 1.6437 1.7518 1.9672
14461 15224 1.5884 1.6437 1.7518 1.9672
1.4461 15365 1.6454 17242 1.8817 2.2072
1.7523  1.8694 1.9339 1.9778 2.0583 2.2072
17523 1.8694 1.9339 1.9778 2.0583 2.2072
1.7523  1.8971 1.9888 2.0512 2.1664 2.3591
1.7647 1.8971 1.9888 20512 21664  2.3591
1.7647 1.8971 1.9888 2.0512 2.1664 2.3591
1.8676 1.9836 2.0565 2.1067 2.2014 2.3780
1.8676  1.9836 2.0565 2.1067 2.2014 2.3780
1.8676 1.9836 2.0565 2.1067 2.2014 2.3780
1.9417  2.1050 2.2042 2.2741 2.3764 2.5710
1.0417 21050 2.2042 22741 2.3764 2.5710
19417 21561 22310 22800 2.3764 2.5710
1.9539 2.1561 22310 2.2800  2.4092 2.6691
1.9539 21561 22310 2.2800 2.4092 2.6691
2.0528 21613 2.2088 24000 2.5967 2.9709
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Table 4.19 Normalized frequencies for pentahedral silicon pyramids with assumed ma-
terial isotropic symmetry obtained from molecular dynamics

Points 406 904 1690 6416

H (A) 14.646 14.646 14.646 14.646 Continuum
R (A) 10.00 10.00 10.00 10.00 Isotropic
0.5437 0.5681 0.5861 0.6212 0.7251

2 0.6849 0.7358 0.7732  0.8443 1.0403

3 0.7743  0.8095 0.8359 0.8880 1.0558

4 0.8702  0.9096 0.9389  0.9970 1.1900

5 0.8702 0.9096 0.9389 0.9970 1.1900
6
7
8
9

et

1.1026 1.1879 1.2442  1.3407 1.5716

1.1026  1.1879 1.2442 1.3407 1.5716

1.2026  1.2680 1.3131 1.4011 1.7135

1.2026 1.2680 1.3131 1.4011 1.7135
10 1.2551 1.3053 1.3467 1.4366 1.7495
11 1.3010 1.3614 1.3999 1.4771 1.7509
12 1.3094 1.3738 1.4182 1.4935 1.7721
13 1.3135 1.4082 1.4723 1.5855 1.8850
14 1.4421 1.5303 1.5801 1.6765 1.9350
15 1.4648 1.5647 1.6476 1.7912 2.1156
16 1.5421 1.6698 1.7494 1.8830 2.2951
17 1.5421 1.6698 1.7494 1.8830 2.2951
18 1.6181 1.7774 1.8721 1.9965 2.3795
19 1.7027 1.8222 1.8846 2.0216 2.4442
20 1.7562 1.8315 1.9022 2.0321 2.5006
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Table 4.20 Normalized frequencies for pentahedral silicon pyramids with assumed ma-
terial cubic symmetry obtained from molecular dynamics

Points 406 904 1690 6416
H (A) 14.646 14.646 14.646 14.646 Continuum
R (A) 10.00 10.00 10.00 10.00 Cubic
1 04987 05553 05778 0.6129 0.7170
2 05354 05598 05955  0.6695 0.8628
3 06873 0.7224 0.7481 0.7979 0.9526
4 07744 0.8201 0.8532 0.9168 1.1143
5 07744 0.8201 0.8532 0.9168 1.1143
6
7
8
9

0.8757 0.9547 1.0086 1.1037 1.3406

0.8757 0.9547 1.0086 1.1037 1.3406

0.9543 1.0474 1.1123 1.2070 1.5193

0.9923 1.0619 1.1125 1.2070 1.5193
10 0.9953 1.0639 1.1125 1.2186 1.5428
11 0.9953 1.0639 1.1139 1.2299 1.5711
12 1.1329 1.2437 1.2995 1.3711 1.6266
13 1.2140 1.2637 1.3187 1.4068 1.6703
14 1.2341 1.2953 1.3347 1.4485 1.7394
15 1.3465 1.4461 1.5176 1.6339 1.8879
16 1.3477  1.4643 1.5256 1.6579 2.0991
17 1.3477 1.4886 1.5763 1.7126 2.1345
18 1.3590 1.4947 15772 1.7126 2.1480
19 1.3757  1.4947 1.5772  1.7269 2.1480
20 1.4333 1.5406 1.6158 1.7521 2.1887
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Chapter 5
Summary and Conclusions

The main objectives of this work were to 1) evaluate the size dependence of the
vibrational properties of particles at the nanoscale, and 2) evaluate the applicability of
the continuum mechanics assumption to determine their natural frequencies and mode
shapes. To achieve this goal, the vibrational spectra of nanostructures with different
shapes, sizes, and made of different materials has been studied using three different
methods: molecular mechanics, molecular dynamics, and continuum mechanics.

Molecular mechanics is an atomistic approach to model molecular structures. In
these method, the atoms are connected by bonds that describe all possible interac-
tions. These interactions are expressed in terms of potential energy functions, which
are stated as functions of different parameters. These parameters are determined
by calibration to reproduce experimental data or to match results obtained using
the more sophisticated quantum mechanics method. This method begins with the
optimization of the structure to find the equilibrium geometry, which corresponds
to the lowest possible energy level. Then, the natural frequencies of vibration and
the respective modes are determined by assuming harmonic motion, and solving the
resulting eigenvalue problem.

The molecular dynamics approach employed in this study is based on the work
presented by Saviot et al. [22]. In their approach, the solid of arbitrary shape is
constructed from a crystal cubic lattice of mass points connected by springs. Saviot

and co-workers proposed harmonic functions to state the potential energy equations
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describing the coupling between first, second, third, and so on neighbors, as well as
the octet interactions. They showed that only three interaction terms are needed
to reproduce the behavior of a general cubically elastic material, and reported the
constants for the potential energy equations in terms of the parameters Cyy, Cio,
and Cyy of the continuum material. Based on this potential energy equations, com-
bined with the Euler-Lagrange equations, and assuming harmonic motion the general
eigenvalue problem was obtained, and then solved to evaluated the natural vibrational
frequencies and modes of the nanoparticles.

The equations of motion for a general anisotropic linearly elastic material form
the base for the continuum mechanics method. The weak form of the governing
equations is determined using a variational approach. The resulting differential equa-
tions are not directly solved, instead, using the Ritz method, approximate solutions
are obtained, and expressions for the displacements are approximated as finite linear
combinations of power series. The final eigenvalue problem is obtained by assuming
harmonic motion.

Molecular mechanics was used to determine the natural frequencies of sphere-,
cube-, and tetrahedron-shaped nanoparticles. Pyramid-shaped nanostructures were
not analyzed using this approach because that is not a shape that the materials
considered in this study would naturally form at the nanoscale level due to its crystal
geometric structure. On the other hand, the natural frequencies of sphere-, cube-,
and pyramid-shaped silicon nanoparticles having isotropic and cubic symmetries were
calculated using molecular dynamics, and tetrahedron-shaped nanostructures were

not considered because the molecular dynamics approach employed here is based on
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a cubic lattice with which is not possible to reproduce all the geometric symmetries
of a tetrahedron.

Three different materials were considered in this study: silicon, germanium, and
carbon, with the purpose of reviewing the influence of the element properties on the
nanostructure vibrational properties as we move from one row to the next one in the
periodic table within the same group.

The primary features and most important conclusions obtained from this work
related with the vibrational behavior of the nanostructures with shapes, made of the

materials, and using the analytical methods considered in this work are as follows

1. There is a dependence of the behavior of particles on the size at the nanoscale.
In particular, the magnitude of the frequencies, and the number and groups of

degenerate frequencies change with the size of the particle.

2. Normalized frequencies increase non-linearly with the number of atoms forming
the particle. The latter indicates, as a consequence, that the equivalent con-
tinuum elastic stiffness constants also depend on the size for particles at this

scale.

3. Normalized frequencies increase linearly as a function of the size of the nanopar-
ticles. The latter indicates that the scale invariance of the normalized frequency
in continuum elasticity does not hold for the range of particles sizes considered

in this study.

4. The variation with size of the lowest normalized frequency for spherical nanopar-

ticles was not smooth when the molecular mechanics method was employed.
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This is explained by the fact that due to the crystal structure of the materials
considered, the geometry of the molecular models is not perfectly spherical, and

it actually changes as the number of atoms is increased.

5. The lowest frequency for cube- and tetrahedron-shaped structures obtained us-
ing molecular mechanics exhibited a smooth variation with the number of atoms
forming the particle, allowing the fitting of a second order polynomial. The
variation of the lowest normalized frequencies with the size of the particle is
also smooth, and linear equations describing this behavior were obtained from

least-square curve fitting.

6. The converged values for the lowest normalized frequency of cube-shaped nanopar-
ticles according to the fitted second order polynomials are 1.793, 2.22, and 1.50
for silicon, germanium, and carbon, respectively. Compared with the lowest
continuum mechanics frequency obtained assuming cubic symmetry, these val-
ues are only 1.8% lower for silicon, 26% higher for germanium, and 15% lower

for carbon cubes.

7. The converged values for the lowest normalized frequency of tetrahedron-shaped
nanoparticles according to the fitted second order polynomials are 1.175, 1.46,
and 1.04 for silicon, germanium, and carbon, respectively. Compared with
the lowest continuum mechanics frequency obtained assuming cubic symmetry,
these values are only 2.9% lower for silicon, 21.3% higher for germanium, and

13.9% lower for carbon cubes.

8. There is a better fitting for silicon than there is for germanium and carbon
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nanoparticles. This behavior may be explained by the fact that the parameters
used in the interatomic potential of the molecular mechanics method were not
mainly determined for vibrational analyses, and a better calibration is required.
This task can be accomplished by fitting the available vibrational spectroscopy
data, and if needed, by introducing additional parameters in the interatomic

potential functions.

9. Normalized frequencies of nanoparticles may be estimated using the proposed

equations for the shapes, size range, and materials considered here.

10. Vibrational mode shapes match between molecular and continuum mechanics
methods for the particles composed by the higher considered number of atoms,
at least for the lowest of frequencies. This is an indication that the frequencies
should also match if frequencies for particles formed by a sufficient number of

atoms are determined.

11. The validity of the continuum mechanics assumption for determining the vibra-
tional spectra of particles at the nanoscale depends not only on the size, but

also on the material of which the nanostructure is made.

12. Initial estimates of the lowest vibrational frequencies of nanostructures may be
obtained using continuum mechanics. However, a more accurate method such

as quantum mechanics must be used for final analyses or rigorous conclusions.

13. The normalized natural frequencies for silicon particles obtained using the molec-
ular dynamics approach proposed by Saviot et. al [22] increase as the solid is

discretized into a larger number of mass points.
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14. According to the present work, molecular dynamics normalized frequencies ap-
proach to continuum values from below. However, for the maximum number
of points considered here, agreement between these methods was not achieved.
It is believed that the simplifications made based on the assumption of small
amplitude of vibrations, and the maximum number of mass points used in the
discretization of the solids are the main causes of the poor agreement achieved
between molecular dynamics and continuum mechanics methods. Therefore, the
molecular dynamics approach is expected to be able to recover the continuum
frequencies, as reported in the literature [30], when the solids are discretized

using a sufficient number of mass points.

15. The number and groups of degenerate frequencies were identical between molec-
ular dynamics and continuum mechanics methods for all the geometries stud-
ied. This behavior was expected since the parameters of this method were

determined to replicate the components of the linear elastic stiffness tensor.
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