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ABSTRACT OF THESIS
SPATIAL ANALYSIS OF SOIL MOISTURE AT THE CATCHMENT SCALE WITH

APPLICATIONS FOR ESTIMATION AND INTERPOLATION

The spatial distribution of soil moisture is important to numerous applications in
hydrology, agriculture, ecology and climatology. Soil moisture is a state variable for
many physical processes in these fields such as infiltration and transpiration. Because
these processes often have non-linear relationships with soil moisture, they depend on the
spatial variation of soil moisture. The spatial variation of soil moisture can be complex
because it can change through time. The goal of this thesis is to characterize the time
varying properties of soil moisture patterns, from which to develop improved soil
moisture estimation and interpolation methods. Here, soil moisture patterns are studied
using Empirical Orthogonal Function (EOF) analysis. EOF analysis decomposes space-
time variability into a series of time-invariant spatial patterns (EOFs) and spatially-
invariant time series called expansion coefficients (ECs). This method is applied to soil
moisture data from the 10.5 ha Tarrawarra catchment in Australia. High-resolution soil
moisture patterns are available for 13 days, spanning 14 months. The analysis shows
that three EOFs explain 70% of the dataset variation. Connections are drawn between
these EOFs and hydrologic processes that affect soil moisture. In particular, the most
important EOF (EOF1) is most highly correlated with the topographic wetness index,
which is conceptually related to steady lateral flow. The second most important EOF

(EOF2) is most highly correlated with the potential solar radiation index, which is related
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to evapotranspiration. The third most important (EOF3) is most highly correlated to
elevation and is related to the seasonal wetting-up and drying-down of the catchment.

The EOFs and ECs are used for the purposes of estimation and interpolation. In
the estimation problem, an estimate of the soil moisture pattern is desired for a time when
only the spatial average soil moisture is known. It is assumed that the site’s EOFs can be
derived from fine resolution soil moisture data collected in a previous, short field
campaign. The EC values are estimated from empirical relationships with the average
soil moisture. Here, only ECs 1 and 2 are considered to be predictable through time, but
this may be due to the limited temporal size of the dataset. An estimated soil moisture
pattern is constructed form the average soil moisture, the observed EOFs 1 and 2, and the
estimated ECs 1 and 2. This EOF-based estimation method is shown to outperform other
available methods. Likewise in the interpolation problem, soil moisture patterns are
observed only at a coarse scale and a high resolution pattern is desired. In this case, the
ECs from the coarse data are used directly, and the EOFs from the coarse data are
interpolated to a higher resolution using either a distance-based method or multiple linear
regression with topographic attributes. For spatial interpolation the number of useful
EOFs is shown to vary with the coarse data spacing, but up to 4 EOFs are useful here.
The EOF-based soil moisture interpolation provides better estimates of the fine-scale soil
moisture patterns than direct soil moisture interpolation because the EOFs exhibit more
consistent spatial behavior than measured soil moisture.

This study shows that EOFs exhibit stronger topographic dependence than soil
moisture, because important variation at Tarrawarra is related to topography and is

partitioned into low order EOFs. Less important sources of variation and random noise
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are partitioned into high order EOFs. Low order EOFs are shown to exhibit distinct and
higher linear correlations with common topographic attributes than soil moisture itself.
Likewise in a geostatistical analysis, low order EOFs are shown to exhibit distinct and
more consistent variogram functions than soil moisture. Previous studies have noted the
difficulty of quantifying the time-varying relationship between dynamic soil moisture
patterns and static topography. This study shows that time-invariant EOF patterns exhibit
time-stable relationships to topography. The time-varying nature of the soil moisture-
topography relationship can be quantified by the associated ECs.

Finally, this thesis presents opportunities for future research. The Tarrawarra
catchment has a strong seasonal climate, as well as spatially uniform soils and vegetation.
Future studies should apply similar EOF analysis to sites without seasonal variation, with
non-uniform vegetation and with non-uniform soils. In addition, analysis of the temporal
behavior of ECs was limited here due to the dataset’s small temporal dimension.
Unfortunately, there is a scarcity of soil moisture datasets with large space and time
dimensions. One possible solution is computer simulation of soil moisture data.
Simulation of large amounts of soil moisture data could allow better characterization of
ECs. Based on results here, it is anticipated that ECs will exhibit more certain temporal
behavior than soil moisture. This should allow better soil moisture forecasting when
time-series modeling is done on ECs instead of on soil moisture itself.

Mark A. Perry
Civil Engineering Department
Colorado State University

Fort Collins, CO 80523
Summer 2006
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1 Introduction

The general topic of this thesis is the spatial analysis of soil moisture at the
catchment-scale. Understanding soil moisture spatial variation is important for
hydrology, agriculture, ecology, and climatology. In hydrology, it has been shown that
patterns of soil moisture in a catchment can result in very different hydrologic responses
to rainfall, even if other statistical properties like the mean, variance and spatial
autocorrelation are the same. For example, in a four-season climate, average soil
moisture may be similar during spring and autumn, but the spatial distribution of wet and
dry areas may be quite different as the landscape dries down or wets up [Western et al.,
1999a]. At the scale of hillslopes and drainage gullies, it has been observed that if wet
soil areas are connected to a catchment outlet along flow lines there is a greater potential
for surface runoff than if the same wet areas are distributed randomly due to decreased
opportunity for run-on infiltration [Western et al., 1999b]. In agriculture, crop yield can
exhibit a complex response to the variability of soil moisture. Crop yield depends
nonlinearly on soil moisture. In particular, at very high or very low soil moisture values,
crop yield effectively shuts down [Jaynes et al., 2003]. At the scale of ridges, hillslopes
and local depressions, Jaynes et al. [2003] showed that crop yield changes based on the
distribution of soil moisture, not just its spatial average. In ecology, forest stand
heterogeneity was related to soil moisture, topography and temperature differences within

a 21.65 km” forest [Moore et al., 1993]. In climatology, the spatial distribution of soil



moisture affects Earth’s energy balance. The distribution of moisture relative to that of
solar radiation determines the partitioning of sensible versus latent energy flux [Bras,
1999]. At regional scales this partitioning has implications for climate, especially where
atmospheric moisture is derived locally from land surface-atmosphere interactions (e.g.,
evapotranspiration) [Eltahir and Bras, 1994].

In this study, a high-resolution spatiotemporal soil moisture dataset is analyzed
statistically in order to better understand its organization. The data are ground-based,
point soil moisture measurements collected on 13 sampling dates, spanning 14 months, at
the 10.5 ha Tarrawarra catchment in southeast Australia [Western and Grayson, 1998].
The catchment is pasture land, has significant topographic relief and duplex soils, where
a relatively high permeability A horizon is underlain by a low permeability B horizon.
The Tarrawarra has a seasonal climate that results in distinct wet and dry periods. During
wet periods, spatial distribution of soil water is driven by the topographic gradient and
water is distributed laterally in the A horizon [Grayson et al., 1997]. During dry periods,
it has been observed that lateral redistribution decreases and the spatial distribution of
soil moisture is controlled mainly by the spatial variation in evapotranspiration, which
depends on soil properties, vegetation, and topographic slope and aspect [Grayson et al.,
1997; Western et al., 1999a; Wilson et al., 2005]. The interaction of these and other
processes result in complex soil moisture patterns. These patterns have proved difficult
to characterize and even more difficult to estimate and interpolate due to their shifting
nature relative to static site properties.

Herein, empirical orthogonal function (EOF) analysis is applied to this problem.

EOF analysis has been used extensively in meteorology to characterize complex space-
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time datasets [Buell, 1978; Biau et al., 1999; Liu, 2003]). More recently it has been
applied to soil moisture, but mostly at large scales where more time-stable patterns of soil
moisture might be expected [Kim and Barros, 2002b; Yoo and Kim, 2004]. In this study
EOF analysis is applied at the catchment scale where soil moisture variation has been
observed to be highly dynamic. In general EOF analysis uses statistical covariance to
identify common underlying patterns in complex data. The underlying spatial patterns
(EOFs) are time-invariant (i.e., they occur on all sampling dates), but vary in their
importance according to time-varying weights (expansion coefficients or ECs).

The body of this thesis consists of two distinct but related papers entitled
“Analysis and Estimation of Soil Moisture at the Catchment Scale Using EOFs” (Chapter
2) and “Improved Spatial Interpolation of Soil Moisture at the Catchment Scale Using
EOFs” (Chapter 3). The union of these two papers results in some overlap; however, in
general they are very complimentary and share the overarching goal of better
understanding and prediction of soil moisture spatiotemporal variation. In Chapter 2,
patterns of soil moisture spatial variation are analyzed first, and common underlying
patterns are identified. It is shown that just two spatial patterns describe almost 65% of
observed variation over the 13 sampling dates. The relative importance of these two
patterns varies through time to produce a surprising complexity of soil moisture
distributions on different sampling dates. The two primary patterns, EOF1 and EOF2, are
analyzed in detail and are interpreted in terms of their possible physical origins. In
Chapter 2, EOFs 1 and 2 are analyzed enough to identify them as the wet and dry season

modes of variation (associated with lateral drainage and ET) previously observed at



Tarrawarra [Grayson et al., 1997]. This issue is revisited in Chapter 3 where physical
significance of the EOFs is analyzed more rigorously.

Chapter 2 also exchanges the space and time axes in the EOF analysis to identify
space-invariant patterns of temporal variation. It is observed that the vast majority of
temporal variation (94%) is associated with a spatially uniform seasonal response. More
specifically, the entire catchment wets up and dries down together. Overall, temporal
variation is much larger than spatial variation. However, given its single, dominant
modality, temporal variation is fairly easy to characterize. This analysis shows that the
more significant problem with soil moisture at the catchment scale is characterizing its
spatial distribution. For example, given a change in the catchment average soil moisture,
what does the spatial distribution of soil moisture look like?

After the temporal EOF analysis, Chapter 2 returns to the spatial EOF analysis in
order to develop an improved method of soil moisture estimation. For this method, it is
assumed that a high-resolution soil moisture dataset like Tarrawarra is available over a
limited time period for the study area. From this dataset, EOFs (time-invariant spatial
patterns) and ECs (time-varying weights) are identified. Further study of time-weights
(ECs) shows them to vary seasonally, as the spatial average soil moisture in the
catchment changes. Each EC can be estimated using a cosine function of the spatial
average, where the functions for ECl and EC2 (weights for EOF1 and EOF2,
respectively) show distinct phase-shifts, reflecting the alternating seasonal role of each
EOF. With such functions defined, the importance of each EOF pattern can be estimated
at an unobserved time given only the spatial average soil moisture for that time. A high-

resolution soil moisture spatial pattern is then estimated for that time as a linear



combination of the observed EOFs, weighted by the estimated ECs. The remaining
question 18 how to estimate the spatial average soil moisture at the unobserved time.
Various methods of estimating spatial average soil moisture are discussed, including
remote sensing (in which case the estimation method here could be described as
downscaling), a simple water balance model (where the estimation might be referred to as
disaggregation), or strategic ground-based monitoring to track the catchment average
through time. Ground-based tracking of the spatial average has been discussed in
literature [Grayson and Western, 1998]; however, it is developed further in Chapter 2
herein. It is demonstrated that given a space-time soil moisture dataset, locations can be
identified that have a high linear correlation to the spatial average through time. At each
such location, a regression relationship can be established between point soil moisture
and the spatial average. In the future, such a location can be monitored and the
regression relationship used to estimate the catchment average soil moisture. Further, it
is shown that a similar approach can be taken to track the EC weights directly. Finally in
Chapter 2, the proposed soil moisture estimation method is compared to several available
methods from the literature. The method proposed herein is shown to outperform the
others. It is proposed that the EOF characterization of soil moisture not only produces
better estimates but also produces those estimates based on an explicit consideration of
the underlying patterns of spatial variation.

In Chapter 3, the focus is on the decomposition of soil moisture for the purpose of
interpolating soil moisture patterns from widely-spaced observations. Results from
Chapter 2 indicated that soil moisture can be decomposed roughly according to

underlying hydrological processes. In Chapter 3, it is hypothesized that the decomposed



variables exhibit distinct spatial structures associated with these processes. For example,
we expect the EOF associated with lateral drainage to have a different relationship to
topography than the EOF associated with evapotranspiration. In fact, it is shown that
several of the EOFs exhibit distinct spatial behavior — distinct from each other and from
the original soil moisture data from which they are derived. This is shown first with a
thorough analysis of the relationships of EOFs and soil moisture patterns to topographic
attributes. The EOFs are shown to exhibit different and more consistent dependence on
topography than the soil moisture patterns themselves. This result has far-reaching
implications because a large amount of effort in hydrology has been dedicated to relating
soil moisture variation to topography. Next, a simple geostatistical analysis is performed
on the EOF and soil moisture patterns. As with their relationships to topography, the
EOFs are shown to exhibit spatial structures that are distinct from and more consistent
than those of soil moisture. A connection is made between the spatial structure of EOFs
and that of their associated hydrological processes. Higher order EOFs are shown to
have similar spatial structure to noise, e.g., measurement error. This too has far reaching
implications. It suggests that standard geostatistical interpolation techniques may
perform better if soil moisture data are first decomposed using EOF analysis.

Next an EOF-based method of interpolation is developed and compared to
analogous methods applied directly to soil moisture. In the EOF-based methods, we start
with sparse soil moisture measurements from which ECs and sparse EOFs are computed.
The sparse EOFs are interpolated over the entire spatial domain using both a multiple
linear regression against topographic attributes and a simple inverse distance weighted

interpolation method (note that although the former is technically an estimation method,
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both are loosely referred to as interpolation methods here, because they are used to fill in
sparse spatial observations). Next, high-resolution soil moisture is estimated over the
entire domain using the observed ECs and the interpolated EOFs. It is shown that this
method of soil moisture interpolation outperforms direct interpolation of soil moisture,
because EOFs exhibit more consistent spatial behavior and thus are more predictable than
measured soil moisture. The results of Chapter 3 are important in that a large problem
with soil moisture is the cost and difficulty of measuring it. While the estimation method
proposed in Chapter 2 and other comparable methods in the literature perform well, they
have the overarching limitation of being extremely data intensive. In most circumstances
outside of research, high-resolution soil moisture data will rarely be available. In
contrast, the interpolation method in Chapter 3 has light data requirements. No high-
resolution soil moisture data are required.

Finally, Chapter 4 summarizes the implications of this study and identifies major

directions for further research.




2 Analysis and Estimation of Soil Moisture at the Catchment Scale

Using EOFs

Abstract

Soil moisture patterns and dynamics are important for numerous applications such
as flood forecasting, climate modeling, and management of agricultural lands.
Unfortunately, widespread observations of soil moisture are not currently available at the
spatial scale of most of these applications. Given these data limitations and the
complexity of soil moisture dynamics, there is a need to gain a better understanding of
soil moisture patterns and to develop methods that can efficiently estimate these patterns
from limited observations. In this paper, we use Empirical Orthogonal Function (EOF)
analysis to study the Tarrawarra soil moisture dataset from Australia. EOF analysis
partitions the observed variation into a series of time-invariant spatial patterns (EOFs)
that can be multiplied by temporally varying (but spatially constant) coefficients and
summed to reconstruct observed soil moisture patterns. Using this approach, we identify
two important spatial patterns underlying soil moisture variability at Tarrawarra, which
supports previous contentions that the spatial patterns are controlled by local soil
properties in wet and dry conditions and topographic characteristics during intermediate

conditions. We also use the EOF analysis to identify points in the catchment whose



temporal variability is most representative of that of each underlying spatial pattern and
thus can be used to monitor the distinct modes of variability. Finally, we show that the
EOF approach can be used to estimate soil moisture patterns for unobserved times if a
field campaign has collected detailed soil moisture observations for a limited time period

in the past.

2.1 Introduction

Soil moisture is a fundamental state variable in hydrology, meteorology, and
agriculture, and plays an important role in numerous applications in these fields. It is
well known, for example, that soil moisture affects runoff production. Western et al.
[1999b] showed that the spatiotemporal distribution of soil moisture has a strong impact
on the response of stream discharge to rainfall events, and they found that poor
representations of soil moisture patterns in hydrologic models can produce significant
errors in the estimated runoff. Kitanidis and Bras [1980] showed that wet soil moisture
conditions play a significant role in producing floods. Soil moisture also affects plant
growth and evapotranspiration, and for locations where precipitation is largely derived
from local evapotranspiration, soil moisture conditions can promote the persistence of
droughts and wet periods as well [Eltahir and Bras, 1994]. Delworth and Manabe [1988]
emphasized the need for good quality spatiotemporal soil moisture data for modeling of
the Earth’s climate, and Liu [2003] showed that spatial patterns of soil moisture are
linked to precipitation patterns in a regional climate model of southeast Asia. Soil
moisture also affects erosion from overland flow and the formation of gullies [Zaslavsky

and Sinai, 1981; Moore et al., 1988]. In agriculture, Jaynes et al. [2003] showed that



spatiotemporal variation in soil moisture was reflected in crop yield. For example, low-
lying areas of an Iowa field had higher than average corn yields in dry years due to their
relatively abundant soil moisture, whereas these same areas produced lower than average
yields in wet years because they were too wet. Green and Erskine [2004] observed
similarities in the spatial autocorrelation of crop yield and early season soil moisture.
They interpreted this as showing the importance of soil moisture for seed germination for
dryland farming.

The spatiotemporal patterns of soil moisture are quite complex because they
depend on multiple physical processes that can produce very distinct patterns. In some
cases, soil moisture is locally controlled [Vachaud et al., 1985; Western et al., 1999a],
meaning that the soil moisture at a location is primarily controlled by properties at the
same location. Locally controlled soil moisture can be caused by strong spatial variations
in soil properties or by the dominant role of vertical fluxes like evapotranspiration and
infiltration in determining the soil moisture. Vachaud et al. [1985] identified temporally
persistent soil moisture patterns at the field scale, and Kachanoski and De Jong [1988]
argued that these soil moisture patterns were locally controlled. In other cases, soil
moisture is horizontally redistributed, which introduces non-local dependencies.
Computing spatial autocorrelation, Kachanoski and De Jong [1988] demonstrated that
soil moisture at a point can interact with the soil moisture at neighboring locations, which
produces more complex temporal behavior. Burt and Butcher [1985] observed lateral
redistribution of soil water on a 1.4 ha hillslope via saturated flow above shallow
impermeable bedrock. They documented the development of saturated areas at downbhill,

low slope, and convergent locations, which implies accumulation of flow in these areas.

10



Soil moisture can move horizontally even where soils are deep and unsaturated.
Zaslavsky and Sinai [1981] argued that lateral movement of soil water is expected from
anisotropic permeabilities caused by soil layering. Under certain conditions, they showed
that the horizontal flux is proportional to the vertical flux, the ground slope, and the
degree of anisotropy. This leads to accumulation of soil moisture in areas of concave-up
curvature.

The relative roles of vertical and horizontal fluxes can vary in time at a given
location as well. Burt and Butcher [1985] calculated the correlation between soil
moisture and the wetness index (WI). WI is defined as the natural log of the ratio of the
land area that drains through a unit length of contour to the local slope and is therefore
associated with horizontal fluxes [Beven and Kirkby, 1979]. Burt and Butcher [1985]
found that the correlation varied with time and was generally better during wet
conditions. For the small Tarrawarra catchment in southeastern Australia, Western et al.
[1999a] showed that correlations between soil moisture and topographic characteristics
were lowest for dry conditions, rose for moderately wet conditions, and decreased again
for very wet conditions. For moderately wet conditions they found that soil moisture
correlates best with the natural log of drainage area. They suggested that the topographic
influence on soil moisture during moderately wet conditions was mainly due to the lateral
redistribution of water in the soil. For dry austral summer dates, they found that soil
moisture usually correlated best with potential solar radiation index (PSRI) [Moore et al.,
1993], which describes topographic aspect in comparison with the position of the sun.
Here, Western et al. [1999a] suggested that topographic influence on soil moisture was

mainly due to evapotranspiration. Florinsky et al. [2002] also found seasonally-varying
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correlations between topographic characteristics and soil moisture at a site in the
Canadian prairie. However, for this low relief site, topographic characteristics had a
weaker relation with the soil moisture patterns.

As with topographic dependence, the spatial structure of soil moisture can vary
due to the time-varying importance of multiple hydrologic processes acting at different
spatial scales. Seyfried and Wilcox [1995] discussed soil moisture variation from the
spatial scale of shrub “islands™ in a sparsely vegetated landscape to a larger scale related
to topographic and geological variations. They illustrated how wet areas associated with
vegetation at small scales are nested in and subsumed by larger scale dry areas associated
with certain underlying geologic formations. Green and Erskine [2004] found that soil
moisture at the field scale in a semi-arid climate lacked a stationary correlation length,
which is consistent with scaling-invariant behavior. However, others have found that soil
moisture had a clear variogram sill [Western et al., 1998]. Western et al. [1998]
computed soil moisture variograms for different sampling dates at Tarrawarra and
showed generally longer correlations lengths on dry dates than on wet dates. They
argued that the longer correlation lengths are related to the scale of evapotranspiration,
the dominant process affecting soil moisture during the dry periods. In contrast, the
shorter correlation lengths during the wet periods are related to the smaller spatial scale
of lateral redistribution. Western et al. [1999a] computed variograms for the residual
errors of soil moisture estimates based on the WI and the PSRI. They showed that PSRI
explains variation occurring at larger scales (>80 m), while WI explains variation at
smaller scales (>10 m, where 10m was equal to the sample spacing). Likewise,

comparison of two studies in Oklahoma reveals different controls acting at different
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scales. Yoo and Kim [2004] analyzed space-time patterns of soil moisture for two sites
in the Little Washita experimental watershed. They found that a single spatial pattern
can explain more than 70% of the observed soil moisture variation. This pattern is
correlated with topographic attributes. However, Jawson and Niemann (preprint, 2005)
analyzed soil moisture patterns for the same location at a much larger spatial scale using
remotely-sensed data from the Southern Great Plains 1997 field campaign [Jackson et al.,
1999]. They found that a single pattern could explain over 60% of the spatial variation,
but this pattern was most highly correlated with soil properties (percent sand and percent
clay). Kachanoski and De Jong [1988] related the scale of soil moisture variation to the
interaction of controlling hydrologic processes acting at different scales. They showed
that the spectral densities of soil moisture on two dry dates were highly correlated across
all observed scales. However, when a dry date was compared to a wet date, on which
lateral redistribution was thought to control soil moisture, the spectral densities were not
correlated below 40 m. Kachanoski and De Jong [1988] concluded that processes act at
different scales, with some processes acting locally and others acting over large distances.
They said that large scale processes can be modified by local processes, producing nested
patterns of variation.

Ultimately, the complex nature of soil moisture patterns makes them difficult to
estimate from sparse observations. For example, both Western et al. [1999a] and
Florinsky et al. [2002] stated that the time varying correlations they observed between
soil moisture values and topographic attributes limit the applicability of traditional
regression-based approaches in estimating soil moisture.  Western et al. [1999a]

emphasized that both lateral redistribution and evapotranspiration are important for
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determining soil moisture patterns and that there is a need to develop estimation methods
that account for both processes and their time-varying relative importance. They
proposed using a weighted combination of topographic attributes where the weights are
based on the average soil moisture at a particular time. Wilson et al. [2005] developed
and applied such a technique using a dynamic multiple linear regression. They proposed
their method as an improvement to Topmodel [Beven and Kirkby, 1979], because
Topmodel uses only WI as a predictor variable and assumes that it has a time invariant
and perfect correlation with soil moisture.

Based on this brief literature review, there is clearly a need to gain a better
understanding of soil moisture patterns and to develop methods that can estimate these
patterns from limited observations. In particular, a method is needed to identify distinct
underlying patterns of spatial variation in soil moisture and to estimate soil moisture in a
way that accounts for these patterns. In this paper, we propose Empirical Orthogonal
Function (EOF) analysis as an effective way to characterize and estimate soil moisture
patterns in a catchment where the soil moisture exhibits dynamic statistical properties.
EOF analysis is commonly used in the meteorological field to characterize
spatiotemporal variables [Preisendorfer, 1988; Liu, 2003]. It has also been used by Yoo
and Kim [2004] to characterize soil moisture for agricultural sites and by Jawson and
Niemann (preprint, 2005) and Kim and Barros [2002b] to characterize soil moisture at
large spatial scales. Here, we apply EOF analysis to soil moisture data from the
Tarrawarra catchment, which has been widely studied [Western et al., 1998; Western and
Grayson, 1998; Western et al., 1999a; Western et al., 1999b; Western et al., 2001; Wilson

et al., 2005] and found not to be time-stable in the traditional sense [Vachaud et al., 1985;
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Grayson and Western, 1998], that is a single temporally persistent pattern is not
observed. The EOF approach allows identification of persistent underlying patterns of
soil moisture variation, which has been a difficult problem in the past. We also develop a
soil moisture estimation method based on EOF analysis. This method is data-based and
relies on the availability of historical soil moisture observations to forecast soil moisture
patterns for unobserved times. It does not require one to identify predictor variables such
as WI or PSRI. The method is an extension of a technique developed by Rao and Hsieh
[1991] for forecasting streamflow hydrographs.

In the following section (Section 2.2), we describe the Tarrawarra catchment and
available soil moisture data. In Section 2.3, we describe the EOF analyses that are
performed on the spatial and temporal anomalies of soil moisture, and in Section 2.4, we
use the EOF approach to estimate soil moisture patterns for times when we know only the
spatial average soil moisture. In Section 2.5, we identify locations where the spatial
average soil moisture and important EOF variables can be monitored. Finally, in Section

2.6, we close the chapter with our main conclusions.

2.2 Field Site and Data

The soil moisture dataset used here is from the 10.5 ha Tarrawarra catchment in
southern Victoria, Australia (37°39' south, 145°26" east). The data were originally
collected and analyzed by Andrew Western and Roger Grayson [Western and Grayson,
1998] and are available online from the Global Soil Moisture Data Bank [Robock et al.,
2000]. The climate of Tarrawarra is temperate with an average annual rainfall of 820 mm

and a potential evapotranspiration of 830 mm. The summer is relatively dry, and the
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winter is relatively wet. The vegetation is planted pasture. Elevations from a total station
survey are available for the site at approximately a 10 meter spacing. Figure 2.1 shows
the catchment topography, which includes two subcatchments: an east subcatchment that
comprises about 60% of the total area, and a west subcatchment that accounts for the
remaining 40%. The catchment also contains two large hillslopes: a south-facing
hillslope in the northern portion of the catchment and a northwest-facing hillslope in the
southeastern portion of the catchment (labeled in Figure 1). The hillsides have slopes of
approximately 11-14%, the valley slopes are about 4%, and the maximum relief is 27 m.
Note that all figures herein show the Tarrawarra catchment such that UTM north is
oriented 14° clockwise from vertical.

Soil moisture data were collected across the catchment on 13 dates during a
period of about 14 months. The dates were selected to capture a normal range of
moisture conditions during the year [Western and Grayson, 1998]. Data were obtained
using a time domain reflectometry (TDR) device that was mounted on an all terrain
vehicle. Each TDR measurement represents an average soil moisture over the top 30 cm
of the soil profile. Throughout this paper, the soil moisture data are expressed as the
volume of water per volume of soil. Soil moisture data points are spaced at
approximately 10 meters along transects with approximately 20 meters between transects.
Although the exact locations of the TDR measurements varied between observation
dates, the circles in Figure 2.1 show a typical pattern of soil moisture sampling locations.
The average soil moisture is highest during winter and lowest during summer, which is

expected from the seasonal cycle of precipitation. The soil’s A horizon is 20 to 35 ¢cm

16



deep and is underlain by a low permeability B horizon. According to Western et al.
[1999a], this results in perched water tables in the A horizon during the winter months.

The soil moisture data from Tarrawarra contain measurement errors that can be
significant [Western and Grayson, 1998; Western et al., 1999a]. Western et al. [1999a]
cited an advertised standard error of +/-2% for the TDR equipment used, but their own
calibration efforts showed a standard error of +/-1.7%. They note that this error is a
significant part of the total soil moisture variance observed on dry sampling dates. For
example, on 23 February 1996, the error variance is 58% of the observed soil moisture
variance. On wet dates the instrument error is only a small part of the total soil moisture
variance.

Because EOF analysis requires observations to be available at the same locations
for each sampling time, the TDR data were interpolated onto a consistent grid with a
similar spacing as the original data (20m column spacing by 10m row spacing) using the
cubic spline method. The interpolation preserves the mean and has little effect on the soil
moisture patterns, because the original observations are nearly on a grid (see Figure 2.1).
However, the variance is slightly reduced. The loss in variance is expected for any
smooth interpolation method and is associated with the loss of extreme soil moisture
values. The spatial extent of the dataset is limited to the region that was consistently
sampled on all 13 dates. For this study, 459 measurement locations are used for each of

the 13 dates.
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2.3 EOF Analysis of Soil Moisture
2.3.1 Method

EOF analysis is a widely applied statistical method for analyzing large
multidimensional datasets. When applied to a space-time dataset, EOF analysis can be
used to decompose the observed variability into a set of orthogonal spatial patterns
(EOFs), which are invariant in time, and a set of time series called expansion coefficients
(ECs), which are invariant in space. Together the EOFs and ECs can be used to
reconstruct the variability in the original dataset. EOF analysis can be used to study
modes of variability in a dataset, to identify variables that control observed patterns, and
to approximate or compress a dataset [Preisendorfer, 1988]. 1In this paper, EOF analysis
will be used to study both spatial and temporal variation of soil moisture. In this section,
we first describe the EOF methodology for spatial variation in detail and then describe
the differences when temporal variation is considered.

For the analysis of spatial variation, soil moisture data are converted to spatial
anomalies. Spatial anomalies are computed by subtracting the average soil moisture for a

given observation time from all observations collected at that time. If s,(z) is the soil

moisture observation at location i and time ¢, then the spatial anomaly at the same
location and time z,(7) can be calculated:

m

L 0=5(0-= 35,0 ()

where j is an index of observation locations and m is the number of observation locations.
By considering the spatial anomalies instead of the soil moisture, much of the temporal

variation is excluded from consideration. Figure 2.2a shows the spatial anomalies of the
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Tarrawarra soil moisture data. In this figure, the vertical axis is the temporal dimension
and the horizontal axis is the spatial dimension. Thus, spatial patterns correspond to
horizontal rows in the plot. Because we have removed the average soil moisture for each
date, each row has the same average shading (i.e. the average of the spatial anomalies for
each date is zero).

The first step in the EOF analysis is to calculate the covariance matrix. When
considering the spatial anomalies, the relevant covariance is the spatial covariance.

Mathematically, the spatial covariance o, at two times 7 and 7can be written:

lm
==Y z(Nz (7). 2
o,. m;m (7) 2)

Equation (2) averages the products of the spatial anomalies at times ¢ and 7 across all
locations. If 7 and 7 are chosen to be the same time, the equation simplifies to the spatial
variance of the anomalies at the selected time, which is why we refer to this covariance as
a spatial covariance. To consider all times, Equation (2) is generalized to produce the
covariance matrix. We first construct a matrix Z of the spatial anomalies. Note that
capital letters are used here to denote matrices. If we have m sampling locations and n
sampling times, then Z can be constructed:

Lin

z=|" o 3)

- P se -
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The spatial covariance matrix £ can then be found:

2=lz’z 4)

m
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where the superscript 7" indicates the matrix transpose. The dimensions of X are
determined by the number of sampling times (it is an n by n matrix). The spatial
covariance examines how the spatial anomalies are correlated between times. This
characteristic is visible in Figure 2.2a. The strength of the covariance is indicated by the
extent to which a shading pattern is repeated through time (vertically in the figure).
Figure 2.2a makes it clear that the covariance of the spatial anomalies is quite
complicated. Similar patterns can be seen for certain observation times, but these
patterns disappear entirely at other times.

The next step of the EOF procedure is to diagonalize the covariance matrix.
Mathematically, this is accomplished by finding its eigenvectors and eigenvalues
[Preisendorfer, 1988]. The eigenvectors and eigenvalues of X satisfy the equation:

SE=LE (5)
where £ is an n by n matrix that contains the eigenvectors as columns:
2 T g

B=ly & ©

nl ‘n2 nn

I, 0 0

L= E ; (7)
0
0 0 1

The eigenvectors in E are the weights applied to each component in Z to diagonalize X.
This transformation represents a rotation of the spatial anomalies in multi-dimensional
space, where there is a dimension for each sampling time. The first axis identified by the
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diagonalization is the direction in the multidimensional space that explains the most
covariance in the spatial anomaly dataset. Each new axis is constrained to be orthogonal
to the other axes and explains the most remaining covariance. These axes are new
independent variables that essentially replace the sampling dates. When the covariance
of the spatial anomalies is examined in terms of these new variables, the off-diagonal
values are all zero. The eigenvalues contained in L represent the variance that occurs in
the direction of each newly identified axis. The total variance of the spatial anomaly data
is invariant with respect to the rotation, so the trace of L (i.e. the sum of the diagonal
values) is equal to the total variance of the original spatial anomalies. Thus, the portion
of the variance that lies along the j”’ new axis (i.e. along the unit vector defined by the j”'
column in E) is:

I
p,=—— (8)

3L

k=1
Using Equation (8) we can judge the importance of each new axis in describing the
variability of the spatial anomalies by the magnitude of the associated eigenvalue.

Every spatial anomaly can be described in terms of the new variable axes. A
matrix F' containing the coordinates of the spatial anomalies on the new axes can be
calculated by projecting the anomalies onto the rotated axes. Mathematically, this
operation is simply:

F=ZE. 9)
Note that the dimensions of F match the dimensions of Z (it is an m by n matrix). Each
row in F corresponds to an original spatial location (same as in Z). However, the
observation dates in the columns of Z have been replaced in F. While terminology is
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inconsistent in the literature, each column of E can be called an EC and each column of F
can be called an EOF. Because the soil moisture dataset has 13 observation times, the
EOF analysis produces 13 EOF/EC pairs. Typically, the EOFs and ECs are rearranged so
that the first column explains the most variance, the second column explains the second
most variance, and so on. This sorting can be done by examining the associated
eigenvalues in L. After this rearrangement, we refer to the first columns of F and E as
EOF]1 and EC1 respectively, the second columns of F and E as EOF2 and EC2, etc. Each
EOF is a spatial pattern, whose values are the values of the new variable for each
location. The expansion coefficients are time series that indicate how aligned the
variability of each observation time is with the new variable. For example, a large
positive EC value for a particular date indicates that the associated axis captures a large
portion of the variance on that date. If the EC value is large on some second date, then
the spatial anomalies of the first and second dates must be positively correlated. From
this perspective, the associated EOF map also identifies points whose spatial anomalies
are correlated between times. If we already know E and F from solving Equations (5)
and (9), we can reconstruct the original spatial anomaly dataset from the following
equation:
Z=FE". (10)

One can also use EOF analysis to study temporal variation using the temporal

anomalies of soil moisture. If the temporal anomaly at location i and time ¢ is written

z'(1), then z'(r) can be found from:

zf(r)=s,(r)—%is,(r) (11)
=1
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where 7 is an index of sample dates. Here, we have removed the long-term average soil
moisture at each location. Thus, by considering the temporal anomalies we are analyzing
how soil moisture varies in time rather than space. Figure 2.2b shows temporal
anomalies for the Tarrawarra dataset. Now every column has the same average shading
because the temporal average has been removed. The strong banding observed in Figure
2.2b suggests that the temporal anomalies are highly correlated through time at different
locations. When considering the temporal anomalies, the relevant covariance matrix is
the temporal covariance whose dimensions are determined by the number of sampling
locations (it is an m by m matrix). By considering the temporal covariance matrix, we are
effectively exchanging the space and time dimensions in the EOF analysis. In this case,
the eigenvectors are weights on different locations and are therefore spatial patterns. For
simplicity, we refer to these spatial patterns as EOFs. When the temporal anomalies are
projected onto the EOFs, the matrix F is produced which preserves the observation times
but replaces the locations. We refer to the time series contained in F as ECs. Because we
have 459 observation locations, the EOF analysis of the temporal anomalies produces

459 EOF/EC pairs.

2.3.2 Results for Spatial Anomalies

EOF analysis was performed on the spatial anomalies of soil moisture at
Tarrawarra as described in the previous section. Figures 2.3a and 2.3b show the two
EOFs that explain the most variation (EOF1 and EOF2), and Figures 2.3¢ and 2.3d show
the ECs associated with these EOFs. For reference, Figures 2.3¢ and 2.3d also show the

mean and variance of the soil moisture at each observation time. Using Equation (8) we

23



find that EOF1 explains about 55% of the dataset’s spatial variance and EOF2 explains
approximately 9%. Note that the percent variation explained here refers only to the
spatial variation. Temporal variation is not accounted for in the spatial covariance matrix
and is therefore not included in the trace of matrix L.

EOFI1 has a strong resemblance to the catchment topography. We see large
positive EOF values along the valleys and zero to negative valleys on the hillslopes.
Large EOF1 values correspond to locations that have consistently large positive
anomalies on dates with large positive EC1 weights. Looking at the plot of EC1 weights
(Figure 2.3c), we conclude that the EOFI1 spatial pattern is correlated on moderately wet
days, especially 27 September 1995, 2 May 1996, and 25 October 1996. There is a clear
decrease in the EC1 weights during the dry season, especially February, and during the
very wet season, including July and September 1996. These results are consistent with
the findings of Western et al. [1999a] that soil moisture patterns on moderately wet dates
show a strong topographic influence, one that seems to diminish on both dry and very wet
days. Western et al. [1999a] proposed that lateral redistribution is the dominant
hydrologic flux on moderately wet days. Water is primarily moving through the shallow
and relatively high permeability A horizon, where the driving hydraulic gradient is
controlled by topography. The correlations between EOF1 and various topographic
attributes were calculated, and EOF1 was found to be strongly correlated (correlation
coefficient of 0.67) with the natural log of the land area drained by each grid cell. This
suggests that EOF1 is primarily related to landscape position and the associated
redistribution of water through surface and subsurface drainage. However, some

dependence of EOF1 on the aspect of the hillslopes is observed. In particular, large
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magnitude negative values are evident on the hillslope in the lower-right portion of the
catchment in Figure 2.3a. Taken with the positive EC1 weights, these negative values
suggest that these locations are dry (i.e. exhibit negative anomalies) when EOFI1 is
important. A statistically significant correlation between EOF1 and PSRI was also
observed (correlation coefficient of -0.29). This implies that EOF1 is also related, if
subordinately, to evapotranspiration. Because the EOF analysis determines these patterns
by identifying points whose spatial anomalies are correlated in time, this result implies
that some of the soil moisture variability induced by evapotranspiration occurs
concurrently with the variability induced by lateral drainage. It is also worth noting that a
large part of the catchment has EOFl values near zero, especially the south-facing
hillslope. Values near zero can occur if these locations have persistent zero anomalies on
the dates involved with EOFI or if the anomalies at these locations are uncorrelated on
the dates involved with EOF1. The south-facing hillslope seems to fit the latter case as it
is important in EOF2.

EOF2 is shown in Figure 2.3b and exhibits a pattern that appears to be
predominantly related to the aspect of the topography. The south-facing hillslope
generally has negative EOF2 values and the northwest-facing hillslope generally has
positive EOF2 values. The correlations between EOF2 and various topographic attributes
were calculated, and EOF2 was found to be correlated with PSRI (correlation coefficient
of 0.56). Thus, the EOF2 pattern appears to be associated with the spatial distribution of
evapotranspiration, with north-facing slopes receiving more incident solar radiation than
south-facing slopes in the southern hemisphere. Looking at the ECs in Figures 2.3c and

2.3d, there are some days when either EOF1 or EOF2 is dominant (e.g., 27 September, 14
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February, and 2 May). On other days, both EOFs are important, and EOF2 can be seen
as modifying EOF1. For example, on 20 September 1996, EOF2 modifies EOF1 to make
the south-facing hillslope drier and to shift the dry area on the northwest-facing slope to
the southwest (negative EOF2 values multiplied by positive EC2 values result in
decreased soil moisture and visa versa). It seems that EOF2 serves to modify EOF1 as
the pattern of evapotranspiration changes with season and the role of evapotranspiration
changes relative to lateral redistribution.

To understand the role of EOF2 in more detail, Figure 2.4 shows the spatial
anomalies on 14 February and 20 September, which have the largest negative and
positive EC2 values, respectively. For the south-facing hillslope, we observe positive
anomalies or relative wetness on 14 February and negative anomalies or relative dryness
on 20 September. This tendency is consistent with the contribution of the EOF/EC2 pair.
On 14 February, the EC2 value is negative, so the negative EOF2 values on this hillslope
result in positive anomalies. On 20 September, the EC2 value is positive, so the negative
EOF2 values result in negative anomalies. Note that EOF1 has little influence because its
values are near zero for this hillslope. The influence of EOF2 on the south-facing
hillslope is also consistent with the seasonal variations in the strength of
evapotranspiration. In February (during the dry season), evapotranspiration is dominant.
Because the south-facing hillslope receives less solar radiation than the northwest-facing
hillslope, it is expected to be relatively wet. Likewise during the wet season when
evapotranspiration is less important, EOF2 acts to dry the south-facing hillslope,
minimizing aspect related differences between the northwest and south-facing slopes.

For the northwest-facing hillslope, the role of the EOF/EC2 pair is more complex because
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EOFI also plays a significant role. While EOF1 primarily identifies the pattern of soil
moisture associated with lateral redistribution, it also identifies a dry region on the
northwest-facing hillslope that occurs concurrent to the lateral distribution (during
moderately wet periods). On the northwest-facing hillslope, EOF2 primarily acts to shift
the location of the dry region between the wet and dry seasons. This shift may be
associated with the seasonal shift in the angle of solar radiation incidence.

To help visualize the rotation that is produced by the EOF analysis, Figure 2.5a
plots the spatial anomalies of soil moisture on 14 February against the spatial anomalies
on 20 September (the same dates shown in the previous figure). The axes associated with
EOF1 and EOF2 are shown and labeled. Overall, the anomalies for these two dates do
not appear to be well correlated. However, the open circles in the plot identify points
from the northwest-facing hillslope where the shifting dry patch occurs and EOF/EC2 is
important. For these points, a negative correlation between the two dates can be seen, the
direction of which is identified by EOF/EC2. It is important to note that the EOF axes do
not necessarily appear orthogonal when viewed in this two dimensional manner. While
these axes are orthogonal in the multidimensional space defined by all the sampling
dates, they are being projected into a two dimensional space defined by only two
sampling dates. This point is emphasized by Figure 2.5b, which plots the spatial
anomalies of 13 April against those of 28 March along with the EOF1 and EOF2 axes.
Here, the EOF axes are almost aligned, which indicates that the variation captured by
EOF1 and EOF2 is the same and that the orthogonality exists in some other plane. As we

have described above, the orthogonality exists where evapotranspiration operates



independently of lateral redistribution, for example in the plane created by very wet and
very dry dates shown in Figure 2.5a.

An important question is whether the correlated spatial patterns identified by the
EOF analysis are statistically significant. EOF analysis deconstructs any spatiotemporal
dataset into EOFs and ECs irrespective of whether the observed correlations are
significant. For example, a dataset comprised of independent identically distributed
values for each sampling time would produce EOFs that each explain roughly the same
amount of variation. In one statistical significance test [North et al., 1982], an individual
EOF can be shown to be significant if the lower confidence limit of its eigenvalue is
larger than the upper confidence limit of the eigenvalue of the next most important EOF.
If the confidence limits do not overlap, it indicates that the spatial covariance oriented
along the respective EOF axis is significantly larger than that along other axes. North et
al. [1982] developed confidence limits for the eigenvalues by assuming Gaussian random
variables and a sampling standard error of order (2/m)"?, where m is the number of
observations used to calculate the values in the covariance matrix (the number of
sampling locations in the case considered here). Given these assumptions, they
determined confidence limits such that the true eigenvalue falls within the confidence
limits 68% of the time. For convenience, these confidence limits can also be written for
the portion of the total variance explained by the j"‘ EOF (i.e. pj). In this case, the
confidence interval spans a range of p; +/-Ap, , where Ap, can be calculated:
-5 (2/m)" (12)
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Applying Equation (12), the upper and lower confidence limits on the percent variance
explained by EOF1 are 58.3% and 51.1%. For EOF2, EOF3, and EOF4, the upper and
lower confidence limits are 9.7% and 8.5%, 6.3% and 5.6%, and 5.7% and 5.0%,
respectively. Thus by the North et al. [1982] test, only EOF1 and EOF2 are statistically
significant. Note that higher order EOFs may still be meaningful in some applications.

The issue of statistical significance is considered in more detail in Chapter 3.

2.3.3 Results for Temporal Anomalies

As discussed in Section 2.3.1, the temporal anomaly EOF analysis involves
removing the long-term soil moisture average at each location and then performing the
EOF analysis using the covariance through time at all combinations of spatial locations.
The results of this analysis are shown in Figure 2.6. Figures 2.6a shows EOFI and
Figure 2.6b shows EC1. Only one EOF/EC pair is shown in the figure because Equation
(12) indicates that only the first EOF/EC pair is significant. For reference, Figure 2.6b
also shows the spatial average soil moisture. Using Equation (8), the portion of the total
temporal variance that is explained by each EOF was computed. EOF1 explains about
94% of the variation. The second temporal anomaly EOF explains a mere 1.3% of the
variation.

EOF analysis of the temporal anomalies identifies spatial locations that tend to
have wet or dry soil moisture anomalies at the same times. In particular, we know that
wet and dry seasons occur during the year, but it is possible that there are other
significant temporal patterns that affect portions of the catchment. However, the large

percentage of the variation explained by EOF1 indicates that there is one dominant mode
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of temporal variability for this dataset. If one compares the EC1 values in Figure 2.6b
with the spatial average soil moisture, it is evident that this dominant mode of variation is
associated with the wet and dry seasons. It is possible that a dataset with higher temporal
resolution would identify other modes of temporal variability associated with individual
storms. EOFI in Figure 2.6a has positive values for all locations, which indicates that the
soil moisture throughout the catchment responds in the same direction to the seasonal
cycle. This is to be expected at this small spatial scale. Western and Grayson [1998]
found no significant spatial variation in precipitation across the catchment that might
introduce a more complex pattern. At a larger scale, Jawson and Niemann (preprint,
2005) found differences in the direction of movement of the temporal anomalies because
precipitation events occurred over subsections of the study region. Although all locations
in Tarrawarra respond in the same direction to the wet and dry seasons, the higher EOF1
values in valleys indicate that these areas vary more with the seasonal cycle than the

hillslopes.

2.4 Estimation of Soil Moisture Patterns
2.4.1 Method

The basis for EOF estimation methods is the fact that the original dataset can be
reconstructed from the EOFs and ECs. In particular, if the spatial anomalies were used in
the EOF analysis, then these anomalies can be reconstructed as a product of the EOFs and
ECs as shown in Equation (10). Then the reconstructed anomalies can be added to the
observed spatial average for each date to reconstruct the original soil moisture data.

EOF analysis also provides an efficient method for approximating the original data. The
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amount of spatial variance associated with each EOF/EC pair is known, so the less
important EOF/EC pairs can be discarded by removing them in the matrices E and F in
Equation (10). If the less important EOF/EC pairs are discarded, then the reconstructed
spatial anomaly patterns include only the effects of the more important correlated patterns
identified by the EOF analysis. As an example, Figure 2.7 shows different
approximations of the spatial anomalies for four dates. The dates were chosen to span the
range of spatial patterns observed at Tarrawarra. The patterns in Figure 2.7a show the
reconstructed spatial anomalies when only EC1 and EOF1 are used for the four dates. In
this case, the reconstructed patterns appear identical on all dates because they look
exactly like EOF1 (compare Figure 2.7a to Figure 2.3a). In reality, the pattern magnitude
varies between dates in response to the different EC1 weights, but this variation is not
visible due to the relative shading scale used in the figure. Figure 2.7b shows the
reconstructed spatial anomalies when the first two EOF/EC pairs are used. In contrast to
Figure 2.7a, the spatial anomaly patterns now look very different on the different dates
due to the distinct variations of EC1 and EC2 in time. Comparing the ECs in Figures
2.3¢ and 2.3d with the patterns in Figure 2.7b, we see that the anomaly pattern on 22
September 1995 is dominated by EOFl whereas the anomaly pattern on 14 February
1996 is dominated by EOF2. The other two dates include significant contributions from
both EOFs. Finally Figure 2.7¢c shows the reconstructed spatial anomalies when all of the
observed EOF/EC pairs are used in Equation (10). In this case, the original data are
reproduced exactly. Comparing Figures 2.7b and 2.7c, one sees that the final 11 EOF/EC
pairs produce relatively minor modifications to the patterns produced by the first 2

EOF/EC pairs.
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An estimation method can be devised using the principles of EOF approximation.
This method applies to the circumstance where a detailed survey of soil moisture patterns
has been made in the past for the catchment of interest. For the dates on which the soil
moisture pattern is to be estimated, only the spatial average of soil moisture is assumed
known. The objective of the method is to use the historical soil moisture data to estimate
the soil moisture patterns from the spatial average. Kachanoski and De Jong [1988]
distinguish between time-series models, which attempt to estimate the magnitude of
temporal changes of soil moisture, and models of soil moisture patterns, which attempt to
estimate how a given temporal change is distributed spatially. This estimation method is
best classified with the latter group. The basic premise of the proposed EOF estimation
method is that the most important ECs can be estimated at an arbitrary time and applied

to the EOFs determined from historical data to develop estimates of the soil moisture
anomalies Z . Specifically, we are using the equation:

Z=FE (13)
where * indicates an estimation of the true value. Preisendorfer [1988] calls Equation
(13) the synthesis equation. F consists of observed EOFs, but it is still considered an

estimate because some higher order EOFs are neglected. E must be estimated because
the true EC values are not available for the date when the soil moisture pattern is desired.
In order to use Equation (13) to estimate soil moisture, three main issues must be
resolved. First, because Z consists only of spatial anomalies, the spatial average soil

moisture for the date of interest must be known in advance. If the spatial average is

known, it can be added to the spatial anomalies to produce estimates of the soil moisture

(98]
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at every location. Methods to determine the spatial average are described in Section 2.6.

For now, we simply assume that the spatial average is known. Second, the number of

EOFs to include in F must be decided, and third, a method to estimate the ECs in £
must be devised.

A reasonable way to choose the number of EOFs to include in the estimation
method is to select those that represent statistically significant correlation patterns. In
Section 2.3.2, EOF1 and EOF2 were found to be statistically significant, so those EOFs
are used in the estimation method. It should be noted that larger datasets might reveal
more than two significant EOF/EC pairs. Other approaches could be used to select the
appropriate EOFs, depending on the purpose of the estimation method. Rao and Hsieh
[Rao and Hsieh, 1991] referenced several methods for deciding which EOFs to include in
an estimation procedure. The critical factor here is that the temporal behavior of the
significant EOFs be predictable from the limited number of sampling dates.

Figure 2.8 demonstrates that it is reasonable to include only EOF1 and EOF2 by
plotting the Nash-Sutcliffe Coefficient of Efficiency (NSCE) as successive EOF/EC pairs
are neglected in reconstructing the observed spatial anomalies from the Tarrawarra
dataset. The NSCE indicates the portion of the observed variation explained by the

estimates and is computed:

NSCE=Zors ~ % (14)
p

obs

4 . . . . N .
where o, is the variance of the observations, and o is the mean squared estimation

error. Like Figure 2.7, the observed EOFs and ECs are used for this example. We are

simply incrementally removing observed EOF/EC pairs when reconstructing the data.
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When all EOF/EC pairs are used in Equation (13), the NSCE is one for all dates because
the data are reconstructed exactly. If no EOF/EC pairs are included, then the NSCE is
zero for all dates because zero is being used as an estimate for the spatial anomaly at
every location. Figure 2.8 shows that EOF1 and EOF2 are important on nearly all dates.
However, as one considers the less important EOFs, the incremental increase in variance
explained tends to be associated with fewer dates. This tendency confirms that the higher
order EOFs are not explaining persistent correlated patterns. Instead, they are composed
of variability that occurs on isolated dates. From an estimation standpoint, such patterns
are not very useful because they likely provide little information about future soil
moisture anomalies. Of course, by reducing the number of EOF/EC pairs used in
estimating the spatial anomalies, we are immediately conceding that some spatial
variation of soil moisture cannot be reproduced by the estimation procedure. Even if the
ECs could be estimated exactly in Equation (13), the observations would not be matched
exactly. Thus, the line for EOF/ECs 1.2 in Figure 2.8 shows an upper bound for the
performance of the EOF estimation method.

A method must also be determined to estimate the EC values for arbitrary times.
Because we have already assumed that the spatial average soil moisture is known for the
date of interest, it would be convenient if EC1 and EC2 could be determined from the
spatial average. Figure 2.9 plots the observed EC1 and EC2 values against the observed
spatial average soil moisture. While significant scatter is observed in both cases,
nonlinear relationships appear to hold between the EC values and the average soil
moisture. We approximate both of these relationships with a cosine function with the

following form:
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where é(r) is the estimated EC value for a given time 7 and 5(z) is the spatial average soil
moisture at that time. a, b, ¢, and d are parameters where a shifts the cosine function
vertically, b controls the magnitude of the wave, c¢ is the period, and d is the phase shift.
Equation (15) allows the relationship between § and ECI to peak at intermediate values
of average soil moisture, and it allows the relationship between s and EC2 to peak (in
terms of absolute value) at low values of average soil moisture and again at high values.
Fitted versions of Equation (15) capture 72% of the variability in the EC1 values and
76% of the variability of the EC2 values.

There is a sound basis for estimating EC weights from either the spatial average
or variance. EOF analysis of the spatial anomalies essentially plots the anomalies in
multidimensional space where each axis represents a time and each data point represents
a location. ECI, for example, is a unit vector in this multidimensional space that is
oriented in the direction of the most variance. The component of EC1 on a given day is
linearly related to the variance explained on that day by the EC axis. While the variance
explained by the EC is not known for the estimation application, it would be reasonable
to assume that it is related to the total spatial variance on that day if the spatial variance
were known. Similarly, for a time-stable pattern as defined by Vachaud et al. [1985], the
spatial variance is proportional to the spatial average. Thus, it is also reasonable to
estimate the EC value using the spatial average. Given that time-stability is not satisfied
at the Tarrawarra catchment [Grayson and Western, 1998], one expects the EC weights to

be more correlated to the spatial variance on each date than to the spatial average, and
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this expectation is confirmed by a simple correlation analysis. However, the spatial
variance will likely prove more difficult to estimate than the spatial average for a date
when the spatial distribution of soil moisture is unknown. Consequently, we have opted
to estimate the EC weights as a non-linear function of the spatial average (Figure 2.9).
The ECs are non-linearly related to the spatial average because the spatial variance at
Tarrawarra is not proportional to the spatial average. The spatial variance is low when
the spatial average is very low, then increases with the average, but decreases again when
the spatial average is very high.

Finally, it should be noted that an alternative EOF/EC estimation procedure could
be developed using the temporal anomaly EOF analysis described in Section 2.3.3.
Based on some preliminary investigations, we believe that this method might provide
superior estimates if one has more data than 13 sampling dates. Using the 13 sampling

dates in the Tarrawarra dataset, however, this method was found to be unreliable.

2.4.2 Results

In this section, the EOF estimation method is tested using a jackknife verification
procedure. In the jackknife procedure, 12 out of the 13 dates are used to determine the
EOFs and to calibrate the relationship between the spatial average soil moisture and the
ECI and EC2 values (Equation (15)). Then the calibrated estimation method is used
along with the observed spatial average from the 13" date to estimate the soil moisture on
that 13" date. The procedure is repeated so that an estimate of the soil moisture pattern is
eventually made for each date using the other 12 dates to calibrate the method. Table 2.1

shows the parameters used to estimate each date’s soil moisture pattern. The parameters

36



for EC1 are fairly stable, with coefficients of variation from 0.14 to 0.22. On the other
hand, the a parameter for estimating EC2 varies significantly, with a coefficient of
variation of almost 1. Additional sampling dates would likely produce a more stable
estimate of EC2.

Figure 2.10 shows results from the EOF/EC estimation method for 28 March and
20 September along with the associated estimation errors. The two soil moisture patterns
look significantly different and reflect the different processes that influence the spatial
distribution of soil moisture on those dates. The estimated 28 March pattern reflects the
fact that evapotranspiration is the dominant hydrologic process controlling soil moisture
in the austral summer and early austral fall. It also reflects the fact that lateral
redistribution has yet to develop along the drainage paths defined by the topography at
this point in the year [Western et al., 1999a]. On the other hand, the estimated 20
September pattern exhibits the importance of lateral drainage during the wet part of the
year, shows connected drainage paths, and still includes some aspect-related effects of
evapotranspiration. The estimates also correctly show that the spatial variance is much
lower on 28 March than 20 September. Looking at the patterns of the estimation errors in
Figure 2.10, we see mostly high frequency variation and no obvious spatial organization
or relationship to the topography. Some dependence on topographic characteristics is
observed for certain other dates, but when the time-averaged estimation error pattern is
calculated, one can see that the majority of topographic dependence has been accounted
for by the estimation method.

The performance of the estimation method was quantified by calculating the

NSCE for the soil moisture pattern estimated on each date, which is shown by the heavy
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line in Figure 2.11. The performance of the EOF estimation method varies substantially
between days, but it generally does better on moderately wet days (see Table 2.1 for the
average soil moisture on each date). This is an interesting result. If soil moisture on very
dry and very wet days is associated with soil properties like permanent wilting point or
porosity, as has been previously supposed [Western et al., 1999a; Wilson et al., 2005],
then such patterns should be locally-controlled and therefore well reproduced by EOF
analysis. One possible explanation for the observed behavior is that the relevant soil
properties do not vary enough across this small site to control the soil moisture patterns.
Soil in the top 30 cm is a relatively homogeneous silty or clayey loam, and land use is
uniform across the site [Western and Grayson, 1998]. Thus, the small variation in soil
moisture caused by soil properties may be overwhelmed by uncorrelated variation and
instrument error during very wet or very dry periods. Overall, the EOF estimation
method was able to explain about 36% of the total observed spatial variation of soil
moisture. Recall that by neglecting all but two EOFs, we immediately conceded that
much of the variation could not be reproduced. In fact, the maximum variance that could
have been reproduced is 64%. Thus, loosely speaking, half of the estimation error arises
from the portion of the spatial variation that is not included in EOF1 and EOF2, and half

of the estimation error arises from errors in the estimates of EC1 and EC2.

2.4.3 Comparison to Other Methods
The performance of the estimation method can be put into more context by
comparing it to other possible methods. In this section, we compare its performance to

that of three other methods.



Linear Regression. One of the simplest approaches to estimate soil moisture
patterns at unobserved times would be a linear regression approach. In this method, one
would assume that the soil moisture at a particular location in space and time is a linear
function of the average soil moisture at that time, which we have already assumed is
known. Thus, the soil moisture at location i and time 7 can be found from:

s(t)=a,+b5(1) (16)
where a; and b; are the regression parameters for location 7 and 5(¢) is the average soil
moisture at time 7. This method is based on a perspective similar to time-stability
[Vachaud et al., 1985] because the soil moisture at each location has a local but time-
invariant linear relationship to the spatial mean. Although this approach is conceptually
very simple, it is cumbersome to implement. In order to estimate the soil moisture at the
459 locations in the Tarrawarra dataset, 918 parameters must be determined to implement
Equation (16).

Wilson et al. Method. The second method we consider was introduced by Wilson
et al. [2005]. They proposed a dynamic multiple linear regression of soil moisture
against topographic attributes, which can be written:

; T,-T,
s;()=5()+ E G,[50)]): py[5(0)]: Li{_f_)

j=l Tj

(17)

where j is an index of topographic attributes, k& is the total number of topographic

attributes considered, 7j; is the value of a topographic attribute at location i, i'_; is the

spatial average of the topographic attribute, and o, is the spatial standard deviation of

the topographic attribute. &, is the spatial standard deviation of the soil moisture, and



py; is the partial regression coefficient of the soil moisture with respect to 7;. Both &,

and p,; are assumed to be a function of the spatial average soil moisture, which is

consistent with observations [Western et al., 1999a]. Like the other methods considered
here, this method assumes that the spatial average soil moisture is known for the time
when the soil moisture pattern is required. Wilson et al. [2005] include a predictor-
corrector component in their model where they utilize the time-averaged error from a first
estimate of soil moisture as a new predictor variable (7}) in a second estimate. They refer
to this version of their method as Case 2. The rational for this approach is that the error
pattern includes persistent sources of variation such as soil properties or vegetation,
which are not captured by the topographic attributes. Notice that Case 2 of the Wilson et
al. model assumes that a high resolution soil moisture dataset is available, from which to
compute the errors of estimation. In this way, Case 2 is comparable to the other
estimation methods described here.

Rao and Hsieh Method. Rao and Hsieh [1991] used an EOF method to estimate
discharge time series at ungaged locations. The primary differences between the EOF
estimation method we propose in Section 2.4.1 and their method are: (1) our EOF
analysis is applied to soil moisture instead of stream discharge, (2) our EOF analysis uses
spatial anomalies instead of temporal anomalies, and (3) we estimate the ECs as a
function of average soil moisture whereas they interpolate the EOFs between known
values. The last distinction is the most important because estimation of ECs from an
independent variable allows our method to be extended beyond the time constraints of the
original dataset. For the purposes of comparison, we applied a method similar to Rao and

Hsieh’s to the Tarrawarra soil moisture data. In this application, the EOFs are still
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developed from the spatial anomalies of soil moisture, but we determine the EC1 and
EC2 values by linearly interpolating between the values on the preceding and following
dates instead of determining their values from the average soil moisture.

Figure 2.11 shows the NSCE for the results of these alternative methods along
with the NCSE for the proposed EOF method. All the methods perform similarly, as one
might expect given their underlying similarities. In general, the methods perform better
during moderately wet days and worse during the dry summer season when the spatial
variation is small. One would like the estimation methods to consistently produce NSCE
values above zero because all of the methods assume that the spatial average soil
moisture is known, and the spatial average itself would produce an NSCE value of zero if
it was used as an estimate of the soil moisture patterns. The lowest NSCE values for the
new EOF estimation method and the Rao and Hsieh estimation method are close to zero,
while the lowest values for the other two methods are a little below zero. The average
NSCE values are 0.36 for the new EOF estimation method, 0.33 for the Rao and Hsieh
method (note that the first and last dates cannot be estimated with this method), 0.32 for

the linear regression method, and 0.30 for the Wilson et al. method.

2.5 Determining the Spatial Average and ECs

In all of the analyses above, we have assumed that the spatial average soil
moisture is known. In practice, the spatial average could be determined in several ways.
For example, remote sensing could be used. One weakness of this approach is that
remote sensing methods observe the soil moisture near the ground surface rather than

over the entire root zone, which is often of interest. Furthermore, the spatial average
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estimated from remote sensing may span a much larger region than the catchment of
interest. Alternatively, a water balance model could be used to estimate the average soil
moisture for the catchment. This approach should also be used with caution because the
effective average soil moisture given by a model may not correspond to the actual
average soil moisture in the catchment. Another method to estimate the average soil
moisture is to use in-situ soil moisture observations. Grayson and Western [1998]
showed that it is possible to estimate an aerial average soil moisture by monitoring soil
moisture at a small number of carefully selected locations, which they called catchment
average soil moisture monitoring (CASMM) sites. The soil moisture at these points has a
linear relationship with the average soil moisture that has a slope of one and an intercept
of zero. Grayson and Western [1998] identified catchment properties that are associated
with CASMM points and suggested using these properties to select monitoring locations.
However, Grayson and Western [1998] also argued that if soil moisture sampling has
been done for the entire catchment, a measurement of soil moisture at almost any point
can provide a good estimate of the spatial average soil moisture. This statement is true
because the soil moisture at nearly all locations exhibits an approximate linear
relationship with the spatial average soil moisture. Thus, one can use a regression to
determine this relationship and then use the relationship to estimate the average for any
time based on the measured value. Because we have already assumed that soil moisture
has been sampled throughout the catchment, the latter approach is most appropriate for
our purposes. To implement this approach, we are interested in identifying locations with
the highest linear correlation through time between the local soil moisture and the spatial

average. Figure 2.12a shades each location according to the correlation between the local
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soil moisture and the spatial average. It confirms that the correlation is high at nearly all
locations. The highest correlation is 0.996 and much of the catchment has a correlation
above 0.95. It confirms that nearly any point could be monitored to reliably determine
the spatial average soil moisture, which validates our assumption in Section 2.4 that the
spatial average can be estimated at an unobserved time.

It is also worth considering whether certain locations could be monitored to
indicate the values of the spatial variance or EC1 and EC2, which could be used instead
of relying on relationships between the ECs and the spatial average. Figure 2.12b shows
the correlation between point soil moisture values and the spatial variance of soil
moisture for the entire spatial domain. The highest correlation for all locations is 0.88.
This supports our earlier decision to use the estimated spatial average instead of the
estimated spatial variance in the EOF estimation procedure. Figure 2.12¢ and 2.12d show
the temporal correlations between the soil moisture at each location and EC1 and EC2,
respectively. As expected, locations where the variation is closely related to EOF1 tend
to track ECI through time. The most highly correlated locations are along the main
drainage paths. The highest correlation between the soil moisture at a location and EC1
is 0.84. Likewise the soil moisture on the northwest-facing hillslope tends to track EC2
through time. The highest correlation between the soil moisture at a location and EC2 is
0.91. These results suggest that one might be able to use monitoring at selected sites to
determine the EC values directly, although the estimates of the ECs would be less reliable
than the estimates of the spatial mean. To test this approach, we repeated the EOF
estimation procedure using point measurements of soil moisture to estimate the ECs

instead of the relationships between the ECs and the spatial average. The average NSCE
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of this approach is slightly higher (0.38 versus 0.36 in Section 2.4). However, this

approach is more restrictive because the ECs must be determined from in-situ monitoring

whereas the spatial average can be determined from more methods.

2.6 Conclusions

The primary conclusions of this paper are as follows:

L.

2.

For the Tarrawarra dataset, EOF analysis reveals that the spatial anomalies of soil
moisture are determined in part by two specific spatial patterns whose individual
contributions vary differently through time. The first pattern (EOF1) mainly
produces positive anomalies in the valleys and zero or negative anomalies in the
hillslopes. Such a tendency suggests that this pattern is primarily associated with
lateral redistribution of soil water. Overall, this pattern explains 55% of the spatial
variance in the dataset. The second spatial pattern (EOF2) modifies the first and,
during the dry season, tends to produce negative anomalies for hillslopes that receive
more solar radiation and positive anomalies for hillslopes that receive less solar
radiation. During the very wet season the effect of EOF2 switches, reflecting the
seasonally varying role of evapotranspiration. Overall, this spatial pattern explains
9% of the spatial variation.

A similar analysis of the temporal anomalies suggests that temporal variation in the
Tarrawarra dataset is dominated by a single mode of variability which is associated
with the wet and dry seasons. A dataset with greater temporal detail and extent may

reveal more modes of variation associated with individual storm events.
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3. A new method was proposed to estimate soil moisture patterns for times when only
the spatial average soil moisture is known using the two spatial patterns identified by
the EOF analysis of the spatial anomalies. For any given time, this method weights
the two spatial patterns depending on the spatial average soil moisture for that time.
The method outperforms other available methods for the Tarrawarra dataset,
explaining 36% of the variance on average but as much as 75% of the variance on one
date.

4. It was also shown that the appropriate weights for the two spatial patterns at any given
time could also be inferred directly from soil moisture observations at carefully
selected locations. In particular, the weight for the primary pattern can be determined
by monitoring the soil moisture at a point in a main valley, and the weight for the
secondary pattern can be determined by monitoring the soil moisture at a point on the
northwest-facing hillslope (i.e. a point that is well aligned with the incident solar

radiation).



Table 2.1 Parameters used in the EOF estimation method to estimate ECs from the

spatial average soil moisture.

Estimation Spatial ECI parameters EC2 parameters
Average

Date Soil Moisture a b ¢ d a b ¢ d
27 Sept 95 0.38 022 0.16 45 5.1/0.04 036 54 63
14 Feb 96 0.26 0.09 027 71 35|0.18 0.50 58 6.3
23 Feb 96 0.21 023 0.14 40 6.3|0.11 042 56 6.3
28 March 96 0.24 023 0.14 40 6.2(0.11 042 56 6.3
13 April 96 0.35 024 0.16 39 6.3]0.07 040 55 6.3
22 April 96 0.41 024 0.15 40 6.3]032 061 78 54
2 May 96 0.42 023 0.15 43 58(0.08 039 55 6.3
3 July 96 0.45 024 0.15 41 6.1[0.08 039 54 6.3
2 Sept96 0.49 023 0.15 39 63046 0.76 78 5.4
20 Sept 96 0.48 0.24 0.14 40 6.2|005 036 53 6.3
25 0Oct 96 0.35 024 0.14 40 6.3]0.08 041 56 6.3
10 Nov 96 0.30 023 0.14 40 63[0.07 042 56 6.3
29 Nov 96 0.24 0.23 0.15 40 63[/0.03 0.38 54 6.3
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Northwest-Facing Hillslope

Figure 2.1 Tarrawarra catchment topography. Shading and contours indicate
topographic elevation (in meters). Dots show a typical pattern of soil moisture sampling.
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Figure 2.2 (a) Spatial and (b) temporal anomalies of soil moisture plotted by date and
location. The location index is an arbitrary number assigned to each grid cell with soil
moisture data.
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Figure 2.3 (a) EOF1 and (b) EOF2 computed from the spatial anomalies of soil moisture.
The bars in (¢) and (d) are EC1 and EC2, respectively. The spatial average and variance
of the soil moisture on each sampling date are also shown in (c¢) and (d) for comparison.
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Figure 2.4 The spatial anomalies of soil moisture for (a) a very dry day (14 February
1996) and (b) a very wet day (20 September 1996). The former has the largest negative
value for EC2, and the latter has the largest positive value for EC2.
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moisture on two dates. (a) compares 20 September 1996 and 14 February 1996 and (b)
compares 13 April 1996 and 28 March 1996. Each dot corresponds to a location in

Tarrawarra.

Open circles show locations on the northwest-facing slope that exhibit

negative correlation between wet (20 Sep) and dry (14 Feb) days.
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Figure 2.6 (a) EOFl and (b) ECl computed from the temporal anomalies of soil
moisture. The bars in (b) are the EC1 values and the superimposed line is the spatial

average of soil moisture.



(a) Reconstructed Spatial Anomaly Patterns Using EOF1/EC1
27 Sep 95 : 22 Apr 96

(b) Reconstructed Spatial Anomaly Patterns Using EOF/ECs 1,2
27 Sep 95 22 Apr 96

20 Sep 96

(c) Reconstructed Spatial Anomaly Patterns Using EOF/ECs 1-13 (All)
27 Sep 95 22 Apr 96

Figure 2.7 Reconstructed soil moisture spatial anomalies on four dates using (a) the first
observed EOF/EC pair only, (b) the first two observed EOF/EC pairs, and (c) all 13
observed EOF/EC pairs. When all observed EOF/EC pairs are included, the original data
are reproduced exactly.
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Figure 2.8 Nash Sutcliffe Coefficient of Efficiency (NSCE) when subsets of the 13
observed EOF/EC pairs are used to produced an estimate of the spatial anomalies of soil
moisture. The lowest line uses only the first EOF/EC pair, the second lowest line uses
the first two EOF/EC pairs. Each higher line (dotted) includes one additional EOF/EC
pair. When all 13 observed EOF/EC pairs are included, the original data are reproduced

exactly (NSCE is 1).
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Figure 2.9 Relationships between EC1 and EC2 and the spatial average soil moisture.
Observed data points are shown as well as the best-fit cosine functions.
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Figure 2.10 Results of the EOF/EC soil moisture estimation method. (a) shows the
estimated soil moisture for 28 March 1996 and (b) shows the estimation error. (c) shows
the estimated soil moisture for 20 September 1996 and (d) shows the estimation error.
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Figure 2.11 NSCE of the soil moisture estimates produced by four methods.
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Figure 2.12 Maps of the observed temporal correlation coefficient between the soil
moisture value and (a) the spatial average soil moisture, (b) the spatial variance of the soil
moisture, (c) the EC1 value, and (d) the EC2 value.
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3 Improved Spatial Interpolation of Soil Moisture at the Catchment

Scale Using EOFs

Abstract

Spatial patterns of soil moisture at the catchment scale are important to many
applications in hydrology, ecology. agriculture, and climatology. Because soil moisture
exhibits complex variability in space and time, it is usually too costly to fully characterize
soil moisture patterns by direct measurement. As a result, soil moisture patterns usually
must be estimated from limited data. Previous studies at the catchment scale have shown
that two largely independent processes control much of the variation in soil moisture.
One process is lateral drainage of soil water and the other is evapotranspiration. Based
on these findings, we hypothesize that soil moisture can be effectively decomposed using
Empirical Orthogonal Function (EOF) analysis, which separates space-time variation into
time-invariant patterns of orthogonal covariation (EOFs) and time-varying weights called
expansion coefficients (ECs). Here, EOF analysis is applied to the Tarrawarra catchment
in southeast Australia. It is found that EOF analysis decomposes soil moisture roughly
according to the controlling processes and that the most important EOFs exhibit distinct
but more consistent spatial structures than soil moisture itself. It is also shown that the
less predictable variation occurs in the higher order EOFs. We show that spatial

interpolation of soil moisture can be done more effectively by first using EOF analysis to
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separate the system variation from the random variation, next interpolating the most
important EOFs separately, and finally using the interpolated EOFs to construct the fine-
scale soil moisture pattern. This EOF-based interpolation method is shown to outperform

equivalent methods applied directly to soil moisture.

3.1 Introduction

Spatial variability of soil moisture is important because it affects agriculture
[Jaynes et al., 2003; Green and Erskine, 2004], climate [Delworth and Manabe, 1988;
Liu, 2003], ecology [Moore et al., 1993], and hydrology [Bdrdossy and Lehmann, 1998;
Western et al., 1999b]. Jaynes et al. [2003] documented the complex response of crop
yields to the spatial distribution of soil moisture. They found that low topographic areas
tend to have higher soil moisture and thus have higher than average yields during dry
years and lower than average yields during wet years. Western et al. [1999b; 2001]
showed that the spatial pattern of soil moisture affects the discharge produced by a
catchment in response to a rainfall event. If wet areas are well connected to the outlet,
then there is less opportunity for run-on infiltration, resulting in a faster time to peak and
a larger peak discharge. The spatial distribution of soil moisture also affects the energy
balance of the land surface [Bras, 1999]. In particular, soil moisture controls the
partitioning of energy between latent and sensible heat fluxes.

Spatial patterns of soil moisture are complicated because they depend on several
distinct hydrologic processes. At the catchment-scale, Grayson et al. [1997] argued that
two largely independent processes control much of the variation in soil moisture in

seasonal climates. One process is the lateral redistribution of surface and subsurface
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water, and the other is evapotranspiration. Lateral redistribution occurs during relatively
wet periods. When soil is wetter, the hydraulic conductivity is larger. The increased
hydraulic conductivity allows for the redistribution of soil moisture roughly in the
downhill direction. The resulting spatial variation of soil moisture tends to have wetter
locations in the valleys and drier locations on the hillslopes. During dry periods, the
hydraulic conductivity decreases non-linearly, so lateral redistribution essentially stops.
In this state, the spatial pattern is controlled by evapotranspiration or vertical soil water
fluxes. This pattern resembles topographic slope and aspect, which affect the
evapotranspiration process. Moore et al. [1993] also considered the controls on soil
moisture patterns with an analysis in the Brindabella Range in Australia. They identified
the controls as water divergence/convergence, infiltration, and evapotranspiration. They
related the divergence and convergence of soil water to hillslope position, and they
suggested that infiltration and evapotranspiration are related to topographic slope and
aspect. Zaslavsky and Sinai [1981] observed that soil moisture is higher in areas of
concave curvature for a site in the desert of Israel, where soils are unsaturated and the
water table is very deep. They showed that water accumulation is caused by the decrease
in lateral soil water flux resulting from a decrease in the topographic slope at such
locations. Zaslavsky and Sinai [1981] also described how soil water can be redistributed
laterally in the unsaturated zone due to anisotropic vertical and horizontal hydraulic
conductivities caused by soil layering.

Numerous topographic attributes have been proposed to describe the influence of
the hydrologic processes that control soil moisture. The well-known wetness index (W)

[Beven and Kirkby, 1979] has been used to describe patterns of lateral drainage of soil
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water. WI increases with increasing upslope drainage area and decreasing local slope.
Likewise, various forms of ground curvature have been proposed to identify regions of
flow convergence [Mitasova and Hofierka, 1993; Schorghofer and Rothman, 2001].
Topographic slope, aspect, and the potential solar radiation index (PSRI) have been used
to describe the distribution of solar insolation [Moore et al., 1993; Dingman, 2002].
Burt and Butcher [1985] studied a 1.4 ha hillslope and documented the redistribution of
soil water in the downhill direction and the accumulation of water in lower slope and
more convergent areas. In this case, the WI explained the spatial distribution of soil
moisture at some times but not at others. Western et al. [1999a] observed linear
correlations with both WI and PSRI at the 10.5 ha Tarrawarra catchment in southeast
Australia. On one date, these two attributes together explained 61% of the observed
variation in soil moisture. They noted that WI and PSRI are highly independent,
explaining different parts of observed variation and that their relative importance changes
through time. On the Canadian prairie, Florinsky et al. [2002] found soil moisture to be
linearly correlated with WI and curvature.

As with topography, other physical properties of a site can influence soil moisture
patterns. Seyfried and Wilcox [1995] showed that soil moisture can vary at scales as
small as plant spacing and as large as the scale of topographic features and geological
formations. It is well-known that soil properties like hydraulic conductivity are highly
variable at small scales [Skoien et al., 2003], while soil texture also varies at large scales
and can produce large scale variations in soil moisture [Cosh et al., 2004]. In natural

landscapes, vegetation density and type also vary significantly and play an important role



in creating soil moisture variation. A discussion of this topic is provided by Moore et al.
[1993].

It must also be acknowledged that a large part of observed soil moisture variation
is simply due to measurement error [Verhoest et al., 1998; Western and Grayson, 1998;
Wilson et al., 2004]. Wilson et al. [2004] described the role of measurement error when
using ground-based soil moisture measurements. In their case, measurement error made
up between 10% and 60% of the observed spatial variation of soil moisture, depending on
the amount of actual variation on the sampling date. Li and Islam [1999] used
microwave soil moisture measurements to update a soil moisture profile model through a
data assimilation procedure. To evaluate the effect of measurement error, they
introduced uniform random variation in the soil moisture measurements. They concluded
that assimilation of soil moisture measurements containing errors of realistic size would
not improve the predictions from their model. Verhoest et al. [1998] used principal
component analysis to process synthetic aperture radar signals. They decomposed the
signals into separate components that are related to topography, soil moisture, and land
use. They attributed the remaining 11% of the variation to noise.

Several other studies have decomposed soil moisture patterns into underlying
patterns in order to determine the roles played by the controlling processes and the
associated physical characteristics. Using remotely-sensed soil moisture data from the
Washita '92 experiment [Jackson et al., 1995], Hu et al. [1998] decomposed soil
moisture into component variables using wavelet transforms. They decomposed soil
moisture by frequency based on the view that soil moisture patterns result from the

interaction of large-scale atmospheric processes and various smaller scale land surface
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processes [Hu et al., 1998]. They found that the variability over a range of relatively
small scales was approximately self-similar, while the soil moisture as a whole exhibits a
multifractal tendency. Jawson and Niemann (preprint, 2005) decomposed remotely-
sensed soil moisture data from the Southern Great Plains 1997 field campaign [Jackson et
al., 1999] using empirical orthogonal function (EOF) analysis. Rather than identifying
component patterns by frequency, EOF analysis decomposes space-time data based on
the assumption that the underlying patterns are orthogonal modes of variation called
EOFs. Jawson and Niemann (preprint, 2005) found that the two most important
underlying patterns (EOF1 and EOF2) explained 79% of the total spatial variance of the
dataset. EOF1 was most highly correlated with soil texture, while EOF2 was most highly
correlated to elevation. Their interpretation was that EOF1 described the spatial variation
induced by drainage and water retention processes, and EOF2 was related to the
distribution of precipitation, which was correlated with elevation in that case. The
remaining EOF patterns were considered to be statistically insignificant or
indistinguishable from random variation. At the scale of agricultural fields, Yoo and Kim
[2004] used EOF analysis to decompose space-time soil moisture patterns for two sites in
the Little Washita experimental watershed in Oklahoma, USA. Their decomposed
patterns were related to topography and soil properties. Wilson et al. [2004] also
decomposed soil moisture variation at the catchment scale using an a priori assessment
of what the sources of variation might be. Based on previous studies, they expected that
topographic attributes are important controls, so they performed a type of multiple linear
regression of soil moisture patterns against topographic attributes for various sampling

dates. They also computed the time-averaged residual, which is the average pattern of
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variation not explained by topography. They reasoned that the average residual pattern
might contain variation caused by persistent non-topographic controls such as soil texture
and vegetation. The remaining residual was considered measurement error and
unexplained variation.

All of these studies about soil moisture patterns are valuable because soil moisture
is not usually observed at spatial scales that are adequate for most practical applications.
Satellite remote sensing can characterize the spatial and temporal variability of soil
moisture [Bras, 1999; Entekhabi et al., 2004], but currently it observes the average soil
moisture over very large land areas. As a result, methods are required to downscale or
disaggregate remotely sensed soil moisture. Numerous studies have focused on the
application of statistical methods to simulate sub-grid variation [Charpentier and
Groffman, 1992; Hu et al., 1998; Kim and Barros, 2002a]. These methods aim to
produce realistic variations of soil moisture at fine resolutions; they do not attempt to
produce estimates of soil moisture at particular locations within a grid cell.
Consequently, they are aimed at applications like climate modeling and weather
prediction. For example, Kim and Barros [2002a] used a modified fractal interpolation
technique with contraction mapping. Their method used spatially and temporally varying
scaling functions derived from spatial distributions of ancillary data (e.g., soil and
vegetation). They demonstrated downscaling from 10 km to 825 m where the final
resolution is limited by the resolution of the ancillary data.

A second approach to obtain spatial patterns of soil moisture is to estimate them
using either process-based or statistically-based models. The objective of this class of

methods is to estimate the soil moisture values at all locations within a catchment or a
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remote sensing grid cell. Pellenq et al. [2003] coupled a soil vegetation atmospheric
transfer (SVAT) model with Topmodel [Beven and Kirkby, 1979] to estimate soil
moisture patterns at a 20 m x 20 m pixel resolution. In this approach, the
evapotranspiration process is modeled with the SVAT component, while lateral
redistribution is modeled with Topmodel. Because potential evapotranspiration is
considered to be spatially uniform, the spatial variation of soil moisture is controlled by
lateral drainage. Downer and Ogden [2003] used a process-based distributed hydrologic
model called GSSHA on a 21 km” watershed using 125 m x 125 m pixel resolution.
They calibrated the model using discharge at the watershed outlet and demonstrated that
the model reproduced observed trends in soil moisture at monitored locations within the
catchment. Soil moisture spatial variation in GSSHA is controlled by variation in
evapotranspiration and infiltration. Western et al. [1999b] used a conceptual hydrologic
model called Thales to estimate the soil moisture pattern in a 10.5 ha catchment at an
average element size of 140 m®. In this model, potential evapotranspiration is spatially
uniform while lateral redistribution of soil water can occur if the soil moisture exceeds
the field capacity. Thus, the spatial variation of soil moisture is controlled by lateral
redistribution in this model. Wilson et al. [2005] used a statistical model to estimate soil
moisture patterns at various sites ranging from hillslopes (5 ha) to small catchments (60
ha) with grid resolutions varying from 100 m* to 1600 m*>. Their model is a dynamic
multiple linear regression that links the spatial distribution of soil moisture to topographic
attributes. Finally, in Chapter 2 herein a statistical method based on EOF analysis was

used to estimate soil moisture patterns at unobserved times. Underlying persistent
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patterns were related to different controlling hydrologic processes such as lateral drainage
and evapotranspiration.

A third approach for obtaining soil moisture patterns from limited data is spatial
interpolation of sparse measurements. In this approach, soil moisture values are estimated
between sparse observations using spatial relationships to the observation points and/or
correlations to other properties observed at a finer resolution. Bardossy and Lehmann
[1998] interpolated soil moisture to a 12.5 m x 12.5 m resolution using 110 irregularly
spaced time domain reflectometry (TDR) gages over a 6.3 km’® catchment. They
demonstrated various permutations of kriging including ordinary kriging and external
drift kriging. Ordinary kriging performs poorly because it ignores the physical processes
that control soil moisture patterns such as the tendency of water to move downhill from a
point. External drift kriging partially overcomes this limitation by introducing a linear
relationship with some independent variable, which Bardossy and Lehmann [1998] chose
to be WI. This method accounts for the role of lateral variation, but it does not account
for role of evapotranspiration, which was unimportant for that particular dataset. Thattai
and Islam [2000] used kriging to determine whether remotely-sensed soil moisture from
widely-spaced flight paths could be interpolated to produce a full soil moisture pattern at
200 m x 200 m resolution. They showed that flight lines could be spaced four times
greater (i.e., observing only 25% of the original rows) and then filled-in by interpolation.

While less research has focused on interpolation than the other two approaches,
interpolation has several benefits. Unlike the modeling methods described earlier,
interpolation methods do not require large amounts of data. Process-based models like

GSSHA and Thales require knowledge of a large number of spatially-distributed
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properties to realize their full potential and they require calibration based on past
streamflow or soil moisture measurements. Similarly, the statistical methods proposed
by Wilson et al. [2005] and in Chapter 2 herein require past high-resolution soil moisture
data for training. And unlike downscaling methods, interpolation can be applied to
ground-based, point measurements, which are valuable for agriculture [Green and
Erskine, 2004] and catchment scale hydrology [Western and Grayson, 1998]. Point
measurements are also valuable for research efforts to understand subgrid variation in
climate models [Charpentier and Groffman, 1992; Bras, 1999] and for ground-truthing
remote sensing data [Mohanty et al., 2000].

In this paper, we focus on interpolation of soil moisture data at the catchment
scale. Our main objective is to develop a method of soil moisture interpolation that
accounts for multiple underlying processes and other sources of variation. Our
hypothesis is that soil moisture patterns can be decomposed into component patterns by
EOF analysis that have more predictable spatial variation than soil moisture itself. If this
hypothesis is confirmed, then interpolation of soil moisture may be better accomplished
by decomposing the variability into the component patterns, interpolating those patterns
separately, and then reassembling the components to produce an interpolated soil
moisture pattern. Our analysis considers soil moisture data from the Tarrawarra
catchment in Australia, which is described in Section 3.2. Grayson et al. [1997] have
shown that this dataset exhibits the effects of both lateral flow and evapotranspiration,
and it was shown in Chapter 2 herein that different EOFs roughly correspond to these
distinct hydrologic processes. The decomposition of this dataset by EOF analysis is

reviewed in Section 3.3. In Sections 3.4 and 3.5, the spatial properties of the EOFs are
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explored. Specifically Section 3.4 compares the EOFs to various topographic attributes
and Section 3.5 examines the spatial structures of the EOFs. In Section 3.6, these results
are used to develop and test a new technique for spatial interpolation of soil moisture

data. Section 3.7 offers conclusions.

3.2 Field Site and Data

This study utilizes the soil moisture dataset from the Tarrawarra catchment in
southeast Australia [Western and Grayson, 1998], which is publicly available at the
Global Soil Moisture Databank [Robock et al., 2000]. The site consists of two small
valleys and surrounding hillslopes as shown in Figure 3.1. There are no channels. Land
use is pasture, and vegetation is grass with a line of Cyprus trees along the northern
boundary of the site. Annual precipitation is approximately 820 mm and annual potential
evapotranspiration (PET) is about 830 mm. A clear wet season occurs between April and
September (austral winter) when precipitation exceeds PET, and a dry season occurs
between October and March when PET exceeds precipitation. Soils are duplex with a
silty loam A horizon overlying a clay B horizon. The A horizon is approximately 15-40
cm deep. Saturated conditions form in the A horizon during wet periods [Grayson et al.,
1997; Western and Grayson, 1998; Western et al., 2004].

The Tarrawarra soil moisture dataset was collect using time domain reflectometry
(TDR). Data were collected on 13 dates spanning approximately 14 months, and they
capture the normal range of seasonal soil moisture conditions [Western and Grayson,
1998]. The TDR readings were taken on a 10 m x 20 m grid, where the 10 m spacing is

roughly in the north-south direction. The exact locations of the observations varied
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between sampling dates, but generally about 500 measurements were collected per
sampling date. A typical set of observation locations are shown in Figure 3.1. The TDR
measurements report the average soil moisture in volume of water per volume of soil for
a cylinder of soil approximately 30 cm deep and 5 ¢cm in diameter. Thus, in comparison
to the catchment, the data are essentially point measurements. The TDR data are reported
to have an error variance of approximately 2.9x10™ [Western et al., 1999a). Western et
al. [1999a] note that this error variance becomes a significant part of the observed soil
moisture variance on dry sampling dates. For example, it is 55% of the total observed
variation on 23 February.

For the purposes of our study, the TDR data were interpolated using the cubic
spline method onto a regular grid with a similar spacing as the original data (20m x 10m).
Figure 3.2 shows the resulting soil moisture patterns for two sample dates. The
interpolation is necessary because the EOF analysis (Section 3.3) requires observations at
the same locations through time. Generally measurements were taken within 0.5 m of the
grid point, so the interpolation caused little change in the patterns. The mean is preserved
but the variance is slightly reduced, as expected for any smooth interpolation. In
addition, the dataset for each sampling date was clipped to include only the aerial extent
common to all sampling dates (also shown in Figure 3.2).

A detailed topographic survey is available for the catchment with point elevations
available at approximately a 10 m spacing. In order to facilitate comparisons with soil
moisture, the elevation data were also interpolated using the cubic spline method to a 10

m X 10 m grid where every other column is coincident with the soil moisture grid.
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3.3 EOF Decomposition
3.3.1 Method

EOF analysis is a form of principal component analysis that is applied to a space-
time dataset. One can conceptualize EOF analysis as follows. A space-time dataset like
soil moisture is plotted in a space where each coordinate axis is soil moisture at a
particular sampling time and each data point in this space represents a particular location.
Instead of describing the data in terms of these coordinates, one can also define an
alternative coordinate system or basis space. In EOF analysis, this basis space is
uniquely defined by the fact that the first axis explains the most variation in the original
dataset, and the next axis is orthogonal to the first and explains the most residual
variation. Axes are defined in this manner until all the variation is explained. One can
show that the original data can be decomposed in this fashion into a set of statistically
independent variables equal in number to the rank of the original dataset’s covariance
matrix [Preisendorfer, 1988]. The original data can then be described as a weighted sum
of the new statistically independent variables [Matalas and Reiher, 1967]. EOF analysis
can be used to separate distinct modes of system variation [Jackson, 2003], where the
new variables are used to identify the modes of system variation. EOF analysis can also
be used for data compression or approximation because the first ¢ variables account for
more of the variance than any other d variables [Preisendorfer, 1988]. Thus, one can
retain only the first d variables and still retain the most important modes of variation in

the dataset.
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A detailed mathematical treatment of EOF analysis is given in texts on the topic
[Preisendorfer, 1988; Jolliffe, 2002; Jackson, 2003], but a brief overview of relevant

details follows. The analysis begins with a matrix of discrete space-time data:

In
p=(B B (18)
ml T .“ “mn
where s;; corresponds to measured property s (in our case, soil moisture) at location i and
time j. m is the number of sample locations and n is the number of sample times. For the
clipped and interpolated Tarrawarra soil moisture data m is 459 and n is 13. Each row i
in matrix § corresponds to a particular location (x;, y;). Note that we use capital letters to
denote matrices and lowercase letters to denote scalars.

Next, a matrix of spatial anomalies Z is computed from the original data by
subtracting the spatial average for each time from all measurements at that time.
Specifically,

=S.__lis, (19)

i if k
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where z;; is the spatial anomaly at location i and time j. The covariance matrix 2 (n x n)
is then computed as:

Z =lZTZ (20)
m

where 7 indicates the matrix transpose. The next step is to identify the characteristic
roots and vectors of the covariance matrix. This is accomplished by solving:

2E=LE (21)



for E and L, where E and L are related as the unit vectors and magnitudes of 2E. E is an
n X n matrix of the characteristic vectors or eigenvectors of the covariance matrix Z, and
L is an n x n diagonal matrix of the corresponding characteristics roots or eigenvalues.
The eigenvectors are the orthonormal axes that define the new basis space relative to the
original space. The eigenvalues correspond to the variance that lies along each of the

new axes. Orthonormal means that £ has the following properties [Jackson, 2003]:

Y=l forj=l.n, (22)
i=l

Yee, =0 forj#k, (23)
i=l

EF<E (24)

where £ is the matrix inverse of E. Equation (22) states that each eigenvector is a unit
vector, Equation (23) says that each eigenvector is orthogonal to the other eigenvectors,
and Equation (24) say that the inverse of E is simply its transpose. The spatial anomaly
dataset Z can be projected onto the orthonormal axes to create a new set of statistically
independent variables, F. Mathematically, this is:

F=ZE (25)
where F has dimensions of space-by-time (the same as Z). The terminology in the
literature is inconsistent, but we define the k" expansion coefficient (ECk) as the unit
vector of the k™ axis, which is found in the k™ column of E in Equation (25). We define
EOFk as the values of the data projected onto the k" axis. EOFk is found in the K"

column of F in Equation (25). Each row i in F corresponds to the same location (x;, y;) as



in the original data matrix S. The spatial coordinates have been preserved through the
data rotation, but the temporal coordinates have been replaced by the EOFs.

Preisendorfer [1988] calls Equation (25) the analysis equation because it
determines the EOFs from the observations. Using Equation (24), we can rearrange
Equation (25) to reconstruct the spatial anomalies as:

Z=FE', (26)
which Preisendorfer [1988] calls the synthesis equation. This equation implies that each
original spatial anomaly can be written as a linear combination of the new orthogonal
variables with the linear weights provided by the eigenvectors. Stated in EOF
terminology, the original data can be reconstructed as a linear combination of the EOFs

weighted by the corresponding ECs. Expanding Equation (26), we obtain:
&= Efmf; for i=l...m, j=l..n (27)
k=1
or

= ) EOFKECk; for i=l,..,m, j=l,.,n (28)

k=1

Z;

where EOFk; is the i" element of the k" order EOF, and ECk; is the j” element of k"
order EC.

The eigenvalue [ in L is the variance of EOFk. The variance of the original
dataset is invariant with rotation [Preisendorfer, 1988], so the trace of L is equal to the
trace of the original covariance matrix 2. Thus, the portion of the original variation

accounted for by the new variable EOFk can be computed from:

74



L
P = = (29)

By convention, the EOFs are sorted in descending order by the portion of the variance
explained (i.e. py>pi+s). It is typical that the first d EOFs (where d <n) together explain
a large percentage of the total dataset variance. Thus, it is possible to drop the remaining
n-d EOFs and modify Equation (27) to obtain an approximation of the original data as

[Jackson, 2003]:

d
8y =%+ Zj;‘,efj +e;, fori=l..mj=1..n (30)
k=1

where 3}; is an estimate of soil moisture at location i and time j, ¥, is the spatial average

]

soil moisture on date j, and &, is the error.

3.3.2 Results of EOF Decomposition

The EOF analysis described above (and in Chapter 2) was applied to the
Tarrawarra catchment TDR soil moisture dataset. Figures 3.3a and 3.3b show the two
most important EOFs (EOF1 and EOF2), which together explain 64% of the observed
soil moisture variation. EOFI alone explains 55%. The EOFs are time invariant and
occur on every sample date in accordance with the associated EC weights shown in
Figure 3.3c and 3.3d. The physical significance of EOFs | and 2 was discussed in
Chapter 2. It was noted that EOF1 has a clear topographic dependence, where the valleys
have higher values than the hillslopes. This pattern is consistent with the process of
lateral redistribution in which water moves from high to low elevations and accumulates
in convergent zones. ECI values are all positive, meaning that the EOF1 pattern as
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shown in Figure 3.3a occurs to some extent on all dates. However, it is most important in
May and October when Western et al. [1999a] found that lateral flow was most
important. EOF1 also has some apparent dependence on topographic aspect, which
suggests that it is also partly associated with evapotranspiration. This tendency occurs
because some of the spatial variation induced by evapotranspiration occurs concurrent
with the variation from lateral distribution in the original dataset. As a result, EOF
analysis cannot fully distinguish these two processes. EOF2 also exhibits an aspect
dependence, but the interpretation of this EOF is more complex because the EC2 values
are both positive and negative. In the dry austral summer (December to February), the
EC2 values are negative, which causes EOF2 to enhance the dry anomalies produced by
EOF1 on the northwest-facing hillslope. In the austral winter, the EC2 values are
positive which causes EOF2 to erase the aspect dependence in EOF1. In short, EOF2
serves to adjust EOF1 in response to the changing role of evapotranspiration throughout
the year. Overall, EOF analysis is successful at distinguishing the roles of distinctly
orthogonal spatial processes that control soil moisture.

EOF3 (Figure 3.3¢) was not considered in Chapter 2, but it appears to be a
predictable pattern. In particular, large values seem to be located in the lower elevations
of the catchment. EC3 indicates that EOF3 is most important during the transitions
between the wet and dry seasons. In the fall, the EC3 values are positive, which causes
EOF3 to enhance the large soil moisture values from EOF1 at lower elevations as the
catchment dries. In the spring, the EC3 values are negative, which causes EOF3 to
enhance the soil moisture values from EOFI1 at higher elevations as the wet season

begins. This transitional behavior was previously observed by Western et al. [1999a].
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EOF3 accounts for only about 6% of the total observed variation, so it has a small effect.
However, EOF3 appears to have a spatial structure that is distinct from EOF1 and EOF2,
and it is distinct from random noise (see Section 3.5). For comparison, Figure 3.3f shows
EOF13, which is the least important EOF. This EOF explains 1% of the total variation
and appears to be temporally uncorrelated noise. Thus, EOF analysis of soil moisture
also seems to distinguish meaningful system variation, which mainly appears in the lower

order EOFs, from random noise, which mainly appears in the higher order EOFs.

3.4 Topographic Analysis
3.4.1 Method

One of the benefits of EOF analysis is that it produces static spatial patterns that
can be meaningfully compared with topographic attributes. Previous authors have
compared individual soil moisture patterns with topographic attributes but have
recognized the conceptual problems associated with this approach [Westzern et al., 1999a;
Florinsky et al., 2002]. In this section, we examine whether strong linear relationships
are present between the EOF patterns and topographic attributes. If such relationships are
present, they can be exploited for interpolation (recall from Chapter 1 that the term
interpolation will be employed here to refer to methods for filling in high resolution
patterns from sparse observations).

The comparison between the EOFs and the topographic attributes is made by
calculating simple and multiple correlation coefficients [Dowdy and Wearden, 1991].
The simple correlation coefficient measures the linear covariation between two variables.

Here, it is calculated for each EOF pattern and each topographic attribute on a cell by cell
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basis over the entire spatial domain. The multiple correlation coefficient compares an

EOF pattern with two or more topographic attributes, measuring their combined

covariance with the EOF. Standard tests for statistical significance were used to test the

hypothesis that the correlations are different than zero at the 95% confidence level.

Statistical significance for the simple and multiple correlation coefficients was tested

using a T statistic [Kleinbaum et al., 1988] and an F statistic [Graybill, 1976],

respectively, which both assume normally distributed errors about a best-fit linear

relationship between variables.

A number of commonly-used topographic attributes are considered in this
analysis (Figure 3.4). These attributes are described briefly below, but the reader is
referred to Florinsky et al.[2002], Western et al. [1999a], and additional references cited
below for mathematical descriptions.

e [Elevation is used as a topographic attribute because previous studies have found that
it is correlated with soil moisture patterns [Yoo and Kim, 2004]. Elevation may be
important due to its association with subtle variations in soil properties, or because it
identifies points with more or less connection to stable sources of water (streams and
aquifers).

e Slope is the gradient of the topographic surface. In practice, it is determined by
finding the maximum slope between the point and its adjacent neighbors with lower
elevations (i.e. the direction of steepest descent). Slope is a surrogate for hydraulic
gradient [Western et al., 1999a].

e Curvature is related to the second derivative of the function defining the topographic

surface. Vertical curvature (k,) is the rate of change of slope in the direction of
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steepest local slope. Negative vertical curvature represents a concave-up surface.
Horizontal curvature (k,) can be thought of as the rate of change of topographic
aspect. Negative horizontal curvature represents convergence of the topographic
surface. Florinsky et. al. [2002] described zones with negative horizontal and vertical
curvature as areas of flow accumulation. Alternatively, Zaslavsky and Sinai [1981]
used total curvature, which is not used here.

Specific Contributing Area (a) is the upslope area that drains through a unit length of
contour. Here, values of « are derived using flow directions determined by routing
flow from each DEM pixel to one of eight adjacent pixels in the direction of steepest
descent, i.e., the D8 method. Costa-Cabral et al. [1994] and Erskine [2005] described
some limitations of this method; it is possible that stronger correlations could be
found by using a more refined algorithm. Once the flow directions are assigned, the
specific contributing area is calculated by summing the upslope area and dividing by
the length of the grid cell (10 m). The natural log of contributing area In(a) is also
used herein.

Wetness index (WI) is defined as the natural logarithm of the ratio of the specific
contributing area and the local slope [Beven and Kirkby, 1979]. WI was initially
proposed to identify areas of saturation by subsurface flow.

Potential solar radiation index (PSRI) is the ratio of the solar radiation received by a
sloping surface to that received by a horizontal surface at the same time of year and
location on the Earth’s surface [Moore et al., 1993]. It is intended to identify

locations that receive more or less solar radiation due to their slope and aspect. We
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only consider the PSRI for 20 June, which is around the time of maximum spatial
variation of solar radiation in the southern hemisphere.

e Lowness (L) is a measure of the elevation at a point relative to that of the local
landscape [Roberts et al., 1997; Wilson et al., 2005]. Values of L are computed here
as the average elevation for a 13 cell by 13 cell area (0.169 ha) minus the elevation of
the cell at the center of the area. Assuming the water table conforms to surface
topography, Roberts et al. [1997] used lowness to indicate areas where soil moisture

may be higher because the water table is closer to the surface.

3.4.2 Results of Topographic Analysis

Table 3.1 shows the simple correlation coefficients between the first six EOFs and
the topographic attributes. For reference, it also shows the simple correlation coefficients
between the individual soil moisture patterns and the topographic attributes [Western et
al., 1999a]. Blank entries in Table 3.1 indicate correlations where the null hypothesis
(correlation equal to zero) was not rejected at the 95% confidence level.

Several observations can be made from Table 3.1. First, the correlations confirm
the interpretations of the EOFs given in Chapter 2. EOFI has particularly high
correlations with k., In(a), WI, and L. This collection of attributes confirms the
interpretation that this EOF predominantly reflects lateral redistribution. EOF1 also has a
significant negative correlation with PSR/, which suggests that dry locations occur where
solar insolation is large.  This correlation confirms the subdominant role of
evapotranspiration in this pattern. EOF2 has a large positive correlation with PSRI,

which confirms its association with evapotranspiration as well. The positive correlation
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occurs because EOF2 is multiplied by negative EC2 values during the dry season.
Positive EOF2 values identify locations that are driest during the dry season, and thus one
expects positive EOF2 values to be associated with locations with large PSR/ values.
EOF3 exhibits a large negative correlation with elevation. A negative correlation with
elevation is consistent with the previous interpretation of EOF3, specifically that it
modifies EOF1 to describe transition times between the wet and dry seasons. In the late
autumn months, the catchment becomes wetter, and higher soil moisture forms in the
drainage headwaters (higher elevations). In contrast, the same areas have low soil
moisture in the late spring as the catchment dries. This behavior is consistent with the
observations of Barling et al. [1994] and Grayson et al. [1997] that the WI does not
accurately reflect soil moisture distribution at transition times, when its assumption of
steady-state flow is not satisfied. It suggests that elevation may be a useful attribute for
describing the modification induced by the transient conditions.

Another important observation from Table 3.1 is the tendency of the most
important EOFs to exhibit the strongest correlations with topographic attributes. The
multiple correlation coefficients show that the EOFs are almost perfectly sorted
according to their correlations with the topographic attributes. EOFs 1-3 have fairly high
multiple correlation coefficients after which there is a sharp decline. EOFI is
significantly correlated to every topographic attribute considered. EOFs 2 and 3 are
significantly correlated with several attributes, while the remaining EOFs have less
topographic dependence. This result suggests that topography plays a strong role in

determining the most important patterns of spatial variation in the Tarrawarra catchment.
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Table 3.1 also shows that the most important EOFs have stronger correlations
with the topographic attributes than the soil moisture patterns themselves. Although
EOFI is present to some extent on every sampling date, soil moisture itself is
significantly correlated with all topographic attributes like EOF1 only on one date (27
September). Furthermore, EOF1 has higher correlations with 5 of the 10 attributes than
soil moisture on any date. To illustrate this point, Figure 3.5 plots soil moisture on two
sampling dates (13 April and 20 September) versus W7 and PSR/, and it plots EOFs 1 and
2 versus WI and PSRI. The dates were chosen because EOF1 and EOF2 both play an
important role on these dates. Together, EOF1 and EOF2 explain about 60% of soil
moisture variation on 13 April and 65% on 20 September. This figure clearly shows that
the decomposed variables EOF1 and EOF2 have stronger correlations with these two
topographic attributes than the soil moisture patterns from which the EOFs were derived.
Stronger correlations are obtained for the EOFs in part because the EOF decomposition
sorts persistent spatial variations into lower order EOFs and noise into higher order
EOFs. Because the persistent patterns underlying the soil moisture data are determined
largely by topography, the lower order EOFs have particularly strong relationships with

topographic attributes.

3.5 Spatial Analysis
3.5.1 Method

It has been observed that the processes controlling the variation of soil moisture
can occur at distinct scales [Kachanoski and De Jong, 1988; Seyfried and Wilcox, 1995;

Hu et al., 1998, Western and Grayson, 1998]. If the EOFs distinguish different
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processes, it is possible that the EOFs will exhibit different spatial structures.
Furthermore, just as the EOFs showed stronger relationships with topography than the
soil moisture patterns, it is also possible that they will also show more consistent spatial
structures than the soil moisture patterns. To examine these points, the sample
semivariogram y(h) is calculated for each EOF. For a dataset, the sample semivariogram

is computed as [Cressie, 1991]:

Py =——— S [2(x)-2(x) | (31)

2”1(}!) mih)

where z(x;) is the observation of z at location x;, and x; and x; belong to the set of m(h)
pairs separated by horizontal distance h. & is defined as a radial distance herein, resulting
in the omni-directional semivariogram. The semivariogram measures variation of a
spatially distributed property as a function of separation distance. The underlying
assumption of the semivariogram is that properties at locations closer in space are more
similar than those farther apart. Thus, the semivariogram function generally has low
values for close distances and increases at larger distances in proportion to the decrease in
spatial autocorrelation. It is important to note that the omni-directional semivariogram
implicitly assumes isotropy in the field being characterized. For variables that depend on
the drainage structure of topography, this assumption is clearly violated in a complex
manner. In our case, some EOFs and soil moisture patterns reflect the drainage pattern
while others do not, so different tools could be used for each variable in order to precisely
study their structures. However, in order to produce a consistent comparison, an omni-
directional semivariogram is used here in all cases. If a more refined analysis were

required, one could use a directional variogram, which allows for distinct correlation



structures in pre-specified directions [Green and Erskine, 2004] or one could consider
points spaced along flow paths [Gottschalk, 1993].

The sample semivariogram can be fit with a curve typically called the theoretical
semivariogram. Numerous theoretical models are available [Bdrdossy and Lehmann,
1998; Biau et al., 1999; Thattai and Islam, 2000], but in a previous geostatistical analysis
of the Tarrawarra soil moisture data, Western and Grayson [1998] found that the
exponential model worked well. The exponential semivariogram y, can be written as:

v.(h)y=a+(b—-a)[l-exp(-h/c)] (32)
where a, b, and ¢ are model parameters. The parameter a is the so-called nugget and is
interpreted as the variance at zero separation distance. The nugget can be caused by
instrument error or may be due to variation that occurs at a smaller scale than the sample
spacing. The parameter b is the sill, which corresponds to the semivariogram’s
asymptotic upper limit, and is related to the sample variance. The parameter ¢ determines
the rate of increase from a to b. Western et al. [1998] define the range, i.e. the distance to
the sill, as 3¢ for the exponential model. Note that the exponential model assumes that a
sill exists. Some geostatistical analyses of soil moisture have found that a sill may not

exist [Green and Erskine, 2004].

3.5.2 Results of Spatial Analysis

The sample semivariogram was computed for the EOFs and the soil moisture on
each date. To facilitate comparison, all data were standardized by subtracting the mean
and dividing by the standard deviation prior to computing the semivariograms. Figure

3.6 shows the sample variograms for the first three EOFs and the soil moisture patterns
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on 3 July and 20 September. These two dates were selected because multiple EOFs are
important on these dates. EOFs 1-3 together account for about 75% of variance on 3 July
and more than 65% on 20 September. The exponential model was fit to each sample
semivariogram, and Table 3.2 shows the estimated parameters. The parameters for the
WI and PSRI semivariograms are also provided for comparison. Western et al. [1998]
previously published semivariogram parameters for soil moisture patterns on all dates.

Figure 3.6 shows that the first three EOFs explain spatial variation over different
ranges of spatial scales. EOFI rapidly rises to a relatively constant value for large
separation distances (its sill), which suggests that the correlations in EOF1 occur at
relatively small spatial scales. EOF2 rises a bit more slowly indicating longer correlation
distances, while EOF3 rises very slowly and does not reach the model sill of 1.2. These
results are quantified by the parameters in Table 3.2. In particular, the range for EOFI is
94 m, the range for EOF2 is 116 m, and the range for EOF3 is 370 m. These ranges are
also related to those of the related topographic attributes. For example, WI has a range of
101 m, which is similar to EOFI, and PSR! has a range of 214 m, which influences the
somewhat larger range of EOF2. In both cases, the EOF ranges are smaller because the
EOFs depend on other topographic attributes with shorter ranges (for example, &, which
has a range of 75 m). It is interesting to note that the semivariograms of soil moisture
resemble the semivariograms of the EOFs that are important on those dates. For
example, the semivariograms for 3 July and EOF3 are similar because EOF3 explains
nearly 30% of the variation on this date.

Figure 3.6 also suggests that much of the noise in the soil moisture data has been

removed from the most important EOFs. The semivariogram value for EOF1 is quite
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small at small separation distances, which results in a nugget of zero. This result hints
that much of the measurement error might have been removed from this EOF. The
nugget tends to increase as one considers EOFs 2 through 7. It is possible that this small
scale variation is due to soil variations. For example, Wilson et al. [2004] attributed
small scale soil moisture variations that were not explained by topography to soil
properties. However, as one considers high order EOFs, the amount of variation
explained by each EOF is becoming smaller. Thus, it becomes increasingly difficult to
distinguish meaningful system variation from random noise. Thus, we expect that the
EOFs are increasingly mingled with noise. In fact, the semivariogram parameters
estimated from EOFs 8 and higher are consistent with parameters we estimated from
simulated fields of uncorrelated noise, while the parameters for EOFs 6 and 7 are
marginally similar. These results suggest that as many as 7 EOFs may describe system
variation, even though only the first few are significantly correlated with topography.

The implicit assumption of a semivariogram is that the analyzed pattern can be
well characterized as a function of separation distance. The better this assumption holds,
the better distance-based interpolation methods will perform. To test this assumption, we
note that the semivariogram plots the mean of the squared difference of data values as a
function of separation distance. One can also consider the deviation of the squared

differences about the mean. Specifically, we calculate:

1 9 genae
RMSEz\j E{[:(.r,)—z(.rj)]'—y(h)}' (33)

lpm'r.\' L
where z, x;, xj, h, and 7 were defined in Equation (31) above and my,, is the total

number of pairs (x; x;) used to compute the sample variogram. RMSE is the root mean
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square error of the differences about the sample semivariogram curve. If the spatial
structure is well described by a function of separation distance, one expects a lower
RMSE about the sample semivariogram. Note that RMSE here is measured about the
sample semivariogram in order to measure consistent spatial behavior, not about any
particular model semivariogram to measure goodness of fit. Table 3.2 shows that lower
RMSE values are observed for the most important EOFs than for the soil moisture
patterns themselves. Table 3.2 shows that the RMSE for EOF1 is higher than the RMSE
for higher order EOFs. This is likely due to the fact that the omni-directional variogram
does not do a good job of describing the drainage related pattern of EOF1, as was
discussed in Section 3.5.1. The point here is that the EOFs exhibit lower RMSE values
than the soil moisture patterns from which they were derived. The simpler structure of

the EOFs suggests that they may be easier to interpolate than the soil moisture patterns.

3.6 Spatial Interpolation Using EOFs
3.6.1 Method

The results of the previous sections all hint that interpolating in the EOF domain
may produce better estimates of soil moisture than interpolating soil moisture itself.
Section 3.3 demonstrated that soil moisture patterns could be decomposed roughly
according to the controlling processes using EOF analysis. Section 3.4 found that the
most important EOFs have stronger correlations with topography than the soil moisture
patterns themselves, and Section 3.5 found that the spatial structures of the most
important EOFs are better described using variograms than the soil moisture patterns.

Next, we turn our attention to interpolating soil moisture with EOFs.
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Interpolation and estimation using EOFs has been done successfully in other
applications. Rao and Hseih [1991] decomposed temporal variation of streamflow data
using EOF analysis and used interpolated EOFs to construct streamflow time series for
nearby ungaged basins. Liu [2003] used EOF analysis to decompose soil moisture and
precipitation variation and found that the resulting ECs exhibited higher cross-
correlations than the original data. He proposed monitoring soil moisture and using the
lower order ECs to forecast precipitation. Biau et al. [1999] created a three-dimensional
space from precipitation and the first two ECs for sea level pressure. For a given
location, they interpolated precipitation in time using ECs estimated from modeled
variations in the sea level pressure. An EOF method of soil moisture estimation was
developed in Chapter 2 herein. In that method, EOFs of soil moisture were determined
from a space-time dataset with observations available at every location. Then the ECs
were estimated for an unobserved time using empirical relationships to the spatial
average soil moisture. Observed EOFs, estimated ECs and the spatial average were used
to estimate a soil moisture pattern at an unobserved time.

In this section, we propose a new EOF-based method to estimate soil moisture at
unobserved locations using sparse observations from the current time and at least one
previously observed time. The first step of the proposed interpolation technique is to
perform an EOF analysis on the sparse soil moisture data using the method described in
Section 3.3. The ECs are computed from Equation (21) and the EOFs are computed at
the observed locations using Equation (25). In order for the EOF analysis to be non-
trivial, two or more observation dates must be available. In part, the success of the EOF

interpolation method depends on how well EOFs and ECs can be identified from sparse
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data. Figure 3.7 shows EOFs | and 2 and ECs | and 2 computed from a sparse set
observations, which were produced by sampling the original 10 m x 20 m data uniformly
to produce data on a 30 m x 60 m grid. This sampling procedure keeps every third data
point in each direction or 11% of the original observations (Table 3.3). The figure also
shows the EOF and EC values at the same locations if they are generated from the entire
dataset. The figure shows that the EOF1 values are reproduced almost exactly from the
sparse data. ECI is reproduced well, but some deviation is observed for certain dates.
EOF2 and EC2 are reproduced fairly well, but apparently the covariance pattern
identified by EOF2 is more difficult to distinguish from other variation when the
observations are sparse. In general, it is expected that higher order EOFs are increasingly
difficult to recognize from limited data and perhaps should be excluded from the
interpolation method (see below). However, the most important EOFs and ECs are
identifiable from sparse observations.

The next step in the interpolation method is to interpolate the EOFs over the entire
spatial domain. Recall that the ECs are spatially invariant and should therefore apply to
all locations. However, the EOFs must be interpolated to gain values at unobserved
locations. One can interpolate the EOFs with any method that could be used directly on
soil moisture data, but we consider two distinct methods. The first is a regression-based
method that exploits the observed correlations between topographic attributes and EOFs
(Section 3.4). In this method, elevation data are assumed to be available for the entire
domain at the final resolution of the interpolation method, and topographic attributes are
computed as described in Section 3.4.1. A standard stepwise partial correlation analysis

(Salas et al., manuscript in preparation, 2004) is then used to build a parsimonious
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multiple linear regression (MLR) model. In the partial correlation analysis, the marginal
increase in the multiple correlation is checked at each step and only variables that
produce a statistically significant improvement are added to the regression model. The

result is a regression model with the following form:
” !
fo=a, + ZT:}{’;& fori=l,....m (34)
j=1

th

where f, is the interpolated k" order EOF at location i, a; and bj are the parameters

determined from the regression of the sparse & order EOF against topographic attributes
T;, 1 is the total number of topographic attributes included in the model, and m is the total
number of locations. The second interpolation method used here is the inverse distance

weighted (IDW) scheme, which exploits the simplified spatial behavior of the EOFs

demonstrated in Section 3.5. The IDW method determines fd from:
- !
fe =2 W, fs for i=1,...,m (35)
j=1
where fj is the value of the k" order EOF at observation location j and [ is the number of
neighboring locations used in the interpolation. In this paper, we use [ =35, but the
results shown below are insensitive to this choice. w; is the weight applied to each

neighbor. The weights are computed as:

h?
W, =— (36)
3wt

=1

where £; is the horizontal distance between locations 7 and j. More complex methods
could be used such as kriging [Biau et al., 1999] or co-kriging which considers both the

topographic dependences and spatial structures of the EOFs.
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After the EOFs have been interpolated, soil moisture can be estimated for the
entire spatial domain using the ECs from the observations and the interpolated EOFs.

The soil moisture is found from a variation of Equation (30). In particular,
d . :
§, =5+ fuep, for i=l..m j=l,..n (37)
k=1

where § is an estimate of the soil moisture at location i on date j, 5, is the average of the

sparse samples on date j, and e is the k" order EC computed from the sparse
observations. Notice that the number of EOFs included d is allowed to be less than the
total number of EOFs n. The intent here is to retain only the EOFs that contain mostly
system variation while disregarding the higher order EOFs that contain mostly noise.
Many authors have studied the number of EOFs that should be considered
statistically significant and thus retained in EOF analysis. Here, we consider three
different methods. North et al. [1982] devised a method based on confidences limits for

the eigenvalues associated with the EOFs. For Gaussian random variables, they

determined +/- | standard deviation confidence limits A/, for the eigenvalue /;; as:

AL =1,(2/m)" (38)
North et al. [1982] suggested that if the confidence limits of an eigenvalue (1;-Al;, [i+Al)
do not overlap with those for the next higher order eigenvalue, then /;; can be considered
statistically significant. This argument is based on the observation that a dataset without
significant covariation will exhibit the same amount of variation in all directions. As a
result, the EOF coordinate transformations are not unique and the eigenvalues are

expected to be nearly the same. The second approach was developed by Bartlett [1950],
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who judged significance by considering the hypothesis that the eigenvalues of the last (n-

-

d) EOFs are all equal. The relevant statistic is y, , which is calculated [Jackson, 2003]:

rir ?

n n f
oy ==V 3, Inl))+ ) (n—d)ln 2 eialy

j=d+1 (n—d)

(39)

where v is the degrees of freedom of the covariance matrix X (Equation (20)), which is

2

the number of sample locations minus one. Bartlett [1950] showed that y  has a chi-

crit

2

squared distribution with (1/2)(n-d-1)(n-d+2) degrees of freedom. If y_ is less than the

standard tabulated x‘? variate with (1/2)(n-d-1)(n-d+2) degrees of freedom at the selected
confidence level, then the hypothesis is accepted and the last (n-d) EOFs are discarded.
The third method was proposed by Cattell [1966] and is a simple graphical test called the
scree test. The eigenvalues or their logarithms are plotted sequentially in a graph. If a
breakpoint is observed in the plot, all eigenvalues beyond this breakpoint are considered
to be insignificant [Jackson, 2003].

Figure 3.8 demonstrates these three tests on the eigenvalues generated from the 30
m x 60 m grid of observations described earlier. According to the North et al. [1982] test,
EOF]1 is clearly significant at this spacing and EOF2 is marginally significant, whereas
the Bartlett [1950] chi-squared test indicates that EOFs 1-5 are significant at the 95%
confidence level. The Cattell [1966] scree test indicates that EOFs 1-3 are significant.
Note that the Bartlett [1950] test uses the 95% confidence level, while the North et al.
[1982] test uses +/- 1 standard deviation, which is the 68% confidence level. If both tests
were applied at the same confidence level, the Bartlett et al. [1950] test would retain far

more EOFs. For all of these methods, the number of significant EOFs depends on the
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number of observations and thus on the spacing of the observations for a given
catchment. Generally, smaller numbers of significant EOFs are identified as a smaller
number of samples are used. Based on these tests, it seems that 3 to 4 EOFs should be
retained for this spacing. Later, the sensitivity of the soil moisture interpolation results to

the number of EOFs retained will be examined.

3.6.2 Results of Spatial Interpolation

Figure 3.9 shows examples of interpolated soil moisture patterns using the EOF-
based method with observations spaced 30 m x 60 m. In this case, 52 observations from
each of the 13 sampling dates were used for the EOF analysis, and 407 points were
subsequently interpolated on each date. Figure 3.9a shows the 3 July soil moisture
pattern computed from EOFs 1-3, which were interpolated using the IDW method.
Comparing the interpolated pattern to the observed pattern in Figure 3.2a, the large-scale
system variation seems to be generally reproduced. The upper end of the valley on the
right side is wet, and the northwest-facing slope is dry. The gully on the left side is
somewhat wet, and the northern boundary of the catchment along the stand of Cyprus
trees is dry. The interpolated pattern is clearly smoother than the observed pattern, which
is expected due to the loss of small scale variation associated with the higher order EOFs
and the use of the IDW method. Figure 3.9b shows the 20 September soil moisture
pattern computed from EOFs 1-3, which were interpolated from a MLR against
topographic attributes. The interpolated pattern can be compared to the observed pattern
in Figure 3.2b. Much of the observed dependence on topographic features is reproduced

in the interpolated surface. In particular, the left and right gullies are much wetter than
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the hillslopes. Again, the interpolated pattern is smoother than the observed pattern.
Notice that the interpolated patterns in Figure 3.9a and 3.9b appear much different from
each other. This difference arises mostly from the different weightings of the underlying
EOF patterns. Figures 3.9c and 3.9d show the estimation errors for the 3 July and 20
September patterns, respectively. In both cases, the errors do not appear to depend on
topography and exhibit mostly small scale variations.
Interpolation performance can be measured with the average Nash Sutcliffe
Coefficient of Efficiency (NSCE) among the 13 days in the dataset, computed as:
n ol —0?

1 i
NSCE: =t [ .\J’ £, 40
n ,Z:’ (&% ol

obs i

where o;,,,‘,x.,v is the variance of the observed soil moisture pattern on day i and o”n_,- 1s the
mean squared estimation error on day /. The term in the summation is the usual
definition of the NSCE [Nash and Sutcliffe, 1970]. ¢ oy and o”; are computed only at
locations that are not part of the observations supplied to the interpolation method. If the
NSCE is one on a particular day, then the interpolated surface reproduces the unobserved
values exactly. If the NSCE is zero, then the interpolated surface performs as well as the
true spatial average of the soil moisture would.

Figure 3.10 evaluates the performance of the EOF interpolation method as a
function of the number of EOFs included in the method. To generate Figure 3.10,
observations were again supplied at a 30 m x 60 m spacing. However, notice that nine
different datasets can be generated with this uniform spacing from the original 10 m x 20
m dataset depending on the particular points that are retained (Table 3.3). In Figure 3.10,

the data points show the average NSCE (including all dates) among these nine
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realizations. The error bars show the standard deviation of the NSCE for the nine
realizations. Figure 3.10a evaluates the performance when the MLR approach is used to
interpolate the EOFs. Here, the NSCE improves as the number of EOFs increases to 3 or
4. Then, as additional EOFs are added, the average NSCE among the nine realizations
remains around 0.27. The dotted line in Figure 3.10a shows the multiple correlation
coefficient between each added EOF and the topographic attributes from Section 3.4.
Higher order EOFs generally have lower multiple correlation coefficients with
topographic attributes. EOFs with insignificant correlations with topography are dropped
from the regression model during the partial correlation analysis, so higher order EOFs
are not necessarily used to estimate the soil moisture. Thus, there are essentially
redundant significance tests if the MLR method is used, which is why retaining
insignificant EOFs does not affect the NSCE in this case. This result suggests that it is
better to retain too many EOFs in this case than to retain too few. Figure 3.10b shows the
NSCE results if the IDW method is used for EOF interpolation. In this case, the average
NSCE among the nine realizations peaks at about 0.25 when 3 to 4 EOFs are included.
When more EOFs are added, a clear decline in performance is observed. For the IDW
method, the only test for statistical significance is the decision to include or discard
EOFs, so it is imperative that the EOFs containing noise are eliminated.

Figure 3.11 evaluates the performance of the EOF-based interpolation method as
a function of the spacing of the observations and compares it to methods that directly
interpolate soil moisture. For each uniform spacing shown in the plot, every possible set
of observations was interpolated (see Table 3.3). The average NSCE (including all dates)

was calculated among these datasets and is plotted as a function of the spacing in the
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figure. The error bars show the standard deviation of the NSCE among the realizations at
each spacing. The figure shows the results of the EOF-based method using both the
MLR and IDW approaches to interpolate the EOFs, which we refer to as the EOF-MLR
and EOF-IDW methods, respectively. For comparison the figure shows the results for
the MLR and IDW interpolation methods applied directly to the soil moisture data. In all
cases, the resolution of the interpolated surface is 10 m x 20 m. It should be noted that
the data requirements differ between the various methods. The IDW method uses only
sparse soil moisture data. The MLR uses both the sparse soil moisture data and fine-scale
elevation data. Both EOF-based methods (IDW and MLR) use the sparse soil moisture
observations on all 13 sampling dates to compute the EOFs, which are then interpolated
to produce the fine-scale soil moisture patterns. Both direct interpolation methods use
sparse observations only from the individual sampling date being interpolated. The
effects of these varying data requirements are investigated below.

The closest spacing of observations considered by Figure 3.11 is 10 m x 20 m,
which is equivalent to the resolution of the interpolated surface. In this case, the MLR
and EOF-MLR methods simply estimate soil moisture at the same locations used to
develop the regressions. Likewise, the IDW and EOF-IDW methods are employed to
estimate soil moisture at each point assuming that all other points are known. The 10 m x
20 m case gives an assessment of the maximum ability of the interpolation methods to
reproduce the unobserved observations. One can see from the NSCE in Figure 3.11 that a
maximum of about 40% of the observed variation can be reproduced. As a check, this
maximum NSCE is approximately the same as the squares of the multiple correlation

coefficients from Table 3.1 averaged over the 13 sampling dates, which corresponds to
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the amount of soil moisture variation that can be explained by topography. The
unexplained variation likely includes the measurement error. Recall that the TDR data
has an error variance of about 2.9x10™* [Western et al., 1999a], which is 25% of the
average observed variance among the 13 sampling dates. The remaining 35% is system
variation that is not captured by the interpolation methods used here. The IDW methods
have the potential to reproduce slightly more of the observed variation than the MLR
methods at the 10 m x 20 m spacing, because not all of the system variation is related to
topography.

As the spacing increases, the performance of all the methods decreases, but the
EOF-based interpolation methods always out-perform their respective direct interpolation
methods. This behavior was explained in Sections 3.4 and 3.5. Lower order EOFs were
shown to be sorted roughly by the strength of their topographic dependence and were
shown to exhibit more consistent dependence on topographic attributes than the soil
moisture patterns. When topographic-related variation is partitioned from other variation
in the EOF analysis, more consistent regression relationships with topography can be
identified, hence the MLR-EOF method outperforms the direct MLLR method. Likewise,
the EOFs were shown to have distinct and more consistent variogram functions than soil
moisture. Therefore, a distance-based interpolation method like IDW is better able to
interpolate the EOFs as a function of distance than soil moisture itself.

The relative performance of the different methods changes as the spacing
increases. At the 20 m x 40 m sample spacing, the EOF-IDW interpolation method
outperforms the EOF-MLR method. At this scale, neighboring soil moisture data contain

more information about the local soil moisture than local topographic data do. However,
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this behavior changes at the 30 m x 60 m spacing because the information content of
neighboring soil moisture data decreases as the sample spacing increases. Furthermore,
the assumption that topographic data is available at high resolution means that the MLR
methods can use more information than the IDW methods. Thus, the EOF-IDW method
is a better choice for closely-spaced observations, while the EOF-MLR is a better choice
for widely-spaced observations, when topographic data is available at the target
resolution of soil moisture.

Table 3.4 compares the estimation errors from the EOF-MLR method and those
from the direct MLR method. In both cases, the interpolated soil moisture patterns were
generated from a single 30 m x 60 m set of observations, and the estimation errors were
computed for each date. Then, the correlations were calculated between the estimation
errors at the locations that were not provided to the interpolation method and the
topographic attributes. On 10 out of 13 dates, the errors from the EOF-MLR method
have a lower multiple correlation coefficient with the topographic attributes than the
errors from the direct MLR method. This result suggests that the EOF-MLR method
accounts for the topographic influence better than the direct MLR method. This is related
to Figure 3.4 where it was shown that the lower order EOFs have stronger correlations
with topography due to the fact that noise has been partitioned into higher order EOFs.

It was noted previously that the EOF-based interpolation methods use more data
than the direct methods. Specifically, the EOFs are generated based on the sparse
observations from multiple sampling dates. In contrast, the direct MLR and IDW only
consider the sparse data from the current date. To assess the role that the additional data

plays, the NSCE is evaluated for one sampling date (28 March) as successive dates are
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added to the dataset that is used for the MLR and EOF-MLR techniques (Figure 3.12).
The successive dates are simply added in chronological order. Only the direct MLR and
EOF-MLR methods are compared because the direct IDW method cannot easily include
data from multiple dates. For the MLR method, data from each additional date is
normalized and standardized to remove the different means and standard deviations for
each day, which produces a better regression. Figure 3.12 shows that the MLR and EOF-
MLR methods yield identical results when only one date is used. In this case, the only
EOF pattern is the soil moisture pattern itself. However, when two sample dates are used
in each method, the NSCE for the EOF-MLR method immediately doubles from 0.075 to
about 0.15, while the NSCE for the direct MLR method actually decreases. The NSCE in
both cases does not change significantly with the addition of three or more observation
dates. The analysis was repeated numerous times by adding the successive dates in
different orders with the same general results. This analysis implies that the difference in
the estimation efficiencies of the MLR and EOF-MLR methods is not simply due to a
difference in the amount of data required. Instead, the difference is due to the method by
which that data is interpreted. The analysis also shows that the EOF-based method is
beneficial as soon as two sampling dates are used because two sampling dates

immediately allow the method to separate some system variation from noise.

3.7 Conclusions
The main conclusions of this study are as follows:
(1) EOF analysis is effective at partitioning soil moisture variation roughly along the

lines of different hydrologic processes and partitioning system variation from random
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noise. The most important EOF (EOF1) mainly reflects the spatial pattern induced by
lateral flow, the second most important EOF (EOF2) reflects the modification to
EOF]1 due to the changing role of evapotranspiration during the year, and the third
most important EOF (EOF3) modifies EOFI at transition times when drainage
conditions are far from steady-state. Higher order EOFs (EOF8 and higher) are
consistent with random noise.

(2) The most important EOFs generated from the soil moisture data have higher
correlations with topographic attributes than individual soil moisture patterns. The
higher correlations occur because the most important EOFs identify persistent
patterns of covariation, which are expected to be associated with static variables like
topography.

(3) The spatial structures of the most important EOFs are better described as a function of
separation distance than the soil moisture patterns. This result occurs because each of
the most important EOFs have distinct relationships with separation distance whereas
the soil moisture patterns blend together these distinct relations. It also occurs
because random noise is partitioned into the higher order EOFs.

(4) If data are available from more than one observation date, then interpolation of soil
moisture data is better done by conducting an EOF analysis and interpolating the
EOFs than by direct interpolation of the soil moisture observations. The improved
efficiency of the EOF-based method occurs because the EOFs have stronger
relationships with topographic variables and simpler spatial structures than the soil

moisture patterns.
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(5) If the available soil moisture observations are closely-spaced, then the EOFs are
better interpolated with a distance-based method. If the observations are widely-
spaced and fine-scale topographic data is available, then the EOFs are better

interpolated with a multiple linear regression against fine-scale topographic attributes.
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Table 3.1 Comparison of EOF and soil moisture correlations with topographic attributes.
Blank entries correspond to statistically insignificant correlations at the 95% confidence
level.

Simple Correlation Coefficient Multiple
Correlation
Elev. slope slope’ k. k a In(ag WI PSRI L | Coefficient

EOFI [-039 -026 039 -058 -036 040 0.67 0.67 -029 0.67 0.82
EOF2 040 040 -0.13 0.20 0.12  0.56 0.63
EOF3 | -033 -0.19 0.22 0.16 0.15 0.19 -0.17 0.50
EOF4 0.11 0.13 -0.10 0.15
EOFS | 0.15 0.10 0.20
EOF6 | 009 011 013 B 013
27 Sep | -0.41 -023 035 -0.52 -033 036 065 064 -038 0.62 0.82
14 Feb | -0.10 0.28 -0.23 -0.18 0.14 -0.40 0.18 0.48
23 Feb 0.20 -0.12 0.11 -0.31 0.13 0.36
28 Mar | -0.21 -0.23 -0.23 0.27 021 -038 0.31 0.50
13 Apr | -0.16 -0.36 -031 0.12 041 035 -038 043 0.58
22 Apr | -0.22 -029 037 -050 -0.26 033 052 054 0.51 0.62
2May | -0.35 -030 040 -0.63 -034 037 063 064 -0.18 0.64 0.77

3 Jul -0.14 021 -0.39 022 031 0.32 0.32 0.51
28ep |-030 -024 038 -035 -024 034 043 046 -0.13 046 0.57
20Sep | -0.33 -0.34 040 -042 -025 035 043 047 0.45 0.56
250ct | 041 -024 035 -045 -0.30 040 0.63 063 -0.30 0.57 0.74
10 Nov | -0.35 -0.18 029 -040 -027 031 051 051 -046 049 0.75
29 Nov | -0.22 0.18 -036 -0.21 0.21 043 040 -0.32 046 0.60
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Table 3.2 Estimated parameters of the exponential semivariogram model for the most
important EOFs, two soil moisture patterns, and selected topographic attributes.

Spatial Nugget, a Sill. b Range, 3¢

Pattern (VIV)? (V/IV): (m) RMSE
EOFs
1 0.00 1.0 04 1.61
2 0.25 1.0 116 1.35
3 0.50 1.2 370 1.54
4 0.58 1.4 536 1.43
5 0.71 I.1 264 1.51
§) 0.53 1.0 64 1.49
7 068 1.0 71 146
Soil Moisture
3 July 0.37 1.1 138 1.81
20Sep 017 10 6 18]
Topographic Attributes
WI 0 1.1 101 -
PSRI 0 1.2 214 --
k; 0 0.98 75 -




Table 3.3 Characteristics of the datasets used for interpolation.

Percent of
Observation Number of  Original Observations Number of Realizations

~ Spacing Observations Retained Available for Analysis
10mx20m 459 100 1
20mx 40 m 113 25 4
30mx 60 m 52 11 9
40mx 80 m 30 6.5 16
50mx 100 m 19 4.1 25
60 mx 120 m 12 2.6 36
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Table 3.4 Multiple correlation coefficients between soil moisture estimation errors and
topographic attributes. The estimation errors are from interpolated soil moisture from 30
m x 60 m observation spacing. The topographic attributes used include: elevation, slope,
slope'], kn, ky, a, In(a), WI, PSRI, and L. Only EOFs 1-3 were retained for the EOF-based

estimate shown here.

Soil Moisture Direct MLR
Sampling Date EOF-MLR of Soil Moisture
9/27 0.21 0.12
2/14 0.17 0.13
2/23 0.11 0.14
3/28 0.12 0.25
4/13 0.14 0.22
4/22 0.16 0.22
52 0.23 0.22
7/3 0.18 0.21
9/2 0.08 0.27
9/20 0.09 0.18
10/25 0.20 0.42
11710 0.17 0.20
11/29 0.15 0.27
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Figure 3.1 Tarrawarra catchment topography. The overlaid dots show the soil moisture
sampling grid for a typical observation date. Note that the vertical scale is exaggerated

(approximately 6x).
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(@) 3 July 96 (b) 20 Sep. 96

Figure 3.2 Spatial patterns of soil moisture on (a) 3 July 1996 and (b) 20 September
1996. The units are in volume of water per volume of soil.
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Figure 3.3 The spatial patterns of covariation (a) EOF1 and (b) EOF2 and the
corresponding time-varying weights (¢) EC1 and (d) EC2. Spatial patterns (¢) EOF3 and
(f) EOF13 and time-varying weights (g) EC3 and (h) EC13.
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Figure 3.4 The topographic attributes: (a) slope, (b) horizontal curvature, (¢) vertical
curvature, (d) wetness index, (e) potential solar radiation index, and (f) lowness.
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Figure 3.5 Comparison of the relationships between soil moisture on various sampling
dates and two topographic attributes (PSRI and WI) to the relationships between EOFs 1-

2 and the same topographic attributes.
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Figure 3.8 Comparison of three tests for statistical significance of EOFs. (a) North et al.
[1982] test using the 68% confidence limits on the eigenvalues. Non-overlapping
confidence limits indicate a statistically significant EOF. (b) Bartlett [1950] chi-squared
test of the hypothesis that a given eigenvalue is equal to all higher order eigenvalues. (c)
Cattell [1966] scree test, where a break point in the slope of plot is used to identify
significant eigenvalues . All results shown here are for 30 m x 60 m sample spacing.
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(a) Estimated Soil Moisture 3 July 96 (b) Estimated Soil Moisture 20 Sep. 96

0.4 0.45 05 0.45 0.5 0.55

(c) Estimation Error 3 July 96 (d) Estimation Error 20 Sep. 96

Figure 3.9 Soil moisture estimates and associated estimation errors using EOF-based
interpolation methods. (a) 3 July estimate from EOFs 1-3 interpolated using the inverse
distance weighting method. (b) 20 September estimate from EOFs 1-3 interpolated using
a multiple linear regression against topographic attributes. (c) The associated pattern of
estimation errors for 3 July. (d) The associated pattern of estimation errors for 20
September. The dots indicate the locations of the observations (30 m x 60 m spacing, 52
points total).
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Figure 3.10 Evolution of NSCE for estimated soil moisture as additional EOFs are
retained for interpolation by (a) multiple linear regression against topography and (b) the
inverse distance weighted method. The x-axis represents the number of EOFs retained,
and the EOFs are retained in order of the variance they explain. The multiple linear
correlation coefficient r between each EOF and the topographic attributes considered is
overlaid in part (a). Error bars show +/-1 standard deviation of NSCE computed for nine
different 30 m x 60 m observation sets.
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Figure 3.12 The NSCE for interpolation of 28 March soil moisture as a function of the
number of sample dates used. The plot compares EOF interpolation and direct soil
moisture interpolation using a multiple linear regression against topography in both cases.
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4 Conclusions

The objective of the closing chapter is to assess the overall implications of this
work and to suggest possibilities for future work. The main contribution of this work is
showing that EOF analysis is effective at decomposing catchment scale soil moisture in a
way that leads to better estimation of soil moisture at unobserved times and better
interpolation in space when sparse measurements are available. EOF analysis
decomposes the soil moisture data along orthogonal covariation. The analysis here has
shown orthogonal covariation to be an effective, if imperfect, criterion for separating
variation associated with individual processes that affect soil moisture.

Soil moisture variation results from the interaction of multiple processes. The
importance of each process can change through time. EOF analysis is capable of
modeling this behavior by identifying underlying persistent patterns (EOFs) and
associated time-varying weights (ECs). Here, EOF1 was shown to be related mainly to
the pattern of lateral drainage during steady-state conditions, EOF2, to the pattern of
evapotranspiration, and EOF3, to the pattern of drainage during non-steady state
conditions. Likewise EC1 was shown to be most important during moderately wet times,
EC2, during very dry and very wet times, and EC3, when water is accumulating high in
the catchment and draining from the catchment. The physical interpretation of EOFs was
shown to be important as it allowed better characterization and prediction of their space-

time behavior.
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Previous studies have observed strong topographic dependence of soil moisture
variation at the Tarrawarra catchment. Here, topographic dependence was confirmed.
EOFs that explained the most soil moisture variation were shown to be highly correlated
with topography. In addition, important EOFs showed a strong correlation to topographic
attributes related to a particular process. It was shown that important EOFs exhibit
distinct and stronger topographic dependence than measured soil moisture. This was
demonstrated by higher linear correlations between EOFs and common topographic
attributes than between soil moisture and the same topographic attributes. Stronger
topographic dependence was also demonstrated by comparing the residual errors from an
EOF-based interpolation method with errors from a comparable interpolation method
applied directly to soil moisture. Analysis of the errors showed that the EOF method
accounted for more of the topographic dependence of soil moisture.

If previous studies have identified the importance of topography at the Tarrawarra
catchment, they have had difficulty quantifying the time-varying relationship between
dynamic soil moisture patterns and static topography. This study has shown that
persistent EOF patterns exhibit time-stable relationships to topography. The time-
varying nature of the soil moisture-topography relationship can be quantified with the
associated ECs. For example, EOF2 was observed to be related to topographic aspect.
EC2 was shown to vary seasonally with the catchment spatial average soil moisture.

EOF analysis was shown to be effective at separating system variation from noise,
e.g., measurement error. Higher order EOFs were shown to have variogram parameters
similar to those for a field of random noise, while lower order EOFs were distinct from

random noise. By quantifying the large amount of variation associated with noise, this
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analysis has emphasized the continued need to minimize measurement errors. Variation
caused by measurement error can subsume true soil moisture variation, especially during
very wet and very dry times when overall soil moisture variation is low. Measurement
error limits our ability to understand soil moisture variation.

Based on the results presented here, it is recommended that future study of soil
moisture should involve decomposition. Other methods besides EOF analysis should be
investigated. Related methods might include canonical component analysis, independent
component analysis and cluster analysis. Soil moisture variation can also be decomposed
according to frequency using spectral analysis or wavelet transforms. Regardless,
decomposition should be performed to partition variation with uncertain spatial behavior
into variation that exhibits consistent behavior. As demonstrated here, it should be
possible to characterize, estimate and interpolate decomposed variables better than soil
moisture itself.

[t was shown here that EOF-based interpolation methods outperform comparable
methods applied directly to soil moisture. However, EOF-based interpolation was
demonstrated using commonly available interpolation techniques (e.g. inverse distance
weighted method). Future work should be done to develop new spatial interpolation
methods that specifically exploit the distinct spatial behavior of the decomposed
variables. For example, it was acknowledged that the omni-directional variogram is not
the best way to describe flow related variation. Variation along flow lines is clearly not
the same in all directions. Better interpolation methods could be developed to account

for the unique spatial structure of decomposed variables.



The analysis here was conducted for a site where soil type, landuse and vegetation
were spatially uniform. The site emphasized topographic control of soil moisture. Future
work should involve similar decomposition, estimation and interpolation at sites with
non-uniform vegetation and soils. The space-time interaction of vegetation and soil
moisture should be investigated. For example, is soil moisture variation related to
variation in plant growth at certain times of year? And do different plant communities
create different temporal patterns of variation? The role of soil properties in producing
persistent soil moisture patterns should be investigated. Previous studies have attributed
very dry and very wet soil moisture patterns to soil properties, namely permanent wilting
point and water content at saturation, respectively. If this is true, EOF analysis should
have been very effective at identifying persistent patterns during very dry and very wet
periods. Surprisingly it was least effective at these times.

This analysis was performed for a site with a strong seasonal climate. The
important modes of variation identified were generally related to the seasonal variation of
hydrologic processes. Future work should investigate sites without seasonal variation or
should investigate intra-season variation. Important non-seasonal variation likely occurs
at smaller time scales, e.g., in response to daily weather.

Finally analysis of EC temporal behavior was limited here because the dataset
consisted of only 13 sampling dates. Unfortunately, there is a scarcity of soil moisture
datasets with large space and time dimensions. One possible solution is computer
simulation of soil moisture data using a physically-based, distributed model that includes
important soil moisture processes in its formulation. Simulation of large amounts of soil

moisture data could allow better characterization of ECs using time-series analysis. ECs
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associated with different processes should exhibit distinct time-structures. Based on
results here, it is anticipated that ECs will exhibit more certain temporal behavior than
soil moisture. This should allow better soil moisture forecasting when time-series

modeling is done on ECs versus on soil moisture itself.
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