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ABSTRACT OF DISSERTATION

DEVELOPMENT OF A MODEL FOR SIMULATION OF SOLUTE
TRANSPORT IN A STREAM-AQUIFER SYSTEM

A model for simulation of solute transport in a stream-aquifer system is
developed. The model is referred to as: Model for Stream-Aquifer Solute Transport or
MSAST. The MSAST is developed by coupling four primary models: The groundwater
flow model, MODFLOW-96, the coupled groundwater surface water model,
MODBRANCH 3.7, the aquifer solute transport model, MT3D 1.11, and a fourth model
developed in this study referred to as Stream Solute Transport Model or SSTM 1.0. The
flow interaction in a stream-aquifer system is simulated by the MSAST using
MODFLOW and MODBRANCH. The solute interaction in a stream-aquifer system is
simulated by the MSAST using MT3D and SSTM. An interface is developed between
MODFLOW-MODBRANCH and MT3D-SSTM. SSTMLINK Package is added to
MODBRANCH to create an interface file containing streamflow hydraulic solution for
the stream network. The LKM Package (Zheng, 1990) creates an interface file that
contains the output solution of MODFLOW. The SSTMLINK and the LKM Packages
interface files are used as input files in the MT3D-SSTM simulation. The Stream Solute
Package (SSL1) is added to MT3D to simulate variable stream concentration by calling
the SSTM. The SSTM is coded based on the one-dimensional advection dispersion
equation. The finite difference method is the numerical technique implemented in the

SSTM.

it
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MSAST is used to simulate chloride transport in the stream-aquifer system of the
Arkansas River and the Equus Beds Aquifer in south-central Kansas. Previous modeling
of the aquifer was conducted by the Bureau of Reclamation using MODFLOW and
MT3D to examine groundwater flow and chloride transport in the aquifer. The flow
interaction in the MSAST application was simulated using MODFLOW and
MODBRANCH. The solute interaction was simulated using MT3D and SSTM. The
SSTM requires initial and boundary solute data values. These data are not available in
the range of time intervals used by SSTM. The mean concentration of chloride for
several disperse measurements in time and space taken for the Arkansas River are used as
the initial and boundary values. The simulated mean of chloride concentration in the
river matched the observed mean. Chloride concentration in the aquifer decreases in the
vicinity of simulated channel for the selected simulation time. Sensitivity analysis
showed that the increase in river chloride concentration has a significant effect on
chloride concentration in the aquifer.

Hashem Faidi
Civil Engineering Department
Colorado State University

Fort Collins, Colorado 80523
Spring, 2000
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Chapter One

INTRODUCTION

1.1 Introduction

For hydraulically connected stream-aquifer systems, contaminated water is usually
interchanged between the stream and the adjacent aquifer posing a threat to the water quality of the
stream-aquifer system. Many studies of the interaction of groundwater and surface water have been
initiated because of problems related to water quality.

Simulation of solute transport in a stream-aquifer system is composed of two main
components. These are the simulation of water movement and the simulation of solute movement.
The first component incorporates several processes. These processes are groundwater flow in the
aquifer, surface flow in the stream, and flow interchange between the aquifer and the stream. The
second component incorporates solute transport in the aquifer, solute transport in the stream, and the
solute interchange between the stream and the aquifer.

MODFLOW (McDonald and Harbaugh, 1988) is a modular, finite difference model for the
simulation of groundwater flow in the aquifer. The model is based on solving the partial differential
equation of groundwater flow using finite difference method. The model includes packages that
simulate particular hydrologic processes like flow towards wells, through riverbeds, and into drains.
Other packages handle evapotranspiration and recharge. The original release of MODFLOW had
the River Package that simulates the stream aquifer interaction. The River Package calculates
seepage between streambed and aquifer using Darcy's Law. It assumes that the stream stage

remained constant over one groundwater stress period.
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Prudic (1989) introduced the Stream Package by modifying the River Package so
streamflow accounting could be accommodated by the MODFLOW model, but its use is limited to
steady flow in rectangular, prismatic channels.

The outstanding difference between surface and groundwater calculations is the disparity in
the time scales. Changes in the stream flow occur on a much shorter time scale than changes in the
groundwater flow. This variation is not accounted for in the River and Stream Packages of
MODFLOW.

Swain and Wexler (1996) noted that groundwater and surface water models have been
developed separately. They asserted that in areas with dynamic and hydraulically connected
groundwater and surface water systems, stream-aquifer interaction should be simulated using
deterministic responses of both systems coupled at the stream aquifer interface. In the situations
where transient and the variations in river stage and aquifer heads are rapid the River and Stream
Packages are not adequate for the simulation of stream-aquifer interaction.

Swain and Wexler (1996) developed MODBRANCH for the simulation of stream-aquifer
interaction. The model links BRANCH (Schaffranek et al, 1981), which is a one-dimensional
numerical model designed to simulate unsteady flow in open-channel networks, to MODFLOW. In
MODBRANCH, streams are simulated more realistically than in the River and Stream Packages of
MODFLOW.

Solute transport in groundwater is simulated using numerical models coded based on the
partial differential equation describing solute transport in the aquifer. MT3D is a three-dimensional
solute transport model for simulation of advection, dispersion, and chemical reactions of dissolved
constituents in groundwater systems. The model uses a modular structure similar to that

implemented in MODFLOW. The modular structure makes it possible to independently simulate
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advection, dispersion, sink/source mixing, and chemical reactions without reserving computer
memory space for unused options. MT3D is used in conjunction with MODFLOW. MT3D
retrieves the hydraulic heads and the various flow and source/sink terms saved by MODFLOW,
automatically incorporating the specified hydrologic boundary conditions.

The simulation of the stream in MT3D is included in the Sink/Source Package. The stream
is considered as a source or a sink with specified flow rate and solute concentration during the model
stress period. The concentration in streams is considered constant during the stress period. For the
situation of a dynamic, hydraulically connected stream-aquifer system as presented in
MODBRANCH, there is usually a variation in the stream concentration due to transport of solute
governed by processes like advection, dispersion, and source/sink in the stream. The MT3D in its
current format is not adequate for simulation of solute transport interchange for a connected stream-
aquifer system.

Development of MODBRANCH as a coupled groundwater surface water simulation model,
represent a significant improvement in simulating water movement in stream-aquifer systems. This
development could be used as a basic step toward an efficient simulation of solute transport in a
stream-aquifer system.

Dietrich et al. (1989) and Jakeman et al. (1989) developed an analytical model for the
transport of a conservative solute along a stream connected to an aquifer contaminated by the solute.
The model relates downstream concentration to upstream concentrations, stream discharge and
piezometric levels in the aquifer. Also, other models for solute travel time in the stream and aquifer
inflow to the stream have been developed. They applied the model to a reach of the River Murray in
Australia. The analytical solution developed by Dietrich and Jakeman assumes a homogeneous

stream-aquifer system. The spatial variation of the properties of the aquifer connected to the stream
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is not considered. The model is specific for a situation when the aquifer is contaminating the stream
and not the other way around. Other assumptions were considered which are specific to the case
study like the solute concentration in the aquifer is high in comparison with that of the stream,
advection dominates dispersion in the stream, aquifer properties do not vary along the stream, there
is a single valued relationship between wetted cross-sectional areas of the stream and stream
discharge, and sources or sinks of water along the river are small enough not to affect significantly
the downstream propagation of river flow.

In conclusion, a numerical model that simulates solute transport in a stream-aquifer system
is lacking and development of such a model will be a significant step towards better management of
water quality in a stream-aquifer system. For this model to be comprehensive and adaptable it is
based on existing widely used models describing the individual flow and transport components of

the stream-aquifer interaction.

1.2 Research Purpose
The main purpose of this research is to develop a model for simulation of solute transport in

a stream-aquifer system. The model will be referred to as Model for Stream-Aquifer Solute

Transport.

1.3 Research Specific Objectives

There are several major tasks that need to be taken to develop the pimary model for solute
transport in a stream-aquifer system, these are:
1. Develop a primary model for solute transport in a stream-aquifer system by integrating several

secondary models. The first model will simulate the groundwater flow in the aquifer. The
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second model will simulate streamflow in streams and the interaction of flow between the
stream and the aquifer. The third model will simulate the solute transport in the aquifer and the
fourth model will simulate the solute transport in the stream and the interchange of solute

between the stream and the aquifer.

2. The developed model will use MODFLOW for simulation of groundwater flow in the aquifer
and MODBRANCH for simulation of streamflow in the stream and the interaction of flow
between the stream and the aquifer. The solute transport in the aquifer will be simulated using
MT3D. A fourth model will be developed in this study to simulate solute transport in the
stream. This model will be coded based on the partial differential equation of one-dimensional
solute transport in the stream. This equation accounts for solute concentration variation due to

advection, dispersion and interchange of solute with the aquifer.

3. Link or interface packages will be added to integrate the four models. The first link package will
be added to MODBRANCH to save the hydraulic solution of stream network which eventually
will be used by the stream solute transport model. The second link package will be added to
aquifer solute transport model, MT3D. This package will interface with stream solute transport
model to get solute concentrations in the stream segments included in the aquifer cells simulated

by MT3D

4. Apply the Developed model to a case study and check its performance.
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1.4 Research Organization

This Chapter explains the background and the purpose of this study. Chapter Two reviews
the literature related to the development of numerical modeling of water flow and solute transport in
a stream-aquifer system. Chapter Three describes the mathematical equations and their numerical
solutions implemented in the primary models that simulate the movement of water in a stream-
aquifer system. Chapter Four describes the mathematical equations and their numerical solutions
implemented in the primary models that simulate the movement of solute in a stream-aquifer-
system. Chapter Five explains the code structure of the developed model. Chapter Six describes
the application of the model to the Arkansas River and the Equus Beds Aquifer in south-central
Kansas. Chapters Seven discusses the conclusions from this study and Chapter Eight discusses the

recommendations of this study.
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Chapter Two

LITERATURE REVIEW

2.1 Introduction

This Chapter describes the literature related to the research study. The studies reviewed fall
in two categories. The first category of studies describes the advancement of numerical modeling
as a primary tool for analyzing the interaction of groundwater and surface water. Four studies are
reviewed under the first category. The first study by Pinder and Sauer (1971) describes the bank
storage effects on a stream-aquifer system. The second and third studies describe the packages of
the groundwater flow model, MODFLOW (McDonald and Harbaugh, 1988) that simulate the
stream-aquifer interaction. The fourth study by Swain and Wexler (1996) describes
MODBRANCH, the coupled groundwater-surface water model.

The second category of studies reviewed describes research related to solute transport in a
stream-aquifer system. The first study by Squillance et al. (1993) showed how groundwater in the
alluvium aquifer adjacent to the stream was the principal source of solute in the stream. The
second study by Duffy and Lee (1992) conducted numerical experiments to evaluate the response
of baseflow chemistry to nonpoint source contamination in an idealized stream-aquifer system.
The third study by Dietrich et al. (1989) is a development of an analytical model for the transport of
a conservative solute along a stream connected to a contaminated aquifer.

As noted in Chapter One, numerical modeling of solute transport in stream-aquifer systems
is still an open area of research. Studies reviewed in the second category are the closest to the

context of this study. The two categories of studies are explained in the next two sections.
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2.2 Flow Component of Stream-Aquifer Interaction

Numerical modeling has been the primary tool for analyzing the interaction of groundwater
and surface water. Pinder and Sauer (1971) coupled the unsteady river equations with the two-
dimensional groundwater flow equations to study bank storage effects.

The purpose of this study was to demonstrate the response of a stream-aquifer system to the
propagation of a flood wave along a stream hydraulically connected to a floodplain aquifer using a
mathematical model of coupled groundwater and surface water systems. The solution of the
differential equations describing open channel flow and groundwater flow is accomplished
simultaneously using finite difference schemes. The equation coupling the two systems is Darcy's
law, which describes flow through the wetted perimeter of the channel.

The conclusions drawn from the study were:

1. Allowing for leakage into the aquifer (bank storage) attenuates the flood wave, decreasing the
peak discharge and extending the hydrograph base time.

2. Increased aquifer width had a minor influence on bank storage.

3. The length of the channel reach and the hydraulic conductivity of the floodplain aquifer have a
considerable influence on the modification of the flood wave by bank storage.

4. The response of a floodplain aquifer to the propagation of a flood wave along the channel
decreases rapidly with distance from the stream.

The MODFLOW groundwater flow model contains two packages that account for leakage
to and from rivers and canals. The River Package simulates rivers assuming a constant stage

during MODFLOW stress period and calculates leakage to or from the aquifer. The Stream
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Package accounts for leakage but allows flow to be routed through the river system only by a
uniform steady state technique (Prudic, 1989).

The purpose of the River Package is to simulate the effects of flow between surface water
and groundwater systems. To accomplish this, terms representing seepage to or from the stream or
the river are added to the groundwater flow equation simulated in MODFLOW. The stream is
divided into reaches so that each reach is completely contained in a single cell. Darcy's Law is used
to estimate seepage between the stream and the aquifer. Seepage through the stream bed is
simulated between each reach and the model cell based on the head difference between the head in
the river reach (stage) and the head in the aquifer and the river bed conductance. The conductance
of the riverbed is a function of its hydraulic conductivity and thickness and the area of the reach.
The River Package accounts only for leakage between the stream and the aquifer, there is no
streamflow routing in it. It does not track the amount of flow in the river nor does it allow the
stream to go dry during the stress period.

Prudic (1989) modified the River Package so streamflow tracking could be accommodated
by the MODFLOW code, but its use is limited to steady flow in a rectangular, prismatic channel.
Streams superimposed on the aquifer are divided into reaches and segments. A segment is a stream
or diversion in which streamflow from surface sources and diversions are added or subtracted at the
beginning of the segment. A reach is the part of a segment that corresponds to an individual cell in
the finite difference grid used to simulate groundwater flow in the aquifer. A segment may consist
of one or more reaches.

Streamflow is accounted for by specifying flow for the first reach in each segment that
entered the modeled area. Streamflow to adjacent downstream reaches in each segment is equal to

inflow in the upstream reach plus or minus leakage from or to the aquifer in the upstream reach.
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The accounting scheme used assumes that streamflow entering the modeled layer is instantly
available to downstream reaches. Reaches in a segment are permitted to go dry whenever
downward leakage to the aquifer exceeds stream inflow into the reach. The downstream reaches
can also go dry and leakage into the aquifer is not permitted. Upward leakage from the aquifer is
permitted even when there is no streamflow in a reach. This happens when the head in the aquifer
exceeds the top of the streambed in a dry reach. Leakage to or from a stream is computed by
Darcy's Law as in the River Package. An option is available to compute the stream stage in each
reach. Using this option, the discharge in the reach is assumed steady at a constant depth. The
stage is computed using Manning Formula.

The Stream Package in MODFLOW (Prudic, 1989) can route flow from more than one
tributary into a channel, so it is not limited to single channels as the Pinder Model. However, it is
restricted to rectangular cross sections, only route flow downstream and backwater effects cannot
be simulated. Flows into diversions must be user defined, and the depth in each reach is calculated
as steady uniform flow.

Swain and Wexler (1996) developed the coupled surface water and groundwater flow model
termed MODBRANCH. The model links BRANCH, which is a one-dimensional numerical model,
designed to simulate unsteady flow in open-channel networks, to MODFLOW. Streams are
simulated more realistically than in the River and Stream Packages. Their work involved two main
tasks. First, terms that describe leakage between a stream and an aquifer were added to the
continuity equation in BRANCH; second, a package was added to MODFLOW to interface with
the modified BRANCH. Leakage between the aquifer and the stream can be calculated separately
in each model, or leakage calculated in BRANCH can be used in MODFLOW. Total mass in the

coupled models is accounted for and conserved.

10
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The MODBRANCH model calculates new stream stages for each time interval in a
transient simulation based on upstream boundary conditions, stream properties, and initial estimates
of aquifer heads. Next, aquifer heads are calculated in MODFLOW based on stream stages
calculated in MODBRANCH, aquifer properties, and stresses. This process is repeated until
convergence criteria are met for head and stage. Because time steps used in groundwater modeling
can be much longer than time steps used in surface-water simulation, The coupled surface water
groundwater model developed by Swain and Wexler can handle multiple surface water flow time

steps contained in one groundwater flow time step.

2.3 Solute Transport Component of Stream-Aquifer Interaction

In the first study reviewed about movement of solute in a stream-aquifer system, Squillance
et al. (1993) found that groundwater in the alluvium adjacent to the main stem of the Cedar River in
Iowa was the principal nonpoint source of atrazine and deethylatrazine to the river after the river
had been in baseflow conditions for 5 days. The purpose of the study was to determine the primary
source of atrazine and deethylatrazine in the Cedar River during base flow, September 20-22, 1989.
The River had been in base flow conditions for S days at that time. This was accomplished by
presenting data and theoretical calculations that show where these chemicals entered the reach of
the Cedar River between September 20 and 22, 1989.

Three hypotheses were tested. Hypothesis one is that groundwater discharge is an
important source of atrazine and deethyaltrazine. The second hypothesis is that discharge from tile
drains is a significant conrtibutor to these chemicals. In this case, tributary inflow would be
expected to be a major source of chemical loads in the main stem of the river. The third hypothesis

is that chemical loads in the river are primarily the result of desorption from bed sediment.

11
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Water samples were collected at sites at the main stem of the river, tributaries, and from the
alluvial aquifer beneath the riverbed. Results were that tributaries, although they aggregate almost
all of the discharge from tile drains within the study area, contributed about 25% of the increase in
loads of atrazine and between sampling sites on the main stem of the river, whereas 75% of the
increased loads originated along the main stem of the river. Data and theoretical calculations show
that the interaction of the river with the bed sediment does not result in substantial increases in the
river loads of atrazine. The alluvial aquifer adjacent to the river is the main source of atrazine and
deethylatrazine. The evidence for that is the following:

1. Statistically significant increases of atrazine loads were observed only along those reaches of
the river where discharge increased substantially because of groundwater discharge

2. Atrazine and deethylatrazine were collected in 15 shallow groundwater samples collected
beneath the river

3. Over a period of 9 months atrazine and deethylatrazine were consistently detected in the
groundwater at the Palisades site, which provides discharge to the river.

In the second study reviewed about movement of solute in a stream-aquifer system, Duffy
and Lee (1992) conducted numerical experiments to evaluate the response of base flow chemistry
to nonpoint source contamination in an idealized stream-aquifer setting. The approach is to
evaluate the base flow concentration from a nonpoint source contamination for two-dimensional
advective-dispersive transport and steady flow in the vertical plane. The source of contaminants is
distributed and arealy recharged to the aquifer. The aquifer is recharging the stream and the base
flow was considered to enter the stream along the entire reach. The flow and transport equations
were solved using a finite element model. The stream boundary was simulated as a single node

maintained at a constant head. The simulation can be described in two parts:

12
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1. The first set of simulations deals with the sensitivity of local transport parameters (dispersivity
and equilibrium) and the aspect ratio, L/D of the flow geometry on the time response of the solutes
in base flow. The simulations reveal that local dispersion has little effect on base flow
concentration. The aspect ratio variation or L/D ratio, which represents length of flow in the
aquifer (L) to the saturated depth (D). For small aspect ratio, where the flow penetrates deeper, the
impact of flow geometry on the solute response is substantial. When L/D is larger than 10, flow
geometry as measured by aspect ratio will have a small effect on base flow concentrations.
2. The second set of simulations examines the impact of stochastic spatial variations of the state
variable on base flow solute transport. For these experiments the hydraulic conductivity, nonpoint
source concentration, and initial aquifer concentration fields are treated as second-order stationary
stochastic processes (constant mean and variance). These variables are considered random
variables with probability distribution functions. The results of these simulations suggest that
solute response in base flow is insensitive to stationary fluctuation in hydraulic conductivity. The
results also revealed that the spatial average source concentration is the important parameter for
predicting base flow, while local spatial fluctuation in concentration have no impact at the point of
discharge. For the spatial variation of initial aquifer concentration, the simulations shows that the
base flow concentration has a strong dependence on the spatial mean initial conditions, while
sensitivity to stationary variations in the initial condition is small.

In the third study, Dietrich et al. (1989) and Jakeman et al. (1989) developed a dynamic
model for the transport of a conservative solute along a stream connected to an aquifer
contaminated by the solute. @ The model relates downstream concentration to upstream

concentrations, stream discharge and piezometric levels in the aquifer. Also, models for solute

13
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travel time in the stream and aquifer inflow to the stream have been developed. They then applied
the model to a reach of the River Murray in Australia.

Two objectives were set to achieve: first to provide a daily estimate of stream salinity at a
fixed downstream location during periods of low to medium flows in response to upstream flows
and upstream salt concentration as well as to lateral inflows from salty aquifers. Second to quantify
the salt load discharged from the aquifer into the stream in response to stream flow levels. The first
objective stems from the requirement to estimate downstream levels of salt concentration which if
too high would be damaging to irrigation activities. Such events usually occur during periods of
low to medium flows since in such instances dilution is low and groundwater gradients towards the
stream can be high. The second objective results from the need to assess management strategies
aimed at reducing the influx of aquifer salinity into the stream. To achieve the previous two
objectives the advection dispersion equation of solute transport in a stream was transformed from
its differential form to a more global representation that attempts to retain enough physically based
structure to be sensitive to relevant variables required by the modeling objectives. The major
assumptions were: the solute concentration in the aquifer is high in comparison with that of the
stream, advection dominates dispersion in the stream, aquifer properties do not vary along the
stream, there is a single-valued relationship between wetted cross-sectional areas of the stream and
stream discharge, and sources or sinks of water along the river are small enough not to affect
significantly the downstream propagation of river flow. The developed models have been applied
to a 207 km reach of the Murray River in Australia. The reach is characterized by a significant
amount of salt intrusion from adjacent aquifers. The historical and predicted salinity profiles were
compared at a station along the river. The predictions are regarded as quite accurate given the level

of error in the data.

14
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2.4 Conclusions from Literature Review
In general, the main conclusion that can be drawn from the literature review conducted is
that no model is available for numerical simulation of solute transport in a stream-aquifer system.
Two conclusions can be drawn from the first category of studies which are about flow
component in a stream aquifer system, these are:

1. Improved numerical models for simulating the interaction of groundwater and surface water
have been developed. With the development of MODBRANCH, two widely accepted models;
MODFLOW; and BRANCH representing processes in the aquifer and network of streams
respectively were coupled with addition of other processes representing water flow interchange
between aquifer and stream.

2. Second, the advancement achieved in groundwater surface water modeling can be used as a
base for a better modeling of solute transport in a stream-aquifer system.

The conclusion drawn from the second category of studies which are about solute
movement in a stream-aquifer system are:

1. The first study showed that groundwater is the main source of solute detected in the river, so
developing a model that quantify the interaction will be very important.

2. The second study showed that stream-aquifer system was modeled in the conventional way
used in groundwater models where the stream is assumed a constant head boundary. It is
important to consider the actual situation of the stream stage specially when it is variable.

3. The third study introduced an analytical solution for solute transport in a stream-aquifer system
with many constraining assumptions usually typical to analytical solutions. Development of a
model based on numerical solution will eliminate these constraining assumptions and will

consider more realistic situations such as the spatial variability of aquifer properties.
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Chapter Three

MATHEMATICAL BACKGROUND

3.1 Introduction

The purpose of this Chapter and the following Chapter (Chapter Four) is to describe the
mathematical equations governing the flow and solute transport for an alluvial aquifer connected to
a stream. Flow and solute transport in a stream-aquifer system incorporate several main processes:
groundwater flow in an aquifer, surface flow in a stream, flow interaction between a stream and an
aquifer, solute transport in an aquifer, solute transport in a stream and the solute interchange between
a stream and an aquifer. The main model that is developed in this research will simulate these
processes. The model is referred to as Model for Stream-Aquifer Solute Transport or MSAST. The
model is composed of four primary models; the groundwater flow model (MODFLOW), the coupled
groundwater surface water model (MODBRANCH), a modification of the aquifer solute transport
model (MT3D), and a fourth model that is developed in this study to simulate the transport of solute
in the stream and the interchange of solute between the stream and the aquifer. This model is referred
to as Stream Solute Transport Model (SSTM). This Chapter presents a mathematical background
that explains the equations that describe the water movement in a stream-aquifer system as
represented in the MODFLOW and MODBRANCH models, and the numerical techniques
implemented to solve these equations. The following Chapter describes the equations governing the

solute transport movement in a stream-aquifer system.
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3.2 Groundwater Flow in the Aquifer

The modular three dimensional groundwater flow model referred to as MODFLOW
(McDonald and Harbaugh, 1988) is used to simulate groundwater flow in the aquifer. MODFLOW
is based on solving the partial differential equation of groundwater flow using a finite difference
method. MODFLOW simulates steady and non-steady flow in an irregularly shaped flow system in
the aquifer. Flow from external stresses, such as flow to wells, areal recharge, evapotranspiration,

flow through river beds, and flow to drains can be simulated.

3.2.1 Groundwater Flow in the Aquifer Governing Equation
The three dimensional movement of groundwater of constant density through porous

media may be described by the partial differential equation:

d ch ch
) + ﬁ(KZZEE) - W= S’E 3.1

.. oh. o
I k., 9
ax gy 3

oh
"3y

where
Kxx» Kyy, Kz are values of hydraulic conductivity along the X, Y, Z coordinate axes, which are
assumed to be parallel to the major axes of hydraulic conductivity (LT™), hydraulic

conductivity is defined as a measure of the ease with which water can be transmitted

through porous media;
h is the potentiometric head (L);
w is the volumetric flux per unit volume and represents sources and /or sinks of water

(T, this term accounts for flow into the system from features or processes external

to the aquifer, such as streams, drains, areal recharge, evapotranspiration and wells.
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S, is the specific storage of the porous media, defined as the volume of water released
per unit volume of aquifer per unit change of head (L'); and

t is time (T).

3.2.2 Numerical Solution of the Groundwater Flow in the Aquifer Equation

The finite-difference method is the numerical method used to solve Eq 3.1 in MODFLOW.
In the finite difference method the aquifer system is spatially discretized into blocks or cells, the
location of these cells are described in terms of rows, columns and layers as shown in Fig. 3.1. The
development of the finite-difference form of Eq 3.1 as reported by McDonald and Harbaugh (1988)
is described here. Equation 3.1 is transformed into a finite difference formulation for each cell using
conservation of mass principle; the sum of all flows into and out of the cell must equal the rate of

change in storage within the cell. This is described as:

Y 0=savah (.2)
fT At
where
Q is the flow rate into or out of the cell i,j,k (L*T™);

S, is the specific storage (L™');
AV s the change of volume of cell i,j,k (L*); and

Ah is the change in head (L) over a time interval of length At (T).

Figure 3.2 depicts a cell i,j,k and six adjacent aquifer cells i-1,j,k; i+1,j,k; i,j-1,k; i,j+1,k; i,j,k-1; and

ijk+1. AsshowninFig. 3.3, flow from cell i,j-1,k into cell i j,k is estimated using Darcy’s Law as:

18
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Figure 3.1 A discretized hypothetical aquifer system, McDonald and Harbaugh,1988.
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Figure 3.2 Cell i,j,k and indices for the six adjacent cells, McDonald and Harbaugh,1988.
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Figure 3.3 Flow into cell i.,j,k from cell i,j-1,k , McDonald and Harbaugh (1988)
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(hi.j-lk —hiJJt)

qi.j-lf2,k = Ky 1y-12,k A’Yl Azk AY (33)
=12
Define R;;, . as:
R K AX AZ, G
. = _ ——— 4)
ig-1/2.k 1y-12.k
J-1 Yy AY—m
then flow to the cell i,j,k in the y-direction is:
9512k = RIJ-Ika (h,J-l,k'h.J.k) 3.5)

where K, ;. is the effective hydraulic conductivity between nodes i,j,k and i,j-1,k. Flow in row

direction out of the cell between i,j,k and i,j+1,k is:

(h..pu: 'h.,,.k)

9yane = Ky yans X, AZ, AY (3.6)
I
Define R, as:
AX AZ,
Rl.j’la.k = Ky 1y~12,k _A_YJ._“z_ (37)

then flow out of the cell i,j,k in the y-direction is:
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912k = RlJ'll'z.k (hi./'l.k—hi./,k) 3.8)

Flow in x-direction from i-1,j,k and i,j,k is:

(hl-l Jc-hf Jt)
92y = th-llZJ,lc AY, AZ, # 3.9)
1-12
Define U, ,;, as:
U - K AY] AZ,
i-124.k = x1-124.k A/Y,_”z (310)
Then flow into cell i,j,k from the x-direction is:
9y = U,-m.,,k (h:—l.;.k‘hux) (3.11)
Flow out of the cell i,j,k to i+1,j,k is:
(hl'l Jt_hl Jf)
9dange = Kxnllz‘/,k AY, AZ, AJX £ (3.12)
1+172

Define Uy, ,;, as:
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AY, AZ,

Uiinge = K (3.13)
i+124.k x i+1/2,/,k -
AX, in
Flow out of the cell i,j,k to i+1,j,k is:
Yinge = (jhlfz,/,k (hi'l‘/.k_hu,lc) (3.14)
For vertical direction flow through bottom face in the direction i,j,k-1 to ij,k is:
(h k-1 ~h,, )
q,‘JJc-IIZ = KZIJJ('[QA‘XI A};“Q‘Z—l'j (3-15)
k-172
Define V;;, ,, as:
AX AYJ
Viokriz = Koy ein m (3.16)
Then flow into the cell in z-direction:
9e-12 = Vu.k-lfz(huk-l -h:,/_k) (3.17)
Flow out in the direction i,k to i,j,k+1 is :
(hi k1 —hl J.')
qu.kvl/2 = K: :Jk*lQMA),z 4 . (318)

AZ,

172
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Define V ;.. as:

AX, AY;
Viiknin = Ko jxan Az, (3.19)
The flow out of the cell in the Z direction is :
G512 = ViggarnB e =h,, 0 (3.20)

The above flows are flows into the cell from adjacent cells, flow from external sources such as

streams, drains, areal recharge, evaporation, and wells are represented as:

a:.l.k.n = p'J.k.nh:J.k+0:J,le (3-21)

Q;;,. Tepresent flow from the nth external source into cell i,j,k (L°T™"), p;;, and O, , are constants,

(L*T"), and (L°T"). In general if there are N external sources :

N N N
Qsl.j,l: = Zl al}.k.n = ; Pl,;.kﬁhu.k * El OIJ,L'J! (322)
Define P;;, as:
N
P, = gpwm (3.23)
and O;;; as :
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the general external flow term for cell i,j,k is

QS"JJt = Pukhu.k*ouk

putting all the terms back into the continuity equation 3.2 for cell i,j,k yield:

Ru—IQJ:(hIJ-l.k—hth) +R:J'lf2k(hr,/~l.k _hlJJC)
* (/I'lfz.],k(hl-l,[.k _hu,k) * [jnl/'z,],k(hwl,.k —ht,/k)

* [/IJ,k'l/Z(hlJ.k'l —hiJ,k) M l/lJ,kOIQ(hu.kOI _hl,[,k)

Ah,,,x
+P:,1Jthu.k+0u.k = Ssq‘A‘X'IAY/AZk Al

The time derivative of head is approximated using backward finite difference scheme:

mf mf-1
AhlJ,k _ h’,l,k_hl,l‘k
A’mf Imf _lmf—l

where:
s is time at the end of time step mf

hmf

i« head at node i,j, k at time t,,¢

Equation 3.26 is written in backward difference scheme as:
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(3.25)

(3.26)

3.27)



mf mf,
RIJ"Q*(hlJ 1k hlJ + IJ"l/Z,k( lJ’l* lJ.k)

mf
+y, m.uz(h: “1gk” .k) vll2./,k(hnl i~h,

ik lfz(h'-‘* 1 h‘J FV:J#*IQ( th' -hlJ ( )
f h—m{t‘- m};l
m _ id »
Bh({+0u = S, AN AZ T

Equation 3.28 is rearranged so that all terms containing heads at the end of the current time step are

grouped on the left-hand side of the equation, and all terms independent of head at the end of the

current time step are on the right-hand side. This yield the form:

mf mf mf
V:‘J,k-lfzhu,kl l/:-IIZthl 1k Ri,j-l/ZJ:hu—lJt

+( VJJ: 12 (Jl-llka—Ru-IIZ.k-Ru'lQJc_(jr*l/2,[.k

o o o (3.29)
_Vu,k'll‘z+HCOEF:,;Jc)hth+Ruvl/2,khlpl.k+(j:’l:’2,/,khxpl.k
+Vl/,k’l/2hl.l-k' = RHSIJJ(
where
S. AXAY AZ
- sigk [ k
HCOEFIJJ: - PIJ,k- . Al ! (330)
mf
S hM'AXAYAZ
RHS:‘,,-,& = —Ouk- sigk '-’J‘A’ 1205 % (.31)
mf
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The entire system of equations having the form of Eq 3.29 which includes one equation for each

variable-head cell in the mesh, is written in matrix form as:

U] Al = lql (3.32)

where
[A] is a matrix of the coefficients of head, from the left side of the equation;
|hi is a vector of head values at the end of time step mf for all heads in the mesh; and
Iq] is a vector of constant terms on the right hand side of the equation.

MODFLOW incorporates several options for iterative solution of the set of finite difference
equations defined by Eq 3.32. The Strongly Implicit Procedure (SIP) is one of these techniques. The
Strongly Implicit Procedure is described briefly here. The SIP is a method for solving a large system
of simultaneous linear equations by iterations. Obtaining a solution for the matrix system of Eq 3.32
by factorizing [A] into [L], a lower triangular form matrix and [U] an upper triangular form
matrix yield a [L] and [U] which are not sparse. This imply a great deal of computer memory. The

SIP seeks to find a matrix [B] so that Eq 3.32 is converted into the form:

[4 + B] |h| = |q| + [B] |A| (3.33)

and matrix [A+B] can be factored easily into two matrices [L] and [U] which are sparse and
close to [A].

Utilizing an iterative process Eq 3.33 may be expressed in the form:

[4 + B] |h*| = |q| + [B) |A"7Y| (3.34)
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