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ABSTRACT OF DISSERTATION

BO O TSTRAPPING  STOCHASTIC SYSTEMS IN SURVIVAL ANALYSIS

The main focus o f this paper is the first passage time d istribu tion in a semi-Markov 

processes from an in itia l state to an absorbing state. The single bootstrap is imple­

mented using a saddlepoint approximation to determine estimates for the survival 

and hazard functions o f first passage. The double bootstrap is also implemented 

by resampling saddlepoint inversions and provides BCa confidence bands for these 

functions. Confidence intervals for the mean and variance of first passage times are 

easily computed. A characterization o f the asymptotic hazard rate for survival times 

is presented and leads to an indirect method for constructing its bootstrap confidence 

intervals.

The life tim e of a patient in the presence of independent left- and right-censoring 

is considered from a systems theoretic point-of-view. The systems development in tro­

duces semi-Markov flowgraphs to  represent the transitions o f the patient into and out 

o f censoring states up un til the tim e o f death. The empirical flowgraph. determined 

from the life tim e data subject to censoring, provides an estimate o f the population 

version and is itse lf a semi-Markov flowgraph. Solving the empirical flowgraph has 

the effect o f removing the censoring risk w ith  both Kaplan-Meier and Turnbull sur­

vival estimators resulting. The fact tha t these estimators are produced highlights the 

strength o f this particular point o f view.

Now consider passage through a semi-Markov system in the presence o f indepen­

dent right-censoring. Interest lies in  estimating the first passage tim e distribution

ii i
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w ith  the censoring risk removed. Data is observed from a censored-system, produc­

ing an empirical flowgraph. This is an estimate o f the population flowgraph and is 

also a semi-Markov system. The main idea is to amend the empirical flowgraph so 

that the censoring risk is removed. Since the system is free o f censoring, previous 

saddlepoint and bootstrap methods can be used to compute confidence intervals for 

the survival and hazard functions o f first passage. The methods are illustrated by 

providing a bootstrap/saddlepoint solution to the classical F ix and Neyman (1951) 

survival model.

Douglas A. Bronson 
Department o f Statistics 
Colorado State University 
Fort Collins, Colorado S0523 
Spring 2001
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1 Bootstrapping Survival T im es in Stochastic Sys­
tem s using Saddlepoint A pproxim ations

1.1 Introduction

This paper shows how saddlepoint methods may be used to implement bootstrap 

computations for prediction and estimation o f first passage tim e characteristics in 

complicated semi-Markov systems. These computations, when used in conjunction 

w ith  more complicated systems, would not be practically feasible w ithout the use of 

saddlepoint methods. It is convenient and instructive to introduce the procedures as 

they relate to the estimation methods presented in Davison and Hinkley (19SS) and 

then generalized them to the fu ll class o f fin ite state semi-Markov systems.

Suppose waiting tim e T  =  X; has an unknown d istribu tion F  which is the 

convolution o f a fixed number m of independent and identically distributed (lid ) 

variables w ith  unknown distribution G. Let the data be summarized in an empirical 

d istribu tion G  based upon n iid  observations from G. Bootstrap inference for n , the 

mean o f T , using saddlepoint methods has been addressed by Davison and Hinkley 

(1988) who provide percentile confidence intervals for fi. These percentiles are based 

upon the d istribution o f a resampled T m w ith  moment generating function (mgf) M m 

where M  is the empirical mgf

M  (s) =  J exp (sz) r fG (z ) . ( 1 .1 )

Percentiles tire approximated by inverting M m (s) using the Lugannani and Rice 

(1980) approximation to determine the appropriate bootstrap percentiles o f T~ for 

use in setting these confidence intervals to  a prescribed level.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In a systems setting, the waiting tim e T  for the context above may be considered 

the first passage time from 1 —> m  +  1 in  a series connection o f states for the semi- 

Markov process specified in the flowgraph o f Figure 1.1. Nodes 1 ,. . .  , m +  1 specify 

system states and the M g transmittance, labelling transitions among states, is the 

m gf o f G and identifies the holding tim e in the state o f origin before instantaneous 

passage into the destination state. The to ta l tim e of passage T  has m gf M q and the 

resampled T~ has the m gf M m used in Davison and Hinkley (1988).

In this paper, the single and double bootstrap are used for predictive inference 

about T. The single bootstrap provides an estimate for the survival function o f T , or 

F  ( t ) :=  1 — F  ( t ) , as well as the hazard rate function

- « )  =  ^- l )  F ( t ) '

where / ( • )  is the supposed density for T. These estimates are the saddlepoint ap­

proximations to the survival function and hazard rate o f T ' obtained by inverting its 

m gf M m.

The double bootstrap is introduced as a means for providing BC a confidence 

bands for these estimated functions. I f  G~ is a resampled value o f G w ith  mgf M * 

determined from G ' as in (1.1), then a doubly resampled T "  has the m gf (A / ')m for 

the system in Figure 1.1. D istributional characteristics for T~m, determined through 

saddlepoint inversion o f B  =  999 realizations o f (A /*)m, provide the second layer of 

resampling for constructing these bands. In addition, this effort provides bootstrap 

estimates o f the guarantee o f coverage in guaranteed coverage tolerance intervals of 

T  as described in Aitchison and Dunsmore (1975, chap. 6 ) or G uttm an (1970).

The im portant contribution o f this paper concerns the extension o f these ideas 

to bootstrap inferences for survived and failure times in very general semi-Markov 

systems. Figure 1.1 has illustrated only the simplest possible (m +  l)-s ta te  system
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F ig u re  1 . 1  Series connection for an iid  sum.

iS&

F ig u re  1.2 Flowgraph showing the degenrative states o f dementia.

3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



whereas we consider a rb itra ry m-state systems w ith  many distinct branching path­

ways incorporating recurrent states that result from a hierarchy o f feedback loops 

in  the flowgraph o f state transitions. Figure 1.2 shows a simple example o f this sort 

which is analyzed in  §3.1. I t  shows the survival tim e T  o f a patient as the first passage 

tim e from 1 -¥  6 . The feedback loops 2 —)• 3 —► 2, 3 —> 4 —>■ 3, 2  —► 3 -> 4 -*• 3 - *  2. 

etc. result in a countably in fin ite  number o f distinct paths over which we must sum 

in order to determine the m gf o f first passage. The renewal theory necessary for per­

forming such sums and which also facilitates saddlepoint approximation is outlined in 

the next section. The single and double bootstrap, implemented through saddlepoint 

approximation, provide BCa confidence bands for the survival function o f T  and its 

hazard rate function. They also determine the tolerance interval o f form (0, £u) that 

provides ^-guarantee for 100 (1 — 7 ) % coverage of T.

Parametric inference about T  often concerns its mean and variance for which 

estimates can be computed directly from the resampled mgfs. The BCa confidence 

intervals computed for these moments illustrate a much simpler application of the 

double bootstrap in  the systems theory context.

Another parameter o f interest is the asymptotic failure rate o f T, when it  exists. 

A new characterization o f this lim it is presented in  §5 as the right edge o f the con­

vergence strip for its  mgf. This simple result provides a means for estimating the 

asymptotic failure rate. Its point estimate is the smallest real pole o f the m gf o f T ‘ . 

The determ ination o f such poles for B  realizations o f the m gf o f T~“ leads to a BCa 

confidence band for the asymptotic fa ilure rate.

Two examples are considered. The flowgraph o f Figure 1.2 was given by Com- 

menges (1986) and represents the degenerative transitions occurring for a dementia 

patient. A  completely nonparametric bootstrap analysis estimates the survival func­

tion  and hazard rate o f such a patient and finds confidence bands on these functions.

4
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The second example is a semi-parametric bootstrap analysis o f a G I/M / 1  queue. It 

provides analyses that concerns passage times to queue lengths 5 and 10 starting from 

0 .

1.2 Semi-Markov Processes

A semi-Markov process or system w ith state space 5  =  { 1 , . . .  ,m }  is a generalization 

o f a fin ite  Markov chain in which holding times in states may be nonexponential and 

may also depend upon the destination states o f the transitions. W hile the behavior 

o f a discrete tim e Markov chain is characterized in terms of an m x m m atrix of 

transition probabilities V  =  (p ,j), that o f a semi-Markov system is characterized 

by two m  x m  matrices which may be collapsed in to one: a transition probability 

m atrix  P =  (/>,-;) for the underlying Markov chain o f state transitions, and M  (s) =  

{ M i j  (s )} , a m atrix  o f 1-step mgfs. These probabilities and distributions characterize 

the dynamic behavior o f the system in the following manner. Upon entering state i. 

the next state o f the system is randomly determined by the d istribu tion given in the 

ith  row o f P. I f  this is state j ,  then the holding tim e in state i, before proceeding to j ,  

is given by the distribution w ith  mgf M ,j (s ) . These two matrices are combined into 

a transmittance m atrix

Q (s) =  {Qi j  (s )} =  V Q M { s )  =  { p i j Mi j  (s )}

which characterizes the dynamic behavior o f the semi-Markov system and provides 

the basis for our bootstrap and saddlepoint computations. Each entry o f Q is a 

transmittance defined as a probability x a moment generating function.

5
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1.2.1 F irs t  Passage T ra n sm itta n ce s

Suppose T  is the first passage tim e from state 1 to m. The f irs t passage transmittance 

is accordingly

( s )  : =  £  {e*T l(T<oo)} i

where f lm =  P r(T  <  oo) is the probability o f passage and is the condi­

tional mgf o f T  given T  <  oo. When / lm <  1 the d istribu tion o f T  is defective w ith 

P r(T  =  oo) =  1 — f lm. We have o f course taken state 1 as the source and state m as 

the destination state w ithout any loss in generality.

T h e o re m  1 . 1  The firs t passage transmittance from  state I to m ^  1 is

F T  { \ (m »1) ' c° / a c to r  ° f ~  Q ( s )  ( - l ) m+l | ¥ mi (s)| . .
lm lm S (m, m )-cofactor o f I m -  Q(s)  ' |^mm (s)|

where 'I'.j (s) is the (m — 1 ) x (m — 1 ) submatrix o f [m — Q (s) with its i th row and j th 

column removed. The ratio (1.2) is well-defined over a maximal convergence neigh­

borhood o f  0  o f the form  (—oo,c) fo r  some c >  0  under these conditions:

1 . The system states 5  =  { 1 , . . .  ,m }  are exactly those relevant to passage from 

1 m w ith  all relevant states included and no irrelevant states. State i  is said 

to be relevant to first passage from state 1 to m i f  it  is a possible intermediate 

state during such passage. States 1 and m are designated as relevant i f  passage 

1 -> m  is possible.

2. The maximal common neighborhood o f convergence for the moment generating 

functions in the first n — 1 rows o f Q (s) is an open neighborhood of 0.

P ro o f: See Butler (1997a, 6 ) .  ■

When the source and destination states are both state 1 , then the first return 

transmittance has a different form.

6
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T h e o re m  1 . 2  The firs t return transmittance fo r  state 1 is

, ^  * . l / . - e w i  , i r » - e w i  , , , ,
/ l l  ( ) ( 1 , 1 ) -cofactor o f  f m — Q(s )  I'K,, (-=)! ' "

The ratio (1.3) is well-defined over an maximal convergence neighborhood o f  0 o f the 

fo rm  ( —oo,c) fo r  some c >  0  under these conditions:

1. The system states 5  =  { 1 , . . .  ,m }  are exactly those relevant to passage from 

1 -» 1 .

2. The maximal common neighborhood of convergence for the moment generating 

functions in Q (s) is an open neighborhood o f 0.

P ro o f: See Butler (1997a, 6 ). ■

Mason (1953, 1956) gave a complicated expression for f i mlFim[s)  that is s till 

used in control theory as may be seen from Phillips and Harbor (1996). Pyke (1961, 

thm . 4.2) and Howard (1964, 1971, §§10.10, 11.11) gave a simpler expression but it 

too is not especially amenable to saddlepoint implementation. These two alternative 

expressions have been shown to be ana lytically equivalence to (1.2) and (1.3) in Butler 

(1997a).

When heavy-tailed distributions such as the Pareto are used as one step holding 

times, then the convergence regions for J-im (s) and (s) are no larger than that 

o f the Pareto and therefore have form  (—o o ,0 ]. Another way of treating these issues 

is to redefine a transmittance as a probability  x a characteristic function. This leads 

to the following result whose proof is the same as the theorems above.

Corollary 1.1 I f  characteristic functions are used instead o f moment generating 

functions when defining transmittances, then Theorems 1.1 and 1.2 provide the firs t 

passage transmittances based upon characteristic functions fo r  T  and defined over
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a ll real s. Now the conditions fo r  this require only that the state space S consists o f 

exactly those states relevant to passage.

The corollary really offers no more generality than the theorems stated using mgfs. 

We shall therefore continue to work only w ith  mgfs.

1.2.2 Saddlepoint Approximations

The cofactor rules o f Theorems 1.1 and 1.2 lead to exp lic it saddlepoint expressions 

that are convenient for use w ith  the Lugannani and Rice (19S0) and density approx­

imations as discussed by Daniels (1987). Let IC{s) =  l n ^ im (s) be the cumulant 

generating function (cgf) o f T.  The survival function approximation is

A  (0  =  1 -  *  ( * )  -  4>(w) ( i  t ^ E ( T )  =  1C' (0 ) (1.4)
\ w  u j

where $  and 0  are the standard normal CDF and density, w =  w(s)  and u =  u(s)  

depend on i  according to

w =  sgn (£) y/2 {st  — 1C (£ )} and u =  syJlC" ( i) .  (1.5)

and saddlepoint s solves 1C' (s) =  t for t >  0. The standard density estimate

/ t (f) =  —= L = e x p  (1-6)
y/2ir£"(S) V 2 /

given by Daniels (1954), combines w ith  A  (t) to provides two approximations for the

hazard rate:

n \  h  ( 0  j  n \  h  ( 0  i i  r \
A ( 0  Jo f i { u ) d u

The saddlepoint equation K.' (s) =  t has a simple form since !F \m is a ratio o f the

cofactor determinants in  (1.2) or (1.3), . For passage from l - > m ^ l ,  then

=  U-S)
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w ith  'I,'J =  d ' t i j / d s  and the dependence on 5  suppressed. In  computing u, the second 

derivative is also explicit as

K "  =  t r  -  ( * - . * ' « , ) ’  -  • (1-9)

The s im plic ity o f these two expressions is only possible because o f the sim plic ity for 

1C as expressed through the cofactor rules (1.2) and (1.3). This structure has allowed 

the authors to successfully perform saddlepoint computations w ith  general systems 

of size m  =  250 w ithout any difficulties. Such computations are not feasible using 

the T\.m expressions o f Mason (1953, 1956) or Pyke (1961) and Howard (1964. 1971).

1.3 Nonparametric Bootstrap

Data for inference about a survival time, which is a first passage from I —»• m in a semi- 

Markov system, can come in a variety o f complete and incomplete forms. We shall 

only consider the simplest complete case in which our data consist o f the fu ll histories 

H i , . . .  ,H k o f h iid  patients or systems. Here, H i contains the sequence of states and 

holding times during the tth patient’s lifetime. These h patients are iid  which means 

that their first passage is from 1 —► m and follows a common transmittance m atrix

Q.

The m inim al requirement for bootstrapping is that an empirical estimate Q (s) of 

the transmittance m atrix  is available and that a sensible resampling mechanism can 

be implemented to determine Q“ , a resampled value o f Q. W ith  the fu ll history data 

{ H i } , this estimate is

Q(s)  =  V Q M ( s )  =  {p{ jM t i (s)} .

M atrix  V  =  {pi j ) =  (n.j/n,-.) consists o f empirical transition rates among the states 

pooled across a ll h patients. Em pirical m gf M .j is computed from the pooled collection

9
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of holding times in  state i  before passage to j .  Transition i  —>■ j  is not possible when 

Pij =  0 and in  such cases f i j  =  0. We shall also assume sufficient data that ptJ > 0 

whenever p,j >  0 ; should this not happen then we m ight add a nominal amount in the 

appropriate cells. This is necessary to prevent the Q process from having irrelevant 

states that are relevant in the true Q process. Indeed the theory o f p rim itive  matrices 

in Seneta (1981, p. 3) assures that the relevant states o f Q are exactly those in Q 

when

sgn(Po) =  sgn(p ij) (1.10)

for all i , j .  The presence of irrelevant states in the Q process can cause removable

singularities at s =  0 in the cofactor rules o f (1.2) and (1.3) (see Butler, 1997a). This 

in turn leads to a destabilization o f the numerical saddlepoint computation in a wide 

range about the mean o f the distribution.

A  resampled survival time T~ is obtained by simulating the first passage time 

o f the semi-Markov process characterized as having transmittance m atrix  Q. It is 

im portant at this point to recognize that Q itse lf indexes a semi-Markov process that 

is an estimate o f the unknown process Q. Thus the estimation space for the processes 

is closed and the distribution o f T * is approximated through saddlepoint inversion to 

provide an estimate o f the d istribution o f T.

T h e o re m  1.3 A resampled T " has f irs t passage transmittance f i miF im (s) obtained

by substituting Q into (1.2) in  place o f Q. Estimates fo r  the survival and hazard

rate functions o f T  are those fo r  T m and are computed from  saddlepoint inversion o f 

t x  m (s).

P ro o f: Each transition o f T~ is simulated using probabilities and holding times

determined from  empirical data in Q. The proof is therefore immediate. ■

10
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A doubly resampled T "  is the passage tim e using a resampled Q~ =  {p ' jM' j } -  

Resampled values M 'j are based upon sampling the i —> j  transitions ntJ times w ith 

replacement. Resampled probabilities axe p 'j =  n 'J n i.  where the vector

( n ' j , . . .  ,n ’m) I {n t j }  ~  M ultinom ia l (n t-.;pt l , • • • ,Pim) ■ (1-11)

Again we see that zero values for n’t], when p,_, >  0, can create irrelevant states in 

the system transmittance Q' .  We therefore substitute nominal value e >  0 for such 

0 -values to avoid this d ifficu lty  and correspondingly d im inish the other nonzero values 

proportionately to make n ’. =  n*.. Thus, in all resampled versions o f Q’ . we are able 

to  m aintain as relevant those states known to be relevant from Q.

Theorem  1.4 A resampled T "  has firs t passage transmittance (s) obtained

by substituting Qm into (1.2) in place o fQ . An ensemble o f B  estimates fo r  the survival 

and hazard rate functions o fT mm provide confidence bands fo r  the point estimates based 

upon ( s ) .

The resampling just described has not taken into account the random variation in 

{n ;.}  and is therefore referred to as having fixed row totals (fr t) . To compensate for 

this, a different sort o f resampling m ight be considered. A  resample of the patients, 

e.g. a random sample w ith  replacement o f size h from the indices { 1, . . .  h } , followed 

by pooling o f their transition rates, leads to the determ ination o f {n * } as a replace­

ment for the fixed values o f {n,-.} in (1.11). Such a resampling of the patients can be 

used to  in itia te  each o f the B  =  999 resamples in (1.11) and accounts for the random 

variation in  {n,-.}. We refer to this method as having resampled row totals (rr t) .

The B  =  999 resampled determinations o f Q” are inverted using saddlepoint ap­

proximations over a grid o f tim e points {t,-} to form  ensembles o f estimates o f survival 

and hazard rate functions. The saddlepoint inversions have effectively elim inated the

11
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need for the second layer o f resampling w ith in  the B  outer layer resamples. This 

method for efficient implementation o f the double bootstrap was introduced in H ink­

ley and Shi (1989) and further developed by DiCiccio et al. ( 1992a,b, 1994) in different 

contexts.

To determine BCa confidence bands, the accelerations {a ,} must be estimated 

over all the grid points {£;}. The underlying data structure is multisample w ith  

each nonzero component o f M. (s) representing an independent sample. The skew­

ness estimates for {a ,} w ith multisamples (Davison and Hinkley, 1997, (5.28)) are 

determined as estimates of the jackknife estimators. The true jackknife estimators 

(Efron and Tibshirani, 1993, p.186) over the grid {a ,}  would require summing over 

n - = l n 0  ensembles o f saddlepoint inversions created by leaving out all combinations 

o f single observations from each o f the samples. Since this amount o f computation is 

prohib itive, a sum of 200 randomly sampled combinations has been used instead. A 

sample size increase to 1000 showed litt le  change in the resulting BCa intervals in the 

example considered below. We may infer from this that 2 0 0  further ensemble inver­

sions are sufficient in estimation o f {a ,}  for BC a confidence bands. This sufficed in 

our example, but it  may not in other examples . Overall 1200 saddlepoint inversions 

are used in the example below.

1.3.1 D em entia Example

In  the flowgraph o f Figure 1.2, state 1 represents good health, states 2-4 increasingly 

severe states o f dementia, state 5 a term inal state, and state 6  is death. Since the 

data and specifics o f the French study in Commenges (1986) are not available, we 

assume a specific system transmittance m a trix  so that bootstrap accuracy may be 

assessed. Let

12
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/ O  0.6g (2,2) 0 .25g(4,8) 0.15g(9,27) 0 0 \
0  0  0.85r(iv/?F) 0  0 .1 5 ig ( l,± )  0

0 0 .7 r (^ F )  0 0 . 2 r ( v ^  O .lig  (± ^ 2 , ^ 2 )  0
[ 1 0  0  0 .7 r ( |^ F )  0  0 .3 ig (v/2,N /2) 0

0  0  0  0  0  ig ( l ,  1 )
\  0 0 0 0 0 0 /

( 1.12)

where g (a ,6 ) and ig (a ,6 ) are gamma and inverse Gaussian mgfs w ith  mean a and 

variance 6 , and r(a) is a Raleigh d istribu tion m gf w ith  mean a. From this system, we 

simulate data consisting o f the complete histories o f 25 patients starting at state 1 

and ending in absorbing state 6 . The data o f these 25 histories determine Q (s ) . No 

adjustment to P for irrelevant states was necessary since our data satisfied (1.10). I f  

T  is the passage time from 1 6 , neither its density nor survival function can be

exactly determined from ( 1 . 1 2 ), however saddlepoint versions may be computed so 

that ” exact” comparison may be made w ith  respect to these saddlepoint quantities.

P re d ic t iv e  In fe rence  Table l . l  shows the accuracy achieved in using saddlepoint 

approximations (fr t and rrt)  to determine estimates and 90% BC a confidence intervals 

for various right-ta il percentiles of T. R ight-ta il a levels are listed in the first column 

and the ir associated "exact” percentiles, as determined from saddlepoint inversion 

based upon (1.12), are listed as "Exact” . Saddlepoint inversion o f Q (s) provides the 

percentile point estimates listed as S A. The simulation estimators, denoted as Sim, are 

determined by making 2  x  1 0 s passes through system Q (s) and finding the appropriate 

empirical quantiles; their values agree closely w ith  the SA estimates. Both o f the outer 

layer resampling schemes fr t  and r r t  are used along w ith  saddlepoint approximation at 

the inner level to determine 90% B C a confidence intervals for the various percentiles; 

they show lit t le  difference. This suggests tha t the resampling scheme w ith  fixed row 

totals may be adequate and that the more elaborate rrt resampling is unnecessary

13
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even w ith  the relatively small amount o f data associated w ith  25 patient histories. In 

addition, lit t le  difference between frt and r r t resampling was seen in a il the remaining 

computations for this example; we therefore show only those using fr t resampling. 

D irect double bootstrap fr t  resampling leads to the BCa intervals listed as Sim. They 

show a striking degree o f s im ila rity  to the fr t and rrt bounds.

T ab le  1 . 1  Estimates and 90% BC a confidence intervals for various percentiles of T  
at the righ t-ta il a-levels listed in the first column.

Right ’’ Exact” Estimate BC a Lower B C a Upper
Perc. SA Sim frt rrt Sim frt r r t Sim

0.50 11.5 12.3 1 2 .6 9.7 9.8 9.9 15.9 15.9 15.1

0.25 19.0 19.9 2 0 . 1 15.7 15.9 15.1 26.9 26.8 26.S

0 . 1 0 2S.4 29.6 29.7 23.2 23.5 23.5 40.6 41.6 41.0

0.05 35.4 36.9 37.0 28.7 29.0 29.0 51.0 52.6 50.5

0 . 0 1 51.7 53.8 53.7 41.4 41.8 41.7 75.4 78.2 74.5

Figures 1.3 and 1.4 show the ” exact”  density / t (t ) and survival function Fi (t) of 

T  as solid lines along w ith  their estimates (short dashed lines) based upon saddlepoint 

inversion o f Q ( s ) . Em pirical estimates (dotted lines), based upon sim ulating 2 x 105 

values o f T" (and using kernel estimation for the density) are almost graphically 

indistinguishable from the ir saddlepoint counterparts. The long dashes in Figure 1.4 

enclose 90% BC a confidence bands computed on a grid o f 2 0 1  tim e points. ’’ Exact” 

hazard rate zz ( i)  for T  is shown in Figure 1.5 along w ith  its saddlepoint estimate from 

inverting Q(s), 90% BC a confidence bands, and a simulation estimate using kernel 

density estimation. Relative errors in density and survival estimation, as compares 

w ith  the ” exact’ versions, along w ith  errors using simulation are shown in  Figure 

1.6. The proposed estimates using saddlepoint inversions are smoother and more 

consistently accurate than simulation.

14
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F ig u re  1.3 Density function estimates for T.
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F ig u re  1 .4  Survival function estimates and confidence bands.
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'Exact' Versus Estimated Hazard Rate
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Figure 1.5 Hazard rate estimates and confidence bands.
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Figure 1.6 Relative errors in estimation.
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P a ra m e tr ic  In fe ren ce  The mean and standard deviation of T  are easily estimated 

using the cofactor rule in Theorem 1.1. This involves computing T [m (0) and T "m (0), 

the first two derivatives at zero. No root-finding is necessary in such calculation and 

the BCa confidence intervals may be computed in a couple seconds using the first 

two derivatives o f (s) at s =  0. Table 1.2 provides point estimates and 90% BCa 

confidence bands listed as the Cofactor Rule method.

The iid  method in Table 1.2 estimates these quantities using only the 25 patient 

survival times and assumes an iid  nonparametric model. Unlike the Cofactor Rule 

method, this method does not assume or make use o f the information in the data 

about the semi-Markov structure.

T ab le  1.2 Confidence intervals for the mean and the standard deviation of T.

Mean Standard Deviation

Method
BCa BCa 

Exact Est. Lower Upper
BCa BCa 

Exact Est. Lower Upper

Cofactor Rule 

iid  model

14.4 15.3 12.3 20.4 

15.3 11.9 19.1

10.7 11.1 8.5 16.0 

10.6 8.1 14.2

The benefit o f using the semi-Markov structure is revealed from the coverage ac­

curacy o f the two confidence methods shown in Table 1.3. The top group provides 

empirical coverages o f 90% BCa and percentile intervals w ith  both methods based 

upon 1 0 , 0 0 0  repetitions and using 2 0 0  randomly chosen jackknife eliminations in the 

acceleration estimation. The bottom group provides the same information but using 

1000 randomly chosen jackknife elim inations. A  comparison o f top versus bottom 

groups shows that the 2 0 0  eliminations in  acceleration estimation provide very accu­

rate coverage.

17
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Table 1.3 Coverage Probabilities for the 90% confidence intervals o f mean and
standard deviation o f T.

Number o f Bootstrap Cofactor Rule iid  Model
Jackknife Elim inations Method Mean Std. Dev. Mean Std. Dev.

2 0 0 BCa
Percentile

0.9058
0.9024

0.9085
0.9009

0.8626
0.8584

0.7489
0.7039

1 0 0 0 BCa
Percentile

0.9076
0.9049

0.9107
0.9041

0.8727
0.8683

0.7519
0.7045

Bootstrap intervals using the Cofactor Rule method provide intervals w ith  very 

accurate coverage whereas the iid  method shows undercoverage for the mean and 

substantial undercoverage for the standard deviation. This small sample phenomenon 

for the la tte r method has also been recently noted in Polansky (1999). He explains 

that the undercoverage derives from the discrepancy between the bounded support 

o f the bootstrap distribution as compared to the unbounded ta il o f the true passage 

d istribution.

Undercoverage, when using the Cofactor Rule method w ith  a feedback system such 

as in Figure 1.2, cannot occur as a result o f the phenomenon described by Polansky 

(1999). This applies both to confidence bauds for the survival function as well as for 

the moments. The reason for this is that the presence o f a feedback loop extends the 

support o f T~ and T "  to oo so the righ t-ta il o f support for T "  and T “* matches that 

o f T . The situation differs however in fin ite  cascading semi-Markov systems w ith in  

which states cannot be repeated. Here there are no feedback loops and the number 

o f states bounds the number o f transitions; thus T '  and T “  have bounded support 

in the righ t-ta il. I f  their righ t-ta il support differs from that o f T . then the Cofactor 

Rule method is susceptable to undercoverage.

18
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1.4 Semi-parametric Bootstrap

In  some situations Q =  Q (G, A) depends only upon an unknown parameter A and 

d istribu tion function G. Such was the situation in Davison and H inkley (1988) which 

involved G but not A. F in ite state M /G / l  and G I /M f  1 queues are examples of 

complex systems in which the resampling is part parametric and nonparametric.

1.4.1 Example: G I/M /1  queue

Suppose states in S =  { 0 , . . .  ,m }  describe the length o f a G I / M / l  queue of tasks 

(including one under service) that starts at 0  and ” fails”  upon arrival at length m in 

tim e Tm. The transmittance m atrix Q has dimension m +  1 and depends only upon 

two quantities: the interarrival d istribution G o f the renewal process o f tasks, and 

A >  0, the fixing rate o f the Exponential (A) fixing tim e for the single server. W ith  

m  =  5, this transmittance m atrix is

Q(s) =

/  0 U 0 ( s)  0 0 0 0 \
0 Q i i ( s )  U o ( s - A )  0 0 0
0 Q 2 l ( s )  U i [ s -  A) U 0 { s - X )  0 0
0 0 3 i (« )  U 2 ( s - X )  U i ( s - X )  U 0 { s - X )  0
0 <24l (s) % ( a - A )  U 2 { s -  A) U i i s - X )  U o ( s - X )

\  0 0 0 0 0 0 J

(1.13)

where the entries are generally

Ui (s) =  7T / 0°° wxemtdG {w ) i =  0,.... m — 2

Qn (s) =  Ho (s) -  £ £ 0 %  (s -  A) i  =  1 ,...,m -  1.

To understand these entries consider, for example, entry (4 ,2 ). Upon leaving state 

4 after tim e W  =  u;, there must have been 3 tasks completed during this tim e for 

passage to state 2; therefore the entry is an expected product o f a Poisson (AW) 

probability for 3 times eaW or U3 (s — A ) .

There are several data schemes possible according to the way the process is ob­

served. We suppose the data are iid  {(io,-,x;) : i  =  1 , . . .  ,n }  where W{ is the ith
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interarrival tim e and X{|u>,- ~  Poisson (Au;,-) counts the number of tasks completed in 

the interim . Two sufficient statistics summarize this data: G , the em pirical d istribu­

tion o f {to,-}, and A =  x . /w . ,  the M LE  as a ratio o f sums. The d istribu tion  T ^  has 

the transmittance Q(G, A).

Theorem 1.5 The transm ittance  m a tr ix  Q(C, A) characterizes a sem i-M a rkov  p ro ­

cess whose f i r s t  passage tim e  to  length m  has the d is tr ib u tio n  T ^ .

The distribution o f T "  has transmittance Q {G ~, A*) where the starred estimates are 

determined by resampling w ith  replacement n pairs from {(to^, x<) : / =  1 , . . .  . n } .

Predictive Inference As an example, take G  as Gamma (2.2) w ith  mean 1 and 

variance | .  Suppose a single server completes tasks at rate A =  5 /4  and n  =  100. W ith  

m  =  5, the true survival function F  (f) o f T5 is plotted in Figure 1.7 as a solid line 

along w ith  its estimate (J) (short dashed line) based upon saddlepoint inversion o f 

Q (G , A). An empirical estimate (dotted line), based upon sim ulating 2  x 1 0 s values 

o f T5*, is graphically indistinguishable from F \ ( t ) . The long dashes enclose 90% B C a 

confidence bands computed on a grid  o f 201 tim e points. The same features but w ith  

n  =  500 axe shown in Figure 1.8 where the greater informativeness o f the data has 

narrowed the B C a bands. Returning to the n =  100 setting, the true hazard rate 

of T5 is shown in Figure 1.9 along w ith  its saddlepoint estimate z2 { t )  from  inverting 

Q (G , A), 90% B C a confidence bands, and a simulation estimate. Relative errors in 

density and survival estimation are shown in  Figure 1.10. The saddlepoint estimates 

and confidence bands used 1/35 o f the c.p.u. tim e required by the simulations.

Computation o f the exact density and survival function o f T5 is not generally 

possible w ith  a G I / M / l  model. When G  is Gamma (2 ,2 ), the com putation becomes 

possible and is the rationale for our choice here. In  the Appendix, i t  is shown that
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F ig u re  1.7 Survival function confidence bands for T5 w ith  n =  100.
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F ig u re  1.8 Survival function confidence bands for T5 w ith  n  =  500.
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Exact Versus Estimated Hazard Rate
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F ig u re  1.9 Hazard rate confidence bands for T5 w ith  n  =  100.
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F ig u re  1.10 Relative errors in  estimation for T5 w ith  n  =  100.
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since a Gamma (2,2) is the sum of two Exponential (2) variables, the number of 

system states can be doubled to create a Markov process for which T$ is a passage 

time. Its d is tribu tion is therefore computable exactly as a phase-type distribution 

(Aalen, 1995).

Table 1.4 shows the accuracy achieved in using saddlepoint approximations (SA) 

to determine estimates and 90% BCa confidence intervals for various right-ta il per­

centiles o f T5. For the various righ t-ta il a  levels, their associated exact percentiles are 

given as Exact. The SA entry just below is the saddlepoint approximation to Exact 

using Q(G, A), the true cgf of T5. Point estimates and BC a confidence bands based 

upon saddlepoint approximation (SA) and simulation (Sim) are shown for sample 

sizes n =  100 and 500. There is a strik ing degree o f s im ila rity  between the SA and 

Sim entries.

T ab le  1.4 Estimates and 90% BC a confidence intervals for various percentiles o f T5 
using the right-ta il a-levels listed in the first column.

Right
Perc.

Exact Sample
Size

Estimate B C a Lwr BCa Upr Guar. Tol.
SA SA Sim SA Sim SA Sim SA Sim

0.50 21.3 1 0 0 18.6 18.6 1 2 . 2 1 2 .6 29.7 29.5 27.5 27.5
2 1 . 2 500 19.6 19.6 15.8 15.3 25.3 24.3 24.1 24.1

0.25 38.8 1 0 0 33.1 33.0 20.5 2 1 . 0 55.6 55.4 50.1 50.1
38.8 500 35.6 35.4 27.9 26.8 46.7 44.6 46.0 46.0

0 . 1 0 62.0 1 0 0 52.3 52.1 31.6 32.2 89.2 89.7 80.3 77.8
62.0 500 56.6 56.3 43.8 41.8 75.7 71.7 70.7 70.7

0.05 79.5 1 0 0 6 6 . 8 66.4 40.0 40.9 115.5 115.0 105.4 100.4
79.6 500 72.6 72.3 55.9 53.5 97.3 92.4 92.8 92.8

0 . 0 1 1 2 0 . 1 1 0 0 100.5 99.7 59.2 60.7 173.6 177.2 158.2 150.7
120.4 500 109.5 1 1 0 . 0 83.9 80.2 147.6 143.0 139.6 139.6

Tolerance intervals o f coverage 1 — a  w ith  90% guarantee are displayed in the final 

column again based upon saddlepoint and simulation methods. For example w ith
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1 — a  =  0.75 and n =  500, 46.0 is found by both methods as the smallest c >  0 for 

which

P r {P r (T s- < c )  < 0 .7 5 } > 0 .9 ,

e.g. there is 90% guarantee o f 75% coverage. For fixed c, the outer probability 

o f guarantee is saddlepoint approximated (SA) by (i) first using B  =  999 saddle­

point inversions o f Q (G*,A*) to determine B  CDF approximations evaluated at c; 

( ii)  then counting the proportion o f these smaller than 0.75. Sim entries were de­

termined by implementing the double bootstrap: (i) for each o f the B  resampled 

systems Q(G~, A“ ) w ith  passage tim e T5*, 2 x 105 generations o f T ”  were simulated to 

estimate P r(T 5* <  c ) ; ( ii)  the proportion o f Pr (Tg <  c) estimates smaller than 0.75 

approximates the outer guarantee probability  and has been used to determine the 

Sim entries. Again the two methods show strik ing agreement.

Table 1.5 is a repetition o f Table 4 but requiring passage to queue length 10 

so tha t percentiles o f 7\o are estimated. Considerably more state transitions are 

required to reach queue length 10 and any inaccuracies in the estimation o f G and 

A are further accentuated leading to  substantially wider confidence bands for the 

percentiles. For this reason sample sizes o f n =  500 and 1000 were used. Only 

saddlepoint approximations axe displayed since the c.p.u. tim e required to use the 

double bootstrap was prohibitive.

Table 1.6 provides c.p.u. times needed to determine estimates using the single 

bootstrap (Est.) and confidence bands using the double bootstrap (CIs) for the 

various queue lengths and sample sizes. The starred simulation times for length 10 

were estimated using partia l runs to avoid excessive run times.
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T ab le  1.5 Estimates and 90% BC a confidence intervals for various percentiles o f
Tio along w ith  tolerance intervals.

Right
Perc.

Exact
SA

Sample
Size Estimate

BCa
Lower

B C a
Upper

Guar.
Tol.

0.50 163.0 500 131.9 78.4 250.8 226.0
162.3 1 0 0 0 149.0 103.0 235.4 2 0 S. 0

0.25 312.7 500 251.2 143.2 489.4 431.7
312.6 1 0 0 0 286.5 193.6 460.1 423.3

0 . 1 0 510.6 500 408.7 229.1 804.3 699.0
511.4 1 0 0 0 467.8 314.6 756.9 6S3.S

0.05 660.3 500 527.9 293.8 1042.6 904.7
661.7 1 0 0 0 605.2 405.3 981.6 873.3

0 . 0 1 1007.9 500 804.2 444.8 1596.0 1357.2
1 0 1 0 . 2 1 0 0 0 923.5 615.9 1502.7 1323.4

T ab le  1 . 6  CPU times for estimating the density and survival function of T.

Queue
Length

Sample
Size

Est. (secs) CIs (h rs )
SA Sim SA Sim

5 1 0 0 0.9 29 0.29 9.0
5 500 2 . 2 32 0.94 11.4

1 0 500 3.3 159 1.4 57*
1 0 1 0 0 0 5.1 167 3.1 74*
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P a ra m e tr ic  In fe rence  Bootstrap confidence bounds o f the mean and standard 

deviation for the distributions o f passage times T5 and T l0  are given in Table 1.7.

T ab le  1.7 Confidence intervals for the mean and the standard deviation o f the first
passage tim e distributions.

Mean Std Dev

Queue
Length

Sample
Size Exact Est.

BCa
Lwr

BCa
Upr Exact Est.

BCa
Lwr

BCa
Upr

5 1 0 0 29.0 25.0 15.8 40.9 25.3 2 1 . 0 1 2 .0 36.1
500 26.7 2 1 . 0 34.7 23.0 17.4 30.8

1 0 500 229.2 184.9 107.1 357.1 216.1 171.4 93.2 342.5
1 0 0 0 2 1 0 . 1 143.5 333.0 197.4 130.7 320.7

To assess coverage accuracy for BCa and percentile intervals determined by saddle- 

point inversion, the true coverage probabilities have been estimated for the confidence 

intervals described in Table 1.7. Ten thousand repetitions o f these BCa intervals along 

w ith  percentile intervals were computed and the coverage frequencies axe listed in Ta­

ble 1.8 for m =  5,10 and w ith  sample sizes n =  100,500, and 1000. The target 

coverage o f 90% is accurately achieved in ail instances. For this example, the simpler 

percentile intervals appeax quite accurate in coverage.

T ab le  1 . 8  Coverage Probabilities for 90% BCa and percentile confidence intervals.

Passage Bootstrap n = 1 0 0 n = 500 n = 1 0 0 0

Length Method Mean Std Dev Mean Std Dev Mean Std Dev

5 BCa
Percentile

0.8928
0.8904

0.8917
0.8904

0.8981
0.9013

0.8987
0.9018

1 0 BCa
Percentile

0.9005
0.9024

.9004
0.9028

0.9017
0.9031

0.9016
0.9026

To assess the d ifficu lty  in reaching queue lengths 5 and 10, we consider the d istri­

butions that count the number o f state transitions needed to achieve such passages.
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The means o f these distributions are 29.0 and 229.0 respectively w ith  standard devi­

ations 23.6 and 212.2. These computations are determined for system Q (s) by using 

the system transition probabilities Q ( 0 ) in conjunction w ith  fixed holding times of

1 . This underlying Markov chain has transmittance Q (0) ea which may be used w ith 

Theorem 1.1 to determine the first passage transmittance for the number o f state 

transitions needed for passage of the original system Q (s ) . The first two derivatives 

at s =  0  give the mean and variance.

The stationary d istribu tion for a semi-Markov process has a mass function that 

can also be estimated. Since our queue of length 5 is not stationary, we can make it 

so by changing the queue discipline so that arrivals are turned away while in state 5. 

This makes the queue a stationary semi-Markov process whose holding tim e in state 

5, before passing to state 4, is Exponential (A ) . The stationary d istribu tion depends 

only upon G and A (see Ross, 1983 §4.8) and 90% B C a confidence intervals on each 

o f its probabilities are displayed in Table 1.9.

Table 1.9 Ninety-percent confidence intervals for the stationary d istribu tion of the
altered queue.

State Exact
Sample

Size Estimate
B C a

Lower
B C a

Upper

0 0 1 0 0 0 0 0

500 0 0 0

1 0.318 1 0 0 0.272 0.156 0.393
500 0.296 0.237 0.356

2 0.235 1 0 0 0 . 2 2 2 0.165 0.251
500 0.229 0.207 0.245

3 0.174 1 0 0 0.180 0.171 0.183
500 0.177 0.168 0.180

4 0.127 1 0 0 0.145 0 . 1 0 1 0.182
500 0.135 0.114 0.155

5 0.146 1 0 0 0.181 0.093 0.320
500 0.163 0.117 0 . 2 2 0
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1.5 Asym ptotic Hazard Rates

Theorem 1.6 presents a new characterization o f the asymptotic average failure rate 

tha t has importance apart from its application here to passage tim e distribution for 

semi-Markov systems. For proofs o f the theorems in this section, see Butler and 

Bronson (2000).

1.5.1 C h a ra c te r iz a tio n

The cumulative hazard rate or hazard o f survival tim e T  is defined as

The lim itin g  average hazard is now characterized in terms of the associated mgf.

T h e o re m  1 . 6  Suppose w a itin g  tim e  T  has m om ent generating  fu n c tio n  M  (s) .  The 

convergence s tr ip  f o r  M  (•) is e ithe r ( —oo.b) o r  (—0 0 , 6 ] f o r  0 <  6  <  0 0  i f  and on ly  i f

l i m i n f ^  =  6.
t—too t

The lim itin g  average hazard exists in many instances so that the lim in f in The­

orem 1.6 is really a lim it. Special cases include those distributions w ith  monotone 

average hazard rates. Such monotonicity is an aging or antiaging property o f the 

d istribu tion according to whether it  is increasing or decreasing. Such monotonicity 

settings commonly occur in the re liab ility  modelling o f coherent systems whose indi­

vidual components have exponential failure times as discussed in  Barlow and Proschan 

(1975, §4.2). Apart from  these considerations, such as in  considering passage times 

in semi-Markov systems, simple conditions have been given in  Bu tler and Robinson 

(2000) to assure that both the hazard rate and the average hazard for T  have lim its. 

These conditions hold quite generally in  semi-Markov applications, and are satisfied
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in both o f our examples. We shall therefore sim ply suppose the conditions under 

which these lim its  exist.

Corollary 1.2 Suppose passage tim e T  has a con tinuous density  f o r  su ffic ie n tly  large 

t and  Iimt_t.cc z (£) exists. Then

l im  =  l im  3 ( t ) . ( 1. 14)
t—►oo t t-foo

Exam ple. The inverse Gaussian d istribu tion w ith  mean 1 and variance I has

a moment generating function convergent on ( —0 0 , 5 ] . Chhikara and Folks (1977.

p .155) show that the lim iting  hazard rate is 1. ■

1.5.2 Uniformity of Saddlepoint Approximations

The saddlepoint estimate o f asymptotic failure rate based upon the unnormalized z t 

converges quite generally under very weak conditions.

Theorem  1.7 Assume tha t the in te r io r  o f  the convergence s tr ip  f o r  the m om ent gen­

e ra ting  fu n c tio n  o f T  is ( —00,6) f o r b  >  0. In  sadd lepo in t app rox im a tio n , suppose also 

th a t w  —> 00 and  l im  i n f t - ^  u >  0 as t -*■ 00. Then

l im  21 (£) =  6 ^  l im  r 2 ( t ) .  ( 1. 15)
t—*oo t-+00

I f  fu rth e rm o re  l im (_*oo z { t )  = 6 ,  then

lim  ^ T T  =  lim  :§ 7 T  ( L 1 6 )(-WO /  ( t )  t-+oo F  ( t )  

p ro v id in g  th a t one o f  the lim its  is f in ite ;  thus the sadd lepo in t density and su rv iva l 

d is tr ib u tio n  approx im ations have the same l im it in g  re la tive  e rro r  in  the extreme ta il.

According to this theorem, equality for the lim itin g  error o f the saddlepoint den­

s ity  and survival distributions is characteristic o f the more regular settings in which
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saddlepoint methods are used. Such settings satisfy the conditions o f the theorem and 

it  is often simple to show that the saddlepoint density has a fin ite lim iting  relative 

error; therefore the lim iting  relative error for the Lugannani and Rice approximation 

is the same.

E xa m p le . Consider the inverse Gaussian example. Then f i { t )  =  f  (t) (Daniels. 

1980) so its relative error is 0; the lim iting  relative error of Fi (t) must therefore be

0. This fact has been show in Jensen (1995, §2.4) through direct expansion. ■

In practice when considering moderate values o f f, z (<) is usually more accurately 

estimated using *2  (£), the normalized approximation. For large t however, it is biased 

and Si {t) is consistent.

1.5.3 B o o ts tra p  E s tim a tio n

The asymptotic hazaxd rate for passage tim e T  is the smallest positive real pole of 

•FLm and may be estimated by finding the comparable root of !Fim instead. Such poles, 

when computed for B  repetitions o f the resampled F 'm, allow for the computation of 

BCa confidence intervals for the asymptotic hazard rate.

In the dementia example, the true asymptotic rate is 0.0995 w ith  estimate 0.0955 

determined from F im. The 90% BC a confidence band is (0.0654, 0.12S).

For the queue example, Table 1.10 provides the true asymptotic failure rates, 

the ir estimates, and 90% BCa confidence intervals using the various queue lengths 

and sample sizes. The coverage accuracies o f the BC a and percentile (not shown) 

confidence intervals for queue length 5 w ith  sample size 100 were assessed by com­

puting 2500 such intervals. Empirical coverages o f 0.892 and 0.885 respectively were 

observed demonstrating quite accurate coverage for both.
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Table 1.10 Estimated and exact asymptotic hazard rates for T$ and 7\o.

Queue
Length Exact

Sample
Size Estimate

B C a
Lower

B C a
Upper

5 0.03957 100 0.04790 0.02702 0.08397
500 0.04370 0.0319S 0.05754

10 0.00463 500 0.00584 0.00292 0.01076
1000 0.00507 0.00309 0.00766

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2 Self-C onsistent E stim ates in Survival A nalysis 
via a System s T heoretic Approach

2.1 Introduction

The aim in survival analysis is to use censored survival data to determine the lifetime 

distribution F° of a patient w ithout the risk o f censoring. We introduce a systems 

theoretic point o f view which accomplishes this and accommodates for the possibility 

o f left- and right-censoring. Semi-Markov flowgraphs are constructed to represent the 

transitions o f a random patient into and out o f censoring states up un til the time 

o f death. For each semi-Markov population flowgraph, we also present its empirical 

flowgraph counterpart which is determined from the life tim e data subject to censoring. 

Each empirical flowgraph provides an estimate o f its population version and is itself a 

semi-Markov flowgraph. W ith in  the context o f the constructed semi-Markov systems, 

the distribution F°, or more precisely its Laplace-Stiltjes transform, is the “ solution"’ 

to the population flowgraph. The same solution to its em pirical counterpart forms 

its empirical estimate F°.

In the case o f independent right-censoring, solutions to em pirical flowgraphs yield 

a self-consistency relationship that was orig ina lly introduced by Efron (1967) from 

a different perspective. Its unique solution is the Kaplan-Meier (195S) estimator 

and is also the solution to  the empirical flowgraph model. Thus the systems theoretic 

perspective provides further m otivation for the va lid ity o f the Kaplan-Meier estimator 

in dealing w ith  independent right-censoring. The Berliner and H ill (1988) estimator 

is also shown to be a solution to a slightly different em pirical flowgraph.
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A comparable development is presented for double-censoring where flowgraphs 

are introduced to accommodate both left and right censoring. Solutions to these 

empirical flowgraphs tu rn  out to be the solutions to some self-consistency equations 

introduced by Tsai and Crowley (1985) which were used to represent the Turnbull 

(1974) estimators. These self-consistency relationships do not adm it unique solutions 

and a complete characterization and listing of the possible solutions is presented in 

Butler and Bronson (2001); see also Mykland and Ren (1996). When the solutions 

are restricted to placing mass only at death times, then there is a unique solution and 

it  turns out to be a particular form of a Turnbull-type estimator.

The main purpose o f this paper is to provide a new unified framework w ith in  

which one o f the most basic problems of survival analysis, the removal o f independent 

censoring risk factors in determining survival distributions, may be explained. Unity 

is provided through the use o f a systems theoretic framework to model the semi- 

Markov processes that underlie the censoring mechanisms. This framework has been 

the dominate tool used to analyze linear systems in engineering and an extensive 

discussion o f this point o f view in stochastic modeling is given in Butler (2000). 

Systems theory has also been the dominant paradigm in other scientific disciplines 

and this paper also sets the stage for providing the same perspective in survival 

analysis. The strength o f the approach can be measured in terms o f the empirical 

estimates it  provides: two well established estimators, the Kaplan-Meier and Turnbull 

estimators, and prospects for a considerable amount o f further development.

Section 2.2 considers the independent right-censoring model proceeding from de­

velopment o f the population flowgraph and its solution to its empirical counterpart 

and solution. Section 2.3 extends this to the independent double-censoring model. 

Some overlooked properties o f self-consistent Turnbull-type estimators are also dis­

cussed. In  particular we consider its equivariance properties to the reflective group
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in which the problem is considered in both positive and negative tim e (so the roles 

o f left and right censoring are reversed), and the indeterminacy in its tails.

2.2 Right-Censored Lifetimes

Let random variable X °  be the death tim e for a patient w ith  cumulative d istribution 

function (c.d.f.) F° { x )  and associated moment generating function (m.g.f.) M°  [ s ) . 

Independent o f X ° , suppose the patient may be censored at random tim e Z° w ith 

c.d.f. H°  ( s ) . Since only the smaller o f the two variables is observed, it  is convenient 

to define the competitive variables

X  =  X °  I { X °  < Z 0}  ~  F  ( x ) , w ith  m.g.f. M  ( s ) ,

Z  =  Z ° \ { Z °  <  X ° } ~  H { z ) .

The support o f a ll random variables is assumed to be (0, oo ) .

The life tim e of a random patient subject to right-censoring is shown in the semi- 

Markov flowgraph of Figure 2.1. Nodes 1 and D represent the alive and dead states 

respectively. States {R - : z >  0} represent a continuum o f censored states for which 

z is the tim e o f censoring. Upon censoring at tim e c, the patient’s subsequent tim e of 

death depends on * as indicated in the transition from R- —>• D . The flowgraph shows 

the collection o f m utually exclusive pathways that the patient can follow: either direct 

transition 1 —¥ D w ithout censoring, or along the continuum of pathways through 

censoring nodes { R - }  as shown. Each pathway is labelled w ith  its transmittance 

defined as the state transition probability times the m.g.f. for holding time in the 

originating state. For example,

p =  P r ( l  —j-D) =  P r (X °  <  Z°)

and M  (s) is the m.g.f. o f the holding tim e in  state 1 before one-step transition to D.
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F ig u re  2.1 Semi-Markov flowgraph for patient lifetimes.
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The probability o f passing to censored state R . is

dQn{z)  =  P r { Z °  6 (z - d z , z ] , Z °  <  X 0}  (2.1)

and the holding tim e in state 1 has m.g.f. exp (s z ) . This holding tim e varies according 

the state o f destination which is a characteristic o f semi-Markov processes and the 

reason for referring to the flowgraph as semi-Markov.

The transmittance from R ; —»■ D is the Laplace-Stieltjes transform for the holding 

tim e distribution in state R .. Using the independence assumption for noninformative 

censoring, this is specified as

H ( x ; z )  =  Pr ( X °  <  x +  z | Z ° €  (z -  rfz, z], X °  >  z)

= ^ ll± ik L ^ i£ l
I — F° (z) •

Its Laplace-Stieltjes transform is therefore

N r (.; z ) = r  e‘ * d H  (x; x) = j f ”  e“ i~-  F ^ z ) d F ° (X +

One of the prim ary aims o f the random censoring model is to provide a context in 

which it is possible to remove the censoring risk factor and estimate the distribution 

o f X °  apart from its com petition w ith  censoring. In terms o f the flowgraph, this 

is equivalent to "pruning”  the continuum o f censoring states { R - }  so that only one 

direct transition from 1 —► D remains. The transmittance for this single transition 

is the sum over a ll the m utua lly  exclusive parallel connections from 1 —̂ D, and is
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M °  ( s ) , the Laplace-Stieltjes transform for the c.d.f. o f X ° .  Thus,

M ° (s) =  p M  (s) +  f ° °  e3ZN R (s; z) dQR (z)
Jo

=pMW+f  r ^ { f  •»-"*<.>}

(2.2,

The Stieltjes integrals in (2.2) exist so long as F° and Q R have no common jum p 

points. Expression (2.2) may also be derived from first principles w ithout the flow­

graph presentation (see the Appendix). The use o f flowgraphs however, provides 

further understanding o f (2.2) by determining M ° as the transfer function for a linear 

system that accommodates censoring.

Semi-Markov modeling for a right censoring mechanism was previously considered 

in Lagakos, Sommer, and Zelen (1978). Their model records passage tim e up to 

m in(Af°, Z°) and represents censoring as a single absorbing node. It does not however 

consider transitions after censoring as required when representing all possible state 

changes connected w ith  a flowgraph expression for passage tim e .Y°. In this latter 

setting, a single censoring state cannot express semi-Markov structure after censoring: 

such states must be indexed as { R r }  to allow subsequent transition to state D in 

tim e X ° — z. The model o f Lagakos et al. (1978) is different because it addresses 

different concerns, the determination o f a nonparametric m.l.e. for F°: our model 

seeks to determine self-consistent relationships for the population distributions and 

the ir estimates. This requires the semi-Markov modelling o f Figure 2.1 which can 

account for the additional tim e after censoring from m in (X °, Z °)  to X °.

2.2.1 A Self-Consistent Expression for F °  (x)

The Laplace-Stieltjes expression in  (2.2) provides a solution for F ° (x) in terms o f the 

competitive distributions F  (x) and QR ( x ) . In  terms o f these quantities, expression
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r  ‘~dF° « * » = > -  r ^  w + r  { f  ™ ^ w  -  < 2 - 3 )

Inverting the transforms leads to the unique solution for dF°  (x) as

=  p d F ( x ) +  { j T  (J) <2-4>

or

d F ° w = { *  ~  r  i* '- F ° ( - - ) } 1 p i F  ( j>  • <2"3)

This is the population version o f the self-consistent equation orig inally introduced by 

Efron (1967) for the estimation o f F° ( x ) .

Some elementary computations provide im portant in tu ition  for expression (2.5) 

which concerns the relationship o f the noncompetitive and unobservable probability 

dF° (x) w ith  the competitive and observable probability p d F  (x).

L e m m a  2.1 f f  X °  ~  F° and Z° ~  H° are independent then

pdF (x )  Jc0/  (1 - p ) d H { z )  0
=  ( l )  and i  = i H [ z ) - (2'6)

P ro o f: The results follow by recalling that

p d F  (x) =  Pr { .Y °  € ( x - d x , x ] , X °  <  Z ° }

=  Pr { X °  € (x -  dx. x ] }  Pr (Z ° >  x)

=  dF°  (x) Pr (Z ° >  x ) ,

upon using the independence o f censoring. ■

Lemma 2.1 states that dF° (x)  is found by d ivid ing the probability  p d F  (x) by the 

factor Pr (Z ° >  x ) . In  (2.5), this is accomplished w ith  the division in  curly braces. 

To see this, note that dQ [i(z) =  (1 — p) dH(z)  so that, by Lemma 2.1,

i - r r ^ = i - r , , " o w = p r ( z o > x ) -
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Thus identity  (2.5) is equivalent to the first identity  in  (2.6); the division in curly 

braces is division by Pr (Z° >  x)  which effectively removes consideration o f the event 

X °  <  Z Q from the competitive probability computation p d F  {x).

We shall continue to discuss the principle involved in Lemma 2.1 when discussing 

double and interval censoring; it  provides an in tu itive  understanding o f the various 

self-consistent equations that one might otherwise find rather mysterious.

2.2.2 A  S e lf-C o n s is te n t E s t im a to r  fo r  F°[x)

Data are observed according to the typical random censoring model and are expressed 

in a form consistent w ith  the flowgraph model. Let x t <  . . .  <  x n be the observed 

deaths and <  . . .  <  zr the random right censoring times. An estimate of p is 

p =  n / ( n + r )  and the empirical c.d.f.s o f {x ,}  and {rfc}. denoted as F  and H,  estimate 

F  and H  using realizations o f the competitive responses. The empirical m.g.f. M(s)  is 

the Laplace-Stieltjes transform o f F[x) .  The empirical estimate for Q r {z ) is Q r{z ) =  

(1 — p)H(z) .  These empirical versions of the flowgraph transmittances for Figure 2.1 

allow us to now introduce Figure 2.2 as an em pirical version o f Figure 2.1.

Each censored value Zk must now index its own censoring node as well as its own 

remaining transmittance from R-fc —► D given by

- s z k r  CO

N r {s; Zk) = -------:  /  e3XdF°  ( x ) .

Note that we have presumed the existence o f an estimate F°(x)  in order to define 

Nr (s; Zk). This presumption is the first step required to determine an equation for 

which F °(x ) is a self-consistent solution. Note also tha t the em pirical flowgraph in 

Figure 2.2 is itse lf a semi-Markov system that estimates the true semi-Markov system 

o f Figure 2.1.
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p M  ( 5)

F ig u re  2.2 Em pirical flowgraph for right-censoring representing a 
semi-Markov estimate o f the flowgraph in  Figure 1.

40

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



O ur discussion for ” pruning”  the censored nodes from Figure 2.1 applies equally 

well to its empirical counterpart in Figure 2.2. In order for the various Stieltjes 

integrals to exist, we require that F  and Q r  have no common jum p points, i.e. no 

ties between deaths and censoring.

T h e o re m  2.1 Suppose that F  and Q r  have no common jum p points and let zm :=  

m ax(xn,£r ). For any x <  z‘ , the Kaplan-Meier estimator F°{x)  is the unique self- 

consistent estimator o f F° ( x ) , that solves the empirical flowgraph equation

[  ,  j f  ^ F ( x )  +  [  e«  [[  (x>. (2.7,

This estimator is right-continuous and places mass

r r o }  (28)F°(z )
- i

=  (n +  r)  -  V '  ----------—
r, ~  , 1 - F ° ( z

(2.9)

at support point Xj fo r  i  =  1 , . . .  , n. Values o f F°(x)  fo r  x  >  z~ require the consider­

ation o f two distinct settings:

I f  x n =  z", the mass points in (2.8) add to 1 and r  (x) =  1 fo r  a ll x >  z". Thus 

F °(x ) is uniquely defined fo r  a ll x.

I f  zr =  z", the mass points in (2.8) sum to <  1. The self-consistent estimate is 

left continuous at zr with

F ° ( z r ) =  F ° ( z ; )  =  l - { { n  +  r ) - V  1------- 1 .

For values x  >  z ',  the self-consistent estimate F °  (x) is fla t, indeterminate, and 

assumes an arbitrary value in  [F°(z;t), 1].
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This characterization o f the self-consistent estimate differs slightly from that given 

in Efron (1967, theorem 7.1). Efron mistakenly has the unique self-consistent estimate 

set to F° (x) =  1 for any x >  zr =  zM so that it  must place a nonzero mass at zr . This 

is actually only one o f many solutions since F °(x ) is indeterminate and dF°(x)  =  0 

for any value x  >  zr =  zm.

In order to have the self-consistent and Kaplan-Meier estimators identical in all 

settings, we adopt the convention throughout that both estimators assume indeter­

m inate values when the largest observation is censored.

Proof: The solution has been derived above and its uniqueness follows from the

uniqueness property o f the Laplace-Stieltjes transforms. The mass in (2.9), is the 

mass assumed by the Kaplan-Meier as shown in Efron (1967). The le ft-continuity o f 

F ° (x) at x =  zT — z’  and its indeterminacy above zr are shown in the Appendix. ■

Efron (1967) has shown that the Kaplan-Meier estimate F °(x ) is the unique self- 

consistent solution to the equation

1 -  F°(r) = p{l -  F(i)} + (1 - P){1 -  #(*)} + {1 -  F°(x)} f  tdQf a',]~
Jo 1 -  F°(z)

(2.10)

which is easily shown to be equivalent to (2.7) when x <  z“ . Take the differential o f 

each side and, upon recognition that d H ( i i )  =  0 =  dQa(xi ) ,  then

i F ' M ^ p d F M  +  d P l . X t ) }  r
Jo 1 - F ° { z )

Solving this expression leads to (2.8) and its Laplace-Stiltjes transformation is (2.7).

Further understanding o f relation (2.8) results by developing the empirical versions 

o f the competitive/noncompetitive relationships expressed in  (2.6).

L e m m a  2.2 The self-consistent (Kaplan-Meier) estimators F ° ( x )  and H°(z) ,  de­

fined in  Theorem 2.1, are related to the ir competitive empirical counterparts F ( x )
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and H( z )  according to

Pd^ x K  = d F ° { x )  (2.11)
1 - H ° ( x )

and

(1 - p ) d H { z )  _  (2 i2 )

1 - F ° { z )

fo r  a ll i , : £  [ 0 , r ' ) . If, fo r  example, zr =  z". then (2.11) and (2.12) together require 

that H°{y)  =  1 f o r  z >  zr , F°(zr ) =  F° (z f ) ,  and are indeterminate about F°  (x) with 

x  >  zr .

Before proving this result, we consider the in tu itive  meaning it  provides for un­

derstanding the masses in (2.S) and (2.9). From (2.11), write

d F ° ( n )  =  . (2.1:1)
1 -  H ° ( x i )

i - ^ = i - r ( i - ™ = i - r ^
Jo 1 - F ° ( z )  Jo 1 - F 1

According to (2.12), we may now replace the denominator in (2.13) wi th

dQR (z)

(z) - Jo 1 - F ° ( = Y

after using dQs.(z) =  (1 — p)dH(z) .  This leads directly to expression (2.8). The gist

of this understanding may be summarized by making two points:

1. Division o f the competitive probability p d F ( x i )  by the term  in curly braces, a 

disguised version o f the Kaplan-Meier estimator 1 — H°(x i ) ,  produces the non­

com petitive Kaplan-Meier probability  dF° ( z . ) . This becomes a very general 

mechanism for removing probabilistic competition.

2. The self-consistent equations are a result o f the circulaxity arising from (a) 

specifying dF°  in terms o f dF  and H °  as in (2.11), followed by (b) specifying 

H °  in  terms o f dQp_ and F°  as in  (2.12), so that dF°  is determined from dF, 

dQn and F °  as in  (2.8) and (2.9).
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P ro o f: We first consider the situation on [0, s ')  by introducing the notion o f an inde­

pendent risks proxy model as discussed in Crowder (2000). Suppose that P(x ,z )  is a 

jo in t empirical c.d.f. and let random variables X °  and Z° be such that (X ° ,  Z°)  ~  P. 

Then P  is defined to be an empirical proxy d is tribu tion if, when viewed competi­

tively, X °  | {X °  <  Z ° }  ~  F  and Z° J {Z °  <  X 0} ~  H . The independent empirical 

proxy d istribu tion necessarily has P(x .z )  =  F°(x )H° (z )  where F°  and H°  are the 

respective Kaplan-Meier estimates for F°  and H°.  The indeterminacy o f F°  or H°  

above s ' assures indeterminacy for P w ith  one or more component values above s '; it  

is therefore not a probability  d istribution since it  accounts only for a fin ite probability 

to ta lling  P (xn,sr ) <  1. The independent empirical proxy d istribu tion  is only one of 

many empirical proxy models that yie ld the empirical probability  distributions F  and 

H  when modified to account for competition.

Expression (2.8) is now governed by the independent proxy measure P in which 

X °  and Z° axe independent variables. It is the empirical version o f the population 

expression (2.5) that is governed by the d istribu tion P{x , z )  =  F°{x )H° ( y )  and for 

which independence has been assumed rather than constructed through the notion 

o f proxy models. Since independence is found in both settings and is the crux o f the 

arguments in the population results o f (2.6), then these results must extend to the 

empirical counterparts as stated in (2.11) and (2.12).

The situation for values exceeding zm is shown through tedious consideration o f 

the solutions possible in  (2.11) and (2.12). ■

When ties exist between deaths and right censored times, the usual assumption 

that the censored values are slightly laxger allows the presentation to be extended to 

all settings.
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E xam ple. Suppose the data are ordered according to

X i  <  Zi  <  X2 <  Z2 <  z3 <  Z4 <  X3 <  X4 <  Z5 .
D R D R R R D D R ' ’

Self-consistent survival estimates and the ir placement o f point masses, as in (2.S), are 

given in the table below.

T a b le  2.1 Kaplan-Meier estimates for the data in (2.14).

i I - F ° ( x i ) dF° (xi) k 1 - H ° { z k) dH ° ( zk)

1 8/9 1/9 1 7/8 1/8

2 S/9 x 6/7 =  16/21 8/63 2 7/8 x 5/6 =  35/48 7/48

3 16/21 x 2/3 =  32/63 16/63 3 35/48 x 4 /5  =  7/12 7/48

4 32/63 x  1/2 =  16/63 16/63 4 7/12 x 3/4 =  7/16 7/48

5 0 7/16

Table 2.2 demonstrates that the identities (2.11) and (2.12) provide the same 

masses as in Table 1. From (2.14), we have p d F ( i i )  =  4/9 x  1/4 =  1/9 and (1 — 

p ) d H  (yj )  =  5/9 x  1/5 =  1/9 so that

Tab le  2.2 Illustrating identities (2.11) and (2.12).

i
p d F ( x i )

1 - f f ° ( * , )
1 - F ° ( Xi ) k

(1 - p ) d H ( z k)

1 ~ F ° ( z k)
1 - H ° ( z k)

1 1/9 -F 1 =  1/9 1/9 1 1 / 9 -F 8/9 =  1/8 7/S

2 1/9 -T 7/8 =  8/63 5/21 2 1/9 -F 6/21 =  7/48 35/48

3 1/9 -F 7/16 =  16/63 31/63 3 1/9 -F 16/21 =  7/48 7/12

4 1/9 -f  7/16 =  16/63 16/63 4 1/9 -F 16/21 =  7/48 7/16

5 1/9 -F 16/63 =  7/16 0
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Note that p d F ( z 5) / { l  — i f 0 (2 5 )}  is indeterminate o f the form 0/0 and therefore 

undefined. The survival value 1 — F° (2 5 ) =  16/63 has been used in the calculation of

2.2.3 Self-Consistency of the Berliner-Hill Survival Estim ate

The Kaplan-Meier estimate is the self-consistent solution to (2.8) that results from 

substituting clF (x)  and dQn(z)  for the ir population counterparts in (2.5). This use 

o f empirical distributions amounts to placing point masses o f 1/n on the death times 

and 1 /r  on the censoring times. A lternatively, consider the approach of Berliner 

and H ill (1988) in which dF ( x )  is replaced by a posterior measure that places mass 

l / ( n  +  1) ju s t to the left o f each o f the observed death times and also to the left of 

the largest death time at x n+l :=  0 0 . Each o f the 1 / { n  +  1) posterior masses may be 

either continuous or discrete and its entirety must be placed to the right of the next 

smallest observation. This leads to the competitive estimates

P =  =  — !—  and F ( i . )  =  (2.15)
n f r + 1  n - f - r  +  1 n +  1

for i  =  1 , . . .  ,n  +  1. Now, the Berliner and H ill (1988) estimator becomes the unique 

self-consistent estimator when these tilded estimates are used in (2.8) to replace of 

the ir hatted counterparts.

Theorem  2.2 When considered at death times {x; : i  =  1, . . .  ,n}, the Berliner and 

H ill (1988) estimator o f F ° is the unique self-consistent estimate satisfying (2.8) using 

the tilded estimates in (2.15) in place o f the ir hatted counterparts.
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(2.16)

P ro o f: Denote this estimate as F°. Its mass points dF° (x, ) are

I T F w }

and correspond to those for the Berliner and H ill estimate as shown in the Appendix. 

■

Since x~+l >  zr in a ll settings, the indeterminacy found in F °(x) when x >  zr >  x n 

cannot occur w ith  this estimate.

2.3 Doubly-Censored Lifetimes

A patient is left censored when the event of interest, such as death, occurs before the 

patient is sampled or enters into the observational study. In this case, the recorded 

censored life tim e is the patient’s age at the start o f observation. A flowgraph accom­

modating such doubly-censored lifetimes is shown below. The top two paths, when 

considered alone, constitute the flowgraph for right-censored patients from §2 and the 

transmittances are much the same. The additional parallel path on the bottom  has 

been inserted to accommodate the possibility o f left-censoring as we explain below.

We continue w ith the notation o f §2 using X °  and Z° as the patient’s noncom­

petitive  death and right-censoring times respectively. In addition, we must now add 

the patient’s age V'° upon entering observation. Assume that Y °  ~  G° ( y ) , (V'°, Z°) 

is independent o f X ° , and Y° <  Z°  w ith  probability 1. The standard model assumes 

that a patient is left-censored i f  X °  <  V'°, an observed death when Y° <  X °  < Z°. 

or right-censored i f  Z° <  X ° .  The support o f a ll random variables is assumed to be 

(0 ,oo).
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F ig u re  2.3 Semi-Markov flowgraph for patient lifetimes in the presence o f
le ft- and right-censoring.
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The lower branch transmittance (s) represents left-censoring in which q i =  

P r(X ° <  K 0) is the probability  of left-censoring, and M l {s ) is the m.g.f. o f the 

random variable

X L = X ° \  { X ° < Y ° } ~ F l (x ) .

After passing to state D, a left-censored patient passes to a state L y in to ta l tim e y , 

where y is the left-censoring time. The states { Ly : y >  0} comprise a continuum of 

possible left-censoring states ju s t like the right-censoring states {R : : r  >  0}.

2.3.1 A  S e lf-C ons is ten t E xp ress ion  fo r  F ° ( x )

In Figure 2.3, we are only interested in passage from 1 —>• D  , so the states {L y} 

are actually unnecessary for describing this passage. Our reason for including these 

states is to deal w ith  the problem arising from the fact that transform M l [ s ) does 

not have a d irectly observable empirical counterpart. We can determine an estimable 

form o f M l in terms of G° and F°  by first conditioning on passage to state Ly and 

then summing over a ll d istinct pathways through the states {L y}.

L e m m a  2.3 Suppose that G °(-) is continuous (a.e.) with respect to dF°. Then

m l  ( 5 ) = qL r e3x { r  d c ° (y)i  d p ° {x)

P ro o f: Take the differential of

Fl (x ) =  Pr { X °  <  x  | X °  <  Y0}  =  { J ^ d G 0 ( * / ) }  dF° (« ) ,

and determine the Laplace-Stiltjes transform as

M l  (s )  =  r  e3X dFL (x) = -  /°° e~ (  f° °  dG° (y)l dF°  ( x ) .
J 0  <lL Jo  { J x  )

U
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To express Me (s) in terms of dF° and other estimable quantities, let 

dQe (V) =  P r { Y° € (y -  dy, y] , X ° <  Y 0}  =  dG° (y) F° (y ) 

and rewrite Me as

( 2 i7 )

which is now estimable from left-censored observations.

Our goal is to remove the risk factors due to left- and right-censoring and deter­

mine F°(ar) w ith  Laplace-Stieltjes transform M ° ( s ) . The removal o f risk factors is 

equivalent to the pruning o f all censored states from the flowgraph. This is accom­

plished by summing over the two continuums of m utually exclusive censored states 

{L y}  and {R - }  and reducing the flowgraph to the single transition 1 -> D whose 

transmittance must be M °  {s) . Thus we may equate

M° {s )  =  qeMe (s) + p M ( s )  +  J e,z N r ( s :  z) dQR {z)

where N r ( s ; z )  and dQR (z) are defined as in the first section. A proof o f this rela­

tionship from first principles is in the Appendix.

Inverting the Laplace-Stieltjes transform leads to a unique representation for 

dF°  (x) as

<*> -  { j f  ^ f }  " *  <*> + *"(*> + { [  T ^ y }  "•<*>

or

i riO / \ f ,  r  <“ ?<.(#) r  “ ) * ( * )  V ' . J  r .,- ,
d F M  =  \ l - L  W " i o

which is a generalization o f (2.5) to include left-censoring.
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2.3.2 A Self-Consistent Estim ator for F °  (x)

Data axe observed according to the random doubly-censored model described above. 

Let x i <  • • • <  xn be the observed deaths, y i <  ■ • ■ <  yi the left-censored times, and 

~i <  • • • <  ~r the right-censored times. W ithou t loss in generality, assume that there 

are no ties in any o f the observations. An estimate o f p is p =  n / (n  +  / +  r) and

the estimator F , its empirical m.g.f. M , and dQR (Zk) and N r (s; -fc), for Ar =  I  r .

are as given in §2 w ith  the caveat that r / ( n  +  / +  r )  replaces r / ( n  +  r )  as the total 

probability for dQn(zk) .  These empirical versions of the flowgraph transmittances 

from Figure 2.3 allow for the introduction o f the empirical flowgraph in Figure 2.4 

which is also a semi-Markov system.

Transmittance q iM i, (s) is unobservable and its estimate fa M i  (s) must be found 

by marginalising over the d istribution o f observed left-censored values y i , . . .  . yi. This 

amounts to estimating M l  ( s )  using (2.17) so tha t the bottom  empirical transmittance 

from 1 —> D  is

- !Jo

OO I TOO

q iM L (s) =  /  e3X < I  ̂ d F o {x) ?
/  X

J Q jM  1 j p o ,

F°(y) j
w ith  d Q t placing mass l/ (n -W  +  r) on each y^-value. Solving this empirical flowgraph 

in the same manner leads to the expression

fO O  I  / * X

(IQl (y) 1 j£,0 

F°(y) ) 
dQR {z)

0 1 - F ° ( z )

[  « -  &  (x) =  [  | j f . }  r f "  ( *)  +  f  f  d F  , x)

L
+  I e3X{ I  I  dF°  ( x ) , (2.18)

where F ° is a presumed self-consistent solution. This is solved for dF° (x) by 

following the same approach used w ith  the population versions and gives

C (x; F °)dF °  (x) =  dF  (x) (2.19)
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Figure 2.4 Empirical flowgraph for double censoring representing a 
semi-Markov estimate of the population flowgraph in Figure 2.3.
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where

C ( I ; ^ ) : = 1 _  r ^ y l _ r j Q ^ L ,  (2.20,
A  F°(</) A  1 - F ° M

In order to characterize a solution to (2.19), we must first assure that the Stieltjes 

integrals in (2.20) are meaningful for all F° including an F° w ith  potential step-

discontinuities on {y i}  U {? ,}; this is done by first w riting  (2.20) as summations

over {y ,}  U {^ i}  before attem pting to evaluate C  ( z ) . The support for self-consistent 

solutions is now characterized to assure that equality is maintained in (2.19).

L e m m a  2.4 Any self-consistent solution F °(x ) places point masses at the death times 

given by

0 < d F ° ( x l ) =  C ( x i ; F ° ) - l p d F ( x l ) / =  ! . . . . . « .  (2.21)

fn  addition, it may also distribute mass arb itrarily  on the set

{ *  : C(x;  F°) =  o }  C (0, oo) \  { x j  . (2.22)

A complete answer to the determination o f self-consistent solutions to (2.18) has 

been provided in Butler and Bronson (2001). I f  the range of support for F° includes 

both the points in (2.21) and the region (2.22), then they have characterized the 

collection o f self-consistent solutions to (2.19) and (2.20); the uniquely defined non- 

parametric m.l.e for this problem has been shown to be a member o f this collection. 

Furthermore, a simple EM algorithm  has been provided making it easy to deter­

mine all members in this collection including the global nonparametric m.l.e. For the 

present setting however, we restrict our search to F ° €  T n :=  {solutions placing all 

mass at the death points}.

T h e o re m  2.3 Suppose, without loss in  generality, that F . Q l , and Q r share no com­

mon points o f discontinuity and let y* =  m in (y i, x i)  and z“ =  m a x(x „, zr ). W ithin
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T n, there exists a unique self-consistent estimator F °  (x) o f F° (x) that solves the em­

p irica l flowgraph equation and is well-defined fo r  any x  6 (y “ , z~) . Estimator F° (x) 

agrees with a particular version o f the Turnbull (1974) estimator, is right-continuous 

with support on ( y * , x i , . . .  , xn, 2 “ }, and puts mass (2.21) or

dF° (x ^  =  C(xr, F °)~ l (n +  l  +  r )~ l (2.23)

— ^ ( n  +  / +  r )  > Xt} ^ ,0 Y l { k : z k < r , \  [  _  p o

at x, fo r  i  =  1 , . . .  . n. Corollary 2.2 deals with F° at y* and z‘ and values outside o f

( y V ‘ ).

P ro o f: Tsai and Crowley (1985, equation 5.1) have stated that Turnbu ll’s estimate 

is a self-consistent solution to the equation

1 -  F ° (x )  =  p | l  — F ( x ) }  +  Pl { l  -  G(x)| +  pr j l  -  H { x ) }

where Pl  =  f  <LQl (y) and Pr =  f  dQR (x) are the estimated probabilities of left- and 

right-censoring, respectively, and G(y) =  Q l (h ) I pl and H(z)  =  Q r [ z ) / pr are the 

respective empirical c.d.f.s o f yi  <  • • • <  yi and xi <  • • • <  zr . Restricting attention 

to F° 6  (Fn, then differentials o f (2.24) give

dp° (Xi) = p d F (x.)+dF° (x.) r  +dF° (x,o r
Jr, F° ( y )  Vo 1 - F ° ( s )

which is the inversion o f the Laplace-Stiltjes transforms in  (2.18); thus the solutions 

are equivalent when searching in  J-n. The details o f a more convincing proof have been 

given in Butler and Bronson (2001). There, the solution (2.23) has been shown to be 

the unique critica l value o f a nonparametric likelihood sim ilar to that introduced by
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Turnbull (1974); therefore it  becomes the unique stationary point o f an EM algorithm 

that is a modification to that used by Turnbull (1974). ■

The modifications to the Turnbull algorithm needed in computing F° in (2.23) are 

now detailed. The algorithm is not uniquely defined because it depends on a choice of 

partition  w ith in  which the data is categorized. The input to the algorithm  consists of 

bin counts for the deaths, right- and left-censoring, as determined by the prespecified 

partition ; thus the algorithm  converges to a unique stationary value that is partition 

dependent. The lim it point F° in (2.23) results from taking the partition  determined 

by y" , z ' ,  and {x ; : i =  1, . . .  ,m }  and ranging from (0, t / ' ] , (y ‘ , £ i ] . . . .  . ( fm,_' ] where 

11 ( tm) is either x t or x i  (either x n_i or xn). See Butler and Bronson (2001) for the 

details.

Further understanding o f the mass placement in (2.23) results from considering 

the adjustment term  C(x,-; F°) in (2.23) used to modify the uniform distribution 

I /  (n +  I +  r ) . Consider the noncompetitive probability o f the event Ci =  { T  is not 

censored in ( x “ ,x , ] } .  The product in (2.23) is 1 / ( n + / + r ) ,  the com petitive probability 

o f death in ( x “ ,x,] , discounted or divided by Pr(C,). To see this note that

Pr(C7,-) =  1 -  P r(C f) =  1 -  f °  dG °(y) -  f ‘ dH°(z) .  (2.25)
Jx, Jo

Noncompetitive le ft- and right-censoring probabilities are the result o f discounting 

the com petitive censoring probabilities by the noncompetitive probabilities o f death; 

thus

dG°(y) =  d9 L^  dH °(z) =  dQR W  (2.26)
F° (y )  1 - F ° ( z )

so that

dF °(x i)  =  Pr(C 'i)-1 1
n + l  +  r ’ 
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w ith  P r(C ,)-1 specified by substituting (2.26) in to (2.25). This is exactly the self- 

consistency relationship expressed in  (2.21) and (2.23).

The flowgraph estimate in (2.23) demonstrates that left-censored values and right- 

censored values play a symmetric role in determ ining F°. To emphasize this, suppose 

we m u ltip ly  a ll observed times by —1 and refer to the ensuing double censoring 

analysis as occurring in negative time. For x  <  0, let F°  (x) be the self-consistent 

estimate in negative tim e for F°  (x) :=  1 — F ° ( —x ) .

Corollary 2.1 The self-consistent estimator F° is equivariant under the reflective 

group { + 1 , - 1 } .  More precisely,

F° (-x<)  =  I -  F° (x~) i =  0 , . . .  , n +  I

where, fo r  sake o f notation, we take

f  0 i f  y" =  Xi f  oc i f  z ' =  x n

10 "  [ i f  i f  v ■ =  in  I " +I -  I  - -  i f  =  -> '

Estim ator F ° may be indeterminate outside o f [y~, c‘ ] when the extreme values 

are censored observations.

Corollary 2.2 For x  <  y ',

F °(x ) =  (  . °  i f
indeterminate i f  y" =  y i

For x  >  zm,

F°(x)  =  f  1 i f  zm =  x n
indeterminate i f  z~ =  zr

In  the indeterminate cases, F ° is right and left continuous on boundary points y ' and 

zm respectively with

0 < F V )  =  F ° ( x O - d F ° ( x i )
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and

F °(z ')  =  F °(xn) <  1.

P ro o f: The last step of the Turnbull algorithm is a Kaplan-Meier computation

tha t ignores the left-censored times. The last step guarantees this form for the right 

ta il. The reflective symmetry property o f Corollary 2.1 guarantees the m irror image 

property in the left ta il. A formal demonstration o f the indeterminacy is given in the 

Appendix. ■

E x a m p le . We demonstrate how Turnbu ll’s algorithm adjusts the in itia l Kaplan- 

Meier estimate to account for the left-censored values. The data given in the table 

below were simulated w ith  F° as exponential w ith  mean 30.

tim e 2.S 3.1 7.8 12.8 17.2 23.0 30.7 32.3 33.0 39.5 46.0 47.1
type D L R D D L D D R R L D

The table 2.3 gives the death time along w ith  its in itia l Kaplan-Meier survival 

estimate, the Turnbull survival estimate 1 — F °(x ,), and the exact survival 1 — F ° (x t).

Tab le  2.3 Example o f the self-consistent estimate.

Death x; Kaplan-Meier 1 -  F°(xi ) I -  F°(x,-)
2.8 0.8889 0.7682 0.9109
12.8 0.7619 0.6318 0.6523
17.2 0.6349 0.4953 0.5629
30.7 0.5079 0.3878 0.3595

32.3 0.3810 0.2S04 0.3407
47.1 0.0000 0.0000 0.2079

Figure 2.5 shows how the Turnbull estimate moves the mass o f the in itia l Kaplan- 

Meier estimate to the left thus deflating the Kaplan-Meier estimate at any fixed value

Xi.

m
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F ig u re  2.5 Graph demonstrating the effect TurnbalTs algorithm  has on 
the in it ia l Kaplan-Meier estimate.
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3 Censoring in Sem i-M arkov M odels

3.1 Introduction

We now consider the bootstrap inference methods o f Chapter 1 for passage or survival 

times in semi-Markov systems w ith  the additional complication: there is the possi­

b ility  o f independent right censoring from the various states o f the system. Censored 

data are observed for patients transcending the states o f a semi-Markov system that 

allows for censoring. The goal is to use this censored data to infer the survival time of 

a patient passing through the same states but free from the possibility o f censoring. 

This removal o f censoring risk amounts to creating a new censor-free semi-Markov sys­

tem from the observed system in which the possibility for censoring from each system 

state has been removed. We show how a systems theoretic approach to the elimina­

tion o f right censoring in the observed system leads to the use Kaplan-Meier estimates 

for subsurvivals in the new censor-free system. In the la tte r system, Laplace-Stiltjes 

transforms o f these subsurvival estimates characterize the system dynamics. These 

transforms can be used, in conjunction w ith  the cofactor rules o f Butler (2000. thm. 

1) and saddlepoint inversion, to determine bootstrap estimates for the survival dis­

tribu tion  and hazard rate o f a patient free from censoring risk. In this determination 

however, we use a single saddlepoint approximation to determine the bootstrap sur­

vival and hazard estimates in lieu o f the resampling. The double bootstrap may be 

implemented w ith  the more intensive use o f 1000 saddlepoint approximations and 

provides confidence envelopes for the survival and hazard functions as well as other 

characteristics related to first passage tim e through the censor-free system.
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The removal o f censoring risk from a particular state or node o f the observed 

system is discussed in Section 3.2. In the observed system, transitions out o f a state 

compete w ith  censoring to create the classical competing risks setting discussed in 

Chapter 9 o f Cox and Oakes (1984), for example. We provide a new semi-Markov 

model to account for censoring in these competing risks settings. Our model describes 

all state transitions including those into and out o f censored states. The model dif­

fers from those previously considered by providing for the unobservable transitions 

of censored patients in to subsequent non-censored states. W ith in  the context of our 

systems theoretic approach, we show that the removal o f censored states from the 

system leads to the specification o f certain self-consistency equations that determine 

censor-free subsurvival function estimates. These self-consistent estimates turn out 

to be the Kaplan-Meier subsurvival estimators introduced by Lagakos, Summer, and 

Zelen (1978) as nonparametric maximum likelihood estimates (m.l.e.s) for this com­

peting risk setting. W hile our self-consistent subsurvival estimates may agree w ith  

those o f Lagakos, Summer, and Zelen (1978), our model is different. As previously 

mentioned, Lagakos et al. have chosen to model only the observable portion of pa­

tient state transitions and not the transitions occurring after censoring since only this 

observable portion is required when determining nonparametric m.l.e.s.

The removal o f censored states from the observed system leads to a new censor- 

free semi-Markov system w ith  subsurvival distributions given by Kaplan-Meier esti­

mates. This new system may be characterized through the specification o f its branch 

transmittances which are now the Laplace-Stiltjes transforms for these Kaplan-Meier 

sub-survival or sub-c.d.f. estimators. Now, employing only m inor modifications to 

the methods developed in Chapter 1, we can compute bootstrap estimators and con­

fidence envelopes for the survival d is tribu tion and hazard function o f a patient as 

shown in  Section 3.3.
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We illustra te  these methods by considering a generalization o f the classical F ix 

and Neyman (1951) survival model. According to Chiang and Hsu (1976), this is 

the seminal paper to address general consideration o f our current objective: the 

determ ination o f a patient’s survival time w ith  data observed on patient transitions 

through a m ultista te feedback system in which censoring may occur from the system 

states. Our generalization differs from their original form ulation in several respects. 

The ir system made Markov assumptions and therefore was essentially parametric. 

We weaken this rather strong assumption by considering semi-Markov models which 

allow us to work in a nonparametric framework. Our nonparametric analysis becomes 

possible w ith  the use o f three im portant new technologies: (i) The determination o f a 

nonparametric estimate for the moment generating function (m.g.f.) o f the patient’s 

survival density in the feedback system as given by the cofactor rules in Butler (2000). 

These rules generalize and sim plify the original work o f Mason (1953, 1956); (ii)  The 

inversion o f this m.g.f. estimate using the saddlepoint approximations in Daniels 

(1954, 1987); ( iii)  The use of the single and double bootstraps to estimate and form 

confidence envelopes for the survival and hazard functions.

3.2 Competing Risks Model

Suppose the current state o f a patient is subject to several different state transitions, 

or death types, that compete w ith  independent censoring. For ease o f presentation, 

we consider only two types o f death since an understanding o f the fu ll generality is 

essentially the same. Denote the two non-competitive death times as and w ith  

bivariate c.d.f. F ° ( z i , x 2) and assume the right-censoring tim e Z°  is independent of 

(X ° , X °) . O nly W  =  m in (X °, , Z°) is observed, so we may define the competitive
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random variables

X k =  X°k I {X°k =  W }  ~  Fk (x fc) , w ith  m.g.f. M k (s) k =  1,2

Z =  Z ° \ { Z °  =  W }  ~ H { z ) .

Figure 3.1 is a semi-Markov flowgraph for a patient subject to these 3 competing 

risks. Node 1 is the current alive state and nodes and D2 are different death states. 

The continuum o f nodes {FL : x >  0} denotes the censored states which are indexed 

by the censoring time z. Once censored, the patient’s death time is only dependent

on the censoring time z and the state o f destination which is consistent w ith the

semi-Markov nature o f the flowgraph as indicated by the transmittances leaving node 

R-. The transmittances out of state 1 also reflect this semi-Markov nature and have

Pit =  Pr (1 Djt) =  Pr {.Y° =  VF} Ar =  1,2 

dQR(z) =  P r ( l  -» Rz) =  P r {Z°  € ( z - d z .  z ] , Z °  =  W}.

Note that f ^°  dQn (z) =  I — pi — P2 so that the transition probabilities out o f state 

1 add to 1.

The transmittance from R. —> Di  is the Laplace-Stieltjes transform for the desti­

nation specific holding tim e distribution defined by

Hi  ( x t ; z) =  Pr { X °  <  x t +  r ,  X °  < X % \ Z °  =  W  €  (z -  dz, z}} .

Using the independence o f the noninformative censoring assumption, this may be 

expressed as

LT / \ _  fo i +  g) -  G i (^)
l ( X l , i )  i - G r U J - G a C x )

where Gi  and G2 axe the sub-distribution (sub-c.d.f.) fimctions calcidated from the
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F ig u re  3.1 Semi-Markov flowgraph for the lifetimes o f patients subject to 
two competing risks and right-censoring.
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bivariate c.d.f. F°  as

G\  (x j )  :=  P r (X °  <  x t , <  X ° )  (3.1)

G2 ( * 2) : =  Pr( .Y2° < x 2, .Y2° < . Y ° ) .

Similarly,

G’2 (x2 +  2 ) -  G2 (z)
1 - c . w - c ,  ( . -) •

The Laplace-Stieltjes transform o f H k { x k ' ,z)  is therefore

„, , r  « ................... r  «. (xt+.-)
%  < * * * ) - /  e ‘  -') =  / „  e 1 -  G j , )  - ‘ f t w

e“ fc dGk (xk) ■
1 — G i ( r )  — G 2 (:

The competing risks model in Figure 3.1 provides a framework w ith in  which we 

may remove the risk o f right-censoring and estimate the sub-c.d.f. distributions in 

(3.1). The removal o f right-censoring is achieved by summing over the m utually 

exclusive life tim e pathways leading to node D*; the result o f this is the expression 

given on the right side o f (3.2). Such summing amounts to pruning the censoring 

states from the flowgraph so that only the transitions 1 —> D* for A: =  1.2 remain: 

the consequent flowgraph has a direct transmittance to state Djt which is the Laplace- 

Stieltjes transform for Gk given on the left side o f (3.2). Thus,

J°° e“ * dGk (x fc) =  PkMk (s) +  f  e3: Nk (s; z) dQR (s) (3.2)

-  (3 ) + f  «-> { f  }  * *  w

for k =  1,2. Equality (3.2) can also be developed w ithout flowgraphs (see the Ap­

pendix), but the flowgraph approach provides a new understanding o f competing risks 

from a systems theoretic perspective.
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3.2.1 S e lf-C ons is ten t E xp ress ions  fo r  th e  S u b -c d f F u n c tio n s

The Laplace-Stieltjes expressions in (3.2) provide solutions for G y  and G i  in terms 

of the competitive d istributions F y ,  F 2 and Q r .  Inversion o f the Laplace-Stieltjes 

transforms in (3.2) gives

J c t {xk) =  pi <iFk ( i k) +  { l

or

- i

for k =  1,2.

T h e o re m  3.1 The sub-cdf functions Gy and G2 specified in (3.3) are the unique 

self-consistent solution to the two equations in (3.2).

P ro o f: F irst define G(x) =  G y  (x) +  G 2 ( x ) . Then the two equations in (3.3) may

be added together for common x t =  X2 =  x to get an equation wi th a unique solution 

for dG(x)  o f the Kaplan-Meier form. Now define

G2 :1 (2 ) =  , \  and F2 :1 (x) =  P2^ 2 ^
l - G i ( r )  2:1 v ; 1 — G, ( x ) ’

etc. In (3.3), divide both sides o f equation k =  2 by 1 — G i (x ) and, inside the curly 

braces, divide top and bottom  o f the integrand by 1 — G y ( z ) .  Then (3.3) becomes

which provides a unique Kaplan-Meier solution for G2:i (x). Values for G2U (x) and 

G (x ) uniquely determine the individual values o f G y  and G 2 at x. ■
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3.2.2 M utually Independent Com peting Risks

The assumption o f independence between Z° and ( X j ^ X j )  allows for the determi­

nation o f unique subsurvival functions G\  and G2 as the self-consistent solutions to 

(3.3). The stronger assumption o f mutual independence among a ll three competing 

risks X ° , X 2, and Z°  allows for the derivation o f self-consistent expressions for FL°. F° , 

and H°  as the noncompetitive marginal distributions o f X f , X 2, and Z°. In this case, 

sub-c.d.f. G't may be expressed as

dGl ( x l ) =  d F ° ( x l ) { l - F ° ( x l )}  

and sim ilarly, dG2 (^ 2 ) =  dF$ ( * 2 ) {1 ~  F°  (x2)}, so that

L -  G, (--) -  G, (.-) =  Pr (.Y? >  s. X i  > - - )  =  { ! -  F? ( - - ) } {1  -  f?  (--)} .

In terms o f F ° and F2 , the self-consistent expressions in (3.3) are

dQR (z)
{ 1 - F ° ( ; ) } { 1 - F ° ( F ) } J

d F ° ( x 2) =
dQR {z)

- 1

- t

Pi dFi  (art )

1 - * ? ( * i )

P i dF 2 ( x2)

l - ^ ( * 2)'

(3.4)

(3.5)

These expressions provide an understanding for the successive removal o f risk 

factors under m utual independence. First remove factor 2 from factor 1 and censoring. 

W rite

Pi dFt {X l ) Pr {X ?  € ( x t - d x i ,  an], X °  =  W }
1 - F 2° ( * i ) P r { X ? > n }

=  Pr { X j  G (an — dxi ,  x t] , X °  <  Z 0}

=  Pl:2 dF\l2 ( x i ) , (3.6)

which is the sub-c.d.f. d istribu tion for risk factor 1 w ith  factor 2 removed as indicated

66

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



through the notation 1:2. Likewise

dQ̂ ):=T ^ M )  ( 3 ' 7 )

is the censoring sub-c.d.f. w ith  risk factor 2 removed. W ith  risk factor 2 removed 

from factor 1 and censoring, we now remove the censoring risk factor from factor 1. 

Substituting these results into expression (3.4) leads to the following result.

Lemma 3.1 In  the independent competing risks model in which .Y°, X®. and Z° are 

mutually independent, F t° is the unique self-consistent solution to

dF?(x , )  =  { l - £  - f r i f j T j }  ' P ^ d F ^ M -  (3.8)

This expression relates F ° to Q r .2 and F t:2 in the same manner as F f  is related to 

Q r  and Ft when risk factor 2 has been excluded. Thus we have a sequential removal 

o f risk factors: factor 2 is removed from factor I and censoring in the computation 

o f p i adF i a  ( x x) and dQRx2{z); then censoring is removed from p i:2 d F i:2 ( x x) using 

dQR:2 (*) as in (3.8). W ith  the independence of a ll risk factors, these operations are 

completely analogous to way in which partial correlations are determined through 

successive removal o f independent variable effects using linear regression.

3.2.3 Self-Consistent Estimators with Independent Com peting Risks

Data are observed according to the independent competing risks model and are 

expressed in a form  that reflects the flowgraph model. Let Xu <  • • - <  x lni and 

X21 <  • • • <  x 2„ 2 be the observed death times due to independent risk factors 1 and 

2, respectively. An estimate o f p* is pk =  n*,/ (n x +  n2 +  r ) , for k  =  1,2. The em­

pirical c.d.f.s o f { x i , }  and { x 2i} ,  denoted by F\ and F2, estimate the competitive 

death tim e distributions F x and F2. The empirical m.g.f.s M i  (s) and M 2 ( t ) are the 

Laplace-Stieltjes transforms o f Ft ( x x) and F2 (x2).
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The observed censoring times axe denoted as : i  <  • • • <  : r w ith  empirical c.d.f.

H , an estimate o f the competitive d is tribu tion H.  The empirical estimate o f Q r (x)

is Q r {z ) =  (1 - f a  - P 2 ) / /  (2 ).

Em pirical versions o f the self-consistency equations in (3.4) and (3.5) are obtained

by placing a hat on each o f the c.d.f.s involved. These may be solved d irectly but a

more elegant approach is to sequentially remove risk factors as previously described

for the population in (3.8). Let F ° (x t )  be the Kaplan-Meier estimate o f the c.d.f. for

risk factor k  =  1,2 computed by treating as censored data the pooled observations

from the other risk factor and actual censoring. Then

- ,n  / x p i d F i ( x t ) jA , > dQR {z)
P i a d F u i i x i )  :=    j —— - and dQR:2{y) :=    r— — (3.9)

1 — r 2 ( ^ i )  I **2 I ' '

respectively define partia lly  censored Kaplan-Meier estimates that are the sub-c.d.f. 

functions for the competition o f factor 1 and censoring but wi th factor 2 removed. 

The expressions in (3.9) are substituted into the empirical versions o f (3.4) and (3.5) 

to give F° and F° as the self-consistent solutions to

, _ r i 2 « w
[  Jo 1 - f ? ( j

Jo 1 - F S l z

- 1

*)

- 1

)

This is summarized as follows.

Pl:2dFu2(.n )  (3.10)

P2:ldF2;i ( x 2)- (3.11)

T h e o re m  3.2 Suppose that F i, F2 and Q r  share no common jump points and let 

z~ =  m ax(xlni, x2nj, zr ). Then the Kaplan-Meier c.d.f. estimators F°(x) and F°(x) 

are the unique self-consistent solutions over x  E [0, z~) to empirical flowgraph equa­

tions that are the empirical versions o f (3.4) and (3.5).

Estimators F °(x ) and F2(x) were first suggested by Hoel (1972) and were derived 

as nonparametric m.I.e.s by Lagakos et al. (1978). Dinse and Laxson (1986) clarified
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the ir relationship to Kaplan-Meier estimators. The novelty o f this theorem is that 

i t  provides the framework w ith in  which these same estimators may be interpreted as 

the unique self-consistent estimators.

Computations for F f^x) and F2(x) in the presence o f ties such as x i =  x2 =  y 

require the use a convention such as i 2 =  i |  and t/ =  x j , as used in Lagakos et 

al. (1978). The values o f F °(x ) and F °(x ) for x >  zm conform to the conventions 

specified in Chapter 2. For example, i f  z“ =  x ln i, then F°(x)  =  0 and F°(x) and 

H°(x )  are indeterminate over x >  z~. The support o f / ’“ (x) is over x € { x u }  w ith 

masses

o , , . r  di

=  , _  r  - M i
I Jo 1 - P f W

dQn(z)
- I

Pi (3 19)
l - F ° ( x Ul)

- i

PiadF* :2{ x u ) (3.13)
0 .

that add to one. The support o f F ^ x )  and H°[z)  are { x 2,} and { z j }  respectively 

and the masses in each case add to <  1. Estimators F° and H°  are left-continuous 

at z" and indeterminate above z". The three risk factors involved are treated in 

an exchangable manner so the self-consistent estimators are analogous in the other 

settings in which z" =  x2n2 or -r-

3 .2 .4  S e lf-C ons is ten t E s tim a to rs  fo r  th e  S u b -c .d .f. F un c tions  G i (x )  and 
G2(x )

Suppose that and axe not independent as previously assumed but suppose that 

censoring tim e Z°  remains independent o f ( X ^ X j ) .  Then self-consistent estimators 

o f the sub-c.d.f. functions solving (3.3) can be determined which provide the unique 

solution to the empirical versions o f (3.3).

The empirical semi-Markov version o f the flowgraph in Figure 3.1 is shown in 

Figure 3.2. Each censored value zj indexes its own censoring node in Figure 3.2 as
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Figure 3.2 Empirical flowgraph for the competing risks model.
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well as theremaining transmittances RZj —> D i and R ^ —> D2 given by

1%  (s; zj) =  e -  dGk (xk) , for k  =  1,2.
1 — G i  (2) — G2  (y ) Jz}

The empirical flowgraph in Figure 3.2 is a semi-Markov system that estimates the 

semi-Markov system in Figure 3.1 and is solved in exactly the same manner.

T h e o re m  3.3 Suppose the distributions F \, F2 and Q r have no common jum p points. 

Then unique sub-c.d.f.s G i ( x i )  and (^2 (^ 2 ) exist over Xk 6 [0.2") as the self-consistent 

solutions to the empirical flowgraph equations

J ° °  eSXkdGk (x fc) =  pk f  eSXkdFk ( x fc)

fo r  k =  1,2. The support o f Gk is {x*; : i  =  1 , . . .  rife} with mass

dGt  (x t i ) =  (1 -  f "  , ' }  (3.14)
 ̂ Jo 1 -  Crt (2) -  Cr2 (x) J

fo r  k =  1,2.

P ro o f: The proof is the same as given for the population analogues. ■

The Laplace-Stieltjes transforms of G’i and G'2 are the em pirical transmittances 

to states D i and D 2 in the censor-free system that has the censored states {R =J : j  =  

1 , . . .  , r }  pruned. The next result simplifies their calculation by relating G 1 , G'2 to the 

Kaplan-Meier estimates F “ and F ° . A  proof by induction is given in the Appendix.

T h e o re m  3.4  Suppose data are observed under the competing risks model in which 

and X$ may be dependent but ( X i , X ° )  is independent o f Z°. Then unique self- 

consistent estimates o f the sub-c.d.f.s exist and are

dG i ( x t ) =  {1 -  F ° ( x i ) W V i )  (3.15)

dG 2(x2) =  { l - F l0 (x2)}dF2° (x 2 ),
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f o r  a ll x i  and x2.

These relationships furthermore demonstrate that data from such a competing 

risks model contain no information about the dependence o f the competing random 

variables and X ° .  This fact has been pointed out by many authors including 

Tsiatis (1975). Reconsider the idea o f empirical proxy models and suppose that
* n * a * n * *

random variables (X ° ,  X%, Z  ) have c.d.f. P (x |, x 2, z). Then P is an empirical

proxy model i f  i t  leads to the empirical distributions (x i ) ,  F2 (x2) and H  (..) o f the

data when the components are viewed competitively. One o f many such empirical

proxies is the independent proxy model having

P ( x t , x2, y) =  F° ( x t ) F° (x2) H ° (z) (3.16)

where F°, F® and H °  axe the Kaplan-Meier c.d.f. estimates. Estimates G t and G2 

in (3.15) are calculated as i f  (3.16) were its underlying proxy model. Thus these 

estimates are entire ly compatible w ith  the presumption that the underlying jo in t 

empirical d istribu tion  has independent components.

Now suppose tha t state 1 in Figure 3.2 is an arb itra ry  state o f a semi-Markov 

system subject to censoring. For the corresponding censor-free system, the empirical 

transmittances out o f state 1 are the Laplace-Stieltjes transforms o f G'i and G2. 

These tranmittances are easily computed from their Kaplan-Meier estimates using 

the relationship in (3.15). I f  the laxgest observation is a death tim e, then the sum of 

the transition probabilities in the censor-free system is equal to one, e.g.,

P ^ ( l  - > D t ) - t -P ? ( l  - > D 2) :=  G i (oo) +  G2 ( o o )  =  1. (3.17)

If, however, the largest tim e is a censored time, then G i ( x i )  and G2 (x2) axe inde­

term inate for X j , x 2 >  z~ so that the transition probabilities axe also indeterminate.

72

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The practical solution to such indeterminacy is to take

G i (s' )  +  G2(2*) 

and use Laplace-Stieltjes transforms

Pk:RMk:R(s) :=  . /  - , x f °  e ^ d G k(xk) k =  1,2 (3.18)
G i ( x m) +  G 2{ z ' )  J o

as the 1-step transmittances in the censor-free system. Here, the : R notation indi­

cates that the transmittance has the censoring factor removed and is associated w ith 

the censor-free system. This practical solution to the indeterminacy problem is used 

in the next section w ith  the obvious extensions required when the competing risk 

consists o f more than two types o f death or transition.

Expression (3.18) summarizes computation for the transmittance to state D* in the 

censor-free system using data derived from the competing risks setting wi th censoring. 

The expression is nonparametric and makes no d istribu tiona l assumptions about the 

censoring other than its independence from The additional assumption

that censoring times are Exponential (A) leads to simple alternative semi-parametric 

expressions for determining these transmittances.

T h e o re m  3.5 Suppose that pkM k(s) is the transmittance to state Dk in competition 

with censoring. Then

Pk:RMk:R(s) =  pkM k(s -I- A)

is the transmittance to state Dk in  the censor-free system. Here, pk:R =  pkM k{ \ )  

and Mk-jt(s) =  M k(s +  X) / Mk( \ )  is the m.g.f. o f the \- t ilte d  distribution fo r  the 

competitive holding time with censoring risk removed.
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P ro o f: The transmittance from 1 —> D k in the censor-free system is

PkxM kR (s) =  jH  e“ dGk (x) =  jH  e(s+A)x { jH  Xe~Xzdz^  dGk (x) 

=  jH  Xe~Xz j  j T  e(s+A)x dGk ( * ) }  dz

=  £ z° | J  e^+A)r dGk (x) 

=  pkM k (s +  A ).

=  E 2(-+A)JCg i  | X 0 =

W ith  data observed according to the competing risk model, estimation of trans­

m ittance pk;RMk:R (s) proceeds w ith the parametric estimation o f A and the nonpara- 

m etric estimation o f pkM k to give

PkiRMkR (^) =  pkM k(s +  A). (3.19)

This semi-parametric approach to estimation could be used in conjunction w ith  a 

semi-parametric bootstrap to determine semi-parametric confidence envelopes for the 

system survival function. However, we choose to focus on the to ta lly  nonparametric 

approach that uses the nonparametric bootstrap.

3.3 Bootstrapping System Survival Times

Suppose T  is the survival (first passage) tim e for a patient passing from state 1 —>■ 

D,  the death state, in a complicated semi-Markov system. The data are censored 

however T  refers to a passage tim e in the censor-free system. We now demonstrate the 

computation o f bootstrap confidence envelopes for the survival and hazard functions 

o f T  using censor-free transmittances estimated from censored data.

Assume that a patient can be censored from  any state o f the in itia l semi-Markov 

system. To ensure that the system retains its semi-Markov property, we must also
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assume that after each state change a new censoring risk begins from time 0 to 

compete w ith  the other possible transitions from the new state. This implies that 

each transient state of the system must have i t ’s own continuum of censoring nodes 

i f  we wish to model passage times through the system subject to censoring. Under 

such circumstances, the departure out o f each transient state is the competing risk 

setting discussed in the previous section.

The removal o f censoring risk from the system is effected through its separate 

removal from each o f the transient states o f the system. The estimated transmittance 

m atrix  Q of the censor-free system now has ( i , j ) th entry Pij-.RMij-R (s) computed as 

described in (3.18), i.e.

~  -  }  ' r  ' “ d G ^ x ) .  (3.20)
2^k Crik(-i) JO

where s’  is the largest holding time in state i. Note that the summation in the 

denominator o f (3.20) is 1 except when s '  is a censoring time, in which case it is <  1. 

Here, Gij is the censor-free sub-c.d.f. given in Theorem 3.4 as

</Gy w = ^ . ( x ) n { i - f s w } .

where F° is the Kaplan-Meier estimate o f the noncompetitive transmittance from 

i  —»■ j  considering all other transitions out o f state i as censored values. Recall 

that we are not assuming the complete independence o f the transmittances out o f 

a transient state; Theorem 3.4 merely implies we should calculate Gij as i f  they 

were. The collection o f sub-c.d.f. estimates gives empirical transmittance m atrix 

Q  =  {P ij:R M ij:R  ( s ) } .

3.3.1 Nonparametric Bootstrap

Consider how the data m ight be use to resample T m as a passage tim e through the 

system subject to censoring: Pass from in it ia l state 1 to term inal state D  and sum the
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holding times that are resampled while transcending transient states in the pathway 

in the following way. From transient state i, suppose there are n,. observed transitions 

out o f i  including censoring. Pick one o f these at random. Follow it  to its associated 

destination i f  i t  is not a censored value. I f  censored however, randomly pick one 

of the n,. values that is larger; continue doing this un til a non-censored value is 

resampled. Should this scheme u ltim ate ly fa il to select a noncensored value, because 

z '  is censored, then restart the random selection from scratch using all n;. transitions. 

This mechanism describes the redistribute to the right algorithm  introduced by Efron 

(1967) and further discussed in M ille r (1981, §3.2.1). The situation in which the 

selection ends w ith  z ' and must be restarted, is equivalent to the normalization in 

(3.20) to assure that P i r .R  =  1* Thus this resampling scheme which accounts for 

censoring is equivalent to direct resampling from the estimated sub-c.d.f.s { GtJ : 

i  —► j }  computed as Kaplan-Meier estimates and whose Laplace-Stieltjes transforms 

comprise the ith  row o f Q(s). This leads to the following equivalence.

T h e o re m  3.6 Suppose T m is a passage time resampled as just described. Then, the 

m.g.f. o fT "  is given by the f irst passage cofactor rule in Theorem 1 o f  Butler (2000) 

when applied to the system transmittance Q(s) =  (s) j  .

P ro o f: The proof that each competing risk resample has a d is tribu tion  determined 

by the estimated sub-c.d.f.s {G ij : i  —> j }  follows as a simple adaptation o f the proof 

in M ille r (1981, pp. 191-193) to account for several transitions out o f state i  rather 

than a single death transition. ■

The main consequence o f Theorem 3.6 is that we need not resample at all in order 

to use the single bootstrap. The analytic computation o f a saddlepoint inversion, 

using the aforementioned cofactor rule applied to Q, yields a saddlepoint approxima­

tion to the bootstrap distribution. Such inversion provides a point estimate o f the
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survival and hazard function of T.

The double bootstrap provides an ensemble o f survival and hazard estimates which 

lead to confidence envelopes to accompany the point estimates. The idea is to im­

plement some form of outer sampling to construct 999 resampled values of the em­

pirical system transmittance {Q ’ (s) : i  =  1, . . .  ,999}. Then, 999 inversions o f these 

transmittances along w ith  the point estimate provide 1000 replicates o f the survival 

d istribution from which we determine confidence envelopes w ith  the percentile or BC'a 

method.

Each Q* is obtained by using the logical resampling extension o f Efron's (1981) 

scheme to competing risks. For transitions out o f state t, resample n,. times w ith 

replacement from all ri;. holding times. I f  any o f the resulting resample counts to 

noncensored states are zero, then discard the resample. The d ifficu lty w ith  trying to 

use such resamples is that they may alter the system structure by creating irrelevant 

states in system Q’  that are relevant in the system Q and therefore relevant to the 

true underlying system. Thus the use o f systems Q~ w ith  resampled zeros is not 

representative o f what we know about the true underlying system and should not be 

allowed in the outer resampling. See Butler (2000, §4) for further discussion on the 

irrelevance o f system states.

Using this outer resampling scheme, the resampled sub-c.d.f. estimates are com­

puted as

The Laplace-Stieltjes transforms o f these sub-c.d.f.s as in  (3.20) gives the resampled 

transmittance m atrix

s ' =  w } -
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Suppose that T mm is a system survival tim e simulated from system Qm using the same 

algorithm  as was used in determining T* from system Q. Then the values of T "  

represent the second inner layer of resampling nested w ith in  the outer resample of 

the double bootstrap. This inner layer o f resampling is unnecessary, however, and 

can be replaced w ith  saddlepoint approximation as we now indicate.

T h e o re m  3.7 Suppose T "  is a passage time simulated from the algorithm above as 

applied to the raw resampled data underlying the system Q ’ (s). Then, the m.g.f. of 

T ' “ is given by the firs t passage cofactor rule in Theorem I o f  Butler (2000) when 

applied to the system transmittance Q ’ (-s).

3.3.2 N u m e r ic a l E xa m p le

Fix and Neyman (1951) introduced the system shown in the flowgraph of Figure 

3.3. The ir goal was to model the survival time of a patient under treatment for a 

disease such as cancer. Once diagnosed, the patient enters the system at state I. Upon 

leaving diagnosis state 1, a patient may feedback into state I, pass to state 2 implying 

apparent recovery from cancer, pass to state D im plying death from cancer, or pass to 

state R i im ply ing censoring and therefore either death from a cause other than cancer 

or loss from observation. States 1 and 2 are transient states and the system contains 

3 feedback loops to : 1 -¥ 1, 1 -> 2 - *  1, and 2 -»• 2. State R2 denotes censoring from 

state 2. Only state R i is not a part o f the original Fix-Neyman system, and we have 

added it  to consider censoring from all transient states.

Figure 3.3 is the population version o f the semi-Markov system subject to censor­

ing risk. The data axe the complete patient histories describing the sequence of states 

and holding times during the ir passage from state 1 to  D, R i, or R2.

Figure 3.4 shows the population flowgraph for the corresponding censor-free sys­

tem. The goal is to provide confidence envelopes for the survival and hazard rate
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F ig u re  3.3 The observed flowgraph for the Fix-Neyman model.

PuMn(.s)

P l D  M  i d  ( s )

P12 ^  u(^)P i  i M  i [ ( ^ l

F ig u re  3 .4  The Fix-Neyman flowgraph w ith  the censoring risk factors
removed.
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functions describing T , the first passage tim e from 1 ->  D  in  this censor-free system.

As a specific example, we simulated 100 histories for passage through Figure 3.3 

by performing simulations related to the censor-free system in Figure 3.4 as described 

below. For the la tter system assume the following transmittance m atrix  w ith  states 

ordered as 1,2, and D:

/  0.3 ig (10.5,11.7) 0.3 r  (17.7) 0.4 r (22.2) \
Q ( s ) =  0.5 r (13.3) 0.5 ig (11.0,8.8) 0 . (3.21)

\  0 0 0 /

Here, ig(a, 6) is the inverse Gaussian m.g.f. w ith  mean a and standard deviation 6. and

r(a) is the Raleigh m.g.f. w ith  mean a. The independent censoring distributions out 

o f states 1 and 2 are Exponentia l 180) and Exponential!72), respectively. To obtain 

histories describing passage through the system in Figure 3.3, we consider passage 

through Figure 3.4 but, at each state transition, require that the state transition 

compete w ith  independent censoring. For example, in leaving state 1, we determine 

the censor-free destination state as the outcome o f a Bernoulli tria l w ith  probabilities 

(0.3,0.3,0.4), simulate its corresponding holding time, and then compare this tim e 

w ith  an independently generated Exponential (180). I f  the censoring tim e is smaller, 

the destination in Figure 3.3 is R t; otherwise it  is 1,2, or D as determined by the 

Bernoulli tria l.

For the system in Figure 3.4, exact computation o f the survival d istribu tion o f T  is 

very d ifficu lt. However, the cofactor rule in Theorem 1 o f B utler (2000) may be used 

w ith  Q in  (3.21) to determine a very accurate saddlepoint approximation. Table 3.1 

provides righ t-ta il percentiles o f the saddlepoint approximation in the ” Exact”  column 

for the various ta il probabilities listed to its left. Estimates o f these percentiles are 

provided and computed from the saddlepoint inversion o f Q based on the 100 histories. 

The double bootstrap envelopes lead to the 90% B C a confidence intervals listed for
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the various percentiles. Also given are the right boundaries o f tolerance intervals of 

T  that have 90% guarantee tha t the coverage is 1— Right Perc. For example, the 

interval (0,48.1) has been chosen to assure a 90% guarantee o f 50% coverage for the 

values o f T.

T ab le  3.1 Estimates, 90% BC a confidence intervals and 90% Guaranteed Coverage 
Tolerance Intervals for the righ t-ta il percentiles o f T.

f ligh t
Perc. ” Exact” Estimate

B C a
Lower

B C a
Upper

Guar.
Tol.

0.50 42.0 41.8 36.4 50.7 48.1

0.25 82.8 7S.3 67.1 97.3 97.1

0.10 137.8 127.8 107.8 159.4 153.4

0.05 179.4 165.4 L37.9 207.1 197.2

0.01 276.4 252.7 208.0 317.6 303.6

Table 3.2 considers estimation o f the exact mean and standard deviation for T  

as determined from its m.g.f. based on Q. The estimates in the table have been 

based on Q and confidence intervals have been determined from the resampled values 

{Q *}. We also consider an i.i.d . model in order to see the benefit derived from 

using the semi-Markov structure o f the survival time. This i.i.d . model treats the 100 

censored survival times as derived from a single d is tribu tion subjected to independent 

censoring. Accordingly, the Kaplan-Meier survival function estimate S(t) has been 

calculated and the mean and standard deviation have been computed directly from 

it  as

p  =  — f  S (t)d t  and <r2 =  2 f  tS (t)d t — p2. (3.22)
Jo Jo

When the largest survival tim e is censored, the estimates in  (3.22) are undefined and

so we are forced to change this largest survival tim e to a death tim e (see M ille r, 1981,
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§3.4). This convention has the effect o f biasing the mean and standard deviation 

estimates downward as seen in the table. Double bootstrap confidence intervals for 

the i.i.d . model are also biased downward.

T ab le  3.2 Estimates and 90% BCa confidence intervals for the mean and standard
deviation o f T .

Mean Standard Deviation

Method
BCa BC a 

Exact Est. Lower Upper
B C a BCa 

Exact Est. Lower Upper

Cofactor Rule 

i.i.d . model

61.5 59.5 50.7 72.1 

54.4 48.6 67.7

58.2 52.2 41.7 66.1 

39.8 27.9 62.7

W ith  only a single implementations o f the double bootstrap in Table 3.2, we are 

not able to assess the coverage accuracy o f the BCa methods. To do this, we simulated 

10,000 data sets and repeated the computations o f Table 3.2, recording the observed 

coverage levels o f the BC a and the percentile confidence intervals. Table 3.3 presents 

these coverages w ith  a target coverage of 0.9. The Cofactor Rule procedure using 

the semi-Markov structure achieves quite accurate coverage while the i.i.d . model 

exhibits severe undercoverage. The BCa and Percentile coverages are s im ilar for the 

Cofactor Rule procedure, but differ significantly for the i.i.d. model. The implication 

is that there are some severe deficiencies w ith  the Percentile method when used w ith 

the i.i.d. model. The assumption that the largest survival tim e must be a death could 

be part o f this deficiency. A  potential solution to this problem would be to estimate 

the righ t-ta il o f the survival function using the H ill (1975) ta il estimate rather than 

use our im p lic it truncation.

Recall from  chapter one that the asymptotic hazard rate for survival time T  is 

the right-edge of the convergence strip o f the equivalent transmittance from  1 —»■ D
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T ab le  3.3 Coverage probabilities for the 90% confidence intervals illustrated in
Table 3.2.

Bootstrap Cofactor Rule i.i.d. Model

Method Mean Std. Dev. Mean Std. Dev.

BCa 0.8942 0.9001 0.8105 0.5794

Percentile 0.8937 0.8944 0.7702 0.4759

where the equivalent transmittance is found by applying the Cofactor Rule to Q. The 

true asymptotic hazard rate for this Fix-Neyman system is 0.0167. The estimate from 

the cofactor rule applied to Q is 0.0185. A 90% BCa confidence interval is (0.0146, 

0.0227).

Figure 3.5 compares the ” Exact”  density, as determined by saddlepoint inversion 

based on Q, to the bootstrap/saddlepoint estimate as determined by saddlepoint 

inversion o f Q using the 100 patient histories. Figures 3.6 and 3.7 compare the 

” Exact”  survival and hazard rate functions to their bootstrap/saddlepoint estimates 

and 90% B C a confidence bands. Figure 3.8 shows the relative error in  estimation for 

the density, survival function and hazard rate function.
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"Exact" versus Estimated Density
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Figure 3.5 Density function for T.
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Figure 3.6 Survival function estimates and confidence bands.
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“Exact" Versus Estimated Hazard Rate
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Figure 3.7 Hazard rate function estimates and confidence bands.
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Figure 3.8 Relative errors in estimation.

85

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A A ppendix to  Chapter 1

A .l Calculation of the Exact First Passage Time Density and 
Distribution for T5

Computation o f the exact density and survival function o f T3 is not generally possible

w ith  a G I / M / l  model. When G is Gamma(2,/3) however, the computation becomes

possible since a Gamma [2,(3) in terarrival d istribu tion can be expressed as the sum of

two independent E xponen tia l^) variables. A new system, w ith  about twice as many

states, needs to be created which records the queue length at the end of each of these

Exponential(J) variables. Such a system turns out to be Markov and the passage

tim e T5 for the G I / M / l  system is also a passage tim e in the new Markov system. As

such, its d istribution is computed exactly as a phase-type distribution (Aalen. 1995).

Consider passage tim e T3 w ith  G as a Gamma(2,/3) d istribution and semi-Markov

transmittance m atrix

/  0 (Jo (*) 0 0 0 °  \
0 T n  (s) U 0 [ s - \ )  0 0 0

n / 8\ _  0 T 2 i [ s ) U i [ s - \ )  U 0 [ s - \ )  0 0 n
* { s ) ~  0 T 3i [ s )  U 2 (s  — A) U i ( s - X )  U o ( s - X )  0 { ’

0 r 4 l (s) U 3 [ s -  A) U 2 ( s -  A) U i [ s - X )  U 0 [ s - X )

\ 0 0  0 0 0 0 /

w ith  states 0 — 5.

We create the Markov process w ith  ordered states 0,0 ', 1,1', ...,4 .4 ', 5 and trans­

m ittance m atrix
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Q m  (s)  =

(  o 
0

qM2 

0

M i

0

0

qM2

0

0

M i

0

0

qM2

0

0

pM 2

0

0

qM 2

0

0

pM 2

0

0

0

0

pM 2

0

0

0

pM 2

0

(A.2)

where

M i =
8 — s '

M 2 =
(A +  d)

(A 4- 8) ~  ■s

and

P = q =  1
8  +  y

L e m m a  A . l  T5 , the f irs t passage time from state 0 —> 5 in the semi-Markov process 

(A . I )  is also the f irst passage time from  0 —̂ 5 in the Markov process (A.2).

P ro o f: The semi-Markov system in  (A . l)  holds in  state 0 for tim e Gamma (2 .8 )  =  

E x p i( /? )+  Exp2 (@) before passing to state 1. Likewise the Markov system (A.2) 

holds in state 0 for time Expi (/?) before passing to state O'. Then, the Markov system 

holds in state O' for time Exp2 (/?) before passing to state 1. Passage from 0 —► 1 is 

therefore the same in both systems.

Insta te  1 , the semi-Markov system waits tim e Gamma (2 . 8) =  Expi (8) +  Exp2 (,8 ) 

Should the job  in queue have been fixed before tim e Gamma(2 , 8 ). then the destina­

tion state is 0 ; otherwise i t  is state 1 .

The Markov system, by comparison, records the same state changes, but does so in 

at least twice the number o f steps by also recording the state o f the queue after the first
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part o f the interarrival tim e Exp i {(3) .  Starting in state 1, i f  the job in queue is fixed 

before tim e Expi (/3) ,  so that Exp(A) <  Expi ((3) w ith  probability  q, then the Markov 

system proceeds from 1 —> 0 in tim e given by mgf iV/2. From here, the remainder of 

the Exp i (/?) interarrival must be waited out. However, by the memoryless property 

o f the exponential (by MPE) , this waiting tim e is once again Expt (3) so it  as if  

the system is starting anew at state 0 w ith  another Gamm a(2,d) interarrival; such 

dynamics axe those shown from states 0 and 1 in (A.2). Returning to the first part 

o f the interarrival, consider the alternative event that Exp(A) >  Expl (J5 ) . Then 

the Markov system proceeds from 1 -> I '  w ith  probability p in tim e A/2. State 1' 

indicates that the queue length is 1 and unchanged midway through the Gamma(2.,J) 

interarrival time. From state 1', the second part o f the interarrival Exp2 (i3) competes 

w ith  fixing time Exp(A) by MPE. Should fixing not occur first, the Markov system 

goes to state 2 w ith  probability p in tim e 'V/2 and the next Gamma(2,^?) interarrival 

is entertained to compete w ith  Exp(A) by MPE. Should fixing occur first, the system 

proceeds from 1' -¥  O' in tim e iV/2 and then must continue to wait out the remainder 

o f the interarrival Exp2 (/?) by MPE before passing from O' —> I. The dynamics of 

these passages are captured in the transmittance in (A.2).

A  description o f the dynamics o f passage from states i  =  2 ,3 ,4  or i  =  2', 3', 4' in 

the Markov system is sim ilar and is also captured in the transmittance (A.2). Passage 

from i  —► i '  occurs when Expt (/?) <  E xp(A ); by MPE, the fixing tim e starts anew 

again as Exp (A) which now competes w ith  Exp2 (/?) to determine the next system 

state. Should Exp (A) >  Exp2 (/3 ) , then i '  -»• i  +  1 w ith  probability  p in tim e A/2 but 

otherwise i '  —► (t — I ) 7, w ith  probability q in tim e /Vf2, wherein the remainder of the 

Exp2 (A ) , which is again Exp2 (A) by MPE, is waited out in  com petition w ith  Exp(A) 

once again. These dynamics appear in the transmittance m atrix  (A.2) which shows 

tha t the system is Markov. ■
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The infinitesim al generator for this Markov system is

( - 0  0 0
0 - 0  0 
A 0 - ( A  +  0 ) •••

0 A 0 0

0 A 0

0

1  =

V
0 — (A +  /?) 

A 0

0 0

0

0  0

- ( A  +  0 ) 0

0 - ( A  +  .tf)

The survival function o f 7s in this Markov system is the probability that the 

system, starting in state 0 at tim e 0, has not arrived at absorbing state 5 by time t. 

Suppose pij (t) is the probability  o f being in state j  at tim e t having started in state 

i  at tim e 0. Then

'P i t )  ’■= iP i j ( t ) )  =  exp ( I t ) .

The survival function o f T$ is now

F { t )  =  ^2 p o k ( t )  
kes

where 5  =  {0, O', 1,1', 2,2 ', 3,3 ', 4 ,4 '}
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B A ppendix to Chapter 2

B .l  Indeterminacy for the Self-Consistent Estimator

For the setting zr =  z" we first show that F°(zr ) =  F°(zr ). In this case, expression 

(2.10) at x  =  zr is

1 ^  1 -  F°(Zr)

fc=l ‘
i - F ° u r ) =  — E  —n  +  r f f  1 -

n +  r  1 ~  F ° (2fc) /

Thus, solving (B . l ) ,

1- ^ « , ,  =  { , * + „ - g r - 4 ^ } ‘ . «B,,

This is also the value o f 1 — F°(z~) as may also be derived from (2.10).

The indeterminacy o f F °(x ) for any x  >  zr =  z" also follows d irectly from (2.10)

as

1 — F °(x ) =  {1  — F °(x) \  — -—   1-----
1 > n +  r t i l ~ F ° ( z k)

=  ( i  _  F ° (x ) |  —  I T  1------- + -------- 1-------- 1  • (B.3)
\   ̂ > U  +  r \ ^ i - F ° ( z k) 1 — F° (z r ) j

Substituting expression (B.2) into the la tter term  o f (B.3) reduces the right hand ex­

pression to {1 —F° (x ) } .  This value is therefore completely a rb itra ry and the reduction 

demonstrates its indeterminacy from the self-consistency equation.
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B.2 Proof that the Berliner-Hill estim ate is self-consistent

Let c{k)  be the number of right-censored observations in [Xk, x*;+ l) for k =  0 , . . .  , n.

where x 0 =  0 and x n+1 =  oo. Define C (k ) =  Yli=o c (*') an(l

=  7 i TTT T, r  ’ fc =  0, 1. . . .  . n.[m  +  n +  1) — k — C (k)

Then assuming no ties among death times, the Berliner-H ill estimate o f survival at 

x; is

i -1

k=0

with a mass at x, of

i - 2

dF%H {xi) =
Jk=0

The proof proceeds by induction. The basis for induction using (2.16) is

- i

dF° '  '

=  { ( n - f - r +  1) — c (0 ) }  1

=  dFgf j  ( x i ) .

Now assuming the result is true for x i , . . .  ,x ;_ i ,

- i
I ^  1 I

dFQ

- l Cl
=  U n  +  r  +  l ) - c ( 0 ) - V  C~k) - 1 I t l  l - F O ( x fc) J

- I
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After some algebra, we have

n S d - A i )
d F °  ( * ; )  =

( i  - 1) n;=! (i -  a,) -  Ei~\ { c ( k )  n s  t1 -  '

We can collapse the denominator by first collecting the two r i j= i  U — Aj) terms leav­

ing

_ 1 - e ( l , }  g c i  -  A.) -  g  { c ( * ) i l ( t  -  a, ) }  .

Then note that l /A 0 — 1 — c ( l )  =  1/At and remove the 1 — A! term from the product 

giving

^ 1 } j = 2 k= 2 I  j =k  )

Finally, repeating the steps above for the terms containing I" [j= 2  (1 — A j) ......... ( 1 — A;_2)

reduces the denominator to l /A ,_ t . Therefore,

t—2
dF° (x , )  =  A,_l J J ( 1 - A , )

3 = 0

=  dFeH (^i ) •

Hence the self-consistent masses in (2.16) are those corresponding to the Berliner- 

H ill survival estimate.

B.3 First principles proof o f the self-consistent expression 
for the right-censoring model

The proof o f the theorem requires that M  (*) be stated in terms of dF°  (•). This is 

demonstrated in the following lemma.

L e m m a  B . l  Suppose that H°  (•) is continuous almost everywhere (a.e.) with respect 

to the measure dF°. Then

M (S) = i  / “ e“ { l - H ”(x)}dF°(x) 
V  Jo
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Proof: First,

F ( x )  =  ? v { X °  < x \ X °  < Z 0}  =  -  r d F ° ( u )  [ ° °  d H ° (y )
P JO Ju

=  1 f X { l - H ° ( u ) } d F ° ( u ) .  (B.4)
P Jo

The differential o f (B.4) provides the Laplace-Stieltjes transform as

M ( s ) =  r  eaxd F {x )  =  -  /  e5X { l  — H°  ( x ) }  dF° ( x ) . 
Jo P Jo

The Stieltjes integral is undefined when H°  and F°  share a common point o f step 

discontinuity. The assumption assures tha t this does not happen. ■

The next step is to w rite dQR(z) in terms of F° (•) and H°  (•).

dQR ( r )  =  Pr {Z °  € (z -  dz, z], Z° <  .V0}

=  Pr {  V’° € {z — dz, z ]} Pr (A'° >  c)

=  d H ° ( z ) { l - F °  ( s ) } .  (B.5)

Now,

M ° ( s ) =  r eaxd F ° {x )
Jo

=  r  esx { I  -  H ° { x ) }  dF° (x) +  r  eaxH °{x )d F ° (x )
Jo Jo

=  p M  (s) +  j T  eJX | £  dH° (z) |  dF° (x)

where the first term  has been simplified using the mgf of X .  The la tte r term  dG° (y) 

is replaced by (B.5) to give

(S) =  pM (S) +  e“  |  j f '  ‘‘ F 0 W  •

This completes the proof.
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B.4 First principles proof of the self-consistent expression 
for doubly censored lifetimes

The proof requires that M  (•), the m.g.f. o f X  =  X °  | V"° <  X °  <  Z° ,  be stated in 

terms of dF°  (•). This is demonstrated in the following lemma.

L e m m a  B .2  Suppose that G°(-) and H°  (*) are continuous almost everywhere (a.e.) 

urith respect to measure dF°. Then

M {s )  =  -  r  e3XG °{x )  {1 -  H ° { x ) }  dF° (x)
P Jo

P ro o f: First,

F ( x )  =  Pr {.Y° <  x | Y° <  X °  <  Z ° }

=  -  r  dF ° (u )  f  dG°(y) r  d H °(z )
P Jo Jo Jx

=  -  [ *  GP (u) { I  -  H° (u ) \  dF° (u) (B.6)
P Jo

The differential o f (B.6) provides the Laplace-Stieltjes transform as

M { s ) =  r eaxd F {x )  =  -  r  e3*G °  {x) { I  -  H° ( x ) }  dF° (x)
Jo P Jo

The Stieltjes integral is undefined when G° or H° share a common point o f disconti­

nu ity  w ith  F°. The assumption assures that this doesn’t occur. ■

Next, recall

dQL (y) =  Pr {Y °  6 ( y -  dy, y ] , X °  <  Y 0}  =  dG° (y ) F° (y) 

dQR (z) =  Pr { Z °  6  ( 2  -  dz, z y \ , Z ° <  X 0} =  dH° (z) { l  -  F°  (2 ) }  .
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Now,

M ° { s ) =  [° °  esx dF°  (x)
Jo

=  f ° °  esx Pr { X °  <  Y 0}  dF°  (x) +  f ° °  esx Pr {  Y° <  X °  <  Z ° }  dF°  (x)
Jo Jo

+  eaxP r { X °  <  Z ° }  d F °{x )
Jo

pOO (  p o o  ' l  p  c o

= j  e " | y  dF°{x)  +  J  e“ C ° ( i ) { l - t f ° ( x ) } ( i F 0 (x)

+ r  e' x { £  d H ° <'y ) }

Using the lemma and the above representations of d Q i  (y ) and dQ n{z)  gives 

W hich is the desired result.

B.5 Indeterminacy Results

To determine the c.d.f. at ym =  yi and z ' =  zr , we need to peel the right-censored 

observations from the le ft-ta il and peel the left-censored observations from the right- 

ta il as described above. So, using (2.24), the survival for smallest observation y '  =  t/i

is

i - f ° (» .)  =  i ---------n +  l  +  r ^ F ^ y j

=  1  +
"+ ' + r l^ F O fe) J
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W hich implies

The indeterminacy o f F° (x) for x <  y" =  yi follows from (2.24) and using the 

value o f 1 — F ° ( y i ) by

n + l  +  r f r ;  F ° {y j)

F “ (x)
+  L  +  / +  r - £ ^ - ! -

n +  l  +  r  

=  L — F° (x)

Therefore F ° (x )  may take any value in 0, F ° (yi)

Again using (2.24), we may calculate the survival at the largest tim e z" =  zr as

l - F ° ( ~ - r ) =
1 ^  1 - F° ( Zr )

F ° (z k)n + l  +  r E  —

i
n +  l  +  r

M  +  1
. fc=i F°(=k)

Thus, solving for 1 — F ° (z r ) gives 

1 -  F ° (z r ) =  { n + l  +  r - Y  1-------- 1

- i

The indeterminacy o f F ° (x )  for x >  z" =  zr follows from (2.24) and using the 

value o f 1 — F ° (zr ) by

1 - F ° ( x ) y ,  1

n +  l  +  r  f - f  1 -  F° (st
1 - F ° ( x )  =

1 -  F° (x)

F ° (z k)

E — i —  +  ( „ + /  +  r - £  J—
e r i - F ° ( Zk) I t ^ i - F ° ( z

k=i 
■— i r - L

Ufc=ln +  l  +  r

=  1 -  F ° (x) •

Therefore F ° (x ) may take any value in

F ° { zk)
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C A ppendix  to Chapter 3

C .l Proof o f Theorem 3.4

Comparing the two systems of equations (3.14) and the empirical versions o f (3.4) 

and (3.5), i t  suffices to show

1 -  G, (.-) -  G , (.-) =  { l - A °  ( * ) }  {1  -  £ ? (--) }  (C . l )

for a ll censored values z.

The proof proceeds by induction. To the left o f the first death, G i, G2. F,0 and 

F° are a ll equal to zero. Which implies (C . l )  for all zv to the left o f the first death.

Suppose the first death is type one, say in -  Then since (C. l )  for all zi <  xu ,  we

have

dG, ( i n )  =  { l  -  F ° ( * „ ) }  d F ° ( m ) . (C.2)

A  *  A

Note that 1 — F “ ( in )  =  1 — F “ (^i )  for some z  ̂ <  x u . Now for censored values c2 

between i n  and the second death

1 — G i  (x2) — G2 ( *2) =  1 — { G i  (~l) +  d G i  ( x u ) |  — G2 (^2)

=  { l  -  ( r , ) }  { l - / ? ( = . ) }  -  ( l  -  J F f l x n )

=  { l  -  # ? (z.) - < / f f  ( l „ ) }  { l  -  (--,)}

=  j i - * ? ( ; , ) }  { l - £ ? ( * , ) } .

I f  the first death is type two, then a symmetric argument to the one above produces 

the required result.
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For the induction step, suppose (C. l )  is true for all censored values less than the 

I th death. Let zi be a censored value between the (/ — l ) th and Ith deaths. Suppose the 

Ith death is type one and it  is the k th type one death. Then the induction hypothesis 

implies

dGi (x lk) =  | l  -  F°  (arlAr) J- dF° { x lk) .

Note that 1 — F°  (.ru ) =  1 — F ° [z i) .  Now for censored values zi+l between the I th 

and (I +  l ) f/l deaths

1 -  G, -  G2 (2,+,) =  1 -  { 6 ,  + J G ,( m l )  -  G2 (2,)

=  { l  -  - < ( / ? ( * , * ) }  ( l  -  F?(--,)}

I f  the Ith death is type two, then a symmetric argument produces the desired result.

C.2 Proof that the transmittance 1 —> D* is P k : R M k :R { s )

The result w ill be demonstrated for the first risk factor w ith  the result for the sec­

ond following the lines o f proof identically. Recall that pl:R =  Pr( .Y° < X ° )  and 

F u r (x i ) =  P r ( X °  <  X l \ X °  <  X° )  and

pl =  Pr { X° l = W }  

Fl { x l ) =  Pr { X° l < x l \ X °  =  W }

Gl (xr) =  Pi :r F u r {x i ) .

Then,

M 1:* ( s ) =  r ° e ‘ * ‘ dF1j l (x l )
Jo 

i  r°°
=  —  /  e ^ d G l (x l ) 

P\:R  Jo
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Now split the event {X °  <  X £ } into the m utually exclusive events 

{ X “  <  X 2°, X °  <  Z ° }  and { X °  <  X 2°, X? > Z 0}

and define

A  ( x t ) =  Pr (X? <  X!, X? <  X 2°, X °  > Z ° ) .

Note that F u r ( x i ) =  p t F i  ( x t ) +  A  ( ^ i )  so,

Pu r M ur {s ) =  Pi [  eSXld F i ( x i ) +  [  e3Xld F i { x i ) .
Jo Jo

To complete the proof, we need to calculate dF\  (xt) .  Therefore, condition on a

specific small censored region to get

A  ( x t ) =  f 1 Pr { x °  <  x t , x °  <  x 2° I z °  e (z -  dz.  c ] . Z°  =  W )  dQR (z)
Jo

Hence.

Pu r M ur (s) = Pi  / V ‘ dFl ( x l) +  J°° eSXldFt (xt)

=  ( . ,  +  f  { [ '  (« o

the desired expression.
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