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ABSTRACT OF DISSERTATION

FEATURE SELECTION FROM HUGE FEATURE SETS IN THE CONTEXT

OF COM PUTER VISION

Most learning systems use hand-picked sets of features as input data  for their learning 

algorithms. This is particularly true of computer vision systems, where the number 

of features tha t can be computed over an image is, for practical purposes, lim itless. 

Unfortunately, most of these features are irrelevant or redundant to a given task, and 

no feature selection algorithm to date can handle such large feature sets. Moreover, 

many standard feature selection algorithms perform poorly when faced with many 

irrelevant and redundant features. This work addresses the feature selection problem 

by proposing a three-step algorithm. The first step uses an a lg o r i thm  based on the 

well known algorithm called Relief [54] to remove irrelevance: the second step clus­

ters features using K-means to remove redundancy: and the third step is a standard 

feature selection algorithm. This three-step algorithm is shown to be more effective 

than standard feature selection algorithms for data with lots of irrelevance and re­

dundancy. In other experiment a data set with 4096 features was reduced to 5% of 

its original size with very little information loss. In addition, we modify Relief to 

remove its bias against non-monotonic features and use correlation as the distance 

measure for K-means.
Jose Caxlos Bins Filho 
Department of Computer Sciences 
Colorado State University 
Fort Collins, Colorado 80523 
Fall 2000
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Chapter 1

INTRO DUCTIO N

The first part of this chapter introduces feature selection in th*e context of com­

puter vision. It defines feature selection in general and describes computer vision 

data  characteristics and why it is im portant to do feature selection on this kind of 

data. It also briefly describes similar problems and their most com m on solutions. 

The second part introduces our proposed solution for the problenn and gives and 

small example of how it can be used. Finally, contributions of this work and a brief 

description of remaining chapters are given.

1.1 The problem

Learning agents, in particular artificial learning agents, can be overwhelmed 

by the shear number of observable features in their environment. Often they must 

quickly discard many irrelevant and /or redundant features, in o rd e r  to concentrate 

their resources on learning a mapping between the remaining, relevan t features, and 

a concept. Thus, the feature selection problem is to find the subset o f  features of size 

n that maximizes the system’s ability to learn a concept from the selected  features.

Formally, feature selection can be defined as the following p rocedure  : given a set 

of samples Sn (Sn C 5in), where each sample sn (sn £ Sn) is a vector o f  n features, and 

Ck is the set of all possible combinations of k  features (k < n) from ch e  original set of 

n  features (|Cfc| =  ); and given that E x{g) is the expected value: of function g for

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the features listed in X , t  is the target function, p is the function th a t approximates 

t, and Sk E Sk (Sk C where the k  dimensions of 3?* are defined by ck (or by c'fc)). 

The goal is to select ck E Ck such that the expected value of the difference between 

target and prediction function for ck is the minimal among all possible combinations 

of size k  ( - p ( s fc)|) =  m in  £*fe(|£(sn) — p(s*)l)> V dk E Ck).

Intuitively, one should never be able to improve performance by discarding in­

formation; the more features are used, the more accurate the system should be. In 

practice, however, the more features there are the more examples (training samples) 

are needed to induce an accurate classifier. In fact, a smaller set of features can im­

prove the accuracy of the model due to finite sample effects [48]. In addition, more 

features imply a greater computational cost to acquire and use those features. This 

burden is especially undesirable if all or most of the class information is associated 

w ith a small feature subset.

Feature selection is a  difficult problem. Finding the best or approximately best 

set of features for a given task is usually intractable [57], and many problems related 

to feature selection have been shown to be NP-hard ([17], [46]). In general, the 

number of subsets of size n for a set of m  features is ( m ) which is bounded bv
\ n J

( j p ) n > > 171,1 • For most practical problems, an optim al solution can only

be guaranteed if a monotonic criterion for evaluating features can be found, but 

this assumption rarely holds in the real-world [56]. Nevertheless, a “good” subset of 

features can, in most cases, be selected, if the “quality” of the subset is traded for 

computation time.

We are interested in the problem of feature selection in the context of computer 

vision. In particular, we are interested in problems with the following characteristics:

•  Large number of features: In computer vision the number of possible features 

is very large (on the order of thousands). At one extreme, every combination 

of pixels can be considered a feature.

9
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• Irrelevant features: Many of the features computed over an image will have no 

relevance to the goal. For example, many features computed over the back­

ground may be irrelevant to identifying an object.

•  Redundant features: Many features used in computer vision are redundant. 

For example, in color images, the blue, red and green bands and the features 

computed over them  are usually highly correlated.

• Noisy data: The basic da ta  (images) are subject to noise, which will affect all 

measured features.

•  Continuous data: Most of the features computed over an image will generate 

continuous values.

•  Small training samples: Although images are easy to obtain, training samples 

must be labeled by hand. As a result, the number of samples is normally very 

small compared to the number of possible features (see above).

• Function Approximation: Most w'orks cited in the literature do feature selection 

for the purpose of classification. We are interested in optimizing the perfor­

mance of function approximation (regression) problems. The use of function 

approximation, instead of classification, makes for a more generic problem.

These characteristics are motivated by the ADORE system (Adaptive Object 

Recognition [35]), which learns to select vision procedures for object recognition 

tasks. Since ADORE applies reinforcement learning to samples in the feature space, 

it has to approximate a Q-function over features. The feature selection techniques 

here studied can therefore be used to select features for ADORE. Nevertheless, these 

characteristics are not unique to ADORE. For example Tieu and Viola [101] propose 

a system were 20 features are selected over a feature set of 45,000 highly selective

3
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features (described in Section 2.3.13). Nevertheless, most object recognition system 

in computer vision avoid the issue by preselecting a small set of features based on 

“intuition” .

1.2 Related Problems

Feature selection is related to four other areas of research: dimensionality re­

duction [104]; space partitioning [68]; feature extraction and decision trees [87].

Dimensionality reduction is the task of projecting h igh-d im ensional data to a 

lower dimensional space with a minimal loss of information. The most com m on 

procedure used is the Karhunen-Loeve Transform (KLT), also known as Principal 

Components Analysis (PCA). Two types of procedures are normally used to perform 

PCA: m atrix methods ([104] and [53]) and Neural Network methods ([77] and [33]). 

The principal similarity between dimensionality reduction and feature selection is 

that both try to remove irrelevant and redundant information. Otherwise the two 

problems are very different. Dimensionality reduction projects the data  into a n- 

dimensional space, where each dimension is a combination of the original features. As 

a result, all the original features which are not raw pixels must always be computed. 

Dimensionality reduction is more commonly used for compression or coding than 

classification and normally does not utilize abstract features but uses the pixels 

themselves as features.

Recently, though, dimensionality reduction, in the form of PCA, has become 

commonly used for object recognition. Murase and Nayar [74] used it as the basis 

for a classification technique called appearance matching. A similar approach for 

recognition was proposed by Turk and Pentland [104]. One drawback of using PCA 

for recognition is the implicit assumption that the best features for recognition will 

be given by the principal eigenvectors. The principal eigenvectors denote the axes of

4
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maximum variation.. A lthough variation implies information, much of this informa­

tion may be irrelevant to  the  concept being learned. Another problem with relying 

on the principal components is tha t they require precise registration and approx­

imately constant lighting. As a result, when the object is highly specular or has 

high frequency texture, a  sm all change in pose or illumination can cause dram atic 

changes on the image brightness and consequently on its position in the eigenspace. 

For those reasons, this work uses PCA as one technique to generate features, but not 

as a feature selection technique.

Space partitioning techniques ([68], [103]) try  to find regions of the sample or 

feature space, called hyper-boxes, where the classes are represented with lower am ­

biguity. The best of these regions are used to create rules for a rule-based classi­

fier. Here, as w ith dimensionality reduction, the similarity with the feature selection 

techniques is more in term s of the objective (removing the irrelevant and redundant 

information) than  the m ethod.

In feature extraction, new features are created by combinations and transfor­

mations of existing features. In this sense, feature selection can be viewed as a 

restriction of feature extraction [47]. In a broader sense, even dimensionality reduc­

tion and space partitioning can be viewed as restrictions of feature extraction. The 

projection over a reduced space, used in dimension reduction, is nothing more than  

a transformation, and the hyper-boxes, used in space partitioning, can be viewed as 

new features created over existing ones. Nevertheless, feature extraction is such a 

general problem that no general solutions to it have been proposed.

Inductive decision trees are classifiers tha t recursively partition the space in 

order to create classification trees. The simplest of these classifiers, ID3 [85], uses 

the difference of entropy before and after the partition as the criterion to select the 

best feature. So, ID3 does feature selection, even if it is disguised as part of the 

induction process. In [26] this idea is made explicit by discarding the tree generated

5
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by ID3 and only using the subset of features selected as input for a neural net 

classifier.

1.3 The proposed system

1.3.1 Introduction

Future object recognition systems in computer vision must be capable of dealing 

with large numbers of noisy features, most of which are irrelevant and /or redundant. 

In addition, they should be capable of working with small sets of training samples, 

since hand-labeled training data is hard to create. The system proposed here tries 

to fulfill these goals in the context of a function approximation performance task.

The primary motivation for this work comes from the ADORE system [35], which 

learns object recognition strategies from examples using a Markov process model. 

As part of its training process, ADORE learns Q-functions that map between the 

system's states (defined as samples or instances of feature sets) and future expected 

rewards. In experiments with ADORE, it became clear that the ability to select the 

proper feature sets prior to training the Q-functions was critical for the success (or 

failure) of the ADORE system.

Although the motivation came from ADORE, many computer vision recognition 

systems applications share similar characteristics (e.g. [72],[67]). The number of 

features tha t can be computed from an image is, for practical purposes, infinite. For 

example Tieu and Viola compute 4500 features in [101].

Most feature selection systems reported in the literature work with relatively 

small number of features (normally less than  100) [76], with the notable exception of 

autom atic text classification systems. Automatic text classification has similarities 

with computer vision: both have large numbers of features and both have many 

redundant and irrelevant features. They differ because, normally, the number of

6
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relevant features is still very high.. For example, in [60] a feature selection scheme is 

shown that reduces the number of words in the R eutersl database [89] from 1675 to 

675, a number that is still too high for most object recognition systems in computer 

vision. In computer vision, it is often hypothesized tha t the data can be reasonably 

described by a few features (on the order of tens of features). In addition, automatic 

text classification systems measure whether or not a word is present, which implies 

binary- features. In most computer vision systems the features are real values.

1.3.2 System Description.

The goal of our system is to reduce a large set of features (on the order of 

thousands) to a small subset of features (on the order of tens), without significantly 

reduce the system’s ability to approximate a specific function. Our approach, as 

shown in Figure 1.1, is a three step process: first the irrelevant features are removed, 

then the redundant features are removed, and finally a traditional feature selection 

algorithm is applied to the remaining features. The idea is that each step is a 

filter that reduces the number of candidate features, until finally only a small subset 

remains.

Although the purpose of this work is not feature creation, a feature acquisition 

module was implemented to facilitate the creation of features. Appendix A contains 

information about the acquisition feature module and the features format.

1.3.3 Filtering Features

The first step is to remove irrelevant features using a modified form of the Relief 

algorithm. Relief uses hits and misses to compute the relevance of features and has 

been shown to detect relevance even when features interact [23]. Relief will be ex­

tensively discused on this work, and more information on it can be found in Section 

2.3.6, Chapter 3 and Appendix B. Nevertheless, some modifications were necessary.

7
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Figure 1.1: High, level system architecture.

First, the goal of our system is regression (function approximation) rather than  clas­

sification, therefore, the way “hits” and “misses” are computed in Relief had to be 

redefined. Second, Relief is used to remove irrelevant features, rather than  to select 

the best feature set. Third, the Relief algorithm was found to have a bias against 

non-monotonic features. This bias was reduced by modifying the algorithm to iden­

tify non-monotonic features and consider each part of their distribution separately. 

Our modification considers one-peaked features only. Features with more than one 

peak/valley are not common in computer vision and their identification much more

8
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complex, so their identification was not a ttem pted  a t this time. Section 3.4 explain 

this bias and how it was reduced.

The second step is a redundancy filter. Relief is good at detecting relevance 

but does not address the problem of redundancy. So, a filter process is applied to 

remove the redundant features. This filter uses the K-means algorithm [66] to cluster 

features according to their correlation. By clustering correlated features, each cluster 

is limited to contribute a t most one feature to the final feature subset. This is an 

unusual application of clustering, and in particular K-means, in that: features are 

clustered, instead of samples; and correlation is used as the distance measure.

The order of the previous filters is im portant. Relief complexity depends of 

the number of samples while the complexity of clustering depends on the number of 

features. In this work, it is assumed that the num ber of features is bigger than the 

number of samples, so the more features are removed the faster the clustering will 

work. The opposite is not true.

The th ird  and final filter is a traditional feature selection algorithm applied to 

the remaining features. Because the so-called “wrapper approach” (see Chapter 2) 

is too expensive for the number of features still rem aining, the well-known Sequen­

tial Forward Selection (SFFS) and Floating Sequential Backward Selection (SFBS) 

algorithms [83] were used. Pudil et. al. [83] show that SFFS and SFBS obtain com­

parable results with Branch and Bound, which is able to find an optimal set, but 

they are much faster.

1.3.4 Example

Consider an object recognition task. Given a region of interest (ROI) and a 

model of a target object, the goal is to estimate how well the ROI matches the true 

object position. In particular we want to learn the following target function:

9
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where \X\  is the caxdinality of set X, H is the set of pixels in the mask (Hypothesis) 

and T is the set of pixels in the real position of the object (Truth). Function /  uses 

only two variables, but one of them (T) is unknown at execution tim e1. So, what is 

sought is a function p  that predicts /  based on the features of the ROI. For the sake 

of illustration, assume that out task is to recognize a style of houses. A possible set 

of features would be:

1. Area of the mask

2. Sum of squared distances between pixels under the mask and their mean, 

clipped to a maximum of 1600.

3. Ratio of mask edge to mask area.

4. Number of positive 2nd derivatives in dimension x under the mask.

5. Average intensity difference between each pixel under mask and the average of 

a 5x5 window surrounding the pixel.

6. Minimum overall value under the mask.

Those features where some of the features used in the ADORE system [35]. Each 

of these features was chosen in a attem pt to differentiate between characteristics of 

one style of houses and characteristics of other house styles or other objects like 

trees or roads. For example, Feature 3 could be used to differentiate long objects 

from more compact objects, even if they have the same area, and Feature 2 gives a

1 Otherwise the function could be computed directly.

10
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Figure 1.2: Graph, of the features. The abscissa correspond to the feature values and 
the ordinate corresponds to the target function.

measure of the smoothness of the surfaces. Unfortunately, many times our intuition 

can be misleading and not only some seemly good characteristics are not useful but 

some unpredictable ones are. Figure 1.2 show a graph of these features against the 

learning signal used in ADORE.

The standard procedure to select the features would be to apply one of many 

feature selection algorithms to those features and use the final set to learn the predic­

tion function. This works well if the number of features is small, where small might 

be as little as 30 for Branch and Bound or as much as 100 for SFBS. Unfortunately, 

we want a system that deals with thousands of features. The proposed system re­

duces the number of features until a traditional feature selection algorithm can be 

applied.

For this example, we start with the original set of features {1,2,3,4,5,6}. The first 

step is to remove irrelevant features. Features 5 and 6 do not offer much information. 

This can be intuited by visually inspecting plots 5 and 6 of Figure 1.2. As can be

11

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



seen, the high and low values of the learning signal are equally distributed over the 

feature axis. Despite that, they could have some information when combined with 

other features. T hat is not the case. Their low information content can be attested 

by their low relevance score for the Relief algorithm compared w ith the score achieved 

by Feature 1. As a result, features 5 and 6 are irrelevant for the task  and are removed. 

The feature set is now {1,2,3,4}.

The second step removes redundancy by detecting feature clusters. In our ex­

ample, the k-means algorithm creates 3 clusters: {1,4}, {2}, and {3}. That happens 

because Features 1 and 4 are highly correlated, see plots 1 and 4 a t Figure 1.2. In 

fact, after normalization, they correlate with each other with a score of 0.9904. Now, 

each cluster contributes with one feature. Feature 1 is used as representative of 

Cluster 1 because it has a higher Relief score. We then have a new feature set with 

{1,2,3}.

A traditional feature selection algorithm, in this case Sequential Floating Back­

wards Selection (SFBS), is applied to this feature set to select “the best,? subset. 

Assume the feature selection algorithm selects features 1 and 2, those will form the 

final feature subset and will be the ones used to train the prediction function. This 

feature selection algorithm mostly differs from Relief in that it computes its evalua­

tion function over various subsets of the feature set. This is computationally much 

more expensive than Relief, but has the advantage of more accurately evaluating 

interrelations between features.

1.3.5 Contributions

This work differs from other works cited in the literature in three significant 

ways: the application domain, the irrelevance filter and the clustering of features. 

The application domain is computer vision, which implies a potentially very large 

set of candidate features. The number of features itself makes the task hard, but

12
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more im portant, no other work uses so many redundant and irrelevant features in 

the original set. The second difference, the irrelevancy and redundancy filters, are a 

consequence of the first. To handle so many features, the selection process needs to 

be very fast, but no technique described in the literature has been shown to achieve 

good results for this number and quality of features. So, the irrelevance filter and 

redundancy filter are introduced. The techniques used in these steps, Relief and 

k-means, are not, by themselves, new but the role they play here is. Moreover, both 

Relief and k-means were modified to conform to the application needs. Relief was 

modified to remove its bias against non-monotonic functions. K-means was modified 

to use correlation as its distance measure and to cluster features instead of samples. 

Many algorithms (eg. Induction trees [85], Space Partitioning [68] and EUBAFES 

[93]) cluster the data  in order to find the best features. O ther algorithms (eg. Max- 

Min [6], GSFS and GSBS [55]) consider the dependency between features, as a way 

to avoid redundancy for small feature sets. However, no other work explicitly divides 

the feature space into clusters.

1.4 Overview of Remaining Chapters

Chapter 2 reviews the feature selection literature from both the statistics and 

artificial intelligence communities. Chapter 3 describes the relevance filter plus tests 

and modification performed in the Relief algorithm, as well as the Relief bias against 

non-monotonic features. Chapter 4 describes the redundancy filter plus modifications 

and tests performed for the k-means algorithm. Chapter 5 describes the feature 

selection module. It also shows tests tha t indicates that the system is necessary 

if the assumptions about the data are true and does not compromise the result if 

those assumptions are false. Appendix A describes the feature acquisition module 

and the feature file format. Appendix B describes most of the algorithms cited in

13
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this work. Appendix C proves a theorem about quadratic functions used to create 

the synthetic data. Appendix D contains proofs of some correlation theorems used 

in the redundancy filter.

14
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C h a p te r  2

LITERATURE REVIEW

2.1 Introduction

The literature covering feature selection is extensive, both in time as in scope. 

Feature selection is important in many fields, like document classification, data min­

ing, object recognition, biometrics, remote sensing and computer vision. In other 

words, where the number of features or attributes that can be computed is larger 

than the ones necessary to the task, but it is not known before hand which of them 

are the right ones.

Roughly, the literature on feature selection can be extracted from two main 

areas: statistics and artificial intelligence. Both areas have done extensive studies 

of the problem, though their approaches, in most cases, are very different. The 

statistical approach, in general, assumes an a-priori (usually Gaussian) distribution 

and uses a training set to estimate the parameters of the underlying distribution. 

Because these methods use the population distribution to estimate model parame­

ters, they are also called parametric methods. In addition, the three components of 

their algorithms are normally independent modules. See 2.3 for a description of the 

usual components of a feature selection algorithms. For example, many statistical 

algorithms can, and many times must, change their evaluation function according to 

the application. The artificial intelligence approach, like the statistical one, tries to
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approximate the da ta  distribution, but in general, it does not assume a model for the 

distribution. For this reason AI techniques are usually classified as non-parametric 

statistics. Moreover, their components are much more related and most times it is 

difficult to separate them. For example, in a  node pruning algorithm the evaluation 

function and the performance function are often the same. Despite these differences 

in approach, sometimes the solutions found are very close or the same. One of the 

better examples of independent proposals of the same solution is the proposal of 

K-means by MacQueen in 1967 [66] and Vector Quantization1 by Kohonen in 1989 

[59]. Although these use different terminology, they are essentially the same algo­

rithm . “MacQueenJs on-line k-means algorithm is essentially the same as Kohonen's 

learning law except tha t the learning rate is the reciprocal of the number of cases 

that have been assigned to the winning cluster” [109].

2.2 Early Studies

Feature selection can be related back to discoveries on probabilities by Bayes 

(1702-1761). From a purely Bayesian point of view, the feature selection problem can 

be easily solved given the joint class and feature distribution. The problem is that 

this joint distribution is normally not known and so must be approximated. Another 

im portant historical reference is Galton. Galton w-as the first to use correlation 

between variables, also known as the regression problem, as a statistical tool [79]. 

Nevertheless, in feature selection the number of subsets to be tested is normally so big 

that a search process is necessary. The first a ttem pt to deal with this combinatorial 

explosion came in this century when in 1962 Lewis [64] proposed that if a set of

LThere are three types of Kohonen networks. Vector Quantization (VQ), Self-Organizing Maps 
(SOM) and Learning Vector Quantization (LVQ). Only VQs are similar to K-means. SOMs provide 
a topological mapping from the input space to the clusters; and LVQs assigns each codebook vector 
to one of the target classes.
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measurements (features) are statistically independent, then the n best individual 

features, i.e., the features with highest score for the evaluation function, would form 

the best subset of size n. Cover in 1974 [27] refuted that when he showed that even 

if features are statistically independent, the two individually best features do not 

always form the best pair. A stronger result was presented by Toussaint [102], who 

showed that the best individual feature does not need to be a part of the best pair. 

This result contributed to the evolution of feature selection algorithms.

2.3 Algorithms

Feature selection algorithms are typically composed of three components [3]:

•  Search Algorithm: This searches the space of feature subsets.

• Evaluation function: (a.k.a. criterion function), inputs a feature subset and 

outputs a numeric evaluation of the subset. This is the function that the 

algorithm tries to maximize.

• Performance function: This is the task to w'hich the resulting subset is applied. 

In most feature selection studies this task is classification.

As discussed before, statistical and artificial intelligence approaches differ in 

their assumptions about the a-priori distribution of the data. Nevertheless, feature 

selection algorithms can be classified also by their use of the evaluation function. 

In this case, they can be classified as “Filters” or “Wrappers” . Filters pose feature 

selection as a separate process from classification, and so evaluation and performance 

functions are different entities. Wrappers, proposed in 1995 by Kohavi and John [57], 

use the performance function (task) as the evaluation function.

The idea behind the wrapper model is that maximizing classification accuracy 

and identifying which features are relevant to a classifier are two different tasks. As
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shown by Kohavi and John [57], the optim al feature set depends on the specific biases 

and heuristics of the learning algorithm. Therefore, the feature subset performance 

depends on the classifier being used and should be computed using the characteristics 

of the classifier. Hence the evaluation and performance functions are the same. For 

example, Kohavi and John uses standard search algorithms (hill-climbing, best-first, 

etc) where the evaluation function is a classifier algorithm (decision trees, Relief, 

etc.).

Filters are generally much less resource intensive than wrappers, because wrap­

pers have to build and train  a classifier for each feature set evaluation. On the 

other hand, filters may result in poor performance if the evaluation criterion does 

not match the classifier well, even if the subset of features selected is optim al for the 

criterion function.

Below a brief description of some of the most important techniques of feature 

selection is given. Many algorithms are independent of the task signal, for example 

SFFS, while others use the task signal as part of their selection process, for example 

Relief. Most of the algorithms are typically used as filters, although they usually can 

be used under the wrapper approach as wrell. Because of the burden to build and 

construct classifiers, the wrapper model has been used most often w ith classifiers 

that can be induced quickly. Bala, et al. [9] [10], and Vafaie and Im an [106] use 

decision trees as the fitness function for a GA, and Punch, et al. [84] uses a modified 

version of K-nearest neighbors.

2.3.1 SBS and SFS

Sequential Forward Selection (SFS), proposed by Marill and Green [70] in 1963, 

is the first algorithm proposed for feature selection. It performs a heuristic-guided 

Depth-First search on feature space, starting with the empty set. On each iteration,

18

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



all features not yet included in the subset of selected features are individually incor­

porated in the subset and a criterion value computed. The feature tha t yields the 

best value is then  included in the new subset (see Appendix B for algorithm).

In 1971, W hitney proposed Sequential Backward Selection (SBS) [110]. This 

algorithm is the top-down equivalent of SFS. It begins with a complete set of features 

and instead of including a new feature on every iteration it removes one. Although 

SFS and SBS are very similar, that similarity is misleading. Aha and Bankert [2] 

argue that SBS outperforms SFS because SBS evaluates the contribution of a given 

feature in the context of all the other features, while SFS evaluates the contribution 

of a feature only in the limited context of the previously selected features. On the 

other hand, SBS is computationally more demanding because it evaluates subsets of 

much higher dimensionality.

Nevertheless, both algorithms suffer from the so called nesting problem: once 

a feature is added or removed, this action can never be reversed. For SFS, this 

means that the best individual feature will always be present in the final set. As 

proved by Toussaint, this may lead to suboptimal subsets. The opposite is true for 

SBS. Here, the worst individual feature will never be present in the final set. This 

is im portant because, as Toussaint showed [102], not only can the best individual 

feature be missing in the best feature subset, but the best feature subset may require 

only the worst individual features.

In 1978, K ittler [55] proposed generalizations for SBS and SFS called GSFS(r) 

and GSBS(r), where instead of including (or excluding) one feature at each step a 

subset of r  features is included (or excluded). Those algorithms yield better results. 

However, they still suffer from the nesting problem and they more expensive, since 

a t each step features must be inspected, where n is the to ta l number of features 

to form subsets from and r  is the size of the subsets.
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Another variation on SFS and SBS is beam search (BS). This algorithm keeps 

various subsets of features in an  ordered queue and performs the operation (inclusion 

or exclusion) for the subset th a t yields the best subset criterion (first in the queue). 

If there is no limit on the size of the queue, then BS is an exhaustive search. In the 

trivial case where the queue has size one, beam search is equivalent to SFS (or SBS). 

By keeping more than  one feature subset in the queue, BS improves its chance of 

finding the optimal solution. Doak showed tha t the beam search algorithm frequently 

outperforms SFS [34].

2.3.2 PTA(l,r)

In the Plus I - Take Away r  algorithm (PTA(l,r)), proposed by Steams in 1976 

[98], at each step I features are individually included and r  features individually 

removed form the selected subset. This solves the nesting problem, but does not 

account for correlation between features. This was minimized by the proposal of 

GPTA(l,r) by Kittler [55]. Here, as with GSFS(r) and GSBS(r), features are included 

in subsets, which allows the correlation between features to influence the selection 

process. This is true for correlations of size I or r. If the correlation is only evident 

in bigger sets, then it will not be captured.

2.3.3 Max-Min

The Max-Min algorithm, proposed by Backer [6] in 1977, assumed that the best 

feature to include is the one th a t gives the maximum increase in the criterion function 

among the features th a t have the minimum pairwise correlation with the features 

already in the subset (see Appendix B for the algorithm). K ittler [55] points out 

that this algorithm is based on very little information, m eaning the only available 

information is the individual and pairwise effectiveness of the features. That is 

possibly the cause of its poor performance. For example, Ja in  and Zongker [47]
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show that the Max-Min algorithm is very fast, but performs very poorly, even in 

comparison with SFS and SBS.

2.3.4 BB

In 1977, Narenda and Fukunaga [75] applied the Branch and Bound (BB) algo­

rithm  to feature selection. The algorithm is very efficient because it avoids exhaustive 

enumeration by rejecting suboptim al subsets without direct evaluation. The algo­

rithm  creates a search tree and uses a clever subset enumeration scheme with nodes 

at the same level having variable number of terminal nodes and being tested in the 

order of their number of term inal nodes, allowing suboptimal sequences to be re­

jected early on in the process (see Appendix B for the algorithm). This algorithm 

generates optimal results for the sample set used, but requires a monotonic evalua­

tion criterion 2, which is very rarely possible. Note that optimal here does not mean 

that the resultant classifier will have a 0% error rate. It only means that the subset 

will have the best possible performance for a given subset size. Hamamoto et al. [42] 

show that BB finds an optim al or almost optimal result even if the criterion is non­

monotonic, but if the cardinality of the desired subset is small the tim e consumed is 

very high (worse than exhaustive search). As a result, its use for high dimensional 

spaces still remains prohibitive. Pudil et al. [83] suggest 30 measurements (features) 

as the limit for the applicability of the method-

2.3.5 SFFS and SFBS

The Sequential Floating Forward Selection (SFFS) and Sequential Floating 

Backward Selection (SFBS), proposed in 1994 by Pudil et al. [83], are solutions 

to the nesting problems present in SFS and SBS. The idea behind SFBS and SFFS

2NormalIy an increasing monotonic criteria. For an increasing monotonic criteria any subset of 
size K has a lower value for the criteria than a subset of size k+1.

21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is to allow the values of I and r, as in PTA(l.r), to vary (float) between stages of the 

algorithm. In other words the number of features included and/or removed at each 

stage is not fixed. Although both, SFFS and SFBS, include and remove features at 

each stage, they differ in the order of inclusion and removal and in their initial set 

(see Appendix B for the algorithms). The advantage here is th a t I and r  do not 

need to be fixed compared to PTA(l,r) and GPTA(l,r) which are capable of solving 

the nesting problem but where there is no theoretical way to predict the values of 

I and r  to achieve the best feature subset. Moreover, the authors claim that SFFS 

and SFBS are much faster while obtaining results comparable with BB [83].

2.3.6 Relief

Relief, proposed by Kira and Rendell [54] in 1992, is a feature weight based 

algorithm inspired by instance based learning. It computes a global measure of 

relevance for features, called score, where relevance is based on the distance between 

each sample and its closest hit and miss. A hit is a close sample, in the sample space, 

of the same class as the sample being analyzed and a miss is a close sample of a 

different class. Relief selects those features whose scores are above a given threshold. 

Thus, there is no need to set the size of the feature subset before hand, which in 

most cases is only a guess. Instead, set size is replaced by a relevance threshold 

which can be computed as a function of the number of samples and the maximum 

number of false negatives allowed. Relief is able to handle feature interaction but 

performs poorly in the presence of redundant features. Kononenko [61] extends Relief 

to handle noisy, incomplete and multi-class data sets. The basic idea is that more 

than one hit or miss is computed and averaged. For example, for multi-class data 

sets one miss for each class is found and the distance between the misses and the 

sample is computed by weight-averaging the misses. The weight used is the a priori 

probability of each class.
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2.3.7 Focus

Focus [4], proposed by Almuallin and Dietterich in 1991, is an exhaustive search 

procedure that examines all possible binary feature subsets of a given size before 

going on to the next size. It searches for the minimum-size feature subset sufficient 

to maintain consistency (no conflict) over the training data, where two samples are in 

conflict if they have the same values for a subset of features bu t disagree in the class 

they represent. Unfortunately, it is very sensitive to noise and, being an exhaustive 

search algorithm, can be com putationally prohibitive. Focus2 (1992, [5]) reduces 

the combinatorial explosion by subdividing the feature space into mutually exclusive 

subspaces where a subset of features is present and another subset of features is 

not. W ith this subdivision, whole subspaces can be discarded once one feature is 

discovered to be necessary (or unnecessary). Focus2 is much faster than Focus, but 

it is still based in logical consistency, and therefore performs poorly in the presence 

of noise.

2.3.8 Neural Nets

Artificial Neural Networks (ANN) are parallel com putational models comprised 

of densely interconnected adaptive processing units. An im portant feature of ANNs 

is their adaptive nature, where learning by example replaces programming in solving 

problems [45]. Each of the processing units receives a vector of numbers as input 

(possibly the output of other units) and produces a single value as output (possibly 

the input for other units). The number of input nodes used in a neural net reflects 

the number of features used. The more input nodes, the more computational time 

and samples are required for training.

Feature selection is done, in the context of neural nets, by pruning input nodes. 

Pruning input nodes, which can be compared wuth the backward approach, SBS, in 

statistical approach, is based on the use of saliency measures. A salience measure
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ranks inputs according to the “sensitivity of the network's output” . First the net is 

trained and the saliency of each input node computed. In sequence, the nodes with 

saliencies under a  given threshold are pruned and the process repeats. Examples of 

such techniques are given by Mao, et. al. [69] and Setiono and Liu [95]. Several 

different saliency measures are reported by Belue and Bauer [15]. Castellano, et. al. 

[24] propose a pruning m ethod for adjusting weights in the remaining nodes, after 

pruning, in such a way tha t the network performance does not worsen over the entire 

training set, avoiding additional training. One problem with Node P r uning  is that 

it assumes independent inputs, which cannot be guaranteed for many applications, 

including com puter vision. A second problem is tha t t r a in in g  nets with several 

thousand input features is, in many cases, not practical, particularly in computer 

vision where the number of training samples is small compared with the number of 

features (inputs). Moreover, this training must be performed several times. Every' 

time it elim in a te s  a group of features the net must be retrained.

2.3.9 Genetic Algorithms

Genetic Algorithms (GA) provide an approach to learning based on biological 

evolution. Hypotheses are described by bit strings (refered to as chromosomes) whose 

interpretation depends on the application. The search for an appropriate hypothesis 

begins with a random  population of initial hypotheses. Members of the current set of 

hypotheses give rise to the next population by means of operations such as random 

m utation and cross-over. At each step, the current population is evaluated relative 

to a given measure of fitness, with the most fit hypotheses selected probabilistically 

as seeds for the next generation [73]. The measure of fitness, or fitness function, as 

it is called in the GA terminology, performs the same role as the evaluation function 

in feature selection terminology.
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When using genetic algorithms for feature selection, a feature set is represented 

by the chromosome of an individual. Normally, each feature is represented by a 

binary digit (gene) which indicates the presence or absence of the feature in the set. 

The fitness function can be of the same kind as used in statistical algorithms such as 

SBS. In this case, the GA method can be used to search the space of features without 

any change in the algorithm. The first attem pt to use genetic algorithms for feature 

selection was done by Siedlecki and Sklansky in 1988 [96]. Vafaie and De Yong [105] 

compare a genetic algorithm approach with the SBS method and show that the GA 

algorithm outperforms SBS. Bala, et al., [8] use a C4.5 tree induction algorithm as 

the fitness function for a GA. Guerra-Salcedo and W hitley [39] use features selected 

by a genetic algorithm  to construct ensembles of table based classifiers.

2.3.10 Decision trees

Tree induction is a classification technique developed independently by Breiman[19] 

and Quinlan [85]. It classifies samples by recursively dividing the feature space ac­

cording to selected feature values until it creates regions of feature space that contain 

predominantly one class of training samples. Novel samples in this region are then 

assigned the label of the predominant class. Most classifier methods that build deci­

sion trees such as ID3 [85], C4.5 [86] and CART [19] are variations of this approach 

which implement greedy searches in the space of possible decision trees.

Although induction trees are primarily a classification technique, they also select 

a subset of features to be used for classification. This subset can be used to train 

another classifier or function approximator, as done by Cherkauer and Shavlik [26].

As a result, induction trees can also be viewed as feature selection algorithms. In 

this context, Almuallin and Diettrich point out that the performance of conventional 

inductive learning algorithms such as ID3 and Fringe [78] is seriously reduced by the 

presence of irrelevant features. Kohavi and John [57] showed that this is also true 

for C4.5.
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2.3.11 EUBAFES

The Euclidean BAsed FEature Selection algorithm (EUBAFES) [93], see Ap­

pendix B for the algorithm. The m ethod applies a gradient descent approach to 

optimize a criterion function with respect to the feature weights. This criterion 

function is based on the distance between samples in the same class or different 

classes. EUBAFES uses an almost identical feature measure to that of Relief and 

bo th  reinforce similarities between the same class and degrade similarities between 

different classes. However, they differ in the approach and in the optimization tech­

nique used. While EUBAFES divides the features into two classes, relevant features 

and irrelevant features, Relief uses the difference between classes to compute the 

relevance score of each feature. Another difference is th a t EUBAFES uses a gradient 

descent which may be much slower.

2.3.12 LVF

The Las Vegas Filter Algorithm (LVF), proposed by Liu and Setiono [65], imple­

ments a probabilistic approach to feature selection by randomly generating subsets 

of features. For each subset, if the number of features is less than the current best 

set, and if a measure called the inconsistency rate  (defined later) is below the current 

best, then the new subset is saved as the best set. This sampling process is done for 

a specified number of trials.

The inconsistency rate is the key to LVF. It specifies to what extent the new- 

subset is acceptable. The inconsistency rate is the sum  of all inconsistency counts 

divided by the to ta l number of samples [65], where : tw-o samples are considered 

inconsistent if they match all but their class labels3; and the inconsistency count 

is the number of all the matching samples minus the largest number of matching

3This is similar to the conflict criterion on Focus2.

26

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



samples among the different classes. As an example: say there are n  m atching 

samples and from those Ci belong to Class 1, c2 to Class 2 and c3 to Class 3. If c3 

is the largest of them, then the inconsistency count is (n — c3) and the inconsistency 

rate is the sum of the inconsistency count for all groups of matching samples. A 

version of LVF called the Las Vegas Incremental Algorithm (LVT) generates sets in 

decreasing order of cardinality.

2.3.13 Boosting

Recently Tieu and Viola [101] proposed the use of boosting applied to feature 

selection. In their work they compute 45,000 highly selective features and reduced 

this set to 20 features. These highly selective features measure how first order features 

such as edges and colors are related. Tieu and Viola’s work focus on image retrieval. 

By selecting a small number of features, large sets of images can be represented in 

an efficient way. Although most of the underlying first order features still must be 

computed for each image, since the search is done over the selected features it can be 

done very fast. The subset of features is selected by training wreak learners for each 

feature, selecting the best feature for the task, boosting the dataset and repeating 

the process. The final feature subset is formed by the union of the features selected 

at each step of the process. This process is interactive, where the user is able to select 

images and assign them as positive or negative samples. Their results suggest that 

using boosting the number of features necessary for retrieval is better than previous 

methods. We think a similar boosting process can be applied on our proposed system, 

but because of time constraints the inclusion of this step w-as deferred as future work.

2.4 Evaluation Functions

The algorithms discussed above can be viewed as different approaches to opti­

mize an evaluation function. Evaluation functions estimate the relevance of a feature
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or set of features and /or the accuracy tha t the feature set yields during classification 

or regression. Filters use evaluation functions that focus on relevancy of features. 

Those functions depend heavily on the intrinsic properties of the data. There is the 

implicit assumption that the more relevant the features are, the better will be the 

accuracy achieved. It is im portant to note tha t this assumption is not true, Kohavi 

and John [57] have shown that these two objectives (relevance and classification ac­

curacy) are not equivalent, but in most cases it is a good enough approximation. 

Nevertheless, this means that no single evaluation function will be best for all appli­

cations. Wrappers use evaluation functions tha t focus on accuracy. These functions 

are less dependent of the data  structure, but they are computationally costly. These 

functions normally use the performance function (classifiers) as the evaluation func­

tion.

The objective of this section is to introduce evaluation functions that focus on 

relevancy. The main reasons for this lim itation is that they are simpler, compared 

with classifiers, and have a long history of use for feature selection.

Doak divides filter evaluation functions into four classes [34]:

•  Probabilistic distance measures

•  Probabilistic dependence measures

• Entropy measures

•  Interclass distance measures

Those measures will be further described in the next sections. Briefly, proba­

bilistic distances measures compute the degree to which the probability of a sample, 

feature set, belonging to a class can be used to distinguish between the classes. 

Guorong, et. al. [40] use one of these functions (Bhattacharyya) to implement a fea­

ture selection algorithm that selects optimal feature sets over normal distributions
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when either term of the Bhattacharyya distance is dom i n a n t . Probabilistic depen­

dence measures are very close to probabilistic distance measures. They compute the 

dependence between sets of features and classes, or the ability of predicting a fea­

ture vector given the class. Sections 2.4.1 and 2.4.2 show the formulas and further 

explain these measures. Most probabilistic dependence measures are variations of 

probabilistic distance measures. Entropy measures use the a posteriori probability 

to compute the dependence between features and classes. They are normally used 

in decision trees. Almuallin and Dietterich [4] use an entropy measure to create a 

M utual Information Greedy algorithm (MIG) which they compare to Focus. Inter­

class distance measures compute the distance between classes. They are, perhaps, 

the most used measures in the statistical approach algorithms. For example, the

Mahalanobis distance, defined latter, is used in BB [75], SBS, SFS, SFFS, SFBS, 

PTA and Max-Min [47].

The formulas described on the rest of this chapter use the following notation:

In other words, /  is a function of the conditional probability of feature vector F : 

given class C\ and the probability of class Ct-. To classify as a probabilistic distance

Notation

Set of features: 
Subset of features: 
Sample:

F  =  { /i, / 2, ..., f p} p: Number of features
F'  =  { /(, f 2. ..., f'd} d: Number of selected features
X  =  { ri, x 2, ..., x p}

Set of Samples: 
Set of Classes: 
Probability:

A'n} n : Number of samples 
Cq} q: Number of classes

2.4.1 Probabilistic Distance Measures

Probabilistic distance measures use evaluation functions of the form:

7 (F ') =  J  f {P (F ' \C i) ,P{Ci))d .F
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measure, J must satisfy the following conditions [34]: ,/ >  0, J  =  0 when the 

probability of the feature vector is the same for all classes, J  is maximum (J  < =  1) 

when the probability of the feature vector is well separated between the classes. Table 

2.1 shows examples of these functions for the two-class case. For multi-class cases, 

the approach may be extended by considering a weighted function of the distances 

between all pairs of classes. The weight is given by the product of the two classes’ a 

priori probabilities.

P ro b a b il is t ic  D is ta n ce  M e asu re s
N a m e F o rm u la

Bhattacharyya J ( F ’) =  -  log j  y /P (F '|C i)P (F '|C 2) d F '

Matusita J (F ')  = J f  y/P(F'\Ci)  ~  ^ P { F ' \ C 2) dF'

Kullback-Liebler J (F ')  =  j [PCF'ICO -  P (F '|C 2)] log ^  dF'

Kolmogorov J (F ')  =  j  |P (F '|C i)  — P (F '|C 2)[ dF'

Lissak-Fu J ( F %  = j  |P (F '|C i)  — P (F '|C 2)[q dF'

Table 2.1: Examples of Probabilistic Distance Measures (adapted from [34] and [11]).

2 .4 .2  P ro b a b ilis tic  D e p e n d e n c e  M easu res

Probabilistic dependence measures use evaluation functions of the form:

J(F ')  = J / ( P ( F '|C t-),P (F '))  dF'

Dependence measures, also known as association measures or correlation mea­

sures, differ from distance measures in tha t they use the probability of a feature 

vector P (F ’) instead of the probability of a class P{Ci). The underlying premise is 

tha t if P ( F ’\Ci) and P (F ')  are equal the feature vector does not differentiate between
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the classes. In other words, the feature vector and the classes are independent. On 

the other hand, if they are different, then some information is added when the class 

is given, or the feature vector and the class have some interdependency. W ith that, 

feature vectors can be ordered under the assumption th a t the bigger the difference 

between the two probabilities, the greater the dependence and consequently the bet­

ter the features predict the class. Examples of probabilistic dependence measures 

are given in Table 2 .2 . The classical correlation

n

~  /(* )) (s(x ) -  $(*)])
J(F ')  = — ----------------------------------------

a/  ag

is a measure of dependence between two numerical variables. It is often used to 

correlate two features, for example in the Max-Min a lg o r i th m  [6]. Unfortunately, 

features and classes cannot be correlated directly, since class membership is a binary 

variable and therefore its mean has no m ean in g. One alternative is to compare 

features to class prototypes.

2.4.3 Entropy Measures

Entropy measures differ from probabilistic measures in tha t they use the a pos­

teriori probability P(C,-|F '), instead of the a priori probability P (F '|C ,) . In the 

classical entropy measure, the greater the gain the bigger the dependence between 

the class and the feature vector, where the gain for class i is expressed as:

GaimiF')  =  [ -P (C t-) log2P(Ci)] -  [-P(Ci\F ')  log2P (C i \F %

4 Correlation coefficient between a word and a class of texts, where N is the number of texts, Arr+ 
[Nn+) is the number of relevant (non-relevant) texts in which the word occurs, and A'r_ (Ar„_) is 
the number of relevant (non-relevant) texts in which the word does not occurs (from [76]).
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P ro b a b ilistic  D ep e n d e n ce  M easures
N a m e Form ula

Bhattacharyya •'(F ') =  y > 1° s r f m )  f  vp(F'\Ci)p(F') dF]
i =  i J

Matusita J(F') =  \ j J  VP{F'\Ci) -  VP(F') dF')
Joshi J(F') =  £ [ P ( C y  J  [PCF-ICi) -  P ( F ) I l o g ^ f >  dF'\
Kolmogorov J(F‘"> =  \  Y^PlPi) J  \p (F'\C,) -  P (P ')| rfp']

Patrick-Fisher J(F') =  y j P ( C ,)  f  VP(F'\Q) -  P(F’) dF 
1=1 ^

Word Correlation4 rf n  _  (Arr + ^ + -  (Nr_Nn_)VN
x / ( N r +  +  N r - ) ( N n +  +  N n - ) ( N r +  + /V„+)(/Yr_/Yn_)

Table 2.2: Examples of Probabilistic Dependence Measures (adapted from [34]. [11] 
and [76]). q is the number of classes

and the total gain is

Gain(F') =  -  P(C£) log2P{Ci) + P (Ci\F ') ^ g o P ^ l F ' ) .
i= i i=i

where q is the number of classes. Because 5Zi=i p iPi) l°9 2P{Ci) does not depend 

on F \  the gain is normally computed as

Gain(F') = - Y j P{Ci \F') l o g ^ C ^ F ’)
i=i

Some authors prefer to use the average gain computed using the weighted sum 

AverageGain(F') =  -  P ( C i \ F ' )  log2P{Ci\F')
i = i

Examples of entropy measures are given in Table 2.3.
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E n tro p y  M e a su re s
N am e F o rm u la

Shannon •7(F') =  - £ p ( a i F ' )  i o g p t a i n
i=l

Quadratic J(.n =  X 3 m i n d  -  m i n i
i=i

Daroczy =  2 i J _ 1 ( I 3 m i F ' ) i> - 1) 
~ 2 = 1

Renyi log 1 3  p ( c t\ F T
z=i

Gain Ratio
- £ p ( c (| r )  io g P tQ iF ')  

J ( F ')  =  — tel--------------------------------
uj  , Uj

f r?  2w=i U1 E f= 1U1

Normalized Gain
- 5 3 F ( C , |F ')  IogF(C ilF ')

J(F ')  -  i=l ,K ' log q

Table 2.3: Examples of Entropy Measures (adapted from [34], [11] and [50]). q is the 
number of classes, v is the number of distinct values for F ' , and uj  is the number of 
samples for which F'  has value a.j.

2.4.4 Interclass Distance Measures

The interclass distance measures a ttem pt to divide a feature space into clusters 

and assume tha t different classes will be represented by distinct clusters. To do 

that, the average pairwise distance between training examples of different classes 

for various feature subsets is calculated. The bigger the distances, the better the 

feature subset divides the space and the easier it is to predict the class. Examples 

of interclass measures are given in Table 2.4.
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Interclass Measures
Name Formula

Euclidean Distance X ,, F')  =  / ] > > «  -  xj f Y
V l€F'

Average Pairwise Distance =  p ( C 0 P ( c y — L -  £
2 IGF' t€F'

Mahalanobis Distance

Table 2.4: Examples of Interclass Measures (adapted from [34] and [11])- X iti is the 
value of feature I for sample i, Ni is the number of samples (instances) of class i. dist 
is any distance measure, Hi is the sample mean for class i (for features in F'),  ^  is 
the covariance m atrix for the two classes also for features in F'

2.5 Conclusion

This chapter reviews im portant algorithms and evaluation functions used in 

feature selection. It is not exhaustive, but it gives an idea of the state  of the art 

in the field. Many of the topics are particularly important in this work and will be 

further studied. Among them are the following: Relief is used because of its potential 

to find relevance between features: SFFS and SFBS are used to select features in 

the system as well as for performance comparison, since they are standard feature 

selection algorithms: Mahalanobis and Entropy distances are used in the selection; 

and Correlation is used to filter redundancy. These algorithms and measures and our 

use of them will be described in subsequent chapters. Other techniques, although 

not used explicitly in the system, were useful as insight on what could and could not 

work.
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Chapter 3

RELEVANCE

3.1 Introduction

The irrelevance filter is an essential part and the first step of the three-step 

system (irrelevance filter, redundancy filter, feature selection filter) used for feature 

selection. The objective is to eliminate features that axe irrelevant, and by doing 

so significantly reduce the number of features that must be handled by subsequent 

modules. It does tha t by using a modified version of Relief [54] that adapt it to 

regression problems with large numbers of irrelevant features. This chapter describes 

the original Relief algorithm, the modified Relief and and how to select Relief’s 

parameters. Also described is a new way of identifying and eliminating bias against 

non-monotonic functions (i.e., functions whose max/min do not occur at the extremes 

of their ranges).

Relief was selected because: 1) it is computationally efficient: 2) it is able to 

detect relevance even when features interact [23]; and 3) it returns a degree of rel­

evance, allowing features to be ranked. The main disadvantages of Relief are that 

it was designed to work for two-class classification problems only. It does not deal 

with redundancy, and it may fail for noisy or uncharacteristic samples.

In this chapter there are four additional sections: Section 3.2 explains the Relief 

algorithm, modifications, parameters and the result of its test for simple features;
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Section. 3.4 discusses the bias, the proposed modifications to deal with it and results 

before and after modifications; Section 3.5 shows some results for real features: and 

Section 3.6 summarizes the results and contributions of our study of Relief.

3.2 Relief

Relief is a relevance-based function selection algorithm inspired by instance- 

based learning techniques. It defines relevance in terms of consistency. It assumes 

that samples belonging to the same class should be closer, in terms of their feature 

values, than samples from different classes. As a result, if two instances (samples) 

belong to the same class and are generally similar, the similar features for the two 

instances are rewarded and the different ones are punished. When the samples belong 

to different classes the opposite occurs (see algorithm below).

One im portant question addressed here is whether Relief is able to identify rel­

evance when the learning task is function approximation. We propose modifications 

to deal with function approximation. We also use some modifications proposed by 

Kononenko [61] that generalize the algorithm to multiple classes and reduce its sen­

sitive to noise. As part of this process, we need to test different versions of the 

modified algorithm and time its parameters to best perform in our context.

The basic Relief algorithm selects samples randomly from the sample space. For 

each sample, it finds the closest sample of the same class (hit) and the closest sample 

of a different class (miss). The difference in feature values between the sample and the 

hit and between the sample and the miss are then used to update the weights of each 

feature (see formula below). If the hit difference is smaller than the miss difference 

the weight will increase, indicating that the feature is a good one. The pseudo­

code below formalizes the algorithm: different versions are generated by modifying 

subroutines (steps of the algorithm), such as how samples are selected. In this way,
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the pseudo-code covers the original Relief algorithm, Kononenko’s versions and our 

version. We call this space of algorithms FARelief (Function Approximation Relief). 

Basic algorithm

[> Given:
— A set of classes S  =  {ci, c2, ..., c9}, where q is the number of classes:
— A set of samples S  =  (s i, s2, —, sre}, where tl is the number of samples;
— A set of features F  =  { /1; / 2, ..., f p}, where p is the number of features;
— A set of values X  =  {xj \ i =  1,2, . . . ,p  and j  =  1, 2,..., n};
— Class instances Cf =  {sj \ Sj E S  and sj is associated with Cf’s label};
— Sample instances s* = <  x \ , x 2, ...,xf >;
— Feature instances /,- = <  x \ , ..., x ln > ; and
— A set of feature weights W  =  {wi, w2, ..., wp}, where weight i  is associated 

w ith feature i

do:

O 0: Set weights to zero (wz- =  0 Vw, E W)

>  1: Select S', subset of S  (S'  C S ).

>  2: For all Si in S'  do:
>  2.a: Select S",  subset of S  (S"  C S).
>  2.b: Divide S'" in classes.
>  2.c: Find the closest samples in S"  of the same class of s;- (hits)

D i s t a n c e ^ ,  Si) =  m in  Distance(hj, Si) Vhj E S"

such that Si, Ziy, and hi E (other versions select the r  closest hits or 
select one hit randomly among the r closest hits)

I> 2.d: Find the closest samples in S" of different class of Si (misses).

Distance{rrii, Si) =  m in  Distance{vrij, Sj) Vray E S"

such that Si E cjt, hy and hi E Cm, and k  7  ̂m  (same as for hits)
C> 2.e: Compute the Euclidean distance in the feature space between 

the hits and Si and the misses and s,- and normalize it by the a priori 
probability of the hit or miss class.

O 2 .f: Use the distances to update each feature’s weight by:

Wj = wj — (xj — hitj )2 + (xj — miss?)2 Vwj E W
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> 3: Normalize the weights using the m ax and min distances for each feature and 

the number of samples used

!> 4: Rank the features according to their weights.

>  5: Select the best features.

Note that in our system the features are normalized between [0,1] before running 

Relief. This makes the Max distance and Min distance be, in practice, always zero

and one respectively. Consequently the normalization at step 3 of the algorithm

simplifies to:

The algorithms5 performance depends on how each step is implemented. Five 

steps are manipulated to generate different versions of the algorithm: Step 1) how 

to select samples to apply the algorithm (select S'); Step 2 .a) how to select samples 

to consider for hits and misses (select S "); Step 2 .b) how to divide samples (S") into 

classes: and Steps 2 .c-d) how to select the hits and misses. Each as explained below. 

S e lec tin g  sam ples to  a p p ly  th e  a lg o rith m .

S'  is a subset of S,  such tha t every sample S'  will be compared to its nearest hit 

and miss. Intuitively, the more data  that used, the better the final feature ranking. 

So, ideally S'  =  S, but because the complexity of the algorithm is dependent on the 

square of the size of S ' , some versions randomly sample S  if too many samples are 

available.

S e lec tin g  sam ples to  c o n s id e r for h its  a n d  m isses.

S"  contains the samples that will be used to select hits and misses. S"  is also a 

subset of S.  Nevertheless, the situation is quite different here. Using the whole set 

S  can have undesirable consequences depending on how the best hit and miss are

y jW j  — Mindis t j
M axdis t M indis t

38

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



selected (see below). It is therefore useful to sample S  before computing the best hit 

and miss. In FARelief, for implementation purposes, we decided to make S"  not only 

a subset of S, but also a subset of S'. Intuitively, that choice is of no consequence 

for the performance of the algorithm. In practice, no effect related to this decision 

was noticed.

Dividing samples (S ") into classes.

Relief assumes the data  is divided into two classes; Kononenko extended that 

to n  classes. In function approximation tasks, however, the data is not divided in 

discrete classes a-priori. Consequently, three different ways to divide the set into 

classes were implemented and tested (see Figure 3.1). The first use a threshold 

over the learning signal to divide the sample set into two classes. This is a direct 

adaptation of Relief to function approximation. The second, for each sample A't 

in S'  divide S" into two classes according to the learning signal: one class of all 

samples that are inside a neighborhood around X~i, and another class of all samples 

outside the neighborhood. This approach seems, intuitively, to be the best option for 

function approximation, because it provides information about how to differentiate 

samples associated with a value (and close values) from the rest of the samples. The 

third divides the samples into a set of classes depending on their associated value 

(learning signal). In this case, the signal is equally divided in n ranges (classes), but 

the classes may have different numbers of samples, particularly if the signal is not 

uniformly distributed.

Selecting hits and misses.

For every sample in S', Relief selects the closest “h it” and “miss” sample in 

S ,r and uses them to update the feature weights. Unfortunately, this strategy is 

sensitive to noise. To see why, consider Figure 3.2, which shows two disjoint classes, 

each with one aberrant point. Although classifying the samples should be simple.
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Figure 3.1: Three ways to select classes.

73
do*33

P
e □

□
□

X (feature)

Figure 3.2: Two classes with, aoisy data.

the two noisy points will always be selected the best hit and miss for other points, 

and consequently Relief does not consider the feature to be relevant.

As an alternative, Kononenko computes the best n  hits and misses for every 

sample ATt- then updates the weights according to the average difference with . 

This option is included in FARelief (see Section 3.3.1). Another option selects n hits 

and misses, as in Kononenko’s, but then randomly selects one hit or miss from each 

class for updating the feature weights. A th ird  option reduces the effect of noise by 

selecting a single hit and miss for each class from a random subset of the sample set.
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3.3 Selecting Algorithm Versions and Parameters

As described above, FARelief is less an algorithm than  an algorithm space; it 

includes a variety of options and parameters for adapting Relief to specific tasks. In 

practice, a good set of options and parameters must be chosen for each task. Our 

method of adapting Relief is to generate a synthetic d a ta  set with properties that 

mimic real da ta  as closely as possible, but where a ground-truth ranking of relevance 

is available. Various versions of FARehef are then tested on the data  set, selecting 

the options and param eters th a t produce rankings th a t most accurately match the 

ground-truth rankings. To checJc the results, the selected version of FARehef is then 

applied to a real da ta  set. Although the true relevance of real features is unknown 

for any specific task, we were able to apply some weak statistical tests to show that 

Relief's ranking of real features are a t least better than random.

The synthetic data set must have two properties: it must contain the types of 

features we expect to encounter in real data; and the relevance of the features to the 

task must be known a-priori. To create realistic features, synthetic signal values were 

selected from a uniform probability distribution between zero and one. Each signal 

value represents the "true” value of the target function for one sample. A total of 

630 signal values were generated, since this is the number of samples in the ADORE 

data set (used in Section 3.5 and evaluated more throughly in Section 5.4).

The synthetic signal must have the property that it is a function of the synthetic 

features. At the same time, many features must be generated for a single signal, since 

every sample has many features but only one signal value. To do this, a selected 

type for each feature, either linear or quadratic (see Figures 3.3 and 3.4), is used 

to generate a function by randomly selecting parameters, for example a, b and c 

for ax2 +  bx 4- c — signal =  0. The equation is then solved and the feature values 

computed. Equations without linear roots are discarded, as are quadratic functions
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th a t are degenerate in the sense of being approximately linear. See Appendix C for 

how to detect approximately linear functions.

as
©
3
0
>
0eo

CO

Feature Values

0
>oco
CO

Feature Values

(a) (b)

Figure 3.3: Synthetic Features: Linear.
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Figure 3.4: Synthetic Features: Quadratic.

Quadratic functions are as relevant as linear functions. Since both types of 

functions are invertible, the signal can, in principle, be reconstructed from either 

type of function, although some regression techniques may prefer one over the other. 

W hat makes a function more or less relevant is the amount of noise added to the 

feature values. Here, each randomly generated function is replicated eleven times, 

each time increasing the amount of noise added to the feature values. The noise levels
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range from 0.0 to 0.5, where the noise level indicates the amount of the standard 

deviation of a random  zero-mean Gaussian function tha t is added to every feature 

value. Figure 3.5 shows examples of all eleven versions of one quadratic function. 

After each randomized feature is created, it is normalized to the range [0,1], as a 

p re lim ina ry  step of the Relief algorithm.

For each randomly selected function, the ground-truth ranking is therefore 

known since we assume that the more noise is added to a function, the less rel­

evant it becomes. Six hundred feature sets were created, each containing eleven 

features with the same underlying function, but with varying levels of noise. Two 

hundred of those sets were linear and four hundred quadratic, since there are two 

types of linear features and four types of quadratic (see figures 3.3 and 3.4).

The features in the resulting synthetic feature sets, although noisy, are not yet a 

good reflection of the types of features expected in real data. Those features are all 

monotonic, while many computer vision features are non-monotonic, with a single 

peak or valley somewhere between the extremes of their range. This will be addressed 

in section 3.4.

Given these synthetic feature sets, every' version of FARelief was applied to each 

feature set and the rankings produced by FARehef compared to the ground-truth 

rankings using the Spearman’s Rank-Order Correlation [82]. Specifically the follow 

steps were used:

• Create synthetic data.

• Randomly create a learning signal.

• Randomly create a set of features with increasing levels of noise

•  Normalize the features.
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• Run FARelief

•  Run FARelief with, different options on the synthetic data, recording the 

relevance measure.

•  Analysis of the results.

•  For each type of feature, rank the features according to their noise level 

( “true ranking” )

•  For each type of feature, rank the features according to the relevance 

measure computed by FARehef.

• Correlate the FARehef rank with the true feature ranking.

• Select the FARehef options which rank the features most accurately.

•  Select one or more options.

Our goal is to find which version of FARehef performs well on the synthetic 

da ta  and to analyze the algorithms’ sensitivity to each aspect. The next twro sections 

describe in detail the versions and parameters tested for FARehef, and how- the results 

were analyzed.

3 .3 .1  R u n n in g  F A R elie f

FARehef includes options to define: how to divide the samples in classes: how' 

to sample the classes: and how to find the hit/m iss for a sample (see page 38). These 

options are encoded in a series of parameters:

1. C lass d efin itio n : This parameter sets the w'ay the classes will be defined on 

Step 2.b of the algorithm (page 37) and Figure 3.1.

1.1 T h re sh o ld  indicates that there will be only two classes and that a 

threshold wiU divide the data into these two classes depending of the signal 

value for each sample. Thresholds 0.5 and 0.8 were tested.
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1.2 M u ltip le  class: The data  is divided into n classes associated with 

different ranges of values in the learning signal. Multi-class with 3. 5, and 9 

classes were tested.

1.3 N e ig h b o rh o o d  For each sample, the data is divided into two classes. 

One class includes the sample and its neighbors defined by a neighborhood size 

over the learning signal, the other includes everything else. Neighborhoods of 

size 0.05 and 0.1 were tested.

2 . S am pling : This parameter defines how the training set is sampled in Step 2.a 

of the algorithm (page 37).

2.1 If the option is set to A ll, all the samples will be used to find the best 

hit/m iss.

2.2 If the option is set to P e rc , a randomly selected percentage of the data 

is used. Note tha t using all samples is different from randomly sampling 100% 

because sampling is done with replacement1. Percentages of 0.5 and 0.8 were 

tested.

3. H it /M is s  se lec tion : This param eter defines how the best hit and miss are 

defined in Step 2.c-d of the algorithm (page 37).

3.1 B est: The best hit and miss for each sample are used to update the 

features weights. This is standard Relief [54].

3.2 P e rc : Instead of looking for the best hit and miss for all samples of 

each class, a randomly selected subset of the class is used to select the hit

1 Three different random generators were tested, randQ from C++ library, Knuth’s random 
generator and Park and Miller with Bays-Durham shuffle random generator, with the last two 
extracted from “Numeric Recipes in C” [82]. One thousand numbers between 0 and 1000 were 
generated. The number of different values generated for any of the generators tested fell between 
628 to 650. So, the number of repetitions can be very high.
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and miss samples. This minimizes the problem described above, in Figure 3.2,

because a noisy point will only be present in some of the subsets. Hence, the 

probability of a noise point be selected depends of the degree of noise and of 

the percentage of the class used. Percentages of 0.5 and 0.8 were tested.

3.3 N u m b e r: The n  best hits and n  best misses are computed and one of 

each is selected randomly to update the features. Tests were done with n =  5, 

10, and 20 .

3.4 A verage: The n  best hits and n  best misses are computed and the 

average of each is used to update the features. This is Kononenko’s version of 

Relief [61]. Tests were done with n  =  5, 10, and 20.

The options tested were all combinations of the 3 parameters for the values 

listed above. FARelief was rim on 600 synthetic feature sets for each of the parameter 

settings. If a param eter setting includes random selections at any stage of the process, 

then that parameter setting was run five times and the results were averaged.

3.3.2 A nalysis o f th e  re su lts

The result of FARelief is a set of ranked features. To evaluate this result, a 

rank correlation is computed between the FARelief ranking and the true noise-based 

ranking of the features. The correlation method used is Spearman’s Rank-Order 

Correlation [82]. In this method, a linear correlation coefficient r  is computed as:

where Ri is the real rank for feature i, R  is the average rank for the true ranked 

features, Si is the computed rank for feature i and S  is the average rank for the 

computed rank features.

r =

46

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



!
i

(0.00)

(0.15)

(0.30)

i

!i

J

I

(0 .20)

' *•
♦ '. I .  ■  * 'g  •  »  -  •

(0.35)

(0.45)

' ■ 

(0.50)

(0 .10)

!i

(0.25)

(0.40)

i
1

Figure 3.5: Noise level for a quadratic function. The number below the graph indi­
cates the noise level.
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The significance of this value, if r  ^  0 and r ^  1, is given by:

t  = r
iV  — 2

1 — r 2

where N  is the total number of features, t  is distributed approximately as Student's 

distribution with N - 2 degrees of freedom. One important point is tha t this ap­

proximation does not depend on assumptions about the original distribution of the 

features.

Spearman’s correlation gives a measure of quality for each run of the system. 

The question is whether any set of parameters performs consistently better than  

the others across all 600 feature sets. One of the first observations is that some 

param eter settings perform erratically, producing good results on some feature sets 

while producing poor results on others. This is clearly undesirable, since in the final 

system the irrelevance filter will only be applied once and we want the performance 

of the system to be reliable. Therefore, any parameter setting with a variance in 

correlation of more than 0.01 across the feature sets was discarded. Ideally, one 

version of Relief would be optim al for all feature types. Unfortunately, an ANOVA 

test between parameter settings feature sets indicates that they are not independent. 

This is a set back, but not an insurmountable obstacle, since our objective here is only 

to remove irrelevant features. Later stages in the process will select the best feature 

set. So, we only need a param eter setting that works well for most feature types. 

To better analyze this, graphs of the average rank correlation measure for the class 

definition parameter and for the hit/m iss selection parameter were created for each 

feature type. These two parameters have the most influence on the performance of the 

algorithm. Figure -3.6 shows the graphs after removing the param eter settings with 

high variance. To make the graphs easy to read, each parameter setting was given a 

number. These values are fisted in table 3.1. The numbers between parenthesis in the 

caption are the number of function types and the number of instances of functions
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Horizontal Axis Lines
Axis

Position
Hit/M iss
Selection

Value Line
Number

Class
Definition

Value

0 Best — 0 Threshold 0.50
1 Percentage 0.50 1 0.80
2 0.80 2 Neighborhood 0.05
3

Number
5 3 0.10

4 10 4
Multi-class

3
5 20 5 5
6

Average
5 6 9

7 10
8 20

Table 3.1: Axis position and lines legend for graphs at figure 3.6

of each type. For example, in Item b of Figure 3.6 “(4x100)” means tha t there are 4 

basic types of quadratic functions (see Figure 3.4) and 100 functions of each type.

Figure 3.6 shows that for linear and quadratic functions the parameters are 

independent in the region where the best performance occurs (upper right corner). 

This allows each parameter to be selected independently. In order to reinforce this 

result and to handle cases were independence can not be established, another kind 

of analysis is used. A run of FARelief is considered a success if the correlation 

between ranked features and ground-truth is greater or equal to a threshold of 0.9 

(this threshold yields a probability of more than 0.9995 that the two ranks have the 

same distribution). An example of feature rank which has 0.9 correlation with the 

true ranking of (1, 2, 3, 4, 5, 6 , 7, 8 , 9, 10, 11) is (1, 2, 3, 4, 5, 7, 6 , 11, 10, 9, 8). 

Any pair of parameters can then be tested to see if they have significantly different 

probabilities of success using the binomial test [63]:

\

x  + y 
n + m

x
n

y_
m

n + m  
nm

< ~Za/2 
or

49

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0  -<s----- 2  -e:---- -4- ----  3  -<s>----
1 —«-----  3  —x   5  - x -----

05 r '

- -<r

9

Hit/Miss MethodHit/Miss Method

(a) (b)

Figure 3.6: Average correlation score, after pruning, for all files for combinations of 
the class definition parameter and hit/m iss selection parameter, a) Linear (2x100); 
b) Quadratic (4x100);

where x  and y  are the number of successes for the parameter settings being tested,n 

and m  are the number of runs for the parameter settings, z is the Standard Normal 

and a  is the level of significance.

The binomial test allows discarding param eter settings that have lower average 

success rates than the best setting, to within a level of significance a. After removing 

those parameters the intersection of the remaining parameter settings is selected, if 

such intersection exists. Table 3.2 shows the results. Columns correspond to options 

of how to select hits and misses and rows correspond to options of how to define 

classes (respectively parameters 3 and 1), as in figure 3.6. The Max value is the 

number of runs over the threshold for the best parameter setting for the feature 

type. The “cut point” is the minimum number of successes a parameter setting has 

to have in order to be retained. Underlined values are parameters settings that were 

not discarded for an a  of 0.005.

According to Table 3.2 the parameter settings than can not be discarded are:

• for linear functions:
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Linear (2x100)
Best (B) Perc (P) Number(N) Average (A)

0.5 0.80 5 10 20 5 10 20
Threshold (T) 0.50 73 112 91 112 135 146 107 135 145

0.80 85 121 112 125 153 178 131 158 174
Neighborhood (N) 0.05 0 0 0 0 0 7 0 0 10

0.10 0 0 0 0 0 0 0 0 0
3 104 161 145 166 182 183 171 184 183

Multi-class (M) 5 143 182 169 186 195 197 189 193 195
9 185 197 197 199 198 199 196 197 200

Max: 200 Cut Point: 193

Quadratic (4x100)
Best (B) Perc (P) Number :n ) Average (A)

0.5 0.80 5 10 20 5 10 20
Threshold (T) 0.50 117 178 156 194 231 251 190 227 241

0.80 136 223 187 253 295 336 248 300 334
Neighborhood (N) 0.05 3 0 0 0 1 22 0 3 20

0.10 1 1 0 0 1 0 0 3 1
3 196 275 237 283 319 333 303 337 350

Multi-class (M) 5 262 353 337 364 378 391 368 378 388
9 352 381 380 392 397 398 389 398 399

Max: 2•99 Cut point: 392

Table 3.2: Number of successful runs for each param eter setting (correlation thresh­
old of 0.9). Underlined values are statistically equivalent according to the two sam­
ple binomial test (a  =  0.005). Columns correspond to ways of selecting hits/misses 
(parameter 3) and rows correspond to ways to dividing the samples into classes 
(parameter 1)
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• { (M 5, N 10), (M 5, N 20), (M 5, A 10), (M 5, A 20), (M 9, N 5), (M

9, N 10), (M 9, N 20), (M 9, A 5), (M 9, A 10), (M 9, A 20) };

•  for quadratic functions:

• { (M 9, N 5), (M 9, N 10), (M 9, N 20), (M 9, A 10), (M 9, A 20) }:

Note tha t all selected param eter settings for quadratic functions are also selected 

for linear functions. T hat indicates th a t they work well to detect relevance for both 

types of features and tha t they can not be statistically differentiated from each other. 

In this case we can use any of the options listed.

Qualitatively the results can be summarized by:

1. Multi-class is the best way to divide the samples.

2. The more classes, hits and misses used, the better the results achieved.

3. Randomly selecting hits and misses or averaging them yields similar results.

3 .3 .3  E v a lu a tin g  se t a n d  class sizes.

To test assertions that “the more classes, hits and misses used, the better the 

result” another test was designed where only option “Multi-class” (M) and option 

“Average hits and misses” (A) were used. The goal was to test how results can be 

affected by the size of the sample set and the ratio R  of the number of hit/m iss 

samples to the number of samples in each class. Four sample set sizes were used: 

500; 1000; 1500; and 2000. For each of these set sizes, 300 functions (100 linear, 200 

quadratic) were run for a combination of values of the number of hits and misses 

averaged and number of classes. Table 3.3 shows the number of classes used for for 

each of the sample sets.

Running the sample sets for the number of classes shown in Table 3.3 allows the 

data  to be organized in two different ways.
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Sample set size
500 1000 1500 2000

2 2 2 2
3 4 4 4
4 6 6 8
5 8 9 9
9 9 12 12

12 10 20 16
15 12 36 20
20 15 45 36

18 60 48
20 60
24 80
30
40

Table 3.3: Number of classes run for each sample set size.

•  Test 1: Fixed number of classes but variable ratio R  (Figures 3.7 and 3.8). 

Each graph corresponds to one set size. Each line corresponds to one number 

of classes. For example, line 0 has 2 classes whether it is on the set with 500 

samples or 2000 samples (see Table 3.4). The horizontal axis (from 0 to 8 ) 

corresponds to the number of hits/misses averaged (respectively 1, 2, 3, 5, 9, 

13, 17, 21, and 25). This means that any point in the graph has a different 

ratio R  depending of the set size. For example, x  =  8 for line 4 corresponds to 

20 classes and 25 hits/misses. T hat is a ratio of 1 for the set of size 500, 0.5 

for a set of size 1000, 0.33 for the set of size 1500, and 0.25 for the set of size 

2000 .

• Test 2: Fixed ratio but variable number of classes (Figures 3.9 and 3.10). Here 

each line corresponds to one ratio. That means that the number of classes is 

changed so as to keep the ratio fixed. Table 3.4 shows the number of classes 

used and their corresponding values in the graphs.
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Test 1: Equal #  of classes Test 2: Equal ratios (R )
Sample set size Sample set size

line 500 1000 1500 2000 500 1000 1500 2000
0 2 2 2 2 2 4 6 8
1 4 4 4 4 3 6 9 12
2 9 9 9 9 4 8 12 16
3 12 12 12 12 5 10 15 20
4 20 20 20 20 9 18 27 36
5 12 24 36 48
6 15 30 45 60
7 20 40 60 80

Table 3.4: Number of classes for each sample set size for each of the tests. The left 
most column shows the corresponding line number used in each graph.

Test 1 (Figures 3.7 and 3.8) confirms tha t for linear and quadratic functions, 

the more classes, hits and misses the better the result. Test 2 (Figures 3.9 and 3.10) 

shows tha t the ratio R  does not have a significant influence in the result for these 

functions, since if the ratio were im portant there should be a significant difference 

between them.

It is important to note tha t these results were computed for monotonic functions 

where the learning signal is uniform. This result can not be generalized without 

further tests. In fact, we will show later that for non-monotonic functions the ratio 

will have a great influence.

3.4 Bias: Non-monotonic Functions

3.4.1 Data and Evaluation of Non-monotonic Functions

The parameter settings selected in Section 3.3.2 allow a good ranking of mono­

tonic functions. Nevertheless, in com puter vision it is common to have features that 

are not monotonic. For example, consider a feature such as size. If the size of the 

image is known, then the best hypothesis is the one whose size matches the size of
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Figure 3.7: Linear features: Average correlation score for files for combinations 
parameters for equal number of classes for all sample sizes (see table 3.4). a) Sample 
size 500; b) sample size 1000; c) sample size 1500; d) sample size 2000.

the target object. Smaller or larger hypotheses are either fragmented, under seg­

mented or do not represent the object and will therefore have lower signal values. 

An idealized case might look like the feature in Figure 3.11.

In order to test howr FARelief performs for these kinds of functions, we created 

a new set of non-monotonic synthetic functions. These functions are generated by 

reflecting one of the monotonic functions about the midpoint of the feature axis2.

2It is important to note that these are functions of the features (f: feature —* signal), but they 
are not invertible (i.e. /B f ~ l : signal —<■ feature). This poses a problem since what we have available
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Figure 3.8: Quadratic features: Average correlation score for files for combinations of 
parameters for equal number of classes for all sample sizes (see table 3.4). a) Sample 
size 500: b) sample size 1000; c) sample size 1500: d) sample size 2000.

Figures 3.11 and 3.12 show examples of these functions. In addition, the amount of 

noise for non-monotonic features is divided by two so that the signal to noise ratio 

remains the same as on monotonic features.

The same tests previously performed for linear and quadratic functions were per­

formed for the non-monotonic function using the methodology presented in Section 

3.2. The parameters tested are also the same as in Table 3.1. The results, however,

at this stage is the signal. So, to compute the non-monotonic features for the signal set we compute 
the two possible feature values (one in each side of the midpoint) and select one randomly.
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Figure 3.9: Linear features: Average correlation score for files for combinations of 
parameters for the same ratio R  (see table 3.4). a) Sample size 500; b) sample size 
1000; c) sample size 1500; d) sample size 2000.

are very different. Table 3.5 shows the results of the same binomial test summarized 

in Table 3.2, but this time for the non-monotonic features.

As can be seen, the best param eter settings for non-monotonic features are dif­

ferent from the best parameter settings for monotonic ones. Non-Monotonic features 

prefer fewer classes and fewer hits/misses. In fact, as shown in Figure 3.13, the ratio 

R  of the number of hit/m iss samples to the number of samples in each class, varies 

from one graph to the other. This indicates tha t R  has a great influence over the 

result. This is in contrast to Figure 3.8, where no such influence exists.

o t
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Non-monotonic Linear (2x100)
Best (B) Perc (P) Number(N) Average (A)

0.5 0.80 5 10 20 5 10 20
Threshold (T) 0.50 113 102 114 74 33 9 79 44 24

0.80 116 108 108 110 103 83 107 99 80
Neighborhood (N) 0.05 0 0 0 0 0 0 0 0 0

0.10 0 0 0 0 0 0 0 0 0

Multi-class (M)
3 129 120 139 97 44 8 178 180 190
5 126 101 120 72 22 0 166 178 183
9 92 46 84 33 2 0 145 150 154

Max: 190 Cut Point: 175

Non-monotonic Q uadratic (4x100)
Best (B) Perc (P) Number(N) Average (A)

0.5 0.80 5 10 20 5 10 20
Threshold (T) 0.50 96 47 76 36 8 0 48 12 0

0.80 138 96 116 71 31 9 77 37 11
Neighborhood (N) 0.05 0 0 0 0 0 0 0 0 0

0.10 2 0 1 0 0 0 0 0 0
3 130 49 89 28 2 0 154 112 84

Multi-class (M) 5 128 28 55 10 0 0 114 95 69
9 58 11 22 3 0 0 65 59 59

Max: 154 Cut point: 120

Table 3.5: Non-rnon.oton.ic Features: Number of successful runs (correlation threshold 
of 0.9). Underlined values are statistically equivalent according to the two sample 
binomial test (a  =  0.005). Columns correspond to ways of selecting hits/m isses and 
rows correspond to ways to dividing the samples into classes
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Figure 3.10: Quadratic features: Average correlation score for files for combinations 
of parameters for the same ratio R  (see table 3.4). a) Sample size 500: b) sample 
size 1000; c) sample size 1500; d) sample size 2000.

More importantly, the overall results are worse for non-monotonic features. For 

example, the best result achieved for quadratic functions was 399 out of 400, while 

the best result for the non-monotonic quadratic was 154 out of 400. This indicates 

a bias against non-monotonic functions. To confirm this bias, new data  sets with 8 

monotonic features plus non-monotonic versions of the same 8 features were created3. 

The average Relief scores for the monotonic features and their non-monotonic coun-

3Since a function can be reflected to either the left or right, there are two non-monotonic features 
for each monotonic feature.
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Figure 3.11: Non-monotonic Synthetic Features: Linear.
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Figure 3.12: Non-monotonic Synthetic Features: Quadratic.

terparts are given in Table 3.6. The table shows a large bias against non-monotonic 

features. In some cases, the score for a non-monotonic feature is in excess of 1000 

times smaller than the corresponding monotonic feature.

A visual confirmation of the bias is shown in Figures 3.14 and 3.15. where a set of 

60 functions (10 linear, 20 quadratic, 10 non-monotonic linear and 20 non-monotonic 

quadratic) with noise level ranging from zero to 0.4 4 were ranked by FARelief using

4Here, as in the previous tests, the non-monotonic functions have half the amount of error to 
compensate for the fact that they are formed by two distributions.
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Figure 3.13: Non-jVionotonic quadratic features: Average correlation scores for com­
binations of param  eters across all sample sizes (see table 3.4). a) Sample size 500; 
b) sample size 100CD; c) sample size 1500; d) sample size 2000.

9 classes and 20 hrts/m isses for average. Non-Monotonic functions with noise zero 

are ranked in the sam e  level as monotonic functions with 0.2 noise level.

3.4.2 Identifying the causes of bias against non-monotonic features

The bias ag a in st non-monotonic features can be traced to two m ain causes: 

1) the deterioration of the distance measure; and 2 ) the non-correlation of similar 

non-monotonic feat ures.
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Figure 3.14: First 42 features of 60 (10 linear, 20 quadratic, 10 non-monotonic linear, 
and 20 non-monotonic quadratic) ordered, left to right, top to bottom , by using 9 
classes and average of 20 hits/misses.
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F Monotonic Non-monotonic
Noise Left Ref. Right Ref.

Noise Noise
No Yes No Yes No Yes

L I 0.1636 0.1223 0.0028 0.0016 0.0042 0.0020
L2 0.1636 0.1212 0.0036 0.0020 0.0027 0.0011
Q l 0.1282 0.0977 0.0001 -0.0006 0.0066 0.0031
Q2 0.1285 0.0975 0.0067 0.0026 0.0002 -0.0002
Q3 0.1225 0.0931 0.0054 0.0019 0.0008 0.0003
Q4 0.1219 0.0915 0.0006 0.0000 0.0052 0.0022
G l 0.0666 0.0537 0.0044 0.0026 0.0000 -0.0001
G2 0.0666 0.0543 0.0002 0.0002 0.0047 0.0025

Table 3.6: Relief score (weight) for 8 features and their reflections. Rows LI and L2 
correspond to linear functions; rows Q l to Q4 to quadratic functions; and rows G l 
and G2 to Gaussian functions.

Figure 3.15: Remaining 18 features of 60 features (10 linear. 20 quadratic, 10 non­
monotonic linear and 20 non-monotonic quadratic) ordered by using 9 classes and 
average of 20 hits/misses. Features are ordered left to right, top to bottom.
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Relief uses a distance measure over the sample space to select "similar” hits 

and misses. If a data set is mainly formed by features irrelevant to the task, the 

distance measure will be determined by those features rather than the relevant ones. 

A badly degraded distance measure implies that the selected hit/m iss instances are 

simply randomly selected instances from the same/different class. Therefore, the 

basic assumption that the hits are close to the current sample and the misses are 

distant from the current sample does not hold for datasets with a large numbers of 

irrelevant features.

Nevertheless, monotonic functions are much less affected than non-monotonic 

functions. Figure 3.16 shows the effect of increasingly degrading the distance mea­

sure. In this case, the distance measure is degraded by increasing the number of 

random features in the set applied to FARelief. Two different learning signal sets 

were used: 1) a synthetic signal which is uniformly distributed; 2) a real learning 

signal taken from one of the tasks used in the ADORE system. This signal is very 

non-uniform with 67% of the samples in class 0 when 9 classes are used.

o>
*0 802

2 ° 
3
ro
CD

L L
-00*

3 <0

Number of Random Features
(a)

Linear
Non-monotone Linear

0  4C8

Number of Random Features
(b)

Figure 3.16: Relief score (weight) value for a linear and a non-monotonic linear 
feature for increasing number of random features, a) uniform learning signal; and b) 
non-uniform learning signal.
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As can be seen., for the linear function the weight value computed by FARelief 

varies randomly but remains close to the initial value, which is computed without 

any random features. This occurs because, for monotonic functions, the maximum 

distance between two features of the same class is bounded by the size of the classes 

(see Figure 3.17). On the other hand, for non-monotonic functions, the maximum 

distance between two features of the same class is bounded only by the range of 

the function (see Figure 3.17). T hat makes the computed weight of these functions 

much more dependent on the quality of the distance measure. This is shown in the 

reduction of the weight seen in Figure 3.16. The distance degradation is even more 

crucial in our system, where thousands of features are expected and many, if not 

most, of them  may be irrelevant.

Non-monotonic Linear Linear

Class 0

Class L

Class 2

Class 0

Class 1

Class 2

Maximum Distance Maximum Distance

Figure 3.17: Maximum distance for non-monotonic linear and linear features using 
3 classes.

The other main cause of bias is tha t apparently similar non-monotonic features 

may not correlate well with each other. In general, twro linear functions computed 

using the same learning signal have correlation 1.0, except for noise. On the other 

hand, two non-monotonic linear functions computed over the same signal can have a 

very low correlation. An example of correlation of two non-monotonic linear functions
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computed for the synthetic signal was 0.02256. This is due to the fact th a t the feature 

values may represent the same underlying function, but samples may be extracted 

from different sides of the distribution. Figure 3.18 illustrates the problem.

Non-monotonic Linear 1 Non-monotonic Linear 2
, i

Class 0 • Class 0 •

Class 1 • Class 1 •
SI SI

Class 2 ,  .  Class 2
S2 S2 .  .

Figure 3.18: Two sets of points (samples) th a t represent the same underlying function 
but have poor correlation. Due to the discretization required by Relief.

In Figure 3.18, samples S i and S2 of Feature 1 are close to each other, which 

indicates that one is a good hit for the other. On the other hand, for Feature 2, 

this is not true because SI was selected on the other side of the distribution. The 

consequence of this behavior is th a t the distance measure is again degraded. Figure 

3.19 shows that the weight computed for one non-monotonic linear feature reduces 

when more functions computed using the same signal and underlying fimction were 

included. This is probably the cause of the bias on Table 3.6 where no irrelevant 

features were included.

3.4.3 Eliminating the bias

To eliminate the bias against non-monotonic functions, three modifications of 

Relief are proposed: 1) identify the non-monotonic functions and compute the reflec­

tion point which divides the function into two distributions; 2) update each feature 

using only hits and misses that are on the same side of the reflection point: and 3) 

weigh differences between samples and their hits/misses using the reflection point.
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Figure 3.19: Weight value for a non-monotonic linear feature for increasing number 
of similar features, a) uniform learning signal; and b) no n -un iform learning signal.

The idea is to treat each side of the distribution as one feature. T hat limits the 

distance between samples as in a monotonic feature (see Figure 3.17). Nevertheless, 

by doing so the distance is excessively limited because each side of the distribu­

tion, after normalization, can be much steeper than for a monotonic feature, and 

consequently the maximum distance is reduced. To correct this, each side of the 

distribution is normalized using the reflection point. This creates comparable max 

distances.

Identifying peeks and valleys

We want to find if a function has one peak or valley (is non-monotonic) and the 

position of the peak/valley. The method used here is simple but is able to correctly 

identify the reflection point in many cases, even in the presence of noise. More general 

and complex methods to identify peaks and valleys in a function exist. Many have 

been proposed for the specific case of histograms (see [43], [58], and [16]) but many 

of those methods can be extended for more general functions. Our method does 

occasionally find peaks when none are present. However, the important point is not 

to miss the presence of a peak (false negative), or else the bias will remain. As will
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be showai, inserting a false peak (false positive) has a smaller effect on the relevance 

score.

Algorithm to identify peaks/valleys

For each feature do:

O So rt the feature values

O Slide a 1 x  n window over the values and compute the sum 

t> Soxt the sums

>  F inds the first (FM) and last (LM) windows th a t are within a threshold (th) 

of the minimum sum

!> F inds the first (FX) and last (LX) windows th a t are within a threshold (th) of 

th e  maximum sum

>  If th e  order of the extreme points is :

>  LM FX : the function is increasing.

>  LX FM : the function is decreasing.

>  FM FX LX LM : the function is non-monotonic 

w ith a peak.

>  FX FM LM LX : the function is non-monotonic 

with a valley.

t> If th e  function is non-monotonic, then the reflection point is the value of the 

ceatral element of the central window between the two internal limits.

In th e  tests shown here n = 21 and th  =  0.15.
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Updating weights

W hen updating the relevance weights, only hits and misses tha t are on the same 

side of the reflection point as the target sample are considered. This means tha t in 

some cases fewer hits and misses will be considered than  specified by the h it/m iss 

selection parameter (A: Average in Table 3.5) . In fact, in some extreme cases, some 

of the classes will not contribute any hits or misses. That implies tha t each class 

weight0 must be recomputed for each sample.

Weighting differences

Relief normalizes the differences between samples and hits and misses into the 

interval [0,1]. In our system this is not always necessary because the features are 

normalized before Relief is applied. Nevertheless, by using only hits and misses that 

are on the same side of the peak as the target sample our modified version of Relief 

reduces the maximum and average distances between samples for the non-monotonic 

features. To compensate for this, the hit and miss distances are divided by the size 

of the distribution in which they reside. In other words, if the sample is to the left 

of the reflection point the distances are divided by the square of the reflection point 

value; if the sample is to the right they are divided by the square of one minus the 

reflection point value.

3.4.4 Results of Bias Elimination

The modified algorithm is re-tested for bias, and the results are shown in Ta­

ble 3.7 (this compares to Table 3.6). The maximum difference between the relevance 

of a feature and the relevance of its reflection is less than 0.009, or approximately 

7%. W hen noisy features are used this difference is 0.025, or 27%. We also repeated

°For Kononenko’s version of Relief these weights are the a-priori probability of each class. We 
normalize this weight using only the classes that effectively contribute with hits/misses.
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F Non-refl. Left Ref. Right Ref.
Noise Noise Noise

No Yes No Yes No Yes
Ll 0.1636 0.1210 0.1630 0.1135 0.1615 0.1146
L2 0.1636 0.1213 0.1615 0.1141 0.1634 0.1151
Q l 0.1299 0.0991 0.1317 0.0801 0.1222 0.0694
Q2 0.1271 0.0972 0.1181 0.0742 0.1291 0.0776
Q3 0.1231 0.0920 0.1195 0.0738 0.1226 0.0730
Q4 0.1224 0.0921 0.1221 0.0732 0.1187 0.0662
Gl 0.0666 0.0535 0.0642 0.0470 0.0640 0.0536
G2 0.0666 0.0529 0.0637 0.0539 0.0642 0.0475

Table 3.7: Modified Relief score (weight) for 8 features and their reflections. Rows 
L l and L2 correspond to linear functions; rows Q l to Q4 to quadratic functions: and 
rows G l and G2 to Gaussian functions.

the tests of Figures 3.16 and 3.19 with the modified algorithm, verifying that non­

monotonic functions scores are no longer degraded by including irrelevant features 

or other non-monotonic features (see Figures 3.20 and 3.21).

u_ Linear

Number of Random Features

-C
0 5
'0
5

Reflected finear —

33 £ SO *00«

(a)
Number of Random Features

(b)

Figure 3.20: Modified Relief weight value for a finear and a non-monotonic finear 
feature for increasing number of random features, a) uniform learning signal: and b) 
non-uniform learning signal.

To test how sensitive the modified algorithm is to our ability to find peaks in 

functions, we assigned the monotonic functions false reflection points (located at 

0.5). As can be seen from table 3.8, the functions are overestimated by amounts
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Figure 3.21: Modified Relief weight value for a non-monotonic linear feature for 
increasing number of similar features, a) uniform learning signal; and b) non-uniform 
learning signal.

L l L2 Q l Q2 Q3 Q4 G l G2
monotonic 0.1636 0.1636 0.1299 0.1271 0.1231 0.1224 0.0666 0.0666
non-monotonic 0.1927 0.1927 0.1842 0.1840 0.1723 0.1731 0.1222 0.11222

Table 3.8: Modified Relief score (weight) for 8 features when they are classified as 
non-monotonic or not. Columns L l and L2 correspond to linear functions: colum ns  
Q l to Q4 to quadratic functions: and columns G l and G2 to Gaussian functions.

ranging from 20% (linear functions) to 60% (Gaussian functions). This represents 

a bias in favor of monotonic features misinterpreted as non-monotonic features, but 

the bias is much less than the previous bias against non-monotonic features (which 

was in excess of 5.000%). As a result, even if every monotonic feature is assigned an 

erroneous reflection point, the bias is still less than for other versions of Relief.

For real data it is difficult to find features which are non-monotonic exactly 

on the center of the feature range. Moreover, irregularly centered features can fur­

ther test the limits of the algorithm. Consequently, as a second test, features with 

reflection points not at the center of the feature range were created and tested. Ex­

ample of the features are shown in Figure 3.22. The results are close to the centered 

reflections, as shown in Table 3.9.
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Figure 3.22: Synthetic Features: Tilted features. The value below each graph speci­
fies the type of reflection (left or right) and the amount of tilting.

The modified algorithm  was able to eliminate most of the bias against non­

monotonic features. Visual confirmation is given by Figures 3.23 and 3.24, where 

the non-monotonic features and monotonic features are approximately ranked by 

their noise. The bias against non-monotonic functions is no longer present.

3.5 Real data

3.5.1 ADORE Data

There are a lot of da ta  sets used in the literature to test feature selection. 

Unfortunately, few d a ta  sets have the necessary characteristics sought in this work. 

Therefore, to test Relief and its modification on real d a ta  we used data  from the 

ADORE system [35].
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Figure 3.23: F irst 42 features of 60 (10 linear, 20 quadratic, 10 non-monotonic linear, 
and 20 non-monotonic quadratic) ordered, left to right, top to bottom, by using 9 
classes and average of 20 hits/misses on the modified algorithm.
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Left Reflections Right Reflections
F 0.1 0.4 0.7 0.1 0.4 0.7
L l 0.1564 0.1675 0.1655 0.1272 0.1673 0.1641
L2 0.1303 0.1678 0.1641 0.1518 0.1673 0.1658
Q l 0.1122 0.1328 0.1329 0.1035 0.1465 0.1314
Q2 0.1081 0.1467 0.1293 0.1194 0.1318 0.1313
Q3 0.1359 0.1407 0.1289 0.1048 0.1286 0.1273
Q4 0.0877 0.1256 0.1240 0.1249 0.1389 0.1252
G l 0.0950 0.1068 0.0826 0.0590 0.0739 0.0695
G2 0.0575 0.0740 0.0683 0.0988 0.1059 0.0815

Table 3.9: Modified Relief score (weight) for 8 features and their reflections. Re­
flection points are not centered. The numbers in the title line shows how much the 
non-monotonic side of the functions was compressed. Rows L l and L2 correspond 
to linear functions; rows Q l to Q4 to quadratic functions; and rows G l and G2 to 
Gaussian functions.
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Figure 3.24: Remaining 18 features of 60 features (10 linear, 20 quadratic, 10 non­
monotonic linear and 20 non-monotonic quadratic) ordered by using 9 classes and 
average of 20 hits/misses on the modified algorithm. Features are ordered left to 
right, top to bottom .
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The ADORE da ta  set is a set of aerial images of Fort Hood, Tx, collected by the 

U.S. Army Topological Engineering Center. There are 20 black and white images, 

each from a nadir6 view perspective. Each image is 7000 x 7000 pixels. To test the 

ADORE system, one of these images was selected and divided in eight pieces (tiles) 

of size less than  or equal to 5X2 x  512 pixels. Figure 3.25 shows one of these tiles.

Figure 3.25: Example of tile of ADORE data, Fort Hood, Tx. (half size).

The images contain houses of five different styles. Each house in each tile was 

identified and their pixels manually marked. Figure 3.26 show the same tile as Figure 

3.25 with the true position of one style of houses marked.

The ground-truth image in Figure 3.26 and the corresponding ground-truth 

images for the other four styles of houses allow the computation of the recognition 

error. For each tile, 20 regions of interest (ROI) are computed using cross correlation. 

Each of these ROIs is associated with a model of each house and used as da ta . Figure 

3.27 shows two examples of ROIs. These ROIs are submited to several operators that 

modify the hypotheses to better match positions and shapes of real objects.

6Vertically downward from the observer.
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Figure 3.26: Example of tru th  tile for style duplex of ADORE data  (half size).

In this way, a to tal of 800 basic hypotheses (8 tiles x 5 styles x 20 ROIs) are 

created, plus a variable number of modified hypotheses. Each hypothesis is compared 

to the tru th  tiles and a score is computed. This score is where H  is the set of

pixels that defines the hypothesized object (in red on Figure 3.27) and T  is the set 

of pixels that defines the true position of the model of the object in the tile (in white 

on Figure 3.26). The features used on the Relief tests were created by computing 

1069 features for each hypothesis for one of the styles. A to tal of 630 samples (160 

basic hypothesis 470 modified hypothesis) were generated.

3.5.2 T ests

W hen testing on real data, the true relevance of features is not known a-priori. 

This eliminates the methodology used to evaluate the algorithm on synthetic fea­

tures. Instead, we tested the quality of the resulting feature ranking through random 

sampling. In particular, we randomly selected 300 features and trained function ap­

proximators for each one to infer the signal from the feature value. Back-propagation 

neural networks were used since they may be considered as representative of non-
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Figure 3.27: Examples of ROIs. A positive (left) and a negative (right) example for 
style duplex are shown. To facilitate visualization, each hypothesis is overlaid over 
the ROI chip.

parametric function approximators. We then selected another feature whose rele­

vance score was better (or worse) than the original sample by a fixed amount, and 

trained a second neural net using th a t feature. We then compared the mean squared 

errors of the nets to determine which feature was more relevant.

Since back-propagation with random initialization is nondeterministic, this is 

a highly noisy evaluation mechanism. It also evaluates features in isolation from 

each other, so dependency between features are ignored. Nonetheless, when two 

features have a difference in relevance scores (as computed by modified Relief) of 

0.00 to 0.01, the higher scoring feature produces a better neural net 55.3% of the 

time; when the score difference is between 0.01 and 0 .02 , the higher ranking features 

produces a better neural net 61% of the time; and 94%, for score differences between 

0.08 and 0.09. While this is an admittedly imperfect evaluation, the binomial test 

suggests that a difference in Relief relevance score of 0.00-0.01 is significant with 

a  probability of 0.964, while a difference in score of 0.01-0.02 is significant with a 

probability greater than 0.9999.

Interestingly, the best feature found for the ADORE data using modified Relief 

was a non-monotonic feature not selected using unmodified Relief (see Figure 3.28
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to some of the features selected by modified Relief), and not used by the authors 

of ADORE. Hopefully, identifying this feature will improve the performance of that 

system. A new version of ADORE which incorporates the three-step feature selection 

algorithm proposed in this work is being planned . This will allow the comparison 

of the performance of ADORE with and without the modification here proposed.
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Figure 3.28: Examples of real features. The numbers below the feature represents 
the order of ranking and the Relief score.

3.6 Conclusion

The literature has claims like: “[Relief] is able to detect feature relevance even 

when features interact” [23]. This was one of the main reasons we selected Relief, 

even though most of the tests that led to this result use boolean features and assume 

classification as the learning task. Nevertheless, our tests on real features using 

function approximation as the learning task seems to support that claim. Moreover,
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we have identified two sources of bias in Relief against non-monotonic features, and 

we have proposed a simple modification to Relief tha t eliminates these sources of 

bias. It should be noted tha t we have not removed all sources of bias: Relief still 

prefers simple functions (first and second order) to more complex functions (e.g. 

Gaussian; see Table 3.7). Partly  for this reason, we do not even consider multi­

peaked functions (Rendell and Seshu (1990) do consider such functions in the context 

of feature construction). Given the extent of noise in our data , we do not think we 

could identify such functions anyway. Instead, we propose a simple modification 

to Relief tha t extends its capabilities from evaluating strictly  increasing/decreasing 

functions to evaluating functions with a single peak or valley. We also confirm the 

efficiency of Kononenko's modifications of Relief, and selected the parameters of 

Relief to be used for the rest of this work.
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Chapter 4

R E D U N D A N C Y

4.1 Introduction

Clustering is an unsupervised learning technique used to divide data  sets into 

groups or clusters. These clusters can be viewed as a group of elements which are 

more similar to each other than elements belonging to other groups. An alternative 

definition of a cluster is ua region w ith a relatively high density of points, separated 

from other clusters by a region w ith a relatively low density of points” [49].

In our system, clustering has an unusual objective and use. First, it clusters 

features instead of clustering samples. Second, clustering is used as a means to 

find redundancy instead of as a means of classification. The goal is to ehminate 

redundant features from the set of candidate features, prior to the final selection 

stage. W hat is a t stake here is the feasibility of performing a combinatorial feature 

selection algorithm at the next step of the system, which depends of the number of 

features and hence the number of final clusters.

It is im portant that reducing the size of the candidate set does not reduce the 

performance of the final feature set by removing informative features. The decrease 

in performance as a result of removing features, if present, must be small. The next 

sections will explain the consequences of our unusual objectives on the clustering 

algorithm.
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4.2 Redundancy Definition and Test

4.2.1 Introduction.

The first step in adapting clustering algorithms for use as redundancy filter is 

to  define what is meant by redundancy. The intuitive idea is tha t two features are 

redundant if adding one feature will not improve the performance of any function 

approximation algorithm that already has access to the other feature. Note that this 

wrapper-like definition is impractical for our purposes since it can only be checked 

by training function approximators for every combination of features. This defies 

our purpose of removing the redundant features before feature selection occurs.

There is no way to predict with certainty whether an unspecified function ap­

proximation technique can take advantage of the minor differences between two fea­

tures, and therefore whether two features are effectively redundant. Nevertheless, 

there are many ways to define redundancy measures th a t will approximate the con­

cept. Two such definitions are: 1) the amount of information of a feature; and 2) 

correlation.

The amount of information can be computed by Shannon’s entropy measure. 

However, it is difficult to see how this can be used in a clustering algorithm. The 

difference in the amount of information between two features states how good the 

features are, not how similar, and so could not be used as a redundancy measure. 

Alternatively, one could compute Shanon’s information measure for every pair of 

features and compare that to the information content of individual features. If the 

information for the pair of features is no greater than the component features then 

the features are redundant. The problem is that this measure can only be computed 

between features and not between a feature and a cluster center, because there is no 

way to compute the class probabilities for the center of the cluster. Consequently, 

no clustering mechanism that uses a cluster center can be used. Moreover, Shanon’s
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entropy has the disadvantage th a t it needs the feature probabilities, which can not be 

computed from real values. This means th a t the values need to be discretized, and 

this introduces one more param eter. In light of all this, we decided to not attem pt 

to use entropy as a distance measure when clustering.

Instead, we use correlation to measure redundancy between features. Corre­

lation, although not a good indicator of general dependence, does recognize linear 

dependence [63]. Therefore, we define redundancy in terms of correlation. Hall [41] 

recently also uses the idea of correlation as a measure of redundancy, but instead of 

using it as distance measure in a  clustering algorithm, he includes it in the weight 

update procedure of an algorithm  similar to Relief.

If two features correlate completely (correlation score equals 1), then their values 

are exactly the same and at most one of them needs to be included in the final set. 

However, if two features correlate well but not completely, then they may or may 

not be included in the final feature set, depending on where the difference occurs 

and whether this difference is relevant to the task. Figure 4.1 shows two pathological 

cases. Features A and B have all points coincident except the one of class 2. hence 

they correlate well. However, while Feature A is able to linearly separate the two 

classes, Feature B is not. At the same time, features A and C have no coincident 

points and will not correlate well. Nevertheless, the features still separate the classes 

similarly.

Although figure 4.1 shows tha t even well-correlated features can yield very dif­

ferent results, these are pathological cases and should be rare. Moreover, intuitively, 

the better distributed the data  is between classes, the smaller the probability that 

well correlated features have significantly different results.

4.2.2 Clustering features

Standard clustering algorithm s are used to cluster points in a sample space, 

where each point is a series of measurements or features. In this case, the distance
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Figure 4.1: Two pathologic cases: Feature A and B have good correlation but have 
very different information about the task. Features A and C do not have good 
correlation but have essentially the same information about the task.

between two points has a clear intuitive meaning. For example, if all houses in a 

block are measured in terms of the number of rooms, num ber of bathrooms, inside 

area, yard area, etc, the distance measure gives an idea of how different they are, 

though not an exact explanation of which features they differ on. However, when 

features are clustered, the notion of distance is different. For example, what is the 

m eaning of the difference between the number of rooms and the yard area of houses? 

There may be a relation between these two variables, bu t this relation is much less 

obvious than when clustering samples. For example, houses with bigger yard area 

may have fewer rooms, if the total land area is the same. Now the distance measure 

indicates how likely it is tha t a house with similar room count will have similar yard 

area.

The use of correlation as distance measure between features not only gives a 

measure of redundancy but it gives an interpretation for the distance between two
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features. So the distance between two features is now a measure of how much they 

vary together.

4.2.3 Use of clustering

In our system, clustering eliminates features so tha t combinatorial feature se­

lection algorithms become practical. Most feature selection algorithms are practical 

when applied to on the order of one hundred features. The more features are elim­

inated, the faster the feature selection algorithm will run. Of course, features tha t 

might improve the prediction function should not be eliminated, since the final ob­

jective of the system is to select the feature set tha t will best predict the target 

function. So, the goal is to maximize the number of redundant features clustered 

together, w ithout clustering non-redundant features together. This brings a different 

approach to clustering. The important aspect is not how many clusters are created, 

but the maximum distance between the elements of the cluster and the cluster center 

(radius). Here, as in standard clustering algorithms, clusters with large number of 

elements (size) are desirable, but unlike standard clustering algorithms, this size is 

subordinated to the radius of the cluster. This means that what drives the algorithm 

is the maximum radius allowed, not the number of clusters to be created. Instead 

of fixing the number of clusters to be found and accepting clusters of any size, the 

maximum cluster radius is fixed and as many clusters as necessary to cover the whole 

feature space are accepted.

4.3 K-means

Recent studies in cluster analysis suggest that : 1) every' clustering algorithm 

will find clusters in a data set whether they' exist or not: and 2) there is no "best” 

clustering algorithm ([49]). That means tha t the characteristics of the dataset must 

be known before-hand if an optimal clustering algorithm and, in many cases, the
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number of clusters is to be selected. In our case, we want a general clustering 

algorithm. Consequently we know beforehand tha t it will not be optimal for every 

data set. This suggests that our search for a clustering algorithm should concentrate 

in finding algorithms tha t perform well over a wide range of datasets.

Two algorithms tha t have been applied with good results for a wide variety 

of clustering problems [36] are K-means ([66], [28], [36] and [51]) and Expectation- 

Maximization (EM) ([31] and [14]). Both algorithms are quite similar to each other, 

and execute a two step process. The fist step assigns data  points to clusters. The 

second estimates the density model for each data  point/cluster instance. The differ­

ence between the algorithms is that k-means makes a hard assignment at step one 

while EM makes a soft one. Formally, given data  points x  =  {aro,..., r„} , clusters 

To, --.Ik-, and distribution models f yj(xi), the first step of both algorithms assigns a 

vector to each point -4(x2) =  ( A ^ r r , ) , ..., A7fc(a:,-)}. In k-means, A(xi) is defined as:

If more than one j satisfies condition (1) only one of them can be selected and 

assigned to 1. In EM, .4(x2) is defined as:

K-means, therefore, can be classified as a Winner-Takes-All (WTA) version of 

EM. Many attem pts have been made to improve K-means, but many of these so- 

called enhancements are computationally demanding and require additional user- 

specified parameters for which no guidelines are available [49]. In view of this and

0 otherwise
1 fo r  j  = { y \  Vz : f lv(xi) >=  / 7r (xi)} (1)

(2 )

-47j (xj) P[^fj\xi)

because there is no general solution for the problem and k-means have been shown
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to perform well to a  variety of problems, we decided to use standard k-means as our 

clustering algorithm.

It is im portant to  prepare the algorithm for the consequences of clustering fea­

tures to detect redundancy. We modified K-means to use correlation as the distance 

measure, and to enforce a threshold on the minimum correlation between two features 

considered as redundant (see section 4.3.3). O ther issues that have to be addressed 

are: initialization of th e  clusters: selection of a representative for each cluster: and 

anti-correlation.

4.3.1 K-means algorithm

The standard k-m eans algorithm is as follows:

• Select an in itial set of K cluster centers.

•  While the criterion function can be improved

• Assign each observation (sample) to its closest cluster center.

• Compute new cluster centers.

On-line versions of K-means are similar, except tha t instead of computing a 

two-step assignment and  update process, cluster centers are modified each time a

sample is assigned. How much a cluster center is modified is defined by a learning

rate.

4.3.2 Correlation as distance measure

The K-means algorithm  must be modified to use correlation as the distance 

measure. Standard K-means uses the average of the samples assigned to a cluster as 

the center of the cluster. T hat is the point where the sum of all distances between 

the center and the sam ple’s measurements is smallest. In particular, when only two 

samples are used, the center is equidistant from both  samples.
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W hen correlation is used as the distance measure, the average of the features 

values will not create a cluster center where the sum of the distances is minimized. 

For example, given three features A, B and C  — the correlation between A

and C is not likely to be the same as the correlation between B and C. The center 

in terms of Euclidean distance between two vectors is not the center in terms of 

correlation, and therefore the center does not represent the cluster. The distance 

between center and features has lost its meaning. To address this problem, a new 

method for computing clustering centers, in terms of correlation, is defined. We 

prove th a t for two features it performs as expected. The proofs for the theorems are 

fully developed in Appendix D.

T h eorem s:

Theorem 1: If A and B are random  variables, and C  = cr(A) B  + a(B)  A , where 

cr(.4) is the standard deviation of A, then the correlation between A and C is equal 

to the correlation between B and C.

Lemma 1: If A and B are random  variables, and C  =  cr(.4) B  +  cr(B) -4, and 

x is a scalar, then any D of the form D = x  cr(A) B  + x  cr(B) A  has the same 

correlation with A and B as C does. In other words, Corr(A , C ) =  C o rr (B , C ) =  

Corr{A, D) =  C orr(B , D).

Theorem 2: Given random  variables A and B and scalars x and y, any D of the 

form D  — x  cr(A) B  + y cr(B) .4 has a smaller or equal average correlation with A 

and B than  C = cr(A) B  +  a ( B ) A.

Theorem 1 allows for the calculation of a cluster center for two features in such 

a way th a t the center is equidistant to both  features. It can be expanded for more 

than two variables (features) by:
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Of course, for more than two variables, it is unlikely that all the correlations 

between the center and the features will be the same, but the same is true for 

Euclidean distance. Nevertheless, unlike Euclidean distance, correlation does not 

follow the triangle inequality property.

There is also no guarantee th a t C will be close in terms of individual values with 

the features. In fact, when the number of features is large, we can have an underflow 

problem. To prevent underflow we normalize C. That can be done because of the 

property that multiplying a random variable by any value other than zero does not 

affect its correlation with other variables (see B2 in Appendix D). So the final 

expression for C is:

Lemma 1 states that multiplying the weights of each variable by the same scalar 

does not change the final result. Hence, the only way to change the result is by 

multiplying by different scalars. Theorem 2 proves that this will yield a “center” 

for which average correlation with the features will be smaller than the ones given 

by Theorem 1, and we want to maximize the correlation. Consequently, the best 

solution is equation 4.1.

C = (4.1)
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4.3.3 Correlation Threshold

Most k-means implementations require  the number of clusters to  be predeter­

mined. Their goal is to have clusters th a t  represent the natural classes within the 

data. This implies a good knowledge of th e  data distribution and a good initialization 

algorithm. Recent work in initialization- algorithms is presented in [18J. O ur purpose 

when using clustering is very different- however. It is im portant th a t no clusters 

have features tha t differ greatly from each  other, rather than  the clusters represent 

natural classes in the data. So, instead  of guiding the algorithm by the  number of 

possible classes in the data, the algorithm  is guided by a distance threshold between 

prototypes and members of a cluster. -As a secondary advantage, this threshold is 

much less dependent upon the data and its distribution. In Table 4.1, Section 4.4, it 

is shown that for correlation intervals over [0.94,0.95) using a non-redundant feature 

is better than using a redundant one. So, we fixed our threshold at 0.97. This means 

tha t all elements in a cluster will have a m aximum correlation difference of 0.03 with 

the center of the cluster.

This difference in focus has other im plication for the algorithm. In this case the 

algorithm is started  with a small num ber of clusters and more clusters are added as 

needed. The refined algorithm is now:

• Select an initial set of K cluster centers.

• While the criterion function can b e  improved

• While clusters are not stable

• Assign each observation (sample) to its closest cluster center.

• Compute new cluster centers.

• Divide clusters wrhose correla.tion distance are over the threshold
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The difference is tha t the clusters axe divided after the clusters stabilize. A 

cluster is stable if no feature will change clusters no m atter how many interations 

the algorithm is run. One way to do th a t is to check if no cluster center has changed. 

In practice, it is sufficient to allow the algorithm to run for some predefined number 

of iterations before dividing the clusters. Pelleg and Moore [80] also use splitting of 

clusters as a way to find the real value of K, although their work uses a Bayesian 

information criteriun and has different goals from ours.

4.3.4 Initialization

Although the main reason for our study on clustering is not to find a good 

initilization procedure, the results obtained with the standard method, random ini­

tialization, were very poor, so we studied alternative methods. Bradley and Fayyad 

[18] propose a refinement process to  find the initial points or centers for k-means. 

Basically, their method selects a sm all number of initial random sets by subsampling 

the data  space. These sets are used to cluster the data. The initial points are the 

average of the centers that are close together. This method has proven to work better 

than  random initialization [18]. Nevertheless, this method tries to find the centers 

of natural classes in the data. It does not take into account the radius of the cluster, 

which is the most important issue for our application. Instead, we are looking for 

clusters that are far apart from each other and have small radii. One method to 

find those centers, which we called threshold initialization, is to get random centers 

that are at least a mininum distance (threshold) from each other. Another method, 

called farthest initialization, is to select one center randomly and iteratively select 

the farthest points from the previous centers in the data space. Most applications of 

K-means do not use these methods because they have a tendency to select isolated 

points as center of clusters. This is not a problem in our case. Those points will
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probably be clusters of one element only, which is the desired behaviour for isolated 

points in our use of clustering.

To test which of these methods creates a better clustering, we run clustering 

many times with both initialization techniques, theshold and farthest. Each cluster 

initialization method was run with an initial number of clusters rang in g  from 2 to 

80. The features clustered were the 300 best features selected by Relief from the 

891 features of the ADORE data  set. Two parameters were relevant to the test, the 

maximun distance within a cluster and the minimum distance between clusters. The 

maximum distance within a cluster is used to divide large clusters, and was set to 

0.03. Meaning that the correlation between each data point and its cluster center 

can not be less than 0.97. The m inim um  distance between clusters is used during 

theshold initialization to eliminate cluster centers that are too close to other centers. 

If no center passes the threshold test, then the next choice is to eliminate clusters that 

are too close to all other clusters, except for one, and so on. The m in im u m  distance 

between clusters is 0.2. Figures 4.2, 4.3 and 4.4 show comparisons of, respectevely, 

number of clusters created, average distance within clusters, and number of features 

per cluster.

In Figure 4.2 each line shows the number of clusters generated for threshold (TI) 

and farthest (FI) initialization methods applied from 2 to 80 initial centers. Figure

4.3 shows the average cluster distance and the maximum distance for each of the 

runs. The average cluster distance is the average distance between each feature and 

its cluster center and the maximum distance is the maximum distance between each 

feature and its cluster center. Figure 4.4 shows the average number of features per 

cluster and the number of features of the biggest cluster.

As can be seen, the FI initialization method creates a stable number of clusters 

as the number of initial centers grows, while the number of clusters created by the 

threshold initialization grows almost exponentially. This means that clusters that are
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Figure 4.2: Number of clusters generated using threshold initialization (TI) and 
farthest initialization (FI) from 2 to 80 initial centers.

not needed are being generated and in consequence features that should be clustered 

together are being clustered apart. More im portant, the average cluster distance and 

average number of features in the FI initialization remains basically the same as the 

ones for TI initialization. The maximum distance and maximum number of features 

are better for the TI initialization than the FI initialization in most cases, but that 

is at the expense of creating many more clusters and therefore is not a good solution.

4.4 Redundancy test.

Our modified version of k-means cluster features according to how well they 

correlate, with the idea that only one feature from each cluster will be passed to the 

final selection filter. This design is based on the intuition that it is better to include 

two distinct features (non-correlated), even if one is less relevant than the other, than 

two nearly identical features. The goal of this section is to test this intuition.

In particular, our informal hypothesis is that two redundant features, A and 

B, should be less effective at predicting the target than two non redundant features
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Figure 4.3: Average and maximum distance within cluster for threshold Initialization 
(TI) and farthest Initialization (FI) from 2 to 80 initial centers.

A and C. Moreover, we predict that this should be true even if C, by itself, is less 

relevant than  B.

To test this, we select correlation intervals ranging from [0.93, 0.94) to [0.99, 

1.00). For each of these intervals, 300 sets of three features (A, B, C } are randomly 

selected, with the following characteristics: 1) Features A and B have correlation 

within the current correlation interval; 2) Features A and C have a low correlation, 

between [-0.3, 0.3]; and 3) Relief score for Feature C is between [0.01, 0.02] less than 

Relief score for Feature B1. We then create neural nets for feature sets {A, B }  and 

{A, C}.  Our hypothesis is that {A, C } should be better than  (A, £ } , even though B 

is better than C. The data used was the ADORE data described in section 3.5 and 

the specific steps followed are:

•  Normalize the data.

•  Rim Relief over the data  and save the score for each feature.

An section 3.5 it was demonstrated that a range between 0.01 and 0.02 is statistically relevant
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Figure 4.4: Average number of features per cluster and number of features of the 
biggest cluster generated for threshold Initialization (TI) and farthest Initialization 
(FI) from 2 to 80 initial centers.

•  Compute and save the pair-wise correlation scores between the features.

• For every- correlation interval tested:

• Create all possible groups of 3 features where:

•  Feature A: Original feature

• Feature B: Randomly selected feature with correlation with A inside 

the interval being tested.

•  Feature C: Random selected feature among the ones with correlation 

between [-0,3 0.3] to A and with a Relief score between [0.01, 0.02] less than 

B.

• For m of the groups.

•  Create neural net for set formed by features A and B.

• Create neural net for set formed by features A and C.
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•  Compare the Mean-Square Error (MSE) of both nets. Consider a suc­

cess if MSE of A and C is be tter than  MSE of A and B.

•  Count the number of successes.

•  Analyze the results of the intervals.

The results were checked using the binomial test (see section 3.5). Here, the 

test is whether the new feature, C, will have the same performance as Feature B. 

Based on the intuitive notion of redundancy, if Features A and B are redundant, 

they should perform worse than Features A and C. So, this test tries to prove that 

using a less informative but not redundant feature is a good idea. If B and C can 

be switched without affecting the quality of the set, then there is a probability of 

0.5 th a t the MSE of {-4, C } will be better than the MSE of {.4, B }.  So, we want to 

prove that the probability of { A ,C }  yielding a better MSE than (.4, B }  is greater 

than 0.5. Any statistical variation from 0.5 is assumed to be caused by difference in 

performance of the new feature (C). This, can not be tested directly. However, we 

can test if the probability of success, where success is defined as MSE of {.4, C}  is 

better than the MSE of {.4, B},  is equal to 0.5. The null hypothesis is then: Hq: the 

new feature set {A, C}  has a probability of 0.5 of success (a = 0.05). By rejecting 

the Null hypothesis we are indirectly showing that to use a less informative but non- 

redundant feature is better than to use a more informative but redundant feature. 

The results are shown on Table 4.1.

As can be seen, the probability (1 - P) that Feature C is a better option than 

Feature B is strong for correlation values from 0.94 to 1, despite the fact that C is 

a less relevant feature than than B. For most of the intervals, the Null hypothesis 

is rejected (Ho = F) even using a strict a  as 0.005. Another test using a larger 

interval [0.94,1.0) had 63% of successes and a P  =  3.9e —06. This indicates that well 

correlated features are mostly redundant, which agrees with intuition.
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Correlation Intervals
[0.99,1.0) [0.98, 0.99) [0.97, 0.98) [0.96, 0.97) [0.95, 0.96) [0.94, 0.95) [0.93, 0.94)

% s 66.0 62.0 57.6 56.6 61.0 58.3 56.6
p 1.5e-08 1.9e-05 4.6e-03 1.2e-02 8.2e-05 2.2e-03 1.2e-02
H0 F F F F F F F

Table 4.1: Percentage of successes (% S), probability of observing the g iven  result by 
chance given that the null hypothesis is true, and test result {Ho). Null hypothesis: 
the new feature set { A ,C }  has a probability of 0.5 of success {a =  0 .03). meaning 
that using a less informative but non-redundant feature is equivalent to use a more 
informative but redundant feature.

4.5 Conclusion

In this chapter we addressed the problem of clustering features. Althouigh, it may 

seem that clustering features is the same as clustering samples, with t h e  exception 

that the space of features is the transpose of the space of samples, this I s  not true. 

The overall goal is the same, to cluster data, but the specific goals are v e r y  different. 

For example, in clustering samples one normally wants to find the n a tu ra l  classes 

of samples in the data, while when clustering features we want to cluster redundant 

features. This has consequences for the clustering algorithm.

First, we deal with the modifications on the k-means algorithm to su p p o rt our 

goals and the definition of redundance by correlation. Here some theoxem s were 

proved that allow us to use correlation as distance measure. Next, some in itialization  

schemes were presented and tested to see which gives a better clustering according 

with our goals. Finally, we show' that it is preferable to include a less relevant but 

non-redundant feature than a more relevant but redundant one. This lead s  to the 

removal of redundant features.
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Chapter 5

SYSTEM  VALIDATION

5.1 Introduction

There are two distinct problems that make it difficult to  test the proposed three- 

step system for selecting features. The first is the data. There is no publicly available 

da ta  set in the literature th a t has the same characteristics as the data  used in this 

work, and most systems described in the literature are not able to handle this kind 

of data. This limits comparisons between systems proposed in the literature and this 

one. The second problem is the large number of parameters. The performance of 

each module depends on many parameters. Testing all combinations of parameters 

is impractical.

Although the first problem can not be completely solved, we were able to find 

a da ta  set with some, but not all, of the characteristics assumed in our system. 

We are aware tha t tests on this data  set can, a t best, indicate trends about the 

comparative performance of different systems, but in our view this is still better 

than  no comparison.

The second problem was handled by assuming tha t each part is independent 

and that it can be tested alone. Although this is not always true, the alternative 

would be to test all combination of parameters, which is impractical for such a big
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param eter space. The irrelevance and redundance filters and their parameters were 

described in the two previous chapters.

Another alternative to validate a system is to test its utility for the data which 

follows the initial assumptions and to test its harmlessness for da ta  that do not follow 

those assumptions. Utility is tested by using different versions of the system where 

one or more components are missing. The best results should be achieved when all 

components of the system are used, or else one or more components of the system are 

unnecessary. Harmlessness was tested by showing that the results using our system 

are no worse than the results using a standard feature selection system, when the 

data does not follow the initial assumptions.

5.2 Implemented system

We implemented a three-step system that performs feature selection on huge 

feature sets. The first step filters irrelevant features with a modified version of 

Relief, see chapter 3. The second step filters redundant features using K-means with 

correlation as the distance measure, see chapter 4. The third step is a standard 

feature selection algorithm, either SFFS or SFBS were. A graphic description of the 

system is given at Section 1.3.2, Figure 1.1.

Given a large set of features the system begins by using Relief to rank those 

features according to their relevance. Then this ordered list of features is cut in 

two, separating the relevant features from the irrelevant ones. This can be done two 

ways: by giving the desired number of relevant features; or by giving the minimal 

Relief score (threshold) to consider a feature as relevant. It is im portant to limit the 

number of features at this point because k-means scales poorly for large sets. At the 

same time, too small a set will remove relevant features which would otherwise end 

up in the final feature set. Thus, this threshold, however it is specified, is critical to 

the overall system performance.
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K-means receives the list of relevant features and uses correlation to cluster them. 

The initialization used is the farthest initialization (FI) discussed a t 4.3.4. The most 

significant param eter here is the cluster radius threshold. This value defines if a 

cluster is too big and must be divided. The value used is 0.03, which is reasonable 

because section 4.4 shows that if two features correlate above 0.94 , it is preferable to 

use another non-correlated feature than to use both features. After clustering, one 

feature from each cluster is selected to represent it. The feature selected is the one 

with the highest Relief score. At this point the list of representative features may be 

clipped to a desired length by keeping the ones that have the highest Relief scores.

The final feature selection filter is then applied to the resultant feature set. If 

the number of features at this moment is LLO or less, either SFFS or SFBS can be 

used in the selection. If this number is higher than 110, then only SFFS can be used. 

This limit is a practical one, although it is close to the one proposed in the literature 

by Ng, et. al. [76] which is 100. Either of the feature selection algorithm, SFFS or 

SFBS, selects a subset of n features, which is the final feature set.

5.3 SFBS and SFFS

The third step in our system is a traditional feature selection algorithm. The 

algorithms selected were the Sequential Floating Forward Selection (SFFS) and Se­

quential Floating Backward Selection (SFBS) because their authors claim them to 

be much faster than Branch and Bound (BB) while achieving comparable results 

[83].

SFFS and SFBS, proposed in 1994 by Pudil et. al. [83], are modifications of 

the SFS and SBS algorithms. SBS and SFS algorithms perform Hill-climbing1 search 

over the feature space, without backtracking. SFFS and SFBS compensate for the

1Can also be described as a heuristic-guided Depth-first search.
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lack of backtracking by a  two step process. For SFFS the first step is inclusion of 

features and the second is exclusion of features: SFBS performs similar steps in the 

reverse order. The idea behind SFBS and SFFS is to allow the number of inclusions 

and exclusions to vary (float) between steps of the algorithm.

Both algorithms are similar, although SFBS is more effective at finding a good 

feature subset, because it has more information for making decisions at each step, in 

terms of having more features in the subset. Nevertheless, this ability comes with a 

significant cost in processing. In our experience, SFBS becomes infeasible after 110 

features. SFFS can efficiently handle much larger features sets but at a price in the 

quality of the solution.

The high level algorithm  of SFFS is shown below.A detailed and formal algo­

rithm  can be seen at Appendix B.

E> Create a set with two features using SFS or another feature selection 

algorithm

t> Do until the selected subset has the desired size 
O Include

> Include the best remaining single feature in the selected subset
>  For all features in the selected subset, evaluate the selected subset 

without the feature
t> If the worst feature is the one just included, then go to Include 

t> Remove
> Remove worst feature
t> If the size of the selected subset equals 2, then go to Include 

>  Next Worst
>  Find next worst
>  If criterion of worst is not an improvement, then go to IncLude
D> Remove next worst
>  If the size of the selected subset equals 2, then go to Include
t> Go to Next Worst

100

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The only algorithm modification is to use the two best features coming from 

Relief as the initial set, since those are easily available for the system. The SFBS 

algorithm is a top-down version of SFFS (see Appendix B for the algorithm).

SFFS and SFBS rely on two parameters: a stopping criteria (typicaly the number 

of features in the selected se t); and a  distance measure. The size of the selected subset 

depends on the intrinsic dimensionality of the data  and the task. Some studies have 

been done on find ing  the optim al number of features for a task and some algorithms 

proposed [7], but no solution has been proved precise. It is im portant to note that 

“... intrinsic dimensionality is not the same as linear dimensionality which is a global 

property o f the data involving the number of significant eigenvalues o f the covariance 

matrix o f the data” [49]. In this work, the focus is on selecting features from a 

large feature set with lots of irrelevance and redundancy and not to find the best 

number of features to select, so no effort was done to survey or test those algorithms. 

In order to define the number of features to be selected for each dataset, a small 

sampling of the space of sizes for features sets was done and the best size achieved 

was subsequently used.

The distance measure used for SFFS and SFBS is the Mahalanobis distance. 

Shanon’s Entropy was also considered, but could not be used because the sample 

space is too sparse to compute a meaningful a-priori probability. Moreover, Maha­

lanobis has been successfully used in many feature selection algorithms, for instance, 

BB [75]; SBS, SFS, SFFS, SFBS, PTA, and Min-Max [47]. An additional advantage 

is that Mahalanobis is a  non monotonic distance measure. For a discussion of how 

Mahalanobis distance relates to other distance mesures, see section 2.4.4.

The Mahalanobis distance measures the distance between the centroids of the 

classes weighted by the common covariance m atrix Yh-

J  =  i  -  p 2y  J2~l (Ari -  V2 )
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Under Gaussian class-conditional densities, the probability of error is inversely 

proportional to the Mahalanobis distance [36]. In our system, where many classes 

are present, we use:

iV  AT

j y .  pi pj  O i  -  fj-zY 0 *  -  vj)
i=  1 3= 1

where X u j is the pooled covariance m atrix for classes i and j.

Another im portant issue in regard to the Mahalanobis distance is redundancy. 

Two or more identical features or multiple highly redundant (but not identical) 

features will generate a singular covariance matrix, which can not be inverted. Con­

sequently, the Mahalanobis distance can not be computed for redundant sets of fea­

tures. This is more of a problem for SFBS than SFFS, since SFBS begins with a set 

containing all features except two. As a result, if redundant features are present in 

the original feature set, the chance of generating a singular m atrix is very high. This 

only happens in SFFS if the two features from the initial set are redundant, or the all 

features not in the original set are redundant, which is very u n likely. This problem is 

one more reason to first eliminate redundancy prior to applying the feature selection 

filter.

5.4 Tests on Adore Data

5.4.1 Data description

The data set used here is the same as described in section 3.5.1. Nevertheless, 

the feature set computed over the ADORE data is not exactly the same. In section 

3.5, the tests were meant to test the ranking performance of the Relief algorithm. 

Therefore, 198 synthetic features were created using the Adore task signal and added 

into the features set. These features would not have any function here and, in fact,
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they would be an impediment to  the proper evaluation of the system since many of 

them  are too closely correlated with the task signal. In addition to  removing the 

synthetic features, a set of 20 mew features were included. These features were the 

original features used in the AD ORE system [35]. The purpose of including these is 

to check whether the set of features used in ADORE could be improved.

5.4.2 Test

We want to test if our three-step system performs better than standard feature 

selection algorithms for da ta  which follows the basic assumptions sta ted  before, par­

ticularly having many irrelevant and redundant features. We use the ADORE data  

because it has such characteristics. Since the system  is composed of filters, any filter 

can be removed and the system will still work. The exceptions are some combina­

tions which use SFBS, because t i e  number of features would be to large. So, to test 

the performance of the system, a ll  possible combinations of modules of the system 

were executed. The idea is that t i e  best performance should be achieved when using 

all modules, otherwise one or mc»re of the modules are unnecessary-.

There are 891 features in th e  Adore data, from which 10 where selected for the 

final set. The number of features was defined by sampling the space of feature set 

sizes and using the best sample size. Each combination of modules selects features 

in a different way, and consequently the number of features selected a t each step 

may vary. We tried to be consistent, so, where possible Relief selects 300 features, 

K-means 110 features. SFFS and SFBS selects 10 features. This values where chosen 

by experimentation. Table 5.1 shows the actual num ber of features selected at each 

module for each combination of m odules of the system.

For each combination final se t, 100 neural nets were created and executed. For 

each neural net the data was random ly divided in three sets: the learning set contain­

ing 70% of the samples; the validation set containing 15%; and the test set containing
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System Original Relief K-means Feature Selection Final set
Relief 891 10 — — 10
Relief+Kmeans 891 300 10 — 10
Relief+SFFS 891 110 — 10 10
Relief+SFBS 891 110 — 10 10
Relief+Kmeans+SFFS 891 300 110 10 10
Relief+Kmeans+SFBS 891 300 110 10 10
Kmeans+SFFS 891 — 110 10 10
SFFS 891 — — 10 10

Table 5.1: Number of features selected at each module of each tested combination 
of modules of the system

the remaining 15%. Each net was nm  for 15000 epochs, saving the net state with 

the lower MSE for the validation set. Each net is executed over its test set and the 

MSE saved. Figure 5.1 show the MSE for the validation set of 5 of the 100 nets. The 

average MSE for the 100 neural nets of each combination is shown in table 5.2. As 

can be seen, the best performances are given by using all modules of the system. The 

results are particularly good when the feature selection module used is SFBS. Note 

that SFBS is only feasible when the number of candidate features has been reduced 

to 110 or fewer. This threshold was defined empirically, since higher values required 

to long to run.

LU
CO a css

0 0 2

0005

2500 <5000

Epoch

Figure 5.1: MSE for validation sets for 5 example nets over the ADORE data.

The differences between results are relevant. Note tha t the difference between 

“Relief+Kmeans+SFBS” and “Relief+Kmeans+SFFS” corresponds to approximately
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Average MSE for 100 nets (15000 epochs each)
System MSE

Relief 0.0696
Relief-i-Kmeans 0.0269
Relief+SFFS 0.0236
Relief+SFBS 0.0247
Relief+Kmeans+SFFS 0.0156
Relief+Kmeans+SFBS 0.0093
Rmeans+SFFS 0.0154
SFFS 0.0649

Table 5.2: MSE for each tested combination, of modules of the system

8% of the task signal range. Nevertheless, to be precise it is im portant to check if 

these results are statistically relevant. We do tha t by using a T-test. The Null hy­

pothesis was: H q: the two samples have the same average MSE (a  =  0.0052). Table

5.3 shows the results of the T-test for pairs of systems shown on table 5.2. Columns 

H q show the result of the T-test (True or False) and columns P show the probability 

of observing the given result by chance given tha t the null hypothesis is true.

System R R + K R + F K + F F
H0 P H0 P Ho P H0 P Ho P

R + K + F F ~  zero F 6.2e-15 F 1 .5 e-ll T 8.1e-01 F ~  zero
System

R + K + B

R + K + F R + B K + F
H0 P Ho P Ho P
F ^  zero F ~  zero F 2.2e-15

Table 5.3: Result of the T-test (Hq) and probability of observing the given result by 
chance given that the null hypothesis is true (P) for pairs of combinations of modules 
of the system. Values of P  ~  zero indicate that the probability is so small that it 
exceeds the capability of representation used by the statistical package. R, K, F, and 
B correspond respectively to Relief, K-means, SFFS, and SFBS.

2Unless noted, ail the tests where the objective is to reject the Null hypothesis an a  of 0.005 
will be used. On the other hand, if the objective is to accept the Null hypothesis a more common 
value of 0.05 will be used.
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The first line of table 5.3 compares the whole system using SFFS and all other 

combinations using SFFS or no feature selection. This shows that it is significantly 

better to run the whole system than parts of the system. Note that Relief and SFFS 

running alone correspond to two of the best standard feature selection algorithms 

described on the literature. The only case where the whole system using SFFS 

can not be shown to run better was when running k-means followed by SFFS only, 

but the difference was not statistically significant what indicates that no decrease in 

performance comes from r u n n in g  the whole system. More importantly, when r u n n in g  

the whole system using SFBS as the final filter the performance achieved greatly 

surpasses all other options. This indicates that when most features are irrelevant 

and/or redundant, the best option is to run the three steps of the system, i.e. Relief, 

K-means and SFBS.

5.5 Tests on Digits Data

5.5.1 Data description

To better validate the system, it is useful to test it on publicly available data  

sets described in the literature. Unfortunately, the are no data sets reported that 

share all the assumptions used in our system. Im portant assumptions that are not 

followed by most data sets are: large features sets; many irrelevant features: many 

redundant features; continuous data; and a continuous target signal. Nevertheless, 

we regard it as important to do such comparison. The only dataset with a large 

number of numeric features in the literature is described by Breuklen et al. [20] and 

subsequently used by Breuklen et al. [21]; a slightly different version was used by 

Jain et al. [49]. This data, from now on referred to as the Digits data, was donated 

by Robert Duin of Delft University of Technology.

The dataset consists of features of handwritten numerals (‘0’ - ‘9’) extracted 

from a collection of Dutch utility maps. 200 patterns per class (for a total of 2,000
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patterns) have been digitized into binary images. The source image dataset is not 

available. These digits are represented in terms of the following six feature subsets:

1. 76 Fourier coefficients of the character shapes:

2 . 216 profile correlations;

3. 64 Karhunen-Loeve coefficients:

4. 240 pixel averages in 2 x 3 windows;

5. 47 Zemike moments;

6 . 6 morphological features.

It is important to remind th a t this d a ta  does not follow most of the assumptions 

made for our system. For example, it does not have many redundant features. 

Moreover, this data has been mainly used to test combinations of classifiers ([20] 

and [21]), and so any comparison of results with our system can not be regarded 

as definitive. However, it can show trends and is the only data set available with a 

sufficiently large number of features.

For use in our system, the dataset was modified in the following way: 1) all 6 

feature sets were merged into one feature set; 2) a target signal was created where 

each class received a target value. So digit 0 (class 1) received 0, digit 1 (class 2) 

received 0.11111, and so on until digit 9 (class 10) which received 1; and 3) for some 

tests, the features were replicated by including noise.

5.5.2 Tests

As a first pass, the same tests performed on the ADORE data were performed on 

the Digits data, albeit with different parameters. The parameter changes were: the 

use of 30 features in the final selected set instead of 10; and the use of 5000 training
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epochs for the neural net, instead of 15000. The result of these tests, however, were 

very different. The most effective combination was not “Relief+Kmeans+SFBS” or 

“Relief+Kmeans+SFFS” bu t “Km eans+SFFS” . Table 5.4 shows the average MSE 

for 100 nets. The reason for this difference is tha t most of the Digits da ta  features are 

relevant and little redundancy is present. In other words, because the original feature 

set was hand-selected, it does not follow the assumptions used in this work. That 

is not news, but the consequences were not expected. Contributing to this problem 

is a poor set of parameters: we restrict the number of features to be applied to the 

feature selection to 110. Consequently, the system ignores too many useful features. 

“Kmeans+SFFS” performs a little better than  SFFS alone because it eliminates some 

redundancy and in doing so makes the task easier for SFFS. To solve the performance 

problem when running the three filters, this option was run again without limiting 

the number of selected features in either Relief and k-means. This implies that SFBS 

could not be used, since it can handle at most 110 features. The results are shown 

on table 5.5.

System #  Feat MSE
Relief+Kmeans+SFFS 649 0.0116
Relief+Kmeans+SFBS 649 0.0132
Kmeans+SFFS 649 0.0046
SFFS 649 0.0059

Table 5.4: Average MSE for 100 nets (5000 epochs each) for combinations of the 
system on the original Digits data.

The results for “Km eans+SFFS” and “Relief+Kmeans+SFFS” shown on table 

5.5 are statistically equivalent (see table 5.6), but these results outperform running 

only SFFS. The importance of this is tha t the system does not harm the perfor­

mance of the feature selection algorithm, even if the feature set does not follow the 

assumptions. Nevertheless, some gain was achieved even if small. Next it is impor­

tant to show that the system is useful when the assumptions are followed. To do

108

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



System #  Feat MSE
Kmeans+SFFS 649 0.0046
Relief+Kmeans+SFFS 649 0.0049
SFFS 649 0.0059

Table 5.5: Average MSE for 100 nets (5000 epochs each) for combinations of the 
system on the original Digits data. No limits were set on the number of features 
selected by Relief or k-means.

that, three new tests were performed. For these tests the data  set was modified to: 

1) include redundant features: 2) include irrelevant features; 3) include various levels 

of redundant and irrelevant features.

System k+F F
H0 P Ho P

R+K+F T 1.4e-01 F 7.8e-05

Table 5.6: Result of the T-test (Ho) and probability of observing the given result by 
chance given that the null hypothesis is true (P) for pairs of combinations of modules 
of the system for original Digits data set. H0: samples have the same average. R, 
K, and F correspond respectively to Relief, K-means, and SFFS.

Redundancy and Irrelevancy

The feature set with redundant features was created by duplicating the features 

and adding 10% Gaussian noise with zero mean and standard deviation 1. This 

resulted in 1298 features. This data was run through the whole system using SFFS 

as the feature selection filter. SFBS was not run because in this case we are selecting 

600 features in k-means. The parameters for this and the irrelevancy tests on the 

Digits data is show at Table 5.7. The average MSE achieved to the redundant feature 

set was 0.0045, see Table 5.8, which is statistically equivalent to the best result for 

the original feature set (649 features). Table 5.9 show the comparison between this 

result and the best result for the original feature set. The features selected were not
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the same, but only one feature from the synthetic redundant set was selected. This 

shows tha t the system was able to remove the redundancy.

The feature set with irrelevant features was created by including 2 sets of fea­

tures, a  set of redundant features and a set of irrelevant features. The redundant 

features were included as explained above and the set of irrelevant features was in­

cluded by duplicating the original features and adding 60% Gaussian noise with zero 

mean and standard deviation 1. Such features are not totally irrelevant, since they 

are based on the original relevant features, but they are so swamped by noise that 

they are much less relevant than the original ones. Tables 5.7 and 5.8 show respec­

tively the parameters used to select the features and the average MSE. Although the 

result achieved by the irrelevant feature set is not the same as the best one over the 

original set, it is nevertheless statistically equivalent (see Table 5.9). The features 

selected were, again, not the same, and only one feature from the redundant set was 

selected. This shows that the system was able to  remove irrelevance.

System Test Original Relief K-means Feat. Sel. Fim al set
Relief+Kmeans+SFFS Redundancy 1298 1298 600 30 30
Relief+Kmeans+SFFS Relevancy 1946 1298 600 30 30

Table 5.7: Number of features selected a t each module for each of the redundancy 
and relevance tests

System Test #  Feat MSE
Relief+Kmeans+SFFS Redundancy 1298 0.0045
Relief+Kmeans+S F FS Relevancy 1946 0.0046

Table 5.8: Average MSE of 100 nets on the Digits data for the redundancy and 
relevance tests (1298 &: 1946 features)
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System Test #  Feat K + F  (649)
Ho P

R + K + F R edundancy 1298 T 7.2e-01
R + K + F Relevance 1847 T 9.2e-01

Table 5.9: Result of the T-test (Ho) and probability of observing the given result by 
chance given th a t the null hypothesis is true (P) for the redundant and irrelevant 
feature sets and the best result for the original set of the Digits data. R, K, and F 
correspond respectively to Relief, K-means, SFFS.

Utility

The most im portant test, however, was to include various levels of redundancy 

an d /o r irrelevance. This was done by duplicating the original features and adding 4 

levels of Gaussian noise (10%, 25%, 40%, and 55%) with zero mean and standard de­

viation 1. The idea here is that the system should be able to remove both redundancy 

and irrelevancy. In doing that the result should be better than r u n n in g  a standard  

feature selection algorithm. The combination ;‘K-means+SFFS” was included in the 

test because it was the one which achieved the best result over the original data . So, 

this new data, with 3245 features, was subm itted for the three combinations of the 

system mentioned above. Table 5.10 shows the number of features selected a t each 

module for each of the combinations. 600 features were selected in K-means, which 

is approximately the number of features on the original set. The average MSE for 

100 nets is shown on table 5.11.

System Original Relief K-means Feat. Sel. Final set
Relief+Kmeans+SFFS 3245 1298 600 30 30
Kmeans+SFFS 3245 — 600 30 30
SFFS 3245 — — 30 30

Table 5.10: Number of features selected a t each module for the mixed test

Results from table 5.11 show tha t running the whole system yields a better 

performance than running only Kmeans and SFFS or running only SFFS, which is
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System MSE
Relief+Kmeans+SFFS 0.0048
Kmeans+SFFS 0.0062
SFFS 0.0086

Table 5.11: Average MSE for the mixed test on the Digits data (3245 features)

a standard feature selection. Moreover, these results are statistically relevant. Table 

5.12 shows the result of a T-test for the runs. In this case the Null hypothesis was: 

H q: the two samples have same average (a  =  0.005). P is the probability of observing 

the given result by chance given that the null hypothesis is true.

System K+F F
Ho P H0 P

R+K+F F r.0e-09 F ~  zero

Table 5.12: Result of the T-test ( H q ) and probability of observing the given result 
by chance given that the null hypothesis is true (P) for the mixed test on the Digits 
data. Values of P  «  zero indicate that the probability is so small that it exceeds the 
capability of representation used by the statistical package. R, K, and F correspond 
respectively to Relief. K-means. SFFS.

Table 5.11 results show th a t if the feature set follows the assumptions about the 

da ta  the system is useful. In particular, running the whole system is statistically 

better (see Table 5.12) than running only SFFS.

In conjunction, the results for the ADORE data  set and Digits data set show 

tha t if the number of relevant and non redundant features is small (less than 110) 

then “Relief+Kmeans+ SFBS’ should be run; otherwise, “Relief+Kmeans+SFFS’ 

is the best option. Although, no attem pts to autom ate the decision about using 

SFFS instead of SFBS have been made, it can be easily accomplished by selecting 

an appropriate threshold on the score of selected features on the Relief module. By 

experience, this threshold should be approximately 0.025.
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Comparison

So fax, we have only compared the system with itself and standard feature 

selection algorithms. No comparison has been made with systems where the data 

has been used before. In [21], the authors study the performance of combinations 

of classifiers. They use four of the subsets of the original d a ta  and apply individual 

sets for different classifiers. The classifiers used are: 1, 2, and 5 k-nearest-neighbors 

(k-nn); Karhunen-Loeve, Gaussian; and Fisher.

To compare our results with theirs, a final test was performed over the data. 

A K-nearest-neighbors algorithm was implemented. The distance measure used was 

the same used by Breuklen et. al. [21], which is the posterior probability of a sample 

belonging to each class. This probability was computed as the sum of the reciprocals 

of the Euclidean distance of the sample with each neighbor in the class, normalized 

among the classes.

The 30 features selected by the system on the original d a ta  (649 features) was 

used to train 10 k-nearest-neighbors (k-nn) nets with 5 neighbors (o-nn). The aver­

age recognition error achieved by the features selected by our system was 2.1%. This 

value is the same reported by Breukelen et al. [21], as the best result for a combi­

nation of o-nn classifiers. In their case, the best individual 5-nn performance was 

3.7%. Unfortunately, no sequence of results are given and consequently no statistical 

comparison can be done.

Again it is important to stress that this comparison can not be taken as defini­

tive, because the main objective of both systems are different and the assumptions 

about the data are also different. Nevertheless, the results suggest that using our 

system to select features can achieve comparable performance with using a hand- 

selected set of features and combining the results of the classifiers.
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5.6 Tests on Cats and Dogs Data

5.6.1 Data description

The technique used in this section is not claimed by us to  be the best way to do 

classification or da ta  reduction. However using it allows us to show tha t our system 

is able to find relevance and visually show this relevance.

The tests on the ADORE data  show th a t the proposed three-step system per­

forms better than  a standard  feature selection algorithm for da ta  with lots of re­

dundant and non relevant features. On the other hand, the tests on the Digits data  

show that the system does not harm the performance if used over a data  tha t does 

not follows the assumptions. Here, we are interested in show th a t the system is able 

to filter relevancy and redundance with very little loss of information and that the 

interrelation between features of the system is accounted for when the filtering is 

done. To do that we need results from a task rim over a large set of features.

We decided to use a classification task based on an PCA nearest neighbors 

algorithm over a set of 200 animal faces (100 cats and 100 dogs). Each sample is a 

64x64 (4096 pixels) image and shows the frontal view of the face of a cat or dog. The 

backgrounds vary from image to image and the faces were registered by hand. The 

data  was extracted from Wendy Yambor’s Master thesis [112]. Figure 5.2 shows 48 

examples (24 dogs and 24 cats) extracted from the Cats and Dogs data  set.

It is im portant to note th a t pixels are not well correlated to the task signal. 

The pixel that achieves the best score in Relief, correlates with the learning signal 

with a score of 0.1849, which is very low. Figure 5.3 shows the graph of three pixels, 

including the best one, against the learning signal.

There is some information on the pixels, though, not much. So, the only way 

the system can achieve a good classification is if it is able to detect interrelation 

between features.
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Figure 5.2: Examples of images on the Cats and Dogs d a ta  set (24 cats and 24 dogs).

Feature Values Feature Values Feature Values

(a) (b) (c)

Figure 5.3: Cats and dogs features: a) best feature according to Relief; b) 20th best 
feature; and c) 40t/l best feature.
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5.6.2 Test

Our purpose in this test is to compare the amount of information lost by filtering 

irrelevance and redundancy. To do tha t we run the classification task: first, for the 

original images (64x64 =  4096 features); and second, to the filtered features. Both 

results axe then compared.

The classifier used was a PCA-based 1-nearest neighbor. This classifier computes 

all eigenvectors for a learning set and the sample projections over this basis. When 

a new sample is presented its projection over all eigen-vectors is computed and the 

result of the classification is the label (class) of the closest neighbor, in terms of 

Euclidean distance, to the sample projection.

The classification was run five times for each data set (original and filtered). 

For each run, the data set was divided in two files: learning set and test set. The 

learning set contains 160 randomly selected samples and the test set the remaining 

40 samples. This is done by randomly dividing the data into 10 non overlapping 

data  sets, each with 10 dog images and 10 cat images. These 10 data  sets are the 

same used by Yambor [112]. They are concatenated to form each of the 5 groups of 

learning and test sets. The result of the five runs were merged to create the final 

result set with 200 results.

The filtered data set is computed by running the first two filters of the system 

over the original data set. Here we consider each pixel as being one feature. The 

first filter, Relief, remove the irrelevant features. Here we selected all features with a 

Relief score of 0.025 or higher. This threshold was selected by experimenting with the 

other data sets. The remaining 615 features were clustered by k-means. The result 

was a feature set with 217 features (pixels). This is approximately 95% reduction.

One advantage of using pixels as features is that pixels can be visualized. Figure

5.4 shows images representing the result of the filters (Relief and K-means). On these
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images each, pixel is represented by: zero, if it was eliminated during t h e  filter; or 

the Relief score it it was not eliminated during the filter.

(a) (b)

Figure 5.4: Result of the Relief and Kmeans filters over the Cats and D ogs dataset. 
The value of each pixel is zero if it passed the filter or the Relief score it i t  did not 
passed the filter, a) after Relief filter (615 features/pixels selected); b) after: k-means 
filter (217 features/pixels selected).

Although these images do not prove much, they are in accord w ith in tu ition . 

The features tha t contain more information are those that differentiate betw een dogs7 

and cats7 forehead, ears, eyes and mouths. Very few pixels in the faces of t h e  animals 

and background were selected.

That seems to indicate that most of the information is present after the filtering, 

but a more formal comparison can be done by comparing the results of t h e  classifi­

cation over both data  sets (original and filtered). For this comparison, eacEh sample 

result for each data  set was counted in one of four sets.

• SS: set of samples were both data  sets classified the sample correctly

• SF: set of samples were the original data set classified the sample correctly  but 

the filtered did not.

•  FS: set of samples were the filtered data set classified the sample co rrectly  but 

the original did not.

•  F F : set of samples were both data  sets classified the sample incorrectly
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SS SF FS FF
145 22 16 17

Table 5.13: Results of comparison, between classification test over Cats and Dogs 
data  set

The results are given on table 5.13.

To test if both data  sets achieve the same performance we used M cNemars test, 

as used by Yambor et. al. [Ill]- This test is similar to the binomial test but it 

considers only the difference in classification between the d a ta  sets (SF and FS). 

The idea is tha t if both data sets are equally good, then the probability of the first 

succeeding while the second fails is the same as the probability of the first failing 

while the second succeeds, or 0.5. W ith tha t the null hypothesis is: H0: P(SF) =  

P(FS). The NcNemar’s test indicates that there is a probability of 0.208 th a t we 

would see the result (SS =  26 and FS =  16) if the Null hypothesis is true. Using a  

=  0.05 the Null hypothesis can not be rejected and we must consider the difference 

in result for the data sets not statistically significant. In other words the data  sets 

have approximately the same information despite the fact that the filtered version 

contains only 5% of the pixels in the original one.

5.7 Conclusion

Although no other available system in the literature deals w ith the same kind of 

data  and task as intended in this work, an effort was done to use both an internally 

created data  and data  from an external source. Both types of data  were tested 

and we were able to show that if the data  follow the assumptions set for this work 

our system achieves better performance than by using standard feature selection 

algorithms only. Moreover, an attem pt to compare results with other systems on the 

literature were done and although the comparison can not be taken as conclusive,
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because of the different nature of both works, it shows evidence th a t the system 

performs well. A final test shows that using the irrelevance and redundancy tests do 

not degrade the information content of the data set while greatly reducing its size 

(number of features).

119

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 6

CONCLUSION

The number of features tha t can be computed from an image is, for practical 

purposes, infinite. Consequently, it is impossible to compute and use all of them. 

Nevertheless, a system capable of measuring a few thousand of the most com m only  

used features would be very useful if a few tens of them could be selected for use 

in object recognition tasks. The system implemented in this work is a first step in 

this direction. In particular, this system assumes that the data has the following 

characteristics: large number of features: many irrelevant features; many redundant 

features: noisy data; continuous data; small a training set, compared to the number 

of features. It is also assumed that the task is function approximation, rather than 

classification.

The proposed algorithm (system) consists of three steps. The first step uses a 

modified version of the Relief algorithm ([54] and [61]) to filter the irrelevant features. 

The second step uses a clustering algorithm (k-means [66]) to filter the redundant 

features. The last step uses a standard feature selection algorithm (SFFS or SFBS 

[83]) to select the final subset from the remaining features.

The system was tested with three very different data bases. One, ADORE [35], 

was created by us and has many irrelevant and redundant features. The second, 

Digits [20] [49], is an external data set used in the literature. It is composed by hand- 

picked sets of features. This data  does not follow the assumptions stated before,
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but was used in tests in its original form and transformed to adapt to the same 

assumptions. The third, Dogs and Cats, also extracted from the literature, was 

mainly used to visualize the result of the first two filters (Relief and K-means). 

The results of the tests over ADORE and Digits show th a t, if the data  does not 

conform to the assumptions, no gain, or a small gain, occurs by using our system, 

but no loss occurs. On the other hand, when the data  follows the assumptions, 

our systems outperforms standard feature selection algorithms (SFFS or SFBS), 

which were shown to perform close to optimally for a different data  set, where the 

assumptions here made were not present [83]. The cats and Dogs data  show that 

Relief +  Kmeans were able to remove most of the irrelevance and redundancy without 

significantly reducing the performance of a PCA-based classifier.

6.1 Contributions

The main contribution of this work is an algorithm (system) able to effectively 

perform feature selection in huge feature sets. It is the one of the first systems, as 

far as we know, that deals with so many features. Exceptions are Automatic Text 

Classification, and Tieu and Viola [101] work, but in this case the features and the 

task are very specific and very different from our system. It is also the first feature 

selection system which explicitly filter irrelevancy and redundancy. The advantage 

of our system is that by focusing each step of the algorithm over one problem it is 

able to deal effectively with much bigger da ta  sets. It was shown that in doing so 

the system achieves a better set of features.

Another contribution was the discovery and subsequent reduction of the bias 

against non-monotonic features in Relief. Relief performs well on identifying irrele­

vance, but the original algorithm  has a huge bias against functions (features) which 

have a peak/valley in their range. Our modification of the algorithm allows the
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identification of such features and allows dealing with, each part of the distribution 

of the feature separately, eliminating most of the bias against the feature.

In the clustering or redundancy filter, our contribution was the use of correlation 

as the distance measure. In order to do so, the way the centroid of the cluster is 

computed had to be modified. Two theorems were proposed and proved showing the 

right way to do th a t so the centroid remains in the center of the cluster.

6.2 Future work

Many interesting issues could not be pursued in this work. Among then are the 

following:

1. Elimination of bias for other kinds of non-monotonic features in Relief. Relief 

is also biased against two peeked features and features with a more complex 

function like Gaussian features. The modification made by us eliminated most 

of the bias against Gaussian features, but features with multiple peeks/valleys 

are still a problem. The main reason for not addressing other kinds of features 

is that they are not so common as one peaked features, but the issue is worth 

studying.

2. Study the roll of the distance measure in Relief. Two issues seems to be im­

portant here. Is the distance measure necessary in Relief? W hen searching 

for the causes of the bias in Relief, our studies indicate that for non peaked 

features, the Relief score does not vary much when the distance measure is 

disturbed by including random features. If that is true, there is no need to 

have a distance measure and to compute hits and misses on Relief. It could 

be enough to consider all samples in the same class as hits and all samples in 

different classes as misses. On the other hand, if this is not true, then it is
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possible tha t a multi-step process where the worst features are removed and 

Relief is executed again, may improve the ordering of the resultant features.

3. Deepen the study of correlation as a distance measure in K-means. In partic­

ular, the change in performance if anti-correlated clusters are merged.

4. Study boosting as a way to improve selection. Kohavi and John [57] classify 

feature selection in Filters and Wrappers. W rappers use the task for both, 

performance and evaluation function. This approach yields a better perfor­

mance but is, in most cases, prohibitive. We propose the use of Boosting as a 

way to influence the selection of the feature set by the performance function. 

Boosting can be used to modify the data set and by doing that influence the 

selection of features toward those which would best approximate the samples 

that have larger errors. Clearly this influence should be mitigated, compared 

with wrappers, but the cost would not be so big.
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Appendix A

FEATURE ACQUISITION

A .l Features description

The number of features that can be computed from an image is very large. For 
example Tieu and Viola [101] use 45,000 features in their work. Consequently, it is 
important to have a way to collect these features. Although the primary goal of this 
work is feature selection, not feature generation, a feature acquisition module was 
implemented to generate the data  sets. This appendix describes important features 
used in this work and in ADORE.

A.1.1 Features

Examples of interesting features computed using the raw value representation 
of an image are given below. Even if restricted to raw image values, there are 
nevertheless many options. The most im portant raw values for our application are: 
intensity, RGB, hue, saturation and disparity (from stereo or motion data). Yet, the 
methods used can be applied with minimal or no alteration for other raw values, for 
example: infrared, LANDS AT [62] and LADAR [99].

Many of the features used in this work, for example standard deviation, are not 
scale invariant. Consequently, it is important that some scaling factor be applied to 
the data. This has a multiplicative effect on the number of raw value images, because 
now each representation will be scaled one or more times generating new data. It is 
important to note that scaling up the images (i.e. increasing the resolution) has little 
meaning because it only duplicates pixels. On the other hand, scaling down has the 
effect of averaging the image; effectively smoothing it and reducing high frequency 
elements while expanding the spatial extent of local operators (eg. derivatives). 
Similar effect could be achieved by using smoothing filters or band filters.

In addition, the rate of variation (derivatives) across the x and y axes of images 
can be computed. Five types of derivatives are used in this work, the first derivatives 
of the image for each axis, the second derivatives of the images for each axis, and 
the second derivative of the image for axis x  and y. In other words,
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-jtfr ,  and . These derivatives can be applied for all raw values at all scales to 
further increase the number of representations.

Although mathem atically well defined, the derivative of combinations of raw val­
ues, for example derivatives of the red component in relation to the blue component 
in RGB, have not been widely used in the reviewed literature (although see Adelson 
and Bergen [1]). Therefore they are not used in this work. More meaningful deriva­
tives are the derivatives of the result of the statistics over the raw values. Despite 
that, these are also not computed because it is equivalent, in most cases, to compute 
the statistic over the derivative of the raw value, since jn
other words, the result of a convolution over the derivative of a function is equal to 
the result of the derivative of the convolution over the function. Because many of 
the statistics computed in this work, for example average, can be seen as convolu­
tions, the derivatives of these statistics do not need to be computed: it is enough to 
compute the statistics over the derivative. Adelson and Bergen [1] give an extended 
explanation of this property.

Statistical

For each value image, a set of statistical features can be computed. While the 
number of such statistical features is almost limitless, this work restricts them to the 
most im portant ones (see Figure A .l). For example, the proposed standard library 
Vsipl (Vector, Signal and Image Processing Library) [107], in its Image Processing 
Operations manual [108], defines: area, mean, variance, standard deviation, skew­
ness, kurtosis, root mean square, median, sum, positive sum, negative sum, maxi­
mum, minimum, number of positive values, number of negative values and number 
of zeros.

SO U R C E
M ean S k ew n ess
V ariance K urtosis

Standard D ev ia tion  R o o t M ean Square

M edian  M od e
Q uarter V alue

T hree Quarter V alue

A rea
P o sitiv e  cou nt 

N eg a tiv e  cou n t 

Z eros cou n t

Su m
P ositive  Sum  

N egative  Sum  

M axim um

M in im u m

Figure A .l: Statistical features.
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Robust statistics, such, as the median, are im portant because they are less sen­
sitive to noise. Croxton [29] suggests other robust statistics such as mode, quartiles, 
quintiles and percentiles. We use mode and quartiles (see Figure A .l). Robust 
statistics has motivated other im portant works, for example the Hausdorff Distance 
Measures used in Sim et al. [97].

Texture

Another important kind of feature are texture features. Haralick and Shapiro 
[44] define texture as “concerned” with the spatial distribution of image intensities 
and discrete tonal features. Texture features are an area of active research, in c lu d in g  
Markov Random Fields [12] [52] and Wavelets [81]. Right now, the texture features 
used in the system are entropy and correlogram features. Haralarick and Shapiro 
[44] list 9 measures that can be computed over a co-ocurrence m atrix (correlogram). 
All these measures are used in this work.

It is im portant to note that both statistical and texture features can be computed 
either over the whole image (set of pixels) or locally over a window of the image. For 
some features, the effect of using windows can also be achieved by scaling the image. 
Nevertheless, that is not true for all features, for example the median.

Model Matching

When a prototypical model or tem plate is available, any of the previous features 
can be computed for models compared w ith the same feature computed for the sam­
ples. However, if the difference is a meaningful feature, the function approximator 
can infer that from the original features. Moreover, for most features, the difference 
is linearly dependent of the sample feature, since the model features are constant for 
all samples, therefore the model features do not need to be computed at all. Never­
theless, there are some direct comparison measures that are very im portant. One of 
the most im portant of such comparisons is correlation. In this work, a rotation-free 
correlation based on the work of Ravela et al. [88] and Freeman and Adelson [37] 
is used. M utual information computes a measure similar to correlation which estab­
lishes the degree of matching between sets of values from model and sample. Mutual 
Information may consequently be less sensitive to changes in sensor, illumination, 
normalization, equalization, etc, than correlation. Other similar measures are the 
dependence measures in Table 2.2.

Another class of comparison techniques me histogram matching algorithms. 
Schiele and Crowley show that histogram comparison is a powerful, although pose 
sensitive, method for recognizing objects, especially for color images under constant 
illumination [94]. In this work, four m ethods of comparing model and sample his­
tograms are used: intersection measurement [100]: x 2-test, assuming exact knowledge 
of the model: x2-test, when no knowledge of the model is assumed [82] and the well 
known Kolmogorov-Smirnov test[82]. Multiple measures are used because they rely
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on different underlying assumptions. For example, Schiele and Crowley hypothe­
size that the intersection method works better when objects are occluded while the 
X2-test method works better for distortions due to appearance change or Gaussian 
noise.

Registration Measures

When the samples are in registration with the models, and/or with each other, 
other classes of features can be computed. One important set of possible features 
are probes. Der and Chellappa [32] define probes as simple mathematical functions 
which operates locally on image grey levels and produce outputs that are more di­
rectly usable by an algorithm. A directional probe image is calculated by taking the 
difference in grey levels between pixels a set distance apart in a given direction, cen­
tered on the probe image pixel. Probes are common in Automatic Target Recognition 
system (ATR) like the ones described in [13] and [32]. In those systems, the probe 
values are used to compute a function: common functions are number of probes over 
a threshold and the probability of the probes being drawn from the target given the 
probe values. In this work, the probe values are features used by the approximator 
to learn a function, if they are selected in the feature selection process. Figure A.2 
shows example of potentially useful probes on the ADORE data.

Figure A.2: Example of probes.

Another class of powerful features are principal components. If the samples are 
registered to each other, a  basis for the space of samples (M) can be computed. The 
best basis is given by the left singular vectors of M, which equal the eigenvectors 
of M M 1. Given that, the projection of a sample over an eigenvector is a feature. 
A set of n features can be created this way for each sample by using the first n 
eigenvectors. The first eigenvectors are the directions of greatest variance among the 
data. As mentioned earlier, this variance may provide information for the function 
approximation, or it may be random background noise. Because of that, in some ap­
plications it is necessary to reduce the influence of the background. This can be done
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by segmentation [74] or by applying a Gaussian filter centered on the object [104]. It 
is im portant to note th a t we are not proposing to implement any of the techniques 
used to recognize objects with eigenvectors. In these techniques it is assumed that 
the first eigenvectors provides the best features for the object recognition. Here, the 
first eigenvectors are only used to create features that axe part of the initial feature 
set.

The same technique can be used with the models. In this case the eigenspace of 
the models can be used to project the samples and these projections used as features. 
The eigenspace computed over the models gives the difference between models. This 
difference may be more accurate than  the ones computed using the samples because 
the models have no background to affect the process and the models can be precisely 
centered.

A .l.2 ADORE features

A complete description of the ADORE data features would be to big to show 
here. Instead a brief description of the representations used is shown below. Each 
line is composed by operations executed over the data until the final representation. 
As an example, line 3 generates features 171 to 220 below. Here the initial image 
(SUBIMAGE) was reduced by cutting a sub-window (WINDOW), this window was 
centered (CENTERORIGIN), then normalized, then projected over the first 50 eigen­
vectors of the data (DATAEIGEN). The resultant 50 values were used as features 171 
to 220. If two lines have the same representation, that indicates tha t the same pro­
gram with different options was run over the file. For example DIFFHISTOGRAM 
is the result of computing a difference histogram  for the image for different directions 
and with different step sizes. Features from 388 up to the end are statistical features 
computed over the representation.

» > SUBIMAGE ADORE 20:(1  - 20)
» > SUBIMAGE PROBE 150:(21 -  170)
» > SUBIMAGE WINDOW CENTERORIGIN NORMALIZATION DATAEIGEN 50:
» > SUBIMAGE WINDOW CENTERORIGIN NORMALIZATION TEMPLATEEIGEN
» > SUBIMAGE TPLTHISTOGRAM 15:(226 -  240)
» > SUBIMAGE MASK TPLTHISTOGRAM 15: (241 -  255)
> » SUBIMAGE HISTOGRAM 6:(256 -  261)
» > SUBIMAGE MASK HISTOGRAM 6:(262 -  267)
» > SUBIMAGE DIFFHISTOGRAM 6:(268  - 273)
» > SUBIMAGE DIFFHISTOGRAM 6:(274  - 279)
» > SUBIMAGE DIFFHISTOGRAM 6:(280  - 285)
» > SUBIMAGE DIFFHISTOGRAM 6:(286  - 291)
» > SUBIMAGE DIFFHISTOGRAM 6:(292  - 297)
» > SUBIMAGE DIFFHISTOGRAM 6:(298  - 303)
» > SUBIMAGE DIFFHISTOGRAM 6:(304  - 309)

50:(171  -  220)
5: (221 -  225)
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» >  SUBIMAGE DIFFHISTOGRAM 6: (310 -  315)
» >  SUBIMAGE CORRELOGRAM 9: (316 -  324)
» >  SUBIMAGE CORRELOGRAM 9: (325 -  333)
» >  SUBIMAGE CORRELOGRAM 9: (334 -  342)
» >  SUBIMAGE CORRELOGRAM 9: (343 -  351)
» >  SUBIMAGE CORRELOGRAM 9: (352 -  360)
» >  SUBIMAGE CORRELOGRAM 9: (361 -  369)
» >  SUBIMAGE CORRELOGRAM 9: (370 -  378)
» >  SUBIMAGE CORRELOGRAM 9: (379 -  387)
» >  SUBIMAGE 15: (388 -  402)
» >  SUBIMAGE MASK 15: (403 -  417)
» >  SUBIMAGE DERIVATIVEX 18: (418 -  435)
» >  SUBIMAGE DERIVATIVEX MASK 18: (436 -  453)
» >  SUB IMAGE DERIVATIVEY 18: (454 -  471)
» >  SUBIMAGE DERIVATIVEY MASK 18: (472 -  489)
» >  SUBIMAGE DERIVATIVEX DERIVATIVEXX 18: (490 -  507)
» >  SUBIMAGE DERIVATIVEX DERIVATIVEXX MASK 18: (508 -  525)
» >  SUBIMAGE DERIVATIVEY DERIVATIVEYY 18: (526 -  543)
» >  SUBIMAGE DERIVATIVEY DERIVATIVEYY MASK 18: (544 -  561)
» >  SUBIMAGE DERIVATIVEX DERI V AT IVEXY 18: (562 -  579)
» >  SUBIMAGE DERIVATIVEX DERIVATIVEXY MASK 18: (580 -  597)
» >  SUBIMAGE SCALE1 14: (598 -  611)
» >  SUBIMAGE SCALE1 MASK 14: (612 -  625)
» >  SUBIMAGE SCALE1 DERIVATIVEX 17: (626 -  642)
» >  SUBIMAGE SCALE1 DERIVATIVEX MASK 17: (643 -  659)
» >  SUBIMAGE SCALE1 DERIVATIVEY 17: (660 -  676)
» >  SUBIMAGE SCALE1 DERIVATIVEY MASK 17: (677 -  693)
» >  SUBIMAGE SCALE1 DERIVATIVEX DERIVATIVEXX 17:(694 -  710) 
» >  SUBIMAGE SCALE1 DERIVATIVEY DERIVATIVEYY 17:(711 -  727) 
» >  SUBIMAGE SCALE1 DERIVATIVEX DERIVATIVEXY 17:(728 -  744) 
» >  SUBIMAGE SCALE1 SCALE2 14: (745 -  758)
» >  SUBIMAGE SCALE1 SCALE2 MASK 14: (759 -  772)
» >  SUBIMAGE SCALE1 SCALE2 DERIVATIVEX 17: (773 -  789)
» >  SUBIMAGE SCALE1 SCALE2 DERIVATIVEX MASK 17:(790 -  806) 
» >  SUBIMAGE SCALE1 SCALE2 DERIVATIVEY 17:(807 -  823)
» >  SUBIMAGE SCALE1 SCALE2 DERIVATIVEY MASK 17:(824 -  840) 
» >  SUBIMAGE SCALE1 SCALE2 DERIVATIVEX DERIVATIVEXX 17:(841 - 
» >  SUBIMAGE SCALE1 SCALE2 DERIVATIVEY DERIVATIVEYY 17:(858 - 
» >  SUBIMAGE SCALE1 SCALE2 DERIVATIVEX DERIVATIVEXY 17:(875 -
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Appendix B

ALGORITHM  DESCRIPTIO NS

B .l Definitions

Set of features: F  =  { f i ,  / 2, —, f p}
Subset of features: F ' =  {/{, f y , f d}
Subset of features of size d: F'd =  { /[, fo, —, f'd}
Set of Samples: S  =  {si, s2, —. sn}
Sample i: Si = { x \ , x \ , x lp}
Feature i: fi  = {arl, x ?, —
Set of Positive Instances: S +
Set of Negative Instances: S~
Set of Classes: C  =  {cl5 c2, c 9}
Criterion : J(F,S)
Cardinality of X: |X | is the number of elements in set X.
p: Number of features
n: Number of instances
d: Number of features selected or to select
k: Number of Classes
q: Number of disjoint subsets of S or number of classes

B.2 Heuristic search Algorithms

B.2.1 SFS:Sequential Forward Selection 

Algorithm:

> F ' =  (p
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> For i = 1 to d
O Find f j  E F  — F', where :

j ( f '  J (F ' U { / > ’ s >V / e F - F '

[>] F' = F' IK/;}

>  Return F ’

B.2.2 SBS:Sequential Backward Selection 

Algorithm:

>  F' = F

O For i = 1 to {jp — d)
D> Find f j  E F ’, where :

J{F ‘ -  { /,} , S) =  m in  J (F ' -  { /} , 5) 

> F' = F' -  {/;}

>  Return F ’

B.2.3 Max-Min 

Algorithm:

O Compute J (fi)  and J ( f i , f j )  Vi, j  with i ^  j .

I> Create F!, (|F /| =  i) using any algorithm

D> For i = 3 to d
O Include the new feature f i  that satisfies

J ( f i ) =  m ax m in  A ./("/,■. A-)
v f j e F - F U  v  fke F U

where

A X f s ,fk )  = J ( f i , f k ) - J ( f k )
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B.2.4 SFFSrSequential Float Forward Selection 

Algorithm:

[ > 2 = 2

>  Create Fz such, th a t \Frz \ =  2 using SFS

>  While 2 7  ̂d:
>  Inclusion

>  F '+l =  f i  -f- F'z such that:

J { f i +  F'z) = m ax J { f  +  F'z) 
v / e  f - f i

>  Find f j  such that:

■KK -  f j)  =  v m inF' J (F Z -  f )

>  If i =  j  then 2 =  2 +  1 and go to Inclusion
>  Remotion

> F ’x = FL+ l- f j 
> 2  =  2  —  1

>  If |F^| =  2 go to Inclusion
>  Next worst

>  Find f j  such that:

-  f i)  =  v ™ p F, J (F ' -  f i )

>  If J (F Z — f j)  < J(F'z_l) then go to Inclusion

> ^  =  ^ +i - / y  
> 2  =  2 —  1

>  If \FZ\ =  2 go to Inclusion
>  Go to Next Worst
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B.2.5 SFBSrSequential Float Backward Selection 

Algorithm:

>  z = p  — 2

[> Create Fz such that \F'Z\ =  p — 2 using SBS

>  While z  ^  d:
>  Exclusion

>  F '_ L =  F'z — such that:

-  fi) = v  yfF, AK -  / )

t> Find /y such that:

•A /i +  K )  = m ax J ( f  +  FI)
J z> V f  e  F —FL "

>  If i =  j  then 2 =  2 — 1 and go to Exclusion
>  Inclusion

> F U , = F ' + f j
> z = z +  1
>  If |F^| =  p — 2 go to Exclusion 

[> Next Best
>  Find f j  such that:

A f j  + F ') =  m ax J ( f  +  F ')
V /  6  r — Ft

>  If i =  j  then 2 =  2 — 1 and go to Exclusion
>  Remotion

> F'z+l = F l: + f j  
> 2  =  2 +  1

>  If |F '| =  p — 2 go to Exclusion
>  Go to Next Best
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B.2.6 Relief

Definitions:
t :  relevance threshold (value picked should be less than ^ = ,  a  is the desired 

Probability of Type I error).
Difference between two instances of features:

For nominal features:

y) = | 0 i f  x  and y are the same
1 i f  x  and y  are d i ffe r e n t

For numerical features:

where N U  is  the normalization unit

Algorithm:

D> Separate S in S +  and S ~

D> W =  (0, 0, 0)

t> For i =  1 to n
>  Pick at random an instance X E  S
>  Pick at random one of the positive instances (A'+) closest to X
>  Pick at random one of the negative instances ( X ~ )  closest to X
D> If (X is a positive instance)

then Near-hit =  X +  and Near-miss =  X ~  

else Near-hit = X ~  and Near-miss = X +

>  For j =  1 to p

>  Relevance =  - Wn

>  For i =  1 to p

1> If (Relevancei < T)
then f i  is a relevant feature 
else f i  is a irrelevant feature

C> W j  =  W j  — d i f f ( x j ,  X ear — h itj)2 -I- d i f  f{ x j .  Near — m iss j)2
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B .2 .7  E U B A F E S : E u c lid e a n  B a se d  F e a tu re  S e lec tion  

A lg o r ith m :
Apply gradient descent for:

^  ' t r  u  J J

where :

>  N: is the number of instances

[> q: is the number of the current feature

O i: is the number of the current instance

[> 8ij : 1 if x l and x3 are in the same class, 0 otherwise

E> 8^NN: 1 if x l is one of k nearest neighbors of x3, 0 otherwise

> p(xio>xi) =  <
\xq — x 3q\ i f  fea tu re  q is  continuous

1 i f  fea tu re  q is  discrete and x lq x3q 
0 i f  fea tu re  q is discrete and x lq = x3q

> ^ E ^ E j U i a - M
O 1 depends of r  by means of :

\
Q Q

yZ WqPix^, 4 ) 2 +  T ~  ( J I  W<lP(Xq'- Xq)2) *  ̂ *
q=l 9 = 1

B .2 .8  LVF: L as V egas F i l te r

D efin itio n s : Max-Tries: maximum number of sets tested
allowed inconsistency rate 

A lg o rith m :

>  Best =  F

>  p =  number of features of Best
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t> For i =  1 to Max-Tries
>  F ’ =  random set of F
>  d =  number of features of f  ’
>  if (d < p and inconsistency(F’) <  7 )

l> Best =  F ’
O p =  d

O R eturn best

B.3 Optimal Algorithms

B.3.1 Focus 

Algorithm:

i> For i =  0, 1, ...
t> For all F ' C F  of size i

t> If all pair of instances in S th a t agree on all features in F ’ do agree 
on the class then

return F’
exit

B.3.2 Focus2 

Definitions:
Conflict: a conflict is a binary vector for every pair of features tha t predict 

different classes with 1 where the feature values differ and 0 anywhere else.
M A'B: is the space of all feature subsets that include all features of A and 

none of B.
Explained: a is explained by Xi if a t- is 1 .

Algorithm:

[> G =  set of all conflits generated from S 

t> create queue Q =
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O Repeat
C> Pop the first element in Q 
D> Let O =  B
t> Let a be the conflict in G not explained by any of the features in A such 

that \Za — B\ is minimized , where Za is the set of features explaining a.
t> For each x  G Z a — B

>  If Sufficient(AtJ{x}), return (A|J{:r})

D> Insert M 4u{x},o hi Q
>  0  = 0  u{*}

B.3.3 BB:Branch and Bound

Conditions: monotonicity of the criterion.
Algorithm:

t> Bound =  0 

!> Avail =  F 

[> List(O) =  (f)

[> Ns(0,l) =  d +  1 (Ns =  Number of successors)

>  Pointer(O) =  I 

O i = l

l> Initiaflze List
O  Node =  Pointer(i-1)
[> Compute the criterion for all available features united with the 

subset Zi, Z i, Z i -1-
>  Order the features
> s =  Ns(i-l,Node)
O List(i) =  s first features by the criterion 
[> Ns(i,j) =  s +  1 - j, for j =  1,2, ..., s 
C> Remove List(i) from Avail
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>  Select Node
O  If List(i) =  <j): Go to Backtrack
> Zi =  last element of List(i)
O Pointer(i) =  number of elements of List(i)
O  Delete Z* of List(i)

>  Check Bound

O  If J(Z i, Z2. Zi) < Bound: Include Zi in Avail and Go to Backtrack 
O  If i =  d: Go to Update Bound 
O i =  i +  1

>  Go to Initialize List

t> Backtrack
D> i =  i - 1

O If i =  0: end (Desired set is the last saved)
O  Include Zt- in Avail
>  Go to Select Node

>  Update Bound
O Bound =  J (Z i, Z2, Zi) 
t> Save (Z i, Z 2, Zi}
> Include Zt- in Avail
> Go to Backtrack
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A p p e n d ix  C

Q U ADRATIC FU N C T IO N

In creating quadratic functions it is important tha t the function is different 
from a linear function th a t passes through the same extremes (see Figure C .l). 
To guarantee that, only quadratic functions with difference from the linear function 
bigger than some threshold are accepted. The threshold is given in relation to the size 
of the triangle (area in light color at figure C .l) formed by ( r min, ymin), (xmax, ymax) 
and (pc-max'. ymin)i assuming a positive slope for the linear function . The threshold 
used is 0.25. T hat means that the difference between the quadratic function and 
the linear function (dark color a t figure C .l) has to be at least 25% of the area of 
the triangle. This threshold was selected because it gives some flexibility in selecting 
functions, given tha t the maximum value for the relation between the two areas is 
0.33.

P r o o f  for m a x im u m  th re sh o ld
Theorem: Given y =  ax2 4- bx + c, a quadratic function; x  = b+v b-_.̂ a h  y \

the function to be computed; and (0 ,0 ) and (1,1) as extremes of x. the maximum 
area difference between the plot of x  and the plot of a line between (0 ,0 ) and (1,1) 
is 0.3333.

P roof:
The area under x  is:

L dy  =

—by 2 (y/b2 — 4 a c +  4 a y)3
-i i

2 a 12 a 2 a2 a
—b (\/b2 — 4 a c +  4 a )3
2~a +  12 a 2

(Vb2 —4 a  c)3 
12 a2 

(C.l)
o

The function that has the biggest difference wuth the linear function, is y = ax2, 
where b and c are zero. Substituting the values in equation C .l we have:
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Figure C .l: Linear and quadratic function with same extremes.

For y  =  ax2 the extremes (v =  0 and y =  1) correspond to x  — y j^  - 0 and 
So, the area of the triangle is:

1 (C 3)
2 2 ^

To find the relation between the quadratic function and the triangle it is neces­
sary to divide equation C .2 by equation C.3:

^  =  1 6 a  16
1 12 a 122 y/a

The difference is then 0.33.
It is straight forward to prove the same to the second root and /o r for negative 

slope of the linear function.
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Appendix D

CORRELATION PROOFS

D .l Preliminaries

D .l.l Definitions [63]

Let A and B be random variables with mean fiA and [iB respectively.

The sample variance of A  is:

iV  /  jV  '  2

,v
Var(A) =  — - £ ( . 4 f -  = i=-°- ■

71 — 1 r —f  71 (77 — 1 )i=0 '

The standard deviation of A  is:

cr(-4) =  \/V ar{A )

The covariance between A  and B  is:
N A' N

N 71 'A  A ‘B ‘ S  -4 ‘ £  B i
Cou(.4, B) =  —1 — -  £̂.4) (Bi -  fiB) = “ ° fe0

71 — 1 *— /i=o n (n  “  ^

The correlation between A  and B  is:

C ott(A. B)  =  Cau iA B)
( ' 1 < t ( A )  c r ( B )
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D .l.2 Important Properties [63]

G iven A and B random, variables and x and y scalar values.

P I:

V a r(xA  + y) = x~Var{A)

P2:

C av(A : B ) =  C ov(B , A)

P3:

Cov{xA + y ,B )  =  xC ov(A , B )

D .l.3 IBasic Theorems

In pnoving the correlation theorems we will need two more simple theorems.

B l:

Cov(A  + B ,C ) =  C ov(A , C) + C ov{B , C)

Proof:

AT N  A '

n  £ ( . 4 ,  +  £!,-)(<?,) -  +  Bi) Y ,  Ci
1 = 0 ________________________________ i= 0 __________________ 1 = 0

n (n — 1)
N  N  /  iV  N  \  iV

n J 2 { A lCi) +  n J 2 ( B lCl) — |  Ai +  ^  +Bi j C;
i = 0 ________________________ 2 = 0  \  2 = 0 _____________z= Q  /  t= Q

n (n  — 1)
AT AT N  N  tV  N

n 53 (.^c,)+ n E ( ^ c ' ) - E -4 i £ C i c >
i = 0 ________________________ 1 = 0 _________________ i = 0 _______ t = 0 ____________i = 0 ______ t = 0

n (n — 1)
N  A " jV  iV  AT V

n 53(4 ,̂-) -  53 .4,53  a  n Y m c o  -  53 s* 53 Q
1 = 0  i = 0  i = 0  i = 0  1 = 0  i = 0

C ov(A  + B ,C )  =

n (n — 1) n (n — 1)
Cov(A, C) +  C o v(B , C)
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B2:

C orr(xA . B ) =  C orr(A , B ) \/x  7  ̂0

Proof:

C orr(x  4 B) = C ov(x A ’ B '>
'  ’ '  ct(i.4) <t (B)

_  x  Cov(A, B)
y /V a r (x A ) cr(B)

x  Cov(A. B )
y /x 2V a r(A ) cr(£)

2; Co'u(*4. B)
x  y /V ar(A ) cr(B)
x  C ov(A , B)
a; a ( A ) a { B )
Cot;(.4, B)
a(A ) cr(B)

= C orr(A , B)

D.2 Correlation Theorems

Theorem 1: Given two random variables .4 and B , C  =  cr(A) B  +  a (B ) -4 has 
the property that correlation between A and C is equal to correlation between B and
C.

Proof:

^  ^  ^  C o v (A ,C ) C ov(B , C)C orr(A , C) — Corr(B , C) =  , n  ~  f r ,\
cr{A) cr(C) cryB)  c r ( G )
a(B ) Cov(A, C ) -  o-(.4) Cov{B, C) 

*{A) a (B ) a(C)
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cr(B) C ov(A , cr{B) A +  <x(A) B ) — cr(A) C ov(B , cr(B) A  +  cr(A) B )
cr(A) a {B ) cr(C')

_  cr(B) [(Cov(A , cr(B)A) -f- Cor^A, cr(A)B)] — <r(A) [C ov(B , cr(Z?)A) 4- C ov(B, a{A)B)\
cr(A)a(B)cr(C)

a(B)[cr(B)Cov(A, A) +  o’CAJC'ovCA, 5)] -  o-(A)[o-(S)Cot7(B, .4) +  a(A)Cov(B , B)\
a{A)a{B)a{C)

a (B ) [<r{B) Var(A) +  <r(A) C ovjA , B)] -  <r(A) [o~(B) C ov(A , B ) +  cr(.4) Var(B)]
a{A) cr(B) a{C )

V ar{B ) Var(A) +  p-(B) p-(A) Ctw(A, g )  -  a{B) <r(A) C ov(A, B ) -  Var{A) Var(B)
cr(A) cr(B) cr(C)

0
a(A) a (B ) a{C)

=  0

Lemma 1: Given two random variables A and B and scalar x. any D of the 
form D  =  x  cr{A) B  +  x  cr(B) A  has the same correlation with A and B as C  =  
o-(A) B  +  a(B ) A . Or C orr(A , C) =  C orr(B , C) =  Corr{A, D) =  C orr{B : D).

Proof:
Lemma 1 comes directly from B2. So.

Corr(.4, Z>) =  C orr(A , x  a(A) B  + x  a (B ) A)
= C o rr(A ,x  [a(A) B  + a(B ) A])
= C o rr (A ,x C )
=  Corr{A, C)

The same prove holds for C orr(B , D) = C orr(B , C ). and the theorem is proved.
Theorem 2: Given two random variables A and B and scalars x and y ( r / 0  

and y 7  ̂ 0), any D of the form D = x  cr(A) B  + y a (B ) .4 has a smaller or equal 
average correlation with A and B than  C  =  cr(.4) B  + cr{B) .4.

Proof:

Corr(-4, C) 4- Corr(B, C) ^  C orr(A , D) +  Corr{B. D)
9 — 2

C orr(A . C ) +  C orr(B , C ) >  Ccrrr(A, Z?) +  Corr(B, D)
Corr(A. C) +  C orr{B , C) — C orr(A , D ) — Corr(B . D) > 0
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C orr(A , C ) +  C orr(B , C) — C orr(A , B ) — C orr(B , D )
Cox(A, C) Cox(B, C) Cou(A, B ) Cox(B, B)
cr(A) O-(C) +  tr(B) o-(C) cr(A) a(D ) <r(B) a{D)
a (B ) Cov{A , C) -Fo-(A) Cou(B, C) a(B )  Cot; (A , D) + a{A) Cav{B , B ) 

“  o-(A) o-(B) a(C ) a{A) a(B ) a(D)
(7(B) <j (D) C ov(A, C) -f- cr(A) cr(D) C ov{B , C)

=  (7(A) (7(B) cr(C) (7(B)
(7(B) o-(C) Cox(A, B) +  a{A) a{C) C ov(B , D ) 

tr(A) o-(B) cr(C) o-(B) 
ct(B) o-(B) [(7(A) Cot;(A, B) +  a(B ) C ov(A , A)]

(7(A) (7(B) cr(C) (7(B)
(7(A) (7(B) [cr(A) C ov(B , B ) +  a (B )C o v(B , A)]

+  (7(A) o-(B) o-(C) cr(B)
(7(B) cr(C) [ar (7(A) C ov(A , B) -Ft/ (7(B) Cox(A, A)]

(7(A) (7(B) (7(C) (7(B) 
cr(A) cr(C) [a; cr(A) C ov(B , B) -F t/ cr(B)Cov{B , A)]

(7(A) (7(B) (7(C) (7(B)
(7(A) (7(B) cr(B) Cot;(A, B) +  cr(B) K ar(B ) F ar(A )

(7(A) (7(B) (7(C) (7(B)
(7(B) Var(A) V ar(B ) -F (7(A) o"(B) (7(B) Cot;(A. B)

+  (7(A) o-(B) o-(C) (7(B)
x o-(A) (7(B) o-(C) Cov(A, B ) -F y cr(C) V ar(B )  V'ar(A) 

o-(A) (7(B) cr(C) (7(B) 
x o-(C) Kar(A) V ar(B ) + y  a(A) (7(B) (7(C) Cot;(A, B)

(7(A) cr(B) (7(C) (7(B)
2 (7(A) o-(B) o-(B) Cov(A, B) +  2 o-(B) V'ar(A) V ar(B ) 

o-(A) a (B ) o-(C) o-(B)
(x -Ft/) o-(A) o-(B) o-(C) Cot;(A, B) -F (x -F y) <r(C) V ar(B ) Var(A)

o-(A) (7(B) (7(C) o-(B)
[2 o-(B) -  (x -F t/) (7(C)] [(7(A) o-(B) Cot;(A, B) +  V'ar(A) Var{B)\

(7(A) O-(B) O-(C) (7(B)

[2 <r(B) -  ( i  +  y) <r(C)J f f i* ]  <r(B) Cot(-4, B) +  Var(.4) Kar(B))

o-(A) (7(B) (7(C) o-(B)

_  [2 cr(B) — (x -Ft/) a(C)] [Var(A) V'ar(B) C orr(A , B ) -F Var(A) Var(B)}

_  [2 <j {D ) — (x-Ft/) o"(C)] V ar(A ) V ar(B )  [1 — C orr(A , B)]
~  o-(A) o-(B) o-(C) a (B )
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a{A) <r{B) ct(C') a{D) is always greater than  zero, unless one of the variables is 
constant. V ar(A ) V ar(B ) [1 — Corr{A, B )\ is always greater or equal zero because 
variances are always positives or zero and Corr(A, B) varies between one and minus 
one. So we only have to prove that 2 x{D ) — {x +  y) a{C ) is greater than zero to 
prove the theorem.

2 e=(D) ~ { x  + y) a{C )
=  2 y/V ar{D ) -  (x + y) y jV ar{C )
=  2 \JV a r{x  a {B ) A  A y  a{A) B ) — (x  +  y )y jV a r{a {B ) A  +  c{A) B )
=  2 \ /V a r { x  a {B ) .4) 4- Var{y cr{A) B ) +  2 C ov{x cr(B) A , y a{A) B)

- { x  + y ) y/V ar{a{B )  .4) +  V ar(a(A ) B ) + 2  C ov(a{B) .4, cr(.4) B)
=  2 \J x 2 Var{B) Var{A) + y 2 Var{A) V a r{B ) + 2 xy  cr(.4) cr(B) Cov(A. B) 

—{x + y ) \JV a r{B ) Var{A) + Var{A) V a r{B ) -1-2 cr{A) a {B ) C ov{A ,B )
=  2 +  y2) V'ar(.4) Var{B) + 2  xy  V ar{A ) V a r{B ) Corr{A , B)

—{x + y) yj'2 V ar{B ) Var{A) + 2  V ar{A ) V ar{B ) Corr{A, B)
=  \ /4  [x2 4- ?/2 +  2xy Corr(.4, B)] V ar{A ) I^ar(B )

— V/2[a;2 +  z/2 +  2a:?/] Var{B) V ar(.4) [1 4- C orr{A, B)\

Because a  and variance are always greater or equal zero we need only to prove that 
4 [x2+ y2+ 2xy Corr{A, B)\ is greater than or equal to 2[x2-f-y2+2a;^][l+Corr(-4, B)\ 
to prove that 2 a{D ) — {x + y) cr{C) is greater than  or equal to zero.

4 [x2 + y 2 +  2x y  Corr{A. B)\ — 2[x2 + y2 + 2xy] [1 + C orr{A , B)\
=  4a:2 +  4y2 + 8xy  Corr{A , B ) — 2x2 — 2y 2 — 4x y  — 2x2 Corr{A, B )

—2y2 Corr{A. B ) — 4xy Corr{A, B )
=  2x2 4- 2y 2 — 4xy  — 2x2 Corr{A. B ) — 2y 2 Corr{A. B ) + 4xy Corr{A , B)
= 2 [x2 + y 2 — 2xy] [1 -  Corr{A, B)]
=  2{x — y)2 [1 — Corr{A, B)]

1 — C orr{A , B) is always greater than or equal to zero. At the same time for 
any value of x  and y, {x — y )2 is also greater than or equal to zero. So the equation 
is always greater or equal zero and the theorem is proved.
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