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ABSTRACT

MODULI SPACES OF RATIONAL GRAPHICALLY STABLE CURVES

We use a graph to define a new stability condition for the algebraic and tropical moduli spaces
of rational curves. Tropically, we characterize when the moduli space has the structure of a bal-
anced fan by proving a combinatorial bijection between graphically stable tropical curves and
chains of flats of a graphic matroid. Algebraically, we characterize when the tropical compact-
ification of the compact moduli space agrees with the theory of geometric tropicalization. Both

characterization results occur only when the graph is complete multipartite.
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Chapter 1

Introduction

A strong trend in modern algebraic geometry is the study of moduli (parameter) spaces. Broadly,
a moduli space parameterizes geometric objects. An important and well-studied moduli space is
Mo, the moduli space of smooth rational curves with n marked points. The space M, ,, is
not compact, which is undesirable for algebraic geometers because of the many applications that
require such a condition. A ‘nice’ compactification of M, ,, brings along with it a modular inter-
pretation, that is, compact spaces containing M, ,, as a dense open subset have a boundary (equal
to the complement of M, ,,) that parameterizes n-marked algebraic curves that may not be smooth.
The most notable compactification, Mom, is due to Deligne and Mumford. The boundary of their
compactification is comprised of nodal curves with finite automorphism group called stable curves.
It is interesting to know what alternate compactifications exist and how the boundary combinatorics
differs in each case. Another important family of compactifications, /Vo,w, alters the original sta-
bility condition by assigning a weight to each marked point. The moduli space of weighted stable
curves was established by Hassett in the context of the log minimal model program.

Tropical mathematics offers tools to investigate the structure of the boundary of compact mod-
uli spaces by relating complex algebraic varieties to piecewise linear objects. A strength of tropical
geometry is that it allows us to look at a “linear” skeleton of a potentially complicated variety, re-
ducing algebro-geometric questions to those of combinatorics. For instance, the tropical moduli
space ng’,g’ is a cone complex which parameterizes leaf-labelled metric trees. The combinatorial
relation between algebraic moduli spaces and tropical moduli spaces is that the cones of /\/lgf;f are
in bijection with the boundary strata of m(],n-

In this thesis, we define a new family of stability conditions determined by the combinatorics
of a graph I, called graphic stability. I investigate how graphic stability is applied in both the
algebraic and tropical moduli spaces and how the two moduli spaces relate to each other. We begin

with the moduli space of tropical curves.



The structure of ngg’ is obtained by gluing positive orthants of R" 3 corresponding to trivalent

trees. Speyer-Sturmfels [27] give an embedding of this cone complex (in the context of phyloge-
netic trees) into a real vector space as a balanced fan where each top-dimensional cone is assigned
weight 1. In [1], Ardila-Klivans study phylogenetic trees and show that the fan structure of /\/lgf;f
has a refinement which coincides with the Bergman fan of the cycle matroid of K, ;, the complete
graph on n — 1 vertices. As a generalization of Ardila-Klivans, it is shown by Cavalieri-Hampe-
Markwig-Ranganathan in [3] that the fan associated to the moduli space of rational heavy/light
weighted stable tropical curves, Mgf;ﬁ, and the Bergman fan of a graphic matroid have the same
support.

The first chapter involving original work (Chapter 3) introduces rational graphically stable
tropical curves (Definition 3.2.1) and writes /\/lgf}? to denote the moduli space of these curves. We
define this moduli space so that if we begin with a graph that is also a reduced weight graph (Def-
inition 2.13 of [3]) we recover the corresponding weighted moduli space. We also add the extra

condition of radial alignment to Mgﬁf to define two new families of moduli spaces parameteriz-

ing rational radially aligned stable (resp. graphically stable) tropical curves denoted ./\/lgf‘q‘jl (resp.
./\/lgf‘ﬁ). Radial alignment refers to an ordered partition on the vertices of the combinatorial type of
a tropical curve which results in the Bergman fan refinement. The first main result of this paper
classifies tropical moduli spaces given by graphic stability.

trad

Theorem 3.2.15 The balanced fan underlying the tropical moduli space My is naturally identi-

fied with the Bergman fan of the cycle matroid of I if and only if I" is a complete multipartite graph.

Algebraically, we define a compactification of M, ,, using graphic stability called the moduli
space of rational graphically stable pointed curves, denoted M, . Taking the interior, Mg 1, to be
smooth ['-stable curves, this new moduli space has many characteristics that we would expect from

a modular compactification M, ,,, namely its boundary is a divisor with simple normal crossings.



I am also able to build an embedding of M, into a torus using the Pliicker embedding of the
Grassmannian.

For a smooth subvariety of a torus with a simple normal crossings compactification, the theory
of geometric tropicalization relates the combinatorics of the boundary to a balanced fan in a real
vector space. Using this theory we show that the tropicalization of MOI is identified with a pro-

trop

jection of the tropical moduli space M, and therefore the Bergman fan B'(T").

Proposition 4.2.8 The geometric tropicalization of M - using the embedding in Lemma 4.2.6 is

trop(Mor) = pr(Mg, ) = B'(T).

However, the tropicalization doesn’t necessarily line up with the tropical moduli space ./\/ltrop
The obstruction is a lack of injectivity in the tropicalization map (this is mimicked in the combi-
natorial case in Chapter 3). Specifically, the divisorial valuation map 7 : A(OMo ) — Ng may
not be injective and this fact is highlighted in Equation (4.5). The main results of this work is
a classification result stating exactly when the tropical compactification of M, agrees with the

theory of geometric tropicalization for rational graphically stable curves.

Theorem 4.2.14 The cone complex /\/ltmp is embedded as a balanced fan in a real vector space by

7 if and only if I" is a complete multipartite graph. For such I', there is a torus embedding

whose tropicalization trop(M ) has underlying cone complex ./\/ltrOp Furthermore, the tropical

compactification of Mo is My, i.e, the closure of M in the toric variety X (./\/lm’P) is Mo .

The motivation for this paper comes from the theory of tropical compactifications, geometric

tropicalization, and log geometry. From work of Tevelev [28] and Gibney-Maclagan [10] it has



been shown that there is an embedding of M, into the torus of a toric variety X (X) where the
tropicalization of M, ,, is a balanced fan ¥ = Mgi‘;. This embedding is special in the sense
that the closure of M, in X (X) is Moﬁn. Cavalieri et al. [3] show a similar embedding can be
constructed for weighted moduli spaces when the weights are heavy/light. In [24], Ranganathan-
(Santos-Parker)-Wise describe radial alignments of genus 1 tropical curves and show how this
extra data can be used for desingularization. The subdivision given by radial alignments has been
studied before in [1] and [7] but we use a rephrasing in order to relate it to log geometry and the
results of Ranganathan et al. In the future, we plan on proving a tropicalization statement for M 1
when I' is a general graph using log geometry and radial alignment.

The dissertation is organized as follows. Chapter 2 walks through the basic material needed for
this manuscript. This chapter is separated into two sections: the first introduces the combinatorial
theory while the second introduces algebraic and tropical moduli spaces. Section 2.1 begins by ax-
iomatically defining a matroid and discussing common terminology. Given a matroid, we define the
Bergman fan as a polyhedral cone complex that coincides with the order complex of the lattice of
flats of the matroid. This cone complex is a balanced fan which lives in a real vector space. Finally,
we restrict our attention to the cycle matroid and discuss relevant graph theory. In Section 2.2, we
introduce the moduli space of smooth rational pointed curves. We define the Deligne-Mumford
compactification by introducing stable pointed curves. Next we introduce tropical moduli spaces
independently from their algebraic counterpart as cone complexes parameterizing metric trees.

Chapter 3 deals heavily in combinatorics. In Section 3.1, we describe how the support of ngf
coincides with the Bergman fan of the complete graph on n — 1 vertices. To obtain this subdivision
solely in terms of tropical curves, we define radial alignment for a tropical curve by imposing a
weak ordering on the vertices of the curve by their distance from the root vertex. We also provide a
several of original examples to build intuition for these tropical moduli spaces. Section 3.2 contains
original work motivated by [3]. First, we define a new tropical moduli space using graphic stability.

trad

We also investigate the projections of M’ and B'(K,,_1) given by forgetting the coordinates of

rays corresponding unstable curves and show that the fans coincide with B'(I"). We also relate



these projections to the work of Shaw [25]. Later, we investigate an obstruction that stops Mgf‘f‘

from being embedded as a balanced fan. Finally, we prove our main result that states ./\/lgf‘lii is equal
to 5/(I") as balanced fans when I is a complete multipartite graph.

Chapter 4 delves into the notions of tropical compactification and geometric tropicalization.
Section 4.1 briefly introduces the concept of geometric tropicalization in the general sense before
diving into the specifics for M, ,,. Notably, we describe a torus embedding of M, ,, via the Pliicker
map and describe a tropicalization map using divisorial valuations. Section 4.2 relies heavily on the
foundations built in the previous section. Subsection 4.1 contains the proof that HOI is not only
a modular compactification of M ,, but indeed a simple normal crossings compactification of the
locus of smooth I'-stable curves , M r. To invoke geometric tropicalization, we also need a torus
embedding M, r. Subsection 4.2 begins by identifying the interior of the moduli space with the
quotient of an open set of the Grassmannian and thus creating the necessary torus embedding. We
notice that the divisorial valuation map, which furnishes the combinatorics of the boundary with a
fan structure, does not have the desired underlying cone complex, ./\/lgﬁf. Indeed, we achieve this
compatibility only when I' is complete multipartite. After the main theorem, we end this section

with an example where the graph is not complete multipartite. In this case, the toric variety does

not have enough boundary strata to contain the modular compactification.



Chapter 2

Preliminaries

2.1 Combinatorial Theory

In this section we begin with a introduction to matroid theory. Next, we define the Bergman
fan of a generic matroid using its lattice of flats. Then, we narrow our focus to the main family
of matroids we work with in this paper, the cycle matroid. The end of this section includes a key
example (Example 2.1.4) and a lemma that gives an alternate description of complete multipartite

graphs (Lemma 2.1.6). This example and lemma are referenced many times throughout this thesis.

2.1.1 Matroid Theory

The concept of a matroid was independently developed in 1930’s by Whitney [34], van der
Waerden [32], and Nakasawa [21]. Whitney’s original paper looked at the similarities between
linear independence and graph theoretic independence. Similarly, van der Waerden was also inter-
ested in generalizing the notion of independence by comparing linear independence and algebraic
independence.

Over the next 30 years the following key results arose. In the 30’s Birkhoff made the connection
that one of the rank axioms ((R3’) specifically) is the semimodular condition for lattices [2] and
Mac Lane wrote an article on the relations to projective geometry [20]. The 1940’s saw expansions
by Rado with work on transversality [22] and infinite matroids [23] and Dilworth who wrote more
on lattice theory [6]. It wasn’t until the late 50’s/early 60’s when matroid theory took off. Much of
this due to the results of Rado, Tutte, Edmonds, and Lehman. Highlighting some results of Tutte
are the categorization of binary and regular [29], and graphic [30] matroids.

Since that time matroids have been a target study for linear algebra, graph theory, optimiza-

tion, block designs, combinatorial algebraic geometry and more. We begin as Whitney did, the



axiomatic definition in terms of independence.

A matroid is a tuple M = (FE,I) where F is a finite set (called the ground set) and I is a

collection of subsets of E such that (I1)—(I3) are satisfied.

Iy fer
I2) f X e€elandY C X, thenY € [

(I3) If U,V € I with |U| = |V| + 1, then there exists x € U \ V suchthat V Uz € [.

The elements of [ are called independent sets and thusly call (I1), (I2), and (I3) the independence
axioms. If a subset of E is not independent, then we call it dependent. More commonly (I3) is
known as the exchange property. Other resources tend to restrict the definition of a matroid to just
the latter two properties.

Let M = (E,I) be amatroid. A base B of M is a maximal independent subset of E. A circuit
C of M is a minimal dependent set. Minimal and maximal refer to the size of the circuit or base.

Denote 2% as the power set of E. The rank function of a matroid is rk : 2¥ — Z defined by

tk(A) = max(|X|: X C A, X € I).

In the case where A € I, then tk(A) = |A|.
We are also interested in the notion of a flat or subspace. A subset /' C FE is a flat (also called

a subspace or closed) of M(T") if forallx € E'\ F,

tk(FUz) =rk(F) + 1.

In other words, F'is a flat if there are no elements that can be added to F' without increasing the
rank of F. Define the closure operator to be a function cl : 2¥ — 2F such that cl(A) is the set of

elements that satisfy the following property: If x € £ and A C F, then k(A U x) = tk(A). It



turns out that cl(A) is the smallest flat containing A. Ordered by rank we may associate a partially
ordered set (poset) to the flats of a matroid. This poset forms a lattice called the lattice of flats.
Next, we give some equivalent axiomatic definitions of a matroid as presented by Welsh [33], the

first comprehensive book on matroid theory.

Base Axiom: A non-empty collection 2 of subsets of F is the set of bases of a matroid on F iff it

satisfies the following condition:
(B1) For By, By € % and for x € By \ Bs, there exists y € By \ B; such that (B; Uy) \ z € A.

Rank Axioms 1: A function rk : 2 — 7 is the rank function of a matroid E if and only if for

X CE,andy,z € E:
(R1) tk(f) = 0;

(R2) rk(X) < k(X Uy) < rk(X) +1;

(R3) if k(X Uy) = rk(X U 2) = rtk(X) then tk(X Uy U z) = rk(X).

Rank Axioms 2: A function rk : 2¥ — Z is the rank function of a matroid E if and only if for any

subsets X, Y of E:

(RY) 0 <rk(X) < |X|;

(R2) X CY = rk(X) <rk(Y);

(R3) tk(X UY) + k(X NY) < tk(X) + rk(Y).

Closure Axioms: A function cl : 2¥ — 2% is the closure operator of a matroid on F if and only if

for XY C Fandx,y € E:
(S1) X Ccl(X)

(S2) Y C X = cl(Y) C cl(X)



(S3) cl(X) = cl(cl(X))
(S4) ify & cl(X)buty € cl(X Ux), then z € cl(X Uy).

Circuit Axioms: A collection € of subsets of £ is the set of circuits of a matroid on £ if and only

if the following conditions are satisfied:

(C) IfX #Y €%, then X Z Y.

(C2) If C1, Cy are distinct members of € and z € C7 N C5 then there exists C3 € % such that

03 Q (01 UCQ)\Z.

2.1.2 The Bergman Fan

Given any matroid M with ground set £ we define the Bergman fan which is a polyhedral fan
B(M) C RI®I, The Bergman fan definition we use is a non-conventional one given to us by Ardila
and Klivans [1]. They show that B()) is a polyhedral cone complex that coincides with the order
complex of the lattice of flats of M. An order complex of a poset P is defined to be the simplicial
complex whose vertices are the elements of P and whose faces are chains of elements of P. Define

pPr = —XecrUe, Where v, 1s a standard basis vector of R!Zl. Given a chain of flats (COF) F in M

@gFlg"'gFrgFr+1:Ea

we let C'z be the cone in RI®! spanned by the rays pp,, ..., pr. .., with lineality space spanned by
PE-
Remark 2.1.1. Any Bergman fan contains the vector (1, 1, ..., 1) as aray. So rather than studying

B(M) we quotient out the lineality space L, spanned by the vector (1,1,...,1), to get



Thus we identify a COF F by its nontrivial flats Fi, ..., F,. and denote r to be its length. Note
that a COF of length 7 corresponds to a cone of dimension r in the Bergman fan. We call this

polyhedral structure the chains-of-flats subdivision of B’'(M ), also known as the fine subdivision.

Example (simple non-graphic matroid) small uniform matroid, 3 lines through origin,

2.1.3 The Cycle Matroid

Now we introduce the matroid associated to a finite simple connected graph I' = (V, E') where
V' is the ordered vertex set and £ = E/(I") is the edge set. We define e;; € E to be an edge between
vertices v; and v;. A graph is complete if each pair of distinct vertices has an edge between them.
The complete graph on n vertices is denoted [,. A clique is a subgraph that is complete, denoted
Kg, where S is the set of vertices with edges between them. A disjoint union of complete graphs
is called a cluster graph.

Often called the cycle matroid, this matroid is given by M(I') = (E(I"), 1) where [ is the
collection of all forests of I'. A circuit is a path in which the initial and terminal vertices are the
same and no other vertices repeat. The rank of a set of edges F’ is the number of edges in a
spanning forest of I'g, the subgraph induced by E’. Alternatively, the rank of a subgraph G C I"
may be computed by n — k where n is the number of non-isolated vertices in G and k is the
connected components of among non-isolated vertices of G. An isolated vertex is a vertex that is
not a part of an edge.

We restrict our attention to I' = K, to examine flats. A flar of M (K,,) is a cluster graph,
Hle Kj;. For a subgraph G of K,, whose connected components are given by vertex sets
Vi,...,Vk. Then the closure of G is the flat cl(G) = ]_[5:1 Ky,. Closure of a graph can be

seen as completing each connected component. See Figure 2.1 for the lattice of flats for M (K}).

Example 2.1.2. The Bergman fan of the cycle matroid associated to the complete graph on 4

vertices, B'(K}), is the refinement of the cone over the Peterson graph where 3 2D cones are

10



Figure 2.1: Lattice of flats of M (K4)

subdivided; see Figure 2.2b. Label the lattice of flats of /K, in the following way:

Rank 1: Fy = {eas}, Fo = {ewu}, F3 = {es}, Fi={ess}, F5 = {ess}, Fs = {eas}
Rank 2 connected : F7 = {6237 €24, 634}, Fg = {623, €35, 625}, Fg = {634, €35, 645},
Fio = {ea4, €15, €25}

Rank 2 disconnected . Fn = {623, 645}, F12 = {624, 635}, F13 = {625, 634}.

See Figure 2.3 for a visual representation of the flats F}, F7, and F;.

One natural operation on a graph is to delete edges. The cycle matroid respects this operation in
the sense that a subgraph induces a submatroid, called the restriction matroid. Rather than deleting

edges, we may think of restricting the edge set to a subset of edges.

Lemma 2.1.3. (Theorem 1 from [33], Chapter 4.2) Let GG be a subgraph of K, and denote M (K,) =
(E,I). Let I|G = {X|X C E(G) and X € I} be the restriction of forests of K, to the edge set
of G. Then I|G is the set of independent sets of M (G).

Next we write some notation and a technical lemma used for Proposition 3.2.12. The proof is

purely graph theoretic so we prove it here.

11



(b) A slice of the Bergman fan B'(K,) with rays la-
beled by their corresponding flats.

Figure 2.2
€23 e S X
4 : Q/‘
@ ©
(a) Flat I (b) Flat F~ (c) Flat Fy,

Figure 2.3: Some flats of K4

The forests of GG can be obtained by intersecting a forest of I' with G. Denote the closure

operators for M (K,,) and M (G) as clg,, and clg, respectively. They are related by

clg(A) =clg, (A) NG. (2.1)

Unlike the closure operator, there is no ambiguity between the rank functions on M (G) and

M (K,) so we will denote both as rk(A).

12



Example 2.1.4. Suppose the graph I is obtained by removing the edges e35 and ey5 from Ky, as
labeled in Figure 2.2a. Analyzing its lattice of flats, we see that we obtain a sublattice of the lattice
of flats of M (K,), see Figure 2.4b. The graph from this example will play a key role in the main

results of this paper and we will refer back to it many times.

€25
€24 €23
4 3
€34
(a) The graph I in Example 2.1.4 (b) Lattice of flats of M (T)

Figure 2.4

Lemma 2.1.5. Let I" be a simple graph, not necessarily connected, and let G be a subgraph of I'.

Then rk(I") = rk(G) if and only if G and I" share a common spanning forest.

Proof. The backwards direction follows from the definition of rank so let us assume that G and I’
have the same rank. Let 7" be a spanning forest of GG. Then there exists 7" a spanning forest of I"
such that 7'N G = T". By assumption we know that rk(7") = rk(7"”) and therefore they have the

same number of edges. Since 7" is a subgraph of T, they must be the equal. [

Here we define the complete multipartite graph and discuss some facts about it. A multipartite
graph (or k-partite graph) is a graph on n = Zle n; vertices, partitioned into £ sets (called in-
dependent sets) such that no two vertices from the same set are adjacent. A complete multipartite
graph is a multipartite graph such that every pair of vertices in different sets are adjacent, such

a graph is denoted K, ., . Alternatively, we may obtain a complete multipartite graph by re-

-----

moving the disjoint cliques on vertices given by the independent sets. Thus the complement of a

13



complete multipartite graph is a cluster graph.

The following lemma describes the key characterization of a complete multipartite graph that

many of our results rely on.

Lemma 2.1.6. Let G be a graph. The following are equivalent:
1. G is a complete multipartite graph.
2. If e;; is an edge of G, then for any vertex vy, either e;;, or e;y, is an edge of G.
3. There do not exist 3 vertices whose induced subgraph has exactly 1 edge.

Proof. The complement of a complete multipartite graph is a cluster graph. A graph is a clus-
ter graph if and only if it has no three-vertex induced path. This property is complementary to

condition 2 and 3. O]

Example 2.1.7. The graph I from Example 2.1.4 is not complete multipartite as it contains the

edge e34 but not eg5 nor eys.

Notation 2.1.8. For the rest of the paper we write I' to represent the graph and the cycle matroid

of I" and use | E(T")| for the number of edges in I'.

2.2 Moduli Spaces

This document focuses on moduli spaces of rational pointed curves. For a more in-depth treat-
ment of these moduli spaces and moduli space in a broader sense see [18] and [13]. This section
introduces both the algebraic and tropical moduli space of rational curves and describes their struc-

tures.

2.2.1 Algebraic Moduli Spaces

The moduli space M ,, parameterizes isomorphism classes of smooth, genus 0 curves with n

marked points. A point of M, ,, is an isomorphism class of n ordered, distinct marked points on

14



P! which we denote (py,...,p,). Two points (P*,py,...,p,), P q1,...,q.) € My, are equal
if there is ® € Aut(P') such that ®(p;) = (g¢;), for all 7. Using cross ratios, we may assign any
n-tuple (p1,...,pn) to (0,1,00, Pcr(ps),- -, Por(pn)) where ®cp is the unique automorphism
of P! sending p,, ps, and ps3 to 0, 1, and oo. The first two nontrivial cases occur when n = 3 and
n = 4. As varieties, M 3 is a point, as we send (p1, p2, p3) to (0,1, 00) and Mg, = P\ {0,1, 00}
because the fourth point is free to vary as long as it doesn’t coincide with the other 3 markings. In
general, this shows that M, ,, is an n — 3 dimensional space and

n—3 times
o\

Mo, = 3\40,4 X -+ X My, \{all diagonals}.

From the n = 4 example, we can see that M, is not compact in general. The most notable
compactification, Mom, is due to Deligne and Mumford which allows nodal curves with finite

automorphism group; such curves are called stable curves [5], [17].

Definition 2.2.1. A rational marked curve (C, p1, ..., p,) is stable if
e (is a connected curve of arithmetic genus 0, whose only singularities are nodes
e (p1,...,py) are distinct points of C'\ Sing(C')
e The only automorphisms of C' that preserve the marked points is the identity.

These nodal curves arise as the limit of a family of a smooth curve where a number of points
come together, e.g., p; — po. In Figure 2.5, we see an example of a nodal curve in M, 4 where the
marked points p3, and p, have come together. This curve also arises if p; and p, come together. The
dual graph or combinatorial type of a stable curve in Mgm, is defined by assigning a vertex to each
component, an edge to each node, and a half-edge to each marked point, as shown in Figure 2.5.

An alternative definition of stability can be posed in terms of dual graphs.

Definition 2.2.2. A rational marked curve (C, p1, ..., p,) is stable if it’s dual graph is a tree where

each vertex has valence greater than 2.
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D1 : :ps
P2 P4
Figure 2.5: A marked algebraic curve and it’s dual graph

We define the boundary of My, to be OMy, = My, \ My, and consists of all points
corresponding to nodal stable curves. We call the closure of a codimension 1 strata a boundary
divisor. The boundary is stratified by nodal curves of a given topological type with an assignment
of marks to each component. In other words, 0m0,n is stratified by dual graphs of stable nodal
pointed curves.

When n = 4, 9M4 consists of 3 points corresponding to nodal curves where points p; and
P2, p1 and ps, and p; and p, have come together, respectively. The boundary of Mgg) consists of 2

types of boundary strata, as shown in Figure 2.6.

P1 Y2}
pa—

2 Ps

0 D2 Ps

Figure 2.6: Topological types of all boundary strata in .M 5 and their dual graphs.

2.2.2 Tropical Moduli Spaces

Consider the space of genus 0, n-marked abstract tropical curves ng;f. Points of C € /\/lgf),f

are in bijection with metrized trees with bounded edges having finite length and n unbounded

labeled edges called ends. By forgetting the lengths of the bounded edges of C we get a tree with
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labeled ends called the combinatorial type of C. The space ng;f naturally has the structure of a

cone complex obtained by gluing several copies of Rgﬁ*’ via appropriate face morphisms, one for
each trivalent combinatorial type.

The space ng’,ﬁ’ may be embedded into a real vector space as a balanced, weighted, pure-
dimensional polyhedral fan as in [9]. A weighted fan (X, w) is a fan X in R™ where each cone o
has a positive integer weight associated to it, denoted w(o). A weighted fan is balanced if for all
cones 7 of codimension one, the weighted sum of primitive normal vectors of the top-dimensional

cones o; O 71is 0, i.e.,

> w(0i) gy =0 V)V,

00T
where u,, /- is the primitive normal vector, V' is the ambient real vector space, and V- is the smallest
vector space containing the cone 7. See [9, Construction 2.3] for a construction of the primitive
normal vector.
For a curve C, define dist(, j) as the sum of lengths of all bounded edges between the ends

marked by 7 and j. Then the vector
d(C) = (dist(i, ))ic; € RE)/B(R") = Qo

identifies C uniquely, where ¢ : R" — R(:) by z — (x; + 2;)i<j.
The combinatorial type of an abstract n-marked tropical curve C with one bounded edge splits
the set of ends [n] into / LI /¢ where we adopt the convention that 1 € I°. We denote the ray

corresponding to C by d(C) = p; = pye. In [16], Kerber and Markwig prove the following relation

Y ps=0€Qn (2.2)

Sevy

where Vi = {I | 1 &€ I,|I| = 2}. They also show that for I C [n]\ {1}

3" ps = pr + ®(x) € RG) (2.3)

se()
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where (g) is the set of all size-2 subsets of a set / and x € R™.

Remark 2.2.3. Equation (2.2) means that any set of (”51) — 1 of combinatorial types of curves
with one bounded edge and a trivalent vertex not containing the end 1 corresponds to a basis of
(2,,- Equation (2.3) gives us the unique way to write any ray of (J,, as a linear combination of our

basis.

A combinatorial type of a tropical curve C with d bounded edges has d splits, I, ..., I;, where
a split I; is defined by the combinatorial type one obtains by contracting all but the jth bounded

edge of C. The cone corresponding to the combinatorial type of C is the span of rays py,, ..., pr,.
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Chapter 3

Tropical Moduli Spaces of Graphically Stable Curves

3.1 Radially aligned tropical curves

This section defines the radially aligned tropical curve and discusses how the moduli space
parameterizing them relates to the Bergman fan of K, _;. It is shown in [1, Section 4] and [8,
Example 7.2] that the supports of ./\/lgf)}f and B'(K,_1) coincide. Ardila-Klivans and separately
Feichtner in [7, Remark 3.4] describe that B'(K,,_;) is a refinement of ng;f. We can define the
Bergman fan refinement solely in terms of tropical curves.

Define the root vertex of a tropical curve C to be the vertex containing the end with marking 1,
and we denote it V. Given a labeling of the non-root vertices of C, Vi, ..., V,, we define /; to be

the distance from the root vertex to V;. We set {5 = 0.

Definition 3.1.1. A radially aligned tropical curve C is a tropical curve with the additional data of
a weak ordering on the vertices given by {¢;}%_. Define ./\/lf)rf‘fll as the parameter space of genus 0,
n-marked radially aligned abstract tropical curves. Similar to before, we get the radially aligned

combinatorial type by forgetting the lengths but keeping the weak ordering on the vertices.

Remark 3.1.2. A weak ordering of a set can be viewed as an ordered partition. Meaning a partition
of the vertices into disjoint subsets together with a total ordering on the subsets. Thus the number of
cones of /\/lgf;‘f can be counted using ordered Bell numbers or Fubini numbers, this fact highlighted

in Example 3.1.4.

Although the supports of M and M2 are the same, M2 is a refinement of MY, called
the radially aligned subdivision. The next two examples illustrate particular 3-dimensional cones

of ngjf that become subdivided in the radially aligned subdivision.

Example 3.1.3. Consider the combinatorial type C € Mg¢ with splits [; = {2,3}, I, =

{4,5,6}, I3 = {5,6}; see Figure 3.1a. In Mg%p, the combinatorial type of such a curve cor-
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responds to a single 3-dimensional cone with faces consisting of three 2-dimensional cones, and
three rays. The 2-dimensional faces correspond to the combinatorial types obtained by shrinking
the length of a bounded edge to 0. The rays correspond to contracting 2 bounded edges. In ./\/lgfgj,
the radially aligned subdivision yields three distinct isomorphism classes, i.e., three 3-dimensional
cones. By contracting the various bounded edges, there are seven 2-dimensional cones and five

rays; see Figure 3.1b. The weak orderings are compiled in the 15 strings of inequalities listed

below:

0=10) <ty <ty
0=10) <ty =13 0<ly <ly=13
0<ly =14y =13 0<ly=13<¥ 0< ) <ty <ty
0=14ty =1tz < ¥ 0=10y < l3< ¥y 0<ly <ty <ty
0=14y <ty =13 0=10y <ty <y 0< ity <ty <t
0=ty =1 < Vl3 0<ly=10) <y

0<ly <ty =15

The number of strict inequalities is the same as the dimension of the corresponding cone, i.e.,

the columns, from left to right, correspond to rays, 2D cones, and 3D cones.

Example 3.1.4. Now consider the combinatorial type of a curve C € /\/lgf’%’ with splits [, =

{2,3}, I, = {4,5}, Iy = {6,7}; see Figure 3.2a. Similar to Example 3.1.3, in Mg, this
combinatorial type corresponds to a single 3-dimensional cone with faces consisting of three 2-
dimensional cones, and three rays. The radially aligned subdivision yields six 3-dimensional cones,
twelve 2-dimensional cones, and seven rays; see Figure 3.2b. If we also consider the O-dimensional
cone which is the intersection of all of these cones there are 26 in total. We may also obtain 26
by doubling the ordered Bell number on a set of three elements. The factor of 2 is due to having a

distinguished least element of ¢, = 0.
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1 4
N, G L b -t 0
3 U1 (%) (%) U3 6

(a) Tropical curve of Mgog with splits [; = (b) A slice of the cone of M‘Orf‘g. Rays are

(2,3}, I = {4,5,6}, Is = {5,6} labeled by letters A-E, 2D cones are la-
beled by numbers 1-7, and 3D cones are
labeled by numerals I, II, and III.

Figure 3.1
*
6
7
(a) A tropical curve of Mg?? (b) A slice of the cone of M
with splits 1 = {2,3}, I, =
{4’ 5}a I3 = {67 7}
Figure 3.2

Lemma 3.1.5. The polyhedral cone complexes M and B'(K,—1) are equal. In particular, there

is a bijection W between chains of flats of K,,_; and radially aligned combinatorial types of ./\/lgf‘;g.

Rather than presenting a tedious combinatorial proof of this lemma, we illustrate in an example

the strategy that is used to construct the necessary explicit bijection.

Example 3.1.6. The radially aligned tropical curve in Mgf’gl, as pictured in Figure 3.3, corresponds

to the following chain of flats of length 3, F

Kusy UK C Kusen UKz CKusery U Kpo3sy
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Starting with tropical curve, we recover the chain of flats by shrinking a circle centered at the
root vertex and recording a new flat each time the circle passes over a vertex of the tropical curve.
Starting with a chain of flats, we recover a tropical curve by examining the chain of flats in
the descending direction. Each time a label disappears or a flat splits up, we add structure to
the tropical curve. For instance, having two components in the 3rd flat means that there are two

bounded edges coming out of the root vertex.

Figure 3.3: A tropical curve in Mg

Remark 3.1.7. Using the bijection from Lemma 3.1.5 we get an isomorphism of vector spaces,

also denoted by W,

M = B(K, )

[ » |

Qn % RIEEn-1)l /],
which respects the cone complex structures of Mgf‘,? and B'(K,_1). Therefore we may write
M = B'(K,_1) as polyhedral fans.
Example 3.1.8. The Bergman fan B'(K}) is a refinement of the cone complex of MY, Label the
flats of B'(K) as in Example 2.1.2. Consider the top-dimensional cone ¢ in /\/lg%p corresponding
to a combinatorial type that has a root vertex V), with two bounded edges and adjacent vertices V,
and V, with ends marked by I; = {2,3} and I, = {4,5}. An abstract tropical curve C with this
combinatorial type has edge lengths ¢, {5 € R™; see Figure 3.4.

In B'(K,), and therefore MG, we see that this cone is subdivided into oy = cone(pg,, pr, )

and oy = cone(pp, , pry ) With their intersection being a ray p = pp,,. The ray p corresponds to C
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where (; = (5 and o; is the cone corresponding to the abstract tropical curve C where ¢; > (;.

1

2 > ‘ l €2 < 4
U v v:
3 1 0 2 5

Figure 3.4: A tropical curve of Mg'¥ with splits /; = {2,3} and I, = {4,5}.

3.2 Moduli spaces of rational graphically stable tropical curves

as Bergman fans

The main point of section 3.2.1 is to define I'-stability and set up Theorem 3.2.15. We note
that Lemma 3.2.7 and Lemma 3.2.8 are corollaries of Shaw’s Proposition 2.22 in [25] but they are

useful in building up the context in this paper.

3.2.1 The image of M{2! equals 5'(I")
As a generalization of [3] we define the space of graphically stable tropical curves and investi-
gate its ability to be embedded as a balanced fan. In particular, we explore the relationship between

MS}P, Mgﬁg, and B'(T"). Let I be a simple connected graph whose nodes are in bijection with ends

2,...,nof C.

Definition 3.2.1. A stable tropical curve C with n ends is I'-stable, if at each non-root vertex with
exactly 1 bounded edge there exists an edge e;; € E(I') where ¢ and j are ends adjacent to the
vertex.
Define /\/lgf’ll’ to be the parameter space of all rational n-marked I'-stable abstract tropical
trad

curves. Similarly, we define MG to be the parameter space of rational n-marked I'-stable ra-

dially aligned abstract tropical curves.

These spaces are well-defined as cone complexes but not necessarily as balanced fans.
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Definition 3.2.2. We define the contraction morphism
et ME® s MEE 3.1)

which successively contracts bounded edges adjacent to ['-unstable vertices.

Example 3.2.3. Let I' be a path of length 2. Then ./\/lgf}? is exactly the tropical moduli space of
weighted stable tropical curves Mgiﬁ with weight data A = (1,1,1/2,1/2). The fan associated
to this moduli space sits in R and contains a node at the origin and two rays pointing in opposite

directions.

The previous example shows that the set of moduli spaces of weighted stable tropical curves
and the set of moduli spaces of I'-stable tropical curves have an intersection. The next two exam-
ples show that neither is contained in the other.

Example 3.2.4. Let I" be the complete bipartite graph obtained from K, by removing the edges
eo5 and egy. In this case, Mg}p is not isomorphic to a tropical moduli space with weighted points.

If this graph could be described using a weight vector, without loss of generality, we can suppose

that we < ws and w3 < wy. But then wy + w3 < 1 50 ey3 should also be removed from the graph.

Example 3.2.5. Consider the weight data A = (1,1,1/2,1/2,1/2). A likely choice of a corre-
sponding graph would be the graph I" obtained by removing the set of edges {es4, €35, €45} from
K,. However, that graph corresponds to the weight data A" = (1, 1,¢, ¢, ). We can see the differ-
ence by looking at the combinatorial type of a curve with split I = {3,4,5}. It is .A-stable but not

I'-stable nor A’-stable.

To relate the theory of Bergman fans to these new graphically stable moduli spaces we need to

understand what I'-stability means in terms of chain of flats of K, ;.
Definition 3.2.6. A flat F' of K,,_; is I'-stable if the combinatorial type Cr is I'-stable.
Recall that a flat of I' can be thought of as a flat of K,,_; restricted to the edge set of I, i.e.,

a flat of ' is F' N I" where F' is a flat of K,,_;. Consider a ray p with splits [y,...,[; and its
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corresponding cluster graph F, = ]_[?:1 Kip;. Then p is I'-unstable if and only if there exists /;
such that K;, N I" has no edges. In this matroidal notion, I'-stability can be thought of as deletion

of cliques of K, .

Now consider the map
pryp R|E(Kn—1)|/L SN (R\E(KnA)I/L)/S (3.2)

where L is the lineality space spanned by the vector (1,1,...,1) and S = span{v, | e € I'} is the
span of basis vectors corresponding to edges not in I'. Note that prp is the natural projection map
that forgets the coordinates corresponding to edges that are notin I'.

Simultaneously, define
prr i Qn — Qn/U (3.3)

where U is the linear span of I'-unstable rays of /\/lgf;f. As described in Remark 2.2.3, we associate
to a basis of (), a set of combinatorial types of curves with splits I of size 2. A split of size 2
corresponds to an edge of I'. Thus U is generated by combinatorial types of curves corresponding

to the edges removed from I'.

Lemma 3.2.7. The fans prj(B'(K,—1)), prp (M), and pri.(Mgr) have the same support. Fur-

thermore prp.(B'(K,—1)) = prp (M) as fans.

Proof. 1t is clear from the discussion leading up to this lemma that the diagram in Figure 3.5
is commutative, and since W respects the fan structures, we obtain an isomorphism ¥’ that also

respects the fan structures. [

Note that the support of 3'(T") is a subset of RIZ(l /L, where L is the lineality space spanned by
the all ones vector. It is a straightforward computation to see that the dimension of (RIZ(%»-1l /1) /S

is the same as the dimension of RI®(VI /[, There is a natural isomorphism between these two
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R

Q, ——— R‘E(anl)‘/L

lﬁrr [J lprr

Qu/U — RIFUOI/L)S

S

Figure 3.5: Diagram for Proposition 3.2.7

spaces given by underlying matroidal structure. In other words, the standard basis vectors of each
space are given by edges in their respective graphs, and the vectors in S correspond to precisely

the edges notin I'.
Lemma 3.2.8. Let I be a connected graph on n — 1 vertices. Then pr.(MG5) = B'(T).

Proof. Corollary [25, Proposition 2.22]. [

3.2.2 B/(T') equals /\/lgfild for I' complete multipartite

In general, the cone complex structures of M3 and B'(I') do not coincide. Both MgF and

./\/lgflfJl are well-defined as cone complexes but may not be able to be embedded into @,,/U as
balanced fans. Geometrically, the obstruction is that these fans may contain cones which are
adjacent to only 1 maximal cell, and thus cannot be balanced.

To investigate the relationship between M{¢ and B'(T), consider the locus in M{% of I'-stable
curves given by the section ¢, the natural inclusion map. We define U = pr o (¥ o ¢) as the map

of cone complexes in the following diagram.

Mg;d?g +} B/(Kn71>
o . pIp
MG ===y B(T)

The map Wr induces a map (denoted by the same name) between I'-stable radially aligned

combinatorial types and chains of flats of I'. Note that W o ¢ induces a bijection between the set
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['-stable radially aligned combinatorial types and I'-stable flats of K,,_;. Hence statements about
W are equivalent to statements about pry. restricted to I'-stable flats.

By showing Wr is a bijective map between the set of I'-stable radially aligned combinatorial
types and the set of chains of flats of I', we obtain an induced bijection of the fans M} and B'(I").
The next lemma shows that surjectivity of this map follows from the fact that flats of I' are flats of

K, restricted to the edge set of I'.
Lemma 3.2.9. The map VU is surjective.

Proof. Consider the chain of flats F of I" given by F; C --- C F, where F; has k; connected
components. Write the vertex set of each connected component of F; as [; Construct the chain of

flats G of K,,_ as

k1 Ky
g HK[JI - CHK}T
7=1 7j=1
Then we have er(g) = JF, and thus Wr is surjective. U]

An interesting aspect of the map Wr is that it is not always injective. The obstruction is high-

lighted in the following example.

Example 3.2.10. Let [ be the subgraph of K, with edges e35 and e45 removed as in Example 2.1.4;
see Figure 2.4a. In Mgﬁf, there are now 8 combinatorial types with 1 bounded edge and 9 combina-
torial types with 2 bounded edges that are I'-stable. This means that Mg}p, as a cone complex, has
8 rays and 9 2-dimensional cones and ./\/lgiél has 9 rays and 10 2-dimensional cones, as described
in Example 3.1.8.

It is important to note that as cone complexes B’ (f) is not equal to Mg}? nor Mg}@; see Fig-
ures 3.6a and 3.6b. The obstruction lies in the ray p = py3 4 53 and the cone o = cone(p(3.4,5}, P{3,4})-
Let C, and C, be their corresponding combinatorial types. Geometrically, p is adjacent to only 1

graphically stable maximal cell, meaning there is no way to embed p and ¢ into a vector space as

a balanced fan.
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Write the lattice of flats of I with the same labels as in Example 3.1.8:

Rank 1: Fy = {eas}, Fo = {ewu}, F3={ess}, Fo = {ex}
Rank 2 CODHCCth . F7 = {623, €24, 634}, Fg = {623, 625}, F10 = {6247 625}

Rank 2 disconnected : Fi3 = {ea5, €34}

The flat corresponding to pgz 45 in Ky, ie., (¥ o¢)(C,), is K345 = Fy. When restricting the
edge set,

K345 N I= K34y = F3.

Similarly, (¥ o ¢)(C,) is the chain of flats K34, C K345}, and this chain of flats reduces to the
single flat A'3 41 when restricting the edge set. That is to say, there are 3 combinatorial types of

./\/lgafd whose cones all coincide in B(T'), namely
\ij(cp) = qu(ca> = \ij‘(cp{s,u) = PF;-

The map W+ takes the cone complex depicted in Figure 3.6a to the one in Figure 3.6b. Here we

can clearly see the obstruction in /\/lgalif and how it is collapsed in B/(T").

Remark 3.2.11. In Example 3.2.10, pry (restricting the edge set) is not injective on cones cor-
responding to the flats which dropped in rank. In particular, the obstruction was a K3 subgraph
which had 2 of its 3 edges deleted. So in order for pry to be injective we can only allow a graph
if it has the property that if one deletes 2 edges of a K3 subgraph, then the third edge must also be

deleted. This is equivalent to the third characterization in Lemma 2.1.6.
The following series of results build to the central result of the paper, Theorem 3.27.

Proposition 3.2.12. The map pry is injective on cones corresponding to I'-stable flats if and only

if for any I"-stable flat F', tk(F") = rk(prp(F')).
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F7 Fy Fr Fy
Fy
FlO FIO
FQ FZ
(a) A slice of the cone complex of M‘Oralif with rays labeled  (b) A slice of the cone complex of B(I") with rays labeled
by their corresponding flats. by their corresponding flats.
Figure 3.6

Proof. First assume that prp. is injective. Let /' be a I'-stable flat of /,,_; and let 7" be a spanning
forest of pr.(F') = F NT'. By way of contradiction, suppose that tk(F' N I") < rk(F"). Consider

clg, ,(T) as aflat of K,,_;. Then we have

prp(F)=FNT =clp(T) :=clg, ,(T)NT =prp(clg, ,(T)).

But since rk(clg, ,(7T")) = tk(T") < tk(F'), clk, ,(T") # F. This contradicts the injectivity of prp

on I'-stable flats.

Now we prove the backwards direction. Suppose that for any I'-stable flat /', rk(F") = rk(prp(F')).
Let I and G be I'-stable flats of K, with prp(F') = pr(G). By our hypothesis, we deduce that
tk(F) = rk(G). By Lemma 2.1.5, F' and G share a spanning forest; call it 7. Then by definition,

clg, ,(T) = Fand clg, ,(T) = G. This proves pry. is injective, completing the proof. O

Lemma 3.2.13. Suppose C' is a clique of K,,_; and that I is a complete multipartite graph labeled

by the same n — 1 vertices. Then rk(C') = rk(prp(C)) or tk(prp(C)) = 0.
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Proof. Suppose that rk(pr(C)) # 0, i.e., prp(C) is not the empty graph. Fix an edge e;; between
vertices v; and v;. By Lemma 2.1.6, for any other vertex vy, either e;; or e;;, exists. So there is
a path between any two vertices of pr(C') going through the edge e;;. This means that pr(C) is

connected and any spanning tree contains all n — 1 vertices, proving the lemma. [

Lemma 3.2.14. The map pry. is injective on cones corresponding to I'-stable flats if and only if I"

is a complete multipartite graph.

Proof. First we prove the backwards direction. Let /' be a I'-stable flat of K,,_;. Note that F'is
a disjoint union of cliques, C;. By assumption, the image of each clique, under prp, is not empty.

Using Lemma 3.2.13, we have

k k

k(F) =) rk(Cy) = 1k(C;NT) =rk(FNT) = rk(prp(F)).

i=1 i=1

By Proposition 3.2.12, pry is injective on cones corresponding to I'-stable flats.
Now suppose that prp- is injective on cones corresponding to I'-stable flats. It is enough to prove
the equivalent statement from Lemma 2.1.6. Let v; and v; be vertices of I' such that e;; is an edge

of I'. Fix another vertex v;. Consider the flat F' = Ky, 4, 4,1- We know that
K{viyvj} C er(F)'

Since rk(prp.(F)) = tk(F') = 2, either e;;, or e, must exist as edges in I'. O

Lemma 3.2.13 and Lemma 3.2.14 show that when I' is a complete multipartite graph, the cone
complex /\/lgf‘f'} will not contain a ray which is adjacent to only 1 maximal cell, and thus can be

embedded as a balanced fan.

Theorem 3.2.15. The cone complex underlying Mgf’fl has the structure of a balanced fan and is

naturally identified with pr(MG,) = B'(T') if and only if I' is a complete multipartite graph.

Proof. By Lemma 3.2.14 and Proposition 3.2.12, pr induces a bijection between the set of I'-

stable flats of K,,_; and flats I' only when I" is a complete multipartite graph. In this case ¥r is a
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bijection between ['-stable radially aligned combinatorial types of ./\/lE)rf‘Iij and flats of I". Thus the
map VUt induces an isomorphism of cone complexes on the ambient vector spaces. We finish the
proof by noting that ng‘g is a balanced fan by the fact that it has the same structure as the balanced

fan pri, (MEs). O
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Chapter 4
Algebraic Moduli Spaces of Graphically Stable

Curves

Two theories, developed simultaneously, arise when dealing with tropicalizations of subva-
rieties of tori: tropical compactification and geometric tropicalization. The former describes a
situation where the tropical variety determines a good choice of compactification. Specifically, the
tropical compactification of U C T” is its closure U in a toric variety X (X) with |Z| = trop(U).
The latter explores the converse statement, how a nice compactification determines its tropical-
ization. In this chapter, we use geometric tropicalization to compute the tropicalization of certain
moduli spaces. Throughout this process, we discover a combinatorial criterion that allows us to

trop

precisely state when M, | = trop(M ), and thus when the tropical compactification of M, r in

the toric variety X (Mg T) is Mo .

4.1 Geometric Tropicalization of M, ,,

Let U be a smooth subvariety of a torus T" and Y be a smooth compactification containing
U as a dense open subvariety. The boundary of Y, Y = Y \ U, is divisorial if it is a union of
codimension-1 subvarieties of Y. We say (Y, dY) is a simple normal crossings (snc) pair when
the boundary of Y behaves locally like an arrangement of coordinate hyperplanes. In other words,
dY is an snc divisor if a non-empty intersection of % irreducible boundary divisors is codimension
k and the intersection is transverse. The boundary complex of Y, A(9Y), is a simplicial complex
whose vertices are in bijection with the irreducible divisors of the boundary divisor 0Y’, and whose
k-cells correspond to a non-empty intersection of &£ boundary divisors. The cells containing a face
7 correspond to the boundary strata that lie in the closure of 7’s stratum.

Let ¢1,...,¢, € O*(U). The ¢;’s define a morphism qgfrom U to atorus T", sending v € U to

(¢1(w), ..., d.(u)). When there are enough invertible functions, this map is an embedding. Given
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an irreducible boundary divisor D C 0Y we can compute the order of vanishing of each ¢; on D,
ordp(¢;), yielding an r-dimensional integer vector Up = (ordp(¢1),...,ordp(¢,)) living inside
of the cocharacter lattice of T", Ny» € Ngp = R". Let 7 : A(9Y) — Ng be the map defined
by sending a vertex v; to Up, and extending linearly on every simplex. Geometric tropicalization
says precisely that the support of the tropical fan is the cone over this complex and this result is
independent of our choice of compactification Y, i.e., trop(U) = cone(Im(w)). As we will see

later, 7 is not necessarily injective so trop(U) may not be the cone over A(9Y").

Tevelev [28, Theorem 5.5] first writes the geometric tropicalization of My, by combining
results of [15,27]. This result is generalized by Gibney and Maclagan [10, Theorem 5.7]. They
use the fact that Mo, can be embedded into a torus of dimension () — n using the Pliicker
embedding of the Grassmannian G(2,n) into P(5)~!, The Pliicker embedding is given by sending
a 2 X n matrix representing a choice of basis for a subspace V to its vector of 2 x 2 minors called
the Pliicker coordinates. Let G°(2,n) be the open set of G(2,n) consisting of points given by
nonvanishing Pliicker coordinates, i.e., the two-planes that do not pass through the intersection of

any pair of coordinate hyperplanes. Let Mat”(2, n) be the set of 2 x n matrices having all nonzero

2 x 2 minors. An n-tuple of distinct points of P!, ([z; : y1], ..., [z, : yn]), may be encoded into
a 2 X n matrix where each point is a column of the matrix. Thus, ([z1 : w1],..., [z, : ys]) gets
sent to (T19 : -+ 1 Tp_1p) € P(g>_1 where x;; = x;y; — x;v;. The locus of n points on smooth

curves My ,, can be identified with a quotient of G°(2,n) by an n — 1 dimensional torus, 777,
representing the torus action given by scaling the columns of the 2 x n matrix mod the diagonal.
The image of M, via the Pliicker embedding is an (n — 3) dimensional subspace inside of an
((5) — n) dimensional torus, ()" T(g)*l/T"*1 in P(3) 1 ag depicted in Figure 4.1.

The boundary of M, has 2"~! — n — 1 irreducible divisors D;, indexed by I U I¢ = [n]
such that 2 < |I| < n — 2. We impose the convention that 1 € [°. For2 < i < j < n,

(i,7) # (2, 3), the ratios x;; /23 are regular functions on M, ,, and act as a choice of coordinates

on the torus 7(3) ™. Let Tn @ A(OMy,) — Ng be the divisorial valuation map assigning the
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Mat®(2,n) — GO(2,n) — 21— 7)1

l l |

Mo, —— G(2,m)/T" o 7)o

Figure 4.1: Torus embedding of M ,, via Pliicker map.

vector Up, = (ordp, (T24/%a3), .. .,0rdp, (Tn_1n/%e3)) to a divisor D; where

1 {23}y ¢ Iand {i,j} C I;

ordp, (vij/x23) = ¢ —1 {2,3} c I and {i,j} ¢ I;

0 else.

This means

Zaij {2’3}¢];

) ijger

Up, =
- Y & {23}cl

i@l or j&T

For explicit details see [10] and [19]. The standard basis vectors of Nx = R(g>_" equal the image
of the divisors Dyjy, (4, 5) # (2,3), and Up,,, = —1 is the negative all ones vector. For a divisor
D; with |I] > 3, the vector ¥, is the sum over all vectors corresponding to divisors Dy; jy where

{i,j} C I,1ie.,
Up, = Y Tpg,, (4.1)
{igycI

Comparing the algebraic Pliicker embedding to the tropical distance coordinates we realize that the
distance coordinates from Section 2.2.2 can be recovered from the tropicalization of the Pliicker
coordinates, for details see [11, Section 3.1]. By similar comparison, the torus action on M,

corresponds to the lineality space ®(R™).
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Example 4.1.1. For M, 5, we have an embedding into T@)_S = T° with coordinates x4 /a3,
To5/ T3, T34/Ta3, T35/Ta3, and 45/ T93. In the boundary of M s, there are 10 irreducible divisors
and they are labeled by their index sets in Figure 4.2. The rays of trop(M, 5), i.e., the images of

the divisors in R® via 75 are:

UDpyy = €1 UDy35, = €4
) ) ) by = (0,-1,0,-1,-1) @y, = (1,1,0,0,1)
UDyy5p = €2 UDpy5 = €5
) ) ) Tppasy = (—1,0,=1,0,=1)  @p,, . =(0,0,1,1,1)
UDys4y = €3 UDpay =
{2,3}
(23,4} (23,5}

Za\

{2,4,5}

{2,4} {3.5}

Figure 4.2: The boundary complex of M 5.

We may define Mggf alternatively as the cone over A(ﬁﬂo,n). Geometric tropicalization

states precisely that cone(Im(m,,)) = trop(My,,). The following theorem, due to Tevelev and

trop

Gibney-Maclagan, states that M, ;' = trop(M,).

Theorem 4.1.2 ( [28], [10]). The geometric tropicalization of Mo,n via the embedding
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gives the fan trop(M,,) whose underlying cone complex is identified with /\/lgf’,f’. Furthermore,

the tropical compactification of M ,, in the toric variety X (Mgi‘f) is Mo,

It follows from the previous theorem that 7, is injective and thus induces a bijective map of
cone complexes from ./\/lgf;f to trop(M, ). This is an important fact that we will come back to

later when discussing I'-stability.

Hassett [14] describes a weighted variation on the moduli space of curves that assigns rational
weights to each marked point, now referred to as Hassett spaces. He introduces these spaces in
the context of the log minimal model program. A weight data is a vector w = (wy,...,w,) €
((0,1] N @Q)". For a weight data, he defines the moduli space of weighted stable rational marked
curves Mo,w- In this space, marked points are not necessarily distinct: a subset of points are
allowed to coincide if the sum of their weight is less than 1. Let C be a tree of P!’s with marked

points pq, ..., p,. The curve C'is w-stable, if for each component 7" of C', we have

Z w; + #nodes > 2. “4.2)
ispi €T
Ulirsch [31] shows My, C My, is in general not a simple normal crossing compactification, but
the locus of smooth weighted stable curves M, ,, C Mo,w is a simple normal crossing compactifi-
cation. Cavalieri et al. [3, Theorem 3.9] describe the geometric tropicalization for Hassett spaces.
A weight data w is heavy/light if each weight w; is either 1 or € where € < 1/n. Using the same
Pliicker embedding above, they show that M, ,, can also be embedded into a torus and prove the

following theorem.

Theorem 4.1.3 ( [3]). Let w be heavy/light. Consider the embedding

Mo < Ty = Pr,, (T3) /1),
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The closure of M, ,, in the compactification of T}, defined by the fan ng;fj is isomorphic to ﬂo,w.

The tropicalization of M, ,, with respect to this embedding is Mgﬁfj.

4.2 Geometric Tropicalization of M

This section is the culmination of this dissertation. We define the family of algebraic moduli
spaces parameterizing rational graphically stable curves, M, r, and investigate its geometric trop-
icalization. The main theorem classifies all graphically stable moduli spaces in which the tropical

compactification of M, agrees with the theory of geometric tropicalization.

4.2.1 The Moduli Space of Rational Graphically Stable Curves

In [26], Smyth gives a complete classification of all modular compactifications of M ,, (The-
orem 1.9). In this section, we prove that ﬂo,r is a modular compactification of M, ,, by showing
that I'-stability, as in Definition 3.2.1, is an extremal assignment over M, ,,. In addition, we show
that the pair (ﬂo,p, 3Mo,r) is an snc pair. We begin with the definition of a I' stable curve and

Mo,p.

Definition 4.2.1. Let [ be a simple connected graph on vertices, 2,...,n. A rational stable n-
marked curve (C,py,...,p,) is -stable, if at each component not containing p; with exactly 1
node there exists an edge e;; € E(I') where p; and p; are points on the component.

Define M to be the parameter space of all rational I'-stable n-marked curves with the interior

M, 1 to be all smooth rational I'-stable n-marked curves.

Consider the assignment defined by
Z(C)={zcC||znz|=1,p & Z, {e;; € E)| pi,p; € Z} =0} (4.3)

If we call a subcurve Z C C satisfying |Z N Z¢| = 1 a tail, then the assignment Z is defined by
picking out all tails of (C, py, ..., p,) not containing p; that have no edges in I' between vertices

corresponding to the marked points on the tail. For the purposes of this document, we require I’
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to be a simple connected graph on n — 1 vertices, in which case Equation (4.3) is an extremal
assignment. The first axiom holds, since I' contains an edge. In genus 0, the automorphism group
of the dual graph is trivial so the second axiom holds. Indeed, the third axiom is satisfied as
degenerating a curve does not change the stability of tails.

By definition, the only components contracted by Z-stability are exactly those which are con-
tracted by I'-stability. Every tail is contracted to a point of singularity type (0, 1) which is a smooth
point. Therefore, ﬂo,p = Mo,n (Z) (as defined in [26]) and so Mo,r is a modular compactification

of MO,n-

Remark 4.2.2. To the author’s understanding, I' only needs to contain a single edge to be an
extremal assignment. However, many of the tropicalization statements would not hold so we use a

connected graph.
Lemma 4.2.3. The boundary Gﬂo,r = ﬂo,r \ Mo r is a divisor with simple normal crossings.

Proof. Just like in the case of Mo,n, the boundary 8M07p is divisorial, meaning it is a union of
divisors of /Vo,r- In addition, the boundary strata are parameterized by dual graphs. Each edge
of a dual graph corresponds to a node in its associated complex curve, where locally, each node
is given by an equation xy = t; when ¢; = 0. Since a boundary stratum of codimension £ is the
intersection of k divisors, each divisor acts as a coordinate hyperplane t; = 0. Therefore, OM 1

behaves locally like an arrangement of coordinate hyperplanes. [

4.2.2 Tropicalization of M,

Fix I' to be a simple connected graph on vertices 2, ..., n containing the edge e,3. The goal of
this section is to walk through the process of geometric tropicalization for the case of I' stability
and study the tropical compactification of M. We begin by investigating the projection of the
Pliicker embedding of M, ,,. Graphic stability defines a projection map that will give us a torus
embedding using the remaining Pliicker coordinates. Next we examine the divisorial valuation map

from the boundary complex of Mg r into the cocharacter lattice of the torus. This tropicalization
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yields a fan which coincides with the tropical moduli space Mg}p if and only if I' is complete

multipartite.

We may set up an embedding for M - similar to how we did for My ,,. Let Mat' (2, n) be the
set of 2 X n matrices where the 7j™ minor is nonzero whenever e;; € E(T). Define G"'(2,n) as
the subspace of the Grassmannian G/(2,n) given by the matrices in Mat' (2, ). By I" stability, the
minors which are allowed to be zero exactly coincide with the pairs of points that are allowed to

collide. Thus, we obtain the following lemma.
Lemma 4.2.4. The open space M r is identified with a quotient of G"' (2, n).

Proof. We demonstrate M = G*(2,n)/T"! by showing the points added to M, ,, to get Mo r
correspond to exactly the points added to G°(2,n)/T™* to get GT(2,n)/T"~!. Each space adds
points corresponding to the sets of disjointed subsets / C [n] \ {1} such that there are no edges in
I'; (the subgraph of I' induced by the vertices marked by 7). In other words, each space adds points
corresponding to the clusters (disjoint unions of cliques) of I'“. Given a cluster of I'“, the moduli
space M, ,, adds a configuration of n points on P* where a collection of points coincides according
to the each clique. Given a cluster of T'°, the quotiented Grassmannian subset G°(2,n)/T™~! adds

a 2 x n matrix that has a zero 2 X 2 minors according to the each clique. [
Lemma 4.2.4 allows investigate the image of M 1 via the Pliicker embedding.

Definition 4.2.5. Let Prp be the rational map from p(3)-1 o p(3)-1-¥ dropping all the Pliicker
coordinates x;; for which e;; is not an edge of I', where [V is the number of edges removed from

K, _1 to obtain I'. Precisely, N = (”;1) — E(T).

The projection map Prr is regular on the torus 7(3)~! and also on PI(M,r). After projecting,
all the remaining Pliicker coordinates are non-zero and so the projection of PI(M, ) in p(s)-n-N
lives inside of a torus. The (n— 1) dimensional torus action on M, ,, (given by scaling the columns

of the 2 X n matrix mod the diagonal), acts on M 1 in the same way. Therefore, M, r is embedded

n

into an ((2

) - N ) dimensional torus. We prove this fact in Lemma 4.2.6 and the diagram in

Figure 4.3 summarizes the above conversation.
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T TR s

Mo —= GF(Q,n)/Tn_l (SN T(g)_l_N/Tn—l C P(g)—l—N

Figure 4.3: Torus embedding of M r via Pliicker map.

Lemma 4.2.6. The open part M, can be embedded into the torus Prp (T(g>_”) — ()N

using the Pliicker coordinates.

Proof. Let (P, (z1 : v1),..., (%, : yn)) be a I-stable curve in M. As in the My, case, this
marked curve corresponds to, up to equivalence, a point (212 : -+ : T, 1,) € ]P’(2) ~1 where Ty =
x;y; —x;v;. Some coordinates may be zero, specifically x;; is allowed to be 0 when e;; ¢ E(I"). By
definition, Prr(z12 : -+ Tpo1n) = (T45)icj € P(3)-1N for (1,7) = (1,7) where 2 < j < n and
e;j € E(I'). Denote ¥ = Prp(z12 : -+ - : ©,,_15,). Since each coordinate is now nonzero, Z lies in the
torus 7(2) N It is not hard to see that the same (n — 1) dimensional torus, that was quotiented
out in the M, ,, case, also acts on T’ (5)-1-N, Finally, we see this map must injective on M

because the Pliicker map is injective on M, r and the projection map is injective its image. [

Lemma 4.2.3 and Lemma 4.2.6 give us a boundary which is a simple normal crossings divisor
and a torus embedding of the interior. This allows us to study the tropical compactification M r
and geometric tropicalization of MQ’F. The boundary of Mo,r is divisorial in the same way that
OM,,, is, except that there are fewer irreducible divisors (this number is easily computable but
annoying to write). The ratios z;;/xa3, for 2 < i < j < n, (i,j) # (2,3) and e;; € E(T),
are regular functions on ﬂo,p and act as a choice of coordinates on the torus 71’ (3)-n—N (we lose

N functions). Define the divisorial valuation map 71 : A(OMyr) — Ng identically to 7, but
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restricted to the remaining non-zero coordinates,

6_;'3' {2,3} gZ I and €ij S E(F),

— Y é; {23} CIande; € E(T).

Similar to before, the standard basis vectors of TGN are 7 D,y Where e;; € E(I') \ {e3}, and

UD sy = —1. There is a similar relation to Equation (4.1): For a divisor D; with 7| > 3,

Up, = Z Ungi - (4.4)
{i,j}CI; ei]-EE(F)
Lemma 4.2.7. The tropicalization of the map Prp agrees with the projection prp. from Equa-

tion (3.2).

Proof. The basis of 7(5)-n given by z;;/xq3 for 2 <i < j <mn, (4,7) # (2,3). These coordinates
are in bijection with divisors Dy; ;3. The tropicalization of representatives of such divisors are the
basis elements of R(3)~". Both projections, Prp and pr, forget coordinates corresponding edges
deleted from K,,_; to obtain I'. The discussion above confirms that the tropicalization of the basis

elements of T(g)_”_N coincide with the basis elements of R(g)_”_N ) O]

Proposition 4.2.8. The geometric tropicalization of M - using the embedding in Lemma 4.2.6 is

trop(Mor) = prr(Mqyy) = B'(T).

Proof. Geometric tropicalization requires a simple normal crossings compactification and a torus
embedding. These two conditions are satisfied by Lemma 4.2.3 and Lemma 4.2.6. By Lemma 4.2.7
the divisorial valuations of the boundary divisors yield the rays of this fan. Theorem 2.5 from [4]
states that the weight of each top-dimensional cone o C trop(M, ) is equal to the intersection
number, with multiplicity, of the divisors corresponding to the rays of o. A non-empty intersection
of n — 3 codimension one curves is a single point with multiplicity 1. This weighting convention

is exactly the same as in the definition of the Bergman fan, concluding our proof. 0
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Unlike 7, the map 7 may not be injective. Using Equation (4.1), we demonstrate the simplest

case of non-injectivity: Consider the divisor Dy; j;y in M[),n and it’s image via 7,
UDgimy = YDy T Uy T VDG - (4.5)

If exactly two of the vectors on the right correspond to I'-unstable divisors, then 7 cannot be

injective. This cannot happen when I' is complete multipartite.

Example 4.2.9. Let I be the subgraph of K4 with edges e35 and e4; removed as in Example 2.1.4;
see Figure 2.4a. Then we have Mof — T(g)_S_2 = T3 with coordinates Toy4/To3, Tos/Ta3, and
T34/Te3. In Mof’ there are 8 irreducible boundary divisors, labeled in Figure 4.4a. Comparing
the cone complexes of Mg}f’ and trop(./\/lof), we can see that the cones associated to the boundary
strata Dy3 4y, D345y, and Dyz 4y N D345 in ./\/ltor}? are all mapped to the ray given by D34y
in trop(/\/lof). Explicitly, 73 : A(@ﬂof) — IR3 where the divisors have been mapped to the

following primitive vectors:

UD{QA} — (17 07 0) UD{2,5} p— (O, ]_, 0) ﬁD{3,4} = (07 07 ]_)
UD{Q’s} - <_17 _17 _1) 17D{27374} = <O’ _1’ O> UD{2,3,5} = (_]'7 07 _1)

17D{2’4,5} - (1’ 1’ O) UD{BA.S}: (0: O: 1)

Example 4.2.10. Let I' = K , be the complete bipartite graph obtained by removing edges e,5 and
e34 from K4, as shown in Figure 4.5a. Then we have Mg g, , — T®75*2 = T? with coordinates
T4/ T3, T35/T03, and T45/703. In My, Ko, there are 8 irreducible boundary divisors, labeled in

Figure 4.5b. Explicitly, mr : A(OMo k,,) — R® where the divisors have been mapped to the
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{2.3} {2.3}

{2,3,4} 235 {234} {2.3,5}

{2,4,5}

{2.4} {2.4}
(a) A slice of the cone complex M"® with rays labeled by (b) A slice of the cone complex trop(/\/lof) with rays la-

{2,4,5}

their divisor index set. or beled by their divisor index set.
Figure 4.4
following primitive vectors:
UD{M} = (1,0,0) 17D{3,5} = (0,1,0) UD{475} =(0,0,1)

UD{M} - (_1’ -L _1> 27D{2,3,4} - (0’ -1, _1) ﬁD{2,3,5} = (_17 0, _1)

UD{M»S} = (1,0,1) 27D{3,4,5}: (0,1,1)

Lemma 4.2.11. The divisorial valuation map 7 is injective if and only if I" is complete multipar-

tite.

Proof. We begin by proving the forwards direction by contradiction. Suppose 7 is injective and I'
is not complete multipartite. Using Lemma 2.1.6, fix three vertices v;, v;, and vy, where e;; € E(I)

but e;;, e, & E(I'). We have the following contradiction

mr(Diijky) = Upg, 0 = Unpyy = Tr(Diigy)-

43



{2.3}

{2,3.4} {2,3,5}

{2,4,5}

{2,4} {3,5}

(a) The graph Ko in Exam- (b) A slice of the cone complex trop(Mo r, ,) = Mgk, , with
ple 4.2.10 rays labeled by their divisor index set. '

Figure 4.5

For the backwards direction, assume ' is complete multipartite. Let D; and D ; be two I'-stable

divisors such that vp, = Up,. Thus we have

Y oa- ¥ o

{4,4}CI; ei; €E(D) {i,j}CJ; es; € B(T)
This implies that I and J induce the same subgraph of I" denoted I'; = I";. If I # J, then there
exists i € I\ J. Butv; € I'must be isolated in I';. So there exists j, k € /UJ suchthate;;, e;, € I';
but e, € I'; which contradicts Lemma 2.1.6 and concludes the proof. U

Corollary 4.2.12. The cone complex /\/lgf? is embedded as a fan in a real vector space by 7p if

and only if I' is complete multipartite.

Proof. The map 7 induces a map of cone complexes from Mgﬁf = cone(A(OMr)) to trop(Mor)
cone(Im(7r)) which is an isomorphism if and only if I' is complete multipartite by Lemma 4.2.11.

]

Lemma 4.2.13. The units of O*(M, ) are generated by cross ratios, i.e. forgetful morphisms to

M074.
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Proof. The space M, ,, can be viewed as the subset of (C* \ {1})"~ minus the hyperplanes
x; — x; = 0. The functions which don’t vanish on M, ,, are rational functions that have zeros and
poles on the hyperplanes, i.e. monomials in z;, x; — 1, and x; — x;. We can write any monomial

function as a product of cross ratios:

(P — P) (P — Py
(P — P3) (P — Py)

For z;,let P, = x;, P, =0, P; = 00, and P, = 1.
Forx; —1,let P =x;, P, =1, P = 00, and P, = 0.
For z; — x;, take a product of z; and P, = x;, P» = x;, P3 = 0, and PP, = oo.
Consider the embedding of M, ,, into M r in the diagram below where ¢ is a unit of O*( M r).
Mo, — Mor
Sk
¢
C*
From arguments above, ¢ must be a product of cross ratios. Indeed, ¢ is also a product of cross

ratios because M, ,, is dense in M r. O

Theorem 4.2.14. The cone complex Mgf}? is embedded as a balanced fan in a real vector space by

mr if and only if I' is a complete multipartite graph. For such I', there is a torus embedding

whose tropicalization trop(M, ) has underlying cone complex ./\/lgﬁf. Furthermore, the tropical

compactification of M p is ﬂo,p, i.e, the closure of M, r in the toric variety X (Mg‘}?) is Mo,r

Proof. As in [3], we wish to show the map Myr — X (M T) is an embedding. According
to [12, Lemma 2.6 (4) and Theorem 2.10], this occurs when the following two conditions hold.
For a stratum S, let Mg be O*(S)/k* and M5, be the sublattice of O*(M,r)/k* generated by

units having zero valuation on S.
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1. For each boundary divisor D containing S, there is a unit u € O*(M, ) with valuation 1

on D and valuation 0 on other boundary divisors containing .S.
2. S is very affine and the restriction map M3, or — M is surjective.

We note that condition (1) occurs if and only if I is a complete multipartite graph, but condition

(2) does not force I' to be complete multipartite.

For condition (1), recall that the general element of a boundary divisor D; has exactly one
node and may be described by I, the set of marked points on a component. Observe that units
in O*(M,r) are generated by forgetful morphisms to M, 4 using cross ratios as in [28, Section
5]. Such a forgetful morphism has valuation 1 on D if the image of the general element of D is
nodal and valuation 0 on D if the image of the general element of D is smooth. We show forgetful
morphism with that property exists if and only if I' is a complete multipartite graph.

We prove the forwards direction by way of contradiction. Assume I' is not complete multipar-
tite. Using Lemma 2.1.6, fix three vertices v;, v;, and v;, where e;; € E(I") but e, e, € E(T).
Consider the divisors Dy; j xy and Dy; j, whose intersection yields the stratum of the dual graph in
Figure 4.6. Every forgetful morphism that has valuation 1 on the general element of Dy; ; ,; must
keep ¢ and j, otherwise the image of the general element of Dy, ; y is smooth. However, any such

morphism also has valuation 1 on Dy; j, a contradiction.

<

Figure 4.6: Dual graph of the stratum contained in Dy; ;3 and Dy; ; y.

Now suppose [ is complete multipartite. Fix a stratum S and a divisor D; containing S, as
shown in Figure 4.7. Note that a forgetful morphism u which remembers the markings {1, a, b, ¢}

has valuation 1 on the general element of Dy if and only if (without loss of generality /N{1, a, b, c} =
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{a,b}) ey € E(I'), and valuation O otherwise. So, we must pick points a,b € I such that

eqp € E(I") and for any other divisor D containing S, |J N {1,a,b, c}| # 2.

Figure 4.7: Dual graphs of the S and divisor D; from the proof of Main Theorem where dashed edges
represent potential extra components

Consider the vertex Z of the dual graph of S as illustrated in Figure 4.7. If Z has exactly
one bounded edge adjacent to it, we are done by I'-stability. Otherwise, consider the connected
components on the right of Z obtained by deleting the bounded edges adjacent to Z. We may
partition / by the markings on Z and by these components. Pick a nonempty part A of I and let
B=1\A.

Assume by way of contradiction that there are no markings a € A, b € B such that e,;, € T'.
Since I' is complete multipartite, the vertices in I" given by AU B are part of the same independent
set. Thus, for any by, by € B, ey, ¢ E(I), contradicting the I'-stability of S. A choice of mark-
ings a € A and b € B guarantees that for any other divisor D containing S, |J N {1, a,b,c}| # 2.

For condition (2), a stratum S is very affine because it can viewed as a product of M p’s.
Each component of S contains at least one node so that point may act as the ‘special’ point 1 and
the marked points behave under another I'-stability condition since any subgraph of a complete
multipartite graph is complete multipartite. Finally, since the boundary of M r is a simple normal
crossings divisor as in the case of M, the surjectivity of the restriction map follows the same
proof outline as in [3]. The local structure of 9 M, 1 is an intersection of coordinate hyperplanes

and restricting the coordinates is surjective. 0

Remark 4.2.15. Many statements remain true when I' is not complete multipartite. The geo-
metric tropicalization of M using the embedding in Lemma 4.2.6 still equals er(Mgf;E) =

trop(M,y ). However, we have seen that not all cones are mapped injectively. On the algebraic
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side, we still have a map from M 1 to the toric variety X (trop(M,r)), but it does not map all

boundary strata injectively.

Example 4.2.16. Let I be the subgraph of K, with edges e3; and e4; removed as in Example 2.1.4;

see Figure 2.4a. Then Figure 4.4a depicts the boundary of ﬂo,f and a slice of Mg%p while Fig-
ure 4.4b depicts the boundary of the closure of M 7 in X (trop(M, 7)) and a slice of trop(M,, 7).

There are only 8 2D cones and 7 rays in trop(./\/lof) while the cone over aﬂof has 9 2D
cones and 8 rays. This means X (trop(M )) isn’t large enough to contain mof. In other words,
the locus of smooth curves M, is missing the limit as the marked points 3, 4, and 5 come
together. The modular compactification of M,  assigns a P! to the limit but X (trop(M 7))
doesn’t have enough coordinates to include a P*. Rather, this limit gets closed with a single point

in X (trop(/\/lof)) (which is the intersection of two smooth curves where the marked points 3 and

4, and 4 and 5, have come together).
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