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ABSTRACT
APPROACH OF TURBULENT BOUNDARY LAYER TO SIMILARITY

A large scale turbulent boundary layer with no pressure gradient,
developed on a flat plate 95 feet long has been investigated. Theoreti-
cal considerations of the existence of local similarity yield the
requirements which should be found in the turbulent boundary layers in
order that similarity exists. Measurements of the mean motion, the
turbulent velocity components and the turbulent shear stress have been
made for the free stream velocity range 60 to 100 ft/sec. Reynolds
numbers based on the boundary layer thickness were of the order of 106.
Turbulence quantities were evaluated from a single rotating hot-wire
probe along the entire length of the boundary layer.

For all quantities measured, the uncertainty intervals were
calculated in order to provide a measure of the reliability of the
results. The large scale turbulent boundary layers are shown to
approach closely the theoretical requirements for similarity. Displace-
ment and momentum thickness grow as a linear function of x-coordinate,
the form factor is constant. The constant wall shear stress require-
ment is very closely approached. An asymptotic similarity form is
considered and reported. For similarity function of the turbulent
shear stress distribution across the boundary layer thickness, an
approximate linear function is proposed. The best average aniversal

velocity profile is tabulated.
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Chapter I
INTRODUCTION

Despite efforts of investigations over several generations, an
adequate model for turbulence is not yet available. The statistical
theory of turbulence which provides the basis for the study of turbu-
lence, though successful, has been confined to homogeneous and isotropic
turbulence. The lack of a satisfactory theory for turbulent shear flow
description points to a semiempirical and phenomenological approach.

The available mathematical methods are not sufficient to ottain a gen-
eral solution of the Navier-Stokes equations. From the viewpoint of
engineering application, one must believe that experimental results
should be relied on whenever possible to acquire an insight and informa-
tion for the basis of a theoretical approach.

This investigation deals with the thick boundary layer along a
90 foot long flat plate, with zero pressure gradient. The velocity
profiles of the laminar boundary layer on a flat plate are similar at
all stations along the plate. Since both laminar and turbulent boundary
layers are subject to the same basic boundary layer concept, one can
suspect that the similarity may be found in the turbulent boundary layer
under certain conditions. The classical theoretical treatments by von
Karman (22) and Prandtl (38) and the experimental work of Elias (10)
have assumed such a similarity. These treatments, however, covered only
a narrow range of Reynolds numbers. Since then, quantitative measure-
ments of the turbulent boundary layer have been made by many authors.
Measurements by Klebanoff and Diehl (23) and recently by Tieleman (49)

give experimental evidence which points out that local similarity exists



in a turbulent boundary layer with zero pressure gradient. A division
of the turbulent boundary layer into two parts being admissible, it is
assumed that, close to the wall, the velocity distribution is expressed
by the law of the wall. The outer portion of the turbulent boundary
layer, according to the general dimensional arguments, should follow
the velocity defect law. As was shown particularly by Clauser (5), the

velocity defect law collapses data onto a single curve quite

satisfactorily,

However, presupposition of the existence of a universal function
representing the mean velocity distribution imposes the conclusion that
it cannot be singled out. Therefore, all mean quantities of the flow
must be included in the similarity concept. Rotta (42) investigated
the conditions required for similarity in the outer portion of the tur-
bulent boundary layer. To obtain the required conditions, one has to
introduce into the governing equation of motion the similarity forms of
velocity and turbulent shear stress distribution. Rotta's investigations
show that, for a turbulent boundary layer over a flat plate with zero
pressure gradient, the ratio of shear velocity to free stream velocity
must be a constant, and the displacement thickness of the boundary layer
must vary linearly in the streamwise direction. He also demonstrated
that an appropriate distribution of roughness may provide for the
existence of conditions necessary for similarity. It should be pointed
out at the outset that none of the similarity requirements is known to
exist in the turbulent boundary layers. As has been mentioned, experi-
mental data indicate similarity, although no one has attempted to prove

the existence of the required conditions.



The present experiment was carried out in connection with a long-

term project which had as its goal the modeling of atmospheric boundary

layers in the wind tunnel. All experimental work was done in the large

wind tunnel at Colorado State University and was supported by the

Integrated Army Meteorological Wind Tunnel Research Program.



Chapter II
THFQRETICAL BACKGROUND

2.1 Turbulent Boundary Layer

Since the time when the phenomenon occurring in the immediate
neighborhood of a surface over which a certain fluid flows was observed
and analyzed by Prandtl (37), the concepts of boundary layer phenomena
have found application in a wide range of fields. As the flow in the
boundary layer can be either laminar or turbulent, one must distinguish
between laminar and turbulent boundary layers. Although both types of
layer are subject to the same basic boundary layer concepts, the flat
plate laminar boundary layer has been solved, but the turbulent boundary
layer problem still remains to be solved.

In the turbulent boundary layer, the eddies introduce the turbu-
lent shearing stress for which no reliable method of calculation exists.
The two governing conditions for the boundary layer development are
pressure gradient and surface roughness. These can be arbitrarily
varied and thereby an infinite variety of boundary layers results. One
has, therefore, to confine an investigation to some characteristic type
of boundary layer. In this experiment the boundary layers developing
on a smooth flat plate under a zero pressure gradient were investigated.
Also, the following discussion is restricted to steady mean flow which
deals with two-dimensional flows. Consequently, the Navier-Stokes

equations reduce to:

U U _ 320 3uv  ouZ 1 3P
Uﬁ+vw-v > 39y  93x P 3x Lel)

oy



a2
3%

)
;’ =.;_£ : (2-2)

Q]

The second equation can be directly integrated with respect to vy
(reference 42). When one differentiates the result with respect to x
and introduces it into the first equation, the boundary layer equation

for the mean flow is obtained:

dP
35U W _ 1%« 3 . — A 3 e =
Usp* ¥ = rog t o W £ gl aaloe = 08 » (&)

In the case considered, the pressure gradient is zero; therefore

equation (2-3) becomes

3U U _ 3, —, U 3
Ua—x'i'v-a-)}-—--a-)-r—(-UV'*\Jw)—E;(u -_z). (2-4)

Equation (2-4), the momentum equation for the mean flow, describes the
loss of momentum of the mean flow due to action of viscous stress and
turbulent shear stress. This equation is used in combination with the

continuity equation:

3U oV
§§-+ 3?-- 0 (2-5)

The boundary conditions are

for y =0: U=0,V=0,uv=0

for y»: U=0U, uv = 0.

In the system of equations (2-4) and (2-5), there are more un-
knowns than equations. The central problem is therefore to find
additional relations in which the Reynolds stresses are related to the

mean flow properties. Quite a few attempts have been made and a number



of hypothetical relations were proposed. However, one can say that a
satisfactory solution to this problem has not yet been obtained.

Close examination of the turbulent boundary layer reveals a
characteristic which allows division of the turbulent boundary layer
into two parts. These parts can then be analyzed separately. It is an
established fact that the total processes in the turbulent boundary
layer are affected by the kinematic viscosity and wall roughness only
in a very thin region in the neighborhood of the wall. In the remaining
part of the boundary layer, the flow appears to be practically inde-
pendent of the viscosity and the wall roughness. Consequently, this
viscous sublayer being very thin, one should expect a velocity law to
be affected only by viscosity and geometrical properties of the wall.

These assumptions make the separation of the influence of the
viscosity and geometrical properties of the wall from the other in-
fluences possible. Thereby, one may assume the conditions in the vis-
cous sublayer to be practically independent of the other flow conditions
at the outer edge of the boundary layer. It then becomes possible to
discuss various properties of the turbulent boundary layers. Further-
more, with the aid of similarity relations and experimental measure-
ments, quantities needed may be determined for the development of approx-

imate methods for calculation of turbulent boundary layers.

2.2 Law of the Wall

This investigation is concerned with measurements and similarity
considerations of the outer portion of the turbulent boundary layer;
however, it is necessary to inspect briefly the flow near the wall.
This is necessary because the law of the wall and similarity considera-
tions of the whole boundary layer are interconnected, as will become

obvious from further analysis.



The law of the wall, attributed to Prandtl (39), pertains to
the region close to the wall where viscosity effect is directly felt.
The law is based on the assumption that the shear stress at the wall,
Ty? depends on velocity U at distance y from the wall, and on
viscosity and density. Therefore, the relation may be written in the

following general form:
F(t,, U, y, u, 0) =0 (2-6)
which can be expressed nondimensionally:

UTy
= S0 e

c

which is consistent with the earlier assumption that in the viscous
sublayer the flow is determined by the conditions at the wall and is
independent of the conditions existing at the outer edge of the boundary
layer. The experimental evidence supports this conclusion (23,33,36,49)
An examination of the momentum equation also supports the division of
the boundary layer into two parts. Namely, very ne%? the wall, V = 0;

5
therefore, according to the continuity equation (2-@),‘32 also has to

oX
be very small. On the other hand, the viscous shear and the turbulent
shear stress experience great changes in the same region as was shown

by Tieleman (49). This leads to the assumption that for the considered

part of the boundary layer one can write
\J—-_—'——'—-"':——"—:O . (2-8)

i.e., total shear stress in this region is constant, and since uv

goes to zero at the wall it is equal to the wall shear stress.



One integration gives

o

|

=

<

]
b=l

~

(1]
'D':--d

Ty (2-9)

w? .
Now if one takes equation (2-1), and if the term 5;— 1s

neglected on the basis of experimental evidence (43), it shows that
normal turbulent stress terms in the equation of motion are an order of

magnitude smaller than the other terms in equation (2-1). One obtains

2 o
gy, 20 w109t (2-10)
3x oy ay2 Y P9y

Introducing the law of the wall into equation (2-10), one obtains

nv
aUr UT AT
o [£2 - £' [~ fdn']= == (2-11)
0

where n = yUT/v (reference 45).

If the law of the wall is to be a similarity law for the region
near the wall, then equation (2-11) has to be independent of the x
coordinate. Therefore BUT/ax must be constant. Now, if the outer
portion of the turbulent boundary layer similarity condition (to be
separately discussed later on), UT = constant is imposed, one obtains
the same result as in equation (2-9). So there must exist a region of
constant shear stress where the law of the wall is the similarity law.
This is, therefore, one of the specific conditions which must be met to
have similarity in the turbulent boundary layer. Division of the
turbulent boundary into two parts being accepted, one can not expect
to be able to represent the similarity form for the distribution of mean
velocity of the whole boundary layer by a single universal function.
As was shown, the similarity law in the viscous sublayer is the law of

the wall, and experimental evidence supports this analysis.



One has to consider the outer portion of the turbulent boundary
layer too. This is done in order to find out what the conditions of
similarity are in the region which does not feel the effect of viscosity

directly.

2.3 Outer Portion of the Turbulent Boundary Layer

The outer portion of the turbulent boundary layer is by far the
larger of the two regions into which the boundary layer was at the
outset divided. However, a large portion of the change in velocity
from zero at the wall to the free stream velocity at the outer edge of
the boundary layer takes place in the viscous sublayer. The momentum
transpert in the sublayer is constant while in the outer portion of
the boundary layer the situation is different. If the turbulent shear
stress is expressed by introducing the Boussinesq's concept of a turbu-

lent exchange coefficient €.

- puv = pe %% (2-12)

then the momentum transport of the outer portion corresponds to €
this coefficient of proportionality being called the "eddy viscosity."
The ratio of kinematic viscosity and the eddy viscosity changes with
change of Reynolds number based on the boundary layer thickness. This
change consequently produces the change of the velocity profile. There-
fore, the behavior of the turbulent boundary layer is quite different
from the behavior of the laminar boundary layer. One concludes that

the similarity of the velocity profile of the turbulent boundary layer
will, accordingly, be of a more complex nature. One has to assume that

there are no severe obstacles or disturbances if a similarity is to

be expected in the velocity profile. The boundary layer should have



10

normal development and one should be able to describe the velocity
profile by the local conditions.

2.3.1 The velocity defect law - The general dimensional argu-

ments and experimental evidence indicate that in the outer portion of
the turbulent boundary layer the similarity law is the velocity defect
law. The general form of the velocity defect law was formulated by
von Karman (21).

In the preceding section it was stated that the boundary layer
considered should have normal development, and the absence of any severe
obstacles or disturbances was assumed. In such a case, considering also
what was said before, i.e., that the turbulent boundary layer albng the
flat plate with the zero pressure gradient is investigated, it is experi-
mentally justified to assume similarity of the velocity profile. This
means that the mean velocity distribution U(y), at any station along
the plate, depends only on four parameters. These are: free stream
velocity U_, thickness of the boundary layer &, kinematic viscosity
v, and the length scale of the surface roughness distribution kr.

Thus, the general form of the relationship would be

f(Us Yo Um, 6) Vs, kr) =0 . (2'13)

This form can be rewritten in nondimensional form,

i g UaS UK,
U—: = G(? 3 """""‘v » 9 ) . (2‘14)

If equation (2-13) is considered together with equation (2-7), i.e.,

with the law of the wall, then the shear velocity U, is introduced

U S\/X (2-15)



11
and the velocity distribution can be better specified since the follow-
ing relation is implied:
g(U)VsésUsk)=0‘ (2_16J
Equations (2-16) and (2-13) may be used to eliminate Us and replace
(2-13) with
h(U, y, U, 8, v, k) =0 (2-17)

which may be nondimensionalized as

u _ Ty TT
U'_ = H(_""" » g » ) 2 (2'18)

This form in the region near the wall yields the similarity form for
the case when geometrically similar roughnesses are considered. In

other words, when y - 0, equation (2-18) becomes

) (2-19)

which is the expanded law of the wall (42). To obtain the velocity
defect law for the outer portion of the turbulent boundary layer, one
has to inspect equations (2-16) and (2-17); this implies that one can

write

LU, -U, vy, UT, 8§, v, kr) =0 . (2-20)

Rotta @2 ) argues that beyond the sublayer u -u is dependent on v
and kr’ only as far as through equation (2-16); there is a functional
relation between UT, U, 8, v and kr' Therefore equation (2-20)

becomes

LU, - U, y,U_, U, q) =0 (2-21)
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or in nondimensional form

U, - U o A
& O (2-22)

T o

This universal velocity defect law extends into the region of the wall
flow. Likewise, the law of the wall validity extends into the outer
portion of the turbulent boundary layer. Thus, an overlap region exists
where the law of the wall and the velocity defect law are valid simul-
taneously, as will be shown in the next paragraph.

2.3.2 The logarithmic region - An argument leading to the

logarithmic form for the function f 1in equation (2-7) was given by
Millikan (32). This argument is based on the law of the wall and the
velocity defect law. Namely, from the law of the wall, differentiating

with respect to y coordinate, one obtains, if the result is multiplied

by y:
yU
Y. W L g d
UT 5y - f (2-23)

where prime denotes derivative with respect to .

In the same manner from the velocity defect law one obtains
- -5 - (2-24)
T

One can here assume ¢ to be a function of y/§ only, for flows
satisfying the similarity conditions. If the existence of a region is
now supposed, where the law of the wall and velocity defect law are

valid simultaneously, equations (2-23) and (2-24) may be equated:

yU
T s wl aL A |
Tl S (2-25)
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Variables involved here are formally independent. Thus, their ratio
may be chosen arbitrarily. It mecans that the expression (2-25) has to
be equal to a constant, say 1/k. Therefore, by integrating over this

region it is found that

yU

u 1
f(—;ia = — In

5 L + constant. (2-26)

Thus, this is an important consequence of the law of the wall and the
velocity defect law in turbulent boundary layers where the similarity
conditions are at least closely approached.

2.3.3 Contemporary treatments of the outer portion of the

turbulent boundary layer - Until recently, no theories which would be

equivalent to those for the viscous sublayer existed for the velocity
distribution in the outer portion of the turbulent boundary layers. As
has been shown, similarity laws for the boundary layers in question
are the law of the wall in the viscous sublayer, and the velocity defect
law in the outer portion of the turbulent boundary layer. Several
authors (5, 42,46, 49 ) have shown that, since the overlap region for
these two laws exists, the functions f and ¢ in equations (2-7) and
(2-22) respectively must be logarithmic. However, to be more specific
they have the logarithmic form where they overlap, but not necessarily
much beyond this region. Proposed extensions to the law of the wall
will be considered herein. As two comprehensive approaches to the
problem, Clauser's (5) and Cole's (6) treatments are briefly considered,
since they are too extensive to be covered in detail.

Clauser (5) considered the outer 80 to 90 percent of the turbu-
lent boundary layer. He used a new conceptual approach by making the

laminar velocity profiles resemble the outer portion of the constant
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pressure turbulent boundary layer velocity profile. The basis of his
analysis was the universal plot of turbulent boundary layer velocity
profiles at constant pressurc in coordinates U-Um/UT and y/8§.
Clauser noted that the main difference in the shape of the constant
pressure laminar velocity profiles and turbulent velocity profiles is
that the turbulent profiles drop abruptly at the wall. The laminar
velocity profiles approach zero gradually. Clauser observed that
turbulent velocity profiles drop so abruptly that they
extrapolate to non-zero velocity at the wall. The large change of
velocity from the wall to the free stream velocity in the turbulent
boundary layer occurs in the viscous sublayer. The same conditions
would exist in a laminar boundary layer if a layer of fluid having a
lower kinematic viscosity were to be placed adjacent to the wall.
Clauser simulated this condition for laminar velocity profiles by
solving the Blasius equation for slip velocities at the wall. He used
different slip velocity to free stream velocity ratios and then col-
lapsed this family to a single curve. The family of profiles obtained
was collapsed on a single curve by dividing the U-Uw/l}T and y/§ by
suitable factors. He then related the laminar profiles to the turbulent
profiles on the basis of the velocity defect law by an eddy viscosity
which he assumed to be constant in the outer portion of the turbulent
boundary layer. He obtained an almost universal curve which is in very
good agreement with experimental data for the outer 80 to 90 percent of
the boundary layer.

A similar treatment by Clauser (5) and Stratford (48) applies
to the equilibrium layers with adverse pressure gradients. However,

since the current experiment involves zero pressure gradient it will not

be reviewed here.
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Coles (6) started his investigation with a very extensive study
of all available mean velocity profile measurements in various two-
dimensional incompressible turbulent boundary layers. He accepted the
law of the wall and then inquired about the information necessary to
establish the velocity defect law.

Inspecting the mean velocity profiles of wide variation in
environment, he decided not to try to determine the nature of the
function ¢, equation (2-22); but to find a function which would give
the departure of the mean velocity profile from the logarithmic law of
the wall. To begin with, he assumed that the mean velocity profile

may be written in the form

Yo

S+ v (2-27)

c

= f(

.
where Il 1is a profile parameter and w(y/§) 1is a function supposedly
common to all two-dimensional turbulent boundary layer flows. The
function w(y/é8) 1is, therefore, by hypothesis a universal function,
and is called the law of the wake. Since the departure of the mean
velocity profile is not confined to equilibrium flows, Coles assumed
the parameter [ to be a function of x.

Analyzing the experimental data, Coles found the form of
w(y/8), and using the normalizing conditions w(0) = 0, w(l) = 2,

2
and [y/6 dw = 1 he was able to tabulate the values of w(y/§) as a
0

function of y/§ . The equation of Coles (2-27) may be rewritten as
yuU
u _1 T n(x) y
= }_n(_T} + C + ——.l-(._w{?s..) {2-28)

T
where k and C have numerical values. Regarding the equation as a

working form of equation (2-27) it is necessary to know mn (x). Coles
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obtained an expression for M(x) in terms of skin friction coefficient
Ce- To test his hypothesis, he fitted the available experimental data
on velocity distribution using the equation (2-28), and found that for
unseparated flows the computed distributions represented observations
well. It is not uncommon to find that the empirical formulas fit well
the experimental results. However, it should be pointed out that
equation (2-28) stands the test of wide variety of conditions but fails
at the separation. As Coles himself states, the basis for his investi-
gation from which the concept of the law of the wake resulted, was the
work of Clauser (5). However, it is obvious that all his results stem
from empirical data through analysis and observations.

It is necessary to note also the work of Mellor and Gibson (29).
The work of these authors is an extension of the work of Clauser (5)
and Townsend (50), i.e., they hypothesize eddy viscosity. On the
basis of eddy viscosity information extracted from constant pressure
flows, a family of velocity defect profiles are calculated for the
range of equilibrium boundary layer parameter @8, as proposed by
Clauser B = %i- g;-. In his later work, Mellor (31) extended the work
reported in reference (29), and applied the effective viscosity hypothe-
sis to turbulent boundary layers with arbitrary pressure gradients. In
both cases the hypothesized eddy viscosity is the basis for the numeri-
cal solution of the mean differential equation of motion. This method
has been checked against the experimental data from the large wind
tunnel at Colorado State University. It was found that the agreement
is fairly good.

It should be noted here that all the mentioned approaches to

treatment of the outer portion of the turbulent boundary layers are



17

based on the similarity concept expressed as the velocity defect law.
Methods are deduced and the authors' discussion of the results and ob-
served facts indicate some of the conditions necessary for existence

of similarity. However, no one asks the question about the conditions
to be fulfilled in the first place if similarity is to be expected.

In the next section the similarity conditions for the turbulent boundary
layer will be considered. However, the case of zero pressure gradient
and the flow along the flat plate as pertinent to this experiment will

be the type of turbulent boundary layer subject to this consideration.

2.4 Conditions for Local Similarity in the Turbulent Boundary Layer

In the first sections of this Chapter the viscous sublayer
of the turbulent boundary layer was briefly considered. The examination
of the governing equations of motion by introduction of the law of the
wall was made. It has been shown that the existence of a constant shear

stress region is required where similarity of the form

YU,
= £(59 (2-7)

IC:

L

1L
is to be expected.

Regarding the outer portion of the turbulent boundary layer, the
preceding section shows that the existence of local similarity is
indicated by experiment. Also Clauser(5) established that similarity
in the form of a velocity defect law exists within the experimental
precision. However, one has to examine the conditions under which this
similarity is justified from the theoretical viewpoint. The similarity
requirements were first investigated by Rotta (42). The requirement
for similarity in the viscous sublayer was experimentally investigated

by Tieleman (49), and its existence well established for high Reynolds
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number boundary layers. This being the case in the current experi-
ment, the consideration of similarity conditions here will be confined
to the outer portion of the turbulent boundary layer. The aim is to
find the conditions under which the generally accepted form of similar-
ity, namely the velocity defect law, is compatible with the governing
equations of motion.

However, if the existence of a universal function representing
the mean velocity distribution is accepted, this imposes the conclusion
that similarity can not be confined to the mean velocity profile.
Therefore, all mean quantities of the flow must be included in the
similarity concept. This means that one should be able to express
nondimensionally the variation of any mean quantity of the flow at any
station along the x-axis. This involves a corresponding scale for
length and velocity, and the resulting expression will be a universal
function of the nondimensional distance from the wall. The only
quantities which are excluded are those which are directly affected by
viscosity.

The velocity defect law could be checked simply by plotting
U= U/UT versus y/¢, as is done by many authors. However, the
boundary layer thickness & cannot be exactly defined. Rotta (41) pro-

posed for the length scale &*U /U, where &* 1is computed from

*= [ (1-79) dy . (2-29)
o [=]

For the velocity profile given by equation (2-22), one obtains

U, @
i) = | dE) s (2-30)
T 0
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therefore, ¢ is proportional to G*Um/UT . Denoting S*Um/UT = A, and
UT/U = w, so U is the velocity scale, the velocity de-“ect law can be

written as

u=uU_ -U_ Fn,W (2-31)
where n = y/A . The similarity forms for Reynolds stresses would then
be

vZ = ui v, (n,4) (2-33)
and

e ’

- uv = UT wlz(n,ua. (2-34)

To test the compatibility of the similarity concept of the outer portion
of the turbulent boundary layer, the similarity forms for the velocity
defect law and Reynolds stresses have to be introduced into the govern-
ing equations of motion. For the case considered we have dP /dx =0,
and the viscosity term in the equation (2-4) becomes negligible in the

outer portion of the boundary layer, so the equations (2-4) and (2-5)

become
U W _ 9, = 3 s
Y= # V?}; = 5 -uv) - 5= (u - V2) (2-35)
au V. _
x "y - O (2-36)

The expressions for flow quantities are given as functions of
the variables n and w, Therefore, the relation between the differ-

ential quotients must be found. Rotta (42) argues that to obtain
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simple solutions one should discuss only the solutions for which all
derivatives of the universal functions, with respect to , are negli-
gible. One should point out that these experiment data show that the
ratio of U~ to free stream velocity U_ is very nearly constant.
Thus, applying the above assumption, one obtains differential

quotients as follows:

_8_= d dn where g-l-]— = -1— da
dx dn dx ix - °"%T &
or finally
3 _ 1 da d
= "I TreE & i)
and in the same manner
9 1 d
e = T T (2-38)

The vertical component of the mean velocity is calculated from the
equation of continuity (2-36). Applying equation (2-37) to equation

(2-31), one obtains

U _ _dA 1 dF dv 1
" "iTE T LYYy T (2-39)

Therefore, since equation (2-39) can also be written as

ou

U 1 di 1 dF

R TR I b M oy [£=40)
and

oU du

. dF . .
axT = 3;1 , denoting g F' one obtains the expression

dUT n da n
V=h g [ Fdn, + U <= / F'nydn, . (2-41)
0 o}
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Integrating the second term on the right hand side by the chain rule,

and supposing that Fn - 0 when n - 0 which follows from

U -u yU U

L T
U i E In 6—;-0: + K(U;) (2—42)

as obtained by Rotta (42), the final expression for the vertical com-

ponent of the mean velocity is obtained as

du n

_ T da da
=B U P g Fdn, - U, —Fn . (2-43)
Substituting equation (2-43) and 3U/3y = - UT %—F' into equation

(2-35), along with the expressions for the right hand side of the same

equation (the latter obtained from equations (2-32), (2-33) and (2-34))

2
3w) | T
ay A 12
du u?
duZ _ T T dA
x i Wt ® Y (2-44)
2
vl dUT u

one obtains

du du n
da 1 1 da ¢
U O g P g P g PG g+ U g [ R, -

dw 1
"X TU0, I (2=46)
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one finally obtains

w(n-w jn Fdn,)F! .. [F (F2-F! fn Fdn,)] A S
L M T PR L SRy dx -

= wly' - E.{i i, 95 2 _g_i':‘n_ - 2-47
Wiyl = 20 gz (b - vy) ¢ w? g (wi ) - ( )

The boundary conditions for the function F(n) are

for n > ®, F(®) = F'(«) =0 (2-46a)
and since
=) Um_U ]
b=] ——dy = [ AFdn
o} T 0
[ Fdn =1 . (2-47a)
o

For similarity in the x direction, equation (2-47) must be inde-

pendent of the x coordinate. This is the case if
w = constant; g§-= 0 (2-48)

and A 1is a linear function of x, %% = constant.
The conditions (2-48) imply that

§* 1is a linear function of x
U

and Ul' = constant; therefore T ® constant,

oo

since in the case considered the free stream velocity U_ and density

p are constants. Further, since

T
2d6 _  w _
o QU_Z = constant, (2-49)

the momentum thickness 6 has also to be a linear function of x.

And finally, the form factor H = 6*/6 has to be constant in the
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%: % In r"“i £ O+ KW (2-55)
T
therefore, w would be constant for a constant ratio Fé . As will
T

be seen from the results of this experiment, even though the flat
plate over which the turbulent boundary layer was developed is smooth,
w was very nearly constant for the whole length of the boundary layer.

However, this will be discussed in the Chapter V.

2.5 Distribution and Order of Magnitude of the Individual Terms
in the Momentum Equation of the Mean Flow

Equation (2-4) is called the momentum equation for the mean flow.
Its terms describe the loss of momentum of the mean flow by the action
of Reynolds and viscous stresses, since in the case of this experiment
the pressure gradient is zero. The last term on the right hand side is
usually neglected. This has been already mentioned in the preceding
section; 3% (uZ-v2), as justified by experimental evidence, may be
neglected, being much smaller than the other terms. Evaluation and
analysis of the mean and turbulent terms in the equations of motion in
a turbulent boundary layer have been done by Sandborn and Slogar (43).
They investigated turbulent boundary layers in adverse pressure
gradients. Their investigation included all terms of the equations
(2-1, 2-2). The results show that it is justified to neglect terms
not included in the equation (2-2). The distribution of terms appearing
in the equations of motion was presented by Sandborn and Slogar (43)
in nondimensional form, and the experimental difference between the
left- and right-hand sides of the equation of motion was indicated.
This difference is attributed mainly to uncertainty in determination of

U %%-. Even so, agreement is very good, indicating that experimental
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evaluation is a reliable approach to the problem., Of special importance
is the insight into the distribution of the turbulent shear stress.

Turbulent velocities appear only in the cnergy cquation if the term

5% (uZ - v2) is neglected and thc cquation (2-51) is considered.
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Chapter IIT

INSTRUMENTATION AND EXPERIMENTAL FACILITIES

The investigation was conducted in the U.S. Army Meteorological
Wind Tunnel of the Fluid Dynamics and Diffusion Laboratory at
Colorado State University. The purpose of this experimental work was
to study the outer portion of a thick boundary layer, and to survey
its development along the boundary layer length. The instrumentation,
experimental facilities, and procedures used will be described and
discussed in this chapter. The description and technical data of the
commercial instruments which have been used during the experiment, are

presented in Appendix A.

3.1 Wind Tunnel Facility

All mean velocity and turbulence measurements were taken in the
thick turbulent boundary layer developed along the floor of the test
section of the U.S. Army Meteorological Wind Tunnel (Figure 2). This
facility is described by Plate and Cermak (35) in detail. The boundary
layer is developed along the 80 foot long test section. The cross
section of the test section is 6 x 6 feet. The first 40 feet of the
floor are plywood and the rest is a 40 feet long aluminum plate. It is
possible to heat or cool the aluminum plate. However, this was not done;
only the cooling of the air stream was utilized in order to hold the
ambient temperature constant. The wind tunnel is of the recirculating
type with speed controlled by means of a variable speed, variable pitch
propeller, and the temperature of the air is controlled by an air

conditioning system.
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As was mentioned above, the turbulent boundary layer investi-
gated was 80 feet long and its thickness varied up to approximately
2 feet. To traverse the length and thickness of the boundary layer
with probes the wind tunnel carriage was employed. The carriage moves
along the wind tunnel on rails which are fixed to the vertical walls
of the wind tunnel. The carriage boom, intended for mounting of probes
and instrumentation, has independent movements, east-west and up-down.
In this experiment only the up-down movement was used. A special probe
carrier was designed and attached to the carriage boom. The wind tunnel
carriage is provided with a remote control. The carriage movement is
controlled by an outside control box, and the position of the carriage
boom is determined from the output of potentiometers which are arranged
for each separate movement. The power is supplied to the carriage by
a 28 volt source.

Measurements were taken at 8 stations at 10 foot intervals along
the test section, the first station being at 10 feet from the saw
tooth fence which artificially trips the boundary layers along the
tunnel walls. The saw tooth fence is preceded by four feet of 1/2
inch gravel fastened on the tunnel perimeter. The gravel and saw
tooth section are at the entrance of the test section (Figure 1). This
arrangement thickens the boundary layer. Furthermore, it provides the
advantage of having the longest possible period of turbulence develop-
ment toward the equilibrium.

In order to obtain a condition of zero pressure gradient, the
tunnel ceiling was adjustable. The typical final pressure distribution

employed is shown in Figure 3.



28

The turbulence level in the free stream is low, due to damping
screens and entrance contraction. The free stream turbulence was
measured at the entrance of the testineg scection. The measurement
covers the range of used air strecam velocities and the result is shown
in Figure 4. The coordinate system used was so oriented that its
x-axis was the center line of the tunnel floor, the y-axis was vertical
to the tunnel floor, and the z-axis was normal to the tunnel centerline
with positive direction westward. The origin of the system was the

intersection of tunnel floor centerline and saw tooth fence at the test

section entrance.

3.2 Instruments

3.2.1 Pitot static tube - The free stream velocity and mean

velocity measurements were made with 0.125 inch diameter Pitot static
tube (Figure 5). The Pitot static tube which was used throughout

the entire experiment has been previously subjected to an elaborate
calibration by Tieleman (49). This was done to obtain a Pitot static
tube which can be used as a laboratory standard. The results of these
calibrations show that the velocity head measured by this Pitot static
tube needed a correction of 1.73%. Therefore, this correction factor
was incorporated in the mean velocity formula.

3.2.2 Hot-wire probe actuator and carrier - Turbulence

measurements in this experiment required covering of the full length of
the Wind Tunnel. Also, it was necessary to move the probes in the
vertical direction through the boundary layer. Since a rotating hot-
wire was to be used, this movement also had to be provided. It was,
therefore, necessary to develop special actuating equipment. Probes

had to be moved approximately 80 feet along the tunnel, about 2 feet
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in a vertical direction at each station, and the hot-wire had to be
rotated at each chosen point.

The existing carriage of the wind tunnel provided the longitudinal
and vertical movements. However, the necessary rotation of the hot-wire
probe imposed an additional problem. To insure proper and reliable
measurements a special probe carrier was designed (Figure 5). The
carrier was designed so as to become a corporate part of the wind tunnel
carriage. It consisted of a heavy gauge aluminum plate fixed to the
wind tunnel carriage boom, hot-wire probe carrier boom, and hot-wire
actuator.

The hot-wire probe holder was placed into a receptacle at the
end of the hot-wire probe carrier boom, and the hot-wire probe was
connected to the actuator motor by way of a flexible shaft. This
arrangement provided for the necessary rotation of the hot-wire probe.
The probe actuator consisted of the low-speed motor, a flexible shaft,
and a potentiometer. The flexible shaft allowed the vertical adjust-
ment of the hot-wire probe in order to bring the probe as near as
possible to the wall. The low-speed motor provided the rotation of the
hot-wire. The position of the hot wire was determined from the output
of the potentiomenter coupled to the low-speed motor through a set of
gears.,

The hot-wire probe carrier was designed in such a way that it was
possible to place probes crosswise to the flow, and in the streamwise
position as well. This was achieved by the ability to mount the hot-
wire carrier boom and the low-speed motor in two positions with respect
to the hot-wire probe carrier plate. In the crosswise to the flow

position the hot-wire was rotated in the x-y plane, and in the
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streamwise position the rotation of the hot wire was in the x-y plane.
The position of the hot-wire probe carrier with respect to the wind
tunnel carriage is shown in Figures 6 and 7.

The vertical position of the hot wire was determined from the
output of the potentiometer on the wind tunnel carriage boom. This
potentiometer was connected through a gear to the gear rack fixed to
the wind tunnel carriage frame. The position of the hot wire with
respect to the x-axis was determined by the measured stations marked on
the wind tunnel carriage rails.

To assure the reliable and non-drifting readings of the output
of the potentiometer, the wind tunnel carriage was rewired so that a
stable constant voltage source could be used. As a constant voltage
source for the potentiometers an H Lab Model 6226A Power Supply was
used. During the experiment the voltage of this power supply was
monitored by a Hewlett-Packard 3440A Digital Voltmeter.

3.2.3 Hot-wire probes - In all turbulence and turbulent shear

stress measurements the hot-wire technique was used. The hot wire was
operated by a constant temperature hot-wire anemometer designed at
Colorado State University (11). A rotating single wire was used. The
streamwise velocity fluctuation,jJ;;?, was measured with hot-wire
positioned perpendicular to the tunnel floor. Since the wire could be
rotated 3600 in the x-y plane, it was possible to check the influence of
wire position on the measurements. The wire used was platinum coated
tungsten with a diameter of 0.0002 inch. A wire approximately 0.05 inch
long was soldered to supports protruding from the 3/32 inch diameter
ceramic probe. The ceramic probe was held by the sliding bearings of

the hot-wire probe holder, which in turn was mounted on the hot-wire
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carrier. The hot-wire carrier provided for alignment of the hot-wire
and probe with the tunnel axes. The ceramic probe was fitted with a
coupling at the end opposite to the hot wire. By means of this coupling
and a flexible shaft, the hot wire-probe was connected to the low-speed
electric motor. The low-speed electric motor provided the movement

of the rotating wire. The position of the wire was determined from the
output of a potentiometer which was rotated simultaneously with the

hot wire through the connecting gears. The hot-wire probes are shown

in Figure 8; the hot-wire probe mounted on the carrier is shown in Fig-
ures 6 and 7.

For the streamwise velocity fluctuation and the turbulent shear
stress measurements, a hot wire soldered perpendicular to its supports
was used. In the measurements of the lateral velocity fluctuation,
\[55_, an inclined hot wire was used. In this case the wire was
inclined 45° with respect to the x-axis of the tunnel; i.e., the hot-
wire carrier was in the streamwise position. The hot-wire supports
were of different length so that the wire soldered acroés the tips was
inclined at 45°. This was the only difference in the probes. With
respect to the holder, bearings and rear end coupling, all hot-wire
probes were identical. The hot-wire probe holder provided also a
possibility to fix the hot-wire probe in any desired position when
disconnected from the motor.

3.2.4 Integrator - In measurements of mean values of quantities
which consist of a mean and fluctuating component, an integrating
electronic circuit was used. This integrator was developed at the Fluid
Dynamics and Diffusion Laboratory of Colorado State University,

(Figures 9 and 10). The integrator was employed to obtain long time
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period averages. The periods of averaging used were 3 minutes in the
mean velocity measurements, and 100 seconds in the measurements of the
mean of the hot-wire anemometer output.

The calibration of this integrating circuit was performed by
using a non-fluctuating voltage from a power supply as the input for the
required period of time of integration. A typical calibration curve is
shown in Figure 11. Calibration of the circuit was checked frequently
during the experiment, and was found to be very stable. The output

voltage was correctad for zero input integrated voltage.
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Chapter IV

DATA REDUCTION, CALIBRATION PROCEDURES AND
POSSIBLE SOURCES OF ERRORS

4.1 Mean Velocity Measurements

To obtain accurate measurements of mean velocity in the turbulent
boundary layer, it is necessary to employ some averaging method. A
mean velocity is difficult to establish with high accuracy due to the
fact that is is made up of mean and fluctuating components. Graphical
averaging was not used, since it is not convenient for evaluation of
great quantities of data. Moreover, graphical evaluation of averages
would allow more possibility of error. Therefore, to improve the
accuracy, an electronic integrating circuit was used (Figure 9).

The block diagram of the instrumentation used in the mean velocity
measurements is given in Figure 12. As can be seen, the instrumentation
used in measurements of the mean velocity consisted of a 0.125 inch
diameter Pitot static tube, a Trans-Sonics Type 120 B Equibar Pressure
Meter, a D.C. amplifier, an electronic integrating circuit that was
developed at the Fluid Dynamics and Diffusion Laboratory of Colorado
State University, and a Hewlett-Packard 3440A digital voltmeter as a
read-out (Figure 12).

4.1.1 Calibration of mean velocity weasurement instrumentation -

The above mentioned system consists of instruments which were previously
described or are presented in Appendix A. Their calibration is also
described in paragraphs 3.2.1 and 3.2.4, for the Pitot static tube and
integrator, respectively, and in Appendix A for the commercial instru-

ments. However, it is necessary to mention here that the pressure meter
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output voltage had to be amplified before integration. The integrator
requires input voltages of at least one volt magnitude to give good
results at used integration times. Therefore, the amplifier-integrator
circuit was calibrated by introducing a non-fluctuating voltage from a
power supply. Integrating time was three minutes, and input voltage
ranged from 0 to 30 mv. The integrating time of three minutes was
chosen on the basis of experiment. The mean velocity was measured in
the turbulent boundary layer using different integration times. These
integration times were varied in range from one to five minutes. The
three minutes integration time was chosen, since further extension of
integration time did not improve this result. The measurements for
three minute averages were repeatable within 0.5%. The input voltage
range was dictated by the pressure meter D.C. output, which is 0 to 30 mv
for each scale (see Appendix A). Amplifier gain of 100 was used through
the entire experiment. Amplifier noise was calibrated out by integrating
for three minutes with a zero input to the amplifier, and using the re-
sult as a correction for integrated voltages.

Calibration of the system was checked requently during the
experiment. A typical calibration curve for the amplifier-integrator
circuit is given in Figure 11.

4.1.2 Possible sources of errors in the mean velocity

measurements - As was already mentioned in the introduction to this

Chapter, this experiment was conducted in order to study the outer
portion of the thick boundary layers. This decreases considerably the
possibility of errors due to shear and proximity of the solid boundary.

However, these effects were taken into consideration and the order of
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magnitude of errors which they might introduce was evaluated. Besides
the effects of shear and proximity of the solid boundary, the effects
of the turbulence were evaluated:

1) Effects of proximity of the solid boundary - In his experiments
on Pitot tubes in shear flow, F. A. MacMillan (28) has found that where
a tube is near the wall, a correction to the measured velocity must be
added. MacMillan expressed the wall effect as a function of y/D ,
where D denotes the external diameter of the tube, and y 1is the
distance of the geometrical center of the tube from the wall. The
points nearest to the floor of the tunnel, for which the mean velocity
measurements were made, were examined. This shows that the ratio y/D
never drops below 1.4. One concludes, entering the values into the
MacMillan correction diagram (Figure 14), that the correction necessary
is always less than 0.001U, and therefore negligible.

2) Effects of shear - The above mentioned reference (28) gives
the effect of shear expressed as displacement d , of the effective
center of the tube toward the region of higher velocity. The value of
d/D is given as 0.15 regardless of Reynolds number and velocity
gradient. Therefore, in the case of this experiment this displacement
would be 0.0063 inch. This is again well within the scatter of data.

3) Turbulence effects - The effect of turbulence can not be
overlocked when one considers the inner portion of the turbulent bound-
ary layer where the turbulence intensities are very high. However, it
is necessary to investigate this effect also in the outer portion of the
turbulent boundary layer. The importance of this effect decreases with
the distance from the wall. Even so, this effect might be considerable

up to 0.025 y/§ , as data of this experiment show. To get an insight
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into the order of magnitude of the possible error due to turbulence

effect, the expression suggested by Goldstein (13) was used:

._.
)
™

p=p5+%—3U2+-§-p(u + v +w2) (4-1)

where p is dynamic pressure, P, ambient pressure, U mean velocity,
and u , v and w are the velocity fluctuations in the direction of
the x , y and =z axes respectively. When the mean velocity measure-
ments were made, turbulence was not measured for all cases of free
stream velocity. One, therefore, can only make an estimate of this
effect and apply it as such to uncertainty interval considerations.
Turbulence measurements show that one can use as an approximation the

following ratios:

V W < 0.75Y o2 and\"r:?_ e e | (4-2)

The pressure meter gives Ah = P-Pg > and starting from

———
U= 2.36ﬂyféhil$9115 (4-3)

accepting the suggestion of Goldstein, the following expression for

actual mean velocity is obtained:

U, =\/5,67 %-h- - iBw® (4-4)

This was applied to mean velocity measurements at free stream velocity

of U°° = 60 ft/sec, at the station X = 80 feet. The results show that
the error varies from 1.7 to 0.1% of the local velocity (Figure 15).
The expression suggested by Goldstein is subject to criticism
by Hinze (17). Hinze points out that due to the finite dimensions of
Pitot tube dynamic port, a deviation might be expected. Also he main-

tains that the static pressure at the static pressure ports will be
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lower then the ambient pressure and that is in conflict with the
correction suggested by Goldstein. No systematic investigation along
these lines has been done. Therefore, in this experiment the results
illustrated by Figure 15 are used as an estimate of the order of
magnitude of this effect and its influence on the uncertainty intervals
of these measurements.

4) Non-linear averaging - The measured Ah obtained from the
pressure meter is not the true representation of the mean velocity, but
is affected by the mean velocity fluctuations as well. A non-linear
relation causes the Ah average to shift toward the higher values. If

one starts with equation (4-3), a relationship is obtained:

Ah 0.177QU2 (4-5)

or

Ah 0.0003297U2

for the same station along the tunnel floor and the same U_ as in the
preceding paragraph. The corresponding mean velocity fluctuations were
added to mean velocity and the shift of Ah was evaluated. It was found
that it is considerable near the wall, 2.7%, and that with the increase
of the distance from the wall it drops quite quickly to an approximately
constant value of about 0.6% in the outer region (Figure 16) from

y/8 > 0.05. In this investigation the evaluation of this effect was
used as information for evaluation of the uncertainty intervals, and
correction was not applied to data,

4.1.3 Mean velocity calculations - According to the system of

instruments used and correction necessary for Pitot static tube, the

mean velocity is obtained through a procedure consisting of the
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following steps:

1) The pressure difference in mm Hg is obtained from the
amplifier-integrator circuit output versus pressure meter reading
calibration curve (Figures 11 and 17).

2) A correction is applied according to the pressure meter
reading versus Merriam micromanometer calibration curve (Figure 13);

3) Mass density is determined from ambient temperature and

atmospheric pressure data, and velocity is then calculated by means of

~ /1,0173Ah
Uu=2.36 ———_—— (ft/sec)

where the coefficient 1,0173 is a correction implied by the Pitot static
tube calibration. Step 1 involves actually two calibration curves.
The first one is the pressure meter D.C. output versus amplifer-
integrator output. And the second is the pressure meter D.C. output
versus pressure difference in mm Hg calibration, obtained for each scale

of pressure meter separately.

4.2 Turbulence Measurements

To obtain turbulence data, measurements with the hot-wire
anemometer were employed. The hot-wire anemometer as a basic instrument
has become the accepted standard for experimental studies of fluctuating
velocities. A large number of hot-wire anemometers are available at the
present time. During this experiment the measurement of fluctuating
velocity components was done by the constant-temperature hot-wire
anemometer designed at Colorado State University by C. L. Finn and
V. A. Sandborn (11). This hot-wire anemometer has a distinct advantage

in measurements of the type involved here; namely, a long and thick
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boundary layer was covered. The majority of instruments have the
problem of critical cable length. Usually the hot-wire anemometer must
be used with a special cable which is calibrated to be used between the
hot wire and anemometer. The advantage of the Colorado State University
instrument is that it does not have any critical cable length. A cable
of 47 foot length was used in these measurements. This was a great
advantage since it was possiblg to group all the instruments at one
position and perform the measurements along the whole length of the
boundary layer without interruption.

To be able to interpret data obtained during the experiment from
the hot-wire anemometer it is necessary to consider briefly the princi-
ples invelved. Only the essential principles of hot-wire anemometry will
be presented.

4.2.1 The hot-wire anemometer - The hot-wire anemometer

basiéally consists of a detecting element and a control unit. The out-
put of a constant-temperature hot-wire anemometer depends on the total
velocity of the flow, angle of yaw with respect to flow direction, and
the temperature difference between the wire and the local fluid temper-
ature, for the fixed dimensions of the wire. The selection of hot-wires,
i.e., of detecting elements, which are to be used for a certain
experiment, depends upon the turbulent quantities required. In the
present experiment the measurements of velocity fluctuations were
required. For this purpose two types of hot wires were used, a single
wire soldered perpendicularly to its support and a wire inclined at 45°,
Both types were used on probes which could be rotated.

Thes hot-wire anemometer responds to both velocity changes and

temperature changes. In this experiment all measurements were made in
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flows of constant temperature and fluid properties. The mean heat loss

from hot wires in subsonic flow can be written in the form

= A+ BU" (4-6)

and it was found that m varies with Reynolds number. The constant
temperature operation being the case in this experiment, one can rewrite

equation (4-6) and obtain the form
E” - E_ = B.U (4-7)

where E0 is the output voltage for no-flow condition. For very low
velocities the free convection problems arise; however, these are
insignificant for velocities above 2.5 ft/sec, and therefore, of no
consequence in this experiment.

4.2.2 Hot-wire sensitivity to velocity and yaw - In hot-wire

anemometry applications it has been found (3) that the heat loss from a
circular cylinder is a function of velocity, temperature, density, and
angle of attack. As was already stated, in this experiment temperature
and fluid properties were considered constant. No problems of frequency
response were considered since it was assumed that the hot wire is
ideally operated by the electronic circuit. General relations for
sensitivity and response for hot wire, derived from considerations of
heat transfer from small cylinders, have been reported by various
researchers., However, helpful as these relations are for the basic
understanding of the physical phenomena, in practice their use involves
complexities. The direct use of calibration is considered more reliable.
When measurement of transient velocities is required, one has to

consider the heat transfer from the hot wire in the transient state.
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It is assumed in hot-wire anemometry that the fluctuations can be
evaluated from a calibration between the hot-wire mean heat loss and

the mean quantity to be measured. The output of the constant-temperature
hot-wire anemometer is an indication of the hot-wire heat loss. This
must be known very accurately, since the first derivative of heat loss,
with respect to the quantity changing it, has to be obtained. One can
assume now that the output of a constant temperature hot-wire anemometer
is a function of velocity and angle of yaw. Assuming that thz hot-wire
output and the calibration curves are known, one has now to d=velop a
technique for determination of turbulent intensities.

According to the previous assumption

E

our = EW

where angle of yaw & , in general, can be constructed of two angles ¢
and ¢ . The angle ¢ is the angle which the hot wire makes with the
x-axis when rotated in the x-y plane, while angle ¢ is the angle
between the hot wire and x-axis in the x-y plane (Figure 18 . Follow-
ing now the development given in references (49) and (44), and assuming
that a perturbation in the velocity field produces a corresponding
voltage perturbation, one can write the following basic response equation

for the hot wire:

_E 3E v . 3E w
e—-§U-u+-§-¢—§+—¢g ’ (4-9)

This equation is used for the evaluation of turbulence quantities when
yawed hot wires are employed. 1In this experiment one encounters two
cases. The first case is when the hot-wire probe carrier holds the

probe crosswise to the flow position. In this position, the hot wire
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is rotated in the x-y plane, and the value of %% = 0. However,

small deviations from the alignment with the x-y plane may cause a
heat loss to change (44). This imposes a problem with which one deals
when probes and hot wires are designed and made. The second case is
when the hot-wire probe is held and rotated in the streamwise position.
In this position the hot wire during the measurement is aligned with the
x-y plane and accordingly %% = 0. Therefore, for each of the mention-
ed cases one obtains an equation which expresses the hot-wire anemometer
output in terms of the velocity fluctuations, mean local velocity, and
sensitivities of the hot wire with respect to velocity and yaw.

To utilize equation (4-9) in calculation of the values of velocity
fluctuations, this equation must be rewritten and obtained in terms of
measured quantities. Considering the first case, 8 o 0 , the hot wire

oY
rotated in the x-y plane, one obtains:

o= 2, 2
AU

cl<

Squaring this equation and averaging an expression for mean square

results in

2‘2‘ 3E OF

;7'= (%5 ) u” o+ 2

U 3¢

&l
a»
m

3
* (32) = (4-11)

If one denotes sensitivities with respect to velocity and angle of yaw

as:

_ oE 1 3E
SU = -aﬁ and SV = E_Cb 7 (4-12)
equation (4-11) becomes
- 22 — 2 2
e = SU u” o+ ZSUSV uv + SV v . (4-13)
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One can see immediately that the hot wire has to be calibrated with

respect to angle and velocity. The hot-wire sensitivities SU and SV

vary with velocity and angle. However, it would be convenient if one

can have such conditions that SU and S,, are of the same nagnitude.

\Y

This was investigated (49) and it was found that for ¢ = 40°

the
condition is approximately satisfied. On the basis of the experiments
described in reference (49), it was decided to operate the hot wire in

the x-y plane at * 40° yaw. This gives two equations:

_ (q2 — pee 2 -
(€2 140 = 57 4a0 W * 2(Sp) 150 Syligg W+ (5P) 40 V
(4-14)
- (Q2 — — 2 —
(D) g0 = (59 g0 ¥ * 205y) 49 (Sy) g0 W + (Sy) 49 V2

for +40° and -40° yawed hot wire, respectively. Here S, is a positive

V
quantity for positive angles, and a negative quantity for negative
angles (49). This gives, together with specific conditions imposed by
the hot-wire calibration, a possibility to construct a calculation
method suitable for use with an electronic digital calculator (see
Appendix B).

When the second case is considered, 2F . 0, the hot wire

¢
aligned with the x-z plane, one obtains through the same steps as in

the first case, the following expressions:

— — — 2
(©2) 145 = Gilags V7 *+ 2(Sy) g5 (Sy) g5 I + (S 4g W2

(4-15)

: 2 — — 2
(e7) 45 = (S _q5 W7 + 2(Sy) 45 (Sy) 45 W + (S)_45 W2

for +45° and -45° yawed hot wires, respectively. In this case a
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hot wire inclined at 45° was used for the following reasons: The

change from the straight rotating hot wire to an inclined one was
dictated by the available facility. It was impractical to adapt the
hot-wire carrier in such a way that the hot wire could be rotated in the
x-z plane with the probe axis perpendicular to the x-z plane, i.e.,
use of a non-inclined wire was not practical. To use a non-inclined
wire would require further rewiring of the carriage control and would

in fact disrupt the whole existing system. Therefore, the hot-wire
carrier was adapted in such a way that the use of an inclined hot wire
facing the flow was possible. The probe rotation is in this case around
the x-axis with which the probe was aligned. Further, the angle of 45°
was chosen, since it was very important in this case to be able to pro-
duce a "perfect" hot wire; that is, a hot wire whose calibration will be
exactly the same for 3450. The angle of 45° was the one which could be
exactly controlled during the making of the hot wire, and therefore it
was chosen. The necessity of having a '"'perfect'" hot wire in this case
will be clear after the discussion of the calibration procedure for the
ﬁot wires,

Both systems of equations (4-14) and (4-15) require another
additional equation, to be solved for values of V2 , uv and/or w2
when one has €2 measurements for positive and negative angles of yaw.
In other words one has to know uZ . When the hot wire is perpendicular
to the mean flow, then the angle sensitivity is zero (44 49 ) and equation
(4-11) becomes

2
.9_2- = (.@.E.) 1-1'2- = (SU}Z E‘Z‘ . (4'16)
90 90
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& ; o .
Subscript 90 here means that the hot wire is at an angle of 90  with
respect to the mean flow direction, i.e., x-axis in this experiment.

Therefore, one obtains u? from equation

uZ = 32— (4-17)
(S5;)
¥ 90
knowing €2 from the measurements and SU from the calibration of
90

the hot wire.

4,2.3 Hot-wire calibrations - To obtain accurate calibration

curves, the calibration of the hot wires was done near the test section
entrance. The wind tunnel carriage was brought to the forward end of
the test section and the hot-wire probe carrier was brought into its
highest position. In this way the hot-wire probes and the Pitot static
probe, agzinst which the hot wires were calibrated, were held in the
free stream outside of the boundary layer.

Prior to the hot-wire calibration in the wind tunnel, each hot
wire was subjected to the 'cooking'" process. During the cooking process
the hot wire was subject to operational condition of no flow with an
overheat ratio of 1.7, for at least 24 hours. This operation stabilized
the hot-wire characteristics very satisfactorily. 1In all cases the
calibration curves before and after each run were the same (Figure 19),
and the value of Ej did not show any detectable change. Even the
calibrations after prolonged periods of time gave the same calibration
curve. Furthermore, the ''cooking'" process, calibration, measurement run
and check calibration sequence were always carried out without inter-
ruption of power to the wire. During the turbulence measurements, the

mean velocity and mean hot-wire output voltage were measured at each
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measurement point. These were checked against the calibration curves.
Since the measurement runs were of very long duration, these checks
provided the hot-wire calibration control throughout the run. After the
run, check calibrations were again made covering the whole range of
velocities. The straight hot wires were calibrated for angles of yaw
of 90° and 1400, the inclined hot wires were calibrated for positions

of +45°. The output voltage from the wires in these positions was

obtained for a range of mean velocities. The velocity was varied from

10 ft/sec to 80 ft/sec. The velocity sensitivity %5— was obtained
from the calibration curves. First the values of %5- were obtained by

determining the slope of the calibration curve of the hot-wire voltage
versus velocity for a range of velocities. With these values a curve
of %5— vs U was plotted (Figures 20 and 21). To check the accuracy
of this method, the velocity sensitivity was also determined by another
method: the relation given by equation (4-7) was plotted on log-log
paper, Ez-Eg versus U . And it was possible to fit a straight line
for the range of velocities of interest. From this plot B was deter-

mined as the intercept on the ordinate, and m as the slope. From the

equation (4-7) one obtains

oE Bm  m-1

E'IT - ?E U . (4-18)
Values of %§-= SV were calculated for the same range of velocities

and these were checked against those obtained from slope reading. The
result is shown in Figures 20 and 21. The agreement is very good; there-
fore the equation (4-18) was employed in one of the turbulence calcula-
tion methods, see Appendix B. This same procedure was used to obtain

the velocity sensitivity for all angles of yaw.
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If the hot wire is perfectly symmetrical one should expect that
it would have the same calibration curves for +40° and -40°. Also one
would expect the velocity sensitivity curves to be the same for these
angles. Practically it is very difficult, if not impossible, to make
an absolutely symmetrical wire. In making the wires for this experiment
much care was taken to solder the wires right across the tips of the
wire supports, so that the only remaining asymmetry was the cut-off end
of the wire at one of the supports. One would expect that the velocity
sensitivity would in this manner be unaffected by change of angle from
+40° to -40°. Even if the wire output voltage would change slightly,
the calibration curve slopes would not change perceptibly. Figures 20
and 21 show the sensitivities for +40° and +45°. 1In the case of the
wire inclined at 450, the curves are indentical. The angle sensitivity
of the hot wires was obtained by rotating the wire for about +5° around
the angle of yaw used. This rotation was done in steps of approximately
1° and the hot-wire output voltage was measured at each step. From

these data the plot E vs ¢ resulted and 25 was obtained. This

29
was done for the range of velocities encountered and the angle sensitiv-
ity versus mean velocity curve was constructed.

During this experiment it was found that one can expect to obtain
two kinds of angle sensitivity for hot wires. One kind is the hot wire
with the same angle sensitivity curve for +40° (Figure 22), this
indicating a perfectly symmetrical wire. In the rest of this study,
this kind of a hot wire will be called a "perfect" wire. The other kind

of the hot wire is the one having two distinct angle sensitivity curves

for +40° yaw (Figure 23). The second is more frequently the case; this
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kind of the hot wire will be called a '"real'" wire, throughout the rest

of this study.

It is known that %%— and %-%%- are not independent of each

other. It was observed by Tieleman (49) from actual calibrations that
at angles close to +40° the velocity and angle sensitivity should be

the same. In this experiment the "perfect'" wire confirmed this,

%§-= %-%% for angle of yaw of t400, and for a wide range of velocities
(Figure 22). For angles close to +45° it was observed that angle and
velocity sensitivities differed only by a constant factor C cot ¢ (1).
Webster (52) explored carefully Hinze's suggestion that besides the
component of the total velocity which is normal to the wire, the
parallel one also affects the heat transfer from the wire. Arya and

Plate also explored this problem. In Reference (1) starting with the

expression suggested by Hinze for "effective velocity"

2 = 12(cin2 2 x
Ueff U< (sin“¢ + acos<¢) (4-19)
; ; ; oE 193 .
they arrive at an expression which relates T and T3 10 the
manner mentioned:
1 3E _ (1-a%®)cot¢ 3E
U~ (qostocezgy 20 =)
(1+a<cot<¢)
therefore
-a2
C B (4-21)
(1+a2cot?4)

If a is known, then for a given angle of yaw, values of C can be
calculated. Webster carried out a very elaborate experiment (52) to

determine a . He made measurements for different mean flow
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velocities and a wide range of wire length-to-diameter ratios. And he
was not able to detect any trend in the change of a . However, the

scatter of Webster's values of a 1lies in range of 0.11 to 0.28. The
mean value is a = 0.20. It is not difficult to conclude that direct

calibration which is done carefully, will give more reliable values.

However, the direct califrations indicate that this kind of relation

. . oE 1 3E . "
exists. Therefore, if T and U5 calibration curves are known,
the determination of C is not difficult. If %g and %-%%

calibration curves are obtained by the methods described previously,
then the possibility of determing C enables one to set up a convenient
calculation method for computing the turbulence components and the
turbulent shear stress. This calculation method can be used in the case
of a '"'perfect'" or '"real' hot wire and is given in Appendix B.

In the case of the inclined hot wire it is not possible to
measure the angle sensitivity directly. Therefore equation (4-21) can
be used, provided that a good estimate of value for a can be made.

4,2.4 Possible sources of error in turbulence measurements -

Various possible sources of error will be briefly considered here.
Detailed discussion of these will be found in Reference 49; however,
the considerations necessary to calculate the uncertainty intervals for
the measurements of turbulence show that errors resulting from
instrumentation and accuracy of calibrations are, by far, more
significant,

1) The solid boundary effect - The solid boundary near to the
hot wire affects the rate of heat loss from the hot wire. The wire
temperature is much higher than the temperature of the solid boundary,

i.e., tunnel wall. However, without use of experimental methods no



50

exact correction for this effect can be obtained. Tieleman in his
discussion of this effect refers to the investigations of Piercy,
Richardson and Winny (34) and Wills (53), stating that at distances
which are greater then 0.02 inch from the solid boundary this effect is
negligible. In this experiment all points of measurement were at much
greater distances; thus no corrections for the effect of the solid
boundary were necessary.

2) Effect of the hot-wire length - It is possible that velocity
fluctuations on one part of the hot wire are not completely correlated
with the velocity fluctuations on another part of the hot wire. This
is because of hot-wire finite length. So if the dominating eddies are
of the same size or smaller than the wire length, then the measurements
of turbulence will be in error. Depending on the correlation curve of
the turbulence in the direction of the wire, the rms voltage is re-
duced. For the hot wires of the same size this correction was evaluated
(49) for a free stream velocity of 40 ft/sec. It was found to be 15%
at 0.015 inch above the tunnel floor. However, the same reference
offers information about the change of integral scale of turbulence with
increase of the distance from the tunnel floor. One can therefore
expect that this correction will rapidly decrease with increase of the
distance from the floor, since the integral scale of turbulence is also
increasing. All measurement points in this experiment were more than
ten times higher, above the tunnel floor, than the mentioned measurement
for which the correction was determined. Furthermore, this was the only
measurement available and was not sufficient to predict the magnitude
of the correction. Thus no correction was applied for the effect of the

hot-wire length.
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3) Effect of velocity and turbulence intensity gradients -

When a hot wire is placed in a flow where a velocity gradient exists,
the heat transfer along the wire is non-uniform. If a turbulence-
intensity gradient also exists, i.e., if the hot wire is working in a
turbulent boundary layer, the situation is still more complicated. A
mathematical solution for the temperature distribution has not been
obtained explicitly. However, one can say that the general effect would
be a shift of the effective center of the wire toward the region of the
higher heat transfer. One problem which can be expected during the
turbulence measurements is, therefore, the possible difference in hot-
wire voltage output for the wire aligned with the y-axis and wire
aligned with the z-axis, i.e., between the vertical and horizontal wire.
However, this problem does not affect the measurement of the velocity
fluctuation component, u , in the direction of the x-axis. In this
case the hot wire can be held horizontal and therefore would not
experience any velocity and turbulence gradients in a two-dimensional
flow. But when the turbulent shear stress and vertical component of
velocity fluctuations are to be measured with yawed hot wires, a
projection in the y-direction can not be avoided.

In order to evaluate this effect, and be able to apply the
corrections if necessary, measurements with a horizontal and vertical
hot wire were made. These measurements were made in the region close
to the tunnel floor, and at two stations along the aluminum-plate part
of the tunnel floor. The stations were 20 feet apart. The results of
these measurements are presented in Figures 24 and 25. Scatter of
points is approximately 1.5% and no systematic trend can be detected.

It was concluded that the measurement points in this experiment are



52

above the region where this effect is strong enough to be detected.

This is also in agreement with the measurements done by Tieleman (49).
Tieleman's measurements were made very near the floor and indicate that
this effect is felt up to approximately 0.175 inches above the floor.
The height of 0.175 was approximately the lower limit of the present
measurements. Therefore, no corrections for this effect were necessary.

4) Effect of turbulence on the hot-wire output voltage - As was
already mentioned in 3.3.7., during the turbulence measurements, the
mean velocity and mean hot-wire output voltage were monitored at all
measurement points. These values are in good agreement with the hot-
wire calibrations. It was, therefore, assumed that the heat transfer
from the hot wire was not affected by the turbulence intensity in these
measurements. Accordingly there is no need for corrections.

5) Linearization effect on turbulence calculation - The assumption
that the hot-wire calibration curve is linear around the point of
operation will introduce an error for high intensities of turbulence.
The highest turbulence intensities encountered in this experiment were
in the neighborhood of 15%. The graphical check on the calibration
curve shows that the maximum error to be expected is of the order of

0.5%. This led to the conclusion that this effect is negligible.

4.3 Uncertainty Intervals

The results of experiments are never free of all errors.
Therefore, one must provide the results with some measure of reliability.
In cases when measurements can be repeated enough times and data can be
taken by diverse instruments, one can use statistics to obtain the
measure of reliability of the results. However, in the case described

here, it was not possible to use repetition to resolve uncertainties.
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Therefore, it is the case of the so-called single-sample experiment.
In the case of single-sample experiments, it is unavoidable that the
statements of reliability will be based in part on estimates. This

is true because by definition, statistics can not be applied to all of
the errors.

In the further parts of this study the following terms will be
used: 'Uncertainty' will mean a possible value the error might have.
For a single observation, the error is a certain fixed number. Uncer-
tainty, therefore, may vary considerably depending upon the particular
circumstances of the observation. '"Variable'" will mean a basic quantity
observed directly in the laboratory. This term is opposed to the
"result", which is obtained by making correction to, or calculations
with, the recorded values of variables. Recorded values of the
variables will be referred to as ''data'.

The uncertainty of each variable may be described by specifying
the mean and an uncertainty interval based on specified odds. The
uncertainty interval, therefore, is not a variable but a fixed value.
The second power equation given by Kline and McClintock (25) will be
used for prediction of uncertainties. So if R is a linear function
of n variables Vi , and each of them is normally distributed, then
the relation between the intervals for the variables wi , and the
uncertainty interval for the result We s which gives the same odds for

each of the variables and for the result, is given by the relation:

[ R 2 3R 2 3R 2]11/2
Wp = L'svl M)t Gy, v et Gy - (d=2d)

This equation is used directly as an approximation for calculating

the uncertainty interval in the result.
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The methods for calculating the uncertainty intervals are given,
and uncertainty intervals are calculated in detail in Appendix C. The
results are given below,.

The mean velocity measurements in this experiment are within the
uncertainty interval of * 1 percent. Considering also the effects which
were discussed in section 4.1.2, one can claim that the results of the
mean velocity measurements are within an uncertainty interval which is
less than * 2 percent, except very close to the wall where it might be
up to * 3 percent of the correct value. The calculation of uncertainty
intervals for the turbulence quantities shows that for this experiment

the uncertainty intervals are:

WJE'—E

= 11.65%
&z
w
Y_ = 10.0%
-\’J;f
YoV
— = 20.1%
uv

and since in the calculation of w2 the method is the same, and
constants involved are of the same order of magnitude as in the case of

calculation of VvZ , it was assumed that the uncertainty interval for

\V wZ is

10.0% .

1]

3

4
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Chapter V
RESULTS AND DISCUSSION

5.1 The Character of the Measured Turbulent Boundary Layer

The development of measurement techniques in general, and
especially the development of hot-wire anemometer as a tool for turbu-
lence research, has directed attention to the quantitative measurements
in turbulent boundary layer research. In order to facilitate the use
of hot-wire probes and minimize errors due to wire length, the boundary
layer should be as thick as possible. The wind tunnel facility disposi-
tion is shown in Figure 1, and the boundary layer definition is given
in Figure 2. As Figure 2 shows, at the entrance of the test section
the gravel is placed to increase the boundary layer thickness at the
higher rate. It is expected that downstream from the gravel roughness
the boundary layer will return to '"normal' within reasonable distance.
The stations, at which the measurements were made, were 10 feet apart
along the x-axis, the first one being about 10 feet from the gravel
roughness. With this arrangement it was possible to observe the effect
of the artificial thickening of the boundary layer. As can be observed
from the mean velocity measurements (Figures 26, 27, 28, 29, 30, 31),
the boundary layer returned to "normal' after 25 to 30 feet. It should
be mentioned also that for the first 20 feet of the test section, it
was not possible to adjust conditions to zero pressure gradient.

The artificial thickening of the boundary layer involved the
setting up of criteria by which to establish the identity of a fully
developed boundary layer. In this experiment the turbulence quantities

were measured beside the mean velocity measurements. As a consequence
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it is possible to show how all these quantities are affected in the
front part of the wind tunnel test section, and when the layer is no
longer influenced by the conditions at the entrance of the test section.
Figures 26, 27, 28, and 29 show the mean velocity distributions
downstream from the entrance of the test section at the free stream
velocities of 60, 75, 85 and 95 ft/sec. The nondimensional velocity
profiles are given in Figures 32 and 33. Nondimensional velocity
profiles are not presented for all free stream velocities since these
graphs show the same general character. One can see that data from the
first station are distinctly off the universal curve, and that data
from the second station, though already in the band covered by the data
points from the subsequent stations, show a definite trend in their
slight deviation. Data from the subsequent stations cover the narrow
band caused by the experimental scatter but no systematic trend is
detectable. The data are consistent, so one can conclude that from the
second station downstream, the boundary layer investigated in this ex-
periment can be considered as an equilibrium turbulent boundary layer
on a smooth flat plate, with a zero pressure gradient. Furthermore, it
was possible to make another check to establish from which point along
the x-axis one can consider the developed boundary layer to be an
equilibrium turbulent boundary layer. For this purpose the numerical
integration of the mean differential equations of motion by the method
developed by Mellor (31) for calculation of equilibrium turbulent boun-
dary layers without secondary flows was used. This method calculates
the boundary layer development, using, as input data, the measurements
at an initial point. The calculated boundary layer is an equilibrium

turbulent boundary layer. Therefore, data from this experiment measured
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at Station 1 were used as input, and the resulting calculated =quilib-
rium boundary layer was compared with the actually measured onz. Com-
parison is shown in Figures 34 and 35. Again it is seen that the mea-
sured values approach closely the equilibrium boundary layer values
already at Station 2 (Figure 34). At the stations further downstream the
measured values are practically identical with those obtained by Mellor's
method, Figure 35. The previous discussion shows that as was expected,
the investigated turbulent boundary mean velocity distributions assume
"mormal' character within the first 20 feet of the wind tunnel test
section.

The lack of knowledge concerning the relationship between the
mean flow and the turbulence quantities does not allow the use of the
mean velocity distribution development as evidence that the tuc-bulence
is fully developed as well. However, the experimental evidence of
measurements of turbulence quantities at the same stations along the
x-axis show that this is the case. The results of measurements of the
turbulence quantities will be discussed later on, but let it be stated
here that they show that the distributions of the turbulence quantities
also assume universal character from Station 2 downstream.

In conclusion to this section one can say that the artificial
thickening of the turbulent boundary layer is successful since the
layer becomes free of distortion within reasonable distance. This

distance in this experiment is accepted as approximately 20 feet.

5.2 Mean Velocity Measurements and Similarity in
Outer Portion of the Turbulent Boundary Layer

The test of the compatibility of the similarity concept of the
outer portion of the turbulent boundary layer by introduction of the

similarity form for the velocity defect law and Reynolds stresses,
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as suggested by Rotta (42), has been considered in Section 2.4.
The similarity requirements were consequently deduced from these
considerations. However, it has to be pointed out at the outset
that the similarity requirements have not been known to exist in
the turbulent boundary layers.

In this experiment the mean velocity distributions were mea-
sured along the centerline of the test section floor (Figures 26, 27,
28, 29, 30, 31) and from these the velocity profile parameters were
calculated. The parameters are listed in Table II. Equations (2-48)
and (2-49) imply that the displacement thickness and momentum thickness
should be linear functions of x coordinate. Therefore, the mean veloc-
ity profile parameters were plotted as functions of x coordinate. This
was done for each free stream velocity and the results are shown in
Figures 37, 38, 39, 40, 41, 42. 1In all cases the displacement thickness
and momentum thickness show linear growth with x. The form factor
change with respect to x coordinate is also shown on Figures 37, 38, 39,
40, 41, 42, and it is very nearly constant except within the first 20
feet of the test section. This is consistent with the discussion in
Section 4.1, where it was stated that for the first 20 feet of the test
section it was not possible to adjust conditions for zero pressure
gradient.

The results shown in Figures 37, 38, 39, 40, 41, 42, cast no
doubt on consistency with the requirements for similarity implied by

Equations (2-48) and (2-49). These requirements may be expressed as

6* = ax

and (5-1)
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One notices immediately that the form factor, which is the ratio

H= ¢ (5-2)

has a constant value which is universal. The value of the form factor
H in Figures 41 and 42, is equal within experimental precision to the
value obtained by van Doenhoff and Tetervin (8) for the case of zero
pressure gradient. Namely, van Doenhoff and Tetervin obtained for the

case of constant dynamic pressure, consequently

and

d o, (5-3)
the value

H = 1.286

which is in agreement with Figures 41 and 42 as stated previously.
Clauser (°) points out that originally it was thought that H expresses
solely the effect of the pressure gradient on the shape of the velocity
profile, but that H is affected as much by skin friction as by pressure
gradient. The results of this experiment show the presence o< still
another factor. As was already pointed out, the value of H shown in
Figures 41 and 42, is consistent with results of van Doenhoff and
Tetervin (8). These authors do not indicate that the data which they
have used were influenced by any secondary flows. Data shown in

Figures 41 and 42, though affected by secondary flow, show that this
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effect was very small (Figures 34, 35 and 46). On the contrary data
shown in Figures 37, 38, 39 and 40, were obtained under relatively
strong secondary flow influence. The comparison of values of H shows
considerable difference. Since all the conditions were the same under
which the measurements represented in Figures 37, 38, 39 and 40, and
Figures 41 and 42 were made, one has to conclude that the secondary flow
effect on the form factor H is prominent.

Equation (2-48) states, besides the requirements expressed in
Equation (5-1), the most difficult requirement of similarity, which is
that the wall shear stress has to be constant. In this experiment it
was not possible to measure the wall shear stress directly. Measurement
was taken along the entire length of the test section, as it was un-
practicable to make direct measurements at each station. Therefore,
the values of the wall shear stress were computed from empirical

relations. As a first approximation the Ludwieg-Tillmann relation

T
- 0.246 x 10-0-678H (g;.&_q)-o.zss -

102

o0

was used. One should immediately point out that Equation (5-4) is
not compatible with similarity requirements; 6 has to vary linearly
with x according to similarity requirements; and cannot give constant
value for T Values for Ty UT and e which are given in Table II
are computed from Equation (5-4). It was expected that discrepancy
would be rather great; however, the Ludwieg and Tillmann relation
gives a small but systematic variation of U, and x. This variation is
along the entire test section floor up to 9 percent. If one observes
the variation of the ratio UT/U°° it is found that its variation is

relatively much smaller, not even 5 percent along the entire length of
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the test section. This justifies the assumption made in Chapter II,
according to which the derivatives with respect to w = UT/Uoo were
neglected when Equation (2-47) was derived. It is difficult to answer
explicitly why w is exhibiting almost universality. However, one
may say that the wall similarity prescribes the slope of the velocity
defect law near the wall and deviations are less probable. As the
relation (5-4) was utilized, it provided means to go a step further
and use also the similarity relation suggested by Rotta (42)

T

—2 = A0 - 92 (5-5)
U2
where A = 1/11, and shape parameter I, is given by
© U _-U yU_
Y os [ -9
) T ®
The value of Il was determined from experimental data, and was found
to be in this case I1 = 6.85 (values measured after the wind tunnel

screens imperfections were removed). Comparison of values calculated
from Equations (5-4), (5-5) and values obtained from Mellor's calcula-
tion of equilibrium boundary layers (31) is given in Figure 46. As
further check and comparison, the skin friction was obtained by Clauser's
method and included in Figure 46. This shows that the relaticn (5-5)
gives almost constant values for skin friction coefficient. Fowever,

one should recall that the values of UT on the basis of which the

value of I1 was obtained, are those calculated from Equation (5-4),
Therefore, the values shown on Figure 46 may be considered as first
iteration values.

Nevertheless, the values of Ces in Figure 46, and the values in

Table II, vary very slightly. As was mentioned previously, the actual
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variation of UTXUW is very small. This indicates a very close
approach to similarity. The Equation (2-11) shows that near the wall
similarity exists even for a linear variation of UT with x. Therefore,
a slight variation of UT should not affect the outer flow. This

also further explains the weak influence of the parameter w. The
requirement of a constant shear at the wall, therefore, is not critical
for the approach of the turbulent boundary layer, with zero pressure
gradient, to similarity. When the law of the wall was considered in
Section 2.2 it was shown that the existence of a constant shear stress
region is required where similarity of the form (2-7) is to be expected.
In his investigation of the viscous sublayer, Tieleman (49) measured
viscous and turbulent shear stress near the wall. His results confirm
the existence of the region of constant shear, though the uncertainty
limit is quite wide. Further support for the existence of this similar-
ity requirement is offered by recent measurements of Arya (2), to be
reported yet, which show existence of constant shear stress region in
thermally stratified flows. In this experiment measurements were not
taken close enough to the wall to provide data for proof of the exis-
tence of this similarity requirement. However, the consistency of the
turbulent shear stress measurements with the calculated values of the
wall shear, T, Was checked. Figures 70 to 77 show the turbulent shear
stress distribution across the boundary layer thickness, with Ty

value indicated. The uncertainty limits were calculated for the turbu-
lent shear stress in Section 4.3.2, and the uncertainty interval was
found to be 20 percent. Inspection of results of Tieleman's (49)
investigation of the viscous region of the turbulent boundary layer

indicates that one should expect puv values slightly higher than T
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in the region adjacent to the wall at high velocities. This actually
occurs, as shown cn Figures 70 to 77; however, within the uncertainty
limits agreement is good. Once again these figures show that for the
first 20 feet the boundary layer is still distorted by the gravel
roughness effect.

Figure 47 suggests universality of the plot U/U_ vs y/8.
One may say that this can be expected if one recalls the comparison of
data obtained by various authors on a flat plate with zero pressure
gradient presented by Clauser (5), plotted U/U_vs y/§. Clauser
compared data by Klebanoff and Diehl (23) and Hama (15) for a range of
Reynolds numbers based on boundary layer thickness. This comparison
is reproduced on Figure 48. One notices that the nondimensional profiles
tend asymptotically to some final form. In the case of data from this
experiment the Reynolds number based on the boundary layer thickness is
approximately three to eight times higher than for the data presented
by Clauser, and if these data are presented on the same graph, they
appear to be asymptotic values (Figure 48). This in other words means
that for very high Reynolds numbers one should expect similarity in the
outer portion of the boundary layer of the form

U ;
T o= o (5-7)

§ is not easily defined, and since it has been proved already in
Equation (2-30) that & is proportional to G*Um/UT', one can replace §

with A = G*Um/UT in Equation (5-7), and obtain

U=U3@ . (5-8)
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Now one can ask the same question as in Section 2.4, what are con-
ditions required for similarity of this form to exist? If the same

notation is used

. 9 _ da 1 d
s & then 5 ¥ =gy & P 173
(5-9)
5.1 4
dy & dn

since it was already established that the influence of w parameter is
weak. Introducing (5-8) and (5-9) into (2-35) and (2-36), and also in
this case assuming that similarity cannot be confined to mean velocity

distribution but must be extended to all mean quantities

uz = Um2 ¥y (m)
vZ = u2 vy (m) (5-10)
w o= U% g ,0)

one obtains for individual terms of equations (2-35) and (2-36)

= o=-Ung & o (5-11)
% =u, T ¢ (5-12)
TR o
& Lyl B, (5-14)

[+%]
<
%]

1 :
U E by . (5-15)
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The vertical component of the mean velocity is calculated from the

equation of continuity (2-36). One obtains
ve-u & N an - (5-16)
»dx ! |

Using the chain rule of integration and argument expressed by Equation
(2-42), Equation (5-16) becomes

n

L o - [ edn] . (5-17)
o

V== 0 T

Introducing expressions (5-11) to (5-17) into Equation (2-35) one

obtains
T In gdn, = 266%n] = 0. # R G - B1) (5-18)
dx & 1 12 dx ""q 27 "

Boundary conditions for the function ¢ are

for n + = ¢ (=) I, $'(=) =0
(5-19)

n=>0 ¢(0)

"

0, ¢'(0)

Equation (5-18) is somewhat simpler than Equation (2-47). If similarity
in the x-direction is required, then equation (5-18) must be independent

of the x coordinate. This is satisfied if

%%-= constant, (5-20)
i,e., A must be a linear function of X. Therefore,

UCO

— 5% = DX . (5-21)

UT 1

Experimental evidence shows that &* is a linear function of x, and
it is a requirement consistent with requirements for the case of the
velocity defect law validity. So Um/UT must be constant. The obtained

similarity requirements are essentially the same as for similarity of
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the mean velocity defect law form; however, the form (5-8) requires
practically infinite Reynolds numbers. Therefore, the following
conclusion is implied: turbulent boundary layers of the type investi-
gated in this experiment approach similarity very closely. The highest
Reynolds numbers achieved based on &, the boundary layer thickness,
are of the order of 106. When such high Reynolds numbers are obtained,
then a complete similarity can be expected, and the similarity of the
form (5-8) may be also expected as an asymptotic form corresponding to
infinite Reynolds numbers.

In all cases of the mean velocity distribution measurements it
was found that when data are plotted in coordinates, U_ -U/UT versus
y/A, data points fall on a single universal curve, within experimental
precision. As experimental precision in this case, one can assume
that it is equal to the uncertainty interval calculated for the mean
velocity measurement. The uncertainty interval for the mean velocity
measurements is calculated in Section 4., and is found to be % 1 percent.
To this value uncertainty resulting from possible errors due to turbu-
lence effect and to non-linear averaging must be superimposed. Finally
the uncertainty interval for the mean velocity measurements becomes
* 2.7 percent at the most. With this value accepted as the uncertainty
limit, the best average values of the U_ —U/UT versus y/A experi-

mentally obtained curve, were tabulated and are given in Table III.

5.3 Turbulence Measurements and Similarity in the
Outer Portion of the Turbulent Boundary Layer

In Section 2.4 similarity requirements were considered. It was
assumed that Reynolds stresses would be expressed in the forms (2-32),

(2-33) and (2-34) if similarity exists. It should be pointed out that
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previously no data were available in support of this assumption. In
this experiment turbulence quantities were measured across the boundary
layer at eight stations along the test section of the wind tunnel. The
arrangement of these stations has been already described. The hot-wire
techniques and uncertainty intervals were considered in Chapter IV and
Appendix C. The present method of measurement reduced the errors and
calculated uncertainty intervals have set more reliable uncertainty
limits for results.

The similarity of Reynolds stresses distribution across the outer
part of the boundary layer is a requirement of the analysis in Section
2.4, Equation (2-47). Figures 49, 50, 51 and 68 give a plot of GVVUZ,
Wfﬁé?u,'\[if?u and \fﬁf?u versus y/6 respectively, each one con-
taining data from eight stations along the boundary layer length. The
measurements of uv , \fﬁff , and '\[Eﬁ; were taken with a single
rotating wire probe, while'\[ﬁi measurements were made with a 45°
inclined wire probe. Considering the uncertainty intervals for the
quantities measured, Figures 49, 50, 51 and 68 suggest similarity of
Reynolds stresses distributions across the outer portion of the turbu-
lent boundary layer. In Figure 49, stations 1 and 2 are omitted and
therefore the curve represents data from Station 3 downstream. This
region was found to be free from distortions caused by gravel roughness
at the entrance, according to considerations in Section 5.1. In
Figures 50, 51 and 68 the first two stations are not omitted.

The high level of intensities of turbulence at Stations 1 and 2 is
apparently the result of the diffusion of the high turbulence generated
by the roughness at the test section entrance. Therefore, Figures 49,
50, 51 and 68 show. that the distributions of the turbulence quantities

assume uriversal character from Station 3 downstream. This is the
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same region in which the mean velocity distributions are similar. One
can therefore conclude that in large scale turbulent boundary layers,
turbulence quantities closely approach similarity conditions, and that
the assumptions of similarity for all mean quantities of the flow in
the analysis in Section 2.4 are verified. As supporting experimental

evidence one should also point out recent, yet unpublished, measurements

by Kawatani (20). These measurements were made in the canopy flow field
at very low velocities of flow, and they show distinctly the existence
of similarity for turbulence intensity distributions in the fully devel-
oped flow region, Figure 69.

Bradshaw (4) suggests that'\[igr,'\[iﬁf-, and uv distributions
across the boundary layer thickness should collapse on a single curve
when nondimensionalized by constant scales U_ and 6. This
was done on Figures 70, 71, 72 and 73. Data were plotted as uv/U_?

Vs, y/ﬁ,'Vrﬁ%}Um Vs. y/G,'\[ig?Um vs. y/o and'Mfﬁi?Um vs. y/6.
When the data points are closely examined, one finds that there is a
systematic shift toward lower values in the ordinate as one proceeds
from station to station along the boundary layer length. However, this
shift seems to be toward an asymptotic universal curve which is achieved
at high Reynolds numbers. This tendency supports the considerations
from Section 5.2 where similarity of the form (5-8) was assumed for very
high Reynolds numbers, and where the velocity scale was U_. Figures

72 to 77 show that turbulent shear stress near the wall has a value

very close to the wall shear stress. Within the uncertainty limits
which can be set for turbulent shear stress measurements at the present
time, there appears to be good agreement between the two. As was

stated before and discussed in the light of the results of this
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experiment, a constant wall shear is a necessary requirement if the
boundary layer momentum thickness is a linear function of the x coor-
dinate. This has been found to be the case.

Observing Figures 72 to 77 one comes to the conclusion that if a
constant wall shear stress is a similarity requirement, and since the
turbulent shear stress goes practically to zero at the outer edge of

the boundary layer, i.e., for y/é = 1.0, then a linear function can be

fitted to tae turbulent shear stress distribution in the outer portion
of the boundary layer as a first approximation. If one takes as an
approximation that at the wall puv I T and that at y/é§ = 1.0,

puv - 0, a linear function of the form

-puv=2%.b (5-22)

can be fitted to the turbulent shear stress distribution. The assumed

boundary conditions

for

]
o
1
©
=1
<
i
-

l —
B
and (5-23)

for

o<
1
—
o

|

-puv = 0

yield the values of the constants, and one obtains

v = T (- P (5-24)

or
T y
-uv = p_... (1 - E-) . {5—25)

If in accordance with the Fquation (2-34), § is substituted by A, the

value of the constant b is changed and Equation (5-25) becomes

- 1
a 2 = -
-uv o= u (1 T W) (5-26)
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Therefore, the universal function ¢12 becomes

4112 =1 - _."_'_ n . (5-27)

In this manner from Equation (2-47) one of the similarity variables is
eliminated. The method of solution of this equation should be the
subject of a separate study.

The experimental results of this investigation are evidence that
the large scale turbulent boundary layers developed on a flat plate
with a zero pressure gradient closely approach similarity conditionms.
However, it has to be mentioned that in the test section of the wind
tunnel, secondary flow exists. Secondary currents are formed whenever
the wall conditions along the circumference of the cross-section of a
conduit are not uniform, either because of geometry or roughness non-
uniformity. Extensive measurements of this effect were made by various
authors, the most detailed being those of Hoagland (19) and Gessner
and Jones (12), and the most recently reported being the experiments
of Hinze (18). From these sources one can summarize the following:
the region exists where the law of the wall applies, but it is affected
in such a way that it becomes thicker if the secondary flow is directed
away from the wall. It can be concluded that the secondary currents
are mainly present outside of the viscous sublayer part of the boundary
layer. The measurements now in progress in the large wind tunnel at
CSU indicate that the effect on the outer portion of the boundary layer
is the thickening of the boundary layer in the region close to the
center line and the decreasing of thickness toward the corners. The
measurements indicate the secondary flow velocities are, at the most,

about 2 percent of the free stream velocity of the flow. One might
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conclude that the secondary flow affects the terms of the mean flow
equation of motion. However, at present it is not possible to apply any
corrections to the obtained data. In this experiment it was found that
the variation of the momentum thickness is too great to give a wall
shear stress value of a magnitude close to values obtained from
Equations (5-4) and (5-5). During the experiment the secondary flow
conditions were changed, but the similarity trend did not change.
Therefore, it does not appear that the secondary flow affects

similarity,
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Chapter VI

CONCLUSIONS

The subject of this experimental study was a zero pressure gradi-

ent, large scale turbulent boundary layer developed along the floor of

the large CSU wind tunnel. The results of measurements have been dis-

cussed in Chapter V. It was ascertained that the boundary layer

assumes ''mormal" character within the first 20 to 25 feet of the test

section.

The compatibility of the similarity concept of the outer

portion of the turbulent boundary layer with a zero pressure gradient

was tested. To summarize the results and discussion given in the pre-

ceding chapter, the following conclusions can be drawn:

1.

The experimental results show that the similarity requirements

for the existence of local similarity of the form

u -1U

U

ZUT
- = Py ﬁ:?
are found in the large scale turbulent boundary layers.
The boundary layer displacement and momentum thickness grow in
a linear manner with increase of the x coordinate. Their ratio,
the form factor H, is very nearly constant along the boundary
layer length. The value of form factor H = 1.286 obtained by
van Doenhoff and Tetervin for conditions pertinent to the
investigated boundary layer is confirmed.
A constant wall shear stress requirement is found to be very
closely approached. The weak influence of the parameter w
is explained. For very large Reynolds numbers the wall shear

stress approaches a constant value,
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73

The mean velocity measurements suggest an approach to

universality of the form

The requirements for this were considered. The comparison of
experimental data and introduction of the suggested form into
the governing equation of motion suggest that this migat be
the case reached at practically infinite Reynolds numbers.

In this case one expects (45), that in the overlap region the

relation

applies.

The best average universal velocity profile of the form

u -Uu
U

T

= D

is tabulated.

The experimental measurements of turbulence quantities show
that the similarity assumed actually exists. The similarity
conditions are very closely approached. When U_ is used as
a velocity scale for turbulence quantities the influence of
the increase of Reynolds number supports the considered

approach to similarity of the form U/U_ = ¢(y/6).



74

The turbulent shear stress distributions across the boundary
layer thickness are approximated by a linear function of the

form

e 1
-uv = UT2 (1 - ng'n)’

the function w12 being defined as

_ 1
lplz = 1 e _'.25- n -

The methods for calculating uncertainty limits for turbulence
quantities measurements are given, and the uncertainty
intervals are calculated.

The influence of the secondary flow is considered and its

prominent effect on the form factor H is indicated.



10,

11.

12

13,

14,

75

BIBLIOGRAPHY

Arya, S.P.S. and Plate, E.J. Hot-wire measurements of turbulence
in a thermally stratified flow. U.S. Army Grant DA-AMC-28-043-65-
G20, CEM67-68SPSA-EJP11, Colorado State University, February 1968.

Arya, S.P.S. Structure of stably stratified turbulent boundary
layer. Ph. D. Dissertation, CED68-69SPSAl15, Colorado State
University, December 1968.

Baldwin, L.V., Sandborn, V.A. and Lawrence, J.C. '"Heat Transfer from
Transverse and Yawed Cylinders in Continuum, Slip and Free Mole-
cule Flow." Journal of Heat Transfer, ASME Trans. Ser. C, vol. 82,
No. 2, 1960.

Bradshaw, P, The turbulence structure of equilibrium boundary
layers. J. Fluid Mech., 29, part 4, pp. 625-645, 1967.

Clauser, F.H. The Turbulent Boundary Layer. Advances in Applied
Mechanics, vol. IV, Academic Press Inc., 1956.

Coles, D. The law of the wake in the turbulent boundary layer.
J. Fluid Mech., 1, Part 2, pp. 191-226, 1956.

Coles, D. Remarks on the Equilibrium Turbulent Boundary Layer.
J. Aero. Sci., Vol. 24, No. 7, July 1957, p. 495-506.

van Doenhoff, A.E. and Tetervin, N. Determination of General
Relations for the Behavior of Turbulent Boundary Layers. NACA T
Rep. 772 (1943).

van Driest, E.R. On turbulent flow near a wall. Journal of the
Aeronautical Sciences, 23: 1007-1011, 1956.

Elias, F. The transference of heat from a hot plate in an air
stream. NACA T 614 (1931).

Finn, C.L. and Sandborn, V.A. The design of a constant temperature
hot-wire anemometer. U.S. Army Research Grant DA-AMC-28-043-65-G20
and NACA NGR-06-002-038. CER66-67CLF36, Colorado State University,
Fort Collins, March 1967.

Gessner, F.B. and Jones, J.B. On some aspects of fully-developed
turbulent flow in rectangular channels. J. Fluid Mech., 23,
p. 689, 1965.

Goldstein, S, A note on the measurement of total head and static
pressure in a turbulent stream. Proc. Roy. Soc., London, AlSS5,
p. 570 (1936).

Gruschwitz, E. Die turbulente Reibungsschicht in ebener Stromung
bei Druckabfall und Druckansteig. Ingeneur-Archiv., Band II,
Heft 3, pp. 321-346, Sept. 1931.



15

16.

17.

18,

19,

20.

21.

22.

23,

24,

25.

26.

27.

28.

29,

30,

76

Hama, F.R. Boundary Layer Characteristics for Smooth and Rough
Surfaces. Trans. Soc. Naval Arch. Marine Engr. 62, pp. 333-358
(1954) .

van der Hegge Zijnen, B.G. Heat transfer from horizontal cylinders
to a turbulent airflow. Applied Scientific Research, Section A,
7:205-223, 1958.

Hinze, J.0. Turbulence. McGraw-Hill Book Co. Inc., 1959.

Hinze, J.0. Secondary Currents in Wall Turbulence. The Physics
of Fluids Supplement, 1967.

Hoagland, L.C. Fully developed flow in straight rectangular
ducts--Secondary flow, its cause and effect on the primary flow.
Ph.D. Thesis, Massachusetts Institute of Technology, 1960.

Kawatani, T. Structure of a canopy fluid flow. Masters Thesis,
CET67-68TK33, Colorado State University, 1968.

von Kérmén, Th. Turbulence and skin friction. J. Aero. Sci., vol.
1, No. 1, Jan. 1934, p. 1-20.

von Karman, T. (Uber laminare und turbulente Reibung. Z. angew.
Math. Mech. 1, 233-252 (1921); also NACA TM 1092.

Klebanoff, P.S. and Diehl, Z.W. Some features of artificially
thickened fully developed turbulent boundary layers with zero
pressure gradient. NACA Rept. 1110, 1952,

Klebanoff, P.S. Characteristics of Turbulence in a Boundary Layer
with Zero Pressure Gradient. NACA TN 3178 (1954).

Kline, S.J. and McClintock, F.A. Describing uncertainties in
single sample experiment. Mechanical Engineering, Jan. 1953.

Kovasznay, L.S.G. Structure of the Turbulent Boundary Layer.
The Physics of Fluids Supplement, 1967, vol. 10, No. 9, Part II.

Ludwieg, H. and Eillmann, W, Investigation of the wall shearing
stress in turbulent boundary layer. NACA TM 1285 (1950).

MacMillan, F.A. Experiments on Pitot-tubes in Shear Flow.
Aeronautical Research Council Reports and Memoranda No. 3028,
February, 1956.

Mellor, G.L. and Gibson, D.M. Equilibrium turbulent boundary
layers. J. Fluid Mech., vol. 24, part 2, pp. 225-253, 1955.

Mellor, G.L. The effects of pressure gradients on turbulent
flow near a smooth wall. J. Fluid Mech., vol. 24, part 2,
pp. 255-274, 1966.



31.

32

33,

34,

35.

36.

37,

38.

39.

40,

41,

42,

43,

44,

77

Mellor, G.L. Incompressible, turbulent boundary layers with
arbitrary pressure gradients and divergent or convergent Cross
flows., AIAA Journal, vol. 5, no. 9, 1967,

Millikan, C., A critical discussion of turbulent flows in channels

and circular tubes. Proc. 5th Int. Cong. Appl. Mech., Cambridge,
p. 386-392.

Nedderman, R.M, The measurement of velocities in the wal} region
of turbulent liquid pipe flow. Chemical Engineering Science,
Vol. 16, pp. 120-126, Pergamon Press, Ltd., London, 1961.

Piercy, N.A.V., Richardson, E.G., and Winny, H.F. On the convec-
tion of heat from a wire moving through air close to a cooling
surface. The Proceedings of the Physical Society, 69B: 731-742,
1956.

Plate, E.J. and Cermak, J.E. Micrometeorological Wind Tunnel
Facility, Description and Characteristics. CSU Report,
CERE3EJP-JEC9, Feb. 1963,

Popovich, A.T. and Hummel, R.L. Experimental study of the viscous
sublayer in turbulent pipe flow. AIChE Journal, September 1967,

Prandtl, L. Uber Flussigkeitsbewegung bei sch kleiner Reibung.
I.M.K., 1904,

Prandtl, L. (Uber den Reibungswiederstand strﬁmeadep Luft.
Ergeb. Aerodyn. Versuchsanst. Gottingen 3, 1-5, Munchen, 1927.

Prandtl, L. Recent results of turbulence research, NACA Tech.
Memo. 720, (1933).

Prandtl, L. Aerodynamic Theory. Vol. 3, Durand, W.F. ed. Durand
Reprinting Committee, Calif. Inst. Technol., 1943.

Rotta, J. Uber die theorie der turbulenten Grenzschichten. NACA
™ 1344 (1953).

Rotta, J.C. Turbulent boundary layers in incompressible flows.

Prof. in Aero. Sci. Vol. 2, ed. Ferri, Kuchemann and Sterne,
Pergamon Press, N.Y., 1962.

Sandborn, V.A. and Slogar, R.J. Study of momentum distribution of
turbulent boundary layers in adverse pressure gradients. NACA
Technical Note 3264 (1955).

Sandborn, V.A. Hot-wire anemometer measurements in large scale
boundary layers. U.S. Army Research Grant DA-AMC-28-043-65-G20,
CER66-67VAS32, Colorado State University, March 1967.



45,

46.

47,

48,

49,

50,

51.

52.

53,

78

Sandborn, V.A., Tieleman, H.W, and Liu, C.Y. The similarity of
large scale turbulent boundary layers. Colorado State University,
CER67-68VAS-HWT-CYL39, March 1968. Submitted to Journal of
Fluid Mechanics. -

Schubauer, G.B. and Tchen, C.M. Turbulent flow. Princeton
University Press, 1961,

Schubauer, G.B. Turbulent Processes as Observed in Boundary Layer
and Pipe. Journal of Applied Physics, Vol. 25, No. 2.

Stratford, B.S. An experimental flow with zero skin friction
throughout its region of pressure raise. J. Fluid Mech., 5,
17-35, (1956).

Tieleman, H.W. Viscous Region of Turbulent Boundary Layer. U.S.
Army Research Grant DA-AMC-28-043-65-G20, CER67-68HWT21, Colorado
State University, Fort Collins, December 1967.

Townsend, A.A., The Structure of Turbulent Shear Flow. Univ.
Press, Cambridge, 1956.

Townsend, A.A. The properties of equilibrium boundary layers.
J. Fluid. Mech., Vol. 1, 561-573, 1956.

Webster, C.A.G. A note on the sensitivity to yaw of a hot-wire’
anemometer. Jour. Fluid. Mech., Vol. 13, 1962.

Wills, J.A.B. The correction of hot-wire readings for proximity
to a solid boundary. Jour. Fluid Mech., 12:388-396, 1962.



79

APPENDIX A

COMMERCIAL EQUIPMENT

Pressure Meter

For pressure measurements a Trans-Sonics 120B Equibar pressure
meter was used. The instrument utilizes a capacitance type transducer,.
This instrument is a portable differential micro-manometer with the
following manufacturer's specifications:

Range: 0.001 mm Hg to 3 mm Hg full scale, in 8 steps.

D.C. output: 0-30 millivolts * 2%, proportional to pressure.

Accuracy of meter readings: * 3% full scale of selected range.

Response time: 10 milliseconds to 63% of a step change in

pressure, at atmospheric pressure.
The pressure meter was used for measurements in the turbulent boundary
layer. To obtain an accurate reading of dynamic pressure, which was
subject to fluctuations, an integration procedure was employed. The
D.C. output of the pressure meter was amplified 100 times by means of
a D.C. amplifier, and then integrated for 3 minutes. The time span of
integration was determined experimentally so that repeated measured
values were within * 0.5%. Amplifier noise was calibrated by inte-
grating for 3 minutes with a zero input to the amplifier, and using
the result as a correction for integrated voltages. A calibration
curve of pressure in mm Hg versus integrator output voltage was ob-

tained for each scale range of the pressure meter (Figure 13).
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True RMS Meter

To measure rms of the constant temperature hot-wire anemometer
output, a DISA Type 55D35 True RMS Voltmeter was used. This voltmeter
permits the integrator time constant to be varied for the best possible
response time. The integration time depends on the wave form and
frequency of the voltage under measurement.

Technical data:

Range: 12 full scale ranges from 1 mv to 300 mv in 1, 3, 10

sequence.

Frequency response: 1 Hz to 400 kHz.

Crest factor: 5 to 1 at full scale, inversely proportional to

pointer deflection; e.g., 10 to 1 at half-scale deflection.

Input impedance: 1 megohm.

Time constant: 6 ranges from 0.1 to 30 seconds in a 1, 3, 10

sequence.
Amplifier

In the integration procedure which was used in the mean velocity
measurements, a Dynamics Instrumentation Co., Model 3184 Amplifier was
used. For the mentioned purpose this amplifier was used in combination
with the Trans-Sonics Type 120B Equibar Pressure Meter, and a; elec-
tronic integrating cirucit, as described in 3.3.1 and 3.3.2.

Technical data:

Voltage gain: 0, 25, 50, 75, 100, 150, 250, 350, 500, 750, 1000
(changed in feedback circuit for optimum signal-to-noise
ratio).

Maximum output voltage: * 50 volts,

Gain accuracy: * 1.0% of set value.
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Equivalent drift referred to the input: * 2.0 microvolts in 40
hours operation after warm up.

Linearity: Better than 0.3% from dc to 5.0 kc.

Frequency response: Down 3.0 db at 30 kc.

Input impedance: 100,000 ohms.

Voltmeter
In all measurements a Hewlett-Packard 3440A Digital Voltmeter was
used with a 3443A High Gain Auto Range Unit.
Technical data:
Sample rate: 5 samples per second to 1 per second.
Voltage range: 4 digit presentation in four steps from 9S.99 mV
to 999.9 volts full scale,
Range control: This control provides Manual Range selection for
the five ranges provided. Automatic ranging from 100 mv to
1000 volts and Remote Ranging.
Accuracy: % 0.05% of reading * 1 digit in voltage range to * 0,1%
of reading * 1 digit in millivolt range.

Input impedance: 10.2 Mohms all ranges.

Power Supply

As a constant voltage source for the potentiometers indicating the
position of the hot-wire probes and wind tunnel carriage, a HLab Model
6226A Power Supply was used.

Technical data:

Input: 105-125/210-250 VAC, single phase 50-70 cps.

Output: 0-36 volts, 0-1, 5 amps.
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Load regulation:
Constant voltage: Less than 0.02% or 2 mv for 1.5 amp load
change.
Constant current : Less than 0.05% or 300 pa for 36 volt load
change.
Line regulation:
Constant voltage: Less than 0.02% or 2 mv from 105 to 125 VAC
or from 125 to 105 VAC.
Constant current: Less than 0,03% or 250 pa from 105 to 125 VAC
or 125 to 105 VAC.
Operating temperature range: 0 - 50°C.
Stability: As a constant voltage source, the total drift for 8
hours (after 30 minutes warmup) at a constant ambient is

less than 0.05% or 5 mv.
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APPENDIX B

CALCULATION OF THE TURBULENCE QUANTITIES FROM THE HOT-WIRE ANEMOMETER
DATA, USING THE WANG ELECTRONIC CALCULATOR

In Section 4.2.2, the hot-wire anemometer techniques and calibra-
tion procedures were described and discussed. Here, only the direct
use of the Wang Electronic Calculator will be described, and the
calculator programs will be given.

1. Calculation of uZ and related quantities.

‘'To obtain the values of V2, uv, and wZ from the systems
of Equations (4-14) and (4-15), the knowledge of uZ before-
hand is required. Therefore, a program was written for cal-
culation of uZ. As the operating formula, Equation (4-17)
was used:

ez,

iy . (3-1)

(S4)g9
Since the presentation of experimental results required the
calculation of turbulence quantities, the program was ex-
tended so as to give these additional quantities. Therefore,
Program No. 1 gives the following information: uZ2, ’\[ﬁ_'z',
'\/ﬁ_'?/U and mUm .

The necessary input data are:'vrgii root mean square of the
hot-wire voltage output fluctuation; Eo, the hot-wire mean
voltage output for no flow conditions; SU, velocity sensi-
tivity of the hot-wire at the velocity U; U, the local mean
velocity of the flow; and U_, the free stream velocity of

the flow. The value of SU can be obtained from the hot-wire
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calibration curve by direct slope reading. It can also be

obtained from the equation

=%

E _ mB  m-1 .
= 3 U (B-2)

(%)

As described in Section 4.2.3, the values of m, Eo and B may
be obtained from the hot-wire calibration data. Since U is
measured at each measurement point, one may include in a cal-
culator program the calculation of SU as well. Program No.
1 assumes that SU is already known.
Calculation of VZ , uv and related quantities.
a) "Perfect'" hot-wire.--In Section 4.2.2 the hot-wire with
the characteristic

S S

S S (B-3)

U+40 = U-40 * °v+40 T °v-40

was called a "perfect" hot-wire. When these characteristics
are introduced into the system of Equations (4-14), one finds
that the calculation of values of uv and VZ becomes quite
simple, provided that the value of uZ is already known.
Denoting

Surqo = Sy amd Syuuo = Sy (B-4)

and rearranging the system of Equations (4-14), one obtains

ez o - SU2 u?

o, 2 =7
+40 ZSUS uv + SV v

v
(B-5)

€2 -82ul=-28

40 U USV uv + SV v
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Adding these two equations and rearranging, the operating

formula for V2 1is obtained:

2 _+e2 , -25°2uz
vz— = +40 —40 U (3—6)

2
ZSV

Introduction of another relation known from the previous
considerations simplifies the calculation further. If the

constant

- a2
C = 1 a

o st o = g (B-7)
(1+a2cot?8)

has been determined, then Equation (B-6) becomes

T T, - 22T
. S0t a0 m By Y o

2g 2
2C Su

In a similar manner, Equation (B-5) yields

€2, - ez
= . 40 =48 X (B-9)

2
4C SU

Obviously, the calculation program No. 2 is now necessarily
nore elaborate and needs more input information. Input
informations are: SUZ, square of velocity sensitivity;
\[E?:B and €40’ the root mean squares of hot-wire

output voltage fluctuations at respective angles; and uZ2.
For the velocity sensitivity, SU’ an addition to the program
can be made as for the program for the ''perfect'" hot wire.

b) '"Real" hot-wire.--It was pointed out in the Section 4.2.2

that, in the case of the '"real" hot-wire, S, 1is the same for

U
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* 400; however, this is not true for SV’ and SV+40 # SV-40'

Therefore, the system of equations to be solved for uv and

2

ez - 2 g v vZ
€240 ~ Sy8Z = 25Sy,40 W * Sygo V
(B-10)
ST _e 2T - . R N -
e_40 SU u ZSUSV_40 uv + SV-40 v
Let A denote
eZ - 202 =
e%40 = SyU ALa0
(B-11)
Y 257 =
®24 ~ Sy@ A_40

Introducing (B-11) into the system of equations (B-10), and

solving for uv and V2, one obtains

= A 40 . A0
Sv-40v+40 * Sv_40)  Svea0Gvsao * Sy-a0’
(B-12)
and
A , S2 - A, S2
= . +zo V-40 -42 V+40 _ (B-13)
285 (534405v-40 * Sy-40Sv+40’

It is convenient to tabulate values of SU’ SV+40’ and SV—40'

Also, since the Wang Calculator card can handle a total of

79 operatioms, A_,, and A, have to be calculated beforehand

+4 40

and tabulated, together with sensitivities. With these data
available, it is possible to condense the calculation program
on one card. Program No. 3 is composed on this basis. Since

the program for calculation of A makes the calculation

+40
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still faster, however, it is not included in this Appendix,
being a simple one easily written when necessary.

¢) Calculation of wZ,--In section 4.2.2, it was found that
in the case of this experiment the hot wire inclined at 45°

behaved as a '"perfect'" hot-wire. Therefore, one can assume

Susas = Sy_as @ Syis = - Sygs (B-14)
and also
SU = CSw .
In such a case, the system of equations (4-15) yields
eZ,. +eZ, - 25207
i +45 -45 U (B-15)
2c25U2

which is the same form as Equation (B-8). Consequently,
Program No. 2 can be used in this case, too; one may ignore
uw or use it as a check of two-dimensionality of the flow.

The constant C for an average value of a = 0.20 and

o]

3 = 45 has the value C = 0,925,
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CALCULATOR PROGRAM No.] Date:
No.| Cmd Code Comment No/| Cmd Code Comment =
ogram; No. 1
00 R‘ 15 40 L_,_E'__X._.’_,_.___.
2 =
o = 45 .l 1. Storeye? in Sy
02 | 2R 52 A2 2. Store S, inS,
03 Rn 14 43 3. Store U in S2
2
o) S 2 M 4. Store U_in S,
05 |Enter 41 45
06| Ry 51 a6 Clear all; Start.
07 = 17 a7 l.: 2., 3. repeated at each
point.
=
o8] Stop 01 | u®; cont. ahd Record values obtained at:
09| vx 44 49
S g
10| stop | 01 |/uT; cont. |50 A u
11| +L 56 51 10 - w;‘m’
12 | Enter 41 52 15 - "’ETIU
13{ Ry 16 53
-z
14] 47 54 0 wi,
15| Stop 01 Yu2/U; contd.|55
16| Ry 55 56
17| Enter 41 57
18| Ry 17 58
19 4 47 59
20| Sto 01 Ues 60 i 3
P / List of operations.
21 61
00 w0
22 62 g; Stop a1 Em;
az
23 83 o3 prfipee
24 84 o el
06 A6 K=
25 45 o7 A7 4=
26 66 10 Store ©O S50 Clear Adder Right
11 Store 1 51 Recall Adder Right
27 67 12 Store 2 52 + Adder Right
13 Store 3 53 - Adder Right
o8 48 14 Recall © 54 Clear Adder Laft
15 Recall 1 55 Recall Adder Left
16 Recall 2 56 + Adder Left
29 &9 17 Recall 3 57 - Adder Left
30 70 5 o G
3 7 2 HE
23 63 3
32 12 24 64 4
2 ¥
66 6
13 73 27 &7 7
34 74 30 70 8
35 75 3 2
3 76 bt 74
a5 75 -
37 77 36 76 Clear Display
a7 77 Change Sign
i8 78
39 79 Bilank indicates not assigned.
. 700 1201 12/67
-@ ?/Uuug aﬁ:‘omfﬂuﬂ, _guc. 836 NORTH STREET  TEWKSBURY, MASSACHUSETTS ¢
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CALCULATOR PROGRAM No. 2 Date:
No., Cmd Code Comment Mo, Cmd Code Comment
00| Ry 15 40 Enter | 41 | Uv, V° program; No. 2
o1 x? 45 41| Ry 51 |
02| -R 53 42| 47 1. Store SU2 in S,
03| -L 57 43| Stop 01 | vZ cont.
o i &
0a| L 56 sa| A | aa Suduore Wty 10
05| R i 45| Stop 01 Vv? 3, Store’\f'c__%dﬂ in 52
06| x? 45 46
07| +R 52 a7 4. Store uz in Ss
08| +L 56 48
09| Ry 51 49 Clear all. Start.
1¢| Enter | 41 50 Type in C. Continue
1] Ro i 2! Record values obtained at:
12| 47 59 G o o
13| Enter 41 53 =
14| 4 64 54 43 - y2

15| ¢ 47 55 45 -V

16| Enter | 41 56

17| Stop 01 in C. Cont. |57

18| 51 11 58
19 + 47 59
20| Sto 01 |uv cont. 60 : ;
P List of operations,
21 |Clear 50 61
00 40
22| Ry 15 62 01 Stop 41 Enter
2 02 42 Lo
23| x as 63 o3 5ot
24| Enter | 41 64 05 :; ;g
06 46 K=
25 2 62 &5 o7 47 +=
26 X 46 &6 10 Store O 50 Clear Adder Right
1l Store 1 51 Recall Adder Rignt
27| Enter 41 67 12 Store 2 52 + Adder Right
e ! R admm
eca I r
28| Ry 14 68 1S Recall 1 55 il g Latt
i
29| x a6 69 17 mucall 3 87 ametr ton
30| +R 52 70 20 50 o
3| Ry 17 7 2 6 2
23 631 3
32| Enter | 41 72 24 64 4
25 65 5
33| 2 62 73 - il
67 7
34 x 46 74 30 7 8
35| Enter | 41 75 & Lk
33
36| R, 14 76 34 7
35 7% -
37 x 46 77 a6 76 Clear Display
ar 77 Change Sign
8| | 57 78
39 R_I 19 Blank indicates not assigned

w f)g . _9 700 1201 12/67
ang a om{oﬂe&, nc. 836 NORTH STREET TEWKSBURY, MASSACHUSETTS &
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CALCULATOR PROGRAM No. 3 Date:
No.| Cmd Code Comment ol Cmd Code Comment
00| Enter 41 40 % 46 [
0] Ry 16 s ey -b 57 uv; vZ program; No.3
02| x? 45 42| Enter | 41
03| X 46 43| Ry 16 1. Store eZ,, in Sy
04| -L 57 44| = 47
os| R, [ 14 a5/Stop | 01 | uv; cont. | 2. Store eZ,, in S,
06| +L 56 46 52 12
3. Store § in 5,
07| S3 13 47 Clear I} 54 o u B
08| Stop 01 |in A ; contf48 R 14 .
+40 g Clear all type in wu2
09| Ry 14 49 Enter 41 )
10| -L 57 50 Rp 51 Start
1" Ry 15 51| x 46 Type in a\+401 continue
12] +L 56 59| +L 56 4. Store SV*4U in Sn
13| +R 52 53 Ry 15
' = 5. Store S, in S
14| Stop 01 [in A_,..,4.,5{54| Enter 41 V-40 1
15|Clear 54 55| Rq 17 Type in A_,,; continue
16| R, 14 56/ x 16
17| +L 56 57| +L 56 Record values obtained at:
18 |Enter 41 58| Si 13 45 - uv
19 Ry 15 soflear L| 54 74 - VT
+L 56 60 14 : 77 - VT
30 Ro List of operations.
921 |Enter 41 61| +L 56
00
22 Ry 16 62| R 15 o1 Stop & Enter
02 a2 -
23 |Enter 41 63| +L 56 03 e
24| Ry 15 64| Enter 41 g; :; :'g
o6 46 X =
25 |Enter 41 &5 Rﬂ 14 o7 47 =
26| 2 62 66| Enter 41 10 Store © 50 Clear Adder Right
11 Stora 1 51 Recall Adder Right
12 Store 2 Adder Ri
| x| 4 ol w [ 15 e § R Taene
4 T loar
28| S 12 68| x 46 15 Reeall T ba 2::-u*::;:rl-l.'rn
16 Recall
29 [Clear I 54 69| S, 10 17 Recall 3 57 © Aader Low
30| Ry 17 | 70| Rg 17 20 p_—
2 61
31 |Enter 41 T | Enter 41 z; 62 ;
23 63 3
24
32| Ry 15 72| R, 14 i s 4
2 P 66 6
33| x as 13| 47 28 e
4| x 46 74| Stop 01 vz . = .
35| oL 56 | & a4 3 2 °
33
36| Ry | 51 16|Stop | 01 |37 s 7
3 5
37 |[Enter 41 17 38 76 Cear Display
ar 77 Cnange Sign
18 R, 14 78
39 12 - 19 | Blank indicates not assigned

W

ng ,['agomg.,,.;,,, ._9,,,:_ 836 NORTH STREET  TEWKSBURY,

T00 1201 12/ 67
MASSACHUSETTS &




91

APPENDIX C

UNCERTAINTY INTERVALS

Mean Velocity Measurements

In the case of mean velocity measurements one has to consider
the measurement of the velocity with a Pitot static tube in an air

stream. The formula used for calculation of mean velocity is:

e 2usey A (c-1)
pa

Ah  in this case is measured by a Trans-Sonic Type 120 B Equibar
pressure meter. This instrument has +2% accuracy in D.C. output of the
instrument, i.e., Ah was calibrated against a Meriam Model 34FB2 T
Micromanometer. This micromanometer is maintained as the laboratory

standard. The micromanometer accuracy is 0.001 in H,0 = 0.001868 mm Hg.

2
The uncertainty of #2% in D.C. output causes an uncertainty of +1.9%
in the Ah value. In turn the D.C. output was determined through the
integration procedure for averaging; however, these measurements were

repeatec within 0.5%. Therefore, an uncertainty of #2% for Ah was

assumed.

Density Measurements

To determine the uncertainty interval for density, Clapeyron's

equation of state was used:

pv = RT
S S P.AR
. R TSIz TOAT (C-2)
where
o 2
A = 0.000583 [——SES°

ft2
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From here one obtains:

3%%‘?— ; and %‘;—=-$§'— (C-3)
Therefore,
or

W = [(%.wp)Z ® i ;E.wT)Z] Lz (C-4)

Temperature was measured by mercury-in-glass thermometer. Therefore,

one can assume:

0
= &
w_ 0.5 Fabs .

Pressure was measured by a bellows-type barometer made by Frieze
Instruments, Baltimore. Accuracy of this instrument is 0.05 in Hg ,

or 3,537 1b/ft , or 0.0246 psi. Therefore,

W, = + 3,537 1b/ft2 .

The equation (C-4) may be nondimensionalized; one obtains, using the

above given values:
"o _|,3.537

2= | (

2
)+ (- *TPJ

- 211/2
0.5 ] . (C-5)

The results for the range of changes in p and T as applies to these

measurements are listed below:
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Range of change
P 24.62 - 24.94 in Hg or 1741.45 - 1764.08 1b/ft?
T 25 - 30% or 536.4 - 545.4 °F abs

wo/p 0.00223 - 0.002205

According to the assumption of uncertainty for h of + 2%:

W + 0.068 mm Hg for the highest value of Ah

Ah

and

w + 0.001 mm Hg for the lowest value of Ah.

Ah

From equation (C-1) one obtains

. 1.18fﬂh/pa3

ap
and
ou  _ 7T
B_E.H = 1.18/ A Da
Therefore
= (38 42 du 2
W, = [(ap we)© + G W) )

or if this equation is nondimensionalized:

Yu Wo. o VAh, 5.%
— [(-0.5 352 + (0.5 7 H2] ' (C-6)

The results for the given range of changes in p and h are listed

below:
Range of change
o 1.865 - 1.905 x 10™° slug/cu ft
Ah 0.1 - 3.5 mm Hg

wu/u 0.005123 - 0.00978



94

Therefore, one can claim that the mean velocity measurements in this
experiment are within the uncertainty interval of *+ 1 percent. Now
one has to consider also the effects which were discussed in section

4.1.2. The above calculated uncertainty intervals are obtained on

the basis of known or estimated uncertainties of the instrumentation.
The errors introduced by the effects that were discussed in section
4.1.2 are reflected in the result so that the calculated uncertainty
is superimposed. Accounting for the possible uncorrected errors, one
can therefore claim that the results of the mean velocity measurements
are within an uncertainty interval which is less than * 2 percent,
except very close to the wall where it might be up to * 3 percent of

the correct value.

Turbulence Measurements

1) Uncertainty intervals for U and E.

In the preceding section the uncertainty intervals for mean

velocity measurements were determined for the applicable range of
changes in Ah. The obtained values, therefore, can be used in the
process of determining the uncertainty intervals for turbulence measure-
ments. However, for the mean voltage, the output of the hot-wire un-
certainty interval must be determined. Direct measurement of the output
mean voltage was done, during the calibration of the hot wires, with
Hewlett-Packard 3440A Digital Voltmeter. The calibrations were per-
formed in the free stream at Station 1 of the wind tunnel test section.
Free stream turbulence was very low (Figure 4). Therefore, the follow-
ing value is assumed to be true for mean voltage measurements where the

value of E is obtained by direct measurement:
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¥E
£ = 0.05% . (C-7)

If we consider values of the mean voltage obtained from the calibration
curve, then the relation given by equation (4-7) allows us to determine
the uncertainty interval for E since the uncertainty interval for U
was determined in the first section of this Appendix. The value of
exponent m in Equation (4-7) is very close to 0.5. Therefore, one can

with confidence assume that

2 2
& .1 Yu b
— > = — or —— > 0.5%
g2 2 U E2
Vg
which means that-E— ~ 0.25% . (C-8)

2) Uncertainty interval for \/uZ .
The mean square of the x-direction component of the

velocity fluctuation is obtained from Equation (4-17):

-

e
T % (C-9)
Syl g0
Therefore, applying Equation (4-22) and nondimensionalizing one
obtains
w2 3 u? 1
B (¢ L S ) e
u? de? BSS [? u?
or
Wo 2
W W SU 1
e (22 % [ )22 (C-10)
uZ Az 2

e Sy

A DISA Type 55D35 True RMS Voltmeter was used for the measurement of

rms of the hot-wire anemometer output. Manufacturer gives the
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accuracy of this instrument for the mean square output as 10%. There-

fore, it was assumed that

= 0.10

2o

For hot-wire sensitivity to velocity if one assumes that the data point
scatter is within the uncertainty interval, one can assume the uncer-
tainty interval of

WS%
=0.20 =

g 2
U

Introducing these values into Equation (C-10) the uncertainty interval

for u is obtained as

W
4 = 0.223

EUI

or

"2

——

u?2

= 0.1165 = 11.65% .

3) Uncertainty interval for Vv  and for turbulent shear stress
measurement.

The values of the mean square of y-direction component
of the velocity fluctuation and of the turbulent shear stress were

obtained from the system of Equations (4-14). Denoting

) . 2.2
Ago = € ag0 - S
and (C-11)

- a2 o
A_40 = e S, “u

the final formulas for calculation may be written in the following forms:
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A, S2 - A ,.S2
= +40°V-40 -407V+40 (C-12)
25uSv+405v-40 Sy+40*Sy-40)
and
A A
— 1 -40 +40
vEE— (3 * i O

V+40°V-40  Sv-40  Svs40

Recalling now the considerations of the hot-wire calibrations in
Section 3, in connnection with references (1 and 52), one caa introduce
the relations between the hot-wire sensitivity to the change of velocity

and the hot-wire sensitivity to the change of angle of yaw. One

obtains
Sysa0 = CSy 3 Sy_g0 = DSy

and consequently (C-14)
S &

V+40 ﬁ'sv-40

where C and D are known constants for a certain hot-wire. With intro-

duction of relations (C-14), the Equations (C-12) and (C-13) become

C.2
= _ Ao~ Alg0 P )
2 C. B
25,2 () (C+D)
and
= 1 A0 Mo .
Ve = (C + ) . (C-16)
g2k g Dy
U D C

To procead to find the uncertainty intervals for uv and v2 using the
equations (C-15) and (C-16) , one has to find the uncertainty interval

for A The Equation (C-11) yields

+40°
2:5-— =1; L == u 5 éé" = SU2 . (C~1T}
95Z 8. 2 duz

U
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Introducing the expressions (C-17) into Equation (4-22), the following

form is obtained

1
- . 2 = 2 Y 2174
W [(1 wggg + ( W )4 + ( SU ”579 ]

U
and by nondimensionalizing

W [ S, 2

uz U

= LR & G g B & g3

U

which is valid for *+ 40°.

(C-18)

(C-19)

With known uncertainties for involved variables, listed below

Variable, V. eZ + 40 5U2 uz
Yi
T 0.10 0.20 0.1165

one obtains

Wasao = 0.014 at the most,

or

0.006 for + 40°

:b‘ }E

0.028 for - 40°
at the highest values of turbulence intensity.

4) Uncertainty interval for uv,

With previously obtained uncertainty intervals for S 2,

and Ai40'

for the turbulent shear stress. Equation (C-15), when partially

differentiated, yields

it is now possible to determine the uncertainty interval

(C-20)
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duv_ _ 1
oA 5 G
+40 28, (F) (C+D)
ai”“ & /D (C-21)
-40 25U2(C+D)
and
Ci2
Juv - A-40 (ﬁ - A+40

2 > C
35, 25,7 ¢ (C+D)
Therefore, the uncertainty interval for uv is obtained by introduction
of expressions (C-21) into Equation (4-22):

Cy2
A (=) “-A
-40'D’ ""+40 e 2y2)%

D/C 2 C/D 2

w— = [( w ) + (- W )4+

uv - A+40 A-40 e
4SU2(C+D) 25,,%(C+D) 2(5,2)?5(C+D) U
(C-22)
or in nondimensionalized form
G2 w
W (=) w g 2
W (2 A2 4 (2 (c-23)
uv B a0™A40D) Aao 240 @ Su

In the case of this experiment, for the hot-wires used in the turbulence

measurements, the average values for the constants C and D were:

C=1.18 D = 0.846
therefore

G - D _

i 1.39 ol 0.717

Introduction of these values, and values for previously determined
uncertainties, gives the uncertainty interval for turbulent shear stress

(C-24)
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where values for A, = were those corresponding to the highest values

40
of turbulence intensity.
5) Uncertainty interval for VvZ,

Using Equation (C-16), and partially differentiating it

with respect to involved variables one obtains

vz _ 1 1
A T
-40 SU -]j' + A
avZ_ _ 1 1 (C-25)
A D
+40 SU2 E+ 1
V2 1
- ank i 2 T "D ]
BSUQ [SU ) -5 + 1 E + 1
By introduction of expressions (4-46), one obtains
S 1 2 ¢ (L _1 2
W= O o7 el T O BT YAk
U D U ¢
We 2
A A S
+ [~ (0-40 & D+40 ) 2 2]2}!5 (C-26)
= + 1 = + 1 (5U )
or in nondimensional form
Werse w
2 i
Ye u A1 CA 40 1+
vZ &+ 1
Ao Y DT %0
- |
C
Wa 2
w S
A+40 2 U .0.% _
+ [ D 19 + [g=1°1° - (C-27)
E’ + 1 U
A + A
+40 T C T, T-40
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Using the same average values for constants C and D in Equation (C-27)

and previously obtained values for the uncertainty intervals W 440
and Wg 2, one obtains

U

\\"‘-{12-

or

Obtained values are of the same order of magnitude as the values esti-
mated by other authors (44, 49). However, one might say that they can
be claimed with more confidence when calculated,.

The uncertainty interval for w2 was not calculated, the assump-
tion being made that it has to be of the same order of magnitude as the
uncertainty interval for v2. The assumption is based on the fact that
in the calculation of w2, the constants of the same order of magnitude
are involved, and the uncertainty intervals of the variables involved
are the same. Therefore, it was assumed that the uncertainty interval
for w2 is

N

10% .
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TABLE I — MEAN VELOCITY DISTRIBUTIONS

Run No. 1
Station 1, x = 7 ft, 11 in. Station 2, x = 17 ft, 11 in.
u, = 62.10 ft/sec U, = 61.330 ft/sec
o = 1.869 x 1073 slug/cu ft p = 1.873 x 1073 slug/cu ft
y u y U
in. ft/sec in. ft/sec
0.1563 35.80 0.0625 31.06
0.400 39,22 0.316 38.61
0.69 41.54 0.496 40.69
0.90 43, 33 0772 44,32
1.20 44 .30 1.131 44.72
1.625 46.14 1.526 46.47
2.30 48.21 2..228 48.73
2.91 49.73 2.906 49,11
4.48 54.73 4,386 % o §
6.63 60.56 6.536 53.27
710 60.817 8.646 56.88
9.80 62.10 9.576 579k
11.866 59. 38
13.096 60.37
15.35 61,330
Run No. 1
Station 3, x = 27 ft, 11 in. Station 4, x = 37 ft, 11 in.
U, = 61.600 ft/sec U_ = 62.20 ft/sez
p =1.87 x 107° slug/cu ft p = 1.873 x 1073 slug/cu ft
y u y u
in. ft/sec in. ft/sec
0.125 33.65 0.1875 34,39
0. 300 39.22 0.271 36.70
0.560 41.78 0.691 41.63
0.805 43,38 1.151 44 .20
1.425 46.04 2.165 47.13
2.155 48.24 5561 48.97
3.255 50.08 5:521 51.66
5.395 52.44 8.721 53.93
8.780 55,72 10.821 54.99
10.850 56.81 13.036 57.32
12,895 58.24 15.541 58.67
15.09 59, 87 17.751 59.87
16.130 60.49 19.081 60.63
18.995 61.08 21.41 62.20



TABLE I - Continued:

Run

Station 5, x

U

oo

p

AN N-E OO

12.
16.
18.
20.
22,
23.

Run No.

Station 7, x = 67 ft, 11 in.

u

o0

p

No.

.0938
.247
.052
.283
. 383
.417
.667

911
287
487
027
117
860

Yy
in.

0.0938
0.5238

1

3.

6.
10.
15.
19.
21,
23,
23.
26.
29.

.614
164
490
524
028
524
824
494
98

67

63

67.62 ft/sec

1.873 x 10'3

1

slug/cu ft

£t/

30.
35
42
45.
47.
51
53.
55.
57
58.
59.
60.
61.

61.10 ft/sec

ft/sec

28

36.

42

45.
49.

52
54

995
58.

59
58

60.
61.

47 ft, 11 in.

sec

49

.64
.34

60
91

.24

36
91
42
86
24
¥ |
62

1.873 x 10°° slug/cu ft

ST
93
.81
55
31
.58
.94
50
72
T D
. 86
63
10

104

Sta

u

oo

p

tion 6, x = 57 ft, 11 in.

62.4 ft/sec

n

"

1.873 x 10°°

.0938
.2038
.994
.138
.374
.474
.94
.574
713
.134
.523
.12

slug/cu ft

ft/sec

30.47
34.03
41.70
45.01
48.55
51,92
54.80
57.94
59.50
60.51
61.08
62.40

Station 8, x = 77 ft, 11 in.

U

o

p

—
SO OO

15.

20

23.
24,
26.
29,
33.

1.885 x 10~

1]

.0938
.5538
.634
.144
.514
.774
101
.437
524
30
53
74
90

60.68 ft/sec

3

slug/cu ft

ft/sec

14.99
37.05
42,22
45.26
48.97
51.75
54.87
56.85
58.83
58.41
59.61
60.3

60.68
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TABLE I - Continued:

Run No., 2
; Stati 3 = in. Stati 4 = 37 in.
Station 2, x = 17 £t, 11 in. Station 3, x = 27 ft, 11 in tation 4, X 37 ft, 11 in
U_ = 75.20 ft/sec U, = 75.33 ft/sec LfCIa = 75.40 ft/sec
_ i el - -3
o = 1.896 x 10-3 slug/cu ft o = 1.885 x 10 slug/cu ft ) 1.869 x 10 slug/cu ft
Y u ¥ U y u
in; ft/sec 3 1 ft/sec in. ft/sec
0.438 54.19 0.250 45,95 u. 250 43,52
0.7345 56.82 0.574 52.67
0.9994 58.45 0, 8906 54.87 1.0947 54.50
1.323 59.99 1.513 61.49 2.8419 63.05
1.676 60.79 2,177 61.88 4,605 65.57
2.911 63.55 4,158 64,91 7.255 67.79
3.222 64,20 7.701 67.96 11.848 70.42
4.547 65.58 12.909 71.47 15.361 72.63
5.254 66.65 16, 355 73.51 18.375 72.93
7.377 68.79 18.794 73.36
9.737 71.14 18.699 74.49
11.007 72.37 21.10 75.33 25.40 75.40
13.263 74.18
14,283 74.61
15.673 74.98
17.00 75.2
Run No. 2
Station 5, x = 47 ft, 11 in. Station 6, x = 57 ft, 11 in.
u_ = 75.50 ft/sec u_ = 75.40 ft/sec
p = 1.882 x 1{]-3 slug/cu ft p = 1.879 x l[}-s slug/eu ft
y u y U
in. ft/sec in. ft/sec
0.125 43.05 0,0625 38.06
0.323 46.96 0.1854 43,82
1.442 58.67 1.1181 53.76
2.5148 61.09 2.5310 60.55
3.6678 63.18 4.7953 63.10
7.0179 66.60 8.1082 66.63
10.491 69.13 14.0428 69.77
14,0939 71.31 17.2560 71.92
17.982 73.61 20.656 73.29
18.448 73.15 22.920 74.57
19.567 71.50 29,30 75.40
20.640 74.29
21.695 74.90

27.80 75.50
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TABLE I - Continued:

Rurn No. 2
Station 7, x = 67 ft 11 in. Station 8, x = 77ft, 11 in.
U_ = 75.50 ft/sec uU_ = 75.50 ft/sec
o =1.879 x 107° slug/cu ft o = 1.879 x 10> slug/cy ft
b 4 u y u
in. ft/sec in. ft/sec
0.125 38.25 0,250 43,46
0.5560 47.49 1.1513 52.30
1.7896 54.68 3.3572 57.31
3.3405 60.99 7.0042 64.26
7.2219 65.40 11,5978 67.43
11,5183 68.06
16.4531 75.90
17.0471 75.85 18.375 70.94
21.4655 73.33 21.4822 72,74
25,3469 75.06 25,1292 74.01
29.6735 76.07 29,7238 75.32
31.827 75.50 34,5252 75.50
35.20 76.89 36.180 75.50
Run No. 3
Station 1, x = 7 ft, 11 in. Station 2, x = 17 ft, 11 in.
u_ = 8375 ft/sec u, = 84 .54 ft/sec
o = 1.891 x 10°° slug/cu ft p = 1.872 x 10°3 slug/eu £t
¥ u 4 u
in. ft/sec in. ft/sec
0,3438 59.10 0,250 55.63
0.5410 62,07 0.5834 60,66
0.8579 64,58 0.9360 65.73
1.5238 66.57 1.3712 67.78
2.1297 68,46 1.6448 68.63
3.7143 72.28 2.7368 71.26
4,.7583 74,43 3.2541 12:.12
7.1247 79.02 4,4327 74,03
8.5237 81.40 5.,2911 74.97
9.4308 82.89 7.6877 77.71
11.10 83.75 10,3858 80,70
12,258 82 .81
14,1489 84.13

16 .40 84.54
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TABLE I - Continued:

Run No., 3
Station 3, x = 27 ft, 11 in. Station 4, x = 37 ft, 11 ir.
U_ = 84.00 ft/sec u_ = 84,10
p = 1.872 x 1073 slug/cu ft o =1.801 x 1075 slug/cu ft
¥ u Y u
in. ft/sec in. ft/sec
0,250 54.93 0,3125 50,83
0. 465 60.15 0,7811 60.68
0, 8606 63.75 1.2697 63.36
1.1564 65,36 2.4627 67.57
1.4798 65,66 4,2259 70.99
2.3057 68.69 6.1515 73.33
3.4857 71.60 9.9679 76 .46
6.1142 74,85 12,8493 78.40
B.6477 76 .50 16,8003 81.19
10.9329 78.84 18.3941 82,48
14,4175 81.27 18.4375 81,88
16.0946 82.38 18,9061 81,89
18.590 83,51 23.60 84,10
20,40 84,00
Run No. 3
Station 5, x = 47 ft, 11 in. Station 6, x = 57 ft, 1l in.
U, = 83.9 ft/sec U, = 83.9 ft/sec
o =1.891 x 10> slug/cu ft o =1.891 x 10> slug/cu £t
Y u Y u
in. ft/sec in, ft/sec
0,1563 51.30 0.09375 47.72
0.3679 56.76 0.,4369 56.94
1.1187 63.04 0.,9638 61.92
2,3845 67.54 2,0555 66.07
3.9737 70.41 4,5556 70,72
6.9177 73.76 8.0077 74,12
9.9407 76.02 12,889 77.46
14,068 78.74 15.3992 78.96
18.5403 81.11 20,1805 81,39
19.2437 81.73 22,6806 82,68
20.5095 83.09 31.014 84,01
22,193 83.86

26,65 83.90
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TABLE 1 - Contirued:

Run No. 3
Station 7, x = 67 ft, 11 in. Station B8, x = 77 ft, 11 in.
U_ = 83.6 ft/sec U = 83.5 ft/sec
L] -
o = 1.891 x 107> slug/cu ft o =1.891 x 10”° slug/cu £t
4 U y U
in. ft/sec in. ft/sec
0,225 48,50 0.1875 49,53
0.5988 57.15 0.7939 58.53
1.7397 63.34 2.9044 64.46
3.4329 67.33 5.5724 69.58
6.7876 71.44 10.3888 73.46
11.7733 75.53 15.6366 77.17
16.3762 78.16 18.8568 78.81
19,8647 79.5683 21.0294 79.80
21.5579 80.77 23.6974 81.18
24,9126 82,57 28.5138 83.09
29,8983 83.49 33.7616 83.55
33.70 83.50 36,9818 83.46
Run No. 4
Station 1, x = 7 ft, 11 in. Station 2, x = 17 ft, 11 in.
u_ = 95.00 ft/sec U, = 94.70 ft/sec
p = 1.885 x 107> slug/cu £t p = 1.885 x 10™> slug/cu ft
y u ¥ u
in. ft/sec in. ft/sec
0.3438 65.45 0.2813 64.77
0.4998 68.74 0.4943 69.31
0.7999 71.50 0.9615 73.67
1.2629 73.96 1.4455 76.10
1.€730 75.79 1.6676 76.85
2.1173 77.33 2.7233 79.95
3.2554 81.26 3.320 81.35
4.8355 84.73 4.4007 83.17
6.5218 88.52 5.2604 84.45
8.1837 93.80 7.2914 86.92
10.302 95.00 9.9655 90.60
11.8064 92.66
13.1545 93.94
15.70 94.70



109

TABLE I - Continued:

Run No. 4
Station 3, x = 27 ft, 11 in. Station 4, x = 37 ft, 11 in.
U, = 94.5 ft/sec U, = 94.4 ft/sec
o =1.885 x 10> slug/cu ft o =1.882 x 10™° slug/cu ft
y u y u
in, ft/sec in. ft/sec
0.250 61.59 0.3125 61.09
0.5228 69.16 0.4921 65.30
0.9648 73.03 0.7725 69.37
1.5960 75.94 1.2941 72.64
2.2055 78.01 2.5655 76.91
3.2203 80.18 3.8539 80.03
5.8480 84,23 5.4413 82.50
7.8458 86.41 8.1545 85.32
10.1376 88,39 11.4608 87.77
13.7510 91.43 14,3227 89,80
14.7123 92,52 17.03 92.30
16.4803 93.79 19,5869 93,83
20,1895 94,50 20,1588 94,00
20.4392 94.16
20,9608 93.93
22,2322 94.40
Run No. 4
Station 5, x = 47 ft, 11 in. Station 6, x = 57 ft, 1l in.
U, = 94.1 ft/sec U, = 95.0 ft/sec
p = 1.882 x 1073 slug/ecu ft p =1,882 x 1073 slug/cu ft
¥ u ¥ u
in. ft/sec in. ft/sec
0.0605 52.40 0,1563 57.49
0.3128 62,36 0.4339 65.08
0,9952 70.21 0.,9035 69,65
2.0891 75.20 1.8776 74.09
3.7808 78.36 3.5478 78.44
6.7096 83,18 6.0009 82,45
9.1119 85.50 7.9214 84,37
13.4589 88.54 12,4762 87.70
16.1308 90. 30 15.1193 89.75
20,6619 92.51 20.5720 91.90
21,7486 93.29 21,5443 92,86
23.1475 93.70 23.2145 93.94

25,7975 94.10 25.6676 95.00
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TABLE I - Continued:

Run No. 4
3tation 7, x = 67 ftr, 11 in. Station 8, x = 77 ft, 11 in.
J_ = 94.9 ft/sec U = 94.5 ft/sec
o =1.882 x 107° slug/cu ft o =1.882 x 107> slug/cu ft
¥ u y u
in. ft/sec in, ft/sec
0,1563 55.46 0,250 58.37
0,5318 64.28 0.6118 64,53
1.4657 7).98 1.9203 72.15
2.5038 74.85 3.2136 75.87
5.4188 73.92 6.4314 80.60
9,3415 84,57 10,6635 84,59
13.2002 87.07 14,2658 86.77
15,1008 88.34
21.1318 91.06
22,1705 92.03 21.587 90.18
25.0855 94,33 22,8803 91.09
29.0082 94.90 26.0981 92.77
30.3302 94.13
33.9325 94,50
TABLE I - MEAN VELOCITY DISTRIBUTIONS* (Cont'd)
Run No. 1*
Station 1, x = 10 ft Station 2, x = 20 ft
U_ = 61.80 ft/sec U_ = 61.33 ft/sec
o =1.895 x 1070 slug/cu ft o =1.900 x 1073 slug/cu ft
v u y u
in. ft/sec in. ft/sec
0.250 35.96 0,250 33,73
0.515 39.17 0.496 39.40
0.804 40,85 0,756 41.97
1.054 41.85 1.500 45,52
1.491 43.46 2.927 49,06
2.121 45,32 4.645 51.81
2,724 47,22 7.153 55.75
4.263 52.03 9.537 58.83
6.215 58.19 10,725 60.07
7.162 60.05 12.906 51.15
7.873 61.07 14.337 51.33
8.348 61.51
8.780 61.67
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TABLE I - Continued:

Run No. 1'
Station 3, x = 30 ft Station 4, x = 40 ft
U_= 61.08 ft/sec U_ = 60.90 ft/sec
p = 1.900 x 1073 slug/cu ft p = 1.900 x 10°% slug/cu ft
y u y u
in. ft/sec in. ft/sec
0.0938 32.17 0.250 36.31
0,3411 38.33 0.6420 40.60
0.7371 42.16 1.0713 43.09
1.4276 45.35 2.3514 46.95
2,3434 47.84 3.4871 49,03
3.9993 50.70 5.8802 52.26
5.8866 52.70 9.5165 55.49
9.4942 56.72 11.788 57.54
14.030 60.33 14.434 59,32
17.6305 61.08 17.822 60,47
20.013 60.92 20.860 60,82
20.859 61.08 21.894 60. 89
Run No. 1'
Station 5, x = 50 ft Station 6, x = 60 ft
U_ = 60.90 ft/sec U_ = 60.94 ft/sec
o = 1.900 x 10”3 slug/cu ft o = 1.905 x 10”3 slug/cu £t
b4 u y U
in. ft/sec in. ft/sec
0.125 33.26 0.0938 29.58
0.3130 37.13 0.8048 40.62
1.0111 42.603 2.0956 45.43
2.3487 46.45 4.0712 48,55
4.5343 50.03 6.7913 51.97
7.0754 53.00 9.750 54.45
15.777 58,39 14,391 57.70
17.927 60, 20 17.657 59.74
20,263 60.76 20.117 60.42
21.940 60,92 21.599 60.35
22.805

25,764
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TABLE I - Continued:

Run No. 1'
Station 7, x = 70 ft Station 8, x = 80 ft
U_ = 60.85 ft/sec U, = 60.90 ft/sec
o =1.905 x 10”3 slug/cu ft o =1.900 x 1073 slug/cu ft
b4 u Y u
in. ft/sec in. ft/sec
€.1875 33.85 0,1563 31.54
€.3736 36.90 0,5596 37.99
1.330 42.42 1.574 43,04
2,497 45,07 2,755 45,42
4.263 48.20 6.914 50.43
7.163 50.76 10. 354 53.44
10.278 54.15 14,525 56.40
14,224 56.85 18,729 38.65
18.510 59,24 22.928 60.82
20.277 60.12 26.368 60. 85
22.299 60.51
23.177 60. 85
Run No. 5
Station 1 § 2, x = 18 ft Station 3, x = 28 ft
U_ = 60.38 ft/sec U, = 61.06 ft/sec
p = 1.875 x 10> slug/eu £t o = 1.870 x 10™° slug/cu ft
¥ u A u
in. ft/sec in, ft/sec
0.3332 34.049 0,3037 33.432
0.3833 35.589 0, 3668 35.660
0. 4446 36.591 0,4788 37.562
0,5181 38.453 0,6225 39,324
0,9760 46.014 1.032 42,197
1.717 44.047 1.655 44,900
2.301 46.714 3.074 48,322
4.656 50.306 4,875 51.248
6.083 52.838 6.380 53.014
9.866 58.799 10.053 57.493
11.70 60.38 12,295 59.441
15.53 60.555 16.421 61.124

19.56 61.055
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TABLE I - Continued:

Run No. 5
Station 4, x = 38 ft Station 5, x = 48 ft
U_ = 61.20 ft/sec U, = 61.51 ft/sec
o =1.850 x 107> slug/cu ft o = 1.860 x 107 slug/cu ft
y u y u
in. ft/sec in, ft/sec
0,2651 33.686 0.1778 27.563
0.3354 35.276 0,2483 31.191
0.4182 36.515 0.3226 33.194
0.5521 38.071 0,.4693 36.192
0,9229 40,824 0,7749 39.191
1.564 43.818 1.512 43.251
2.486 46,276 2.393 48.899
3.943 48.975 3.910 48.717
5.430 51.017 5.355 51.409
8.386 54,504 8.918 54,833
11.93 57.728 11.883 57.676
15.72 60.486 15.75 60.005
18.76 60.611 18.83 61.236
20.86 60.912 22.10 61,509

Run No. 5

Station 6, x = 58 ft Station 7, x = 68 ft Station 8, x = 78 ft

U_ = 61.28 ft/sec U_ = 60.90 ft/sec U, = 60.90 ft/sec

-3 = <,

p = 1.850 x 107~ slug/cu ft p = 1.850 x 1073 slug/cu ft p =1.850 x 107° slug/cu ft
Yy u 4 u ¥ u
in. ft/sec L ft/sec in. ft/sec
0.2949 32,36 0,2515 31.28 0.0956 28.97
0.3361 33.75 0,3028 32.62 0,2807 29,06
0.4285 35.60 0,3848 34,33 0.4345 33.13
0.6234 37.82 0.4997 35.94 0,6394 36.16
1.386 42,65 0.8643 39.16 0.8728 38,59
2.911 46.57 1.525 42.26 1.460 41.57
4.940 49.746 2,871 45,58 2.190 43.60
6.732 52.027 7.006 51,39 5.173 48.60
9.670 54.99 9.637 53.55 8.123 51.91

12.94 57.80 12.84 56.17 11.820 55.08

17.27 60.24 16.96 58.83 15.53 57.57

21.53 66.13 20.54 60.57 20 .00 59.63

23.65 61.28 23.49 60.90 23.59 60.90
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TABLE I - Continued:

Run No. 3'

Station 1, x = 10 ft Station 2, x = 20 ft

U, = 83.36 ft/sec U, = 82,32 ft/sec

p =1.870 x 1073 slug/cu ft o =1.870 x 1073 slug/cu ft

v U y v

in. ft/sec in. ft/sec
0.375 50.15 0.1875 48.58
0.552 52.74 0.5490 50.90
1.3531 58.85 0.8877 58.75
3.4789 67.32 1.5438 2.31
4,5358 72.70 3.1096 66.93
6.3500 80.58 5.0204 71.32
9.1615 83.19 7.4905 76.81
9.9087 83.31 11.3642 81.81

10.511 83.36 13.6345 2.30

15.2062 2.32

Run No. 3!

Station 3, x = 30 ft Station 4, x = 40 ft

U_ = 82.42 ft/sec U, = 81.45 ft/sec

p =1.870 x 1073 slug/cu ft o = 1,870 x 10°3 slug/cu ft

y u y u

in, ft/sec in. ft/sec
0,125 47.41 0,1875 46.91
0,3751 53.72 0.4506 53.789
0.6321 56.99 0,9645 57.931
1.2887 61.50 2.0830 63.137
2.0358 64.23 4.1801 67.56
3.0365 67.00 5.8412 71.289
5.7148 72.32 10.446 77.686
8.3071 76.47 13.589 80. 344

10.5733 79.51 17.211 81.446

13.6116 81.98

15.2055 82.27

16.150 82.42
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TABLE I - Continued:

Run No. 3'
Station 5, x = 50 ft Station 6, x = 60 ft
u_ = 82.30 ft/sec U_ = 81.86 ft/sec
o = 1.880 x 107> slug/cu ft o = 1.880 x 1075 slug/cu ft
y u ¥ u
in. ft/sec in. ft/sec
0.125 43,714 0,0935 41,291
0.3174 50.374 0,301 49.661
0.9604 57.846 0,937 56.878
2.1309 62.778 1.956 61,436
3.7451 66,545 4,248 66.76
4,7186 68,402 8.490 73.219
8.0648 73.969 13.197 78.069
13.042 79. 251 15.127 79.773
17.954 81.909 19.614 81.569
19.111 81.569 23,856 81.809
19. 340 82,246 28.563 81.861
20.085 8l.621
20.684 82.296
Run Ne., 3'
Station 7, x = 70 ft Station 8, x = 75 ft
u_ = 81.74 ft/sec U_ = 81.96 ft/sec
o =1.890 x 10°> slug/cu ft o =1.890 x 107> slug/cu ft
y u ¥ u
in. ft/sec in. ft/sec
0.157 43.549 0.0938 39.960
0,541 50.157 0.3521 49,605
1.777 58.981 1.6920 59,441
3.678 64,107 3.7044 64.688
6.992 69.762 7.035 69.995
12.089 75.883 12,0526 75.598
16,572 80.035 16,824 79.912
19,044 80.575 19.070 80.698
22,358 81.668 22.401 81,835
27.455 81.739 27.419 81.956

* Clean Screens



TABLE II - TURBULENT BOUNDARY LAYER PARAMETERS
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Station

X

Uev

u

&*

v

T W 2 ]
ft fr/sec ft/sec 1b/ft in in in ft*/sec
Run No. 1
1 711" 62.00 1.949  1.972 x 100> 7.10 x 107 8.30 1.380 0.990 1.353 2.05 x 107, 24991
2 17'11" 61.33  1.945  2.013 x 1073 7.085 x 1073 14.50 1.740 1.350 1.289 2.05 x 107, 33657
3 27011 61.60 1947  1.999 x 1073 7.092 x 1073 18.30 2.130 1.700 1.255 2.05 x 107 42569
4 37711 62.20  1.946  1.959 x 1073  7.095 x 1073 21.50 2.525 2.050 1.232 2.05 x 107, 51833
S 47'11" 6l.62 1.930  1.915 x 10]; 6.980 x 10_3 24.20 2.925 2.400 1.219 2,05 x 107, 60878
6 S7'1" 62.40  1.910  1.876 x 107 6.836 x 1073 26.00 3.325 2,750 1.209 2.05 x 107, 69756
7 67'11" 61.10  1.867  1.862 x 1073 6.527 x 107> 27.50 3.720 3.110 1.196 2.05 x 107y 77370
8 77'11" 60.68 1.850  1.848 x 107> 6.411 x 107> 28.40 4.110 3.475 1.183 2.05 x 107" 85717
Run No. 2
2 1rur 75.2 2,53 2.26 x 1073 1.215 x 1073 13.90 1.438 1.200 1.1983 2.01 x 107, 36683
3 27 75.3  2.43 215 x 1073 1115 x 1073 18.40 1.710 1.425 1.200 2.02 x 107, 44267
4 370 754 2437 2,08 x 1003 1.111 x 1075 20.90 1.978 1.656 1.1944 2.02 x 107,  SISlI
s 471" 75.5  2.43 2.02 x 1073 1.112 x 1077 22.70 2.250 1.890 1.1905 2.03 x 107, 58578
6 ST'I" 75.4  2.35 1.939 x 1073 1.039 x 1075 24.80 2.530 2.111 1.1985 2.03 x 100, 65427
7 671" 75.5  2.32 1.882 x 1073 1.010 x 1072 26.40 2.810 2.340 1.200 2.03 x 100§ 72525
8 771" 75.5  2.28 1.829 x 107> 0.980 x 107° 27.00 3.100 2.578 1.202 2.03 x 107 79901
Run No. 3
1 711" 8375  2.83 2.280 x 1073 1.512 x 1072 9.40 1.181 0.975 1.211 2,03 x 107, 33521
2 17t 8454 2.79 2.175 x 1073 1.455 x 1072 13.30 1.440 1,194 1.206 2.06 x 107, 40834
3 27'11" 84.00  2.70 2.070 x 1073 1.368 x 1072 17.40 1.706 1.410 1.210 2.06 x 107, 47913
4 371" 84.10  2.66 1.999 x 1073 1.337 x 1075 20.00 1.975 1.640 1.204 2,03 x 107, 56619
5 47'11" 83.90  2.62 1.949 x 1073 1.297 x 1075 21.60 2.230 1.860 1.199 2.03 x 107§ 64062
6  57'11" 83.90  2.56 1.866 x 1073 1.242 x 1075 23.40 2.506 2.075 1.208 2.03 x 1003 71466
7 67'11" 83.60  2.52 1.823 x 1073 1.205 x 103 26.10 2.775 2.300 1.206 2.03 x 10]; 78933
8 77110 83.50  2.49 1.773 x 107> 1.169 x 1072 27.00 3.050 2.525 1.208 2.03 x 10°* 86557
Run No. 4
1 771" 95.0 3184 2.246 x 107 1.911 x 1072 8.375 1.060 0.870 1.218 2.04 x 107§ 33762
2 17'11" 94.7  3.041 2,062 x 1073 1.743 x 1073 12.96 1.330 1.075 1.237 2.04 x 1073 41586
3 2711" 945 3.038 2,067 x 1073 1.740 x 1075 11.65 1.600 1.335 1.1985 2.04 x 107y 51535
4 3771" 944 3.025 2,049 x 1073 1.722 x 1075 18.80 1.749 1.565 1.176 2.03 x 1073 60711
5 47'11" 94.1 2,947  1.954 x 1073 1.635 x 1075 21.70 2,130 1.800 1.183 2.03 x 107; 69680
6 57'11" 95.0 2,916  1.884 x 103 1.600 x 1072 23.60 2.400 2.025 1.185 2.03 x 103 78972
7 67'11" 94,9 2,876  1.841 x 1073 1,557 x 1075 25.30 2.670 2.260 1.181 2,03 x 1073 87951
8 77'11" 94.5  2.845  1.807 x 1070 1.522 x 107> 27.00 2.940 2.500 1.176 2.03 x 107 97085
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Station x u u, ce T 8 &* 8 H v R
- W, 2 L
ft  ft/sec ft/sec 1b/ft in in in ft"/sec

Run No, 5

182 18 60.38  1.910  2.007 x 107> 6.839 x 101> 10.83 1.725 1.325 1.302 2.09 x 107§ 31890
3 28 61.06  1.912  1.961 x 1073 6.815 x 1073 13.53 1.950 1.513 1.289 2.01 x 1003 37100
4 38 61.20  1.937  2.004 x 1073 6.980 x 1073 16.20 2.175 1.740 1.250 2.07 x 107; 42910
5 48 6L.51  1.921  1.950 x 1073 6.863 x 1073 17.90 2.373 1.899 1.250 2.05 x 107y 47500
6 S8 61.28  1.857 1.837 x 1073 6.382 x 103 19.00 2.533 1.976 1.282 2.05 x 1073 49280
7 68  60.90  1.885  1.917 x 1073 6.576 x 1073 19.90 2,733 2.213 1.235 2.05 x 1007 55320
8 78 60.90  1.801  1.748 x 107 5.999 x 107>  21.50 2.967 2.315 1.286 2.03 x 10°! 57900
Run No, 1'

1 10 6L.8 1.945  1.981 x 1073 7.17 x 1073  7.95 1.450 1.088 1.333 2.03 x 107, 27611
2 20 61.33  1.930  1.981 x 1073 7.08 x 1073 11.65 1.687 1.294 1.304 2.02 x 1073 32728
3 30  61.08 1994  2.129 x 1073 7.55 x 1073 14.00 1.850 1.500 1.235 2.02 x 10]; 37797
4 40 6090  1.925 1.997 x 1073 7.04 x 107 16,80 2,100 1.672 1.256 2.02 x 1073 41995
5 SO 6090  1.811 1772 x 1073 6.2 x 1073 18,40 2,430 1.850 1.314 2.01 x 107} 46642
6 60  60.94  1.904 1955 x 1073 6.91 x 1073 19.50 2.576 2,094 1.230 2.01 x 107 52905
7 70 60,85  1.806  1.760 x 1073 6.21 x 1073 20,80 2.850 2.213 1.288 2,01 x 107, 55826
8 80 60.90  1.818 1.790 x 107> 6.28 x 107> 22,90 3.038 2.400 1.266 2.01 x 10" 60597
Run No. 3'

1 10 33,36 2448 1725 x 107 1.121 x 1077 8.37 1.413  1.0225 1.381 2.04 x 107} 34819
2 20 32,32 2.568  1.946 x 1073 1.233 x 1075 11.00 1,513 1.180 1.282 2.04 x 107§ 39667
3 30 32,42 2,605  1.998 x 1073 1.269 x 1073 12.95 1.650 1,325 1.245 2.04 x 107, 44604
4 40 31,45  2.538  1.9425x 1073 1.205 x 1072 14.40 1.800 1.437 1.252 2.05 x 107§ 47599
5 S0 32.30  2.498  1.843 x 1073 1.173 x 1075 16.25 2.067 1.640 1.260 2.04 x 107, 55149
6 60 31,86  2.508  1.877 x 1073 1.182 x 1073 17,13 2,200 1.780 1.236 2.04 x 107, 59509
7 70 3174 2,360  1.668 x 1073 1.053 x 1073 18.25 2.540 1.960 1.295 2.05 x 1074 65112
8 75 31.96 2.437 1.768 x 10 1.122 x 10 19.20 2,550 2,030 1.256 2.05 x 10 67647

-
Clean Screens
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*

§*U
TABLE IIT - UNIVERSAL VELOCITY PROFILE A = ——=
t
U-u
= A
U, A
18.00 0.001
15.90 0.002
13.70 0.004
12. 36 0.006
11,52 0.008
10. 87 0.010
9.77 0.015
9.02 0.020
8.45 0.025
7.98 0.030
7.55 0.035
7.17 0.040
6.81 0.045
6.50 0.050
5.94 0.060
5.44 0.070
4.97 0.080
4.14 0.100
3.36 0.120
2.63 0.140
1.97 0.160
1.35 0.180
1.07 0.190
0.81 0.200
0.56 0.210
0.36 0.220
0.20 0.230
0.11 0.240
0.05 0.250
0.00 0.260
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TABLE IV - TURBULENCE QUANTITIES

Run No. 4
Station 1, x = 17 ft Station 2, x = 22 ft
u, = 60,2 ft/sec u, = 60.0 ft/sec
p = 1.850 x 1073 slug/cu ft p = 1,855 x 1073 slug/cu ft
w uv
ii. u Vot x(-1) Ve ii. u Vw2 x(-1) Vv?
L2115 31.27 4.411 3.269 1,785 L1841 30.85 4,160 3.333 2.131
L2728 33.79 4,386 3.762 2.141 .2366 32,99 4,169 3.565 2,293
. 3248 35.10 4,366 4,000 2,311 L3063 35.36 4,232 3.474 2.284
. 3550 35.66 4.394 3.684 2.219 L4071 37.48 4,263 4.063 2,401
L4793 37.87 4,295 4.063 2.559 L6065 40.15 4.255 4,071 2.447
L5917 30527 4,297 3.933 2.544 L7912 41.62 4,188 4.000 2.498
. 7352 10.86 4,263 4.536 2.607 1.251 44.12 4.064 3.909 2,490
1.0123 42.04 4.174 4,250 2.576 1.729 45.55 3.859 4.000 2.515
1.459 44,04 4,061 4,000 2,679 2,259 46.74 3.763 4,111 2.976
2,100 45.74 4.005 4.100 2.651 3.735 49.47 3.521 4,500 2.712
3.400 48,22 3.867 4,556 2.896 5.301 57.85 3.387 4.286 2.761
4.901 50.96 3.917 5.714 2.909 7.001 53.49 3,306 4,500 2.520
7.253 54.95 3.838 4.333 2.443 8.831 56.09 3.018 2.667 2.180
9.430 55.00 2,665 2,333 2.040 10,572 58.22 2.417 2,000 1.852
12,319 60.12 916 2.000 1.016 12,343 59.29 1.458 800 1.238
14,102 59,91 457 0 14.410 59.74 .664 . 200 .721
15.914 59.87 .4291 0
Station 3, x = 32 ft Station 4, x = 42 ft
U, = 60.36 ft/sec U_ = 59.20 ft/sec
p = 1,860 x 1073 slug/cu ft o = 1,860 x 10"3 slug/cu ft
uv y uv
i.i. u Va2 x(-1) Vv2 in, u V u? x(-1) Ve
L1391 30.85 3.850 3.963 2.779 ~FT12 30.19 4.170 3.571 2,239
.1889 32.62 4,193 3.870 2,394 .2234 31.41 4,193 3.720 2.287
L2474 34.64 4,312 3,750 2,344 .2851 33.92 4,289 3.714 2.310
. 3408 36.60 4,314 4,059 2,423 . 3480 35.16 4,274 4,211 2.463
L4517 38,22 4,320 4.063 2.446 L4619 37.34 4.331 3.824 2.470
L6908 40.64 4,205 4,846 2,463 . 7994 40.43 4,232 4,214 2,604
L9981 42,37 4,107 4,083 2.591 1.006 41.58 4,229 3.615 2,286
1,742 45,38 3.848 3.900 2.449 1.748 44,78 3.880 3.600 2.560
2.472 47.66 3.624 3,444 2.330 2,480 46.54 3.588 3.889 2,406
3.949 50.04 3.331 3. 375 2.414 '3.966 48.85 3.276 3.125 2.224
5.485 51.92 3.113 3.143 2.380 5.443 50.70 3.087 2.875 2.259
6.930 53.49 3.100 2.167 1.779 6.950 52,49 2.959 2.857 2.192
9.911 56.40 2.710 2.167 1.950 9.966 54.88 2.557 2,167 1.899
12.85 60.41 1.923 1.200 1.580 12.88 57.12 2.158 1.400 1,516
15.82 60.68 .922 . 250 . 807 15.97 58.84 1,395 . 600 .962
17.66 60. 36 .529 0 18.94 59.14 .659 .200 .626
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TABLE IV - TURBULENCE QUANTITIES - Continued

Run No. 4 - Cont'd.

Station 5, x = 52 ft Station 6, x = 62 ft
u, = 59.75 ft/sec U_ = 60.20 ft/sec
p = 1,860 x 1073 slug/cu ft p = 1,865 x 1073 slug/cu ft

e U Ve xCe1) V2 . U V& *Ea1] vV

L1840 29,87 4.036 3.034 2.049 . 1785 33.98 4.403 3.571 2.155
L2359 31.84 4.068 3.480 2.272 .2408 35.50 4,341 3.842 2.385
3213 34,58 4.093 3.900 2,454 L3336 36.82 4,312 3.882 2,443
L4530 36.84 4.094 3.382 2.468 . 4980 38.78 4,237 4.067 2.499
L9575 41.05 4.041 3.769 2.429 .9286 41.41 4,110 3.154 2.174
1.702 43,80 3.867 3.273 2.052 1,671 44,07 3.905 3.182 2.134
2.736 46.30 3.529 2.900 2.216 2.914 46.50 3.470 3.444 2,264
4,548 48.96 3.280 3.000 2.076 4.978 49,39 3.252 3.000 2.076
6.597 51..23 3.059 2,857 2,100 7.004 51.68 3.003 2.571 2,012
9.848 53.95 2.207 2.333 1.813 10.25 54,24 2,768 2,333 1,889
12,83 55.73 2.175 1.666 1.746 13.55 56.74 2,296 2,000 1.697
16.10 57.95 1.638 1.000 1,252 17.79 58.73 1.530 . 800 1.234
19, 37 58.85 .903 . 200 1.114 21.24 59,87 L872 . 200 .694
20,90 59.75 . 608 . 200 .671 23.14 60.12 955 . 200 .602
Station 7, x = 72 ft Station 8, x = 80 ft
U_ = 59.63 ft/sec U, = 60.60 ft/sec
o = 1,85 x 10°° slug/cu ft o = 1,865 x 1072 slug/cu ft

iﬁ. u Vu? xl(lfl) Y v? ii. u v u? ;Efl] VW

L1578 32,69 4,344 3.521 2.206 . 1688 32,92 4,345 3.783 2,242
L2332 35.05 4,420 3.421 2,185 L2308 34,66 4.387 3.900 2,288
.3121 36.39 4,357 3.€11 2.308 L3151 35.98 4.304 3.666 2,226
L4764 37.98 £,302 4,375 2,581 L4485 37.57 4,190 3.938 2,399
1.039 41.48 £.070 3.615 2,420 1.082 41.72 4.042 3.307 2,187
1.778 43.82 3.091 3.182 2.200 1.822 43,97 3.744 3.182 2,309
3.050 46.12 3.566 3,200 2,277 3.162 46.89 3.512 3.333 2,303
5.156 48, 80 3.272 3.125 2.096 5.253 49,34 3.177 2.875 2.265
6.920 50,10 3.088 2.625 2,108 7.020 51.09 3.080 2.857 2.140
10,20 53.37 Z.841 2,286 2.002 10.271 553.43 2.842 1.857 1.800
13.45 56.00 2.380 1.833 1.876 13.57 56.03 2.513 1. 666 1.778
17.64 58.42 1.865 . 800 1.209 20,05 59.77 1.494 .600 1.050
21.25 59.59 1,132 . 400 . 806 23.64 60, 46 .892 . 200 L717

23.58 59.63 . 745 . 200 .664
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TABLLE IV - TURBULENCE QUANTITIES - Continued

Run No. 5.

Station 1 and 2, x = 18 ft

Station 3, x = 28 ft

U_ = 60.38 ft/sec U = 61.055 ft/sec
p = 1,875 x 1073 slug/cu ft o = 1.870 x 10> slug/cu ft
¥ ¥
in. 1] Vut Ve in. u i Vv owz
.3332 34,049 5.18 3.384 3037 33,432 5,656 3,571
.3833 35.589 4,91 4,382 .3668 35,666 5.991 2,402
.4446 36.591 5.13 3.953 .4788 37,562 5,890 2,497
.6181 38,453 5.04 4,027 6225 39,324 5.440 3.095
.9760 41,014 4,77 4,038 1.032 42,197 4.828 3.357
1.717 44,047 4,41 3.885 1.655 44,900 4.450 3,532
2,801 46.714 4,32 4,178 3.074 48,322 3.860 3.612
4,656 50,306 4,42 3,937 4.875 51.248 3.630 3,395
6.083 52,833 4.09 3.987 6.380 53.014 3.440 3.288
9,866 58,799 2.99 3,558 10,053 57.493 3.040 2,625
11.70 60,380 1.689 1.378 12,295 50,441 2.350 2,003
15.53 60,655 .369 .428 16,421 61.129 0.845 .629
19,560 61.055 0.338 .500
Station 4, x = 38 ft Station 5, x = 48 ft
U_ = 61.20 fr/sec u_ = 61.509 ft/sec
o =1.850 x 10> slug/cu ft o =1.860 x 10°° slug/cu ft
¥ ¥
in. u Vuz V wZ in. u Vouz VW T
.2651 33,686 5.360 3.404 1778 27.563 6.01
.3359 35.276 5.316 3,389 .2483 31.192 5.162 3.457
.4182 36.515 5.299 3.415 .3226 33,194 5.293 3.220
.5521 38.071 5.148 3.243 4693 36.192 5.190 3.824
.9229 40,824 4,871 3.436 .7749 39,191 4.899 3.647
1.564 43,818 4,432 3.542 1.512 43,251 4.423 3.547
2.486 46.276 3,950 3.704 2,393 45,899 4.234 3,456
3,943 48,975 3,659 3,331 3.910 48.717 3.739 3.267
5,430 51.017 3,533 3.152 5,355 51.409 3.634 3.189
8.386 54.504 3,563 2177 8,918 54.833 3.166 2.882
11.93 57.728 2,532 3.063 11.883 57.676 2.760 2,743
15.72 60,486 1.577 1.273 15.750 60.005 1.987 1.874
18.76 60.611 738 .580 18,830 61.236 1.115 1.121
20.86 60,912 .438 .339 22.100 61.509 0.542 .461



TABLE IV - TURBULENCE QUANTITIES - Continued
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Run No. 5

Station 6, x = 58 ft

Station 7, x = 68 ft

U_ = 61.280 ft/sec u, = 60.90 ft/sec
p = 1.860 x 1073 slug/cu ft o =1.850 x 107> slug/cu ft
Y y
in. u Vi Vwz in. Vg VW
.2049 32.36 5.177 5.301 .2515 31.28 5.390 3.012
.3361 33.75 5.125 5.583 .3028 32.62 5.145 3.334
.4285 35.60 5.094 3.602 .3848 34.33 5.092 3.536
.6234 37.82 4,902 5.708 .4997 35.94 5.047 3.690
1.386 42.65 4,589 3.444 8643 39.16 4.849 3.758
2.911 46.57 4.028 2.126 1.525 42.26 4.485 3.419
4.940 49.75 3.647 1,203 2.871 45.58 4.111 3,249
6.732 52.03 3.454 2.986 7.006 51.39 3.453 3.079
9.670 54.99 3.145 2.864 9.639 53.55 3.225 2.962
12.940 57.80 2.736 2.307 12.840 56.17 2.732 2.718
17.270 60.24 1.906 1.698 16.960 58.83 2,147 2.064
21.530 61.13 .892 .752 20.540 60.57 1.426 1.230
23,650 61.28 .438 .510 23.490 60.90 .808 .865
Station 8, x = 78 ft
u_ = 60.90 ft/sec
o = 1.850 x 10°° slug/cu ft
y ——
in. ] V oz Vwz
.0956 28.97 5.134 3.08
.1883 28.86 5.852 4.365
.2807 29.06 5.072 2.614
.4345 33.13 4.989 3.622
.6394 36.16 4.976 3.738
.8728 38.59 4.826 3.376
1.460 41.57 4.465 3.509
2.190 43.60 4.151 3.563
5.173 48.60 3.652 3.225
8.123 51.91 3.500 2.817
11.820 55.08 2.972 2.781
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