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ABSTRACT

SUBSPACE AND NETWORK AVERAGING FOR COMPUTER VISION AND BIOINFORMATICS

Finding a central prototype (a.k.a. average) from a cluster of points in high dimensional

space has broad applications to complex problems like action clustering in computer vision

or gene co-expression module representation in bioinformatics. A central prototype of a set of

points may be cast as the solution to an optimization problem that either minimizes distance

or maximizes similarity between the prototype and each point in the cluster. In this disserta-

tion we offer four novel prototypes for a cluster of points: the flag median, maximally correlated

flag, cluster expression vector and eigengene subspace. We will formalize the flag median and

the maximally correlated flag using subspace representations for data, specifically the Grass-

mann and flag manifolds. In addition to introducing these prototypes, we will derive a novel

algorithm which can be used to calculate subspace prototypes: FlagIRLS. The third and fourth

prototypes, the cluster expression vector and eigengene subspace, are inspired by problems in-

volving gene cluster (e.g., pathway or module) representations. The cluster expression vector

leverages connections within networks of genes whereas the eigengene subspace is computed

using Principal Component Analysis (PCA). In this work we will explore the theoretical under-

pinnings of these prototypes, find algorithms to compute and them to computer vision and

biological data sets.
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Chapter 1

Introduction

1.1 Overview

Motivated by problems in computer vision and multi-omics biological datasets, we develop

the mathematical foundation for calculating four different central prototypes of a cluster of

points. Optimization problems provide us with a way of mathematically formalizing such pro-

totypes.

We formulate the four novel central prototypes as minimizers of optimization problems over

n-dimensional Euclidean space, Rn , in Table 1.1. Suppose {x1,x2, . . . ,xp } ∈ R
n form a cluster of

points. We define the following matrices and vectors:

• X = [x1,x2, . . . ,xp ] ∈R
n×p

• X̂ is X with mean centered rows

• ui = x/∥xi∥2

• ci ∈R is a notion of the centrality of node i in a network of p nodes.

Central Prototype Optimization Problem

Flag Median minyT y=1

∑p

i=1

√
1−yT ui uT

i
y

Maximally Correlated Flag maxyT y=1

∑p

i=1
|yT ui |

Eigengene (Subspace) minyT y=1 yT X̂X̂T y

Cluster Expression Vector miny
∑p

i=1
ci∥y−xi∥2

1



We will use the Grassmann manifold to generalize the flag median and maximally corre-

lated flag to be central subspace prototypes of collections of subspaces in Chapter 2. We find

that the flag median and other subspace prototypes can be approximated by the FlagIRLS al-

gorithm which is explored in Chapter 3. Code for the examples in the first two chapters can be

found at https://github.com/nmank/PhD_Code. The cluster expression vector is introduced in

Chapter 4 as a method for re-envisioning biological transcriptomics analysis using pathways

rather than genes. See https://github.com/nmank/PathwayAnalysis for the pathway expres-

sion analysis code. Known biological clusters of genes are called pathways and clusters of genes

detected by clustering algorithms are called co-expression modules. So, depending on the con-

text, the cluster expression vector will be referred to as either a pathway or module expression

vector for the rest of this dissertation. Finally, in Chapter 5, we will use the eigengene sub-

space, a generalization of the eigengene, along with the other subspace prototypes and mod-

ule expression to refine gene co-expression modules. Code for this project can be found at

https://github.com/nmank/ModuleRefinement.

This chapter will provide a review of the notation used in the dissertation, some mathemat-

ical background for working on the Grassmann manifold, and a short introduction to frame

theory.

1.2 Mathematical Background

We will now provide the mathematical notation and background for working with the Grass-

mann manifold and frame theory.

1.2.1 Notation

• R
n is the set of all n-dimensional real vectors

• x ∈R
n is a n-dimensional real vector with entries x1, x2, . . . , xn

• Gr(k,n) is the Grassmann manifold of k-dimensional subspaces of Rn
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• X = [x1,x2, . . . ,xp ] ∈R
n×p is a matrix with columns x1,x2, . . . ,xp

• Xi , j is the entry in the i th row and j th column of the matrix X

• Orthogonal group O(n) = {X ∈R
n×n : XT X = I}

• ∥x∥2 =
√∑n

i=1 x2
i

is the two-norm of x

1.2.2 Introduction to the Grassmannian

The Grassmann manifold (a.k.a. "the Grassmannian"), denoted Gr(k,n), is the manifold

whose points parameterize the k dimensional subspaces of Rn [1]. In this work will represent

a point in Gr(k,n) using a tall n ×k real matrix X with orthonormal columns. An equivalence

class of points on Gr(k,n) determined by X is the column space of X and is denoted [X]. Thus if

X and Y have the same column space, then they determine the same point [X] = [Y] on Gr(k,n).

In order to allow more flexibility in our generalization of central prototype optimization

problems to subspaces, we work with points that are not all necessarily on the same Grass-

mann manifold but are in the same ambient space. Suppose we have a set of subspaces of

n-dimensional space, {[X1], [X2], . . . , [Xp ]}, where [Xi ] ∈ Gr(ki ,n). Note: each ki corresponds to

each [Xi ]. We want to find an r -dimensional subspace of Rn , [Y∗] ∈ Gr(r,n), that is the center of

these points, i.e., that [Y∗] is a solution to

arg min
[Y]∈Gr(r,n)

p∑

i=1

d([Xi ], [Y]) (1.1)

where d : Gr(ki ,n)×Gr(r,n) →R is a function which measures distance between its arguments.

Principal angles between subspaces are a common dissimilarity measure that is invariant

to orthogonal transformations [2, 3]. Take [X], [Y] ∈ Gr(k,n). The i th smallest principal angle
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between [X] and [Y], θi ([X], [Y]) = xT
i

yi ∈ [0,π/2] is defined as the solution to (1.2) [2].

xT
i yi = max

x∈[X]
max
y∈[Y]

xT y

subject to xT x = yT y = 1

xT x j = yT y j = 0 for j = 1,2, . . . , i −1

(1.2)

Now let θ([X], [Y]) ∈ R
k be the vector of principal angles between [X] and [Y]. The geodesic dis-

tance on Gr(k,n) is ∥θ([X], [Y])∥2 and the chordal distance on Gr(k,n) is ∥sin(θ([X], [Y]))∥2 [4].

Similarity between subspaces can be calculated by using the cosine of the principal angles

∥cos(θ([X], [Y]))∥2. We can calculate these quantities when [X] ∈ Gr(k,n), [Y] ∈ Gr(r,n) where

k ̸= r by setting the last max{k,r }−min{k,r } entries of θ([X], [Y]) ∈R
max{k,r } to 0.

1.2.3 Introduction to Frame Theory

In this section we provide an introduction to frame theory which is used for some results

in Chapter 2. See the lecture notes by King for the original references many of the following

results [5].

A real frame is a set of vectors Φ = {ϕk }
p

k=1
⊂ R

n where there exist 0 < A ≤ B so that for any

x ∈R
n we have A∥x∥2

2 ≤
∑n

k=1
|〈x,ϕk〉|2 ≤ B∥x∥2

2. We call Φ= [ϕ1,ϕ2, . . . ,ϕn] the synthesis matrix

of the given frame. The Gram matrix of said frame is G =Φ
T
Φ.

A real frame is equiangular when there exists some r ∈ R so that |〈ϕ j ,ϕk〉| = r for all j ̸= k

and 〈ϕk ,ϕk〉 = 1 for all k. A real frame is tight when A = B . This is equivalent to the rows of Φ

being orthogonal and all singular values of Φ being
p

A [5]. We call A the frame bound of this

frame.

Frames are generalized to projection matrices using fusion frames. Let {Pi }
p

i=1
∈ R

n×n be a

set of rank k projection matrices. A fusion frame formed by {Pi }
p

i=1
with frame bounds A,B ∈R,

0 < A ≤ B satisfies AI ≤
∑p

i=1
Pi ≤ BI. When

∑p

i=1
Pi = AI, we call {Pi }

p

i=1
a tight fusion frame [6].

In fact, a set of subspaces {[Xi ]}
p

i=1
can form a set of orthogonal projections by Pi = Xi XT

i
.
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Now we return to more definitions involving real frames like {ϕk }
p

k=1
. We call an equian-

gular tight frame (ETF) a frame that is both equiangular and tight. A frame is balanced when

∑n
k=1

ϕk = 0. There exists a construction for balanced ETFs of size n +1 in R
n . In this construc-

tion, we find the frame bound is n+1
n

.

The coherence of a set of vectors Φ = {ϕk }
p

k=1
⊂ R

n is defined as µ(Φ) := max j ̸=k |〈ϕ j ,ϕk〉|.

The Welch bound (Theorem 1.2.1) bounds the coherence of a set of unit vectors and gives us

the coherence of these vectors if they form an ETF.

Theorem 1.2.1. (Welch Bound) A set of unit vectors Φ= {ϕk }
p

k=1
⊂R

n with p ≥ n satisfies

µ(Φ)2 ≥
p −n

n(p −1)
.

This bound is saturated when Φ is an ETF.

Suppose Φ= {ϕk }n+1
k=1

⊂R
n is an ETF, then the saturation of the Welch bound gives us

min
j ̸=k

|〈ϕ j ,ϕk〉| =
1

n
.

Since an ETF is equiangular we see |〈ϕ j ,ϕk〉| = 1
n

for all j ̸= k.

We define spark of a set of vectors Φ = {ϕk }
p

k=1
⊂ R

n as the size of the smallest linearly de-

pendent subset of vectors. A set of vectors in R
n is said to be full spark when spark(Φ) = d +1.

Spark and coherence are related because spark(Φ) ≥ 1
µ(Φ)

+1. We can use this to find the spark

of an ETF of n +1 vectors in R
n .

If Φ is an ETF of n +1 vectors in R
n , then spark(Φ) ≥ 1

µ(Φ)
+1 = n +1. But since we have n +1

vectors, spark(Φ) ≤ n +1. So we have spark(Φ) = n +1 .

One notion of equivalence between frames is switching equivalence. Suppose we have two

frames with respective synthesis matrices Φ and Ψ. These two frames are switching equiva-

lent when there exists some unitary matrix U ∈ O(n) and some diagonal matrix Λ ∈ O(p) with

unimodular entries along the diagonal so that UΦΛ=Ψ.
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Now we investigate what happens if we let Λ = V to be unitary and not diagonal. Suppose

we have two ETFs of size p with frame bound A ∈R with respective synthesis matrices Φ and Ψ

then there exitsts some U and V so that UΦV =Ψ. See the Lemma A.0.1 in the Appendix for the

proof.

A example of an ETF of 4 points in R
3 is

{ϕk }4
k=1 =








p
2/3

0

p
1/3




,




0

p
2/3

p
1/3




,




−
p

2/3

0

p
1/3




,




0

−
p

2/3

p
1/3








.

This is an ETF because |〈ϕ j ,ϕk〉| = 1/3 for all j ̸= k. The Welch bound is 1/3. Notice this frame

is not balanced because the sum of the last coordinates of each vector is 4p
3

.

A balanced 4 vector ETF in R
3 is

{ψk }4
k=1 =








−
p

2/3

−
p

6/3

−1/3




,




−
p

2/3

p
6/3

−1/3




,




2
p

2/3

0

−1/3




,




0

0

1








.

The unitary U and V for the weaker version of equivalence (eg. UΦV =Ψ) are

U =




1 0 0

0 −0.894 −0.447

0 −0.447 0.894




and V =




−0.260 −0.576 0.448 0.387

0.568 −0.643 −0.039 0.113

0.318 0.001 −0.706 0.387

−0.509 0.069 −0.220 0.661




.

Another interesting result comes from part of Lemma 4.2 in [7] and is reiterated in [5]. We

will state this theorem for the field R. Suppose Φ= {ϕk }
p

k=1
⊂R

n is an ETF with Welch bound 1
s

.

Then any {ϕ j } j∈β with |β| = s +1 is a regular simplex ETF if and only if the triple product

〈ϕi ,ϕ j 〉〈ϕ j ,ϕk〉〈ϕk ,ϕi 〉 =
−1

s3
(1.3)
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for all pairwise distinct i , j ,k ∈β. The proof of the result from [7] and [5] uses the fact that triple

products (e.g., (1.3)) completely characterize switching equivalence of ETFs.

That is to say, two ETFs with the same triple products of n + 1 vectors in R
n are switching

equivalent to a n-simplex with Gram matrix G =
(
1+ 1

n

)
In+1 − 1

n
Jn+1 where In+1 is the (n +1)×

(n +1) identity matrix and Jn+1 is the (n +1)× (n +1) matrix of all ones [5].
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Chapter 2

Subspace Prototypes: The Flag Median and the

Maximally Correlated Flag

2.1 Introduction

An essential property of any probability distribution is its central prototype. The mean and

median are two of the most basic methods for calculating central prototypes from a probability

distribution. The median is commonly more robust to outliers than the mean. Generalizations

of such prototypes to Euclidean space can be formulated as solutions to optimizations prob-

lems. Suppose we have a set of points in Euclidean space, X = {xi }
p

i=1
⊂ R

n . We can represent

this set using a central prototype y. We find y by solving

argmin
y∈A

p∑

i=1

∥xi −y∥q
2 . (2.1)

The solution to (2.1) for A = R
n and q = 2 is called the centroid, which may be viewed as the

generalization of the mean. In fact, the centroid is the component-wise mean of the vectors

in X ,
∑p

i=1
xi /p. Generalizations of the median involve solving (2.1) when q = 1. When A =

X , the solution is called the medoid, while when A = R
n , the solution is called the geometric

median. The geometric median inherits the robustness to outliers from the median without

being required to be a point in the data set. These Euclidean prototypes are used as a statistic for

a data set and in common machine learning algorithms like LBG (Linde-Buzo-Gray) clustering

and nearest centroid classification [8, 9].

Another method for finding a central prototype from a set of points is to maximize similarity

rather than minimize distance between the prototype and the data. A ubiquitous measure of

similarity between points in Euclidean space is correlation. Using correlation, we define the
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maximally correlated vector of a set of vectors as

argmax
y∈Rn

p∑

i=1

∣∣∣∣
〈xi ,y〉

∥xi∥2∥y∥2

∣∣∣∣ . (2.2)

This flavor of optimization problem was investigated by Bates et al. [10]. It also has ties to the

multivariate eigenvalue problem which has been solved in numerous ways by a number of re-

searchers [10–17].

Not all data sets are best represented using points in Euclidean space. Specifically, sub-

spaces have been shown to provide useful, robust representations for data sets of images, videos

and more. For example, the smallest principal angle between two subspaces has proven power-

ful for modeling illumination spaces [18]. Hyperspectral data has failed to be linearly separable

in Euclidean space but separates linearly on the Grassmannian [19]. Subspaces are also used to

formalize the separation of a data set into inliers and outliers which has applications to com-

puter vision tasks like 3D reconstruction [20, 21].

Popular machine learning techniques, like dictionary learning, have been adapted to Rie-

mannian manifolds [22]. Jayasumana et. al. consider learning on the Grassmannian (and Rie-

mannian manifolds in general) with radial basis function kernels and advocate for chordal dis-

tance (sometimes referred to as the projection norm) kernels on the Grassmannian because

chordal distance generates a positive definite Gaussian kernel [23]. More recently, Cherian et.

al. use kernalized Grassmannian pooling for activity recognition [24]. Methods for Riemannian

optimization like Riemannian Stochastic Variance Reduced Gradient (SVRG) have gained popu-

larity alongside this surge of interest in Riemannian learning [25]. Even more uses for subspaces

in computer vision and machine learning can be found in [3, 10, 17, 26–30].

Hence, it is useful to find versions of the Euclidean prototypes on the Grassmannian. A

logical generalization of prototypes from Euclidean space to the Grassmannian is to replace

the Euclidean 2-norm in the optimization problems for the centroid, medoid and geometric

median with a distance between subspaces. The centroid is generalized using the geodesic

distance in [31] and the chordal distance in [3, 32]. To the extent of our research, we have have
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not found a generalization of the medoid. However, the geometric median has been generalized

using the geodesic distance and is called the ℓ2-median in [27, 33]. Prototypes like these have

been used alone as a method to classify emotion in images [30], as a step in a k-means type

algorithm [28] and in feature extraction [33].

Bates et. al. show that the problem of maximizing similarity (a generalization of (2.2) to

subspaces) can be translated into the popular multivariate eigenvalue problem and maximum

correlation problems [10]. Such problems have been studied extensively but haven’t been seen

much work in the past 10 years [10–17]. In addition, this problem has ties to the popular canon-

ical correlation analysis and is just a maximization of the Dual Principal Component Pursuit

(DPCP) objective function [20, 34].

Since subspaces correspond to points on a Grassmann manifold, one is led to consider the

idea of a subspace prototype for a Grassmann-valued data set. While a number of different sub-

space prototypes have been described, the calculation of some of these prototypes has proven

to be computationally expensive while other prototypes are affected by outliers and produce

highly imperfect clusterings on noisy data.

This work proposes a two new subspace prototypes, the flag median and maximally corre-

lated flag. The flag median is prototype which is a generalization of the geometric median to the

Grassmannian using the chordal distance. The maximally correlated flag is a prototype which

is essentially a generalization of max length unit vectors to higher dimensional subspaces [10].

We call these prototypes “flag” prototypes because the resulting subspace is really a collection

of nested subspaces which make up a point on the flag manifold. After introducing these proto-

types, we provide a unifying theory for subspace prototypes by considering matrix norms of the

principal angle matrix. Along with introducing these novel prototypes, we mention a few new

results the regarding the uniqueness of subspace prototypes for subspace configurations from

special types of frames. Finally, we will use experiments on synthetic data to determine that the

flag median is more robust to outliers than other popular subspace prototypes, the maximally

correlated flag problem can be unstable, and a conjecture for the convexity of these prototypes.
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Contributions:

• An introduction to two new subspace prototypes: the flag median and the maximally

correlated flag.

• A unifying theory for the development of subspace prototypes using the principal angle

matrix.

• Results regarding the flag median, flag mean, and ℓ2-median of subspace configurations

of specific types of frames.

• A comparison of these two new prototypes to each other and other common subspace

prototypes using synthetic experiments.

2.2 A Taxonomy of Subspace Prototypes

In this section we will discuss a number of known subspace prototypes and two new sub-

space prototypes. The known prototypes are the Karcher mean, ℓ2-median, flag mean, and max

length unit vector. The Karcher mean and ℓ2-median are geodesic distance prototypes and the

flag mean is a chordal distance prototype. On the other hand, the max length unit vector is a

prototype which comes from maximizing similarity between subspaces rather than minimizing

distance. The two new subspace prototypes are the flag median and maximally correlated flag.

The flag median is the chordal distance median of subspaces and the maximally correlated flag

is the generalization of the max length unit vector problem to higher dimensional subspaces.

Before we set off on our prototype survey, let us establish some notation for our data and

our prototypes.

• A data set of subspaces is A = {[Xi ]}
p

i=1
where for each i we have [Xi ] ∈ Gr(ki ,n) where

ki < n.

• [Xi ] ∈ Gr(ki ,n) is represented by Xi ∈R
ki ,n where XT

i
Xi = I.

• [Y] ∈ Gr(r,n) where r < n denotes the a central subspace prototype.
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2.2.1 ℓ2-Median and Karcher Mean

The Euclidean mean and geometric median have been translated to the Grassmannian us-

ing geodesic distance. The mean on the Grassmannian using geodesic distance (the solution

to (2.3) for q = 2) is called the Karcher mean and the geometric median using geodesic distance

(the solution to (2.3) for q = 1) is called the ℓ2-median.

argmin
[Y]∈Gr(r,n)

p∑

i=1

∥θ([Xi ], [Y])∥q
2 . (2.3)

The Karcher mean and the ℓ2-median are only computable in the case where all subspaces are

of equal dimensions (e.g., r = k1 = k2 · · · = kp ) and Marrinan et al. use examples to show that the

available algorithms to compute these prototypes are slow [28] . The most common algorithm

for finding the solution to the Karcher mean was discovered by Karcher [31]. Fletcher et al. show

we can find the ℓ2-median using a Weiszfeld-type algorithm [33]. Marrinan et al. show that the

Karcher mean is not only slow to compute, but also produces lower cluster purities than the

ℓ2-median in their LBG clustering example. So, we choose not to use the Karcher mean as a

prototype in our experiments in this chapter and in Chapter 3.

Convexity of the Karcher mean was proven by Karcher [31]. Fletcher proved the convexity of

the ℓ2-median , [33]. These proofs are based on showing the squared geodesic distance and the

geodesic distance are convex functions. Let ∆ be the sectional curvature of the Grassmannian.

Both optimization problems, the Karcher mean and ℓ2-median, are convex on a set U ⊂ Gr(k,n)

as long as diam(U ) <π/2
p
∆. If ∆> 0, then these optimization problems are always convex.

2.2.2 The Flag Mean

Draper et al. [3] present the flag mean as an average of subspaces of different dimensions

using the squared chordal distance. The optimization problem for the flag mean is

arg min
[Y]∈Gr(r,n)

p∑

i=1

∥sin(θ([Xi ], [Y]))∥2
2. (2.4)
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This flag mean determines not only a point on Gr(r,n), it determines a point on various flag

manifolds. A flag manifold is a manifold whose points represent a flag of subspaces [S1] ⊂ [S2] ⊂

·· · ⊂ [Sr ] =R
n . If we let si = dim([Si ]), then we say the flag is of type s1, s2, . . . , sr . For more details

on flag manifolds, see [35].

Various additional formulations of this optimization problem have been solved. Santa-

maria et al. find the optimal dimension r of the flag mean. They find that if the eigenvalues

of 1
p

∑p

i=1
Xi XT

i
are less than 1/2, then the optimal flag mean will contain only the left singular

vectors which are associated with singular values σi ≥ 1/
p

2 [36]. The next year, Santamaria et

al. solved this problem where we fix some subspace [W] ∈ Gr(w,n), an integer d > 0, and restrict

dim([Y]∩ [W]) = d [37].

Let [Y] be the flag mean of {[Xi ]}k
i=1

. Let yi be the i th column of Y, the orthonormal matrix

representation of [Y]. Then the r th “real” flag mean is the point on the flag manifold of type

{1,2, . . . ,r ;n} defined as

�Y� = span{y1} ⊂ span{y1,y2} ⊂ ·· · ⊂ span{y1,y2, . . . ,yr } ⊂R
n . (2.5)

Draper et al. [3] show that we can calculate the flag mean by utilizing the singular value

decomposition (SVD) of the matrix [X1,X2, . . . ,Xp ]. The flag mean, as a point on Gr(r,n), is the

span of the r left singular vectors of the corresponding to the r largest singular values.

2.2.3 Grassmannian Minimum Enclosing Ball

The Grassmannian minimum enclosing ball (GMEB) is a newer chordal distance prototype

by Marrinan et al. [38]. The optimization problem for this prototype is

min
[Y]∈Gr(r,n)

max
i=1,2,...,p

∥sin(θ([Xi ], [Y]))∥2
2 (2.6)
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Like the flag mean, the GMEB is a prototype of a collection of mixed-dimensional subspaces.

The GMEB can be found by using a sub-gradient method to solve the dual problem to (2.6).

There is also a method to find the optimal r for the GMEB.

2.2.4 Max Length Unit Vectors

A way to measure similarity between subspaces uses the norms of the cosine of the principal

angles between them. This problem has seen plenty of work with [Y] ∈ Gr(1,n). One flavor of

this optimization problem

max
[Y]∈Gr(1,n)

p∑

i=1

cos(θ([Xi ], [Y]))) (2.7)

is known as the Maximum Length Vector Problem [10]. Bates et al. use [αi ] ∈ Gr(1,ki ) to trans-

late (2.7) from an angle maximization problem to a problem about inner products between Xi

and αi :

max
[Y]∈Gr(1,n)

[αi ]∈Gr(1,ki )

p∑

i=1

YT Xiαi . (2.8)

Let v =
∑p

i=1
Xiαi . Notice YT v = ∥Y∥2∥v∥2 cos(φ) where φ is the angle between Y and v. The

maximizer of (2.8) is the maximizer of ∥v∥2 and Y = v/∥v∥2. Since maximizing ∥v∥2 is the same

as maximizing ∥v∥2
2, the problem in (2.8) is equivalent to (2.9).

max
αi∈Gr(1,ki )

∥∥∥∥∥
p∑

i=1

Xiαi

∥∥∥∥∥

2

2

. (2.9)

We can use the matrix

A =




I XT
1 X2 · · · XT

1 Xp

XT
2 X1 I · · · XT

2 Xp

...
...

. . .
...

XT
n X1 XT

n X2 · · · I



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to transform maximizing ∥v∥2
2 in (2.9) to the Maximum Correlation Problem (MCP)

max
α

αAα,

subject to αT
i αi = 1,

for i = 1,2, . . . , p.

(2.10)

The necessary conditions for a maximizer of the MCP in (2.10) are found in the Multivariate

Eigenvalue Problem (MEP) in (2.11). Methods for solving the MEP can be found in [12], [39],

and [13].

Aα=Λα

αT
i αi = 1 for i = 1,2, . . . , p

(2.11)

We can recover [Y] from α by setting Y = v
∥v∥2

. We can also recover α/∥v∥2 from Y by solving

Y = [X1,X2, . . . ,Xp ]α for α. In Marks’s paper [17], he draws a connection to the Lagrangian of

the prolific multiset canonical correlation analysis problem (see [40]) from the optimization

problem in (2.11).

There are many algorithms for finding solutions to the max length vector problem, the MEP

and the MCP. A non-exhaustive list of these algorithms and authors who have solved them are

listed in Table 2.1
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Table 2.1: Algorithms to solve (2.7) and its equivalent formulations.

Algorithm Name Author

Horst-Jacobi Horst et al. [11]

Flag Mean 1 Marks et al. [17]

Newton Marks et al. [17]

Homotopy Continuation Bates et al. [10]

Gauss Siedel Zhang et al. [13] and [16]

SOR Chu et al. [12]

Rayleigh Quotient Zhang et al. [13]

Alternating Variable Zhang et al. [15]

Riemannian Newton Method Zhang et al. [14]

The general MEP tends to have many solutions and is therefore not convex. Most of these

iterative methods to solve the MEP can be used to find only a single solution and must be re-run

with different initialization to find more than one solution. Bates et al. find multiple solutions

to the MEP by using a homotopy continuation method [10]. These methods have not been used

in the case where [Y] ∈ Gr(r,n) for r > 1 because the translation between Equations 2.7 and 2.10

only applies to r = 1.

2.2.5 Flag Median

The translation of the geometric median to the Grassmannian using chordal distance is

called the flag median. The optimization problem for this novel prototype is in (2.12).

arg min
[Y]∈Gr (r,n)

p∑

i=1

∥sinθ([Xi ], [Y])∥2 (2.12)
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We call this the flag median since, using FlagIRLS (see Chapter 3), [Y] actually is a flag of sub-

spaces rather than a single r dimensional subspace of n dimensional space. This flag median is

indeed a median (similar to the geometric median) because it minimizes the chordal distance

rather than the squared chordal distance problem in (2.4) that is solved by the flag mean.

2.2.6 Maximally Correlated Flag

The maximally correlated flag is a generalization of the max length unit vector problem by

Bates et al. [10].The optimization problem for this novel prototype is in (2.13).

arg max
[Y]∈Gr (r,n)

p∑

i=1

∥cosθ([Xi ], [Y])∥2 (2.13)

Using FlagIRLS, [Y] actually is a flag of subspaces rather than a single r dimensional subspace

of n dimensional space. Notice that for k1 = k2 = ·· · = kp = r = 1, this is essentially (2.2).

2.3 Unifying Subspace Prototypes

Let m = max{k1,k2 . . . ,kp ,r }. The j th entry of the vector of principle angles between [Xi ] and

[Y] is denoted θ j ([Xi ], [Y]). We order the entries of this vector as θ1([Xi ], [Y]) ≥ θ2([Xi ], [Y]) ≥ ·· · ≥

θm([Xi ], [Y]). Using this notation, we define the Θ, matrix of principle angles between {[Xi ]}
p

i=1

and [Y], in (2.14).

Θ=




θ1([X1], [Y]) θ1([X2], [Y]) · · · θ1([Xp ], [Y])

θ2([X1], [Y]) θ2([X2], [Y]) · · · θ2([Xp ], [Y])

...
...

...
...

θm([X1], [Y]) θm([X2], [Y]) · · · θm([Xp ], [Y])




. (2.14)

The i th column of the principle angle matrix contains the vector of principle angles between

[Xi ] and [Y]. There are numerous options for stating optimization problems involving matrix

norms of Θ, cosΘ and sinΘ. For clarification, cosΘ denotes the matrix with entries

cos(θi ([X j ], [Y])). The matrix norm of Θ with q, s > 0 is defined in (2.15).
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∥Θ∥q,s :=
(

p∑

j=1

(
m∑

i=1

|Θq

i , j
|
)s/q)1/s

. (2.15)

Table 2.2 lists a non-exhaustive set of optimization problems involving matrix norms of Θ.

Table 2.2: The various optimization problems that can be phrased as optimizers of a matrix norm of the

principal angle matrix.

Optimization Problem Solution Name Solved By

min
[Y]∈Gr(k,n)

∥Θ∥2
2,2 Karcher Mean Karcher [31]

min
[Y]∈Gr(r,n)

∥sinΘ∥2
2,2 Flag Mean Draper et al. [3]

min
[Y]∈Gr(k,n)

∥Θ∥2,1

Riemannian Geometric Median

or ℓ2-median (k = 1)

Aftab et al. [27],

Fletcher et al. [33],

dissertation (k = 1)

min
[Y]∈Gr(r,n)

∥sinΘ∥2,1 Flag Median This dissetation

min
[Y]∈Gr(r,n)

max j=1,2,...,p ∥sinΘ:, j∥2
2 GMEB Marrinan et. al. [38]

max
[Y]∈Gr(1,n)

∥cosΘ∥1

Max Length Unit Vector,

or Maximum Correlation Problem

Bates et al. [10],

Chu et al. [12],

Marks et al. [17],

this dissertation

max
[Y]∈Gr(r,n)

∥cosΘ∥2,1 Maximally Correlated Flag This dissertation

Let {ω1,ω2, . . . ,ωp } ⊂R be a set of weights where ωi is the weight for [Xi ]. Now we can refor-

mulate Table 2.2 with weights in Table 2.3.
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Table 2.3: The weighted versions of the optimization problems in Table 2.2 with weights ωi ∈R.

Optimization Problem Solution Name

min
[Y]∈Gr(k,n)

∑p

i=1
ωi∥θ([Xi ], [Y])∥2

2 Karcher Mean

min
[Y]∈Gr(r,n)

∑p

i=1
ωi∥sinθ([Xi ], [Y])∥2

2 Flag Mean

min
[Y]∈Gr(k,n)

∑p

i=1
ωi∥θ([Xi ], [Y])∥2

Riemannian Geometric Median

or ℓ2-median (k = 1)

min
[Y]∈Gr(r,n)

∑p

i=1
ωi∥sinθ([Xi ], [Y])∥2 Flag Median

min
[Y]∈Gr(r,n)

maxi=1,2,...,p ωi∥sinθ([Xi ], [Y])∥2
2 GMEB

max
[Y]∈Gr(1,n)

∑p

i=1
ωi cosθ([Xi ], [Y])

Max Length Unit Vector,

or Maximal Correlation Problem

max
[Y]∈Gr(r,n)

∑p

i=1
ωi∥cosθ([Xi ], [Y])∥2 Maximally Correlated Flag

2.4 Subspace Prototypes of Frames

We will investigate the behavior of central subspace prototypes (namely the flag mean, the

ℓ2-median and the flag median) of a set of evenly spaced subspaces. We find that, under certain

point configurations, we are guaranteed that the flag mean is every subspace in Gr(r,n). Other

1-dimensional subspace configurations force the ℓ2-median and the flag median to be one of

the data subspaces, [Xi ].

2.4.1 The Flag Mean

A tight fusion frame can be formed by a set of subspaces {[Xi ]}
p

i=1
⊂ Gr(k,n) where

n∑

i=1

∥zXi XT
i ∥ = A

for any unit vector z ∈R
n and some strictly positive A ∈R [6].
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Theorem 2.4.1. The flag mean of subspaces that form a tight fusion frame in Gr(k,n) is every

point in Gr(k,n).

Proof. Suppose {[Xi ]}
p

i=1
⊂ Gr(k,n) is a tight fusion frame with frame bound A ∈R. Then the flag

mean objective function for any [Y] ∈ Gr(r,n) is

f ([Y]) =
p∑

i=1

(
min{r,k}− tr

(
YT Xi XT

i Y
))

. (2.16)

Using the fact that {[Xi ]}
p

i=1
⊂ Gr(k,n) can be used to form a tight fusion frame we have

(
min{r,k}− tr

(
YT Xi XT

i Y
))
= p min{r,k}−

p∑

i=1

tr
(
Xi XT

i YYT
)

(2.17)

= p min{r,k}− tr

(
p∑

i=1

(
Xi XT

i

)
YYT

)
(2.18)

= p min{r,k}− tr
(

AYYT
)

(2.19)

= p min{r,k}− Atr
(
YT Y

)
(2.20)

= p min{r,k}− Ar (2.21)

This means that f ([Y]) is constant and therefore any [Y] ∈ Gr(r,n) is a minimizer of f .

2.4.2 ℓ2-Median and Flag Median

We will simplify our problem by only considering points on Gr(1,n). Let us investigate the

behavior of the ℓ2-median and the flag median of {[xi ]}n+1
i=1

⊂ Gr(1,n) where {xi }n+1
i=1

form an

ETF. Lemma 2.4.2 and Lemma 2.4.3 study properties of ETFs and balanced unit norm frames.

The objective functions for the ℓ2-median and the flag median in Gr(1,n) are (2.22) and (2.23)

respectively.

F1(y) =
p∑

i=1

arccos
(
|〈xi ,y〉|

)
(2.22)
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F2(y) =
p∑

i=1

√
1−〈xi ,y〉2 (2.23)

Lemma 2.4.2. If {ϕk }n+1
i=1

is an equiangular tight frame (ETF) in R
n for n > 1, then there exists

no unit vector x ∈R
n so that {ϕk }n+1

i=1
∪ {x} is a set of equiangular vectors.

Proof. Let {ϕk }n+1
i=1

be an ETF in R
n . Equiangularity implies there exists some a ∈ R so that

|〈ϕi ,ϕ j 〉| = a for all i ̸= j . Since these vectors form an ETF, we know they achieve equality for

the Welch bound so µ(Φ) = 1
n

. Thusly, a = 1/n.

Suppose by way of contradiction that Ψ= {ϕi }n+1
i=1

∪{x} is an equiangular set of vectors. Then

the Welch bound implies µ(Ψ) ≥
√

2
n(n+1)

.

Notice
√

2
n(n+1)

> 1
n

for n > 1 which means µ(Ψ) > 1
n
= µ(Φ) = |〈ϕi ,ϕ j 〉| for all i ̸= j . But

this means |〈ϕi ,x〉| ̸= 1
n

which contradicts our assumption that Ψ is a set of equiangular vectors

with |〈ϕi ,ϕ j 〉| = 1
n

for all i ̸= j . Therefore no such x exists.

Lemma 2.4.3. If {ϕi }n+1
i=1

is a balanced set of unit vectors in R
n where n is even, then there exists

no unit vector x ∈R
n so that |〈ϕi ,x〉| is the same for all i = 1,2, . . . ,n +1.

Proof. Let {ϕi }n+1
i=1

be a set of balanced vectors in R
n . Any x ∈R

n that satisfies |〈x,ϕi 〉| = a for all

i also is a solution to Φ
T x = a. Where a := [ϵ1a,ϵ2a, . . . ,ϵn+1a]T and ϵi = ±1 for all k. Then we

construct the augmented matrix [ΦT a] and do the row reduction ϕn+1 →ϕn+1 +
∑n

k=1
ϕi . Φ is

balanced, so
∑n+1

i=1 ϕi = 0. This gives us the new augmented matrix




ϕT
1 ϵ1a

ϕT
2 ϵ2a

...
...

ϕT
n ϵn a

0T a
∑n+1

i=1 ϵi



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Notice for even n we have a
∑n+1

i=1 ϵi ̸= 0 which implies that this system does not have a solution

and therefore no such x exists.

Using the two Lemmas above, we can show a result regarding the flag median and the ℓ2-

median of balanced ETFs.

Theorem 2.4.4. Suppose {xi}
n+1
i=1

⊂R
n is a balanced ETF when n is even, then the ℓ2-median and

the flag median are all [y] ∈ {[xi]}
n+1
i=1

.

Proof. Let {xi}
n+1
i=1

be a balanced ETF in R
n , so they achieve equality for the Welch bound so

µ(Φ) = 1/n.

F1(y) and F2(y) are defined in (2.22) and (2.23). We want to solve minyT y=1 F1(y) and

minyT y=1 F2(y). Note: these are the 1-dimensional realizations of (2.3) and (2.12) respectively.

Now we will solve ∇F j (y) = 0 or undefined for j = 1,2.

∇F1(y) =
n+1∑

i=1

−1

|〈xi,y〉|
√

1−〈xi,y〉2
〈xi,y〉xi (2.24)

∇F2(y) =
n+1∑

i=1

−1
√

1−〈xi,y〉2
〈xi,y〉xi. (2.25)

We have an undefined gradient only when y = xi for any i = 1,2, . . . ,n+1, So these are all poten-

tial minimizers of F j (y) for j = 1,2.

Any other optimizers must satisfy∇F j (y) = 0. We will show any solution to∇F j (y) = 0 cannot

be a minimizer. For j = 1 we have

n+1∑

i=1

αi xi = 0 where αi =
−1

|〈xi,y〉|
√

1−〈xi,y〉2
〈xi,y〉. (2.26)

and for j = 2 we have
n+1∑

i=1

βi xi = 0 where βi =
−1

√
1−〈xi,y〉2

〈xi,y〉. (2.27)

Define the vectors α = [α1 · · ·αn+1]T and β = [β1 · · ·βn+1]T . Then we have Φα = 0 and Φβ = 0

where Φ is the synthesis matrix for {xi }n+1
i=1

. Since Φ is full spark, the dimension of the null space
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of Φ is exactly 1. α1 =α2 = ·· · =αn+1 = 1 is a solution to Φα= 0 because the columns of Φ form

a balanced frame. So the set of all solutions for minimizing F1 and F2 is {r 1n : r ∈R} where 1n is

the n- dimensional vector of all ones.

Now suppose αi = r for all i . Then

−1

|〈xi,y〉|
√

1−〈xi,y〉2
〈xi,y〉 = r ⇐⇒ 〈xi,y〉2 =

r 2 −1

r 2

Similarly, suppose βi = r for all i . Then

−1
√

1−〈xi,y〉2
〈xi,y〉 = r ⇐⇒ 〈xi,y〉2 =

r 2

1+ r 2

This means |〈xi,y〉| is constant for all i for both problems. Since these vectors are balanced, we

can use Lemma 2.4.3. Therefore no such y exists.

Corollary 2.4.5. Suppose {ϕi }n+1
i=1

⊂R
n is an ETF and n is even. Then the ℓ2-median and the flag

median are all [y] ∈ {[ϕk ]}n+1
k=1

.

Proof. Let {xi}
n+1
i=1

⊂ R
n be a balanced ETF. If we use the subspaces spanned by these frame

vectors as our data, then Theorem 2.4.4 tells us that these subspaces are the minimizers of (2.22)

and (2.23).

Let X and Φ be the respective synthesis matrices for these frames. We know this balanced

ETF is switching equivalent to {ϕk }n+1
k=1

. So Φ = UXΛ. Given the restriction that Λ is diagonal
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with unimodular entries, it can only have entries of ±1. So we have

G1(y) :=
n+1∑

i=1

arccos
(∣∣〈ϕi ,y〉

∣∣)

=
n+1∑

i=1

arccos
(∣∣〈Uxiλi ,y〉

∣∣)

=
n+1∑

i=1

arccos
(∣∣yT Uxiλk

∣∣)

=
n+1∑

i=1

arccos
(∣∣yT Uxi

∣∣)

=
n+1∑

i=1

arccos
(∣∣∣

(
UT y

)T
xi

∣∣∣
)

=
n+1∑

i=1

arccos
(∣∣〈xi,UT y

〉∣∣)

Let z = UT y. Then we have

min
z

n+1∑

i=1

arccos(|〈xi,z〉|).

The minimizers are {xi}
n+1
k=1

. So the minimizers of G1(y) are {Uxi}
n+1
k=1

which are {ϕk }n+1
i=1

up to a

change in sign.

A similar argument shows that the minimizers of

G2(y) = min
y

n+1∑

i=1

√
1−〈ϕi ,y〉2 subject to ∥y∥2 = 1

are {ϕk }n
i=1

up to a change in sign.

2.5 Experiments

We use examples on Gr(1,2), Gr(1,3) and Gr(2,4) to investigate the behavior of the flag mean,

ℓ2-median, flag median and maximally correlated flag for certain subspace configurations. Sec-

tion 2.5.1 uses an example on Gr(1,2) to highlight the difference between the subspace proto-

types. Then Section 2.5.2 looks at central subspace prototypes of frames. Finally, Section 2.5.3
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elaborates on Section 2.5.1 by looking at central subspace prototype behavior on a non-trivial

Grassmannian, Gr(2,4).

2.5.1 Gr(1,2)

What follows is an example using points on Gr(1,2) that are generated from 2 processes in

Figure 2.1. Process (i) samples 10 vectors from a normal distribution with mean [0,1]T and

standard deviation 0.01. Process (ii) samples 10 vectors normal distribution with mean

[0.66,−0.33]T and standard deviation 0.01. Every vector from each process is normalized to get

a data set of 20 points on Gr(1,2). We compute the flag mean of these data using the SVD. The

flag median, maximally correlated flag, and ℓ2-median are computed by sampling points on

Gr(1,2). Specifically, we sampled 640 points {[zi ]}319
i=−320

∈ Gr(1,2) by taking zi = [cos(i ),sin(i )]T .

Each central prototype is zi , which optimizes the objective function value for each prototype.

Figure 2.1 provides fuel for understanding when to use each method. Notice points in pro-

cess (i) and process (ii) are in two distinct clusters with low inter-cluster variance. The max-

imally correlated flag and flag median behave similarly to a simple mean in R
2 because their

optimizers lie halfway between the two point clusters. In contrast, the flag median behaves

closer to a Euclidean median because its global minimizers live in the two point clusters. The

flag median objective function has a local maximum where the maximally correlated flag and

flag median have optimizers. The ℓ2-median splits the difference between these two objective

function behaviors. It has global minimizers for all points near and between points from pro-

cess (i) and (ii).
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(a) (b)

Figure 2.1: The grey lines in (a) represent points on Gr(1,2) from process (i) and (ii). Vertical lines in (b)

correspond with the colored lines in (a) and represent the calculated solutions for these optimization

problems.

We proceed to a second example, where we add a third set of 10 points from process (iii).

These points are generated by sampling vectors from a normal distribution with mean

[0.66,−0.33]T and standard deviation 0.01, then normalizing them to get unit vector subspace

representatives. Figure 2.2 shows the results from this experiment.

(a) (b)

Figure 2.2: The grey lines in (a) represent points on Gr(1,2) from process (i), (ii) and (iii). Vertical lines in

(b) correspond with the colored lines in (a) and represent the calculated solutions for these optimization

problems.
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Adding the points from process (iii) distinguishes between the maximally correlated flag and

the flag mean. This is because the flag mean is pulled towards the points in process (iii), whereas

the maximally correlated flag is less affected by the new points. The flag median and ℓ2-median

share a global minimizer at the process (ii) side of the cluster of points from process (iii). So

the flag median and ℓ2-median are continuing to behave similarly to a traditional median by

remaining closer to the actual points in a cluster.

In both figures, the objective function value curves for the flag median and maximally corre-

lated flag are horizontal translations of one another by 90 degrees because sin(θ) = cos(θ+π/2).

2.5.2 Gr(1,3)

Consider an ETF of n+1 points in R
3 that represents the set A = {[x1], [x2], [x3], [x4]} ∈ Gr(1,3).

Specifically, these representatives are

A =








p
2/3

0

p
1/3




,




0

p
2/3

p
1/3







−
p

2/3

0

p
1/3




,




0

−
p

2/3

p
1/3








. (2.28)

The flag mean is computed by SVD. The flag median, maximally correlated flag and ℓ2-median

are approximated by sampling objective function values at a set of random points {[zi , j ]} ⊂

Gr(1,3). The central prototypes are the [zi , j ] which produce the optimal objective function val-

ues and are sampled using spherical coordinates as follows.

zi , j = [sin( j )cos(i ), sin( j )sin(i ), cos( j )]T . (2.29)

We sample i =−320,−319, . . .319 and j =−320,−319, . . .319.
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(a) (b)

(c) (d)

Figure 2.3: The red dots are in A. The colors in each plot correspond to following objective function

values: (a) is the flag median, (b) is the maximally correlated flag, (c) is the ℓ2-median and (d) is the flag

mean. Yellow and blue indicate large and small objective values respectively.
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Notice that the flag median, maximally correlated flag and the ℓ2-medians are exactly the

points in A whereas the flag mean is every point in Gr(1,3). This suggests that Corollary 2.4.5

applies to Gr(1,n) where n is odd. The fact that the flag mean is every point in Gr(1,3) the data

set follows from Theorem 2.4.1.

2.5.3 Gr(2,4)

In this experiment we sample two clusters of points on Gr(2,4) with centers C1 and C2. Clus-

ter 1 has 30 points and cluster 2 has 70 points. We generate the i th point in cluster j using the

following steps:

1. Compute the cluster center, C j

(a) Sample a 4×2 random matrix with real entries from a uniform distribution over [0,1)

(b) C j is the first 2 columns of Q from the QR-decomposition of the random matrix.

2. Generate the i th point

(a) Sample Zi ∈R
4×2 with real entries from a uniform distribution over [−.5, .5).

(b) Compute Pi , j = C j +0.05Zi

(c) Take the 2 columns of Q from the QR-decomposition of Pi , j

Then we sample the objective function values of the flag median, maximally correlated flag,

ℓ2-median and flag mean for 5000 random points on Gr(2,4) that are near these clusters. Below

is an outline for how we sample these points.

1. Calculate the center, C.

(a) C̃ = (C1 +C2)/2

(b) C = C̃/∥C̃∥F

2. Calculate the point
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(a) Sample Z ∈R
4×2 with real entries from a uniform distribution over [−.5, .5).

(b) The random point on Gr(2,4) is the first 2 columns of Q from the QR-decomposition

of C+0.5Z.

Then we do a 2-dimensional Multidimensional Scaling (MDS) embedding of the chordal

distance matrix of all the randomly sampled points and the two clusters. We plot this embed-

ding in Figure 2.4.

Notice that the points with the smallest flag median objective function (purple points) have

the smallest variance in the MDS plots. The ℓ2-median and flag mean have similar variance in

their low objective function value points (purple points). The maximally correlated flag has a

similar variance in its high objective function value points (yellow points) as the ℓ2-median and

flag mean.

Now, we turn our attention to the estimated subspace prototypes from this example. We can

use the distance in the MDS embedding to cluster 2 to determine which subspace prototypes

are most pulled towards the outlier cluster. The “inlier” (non-outlier) cluster is on the right

(cluster 1) and the outlier cluster (cluster 2) is on the left. In order from the closest to cluster 2

to the furthest from cluster 2 in the MDS embedding, we have the 1) flag median and ℓ2-median,

2) flag mean, 3) maximally correlated flag. This aligns with the notion that medians are the least

affected prototype by outliers. Although the sampled ℓ2-median objective function values have

a similar distribution to the flag mean, our estimate of the ℓ2-median is closer to cluster 2 than

the flag mean.

30



(a) (b)

(c) (d)

Figure 2.4: The black blobs are the points in each cluster. The blob on the left is cluster 1 (30 points) and

the blob on the right is cluster 2 (70 points). The colors in each plot correspond to following objective

function values: (a) flag median, (b) maximally correlated flag, (c) ℓ2-median and (d) flag mean. The

central prototypes are chosen as the randomly sampled point with the optimal objective function for

each objective function.

2.6 Conclusion

We have presented two new prototypes for clusters of points on the Grassmannian: the flag

median and the maximally correlated flag. These prototypes are unified with other subspace

prototypes by realizing them as solutions to optimization problems involving matrix norms of
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the principal angle matrix. Then we showed the flag median, flag mean and ℓ2-median lose

their uniqueness when presented with a set of evenly spaced subspaces (eg. subspaces spanned

by certain frames). Finally, we ran experiments comparing the flag median, maximally corre-

lated flag, flag mean, and the ℓ2-median. In our experiments, we found the flag median is more

robust to outliers than the other central subspace prototypes.

Future work with these prototypes could add details to the mathematical theory. Using the

principal angle matrix, we could formulate numerous other subspace prototype optimization

problems. Also, we would like to find a domain on which each of the flag median, flag mean and

maximally correlated flag problems are convex. Each of these problems boil down to finding the

domain where their respective distance or similarity function is convex. Finally, these subspace

prototypes could be generalized as prototypes of points on other manifolds where we measure

distances using principal angles like the Stiefel manifold.
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Chapter 3

FlagIRLS: An Algorithm for Calculating Subspace

Prototypes

3.1 Introduction

Euclidean central prototypes vary in their solvability. For example, the Euclidean centroid is

a simple average of vectors whereas the geometric median is not as straightforward to compute

since it is not a least squares problem. An iterative algorithm for approximating a geometric

median is the Weiszfeld algorithm [41]; each iteration of this algorithm is a weighted centroid

problem. Thus, the Weiszfeld algorithm falls into a class known as Iteratively Re-weighted Least

Squares (IRLS) algorithms.

IRLS algorithms are not only useful to find the geometric median in Euclidean space, they

have been applied to solve a number of optimization problems in other spaces. IRLS-type algo-

rithms have been used to find medians on Riemannian manifolds generally using the logarithm

and exponential maps [33,42–44]. One application of IRLS is leveraged to calculate ℓ2-medians

of elements of SO(3) for applications to geometric computer vision problems [42]. More ex-

amples of IRLS to solve ℓ1 optimization problems can be found in numerous popular works

including [20, 45–49].

A final example of IRLS in computer vision is the IRLS algorithm to solve the Dual Principal

Component Pursuit (DPCP) problem called DPCP-IRLS. The DPCP problem seeks a subspace

representative for a data set with outliers. In contrast to the subspace prototype optimization

problems from Chapter 2, the optimization problem for DPCP seeks to find orthogonal compli-

ment to the subspace which contains the “inliers” (non-outlier points). This algorithm is used

to solve a subspace optimization problem that minimizes the maximally correlated flag objec-

tive function and is applied to geometric problems in computer vision [21]. To the best of our
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knowledge analysis of the convergence of DPCP-IRLS is an open problem which we will address

in this chapter.

Motivated by intuitive optimization problems that minimize distance and maximize simi-

larity, we introduced two new subspace prototypes in Chapter 2. In this chapter we will derive

an efficient algorithm called, similar to DPCP-IRLS, called FlagIRLS which is used to calculate

these prototypes. FlagIRLS is an IRLS algorithm on the Grassmannian that solves a weighted

flag mean problem at each iteration similar to the way an iteration of the Weiszfeld algorithm

solves a weighted centroid problem.

We will begin this chapter with showing that FlagIRLS can be used to find the 1-dimensional

ℓ2-median, r -dimensional flag median and r -dimensional maximally correlated flag. Then we

will provide a light convergence analysis of FlagIRLS and DPCP-IRLS. The final sections in this

chapter will identify the properties of FlagIRLS, the flag median, and maximally correlated flag.

Additionally, we determine their utility in synthetic experiments and a computer vision appli-

cation. A few experiments are used to determine the convergence rate of FlagIRLS. Others are

used to provide evidence that the flag median is robust to outliers and can be used effectively

in algorithms like Linde-Buzo-Grey (LBG) to produce improved clusterings on Grassmannians.

Specifically, we will conduct experiments with these central subspace prototypes on synthetic

data sets, the MNIST handwritten digits data set [50], the DARPA (Defense Advanced Research

Projects Agency) Mind’s Eye data set used in [28], and the UCF YouTube action data set [51]. We

find that using FlagIRLS to compute the flag median converges in 4 iterations on a synthetic

data set. We also see that Grassmannian LBG clustering with a codebook size of 20 and using

the flag median produces at least a 10% improvement in cluster purity over Grassmannian LBG

using the flag mean or ℓ2-median on the Mind’s Eye data set.

Contributions:

• FlagIRLS is a new algorithm for calculating novel subspace prototypes.
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• Convergence analysis of FlagIRLS with theoretical guarantees for convergence and exper-

iments showing how FlagIRLS converges in few iterations. We also prove a small conver-

gence result about DPCP-IRLS.

• Experiments showing increased subspace clustering performance with the flag median

prototype when compared to other subspace prototypes.

• Experiments suggesting that the flag median is more robust to outliers than other sub-

space prototypes.

3.2 Background

We begin this section with an introduction to the Weiszfeld algorithm and realize it as an

IRLS algorithm. Then we mention how a Weiszfeld-type algorithm can be applied to find ℓ2-

medians on Riemannian manifolds. Finally, we provide an introduction to the DPCP problem

and the DPCP-IRLS algorithm, an IRLS algorithm to find an optimal subspace representation of

inlier data.

For context, the Weiszfeld algorithm for vectors in R
n is stated in Algorithm 1.

Algorithm 1: Weiszfeld Algorithm in R
n

Data: {xi }
p

i=1
⊂R

n

Result: The geometric median y ∈R
n

while not converged do

wi =
p

∥xi−y∥2

(∑p

k=1
1

∥xk−y∥2

)−1
;

y ←
∑p

i=1
wi xi

p
;

end

Note that each iteration of the Weiszfeld algorithm (see Algorithm 1) is the solution to the least

squares problem (2.1) (with A = R
n and q = 2) for the weighted vectors wi xi . The weights, wi ,
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come from the fact that the geometric median y satisfies

y =
(

p∑

i=1

xi

∥xi −y∥2

)/(
p∑

k=1

1

∥xk −y∥2

)
.

3.2.1 Weiszfeld-type Algorithm

Fletcher et al. solve (2.3) for q = 1 by generalizing the Weiszfeld approach to Riemannian

manifolds. In Section 3.5, we use the unweighted Weiszfeld-type algorithm from Fletcher et

al. with geodesic distance to calculate the ℓ2-median on the Grassmannian [33]. Let d be the

maximum distance between points in the data set and let δ be the convergence parameter. We

define Nd ,δ as the number of iterations of one run of our implementation. The complexity of

our implementation of this algorithm in Section 3.5 is O
(
npk2Nd ,δ

)
.

3.2.2 DPCP-IRLS Algorithm

DPCP-IRLS is a generalization of the Weiszfeld algorithm for finding a subspace orthogonal

to the subspaces that contain the inliers of a dataset in R
n [20]. We will now provide a brief

explanation of the DPCP problem along with the DPCP-IRLS algorithm.

Suppose we have a data set of inliers and outliers {xi }
p

i=1
∈R

n . Let X = [x1x2 . . .xp ]. Dual PCA

seeks a vector y ∈R
n , y ̸= 0, that is orthogonal to a hyperplane that contains the inliers of {xi }

p

i=1

by solving

min
y

∥∥XT y
∥∥

0 . (3.1)

This problem is relaxed to the DPCP problem that finds the unit vector y ∈R
n that solves

min
y

∥∥XT y
∥∥

1 . (3.2)

DPCP-IRLS solves a modification of (3.2) by finding a set of k orthogonal unit vectors {yi }k
i=1

.

We do this by stacking {yi }k
i=1

into the matrix Y ∈ R
n×k . The optimization problem for DPCP-
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IRLS is

min
Y

p∑

i=1

∥YT xi∥2. (3.3)

We extend this to be an optimization over subspaces {[Xi ]}
p

i=1
∈ Gr(ki ,n). So this, potentially

novel, generalized version of DPCP is formulated as

min
Y∈Rn×r

YT Y=I

p∑

i=1

√
tr(YT Xi XT

i
Y) = min

Y∈Rn×r

YT Y=I

p∑

i=1

∥cos(θ(Xi ,Y))∥2. (3.4)

Define the weights for DPCP-IRLS as

wi (Y) =
1

max{∥cosθ (Y,Xi )∥2,ϵ}
. (3.5)

A generalized version of the DPCP-IRLS algorithm that approximates the solution to 3.4 is in

2. A derivation of this algorithm is outlined by Tsakiris et al. [20] and is similar to the derivation

of FlagIRLS in Section 3.3. The complexity of DPCP-IRLS is O
(
nNδ

(∑p

i=1
ki

)2
)

where Nδ is the

number of iterations and δ is the convergence parameter.

Algorithm 2: The generalized DPCP-IRLS algorithm [20]. The columns of U are sorted

by their associated singular value from largest to smallest.

Input: A set of orthonormal subspace representatives {Xi }
p

i=1
for {[Xi ] ∈ Gr(ki ,n)}

p

i=1
.

Output: An orthonormal subspace representative Y that solves the DPCP-IRLS

optimization algorithm [Y] ∈ Gr(r,n)

while not converged do

assign each wi (Y);

X ←
[p

w1(Y)X1|
p

w2(Y)X2| · · · |
√

wp (Y)Xp

]
;

UΣVT = X % calculate the SVD ;

Y ← U:,n−r :n% last r non-zero columns of U;

end

This algorithm is exactly Nδ times slower than the algorithm for finding the flag mean. The

complexity of the flag mean algorithm is O
(
n

(∑p

i=1
ki

)2
)
.
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3.3 Derivations of FlagIRLS

In this section we derive algorithms to approximate solutions to the weighted ℓ2-median

(r = 1), the flag median and the maximally correlated flag problems. Each of these problems

are 1,2 matrix norm problems. Recall that the flag mean problem is a squared 2,2 matrix norm

problem. That is, we are deriving algorithms analogous to Weiszfeld and IRLS, that approximate

solutions to 1,2 matrix norm problems by solving iterated weighted 2,2 matrix norm problems.

So rather than find some closed form solution for each optimization problem, we derive an

iteration of the FlagIRLS Algorithm.

We will use the following notation for this section:

• mi = min{r,ki }

• r = 1, and n > k1,k2, . . . ,kp ≥ 1 for the ℓ2-median problem

• n > k1,k2, . . . ,kp ,r ≥ 1 for both the flag median and the maximally correlated flag prob-

lems

• The delta function:

δi , j =





1, i = j

0, otherwise

Now we will state a proposition about equivalence of principal angles.

Proposition 3.3.1. Let [X] ∈ Gr(k,n) and [Y] ∈ Gr(r,n). Then

∥cos(θ([X], [Y]))∥2
2 = tr

(
YT XXT Y

)
).

Proof. Let UΣVT = YT X be the SVD. Let m = min{r,k}. The non-zero singular values of XT Y in

descending order are

σ1 ≥σ2 ≥ ·· · ≥σm > 0.
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From [2]

∥cos(θ([X], [Y]))∥2
2 =

m∑

i=1

σ2
i .

Using the definition of trace, we have

m∑

i=1

σ2
i = tr(ΣΣ).

Now we use the facts that Σ is symmetric, UT U = I and VT V = I and properties of trace to

finish our proof.

tr(ΣΣ) = tr
(
UT UΣVT VΣ

)

= tr
(
UΣVT VΣUT

)

= tr(UΣVT VΣT UT )

= tr
(
UΣVT

(
UΣVT

)T
)

= tr
(
YT XXT Y

)

3.3.1 ℓ2-Median

Proposition 3.3.2. Let {[Xi ]}
p

i=1
be a collection of subspaces with each [Xi ] ∈ Gr(ki ,n). The ℓ2-

median optimization problem

argmin
[y]∈Gr(1,n)

p∑

i=1

ωi∥θ([Xi ], [y])∥2 (3.6)

can be written as

argmax
[y]∈Gr(1,n)

p∑

i=1

wi∥cosθ([Xi ], [y])∥2
2 (3.7)

with weights

wi =
ωi

|cosθ(y,Xi )||sinθ(y,Xi )|
(3.8)
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as long as yT Xi XT
i

y ∈ (0,1) for all i .

Proof. By Proposition 3.3.1 cos2(θ([Xi ], [y])) = yT Xi XT
i

y. So ∥θ([Xi ], [y])∥2 = arccos
(√

yT Xi XT
i

y
)
.

Hence (3.6) can be rewritten as

min
y∈Rn

yT y=1

p∑

i=1

ωi arccos
(√

yT Xi XT
i

y
)

. (3.9)

We move on to solve this ℓ2-median problem using the Lagrangian

L (y,λ) =
p∑

i=1

ωi arccos
(√

yT Xi XT
i

y
)
−λ(1−yT y). (3.10)

We calculate the gradient of L (y,λ) and set it equal to zero,

p∑

i=1

−ωi√
yT Xi XT

i
y(1−yT Xi XT

i
y)

Xi XT
i y+2λy = 0,

yT y = 1.

(3.11)

This allows us to find stationary points of our objective function.

Now we use the definition of wi from (3.8) and (3.11) to solve to 2λ:

2λy =
p∑

i=1

ωi√
yT Xi XT

i
y(1−yT Xi XT

i
y)

Xi XT
i y, (3.12)

2λy =
p∑

i=1

wi Xi XT
i y, (3.13)

2λ=
p∑

i=1

wi yT Xi XT
i y. (3.14)

Notice, we wish to choose y to maximize 2λ so that we minimize (3.6). Therefore our optimiza-

tion problem becomes

argmax
[y]∈Gr(1,n)

p∑

i=1

wi yT Xi XT
i y. (3.15)
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By Proposition 3.3.1, (3.15) is equivalent to (3.8).

The next step would be to consider this problem for r > 1. The idea would be to proceed in

an analogous derivation. However, we cannot formulate this optimization problem using trace

since arccos does not distribute across addition, meaning

∥θ([X], [Y])∥2 ̸= arccos
(
∥cos(θ([X], [Y]))∥2

2

)
. (3.16)

Instead, we must formulate geodesic distance as

√
r∑

i=1

arccos
(√

yT
i

XXT yi

)2

.

If we move forward, formulate a Lagrangian and take the gradient, we are unable to derive the

same equivalence of optimization problems as Proposition 3.3.2. This is largely due to the exis-

tence of the double square root.

3.3.2 Flag Median

We now state a similar proposition about the flag median. Except, this time, we are are not

restricted to r = 1.

Proposition 3.3.3. Let {[Xi ]}
p

i=1
be a collection of subspaces with each [Xi ] ∈ Gr(ki ,n). The flag

median optimization problem

argmin
[Y]∈Gr(r,n)

p∑

i=1

ωi∥sinθ([Xi ], [Y])∥2 (3.17)

can be written as a weighted flag mean problem

argmax
[Y]∈Gr(r,n)

p∑

i=1

wi∥cosθ([Xi ], [Y])∥2
2 (3.18)
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with weights

wi =
ωi

∥sinθ (Y,Xi )∥2
(3.19)

as long as tr(YT Xi XT
i

Y) ∈ [0,mi ) for all i .

Proof. Using Proposition 3.3.1 and sin2(θ) = 1−cos2(θ), we re-write (3.17) as

min
Y∈Rn×r

YT Y=I

p∑

i=1

ωi

(
mi − tr(YT

j Xi XT
i Y j )

)1/2
. (3.20)

Then we formulate a Lagrangian from this problem as (3.21) using Λ as a symmetric matrix

of Lagrange multipliers with entries λi j .

L (Y,Λ) =
p∑

i=1

ωi (mi − tr(YT Xi XT
i Y))1/2 −〈Λ,I−YT Y〉 (3.21)

Then the gradient of this Lagrangian is

∇y j
L =

p∑

i=1

−ωi

(mi − tr(YT Xi XT
i

Y))1/2
Xi XT

i y j −2
r∑

i , j=1

λi j yi ,

∇λi j
L = yT

i y j −δi j .

(3.22)
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Now, we solve ∇L = 0. Setting ∇λi j
L = 0 gives us yT

i
y j = δi j . Then, we make use of yT

i
y j =

δi j and (3.19).

0 =∇y j
L ,

0 =
p∑

i=1

−ωi

(mi − tr(YT Xi XT
i

Y))1/2
Xi XT

i y j +2λ j j y j −2
r∑

q=1
q ̸= j

λ j q yq ,

0 = yT
j

p∑

i=1

−wi Xi XT
i y j +2λ j j yT

j y j −2
r∑

q=1
q ̸= j

λ j q yT
j yq ,

0 = yT
j

p∑

i=1

−wi Xi XT
i y j +2λ j j ,

2λ j j =
p∑

i=1

yT
j Xi XT

i y j .

(3.23)

We combine these equations for all j = 1,2, . . .r and arrive at

r∑

j=1

2λ j j =
p∑

i=1

wi tr(YT Xi XT
i Y). (3.24)

Minimizing (3.17) is equivalent to solving

argmax
[Y]∈Gr(r,n)

p∑

i=1

wi tr(YT Xi XT
i Y), (3.25)

Which is equivalent to (3.18) by Proposition 3.3.1.

3.3.3 Maximally Correlated Flag

We go onto provide a similar proposition as before, but this time for the maximally corre-

lated flag.
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Proposition 3.3.4. Let {[Xi ]}
p

i=1
be a collection of subspaces with each [Xi ] ∈ Gr(ki ,n). The maxi-

mally correlated flag optimization problem

argmax
[Y]∈Gr(r,n)

p∑

i=1

ωi∥cosθ([Xi ], [Y])∥2 (3.26)

can be written as a weighted flag mean problem

argmax
[Y]∈Gr(r,n)

p∑

i=1

wi∥cosθ([Xi ], [Y])∥2
2 (3.27)

with weights

wi =
ωi

∥cosθ (Y,Xi )∥2
(3.28)

as long as tr(YT Xi XT
i

Y) ∈ (0,mi ] for all i .

Proof. Using Proposition 3.3.1, we re-write (3.26) as

min
Y∈Rn×r

YT Y=I

p∑

i=1

ωi

(
tr(YT

j Xi XT
i Y j ).

)1/2
(3.29)

Then we formulate a Lagrangian from this problem as

L (Y,Λ) =
p∑

i=1

ωi (tr(YT Xi XT
i Y))1/2 −〈Λ,YT Y− I〉, (3.30)

using Λ as a symmetric matrix of Lagrange multipliers with entries λi j .

Then the gradient of this Lagrangian is

∇y j
L =

p∑

i=1

ωi

(tr(YT Xi XT
i

Y))1/2
Xi XT

i y j −2
r∑

i , j=1

λi j yi ,

∇λi j
L = yT

i y j −δi j .

(3.31)
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Now we solve ∇L = 0. Setting ∇λi j
L = 0 gives us yT

i
y j = δi j . Then we make use of yT

i
y j =

δi j and (3.28) to find

0 =∇y j
L ,

0 =
p∑

i=1

ωi

(tr(YT Xi XT
i

Y))1/2
Xi XT

i y j +2λ j j y j −2
r∑

q=1
q ̸= j

λ j q yq ,

0 = yT
j

p∑

i=1

wi Xi XT
i y j +2λ j j yT

j y j −2
r∑

q=1
q ̸= j

λ j q yT
j yq ,

0 = yT
j

p∑

i=1

wi Xi XT
i y j −2λ j j ,

2λ j j =
p∑

i=1

wi yT
j Xi XT

i y j .

(3.32)

We combine these equations for all j = 1,2, . . .r and arrive at

r∑

j=1

2λ j j =
p∑

i=1

wi tr(YT Xi XT
i Y). (3.33)

Note that maximizing (3.26) is equivalent to solving

argmax
[Y]∈Gr(r,n)

p∑

i=1

wi tr(YT Xi XT
i Y). (3.34)

Which is equivalent to (3.27) by Proposition 3.3.1.

3.3.4 The FlagIRLS Algorithm

We use the optimization problem equivalences from the previous subsections to derive an

iteration of the FlagIRLS algorithm.

Fix [Z] ∈ Gr(r,n) and define wi (Z) ∈R for each of the ℓ2-median, flag median and maximally

correlated flag problems as shown in Table 3.1. We can think of wi as the mapping

wi : Rn×r →R.

45



To avoid singularities, we use a small positive quantity ϵ ∈R in the denominator of wi (Z).

Table 3.1: The weights for FlagIRLS labeled by the prototypes for which they are used.

Central Prototype wi (Z)

ℓ2-median (r = 1) ωi /max{|cosθ(Z,Xi )||sinθ(Z,Xi )|,ϵ}

flag median ωi /max{∥sinθ (Z,Xi )∥2,ϵ}

maximally correlated flag ωi /max{∥cosθ (Z,Xi )∥2,ϵ}

Proposition 3.3.5. Fix [Z] ∈ Gr(r,n) to define wi (Z) as in Table 3.1. The solution to

argmax
[Y]∈Gr(r,n)

p∑

i=1

wi (Z)∥cosθ([Xi ], [Y])∥2
2 (3.35)

is the flag mean of {[Xi ]}
p

i=1
} with weights wi (Z).

Proof. Define the matrix

X =
[√

w1(Z)X1,
√

w2(Z)X2, · · · ,
√

wp (Z)Xp

]
.

Using principal angles and properties of trace, we can write the objective function as

p∑

i=1

wi (Z)∥cosθ([Xi ], [Y])∥2
2 =

p∑

i=1

wi (Z)tr
(
YT Xi XT

i Y
)

,

=
p∑

i=1

tr
(
YT

√
wi (Z)Xi

√
wi (Z)XT

i Y
)

,

= tr

(
YT

(
p∑

i=1

√
wi (Z)Xi

√
wi (Z)XT

i

)
Y

)
,

= tr
(
YT XXT Y

)
.

(3.36)

So our optimization problem is equivalent to

argmax
[Y]∈Gr(r,n)

tr
(
YT XXT Y

)
. (3.37)
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The solution, Y∗, is the r left singular vectors of X associated to the r largest singular values.

This is the same as Y∗ being the weighted flag mean of {[Xi ]}
p

i=1
with weights wi (Z). See [3] for a

proof of this equivalence.

In the previous subsections, we have shown that the ℓ2-median (with r = 1), flag median,

and maximally correlated flag can be written as problems of the form (3.35). This form is a

weighted flag mean problem by Proposition 3.3.5. We use this to suggest the FlagIRLS algorithm

(see Algorithm 3) which approximates the ℓ2-median (for r = 1), flag median, and maximally

correlated flag.

Algorithm 3: The FlagIRLS algorithm. See Table 3.1 for the algorithm weights. We as-

sume the columns of U are sorted from the smallest to the largest singular values of

X.

Input: A set of orthonormal subspace representatives {Xi }
p

i=1
for {[Xi ] ∈ Gr(ki ,n)}

p

i=1

with corresponding positive weights {ωi }
p

i=1
⊂R

Output: An orthonormal subspace representative Y for the flag median [Y] ∈ Gr(r,n)

while not converged do

assign each wi (Y);

X ←
[p

w1(Y)X1|
p

w2(Y)X2| · · · |
√

wp (Y)Xp

]
;

UΣVT = X % calculate the SVD ;

Y ← U:,1:r % first r columns of U;

end

What follows are a few notes on FlagIRLS.

• Complexity

The complexity of the FlagIRLS algorithm is the complexity of the flag mean times the num-

ber of iterations of the algorithm, i.e., O
(
nNδ

(∑p

i=1
ki

)2
)

where Nδ is the number of itera-

tions and δ is the convergence parameter.
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• Stochastic FlagIRLS

We randomly select a subset B ⊆ {[Xi ]}
p

i=1
, |B | = m, to construct X at each iteration. Stochas-

tic implementations of FlagIRLS are investigated in Figure 3.3.

• FlagIRLS outputs a flag of subspaces

FlagIRLS is an iterative weighted flag mean algorithm, so the outputs of this algorithm

come from the left singular vectors of X. We take r singular vectors associated with the r

largest singular values of X, i.e., the first r columns of U. However, there are n columns of

U, so FlagIRLS actually outputs a flag of subspaces

[U:,1] ⊂ [U:,:2] ⊂ ·· · ⊂ [U:,:r ].

This flag is used to distinguish between different prototypes in Section 3.5.2 with MNIST

digits.

• Choosing the optimal r

We can find the optimal r for the flag median by choosing r at every iteration in accordance

to the criteria outlined by Santamaria et al. [36].

3.4 Convergence Results

In this section we show that iterations of FlagIRLS decrease the unweighted flag median ob-

jective function value and an iteration of DPCP-IRLS decreases its respective objective function

value.

First we need to define the function g : Rn×r ×R
n×k → R. For FlagIRLS to find the flag me-

dian, this function is defined as g (Y,X) =
√

min{k,r }− tr(YT XXT Y). For DPCP-IRLS, we define

g (Y,X) =
√

tr(YT XXT Y). The objective functions for the flag mean and the DPCP-IRLS objective

functions can then be written as

f (Y) =
p∑

i=1

g (Y,Xi ). (3.38)
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An iteration of FlagIRLS for the flag median and DPCP-IRLS is the mapping T : Rn×r →R.

Now we discuss cases where g (Y,Xi ) = 0. For the flag median, g (Y,Xi ) = 0 only when [Y] =

[Xi ]. We investigated some cases where the flag median is at lease one of the data points (e.g.,

g (Y,Xi ) = 0 in Chapter 2. In subsequent experiments, we find that the flag median is not always

some [Xi ]. For DPCP-IRLS g (Y,Xi ) = 0 only when [Y] and [Xi ] are orthogonal subspaces. By

construction of the DPCP-IRLS problem, we seek a [Y] that is orthogonal to the inlier subspaces.

So, we expect g (Y,Xi ) < ϵ for at least one i . In this case, the result in Theorem 3.4.1 becomes

f (T (Y)) ≤ f (Y)+
pϵ

2
.

Theorem 3.4.1. Let [Y] ∈ Gr(r,n). Suppose g (Y,Xi ) > ϵ for i = 1,2, . . . , p. Then

f (T (Y)) ≤ f (Y).

Proof. Define the function h : Rn×r ×R
n×r →R as

h(Z,Y) =
p∑

i=1

wi (Y)g (Z,Xi )2,

wi (Y) =
1

max
{

g (Y,Xi ),ϵ
} =

1

g (Y,Xi )
.

(3.39)

We claim that the minimizer of minZ h(Z,Y) is exactly Z = T (Y). For FlagIRLS, h(Z,Y) is the

weighted flag mean objective function. For DPCP-IRLS, h(Z,Y) is maximizing the weighted flag

mean objective function. So an iteration of these respective algorithms solve the optimization

problem

T (Y) = argminZ∈Rn×r h(Z,Y). (3.40)
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Some algebra reduces h(Z,Y) to

h(Z,Y) =
p∑

i=1

wi (Y)g (Z,Xi )2, (3.41)

=
p∑

i=1

g (Z,Xi )2

g (Y,Xi )
. (3.42)

(3.43)

Now we use the identity from algebra: a2

b
≥ 2a −b for any a,b ∈R and b > 0. Let

a = g (Z,Xi ) and b = g (Y,Xi ). (3.44)

Then

h(Z,Y) ≥
p∑

i=1

(
2g (Z,Xi )− g (Y,Xi )

)
, (3.45)

= 2
p∑

i=1

g (Z,Xi )−
p∑

i=1

g (Y,Xi ), (3.46)

= 2 f (Z)− f (Y). (3.47)

Now, take Z = T (Y). This gives us

h(T (Y),Y) ≥ 2 f (T (Y))− f (Y). (3.48)

Using (3.40), we have

h(T (Y),Y) ≤ h(Y,Y). (3.49)
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Notice that h(Y,Y) ≤ f (Y) by definition of h. Then

h(Y,Y) =
p∑

i=1

g (Y,Xi )2

g (Y,Xi )
, (3.50)

≤
p∑

i=1

g (Y,Xi ), (3.51)

= f (Y). (3.52)

This means, we have

h(T (Y),Y) ≤ h(Y,Y) ≤ f (Y). (3.53)

Then we can combine (3.48) with (3.53) and we have

2 f (T (Y))− f (Y) ≤ f (Y), (3.54)

f (T (Y)) ≤ f (Y). (3.55)

Corollary 3.4.2. The objective function values of the FlagIRLS for the flag median and DPCP-

IRLS converge as long as g (Y,Xi ) > ϵ for i = 1,2, . . . , p.

Proof. Let [Yk ] ∈ Gr(r,n) be an iterate of FlagIRLS or DPCP-IRLS. Notice that the real sequence

f (Yk ) ∈ Gr(r,n) is bounded below by 0 and is decreasing by Theorem 3.4.1. Therefore it con-

verges.

3.5 Experiments

In this section we carry out experiments with synthetic data, the MNIST handwritten digits

data set [50], the Mind’s Eye data set [28], and the UCF YouTube action data set [51]. One goal

is to compare the flag median and maximally correlated flag to the flag mean and ℓ2-median.

Another goal is to establish the efficiency of FlagIRLS as an algorithm for computing some of
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these prototypes. For all of this section we use FlagIRLS to compute the flag median, maximally

correlated flag, and ℓ2 median (for r = 1), and the Weiszfeld-type algorithm from [33] is used

for the ℓ2-median (for r > 1).

Now we discuss the convergence criteria for the iterative algorithms used in this section. We

terminate the FlagIRLS algorithm when the objective function values of consecutive iterates are

less than δ = 10−11, or if the i th iteration resulted in an increasing objective function value. In

the former case, we output the (i − 1)st iterate. We run the FlagIRLS algorithm with FlagIRLS

weights with ϵ= 10−11. We also use the Weiszfeld-type algorithm from [33] to calculate the ℓ2-

median. This algorithm is terminated when objective function values of consecutive iterates

are less than δ = 10−11. Both FlagIRLS and the Weiszfeld-type algorithm are terminated when

we have exceeded 1000 iterations. Note: FlagIRLS never exceeds 1000 iterations in our examples.

Let dk be the cluster distortion at iteration k for LBG clustering. We define the clustering

error at iteration k as

ηk =
|dk −dk−1|

dk−1

. (3.56)

We terminate LBG clustering when ηk < 10−5.

3.5.1 Synthetic Data

We begin with an experiment on a data set consisting of 10 points from Gr(3,20) and 10

points from Gr(5,20). A representative for a point on Gr(k,n) is sampled in two steps. The first

step is to sample an n×k matrix from a uniform distribution on [−.5, .5), U [−.5, .5). We then do

the QR decomposition of this matrix to get a point on Gr(k,n). We use this data set to verify the

convergence of FlagIRLS.

We run 100 trials of FlagIRLS on these data with different random initializations to calculate

1-dimensional ℓ2-medians, 3-dimensional flag medians, and 3-dimensional maximally corre-

lated flags. For each of these trials, we verify that convergence by checking 100 points near the

FlagIRLS algorithm output. Given one algorithm output, [X] ∈ Gr(3,20), we sample the entries

of Y ∈ R
20×3 from U [−0.5,0.5) and check the objective function value at the first 3 columns of
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Q where Q comes from the QR decomposition of the matrix X+0.00001Y. We call these points

“test points” for the algorithm output. We say the FlagIRLS algorithm converges when all the

objective function values of the test points are less than or equal to the objective function value

for the algorithm output. In this experiment, we find that 100% of the FlagIRLS trials converge

for the flag median and ℓ2-median. However, only 68% of the FlagIRLS trials converge for the

maximally correlated flag. Since FlagIRLS does not converge to the maximally correlated flag

for all of these trials, we choose not to pursue further experiments with using FlagIRLS to find

this prototype.

We now show an example with a similar data set to compare the convergence rate of Fla-

gIRLS to Grassmannian gradient descent. This time we take 20 points from Gr(3,20). We sam-

ple these points in the same way as the first example. Then we run FlagIRLS and Grassmannian

gradient descent with 100 random initializations to compute the flag median. The results of this

experiment are in Figure 3.1. For this example, Grassmannian gradient descent is implemented

with a step size of 0.01. We find that FlagIRLS converges in fewer iterations than Grassmannian

gradient descent for the flag median. In addition, we see that the convergence of FlagIRLS is less

sensitive to the algorithm initialization than gradient descent due to the standard deviation of

the objective function values at each iteration.
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Figure 3.1: The mean objective function values over 100 trials with different random initializations. Fla-

gIRLS converges in fewer iterations than gradient descent for the flag median problem on the synthetic

data set. The shaded region is one standard deviation away from the mean objective function value.

Now we compare FlagIRLS to the Weiszfeld-type algorithm to calculate the 1-dimensional

ℓ2-median. We run the same experiment as above with only 1-dimensional subspaces and find

that FlagIRLS did not converge to the ℓ2-median. So, we run a different experiment where we

sample 10 random subspaces which are “close” to each other. We do this by first sampling a

vector in c ∈ R
20 from U [−0.5,0.5). Then we sample ri ∈ R

20 from U [−0.05,0.05). Our i th data

point is

xi =
c+ ri

∥c+ ri∥2
.

This results in a cluster of 1-dimensional subspaces, namely [xi ], that are close to one-another.

In Figure 3.2 we see that FlagIRLS converges much faster than the Weiszfeld-type algorithm.
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Figure 3.2: The mean objective function values over 100 trials with different random initializations. Fla-

gIRLS converges in fewer iterations than the Weiszfeld-type algorithm for the 1-dimensional ℓ2-median.

For our next example, we use a data set of 200 points on Gr(6,100). The points are sampled

by first fixing a “center” point for the data set, [X∗]. We do this by taking a random 100 × 6

matrix with entries from U [−.5, .5). We then take X∗ as the first 6 columns of Q from the QR

decomposition of this random matrix. The 200 points in the data set are now calculated by the

following steps. For each point, we generate Z by sampling a random 100×6 matrix with entries

sampled from U [−.5, .5) and scaling it by 0.01. We then take the point determined by the first 6

columns of Q from the QR decomposition of X∗+Z.

FlagIRLS is run to calculate the flag median and the maximally correlated flag. The Weiszfeld-

type algorithm is run to compute theℓ2-median. Each of these algorithms are run with 20 differ-

ent initializations. For the random initializations, we initialize FlagIRLS and the Weiszfeld-type

algorithm at the same point. The results of this experiment are in Table 3.2. FlagIRLS converges

in far fewer iterations than the Weiszfeld-type algorithm. We terminate the Weiszfeld-type al-

gorithm after 1000 iterations regardless of convergence. So perhaps, many of the high iteration

runs of the Weiszfeld-type algorithm still did not converge even after 1000 iterations.
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Table 3.2: The mean number of iterations until convergence of 20 random initializations of FlagIRLS

and the Weiszfeld-type algorithm on a data set of 200 points on Gr(6,100). FlagIRLS is converges in far

fewer iterations than the Weiszfeld-type algorithm and also sports a much lower standard deviation in

the number of iterations.

Algorithm (Prototype)/ Initialization Mean Iterations

FlagIRLS (flag median)/ random 4.40±0.50

Weiszfeld-Type (ℓ2-median)/ data point 813.50±261.03

Weiszfeld-Type (ℓ2-median)/ random 960.65±80.94

In our next experiment we use a data set that consists of 200 points on Gr(3,20). These points

consist of a cluster of 180 points centered around the subspace [X∗] and 20 outlier points. The

points from the 180-point cluster are sampled by the following process. We calculate a fixed

“center” point for the data set, [X∗], by taking a 20×3 matrix with entries from U [−.5, .5). We

then take X∗ as the first 3 columns of Q from the QR decomposition of this random matrix. We

then calculate the points in the cluster by the following steps. The first step is to generate Z by

sampling a random 20× 3 matrix with entries sampled from U [−.5, .5) and scaling it by 0.01.

The second step generates one point in the 180 point cluster as the first 3 columns of Q from

the QR decomposition of X∗+Z. A point from the set of outlier 20 points is the first 3 columns

of the QR decomposition of a random 20×3 matrix with entries sampled from U [−.5, .5).

Table 3.3 shows the results of calculating the flag median, ℓ2-median, and flag mean of this

data set and then computing the chordal distance between [X∗] and the three different pro-

totypes. Notice the flag median is the least affected by the outliers, the ℓ2-median is twice as

affected, and the flag mean is ten times more affected by the outliers.

Table 3.3: The chordal distance between the algorithm result and [X∗].

Algorithm Chordal Distance

flag median 0.0017

ℓ2-median 0.0022

flag mean 0.0128

Note: for Table 3.3, FlagIRLS converges to the flag median in one iteration.
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Our final experiment on synthetic data investigates whether a stochastic implementation

of FlagIRLS would result in a faster algorithm with acceptable accuracy for finding the flag me-

dian. To do this, we run stochastic FlagIRLS with 100 points on Gr(20,1000) using anywhere

from 1 to 99 points per iteration. The results of running stochastic FlagIRLS with 20 random

initializations are in Figure 3.3. Stochastic FlagIRLS, with 80 or more points, produces approxi-

mately a 40% reduction in run time with flag median objective function values within 0.1 of the

value found using non-stochastic FlagIRLS.

These data are centered around the subspace [X∗] and generated by the following steps.

First, we calculate a fixed “center” point for the data set, [X∗], by taking a 1000×20 matrix with

entries from U [−.5, .5). We then take X∗ as the first 20 columns of Q from the QR decomposition

of this random matrix. To calculate the points we generate Z by sampling a random 1000×20

matrix with entries sampled from U [−.5, .5) and scaling it by 0.01. Then a data point is repre-

sented by first 20 columns of Q from the QR decomposition X∗+Z.

Figure 3.3: The objective function values for the flag median for stochastic implementations of FlagIRLS.

The shaded region is 1 standard deviation away from the mean for 20 random initializations.

57



3.5.2 MNIST Handwritten Digits

The MNIST digits data set is a set of 28×28 single band images of handwritten digits [50].

We represent an MNIST handwritten digit using an element of Gr(1,784) by taking one image,

vectorizing it, then dividing the resulting vector by its norm.

For our first example, we see how the flag median, ℓ2-median, and flag mean prototypes are

classified by a MNIST-trained 3-layer neural network. This trained neural network classifier has

a 97% test accuracy on the MNIST test data set. We generate our data sets for this experiment by

taking 20 examples of the digit 1 and i examples of the digit 9 from the MNIST training data set.

We let i = 0,1,2,3, . . . ,19 and this results in 20 data sets. For each of these data sets, we calculate

the flag median, ℓ2-median and flag mean, then predict the class of each of these prototypes by

passing each through the neural network classifier.

In Figure 3.4 we plot the predicted class of each prototype for each data set by the trained

neural network. For this figure, we choose to use the random initialization that resulted in the

best predictions of the ℓ2-median.

Figure 3.4: The neural network predicted class of the prototype for the data set with 20 examples of 1’s

and i examples of 9’s with i = 0,1,2, . . . ,19.
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The ℓ2-median and flag mean are the first prototypes to be misclassified with i = 10 added

examples of 9’s. Finally, the flag median is still classified correctly for i = 10 and i = 11 added

examples 9’s. Therefore the flag median is the most robust prototype to outliers in this exper-

iment. The common misclassification as 8 is likely due to the fact that the 1’s tend to be at an

angle, so when averaged, they look like fuzzy 8’s, especially when some 9’s have been introduced

to the data set. Also, the ℓ2-median of a data set of 20 1’s with 15 to 19 9 digits is misclassified as

a 7. This is likely a result of the different angled 1’s and the introduction of the examples of 9’s

adding the top of the digit 7.

Now we use Multi Dimensional Scaling (MDS) [52] to visualize the movement of the pro-

totypes of an MNIST data set that is poisoned with outliers. For this experiment, we use 20

examples of 7’s and i = 0,2,4,6,8 examples of 6’s. This results in 5 different subspace data sets

formed from examples from the MNIST training data set. We then calculate the flag median,

ℓ2-median and the flag mean. We generate a distance matrix for all the examples of 6’s and

7’s along with the exemplars from each data set using the geodesic distance and pass the dis-

tance matrix through a MDS algorithm to visualize relationships between these subspaces in

two dimensions. This example is in Figure 3.5.

Figure 3.5: MDS embedding of flag median, ℓ2-median and flag mean with points as one dimensional

subspaces. We have 20 examples of 7’s and i examples of 6’s. Each triangle represents a prototype for

i = 0,4,8. The furthest left triangle is the prototype for the data set with i = 0 examples of 6’s and the

furthest right triangle is the prototype for the data set with i = 8 examples of 6’s. The lower image is a

zoomed in version of the interior of the red box in the upper image to clarify the difference between the

central prototypes.

59



Notice that the ℓ2-median and flag mean are moving the most as we add examples of 6’s.

The flag median moves substantially less than the other prototypes and therefore is the least

effected by the added examples of 6’s.

We now compute the r = 5-dimensional flag median and flag mean of a data set with 20

examples of 7’s with i = 8 6’s. We plot each of the reshaped columns of the matrix representative

of these prototypes in Figure 3.6. Notice that the flag mean is more affected by examples of 6’s

than the flag median. This is particularly noticeable in the final column (dimension 5) where

there is a clear 6 in the flag mean whereas the 6 is not clear in the flag median.

Figure 3.6: Each column of the matrix representative for flag median and flag mean on the data set with

20 examples of 7’s and i = 8 examples of 6’s.

3.5.3 Mind’s Eye

The Mind’s Eye data set is a set of grey-scale outdoor video clips that are centered on moving

objects (mainly humans) and have a subtracted background. Each video clip consists of 48

frames, each rescaled to a size of 32×32 pixels. We use the preprocessed data from the k-means

experiment from Marrinan et al. [28]. These data and the scripts for the preprocessing can

be accessed at https://www.cs.colostate.edu/~vision/summet. There are 77 labels of the video

clips for the action of the centered object in the video. A video clip is represented on Gr(48,1024)

by the span of the 1024×48 matrix formed by vectorizing and horizontally stacking each frame.
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For this example, we use subspaces (points in Gr(48,1024)) that represent clips with action

labels bend, follow, pickup, ride-bike and run. There are 27 examples of bend, 32 of follow,

27 of pickup, 17 of ride-bike, and 24 of run. We run the Linde-Buzo-Grey (LBG) algorithm [8,

53] to cluster these data with different sized codebooks (numbers of centers) and prototype

calculation using the flag median, ℓ2-median and flag mean. For each number of centers, we

run 20 trials with different LBG initializations. In the LBG algorithm, we calculate distance using

chordal distance for all prototypes. The results are in Figure 3.7.

We note that the flag median produces the highest cluster purities for 8, 12, 16 and 20 clus-

ters. In all of the previous experiments we found that the flag median is more robust to outliers

which may be the key factor in the success of the flag median prototype LBG implementation.

We also note that the ℓ2-median and the flag mean LBG implementations have similar cluster

purities for each of the codebook sizes. Again, this is consistent with the similar behavior of the

ℓ2-median and the flag mean MNIST experiments (see Figure 3.4 and Figure 3.5).

Figure 3.7: An LBG implementation on the Mind’s Eye data set. The results of 3 different implementa-

tions of LBG for codebook sizes 4,8,12,16 and 20. The flag median is competitive with the ℓ2-median

and flag mean for a size 4 codebook and has higher cluster purity than the ℓ2-median and flag mean for

codebook sizes 8,12,16,20.
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3.5.4 UCF YouTube

Our final data set is a subset UCF YouTube Action data set [51]. This data set contains 11

categories of actions. For each category, the videos are grouped into groups with common fea-

tures. For this experiment, we take approximately one example from each group within an

action category. Specifically our data set consists of 23 examples of basketball shooting, 22 of

biking/cycling, 25 of diving, 24 of golf swinging, 24 of horse back riding, 24 of soccer juggling, 23

of swinging, 24 of tennis swinging, 24 of trampoline jumping, 22 of volleyball spiking, and 24 of

walking with a dog. Since these color videos are quite large, we convert them to greyscale. Then

we generate a matrix for each video whose columns are vectorizations of each frame. Finally,

we perform the QR decomposition of each video and take the first 10 columns of Q to be its

representative on the Grassmannian.

We then run subspace LBG with 48 dimensional flag mean and flag median. The results are

in Figure 3.8. We choose to omit the ℓ2-median LBG implementation since the Weiszfeld-type

algorithm can only compute a 10 dimensional prototype. We run our LBG implementations

with 10 trials for each of the following codebook sizes: 4,8,12,16 and 20. We see the flag median

LBG implementation produces higher cluster purities than the flag mean LBG implementation

in all trials.
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Figure 3.8: An LBG implementation on the YouTube data set. The results of 2 different implementations

of LBG for codebook sizes 4,8,12,16 and 20. The flag median has higher cluster purities than flag mean

for all codebook sizes.

3.6 Conclusion

In this chapter we proposed the FlagIRLS algorithm to approximate solutions to the flag

median optimization problem. A convergence result was proven regarding FlagIRLS and DPCP-

IRLS. Then we ran experiments comparing the flag median, flag mean, and ℓ2-median. In our

experiments, we found the FlagIRLS generally converges faster than gradient descent and the

Weiszfeld-type algorithm. In addition, we discovered that the flag median is more robust to

outliers and produces higher cluster purities than the flag mean and ℓ2-median.

Even with our convergence result, there is a lack of proven mathematical guarantees for the

flag median and the FlagIRLS algorithm. Although, for all our examples, FlagIRLS converges to

a local minimum of the flag median problem, we have not worked out the mathematical theory

to find the conditions where the iterates of FlagIRLS converges. We also still need to deter-

mine the conditions where an iteration of FlagIRLS is a contraction mapping. On a larger scale,

given a data set of subspaces of Rn , we have yet to determine where the flag median problem
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is convex. Section 3.3 showed that FlagIRLS is a logical algorithm for finding the flag median,

maximally correlated flag, and ℓ2-median. However, further development of the mathemati-

cal theory would give us more intuition about which data sets are good for FlagIRLS, how to

initialize FlagIRLS and overall provide us with a better understanding of rates of convergence.

More future work with FlagIRLS could involve machine learning or add details to the math-

ematical theory. For machine learning, the flag median can be used as a step in a subspace

k-means algorithm, Grassmannian n-shot learning or any other machine learning algorithm

in which calculating an “average” is a step. Most likely these types of algorithms will be useful

for classifying images and videos. In terms of mathematics, we would like to find proofs for the

convergence and convergence rates of iterates of FlagIRLS and DPCP-IRLS.
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Chapter 4

Pathway Expression Analysis

4.1 Introduction

Influenza and other viruses linked to respiratory illnesses in humans have gained relevance

due to the recent COVID-19 pandemic caused by the severe acute respiratory syndrome coro-

navirus 2 (SARS-CoV-2). Accurate detection of these types of viruses is necessary to isolate in-

fected individuals and consequently slow the spread throughout the population. Moreover,

some infected individuals can be shedding the virus without showing symptoms. It is advan-

tageous to have methods of detecting shedding that are robust to symptoms to avoid asymp-

tomatic super spreader scenarios [54].

Analyses of respiratory illnesses aid in understanding the mechanisms of shedding and in

developing methodologies that succeed across multiple infectious diseases. Understanding the

imprint of viral shedding on human gene expression may uncover latent effects which are be-

yond disease symptoms. In this paper we will run our experiments on a human microarray data

set with multiple respiratory viruses and studies, the GSE73072 data set [55]. Previous work on

these respiratory virus data ran various machine learning (ML) models, e.g., neural networks,

support vector machines (SVM), centroid encoders (CE), and spectral gene network analysis, to

identify discriminatory biomarkers within early shedders challenged with influenza and subse-

quently classify those subjects [56–59].

Rather than just select significant genes, a biological pathway analysis uses biological re-

lationships between genes, usually by grouping related genes, to build a biologically informed

model [60]. Given the numerous definitions of pathway membership and number of ways to

relate genes within a pathway, many of these pathway analyses require an a priori set of “impor-

tant” genes (like those found using ML on gene expression data [56]) to determine significant

pathways [61, 62]. Standard tools that rely on an a priori gene set include: over representation
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analysis (ORA) [63], gene set enrichment analysis (GSEA) [64–67], Centrality-based pathway en-

richment (CePa) [68] and more [69]. ORA determines the statistical significance of the overlap

between an a priori set of genes and a given pathway. GSEA improves upon ORA by accounting

for the expression levels of the genes. CePa is a further improvement on the ORA method which

uses the biological connections between genes in a pathway. Specifically, it uses the centrality

of genes in the network generated by a pathway as part of its ranking. Beyond simply ranking

pathways by statistical significance, Maglietta et al. offer a method that ranks functional groups

of genes, specifically genes associated with the same GO term [70], to predict a phenotype [69].

All of these pathway methods rely on a pathway database which is used to determine pathway

membership. There are a plethora of pathway databases including KEGG [71], MetaCyc [72],

Reactome [63], Wikipathways [73], BioCarta [74], InnateDB [75] and many more. Most of these

databases contain essentially the same information regarding pathway membership. We use

the Reactome database, along with their built in tool for ORA in order to produce pathway rank-

ings to compare against our novel pathway expression analysis rankings.

In this paper, we formalize a method called pathway expression analysis which transforms

gene expression data into pathway expression data. This allows for the determination of path-

way significance and subject classification using pathway expression levels rather than gene

expression levels. This is not the first time such a translation has been considered. Some of

the following works use GO terms or other biologically known collections of genes rather than

pathways. For the sake of simplicity, we will use the term pathway loosely in this paragraph to

refer to a biologically known collection of genes. Between the early 2000’s and 2012, various

authors have explored classification and pathway ranking using statistical techniques. Path-

way expressions, often referred to as pathway activities, have been calculated using means and

medians [76], metagenes (a.k.a. eigengenes) [77], t-scores [78], log-likelihood ratios (LLRs) [79],

and FAIME (Functional Analysis of Individual Microarray Expression) [80]. Some of these meth-

ods don not use all the genes in the pathway to calculate pathway expression. For example Guo

et al. only calculate the average expression level of the differentially expressed genes in a path-
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way. Pathway selection in these papers is not always done using pathway expression levels.

Su et al. [79] use gene expression levels to select pathways. On the other hand, some works

do indeed use their pathway expression data to determine significant pathways and to clas-

sify between phenotype. Lee et al. determine significant pathways for classification using the

AUC (area under the ROC curve) on a validation data set [78]. Classification and regression

of changes in phenotype with pathway expression data has been done using simple models

like decision trees [76], linear discriminant analysis [79], logistic regression [78, 79], cluster-

ing [77, 80] and other statistical models [80].

The last known work in this field is FAIME in 2012 [80]. Within the last 10 years, the field

of machine learning in biology has boomed in popularity and there is a need for formalization

of these previous pathway expression methods. Our work fills this gap by defining pathway ex-

pression data as the result of a simple linear transformation of gene expression data. We offer

two forms of pathway expression data: Linear Pathway Expression (LPE) and Centrality Path-

way Expression (CPE). Methods like those presented by Guo et al. fall easily into the pathway

expression framework as a special case of LPE [76]. CPE, on the other hand, is a novel method

for pathway expression that ranks genes based on networks of known and inferred gene inter-

actions rather than statistically inferring a gene ranking using differences between phenotype

like the FAIME method [80]. Unlike other previous pathway expression methods (e.g., FAIME),

CPE and LPE can be thought of as “unsupervised” pathway expression methods since they

do not require phenotype labels for their computation. Due to their simplicity, CPE and LPE

use less computational resources than most previous pathway expression methods since our

methodology involves a linear transformation rather than more complicated non-linear map-

pings. Instead of using one of the classifiers from the previous works, we choose to use Sparse

Support Vector Machines (SSVMs) for our classifier. This sparse classification scheme allows us

to preform our pathway selection and classification using pathway expression data in one step,

without any parameter tuning.
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We use our pathway expression methods (LPE and CPE with SSVM) to select pathways

which discriminate between uninfected subjects (controls) and eventual shedders infected with

various respiratory viruses: H1N1, H3N2, HRV (Human Rhinoviruses), RSV (Respiratory Syncy-

tial Virus), in the early stages of infection using the GSE73072 data set. O’Hara et al. found that

gene expression data from some pathways like B Cell Maturation and Activation + Cell Adhe-

sion Molecules were used to produce 100% classification accuracy for certain experiments with

this data set but analyses with pathway expression has never been done [59]. This work compli-

ments the early detection analysis done by Aminian et al. [56] by utilizing “pathway expression”

with a simple feature selector and classifier in place of gene expression with optimal feature

selection and classification techniques. By using pathway expression as an alternative to gene

expression, we extract pathways as features using SSVMs and subsequently rank pathways by

their weight in the SSVM model. We do this by extracting the top pathways for each pathway

expression method on training data, restricting the test pathway expression data to those top

pathways, and finally classifying controls vs. shedders (from 4 evenly spaced time bins within 32

hours after infection) using the test pathway expression data with an SVM. We also benchmark

these selected pathways against two known pathway ranking methodologies ORA and CePa. As

an aside, our implementation of CePa in Python, to the best of our knowledge, is one of the first

Python implementations of such a workflow.

In our experiments on the GSE73072 dataset we find that pathway expression methods gen-

erally produce higher classification rates than gene expression methods with the same type of

SSVM feature selector and classifier. We also find that using CPE, which adds gene network in-

formation, increases classification rates over simple LPE. Classification rates with CPE and LPE

are found to be robust LIMMA normalization of the gene expression data and the pathways

selected by these methods prove to be appropriately robust across training dataset partitions.

The pathways which are selected using CPE and LPE methods tend to be distinct from the path-

ways selected using CePa and ORA. Hence, pathway expression is a useful method for discov-

ering biological pathways which are not traditionally associated with a disease of interest. The
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code for LPE and CPE is implemented in Python and available at https://github.com/nmank/

PathwayAnalysis. This work is meant to revive work in pathway expression analysis by adding a

simple framework for generating pathway expression data, introducing a new method for path-

way expression, CPE, which leverages gene networks to produce pathway expression data and

finally implementing a simple sparse classifier to select pathways and discriminates between

phenotype at the same time.

4.2 Results

In this section we provide a number of results using pathway expression on GSE73072.

Specifically, we investigate two types of pathway expression: Centrality Pathway Expression

(CPE) and Linear Pathway Expression (LPE) and compare these methods to Gene Expression

(GE) methods. We begin this section with some visualizations of pathway expression data Sec-

tion 4.2. In Section 4.2.1 we provide classification statistics including Balanced Success Rates

(BSRs) for experiments using the features selected on pathway expression on test studies. We

also pose an argument for the best CPE method in Section 4.2.1. In Section 4.2.2, we compare

the pathways selected using pathway expression to those selected using CePa and ORA. Lastly,

in Section 4.2.3, we list the top pathways found using the best CPE methods.

Visualization

For our PCA (Principle Component Analysis) visualization, we use gene expression data

from 9 to 16 hours after infection that have been batch corrected for subject identifier using

LIMMA. We select features using 4 studies containing H1N1 and H3N2 strains of influenza.

Then we do two PCA plots of the first two principle components of data from 2 HRV test stud-

ies. One plot uses all the features for the PCA. The second plot uses only the features found using

the 4 H1N1 and H3N2 studies. The feature selection is done with gene expression data and with

pathway expression data using the same SSVM feature selector methodology. The objective of

this experiment is a head to head comparison between gene expression to pathway expression
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using the linear separation between the controls (subjects before infection) and shedders (sub-

jects from 9 to 16 hours after infection). These PCA plots are in Figure 4.1. For this experiment

and time bin, we notice better linear separation between the pathway expression data than the

gene expression data.

(a) GE test data with all the features. (b) GE test data with the selected features.

(c) CPE test data with all the features. (d) CPE test data with the selected features.

Figure 4.1: A PCA embedding of the 2 HRV test studies using GE and CPE in the time bin 9 to 16 hours

after infection. The first column is an embedding with all the features and the second is with the selected

features. These CPE data are generated using pre- computed, undirected edges with out-degree central-

ity. The data have been batch corrected for subject identifier using LIMMA.

When we produce the same types of PCA visualizations using each train/test split, along

with each of the different time bins and pathway expression types, we notice that the gene

expression data appears to linearly separate better than pathway expression data. But, upon
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further investigation, we find that the explained variance ratio of the first two principle com-

ponents for pathway expression data in these plots is generally less than 0.5. So most of the

variance of pathway expression data is captured in the 3rd to nth principle components. This

provides some explanation for the poor linear separation of pathway expression data using the

first two principle components of PCA.

4.2.1 Classification Results

In our classification experiments we draw samples from the GSE73072 data set and distin-

guish between controls and shedders within 32 hours after infection. For our experiments, we

separate these data into 4 evenly sized time bins. Controls are all subjects at times before infec-

tion. We perform 3 different data set splits. For two of these splits, we find features using data

from 4 studies and test on the remaining 2 or 3 studies. For the third split, we find features using

data from 6 studies then test on 1 study. The details of the data sets used for these experiments

are in Table 4.1.

Table 4.1: The train/test splits by study ID for the 4 to 2 and 6 to 1 experiments. The parenthetical after

each study ID is the associated virus.

Partition

Name

Train Test

4 to 2
DEE2 (H3N2), DEE3 (H1N1),

DEE4 (H1N1), DEE5 (H3N2)

UVA (HRV), Duke (HRV)

4 to 3
DEE2 (H3N2), DEE3 (H1N1),

DEE4 (H1N1), DEE5 (H3N2)

UVA (HRV), Duke (HRV),

DEE1 (RSV)

6 to 1
UVA (HRV), Duke (HRV), DEE1 (RSV)

DEE3 (H1N1), DEE4 (H1N1), DEE5 (H3N2)

DEE2 (H3N2)
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We use these classification experiments to compare LPE and CPE methods to each other

and benchmark these pathway expression methods against GE methods. Classification results

on the test studies from the 4 to 2, 4 to 3 and 6 to 1 experiments with LIMMA batch correction

by subject ID are reported Table 4.2. A comparison of test classification BSRs between uncor-

rected and LIMMA corrected data is in Figure 4.2. It indicates that, using our pipelines, pathway

expression classification BSR is more robust to LIMMA correction than gene expression. Using

pathway expression (either LPE or CPE) we produce the same or higher classification statistics

on the test data than GE for more than 81% of all the test statistics, experiments and time bins.
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Table 4.2: Classification statistics by method, experiment and time bin on the test data sets. Pathway

expression methods generally produce a higher BSR, precision, recall and accuracy over gene expression

methods with the SVM feature selection technique. CPE is computed using pre- computed edges with

PageRank centrality. The highest statistic for each time bin is bold face. All experiments apply LIMMA

using subject identifier to the data. Standard deviation is not available for these statistics due to the

design of our LOSO experiments. See Section 4.4 for details.

Time Bin Experiment Method BSR Precision Recall Accuracy

1 to 8 4 to 2 GE 0.6 0.71 0.71 0.64

1 to 8 4 to 2 LPE 0.72 0.79 0.81 0.73

1 to 8 4 to 2 CPE 0.8 0.85 0.86 0.8

9 to 16 4 to 2 GE 0.74 0.81 0.76 0.72

9 to 16 4 to 2 LPE 0.82 0.87 0.85 0.8

9 to 16 4 to 2 CPE 0.74 0.8 0.8 0.73

17 to 24 4 to 2 GE 0.67 0.74 0.76 0.69

17 to 24 4 to 2 LPE 0.7 0.77 0.77 0.7

17 to 24 4 to 2 CPE 0.77 0.83 0.82 0.77

25 to 32 4 to 2 GE 0.96 0.98 0.99 0.98

25 to 32 4 to 2 LPE 0.92 0.97 0.96 0.94

25 to 32 4 to 2 CPE 0.9 0.96 0.94 0.92

1 to 8 4 to 3 GE 0.61 0.74 0.71 0.65

1 to 8 4 to 3 LPE 0.73 0.83 0.8 0.76

1 to 8 4 to 3 CPE 0.73 0.82 0.84 0.77

9 to 16 4 to 3 GE 0.74 0.83 0.78 0.74

9 to 16 4 to 3 LPE 0.79 0.86 0.85 0.78

9 to 16 4 to 3 CPE 0.81 0.88 0.84 0.81

17 to 24 4 to 3 GE 0.59 0.72 0.65 0.6

17 to 24 4 to 3 LPE 0.69 0.79 0.75 0.69

17 to 24 4 to 3 CPE 0.77 0.85 0.83 0.78

25 to 32 4 to 3 GE 0.8 0.91 0.87 0.84

25 to 32 4 to 3 LPE 0.8 0.91 0.87 0.84

25 to 32 4 to 3 CPE 0.83 0.92 0.92 0.88

1 to 8 6 to 1 GE 0.62 0.8 0.97 0.81

1 to 8 6 to 1 LPE 0.8 0.89 0.97 0.89

1 to 8 6 to 1 CPE 0.89 0.94 0.97 0.93

9 to 16 6 to 1 GE 0.91 0.94 1.0 0.96

9 to 16 6 to 1 LPE 0.89 0.94 0.97 0.93

9 to 16 6 to 1 CPE 0.82 0.91 0.91 0.86

17 to 24 6 to 1 GE 0.77 0.87 1.0 0.9

17 to 24 6 to 1 LPE 0.74 0.86 0.94 0.85

17 to 24 6 to 1 CPE 0.8 0.89 0.97 0.9

25 to 32 6 to 1 GE 0.76 0.87 0.97 0.87

25 to 32 6 to 1 LPE 0.68 0.84 0.91 0.81

25 to 32 6 to 1 CPE 0.91 0.94 1.0 0.96
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We now compare the effects of normalization via LIMMA on subject identifier on the classi-

fication results in Figure 4.2. The y-axis, Difference, is the difference in BSRs on the test studies

with LIMMA normalized data for subject identifier and un-normalized data for subject iden-

tifier. LIMMA normalization using subject identifier increases the classification BSR for each

method. When comparing LPE and CPE to GE, we notice that the inter-quartile range and me-

dian difference for pathway expression methods is smaller than those from the gene expression

methods. This implies that the BSRs for gene expression methods change less uniformly and

more on average from LIMMA batch correction on subject identifier than pathway expression

methods. Consequently, we claim that pathway expression methods are more robust to sub-

ject differences within a class. In addition, linear pathway expression methods appear to be the

most robust to subject differences within a class because the median difference for LPE in Fig-

ure 4.2 is nearer to 0 than the median difference for CPE and GE.
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Figure 4.2: The difference between test BSR with LIMMA normalization using subject identifier and test

BSR without LIMMA. Each box represents the distribution of these differences across experiment, time

bin, and data partition for each method. A positive difference in BSR indicates that LIMMA normal-

ization using subject identifier increased the classification accuracy. For CPE, we use pre- computed,

directed edges with PageRank centrality.

CPE requires two parameters to be set: a pathway gene network edge type and a central-

ity measure. We test CPE by using either correlation edges or pre-computed (from Reactome)

edges, which may be directed or undirected. For centrality measures, we use either PageRank

or out-degree centrality. Table 4.3 details the CPE configuration which produces the highest

test BSR. Using this table, we observe that pre-computed edges with PageRank centrality is the

most common method across all experiments and time bins to produce the highest BSR.
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Table 4.3: The CPE centrality and similarity configurations which resulted in the highest test BSR for CPE

given each data partition and time bin. The data have been batch corrected for subject identifier using

LIMMA.

Experiment Time Bin Centrality Similarity Directed

4 to 2 1 to 8 PageRank pre-computed True

4 to 2 9 to 16 out-degree pre-computed False

4 to 2 17 to 24 out-degree correlation False

4 to 2 25 to 32 PageRank pre-computed False

4 to 3 1 to 8 out-degree correlation False

4 to 3 9 to 16 PageRank pre-computed False

4 to 3 17 to 24 out-degree pre-computed True

4 to 3 25 to 32 PageRank pre-computed False

6 to 1 1 to 8 PageRank pre-computed True

6 to 1 9 to 16 PageRank correlation False

6 to 1 17 to 24 PageRank pre-computed True

6 to 1 25 to 32 PageRank pre-computed False

Finding the “best” CPE configurations by using those which produce the maximum test BSR

is not the best way to select the “best” CPE configuration since it doesn’t take into account the

performance of each CPE configuration across all experiments. So, in order to choose the best

CPE edge type and centrality ranking, we look at the distributions of test BSRs for each edge type

and centrality ranking across experiments. The box plot from this investigation is in Figure 4.3.

We believe that the best CPE configuration should have the lowest variance across experiments

and time bins while maintaining one of the highest median test BSRs. By this criteria, we see

pre-computed, directed edges with PageRank centrality is the “best" CPE configuration.
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Figure 4.3: The distribution of BSR across experiments for each CPE configuration. Notice pre- com-

puted, directed edges with PageRank centrality has one of the highest BSRs while maintaining the lowest

variance. All experiments apply LIMMA using subject identifier to the data.

4.2.2 Comparing Pathway Selection Methodologies

We perform two pathway selection experiments using two data sets: 1) 4 studies (the train-

ing data for the 4 to 2 and the 4 to 3 experiments) and 2) 6 studies (the training data for the 6 to

1 experiments).

In these experiments, we compare the pathways that are selected by the pathway expres-

sion methods (CPE and LPE) to the pathways selected by standard pathway ranking algorithms

(CePa and ORA) as well as a list of influenza related pathways (labeled Flu) from Reactome. We

find this list of influenza related pathways by simply searching for influenza on the Reactome

website. We do not expect high overlap with these influenza pathways since they are likely

only activated at later time points during infection. For methodological consistency we use the

same edge and centrality methods for CePa and CPE, namely pre-computed, directed edges

with PageRank centrality.

For comparison, we use the Jaccard/Tanimoto similarity coefficient as a measure of overlap

between the sets of pathways from different methodologies. These comparisons for the 6 study

features are in Figure 4.4 and the 4 training features are in Figure 4.5.
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Over all methods and experiments, we notice LPE and CPE have a high Jaccard similarity,

and CePa and ORA have a relatively high Jaccard similarity. CePa and ORA both have a small

Jaccard similarity with LPE and CPE. We generally see low overlap between all methods and the

influenza pathways. Generally, ORA is the method with the highest overlap with the influenza

pathways since it detects at least twice as many pathways as each of the other pathway selection

methods. In fact, CPE has absolutely no overlap with influenza pathways for the 4 study exper-

iments. In the 6 study experiments, we see that CPE has a higher overlap with the flu pathways

than all other methods at the 9 to 16 and 17 to 24 time bins even though it detects less than half

as many pathways as ORA. LPE has the highest overlap with the flu pathways at the 1 to 8 hour

time bin for the 4 study experiment even though there are only 60 LPE pathways and 254 ORA

pathways.
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(a) 1 to 8 time bin, 6 studies (b) 9 to 16 time bin, 6 studies

(c) 17 to 24 time bin, 6 studies (d) 25 to 32 time bin, 6 studies

Figure 4.4: Jaccard overlap between the selected pathways for different methodologies. Pathways are

selected using the 6 training studies. Each plot is for a different train/test experiment with LIMMA using

subject identifier. The CPE configuration is pre- computed, directed edges with PageRank centrality.
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(a) 1 to 8 time bin, 4 studies (b) 9 to 16 time bin, 4 studies

(c) 17 to 24 time bin, 4 studies (d) 25 to 32 time bin, 4 studies

Figure 4.5: Jaccard overlap between the selected pathways for different methodologies. Pathways are

selected using the 4 training studies. Each plot is for a different train/test experiment with LIMMA using

subject identifier. The CPE configuration is pre- computed, directed edges with PageRank centrality.

Next, we investigate the robustness of these selected pathways across different studies in Ta-

ble 4.4. To do this, we look at the Jaccard overlap between the pathways from 4 training studies

and those from 6 training studies for each method and time bin. The pathways found by ORA

are the most robust to this change in training data. Generally, the overlap between the pathway

expression pathways is half of that from ORA. The CePA overlap is far smaller than the other

methods and generally 10 times smaller than the overlap from ORA.
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Table 4.4: Jaccard overlap between the selected pathways across the 4 study and the 6 study pathways.

LIMMA was used to normalize the data for subject identifier. The final two columns are the number of

pathways selected by the method using the stated training dataset (4 or 6 studies). The CPE configuration

is pre- computed, directed edges with PageRank centrality.

Method Time Bin Jaccard Overlap 4 Studies 6 Studies

CPE 1 to 8 0.0877 81 167

LPE 1 to 8 0.0588 60 138

CEPA 1 to 8 0.0169 60 60

ORA 1 to 8 0.2095 254 635

CPE 9 to 16 0.1014 75 153

LPE 9 to 16 0.0885 81 128

CEPA 9 to 16 0.0169 60 60

ORA 9 to 16 0.2288 227 507

CPE 17 to 24 0.1408 113 203

LPE 17 to 24 0.1186 89 175

CEPA 17 to 24 0.0435 60 60

ORA 17 to 24 0.3574 363 552

CPE 25 to 32 0.0846 74 144

LPE 25 to 32 0.1196 67 139

CEPA 25 to 32 0.0256 60 60

ORA 25 to 32 0.2222 235 502

4.2.3 Top CPE Pathways

So far, we have seen that CPE generally produces the highest classification rates in our exper-

iments over all methods examined in Table 4.2. For this entire section we will be using the CPE

configuration with pre-computed, directed edges with PageRank centrality. We use the SSVM

weights on the training data to determine the top pathways for each experiment. Figure 4.6 is a
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heat map of these SSVM weights for the union of the selected pathways from each experiment

and time bin. The most discriminatory pathways on the training data are the pathways with

the highest SSVM weights. We notice that some pathways remain activated across all times and

studies. This is indicated by a dark streak in one column which persists across all rows.

Figure 4.6: SSVM weights for the 4 and 6 study training datasets by pathway. The CPE configuration is

with pre- computed, directed edges with PageRank centrality.

The top pathways from CPE across all experiments are found by adding the SSVM weights

across all experiments and time bins are in Table 4.5. This amounts to adding the values of each

column in Figure 4.6 to compute a pathway score for each selected pathway. Figure 4.7 is plot

of these sorted scores that is used to determine a total SSVM weight threshold of .7 to identify

the pathways listed in Table 4.5. A brief discussion of the relationships between the pathways

in Table 4.5 and influenza appears in Section 4.3.
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Figure 4.7: The sorted weights of the SSVM classifiers over all experiments and time bins for CPE. The

CPE configurations in all experiments are pre- computed, directed edges with PageRank centrality.

Table 4.5: The pathways with the highest magnitude SVM weights summed over all experiments and

times. CPE configurations are pre- computed, directed edges with PageRank centrality. All experiments

apply LIMMA using subject identifier to the data.

Reactome ID Pathway Name

R-HSA-163680 AMPK inhibits chREBP transcriptional activation activity

R-HSA-264876 Insulin processing

R-HSA-8937144 Aryl hydrocarbon receptor signalling

R-HSA-5676594 TNF receptor superfamily (TNFSF) members mediating non-canonical NF-kB pathway

R-HSA-9634635 Estrogen-stimulated signaling through PRKCZ

R-HSA-5603037 IRAK4 deficiency (TLR5)

R-HSA-74713 IRS activation

R-HSA-3595177 Defective CHSY1 causes TPBS

Now we present the top pathways from CPE for each experiment in Table 4.6. We define

these top pathways as those pathways with the highest SSVM weight in the feature selection
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process for their experiment and time bin. We notice that R-HSA-74713 appears in two time

bins for the 4 study experiment. From our searches on Reactome, none of these pathways are

directly labeled as influenza pathways. However, the Jaccard overlap heat map in Figure 4.4 sug-

gests that the pathways selected using this CPE configuration contains some of the influenza

virus signal because they have the highest overlap with the influenza pathways out of all path-

way selection techniques at the 9 to 16 and 17 to 24 hour time bins. Therefore, further investi-

gation into R-HSA-8939242 and R-HSA-9694631 pathways and their relationship to respiratory

viruses is needed. Additionally, R-HSA-3595177 and R-HSA-74713 appear in the both Table 4.5

and Table 4.6 and therefore there may be a link between these pathways and respiratory viruses.

Table 4.6: The pathways with the highest magnitude SVM weights from CPE for each experiment and

time. CPE configurations are pre- computed, directed edges with PageRank centrality. All experiments

apply LIMMA using subject identifier to the data.

Experiment Time Reactome ID Pathway Name Genes Probes

4 studies 1-8 R-HSA-74713 IRS activation 5 10

4 studies 9-16 R-HSA-74713 IRS activation 5 10

4 studies 17-24 R-HSA-2179392 EGFR Transactivation by Gastrin 9 22

4 studies 25-32 R-HSA-3595177 Defective CHSY1 causes TPBS 8 21

6 studies 1-8 R-HSA-2485179 Activation of the phototransduction cascade 11 20

6 studies 9-16 R-HSA-8939242

RUNX1 regulates transcription

of genes involved in

differentiation of keratinocytes

8 25

6 studies 17-24 R-HSA-9694631 Maturation of nucleoprotein 16 27

6 studies 25-32 R-HSA-5218921 VEGFR2 mediated cell proliferation 21 53

4.3 Discussion

In the results we provided a comparison between pathway expression and gene expression

methods with the same linear feature selection and classification methodology on train/test

partitions of the GSE73072 data set. Both methods selected features (pathways or genes) using

84



influenza training data, then use these selected features in a LOSO (Leave One Subject Out)

cross validation experiment with an SVM classifier on testing data. In these experiments, we

found that pathway expression (CPE and LPE) methods generally produce higher test BSRs than

gene expression methods. Specifically, we found that pathway expression produces higher test

BSR than gene expression on 10 out of 12 classification experiments.

We used the distributions of test BSRs across experiments and time bins to conclude that

pre-computed, directed edges with PageRank centrality is the “best” centrality configuration.

We found that CPE with pre-computed edges and PageRank centrality produced the highest

test BSR out of all CPE configurations for most experiments and time bins. Consequently, we

reported the pre-computed, directed edges with PageRank centrality CPE configuration in all

our classification rates and pathway ranking comparisons.

In addition to the feature selection and classification experiments, we compared these se-

lected pathways from pathway expression methods to two standard gene expression pathway

analysis methods: CePa and ORA. We found that the pathways selected from pathway expres-

sion methods generally have little similarity to pathways from these gene expression methods.

This suggests that the pathway expression methods along with SSVM feature selection provides

a unique pipeline that selects discriminatory pathways which are not detected by standard

pathway analyses on gene expression data.

Pathway expression methods are also pulling out some respiratory virus signal since LPE

produced a non-zero overlap with influenza pathways on 6 out of 8 experiments and time bins

and CPE (with pre-computed, directed edges and PageRank centrality) had a non-zero overlap

with the influenza pathways for each time bin in the 6 study experiment while sporting the

highest overlap in 2 out of the 4 time bins. Since CPE has a non-zero overlap with the influenza

pathways for the each of the time bins in the 6 study experiments, we suggest investigation into

the links between respiratory viruses and the top pathways from this method, namely R-HSA-

2485179, R-HSA-8939242, R-HSA-9694631 and R-HSA-5218921. R-HSA-8939242 and R-HSA-
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9694631 have the most promise since they were the top pathways at the time bins where CPE

had the highest overlap with the influenza pathways out each one of the tested methods.

When we look at both the highest magnitude SVM weight pathways from CPE by experi-

ment. Overall, we see that R-HSA-74713 and R-HSA-3595177 appear in both lists. Therefore

these are the most discriminatory of the pathways listed in Section 4.2. In fact, the R-HSA-

74713 pathway appeared in more than one experiment and time bin. Our methods detected

two insulin-related pathways: R-HSA-74713 and R-HSA-264876. R-HSA-74713 is a mediator of

insulin signaling events and R-HSA-264876 is an insulin processing pathway. Insulin signaling

is related to the influenza virus because the influenza virus impairs insulin signaling and down-

regulates the expression of genes in the insulin pathway [81, 82]. Additionally, R-HSA-3595177

is involved in the synthesis of chondroitin sulfate which has been shown to be associated with

pulmonary immune response to influenza infection by Brune et al. [83].

Many of the other pathways that are found to have the highest total SSVM weights across

all experiments and time bins have links to respiratory viruses. The R-HSA-163680 pathway

involves AMPK signaling which is known to be significant in the modulation of viral infec-

tions [84]. Aryl hydrocarbon receptor (ARH) signaling (the R-HSA-8937144 pathway) is an im-

portant part of the immune system, and ARH specifically regulates the immune response which

is directly related to infection [85,86]. We find that the R-HSA-5676594 pathway is related to NF-

κB which is known to activate during RSV infection, especially early during the infection [87,88].

The R-HSA-9634635 pathway involves signaling through PRKCZ and it was found in one study

that suppressing the expression of PRKCZ reduces RSV infection [89]. The R-HSA-5603037 path-

way is associated with IRAK4 deficiency. Kim et al. found that IRAK4 kinase activity is involved

with TLR-dependent immune responses and the influenza virus is dependent on IRAK4 kinase

activity [90].

Not only does our implementation of pathway expression produce interesting pathways, it

also is robust to perturbation in theory and in practice. Linear pathway expression for a given

pathway is robust to perturbation of the gene expression levels in a pathway by mean 0 noise
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because it is a mean of gene expression levels in a pathway. Centrality pathway expression

is only approximately robust to such an addition of noise since it is a weighted mean of gene

expression levels. In our experiments we found pathway expression methods proved to be more

robust to subject batch effect than gene expression methods. Linear pathway expression was

the pathway expression method that was the least affected by subject batch affect.

We also examine the robustness of pathway expression with regards to the pathways se-

lected using SSVM feature selection on pathway expression data. We do this by comparing

these selected pathways to those selected using gene expression features along with standard

pathway ranking methods. Specifically, we look at the overlap between the pathways found with

4 studies and those found with 6 studies. We find that the pathways selected by ORA have the

highest overlap, the pathway expression method have the second highest and CePa has the low-

est overlap. It is expected that this overlap is somewhat proportional to the number of pathways

that were selected by each method since we are sampling from a background set of pathways.

In an extreme example, if the each of the two pathway sets have more than half of the total path-

ways, then they must overlap. We see this proportionality of the number of pathways selected

and the overlap for each of the methods. Additionally, the viruses in the 4 study training dataset

are H3N2 and H1N1, and the viruses in the 6 training dataset are H3N2, H1N1, RSV and HRV.

We note that the relatively high overlap in the pathways detected by ORA indicates that it pulls

out the general respiratory virus signal but does not detect the differences between the differ-

ent viruses in the training datasets. On the other hand, the low overlap for CePa suggests that

it detects the difference between the datasets but does not capture the overall respiratory virus

signal. Pathway expression methods take the middle ground since their overlap magnitude is

between the standard pathway analysis methods (ORA and CePa). That is to say, the pathways

found using pathway expression encapsulate the difference between the viruses in the training

datasets while still maintaining the overall respiratory virus signal.

Now we return to analyzing our methodologies. CPE and LPE are simple linear models for

translating gene expression data to pathway expression data which result in improved classifi-
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cation rates of our tested machine learning models. The linear nature of our implementation of

pathway expression, especially LPE, makes it possibly one of the simplest methods available for

transforming vectors from the gene space to the pathway space. A different non-linear path-

way expression formulation may improve upon the results with pathway expression presented

in this paper. One non-linear modification of LPE has been done by using the absolute values

of the entries in the gene expression matrix instead. This modification collapses the gene ex-

pression data into the positive hyper-octant and results in a loss of information. However, there

are many possible variants of non-linear pathway expression that require further investigation.

The pathway expression methods in this paper are meant to re-inspire a wide variety of in-

vestigations into the pathway expression pipeline including batch correction, pathway expres-

sion generation and downstream pathway expression analyses. Investigation into the robust-

ness of pathway expression methods to batch effects could be done by running experiments

with corrections for study or strain effects. In this paper, we applied batch normalization to

gene expression vectors before calculating pathway expression. Another interesting experiment

in future work could be to apply batch normalization to the pathway expression vectors them-

selves. Within the framework of CPE, different methods for network generation, and centrality

measures still needs to be tested. LPE and CPE are arguably the simplest pathway expression

methods since they are effectively an average of gene expression levels. From a bird’s eye view,

pathway expression methods are any method that transforms a gene expression matrix to a

pathway expression matrix. Therefore any type of pathway transition matrix, as well as a non-

linear transform, can be applied to gene expression data to produce pathway expression data.

This leaves the door wide open to the use of other central prototypes for generating pathway ex-

pression matrices. The pathway expression transformation can be seen as just a pre-processing

step. Hence, any machine learning algorithm that has been used on gene expression data can be

used on pathway expression data to select pathways, classify pathways, cluster pathways, etc.

Hence, the opportunity for novel work with pathway expression can include an investigation

into pathway expression pre-processing, batch correction techniques, methods for pathway
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expression generation, and downstream pathway expression analyses using statistics, machine

learning algorithms and more. The bottom line is, creativity and/or applying sound biological

principles while designing a pathway expression workflow will be key in selecting meaningful

pathways and perhaps improve classification rates.

Our 4 to 2, 4 to 3 and 6 to 1 classification experiments in Chapter 4.2 are designed to mimic

the experiments that were done by Aminian et al. [56]. For a direct comparison of best CPE re-

sults between this paper to the gene expression results from Aminian et al. see Table 4.7. Our

results with LPE, CPE and GE generally produce lower SVM BSRs than those from the same ex-

periments in Aminian et al. This is not surprising since the feature selection technique in this

paper is far more simple and less robust than what was done by Aminian et al. However, at the

25 to 32 hour time bin, the pathway expression methods produce higher BSR than Aminian et

al. by 1 to 4 percent in two out of three experiments. The higher classification BSRs at the latest

time bin are consistent with the concept that genes generally don not work in concert in path-

ways during the early hours after infection. A PCA of all the probes related to genes in immune

response pathway, α/β Interferon, by Aminian et al. highlights the inactivity of the pathway

during early hours of infection and activation of the pathway during later hours after infection.

Perhaps we would see pathway expression methods produce even higher BSRs by running ex-

periments at later time bins and/or using the same feature selection technique that was used by

Aminian et al. Additionally, any biologically informed modification of the pathway expression

pipeline presented in this paper could increase test classification rates while detecting even

more biologically informative pathways. We choose to include this table and it’s analysis for

completeness and to inspire future work on improving pathway expression transformations

and optimization of downstream machine learning feature selection and classification archi-

tectures on pathway expression data.
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Table 4.7: Classifications rates of SVM in a LOSO experiment on test data across different experiments

within 32 hours after infection. All experiments in this table use LIMMA normalization on subject iden-

tifier. The majority of the best results from this paper are using CPE.

Time Bin Paper 4 to 2 4 to 3 6 to 1

1 to 8 This dissertation 80.04 73.45 89.44

1 to 8 Aminian et al. 84.74 82.06 87.97

9 to 16 This dissertation 82.13 80.84 89.44

9 to 16 Aminian et al. 93.21 90.37 100.00

17 to 24 This dissertation 77.07 77.27 80.35

17 to 24 Aminian et al. 81.58 78.82 86.36

25 to 32 This dissertation 92.49 82.83 90.91

25 to 32 Aminian et al. 88.21 85.46 89.44

Overall, the pathway expression analysis framework provides a concise approach for char-

acterizing the biological processes associated with the host response to infection. Although we

produce lower classification rates than those in Aminian et al., in a head to head comparison

with gene expression, we see that CPE and LPE improve classification rates. Moreover, we envi-

sion that pathway selection using this approach may provide additional insights into biological

mechanisms associated with the host response to infection. The pathways detected using CPE

are connected to the immune response and to some specific respiratory viruses. Our prelimi-

nary experiments addressing time-evolving human clinical data provide some insight into the

pathway activity for humans infected with respiratory viruses. Finally, we offer a Python pack-

age for computing CPE, LPE and CePa: https://github.com/nmank/PathwayAnalysis.
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4.4 Methods

In this section we detail the models, metrics, experiments, and data sets used in this paper.

We run two mirrored classification and pathway selection pipelines on pathway expression data

and gene expression data.

Our pipeline used in the pathway expression (CPE and LPE) classification experiments is

the following:

1. Batch normalize each train and test partition separately by subject ID using LIMMA.

2. Select pathways, viewed as features, in pathway expression data using the training data

(LPE-SSVM or CPE-SSVM).

3. Run a LOSO classification experiment using SVM on test pathway expression data re-

stricted to the selected pathways (generated by LPE-SSVM or CPE-SSVM) and record mean

classification statistics (eg. BSR).

For pathway selection using pathway expression we simply use the pathways selected by SSVM

on the training data and rank these selected pathways by their SSVM weights.

The pipeline for the GE classification experiments is:

1. Batch normalize each train and test partition separately by subject ID using LIMMA.

2. Select genes, viewed as features, using the an SSVM on the training data.

3. Run a LOSO classification experiment using SVM on test gene expression data restricted

to the selected genes and record the mean classification statistics (eg. BSR).

For pathway selection using gene expression data we use the genes selected by SSVM on the

training data as input ORA or CePa pathway selection. ORA is implemented using the p-value

from the analysis.identifiers function reactome2-

py, (https://github.com/reactome/reactome2py). CePa is implemented in the GLPE.simple_

transform function in the PathwayAnalysis package:
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(https://github.com/nmank/PathwayAnalysis). Details on the ORA and CePa methodologies

are provided in Section 4.4.4.

4.4.1 Data Set (GSE73072)

We perform experiments on the GSE73072 data set [55] from the NCBI Gene Expression

Omnibus (GEO). This data set is a microarray gene expression data set for human subjects chal-

lenged with the influenza virus. These data were collected from 7 studies by Duke, UVA and

hVIVO and was funded by the Defense Advanced Research Projects Agency (DARPA). The entire

data set consists of 22277 probe identifiers and 148 human subjects infected with four different

types of respiratory viruses: HRV, RSV, H1N1 and H3N2. The data samples are collected at irreg-

ular time intervals from 38 hours before infection to 680 hours after infection. The data can be

found here https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE73072.

We run two binary classification experiments with GSE73072 data set that are copies of ex-

periments by Aminian et al. [56]. In these experiments we classify between control subjects

and shedding subjects. Our control group consists of all subjects between, and including, 38

to 0 hours before infection. We define (early) shedders as pre-symptomatic subjects within 32

hours after infection who will eventually be characterized as shedders over the course of the im-

mune response. We break our data sets down further into 4 sets of shedders from evenly spaced

time bins within 32 hours after infection. Our train/test splits are described in Table 4.1 using

the format: study identifier (virus).

For data pre-processing, we perform two steps which follow the experimental design of

Aminian et al. so that we can make a faithful comparison of classification rates [56]. First,

we normalize the entire data set using the robust multi-array average (RMA) [91] method. We

then correct for subject differences by applying normalization across subject identifier using

the LIMMA package [92] to each train/test partition separately.

We use the Reactome Pathway Database [62] to determine pathway membership. The grap-

hite package [93], using the information from Reactome, gives protein-based edges which are
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then translated using Entrez gene identifiers to generate pathway networks with edges. We also

directly use the Reactome database information, available on the Reactome website, to ensure

genes are in appropriate pathways and edges are within Reactome pathways only (any edges

outside of a pathway are removed before analysis).

The GSE73072 data set is a microarray data set with features given as microarray probe iden-

tifiers (probe IDs). We choose to do all our analyses on the probe IDs rather than determine a

mapping to Entrez identifiers (Entrez IDs) in order to retain as much feature information as pos-

sible. However, this means that the pathway membership and network edge information needs

to be converted to probe IDs. We use the following mapping from Entrez ID pathway networks

to probe ID pathway networks. Although this method results in a loss of some information, we

retain all the probe IDs that correspond to Entrez IDs from in affymetrix platform file. The edges

between probe IDs derived from this method are used for the edges and edge weights for the

pre-computed directed and undirected edges for CPE and CePa workflows.

1. For every probe ID in the affymetrix platform file, map it to the first Entrez ID in its as-

sociated list of Entrez IDs (in the event of multiple maps). Since some probe IDs are not

mapped to Entrez IDs via the platform file, we loose 37.1% of the probe IDs in the original

data set.

2. Use the pathway network information to draw an Entrez ID network

3. Map all the Entrez ID nodes from the pathway networks to probe IDs using this mapping.

Note: this means some nodes are mapped to multiple probe IDs. Assign edges in the path-

way networks with probe ID nodes according to the edges between Entrez IDs. Multiple

probe IDs that map to the same Entrez ID will have no edges between them. Probe IDs

with no Entrez ID to map to are dropped. Entrez IDs with no probe IDs mapping to them

are dropped.

For a visual of this mapping see Figure 4.8.
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Figure 4.8: How we generate Probe ID pathway networks using the platform file and Entrez ID pathway

networks.

4.4.2 Pathway Expression (LPE and CPE)

Pathway expression is a method to represent biological data as a pathway expression ma-

trix with pathway expression levels as features. In this section we develop the mathematical

underpinnings of the pathway expression methods used in this paper.

Let X ∈R
p×n be a GE matrix with n gene expression levels for p subjects. In a gene expression

matrix, each gene is assigned a gene index and each subject is assigned a subject index. We

can map X to a “pathway expression matrix” Y ∈ R
p×m with m pathway expression levels for p

subjects. In a pathway expression matrix each pathway is assigned a pathway index and each

subject is assigned a subject index. We define such a linear mapping in (5.8) using the pathway

transition matrix P ∈R
n×m .

Y = XP (4.1)

Let P (i , j ) be the entry in the i th row and j th column of P. The most simple definition of P is

pathway membership in (4.2) and is used to compute a linear pathway expression (LPE) matrix.

P (i , j ) =





1 if gene i is in pathway j

0 otherwise.

(4.2)

A slightly more involved definition of pathway expression is centrality pathway expression (CPE)

where we weight gene expression levels by their centrality within a pathway network. This path-
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way transition matrix is denoted Pc . We construct Pc using the centrality of gene i in the j th

pathway network c j (i ) in (4.3) where ∥c j∥1 =
∑n

i=1 |c j (i )|.

P
(i , j )
c =





c j (i )

∥cj∥1
if gene i is in pathway j

0 otherwise.

(4.3)

The full CPE algorithm is in Figure 4.9. For our implementations of CPE data sets, we use the

same 6 combinations of pathway network edges and centrality measures that are used in CePa:

pre-computed directed, pre-computed undirected or correlation edges with either out-degree

(normalized by maximum out-degree) or PageRank centrality methods.

Figure 4.9: The workflow for CPE.

Now we will investigate CPE further by formulating the calculation of pathway expression

as an optimization problem. Let Y = [y1,y2, . . . ,ym] where yi ∈ R
p . We call yj the pathway ex-

pression vector for pathway j . Analogously, let X = [x1,x2, . . . ,xn] where xi ∈R
p where we call xi

the gene expression vector for gene i . We claim

y j = argminn
n∑

i=1

P (i , j )∥z−xi∥2
2. (4.4)
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The obvious solution to this problem is the scaled average of the set {P (i , j )xi }n
i=1

. But notice

that this is exactly

y j =
p∑

i=1

P (i , j )xi. (4.5)

Doing this for every j we recover (5.8).

This outlines a methodology for translating a data set from the gene space to the path-

way space using types of pathway expression. The LPE and CPE methods used in this pa-

per can be found at on GitHub in the PathwayAnalysis repository https://github.com/nmank/

PathwayAnalysis. The code in this repository can be used as an out of the box method for path-

way expression analysis on other data sets. We can now leverage our data sets in the pathway

expression matrix format to determine discriminatory pathways for a classification problem.

4.4.3 SSVM Feature Selection

We use SSVM feature selection with gene and pathway expression matrices to find the best

genes and pathways. This is done by running SSVM on the training data, then selecting features

based on the SSVM weights. For simplicity, the SSVM feature selection in our experiments is

limited to a rendition of the first iteration of iterated feature removal (IFR) from O’Hara et al.

[59]. Throughout this section, features can be genes or pathways depending on whether the

experiment uses gene expression or pathway expression.

Our feature selection methodology starts with all the m features, P1,P2, . . . ,Pm , ordered with

respect to the corresponding magnitude of their SSVM weights, w1 ≥ w2 ≥ ·· · ≥ wm ≥ 0, cal-

culated on whatever classification experiment we are analyzing. Our goal is to take only the

features that have significant weights from the SSVM model. To determine which weights are

significant, we calculate the weight ratios ri = wi−1/wi and look for a “jump”, that is, we find

where the weights rapidly decrease for the first time over a certain threshold. This will be re-

flected in the ratios as a large “jump” in value. For our experiments we set our “jump” ratio at

5. After we have isolated the top features by weight, we add in the features that are at least .9

correlated to these features using the training data (either GE, LPE or CPE depending on the ex-
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periment). The number of added correlated features changes depending on the initial feature

set.

4.4.4 Pathway Ranking Using Gene Feature Sets

Let G be the set of all genes in the data set and F ⊆ G be a feature set of genes. In this

paper, the gene feature sets are calculated using SSVM feature selection in Section 4.4.3. In

this subsection we will introduce two pathway ranking methods using a feature set of genes

(or probe IDs): 1) ORA and 2) CePa. Let P ⊆ G be the set of genes in a given pathway. These

methods, ORA and CePa, assign a score to each pathway by leveraging the genes in F . The

higher the score, the more important the pathway. In summary, each of these methods are a

map φ : P →R where P is the set of all pathways.

ORA is one of the most simple and widely used pathway scoring methods, so it is an ideal

ground-truth pathway ranking method. Generally, ORA is a methodology for investigating the

statistical significance of the overlap of genes in the feature set with known pathways. Using

the hypergeometric distribution, ORA determines the p-value of the significance of the overlap,

which is the score of the pathway, by

p = 1−
f −1∑

k=0

(F̂
k

)(N−F̂
n−k

)
(N

n

) . (4.6)

In (4.6), f is the number of genes in the overlap of the feature set and pathway, F̂ is the

number of genes in the feature set, N is the total number of genes possible, and n is the number

of genes in the pathway. We implement this method using the Python package reactome-

2py to use the ORA analysis tools on the Reactome website. The GitHub page for reactome2py

is https://github.com/reactome/reactome2py.

CePa is a method which uses network centrality for pathway ranking on a given feature set,

developed by Gu et al. [68]. This method combines the statistical notions that are used in ORA

with biological pathway network information, specifically network centrality. For a given path-

way P , we generate a pathway network where genes are the nodes. These edges are generated
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the same as those generated for CPE. Specifically, edges are either correlation between gene ex-

pression levels across subjects or pre-computed edges, specifically those edges generated from

known biological connections using the graphite package [93].

Let cP : G → R be a pathway centrality map from the gene space to the real numbers. Given

a gene g ∈G , cP (g ) is the centrality of g within its pathway network. Then the rank for pathway

P is just the sum of the centralities of the genes in both P and the feature set F as in (4.7).

CEPA(P ) =
∑

n∈P∩F

cP (n) (4.7)

We perform six CePa experiments where we use pre-computed directed, pre-computed un-

directed or correlation edges with either out-degree (normalized by maximum out-degree) or

PageRank centrality methods. To the best of our knowledge, this is the first time CePa has been

used with PageRank centrality.

The final step in CePa is determining the pathway significance score relative to a collection

of null feature sets. To do this, a large number of m ∈N null trials are run with |F | genes selected

from a uniform distribution over all the genes. Then CePa is run for each of these null trials

resulting in a set of null pathway rankings. Let the vector of the set of null pathway rankings for

pathway P be denoted nP and ordered by null feature set. Define the null value indicator map,

denoted I , in (4.8).

I (nP) =





1 if nP > CEPA(P )

0 otherwise.

(4.8)

We then use the indicator map to find the “null value" for pathway P as the mean of the

entries in I (nP) in (4.9).

null value(P ) =
∑m

i=1 I (nP)i

m
(4.9)
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Finally, the significant pathways from CePa are the pathways with the highest CePa scores

and lowest null values. So given a pathway score threshold α ∈R and null value threshold ϵ ∈R,

we say a pathway P is significant if CEPA(P ) > α and null value(P ) < ϵ. For this paper, we take

the top 60 pathways with null value less than .05.

Overall, CePa consists of three steps. First determine pathway scores, then find null values

and select pathways using pathway score and null value thresholds. An overview of the CePa

algorithm workflow is provided in Figure 4.10.

Figure 4.10: The workflow for CePa.

4.4.5 Evaluation

For comparison between sets of pathways, we use the Jaccard/Tanimoto similarity coeffi-

cient. Given two sets of pathways, P and P ′, the Jaccard/Tanimoto similarity coefficient be-

tween these two sets is defined in (4.10), as

J (P,P ′) =
|P ∩P ′|
|P ∪P ′|

(4.10)
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We evaluate the novel linear pathway expression data by using SVM to classify between con-

trols and shedders in a LOSO experiment on the test data set using the only the pathways that

were selected on the training data. We use the mean test BSR, precision, recall and accuracy of

these SVMs to determine the “best” method.

We compute mean test BSR for these LOSO experiments on test data in three steps. 1) Com-

pute a confusion matrix for each subject’s SVM experiment on the test data. 2) Sum all the sub-

ject confusion matrices. 3) Compute the average of the true positive rate and the true negative

rate. This metric provides a better model assessment than accuracy on data sets with imbal-

anced class sizes. Precision, recall and accuracy are computed in a similar manner leveraging

the sum of all the confusion matrices across experiments. Note: that standard deviation for

these statistics is not available since we are computing them from a sum of the confusion matri-

ces across the LOSO experiments.

These pathway expression results are compared to results using the same workflow on gene

expression data. We run an SSVM feature selection on the training gene expression matrices to

select discriminatory genes. Then we restrict the gene expression matrices of the test data to

the discriminatory genes and run a LOSO SVM experiment on the test data set and use the BSR

to compare against the BSRs from the LPE methods.
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Chapter 5

Module Representatives for Refining Gene

Co-Expression Modules

5.1 Introduction

Modules of genes are useful structures to group genes into their downstream biological

functions. Among their many applications, gene modules have been used as tools for find-

ing prognostic markers by classifying subtypes of cancer and identifying groups of genes which

are related to heart failure [94, 95]. A gene module is generally defined as a set of “co-expressed

genes.” Gene expression levels are used to determine gene co-expression and are measured

using transcriptomics data collected using either microarrays or the newer technology, RNA

sequencing (RNA-seq).

Early work in the detection of co-expression modules used clustering of biological co-expres-

sion networks [96–99]. Edge weights in these networks are found either using known biological

connections between genes or statistical methods to measure similarity between gene expres-

sion levels, most commonly calculating correlation. In 2005, Zhang et al. proposed WGCNA

(weighted gene co-expression network analysis). It uses a branch cut of an agglomerative hi-

erarchical clustering tree of a correlation gene co-expression network to detect modules [100].

In 2008, Langfelder et al. released a comprehensive R package to perform WGCNA [101]. In the

same year, these methodologies were interpreted geometrically by Horvath et al. [102]. The R

package provided a stable platform for the WGCNA workflow. In 2016, Bailey et al. used WGCNA

to detect modules and provide a detailed analysis of pancreatic cancer [103]. Other approaches

for module detection include techniques like FLAME (Fuzzy clustering by Local Approximation

of Memberships) and ICA (Independent Component Analysis) [104,105]. A 2016 survey of mod-
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ule detection methods provides a comparison of more than 40 methods and highlights some of

the shortcomings of WGCNA [106]. A more recent survey paper of gene co-expression analysis

by Van Dam et al. referenced 9 methods for co-expression module detection and underlined the

significance of the WGCNA workflow for co-expression module detection [107]. Even the simple

correlation edge weight techniques from WGCNA are used in the popular protein-protein in-

teraction network database STRING [108]. In summary, module detection using co-expression

networks has at least a 20 year history in bioinformatics and the WGCNA algorithm has played

a central role in applications.

WGCNA also addresses the question of module representation by using the “eigengene.”

Zhang et al. use the “eigengene” as a single vector representative of the genes in a module [100].

Correlation between eigengenes is used by Zhang et al. to compare modules to one another.

These eigengenes are also used to define “fuzzy” module membership by calculating similari-

ties between gene expression vectors and each eigengene. Langfelder et al. use eigengenes to

compare different biological groups (eg. tissue types, species and other biological delineations)

using 3 steps: 1) “consensus module” detection, 2) hierarchically clustering the eigengenes of

each module, and 3) comparing these clusterings and eigengenes to one another [109]. An

overview of additional methods for module level analysis is provided by Wang et al. This in-

cludes references to module comparison methods that incorporate protein-protein interaction

and transcriptomics data to generate module networks [110].

More recently, researchers have been building upon hierarchical clustering for module de-

tection using module refinement. These methods use WGCNA modules as an initialization for

another clustering algorithm to generate refined modules from WGCNA. For example, k-means

is one of these module refinement algorithms. The application of k-means clustering is sensi-

tive to center initialization; so using the WGCNA hierarchical clustering technique as a method

for initialization provides a significant head start for the clustering. k-means clustering with

eigengenes to refine WGCNA the module membership was introduced in 2017 and was shown

to increase biological significance of the modules through functional enrichment analysis [111].
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In 2021, Hou et al. modified the module refinement algorithm by clustering using module con-

nectivity which is measured by “correlation distance,” while eliminating the eigengene [112].

The focus of this paper is on developing new methods for the representation of modules,

analyzing their properties, and implementing them in a k-means-type (Linde-Buzo-Gray) clus-

tering algorithm for gene co-expression module refinement. We present a methodology which

seeks to improve upon the WGCNA method for module representation by introducing eigen-

gene subspaces, flag mean [3], flag median [113], and module expression vectors [114]. We seek

to develop methods which improve biological significance of the resulting modules, at the pos-

sible expense of Machine Learning classification rates. The main contributions of this paper

are listed below.

• A generalization of the eigengene for module representation.

• The application of the Linde-Buzo-Gray (LBG) subspace clustering schemes with the flag

mean, flag median, eigengene subspace and module expression vector to refine WGCNA

modules.

• A demonstration that the proposed refinements to WGCNA may lead to enhanced bio-

logical significance of the resulting modules.

5.2 Methods

Our workflow is detailed in Figure 5.1 and summarized in the following three bullets:

• Calculate initial modules by running WGCNA.

• Find refined modules by running LBG clustering with different central prototypes and

distances with initial clusters from WGCNA.

• Evaluate biological significance of the refined modules.
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Figure 5.1: The general workflow for module refinement and evaluation.

In this section, we will describe how to use the new module representatives along with LBG

clustering to compute refined modules. Then we explain how we use a classification problem

and gene ontological significance to evaluate these modules. Section 5.2.2 describes the flag

mean, flag median and the eigengene subspace module representatives. The module expres-

sion module representative is introduced in Section 5.2.3. Our LBG clustering implementation

is explained in Section 5.2.4. The final section, Section 5.2.5 outlines our methods for determin-

ing the viability of the modules we find.

5.2.1 Introduction to the Grassmann Manifold

The Grassmann manifold, denoted Gr(k,n), is the manifold whose points parameterize k

dimensional subspaces of n dimensional space. Let [X] ∈ Gr(k,n) denote a k-dimensional sub-

space of n dimensional space that is spanned by the columns of the matrix X. We restrict our

matrix representatives for points in Gr(k,n) to be X ∈R
n×k with k orthonormal columns.

104



Suppose we have a gene expression matrix with n samples of m genes in a module G ∈R
n×m .

G holds m gene expression vectors, G = [g1,g2, . . . ,gm]. Then we can transform these m gene

expression vectors to m points on Gr(k,n) using k-nearest neighbors with cosine similarity.

Given two gene expression vectors gi ,g j ∈ R
n , we measure the cosine distance between gi and

g j as

d(gi ,g j ) = 1−
gT

i
g j

∥gi∥2
2∥g j∥2

2

. (5.1)

Then take the subspace representative for the gene i as the span of it’s k-nearest neighbors.

Suppose h1,h2, . . .hk ∈ R
n are the k nearest neighbors to gene i . Note: this means that gi = h j

for some j = 1,2, . . . ,k. Now we construct the matrix Hi = [h1,h2, . . .hk ] ∈ R
n×k . We generate a

representative for a point on Gr(k,n) by taking the first k columns of the QR-decomposition of

Hi . We denote this representative Xi . So, we have [Xi ] ∈ Gr(k,n). Note: in our experiments we

will take k = 1,2 dimensional subspaces for each of our samples. On the other hand, we will

be calculating r = 1,2,4,8 dimensional module representatives. We will refer to the subspace

dimensions k as the data dimension and r as the center dimension.

Principal angles between subspaces are a common dissimilarity measure that is invariant

to orthogonal transformations [2, 3]. Take [X] ∈ Gr(k,n) and [Y] ∈ Gr(r,n). We denote the vector

of principal angles between [X] and [Y] as θ([X], [Y]) ∈ R
min{k,r }. The entries in this vector are

between 0 and π/2. For details on the calculation of principal angles, see [2].

The vector of cosines of the principal angles between [X] and [Y] is used to measure sim-

ilarity between subspaces and can be computed by ∥cos(θ([X], [Y]))∥2
2 = tr(XT YYT X). When

r = k = 1, namely when X and Y are just a unit vectors, this similarity amounts to the corre-

lation between X and Y.

The chordal distance on Gr(k,n) is ∥sin(θ([X], [Y]))∥2 and the geodesic distance is

∥θ([X], [Y])∥2 [4]. We can calculate the chordal distance by using sin2(θ([X], [Y])) = min(r,k)−

tr(XT YYT X). This is preferred to the canonical Riemannian geodesic distance since it can be

calculated without needing to find the actual principal angles. In addition, the algorithms for

chordal distance prototypes (e.g., SVD and FlagIRLS [3, 113]) are generally faster to compute
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than algorithms for geodesic distance prototypes (e.g., Karcher and Riemannian-Weiszfeld [31,

33]).

5.2.2 Subspace Prototypes

In order to allow more flexibility in our generalization of optimization problems to sub-

spaces, we work with points that are not all necessarily on the same Grassmannian but are in

the same ambient space. Suppose we have a set of subspaces of k-dimensional space,

{[X1], [X2], . . . , [Xm]} ⊂ Gr(k,n).

We want to find an r -dimensional subspace of Rn , [Y∗] ∈ Gr(r,n), that is the center of these

points, i.e., that [Y∗] is a solution to

argmin
[Y]∈Gr(r,n)

m∑

i=1

d([Xi ], [Y]) (5.2)

where d : Gr(k,n)×Gr(r,n) →R measures dissimilarity between its arguments.

The r -dimensional flag mean is the subspace central prototype that solves

min
[Y]∈Gr(r,n)

m∑

i=1

∥sin(θ([Xi ], [Y]))∥2
2. (5.3)

The flag mean is just the r left singular vectors of the block matrix [X1,X2, . . . ,Xm] associated

with the r largest singular values [3]. The complexity of this algorithm is O
(
n

(∑m
i=1 ki

)2
)
.

The r -dimensional flag median is the subspace central prototype that solves

min
[Y]∈Gr(r,n)

m∑

i=1

∥sin(θ([Xi ], [Y]))∥2. (5.4)

The flag median is found by iteratively re-weighted flag means in the algorithm FlagIRLS [113].

The complexity of this algorithm depends on Nδ, the number of iterations and δ, the conver-

gence parameter. The complexity of FlagIRLS is O
(
nNδ

(∑m
i=1 ki

)2
)
.
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The eigengene comes from the Principal Component Analysis (PCA) of the gene expression

matrix. Instead of representing the columns of G as subspaces, we only mean-center the rows

of G. Let Ĝ denote G with mean centered rows. The eigengene y∗ is the solution to the opti-

mization problem

y∗ = argmax
yT y=1

yT ĜĜT y. (5.5)

We define the eigengene subspace as the generalization of the eigengene to higher dimensional

subspsaces. Specifically, the eigengene subspace is the weights for the first r principal compo-

nents of the PCA of the gene expression matrix. The eigengene subspace is the solution to

max
[Y]∈Gr(r,n)

tr(YT ĜĜT Y). (5.6)

The solution to this problem is exactly the r right singular vectors of the matrix ĜT that are

associated with the r largest singular values. This is the same as the r left singular vectors of the

matrix Ĝ that are associated with the r largest singular values. The complexity of computing the

eigengene subspace is the same as the flag mean: O
(
nm2

)
.

There is a direct link between the flag mean and the eigengene subspace which can be seen

by rewriting (5.6) as

min
[Y]∈Gr(r,n)

p∑

i=1

1− ĝT
i YYT ĝi . (5.7)

Notice, this is the r -dimensional flag mean optimization problem of a set of 1-dimensional

subspaces if we require each ĝi to be a unit vector.

5.2.3 Module Expression

Pathway expression is a methodology for dimensionality reduction of gene expression data

which translates the gene expression feature space into a pathway expression feature space

[114]. Linear pathway expression (LPE) methods generate a pathway expression value by aver-

aging gene expression levels for the genes in the pathway. Centrality pathway expression (CPE)
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also calculates an average, but weights the genes in the pathway by their centralities in a gene

network for the pathway.

In this paper we translate the notion of pathway expressions to module expression by us-

ing collections of genes in modules rather than pathways. Suppose we have a gene expression

matrix for a module G ∈ R
n×m with n subjects and m genes. In a gene expression matrix, each

gene is assigned a gene index and each subject is assigned a subject index. We can map G to a

“module expression vector” y ∈R
n . We define such a linear mapping

y = Gm (5.8)

using the module transition vector m ∈R
n . For linear module expression, we take mi = 1 for all

i . For centrality module expression, we take mi = ci where ci ∈ R is the centrality of gene i in a

network of genes in the module.

In this paper, we will use correlation between genes expression levels to generate edges for

our module gene network and PageRank centrality [115] for our centrality measure. We choose

this because PageRank centrality with a correlation network produced a higher inter-quartile

range of balanced success rate than degree centrality in the initial pathway expression analysis

paper [114]. With these parameters, the computational complexity of module expression for

one module is the same as the computational complexity of PageRank. PageRank is essentially

the complexity of computing the largest eigenvalue of a m ×m matrix which we can do using

the power iteration algorithm. Let Nδ be the number of iterations and δ be the convergence

parameter. Then, the computational complexity is O
(
m2Nδ

)
.

5.2.4 Module Refinement with LBG Clustering

We mathematically formalize module refinement as a mapping between sets of modules.

Let F be the set of all features for a data set and {W1,W2, . . . ,Ws} be a set of WGCNA modules.

Note that Wi ⊆ F for each i and
⋃s

i=1
Wi ⊆ F . Also say |Wi | = mi and require Wi ∩W j = ;

for all i ̸= j . Let P(F ) denote the power set of F . Consider the mapping ψ : P(F ) → P(F ). Let
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ψ ({W1,W2, . . . ,Ws}) = {R1,R2, . . . ,Rs′} where Ri ⊂ F and Ri ∩R j = ; for all i ̸= j . We say ψ is a

module refinement method when
⋃s

i=1
Wi =

⋃s′

i=1
Ri . So module refinement is a mapping be-

tween two set partitions. We call {R1,R2, . . . ,Rs′} the refined modules and Ri the i th refined

module. Note: the number of modules can change since s′ and s are not necessarily equal.

Given the training data for one fold, we use PyWGCNA [116] to compute WGCNA modules.

Then we run LBG clustering with each of the four types of centers (eigengene subspace, flag

mean, flag median and module expression) initialized with these WGCNA modules. See Fig-

ure 5.2 for our data partitioning scheme and Figure 5.1 for a visual of our general workflow. We

define a set of refined modules is the modules output from a run of LBG clustering that was ini-

tialized with WGCNA. Specifically, the set of features found using this methodology is a refined

module.

The centers (e.g., module representatives) in our LBG implementations are the eigengene

subspace, flag mean, flag median and module expression. We run LBG clustering with r =

1,2,4,8 dimensional eigengene subspaces, flag means, and flag medians. Eigengene subspaces

and module expression are only run with k = 1 dimensional subspace representations for the

features (e.g., genes or probe identifiers). We use k = 1 and k = 2 dimensional representations

for the features for the flag mean and flag median LBG clustering implementations. With all of

these various module representatives and their corresponding subspace dimensions, we have

a total of 21 methods for module refinement.

For our LBG implementation, we calculate similarity between subspaces by using the square

of the cosine of the smallest principal angle between the subspaces. A detailed explanation of

principal angles can be found in [2].

Let dk be the cluster distortion at iteration k for LBG clustering. We terminate LBG clus-

tering when |dk −dk−1|/dk−1 < 10−11 or we have reached 20 iterations. If we have reached 20

iterations and |dk −dk−1|/dk−1 ≥ 10−11 then we consider this a failed clustering and do not re-

port the results of this module refinement.
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5.2.5 Module Evaluation

We compare the refined modules with LBG clustering to the modules that were detected

using just WGCNA. We will evaluate these modules by 1) comparing their ability to discriminate

between phenotype and 2) comparing the gene ontological significance of the modules.

We begin by partitioning our data into 5 stratified folds. Then we detect modules on the

training data for each fold. We choose to run this cross validation scheme in order to exam-

ine module robustness across folds. We only calculate modules on the training data so we can

transfer these features over to the test data to see how well they discriminate between pheno-

type.

First, we will describe our methods for determining the ability of a set of modules to dis-

criminate between phenotypes. Since we do 5-fold cross validation for our module detection,

we have a set of modules found on the training data and a sequestered test data set for each

of the 5-folds. So, for each fold and using only features in 1 module, we train and test an SVM

(Support Vector Machine) classifier to classify between phenotype on the sequestered test set

and record the Balanced Success Rate (BSR.) This give us a BSR for each module found by each

module refinement method and WGCNA for each fold.

We now explain how to compare the Gene Ontological (GO) significance between a refined

module detection scheme and WGCNA. This methodology mirrors what was done by Botia et

al. [111]. For this method, we use the Python package gprofiler to determine the p-value of the

overlap between the genes in the module and each gene ontological terms. Let A be the set of

gene ontological terms. We denote the p-value for the i th module (set of features) with the gene

ontological term a ∈ A as p(i , a). Now define the piecewise function σ : R→R as

σ(x) =





x x < 0.05

0 x ≥ 0.05

(5.9)
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Then we compute the ontological significance of the i th module as

∑

a∈A

− log10σ(p(i , a)) (5.10)

Suppose we have m j modules in fold j . Given a module detection method, we call the score

(BSR or ontological significance) for the i th module of fold j , s(i , j ) ∈R. Then the score for this

method at fold j is

s( j ) =
m j∑

i=1

s(i , j ). (5.11)

The we can compare the relative gain RG( j ) of the score of a refined module sr ( j ) to the

score of the original WGNCA module sw ( j ) by computing

RG( j ) =
sr ( j )

sw ( j )+ϵ
−1 (5.12)

where ϵ = 0.0001. We do this for each fold to get a 5 different values of RG( j ) and estimate

the relative gain in score of a given module refinement technique over WGCNA. That is to say,

the score of a module refinement technique is better than WGCNA if RG( j ) > 0 for each j =

1,2, . . . ,5.

Now we can calculate the mean relative gain for a given module refinement technique and

data set as the mean of the relative gains across all 5 folds for both BSR and GO significance. We

use this mean to rank the module refinement techniques by BSR and GO significance.

5.3 Experiments

In this section we introduce the GSE73072 data set [55], and the Salmonella collaborative

cross mice data set from Texas A&M [117]. Then we will go on to evaluate our module refine-

ment techniques with respect to their ability to classify between phenotype and their signifi-

cance to gene ontological terms. For the sake of simplicity, we will refer to both probe identifiers

and genes identifiers as “features” for the rest of this section.

111



For Figure 5.8, Figure 5.12, Figure 5.13, Figure 5.14, and Table 5.2 we denote a module refine-

ment method by it’s central prototype along with the dimensions. The method for this identi-

fication is {central prototype}_{center dimension}_{data dimension}. For example, flag median

with a center dimension of 8 with data dimension of 2 is flag_median_8_2.

5.3.1 Data Sets

The GSE73072 data set [55] is a microarray gene expression data set with 22277 probe iden-

tifiers and 148 human subjects. The humans subjects in GSE73072 are infected with various

respiratory viruses and are sampled at irregular time intervals from 38 hours before infection to

680 hours after infection. The data are available on the NCBI Gene Expression Omnibus (GEO).

We normalize the entire GSE73072 data set with the robust multi-array average method [91].

Our experiments are preformed on 2 studies from the data set that only have subjects with HRV

(human rhinovirus). Since this is a microarray data set, we do all our analysis on the probe iden-

tifiers. For these data, we classify between controls and shedders.. Controls are subjects before

infection (eg. 38 hours to 0 hours before infection) and shedders are subjects shedding HRV

between 48 to 64 hours after infection. This gives us an HRV data set with 138 samples from

human subjects with 93 controls and 45 shedders.

The second data set is an RNA-sequencing (RNA-seq) data set of collaborative cross mice. A

collaborative cross population of mice are mice that are bred to simulate the genetic diversity

of human populations. An initial study with these data was done by Scoggin et al. [117]. All the

mice in this data set are infected with Salmonella enterica serotype Typhimurium (STm) for 21

days and RNA-seq samples are taken from the liver and the spleen. The phenotypes in this data

set are “delayed susceptible,” “tolerant” and “resistant.” A tolerant mouse is one that has few

signs of infection even with high pathogen loads. The “delayed susceptible” phenotype are mice

that lived 7 days in the initial experiments, but died quickly in the second set of experiments

(21 days.) For this paper we refer to the “delayed susceptible” phenotype as just “susceptible.”

There are 26332 gene identifiers in this data set. For our experiments, we restrict ourselves to
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working with only the data which are sampled from the liver and only those samples which are

labeled tolerant and susceptible. With this restriction to liver samples and only tolerant and

susceptible mice, we are left with a total of 29 samples with 19 labeled tolerant and 10 labeled

susceptible.

We use the data partitioning methodology in Figure 5.2 below.

Figure 5.2: The method for partitioning data for module detection. Here we use the GSE73072 labels,

but the same scheme is used for the Salmonella data with susceptible and tolerant as labels rather than

control and shedder. We use 5-fold cross validation. Then, for each fold, we divide the training data into

three sets depending on class. Then we use these data for module generation. The · · · indicate that we

preform the same process for each fold.

The identifiers for these data partitions are below.
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Table 5.1: The naming scheme (“Identifier” column) for the data for module generation. “Subject Labels”

are the subjects that are used for module generation.

Identifier Dataset Subject Labels

gse73072_hrv_48_64 GSE73072 shedding and control

gse73072_hrv_48_64_shedder48_64 GSE73072 shedding

gse73072_hrv_48_64_control GSE73072 control

salmonella_Liver Salmonella susceptible and tolerant

salmonella_Liver_susceptible Salmonella susceptible

salmonella_Liver_tolerant Salmonella tolerant

A summary of the cross validation methodology in Figure 5.2 is as follows.

1. Separate the data into 5 stratified folds.

2. Break the training data in each fold into three sets. The first set of modules is generated

using all the data. The other two data sets are generated using only the data from the

subjects in a class (e.g., for GSE73072 data we have shedders or controls).

3. Then we detect modules on the training data from each of the 3-sets for each of the 5-

folds.

Using 5 fold cross validation in step (i) allows us to analyze module robustness across folds.

Since we are detecting modules for each fold, we are able to test each module set on a se-

questered test set. Additionally, a stratified split corrects for the class imbalance. In step (ii),

we detect modules using each of the 3 different training data sets for each fold (e.g., control,

shedder, control and shedder) to examine the affect of phenotype on module generation.

5.3.2 Module Sizes

Since LBG clustering can change the number of modules, there are some experiments where

our module refinement techniques detected only 1 enormous module. Specifically, there are 7
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modules across all module refinement methods and folds with more than 20000 features. Since

we tested 21 module refinement techniques on 30 partitions of our 2 data sets, we only detect

one large module containing all the features in less than 1% of data partitions and module re-

finement methods. These modules are in Table 5.2 and are not included in Figure 5.3.

Table 5.2: The modules detected by LBG module refinement which resulted in more than 20000 features.

The values in the Data and Center columns are the data and center dimensions.

Data Set Prototype Data Center Folds Size

salmonella_Liver_susceptible flag_median 1.0 8.0 All 26332

salmonella_Liver_susceptible eigengene 1.0 8.0 3 26331

salmonella_Liver_susceptible flag_mean 1.0 8.0 1 24744

Note: the 8-dimensional subspace prototypes can not be employed with the salmonella_Li-

ver_susceptible given there are only 10 subjects.

In Figure 5.3, we see our module refinement methods increase the variance in module size

while reducing the size of extremely large modules. The only data set where module refinement

significantly decreases module size is salmonella_Liver_susceptible. Module size is maintained

for 2-dimensional subspace data representations for the flag mean and the flag median across

all data sets other than salmonella_Liver_susceptible.
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Figure 5.3: Module size as a function of different method. The data subspace dimension for the flag

median and flag mean is on the x-axis. Colors correspond to the central prototype dimension (e.g.,

1,2,4,8).
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5.3.3 Eigengene Subspace Captures More Variance

We plot the explained variance ratio (EVR) for the modules on the training data in Figure 5.4.

As we increase the dimension of the eigengene subspace, we see a logarithmic increase in EVR

for modules across all data sets and folds.

For the salmonella_Liver and the salmonella_Liver_tolerant data sets, the interquartile range

of the EVR decreases as the subspace dimension increases. The EVR of the modules on the

GSE73072 data sets is generally lower than that of the modules for the Salmonella data sets.

Figure 5.4: EVR colored by eigengene subspace dimension (e.g., 1, 2, 4, 8). The explained variance in-

creases as the dimension of the eigengene subspace increases.

5.3.4 Classification with Modules

We evaluate the modules using the BSR for a Support Vector Machine (SVM) classifier on

the test data for each fold restricted to the features in a module. In terms of data normalization,
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we subtract by the mean and divide by the variance. We do an additional log2 normalization for

only the GSE73072 data sets.

First we plot the test BSR from each module across data sets for WGCNA in Figure 5.5. The

BSR of the modules detected on the different GSE73072 data sets is essentially the same regard-

less of the data used to generate the modules. The Salmonella data set with all the data has the

highest median BSR followed by the modules from the tolerant and the susceptible Salmonella

data sets.

Figure 5.5: BSR as a function of dataset over all folds for WGCNA modules.

We plot the relative gain in classification BSR for each method in Figure 5.6. A robust module

detection technique will have low variance in relative gain across folds.
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Figure 5.6: Relative gain in BSR as a function of dataset over all module refinement methods and folds.

Figure 5.6 is used to determine which dataset to use for a closer analysis of the different

module refinement methods. Most methods have a small variance in their relative gain for

each dataset. However, the salmonella_Liver_susceptible dataset has a high variability in rel-

ative gain across module refinement methods and folds. All the GSE73072 data sets and the

salmonella_Liver_susceptible data set have a small negative median relative gain in BSR.

We investigate the relative gain of the module refinement methods on the data sets which

produce the highest median relative gain in Figure 5.7. For the GSE73072 data set, the only

methods which result in a positive relative gain in BSR are the flag mean and median with 2-

dimensional subspace data representations and center subspaces with dimension higher than

1. Only the 4-dimensional flag median with a data dimension of 2 results in a positive relative

gain for each fold.
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Figure 5.7: Relative gain in BSR as a function of module refinement parameters. The colors correspond

to the central prototype subspace dimension.

The mean relative gain in BSR for each method on each data set is in Figure 5.8. In general, 2

dimensional subspace data representations result in module refinement with the highest mean

relative gain in BSR across data sets.

Figure 5.8: Mean relative gain in BSR across all folds for each module refinement method. The missing

entries are those where the WGCNA BSR is 0 or are methods that appear in Table 5.2.
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5.3.5 Gene Ontological Significance

Before we consider the relative gains in Gene Ontological (GO) significance we will consider

the GO Significance of the WGCNA modules in Figure 5.9.

Figure 5.9: GO significance as a function of dataset for WGCNA modules over all folds. We re-

move the one module that has a GO significance higher than 10000 that was detected on the

salmonella_Liver_susceptible dataset.

Now we plot the relative gain in GO significance for each method in Figure 5.10. There are at

most 5 points for each method which correspond to the relative gain over each fold. A module

refinement method improves classification GO significance over WGCNA when it has a positive

relative gain and is robust when it has a low variance in relative gain across folds.

In Figure 5.10 we see that there is little difference between relative gain in GO significance

across the GSE73072 data sets; but the highest median gain is with the modules generated us-

ing data from both shedders and controls. On the other hand, there is some variance in the

relative gain in GO significance across different Salmonella data sets. There are some extremely

high outlier relative gains with the modules detected with only the susceptible subjects in the

Salmonella data set. These likely due to the large modules listed in Table 5.2.
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Figure 5.10: Relative gain in GO significance as a function of dataset over all module refinement methods

and folds.

We use Figure 5.10 to find the data sets which are used to find modules with the highest

median relative gains. Then we plot the relative gain of the refined modules from these data

sets in Figure 5.11.

For the eigengene, we see an increase in relative gain by using higher dimensional eigengene

subspaces with the GSE73072 data set and a decrease in relative gain for higher dimensional

eigengene subspaces for the Salmonella data set. For 1 dimensional data representations with

the flag mean and flag median we see a decrease in GO significance. Only module expression,

1-dimensional flag mean and flag median with 1-dimensional data representations result in a

positive relative gain in GO significance on the GSE73072 data set. All of the 1-dimensional

subspace prototypes and the module expression vector result in much higher relative gains in

GO significance on the Salmonella data set.
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Figure 5.11: The relative gain of each module refinement method across all 5 folds. A positive value

indicates higher GO significance than WGCNA. The colors correspond to the central prototype subspace

dimension.

We summarize the relative gains in GO significance for each data set and central prototype

in Figure 5.12. The values of the pixels in this heat map correspond to the mean relative gain

in GO significance across folds. Overall, the module refinement techniques that represent the

data with 2 dimensional subspaces result in negative mean relative gains in GO significance. In

contrast, 1-dimensional module representatives generally result in positive mean relative gain

in GO significance.

Figure 5.12: Mean relative gain in GO Significance across all folds for each module refinement method.

The missing entries are those where the WGCNA GO significance is 0 or are methods that appear in Ta-

ble 5.2.
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5.3.6 Results Summary

We rank these module refinement techniques across all data sets using the mean relative

gain. The top 3 methods with the highest relative gains for GSE73072 and Salmonella are in Fig-

ure 5.13 and Figure 5.14. Notice that flag_median_1_1 and module_expression appear in the

top 3 for both GO mean relative gain for both data sets. This suggests that this is one of the

better module refinement techniques for GO significance. For BSR, we see that 2-dimensional

subspace data representations result in the best relative gains.

Figure 5.13: The module representatives which produced refined modules with the top mean relative

gains in BSR over WGCNA modules. The modules in Table 5.2 are omitted.
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Figure 5.14: The module representatives which produced refined modules with the top mean relative

gains in GO significance over WGCNA modules. The modules in Table 5.2 are omitted.

Certain module representatives result in modules with increased average GO significance

and classification BSR between for both the GSE73072 and Salmonella data sets. For example,

module expression module representation with LBG clustering on the Salmonella data set with

all subjects results in modules with an average 5% relative gain in BSR and an average 25%

relative gain in GO significance over WGNCA. Figure 5.15 highlights all such methods which

produce positive mean relative gains in classification BSR and GO significance.

125



Figure 5.15: The module representatives which produced refined modules with positive mean relative

gains in classification BSR and GO significance over WGCNA modules are colored red (with a value of 1).

5.4 Discussion

In this work we have introduced multiple new methods for gene co-expression module rep-

resentation and used these module representatives to refine WGCNA gene co-expression mod-

ules. We evaluated these refined gene co-expression modules by their relative gain over WGCNA

modules in BSR of a SVM classifier on a sequestered test set and GO significance according to a

statistical test. Our examples with the GSE73072 and Salmonella mice data set provided insight

into the optimal data set for calculating modules along with the ideal module representation

technique. Given the proper data set and module representative, we were able to increase clas-

sification rates and gene ontological significance over WGCNA modules, even when averaged

across 5 folds of modules.

We do recognize the limitations of 5-fold cross validation with these data. For example,

we have different samples of the same subjects in training and test. This is acceptable since

we are not seeking state of the art accuracy. Instead, we are using this metric as a statistic for

module viability. We leave such a search for state of the art classification rates using features

from refined modules to future work.

Our choice of data set for module detection had a small effect on the relative gains of the

refined modules in terms of classification BSR and GO significance. We found that the refined
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using both subjects in either the GSE73072 or Salmonella data sets produced the highest classi-

fication BSRs. On the other hand, using only the tolerant subjects for the Salmonella liver data

set produced the highest mean relative gains in GO significance. So perhaps, we found more

improvement in GO signal by detecting refined modules using only data from tolerant mice.

Now we turn to discussing the best module refinement techniques in our experiments. The

best module refinement method had an increase relative gain in BSR and GO significance across

both data sets. This means, the modules from this method needed to capture enough variance

in signal to discriminate between phenotype while still maintaining enough of a uniform bio-

logical signal to result in high GO significance. These modules were colored red in Figure 5.15.

The modules computed on data sets with both phenotypes of subjects had positive relative

gains in both classification BSR and GO significance (e.g., gse73072_hrv_48_64). The module

representatives for these ideal module refinement methods were the 1 dimensional flag mean

and 1 dimensional flag median with 1 dimensional subspace data representations and the mod-

ule expression vector.

For both the Salmonella and GSE73072 data sets, the methods which had the highest relative

gains in BSR did not also have the highest gains in GO significance. Specifically, in Figure 5.13

and Figure 5.14, there was no central prototype in the top 3 relative gains for both BSR and GO

significance. Specifically, 1-dimensional subspace flag mean and medians with 1-dimensional

subspace data representations and module expression were the best LBG cluster refinement

methods for increasing GO significance. On the other hand, 2, 4 and 8 dimensional subspace

prototypes all with 2-dimensional data representations produced the highest relative gains in

BSR. In general we understand that lower dimensional subspace prototypes and module ex-

pression result in modules with uniform biological signal; whereas higher dimensional sub-

space prototypes result in modules with higher variance signal which improves classification

rates.

We also notice that the 2-dimensional flag mean and median along with the 8-dimensional

flag median resulted in LBG which did not converge in 20 iterations. Due to the scope of our
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study, we chose to not include these experiments. Future work could increase the number of it-

erations of LBG clustering for these methods to hopefully result in eventual convergence. Even

better, one could work on proving convergence results for LBG clustering with subspace pro-

totypes (e.g., flag mean and flag median.) Then, using this criteria, one could determine the

optimal central prototype and subspace dimension for module refinement using LBG cluster-

ing.

There are numerous directions for potential future work with these new module represen-

tatives. For example, one could compute an initial clustering with other algorithms for co-

expression modules like FLAME [104]. This could lead to a survey summarizing prominent

methods for detecting and refining gene co-expression modules.
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Chapter 6

Conclusion

In this dissertation we studied central prototypes of clusters of subspace data and network

data. Some of our novel prototypes were used to improve clustering algorithms and others

were leveraged for feature extraction and dimensionality reduction. Our applications included

both computer vision data sets like MNIST and UFC YouTube Action and biological data sets

like GSE73072. Chapter 1 had some background for working with the Grassmannian and frame

theory. Then, in Chapter 2, we provided a survey of central prototypes of subspaces (e.g., Grass-

mannian) which resulted in phrasing two new subspace prototypes: the flag median and the

maximally correlated flag. Next, we derived and analyzed the FlagIRLS algorithm in Chapter 3.

We found that it quickly converges to the flag median in our experiments. This section also in-

cluded a few computer vision applications of the flag median and FlagIRLS. After the subspace

prototypes and FlagIRLS discussion, we pivoted to looking at central prototypes for features

(e.g., genes) in biological data sets. Chapter 4 provided a framework: pathway expression, which

produced a low-dimensional, biologically informed, feature representation of gene expression

data that increased phenotype classification rates. Finally, in Chapter 5, we combined the sub-

space prototypes and pathway expression theory in a module refinement task with biological

data sets. Using these refined prototypes, we were able to find modules (clusters of genes) which

increased phenotype classification rates and biological significance over the genes from stan-

dard (WGCNA) modules. Each of these chapters filled in gaps in previous work with subspace

averaging, biological pathway representation and module detection.

Although there have been works summarizing the utility of different subspace prototypes

for clustering in computer vision, there has not been a work which unifies their theoretical un-

derpinnings while simultaneously analyzing their properties. In Chapter 2 we used optimiza-

tion problems involving the principal angle matrix to formulate central subspace prototype op-

timization problems as simply matrix norms. Then we used this formulation to realize two new
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subspace prototypes: the flag median and the maximally correlated flag. Frame theory is used

to investigate properties of the flag median, flag mean and ℓ2-median for even configurations

of subspaces. Finally, small synthetic examples allowed us to study the properties of the pro-

totypes with even subspace configurations and find that the flag median is the more robust to

outliers than other central subspace prototypes.

Weiszfeld algorithms have been adapted to Riemannian manifolds (e.g., the Grassmannian),

but they are implemented using computationally expensive Riemannian manifold log and exp

maps. In Chapter 3 we introduced the novel FlagIRLS algorithm which shortcuts log and exp

maps by using iteratively re-weighted singular value decompositions. We proved that the ob-

jective function values of iterations of FlagIRLS (for the flag median) and DPCP-IRLS both con-

verge given some assumptions on the subspace configurations. Through experimentation, we

found that FlagIRLS converges in fewer iterations than other subspace prototype algorithms.

Finally, FlagIRLS is used to compute the flag median as a part of LBG clustering to improve

cluster purities over other standard subspace prototypes in two action recognition data sets.

Now we pivot to pathway expression. We introduced this method in Chapter 4. Our imple-

mentations of pathway expression averaged expression levels of genes in a biological pathway

network (network of genes). Numerous methods already existed which represent biological

pathways using averages and other statistical methods. Pathway expression offered a simple

transformation-based approach which translated gene expression levels into pathway expres-

sion levels. Our implementations of pathway expression utilized averages and weighted aver-

ages of gene expression levels using known biological networks of genes within a pathway. This

method, centrality pathway expression (CPE), resulted in a reduction of gene expression data

from the gene expression space to the pathway expression space while increasing phenotype

classification rates on human respiratory virus data.

In Chapter 5 we also utilized averages to analyze biological datasets, specifically gene ex-

pression (a.k.a. transcriptomics) data. We used the averages developed throughout this paper:

the flag median and module expression (a form of pathway expression) along with the previ-
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ously defined flag mean and a generalization of the eigengene as module representatives to

improve WGNCNA modules (clusters of genes). We took WGCNA modules and used subspace

LBG clustering with the four module representatives to change module membership. In our ex-

periments we found that LBG subspace clustering with our 4 module representatives improved

the biological significance over WGNCA.

Future work on these projects includes finding all possible subspace averages that can be

realized as solutions to matrix norms of the principal angle matrix and deriving algorithms for

calculating each these subspace averages. Then one could find where these optimization prob-

lems are convex and analyze the convergence of these algorithms. Additionally, one can run

more pathway expression experiments with novel notions of the pathway expression mapping

(e.g., non-linear maps) and/or run experiments on more datasets with improved feature selec-

tion algorithms. Finally, running our module refinement pipeline on larger datasets may result

in greater improvements in biological significance of the refined modules.
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Appendix A

Frame Theory Proof

Lemma A.0.1. Suppose we have two ETFs of size p with frame bound A in R
n with respective

synthesis matrices Φ and Ψ then UΦV = Ψ for some orthogonal matrices U ∈ R
n×n and V ∈

R
p×p .

Proof. Consider the SVDs for each synthesis matrix. Φ= U1Σ1V1
T and Ψ= U2Σ2V2

T . We know

Σ1 = Σ2 because these frames are both tight. As a side note, this means both of these frames

have the same frame bound. Using the orthogonality of the left and right singular matrices we

have

U1
T
ΦV1 = U2

T
ΨV2 =⇒ U2U1

T
ΦV1V2

T =Ψ.

Notice U = U2U1
T ∈ O(p) because(U2U1

T )T (U2U1
T ) = U1U2

T U2U1
T = U1U1

T = I and V =

V1V2
T ∈O(n) for similar reasons.
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