DISSERTATION

COUNTING ARTIN-SCHREIER CURVES OVER FINITE FIELDS

Submitted by
Anne M. Ho

Department of Mathematics

In partial fulfillment of the requirements
For the Degree of Doctor of Philosophy
Colorado State University
Fort Collins, Colorado

Fall 2015

Doctoral Committee:

Advisor: Rachel Pries

Jeff Achter
Myung Hee Lee
Tim Penttila



Copyright by Anne M. Ho 2015

All Rights Reserved



ABSTRACT
COUNTING ARTIN-SCHREIER CURVES OVER FINITE FIELDS

Several authors have considered the weighted sum of various types of curves of a certain
genus g over a finite field k := [F, of characteristic p where p is a prime and ¢ = p™ for some
positive integer m. These include elliptic curves (Howe), hyperelliptic curves (Brock and
Granville), supersingular curves when p = 2 and g = 2 (Van der Geer and Van der Vlught),
and hyperelliptic curves of low genus when p = 2 (Cardona, Nart, Pujolas, Sadornil). We

denote this weighted sum
Z :
| Auty,(C)]°

where the sum is over k-isomorphism classes of the curves and Aut,(C) is the automorphism
group of C' over k.

Many of these curves mentioned above are Artin-Schreier curves, so we focus on these in
this dissertation. We consider Artin-Schreier curves C of genus g = d(p—1)/2for 1 <d <5
over finite fields k of any characteristic p. We also determine a weighted sum for an arbitrary
genus ¢ in one-, two-, three-, and four-branch point cases. In our cases, we must consider a

related weighted sum

Z |CentAutk(c) >|
where Centyg, (o) (¢) is the centralizer of (1) in Aut,(C'). We discuss our methods of counting,
our results, applications, as well as geometric connections to the moduli space of Artin-

Schreier covers.
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CHAPTER 1

INTRODUCTION

Let £ = [F, be a finite field of characteristic p, where p is a prime and ¢ = p™ for some
positive integer m. An Artin-Schreier curve is a curve C' for which there exists a degree p
Galois cover 7 : C'— P!, The cover 7 corresponds to an extension of function fields

k()]
(v —y — u(x))

9

where u(z) is a rational function. A generator of the Galois group is ¢ := (z,y) — (z,y+1),
which has order p. The curve C has an associated rational equation y? —y = u(x), although
this equation is not uniquely determined. The genus of an Artin-Schreier curve is a multiple
of (p —1)/2. Let Aut,(C) be automorphism group of C' over k and |Aut,(C)| be the order
of the group.

Several authors have considered the weighted sum of curves of a given genus.

First, Everett Howe considered the genus one case [5, Corollary 2.2]. He proved that

1
2 Auty(c)] — I

where the sum is over all k-isomorphism classes of elliptic curves. Note when p = 2, then
the elliptic curves are Artin-Schreier curves.
Bradley Brock and Andrew Granville considered hyperelliptic curves of genus ¢ for odd

primes p [1, Proposition 7.1], and the weighted sum is

1
Z —— = ¢*97! for odd p, genus g.



Gerard van der Geer and Marcel van der Vlugt looked at supersingular curves of genus
two [3, Corollary 5.3]. Their result is that

1
Zm—QfOI‘p—2,g—2

Gabriel Cardona, Enric Nart, and Jordi Pujolas examined all Artin-Schreier curves of
genus two over a finite field of characteristic two [2, Theorem 18]. They found the weighted
sum for various subcases, including the supersingular case, which, when combined, gave the

result that

1
Z—:q?’forp:2,g:2.

Later, Enric Nart and Daniel Sadornil extended these results for Artin-Schreier curves of
genus three over a finite field of characteristic two [10, Theorem 8]. The weighted sum here
is

1
Z—:q5forp:2,g:3.

In all of these results, the authors have explicit formulas for subcases indexed by ramifi-
cation data of .

Following [2] and [10], we consider the weighted sum of Artin-Schreier curves of given
genus g over a finite field of characteristic p. It turns out that the p = 2 case is easier because
(¢) is in the center of Autg(C) when p = 2, but this is not always true for odd p [4]. Thus,
instead of weighting the count by the size of Auty(C'), we consider a weighted count by the
size of the centralizer of (1) in Aut,(C) in all cases. We denote this by Cent ayg, (o (¢)-

Specifically, our main results are the weighted sum for the cases in which the genus is
g=d(p—1)/2 for 1 <d <5 for arbitrary p. We have also found the weighted sum for an

arbitrarily large genus g when the number of branch points is at most four, and the number



of branch points is the number of poles in the rational equation u(z). Details of the results
are found in Chapter 3.

We use similar methods as in [2] and [10]. First, we start by dividing the situation
into cases indexed by discrete information about the ramification divisor of 7. We find the
appropriate structure for the rational equations in each case. We count the total number
of rational equations and then describe the conditions for two covers to be k-isomorphic.
Next, we determine the size of the centralizer of (1) for each case by examining possible
automorphisms v of P!, which fix the discrete information about the ramification divisor.
These automorphisms are contained in PGLy(k), the projective general linear group, so we
can view them as fractional linear transformations. These fractional linear transformations
act on our rational equations u(x). In addition, the generator ¢ of the Galois group of 7 also
acts on the rational equations.

Finally, we add up the counts appropriately to get a weighted sum. We find that the
one-, two-, and three-branch point cases are similar to each other, whereas the four-branch
point cases are more complicated because they involve more complicated orbits of PGLy (k)
on four-sets of P!(k). For these sets of four branch points, we use Burnside’s Lemma to
count the orbits.

In our cases, we also determine explicit formulas for the weighted counts of the Artin-

Schreier curves.



For p=3,9 =d(p —1)/2, we have Theorem 4.2.4:

1 if g =1

q—1 ifg=2

1
= 2 : _
% |Cent aut, () (1) q if g=3
20 —¢* ifg=4

7 ifg=>

and for p > 5,9 = d(p — 1)/2, we have Theorem 4.2.6:

(
1 ifg=1p—-1)/2
2g — 1 ifg=2(p—1)/2
2¢° —q ifg=3(p—-1)/2

D T EY TP I

— [Centrue, ) (1) 3¢° — 3¢ if g=4(p—1)/2,p=5
4q° = 3¢° ifg=4(p—-1)/2,p>7
3¢* =3¢ +¢* itg=5(p—-1)/2,p=5
A =4’ + ¢ itg=5(p—1)/2,p>7

\
Our main counting theorems are found in Section 2.5.

Furthermore, we discuss the connection between our weighted sums and geometry in
Section 4.2.1. It turns out that the coefficients from the weighted sums give information
about the irreducible components of the moduli space for Artin-Schreier curves. In fact,

the leading coefficient of the weighted sums corresponds to the number of components, and



the exponent of the leading term is the dimension. This explains the difference between the

p=>5and p > 7 cases.



CHAPTER 2

WEIGHTED NUMBER OF ARTIN-SCHREIER CURVES
2.1. BACKGROUND

Let k = IF, be a finite field of characteristic p, where p is a prime and ¢ = p™ for some
positive integer m. Let k be an algebraic closure of k. We consider C, a smooth, projective,
geometrically irreducible curve defined over k.

The following is a summary of Artin-Schreier covers from [12]. An Artin-Schreier curve
C is a curve for which there is a degree p Galois cover 7 : ¢ — P!. C has an associated
rational equation y? —y = u(z) € k(z). In this case, the cover corresponds to an extension

of function fields,

k
o) skl
(y? —y —u(x))
which is a cyclic extension of degree p. A generator of the Galois group is ¢ := (z,y) —

(x,y + 1), which has order p.

THEOREM 2.1.1. [9, Proposition 3.4.12] The fized points of v are the ramification points

of the degree p map m: C — P!,

The hyperelliptic covers of [2] and [10] are in the case when p = 2, and this ¢ is the
hyperelliptic involution mentioned in their papers.

Let Autg(C') denote the automorphism group of C' over k. We consider the weighted sum

Z 1
2 [Auty (C)

where [C] ranges over the k-isomorphism classes of C. If we want to consider the entire

automorphism group of C' over k though, we find that it is elusive in some exceptional cases:



THEOREM 2.1.2. [/, 11.95]
(1) If p =2, then () is in the center of Aut(C).
(2) If p is odd, then (1) is normal in Auty(C) except in these cases with the following
rational equations:
(a) y» —y =a/(z? —x) fora €k,
(b) v* —y=0b/x(x — 1) with b* =2, or

(c) y» —y=1/z° withc| (p+1).

This means that to include all primes p for our results, we will use the centralizer of (1)
in the automorphism group of C' instead of the automorphism group itself. We denote the
centralizer as Centayg, (c)(t). This allows us to finish the case for genus g = d(p — 1)/2 for
1 <d<5.

To count Artin-Schreier curves, we first divide our various cases into subcases. Given
a genus g, we look at the structure of the ramification divisor and the splitting behavior,
which entails determining the possible structures of the fields of definitions of the poles in
our rational equation y” — y = u(x). We can then fix a subcase and choose the locations of
the poles. This allows us to write down a rational equation and count the number of rational
equations. Finally, we find possible changes of variables for y? — y = u(z) and determine
which subgroups of PGLs(k), the projective general linear group, act on the representative

equations for the Artin-Schreier covers.

2.2. RAMIFICATION DATA AND SPLITTING BEHAVIOR

2.2.1. RAMIFICATION DATA. To count Artin-Schreier curves over finite fields of char-
acteristic p up to k-isomorphism, we consider the rational equation for each cover defined

over k based on the possible ramification divisors. We denote the ramification divisor of



7 as Diff(C'/P'). The ramification divisor is associated to the different of the extension of
function fields mentioned above. We can consider the branch divisors W of P!, which are
the push-forward of the ramification divisors of the Artin-Schreier covers. The set of multi-
plicities of the points in the branch divisor is a discrete invariant. The orders of the pole of
u(x) at a point is one less than the multiplicity of the point.

We only need to consider rational equations with no poles of order congruent to zero
modulo p when working with a field of characteristic p because we can apply a change of
coordinates replacing y by y + ¢ to modify u(z) such that p does not divide the order of any
pole.

Now define the Artin-Schreier group as follows:
AS(k(z)) = {u(z)’ —u(z) | u(z) € k(x)}.

Given u(x) € k(z), a cover C' with equation y? —y = wu(x) is irreducible if and only if

u(z) & AS(k(z)).

THEOREM 2.2.2. [12, Proposition 3.7.8] Let u(z) € k(x)—AS(k(x)) be a rational function
with no poles of order of a multiple of p. Let C' = Cy) be the Artin-Schreier cover defined

over k, with equation y? —y = u(z), and let P € C(k). Then

Diff(C/P') = ) (Z(€Q+1)P>

QeP(k) \P—Q

where
—1 4f ordg(u(z)) >0

€Q =
m if ordg(u(z)) =—-—m <0



Here, we have that

deg(Diff(C/P')) = Y (o + 1)(p—1)
Qep

where = {Q;} is the branch locus. Furthermore,
E(C)Nk =k < u(r) € k+ AS(k(z)) < Diff(C/P') # 0.

When this condition is satisfied, deg(Diff(C'/P')) = 2g+ 2(p — 1), where g is the genus of C.

Here, the genus means the dimension of the vector space of regular 1-forms.

In essence, given a genus g and a prime p, we have a number that is deg(Diff(C'/P')). To
determine the ramification possibilities, we consider the partitions of deg(Diff(C/P'))/(p—1)
into numbers not congruent to 1 mod p. For instance, if g = 2(p — 1) and p is any prime
greater than 5, then deg(Diff(C'//P'))/(p — 1) = 6, so possible partitions are (6), (4,2), (3,3),

and (2,2,2).

2.2.3. SPLITTING BEHAVIOR. For the different ramification types, there are different
possibilities of whether the poles of u(z) are defined over k or over a larger field F,m. These
give various splitting types. For the cases that we consider in which we have one to four
branch points, we call these the split, split+quadratic, quadratic, cubic, and quartic cases,
indicating that the branch points are all defined over k, that two are defined over F2\F,,
that two pairs are defined over F,2\IF,, that three are defined over F;\F,, or that four are
defined over Fu\F .

The associated rational equation y? — y = u(x) must be defined over k, but the poles of
u(z) do not have to be in k necessarily. We can write a partial fraction decomposition of

u(z) over k.



First, we introduce the Frobenius endomorphism, Fr : Fym — Fym, where Fr(a) = a? In

other words, this is the ¢th power map.

LEMMA 2.2.4. Let u(x) € Fy(x) be such that dive(u(x)) = €b, where b is an F-point of
degree m and € € N. Let Fr be the Frobenius endomorphism. Then there exist ¢y € Fy and

v(x) € Fym(x) such that dive(v(z)) = €by for some Fym-point by of degree one and

Z FI"] + Cop.

PrOOF. Let u(x) € F,(z) be such that dive(u(x)) = eb. The F,-point b is an orbit
{01,602, 0.} of Fym-points 6; under the Frobenius map. If we consider the partial fraction

decomposition of u(z) € Fym(z), then
m—1
vi(x
j=0 !
where vj(x) € F,m|[z] is a polynomial of degree € — 1 with nonzero constant term. Apply the

Frobenius map to both sides to obtain

m—1 Fr(v;(z)) + Fr(co)

=0 T = Uj1

where 6,, = 6y. Since Fr(u(z)) = u(z), vj(z) = Fr(v;_1(z)), and Fr(co) = co, then

m—1
Fr’ )
i—0 f(x_el))-i—co

J

10



In other words, if the branch points are not defined over k, the condition that u(z) € k(x)

places constraints on the partial fraction decomposition. In particular, terms in the partial

fraction decomposition must respect the action of the Frobenius map.

Explicitly, for a given ramification type and splitting type that corresponds to having

four branch points 6, 65, 65, and 6, defined over k of orders €, €5, €3, and ¢4, respectively, the

partial fraction decomposition of u(z) looks like:

, 01,15561_1 4+ 4 Cl,iiUEl_Z I Cle N 62713362_1 +

e _|_ C2,j$€2_j + e + 62,62

v -y = (z — 6;)a (7 — 02
R R A o + Can T b ey ey,
(ZE — 03)63 (ZL‘ — 04)64

where 1 <i<e€,1<j<eéenl<l<es,and 1l <n <ey.

2.3. RATIONAL EQUATIONS

Now we can fix a subcase and choose the locations of the poles for our rational equation.
To count Artin-Schreier curves over k for a fixed genus g, we first choose the number of
branch points. From here, we can choose the splitting type and then the branch divisor W.

Since the divisor W is defined over k, then supposing we have four branch points, we could

have the following possibilities:

11

Co



TABLE 2.1. Fields of Definitions for Poles

Splitting Type Poles Field of Definition

Split 00,0,1,¢ for t € k\{0,1} &k

Split + Quadratic ©0,0,6, 6’ 00,0 € k; 0,0 € Fe\F,
Quadratic 0,0, 7,7 F2\F,

Cubic 00,0,6,6" oo € k;0,0,0" € Fp\F,
Quartic 0,6',.0" 0" 0,0',0",0" € Fu\Fp

When we have fewer branch points, we have a subset of these various splitting types.
We can count the coefficients for each term in the partial fraction decomposition as

follows:

LEMMA 2.3.1. (1) Consider the set
S = {u(x) € 2F,[z] | degu(x) = €}

where u(x) has no exponents of degree 0 mod p. The cardinality of S is (qr—l)q’”(“l*[ﬁ).
(2) Let P be a point defined over Fyr in which dive(u(z)) = eP. Then, the number of

representative equations up to Artin-Schreier equivalence is (¢" — 1)qr(6_1_L§J).

Proor. (1) First, we can write u(x) as

u(z) = Z c;x’!

J=0

12



where ¢; are coefficients in F,». Since u(x) must be of degree €, there are ¢" — 1 choices

for c¢. and q" choices for the rest of the coefficients. There are only terms in which

€

j # 0 mod p, so there are e — 1 — L;J such choices.
(2) If P is the point at infinity, then let = be as is from part (1). If P is 0, € Fr, then let

x =1/(x —6,), and the statement follows from part (1).

O

In addition, for the rational equation of an Artin-Schreier cover, we have a constant term
co € k. For any u(z) and u/(x), the Artin-Schreier covers Cy(;) and Cy(y) are k-isomorphic

if there exists 7 € PGLy(k) such that v/(x) = vy(u(z)) mod AS(k(x)).
LEMMA 2.3.2. Let AS(k) = {r? —r | r € k} Ck. There are q/p elements in AS(k).

ProoOF. Take the map ¢ : k — k defined by r — rP — r. This is a homomorphism of

additive groups because for 1,7y € k,

90(7’1 + 7”2) = (7”1 + 7’2)p — (7"1 + 7’2)
= (r{ —r1)+ (15 —12)

= (1) + o(r2).
Consider the kernel of ¢:

ker(p) = {rek|r —r=0}
= {rek|”=r}
= {rirel}

13



indicating that | ker(p)| = p.

In addition, the image of ¢ is AS(k). There are ¢ elements in &, so

[AS(k)| = [Tm(p)[ = ¢/p.

COROLLARY 2.3.3. For a fized v(z) € k(x) and for ¢y € k, let Cp, = y? —y = v(z) + ¢o.

The number of isomorphism classes of {C,, | co € k} is p.

PROOF. Two such covers C¢, and C,; are isomorphic if and only if ¢y — ¢y =P —r for
some 7 € k, in other words, they are isomorphic if and only if ¢y — ¢, = AS(k). The number

of isomorphism classes equals the number of cosets of AS(k) in &, which is p. O

Thus, the number of choices for the constant term of our rational equation is p.

2.4. GROUP ACTIONS

Before we prove our main counting theorem, we first introduce some notation:

Symbol Denotes

R ramification type
S splitting type
W branch divisor

N =Ngs {y*—y=u(x)|dive(u(z)) is of type R, S}

Nw {y? —y = u(z) € N'| u(z) has branch divisor W}
Ty {7 € PGLy(K) [ (W) = W}

14



Note that in the split case with four branch points, N, Ny, I'y, and T,y depend on
the choice of a fourth branch point ¢ € k\{0, 1}, so we will denote these with an additional

subscript t. Furthermore, if there are more than three branch points, say n, we have:

Symbol Denotes

7 set of orbits of n-sets in P! (k) under PGLy(k)

O set of orbits of n-sets in which I'y is conjugate to H for H C S,

There is the problem that the same cover can be written down with different rational
equations, so we need to know when two covers are isomorphic. Let v € PGLy(k) be the
possible automorphisms of P! and Ty := {v | v € PGLa(k),v(W) = W}. In other words,
I'y is the stabilizer of the branch locus.

Note that elements v € PGLy(k) can be seen as fractional linear transformations

_aw+b
e +d

(1) ()

We will use this rational equation to describe Iy in more detail for each case of our results.

We can also view these mappings as 2 x 2 matrices

a b

with nonzero determinant for a,b,c,d € k. Two matrices M and M’ are equivalent if
M =AM for \ € k.
Along with the aforementioned v € PGLy(k), there is ¢ from Section 2.1, which is an

automorphism written as ¢ : (z,y) — (z,y + 1) in affine coordinates.

15



DEFINITION 2.4.1. Let m; : C7 — P! and my : Cy — P! be two Artin-Schreier covers. We
say that an isomorphism of covers p : Cy — Cy exists if and only if there exists v € Aut(P!)

such that the following diagram commutes:

Cl L)CQ

b

Pt 2 p!

FEquivalently, if Cy is associated to y» —y = wuy(z) and Cy is associated to y? —y =

us(x), then the two covers are isomorphic if and only if there exists v € Aut(P') such that

7(ur(2)) = uy(2).

Note that if two covers are k-isomorphic, then they have the same ramification type R
and splitting type S. Furthermore, the size of the stabilizer 'y is the same.

Now that we know when two covers are isomorphic, we can count the number of covers.
Note that I'y, acts on the set of representatives Ay for the rational functions u(z) € k(x),
which we determine by counting the coefficients for a typical rational function given the

ramification type. The number of isomorphism classes is the number of orbits.

THEOREM 2.4.2. Suppose ¢ is an element of Centpyg, (o) (L)

(1) There exists a mapping v : P* — P! such that w o p = y o7, where 7 : C — P

(2) The map Centpu, () (1) = AutyP! is a homomorphism and there is an ezact sequence

of groups:

1= (1) 5 Cent g, (1) > Aut(PY).

(3) Furthermore, Im(1)) = T'y(y).

PROOF. Given a point z € P! and ay € C such that n(y) = z, we define v(z) = 7(¢(y)).

16



We show that this is well-defined. Suppose that 7(y1) = 7(y2) = @ for y1,y2 € C. Then

Y2 = Le(yl)

for some power e of «. Applying ¢, we get

o(y2) = 0(“(n))

= “e(y))

Both ¢(y1) and ¢(y2) are in Centayg, (cy(t), so they are in the same orbit under (¢). Thus,

the fibers of 7 are these orbits, and

m(p(y1)) = 7(p(y2))-

To show that v is an automorphism, we note that ~ is bijective because ¢ is bijective.

Next, consider the following diagram:

Note that

(2om)(x) = 7(pa(pi(x)))

17



In addition, we show that the sequence is exact. We show that the kernel ker(y)) = (¢).

Let ©(¢) = 7, then we have

= Y(y2)

for some y; and yo which are in the same orbit under (¢). Thus, 7 is the identity map and
(1) C ker(m).

On the other hand, suppose ¢ € ker(¢)). The corresponding function field is

k@)l
k@) 2 =y — @)

)

so p € ker(¢) implies that p(z) = z, meaning that ¢(u(z)) = u(z). Just consider p(y? — y)
then, which is ¢(y) = y + e for some number e, or that ¢(y) = ¢¢. Thus, ker(¢) C (¢), and
ker(e)) = (1), meaning that the sequence is exact.

Lastly, we show that the image of 1 is equal to I',«). Suppose 7 € Im(¢)). This means
that there exists a 7 : Cyu) — Cy(z) in which u(y(x)) = u(x), so Im(¢)) C Iym). Now if
7 € T'yg), we can use this ¥ to define a v : ¢ — C in which (z,y) — (y(x),y). Since

v E CentAutk(C)<L>7 then 7= w(f}/) S0 Fu(:r) C Im(m) O

From the short exact sequence in Theorem 2.4.2, we get that

!CentAutk(C) <L> ’ = p’Fu(r) |

18



In addition, since 'y acts on Ny, then an application of the Orbit-Stabilizer theorem results
in
|Orbry, (w(2))[|Tu@ | = [Twl.

2.5. MAIN THEOREMS

We consider the weighted count that was originally studied by Gerard Van der Geer and

Marcel Van der Vlugt in [3, Corollary 5.3].

THEOREM 2.5.1. Consider the branch divisor W and the set Ny = {y? —y = u(z)}
where u(x) is a rational function with poles at W. We fix the ramification type R and the
splitting type S of u(x). Let I'yy be the set of v € PGLy(k) in which v(W) = W. For three or
fewer branch points, as [C] ranges over the k-isomorphism classes of Artin-Schreier covers

C of genus g, then

> Kol = o
o |Centau )l plTwl

PRrROOF. We have

ORI o :
o7 1Cemtam@ @l L5 10rbry, (w@)] - il

by changing the sum to be over all possible u(z) and by the short exact sequence in Theorem
2.4.2. We divide by |Orbr,, (u(x))| since the original sum was over k-isomorphism classes,
and now we consider all u(z), some of which represent the same isomorphism class. This
equals

1
ZPWW’
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by the Orbit-Stabilizer Theorem. Finally, this equals

INw|
p|l'w|

since summing up 1 over all possible u(x) is precisely the size of Ny . 0

THEOREM 2.5.2. Consider the branch divisor W and the set Ny = {y? —y = u(z)}
where u(x) is a rational function with poles at W. We fix the ramification type R and the
splitting type S of u(x). For m > 4 branch points, as [C] ranges over the k-isomorphism

classes of Artin-Schreier covers C of genus g defined over k, then

Z |Nw| Z %
|CentAutk |H |

where H ranges over conjugacy classes of subgroups of S,, and 0y is the set of orbits for the

branch locus W in which I'y is conjugate to H.

PROOF. Let 6 be the set of orbits of n-sets W in P! (k) under PGLy(k). We have

Z]CentAutk(c) ZZ| Orbr,, (u ‘ Pl ua)]

Web u(x)

by changing the sum to be over all possible u(z) and by the short exact sequence in Theorem
2.4.2. We divide by |Orbr,, (u(x))| since the original sum was over k-isomorphism classes,
and now we consider all u(z), some of which represent the same isomorphism class. This

double sum equals

SRR

Em
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by the Orbit-Stabilizer Theorem. We rearrange the sums to be over the sets of orbits of

n-sets in which 'y is conjugate to H for H C S,,, and we obtain

1 1
- — 1.
D) e
H 60y u(zx)
Since summing 1 over all possible u(x) results in the size of My, then we have

DI

H 0y

Lastly, we pull |[Ny| outside of the sum and have

Ww! ZZ ‘H‘ INwl Z ||i§‘|

since the sum of 1 over @y is just |0y].
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CHAPTER 3

RESuULTS ON WEIGHTED SUMS

Let p be an arbitrary prime. Given the ramification divisor € := (€1, €9, - ,€,), let

er X (3]

where p does not divide any e;.

3.1. ARBITRARY PRIME p, ONE, TwO, AND THREE BRANCH POINTS

PROPOSITION 3.1.1. The following gives the weighted number of Artin-Schreier covers
up to k-isomorphism:
1 —
|Cent aug, (0) ()]

(€]

Ramification Divisor Weighted Number of Covers

(6) qE—l

1 Zf €1 7é €9
(€1,€2) split (q — 1)¢¥/s where s =

2 Zf €1 = €9
(€,€) quadratic (g —1)g"%/2

)

1 Zf €1,€92,€3 distinct

(€1,€2,€3) split (¢ —1)%¢¥/s where s = < 9 ife1 # €3 = €3

6 Zf €1 = €2 = €3
\
(€1,€2,€2) quadratic  (q—1)(¢* —1)q¥/2 if €1 # €5 or €1 = €3

(€,€,€) cubic (¢ —1)g%/3
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PROOF. The proofs for the one-, two-, and three-branch point cases are similar. Since
the action of PGLy(k) is triply transitive, we can fix the branch locus depending on the
ramification divisor. Using Theorem 2.5.1, the weighted sum equals

[AMw|

pITw|
where [Ny | is the number of rational functions u(x) branched at W having poles of orders
€, and I'y is the subset of PGLy(k) fixing W. The results follow once we verify the following

table.
TABLE 3.1. |[Ny| and |T'y| for 1-,2-,3-Branch Point Cases

Case INw | ITw|

(¢) plg = 1)¢" a(q—1)
(€1, €2) split plg — 1)2qFlre) qg—1
(€, €) split plg —1)%¢"9 2(q—1)
(€, €) quadratic p(q% — 1)g") 2(q+1)
(€1, €2, €3) split pg — 1)3¢"leres) 1

(€1, €2, €2) split p(q — 1)3gPleveaea) 2

(€, €, ¢€) split p(g — 1)3¢P(ee9 6

(1, €2,€3) o (€, €, €) quadratic p(q — 1)(g? — 1)gF@ee) 2

(¢, €, €) cubic p(q? — 1)gFleeo 3

We can find |[Nyy| by using Lemma 2.3.1, which allows us to write a partial fraction
decomposition of u(z) and count coefficients, and Corollary 2.3.3, which gives the number

of choices for the constant term.
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Details for determining |I'yy/| follow below. In the split cases, we choose our branch points

W to be a subset of {00, 0,1}, and we have:

TABLE 3.2. T'y for 1-,2-.3-Branch Point Cases

Case Conditions 'y
(€) ~(o0) = 00 {r—ax+black*bek}
(€1, €2), €1 7 € 7(00) = 00,7(0) =0 {r—az|ack}
(€,€) v(00) = 00,7(0) =0 {r = azx|ack'}, or
v(o0) = 0,7(0) = o0 {z = 1/cx | ce€ k*}

(€1, €2, €3), €1, €2, €5 distinct  y(00) = 00,7(0) = 0,7(1) =1, {z > z}

(€1, €2,€2), €1 # €2 v(o0) = 00,7(0) =0,v(1) =1, {x+ x}, or
Y(00) =0,7(0) =00,7(1) =1 {z — 1/x}
(€,€,€) {00,0,1} = {00,0,1} >~ Gy

In the non-split cases, note that PGLs(k) acts transitively on the sets of degree two and
degree three points, and |PGLy (k)| = q(¢+ 1)(¢ — 1).
For the (¢, ¢€) quadratic case, we choose W = {6, 0'}. There are (¢*> — ¢q)/2 such pairs, so

by the Orbit-Stabilizer Theorem,

_ [PGLy(k)| _
Tl = (a7 = 20+ 1)

For the (€1, €9, €2) quadratic case in which € # €5 or (€, ¢, €) quadratic case, we choose
W = {00,0,0'}. Consider v € T'y which are of the form in Equation 1. We must have

7(00) = 0o, which implies ¢ = 0. For 6 and ¢, we consider maps of the pair to another pair.
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We still have maps of the form

ar +b

We see that a cannot be 0, and there ¢ — 1 choices for a. There are a total of ¢*> — ¢ choices
for b and d together. Then, we divide by ¢ — 1 for 7 to be an element of PGLy(k). Since

there are (¢* — ¢)/2 pairs of elements of F2\F,, then

For the (e,¢€,€) cubic case, we choose W = {6,6',0"}. Consider v € Ty, which are of
the form in Equation 1. We map triples of 8,6’, and 6" to some other triple of elements of

F,s\F,. There are (¢* — q)/3 triples in Fs\F,, so the total number of such 7 is

PGLy()| _,

Fwl = (¢ —q)/

3.2. ARBITRARY PRIME p, FOUR BRANCH POINTS

In general, the four-branch point case is more complicated. The non-split cases are more

intricate than the split cases, so we consider them separately.
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3.2.1. SPLIT CASES.

PROPOSITION 3.2.2. Consider the ramification divisor (€1, €, €3, €4) split.
For p = 2, the following gives the weighted sum of Artin-Schreier covers up to k-

1somorphism:

Z !CentAutk(0)< N

Ramification Divisor Weighted Number of Covers

g=1mod 3 g=—1mod 3
(€1, €2, €3, €4) (¢ —1)'¢"(q¢ +2)/6 (¢ —1)'¢"(¢—2)/6
(€1, €2, €3, €3) (¢ —1)'¢"(a+2)/6 (¢ —1)'¢"(q—2)/6
(€1, €2, €2, €2) (¢ —1)'¢"(q—2)/6 (¢ —1)'¢"(q—2)/6
(€1, €1, €2, €) (¢ —1)'q"(q+2)/12 (¢ —1)'¢"(q —2)/12
(€,€.€,€) (¢ —1)'¢"(q — 2)/24 (¢ —1)*¢"(q — 2)/24

For p = 3, the following gives the weighted sum of Artin-Schreier covers up to k-

isomorphism.:

Z !CentAutk(c ol

Ramification Divisor Weighted Number of Covers

(€1, €2, €3, €4) (¢—1)*¢"(q+3)/6
(€1, €2, €3, €3) (¢ —1)*¢" /6

(€1, €2, €2, €2) (q — 1)4QE<Q —2)/6
(€1, €1, €2, €2) (¢ —1)*¢"+1/12
(€,€,¢€,€) (g —1)%F(qg—2)/24
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For p > 5, the following gives the weighted sum of Artin-Schreier covers up to k-

isomorphism:

Z !CentAutk(c W

[C]

Ramification Divisor Weighted Number of Covers

g=1mod3 g=—1mod3
(€1, €2, €3, €4) (¢ —1)'¢"(q+5)/6 (¢ —1)'¢"(a+1)/6
(€1, €2, €3, €3) (¢ —1)'q"(q+2)/6 (¢ —1)'q"(q—2)/6
(€1, €2, €2, €) (¢—1)'q"(g—4)/6 (¢ —1)'¢"(q—4)/6
(€1, €1, €2, €2) (¢ —1)'¢"(q +2)/12 (¢ —1)'¢"(q —2)/12
(€, €. €, €) (¢ —1)"¢"(q —6)/24 (¢ —1)'¢"(q — 2)/24

PROOF. We can choose W = {00, 0, 1,1} because the action of PGLy(k) is triply transi-
tive [13], which implies that there is always an element ¢ in an orbit with {co,0,1}. Using

Theorem 2.5.2, the weighted sum equals

Nwl Z 05|
|H |

where [Nw,| is the number of rational functions u(x) branched at W including the point ¢ and
having poles of order € By Lemma 2.3.1 and Corollary 2.3.3, [Nyy| = p(q — 1)*¢F(e2eaca),
H is a subgroup of S4, and 0y is the set of orbits of ¢ for which H = T'y;, the subset of

PGL2(k) which fixes W. Note that we only need to compute

0
>
H
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We can find |H| based on some conditions of what ¢t must be. Finally, we combine the

terms according to Theorem 2.5.2.

TABLE 3.3. |H| for 4-Branch Point Split Cases in which p = 2

Case Conditions |H|
(€1, €2, €3,€4) mMOMDE 1
(€1, €9, €3,€3) mone 1

(€1,€2,€2,62) t=1(3,(3,q=1 mod3 3
other ¢ 1

(€1, €1, €2, €2) moOME 2

(€,¢, € ¢€) t=(,¢,¢g=1mod3 12
t#(G,G,q=1mod3 4

qg=—1mod 3 4
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TABLE 3.4. |H| for 4-Branch Point Split Cases in which p is Odd

Case Conditions |H|
(€1, €g,€3,€4) mONE 1
(€1,€2,€3,€3) t=—1 9
t#—1 1
(€1,€2,€2,60) t=—1,1/2 6
t=(3,(3 3
other ¢ 1
(€1,€1,€2,€2) t=—1 4
t#—1 9
(€,€,€¢€) p=231t=2 924
p=23,tF#2 4

p257t:C67C627Cg’Cg 12
p>51=1/2,2,—1 8

p > 5, other ¢ 4

Notice that some of these cases depend on the choice of ¢, and we can determine |I'y;| by
explicit computation. We consider the mappings of {00, 0,1}, which are the six fractional

linear transformations:

r—{zx,l -z 1/x,z/(x —1),1/(1 —z),(z — 1)/x}
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where choices of t € k\{0, 1} fix the set of branch points under the mapping. In any of these
cases, if the orders of two branch points are different, then the two points cannot be mapped
to one another.

In particular, the (ey, €9, €3, €4) case only has the identity, the (1, €2, €3, €3) has mappings
which oo and 0 can switch, and the (e, €2, €2, €2) can have all six mappings with an appro-
priate choice of ¢. All of these cases have H C S3.

The (€1, €1, €9, €2) can have mappings in which co and 0 switch or 1 and ¢ switch, so H is
Cy x Cs.

On the other hand, the (€, €, ¢, €) case is the most complicated, and H = (Cy x Cy) x I

for IV in Lemma 3.2.3.
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TABLE 3.5. H for 4-Branch Point Split Cases

Mapping Points Conditions
Function From To|p=2 p= p= p>T
viT 0 0 | None None  None None
1 1
00 00
t t
yix—1l—u 0 1 |does not occur t=—-1 t=1/2 t=1/2
order 2 1 0
00 00
t t
yix— 1z 0 oo | does not occur t=—-1 t=-1 t=-—1
order 2 1 1
00 0
t t
yix—a/(z—1)]0 0 |does not occur t=—-1 t=2 t=2
order 2 1 00
00 1
t t
vize—1/(1—2) |0 1 |t=¢, ¢ t=—1 t=(t t=Ct
order 3 1 00 1=1,2,4,5 1=1,2,4,5
00 0
t t
yizw (x—1)/z |0 oo [t =(3(2 t=-1 t=¢ t=¢;
order 3 1 0 1=1,2,4,5 1=1,2,4,5
00 1
t t

O

LEMMA 3.2.3. In the (€, €, €, €) case, CoxCy is always a subset of Ty, for anyt € k\{0,1}.

PROOF. Given a t € k\{0, 1}, define the following:

N =

and vy =
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as matrix representations elements of PGLy(k).

Note that

0 ¢t T t ¢
Y= = or that v : x — —,
x

10 1 T

50 71(00) = 0,71(0) = 00,71(1) = ¢, and 7, (t) = 1. Similarly,

Yo = = or that v, : x —
r—1

50 711(00) = 1,71(1) = 00,71 (0) = ¢, and v (t) = 0.

We check the orders of v and ~s:

0 t 0 t t 0
’)/1 = =
10 10 0 ¢t
and
1 —t 1 —t 1—1t 0
Y2 = -
1 -1 1 -1 0 1-—t

Since 71,72 € PGLa(k), then the order of each is 2.

In addition, note that

Y1072 = = = =72°7 = 7s-

So the group generated by v; and s is Cy x Cy. Furthermore, 3 is the mapping in which

tr —1
Y3+ X e
r—t
meaning v3(0) = 1,73(1) = 0,v3(c0) = t, and ~3(t) = oco. =
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PROOF. By explicit computation and because of Lemma 3.2.3, H = (Cy x Cy) X I” where

IV is:
TABLE 3.6. H for 4-Branch Point (e, ¢, ¢, €) Split Cases

Prime Condition I

p=2 t=(,G {,1/0 —x), (1 —x)/x}
other ¢ {z}

p=3 t=2=—1 ~ g,
t#2 {z}

P25 t=GG G ¢ {21/ —2),(1-2)/z}
t=1/220r —1 Cy

all other ¢ {z}

The number of orbits is dependent on t as well as p and gq.
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LEMMA 3.2.4. [8, Theorem C] The numbers of orbits of 4-sets of P! (k) under PGLy(k)

are.

TABLE 3.7. Number of Orbits of P!(k) Under PGLy(k)

Prime Condition Orbits

p=2 ¢g=1mod3 (¢+2)/6

g=—-1mod3 (¢—2)/6
p=3 anyq (g+3)/6
p>5 ¢g=1mod3 (¢+5)/6

g=—-1mod3 (¢g+1)/6

Also, we have the following cases that appear in our choices for ¢: t is a 3rd root of unity,

t is a 6th root of unity, or t = 1/2,2, or —1. For such cases, we use the following:

LEMMA 3.2.5. Guwent € k\{0,1}.

(1) If p=2, then t = (3 and t = (3 are in the same orbit under PGLy(k).
(2) If p > 5, then we have two orbits of sixth roots not equal to +1 under PGLy(k): t = (g
and t = (2 as well as t = (2 and t = (.

(3) If p>5,t=1/2,2, and —1 are in the same orbit under PGLy(k).

PROOF. The cross-ratio is preserved by fractional linear transformations, which are the
elements of PGLy (k). Thus, we just have to show that one value of ¢ is mapped to another
under some v € PGLy(k).

(1) Note that v(z) = 1/ takes t = (3 to t = (3.

(2) Similarly, y(z) = 1/z takes t = (s to t = ¢J and t = (2 to t = (}.
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(3) For t =1/2,2, or —1, we have the following;:

v(z) = 1/z takes 2+ 1/2

v(x) = 1—x takes 2 +— —1

Two explicit applications of Theorem 2.5.2 are below.

PROOF. (€1, €9, €3,€3) with p = 3:

Recall that [Ny = p(q — 1)*¢F(@2) The sizes of the orbits are different depending
on our choice of t. In particular, if t = —1, then |H| = 2 whereas if ¢t # —1, then |H| = 1.
There is one orbit with t = —1 and (¢ +3)/6 — 1 orbits in which ¢ # —1. The total weighted

sum of covers is:

p(q _ 1)4qE(E1,€2,€3,63) (1 q + 3 ) B (q _ 1)4qE(€1,€2,63,€3)+1
v .

PROOF. (€,€,¢,¢) with odd p > 5 and ¢ =1 mod 3:

As with the previous example, [Ny| = p(qg—1)*¢F4<9). If t is a 6th root, then |H| = 12.
If t =1/2,2,—1, then |H| = 8. Otherwise, the |H| = 4. There are two orbits with the 6th
roots, one with ¢t = 1/2,2, —1 and (¢ + 5)/6 — 3 orbits otherwise. The total weighted sum of

covers is:

p(q o 1)4qE(e,e,e,e) 2) 1
24

2 1/(q+5 (g = 1)*qPo9(g - 6)
p 12 8 4 B ‘
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3.2.6. NUMBER OF ORBITS FOR NON-SPLIT CASES. We begin by describing the num-

ber of orbits for 4-sets under PGLy (k).

LEMMA 3.2.7. [10, Proposition 2.3] The numbers of orbits of our 4-sets under PGLy(k)

are:
TABLE 3.8. Subcases for the Number of Orbits of P'(k) Under PGLy(k) for p = 2

Case Orbits

Split (q - 2>/6 + [%} meven

Split + Quadratic q/2

Quadratic q/2-1
Cubic (q + 1)/3 + [%} meven
Quartic q/2

Note that the total number of orbits is 2g+ 1 if ¢ = 1 mod 3 and 2g — 1 if ¢ = —1 mod 3.

THEOREM 3.2.8. [7, Theorem 2.2] The numbers of orbits of 4-sets of P* (k) under PGLy(k)

are:
TABLE 3.9. Number of Orbits of P!(k) Under PGLy(k)

Prime Condition Orbits

p=3 g=1mod4d 2q+2
g=—-1mod4 2q¢+1
p>5 g=1mod3 2¢+3

g=—-1mod3 2q+1

We summarize the number of orbits for each case:

THEOREM 3.2.9. The number of orbits of 4-sets of P'(k) under PGLy(k) are:
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TABLE 3.10. Subcases for the Number of Orbits of P*(k) Under PGLy(k) for
Odd p

Prime Condition Split Split+Quad  Quadratic Cubic Quartic

3 g=1lmod4 (¢+3)/6 (¢+1)/2 (¢—1)/2 (¢+3)/3 (¢+1)/2

g=-1mod4 (¢+3)/6 (¢+1)/2 (¢—1)/2 (¢+3)/3 (¢—1)/2

25 ¢=1lmod3 (¢+5)/6 (¢+1)/2 (¢—-1)/2 (¢+5)/3 (¢+1)/2

g=-1mod3 (¢+1)/6 (¢+1)/2 (¢—1)/2 (¢+1)/3 (¢+1)/2

We use Burnside’s Lemma to determine the number of orbits. Let I' be a group acting
on aset I. Let |[I/I'| denote the number of orbits of I under I', and |Fix, | denote the number
of elements of I fixed by v € I'. Then

1 .
/7] = i 3 [Fis |

~yel

3.2.9.1. Split+Quadratic Case: We choose W = {00, 0, 6,60’} where 6,60" € F2\F, are the
roots of an irreducible monic quadratic polynomial f(x) € k[z].
Case: (€1, €9, €3,€3) Or (€1, €2, €2, €3)
We must have 0 — 0,00 — 00, meaning our possible v € I'y, is v : © — ax. So,
IT'w| = ¢ — 1 here.
o Case 1: [ = {f(z) = 2> — A | A € kisnot asquare}. The number of such f(z) is

(¢—1)/2.
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Thus, a = 1 and each one of these v fixes all (¢ — 1)/2 elements, so

1 g—1 q—1
I/Twl| = = 1.
ol = 2 (150 + 15

Case 2: I = {f(x) = 2>+ Az + B | A,B € k,A # 0 and f(z) is irreducible}. The

number of such f(z) is

*—q q—1 (¢g—1)

2 2 2

which we determine by subtracting Case 1 from the total number of irreducible degree

two polynomials.

A Bse
f(af) — P+ S A4 B
a a

a

so a = 1 must be true, and the identity element fixes everything. This implies that the

total number of orbits is

I/Tyy| = qil ((q—21)2) _ qgl-

Hence, the number of orbits for the case is

g—1 qg+1
1+ —=—.
+ 2 2

Case: (€1,€1,€2,€3) or (€,€,€,€)

Note that we could either have 0 — 0,00 +— 0o or 0 — 00,00 > 0 if the orders of the

two are the same, meaning our possible v € T are v, : x — ax or ¥2 : x — b/x for a,b € k.

So, |['w| = 2(q — 1) here.
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o Case 1: I = {f(x) = Agz? — A | Ay, A € k*, f(z) is irreducible}. Note that if we look
for the roots, we get the equations Agz? — A = 0 = 2*> = A/A,. Thus, two elements
f(z) = Agz* — A and g(x) = Box* — B are equivalent if A/A; = B/B,. The number of

such f(z)is (¢ —1)/2.

—

(aw) :AoiL'Q— A s:eto

a? a?

which implies 22 = A/(Apa?). To have any elements fixed, we must have A/(Aga?) =

AJAp or a = 1. Each one of these elements fixes all (¢ — 1)/2 elements.

We also have
2 b 2 2 set
T

which implies 2% = Agb*/A. If any element of I is fixed, then we have Ayb?/A = A/A,
or that b = £ A/A,.

If —1 is a square in k, then A/Aj is a square if and only if —A/Aq is also a square.
There are (¢ — 1)/2 such choices of squares for b, and there are two elements fixed for
each of these choices of b. If —1 is not a square in k, then A/Ay is a square exactly

when —A/Ap is not, so we have ¢ — 1 choices of b that fix one element each.

The total number of orbits is

/0wl = 5t (S5 @+ - D) =1
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e Case 2: [ ={f(x) =2+ Az + B | A, B € k and f(z) is irreducible}. The number of

such f(z) is

(¢ —1)°
-

A Bse
M:902—1——x+—2 2 2®+ Az + B
a

so a = 1 must be true, and this fixes all elements.

We also have:
2, (b 2 g set o
x’f| =) =Bx*+Abx +b° 0 2°+ Ax+ B
T

so B =1 and b = 1 must be true, and this also fixes all elements. Thus,

|/Tw| = 2(q1_ 5 <<q_21)2 + (q;”?) -2

Hence, the number of orbits is 1 + (¢ — 1)/2 = (¢ + 1) /2.
3.2.9.2. Quadratic Case: This includes both the (€1, €1, €2, €3) case and the (e, €, €, €) case.
We choose W = {6,6', 7, 7'} where 0,0, 7,7 € F2\F,. Note that {0,0'} and {r,7'} are the
pairs of roots for irreducible monic quadratic polynomials, which we call fi(x) and fo(x).
Consider f(z) = fi(x)fa(x) over F, = k. Every orbit under PGLy(k) contains one such f(z)

with f(x) = 2* — s with roots ++/s where s is not a square in k.
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We first consider v which fix f;. We compute

ar +b
cr +d

(cx +d)*fi ( ) = (a*2? + 2abz + b*) — 2(c*2* + 2cdx + d?)

= 2%(a* — sc®) + x(2ab — 2cds) + b* — sd?

which we simplify by using the relation 22 —s = 0 or 22 = s. This implies that 2ab—2cds = 0
or ab = cds and b? — sd? + sa® — s%c* = 0.

If a = 0, then cds = 0. Since ¢ # 0 and s # 0, then d = 0 must be true. So we have
b — s =0 or b= +sc.

Note that if a # 0, then b = cds/a and

Ad?s? — sa’d® + sa* — $?a® = 0

s(a®> — sc®)(a* —d*) = 0

Since s # 0 and a? — sc? # 0 since s is not a square in k, then a?> — d?> = 0 or a = +d.

Thus, the only possibilities for mappings to fix f; are:
7= and 7, =

for a, c € k not both equal to 0.
Note that 71 fixes /s and —4/s, and 72 swaps the two roots. Also, the size of the
equivalence classes in PGLy(k) for each v; is (¢* —1)/(¢—1) =g+ 1.

Now we apply v and 7, to fo = 2? + Ax + B for A, B € k.
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For ~1, we compute:

= 2%(a® + Aac + Bc?) + x(2acs + Aa® + Ac*s + 2Bac)

(e + a)2f, (a:c + cs)

cr +a

+c2s% + Aacs + Ba?

< A\a®+ Az + B)

for some scaling factor A € k*.
Equating the coefficients for the leading terms, we get a? + Aac + Bc? = ). This gives

the following two equations from the linear and constant terms:

A%ac + ABc? — 2acs — Ac’s — 2Bac = 0

ABac + B%? — ?s®> — Aacs = 0

e Case 1: ¢ = 0 yields the identity map, so v fixes all possible (¢ + 1)(¢ — 2)/2 quadratic
polynomials for fs.

e Case 2: If ¢ # 0, then we can divide by ¢ and get the conditions

Ac(B —s)—2a(B+s)+ A%a = 0

c(B*—s*)+Aa(B—s) = 0
— Suppose a = 0. Without loss of generality, let ¢ = 1. We get the conditions:

AB—-s) = 0

B*—s =0
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which imply that B = +s. If B = —s, then A = 0, but then f, = 2> — s = fi, so
this is impossible. Thus, B = s must be true and f, = 22 + Az + s. We count the
number of such quadratic polynomials which are irreducible, which is dependent
on when A? — 4s is not a square. Alternatively, we can count the number N of

(A/2)? — s which are not a square. First, we consider N = ¢ — M where

M = #{Ack|A*—4s=t*ck}

= #{Ack|A—s=1"ck}

where A = A/2.
Note that if ¢ = 0, then A% = s, but this is impossible since s cannot be a square.

We can therefore count the set

M = #{(Avt) |A2 —t? = 5}7

and notice that if (A,t) € M’, then so is (A, —t), so M' = 2M.

==
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Let A% = 2 and t? = w where z,w € k. We can rewrite M’ as

= 2 () 0+ G)

Z—W=S§

- 2 (06 Q0)

Z—WwW=S8

v -5 ()

y#1

(0
= q—

q

Thus, M = (¢—1)/2,and N=q—(¢—1)/2=(¢+1)/2.
— Suppose a # 0. There are ¢ — 1 choices for such automorphisms. Without loss of

generality, let @ = 1. Suppose B # s. Then our second equation becomes

c(B+s)+A=0=A=—c(B+5s)
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which we can substitute into the first equation to get

—c(B+5)/c(B—8)—2(B+s)+ (—c(B+s)* = 0

2(B+s)(c?s—1) = 0

If s —1 =0, then s = (1/c)?, but s cannot be a square, so this is not possible.
Thus, B + s = 0 must be true, or B = —s, but then f, = 22 — s = f;. Therefore,

this case does not occur.

Suppose B = 5. Then we get the condition:

A%c—4Bc = 0

= c(A*—4B)

meaning that A = £2v/B. Thus, fo, = 2> + 2B+ B = (z + VB)? or f, =
2> —2v/B+ B = (z — v/B)?. Either way, f, is not irreducible, so this case does not

occur.

To apply Burnside’s Lemma, notice that since every orbit contains an element of the

form (z% — s) fo, then

I ={fo(x) = 2* + Az + B | fo(z) irreducible, f, # 2* — s}.

There are (¢ — q)/2 —1 = (¢+ 1)(q¢ — 2)/2 choices for f,, and there are ¢ + 1 choices for ;.

So we have

1 ((g+1)(e=2) q+1> _q—1
2

1/l = 7 (=2
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Now we consider the action of x — —x on the orbits. Note that this is the v, case when
¢ =0. We want to check if fo(71(z)) = —1- fo(z) for some (a,c), or that z? + Az + B and
x? — Ax + B are in the same orbit under (v;). If so, then v, does not change the number of
orbits for the quadratic case that was computed above for 7;, implying that the number of

orbits under {v1,72} would be the same as the number of orbits under {~;}.

£, (aa: :CS) = 2%*(a® + Aac + Bc?) + x2(2acs + Aa® + Ac’s + 2Bac)
cr+a

+(c*s* + Aacs + Ba?)

N 2acs + Aa®? + Ac*s + 2Bac 25 + Aacs + Ba?
= I+
a? 4+ Aac + Bc? a? + Aac + Bc?
ot 22— Ar+ B
so then
22 4 Ba2
B - c’s® + Aacs + ba

a? + Aac + Bc?

Ba®? + ABac + B*¢* = *s* + Aacs + Ba®

0 = B?¢ + BAac — Aacs — *s°

which is the same condition as mentioned earlier for the constant term.
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For the linear term, we have:

2acs + Aa® + Ac?’s + 2Bac

A =
a? 4+ Aac + Bc?

—Aa® — A%ac — AB? = 2acs + Aa® + Ac’s + 2Bac

0 = a*(2A) + a(2cs + 2Bc + A%c) + Ac’s + ABc?

We can solve for a using the quadratic formula, and we want

(2cs + 2Bc + A%c)? — 4(2A)(Ac’s + ABc?) = *((A? + 2(B + 5))? — 8A*(B + s))

to be a square. In other words, we want

(A2 +2(B +5))> — 8AX(B + ) = (A2 — 2(B + ))?

to be a square, which is clear. Hence, given A and B, we can find an a which works, and
2?+ Az + B and 2% — Az + B are in the same orbit under (v;). Therefore, the total number
of orbits of the quadratic case under PGLy(k) is exactly (¢ — 1)/2.

3.2.9.3. Cubic Case: This includes both the (e, €s, €9, €2) case and the (e, €, €, €) case. We
choose W = {00,0,6',0"} where 0,6',0" € F;s\IF, and are the roots of an irreducible monic
cubic polynomial f(z) € k[x].

Note that if v € I'yy, then oo must be fixed, so possible v € I'yy are of the form ~ : x —
axr + b for a € k*,b € k, and |I'y| = q(¢ — 1).

Let f(z) = 2 + A2® 4+ Bx + C € k[z]. Then

I={f(z) =2+ A2+ Bx +C | A, B,C €k, f(x) irreducible}.
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flax +b)  a*a® + 3a?ba® + 3ab’c 4+ b* + Aa’z® + 2Aabx + Ab* + Bax + Bb+ C
a3 B a3
3 5 (3b+ A 3b* +2Ab+ B v* + Ab> + Bb+ C
- e a L a? * ad

= B4+ A2+ Br+C

Equating coefficients, if f(z) € Fix,, then:

A
A 3b +
a
2
B _ 3b +2;4b+B
a
b3+ Ab? + Bb+ C
¢ = 3
a

Now consider the subcases:

e Case 1: a = 1,b = 0. This means v : x — x and we have the identity map, so
|Fix,| = (¢* — q)/3 or the number of cubic monic irreducible polynomials.

e Case 2: a = 1,b # 0. This means v : x — x + b. Immediately, we have the equation
3b+ A =A=b=0, which is a contradiction. This case does not occur.

e Case 3: a® #1,a # —1. Solving for A, B, and C, we get:

A - 3b+ A
a
Aa = 3b+ A
Ala—1) = 3b
A = 3b
a—1
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30> +2(3b/(a—1))b+ B

B = -

6b>
Ba*— B = 3+

a—1

6b>
B(@®—1) = 3V
(a ) +a—1

3b2 6b>
B = +

C
Ca® - C
C(a®>—1)
C

a?—1 (a—1)(a®>—-1)
3ab® — 3b? + 6b*
(a—1)2%(a+1)
30?(a+1)
(a—1)%(a+1)
3v?
(a —1)?

b +36%/(a—1)+3b?/(a—1)*+C
a3
3v? 3v°
b3
a1 T a1
3v° 3v°
b3
L T T
v n 3b3 n 3v°
ad—1 (a—1)a*>—-1) (a—1)*(a®—-1)
b*(a® — 2a + 1) + 3ab® — 3b° + 3b°
(= 12— 1)
a?b® — 2ab® + b* + 3ab®
(a—1)%(a®>+a+1)
b*(a® +a+1)
(a—1)2%(a®>+a+1)
b3
(a—1)°
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These computations show that a # —1 and a® # 1 must be true if a # 1. Now we

depress the cubic with the substitution z =y — A/3 to get

24>  AB
_ 3 -/ _ =
fly) = y¥+C+ o ——
2(27)b° 3b 302
_ 3 _
= O e 3a—) ((a— 1)
20% — 37
_ 3
= y+C+ (a—1)
b b
= ’y3 —|— —

which is clearly not irreducible, so this case does not occur for these values of a.

e Case 4: If a = —1, then we have y(z) = —z + b. Notice that 4? = x, so the mapping
is of order 2, but this is impossible for the cubic case since W contains 6,6, 0" and ~
cannot fix only one of these points.

If a® = 1, then we have
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Depressing the cubic, we get

fly) =y’ +C ~ (L)?)

a—1

so we only need to count the number of possibilities for the constant term to be a non-
cube. If ¢ =1 mod 3, there are 2(q — 1)/3 choices. If ¢ = —1 mod 3, there are no
possibilities for non-cubes. Since there are two choices for a in which a # 1 and ¢ choices
for b, then we have a total of 4¢(¢ — 1)/3 fixed elements when ¢ =1 mod 3.

Hence, the total number of orbits is

1 3 4 -1
a q+ ala ) ZQ+5 g =1mod 3
_ ) alg—1) 3 3 3
11/ Tw| = 3
L (q —q)_q—i—l q=—1mod 3
qa—1) \ 3 3 -
Case: p=3
flax +b) a*z? + 3a*bx? + 3ab*x + b + Aa®z® + 2Aabx + Ab* + Bax + Bb+ C
a3 - a3
A 2Ab+ B b3+ Ab? + Bb+ C 4
= x3+x2(—)+x( ;r )+ i Jg TC 8 LA 4 Bet C
a a a

Equating coefficients, if f(z) € Fix,, then:

A

A = —
a
2Ab+ B
a
v+ Ab* + Bb+ C
Cc = 2
a

e Case 1: a =1,b=0. We have I = {f(z) = 2* + Az? + Bx + C | f(z) is irreducible},

so |I| = (¢* — q)/3, and the identity fixes all of these elements.
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e Case 2: a=1,b#0. We have 2Ab+ B =B = 2Ab=0= A = 0. Also, b + Bb+C =
C=bb*+B)=0=>b0+B=0=B=-b.

Thus, we are considering [ = {f(z) = 2® — b?*x + C | f(x) is irreducible}. Note that
there are ¢ — 1 choices of C'. By Theorem 2 in [14], this is equivalent to considering
{f(z) =23 = b’z + C | tr(C/V*) # 0}. Consider S = {C' | tr(C/b*) = 0}. We show that
S is a subgroup of index 3 in k.

First, let C1,Cy € S. Then since

tr(Cy/B%) + tr(Co/b%) = tr((Cy + Cy)/b)

tr(C1/b*) + tr(—C1/b*) = tr(0) =0,

S is a subgroup of k.
Now consider C' € k. We can write C' = x? in which x = Frob™!(C) or Frob(x) = C.

Then

tr(C/6%) = tr(x®/b%)
= tr(Frob(k/b))
= tr(k/b)
since the trace is Frob-invariant. Thus, we can pick s such that tr(x/b) # 0, and the

trace mapping is surjective. Because S is a subgroup of index 3 in k, then |S| = ¢/3 and

the remaining 2¢/3 elements have nonzero trace. This means |{f(z) = 2° — b?x + C' |

tr(C'/b%) # 0} = 2q/3.
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We can now count the total number of orbits for the cubic case in which p = 3:

=ty (a0 () -5

3.2.9.4. Quartic Case: This occurs only for the (€, €, €, €) case. We choose W = {6,6',0",0"}

where 0,60',0",0" € F1\F 2 are roots of the irreducible quartic polynomial f(x) € k[z]. From

[7, Theorem 2.2] and the above results, the number of orbits is completely determined here.

3.2.10. WEIGHTED SUMS FOR NONSPLIT CASES.

PRrROPOSITION 3.2.11. For p = 2, the following gives the weighted number of Artin-

Schreier covers up to k-isomorphism:

Z |CentAUtk(C) (0)]

Ramification Divisor Weighted Number of Covers

(€1, €2, €3,€3) split+quad (q—1)*(¢*> — 1)gF+1/4
(€1,€1, €, €) quadratic  (q*> —1)*¢F(q—2)/4
(€1, €, €2, €2) cubic (¢ —1)(¢* = Dg"(¢ +1)/3

(67 €, €, 6) quaT’tic (q4 — 1)qE+1/4

For odd p, the following gives the weighted number of Artin-Schreier covers up to k-

1somorphism:

Z ICentAutk(C)( L)
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Ramification Divisor Weighted Number of Covers

(€1, €2, €3, €3) split+quad (q — 1)2(Q2 - 1)C.IEH/2 if €1 # €
(=D = D" 4 ifer = e

(€1, €2, €2, €2) cubic (¢—1)(—1)(qg+1)¢"/3 if p#3,g=1 mod 3
(¢—1)(¢* = D(g+1)¢"/3 if p#3,¢=—1 mod 3

(¢—1)(¢*—1)(¢+3)g®/3 ifp=3

PrROOF. We fix the number n of branch points, the orders of the branch points, and the
splitting behavior S to determine an appropriate rational equation. We choose the branch
points, and we determine [Ny | with Lemma 2.3.1. Next, we find the number of orbits for
which 'y, = H for each H C S,, by explicitly computing v € T" of the form from Equation
1, given the restrictions imposed upon v by the chosen branch points. Finally, we combine

the terms according to Theorem 2.5.2.
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TABLE 3.11. H and Number of Orbits for p = 2 Non-Split Cases

Case H Number of Orbits
(€1, €2, €3, €3) split+quadratic Coy q/2

(€1, €1, €2, €2) quadratic Cy x Oy q/2—1

(€1, €2, €2, €3) cubic ps if t =00 when ¢ =1 mod 3 1

puzift=0wheng=1 mod3 1

{1} (g+1)/3

(€, €, €, €) quartic Cy q/2

This table follows from [10, Section 3.1].
TABLE 3.12. H and Number of Orbits for Odd p Non-Split Cases

Case H Number of Orbits
(€1, €2, €3, €3) split+quadratic {x,—x} when 6/ = —0 1
€9 = €3 OF €3 7 €3 {z} (g—1)/2

(€1, €1, €9, €2) split+quadratic {x,—z,00 /x,—00'/x} when 0 = —60 1

€1 =€ 0r €1 # € {z,00"/x} (¢—1)/2

(€1, €2, €9, €3) cubic p # 3 {x, (3,32} when ¢ =1 mod 3 2

€1 = €3 OF €] 7 €9 {z} when ¢ =1 mod 3 (¢g—1)/3
{z} when ¢ = —1 mod 3 (g+1)/3

(€1, €2, €2, €) cubic p =3 {z} (¢+3)/3

€] = €3 OT €1 # €3

Two explicit applications of Theorem 2.5.2 are below.

PROOF. (€1, €1, €9, €5) split+quadratic with odd p:
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Recall that [Ny | = plg — 1)%(¢% — 1)gP(evcr22) . The sizes of the orbits are different de-
pending on our choice of # and ¢'. In particular, if ¢ = —0, then H = {x, —x,00' /x,—00'/z}
and |H| = 4. In this case, the quadratic polynomial whose roots are # and 6’ must be of the
form f(x) = 2*+ B for B € k* and v(x) = ax for a € k*, which means f(y(z)) = 2*> + B/a*.
The number of irreducible polynomials of this type is equal to the number (¢ — 1)/2 of
choices for different constant terms, so there is one orbit in which ¢/ = —f. Otherwise,
H = {z,00'/z} and |H| = 2. There are (¢ — 1)/2 other such orbits. The total weighted sum

of covers is:

plg —1)%(¢* — 1)gFlrnec) (1 q—1 (l)) _ (g —1)*(¢% — D)gPtevae it
1772 ‘

p 4 2 4

PROOF. (€, €3, €9, €3) cubic with odd p # 3 and ¢ =1 mod 3:

Recall that |NMy| = p(q — 1)(¢® — 1)gPlev22e) The sizes of the orbits are different
depending on our choice of @, ¢ and #”. In particular, if our polynomial is f(z) = 2* + C
for C' € k*, then f(x) is fixed by v(z) = {3z, and there are 2(¢ — 1)/3 such irreducible
polynomials. To determine how many of these are in the same orbit, note that if v(f(x)) =
3+ D for D € k*, then v(x) = ax for a € k*, so v(f(z)) = 2* + C/a®, meaning C' can
change by a cube. There are (¢ — 1)/3 cubes, so by the Orbit-Stabilizer Theorem, there are
two orbits in which |H| = 3. Otherwise, there are (¢ + 5)/3 — 2 orbits in which H = {z}

and |H| = 1. The total weighted sum of covers is:

3

-2
P 3

pg — 1)(g° — 1)gPlaeeae) (2 . (q +5 )) _ (g=1)(¢* = D)(g + 1)gFlrezre)
; .
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CHAPTER 4
APPLICATIONS
4.1. PREVIOUS RESULTS: p = 2
Howe looked at the case in which p = 2 for genus g = 1.

THEOREM 4.1.1. [5, Corollary 2.2] As [C] ranges over the k-isomorphism classes of

Artin-Schreier covers C' of genus 1, then the weighted count is
1

2 ey "

(€]

In addition, [2] and [10] considered the cases in which p = 2 for genus g = 2 and genus

g = 3. The results are summarized below for g = 2:

THEOREM 4.1.2. [2, Theorem 18] For p = 2 and g = 2, as [C] ranges over the k-

isomorphism classes of Artin-Schreier covers C' of genus 2 defined over k, then

3

1
> m—
2 [Aut (O]

Ramification Divisor Weighted Number of Covers

(1,1,1) split (q—1)3/6

(1,1,1) quadratic (q—1)(¢*—1)/2

(1,1,1) cubic (¢*—-1)/3
(1,3) (g —1)
(5) q

For the genus 3 case, [2] and [10] also have a table of weighted sums:
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THEOREM 4.1.3. [10, Theorem 8] For p = 2 and g = 3, as [C] ranges over the k-

isomorphism classes of Artin-Schreier covers C' of genus 3, then

5

1
> mm©
. [Auty (C)

Ramification Divisor Weighted Number of Covers

(1,1,1,1) split (¢ —2)(¢—1)"/24
(1,1,1,1) split + quadratic q(q+1)(qg—1)3/4

(1,1,1,1) quadratic (> —1)%(¢g—2)/8

(1,1,1,1) cubic
(1,1,1,1) quartic
(1,1,3) split
(1,1,3) quadratic
(3,3) split

(3,3) quadratic
(1,5)

(7)

(¢+1)(¢—1)*(¢" +q+1)/3

q(q¢* —1)/4

q(q —1)°/2
a(g+1)(g—1)%/2
¢*(¢ —1)/2
¢*(q—1)/2
¢*(g—1)

2

4.2. RESULTS FOR ODD p

4.2.1. DIMENSION. We note that the results of Pries and Zhu are applicable to the
moduli space for these Artin-Schreier covers of genus d(p — 1)/2 for 1 < d <5 [11]. In fact,
the coefficients from the weighted counts give us information about the dimensions of the
irreducible components of the moduli space for Artin-Schreier covers.

First, we state the results from Pries and Zhu:
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THEOREM 4.2.2. [11, Theorem 1.1] Let AS,,  denote the moduli space of Artin-Schreier

covers of genus g and p-rank s, where g =d(p —1)/2 ford > 1 and s = r(p — 1) for r > 0.

(1) The set of irreducible components of AS,s is in bijection with the set of partition

{e1,€2,-- ,e,11} of d+ 2 into r + 1 positive integers such that each e; # 1 mod p.
(2) The irreducible components of AS, s for the partition {e1, e, - ,e,11} has dimension
r—+1
d=1-3"[(e; = 1)/p).
j=1

Note that using the notation from earlier, ¢; = e; — 1 here.

For arbitrary p and g = d(p — 1)/2, it is known that the weighted sum of Artin-Schreier
covers C' of genus g defined over k. The leading coefficient of the weighted sum corresponds
to the number of components, and the exponent of the leading term is the dimension of the

components.

4.2.3. CASE p = 3. We give the results for p = 3.

THEOREM 4.2.4. As [C] ranges over the k-isomorphism classes of Artin-Schreier covers

C of genus g, then the weighted count is

1 ifg=1

q—1 if g=2

1
= 2 . _
% |Cent aut, () (1) q ifg =

2¢° —¢* ifg=4

q* ifg=>5

Details are found in the following table:
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Genus Case Dimension Count

1 2) 0 1
2 (1,1) 1 q—1
3 (1,2) 2 P —q
(4) 1 q
4 (1,1,1) 3 ¢ —q
(22) 3 ¢ - ¢
(s) 2 q°
5 (1,1,2) 4 "' —2¢° + ¢
(1,4) 3 ¢’ - ¢
6) 2 q°

PROOF. The proof for each of these cases follows from Propositions 3.1.1, 3.2.2, and

3.2.11. U

4.2.5. CASES p > 5. In general, for odd p > 5and g = d(p—1)/2 for 1 < d <5, we have

the following:
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THEOREM 4.2.6. As [C] ranges over the k-isomorphism classes of Artin-Schreier covers

C of genus g, then the weighted count is

;

1 ifg=1(p—1)/2
29 —1 ifg=2(p—1)/2
2¢° — q ifg=3(p—1)/2
> 1 = 3¢5 — 3¢? ifg=4(p—1)/2,p=5
o |Centau o) ()] ’
4¢* — 3¢* ifg=4(p—1)/2,p>7
3¢* =3¢ +¢* ifg=5(p—1)/2,p=5
4 =4 +¢* ifg=5(p—1)/2,p>T7
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Genus Case Dimension Count

lp—1)/2 (2) 0 1
2p—1)/2 (1,1) 1 g—1
(3) 1 q
3p-1)/2 (12) 2 ¢ —q
4) 2 ¢
Ap-1)/2 (1,1,1) 3 ¢ ¢
(1,3) 3 ¢ — ¢
(22) 3 ¢ — ¢
(5) 3 ¢ ifp>7
Sp—1)/2 (1,1,2) 4 ¢ —2¢> +¢°
(1.4) 4 ¢ — ¢
(23) 4 ¢ = ¢’
) 3 ¢ ifp=5
y ¢ ifp=>T

PROOF. The proof for each of these cases follows from Propositions 3.1.1, 3.2.2, and

3.2.11. U
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CHAPTER 5

FuTurRE WORK

We have yet to determine 6y and H for the Quadratic and Quartic four-branch point
cases, which would extend the results to g = 6(p — 1)/2. Specifically, we want to find the W
for which I'yy # {id}. This entails fixing H C S, and finding the number of orbits of W for
which I'y is conjugate to H under PGLy(k).

Similar methods used for the Split, Split+Quadratic, and Cubic cases may be insufficient

for the Quadratic and Quartic cases. Some progress towards this is found below.

5.1. QUADRATIC CASE

Recall from Section 3.2.9.2 that W = {0,¢', 7,7’} where 6,0, 7,7 € F2\F,. {0,0'} and
{r, 7'} are the pairs of roots for irreducible monic quadratic polynomials f;(z) and fy(z).
Consider f(x) = fi(x)fa(z) over F, = k. We had determined that the only possibilities for
mappings to fix f; are:

a cs a —cs
= and vy =

for a,c € k not both equal to 0. We attempt to understand the orbits better by closely
examining s.

In addition, there are also v which swap f; and f5, some of which could be order 2 or
order 4.

In all of these cases, we find

{f(z) = (2% = s)fa | 7 fixes f(2)}
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or the complete set of polynomials f(z) with nontrivial stabilizer.

5.1.1. ELEMENTS OF THE FORM ~5. We compute:

(cx —a)*fa <ax — CS) = 2%(a® + Aac + Bc?) — x(2acs + Aa* + Ac*s + 2Bac)
cr—a

+c2s® + Aacs + Ba?

“ \a®+ Az + B)

for some scaling factor \ € k*.
Equating the coefficients for the leading terms, we get a? + Aac + Bc? = \. This gives

the following two equations from the linear and constant terms:

2Aa? + 2acs + Ac’s + 2Bac + A%ac+ ABZ = 0

ABac + B*c? — ?s®> — Aacs = 0

e ¢ = 0 means yy(z) = —z. Thus, fo, = 2*> + B where B # —s and B # 0. The number
of choices is (¢ —1)/2 —1= (¢ —3)/2.

e Suppose ¢ # 0. Without loss of generality, let ¢ = 1, and we have the conditions:

(2a+A)(Aa+B+s) = 0

(B—s)(Aa+B+s) = 0

— Suppose Aa+ B+ s # 0. Then B = s and A = —2a, so f, = 2> — 2ax +s. We

need 4a® — 4s to be a nonsquare in k for this quadratic to be irreducible in &, or
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a® — s to be a nonsquare. Let

N = #{a | a* — s is not a square in k}.

We consider N = ¢ — M where

M=4#{a|a*—s=t*ck}

and

M =#{(a,t) | a* — t* = s}.

Note that when (a,t) € M’, then so is (a,—t), so M = 2M. Also, if t = 0, then
a’ = s but s cannot be a square, so t # 0. Let a®* = z and > = w. The exact
same Gauss sum computation from Case 2 yields M’ = ¢ — 1, which implies that
M= (q—1)/2,s0 N=(q+1)/2.

Suppose Aa+ B+ s =0. Then B = —(Aa + s), so fo = 2> + Az — (Aa + 5). We
want to count the number N of pairs (A4,a) for A,a € k where A + 4Aa + 4s is
not a square in k. We introduce a change of variables and let D = A + 2a and
d = 2a. Note there is a bijection between the pairs (A, a) and (D, d). Completing

the square, we now want D? — d? + 4s to not be a square in k. Thus, N is ¢> — M

where

M = #{(D,d) | D* — d* + 4s a square in k}

and

M' = #{(D,d,t)| D* — d* + 4s = t* € k}.
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Suppose t = 0. Then we count
T =#{(D,d,0) | D* — d* = —4s € k}.

Let D? = 2z and d?> = w in k. We have

re 2 Q)00

z—w=—4s

- 200G+ G0)
()2, (0)

SERT ORI

z—w=—4s z—w=—4s

= ¢+0+0+ > (ZZ]’U)

z—w=—4s

e 5 ()

z—w=—4s,w#0

g+ ¥ (Z/(Z;r48))

z#£—4s

zZ—

Now let y = z/(z + 4s). Solving for z, we get z = —4sy/(y — 1). So we have:

s ()

y#1
(o
= q —
q

Note that the map from (D,d,t) to (D,d) is two-to-one except when t = 0, so

M =2(M-T)+T=2M—T.
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Now we consider M’ with a generalized Gauss sum by letting D? = z,d*> = w,t?> = u

in k:

w2 )00 6)

z—w—u=—4s

L E L0000

z—w—u=—4s

ZWU
SNy

Z—w— u—74s

= ¢+ xaxaxs(—4s)x(1)x(=1)x(=1)J (x1, X2, x3) [6, Theorem 8.7.5]
= ¢+ xX(=Dx(@)x(s) (=)@ (=)@ 2T (x, x, 1)

= ¢+ (DR (=)T (xx X)

= @+ (DI X X)

= ¢+ (—=1)®1Y/2y(~1)q [6, Proposition 8.6.1]

= ¢+ (=)™ Vg

where y are all quadratic characters, and J is a Jacobi sum. Therefore, M =

(¢>—1)/2,and N = (¢* +1)/2.

5.1.2. ORDER 2 ELEMENTS. We also consider v which swap f; and f,, some of which
could be order 2.

Consider

a b a’ +bc ab+ bd

c d ac+cd be+ d?
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Since this is of order 2, then ac + cd = ab + bd = 0, which implies that a = —d. Note that
the case in which b = ¢ = 0 can be avoided because this is a subcase of the elements of type
Y2-

e Suppose a = 0. Without loss of generality, let ¢ =1, so

V3 =

or x — b/x for b # s,—s,0. There are ¢ — 3 such 3. We compute

(=a?/s)fi(rs) = a® =0/s

set

= 2°+Az+B

which implies that A = 0 and B = —b*/s. So fo = 2> —b?/s, which is irreducible. There

are ¢ — 3 such choices.

e Suppose a # 0. Without loss of generality, let a = 1. Then

V3
c —1

The determinant must be nonzero, so —1 — be # 0, or be # —1. In addition, since 3
cannot be of the type 7,, then b # —cs. There are no overlaps in these two conditions,

so the number of possible 73 is ¢> — ¢ — (¢ — 1). We compute

(o= 01— st = 2 () s

1 — sc? 1 — sc?

= 24+ Ar+ B
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SO

20+ 2 Z —
f2:x2—|—x<b+ sc) b —s

1 — sc? 1 — sc?
for 1 — sc? # 0.

Altogether, there are ¢> — ¢ —2 = (¢ + 1)(q — 2) possible 3 with fixed set of size 1 each.

5.1.3. ORDER 4 ELEMENTS. Other v which swap f; and f5 could be of order 4.
v, must have the property that 42 is equivalent to 7; or 7y, since the square of 44 must
fix fi(z) =22 —s.

e Suppose 72 is of type ;. Then a® + be = d* + bc must be true, and b = sc. These imply
that a = +d and b = sc. If a = d, then 74 already fixes f;, which means it is not of
order 4. Thus, a = —d must be true. In addition, since the determinant is nonzero,
then a? + sc® # 0. If ¢ = 0, then the matrix is of type 7, which already fixes f;, so

¢ # 0. This is equivalent to

a S
Y4 =
1 —a

which has nonzero determinant, so a®> # —s, which eliminates two choices of a when

q = 1 mod 4. Thus, we have the following number of choices for v4:

g—2 g=1mod4

q = —1mod 4

We compute:

— S a® — S

(= 0)*/(a* — ) () = +<4 )+82—as

= 22+ Ar+ B
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SO

4
f2=x2+x( @ )—s

for a®> — s # 0.

Suppose 72 is of type 7. Then a? + bc = —bc — d* and sc = —b or a® + d* = 2sc?
and b = —sc. Suppose ¢ = 0, then a # —d, otherwise 74 would not be of order 4.
Thus, a = d, and there are ¢ — 1 such automorphisms. Suppose ¢ # 0. Without loss of

generality, let ¢ =1, so

a —S
V4 =
1 d

which has nonzero determinant. This implies a® + d> = 2s. We can count the number

of such possibilities P with a Gauss sum. Let a? = z and d? = w. We count

r= Z00)00)

e 2 ()

z+w=2s,w#0

g )

2#2s

Let y = 2/(2s — z). Solving for z, we get z = 2sy/(y + 1), so our sum is now

y#—1
(2)
= q—
q
= ¢-— (_1)(q+1)/2
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or

g—1 ¢g=1mod4
qg+1 g=—-1mod4

We compute:

(x+d)2/<a2+3)f1<74) _ x2+m(—2a+2ds) 32+Sd2

az+s a?+s

= 224+ Az+B

SO

9 —2a + 2ds s? + sd?
fQII +x +

a?+ s a?+ s
for a® + s # 0.
5.2. QUARTIC CASE

Let W = {6,0',0",0"} where 0,0',0",0" € F,\F,. ~ for which (W) = W can be of

order 2 or 4.

5.2.1. ORDER 2 ELEMENTS. Suppose

2
a b a’>+bc ab+ bd

c d ac+ cd be+ d?

Since this is of order 2, then ac 4+ cd = ab + bd = 0, which implies that a = —d, so

We consider a generic monic quartic polynomial and simplify by depressing the quartic

to f(z) =2* + Bx> + Cax + D for B,C,D € k.
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e Case 1: a = 0. We compute

R L L

= 2*+B?+Cx+ D

which yields the conditions

b4

- D
Dct
Bbv?
=22 _ B
Dc?
Ch
=~ =0
Dec

e Case 2: a # 0. Without loss of generality, let a = 1. We have

(cx —D*- f(y(z)) = 2*(1+ B+ Cc + Dc)
+2%(4b + 2Bbc* — 2Be + Cbc® — 3Cc* — 4Dc?)
+22(6b° + Bb*c* — 4Bbc + B — 3Cbc® + 3Cc + 6Dc?)
+a(4b* — 2Bb*c + 2Bb + 3Cbc — C — 4Dc) + b* + Bb* — Cb+ D

= 2+ B*+Cx+ D

which leads to some complicated conditions when we equate coefficients.

5.2.2. ORDER 4 ELEMENTS. Suppose

2
a b a’>+bc ab+ bd

c d ac+ cd be+ d?
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Since this is of order 4, then the square must be an order 2 matrix, so a? + bc = —(bc + d?),
which implies that a? + 2bc + d* = 0. However, it is unclear how best to use this condition

using similar approaches for the other cases.
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11.
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