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ABSTRACT OF DISSERTATION 

MATHEMATICAL MODELING OF RESPONSE FROM SMALL WATERSHED 

The physical quant ities which describe the major watershed response 

to the precipitation are the water yield, the sediment yield, and the 

resultant stream morphology. This study provides the theoretical back­

ground and numerical methods for modeling physical processes governing 

the watershed r esponse . 

A method of nonlinear kinematic wave approximation for flow 

routing has been developed to route water and sediment over land and in 

channels. The numerical scheme deve loped in this study is uncondition­

ally stable and may be used with a wide range of time increment to space 

increment r atio without loss of significant accuracy. From theoretical 

·considerations , it has been found that the flow discharge is the better 

selection for the unknown in numerical computations than the depth or 

area . The applicability of the numerical method has been tested in 

various cases - overland flow, natural channel, and small drainage sys­

tem and has been -found satisfactory for modeling of watershed re sponse . 

As the applications of this flow routing procedure, a rainfall-runoff 

model for simulating hydrographs from small watersheds and a rainfal l­

erosion mod el for calculating time-dependent erosion rates from overland 

flow areas have been developed. 

The r a infall-runoff model simulates hydrographs on the single storm 

basis. The mode l include s the water balance simulation for land surface 

hydrologic cycle and the water routing features for both overland flow 
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and channel systems. Unlike the conventional approach to parametric 

modeling of watershed response, this model contains much more informa­

tion on the physics of flow and requires much less assistance from 

optimization schemes than any existing water models known to the writer . 

For the tested basin the simulated hydrographs agree reasonably well 

with the measured hydrographs. The sensitivity analysis indicates that 

soil data are very sensitive to the computed hydrograph. Flow resis­

tance parameters and vegetation data are less sensitive to the simu­

lated results. In addition, this physically oriented model has the 

capability to predict watershed treatment effects on water yields. 

The rainfall -erosion model simulates both water flow and sediment 

flow routing in overland flow ar eas and produces time-dependent erosion 

rates comparable with the available experimental data from a soil plot. 

The model can generate time-dependent land forms, and the generated 

land form tends to be concave in shape which frequently appears in 

nature. It was also found that the soil erosion rate was very sensitive 

to the bed slope and shape. The general practice of assuming a uniform 

shape may result in serious errors. 

The mathematica l models in this study may provide the short-term 

and the long- term responses. Theoretical interpretation of the long­

term respons e was also made. The equations describing the basic physi­

cal processes in small watershed channels sculptured in noncohesive 
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alluvial materials have been employed to derive the hydraulic geometry . 

equations. Both downstream and at-a-station relations were developed. 

This work provides information on stream morphology response to the 

modified amount of precipitation or to watershed treatment effects. 
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Chapter I 

INTRODUCTION 

1.1. General 

The increasing interest in land and water resource plannings has 

stimulated the development of particular and general watershed response 

models. The models, whether physical or conceptual, are used to esti­

mate physical quantities which describe the major watershed response to 

precipitation such as water yield, sediment yield, and resultant stream 

morphology. Methods to estimate water and sediment yield and changes 

in the watershed geometry are urgently needed for analyzing the economic 

feasibility of any proposed water resources or land use development and 

for predicting possible adverse environmental effects associated with 

the proposed development. 

The physical processes governing watershed response are very 

complicated. Many past studies have utilized a statistical interpreta­

tion of observed response data. The unit hydrograph method for water 

routing, the universal soil loss equation for soil erosion, and the 

hydraulic geometry equations for stream morphology are examples of 

these types of studies. It is di fficu lt to predict the response of a 

watershed to various watershed developments or treatments using these 

methods. Because they are based on the assumption of homogenei ty in 

time and space. Numerical mode ling using the governing physical pro­

cess is a viable way to estimate the time-dependent response of water­

sheds to precipitation with varying vegetative covers and land use. 

The purpose of this study is to provide the theoretical background 

and numerical methods for modeling physical processes governing 
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watershed behavior. The objectives are: (1) To establish a simple 

flow routing procedure which can be applied to both overland flows and 

channel flows; (2) to develop a rainfall-runoff simulation model using 

the physical processes involved; (3) to present a mathematical simula­

tion model for soil erosion using the physical processes which govern 

the mechanics of soil erosion by overland flow; and (4) to theoreti­

cally derive both downstream and at-a-station hydraulic geometry equa­

tions which describe the stream morphology response to precipitation. 

1.2. Review of Related Literature 

1. 2 .1. Water yield and flow routing 

There are two approaches to water yield modeling. One is the 

J lumped parameter appr oach, also called the "black box" model. Examples 

are those which have been developed by Sherman (1932), Wu (1963), Singh 

(1964), Prasad (1967), and others. The second is the distributed 

parameter approach or the physical process simulation model. Examples 

of this approach are Crawford and Linsley (1966), Schaake , Jr. (1971), 

and Dawdy et~- (1972). 

In a lumped parameter model, the watershed is conceptually 

considered as a "black box" system. The input is the rainfall function; 

the output is the runoff. The "black box" represents the aggregation 

of the parameters chosen to give the correct output for a given input. 

The parameters may or may not be physically significant. Lumped models 

can be further subdivided into two types: (1) the transfer function 

model, (for example, Sherman, 1932, Wu, 1963, and Singh, 1964) and 

(2) the analytical conceptual model (for example, Prasad, 1967). 

The most familiar transfer function model is the unit hydrograph, 

first developed by Sherman (1 932) . Its popularity lies mainly in its 
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simplicity of application. The unit hydrograph is assumed to be repre~ 

sentative of the particular watershed. The disadvantage of this 

approach is that a particular unit hydrograph is dependent on the dura­

tion of the storm used to synthesize it. This weakness has led to the 

development of the instantaneous unit hydrograph which is based on 

effective rainfall of an infinitesimally small duration. A direct run­

off hydrograph can be synthesized from the instantaneous unit hydrograph 

and rainfall excess through the use of the linear convolution integral 

(see Chow, 1964). In attempts to improve the unit hydrograph approach, 

some investigators (for example, Singh, 1964) have explored the possi­

bilities of developing nonlinear models within the transfer function 

framework. 

The basis of the analytical conceptual models is the assumption of 

a single mathematical relation between rainfall and runoff. The 

unknown parameters are determi ned by calibration using an optimization 

scheme (for example, Labadie and Dracup, 1969). As the model is concep­

tual, the form of the mathematical frame work is subjective. 

Use of digital computers makes it poss i ble to employ many 

mathematical approximations of the complicated physical processes 

describing the precipitation-runoff relation, Crawford and Linsley 

(1966) were the first investigators to develop a simulation water-yield 

model, and their efforts led to the well-known Stanford Watershed Model. 

Many similar models have been developed, and the more popular models 
• 

are the Stanfor d Watershed Model IV (Crawford and Linsley, 1966), the 

USGS Rainfall-Runoff Simulation Model (Dawdy et~-, 1972), and the 

Schaake Model (1971). These models are based on bulk-parameter 
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approximation to the physical laws governing surface runoff and are 

calibrated with optimization schemes. 

The Stanford Watershed Model IV can be used to predict stream 

flow resulting from rainstorm or snowmelt. The required data are: 

(1) hourly rainfall data and IS-minute rainstorm data; (2) daily 

potential evapotranspiration data; (3) topography and watershed geom­

etry data; (4) data required to describe initial conditions; and 

(5) mean daily stream flow data for model calibration. If .snowfall is 

significant, two additional data are needed: (1) observed incoming 

daily short-wave radiation; and (2) daily maximum and minimum tempera­

ture. This model is both a water yield and water routing model. In 

the model, precipitation is stored in snowpack or in three soil mois-

ture storage areas. These areas are the upper and lower zone storage 

areas, and the groundwater storage area. The three storage zones 

represent variable soil moisture profiles and groundwater conditions. ✓ 

The upper and lower storage zones control overland flow, infiltration, 

and interflow to the groundwater storage. The upper zone simulates the 

initial watershed response to rainfall and is of major importance for 

smaller storms, and for the first few hours of larger storms. The lower 

zone controls watershed response to major storms by controlling longer­

term infiltration rates . Groundwater storage supplies base flow to 

stream channels. Evaporation and transpiration processes may be sup­

plied with water from all of these three storage areas. The total chan­

nel inflow from overland flow, interflow, and groundwater enters the 

channel system and emerges as synthesized stream flow. The routing 

component in this model is divided into the overland flow part and 

channel flow part. The kinematic-wave approximation is used for 
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overland flow routing and a modified form of Clark's (1945) instantaneous 

unit hydrograph method is used for channel flow routing. The Stanford 

Watershed Model has been used for many watershed conditions. 

The USGS Rainfall-Runoff Simulation Model can be used to pred i ct 

stream flow from rainstorms. The number of parameters involved in this 

model are fewer than those needed for the Stanford Watershed Model. 

The required data in the USGS Model are: (1) daily rainfall data and 

15-minute rainstorm data; (2) daily pan evaporation data; (3) topog­

raphy and watershed geometry data; (4) data describing the initial 

conditions, and (5) daily stream flow data for model adjustment. This 

model deals with three components; antecedent moisture, infiltration, 

and surf ace runoff of the hydrologic cycle. The antecedent moisture 

accounting component is a more sophisticated version of the antecedent 

precipitation index, which is designed to determine the initial infil­

tration rate for a storm. The infiltration component uses the Philip 

equation. The surface runoff routing is based on Clark's (1945) 

instantaneous unit hydrograph method. Dawdy et~- (1972) reported 

that the accuracy of their model was within ±20 percent. 

The Schaake Model is the simplest of the three and can be used to 

predict runoff from small drainage areas only. This model is more 

suitable for analyzing urban drainage areas than natural watersheds. 

The required data are: (1) minute rainfall data; (2) constants to 

describe the infiltration equation; (3) topography and drainage area 

geometry data; and (4) runoff data for model adjustment. This model 

computes the rainfall excess and then routes the surface runoff using 

the linea~ ki~e~atic-wave approximation. / 

The flow routing component is essentially the weak link of the 

existing physical process simulation models. This weakness prevents 
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the coupling of existing water routing models with a sediment rbuting . 

model. Although a number of numerical methods are available for solving 

unsteady gradually varied flow problems, (Morgali and Linsley, 1965, 

Brakensiek et~-, 1966, Schaake, Jr., 1965, Liggett and Woolhiser, 

1967, and Chen, 1973), there is difficulty of applying these available 

techniques in modeling watershed response because of one or a combina­

tion of the following reasons. 

(1) The linearized numerical scheme is sometimes unstable, 

especially for the case of supercritical flow which 

frequently occurs in overl and flows or steep channel 

flows . 

(2) There are insuffi cient boundary conditions for the 

numerical scheme. Many schemes require downstream 

boundary conditions which are usually not available. 

(3) Many numerical schemes are too complicated to apply for 

large-scale modeling . 

A simple but practical numerical method which can be applied in a 

wide variety of both overland flows and channel flows is needed to cope 

with these difficulties. 

1.2.2. Soil erosion 

For a complex problem such as the estimation of soil erosion from 

uplands, the r egression t echnique is a quick and effective way to 

analyze data. Thus many soil-loss regression equations have been 

developed (for example, Zingg, 1940, Musgrave, 1947, Wischmeier and 

Smith, 1965, Meyer and Kramer, 1968, Young and Mutchler, 1969, and 

Kilinc and Richardson, 1973). However, regression equations are 
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restricted to the conditons of the experimental data. Therefore, it 

is difficult to transfer the knowledge to other areas. The general 

form of regression equations is a power function, which assumes 

that the soil erosion is the result of multiplicative contributions of 

the governing factors. The important governing factors have been iden­

tified as the rainfall characteristics , the soil erodibility, the 

slope length, the percent slope, the cropping-management factor, and 

the conservation practice factor. 

The exponents in the soil loss equations were originally determined 

by regression analysis. More recently, Li, Shen, and Simons (1973) 

demonstrated that these exponen~ts can be derived from the equations 

governing the physical process of overland flow. 

1.2.3. Stream morphology 

Stream morphology has been studied by many investigators (Leopold 

and Maddock, 1953, Wolman, 1955, Brush, 1961, Leopold and Langbein, 

1962, Simons and Albertson, 1960, and Henderson, 1963). 

Leopold and Maddock (1953) defined the power functions relating 

the width, depth, slope and velocity to water discharge as the hydrau­

lic geometry equations of the channel. Most of the other studies have 

involved the statistical interpretation of these power relations. Very 

limited theoretical work has been done to explain the mechanistic 

development processes of stream forms. In 1962, Leopold and Langbein 

offered the concept of entropy in landscape evolution but the analogy 

between entropy in thermodynamic systems and processes in stream chan­

nels is not appar ent . In 1963 , Henderson applied the theory of the 

"threshold" stable channel to natural channe ls in coarse alluvium and 

concluded that some remarkable simi larities existed between "threshold'' 
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theory and the Lacey "regime" theory which was developed from canal 

data in India. A further theoretical interpretation of river channel 

shapes is needed as a step toward better understanding of stream 

morphology. 

1.3. Scope of Present Study 

The first part of this dissertation is devoted to the development 

of a nonlinear kinematic-wave routing procedure . This simple procedure 

is used to compute both overland and channel flows. The routing is 

accomplished by a combination of a second order nonlinear and a linear 

scheme. A linear numerical scheme is employed to obtain a first approx­

imation of flow conditions which are then refined by the nonlinear 

scheme. The nonlinear portion of the method ensures convergence and 

the linear portion guarantees a rapid convergence to the correct numer­

ical answer. Instead of admitting computational errors in linear 

approximations to the full flow equation, this method minimizes numeri­

cal computation errors, but admits errors resulting from the limitations 

of the kinematic-wave approximation. 

In the second part of the dissertation, a rainfall-runoff model is 

presented. This model simulates the land surface hydrologic cycle and 

consists of two parts. The first is the water balance component, the 

second part is the water routing componen~t. The water balance 

component of the mod el determines the rainfall excess from consider­

ations of processes which govern interception, evaporation and infil­

tration. The water routing component routes the water as overland 

flows and then as channel flow. Emphasis is on the mechanics of water 

routing and the model is set up for single storm hydrograph computations. 
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No attempt has been made to simulate the long-tenn water balance in the 

watershed. 

The third part of the dissertation deals with the estimation of 

soil eros ion by overland flow. A mathematical model is proposed. This 

model couples sediment routing with the water routing procedure and is 

able to simulate the sediment hydrograph and the changing land forms. 

The soil-erosion model presented in this study is the first step toward 

sediment yield simulation. 

The last part of the dissertation is an extension of the work on 

stable channel design by Lane, Lin and Liu (1959). The basic equations 

describing threshold channel shape are employed to derive the hydrau­

lic geometry equations of a stream channel in coarse alluvium. Both 

downstream and at-a-station relations are developed. This work 

provides useful information on stream morphology response to modified 

amounts of precipitation or to watershed treatment effects. 



Chapter II 

NONLINEAR KINEMATIC-WAVE APPROXIMATION FOR FLOW ROUTING 

2.1. Governing Equations 

Runoff from a catchment may be described by the equation of continuity, 

the equation of motion, and equations describing the law of resistance. 

The governing equations employed in the nonlinear routing scheme are 

described below. 

2.1.1. Continuity equation 

The equation of continuity for water flow can be expressed as 

(2 .1) 

in which Q is the discharge, x is the downslope distance, A is the 

cross-sectional area of flow, t 

rate per unit length of channel. 

2.1.2. Momentum equation 

is the time and is l ateral inflow 

If the gradients due to local and convective accelerations are 

assumed to be negligible, and if the water surface slope is assumed 

equal to the bed slope the momentum equation is 

2 
so::: s = f Q 

f 8gRA2 
(2.2) 

in which S
0 

is the bed slope, Sf is the friction slope, f is the 

Darcy-Weisbach friction factor, g is the gravitational acceleration, 

and R is the hydraulic radius . Equation 2.2 is called the kinematic 

wave representation of runoff movement. By definition 

A 
R = p (2. 3) 

10 
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in which P is the wetted perimeter. Usually the wetted perimeter can 

be expressed as a power function of flow area; i.e., 

bl 
P = a1A (2.4) 

where a1 and b1 are constants. 

If Manning's equation is used, the momentum equation is 

S z S - n2 
0 f -

in which n is Manning's roughness coefficient . 

2.1.3. Resistance equations 

(2.5) 

The Darcy-Weisbach friction factor f for open channel or over­

land flow on rigid boundaries is a function of the roughness of the 

boundary, the depth of flow, the rainfall intensity and the flow 

Reynolds numbers. By definition, the flow Reynolds number, Nr, is 

N = QR 
r vA 

in which v is the kinematic viscosity of the fluid. 

(2.6) 

The friction factor--Reynolds number--relative roughness relation 

is presented in many fluid mechanics textbooks (for example, Daily and 

Harleman, 1966, p. 274). The Darcy-Weisbach friction factor is 

expressed i~ equation form only for certain ranges of Reynolds number. 

The effect of rainfall on flow resistance is a major factor in 

shallow water routing. For shallow flows, the impact of raindrops in 

the flow causes energy losses in addition to those caused by the 

rigid boundary. Shen and Li (1973) have experimentally determined 

equations for Darcy-Weisbach friction factors for flow with rainfall 

impact. The general form of the equations is 
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(2.7) 

in which are funct i ons of the rainfall intensity, the 

boundary roughness, and the flow Reynolds number. 

For N < 900, r-

f = ~ 
k + k i0.41 
o r (2.8) 

in which k
1 

is a parameter which varies with rainfall intensity, k 
0 

is a constant representing the Darcy-Weisbach friction factor without 

rainfall, i is the rainfall intensity in inches per hour, and kr is 

a number dependent on the raindrop velocity. Shen and Li (1973) have 

determined that k is equal to 27 for a r a indrop fall of 8 ft. r 

For N > 2000 Shen and Li (1973) found that the friction factor 
r-

was not affected by rainfall. The friction factor then may be 

approximated by the Blasius form of the resistance equation which is 

f = 
N 0.25 

r 

in which k
2 

is a constant. 

(2.9) 

In the transition range, 900 < N < 2000, an estimation of fric­r 

tion factor is made by a linear interpolation. 

end points of Eq. 2.8 and Eq. 2.9 one obtains 

kl 
k 900 (1. 25 t n lC - 7.14) 
1 2 f = 

kl 
Nr (1. 25 t n kz - 6.14) 

Interpolating from the 

the expression, 

(2. 10) 
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The effect of flow Reynolds number on the friction factor 

decreases as the flow Reynolds number increases. For moderate-sized 

boundary roughness, the exponent, b2 in Eq. 2.7 approaches zero for 

Reynolds number about 105 , and the friction factor is independent of 

flow Reynolds number. 

Additional resistance equations to describe the resistance to flow 

in natural watersheds in the form of Darcy-Weisbach friction equation 

are given in Chapter III. Those resistance equations for natural 

watersheds cover a much wider range of flow Reynolds number and include 

form resistance due to bed deformation and ground cover. 

Manning's equation is frequently used by hydraulic engineers to 

describe flow in open channels. The Manning's roughness coefficient 

is usually determined by measurement. It can be expressed as a power 

function of flow discharge; i.e., 

(2.11) 

in which are constants. 

2.1.4. Discharge and flow area r elation 

In general, the flow cross-sectional area can be expressed as 

a power function of discharge or 

(2.12) 

in which a and S are coefficients whose values depend on the shape 

and roughness of the channel. 

If the Darcy-Weisbach frict ion factor is used, the values of a 

and S can be determined by first substituting Eqs. 2.3, 2;4, 2.6, and 
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2.7 into Eq. 2.2 and then comparing with Eq. 2.12. The . solutions are · 

a. = (2 .13) 

and 

(2.14) 

For overland flows or· for very wide channel flow, the wetted perimeter 

is constant so that b =0 and 8 = 
2-b2 As b2 is generally greater 

1 -3-

than zero, the value of 8 is less than 2/3. For N < 900, the value r 

of 8 is 1/3. 

If Manning's equation is applied, the corresponding a. and 8 

are determined by using Eqs. 2.4, 2.5 and 2.11. 

and 

3 

( 

4/3 2) (10-4b1) 
al a3 

a.= 2.21 S 

8 = 
3-3b 3 
5-2b1 

0 

The values are 

(2 .15) 

(2 .16) 

The value of 8 for rivers is usually less than 1.0, and the 

average value of 8 for stable channels as deduced by Simons and 

Albertson (1960) is 0.87. 
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2.2. Numerical Scheme 

The analytical solutions of Eq. 2.1 and Eq. 2.12 are avail-

able for the case of constant rainfall and constant channel roughness 

factor. At the present time, numerical solutions are necessary for 

the case of time-variant inflows. Herein, a nonlinear scheme with 

an iterative procedure is used to obtain solutions to the more 

complex cases of time-variant inflows and varying roughness. A 

linear scheme is also used to obtain the initial estimate for the 

nonlinear scheme. 

2.2.1. Nonlinear scheme 

The finite-difference forms of Eq. 2.1 can be represented as 

(see Fig. 2.1) 

n+l Q~+l 
Qj+l - J 

bx + 

An+l _ An 
j+l j+l = 

bt (2.17) 

in which Q~ is the quant ity Q at grid point x = jbx, t = nbt and 
J 

~x is the space increment and bt is the time increment. 

The unknowns in Eq. 2.17 are Qn+l 
j+l and An+l but the discharge 

j+l' 

bears definite relation with flow area as indicated in Eq. 2.12. With 

two equations, the two unknowns can be obtained. 

Either Q or A can be selected as the independent variable in 

the numerical procedure. According to the custom in backwater computa­

tions, the depth of flow (equivalent to A above) is chosen as the 

independent variable (see Henderson, 1966 for example); but Q is a 

better choice for the following r eason. By taking the logarithm of 
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both sides of Eq . 2.12, one obtains 

inA = ina +Sin Q 
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The corresponding differential equation is 

(2. 18) 

dA = S dQ (2.19) 
A Q 

As mentioned previously, S is generally less than 1.0 and has 

( ~value of one-third for R~ynolds number less than 900. Consequently, 

if one computes discharge incorrectly, the relative error in the flow 

area is smaller than the relative error in the discharge . On the other 

hand, the error in the discharge estimation is magnified if the 

numerical computations were performed on the flow area. Therefore, 

the discharge is the better sel ection for the unknown in numerical 

computations. From the physical viewpoint, it is more appropriate to 

consider routing unit volumes of water rather than areas of flow. 

From Eq. 2 .12 

An+l = a(Q~+ll 
j+l . J+l (2. 20) 

and 

n n S 
A. 1 = a (Q. 1) J+ J+ 

(2.21) 

Equations 2. 20 and 2 .21 are substituted in Eq . 2. 17 and rearranged to 

yield 

~t Qn+l + a(Q~+l
1

) S = 
~x · j + 1 J + 

; q~j+l) 
(2.22) 
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The right side of Eq. 2.22 contains known quantities and is denoted by 

n, i.e.' 

(2.23) 

Let r' = Qn+l 
j+l 

fit and A= fiX so that the left side of Eq. 2.22 can be 

expressed as 

f(r') = Ar' + ar 18 (2.24) 

The solution to Eq. 2.22 is therefore the solution, r*, which 

satisfies the condition 

f (r*) = Ar* + ar*e = n (2. 25) 

Equation 2.25 is nonlinear in r*. An approximate solution to 

this nonlinear equation is easily obtained by the following iterative 

scheme. 

Let rk be the value of r' at k-th iteration. The Taylor Series 

expansion of the function f(r) around rk is 

f (r I) k k k 1 k 2 k 
= f ( r ) + ( r ' - r ) f ' ( r ) + 2 ( r ' - r ) f" ( r ) 

· 1 k 3 k + 6 (r' -r ) f"' (r ) + ... (2.26) 

in which f' (rk) and f " (rk) are values of the first and second de­

k 
rivatives of the function at r 

Dropping the terms higher than third order, one obtains 

k k k 1 k 2 k 
f ( r ' ) :: f ( r ) + ( r 1 - r ) f ' ( r ) + 2 ( r ' - r ) f 11 ( r ) ( 2 . 2 7) 

Th f . . . f f ( k+ 1) e purpose o iteration is to orce r to approach the 

value of n, or 

n :: f (rk) + (rk+ l _ rk) f 1 (rk) + ½ (rk+ 1-rk) 2 f" (rk) 

(2.28) 
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The solution of Eq. 2.28 is 

k+l k r = r (2.29) 

in which 

k k k 8 f(r) = Ar + a (r 1 (2. 30) 

k k 8-1 f' (r) =A+ a8(r) (2 . 31) 

and 

(2. 32) 

There are two solutions to Eq . 2.29 . It is advisable to choose 

the solution which gives the smaller value of lf(rk+l) - nl . The above 

iteration is continued until the absolute error lf(rk+l) - nl is less 

than a preassigned tolerance £; i.e., the termination criterion is 

I k+l I f (r ) - n 2,. £ (2 . 33) 

An appropriate value for £ is O.Oln . However, it may be changed 

according to the purpose of individual problems . 

0 The initial guess, r, is the key to the speed of convergence to 

the correct nwnerical solution. The best way of determing r 0 is 

to use a linear scheme. 

2.2.2. Linear scheme 

'cJA The t erm at' in Eq. 2 . 1 can be expressed as 

'cJA 
at (2. 34) 
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Also, from Eq . 2.12 

(2.35) 

The substitution of Eqs. 2.35 and 2.34 into Eq. 2.1 yields 

The finite-difference forms of Eq. 2.36 is given by the 

expression 

Qn+l _ Q1:+l 
j+l J 

!::i.x ~

Qn + Q1:+1) 8-l Q~+l _Q~ 
j+l J J+l J+l 

+ aS 2 6t = 

n 
:\Q1:+l n Q. 1 + 

+ aBQ. 1 
J+ 

0 n+l J+ 2 r = Qj+l = 

el•1 + Q~+l 

" J + af3 2 

(

q~+l 
+ !::i.t j+l 

(2. 36) 

(2.37) 

+ q 
n ) ,e,. 1 

J + -
2 

(2 . 38) 

0 Equation 2.38 provides the best initial estimate, r, for the 

nonlinear scheme. However, Eq. 2.38 is not applicable if both 

and Q;+l are zero. · When both Q;+l and Q;+l are zero, use 8 =l in 

Eq. 2.25 and then 

0 
r = \+a 

2.2 . 3. Stability 

(2. 39) 

Suppose n*(x,t) and ~*(x,t) are the values of the error in 

Q(x,t) and A(x,t) which occur at some time t in the computation. 

Then 
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n*(x,t) = Q*(x,t) - Q(x,t) (2.40) 

and 

'*(x,t) = A*(x,t) - A(x,t) (2. 41) 

in which Q* and A* represent the true values of the discharge and 

flow area, respective ly. 

From Eq. 2.12 

A*(x,t) = a[Q*(x,t)] 8 (2. 42) 

If A and Q are in error by the values of the error functions 

n*(x,t) and ~*(x,t), then 

A*(x,t) - '*(x,t) = a[Q*(x,t) - n*(x,t)] 8 

= a[Q*(x,t)]B [l _ n*(x,t)]B 
Q*(x,t) 

Assuming that n*(x,t) << 1, the power series expansion of 
Q*(x,t) 

(2. 43) 

[l _ n*(x,t)]B 
Q* (x, t) 

n*(x,t) 
is approximately 1- 8 Q*(x,t) This substitution 

into Eq. 2.43 results in the expression 

A*(x,t) - ~*(x,t) = a[Q*(x,t)] 8 - a8[Q*(x,t)] 8- 1n*(x,t) 

(2.44) 

When Eq. 2.44 is subtracted from Eq. 2 . 42, the result is 

8-1 ~*(x,t) = aB[Q*(x,t)] n*(x,t) = on*(x,t) (2.45) 

in which o 8-1 is the error-free factor aB[Q*(x,t)] . If at a given 

t ime, t , in the calculations, A~ and Q~ are in error by the value 
n . J J 

of error functions,~ and n~, r espectively, then A~+l and Q~+l 
J J J J 

n+l n+l will be in error by amounts~- and n. , respectively. When 
J J 

written for this case Eq. 2.1 7 becomes 
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Q
n+l n+l _ Q~+l n+l 
j+l + nj+l J - nj 

~--~--~~----- + 
6x 

An+l n+l n n 
j+l + ~J+l - Aj+l - ~j+l 

6t 

n+l n 
ql + ql 

= · j+l j+l 
2 

(2. 46) 

When Eq. 2.17 is subtracted from Eq. 2.46, the result is 

:\( n+l n+l) + ~~+l n 0 n. 1 n. ~j+l = 
J+ J J+l 

(2.47) 

By substituting Eq. 2.45 into Eq. 2 .47, then 

A ( n+ 1 n+l) o( n+l n 0 nj+l n. + n. 1 - n. 1) = 
J J+ J+ 

(2. 48) 

When decomposed x-wise into the Fourier series, the function 

n*(x,t) takes the form 

n*(x,t) = [ a(m,t) 
m 

i2'1fmx/L 
e (2.49) 

in which a(m,t) is the error-component amplitude, L is the length of 

the reach being computed, and i is ri_ Substitution of Eq. 2.49 

into Eq. 2.48 and examination of each Fourier component separately 

shows that 

, ( t ) i21fm(x.+6x)/L , ( t ) i2'1fmx./L Aa m, 
1 

e J - Aa m, 
1 

e J n+ n+ 

r ( t ) i21fIB(x.+6x)/L r ( ) i21fm(x.+6x)/L 0 + ua m, n+l e J - ua m, tn e J = 

(2. SO) 

Following division by exp (i2'1fmxj/L) and denoting~= 2nm6x/L, 

Eq. 2.50 reduces to 

i ~ i~ Aa(m,t 
1
)e - :\a(m,t 

1
) + oa(m,t 

1
)e n+ n+ n+ 

i ~ oa(m,t )e = 0 n (2.51) 



Then 

1 a(m,t 1) 
n+ 

= 

23 

1 

1 + ~ (1 - e -i'i') 

1 
= 

" " w • " • "' l 1 + cf - ~OS r +1r,rnr < 

(2.52) 

That is, the amplitude of the error decreases with succeeding time 

increment. Therefore the scheme represented by Eq. 2.17 is un­

conditionally stable. 

2.2.4. Convergence 

In order to test the convergence of this numerical scheme com­

parisons of numerical results with analytical solutions for a 

hypothetical case are made . In the hypothetical case, the bed slope 

is 0.005, the rainfall intensity is 3 in./hr, the rainfall duration is 

5 min, and the Darcy-Weisbach friction factor is 0.07 and constant. 

The numerical results (bt = 0.1 min and~~= 60 sec/ft) are compared 

with the analytical solution in Fig. 2.2. The agreement is excellent. 

The analytical solution is given by Streeter , 1966, p. 643 . 

In assessing the agreement, it is important to note t hree types of 

errors. These are the error in total volume, the error in shape of the 

hydrograph, and the error in the peak of hydrograph. The effect of 

the ratio of time increment to space increment, (bt/bx), on these 

errors is described as follows. 

The error in total volume is defined as 

Ev = JOO [ 1 -

N 

l Q0 (t)M] 
tr Q. (t)At 
t=l l 

(2.53) 
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N 
in which I 

t=l 
Q (t)M 

0 
is the volume of the outflow hydrograph and 

N 

I 
t=l 

Q. (f)M 
1 

is the volume of the inflow hydrograph being routed. The 

value Q. (t) is replaced by the rainfall input for overland flows. N 
1 

is the number of time increments extending from the beginning to the 

end of the runoff event . The errors were computed for various values 

of for the hypothetical case described above. As shown in 

Fig. 2.3, the errors in total volume are genera lly less than 1.0 

percent for a wide range of 

The error in the shape of hydrograph may be represented by the 

mean absolute error; i.e., 

N 
E = l L IQ (t) - Q (t) I 

a N t=l . a o 
(2.54) 

in which Q (t) and Q (t) are the analytical and numerical solution 
a o 

of the out flow discharge respectively. The variations of E with 
a 

6t/6x for the hypothetical case are given in Fig. 2.4. For a fixed 

6t, Ea decreases as 6x decreases, and for a fixed 6x , Ea decreases 

as 6t decreases. Thus, in general, E decreases as 6t and 6x 
a 

decrease. This is the desired nature of convergence. The mean 

absolute error in shape for the tested range of 6t and 6x is less 

than 0.3 in./hr or one-tenth of the maximum flow rate of 3 in./hr. 

Therefore, a ,-.tide range of 6t/ 6x may be used with out introducing 

large errors in the shape of the outflow hydrograph. 

The error in the peak flow is defined as 

Qap 
E = 100(1 - -) 
p Qop 

(2.55) · 



2.0 

Q) 

E 
::, 

g 1.0 

C, -o- 0 

I- ~ 0 0 
c-

'-
0 
'-
'-w -1.0 

0 

Legend 

· Symbol Time Increment 
0 0 O 

• i • 0 • • 0 • i • 0 0 0 ~ 0 
0 

D 0 • 
□ 0 

II D 

G 

5 10 50 100 200 
Ratio of Time Increment to Space Increment, 

Second I Feet 

sec 
6 

12 
30 
60 

Fig . 2.3 Re lation bet ween er ror in continuity and time to space increment ratio 

N 

°' 



0.4 

.. 
"-
0 t 0.3 
w ~ 

0 
2::c 
~ ........ 
g rn 0.2 
.0 CX) 

<! .c 
0 

C: ~ 
0 

~ 0.1 

Symbol 
0 

• 
D 

• 

----0--0-----0--0--__,b. t = 6 sec 

5 10 50 100 200 

Ratio of Time Increment to Space Increment, 

Second /Feet 

Legend 

Time Increment, sec 
6 

12 
30 
60 

Fig. 2.4 Relation between mean absolute error and time to space increment ratio 

N 
-....J 



28 

Here Q is the peak discharge determined by the analytical solution ap 

to the hypothetical case and Q
0
p is the peak discharge computed by 

the numerical scheme. It is found that the errors in the peak flow 

are very small (generally less than ±0.5 percent) for th e test ed range 

!.It 
of !.Ix • 

The foregoing examinations show that the convergence of the 

numerical scheme is ensured. This ensurance is due to the fact that 

the convergence criterion is always satisfied by the nonlinear scheme 

for each computation grid-point. 

2.3. Applications 

The applicability of the proposed model is examined by the 

comparison of computed hydrographs with measured hydrographs. These 

measured data include experimental data from test plots for overland 

flow, a measured hydrograph from a parking lot and a flood event in a 

natural river. 

2.3.1. Overland flow plots 

An overland flow hydrograph with small flow Reynolds number is 

shown in Fi g . 2.5. This hydrogr aph was obtained by Izzard (1946) in 

his experimental work. In his experiment, the bed slope was 0.005, 

the slope length, L, was 72 ft, the rainfall intensities were 1.89 to 

3.78 in./hr, and the maximum flow Reynolds number was approximately 

630. The flow resistanc e parameters are estimated as k.
0 

= 24 

(smooth boundar y) and k = 10 (raindrop f all of 3 ft). The friction r 

factor i s consider ed a function of time and space. 

The comparison of the numerical solution and the measured hydro­

graph is shown in Fig. 2.5. In the numerical solution !.It= 0.2 min 

!.It and - = 12 sec/ft. The numerica l solution agrees very well with the 
!.Ix 
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measured results. The interesting phenomena of "pip" and "dip" 

which occur at the ceasing or starting of high rainfall intensity on 

shallow flows are also successfully reproduced by the numerical method. 

These phenomena are due to the sudden changes of flow resistance and 

are explained herein. Equation 2 .8 shows that the friction factor 

f suddenly decreases as rainfall ceases or if the rainfall intensity 

decreases abruptly . A sudden decrease in friction factor results in 

an instantaneous increase in flow rate. On the other hand, the fric­

tion factor f suddenly increases if the rainfall intensity increases 

abruptly which causes the sudden retardation of flow rate. The re­

sults in abrupt changes in flow are the "pip" and "dip" in the 

hydrograph. 

Yu and McNown (1964) reported the measured hydrographs shown in 

Fig. 2.6. In their overland flow experiment, the flow Reynolds 

number was much greater than in Izzard's experiment. The bed slope was 

0.02, the slope length was 500 ft, the rainfall intensity was 7.44 

in./hr, and the maximum flow Reynolds number was approximately 8600. 

The estimated flow resistance parameters are k = 30 
0 

surface), k 
r 

= 10 (raindrop fall of 3 ft assumed), and 

(concrete paved 

(concrete paved surface). In this case the friction factor, f, changes 

from the low Reynolds number zone through the transition zone and to 

the higher Reynolds number zone. As shown in Fig. 2.6 , there is 

excellent agreement between the hydrograph produced by the numerical 

model (M = 0.2 min, and~~= 12 sec/ft) and measured results for both 

the flow discharge at the outlet and the flow depth at 33 ft upstream 

from the outl et . Also, the "pip" phenomenon is not det ectable . This 



31 

(a) Runoff Hydrograph 0.10 
en 

0 

-o 0.08 
C: 
C 

>. -·en 0.06 
C: 
OJ en _ .... 
C: 0 -= ;0.04 
~ Ol 
C: ~ 
·- 0 O.c 
0:: 0 0.02 

7.44 in/hr 
Legend 

_r1_ Rainfal I Input 

-- Measured Results 

0000 Simulated Results 

0 ,Y;µ.;___.,_ __ .,_ __ .___ _ __. __ __,_ __ __._ __ __._ __ __, 

-(!) 
(l) 

LL .. 
.t::. -0. 
<l) 

0 

0 2 4 6 8 10 12 14 16 

0.04 

0.03 

0.02 

0.01 

0 

00 

(b) DGpth at 33 Fe et from Outlet 

2 4 6 8 10 

Time, Minutes 

12 14 16 

Fig. 2 .6 Example of overland flow modeling for large Reynolds number 



32 

can be explained by the aid of Eq. 2.9 which shows the flow resistance 

is not affected by the changing of rainfall intensity if the flow 

Reynolds number is large. 

2.3.2. Natural channel 

A flood hydrograph in the Rio Amana in Vene zuela was used to test 

the applicability of the numerical method of flood routing in a 

natural channel. Both inflow and outflow hydrographs were measured in 

1969 in the reach of river between El Tejero and the crossing of the 

Maturin-Tembledor Road (See Simons et~-, 1971a). As described by 

Simons et~- (1971b), the reach is 47.1 mile long and has an average 

slope of 0.00146. The bankfull top width at the downstream station 

is approximately 70 ft. The measured a and S values in A versus 

Q relation are available at the downstream station. The values are 

a= 1.1 and S=0.9. For the reach, it has been assumed that S re­

mains constant and a changes linearly with distance. The estimated 

value of a at the upstream station is 2.5, and the lateral outflow 

rate was approximately 0.26 cfs/mile. The estimated upstream a-value is 

much larger than the downstream va lue because of larger flow re­

sistance and larger wetted perimeters for the same flow area 

in the upstream reach than in the downstream reach. The estima­

tion of the upstream a-value and the lateral outflow rate was made 

by the multi-dimensional calibration technique 

In Fig. 2. 7, the numerical. solutions (tit 

described in Appendix B. 

tit 
= 2 hr, and fix= 0.58 

sec/ft) agree reasonably with the measured results. The proposed 

numerical method is applicable in natural channels with steep gradient s 

because the kinematic-wave approximation is applicable for such channels. 
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2.3.3. Confined catchment 

The numerical model presented herein is valid for channel flows 

as well as overland flows. A catchment system is formulated by 

routing the overland flows to channels, and then routing the flows 

through the channels. The numerical solutions for hydrographs from 

small catchments agree very well with the measured runoff. A compar­

ison of computed and measured hydrographs at the outlet of SPLl 

parking lot at Johns Hopkins University is shown in Fig. 2.8. The 

storm used in this analysis is 13SPL1, which was reported by Schaake 

(1965). The area of the parking lot was 0.39 acres. The catchment 

area consisted of the overland flow area and V-shaped channels. The 

lengths of overland flow paths varied from 20 ft to 36 ft and the 

overland slopes varied from 0.0167 to 0.019. The side slopes of 

V-shaped channels were 1:113. The l engt hs of these channels varied 

from 50 ft to 165 ft and the channel slopes ranged from 0.0148 to 

0.0213. The resistance parameters are estimated as follows: 

k = 35 (asphalt surface); k = 27 (assuming an 8 ft fall to give the o r 

terminal velocity for raindrops); and k2 = 0.4_ (asphalt surface). In 

M the numerical computations 6t = 1 min and 7.3 2, 6x 2, 30 sec/ft. 

The agreement between computed and observed hydrographs shown in 

Fig. 2 .8 indicates the applicability of the proposed numerical model 

for time-variant inflows and watershed modeling. 

2.4 Summary 

A numerical model consisting of a second order nonlinear scheme 

combined with a linear scheme has been developed to route water over­

l and and in channels. This numerical scheme has the advantages of 

both nonlinear and linear schemes. The nonlinear scheme ensures 
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convergence and the linear portion of the scheme provides rapid compu­

t ations . The numerical scheme is unconditionally stable and may be 

used with wide range of ~~ without loss of accuracy. The limitation 

of this method is inherited from the restriction on the kinematic-wave 

approximation. 

1 It has been found that the discharge Q is the better selection 

for the unknown in numerical computati ons than the depth or area. The 

term 8 in the relation A= aQ8 is generally less than 1.0. If the 

flow discharge is computed incorrectly, the flow depth estimation is 

influenced only to a small degree. 

The model employs resis t ance equations which include the effect of 

raindrop impact on resistance . Consequent ly, the area versus dis­

charge relations are time and space dependent . The interesting phe­

nomena of "pip" and "dip" in overland flow hydrographs are success­

fully simulated. These phenomena are the results of sudden changes of 

flow resistance due to ceasing or starting of rainfall over shallow, 

low Reynolds number flows. 

The applicability of the numerical model has been tested in 

various cases. The tests illustrate that this simple routing pro­

cedure simulates hydrographs which agree very well with measured 

overland flow hydrographs , natural channel hydrographs, and hydro­

graphs from drainage systems. It is concluded that this model is a 

promising mod e l for a l arge-scal e modeling of watershed re sponse. 



Chapter III 

RAINFALL-RUNOFF MODEL FOR NATURAL WATERSHEDS 

3.1. Model Structure 

The rainfall-runoff model developed herein is a physical process 

simulation model, which is divided into an overland flow part and a 

channel system part. The overland flow part simulates the processes 

of interception, evaporation, infiltration, and overland flow routing 

to the nearest channel. The channel system part routes water contrib­

uted by overland flow through the channel system. 

The main components of the rainfall-runoff model are shown in 

Fig. 3. 1. 

3.2. Segmentation of a Watershed 

Because most watersheds are very nonhomogeneous in topography, 

it is necessary to segment the watershed into smaller units for mat h­

ematical analys is. In this study, the watershed is decomposed into 

overland flow units and channel flow units. The sequence in segmenting 

the watershed into units is as follows: 

(1) A rectangular grid system is superimposed on the topo­

graphic map of the watershed. The size of the grid is 

chosen so that the watershed boundaries and channels can 

be approximated by grid segments. The overland flow 

units are the grid units inside the watershed boundary 

and the channel units are segments between grid inter­

section points. 

(2) The principal flow direction is determined for each over­

land flow unit. The principal flow direction is 

37 
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identified by the magnitude and azimuth of the bed s · , pe 

(or land slope). The azimuth is normal to the elevation 

contours and is in the direction of decreasing elevation. 

The bed slope is estimated along the azimuth. 

(3) It is assumed that the water flows in the direction of 

the bed slope azimuth to the next overland flow unit 

or to the adjacent channel. Thus water cascades from 

overland flow unit to overland flow unit and then into 

the channel system. 

If the bed slopes of the overl and flow units in cascade 

are nearly the same, these overland flow units are com­

bined into a larger overland flow unit. The represen­

tative slope length for the l arger unit is the ratio of 

total area of the cascade to the width of the over­

land flow unit where it joins the channel. The bed 

slope is an average value of the bed slopes of all the 

small units. 

(4) The computational sequence for the flow network is 

established. The method employed is simply to follow 

the logics of the gravity flow and the flow continuity. 

A plan view of a typical segmented watershed is shown in Fig. 3.2. 

In this watershed there are overland flow units and channel segment 

units. 

3.3. Water Balance 

In this study, the water budget for an overland flow unit is 

simulated to determine the rainfall excess resulting from an individual 

storm. Due to the different nature of water balance under a canopy as 
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compared to an area without trees, the rainfall excess determination is 

carried out for a point under the canopy and for another point in the 

area without trees. A weighting procedure based on canopy cover densi­

t z_is used to obtain a mean rainfall excess rate . (See Section 3.3.3.). 

The canopy cover density is defined as the ratio of the area covered by 

trees to the total area. Either under a canopy or in an area without 

trees, the water balance computation may be subdivided into the net 

rainfall determination and the ground response to the net rainfall. 

3.3.1. Net rainfall 

Net rainfall is defined as the quantity of rainfall which actually 

reaches the ground , the sum of the throughfall and stemflow. 

(Zinke, 1965). The rate of net rainfa ll for different interception 

conditions is as follows . 

Let i or i(t) be the rainfall rate (or intens ity) at time t 

and refer to Fig . 3.3.a, the control volume for a tree canopy. If the 

rain falls onto trees a portion is stored in the canopy and the re-

mainder i passes through the trees. 
0 

or i (t) 
C 

be the rate 

at which rain is being stored in the canopy at time t. Then, under 

trees, the rainfall rate is reduced to the throughfall rate (stemflow 

rate is neglected). 

(3.1) 

The area under the trees can consist of a bare portion and a 

portion with ground cover (litter, tree mulch, rocks, shrubs ~ grass, 

etc.) 

Refer to Fig. 3.3.b and let i or i (t) be the rate at which g g 

rain is being stored in the ground cover at time t. Then under the 

tree, - the rate at which rain reaches the ground (net r ainfall rate) is 
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i = i i = i i i 
n 0 g C g 

(3. 2) 

where th.ere is ground cover, and 

in = i = 1 i 
0 C 

(3.3) 

where there is no ground cover. 

The area without trees (see Fig . 3.3c) can also consist of a bare 

portion and a portion with ground cover. Where there are no trees, but 

there is ·ground cover, the net rainfall rate is 

i = i i n g (3.4) 

where there are no trees and no ground cover. 

i = i n (3.5) 

A summary of rainfall r ate reaching the ground for different 

interception conditions is given in Table 3 . 1. 

Table 3.1 . Rain Reaching the Ground 

Area Condition Net Rainfall Rate 

Under trees, ground cover i - i - i 
C g 

canopy trees, no ground cover 1 - 1 
C 

Without no trees, ground cover i - i g 

trees no trees, no ground cover i 

i n 

C 
Let At be the total area covered by trees in an overland flow 

unit. Also l et Ac 
g 

0 
be the area with ground cover within area At. 

Then the average net rainfall rate under a canopy is 
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-:-C 1 
{ (i - ic - i ) Ac + (i - i ) (Ac - Ac)} 1 = n Ac g g C t g 

t 
Ac 

(3.6) = i i g . 
--1 

C Ao g 
t 

Similarly, the average net rainfall rate in an area without trees 

is 

-:- 0 
1 = i n 

Ao 
g . 

-1 
Ao g 

t 

(3.7) 

in which Ao 
t 

is the total area without trees in an overland flow unit, 

and Ao is the area ·with ground cover within area Ao 
g t· 

Assume the ground cover has the same density over the entire area 

of an overland flow unit either under canopy or over the area without 

trees. One then· obtains 

Ac 
_[ = 
Ac 

t 

Ao 
_[ = 
Ao 

t 

D 
g 

(3.8) 

in which D is the ground cover density, which is the ratio of the 
g 

area covered with ground cover to the total area in an overland flow 

unit. 

The substitution of Eq. 3.8 into Eqs. 3.6 and 3.7 yields 

-:-C 
1 = i 

n 
i - D i 

C g g 

for areas under canopy and 

-;- 0 
1 = 1 

n 
D i g g 

for areas without trees. 

(3.9) 

(3. 10) 

According to Horton (1919), total interception equals l eaf 

storage capaci ty plus evaporation loss during the storm. Zinke (1965) 
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indicated that "usually for a storm, there is an initial period during 

which the vegetation cover is wetted and a so-called interception 

storage capacity is satisfied. This is followed by loss from this 

storage, and the loss is dependent upon the evaporation opportunity 

during the remainder of the storm." The foregoing statements sug­

gested that 

t 
i (t) = i (t) if I i (t I) tit< (1 - I ) V 

C t'=l s C 
(3.11) 

t 
i (t) = E s if I i (t I) tit> (1 - I ) V 

C C t'=l s C 
(3.12) 

and 
t 

i (t) = i (t) if I i (t I) tit< (1 - I ) V 
g t'=l s g (3.13) 

t 
i (t) = E s if I i (t I) tit> (1 - I ) V 

g g t'=l s g (3.14) 

in which Ve is the interception storage capacity of a tree canopy 

per unit area, Vg is the interception storage capacity of the ground 

cover per unit area, E is the mean evaporation rate from the inter­

ception storages, S and S are respectively the ratios of the 
C g 

evaporating surface to the horizontal projected area for a tree canopy 

and for a typical ground cover and I 
s 

is the initial interception 

storage content which is defined as the ratio of the initial storage 

capacity to the total interception storage capacity. 

Let r 
V 

V 
C 

then one may 

s 
C 

be the ratio of Ve to Vg, or 

= r V 
V g (3.15) 

assume 

= r S 
V g 

(3 .16) 
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The average net rainfall rate under canopy at time t can be 

determined by combining Eqs . 3.9, 3 . 11, 3 . 12, 3.13, 3.14, 3.15 and 

3.16 . , i.e . , 

t r c(t) = 0 if I i (t I) fit < (r + D) (1 - I ) V 
n - V g s g 

t ' =l 

(3. 17) 

and 

t 
-;-C 

(t ) i(t) - E (r + D ) sg if I i (t I) fit > 
l = n V g t'=l 

(r + D ) (1 - I ) V (3.18) 
V g s g 

Similarly, the average net r ai nfall rate for the area without 

trees is 

and 

i 0
(t) = 0 n if 

t 

I 
t ' =l 

~ o 
l (t) = i(t) - EDS n g g 

(1 - Is) D V g g 

t 
if I iCt')tit > 

t'=l 

3.3.2. Ground response to net rainfall 

(3 . 19) 

(3 . 20) 

Because this study concerns the water yield on the single storm 

basis, the transpiration from soil through vegetation and evaporation 

from the soil are small and therefore neglected, The net rainfall which 

reaches the ground either infiltrates into the soil, or is stored in 

surface puddles as "depression storage" or becomes surface runoff 

(see Fig . 3.4) . The infiltrated water into the soil will increase the 
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soil moisture storage in the upper soil profile and may change the 

ground water storage (see Fig. 3 .5). 

When rainfall intensity exceeds the infiltration capacity, the 

rainfall excess begins to fill surface depressions, Each depression 

has its own capacity and, when filled, further inflow is balanced by 

outflow plus infiltration. Depressions of various sizes are both 

superimposed and interconnected. Soon after the beginning of rainfall 

excess, the smallest depressions become filled and overland flow begins. 

Most of this water in turn fills larger depressions, but portions of 

the excess follow uno_bstructed paths to the stream channel. This chain 

of events continues with beginning successively larger portions of over­

land flow. Very little is known concerning the magnitude of depression 

storage. Defining depression storage in itself is difficult and 

meaningful observations cannot be easily obtained. Thus, the depression 

storage is usually combined with interception and treated as initial 

loss with respect to storm runoff (Linsley, et al., 1958). For simplic­

ity, the depression storage is neglected in this study, but implicitly 

is included in the interception storage capacity described in section 

3 .3 .1. 

Referring to Fig. 3.4 and neglecting depression storage the water 

balance equation is 

i = i e n 
f. 

l 
(3.21) 

in which i is the r ainfall excess rate and f. is the infiltration 
e l 

rate. 

The average r ainfall excess rate under canopy and in the area 

without trees are r espectively, 
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-re (t) = -re (t) - ~ (t) e n 1 
(3. 22) 

for areas under canopy and 

I° (t) = I° (t) - ¥' (t) e n 1 
(3.25) 

for areas without trees in which ~ (t) and ¥' (t) are respectively 
1 1 

the average infiltration rates for areas under canopy and for areas 

without trees . 

3.3.2.1. Infiltration 

Darcy's Law for flow through porous medium (Daily and Harleman, 

1966, p. 181) is 

V = -k 
Tl s 

a(-P - h - n') 
C -------,,---- = k 

an' s 

a (P + h + n,) 
C (3.24) 

in which v is the hypothetical infiltration ve locity defined as the 
Tl 

local flow rate averaged over a finite area of the porous medium, k 
s 

is the saturated hydraulic conductivity (coefficient of permeability), 

P is the magnitude of the capillary potential head , h is the magni-
c 

tude of the ponded water head at the surface and n' is the magnitude 

of the gravitat iona l potenti a l head of the wetted front in the soil 

column. 

or 

Assuming one-dimensional flow and neglecting h, Eq. 3.24 becomes 

V = k 
Tl s 

d(P + n') 
C 

dn' 

V dn' = k d(P + n') n S C 
(3.25) 



Integration of Eq. 3.25 yields 

n 
f 
0 

v dn' 
n 

= k (P + n) 
S C 

so 

(3.26) 

in which n and P are respectively the magnitudes of the gravita­
c 

tional potential head and the capillary potential head of the wetted 

front at a particular time. 

Let V 
n 

n 
f 
0 

denote the average value of 

v dn' = v n 
n n 

From Eqs. 3.26 and 3.27, one obtains 

p 
v = k (1 + ~) n s 

n 

v , so that 
n 

(3. 27) 

(3.28) 

In a natural watershed, the infiltration rate is not homogeneous 

in space. A r easonable assumption is that the infiltration rate is 

uniformly distributed between values of zero and a maximum rate 

f (t) for the area under canopy and the area without trees. This 
m 

maximum infiltration rate is time-dependent and is different for 

the area under canopy and the area without trees. For conveni ence in 

deriving the infiltration equation, let 

tion rate for both areas temporarily. 

f (t) be the maximum infiltra-
m 

Assume f (t) to be V in Eq. 3.28, i.e., m n 

p (t) 
f (t) = k (1 + C ) (3.29) m s 

net) 

in whi ch p (t) and n (t) are respectively p and n at the time t. 
C C 

TI1e soil moisture profile in the upper soil zone ( zone of aeration) 

at time t - lit is represented in Fig. 3.6a (after Hewlett and 

Nutter, 1969, p. 57). When infiltration occurs, a we tting front moves 
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through the upper soil zone and the moisture profile at time t · is 

shown in Fig. 3.6.b. In this study, the soil moisture profile at 

time t is r epresented by the simple mathematical functions shown in 

Fig. 3.6c. Then, the gravitational potential head of the wetted front 

at time t is 

•n (t) = 
fm(t) fit 

m -m (t-tit) 
S 0 

(3. 30) 

in which ms is the moisture content at satuation and m
0

(t) is the 

current moisture content of the zone of aeration at time t , the ad­

justment of moisture content is given later in section 3.3.2.2. 

The magnitude of the capillary potential head or the moisture 

tension head of the wetted front P (t) is a function of soil moisture 
C 

content (Zahner, 1965). A typical representation of soil moisture 

depl etion curve is given in Fig. 3.7. From Fig. 3.7, the capi llary 

potential head at time t can be approximated by a linear interpo l ation 

as follows 

[ 

m -m (t-t.t) ] 
p (t) = S O p 

c m -m w 
s w 

(3.31) 

in which mw is the soil moisture content at wilting point, or defined 

as the moisture content at which permanent wilting of plants occurs, 

and Pw is the capillary potential head at wilting point. 

The substitution of Eqs. 3.30 ari<l 3.31 into Eq. 3.29 yields 

(3.32) 
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f (t) can be obtained by solving the quadratic equation of Eq. 3.32, 
m 

i.e.' 

f (t) = 
m 

k 
s 

2 

4 P [m -m (t-M)] 
2 

} 
W S 0 

1 + ---------
k l\t (m -m ) 

s s w 
(3.33) 

The current moisture contents for areas under canopy and for areas 

without trees are different due to different rate of water supply to 

the ground. Thus, the values of f (t) are different for the area 
m 

under canopy and the area without trees. They are 

k . 
C S { fm(t) = 2 . 1 + 

for areas under canopy and 

k 
0 S { f (t) = - 1 + 
m 2 

C . 2 
4P [m -m (t-M)] 

W S O } ----,--

k l'lt (ms-m ) s w 

0 ~ 
4P [m -m (t-l'lt)] 

W S 0 

k l'lt Cms-m ) s w 

(3. 34) 

(3.35) 

for areas without trees in which mc(t) and m0 (t) are respectively 
0 0 

the moisture contents for the area under canopy and the area without 

trees. 

As stated earlier in this study the spatial distribution of 

infiltration rat e is assumed unifor m between values of zero and f (t) 
m 

for both the area under canopy and the area without trees. The 

cumul ative distribution function of the infiltration rate is shown in 

Fig. 3.8. Then the average infiltration rates for area under canopy 

and area without trees are as follows 

r: (t) = ½ f~ (t) if ~(t) > fc (t) (3.36) 
1 n - m 

and 

r: yC(t) 1 
[-re (t)] 2 

if ~(t) < fc (t) (t) n (3.37) = - 2 1 n fc (t) n m 
m 
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f or areas under canopy and 

°f?(t) = .!. f 0 (t) if I° (t) > f 0 (t) 
1 2 m n - m (3.38) 

and 

£:' (t) I° (t) - 1 
[I°(t)]2 

I° (t) < f 0 (t) n if = 
1 n 2 f 0 (t) 

n m 
m 

(3. 39) 

for areas without trees . 

3.3 . 2. 2. Soil moisture adjustment 

After certain amounts of water infiltrate into the soil, the 

soil moisture is adjusted. For simplicity, the soil moisture is 

assumed to be adjusted uniformly through the zone of aeration . 

Referring to Fig . 3.5, the control volume below the ground , and 

neglecting movement of ground water flow and subsurface flow, the water 

balance can be expressed as follows . 

in which LIM 
s 

LI G 
s 

lit 

is the change in soil moisture storage, and 

the change in ground water storage . 

(3.40) 

LIG 
s 

is 

It is assumed that before the upper soil profile is saturated, no 

water enters the ground water storage, and after the upper soil profile 

is saturated all infiltrated water enters the ground water storage. 

The moisture content prior to the saturation of,upper soil profile 

is determined by t he following equations. 

C m (t + lit) 
0 

C 
= m 

0 
( t) + 

~ lit 
1 (3.41) 



for areas under canopy and 

m0 (t + tit) 
0 

0 
= m 

0 

57 

(t) + (3.42) 

for areas without trees in which is the depth of the zone of 

aeration. 

After the moisture content reaches the state of saturation, all 

content is equal to the moisture content at saturation, i.e., 

C 
m (t + tit) = m 

0 S 
if m~ (t + ~t) > ms (3.43) 

and 

if m0 
(t + ~t) > m 

0 S 
(3.44) 

For simplicity, the starting moisture contents for areas under canopy 

and for areas without trees are assumed to be the same, i.e., 

m C (0) 
0 

0 
= m 

0 
(0) = m (0) 

0 

in which m (O) is the antecedent moisture content. 
0 

3.3.3. Mean rainfall excess rate 

(3.45) 

From Eqs. 3.22, 3.36 and 3.37, one can determine that the average 

rainfall excess rate for areas under canopy is 

(3.46) 

and 

¾ (t) if Tc (t) < fc (t) 
n m (3.47) 
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Similarly, the average rainfall excess rate for areas without 

trees can be determined by Eqs . 3.23, 3.38 and 3.39. The equations 

are 

and 

["I0Ct)]2 
-;-0( ) 1 n ie t = 2----

f0(t) 
m 

if T0 
(t) > f

0 
(t) n - m (3.48) 

if i O 
( t) < f O ( t) 

n m (3. 49) 

It is not practical to route water in the area under canopy and 

in the area without trees separately because these two types of areas 

are interconnected. A weighting procedure may be used to obtain an 

overall mean rainfall excess as follows: 

- D ~(t) + (1 - D) I°(t) c e c e 
(3. SO) 

in which D is the canopy cover density. This overall mean rainfall 
C 

excess 1/t) is the quantity of lateral inflow rate q1 in Eq. 2 .1. 

3.4. Flow Routing in Natural Watersheds 

The nonlinear kinematic-wave routing procedure, which was 

presented in Chapter II, is appli ed to natural watersheds. The same 

numerical method is used, but a modified relation between discharge and 

flow area is needed to account for the complexity of a natural water­

shed system. The major modifications are: (1) the relation between 

the wetted perimeter and the flow area, and (2) the resistance 

equations. 
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3.4.1, Relation between wetted perimeter and flow area for natural 

channels 

In a natural channel, a single relation between the wetted 

perimeter P and the flow area A is usually not satisfactory to 

describe the relation when overbank flow occurs; another set of P-A 

relations is needed in this case. For example, in Fig. 3.9 two sets of 

P-A relation are shown exist. 

The P-A relation for a natural channel is 

p 
bl 

for A < A = a1A - 0 
(3.51) 

and 
bl 

I 

p = a 'A for A> A 1 0 
(3. 52) 

in which a1, b1 , a1
1

, and b1
1 are constants determined from channel 

survey data, and A
0 

is the flow area of bankfull flow. 

3.4.2. Resistance equations for natural watersheds 

For a natural watershed, the form resistance due to bed forms 

(both channel and overland) and ground covers play a very important 

role in the resistance to flow. Similar approach as the work by Li 

and Shen (1973) may be used to establish the variation of flow 

resistance. 

Assume that the factors for describing resistance to flow are 

independent then, referring to Fig . 3.10, the force balance for uniform 

flow over a rectangular area with length L and width W is 

Downslope wat er weight component= Grain resist ance 

+ Form resistance due to bed forms 

+ Form resistance due to ground cover . 
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That is, 

(3. 53) 

in which Y is the specific weight of water, Y is the flow depth, f 

is the Darcy-Weisbach friction factor for grain resistance, P is the 

density of water, V is the mean velocity of water flow, Cd is the 

drag coefficient, and A1, A2 are respectively the total projected 

area perpendicular to the flow direction to describe bed form 

resistance and ground cover resistance within the area LW, 

The total projected .area for drag resistance due to ground covers 

A2 is proportional to the mean flow depth and to the area of ground 

cover, or 

in which lg is the average length of ground covers in the 

direction of flow. 

(3.54) 

According to the definition of the Darcy- Weisbach equation 

2 
S = fr_J_ 

o Bgy (3. 55) 

in which f' is the overall Darcy-Weisbach friction factor. 

From Eqs. 3.51, 3.52 and 3 .53, one obtains 

Al y 
f' ::: f + 4 Cd LW + 4 cdo r 

g g 

or by notation 

f' ::; 

(3.56) 

(3.57) 
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f are respectively the added friction factors due 
g 

to bed from resistance and ground-cover drag resistance. 

As stated in Chapter II, f is a function of flow Reynolds number 

Nr (defined in Eq. 2 .6). The drag coefficient Cd is usually a func ­

tion of "obstacle" reynolds number (the cylinder Reynolds number if the 

"obstacle" is a cylinder, for example , see Daily and Harleman, 1966, 

p. 380) . ·I t is expedient to assume that Cd_ can also be expressed as :!~fw 
I~ 

a function of flow Reynolds number. --~ hat similar friction equations 

to those in Chapter II may be developed. Because f, fb and f are 
g 

functions of flow Reynolds number, then ft is a function of fl ow 

Reynolds number. 

depth. 

As shown in Eq. 3 . 54, f is also a function of flow 
g 

Based on the above considerations, the Darcy-Weisbach friction 

factor may be described for different fl ow conditions . 

The general form of the flow resistance factor was given by 

Eq. 2. 7. 

in which 

roughness, 

number.--

f ' 
a2 

= 
b2 

N 

(3.58) 

r 

a2 and b2 are functions of rainfall intensity, boundary 

bed forms, ground cover, 

~ ~1c~ ££f1:l. 
canopy cover, and the flow Reynolds 

For N < 900, it is more convenient to route water under r -

different covers (canopy cover, ground cover and no cover) separately, 

and an average raindrop-impact effect is introduced. Then, 

I 

kl 
f I : 

N 
r 

k (1 + t) + k r°· 41 
o r 

= (3.59) 
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and 

i = (1 - D ) (1 - D ) i 
C g 

(3. 60) 

in which k 1
1 is a constant representing overall resistance factor for 

N < 900, w is a constant representing the ratio of added friction 
r 

factor (fb and fg) to the grain resistance factor without rainfall 

fb+f 
i.e., w = f g which will be given in detail later, and 

effective rainfall intensity for raindrop impact effects. 

For 2000 ~ Nr ~ 25,000 

f ' = 
k' 2 

N 0.25 
r 

= 
k

2
(1+w) 

N 0. 25 
r 

i is the 

(3.61) 

in which k2 and k
2 

are respectively constants representing the 

overall frict ion factor and grain resistance factor only for the 

specified flow Reynolds number range. 

For Nr2: 100,000, the friction factor is independent of Nr, or 

k' 
f' = _ _ 3_ 

N 0.0 
r 

(3. 62) 

in which k3 and k3 are respectively constants representing the 

overall and grain resistance factor for Nr > 100,000. 

f, 

In the transition ranges, estimation of friction factor are made 

by linear interpolations. 

For 900 < Nr < 2000 

f' = 

kl' 
k , 900 (1.25 tn k' - 7.14) 

1 2 

k I 

1 N (1.25 t n - - 6.14) 
r k 2 ' 

(3.63) 



65 

and for 25,000 < Nr < 100,000 

f' = 
k' 

3 

(0. 72 i n 
100,000 

k' 
2 

N (O. 72 in 
r k' 

3 

k' 
2 

k' 
3 

- 1. 83) 

1. 83) 

(3.64) 

The constant,$, representing the ratio (fb+fg)/f is determined in the 

following manner. 

For overland flow and overbank portion of channel flow, both 

and f are important, then g 

(3.65) 

in which t b is the bed form resistance descriptor, a constant repre­

senting the ratio for added friction due to bed forms (fb/f), and 

tg is the ground cover resistance descriptor, a constant represent­

ing the ratio for the added friction factor due to ground cover when 

the ground cover density is equal to unity (fg/f). 

and 

For channel flow less than bankfull flow, f is negligible, 
g 

$ - ,I, - 'f'b 

For overbank flow, both fb and f are important. 
g 

(3. 66) 

A linear 

weighting function is assumed, to determine an average resistance 

descriptor 

$ = 

p 
0 

p 

p 

tb + (1 - p° ) (tb + tlg) (3.67) 

in which P
0 

is the wetted perimeter of bankfull flow, and P is the 

total wett ed perimeter. 
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3.4.3. Flow discharge and flow area relations 

The values of a and 8 in Eq. 2.12 can be determined by 

substituting Eqs. 2.6, 3.51, 3.52, and 3.58 into Eq. 2.2. The solutions 

are 

b2 (l+b2) 

= [ a2v a1 ] 
a 8 S g 0 

and 

B 

for A < A 
- 0 

a 

and 

B 

◄for A> A. 
0 

2-b 2 
= 3-b1-b1b2 

and 

b2 (l+b2) 

=[a2v a1
1 

8gS
0 

2-b2 
= 

3-b 1
1 -b1

1 b 2 

3.5. Applications 

] 

1 
(3-b 1 -b1 b2) (3.68) 

(3. 69) 

1 --
(3-b1

1 -b I .b ) 
1 2 (3. 70) 

(3. 71) 

A computer program based on the mathematical formulations pre­

sented above was developed to simulate water outflow hydrographs of 

small watersheds. The listing of the computer program is given in 

Appendix C. (PROGRAM WATER). 

Four rainfall-runoff events in Carrizal Basin, Venezuela for the 

summer of 1972 were used to test the applicability of the proposed 

mathematical model. Carrizal Basin is a small drainage catchment with 
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an area of 2.8 square kilometers. The four rainfall-runoff events 

used in this study are respectively the storms which occurred on July 9, 

September 2, September 3, and September 4, 1972. 

The required data for model input and for parameter calibration 

were obtained from information presented by Berryman (1974). The 

required data were rainfall records, streamflow records, soil infil­

tration tests, evaporation studies, and channel surveys. 

The details of input data, tested results, and possible applica­

tions to predict watershed treatment effects are given below. 

3.5.1. Input data 

The two groups of data required are the basin characteristics 

data and the storm characteristics data. The basin characteristics 

data include geometry, soil data, vegetation data, and flow resistance 

parameters. They are assumed to be time-invariant, i.e., they are 

independent of storms. The storm characteristics data are mean evapora­

tion rate, antecedent moisture content, interception storage volume at 

the start of storm and rainfall records. These characteristics change 

from storm to storm. 

3.5.1.1. Basin characteristics data 

(a) Geometry 

The geometric segmentation of the Carrizal Basin is shown in 

Fig. 3.11, and a typical P-A relation is given in Fig. 3.9. Table 

3.2 provides a summary of the geometry for each segment of the basin. 

The computation sequence, which was established by the logics of 

gravity flow and flow continuity requirement, is shown in Table 3.3 

The computational order (Column 2) is the order for the computation of 

flow routing in the s egment of Column 1. The numbers in Column 3 
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Table 3.2. Geometry of Carrizal Basin, Venezuela 

Index Length Slope Wetted .Perime t er -Flow Type 
Area Relations 

L s al bl 0 a ' 1 b ' 1 A 
0 

(ft) (sq.ft) 

1 1436 0.002 0 0 1 0 0 O.F. 

2 1026 0.002 0 0 1 0 0 O.F. 

3 1044 0.0025 o· 0 1 0 0 O.F. 

4 703 0.0025 0 0 1 0 0 O.F. 

5 448 0.0025 0 0 1 0 0 O.F. -
6 1562 0.003 0 0 1 0 0 O.F. 

7 410 0.003 0 0 1 0 0 O.F. 

8 1068 0.0035 0 0 1 0 0 O.F. 

9 951 0.005 0 0 1 0 0 O.F. 

10 1540 0.005 0 0 1 0 0 O.F. 

11 628 0.004 0 0 1 0 0 O.F. 

12 698 · 0.004 0 0 1 0 0 O.F. 

13 1256 0.005 0 0 1 0 0 O.F. 

14 698 0.005 0 0 1 0 0 O.F. 

15 820 0.002 5.297 0.25 0.177 1. 25 30 C.F. 

16 3706 0.005 2.655 0.55 0.757 1. 25 6 C.F. 

17 1689 0.002 4.208 0.35 0.232 1. 25 25 C. F. 

18 1640 0.002 3.750 0.40 0.294 1. 25 20 C.F. 

19 1496 0.0025 3.342 0.45 0.383 1. 25 15 C.F. 

20 578 0.003 2.979 0.5 0.530 1. 25 10 C.F. 

21 1640 0.004 2.979 0.5 0.626 1. 25 8 C.F. 

22 2075 0.005 2.655 0.55 1.006 1. 25 4 C.F. 

23 2411 0.004 2.979 0.5 0.530 1. 25 10 C.F. 

24 1808 0.005 2.655 0.55 1.006 1.25 4 C.F. 

NOTE: O.F. is overland flow; C.F. is channel flow. 



70 

Table 3.3. Computational Sequence 

Index Computational Upstream Inflow Lateral Inflow 
(1) Order (2) Segments(3) Segments(4) 

1 1 0 0 0 0 0 

2 2 0 0 0 0 0 

3 3 0 0 0 0 0 

4 4 0 0 0 0 0 

5 5 0 0 0 0 0 

6 6 0 0 0 0 0 

7 7 0 0 0 0 0 

8 8 0 0 0 0 0 

9 9 0 0 0 0 0 

10 10 0 0 0 0 0 

11 11 0 0 0 0 0 

12 12 0 0 0 0 0 

13 13 0 0 0 0 0 

14 14 0 0 0 0 0 

15 24 16 17 0 1 2 

16 23 0 0 0 3 4 

17 22 18 0 0 5 0 

18 21 19 0 0 6 7 

19 20 20 23 0 6 8 

20 19 21 0 0 6 0 

21 18 22 0 0 9 0 

22 17 0 0 0 9 10 

23 16 24 0 0 11 12 

24 15 0 0 0 13 14 
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indicate the upstream inflow segments to the segment in Column 1 and 

the numbers in Column 4 are the lateral inflow segments. When no 

upstream inflow segments or lateral inflow segments are involved, a "0" 

is indicated. 

(b) Soil Data 

The saturated hydraulic conductivity k 
s 

was estimated from the 

saturated infiltration rate determined from the soil infiltration tests 

(Berrymen, 1974). The value of k was 0.3 in./hr. 
s 

For a typica l soil, the moisture contents at the wilting point 

and at the saturation m are approximately 0.1 and 0.5 respectively 
s 

m 
w 

(Linsley, et al., 1958, p. 125). These values were used in this study. 

The magnitude of the capillary potential at the wilting point p 
w 

is usually about 15 atmosphere (Linsley, et~-, 1958, p. 126), which is 

approximately 6100 inches of waterhead. This value was adopted in the 

analysis. 

It is known that the depth of zone of aeration was at least 

3 feet (36 inches). This value of 3 feet was employed in the analysis. 

(c) Veget ation 

D 
C 

From aerial photos and ground survey data, the canopy cover density 

was determined to be 0.4 and the ground cover density D 
g 

was 

approximately 0.5. 

The mean .interception storage capacity of ground cover D V g g 
was 

assumed to be 0.05 inch, the value given by Zinke (1965) for shrub or 

grass lands. Equivalently, V was assumed to be 0.1 inch. According 
g 

to Penman (1965), the ratio of evaporating surface to the horizontal 

projected area for ground cover S was of the order of 10, 11 or 12 
g 

for grasses and had a value on the order of 5, 6 or 7 for agricultural 
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crops. In this study, S was assumed to be 7.0. The vegetation in 
g 

tropical areas usually has larger leaves than that in other areas. 

Thus, a high value of r may be expected. 
V 

According to Zinke (1965) 

the maximum measured interception storage for forest lands was around 

0.36 inch and according to Linsley, et~-, (1958) the interception 

storage for a four feet high cotton was 0.33 inch. In this study r 
V 

was assumed to be 2.5 which implied that the interception storage volume 

under canopy was assumed to be 0.3 inch. 

(d) Flow Resistance Parameters 

The flow resistance parameters include k
0

, kr' k2, k3 , $b and 

$ . These parameters are independent of storms. As mentioned in 
g 

Section 3.4.2., $ is a function of flow depth, which is a function of 
g 

the size of storm. A large value of $g may be expected for large 

storms. 

For a natural and plain surface, the resistance can be estimated 

by assuming k = 27 (assuming an 8 ft fall to give the terminal veloc­r 

ity for raindrops), K
0 

= 40 , k2 = 0.5 (for asphalt surface k = 35, 
0 

k2 = 0.4), and k3 = 0.04. Recall that k3 is the Darcy-Weisbach fric­

tion factor for large Reynolds number flows (Nr > 100,000). The 

discharge coefficient c;Ji can be determined from the value of k3 by, 

C 

jg 
(3. 72) 

in which C is the Che zy resist ance coefficient. 

For k3 of 0.04, the Chezy discharge coefficient as determined by 

Eq. 3 .72 is 14.1, which is a common value of grain resistance in rivers 

(Simons and Richardson, 1966). 
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The added resistance due to bed forms and ground cover can be 

determined by the measured flow area-discharge (A-Q) relation at 

large Reynolds number flows (N > 100,000) . 
r 

From Eqs. 2.2, 2.3, 3.51, 3.62 and 3.66, one obtains that 

8 S A (3-bl) 
g 0 

~b = 2 - l 
Q alk3 

(3.73) 

The discharge measurements taken near the outlet of the watershed 

(Berr~nan, 1974) indicated that ~b varied from 5.8 to 11.0. Because 

~b is a measure of added roughness due to bed deformations only and a 

larger value of ~b may be due to the inclusion of ground cover resis­

tance. Thus, ~b was assumed to be 6.0 in the subsequent analysis. 

Velocity measurements in the channel and floodplain were also 

reported by Berryman. With the measured data in the overbank portion, 

the values~ were estimated using the equation 
g 

(3.74) 

in which V is the mean velocity across the entire depth at a specific 

location. Equation 3.74 is obtained from Eqs. 3.55, 3.62 and 3.65. 

The values of ~g varied from 17 to 29. Therefore the range of 

~g was assumed to be 16 ~ ~g ~ 30. The proper value of ~g for each 

storm should be estimated by a calibration procedure which will be 

presented in Section 3.5.2. 

3.5.1.2. Storm characteristics 

The storm characteristics data include the rainfall records 

i(t) , the mean evaporation r ate E , the initial interception storage 

content Is and the antecedent moisture content m
0

(O). 
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The rainfall records for the storms used in this study are given 

in Table 3.4. The intensities were derived from the accumulation of 

precipitation over a five-minute interval. 

The evaporation studies in Carrizal Basin (Berryman , 1974) 

indicated that the average pan evaporation rate was 0.03 in/hr for a 

six-day measurement and was 0.01 in/hr during the storm of June 19, 1972. 

It was assumed that the average evaporation rate was 0.01 in/hr for all 

storms in this study. 

From the rainfall records for the rainy season (Berryman, 1974) 

the amount of rainfall needed to recharge the Basin to produce runoff 

was determined, thus the ranges of initial interception storage content 

m
0

(o) could be estimated. Assuming that the initial rainfall for the 

storm being considered (the cumulative amount of rainfall before 

runoff) all entered the interception storage, it was determined that 

the values of I were between 0.5 and 1.0. Because the storms used 
s 

in this analysis all started with very wet ground condition, it is 

estimated that the value of m (O) was greater than the field capacity 
0 

of the soil (9.4 for clay). 

0.4 < m (0) < 0.5. 
- 0 

The proper values of I 
s 

The value of m (0) was assumed to be 
0 

and m (0) 
0 

for different storms were 

estimated by a calibration procedure given in the following section. 

3.5.2. Model ca libration 

The values of the three unknowns ( iµg , Is• and m
0

(0)) must be 

estimated. The ranges of these three unknowns as discussed in the pre­

vious section s are: 

16 < 1jJ < 30 
- g 

(3.74) 



Table 3.4. 

Loca l 
Time 1b.!:2 

~ 

1625 
1630 
1635 
1640 
1645 
1650 
1655 
,1700 
1705 
1710 
1715 
1720 
1725 
1730 
1735 
1740 

Sept cmher 2 

0510 
0515 
0520 
0525 
0530 
0535 
0540 
0545 
1\550 
0555 
0600 
0605 
0610 
0615 
0610 
0625 
0630 
0635 
0640 
0645 
0650 
0655 
0700 
07 05 
0710 
0715 
0720 
0725 
0730 
0735 
0740 
0745 
07 50 
07 55 
0800 
0805 
0810 
0815 
0820 
0825 
0630 
0835 
01!40 
0845 
0850 
0855 
0900 
0905 
09 10 
0915 
0920 
0925 
0930 
0935 
0940 
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Rainfall Records for Storms Used in Analysis 

R:ii nfa 11 
lntcnsi tl'._(in/hr) 

0 .1 4 
3 . 07 
3 . 17 
2 .60 
1. 32 
0 .99 
1.56 
1.89 
1.32 
0.85 
0 . 14 
0. 09 
0. 14 
0 . 03 
0 .03 
0 .03 

0.05 
0.05 
0 .05 
0 .80 
0 .99 
0 .57 
0 .24 
0.61 
0. 99 
1. 79 
0 . 71 
1.09 
0. 24 
0.33 
0.05 
0 .05 
0.05 

. 0.00 
0.24 
0 .09 
o. 14 
0 ,47 
0.14 
0. 09 
0. 14 
0 .94 
0. 14 
0.09 
0.09 
0.05 
0 .09 
0. 14 
0 . 47 
1. 32 
2.03 
3. 35 
0.61 
0.()9 
0.09 
0 . 09 
0.14 
0.24 
0.33 
0.28 
0 .33 
0 . 38 
0.24 
0.47 
0.09 
0.28 
0.24 
0,09 
0.14 
0.33 
o. 24 . 

Local 
Ti me ib.!:2 

Scpt cmher 2 
(continued) 
0945 
0950 
0955 
1000 
1005 
1010 
1015 
1020 
1025 
1030 
1035 
1040 
1045 
1050 
1055 
1100 
1105 
1110 

Sept ember 3 

0635 
0640 
0645 
0650 
0655 
0700 
07 05 
071 0 
0715 
072 0 
0725 
0730 
0735 
07 40 
0745 
0750 
07 55 
0800 
0805 
0810 
0815 
08 20 
0825 
08 30 
0835 
0840 
0845 
0850 
0855 
0900 
09 05 
0910 
091 5 
0920 
0925 
0930 

Sep t ember 4 

1540 
1545 
1550 
1555 
1600 
1605 
161 0 
1615 
1620 
1625 
1630 
1635 
1640 
1645 

Rainfall 
lntensity(in/hr) 

0.09 
0 .05 
0 . 14 
0 . 05 
0 . 05 
0.05 
0.09 
0 . 05 
0 . 05 
0.14 
0 .33 
0.24 
0.09 
0.05 
0.05 
0. 00 
0 . 05 
0 .05 

0.38 
0 .09 
0. 14 
0 . 05 
0.05 
0.05 
0.07 
0.07 
0.05 
0 .05 
0 . 24 
0 . 14 
0.05 
0 .05 
0.07 
0.07 
0.07 
0.07 
0 .09 
0. 14 
0 . 33 
1.32 
1. 23 
0. 80 
1. 09 
1. 70 
I. 56 
0 .33 
o. 14 
0. 38 
0. 09 
0 . 14 
0. 09 
0.14 
0 .09 
0 . 14 

1. 94 
1. 65 
0 .24 
0.14 
0 .00 
0.00 
0. 00 
0. 00 
0. 00 
I. RO 
0. 85 
I.I S 
0. 85 
0. 38 



0. 5 < I < 1. 0 
s 

0.4 < m (0) < 0.5 
- 0 
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(3.75) 

(3.76) 

Estimations for these unknowns can be made by using th e multi­

dimensiona l calibration technique described in Appendix B, but that 

technique is very time consuming in computer operations. Herein, based 

on th e physical significance, an easy and practical way to estimate 

these values is presented. 

From a physical point of view, the values of I 
s 

and m (0) 
0 

control the water balance between the rainfall input and the streamflow 

output. The parameter wg determines the time to peak flow and the 

shape of the hydrograph. In order to simplify the calibration proce­

dure, separate calibrations for water balance and flow routing should 

be made . Th e steps of calibration are as follows: 

(1) 

(2) 

Assume a value of I based on the initial rainfall 
s 

and th e moisture condition of the basin. Then, the 

value of m (0) can be estimated by adjusting the 
0 

estimated volume of rainfall excess to be nearly equal 

to the total volume of the measured runoff. This 

adjustment can be made by trial and error or by 

the one-dimensional calibration technique presented in 

Appendix B. 

With the values of I and m (0) 
S 0 

estimated in step 1, 

adj ust the value of wg to obtain the correct time to 

peak flow. Again, this adjustment can be achieved by 

either trial and error or by th e one-dimensional 

calibration technique. 
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(3) If the magnitude of the peak flow or the shape of the 

hydrograph is not correct, select another value of I 
s 

and repeat steps 1 and 2 until a satisfactory answer is 

found. 

The estimated values of t , I , and m (0) are given in Table 
g S 0 

3.5. The estimated ground cover resistance for different magnitudes of 

storms is also given in Fig. 3.12. 

magnitude of storm increases. 

The value of increases as the 

Table 3.5. Estimated Values of tg, Is , and m
0

(0) 

Storm tg I m (0) s 0 

July 9 20 0.6 0.475 

September 2 30 1.0 0.488 

September 3 21 1.0 0.500 

September 4 18 0.6 0.486 

The estimated values of I are respectively 1.0 for September 2 
s 

and September 3 storms and 0.6 for July 19 and September 4 storms. 

This is because the September 2 and September 3 storms occurred at 

daybreak, while, July 9 and September 4 storms occurred in the late 

afternoon. Less water escapes from interception storage for a storm 

occurring at daybreak . 
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Fig. 3. 12 Ground cover resistance for tested s torms 
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The antecedent moisture content of the July 9 storm is 

comparatively lower than for the storms occurring on September 2, 3 and 

4. This coincides with the overall rainfall records. Due to the long 

recession of the big storm on September 2, the Sept ember 3 storm 

started with a completely wet condition. 

was 0.5. 

3.5.3. Test results 

The estimated value of m (O) 
0 

In the numerical computation for runoff from the Carrizal Basin, 

the time increment tit was chosen as 5.0 min. and the ratio of time 

increment to space increment was in the range of 0 . 62 2.. ~~ 2._ 3 . 66 sec/ft. 

The computed maximum infiltration rates fm(t) for the July 9 

storm are given in Fig. 3 . 13. 

canopy and areas without trees. 

The rates are different for areas under 

The value off (t) under the canopy is 
m 

uniformly larger than that in areas without trees. 

The comparisons of the simulated and the measured hydrographs for 

July 9-, September 2, September 3, and September 4 storms are given in 

Fig. 3.14. The agreement between the ·measured hydrographs and the com­

puted hydrographs is satisfactory. The accuracy of simulation is 

expressed in terms of the percentage error in total volume of runoff 

E , the relative mean absolute error E , the percentage error in the 
V a 

peak flow E , and the percentage error in the time to peak flow Et. 
p . 

The terms are defined as follows: 

N 

100 [1 

. I Q (t) 

J t=l 0 

E = 
V N 

I ~ (t) 
t=l 

(3 . 77) 

100 
N IQO(t)-~(t)I 

E = I a N t=l ~p 
(3 . 78) 
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Fig. 3.13 Computed maximum infiltration rates for July 9 storm 
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Fig. 3.14 Hydrographs of Carrizal Basin, Venezuela (continued) 



83 

100 

80 
Legend 

- Measured 
(/) - 0 Simulated (.) 

60 
~ 

Q) 
Cl .... 
C 
.c 
(.) 
(/) 

0 40 

Time ,hr 
(c) September 3, 1972 

Fig. 3 .14 Hydrographs of Carri za l Basin, Venezuela (continued) 
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and 

Q 
Ep = 100 (1 - op) 

Qmp 

t 
E = 100 (1 - ~) 

t t mp 

85 

(3.79) 

(3.80) 

Here N is the number of time increments extending from the beginning 

to the end of the runoff event, Q
0

(t) and ~(t) are respectively 

the simulated and the measured runoff at time t , Q op and Q mp are 

respectively the simulated and the measured peak flow, and t
0
p and tmp 

are respectively the simulated and the measured time to peak flow. 

The values of Ev, Ea, Ep and Et for the four runoff events 

are given in Table 3.6. These estimated errors indicate that the 

Table 3.6. Summary of Estimated Errors 
in Water Hydrograph Simulation 

Storm Error (%) 

E E E Et V a p 

July 9 3.2 4.5 -5.S 3.2 

September 2 -5.2 6.0 3.7 -1.4 

September 3 0.5 2.0 -1. 3 1. 9 

September 4 -10.7 5.4 11. 2 0 

proposed model can simulate the size, shape and peak of the hydro­

graphs produced by the study basin generally wi thin+ 12 percent. 
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3.5.4. Sensitivity analysis 

Based on the July 9 storm, partial sensitivities of selected 

parameters or data were examined. This sensitivity analysis was 

expressed in terms of percentage changes in the total volume, the peak 

flow, and the time to peak flow of the computed hydrograph. These 

changes were estimated by assigning errors of -30, -20, -10, +10, +20 

and +30 percent to the calibrated value of the parameter being examined, 

values of the other parameter or data were kept the same as those iden­

tified in the calibration. 

Results of the analysis are given in Table 3.7. This analysis 

indicates that soil data are very sensitive to the total volume, the 

peak flow rate and the time to peak flow. Flow resistance parameters 

and vegetation data are less sensitive to the computed results. The 

total volume of the computed hydrograph is nearly independent of flow 

resistance parameters. However, the results of this analysis are 

limited to the physical conditions of the tested basin, different 

results may be obtained for a different watershed. 

3.5.5. Applications to predict watershed treatment effects 

Watershed treatment includes the vegetation treatment and the 

mechanical treatment. Some types of vegetation treatment are varia­

tions in planting patterns in the amount and patterns of logging, in 

the amount and type of litter or mulch, and in the amount of burning 

in forest watersheds. Mechanical treatments include dam building, 

road construction and other erosion or flood control measures. 

The vegetation treatment effects can be estimated by changing 

the canopy cover density and the ground cover density. The prediction 



Table 3.7. Sensitivity Analysis of the Rainfall-Runoff Model 
[a) Sensitivity in total volume 

Percentage Error Percen tage Change in Comeuted Total Volume (\ ) 

in Estimated Soil Data Vegetation Data Fl ow Resistance Parameters Data or Pa rameters 

(\) k m m p na m
0

(0) D D V s r I k k k2 k3 ,;, "' 5 w s w C V s 0 r b 

- 30 11 .1 1.4 a 9.3 53 . 8 7.0 5 .0 3 .3 · 5 . 9 6.3 -6 . 0 3 . I 0. 1 -0 . 9 0 . 3 1.2 1.4 

-20 6. 9 0 . 9 5.8 3-1 . 2 -99 .6 4 .6 3 . 2 2.3 3.9 4 . 2 -4 .4 2.3 0.1 -0.5 0 .2 0.7 1.1 

-10 2.9 0.6 2.4 15 . 2 - 96. 8 2 .1 1.6 -2.7 1.9 1.9 -2 .4 0.9 0 . 1 -0.4 0 . 1 G.2 0.5 

10 - 2.9 -0 .5 -96.6 -2. 3 -1 2.0 -3.1 -1.8 1.6 -2. 0 -2.2 1.8 -0 . 9 0.0 0.4 -0 . 1 -0.3 - 0 .5 

20 - 5.4 - 1.1 -99.4 -4.4 -21.3 -5.5 -3.8 - 3.2 -4.0 -4 . 5 3 .3 -1. 7 -0.1 0.7 -0. 2 - 0.7 -1.0 

30 - 7 . 2 -1. 9 -6.0 -27 .8 -7 .8 -5.5 -4 . 4 -5.8 -6 . 3 s.s -2. 5 -0.1 1.1 -0.3 -I.I - 1.3 

b Scns i t i v i t in Peak Flow 

Pcrccnt ~gc Error Percentage Change in Com~uteu r eak Flow ('•l 
in Esti mated 

Soil Data Data or Pa r ameters Vegetati on Data Flow Resistance Parameters 

(\) k m Ill p na m
0

(0) D D V s w s w C 
s r I k k k2 k3 tJ, 

"' V s 0 r b 

-30 11.6 1.3 9.2 49. 1 7.0 13. 4 4 . 0 5 .5 6.3 -5 .4 2.7 0.3 1.5 12. I 5 .4 9.4 
00 
--...J 

-20 7 .2 I.I 6 . 2 32 .4 -99.5 4 . 7 8.8 2 .5 3.8 4.4 -4 .5 3.1 0.3 0 .9 7.9 3.4 6.3 

-10 2. 9 0.6 2 . 4 14 . 5 -97 . 4 2 .1 4. I 1.4 2.0 1.8 -1.6 1.1 0 . 3 1.0 3.7 1.5 2.9 

10 - 2 . 4 0. I -97 . 3 -2. 0 -11.9 -2 . 8 • 3. l -I.I -1.3 -1.4 1. 7 -0 . 3 0.3 0.2 - 4 . 0 - 0.8 -2.3 

20 - 5 . 3 -0.6 -99.4 -3 . 9 -2 0. 6 -5.4 - 7.9 -2.7 -4 . 0 -4.6 4.0 -1.4 0.0 -0 .7 - 6.8 -2.6 - 4.9 

30 - 7.1 -1.4 -5.9 -24. 7 - 7 . 2 -11.1 -4 .5 -5 . 8 -6.1 6.1 -2.2 -0.3 -0.9 -10.0 -3 .8 -6.9 

(c) Scnsitivitr in Time to Peak Flow 

Percentage Error Percentage Change in Comeuted Time to Peak Flow ( \ ) 

in Estir.iated Soil Data Vegetation Data Flow Resistance Parameters 
Oata or Par:lJileters 

( \ ) k m m p na m
0

(0) D D V s r I k kr k2 k3 ,i,b ¢ 
s w s w C V 5 0 

-30 3.0 0 . 0 3 . 0 12.1 3 . 0 -6 . 1 3 . 0 3 . 0 3.0 -3.0 -6.1 0 -3.0 -6 . 1 -6.1 -9. I 

-20 3 . 0 0 . 0 3 . 0 9 .1 136.4 3.0 -3 . 0 0 3 . 0 3 .0 -3.0 0.0 a 0 . 0 -3 .0 -3.0 -3.0 

-10 a.a 0 .0 0 6 . 1 57.6 a.a -3 . 0 0 0 .0 a.a 0.0 a.a a 0 . 0 -3 . 0 - 3.0 - 3 . 0 

10 0.0 a.a 54 . 5 0 - 6 . 1 - 3 . 0 3.0 a 0 . 0 0.0 0 . 0 3 . 0 a 3.0 3.0 3 . 0 3.0 

20 -3 . 0 0 . 0 124.2 .3.0 -15 .2 -3.0 3.0 -3 . 0 -3 . 0 -3.0 3 .0 3 . 0 0 3.0 3.0 3.0 6.1 

30 -3.0 0 . 0 -3.0 -27 . 3 -3 . 0 6 .1 -3 . 0 -3.0 - 3 .0 3.0 3 .0 0 3 . 0 3.0 6.1 6.1 

3 Neglcc ted due to improper physical conditions 
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of mechanical treatment effects can be accomplished by redividing the 

response units. 

Based on the July 9 storm, examples of vegetation treatment effects 

on the Carrizal Basin have been estimated as follows . 

Fig. 3.15 shows that for a constant ground cover density (D =0.5) 
g 

the total runoff volume and the peak flow are increased as the canopy 

cover density is decreased. The increase results because the intercep­

tion is reduced when vegetation is removed. However, Fig. 3.13 also 

indicates that the time to peak flow is lengthened as the canopy cover 

is decreased. This flow retardation is due to the augmenting of rain­

drop impact resistance by increasing areas of exposure and the attenu­

ation by overbank flows. In this hypothetical case the watershed is 

subjected to different amounts of cutting treatment but the forest 

floor remains undisturbed . 

If the watershed is under clear cutting treatment and the forest 

litter, tree mulch, etc. are al so r emoved in different degrees, or if 

the ground cover is completely destroyed by a burning treatment, the 

associated response can be est imated by changing the ground cover den­

sity in the model. An example is shown in Fig. 3.16. The total runoff 

volume and the peak flow rate are increased as the ground cover density 

is decreased. The time to peak flow is shortened as the ground cover 

density is decreased. The short time to peak flow is due to the 

decrease of flow resistance when the ground cover density is decreased. 

In the above examples , it was assumed that the initial conditions 

and the physical parameters were unchanged for different treatment 

conditions. Actually, the initial interception storage content I , 
s 

the antecedent moisture content, m (O), and the saturated hydraulic 
0 
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Fig. 3 . 15 Effects of canopy cover density on outflow hydrographs 
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may be altered by different treatments. For 

example, the hydraulic conductivity may be significantly reduced by a 

burning treatment which seals the ground surface. If the proper changes 

in these values can be estimated, the proposed model will provide 

values for the anticipated responses. 

3.6. Summary 

A mathematical model for simulating hydrographs from small 

watersheds has been developed. This model is designed to simulate the 

response of the basin to rainfall. The model includes the water balance 

simulation for land surface hydrologic cycle on the single storm basis 

and the water routing features for both overland flow and channel sys­

tems. Unlike the conventional approach to parametric modeling of water­

shed response, this model is based on the physical process governing 

the mechanics of water flow and requires less assistance from optimiza­

tion schemes than any existing water models known to the writer. 

For the Carrizal Basin in Venezuela the simulated hydrographs 

agree well with the measured hydrographs. The differences between the 

simulated and measured hydrographs indicate that the proposed model is 

able to simulate the total volume, the hydrograph shape, the peak flow 

and the time to peak flow generally within 12 percent. The sensitivity 

analysis shows that soil data are very sensitive to the total volume, 

the peak flow and the time to peak flow of the computed hydrograph. 

Flow resistance parameters and vegetation data are less sensitive to the 

simulated results. In addition, this physically oriented model has the 

capability to predict watershed treatment effects on water yields under 

the assumed conditions. 
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The applicability of the proposed model is limited to the • followi_ng 

conditions: (1) the streams within the watershed are ephemeral, and 

the movement of subsurface flow and ground water flow are negligible; 

(2) the kinematic-wave approximation for flow routing is valid , i.e., 

the gradients due to local and convective accelerations are negligible, 

and the water surface slope is nearly equal to the bed slope; and 

(3) the water yield simulation is on the single storm basis. Incorpo­

rating with a water balance model for simulating the water budget 

during interstorm periods; this model may estimate the long-term 

response of the water yield. 

The input required for this simulation model can be summari zed as 

follows. 

(1) Geometry data--slope length, bed slope, wetted perimeter 

-flow area relation, and computational order for each 

segment. 

(2) Soil data--saturated hydraulic conductivity, moisture 

contents at the wilting point and at the saturation, mag­

nitude of the capillary potential at the wilting point, 

and depth of aeration. 

(3) Vegetation data--canopy cover density, ground cover 

density, interception storage capacity of ground cover, 

ratio of evaporating surface to the hori zontal proj ect ed 

area for ground cover, and ratio of the interception 

storage capacity of a tree canopy to th e interception 

storage capacity of ground cover . 

(4) Flow resistance parameters--constants describing grain 

resistance for different Reynolds numb ers , constant 
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representing added roughness due to raindrop impact, bed 

form resistance descriptor and ground cover resistance 

descriptor. 

(5) Storm characteristics data--rainfall records, mean 

evaporation rate, initial interception storage content 

and antecedent moisture content. 



Chapter IV 

MECHANICS OF OVERLAND FLOW SOIL EROSION 

4.1. Need for the Study 

The estimation of soil erosion by overland flow is an important 

factor in the prediction of sediment yield from watersheds. An im­

proved understanding of the physical process which governs overland 

flow erosion is apparently needed. As reviewed in Chapter I, the 

existing soil loss equations are mainly dependent on statistical 

analyses of observed data in experimental plots or natural watersheds. 

Li, Shen and Simons (1973) indicated the possibilities of introducing 

the physics of overland flow into soil erosion studies. A model with 

physical significance appears to be more useful than those by regres­

sion analysis in estimating time-dependeJ, t erosion rate. In this 

Chapter, an unsteady overland flow soil erosion model is presented. 

This model was developed to simulate sediment outflow hydrographs and 

land form evolution process in a plain overland flow surface with 

sandy soil. Because of the sandy soil used, the soil detaching and 

transporting capacity of raindrop impact was ignored. However, the 

effect of raindrop impact on flow resistance was included . 

Although this study concerns a rather simplifi ed case, it 

provides a good understanding of the mechanics of overland flow soil 

erosion. 

4.2. Sediment Routing Procedure 

The water and sediment routing can be accomplished by us ing the 

continuity equations for water and sediment and the momentum equation 

for sediment-laden flow (Chang and Richards, 1971 or Chen, 1973). 

94 
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These three equations can be solved simutaneously (Chang and Richards, 

1971) or they can be solved sequentially (Chen, 1973). For simplicity, 

it is assumed that the changes in bed slope and bed elevation within a 

short time interval are small in comparison with changes in other 

variables involved in water and sediment routing. Then, the water and 

sediment routing can be accomplished by solving water routing and sedi­

ment routing sequentially (Chen , 1973). 

In this study, the solutions of water and sediment routing are 

obtained by using a simplified procedure. This procedure includes 

solving water routing first and adjusting bed slopes later based on the 

sediment continuity equation and a sediment transport equation. 

The detail of overland flow water routing on a plain surface was 

given in Chapter II. The coupled sediment routing procedure is pre­

sented herein. 

4.2.1. Sediment transport equation 

Sediment bed material load consists of bed load and suspended 

load. According to Shen (1971), f or a constant bed material, the bed­

load discharge may fit either of the following t wo fun ct ions 

(4 .1) 

or 

B ' 
qb = B ' ( T - T ) 2 

1 C 
(4.2) 

Here is the bed-load transport rate, T is the boundary shear 

stress, Tc is the critical shear stress, and 82, 81, 81 ' and B2 ' 

are constants. 
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The boundary shear stress as determined by the kinematic-wave 

approximation (see Chapter II) is, 

T = yyS (4.3) 
0 

in which y is determined by the water routing procedure described in 

Chapter II. In overland flow, the flow area A per unit width of 

overland fl ow is y. 

The critical shear stress T as reported by Gessler (1965) is 
C 

(4.4) 

in which ss is the specific gravity of sediment, and d
50 

is the 

size of the sediment on the bed of which 50 percent is finer by weight. 

The sediment concentration profile as reported by Einstein (1950) 

is 

in which 

c~ - y-~ a w "' ( "' ~) Co - -~- y-a 

c~ is the sediment concentration at the distance 

( 4. 5) 

from the 

bed, C is the known concentration at a distance a above the bed, 
0 

y is the total depth of flow, and w is a parameter, which is defined 

as 

V 
s 

w = ---
0.4U* 

( 4. 6) 

Here V is the sett ling velocity of the sediment particle and U* is 
s 

the shear velocity of flow defined as 

u =· r;_ 
* V p (4.7) 

) 
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Yoon (1970) measured velocity profiles in sheet flow under 

simulated rainfall and found that two separate velocity defect laws 

could be used to fit the upper and the lower velocity profiles (di­

vided by the position of maximum velocity which was at approximately 

two-third of the depth). Unfortunately , Yoon's results did not pro­

vide enough information for predicting the velocity profile. This is 

because the maximum veloci ty must be measured . A logarithmic velocity 

profile is commonly adopted to describe the velocity distribution 

in turbulent flows. For simplicity, a logarithmic velocity profile 

is assumed in this study. The equation is 

u 
_5._ = s + 2.5 .en cL) 
U * Tls 

(4. 8) 

in which u~ is the point mean velocity at the distance from the 

bed, B is a constant dependent on roughness, and ns is the roughness 

height . 

The integral of suspended load above a distance a can be ob­

tained by combining Eqs. 4.5 and 4.8 or 

s = I~ ll.C d~ 
q a i-. ~ 

cL)J (y-~ _!_) 
w 

= JY [B + 2.5 ln u*co ds_ (4 . 9) a ns ~ -y-11 

Let f and G a Then one obtai ns r = = -y y 

Gw-1 {cs + 2. 5 .tn fl 
w 

s = c 0 u* a cL)] (1-r) dr q (1-G) w ns G r 

J~ .lnr (1-r) 
w 

dr} + 2.5 (4.10) r 

in which G is defined as depth_ ratio in this study . 
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According to Einstein (1950), the concentration near the "bed 

layer" C
0 

may be related t o the bed-load transport rate qb' by the 

expression 

(4.11) 

in which "a" is now defined as the thickness of the bed layer and 

s3 is some constant. Einstein (1950) assumed that "a" was equal to 

two diameters of the sediment partic l e. Because the flow depth is very 

small in overland flow and because a large turbulent i ntensity is in­

duced by raindrop impact (Yoon, 1970), the thickness of the bed layer 

is defined herein to be one diameter of the median size of particle 

The average flow velocity V is defined by the equation 

V 
JY u d~ 

0 ~ = 

!t)u* fY d~ 
0 

<\ 

/ (4.12) 

Using Eq . 4 . 8 

V B + 2.5 ln (L) - 2.5 U· 
* ns 

( 4. 13) 

Einstein (1950) defined the two integrals in Eq. 4 . 10 by 

Jl = f l cl-r)wdr 
G . r (4.14) 

and 

J2 = fl (1-r)w lnr dr 
G r (4.15) 
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The integrals J
1 

and J
2 

cannot be integrated in closed form • 

for most values of w, a numerical integration is necessary. A method 

based on power series expansion is developed in this study and is 

presented in Appendix A. 

The substitution of Eqs. 4 .11, 4.13, 4.14 and 4.15 into Eq . 4.10 

yields 

(4.16) 

in which G, V, u* are determined in the water routing procedure, 

Jl and J2 are determined by the method presented in Appendix A, 

and qb is computed by either Eq. 4.1 or Eq. 4.2. 

Let 

G= ( 4. 17) 

then, the total sediment transport rate is ,. 

( 4 .18) 

The selection of a suitable bed load function and the estimation 

of parameters are given in Section 4.3.2. 

4.2.2. Degradation and aggradation 

The estimation of degradation and aggradation is one facet of 

sediment routing. The governing equation for this process is the con­

tinuity equation for sediment. The sediment continuity equation for 

overland flow is 

aqs acsy 
--+--+ 
ax at 

- az 
(1 - e:) at = 0 (4.19) 
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in which C is sediment concentration in volume, £ is the porosity · 
s 

of the sediment on the bed of the overland flow area, and z is the 

bed elevation . 

The sediment concentration in volume is defined as 

C 
s 

(4.20) 

in which q is the unit width discharge. For overland flow, q is 

equal to Q in Chapter II. 

Eq. 

or 

and 

If 

According to Fig . 2.1, the finite difference formulation for 

4.19 is 

n+l n+l q qs. s. 1 J+ J 
6.x 

n+l 1 
6.z. 1 = 

J + (1-£) 

_ (C )n+l] 
sy j+l 

' = 6.t 
I\ 6.x . 

C n+l _ (C y)n ( sY\+1 s . +l 
(1 - £) + + 

6.t 

[ \ ( n+l 
qs. q n+l) ( )n + C y . 1 s. l s J+ 

J J+ 

6. n+l 
z. 1 J+ = 
6.t 

(4.21) 

(4.22) 

0 

n+l 
6.z. 1 J+ 

is positive the bed is aggrading, and if negative the bed is 

under degradation. 

In an overland flow plot, there are two base points; one at the 

upstream boundary and the other at the downstream boundary. The 

elevations of these two base points are assumed to be unaltered 

during degradation or aggradation processes. 

The elevations of the interior points in an overland flow plot can 

be estimated by the equation 



n+l 
z. 1 = 

J +2 
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n+l 
+ t:iz. 1) J+ 

(4.23) 

With the adjusted bed elevations, the adjustment of bed slope can 

be made as follows: 

and 

(a) for the segment 

n+l z - z u 1 l+-
S n+l 2 

= 
01 6x 

(b) for the interior 

S n+l 
= o. 

J 

(c) for 

S n+l = 
OM 

n+l n+l z . 1 - z . 1 
J-- J+2 2 

6x 

the segment 

n+l 
z 1 - zd 
M--

2 

in the upstream boundary 

(4.24) 

segments 

( 4. 25) 

in the downstream boundary 

(4. 26) 

Here z is the el evation at the upstream boundary, M is the total 
u 

number of segments, and zd is the elevation at th e downstream boundary. 

4.3. Applications 

A computer _program has been developed to incorporate the sediment 

routing procedure described in the previous section with the water 

routing procedure presented in Chapter II. A listing of the computer 

program is given in Appendix C. (PROGRAM SEDIM). 

The experimental data by Kilinc and Richardson (1973) were used 

to test the applicability of this soil erosion model. A brief 
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description of Kilinc and Richardson's data, the method of parameter 

estimation, tested results and discussions are given below. 

4.3.1. Experimental data by Kilinc and Richardson 

Kilinc and Richardson (1973) made 24 experimental runs of soil 

erosion under simulated rainfal l. Their test flume was 4 feet high by 

5 feet wide by 15 feet long, with an adjustable slope. Th e flume was 

filled with sandy soil having median diameter of 0.35 mm and porosity 

of 43 percent. The rainfall intensities tested were 1.25, 2.25, 3.65 

and 4.60 inches per hour, and bed slopes were 5.7 percent, 10 percent, 

15 percent, 20 percent, 30 percent and 40 percent. The infiltration 

rate of each run was constant and measured, and the sediment load was 

sampled every five to ten minutes during each hour-long run. A 

summary of the experimenta l data is given in Table 4.1. 

4.3.2. Estimation of coefficient 

Sediment transport equation is an important component of the 

sediment routing model. Unfortunate ly, there is no universally accepted 

sediment transport equation, especially for overland flows. As 

mentioned in Section 4.2.1., either Eq. 4.1 or Eq. 4.2 may be used 

as the equation form for be_d-load function. However, the coefficients 

in Eqs. 4.1 or 4.2 must be estimated. The coefficients are either 

a1, a2, and a3 or a1
1

, a2
1

, and a3. 

It is assumed that the bed slope is practically unchanged when 

the flow just reaches the equilibrium (around 5 minutes after starting 

of rainfall). Then, based on th e measurements made at or near 5 min­

utes after starting of r ainfall , the estimation of coefficients can 

be made by the following method . 
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Table 4.1. Summary of Experimental Data by Kilinc and Richardson (1973) 

Run Rainfall Infiltration Bed Average Measured 
No. Intensity Rat e Slope Sediment Discharge 

(in./hr) (in./hr) (%) (lb/sec/ft) 

1 1. 25 0 . 496 5 . 7 0.00010 

2 2.25 0 . 314 5. 7 0 . 00030 

3 3.65 0.210 5.7 0.00065 

4 4.60 0.200 5.7 0.00148 

5 1. 25 0.397 10. 0 0 . 00029 

6 2.25 0 . 287 10.0 0.00151 

7 3 . 65 0 . 170 10. 0 0.00372 

8 4.60 0 . 130 10 . 0 0 . 00588 

9 1. 25 0 . 353 15.0 0.00055 

10 2 . 25 0 . 253 15.0 0 . 00297 

11 3.65 0 . 134 15.0 0.00714 

12 4 . 60 0.056 15 . 0 0.01288 

13 1. 25 0.308 20.0 0.00064 

14 2.25 0.249 20 . 0 0 . 00569 

15 3 . 65 0 . 124 20.0 0.01490 

16 4.60 0.033 20.0 0.02606 

17 1. 25 0 . 281 30.0 0.00092 

18 2.25 0.239 30.0 0.01015 

19 3.65 0.062 30.0 0.02265 

20 4.60 0 . 010 30.0 0.03752 

21 1. 25 0.262 40.0 0.00113 

22 2.25 0.230 40.0 0.01310 

23 3.65 0.045 40.0 0.03700 

24 4.60 0.005 40.0 0.06508 
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From Eqs. 4.1, 4.2 and 4.17, the total sediment load can be ex­

pressed as 

(4.27) 

or 

B I 

= e I ( T - Tc) 2 (1 + G ) qs 1 e
3 

(4. 28) 

in which was measured at or near 5 minutes after starting of 

rainfall. The values of T and G at the end of soil plot were 

determined as follows. 

The approximate momentum equation (Eq. 2.2) for overland flow can 

be rewritten as 

2 
so= f ~ 

8gy 
(4.29) 

When the flow reaches equilibrium, the unit-width discharge at 

the end of soil plot is 

Then, the depth of flow at the end of soil plot yp 

determined by; 

2 1 

yP = (f 8J ) 3 
0 

and the mean flow velocity at the end of soil plot V 
p 

(4. 30) 

can be 

(4.31) 

is 

( 4. 32) 
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With the values of y and V. , the magnitudes of T and G can 
p p 

be determined by Eqs. 4.3, 4 .7 and 4.17. 

The general form of either Eq . 4.27 or Eq. 4.28 can be written 

as the followin g nonlinear regression equation 

(4.33) 

in which Y is the dependent variable, X and Z are the independent 

variables, and a 1, a 2, and a
3 

are regression coefficients. 

The regression coefficients can be estimated by a trial and error 

procedure. The steps are as follows: 

(1) 

(2) 

Assume a value of Then Eq. 4.33 can be regarded as 

a simple power function. 

Estimate and based on the simple power function 

regression technique and determine the correlation 

coeffici ent. 

(3) Try another a
3 

value and repeat steps 1 and 2 until the 

maximum correlation coefficient is found. 

The above trial and error procedure was made by using the one 

dimensional ·calibration technique (see Appendix B) coupled with the 

least square regression method. 

The data at the lowest rainfall intensity (1.25 in./hr) were not 

used in developing the sediment transport equation due to possible 

errors in measurement. The r egress ion r esults using both Eq. 4.1 

and Eq . 4.2 arc given in Table 4.2. The r esults indicated that Eq. 4.2 

was the better equation form for bed-load function in this case, and 

was adopted in the subsequent analyses. 
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Table 4.2. Summary of Regression Results 
for Sediment Transport Equation 

Type of Correlation Standard Estimate Coefficients 
Bed-Load Coefficient Error of t\ Cf3 1 ') f32(82 ' ) Function Estimate 83 

Eq. 4 .1 0.978 0.306 334.0 3.10 12.08 

Eq. 4 . 2 0 .983 0.271 65.2 2 .47 11. 96 

The coefficient s
2 

is very close to 3.0 in the Einstein-Brown 

bed-load function and the coefficient B I 

2 
is also comparable to 2.5 

in the Brown-Kalinske bed-load equation. The most interesting result 

is that the coefficients 8
3 

for both cases are very close to 11.6 

as proposed by Einste in (1950). 

4.3.3. Mean erosion rate and sediment hydrographs 

In the numerical computations 

equal to 60 sec/ft . 

was 1 minute and was 

The comparisons between computed and measured results were made 

in both the mean erosion rate and the time-dependent erosion rate. 

The mean 

qs 

in which N 

erosion rate qs is defined as 

1 
N 

= I q (t) 
N t=l s 

is the number of time increments, and q (t) 
s 

sediment discharge at the end of soil plot and at time t. 

(4.34) 

is the 

The comparison of mean erosion rate is given in Fig. 4 .1 . The 

agreement between the measured and computed sediment transport rates 

is generally good except for those runs with the lowest rainfall 
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intensity (1.25 in./hr). The error at the lowest rainfall intensity 

may be due to consistently hi gh infiltration rates (21 percent to 

40 percent of rainfall) in these runs. Although the excess rainfall 

was used in the analysis, there was still the possibility of errors in 

infiltration rates or rainfall intensity measurements. Another source 

of error may be due to uneven slope profiles; this source of error is 

discussed later. 

The time-dependent erosion rates are shown in Figs. 4.2 and 4.3. 

In Fig. 4.2, erosion rates for different slopes with constant rainfall 

intensity (3.65 in./hr) are presented. The erosion rate decreases as 

t ime increases and increases as bed slope increases. Figure 4.3 

gives examples of erosion r at es for different rainfall intensity with 

the same bed slope (30 percent). The erosion rate increases as 

rainfall intensity increases. A survey of the accuracy of simulation 

was made in tenns of the percentage error in total volume E, and 
V 

the relative mean absolute error E • These errors are defined as 
a 

follows. 
N 

[ 1 -

I qso (j)] 
E = 100 j=l 

V N 

I qsm (j) 
j=l 

(4.35) 

and 

100 N lqso(j) - qsm(j) I 
E = I a N j=l qsm 

(4.36 ) 

in which N is the number of sampling points, qso (j) and qsm (j) are 

respective ly the simulated and the measured sediment discharge at the 

t ime the jth sample was taken, and 

measured sediment discharges. 

q is the average value of the sm 
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Table 4.3 gives the computed errors for the runs in Figs. 4.2 

and 4.3. These estimated errors indicate that the proposed model is 

able to simulate the time-dependent erosion rates to the order of 

±30 percent for the tested cases. 

Table 4.3. Summary of Estimated Errors 
in Soil Erosion Simulation 

(a) For different slopes (Fig. 4.2) 

Bed Run Estimated errors (%) 
Slope No. 
(%) E E 

V a 

10 7 -22.2 22.3 

15 11 - 4.5 8.8 

20 15 - 7.5 7.5 

30 19 6.8 6.9 

40 23 11.3 11. 3 

(b) For different rainfall intensities (Fig. 4.3) 

Rainfall Run Estimated errors (%) 
Intensity No. 
(in./hr) E E 

V a 

2.25 18 30.7 30.7 

3.65 19 6.8 6.9 

4.60 20 -11. 4 10.7 
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4.3.4. Land form evolution and effect of slope-shape on erosion rate 

The example of land form evolution as generated by the proposed 

model is given in Fig. 4.4. The rainfall intensity is 3.65 in./hr 

(infiltration rate is 0.17 in./hr). The generated land form is in a 

concave shape which frequently appears in nature. This example pro­

vides a physical picture about the degradation and aggradation process 

in overland flow. 

The genera l practice of determining bed slope is to assume a 

uniform slope shape for any land form. A quantitative evaluation on 

the effect of slope shape on erosion rate was made in this study . 

In Fig. 4.5, three different slope shapes (convex, uniform, 

and concave) having the same relief are shown . Under 3.65 in./hr 

rainfall, and 0.17 in./hr infiltration rate, the time- dependent 

erosion rates for different slopes are given in Fig. 4 .6. The erosion 

rates on the convex slope are nearly five times greater than those on 

the uniform slope . The erosion rates on the concave slope are much 

less than those on the uniform slope . This example demonstrates that 

the erosion rate is very sensitive to the slope shape. The sensitivity 

of erosion rate to slope may be one of the reasons for the scatters in 

Fig. 4.1. The other interesting point is that the erosion rate on 

a concave slope increases as time increases. This behavior is 

different from that on a convex slope or on a uniform slope. 

The erosion rate is sensitive to the bed slope. The common 

assumption that S = tan 8' :: sin 8 ' (8 ' is the ang le between the 
0 

channel bed and the horizontal direction) in open channel flow results 

in an error in the computed erosion rate for larger 8'. 
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From Eqs . 4.3 and 4.31, one obtains 

Ta: S 2/3 
0 

( 4. 37) 

and from the estimated results (Section 4.3.2.), 

2.47 q a: T 
s 

( 4. 38) 

The substitution of Relation 4.37 into Relation 4 . 38 yields 

S 1.65 
qs a: o (4.39) 

or by differentiation 

dq dS 
S 0 

= 1.65 S (4.40) 
qs o 

As implied by Relation 4.40 the percentage error in the erosion rate 

approximately 1.65 times of the percentage error in bed slope. 

Now, if s is 40 percent (or tan e = 0.4), sin 0' is 0.37. 
0 

error involved in using s instead of sin e' is 7 percent, hence 
0 

percentage error in erosion rate estimation is 12 percent. It is 

found that if S is less than 25 percent, the assumption that 
0 

is 

The 

t he 

tan e·• "' sin e' will yield a percentage error of less . than 5 percent 

in soil erosion estimation, which may be acceptable for practical 

purposes. 

4.4. Summary 

A water and sediment routing model has been developed to simulate 

the process of soil erosion by overland flow. The proposed model is 

able to simulate the soil erosion process and produces time-dependent 

erosion rates comparabl e with those measured by Kilinc and Richardson 

(1973). Other experimental data have not been available for comparison . 
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The model also generates a concave land form which frequently appears 

in nature. 

It was found that the soil erosion rate was very sensitive to 

bed slope and shape. The general practice of assuming a uniform 

shape and slope may result in serious errors. However, the common 

assumption of sine being equal to bed slope 

when the bed slope is less than 25 percent. 

s 
0 

is not too serious 

The applicability of the proposed rainfall-erosion model is limited 

to the following conditions: (1) the overland flow erosion is mainly 

due to sheet erosion; (2) the kinematic-wave approximation for flow 

routing is valid, and the bed slope is less than 25 percent; (3) the 

detaching and transporting capacities of raindrop impact are negligible 

and the sediment discharge is largely the bed material load. The wash 

load is neglected in the present analysis. 

The input required for this model can be cataloged as follows. 

(1) geometry data--slope length, and bed elevations of the soil 

plot. 

(2) soil data--porosity of the sediment, and medium diameter of 

the sediment. 

(3) flow resistance parameters--constants describing grain 

resistance for different Reynolds numbers and constant 

representing the added roughness due to raindrop impact. 

(4) sediment transport parameters--coefficients and exponent 

for describing bed material load transport rate. 

(S) rainfall characteristics data--rainfall intensities, infil­

tration rates and water viscosity. 



Chapter V 

STREAM MORPHOLOGY OF SMALL WATERSHEDS 

5.1. Governing Physical Process 

The form that a channel cross section attains depends on the 

physical processes at work within the channel reach. The basic ques­

tion is "What physical processes are most important in sculpturing the 

channel shape?" The choice of processes depends on the length of 

time and size of watershed being considered. 

When the time frame being considered is limited to one or two 

centuries, the large scale geological processes can be eliminated 

from consideration. For example, it is possible that streams in the 

Upper Mississippi River Basin at the present time are still respond­

ing to th e effects of continental glaciers which receded from the 

area some 10,000 years ago. In the present century, any response to 

the gl aciation would be hardly detectable. In a period of one or 

two centuries, the geology of a region can be considered, conceptually 

at l east, as fixed and independent of other processes. Precipitation 

alone is sufficient to sculpture the form of an alluvial stream 

channel in one or two centuries. However, care must be taken in 

limiting the selection of size and type of watershed if precipitation 

is to be considered as the only external input to th e geomorphic process 

in the watershed. 

The response of an overland flow area to precipitation is a 

resultant land form on the surface of the over land flow area and 

water and sediment delivered to nearby channels. These water and 

sediment discharges are inputs to the geomorphic processes within the 

channels. TI1e cross-sectional shape of the stream channel is the 
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result of the process. The integral geomorphic process is a very 

complicated probl em , in order to simplify th e problem involved, it is 

assumed that all parts of the wat ershed have been subject to the same 

precipitation series. Under this assumption the watershed area would 

have to be les s than the intense precipitation core area within a 

storm which produces large point rainfall amounts. It follows then 

that the watershed must be small. A small watershed is defi ned as a 

drainage system which is small enough to ensure a degree of both 

geologic and hydrologic homogeneity in space. In many regions this 

definition for a small watershed restricts the area to approximately 

10 to 20 sq mi. In order to further simpl ify the problem, this study 

is limited to alluvial streams with noncoh es ive gravel or boulder 

banks and beds. 

In a time period of 100 or 200 years, it is assumed that there 

have been a sufficient number of large precipitation events and 

duration to produce threshold conditions in the stream channels. That 

is, the alluvial materials remaining on the bed and banks of the 

stream channels in a small watershed have been subjected to flow 

conditions just sufficient to initiate movement of these particles. 

The channels are called threshold channels and the discharges which 

formed the threshold channel shapes are called collectively the 

threshold discharge. The surface of the overland flow area and the 

boundar i es of the channel system in the small watershed wi 11 be in 

equilibrium until subjected to a precipitation event greater than those 

which produced the threshold channel . 
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5,2. Theoretical Development 

5.2.1. Threshold conditions in the watershed 

If the precipitation time series is stationary and if the small 

watershed is unaffected by man's influences, the alluvial gravels and 

boulders on the surface of the watershed and its stream channels will 

have been subjected to the threshold discharge. Bank full discharge 

is a good measure of threshold discharge. For discharges less than the 

threshold discharge, the particles on the surfaces and boundaries of 

the water courses do not move appreciably under the concepts put 

forth in Section 5.1. The small watersh ed morphology does not 

change in between periods of extreme precipitation. 

The sediment continuity equation for bedload movement in the 

overland flow area is 

(1-£)~ = 0 
at 

(S .1) 

in which is the sediment discharge per unit width of overland flow 

area, ·x is the downslope distance, E is· the porosity of the sediments 

in the bed, z is the bed elevation and t is the time. 

Under conditions of equilibrium in the overland flow portion of 

the watershed, az / at is zero by definition. From Eq . 5.1, it follows 

that 

(5. 2) 

or after integr ation with respect to x, 

(5. 3) 

in which c1 is a constant dependent on the boundary conditions. 
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At the watershed boundary, no flow depth develops. Thus, .there is 

no shear stress and no sediment transport, i.e., 

q = 0 
s 

(5.4) 

for overland flow at x = 0. From Eqs. 5.3 and 5.4, it is found that 

c
1 

is zero and therefore qs is zero for all x in the overland flow 

area. 

The sediment continuity equation for bedload in the channel system 

is 

aQ 
s -- + ax 

- az 
(l- e:}at = qs (5. 5) 

in which Qs is the sediment transport in the channel and the other 

terms have been defined previously. For equilibrium conditions in the 

channel, az/at is zero for all x. Then 

dQ 
s 

dx = qs (5 .6) 

or after integration 

(5. 7) 

in which c2 is a constant dependent on the boundary conditions. It 

has been shown previously that the overl and sediment transport rate 

is zero over the entire overland flow area. Thus 

zero for all x . Also at x = 0, 

Q = 0 
s 

for all x. 

Q is zero, so 
s 

in Eq. (5. 7) is 

(5. 8) 

In summary, if a small watershed is in geomorphic equilibrium, the 

entire system must be at the threshold of sediment motion . 
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5.2.2. The "threshold" channel section 

Channels inside a small watershed in equilibrium form a cross 

section according to the maximum threshold discharge whi ch has occurred. 

Particles on the periphery of the channel cross section are at the 

"threshold" of movement under the corresponding flow conditions. 

Many investigators have formulated the shape of threshold channel 

in homogeneous coarse alluvium; i.e., Lane (1955), Lane, Lin, and Liu 

(1959) and Stebbings (1963). The theory developed at the U.S. Bureau 

of Reclamation by Lane (1955) for the shape of the threshold channel is 

employed here. In Lane's work the following assumptions were made: 

(1) At and above the water surface, the side slope is at the 
angle of repose of the alluvial material. 

(2) At all points on the periphery of the channel, the particles 
are at a condition of incipient motion. The lift and drag 
forces of the fluid on the particle and the downslope com­
ponent of the gravity force on the particle are balanced by 
the friction force developed between particles . The lift 
and drag forces are directly proportional to the tractive 
force. 

(3) Where the side slope is zero, th e flow- wise tractive force 
alone is sufficient to cause incipient motion . 

(4) The particles are held agains t the bed by the component of 
the submerged weight of the particle acting normal to the bed. 

(5) The tractive force acts in the direction of flow and is 
equal to the component of the weight of the water above 
the area on which the force acts. 

The equation describing the shape of the threshold channel in 

coarse noncohesive alluvium is derived as follows. 

Under th e condition of incipient motion on the periphery of the 

channel, the resultant of th e drag force Fd and the downslope 

component of the submerged wei ght of the particle Wsine are balanced 

by the friction force developed between particles. The threshold 

channel shape is shown in Fig . 5.1. The angle e is the local side 
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(0,0) 

y 

a. Definition Sketch 

Fd 

b. Force Diagram 

Fig. 5.1 Cross -sectional geometry for the threshold channel 
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slope angle and W is the submerged weight of the particle. The 

friction force is the product of the normal force and the tangent of 

the friction angle ¢. The normal force is (Wcose - Ft) in which 

Weese is the normal (to the side s lope) component of submerged weight 

and Ft is the lift force on the particle. The balance of forces is 

expressed as 

W2 . 20 + F2 = (W 8 F )2 2 sin t cos - t tan¢ (5.9) 

The friction angle ¢ is the angle of repose of the noncohesive 

material. 

It is assumed that 

Fd = OT (5 .10) 

and 

(5.11) 

Here T is the local bed shear stress or tractive force and a is 

a proportionality constant. TI1e term 8 is the ratio of the lift 

to drag forc e . 

By substituting Eqs. 5.10 and 5.11 in Eq. 5.9, the expression 

2 
T + Cw) 2 . 2 Cw - ) 2 2 - sin 0 = - cose - 8T tan¢ a a (5. 12) 

is obtained. 

At the center of the channel (the point 0, y
0 

in Fig. 5.1), 

0 = 0 and T = To' so 

2 W - 2 2 
T = Ca -BT) tan¢ 

0 
(5.13) 

or 

w 1 + Stan¢ = T a tan~ 0 
(5 .14) 
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The tractive force T is the maximum force which occurs at the 
0 

centerline of the channel. Accordingly 

T = yy S ( 5 , 15) 
0 0 0 

in which y is the unit weight of water, yo is the maximum depth 

of flow and s is the slope of the channel bed. 
0 

One of the assumptions is that the local tractive force varies 

directly as the weight of fluid above the area. At a distance E; from 

the centerline of the cross section the depth of flow is y. The weight 

of fluid in a column of unit area and depth y is yy. This normal 

component of this fl.tiid weight is yycose. Thus the tractive force is 

T = yyS case (5.16) 
0 

which reduces to Eq . 5.15 for t; = 0. 

If Eqs. 5.14, 5.15, and 5.16 are substituted into Eq . 5.12, and 

rearranged, 

(.x._) 2 + Cl+ Btancp)2 28 = 
•t "' tan Yo -an't' 

As tans= ~dy/d t; 

2 
tan cp [Cl 

Cl + Btancp 
tancp 

-y 2 B-) tancp 
Yo 

Here r is defined as Btancp . Eq. 5.18 can be r ewr i tt en as 

~d(L) 
Yo t; 

----------~ = tancp dC-) 

j l - ~ L - 1-r CL_)2 Yo 
l+r y O l+r y 

0 

By integrating both sides of Eq. 5.19, one obtains 

- . - 1 { C 1 -) y - } -= sin -r - + r = 
y 

0 

(5. 17) 

(5.18) 

(5.19) 

CS.20) 
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The coefficient c3 is determined from the boundary condition 

J'_ = 1 .when .l... = 0, or 
Yo Yo 

!flt c3 
1T 

= - -
2 r 

(5 . 21) 

This value of c3 is substituted into Eq. 5.20 so that 

1 { cos (tan<j> (f:.=r .l...) - r} 
1-r vT+r y

0 

(5. 22) 

This relation for the shape of a channel formed in noncohesive material 

was given by Lane et al. (1959). The cosine function produces the 

shape shown in Fig. 5.1 (8 = 0.85, and <I>= 35°). 

5.2.3 Geometry of the threshold channel 

The geometric properties of the threshold channel at threshold 

discharge are derived from Eq. 5. 22 . 

5.2.3 . 1. Top width 

Referring to Fi g. 5.1, when y = 0, 

T 
~ = 2 
y

0 
tan(j> 

or 

/lq -L 
✓ TT-- cos r 

~ = T /2. Then, from Eq. 5.22 
0 

(5 . 23) 

(5 . 24) 

in which is defined as the width-to-depth coefficient and T 
0 

is the top width of the threshold channel. The width-to-depth ratio is 

a function of S and <I> only. 

5.2.3.2. Cross -sectional area 

The cross -sectional area at threshold discharge is 

T /2 
A = 2f o yd~ 

0 0 



By employing Eqs . 5.22 and 5.23, 

That is, 

Ao _ 1 (@ _ r) 
-y T - 1-r -l-

o o cos r 

A 
-

0
- - C (r) = 

yoTo - a 
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(5 . 25) 

(5.26) 

in which C is the area coefficient dependent on r only. The area 
a 

coefficient is the ratio of the actual cross section to the area of a 

rectangular section having the same top width and maximum depth as the 

actual cross section and is always less than 1.0. 

5 . 2.3.3. Wetted perimeter 

The wetted perimeter is 

T / 2 ,-----
p = 2f o j 1 + (dy) 2 d~ 

o O d~ 
(5 . 27) 

From Eq. 5.22, the derivative dy/d~ is obtained; then with 

Eq. 5.23, the wetted perimeter can be expressed as 

2y 
'IT -

✓1 p 0 J 2 -2 2- -= - k sin a. do. 
0 (1-r)k 'IT -1-

2 - cos r 

in which 

k = tan<j> 

)1 2 -2 
+ tan <P - r 

The wetted perimeter is 
p 
_£ = 2 _ {E(k,~) - E(k, Tr cos- 1r)} 
Y0 (1-r)k 2 2 -

or 
p 

0 
-= 

(5. 28) 

(5. 29) 

(5. 30) 

(5.31) 
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Here E(k,a) is the elliptic integral of the second kind with 

modulus k. The coefficient Cp(B,~) is defined as the wetted 

perimeter coefficient. 

5.2.3.4. Hydraulic depth 

The hydraulic depth D 
0 

is the ratio of the cross-sectional area 

to the top width. From Eqs. 5.24 and 5 . 26 

or 

5 . 2.3.5. Hydraulic radius 

The hydraulic radius 

(5 . 32) 

(5 . 23) 

R is the ratio of the cross-sectional area 
0 

to the wetted perimeter. From Eqs. 5.26 and 5 . 31, 

or 

A 
0 

Ro = p = 
0 

R C o _ a 
T- c 

0 p 

The coefficients C p 

(5 . 34) 

(5 . 35) 

are the three basic dimensionless 

quantities describing the geometry of the threshold channel. The 

equations for C, C, and C 
t a p are complicated in form but are 

approximated very well by simple power-form equations . The approximate 

solutions depend on the value selected for the lift-to-drag ratio. 

In reviewing the work of Torum (1965), Bhowmik (1968) concluded 

that an appropriate value for 8 is 0.85 . This value is adopted in 

this study. 
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With S = 0.85, the expression for r becomes 

r = 0.85 t an~ . (5 . 36) 

By using this value of r in Eqs. 5.23, 5.25, and 5.30 the 

values of Ct' Ca and C 
p for various values of ~ can be computed. 

These values are shown as circl es in Fig. 5.2. The curves in Fig. 5.2 

may be expressed by the simple power equations: 

ct = 210 ~-1.038 (5. 37) 

C = 0.61 ~0 . 021 (5 . 38) 
a 

C = 168 ~-0.950 (5. 39) p 

The deviations of these power relations from the exact solutions 

are very small. 

If the effect of the lift force is neglected (S = 0), r = 0 and 

the coefficients become 

ct 
1T (5. 40) = --tan~ 

C 
- 2 (5. 41) = a 1T 

C = I E (k .'!!.) (5. 42) 
p k '2 

Equations 5.40 and 5.42 were given by Lane, Lin and Liu (1959) and 

Henderson (1963). The threshold channel width, area, and wetted 

perimeter are only slightly dependent on the lift-to-drag ratio. 

5.2.4. Hydraulic geometry of the threshold cross section 

Leopold and Maddock (1953) defined the power functions relating 

th e width , depth , slope and velocity to the water discharge as the 

hydraulic geometry of the channel. Herein, the exponents of the 

hydraulic geometry equations of streams in small watersheds are derived 

from theoretical considerations. Both downstream and at -a-station 

relations are developed. 
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for the threshold channel 
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5.2.4.1 . Downstream relations 

The channel forming discharge is that discharge which scu l ptures 

the threshold channel. If it is assumed that the bed and bank materials 

are uniform over the length of the small channel, then the values of 

~ and B are independent of space . According to Fig. 5.2, Ct, Ca 

and C are constants for a fixed ~- From Eqs. 5.23 and 5.33 
p 

from Eq. 5.33 

D T 
o o_c =\ 

To Yo - a 

and from Eqs. 5.35 and 5.44 

R R T C 
o o o t K o=ro_c_ 3 
0 0 0 p 

in which K
1

, K2 and K
3 

are constants. 

(5.43) 

(5. 44) 

(5.45) 

In small channels with relatively steep slopes, the friction 

slope is approximately equal to the bed slope. Manning ' s equation f or 

the flow is then 

Qo = 
1. 486 A /f 3s;/2 

n 0 0 

(5.46) 

or 

Qo = 1.486 TD R2/351/2 
n 0 0 0 0 

(5. 4 7) 

in which Q
0 

is the threshold discharge. 

Accordin g to Sh ie ld's criterion (see Henderson, 1966, p. 413) for 

incipient motion in turbulent flow 



132 

d a: yy S 
S O 0 

(5. 48) 

in which d is the particle size on the channel boundary and y is 
s 

the unit weight of water. If the relation of 5 . 48 holds, the sediment 

size d has been assumed constant over a short reach of channel, 
s 

Y S is also constant over the same reach; i.e., 
0 0 

y S = K
4 0 0 

(5.49) 

in which K
4 

is some constant . From Eqs. 5.43 and 5.49 it follows that 

D S = K
5 0 0 

in which K
5 

is a different constant. 

JS.SO) 

Manning's roughness coefficient n is related to the particle 

size d by the Stricker formula (see Henderson, 1966, p. 98). 
s 

n = C d1/ 6 
s 

(5.51) 

in which C is a constant. As d is constant, then n is also 
s 

constant. 

If one substitutes Eqs. 5.44, 5.45, 5.50 and 5.51 into Eq. 5.47, 

then 

Q a: 013/6 
0 0 

(5. 52) 

or 

D a: Q0.46 
0 0 

(5. 53) 

From Eqs. 5.44 and 5.53 

T a: Qo. 46 
0 0 

(5.54) 

and from Eqs. 5.50 and 5.53 

s a: Q-0.46 
0 0 

(5.55) 
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Furthermore, the me an velocity for the cross section is 

V 
0 A T D 

0 0 0 

Using Relation 5.53 and 5.54 with Eq . 5.56 

V a: Q0.08 
0 0 

(5.56) 

(5.57) 

Relations 5.53, 5.54, 5.55 and 5.57 are the theoretically derived down­

stream hydraulic geometry relations for threshold channels in small 

wathersheds. 

5.2.4.2. At-a-station relations 

In the foregoing section, the threshold channel cross-sectional 

shape was derived as suming incipient motion conditions on the noncohesive 

channel boundary for the channel forming discharge . Thus, no change in 

stream morphology could occur unless discharges greater than the 

"threshold" discharge occur. In other words, when the flow is less than 

the threshold flow, the particles on the bed and banks are stable. The 

channel shape and bed slope remain unaltered for discharges less than 

threshold discharge. The channel shape is given by Eq. 5.22. The 

hydraulic geometry relations at-a-station are derived in the following 

manner. 

The hydraulic dimensions of the threshold channe l flowing partially 

full are defined in Fig. 5.3. The maximum depth of the partially-full 

channel is 

h = y
0 

- y(~ = T/2) (5. 58) 

in which T is the top width of the partially-full channel. With 

Eq. 5.22 

h 
1 - 1:r {cos(t anq,[¥12;) - r} 

0 

(5.59) 
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Fig . 5.3 Geometry for a partially-full threshold channel 
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Let 

h 
n = 

Yo 
(5.60) 

so that from Eq. 5.59, the top width becomes 

T 2 -=--y
0 

tan<j> (5. 61) 

in which 

Q = 1-n + rn (5. 62) 

By using Eq. 5.23 in Eq. 5.61, the relative top width is 

T _ cos-
1

n° (5.63) 
T - -l-

o cos r 

The corresponding cross-sectional area A for the partially-full 

threshold channel can be derived in a similar manner. The expression is 

A /1 A - ---------
o j -2 -1-1 - r - r cos r 

-2 - -1-- n - n cos n (5. 64) 

and for the wetted perimeter, 

- 1T -1-- E(k,2 - cos Q) 

- 1T -1-
E(k,2 - cos r) 

'(5.65) 

The hydraulic depth D for the partially-full threshold channel is 

D -= 
D 

0 

~IT 
A T 

(5.66) 
0 0 

in which A/A and T/T are given by Eqs . 5.63 and 5.64 repective l y. 
0 0 

Similarly, the hydraulic radius R for a partially-full threshold 

channel is 

.B__=~/ p 
R A P 

(5. 6 7) 
0 0 0 

in which A/A and P/P are given by Eqs. 5.64 and 5.65. 
0 0 
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As the bed slope is constant at a particular section and Manning's 

n is assumed const ant, the flow Q in the partially-full threshold is 

given by the equation 

(5. 68) 

The dimensionl ess ratios T/T
0

, D/D
0 

and Q/Q
0 

in Eqs. 5.63, 

5 . 66 and 5.68 have been evaluated for ~ = 35° and 8 = 0.85 . The 

values are shown as the circles in Fig. 5 . 4. The power functions 

T 0 . 517 
T- T) (5.69) 

0 

D 0 . 993 o= T) (.570) 
0 

and 

_g_ = 2.148 
Qo 

T) (5 . 71) 

are approximations to the complex functions described by Eqs. 5.63, 

5.66 and 5.68, and are shown as solid lines in Fig. 5.4. 

or 

From Eqs. 5.69 and 5.71, it can be shown that 

T _ (_g_) 0. 24 
T- Q 

0 0 

Tex Q0.24 , 

(5. 72) 

(5 . 73) 

as Q
0 

and T
0 

are constant at a station. Similarly, from .Eqs. 5.70 

and 5.71, one concludes that 

(5. 74) 

As the bed slope is constant at a station 
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Fig. 5.4 Power functions for the hydraulic geometry of the 
partially-full threshold channel 
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(5. 75) 

From Eqs. 5.73 and 5.74, the mean velocity in the partially-full 

threshold channel varies according to the expression 

Va Q0.30 (5. 76) 

Relations 5.73, 5.74, 5.75 and 5.76 are the theoretically derived 

at~a~station hydraulic geometry relations of the threshold channel. The 

variations of the exponents of Q with B for ~ = 35° are given in 

fig. S.S. The variations of the exponents with ~ for B = 0.0 and 

B = 0,85 are given in Fig. 5.6. The curves in Figs. 5.5 and 5.6 

illustrate that the values of the exponents in Relations 5.73, 5.74 and 

S.76 are not sensitive to variations in ~ and B. In other words, 

these exponents are nearly independent of the particle size. 

S,3. Field Observations 

5,3,1. Validity of assumptions 

Jn the development of downstream relations for the threshold cross 

section, it was assumed that 

and 

D S = K 
. 0 0 5 

and were constants; that is, the ratio 

(5. 44) 

(5. SO) 

T /D 
0 0 

and in which K
2 

the product D S were assumed constant in the downstream direction. 
0 0 

It follows then that T /0 and D S were assumed independent of the 
0 0 0 0 

thresho ld discharge . These two assumptions were tested with the field 

observations made by Brush (1961). 
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The T /D values obtained by Brush are shown in Fig. 5.7. The 
0 0 

values are independent of drainage area. As the discharge and drainage 

area are· directly related, it follows from Fig. 5.7 that the ratio 

T /D is independent of the threshold discharge in small watersheds . 
0 0 

Brush's data on D S are plotted in Fig . 5.8. From this 
0 0 

information it is concluded that the ratio 

of the threshold discharge . . The values of 

D S 
0 0 

D S 
0 0 

same for different streams except for McCl a in Run. 

is also independent 

are practically the 

From Brush's field observations, it is concluded that the 

assumptions represented by Eqs. 5.44 and 5.50 are valid. 

5.3. 2. Hydraulic geometry equations 

Brush's (1961) data were also employed to obtain field values of 

the hydraulic geometry exponents for the downstream relations. The 

channels that Brush studied have gravel banks and beds. The average 

values of exponents for the five streams with drainage area less than 

10 sq mi (Shaver Creek, Globe Run, Weiker Run, McClain Run, and Reeds 

Run) are compared with the exponents derived from theory . The compar­

isons, given in Table 5.1, show that the theoretical results are 

compatible with field observations. 

Judd and Peterson (1969) conducted a field survey on gravel and 

boulder streams and also established the at-a-station hydraulic 

geometry equations . The average values of the exponents for sites 70 

and 71 (Boulder Creek, Colorado) are compared with the theoretical 

exponents in Table 5.1. Only sites 70 and 71 were selected because the 

measured results of these two sites satisfy the flow continuity require­

ment and these two sites are free of major vegetation effects. Again, 

the exponents from the field data compare favorably with the exponents 

developed from the threshold theory. 



142 

30 

20 
a. Shav er Cree k 

10 0 0 10.07 
0 

0 

30 

20 b. Globe Run 

10 0 6.94 
01 0 ..... 0 0 

.. 0 
0 - 30 0 

a:: 
c. Weiker Run 

.c 20 
+- 0 0 11.97 0. 
Q) 10 0 ~-0 0 

I 
0 
+-

0 
I 

..c: 30 +-
-0 

d. Mc Cl ain Run 
3: 20 

10 0 0 7.24 

0 

30 

20 e. Ree ds Run 

10 9.79 

00 
J 

2 3 4 5 6 7 8 9 10 11 12 13 14 
Draina ge Are a , squa re miles 

Fig. 5 . 7 Downstream variation of t he width- t o-depth r atio fo r 
t hreshold channel 



143 

0.15 
a. Shaver Creek 

0.-10 
0 

0.05 0 0.034 
0 - O · Q) 0 Q) ..... .. 

0.15 0 
Cf) 

00 b. Giobe Run 
0.10 

0 
Q) 

a. 0.05 0.035 
0 

0 0 
Cf) 

0 
"'C 
Q) 

(D 0.15 

"'C 0.10 
c. Weiker Run 

C: 
0 

.c 0.05 0 0 0.035 
.+-

Cl. 0 0 
Q) 

0 0 

0 0.15 
:, 

d. Mc Clain 0 Run .... 0.10 "O 
0 9:> 0.069 >, 

I 0.05 0 

0 ,.._ 
0 

0 ..-
(.) 
:, 0.15 "O 
0 

e. Reeds Run I,.. 

a.. 0.10 

0.05 0~ 0.037 

ol 1 ~ 
~ 

I I I 
0 I 2 3 4 5 6 7 8 9 · 10 11 12 13 14 

Drainage Area, square mile s 

Fig. 5 .8 Downstream variation of the product of hydraulic depth 
and bed slope for threshold channel 



144 

Table 5-.1. Values of the Q Exponent 
in the Hydraulic Geometry Equations 

Downstream Relations 

Source Value of the Q exponent for 

T D s 
0 0 0 

Theoretical 0.46 0.46 -0.46 

Brush (1961) 0.52 0.43 -0.48a 

At-A-Station Relations 

Source Value of the Q exponent for 

T D so 

Theoretical 0.24 0.46 0.0 

Judd and Peterson (1969) 0.18 0.51 o. oa 

a estimated by the writer 

5.4 Summary 

V 
0 

0.08 

0.05 

V 

0.30 

0.31 

A small watershed has been defined as a drainage system which is 

small enough to ensure both geological and hydrologic homogeneity in 

space and within the time span of one or two centuries. In many re­

gions, this defini t ion of a small watershed would restrict the small 

watershed area to approximately 10 to 20 sq mi . 

The equations describing the basic physical processes in small 

watershed channels sculptured in noncohesive a l luvial materials have 

been employed in this study to derive the hydraulic geometry 
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equations. Both downstream and at-a-station relations were developed. 

These theoretical results agree with field observations made by 

Brush (1961), and Judd and Peterson (1969). 

The angle of repose for the noncohesive materials forming the 

banks and bed of the threshold channel is the dominant factor governing 

the shape of the threshold cross section. The width-to-depth ratio for 

channels in materials having a small angle of repose is larger than for 

channels in materials having a large angle of repose. Although ratio of 

the lift force on the particles to the drag force has a smaller effect on 

the shape than the angle of repose, the lift forces have an influence on 

the shaping process and are included in the theoretical analysis. The 

theoretical exponents of both downstream and at-a-station hydraulic 

geometry equations are practically independent of particle size if the 

particle size is constant over the reach of channel. 



Chapter VI 

CONCLUSIONS 

The main conclusions of this study can be summarized as follows: 

(1) The r a infall-runoff model developed in this study is a 

physical process simulation model designed to simulate the 

response of the basin to rainfall. The model includes the 

water balance simulation for land surface hydrologic cycle 

on the single storm basis and the water routing features for 

both overland flow and channel systems. Unlike the con­

ventional approach to parametric modeling of watershed 

response, this model utilizes the physical process of the 

flow and requires less assistance from optimization schemes 

than any existing water models known to the writer. For 

the Carriza l Basin in Venezuela the simulated hydrographs 

agree well with the measur ed hydrographs. The differences 

between the simulated and measured hydrographs indicate 

that the proposed model is able to simulate the total 

volume, the hydrograph shape, the peak flow and the time 

to peak flow generally within 12 percent. The sensitivity 

analysis indicates that soil data are very sensitive to 

the computed hydrograph . Flow resistance parameters and 

vegetation data are less sensitive to the simulat ed results. 

In addi tion, this physically ori ented model has the 

capabil i ty to predict watershed treatment effects on 

water yields under the ass umed conditions. 
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This model may be used to estimate the long-term 

response if a water balance mod e l is incorporated to 

simulate the water balance during the interstorm periods. 

(2) The proposed rainfall-erosion model is able to simulate 

the soil erosion process and produces time-dependent erosion 

rates from overland flow areas. The computed results are 

comparabl e with the experimental data from a soil plot. The 

mod e l also generates a concave land form which frequently 

appears in nature. The present model only simulates the bed 

material load routing. A future study is recommended to 

improve the model by the inclusion of wash load routing. 

(3) The hydraulic geometry equations can be theoretically 

derived by the equations describing the basic physical 

processes of stream morphology in small watersheds. Both 

downstream and at-a-station derived relations agree wi th 

field obs ervations. The angle of repos e for the noncohesive 

materials forming the banks and bed of the threshold channe l 

is the dominant factor governing the shape of the threshold 

cross section. The width-to-depth ratio for channels in 

materials having a small angle of repose is larger than for 

channels in materials having a large angle of repose. 

Although ratio of the lift force on the particles to the 

drag force has a small er effect on the shape than the angle 

of repose, the lift forces have an influence on the shaping 

process and are included in the theoretical analysis. The 

theoretical exponents of both downstream and at- a - station 

hydraulic geometry equations are practically independent 
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of particle size if the particle size is constant over the 

reach of channel. 

(4) The calibration of the rainfall-runoff model can be simpli­

fied by making separate calibrations for water balance 

and for flow routing. The calibration results indicated 

that the initial interception storage is larger for the 

storms occurred at daybreak than those occurred in the 

afternoon and the antecedent moisture content is highly 

correlated with the overall rainfall records and the 

recession condition of the previous storm. In addition, it 

was also found that the ground cover resistance descriptor 

increases as the size of storm increases. 

(5) The vegetation treatment effects can be estimated by 

changing the canopy cover density and the ground cover 

density for the input to the simulation model. 

For a constant ground cover density, the total runoff 

volume and the peak flow are increased as the canopy cover 

density is decreased. The increase results because the 

interception is reduced when vegetation is removed. However, 

the time to peak flow is lengthened as the canopy cover is 

decreased. This flow retardation is due to the augmenting 

of raindrop impact resistance by increasing area of 

exposure and the attenuation by overbank flow. 

For a constant canopy cover dens ity, the total runoff 

volume and the peak flow rate are increased and the time 

to peak flow is shortened as th e ground cover density is 

decreased. These responses are mainly due to the decrease 
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of flow resistance when the ground cover density is 

decreased. 

(6) For the experimental data by Kilinc and Richardson (1973), 

the bed-load function which best fits the data is 

8 I 
2 

qb = 8 ' (T-T ) 1 C 

(7) It was found that the soil erosion rate was very sensitive 

to bed slope and shape. The general practice of assuming 

a uniform shape may result in serious errors. However, the 

common assumption of sin 8 ' being equal to bed slope s 
0 

is not too serious when the bed slope is less than 25 percent. 

(8) The numerical scheme developed in this study is unconditional 

stable and may be us ed with wide range of ~~ without loss 

of significant accuracy. This numerical scheme has the 

advantages of both nonlinear and linear schemes. The 

nonlinear scheme ensures convergence and the linear portion 

of the scheme provides rapid computations. The applicability 

of this numerical scheme has been tested in various cases. 

The tests illustrate that this simple routing procedure 

simulates hydrographs which agree with measured overland 

flow hydrographs, natural channel hydrographs, and hydro­

graphs from drainage systems. It is concluded that this 

scheme is promising for large-scale modeling of watershed 

respons e if the kinematic-wave approximation for flow routing 

is valid. 

(9) It has been found that the dischar ge Q is the better 

sel ec tion for the unknown in numerical computations than the 

depth or area. The t erm 8 in the relation A= aQ8 is 
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generally less than 1. 0. If the flow discharge is computed 

incorrectly, the flow depth estimation is influenced only 

to a small degree. 

(10) In this study, the flow area versus discharge relations 

(A-Q) are formulated to be time and space dependent. The 

interesting phenomena of "pip" and "dip" in overland flow 

hydrographs are successfully simulated. These phenomena 

are the results of sudden changes of flow resistance due 

to ceasing or starting of rainfall over shallow, low 

Reynolds number flows. 
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Appendix A 

INTEGRATION OF SUSPENDED SEDIMENT LOAD 

( 

A.I . Need For The Method 

I f a logari thmic velocity profile is assumed for the vertical 

velocity distribution, the numerical intergration of J 1 and J 2 

integral s (Eqs. 4.l't- and 4.14) is required f or intergrating the sus­

pended sediment load. The two integrals are 

Jl = f~ 
w 

(1-r) dr r (A. l) 

and 

= I~ (1-r) 
w 

J2 £.nr dr 
r (A. 2) 

Th e two integrals J
1 

and J
2 

cannot be integrated in closed 

form for most values of w. The numerica l integration is necessary. 

Einstein (1 950) employed th e Simpson formul a of numerical integration 

in his work . Rana (1971) incorporated the same formula in a computer 

program for the Einstein method of computing sediment transport rat e 

(Einstein, 1950). 

Pas t experiences reveal that the use of Simpson's formula to 

evaluate J
1 

and J
2 

occupy a major portion of computer time required 

in studying unsteady sediment transport problems . A more efficient 

method of numer ical integration is needed . Chen (1973) us ed a method 

of polynomial approximations based on four reference values of J 1 or 

J 2 with constant values of G and integer values of w and short­

ened the computer time appreciably . However, the validity of Chen ' s 

method is limited to a sma l l range of G and w. 

156 



157 

Herein an efficient and flexible method to evaluate J 1 and J 2 

that requires l ess computation time than either the Simpson's formula or 

Chen's method is presented. This method is based on power series 

expansion and has the following advantages over the Simpson's formula. 

First, with nearly the same de gree of accuracy, the new method requires 

only one-tenth of the computer time needed for the Simpson's formula. 

Second, the desired degree of accuracy may be changed by th e user to 

satisfy the purpose of individual problems. Third, the integration 

of the power series can be performed to any desired accuracy. 

A.2. Power Series Expansion 

A.2.1. Derivation 

Equation A.I and Eq. A.2 can be rewr itten as 

__ fGl -w w J 1 r (1-r) dr 

and 

f l -w w 
J 2 = Gr fnr(l-r) dr 

The power series expansion of the term (1-r)w is 

(1-r)w= 1-wr + w(w-l) r 2 
2! 

--------------
w(w-1) (w-2) 

3! 

+ (-l)k w(w-l)~~-2)·1w-k+l) k r + 

3 r + 

(A. 3) 

(A. 4) 

(A. 5) 

The ratio test shows that this series is absolutely convergent 

when r is less than 1.0. By employing Eq. A.5 in Eqs. A.3 and A.4 

and by int egrating term by term, one obtains the following series 

solutions for J 1 and J 2 



in which 

and 

in which 
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J = 
1-G (1-w) l-G(2-w) w(w-1) 1-G (3-w) 

- w + + 
1 1-w 2-w 2! 3-w 

+ (-l/ w(w-1) (w-2} ·(w-k+l) l-G (k+ 1-w) 

kl k+l-w 

l-G(k+l-w) 

k+l-w = - lnG when w=k+l, for k=0,1,2 ... 

+ 

(A.6) 

(A. 7) 

J = G(l-w)_l _ G(l-w)lnG _ w [G( 2-w)_l _ G(2-w)lnG] 

2 (l-w)2 1-w (2-w)2 2-w 

+ w(w-1) [ G( 3-w)_l _ G(
3

- w) _foG] + . .. 
2! (3-w)2 3 - w 

+ (-l/ w(w-1) (w-2) (w-k+l) [G(k+l-w;-1 
k! (k+l-w) 

G(k+l-w) l nG]+ .. . 
k+l-w 

G(k+l-w)_ 1 
2 

(k+ 1-w) 

G(k+l- w) lnG 

k+l-w 

when w =k+l fork =0,1,2, .. . 

1. (lnG) 2 
2 

(A. 8) 

(A . 9) 

Theoretica lly, as k approaches infinity, the above series 

solutions for J 1 and J 2 converge to the exact solutions. However, 

the numerical va lues obtained by the partial sum of the first k+ l 

terms of the series (defined ask-th order approximations) are 
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satisfactory answers for practical purposes. Therefore, the various 

orders of approximation are examined herein. 

The sum of the first k+l terms of the series solutions for J
1 

and J are respectively 
2 

and 

r ) 
I 
' 

J 1 (k+l) = 
1-G (1-w) 

1-w - w 
1-G(2-w) 

2-w 
+ 

w(w-1) l-G(3-w) 
2! 3-w 

+ • 

+ (-l)k w(w-l)(w~
7
) .. (w-k+l) 1-G(k+l-w) 

k+l-w (A.10) 

(2-w) 

G(l-w)_l 
2 

(1-w) 

G(l-w)lnG 

1-w [

G (2-w) -1 
-w 2 

(2-w) 

G lnG] + w(w-1) 
2-w 2! [

G (3- w) -1 G (3-w) fnr,] 
---- + ---- + •. 

(3-w) 2 3-w 

k w(w-1) • • (w-k+l)lG(k+l-w)_l G(k+l-w) l nG] 
+ (-l) k' 2 - k+l-W 

. (k+l -w) 

(A .11) 

These sums of the first k+l terms can be written in terms of 

the first k terms or 

Jl (k+l) = J 1 (k) + C(k) B1 (k) (A.12) 

and 

(A .13) 

Here 

C(k) _(-l )kw(w- 1) (w-2) .. (w-k+l)= -w(l-w) (2-w) .. (k -1-w) 
- kl k! 

(A.14) 
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(k+l-w) 
B1 (k) 1-G = k+l-w 

and 

B2 (k) 
G(k+l-w)_1 G (k+ l-w) l nG 

= 2 k+l-w (k+l-w) 

Let D(k) = k-w 

and 

E (k) = D (k) + 1 

Then Eq. A.14 becomes 

C(k) = C(k-1) D(k-1) fork> 1 
k 

Also for E(k) + O 

1-GE(k) 
E (k) 

and for E(k) = 0 

B1 (k) = - lnG 

. 1 2 
B2(k) = - 2 (lnG) 

The initial conditions are 

C ( O) = 1 

GE (k) l nG 
E (k) 

(A.15) 

(A.16) 

(A.17) 

(A.18) 

(A.19) 

(A. 20) 

(A. 21) 

(A.22) 

(A. 23) 

(A.24) 

(A.25) 

(A. 26) 
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D(O) = - w (A. 27) 

and 

E(O) = 1 - w (A.28) 

From the above recursive relations, any order of approximation 

for J 1 and J 2 integrals can be obtained. A computer subroutine to 

carry out the above iteration procedure is given in Appendix C. 

(SUBROUTINE POWER). The efficiency of this new method and the 

criterion for convergence are presented below. 

A.2.2. Comparison between power series expansion and Simpson's formula 

As Simpson's formula is widely used and its accuracy has been 

considered acceptable (see Einstein, 1950), this formula was chosen 

to compare the applicability and efficiency with the new method. 

Due to a wide range of values of J 1 and J 2 the comparison 

criterion for accuracy was bas ed on the percentage deviation defined as 

(A. 29) 

in which Pd is the percentage deviation of the result by the new 

method from that by Simpson's formula, X is the value of J
1 

or J 2 

computed by the new method, and Y is the value of J 1 or J 2 com­

puted by Simpson's formula. 

As mentioned earlier, from the recursive relation for partial sum 

of the series (s ee Eqs. A.12 and A.13), any order of approximation 

may be ob t ,; ined by the new method. The speed of convergenc e (or order 

of approximation required to satisfy certain convergence criterion) 

depends on values of w and G and the chosen criterion for conver­

gence. For examp le, if w is an integer~ the exact solution for any 
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value of G will be guaranteed when the order of approximation k is 

greater or equal to w+l. 

Before deciding on the suitable criterion for convergence, it is 

useful to demonstrate some properties of a given order of approximation. 

The termination of computer subroutine is based on the chosen order of 

approximation. 

(1) Variation of percentage deviation with changing w 

For a depth ratio, G = 0.5 and an order of approximation, k = 5, 

the variation of percentage deviation with changing w from Oto 5 

is given in Fig. A.I. The maximum percentage deviation occurs around 

the middle of two consecutive integer values of w. Therefore it is 

practical to determine the convergence criterion based on controlling 

the deviation for w being the middle value of two consecutive integers. 

(2) Relation between percentage deviation and order of 

approximation 

From Eq. A.6 and Eq. A.8, one may imagine that for constant 

value of w, the hi gher order terms are more likely to be negligible 

for smaller values of G. The accuracy of approximation is more 

dependent on the order of approximation for larger values of G than 

for smaller values of G. 

The variation of percentage deviation for 1st and 10th order of 

approximation is given in Fig. A.2. The -curves show that a negligible 

deviation is obtained by the 1st order approximation for w > 1 

and -2 G < 10 . Also the curves demonstrate that the 10th order 

approximation has nearly the equivalent accuracy as Simpson's formula 

for most values of w and G. In Fig. A.3 the relation between 

percentage deviation and order of approximation for a depth ratio G = 0.9 
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is given . This value of G is the largest value that would be 

encountered in most sediment transport problems. The curves in Fig. A.3 

are the numerical proof of the convergence of the series solution. 

(3) Comparison of computer time 

The computer code for Simpson's formula developed by Rana (1971) 

was used to compare the efficiency with the new method. From 720 

sample computations on a digital computer of CDC 6400 at Colorado State 

University, the average computer time (execution time only) for a 

sample computation (include J 1 and J 2) is given in Fig . A.4. This 

shows that 1st order approximation is nearly 14 times faster than the 

Simpson formula and 4 times faster is gained for 50th order approxima­

tion. These results indicate the potential of the new method. 

A.2.3. Criterion for convergence of new method 

As mentioned earlier, the k-order approximation necessary to 

yield a certain accuracy is dependent on the values of w and G. 

A general and practical criterion for convergence to this accuracy is 

necessary. After a survey of possible criteria, the following 

convergence criterion was adopted . 

The criterion is that the iteration procedure will be terminated if 

J 1 (k+l) ~ J 1 (k) 

J 1 (k+l) < £ 

and 
(A . 30) 

J 2 (k+l) - J 2(k) 

J 2 (k+l) < £ 

in which £ is the l imit of convergence . 
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From tests for various values of w and G (w = 0.5, 1.5, 2.5, 

3.5, 4.5 and 5.5 and 0.0001 .::_ G .::_ 0.9), it was found that the equiva­

lent accuracy as Simpson's formula could be obtained if the convergence 

limit £ was set to be 10- 3 . The average order of approximation was 

about 7th order and the computer time required was only one-tenth of 

that for Simpson's formula. The examples of variation of order of 

-3 
approximation and percentage deviation with c = 10 and for w = 2.5 

and 3.5 are given in Fig. A.5. These testing results show the ef­

ficiency of the new method. 

A.3. Swnmary 

A new method based on power series expansion is developed to ap­

proximate J
1 

and J 2 integrals for integration of suspended sediment 

load. This new method has advantages over other existing methods. 

(Einstein, 1950, Rana, 1971 and Chen, 1973). With nearly the same 

degree of accuracy, the new method requires only one-tenth of the com­

puter time needed for the evaluation of the integrals by Simpson's 

formula. Different accuracies of approximation can be made in the 

new method. For obtaining the equivalent accuracy as Simpson's for­

mula, it is recommended that the convergence limit be set at 10- 3 . 
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Appendix B 

CALIBRATION TECHNIQUE FOR SYSTEM MODELING 

8.1 . Need for the Technique 

In the mathematical mode ling of system response, the identification 

of model parameters is oft en relied on an optimization scheme . The 

dependency on the optimizatfon scheme may be reduced if the model is 

formulated according to the physical significance. For either a 

"black box" model or a physical simulation model, the calibration of 

a model is necessary when the model contains unknown parameters. The 

parameters of a "black box" mode l are not physically significant and 

hence, they are usua lly not predictable. While the ranges of parameters 

of a physical simulation mode l are well i mposed by physical conditions 

or measured data, the exact values of the parameters which produce 

correct model response are usually not available. Hence, the model 

calibration is generally inevitab le for most of the modeling problems. 

The simplest calibration technique is the trial and error method. 

Except for some models which contain parameters with very narrow 

searching ranges, the trial and error procedure is inefficient for 

most of the problems. An efficient procedure is apparently needed 

for the model calibration. 

In this study the Powell's unidimensional minimization technique 

(Powell, 1964) was used to calibrate the model with only one unknown 

parameter. However, certain modifications on this t echnique have been 

made to improve its efficiency . In addition, the Rosenbrock's (1960) 

optimization scheme was modified by coupling this modified Powell's 

170 
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unidimensional search technique to calibrate the model having multiple 

unknown parameters . This modification shortened the computation time 

appreciably for the "Rosenbrock Function" (1960) . 

B.2. Minimization Problem 

The identification of model parameters is a minimization problem. 

The problem is to find a set of parameters which produce the model 

response as close to the measured response as possible. In other words, 

this minimization problem is to select a set of parameters which mini­

mize an objective function based on the desired error criterion within 

the constraints imposed by the physics of flow. The constraints in 

the parameter identification problem are usually the upper and the 

lower bounds of parameters . For example, the initial interception 

content must be between 0.0 and 1.0. In this study, the error crite­

rion is based on either the sum of absolute deviations or the sum of 

squares of deviations between the s imulated and the measured response. 

Consider the functional representation; the problem is 

Minimize (B.1) 

Subject to 

x~ < x. < xl:1 
l l l 

for i = 1, 2, .... Np (B. 2) 

in which N is the number of unknown parameters in a mode l , 
p 

x'.s (i = 1,2, ... N ) are the unknown parameters , F (X1,x2, ... XN ) 
l p p 

is the objective function which is a function of x1,x2, ... XN 
p 

parameters , and X~ and X~ are respectively the lower and the upper 
l l 

limits of the ith parameter. 



172 

The objective function in the parameter identification problem is 

generallr not differentiable with respect to the parameters. This is 

due to the r eason that the function is complicated in mathematical 

expressions and usually cannot be represented by a single equation . 

As the function is not diffe c'.ntiab le , the optimi zation schemes using 

derivatives cannot be app lied. An a l gorithm without using analytical 

derivat ives is necessar y for the calibration of a mathematical model. 

B.3. One-Dimensional Calibration Technique 

The one-dimensional search technique is a fundamental component 

of any multi~dimensional search technique. A good unidimensional 

search technique is necessary not only for solving one-dimensional 

problems but also for improving multi-dimensiona l s earch t echniques. 

There are various methods for unidimensional searches. For 

examp le, uniform search, dichotomous search, Fibonacci search, Golden 

Section search, DSC unidimensional search and Powell's unidimensional 

minimization (Himmelblau , 1972). Aft er a survey of these available 

methods, the Powell's unidimensiona l minimization method was sel ected 

in this study . 

For the one-dimensional problem, the functiona l repres ent ation is 

Subj ec t to 

in which 

Minimize F (X) 
X 

X is th e unknown paramet er , and 

the lower and th e upper limits of this parameter. 

(B. 3) 

(B.4) 

X are r espectively 
u 



173 

The proposed method is carried out using the first three points 

obtained in the direction of search . The X corresponding to the 

minimum of the quadratic function is determined, and these quadratic 

approximations are continued until the minimum of F (X) is located to 

the required precision. The steps of search are as follows; examine 

Fig. B.1. 

Step 1. From the base vector X(l) compute 

(B.5) 

Step 2. Compute F (X(l)) and F (X( 2)) 

Step 3 . Determine the third point required for quadratic 

approximation. 

When F (X(l)) is greater than F (X( 2)) , let 

xC3) = x(l) + 26X if xCl) + 26X < X 
- u 

and 

xC3) = X 
u 

if xCl) + 26X > x 
u 

(B.6) 

(B.7) 

When F (X(l)) is less than or equal to F (X( 2)) , let 

and 

if xCl) - 6X < x 
l 

Step 4 . Compute F (X(3)) . 

(B.8) 

(B.9) 

Step 5. Check the convexity of the quadratic equation, the 

optimal coefficient a* can be det ermined by 
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If a*> 0 the function is convex and the search is 

continued at step 6. 

If a* < 0 the function is concave, let 

(B.11) 

(B.12) 

then the search is returned to step 3 with the following 

informati on 

!).X = Xb - X (B.13) 
a 

X (1) = X (B.14) 
a 

F (X(l)) = F (X ) (B.15) 
a 

xC2) - X - b (B.16) 

F (X(Z)) = F (Xb) (B.17) 

Step 6. Estimate the value of X at the minimum of F (X). X*. 

Compute the other optimal coefficient by 

= 
F (X(l)) - F (X( 2)) (1) (2) 

b* --"---~--->----<- - a* (X + X ) 

X* = 

xCl) _ xC2) 

Then, estimate X* by 

b* 
2a* 

(B.18) 

. (B.19) 



176 

If Xt .::_ X* .::_ Xu' the constraints are satisfied and then 

the search is continued at step 7. 

If X* > X or X* < X the constraint is violated, 
u t' 

boundary point is used as optimum value of X, i.e., 

(B.20) 

and 

(8.21) 

Step 7. Compute F (X*). 

Step 8. Termination of search 

Let X0 = whichever of {X(l), xC 2), xC 3)} corresponding 

to the smallest F (X). The termination of search is 

made if 

IF (X*) - F (X0
) I < £ (8.22) 

in which £ is the convergence limit. If the conver­

gence criterion is not satisfied, the search is re­

peated at step 3 with the following information. 

Let 

Xa = Min. {x
0 ,X*} (B.23) 

Xb = Max {x
0

,X*} (8.24) 

Then, according to Eqs. B.13, B.14, 8.15, B.16, and B.17 

X(l) = X 
a 
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F (X(l)) = F (X) a 

X( 2) = X 
b 

F cxC 2)) = F (Xb) 

A computer program was developed to perform the above procedures. 

The listing of the computer program is given in Appendix C. (PROGRAM 

UNIMO). 

In Fig. B.2, the path of the search for the minimization of a 

sample function by PROGRAM UNIMO is given. The functi on and the results 

are given below. 

(B.25) 

starting point: xCl) = 2.0, convergence limit: ~ = 10-S and initial 

step size: 6X = 0.5. The results are: X* = 1.0, F (X*) = 1.71 x 10-lO 

and the numb er of function evaluations , NF= 20 . 

8.4. Multi-Dimensional Calibration Technique 

In this study, Rosenbrock's optimization scheme (Rosenbrock, 

1960) was modified by coupling the unidimensional search t echnique 

presented in the previous section. 

Rosenbrock 's method is an iterative procedure that small steps 

are taken during the search in orthogonal coordinates. Instead of 

continually searching the coordinates corresponding to the directions 

of the independent variables, an improvement is made after one cycle of 

coordinat e search by lining the search directions up into an orthogonal 

system, with the overal l step on the previous stage as the first 

building block for the new search coordinat es. This method locates 
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X(k+l) by successive unidimensional searches from an initial point 

along a set of othonormal directions 

the initial stage , k = 0, the directions 

usually taken to be parallel to the axes of 

Let 

the direction of 

indicate the point at which 

S~k), for each stage (k) 
1 

there are N 
p 

vectors 

and optimal values of the objective function F (X~k)); 
p 1 

N 

(k) *(k) from x
0 

, determine optimal step l ength Al in the direction of 

S(k) so that F (X(k) + A*(k) S(k)) is a minimum and let X(k) 
1 0 1 1 1 

X(k) + ,*(k) S~(k) (k) *(k) = 0 Al 
1 

. Then from x1 , determine A2 so that 

F (Xik) + A;(k) S~k)) is a minimum and let X~k) = Xik) + A;(k) S~k). 

Th h tt · 1· d f 11 f Xi(k_)
1

, determ1· ne e searc pa ern is genera 1ze as o ows; rom 

A:(k) in the direction of Sik) so that F (X{~i + A:(k) S{k)) is a 

minimum and let X ~k) = X~k)l + A~ (k) S ~k). The search is r epeated 
1 1- 1 1 

sequentially, always starting from the l as t immediate point in the 

sequence until all X., i=l, ... N are determined. The unidimensional 
1 p 

search technique described in the previous section (Section B.3 .) was 

used to determine optimal step length * (k) 
A. • 

1 

After the kth stage has been completed, the vectors for the new 

search directions are computed at the point 

method (Palmer, 1969) for generating new set 

this study. His method is as follows. 

X(k+l) = X(k) 
0 N . 

p 
of direction is 

*(k) ~(k) 
A. S. 

J J 
for 1 < i < N 

- p 

Palmer 's 

used in 

(B.26) 



180 

A~k) 11 A(k) 112 - A~k) 11 A~k) 112 
1 i-1 1-l 1 

S~k+l) 
1 

(8 .27) 

for 2 < i < N 
p 

in which II 11 is the norm of the vector 

and 
A (k) 

S (k+ 1) 1 (8.28) = 1 II A (k) II 1 

If >. ~ (kl) = 0 , 
1-

SA(_k+l) = A(k) *(k) S. 1 unl ess E >.. = O. 
1 1- 1 

The search is 

terminated when 

(8.29 ) 

A computer program was deve loped to carry out the above procedure . 

In this program, th e vector is normalized so that the ranges of the 

vector are within 0.0 and 1. 0. The listing of the computer program is 

given in Appendix C. (PROGRAM BROSEN). 

The number of function evaluations for the Rosenbrock 's function 

(Ros enbrock, 1960) by the proposed a lgorithm is 30, which is much less 

than 206 function evaluations by the original Rosenbrock' s method 

(Himmelblau, 1972). A sample problem with three variabl es is given 

herein for illustration. 

The function is defined as 

(8.30 ) 
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This problem is unconstrained and is highly interactive among 

variables . The initial vector is 

[5.o, 2.0, 7.0] 

1 . . 10-5 
The convergence imit, E = 

The search paths for each stage are given in Table B.l. This 

table shows the applicability of the proposed algorithm for the 

problem with highly interactive parameters. 

Stage 

0 

1 

2 

3 

4 

5 

6 

7 

8 

T bl B 1 Summary of Search Path for Each Stage a e . 

Current Vector Current Cumulative 

Xl x2 x3 
Obj ective Function 
Function Evaluation 

5.000 2.000 7.000 0.178 X 103 0 

2.000 8.000 3.600 0.392 X 102 
16 

7.005 8.220 3.386 0.549 X 101 
31 

8.142 7.709 3.435 0.295 X 101 
46 

7 .871 7.366 3.336 0.252 X 101 
61 

5.950 5.847 2.751 0.694 X 10° 76 

4.213 4.278 2.112 0.198 X 10-1 
91 

4.004 4.005 2.002 0.628 X 10-5 106 

4.000 4.000 2.000 0.101 X 10-7 117 

B.5. Summary 

No. 

A one-dimensional calibration technique based on Powell's (1964) 

unidimensiona l minimization method is proposed to calibrate one­

dimensiona l models. This unidimensional method is further applied to 

modify the Rosenbrock's (1960) method for the calibration of models 
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with multiple parameters. This modification shortened computer time 

appreci1l:bly for the "Rosenbrock Function". 

Both one-dimensional and multi-dimensional calibration techniques 

are formulated to deal with bound constraints (i.e., the upper and 

lower bounds). These bound constraints are usually imposed in the 

mathematical models by physical conditions or measured data. 



Appendix C 

LISTINGS OF COMPUTER PROGRAMS 

C.l. PROGRAM WATER: Rainfa ll-Runoff Model 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

PROGRAM WATER (IN PUT,OUTPUT) 

PROGRAM WATER (INPUT , OUTP~Tl 

THIS IS A RAI~FALL-P UNOFF MOO EL 
THIS PROC,RAM IS OE~IGNED TO Sif,\lJLATE WATER HYOROGRAPH FR OM SMALL 
WATER SHEOS 
NO TATI ONS FOR THE MODEL INPUT ANO OUTPUT 
TITLE a ALPH ABE T!C hL OR ~UM ER!CA L IDENTIFICATION OF THE PROBLEM 
NOV= NU~~ER OF OVE RLAND FLOW SEGMEN TS 
NCH= NUMRER OF CHA NNE L FLOW SEGMENTS 
NSEG = TOT AL NUMQ[Q OF SEGMENTS 
NOX = NUM BER OF SPA Cf IN CPEMENTS 
NST O~ = NU MRFP nF STORM FO R COMPU TATI ON 
NTO = OUTPUT I NTE RVALS 
OT= TIME TNCPEMF.NT FCR NUMER ICAL COMPUTATION 
SNU = KINEMATIC VI SCOS ITY OF WATER 
AP EA = TOTAL AP EA 0F THE WATE~SHEO 
SEG = ALPHA BE TICAL OR ~UMERICAL IDENTIFICATION OF SEGMENTS 
5Lf.N = LENGTH OF AN OVERLANO FLOW PLOT OR A CHA NN EL REACH 
SLOPE= RED SLOPF 
AC ,RC , A0,~0,AL = PARAMETERS DESCRIB ING P-A RELATIONS 
ISf. G = COMP UTATI ON6L SEQUENCE 
!UP = !I PSTRFA M INFL OW SEM-lfNT 
JL ~T LAT ERAL INFLOW SEGMENT 
PF Rk - COEFFICIENT OF PERHE&BJLITY OR HYDRAULIC CONDUCTIVITY 
SH= MOISTU RE CONTfNT AT SAT UAT ! ON 
WP= MOIST URE CONTENT AT WI LTI NG POINT 
CPW = CAPILLARY POTEN TIAL HF.A D AT WILTI NG POINT 
ETA= DE PT H OF THE ZONE OF AERATION 
FK1,F K?,FK3 = CONS TANTS DESCP!P.ING DA ~C Y-WEISBACH FRICTION FACTOR 

OUF. TO GR AIN RES I STAN CE ONLY 
XIC = RED FORM RESISTANCE DESC P IPTOR 
XTO= GROUND COVER RE SISTANCE DES CRIPT OR 
STO RM= ALPH~PET!C AL OR NUMfP TC~ L IDENTIFICATION OF STORMS 
IT HAX = TOTA L ~UMA~A OF TIM E INC REMEN T AT TrlE ENO OF A ST OR M 
IT CO~ = TOTAL NUM9fA OF TI ME I NCR EMENT FOR COMPUTATION 
fVP ~EAN fV6P OR ~TI ON RATE 
GRO = GR OUND COVER RES I STANCE DES CRIP TOR, XIO 
VIN= I NI TIA L I NT E~C EPTION STORAGE CONTENT 
AM C• ANTE CEDE NT MOISTURE CONTfN T 
OR = RAI NFb,Ll I NPU, 
SUHRF = AM OU NT OF DI RECT PU NOF F 
OCUT = OUT FL OW HYOROGR4PH OF WATER 

WAT 
WAT 
WAT 
WAT 
WH 
WAT 
WAT 
WAT 
WH 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
'v/AT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WA T 
WAT 
WAT 
WAT 
lot. T 
!;AT 
WAT 
WAT 
WAT 
«AT 
"'AT 
WAT 
WAT 
'<i AT 

DI~E NSION ITCOHtlO>, QOU T(l 0 , 200) , 
WA T 

SEG tSO >, STORM(!O), TJTLE<lOl, i/AT 
WAT 

NSEG,NOV , NTO,N DX , OT , OTS , DTN,IT,EPS,IMAX,ITMAX(lO) WA T 
Q ( 5 0 ) , A ( 5 0, l O l , DR ( l O, 2 0 0 l , ER ( 20 0) , EVP ( l O) , V Iii (IO) , AHC;. AT 

WAT 

l <;RO ( 1 0 l 
CO~ MON /I NOi 
COM MO N /FLO/ 

l tl O l 
TSEC,(50l ,T UP (5 0 , 3l , ILAT(50,?l "AT 
SLEN I 5 0 l , SL OPE ( 50) , b C ( 5 0 l , AC I 5 0 l , AO ( 5 0 l , AO I c;o l , AL ( 5 0) WAT 
PF.~M,SM,WP,CPW,ETl, CNO , GCD, vor. , SRG ,V CR , X! ( , XlO WAT 
ON,AN,SNU,SLP,FKl,F~2,F~3,XTR , ALP , BE T,CP R, EPR , ARF WAT 

WAT 

10 
20 
30 
4 0 
50 
60 
70 
80 
90 

1 00 
110 
120 
130 
140 
150 
160 
170 
lFO 
l c; 0 
200 
210 
22 0 
230 
240 
?Su 
2 60 
27 0 
280 
290 
300 
310 
320 
3 30 
]40 
3 50 
3£,0 
370 
390 
390 
400 
410 
42 0 
430 
4 40 
450 
HO 
47 0 
4f,0 
490 
500 
510 
520 
53 0 

COMMO N / SEQ / 
COMM ON / GEO / 
CCH-•M ON / REF/ 
CC'Ml' ON /F RC / 
IMAX =20 
EPS=O.l WAT 540 

WAT · 550 

183 



C 
C 

C 
C 
C 

C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

184 

PR OGRAH WAT ER (I NPUT , OU TPUT l 

INPUT AND OUTPU T TITLE 

RFAO 170, TITL E 
PRINT 180 , TITLE 

I NPUT AND OUTPU T GENERAL ! NFORMIITION 

PfA O l 'lO , NOV ,NClh ND;< ,N STO"' ,NTO, DT , SNU , AREA 
NSEG ,,NO V• NC. H 
PRINT 200 , NSEG,NOX,NST O~ ,DT, SNU ,AREA 

WAT 
W:.T 
WAT 
WAT 
WIIT 
WAT 
WIIT 
WAT 
WIIT 
WAT 
WIIT 

INP UT ANO OUTPUT 8•S I N CHARAC TERIST I CS 01\TA WAT 
INPUT ANO OUT PU T GfOMET RY OAT/\ WAT 

WAT 
READ 2 10 , CS((l (tl , SLEN<Il , SLOPE Cil ,ACCtl , BC!Il ,AOCll , flOI Il , ~LC il ,! WAT 

l =l, NSF.G l WAT 
PRINT 220 , ISF.G I I l , SLOH I l , SLOPE I I l , AC I I) , BC ( I l , AO C l l , 80 ( I l ,AL CI l , WAT 

ll =l, NSfGl WAT 
WAT 

INPUT ANO OUTPUT COMPUTATION SE QUENC E WAT 
WAT 

RE AD 230 , CI SEG Cil,CI UP !I,Jl,J=l,Jl.CILAT!I,Jl,J=l,2ltl=l,NSEG l WAT 
PRINT 240 , II Sf.G (Il.C lU P !I, Jl ,J=l, 3) ,CILAT(l, J) , J=l , 21,I =l, NSEG l •~A T 

WAT 
INPUT ANO OUTPUT SOIL DATA WAT 

WAT 
READ 250 , PEP,..,SM,WP,CP W, ETA WAT 
PRINT 260 , PE AM, SM , WP , CPW ,ETA WAT 

WAT 
INPUT 4ND OUTPU T VEGETAT I ON DATA WAT 

WAT 
READ 2~0 , CND , GCO , VOG , SRG ,V OA WI\T 
PRINT 270 , CNO ~GCO , VOG , SAG ,VOR WAT 

WAT 
INPUT AND OUTPUT FLOW RES I S TA NCE PARAMETERS WAT 

WAT 
READ 2RO, FK l,F K2 ,F K3 ,XIC WAT 
PRINT 290 , FK1,FK2,FK3,XIC WAT 

WAT 
ESTA~LI SH SOME INV AR I ANT I NFORMAT I ON WAT 

WAT 
IOUT =ISEG!NSEG l WAT 
SNU=SNU/100000 , WAT 
DT=DT/AO, WAT 
OTS =D T•360 0, WAT 
OTN=DTS~F LO IITCNOX) WAT 
FACT=l2, 0 36 00,/143560,oA REAl WAT 

WAT 
INPUT ANO OU TPUT STO RM CHARACTERISTICS DATA WAT 

WAT 
DO 110 L= l ,NST OM WAT 

PEAD 300 , STO l< M(Ll, !TMAX(Ll ,IT COM(Ll , EVP (l) ,GRO( Ll ,VI N(Ll ,AI-IC(L WAT 
l WA T 
PRINT ) JO, STORM <Ll ,IT MAX (Ll ,ITC OM(L J ,EV P !Ll , GRO( Ll ,VIN(l) ,A I-ICCWAT 
LI WAT 

560 
570 
SAO 
590 
600 
6 10 
620 
630 
640 
650 
660 
670 
680 
69 0 
700 
710 
720 
730 
740 
750 
760 
770 
780 
790 
8 00 
8 10 
820 
830 
/140 
A50 
860 
870 
R80 
1390 
900 
910 
920 
930 
940 
950 
9AO 
970 
9110 
990 

1000 
1010 
1020 
1030 
1040 
1050 
1060 
10 70 
l OBO 
1090 
1100 



C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 

185 

PROGRAM WA TER (I NPUT,OUTPUT ) 

PRINT J?.O 
I RA TN=IrnAX( L) 
RfllO 330, (Dtl (L,T),I =l,I RAIN ) 
PRTNT 340 , C!,O R CL,I ),l =l,IRAIN) 

110 COl<JTINUE 
no 15 0 L=l, NSTOM 

NCOt-'=!TCOHCU 
XIO=G Rll CU 

RAT NFAL L EXC fSS DETER MINATION 

CALL RAINF.X IL,NCOH) 

INITIALIZE ENTl AE WATERSHED 

DO 130 I " I , N'>EG 
Q(I)=O. 
00 120 J =l , NO X 

lllltJ) =O , 
120 CO NTI NUE 
130 CONTINUE 

ROUTING FOR EACH TIME IN CR EMENT 

SU,..RF=O, 
DO 140 IT,;l , NCOM 

CALL ROUT IL> 
noUT( L ,T TJ =O(IOUTJ 
SUM ~F=SUH RF •OII OU Tl 

1'10 CONTHJUE 

OET EnM INE Af'OUN~ OF DIRECT RUNO FF 

SU,..RF=SUMRF 0 DT•FAC T 
PR TNT 350, SUM RF 

150 CO~ITT NllE 
PRINT 360 
DO l6'l T=l , NSTOM 

PRINT 370, STO RM (!) 
NCOM= !T COM< Tl 
PRINT 340, IJ, OOU T(l,Jl,J= l,NCOMl 

160 CO NT INUE 
STOP 

WAT 
WI\T 
WAT 
WA T 
WI\ T 
WAT 
WI\T 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WA T 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
14A T 
WAT 
!4AT 
WAT 
WAT 
WH 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 

. WAT 
WAT 
WAT 
WAT 
WAT 
WAT 
WAT 

170 FORM AT <10A8) WA T 
180 FORMAT (1Hl///// 40X ,l0A 8) WAT 
lQO FORM AT (5I5,3FI0 . 3) WAT 
200 FO RMA T (//4 8X , ?.0Ht1UMBER OF SEG'-tENTS = ,I5/HX,2 AHtlUMBER OF SP4CE I N'•A T 

lTE PVALS =,I3,/4IX,J4HNUM AE R OF S TORMS Foq COMPU TII TION = , I4 / 45 X,16~WAT 
2TI ME IM CA f.'-t EN T = • F7 ,J, 8 H MI NU TES/4 5X , 21H~INEMATIC VISCO S ITY =,FJO , WA T 
35/46X,l ?.H TOTAL AAf. ~ = ,Fl 0 ,5, 6H ACA F. Sl WAT 

210 FO RMAT (2X,A 8 ,7FI0 ,5) WAT 
22 0 FORMAT (//45X, 3JHG FOMETRY DATA FOR EACH SEGMENTS//(l4X ,A8,7Fl2, 5l)WAT 
230 FClPM J\T If.TIO) WAT 
240 F(lRM .H (//50X.2 0>tCOMP UTATION SEOUE~ICE// (30X ,6[1'))) WAT 

111 0 
11 <'0 
11 30 
l l 40 
11 5 0 
l I F,O 
1 I ·r O 
1 lllO 
1190 
1200 
1 21 0 
1220 
1230 
121io 
1250 
12no 
1270 
12~0 
1290 
1300 
1310 
13?0 
1330 
13110 
115 0 
1360 
1370 
lJRO 
1 390 
1400 
141 0 
l 4 ?.0 
1~30 
1440 
14 50 
1 460 
1470 
1 ,,so 
l4 9 0 
1500 
1510 
1520 
1530 
151i0 
1550 
1560 
1570 
15 11 0 
1590 
1600 
1610 
1620 
1630 
1640 
165 0 



186 

PROGRAM wATEA CJ NPUT , OUTPUT) 

250 FO APA T ( 5F I 0,4) WAT 16 6 0 
26~ FOR MA T ( 5~X , 9HSO I L OATA / /2 2 X, 5F l 5,S l WAT 1670 
270 FORM AT (52 X, l ~HVEGF. TATI ON OATA//2 ?. X, 5F l 5 ,5) WAT 16AO 
280 FO RH/\ T 14• 10 , 5 ) WAT 16QO 
290 FO P~AT ( //47 X, 2~HFL OW RES I STA NCE PARAMETER S// 30X , 4Fl5 , 5 l WAT 17 00 
JOO FO RM AT (?.X , AB , 2 110 , nF I0, 5 ) WAT 1710 
310 FOPMA T (//56 X,All/4 AXt! 'lHRA ! t-:F ALL DlJAA TI ON = .Y 4 / l1BX , 20HCOMPUTA TI ON WA T 1720 

l PEA IOO =,l 4 / 44X , ?3HMf AN EVA POR ATION R4TE = , Fl O.J/ 37X , 36hG AOUND COV~A T 17 30 
2ER RES!STANCF DESCR I P TOP = , FJ 0 , 3/36 X, 3 BH I NITI /\ L I NTERCEPT I ON STOP AW/\ T 1740 
3GE CON TF.N T = ,Fl 'J , S /40X , ?QH/\NTECEOEN T HOI STUAf. CONTENT = ,Fl 0 , 5 ) WA T 1750 

320 FORMAT (//5 3X ,1 3HP ~l NFAL L DATA ) WAT 17 60 
330 FORMAT (1 6FS ,?l WAT 1770 
340 FORM AT (4 AX,11 0 , 4X ,FI0,5) WAT 17 8 0 
350 FORM~ T (//42 X, 2SHAMOUN T OF DI RE CT RUNO FF = ,Fl 0 , 5 ) WAT 17 90 
360 FO Pl" /\T (//45X,3JH IIYOA OGRAPH /IT WATEA SH F.0 OUTLF. T> WAT 1800 
:no FORMAT (//56X , AA ) \IAT 1810 

C WI\T 1820 
ENO WAT 1830 



C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

110 

187 

SU RRO UTIN E ROUT(Ll 

SURROUTIN F HOU T IL) ROU 
ROU 
nou 
POU 

Tl'IS Sll'IRO UT! ME RO UTES TH E FL OW OCCURRE D I N OVERLAND LOOP AND 
THROUGH CHA NNE L SYSTEM 

COM 'AO N /T NO/ 
COM MON /FLO/ 

1(10 l 
C()"tAOM 
CO,-.MO N 
COMM ON 
COMMON 

/ SEO / 
/Gf:0 / 
/ REF / 
/F HC/ 

POU 
NSEG , NO V, NTO,NOX , DT,DT S , DTN, I T, EP S,[ MAX,I TM AX <lOl RO U 
0( 50 ) 1A( 50 ,1 0 l ,l1H (l 0 , 200> , Ef.< 120 0) ,EVP(l Ol , VIN <lOJ , AMCROU 

ROU 
I <;E G( 50 l ,IlJP 15 0 , J l ,ILAfl 5 0, 2 l RO U 
SLf N( 50 ) , SLOPf(50 ) , AC (5 0 ) , flC( 50 l , A0 (5 0) , A0 (50 ) ,AL( 50 JROU 
PERM , SH1 WP , CPW , ETA, CN D, GCO , VOG, SAG 1V OR, XI C, XIO HO U 
ON ,AN, SNU, SLP , FK 1,F K2 , FK3 , XI R,ALP, BET,C PR , EPH, AR F RO U 

COMPUTE AT T! ~E IT (T•DT) 
OETf.RHINAT!ON OF RAIN FALL INP UT 

ROU 
ROU 
ROU 
ROU 
ROU If IIT. GT.JHAAX(I_)) 

ORF =DH IL dTl 
GO TO 120 
ORF=O . 

GO TO 110 

OETE RH! NE RAI NFALL EXCESS 

ROU 
ROU 
ROU 

120 EFRM=FR (!T) 

ROU 
ROU 
ROU 
ROU 

OETERH!NE . EFF EC T!VE RAINF ALL FOR RAI NDRO P ' IMPACT EFFECTS 

ARF=ORFO(l.-C ND >0 (1.-GCD) 

ROU 
ROU 
POU 
ROU 
ROU 

WATER ROUTING FR OM THE UPPER MOST SEG ME NT TO THE WATE RSHED OUT LET RO U 

00 290 !=l ,N SE G 
l<=ISF t: <I > 
SLP=5LOPE( Kl 
OT .~=DHJ/ SLf.N ( Kl 
{)UP=O . 
OLAT =O. 

DETERMINE TH E UPS TREAM INFL OW RATE 

IF (IUP( K,ll,EO.Ol GO TO 140 
00 130 J=l,3 

IF II UPP<,JJ . EO .OJ GO TO H O 
JJ =IUP( K,J ) 
OUP= QUP• O(JJ) 

l30 CONTINUE 

DETERMINE THE LATE RAL INFL OW RATE 

140 IF (K. GT.NO VJ GO TO 150 
OLAT =O LAT• FFR M/ 4 3200 . 

150 IF <ILAT< K,JJ . E0,0) GO TO 170 
00 160 J =l , 2 

IF IILAT<K,Jl .EO.Ol GO TO 170 
JJ=ILAT(K,J) 

POU 
POU 
nou 
ROU 
ROU 
ROU 
POU 
POU 
POU 
ROU 
POU 
ROU 
ROU 
ROU 
ROU 
ROU 
POU 
ROU 
ROU 
ROU 
POU 
ROU 
ROU 
POU 
ROU 

10 
?O 
JO ,,o 
50 
60 
70 
80 
9 0 

100 
11 0 
12 0 
130 
140 
150 
160 
170 
l!IO 
190 
2 00 
2 10 
220 
230 
240 
25 0 
260 
270 
2AO 
290 
3 00 
310 
320 
330 
340 
350 
36 0 
370 
31!0 
390 
400 
410 
4 2 0 
430 
440 
450 
460 
'• 70 
41\0 
490 
500 
510 
520 
530 
540 
550 



C 

188 

SUBROUTINE ·ROUT IL> 

QLAT =QLAT+ O(JJ) 
160 CONT IN UE 

C NONLI NE AR SCHF.ME Fon WA TE R ROUTING 
C 

170 ALAT =OLATODTS 
DO 28 0 J=l, NOX 

ASUM =ALA T+AIK , Jl+OTX•OUP 
If (A SU 4,L f. .l, OE -7l GO TO 270 

C 
C SET UP A-Q RELATION SHIP 
C 

ON=ASUM/f)TX 
AN =O, S•ASU•~ 

C 
C DETERMINE THF ADOED FRICTION FACT OR DUE TO FO RM RES I ST ANCE 
C 

C 

IF (AN, GT,ALIKll GO TO 180 
Cl-'P =AC (K) 
fPA =BC IKl 
XIP=XIC 
GO TO 190 

180 CPR ~AO IKl 
fPR =AO(Kl 
PCH =CPA• ALI Kl ""EPR 
PTO =CPP<>A~•UfPR 
XIR = (X!C • Pr.H+ IXI0°GCD+XlCl•IPTO - PCHll/PTO 

C DETERMI NE THE COE FFICIE NT ANO THE EXPO NE NT IN A-0 RELATION 
C 

C 

190 CALL FR!CT 
Af.H=BET- 1, 
REN=A EM-1, 
ALRF.T=A LP 0 AET 
ALREM=ALP 0 BE T•BEM 
DTX~=OT X+AL P 
fRROR=EPS•4 SUH 

C LINEAR SCIIEl-41' TO FIND THE FIRST APP ROX I MATION 
C 

C 

TTER =O 
QPRE = (A( K ■ J)/ A LPl • •(l,/ UET l 

OAVf =0.5°( 0UP +OP REl 
IF (QAVE,LF,1. 0f. -7) GO TO 200 
DAO=Alflf.T 0 0 AV E0 •R EM 
OE = IALAT+ OT X•O UP+DAQ<>QP REl/lUTX+DAQl 
r,o TO 210 

200 OE=ASUM/DTXA 

C NONLINFAA SCHEME TO RE FINE THE SO LUTION 
C 

210 ITFR=ITER•l 
AEST=OTX 0 0f +ALP 0 QE 00 BET 
ADEV =AS UM-Af.S T 
IF IARSIAOEV) ,LE, ER ROA) GO TO 260 

ROU 
AOU 
ROU 
ROU 
ROU 
POU 
POU 
ROU 
POU 
AOU 
ROU 
POU 
ROU 
ROU 
ROU 
POU 
ROU 
POU 
ROU 
ROU 
POU 
RO U 
ADU 
ROU 
ROU 
ROU 
ROU 
POU 
POU 
ROU 
POU 
ROU 
POU 
ROU 
ROU 
AOU 
ROU 
POU 
ROU 
ROU 
ROU 
ROU 
POU 
ROU 
ROU 
ROU 
POU 
ROU 
ROU 
ROU 
ROU 
ROU 
ROU 
ROU 
ROU 

560 
570 
sno 
590 
600 
610 
6?0 
630 
640 
650 
660 
670 
680 
690 
700 
71 0 
720 
730 
740 
750 
760 
770 
7fl0 
790 
1300 
810 
820 
830 
840 
850 
860 
870 
13!'0 
890 
900 
910 
920 
930 
9,,0 
950 
960 
970 
980 
990 

1000 
1010 
1020 
1030 
1040 
1050 
1060 
1070 
1080 
1090 
1100 



C 

C 

189 

SUflROLJT HIE AOIJT cu · 

IF cnrn.LT.Hli\ X) GO TO 220 
PAINT 300 , IT,K,J 
STOP 

220 FD EA=Of X•AL 8E T0 0E 0 ~0EM 
SDER=ALnEM 0 0F 0 ~8E N 
Rfl '-r OER / SDF.R 
SC=?,O A()E V/ SDER 
S Tf '4'-'tifl ~R•l • S C 
TF CSTEl' . Gl'. . O.J GO TO 230 
<lf =llE•ADE V/FOE R 
GO TO 2 10 

230 ST EM=SOR TC STEMl 
IF CA OEV . GT . O,l GO TO 25 0 
ETF." =fl~ • STEM 
Qf.::QE-ETEI~ 
IF IOF.GT.O.l GO TO 210 

240 FTEM=0, 50fTE M 
QE=OE• ETEM 
IF COE ,GJ. () .l GO TO 210 
GO TO 240 

250 Xl=OE-A B- STF.M 
X2 =0F.-n9•5TEM 
ADJ=A RS C~ SUM - OTX 0 XJ-AL P~Xlo 0 Rf.T l 
A02 =ABS C ASllM -DTX 0 X2-ALP 0 X 2 00 8.E T) 

OE=Xl 
TF Cl0l. GT , A02J OE=X2 
GO TO 210 

260 A( K,Jl =AL P~Of 00 BE T 
OUP=OF. 
GO TO 2AO 

270 AC~,Jl=O, 
OUP= O, 

280 CONT TNUE 
OCKJ =OUP 

290 CONTINUE 
RETURN 

300 FORMAT C30X,4 2HDO NO T CONVE RGE FO R THE COM PUT ~T!ON POI NT 
l, 2X.J5 J 

END 

ROU 1110 
ROU 11 20 
ROU l l 30 
ROU 1 14 0 
ROIJ 11 5 1) 
ROU I 1 f, O 
ROU 11 70 
RCU Jl llO 
ROU 11 'l O 
ROU 1200 
ROU 12 1 0 
ROU 1220 
ROU 1230 
HOU 12,, 0 
ROU 125 0 
ROU 12b0 
POU 127 0 
ROU 128 0 
ROU 129 0 
ROU 1300 
ROU lJ l 0 
ROU 1320 
ROU 1330 
ROU 1340 
AOU 13 5 0 
ROU 136 0 
POU 1370 
PO U 138 0 
ROU 139 0 
POU 1400 
POU l 4 lo 
ROU 14 2 0 
ROU 14 30 
ROU 1440 
POU 1450 
ROU 1460 
POU 1 1• 70 

, J5 ,2X,T 5ROU l 4A 0 
ROU 14 9 0 
AOU 1500 
ROU 1510 



C 
C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

l l O 

120 

130 
140 

150 

160 

190 

SUBROUTIN E PAfNEX(L,NCOH> 

. SURROUTINF: PAI NEX (L,NCOM) 

THIS SU~POU TJ NE DETERMINES THE OVERA LL MFAN RAINFALL EXCESS RA TE 
TH E RAINFALL EXCESS CO l-'PU TATI ON rs CA RR IED OU T FOR A POINT UND ER 
C~ NOP Y ANO FOR ANOTHER PO I NT IN THE AREA WITH OU T TREES 

AAI 
RA! 
RA! 
PAI 
RA{ 
RAt 

DIMENSION RCUMI?. ), STNT !2), CH( 2 ), f.FRI?.) PAI 
COMMON /! NO/ NSER , N0V ,NTO, NOX,DT ,DT S , OTN ,tT, fPS ,IHAX,ITM AX (l0) RA I 
COl-'MON /FLO/ 0(501 ,A( :,0 ,10) , OR! l 0 ,2001 , F.R(?.00) , EVP (lOl , VIN (l Ol ,AMC RAI 

1(10) RAJ 
COMMON / Pf.F l PER M,SM,WP,CPW,f.T~,CND,GCO,VOG,SPG ,VO R,XIC, XIO PAI 
IF (PERt-1,f.O,O,) GO TO 110 PAT 
CJF=4,•C PW /(PE RM 0 (SM-WPl•DT) RAI 
(;O TO 120 RA! 
CIF~o. PAI 

DETERMINE THE INITIAL INTE RCEPTION STORAGES 

S!NT<l> =GCD<>VOG 
S!NT(2l=(VOR+GCO)OVOG 
PCUM(ll=V!N(Ll•S!NT(ll 
ACUH(2)=VIN(Ll 0 SINT(2 l 
r,t,, I I l =A'lC Ill 
Ct-412) =AMC (L) 

FTEl~=f.VP !Ll 0DT 
DO 200 IT=l ,NCOH 

DETE PM !NE THE RATES OF RAINFALL INPUT 

IF IIT,GT,IT MAX (L)l GO TO 130 
DRF =O AILdTl 
GO TO 140 
DRF=O, 
DO 190 1=1,2 

DETERMINE THE AVE RA GE NET RAINFALL RATE 

S=GC0°SAG 
IF I I. EO, 2 l S=S•VOR•SRG 
RCUM(ll =R CUH(ll•O PF • DT-ETF.H 0S 
IF IRCU t-' lll,LE,SI NTIIll GO TO 
RNET=<PCUM!ll-SINT(lll/OT 
ACIJ" ( I l = S !IIT ( I l 
GO TO l 60 
IF ( PCUM ( Tl • LT, 0, l RCUM ( I ) = 0, 
ANET=O, 

150 

DETERMINE THE AVERAGE INFILTRATION RATE 

CHEC K THF. AVAILAR!LITY OF MOIST URE SUPPLY FOR INFILTRATION 

IF (ANET,GF., R!Fl GO TO 170 
ERIF=PNET 0 (1,-0 , 5°RNET/RIF> 

RAT 
RAI 
PAI 
RAI 
PAI 
RAI 
RAI 
RAI 
RA! 
PAI 
PAI 
RAI 
PAI 
PAI 
PAI 
RAI 
RAI 
RAf 
RAI 
RAI 
PAI 
PAI 
PAI 
RAJ 
PAI 
RAI 
PAI 
PAI 
RAI 
PAI 
RA! 
RAI 
PAT 
PAI 
PAI 
PAI 
PAI 
RAI 
PAI 
RAI 

10 
20 
30 
40 
50 
60 
70 
AO 
90 

100 
11 0 
120 
130 
140 
150 
160 
170 
lAO 
190 
200 
210 
220 
2JO 
240 
250 
?.60 
270 
2110 
290 
300 
310 
3?0 
330 
340 
350 
360 
370 
3110 
390 
400 
410 
420 
430 
440 
450 
460 
470 
4AO 
490 
500 
510 
520 
530 
540 
550 
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SURROUT I NE RA I NEX (L, NCOM I 

GO TO trlO RAI <;6Q 

170 ERIF=O , SoR (F RAI 570 
C PAI 580 
C OE TF.RH ! NE THE AVERJ\GE RAINFALL EXCESS RATE PAT 590 
C RAI r,oo 

l '30 F.FR<IJ =RNET-fR IF PAI r, l 0 
C RA! 620 
C ADJU ST ~OISTU~E CON TENT FOR NEX T TI ME STEP RAI 630 
C RAI 640 

JF (ERIF, EO , O,J GO TO 190 PAI 650 
CM<T) = ( CM ( ! J 0 ETA +DT 0 ERIF J/ETA RAt 660 
IF (CM ( I I , GE.SM) CM(Il=SM RAt 670 

190 CONTINUE RAI 680 
C RAI 69/l 
C COMPUTE THE OVE RA LL MEAN RAINFALL EX CESS RA TE RAY 700 
C RAI 710 

EA(ITl = (l,-C ND ) oE FR(l)+CNO oEF A(21 RAI 720 
200 CON TI NUE RAI 730 

RfTUPN RAI 740 
C RAJ 750 

END RA! 760 



C 
C 
C 
C 

C 

11 0 

-120 

130 

140 

150 

19 2 

SUBRO UTINE fA I CT 

SUAROIJT I NE FP I CT 

TH I S SURR0UTINE DETE RMI NES TH E COEFF I CIENT ANO THE EXPO NE NT I N 
flE LII T TON 

FRt 
FRI 

11-0ffl l 
FRI 
FR I 
FRI 
FRI 

COMMON /f RC / QN , /IN , SNU , SLOPE , FK1 , f K2 , f ~3 , X!R,11LP , BET , CPR, EPR , AAF 
SK l = (l. •XTRl•f Kl •27 .l 62••"F••0 , 40 7 
5K2= (I. •X TQ) ff FK2 
S1<J-,,( l.+ X!R l <>F 1<J 
RN=ON/CCPR •AN•~FPR•S NU ) 
J f (AN . GT . 90 0 . l GO TO 110 
ERf =l. 
CR F=SK l 
GO TO 150 
IF (RN . GT . 2 00 0 .l GO TO 120 
EA F• l. 25234•A t.CA ( SK l/ SK2 ) -6 .l 391 6 
TEH= 9 00. ••< ERF -1,l 
CR F•SK t • TE'-1 
GO TO \ ',O 
( <" !R N, GT. 2500 0.) GO TO 13 0 
F.Pf =0 . 25 
CR F•SK? 
GO TO 15 0 
IF ( RN. GT,1 0000 0,1 GO TO l 40 
ER F=0,7 2 135•ALOG!Sl<2/SK3 1- l , 8262 1 
TfM= l 00000, 0 •ERF 
CPF •Sl<) ■ T EM 

GO TO 15 0 
ERf =O, 
CPF=SK3 
A~XP= l.1( 1 . -E PR • <l.• ERF l) 
/I LP= (CPR•• tl. • ERfl •CRF•SNU••ERF / (25 7. 6•S LOPE )) •• AEXP 
Bf T• ( 2 .-f.RF)•4fX P 
RF.T URN 

ENO 

FRI 
FRI 
FRI 
FRI 
FRI 
Fil l 
FR I 
FR! 
FRI 
FRI 
FRI 
FRI 
FRI 
FRI 
FRI 
FR[ 
FRI 
FRI 
FRI 
FRI 
FRI 
FIH 
FRI 
FRI 
FRI 
FRI 
FRI 
FRI 
FRI 

10 
20 
30 
40 
50 
(,0 
70 
AO 
9 0 

100 
11 0 
12 0 
130 
140 
15 0 
16 0 
17 0 
180 
190 
2 00 
2 10 
220 
230 
2 40 
250 
2(, 0 
2 70 
2AO 
29 0 
JO O 
3 10 
320 
33 0 
340 
35 0 
36 0 



C.2. 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 

C 

C 
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PROGRAM SEDIM: Rainfall Erosion Model 

PROGRAM Sf.D I M (INPUT, OU T?UTI 

PROGRAM SEO!~ II NPUT,OUTPUT I 

TH IS IS A PA TNFAL L-E ROS IOM NOOEL 
THI S PROGRAM E~ T!HITES SOIL EROS I ON RATE FRO H OVENLANO FLOW AREA 
NnTATIO~ s FOR HDaE L I hPU T A~1 OUTPUT 
TITLE = -~1. PH /lf,FT!CA L OR t:U:~F.tllCAL I DCNTIFlC.:,\TlON OF THE PAOflLEH 
NX : NU1•'1'1EA or- SPA('f. r•t Cf<EtlfNTS 
NA= NUM OEH OF RA INFALL EVENTS 
NTO = OUTPUT INT ERVA LS 
! PRINT= I DENT IFI CATION FOR OUTPUT CONTROL 
I PIHNT O , OIJ LY OUTFLO II tUO ROGRAPHS IS OESIPE D 
!P RINT l, -- - CUQ Rf.N T ELEVATIONS ARE AL SO UE SIPE O 
! PRINT 2 , --- ROU TI NG I NFOAHA T! ON AND CU RR ENT ELEVATI ON ARE 

HICLUOEO 
OT= TI 4E INCREM EN T 
OX = SPACF. IIICRF.••EII T 
0 8H = MEO ! AH OihMETER OF THE SEDIMEN T 
PO 'ln = PORO S ITY OF BED HAT U<I h i. 
SrL = CO NS TANT PF.PR ES ENTING DARC Y- Wf. I SBACH FRICTION FACT OR OF 

SKT 

GAh!N PF.STS TANCE WITH OU T RAINFALL FOR fLOW REYN0LDS NUHAE R 
LE~, S THA'I O'l f. QU ~I. TO 900 
CON STANT NF.PP F. ~fNT!N G DA RC Y- WE I SRACH FR ICTION FAC.: TOA Of 
GPAIN PESIS T6NCE WITH OUT RAINFALL FOR FLOW REYNOLDS NUHAE R 
BET WfEN 2000 ANO 25000 

CTA = CONS TtN T OESCAIA ING THE c q! TICAL TRACTIVE FOACE 
AGA COEFFICIE •,r IN BED -L OA D SED I ME NT TPA ~S POR T EQU4T ! ON 
AFX = fXP ~NEN T IN HED-LOftO SEO ! MfNT TRAN SPOR T EQUA TIO N 
sue= CO EFF I CIE NT OESCRI~ING THE SUSPENDED LOAD 
R~!N = RAINFALL INTENSITY 
TENO"' TPIE AT TIi t Et-10 OF RA ! NSTQlll-' 
SKV = KINF.HIT ! C VISCOSJTY OF WATER 
Alf= "'f'N INFILTRATI ON RATE 
Z = BEO ELEVATI ON 
A = FLO~ tRF., 0~ FLO~ DEPTH FOR OVERLAND FLOW 
AP= SEOtWf.NT CONCENTRATION IN VOLUME 
OZ= CHA NG I N RED ELEVATION 
0 = FL OW DISCHARGE 
GP SEOIH EN T TRANSPOR T RATE 
Cfl = SE0!4ENT CONCENTRATION IN WE I GHT 

COl-'HON /FRC/ ON,SN U, SLOPF.,ASK,S(T , ALP,BE T,C RF , f.RF 

SEO 
SEO 
SEO 
SEO 
SE O 
srn 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SE O 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 

DH•ENSION 4 12 001 , C8C200l, T( 200 1, 0 1200 1, G8! 2 00 l, AAINClOOI , 
10110 0 ) 

01 1-AHlS!ON 
It-'hX =20 
EPS=O .OS 

TEIJ SEO 
SEO 
SEO 
SEO 

TITLE(201, RA(2001 , 2(200 1, DZ(2001, SKV (200), AIFCluO) 

RF.AO 300 , TITLE 
PRINT :no , TITLE 

I NPU T ANO OUTPUT GENERA L IN FORM ATI ON 

READ 320 , NX,NR, NTO,IPRINT 
READ 330 , DT,O X,O OM ,POR B 
PRINT J40 , NX,NR,DT,O X,O BH , PORB 

SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 

10 
20 
30 
40 
so 
60 
70 
80 
90 

100 
110 
120 
lJ0 
140 
150 
16 0 
170 
180 
190 
200 
2 10 
?20 
23 0 
240 
250 
260 
270 
2AO 
290 
300 
310 
320 
330 
340 
350 
360 
370 
380 
3QO 
400 
410 
420 
4J0 
440 
450 
4 6 0 
470 
41\0 
490 
50 0 
510 
570 
SJ0 
S4 0 
550 



C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 
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PROGRAM SEDIM (IN PU T, OUTPUT ) 

I NPUT ANO OUTPUT H00E L PARAMETERS 

AEl O 350 , SKL , SKT , CTA, AGB ,BEX,SQC 
PRINT 3~0 , SKL , 5Kr , CTA , AGB , 8EX,SQC 

fSTA BL I SH SOME INVARI ANT I NFORMATION 

DTS =O T••6 0 • 
D, X=OT 5/0 X 
SLfNG=FLOA T( NX)•OX 
FAC T0? =432 00 , /SLENG 
DB~• ~Of<'i /304, ll 
'i MR=OA~I 
CGO=CTA"D BM 
DO ?.90 tl=l ,NR 

IN PUT RAINFA LL AS STEP FUN CTIONS 

flEI\O 370, AAHl(I-') ,T ENO (!-') , SKV (t") ,RI F ( M) 
PRI NT 380 , M, RA!N (M) , TEND( M) , SKV (M) , Rif(M ) 

INPUT AND OUTPUT INITIAL ELEVATIONS 

NXP=NX • I 
RfAD 3'10 , IZ(Il ■ I = l, "IXP ) 

PAitJT 400 , (! ■ l<I> ■ I = l,N X P) 

INITIALIZ E THE AOUNOARY CONDITIONS 

DO 110 I = l,NX 
A<I>=0 , 
AR(ll=O , 

110 CO ►<T I 1/UE 
TSUl-'=0 , 
KOL1T" I 
SNU=SK V(M)/100 000 , 
fVA"( SQR T(35,42oQ Ati 00 3+36, 0 SNU Oo2t-6 , oSNU)/0BM 
EfAA!N =AA!N('i)-µ!F(M) 
ASK=SKL•?7,1~2°[FPA !N 0° 0,407 
OLAT =FF~ ~JN/4 32 00, 
Al.AT= OLAT* l)T5 
Lf.ND =TENO<M l/DT•0.1 
DO ?fl') L= l , LEND 

TSU l'=TSUM•DT 
OUP=0 , 
GHIJP=O , 
ZUP=0 , 
00 U:O J=l ,NX 

ATfM =l\ (J) 
llTEl-l=RFl (J) 

NONLIN EAR SCHEME FOR WATER ROUTING 

ASUM=ALAT+A(Jl•DTX*OUP 
IF (ASL'M,LE,l . OE -1 01 GO TO 220 

SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SE O 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SED 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 

<;l',O 
570 
SAO 
590 
600 
610 
620 
630 
640 
650 
660 
670 
680 
690 
700 
710 
720 
730 
740 
750 
760 
770. 
780 
790 
llOO 
810 
820 
830 
A40 
850 
860 
870 
ARO 
890 
900 
910 
920 
930 
940 
95 0 
91\0 
970 
980 
990 

1000 
1010 
1020 
1030 
1040 
1050 
1060 
1070 
1080 
1090 
1100 
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PROGRAM SEOIM (INPUT,OUTPUT) 

C 
C SET UP 11-Q RELATIONSHIP 
C 

C 

ON=AS \W/OT X 
SLO PF.= ! Z!J l •Z (J+ lll/OX 
TF ! SL OPE,GT,O,) GO TO 120 
PRI NT "1 0 
GO TO 290 

120 CALL FRICT 
r:JEM=AE T-1, 
REN=flEM ·l, 
AL f\ET=A LP<>RE T 
ALAfM~ALP •~E T•BEM 
f.RPOR=EPS 0 ASUM 
ITfH =O 

C LINEAR SCHEME TO FJNO THE FIRST APPROXIMATION 
C 

C 

OPRF= ( ATEM /AL P J <>o (l, /BET ) 
OAVE= O, S• (OUP+OPRE ) 
IF ! OA Vf,L E, 1 , 0E -1 0 ) GO TO 130 
OAQ=A l AE T•OAVE 0 0 BEH 
OE= ! ALAT• OTX•OUP +OAO•OPRE )/(OTX•OAQ) 
IF <OE ,L E,O.l GO TO 130 
GO TO 140 

130 OE =ASUH /(OTX•ALP) 

C NONLINEAR SCHE ME TO RE FI NE THE SOL UTION 
C 

140 JT EP= ITE R•l 
II EST=D TX •OE • ALP* OE 00 BE T 
A[)fV= ll·SUM -AF. ST 
IF !AAS!A OE V) ,LF. , ERRORl GO TO 190 
IF !rTF. P ,LT.IM/\ X) GO TO 15 0 
PRINT 420 , l•J 
GO TO 290 

150 FOEP=O TX•AL RE T0 0E • 0 RE M 
SDER=IIL8 EH0 QE <> 0 REN 
BB=FD£rl / SO F.A 
SC=2 , 011nEV/SDE R 
STF.M ~f<R"R R•SC 
IF (STF M, GE ,O,l GO TO 160 
<)E= r~E • AD EV /F OE R 
GO TO 140 

160 STEM =SORT (STE Ml 
fF ( AflE V. GT,0,) GO TO 180 
ETE H=Br:J+S TEM 
OE =OE ·ET EM 
IF <CE , GT.O,l GO TO 11,0 

170 ET EM=0,5 *E TEM 
OE= OE +ETE M 
IF (OE, GT,O.l GO TO 140 
r,o TO 170 

lAO Xl= OE - BB·S TEM 
X2=0E·OB+STEM 

SEO 1110 
SEO 11 2 0 
SED 1130 
SEO 11 40 
SEO 11 5 0 
SEO 11 6 0 
SE O 1170 
SEO 1 100 
SEO 11 90 
SED 1200 
SEO 12 10 
SEO 122 0 
SEO 1230 
SEO 124 0 
SEO 125 0 
SEO 1260 
SEO 12 70 
SE[) 12 !1 0 
SEO 12'10 
SED 1300 
SEO 1310 
SEO 132 0 
SEO 133 0 
SEO 134 0 
srn 1350 
SEO 136 0 
SEO I 370 
SEO 13fl0 
SEO 1390 
srn 140 0 
SE O 1410 
SEO 142 0 
SEO 143 0 
SEO 1440 
SEO 1450 
SEO 146 0 
SEO 1470 
SEO 1480 
SEO 149 0 
SEO 150 0 
SEO 1510 
SEO 152 0 
SEO 15 30 
SEO 1540 
SEO l 55 0 
srn 15"0 
SEO 1570 
SEO 1580 
SEO 1590 
SEO 1600 
SEO 1610 
SEO 1620 
SEO 163 0 
SEO l 640 
SEO 1650 



C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 
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PROGRAM SEOIM (l NPU T, OU TPUTl 

AO l "AOS ( A SUtl- OTX • X 1 - ALP<> X 1 • <> OET) 
AD?=A HS (ASU4-DTX•X? - ALPnxz••BE Tl 
OE=Xl 
If ( I\Dl.GT. AD?. > QE=X?. 
GO TO 11•0 

190 DEPT H=A LP 0 AE 00 AET 
Rt!.=-OUSJ1U___ _ 

· Bl-' V=2. S • SORT (ANHEqf /C R':J) 
TAO=A . • 4°0EPT H•5LOP E 
SV =SOR T(T AO/l. ?3 79) 

BE D MATERIAL LOAD ROUT I NG 

TTEM=TAO-C GB 
IF CTT F::M , LE .O,> GO TO 23 0 

DETERMI NAT ION OF RAT I O OF SU SPENDE D BE D MATERIAL LOAO 
,,,..,.. 

ZR=f'V t <0 , 4•SV) 
AR= '-1.l3'/ 1)£PTH 
IF CZ R, GT , 5 , 5 , 0R ,A R,GT,0,9 ) GO TO 200 
CALL POWER I ZR , I\R , FJ,SJ , l,OE - 3 ) 
P=AR 4 °C ZR-l ,1/ CSOC•ll , -AR)••zA l 
SUSP=P 0 (8MV•FJ +2 , 5°SJ) 
IF (SUSP ,LT. O,) SUSP=O , 
GO TO 2 10 

200 SUS P=O, 

DETERMINATION OF FLO W TRANSPOR TI NG CAPACITY OF BED MA TERIAL LOAD 

210 GB C= <l,+ SUSP) 0 AG8°TTEM••BEX 

DETERMI NAT ION OF EROSION OF RED MATERIAL LOAO 

,rn, J 1 =r. nc I AE 
EGR= IGBUP-R8 (Jl<>OEl•DTX-R BIJ l • DEPTH•OTEM 0 ATEM 
GO TO 240 

220 OEPTH=O , 
OE=O , 

230 R8 1J) =O, 
EGR=GBUP 0 DTX +B TEI-PA TEM 

240 A(Jl= Df. PTH 
OZCJ) :£1,R /(l,-PO RB l 
IF ( J ,l:Cl,ll GO TO 250 
7. (J l =Z( Jl+0, 5•(ZUP•OZ (Jll 

250 OUP=AE 
GBUP =RR (Jl "OE 
ZUP=OZ(J l 

260 CONTI NUE 
T Ill =TSUM 
O(Ll =OUP*F ACTOR 
GA 1Ll=GAUP 0 102,96 
RATIO= l 650 ,/ IQUP+l,65°GRUPl 
CB1L l=GRUP 0 RATIO 
If CIPPINT,fQ ,0, 0 R,IL/NTOl,NE , KOUT ) GO TO 280 

SEO 166 0 
SEO 16 70 
SEO 1680 
SEO 1690 
SEO 1700 
SED 1710 
SEO 1 720 
SEO l 730 
SEO l 740 
SEO 1750 
SEO 1 76 0 
SED 1770 
SEO 17 80 
SEO 1790 
SEO 1800 
SEO 1810 
SED 18 20 
SEO 1830 
SEO 1840 
SEO 1850 
SED 1860 
Sf.D 18 70 
SEO 1880 
SEO 1890 
SEO 1900 
SEO 1910 
SEO 1920 
SEO 19 30 
SEO 19 40 
SEO 1950 
SEO l 960 
SEO 19 70 
SEO 1980 
SEO 1990 
SEO 2000 
SEO 2010 
SEO 2020 
SEO 2030 
SEO 2040 
SEO 2050 
SEO 2060 
SEO 2 070 
SEO 2080 
SEO 2090 
SEO 2100 
SEO 2110 
SEO 2120 
SEO 2130 
SEO 2140 
SED 2150 
SEO 2 160 
SEO 2 170 
SEO 2180 
SE O 2 190 
SEO 2200 



C 
C 
C 

C 

C 

270 
200 

290 
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PROGRAM SEOIM <INPUT,OUTPUTl 

;(OUT=KOlJi • l 
IF (! PRINT , F.O ,ll GO TO 270 
PAI NT 430, (t.,K,A(Kl , RA ( Kl ,07-(Kl ,K=l ,NX) 
PRINT 440 , ( K, Z (Kl,K = l, NXP ) 

COliTINUE 

OUTFLOW HYO ROGRAPH 

PRINT 4 5 0 
PRI NT 460, (T(ll,O(ll,GO<Il,C fH I>tl=l,LE NO l 
If (lP RIN T, GT , 0 ) GO TO 290 
PRINT 440 , 11,Z(lltI = l,NXPl 

CONT{~IUE 
STOP 

S£0 
SEO 
SEO 
SEO 
SF.D 
SEO 
Sf.O 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 
SEO 

300 FORMAT (20A4l SEO 
310 FORMAT 11 Hl///// 30X,20 A4) SEO 
3 2 0 FORMAT (4Jl0l SEO 
330 FOR M,\T 14Fl0 ,Sl SEO 
340 FORMAT <SO X, 19HGENER AL INFORHATIO N,//30 X,2110,4Fl0 ,5//l SEO 
350 FORMAT (6Fl0,5l SEO 
360 FORHAT 152X, 16 HMOOE L PAAAHETERS,//24X,6F12,5//l SEO 
370 FORMAT 14FIO. S l SEO 
380 FORMAT (44X, 32 HRA1NFALL INP UT IN STEP FUNCTl ONS ,/(33X,I6,4Fl2,5llSEO 
390 FORl~AT IBFlO ,Sl SEO 
400 FORHIT !SOX, 24HO~IGINAL HEAN ELEV,TIONS,//(5(4X,Il?,F12,5lll SEO 
410 FOR/IAT 1/JOX , 6 1HT l-'E Tl'IE INCRE MENT IS TOO L4 RGE TO DEVELOP A PPOPSEO 

IEP LANO FORM) SEO 
420 FORI! H 133X, 42HOO NOT CON'/fRGE FOR TH£ COHPUT.H I ON PO rnT , l 5, 2:t ,I SEO 

l5l SEO 
430 FORMAT I/SOX, l? HROUT ING INFORHATIO N,//132X,2ll 0 ,3Fl2,5ll SEO 
440 FORMAT !S OX, l BHCURRENT ELEVA T! 0~~ , /1514X,Il0,Fl2,5lll SEO 
450 FORM,T (SOX, l AHOUTFLOW HYDRO GRAPH l SEO 
460 FORMAT (2SX,Fl0, J ,~F20,Sl SEO 

SEO 
ENC\ SEO 

2210 
2220 
2230 
2240 
?.250 
?.260 
2270 
2280 
2290 
?.300 
2310 
2320 
2330 
2340 
2350 
2360 
2370 
2380 
2390 
2400 
24 10 
?. 1•20 
2430 
2440 
2'•50 
2460 
2470 
24AO 
2490 
2500 
2510 
2520 
2530 
2540 
2550 
? 56 0 
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SUBROUTINE POWER (Z,A,XJl,XJ2,CONV) 

SUBROUTINE PO~ ER (Z,A,XJ!,XJ2,C ON Y) 
C 
C THIS SIJ RAO UTI NE EV ALUATE Jl AND J2 INTEGRALS 
C ~!OUT ION S 
C XJI = YIIL UE OF JI INTEG P. /IL 
C XJ2 = VAL UE OF J?. INT EG RAL 
C N = OR DER OF IPP AOXl~ATI ON + 
C co~v = CONV ERGE~C E CRIT ERION 
C 

C 

N=l 
XJ l=O. 
XJ2=0, 
ALG=ALOG(/11 
C=l. 
D=-Z 
E=D+l, 
FN=l, 
AEX=A 0 <>E 
(;Q TO 120 

110 N=N•l 
C=C 0 D/FN 
D=E 
E=D•l, 
FN=FLOAT(Nl 
AEX=A 00 E 

120 TF !ABS (fl ,LE , 0,001) GO TO 130 
XJ l =XJl+C 0 <J ,-AEX)/£ 
XJ2=XJ2•C~(I AEX-l .1/E00 2-AEX 0 ALG/E l 
C.O TO 140 

110 XJl=XJI -C 0 11LG 
XJ?.=XJ ?. -0 , S"C "IILr,ooz 

140 TF 111,EO,l) GO TO 150 
CJl=AASll,-FJl/XJll 
CJ ?=AAS!l,-FJ?./XJ2) 
TF (CJ1,LE,CONV.AND.CJ2,LE.CONV) RETURN 

150 FJl=X,11 
FJ?. =XJ2 
C.O TO 110 

END 

POW 10 
POW 20 
POW 30 
POW 40 
POW 50 
POW 60 
POW 70 
POW 80 
PO',i 90 
POW l 00 
POW 110 
POW l?.0 
POW 130 
POW 140 
POW 150 
POW 160 
POW 170 
POW 180 
POW 19 0 
POW 200 
POW 210 
POW 220 
POW 230 
POW 240 
POW 2SO 
POW 260 
POW 270 
POW 280 
PO W 290 
POW 300 
POW JIO 
POW 320 
POW 330 
POW 340 
POW 3 5 0 
POW 360 
POW 370 
POW 380 
PO W 390 
POW 400 
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SUfJROUTINE FRICT 

SUAROUTINE FRTCT 
C 
C THIS SUBROUTINE DETE RMINES A-0 RELATION 
C 

C 

COMMON /FRC/ CN, SNU, SLOPE,R SK , SK T,ALP, AET,C PF,ERF 
fHJ cQN/SNU 
IF (RN. GT.1000.) GO TO 110 
ERF =l. 
CRF '-' RSK 
GO TO 130 

110 IF CRN.GT,2 00 0,) GO TO 120 
ERF=l , 442 70°~LOG (RSK / SKT l - 7,22434 
CRF=RS K~lOOo,o~( ERF-1,) 
GO TO 130 

120 ERF=0.25 
C:RF=SKT 

130 ftLP = (CRF ~SN U0 0 ERF/( 257 , 6~ SLOP[))OO(l,/3,) 
P.ET=2.l3.-E RF /3. 
RF.TUPN 

END 

FRI 10 
FRI 20 
FRI 30 
FRI 40 
FRI 50 
FRI 60 
FRI 70 
FRI 80 
FRI 90 
FRI 100 
FRI I I 0 
ffH 120 
FRI 130 
FR 1 14 0 
FRI 150 
FR I 160 
FRI 170 
FR I l AO 
FRI 190 
FRI 200 
FRI 210 
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C.3. PROGRAM UNIMO: One-Dimensional Calibration Technique 
PROGRAM UNIM O(l NPUT,OUTPUT) 

PROGRAM UNIMO (INPUT, OUTPUT > 
C 
C THIS PROGRAM SOLVES ONE-D IM ENSIO NAL CONS TRAI NED MIN IMIZATI ON 
C PRO HL(M PY SU CCES S IVE QUADRA TIC IPPR OK IM ATION 
C THF CONST RA H1TS AR E HIE UP PER AND t_ Olil: R OOUND S OF THE VECTOR 
C THE USER MU ~T SU PP LY A SUBROUTI NE OU J ECT FOH EV ALUATION OF THE 
C ORJECTIVE FUNCTI ON 
C NOT ATIO NS FO R IN PUT ANO OUTPUT I NFORH ATION 
C TITLE~ ALPH A8 E T!C AL OR NUM ER ICAL ID EN TIFIC ATI ON Of THE PROALEH 
C MST - MAXIMUM LI MIT OF NU MBER OF STA GE SEARCH 
C !PT = NUMERICAL I DENTIF ICATIO N FOR OUTPUT CONTROL 
C IPT = 0 --- ONLY THE FINAL ANSWER rs DESIRED 
C JPT = l --- I NT ER MEDIATE VALU ES OF EAC H STAGE SEARC H IS DESIRED 
C XA = INITIAL GUESS OF THE VECTOR 
C OX = INITIAL STEP- S IZE 
C XU PL = UPPER BOUND 
C XLOL = LOWER ROUND 
C EPS = CONVERGfNCE TOLERANCE BA SED ON TH E CHA NGE OF STEP LENGTH 
C 

DIME NSIO N E l3), Y<3>, TITLE(20) 
C 
C INPUT ANO OU TP UT NECESSARY INF ORMATION 
C 

C 

READ 21!0, TITLE 
PRINT 290, TITLE 
READ JOO, MST,IPT,XA,OX,XUPL,XLOL,EPS 
PRINT 310, XA,XUPL,XLOL,EPS 

C ST4RTING OF ST AGE SE ARCH 
C 

C 

NEF=O 
N5=0 
CALL OAJF.C T (VALIIE,N EF,XA) 
A" VALIJE 
XB,,XA+DX 
CALL ORJEC T (VALIJE,NEF,XB) 
A=VALUE 

C DETE RMINE THE THI RD POINT REQUI RED FOR APPROXIMATION 
C 

IF CA. GT. 8 ) GO TO Jl,O 
110 XC=XA-OX 

IF ( XC.GE . XLOL> GO TO 12 0 
XC=XL OL 

120 CALL OAJECT (VALUE, NE F,XC) 
C"VALUE 
Y(l)" XC 
Y(2)=XA 
Y(3l ,,XB 
E< I> =C 
E<2>=A 
E<J> =B 
IF (C,LT.A) GO TO 130 
XINF=XA 
FINF=A 

UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
U~II 
UNI 
L1Nl 
UNI 
UNI 
UNI 
UNI 
UNI 
UNY 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
U~II 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
IJNI 
UNI 
UNI 
UNI 

l O 
20 
30 
40 
!:i O 
60 
70 
80 
90 

JOO 
l l 0 
120 
) ] 0 
)40 
I SO 
160 
170 
180 
190 
200 
2 10 
220 
230 
240 
250 
260 
270 
<'AO 
290 
300 
310 
320 
330 
340 
350 
360 
370 
3AO 
390 
400 
410 
420 
4 3 0 
440 
450 
460 
470 
4B0 
490 
500 
510 
5;>0 
530 
540 
550 
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PROGRAM UNIMO(I NPU T,OUTPUT) 

GO TO 170 
130 XHJF=XC 

FINF=C 
GO TO 170 

140 XC=XA•?. . 6 0X 
If ! XC .Lt:: ,X UPl. l GO TO 15 0 
XC=XUPL 

150 CALL OOJEC T (VALU E,NEF,XC ) 
C=VAL UI:'. 
Y ( l) "XA 
Yl?.l =XB 
YIJl =XC 
Ell)=A 
E <2> "B 
E<J>=C 
IF <C,LT,B> GO TO 16 0 
XINF=X 8 
fINF=R 
GO TO 170 

160 X JNF=XC 
flNf=C 

C 
C ELIMINATE PREMATUR E TER MINATION OU[ TO EQUAL VALUE5 AT TWO ENO 
C POINTS IN THE fIPST SEAPCH 
C 

C 

170 OEF=£(1l-E(3) 
If (NS,OT.O,OR,A BS(0£f ),GT,£P5) GO TO 180 
OX =0 , 5•l)X 
Y(2)=Y(ll•OX 
CALL OAJtC T (VALU E, NE F,Y(2)) 
E(2l=VAL UE 
Y 13) ,:}( I NF 
f(3)=FJ Nf 
DEF=E I l >-£ (3) 
IF <El2l ,GT,FI"IF> GO TO 180 
XINF=Y(2l 
F!Nf=E12) 

C CHECK THE CONVEXITY Of THE QUADRATIC FUNC TION 
C 

180 Al=(Ylll-Y(2> )"IYl 2>-Y(3l)"IY( ll-Y( 3)) 
IF (Afl SIAll , EO , O,) GO TO 190 
A2=E 11 l O (YI 2 > -Y ( 3 > l • E ( 2) 0 I Y (3) -Y ( l) l •F. ( 3 > <> < Y ( l) -Y ( 2 l ) 
SA=A2/Al 
IF (SA,G E,O,l GO TO 200 
OX=Yl3l-Yll> 
XA=Ylll 
A=E<l> 
XlhY(3l 
E\"E I 3 l 
If <OEF, GT ,0,) GO TO 140 
GO TO 110 

190 XSTA"XINF 
FSTA=FINF 
GO TO 270 

UNI 560 
UNI 5 70 
IJNI 580 
UNI 590 
UN! 600 
UNI 610 
UN I 620 
UNI 630 
UNI 640 
UNI 6 50 
UN I 660 
UNI 670 
UN! 680 
UN I 690 
UNI 70 0 
UNI 710 
UN I 720 
UN l 7 30 
UN I 740 
UNI 750 
UNI 760 
UNI 7 70 
IJN I 780 
UN l 790 
UNI 800 
UNI 810 
UNI 820 
UN I 830 
UNI 840 
UNI 850 
UN I 860 
UNI 870 
U~H 880 
UN l 890 
UNI 900 
UN! 910 
UNI 920 
UNI 930 
UN! 940 
U'll 950 
UNI 96 0 
UNI 970 
UN I 980 
UNI 990 
UNI 10 00 
UNI 1010 
UN! 1020 
UNI 1030 
UN! 1040 
UNI 1050 
UNI lOf.0 
UNI 1070 
UIH 1080 
UNI l 090 
UNI 1100 



202 

PROGRAM UNIMO<INPUT,OUTPUT) 

C 
C OETERMINE THE ~IJNl~tlJM OF THE rlUADRATIC FUNCTION 
C 

200 Sf'= ( f( ll-E (2ll/(Y<ll-YC2)l-SA 0 ( Y(ll•YC2 )) 
XSTft=-S8 /1 2 , oS A) 
IF (X STA, GE , XLOL, ANO ,X STA, L E , XUPL l GO TO 220 
IF I OF.F , GT , 0,) GU TO 2 10 
XSTA= XLOL 
GO TO 220 

210 XSTA=XUPL 
220 NS=NS+l 

CALL OBJECT (VALUE,Nf.F,XSTA) 
FSTA = I/ALUE 
If CF STA,LE,f!NF ) GO TO 230 
XTfM=XSTA 
XSTA=XINF 
XIt.F=XT EM 
fT 04=F<;TA 
f STA =F!Nf 
FINF =fl"E M 

230 IF CIPT,EQ,0) GO TO 240 
PRINT 320 
PRINT 330, NS 
PRINT 320 
PRINT 340, XSTA ,FSTA 

C 
C CHECK IF THE VALUE IS SATISFIED WITH CONVERGENCE TOLERANCf 
C 

240 If C Cf!Nf-FSB > ,LE, EPS ) GO TO 270 
DX=ABSCX!NF- XS TA) 
IF (N S,L T ,M ST) GO TO 250 
PRINT 320 
PRINT 350, MST 
PRINT 340, XST~ ,FSTA 
STOP 

250 I~ CX STA, GT,X INF) GO TO 260 
XA=XSTA 
A=FS TA 
XR=XINF 
A=FINF 
GO TO 110 

260 XA=XINF 
A=FINF 
XB=XSTA 
B=FSTA 
GO TO 140 

C 
C A MINIMUM HAS 8EEN FOUND 
C 

C 

270 PRINT 320 
PRINT 360, NS ,NEF 
PRINT 370, FSTA,XSTA 
STOP 

280 FORMAT (20A4) 

UNI 1110 
UNI 11 2 0 
UNI 1130 
UNI 1140 
UNI 11 50 
UNI llnO 
UN I 1170 
UNI 11110 
UNI llqO 
UNI 1200 
UNI 1210 
UNI 1220 
UNI 1230 
UNI 1240 
UNI 1250 
UNI 1260 
UNI 1270 
UNI 1280 
UNI 1290 
UNI 1300 
UNI 1310 
UNI 132 0 
UNI 1330 
UNI 1340 
UNI 13 5 0 
UNI 1360 
UNI 1370 
UNI 13 AO 
UNI 1390 
UNI 14 0 0 
UNI 1410 
UNI 1420 
UNI 1430 
UNI 1440 
UNI 1450 
UNI 1460 
UNI 1470 
UNI 14 '30 
UNI l 490 
UNI 1500 
UNI 1510 
UNI 1520 
UNI 1530 
UNI 1540 
UNI 1550 
UNI 1560 
UNI 1570 
UNI 15~0 
UNI 1590 
UNI 1600 
UNI 1610 
UNI 1620 
UNI 1630 
UNI 1640 
UNI 1650 
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PROGR AM UNIM O(I NPUT , OUTPUT) 

290 FORMAT (1 Hl/// //4 0X , 20A4 ) UNI 1660 
300 FO RMA T ( 2 II 0 , 4F I O, ':> , E)0.3) UNI 1670 
310 FORMAT (//35X,391lfHE I NI TIA L VECTOR CHOSEN BY TH E USER = ,FI 0,5 // t► lU ,'JI 1600 

1X, 27HUP PFR LI MIT OF THE VECT OR = , F l 0 , 5//4 1X, 27HLO NEA LIMIT OF TH E UNI 16 90 
2 vr.cro1-1 " 1F lO, ':, // t,1,X ,2 3HCONVEHGENCE TOLERANCE =,U 0 , 3 ) UNI 1700 

3 ? 0 FOA~A T (/ 40X ,40H ~Ott i>O~~•ooooo~ooo~u~oo~ooooo~ooo•o o tt oo~o) UNI 1710 
330 FOI-IMAT (/ /46X ,1 MH STAGE SEARC H -----,IS) UNI 1720 
340 FO Rt,t,\T (/ /4 5X , 20HTH E CURA[NT Vl:CT OA = ,F!0, 5// 34X ,3 2H THE CU AP.[N T OflUN I 17 3 /J 

l JECTIVf FUNCT TON = , E20 , A) UNI 1740 
350 FORMA T (// 1,0X , l11 Hf)O /IOT CONVERGE IN,1 5 , SX ,l 4HSTA GE SEA RCHFS > UNI 17 50 
360 FORMAT (// 4AX , 2 4HA MI NIMUM HAS HEE N FOUN0//41X,3 0H TOTAL NUMFlER OF UNI 17 ~0 

! STAGE SEA RCH = ,1 5//J9X , 37HTOTAL NUHHE ~ OF FU NC TI ON EVA LUATI ON = ,I SUNI 1770 
2) UNI 17 80 

37b FORMAT (// 3AX , 2JHOP TIMIZATION FU NCT I ON = ,E 20 , 0 //4 8X ,1 4HFI NAL VECT OUN I 17 9 0 
lR =,FIO,Sl UNI 180~ 

C UNI 1810 
END UNI 1020 



C 
C 
C 

C 
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SUBROU TINE 08JEC T(VA LUE , NEF , X) 

SU~ROUT!NE OAJ ECT (VA LUE,NEF,X ) 

THI S FUNC TI ON EV~L UATE S THE VALUE OF TH E OAJ~C TI VE FU NCTION 

NEF=NfF+ I 
V~LUE = (l.-X>~~ 2 •<1 , -X 0 X) ~~2 
RETURN 

END 

OBJ 
OBJ 
OBJ 
OBJ 
OBJ 
OBJ 
oaJ 
OBJ 
OBJ 

10 
20 
3 0 
40 
50 
60 
70 
80 
90 
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C.4 . PROGRAM BROSEN: Multi-Dimensional Calibration Technique 

C 

PROGRAM RRO SEN II NPU T, OU TPUT l 

PR OGRAM BROSF.N {! NPU T, OU TPUTl 

C TH I S PROGRAM SOlVES CON STRAI NED MIN I MIZA TI ON PROB LEM 
C TH E CON 5 TPAINT S AQE L I MI TED TO OOUN O CONST RAINTS , on UP PER AND 
C LO\Jf.Jl BOIINO 
C THF SOLUTI ON TECHN I QUE I S A MIX APP LI C,\T lON OF THE OR I GINAL. 
C ROSENf1R OCK t•IE THO(l, POWEL L MiN JHIZ,\TIO N, MJIJ PALMER VE RS I ON OF 
C OE~EQAT!NG NE~ ~fARC H OI AE CTI 04S 
C THE USE R MUST SUPPLY . A SUBAOUT ! ~E OBJEC T FO R EVALUATION OF THE 
C OR, JE CT IVE FUIH:T ! ON 
C NOTA TI ONS FOR INPUT ~NO OU TPU T J NFORHA TION 
C TIT LE= tL PHA PE T!CAL OR NUMER tC AL ID EN TIFICATI ON OF THE PR ORLE M 
C N = NIJMElER OF VAfll/llRES 
C MST M~XIMUM L IMIT OF NUMRER OF STAG£ Sf.ARC H 
C MC L = MA XI MUM LIMIT OF NUM PER OF CYCLE SFARC H 
C !PT = ~J\JM ER !C AL IDUITIFl(ATI O'I FOR OUTPU T CO'lT ROL 
C !PT=~ --- ONLY THE FI NA L ANSWER I S OES ! AEO 
C IPT l - -- l NTfAMED! ATE VALU ES 0F EA CH 5 TAGE SEARCH I S DE S IRED 
C !PT= 2 --- J NTfQMED IAT E VALUES OF EACH CYrLE SEARCH I S OfST RE O 
C EPS = roN Vfrl(;f !i CE TOLERhNCE RA S[ O OtJ THE CH ANGE OF OBJECT IVE 
C FU NCT IO ~ 
C EP)( CO NVE RGENCE TOLEf?A11C[ FOR CYCLE SE,!.RCli 
C V = INI TIAL GUE5S OF THE VECT OR 
C VU P ~ UPPER L TH IT OF THE VECTOR 
C VLO = LOW ER LIMIT r F THE VECTOR 
C X = t~OP"lAl.lZE O It,lTl.6L GUESS OF THE VECTOR 
C PO= OPT l "lUM VALUE OF THE O~JECT I VE FUN CTIO N 
C NfF = NUµF ER OF FU NC TI ON EV AL UATION 
C NS= NUMAE R OF ~TA G£ SEIRCH 
C 

C 

DI HEN S I ON A 11 0) t 8 I l O) t C (IO l , D ( l OJ , Z 110 J , TITLE ( 20 I 
COl!MON OL , 0)( , PO ,VALUE:,1<, N[ F, 5 11 0,lO J .XllOJ , V( lO ) ,V UP ( l O) , VLO(IO) 
COHM ON / UNI / MC L,EP X 

C I NPUT ANO OUT PUT NECESSARY I NFO RM ATION 
C 

Rf AO 290 , TITLE 
PRINT 300, TITU: 
Rf AD 31 0 , N,~ ST , MC LtlPT,EPS 
EPX::10,<>EPS 
PR INT 1 20, N,FPS 
RE AD 31 0 , (V(lJ,VUP(lltVLO <Il, I =l,N I 
PP!NT 34 0 
PR INT 350, (T ,V UP l l l ,VLO{ll tl = l ,Nl 
PR PH 3&0 
PRINT 370, (!,VIJl,I = l,N) 

C 
C NOPMALIZE TH E VECTORS 
C 

C 

00 110 J = l,N 
X(Jl = IVIIl -VLO(lll/(VUP(Il-VLO(I)) 
01l)=0.5 

11 0 CONT I ~JUE 

C SET THE I NITIAL SEARCH DIRECTION 

ARO 1, 
flR O 20 
ORO 39 
BRO 1,0 

BRO 50 
l:'\RO 60 
BRO · 70 
BRO 80 
BRO 90 
ARO l 00 
ARO 110 
BRO 120 
ORO 130 
ORO 140 
BRO 150 
8RO 16 0 
ARO l 70 
BRO 180 
EHlO 190 
r:I RO 200 
ARO 210 
ARO ?.20 
BRO 230 
BRO 240 
IHlO 250 
BRO 2&0 
BRO 270 
BRO 280 
ARO 29 0 
8RO JOO 
ARO 3 10 
BRO 32 0 
ARO 330 
ARO )40 
ARO 350 
ARO 360 
BRO 370 
ARO 3 13 0 
RPO 390 
BRO 400 
BRO 410 
RRO 420 
ARO 430 
BRO 41,0 
ARO 450 
q Ro 460 
ARO 470 
BRO 48 0 
BRO 490 
ARO 500 
ARO 510 
ARO 520 
8RO 530 
ARO 540 
ARO 550 



C 

C 
C 
C 

C 
C 
C 
C 

C 
C 
C 

C 
C 
C 
C 
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PR Of,RAM BR OSE N <I NPUT , OUTPUT l 

00 130 I = l ,N 
00 12 0 J= l ,N 

S ( I , J J :, Q, 

IF (J,f.O,Il S(I , Jl= l, 
120 CONTINUE 
130 CON THJUE 

STARTING OF STAC,E ~£A RCH 

NS= O 
NE F=O 
CALL OBJECT Cl,O,l 
PO:VALUF. 

140 ~15=NS+l 
ORJ=PO 
IF <I PT , EO ,Ol r, o TO 150 
PR I NT 380 
PRPH 390, NS 

150 00 170 I =l ,N 
OX =O ( I l 
CALL UNIMO (Il 
IF (! PT ,NF..2) GO TO 160 
PRINT 400 , I 
PRINT 410 , PO 
PnINT 370 , ( J, V (Jl ,J=l ,Nl 

160 Z<Il=OL 
0 ( I l =A BS ! Oll 

170 CONTIIIUE 

CHFCK IF ~HE RE SULT IS SATI SFIED WITH THE PREA SSIC, NEO CON VERGENCE 
TOLERANCE 

If (CO BJ-POl ,L E, EPSl GO TO 280 

CHF.C~ IF THE NU~RER OF STAGE SEARCH GREATER THAN ASSIC,NED LIMIT 

IF (NS,LT ,MST) GO TO 180 
PPINT 3&0 
PRINT 420, MST 
PR I "IT 410, PO 
PP JNT 370 , CI,V(Il ,I=l,N) 
STOP 

180 PP INT 380 
PRINT 430, NEF 
PRTNT 410, PO 
PRINT 370, (l,V(Il,1=1,N) 

CALCULATE NEW SEA RCH DIRECTI ON FOR NEXT STAGE SEARCH 
PALMER$ VERSION I S USE D TO CO >• PUTE THE NEW O!PECTION 

DO 270 I=l,N 
SUMA =O, 
DO 200 J=l,N 

A(Jl=0, 

BAO 
BRO 
IJRO 
RRO 
RRO 
BRO 
BRO 
BRO 
ARO 
BRO 
8RO 
BRO 
BRO 
BRO 
RRO 
ARO 
flRO 
ARO 
BRO 
HRO 
BRO 
BRO 
RRO 
BRO 
BRO 
BRO 
BRO 
RAO 
8RO 
8RO 
SRO 
ARO 
BRO 
ARO 
BRO 
ARO 
RRO 
ARO 
ARO 
ARO 
BRO 
RPO 
RPO 
ARO 
ARO 
l'.\RO 
ARO 
BRO 
BRO 
BRO 
BRO 
BRO 
BRO 
BRO 
BRO 

560 
570 
SRO 
590 
600 
610 
'b20 
630 
640 
650 
660 
670 
6RO 
690 
700 
710 
720 
730 
740 
750 
76 0 
770 
780 
790 
AOO 
810 
820 
830 
840 
HSO 
860 
870 
8110 
890 
900 
910 
920 
930 
940 
950 
960 
970 
9AO 
990 

1000 
1010 
1020 
1030 
1040 
1050 
1060 
1070 
lOAO 
1090 
1100 
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PROGRAM AROSEN (l ~PU T,OU TPUT) 

· oo 190 K=I,N 
A (Jl =A (J) •Z (K l •S(K,Jl 

190 CONTINUE 
SUMA=SUMA•A (J)**2 

200 cornttmE 
All =SOR T(SUMA) 
If (AA, E!l ,O,l GO TO 1<10 
If (l, EO ,l) GO TO 22 0 
lf <AtlSIZ<I-1>1,LE,EPSl GO TO 240 
OA=l,/ SORT(Aa~*?.-AA0*2 l 
RA =AO/AA 
Cl\=OA <>RA 
CA =OA/RA 
00 210 J=l,N 

C (Jl =S ( l,Jl 
S<I,Jl=A<J)°CA-B(J)°CB 
R(J),:A IJ) 

210 CONT!NIJE 
GO TO 7.f,O 

220 DO 230 J=l,N 
C(Jl=S(I,J) 
S( !,Jl=A<Jl/AA 
A (Jl =A (J) 

230 CONTI NUE 
GO TO 260 

240 DO 250 J=l,N 
CTEH=S(!,J) 
S ( I , J > =C ( J l 
C(Jl=CTEM 
A(Jl=A(J) 

2S0 CONT UlUE 
21,0 AB=AA 
270 CONTINUE 

GO TO 140 
C 
C A MINI MUM HAS BEEN FOUND 
C 

C 

280 PRINT 380 
PRINT 440, NS,NEF 
PRINT 4S0, PO 
PRINT 370, II,V(Il,I=l,Nl 
STOP 

'290 FORMAT 120A4) 
300 FORMAT 11 Hl /////40X,20A4) 
310 FORMAT 14Tl0,fl0,3) 
320 FOR~AT (//47X,21H NUMBER Of VARIAALES =,l5//44X,2 3HCON VERGENCE 

lf~ANCE = ,fl0,3l 
330 FORMAT (3Fl0, 5l 
340 fOPHI\T (//44X,33HUPPER ANO LOWER ROUNDS Of VECTO RS ) 
350 FORMAT (/lOX,4(!6,?.FJ2,5J) 
360 FORM/IT (//40X,40HTHE INITIAL VECTOR CHOSEN BY THE USER IS> 
370 FORM AT (/lAX,5(I5,Fl2,5l) 
JA0 FOAMAT (/40X.40H~•~oooooooooo~ooooooo~ooo+ooo~oooooo••••) 
390 tORMAT (//4BX,1 AHSTAGE SEARCH -----,15) 

RRO 111 0 
P.RO 11?0 
1:rno 1130 
13RO lHO 
BRO 1150 
"lRO 1 1 (, 0 
81{0 1170 
URO 11 80 
ARO 119() 
ARO 1200 
SR O 1210 
?.RO 1220 
ano 1230 
ORO 1240 
ElR O 1250 
BRO 1260 
BRO 1270 
11RO 12AO 
BRO 12:io 
BR O 1300 
ORO 1310 
RRO 1320 
!1RO 1330 
RRO 1340 
BRO 1350 
13RO 13 60 
ARO 1370 
ARO 1380 
ARO 1390 
ElRO 1400 
ARO 1410 
BRO 1420 
8RO 1430 
BRO 1440 
ARO 1450 
BRO 1460 
flRO 1470 
ARO 1480 
F;IP O 1490 
ARO 1500 
ARO 1510 
BRO 1520 
ARO 1530 
ARO 1540 
flRO 1550 
ARO 1560 

TOLERRO 1570 
ARO 15'!0 
f1RO 1590 
ARO 1600 
ARO 1610 
ARO 1620 
ARO 1630 
ARO 1640 
BRO 1650 



208 

PNOGR AM RAOSEN (!NPUT,OUTPUTI 

400 FO R~I.H (// 40X .Jl1HCYCI.E SF. ARCH ALONG DIRECTION - - --- ,ISi ARO 1660 
410 FO 'l ~IAT (// J4X ,3 2HH•t: CURRF.IH OBJ EC TI VE FU NC T1 0N = , E2 0, tl/ / 50X,2 1H Tl·l3RO 167 0 

lE CURREh T VECTOR 15 1 RAO l lA O 
420 F QPMAT (// 40 X ,l n,Hf1O MO T CONVE RG E ! N,I 5 , 5X ,1 4}1$r~,;F: S0.PCHES I RRO 1690 
4JO Fl) e. f \AT (// 3nX. , ttJ II THE CURREN T NIJ ~Hlt:A OF FIJI /CT ! •)'/ EVALUAT! Ot/ .= ,I S i fJAO 1700 
440 FORft,\T 1//1,fiX , ?1, tL\ ~HN !MU "1 H/1S BF.t:N FOUNO / / 1t\Xt10HTO T/\L NUMPt:R OF RPO l'flO 

I STAGf SE A4C H =•I 5//~9X ,J 7H TOT AL NUMRER GF FUNCTION EVALUAT I ON =,15RRO l r20 
?. l ARO l 7JO 

450 FORM/IT (//38X ,23HOPT ! MIZAT!ON FUN CTION =,E20 , 8 //S OX ,1 5HFINAL VF.CTC ARO 17 40 
lR !Sl ARO 17 5 0 

C BRO 1760 
END BRO 1770 
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C 
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C 
C 
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130 

140 

15 0 
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209 

SUBROUTINE UNI MO (I P) 

SURROUTINE UNI MO (I P ) UNI 
lJNl 

THIS SURAOUTINE DETE RMINES TH E OPTIMAL STEP SI ZE ALONG A OIRECTIONUNI 

DIME NSION E <J >, Y(JI 
COHMON OL,OX,PO ,VAI. UE, N,NE F,S ( 10, 10 I ,X ( 10 l ,V ( 10 > , VUP < 101 ,VLO ( 101 
COM MON /UNI/ HCL,EPX 

SET UP UPPF.~ ANO LO WER LIMITS 

XIJPL=l.OE+lO 
XLOL=-1 ,O f.+ 10 
00 120 J=l ,N 

IF <SqP,Il,EQ,0,1 GO TO 120 
IF (S<IP,I) ,L T,O,l GO TO 110 
XTFH = (l, O-X <JII/S(·IP,II 
JF (XT l:M ,L T, XUPL) XUPL=XTEM 
XT EM=-X<l )/S(J P,l l 
IF (XT EH ,GT, :<t.O L) XLOL= XTEM 
GO TO 120 
XT EM= <l,0-X(ll 1/S (JP,II 
IF <XTEM,GT,XLOU XLOL= XTEH 
XTfM=-XIJI/S(IP,II 
IF IXT l:H .LT, XUP L> XUPL=XTEM 

CONTINUE 
NC=O 
XA=O, 
A=PO 
Xt'l-"Xll+DX 
IF ( XB,LE,XUPL) GO TO 130 
XA=XUPL 
OX=XO 
CALL OAJECT <IP,XB) 
R=V 1\LUf 

DETERMINE THE THIPD POINT REQUIRED FOR APPROXIMATION 

IF 111, GT,fll GO TO 170 
XC=XA-OX 
IF (XC,GE,XLOL) GO TO 
XC=XLOL 
CALL ORJECT (IP,XCl 
C=VALUf 
Y ( 11 =XC 
Yl2)=XII 
Y<3>=XR 
E < l J cC 
E<21=A 
E<3l=B 
IF !C, LT,AI GO TO 160 
XINF=X/1 
FHIF=A 
GO TO 200 
XINF=XC 
FINF=C 

150 

UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI . 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
U"II 
UNI 
UNI 
UNY 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 
UNI 

10 
20 
JO 
40 
50 
60 
70 
!10 
90 

100 
110 
120 
130 
140 
150 
160 
170 
lAO 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
2QO 
300 
310 
320 
330 
340 
350 
360 
370 
380 
390 
400 
410 
420 
430 
440 
450 
4(,0 
470 
480 
490 
500 
510 
520 
530 
540 
550 



210 

SUBROUTINE UN IMO !IP) 

GO TO 2 00 
170 XC =X A+2. 0 DX 

IF I XC .LE.XUPL) GO TO 160 
XC =X\JPL 

180 CALL OO JECT IIP, XC I 
C=V /\ LU F. 
Y ( I) =X A 
Yl2) =XA 
Y(1) =X C 
EI ll = A 
E 12 ) =A 
E13l=C 
IF IC.LT. Bl GO TO 190 
XI t-i F=XA 
FINF =B 
GO TO 20 0 

190 XHIF=X C 
FJ NF=C 

C 
C ELIMINATE PRE~ ATU RE TER MINATION DUE TO EQUAL VALUES AT TWO END 
C POINTS IN TH E FI RS T SE/\RCH 
C 

C 

200 DF.F=Elll-E13l 
IF (NC .GT.O.OP . AAS (O EF ).GT.EP X) GO TO 210 
DX =0 , 5<>0X 
Y(2)=Yll l•DX 
CA LL O~J f CT <IP,Y< 2 >l 
El 2 l =VAL llE 
Y(3) =X J NF 
ED) =FJNF 
OfF=E lll-F.(3) 
JF IE <2l . GT ,FINF) GO TO 210 
XJNF=Y (2 ) 
FINF=E 12) 

C CHECK THE CONVEXITY OF THE QUADRATIC FUNCTION 
C 

C 

210 Al=(Y(l)-Y(2))0( Y(2)-Y (3 ll 0 (Y( l) -Y(3l) 
IF ( AASIA l).E!l, O.l GO TO ?2 0 
,. 2=E ( I ) <> ( Y I 2) -YI 3) ) + E 121 •<YI 3 I -Y ( 1 ) I •EI 3) o I Y 11) -Y I 2) l 
SA=A 2/Al 
IF (SA,GF..O.l GO TO ?30 
OX =Y(3l-Yll) 
XA =Ylll 
A=F. ( l) 
XR=Y(3) 
B=E13l 
IF IO EF,GT ,O,) GO TO 170 
GO TO 140 

220 XST/\= XI NF 
FSTA =FtNF 
60 TO 290 

C DETERMINE THE MINIMUM OF THE QUADRATIC FUNCTION 
C 

UNI 51>0 
UN I 5 7 0 
UNI 580 
UNI 590 
UN I 60 0 
UN I 610 
UNI 620 
UN I 630 
UNI 640 
UN I 650 
UNI 660 
UNI 670 
UNI 680 
UNI 690 
UNI 70 0 
UNI 710 
UN I 720 
UNI 7 30 
UNI 740 
UN I 75 0 
UN I 760 
UNI 770 
UNI 780 
UNI 790 
UNI 800 
UN I 810 
UNI 820 
UN I 630 
UNI 840 
UNI 850 
UNI 66 0 
UNI 870 
UNI 88 0 
UN l 890 
UNI 900 
UNI 910 
UN I 920 
UNI 930 
UN I 94 0 
UNI 950 
UNI 960 
UNI 970 
UN I 980 
UN t 990 
UNI 1000 
UNI 1010 
UNI 1020 
UNI 1030 
UNI lOt,0 
UNI 1050 
UNI 1060 
UNI 1070 
UNI 1 OR O 
UNI 1090 
UNI 1100 



211 

SUAA OUTINF UNIHO IIPl 

230 SR=( E lll- f:l <' ll/( Y(ll-Y1 2 ll- SA• (Ylll•Y(2ll UNI 1110 
XSTA= - 59 / (2 , nSA l UNI 11 20 
IF l'X STA, GE . XI OL,A NO, XSTA,Lf, XUPL) GO TO 25 0 UNI \ 13 0 
I F (OfF , GT ,O. l GO TO 2 '°> 0 UNI 1140 
XSTh '-' XI.Ol. UNI 11 5 0 
GO TO 25 0 UNI 1160 

?.40 XST A=XUPL UNI 1170 
25 0 NC =NC•l UNI 118 0 

CALL OA ,JECT I I P,X STAl UNI 11 90 
FSTA ='I ALUE UNI l ?.0 0 
IF IFSTA+LE,FHIFl GO TO 260 UNI 12 10 
XTEM =XSTA UNI 122 0 
XSTA cX I NF UNI 123 0 
XINF " XT f. M UNI 124 0 
FT EM=FSTA UNI 125 0 
FSTA =FI NF UNI 126 0 
F!NF =FTE M UNI 12 70 

26 0 TF ( (FPIF -F STAl ,L E,E PX ) GO TO 290 UNI 128 0 
OX =AH S IXIN F- XS TAl UNI 129 0 
IF (NC,LT, HCL l GO TO 270 UNI 130 0 
PAI NT 310 UNI 13 10 
PAINT 3 20, ~CL,IP UNI 132 0 
STOP UNI 133 0 

270 IF (X STA.GT+XI NF) GO TO 28 0 UNI 134 0 
XA=XSTA UNI 135 0 
A=F STA UNI 136 0 
XR=XINF UNI 1370 
R=FI NF UNI 138 0 
GO TO 14 0 UNI 13 9 0 

2AQ XA =XI NF UNI 14 00 
A=FI NF UNT 1410 
XR =XSTA UNI 142 0 
R=FSTA UN I 14 3 0 
GO TO 170 UNT 144 0 

C UN! 14 5 0 
C A MINIMUM HA S BEEN FO UND UNI 14 6 0 
C UNI 1470 

290 DL =XS TA UNI l4RO 
PO=F STA UNI 1490 
00 300 I=l•N UNI 15 00 

X(Il=X<Il +XS Th 0 S (JP ♦ Il UNI 1510 
V(ll=V LO(ll+X(I)"( VUP (Il-VLO(I)) UNI 1520 

300 C0N TI NUf. UNI 15 3 0 
RETURN UNI 154 0 

C UNI 15 50 
310 FORMAT (/40 X , 40 H• •ooooooo oo o o • o ooo o oo ooou~ o o oooo o oouoooo ) UNI 156 0 
320 FOA HA T f// 2RX ,l ~H DO NOT CO NVER GE I N,I 5 , 5X , 36HCY CLE SE ARCHES ALONG UNI 15 70 

!DIRECTI ON - - ---,I 5 l UNI 158 0 
C UNI 159 0 

fND UNI 1600 



212 

SUAROUTI N[ 08JECT IIP,Zl 

SUAROU T! NE OOJECT !IP,Zl 
C 
C THI S SIJ Afl OUTINE 11lcll: f! MI NES TH E VPLUE OF OB J ECTIVE FUNCTION 
C 

C 

OI'IENS!ON T(!O), Y(ln) 
CO"!/-lfJN DL , OX , :> O,'IAI. UE ,N, NF. F, S (IO, IO l , X(IOl ,V(! G) ,VU P (\ 0 ) ,VL O(\Ol 
NEf=~IEF • 1 
r,o 110 I = l,N 

T(Il =X( Il •Z 0 S(IP,Il 
YIIl =VLO(!)+T(I) 0 (VUP (Il-VLOIIll 

110 COMTTNUF. 
V~L UE= IY(l)-Y( 2 )) ~0 2 +(Yl 2 l-2,oY( 3 l) *02+(Y(3l-2,) *0 2 
RETURN 

END 

OAJ l 0 
OB J 2 0 
0 8 ,J 30 
OBJ 41) 

OBJ 5 0 
OBJ 60 
OBJ 70 
08J 80 
ORJ 90 
OBJ 100 
OBJ 110 
OBJ 120 
OBJ 130 
OBJ 140 
OBJ 150 
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