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ABSTRACT 

 

 

 

AUGMENTED DIAGNOSTICS FOR ELECTRIC PROPULSION 

 

 

 

Hall effect thrusters (HETs) have become the leading electric propulsion technology for satellite 

constellations and deep-space missions, yet predicting their in-space performance from ground test data 

remains a central challenge. Extended Kalman filters and other data-driven modeling frameworks offer a 

possible path toward bridging the ground-to-orbit gap by fusing experimental measurements with 

physics-based models to estimate poorly understood model parameters, such as anomalous electron 

transport. However, these frameworks are fundamentally limited by the information content of the 

measurements supplied to them. This dissertation addresses the challenge of improving the specificity of 

traditional diagnostic measurements used to inform Hall thruster models. 

Three complementary techniques are developed, each targeting a distinct dimension of 

measurement specificity. The first is ion-species specificity, achieved with a combined energy-velocity 

analyzer (EVADER) probe that sequentially filters ions by energy per charge and velocity. By collecting 

ExB spectra at multiple pass energies set by an upstream electrostatic energy analyzer, the EVADER 

deconvolves overlapping ion energy distributions that can be inseparable with conventional diagnostics. 

This can be used to produce species-specific ion energy distribution functions for singly, doubly, and 

triply charged ions across multiple thruster operating conditions. 

The second contribution addresses temporal specificity through the application of shadow 

manifold interpolation (SMI), a nonlinear state-space reconstruction technique based on Takens' 

embedding theorem. The SMI technique is used to reconstruct time-resolved ion current density profiles 

from slow-sweep Faraday probe measurements, using synchronous discharge current waveforms as the 

reference signal, producing spatiotemporal current density distributions that capture breathing-mode 

oscillation dynamics inaccessible to conventional time-averaged measurements. 
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The third contribution targets causal specificity through extended convergent cross mapping 

(eCCM), a causality determination technique applied to HET telemetry signals. The eCCM analysis 

evaluates causal relationships between cathode current, discharge voltage, and cathode-to-ground voltage 

across multiple operating conditions and background pressures. The results indicated that discharge 

voltage retains the most dynamically relevant information and that facility pressure degrades causal 

relationships among telemetry signals. 

Together, these improvements in species, temporal, and causal specificity form a measurement 

framework that can enhance the data supplied to next-generation data-driven thruster models, supporting 

both faster qualification of current flight hardware and the development of more capable Hall effect 

thrusters. 
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1 INTRODUCTION 
 

 

 

“To measure is to know. If you cannot measure it, you cannot improve it.” – Lord Kelvin 

1.1 Motivation for Electric Propulsion and Hall-Effect Thrusters 

Electric propulsion (EP) is a highly enabling propulsion technology that allows consideration of 

missions that would not be feasible with their chemical-based counterparts. This is due to the order-of-

magnitude improvement in fuel efficiency, referred to as specific impulse in propulsion parlance, which 

dramatically reduces the amount of propellant required. The currency for any maneuver in space is Δ𝑣, or 

the change in velocity, required to make the maneuver. We can relate the mass of our delivered payload to 

this change in velocity through the rocket equation [1] 

where 𝑚𝑑 is the mass of the delivered payload, 𝑚𝑝𝑟𝑜𝑝 is the mass of the propellant, 𝜂𝑚 is the propellant 

mass utilization, and 𝑣𝑒𝑥 is the exhaust velocity of the propellant. This exhaust velocity and propellant 

utilization product is related to a performance metric known as specific impulse, or Isp, by  

with 𝑔𝑒0 representing Earth’s gravitational acceleration at sea-level (9.81 m/s2). From here, equation (1) 

can be rewritten as   

highlighting the exponential dependence of the propellant mass required to perform a given mission, 

which one wants to be small compared to the mass of the delivered payload. Solving directly for the 

propellant mass required for a given Δ𝑣 mission yields: 

𝑚𝑑 = (𝑚𝑑 + 𝑚𝑝𝑟𝑜𝑝) exp (− Δ𝑣𝜂𝑚𝑣𝑒𝑥) (1) 

𝜂𝑚𝑣𝑒𝑥 =  𝐼𝑠𝑝 ∗ 𝑔𝑒0  , (2) 

𝑚𝑑 = (𝑚𝑑 + 𝑚𝑝𝑟𝑜𝑝) exp (− Δ𝑣𝐼𝑠𝑝  𝑔𝑒0) , (3) 
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Typical state-of-the-art electric propulsion devices, such as Hall effect thrusters (HETs), offer 

specific impulses in the range of 1500-3000 seconds for many commonly used propellants. This order-of-

magnitude higher Isp, relative to the commonly achieved 200-300 seconds of chemical rockets, in the 

exponential term defining the required propellant mass for a given Δ𝑣, is what makes EP devices so 

attractive. In addition to HETs, there are other EP devices, like gridded ion thrusters with an Isp around 

2500-4000 seconds, and arcjets with Isp around 150-600 seconds, that have a long history with spacecraft 

propulsion spanning more than 50 years [1]. The improved Isp of EP devices over chemical systems 

comes at the cost of requiring a power supply system to generate (and accelerate) the plasma that is 

fundamental to their operation. In most cases, the total available spacecraft power limit the devices to 

lower thrust (mN-N) than typically achievable using chemical rockets (N-MN), meaning that EP device 

use is limited to performing in-space maneuvering, such as orbit raising or N-S and E-W transfers, as well 

as station keeping for geostationary satellites when short mission duration times aren’t critical. 

Historically, power limitations on spacecraft have prevented the use of EP in systems that need to respond 

rapidly, because the available power limited the use of higher-power EP thrusters capable of delivering 

the thrust needed to maneuver quickly. Common alternatives, such as chemical-based monopropellant 

hydrazine thrusters, are, however, now being reexamined as part of hybrid propulsion systems that 

combine the best of both worlds (high thrust chemical, low thrust electric) along with a growing focus on 

increasing spacecraft power to enhance EP for use in avoidance maneuvering [2], [3]. 

In recent years, HETs have emerged as leaders of existing EP technologies. They are the primary 

satellite propulsion technology for many constellations, such as SpaceX’s Starlink, Amazon LEO, 

Oneweb, and AST Mobile, and are the primary propulsion system for the SDA’s multi-tranche satellite 

constellations. Apart from the commercial interest that has led to orders-of-magnitude increases in the 

number of near-Earth satellites equipped with HETs, there is also growing interest in this technology for 

𝑚𝑝𝑟𝑜𝑝 = 𝑚𝑑  (exp ( Δ𝑣𝐼𝑠𝑝𝑔𝑒0) − 1) . (4) 
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Exploration-class spacecraft, with a recent example being the Psyche mission [4], [5]. The HETs in 

commercial space are in the few-hundred-watt to the 6kW range for most systems, although 13-20 kW 

thrusters are actively being developed [6], [7]. The growing demand for low-power HETs, coupled with a 

renewed interest in higher-power systems, has placed renewed emphasis on how best to design, develop, 

understand, test, and qualify these devices.  

Although Hall effect thrusters must be operated in space for thousands to tens of thousands of 

hours, they must first be qualified in ground-based vacuum test facilities. This introduces a challenge, as 

ground-based test facilities create an environment that interacts with a thruster, resulting in behavior that 

differs from what can be expected in space. These so-called “facility effects” can be categorized into three 

broader categories. First, pressure effects arising from limited pumping speed result in higher neutral-

density environments than expected in orbit, which can affect the thruster plasma discharge and 

neutralizer performance, as well as the thrust, Isp, and power of the thruster system [8], [9], [10], [11].  

Second, most large vacuum facilities have conductive walls that intercept the beam plasma, resulting in 

electrical boundary conditions that differ from those in space [12], [13], [14]. Third, the highly energetic 

ion beam that produces thrust must collide with surfaces at the beam target or on the chamber walls, 

resulting in sputtering of these materials that can redeposit on the thruster and obfuscate true erosion rates 

and potentially cause arcing and flare events [15], [16]. As discussed in 2.3 the Hall effect thruster 

discharge relies on several coupled nonlinear processes [17], and as a result, extrapolation to space is 

difficult to predict without properly capturing the key physics of the device under the influence of its test 

environment. 

1.2 The Modeling Challenge: Bridging Ground Test to Space Performance 

Predictive modeling of EP devices serves two main goals. First is the accurate prediction of in-

space performance, and the second is estimating the lifetime. As discussed above, there are several 

reasons why we may not replicate the conditions the thruster will experience in space here on the ground, 

all of which are expected to worsen as power levels increase. Properly translating ground-test 
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performance to in-space performance is crucial to enabling high-power thruster qualification and would 

dramatically reduce qualification costs for lower-power thrusters used commercially. Furthermore, 

predictive models can serve as a design tool for developing next-generation thrusters with improved 

performance. Present modeling capabilities range from 0D global plasma models to multidimensional 

fluid and even hybrid fluid-PIC models [17], [18], with varying degrees of utility and empirical closure. 

The HET discharge plasma presents a unique modeling challenge in that it is a low-temperature, partially 

magnetized plasma whose characteristics are primarily driven by electron transport phenomena that are 

not fully understood. Classical descriptions fail to match experimentally observed phenomena without use 

of adjustable parameters, and temporal behavior both from models and experiments can vary significantly 

from that predicted by non-temporal models [19]. 

In HET devices, classical electron transport underpredicts observed transport behavior by 1-2 

orders of magnitude. This discrepancy is described as “anomalous electron transport” and is attributed to 

both plasma instabilities, such as azimuthal drift waves, the electron cyclotron drift instability, breathing-

mode oscillations, as well as electron-wall interactions [17], [18], [19]. This results in the effective 

electron mobility parameters being treated as free parameters, fitted from the comparison of model output 

with experimental data, making these models descriptive rather than predictive [20]. Temporal 

fluctuations further complicate the experimental calibration process, as many of the measures used to 

determine the spatial electron mobility parameter are time-averaged, even though experimental 

measurements indicate that it varies in time [21]. 

The HET plasma discharge is highly nonlinear, and its key model parameters, such as anomalous 

mobility, ionization rates, and wall-interaction coefficients, are not constant but time-varying [21], [22]. 

The ubiquitous breathing mode, present in the 10-30 kHz range, can exhibit plasma property oscillations 

that exceed 100% of average values [23], [24], [25]. Time-average measurements and non-temporal 

models miss this dynamic information, which may be critical to accurate plasma and model parameter 

estimation. Simply adding temporal capabilities to existing steady-state models may be too 
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computationally intensive, while providing the key calibration data may also be difficult. To meet this 

challenge, data-driven frameworks have begun to emerge that fuse experimental data into the model to 

constrain or inform poorly understood model parameters [22], [26], [27]. These models link key 

parameters to more easily measurable dynamic data, such as discharge current waveforms, enabling live-

model updates. Extended Kalman filters and their physics-constrained variants have been demonstrated as 

effective tools for estimating unknown model parameters of the HET discharge, such as the time-resolved 

bulk electron temperature [28] or anomalous electron mobility [22]. These data-driven approaches can act 

to bridge the gap between fully predictive, high-fidelity models and calibration-reliant non-temporal 

models commonly employed today.  

The central challenge motivating this dissertation is to improve the quality and the specificity of 

the experimental data supplied to predictive Hall thruster models. The data-driven modeling frameworks 

described above are only as good as the measurements fed into them. The measurement’s ability to 

constrain model parameters, reduce state-space uncertainty, and produce reliable predictions depends 

fundamentally on the information content of the input measurements. This doesn’t necessarily mean the 

improvement of signal-to-noise, but rather the specificity of the measurements – ensuring they contain 

species-specific, temporally resolved, and causally relevant information that maps directly onto the 

parameters and states these models are trying to estimate. Higher-specificity measurements enable tighter 

model constraints, which in turn improve predictions of ground-to-orbit performance, addressing a major 

bottleneck in HET qualification. Beyond this near-term application, improving our fundamental 

understanding of the discharge physics (anomalous transport, oscillation dynamics, erosion) through 

better-constrained models opens the path to model-based designs for the next generation of Hall thrusters, 

rather than relying on empirical scaling and heritage. Despite the promise of data-driven modeling, the 

diagnostic measurements commonly available today fall short of the specificity these frameworks require.  
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1.3 The Diagnostic Gap: Limitations of Traditional Measurement Approaches  

A host of diagnostics are commonly employed to characterize EP plasma discharges. They range 

from electrostatic probes, some of which can be perturbative, to optical techniques used to non-invasively 

explore the relatively higher energy and density regions of the discharge plasma. An electrostatic energy 

analyzer (ESA) [29] or a retarding potential analyzer (RPA) [30] is often used to characterize ion-energy 

distributions in the downstream far-field of the plume. An ExB probe is frequently co-located in the 

downstream plume and is used to provide species distributions for multiply charged ions [31]. Langmuir 

probes can provide information on plasma potential, plasma density, and electron temperature in the 

plume [32] but can be perturbative if placed too close to the discharge [33]. A Faraday probe is often used 

to quantify the ion current density distribution, and the resulting data, along with data from other probes, 

are frequently employed in phenological efficiency analysis [34]. Measurements of the discharge channel 

properties require non-invasive optical techniques, such as laser-induced fluorescence, to obtain IVDF 

profiles in the channel [35]. Optical emission spectroscopy (OES) can also be used in conjunction with 

collisional-radiative models (CRMs) to estimate electron temperature and plasma density from relative 

emission spectra of the plasma [36]. These diagnostics have long served as workhorses for characterizing 

EP devices [37]. Most test facilities will have access to electrostatic diagnostics due to their relatively low 

cost, ease of installation, and straightforward operation, while optical measurements can be more 

specialized and used only in specific test campaigns.  

A challenge with many of these diagnostics is how they measure aggregate or convoluted 

quantities. Energy measurements from ESA or RPA probes show the energy-per-charge (E/q) distribution 

and do not distinguish by species [29]. The species distributions inferred from ExB spectra can overlap if 

each species exhibits a wide energy distribution [38]. Faraday probe measurements detect ions of all 

energies at a given location and therefore include low-energy ions generated through charge-exchange 

collisions (CEX) [39]. These convolutions can limit the specificity of the information needed to constrain 

model parameters. In stronger terms, one could say that if a model could be cast to provide species-
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specific information to constrain the discharge model parameters, then the convoluted measurements 

would lead to ambiguity in those parameters.  

Furthermore, many experimental measurements are sweep-based, meaning that the diagnostic 

builds a distribution by sweeping over a range of measurement states adjusted by applying new voltages, 

wavelengths, or adjusting measurement locations. This scanning can be quite slow relative to the time 

scales of interest. Even the lowest-frequency (most accessible) oscillations of the breathing mode, at 10-

30 kHz, are well beyond the sweep rate of an ESA or ExB probe. There have been attempts to increase the 

temporal capabilities of existing Langmuir probe measurements [40] and LIF measurements [41], which 

have shown frequency responses fast enough to access breathing-mode oscillations. The additional 

techniques discussed below have been developed to address these limitations [42].  

The challenge is that models benefit from species-specific, time-resolved, spatially distributed 

data about the plasma, while many of today’s most common diagnostics yield time-averaged, spatially 

local, and species-convolved measurements. Data-driven models are, to some degree, fundamentally 

limited by the measurements that can be fed into them [22], [27]. Closing this gap will require 

improvements in diagnostic techniques and in how we extract useful information from available 

measurements. 

1.4 A Measurement-Specificity Perspective on Plasma Diagnostics 

Improving measurement specificity is an important step toward meaningfully constraining model 

parameters. In the context discussed herein, measurement specificity refers to the degree to which a 

diagnostic measurement provides unambiguous, targeted information about plasma properties or model 

parameters. In this context, a low specificity measurement could be a convolved measurement, e.g., 

overlapping ion energy distributions of multiple species, whereas a high-specificity measurement could 

include species-specific information, time-resolved measurements, or spatially defined temporal changes. 
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The work presented herein focuses on improving measurement specificity through probe-level 

deconvolution, spatiotemporal reconstruction, and causal signal selection. 

The purpose of this improved measurement specificity is to enable more capable modeling. Each 

experimental measurement included in a model should help constrain the set of possible model states (the 

state space). The more specific the experimental measurements are, the more the available state space can 

be reduced. In extended Kalman filter approaches [22], [26], [27], this corresponds to a reduction in the 

uncertainty (as measured by the covariance) of the estimated states and model parameters. For example, if 

ion-energy distributions are included in a model, species-specific energy distributions constrain the 

ionization and acceleration model parameters more tightly than species-averaged distributions. Similarly, 

temporal models that implement time-resolved ion measurement data constrain dynamic model behavior, 

e.g., time-dependent mobility parameters. In addition, causally relevant signals provide more informative 

measurement updates than arbitrary or redundant signals, thereby improving computational cost. 

The diagnostic augmentation efforts described in this dissertation center on three implementations 

that improve measurement specificity. The first is serial filtering for probe specificity, discussed in 

Chapter 2, by combining energy and velocity filters to deconvolve overlapping species distributions. The 

second augmentation of measurements comes through the addition of spatiotemporal reconstruction of 

state-based measurements in Chapter 4, where, by way of example, shadow manifold interpolation 

techniques are applied to generate time-resolved ion-current density measurements. Finally, in Chapter 5, 

improvement in signal selection is evaluated through a causality analysis framework to determine which 

signals retain the most dynamically relevant information. 

1.5 Dissertation Overview and Contributions 

This dissertation demonstrates the ability to improve the specificity of diagnostic 

measurements—through species-resolved energy analysis, temporal reconstruction, and causal selection 

of dynamic signals—to better inform data-driven predictive models of Hall effect thruster discharges, 



 9 

with the ultimate aim of improving ground-to-orbit performance prediction and enabling model-based 

thruster design. Chapter 2 introduces some of the concepts and physics of the devices used in the testing, 

as well as some of the concepts that underpin the analysis techniques. Chapter 2 describes the 

demonstration of an inline energy-velocity filter for deconvolving species-specific ion-energy 

distributions. Chapter 4 demonstrates the ability to use non-linear state-space reconstruction to produce 

spatiotemporally resolved ion-current density profiles via shadow manifold interpolation. Chapter 5 

discusses the use of causality determination techniques as a framework for improving signal selection in 

time-resolved data-driven models. Chapter 6 will present how future extensions of these concepts can 

further enable difficult measurements. 
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2 BACKGROUND 
 

 

 

Hall effect thrusters are considered the electric propulsion device of choice for many satellites, 

selected for use in low Earth orbit commercial constellations and for discovery-class, deep-space 

missions [5]. Despite their growing use, fundamental gaps in understanding physical phenomena still 

limit our ability to deploy predictive codes as design tools or to predict on-orbit performance [19]. This 

chapter introduces key concepts needed to clearly articulate the diagnostic innovations for improving 

measurement specificity, detailed in the following chapters. To do this, background information on Hall 

effect thrusters, traditional EP diagnostics, and the temporal domain of these devices is explored to 

support the more detailed information introduced in the following chapters. 

2.1 Hall effect thruster physics 

The Hall effect thruster is described most prominently by its crossed axial electric and radial 

magnetic fields that produce an electron drift azimuthally, in the 𝑬 × 𝑩 direction, throughout the annular 

channel. A diagrammatic representation of a 1.5kW research Hall thruster is shown in Figure 1 next to a 

photograph of it operating on krypton. The majority of the propellant (neutral gas particles) is distributed 

in the back of the annular channel through the anode, while a small fraction of the total gas is commonly 

fed to the hollow cathode used for discharge seeding and ion beam neutralization [37].  
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Figure 1: Cross-section view of a Hall effect thruster with schematic representation of electric and magnetic fields (left) 
and photograph of the CEPPE’s 1.5kW research thruster operating on krypton (right). 

In these devices, the electrons are highly magnetized by the radial magnetic field, with the 

Larmor radius typically much smaller than the channel width, 𝑟𝐿 ≪ 𝑤𝑐ℎ. Ions are relatively unmagnetized 

by these magnetic fields due to their significantly greater mass. The good electron confinement enables 

most of the voltage drop between the anode and cathode to be concentrated at the downstream end of the 

discharge channel, as shown in Figure 2. This region of a strong electric field heats the electrons, which 

then efficiently ionize the propellant flowing into this region of the channel. Generally, the resulting 

plasma discharge is modeled with three distinct plasma regimes [17], [43]. The first is the ionization 

region, just upstream of the highest radial magnetic field strength, where the neutral density is highest. 

Immediately downstream, and sometimes overlapping with, the ionization region is the acceleration 

region near the channel exit. The acceleration region occurs in the region of highest magnetic field 

strength and is characterized by a strong axial electric field that electrostatically accelerates ions 

downstream. As a result, although Hall thrusters utilize magnetic fields, they are often characterized as 

electrostatic electric propulsion devices [37]. The next downstream region is the near-field plume, which 

has significantly reduced neutral and plasma densities. This is where the exiting ion beam current density 

and the neutralizing electron current density balance each other, in the absence of any influence from the 

vacuum facility. Due to the dependence of electron confinement on the magnetic field, the thruster 
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magnetic field topology can significantly impact the spatial distribution of electron temperature, 

ionization rate, and plasma potential [37]. It is the potential structure experienced by ions born and 

accelerated through these regions that dictates their ion energy distribution, thereby imparting information 

about the discharge in the unique distribution of those ions.   

 

Figure 2: Notional diagram of field strengths (a) and particle densities (b) generated for illustrative purposes.  

The HETs are characterized by key performance parameters that translate their operation into 

metrics for mission planning, namely Isp, thrust, and efficiency. The first, and key proposition of all-

electric propulsion thrusters, is the specific impulse. Specific impulse is related to thrust, 𝑇, by 

where 𝑚̇𝑝 is the mass flow rate of the propellant and 𝑔𝑒0 is Earth’s gravitational constant. As shown in 

equation (3) this can also be related to exhaust velocity, but in electric propulsion, an additional term is 

also considered, known as mass utilization 𝜂𝑚, which accounts for the fraction of the propellant that is 

actually ionized and accelerated away—typically in the 0.8 range. This relatively high utilization 

efficiency is due to the lower velocity of the unionized neutral particles, which is about a magnitude lower 

than the ions entering the acceleration region. As a result, we consider  

𝐼𝑠𝑝 = 𝑇𝑚̇𝑝𝑔𝑒0 , (5) 
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where 𝑚̇𝑖𝑜𝑛 is the mass flow rate of the ion accelerated away, and 𝑣𝑖𝑜𝑛 is the velocity of the accelerated 

ions. This mass utilization term is a crucial efficiency term that has a strong impact on the thruster’s 

overall performance. The other efficiency often evaluated is the electrical efficiency 𝜂𝑒 of the device 

which relates the fraction of the total input power 𝑃𝑇  to the amount of power transferred to the ion beam 𝑃𝑏, through,  

where 𝐼𝑏 is the current and 𝑉𝑏 is the average beam potential of the ions accelerated from the thruster. The 

power required for the discharge is 𝑃𝑑  , and the other input power requirement, P0, to produce the ion 

beam, such as magnetic coils, keeper power, cathode heater, etc. We can relate the input power required 

for a given amount of thrust to these efficiencies and specific impulse through  

where 𝜂𝑇 is the total thruster efficiency. The relationship between thrust, efficiency, and specific impulse, 

as given in equation (8), is used to characterize the device's performance for any given mission set. 

Typical values for the thruster efficiency of HETs are 50-75% with specific impulses between 1500-3500 

seconds, depending on propellant and operating voltage [6], [37]. 

The magnetic field strength and topology play a pivotal role in determining properties of the 

thruster discharge, including electron confinement, ionization efficiency, and wall erosion. In 2012, the 

concept of magnetic shielding was introduced into the broader EP literature [44], with the primary goal of 

reducing channel-wall bombardment by tailoring field lines to avoid wall intersections. This reduction in 

wall bombardment increased thruster lifetime from roughly 8,000 hours to greater than 20,000 hours [37]. 

As a result of the adjusted magnetic field shape, magnetic shielding was found to affect plasma discharge 

𝐼𝑠𝑝 = 𝑣𝑖𝑜𝑛𝑔𝑒0 𝑚̇𝑖𝑜𝑛𝑚̇𝑝 = 𝑣𝑖𝑜𝑛𝑔𝑒0  𝜂𝑚 (6) 

 𝜂𝑒 = 𝑃𝑏𝑃𝑇 = 𝐼𝑏𝑉𝑏𝑃𝑑 + 𝑃0 (7) 

𝑇𝑃𝑇 = 2𝜂𝑚𝜂𝑒𝑔𝑒0𝐼𝑠𝑝 = 2𝑔𝑒0 𝜂𝑇𝐼𝑠𝑝  (8) 



 14 

physics, leading to changes in potential structures and ion energy distributions, as well as in the types of 

temporal phenomena observed. 

Hall effect thrusters exhibit rich oscillatory and turbulent behavior characteristic of their 

operation [44]. These span orders of magnitude in time scales and are attributed to many different types of 

instabilities [19] that dictate much of the thruster’s steady-state performance [18]. Most of the temporal 

diagnostic work has focused on evaluating breathing mode oscillations [23], [40], [41] due to their 

accessibility in the 10-30kHz range. Additional imaging work on rotating spokes in the 1-25 kHz range 

seen in unshielded thrusters has also been evaluated [45]. Higher-frequency oscillations are also observed 

in the MHz range, consistent with ion acoustic turbulence and electron-cyclotron drift instabilities, which 

have been confirmed via coherent Thomson scattering studies [46]. Therefore, when a large degree of 

temporal variation is observed in a given diagnostic measurement, it is not merely noise; rather, the 

oscillations are intrinsic to the discharge physics and affect transport, performance, and model fidelity.  

A key process in these devices that should be emphasized is the anomalous electron transport. 

This is the central physics problem underlying predictive modeling challenges. The cross-field transport 

described by classical collisional or even Bohm-type cross-field diffusion underpredicts the electron 

current to the anode by more than a factor of 10 relative to the measured current observed in thruster 

operation. Several candidate mechanisms have been proposed: azimuthal turbulence-driven transport, 

near-wall conductivity with secondary electron emission, and cyclotron drift instabilities [19], [37]. The 

effective anomalous mobility is the primary “knob” to turn in models to match them to experimental data, 

which, unfortunately, yields descriptive rather than predictive models. 

Further complicating the matter of prediction is the altered conditions under which the thruster 

must be tested on the ground, thereby introducing additional effects of the facility. These come in three 

primary forms, as mentioned briefly above. The first is a finite background pressure that is orders of 

magnitude higher than space conditions. This can cause the production of CEX ions, modify ionization 

rates, and change the breathing mode frequency, and some indications suggest changes in the thruster's 
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acceleration region as well [8], [9], [10], [11]. The second effect results from the need to test the thrusters 

in a metal, electrically conducting, facility that intercepts the plasma beam and may alter the thruster 

behavior due to electrical interactions with the facility [12], [13], [14]. Finally, there is also the problem 

of back-sputtered material from the chamber walls redepositing on the thruster, leading to uncertainties in 

erosion rates and causing operational problems such as arcing. All three of these problems are expected to 

increase as higher-power thrusters are explored [47] further motivating the need for accurate predictive 

models that enable one to extrapolate from ground test measurements to in-space performance.  

2.2 Plasma Diagnostic Methods for Electric Propulsion 

Several electrostatic diagnostics are commonly used to characterize HETs. The focus of this 

dissertation is on electrostatic energy analyzers (ESAs), Wien velocity filters or ExB probes, and Faraday 

probes; however, Langmuir probes [32], retarding potential analyzers [30], and emissive probes [48] are 

also commonly used in these tests as well, although they are not covered in detail herein.  Electrostatic 

analyzers are used to evaluate the ion energy distribution function of ions in the region ~1-2 m 

downstream of the thruster. There are several configurations of these devices [29]. The method used in 

this work is a 120° segment of a spherical deflector analyzer, the details of which are discussed further in 

Chapter 2. A key aspect of most energy-discriminating diagnostics is that they slowly build up an ion 

energy distribution as the probe structures are swept with applied voltages. The current collected at a 

given applied voltage is representative of the number of ions that pass through the analyzer at a given 

energy-per-charge (E/q). However, it is important to note that this is a cumulative current and therefore 

distributions of all species (e.g., singly, doubly, triply, … charged ions) at a given E/q ratio will arrive at 

the collector, resulting in a convolution of energy distributions for all ion species leaving the thruster.  

The ExB probe, also discussed in greater detail in Chapter 2, is often used as a velocity analyzer 

and is primarily leveraged to distinguish ion species in the plumes of Hall thrusters [31]. However, in the 

same fashion as the ESA all current measured at a given sweep voltage represent a combination of ions 

that were able to arrive at that plate voltage, and when the ion-energy distributions for the species are 
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wide, the species distributions overlap enough to add uncertainty in the fraction of ions that belong to 

each species [31], [49], [50]. Analyses have been proposed to better handle the overlapping distributions 

by fitting assumed velocity distribution functions VDFs [38]; however, this requires assumptions about 

the shapes of these VDFs.  

Faraday probes are the standard for providing ion current density distributions of EP devices. The 

data are often in the form of current density plotted as a function of angle as the Faraday probe is moved 

on a circular arc that has its origin centered on the HET. These ion current distributions are used to derive 

the beam current, which is central to the efficiency analyses of these devices and is directly tied to mass 

utilization and other key efficiencies. However, due to the need to test in vacuum facilities, finite 

background pressure can alter the measured ion current density profiles from those expected in space, 

leading to significant efforts to remove these effects [39]. Furthermore, these measurements are almost 

always reported in steady-state terms, although it has been shown that the plasma ejected from the 

thruster exhibits rich temporal oscillations with varying densities and profiles [40].  

These electrostatic diagnostics are useful in their application to downstream measurements; 

however, their ability to measure properties near the plasma discharge is limited due to the life of the 

probe in those conditions, as well as the perturbative effect of the probe, which can alter quantities of 

interest that the probe seeks to measure [33]. As a result, non-perturbative optical measurements of 

discharge properties have been the primary means of probing discharge plasma regions. The two most 

used techniques are laser-induced-florescence (LIF) and optical emission spectroscopy (OES). Laser-

induced fluorescence has the ability, through measurements of Doppler-shifted light, to couple laser light 

into metastable ions and neutrals that will then decay at a wavelength, usually non-resonant with the 

excitation light, providing information not only about the number of particles in the metastable state, but 

also, based on the Doppler shift, the relative velocity of the ion or neutral [35]. This enables measurement 

of ion-velocity distribution profiles in the acceleration regions of a Hall thruster. This profile has become 

the primary means of calibrating anomalous electron transport profiles in simulations to match 
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experimentally observed results [20], [51]. Optical emission spectroscopy is often used for its ease of 

integration. No probing laser light is required; instead, an entire spectrum of light is acquired, or 

occasionally specific bands, and this data is combined with a collisional radiative model (CRM) to 

constrain the information about the electron energy, plasma density, and neutral density that would have 

been required to produce such a spectrum [36]. Two other critical optical measurements have been used 

to advance understanding of the physical properties within the thruster discharge: two-photon absorption 

laser-induced fluorescence (TALIF) and Thomson scattering. The TALIF approach is similar to LIF but 

can be used to measure ground states rather than relying on the plasma to populate metastable states, and 

it provides density estimates typically obtained by mapping flow profiles [52], [53]. Thomson scattering 

comes in two flavors, incoherent and coherent. The coherent Thomson scattering measurements have 

been used to evaluate high-speed density fluctuations, which have been key to experimentally verifying 

the presence of ECDI in the Hall thruster discharge [54], and have now explored the turbulence 

experienced by the cathode [55]. Incoherent Thompson scattering has been used to evaluate electron 

energy distributions in the devices' discharges and is currently prompting a re-evaluation of how electrons 

are treated along magnetic field lines [56][57]. Both TALIF and Thomson scattering can be more 

intensive optical setups and therefore their deployment is limited and bespoke to a given test campaign 

and article, although efforts are underway to produce these measurements in several locations [58], [59], 

[60], [61]. 

An additional wide range of diagnostics has been used to characterize various aspects of HET 

discharges, although their deployment is less common. High-speed cameras have been used in many cases 

to evaluate various instabilities in the Hall thruster [40], notably for the characterization of the spokes 

instability [46], and also for drift instabilities observed in shielded devices [62]. Microwave 

interferometry schemes have been developed for density measurements [63]. Hall current tomography 

tools have been developed to non-invasively reconstruct the Hall current inside the channel of an 
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unshielded thruster [64]. Although all of these techniques have yielded insight and interesting 

measurements, their wide-scale deployment remains limited.  

The combination of traditional electrostatic and optical-based diagnostics provides a rich, yet 

incomplete picture of key properties of the discharge. These key gaps center around deconvolving 

species-specific information, adding temporal resolution to the measurements, and a systematic 

understanding of which measurements carry the most relevant information for models. These key gaps are 

what motivate the diagnostic augmentation discussed in Chapters 2-5.  

2.3 Data-Driven Approaches in Plasma Modeling 

There has been a wide variation in the methods and models used to capture Hall thruster behavior 

over the years. Zero-dimensional, so-called 0-D global models, are volume-averaged approaches that 

capture gross thruster behavior, such as mean performance or breathing-mode behavior, if temporal 

variation is considered [65]. These models are computationally cheap and offer no spatial resolution. One-

dimensional (1-D) fluid models are used to resolve axial profiles of the plasma properties and capture the 

basic discharge structure. These models require transport coefficient inputs to close [66]. Additional 

specificity is added for 2-D (r-z) hybrid models, in which kinetic ions and fluid electrons are used to 

resolve radial and axial structures [20], [67]. These hybrid models are among the most commonly used in 

the community, but they still fail to accurately capture electron mobility profiles in Hall thrusters. The 

next, higher fidelity, models are typically 2-D and 3-D PIC simulations [68], [69], [70], [71]. These 

simulations are fully kinetic and are used to resolve instabilities and turbulence, but are too 

computationally prohibitive for the thruster-scale simulation using realistic parameters. This leads to 

shortcuts used to reduce computational cost, such as adjusting particle mass values, but at the cost of 

model fidelity. Note that each level of fidelity introduces additional unknowns or poorly constrained 

parameters.  
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The problem of parameter estimation stems from the fact that all practical HET models require 

specification of transport coefficients (especially anomalous electron mobility) that cannot be determined 

from first principles [17], [18], [37]. Traditionally, these are tuned to match specific experimental data, 

particularly LIF-derived mobility profiles for many of the Hybrid models [20], resulting in descriptive 

models rather than predictive modes. The primary goal of data-driven modeling is to systematically 

estimate these manually tuned parameters from an experimental dataset in a generalizable way [28].  

A method for systematically estimating internal states using an extended Kalman filter (EKF) was 

demonstrated for the EP community by Greve et al. [26] and further developed in [28]. Extended Kalman 

filters are not new to aerospace and were even leveraged in the original navigation processes of the 

Apollo mission to gauge spacecraft trajectory in sparse, noisy tracking data [72]. The basic concept is that 

a physics-based model propagates the state forward in time, called a prediction state. Periodic 

experimental data are then used to update the state estimate, referred to as a correction step, and the 

process repeats. The Kalman gain determines how much to trust the model prediction vs. the 

measurement, based on the respective uncertainties, referred to as process noise covariance 𝑄 and 

measurement noise covariance 𝑅. The continuos-discrete form was used, whereby the continuous model 

propagation is updated with discrete measurements when available [73]. The innovation of Greve’s 

approach was to use a set of physics-informed constraints on the process and measurement noise 

covariance to prevent unphysical solutions, such as negative density, temperatures, or uncertainty. 

Furthermore, the framework can describe a process noise, 𝑄, that is related to model imperfections and 

how it varies in time. These physics-constrained extended Kalman filter (PC-EKF), augmented the EKF 

approach to be robust to sparse, noisy measurements that are critical in leveraging experimental data [28]. 

The EKF framework has now been applied to multiple thruster data sets with various 

modifications. In 2021, Greve first applied the EKF framework for real-time state estimation of low-

frequency oscillations in HETs through the use of a 0D global model [26]. This model was further 

extended in 2023 by Troyetsky et al. to evaluate a wide range of discharge voltages and the resulting 
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temporal dynamics of the discharge current for a 1.5-kW Hall thruster [22]. A similar 0-D global model 

was used, but with the addition of the electron energy equation to better capture the effects of the electron 

dynamics on the discharge oscillations. Another important extension of the Greve EKF framework for 

Hall thrusters was brought to the floor by Zivre and Hara in 2025 [27], where changes to the framework 

were made to allow multi-modal data sets, where the EKF was more frequently updated by data like the 

discharge current, but less frequently included additional data such as thrust. The result of this estimation 

effort revealed a nonlinearity in the change in thruster oscillations under space-like conditions that is not 

captured by historical linear regressions of pressure on performance data [8], [9], [74]. This underpins a 

key finding for prediction of in-space performance, that true and actionable knowledge cannot be derived 

from observing the macroscopic performance properties of a complex system operating in a compromised 

environment.  

A key limitation of all these data-driven models thus far is a limitation in the measurements 

available for model integration. Presently, the only dynamic data that has been utilized is the discharge 

current, and the primary macroscopic data to compare against has been thrust. This is a very limited 

window of data to view about the thruster. This raises the question: what measurements should be 

supplied to these data-driven frameworks, and how is maximal information extracted from the available 

diagnostics? Note that current efforts have primarily focused on discharge current because it can be 

measured easily at high speed and is directly integrated into model parameters, such as bulk electron 

current. But as stated previously, both discharge current and thrust are convolutions of other states in the 

plasma dynamics system and may not provide the best observability of all important model states. Richer, 

more specific measurements could provide better state-space constraints, as discussed in Chapter 5. 

2.4 Nonlinear Time Series Analysis and Dynamical Systems 

A key aspect to discuss when analyzing temporal phenomena in a Hall thruster is its 

characterization as a dynamical system. As discussed previously, the underlying physical processes are 

nonlinear and span orders of magnitude in dimensional complexity [17], [18], [37]. Temporal fluctuations 
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ranging from pico- to millisecond timescales that influence one another, with length scales on the order of 

centimeters to sub-millimeters, result in an environment ripe for deterministic chaos (strong sensitivity to 

initial conditions) [19], [74], yielding complex time series in the thrusters’ signals. The breathing mode is 

a limit-cycle-like oscillation that can become chaotic under certain conditions [75]. It is essential to 

understand this characterization of the system as likely being chaotic, as it can preclude the use of many 

linear-based statistical analysis techniques, such as FFT correlation methods, from fully capturing thruster 

behavior [42], [75]. 

In evaluating Hall thrusters as deterministic dynamical systems, a different set of tools is needed 

to characterize and analyze the signals. One of the key concepts to understand is Takens’ theorem [76], a 

foundational proof in dynamical systems theory, which demonstrates that a time series of a single 

observable variable from a dynamical system can be used to reconstruct a topologically equivalent 

representation of the system’s full attractor via time-delay embedding. This essential states that all 

participating parts of the dynamic system will leave their “fingerprints” on all the other interacting 

variables of the system. The details of how these time-delay embeddings are generated will also be 

covered in detail in Chapter 4. However, a key caveat is that they are causally linked variables. If so, a 

single measurement can recover all of the underlying dynamics, a key aspect of the reconstructions 

discussed in Chapters 4 and 5. 

It is this concept that is extended to the embedding of multiple observables: if 𝑋 and 𝑌 are both 

variables in the dynamical system, their respective time-delay embeddings reconstruct “shadow 

manifolds” that are topologically related (diffeomorphic). If 𝑋 causally influences 𝑌,  then the shadow 

manifold of 𝑌 contains information about 𝑋, and therefore 𝑋 can be predicted from the neighborhood 

structure of 𝑀𝑌, the manifold of the 𝑌 timeseries data [42]. This is the foundation of cross-convergent 

mapping, originally proposed by Sugihara et al. [77] and later extended by Ye et al. [78]. 

Cross-convergent mapping (CCM) algorithmically uses the near neighbors in one manifold, like 𝑀𝑌, to pick the corresponding location in the other variable’s manifold, say 𝑀𝑋. A key property of the 
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original CCM framework is convergence of the reconstruction [77]. If a causal relationship exists, the 

cross-mapping skill, most often defined as the Pearson correlation (𝜌) between the reconstructed and true 

time-series signals, improves as the library length L increases, because the manifold becomes denser and 

nearest neighbors become closer. This is an improvement to the Granger causality paradigm, which was 

previously used as the gold standard for determining causality [79]. However, the Granger method 

assumes a separability of variables that, by nature of dynamical systems, cannot be achieved. Cross-

convergent mapping fundamentally leverages this inseparability that limits the use of Granger causality to 

evaluate dynamic causality. An extension of CCM has been developed to better determine causal 

directionality in systems under strong unidirectional forcing that leads to generalized synchrony, while 

also identifying indirect causal chains [78].  

As a result, the dynamic time series measured from HETs (discharge current, voltage, floating 

potential, ion current, etc.) contain embedded information about the underlying discharge dynamics. 

Takens’ theorem tells us that sufficiently rich single-point measurements can reconstruct the attractor, but 

not all signals are equally informative. Causality analysis can identify which signals carry the most 

dynamically relevant information about the discharge physics, guiding the selection of measurements for 

data-driven models. These concepts are explored in further detail in Chapter 5 which examines the 

dynamic data collected from circuit measurements of a magnetically shielded Hall thruster tested in a 

varying-pressure environment.   

2.5 Summary: Opportunities for Diagnostic Innovation (Problem Statement) 

To further advance our understanding of Hall effect thrusters, predictive codes are needed to 

capture scaling and ground-to-space translation challenges. Predictive modeling of HETs is currently 

limited by the lack of known electron transport parameters. Data-driven approaches have been shown to 

estimate mobility parameters by incorporating dynamically varying data into a reduced-order model; 

these models are fundamentally limited by the information content of the measurements used to constrain 

the parameter space.  
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This work focuses on opportunities to meet this challenge with existing diagnostic tools common 

in most EP research facilities. This dissertation provides a framework for each opportunity along with a 

demonstration of the technique. The first opportunity is to improve probe specificity by serially operating 

filtering probes. In Chapter 2 this is demonstrated by the combination energy-velocity probe, which can 

deconvolve overlapping species distributions to provide species-specific ion energy distributions. The 

second opportunity is to add temporal information to many of the common diagnostics used today. 

Chapter 4 demonstrates the ability to use nonlinear dynamic reconstruction methods to provide these 

measurements for traditionally time-averaged diagnostics that are swept through measurement states. The 

third opportunity is to improve the amount of relevant dynamic information captured in signals selected 

for data-driven frameworks.  

Improved probe specificity enhances the uniqueness of the information contained in the measured 

ions, while temporal reconstruction provides a comprehensive time-resolved view of all measured states 

at once with respect to a linked input signal, and finally, causality analysis ensures that improved dynamic 

measurements are selected for model integration. Together, they expand the information available to data-

driven predictive models, with the ultimate goal of improving ground-to-orbit performance prediction and 

enabling model-based thruster design.  
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3 SPECIES-RESOLVED ION ENERGY DISTRIBUTIONS USING 
COMBINED ENERGY-VELOCITY FILTERING1 

 

 

 

Ion energy distributions and species fractions are common measurements used to characterize Hall-

effect thrusters. They are often used to calculate some of the phenomenological sub-efficiencies that 

comprise the overall thruster efficiency, but they also contain information about the thruster discharge itself. 

Energy distributions and species fractions are dependent on the properties of the discharge plasma, and they 

are measured downstream of the thruster in the far-field plume with (1) minimal perturbation of the thruster 

and (2) low loss of fidelity due to the small number of collisions the ions suffer before reaching the probe. 

However, direct measurements of the energy and species fractions can be confounded by the diagnostics 

used to obtain them. Wide velocity distribution functions can cause overlap in Wien filter (ExB probe) 

spectra that can increase uncertainty in species fractions [31], [49], [50]. Although this is widely 

acknowledged, it is worth noting that traditional ExB probe analysis and analysis based on species-specific 

IEDF measurements reported on herein do not result in significantly different charge utilization sub-

efficiency calculation results. Rather, what is lost in traditional ExB probe spectra is discharge plasma 

ionization and acceleration processes—this is because it is hard to recover discharge plasma effects on 

multiply charged ions due to the overlap of spectra features from the wide ion energy distributions and the 

relatively poor energy resolution of ExB probes. At the same time, most common ion energy measurements 

are made in terms of energy-per-charge (E/q) for all ions entering the probe [29], [30], resulting in a 

cumulative energy-per-charge distribution that no longer contains information about multiply charged 

species. However, because both energy and velocity-based diagnostics use filtering to obtain their 

 
1 Part of this chapter is reprinted with permission from “Combined electrostatic analyzer—Wien filter probe for 
characterization of species distributions in Hall thrusters” by Thompson et al. 2021, Journal of Applied Physics, 130, 
COPYRIGHT 2021 by AIP Publishing.  
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cumulative distribution function measurements, they can be used in a serial configuration where the 

specificity of ion measurements is improved by limiting the influence of overlapping distributions. 

3.1 Introduction  

The species distribution of ions in Hall-effect and ion thrusters has long been measured to provide 

information on thruster performance, predict erosion and lifetime, and offer insight into the devices' 

fundamental operation. One traditional method for measuring the species distribution in the thruster 

plume uses a Wien velocity filter, often called an ExB probe in electric propulsion (EP) literature [38]. 

Determination of species fractions of multiply charged ions is relatively straightforward in gridded ion 

thrusters (GITs), which have narrow ion energy distributions. However, the analysis of ExB spectra to 

determine species fractions becomes more difficult as the ion energy distribution widens, which is 

commonly observed in Hall-effect thrusters. Even wider ion energy distributions are created in 

magnetically shielded Hall thruster configurations, making ExB spectra analysis even harder [49], [50].  

Previous methods utilizing peak heights [80] and areas under the curve [81] have been shown to be 

inaccurate for analyzing the ion species fractions in a Hall thruster plume [38]. Huang and Shastry 

presented an improved method for analyzing ExB spectra collected from HETs using velocity distribution 

functions (VDFs) to approximate the current associated with each ion species [50]. However, that method 

requires assumptions about the shape of the VDF for a specific ion species, which are difficult to verify 

with information typically collected with individual Faraday probes, ExB probes, and energy analyzers, 

and may therefore increase uncertainty in the measurement of ion species fractions. 

The probe discussed in this chapter, the Energy and Velocity Analyzer for Distributions of 

Electric Rockets (EVADER) probe manufactured by Plasma Controls, LLC, combines an energy 

filter/analyzer placed in-line with a velocity filter to provide energy-selective species analysis. 

Specifically, the EVADER uses an electrostatic analyzer (ESA) section to pass a narrow window of ions 

having a particular energy-per-charge (E/q) ratio to a Wien filter, where a standard ExB spectrum is taken. 

Then, by recording spectra at multiple, ESA-stage-selected energies, it is possible to deconvolve the 
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overlapping peaks of different species observed in a typical ExB probe spectrum collected from a Hall 

thruster plume and create species-specific ion energy distribution function (IEDF) measurements. 

Additionally, the probe may be used to differentiate charged particles of different mass, as found in 

alternative propellants such as water, iodine, and nitrogen, distinguishing H+ vs O2
+, or I2

+ versus I+, for 

example [82], [83], [84]. 

In this work, the EVADER was utilized to characterize a 1.5 kW Hall thruster operating on 

krypton [64], [85], [86], and a BHT-200 operated on xenon. Our group has used standalone ESA and ExB 

probes in a combined manner for over a decade prior to other similar diagnostics reported in the literature, 

such as an energy-selective mass spectrometer (ESMS) device that was used to take data downstream of 

an SPT-100D EM1 HET and RIT-22 GIT, though the reported data and its analysis were very limited [87]. 

Details of the EVADER probe and the experimental setup used in its initial demonstration, along 

with an improved data analysis technique, are discussed. Important aspects of the analysis and results are 

compared to those from VDF-fit and integration-based analyses of traditional ExB spectra. Results from 

two thruster test campaigns are shown, with improvements in probe operation with the BHT-200 that 

demonstrate better resolution of species-specific IEDF information, yielding insights into underlying 

physics hitherto unavailable to EP researchers. 

3.2 Theory of Combined Energy-Velocity Probe 

The combined probe leverages filtering of ion energy and velocity using two probe segments. 

Details of the probe segments and their integration are discussed, along with the theory of operation for 

each segment. These concepts are then used to explain the EVADER analysis approach.  

3.2.1 EVADER Probe  

The EVADER probe consists of an inline electrostatic analyzer (ESA) and a Wien velocity filter 

(or ExB). Figure 3 shows a schematic of the EVADER probe with the primary components of both the 

ESA and ExB sections labeled. Those familiar with plasma diagnostics will note the components of two, 
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nested, spherical segment electrostatic deflection plates for energy per charge differentiation (E/q), ion 

collimators, and the use of an ExB electric and magnetic field section for mass (m), velocity (v), and 

charge state (q) differentiation. 

 

Figure 3. A top-view schematic of the EVADER energy and velocity filter. 

Note that by measuring current at the ExB collimator / ESA collector, the EVADER can operate 

as a standalone ESA probe. Details of the ESA can be found in [29]. Both stages used in the probe are 

derivatives of commercially available standalone ESA and ExB probes [50], [88], [89]. 

3.2.2 ESA Theory 

The ESA is a deflector-type analyzer designed to separate ions according to their energy-to-

charge ratio, 𝐸 𝑞⁄ . The geometry of the concentric electrodes and applied voltages is chosen such that 

charged particles of a particular transmission energy, 𝐸0 𝑞⁄ , curve along the centerline of the analyzer. 

Particles with lower or higher energy are vectored off-axis and not transmitted through the exit aperture. 

A particle beam is analyzed by varying either the electric field (i.e. transmission energy) or an 

accelerating/decelerating voltage 𝑉𝑠 with a fixed electric field (constant energy mode) and measuring the 

fraction of transmitted particles at a downstream detector. The resulting (ion) current-versus-energy plot is 
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called an ion energy distribution function (IEDF), or energy transmission function. The electrostatic 

sector is used as a filter by removing the (blocking) collector and allowing the selected ions to pass 

beyond. 

The analyzer will selectively pass ions of energy 𝐸 𝑞⁄  based on the applied accelerating voltage 

and transmission energy according to equation (9). 

The voltage difference between the plates ∆𝑉, transmission energy, and geometry are related 

through equation (10), where 𝐶 is the analzyer’s geometrical constant (for spherical segments) [29]. The 

particle charge is 𝑞 = 𝑧𝑒, where 𝑧 is the integer charge state (1,2,3, etc.). 

∆𝑉 = (E0 𝑞⁄ ) 𝐶 = (𝐸0 𝑞⁄ ) (𝑟2𝑟1 − 𝑟1𝑟2) 
(10) 

The field of view of the device can be limited by an entrance and exit collimator placed at each 

end of the spherical segments. Herein, the entrance collimator was equipped with 0.152 cm diameter 

orifices separated by 3.2 cm, giving a maximum acceptance angle of ±2.75 degrees. The exit collimator 

had one 0.152 cm orifice. The collector of the ESA also acts as a collimator for the ExB section of the 

probe. The inner and outer segment radii were 4.65 and 5.35 cm, respectively, and the (mean) optic axis 

radius was 5.0 cm, giving 𝐶 = 0.2814 (the analyzer constant, also called the calibration constant = 1 𝐶⁄ = 

3.554). 

In electric propulsion applications, the kinetic energy of a particle comprises its thermal energy 

plus energy gained through acceleration in electric and/or magnetic fields. The thermal velocity is 

typically small compared to the velocity gained due to the body forces. The velocity of the particle upon 

entering the analyzer (𝐸𝑝) is given by equation (11), where we only consider the particle velocities to be 

much less than the speed of light. The particle energy 𝐸𝑝 is in Joules,  ∆𝑉𝑝 is the acceleration potential 

from the plasma thruster in eV, 𝑚 is the ion mass in kg, and 𝑣 is velocity in m/s. 

𝐸 𝑞⁄ = 𝑉𝑠 + 𝐸0 𝑞⁄ = 𝑉𝑠 + Δ𝑉 𝐶⁄  (9) 
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Note that the ESA does not distinguish between singly charged and multiply charged ions born at 

the same potential (equal ∆𝑉𝑝) measured relative to the probe reference potential (often chamber ground), 

as the ions will have the same energy-per-charge ratio when passing through the electrostatic section. 

They will, however, have different velocities due to differences in mass-to-charge ratio, which is the basis 

for subsequent discrimination using the Wien filter. 

3.2.3 ExB Theory 

The ExB sector uses magnetic and electric fields oriented orthogonal to each other and to the 

axial path of the charged particles, such that a particle stays on axis when the electric and magnetic forces 

are equal, i.e. 𝐸⃗ = −𝑣 × 𝐵⃗ , as shown in Figure 4. Here, with krypton singly and multiply charged ions 

having equal mass and a narrow energy band from the ESA sector, the Wien velocity filter physically 

separates ions according to charge state. The magnetic field is constant, created by permanent magnets. 

The electric field is varied via the voltage difference ∆𝜙 applied between the parallel plates, generating a 

current-versus-voltage spectrum with peaks associated with charge state. 

Here, 𝑑 is separation distance between the plates, and ∆𝑉𝑝 is the potential difference between the 

ion creation point in the plasma and the magnetic sector of the ExB. 

 

 

𝐸𝑝 = 𝑞∆𝑉𝑝 = 12𝑚𝑣2  𝑜𝑟  𝑣 = √2𝑞∆𝑉𝑝𝑚  (11) 

∆𝜙𝑑 = 𝐵√2𝑞∆𝑉𝑝𝑚  (12) 
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Figure 4. ExB probe schematic showing the electric field and magnetic field separation section.  The amount of deflection 
an ion undergoes depends on its entrance velocity and the applied electric and magnetic field strength. 

Charge fractions can be determined from the ExB scan by methods such as integration under each 

curve, triangle area fitting at full width half maximum (FWHM) or simply determining the ratios of peak 

heights [38], [50], [81]. In EP literature, it is common to use Omega (Ω) to represent the collector current 

fractions. For determining the total number of ions for calculating charge state number fractions, the 

multiply charged particle current measurements need to be reduced by correcting for their charge state. 

3.3 Experimental Setup 

Although both ESA and ExB probes are commonplace for ion source characterization, the 

description herein focuses on the use of the EVADER to characterize the ions in the plume of HETs. This 

testing requires the use of high-pump speed vacuum facilities to produce relevant thruster environments. 

Common propellants used in the devices are xenon and krypton, although there is growing interest in 

cost-saving propellants like argon [90] and capability-enhancing propellants like molecular gases [91].  

3.3.1 Test Facility 

Testing of the EVADER probe was conducted at Colorado State University’s (CSU) Center for 

Electric Propulsion and Plasma Engineering (CEPPE) in the Orion vacuum chamber measuring 1.7 m in 

diameter and 4.6 m in length. The chamber is equipped with a Leybold DryVac roughing pump, two 

Varian HS20 diffusion pumps, and two internal cryosails, as shown in Figure 5. The chamber can reach a 

base pressure of 5 x 10−7 Torr with a maximum pumping speed of 24,000 L/s for krypton. A graphite 

beam dump, located 2.8 m downstream of the thrust stand, separates the cryosails from direct exposure to 
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the thruster plume. The four-degrees-of-freedom motion stage was used to align either the EVADER or a 

standalone ExB probe with the centerline of the thruster being tested. 

 

Figure 5. Schematic of the vacuum chamber used in this study. 

3.3.2 Hall Effect Thruster Operation 

Two Hall effect Thrusters were evaluated with the EVADER probe, the first a laboratory model 

1.5kW Stationary Plasma Thruster (SPT)-style design developed at the CSU CEPPE with a center-

mounted hollow cathode and a ceramic borosil (BN-SiO2) channel [64], [85], [86] (Figure 6). The second 

is a Busek BHT-200, which has a long history of performance evaluation in EP literature [92], [93], [94], 

[95], [96], [97]. The 1.5 kW CEPPE laboratory thruster channel dimensions are 104 mm O.D., 17 mm 

wide, and 32 mm long. Four outer coils coupled with a center coil generate the channel magnetic field, 

which features a plasma lens topography. The CSU HET can operate at power levels ranging from 0.5 kW 

to 2.5 kW with krypton or xenon. A nominal operating condition of 1.5 kW and 300 V on Kr was used as 

the reference operating condition, at which the thruster is capable of 1600 seconds Isp and 35% 

efficiency. 
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Figure 6. Photo of the 0.5-to-2 kW laboratory Hall thruster, developed at CSU, operating on krypton. 

The CSU HET was tested at three operating points. The “Nominal” and “High-Performance” 

conditions were in the standard thruster configuration, while the third condition was labeled a 

“Magnetically Shielded” configuration. These three operating conditions/configurations are discussed by 

Andreano in [85] with in-depth reporting of thruster performance and phenomenological efficiencies that 

are summarized in Table 1. 

Table 1. Summary of thruster conditions. 

Condition/Configuration Discharge Voltage Anode Mass Flow Rate Anode Power 

Nominal 300 V 4.50 mg/s Kr 1500 W 

Magnetically Shielded 300 V 4.25 mg/s Kr 1425 W 

High-Performance 300 V 4.25 mg/s Kr 1615 W 

 

The nominal condition was selected as the reference case because it was the most frequently 

replicated operating condition in past studies. However, both magnetically shielded and high-performance 

conditions had subtle effects on the IEDFs collected with the ESA and on standard ExB spectra. 

The Busek BHT-200 used in evaluation with the EVADER diagnostic was operated with a 

separate heaterless hollow cathode, as shown in Figure 7. This was done to demonstrate the heaterless 

cathode's functionality and to reduce the cycle time from vented-chamber operation to thruster operation. 

It was placed at a location similar to the existing cathode, but mirrored across the thruster centerline. No 

performance measurements were made, but initial operating conditions were selected to match those used 
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in previous measurements. The thruster was operated at three anode voltages: 200V, 250V, and 300V at 

250W to match ExB measurements made by others. Similar, slightly lower magnet currents were used in 

our tests to maintain stability as discussed by Ekholm and Hargus [97]. 

 

Figure 7: Photograph of the BHT-200 HET operated on xenon with a channel-aligned EVADER probe mounted on an in-
vacuum motion stage. 

3.4 Analysis Methodology 

Here, we discuss the method for collecting and analyzing data from the combined probe. The 

differences between standard ESA and ExB measurements that can be made with stand-alone probes are 

discussed, with attention to the difficulty of analyzing them. The effects of the CEX in the plume are 

discussed, along with the CEX correction method used to analyze the standard ExB probe and EVADER 

data.  

3.4.1 Standalone Energy and Species Spectra 

In using the ESA sector alone, care was taken to first collect a unique IEDF at each condition to 

characterize the energy ranges that occur and to use as references when discussing ExB spectra. The IEDF 

data shown in Figure 8 were centered at nearly the same energy measured with respect to chamber ground 

that were about equal to the voltage applied between the anode and cathode. The collector currents were 

normalized to the most probable value of each spectrum to allow for easier visual comparison of the IEDF 

shapes. The nominal and magnetically shielded IEDFs are similar, with the magnetically shielded 
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configuration having slightly fewer high-energy ions and a larger fraction of lower-energy ions than the 

nominal case. The so-called high-performance mode exhibited a significantly wider spread of ion 

energies, with ion populations at energies both higher and lower than the discharge voltage. 

 

Figure 8. Ion energy distributions at the three operating conditions measured with the ESA sector of the EVADER probe.  

The ExB spectra collected for the three thruster operating conditions are shown in Figure 9. These 

were measured using a standalone ExB probe (without energy filtering), and they reveal substantial 

qualitative differences. Note that there is visible overlap between the current corresponding to the singly 

charged ions, signaled by the large peak at ~28 V, and the current corresponding to doubly charged ions, 

signaled by the peak at ~40 V, in both the nominal and magnetically shielded conditions. 

The overlap is much greater for the high-performance condition, which is a clear indication of 

how the wide IEDF of a Hall thruster can make analysis of traditional ExB probe spectra difficult. There 

is an apparent high-energy shoulder to the singly charged ion signal that could also be interpreted as a 

low-energy doubly charged ions and is likely to be a combination of both. This complicates fitting of 

VDFs to the ExB spectra for this condition. 
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Figure 9. Standard ExB spectra collected for all three thruster configurations without the energy filter (ESA). 

3.4.2 EVADER Analysis 

First, an IEDF was measured using the ESA sector with the ExB entrance collimator acting as the 

ion current collector, e.g. those of Figure 8 and Figure 10 for the nominal condition. Discrete pass 

energies 𝐸1, 𝐸2,… , 𝐸𝑘  (E/q) were then selected across the domain of the IEDF at which ExB spectra were 

to be collected, represented by the blue dots in Figure 10. 

The transmission energy of the ESA was fixed at 375 eV by setting a bias of 105.5 V across its 

curved segments; the pass energy (E/q) was controlled by adjusting the collimator voltage. An ExB 

spectrum was then collected at the selected pass energy by sweeping the plates in the ExB sector and 

measuring the ion current to the ExB collector. 

Importantly, the relative current fractions of species change with each selected pass energy as one 

would expect, and Figure 10 illustrates this by showing the ExB spectra at the 250 and 290 eV per-charge 

pass energies. Note that the ExB spectra collected at a given pass energy contain no overlap of species 

data, in contrast with a traditional ExB spectrum taken without an energy filter for the same operating 

condition as was shown in Figure 9. The energy filtering step of the ESA allows one to completely 

distinguish the charge species signals. Most Hall-effect thrusters do not have a significant fraction of ions 
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with energies below ½ of the discharge voltage, and measurements at those ion energies were only taken 

at relatively wide ion energy steps for the CSU HET tests. 

 

Figure 10. IEDF at the nominal 1.5 kW, 300 V, 4.50 mg/s on Kr condition measured using the ESA section of the EVADER 
probe. ExB scans at selected pass energies of 250 eV and 290 eV. 

In computing current fractions for a given EVADER ExB spectra, the area fraction method in [81] 

was compared to the sequential VDF fit method of [38]. For a given fitting function, no difference 

between current fractions was observed when using the two methods, a result predicted by Huang and 

Shastry [38] when explaining the validity conditions related to area integration methods, where they 

deemed the area fraction method suitable if ions arriving at the probe had all originated from the same 

potential. The filter in front of the ExB sector in the EVADER ensures that this condition is satisfied; 

therefore, the simpler area-fraction method was used to calculate the current fractions at each 

transmission energy. 

To get the total current fractions in the plume, a weighted sum of the current fractions at the 

selected pass energies is used, weighted by the fraction of the observed current in the plume in a band 
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around the selected pass energy. We let the weight factor 𝛼𝑖  for the section of the IEDF corresponding to 

the selected energy 𝐸𝑖 be 

where 

𝐸𝑖−1/2 = { 0 𝑖 = 1𝐸𝑖−1 + 𝐸𝑖2 1 < 𝑖 ≤ 𝑘 

and 

𝐸𝑖+1/2 = {𝐸𝑖 + 𝐸𝑖+12 1 ≤  𝑖 < 𝑘∞ 𝑖 = 𝑘  

These represent the halfway distances in the IEDF domain between the neighboring selected 

transmission energies (except at the upper and lower ends). 

The current fraction 𝜔𝑧,𝑖 of ions with charge 𝑧 at the 𝑖𝑡ℎ transmission energy was calculated using 

where 𝐼𝑖 was the ExB spectrum current at energy 𝐸𝑖 and where for a given z, ∫ 𝐼𝑖𝐷𝑧 𝑑𝑉 was 

integrated over the portion of the domain corresponding to ions with charge state z. 

Finally, the total current fraction of the species with charge 𝑧 across the entire IEDF was 

represented by equation (15). 

𝛼𝑖 = ∫ 𝐼𝐼𝐸𝐷𝐹𝐸𝑖+1/2𝐸𝑖−1/2 𝑑𝐸∫ 𝐼𝐼𝐸𝐷𝐹∞0 𝑑𝐸  (13) 

𝜔𝑧,𝑖 = Iz,i𝐼𝑡𝑜𝑡𝑎𝑙 = ∫ 𝐼𝑖𝐷𝑧 𝑑𝑉∫ 𝐼𝑖∞0 𝑑𝑉, (14) 

Ω𝑧 = ∑𝛼𝑖  𝜔𝑧,𝑖𝑘
𝑖=1  (15) 
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A graphical representation of the analysis process is depicted in Figure 11 for the 300 V nominal 

condition, and the numerical analysis of relative weights and current fractions is listed in Table 2. The 

fidelity of the species fraction calculation improves as more pass energies are selected. 

 

Figure 11. Graphical representation of area weight to the current fraction measured at each pass energy in the nominal 
configuration. 

Table 2. Numerical analysis of the nominal thruster condition. 

Band Selected 

Energy (eV) 

Area Weight 

Factor 

Species Current Fractions 

i 𝐸𝑖 𝛼𝑖  𝜔1,𝑖 𝜔2,𝑖 𝜔3,𝑖 
0 175 0.07 0.33 0.66 0.01 

1 200 0.05 0.39 0.60 0.01 

2 225 0.06 0.44 0.55 0.01 

3 250 0.11 0.57 0.42 0.01 

4 275 0.24 0.84 0.15 0.01 

5 290 0.21 0.88 0.11 0.01 

6 300 0.13 0.88 0.11 0.01 

7 325 0.05 0.96 0.04 0.00 

8 350 0.02 0.97 0.2 0.01 

9 375 0.02 0.92 0.07 0.01 

10 400 0.01 0.73 0.26 0.01 

11 425 0.01 0.46 0.54 0.00 

12 450 0.01 0.52 0.48 0.00 

Total Current Fraction 𝛀𝒛 𝛀𝟏 = 0.74 𝛀𝟐 = 0.25 𝛀𝟑 = 0.01 

 



 39 

3.4.3 Plume CEX correction 

The EVADER and standalone ExB probes were located 1.5 m downstream of the CSU HET. The 

chamber pressure, measured with a gauge behind the thruster at the wall, was near 5x10-5 Torr during 

operation. Background neutrals interact with both the thruster and plasma diagnostics [98], [99], [100].   

The basic methods of [81] and [38] were used to correct current fractions for CEX in the ExB 

VDF-fit and integration analysis, where the attenuation of each species was accounted for by the 

background neutral density, the charge-exchange cross section, and the distance from the thruster. For the 

EVADER measurements, the variation in the CEX cross-section with ion energy was used. In the VDF-fit 

and integration method, the energy for the CEX cross-section was assumed to be the average energy of 

the IEDF. This results in an underestimation of CEX attenuation for lower-energy ions, as the CEX cross-

section is larger at lower ion energies. Similarly, CEX attenuation of higher-energy ions is overestimated. 

Hause et al [101] provide singly and doubly charged krypton ion-neutral CEX cross-sections that 

are within ~15% of the CEX cross-sections of xenon. As a result, this scaling factor was applied to the 

triply charged xenon cross-section to supplement the gap in krypton cross-section information. 

Asymmetric CEX reactions could contribute up to 3% error at the pressure ranges and distances of 

interest, past the ~2% threshold discussed by Shastry and others [81], but were neglected in our study due 

to a lack of information about these CEX cross-sections for krypton. 

3.4.4 ExB Spectra Analysis 

The standard ExB spectra of Figure 9 were analyzed using the VDF-fit and integration method 

proposed by Huang and Shastry [38]. Several fit functions were explored, including triangle, Gaussian, 

and skew normal. In line with Huang and Shastry, the results varied only slightly across the VDF 

functional forms, but the skew normal generally provided the best fit, with R2 consistently above 0.95. As 

recommended by Huang and Shastry, charge state peaks were fit and subtracted sequentially. Charge-
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exchange corrections, discussed above, were performed using the simplified method introduced in [21] 

using krypton charge-exchange cross-sections from [101]. 

3.5 Results of Combined Probe Measurements 

The combined diagnostic was used to evaluate energy and species distributions of the 1.5-kW 

HET operated on Kr at two conditions and in a magnetically shielded configuration. This test used a 

limited number of pass energies for the ESA segment of the probe; as a result, a follow-on study was 

conducted with a BHT-200 operated on xenon to obtain species specific IEDFs at higher resolution. 

Comparisons of VDF-fit methods and between the two tests are discussed.  

3.5.1 CSU 1.5-kW Test 

The following sections discuss the results of testing a 1.5-kW CSU HET on krypton. As 

mentioned above, these experiments had fewer pass energies selected for the area-weighted IEDF section 

of the analysis, resulting in limited species-specific energy resolution relative to the follow-on BHT-200 

evaluation. The results are compared to the existing VDF-fit methodology applied to traditional ExB 

probe spectra collected at the same conditions.  

3.5.1.1 VDF-fit Comparison to EVADER Analysis 

The skew normal R2 values for the VDF fit of the nominal, magnetically shielded, and high-

performance operating conditions were 0.97, 0.972, and 0.9717, respectively. The results of both the VDF 

fits and the EVADER measurements are summarized in Table 3. Mass utilization is affected to a lesser 

degree and involves more information about the beam current; this was reported in detail in [85]. Finally, 

the equations for both phenomenological efficiencies are covered in [81]. 

In all conditions, a decrease in the fraction of triply charged ions was observed via EVADER 

analysis. In the nominal and magnetically shielded cases, which had similar IEDF shapes and typical ExB 

spectra, the current fraction of the doubly charged ion current was significantly higher. The high-

performance condition, which showed a large discrepancy in the singly and doubly charged ion current 
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fractions, exhibited markedly different IEDF and ExB spectra. In all cases, the impact on charge 

utilization is on the order of 0.1-0.2%, which is well below the resolution of overall thruster efficiency. 

We note that the impacts of the species fraction propagate out to both current utilization and to some 

degree, mass utilization [34]. As mentioned in the introduction to this chapter, the more consequential 

result of more accurately constructed species-specific IEDFs is the plasma condition they imply must 

exist in the thruster discharge [17], [102]. 

3.5.1.2 Ion Energy Distribution of Species 

An advantage of the EVADER probe is that ExB spectra collected at a sufficient number of pass 

energies along the overall IEDF can be used to approximate species-specific IEDFs. The sum of these 

should resemble the overall IEDF collected for all species in the ESA sector. Figure 12 shows a plot of the 

current fractions at each selected pass energy for the high-performance condition shown with the summed 

current fractions, as well. These help clarify the discrepancy between the tabulated current fractions 

obtained from the VDF-fit and EVADER methods. 

Table 3. Comparison of EVADER and VDF-fit analysis current fractions. 

Operating 

Condition 

Measurement 

Method 

Kr+ Current 

Fraction - Ω1 

Kr++ Current 

Fraction - Ω2 

Kr+++ Current 

Fraction- Ω3 

Charge 

Utilization 

Nominal 

300V – 4.5 mg/s 

 

ExB – VDF Fit 0.766 0.184 0.050 0.978 

EVADER 0.738 0.252 0.010 0.980 

Magnetically 

Shielded 

300V – 4.25mg/s 

ExB – VDF Fit 0.767 0.197 0.037 0.980 

EVADER 0.746 0.245 0.009 0.981 

High 

Performance 

300V – 4.25mg/s 

ExB – VDF Fit 0.378 0.574 0.048 0.967 

EVADER 0.625 0.336 0.035 0.969 
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Figure 12. Current fraction contributions, by each ion species as a function of selected pass energy, for the high-
performance operating condition. 

In Figure 12, there is a notable contribution of the singly charged ions with energies above 300eV 

(near the discharge voltage), which, when considered with the wide and lower energy distribution of the 

doubly charged ion current, results in a significant overlap of the singly and doubly charged ion current 

peaks in the standard ExB spectrum. Only with this species-specific IEDF information can the 

constituents of the standard ExB spectrum’s singly charged shoulder be properly deconvolved. In this 

case, a 65% increase in the singly charged ion current fraction and a 41.3% decrease in the doubly 

charged ion current fraction resulted when comparing the VDF and EVADER analyses. 

The ExB spectrum for the high-performance condition was particularly unique. Even if a 

purposefully over-wide VDF was applied to the singly charged peak (with a reduced R2 value), the 

resulting singly charged ion current fraction was still lower than that given by EVADER. Such 

discrepancies were less pronounced for the nominal and magnetically shielded cases, where the ExB 

spectra were more typical. 

The nominal and magnetically shielded IEDFs were less refined than the high-performance 

condition due to a reduction in the number of selected pass energies in our demonstration testing. For 

instance, the magnetically shielded condition had the first selected pass energy at 225eV, to represent the 

current fraction of the entire low-energy shoulder in the overall IEDF, see Figure 8. That area, with a 
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weight factor of 𝛼𝑖  > 0.25, is likely to cause an artificially high current fraction contribution at that 

singular energy, as seen in Figure 13, with a significant contribution at 225 eV per charge.  

 

Figure 13. Current fraction contributions for the magnetically shielded condition. 

Although there were fewer selected pass energies at the nominal operating condition, the current 

fraction contribution with respect to ion energy, as shown in Figure 14, has a shape similar to that of the 

ESA-sector-collected IEDF in Figure 8. Both magnetically shielded and nominal operating conditions 

showed a higher fraction of doubly charged ions in the EVADER measurement than in the VDF-fit and 

integration analysis. In the nominal condition, this could be explained in part by a substantial contribution 

from low-energy doubly charged ions that have the potential to widen the singly charged ion current peak 

in a standard ExB spectrum. 

 

Figure 14. Current fraction contributions for the nominal condition. 
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Using the ion separation equation (12) for the ExB probe and applying dimensional and magnetic 

field specific information to the ExB probe, we could calculate that the low-energy doubly charged 

current (~175 eV per charge) and singly charged ion current with energies around 300 eV per charge will 

have a < 2 V separation on an ExB spectrum. Furthermore, any singly charged ion current with an energy 

of 350 eV will appear at the same probe voltage as this lower energy doubly charged ion current. 

3.5.1.3 BHT-200 Testing 

The BHT-200 was operated at three discharge voltages: 200V, 250V, and 300V at a power level of 

~250 W. In previous studies, these operating conditions have produced plumes with varying species 

fractions [97]. A major goal of this testing was to evaluate the impact of increasing the number of selected 

pass energies for which to collect a subsequent ExB spectrum. Figure 15 shows an example of the number 

of pass energies for which ExB spectra were collected projected onto the IEDF of a BHT-200 operating at 

250V. This stands in contrast to the number of pass energies selected for the CSU HET testing shown in 

Figure 11.  

 

Figure 15: Representation of each pass energy where the ExB probe trace was taken. The area of each smaller section is 
used to weight the species fraction calculated at that area. 

Figure 16 shows the IEDFs collected with the ESA sector of the EVADER at each anode voltage. 

The complete overlay of all ExB spectra collected along the IEDF of the 250V anode voltage condition is 
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shown in Figure 17, along with the same complete overlay plot corresponding to the 200 V anode voltage 

condition.  

 

Figure 16: IEDF collected with the first stage of the EVADER at the three operating conditions explored for the paper. 

The shifting location of the peaks is easily discernible as the selected energy changes. This figure, 

although very busy, explicitly shows the need to replace fitting traditional ExB spectra with individual fits 

for each species and each energy band, and also highlights the complexity involved in doing so. For 

example, the same plot of the 200V condition ExB traces, shown in Figure 17 indicates a high energy 

shoulder of singly charged ions is present that overlaps with the lower energy distribution of doubly 

charged ions that would be nearly impossible to discern with a standalone ExB probe. 

 

Figure 17: ExB spectra collected at an incremented pass energy of the ESA sector every 5eV from 100eV-300eV for the 
250V anode voltage (left) and the 200V anode voltage condition (right). 
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The overlapping of the species IEDFs can be better visualized with a contour plot of the collector 

current with ESA pass energy and the bias voltage applied to the ExB sector, as shown in Figure 18. The 

location of the singly and doubly charged xenon ions moves with the energy of the incoming ions. The 

tails of these distributions can often lead to overlapping distributions previously discussed (Figure 17). 

 

Figure 18: Contour plot of collector current of the EVADER probe with respect to the ESA pass energy and the voltage 
applied to the ExB sector, peak normalized to one with scale change for clarity. 

An ExB spectrum is collected at each pass energy set by the ESA, enabling species-specific ion energy 

distributions to be reconstructed over the energy range swept by the ESA. These species-specific ion 

energy distributions for each thruster operating condition are shown in Figure 19 with the primary 

ordinate representing the current fraction contributed by each species at a given energy (the abscissa). 

These contributions are summed together at each energy and compared to the normalized IEDF shown on 

the secondary ordinate. These summed current fraction contributions accurately recreate an IEDF specific 

for each ion species.   
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Figure 19: Plot of species-specific ion energy distribution with the summed contribution (total IEDF) outlined over the top 
for 200V (top), 250V (left) and 300V (right). 

3.6 Discussion 

The combined energy and velocity filter diagnostic has been shown to be particularly effective at 

deconvolving overlapping velocity distribution functions arising from wide IEDFs between multiply 

charged ion species in a HET plume. The combined diagnostic can therefore better estimate the correct 

species fraction, which, apart from a minor impact on efficiency analysis, provides more detailed 

measurements of the species fractions generated by the thruster discharge plasma. Furthermore, energy 

filtering performed prior to ExB probe spectra collection enables measurement of species-specific ion 

energy distributions. With a sufficient number of pass energies selected, these distributions can also be 

obtained without the need to assume a specific shape to the VDF or the IEDF. These two improvements in 

species-fraction identification and species-specific ion energy distributions provide more information 

about plasma discharge properties than can traditionally be obtained from a stand-alone ESA or ExB, 

especially when the ion energy distributions, in terms of energy-per-charge, differ significantly. As shown 

in the BHT-200 measurements for example, there is a disparity in the energy distribution of doubly 

charged ions relative to the IEDF of singly charged ions.  
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Different E/q ion energy distribution profiles imply information about the plasma potential in 

relation to the generation of the ions being measured. Many models assume equipotential magnetic field 

lines in certain regions of the discharge [103], and, as a result, a wider ion energy distribution of doubly 

charged ions with a lower average indicates a larger spatial domain in which the ions are generated. 

Outside of these assumptions, small-scale physics concerning the coupling of instabilities has also 

predicted disparity of the IEDF between doubles and singles [71]. Depending on the format and fidelity of 

the modeling used, the species-specific information can be used, as discussed previously, in more 

intensive data-driven or data-fusion frameworks to better limit the available state space for given model 

properties, and, in frameworks with even larger datasets, may fill a crucial role in informing such models.  

It is also important to note that, as these data are implemented in data-driven frameworks, a key 

metric to report with such measurements is the uncertainty. Historically, only the fit-parameter 

uncertainty, or the random error of the measurement instrument has been reported, but these do not 

account for systemic errors that may result from probe effects, e.g., fringe fields, finite energy pass-band 

widths, off-axis ions, etc. Although it is common to compare ion energy and species measurements made 

in the probe to a well-characterized ion source, such as an ion beam. This does not provide a full 

calibration of what may be shifted in a wide-ranging energy source with multiple species (typically at 

higher species fractions than observed in such ion sources). As a result, the measurement uncertainty of 

the EVADER probe might be possible to estimate from models that capture such probe effects that can be 

operated in reverse to correct collected spectra. We note that efforts have begun in attempting to account 

for the measurement uncertainty of the EVADER probe [104]. 

3.7 Summary 

Initial work using existing electrostatic probe techniques, such as ESA and ExB probes, has 

demonstrated increased accuracy in species estimation, particularly when multiply charged ion species 

have different energy distributions, as observed in Hall effect thruster plumes. In addition to improved 

species fraction identification, the use of sufficient pass energies to collect energy-per-charge filtered ExB 
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spectra can generate species-specific ion energy distribution functions that don’t require assumptions 

about the VDF-fit. This improved measurement specificity provides previously inaccessible information 

from a non-perturbative measurement made downstream of the plasma device. The improved 

measurement specificity lends itself well to thruster modeling efforts, as it limits the possible state space 

for the discharge properties required to produce such species and energy distributions. The details of the 

integration are model-dependent, but in all cases, will benefit from accurate estimation of the 

measurement error. Efforts are currently underway at the CEPPE Lab to address this need. 
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4 TEMPORAL RECONSTRUCTION OF PLASMA PROPERTIES VIA 
SHADOW MANIFOLD INTERPOLATION 

 

 

 

Following the theme of improving the information gained from commonly employed diagnostic 

techniques for plasma thruster characterization, we can investigate the ability to add temporal 

dimensionality to traditional measurements. Hall thrusters exhibit rich temporal behavior; they are known 

to exhibit a large number of oscillations and instabilities, which are fundamental to their operation [49], 

and the relative importance of these oscillations and instabilities in producing accurate predictive models 

is an active area of research [19]. Many of these oscillations can result in variations in plasma properties 

by nearly 100% of the steady-state values [22], [105]. In addition to HET discharge oscillations, a 

significant number of cathode instabilities influence their time-dependent and steady-state behavior [106], 

[107], [108], [109]. As a result, the coupled system can exhibit a slew of non-linear dynamical phenomena 

that are difficult to capture properly in steady-state plasma models. By augmenting existing diagnostics 

with temporal information, greater model parameter specificity can be achieved in data-driven 

frameworks [22], [26], [27]. However, due to the approach used in many diagnostic measurements, 

temporal measurements cannot always be simply achieved by increasing the rate at which current, 

voltage, or light intensity is measured. This is often because many diagnostics are measurement-state-

dependent, meaning the probe measurement state is swept through voltage, current, position, or 

wavelength to build a distribution across the states represented by each. Practical limitations of how fast 

the diagnostics states can limit measurement speeds well below the frequencies of interest. Methods for 

overcoming these challenges and their limitations are discussed, and an example application of a 

nonlinear reconstruction technique, Shadow Manifold Interpolation (SMI), is used to obtain time-resolved 

ion current density distributions from Faraday probe measurements. 
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4.1 The Temporal Information Gap 

As mentioned above, often diagnostic tools used in EP device characterization are scanned 

through a series of measurement states to build a measurement-state distribution. As discussed in Chapter 

4, for ESA and ExB probes, the measurement state distribution is a function of E/q or the applied plate 

voltage, which can be translated into a velocity for a given species. The scan through measurement states 

is accomplished by applying consecutive voltages to the internal probe surfaces, and the current measured 

at each voltage is used to determine the quantity of ions in that discrete distribution bin. This process is 

not unique to electrostatic energy and velocity probes, as laser-induced fluorescence (LIF) and optical 

emission spectroscopy (OES) scan wavelengths, while Faraday probe measurements are made at many 

angles relative to the thruster centerline to provide spatial information. As a result, because successive 

measurement states must be scanned to obtain the desired distribution, most measurements are necessarily 

steady-state or DC. As mentioned above, EP devices, on the other hand, often exhibit highly dynamic, 

rich, and often non-periodic oscillatory behavior.  

The “breathing mode” oscillation in HETs is one of the most studied and characterized due to its 

ubiquity and the accessibility of measurement frequencies (10-30kHz). The breathing-mode oscillation is 

typically detected and characterized by temporal measurements of the discharge current, yet even its 

lower bound of 10 kHz is often well beyond the scan speed of many diagnostics. Furthermore, if spatial 

and measurement-state information is required, a further complication of the fast measurement technique 

is how to provide temporal measurements at all spatial locations in a synchronous way that can be used 

for device characterization and model validation.  

To address the challenge of spatial and temporal synchronization, many approaches have been 

used. Sample-and-hold techniques, based on zero-crossing of the discharge current oscillation [110], 

[111], and heterodyning of laser light [112] were used in time-resolved measurements around the 

breathing mode oscillation. Although these can provide relatively good temporal resolution and signal-to-

noise, they require a highly periodic breathing mode; however, the breathing mode does not often exhibit 
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strong coherence around a single frequency. Rather, it often exhibits jitter and even non-periodic behavior 

[22], [105]. In 2010, to address this problem, Lobbia pioneered the use of an FFT-based transfer-function 

method to fuse temporal discharge-current measurements with temporally synchronized Langmuir-probe 

measurements at several locations in the downstream plume. In this way, he was able to reconstruct the 

time-varying oscillations of plasma properties measured downstream of a HET [40]. The spatiotemporal 

map of the plasma ejecta showed rich variations in the downstream plasma throughout the HET discharge 

current oscillation. Work by Durot demonstrated the potential for this temporal reconstruction technique 

with LIF [41], and it has been used more recently to characterize the temporal IVDF measurements of the 

NASA HERMeS 12kW thruster [113].  

The fundamental difference of Lobbia’s technique is that each measurement state and location can 

be produced as a function of an input signal, which is measured synchronously with each independent 

state and location measurement.  After this “construction” phase, a typical single signal input is used to 

“reconstruct” all state and location measurements in a pseudo-simultaneous temporal manner. Although 

the transfer function approach can handle non-periodic data, there are a couple of challenges in 

implementing it for all temporal and state-based measurements. First, a significant amount of data is 

needed to produce clean reconstructions. Although data recycling can be implemented, the data files 

themselves can grow quite large. Second, there remain questions about how well artifact-prone, FFT-

based methods can capture non-linear behavior observed in the dynamics of the HETs [75], [114]. 

In 2019, Eckhardt et al. proposed another method for nonlinear spatiotemporal reconstruction 

[63], inspired by the cross-convergent mapping method demonstrated by Sugihara et al. [64], leveraging 

Taken’s theorem [65], to map disparate signals of a unified dynamical system to one another. This was 

done by Sugihara et al. to determine causality between dynamic signals; however, this state-space 

reconstruction method, used as part of the cross-mapping process, can also handle quasiperiodic nonlinear 

temporal data. The method put forth by Eckhardt et al., described as shadow manifold interpolation 

(SMI), was shown to improve temporal reconstruction performance compared with FFT-based transfer 
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function methods for reconstructing temporal beam-dump and floating-potential signals collected in an 

experimental HET test. Specifically, the SMI-based technique required a smaller data file size (record 

length) and did not produce non-physical artifacts in the reconstructed signals. Both FFT and SMI 

techniques have been recently applied to retarding potential analyzer (RPA) measurements of an ion 

source operated with a time-varying beam voltage [115], [116] and to sub-kilowatt and multi-kilowatt 

Hall thrusters [117], [118]. This method has been extended further to LIF [119] using the same data 

collected in [113].  

In the sections below, the process for performing SMI will be outlined, along with a discussion of 

key considerations during the process and the approach's limitations. The technique is then demonstrated 

using Faraday probe measurements to reconstruct the spatiotemporal profile of the ion current density of 

the 1.5-kW CSU HET described in Chapter 1.  

4.2 Experimental Configuration 

The thruster used for this study was a modified version of the 1.5kW CSU HET described in 

Chapter 1, operated with an external hollow cathode. In this study, the HET had been modified to enable 

single-power-supply operation. Because of these changes and the use of a lower than optimal magnetic 

field strength, the thruster was operated in a condition that led to large discharge current oscillations, with 

peak-to-peak currents that were nearly 400% of the steady-state current. Details of the thruster operating 

in this regime are discussed in [120]. The Orion vacuum facility, used for testing, was also described in 

Chapter 1. A graphite Faraday probe was used to measure current density. To generate the data needed for 

the temporal reconstruction, a high-speed measurement of the diagnostic at a given measurement state 

must be collected synchronously with an input signal containing the mutual dynamics. In this example 

and in previous studies [116], [118], [119], discharge current was used as the input signal, collected with 

each high-speed measurement state signal. A low-voltage differential probe with a 50 MHz bandwidth 

was used to measure the voltage across a 1 kΩ resistor in series with the Faraday probe collector to 

capture the high-speed ion-current signal to the probe when it was placed at each angle of its sweep range. 
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For the common input signal collected synchronously with the ion current, a 1 MHz Bandwidth (AC + 

DC) current probe was used to capture the anode current oscillations. All measurements were collected at 

50 MHz and downsampled to 10 MHz for data processing.  

4.3 Shadow Manifold Interpolation  

Shadow manifold interpolation relies on a state-space reconstruction method that was leveraged 

in cross-convergent mapping work by Sugihara et al. [78]. In cross-convergent mapping (CCM), one 

signal is used to reconstruct another signal suspected to be causally related in a the dynamic system. A 

time-delay embedding is generated from one signal and mapped to the other. If the signals are causal 

members of the same dynamic system, then by virtue of Taken’s theorem [76], the dynamics of the system 

are recoverable from the time delay embeddings of each of the variables. In CCM, the ability to 

reconstruct this signal with increasing accuracy as more dynamic data are included is taken as a sign of 

the causal relation between the variable and the other variable in the system. This sets aside special cases 

of strong unidirectional forcing and indirectly driven variables that give rise to a phenomenon known as 

generalized synchrony. An extension of the technique for improving the detection and identification of the 

generalized synchrony cases was later described by Ye et al. [78], which is discussed in further detail in 

Chapter 5.   

The process of reconstructing one signal from another using CCM can be used to reconstruct 

multiple signals from a common input signal [42]. If a measured dynamic signal is accurately 

reconstructed by the reference signal and the measured signal is collected across all measurement states of 

interest, then a temporal signal reconstruction can be performed simultaneously across all measurement 

states. This provides a means to generate a spatiotemporal reconstruction of the measurement distribution 

relative to a singular input signal. The process of cross-convergent mapping is discussed next, which is 

relevant to the SMI process discussed in this chapter but also in the discussion of causality in Chapter 5.  
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4.3.1 Signal reconstruction used for cross-convergent mapping  

The premise of CCM relies on nonlinear state-space reconstruction (SSR) that leverages Taken’s 

theorem [76]. To study if one signal 𝑥(𝑡) is causal on another signal 𝑦(𝑡), the process attempts to 

reconstruct the dynamic signals of the time series 𝑥(𝑡) from a delayed embedding (which is sometimes 

called a shadow manifold) of the timeseries 𝑦(𝑡). If this reconstruction can be performed with increasing 

accuracy, as measured by the Pearson correlation coefficient, 𝜌, between the reconstructed and real time 

series, when more data are included in the analysis, then it can be understood that 𝑥 is causal on 𝑦. 

The basic flow of the CCM process is outlined below. Time-resolved signals are collected 

synchronously for all variables of interest. The signals are split into test-train segments, i.e., 𝑥(𝑡 = 1,… ,𝑁) = [𝑥𝑡𝑟𝑎𝑖𝑛(1,… , 𝑁𝑡𝑟𝑎𝑖𝑛), 𝑥𝑡𝑒𝑠𝑡(𝑁𝑡𝑟𝑎𝑖𝑛 + 1,… ,𝑁)] and 𝑦(𝑡 = 1, … ,𝑁) =[𝑦𝑡𝑟𝑎𝑖𝑛(1,… , 𝑁𝑡𝑟𝑎𝑖𝑛), 𝑦𝑡𝑒𝑠𝑡(𝑁𝑡𝑟𝑎𝑖𝑛 + 1, … , 𝑁)], where 𝑁 is the number of total timesteps and 𝑁𝑡𝑟𝑎𝑖𝑛 is the 

number of timesteps for the training data. The test signals are reconstructed using the shadow manifold, 

which will be defined shortly, and the reconstructed signals are compared with the original test data 

signals to assess the reconstruction quality. The reconstruction is performed by considering a shadow 

manifold with a reduced number of signals: 𝑀𝑦(𝑡) = [𝑦(𝑡), 𝑦(𝑡 − 𝜏), … , 𝑦(𝑡 − (𝑚 − 1)𝜏)], where 𝜏 is 

the time delay and 𝑚 is the number of embedding dimensions. The time-delayed phase portrait was first 

introduced to the EP community by Greve et al. [121] as a tool for model calibration of nonlinear 

dynamical systems. 

Shadow manifold reconstruction is a two phase process, broken up into a “training phase” and a 

“test phase”. During the training phase the signals that were simultaneously sampled 𝑥(𝑡) and 𝑦(𝑡) are 

split in the middle following Eckhardt et al. [42] so that the first half may be used for the training, while 

the second half is used for test. The training data signals are used to create the time delay manifolds 

following the process above for 𝑀𝑦,𝑡𝑟𝑎𝑖𝑛 and 𝑀𝑥,𝑡𝑟𝑎𝑖𝑛. Together these constitute a nearest-neighbor 

library for any point in the input signal’s state-space we can look up a corresponding point in the output 
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signal state-space. This is a non-parametric mapping, unlike transfer function methods, no model 

parameters are fit, the training data itself acts as the model.  

In the test phase for SMI only the test input is used for reconstruction, where near neighbors of 

points input manifold are used to find near-neighbor points in the output manifold’s state-space. This is 

done at each time step of the test data signals, the time-delay embedding test data manifold, i.e., 𝑀𝑦,𝑡𝑒𝑠𝑡(𝑡 = 𝑡0) = [𝑦𝑡𝑒𝑠𝑡(𝑡 = 𝑡0), 𝑦𝑡𝑒𝑠𝑡(𝑡 = 𝑡0 − 𝜏),… , 𝑦𝑡𝑒𝑠𝑡(𝑡 = 𝑡0 − (𝑚 − 1)𝜏)]. In addition, the train 

data manifold is constructed as 𝑀𝑦,𝑡𝑟𝑎𝑖𝑛(𝑡 = 𝑡1) = [𝑦𝑡𝑟𝑎𝑖𝑛(𝑡 = 𝑡1), 𝑦𝑡𝑟𝑎𝑖𝑛(𝑡 = 𝑡1 − 𝜏),… , 𝑦𝑡𝑟𝑎𝑖𝑛(𝑡 =𝑡1 − (𝑚 − 1)𝜏)]. Then, we find a finite number of 𝑡1 values, e.g., 𝑚 + 1 values [122], of the train data 

manifold that result in the smallest Euclidian distance between 𝑀𝑦,𝑡𝑒𝑠𝑡(𝑡0) and 𝑀𝑦,𝑡𝑟𝑎𝑖𝑛(𝑡1). These 

datasets are called the near neighbors. Now, a shadow manifold of 𝑥 is constructed as,  

where 𝑤𝑖 = 𝑢𝑖/∑ 𝑢𝑖𝑚+1𝑖  is the normalized weight, 𝑢𝑖 = exp (− 𝑑𝑦,𝑖𝑑𝑦,1) is the weight, and 𝑑𝑦,𝑖 is the 

Euclidean distance between 𝑀𝑥,𝑡𝑟𝑎𝑖𝑛(𝑡0) 𝑎𝑛𝑑 𝑀𝑥,𝑡𝑟𝑎𝑖𝑛 (𝑡𝑖). Note that 𝑖 = 1 is the nearest neighbor. Here, 

the constructed shadow manifold can be considered to have 𝑚 discrete numbers such that 𝑀̂𝑥,𝑡𝑒𝑠𝑡(𝑡0) =[𝑥𝑠𝑚(𝑡0), 𝑥𝑠𝑚(𝑡0 − 𝜏),… , , 𝑥𝑠𝑚(𝑡0 − (𝑚 − 1)𝜏)],  where the 𝑥𝑠𝑚 values are estimated from Eq. (16). 

Finally, it should be noted that the 𝑥 signal can be reconstructed, which we call 𝑥̂(𝑡), by taking an average 

over 𝑚 values of 𝑥𝑠𝑚(𝑡). The cross-mapping skill is evaluated using the Pearson correlation coefficient 𝜌 

between the reconstructed signal 𝑥̂ (t) and the test signal 𝑥𝑡𝑒𝑠𝑡(𝑡). 

In SMI the test-train split serves two purposes. This first is that it serves as an honest evaluation 

of the reconstruction quality. The Pearson correlation coefficient (𝜌) between the reconstructed signal 𝑥̂ 

(t) and the unseen test data of 𝑥𝑡𝑒𝑠𝑡(𝑡), reflecting the processes ability to generalize rather than memorize. 

The second is that the success of the reconstruction acts as an additional test of stationarity. If the 

𝑀̂𝑥,𝑡𝑒𝑠𝑡(𝑡0) = ∑ 𝑤𝑖𝑀𝑥,𝑡𝑟𝑎𝑖𝑛(𝑡𝑖)𝑚+1
𝑖=1 ,  

(16) 
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underlying dynamics between the test and training data had changed, then the nearest-neighbor mapping 

would degrade. Eckhardt et al. found that reconstructions could be sensitive to data length [42], so 

sufficient data must be used to appropriately sample the attractor.  

4.3.2 Reconstruction process for ion-current measurements 

As discussed above, the temporal reconstruction process attempts to reconstruct the high-speed 

signal of a given diagnostic, collected at each measurement state, using a common input signal across all 

measurement states. In the case of Faraday probe measurements for HET characterization made at a fixed 

radius from the thruster origin, the measurement state is the angle at which the ion current is measured 

across a spatial distribution (e.g., from -90o to +50o). This ion current density distribution is related to key 

performance metrics of the Hall thrusters [1], but is almost always reported as a time-averaged parameter, 

due to the need to slowly scan the probe through the thruster plasma plume.  

To collect the desired state-dependent high-speed signals, an oscilloscope was used to collect 

synchronous anode current and ion-current density measurements. The ion current density reconstruction 

follows the approach of Echardt et al. [42] and generates a test-train split at the midpoint of the 

waveform. The training manifold is constructed from the first half of the synchronous discharge-current 

and ion-current waveform pair, while the second half is used exclusively for reconstruction and 

evaluation. The blue plots in Figure 20(a) and Figure 20(b) show measured ion current density temporal 

behavior and discharge current oscillation over a period of 250μs at two different measurement angles, 

while Figure 20(a-1) and Figure 20(b-1) show comparisons of the reconstructed ion current density to the 

test data for 0° and 30°, respectively. The Pearson correlation coefficient is used to gauge the accuracy of 

the reconstructed time-varying signal compared to the measured signal. This works well when the signal 

far exceeds noise, as shown in ion current measured at 0° shown in the left plot of Figure 20, where the 

correlation coefficient ρ = .96, but in cases where noise makes up a significant portion of the signal shown 

in the ion current measurement at 30°, the Pearson coefficient can drop significantly, ρ = 0.56, even 

though the qualitative comparison between the reconstructed and measured signals may appear good. This 
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has implications in denoising and signal decomposition, which have been discussed for SMI elsewhere 

[123]. However, after applying a small moving average of 10 data points to the lower-SNR traces at 30° 

and higher, we observed improvements in the Pearson correlation exceeding 0.7, even for the off-angle 

measurements. Another way to improve data collection would have been to utilize a low-noise high-speed 

current measurement, especially in the regions of lowest current density.  

 

 

Figure 20: Example of SMI reconstructed signal to the actually measured signal of ion current density at 0° (a-1) and 30° 
(b-1), along with the input signal, anode current, used for the reconstruction (a-2 and b-2, respectively). 

The embedding parameters, both time delay 𝜏 and dimension 𝑚, play a critical role in the 

accuracy of the signal reconstruction. The first parameter to evaluate is the time delay parameter 𝜏, which 

has received much attention in the time series analysis literature [75]. Mutual information of delayed 

signals is a common basis for finding a preferred delay value [124]. Recent work has extended this 

approach by using transformed coordinates to more evenly spread the attractor defined by the delayed 

signal series [125]. For the work presented on ion-current density reconstruction, this method was not 

employed; instead, we used a mutual information measure based on a fixed bin size, which yielded a 

delay of 8.6 μs, which is in line with delays used by others to create time delay phase portraits of Hall 

thrusters [114]. In Chapter 5, the limitations of this selection are demonstrated, as is its influence on signal 

reconstruction in the work presented. The dimensionality was selected using the modified false nearest 

neighbors approach proposed by Cao [126]. This method has been used in many other reconstruction and 

cross-convergent mapping works using HET test data [42], [118], [127]. The Cao method resulted in the 

selection of 10-12 dimensions, although the diminishing distance and false nearest-neighbor points made 
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it difficult to determine whether saturation was fully reached, suggesting that increasing the dimension 

may have fully saturated the false nearest-neighbor detection metric. Reconstruction accuracy remained 

quite high for the train-test splits that were evaluated with the measurements with dimension selections of 

10 to 12; and so the same embedding dimension of 10 was used for all reconstructions of ion current to 

reduce computation time.  

4.4 Spatiotemporal Ion Current Density Reconstruction 

The ion current to the Faraday probe was measured with an oscilloscope while simultaneously 

measuring discharge current oscillations of the thruster with the Faraday probe parked at a single angular 

position. This measurement was then repeated at each angle from -90° to 45° to build a standard current-

density profile. The normalized, time-averaged current density profile is shown on the left in Figure 21 

with the transient current density measurements of 0°, 15°, and 30° shown on the right. These transient 

ion current density measurements at fixed probe locations are shown over the same 250 μs period the 

discharge current waveform (bottom right plot of Figure 21). As discussed previously, the sub-nominal 

magnetic field condition used to operate the thruster produced large oscillations in discharge current, 

which in turn caused significant fluctuations in ion current, especially along the centerline (0°). Ion 

current density signals measured at large angles (>30°) began to become more impacted by noise as the 

angular position was increased.  

 Train-test splits were applied to each pair of signals after measuring the transient ion current 

density and discharge current at each angle, and SMI was performed to reproduce the known ion current 

from the test split in the data. As discussed previously, the higher-angle measurements (corresponding to 

lower current density) were subject to greater relative noise, although qualitative assessments of these 

reconstructions appeared to perform reasonably well. The Pearson correlation coefficient for 

reconstructed test ion current density signals at near-centerline angles ±15° was greater than 0.94. This 

measure dropped to below ρ = ~0.5 for angles greater than 30°, even though the angular profiles remained 

similar to those expected in a “denoised” ion current density signal. 
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Figure 21: Time average current density profile (left) created by averaging current density signals measured at each angle. 
Three temporal plots of the transient ion current density measurement at 0°, 15°, and 30° as well as a representative 

discharge current signal are shown on the right across a 250μs period. 

After confirming that relatively accurate reconstructions of the ion current density profile could 

be achieved with each test-train pair, a representative discharge current signal was taken from the 0° 

measurement pair and used to reconstruct the time-dependent ion current density at each angle across the 

entire length of the input discharge current using the full measurement pairs as the training data for each 

angle. The dimensions and time delays were kept constant across all reconstructed signals and test-train 

splits. The reconstructed ion current density profile at each angle over a 250 μs period of the input 

discharge current is shown in Figure 22. The largest peak in ion current appears at a delayed time 

corresponding to the transit time of a singly charged ion with an energy of ~270 eV traveling roughly 

75cm from the thruster to the Faraday probe face, accounting for the disparity in ion velocity peak and 

current peak that are often assumed to be out of phase [128]. The reconstruction also produces two other 

distinct peaks in the current density measurements that appear before the larger ion current density signal, 

as seen in the individual traces for 0° and 15° and shown in Figure 21. These peaks correspond to the 

transit-delay difference expected for doubly and triply charged krypton ions, with slightly lower E/q 

distributions (~250 E/q).  
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Figure 22: Spatiotemporal reconstructed ion current density profile relative to the input discharge current measurement 
across a 250μs period. 

4.5 Discussion 

The use of SMI to reconstruct the spatiotemporal maps of ion current with a Faraday probe allows 

for a more complete picture to be constructed of the temporal behavior of a Hall effect thruster. The 

spatiotemporal map of the Faraday probe shows that the strongly oscillatory off-nominal operation of the 

HET at 1 kW leads to significant oscillations in the ion current density measured 75 cm downstream of 

the thruster. The delay between the discharge current peak and the peak of the ion current density is close 

to the transit time of a ~275eV krypton ion traveling 75cm between the thruster exit plane and the 

Faraday probe collector. Proceeding these peaks in the spatiotemporal current density plot shown in 

Figure 22 are small groups of ions at lower current density with transit times commensurate with that of 

doubly and triply ionized krypton ions traveling at slightly lower energy per charge ratio. This is 

consistent with the commonly accepted current fractions of singles and doubles previously reported for 

this thruster, albeit at higher power and under different magnetic field conditions [129]. This feature of the 

temporal ion current density measurement may be argued to contain information about the ion species 

leaving the thruster if measurements are made at a known distance, similar to time-of-flight (TOF) 
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diagnostics but without the onerous gate timing electronics needed to operate TOF-based instruments. If 

the temporal measurements are fused with other energy, or especially velocity measurements (e.g. ExB or 

LIF), we believe one would be able to further reduce uncertainty in the measured quantities.  

There are practical experimental challenges in using these approaches to produce high-quality 

temporal reconstructions of existing diagnostic measurement systems. One of the first is the 

measurement-state-specific high-speed signal noise, specifically the signal-to-noise ratio (SNR), present 

in the lowly populated distribution states. For example, at ion current measurements made at angles >45° 

that were strongly influenced by noise. Where steady-state measurements benefit from increased 

averaging over time, higher-speed measurements need to contend with common-mode and other circuit 

noise introduced by making the measurement at high-speed. Furthermore, although these techniques may 

improve the information provided by existing diagnostic methods, they may still require modifications to 

the diagnostic methods to achieve the desired level of accuracy for temporal measurements. For example, 

line capacitance, resistor size, SNR, feedthrough common-mode coupling, and scope/probe accuracy and 

bit depth are additional considerations that need to be evaluated to ensure that the high-speed signal used 

for reconstruction is sufficiently well resolved. The work presented herein indicates that using 12-bit-

depth (or better) oscilloscopes with high-CMRR differential probes when possible will significantly 

improve reconstruction quality through better near-neighbor identification.  

There are additional challenges to address when implementing SMI to produce spatiotemporal 

measurement reconstructions. One challenge is selecting embedding parameters for the shadow manifolds 

generated during signal reconstruction. These parameters can have a large impact on the quality of the 

reconstruction, and therefore, ideally, sweeps of the best 𝜏 and 𝑚 values should be conducted to confirm 

that there is robustness in the selected parameters if similar values are used for all reconstructions, as done 

in Chapter 5. Another challenge is the care that should be taken to ensure the thruster remains in the same 

dynamic condition throughout a test campaign, so that the causal relationships underlying the dynamic 

system do not change significantly over the probing time. This generally means the thruster should have 
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reached steady state and is not significantly drifting, leading to a lack of stationarity in the underlying 

system. Tools like extended cross-convergent mapping could be used on signals of interest at the 

beginning and end to ensure that changes in these dynamic relationships have not occurred.  

The ability to fuse multiple temporal diagnostic measurements with SMI opens the possibility of 

increasing the degree to which transient phenomena downstream and even within the thruster can be 

measured and synchronized on time scales of interest. Adding temporal information can further improve 

the information content of standard diagnostics, as temporal current density fluctuations will also carry 

species information. If fused with improved species information collected from a combined probe as 

discussed in Chapter 1, then we believe further reductions in uncertainty could be obtained in the 

measurements, as well as improved discharge plasma state uniqueness. This is a consequence not only of 

the need for a specified environment to produce such species, but also of information about how these 

states evolve over time to produce specific ions. 

4.6 Summary 

The ability to reconstruct spatiotemporal measurements from multiple diagnostics is a significant 

step towards providing data for validating time-resolved models and identifying gaps between models and 

experimental data. Furthermore, many electrostatic and optical diagnostics require adjustment to a 

measurement state to build up profiles of the measured property of interest. Application of SMI to current 

density measurements made downstream of a 1kW CSU HET showed that not only is there a rich 

temporal variation in the ion current propagating downstream, but that additional information may also be 

extracted via time-of-flight-like effects based on the disparity of species-specific ion velocities that arrive 

at the probe. The reconstructed ion current density profile also shows a temporal change in the plume 

divergence, although in the data presented, this is very likely dominated by the very ionization events that 

are commensurate with the very large breathing-mode current oscillations. Shadow manifold interpolation 

has proven robust, enabling high-speed state measurement and, eventually, diagnostic fusion. However, 

there are still pragmatic challenges when collecting high-speed measurements at a specific measurement 
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state, which can affect the utility of the measurement outcome. In this sense, it is critical to ensure the 

fidelity of high-speed measurements by working to improve measurement accuracy and reduce random 

noise to a minimum. Additionally, attention needs to be paid to thruster dynamics throughout the test to 

ensure there are no major changes in dynamic behavior during a measurement collection campaign. Tools 

that can aid in this process are discussed in Chapter 5. 
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5 CAUSAL ANALYSIS OF HALL THRUSTER TELEMETRY2  
 

 

 

Thus far, Chapters 3 and 4 have discussed improvements in the specificity of common diagnostics 

through combined probe-and-filter diagnostics and through improved temporal information, thereby 

enhancing the information provided for HET thruster models. However, one of the most commonly used 

metrics to tie dynamic data to HET discharge models is telemetry measurements, the circuit voltage and 

current measurements of the thruster under test [22], [26], [27]. This is due to the low barrier to making 

high-resolution measurements of these metrics, which, as is the case for anode current, can be easily 

integrated into models of varying fidelity. The increasing dynamic-systems approach to the temporal 

behavior of thrusters [12], [54], [81] also indicates that, if the appropriate temporal signals are selected, 

the dynamics of the overall system should be embedded in the time series. Selecting the appropriate time 

series for such data-driven frameworks is a key challenge for delivering maximally informative dynamic 

data. 

5.1 Introduction: Signal Selection for Data-Driven Models 

As discussed previously in Chapter 2, the need for predictive modeling capabilities has led to a 

reliance on data-driven modeling approaches to capture dynamic thruster behavior [22], [26], [27]. This 

direct integration of data into physics-constrained models can enable the estimation of the plasma state in 

regions and time scales that may be difficult to determine with non-perturbative experimental techniques. 

In this framework dynamic behavior of the thruster is assumed to be contained in temporal signal data 

used in the model, however, the Hall effect thruster is a convolution of multiple plasma regions dominated 

by different physics [17], [18], [19], and as a result the selection of the dynamic signal to integrate into 

such a modeling framework must weigh the utility of the information contained in a given signal. 

 
2 Part of this chapter is reprinted from a submitted manuscript “Causality analysis of vacuum chamber facility 
effects for Hall effect thruster operation” by Seth Thompson et al. 2026, Journal of Applied Physics (Unpublished). 
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Time-resolved measurements of direct plasma properties, such as species densities, electron 

energy distributions, ion and neutral velocity distributions, and plasma potential, are ideal inputs for data-

driven models. However, measuring these properties directly in the spatial or temporal scales of interest is 

difficult and not readily scalable to providing measurements at every EP vacuum facility due to the 

limited demonstration of techniques. Even when time-resolved measurements are available, determining 

whether dynamics observed in one property or spatial location are dynamically relevant to thruster 

behavior or specific model physics can remain illusory. Therefore, selecting accessible, time-resolved 

measurement datasets that maximize information gained in data-driven thruster models requires 

additional scrutiny to ensure that the signal is dynamically relevant to the system and can be incorporated 

into the model. Although models can include several streams of measurement data, it is just as critical to 

avoid irrelevant signals that have no bearing on the device's operation as it is to select signals with the 

most useful dynamic information. 

This work describes the use of a dynamic causality-determination technique, extended cross-

convergent mapping (eCCM) [78] as an aid in selecting which signals to include in data-driven and 

physics-based modeling frameworks. This technique can be used to infer causal relationships between 

dynamic signals, providing context for selecting data streams. This, in turn, can be used to exclude 

specific signals or adjust models to account for the most relevant sensor signals. Signals with strong 

causal links to important plasma properties will provide more unique information for model parameter 

estimation, thereby reducing uncertainty in key model parameters by limiting the available state space for 

the estimated parameters. These time-varying signals can be either high-speed diagnostic measurements 

or periodic measurements when multi-modal data-driven HET model frameworks are used [27]. When 

evaluating accessibility and scalability, the telemetry signals of HETs, such as discharge voltage and 

current measurements, are among the top candidates. These signals are readily accessible, relevant to the 

entire thruster system (e.g., discharge, cathode, nearfield), and can be monitored non-invasively. Previous 

data-driven frameworks have used applied power and discharge currents for data-driven models that 
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relate bulk plasma parameters to input power or current [22], [27], [73]. Adapting these models to include 

additional signals, such as discharge voltage, cathode-to-ground voltage, the potential of floating 

mounting structures, thruster body potentials, or other accessible circuit elements, may better capture state 

evolution if shown to have a strong causal relationship to key plasma properties of interest. 

In considering the use of dynamic signals of interest, it is critical to understand what dynamic 

information the measurements capture. A HET plasma discharge exhibits a wide range of oscillations and 

instabilities across spatial and temporal scales. The relevant timescales span several orders of magnitude, 

from nanoseconds for electron-cyclotron frequencies to hundreds of microseconds for ionization-related 

oscillations, and range in spatial dimensions from fractions of a millimeter for Debye lengths to fractions 

of meters for the device size. Many of these discharge oscillations were reviewed by Choueiri in 2000 

[44], and these oscillations remain areas of active research [19]. Breathing mode oscillations have 

remained of top interest due to their influence on stability and performance [24], [65], [130], while kinetic 

instabilities, such as electron cyclotron drift instabilities, remain of keen interest due to their suspected 

influence on anomalous electron transport [131], [132]. Furthermore, the forced coupling of the HET 

discharge to a hollow cathode discharge through a common DC circuit means that oscillations native to 

hollow cathode operation [106], [107], [108], [109] may manifest in global circuit measurements of a 

thruster. Beyond plasma-specific dynamics, slow transient behavior during device operation is observed, 

ranging from tens of seconds to hours, due to thermal effects and material outgassing [133], [134], [135]. 

This combination of many non-linear coupled dynamics that manifest in the telemetry makes it 

challenging to determine the most relevant timescales that capture all important dynamics in the system. 

For this work, the focus is on dynamics in the 5 kHz-1 MHz range, which encompasses most of the 

oscillations that capture the state of the plasma, with the possible exception of high-frequency kinetic 

instabilities. 

Further complicating the evaluation of useful dynamic signals for HET modeling is the effect of 

environmental parameters created in the vacuum test facility on the underlying dynamic system. The 
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underlying dynamic system is the set of interacting deterministic variables, such as electron density, ion 

density, electric fields, etc., that are causally participating in a true deterministic system. They are 

underlying because these global telemetry measurements ultimately serve as indirect signals that can still 

be causally influenced, but are not the system variables themselves. Identified causal relationships may be 

influenced by external environmental parameters that alter the underlying system. For example, elevated 

background pressure resulting from limited pumping speed can alter charge-exchange plumes and modify 

expected neutral particle profiles near the thruster [31], [32], thereby changing the relationships among 

dynamic properties in the discharge or nearfield region. Some studies have demonstrated pressure 

dependence of the electric field and electron temperature in magnetically shielded thrusters [136]. In 

addition to the facility-grounded surfaces and background pressures, questions remain about the effects of 

thruster body potential on thruster operation [11] and the constant deposition of wall materials on the 

thruster from backsputtering [15], which may affect the isolation of thruster body or surface potentials 

over the length of a test. As a result, casual relationships identified in one environment may change from 

facility to facility, across a range of pressures within a single facility, or even over time within a single 

facility, and pressure, not to mention changes that will likely occur over a wear test. 

In this work, extended cross-convergent mapping (eCCM) is applied to high-speed telemetry 

signals from an H9 thruster, including cathode current, 𝐼𝑐𝑎𝑡ℎ, discharge voltage, 𝑉𝑑𝑖𝑠, and cathode-to-

ground voltage, 𝑉𝑐𝑔, for different vacuum chamber pressures. Description of the eCCM process and the 

related reconstruction parameters and calibration processes needed to identify causal relationships and 

their associated delay responses is presented in 5.2, followed by the description of the experimental setup 

in 5.3. The result of the selected embedding parameters is discussed in 5.4, and cross-convergent mapping 

results are presented in 5.5.  

5.2 Extended Cross-Convergent Mapping  

Although it is often said that correlation does not imply causation, the corollary is often 

overlooked: a lack of correlation does not necessarily imply a lack of causation. It is often the case that 
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correlation, or the lack thereof, is used to determine if a given variable or data stream should be included 

in a model. When there is no noticeable change in the underlying measurement or property that correlates 

with the phenomena of interest, it is all too often overlooked or dropped from consideration. However, by 

evaluating the causal relationships among two or more variables, we can better determine whether the 

information being considered is ultimately useful for model inclusion. In other words, causal analysis can 

quantify the dynamic relevance of a signal used to capture the state of a system as defined by the 

estimated parameters updated in the model.  

5.2.1 Background of extended cross-convergent mapping 

Granger causality has been used to evaluate causality among potentially interacting variables, 

focusing on improving estimates by including or excluding those variables in the prediction of a variable 

of interest [79]. This approach, however, can struggle to correctly identify causal relationships in dynamic 

systems where the history of one variable may be redundant due to its inseparability from other system 

variables as a consequence of their causal relationship in a deterministic dynamic system [76]. As a result, 

effective inclusion and exclusion of variables cannot be achieved, leading to ambiguity in identifying 

causal relationships. Cross-convergent mapping (CCM) addresses this challenge by fundamentally 

leveraging the inseparability of causally related variables in a deterministic dynamic system [77]. 

Furthermore, this technique is valuable where direct measurements of all underlying variables are difficult 

or infeasible. 

Cross-convergent mapping leverages Taken’s Theorem [76], which relates a present state of a 

dynamic system to its past states to evaluate the degree to which the history of one variable is present in 

that of another. Sugihara et al. demonstrated a causal relation in a system containing dynamic variables 𝑥 

and 𝑦 as follows. If 𝑥 acts causally on 𝑦, then information about 𝑥 will be present in the history of 𝑦. 

Additionally, reconstruction of 𝑥 using the historical data of 𝑦 will then be convergent to higher accuracy 

with the inclusion of additional data [77]. The metric used to gauge reconstruction accuracy was the 
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Pearson correlation coefficient between the reconstructed and test signals. The reconstruction process 

leverages time-delay embeddings of a signal, coupled with a technique such as simplex projection [122], 

to perform state-space reconstruction (SSR) and produce a signal estimate of the second signal. This 

process can be leveraged to identify the reduced set of measurement data required to capture the state of a 

system if many types of measurement data can be reconstructed from a selected set of signals. The 

reconstruction of different measurement data streams was demonstrated using the shadow-manifold 

interpolation method with HET test data by Eckardt et al. [42]. The technique was leveraged to generate 

time-resolved reconstructions of many measurement-state-based diagnostics [115], [116], [119], [137]. 

While SSR techniques are useful for time-resolved measurements, the focus of the reconstruction in CCM 

is on determining the nature of the relationship between the input and reconstructed signals. 

By using these reconstructions to evaluate dynamic causality, it is possible to generate accurate 

reconstructions of a given signal from signals that were not causally related. Strong external driving 

variables can dominate the dynamics of non-interacting species that appear to respond synchronously, a 

phenomenon in ecology known as the Moran effect [138]. Additionally, situations arise in which one 

variable strongly drives another to such an extent that the common dynamics of both variables lead to 

similar reconstruction behavior, making it difficult to distinguish true unidirectional behavior from 

bidirectional behavior. These situations can be broadly categorized as forms of generalized synchrony and 

are known to obfuscate the correct identification of causal variables [77]. To address this challenge, Ye et 

al. developed an extension of CCM (eCCM) that considered the time shifts between dynamic variables 

and their peak reconstruction quality to identify the dynamic response and infer directionality, i.e., 

whether one signal precedes or succeeds another signal, thereby improving the interpretation of cross-

convergent mapping [78]. Note that the words “time shifts” are used in eCCM to distinguish from “time 

delays” used in the construction of time-delayed phase portraits that are used to create potentially 

quantifiable images of the dynamic characteristics of a system that can be used to determine if a system 

has changed from one dynamic behavior to a different one. The eCCM technique has been applied to HET 
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simulations [139] and experimental measurements [140] and has been compared with other causality 

determination techniques [127]. It is important to note that, since causality is transitive, the reconstruction 

quality of one variable may be driven by many other variables that are not measured directly. This work 

employs causal analysis to quantify changes in telemetry characteristics across different test conditions, 

using analysis limited to the relationships within the selected datasets, that are still subject transitivity and 

indirect relationships of the underlying dynamic system. 

5.2.2 Extended cross-convergent mapping 

The process for cross-convergent was described in detail in Section 4.3.1 when introducing the 

non-linear state-space reconstruction method for shadow manifold interpolation of dynamic signals. The 

process requires the selection of embedding delay 𝜏, and embedding dimension 𝑚, which can have 

significant impacts on the quality of the reconstruction. However, in extended cross cross-convergent 

mapping, an additional parameter is added to the analysis: a time shift or cross-map lag [78] is utilized to 

identify directional information flow between signals. The time shift, 𝑙, is applied between the two signals 

used in the reconstruction. Therefore, one can perform the same CCM process but for 𝑦(𝑡) cross-mapping 𝑥(𝑡 + 𝑙). If 𝑥(𝑡) is causal on 𝑦(𝑡) with some delay, then 𝑦 will have a better cross-mapping skill of 

previous values of 𝑥. For instance, if 𝑥 acts on 𝑦 after two-time steps, we would expect the largest cross-

mapping skill for 𝑦 cross-mapping 𝑥 with a shift of 𝑙 = −2. Hence, a condition for causality is a large 

cross-mapping skill with a negative time shift, i.e. 𝑙 < 0. For the same example, we can consider the other 

cross map, i.e. 𝑥 cross-mapping 𝑦 with a shift of 𝑙 = 2. Even if the cross-mapping skill is high, indicating 

a cross-mapped signal is reconstructed accurately, the positive time shift indicates that 𝑦 is not causal on 𝑥. This identification of a delay in response from one variable to another is tested with an example 

problem used in Ye et al. [78] and in Huerta et al. [127]. The details of this test and the results are shown 

in 5.2.4. Another way of describing the results is that for some variable 𝑥 to causally influence another 𝑦, 

then changes in 𝑥 that cause changes in 𝑦 must occur before or simultaneously with the changes in 𝑦.  
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5.2.3 Embedding parameter selection 

As discussed in the previous section, embedding parameters must be selected to generate time-delay 

embeddings or shadow manifolds used in the cross-mapping process to reconstruct signals. Specifically, a 

time delay 𝜏 and an embedding dimension 𝑚 must be selected. There is no mathematical requirement for 

the selection 𝜏 to generate a proper embedding; however, real-world applications demonstrate that both 

the embedding dimension and the time-delay selection significantly impact reconstruction quality. Several 

methods for determining the relevant time delay 𝜏 and embedding dimension 𝑚 have been developed 

[75]. Many of these methods focus on reducing the computational cost of evaluation and on 

distinguishing deterministic and stochastic signals. Cao’s method [126] for the selection of the embedding 

dimension 𝑚, based on a modified form of identifying false-near neighbors, has been used in many 

applications with thruster-relevant signals [127], [140]. However, this process requires selecting a time 

delay, for which numerous heuristics have been proposed for given applications [75]. Recently, work by 

Martin et al. [125] has demonstrated a robust framework that leverages the mutual information of 

transformed coordinates (MITC) to select a value 𝜏 that yields high reconstruction quality in a noisy 

system. In this dissertation, a parametric sweep of 𝜏 and 𝑚 is conducted to compare their respective 

impacts on reconstruction quality for a given pair of signals. As a result, every pair of signals 

reconstructing one another used the embedding dimension 𝑚 and the embedding time delay 𝜏 that 

produced the best reconstruction with no time shift 𝑙 applied. 

5.2.4 Example Problem 

To evaluate our eCCM analysis, an example problem is used in which a delayed response 

between variables can be controlled to assess proper identification via the time shift, 𝑙, in the eCCM 

process. A set of equations that contains two variables 𝑋 and 𝑌, driven by a third causal variable 𝑍 with a 

delay 𝑘 between the response of 𝑋 and 𝑍 is used. 
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To generate the timeseries data used for evaluating the extended cross-convergent mapping 

framework all coefficients are kept the same, 𝐴𝑧 = 3.8, 𝐴𝑦 = 3.1, 𝐴𝑥 = 3.1, 𝐵𝑦𝑧 = 0.9, 𝐵𝑥𝑧 =  0.5, and 

the initial values of 𝑋(0), 𝑌(0), 𝑍(0) = 0.3. The cross-mapping and time shift plots of all variables 

correctly identified a causal relationship with appropriate directional shifts for 𝑌 and 𝑋 both influenced by 𝑍. However, this process highlighted a key result. In a case where two variables, such as 𝑋 and 𝑌, are 

strongly driven by a third common variable 𝑍 with differing delay in response (when 𝑘 = 2), an apparent 

causal relationship between the indirect variables can be observed, with a time shift corresponding to the 

response disparity between the two variables to the common driver. This is especially relevant to systems 

where it is possible that not all system variables would be evaluated in the causal network, such as in the 

use of a limited subset of telemetry signals. In the example problem where all variables are reconstructed 

by one another, the reconstructions are still lower in quality than those of the correct causal directions 𝑍 → 𝑋 and 𝑍 → 𝑌. However, when the direct relationships among all system variables cannot be 

evaluated, ambiguity may arise in the causal relationships inferred solely from time-shift data and 

reconstruction quality. As a result, it must be understood that apparent causal (unidirectional or 

bidirectional) relationships with appropriate time delays may also arise from indirect relationships 

between variables that share a common driving variable with differing response delays. 

For the analysis of the time series generated from equation (17), we also conducted a parametric 

sweep to identify optimal embedding parameters for each signal set. Interestingly, the optimal value 𝜏 was 

2 in all reconstructions, while the embedding dimension varied depending on the signals being 

reconstructed: reconstructions in the correct causal direction were dimension of 4, and those in the 

opposite direction were 5-6, and sometimes 7 if 𝑘 = 2. This increase in dimensions can broaden out the 

Z(t + 1) =  Z(𝑡)(𝐴𝑧 − 𝐴𝑧𝑍(𝑡)) 𝑌(𝑡 + 1) = 𝑌(𝑡) (𝐴𝑦 − 𝐴𝑦𝑌(𝑡) − 𝐵𝑦𝑧𝑍(𝑡)) 𝑋(𝑡 + 1) = 𝑋(𝑡)(𝐴𝑥 − 𝐴𝑥𝑌(𝑡) − 𝐵𝑥𝑧𝑍(𝑡 − 𝑘)) 

(17) 



 74 

width of the higher cross-mapping skill vs. time shift, as seen in Figure 23 and Figure 24; however, the 

correct delays were still identified. 

The first application of the extended cross-convergent mapping on the timeseries generated from 

equation (1) with no response delay (𝑘 = 0) is shown in Figure 23. Plots (b) and (c) show the correct 

identification of the causal direction, with the highest reconstruction quality occurring for 𝑋 and 𝑌 cross-

mapping 𝑍, with a negative shift. This indicated a strong unidirectional causal relationship. The time shift 

in the forward direction appears to slightly over-predict, which may be due to the increased 

dimensionality of the embeddings used to reconstruct signals in the non-causal direction, as well as the 

centering of the embedding as discussed in [78]. The reconstructions of 𝑋 and 𝑌 cross-mapping one 

another are both forward-shifted, indicating an inconclusive result, as may be expected for indirect 

variables driven by a strong common driver. 

 

Figure 23: Extended cross-mapping results of equation (1) with the delay k=0, with accurate identification of Z’s causal 
effect on X and Y, but ambiguous results of how X and Y relate to each other 

The response delay of 𝑋 to 𝑍 in equation (1) was changed to 𝑘 = 2, and all three signals were 

cross-mapped again, with the optimum embedding dimension found for each signal being cross-mapped, 

shown in Figure 24. The correct identification of the time delay and causal direction for 𝑋 and 𝑌 cross-

mapping 𝑍 are shown in plots (b) and (c). However, unlike the results with 𝑘 = 0, when 𝑘 = 2, the result 

of 𝑋 cross-mapping 𝑌 appears to indicate a causal relationship with no time shift. If not for seeing the 

tightly coupled unidirectional relationship in plots (b) and (c) with higher reconstruction skill, then one 

might incorrectly attribute the relationship 𝑌 → 𝑋, due to the disparity in the response to 𝑍, between the 

two variables. This result should be kept top of mind when an incomplete set of system variables is 
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examined; this is to say that causal relationships identified in a subset of system signals may result from 

indirectly related variables that share a common driver with a response disparity. 

 

Figure 24: Extended cross-mapping results of equation (1) with the delay k=2 used to demonstrate how information delays 
can complicate the interpretation of uncoupled variables X and Y. 

5.3 Experimental Configuration 

Extended cross-convergent mapping (eCCM) is applied to HET telemetry data collected in a 

previous facility-pressure-effect test on thruster impedance, as presented in [141]. This test was conducted 

with an H9 magnetically shielded HET developed by the University of Michigan, Air Force Research 

Laboratory, and Jet Propulsion Laboratory [142] and operated on krypton in VTF-2 at the Georgia Tech 

High-power Electric Propulsion Laboratory (HPEPL). The lowest operational pressure for the thruster 

was 6.8×10-6 Torr at the 4.5-kW operating condition and 8.5×10-6 Torr at the 6-kW operating condition. 

Telemetry data were captured with a Teledyne Lecroy Digital Oscilloscope HDO6104, using Powertek 

DP-25 differential voltage probes (bandwidth of 25 MHz) for both discharge and cathode-to-ground 

voltage measurements. Cathode current was measured with a Teledyne LeCroy CP150 current clamp 

(bandwidth of 10 MHz). Data from the oscilloscope was collected at 10 MHz. The thruster was operated 

with an inline RC filter to protect the power supply from unstable thruster operation (if it were to occur), 

with a resistance of 0.533 Ω and a capacitance of 100 μF [14]. The thruster was operated with the thruster 

body tied to the chamber-ground. To adjust chamber pressure, krypton gas was flown through a ¼ inch 

Swagelok connection located 1.8 meters axially downstream of the thruster face and 1 meter below the 

thruster centerline. The flow rate was adjusted until the two and three-times baseline chamber pressures 

were achieved. Figure 25 shows a notional circuit diagram with depictions of the telemetry signals and 
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gas inlet for chamber pressure adjustment. The pressure gauge, a Varian 571 Bayard-Alpert hot filament 

with a neutralizing inlet [143], was located 1 m away from the thruster exit plane. 

 

Figure 25: Simplified H9 testing schematic with telemetry measurements and notional pressure adjustment location.  

5.4 Embedding Parameter Analysis 

To perform cross-mapping of the telemetry signals, embedding parameters must be selected. Due 

to uncertainty in the relationship between the different dynamic signals, a parametric sweep of the 

embedding dimension 𝑚 and time delay 𝜏 was conducted first to determine the optimal embedding 

parameters to use for cross-mapping. The time-delay range was 2 to 80 (or 0.2-8 μs), and the embedding 

dimension was varied from 2 to 100. The parametric sweep is performed without time shifts between the 

signals, and the embedding parameters that yield the highest cross-mapping skill for the reconstructed 

signal are then used in extended cross-convergent mapping, in which time shifts are applied to the signals. 

Although these signals are all measured from the same circuit operating a dynamical plasma system, there 

is no guarantee that a singular set of embedding parameters will yield maximum reconstruction quality for 

all pairs of signals used for cross-mapping. 
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5.4.1 4.5-kW Operation 

The lowest chamber pressure of 6.8 𝜇Torr was achieved with the 4.5 kW operating condition. 

After operating for several hours to achieve thermal steady state, the telemetry data were collected, and 

the chamber pressure was increased to twice the nominal background pressure, approximately 13 𝜇Torr, 

where telemetry was collected again. This process was repeated one more time to achieve three times the 

nominal background at approximately 20 𝜇Torr where telemetry was collected one more time. Under all 

conditions, the thruster was operated at a steady-state discharge voltage of 300 V and a discharge current 

of 15 A, the discharge current being maintained by adjusting the thruster flow rate. The 4.5-kW operating 

condition had the lowest peak-to-peak current oscillation relative to the mean current in the telemetry 

waveforms collected. 

The power spectral density plots for each signal under the three background pressure conditions 

are shown in Figure 26(a), Figure 27(a), and Figure 28(a). As shown in Figure 26(a1), Figure 27(a1), and 

Figure 28(a1), the cathode current exhibits a peak oscillation at the breathing mode around 16.4 kHz, with 

lower signal content at higher frequencies. Figure 26(a2,a3), Figure 27(a2,a3), and Figure 28(a2,a3) show 

that the discharge and cathode-to-ground voltage oscillations occur near the same breathing mode 

frequency at 17.6 kHz  but with considerably more signal content in the 100 kHz–1 MHz range. In all 

cases, the breathing mode peak decreased with increasing pressure, accompanied by broader peaks 

relative to those at the baseline operating pressure. Cathode current showed the largest change in the 

oscillation amplitude at the breathing mode frequency, followed by cathode-to-ground voltage, with the 

smallest change in breathing mode peak height observed in discharge voltage. 

For each signal combination, we perform two cross-mappings in each direction, i.e., 𝐼𝑐𝑎𝑡ℎ cross-

maps 𝑉𝑑𝑖𝑠 and 𝑉𝑑𝑖𝑠 cross-maps 𝐼𝑐𝑎𝑡ℎ. The combination of an unknown relationship between the signals, 

measurement uncertainty, and the associated uncertainty in properly embedding each signal is why one 

cannot assume that a single set of embedding parameters will perform well for all signals. Indeed, this can 
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be seen in the embedding parameters that result in the highest cross-mapping skill in Figure 26. The 

cross-mapping skill of 𝐼𝑐𝑎𝑡ℎ and 𝑉𝑑𝑖𝑠 in Figure 26(b1) and (b2) show the significant change in embedding 

dimensions that result in optimal reconstruction. Beyond differences observed in the directionality of 

cross-mapping, we observe changes in the best embedding parameters for a single signal used to cross-

map different signals, as shown in the reconstructions of 𝑉𝑑𝑖𝑠 and 𝑉𝑐𝑔 by 𝐼𝑐𝑎𝑡ℎ in Figure 26(b1) and (b3), 

respectively. The same input signal, 𝐼𝑐𝑎𝑡ℎ, is used for both reconstructions; however, significantly 

different embedding parameters are required to achieve the best cross-mapping. In general, the best 

embedding parameters to obtain the highest reconstruction skill vary widely across Figure 26(b1)-(b6). 

 

Figure 26: Power spectral density plots (a1-a3) and embedding parameter sweep (b1-b6) of 𝐼𝑐𝑎𝑡ℎ, 𝑉𝑑𝑖𝑠, and 𝑉𝑐𝑔 waveforms 
captured from an H9 thruster operated at 4.5 kW at baseline pressure, i.e., a chamber pressure of 6.8 𝜇Torr. 
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The power spectral density plots and parametric sweep of embedding parameters for the signals 

collected at two times baseline chamber pressure are shown in Figure 27. The embedding parameters that 

yield the best cross-mapping skill continue to depend on the signal being cross-mapped and the 

directionality of the cross-mapping between the two signals. A significant increase in the optimum 𝜏 value 

for 𝑉𝑐𝑔 cross-mapping 𝑉𝑑𝑖𝑠 in Figure 27(b6) is observed at the higher pressure, although the lower 

embedding 𝜏 in Figure 26(b6) remains as a relatively high cross-mapping skill region in both plots. This 

could be due to periodicity in the underlying dynamics, or to a change in the dynamics of the input or test 

signals, best captured by increasing the time delay for the embeddings by about 6 𝜇s. There is also a slight 

decrease in the peak cross-mapping skill achieved in each sweep at the higher pressure. 

In cross-mappings 𝑉𝑑𝑖𝑠 shown in Figure 27(b2) and (b5), the highest cross-mapping skill was 

observed at 𝑚 = 100, i.e., at the limit of the dimensional range allowed for the sweep. Furthermore, 

additional sweeps to higher 𝜏 and 𝑚 values were conducted and yielded only minor increases in cross-

mapping skill. As a result, the eCCM analysis for all signals used embedding parameters that yielded the 

highest cross-mapping skill from within the parameter sweep conducted for a pair of signals.  
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Figure 27: Power spectral density plots (a1-a3) and embedding parameter sweep (b1-b6) of 𝐼𝑐𝑎𝑡ℎ, 𝑉𝑑𝑖𝑠, and 𝑉𝑐𝑔 waveforms 
captured from an H9 thruster operated at 4.5 kW at twice the baseline pressure, i.e., a chamber pressure of 13 𝜇Torr. 

For a chamber pressure of 20 𝜇Torr, corresponding to three times the base operating pressure for 

the thruster at 4.5 kW, the power spectral density plots and the parametric-sweep contours for cross-

mapping are shown in Figure 28. The continued reduction in peak height with increased broadening is 

observed in Figure 28(a1)-(a3), while the continued reduction in peak and high cross-map skill regions is 

observed in the contour plots in Figure 28(b1)-(b6). A reversion to the smaller 𝜏 value for 𝑉𝑐𝑔 cross-

mapping 𝑉𝑑𝑖𝑠 was observed in Fig. 4(b6), along with a notable increase in dimension 𝑚 for 𝐼𝑐𝑎𝑡ℎ cross-

mapping 𝑉𝑐𝑔 in Fig. 4(b3). 
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Figure 28: Power spectral density plots (a1-a3) and embedding parameter sweep (b1-b6) of 𝐼𝑐𝑎𝑡ℎ, 𝑉𝑑𝑖𝑠, and 𝑉𝑐𝑔 waveforms 
captured from an H9 thruster operated at 4.5 kW at three times the baseline pressure, i.e., a chamber pressure of 20 𝜇Torr. 

In general, the parametric sweep of embedding parameters appears justified, as the reconstructed 

signals and the direction of cross-mapping influenced the embedding parameters that yield the highest 

cross-mapping skill. In some instances, particularly for 𝐼𝑐𝑎𝑡ℎ and 𝑉𝑐𝑔 , the relationship of the 𝑚𝜏 product 

appears to produce regions of higher cross-mapping skill, as may be expected for signals of the same 

dynamical system, as this scalar product is related to the effective time period captured by a single 

embedding vector at a given time step [75]. Specifically, for 𝐼𝑐𝑎𝑡ℎ and 𝑉𝑐𝑔 , it seems to be loosely grouped 

around 𝑚𝜏 ≈ 500, or 50 microseconds, which is near the breathing-mode oscillation period. 
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5.4.2 6-kW Operation 

As a result of the strong breathing-mode oscillation present in all telemetry signals when the 

thruster is operated at 6 kW, a general baseline of high cross-mapping skill across many embedding 

parameters is observed, driven by the common 14.52 kHz oscillation that dominates the power spectra of 

each time series. As a result, the information about changes in cross-mapping skills should be evaluated 

on a relative basis, and therefore so should the dependence on embedding parameters. To aid visualization 

of relative trends in the effect of embedding parameters on cross-mapping skill at each chamber pressure, 

an arbitrary minimum cross-mapping skill of 0.8 was applied to the embedding parameter sweeps in 

Figure 29 through Figure 31. 

Despite the significant increase in cross-mapping skill amongst all signals in the 6 kW condition 

operated at 8.5 𝜇Torr, the embedding parameter regions that yielded the highest cross-mapping skill in 

Figure 29(b3)-(b6) remain similar to those of 4.5 kW shown in Figure 26(b3)-(b6) with slight differences 

in specific peak embedding parameters shown in Figure 29(b3)-(b6). The smaller 𝜏 values for 𝐼𝑐𝑎𝑡ℎ and 𝑉𝑑𝑖𝑠 reconstructions in Figs. 6(b1) and (b2) are similar, with a preference for larger dimensions for cross-

mapping performed by 𝑉𝑑𝑖𝑠. The regions of high cross-mapping skill between 𝐼𝑐𝑎𝑡ℎ and 𝑉𝑐𝑔, in Figure 

29(b3) and (b4) appear to follow a similar 𝑚𝜏 product relationship, as seen with the 4.5 kW condition. 
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Figure 29: Power spectral density plots (a1-a3) and embedding parameter sweep (b1-b6) of 𝐼𝑐𝑎𝑡ℎ, 𝑉𝑑𝑖𝑠, and 𝑉𝑐𝑔 waveforms 
captured from an H9 thruster operated at 6 kW at baseline pressure, i.e., chamber pressure of 8.5 𝜇Torr. 

The background pressure in the chamber was increased to 16 𝜇Torr, roughly twice the base 

operating pressure at 6 kW, and telemetry was collected as the thruster reached steady-state operation. 

The resulting embedding parameter sweep, shown in Figure 30, indicates a reduction in the size of the 

regions producing the highest cross-mapping skill, similar to the effect observed in the 4.5-kW operation. 

This trend continues, as shown in Figure 31, as the background pressure was further increased to 25 𝜇Torr, roughly three times the base operating pressure during 6-kW thruster operation. There is also a 

decrease in the peak cross-mapping skill achieved by each sweep with increasing pressure. 
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Figure 30: Power spectral density plots (a1-a3) and embedding parameter sweep (b1-b6) of 𝐼𝑐𝑎𝑡ℎ, 𝑉𝑑𝑖𝑠, and 𝑉𝑐𝑔 waveforms 
captured from an H9 thruster operated at 6 kW at twice the baseline pressure, i.e., a chamber pressure of 16 𝜇Torr. 
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Figure 31: Power spectral density plots (a1-a3) and embedding parameter sweep (b1-b6) of 𝐼𝑐𝑎𝑡ℎ, 𝑉𝑑𝑖𝑠, and 𝑉𝑐𝑔 waveforms 
captured from an H9 thruster operated at 6 kW at three times the baseline pressure, i.e., a chamber pressure of 25 𝜇Torr. 

5.5 Extended Cross-Convergent Mapping Results 

After selecting the appropriate embedding parameters for each individual signal-specific 

reconstruction, time shifts can be applied to provide context around the flow of information between the 

two signals. These relationships are evaluated at two operating power levels (4.5-kW and 6-kW, both 

operated at 300V) across three background pressures.  

5.5.1 Extended cross-convergent mapping results of the 4.5-kW condition 

As discussed in Section 5.2.1, one of the primary advantages of eCCM over previous techniques 

is the identification of time shifts between the causal responses of one variable to another, reflecting the 
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information-transit time between the two signals and the direction of information flow. The difference 

between the resulting peaks in cross-mapping skill relative to one another, as well as the no-shift case (𝑙 =0 𝜇s), is used to determine whether there is a lag in the information flow between the signals. Peaks in the 

negative time-shift direction indicate that the reconstructed signal is causal with respect to the signal used 

for the reconstruction, with a delay on the order of the observed time shift. Peaks at a positive time shift 

indicate that the reconstructed signal is not causal with respect to the signal used for reconstruction, but it 

does share the signal's dynamics. This can occur when similar external dynamics drive non-interacting 

variables, or when the signal performing the cross-mapping is unidirectionally driving the signal being 

cross-mapped. In the case of a unidirectional relationship, there should be both a positive and a negative 

time-shift peak in the respective causal direction. This is the classic case covered by Ye et al [78]. Finally, 

as discussed in 5.2.4 and by Ye et al. [78], there are limits to the accuracy of the interpreted time shift if 

the time shift is less than that of the 𝑚𝜏 product, as the shift value can be influenced by centering of the 

delay vector and 𝑚𝜏 product size. We found in our example using negative-lag embeddings, following [𝑥(𝑡), 𝑥(𝑡 − 𝜏), 𝑥(𝑡 − 2𝜏),… . 𝑥(𝑡 − (𝑚 − 1)𝜏)], that the negative shift consistently identified the correct 

lag value, while overpredicting in the forward-shifted peak direction, as shown in the plots in 5.2.4. 

Figure 32 shows the results of eCCM of the H9 telemetry signals at baseline, i.e., 6.8 𝜇Torr(a1-

a3), 2x baseline, i.e., 13𝜇Torr (b1-b3), and 3x baseline, i.e., 20 𝜇Torr (c1-c3). As shown in the first 

column, Figure 32 (a1), 𝑉𝑑𝑖𝑠 has the highest cross-mapping skill of 𝐼𝑐𝑎𝑡ℎ with a nearly instantaneous 

response. The slight negative shift would indicate that 𝑉𝑑𝑖𝑠 is causally driven by 𝐼𝑐𝑎𝑡ℎ, with a little or no 

delay, and an observed reduction in cross-mapping skill with increasing chamber pressure, as shown in 

Figure 32(b1) and (c1). In Figure 32(a2), we can see that the negative peak of 𝑉𝑐𝑔 relative 𝐼𝑐𝑎𝑡ℎ indicates 

that 𝐼𝑐𝑎𝑡ℎ is causal on 𝑉𝑐𝑔 at the baseline pressure. However, the reduction in cross-mapping skill of 𝑉𝑐𝑔 

with increased pressure below that of the positive-shifted peak shown in Figure 32(b2) and (c2), indicates 

that this may deteriorate into an indirect relationship that is still reliant on a common set of dynamics with 

reduced unique information about 𝐼𝑐𝑎𝑡ℎ in the time history of 𝑉𝑐𝑔. Finally, it is shown in Figure 32(a3)-
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(c3) that a strong indirect relationship exists where common dynamic information in 𝑉𝑑𝑖𝑠 is also present 

in 𝑉𝑐𝑔; however 𝑉𝑐𝑔 cannot reconstruct the dynamics of 𝑉𝑑𝑖𝑠 well. Again, the reconstructions follow the 

trend of the other two signal pairs, with decreasing reconstruction skill observed at higher pressures, 

indicating eroded mutual dynamic information. 

As discussed in the parametric sweeps of embedding parameters, there are cases when the 

maximum embedding dimension (e.g., 𝑚 = 100) was selected as the highest cross-mapping skill. In 

these cases, the signal doing the cross-mapping exceeded the cross-mapping skill in the reverse direction, 

leading to no change in the identified directionality or time shift 𝑙 in the subsequent causality analysis. 

Furthermore, minor gains in the highest cross-mapping skill from expanding the parameter sweep ranges 

also reduce the likelihood of differences arising from sweep limitations. 
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Figure 32: Extended cross-convergent mapping results of telemetry collected from an H9 thruster operated at 4.5 kW and 
at three background pressure conditions. 

Discharge voltage 𝑉𝑑𝑖𝑠 appears to reconstruct the other signals most effectively, even if the 

positive peak with cross-mapping 𝑉𝑐𝑔 indicates a form of an indirect relationship, 𝑉𝑑𝑖𝑠 and is still able to 

capture unique states best. This high cross-mapping skill underscores the importance of including 𝑉𝑑𝑖𝑠 in 

dynamic, data-driven models. Cathode-to-ground voltage 𝑉𝑐𝑔 originally appears to be driven by cathode 

current 𝐼𝑐𝑎𝑡ℎ, as might be expected; however, it continues to lose relevant dynamic information of 𝐼𝑐𝑎𝑡ℎ 

with higher chamber pressures. This could indicate changes in the current paths near the cathode plume, 

driven by changes in chamber pressure. 
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5.5.2 Extended cross-convergent results of the 6-kW operation 

The results of the eCCM analysis applied to the H9 telemetry collected during operation at 6 kW 

are shown in Figure 33. The results of cross-mapping skill and time shifts at the lowest achievable 

pressure, referred to as baseline, i.e., 8.5 𝜇Torr(a1-a3), 2x baseline, i.e., 16 𝜇Torr (b1-b3), and 3x baseline, 

i.e., 25 𝜇Torr (c1-c3). Similar to the results from telemetry collected with the thruster operating at 4.5 kW, 

the discharge voltage appears to reconstruct all other signals best, but continues to show a decrease in 

peak cross-mapping skill with increasing pressure. Again 𝑉𝑑𝑖𝑠 appears to respond nearly instantaneously 

to changes in cathode current. The causal relationship between 𝐼𝑐𝑎𝑡ℎ driving 𝑉𝑐𝑔 in Figure 33(a2), (b2), 

and (c2) appears to be similar in the direction and time shift values to those at the 4.5-kW baseline 

condition in Figure 32(a2), but the cathode to ground voltage 𝑉𝑐𝑔 is able to maintain a higher cross-

mapping skill than 𝐼𝑐𝑎𝑡ℎ through all increases in pressure. It could be that due to more coherent and larger 

amplitude breathing-mode oscillations 𝑉𝑐𝑔 remains casually driven by the primary dynamics in 𝐼𝑐𝑎𝑡ℎ. The 

results of cross-mapping between 𝑉𝑑𝑖𝑠 and 𝑉𝑐𝑔 appear to indicate again an indirect relationship, with the 

peak cross-mapping skill resulting from 𝑉𝑑𝑖𝑠 cross-mapping 𝑉𝑐𝑔 at a positive time shift. This indicates that 

the two signals may share common dynamics, but that cathode-to-ground voltage 𝑉𝑐𝑔 does not capture all 

the dynamics of the discharge voltage 𝑉𝑑𝑖𝑠. 
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Figure 33: Extended cross-convergent mapping results of telemetry collected from an H9 thruster operated at 6 kW and at 
three background pressure conditions. 

5.5.3 Pressure effects on cross-mapping 

Understanding the causal relations in HET telemetry can help better select which data to include 

in data-driven models, but understanding how environmental factors, such as background chamber 

pressure, affect these relationships is crucial. If a given signal is selected for its causal relationships with 

many dynamic data, but those relationships are sensitive to environmental factors such as background 

pressure, then care must be taken in using the data, as it may no longer contain the relevant information 

needed to improve state estimation. To this end, we explore how the dynamic relationships among thruster 

telemetry signals are altered by pressure across the two thruster operating conditions, as shown in Figure 

32 and Figure 33. During thruster operation at 4.5 kW, the peak cross-mapping skill monotonically 
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decreased with increasing chamber pressure for nearly all signals. This trend is illustrated directly in 

Figure 34, which plots the maximum cross-mapping skill against background pressure for all pressure 

conditions. Asymmetric changes in the effect of signals are present in all three, but are most clear in the 

largest cross-mapping skill change with pressure observed for 𝑉𝑐𝑔cross-mapping 𝐼𝑐𝑎𝑡ℎ, in Figure 34(b). 

Here, the change in peak cross-mapping is significant enough to drop the reconstruction quality below 

that of the 𝐼𝑐𝑎𝑡ℎ cross-mapping 𝑉𝑐𝑔, indicating that there may not be a clear unidirectional causal 

relationship between the two, especially at higher pressures. This may be due to changes in the coupling 

of cathode current to the near-field plasma region, which are influenced by additional charge-exchange 

current paths to the thruster plume and the chamber wall. If the dynamics of 𝐼𝑐𝑎𝑡ℎ are altered by elevated 

charge-exchange ions, the time history of cathode current may not be captured well by the cathode-to-

ground voltage. If this effect of chamber pressure is due to the coupling of cathode current to the vacuum 

chamber wall, it also underscores the importance of the grounded chamber surfaces near the cathode and 

thruster plume in shaping the relationship between 𝐼𝑐𝑎𝑡ℎ and 𝑉𝑐𝑔. Therefore, if data-driven models rely on 

the causal relationship of 𝑉𝑐𝑔 for ground testing, it is important to remember that dynamic information of 

cathode current could be lost with increases in chamber pressure. 

 

Figure 34: Maximum cross-mapping skill of each telemetry signal pair with increasing chamber pressure of an H9 
operated at 4.5 kW. 

The effect of pressure on the peak cross-mapping of telemetry signals collected as the H9 was 

operated at 6 kW is shown in Figure 35. As discussed in 5.4.1, the base cross-mapping skill is 

significantly higher for this condition due to the dominance of the breathing mode in the system 

dynamics. As a result, changes in the causal relationships are evaluated at higher levels of relative 
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reconstruction skill. Yet again, a monotonically declining cross-mapping skill with increased chamber 

pressure was observed for all signals. The largest change in cross-mapping skill is observed between 𝑉𝑑𝑖𝑠 

and 𝑉𝑐𝑔 in Figure 35(c), however, 𝑉𝑐𝑔 cross-mappings were strongly influenced by 𝐼𝑐𝑎𝑡ℎ in Figure 35(b), 

as well. There appears to be a larger change between the two times baseline (16 𝜇Torr) and the three 

times baseline (25 𝜇Torr) condition; however, it is unclear whether this change would remain nonlinear 

with further increases in pressure. 

 

Figure 35: Maximum cross-mapping skill of each telemetry signal pair with increasing chamber pressure of an H9 
operated at 6.0 kW. 

Finally, it is important to note that these signals are an incomplete set of the dynamic variables 

that make up the dynamic plasma system. As such, the causal relationships identified in eCCM are likely 

a subset of signals related to specific aspects of the underlying dynamic system. An example of this may 

be seen in the relationship between 𝑉𝑑𝑖𝑠 and 𝑉𝑐𝑔 in Figure 32 and Figure 33. In both operating conditions, 𝑉𝑑𝑖𝑠 can better reconstruct 𝑉𝑐𝑔 but with a forward time shift, meaning that 𝑉𝑑𝑖𝑠 can correctly capture 

dynamics common to both signals, although it may also be driven by additional dynamics not shared with 𝑉𝑐𝑔, as indicated by the inability of 𝑉𝑐𝑔 to accurately cross-map 𝑉𝑑𝑖𝑠 to the same degree. In addition, it 

appears that 𝑉𝑑𝑖𝑠 responds much quicker, < 1 𝜇s relative to 7-9 𝜇s to the common dynamics of  𝐼𝑐𝑎𝑡ℎ, than 𝑉𝑐𝑔 does, producing results similar to those discussed in when two indirect variables respond to a common 

driver with different response delays. One might propose a common driver could be 𝐼𝑐𝑎𝑡ℎ however, the 

negative time-shifts identified in 𝑉𝑐𝑔cross-mapping 𝐼𝑐𝑎𝑡ℎ exceeds the delays between 𝑉𝑑𝑖𝑠 and 𝑉𝑐𝑔. The 

apparent indirect relationship with 𝑉𝑐𝑔 and 𝐼𝑐𝑎𝑡ℎ in Figure 32(c2) indicates a more complicated dynamic 



 93 

network. A more comprehensive set of dynamic measurements would be needed to further clarify the 

relationship between the common driver and each signal.  

5.6 Discussion 

As shown in the analysis of both 4.5-kW and 6-kW thruster operation, there is a reduction in the 

peak cross-mapping skill of the telemetry signals with elevated chamber pressure. It can be hypothesized 

that this degradation in causality stems from pressure-dependent changes in the cathode's current 

pathways. Under normal operation of the thruster in an on-orbit environment, circuit continuity would 

ensure that cathode current and voltage would remain linked to the anode behavior. However, the 

presence of background pressure could result in a higher near-field plasma density, enabling electron 

current flow to the electrically conducting vacuum facility walls or other components, e.g., the thruster 

body. In this scenario, discharge ions can be neutralized by electrons pulled from the target and chamber 

wall surfaces with the cathode-supplied electrons arriving to the facility walls elsewhere and flowing 

within the walls to the location where ions are arriving. This type of cathode-wall coupling behavior 

could partially decouple the direct neutralizing behavior from the cathode current. To better understand if 

this is a reasonable proposal for the observed behavior, a larger set of system variables would need to be 

included in the analysis.  

Expanding the set of available signals to better capture the dynamical network could include both 

high-speed probes and optical measurements coupled with expanded telemetry to improve our ability to 

capture changes in the underlying dynamics. This would help provide a clearer understanding of how the 

environmental factors, such as chamber pressure, alter the dynamic relationships that exist between the 

discharge, cathode, and nearfield plasmas. Another point of interest is to explore how to incorporate 

environmental conditions that affect causal relations into multi-modal data-driven frameworks that allow 

the use of signals whose dynamic relationships are sensitive to such factors (e.g., gain adjustments to 

Kalman filters under specific environmental conditions).  
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5.7 Summary 

This chapter discusses and applies a dynamic causality determination technique, i.e., extended 

cross-convergent mapping, to a subset of Hall effect thruster telemetry signals to evaluate the causal 

dynamic relationships among the signals and their sensitivity to an environmental factor: chamber 

pressure, at two different operating conditions of 4.5 kW and 6 kW. As part of this process, the impact of 

embedding parameters used for reconstructions in cross-convergent mapping is investigated.  It is found 

that optimal embeddings, in the ranges of 𝜏 and 𝑚 we investigated, were sensitive to all three, although 

there are entire regions of embedding parameter combinations that yielded relatively high cross-mapping 

skill. The extended cross-convergent mapping technique is then applied, using the best embedding 

parameters from the sweeps conducted for each signal set, condition, and pressure combination, to 

evaluate the cross-mapping skill of the cathode current (𝐼𝑐𝑎𝑡ℎ), discharge voltage (𝑉𝑑𝑖𝑠), and cathode-to-

ground voltage (𝑉𝑐𝑔) collected from the H9 thruster tested in Georgia Tech’s VTF-2 vacuum facility. 

Across all pressures and operating conditions that 𝑉𝑑𝑖𝑠 produced the best cross-map of the other telemetry 

signals, although it appears to be indirectly related 𝑉𝑐𝑔. The cathode current 𝐼𝑐𝑎𝑡ℎ initially appears to act 

unidirectionally on the cathode-to-ground voltage 𝑉𝑐𝑔, although increases in chamber pressure in the 4.5-

kW operation indicate that this is likely an indirect relationship to an underlying common driver or set of 

drivers that are not fully captured in the subset of signals. It is observed that chamber pressure negatively 

affects cross-mapping skill across nearly all cross-mappings, suggesting that facility pressure can alter the 

dynamic relationships between these signals. 

The selection of dynamically relevant signals for data-driven models can be aided by extended 

cross-convergent mapping, which identifies causal relationships among multiple dynamic signals. Our 

results indicate that signal selection in one environment may not retain the same information in another, 

e.g., chamber pressure may affect the quality of the causal relationship of the selected signal. Therefore, 

models that rely on signals sensitive to such environmental changes should be evaluated to confirm that 

they retain causal relationships with the variables of interest when implemented with data from multiple 
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facilities or pressures. Furthermore, our results indicate that discharge voltage measurements retain the 

most dynamically relevant information among the other signals, even when there are indirect 

relationships, making it a strong candidate for inclusion in dynamic data-driven models. Finally, the three 

telemetry signals used here account for less than half of the available circuit telemetry and include no in-

vacuum measurements, such as light emission, ion current, or ion energy. However, in situations where 

the available measurement sets are limited, the present study shows that maximal information can be 

obtained by selecting signals with the strongest causal relationship with the other signal dynamics. 
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6 BROADER IMPLICATIONS  
 

 

 

The methods for improving measurement and information specificity demonstrated in Chapters 3-

5 are useful on their own, but when used within a unifying framework, they become a more directed 

diagnostic tool to feed the next generation of data-dependent modeling efforts. However, the methods 

presented have practical hurdles and computational limitations that need to be examined, and this activity 

may provide key insights into the next steps to further improve them. This chapter synthesizes how the 

techniques can be used together to further improve the value of diagnostic measurements made with 

existing diagnostics, thereby achieving greater measurement specificity.  

6.1 Measurement Specificity as a Unifying Framework 

Difficulty in estimating plasma properties and capturing anomalous mobility effects in traditional 

Hall thruster modeling has led to reliance on a select few diagnostics to provide the calibration 

information needed to match experimental data to model results [20]. Data-driven models, such as those 

demonstrated with EKF frameworks [22], [26], [27], provide a unique avenue for Hall thruster modeling 

efforts that capture important effects and provide important insights with reduced computational burden 

by using experimental data to estimate unknown parameters. However, these models can be limited in 

their usefulness by the level of information contained in their input measurements, not just by the model 

physics included. The degree to which a diagnostic measurement provides unambiguous, targeted 

information about a particular plasma property or model parameter influences the efficacy of the data-

driven methods in capturing the unknown parameters that define the thruster's operation. Improving 

measurement specificity in existing diagnostics will not only enable a wider deployment of data-driven 

frameworks but also advance fundamental studies needed to generate true predictive modeling tools.  

Chapters 1-5 presented three ways to improve diagnostic specificity. The first was through 

species specificity, achieved through serial operation of filtering diagnostics with the combined EVADER 

probe. The second was through temporal specificity, whereby the temporal resolution of sweep-based 
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measurements, such as ion-current density profiles, was spatiotemporally reconstructed using a nonlinear 

reconstruction technique, shadow manifold interpolation. The final form of specificity was causal signal 

selection, which used a causality analysis tool (eCCM) to guide and justify signal selection for data-

driven models and was demonstrated to aid in selecting the most dynamically relevant signals for 

temporal data-driven modeling frameworks. These improvements in specificity are largely independent, 

suggesting that further gains in information for modeling efforts could be achieved by combining these 

techniques.  

6.2 Toward Integrated Diagnostic Frameworks 

The greatest gains in model information do not come from any single technique in isolation but 

from composing them into an integrated measurement pipeline. Apart from the use of performance 

metrics and IVDF profiles used to create specificity in existing non-temporal models [20], [51], it is not 

often that a combination of measurements with partial information of a system state is integrated in a 

unified manner to improve state estimation. However, the use of species-resolved energy distributions, 

temporally resolved ion currents, and a causally linked high-speed telemetry signal could be combined to 

maximize the information available to a multimodal data-driven model. 

A major source of uncertainty in the thruster ion current density profile is the high-angle ion 

current density, which can strongly influence the estimated beam currents and has been shown to be 

affected by the facility pressure [39]. Approaches to better identify the true ion current density profile 

have tried to weight ions by the current density assumed to be part of the beam ions, relative to that of 

charge exchange. This is done by weighting the amounts of each ion current measurement using angularly 

swept RPA measurements and selecting a threshold ion energy that can be used to subtract low-energy ion 

current from the total ion current measured by the Faraday probe [144]. However, using a discriminator 

grid in front of an ion collector of a Faraday probe, similar to an RPA probe, but with limited high-pass 

conditions, could quickly evaluate the shape of these plumes. If combined with temporal reconstruction 

techniques, a unique picture of the temporally resolved beam current with filtered and unfiltered CEX 
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ions could be evaluated with respect to thruster oscillations. This provides specificity in both the selected 

ion current profile and the time-dependent spatial profile. Thereby limiting the spatial location in which 

ions are likely to be generated and accelerated. The fusion of serial filtering for ion specificity and 

temporal measurement data further specifies the beam ions of interest for models and performance 

metrics, and also reveals how the facility background pressure affects the thrust plume properties. 

Another common challenge is determining the source of a given set of energetic ions that may be 

causing erosion of the inner pole piece of high-power HETs [145]. For example, if temporally resolved 

energetic ions exhibit dynamic behavior that is recovered only by the cathode keeper voltage, indicating a 

causal relationship, whereas the same causal relationship was not found for the discharge current or 

voltage signals, then the source of the ions can be traced to local plasma phenomena occurring near the 

keeper and cathode, and not the discharge. In this way, unique causal relationship mapping enables 

investigations into the origins of convoluted ion species that are not easily distinguishable. In other words, 

the unique dynamic nature and evaluation of causality would allow for greater specificity in identifying 

origins of measured plasma properties, which could be used to design experiments to understand the 

phenomena better and then make changes to the thruster to eliminate undesirable plasma conditions. 

This framework can also be used to improve the information gained in these techniques in new 

ways. For example, if a causally relevant signal can be identified with a key plasma property of interest, 

such as neutral density, it is possible to use this relationship in a sparse nonlinear reconstruction 

framework. Light emission from a metastable related to a neutral population, found to be causally related 

to the discharge voltage or anode current signals, could then be used to reconstruct neutral fluctuations 

from TALIF signals, which are limited in collection rate to 10 Hz by the pump laser used in such 

schemes. This is because, although the TALIF signal fires only at 10 Hz, the measurement speed is 

significantly faster. As a result, the uniqueness of the location within the dynamic manifold where the 

measurement is made is captured by the other signals that retain a causal relationship to the underlying 

property (neutral density). In practice, this would mean that high-speed light measurement and causally 
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linked telemetry signals could be captured before and after a laser firing to provide a temporal 

reconstruction of the rate-limited measurement at much faster time scales than the 10 Hz repetition rate of 

the pump laser. The confidence in the manifold location can be confirmed by evaluating signals that 

include dynamic causal relationships with the signal of interest.  

6.3 Implications for Hall Thruster Modeling 

Given current computational capabilities and our understanding of Hall thruster operation, 

physics-based HET models (fluid, hybrid, PIC) require empirically driven anomalous transport closures 

or methods to speed up computation, which limit the usefulness of the model output. Species-specific 

IEDFs, provided by tools such as EVADER, for example, could be used to constrain ionization models 

more tightly by specifying the fraction of ions generated for each species and the potential profile 

required to produce the resulting energy distributions. Time-resolved measurements, such as those used to 

reconstruct ion current density profiles, could be used to constrain time-dependent ion production and the 

resulting temporal anomalous transport [21], [22]. In combination with species-specific profiles, these 

data can better improve existing physics-based models but may also be used in data-driven frameworks. 

The current PC-EKF data-driven frameworks developed for Hall thruster modeling [22], [26], 

[27] have focused on using discharge current due to its ease of integration into the 0-D global models and 

its assumed causal relationship with the quantities of interest. Indeed, many other 0-D models use this 

current fluctuation to predict a given set of thruster effects [146], [147]. However, as shown in Chapter 5, 

the discharge-voltage signal was more causally relevant than the discharge-current signal. It is possible 

that the voltage signal is causally linked to more processes occurring in the thruster. As a result, if models 

can be modified to include discharge-voltage fluctuations by adding a circuit model, they gain access to a 

data-driven input that has been shown to be more strongly linked to changes in the overall system 

dynamics. There may also be situations where the signal of interest, such as the cathode current, is 

causally influenced by the environment in ways that make it less reliable for dynamic data integration. 
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Using changes in causal relationships over, say, vacuum test chamber conditions, for example, may also 

inform gain adjustments for a given data stream, as discussed below. 

The sensitivity of EP devices to their operating environment further underscores the need to 

develop models that capture these effects. Environment-aware modeling could leverage metrics such as 

causal relationships among dynamic data to identify the extent to which facility effects may be affecting 

dynamic behavior. For example, strong sensitivity of the causal relationship in each pressure range or 

operating condition would be indicative of model-significant facility influences under such regimes. 

These facility-aware modes are the goal of institutes like JANUS, which aim to capture the effects of 

these facilities [148]. Although no dynamic models are currently used in the JANUS predictive 

engineering model framework, the ability to determine whether facility effect thresholds have been 

reached can identify key parameters of interest for evaluation.  

6.4 Limitations and Scope 

There are limitations to the applications of these techniques, both in their applicability and in the 

duration of data collection during testing and the computational time required to analyze the data. In 

terms of data collection, a drawback of double-filtered diagnostics such as the EVADER probe is that the 

total number of sweeps required increases with the energy resolution of the first stage. As discussed in 

Chapter 1, this is necessary to resolve each species’ ion energy sufficiently. Depending on the program 

used to control the plate voltages and read the collector current, this can increase the time for a single 

sweep of one filter from 30 seconds up to a total measurement duration of 45 minutes. The data collection 

scheme has not been optimized and can likely be reduced by 50% or more if different power supplies are 

used to sweep the voltages over limited ranges where information is contained. In addition, collecting the 

data required for spatiotemporal fusion generally takes longer than a typical spatial or internal probe 

voltage sweep. This is due to the increased data volume collected for the SMI process. At each 

measurement state, the high-speed collector signal and reference signals must be recorded, resulting in 

many oscilloscope traces being collected for each state rather than just a current or light-intensity 
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measurement. Although SMI has shown good performance in data sufficiency needs relative to FFT 

methods [42], the data can still exceed gigabytes for a given fine-step sweep with more than 20 

measurements, although compression can help limit the size of these datasets. The required data volume 

adds complexity to collecting data quickly. Since a full oscilloscope waveform of multiple signals is 

collected at each measurement state, delays in the sweep must be introduced to allow sufficient time to 

read and save the oscilloscope data before collecting the next measurement state. This can similarly 

increase the duration of a 30-second sweep to 10s of minutes. It is also important to evaluate the first and 

last signals to ensure there is no major change in the dynamic behavior from the beginning to the end of 

these measurements. This ensures system stationarity and allows data from the beginning or end of the 

measurement sweep to be reconstructed from the input reference signal. 

Stationarity is a critical requirement for the SMI-generated spatiotemporal reconstructions and for 

eCCM causality evaluations. If the system that these signals are collected from is undergoing a change in 

the underlying deterministic relationships, then the cross-mapping process may not be valid. In addition 

to the stationarity requirement, another important aspect is the resolution of the signals. Low-bit-depth 

signals can limit the available data for reconstruction and make it more difficult to find appropriate, near 

neighbors in the shadow manifolds. When possible, 12-bit waveforms are preferred over 8-bit, along with 

high-resolution sensors and probes. In addition to high resolution, the probes should also have sufficient 

bandwidth to resolve the key time scales of interest. Differential probes are typically easy to find in the 

tens of MHz, but many low-cost current probes are limited to less than 1 MHz If interested in resolving 

high-frequency current oscillations, the probe bandwidth should be greater than 10 times the bandwidth of 

the oscillation of interest. This enables proper identification of near-neighbor candidates needed to resolve 

these changes.  

The next limitation is due to the time required to analyze the data; both SMI and eCCM must read 

in many large temporal files and perform piecewise computations at each time step. Shadow manifold 

generation and cross-mapping for a single signal pair generally take less than a minute or two, depending 
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on the amount of data collected. The increased computational cost comes with any parametric sweeps that 

are performed. In Chapter 5, the need to select an appropriate embedding parameter was shown to 

sometimes require parametric investigation. If the parameter ranges for each delay and dimension pair are 

used in reconstruction, this can result in a large number of cross-mappings. Furthermore, any additional 

windowing to generate multiple cross-mappings and evaluate statistical variation will further require 

additional time. The analysis presented in this dissertation used a Python script that was parallelized on a 

Linux server with 64 cores. The parallelized computations still took several hours per parametric-sweep, 

requiring cross-mapping of 3 signals across 2500 parametric signal combinations. We note that this level 

of calculation may only be required in the initial parametric sweep, and it can be significantly reduced 

later by changing the window to explore. Additionally, using selection criteria from MITC [125], in which 

sweeps over the maximal delay locations in both signals are explored, may further reduce the 

computational cost.  

Finally, it is important to discuss what this work does not address. The developments here do not 

implement new physics-based models or propose a new implementation of extended Kalman filter 

frameworks. It provides methods to improve the input measurements for such data-driven models by 

increasing measurement specificity and improving signal selection. The empirical anomalous transport 

estimation is not improved over existing LIF methods, but rather measurement specificity that better 

constrains the uniqueness with these traditional downstream diagnostics is presented. The species-

resolved, time-resolved, and causally selected measurements described here have not yet been fully 

integrated into an EKF framework as a closed-loop demonstration. That integration is beyond the scope of 

this dissertation, but is suggested for possible future work.    
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7 CONCLUSION 
 

 

 

The work presented in this dissertation represents unique contributions to the field of diagnostic 

measurements in electric propulsion systems. Although these techniques are applied and discussed in the 

context of the diagnostic frameworks needed to improve understanding of HET physics and modeling, 

they are in no way limited to only these devices. Their use in plasma processing and fusion applications is 

directly translatable from the work presented in this dissertation, as the understanding of dynamic 

phenomena in complex systems with convoluted measurements is common to both fields. Furthermore, as 

discussed above, the use of these techniques in combination with one another to improve measurement 

specificity presents a major opportunity for further investigation.  

7.1 Summary of Contributions 

The intention of this work is to show how improvements can be made to measurement specificity 

across ion species, temporal, and dynamically causal dimensions to enhance the quality of inputs 

available to data-driven models for improving HET modeling and characterization. This was 

demonstrated through three independent investigations, with results published or submitted for peer-

reviewed publication.  

The combined EVADER probe diagnostic was demonstrated to improve species distributions, 

with overlapping, wide energy distributions. This probe was also further demonstrated to provide species-

specific ion energy distributions. This can show a significant change in the species fractions assumed by a 

VDF fit with highly overlapping species distributions. Although this does not change the overall thruster 

efficiency much, it does provide unique information about the plasma in the discharge that would be 

required to determine such species fractions. The species-specific information of the energy distribution 

can be used to even further inform the available thruster state-space required to produce such 

distributions.  
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Shadow manifold interpolation with time-delay embeddings was used to reconstruct the time-

resolved ion-current distribution of a highly oscillatory thruster. Evaluating the time between peaks in the 

current indicates that the doubly charged ions could be distinguished from singly charged ions by adding 

such time resolution in such a highly oscillatory regime. This method has been demonstrated for many 

state-based diagnostics and, in combination with eCCM methods, may provide a way to select appropriate 

reference signals for reconstructing sparsely measured signals. 

Extended cross-convergent mapping was applied to Hall thruster telemetry signals collected 

while operated under several pressure environments. This was done to demonstrate a method for 

evaluating the causality of signals to further inform signal selection in data-driven models that require 

temporal data, and to show how these signals can be affected by environmental conditions such as 

pressure. A parametric sweep was conducted to select the appropriate embedding parameters, revealing a 

signal-to-signal dependence and slight pressure dependence. The eCCM results indicated that many 

relationships that may be thought to be causally related are likely to be indirectly related. Furthermore, the 

discharge voltage appeared to be the signal that could best reconstruct all other evaluated signals. The 

strength of the relationships was shown to be pressure-dependent, further highlighting the importance of 

understanding the environmental conditions under which the data were collected and analyzed.  

These three improvements in measurement specificity are needed to bridge the gap between 

current measurement techniques and the information required for data-driven models to capture thruster 

physics with downstream probes. Although demonstrated independently in Chapters 3-5, these techniques 

can be combined to further improve the information obtained from these measurements. Time-resolved, 

species-specific, ion energy and current density distributions reconstructed from the most causally 

relevant signal selected for the data-driven framework would be an example of leveraging all techniques 

together to reduce the available discharge plasma property state space that would have produced that data.  
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7.2 Future Work 

There are several natural next steps that follow from the concepts discussed in Chapter 6. Some 

of the most immediate would be to apply SMI to the species-specific measurements of an EVADER 

probe. This presents a challenge because it requires measuring low-current signals at high speed, though 

adjustments to the probe and measurement circuit could help address it. If a trans-impedance amplifier 

were integrated more directly near the probe and only had to send amplified signals to vacuum-chamber 

feedthroughs to measurement equipment located outside the chamber, the measurement speed and signal 

would likely be achieved. If the temporally resolved species-specific measurements were fused with 

spatiotemporally fused ion current density distributions, then unique spatial and species information 

would be redundantly present in the reconstructed signals, further improving the certainty in the temporal 

reconstruction.  

Another near-term solution is to evaluate SMI using causally guided signal selection and 

estimated uncertainty bands for reconstruction quality. In the majority of reconstructions to date, the 

discharge current has been the primary signal used to reconstruct time-resolved state-based measurements 

with SMI. However, as the eCCM results revealed, the discharge current may contain slightly less 

information than other signals, such as discharge voltage. Additionally, in the SMI framework, there is 

often a single reconstruction presented for all states, but by windowing sufficiently long segments of the 

temporal signals and performing the reconstruction several times, any variation from the reconstructions 

can also be reported as a standard deviation, just as the shaded regions of the eCCM results were. Taken 

together, causality-related frameworks could enable better reconstruction signal selection, with variability 

in reconstruction reported to provide additional information about the uncertainty in the reconstruction 

that can be leveraged with the standard diagnostic analysis to propagate a better understanding of the 

uncertainty in the temporal measurement. 

As mentioned earlier, some medium-term efforts could focus on incorporating the information 

into a closed-loop EKF framework, where the identified signal for data-driven modeling is used within a 
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multimodal framework to better inform model parameters, including anomalous electron transport. The 

combination of species-specific ion energy information with temporal data could demonstrate the degree 

to which the state space is constrained by these data. Also in the near term, extending the SMI and eCCM 

frameworks further independently would be useful. As discussed in Chapter 6, the view of the 

deterministic dynamical view of Hall thruster may allow the use of additional temporal signals to 

accurately estimate the manifold placement of sparse data collected by rate-limited systems. This would 

enable measurement systems, such as Thomson scattering and TALIF, that rely on rate-limited pump-laser 

firings to produce temporally resolved measurements.  

Another extension of existing techniques would be a more comprehensive investigation of Hall 

thruster telemetry tested in imperfect facilities, which could help to better fill in the missing dynamic 

links identified in Chapter 5. Specifically, the inclusion of both anode and cathode current would be 

helpful in understanding the degree to which the two plasma devices are affected by the facility in which 

they are tested. Another direct extension would be to apply the eCCM framework to the telemetry of 

thrusters tested in clusters. Many high-power nuclear electric propulsion architectures plan to leverage 

Hall thruster clusters to provide sustained thrust, but how these thrusters will interact dynamically is still 

an outstanding question [149]. The eCCM framework could be applied to assess how the cathode-

discharge causal relationship is affected when another thruster is operated in close proximity and to 

quantify the degree to which thrusters interact with each other. For example, if the distinct dynamic data 

of thruster A’s discharge is reproducible in the current or cathode-to-ground voltage of thruster B’s 

cathode, the degree to which they are causally linked could be identified and examined more closely. This 

would have implications for understanding the conditions under which the thrusters may be better suited 

to operate together as well as the degree to which these metrics change with increased thruster spacing. 

As the community moves toward predictive engineering models that integrate experiments and 

simulations with improved uncertainty quantification, the specificity of diagnostic measurements will 

become the rate-limiting factor in reducing model uncertainty. The techniques for specificity in species 



 107 

selection, temporal resolution, and causal signal selection present a framework to address that bottleneck 

with existing diagnostics. As Lord Kelvin would describe it, these measurements allow us to “know” so 

that we may “improve”. 
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