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ABSTRACT OF DISSERTATION

RANDOM DECREMENT BASED METHOD FOR PARAMETER IDENTIFICATION 

OF WIND-EXCITED BUILDING MODELS USING ACCELERATION RESPONSES

This research addresses the parameter identification problem of a linear dynamic 

system from forced acceleration responses without any knowledge of input forces. Such 

a problem is attributed to the added effect of an applied force in its impulse acceleration 

response function. When using the random decrement technique for such acceleration 

responses, the random decrement signature of the acceleration response has the added 

effect resulting from the random decrement signature of the applied force. This result has 

greatly restricted the practical value and applicability of such a random decrement 

acceleration signature in the time domain identification.

The random decrement based method has been proposed in this study to provide a 

solution to the identification problem. The random decrement based method elaborates 

response data in the time domain and, then, frequency domain by combining the random 

decrement technique with the fast Fourier transform based algorithms. The theoretical 

derivation of the random decrement based method initially develops a new frequency 

response function approach for the acceleration responses, by means of a small 

modification of the traditional approach. The adoption of the modified frequency 

response function establishes a theoretical basis defined for the frequency response 

functions of the random decrement signatures, if  the dominant vibration modes are 

significantly excited, well separated, and lightly damped.
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Numerical and experimental simulations have been implemented to identify the 

modal parameters of building models from forced acceleration responses using the 

random decrement based method. The numerical simulation is based on various dynamic 

systems subjected separately to white noise excitations and fluctuating wind forces. The 

experimental simulation employs a five-story aeroelastic building model tested in a wind 

tunnel. These simulations are particularly critical to manifest the characteristics of the 

random decrement acceleration signatures when using the random decrement based 

method. The applicability of the random decrement based method has been verified by 

both numerical and experimental results. The performance, limitations, and difficulties 

encountered by the proposed random decrement based method are also discussed.

Chiu Jen Ku
Department of Civil Engineering 
Colorado State University 
Fort Collins, CO 80523 
Summer 2004
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Chapter 1

INTRODUCTION

1.1 Background and Motivation

The present trend of constructing structures, which are slenderer and lighter, has 

made them susceptible to vibrations under a strong wind environment. The issues of 

serviceability and occupant comfort in tall and flexible buildings have become practical 

concerns in design criteria to structural engineers. As a matter of fact, such issues are 

mainly associated with the control of excessive acceleration of wind-induced motion 

experienced by the occupants of the top floors of a building. Problems of this type can be 

solved by the design of intelligent structures that can mitigate such undesired vibrations 

by incorporating control systems in the buildings. The control systems, such as passive, 

semi-active, and active control schemes, have gradually become an integral part of the 

structures in the last three decades. The performance of these control systems depends on 

better understanding the dynamic properties of the installed structure through analytical, 

numerical or experimental methods, or a combination of them.

The use of analytical finite element models consisting of mass, damping, and 

stiffness matrices for structures has been proven to be very beneficial in evaluating such 

control performance. However, theoretical modeling alone cannot describe the dynamic 

behavior of real structures with complete confidence, because certain structural properties 

in an analytical model must be assumed or determined empirically. Experimental testing 

of a structure can furnish valuable information to complement the theoretical modeling

1
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with the experimental determination of the structural properties. In order to construct the 

accurate finite element model of a tested structure from its experimental information, the 

application of an identification procedure lying in a theoretical framework of modeling 

plays a crucial role.

Modal parameter identification is a special area of system identification, in which 

the mathematical structure of a model representing a dynamic system is known to be in a 

form of modal parameters [Ghanem and Shinozuka, 1995; Hjelmstad, 1996; Allemang 

and Brown, 1998; Petsounis and Fassois, 2001]. Different approaches to identify the 

modal parameters of linear dynamic systems have been addressed in the literature. 

Comprehensive surveys of the literature can be found in the following papers of authors: 

[Astrom and Eykhoff, 1971; Hart and Yao, 1977; Ibanez, 1979; Strejc, 1981; Berman, 

1984; Kozin and Natke, 1986; Juang and Pappa, 1988; Natke, 1989, 1990; Mottershead 

and Friswell, 1993].

Generally, the approaches for modal parameter identification can be categorized 

into frequency domain techniques and time domain techniques. Most of the frequency 

domain identification techniques are based on the fast Fourier transform (FFT) algorithm 

invented by Cooley and Tukey [1965] in the late 1960s. The use of the FFT can rapidly 

evaluate frequency response functions of a dynamic system from the measured external 

excitations and resultant responses of the system in the frequency domain. In the course 

of developing the frequency domain techniques, the time domain techniques have been 

used as alternative approaches. One of the popular approaches is the random decrement 

(RD) technique, presented by Cole [Cole, 1968]. To realize the information about the 

modal parameters of a dynamic system, the RD technique is intended to transform

2
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random responses to free vibration responses that certain identification techniques 

strongly depend upon in the absence of known external excitations.

The theoretical background of the RD technique in a statistical description has 

been established in the 1980s [Vandiver, 1982; Bedewi, 1986]. It was shown that the RD 

signatures of displacement and velocity responses are equivalent to the corresponding 

free vibration responses, when the dynamic system is subjected to Gaussian white noise 

excitations. However, Huang, et al. [1998] noted that the RD signatures of acceleration 

responses are never equivalent to the free vibration responses, because of the existence of 

the Dirac delta function resulting from the white noise excitations in such RD signatures. 

The emergence of the Dirac delta function calls into question the use of such acceleration 

responses in the identification approaches, when acceleration measurement is of crucial 

importance to wind-excited structures. This result motivates the research reported in the 

dissertation, in which the topic is random decrement based method for parameter 

identification of wind-excited building models using acceleration responses.

1.2 Objectives and Scope

The objective of this research is to develop and demonstrate an identification 

procedure that can be applied to process the acceleration responses of a linear dynamic 

system for estimating the modal parameters of the dynamic system. In order to meet the 

objective of the research, attention is mainly placed on theoretical derivation, numerical 

verification, and experimental verification with respect to applicability of the random 

decrement based method to various types of acceleration responses.

3
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To start, the mathematical model used to describe the vibration of dynamic 

systems throughout this research study is hypothesized to be a second-order linear 

ordinary differential equation with lumped coefficient matrices: a lumped mass model. 

The proposed identification procedure should have the same content of applicability as 

that of the above mathematical model. In addition, the external excitations acting on a 

dynamic system are Gaussian and can be modeled using white noise excitations and real 

wind forces.

The utility of the Gaussian white noise excitations makes it more tractable to 

theoretically derive the correlation functions of dynamic responses, which are important 

to interpret the characteristics of the RD signatures. The real wind forces are simulated 

by a multivariate autoregressive moving average model with the practical consideration 

of the temporal and spatial correlations in the different degrees of freedom of a structure.

The following task is to exploit the concept o f the RD technique to further explore 

the properties of the RD signatures of responses in the time and frequency domains. The 

outcome of this task is expected to establish the relations between the RD signatures of 

the responses and the corresponding free vibration responses of the dynamic system and 

thus pave the way to develop the RD based method.

The development of the RD based method is another task that combines the RD 

technique with the FFT based algorithms to provide a solution for the RD acceleration 

signatures, which do not resemble the free vibration responses. The applicability of the 

RD based method for extracting the modal parameters that determine the modal model of 

a dynamic system is investigated by analyzing simulated and experimental acceleration 

data. In addition to resolving this problem, this method is also expected to be applicable

4
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to practical issues, such as: (1) measurement noise; (2) lack of input measurement; and 

(3) limited number of sensors.

1.3 Research Outline

This dissertation is organized in seven chapters. Following the brief statement 

above in this chapter, the contents of the subsequent chapters are introduced:

Chapter 2 presents an efficient procedure to simulate fluctuating wind forces 

using a multivariate autoregressive moving average model with the consideration of 

temporal and spatial correlations in different degrees of freedom of a structure. The 

detailed derivation of a two-stage least squares algorithm is introduced to determine the 

parameter matrices of the multivariate autoregressive moving average model. The 

application of the procedure is demonstrated in the simulations of Gaussian fluctuating 

alongwind and crosswind forces when acting on a two-degrees-of-freedom example 

building. The results of the simulations based on the given spectral models reveal the 

considerable potential of the simulation procedure. The generated wind forces can then 

be used to implement the dynamic response analysis of the building.

Chapter 3 proposes a new procedure by adapting the concept behind the random 

decrement (RD) technique to define the initial conditions of an analytical free vibration 

response from the synchronous RD displacement and velocity signatures. The analytical 

free vibration response is then compared with the specified RD signature to further 

examine the properties within the RD signatures. To illuminate the proposed procedure, 

the theoretical background of the RD technique in conjunction with a general triggering 

condition is introduced. The validity of the procedure with two individual triggering

5
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conditions is confirmed through a single-degree-of-freedom dynamic system driven by a 

white noise excitation and a simulated wind force, separately. Comparisons between the 

RD signatures and the corresponding free vibration responses reveal that the RD 

acceleration signature contains the added effect of the RD signature of the applied force. 

The RD signature is not equivalent to the free vibration response when the dynamic 

system is subjected to the simulated wind force.

Chapter 4 demonstrates a generalized relationship between the RD acceleration 

signatures and the RD force signatures, since the influence of the RD force signatures on 

the RD acceleration signatures has been found. To access more information about the 

RD signatures in relation to free vibration responses, the theoretical foundation of the RD 

signatures is further developed. Numerical simulations are undertaken through a 2DOF 

linear dynamic system loaded by Gaussian white noise excitations and fluctuating wind 

forces to complement the theoretical basis. The free vibration responses of the dynamic 

system are determined from the procedure that selects the initial conditions from the 

formed RD displacement and velocity signatures. The resulting free vibration responses 

are then compared with the associated RD signatures. Comparison of the results reveals 

that each RD acceleration signature consists of two portions contributed respectively by 

the non-forced acceleration response and the applied force.

Chapter 5 proposes a random decrement based method to identify the modal 

parameters of a linear dynamic system, when only forced acceleration responses are 

available to use. The RD based method elaborates response data in the time and, then, 

frequency domains by correlating the RD technique with fast Fourier transform based 

algorithms. However, the added effect of the RD force signatures in the RD acceleration

6
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signatures should be addressed, hi response to this, a novel frequency response function 

(FRF) approach for the acceleration responses, with a modification of the traditional one, 

is verified in advance. Then, the derivation of the RD based method follows the concept 

of the verified FRF approach to achieve the theoretical basis of the FRFs defined for the 

RD signatures. Numerical simulations of various DOF linear dynamic systems loaded 

individually by white noise excitations and simulated wind forces foster the applicability 

of the RD based method. In the course of these numerical simulations, an innovation of 

the RD technique to effectively avoid the added effect of the RD force signatures in the 

RD acceleration signatures was discovered. In addition, the identification accuracy of the 

mode shapes can be further enhanced, when a proper time length is extracted from the 

formed RD signatures in order to evaluate their FRFs.

Chapter 6 focuses on verifying the applicability of the proposed RD based method 

by identifying natural frequencies and mode shapes of a five-story aeroelastic building 

model using acceleration responses measured from wind tunnel tests. Owing to a limited 

number of sensors, the acceleration responses are measured group by group and the 

modal parameters of each mode are, therefore, identified group by group. The FRF 

approach using the FFT based algorithms to evaluate the modal parameters is also used 

for the purpose of a cross validation. The results reveal that the natural frequencies and 

mode shapes identified from the RD based method give an excellent match with those 

from the FRF approach. The satisfaction of the orthogonality condition of the identified 

mode shapes to a lumped mass model further validates the applicability o f the proposed 

RD based method in practical applications of acceleration measurement.

7
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Chapter 7 summarizes the conclusions of the present study and recommends 

future tasks.
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Chapter 2

SIMULATIONS OF MULTIVARIATE FLUCTUATING 

WIND FORCES

2.1 Introduction

In structural dynamics applications, a dynamic response analysis in the frequency 

domain is often performed for computational convenience. However, when considering 

structural non-linearities or structure-excitation interactions, a dynamic response analysis 

in the frequency domain may not be appropriate. Instead, a dynamic response analysis in 

the time domain may provide an alternative to analyze such problems of linear or 

nonlinear structures. The time domain analysis of structural responses, when subjected to 

stochastic wind forces, requires simulation of the discrete time series of wind forces. 

Therefore, it is important to evaluate the veracity of a stochastic wind force simulation 

before one performs successfully temporal and spatial domain analysis of wind-induced 

structural responses.

Actually, many researchers have used simulations of a stochastic process based on 

a specified spectral density function or correlation function. One of the traditional 

approaches to generate time series of multivariate and multi-dimensional stationary 

stochastic processes is based on a superposition of trigonometric functions with 

statistically independent phase angles [Shinozuka, 1971, 1987; Shinozuka and Jan, 1972; 

Shinozuka et al., 1990]. Such a simulation approach was also employed as a basic tool 

for the Monte Carlo solution of various problems in stochastic structural dynamics
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including linear and nonlinear problems [Shinozuka, 1972]. However, this approach has 

the disadvantage of computational inefficiency, since the summation of a large set of 

trigonometric functions is involved in the simulation procedure. Although the use of the 

fast Fourier transform (FFT) algorithm can overcome such computational inefficiency 

[Shinozuka and Deodatis, 1991], it also requires the expense of increased demand on 

computer storage, when dealing with long period simulated data.

In contrast with the Shinozuka method, the autoregressive moving average 

(ARMA) models and the autoregressive (AR) models offer more efficient algorithms for 

simulating time series of multivariate and multi-dimensional stochastic processes, in 

accordance with a target spectral density function matrix or correlation function matrix, 

hi these models, a simple recursive numerical operation is employed to generate the 

multivariate and multi-dimensional time series, once the parameter coefficient matrices 

of these models are estimated. The advantage of such parametric time series models is 

that they significantly reduce computational effort. These models also do not require 

considerable computer storage. In addition, such time series models can reproduce the 

prescribed correlation matrix and spectral matrix to a close approximation.

The AR model has been widely applied for wind simulations by several authors. 

Iwatani [1982] used the AR method proposed by Akaike [1969, 1971, 1988] to simulate 

one-dimensional and multivariate fluctuating wind velocities in accordance with 

specified power spectra and cross spectra. Iannuzzi and Spinelli [1987] investigated 

three different simulation methods, including Goto and Toki method [1969], Shinozuka 

method [1971], and Iwatani method [1982], for single and multiple time series of wind 

velocities. Such simulated wind velocities were then transformed into the fluctuations of
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wind forces when applied to the field of structural aerodynamics. It was shown that the 

dynamic response of a structure is substantially affected by the characteristics of the 

simulated fluctuating forces, including the degree of correlation between the fluctuating 

components. Tsukagoshi et al. [1993] took advantage of the simulation procedure 

proposed by Tamura et al. [1988] to simulate the fluctuating alongwind and crosswind 

forces to carry out the time domain dynamic response analysis of a high-rise building 

with a tuned mass damper.

This chapter presents a procedure to simulate wind forces by integrating the 

multivariate ARMA model with the consideration of temporal and spatial correlations in 

the different degrees of freedom of a structure. The derivation of a two-stage least 

squares algorithm for determining the parameter coefficient matrices of the multivariate 

ARMA model is introduced in detail. The feasibility of the procedure is demonstrated in 

simulations of alongwind and crosswind fluctuating forces for the subject building shown 

in Figure 2.3.1. Comparisons of the respective spectral density functions and correlation 

functions calculated from the simulated aerodynamic forces with the target functions 

show considerable agreement.

2.2 Time Series Models

2.2.1 AR, MA and ARMA Models

A M-variate autoregressive (AR) model of order P is given by:

Y(nAt) = AjY[(n -  j)At] + B0s(nAt) (2.2.1)
/= i

where Aj is th e /h autoregressive M xM  parameter matrix, Bq is the zeroth moving average 

MxM  parameter matrix, and djiAt) is a Mx 1 vector of uncorrelated white noise processes

12

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



with zero mean vector and covariance matrix. The structure of the covariance matrix is 

defined by:

E{e(nAt)4{n + k)A t f ]  = (2.2.2)

where 2 is a MxM symmetric positive definite matrix. Thus, the M-variate vector of 

stochastic processes Y(nAt) at time nAt is a linear combination of its previous time 

histories and a vector of white noise processes.

A M-variate moving average (MA) model of order Q is given by:

Y(nAt) = f j BJ4 ( n - j ) A t ]  (2.2.3)
j =0

where Bj is the / h moving average M xM  parameter matrix. The M-variate vector Y(nAt) 

at time nAt is expressed by the previous and present vectors of white noise processes.

A M-variate autoregressive moving average (ARMA) model of orders P  and Q, 

denoted ARM A(P,0, is obtained by combining both autoregressive and moving average 

terms in the model:

Y(nAt) + £  AjY[(n -  j ) At] = £  Bj£[(n -  j ) At] (2.2.4)
M  j =o

[Wei, 1990]

2.2.2 AR Model and Yule-Walker Method

In this section, the Yule-Walker method is introduced for estimating the AR

parameter matrix that is typically related to the correlation function matrix in a linear

relation [Yule, 1927; Walker, 1931]. By post-multiplying both sides of Equation (2.2.1) 

with Yr[(n-k)At] and then taking the expectation, the following result is obtained:

13
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Y ^ A jR y y lU - m t]  = -R„[kAt] k  = 1,2 (2.2.5)
7=1

f j AjRYY(jAt) = B0ReY(0) k = 0 (2.2.6)
7=0

in which Ryy(kAt) denotes the MxMx(P+l) correlation function matrix of the stochastic 

processes 7, and ,40 is assumed to be a M xM  identity matrix, Im- The above Equations 

(2.2.5) and (2.2.6) are known as the Yule-Walker equations.

Similarly, by post-multiplication of both sides of Equation (2.2.1) by s [nAt], 

er[(n-l)At], ..., eT[(n-k)At], ..., sr[(n-P)At], individually, and then taking the expectation 

to obtain the correlation function matrix Rye between Y(nAt) and e[(n-j)At] leads to the 

following equations:

RYe(Q) = B0 k = 0 (2.2.7)

Rrs{-kht)  + X  AjRYe[(j ~ k)At] = 0 k = 1,2 , . . . ,  P  (2.2.8)
7=1

RY£(kAt) = 0 k > 0 (2.2.9)

E[Y(nAt)({{n + A:)At]} = P ^(M f) = R TsY{-kAt) (2.2.10)

Subsequently, by virtue of substitution of Equation (2.2.7) into Equation (2.2.6) and use 

of Equation (2.2.10), one obtains:

BoBl = f , A j R YY(jAt) k  = 0 (2.2.11)
j=o

The Yule-Walker equations can also be expressed in a matrix form as follows:

[A, A2 ... AP]U = - [ ^ ( A0  ^ ( 2  At) ... P^(PA t)] (2.2.12) 

in which the Toeplitz matrix, II, contains PxP  sub-matrices,

14
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Ryy( 0) Ryy(At) ... R ^ [ ( P - l ) A t ]

n =  RYY(At) Ryy( 0) ... R TYY[ ( P - 2 ) A t ] (2213)

A y [(p - 1)A?] Ryy[(P -2 )A t]  ... R „ (  0)

From Equation (2.2.12), the parameter matrix Aj’J -  1,2, . . . ,P,  for the AR model can be 

determined from the specified target correlation function matrix Ryy(kAt). Since BoBqT is 

a positive definite matrix, it follows that the right hand side of Equation (2.2.11) is also a 

positive definite matrix. Therefore, Bq can be solved, for example, by the Cholesky 

decomposition. Once the parameter matrices are obtained, Equation (2.2.1) can be used 

to generate the simulated multivariate time series, driven by a white noise vector.

2.2.3 ARMA Model and Two-Stage Matching Method

Gersch et al. [1970, 1976, 1977] extended the earlier theoretical works [Thiel, 

1950; Durbin, 1960] by using a two-stage least-squares method to realize parameters of a 

multivariate ARMA model, as well as a scalar ARMA model, from a given stationary 

covariance matrix. They then applied the ARMA model for the synthesis and 

identification of random vibration systems in mechanical and structural engineering 

problems. Spanos et al. [1985, 1986] further presented a two-stage order-of-magnitude 

matching method to determine the parameters of a scalar ARMA model based on a prior 

higher-order AR model in accordance with a target turbulence spectrum. Such an ARMA 

model could simulate a stochastic process without synthesizing the response of a dynamic 

system. Subsequently, Samaras et al. [1985] and Spanos and Schultz [1986] made further 

use of the two-stage least squares method so that a multivariate ARMA model with the 

same orders of AR and MA could be established by a prescribed correlation function

15
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matrix or spectral density function matrix. Mignolet and Spanos [1987a and b, 1989, 

1990] continued a series of studies on various optimal procedures by the minimization of 

frequency domain errors to estimate the parameter matrix of a multivariate ARMA model 

with different AR and MA orders. Similarly, it was found that the two-stage ARMA 

algorithm could be extensively used in a multi-dimensional and multivariate stochastic 

process [Naganuma et al. 1987; Mignolet and Spanos, 1992a and b]. Furthermore, Li and 

Kareem [1990a and b] studied a three-stage matching method by combining the two- 

stage least squares ARMA algorithm with digital interpolation filters to simulate wind 

forces at the prescribed time increments.

In this study, the two-stage least squares method to estimate the requisite

parameter matrix of a multivariate ARMA model has been selected and used as follows.

In the first stage, a target process is required to be well approximated in terms of an AR 

process. In this regard, a prior AR model of higher order F  is readily obtained from 

Equations (2.2.5) and (2.2.6) in the preceding section. In the second stage, the ARMA 

model may be derived by the correlation function matrices, R yy  and R y£. The correlation 

function matrix R ye is solved from the prior AR model, according to Equations (2.2.7) 

and (2.2.8). Hence, if both sides of Equation (2.2.4) are post-multiplied by Y[(n-mp)At] 

and 4.(n-m g)A t\, respectively, and then processed by the expectation, the following 

relations can be given:

B = (2 -2 -14)

- Z BjRTY£[{mp -  j)At] + £  AjRyr[ ( j- mp)At] = - R ^ - m ^ t )  (2.2.15)
7= 1 7=1
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in which mp = 1, 2, P  and = 1, 2, Q. The matrix expression of these two 

equations is:

[.B, ... ^  ... AP]D =

[i?r£(-AO ... Rye(-Q&t) -Ryy(At) ... - iU P A O ]
(2.2.16)

The matrix, D, in Equation (2.2.16) is a M(P+Q)xM(P+Q) matrix and consists of four 

sub-matrices:

D =
7  T t 
r  n

h  ■ 0 ~Rye( 0) 0

0 4 - J & [ ( l - / 0 A f ]  • • - R y M

*r.(0) ' • - i U ( l - 0 A / ] Ryy(0) • R y y [ ( P M  At]

0 - R yM Ryy[(P-l)At] • Ryy(0)

(2.2.17)

in which n  is the PxP  Toeplitz matrix as well as Equation (2.2.13) and T contains PxQ

tfisub-matrices in which the (m,n) is represented by:

Tmn =-Ry£[{m-n)At} 
=  0

m < n

otherwise
(2.2.18)

Once the AR and MA parameter matrices Ai} i = 1, 2, . . . ,  P, and Bu i -  0 ,1 ,2 , .. .  

, Q, are obtained, the time series can be generated recursively by the aid of Equation 

(2.2.4).

2.3 Simulation Procedure of Fluctuating W ind Forces

A multi-dimensional and multivariate Gaussian stochastic process is the common 

characterization of the wind velocity field in the atmospheric boundary layer. In this

17
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respect, a simulation procedure should be applicable not only to scalar processes, but also 

to multi-dimensional and/or multivariate processes. Often, simulation of the wind 

velocity field when applied in structural design for line-like structures can be simplified 

to a one-dimensional stochastic process -  the longitudinal component of the wind vector. 

It is also required to consider the temporal and spatial correlations o f wind-induced 

longitudinal forces associated with different degrees of freedom of a large structure. As a 

result, the simulation of fluctuating wind forces in this study is represented as a one­

dimensional (longitudinal) and multivariate (multiple discrete heights) Gaussian 

stochastic process.

The simulation procedure adopts the concept presented by Tamura [1988] to 

consider the temporal and spatial correlations in the different degrees of freedom of a 

structure. The procedure can typically be undertaken in three steps: 1. Target spectra of 

aerodynamic loads; 2. Fourier transform between spectra and correlation functions; 3. 

Generation of fluctuating wind forces. A detailed description for the procedure is 

introduced in the following subsections to simulate two cases of one-dimensional and 

multivariate turbulent wind forces.

2.3.1 Target Spectra of Aerodynamic Loads

The appropriate choice of stationary power spectra is a starting point to simulate 

the time series of the alongwind and crosswind forces acting on structures. The spectral 

description of the fluctuating alongwind force at a height z and a frequency/is given by:

S „ { z , f )  = [pC0A f J ( z j f \ x ( z , f f S , ( . z , f )  (2.3.1)
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in which p, As, and Co are air density, sectional area, and drag coefficient, respectively. 

Equation (2.3.1) is formulated on the basis of the strip and the quasi-steady theories for 

the fluctuating alongwind force. The power law in Equation (2.3.2) describes the 

longitudinal mean velocity U (z) in the atmospheric boundary layer under neutral

thermal conditions.

Uj?)
V M )

f  \ a z

v z i J
(2.3.2)

in which F,(z,) is a reference mean velocity at a height zi from the ground and a  is an 

exponent of the mean wind velocity profile. Both Vl and a  can be determined from 

actual measurement of wind. The auto-spectral density function of the longitudinal 

fluctuating velocity, Su(z, j),  is multiplied by the aerodynamic admittance, \%{z, j )|2, for 

the correlation of the fluctuating velocity. The spectral density function of the fluctuating 

wind velocity proposed by Kaimal et al. [1972] and the aerodynamic admittance 

proposed by Vickery [1968] are formulated, respectively, as:

f S u( z , f )  200n . ,
2 " =  ------------Ty"’ 0 < / < o o

(l + 50o)/sul
(2.3.3)

14-

in which u* is a surface friction velocity and n >

2 f j A
U (2 )

U{ Z)

(2.3.4)

The correlation between wind velocities, corresponding to different degrees of 

freedom in a building, may be considered only at the center of each height. In addition, 

such a correlation at one face of the building may be assumed as the same as the opposite
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face. Therefore, the simulation procedure of the fluctuating forces is a one-dimensional 

and multivariate stochastic process. The cross-spectral density function of the fluctuating 

wind velocities Su„ (Az , f )  for any two points is represented in complex polar pattern as:

(2.3.5)

(2.3.6)

SUtj (A z,/) = SUij (A z,/) i

= CoUjU. (A z,/) -  iQuUUj (A z,/)

in which i = 4 ~ i  and

\  (A z,/)| = / < , j (A z,/) + e < . J(A z,/)

= ■lS,i{zl, f)S„j (zl , f )Coh(  A z , f )

The real and imaginary components in Equation (2.3.5) are known as the coincident 

spectral density function (co-spectrum) and quadrature spectral density function (quad- 

spectrum), respectively. The co-spectrum and quad-spectrum of the wind velocities are 

expressed as [Bendat and Piersol, 2000]:

CoVj (A z ,/) = ^ ( z,.,/)S .; (z ,,/)C o » (A z,/)co sef (A z ,/)  (2.3.7)

A z ,/)  = ^ S Bt(zi, f ) S u (zj , f )C oh(Az , f ) sm O I-j( A z , f )  (2.3.8)

in which

Coh(Az,f) =
C°u,uj (A z,/) + Q^uj (A z,/)

s Uii m s( n
(2.3.9)

6E(Az,/) = tan _  (23.10)
CoUiU.(Az, f)

Coh(Az,f) and f%(Az,/), defined by Equations (2.3.9) and (2.3.10), are the square root of 

the coherence function and the phase angle, respectively, and may be given from 

published wind tunnel or field measurements.
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In the atmosphere, the foregoing two expressions are approximated through the 

application of the following equations for the vertical direction [Davenport, 1961, 1968; 

Panofsky et al., 1974; Shiotani and Iwatani, 1979]:

ya*
Coh(Az,f)  = e Ua (2.3.11)

k'fAz
= (2.3.12)

a

in which k$ a decay constant of the correlation in the vertical direction, is assumed to be

8 and k^ is constant to be 9 for the simulation of the alongwind forces in this study. Ua

is the average mean velocities at two different points, separated in height by distance Az.

For the crosswind motion, a conversion between the longitudinal velocity and the 

pressure on the side faces of a building may not be available. The reason is because the 

interaction between the separated shear layer and the side faces of a building significantly 

affects the aerodynamic pressures acting over the side faces of the building. In addition, 

the crosswind motion is partially the result of buffeting by lateral component of 

turbulence in the approaching wind. Therefore, the application of the mentioned theories 

and formulas for the alongwind motion on the crosswind motion remains rather doubtful 

[Kareem, 1982]. On the other hand, the wind tunnel measurements may provide a direct 

approach to determine the crosswind forces.

To demonstrate, a similar model for the spectral density function of the crosswind 

force SiAz,f)  proposed by Kareem [1984], as follows, is used in this study.
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= a x b x
LF

a =

= a x b x

B

/ \°-9
L

\  f s  J  
/  \3 .0

L

(2.3.13)

1- f y l 2~2
+ 2 B[71

U ) _ U J _

(2.3.14)

b = 1.32
,3.5

v 3 ct j
+ 0.154 1 — (2.3.15)

in which H  and W are the height and the width of a building, respectively; f s = —  is
W

shedding frequency; ctlf is the mean square value of the crosswind force; S  is the 

Strouhal number; B = 2 * I t(z) is the bandwidth coefficient; and It(z) is the turbulence of 

intensity at a height z. The spatial correlation for the simulation of the crosswind forces 

in this study is considered by assuming and k% to be 3 and 0, correspondingly, in 

Equations (2.3.11) and (2.3.12).

2.3.2 Fourier Transform between Spectra and Correlation Functions

Once the appropriate spectral density functions of fluctuating forces have been 

obtained, their correlation functions can be transformed by making use o f the Wiener- 

Khinchine relationship [Bendat and Piersol, 2000] as follows:

CO

RFiFj( T ) =  I  SFiPj( A z , f ) e i2^ d f

Z  (2.3.16)

= ] s FiFj(Az , f ;At)e i2̂ d f
TaT
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in which

°° / k
SFiFj(A z , f - ,A t ) =Y .S ee Az,f + — (2.3.17)

The auto-correlation function in Equation (2.3.16) is further simplified to:

RFiFi (t) = 2J SFiF/ ( A z , / ; At)co s(2 ! fr )d f (2.3.18)
0

From the definition of Equation (2.3.5), it follows that the cross-spectral density function 

of the fluctuating forces is given by:

Substituting Equation (2.3.19) into Equation (2.3.16), in turn, the cross-correlation 

function can be obtained in terms of CoFiFJ(Az,f, At) and QuFiFj{Az,f\ At) as:

interval, At. Therefore, the sampling frequency must be at least twice the significant 

frequency components in a signal to prevent aliasing.

2.3.3 Generation of Fluctuating Wind Forces

After the target correlation functions are obtained from the target spectra, the 

parameter matrices of the multivariate ARMA model in Equation (2.2.4) can be 

determined from Equations (2.2.12) and (2.2.16). The multivariate ARMA model, driven

(2.3.19)

0

is the Nyquist frequency of the sampling procedure with sampling
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by the white noise processes, is assumed as Gaussian stochastic processes for generating 

stationary time histories of wind forces in this study. Such an assumption is believed to 

be valid for aerodynamic loads that involve integral effects of the random pressure field 

over large areas.

Fluctuating alongwind and crosswind forces were generated at two points for an 

example building. The specifications and parameters illustrated in Figure 2.3.1 and Table

2.3.1 were used for this example. The selected orders of the ARMA(P, Q) model, 

defined in Equation (2.2.4), for the alongwind force were ARMA(85,77) with a prior 

order P ’ of 460, while the simulation of the crosswind force made use of ARMA(75,75) 

with a prior order P ’ of 450. The time interval At was set as 0.2 second. To fulfill the 

prescribed probabilistic characteristics for the wind forces, each set of Gaussian random 

numbers was individually generated as inputs in the multivariate ARMA model. Within 

the time histories o f the wind forces, the initial 500 seconds were generated in advance to 

maintain the subsequent simulated data stationary. Following the initial period, an 

additional 8000 seconds was generated, which was adopted for the evaluation of the 

spectral density functions and correlation functions in each case of the simulated forces.

Table 2.3.1 Parameters for Simulation Examples

Air Density, p 1.225 kg/m
Drag Coefficient, C D 1.3
Reference Height, z \  10 m
Exponent of Wind Profile, a  1/7
Strouhal Number S  0.216
The Intensity of Turbulence It(z) 0.15
Reference Mean Velocity, Vj (z,) 40 m/sec
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10m
U(z)

M2

M l

10m

10m

Figure 2.3.1 Specifications of the Example Building

Figures 2.3.2 and 2.3.3 illustrate the normalized auto-spectral density functions of 

the target and the simulation for the alongwind and crosswind forces, respectively. The 

spectral density functions of the simulated wind forces were determined by the average of 

nine FFT based computations. Each FFT based computation was based on the data 

length of 1600 seconds and 50 % overlap from the whole simulated data of 8000 seconds. 

The auto- and cross- correlation functions for the target and the simulation of the 

alongwind and crosswind forces are illustrated in Figures 2.3.4 and 2.3.5, respectively. 

The simulation of the fluctuating alongwind forces essentially stresses the property o f a 

time delay in the spatial correlation between the two simulated forces as displayed in 

Figure 2.3.4. On the other hand, the simulation of the fluctuating crosswind forces only
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focuses on the spatial correlation without a time delay between two simulated forces as 

illustrated in Figure 2.3.5. These results show that the characteristics of the simulated 

fluctuating wind forces agree fairly well with those of the target ones.

2.4 Concluding Remarks

The use of the multivariate ARMA model including the temporal and spatial 

correlations in the different degrees of freedom of a structure provides an efficient 

simulation procedure for wind forces. The results show that the simulation procedure is 

useful for the simulations of the fluctuating wind forces along the height of the building.

Whenever the wind forcing functions are generated by means of the parametric 

time series model, e.g., ARMA or AR model, the time-domain dynamic response analysis 

of the building can be implemented immediately by solving numerically the equations of 

motion.
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Chapter 3

RANDOM DECREMENT TECHNIQUE

3.1 Introduction

The random decrement (RD) technique was explored initially and developed 

heuristically by Cole [1968, 1971], while investigating the application of correlation 

functions for the measurement of on-line damping ratio and natural period in aircraft 

model tests at NASA. The RD technique provided a simple and direct method, instead of 

the FFT based approach, to implement data analysis of vibration systems excited by 

random forces. Since the RD technique was introduced, practical applications have 

widely appeared, such as identification of modal parameters and on-line monitoring of 

damages in structural and mechanical systems [Houbolt, 1975; Yang et al., 1976, 1978, 

1981; Caldwell, 1978; Jerry, 1981, 1986, 1992; Tamura et al., 1993, 1994, 1996]. In 

addition, the RD technique provided the principal basis for the Ibrahim time domain 

algorithm [Ibrahim, 1977; Ibrahim and Mikulcik, 1977] that requires a set of free 

vibration responses to simultaneously identify all parameters of the dominant modes in a 

system. To further explain the concept of the RD technique, the mathematical 

descriptions were developed from an intuitive standpoint [Chang, 1975; Yang, 1976; 

Caldwell, 1978; Huan, 1983]. However, such an intuitively developed RD technique has 

been criticized for its lack of a rigorous mathematical proof.

A strict theoretical proof for the RD technique was not proposed until 1982 by 

Vandiver et al., who established the general relationship between the auto-correlation
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function and the auto RD signature for a linear and time-invariant dynamic system: one 

excited by a Gaussian stochastic process with a zero mean. Bedewi [1986] expanded the 

work of Vandiver to theoretically develop the multiple-signal RD technique for a linear 

multiple-degree-of-freedom (MDOF) dynamic system. It was also indicated by Bedewi 

that the auto and cross RD displacement signatures are identical to the corresponding free 

vibration responses of a dynamic system, when input forces are Gaussian white noise 

processes. Brincker et al. [1990, 1992] proposed the generalized formulae of the RD 

signatures in terms of correlation functions for different triggering conditions, and he also 

pointed out the introduction of the bias because of finite-size trig windows. Spanos and 

Zeldin [1998] showed that the RD signature is not a system free vibration response if  the 

input excitation is not white noise, since the RD signature associated with a linear 

dynamic system is influenced by the parameters of the excitation.

Up to this point, the relation between the RD signature and the free vibration 

response was typically derived for displacement response. In other words, the 

characteristics of the RD signature for other responses still needed more attentions at that 

time. Therefore, Huang et al. [1996, 1998, 1999] focused on expanding the mathematical 

derivation of the relations between the RD signatures and the corresponding free 

vibration responses from displacement response to velocity response and acceleration 

response. It was satisfactorily shown that the RD displacement and velocity signatures 

are equivalent to the corresponding free vibration responses. However, it was indicated 

that the RD acceleration signatures are never equivalent to the corresponding free 

vibration responses because singular behavior exists in such RD signatures. This singular 

behavior mainly resulted from the statistical property of white noise excitation that is the
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input force to a dynamic system. This consequence motivates investigations regarding 

whether the RD technique is still useful in extracting the free vibration response from an 

acceleration response, in spite o f the existence of the singularity.

The new challenge, an analytical free vibration acceleration response, is difficult 

to achieve without knowledge of the initial displacement and velocity conditions. In this 

study, a new procedure is proposed to determine the required initial conditions from the 

synchronous RD signatures of displacement and velocity responses in a numerical 

simulation. Given such initial conditions, the analytical free vibration responses can be 

obtained and then compared with the corresponding RD signatures.

To accomplish a better understanding of the proposed procedure, the theoretical 

background of the RD technique associated with the general triggering condition is first 

introduced as a prerequisite. Following the introduction of the RD technique, the 

variances of the estimated RD signatures with the general triggering condition are further 

derived. The generalized relevance of the auto RD signatures and the analytical free 

vibration responses is established when the input excitation to a SDOF dynamic system is 

a Gaussian white noise process. In addition to the theoretical development of the RD 

technique, the supplement of numerical simulation is presented by taking advantage of a 

single-degree-of-freedom (SDOF) dynamic system loaded by a white noise excitation. 

The application of the proposed procedure with two different triggering conditions is 

made to gain a better understanding of the properties within the RD signatures. The 

practical application of the RD technique to wind-induced responses is then contrasted to 

results of the theoretical derivations under the assumption of a Gaussian white noise.
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3.2 Development of Random Decrement Technique

The basic concept of the RD technique proposed by Cole is illustrated in Figure

3.2.1. As shown, an ensemble average signature is formed to represent a free vibration 

response of a system by processing pre-selected segments from measured data. In Figure

3.2.2, there are three parts due to initial displacement xjf ) ,  initial velocity xv(t), and 

forcing function xp{t), which constitute the total response. The starting time, to, of each 

sampling segment is selected so that each sampling segment of time length r  begins at the 

same displacement and the slope of the initial displacement alternates between the 

positive and negative. Eventually, the formation of the RD signature Sxxij) is carried out 

by averaging N  sampling segments. This preceding description is expected to use a 

mathematical expression as following:

S x x M  = X.(«, + r ) K « . )  = (3.2.1)

in which

X n (h )= xd n = 1,2,3,...
X n(t0)> 0 n = 1,3,5,...
X n{t0)< 0 n = 2,4,6,...

Furthermore, it is seen from Figure 3.2.2 that the averaging part due to the initial 

velocity is cancelled out, because the slopes of the initial velocity responses are expected 

to change sign randomly. Correspondingly, as the number of the averaged segments 

increases, the part due to the forcing function is also averaged to vanish because of its 

random characteristic. In the end, only the part due to the initial displacement Xd remains 

and their average is a free decay curve of the system.
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Figure 3.2.2 Principles of Random Decrement Technique [Yang et al., 1981]
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3.3 Definition of Random Decrement Signatures

In general, the theoretical definition of the auto RD signatures, Sxx(r) and Sry(f), 

and cross RD signatures, S x y ( t )  and Syxir), for stationary stochastic processes, X{t) and 

7(0, can be expressed as:

Sxx(T) = E[X(t + T)\Txu)] (3.3.1)

Sry(T) = E[Y(t + T)\Tm ] (3.3.2)

SXY(T) = E[X(t + r)\Trit)] (3.3.3)

SYX(T) = E[Y(t + T)\Tx(l)] (3.3.4)

in which Tm  and Ty(t) denote as triggering conditions at a time of t and 2i[|] represents the 

conditional expectation operator [Stark and Woods, 1994]. It is assumed that the 

triggering condition is not null. Otherwise, the following derivations are invalid.

3.4 Relation between Correlation Functions and RD Signatures

Vandiver et al. [1982] and Bedewi [1986] theoretically presented the proportional 

relation between the auto and cross RD signatures and the correlation functions, which is 

defined by using the level crossing triggering condition. To fulfill the application of any 

particular triggering condition, Brincker et al. [1992] and Asmussen [1997] further 

proposed the formulation of the general triggering condition. On the basis of the general 

triggering condition, a versatile relation between the RD signatures and their correlation 

functions was established.

In the ensuing subsections, the formulations of three various triggering conditions 

are applied to demonstrate the versatility of the RD signatures. Moreover, the variances
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of the estimated RD signatures, based on the general triggering condition, are derived in 

this study following the introduction of the statistical properties for the RD signatures.

3.4.1 General Triggering Condition

As described, establishing the generalized formula of the RD signatures is a 

starting point for all various triggering conditions. In this respect, a mathematical tool 

based on the minimum mean square error estimator is applied in the following derivation. 

To begin, it is assumed that random vector X_ = ( X l, X 2,. . . ,Xn) and random variable Y 

are jointly Gaussian distributed with zero means. The conditional mean and the 

conditional variance are derived, respectively, as [Papoulis and Pillai, 2002]:

in which A = [al,a2,...,an] is a constant vector and R denotes a correlation function 

matrix. Since ( Y - A X T) is independent ofx ;-, it follows that E \ X ( Y -  A X 7)] = 0. As a 

result, A can be explicitly determined by:

n
Mm = m X ]  = d £ T = '£,a,X, (3.4.1)

a 2m  = Var[Y\X] = E[YYT}~ E [ A X TY] = RYY-  AR^ (3.4.2)

(3.4.3)

in which

(3-4.4)

sym. R

(3.4.5)
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Corresponding to the conditional mean in Equation (3.4.1), the general formulae 

of the RD signatures in connection with the correlation functions and the triggering

condition TX(t) = |X (0) = x0,X(0) = x0} are established as follows [Brincker, 1992]:

Sxxir) = E[X(t) \X(0)  = xo,X(0) = x0] 

= [-^Ax(r ) Rjcx^T \̂

R x M r  2 0 2 0 
c r X  CTX

<x2x R ^ i  0)
-1

V

Rxx( o) ° k

----1o•H
i

(3.4.6)

S yx(t) = E[Y{r) |X(0) = x0,X(0) = x0]

— \R -X Y ( T )  R X Y  (r)]
CTX Rxx  (0)

-1 1----OKi

/ x x ( ° )  .

----,
•H°i

(3-4.7)

R_yy(r) R ^ j t )
2 0 2 0

’X X

It should be noted that the first derivative of the auto-correlation function occurring at the 

zero time delay, t = 0, is zero [Bendat and Piersol, 2000], i.e. 

dE[X(t)X(t + t)]
R'xxi 0) = - dr

= E[X(t)X(t)] = -E[X{t)X{t) \  = 0
T - 0

Subsequently, the conditional variances of the RD signatures, as follows, can also be 

calculated by relating to Equation (3.4.2).

Var[X(r) |X(0) = x0,X(0) = x0] = R ^ i  0) -
R-xx (®) Rxx 

- n  R& W— K ^  (U) 2

xx' (3.4.8)

Var[Y(r) |X(0) = x0,X(0) = x0] = ^ ( 0 )  - R U t )  R\y{t)  
R ^iO ) Rm ( 0)

= RYr( 0 ) - ^ 4 ^ -  R ' ^ {T)
cr Y

1 L
<4

(3.4.9)

42

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



However, the RD signatures are estimated in practice from a finite number of 

samples because of a finite length record. Therefore, it is important to realize in essence 

whether the estimates of the auto and cross RD signatures are unbiased or not. If the 

stochastic processes are strictly assumed to be ergodic, the estimates of the auto and cross 

RD signatures for a finite number of samples can be expressed by:

= 0 )= x0,X,<S»=xa (3.4.10)
W i = l

i rx(r) = = * . .* « »  = *0 0.4.11)
N  1=1

in which the hat A over 6{r) indicates the estimate of the true <5(r). As is well known, the 

sample mean and the sample variance of N  random variables x,- are defined, respectively, 

by:

x = (3-4.12)

s2 = ~ _x)2 (3.4.13)

It can be shown that if  the random variables are uncorrelated with the same mean pi and

variance o2, the expectation and the variance of the sample mean are given, respectively,

as follows [Bendat and Piersol, 2000]:

E[x] = ju (3.4.14)

Var[x] = ^  (3.4.15)

Therefore, the means and variances of the estimated RD signatures in Equations (3.4.10) 

and (3.4.11) are derived in terms of Equations (3.4.6-9) and (3.4.14-15) as follows:
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(3.4.16)

(3.4.17)

and

F a r [ ^ ( r ) ]  = ^ ^ ( 0 ) - (3.4.18)

Var[8YX( T ) \ - - ^ \ R YyiO)- R 2x y ( t )  < ( r ) ) (3.4.19)

From Equations (3.4.16-19), it follows that the means of the estimated RD signatures are

the superimposed samples increases. Generally, the variance of the estimated RD 

signatures increases with the increase of the time lags from its initial position. Besides, it 

can be concluded that the variances of the estimated RD signatures are independent of the 

triggering conditions.

3.4.2 Level Crossing Triggering Condition

The level crossing triggering condition, as illustrated in Figure 3.4.1, is frequently 

used in data processing. When X(t) and Y{t) are Gaussian stochastic processes, Equations 

(3.4.6) and (3.4.7) yield functions of time delay rand  a chosen triggering level xo for the 

triggering condition TX(t) = {W(f) = x0} as follows:

unbiased and the variances of the estimated RD signatures decrease when the number of

<S„(r) = E{X(  r)|X(0) = *„] = (3.4.20)
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S yx{t) = E[Y(t)\X{Q) = x 0} = RxriT)

&xc(oY
(3.4.21)

, respectively, in which R xx( t) is the auto-correlation function of the stochastic process, 

X(t), and R xy( t) is the cross-correlation function between the stochastic processes, X {t)  

and Y(t).

The conditional variances of the RD signatures for such a triggering condition can 

be derived directly from Equations (3.4.8) and (3.4.9).

Var[X(r)\X(0) = x0] = Rxx(0 ) - Rlxi?)
Rxx(Q)

Var[Y(t)\X(0) = x0] = RY¥(0 ) - R'xyjr) 
Rxxi 0)

(3.4.22)

(3.4.23)

If the stochastic processes are assumed to be ergodic, the estimates of the conditional 

means and the conditional variances are directly obtained from Equations (3.4.16-17) and 

(3.4.18-19) as:

" Xr\ S  v

(3.4.24)

(3.4.25)

and

* « (  0 ) - ^ #
x

(
Var[SYX(t)] = —  Ryy(0 )-

R2xy{ r)

(3.4.26)

(3.4.27)

Equations (3.4.20-27) are the same expressions as the results of Vandiver and Bedewi 

whose derivations used the concept of the normal probability distribution instead.
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Figure 3.4.1 Multi-Signal RD Technique and Level-Crossing Triggering Condition

3.4.3 Constant Slope Triggering Condition

The triggering condition can be based on a constant slope, TX(t) = |X (t)  = i 0} . 

Such a triggering condition implies that the final position of the amplitude X(t) is zero as 

well as the zero slope, X(t)  = 0, for the level crossing triggering condition. It is because 

the contributions from the positive and negative components of the stochastic process 

X(t) detected at the instant of X(t) = x0 are averaged out. With the introduction of the 

above triggering condition, Equations (3.3.1) and (3.3.4) are therefore rewritten as:

SvciT) = E[X(t  + T)\X(t) = x0] (3.4.28)
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S yx(t) = E[Y(t + r)\X{t) = i 0] (3.4.29)

From Equations (3.4.6) and (3.4.7), it follows that the auto and cross RD signatures for 

such a triggering condition can be given straightforwardly as:

(3.4.30)

S (T) = - R 'xr(t) %
u Y X \ l )  ^ 2  0 (3.4.31)

In addition, the derivation of Equations (3.4.30) and (3.4.31) relating to the 

concept of the normal probability density function is well shown here. As mentioned, if 

X(t) and Y{t) and their first derivatives, X(t)  and Y(t) , are assumed as the Gaussian 

stochastic processes with zero means, it is known that the marginal and joint probability 

density functions of these stochastic processes are respectively defined as:

1
42ft <f t< J ,

-exp
f - X 2A 
\2<7x j

42ft<
-exp

ft(7 i

( _ J ? \

v24 ;

(3.4.32)

(3.4.33)

and

Pxu)x(t+r4^’ -^0
2no  k o  x * \ \ - p \  

-1

X X

exp
\ Gx J

- 2  PiX X
\ a X  J \ a X  J

+
\ a X  J

(3.4.34)

'xumt+T) (X,Y)  =
2 n < 7  k c r Y ^ \

-1
exp

2 ( 1 - ^ ) \ a x j
- 2  PxX X

V a Y j

(  v \

v°V j

(3.4.35)
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in which

c r X  ~  R XX (^)
Cr2y = Ryyi 0) 

P x x ( T )
_ RJa(T)

P x r W  =

&  X ®  X  

R x y ( t )  

&  X a Y

Based on the definition of the conditional probability density function,

Pxr(x,y)
p Ylx(y\x) = -

P x ( x )

the following results are obtained:

' X ( t+T) \X( t ) (X |X  = x0) = exp
-1 x  Rxxir)

. 2  * 0  

' X  J

'Y(t+v)\X(t) V2~7TtX<Jh
-exp

2 O'?
Rxr(?)

\ 2
Y - Z ^ - Xn

V a x

in which

cr,

■ P 2x x

^2
' P x r

(3.4.36)

(3.4.37)

(3.4.38)

(3.4.39)

(3.4.40)

The expectations of Equations (3.4.38) and (3.4.39) are simply the definitions of the auto 

and cross RD signatures in Equations (3.4.28) and (3.4.29). Therefore, the auto and cross 

RD signatures are:

S  (T)= Rxx(r) £ _ . Rm 1?) X
u  XX )  2 0 2 o

^x

c / \ _ R X y ( T )  j. _ R ’x y ( T )  ... 
U Y X \ L )  ~  2 - x 0 = -

(3.4.41)

(3.4.42)
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which are the same expressions as Equations (3.4.30) and (3.4.31).

Similarly, the means and variances of the estimated RD signatures for Equations 

(3.4.41) and (3.4.42) can be determined as:

E [8  ■
R
- 2 - r  = S

2 A0 X X

&x
(3.4.43)

£[£„(*•)] = = ^  
a i

(3.4.44)

and

Var[Sxx(r)] =
a

(3.4.45)

Var[SYX(r)} =
f  W 2 ,

^yy(O)- _2
K i r )

<Jx  J

(3.4.46)

3.4.4 Positive Peak Triggering Condition

When the positive peak triggering condition Tx{t) = {0< X { t )  < oo , X( t )  = 0} is 

specified, Equations (3.3.1) and (3.3.4) are reformulated as [Asmussen, 1997]:

S ^ i r )  = E [ X ( t  +  T ) \ 0 < X ( t ) < o o , X ( t )  = 0] (3.4.47)

S yx( t ) = E[Y(t + r)|0 <  X{t) <  oo , X ( t )  =  0] (3.4.48)

The results of the auto and cross RD signatures for the positive peak triggering condition 

are given as:

s  ( T) = K i l l  x (3.4.49)
"  K ( 0 )  0

S XY(r) = ^ ^ - x Q (3.4.50)
^ Rxxi 0)
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J xpx (x)dx
in which x0 = ^ ----------- = J —crx is defined as the triggering level.

}oPx (x)dx

3.5 Auto RD Signatures and Free Vibration Responses for a SDOF System

For a linear under-damped SDOF system, the governing equation of motion can

be described by:

mx(t) + cx(t) + kx{t) = /  (t) (3.5.1)

or

q(t) + 2£xa)xq(t) + a x q{t) = f ( t )  (3.5.2)

in which

o)x= J -  (3.5.3)

c
(3-5 -4)

/ ( 0  = 4 ^  (3-5-5)
■sjm

x(t) = ^ r  (3.5.6)
- 4 m

The modal displacement response, q(t), resulting from the effect of an arbitrary 

forcing function fit) and zero initial conditions, can be solved by Duhamel convolution 

integral as [Crandall and Mark, 1963]:

q{t) = \ f { s ) h ( t - s ) d s
° (3.5.7)

= \  f  (s)h{t -  s)ds
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in which h(t) is an impulse response function of the system for the modal displacement 

response q{t) and Qfe is the damped natural frequency:

h(t) = — e ^ 1 sin{codt) t > 0
a d (3.5.8)

= 0 t<  0

(3-5.9)

The subsequent derivatives of Equation (3.5.7) with respect to t are given by:

t

m =  \ f ( s ) k t - s ) d s  + h(Q)f(t) (3.5.10)
—oo

t

m =  J  - s)ds + h(0)f( t)  +  h(0)f(t )  (3.5.11)
—oo

t

k t )  = J  f { s ) k t  -  s)ds + h (0 ) f  (t) + m f  it) + h(0)f( t)  (3.5.12)
-o o

It is noted that the lower limit of integration in Equation (3.5.7) is expanded to minus

infinity, since fit) = 0 for t < 0. It means that the modal response q{t) and its derivatives

are zero when time t is less than zero for a linear causal system.

Since h(0) = 0, /?(0) = 1 and h(0) = - 2 £ xcol , it follows that the expressions of 

Equations (3.5.7) and (3.5.10-12) can be further simplified as:

t

q(t) = j  f  (s )h( t- s )ds (3.5.13)
—oo

t

q(t) = I  f  ($)h(t - s)ds (3.5.14)
—oo

m = j f u m - s ) d s + m  0 .5 .1 5 )
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I

2(0  =  J  -  s ) d s  -  2 ^ (0  J ( t )  +  f ( t )  (3.5.16)
—oo

Moreover, on the basis of the assumption that/(f) is a stationary random forcing function 

with a zero mean, the responses are also stationary stochastic processes with zero means. 

Hence, from the definition of correlation functions for the stationary modal responses,

R J t )  =  E [ q ( t ) q ( t  +  r)] (3 .5 .17)

the following mathematical expressions are obtained upon substitution of Equations 

(3.5.13-16) into Equation (3.5.17) and transformation of variables r = t - s .

Rvg(r) = E
oo oo

JJ/0- t x) f ( t  + T ~ T 2) h ( T l ) h ( T 2) d r , d T 2
.0 0

oo oo

=  J  J  Rf f (T + f j  -  T2) h { t x) h { t 2) d t xd r 2
0 0

GO OO

R4q(T) = j j  Rff(T+T\ ~ T2)h(Tl)h{T2) d t xdr2

(3.5.18)

(3.5.19)
0 0

OO WJ

R gg(T) = J j R A T +  ri " r 2) h ( r x) h ( t 2) d T xd T 2
0 0

(3.5.20)

OO 00

RiM(T) = l l R f f ( T + T l - T 2) h ( T l ) h ( T 2) d T id T 2 + j R f f ( T - T 2) h ( T 2) d T 2 (3.5.21)
0 0

OO ay

Rm(r) =  J | i ? # ( r  +  r, -  T2)h{vl)h{r2)dTxd r 2
0 0
oo co

+ ^ R f f { r - z 2 ) h ( j 2 ) d t 2 +  J  R f f ( T  +  T x) h ( r x) d T x + R f f ( r )

(3.5.22)
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00 00 CO
R ^ ( r )  =  J  J  R j r ( t  +  T l -  T 2 ) h ( T l ) h ( T 2 ) d T ld r 2 +  j  R f f ( r  +  T 1) h ( T 1) d r 1

0 0 0 

00 CO
+ |R ^ ( t -  t 2)h(T2)dT2 - 2 g xeoxj R ff( r - T 2)h(r2)dT2 (3.5.23)

o o
- 2 ^ xa } xR f f  ( t )  +  R j r ( r )

oo <o co
R~~(t) =  J J R f f ( r + T l -  T 2 ) h ( T l ) h ( T 2 ) d r ld T 2 +  j  R ^ . ( r  -  r 2 ) h ( T 2 ) d r 2

0 0 0 
CO oo

- 2 ^ 1a>1|  R f f  (r -  t 2 )h ( t2 )dr2 -  2 £ xa>, J R f f  (r + r l )h{r,)c/r,
0 0

o°
+J R ^ . { T + T l )h{Tx)d T l +  4£\coi\Rf f (T) -  2 £  XG) ̂ ^ { t)

(3.5.24)

- 2 ^ 1ffl1i?/ (r) + i?# (r)

in which = t ~ s x > 0 and r 2 = f + r  -  s2 > 0 .

Taking a Gaussian white noise stochastic process with uniform spectral density 

function So into account, the following formula can be established for the auto-correlation 

function of fit).

i? j ( r  + r, - 1 2) =  E ^ f ( t  -  T x) f ( t  + x -  r 2)J = 2tiS0S ( t + t 1 - t 2) (3.5.25)

in which 5  is represented as the Dirac delta function. The Dirac delta function and its 

derivatives have the following properties [Bracewell, 1999]:

£>(*) = 0 for x * 0 (3.5.26)

co

\d(x)dx = \ (3.5.27)
—CO

co

|  /  ( x ) S ( x  -  a)dx  =  f  (a) (3.5.28)
—oo

J  f ( x ) 8 ia) (x)dx = (-1)" j  5 8{x)dx (3.5.29)
dx
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OO 'Jj

j  f  (x)8'(x -  a)dx = -  f ' ( a ) = - j f {x)8 '{a  - x)dx (3.5.30)
—oo -c o

Based on the relationship of Equation (3.5.5), the auto-correlation function of fit) is 

solved by:

Rff(r + T x - T )  = E [ f ( t  -  r, ) f ( t  + r -  t 2 )]

= L E \f ( t - T x) f { t  + T - T 2)\ (3.5.31)
m J

_ 2hSq8(t + tx -  r 2)
m

After substituting Equation (3.5.8) and its derivatives, Equation (3.5.31) with the 

assumption of the Gaussian white noise process, and the properties of the Dirac delta 

function into Equations (3.5.18-24), the correlation functions of the modal responses are 

given by:

mco
sin(codT2)S{r+ r, -  r2)dr2]e sin{o)drx)dr

uu WJ

d  0 0

Y  jg-^®i(ri+r) sin[cod{rx + r)je 'fl®‘r' sin(cydr x)drx (3.5.32)
d 0

nSoe~(l0lZ
2m£xcox

cos{a>dr) + £ rsin {(odz)

e~Slf0'T 1
Raa(T) = - R,qq M  = „ 0 „..a L :;s in (^ r)2mCxco\

(3.5.33)

•si n(a>dT) (3.5.34)

2 e~('0'r
r M  = - r 'A t) = - m

1-2C1 1 sin { a  d r) + -  cos( a d r) (3.5.35)

54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2nS0S(r)
q q

nS0coxe

+

2m

2nS0S(z)

m

cos(o)d t) +« -  3)

V w f
sin(odr)

m

^ q ( r )  = -R - (T )
2 xSo[2(Z1(01S ( t) + S ,( t)]

m

2nS0co2le-('m'T

2nS0[2£16)lS(T) + S'(T)]

( 8 f i  - 8 t f + l )
sin(tyrf r) + ( - 2 ^  +1) cos(®d r)

m

q q  V /  q q  V /

2*S0[ 4 < > ^ M -<?"(?>]

27tSQa)xe

+

4 V W 1
2*S0[ < < » ^ ( r ) -#"(!■)]

It should be noted that

RqAT^ - ^ J RqqW

R*Jt) *---
3 r w

q q  V '  . 6  CIO K /
d r b

because of the existence of the Dirac delta function in the calculation process.
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(3.5.36)

(3.5.37)

cos(<ydr)

(3.5.38)

T > 0.

(3.5.39)

(3.5.40)

(3.5.41)
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By making use of Equation (3.5.6), the correlation functions of the dynamic 

responses are then obtained as:

nS0e
2m £ 1eol

cos (£l)dT) + <r,

V w '
sin{codr)

(3.5.42)

nSoe 1 ■sin{(odT)
(3.5.43)

Rxx(T) ~ I—Rtf (7) I—■sjm s/m

7iSq£ ,®,r

2m £ xcox
cos(adr ) - f , sin( <ydr)

(3.5.44)

^xx(r ) ~  I—Rqq(T) j—Vm ym

27iS0e
m

1 ,2^  , sin(<D, r) + 4 cosffflj r)
< , v w f  2

(3.5.45)

Ra ( z ) -  j - R „ M  j -

_ nS0coxe-£>ir

+

2m2

2nS0S(r)

( _L
.<r,

■4£ cos(u)rfr) + sin(ro^r)

m

(3.5.46)
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sin(®d r) + (-2^1 +1) cos {cod r) (3.5.47)

m

R a i r )  =  ^ , R  ( T ) 4 -
V «  Vm

2 ; s S > ^ '‘a'T
m *V w i

- 1 6 ^ + 2 8 ^ - 1 3 ^ + !

1 6 ^ + 2 0 ^ - 5  . ,  ,91 -sm (o dr) + (3.5.48)

4^,(1 -C l )
cos (o}dr) +

2aS0[ < « ;g ( T  )-<T-(r)]

W

The results of Equations (3.5.42-48) motivate the pursuing interest in obtaining 

the auto RD signatures under the requirement of the general triggering conditions. With 

such a requirement, the auto RD signatures of displacement, velocity and acceleration 

responses, based on Equations (3.4.6-7) and (3.5.42-48), become:

$ x x ( T) =
Rxx(r) r  R'xx(r) ,
R-xxi®) ° Ra (0) 0

= x0e - ^ ' r COS ( a) d T)  + £

(

■sin (codr) +  x 0e <i®,r sin{Q}dt)

x0cos ( a dT) + £ ■Xr, + sin(£Urf r)

(3.5.49)

8 n  (t) =

= x0e <,®,r COS {(OdT)-

<i®,r
VwT

1-2C?

f . i / w :

sin(&»rfr)

■ sin(®rf r) + 2 cos(rurf r)

(3.5.50)
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coxe-(^ T

a l( ~ - 4 C x) + 4$( 0)1

sin(codT) + (1 -  2£\) cos(codr) - 2 £ xg>xS(t) - S ' ( t)

(3.5.51)

For the purpose of comparison, the analytical free vibration responses of the SDOF 

dynamic system are given as follows:

Apparently, the RD displacement signature in Equation (3.5.49) is equivalent to 

the free vibration displacement response in Equation (3.5.52), when the initial 

displacement and velocity conditions are given as x(0) = x0,x(0) = x0, respectively. 

Nevertheless, the RD velocity and acceleration signatures are not thought to be of the 

same forms as the corresponding free vibration responses in Equations (3.5.53) and

(3.5.54), since the Dirac delta function <5[f) and its derivatives are present in Equations

x(t) = e i x(0) cos(ry/) +— \£xcoxx{0) + x(0)] sin(a>dt) (3.5.52)

x(t) = e (x<0't jx(0) cos{codt) + — [-u>jx(0)-^']ty1i(0)jsin(u)rff) (3.5.53)

x (0  = e 4”1<i''; |[-2 ^ '1u)1x(0)-fflix(0)jcos(«yrfO+ ^ x<° x *(0)
(3.5.54)
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(3.5.50) and (3.5.51). Such results raise the important question whether equivalent 

relations between the auto RD signatures and the corresponding free vibration responses 

under certain initial conditions are indeed guaranteed to hold.

To clarify this point, a comparison between the auto RD signatures of responses 

and the corresponding free vibration responses is considered where the initial amplitude 

is chosen exclusive of the slope as the triggering point. As a result, Equations (3.5.49-51) 

become:

K„(0)

= x0e cos(codr) + <r, ■sin (codr)
(3.5.55)

s xA?) =
_  Rx * W  ,  

Rn {0) 0

x ( ) e cos(icodt)- ■s m{a)dr)
(3.5.56)

S & (r) =

© 1 COS(<3)dT) + sin (a}dr) +  S ( T ) (3.5.57)

co,
,4£i

+ 3(0)

When the initial displacement is equal to xo and zero initial velocity, i.e. x(0) = x0 

and i(0) = 0, respectively, the RD displacement signature of Equation (3.5.55) is 

equivalent to the corresponding free vibration response of Equation (3.5.52) [Vandiver et 

al., 1982; Bedewi, 1986]. Similarly, under the initial conditions, x(0) = 0 and i(0 ) = x0, 

the RD velocity signature of Equation (3.5.56) is also equivalent to the free vibration
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velocity responses of Equation (3.5.53) [Huang et al., 1996, 1999]. However, the free 

vibration acceleration response is not equivalent to the RD acceleration signature, 

because the Dirac delta function still remains in the second term of Equation (3.5.57) 

[Huang et al., 1999]. The emphasis of this result is that the Dirac delta function existing 

in the correlation functions affects the representations of the RD signatures to be the free 

vibration responses, even if the adjustment of the initial conditions is made by the 

specified triggering condition. It is interesting to ask next whether or not the auto RD 

signature of this acceleration response can adequately stand for the free vibration 

acceleration response. Hence, numerical simulations with the aid of the developed RD 

technique are implemented to gain the complete understanding o f such RD signatures.

3.6 Numerical Simulations of a Linear SDOF System

The demonstration of numerical simulations was dedicated to enhancing the 

understanding of the RD technique. A SDOF linear dynamic system was considered in 

the following numerical simulation. The natural frequency and the damping ratio of the 

SDOF system were set as 1 Hz and 2 %, respectively. A Gaussian white noise with a 

zero mean and one variance and a fluctuating wind force were applied to drive the SDOF 

dynamic system. Both of the simulated forces generated dynamic responses with the 

total number of 400000 points at a time interval of 0.01 second. The dynamic responses 

including displacement, velocity and acceleration were numerically analyzed by using the 

Newmark-/? method with the assumption of linear acceleration [Cheng, 2001]. The 

resulting response time series between 30 seconds and 4000 seconds were used to 

evaluate their RD signatures.
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Two different triggering conditions were chosen for the RD signatures in this 

study. One of them was the traditional level crossing triggering condition [Cole, 1971; 

Yang and Caldwell, 1976] in which one standard deviation of a specified response was 

selected as the triggering level for each sample segment. However, for the discrete time 

data, it is impossible to obtain the precise discrete time U in practice such that a sampling 

point x(ti) crosses through the specified triggering level crx. In this regard, the triggering 

condition was modified in order that the closest point to the triggering level might be 

treated as a starting point for each sample segment. The modified triggering condition is:

{[!*(?;) - cr,| < O .O B ^ J n ^ )  - <rx\ < |*(fM) -  CTjJnJxCt,.) -  crx\ < \x{tM )~  crj]} (3.6.1)

in which |*| and Cl denote the absolute value and the intersection, respectively. If the 

difference between the starting point and the selected triggering level is reasonably small 

and the number of the superimposed sections is sufficiently large, the triggering bias may 

be negligible.

The other triggering condition presented in this study focused on the selection of a 

positive peak as a starting point for each sample segment [Tamura et al., 1995]. The 

positive peak triggering condition is expected as:

{[*(£.) > o ]n [x (^ ,) < x(f,.)]n[x(^+1) < x(t(.)]}

or (3.6.2)

{[x(?i.)> o]n[x(t1.)=o]}

The primary advantage of this condition is that the time derivative of x(ti) as a peak value 

is demanded to be zero. Because the selection of very small peaks might give rise to a 

deformed RD signature, the starting point of each sample segment was restricted to the 

maximum peak of every three sequential peaks from the specified response. In addition,
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these three selected peaks were also restricted above 0.5 standard deviation of the 

specified response.

Common to both triggering conditions above is that each sample segment has a 

time length of 10.5 seconds and possible overlapping of sample segments is allowed. 

Nevertheless, it should be noted that the assumption of the uncorrelated sample segments 

is not valid for such an overlapping condition to estimate the variance of the RD 

signature [Vandiver et al., 1982]. Therefore, the behavior of the RD signature for the 

non-overlapped condition was further investigated by the use of the same positive peak 

triggering condition. To increase properly the number of the superimposed segments, 

only a short period of 2.3 seconds was considered to perform the RD signatures.

To compare the RD signatures with the analytical free vibration responses, the 

initial conditions of such free vibration responses should be determined in advance. 

However, the analytical free vibration acceleration response of a second order differential 

dynamic system cannot be determined only from the initial acceleration without the 

knowledge of the initial displacement and velocity conditions. This can be explicitly 

explained with reference to Equation (3.5.54) where one sees that the formation of the 

analytical free vibration responses normally requires the initial displacement and velocity 

conditions. In addition, the initial conditions for the positive peak triggering condition 

are not easily determined in practice. That is because the final amplitude of the 

superimposed sample segments for such a condition may not be predictable, though the 

slope is given as zero. The demand for a practical method to identify the initial 

conditions for these foregoing cases is apparent.
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In this study, the main issue is therefore to use the concept behind the multiple- 

signal RD technique [Ibrahim, 1977] to determine the initial conditions from the 

synchronous RD signatures of displacement and velocity responses. The theoretical 

derivations of the multiple-signal RD technique have been carried out using a simple 

2DOF dynamic system as illustrated in Figure 3.4.1 [Bedewi, 1986; Huang, et al., 1998, 

1999], The basic concept of the multiple-signal RD technique was developed to obtain 

the free vibration responses of a MDOF dynamic system without changing the time 

correlation between the synchronous response signals. Similarly, it is likely that such a 

RD technique can simultaneously extract the RD displacement, velocity and acceleration 

signatures from the corresponding responses of a dynamic system in a numerical 

simulation. For instance, when any of these responses is specified as a leading response 

in one of the used triggering conditions, the resulting RD displacement and velocity 

signatures correspond to their free vibration responses. From this respect, it follows that 

the initial conditions of the specified analytical free vibration response can be collected 

directly from such RD displacement and velocity signatures at t -  0.

3.6.1 Application of White Noise Excitation

The white noise excitation used in the numerical simulation was implemented to 

demonstrate the theoretical development of the RD technique concerned in Section 3.5. 

Based on the application of the white noise excitation, Tables 3.6.1-3 show the initial 

conditions of the analytical free vibration responses resulting from the level crossing 

triggering condition and the positive peak triggering condition. The parenthesized values
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in the columns of the displacement and velocity responses of the tables denote the 

theoretical triggering conditions to compare the resulting initial conditions.

For the level crossing triggering condition, the initial conditions are well satisfied 

with the specified triggering levels. The feature of the zero initial velocity resulting from 

the level crossing triggering condition in Table 3.6.1 can be further explained in a 

statistical sense. That is, when the amplitude of the crossing level is selected, the slopes 

of the selected points crossing the triggering level may be eventually averaged out, as 

described in Section 3.2. In addition, comparing the initial conditions with the theoretical 

triggering level obviously validates the assumption of neglecting the triggering window 

error, as though the number of the superimposed segments is sufficient. For the positive 

peak triggering condition, the initial values in Table 3.6.2-3 that are satisfactorily close to 

zero are consistent with the characteristics of the peak value.

Table 3.6.1 Initial Conditions of a Free Vibration Response from RD Signatures with

Level Crossing Triggering Condition

Leading Response Displacement Response Velocity Response Acceleration Response
Initial Displacement 
Initial Velocity

0.02223 (0.0223) 
-0.00047 (0)

0.00003 (0) 
0.13964 (0.1399)

-0.01419
-0.00080

Note: 1. The values in parentheses denote the specified triggering level

Table 3.6.2 Initial Conditions of a Free Vibration Response from RD Signatures with 

Positive Peak Triggering Condition and Overlapped Condition

Leading Response Displacement Response Velocity Response Acceleration Response
Initial Displacement 0.02510 0.00008 (0) -0.00684
Initial Velocity -0.00005 (0) 0.11824 -0.00002
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Table 3.6.3 Initial Conditions of a Free Vibration Response from RD Signatures with

Positive Peak Triggering Condition and Non-overlapped Condition

Leading Response Displacement Response Velocity Response Acceleration Response
Initial Displacement 0.03486 -0.00204 (0) -0.00899
Initial Velocity -0.00029 (0) 0.19222 -0.02343

Making reference to the resulting initial conditions, the analytical free vibration 

responses were produced to compare with the corresponding RD signatures. Figures 

3.6.1-3 present the RD signatures with the overlapped condition, while Figures 3.6.4-5 

focus on the RD signatures with respect to the non-overlapped condition. As expected 

from Equations (3.5.55) and (3.5.56), the comparisons between the RD displacement and 

velocity signatures and the corresponding analytical free vibration responses are 

approved in the excellent agreement shown in Figures 3.6.1 and 3.6.2. Notably, the RD 

velocity signature based on the positive peak triggering method shows a uniformly 

harmonic type of bias, resulting primarily from the errors of the numerical processing and 

the fmite-size trig windows. Inherently, such a numerical error causes the overestimation 

of the first two points, as shown in Figure 3.6.2 (a), so that the delicate deviation of the 

free vibration responses from the corresponding RD signatures occurs. When the third 

points in the RD signatures are purposely collected as the initial conditions instead of the 

first points, the overall free vibration responses are adapted simultaneously to the 

associated RD signatures. Hence, this kind of numerical error may be neglected without 

further adjustment in the current investigation.

The RD acceleration signatures in Figures 3.6.3 are compared to their analytical 

free vibration responses. Such a comparison is a major intention in this investigation to 

assess whether the RD acceleration signature is relevant to the analytical free vibration
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response. The RD residuals, defined by the difference between the RD signature and its 

analytical free vibration response, are used as an indication of relevance. The initial two 

points of the RD acceleration signature and its residuals in Figure 3.6.3 are marked by 

square and triangle, respectively, in order to distinguish their differences from the other 

data. Likewise, the initial two points of the RD force signature and the RD acceleration 

residuals are marked by square and triangle, respectively. These figures also illustrate the 

other formations of the RD displacement and velocity signatures corresponding to their 

RD acceleration signatures. The starting points of the formed RD displacement and 

velocity signatures are assigned as the initial conditions in Equations (3.5.52-54) to yield 

the analytical free vibration responses and then compare their RD signatures.

The results reveal with interest that the RD acceleration signature resembles the 

free vibration acceleration response, in spite of the appearance of the singularity at the 

first point as indicated by Huang and Yeh [1996]. In fact, the singularity reflects the 

influence of the Dirac delta function pertaining to the property of the correlation function 

for the white noise excitation. It is verified that the first point of the residuals between 

the RD acceleration signature and the corresponding free vibration response is identical 

to the first point of the RD force signature for both of the triggering conditions, as shown 

in Figure 3.6.3 (iii). Such a peculiar feature is consistent with Equation (3.5.22), which 

contains essentially the correlation function of the forcing function term. In addition to 

the time domain data, the frequency domain data in Figure 3.6.3 (iii), based on the FFT- 

based algorithms, further exhibit the influence of the RD force signatures on the RD 

acceleration signatures. The appearance of the “jump” around 1 Hz in the frequency
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domain data of the RD acceleration residuals supports the preceding interpretation for the 

harmonic type ofbias.

As concerns the non-overlapped condition, the RD signatures given in Figure

3.6.4 appear larger discrepancy than the RD signatures for the overlapped condition, 

along with the increase of the time delay. The reason is that the number of superimposed 

sample segments is not sufficient to form the accurate estimates of the RD signatures. 

The number of superimposed sample segments becomes an important factor to properly 

enhance the required accuracy of the estimated RD signatures. Despite this, the effect of 

the RD force signature in the RD acceleration signature can be observed in Figure 3.6.5.
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3.6.2 Application of Simulated Wind Forces

The simulation of wind forces is demanded in order to realize the feasible 

application of the RD technique to the wind-induced response of a dynamic system. The 

simulation of the wind force is therefore required to make it as realistic as possible.

A procedure for wind force simulation in this investigation only considers the 

alongwind motion. The alongwind force on a single point may be expressed in terms of 

longitudinal velocity as:

(3.6.3)

in which p, As, and Co represent air density, sectional area, and drag coefficient, 

respectively. U{t) is longitudinal wind velocity which is expected as the sum of a mean, 

U , and a fluctuation component, u'( t) ; and x(t) denotes as the structural velocity at the 

single point. Only the fluctuating force is considered by assuming that the quadratic and 

structural velocity terms in the bracket of Equation (3.6.3) are negligible [Kareem, 1987; 

Kareem et al., 1998]. Consequently, it turns out that the fluctuating alongwind force is 

formulated as:

F'(t) = pAsCDUu'(t) (3.6.4)

in which p  -  1.225 kg/m3, As = 0.5 m2, Co = 0.8, and U = 15 m/sec are assigned in 

advance. Apparently, as long as the simulation of the fluctuating alongwind velocity is 

carried out, the fluctuating alongwind force can be obtained immediately by means of 

Equation (3.6.4).
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The simulation of a stationary fluctuating wind velocity makes use of the 

autoregressive moving average model (ARMA) with orders of p  and q, which is defined

as:

Y{n&) + 'YJAjY {(n - j ) te ]  At] (3.6.5)
;=i >o

in which Aj and Bj are parameters of the ARMA model and s  stands for a white noise 

with zero mean and variance one [Brockwell and Davis, 1996].

In order to determine the parameters of the ARMA model, the two-stage least 

squares algorithm is utilized in accordance with a target velocity spectrum of Kaimal 

model [Simiu and Scanlan, 1996] as follows:

J S J z J )  200n n rJ u K*J ; =  r , 0 < / < o o  (3.6.6)
Ut (l + 50«)?

fz u'2in which n = -=d—  and u2 = — . The orders p  and q of the ARMA model were selected 
U(z)  6

as 25 for both, such that the power spectrum and the correlation function of the simulated 

data are close to those of the target. Once the parameters, Aj  and Bj, of the ARMA model 

are determined, it follows that the time history of the fluctuating alongwind velocity is 

generated recursively with the aid of Equation (3.6.5).
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The total time history of the fluctuating velocity was generated up to 405000 

points with a time interval of 0.01 second. The total data length of 400000 points was 

adopted in effect after the initial 5000 points were removed to maintain the simulated 

data stationary. Figure 3.6.6 illustrates the comparisons of the spectral density function 

and the correlation function between the simulation and the target. The spectral density 

function of the simulated wind velocity was calculated through the FFT based approach 

with a preprocessing of 50 percent overlapping and the Hanning window tapering for 

each data length of 50000 points. Therefore, the total 15 sets of the spectral density 

function were available to calculate their ensemble average. The evaluation of the 

correlation function typically counted on the whole data length of 4000 seconds, but only 

40 seconds are displayed in Figure 3.6.6 (b).

In Tables 3.6.4-6, the initial conditions selected from the synchronous RD 

signatures, corresponding to the resulting responses excited by the simulated alongwind 

force, were used to perform the analytical free vibration responses. Nonetheless, it is 

interesting to know whether such RD signatures can still provide the proper initial 

conditions without deviation. In response to this, the initial point of the auto RD 

signature in Equation (3.4.6) associated with the general triggering condition was first 

examined. It turns out that such an initial point is independent o f the correlation 

functions, since the first-term correlation functions on the denominator and numerator are 

cancelled out and the second-term correlation function on the numerator is zero at the 

initial point. In other words, the selection of the initial conditions from the starting points 

of the auto RD signatures under consideration is not affected by the correlation functions. 

Therefore, the procedure using the RD technique to select the initial conditions from the
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synchronous RD signatures of the displacement and velocity responses is considered 

feasible.

Table 3.6.4 Initial Conditions of a Free Vibration Response from RD Signatures with

Level Crossing Triggering Condition and Overlapped Condition

Leading Response Displacement Response Velocity Response Acceleration Response
Initial Displacement 
Initial Velocity

1.06471 (1.06495) 
0.00861 (0)

0.00310(0)
6.41416(6.41100)

-0.99581
0.13185

Note: 1. The Parenthesized Values Denote The Theoretical Initial Conditions

Table 3.6.4 Initial Conditions of a Free Vibration Response from RD Signatures with

Positive Peak Triggering Condition and Overlapped Condition

Leading Response Displacement Response Velocity Response Acceleration Response
Initial Displacement 1.30467 -0.00369 (0) -0.74641
Initial Velocity -0.00194 (0) 6.73019 -0.02882

Table 3.6.5 Initial Conditions of a Free Vibration Response from RD Signatures with

Positive Peak Triggering Condition and Non-Overlapped Condition

Leading Response Displacement Response Velocity Response Acceleration Response
Initial Displacement 1.98516 -0.00216(0) -1.37123
Initial Velocity -0.02159 (0) 11.77498 -1.60907

Corresponding to the specified initial conditions above, the comparisons between 

the RD signatures and the free vibration responses are demonstrated in Figures 3.6.7-10. 

The results in Figures 3.6.7-9 reveal that the deviation of the RD signatures from the 

corresponding free vibration responses gradually increases with the increase of the time 

delay, in contrast with the results of the white noise excitation. As a result, it follows that
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the RD signatures may not be equivalent to the free vibration responses when the external 

excitation is not a white noise.

Examining carefully the RD acceleration signatures, one can also find deviations 

of the first few points exhibited in Figure 3.6.9. Among these points, the initial two 

points of the signatures are marked by square and their residuals are marked by triangle. 

Further inspection of the time domain and frequency domain analyses of the RD residuals 

shown in Figure 3.6.10 reflects the significant interference of the RD forcing signatures, 

as well as the conclusion in Figures 3.6.3 and 3.6.5 for the white noise excitation. It can 

also be concluded that the estimated RD acceleration signatures indeed depend on the 

forcing functions under consideration no matter what kind of excitation it is.
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3.7 Concluding Remarks

This study emphasized the use of the RD technique to overcome the difficulties of 

defining the initial conditions, such that the free vibration responses can be obtained and 

then compared with the corresponding RD signatures. Following the strict theoretical 

derivation of the RD technique, the numerical simulations were implemented by taking 

advantage of a SDOF linear time-invariant dynamic system subjected to a white noise 

excitation and a simulated wind force, separately. Through the theoretical derivation and 

the numerical simulations, the relevance of the RD signatures and the analytical free 

vibration responses for the dynamic system was further examined under two various 

triggering conditions. The significant conclusions with regard to the statistical properties 

of the RD signatures are summarized in the following:

1. When the SDOF dynamic system is subjected to the white noise excitation, the 

equivalence relation between the RD acceleration signature with the free vibration 

acceleration response, except for the initial point at t = 0, can be established, while the 

RD displacement and velocity signatures are expected to be equivalent to the 

corresponding free vibration responses with certain initial conditions.

2. When the excitation applied to the SDOF dynamic system is simulated for the real 

wind force, the deviations of the RD signatures from the associated free vibration 

responses gradually increase along with the increase of the time delay. This means 

that the RD signatures of the responses are not equivalent to their free vibration 

responses of the dynamic system under consideration. With this result in mind, the 

treatment of the RD signatures as free vibration responses under practical 

circumstances should be prudently followed.
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3. Figures 3.6.3(iii), 3.6.5 and 3.6.10 reveal that the RD acceleration signature indeed 

depends on the RD signature of the forcing function, regardless of what kind of input 

force it is. Such a fact is consistent with Equation (3.5.22) in which the correlation 

function of the forcing function is substantially included. In this respect, it is 

recommended that a force measurement should be undertaken to accompany any 

acceleration measurement to obtain a better estimate of the RD acceleration signature.
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Chapter 4

MULTI-SIGNAL RANDOM DECREMENT TECHNIQUE

4.1 Introduction

The identification of modal parameters is a process to determine the constitutive 

properties of a complicated dynamic system in the forms of natural frequencies, damping 

ratios, and corresponding mode shapes. The identified modal parameters can typically 

formulate a mathematical model, which portrays a physical insight of the dynamic 

system. The importance of building an accurate and reliable mathematical model for a 

real dynamic system is its capability to simulate and to predict the dynamic behavior of 

the system. Additionally, a number of practical applications, such as structural modal 

updating, structural control, and structural damage assessment, can be successfully 

performed in the future.

Over the past three decades, many researchers have endeavored to develop system 

identification techniques in order to determine the modal parameters of dynamic systems. 

Especially, the remarkable progress in computer technology further enhances the ability 

of system identification techniques for civil engineering applications. Most system 

identification techniques require M l measurements of external dynamic excitation and its 

corresponding dynamic response. However, the external excitation on a real structure is 

difficult, if not impossible, to well define and accurately measure. In this regard, special 

attention is given to system identification techniques, which may not have to rely on 

knowing the external excitation. One of such special techniques without a priori

93

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



knowledge of the external excitation is random decrement technique, or RD technique, in 

short, which is applied to convert vibration responses into free vibration responses.

The RD technique was originally proposed by Cole [1971] to obtain a single 

mode RD signature of one single measurement. Following the proposed RD technique, 

Ibrahim [1977] extensively introduced the concept of multiple-signal RD technique for a 

multiple degrees-of-freedom (MDOF) dynamical system. Similar to the traditional 

single-signal RD technique, it reduces multiple-mode stationary random responses of a 

multiple-measurement to their free vibration responses. These free vibration responses 

can further be used to identify the modal parameters of the MDOF dynamic system under 

tests by means of the so-called Ibrahim time domain system identification.

To establish the theoretical foundation for the application of the multiple-signal 

RD technique, Bedewi [1986] and Huang et al. [1996, 1998, 1999] presented strict 

mathematical derivations on the basis of a linear 2DOF dynamic system when subjected 

to stationary white noise excitations. Bedewi pointed out that the auto and cross RD 

displacement signatures are identical to the free vibration displacement responses of a 

dynamic system with proportional damping. The additional efforts of Huang et al. [1999] 

focused on deriving the equivalent relations between the RD signatures of velocity and 

acceleration and their free vibration responses, using complex modal superposition. 

Huang, et al. showed that, under certain circumstances, the RD displacement and velocity 

signatures are equal to the corresponding free vibration responses of a dynamic system 

with non-proportional damping. However, once a white noise process with a time-delay 

correlation is taken into account, the RD displacement and velocity signatures are not
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equal to their free vibration responses in the time-delay region. This study will show that 

this conclusion should be corrected from a different perspective.

In addition, Huang et al. also indicated that the RD acceleration signatures are 

never equivalent to the free vibration behavior of the dynamic system, because the 

singularities from the correlation functions of the white noise excitations appear in such 

RD acceleration signatures. The appearance of the singularity in the RD acceleration 

signatures is appreciated since a fascinating question comes out as to whether the 

underlined RD technique is still useful to extract the free vibration response from the 

acceleration response of a measurement? The main purpose of this study is to properly 

answer this question and further establish the generalized relationship between the RD 

acceleration signatures and the RD force signatures. The theoretical derivations of the 

RD technique start the state space formulation to lead to a compact and distinct 

representation of the RD signatures, which can be well compared with the free vibration 

responses. The theoretical derivations are supplemented with numerical simulations to 

illuminate better understanding of the RD technique.

In the numerical simulations, two simulated wind forces were also applied to 

generate the wind-induced responses, in addition to the use of the white noise excitations 

to verify the theoretical derivations. Based on the resulting wind-induced responses, the 

RD signatures of the responses were constructed to compare their analytical free 

vibration responses. The new challenge was created in the comparison procedure, since 

the analytical free vibration responses were difficult to achieve without knowledge of the 

initial displacement and velocity conditions. Therefore, the procedure proposed in the 

previous chapter by taking advantage of the concept of the RD technique was used to
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determine such initial conditions from the synchronous RD signatures of a set of 

responses. The feasibility of such a procedure should be discussed from the theoretical 

viewpoint and then verified in the numerical simulations.

4.2 Correlation Functions of a Linear MDOF Dynamic System

The governing equations of motion for a linear time-invariant n DOF discrete 

dynamic system can be expressed in a matrix form as:

MX{t) + CX{t) + KX{t)  = f ( t )  t>  0 (4.2.1)

in which M, C, and K  denote mass, damping, and stiffness matrices o f the dynamic 

system, respectively, and/(0 represents an input force vector. It is assumed herein that M  

and K  are symmetric and positive definite matrices, and C is a positive semi-definite 

non-proportional damping n*n matrix.

In order to solve the responses o f the dynamic system with the non-proportional 

damping matrix, Equation (4.2.1) can be transformed into a set of 2n uncoupled linear 

first-order differential equations as the following Equation (4.2.2), which is called the 

state space formulation [Hart and Wang, 2000],

z{t) = Az(t) + F( t ) (4.2.2)

in which

z(t) =
x (0 "

A  —

X{t).
,  / i  —

2nxl

0 I
-M~lK  - M ~ XC

0
, m =

2nx2n

(4.2.3)
2 « x l

Making use of the normal mode approach to represent the responses as a 

superposition of the contributions from each normal mode, the state vector z(t) can be 

written as:
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z(t) = (0  = 0 8 (0 (4 .2.4)
1=1

in which the modal matrix O = ' l  r  2 ... 'ij)ln\ represents the eigenvectors of the
J2n*2n

matrix A and Q(t) = [?i(0 q2 (t) ... denotes a new 2«xl vector of modal

coordinates. The modal matrix O has been normalized so as to satisfy the orthogonal 

condition = I, where /  is a 2n*2n identity matrix. Substitution of Equation (4.2.4) 

into Equation (4.2.2) and then pre-multiplication by the transpose of the modal matrix O

give:

£ (0  = O r ri®£?(0 + d)rF (0 (4.2.5)

in which the superscript T  stands for the transpose of a matrix. Since each column of ® 

is an eigenvector of A, it follows that the other orthogonality condition is:

Xx 0 
0 X2

0 •••

0

0

2 n ,

= A (4.2.6)

2nx2n

in which A,- is the ith eigenvalue of A and the eigenvalues are assumed to be a distinct and 

negative real part making the dynamic system stable. By virtue of such an orthogonality 

condition, Equation (4.2.5) can be reduced as:

Q(t) = AQ(t) + ®rF(t)  (4.2.7)

The eigenvalues and corresponding eigenvectors have to be in pairs of complex 

conjugates, if both of them are complex-valued. As a consequence, Equation (4.2.6) can 

be partitioned as:
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A =
' X  0
o X

(4.2.8)

The corresponding modal matrix and the vector of the modal coordinates are expressed 

respectively as:

<E> = (4.2.9)

(4.2.10)e ( o = [ « ( t) «•(<)]

in which the superscript * denotes the complex conjugate operator.

Substituting Equations (4.2.9) and (4.2.10) into Equation (4.2.4), it becomes that 

X{t)  = + = 2R e{^(0 }  (4.2.11)

X(t)  = <pXq{t) + <p'Xq\t) = 2 R e{(f>Xq(t)} (4.2.12)

, and also the second derivative oiX(t) may be obtained as:

X{t)  = </>Xq{t) + ( f X q { t )  = 2 R e { ^ ( / ) }  (4.2.13)

in which Re{ } denotes the real component of the complex function. Correspondingly, 

based on Equations (4.2.8-10), Equation (4.2.7) becomes:

T T ^ - ' / yaI
(4.2.14)’ q{t) ' ’ X o ' ~ q { t ) ~ 4_>

T
~ M~l f  (t)

q\t)_ _0 X_ q \ t \
\

(j>X <fX _ 0

or

q(t)-Aq(t)  = </>M~1f ( t )  (4.2.15)

q \ t ) - X q { t )  = <fM~xf ( t )  (4.2.16)

In general, the solution of Equation (4.2.15) with the zero initial conditions for q(t) can be 

expressed in the more general form as [Soong and Grigoriu, 1993]:
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I <X>
q(t) = J H(t — T ) f M ~ lf ( r ) d T  = |  H(s)Gf(t  -  s)ds (4.2 .17)

in which G - $ M  , Hit) -

elxt 0 ••• 0
0 .

o

o 
••

0 •• • ez"‘

and Hit) = 0 for t < 0, and

transformation of variables s ~ t -  t. The first derivative of q(t) with respect to t are 

obtained as follows:

t.

q(t) = j H ( t -  r)Gf(r)dr + H(0)Gf(t)
-co

oo
= j H ( s ) G f ( t - S)ds+Gf(t)

0
00

= j H a(s)Gf( t -s)ds

(4.2.18)

in which

#■ (0  =

Z .e ^+ S i t )
0 A2eh ‘ +S{t)

0
0

(4.2.19)

0 0 ••• AneAJ+S(t)_

, and <5(0 is the Dirac delta function.

The correlation matrices of the displacement, velocity, and acceleration for 

Equations (4.2.11-13) are subsequently defined by Equations (4.2.20-22).

« „ (!•)  = E {X { t )X 'T{t + r)] = 2 R ej,* ,, + f R . J  T ) f ]  (4.2.20)

Ra  (r) = 2Re{sHS„(r),lr/  + f  X  R ^ r ) ?  t f )  (4.2.21)

(4.2.22)Rm (t) = 2 R e { ^ .  (t) A Y  + ( f  X  R.,. (r)ATf }
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in which

oo co
Rn (t)  = j l H ( s 1)GRff( t  + sl - s 2)Gt H t (s2)dslds2 (4.2.23)

0 0

ou ou

R . ( t) = | | H*{sl)G'Rff{r + sx -  s2)GT H T (s2)dsxds2 (4.2.24)
0 0

R44(t) = \ \ H { s x)GRff{r + sx - s2)GTH T(s2)dSlds2 
0 0
oo oo

-J H(si)GRf f (T + sl)GTdsl + jG Rff( T - s 2)GTH T(s2)ds2 (4.2.25)+J0 0 
+GRff(r)GT

oo oo

R . (t)  = j  |  H* (s,)G*Rff (x + sx -  s2)GTH T(s2 )dsxds2
0 0
CO 00

+ j f f \ s J)G,Rf f (r + s1)GTdsx + j  G'Rff( r - s 2)GrH r(s2)ds2 (4.2.26)
0 0

+G’Rff(r)GT

on condition that the input force vector f if) is stationary.

4.3 Free Vibration Responses of a Linear MDOF Dynamic System

The initial values of the modal coordinates Q(t) is basically required to solve 

Equation (4.2.7) with F  = 0 for the free vibration responses, unless only the steady state 

responses are of interest. However, the initial displacement and velocity vectors, X(0 )

and X (0), are usually specified for the dynamic system. In order to determine the initial 

values of the modal coordinates Q(0), the definition of Equation (4.2.4) is used to 

establish the following expression [Ginsberg, 2001]:

z(0)'
X (0 j
1(0)

= <pg(0) = 2Re{O1g0} (4.3.1)
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in which <D, = ' f
<j>X

and qo -  q(0). As a result, the initial values of the modal coordinates

Q(t) can be further obtained by pre-multiplying Equation (4.3.1) with the transpose of the

modal matrix d>r  as follows:

0(0) =
ql

= O rz(0) = o 3
X(0)
X(0)

(4.3.2)

or

q0 = </X(0) + <f>XX(Q) (4.3.3)

ql = f X ( 0 )  + <f>'£X(0) (4.3.4)

Therefore, the free vibration responses of the modal coordinates for Equation (4.2.15)

starting with the modal initial conditions qo are given as:

q(t) = H(t)q0 (4.3.5)

in which the modal initial conditions, qo, are obtained by Equation (4.3.3). Subsequently,

from Equations (4.2.11-13), it follows that the free vibration responses of the system are 

described as follows for the purpose of comparison.

X ( t )  = 2 R e { m O q 0} (4-3.6)

X(t) = 2Re{ m t ) q 0} (4.3.7)

X(t)  = 2 R e { 0 ( t ) q o} (4.3.8)

4.4 Relationship between RD Signatures and Free Vibration Responses for a 2DOF 

Dynamic System Loaded by White Noise Excitations

Without loss of generality, a 2DOF linear dynamical system is commonly 

employed to demonstrate the theoretical relationship between the auto and cross RD
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signatures of the responses and the free vibration responses of the dynamic system. Two 

individual derivations of the theoretical relationship for the 2DOF dynamical system 

when separately subjected to the uncorrelated and correlated Gaussian white noise 

processes on each DOF of two masses, m\ and m2, are discussed in detail as follows.

4.4.1 Uncorrelated Input Forces

The theoretical derivation of the relationship between the RD signatures and the 

free vibration responses starts the consideration of two forcing functions, f\(t) and 

which are uncorrelated Gaussian white noises with zero means and uniform spectral 

density functions of one. The correlation function matrix of such forcing functions is 

given in a form as follows:

\5{r)  0 1
R A t )  = (4.4.1)

_ 0 5{t)_

in which 6(r) is denoted as the Dirac delta function. Equation (4.4.1) is substituted into 

Equations (4.2.23-26) to result in the following expressions:

(4.4.2)

(4.4.3)

in which

(4.4.5)
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4  = ■
A x + A 2

-h + ' n

2A^ A x + A 2
-K + -

(f12
A 2 + A 2

-hA (4.4.6)

4 = -
2Al

-ax + -q2 + <23 +-
A x + A 2 A x+ A x Aj + A. •  ^4 (4.4.7)

4 V
A\A2(f) 
A x + A 2

i l b , + ^ h i .h
2/1, /lj + x2+ a2

(4.4.8)

4° = - A \A l ,  4  = - A \ 4 (4.4.9)

a = - ^  +*\ 1 <t>212 ‘ 2 ’ 2̂ W, m2
1̂2̂ 11 , 2̂2̂ 21 

.2  „  2m.

„ _ 1̂1̂ 11 . 2̂1̂ 21 
3 t ,  ) w 4

m2

$\i$\\ , ^ 2 2 :̂+ - 21
m. TOj Wj

(4.4.10)

î 1̂2̂ 11 , 2̂2̂ 21
«2

,  &2 = $ 12 . 2̂2
2 2 m1 m2

m,
$12 , 2̂1̂ 22 L   1̂2̂ 12 , 2̂2̂ 22

2 5 4 2 2
\y — '11' 12 + rlXYU

m, m,

(4.4.11)

Aj — + <j)n A xA 2a2 + + ^12/ljA2fi!4

A 2 =  <f>xxAxA2bx +  ^ 1 2 ^ 2 ^ 2  +  ^ l l ' ^ ' l >̂ '2 ^ 3  +  ^ i 2 '^ '2 / ^ '2 ^ 4

(4.4.12)

(4.4.13)

21
w 2 =

$ 12 
2̂2

(4.4.14)

On the basis of Equations (3.4.20) and (3.4.21), the auto and cross RD signatures 

for the level-crossing triggering condition that is usually used in a practical data process 

are defined as:

^  (r) = £ [ ^ ( ^ 1 ^ ( 0 )  = *0] = (4.4.15)

^ Xi(r) = JE[Z2(r)|X 1(0) = v0] : Kxxx2(r)
R-XxXx (^)

-xn (4.4.16)
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in which X\ is selected to be a leading response. Consequently, the following auto and 

cross RD signatures of the responses can be established, after Equations (4.4.2-4) are 

substituted into the preceding Equations (4.4.15) and (4.4.16). This result is similar to 

the derivation of Huang et al. [1998].

The comparison of the auto and cross RD signatures with the corresponding free 

vibration responses in Equations (4.3.6) and (4.3.7) indicates that the free vibration 

displacement and velocity responses are identical to the RD displacement and velocity 

signatures, respectively, when the corresponding modal initial conditions are given in 

Equations (4.4.20) and (4.4.21) [Huang, 1998].

However, it is apparent that the RD acceleration signatures are not equivalent to the 

corresponding free vibration responses, because of the existence of the Dirac delta 

function [Huang and Yeh, 1999], If the RD acceleration signatures with t > 0 are taken 

into account, the second summation terms in the numerator of Equation (4.4.19) become

(4.4.20)

(4.4.21)
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zero, according to the properties of the Dirac delta function. It turns out that the 

equivalent relationship between the RD signatures and the free vibration responses for the 

acceleration responses is also valid [Huang, 2001]. Hence, the modal initial conditions 

for the identity between the free vibration responses of Equation (4.3.8) and the RD 

acceleration signatures of Equation (4.4.19) further proposed in the present study can be 

formulated by the following formulation with a requirement of t > 0,

The advantage to use Equation (4.4.22) is that the given initial accelerations x0 yield the 

initial conditions z(0) in Equation (4.3.1) through the modal initial conditions qo- This 

treatment can facilitate the calculation of the analytical free vibration acceleration 

responses of the dynamic system in a numerical simulation.

4.4.2 Correlated Input Forces

It is interesting to realize whether the RD signatures from the corresponding 

responses of the linear 2DOF system subjected to the correlated forcing functions are 

able to appropriately represent the free vibration responses of the 2DOF system. For the 

sake of simplification, the correlated forcing functions are assumed to be the Gaussian 

white noise processes with the zero means and the condition of the time shift, td , which 

can be expressed as fit) and yfit -  x</). The correlation matrix of such two forcing 

functions can be given as:

Rff{r) =

105

8{r) yd{x -T d) 
yS(T+Td) y 2S(x)

when t  > rd (4.4.23)

(4.4.22)
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and

Rff{r) =
8 { t )  y 5 ( - { T - T d ) )

yS{r + z d) y 28(x)
when r<Xd (4.4.24)

Similarly, the individual substitution of Equations (4.4.23) and (4.4.24) into Equations 

(4.2.23-26) yields the subsequent results of the correlation functions.

When r >Td

V . w l

RX,xS T)} +
I V , w

l nS { T -T d)[(j)\ + l 2X8{T~Td)[(f\2}

in which

A ? = -

4  = -

a : = -

4 V = '

12 <fu 12a, + —LJ±— a1 4-  ̂ „ a3 H---- '---7-a4 ̂i I
22, j 2j + 2 2 2j + 2j 2] + 2 2

2j  + 2
+ i l l - 4  + - ^ U _ 4  + - J o —

22

1̂̂ 11 X; I X{A20l2 -------C, -I-----------
22j 2, + 2 2

Cl 2 +
2 ,2 j^n  ̂ _ 2 ,2 2̂ j2

— +2j + 2, 2, + 2.H '1-2

2 j2 2̂ u g  ̂ ^2^12 ^ j 2 i2 2̂ h £  ̂ 2 22 2̂ 12 £■ 
2] + 2 2 22, 2, + 2 , 2 , + 2 ,2j + 2 2 22 + 22

A“ = - X \A l ,  Al =~X\A^

(4.4.25)

(4.4.26)

(4.4.27)

(4.4.28)

(4.4.29)

(4.4.30)

(4.4.31)

(4.4.32)
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a, = ^ L  + l M l L {e ^  + e-V ,) + z M i  
to, mxm2 m2

(4.4.33)

a2 = ;---2~ +
TO, mxm2

_ 1̂1̂ 12 I 7  ̂ 1 *'̂ 11̂ 22 ! T6 1 d in fill j T' ^21^22
to, to2 TO,

a3 —
TO,

1̂1̂ 11 , 7̂  ' ‘'̂ 11̂ 21 , <t(f)2\^\\ i X 2̂1̂ 21■ + - + + ‘
m lm 2 mxm2 TO,

__ 1̂1̂ 12 | 7  ̂ ‘ d $\\$ 22 j T'6 * ^12^21 j T' 2̂1̂ 22
■‘4 “ 2

TO,
+ -

TO,TO2 Too

£ _ 1̂1̂12 . 7̂  2 J $ 12021 . 7̂  2 <i$\\<p22 . 7' 2̂1̂22 
°1 ~ 2     „_2

TO, TO j T O 2 W,TO2 TO,

b2 (e^  + e- ^ ) + z ! &
TOj TOjTO2 TO,

n r i 2
y3 ~ 2

TO,
4- - hTd , r>2#22•+ +-

mxm2 TO,//̂ to,

1̂ 2^1 2 , 7̂  d (t*\2 $ 2 2  , 7̂  2 d <P n(t, 22 , 7' 2̂ 2 ^ 2 2
4 2

TO,
- + - +

WjTOj mxm2 TO,

r
*12

TO j TO j

<j)xx<f)X2Xx +  (f>X2(j)2XXxX2 +  ^ 2 , / l , / l ,  +  (j)X2 (j)2xXxX2

A r
21 mxni2

* 2
>̂xx<l)22XxX2 + >̂x2<p22X2+ ̂ )xx (j)22XxA2 ^  $12 $22^2^

When r < Xd

= 2 R e { ^ ^ / [ 4 + ^ r22dM 2

+(i?!v ^ {r̂ ) +i?2v ^ <r' r*) + JB3v /i(r“^ ) + ^ tv 4(r^ )) [ 4

+ (c ,V il(^ ) + C2e l^ d) + Cd„-A-i(T-Td) (jde~h(T~T<i)
H
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(4.4.36)
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(4.4.38)

(4.4.39)

(4.4.40)

(4.4.41)

(4.4.42)

(4.4.43)
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( S ' e 1'""*' + B ’3e~u '- '‘) (4.4.44)

(c |V J.| ' - ' '> + C;' e ' ' 1<'", ' ) + C ,V i 'l' - ' ' l +C4V 4<'" r' l)[(i>],}

f e w } = 2ReR A * M ,  +

^ a e-Mr-rd) + g c ^ r - r , )  + g a ^ r - r , )  + + ^4 .4 5 )

pa^-A.tr-r,) + q ^ r - r , )  + +

(An^(r) + A12J ( - t  + r rf) ) [ 4  + (A22£(r) + A21£ ( - r  + t d

in which

Af =- -ax + 12 fl!2 +"
2Aj Aj +A2 A,+A

-a3 +
<f>.12

Al + A2
* w4 (4.4.46)

'1 2

Ax + A2 2A2 A j + A2 A2 + A2
(4.4.47)

4 V = . ■^1^11  ~  , A , A 2 ^ j 2  ^  i AxAx(f>n ^  ( AxA2(j)X2
- a x +-

2Aj Aj + A-
-a2 + -flu +-

Aj + Aj Aj + A2
a. (4.4.48)

Aj + A
4 V =

Axn = - A 2xAx\  =  - A 24

2 A2 Aj + A2 A2 + A2

5,d =■

Z?a

y<fixx<f>2\
2Axmxm2

D < Y$\2$2\
(Aj + A2)mxm2

7<t>11 r  21

(Aj + Ax)mxm2
jyd _•&4 ~ r<f12 r2i

(Aj + A 2)mxm2

(4.4.49)

(4.4.50)

(4.4.51)
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n$22 nd _ Y$\2$22f ^ d  /  r l l r  22_______ / " ’a _'"Tn-mvnri—  ̂ ^"̂ 2 ^” '
(A x + A 2)m xm2 2 A 2m]m2

f d   ____Y$il $22 f i d    Y$ 12 ^ 2 2

(A j + A2 )mjjn2 (A 2 + A 2 ')mxm2

§ ; = A 2jBjd, B2 = A j A 2B2 , B ;  = A xX j B d , B l  = A j X X  

Cjv = AjA2CjX c;  = A \cd, c ;= A \A 2c d, c ;  = A2X2c d

Bja = - X jBjv, Ba2 = -X 2b;,  b ° = - X j B ; ,  b*  = -X 2 bi
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w, ™2^ w, m2

The substitution of Equations (4.4.25-27) and (4.4.43-45) into Equations (4.4.15) 

and (4.4.16) can further lead to the auto and cross RD signatures of the responses. In 

comparison with the corresponding free vibration responses as described in Equations 

(4.3.6-8), Huang and Yeh [1999] indicated that when r  < Td, the RD signatures are not 

equivalent to the corresponding free vibration responses, since the terms of e~X(T~Td) are 

particularly present in Equations (4.4.43-45). However, Huang and Yeh neglected the 

inherent truth in the preceding derivation procedure that the format of the exponential 

term, -(r-r^), is intended to maintain positive in the range of t  < rd because the timing of 

the forcing functions are assumed to start at t -  0. It means that one point in the range of 

r <Xd basically gives the same results as the corresponding one in the range of r > in a 

calculation procedure when comparing Equations (4.4.25-27) to Equations (4.4.43-45). 

Basically, the equivalence between the RD signatures and the free vibration responses for 

the case of the correlated white noise processes is valid.

From the other point of view to support such equivalence, because each of the 

forcing functions still maintains the properties of the white noise process no matter how 

correlated they are between each other provides a simple reason. As a consequence of 

the reason, the requirement of the equivalence between the RD signatures and the free
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vibration responses is still fulfilled. This also leads to the following outcome that there

vibration responses equivalent to the overall RD displacement or velocity signatures. It is 

especially noted in Equations (4.4.27) and (4.4.45) that the RD acceleration signatures 

consist of the Dirac delta functions giving rise to the singularity at r = 0 and r = 

Similar to the case of the uncorrelated white noise excitations, the equivalence between 

the RD acceleration signatures and the free vibration responses may be acceptable on 

condition that such a singularity at these two points is neglected.

4.5 Numerical Simulations of a 2DOF Dynamic System

The demonstration of numerical simulations is devoted to enhancing the better 

understanding of the theoretical foundation in the RD technique. In this respect, a 2DOF 

linear dynamical system with non-proportional damping as follows plays a pivotal role in 

the following numerical simulations.

Such a 2DOF system contains the natural frequencies of 0.2575 Hz and 0.0984 Hz and 

the damping ratios of 0.87 % and 3.37 %.

The forcing functions f ( t )  and fi(f) applied on the 2DOF system were two various 

forms of force simulations, including Gaussian white noise excitations and practical wind 

forces. For the Gaussian white noise excitations, two independent sets of the excitations 

with zero mean and one variance were simulated for the two forcing functions. Each 

forcing function generated the total number of 400000 points at a time interval of 0.02 

second. For the wind forces, the simulation procedure developed in Chapter 2 was used

exists a set of the initial conditions starting at t = 0 in order to make the analytical free

(4.5.1)

i l l
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to generate the fluctuating alongwind and crosswind forces. The time interval was set as

0.2 second to generate the total number of 40000 points for both simulations of the 

fluctuating wind forces.

The procedure of the wind force simulation was established on a multivariate 

autoregressive moving average model in accordance with a target spectral density matrix 

in which the temporal and spatial correlations of the wind forces were taken into 

consideration. The simulation of the fluctuating alongwind forces emphasized the 

property of a time delay in the spatial correlation between the two simulated forces as 

illustrated in Figure 2.3.4. On the other hand, the simulation of the fluctuating crosswind 

forces only concentrated on the spatial correlation without a time delay between two 

simulated forces as illustrated in Figure 2.3.5.

When the simulated forcing functions were applied on the 2DOF dynamic system, 

the dynamic responses of displacement, velocity, and acceleration were numerically 

analyzed by the Newmark-/? method with the assumption of linear acceleration [Cheng, 

2001]. The resulting responses for the total time length of 8000 seconds were provided to 

give rise to the estimated auto and cross RD signatures of the responses by means of the 

RD technique. Such RD signatures were constructed by the traditional level crossing 

triggering condition in which one standard deviation of a leading response at the 1DOF of 

X\ was selected as a triggering level for each superimposed segment. Each selected 

segment demanded a time length for ten times the minimum of the natural periods of the 

dynamic system.

In fact, the auto and cross RD signatures of the dynamic responses and the input 

forcing functions are simultaneously extracted in each numerical simulation. The main
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purpose to do so is attempted to enhance the procedure developed in Chapter 3 to 

determine the initial conditions of the analytical free vibration responses of a MDOF 

dynamic system in a straightforward and feasible way. The procedure selects the starting 

points at t — 0 from the synchronically formed RD displacement and velocity signatures 

as the initial conditions, when one kind of the dynamic responses is specified to give the 

pivotal RD signatures. The basic principle of the procedure is based primarily on the 

equivalent relations between the RD signatures and the corresponding free vibration 

responses, if the external excitations are given as white noises. Therefore, the selected 

initial conditions can comprehend the free vibration characteristics of the dynamic system 

without involving any external disturbance, so that the analytical free vibration responses 

are implemented to compare the pivotal RD signatures.

With such a solid theoretical foundation, Table 4.5.1 displays the selected initial 

conditions from the starting points of the associated RD displacement and velocity 

signatures, when the dynamic system is subjected to the white noise excitations. The 

parenthesized values in Table 4.5.1 represent the theoretical initial conditions calculated 

from Equations (4.3.1) and (4.4.20-22). The compared results reveal that the selected 

initial conditions are basically fulfilled with the theoretical initial conditions. The slight 

discrepancy of the selected initial conditions from the theoretical initial conditions is 

noticed when the acceleration response at the 1DOF is the leading response. However, 

such a discrepancy may not cause the analytical free vibration acceleration responses 

much deviated from the formed RD acceleration signatures in a numerical analysis. It 

can be shown in Figure 4.5.4 that the first point in the RD acceleration residuals defined 

by the difference of the RD acceleration signature and the corresponding free vibration
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response has the same value as the RD force signatures. It means that the theoretical 

initial accelerations are identical to the initial acceleration conditions identified from the 

corrected RD acceleration signatures after extracting the RD force signatures from them.

Table 4.5.1 Initial Conditions of Free Vibration Responses from White Noise Case

Leading Response Displacement Responses Velocity Responses Acceleration Responses

Locations 1DOF 2DOF 1DOF 2DOF 1DOF 2DOF

Initial Displacements 

Initial Velocities

0.52136
(0.52195)
-0.00378

(0)

0.46280
(0.42408)
0.00209

(-0.00456)

0.00219
(0)

0.54765
(0.54842)

0.01312
(-0.00404)
-0.05636

(-0.08672)

-0.22765
(-0.20792)
-0.00200
(0.00646)

0.02389
(0.03288)
0.00529

(0.00262)
Note: 1. The values in parentheses denote t ie theoretica initial cone itions.

In Tables 4.5.2 and 4.5.3, the theoretical initial conditions for the case of the wind 

forces, however, are available only for the first degree-of-freedom of the dynamic system 

on which the triggering level for the leading response is selected. Whether the initial 

conditions are properly selected by the proposed procedure cannot be completely realized 

because of the lack of the theoretical proof. On the other hand, if the selected initial 

conditions by the procedure can exceptionally make their free vibration responses 

equivalent to specified RD signatures, it is perhaps reasonable to conclude that the RD 

signatures have the free vibration behavior.

The primary advantage of the proposed procedure contributes to the ease of the 

selection of the initial conditions over the theoretical ones. Either, there is no change in 

the definition of the free vibration response since the system characteristics of the 

selected initial points are essentially correlated to one another in numerical analysis. In 

the following numerical simulations, the proposed procedure is utilized to gain better 

understanding of the RD technique.
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Table 4.5.2 Initial Conditions of Free Vibration Responses from Alongwind Force Case

Leading Response Displacement Responses Velocity Responses Acceleration Responses

Locations 1DOF 2DOF 1DOF 2DOF 1DOF 2DOF

Initial Displacements 

Initial Velocities

27804
(27844)
-58.849

(0)

41511

-395.87

-935.73
(0)

18836
(18820)

-1257.2

18760

-16832

344.04

-15078

913.55

Table 4.5.3 Initial Conditions of Free Vibration Responses from Crosswind Force Case

Leading Response Displacement Responses Velocity Responses Acceleration Responses

Locations 1DOF 2DOF 1DOF 2DOF 1DOF 2DOF

Initial Displacements 

Initial Velocities

2.86502
(2.87100)
0.01970

(0)

3.93845

0.18301

0.08883
(0)

2.27399
(2.27929)

0.15991

1.31178

-1.46440

0.04133

-0.89252

-0.05540

4.5.1 Effects of White Noise Excitations

The illustrations of Figures 4.5.1-3 focus on the case of the uncorrelated white 

noise excitations. The comparisons of the estimated RD signatures and the free vibration 

responses emphasize on sufficient understanding of the theoretical derivation in the RD 

technique and evaluate if  the RD acceleration signatures are relevant to the free vibration 

responses. As anticipated from the previous theoretical derivations, the RD displacement 

and velocity signatures are equivalent to the corresponding free vibration responses. The 

compared results in Figure 4.5.3 appear with interest that the RD acceleration signatures 

and the free vibration responses with the specified initial conditions are satisfactorily

matched, though a sharp jump in the first DOF of the RD signatures, 8 x x  ( r ) , is found

at t -  0.
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In fact, the observation of such a singular point at r  -  0 is related to the property 

of the Dirac delta function for the white noise excitations, as mentioned by Huang and 

Yeh [1999]. Such a phenomenon is also consistent with Equation (4.4.19) in which the 

Dirac delta function is substantially included. However, it seems that there should be a 

singular point at x -  0 expected to be found in the second DOF of Figure 4.5.3, since the

estimated cross RD signature, 8  ̂ ( r ) ,  in Equation (4.4.19) contains the Dirac delta

functions as well. In this regard, Huang and Yeh [1999] especially indicated that the 

singularities of the acceleration correlation matrix depend not only on the singularities of 

the correlation matrix of the input forces, but also on the mass matrix of the system.

To best elucidate how the mass matrix affects such a singularity in certain 

specified circumstance, the following derivation is introduced by taking only the diagonal 

mass matrix into consideration. A natural starting point is given to carefully examine 

Equations (4.2.25) and (4.2.26), within which the singularities of the correlation matrices 

of the first derivative modal coordinates are completely governed by the last term with 

Rjfci). It means that it may be allowed to establish the following expression, based on 

Equation (4.2.7),

= ®r^ ®  <4-5-2> 

, in which R ^  signifies the portion of the singularity in the correlation matrix of Q, and

Rpp(T) = E[F( t )FT(t + T)] =

Furthermore, by virtue of the established relationship between [z] and [Q] as given in 

Equation (4.2.4), it yields that
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R S»  =  O i? ^ o r = ® ® t r p p <M>r = r p p (4.5.4)

After the substitution of Equation (4.5.3) into Equation (4.5.4), it turns out that

R l= 'R Sm

io n o O __
I

1

o >
5

1

0 "1
T7 (4.5.5)

Since the correlation matrix of the forcing functions is a diagonal matrix, i .e . Equation 

(4.4.1), it follows that the singularities take place only at the diagonal elements of the 

acceleration correlation matrix as shown below:

' w

R »  =
4 a
Rl»

4 a
J?s

X 2X x x 2x 2

TO,

0

0

m
m2

(4.5.6)

Equation (4.5.6) can explain the reason why a sharp jump displays on S XJt(r) , but not

on 4 * ,  (r ) • I11 addition to verifying the factors of the singularity in the acceleration

correlation matrix, Equation (4.5.5) also reveals obviously the other fact that such a 

singularity does not exist in the velocity correlation matrix [Huang and Yeh, 1999]. 

Similarly, if the correlated forcing functions such as Equation (4.4.23) are taken into 

consideration, the singularities of the acceleration correlation matrix can be further 

proposed in this study as:

8 { r )  y S ( r - T d )

ml mxm2
y S ( r + T d )  y 2S{ t )

(4.5.7)

OTjWj m2

It can be realized immediately from Equation (4.5.7) that a sharp jump on (?) and 

% ( t ) is occurred at x - 0 and r=  td, respectively.
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Further investigations based on the time domain and frequency domain analyses 

are shown in Figures 4.5.4 and 4.5.5, respectively, for the comparison between the RD 

acceleration residuals and the associated RD force signatures. The RD residuals are 

defined by the difference between the estimated RD signatures and their analytical free 

vibration responses. The initial two points of each RD acceleration residuals and each 

RD force signature in Figure 4.5.4 are marked by triangle and square, respectively. It is 

found that the first marked point in the RD residuals and the RD force signatures has the 

same value as anticipated in the derivation of Equation (4.4.19) for the properties of the 

white noise excitations. The examination of Equations (4.2.25) and (4.2.26) can explain 

theoretically the added effect of the correlation matrix of the forcing functions existed in 

the correlation matrix of the acceleration responses. This explanation is further fostered 

by the results in Figure 4.5.5, after transferring the RD residuals and RD force signatures 

into the frequency domain data by the FFT based approach.

According to the foregoing results, the RD acceleration signature substantially

consists of two portions. One portion represents the free vibration acceleration response

of a linear dynamic system and the other portion results from the contribution of the 

white noise excitation acting on the DOF of the dynamic system. Hence, the following 

relationships can be established:

= (4-5-8>

V ,( r>=* W r>+* W r) (4-5-9)
in which the superscripts of the RD acceleration signatures, F  and L, naturally correspond 

to the free vibration portion and the forcing function portion in the RD signatures.

121

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



RD
 

re
si

du
al

s/
w

hi
te

 
no

is
e

oc
24=

(93TS

QQ£

0.05

0.04

0.03

0.02

0.01

0

- 0.01

- 0.02

-0.03

-0.04

-0.05

time (sec) 
(a) 1st dof

#*> :
J i  ? * ^ f '  H gIC fifi A a

m ; j f c

time (sec)
(b) 2nd dof

Figure 4.5.4 Relation of RD Acceleration Residuals and White Noises 

RD White Noise Signature; A A  A A  A ,  RD Acceleration Residuals

122

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.E-01

1.E-03

2 .

1.E-05

1.E-07

1.E-09

••i ::; *r* %
1 **»I *;

1 0 15

frequency (Hz)
(a) 1st dof

20 25

1.E-01

1.E-03

g.

1.E-05

w * m
$ : \ f v

1.E-07

1.E-09 — 1— 1— *— !— 1....1.... '■ I  I 1  II I IWM Jill M... .1.......... I....

0 10 15 20 25

frequency (Hz)
(b) 2nd dof

Figure 4.5.5 Relation of RD Acceleration Residuals and White Noises 

RD White Noise Signature; ▲▲▲▲▲, RD Acceleration Residuals

123

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4,5.2 Effects of Simulated Wind Forces

The RD signatures of the responses resulting from the dynamic system subjected 

to the fluctuating alongwind and crosswind forces are shown in Figures 4.5.6-8 and 

4.5.11-13, respectively, in comparison with the corresponding free vibration responses. 

Surprisingly, the compared results appear to prove that the RD displacement and velocity 

signatures are congruous with the free vibration responses for both cases of the simulated 

wind forces, though the theoretical development is restrained for the white noise inputs. 

It may be explained that wind forces can be regarded as a broadband process in certain 

practical applications, when compared to a system transfer function. In this sense, the 

simulated wind forces in these cases are treated as good approximations of the white 

noise processes.

Nevertheless, common to both of Figures 4.5.8 and 4.5.13 are the RD acceleration 

signatures, which illustrate the significant deviation in the first several points from the 

corresponding free vibration response. Again, it reflects the added effect of the RD force 

signatures in the RD acceleration signatures, in contrast with the results of the RD 

displacement and velocity signatures. The comparisons between the RD acceleration 

residuals and the RD force signatures in Figures 4.5.9-10 and Figures 4.5.14-15 reveal 

such an effect. Such a result is sufficient to reconfirm the relationships in Equations 

(4.5.8) and (4.5.9) and further establish the following expressions:

(4-5-10)

(4-5-11}

in which R and L stand for the two portions in the RD acceleration signatures from the 

non-forced acceleration responses and the forcing functions, respectively.
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4.6 Concluding Remarks

The theoretical foundation of the multiple-signal RD technique has been enhanced 

to access further Information of the RD signatures on the basis of the theoretical studies 

of Huang, et al. and Bedewi. The development of the theoretical foundation takes 

advantage of the state space formulation to represent the auto and cross RD signatures of 

dynamic responses in an elegant way. Making use of such a representation in connection 

with the free vibration responses of a linear dynamic system can help define a set of the 

theoretical initial conditions so that the RD signatures satisfy the requirement of the free 

vibration behavior. In this theoretical development, each forcing function is assumed to 

possess the properties of the Gaussian white noise process, but the correlation is capable 

of existing between the forcing functions.

A previously proposed procedure was extensively used in this study together with 

the developed theory of the RD technique to give rise to the MDOF analytical free 

vibration responses. Such a procedure adopts the concept behind the RD technique in 

order to facilitate the determination of the initial conditions through the formed RD 

signatures of displacement and velocity responses from a dynamic system.

To verify the proposed procedure, numerical simulations of a 2DOF dynamic 

system separately loaded by the uncorrelated white noise excitations and the two 

simulated wind forces were carried out. Verification was assessed on the basis of 

comparison between the estimated RD signatures and the deterministic free vibration 

responses. Figures 4.5.1 and 4.5.2 reconfirmed that the RD displacement and velocity 

signatures are equivalent to their free vibration responses for the dynamic system 

subjected to the white noise excitations. For the cases of the fluctuating wind forces
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shown in Figures 4.5.6-7, and 4.5.11-12, the compared results give an excellent 

agreement, which also indicate the applicability of the RD technique to the real wind- 

induced responses. Moreover, the comparisons in Figures 4.5.4, 4.5.9, and 4.5.14 reveal 

that the first points of the RD acceleration residuals have the same values as those of the 

related RD force signatures, despite the RD acceleration signatures do not resemble the 

free vibration responses. These compared results above naturally support the feasibility 

of the procedure described in this study.

Correspondingly, the contribution of the proposed procedure to the RD signatures 

brings a better understanding of the theoretical foundation on the RD technique. In 

particular, the primary concerns in this study are to realize the RD acceleration signatures 

in comparison with the free vibration responses and further establish the generalized 

relation between the RD acceleration signatures and the RD force signatures. Common 

to the numerical simulations for the RD acceleration signatures, the RD force signatures 

apparently influence the RD acceleration signatures, which is evident from inspecting 

visually Figures 4.5.3-5, 4.5.8-10, and 4.5.13-15. In fact, the added effect of the RD 

force signatures on the RD acceleration signatures is consistent with Equations (4.2.25) 

and (4.2.26), where the correlation matrix of the forcing functions is essentially included. 

Hence, it follows that the RD acceleration signature consists of two portions contributed 

from the non-forced acceleration response and the applied forcing function, as formulated 

in Equations (4.5.10) and (4.5.11).

The experiences from this study recommend that force measurement may be 

required to accompany acceleration measurement in practical tests to achieve the more 

accurate modal parameters of a numerical model for a dynamic system.
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Chapter 5

RANDOM DECREMENT BASED METHOD

5.1 Introduction

Many time domain identification techniques, developed to determine unknown 

modal parameters from multiple-output responses only, are available, such as the Ibrahim 

time domain identification technique [Ibrahim, 1977; Pappa and Ibrahim, 1981], the poly­

reference least squares complex exponential method [Void and Rocklin, 1982; Void and 

Russell, 1983], the eigen-system realization algorithms (ERA) [Juang and Pappa, 1985; 

Juang et al., 1988] or fast ERA method [Liu and Zhang, 1999], the autoregressive moving 

average model [Wang and Fang, 1986], the stochastic subspace method [Van Overschee 

and De Moor, 1996] and so on. The use of these techniques generally requires the form 

of impulse or free decay response functions including correlation functions. As shown in 

the previous chapters, however, the impulse and free decay response functions involve 

the additional information from the applied forcing functions, when the acceleration 

responses measured from forced vibration tests are taken into consideration. Hence, the 

use of these time domain identification techniques on such forced acceleration responses, 

without knowledge of the applied forcing functions, may draw a significant biased 

estimation of the modal parameters for the dynamic system. This problem is a major 

concern of this chapter.

In response to such a problem, the random decrement (RD) based method, which 

elaborates response data in the time and, then, frequency domains by cooperating the RD
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technique with the fast Fourier transform (FFT) based algorithms, is proposed in this 

study. In fact, the RD based method used for the acceleration responses, irrespective of 

whether the analysis procedure is in the time domain or frequency domain, still needs to 

overcome the influence of the applied forcing functions. As already underlined, the use 

of the RD technique encounters the same drawback of involving the RD force signatures 

in the RD acceleration signatures. Instead, the task of evaluating the frequency response 

functions (FRFs) with the FFT based algorithms from the RD acceleration signatures is 

therefore managed to make it possible to determine the modal parameters of the dynamic 

system. To accomplish this task, a new FRF approach for the acceleration responses, 

which is a modification of the traditional one, has to be verified in advance, leading to the 

crucial theoretical foundation for deriving the FRFs of the RD acceleration signatures.

Numerical simulations of 2DOF and 3DOF linear dynamic systems subjected to 

white noise excitations in theory and simulated wind forces in practice, separately, are 

carried out to corroborate the applicability of the RD based method. The results of the 

RD based method evaluated only from the acceleration responses are naturally compared 

with those of the FRF approach to understand their relative merits to the parameter 

identification of a dynamic system. The performance of the RD based method and the 

FRF approach is mainly discussed in relation to the accuracy of natural frequencies and 

corresponding mode shapes. In the course of these simulations, an innovation of the RD 

technique to effectively avoid the added effect of the RD force signatures in the RD 

acceleration signatures is discovered. The innovated RD technique is based on a new 

manipulation of selecting a leading response that is isolated from the direct application of 

input forces and associated with the diagonal mass matrix of a dynamic system. Besides,
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the identification accuracy of the mode shapes can be further enhanced, when a proper 

time length is selected from the formed RD signatures to evaluate their FRFs.

5.2 Frequency Response Function Approach

A starting point for the theory of the output-only FRFs is based on the solution of 

multiple-degree-of-freedom (MDOF) differential equations of motion. Using the modal 

superposition method [Paz, 1997], the displacement responses for an n DOF discrete 

linear dynamic system, in terms of the normal modes of the system, can be expressed by 

Equation (5.2.1).

X(t )  = <p$x (0  + (p2q2 (0  + • • • + <P„q„ (0  = ®Q{t) (5-2.1)

in which the modal matrix <D and the modal coordinates Q{t) are respectively denoted by:

0> = [<p, <p2 <Pj <Pu\

0 n ^ 1 2 -  $ M •• K

4>n $ 2 2 -  0 2 . •• $ 2  n

1,1 $ n - 1,2 “  $ n - l j ■■

$ m "  $ n j -  $ « n

(5.2.2)

Q(t) = (5.2.3)

q,{t) 
q2(t)

q}{t)

q„{t).

The use of Equation (5.2.1) can convert the n coupled equations of motion, as follows:

MX(t)  + CX{t) + KX{t) = f ( t )  (5.2.4)

to a set of n uncoupled equations, which are given by:

qj(t) + 2^jO}jqj{t) + 0)2jqj(t) = Fj(t) y = 1,2, . . . ,n  (5.2.5)
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In this study, M, C and K  are nxn symmetric mass, damping, and stiffness matrices, and

(pTjM<Pj = 1 (5.2.6)

Fj {t )  =  <pTj f { t )  (5.2.7)

The solution of Equation (5.2.5) for the modal displacement response qj(t) with its zero 

initial conditions is following [Crandall and Mark, 1963]:

t

qj ( t ) = \ h j { t -T)Fj (T)dT (5.2.8)
- 0 0

in which an impulse displacement response function is defined by:

e~Sj(0jt s i n ( J l - g 2,G> J)*;(») =----- , ■■■'. (5.2.9)

The transformation of Equation (5.2.1) with the aid of Equation (5.2.8) into the frequency 

domain yields subsequently:

X ( f )  = V,Ht(f)F, (/) + <p2H, (f)F2 (/)+•■• + ?>.//. (f)F,(f) (5.2.10)

in which the z‘th frequency response function //,(/) is the Fourier transform of h,{t), and

F(f) is the Fourier transform of the forcing function vector F{t).

The corresponding acceleration response is formulated by Equation (5.2.11), 

consisting of a superposition of its normal modes.

X { t )  =  (pxq , { t )  +  <p2q 2{t )  +  --- +  (pnq n{t )  =  ® Q ( t )  (5.2.11)

In Equation (5.2.11), the modal acceleration response is resulted from the double

differentiation of Equation (5.2.8) with respect to t:
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q j { t )  =  J h j ( t  -  r)Fj {T)dr + hj {Q)Fj (t)
—co

t
(5.2.12)

= j h ] ( t - T ) F j ( T ) d r

in which

haj {t) = hj{t) + S j {t) (5.2.13)

h f { t )  is the impulse acceleration response function that contains the Dirac delta function 

5j(f) in order to satisfy the theoretical definition of the impulse response function. It is 

noted that the formation of Equation (5.2.13) is different from other literatures that use 

the impulse acceleration response function without the term of the Dirac delta function. 

Similarly, the transformation of Equation (5.2.11) into the frequency domain yields:

It is apparent from Equations (5.2.10) and (5.2.14) that the displacement and

Under the assumptions that vibration modes are well separated and modal damping ratios 

are small, the dynamic response at a resonant frequency is dominated by the contribution 

of the corresponding vibration mode, and the contributions of other vibration modes are 

negligible [Bao and Ko, 1991]. As a result, the responses at the kth natural frequency,^, 

can be approximately evaluated as:

X ( / )  = <pxH “ ( f ) F l{ f )  + <p2H a2 ( f ) F 2 ( / )  + ••• + <pnH an (f ) F n { f )  (5.2.14)

acceleration responses at the z'th DOF of the system can be given by the subsequent 

equations:

X,. ( / )  = ^  ( m  i f )  + 0i2H2 (f ) F 2 ( / )  + ••• + ̂ H n (f ) F n i f )  (5.2.15)

X,. i f )  = t aITx ( f ) F x ( / )  + ̂ 2  ( f W i  ( / )  + • -  + $inH an (f ) F n i f )  (5.2.16)

(5.2.17)
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X i(fk) = 0ikH ak( f k)Fk( f i ) (5.2.18)

From Equations (5.2.17) and (5.2.18), it follows that a modal ratio between two

In addition, Equations (5.2.19) and (5.2.20) are also the definition of the 

traditional frequency response function (FRF), which is essentially the ratio of the output 

to input, that is,

H A f )  = —i—LL (5.2.21)
X,.(/)

In this study, X,{J) and X/f)  represent the Fourier transforms of two ergodic stochastic 

responses X,{t) and X/t),  respectively, as illustrated in Figure 5.2.1, and /  denotes the 

natural frequency. The FRFs of the displacement and acceleration responses at the kth 

natural frequency f k can be further expressed, respectively, as following:

simultaneously resulting responses at the Ith DOF and the / h DOF of the dynamic system

can be obtained using:

X j { f k) </>jkHk{ f k)Fkj f k) <j>jk 
U f k) 0ikHk( f k)Fk( f k)

(5.2.19)

X j i f k) $jkHk { f k)Fk{fk) ^

U f k) </>ikH ak{ f k)Fk{ f k) $ik
(5.2.20)

(5.2.22)

(5.2.23)

(5.2 .24)

and
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(5.2.25)

(5.2.26)

(5.2.27)

, in terms of the one-sided estimated spectral density functions defined by the following 

Equations (5.2.28-30):

in which the superscript * denotes the complex conjugate and T is the time length of the 

responses, Xi{t) andXj{t) [Bendat and Piersol, 2000].

The introduction of such FRFs can be used to determine the mode shapes of the 

dynamic system. When a set of responses at different locations of a dynamic system is 

available, the mode shapes of the dynamic system can be evaluated from the amplitude 

and phase of a FRF between any response and a common reference response. Crucially, 

this can be carried out not only from displacement or velocity responses, but also from 

acceleration responses irrespective of the additional effect of the applied forcing function 

on the impulse acceleration response function.

(5.2.28)

GV l ( . r > = f a ( f , T ) x l v , r ) ] (5.2.29)

(5.2.30)
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It is known that \H\p (A  )| = \Hp* (A  ) |= \ ^ p n (A ) at any value of the natural

frequency, when a tested dynamic system fulfills the linear and time invariant 

assumptions and when noise and measurement errors do not exist. Hence, the ordinary 

coherence function, which is basically defined by Equation (5.2.31), is equal to 1.

y ; =  1 (5.2.31)

In contrast, if both noises are present in the input and output responses, as illustrated in 

Figure 5.2.2, the corrupted FRFs can be derived as follows:

G E E{ f k)

&  V E V E \ J  k )x f -x ?

X j X j

1+ G MM (A  )
GxiXi( f k)

(A )

x,Ex f ( f t )
1 + Gm ( f k) 

G x j x t f t ) ;

(5.2.32)

(5.2.33)

4 T ( A ) = .
JXF-XE (fk)

]g vE
X ? X j

| GNN (fk )
,(A )

i+ GMM(fk)
G x A f k )

(5.2.34)

in which

XEXE (A ) ~ GXiX, (A  ) + Gmm (A  )''l AI ‘ 1

GXkXA f k) = G , x ( f k) + GNN( f k)

GXf Xf ( f k )  ~  GXjX. ( A )

(5.2.35)

(5.2.36)

(5.2.37)
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assuming that the noise terms, M(f) and N(f), are uncorrelated with each other and with 

the input and output responses. It is manifest that the subsequent relations of Equations 

(5.2.38) and (5.2.39) can be established [He and Fu, 2001]:

H\P ( / )  < H p n ( / )  < H\‘n { f )  (5.2.38)

± < H f \ f )  (5.2.39)

Figure 5.2.1 A Linear System with Single Input and Single Output
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XjE(t)

Figure 5.2.2 FRF Estimations with Input and Output Noises

5.3 Random Decrement Based Method

The random decrement (RD) technique, a time domain approach, was initially

developed to form a characteristic signature, a RD signature of a dynamic system, based

on the ensemble average of pre-selected sample segments from random response signals. 

Such a RD signature attempts to represent the free vibration response of the dynamic 

system, which can be used to continue with the parameter identification for the modal 

analysis. The fundamental definitions of the auto and cross RD signatures for the two 

ergodic stochastic responses, X,{t) and X/t), are given by Equations (5.3.1) and (5.3.2).

S XiXi(T) = E[Xi(t + T)\TXi(t)] (5.3.1)

S XjXi(T)  = E[Xj( t  + T)\TXiU)] (5.3.2)
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where is[|] denotes the conditional expectation operator and Tx,(t) designates a triggering

condition, selected in a leading response Xt{t) at a time of t.

The RD based method is introduced by combining the RD technique with the FFT 

based algorithms to investigate system dynamic characteristics through the output-only 

responses. Based on the Fourier transform of the RD signature as following:

QO

( / ) =  (5.3.3)
-0 0

, the RD based method transforms the formed RD signatures into the frequency domain 

in order to produce their spectral density functions. As a consequence of these spectral 

density functions, the definition of the FRFs for the RD signatures can be formulated as 

follows:

q r d  (  f  \

* (s-3.4)
X̂jXj&XiXi Gk) 

gH) ( f  \

( 5 ' 3 ' 5 )X̂jXî XiXt G  k)

X “' ( h  ( 5 3 - 6 )Gk)

( / )  and G ^ x&x^  ( / )  are the auto-spectral density functions of the RD 

signatures for 8 XXj (r) and 8 XjXf ( r ) , respectively, and ( / )  and G ^ ^  ( / )

are the cross-spectral density functions between the RD signatures, S XiXj (r) and 

s x , A r ) .
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As mentioned in the previous studies, the RD acceleration signatures are affected 

from the RD signatures of the forcing functions applied on the dynamic system. The use 

of the RD acceleration signatures may cause a biased estimation of the system dynamic 

properties especially for the time domain system identification techniques, relying on free 

vibration responses. Nonetheless, it is not quite tractable to distinguish the RD forcing 

function signatures, without knowledge of their characteristics, from the RD acceleration 

signatures in order to yield the free vibration responses of the dynamic system. With this 

in mind, the emphasis in this study is therefore addressed on verifying the applicability of 

the RD based method to evaluate the system parameters from the acceleration responses.

It has been indicated that the RD acceleration signature essentially consists of two 

portions contributed from the acceleration response of a dynamic system and the forcing 

function acting on the dynamic system. As a consequence, it follows that the subsequent 

expressions are allowed to give:

in which the superscripts of the RD acceleration signatures, R and L, naturally correspond 

to the non-forced acceleration response portion and the forcing function portion of the 

RD signatures, respectively.

At this stage, it is intended to transform Equations (5.3.7) and (5.3.8) into their 

frequency domain as follows:

(5.3.7)

(5.3.8)

(5.3.10)

(5.3.9)

149

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Correspondingly, the use of Equations (5.2.28-30) can give rise to the auto-spectral

iR Ddensity function, GA „ A., ( / )  and GA.. .. A. .
A) Xj  Xj X j  X j X j  X j X j

( / ) ,  and the cross-spectral density function

of 4 4 - ^  and AXjx,(f) as follows:

G (/■)= —
^ k ,X i ^ k ,X t  J  j ’

(5.3.11)

Gf 5 ( f )  = —
X j X j  X j X j  J  J 1

(5.3.12)

4 ^ ,  ( />  -  d  4 * ,  ( /> +A4  ( / ) ]  [A4  ( / ) + a )
(5.3.13)

( / )

Upon substituting the spectral density functions in Equations (5.3.11-13) into Equations 

(5.3.4-6), it conies out that the FRFs of the RD acceleration signatures become:

4  (A)U -  —

1+ -
4 ^ . 0

A4 ( A ) + A ^  ( / 4) - a^ 1((A )

a1 ^ ( A ) + a^ ( A )
i + A ^ ,(A )

A V ,(/* )

(5.3.14)

X̂jkî XjXi

s kjkia XiXi

A*V / (/*) + Â ( / * )
= W * ) -

1 +  -

Â .jr, (/* >

(5.3.15)
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in which

A W - f k)
(5.3.17)

Paralleling the development of Equations (5.3.15-17), the other theoretical 

derivation is intended to link the FRFs of the RD signatures in terms of the spectral 

density functions of the original responses. Since the RD signatures are theoretically 

proportional to the correlation functions of their own responses, Equations (5.3.9) and

(5.3.10) may be rewritten in the following formations:

in which C is a common proportional factor and X t(t) is assigned to be the leading

response for the acceleration responses, X t(t) and X . ( t ).

Similarly, Equations (5.3.18) and (5.3.19) are converted into their frequency 

domain formulations:

(5.3.18)

(5.3.19)

A«  U )  = E  c [ * E , (r) + Rb .  = f  [ G «  ( / )  + ( / ) ]  (5-3.20)

(/>  = E  W  + Rb  W p ' V r  = f  [G E , ( / )  + G E , ( / ) ]  (5.3.21)
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which are based on the definition of Equation (5.3.3). The spectral density functions of 

( / )  and ( / )  are calculated in Equations (5.3.22-24) in order to formulate the

FRFs in Equations (5.3.25-27).

C2

T

= G,

ij \ J k J  -̂,RD

g ^ y( A ) + g U ( A )
”  ^ ( y ; ) + ^ ( A )

i+

i+-G i M )
G ^ i f k )

H f \ f k ) \ T kiW =

= ^ 7)CA)

1 +  — ^ --------
G b i f k )

AJ f k S k I
G \ M k )
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(5.3.24)

(5.3.25)

(5.3.26)
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xtv)

r - iR D
G&jtj,
s i R D
G&y„.A V ,  (fk)

G * ,J tW  + G* . * WXjXf '

1+
Gi,*,(/*)

1 + GiA ( f k)
G l M )

(5.3.27)

in which

G ^ i f k )
(5.3.28)

Equations (5.3.14-16) or (5.3.25-27) provide an appreciation on the application of 

the FRFs of the RD acceleration signatures. First, it is found that the ordinary coherence 

function defined by Equation (5.2.31) is equal to 1 for each frequency component, in that 

an identity relation among the FRFs is obviously established as following:

(5.3.29)

The dominant natural frequencies of a dynamic system cannot be determined using the 

ordinary coherence function. In addition, Equation (5.3.29) implies that the true FRFs of 

the dynamic system under consideration may be not guaranteed to obtain from Equations 

(5.3.14-16) or (5.3.23-27), if the following relations are not satisfied.

A Jr. jr. ( f k )  __ ^ X j X ,  ( f k )

A ^ ( / * )  ”  f k)

G#. x, (fk) Gx)x. (fk)

(5.3.30)

(5.3.31)
G^xi f * )  GjCjX, (fk )

Without the influence of the forcing terms, it follows immediately that the FRFs of the 

RD signatures are scaled versions of the true FRFs for the dynamic system. It means that
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the measurement of the displacement or velocity responses for the RD signatures should 

be a reliable alternative for the estimates of the FRFs, without the added complexities of 

the RD acceleration signatures.

Whether or not the dynamic properties of a system are possible to be determined 

by the FRFs of the RD acceleration signatures is further investigated. The theoretical 

derivation for the FRFs of the RD signatures stems from the conceptual viewpoint of the 

FRF approach for the acceleration responses. Of course, the justification of such a 

derivation is amenable to follow the same assumptions of the FRF approach, which are 

summarized by:

1. Each stochastic process is Gaussian;

2. The dynamic system behaves linearly;

3. Vibration modes of interest are significantly excited;

4. Vibration modes are well separated and lightly damped.

From a different perspective on the feature of the normal mode superposition, the 

RD acceleration signatures can be obtained by the summation of the RD signatures of the 

individual normal modes as follows:

8 X X , (0  = <Pi8w, (0  + <P28m , (0  + --- + <Pn8Ul (0  (5.3.32)

or

S X A {t) 011 0 1 2 0 i  „

S x2xM)
=

0 2 1 0 2 2 • 0 2 « < W 0

0  n2 • '  0 n « _ Sm {t)
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The derivation for the RD signatures o f the individual normal mode in Equation (5.3.32)

or (5.3.33) begins from the substitution of variables, f  = t + r  and t — s + f  in Equation

(5.2.12). Therefore, it turns out that Equation (5.2.12) becomes:

T

q. (t' + T)= j h “(T-s )Fj  (t' + s)ds  (5.3.34)
—co

Subsequently, taking the conditional expectation of Equation (5.3.34) with a triggering 

condition T {n yields:

T

£ [ ^ « ’ + r)|rj_(, ,]=  \ h ‘ (T-e)E[Fl {t' + e)\Tu n V s  (5.3.35)
—oo

In fact, Equation (5.3.35) satisfies the definition of the RD signatures, which becomes:

]h ‘ (T -e )S riti(,e)de (5.3.36)
-C O

The use of Equation (5.3.32) or (5.3.33) and Equation (5.3.36) in the frequency 

domain gives rise to Equation (5.3.37).

Ajar,. (/>  = <PAMl ( / )  + < P i^, ( / )  + ••' + ( / )
(5.3.37)

=*>, h ; ( / ) a fa ( /)A fii. ( / ) + - + p .w ; ( / ) A ,_ fi( / )

As a result, the 1th a n d /h RD signatures from Equation (5.3.37) are given by:

V ,  (/) = < J ) A m  (/) + t n W  (/) + ■• + + J T t (/) (/) (5.3.38)

A*,* (/) = ( f ) A m  (/) + $ J2H a2 (/) A m  (/) + ■• ̂ jnK  i f )  A fa (/) (5.3.39)

Likewise, the modal ratio between the i th and f h RD signatures at the kth natural frequency 

fk can be approximately expressed as:

AxA ( f k) J jkH ak ( f k) A m ( f k) f t  

A . M )  ^ H t ( f k) A m ( f k) <f>ik
(5.3.40)
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The FRFs of the RD acceleration signatures can therefore be defined by the spectral 

density functions as follows:

^ A  X,X , A XjX,  ^ " k  ^  $ j k
(/» )= -

4 " ’c f t ) =

T & x jX . & x , x t W k )  0 i k

^ AXjX£xjx{fk) ^  <pjk 

^ik

T &  X j X i A X j X ,  (j) Jf

r A  J .  x j A X; X, k  )  $ i k

(5.3.41)

(5.3.42)

(5.3.43)

This completes the theoretical developments of the FRFs of the RD acceleration 

signatures. The following numerical simulations are presented to foster the theoretical 

developments of the RD based method and the FRF approach for the acceleration 

responses. Among these simulations, two simulated wind forces are particularly used to 

realize the applicability of the RD based method in practical engineering projects.

5.4 Numerical Verifications

5.4.1 2DOF Dynamic System with Two Forcing Functions

To verify the applicability of the RD based method for the acceleration responses, 

numerical simulations of a discrete 2DOF dynamic system with the non-proportional 

damping, illustrated in Figure 5.4.1, were first carried out. The equations of motion for 

the 2DOF dynamic system are given by Equation (5.4.1) in which the linear and time- 

invariant assumptions are fulfilled.

'1 cf
k 1u

'0.04 0.01'
k k

'2  -1 '
0 1 k 0.01 0.03_ k J -1 1 _ U c o J

(5.4 .1)
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The theoretical modal parameters of the 2DOF dynamic system are listed in Table 5.4.1. 

Gaussian white noise excitations and two distinct types of wind forces were individually 

simulated for the forcing functions, f\{t) mAfzit),  in Equation (5.4.1). The time intervals 

for the Gaussian white noise and the simulated wind forces are 0.02 and 0.2 seconds, 

respectively. Time series of 8000 seconds for each forcing function were generated and 

then applied on each mass of the dynamic system. The Newmark-/? numerical integration 

scheme was used in this chapter to analyze the acceleration responses of the dynamic 

system. The resulting responses of 7985vseconds are adopted after the discard of their 

initial part to avoid non-stationary transient responses.

W ) ■ VI, 1 hĝ - a2(0

fi(t) M  =■!

K2=l N/m 
Cy=0.03 Ns/m

ai(t)

Kj=l N/m 
C,=0.01 Ns/m

Figure 5.4.1 2DOF Dynamic System
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Table 5.4.1 Theoretical Modal Parameters of a 2DOF Dynamic System

Damped natural frequency Damping ratio M>lkl l<M <̂t>2k
Mode 1 0.0983 Hz 3.37 % 1 1.61753 0° 0.427°

Mode 2 0.2575 Hz 0.87 % 1 0.61817 0° 179.9°

The estimated RD signatures were pursued from such resulting responses by 

selecting a cross level in the leading response as the triggering condition of each sample 

segment, which was used throughout this chapter. The leading response was assigned to 

the location 1 of the two responses to form the RD signatures, corresponding to RDS1. 

Besides, 600, 150 and 75 seconds were individually specified to investigate the potential 

effect of the superimposed segment length required for the formation of the estimated RD 

signatures. Figures 5.4.2-4 illustrate the RD acceleration signatures from the three cases 

of the simulated forces, i.e. Gaussian white noises, alongwind forces and crosswind 

forces. To emphasize the significant influence of the input forces, the first point of each 

RD signature was particularly marked by a square in Figures 5.4.2-4, even though each 

RD signature looks like a free vibration response.
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Figure 5.4.4 2DOF RD Acceleration Signatures to Simulated Crosswind Forces 

-0—0- RD Signatures; □ First Point of RD Signatures

165

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



time (sec)

m m M d

-2 * -

time (sec)

Figure 5.4.4 (b) 150 seconds 

-0-0- RD Signatures; □ First Point of RD Signatures

166

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



dze

time (sec)

2

1

0 

-1 

-2
tim e (sec)

F ig u re  5 .4 .4  (c) 75 seconds 

- 0 - 0 -  R D  S ignatu res; □ F irs t P o in t o f  R D  S igna tu res

167

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



T he fo rm ed  R D  acce le ra tio n  signatu res gav e  rise  to  th e ir  e s tim ated  F R F s, w h ich  

w e re  u sed  to  co m p are  w ith  th e  es tim ated  FRFs o f  the  re su ltin g  acce le ra tio n  resp o n ses at 

th e  do m in an t n a tu ra l frequenc ies. T o  y ie ld  th e  F R F s, th e  au to- an d  cro ss- spec tra l density  

func tions w ere  estim ated  in  ad v an ce  u sin g  th e  trad itio n a l F F T  b ase d  algo rithm . F o r the 

acce lera tion  resp o n ses , 600  seconds w ere  u sed  in  each  tim e seg m en t fo r th e  com pu tations 

o f  th e  F o u rier tran sfo rm a tio n  and  th e  H an n in g  w in d o w , and  th en  th e  to ta l 13 segm ents 

w ere  averaged  to  es tim ate  th e  spec tra l d en sity  functions. A p p aren tly , th e  m a in  d iffe rence 

in  ca lcu la ting  th e  spec tra l d en sity  func tions o f  th e  R D  signatu res, in  co n tras t to  those  o f  

th e  responses, is th a t the  av erag in g  p ro ced u re  is  im p lem en ted  in  th e  tim e  d o m ain , before 

the  F F T  b ased  a lg o rith m  is em ployed . T he app lica tions o f  th e  av e rag in g  p ro ced u re  and 

th e  H an n in g  w in d o w  as b as is  p ro v id e  effec tive  m ean s o f  red u c in g  ran d o m  and  system atic  

errors in  the  estim atio n s o f  th e  spec tra l d en sity  functions.

T he d o m in an t n a tu ra l freq u en c ies o f  the dynam ic system  w ere  firs t d e te rm in ed  b y  

d irec t o bservation  from  th e  es tim ated  au to -sp ec tra l d en sity  fu n c tio n s  o f  th e  orig inal 

resp o n ses and th e  R D  signatu res, illu stra ted  in  F igu res 5 .4 .5-7 . H o w ev er, th e  observed  

n a tu ra l frequencies m ay  b e  a  re su lt from  the  d o m in an t freq u en c ies  o f  th e  in p u t forces as 

w ell as the  structu ra l re sp o n se  frequencies. A ccord ing ly , it is n ec essa ry  to  ex am in e  the 

estim ated  cross-spectra l d en sity  fu n c tio n s and  the  estim ated  p h ase  an g les b e tw een  the 

tw o  responses o f  th e  dynam ic system  to  v e rify  such  o b serv ed  n a tu ra l frequenc ies. T he 

estim ated  cross-spec tra l d en s ity  fu n c tio n s and  p h ase  angles fo r th e  v a rio u s  ex c ita tio n s are 

illu stra ted  in  F igu res 5 .4 .8 -10 . T ab le  5 .4 .2  dem o n stra tes  th e  re su lts  o f  th e  d o m in an t 

na tu ra l frequencies an d  th e  p h ase  ang les in  th e  2D O F  dynam ic system  su b jec ted  to  the 

various excita tions. In  rev iew  o f  th e  fact th a t th e  p rec is io n  to  id en tify  n a tu ra l frequencies
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is g rea tly  affec ted  b y  th e  freq u en cy  reso lu tion , th e  re su lts  w ith  slig h t variances in  T ab le

5 .4 .2  fo r all v a rio u s  cases, in  co m p ariso n  w ith  th e  th eo re tic a l v a lu es  in  T ab le 5 .4 .1 , are 

reaso n ab ly  accep tab le .

T ab le  5 .4 .2  E stim a ted  N a tu ra l F requencies and  P h ase  A n g les o f  a  2 D O F  System

Natural Frequencies Phase Angles

Mode 1
(Hz)

Mode 2
(Hz)

Mode 1 Mode 2

Z<f>lk(0) A >2k(°) ^ 2 k O
Response (600s) 0.09666 0.25666 0 1.099 0 178.122

White Noises RDS1 (600s) 0.10000 0.25499 0 1.600 0 178.958

RDS1 (75s) 0.09333 0.25333 0 0.218 0 179.918

Response (600s) 0.09663 0.25825 0 0.798 0 175.410
Alongwind
Forces RDS1 (600s) 0.09663 0.25991 0 0.359 0 177.103

RDS1 (150s) 0.10000 0.26000 0 0.484 0 178.969

Response (600s) 0.09997 0.25658 0 0.357 0 176.189
Crosswind
Forces RDS1 (600s) 0.09830 0.25658 0 0.135 0 178.560

RDS1 (150s) 0.10000 0.25333 0 0.479 0 175.547
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W ith  resp ec t to  th e  d e term in ed  n a tu ra l frequencies, th e  e s tim ated  F R F s in  T ab le  

5.4.3 w ere  ca rried  o u t u s in g  E q u a tio n s (5 .2 .25 -27) and  (5 .3 .4 1 -4 3 ) fo r  th e  responses and  

the  R D  signatu res, resp ec tiv e ly . F ro m  the g iven  re su lts  o f  th e  e s tim ated  F R F s, the 

co rresp o n d in g  m o d a l ra tio s  b e tw een  the  tw o  loca tions o f  th e  d y n am ic  system  are also 

o b tained . A s reco g n ized , b ecau se  o f  the  n o n -p ro p o rtio n a l d am p in g  n a tu re  o f  th e  dynam ic 

system , th e  m o d al ra tio  co m p o n en ts  are u su a lly  com plex . T h e  q u an titie s  in  T ab le  5 .4 .4  

are th ere fo re  trea ted  as th e  ab so lu te  va lu es o f  the  o b ta in ed  m o d a l ra tio s , in  com parison  

w ith  the th eo re tica l ab so lu te  va lu es o f  th e  m o d al ra tio s  g iv en  in  T ab le  5 .4 .1 . T o com pare  

the  d eg ree  o f  th e  accu racy  in  th e  m o d a l ra tio s b e tw een  th e  R D  signatu res and  the 

responses, the  q u a lity  m easu re  is  d e fin ed  b y  the  re la tiv e  erro r in  E q u a tio n  (5 .4 .2):

$ = f } — ------— x 100%  (5 .4 .2)
i ~ \  f a

in  w h ich  <p and  <j> are th e  th eo re tica l p a ram ete r and  th e  estim ated  p a ram e te r o f  the  m odal

com ponen t, respectively , and  n is  th e  to ta l n u m b er o f  m odes. T ab le  5 .4 .5  illu stra tes the  

re la tiv e  erro rs o f  the  m o d a l ra tio s, fo llo w in g  th e  re su lts  in  T ab le  5 .4 .4 .

T h e  p rin c ip a l re su lts  in  T ab les 5 .4 .3  and  5 .4 .4  p o in t o u t th a t th e  id en tity  re la tio n  

o f  the  th ree  es tim ated  F R F s o f  the  R D  accelera tion  s ignatu res in  each  m o d e , derived  from  

E quations (5 .3 .14 -16) o r  (5 .3 .25 -27), is verified . T h is  v e rifica tio n , b a se d  o n  the  th ree  

d ifferen t scenarios o f  th e  sim u la ted  fo rces, fu rther re flec ts  th a t th e  fea tu re  o f  the  id en tity  

re la tion  fo r the  F R F s o f  th e  R D  signatu res in  E q u atio n  (5 .3 .29 ) is  a lso  v a lid  fo r any  o ther 

G aussian  exc ita tions.
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Table 5.4.3 Frequency Response Functions of Responses and RD Signatures

Frequency Response Functions

I^ V d l
Mode 1 Mode 2 Mode 1 Mode 2 Mode 1 Mode 2

White
Noises

Response (600s) 

RDS1 (600s) 

RDS1 (75s)

1.61285

1.63299

1.62059

0.61373
0.63277

0.62133

1.61314

1.63299

1.62059

0.61430

0.63277

0.62133

1.61299

1.63299

1.62059

0.61402

0.63277

0.62133

Alongwind
Forces

Response (600s) 
RDS1 (600s) 

RDS1 (150s)

1.61613

1.61076

1.61991

0.59233

0.60368

0.60179

1.61615
1.61076

1.61991

0.59283
0.60368

0.60179

1.61614

1.61076

1.61991

0.59258

0.60368
0.60179

Crosswind
Forces

Response (600s) 
RDS1 (600s) 
RDS1 (150s)

1.62416
1.62221
1.61935

0.63007
0.65839
0.62493

1.62418
1.62221
1.61935

0.63297
0.65839
0.62493

1.62417
1.62221
1.61935

0.63152
0.65839
0.62493

T h e re su lts  in  T ab le  5 .4 .5  reveals th a t th e  re la tiv e  erro rs o f  th e  m o d a l ra tio s  are 

ra th e r sm all, w h ich  supports  the  va lid a tio n  o f  th e  R D  b ase d  m e th o d  and  the  F R F  

approach  to  es tim ate  th e  m o d a l ra tio s o f  a  dynam ic system  fro m  th e  fo rced  accelera tion  

responses. W h en  co m p ared  to  the th eo re tica l va lu es o f  the  m o d a l ra tio s  in  T ab le  5 .4 .1 , 

th e  re la tiv e  erro rs fo r th e  responses o f  600  seconds an d  the  R D  sig n atu res  o f  75 seconds 

in  the  case o f  th e  w h ite  n o ise  exc ita tions are q u ite  accu ra te  w ith  slig h t variances. It is 

b e liev ed  th a t th e  w h ite  n o ise  excita tions h av in g  th e  p ro p e rty  o f  th e  u n ifo rm  frequency  

sp ec tra  can  serve  as a  critica l reaso n  fo r such  an  ex cellen t m atch . In  th e  tw o  cases o f  the  

s im u la ted  w in d  forces, th e  accuracy  in  the  m o d a l ra tio  o f  th e  2nd m o d e  fo r the  R D  

signatu res w ith  150 seconds is  superio r to  th a t fo r th e  re sp o n ses  w ith  6 00  seconds. F rom  

th is  p o in t, the  su p erio rity  o f  the  R D  b ased  m e th o d  in  co n tra st w ith  th e  so le  u se  o f  the  

trad itio n a l F R F  ap p ro ach  to  re liab ly  estim ate  th e  h ig h er m o d a l ra tio s  o f  a  dynam ic system  

can  b e  ex p ec ted  in  p rac tica l app lica tions o f  w in d  eng ineering .
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Table 5.4.4 Absolute Values of Modal Ratios for Frequency Response Functions

Modal Ratios

02k 02 k 02 k

0 \k H ( n 01 k Hm 01 k H mn

Mode 1 Mode 2 Mode 1 Mode 2 Mode 1 Mode 2

Response (600s)
1.61285

1
0.61373

1
1.61314

1
0.61430

1
1.61299

1
0.61402

1

White Noises RDS1 (600s)
1.63299

1
0.63277

I
1.63299

1
0.63277

1
1.63299

1
0.63277

1

RDS1 (75s)
1.62059 0.62133 1.62059 0.62133 1.62059 0.62133

1 1 1 1 1 1

Response (600s)
1.61613

1
0.59233

1
1.61615

1
0.59283

1
1.61614

1
0.59258

1

Alongwind
Forces RDS1 (600s)

1.61076
1

0.60368
1

1.61076
1

0.60368
1

1.61076
1

0.60368
1

RDS1 (150s)
1.61991

1
0.60179

1
1.61991

1
0.60179

1
1.61991

1
0.60179

1

Response (600s)
1.62416

1
0.63007

1
1.62418

1
0.63297

1
1.62417

1
0.63152

1

Crosswind
Forces RDS1 (600s)

1.62221
1

0.65839
1

1.62221
1

0.65839
1

1.62221
1

0.65839
1

RDS1 (150s)
1.61935

1
0.62493

1
1.61935

1
0.62493

1
1.61935

1
0.62493

1

C om m o n  to  th ese  th ree  cases o f  th e  s im u la ted  fo rces in  T ab le  5 .4 .5 , th e  R D  

sig n atu res  w ith  75 an d  150 seconds g ive  b e tte r  re su lts  fo r m o st m o d a l ra tio s  th an  those  

w ith  600  seconds. T h e  reaso n  is m o st lik e ly  b ecau se  o f  th e  v arian ce  o n  the  es tim ate  o f  

the  R D  signatu re, as o pposed  to  th e  b ias  o n  th e  freq u en cy  re so lu tio n  u sed  fo r freq u en cy  

d o m ain  analysis. H av in g  been  m en tio n ed  in  C h ap te r 3, the  v arian ce  o f  th e  e s tim ated  R D  

signatu re  g rad u a lly  increases w ith  th e  in crease  o f  th e  tim e lags from  its in itia l p o sitio n .
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A s fu rth e r seen  in  F ig u res  5 .4 .2 -4 , th e  lo n g er lags in  the  R D  sig n a tu res  o f  600 seconds 

are  co rrup ted , o w in g  to  th e  in c reasin g  v arian ces  o f  th e  R D  s ig n atu res  an d  th e  add itional 

e ffec t o f  the  R D  fo rce  signatu res, w h ereas  the  first several lag s  sh o w  a  w ell decaying  

curve. S uch  co rrup ted  lags in  th e  R D  signatu res m ay  give rise  to  th e  low  signal to  no ise  

ra tio s , w h ich  adverse ly  a ffec t th e  estim ates o f  th e  F R F s. O n  th e  o th e r h an d , the  accu racy  

o f  th e  estim ated  F R F s re lie s  u p o n  a  h ig h  re so lu tio n  in  frequency  [S ch m id t, 1985], w h ich  

req u ires  a  longer seg m en t len g th  o f  th e  R D  signatu res. C o n stra in ts  o n  th e  se lec ted  leng th  

o f  the  R D  signatu res m ay  n ecess ita te  a  co m p ro m ise  b e tw een  th e  re so lu tio n  b ia s  o f  the 

F R F s and  the v arian ce  o f  th e  R D  signatures. In  th is regard , th e  p rac tice  o f  a  good  

eng ineering  ju d g m en t to  p ro p e rly  se lec t th e  su p erim p o sed  seg m en t len g th  is critica l to  

en h an ce  the  accu racy  o f  the  F R F s o f  th e  R D  signatu res.

T ab le  5.4.5

R ela tiv e  E rro rs  o f  M o d al R a tio s  fo r A cce le ra tio n  R esp o n ses  an d  R D  S igna tu res

Relative Errors 4

^2 k 

&Ik HU)

filk

$\k H un

$2k

<t>\k H um

Mode 1
(%)

Mode 2
(%)

Mode 1 
(%)

Mode 2
(%)

Mode 1 
(%)

Mode 2 
(%)

White Noises
Response (600s) 

RDS1 (600s) 

RDS1 (75s)

0.289

0.956

0.189

0.717
2.363

0.511

0.271

0.956

0.189

0.625

2.363

0.511

0.280

0.956

0.189

0.671

2.363

0.511

Alongwind Forces
Response (600s) 

RDS1 (600s) 

RDS1 (150s)

0.087

0.419

0.148

4.180

2.344

2,649

0.085
0.419

0.148

4.100

2.344

2.649

0.086

0.419

0.148

4.140

2.344

2.649

Crosswind Forces
Response (600s) 

RDS1 (600s) 
RDS1 (150s)

0.410
0.290
0.113

1.926
6.508
1.095

0.411
0.290
0.113

2.395
6.508
1.095

0.410
0.290
0.113

2.160
6.508
1.095
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5.4.2 2DOF Dynamic System with Single Forcing Function

T h e  fo llo w in g  s tu d y  is to  p re sen t an  in n o v ated  RD tech n iq u e . T h e  argum en tation  

o f  such  an  inno v a tio n  is  m o tiv a ted  b y  the  co n c lu sio n  o f  H u an g  and  Y e h  [1999], as show n 

in  E q u a tio n  (4 .5 .6). It w as p o in ted  o u t tha t th e  s in g u laritie s  o f  th e  R D  accelera tion  

s ignatu res depend  o n  th e  co rre la tio n  func tions o f  w h ite  n o ise  ex c ita tio n s , as w e ll as the 

m ass  m a trix  o f  a  dyn am ic  system . T h is  re su lt im p lies  th a t th e  in flu en ce  o f  the R D  force 

signatu res on  th e  R D  acce lera tio n  signatu res m ay  thus b e  e lim in a ted , w h en  th e  lead ing  

re sp o n se  assig n ed  to  a  re sp o n se  is re la ted  w ith  th e  d iag o n al m ass  m a trix  o f  a  dynam ic 

system  an d  is  b eh av ed  w ith o u t the  d irec t ap p lica tio n  o f  any  fo rc in g  function . T h e  targe t 

o f  such  an  in n o v ated  tech n iq u e  is m an ag ed  to  e lim in a te  the  R D  sig n a tu res  o f  th e  forcing  

functions in  E q u a tio n s (5 .3 .7 ) and  (5 .3 .8 ), no  m atte r i f  th ere  is a  co rre la tio n  b e tw een  the 

forcing  functions.

T o  start, th e  p re ced in g  2D O F  dynam ic system  is adop ted , b u t rep lac in g  f\(t)  w ith  

the  nu ll e lem en t in  th e  fo rc in g  fu n c tio n  vector. T h at is,

'1 o'
>+

'0.04 0.01'
j * ' } +

'2  -1'

_° 1 w 0.01 0.03_w -1 1
' x ;

X ,
I 0 1 
l / * ( o  J

(5 .4 .3)

W hen  th e  sing le fo rc in g  func tion  is  con sid ered  in  co n n ec tio n  w ith  th e  d iag o n al m ass 

m atrix  in  E q u a tio n  (5 .4 .3 ), the  R D  accelera tio n  s ignatu re  m a trix  o f  th e  fo rc ing  function  

p o rtio n  8 Ln ( t)  can  b e  fo rm u la ted  b y  E quation  (5 .4 .4 ). T h is fo rm u la tio n  is b ased  o n  the 

resu lts  from  E q u atio n s (4 .5 .5 ) and  (4 .5 .8 -9 ) in  S ec tio n  4 .5 .1 .

l f lX2V l  = n *I (5-4.4)
(t) * W r>"

io01

f x 2x ( t)

T7-jo
1
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A pparen tly , th e  firs t ro w  com ponen ts  o f  the  R D  sig n atu re  m a trix  in  E q u a tio n  (5 .4 .4) are 

all zero  w h e n  th e  dynam ic resp o n se  at th e  firs t lo ca tio n  is ch o sen  as th e  lead ing  response. 

It ex p la in s  th a t th e  effec t o f  th e  forcing  te rm s in  E q u a tio n s (5 .3 .7 ) and  (5 .3 .8 ) d isappears 

theo re tica lly , acco rd in g  to  th e  p ro p e rty  o f  th e  d iag o n al m ass  m atrix  an d  th e  se lec tion  o f  

th e  spec ia l lead ing  response . In  ad d itio n  to  v erify in g  the  in n o v a ted  R D  techn ique , the  

in fluence o f  th e  ap p lied  fo rc in g  fu n c tio n / j(0  is  fu rth e r ex h ib ited  in  th e  second  ro w  o f  the 

R D  s ig n atu re  m atrix , w h e n  th e  lead ing  re sp o n se  is  sp ec ified  a t th e  second  location .

T o  in ten sify  m o re  tho ro u g h ly  th e  co n cep tu a l u n d ers tan d in g  o f  th e  p ro p o sed  R D  

techn ique , s im u la ted  d a ta  w ith  the  leng th  o f  8000  seco n d s w ere  generated . T h ese  d a ta  

rep resen t th e  acce lera tio n  resp o n ses o f  the  dynam ic system  su b jec ted  to  th e  sing le in p u t 

fo rce ex trac ted  from  the  v ario u s  sim u la ted  fo rces u sed  p rev io u s ly  in  S ec tio n  5.4.1. W h en  

th e  first D O F  re sp o n se  w as  p u rp o se ly  se lec ted  to  b e  th e  lead in g  re sp o n se  to  constitu te  the 

R D  signatu res in  F igu res 5 .4 .11-13 , the  added  effec t o f  the  R D  force signatu res in  the  R D  

accelera tion  s ignatu res is d im in ish ed  in  a  g rea t am o u n t as an tic ip a ted . P articu la rly  show n  

in  F igu re  5 .4 .11 , th e  p ro m in en t ju m p  at the  firs t p o in t o f  th e  R D  acce lera tio n  signatu res, 

b ased  on  th e  p ro p e rty  o f  w h ite  n o ise  exc ita tions, h as  a  d ram atic  decrease . T herefo re, the  

p ro p e r se lec tio n  o f  a  m easu rem en t lo ca tio n  fo r th e  lead in g  resp o n se , w h ich  is iso la ted  

from the  d irec t lo ad in g  o f  an y  inpu t force, m ay  b e  an  a ttrac tiv e  a lte rn a tiv e  to  effec tiv e ly  

overcom e th e  m en tio n ed  p ro b lem  on  th e  R D  accelera tio n  signatu res.
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F u rth e r in v es tig a tio n  is im p lem en ted  th ro u g h  the  m o d a l ra tio s  and  th e ir re la tive  

errors re su ltin g  from  th e  R D  signatu res an d  the acce le ra tio n  resp o n ses . T he re su lts  are 

illu s tra ted  in  T ab le  5 .4 .6  b y  m ean s o f  th e  estim ato r, w h ich  is u su a lly  u sed  o ther

th an  the  //® (/)  and  f / flI)(/) estim ators as it w as  found  to  g ive  b e tte r  n o ise  re jec tio n  around  

the  re so n an t frequency . R D S 1 1 F  an d  R D S 1 2 F  sym bo lize  th e  re su lts  o f  th e  R D  

signatu res from  th e  s im u la tio n  stud ies o f  the  s ing le  fo rcing  fu n c tio n  an d  th e  tw o  fo rc ing  

functions, separate ly , ap p lied  on  the  2 D O F  dynam ic system .

T h e  first o b serv a tio n  from  T ab le  5 .4 .6  is  th a t th e  co m p ariso n s o f  all th e  re la tiv e  

errors b e tw een  R D S 1 1 F  an d R D S 1 2 F  seem  n o t to  su p p o rt th e  th eo re tica l d eve lopm en t 

o f  the  p ro p o sed  m eth o d  as it h as  b een  ex p ec ted  to . T h e  o th er o b serv a tio n  is  that, fo r the 

tw o  types o f  the sim u la ted  w in d  fo rces, th e  R D  b ased  m eth o d  is n o t ab so lu te ly  su p erio r 

w ith  re sp ec t to  the  accu racy  o f  the  m o d a l ra tio  in  th e  2nd m ode, w h e n  com pared  to  the  

F R F  approach . T he p ro b lem s in  these tw o  o b serv a tio n s a re  p ro b a b ly  caused  from  the 

d ifficu lty  th a t the  se lec ted  lead ing  resp o n se  is n o t s ig n ifican tly  ex c ited  and , thus, is  n o t 

capab le  o f  g iv in g  the  fo rm a tio n  o f  th e  R D  s ig n atu res  a  su ffic ien t am o u n t o f  th e  sam ple  

segm ents, in  sp ite o f  th e  p ro p e r segm ent length . A s a  m a tte r o f  fact, it  can  b e  o b serv ed  in  

F igures 5 .4 .11-13  th a t the  ta il o f  the  es tim ated  R D  s ig n atu res  rev ea ls  a  larger uncerta in ty . 

E spec ia lly , th e  u n ce rta in ty  o f  the estim ated  cross R D  signatu res is u su a lly  h ig h er th an  

tha t o f  th e  estim ated  au to  R D  signatu res, i f  th e  su p erim p o sed  n u m b er o f  th e  sam ple  

segm ents is in su ffic ien t. D esp ite  th is, th e  th eo re tica l ju s tif ic a tio n  essen tia lly  encourages 

a  co n tin u a tio n  w ith  th e  p ro p o sed  tech n iq u e  as an o th er u sefu l to o l to  ana lyze acce lera tio n  

resp o n ses from  structu ra l m easurem ents.
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T ab le  5 .4 .6  C om parisons o f  R ela tiv e  E rro rs  fo r M o d al R atio s b e tw een  C ases  o f  S ingle

F o rc in g  F u n ctio n  an d  T w o  F o rc in g  F u n ctio n s

Modal Ratios

Relative Error §Relative Error ^ Mode 2Mode 1

0.608171.63068 1.618RESP1F (600s) 0.813

0.612611.62452White Noise
Excitations

0.899RDS11F  (75s) 0.432

0.621321.62059 0.511RDS12F  (75s) 0.189

0.624941.62851 1.0960.679RESP1F (600s)

0.612081.62003Alongwind
Forces 0.985RDS11F (150s) 0.155

0.601791.61991
2.649RDS12F (150s) 0.148

0.622581.60653 0.714RESP1F (600s) 0.680

0.607761.61436Crosswind
Forces 1.6832RDS11F (150s) 0.196

0.624931.61935
1.095RDS12F (150s) 0.113

5.4.3 3DOF Dynamic System

T h e p u rp o se  o f  th is  sec tio n  is to  fu rth e r d o cu m en t tw o  in d iv id u a l m eth o d s  on  

im p ro v in g  the  accu racy  o f  th e  R D  b ased  m e th o d  b y  p erfo rm in g  n u m erica l s im u la tio n s  o f  

a  3D O F  dynam ic system  su b jec ted  to  th ree  and  tw o  fo rc in g  fu n c tio n s  in d iv id u a lly . T h e
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equa tions o f  m o tio n  fo r th e  3D O F  dynam ic system  w ith  th e  p ro p o rtio n a l dam ping  are

g iv en  b y  E q u a tio n  (5 .4 .5):

2 0 o ' ' 2 / ' 0.2 - 0.1 0 ' 2 / ' 4 -2 O ' X '/ . ( O '
0 1 0 1 2 • + - 0.1 0.2 - 0.1 X 2 > + -2 4 -2 x 2 > zz. </ 2(0
0 0 1 x 3 .  0 - 0.1 0.1 _ 2 3 .  0 -2 2 2 3. M ) .

in  w h ich  th e  subscrip t n u m b ers  o f  1, 2, and  3 stand  fo r the  first, second , and  th ird  D O F  

dynam ic response , resp ec tiv e ly . T h e  th eo re tica l m o d al p a ram eters  o f  th e  3D O F  dynam ic 

system  are lis ted  in  T ab le  5 .4 .7  fo r the  p u rp o se  o f  com parison .

T ab le  5 .4 .7  T h eo re tica l M odal P a ram e te rs  o f  3D O F  D y n am ic  S ystem

Frequency (Hz) Damping Ratio (%) 14* lkl l<W I4»3k!

Mode 1 0.09473 1.49 1 1.64575 2 0 0 0

Mode 2 0.22508 3.54 1 0 1 0 0 180

Mode 3 0.37816 5.94 1 3.64575 2 0 180 0

T he in p u t fo rces u sed  in  S ection  5 .4 .1 , ex cep t th a t each  p o in t o f  th e  sim u la ted  

alongw ind  forces w as m u ltip lied  b y  10"4 in  advance, w ere  ap p lied  o n  th e  1st and  2nd D O F s 

o f  the  3D O F  dynam ic system  to  re su lt in  th ree  sets o f  th e  acce le ra tio n  re sp o n ses  re ferred  

as R E S P 2 F .  A d d itio n a l w h ite  n o ise  ex c ita tio n  w as in d ep en d en tly  g en e ra ted  and  th en  

app lied  o n  the 3rd D O F  o f  th e  dynam ic system , w h ile  th e  tw o  u sed  w h ite  n o ise  exc ita tions 

w ere  app lied  on  th e  o th er tw o  D O F s, to  y ie ld  an o th er set o f  ac ce le ra tio n  re sp o n ses . S uch  

responses w ith  8000  seconds are  re fe rred  to  b e  R E S P  3F in  co m p ariso n  w ith  th e ir  R D  

signatu res, R D S3 3F, w h en  th e  3rd D O F  re sp o n se  is assig n ed  to  b e  th e  lead in g  response . 

T h e  R D  signatures, R D S3 2F  and  R D S 3 3F , are  show n  in  F ig u res  5 .4 .1 4 -1 6  an d  5.4.20.

F irs t o f  all, spec ia l a tten tio n  is g iv en  to  the  p ro p o sed  R D  tech n iq u e  b y  se lec tin g  a 

D O F  response to  b e  the  lead in g  response , w h ich  is iso la ted  from  th e  d irec t ap p lica tio n  o f
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any  fo rc in g  function . F igu res 5 .4 .14-16  d isp lay  the  R D  s ig n atu res  o f  th e  accelera tion  

re sp o n ses  co rresp o n d in g  to  th e  th ree  types o f  th e  tw o  s im u la ted  fo rces. T he an im ated  

m o d e shapes o f  th e  3D O F  dynam ic system  are assem b led  in  F ig u res  5 .4 .17-19 , w h ich  

w ere  eva lua ted  fro m  th e  in fo rm atio n  o f  am p litu d es and  p h ase  ang les co n ta in ed  in  the  

F R F , Ĥ !r>(fk) =  (fckJfyk, o f  th e  re sp o n ses  and  the  R D  signatures.

T h e  p h ase  ang les o f  th e  responses and  the  R D  sig n a tu res  w ith  re sp ec t to  the 

re fe ren ce  p o s itio n  o f  th e  1st D O F  fo r the  th ree  m o d es  are illu s tra ted  in  T ab les 5 .4 .8-10, 

co rresp o n d in g  to  F ig u res  5 .4 .17 -19 . In  th ese  tab les, th e  2nd m o d e  p h ase  ang le  b e tw een  

the  2nd D O F  and  th e  1st D O F  fo r th e  responses an d  R D  s ig n atu res  fa ils  to  b e  adequate ly  

iden tified . T h is  is d u e  to  the  fact th a t the m easu red  signal o f  a  d y n am ic  m o d e  at the 

loca tion  is qu ite  sm all, w h en  co m p ared  w ith  th o se  at th e  o th e r lo ca tio n s. T h e  p resen ce  o f  

ex tran eo u s n o ises  m a y  lead  to  d isto rtions and  m ak e  the  accu ra te  e s tim atio n  o f  phase  

ang les d ifficult.

T h e  re la tiv e  erro rs o f  th e  id en tified  m o d a l ra tio s  are  ev a lu a ted  in  T ab le  5 .4 .11, in  

re la tio n  to  the  th eo re tic a l m o d al ra tio s  in  T ab le  5 .4 .7 . A  s im ila r tre n d  can  be  observed  in  

T ab le  5.4.11 th a t th e  re su lts  o f  R E S P  2F  in  th e  h ig h est m o d a l ra tio  h av e  considerab le  

d iscrepancies, as co m p ared  w ith  th o se  o f  R D S3 2F. F u rth e r ex am in in g  the  resu lts  o f  

R D S 3 3F , R D S 1 2 F ,  and  R D S 3 _ 2 F  in  th e  ro w  o f  w h ite  n o ise  ex c ita tio n s , th e  re la tive  

errors o f  R D S 3 _ 2 F  are  co m p ara tiv e ly  low , even  th o u g h  the  R D  sig n atu res  o f  R D S 3 3F 

and  R D S 1 2 F  h av e  m o re  su p erim p o sed  segm ents. T he p o ten tia l ad v an tag e  o f  u sin g  the 

innovated  R D  tech n iq u e  in  th e  R D  b ased  m eth o d  to  p rev en t th e  d is tu rb an ce  o f  the  inpu t 

fo rces in  the  acce lera tio n  re sp o n ses  is overall reco g n ized  in  th is  in v estig a tio n .

188

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



&3
F 

StZ
F 

a I
F

-0.1

-0.2
time (sec)

0.4

0.3

0.2

0.1

0

-0.1

-0.2

-0.3

time (sec)

200

time (sec)

F ig u re  5 .4 .14  R D  A ccelera tio n  S igna tu res to  T w o  W hite N o ise  E x c ita tio n s 

•  R D  S ignatures; □ F irs t P o in t o f  RD S igna tu res
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F ig u re  5 .4.15 R D  A ccelera tio n  S igna tu res to  T w o  A lo n g w in d  F o rces  

•  R D  S ignatures; □ F irs t P o in t o f  R D  S ignatu res
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3rd mode

F igure  5 .4 .17 E stim a ted  M o d e  S hapes o f  3 D O F  S ystem  to  T w o  W h ite  N o ise  E xcita tions

— □—  T h eo re tica l V alues; R D  S ignatures; — o —  R esp o n ses
(a) R esp o n ses: ft =  0 .095  H z, f2 =  0 .22333  H z , f3 =  0 .37665  H z
(b) R D  S ignatu res: ft =  0 .095 H z, f2 =  0 .225  H z, f3 =  0 .37  H z

T able  5 .4 .8

P h ase  A ng les o f  M o d a l R a tio s  o f  3D O F  S ystem  E x c ited  b y  tw o  W h ite  N o ise  E xcita tions

Phase Angles of Z
( a  ^$2k and Z ' 3 k

V n i  y i ll)

Mode 1

Z
j

Z
(/>■\r n  y

Mode 2

z ( a  \  
V-' 2 2

</>\ r  12 y
Z

f  A  ^<i>.' 2 2

<t>\ r n  y

Mode 3

Z
v ^ i3 y

Z
vri3 y

White
Noise

Excitations

RESP2F
(600s)

RDS32F
(200s)

0.54

0.54°

0.89

0.57°

100.42

110.27°

167.11

177.84°

163.45

166.87°

19.41

3.27°

Theoretical Values 0 0 0 180 180 0
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F ig u re  5 .4 .18 E stim a ted  M ode S hapes o f  3D O F  System  to  T w o  A lo n g w in d  F o rces

— □—  T h eo re tica l V alues; - *  R D  S ignatu res; — o —  R esp o n ses
(a) R esp o n ses: T =  0 .0933 H z , f2 -  0 .2 2 6 5 9  H z , £3 =  0 .3 7 1 5 4  H z
(b) R D  S ignatu res: ft =  0.095 H z, f2 =  0 .22  H z , f3 =  0 .37  H z

T ab le  5 .4 .9

P h ase  A ng les o f  M o d a l R atio s o f  3D O F  S ystem  E x c ited  b y  tw o  A lo n g w in d  F orces

Phase Angles of Z
f  A  ^  

(j> .2k
vv 'u

and Z '3k
<f>

Mode 1

z r  A  ^9 .' 2 \

<PlV H i  7

z ( a  ^ 03\
V ^n  7

Mode 2

Z
f  A  ^

9-' 2 2

0
Z

/  A A 
r .'32

<t>

Mode 3

Z
f  A  ^  0:'23

<t>\ r  13 7

zA )
V r  13 7

Alongwind
Forces

RESP2F
(600s)

RDS32 F
(150s)

0.45

0 . 10°

0.74

0 . 22 °

69.79

135.62°

165.89

177.15°

166.03

158.94°

16.68

31.69°

Theoretical Values 0 0 0 180 180 0
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F ig u re  5 .4 .19  E stim ated  M o d e  S h ap es o f  3D O F  S ystem  to  T w o C ro ssw in d  F o rces

— □—  T h eo re tica l V alues;   R D  S ignatu res; — o —  R esp o n ses
(a) R esponses: ft =  0 .09497  H z , f2 =  0 .22659  H z , f3 =  0 .3 7 1 5 4  H z
(b) R D  S ignatures: ft =  0.095 H z , f2 =  0 .225 H z , f3 =  0 .385 H z

T ab le  5 .4 .10

P h ase  A n g les o f  M o d al R atio s o f  3 D O F  S ystem  E x c ited  b y  tw o  C ro ssw in d  F o rces

Phase Angles of Z
' a ^

r ."2k
$

and Z
f  A  ^9 .

v " u  y
3k

*\ r \ k A in

Mode 1

Z
‘' a  a  9 .' 21

6 .\  r \ \
z ( h ^

v^n y

Mode 2

Z
'  A  ^9:

<p
' 2 2 Z '32

<t>\ r u  y

Mode 3

Z Z 33

(f>\ r  13 y

Crosswind
Forces

RESPJ2F 
(600s) 

RDS32F 
(200s)

0.47

0 . 12°

0.99

0.25°

100.96

86.25°

168.83

173.33°

148.81

124.52°

21.86

45.44°

Theoretical Values 0 0 0 180 180 0
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Table 5.4.11

R ela tiv e  E rro rs  o f  M o d al R a tio s  o f  3 D O F  S ystem  E x c ited  b y  tw o  F o rc in g  F unctions

Relative Error £ of 02* and 03*
01* Hun 0i* Hl //)

21 31

Mode 2 (%)

22 032
12

Mode 3 (°/

0 2 3

0 1 3

/33

0 1 3

White Noise 
Excitations

RESP2F
(600s)

RDS33F
(200s)

RDS12F
(200s)

RDS32F
(200s)

0.002

0.569

0.343

0.545

0.037

0.638

0.218

0.507

0.039

1.207

0.561

1.052

N/A

N/A

N/A

N/A

3.748

8.261

13.90

2.487

3.748

8.261

13.90

2.487

11.71

28.72 

37.86 

7.349

10.26

29.63

48.59

1.721

21.97

58.35

86.46

9.070

Alongwind
Forces

RESP2F
(600s)

RDS3_2F
(150s)

0.431

0.069

0.911

0.137

1.342

0.206

N/A

N/A

4.507

13.21

4.507

13.21

25.28

6.396

22.91

8.954

48.19

15.35

Crosswind
Forces

RESP2F
(600s)

RDS32F
(200s)

0.013

0.035

0.054

0.223

0.067

0.258

N/A

N/A

2.185

1.648

2.185

1.648

14.01

4.238

11.36

11.49

25.37

15.73

Secondly , the  focus is  p u t on  th e  co n c lu s io n  th a t th e  v arian ce  o f  th e  estim ated  R D  

signatu res keeps in creasin g  fo r th e  in c reasin g  tim e lags fro m  th e  trig g e rin g  position . T he 

increasing  variance  can  fa ls ify  th e  re su lts  in  a  p a ram ete r id en tifica tio n  p ro c e ss  su ch  th a t it 

seem s w o rth w h ile  to  in v estig a te  its  in fluence . V isu al in sp ec tio n  in  F ig u re  5 .4 .20  exh ib its  

th a t there seem s to  ex is t a  p o in t on  th e  R D  signatu res a fte r w h ich  th e  u se  o f  m o re  d a ta  

m ak es the  assoc ia ted  m o d a l ra tio s  less accu ra te , since th e  d a ta  tak en  fro m  n ea r th e  end  o f  

th e  R D  signatu re m ay  su ffe r from  th e  v arian ce . A s a  re su lt, ap p ro p ria te ly  rem o v in g  th e  

u n d esired  tim e lags from  th e  fo rm ed  R D  signatu res m ay  b e  an o th er im p ro v ed  m e th o d  to  

effec tiv e ly  enhance the  accu racy  o f  th e ir es tim ated  m o d al ra tios.
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To assess this improved method, six time lengths of 300, 150, 75, 60, 45 and 30 

seconds extracted from the figured RD signatures of 300 seconds are used. The results of 

the relative errors of the modal ratios for the six sets of the RD signatures are denoted as 

RDS_300 in Table 5.4.12. For the purpose of comparison, the other six sets are directly 

calculated by the RD signatures extracted from the responses with the segment lengths of 

300, 150, 75, 60, 45, and 30 seconds, respectively. These sets are denoted as RDS_# in 

Table 5.4.12. The compared results in Table 5.4.12 reveal the advantage of the improved 

method that proves effective to return the better estimates of the modal ratios. However, 

the demand on how to optimally select the point in the formed RD signatures to make the 

RD signatures and their estimated FRFs more accurate is left for future investigations.

Table 5.4.12 Comparison of Relative Errors between R D S300 and RDS_#

Specified Time Length

Relative Error s  of 02k
0\k

and
Han

03k
0\k Hm

Mode 1 (%) Mode 2 (%) Mode 3 (%)
RDS300 RDS_# RDS300 RDS_# RDS 300 RDS_#

300s 1.229 1.229 5.502 5.502 39.066 39.066

ISOs 0.959 0.994 4.052 3.852 62.281 67.662

75s 0.637 0.716 2.026 2.967 20.937 28.449
60s 0.541 0.609 0.277 1.280 37.029 42.513
45s 0.946 0.987 3.505 4.098 22.568 23.850
30s 0.061 0.093 7.685 7.666 4.520 7.422

5.5 Concluding Remarks

The RD based method was proposed for the modal parameter identification using 

the acceleration responses of a linear and time invariant dynamic system. However, the 

added effect of the applied forcing function in the impulse acceleration response function 

was emphasized. To overcome this problem, the theoretical development of the RD
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based method was divided into two stages in this study. In first, the derivation of the 

traditional FRF approach for the stationary acceleration responses was modified, if the 

vibration modes are significantly excited, well separated and lightly damped. Second, the 

derivation of the RD based method, to establish the theoretical basis of the FRFs defined 

for the RD acceleration signatures, was achieved by adopting the concept of the derived 

FRF approach through use of the RD technique.

To verify the validity of the RD based method, the numerical simulations of the 

2DOF and 3DOF dynamic systems individually subjected to the white noise excitations 

in theory and the simulated wind forces in practice were carried out. The results of these 

numerical simulations allow the following conclusions of this study to be made:

1. The identity relation in the estimated FRFs of the RD acceleration signatures for each 

mode in Table 5.4.3 validates Equations (5.3.14-16) or (5.3.25-27). Such a 

validation, based on the three different scenarios of the input forces, further reflects 

that the feature of the identity relation for the FRFs of the RD signatures is obtainable 

with respect to various types of Gaussian input excitations. In addition, such an 

underlying feature for the FRFs of the RD signatures of any kind is readily applicable 

to dynamic response measurements as a diagnostic indication of whether a prescribed 

linear dynamic model for the tested system is consistent or not.

2. The comparisons between the numerical and the theoretical modal ratios reveal a 

superior match for both the RD based method and the FRF approach, when the two 

dynamic systems were excited by the white noise excitations. The superiority of the 

RD based method over the FRF approach concerning the accuracy of the modal ratios 

is a notable finding, especially for the higher modes, when the simulated wind forces
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were applied to the dynamic systems. Such a result not only fosters the substantial 

emphasis of simulating wind forces, but also verifies the critical reliability of using 

the RD based method to estimate the modal parameters of a dynamic system under 

environmental loadings.

3. To effectively circumvent the added effect of the RD force signatures in the RD 

acceleration signatures, the leading response can be assigned to a set of the collected 

response data in the location where any applied forcing function is isolated. It means 

that the location of the accelerometer is an important step to successfully yield the 

leading acceleration response. Such a ladder method conceptually innovates the use 

of the RD technique to acceleration responses and thus facilitates any other system 

identification procedure using the RD acceleration signatures.

4. Following the recognition on the increasing variance in the estimated RD signatures, 

the discard of the undesired section from the formed RD signatures is necessary to 

obtain the more accurate modal parameters. Nonetheless, in order to reduce the 

frequency resolution bias in the FRFs of the RD signatures, the time lags of each RD 

signature is required as longer as possible. These two contradictory requirements 

need a trade-off in the selected length from the formed RD signatures so that the use 

of the RD based method can include sufficient information regarding the dynamic 

system. In this respect, further research is recommended to focus on selecting the 

optimal section in the formed RD signatures in order to make the RD signatures and 

their estimated FRFs more desirable and accurate.

The success of the RD based method highlights the role of the FRF approach in 

such a method other than the RD technique to solve the difficulty of involving the
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additional RD force signatures in the RD acceleration signatures. Similarly, the FRF 

approach might be combined with some other time domain identification techniques with 

respect to the same identification problem regarding this study. Since it is beyond the 

scope of this study, it will be the subject of future research.
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Chapter 6

MODAL PARAMETER IDENTIFICATION OF AN MDOF 

AEROELASTIC BUILDING MODEL

6.1 Introduction

Experimental tests to characterize the dynamic behavior of proposed structural 

systems are ordinarily desirable during the development, design, or service stages of 

engineering projects. Prominent advances in measurement instrumentations and 

computational resources have contributed to increasing the capability and reliability of 

experimental tests for structural systems. Wind tunnel tests provide an effective and fast 

choice to investigate the dynamic behavior of structural systems under wind forces. 

Important information from wind tunnel tests of a linear structural system includes modal 

parameters, such as natural frequencies, damping ratios, and mode shapes. The modal 

parameters can be used to establish an analytical finite element model for a structural 

dynamic system in order to anticipate the behavior of the structural system in a specified 

wind environment.

To determine the reliable modal parameters, system identification techniques are 

essential in processing measured data from tests. Of particular concern in this study is 

the issue related to the identification of the modal parameters from forced acceleration 

responses without the use of quantitative information regarding the applied forces. The 

fact that the measured acceleration responses contain the added effect o f the applied 

forces serves to complicate the identification problem. Given the previous theoretical
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and numerical investigations, the random decrement based method, under certain 

conditions, is capable of processing such responses contaminated by the involvement of 

the applied forces.

The purpose of the study presented in Chapter 6 is therefore focused on verifying 

the feasibility of the RD based method in practical applications of acceleration responses. 

A five-story fully aeroelastic building model is used to measure its acceleration responses 

in a boundary layer wind tunnel. The RD based method combines the RD technique in 

cooperation with the fast Fourier transform (FFT) based algorithms to estimate the 

natural frequencies and mode shapes from the measured acceleration responses. Since 

there is the lack of reference parameters for the building model, the modal parameters 

estimated by the RD based method alone are perhaps not objective. In this respect, the 

frequency response function (FRF) approach that uses the FFT based algorithms for 

evaluating frequency response functions (FRFs) is also given for the purpose of a cross 

validation. The natural frequencies and corresponding mode shapes of the building 

model identified from the RD based method are compared with those identified from the 

FRF approach. The satisfaction of the orthogonality condition for the identified mode 

shapes to a lumped mass model is further inspected to validate the applicability of the 

proposed RD based method.

6.2 Wind Tunnel M easurem ents

6.2.1 Wind Characteristics in Wind Tunnel

The meteorological wind tunnel located at the wind engineering laboratory in 

Colorado State University was used for wind tunnel tests. The wind tunnel is a closed-
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circuit system with a test section of 1.83 m x 1.83 m to 2.06 m x 2.06 m cross-section 

and 26.82 m long, as shown in Figure 6.2.1. The test model is mounted on the turntable 

located near the downstream end of the wind tunnel test section, which allows rotation 

for any approaching wind direction. Spires, low barriers and roughness elements can be 

set up through the test section in the wind tunnel to develop the anticipated turbulent 

boundary layer, as shown in Figure 6.2.2.

The profiles of mean wind velocity and longitudinal turbulent intensity, shown in 

Figure 6.2.3, were measured by a single hot-wire anemometer at the location of the 

turntable. In Figure 6.2.4, the logarithmic law and the power law, defined by Equations 

(6.2.1) and (6.2.2), respectively, were used to fit the mean wind velocity profile.

U  (z) = — In— (6.2.1)
K Zn

— /  \ a
U(z) r - '

VZ1 J
(6.2.2)

Vx(zx)

in which k « 0.4 is the von Karman constant, u* is a surface friction velocity, zo is an 

aerodynamic roughness length, and V\(z\) is a reference mean velocity at a height z\ from 

the ground. The values, u* = 0.1644 m/sec and zq = 0.2597 cm, were determined from 

Figure 6.2.4 (a) for the best fit of Equation (6.2.1). Besides, an exponent of a  — 0.2173 

for Equation (6.2.2) was used to describe the mean velocity profile, as shown in Figure 

6.2.4 (b). Furthermore, the normalized longitudinal velocity spectrum f S u(f)/av at the top 

of a tested building model with respect to the normalized frequency f z /U  is shown in 

Figure 6.2.5.
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6.2.2 Description of MDOF Aeroelastic Model

A MDOF aeroelastic model is required in wind tunnel tests, when the higher 

mode responses need to be examined. Such an aeroelastic model ordinarily uses lumped 

masses and each mass has two lateral and one rotational degrees-of-freedom (DOFs) 

responses, in order to simulate a number of coupled lateral and torsional modes of 

vibration in a tall building. Several MDOF aeroelastic building model tests have been 

carried out previously [Templin and Cooper, 1981; Isyumov, 1982; Katagiri, et a l, 1998; 

Cho, 1999],

In this study, the model is a five-story aeroelastic brass frame representation of a 

rectangular building, which was originally built for a research of structural passive
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motion control with bracings of viscoelastic damper. The model frame has a footprint of 

500 mm * 330 mm and a height of 1167 mm, as shown in Figure 6.2.6. Removing the 

damper bracings and enclosing the exterior surface with 6.4 mm thick plastic sheets 

modified the aeroelastic building model for the use of this study. The exterior surface is 

separated by a 5 mm gap between two floors. The plastic sheets in each floor are 

attached to the diaphragm of the floor. The lumped masses of the first to fifth floor are 

estimated as 14.552 kg, 13.970 kg, 14.168 kg, 13.814 kg, and 13.858 kg, respectively, 

yielding a 5x5 lumped mass matrix. Each lumped mass consists of the floor girders, 

columns, plastic sheets, and an additional brass block on the center of the floor. The 

building model under test is shown in Figure 6.2.7.

333 mm

500 mra <-------------------------- >

Y = ^= = ^\
1

7^—

/  , °  ^

/  , ° 7rril,n,..m,J

5F

4F

3F

2F

IF

— x 

$ 82 m m

5@217 mm 2X,2Y
IX,1Y

Figure 6.2.6 Sketch of a Five-Story Aeroelastic Building Model and Measurement Setup,

IX, Y and 2X, Y
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Figure 6.2.7 Tested Building Model

6.2.3 Instrumentation for Measurement

Four semiconductor-type accelerometers with a sufficient dynamic range of ±50g 

and an effective frequency band from 0 Hz to 360 Hz were used to measure a series of 

acceleration responses. These accelerometers were placed at locations of the building 

model so that the proper information could be extracted from the recorded acceleration 

responses. Each floor of the building model was instrumented to measure their lateral 

responses on account of wind-induced vibrations. In consequence of symmetry of the 

building model and high stiffness of the floor girders, it may be assumed that the lateral
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and torsional responses in each floor are uncoupled when the approach wind is normal to 

the face of the building model. To minimize the response component associated with 

torsional motion, the accelerometer was attached at the geometrical center of each floor 

in the building model.

Given the limited number of the accelerometers available, the installation of the 

accelerometers in the building model was necessarily arranged into two groups of 

different floors, one with four accelerometers and the other with two accelerometers. 

From this arrangement, four sets of simultaneously measured acceleration responses in 

the perpendicular lateral directions were independently recorded, i.e. IX, 1Y, 2X and 2Y, 

as schematically depicted in Figure 6.2.6. The overlapped position at the first floor for 

both groups was assigned to be a reference point, which was used to correlate the two 

sets of the measured responses in the same direction in order to assemble the complete 

mode shapes of the building model.

The analog signals generated simultaneously by the accelerometers have to be 

optimized for the maximum input range of a data acquisition board. Accordingly, four 

Honeywell Accudata 218 amplifiers were used to amplify low-level analog signals. The 

amplified signals were then filtered through three Wavetek model 852 filters to further 

enhance their quality. Finally, the amplified and filtered analog signals were converted to 

digital signals and recorded in a PC-based data acquisition system. According to the 

Nyquist theorem, the sampling frequency must be chosen over twice the maximum 

frequency component o f interest in a signal to prevent the folding and aliasing problems 

when digitizing data. In this regard, the sampling frequency was set at 350.14 Hz in the 

data acquisition system for the acceleration measurement throughout the present study.
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Correspondingly, the cutoff frequencies of the analogue anti-aliasing filter were selected 

at 60 Hz and 175 Hz for IX, 1Y and 2X, 2Y, respectively, to eliminate all high frequency 

noises. The wind direction for each measurement set is defined in Figure 6.2.8. The data 

length of each measurement consisted of 32768 sample points corresponding to the time 

duration of 93.59 seconds. An example of a time history for the recorded measurement 

of the 1Y set is shown in Figure 6.2.9. The acceleration measurement for the wind tunnel 

tests was repeated six times to improve statistical estimates.

x
J t

Wind y
2X, 1Y, 2Y

Wind

[

y
t

Figure 6.2.8 Approaching Wind Direction for each Measurement Set
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In addition to the acceleration measurement, a Pitot-static tube and a single hot­

wire anemometer were used for wind velocity measurement during the wind tunnel tests. 

The Pitot-static tube was installed 3.7 m upstream at the top of the building model to 

monitor a wind speed at 15 m/sec during the wind tunnel tests. When wind flow 

approached normally to the face of the building model, the hot-wire anemometer was 

located outside the wake region and at 3/4 of the model height to explore the velocity 

fluctuations of the vortex shedding. The normalized spectra for the velocity fluctuations 

of the vortex shedding are illustrated in Figure 6.2.10.
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6.3 Identification of Modal Parameters for a Building Model

The modal parameters of interest are natural frequencies and corresponding mode 

shapes for both lateral directions of the aeroelastic building model in the present study. 

Attention is focused primarily on system identification techniques, which can deal with 

the forced acceleration responses. The characteristics of such acceleration responses 

involving the applied forces may cause a biased problem in time domain identification 

techniques, when one takes into account only the acceleration responses. In this respect, 

frequency domain identification techniques were used in place of time domain 

identification techniques in this study.

The RD based method and the FRF approach were used to identify the modal 

parameters of the building model from the measured acceleration responses. The RD 

based method consists of the averaging procedure and the identification procedure. The 

averaging procedure implements the RD technique to remove random components and 

errors in measured responses and form the RD signatures. The identification procedure 

employs the FFT based algorithms to estimate the modal parameters from the formed RD 

signatures. In addition, the FRF approach is a fast and simple method only using the FFT 

based algorithms. The FRF approach identifies resonant frequencies virtually from peaks 

shown in spectral density functions. With the identified frequencies, the FRFs can be 

calculated via the spectral density functions between a designated reference response and 

other responses. The information of amplitude and phase angle contained in the FRFs 

can provide the estimates of the mode shapes. The identified modal parameters from 

these two methods can complement each other.
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Notably, these two methods rely on the strict assumption that the dynamic 

response at a resonant frequency is dominated by the contribution of that vibration mode 

at the resonant frequency, and the contributions of other vibration modes are negligible. 

With the validity of such an assumption, the modal parameters can be determined in the 

frequency domain of the acceleration responses without further resolving the involved 

wind forces in such excited responses.

6.3.1 Random Decrement Signatures

The RD technique, a segment-based averaging procedure, is used to extract the 

RD signatures from their respective random responses induced by Gaussian random 

excitations with zero means. The unbiased estimates of the auto and cross RD signatures 

are, respectively, given by:

(6-3.1)
A *=1

V ) = -“ Z * A  + T t f f i t ) - i ,  (6.3.2)
N

r>tk

in which the concurrences of a threshold level x0 and the response X,{t)  are detected at

tk in order to select the stacking segments X j(tk + r) . With respect to X;(tk + r ) , the

stacking segments of the other responses Xj (tk + r) are also decided at the same time.

As soon as the RD signatures are formed, their spectral density functions are evaluated 

with the FFT based algorithms in order to identify the modal parameters of a dynamic 

system.
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In the following segment-based averaging procedure, the threshold level is 

specified as 0.8 times the root-mean-square value of the measured response at the 1st 

floor of the building model in which more information about the higher modes may be 

contained. Figures 6.3.1 and 6.3.2 illustrate the time histories of the four sets of the RD 

acceleration signatures with the total data length of 2500 points. The parenthesized terms 

in the title line of Figures 6.3.1 and 6.3.2 indicate the superimposed numbers of the 

selected segments used to constitute the RD signatures. The initial point of each RD 

acceleration signature is marked by a square to exhibit the possible influence from the 

RD signature of the applied force. It is observed that the first few points of the formed 

RD signatures deviate obviously from their own decay curves, especially for the RD 

signatures at the 1st floor. Such a deviation reflects the fact that the RD acceleration 

signature is influenced by the contribution of the RD force signature. Figures 6.3.3 and

6.3.4 reveal the averaged normalized spectral density functions of the RD signatures with 

2048 data points prepared by the Hanning window.
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6.3.2 Natural Frequencies

The estimates of the resonant frequencies are based on direct observation of an 

averaged normalized spectral density function (ANSDF). The ANSDF collects a set of 

related auto-spectral density functions of measured data in a certain direction, and then 

normalizes and averages them [Felber, 1993], Such a function facilitates the display of 

the resonant frequencies present in the set of the spectral density functions into one single 

plot. The expression of the ANSDF is given by:

in which I is the number of the auto-spectral density functions o f measured responses

G ^ ( f k) and a \  = ' _̂t Gk k { fk) is the variance. In Equation (6.3.3), the weight

assigned to all of the auto-spectral density functions in a frequency distribution of interest 

is obviously even.

The observed frequencies are necessarily checked by means of the ordinary 

coherence function to confirm whether or not an observed peak is associated with a 

natural frequency in the building model. The ordinary coherence function integrates the 

information from the auto- and cross-spectral density functions, which varies between 0 

and 1 to represent a measure of correlation between two simultaneously measured 

responses. For a given frequency, a high coherence suggests a linear relationship 

between the two responses, while a low coherence can be regarded as an indicator of non- 

linearity. Therefore, the dominant natural frequencies are verified as those having a high 

coherence value close to 1.

A N S D F (/,)= t £ (6.3.3)

n
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The spectral density functions of the measured responses were computed by the 

traditional FFT based algorithms with the sufficient segment length of 16384 data points 

providing a better frequency resolution of 0.0214 Hz. The Hanning window was applied 

to pre-process each segment to reduce a side lobe leakage problem when estimating the 

spectral density functions. However, since such a window could increase the effective 

bandwidth of the spectral density functions and the level of variance, a 50 percent overlap 

between each contiguous segment in the measured responses of 32768 points was 

employed. As a consequence, the total number of 18 data segments from the entire 

responses of 6x32768 points were individually transformed to the frequency domain and, 

subsequently, averaged to yield the spectral density functions.

Figures 6.3.5 and 6.3.6 illustrate the ANSDFs of the responses that were used to 

detect the possible locations of the natural frequencies of the building model. Figures 

6.3.7 and 6.3.8 display the coherence functions and phase angles of the responses. The 

results of five natural frequencies identified from the ANSDFs of the original responses 

and the RD signatures for the four sets are summarized in Table 6.3.1. The four lowest 

natural frequencies of each set are judged to be accurate, based on their respective 

coherence functions and phase angles. Nevertheless, identifying the fifth mode natural 

frequency from the ANSDF alone is not an easy task owing to insufficient higher 

frequency components of the wind forces and corresponding responses.
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Averaged Normalized Spectral Density Functions of Responses for X direction
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Averaged Normalized Spectral Density Functions of Responses for Y direction
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Figure 6.3.8 Coherence Functions and Phase Angles between Responses for Y direction

Comparison of the identified natural frequencies between the two sets at the same 

direction shows an excellent agreement. The averaged natural frequencies resulting from 

the two associated sets for the responses and the RD signatures are also given in Table 

6.3.1. The discrepancies of the averaged natural frequencies between the responses and 

the RD signatures are found to be less than 1.44 %. It is remarkable that a peak around a 

frequency of 3.1 Hz appears in the 2X set of Figure 6.3.5. Compared with the results in 

Figure 6.2.10 (a), this is mainly attributed to the contribution of the vortex shedding 

excitation in the responses when the approaching wind is in parallel with the Y direction
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of the building model. Such a frequency is therefore not considered as a dynamic mode 

for the building model in the development of an analytical model.

Table 6.3.1 Identified Natural Frequencies of a Building Model

Mode
Natural Frequency (Hz)

Data Type IX 2X X
Average 1Y 2Y Y

Average

1
Responses 5.3427 5.2359 5.2893 5.0008 5.0008 5.0008

RDS 5.3000 5.3000 5.3000 4.7871 5.1290 4.9581

2
Responses 17.0753 17.0967 17.0860 18.1652 18.5072 18.3362

RDS 17.0967 16.5838 16.8403 18.1225 18.2934 18.2080

3
Responses 30.9664 30.8809 30.9237 34.4071 33.8301 34.1186

RDS 30.7740 30.7740 30.7740 33.5095 34.0224 33.7660

4
Responses 45.9687 45.8832 45.9260 46.2252 46.4389 46.3321

RDS 45.9901 45.9901 45.9901 45.9901 46.5030 46.2466

5
Responses 63.9416 62.3174 63.1295 52.2517 53.5767 52.9142

RDS 63.9416 64.1126 64.0271 53.3416 52.6578 52.9997

6.3.3 Mode Shapes

If the identified natural frequencies in each set are accurate and lightly damped, 

the corresponding mode shapes at the measured points can be determined by Equation 

(6.3.4) using the amplitude and phase information in the frequency response functions.

f , *  =  ( / ,  (6 .3 .4)
t  qk

In Equation (6.3.4), represents the mode shape component at a measured point p  in 

the kth mode shape, which is normalized with respect to the modal component at a 

reference point q. The phase function PHifk) is based on the phase angle Qpq(fk) of a FRF 

Hpqifk) between the responses at p  and q points for the kth mode. Such a phase function is 

expressed by:
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in which i = V -l and 6pq (f k) = arctan

P H (fk) = cos[(9w (/*)] +i sin [Opq (f k)] 

{Hpqi f k)}

(6.3.5)

. Re{ } and Im{ } correspond to
R e{«„ (/*)}.

the real and imaginary components of a complex function. Experimentally, any phase 

angle staying in between 0 and 15° and staying in between 165° and 180° is normally 

regarded as 0° and 180°, respectively. Other phase angles should be treated as complex 

components in modes. The FRFs can be formulated in terms of the auto- and cross- 

spectral density functions as follows:

Gxa* S fk)  0Pk
K ? ( f* )=

qk

G X  X  (fk) <J> t t ( I I )  ( f \ -  X PX p K J k  _  V p k

\Gx x  (fk)
K T ( f k )  = . 1 pp-

'Pk
qk

(6.3.6)

(6.3.7)

(6.3.8)

in which and ^  are the modal components of the kth mode shape at the p  and q 

points, respectively. As already known, the use of the FRFs can instantly determine the 

value of the coherence function.

In this study, the two groups of the mode shape components in each direction can 

be individually identified, as demonstrated in the following brackets:

[ \ J J  \T/ \ J J  VO W
| 51 52 53 54 T 55 ;

fvp
41

w
42

XT/
43

XI/
1 44

vp )
45

X U  X 31 XT/
32

XI/
33

11/
34

xp
35

u p
21

11/
22

XI/
23

vp
24

xp
25

1 1 1 1 1
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The reference point in which the component is normalized to unit in the preceding two 

brackets is provided to assemble the complete mode shapes of the building model from 

the two groups, as shown in Equation (6.3.9).

[<Px <P2 <Pi (Pa <Ps] =

f ¥ 51
v p

52 ¥ 53
v p

54 ¥ 55

^ 4 .
v p

42
v p

43 ¥* 4 4 ¥ 45

* 3 ,
WX 32 v p

33
v p

34 ¥ 35

¥ 21
v p

22 ¥ 23 ¥ 24
v p

25

1 1 1 1 1

(6.3.9)

in which <& represents a mode shape.

The results in Tables 6.3.2 and 6.3.3, which were extracted from the responses 

and the RD signatures, illustrate the magnitudes of the FRFs, phase angles and coherence 

functions with respect to the reference point at the first floor for the five modes. The 

number and alphabet parenthesized in the column of Tables 6.3.2 and 6.3.3 for floors 

denote the two measurement sets in each of the X and Y directions.

The first observation from Tables 6.3.2 and 6.3.3 is that two typical FRF relations 

of \HP]{r)\ < \Hp\-nI)\ < | / / p i ( / 7 ) | for the measured responses and | / / p i ( 7 ) | = \HP\-Ir>\ = \HP\ UI)\ for 

the RD signatures of the responses can be clearly seen in each mode. The former relation 

indicates the effect of noises, including the applied wind forces, present in the measured 

responses. The later relation experimentally supports the theoretical relation for the FRFs 

of the RD signatures derived in Equation (5.3.29). Following these evidences, it implies 

that the assumed lumped mass model applied to the tested building model is reasonable 

and the experimental reliability based on the acceleration measurements is confirmed.

The second observation from Tables 6.3.2 and 6.3.3 is that all the coherence 

functions for the RD signatures are equal to 1, according to the identity relation of the 

FRFs above. However, the authenticity of the FRFs calculated from the extracted RD
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acceleration signatures is not sufficiently convincing. That is in view of the fact from the 

theoretical and experimental studies that the RD acceleration signatures are involved with 

the RD signatures of the applied forces. As demonstrated in Equations (5.3.14-16) and 

(5.3.25-27), the FRFs of the RD acceleration signatures are a function in terms of the RD 

signatures of the applied forces. To foster the applicability of the RD based method and 

the FRF approach when estimating the modal parameters of the building model, the 

emphasis is therefore placed on the assumptions required for the use of frequency domain 

data.

The last observation from Tables 6.3.2 and 6.3.3 is that some phase angles in the 

first four modes stay in a range of 15° to 165° and their mode shape components should 

be considered to be complex. With further inspection of these phase angles, it appears 

that all of their corresponding coherence functions are lower than 0.9, which reveals a 

higher uncertainty. The reason concerning such an uncertainty is that the measured 

signal of a dynamic mode at the location is quite small, when compared with those at the 

other locations. Such a signal is more easily contaminated by noises and interacted with 

adjacent dynamic modes and, consequently, leads to a problematic result for the phase 

angle. This problem was also experienced from the numerical investigation of the 3DOF 

dynamic system in Section 5.4.3. Therefore, these phase angles are presumed to be in- 

phase or out-of-phase to the reference response in this study. The validation of this 

presumption is answered by the following mode shape information.
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Table 6.3.2 FRFs, Phase and Coherence of Modes in X Direction with respect to IF

Mode Data Type Floors |H(1,| Phase (°) Coherence
5F(1X) 5.5542 5.5665 5.5604 3.1443 0.9978
4F(2X) 5.1450 5.1547 5.1499 3.1238 0.9981

Responses 3F(2X) 4.0426 4.0466 4.0446 2.7897 0.9990
2F(2X) 2.6061 2.6078 2.6069 2.3215 0.9994

1 1F(1,2X) 1 1 1 0 -1
5F(1X) 5.6876 5.6876 5.6876 0.7814 1
4F(2X) 5.6834 5.6834 5.6834 1.4619 1

Signatures 3F(2X) 4.3194 4.3194 4.3194 0.9913 1
2F(2X) 2.7304 2.7304 2.7304 0.6549 1
1F(1,2X) 1 1 1 0 -
5F(1X) 1.8260 1.8296 1.8278 176.93 0.9980
4F(2X) 0.1907 0.2523 0.2193 152.89 0.7559

Responses 3F(2X) 1.4007 1.4057 1.4032 2.7422 0.9964
2F(2X) 1.8716 1.8731 1.8724 1.3491 0.9992
1F(1,2X) 1 1 1 0 -

L
5F(1X) 1.7767 1.7767 1.7767 178.96 1
4F(2X) 0.2008 0.2008 0.2008 171.50 1

Signatures 3F(2X) 1.3631 1.3631 1.3631 0.7591 1
2F(2X) 1.8475 1.8475 1.8475 0.0874 1
1F(1,2X) 1 1 1 0 -
5F(1X) 0.8494 0.8597 0.8545 5.7614 0.9880
4F(2X) 0.8635 0.8847 0.8740 170.63 0.9760

Responses 3F(2X) 0.7190 0.7500 0.7343 164.70 0.9587
2F(2X) 0.7198 0.7258 0.7227 5.0155 0.9917

' j 1F(1,2X) 1 1 1 0 -
j

5F(1X) 1.0405 1.0405 1.0405 9.5169 1
4F(2X) 0.8760 0.8760 0.8760 176.33 1

Signatures 3F(2X) 0.7349 0.7349 0.7349 175.87 1
2F(2X) 0.7211 0.7211 0.7211 4.4416 1
1F(1,2X) 1 1 1 0 -
5F(1X) 0.4449 0.4776 0.4610 165.91 0.9316
4F(2X) 1.0967 1.1168 1.1067 7.4172 0.9820

Responses 3F(2X) 0.5946 0.6145 0.6044 170.19 0.9676
2F(2X) 0.5047 0.5475 0.5257 165.52 0.9219

A 1F(1,2X) 1 1 1 0 -
*+

5F(1X) 0.4908 0.4908 0.4908 164.96 1
4F(2X) 0.7976 0.7976 0.7976 1.7452 1

Signatures 3F(2X) 0.4955 0.4955 0.4955 178.00 1
2F(2X) 0.3018 0.3018 0.3018 166.06 1
1F(1,2X) 1 1 1 0 -
5F(1X) 0.2916 0.7140 0.4563 54.248 0.4084
4F(2X) 0.3829 0.4978 0.4366 154.48 0.7691

Responses 3F(2X) 0.4940 0.6304 0.5581 29.743 0.7837
2F(2X) 0.7597 0.8399 0.7988 159.05 0.9046

c 1F(1,2X) 1 1 1 0 -
5F(1X) 0.7179 0.7179 0.7179 23.409 1
4F(2X) 0.5527 0.5527 0.5527 125.27 1

Signatures 3F(2X) 0.3526 0.3526 0.3526 3.9320 1
2F(2X) 0.9364 0.9364 0.9364 172.57 1
1F(1,2X) 1 1 1 0 -
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Table 6.3.3 FRFs, Phase and Coherence of the Modes in Y Direction with respect to IF

Mode Data Type Floors |Ha>| |H®| |H(1I1)| Phase (°) Coherence
5F(1Y) 8.0293 8.0320 8.0307 1.0423 0.9997
4F(2Y) 6.6740 6.6777 6.6758 2.8270 0.9994

Responses 3F(2Y) 4.7976 4.8056 4.8016 3.8958 0.9983
2F(2Y) 2.8674 2.8697 2.8685 2.7481 0.9992

1 1F(1,2Y) 1 1 1 0 -
1

5F(1Y) 8.0586 8.0586 8.0586 0.5889 1
4F(2Y) 6.5995 6.5995 6.5995 0.4564 1

Signatures 3F(2Y) 4.7282 4.7282 4.7282 1.3557 1
2F(2Y) 2.8342 2.8342 2.8342 0.9501 1
1F(1,2Y) 1 1 1 0 -
5F(1Y) 2.2364 2.2407 2.2385 178.14 0.9981
4F(2Y) 0.0670 0.1657 0.1053 76.286 0.4043

Responses 3F(2Y) 1.7757 1.7781 1.7769 1.6421 0.9987
2F(2Y) 2.0657 2.0664 2.0660 0.8354 0.9997

1 1F(1,2Y) 1 1 1 0 -
5F(1Y) 2.2507 2.2507 2.2507 179.29 1
4F(2Y) 0.0341 0.0341 0.0341 29.752 1

Signatures 3F(2Y) 1.7684 1.7684 1.7684 0.7053 1
2F(2Y) 2.0571 2.0571 2.0571 0.2418 1
1F(1,2Y) 1 1 1 0 -
5F(1Y) 0.8806 0.8971 0.8888 9.8553 0.9816
4F(2Y) 0.8484 0.8700 0.8592 170.74 0.9752

Responses 3F(2Y) 0.5943 0.6056 0.5999 172.36 0.9813
2F(2Y) 0.6521 0.6689 0.6604 8.1495 0.9749

'i 1F(1,2Y) 1 1 1 0 -
D

5F(1Y) 0.7242 0.7242 0.7242 3.4023 1
4F(2Y) 0.9545 0.9545 0.9545 168.61 1

Signatures 3F(2Y) 0.5626 0.5626 0.5626 176.21 1
2F(2Y) 0.7309 0.7309 0.7309 7.4938 1
1F(1,2Y) 1 1 1 0 -
5F(1Y) 0.4112 0.4525 0.4314 156.10 0.9087
4F(2Y) 1.0757 1.0795 1.0776 4.5149 0.9965

Responses 3F(2Y) 0.6781 0.6881 0.6831 171.86 0.9855
2F(2Y) 0.1495 0.1902 0.1686 150.74 0.7858

A 1F(1,2Y) 1 1 1 0 -
5F(1Y) 0.5777 0.5777 0.5777 166.41 1
4F(2Y) 1.1422 1.1422 1.1422 0.5664 1

Signatures 3F(2Y) 0.6560 0.6560 0.6560 171.42 1
2F(2Y) 0.2004 0.2004 0.2004 115.68 1
1F(1,2Y) 1 1 1 0 -
5F(1Y) 0.1294 0.5745 0.2727 72.812 0.2253
4F(2Y) 0.2996 0.5315 0.3991 132.64 0.5638

Responses 3F(2Y) 0.6214 0.7468 0.6812 23.429 0.8321
2F(2Y) 0.8775 0.9336 0.9051 163.55 0.9399
1F(1,2Y) 1 1 1 0 -D
5F(1Y) 0.0761 0.0761 0.0761 7.6386 1
4F(2Y) 0.4370 0.4370 0.4370 164.95 1

Signatures 3F(2Y) 0.8165 0.8165 0.8165 6.3534 1
2F(2Y) 1.0990 1.0990 1.0990 173.64 1
1F(1,2Y) 1 1 1 0 -
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The animated mode shapes are illustrated in Figures 6.3.9 and 6.3.10, which are 

based on the i / n) estimator o f the FRFs from the five modes of the original responses and 

the RD signatures in each direction. The fifth mode shape is still given to demonstrate its 

existence, although it cannot be identified with high confidence. The comparison of the 

mode shapes individually identified from the responses and the RD signatures exhibits an 

excellent degree of consistency, especially for lower modes.
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Figure 6.3.9

Comparison of Mode Shapes between RD Signatures and Responses in X Direction 

— -♦—  Mode Shapes from Responses; — Mode Shapes from RD signatures
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1st mode 2nd mode 3rd mode 4th mode 5th mode

Figure 6.3.10

Comparison of Mode Shapes between RD Signatures and Responses in Y Direction 

— ♦—  Mode Shapes from Responses; — □— Mode Shapes from RD signatures

To quantify the correlation between two mode shapes obtained from the two 

different methods at a particular frequency, the mode assurance criterion (MAC) was 

used. The MAC is defined as [Allemang and Brown, 1983]:

the corresponding mode shape obtained from the RD signatures. The superscripts * and 

T in Equation (6.3.10) symbolize the complex conjugate and the transpose, respectively. 

The basic idea of the MAC takes advantage of the orthogonality properties o f the mode

MAC( {<pjo}, {(p̂ }) {<Pio) {^jr} I (6.3.10)

in which {^q} is the z'th mode shape identified from the original responses, and {^,r} is
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shapes. Two corresponding modes are considered well correlated if the value of the 

MAC is closer to one. On the contrary, the value of the MAC becomes zero if two mode 

shapes are orthogonal with each other.

To further evaluate the correlation of all mode shapes for the two types of the 

signals at a common coordinate, the coordinate modal assurance criterion (COMAC) was 

also used. The COMAC for an individual coordinate, j ,  is expressed as [Ewins, 2000]:

COMAC(j) = — 1=1 (6.3.11)

r.
j = l  / = i
5 > ® c /) )  X ( ^ r (■/))

in which n represents the total number of correlated mode shape pairs, (pio(j) and <pm.(j). 

Such mode shape pairs are the f h component in the ith mode shapes identified from the 

responses and the RD signatures. The value of the COMAC close to 1 interprets the 

higher level of correlation between the mode shapes for the responses and the RD 

signatures at location j.

The values of the MAC corresponding to the five modes for the shown mode 

shapes extracted from the original responses and the RD signatures for both directions are 

given in Table 6.3.4. As indicated by the high values of the MAC, the mode shapes 

identified from the response are, in general, closely correlated with respect to those 

identified from the RD signatures. A similar trend is obviously revealed from the values 

of the COMAC in Table 6.3.4 as well. It should be noted that these excellent agreements 

do not necessarily indicate that the correct mode shapes have been validated. However, 

the satisfaction of both MAC and COMAC values may lend confidence to support the
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determination of the first four mode shapes, based on the various identification methods 

in this evaluation procedure.

Table 6.3.4 MAC and COMAC

Mode or floor
MAC COMAC

X direction Y direction X direction Y direction

1 0.9989 0.9999 1 1
2 0.9997 0.9987 0.9934 0.9977
3 0.9928 0.9874 0.9936 0.9997
4 0.9648 0.9945 0.9944 0.9992
5 0.9688 0.9075 0.9991 0.9958

To investigate the validity of the mode shapes, the orthogonality requirement with 

respect to a lumped mass matrix was usually used. In this investigation, the first four 

mode shapes were utilized instead of the complete mode shapes, since the fifth  mode 

shape has been considered unreliable. The orthogonality condition in terms of the 5x5 

diagonal mass matrix M  is stated as follows:

X¥ 1M T  =

1 0  0 0 
0 1 0  0 
0 0 1 0  
0 0 0 1

= / (6.3.12)

in which the mass normalized modal matrix, denoted by ^ , is defined as the following 

5x4 matrix [Hart and Wang, 2000]:

T  = [^, <p2 <p3 (pA] =

m
51

vp
52

xu
53

vp
54

w 41
57

42
vp
1 43

57
44

T731
uJ

32
57

33
57

34

w 21
vp

22
vp

23
vp

24

vp
. 11 T712

Vp
13 T71 14

(6.3.13)
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, and each mode shape is normalized by means of Equation (6.3.14):

<Pi =
<Pi (6.3.14)

In Tables 6.3.5 and 6.3.6, the four mode shapes identified individually from the 

responses and the RD signatures in each direction satisfy the orthogonality condition, 

when most off-diagonal elements obtained from Equation (6.3.12) are less than 0.1. The 

satisfaction of the orthogonality condition implies that the presumption of the real modes 

for the building model seems tolerant of the uncertainty of the phase angles owing to the 

reason of low-amplitude responses. Certainly, an endeavor can be made by adjusting the 

mass matrix or modal matrix to exactly fulfill the orthogonality condition [Targoff, 

1976],

Upon identifying these modal parameters, stiffness matrix was further evaluated 

by the following Equation (6.3.15) in order to develop the analytical model of the 

building model:

K  = Q¥~l)T (6.3.15)

in which

Q =

a > \ 0
0 co\
0 0
0 0

0
0

0
0

0) 3 0
0 col

(6.3.16)

, and the zth diagonal element in Q is zq = 2 ^ .  Since T  is an invertible matrix in this 

study, Equation (6.3.15) should be solved in conjunction with Equation (6.3.12). Pre­

multiplying and post-multiplying Equation (6.3.12) by (T T) ' and give:

245

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A f ¥  =  ( y 1)”' (6.3.17)

¥ t M = ¥ _1 (6.3.18)

Substituting Equations (6.3.17) and (6.3.18) into Equation (6.3.15), it becomes that

K = M W n W rM  (6.3.19)

The stiffness matrices together with the mass matrix estimated for the building model are

summarized in Table 6.3.7. Similarly, the damping matrices can be obtained following

the same way.

Table 6.3.5 Orthogonality of Mode Shapes in X Directions

Data type 
Mode

Normalized mode 
shape <p,-

Orthogonality 
with respect to 
mass matrix

Responses
1

0.1650
0.1528
0.1200
0.0773
0.0296

2
-0.1553 
-0.0214 
0.1193 
0.1590 
0.0849 

1 0.0108
0.0108 1
0.0054 -0.0013 
0.0094 -0.0477

3
0.1205

-0.1240
-0.1051
0.1017
0.1401

0.0054

4
-0.0716 
0.1675 

-0.0922 
-0.0819 
0.1500 

0.0094
-0.0013 -0.0477 

1 -0.0796
-0.0796 1

Data type
Mode

Normalized mode 
shape ~(pi

Orthogonality 
with respect to 
mass matrix

RD signatures
1 2

0.1591] f —0.1541
0.1590 -0.0174
0.1208 ■ |  0.1183
0.0764 0.1603
0.0280J 0.0868

1 0.0307
0.0307 1
0.0389 -0.0493

-0.0167 0.1093

3 4
0.1402 f-0.0875

-0.1180 0.1423
-0.0990 • | -0.0884
0.0972 -0.0538
0.1348 0.1784

0.0389 -0.0167
-0.0493 0.1093

1 -0.0014
-0.0014 1
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Table 6.3.6 Orthogonality of Mode Shapes in Y Directions

Data type Responses
Mode

Normalized mode 
shape Ipi

Data type
Mode

Normalized mode 
shape

Orthogonality 
with respect to 
mass matrix

1 2 4
0.1811 -0.1630 0.1300' -0.0709'
0.1506 0.0120 -0.1261 0.1692
0.1084 ► 0.1293 • -0.0878 . -0.1079 •
0.0647 0.1503 0.0969 -0.0298
0.0225 0.0727 0.1449 0.1567

Orthogonality 1 -0.0254 0.0647 0.0328"

with respect to -0.0254 1 -0.1180 0.0939
mass matrix 0.0647 -0.1180 1 0.0017

0.0328 -0.0939 0.0017 1
RD signatures

1 2 3
0.1827] [-0.1640] 0.1063
0.1496 0.0025 -0.1402
0.1072 • - 0.1289 • i -0.0826
0.0643 0.1499 0.1073
0.0227j 0.0729 0.1469

1 -0.0555 -0.0009
-0.0555 1 -0.0164
-0.0009 -0.0164 1
0.0078 0.1200 -0.0694

4
-0.0872 
0.1725 

-0.0990 
-0.0303 
0.1510 

0.0078 
0.1200 

-0.0694 
1
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Table 7.3.7 Modal Parameter Matrices of Building Model

13.858 0 0 0 0
0 13.814 0 0 0
0 0 14.168 0 0
0 0 0 13.970 0
0 0 0 0 14.552

Stiffness of X direction K x (xlO5 N/m) '  2.4640 -2.8652 -0.2352 1.3170 -0.8146'
from the responses -2.8652 5.6245 -1.5713 -3.1721 2.8551

-0.2352 -1.5713 2.6178 0.8977 -3.2706
1.3170 -3.1721 0.8977 2.4320 -0.6633

-0.8146 2.8551 -3.2706 -0.6633 5.7143 _

Stiffness of X direction K x (xlO5 N/m) " 3.2052 -3.0642 -0.1096 1.2387 -1.4970'
From the RD signatures -3.0642 4.2793 -1.2029 -2.0962 3.0403

-0.1096 -1.2029 2.3919 03145 -3.4980
1.2387 -2.0962 0.5145 1.7354 -0.3136

-1.4970 3.0403 -3.4980 -0.3136 7.2442 _

Stiffness of Y direction K y (xlO5 N/m) ' 3.0502 -3.3877 -0.2683 0.8610 -0.4628'
from the responses -33877 6.0710 -1.9596 -1.8442 2.8603

-0.2683 -1.9596 3.1587 0.2901 -3.8967
0.8610 -1.8442 0.2901 1.5833 0.8054

-0.4628 2.8603 -3.8967 0.8054 6.6032 _

Stiffness of Y directionK y (xlO5 N/m) ' 2.9506 -3.6762 0.1494 0.8252 -1.1323'
from the RD signatures -3.6762 63231 -1.7639 -2.1305 23688

0.1494 -1.7639 2.7387 0.2246 -3.4716
0.8252 -2.1305 0.2246 1.7456 0.9522
-1.1323 2.5688 -3.4716 0.9522 6.2815

6.4 Concluding Remarks

The RD based method has been proposed to identify the modal parameters of a 

structure from forced acceleration responses available from measurement. This method 

is established through the RD technique in conjunction with the FFT based algorithms. 

One of the potential advantages of the RD based method is that it eliminates random 

components and neglects the added effect of applied forces in measured acceleration 

responses.
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To demonstrate its feasibility for practical applications, the RD based method was 

applied to the acceleration responses of the five-story building model measured in the 

wind tunnel. The FRF approach, another independent method that applies the FFT based 

algorithms to the measured responses, was also presented for a cross validation of the 

proposed methods. Because of the limited number of accelerometers, acceleration 

responses were measured group by group. Therefore, the mode shapes were identified 

group by group and, then, collected by using the result at the reference point to carry out 

the complete mode shapes of the building model.

Results revealed that the modal parameters of the building model for the first four 

modes identified by the RD based method correlated excellently with those evaluated by 

the FRF approach. In addition, the satisfaction of the orthogonality condition to a lumped 

mass model validated the identified mode shapes of the building model. In regard to the 

above consequences, the RD based method is capable of dealing well with the measured 

acceleration responses to reliably estimate the natural frequencies and corresponding 

mode shapes of structures. Based on the estimated natural frequencies and mode shapes, 

the stiffness matrices of the building model were subsequently evaluated in this study.

The exceptional experience with this experimental study is that the low amplitude 

response of a modal component in the build model is sensitive to noise effect and modal 

coupling in measurement, which adversely affects the phase angle estimate. Advanced 

identification techniques for extracting information from low amplitude modal responses 

and filtering techniques to remove noises are desirable upgrades to the RD based method.

To eliminate the added effect of the RD force signatures in the RD acceleration 

signatures when identifying the damping ratios, modal response may be isolated using a
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band-pass digital filter for a specified frequency range. The damping ratio based on this 

idea may therefore be determined in the time domain through the envelope of the RD 

acceleration signature as if  it were treated as a free vibration response. It is noted that 

such a method extracts the total damping, including structural damping and aeroelastic 

damping, because of the presence of aeroelastic interactions.
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Chapter 7

CLOSURE

7.1 Summary and Conclusions

Investigation of the random decrement (RD) signatures and development of the 

RD based method form the basis of this research objective regarding the parameter 

identification problem from the forced acceleration responses of a linear dynamic system. 

Such a problem is attributed to the added effect of the applied forcing function in the 

impulse acceleration response function. However, how to deal with the added effect by 

means of an identification procedure has not been adequately addressed in the literature, 

thus posing a major challenge to this study. In this regard, an intensive investigation of 

the identification problem has been performed using two approaches -  (1) simulation of 

linear dynamic systems loaded by white noise excitations and practical wind forces; and 

(2) analysis of an aeroelastic building model tested in a wind tunnel.

The theoretical background of the RD technique has been described and further 

developed in this study. With the assistance of the RD technique developed, a procedure 

is proposed to give rise to the analytical free vibration responses of a linear dynamic 

system. Such a procedure adopts the concept behind the RD technique to facilitate the 

determination of the initial conditions through the initial points of the RD displacement 

and velocity signatures formed from their synchronous responses. Especially, the free 

vibration acceleration responses resulting from such initial conditions can therefore be 

compared with the RD acceleration signatures. The compared results reveal that the RD
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signature of the applied force affects the RD signature of its forced acceleration response. 

Such a RD acceleration signature consists of two portions contributed respectively from 

the non-forced acceleration response and the applied force. The identity relation in the 

frequency response functions (FRFs) of the RD acceleration signatures for each mode 

obtained from numerical and experimental data corroborates such a consequence.

When the parameters of a linear dynamic system are to be extracted only from the 

forced acceleration responses, the RD based method has been proposed in this study to 

provide a solution for the identification problem. The RD based method combines the 

RD technique with the fast Fourier transform based algorithms to reliably and efficiently 

identify the modal parameters, if the dominant vibration modes are significantly excited, 

well separated, and lightly damped. One of the potential advantages for using the RD 

based method is intended to eliminate random components and neglect the added effect 

of the applied forces in their acceleration responses. The theoretical derivation of the RD 

based method has been achieved by modifying the traditional FRF approach and using 

the RD technique, in order to establish the theoretical basis of the FRFs defined for the 

RD signatures. Both numerical and experimental studies have verified the applicability 

of the RD based method.

The significant contribution of this study is the RD based method that can neglect 

the added effect of the applied forces in their acceleration responses and thus identify the 

modal parameters of a linear dynamic system, without knowledge of the applied forces. 

In addition to this, the demonstration of developing the RD based method can serve as a 

guideline that helps evolve and improve other identification procedures when evaluating 

similar problems.
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7.2 Perspectives and Future Works

Some different aspects of the RD based method are pointed out here, which can 

be further developed and investigated in the near future.

7.2.1 Non-Gaussian Stochastic Processes

The theory of the RD based method is mainly based on the assumption of the 

Gaussian stochastic process for the RD technique to link the RD signatures with the 

correlation functions of responses. Nevertheless, there are certain problems of pressing 

practical concerns for which the responses of structures excited by environmental loads 

may have a non-Gaussian or non-stationary character. For instance, a fluid-structure 

interaction, related with the aeroelastic phenomena, is a sophisticated problem of this 

type. It would be desirable to realize how sensitive the parametric estimate using the 

forced acceleration responses of a structure will be if the input forces are non-Gaussian 

distributed or non-stationary?

7.2.2 Nonlinear Dynamic Systems

There is another interesting problem to be considered: nonlinear structures. Most 

civil engineering structures, when subjected to a large excitation, experience a behavior 

of large deflections that cannot virtually be assumed as linear. In addition, progressive 

damage induced in structural and non-structural components could force the response of a 

structure into the nonlinear regime. Non-linear properties may even play a dominant role 

in the internal functioning of a structure and may not be negligible in the development of 

a mathematical model. It would be interesting to investigate whether or not the use of the
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RD based method may be possible to discern important information about the nonlinear 

properties.
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