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ABSTRACT

FULL WAVEFORM INVERSION FOR ULTRASOUND COMPUTED TOMOGRAPHY IN

THE DETERMINISTIC AND BAYESIAN SETTINGS

Ultrasound computed tomography (USCT) is a noninvasive imaging technique in which acous-

tic waves are sent through a region and measured after transmission and reflection in order to

provide information concerning that region. There are many reconstruction techniques for USCT

which rely on linearization of the total pressure field, but this simplifying assumption often causes

a loss of resolution and poor results in highly reflective media. Full waveform inversion (FWI) is

a method popularized by the geophysical community which makes use of entire time-dependent

pressure measurements and repeated solutions of the nonlinear wave equation. Due to this lack of

linearization, FWI is able to produce high-fidelity sound speed reconstructions, albeit at a steep

computational cost.

In this dissertation, we explore the use of the FWI techniques in both the deterministic and

Bayesian settings. For the deterministic case, an algorithm for FWI is derived which makes use

of the adjoint method for the computation of functional derivatives and the software package k-

Wave for the solution of the nonlinear wave equation. This algorithm is tested on numerical breast

and lung phantoms for a variety of regularization functionals and parameters, where it displays

an excellent ability to reconstruct the size and shape of inhomogeneities. For the lung phantom,

a novel application of a structural similarity index regularization term is used with an Electrical

Impedance Tomography prior to speed convergence and improve organ boundary delineation. In

the Bayesian setting, a Metropolis-adjusted Langevin FWI algorithm is proposed and tested on

a simplified breast phantom, with an emphasis on reducing computational expense. Preliminary

results from this test show promise for future research on FWI in the Bayesian framework.
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Chapter 1

Introduction

Ultrasound Computed Tomography (USCT) is a noninvasive and non-ionizing imaging tech-

nique in which high frequency sound waves are emitted toward an object of unknown sound speed

and measured after transmission and reflection in order to provide information about the bound-

ary or acoustical properties of that object. The most common acoustical properties of interest are

refraction and sound speed [5]. By discovering these attributes we are able to form a qualitative

image of the object as well as obtain quantitative information which can be compared against mate-

rials with similar refractions and/or sound speeds. Thus we can learn about not only the shape of the

object(s) but also its material properties. USCT has applications in several fields including material

sciences [6], geophysics [7], and medical imaging [8]. Our focus is on the application of USCT

to the medical field, where it has grown in popularity as a method for imaging the breast [9, 10],

brain [11], and lungs [12–14]. USCT provides many intriguing possibilities with regards to the

diagnosis of certain diseases and maladies, including the diagnosis of cancer [15]. In addition,

there is hope in the medical community that USCT can eventually replace x-ray mammography as

the primary method of imaging the breast or at the very least supplement traditional x-ray images.

X-ray mammography introduces ionizing radiation to the body and is also very painful. USCT

alternatives for x-ray mammography are already being explored and in some cases are already in

use. These alternatives involve the patient resting their breast in a water bath for imaging instead of

undergoing painful compression. A ring transducer within the bath then images a two dimensional

(2D) “slice" of the breast and is free to move up and down in order to produce a three dimensional

image. An example of the SoftVue machine from Delphinus medical technologies [16] for imaging

the breast is shown in figure 1.1a.

While USCT has been researched as a viable method for imaging the breast for years, it has

more recently become a method of interest for imaging the brain. Since the skull is a strong acous-

tic scatterer, most reconstruction techniques for imaging the brain using ultrasound are done in
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(a) The SoftVue ultrasound machine from Delphinus

technologies, figure reproduced from [16].

(b) A ring array of transducers surrounds the breast,

figure reproduced from [16].

Figure 1.1: An example of a machine currently in use to image the breast using USCT.

three dimensions [11]. As computing power has increased, these three-dimensonal reconstructions

have become plausible. An exciting and relatively new possibility is using USCT to image the

lungs, which until recently was thought to be impossible. However, it was recently discovered [12]

that there is a low frequency band in the ultrasonic range (between 1kHz and 1MHz) for which the

lungs become transparent to acoustic waves. Many lung diseases require constant monitoring, and

since USCT involves no ionizing radiation, it is an intriguing option for these situations. A typical

setup for imaging the lungs would likely look similar to the ring array transducer in figure 1.1b,

except that the transducers would be placed directly on the thorax. The reconstruction techniques

for imaging the breast and lungs would not need to differ greatly as they are both primarily done in

2D space, as opposed to techniques for the brain, which are performed in three dimensions. Thus

the method that we present in this thesis can be used for imaging either the breast or lungs with

little modification needed.

With many other imaging modalities already in use and well-established, it is worth considering

why we would want to develop more and/or better methods for USCT. While these other medical

imaging modalities are often good enough for many situations, USCT has some advantages which

make it worth exploring. Using transmitted and reflected acoustic waves (as is done in USCT)

provides more information concerning the object in question and can thus lead to higher resolution

images as compared with B-mode (brightness mode) ultrasound, which measures only reflected

2



waves. In B-mode ultrasound [17], a linear array of transducers is used to focus high frequency

(1-20MHz) sound waves at a point of interest in the body. These sound waves are reflected at

points of changing acoustic attenuation and measured again by the linear array of transducers.

Then, using information concerning both the time delay of the signal and the attenuation in the

signal, the acoustic attenuation of the organs and tissues can be reconstructed. The method for

this reconstruction is similar to the techniques presented in section 2.1. B-mode ultrasound is a

useful technique in many diagnostic circumstances, the most well-known of which is viewing a

fetus in vitro. While B-mode ultrasound is sufficient for these scenarios, USCT has the advantage

of greater resolution and the ability to provide information concerning more acoustical properties

than just attenuation.

Computerized tomography (CT, or x-ray tomography) has long been in use and involves send-

ing x-rays through the human body and measuring the attenuation in the signal at a receiver loca-

tion. Reconstruction algorithms for this modality are well established [18] and can provide sharp

images, but CT introduces ionizing radiation to the body. This means there is danger in an in-

dividual being imaged too often with this method and precludes it from being used on a patient

who requires frequent scans. Another common imaging modality is Magnetic Resonance Imaging

(MRI), which does not use ionizing radiation but instead uses magnetic fields to produce an image

of the human organs. MRI provides good results, but as shown in [19], USCT is able to image

breast tissues in a comparable manner to MRI at a fraction of the cost. This bodes well for the

use of USCT in the detection of breast cancer. It is unlikely that USCT will replace these other

imaging modalities entirely, but it could serve as an intriguing supplement which proves to be the

correct choice for certain medical situations. An example of one of these situations would be in

imaging women with dense breasts. X-ray mammography performs poorly in this case, but in [20]

the authors show that USCT has the ability to accurately diagnose tumors even in women with

dense breasts.

Figure 1.2 shows a slightly more detailed 2D setup for USCT for the purpose of explaining

the data collection process. An ultrasonic sound wave (or pressure wave) is sent through one

3



Figure 1.2: A sample setup for imaging an object with sound speed c(x) using USCT.

transducer at location xk, and a full ring of transducers surrounds the object to be imaged. The

object has sound speed c(x) with the assumption that the background sound speed is homogeneous

and given by the value c0. This pressure wave then interacts with the medium by either passing

through the medium with some change in wave speed, reflecting off of the object, or a combination

of both. Each transducer (including the transducer acting as a source) then measures the returning

sound wave to give a collection of K time dependent signals where K is the total number of

transducers. This process is repeated for the remaining transducers in order to produce a K ×K

set of measured pressure waves. Typically every transducer will act as a source at some point in

an effort to “illuminate" the object with sound waves from as many angles as possible. We note

that figure 1.2 only shows 6 transducers for simplicity, but in a real-world situation the number

of transducers should be much higher. The time dependent pressure waves measured on each

transducer comprise the data for the reconstruction problem in USCT. Using this data to reconstruct

the structure and acoustical properties of the domain is the primary goal of USCT and indeed will

be our objective throughout this dissertation.

There are three primary ways in which this work extends on or adds novelty to the current

literature. The first is in the use of full waveform inversion (FWI) techniques to image a numerical

lung phantom in the low-frequency ultrasonic region. FWI has been used to produce reconstruc-

4



tions of both the breast and brain, but to our knowledge it has not been tested on a simulation of a

cross section of the human thorax before now. In addition, while lower frequency ultrasonic ranges

are used for FWI in the geophysics community [21], those same ranges are seldom found in the

medical imaging regime. Thus our use of frequencies in the kHz range for FWI simulations is a

useful examination for the medical ultrasound community.

The second originality is the use of a structural similarity index (SSIM) regularization term

in USCT. In [22], the authors use an SSIM structure term to regularize computed tomography re-

constructions at different energy levels. We use that same regularization term with an Electrical

Impedance Tomography (EIT) conductivity reconstruction, which is the first use of that regulariza-

tion term across imaging modalities. This represents a novel use of both the SSIM regularization

term and an EIT prior within USCT reconstructions. Our investigation of three different regu-

larization parameters (Tikhonov, total variation, and SSIM-EIT) for a numerical lung phantom

represents an excellent starting point for future work on FWI lung imaging.

The final extension within this work is an investigation of USCT in the Bayesian framework.

While the vast majority of work on USCT takes place in the deterministic setting, there have

been authors who have explored the problem in the Bayesian setting [23, 24]. In [23], the authors

employ the Bayesian approximation error approach and utilize an algorithm similar to the one used

in this thesis, but their algorithm does not form a Markov chain and is not intended to produce

samples from a posterior distribution. Instead, the authors use the Bayesian approximation error

approach to test different approximate forward solvers. This is a different goal altogether from

ours. The authors of [24] consider the Bayesian approach for B-mode ultrasound, not tomographic

ultrasound. There has also been work investigating FWI from a Bayesian perspective, but that work

has been almost entirely in the geophysics community [25, 26]. Our investigation of the Bayesian

approach to FWI is focused on medical applications, which has yet to be thoroughly explored. In

addition, we propose using a Metroplis-Adjusted Langevin algorithm to obtain FWI results, which

is a novel application of that algorithm.
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The remainder of the thesis is structured as follows: chapter 2 gives an overview of several of

the most popular reconstruction techniques currently in use for USCT as well as provides some

background on inverse acoustic scattering problems in general. This will naturally lead to a dis-

cussion of FWI, which we describe and expand on in chapter 3. Results of FWI on a numerical

breast phantom with different regularization parameters follows. Chapter 3 also features a novel

technique for using an electrical impedance tomography (EIT) prior in FWI and displays numer-

ical results for this approach on a lung phantom. In chapter 4 we present a Bayesian approach to

FWI and describe a novel algorithm for USCT in the Bayesian framework. Preliminary numerical

results for this Bayesian algorithm are shown for a test phantom which approximates the simplified

cross section of a human breast. Finally, chapter 5 concludes with a summary of our findings and

possibilities for future research.
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Chapter 2

Survey of Current Literature

The following sections in chapter 2 give a sample of popular approaches to solving the inverse

problem in USCT. This chapter is by no means meant to be comprehensive, and inquisitive readers

should make use of the references in each section if they would like to learn more.

2.1 Ray-based Methods

Some of the earliest and still most popular methods for determining the sound speed of an in-

homogeneous medium using ultrasonic waves can be broadly grouped under the name “ray-based

methods". These methods treat the sound waves as 1D rays passing directly from an emitter to

a receiver and then use either amplitude or time-of-flight (TOF) techniques to produce a recon-

struction. TOF methods were originally popularized by researchers working on CT. Representing

x-rays as 1D objects which pass in a straight line from emitter to receiver is an accurate model, so

in CT scans TOF reconstructions are very accurate. Representing acoustic waves in this manner is

not as accurate, and as a result ray-based methods for USCT produce reconstructions with many

artifacts and low resolution [5]. However, TOF methods for USCT are computationally cheap to

implement and can still produce an image which captures the prominent features of the inhomo-

geneous sound speed map c. For this reason, ray-based methods are common for imaging regions

which do not require high resolution, or as a starting point for algorithms which can attain higher

resolution but are otherwise very time laborious.

Consider the measurement setup portrayed in figure 2.1. A pressure wave is sent through the

object we wish to image (the target) and we measure either the resulting pulse on only the transmit-

ting linear array (reflection USCT) or measure on both the transmitting array and the opposite array

(transmission USCT). The quantity being measured on the array differs depending on whether we

are using an amplitude ray-based method or a TOF ray-based method. In the amplitude method,

the measurements are the ratios of the amplitudes of the pulses when they leave the transmitter to
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Figure 2.1: A sample measurement setup for ray-based methods, figure reproduced from [1].

their amplitudes when they are received. These measurements can then be combined to reconstruct

the attenuation coefficient [27]. The other approach is to measure the time of flight taken for each

pulse to travel between the emitter and the receiver. These measurements are then used to recon-

struct the sound speed distribution of the target. For reasons presented in [1], reconstructing the

sound speed distribution using TOF measurements is preferable to attenuation reconstructions and

has thus been more widely applied in USCT research.

We now provide a brief overview of TOF reconstructions. If we assume that we can discretize

our target into an N ×N grid, then we may assign the sound speed for each pixel cj as the average

sound speed throughout that pixel. We then assume the area outside of the target but within the

transmitting and receiving array has constant sound speed cw. This is shown in figure 2.2.

Now if lj is the length of the ultrasonic ray as it traverses the jth pixel, then the total time tt for

the pulse to travel from A to B is

tt =
N2
∑

j=1

(

lj
cj

)

+
d−∑N2

j=1 lj

cw
.
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Figure 2.2: Setup for a TOF reconstruction, figure reproduced from [1].

If we also have the time tw it takes for an ultrasonic ray to travel from A to B along the same path

with no target present (no inhomogeneity), then we can subtract this time from tt to get

tt − tw =
N2
∑

j=1

lj

(

1

cj
− 1

cw

)

=
N2
∑

j=1

ljηj,

where ηj is known as the refractive index of the jth pixel. Note that if we know cw, reconstructing

ηj is the same as reconstructing cj . We thus proceed by measuring tt− tw for a number of different

parallel rays across the object to form a TOF projection image.

Given the TOF projection setup as described above, there are a number of methods for recon-

structing an image of the target object. By far the most popular method is filtered backprojec-

tion [28], in which the projection is convolved with an appropriate filter and then retransmitted

along the same direction in which it was obtained. There has been extensive work on the mathe-

matics behind filtered backprojection, and in the interest of brevity we leave those descriptions to

the following sources: [29–32]. As stated earlier, TOF reconstructions in USCT are appealing due
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to their simplicity and computational efficiency. However, when an acoustic wave interacts with a

strongly inhomogeneous medium there is likely to be an interplay between the pressure wave and

the medium including transmission, reflection, as well as constructive and destructive interference

within the pressure wave itself. For this reason, alternatives to ray-based methods have been and

continue to be explored.

2.2 Diffraction Tomography

Another popular approach for reconstructing the sound speed of an object is to use a technique

called diffraction tomography [2,33,34]. The setup for a single diffraction tomography experiment

is shown in figure 2.3. A plane wave is emitted toward an unknown object at angle θ with wave

number k(x) = ω/c(x), where ω is the angular frequency of the incident time harmonic wave and

c(x) is the spatially varying sound speed. The resulting acoustic field p(x) satisfies the equation

ρ(x)∇ ·
(

ρ−1(x)∇p(x)
)

+ k2(x)p(x) = −φinc(x) (2.1)

where ρ(x) is the density and φinc(x) is the incident field. If we assume constant density, equation

(2.1) reduces to the Helmholtz equation:

∆p(x) + k2(x)p(x) = −φinc(x). (2.2)

Let us now assume that we know a reference medium with wave number k0(x). Its acoustic field

is modeled by

∆p0(x) + k2
0(x)p0(x) = −φinc(x). (2.3)

Subtracting (2.3) from (2.2) gives

∆(p(x)− p0(x)) + k2
0(x)(p(x)− p0(x)) = −q(x)p(x) (2.4)
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Figure 2.3: Setup for a diffraction experiment, figure reproduced from [2].

where q(x) = k2(x)− k2
0(x).

Diffraction techniques proceed at this point by replacing p(x) in the right hand side of (2.4) by

p0(x). That is, we replace the total acoustic field p(x) by the initial acoustic field p0(x) This is

known as the Born Approximation [35]. With the Born Approximation in place, we can express

the solution to (2.2) as

p(x) = p0(x) +

∫

Ω

G0(x− y)q(y)p0(y)dy, (2.5)

where Ω ⊂ R
2 is the relevant domain and G0(·) is the Green’s function for the Helmholtz equation

with domain Ω and reference medium k0(x). Equation (2.5) is called the Lippmann Schwinger

equation [36]. The inverse problem is now stated as: given the initial pressure p0(x) and measure-

ments of the total pressure field p(x), determine q(x). Note that determining q(x) is equivalent to

determining the sound speed c(x).

With the setup for the inverse problem established, there are a few different methods for recon-

structing q(x). Two common methods are interpolation in the frequency domain and interpolation

in the space domain, which is typically called backpropagation [37]. For acoustic problems with

a large amount of scattering, backpropagation is computationally expensive and therefore recon-
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structions in the frequency domain are more common. For reconstructing in the frequency domain

with the Born approximation in place, a common approach is to use the gridding algorithm [38,39].

Another solution technique with the Born approximation in place is the distorted Born iterative

method (DBIM) [40, 41]. In DBIM, we formulate the inverse problem as a minimization problem

over the parameter q(x) and find a solution iteratively. At each iteration, the reference medium is

updated to kn(x) and the Green’s function is recomputed at kn(x) as opposed to k0(x). Call this

recomputed Green’s function Gn. Then the cost functional we want to minimize is

F (q) = pn(x) +Gn ⊛ (qn(x)pn(x)),

where pn(x) is the pressure at the current iteration, qn(x) = k(x) − kn(x), and ⊛ represents

convolution. Now the solution to the inverse problem is given as the solution to

argminq

{

‖F (q)− pmeas‖22 + αR(q)
}

, (2.6)

where pmeas is the measured pressure on the transducers or other measurement device, R(q) is a

regularization functional and α is a regularization parameter. There are many methods for solving

the nonlinear optimization problem in (2.6), and we leave a description of these methods to [42].

Diffraction methods have the benefit of being relatively easy to implement while making fewer

simplifying assumptions as compared to TOF methods. However, by replacing the total pressure

wave with the incident wave in the Born approximation we are taking a linearizing step which

omits information concerning the scattered wave. With that being said, diffraction methods are

able to achieve very good reconstructions without being computationally burdensome.

2.3 Algebraic Reconstruction Technique

The next stop in our survey of the current literature in USCT is the algebraic reconstruction

technique (ART). Much of the beauty and usefulness of ART comes from its simplicity, as there

are few overly complex steps required to implement the algorithm. We begin by superimposing a
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Figure 2.4: Setup for ART, figure reproduced from [3].

square grid over the image f(x, y) that we want to reconstruct, as in figure 2.4. Let fj denote the

value of f(x, y) in cell j and N2 be the total number of cells. The shaded portion in figure 2.4

represents the emitted sound wave that we are using to probe the object of interest. In ART this

sound wave is represented as a ray with width τ rather than a true hyperplane. If we then let pi

represent the pressure measurements corresponding to the propagation of the ith ray, then we can

express the relationship between these measurements and the object f(x, y) as

N2
∑

j=1

wijfj = pi, i = 1, 2, ...,M, (2.7)

where M is the total number of rays and wij is the weighting factor representing the contribution

of the jth cell to the ith ray, as represented in figure 2.4.

With the linear system defined in (2.7) we are able to solve for fj to get the value of f(x, y)

in each grid square and thus a reconstruction of the object represented by f(x, y). However, even

taking into account the fact that the values wij are mostly zero, the system in (2.7) is often far

too large to do any type of traditional matrix inversion. Instead, most ART reconstructions make

use of the Kaczmarz method [43, 44] to more efficiently solve the linear system and produce an
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image of the object f(x, y). Since the remainder of this technique deals simply with solving a large

linear system effectively, we will leave a thorough discussion of the remainder of the method to

the previous sources. There are few steps to implement in ART, but much of that simplicity comes

again at the cost of modeling sound waves as rays. As stated in section 2.1, this assumption leads

to more information in the form of artifacts than in the object itself. In order to avoid these issues

we must reduce the amount of simplifying assumptions in our model, as is done in the next section.

2.4 Full Waveform Inversion

Full Waveform Inversion (FWI) is an imaging technique that has been popular in the geophysics

community for decades [21] and is currently making its way into the medical imaging field as

well [5, 11, 45–48]. The mathematics of FWI have been well developed by the petroleum industry

to image hydrocarbon reserves within the earth [49, 50]. FWI methods are characterized by their

use of the full time dependent signal on each transducer and are also unique in that they directly

solve the wave equation without any linearization. Thus compared to the TOF and ART techniques,

FWI more accurately models the physics of wave propagation. This leads to superior results with

regards to resolution and artifact control, at the cost of being quite computationally burdensome.

The computational intensity comes from the requirement of solving a fully nonlinear and ill-posed

optimization problem. Mathematically, the optimization problem associated with FWI is written

concisely as

c = argminc̃

{

‖F (c̃)− pmeas(xk, t)‖22 + αR(c̃)
}

, (2.8)

where F (c̃) is the solution to the wave equation at the sound speed map c̃ and at the measurement

locations, pmeas(xk, t) is the measured pressure, xk are the measurement locations, α is a regular-

ization parameter and R(c̃) is a regularization functional. We will define the operator F (·), the

regularization functional R, and introduce more detailed notation for equation (2.8) in chapter 3.

After discretization, solving equation (2.8) becomes an optimization problem over a high dimen-
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sional Euclidean space, and those familiar with these types of problems understand the difficulty

in finding efficient algorithms for their solution. However, due to improvements in computer hard-

ware and more sophisticated algorithms, FWI is currently a popular method for producing images

in USCT. There is a real need for accurate sound speed reconstructions diagnostically in order to,

for example, determine whether a particular inhomogeneity is fatty tissue, a benign tumor, or a

malignant tumor. Thus the improvement in resolution and accuracy is often significant enough to

justify the added computational burden associated with FWI.

The term "full waveform inversion" really involves an array of different reconstructing tech-

niques that share the common theme of full aperture, time dependent data and a lack of lineariza-

tion in the solution to the forward problem. In [51] and [52], the authors move the problem to

the frequency domain and solve the nonlinear Helmholtz equation in place of the wave equation.

Reconstructions at lower frequencies are used as starting points in reconstructions at higher fre-

quencies, and close to the full spectrum is used in order to extract as much information as possible

from the data. Depending on the number of frequencies used, this can accelerate the computation

time as compared to solving the problem in the time domain. The work in [51, 52] is meritable,

but we follow [5] by keeping the data firmly in the time domain and solving the nonlinear wave

equation instead of the Helmholtz equation.

In the next two chapters we formulate the forward and inverse problems in USCT using a FWI

perspective. In chapter 3, we analyze the deterministic approach to FWI and see that adding a

regularization term encoding knowledge of the structure of the domain can improve the quality of

the results. In chapter 4, we take a different approach and view the problem of USCT through a

Bayesian lens while maintaining our devotion to FWI.
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Chapter 3

Deterministic Full Waveform Inversion

Our analysis of FWI for USCT begins in the deterministic setting. We first review the math-

ematical setup for FWI and consider how three different regularization terms affect the final re-

construction. The last of these regularization terms is a novel Structural Similarity regularization

function which makes use of an image obtained using Electrical Impedance Tomography (EIT).

The description of this technique requires background on both structural similarity and EIT, which

we provide. Next, we highlight the solution of the forward problem in USCT using the software

package k-Wave and the adjoint method for calculating necessary functional derivatives. Finally,

we demonstrate how the algorithm performs on synthetic data generated from both a numerical

breast phantom and lung phantom.

3.1 The Minimization Problem

There are many methods for solving an inverse problem in the deterministic setting. Some of

these methods are direct, meaning a technique was established which can solve the problem in

a non-iterative process. However, when these direct methods are not available or do not perform

well, we often use an iterative technique for solving the inverse problem which involves minimizing

a given functional. FWI involves finding the sound speed map c which best matches the sound

speed that generated pressure data pmeas(x, t). With only this goal in mind, we say the solution to

the inverse problem in USCT is the sound speed map c which satisfies

c = argminc̃ ‖F (c̃)− pmeas,l(xk, t)‖

= argminc̃

{

1

2

K
∑

l=1

K
∑

k=1

‖Fl,k(c̃)− pmeas,l(xk, t)‖2L2([0,T ])

}

, (3.1)

where Fl,k : L
2(Ω) → L2([0, T ]) is the operator which maps the sound speed c to the time depen-

dent pressure signal of duration T on the transducer at location xk, when the transducer at location
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xl acts as an acoustic source. pmeas,l(xk, t) is the time dependent pressure recorded at transducer

xk when transducer xl acts as an acoustic source. Explicitly, Fl,k(c) is the solution to the 2D wave

equation over a domain of sound speed c at the transducer xk with only transducer xl acting as a

source. Note that we are suppressing the dependence of c on time, and assuming that the sound

speed profile is static during the imaging process. If the inverse problem were well posed in the

sense of Hadamard [53] (that is, if Fl,k(c) were a compact operator with a continuous inverse for

all l, k), then the inverse problem in (3.1) would have a unique solution which could be found us-

ing traditional nonlinear optimization techniques such as steepest descent, conjugate gradient, or

Gauss-Newton [42]. However, the problem is ill-posed in that the solution does not depend contin-

uously on the data. Thus if we tried to solve the inverse problem posed in equation (3.1) using real

data or even simulated data in the presence of noise, we would get a poor and possibly nonsensical

reconstruction. The solution to this problem of ill-posedness is to use a regularization term. We

now describe three different regularization functionals/functions and explain their meaning within

the context of FWI.

3.1.1 Tikhonov Regularization

The first regularization functional we consider is Tikhonov regularization [54], and is a straight-

forward but effective way to circumvent the ill-posedness of an inverse problem. The Tikhonov

regularization term penalizes sound speed maps c which are too large with respect to the L2 norm.

The Tikhonov functional is typically written

RTikh :=
α

2
‖c‖2L2(Ω) , (3.2)

where α is a regularization parameter which determines how strongly we enforce the regularization

term. The expression in (3.2) penalizes sound speed maps c that are large in norm, which may not

be optimal in every situation. For medical applications, we may assume the sound speed of our

domain will not differ greatly from the sound speed of a homogeneous background, likely water.
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Thus a more practical Tikhonov regularization term for us is

RTikh,c0 :=
α

2
‖c− c0‖2L2(Ω) , (3.3)

where c0 is a homogeneous background sound speed that is assumed a priori. The Tikhonov reg-

ularization term in (3.3) penalizes sound speeds which differ greatly from the background sound

speed. This avoids large spikes in sound speed in the reconstruction and typically creates an over-

all smoother reconstruction as compared to other regularization methods. In practice, Tikhonov

regularization often works quite well and is a good starting point for testing an algorithm due to its

simplicity. With the functional (3.3) in hand, we write the Tikhonov regularized inverse problem

for FWI as

c = argminc̃)

{

1

2

K
∑

l=1

K
∑

k=1

‖Fl,k(c̃)− pmeas,l(xk, t)‖2L2([0,T ]) +
α

2
‖c̃− c0‖2L2(Ω)

}

. (3.4)

Tikhonov regularization can be understood as a balance between two requirements: Fl,k(c) −

pmeas,l(xk, t) should be small in norm, meaning the sound speed map c produces pressure measure-

ments similar to the collected data, and c− c0 should be small with respect to the L2 norm.

3.1.2 Total Variation Regularization

While Tikhonov regularization often results in smooth reconstructions, total variation (TV)

regularization [30, 55, 56] excels at preserving edges and delivering sharpness to an image. This is

because TV uses the L1 norm of the derivative of the sound speed map c, allowing for piecewise

regular solutions to the inverse problem and therefore better edge preservation. Mathematically,

the TV regularization term is written

RTV = α

∫

Ω

|∇c|dx, (3.5)
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where α is again a regularization parameter and ∇c is the gradient of the function c. While the

TV regularization term given in (3.5) is the traditional way of writing the functional and allows

for straightforward evaluation, the use of the L1 norm (or l1 norm after discretization) makes

the functional in (3.5) non-differentiable. This is problematic, as many minimization techniques

require us to evaluate the derivative of the loss term in (3.1) as well as the regularization terms. To

account for this, we alter the TV regularization term to be

RTV = α

∫

Ω

(

∇c · ∇c+ ǫ2
)1/2

dx

= α

∫

Ω

(

|∇c|2 + ǫ2
)1/2

dx, (3.6)

where ǫ is a small, positive number. This choice of TV regularization term ensures that the deriva-

tive of RTV is well defined everywhere and will allow us to use gradient-based descent algorithms

to solve the minimization problem.

With the TV regularization functional defined in (3.6), we write the TV regularized inverse

problem in USCT as

c = argminc̃

{

1

2

K
∑

l=1

K
∑

k=1

‖Fl,k(c̃)− pmeas,l(xk, t)‖2L2([0,T ]) + α

∫

Ω

(

|∇c̃|2 + ǫ2
)1/2

dx

}

. (3.7)

TV regularization can be understood as a balance between two requirements: the sum of each

Fl,k(c) − pmeas,l(xk, t) should be small in norm and ∇c should be small with respect to the L1

norm. A discussion of the discretization of the total variation regularization term and its derivative

can be found in [57].

3.1.3 Structural Similarity Regularization with EIT

The final regularization method we consider is a novel approach to using the structural sim-

ilarity index (SSIM) as a regularizer. In [22], an SSIM map is used in a regularization term for

CT images. The authors compare the structure of images produced using x-ray reconstructions at

different energy levels. We shall consider an SSIM structural regularization term which compares
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the images produced using USCT with those obtained from a different imaging modality, electri-

cal impedance tomography (EIT). To provide a full description of this approach, we first give an

overview of EIT and SSIM. This section concludes with a presentation of the SSIM regularization

term we employ in our reconstructions of a lung phantom.

EIT

Electrical impedance tomography (EIT) is a noninvasive imaging technique which produces

information concerning the electrical properties of the object being imaged. "Electrical properties"

is typically understood to be either the electrical conductivity or permittivity. EIT has been imple-

mented widely in the medical community and continues to be explored for imaging in areas such

as fluid flow, geography, and material sciences [58]. Like USCT, EIT involves no ionizing radia-

tion and is thus an appealing alternative to x-ray tomography. EIT also features relatively cheap

hardware, so it is an attractive option for a medical situation involving continuous monitoring [59].

In EIT, a voltage is applied to the boundary ∂Ω of the region Ω of interest and current is measured

at the boundary in order to reconstruct the aforementioned electrical properties. We note that while

we formulate our model with the assumption of transmitting voltage and measuring current, it is

always preferable to transmit current and measure voltage. In that case, the Dirichlet-to-Neumann

map mentioned below is replaced by the Neumann-to-Dirichlet map, but the mathematical litera-

ture is formulated in terms of the Dirichlet-to-Neumann map.

It is outside the scope of this work to include a complete mathematical description of EIT, but

we proceed by giving an overview of the forward and inverse problems in EIT as well as providing

references for the inversion technique used in this work. We leave a more thorough investigation

of EIT to the following sources: [60, 61].

The electric potential u(x) in a domain Ω is modeled by the equation

∇ · γ(x, ω)∇u(x) = 0, (3.8)
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where x ∈ Ω, γ(x, ω) = σ(x, ω) + iǫ(x, ω) is the admittivity, σ(x, ω) is the conductivity, ǫ(x, ω)

is the permittivity, and ω is the angular frequency of the applied current. If we apply a known

voltage f(x) to the boundary of Ω, we have the homogeneous Dirichlet boundary condition

u(x) = f(x), x ∈ ∂Ω. (3.9)

We can then measure the resulting current density j(x) on the boundary, which corresponds to

knowing the Neumann boundary condition

γ(x, ω)
∂u(x)

∂n
= j(x), x ∈ ∂Ω, (3.10)

where n is the outward unit normal vector on ∂Ω. The term γ(x, ω)∂u(x)
∂n

maps the voltage on

the boundary to the current density on the boundary. For this reason, γ(x, ω)∂u(x)
∂n

is called the

Dirichlet-to-Neumann (DN) map, and is denoted Λγ . We follow [62] and define the weak form of

the DN map Λγ : H
1
2 (∂Ω) → H− 1

2 (∂Ω) as

〈Λγf, g〉 =
∫

Ω

γ∇u∇v, (3.11)

where v ∈ H1(Ω) has trace g on ∂Ω and u is the unique solution to the Dirichlet problem defined

by equations (3.8), (3.9). Definitions of H1(Ω) and H
1
2 (∂Ω) can be found in [63], and H− 1

2 (∂Ω)

is the dual space of H
1
2 (∂Ω), as usual. A more in-depth analysis of the DN map can be found

in [64].

The data in EIT is the DN map Λγ , or more specifically a discrete approximation of Λγ . The

forward problem in EIT is thus to determine a function u(x) satisfying equations (3.8) an (3.9)

given knowledge of the admittivity γ(x, ω). The inverse problem in EIT is to determine γ(x, ω)

given knowledge of the DN map Λγ , given knowledge of j in equation (3.10).

There are many techniques for carrying out the inversion in EIT. An overview of several popular

methods can be found in [65]. For this work, a Newton-Raphson method was used to produce an
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image of the (real-valued) conductivity σ(x, ω) of a lung phantom. This reconstruction is shown

in section 3.6.2. An overview of the Gauss-Newton method and its use in EIT is given in [66].

SSIM

There is not a function which maps σ(x) → c(x) directly, meaning there is no canonical

way to obtain the sound speed of a domain Ω given the conductivity over that region. However,

a conductivity map σ(x) provides useful information related to the location, shape, and size of

inhomogeneities in the region Ω. We thus need to leverage this information provided in the EIT

reconstruction for use in the FWI algorithm.

We will use the information contained in the EIT conductivity reconstruction within an SSIM-

structure regularization term. For this section, we assume that our sound speed map c has been

discretized on a grid of size N ×N . The remainder of the analysis in this section supposes we are

working with this discretized sound speed map cn and the discretized conductivity map σ. The

notation (cn)i refers to the ith element of cn, where in this case we take cn to be the vector in

R
N2

obtained by vectorizing the discretized sound speed map over Ω. Note that we are using the

notation cn to suggest a sound speed map at step n of an iterative algorithm.

SSIM is a method for determining the similarity of two or more images by comparing the

images in terms of their luminance, contrast, and structure [67]. The luminance of an image is

the mean of the total quantity being measured (in our case, the mean of the sound speed). Thus

an image with a high sound speed in many pixels will have a high luminance. The contrast of an

image is the standard deviation of all of the pixel values. Therefore an image that is nearly uniform

in sound speed will have a low contrast as opposed to an image with large changes in the sound

speed, which will of course have high contrast. While one can analyze the structure of an image

itself, we are more interested in comparing the structure of one image with another. Given the EIT

conductivity reconstruction, σ, and a sound speed map cn, the structure function of the structural

22



similarity index of the two images is given by

s(cn,σ) =
σcnσ

+ C

σcn
σσ + C

, (3.12)

where σcnσ
is the cross correlation of cn and σ, and σcn

, σσ are the standard deviations of cn and

σ, respectively, and C is a small, positive real number. In the traditional application of SSIM, one

can produce a map showing the similarity between two images with respect to luminance, contrast,

and structure. Our goal is to produce an SSIM regularization term which penalizes sound speeds

far from σ with regards to only the structure of the two images. For this, we follow [68] and

compute the cross correlations and standard deviations locally using an 11 × 11 window which

moves pixel by pixel over the entire image. Let Ii denote the set of indices for the 11× 11 window

at pixel i. Further, let w =

{

wk | k ∈ Ii

}

denote the local weights obtained from a circular

symmetric Gaussian weighting function with standard deviation equal to 1.5. Then we can write

the locally computed standard deviation and cross correlation terms at pixel i as

(σcn
)i =

(

∑

j∈Ii

wj((cn)j − (µcn
)i)

2

)1/2

(3.13)

(µcn
)i =

∑

j∈Ii

wj(cn)j (3.14)

(σcnσ
)i =

∑

j∈Ii

wj((cn)j − (µcn
)i)((σ)j − (µσ)i). (3.15)

Once we construct s(cn,σ) in this way, we have a two dimensional image where a high value in

pixel i indicates that the sound speed map cn is structurally similar to the EIT reconstruction σ at

that pixel. A whimsical example of an image and the same image that has been blurred, as well as

their structural similarity matrix, is given in figure 3.1.

A similar example demonstrates that it is only the structure of the images which contributes

to the forming of the SSIM structure map. In figure 3.2 we see the same image which has now

been scaled instead of blurred, leaving the structure between the images the same but the values
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Figure 3.1: The original image in the top left was blurred to give the image in the top right. The SSIM

structure map for these two images is shown in the bottom image.
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Figure 3.2: The original image in the top left was scaled to give the image in the top right. The SSIM

structure map for these two images is shown in the bottom image and is identically equal to 1.

dramatically different. In this case, the SSIM structure map is 1 everywhere, indicating that the

size and placement of the inhomogeneities within each image is identical.

With s defined, we must consider how to use it within a regularization term. We need the

regularization term to be a real valued function of the discretized sound speed map cn, where large

values of the regularizer indicate dissimilarity to the EIT reconstruction σ. To accomplish this, we

will follow [22] and let the SSIM regularization term be defined as

S(cn,σ) =
1

s(cn,σ)
, (3.16)
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where

s(cn,σ) =
1

N2

N2
∑

i=1

(s(cn,σ))i. (3.17)

The term in (3.17) is a scalar value representing the mean of the map s over all pixels. Therefore,

S(cn,σ) is a real-valued function of cn which decreases as cn becomes more structurally similar

to σ and achieves a minimum when cn has the same structure as σ.

With the SSIM regularization functional defined, we can write the new inverse problem in

USCT using an EIT-SSIM structural prior as

c = argminc̃,c̃n

{

1

2

K
∑

l=1

K
∑

k=1

‖Fl,k(c̃)− pmeas,l(xk, t)‖2L2([0,T ]) + αS(c̃n,σ)

}

. (3.18)

The functional in (3.18) is a bit odd due to the use of both the continuous map c̃ and the discretized

map c̃n, but upon implementation c̃ will of course be discretized to become c̃n. We believe the

meaning of the minimization in (3.18) is clear. SSIM regularization can be understood as a balance

between two requirements: Fl,k(c)− pmeas,l(xk, t) should be small in norm, and cn should be close

in structure to the map σ.

We now consider the derivative of (3.16) for use in gradient-based optimization methods. The

calculation of the derivative of this term is included not only for completeness but because a dis-

cussion of this derivative is seemingly absent from the literature. Since we are computing the

statistics σcn
and σcnσ

separately on each pixel, we are also computing s(cn,σ) separately on each

pixel. Therefore (s(cn,σ))i is a mapping from R to R, meaning we can calculate the derivative

of S(cn,σ) with respect to cn on each pixel by using finite differences. We call this derivative

S ′(cn,σ), where it is understood that the derivative is taken with respect to cn. The derivative on

each pixel is found as

(S ′(cn,σ))i = − 1

s(cn,σ)2

(

1

N

N
∑

i=1

(s(cn,σ))
′
i

)

, (3.19)
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with

(s(cn,σ))
′
i =

((σcn
)i(σσ)i) + C)(σcnσ

)′i − ((σcnσ
)i + C)(σcn

)′i(σσ)i
((σcn

)i(σσ)i) + C)2
, (3.20)

where

(σcn
)′i :=

(σcn+ǫei)i − (σcn
)i

ǫ
(3.21)

(σcnσ
)′i :=

(σ(cn+ǫei)σ)i − (σcnσ
)i

ǫ
, (3.22)

with ei being an array with 1 in the ith entry and 0 elsewhere. While the work laid out in equations

(3.19), (3.20), (3.21), (3.22) is notationally off-putting, the actual computation of the derivative is

straightforward.

Before continuing to a consideration of the forward problem, we point out that any of the

regularization terms explained in section 3.1 can be combined with relative ease. For example, if

we wanted to promote both spatial regularity of our solution and also enforce an SSIM prior, we

could define our minimization problem as

c = argminc̃,c̃n

{

1

2

K
∑

l=1

K
∑

k=1

‖Fl,k(c̃)− pmeas,l(xk, t)‖2L2([0,T ]) +
α1

2
‖c− c0‖2L2(Ω) + α2S(c̃n,σ)

}

.

(3.23)

We explore the quality of reconstructions obtained by solving (3.23) in section 3.5.3.

3.2 Computational Method for the Forward Problem

Having presented the inverse problem, we must now consider how to solve the minimization

problems laid out in section 3.1. These solutions will entail an iterative method, and in almost

all iterative methods a solution to the forward problem is required at least once during each iter-

ation. The forward problem in USCT is stated as follows: given a sound speed map c and the

initial pressure distribution on the transducers, determine the resulting time dependent pressures
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pmeas,l(x, t) on the transducers. In actuality, we must solve K forward problems where K is the

total number of transducers. This is because we use each transducer as an emitter and a receiver

in order to gather data. Since we require the solution to at least K forward problems within each

step of our iterative algorithm, we are in need of an efficient computational method for simulating

wave propagation through a medium. For this purpose, we use the software package k-Wave [69],

a MATLAB toolbox for the time domain simulation of acoustic wave fields. This section gives an

overview of the k-Wave toolbox.

3.2.1 k-Wave

Typically when one thinks of a solution to the forward problem in the time domain for USCT,

one thinks of a solution to the wave equation. However, k-Wave does not solve the wave equation

but rather solves a system of coupled first order equations. In the isentropic case, these coupled

first order equations are

∂u(x, t)

∂t
= − 1

ρ0
∇p(x, t) (momentum conservation)

∂ρ(x, t)

∂t
= −ρ0∇ · u(x, t) (mass conservation)

p(x, t) = c20ρ(x, t) (pressure-density relation),

(3.24)

where u is the acoustic particle velocity, p is the acoustic pressure, ρ is the acoustic density, ρ0 is

equilibrium density, and c0 is the isentropic sound speed.

The equations in (3.24) are used in the traditional derivation of the wave equation, so solving

these equations is completely equivalent to solving the linearized wave equation. k-Wave solves

this coupled system of equations instead of the wave equation because it allows for mass and force

sources to easily be included and also allows for the simple inclusion of a perfectly matched layer

(PML), which absorbs the acoustic waves when they reach the edge of the domain ensuring there

is no interference from reflecting waves. The above equations can be made nonlinear and acoustic

source terms can be added as well. We will specify these terms when discussing data generation
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in section 3.5.1. A more detailed explanation of the linear and nonlinear first order equations

governing acoustic waves can be found in [69–72].

We must now determine what numerical method will be used to solve the equations in (3.24).

k-Wave solves these equations using the k-space pseudospectral (or just k-space) method. This

technique combines the spectral calculation of spatial derivatives using the Fourier collocation

method with a temporal propagator expressed in the spatial frequency domain (or k-space). Typi-

cally, spatial derivatives are approximated by fitting a polynomial to a number of grid points over-

laying the domain and calculating the derivative of that fitted polynomial. The higher the degree

of the polynomial, the more accurate the derivative. The Fourier collocation method fits a Fourier

series to the grid points, and then takes the derivative of that Fourier series. The main advantage

of this is that the amplitudes of the Fourier components can be calculated efficiently using the fast

Fourier transform (FFT).

While the spatial derivatives are fairly straightforward to calculate, the temporal derivatives

require a bit more care. To illustrate, consider the second order wave equation for homogeneous

and lossless media:

∇2p(x, t)− 1

c20

∂2

∂t2
p(x, t) = 0.

If we take a spatial Fourier transform and discretize the time derivative using a second order accu-

rate central difference, we obtain

p(k, t+∆t)− 2p(k, t) + p(k, t−∆t)

∆t2
= −(c0k)

2p(k, t). (3.25)

In a conventional finite difference discretization of the temporal derivatives, the time step ∆t must

be kept small to ensure that errors are not introduced into the numerical solution. k-space methods

seek to relax the necessity for a small time step without sacrificing accuracy. Assume we have

an exact solution to the homogeneous and lossless wave equation for initial pressure distribution
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p(k, 0) given by

p(k, t) = cos(c0kt)p(k, 0),

where k2 = ‖k‖. By plugging this into the leapfrog finite difference scheme p(k, t + ∆t) −

2p(k, t) + p(k, t−∆t) and rearranging, we obtain

p(k, t+∆t)− 2p(k, t) + p(k, t−∆t)

∆t2sinc2(c0k∆t/2)
= −(c0k)

2p(k, t). (3.26)

Comparing (3.25) and (3.26) we see that ∆t2 has been replaced by ∆t2sinc2(c0k∆t/2). For

large time steps, the term ∆t2sinc2(c0k∆t/2) provides an exact solution. Thus the basis of the

numerical method that k-Wave uses to solve (3.24) is to replace ∆t in a first-order accurate for-

ward difference with ∆tsinc(c0k∆t/2). It can be shown that the resulting numerical method is

consistent with the continuous equations, and is stable and accurate under reasonable assumptions

on ∆tsinc(c0k∆t/2). We leave the verification of these facts as well as a more in-depth derivation

of the numerical method to the following sources: [73–77].

We have chosen to use the k-Wave software package for the following reasons. First, the

k-space method both reduces the memory requirements and the number of time steps required to

achieve accurate simulations for the forward problem [69]. This means that k-Wave is a reasonably

fast and accurate way to compute solutions to the forward problem. The second and third reasons

are the ease of usability in k-Wave and the cost of programmer time. Setting domains that are

consistent with a cross-section of the human body is straightforward in k-Wave, and establishing

the location and properties of each transducer is simple. This means that setting up the domain of

interest and transducer locations over that domain is easy with knowledge of MATLAB and the

k-Wave library. This should be contrasted with the difficulty in building a similar domain from

scratch. There is great value in programming a forward solver without the use of pre-existing

libraries, but the most expensive resource in a project is always programmer time. Instead of

allocating this time to building a forward solver that may ultimately be inferior to k-Wave, we have
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chosen to let k-Wave handle the forward problem while we focus on developing a useful algorithm

for the inverse problem.

3.3 The Adjoint Method for Computing Derivatives

In order to apply a gradient based method for solving the minimization problems in section 3.1,

we must be able to compute the derivative of the term

E(c) :=
1

2

K
∑

l=1

K
∑

k=1

‖Fl,k(c)− pmeas,l(xk, t)‖2L2([0,T ]) . (3.27)

We stated in section 3.1 that Fl,k : L
2(Ω) → L2([0, T ]) is an operator which maps the sound speed

c to the time dependent pressure on the transducer at location xk when the transducer at location

xl transmits a pulse. For this section, it will be helpful to write Fl,k(c) as pcomp,l(xk, t | c), read

as “the computed time dependent pressure on transducer xk when transducer xl transmits a pulse,

given the sound speed map c." With this change, E(c) looks like

E(c) =
1

2

K
∑

l=1

K
∑

k=1

‖pcomp,l(xk, t | c)− pmeas,l(xk, t)‖2L2([0,T ])
. (3.28)

We can then write E(c) for a single transmitting receiver xl as

El(c) =
1

2

K
∑

k=1

‖pcomp,l(xk, t | c)− pmeas,l(xk, t)‖2L2([0,T ])
(3.29)

=
1

2

K
∑

k=1

∫ T

0

(pcomp,l(xk, t | c)− pmeas,l(xk, t))
2dt. (3.30)

Summing El(c) over all transducers xl recovers the term E(c).

El(c) maps the sound speed c to a number in R, meaning El(c) is a functional over L2(Ω). We

therefore seek the Fréchet derivative of El(c), which we denote ∇cEl(c). Once we have ∇cEl(c)

for each l, we can sum the result to give the Fréchet derivative of E(c). We compute ∇cEl(c) using

a technique known as the adjoint method [5, 78].
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The Fréchet derivative ∇cEl(c) is implicitly defined by the relation

δEl(c) =

∫

Ω

∇cEl(c)δc(x)dx, (3.31)

where δEl(c) is the variation in El(c) due to a variation δc in the sound speed c. We proceed by

perturbing the sound speed c by δc, which will produce a perturbation in the computed pressure

pcomp,l(x, t | c), which in turn will produce the perturbation δEl(c). That perturbation will then be

compared to (3.31) in order to identify the Fréchet derivative ∇cEl(c).

To start, consider the wave equation

∆p(x, t)− 1

c2(x)

∂2p(x, t)

∂t2
= −Sl(x, t), (3.32)

where Sl(x, t) is a temporal and spatially dependent source variable. For us, Sl(x, t) will be a time

varying signal sent into one of the K transducers. Note that we are using the linear wave equation

here to model the wave-field instead of the first order equations in (3.24). This is reasonable, since

solving the linear equations in (3.24) is equivalent to solving (3.32). Returning to our derivation,

we assume the initial conditions

p(x, 0) = 0 (3.33)

∂p(x, t)

∂t

∣

∣

∣

∣

t=0

= 0. (3.34)

We also introduce the term v(x) = (c0/c)
2, where c0 is again the homogeneous background sound

speed, turning (3.32) into

∆p(x, t)− v(x)

c20

∂2p(x, t)

∂t2
= −Sl(x, t). (3.35)
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This simplifies the following calculations, as it is easier to find an expression for ∇vEl(v) and then

obtain ∇cEl(c) through the relationship

∇cEl(c) = −2
c20

c3(x)
∇vEl(v). (3.36)

To proceed, we need the following definition.

Definition 1. The adjoint wave equation is given by

∆p̃(x, t)− v(x)

c20

∂2p̃(x, t)

∂t2
= −S̃l(x, t) (3.37)

with terminal conditions

p̃(x, T ) = 0 (3.38)

∂p̃(x, t)

∂t

∣

∣

∣

∣

t=T

= 0, (3.39)

and source

S̃l(x, t) =
K
∑

k=1

(pcomp,l(xk, t | v)− pmeas,l(xk, t)) δdirac(x− xk), (3.40)

where δdirac is the Dirac-delta function.

The adjoint wave equation is identical to the wave equation in (3.35) except that it has terminal

conditions in place of initial conditions and its source term is a superposition of time dependent

sources at the receiving transducer locations where each individual signal is the difference between

the computed and measured signals on that transducer. The adjoint equation is not physically

realizable, but can be solved by time reversing the signals in source term (3.40), solving the wave

equation with this source, and then time reversing the recorded signals. Thus the solution to a

single adjoint equation is roughly the same computational cost as a single solution to the wave

equation.
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We are now ready to perturb the parameter v in an attempt to obtain δEl(v). We vary the

parameter v(x) by δv(x) ∈ H0(Ω). The space H0(Ω) (H0(Ω) = {f ∈ H2(Ω) : f = 0, ∇f =

0 on ∂Ω}) is a natural choice since the term v(x) + δv(x) will then still belong to L2(Ω). This

variation adds a perturbation δp(xk, t) in the computed time dependent pressures pcomp,l(xk, t | v)

and thus a perturbation in El(v) given by

El(v + δv) =
1

2

K
∑

k=1

∫ T

0

(pcomp,l(xk, t | v) + δp(xk, t)− pmeas,l(xk, t))
2dt

= El(v) +
1

2

K
∑

k=1

∫ T

0

(2pcomp,l(xk, t | v)δp(xk, t)− 2pmeas,l(xk, t)δp(xk, t)) dt

⇒ δEl(v) =
K
∑

k=1

∫ T

0

(pcomp,l(xk, t | v)− pmeas,l(xk, t)) δp(xk, t)dt. (3.41)

Substituting (3.40) followed by (3.37) into (3.41) gives

δEl(v) =

∫

Ω

∫ T

0

S̃l(x, t)δp(x, t)dtdx

= −
∫

Ω

∫ T

0

(

∆p̃(x, t)− v

c20

∂2p̃(x, t)

∂t2

)

δp(x, t)dtdx. (3.42)

Integrating (3.42) by parts with respect to space and time and using (3.33) as well as the fact that

δv(x) ∈ H0(Ω) gives

δEl(v) = −
∫

Ω

∫ T

0

(

∆(δp(x, t))− v

c20

∂2(δp(x, t))

∂t2

)

p̃(x, t)dtdx. (3.43)
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Now if we calculate the variation in the wave equation (3.35) and ignore higher order terms we

see

∆(p(x, t) + δp(x, t))− (v + δv)

c20

∂2(p(x, t) + δp(x, t))

∂t2
= −Sl(x, t)

⇒∆p(x, t)− v

c20

∂2p(x, t)

∂t2
+∆(δp(x, t))− v

c20

(∂2(δp(x, t))

∂t2
− δv

c20

∂2p(x, t)

∂t2
= −Sl(x, t)

⇒∆(δp(x, t))− v

c20

∂2(δp(x, t))

∂t2
− δv

c20

∂2p(x, t)

∂t2
= 0. (3.44)

Substituting (3.44) into (3.43) gives

δEl(v) = − 1

c20

∫

Ω

∫ T

0

∂2p(x, t)

∂t2
p̃(x, t)δvdtdx.

Integrating this by parts one more time gives

δEl(v) =
1

c20

∫

Ω

∫ T

0

∂p(x, t)

∂t

∂p̃(x, t)

∂t
δvdtdx. (3.45)

If we compare (3.45) with (3.31), replacing c by v, we find that

∇vEl(v) =
1

c20

∫ T

0

∂p(x, t)

∂t

∂p̃(x, t)

∂t
dt.

At last, using (3.36) gives

∇cEl(c) = −2c20
c3

∇vE(v)

= − 2

c3

∫ T

0

∂p(x, t)

∂t

∂p̃(x, t)

∂t
dt. (3.46)

There are a few things to note for (3.46) above. The first is that in order to calculate the

functional derivative ∇cEl(c), we need only calculate the forward problem and the adjoint problem

on the full computational grid once each. The second thing to note is that the gradient in (3.46) is

independent of the number of receiving transducers. This means we only need to solve the forward
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and adjoint problem once regardless of the number of transducers used to measure pressures on

the boundary.

With each transducer acting as a source in succession, we obtain the derivative ∇cE(c) by

summing ∇cEl(c) over all l = 1, ..., K. This gives

∇cE(c) =
K
∑

l=1

∇cEl(c)

= − 2

c2

K
∑

l=1

∫ T

0

∂p(x, t | xl)

∂t

∂p̃(x, t | xl)

∂t
dt, (3.47)

where p(x, t | xl) and p̃(x, t | xl) represent the solution to the forward and adjoint problem on the

full grid when the transducer at location xl acts as a source.

For a single computation of the gradient ∇cE(c), we must solve K forward problems and K

adjoint problems. For large values of K this can be computationally expensive, but it is still far

less computationally burdensome than calculating the derivative using a finite difference approach.

3.4 Steepest Descent Algorithm

With the problem outlined and the computational tools explained, we can now focus on solving

the minimization problems presented in section 3.1 to obtain reconstructions. There are numerous

methods for solving nonlinear optimization problems [79], but we use the straightforward steepest

descent (or gradient descent) algorithm. Given an initial sound speed estimate cinit(x) (with the

discretized image c0) we update the sound speed at each iteration by taking a step in the direction

of the negative gradient of the functionals in either (3.4), (3.7), (3.18), (3.23), depending on which

regularization term is chosen. Since those functionals are all of the form E(c) + αR(c) for the

chosen regularization term R and regularization parameter α, these derivatives can be expressed

as ∇cE(c) + α∇cR(c), where ∇cR(c) is the derivative of the regularization term with respect to

the sound speed. We summarize this relatively simple algorithm below.
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Algorithm 1. Given the current sound speed cn, regularization term R, and regularization param-

eter α, repeat the following steps:

1. Compute ∇cE(cn) using (3.47) and ∇cR(cn).

2. Calculate a step length hn.

3. Update the sound speed as cn+1 = cn − hn(∇cE(cn) + α∇cR(cn)).

If desired, a step can be added to the above algorithm which terminates the algorithm if the

error term E(cn+1) + αR(cn+1) falls below a certain amount. We do not take that approach, and

instead simply have the algorithm terminate after a fixed number of steps. For a reasonable choice

of the starting sound speed cinit and parameter hn, Algorithm 1 should converge to a minimizer

c. A discussion of how to select the starting sound speed and parameters is discussed in the next

section.

3.4.1 Parameter selection

We consider three parameters in Algorithm 1, the starting sound speed cinit, the step length

parameter hn, and the regularization parameter α. Often in FWI, the starting sound speed cinit

is obtained using a fast, linearized method. This not only speeds convergence but also helps the

algorithm avoid unwanted convergence to a local minimum [47]. We follow this convention and

use a traditional time of flight algorithm to obtain the starting sound speed. This sound speed cinit

will be used in both the noiseless case and the noisy case, and we also run the algorithm in the

noiseless case with a less informed starting sound speed that will be detailed in section 3.5.

For the selection of hn, we initially tried to implement a stabilized Barzilai-Borwein (BB)

method [80, 81]. In the traditional BB method, we consider an update equation of the form

cn+1 = cn − hn∇F (cn) (3.48)

where hn is the step length and ∇F (cn) is the search direction. The BB method proceeds by

considering (3.48) to be a quasi-Newton problem where hn is replaced by Dn, which is an approx-
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imation of the inverse Hessian matrix of the objective function. Then, the step-size hn is computed

by assuming that Dn is a rank one matrix, enforcing that Dn has the quasi-Newton condition, and

solving the minimization problem

minDn

∥

∥D−1
n sn − yn

∥

∥ , (3.49)

where sn = cn − cn−1 and yn = ∇F (cn)−∇F (cn−1). The solution to (3.49) is given by

hBB
n =

sTnsn
sTnyn

where sTn denotes the transpose of sn. It has been shown [80] that the BB method outperforms

the traditional backtracking line search algorithm in the quadratic case. However, the BB method

often generates step lengths which are too long and may not converge even for certain convex

functions [82]. This is concerning for us, since the expense of calculating the derivative demands

that we waste as little computation as possible. A work-around to this heavy computational demand

is given by a stabilization step outlined in [81]. It is possible that with proper tuning the stabilized

BB method could provide decent results, but after implementation we determined that it resulted

in step lengths which were far too conservative. Since we would like to reach convergence as soon

as possible, this method is unfortunately impractical.

The alternative we found that yielded the best results is a more ad hoc method for determining

hn. If we trust that our choice of cinit is close (in some sense) to the true sound speed, we know

that our step length should not result in a dramatically different new sound speed at each iteration.

Further, we typically know a priori an upper and lower bound for the sound speeds in our domain.

Thus our approach will be to choose hn such that the largest change in the sound speed over the

domain is a fixed, positive constant smax, with units of m/s. Mathematically, we can express this

choice of step-length as

hn =
smax

max(abs(∇cE(cn) + α∇cR(cn)))
. (3.50)
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The value of hn is dependent on the derivative ∇cE(cn) + α∇cR(cn), but since this derivative is

necessarily computed at every step of the algorithm prior to choosing the step-length, we do not

add any computational expense in the selection of hn.

In addition, if the resulting update to the sound speed contains a region that is larger or smaller

than our prior knowledge of the maximum and minimum sound speeds in the domain, then we

shrink the step length by a factor of 10. While this is a without question a heuristic method, it is

physically realistic and yields good results both qualitatively and quantitatively.

Finally, there is the matter of choosing the regularization parameter α. This is, in general, a

delicate matter. For Tikhonov regularization the heuristic L-curve method is popular [83], and TV

regularization has its own techniques for parameter selection [84]. In place of these more rigor-

ous methods, we used a "kitchen sink" approach in which we tested many different regularization

parameters and selected the best reconstruction based on qualitative and quantitative results. This

is clearly not a foolproof method for selecting a regularization parameter, but yielded good recon-

structions for our phantoms. Future work should include a method for more optimally choosing

the regularization parameter α.

3.5 Breast Phantom

3.5.1 Data Generation

In order to test the inversion approach presented in Algorithm 1, we must have a viable data

set. In lieu of real data, we generated data using the k-Wave software library. Here we lay out the

setup and method used for generating data. k-Wave requires four inputs from the user in order to

simulate the propagation of acoustic waves in a medium:

• kgrid: an object holding all information concerning the computational grid,

• medium: an array containing all information concerning the physical properties of the do-

main,
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• source: an array containing the position and properties of pressure sources, and

• sensor: an array holding information about the location and properties of sensors which

record the pressure.

We will briefly outline how we set the four inputs above in order to generate synthetic data.

kgrid: kgrid sets the computational domain, so there are a few physical quantities we must

consider in order to create a reasonable grid. Our domain in this section is a cross section of a

human breast, so an overall domain size of 0.1 × 0.1m is sensible. With the physical size of the

computational grid in place, the quantities Nx and Ny (the number of grid points in the x and y

directions) and the grid point spacing dx and dy (in meters) can be set by considering the Nyquist

limit of two grid points per wavelength [85]. However, since we are considering a simulation with

a heterogeneous media, we follow the guidance in [69] and set the grid to allow four points per

wavelength. The final bits of information necessary to set the grid are the smallest sound speed in

the domain cmin and the maximum temporal frequency transmitted fmax. We set the smallest sound

speed to be 1300 meters/second (m/s) and the maximum temporal frequency to 1 MHz. Then the

values Nx and dx are set as

dx =
cmin

(points per wavelength) ∗ fmax

Nx = round

(

0.1m

dx

)

,

and for simplicity we set Ny = Nx and dy = dx. Given the sound speed and maximum frequency

listed above, this would result in a grid of size 240×240 where dx = dy = 4.1667×10−4. However,

due to the complexity of the breast phantom (which is shown in figure 3.3) we instead set the grid

to be of size 300× 300 with dx = dy = 3.333× 10−4. This grid is likely finer than necessary, but

was not an exorbitant strain computationally as compared to a grid of size 240×240. The time grid

was set by considering the maximum time it would take for a sound wave of the chosen frequency

to propagate from one side of the domain to other, while keeping the Nyquist rate of two points
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Figure 3.3: Breast phantom used to generate data, phantom adapted from [4].

per wavelength in mind. This led to a time grid spacing of dt = 6.25 · 108 s with Nt = 1099 time

steps.

medium: In order to ensure that we are generating data correctly, setting the physical properties

of our domain is essential. The "medium" array in k-Wave holds all of the important physical

characteristics used to model a desired domain. There are five properties that we must define: the

sound speed, the mass density, the nonlinear parameter BonA, the power law absorption coefficient

and the power law absorption exponent. The sound speed parameter is a matrix of size Nx×Ny,

and in our case will model the cross section of a human breast. The annotated sound speed phantom

used to generate our data is shown in figure 3.3 (this phantom is adapted from one given in [4]).

A table describing the tissue type and sound speeds of the annotated phantom is given in table

3.1. The sound speed values in table 3.1 match those presented in [86]. The ability to recover the

shape, location, and sound speed of all of these inhomogeneities would clearly hold great value in

a diagnostic setting.
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Table 3.1: Parameters of the numerical breast phantom.

Structure Index Tissue Type Sound Speed (m/s)

1 Malignant Tumor 1570

2 Malignant Tumor 1550

3 Malignant Tumor 1526

4 Malignant Tumor 1500

5 Benign Lesion 1492

6 Benign Lesion/Parenchyma 1492

7 Fatty Tissue 1460

8 Fatty Tissue 1472

9 Parenchyma 1480

10 Adipose 1492

11 Background 1500

The mass density is also an Nx × Ny matrix. For simplicity, the medium density was set to

a constant value of 1000 g/m3. In equations (3.24), we presented the continuous equations that

k-Wave solves in order to compute the forward problem. However, when the acoustic medium is

heterogeneous with a spatially varying sound speed and ambient density, the equations in (3.24)

must include additional terms [69]. If we account for acoustic absorptions, heterogeneities in our

medium, and high enough energy acoustic waves to make our system nonlinear [71] (all three of

these are present in our model), the system of first order partial differential equations becomes

[72, 73, 79, 87]

42



∂u(x, t)

∂t
= − 1

ρ0
∇p(x, t)

∂ρ(x, t)

∂t
= −(2ρ(x, t) + ρ0)∇ · u(x, t)− u(x, t) · ∇ρ0

p(x, t) = c20

(

ρ(x, t) + d · ∇ρ0 +
B

2A

ρ(x, t)2

ρ0
−Lρ(x, t)

)

,

(3.51)

where d is the acoustic particle displacement, B/A is a nonlinear parameter which characterizes

the relative contribution of finite-amplitude effects to the sound speed, and L is a linear integro-

differential operator that accounts for acoustic absorption and dispersion [88, 89] given by

L = τ
∂

∂t
(−∇2)

y

2
−1 + η(−∇2)

y+1
2

−1

with

τ = −2α0c
y−1
0 ,

η = 2α0c
y
0tan(πy/2).

(3.52)

Here, τ and η are coefficients representing absorption and dispersion, respectively. The constant

α0 is the power law prefactor with units Np(rad/s)−ym−1 and y is the power law exponent.

With this laid out, we see that the parameter BonA is the term B/A in (3.51), the power law

absorption coefficient is α0 in (3.52) and the power law absorption exponent is y in (3.52). To

generate data, we set these parameters to the values

BonA = 0.4

α0 = 0.0022

y = 1.1.

We choose this value for BonA since this is the value associated with the sound speed of air [71]
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and has shown to yield good results across multiple reconstructions.

source: The source input determines the location and properties of each transducer acting as a

source. Supposing we use K transducers to model our system, then we would like the K trans-

ducers to symmetrically surround the breast phantom in order to ensure that we are probing the

region from all angles. We then treat each of these transducers as a source in K different experi-

ments and record resulting pressures on each of the K transducers. To accomplish this, we set the

location of the K transducers using a binary source mask held in source.p_mask. An entry of 1 in

source.p_mask indicates that there is a transducer which will emit a time varying pressure wave at

that location. The properties of the time varying pressure wave are set using source.p.

To generate data we used K = 128 transducers, where each transducer has an area equal to

one grid square. We note that while 128 transducers may seem like a large number, since we are

modeling the transducers as being quite small, using this number is quite reasonable [20, 48]. An

alternative approach would be to use fewer transducers but have the transducers be larger. This

approach is valid, but for the purposes of testing our algorithm, using 128 transducers with area

equal to one grid square is sufficient. The locations of the transducers are stored in K different

binary matrices where each matrix has a single nonzero entry corresponding to the location of

the kth transducer. These K binary matrices are then stored in an Nx × Ny × K array and are

used to activate the correct transducer during each of the K forward problems. After choosing

the number of transducers, the next property to consider is the location of the transducers. This

is obviously problem dependent, but the most common approach [90] is to use a ring array of

transducers. That is the tactic we took, as we let the transducers be spaced equidistantly around a

circle of radius 0.042 m. This ensures that the ring array of transducers lies completely within the

domain and also places the transducers at a slight distance from the boundary of the breast. This

matches the physical setup for imaging a breast as depicted in figure 1.1b. A map of the transducer

locations and their relation to the breast phantom is shown in figure 3.4. Note that in figure 3.4

the transducers are being modeled as points, but k-Wave allows for transducers to be modeled as

larger elements as well.
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Figure 3.4: Transducer locations for K=128 surrounding the breast phantom.

The time-dependent pressure wave transmitted on a single transducer is set by consecutively

using the k-Wave functions toneBurst and filterTimeSeries. The function toneBurst takes in a

sampling frequency, source frequency, number of sinusoidal cycles and an optional signal length

parameter which controls the number of samples. The sampling frequency is set to one over the

time step for the simulation (which was set automatically with the call to kWaveGrid), the source

frequency is 1 MHz, the number of sinusoidal cycles is 1 and we set the optional signal length

parameter to the largest listening time over the size of the time step. The optional signal length

parameter allows us to pad the signal with zeros after the initial pulse so that the emitting transducer

can also act as a receiver. In addition to this padding, we have also added a delay to the beginning

of the signal as this led to better reconstructions in all cases. There is some care in choosing

the strength of the signal, as choosing a stronger signal strength obviously increases the strength

of the recorded signals at each transducer. This leads to larger differences in the simulated and

recorded pressures and will thus lead to larger values in the derivative in equation (3.47). Using a

stronger signal will also decrease the degradation of the signal due to noise, which is an undeniably
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Figure 3.5: Filtered signal transmitted through a single transducer during data simulation.

attractive property. For this reason, we use a signal strength of 1000 Pa. After creating this signal,

it is passed through the filterTimeSeries method. This ensures that the signal is restricted to the

range of frequencies supported by the grid and also dampens the strength of the signal. The signal

inputted at a single transducer during the simulation of data is shown in figure 3.5.

sensor: Considering the work already done to set the location of the transducers as sources, and

also keeping in mind that we want to use each transducer as both an emitter and a receiver, setting

the sensor locations for each simulation is straightforward. The binary matrix sensor.mask holds

the location of each transducer (same as in figure 3.4), and we then have the option of telling the

sensors what type of data we want to collect. We have each sensor collect the time dependent

pressure at its location, so that we have a total of K ∗K time dependent signals upon completion

of the data collection process (K transducers gathering data after each of the K transducers emits

a signal).

After following the above steps, we have a data set of size K ×K × Nt. This is a large data

set, but can be stored without issue and gives us a good starting point for the inverse problem.

46



(a) cinit obtained from a TOF algorithm. (b) cinit obtained from only knowledge of the boundary of

the breast.

Figure 3.6: Initial sound speeds cinit for the breast phantom.

3.5.2 Inverse Problem Setup

The inverse problem of recovering the sound speed map from simulated data was solved in the

case of both noiseless and noisy data. For the noiseless case, the same grid was used to generate the

data and solve the inverse problem. This is clearly an inverse crime, but is useful in demonstrating

the capabilities of the algorithm. In the noiseless case, two different starting sound speeds cinit were

analyzed. First, a sound speed map cinit was obtained from a TOF algorithm as presented in section

2.1. That sound speed is shown in figure 3.6a.

Then, a sound speed map cinit was chosen such that the contour and interior of the breast is

known exactly with regards to both its shape and sound speed. That is, the background sound

speed and interior of the breast are both given their exact sound speeds and no other information

concerning the inhomogeneities is assumed. This is not an unreasonable assumption to make, and

allows us to test the performance of Algorithm 1 when little information is provided a priori. That

starting sound speed is shown in figure 3.6b.

The noisy inverse problems were carried out on a grid of size Nx = Ny = 300 while the data

for all but one of the problems was generated on a grid of size Nx = Ny = 302, in order to avoid

an inverse crime. For the final reconstruction, data was generated on a grid of size Nx = Ny = 400
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in order to test the algorithms robustness against large experimental error. Gaussian noise η ∈ R
Nt

was added to each time dependent pressure measurement, where η was drawn from the distribution

N (0, σINt) with σ equal to 0.001 ∗ max(pmeas,l).

After adding noise to the simulated data, a calibration step was performed to account for the

use of different grids in the simulation of data and solution of the inverse problem. This calibration

step begins by running the forward problem on the domain of size 302× 302 with a homogeneous

background and then running the forward problem with the exact same source on the domain

of size 300 × 300, again with a homogeneous background. Then, the time dependent signal on

each transducer for both of these simulations are compared, and in particular we determine the

difference between the maximum value of the signal on each grid. This gives a scalar value which

represents the shift each time dependent signal undergoes as it moves to the different grid. We

then shift the noisy data by this amount so that it better aligns with the grid on which we solve

the inverse problem. This technique proved to significantly enhance the reconstruction results.

We note that these steps could easily transfer over to the case of true data collection, since data

could be collected without the breast present. It is perhaps worth pointing out that this technique

would break down if the noise level were high enough to distort the maximum value of the signal,

but if this were the case it is unlikely a viable reconstruction could be obtained with or without

calibration.

Two different regularization terms were tested for the breast phantom: the Tikhonov regulariza-

tion term given in equation (3.4) and the total variation term given in equation (3.7). The noiseless

reconstruction requires no regularization parameter, but the regularization parameter in each of

the noisy reconstructions was chosen by analyzing the results over a variety of choices of α and

comparing the results. This led to an understanding of what range of regularization parameters

were suitable for each regularization functional. In this work, we present the results from using

α = 106, 107, 2 · 107, 4 · 107, 5 · 107, 108 for (3.4), and α = 5 · 106, 107, 5 · 107, 108, 109, 1010 for

(3.7).
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The step lengths hn were chosen using the method outlined in section 3.4.1. The parameter

smax was set to 1 for the noiseless case and 3 for the noisy reconstructions. 64 iterations were run

for the noiseless reconstructions while 40 iterations were run for each of the noisy reconstructions.

Fewer iterations were used for the noisy instances both because a larger value of smax was used in

these reconstructions and because the noiseless tests suggested that fewer iterations were sufficient.

The results of the inverse problems using Algorithm 1 with these setups are displayed in the next

section.

3.5.3 Results

Noiseless

The sound speed after 49 iterations, a reminder of the phantom (ground truth), and a plot of the

error functional

E(c) =
1

2

K
∑

l=1

K
∑

k=1

‖Fl,k(c)− pmeas,l(xk, t)‖2L2([0,T ])

for the noiseless reconstruction using cinit obtained from a TOF algorithm are shown in figure 3.7.

These results are excellent, and suggest that in an ideal case with a starting sound speed that is

reasonably close to the true sound speed, Algorithm 1 is capable of almost exactly reconstructing

the sound speed profile. In particular, the position, shape, and sound speeds of all inhomogeneities

in figure 3.7a almost precisely match the true sound speed profile. This is confirmed by analyzing

figure 3.8a, which displays the magnitude of the difference on each pixel between the resulting

sound speed from algorithm 1 (called creconstructed in the figure) and the true sound speed (called ctrue

in the figure).

We will clearly not typically know the true sound speed, but for the purposes of testing the

capabilities of the algorithm this figure is helpful. Note that the largest difference in the sound

speed from the reconstruction as compared to the true sound speed is at the location of the large

tumor. This is somewhat expected, as that region contains large sound speeds which overlap in

complexly shaped layers. Figure 3.8b displays the norm ||ctrue − creconstructed||2 at each iteration of
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(a) Sound speed map after 49 iterations. (b) Sound speed phantom.

(c) Error term E(c).

Figure 3.7: Reconstructed sound speed, sound speed phantom, and error E(c) from noiseless data after 49

iterations with cinit obtained using a TOF algorithm.
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(a) |ctrue − creconstructed|. (b) Absolute error ||ctrue − creconstructed|| at each iteration.

Figure 3.8: The difference in magnitude and the absolute error between the true and reconstructed sound

speeds where cinit is obtained using a TOF algorithm.

the algorithm. Interestingly, the minimum in the graph occurs at iteration 31 instead of at iteration

49, which is where figure 3.7c suggests the best reconstruction is located.

In addition to the results of the algorithm using a sound speed map cinit given from a TOF

reconstruction, we also show the results of the algorithm in the noiseless case using a sound speed

map cinit that assumes we only know the sound speed of the boundary of the breast. The result after

64 iterations is shown in figure 3.9a while figure 3.9b displays the error term E(c) as a function of

iteration number.

The results here are also surprisingly good, as the position and shape of the inhomogeneities

are picked out well. However, the algorithm was not able to match the true sound speeds of the

domain as well as in figure 3.7a, as seen from figure 3.10a.

This leads to the somewhat obvious conclusion that using a starting point cinit which is closer

to the true sound speed will result in faster convergence. The fact that Algorithm 1 was able to still

give a quality reconstruction in this case, however, suggests that a precise beginning sound speed

cinit is not strictly necessary to produce an image of high fidelity.
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(a) Sound speed map after 64 iterations. (b) Error term E(c).

Figure 3.9: Reconstructed sound speed and error from noiseless data after 64 iterations where cinit is given

as a piecewise function with the correct background sound speed and correct sound speed in the interior of

the breast.

(a) |ctrue − creconstructed|. (b) Absolute error ||ctrue − creconstructed|| at each iteration.

Figure 3.10: The difference in magnitude and the absolute error between the true and reconstructed sound

speeds where cinit is given as a piecewise function with the correct background sound speed and correct

sound speed in the interior of the breast.
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Tikhonov (Noisy Data)

Figure 3.11 shows the final iteration of seven different reconstructions using Tikhonov regular-

ization with noisy data in the absence of an inverse crime. Each of these reconstructions used the

initial sound speed obtained from a TOF reconstruction shown in figure 3.7. The regularization pa-

rameters were selected by first coarsely sweeping over values from 1 · 10−10 up to 1 · 1010, running

short reconstructions to test for performance, and then refining our selection of α based on that

initial sweep. Qualitatively, these reconstructions suggest that the algorithm was able to identify

the shape and location of each of the inhomogeneities quite well. There is speckling present in all

of the reconstructions, with the most prominent speckling occurring at the lowest regularization

parameter α = 106. As the regularization parameter is increased, the speckling is reduced at the

cost of a reduction in the sound speed of the malignant tumor. This trade-off is unavoidable, and

finding a balance between the two factors is important in the reconstruction. We also note that

there is an unfortunate artifact near the center of the reconstructed breast which is not present in

the original phantom. This artifact appears to be in the direct center of the transducers, and could

be due to a focusing phenomenon because of the choice of a circular array of transducers.

Figures 3.12 and 3.13 show the values of the error terms E(c) and R(c) over each iteration

for each of the six regularization parameters. Note that these values appear large due to the strong

signal amplitude of 1000 Pa used in the solution to the inverse problem. As this amplitude shrinks,

so do the values of E(c) and R(c). As expected, increasing the regularization parameter leads to an

increase in the value of the loss term E(c) while the regularization term R(c) begins to decrease.

At α = 107, however, we see a steady decrease in both the loss term and the regularization term.

The reconstructed sound speed in figure 3.11b shows the best balance between speckle reduction

and identifiable features of the phantom, even if it underestimates the sound speed value of the

malignant tumor.

Figure 3.14 displays the difference in norm between the reconstructed sound speed and the true

sound speed (ground truth) at each iteration. Clearly, we cannot find this error value in an exper-

imental setting. However, since we know the ground truth in this case calculating this difference
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(a) α = 106 (b) α = 107

(c) α = 2 · 107 (d) α = 4 · 107

(e) α = 5 · 107 (f) α = 108

Figure 3.11: Reconstructions from noisy data after 40 iterations for six different Tikhonov regularization

parameters α.
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is illuminating as a measure of accuracy for our reconstructions. These plots are similar in shape

to those in 3.12, but we see that the smallest difference between the reconstructions and the true

sound speed occur for he lowest regularization parameter α = 106.

Finally, figure 3.15 shows the sound speed and all error plots for the reconstruction using data

generated on a grid of size 400 × 400. Due to the difficulty of setting up the breast phantom on

that fine of grid, the inhomogeneity at location 8 with reference to table 3.1 is missing from the

phantom. Unfortunately, we were only able to test a single regularization parameter (α = 106) for

this setup at this time. However, the sound speed in figure 3.15a displays all of the inhomogeneities

present in earlier reconstructions, suggesting that the large experimental error did not significantly

degrade the image quality. Interestingly, the error plot in figure 3.15b does not reach the same

minimum as those in figure 3.12, but the absolute error plot in figure 3.15d achieves lower values

than those in figure 3.14. Since there were changes to the phantom for this simulation, there is

likely little to make of this. The takeaway from figure 3.15a should be that Algorithm 1 is robust

against larger experimental errors.
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Figure 3.12: Values of the error term E(c) for six different Tikhonov regularization parameters α.
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Figure 3.13: Values of the Tikhonov error term R(c) for six different regularization parameters α.
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Figure 3.14: The error from ground truth ‖crecon − ctrue‖ for six different Tikhonov regularization parame-

ters α.
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Figure 3.15: The reconstruction, error plot E(c), Tikhonov error plot R(c), and absolute error plot for

α = 106 after 40 iterations for the breast phantom using noisy data generated on a grid of size 400× 400.
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Total Variation (Noisy Data)

The sound speed reconstructions for six different TV regularization parameters α are shown

in figure 3.16. The similarity in these results for α = 5 · 106, 107, 5 · 107 and 108 suggest that a

large TV regularization parameter is needed for this setup. Plots of the loss function E(c) and TV

regularization term R(c) are displayed in figures 3.17 and 3.18.

Several of the sound speed maps in figure 3.16 display the location and shape of the inho-

mogeneities within the phantom well. In particular, the reconstruction for α = 109 places the

inhomogeneities perfectly and also does a decent job at reducing the speckle of the reconstruction.

By looking closely, one can also notice that the TV regularization term does a slightly better job

at edge preservation as compared to the Tikhonov reconstructions. This can be seen in the lay-

ers of decreasing sound speed surrounding the malignant tumor and in the reconstruction of the

parenchyma surrounding the inside of the breast.

Figure 3.19 displays the difference in norm between the reconstructed sound speed and the

ground truth at each iteration. The plots for α = 5 · 106, 107, and 5 · 107 are almost identical and

match closely the absolute error plot in figure 3.14a, suggesting that all of these reconstructions

are under regularized. However, these plots also display the smallest error between the reconstruc-

tions and the ground truth. This could imply that the regularization terms are primarily useful for

controlling speckling in our reconstructions, which is still a useful property.
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(a) α = 5 · 106 (b) α = 107

(c) α = 5 · 107 (d) α = 108

(e) α = 109 (f) α = 1010

Figure 3.16: Reconstructions from noisy data after 40 iterations for six different TV regularization param-

eters α.
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Figure 3.17: Values of the error term E(c) for six different TV regularization parameters α.
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Figure 3.18: Values of the TV error term R(c) for six different TV regularization parameters α.
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Figure 3.19: The error from ground truth ‖crecon − ctrue‖ for six different TV regularization parameters α.
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3.6 Lung Phantom

We now move on to displaying the results of Algorithm 1 on a phantom representing the cross

section of a human thorax. This thorax consists of a heart, spine, one healthy lung, and one lung

displaying a pleural effusion, which is a condition in which water is present between the lungs

and the chest wall. We begin by describing the four fields necessary for data generation for this

phantom.

3.6.1 Data Generation

kgrid: We again have an overall domain size of 0.1 × 0.1m. This is clearly smaller than a human

thorax, but computational and time constraints precluded us from implementing the algorithm on

a larger domain size. We note, however, that 0.1m is on the same order of magnitude as a more

realistic human thorax (which would have a side length of roughly 0.4m) and thus the results from

the lung phantom are still illuminating. Due to the lack of fine details in the lung phantom, we use a

coarser grid than was implemented for the breast. We set Nx = 242, meaning dx = 4.1322×10−4,

and again for simplicity we set Ny = Nx and dy = dx. In addition, data was also simulated on a

grid of size Nx = Ny = 340, with dx = dy = 2.9412× 10−4 in order to test the sensitivity of the

algorithm to varying grid sizes.

medium: Four of the five properties defining the medium in k-Wave are identical to the phantom

in section 3.5, with the main difference being the sound speed. The annotated lung sound speed

phantom is shown in figure 3.20 and a table describing its tissue type and sound speed is given

in table 3.2. The values in table 3.2 are all consistent with typically used sound speeds of human

organs [91].
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Figure 3.20: Lung phantom used to generate data.

Table 3.2: Parameters of the numerical lung phantom.

Structure Index Tissue Type Sound Speed (m/s)

1 Healthy Lung 1440

2 Pleural Effusion 1500

3 Heart 1560

4 Spine 1640

5 Adipose 1532

6 Background 1540

source: For the breast phantom, we assumed a measurement scenario in which the patient would

place their breast in a water tank where a circular array of transducers surrounds the breast from

a small distance. This is not practical when imaging the lungs, and instead we must develop the

transducer locations to model a situation in which the sensors are placed directly on the human

body. For this reason, we have the transducers form an ellipse, as in figure 3.21. This is clearly
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Figure 3.21: Transducer locations for K=64 surrounding the lung phantom.

an idealization of the boundary of the human body, but proved adequate for testing our reconstruc-

tion algorithm. We also point out that in our modeling the transducers do not directly touch the

boundary of the human body, but are instead placed a small distance from this partition. This is a

convenience in the reconstruction, as we do not want to have the transducers present in the region

we are trying to reconstruct. While this is not entirely physically realistic, in an experimental setup

acoustically conductive ultrasonic gel is used to improve acoustic contact between the transducers

and the surface of the body. Thus a small gap between the transducers and boundary of the human

thorax is not completely unreasonable.

Due to the lower complexity of the lung phantom and coarser grid used to simulate data, we

used only K = 64 transducers for this setup instead of the K = 128 used for the breast phantom.

The source for the lung phantom is similar to the source used for the breast phantom in that it is a

wave packet appended with zeros. However, as noted in [12], only sound waves in the frequency

range 10-750kHz are able to penetrate the lung pleura and thus provide data which will lead to

accurate reconstructions. We therefore sent a wave packet constructed in an identical manner to
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Figure 3.22: Filtered signal transmitted through a single transducer during the simulation of data for the

lung phantom.

that in figure 3.5 but with the new lower central frequency of 250kHz. This signal is shown in

figure 3.22.

sensor: We again had each transducer act as both an emitter and receiver, which lead to a data set

of size 64× 64×Nt where Nt = 974 for this simulation. Note that this data set is much smaller

than the one used in section 3.5, meaning data generation and the inverse problem were completed

in significantly less time.

3.6.2 Inverse Problem Setup

The inverse problem was solved on a grid of size 240× 240 in order to avoid an inverse crime,

and Gaussian noise η ∈ R
Nt was added to each time dependent pressure measurement, where

η was again drawn from the distribution N (0, σINt) with σ equal to 0.001 ∗ max(pmeas,l). The

same data calibration step was used as in section 3.5.2 on both the data generated on a grid of

size 242 × 242 and the data generated on a grid of size 340 × 340. This calibration step may be

more difficult for imaging the lungs in a real-world scenario as compared to the breast, since the

imaging region no longer lies in a water bath. However, data could be collected on a dummy with
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(a) Piecwese starting sound speed cinit in which the back-

ground sound speed and sound speed of the interior of

the thorax are known exactly.

(b) Starting sound speed cinit obtained from a TOF algo-

rithm.

Figure 3.23: Starting sound speeds cinit used for reconstructions of the lung phantom.

a known homogeneous sound speed and shape similar to the object being imaged. This would give

both a data set with the region of interest present and a data set with a homogeneous sound speed,

allowing the data calibration step to proceed without issue.

Three different regularization terms were tested, a Tikhonov regularization functional as in

equation (3.3), a TV regularization term as in equation (3.6), and a Tikhonov+SSIM-EIT regular-

ization function as in equation (3.23). For the Tikhonov regularization term alone, two different

starting sound speeds cinit were investigated, one in which the sound speeds of the boundary and

interior of the human body are assumed to be known exactly and the other obtained from a TOF

reconstruction. These starting sound speeds cinit are shown in figure 3.23. Only the initial sound

speed obtained from the TOF algorithm was used for the reconstructions obtained using the TV

and Tikhonov+SSIM-EIT regularization term.

For the reconstructions using the TV regularization term, six different regularization parameters

were tested: α = 106, 4 · 106, 8 · 106, 107, 5 · 107, 108. These values were obtained by running very

few iterations with a large number of parameters and refining after evaluating the performance.

Six different regularization parameters were tested for the Tikhonov term, for a total of twelve

different reconstructions (six for the homogeneous starting sound speed and six for the TOF start-
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ing sound speed). These parameters were selected by first sweeping over a large range of values

of α, evaluating preliminary performance, and then refining the values as necessary. This resulted

in solutions for the parameters α = 103, 104, 105, 2 · 105, 5 · 105, 106. These six parameters were

used for reconstructions when the data was generated on a grid of size 242 × 242, but an addi-

tional Tikhonov reconstruction with α = 105 was run when data was generated on a grid of size

340× 340.

After obtaining results from using only the Tikhonov regularization term, the best performing

parameter α was selected as α = 105 and labeled αt for use in the Tikhonov+SSIM-EIT recon-

struction. The EIT phantom and conductivity reconstruction were provided by Dr. Talles Rattis

Santos using one step of a Newton-Rhapson method with a high pass Gaussian filter as a regular-

izer. The domain for the EIT phantom is of size 0.1 m × 0.1 m × 0.0045 m. Thirty two electrodes

with width 0.0013 m and height 0.0035 m were used to generate data. For the data generation, a

skip-0 (adjacent) current pattern was used with a current amplitude of 10 mA using the complete

electrode model in three dimensions [92] with electrode conductivity 0.02 S/m. One iteration of

the Newton-Rhapson algorithm was run for the inverse problem with a regularization parameter of

1 · 10−3. Voltages were obtained for both the phantom in figure 3.24a and the reference conductiv-

ity distribution in figure 3.24b. Those were used to give a reconstruction of the difference image in

figure 3.24c, where the reference is considered to be muscle. The original conductivity difference

reconstruction is shown in figure 3.24d and the same reconstruction adapted to our grid is given in

figure 3.24e.

Unfortunately, this reconstruction has poor resolution and only vaguely identifies the outline

of the lungs. This necessitated a careful selection of the SSIM-EIT regularization parameters αs.

Five different fixed values of αs were tested: αs = 105, 4 · 105, 8 · 105, 106 and 107. Then, a sixth

version of the algorithm was run with an adaptive regularization term αs which began at α = 106

and shrank linearly to α = 104 throughout the duration of the algorithm. The scaled parameter

was tested with the thought that due to the poor resolution of the EIT reconstruction, the SSIM-EIT
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term may contribute more meaningfully near the beginning of the algorithm and be less necessary

as Algorithm 1 began to more accurately reconstruct the size and shape of the organs.

Finally, The step lengths hn were again chosen using the method outlined in section 3.4.1 with

smax set to 3. 40 iterations were run for each of the reconstructions without a stopping criterion.

The results of the inverse problems on the lung phantom with these setups are displayed in the next

section.

3.6.3 Results

Tikhonov

Reconstructions of the lung phantom for six different values of α with the homogeneous start-

ing sound speed shown in figure 3.23a are shown in figure 3.25. Note that the reconstruction for

α = 106 seems to be completely homogeneous because the regularization term was far too large,

causing the sound speed to drive towards the homogeneous background.

These reconstructions do a decent job of identifying the lungs, as both the healthy left lung and

unhealthy right lung are visible in the image. However, the spine and heart are completely absent.

Plots of the loss function E(c) and Tikhonov regularization term R(c) are shown in figures 3.26

and 3.27. The plots of E(c) show that all values of α lead to a decrease in the loss function with

the exception of α = 106, suggesting that reconstruction is over-regularized. This is confirmed by

viewing the plots of R(c), which show the values of the Tikhonov regularization term increasing

for each of the parameters α, with the exception of α = 106.

Figure 3.28 displays the difference in norm between the reconstruction at each iteration and

the true lung phantom. Again, we cannot calculate this error in a real-world situation, but since

we know the ground truth in this case it may prove insightful. These plots show that a lower

regularization parameter leads to a decrease in the absolute error up to a certain level. The shape

of the plots also match well with those in 3.26, suggesting that the error term presented in those

plots is a good indicator of an accurate reconstruction.
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(a) EIT conductivity phantom. (b) EIT reference phantom.

(c) EIT difference image ground truth. (d) Original EIT conductivity difference recon-

struction.

(e) EIT conductivity difference reconstruction adapted to our

grid.

Figure 3.24: EIT phantom, reference phantom, difference phantom, original conductivity reconstruction,

and conductivity map adapted to our grid.
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(a) α = 103 (b) α = 104

(c) α = 105 (d) α = 2 · 105

(e) α = 5 · 105 (f) α = 106

Figure 3.25: Reconstructions from noisy data after 40 iterations for six different Tikhonov regularization

parameters α with a piecewise starting sound speed cinit.
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While the reconstructions obtained for a homogeneous sound speed cinit were not complete

nonsense, their lack of detail in the spine and heart suggest that a closer starting sound speed cinit

may prove beneficial.
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Figure 3.26: Values of the loss function E(c) for six different Tikhonov regularization parameters α with a

piecewise starting sound speed cinit.
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Figure 3.27: Values of the Tikhonov regularization term R(c) for six different regularization parameters α

with a piecewise starting sound speed cinit.

76



Figure 3.28: The error from ground truth ‖crecon − ctrue‖2 for six different Tikhonov regularization param-

eters α with a piecewise starting sound speed cinit.
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The results of using cinit obtained from a TOF algorithm are shown in figure 3.29. These sound

speed maps show much better agreement with the true sound speed profile, as the lungs are almost

completely resolved and the spine and heart are present at lower values of α. The reconstruction

at α = 106 shows clear signs of over-regularization.

Plots of the loss function E(c) and Tikhonov regularization function R(c) are presented in

figures 3.30 and 3.31. These plots are encouraging, as multiple values of α show a decrease in both

the loss function and Tikhonov regularization term. This suggests that any of the reconstructions

for α = 104, 105, 2 · 105 are sufficiently accurate both qualitatively and quantitatively. We believe

that α = 105 displays the best ability to accurately reconstruct the size, shape, and sound speed

values of the organs, in addition to very clearly exhibiting the pleural effusion in the right lung.

Figure 3.32 displays plots of the difference in norm between the reconstructed sound speed and

true sound speed at each iteration. These plots suggest that the most accurate reconstruction is at

α = 2 · 105 with α = 105 also performing very well. This matches our qualitative assessment and

also matches the performance seen from the error plots in figure 3.30.

Finally, figure 3.33 displays the reconstructed sound speed map and all errors plots for the

inversion calculated from data generated on a grid of size 340 × 340. This reconstruction again

looks excellent qualitatively, and the error plots show that the algorithm had no issue with the

larger change in grids between data generation and the solution to the inverse problem. Of note is

that the error plot E(c) does not hit the same minimum as in figure 3.30c, but the absolute error

plot actually achieves a lower minimum than in figure 3.32c. This is encouraging, and suggests

that for this particular phantom and setup Algorithm 1 is robust against experimental error.
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(a) α = 103 (b) α = 104

(c) α = 105 (d) α = 2 · 105

(e) α = 5 · 105 (f) α = 106

Figure 3.29: Reconstructions from noisy data after 40 iterations for six different Tikhonov regularization

parameters α with a starting sound speed cinit obtained from a TOF algorithm.
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Figure 3.30: Values of the loss function E(c) for six different Tikhonov regularization parameters α with a

starting sound speed cinit obtained using a TOF algorithm.
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Figure 3.31: Values of the Tikhonov regularization term R(c) for six different regularization parameters α

with a starting sound speed cinit obtained using a TOF algorithm.
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Figure 3.32: The error from ground truth ‖crecon − ctrue‖2 for six different Tikhonov regularization param-

eters α with a starting sound speed cinit obtained from a TOF algorithm.
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Figure 3.33: The reconstruction, error plot E(c), Tikhonov error plot R(c), and absolute error for regular-

ization parameter α = 105 after 40 iterations for the lung phantom using noisy data generated on a grid of

size 340× 340.
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TV

Results obtained using a TV regularization term for six different values of the regularization

parameter α are shown in figure 3.34. These results do not differ greatly qualitatively from the

results shown in figure 3.29, but seem to show a bit better edge reconstruction when α = 8·106, 107.

The sound speed maps for α = 5·107, 108 display an artifact along the right boundary of the thorax,

suggesting those results were over-regularized.

Plots of the error term E(c), the TV regularization term R(c), and the l2 error of the difference

between the reconstruction and ground truth at each iteration are shown in figures 3.35, 3.36, and

3.37. These plots are mostly as expected, but note that the plots of the error term E(c) in 3.35

do not ever fall below 1 as they do in figure 3.30, and the absolute error plots in 3.37 also do not

achieve the same minimums as in figure 3.32. This suggests that for this particular phantom and

experimental setup, the Tikhonov regularization term out-performed the TV regularization term

with respect to our error quantifications.

Tikhonov+SSIM-EIT

The sound speed reconstructions using the Tikhonov+SSIM-EIT regularization terms are shown

in figure 3.38. These results are very intriguing, as they resemble the Tikhonov reconstruction in

figure 3.29c, but seem to do a better job of bringing clarity and definition to the organs. In particu-

lar, the reconstructions for parameters αs = 105, 4 · 105, 8 · 105 and the adaptive (scaled) parameter

display good edge reconstruction for the lungs, spine, and heart as compared to the Tikhonov

parameter alone. When αs = 107, the reconstruction is overly influenced by the EIT prior and

matches its structure to the detriment of the image quality. Figures 3.39, 3.40, and 3.41 display

steps 7, 14, 21, and 32 of Algorithm 1 for the SSIM-EIT regularization parameters αs = 105, 8·105,

and the scaled αs. These figures reveal that the reconstructions are quite similar at the seventh step,

and only begin to differ greatly at around step 21. They also show that the intermediate reconstruc-

tions do not appear better qualitatively than the final reconstruction, suggesting that the error term

E(c) gives a good indication of image quality.
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(a) α = 106 (b) α = 4 · 106

(c) α = 8 · 106 (d) α = 107

(e) α = 5 · 107 (f) α = 108

Figure 3.34: Reconstructions from noisy data after 40 iterations for six different TV regularization param-

eters α.

85



Figure 3.35: Values of the loss function E(c) for six different TV regularization parameters α.
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Figure 3.36: Values of the TV regularization term R(c) for six different regularization parameters α.
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Figure 3.37: The error from ground truth ‖crecon − ctrue‖2 for six different TV regularization parameters α.
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Figures 3.42, 3.43, and 3.44 display the functions E(c), Rtikh(c) and Rssim(c) at each iteration.

Interestingly, the SSIM-EIT regularization errors in figure 3.44 change very little throughout the

algorithm, despite the notable affect they have qualitatively on the reconstructions. Also of note is

that the error terms in figures 3.42a and 3.42f decrease faster than in the case of only the Tikhonov

regularization term with α = 105 shown in figure 3.30c. This is exciting, as it suggests that (when

properly tuned) the SSIM-EIT regularization term can decrease the error term E(c) more quickly

when compared to only Tikhonov regularization.

Figure 3.45 shows the norm of the difference between the sound speed reconstruction at each

iteration and the ground truth. The absolute error plots when α = 105 and when using the scaled α

show a greater decrease in the absolute error when compared with Tikhonov-only reconstructions.

The fact that figure 3.45f also shows that the absolute error is still decreasing after 40 iterations

suggests that an adaptive regularization parameter for the SSIM-EIT prior holds great promise.
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(a) αs = 105 (b) αs = 4 · 105

(c) αs = 8 · 105 (d) αs = 106

(e) αs = 107 (f) scaled αs

Figure 3.38: Reconstructions from noisy data after 40 iterations for six different SSIM-EIT regularization

parameters αs with αt = 105 and a starting sound speed cinit obtained from a TOF algorithm.
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(a) αs = 105, Iteration 7 (b) αs = 105, Iteration 14

(c) αs = 105, Iteration 21 (d) αs = 105, Iteration 32

Figure 3.39: Intermediate reconstructions at iterations 7, 14, 21, and 32 for αs = 105.

(a) αs = 8 · 105, Iteration 7 (b) αs = 8 · 105, Iteration 14

(c) αs = 8 · 105, Iteration 21 (d) αs = 8 · 105, Iteration 32

Figure 3.40: Intermediate reconstructions at iterations 7, 14, 21, and 32 for αs = 8 · 105.
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(a) Scaled αs, Iteration 7 (b) Scaled αs, Iteration 14

(c) Scaled αs, Iteration 21 (d) Scaled αs, Iteration 32

Figure 3.41: Intermediate reconstructions at iterations 7, 14, 21, and 32 for scaled αs.
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Figure 3.42: Values of the loss function E(c) for six different SSIM regularization parameters αs.
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Figure 3.43: Values of the Tikhonov regularization term RT (c) for six different regularization parameters

αs and αt = 105.
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Figure 3.44: Values of the SSIM regularization term RS(c) for six different regularization parameters αs

and αt = 105.
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Figure 3.45: The error from ground truth ‖crecon − ctrue‖L2(Ω) for six different SSIM-EIT regularization

parameters αs and αt = 105.
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Chapter 4

Bayesian Full Waveform Inversion

We now explore a different approach to FWI and to inverse problems in general. In order

to understand how we can use this new perspective to give uncertainty quantification in addition

to reconstructions, we will first give some background information on the Bayesian approach to

inverse problems.

4.1 Bayesian Inverse Problems

In the traditional approach to inverse problems, one seeks to reconstruct a deterministic param-

eter of a partial differential equation, ordinary differential equation, stochastic differential equation,

or related model. An alternative approach to solving inverse problems is to consider the parameter

we wish to reconstruct as non-deterministic, or stochastic. In this case, the solution of the inverse

problem is not a deterministic constant or function but rather a probability distribution describing

the parameter. Applying this ideology to USCT, this means that we no longer want to reconstruct

a single sound speed map c, but instead a probability density function f(c) describing how c is

distributed. We can then obtain not only point estimations of the sound speed map but also quan-

tify uncertainty for those point estimations. This technique is called the stochastic or Bayesian

approach to inverse problems. While this method is often more computationally expensive and

time consuming, we are rewarded with more information concerning our reconstruction.

In addition to providing more knowledge regarding our reconstruction, there is a school of

thought which posits that the Bayesian approach to inverse problems is the philosophically “cor-

rect" way to approach the problem. This mindset is supported by the idea that randomness can

never be removed from a problem. There is stochasticity introduced in the measurement devices

used in any data collection and there is also randomness introduced through the modeling of the

problem itself.
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Because of this, one can never hope to achieve a perfectly accurate point reconstruction. This

suggests that quantifying uncertainty regarding a reconstruction will always be necessary. While

we do not necessarily subscribe to this argument, we take a Bayesian approach to solving the

problem of FWI in an effort to learn more about the types of uncertainty estimations we could

produce in the setting of USCT.

4.1.1 Bayes’ Theorem

The workhorse in the Bayesian approach to inverse problems is Bayes’ Theorem, which states

that the posterior probability distribution of a parameter c (we choose c to be consistent with our

sound speed map, but the theorem is true for any parameter) given data pmeas (again chosen to be

consistent with our pressure data pmeas(xm, t)) is proportional to the product of the prior probability

distribution of c with the likelihood function of pmeas given c. That is,

fpost(c|pmeas) ∝ fprior(c)flike(pmeas|c) (4.1)

where f(∗) denotes a probability density function (PDF). The formal definition of a PDF and much

more on the measure theoretic description of a PDF can be found in [93]. While the posterior dis-

tribution fpost(c|pmeas) and the prior distribution fprior(c) are both true PDFs, the likelihood function

flike(pmeas|c) is not a PDF because it may not integrate to 1 over the parameter space. It does,

however, have the property of always being non-negative. Although the likelihood function is not

a probability distribution, we follow the literature and express it using the notation f(·) which is

typically reserved for true probability distributions.

Note that equation (4.1) is written as a proportionality instead of equality. In order to achieve

equality we must include a term called the Bayesian evidence [94], which is a constant integral

over parameter space. With equality, Bayes’ Theorem takes the following form:

fpost(c|pmeas) =
fprior(c)flike(pmeas|c)

∫

fprior(c)flike(pmeas|c)dc
. (4.2)
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In most practical applications the parameter space is large or otherwise impossible to integrate over

given fprior(c)flike(pmeas|c), meaning the calculation of the integral in equation (4.2) is infeasible.

For this reason, we typically work with Bayes’ Theorem as written in (4.1). We will see in section

4.1.2 that having Bayes’ Theorem in proportionality is not a hindrance to us so long as we can

evaluate fprior(c)flike(pmeas|c).

The task of finding the the posterior probability distribution for c relies on evaluating the likeli-

hood function and the prior probability distribution for c. We must thus have a way of determining

these two functions. There is extensive literature on how to properly define the likelihood and prior

distributions [95–97]. Typically, the likelihood function should be data driven, meaning there is

little information in the likelihood function that the data does not supply. This is contrasted with

the prior distribution, which should typically encode all information known about the parameter c

prior to solving the inverse problem. If we know a great deal about the parameter before beginning

our inversion, we can put that knowledge into the prior distribution in some way. This is known

as choosing an informative prior. If we do not know much about the parameter c before beginning

the inversion, we can inscribe this lack of knowledge into the prior by making it uninformative.

The balancing act of choosing a prior distribution with the proper amount of information while

still letting data play a role in the reconstruction is not straightforward and there is ample research

space to explore how different prior distributions perform in the solution of the inverse problem.

We define the likelihood function as

flike(pmeas|c) ∝ exp

(

−λ

2

K
∑

l=1

K
∑

k=1

‖Fl,k(c)− pmeas,l(xk, t)‖2L2([0,T ])

)

(4.3)

where λ is called the precision and gives a measurement of the uncertainty in the likelihood. A

larger value of λ represents great certainty in the likelihood (which corresponds to great certainty

in both the collected data and simulated pressures) while a small value of λ corresponds to low

confidence in the likelihood. Thus the precision is equivalent to the inverse of the variance both in

definition and intuition. We will explain the selection of λ in section 4.4.
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Note that this likelihood function is data driven, meaning the closer we are to a sound speed c which

produces simulated pressures on the transducers close to the measured pressures pmeas,l(xk, t), the

larger the value of the likelihood function. One could also note that flike(pmeas|c) ∝ exp(−λE(c))

with E(c) defined in (3.27). This is intentional, as we would like to be able to use some of the

techniques for FWI presented in chapter 3 within the Bayesian framework.

As noted above, picking a prior distribution is a somewhat subjective undertaking and should

be handled with care. A reasonable choice for the prior distribution could be

fprior(c) ∝ exp
(

−α

2
‖c− c0‖2L2(Ω)

)

(4.4)

where c0 = c0(x) is a homogeneous sound speed and α is the precision in the prior distribution.

This choice of prior is a Gaussian centered on the sound speed c0 with variance equal to 1/α.

Thus, if α is large then we have small variance around the sound speed c0 and therefore great

certainty that the random variable c does not differ much from c0. A small value of α represents

less certainty in c being similar to c0.

The choice of prior is dependent on the problem and what type of restrictions we want to

impose on the sound speed. An alternative prior could be obtained by replacing the L2 norm of

c− c0 in (4.4) with the L1 norm of ∇c, giving

fprior(c) ∝ exp

(

−α

∫

Ω

(

|∇c|2 + ǫ2
)1/2

dx

)

(4.5)

This is perfectly valid, and tends to lead to reconstructions with sharper edges as opposed to the

smooth reconstructions that result from using the L2 norm. Experimenting with the norm in the

posterior and prior distribution is a worthwhile endeavor, and is similar to the task of picking a

regularization term in the deterministic setting. However, the implementation of the prior in the

Bayesian structure typically allows for more control and flexibility as compared to the inclusion

of known information in the regularization term. We hope to explore more prior distributions than

only the ones presented in (4.4) and (4.5) in the future.
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Using (4.1), (4.3), and (4.5) we can write the posterior distribution as

fpost(c|pmeas) ∝ exp

(

−λ

2

K
∑

l=1

K
∑

k=1

‖Fl,k(c)− pmeas,l(xk, t)‖2L2([0,T ]) − (4.6)

α

∫

Ω

(

|∇c|2 + ǫ2
)1/2

dx

)

.

If we were to find the minimum of the negative logarithm of the expression in (4.6), we would get

c = argminc̃

{

λ

2

K
∑

l=1

K
∑

k=1

‖Fl,k(c̃(x))− pmeas,l(xk, t)‖2L2([0,T ]) + α

∫

Ω

(

|∇c̃|2 + ǫ2
)1/2

dx

}

.

Attentive readers will see that if λ = 1, this is the exact minimization problem that characterized

the TV regularized inverse problem in section 3.1. The minimum of the negative logarithm of

the posterior distribution is called the maximum a posteriori (MAP) estimator, and is completely

equivalent to the solution of the inverse problem in the deterministic setting. However, the formu-

lation of the problem in the Bayesian framework allows us to obtain more information about our

reconstruction in the form of alternative point estimations and error quantification. For example, if

we knew the posterior distribution exactly, we could use the posterior mean as a point estimation

and calculate the posterior variance as a measurement of the uncertainty of that estimate. We could

also generate 95% confidence intervals about that mean as an additional indicator of reliability.

In order to fully realize this error quantification we must have a good understanding of the

posterior distribution fpost(c|pmeas). For any type of realistic model, we cannot hope to have an

explicit form for this posterior distribution. That is certainly the case in (4.6), as there is no explicit

way to express Fl,k(c). We thus need a way to computationally learn about prominent features of

the posterior distribution including (potentially) the mean, variance, mode, confidence intervals, or

any other desired statistic. The tool we will use for this is a Markov Chain Monte Carlo (MCMC)

method.
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4.1.2 Markov Chain Monte Carlo Methods and the Metropolis-Hastings Al-

gorithm

Our aim is to learn as much as possible about the posterior distribution fpost(c|pmeas). To ac-

complish this, we first need to define the two components of an MCMC method. In the following

we refer to a random variable by a capital letter C and a realization of that random variable by the

lower case c.

Definition 2. Markov Chain

A Discrete Markov chain is a sequence of random variables C1, C2, ... satisfying the Markov prop-

erty:

E(Cn|σ(Cn−1, Cn−2, ..., C1)) = E(Cn|σ(Cn−1)) (4.7)

for all n ∈ N where σ(C) is the sigma algebra generated by the random variable C.

In words, a Markov chain is a sequence of random variables such that knowing only the previ-

ous step of the chain is equivalent to knowing the entire history of the chain. A Monte Carlo method

is simply a technique which involves using sampling to compute a numerical result, typically an

integral. Thus an MCMC method is one which uses repeated sampling to compute numerical

results in which the samples form a Markov chain. We ensure that the samples form a Markov

chain because Markov chains have well-known convergence properties. Additionally, the ability

to generate samples using only the previous sample often lends itself to computationally efficient

algorithms. Much more can be found on the convergence properties of MCMC methods in the

following sources: [98–103].

In the case of USCT, we would like to form a Markov Chain in which the samples drawn

represent sound speeds, such that the samples converge in distribution to the posterior distribution

fpost(c|pmeas). We note that convergence in distribution is a relatively weak form of convergence for

random variables (as compared to convergence in probability), but convergence in distribution is
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sufficient for analyzing the posterior distribution. The most widely used method for building such

a Markov Chain is the Metropolis-Hastings (MH) algorithm.

The MH algorithm has been used widely for many years, so there is ample reading material to

be found on the subject [95, 104, 105], but we will provide a short summary. The MH algorithm

works by starting at an initial point cinit ∈ S, where S is a state space (for us, R
Nx·Ny after

discretization), and then generating a new proposal point c1 using what is called a transition kernel.

We denote this transition kernel by Q(cn+1|cn) and define it as follows.

Definition 3. Markov Transition Kernel

Let B be a measurable set in S, then Q(c, B) = P{Cn ∈ B|Cn−1 = c} is a Markov transition

kernel if

• for each fixed c ∈ S, the function B 7→ Q(c, B) is a probability measure, and

• for each fixed B, the function c 7→ Q(c, B) is a measurable function.

Formal definitions of a measurable set, probability measure, and measurable function are given

in [93]. However, for the purpose of intuition, we can think of the transition kernel Q as being

a function which describes the probability of Cn taking a certain value given that we know the

realization of the random variable Cn−1. If we were to generate a sequence of points using Q(c, B),

this kernel ensures that the sequence we generate forms a Markov chain. Thus the first step in

deriving the MH algorithm is determining how to set this Markov transition kernel.

There are two conditions that we would like our Markov chain to satisfy in order to ensure

that the chain uniquely converges to fpost(c|pmeas). The first is ergodicity, a formal definition and

more thorough description of which can be found in [106,107]. Ergodicity will not ensure that our

Markov chain converges but it will ensure that if it does converge then the distribution it converges

to (the stationary distribution) is unique. Intuitively, a chain being ergodic means the chain has

a nonzero probability of hitting every point in the support of fpost and a nonzero probability of

returning to any point already visited.
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These are desirable properties to have, since if we were unable to realize every point in the support

of fpost we could not be sure that we did not miss a prominent feature of our distribution. Similarly,

if we could not return to a point already visited we are unlikely to correctly identify regions of high

probability.

The second condition we require, detailed balance, ensures that our Markov chain converges

in distribution to a stationary distribution. This is again advantageous, as even an ergodic chain

exploring the wrong probability distribution is useless. The detailed balance condition for the

Markov kernel Q and the posterior distribution fpost(cn|pmeas) (in the context of the MH algorithm

the posterior distribution would be called the target distribution) is written as

Q(cn+1|cn)fpost(cn|pmeas) = Q(cn|cn+1)fpost(cn+1|pmeas). (4.8)

It can be shown [106] that under suitable conditions, if a sequence {cn}n∈N satisfies detailed

balance, it converges in distribution to the target distribution. Since detailed balance is sufficient

to ensure our Markov chain converges to fpost(cn|pmeas), that is the starting point for the MH algo-

rithm.

To better understand the MH algorithm, let’s assume that our transition kernel can be written

as Q(cn+1|cn) = r(cn+1, cn)g(cn+1|cn) where r(cn+1, cn) is known as the acceptance probability

(or acceptance ratio) and g(cn+1|cn) is known as the proposal distribution. With this, we write

equation (4.8) as
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Q(cn+1|cn)fpost(cn|pmeas) = Q(cn|cn+1)fpost(cn+1|pmeas)

⇒ Q(cn+1|cn)
Q(cn|cn+1)

=
fpost(cn+1|pmeas)

fpost(cn|pmeas)

⇒ r(cn+1, cn)g(cn+1|cn)
r(cn, cn+1)g(cn|cn+1)

=
fpost(cn+1|pmeas)

fpost(cn|pmeas)

⇒ r(cn+1, cn)

r(cn, cn+1)
=

fpost(cn+1|pmeas)g(cn|cn+1)

fpost(cn|pmeas)g(cn+1|cn)
.

At this point, the goal is to choose an acceptance probability such that (4.8) is guaranteed to

hold. Note that the choice

r(cn+1, cn) = min

(

1,
fpost(cn+1|pmeas)g(cn|cn+1)

fpost(cn|pmeas)g(cn+1|cn)

)

(4.9)

guarantees that (4.8) holds. Equation (4.9) is known as the Metropolis acceptance probability.

The idea behind the algorithm is now as follows: pick a proposal distribution g(cn+1|cn) and

use it to generate a candidate or proposal point c∗. Then, pass that proposal point through the

Metropolis acceptance probability in (4.9). This will guarantee that at every point in the Markov

chain the condition of detailed balance is satisfied and thus produces a sequence of points {cn}

which converges in distribution to fpost(cn|pmeas). These steps are laid out in the following algo-

rithm.

Algorithm 2. (MH Algorithm)

Given the current step cn and proposal distribution g(cn+1|cn), repeat the following steps:

1. Draw candidate point c∗ ∼ g(c∗|cn).

2. Calculate r(c∗, cn) = min
(

1,
fpost(c∗|pmeas)

fpost(cn|pmeas)
g(cn|c∗)
g(c∗|cn)

)

.

3. Draw u ∼ U([0, 1]). If u ≤ r(c∗, cn), let cn+1 = c∗. Else, let cn+1 = cn.
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The last step of the above algorithm is known as the accept/reject phase. If the candidate point

c∗ is in a region of higher probability as compared to cn, the point will be accepted as the next

point in the chain. However, if c∗ is in a region of slightly lower probability as compared to cn,

it may still be accepted by the algorithm due to the draw u ∼ U([0, 1]). This is an important

step. Without it, our algorithm would proceed to the region of highest probability space near the

starting point and do nothing else. With it, we allow the chain to fully explore the parameter

space allowing for more accurate and complete error analysis. It can be shown [98] that under

suitable conditions on g(cn+1|cn) and fpost(c|pmeas), Algorithm 2 produces an ergodic chain which

converges in distribution to fpost(c|pmeas).

With the algorithm laid out, the most important step left to consider is the choice of g(cn+1|cn).

There has been extensive research on the best choice for the proposal distribution [108–110], and

in the next section we will outline our choice of proposal. However, it will benefit us to describe

the algorithm when the proposal distribution is set to

g(cn+1|cn) = N (cn+1|µ = cn, σ
2),

where σ is a chosen parameter. With this choice, Algorithm 2 becomes the well-known random-

walk MH algorithm. Note that if σ is small, then nearly every proposal will be accepted since (for

a smooth target distribution) the new proposal will not differ much in probability compared to the

previous point. However, a small value of σ will cause the algorithm to take many steps in order

to reach convergence. If σ is large, then the proposal will be far from the previous value, meaning

there is the possibility of exploring the probability distribution very quickly. However, many more

proposals are likely to be rejected if σ is large since there is no guarantee our proposal will be in a

higher probability region. There is a good deal of work involved in determining the correct value

for the parameter σ, and we leave a discussion of these issues to the following: [111, 112].

The random-walk MH algorithm is a beautifully simple algorithm, as the proposal distribution

is cheap and easy to sample from. However, it breaks down very quickly in high dimensional
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parameter space [113,114] since the odds of randomly selecting points in regions of higher proba-

bility decrease exponentially as the dimension increases. Since our parameter space will typically

be of quite large dimension after discretization, we must consider an alternative way of proposing

points c∗.

4.2 The Metropolis-Adjusted Langevin (MALA) Algorithm

In order to more efficiently compute proposals in high-dimensional parameter space, we will

employ an algorithm which uses information about the geometry of our posterior distribution.

There are multiple MCMC methods that endeavor to do this (i.e., the Hamiltonian Monte Carlo

algorithm [113, 114]), but we make use of the Metropolis-Adjusted Langevin (MALA) Algorithm

[115, 116]. MALA uses a discretization of a Langevin diffusion to generate proposals and then

passes those proposals through the same accept/reject mechanism found in the MH algorithm. We

begin our exploration of the MALA algorithm by more carefully analyzing the Langevin diffusion.

This requires some definitions.

Definition 4. A Wiener process (or Brownian motion) is a random variable W (t), depending con-

tinuously on t ∈ [0, T ], satisfying the following properties:

• W (0) = 0,

• for 0 ≤ s < t ≤ T , W (t)−W (s) ∼ √
t− s N (0, 1), where ∼ means “distributed as" and

N (0, 1) is a Gaussian distribution with mean 0 and variance 1,

• for 0 ≤ s < t < u < v ≤ T, W (t)−W (s) and W (v)−W (u) are independent.
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Definition 5. A diffusion is a continuous time stochastic process Xt, t ≥ 0 which can be written

as a solution of a stochastic differential equation (SDE) of the form

dXt = b(Xt)dt+ σ(Xt)dWt,

where b is known as a drift vector, σ is a volatility matrix, and Wt is a Wiener process.

The Langevin diffusion is the solution to the SDE

dXt =
1

2
∇logπ(Xt)dt+ dWt, X0 = x0, (4.10)

where π(·) is any probability distribution. We cannot in general solve the Langevin diffusion

explicitly, so we would like to obtain a numerical solution to (4.10). We can obtain a realization

of the Langevin diffusion by using the Euler-Maruyama numerical method. Given an initial value

X0 = x0 and a step-size h, Euler-Maruyama simulates the Langevin diffusion with the procedure

xn+1 = xn +
h

2
∇log(π(xn)) + ǫ, (4.11)

where ǫ ∼ Nd(0, hId) and Id is the identity matrix in R
d. Those familiar with the well-known

Euler method for traditional ordinary differential equations will see that Euler-Maruyama is simply

the stochastic analog of this method.

We would like to generate proposals c∗ in our state space S = L2(Ω) which converge to the

posterior distribution fpost(c|pmeas). Thus in (4.10), we let the probability distribution π(·) be the

posterior distribution fpost(c|pmeas) defined in (4.6). With these values, a realization of the solution

to the Langevin diffusion in (4.11) using Euler-Maruyama is

c∗ = cn +
h

2
∇clog(fpost(c|pmeas)) + ǫ. (4.12)
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We use the notation c∗ in (4.12) to suggest that the result of the Euler-Maruyama method will be

used as a proposal point within the MALA algorithm.

With (4.12), we see an intuitive interpretation of the proposal generated by the Langevin dif-

fusion. Starting at the point cn, we move in the direction of the negative gradient of E(cn), with

a slight perturbation ǫ. This means that with an appropriate step length each proposal moves to a

value with a lower output of the error E(·), meaning a region of higher probability in fpost(c|pmeas).

The perturbation ǫ allows the algorithm to stray a bit and occasionally propose points in a region

of lower probability. As we note in section 4.1.2, proposing points in regions of lower probability

intermittently is necessary in order to full explore the probability space.

In addition to providing intuition, thinking of the Langevin diffusion as stepping in the di-

rection of the negative derivative of E(c) also offers computational benefits. This is because we

have already computed the exact derivative of E(c) using the adjoint method in equation (3.47).

Therefore the adjoint method used to calculate a functional derivative in that section is completely

applicable to finding the derivative of the negative gradient of the log of the posterior distribution.

We highlight the difference in the MALA proposal mechanism as compared with the random-

walk MH algorithm in figure 4.1. Figure 4.1 displays a comparison between proposal points for the

random-walk MH algorithm and the MALA algorithm for a 2D Gaussian probability with mean

0 and variance 1. Note that this is not the actual Markov chain produced by these algorithms,

but only the proposal points. Both algorithms were started at a value of x = 3, y = 3, and 20

proposals were generated. For each algorithm, the random value ǫ was drawn from the distribution

N (µ = 0, σ2 = 0.3) and the step-length h for the MALA algorithm was set to 0.2. The proposals

for the random-walk MH algorithm are grouped around the starting value of (x, y) = (3, 3), and

even if we increased the value of σ2 we could not expect to achieve more informed proposals. We

note that adding an accept/reject phase would help the algorithm move towards the origin (the area

of highest probability), but this would incur a computational cost due to the discarding of proposals.

As seen in figure 4.1b, the proposals for the MALA algorithm reach the high probability region

in only 20 steps. This is because the MALA algorithm uses information about the probability
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(a) 20 proposals for the random-walk MH algorithm. (b) 20 proposals for the MALA algorithm.

Figure 4.1: A comparison of proposals for the random-walk MH algorithm and MALA algorithm on a

simple 2D probability distribution.

space to inform its proposals. We can already see this advantage in the 2D example presented,

and for higher dimensional spaces (such as in the problem of USCT) this advantage is even more

pronounced [115].

With the proposal mechanism in place, we must determine how to express the proposal distri-

bution g(c∗|cn) in the Metropolis acceptance probability r(c∗, cn). This proposal is not symmetric

since there is a much higher probability of moving to c∗ given cn as opposed to moving from c∗ to

cn. We therefore must set g(c∗|cn) to be

g(c∗|cn) = N (cn +
h

2
∇clog(fpost(cn|pmeas)), h). (4.13)

This definition for g(c∗|cn) matches that given in the literature [117] and ensures that the resulting

sequence of points forms a Markov chain which satisfies the detailed balance condition.

We are now ready to present the complete MALA algorithm.
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Algorithm 3. The Metropolis Adjusted Langevin Algorithm

Given the current step cn, step length parameter h, and parameter ǫ, repeat the following

steps:

1. Draw candidate point c∗ ∼ N (cn +
h
2
∇clog(fpost(cn|pmeas)), ǫ).

2. Calculate r(c∗, cn) = min
(

1,
fpost(c∗|pmeas)

fpost(cn|pmeas)
g(cn|c∗)
g(c∗|cn)

)

with g(·) given by (4.13).

3. Draw u ∼ U([0, 1]). If u ≤ r(c∗, cn), let cn+1 = c∗. Else, let cn+1 = cn.

The MALA algorithm has the added advantage of well-informed proposals while maintaining

the perks of the MH algorithm. Step 2 of Algorithm 3 still only requires evaluation of the posterior

distribution up to a constant. However, Algorithm 3 has a more sophisticated proposal mechanism

arising from the evaluation of the gradient of the log of the posterior distribution.

After probing the posterior distribution using the MALA algorithm, we would like to obtain

a point estimation of the sound speed map and uncertainty information regarding that estimation.

With the Markov chain in hand this is straightforward, as we can simply calculate the posterior

mean, variance, maximum posteriori (MAP) estimator, or any other desired statistic using the

samples from the chain.

With all necessary background established, we are now ready to present our full, novel algo-

rithm for USCT in the Bayesian framework.

4.3 A MALA FWI Algorithm for USCT

Algorithm 4. Given the current step cn, step length parameter h, and parameter ǫ, repeat the

following steps:

1. Compute the derivative ∇clog(fpost(cn|pmeas)) using (3.47).

2. Propose a sound speed c∗ using (4.12).

3. Compute r(c∗, cn) = min
(

1,
fpost(c∗|pmeas)

fpost(cn|pmeas)
g(cn|c∗)
g(c∗|cn)

)

with g(·) given by (4.13).
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4. Draw u ∼ U([0, 1]). If u ≤ r(c∗, cn), let cn+1 = c∗. Else, let cn+1 = cn.

The above is a succinct summary of the algorithm, but there are many variations that could be

adopted. In section 4.5 we will explore some of these variations that allow us to obtain samples

from the posterior distribution with less computational effort. Before examining these variations,

we specify how relevant parameters in Algorithm 4 are chosen.

4.4 Parameter Selection

While the majority of tools necessary for the algorithm have been described in the previous sec-

tions, there is still the matter of selecting the parameters ǫ, h, λ, and α that appear (either explicitly

or implicitly) in Algorithm 4. Selecting appropriate values for these parameters is necessary, as

poor selections will lead to substandard results. If the parameter ǫ is too large, then the proposal

c∗ will be over-influenced by random noise and thus lose the information provided by the deriva-

tive ∇clog(fpost(cn|pmeas)). If ǫ is too small, then the algorithm will simply move toward a high

probability region and fail to properly capture the structure of the posterior distribution. There are

equally disastrous results if the step length parameter h and precision parameters λ and α are not

set to sensible values. We therefore need a way of selecting our parameters in a manner which

does not add excessive computational burden to the algorithm.

Since we would like ǫ to be somewhat small compared to the derivative ∇clog(fpost(cn|pmeas)),

we will let

ǫ ∼ N (0, 0.01Id) (4.14)

That is, ǫ is drawn from a d-dimensional Gaussian distribution centered at the origin with variance

equal to 0.01 m/s. At first glance, this variance seems too small compared to the derivative, but

theoretically once the algorithm converges to the posterior distribution the value of the derivative

should start to shrink substantially. This should allow for quicker convergence to the posterior

distribution followed by random samples from that distribution.
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Step 2 of Algorithm 4 involves selecting the step length parameter h. Since we have described

the proposal mechanism as being a step in the direction of the negative gradient of E(c) with a bit

of randomness added, it makes sense to let this step length be equal to the step length in equation

(3.50) which was used successfully in chapter 2. In this case, however, we let smax be an adaptive

term which begins at 3 and shrinks successively over the first 100 iterations to a value of 0.25,

where it settles for the remainder of the algorithm. This choice was made with the hope that the

Markov chains would reach a region of higher probability space quickly and then sample more

conservatively in that area.

Choosing the precision values λ and α is an interesting and delicate undertaking. We have

already said that these precision values represent our certainty in the likelihood and prior distribu-

tion, respectively. It can be difficult, however, to quantify our certainty in the likelihood and prior

without introducing biasing into the results. If we were seeking only the MAP estimator, we could

just set λ = 1 and treat α as a regularization parameter. This would allow us to use the L-curve

method or Morozov discrepancy principle [118] or any other regularization parameter selection

technique. Yet, our goal in moving to the Bayesian framework is to view the problem through

the lens of random variables. With this in mind, we set the precision values by attempting to de-

scribe the error in measurements and/or modeling through λ and our certainty (or lack thereof) of

the prior distribution through α. This is a bit of a subjective approach, and is the cause of some

criticism in the Bayesian approach to inverse problems. However, it allows more flexibility in

choosing parameters and allows the user to input more information into the problem as a whole. A

discussion of techniques for finding precisions (or variances) in the Bayesian approach to inverse

problems can be found in [119]. When the accuracy of the measurement device can be determined,

knowledge of the measurement error can be directly included in the precision parameter λ. Since

we are working with simulated data, this is a more difficult endeavor. In place of this rigorous

approach to determining the precision parameters we instead consider the model error between

the program which simulated the data and the one used to solve the inverse problem and use that

knowledge to coarsely select λ. The prior precision α will be set by considering our confidence in
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the selected prior as informed through the deterministic reconstructions in section 3.5.3. The exact

values for λ and α in our reconstruction are given in section 4.6.2.

4.5 Computational Improvements

Algorithm 4 builds a Markov chain which can sample from the posterior distribution, but it does

not do so in an efficient manner. In this chapter we consider computational improvements to the

MALA FWI algorithm which will allow us to obtain more samples from the posterior distribution

in less time.

4.5.1 Faster Derivative Calculation

In (3.47) we presented the derivative of the log of the posterior distribution with the assumption

that this derivative is calculated using every transducer. As stated in section 3.3, this necessitates K

solutions to the forward problem and adjoint problem for each calculation of the derivative, where

K is the number of transducers. Thus, a single calculation of the derivative constitutes the bulk of

the numerical cost in Algorithm 4. One way to reduce the number of forward and adjoint problems

which need to be solved in the adjoint method is to reduce the number of transducers used to

calculate the derivative. That is, instead of summing over K transducers in (3.47), we instead sum

over a subset of the transducers. This has the effect of making the calculation of the derivative

more efficient at the expense of a less accurate representation of the functional derivative ∇cE(c).

However, we can select the transducers which are used to calculate the derivative in a strategic way

so that we preserve the image quality while also allowing for more samples to be drawn from the

posterior distribution in a shorter period.

Let the set of indices for all transducers be called K. Assume that we may partition K into J

disjoint subsets K1,K2, ...,KJ of equal cardinality such that

J
⋃

j=1

Kj = K.
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We assign the physical location of the transducer xk by giving it the coordinates

(

rtcos
(

2kπ
K

)

, rtsin
(

2kπ
K

))

, where rt is the radius of the ring array. The elements of each set Kj are

set as

Kj = {j + nJ, n = 0, 1, 2, 3, ... | j + nJ ≤ K}.

As an example, if K = 120 and J = 4, then K1 = {1, 5, 9, 13, ..., 117}, K2 = {2, 6, 10, 14, ..., 118},

K3 = {3, 7, 11, 15, ..., 119}, and K4 = {4, 8, 12, 16, ..., 120}. If we were to plot the physical loca-

tions of the transducers corresponding to each Kj in this example, they would appear as 30 equally

spaced points on a ring array surrounding the region of interest instead of the original 120 points

in K.

Now we can revise equation (3.47) to be calculated using the transducers in one of the subsets

Kj . At iteration i of Algorithm 4, the derivative may be calculated as

∇cE(c) = − 2

c3

∑

{l∈Ki(mod J)}

|K|
|Ki|

∫ T

0

∂p(x, t|xl)

∂t

∂p̃(x, t|xl)

∂t
dt. (4.15)

With the new derivative calculation in (4.15), we are still ensuring that our region is illuminated

from many different angles while using only 1/J the number of transducers compared to the cal-

culation of the derivative in (3.47). This means that step 1 of Algorithm 4 will be computed J

times more quickly, which constitutes a significant improvement.

4.5.2 Parallel Chains

In addition to the performance enhancement provided by the faster derivative calculation, we

also note that Algorithm 4 lends itself to being run in parallel using multiple Markov chains. As

long as each of these Markov chains converges to the posterior distribution, they will each obtain

independent samples from the posterior distribution. In theory, this means that if M different

Markov chains are simulated in parallel using Algorithm 4, and each one obtains N independent
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samples from the posterior distribution fpost(c|pmeas), then we will have actually generated M ∗N

samples in the same time it would have originally taken to generate N .

While each of the chains could have the same starting sound speed cinit (they are guaranteed to

behave differently due to the random variable ǫ in equation (4.12)), it would be more beneficial to

have each chain begin at a different sound speed. This would allow each chain to take a different

path through parameter space while ideally moving to the same region of higher probability, thus

providing more detailed information concerning the shape of the posterior distribution. For the

size of parameter space that we are dealing with (the dimension of our parameter space is on the

order of 50,000), we would like to have many thousands of Markov chains with unique starting

points run in parallel. In practice, at least for this author, that is a fools’ wish. However, we should

not discount the added savings in computational time achieved by running even a few chains in

parallel.

4.6 Test Phantom

We now investigate how Algorithm 4 performs on data simulated from a simplified breast

phantom. This phantom mimics the size and sound speeds of the breast phantom in section 3.5,

but is in theory a bit easier to image due to the lack of the fatty layer within the boundary of the

region.

4.6.1 Data Generation

Just as in sections 3.5.1 and 3.6.1, we simulated data using k-Wave. We have already described

the relevant fields that need to be set in order to generate time dependent pressure waves on the

transducers in k-Wave, so here we simply state all of the relevant fields while pointing out changes

in the setup for this problem as compared to the configuration in section 3.5.

kgrid: The simplified breast phantom has an overall domain size of 0.1m× 0.1m with a grid size

of Nx = Ny = 302. This means our discretization is of size dx = dy = 3.3113× 10−4.
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medium: The mass density, nonlinear parameter BonA, power law absorption coefficient, and

power law absorption exponent were set identically to the breast phantom in section 3.5.1. The

sound speed parameter, however, is the primary change for the test phantom. The true sound speed

map is shown in figure 4.2, and a table of sound speed values is given in table 4.1. The absence

of an outer layer of tissue and complex interior structure simplifies the problem and eases the

computational burden of the algorithm.

Figure 4.2: Test phantom used to generate data.

Table 4.1: Parameters of the numerical test phantom.

Structure Index Tissue Type Sound Speed (m/s)

1 Fatty Tissue 1420

2 Malignant Tumor 1560

3 Parenchyma 1480

4 Background 1500
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Figure 4.3: Transducer locations for K=128 surrounding the simplified breast phantom.

sensor, source and signal: The sensor, source and signal for the generation of data in this sec-

tion are identical to the those used to generate data in section 3.5.1, so we do not linger on their

description. The location of the transducers surrounding the phantom is shown in figure 4.3.

Each source emitted a wave packet similar to the one in figure 3.5, again with a center frequency

of 1 MHz and a strength of 1000 Pa.

4.6.2 Inverse Problem Setup

In order to test Algorithm 4, Gaussian noise η was added to each time dependent signal of our

data array. The noise term η was again drawn from the distribution N (0, σINt) with σ equal to

0.01. The inverse problem was solved on a grid of size 300 × 300, ensuring that no inverse crime

was committed. The data calibration step outlined in section 3.5.2 was also applied to this data set.

Six Markov chains were run in parallel, each with a slightly different starting point. These

starting sound speeds were generated by beginning with a homogeneous background of sound

speed 1500 m/s and then adding an inclusion of the same size and shape as the boundary of the

object in figure 4.2. The sound speed of that insertion was set to 1477 m/s, 1478 m/s, 1479 m/s,

1481 m/s, 1482 m/s, and 1483 m/s (recall the true value of the background of the breast is 1480
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m/s) for the six different chains in order to ensure that each chain took different paths through

parameter space. This also mimics a real-life scenario in which we might roughly know the sound

speed of the boundary of our region but allow for some variance in this sound speed at the start.

The derivative ∇clog(fpost(cn|pmeas)) was calculated using (4.15) with J = 4. The precision

parameters λ and α were set by running multiple small reconstructions and considering the role

of modeling error in addition to noise level. Since the inverse problem was run on a coarser grid

than that used to generate the data, the position of the transducers with regards to the region of

interest is slightly mismodeled. This, along with the noise η, implies that λ should be slightly less

than 1 in order to convey our lack of certainty in the measured and simulated data. Thus some

experimentation led us to set λ equal to 0.95.

The prior precision parameter α reflects our relative certainty in the edge sharpness prior given

in equation (4.5). Some preliminary testing with this parameter led us to select α = 5 · 107. We

point out that if the uncertainty in modeling and measurement devices were known more precisely,

a less heuristic method could be used to set λ and α. See [119] for reference.

4.6.3 Results

The problem of determining the number of samples needed to accurately compute statistics is

non-trivial. Previous work [120] has suggested that an effective sample size of roughly 10,000 is

necessary for accurate estimates, but other work has suggested this number may be lower. What-

ever the case, our computational and temporal resources make obtaining this number of samples

unreasonable. Therefore results from the following section should be seen as preliminary, and

represent an attempt to determine the viability of Algorithm 4 in a scenario in which time and

computational power are abundant.

We were able to obtain 202 samples from each Markov chain, not including the first 100 iter-

ations of each Markov chain which were thrown out as burn-in. That led to a total pool of 1212

samples, which may or may not be independent draws from the posterior distribution. With these

samples, we calculated the MAP estimator, posterior mean, posterior variance, and 95 percent con-
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fidence intervals. Those results are shown in figure 4.4. Note that the image of the posterior mean

also includes the acceptance ratio (number of accepted proposals over number of total samples).

This acceptance ratio does not take into account the first 100 iterations of the Markov chains, for

which the acceptance ratio was significantly higher. These results suggest that the phantom was

too simplistic, as our point estimators are nearly identical to the true sound speed and the posterior

variance is quite small. However, these results also suggest that Algorithm 4 excelled at providing

a detailed reconstruction of the phantom. In particular, the derivative calculation in equation (4.15)

did not result in a degradation of the sound speed or any unusual artifacts.

The plots of the posterior variance and element-wise width of the 95 percent confident interval

in figures 4.4c and 4.4d show that the algorithm was most uncertain about the inhomogeneity

representing the fatty tissue and the outer boundary of the phantom. The uncertainty at the edge

of the phantom is likely due to the prior being edge-sensitive and affecting the boundary slightly.

This is valuable information that we would not get from a deterministic reconstruction. It is also

evidence that our Markov chains did not converge, and suggests that we need more samples in

order to achieve better point estimations.

With the samples from each Markov chain in hand, it is typically also good practice to deter-

mine if each Markov chain has converged to the target distribution. One tool for this analysis is

a calculation of the Geweke p-value for each chain at a particular pixel [121]. The Geweke test

begins with the hypothesis that the mean of the first ten percent of the samples is equal to the mean

of the final fifty percent of the samples. A t-value can be calculated for this hypothesis and used

to produce a p-value in order to help determine the viability of the null hypothesis. We selected

three pixels and produced a trace plot of each Markov chain at that location. One of the pixels is

located in the background of the breast, one is on the inhomogeneity of larger sound speed, and the

last is on the inhomogeneity of smaller sound speed. These plots and the corresponding Geweke

p-values for each are shown in figures 4.5, 4.6, and 4.7.

The Geweke p-values for these plots are generally very close to 1, which strongly suggests

that the null hypothesis for the Geweke test is true. Indeed by visual inspection the values within
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each of the pixels in the above images change very little throughout the chain. This is a good

sign that our chain is indeed in equilibrium, and is also a sign that perhaps the variance of 0.01

within equation (4.14) was too small. More evidence that the variance was too small can be found

in the similar shape of the trace plots in figures 4.5, 4.6, and 4.7. While the trace plots have

slightly different scales on the y-axis, the overall shape of each Markov chain at the specified

pixels is remarkably similar. This is an indication that each Markov chain took an almost identical

path through parameter space, and suggests that the variance was too small and the starting sound

speeds were too similar. For a more involved breast phantom, this would likely result in much

worse results than those seen in figure 4.4.
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Figure 4.4: The MAP estimator, posterior mean, posterior variance, and confidence intervals from the 1212

samples drawn from the posterior distribution.
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Figure 4.5: Plots of the Markov Chain at a pixel in the background of the breast.

123



Figure 4.6: Plots of the Markov Chain at a pixel in the inhomogeneity of larger sound speed within the

breast.
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Figure 4.7: Plots of the Markov Chain at a pixel in the inhomogeneity of smaller sound speed within the

breast.
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Chapter 5

Summary and Future Work

This work focused on full waveform inversion and its application to USCT in the field of

medical imaging. After considering current approaches to the problem in chapter 2, we presented

a FWI algorithm in the deterministic framework in chapter 3. Within that chapter, we investigated

the role and performance of different regularization techniques and also introduced a novel SSIM-

EIT regularization term which penalized sound speed maps that differed in structure from an EIT

reconstruction. Chapter 3 also presented reconstructions of a lung phantom using USCT at low

frequencies, which is a new application of FWI techniques. In chapter 4 we shifted mindsets and

analyzed the inverse problem from the Bayesian perspective. This led to a novel MALA-FWI

algorithm that makes use of FWI techniques within the Bayesian framework.

The results presented in chapters 3 and 4 show the ability of FWI to accurately reconstruct

small inhomogeneities within a medium. The position and shape of the inhomogeneities in the

breast phantom, lung phantom, and test phantom were identified with great accuracy, and the sound

speeds of those inhomogeneities were determined with good accuracy. In addition, the SSIM-EIT

regularization term led to a slight increase in the speed of convergence for the algorithm, which

is beneficial for a computationally demanding algorithm such as FWI. The images produced of

the lung with three different regularization terms are the first using FWI, and provide an excellent

starting point for imaging a cross section of the human thorax with high resolution using USCT.

Qualitatively, the best breast phantom result from noisy data would appear to be the Tikhonov

reconstruction when α = 2 · 107. This sound speed map identifies all of the major features of

the phantom while controlling the speckling that dominates the reconstruction at α = 106. Inter-

estingly, this is not the best performing reconstruction with regards to the absolute error, as the

value of ||crecon − ctrue|| hits a minimum of around 1260 when α = 2 · 107 compared with roughly

1175 when α = 106. This suggests that the absolute error term may not be the best indicator of

a clean image since it does not take into account the speckling that occurs for low regularization
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parameters. The best lung reconstruction qualitatively is a bit tougher to pick out, as many of the

reconstructions do an excellent job. However, it would seem that the TV sound speed map for

α = 107 and the SSIM+EIT sound speed map for α = 4 · 105 do the best job concerning organ

placement and sound speed values. The SSIM-EIT reconstruction achieves a lower minimum in

terms of the absolute error at roughly 3600 while the TV reconstruction only hits a minimum of ap-

proximately 3800. There is some subjectivity in picking the ideal reconstruction, and realistically

many of the lung phantom results could be considered as optimal.

In the Bayesian framework, even with fewer than optimal samples, the statistics of the Markov

chain representing the test phantom showed promising results. In order to continue the success of

the reconstructions presented in this dissertation, there are a few changes we would like to make

in the future as well as a new avenue to potentially explore.

There are three primary changes or extensions that could be implemented in Algorithms 1 and

4. The first is a more careful approach to selecting the regularization parameter α in Algorithm 1,

the precision parameters λ and α in Algorithm 4, and the step length parameter hn present in both

algorithms. We discussed in chapters 3 and 4 less ad hoc methods for selecting these parameters,

and future work would almost certainly require an implementation of one of these methods. It

would also be beneficial to investigate a more rigorous stopping criterion for Algorithm 1.

The second improvement is more samples for Algorithm 4. As previously stated, the number of

samples obtained for the test phantom was adequate to determine that the MALA FWI algorithm

holds promise, but it was not enough to have full confidence that the statistics calculated using

the Markov chain were accurate. It is possible that further computational improvements could be

made to our algorithm in order to produce more samples more quickly, but short of that, obtaining

more samples will require computational power and time. This could be helped along by using

GPU computing capabilities to more efficiently parallelize the code.

The final extension to this work would be testing its capabilities on real data. Inevitably, the

results obtained from using real data are much worse than results obtained using simulated data,

and using real data introduces a host of new issues to contend with. The phantoms used in this
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work did not include physical parameters such as elasticity, density variations, attentuation, or

reflectivity. These parameters would provide more challenges to our algorithms and also allow

for more realistic numerical phantoms to be explored before moving to real-world data. It would

be interesting to see the effect of adding an EIT-SSIM regularization term when confronting real

data as well as see the added benefit of uncertainty quantification from MALA-FWI in an actual

diagnostic setting.

The above changes and improvements to the work presented in this dissertation are intriguing,

and there is another related problem that would provide mathematical and diagnostic value. The

reconstruction algorithm in section 4.3 is a Bayesian approach to imaging in a stationary setting.

However, there are certain situations (i.e. bedside monitoring) in which obtaining a dynamic image

of the lung would be of great merit. We thus want to extend the reconstruction approach outlined

in this thesis to the dynamic problem and consider producing a real time (or close to it) image of a

breathing lung.

This problem has already been explored with EIT in [122], but has not yet been thoroughly

investigated for USCT. It would be interesting to consider different spatial and temporal updates

within both the Kalman filter and extended Kalman filter [97, 123, 124] that make use of a lung

model or make use of images taken at different states of inflation for the lung. In addition, com-

paring the performance of the standard Kalman filter, extended Kalman filter, and particle filter

methods [125, 126] would be a worthwhile endeavor.
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