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ABSTRACT OF DISSERTATION

A N A L Y S IS  A N D  A P P L IC A T IO N  O F  T H E  N O N L IN E A R  P O W E R

M E T H O D

The  power m ethod  is a s tandard  techn ique in  num erica l linear a lgebra for 

app ro x im a ting  the  dom inan t c igcnpa ir o f a square m a tr ix . A lg o rith m s  for 

im p lem en ting  the  m ethod  arc sim ple and effic ient, since o n ly  knowledge o f 

the  m a tr ix  action  is required. In  th is  thesis, we develop a non linear power 

m ethod  (N L P M ) fo r com pu ting  the dom inan t c igcnpa ir o f the  line a riza tio n  

o f a non linear map. We im p lem en t the  m ethod  in  a m a tr ix -fre e  way by 

u t iliz in g  fu n c tio n  differences, and also by reconstruc ting  the en tire  m a tr ix  

when m a tr ix - fre e  m ethods arc unavailab le. We app ly  the N L P M  to  the 

problem s o f d e te rm in ing  the  s ta b ility  o f a system o f d iffe ren tia l equations, 

and also to  exam in ing  the  issue o f line a riza tio n  e rror fo r com p u ta tio na l 

e rro r estim ates fo r non linear e llip t ic  tw o -p o in t boundary  value problems. 

We exam ine properties o f the  m ap between the  fo rw ard  so lu tion  and the 

linearized  dua l so lu tion  and use the N L P M  in  various form s to  determ ine 

the norm  o f the  de riva tive  o f th is  m ap, hence bound ing  the  effect o f lin ­

eariza tion. Several num erica l examples arc presented in  C hap te r 5.
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C h a p te r  1

INTRODUCTION

1.1 O v e rv ie w

The  power m ethod  is a s tandard  technique in  num erica l linear algebra 

fo r app ro x im a ting  the  dom inan t c igcnpa ir o f a square m a tr ix . A lg o rith m s  

fo r im p lem en ting  the  m ethod  arc s im ple and effic ient, since on ly  knowledge 

o f the  m a tr ix  action  is required. In  th is  thesis, we develop a non linea r power 

m ethod  (N L P M ) fo r com pu ting  the dom inan t c igcnpa ir o f the  line a riza tio n  

o f a non linear map. W c implement, the m ethod  in  a m a tr ix -fre e  way by 

u t iliz in g  fu n c tio n  differences, and also by reconstructing  the  en tire  m a tr ix  

when m a tr ix -fre e  m ethods arc unavailab le. W c app ly  the  N L P M  to  the 

problem s o f d e te rm in ing  the  s ta b ility  o f a system  o f d iffe ren tia l equations, 

and also to  exam in ing  the  issue o f line a riza tio n  e rror fo r com p u ta tio na l 

e rro r estim ates fo r non linear e llip t ic  tw o -po in t, boundary  value problems. 

W c exam ine properties o f the  m ap between the  fo rw ard  so lu tion  and the 

linearized  dua l so lu tion  and use the N L P M  in  various form s to  determ ine 

the  norm  o f the  deriva tive  o f th is  m ap, hence bound ing  the  effect, o f l in ­

eariza tion. Several num erica l examples are presented in  C hap te r 5.

1
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1 .2  M o t iv a t in g  e x a m p le : l in e a r iz a t io n  a n d  a - p o s t e r i o r i  e r r o r  es­
t im a t io n

Consider a system  A x  — b o f linear equations, w hich is solved in  some 

way to  o b ta in  an approx im ate  so lu tion  X .  T he  e rro r between the true  and 

approx im ate  so lu tions is e =  x  — X .  G enera lly  th is  can ’t  be com puted, 

b u t wc can com pute the  residual R  =  A X  — b, w hich measures how well 

the  app rox im a te  so lu tion  solves the  equation. W c in troduce  a dual problem  

to  fin d  a re la tionsh ip  between the  true  (b u t unknow n) e rro r e and the 

com putab le  residua l R. T he  dua l p rob lem  is

=  ( 1-2.1)

where tp is a u n it  vector and A J the transpose o f A  (m ore generally, the 

a d jo in t ope ra to r). W c can get a representa tion  o f a p ro je c tio n  o f the  e rror 

by co m p u tin g  the  inner p roduc t

| M ; ) j  -  |(e, A T4>)\ =  \ (A e ,^ ) \  =  \ ( R ^ ) \ .  (1.2.2)

T h is  gives the size o f a p ro je c tio n  o f the  e rro r in  a specified d irec tio n  in  

te rm s o f the  inner p ro du c t o f the  com putab le  residual and the  so lu tion  

o f the  dua l prob lem  corresponding to  the  choice o f d irec tion . Using the 

C auchy-Schw artz inequa lity ,

| M ; ) |  <  \ m \ \ R l  (1-2-3)

||0|| and \\R\\ arc referred to  as the s trong  s ta b ility  fac to r and s trong  residual, 

respectively. In  case the  p rob lem  is non linear, we have f ( x )  — b, and 

the  residua l e rro r is R  =  f { X )  — b, so f { x )  — f ( X )  =  —R. W c use the 

fundam enta l theorem  o f calculus to  o b ta in  a linear equation fo r the  error:

f ( x )  -  f ( X )  =  f  f \ s x  +  (1 -  s ) X ) ( x  -  X )  ds. (1.2.4) 
J  o

2
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Now, the  linear equation fo r the  e rro r is Ae =  —R, where

A  =  [  f ( s x +  (1 -  s ) X ) d s .  (1.2.5)
J o

T h is  is the linear prob lem  obta ined  by lineariz ing  /  around an average o f x  

and X .  T he  va ria tio n a l analysis fo r o b ta in ing  an estim ate  on a p ro je c tio n  

o f the  e rro r in  term s o f a s ta b ility  fac to r and residual is the  same as fo r 

the  linear prob lem  o u tline d  above. The issue is th a t the ope ra to r in  (1.2.5) 

depends on the  unknow n true  so lu tion  x. In  p ractice, th is  is sidestepped by 

ta k in g  A  =  f ' ( X ) ,  i.e. wc linearize around the  com puted approx im a te  solu­

tio n . L in ea riz in g  around the  approx im ate  so lu tion  m ay produce inaccurate  

e rro r estim ates i f  nearby so lu tions have m uch d iffe ren t s ta b il ity  properties. 

U nderstand ing  the  effect o f th is  line a riza tio n  on the  e rror estim ates was the 

genesis fo r th is  p ro jec t.

I f  wc consider the s ta b il ity  factors as non linear functiona ls  o f the  com­

pu ted  so lu tion , th is  suggests exam in ing  the  deriva tives o f these func tiona ls  

in  order to  determ ine the  se n s itiv ity  to  changes in  the  in p u t fu n c tio n  around 

w hich  line a riza tio n  is perform ed. U n fo rtun a te ly , the  d im ension o f the in p u t 

is too  large to  make th is  p rac tica l. O n the  o the r hand, wc o n ly  rea lly  desire 

in fo rm a tio n  abou t the  largest possible change in  the  functiona ls . To th is  

end, wc consider the  m ap from  the  space o f the approx im ate  so lu tions for 

the  fo rw ard  p rob lem  to  the  space o f app rox im a te  so lu tions o f the dua l p rob­

lem  obta ined  by linea riz ing  around the  approx im ate  so lu tion  o f the  fo rw ard  

p rob lem  and then so lv ing  by some num erica l m ethod.

Suppose th a t U  € V  is a typ ica l in p u t in to  a non linear fu n c tio n  F  on 

the  space o f functions V .  Assum ing th a t S is a sm all p e rtu rb a tio n  in  V , wc 

w rite  the  in teg ra l mean value theorem  as

A gS =  [  F ' { U  +  sS )ds5  =  F ( U  +  6) — F ( U ) ,  (1.2.6)
Jo

3
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W here F '  is the  G ateaux deriva tive  o f F .  T h is  ind icates th a t we can eval­

uate AfiS by com pu ting

As6 =  F ( U  +  6 ) - F ( U ) .  (1.2.7)

I f  Ag were constant, then  idea lly  wc w ou ld  like  to  com pute the  largest, 

s ingu la r value and the  associated le ft s ingu la r vector. T h is  w ou ld  give the 

p e rtu rb a tio n  to  U  th a t produces the  largest possible change in  F .  One way 

to  com pute th is  is an im p lem en ta tion  o f the  power m ethod  th a t a lte rn a te ly  

com putes the  action  o f A  and A T on vectors. In  the  special ease th a t A  is 

no rm a l ( A J A  =  A A T , where wc use the  transpose instead o f the  H e rrn itian  

a d jo in t A*  since wc w ill  always assume real entries in  A )  the  dom inan t 

s ingu la r value and dom inan t eigenvalue coincide, and we can ju s t use the 

power m ethod. W hen As is no t constant, wc can t r y  to  app ly  the  same idea 

using the  d ifferencing  to  fo rm u la te  the  N on l inea r  Power Method

•  Choose 5q G V

•  For k =  1 , 2 , . . .

-  Set 6k =  F ( U  + 6 ^ ) - F ( U )

Q x otk5k
-  b e t  dk =  — —

Irfcll

In  th is  s itu a tio n , in  w h ich  we arc lineariz ing , wc w ant the  ite ra tes to  have 

sm all norm  and even have norm s th a t tend  to  zero. We accom plish th is  

using the  sequence {« *,}. T h is  process converges to  the  dom inant, eigen­

va lue/e igenvector p a ir fo r the  line a riza tio n  o f the  m ap F  a t the  p o in t U . 

I f  the  line a riza tio n  is norm al, the  dom inan t eigenvalue gives the norm , and 

wc can use th is  q u a n tity  to  bound the effect o f line a riza tio n  on ce rta in  a- 

pos te r io r i  e rro r estimates. For nonnorm al maps, wc can s t i l l  estim ate  the
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norm  by reconstruc ting  a m a tr ix  representa tion fo r the line a riza tio n  re la tive  

to  some basis.
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C h a p te r  2

THE POWER METHOD

In  th is  chapter, wc describe the  w e ll-kn o w n  power method , an ite ra tive  

process fo r e s tim a ting  the  dom inan t eigenvector and eigenvalue o f a m a tr ix . 

The  power m ethod  is re la ted  to  the  Q R  a lg o rith m , w hich is a more general 

ite ra tiv e  procedure fo r fin d in g  a ll o f the eigenvalues o f a m a tr ix . I t  is based 

on the  Q R  decom position, w h ich  is in  tu rn  re la ted  to  the  Gram,-Schmidt 

process [109]. Since the  focus in  th is  thesis is on dom inan t c igenpairs only, 

wc have no need fo r the genera lity  (and com p u ta tio na l expense) o f the  Q R  

a lg o rith m . T heory  and im p lem en ta tion  fo r Q R  m ethods can be found  in  

m any books on num erica l linear algebra, fo r instance [6 , 22, 56, 60, 65, 

97, 109]. W c also exam ine tw o com m on extensions o f the power m ethod: 

spectral enhancement and inverse iteration.

W c generalize the  power m ethod  to  m atrices th a t arc sub jec t to  per­

tu rb a tio n s  a t each stage o f the  ite ra tio n . T ra d itio n a lly , analysis has been 

done in  th is  regard w ith  a v iew  to  ana lyz ing  the  effect o f f in ite  precision 

ca lcu la tions on the power m ethod. T he  reason fo r the in terest in  p e rtu rb ed  

m atrices in  th is  thesis is com p le te ly  d iffe ren t, nam ely wc w an t to  determ ine  

the  d om in a n t c igcnpa ir o f the  line a riza tio n  o f a non linear map. To do th is , 

wc begin w ith  a non linear vector fu n c tio n  and em ulate the  action  o f the 

Jacobian m a tr ix  by eva lua ting  fu n c tio n  differences. Since wc arc interested

6
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in  the  line a riza tio n  o f a non linear fu nc tio n  a t a p o in t, the  theo re tica l in ­

terest is in  the  l im it  as the  size o f the  p e rtu rb a tio ns  tends to  zero. T h is  

a llows a genera lization  o f the  power m ethod  to  w ha t wc ca ll the  non linear  

power method  (N L P M ), in  w hich  wc recover the  dom inan t c igcnpa ir to  the 

line a riza tio n  by com pu ting  fu n c tio n  evaluations. As the power m ethod  can 

be im p lem ented  w ith  o n ly  knowledge o f the  m a tr ix  action , the  fu n c tio n  

d iffe rencing  in  the  non linear power m ethod  serves as a m a tr ix -  free m ethod  

fo r recovering the  re levant in fo rm a tio n  abou t the  Jacobian. T h is  is ac­

com plished by co m pu ting  a sequence o f app rox im a te  G ateaux derivatives, 

where the  i th line a riza tio n  occurs in  the  d irec tio n  o f the ( i  — l ) ‘st ite ra te .

W c fu rth e r generalize the  power and non linea r power m ethods to  in f i­

n ite  d im ensions. W c do so in  order to  analyze problem s in vo lv in g  operators 

on fu n c tio n  spaces and th e ir  Frcchct derivatives. W c end the  chapter w ith  

an in d ica tio n  o f exac tly  how the  h igher order te rm s in  the  line a riza tio n  can 

be viewed as a p e rtu rb a tio ns  to  the  deriva tive , p ro v id ing  a lin k  between the 

p e rtu rb ed  power m ethod  and the  non linear power m ethod.

2 .1  F in i t e  d im e n s io n s

T he  power m ethod  is a classic a lg o rith m  fo r app ro x im a ting  the  dom i­

nan t e igenvalue/eigenvector pa ir o f a m a tr ix . Its  use dates back to  a t least 

1913 (see [97], and the  references there in ) a lthough  B odcw ig  [18] cred its 

its  d iscovery to  von M iscs in  1929 [108], and comprehensive analysis to  

A itk e n  in  1937 [3]. B eg inn ing  w ith  any in it ia l vector, a sequence o f vec­

to rs  (sometimes called a K ry lo v  sequence, see [65]) is generated by repeated 

a pp lica tion  o f the  m a tr ix . The com ponent in  the  d irec tio n  o f the d om i­

nan t e igenvector grows m ost qu ickly, so the  sequence o f ite ra tes tend  in

7
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d ire c tio n  to  the  dom inan t eigenvector. T he  sim plest ease occurs when the 

m a tr ix  has a single eigenvalue o f largest m agnitude , and also has a fu ll set, 

o f lin e a rly  independent eigenvectors. T h is  case is trea ted  in  m any standard  

tex ts  [6 , 56, 65, 109]. M ore general trea tm en ts  arc given in  [82, 97, 111] th a t 

cover the  eases o f repeated eigenvalues and defective m atrices. W c review  

the approach in  [97] in  §2.1.2.

2 .1 .1  N o n d e fe c t iv e  m a tr ic e s

In  [109], W a tk in s  defines an n  x  n  m a tr ix  A  to  be simple  i f  i t  has 

n  lin e a r ly  independent eigenvectors, then  defines a defective m a tr ix  as a 

m a tr ix  th a t is no t sim ple. In  [97], S tew art defines a defective eigenvalue as 

an eigenvalue whose a lgebraic m u lt ip lic ity  exceeds its  geom etric m u lt ip lic ity , 

and he calls a m a tr ix  defective i f  i t  has one or m ore defective eigenvalues. 

C lea rly  these de fin itions  arc the  same, and the  p ro o f o f the  convergence o f 

the  power m ethod  is easiest to  understand when the  m a tr ix  in  question is 

sim ple. Le t A  be an n  x  n  m a tr ix  w ith  a fu ll set o f lin e a rly  independent 

eigenvectors (w h ich  wc m ay assume to  have u n it  norm ) eigenvalues Aj, 

and assume th a t |Aij  >  jA21 >  | A3 j >  . . .  >  |An |. Le t uq be any vector in  

R™, and w rite  uq as a linear com b ina tion  o f the  eigenvectors:

U q  =  C\V\ +  C2 V2  +  • ■ ■ +  cnvn , Ci 7  ̂ 0. (2.1.1)

W c w ill  sec below  w hy i t  is im p o rta n t th a t tq 7  ̂ 0. Now, the  action  o f 

A  in  the  e igcnd irections is ju s t scalar m u ltip lic a tio n  by the corresponding 

eigenvalue, so fo r any m  6  N,

A mUo — Ci\™Vi +  C2 ^ 2 lV2  +  • • ■ +  cnXffvn . (2.1.2)

8
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D iv id in g  by A™, wc have

A mup

A™
J=2

(2.1.3)

n  « • A n iu° nD e fin ing  qm :=  wc have
Ai

V lrn -C  I'CiH = £ ■
3 = 2

|A?
<  C ( ^  ; C : = g W . (2.1.4)

since |A2| >  A j  for j  =  3 . . .  n, and ||n?|| =  1 fo r j  — 1 . . .  n. Now  given any 

e >  0 ,

rri >
In < In C

\ \ q m  -  Ol'Clll <  e,
In j A21 — In | A i|

thus qm —> c iv  1 as rn  —> 0 0 . I t  is clear w hy we require the  in it ia l s ta rt in g  

vector uq to  have some nonzero com ponent in  the d irec tion  o f t>i, since rq =  0 

in  (2.1.4) im p lies th a t the  ite ra tio n  converges to  the  zero vector. T h is  is due 

to  the  fact th a t wc norm alized  by d iv id in g  by A i ; a different, n o rm a liza tion  

scheme (d iv is ion  by the largest com ponent, fo r instance) causes the  ite ra tio n  

to  converge to  the  eigenvector corresponding to  A2. In  [64], H o te llin g  put, 

i t  th is  way: “T he  process fa ils  on ly  in  the  in f in ite ly  im probab le  ease o f the 

in it ia l values being lin e a rly  dependent upon p rin c ip a l com ponents o the r 

th a n  the  firs t; the  greatest, o f these com ponents is then approached.”

T he  power m ethod  ite ra tes converge lin e a rly  w ith  convergence ra tio  

<  1, a lthough  convergence m ay be slower in  some eases where |A2| =

|A31 [109]. In  practice, the dom inan t eigenvalue is no t know n a -p r io r i  so 

the  q u a n tity  qm cannot be form ed. However, some scheme fo r n o rm a liza tion  

m ust be employed, since the  ite ra tes A mu 0 tend  in  norm  e ithe r to  0 or 0 0 ,
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according to  w hether jA ^  <  1 or |Ai| >  1. D iv id in g  each ite ra te  by its  

norm  assures a sequence o f u n it vectors whose d irections tend  tow ard  th a t 

o f v\.  T he  actua l choice o f norm  is u n im p o rta n t, and a sim ple, convenient, 

approach is to  d iv ide  each ite ra te  by the  m agn itude  o f its  largest com ponent, 

p roduc ing  a sequence whose l im it  is rq, w ith  ||iq||oo =  1- A  sim ple a lg o rith m  

fo r im p lem en ting  the  power m ethod  num erica lly  is g iven by

A lg o r i t h m  2 .1 .1 . The Power Method

1. choose uq at random

2. f o r  k =  1 , 2 , 3 , . . .

S. Uk — Av ,k - i  % generate term  o f  K ry lo v  sequence

4. Afc =  Mfc) % approximate eigenvalue

5. Uk =  7 :—- 7 7  % normalize to avoid over-  o r  underflow
I M I

O f course, wc m ust specify convergence c rite r ia , and there  arc ways to  

increase the  effic iency and lessen the cost o f the  a lg o rith m . T he  p rim a ry  

reason fo r in c lu d ing  th is  a lg o rith m  here is to  compare i t  w ith  a lgo rithm s 

(2.4.1) and (2.4.2) fo r the non linear power m ethod  th a t wc develop in  §2.4.

2 .1 .2  D e fe c t iv e  m a tr ic e s

In  §2.1.1, wc assumed th a t there existed a set o f n  lin e a rly  independent 

eigenvectors fo r the  m a tr ix  A.  T h is  a d m itte d  a re la tive ly  s tra ig h tfo rw a rd  

proof, b u t the  power m ethod  s t i l l  converges under the relaxed assum ption 

th a t A  ju s t has a single dom inan t c igcnpa ir (Ai ,  iq )  [97]. T he  p ro o f becomes 

more com p lica ted  due to  the  increase in  co m p le x ity  o f the  geom etry o f the

10
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cigcnspaccs. Since wc cannot w rite  an a rb itra ry  vector as a linear com bina­

t io n  o f eigenvectors, wc m ust u tiliz e  d iffe ren t ideas. Namely, wc need a way 

to  express an a rb itra ry  vector in  te rm s o f a com ponent in  the  d irec tio n  o f the 

d om in a n t eigenvector rq and a representa tion  in  a ll the “ o the r d irec tions .” 

T he  fact th a t wc can do th is  relies on the  fo llow ing  theorem  and coro lla ry, 

w h ich  appear respective ly as Theorem  1.19 and C o ro lla ry  1.20 on page 20 

in  [97]. These arc consequences o f a resu lt on the  b lock d iagona liza tion  o f 

m atrices resu lting  from  the  so lu tion  o f Sylvester’s equation [60, 97].

Ci (the sets C, are actua lly  multisets, in  which elements may be repeated 

in  order to account f o r  eigenvalues w ith  algebraic m u lt ip l ic i ty  greater than  

one). Then there is a nons ingu lar  m a tr ix  X  such that

where A  ( L i )  — C i .

C o r o l la r y  2 .1 .1 . Let the m a tr ix  A  o f  order n  have d is t inc t eigenvalues 

A i , . . . ,  Xn w ith  m u lt ip l ic i t ies  m i , . . . ,  rnk . Then there is a nons ingu lar m a­

t r ix  X  such that

where L i  is o f  order rrii and has only the eigenvalue A j.

Thus, in  the  ease o f a single dom inan t c igcnpa ir, wc can fin d  a nonsin­

gu la r m a tr ix  V  =  ( iq  Vf) such th a t

k
T h e o re m  2 .1 .1 . Let the spectrum  A ( A )  be the un ion  |^J Ci o f  d is jo in t  sets

i= 1

X ~ l A X

L i  0 ••• 0
0 L 2 ■■■ 0

: =  d i a g ( L i , . . . ,  L k) (2.1.5)

0 0 ••• L k

A '- M A -  =  d ia g ( L 1, . . . , L fc), (2.1.6)

(2.1.7)

11
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Furtherm ore , wc can assume th a t ||u i|| =  1 and =  / .  Now, Vi and

the  colum ns o f V2 fo rm  a basis fo r C " , so any vector uq m ay be w r it te n  as 

Uq =  C\V\ +  V2C 2. W ith  th is  n o ta tio n  wc have the  fo llow ing  theorem , w hich 

appears as Theorem  1.1 on page 57 in  [97].

T h e o re m  2 .1 .2 . Let A  have a unique dom inant eigenpair and

let A  he decomposed in  the fo rm  (2.1.7), where V  — (v^ V2) satisfies

||u i|j =  1 and V2 V2  — I .  Let uq be a nonzero s ta rt ing  vector, w r i t ten

as uq =  c\ Vi +  V2C 2 . I f  c 1 7̂  0, then

sin Z (v  A  ku 1 <  | A i | - fc| | M fcl|2 ||C2/ c i ||2 12 181

where the angle between two vectors x  and y is defined by

Z (x ,  y) \=  cos" 1 ip jv jp u -• (2.1.9)

N ote  th a t the spectra l rad ius p ( M ) <  |Ai j ,  so the  e rro r in  the eigenvec­

to r  app ro x im a tion  converges to  zero a t an asym p to tic  ra te  o f
\  |Al| /

However, i t  need n o t be the  case th a t | |M ||2 <  |Ai| ,  and in  fac t i f  A  is h ig h ly  

nonno rm a l there  m ay be a s ign ifican t trans ien t phase in  w h ich  the  sine o f 

the  angle between v\ and A hu 0 appears no t to  converge a t a ll. T h is  is due 

to  the  fact th a t, a lthough  the  asym p to tic  behavior o f A h is governed by A i, 

the  no rm  “w ins o u t” te m p ora rily . Sec [61, 97, 104] fo r m ore deta ils.

2 .1 .3  T h e  p e r tu r b e d  p o w e r  m e th o d

A n y  num erica l a lg o rith m  im p lem ented on a com pute r m ust deal w ith  

the  fact th a t rou nd o ff errors have an effect 011 the  com puta tion . In  term s 

o f the  power m ethod , ra th e r th an  s ta rt in g  w ith  a vector u 0 and generating

12
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a sequence o f vectors v ia  Uk+i =  VbAu^, where is the no rm a liz ing  facto r, 

the  actua l com p u ta tio n  can be described as [98]

where 11 Ek 11 / 11 - Afc 11 is sm all, e.g. the  order o f the  round ing  u n it [60, 96]. Wc 

ca ll th is  the  perturbed power method  (P P M ), since the m a tr ix  in  question 

is subjected to  a sm all p e rtu rb a tio n  by the  m a tr ix  E^  a t step k  o f the 

ite ra tio n . Some results on p e rtu rb ed  m a tr ix  powers are given in  [80] and 

[61], and more recently  in  [98]. We arc in terested in  a special case in  w hich 

the  sequence o f p e rtu rb a tio ns  { E ^ }  tend  to  zero w ith  increasing k. T h is  is 

useful in  the con tex t o f line a riza tio n  fo r a non linear m ap, and is m arked ly  

d iffe ren t from  assessing the  effects o f roundo ff error, in  w h ich  ease a ll o f 

the  p e rtu rb a tio ns  to  A  arc rough ly  the same size and do no t tend  to  zero. 

S te w a rt’s paper [98] covers b o th  s itua tions , and wc now tu rn  to  rev iew ing  

the  resu lts there th a t arc needed la ter.

L e t A  be a m a tr ix  o f order n  w ith  eigenvalues A i , . . . ,  A„ ordered so 

th a t |A i J >  | A21 >  • >  |An |, and le t p (A )  — | Ai  | denote the spectra l rad ius 

o f A. W c need the  fo llow ing  tw o  transfo rm ations:

1. For any rj >  0, there is a m a tr ix  X  such th a t

T he  p ro o f relies on the Schur tr ia n g u la r iz a tio n  theorem . See [97, 98] 

or [63]. T he  resu lt is also tru e  in  in f in ite  dim ensions [34, 113]: given 

a bounded linear opera to r L  on a Banach space X  w ith  norm  || • |j, 

there exists an equ iva lent norm  ||| • ||| such th a t |||L||| <  p (L )  +  rp

uk+i — Vk(A +  Ek)uk ( 2 .1 .10 )

X - 'A X W  <  p (A )  +  rj. (2 .1.11)

13
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2. L e t A i be a sim ple eigenvalue o f A  w ith  r ig h t and le ft eigenvectors iq  

and w i  norm alized  so th a t ||ui|| =  |ju;i|| =  1 and 7  =  {v \ ,W \)  >  0 .

Le t (j =  \ J  1 — 7 2. Then  there  is a m a tr ix  U  w ith  co n d itio n  num ber

1 +  cr
« ( [ / )  =

in  the  2-n o rm  such th a t

U ~ l A U  =

7

Aj 0 '
0 B

(2 .1.12)

(2.1.13)

and the  firs t co lum n o f U  is the  dom inan t eigenvector fo r A. The 

p ro o f relies on the  CS decom position  [56, 96, 98].

For the  P P M , the  co m p u ta tio n  proceeds as

u k+ 1 =  vk {A  +  E k)u k , (2.1.14)

where { E k}  arc p e rtu rb a tio ns  to  the  m a tr ix  A  and 27, is a n o rm a liz ing  facto r. 

In vok in g  the  tw o trans fo rm ations  above, wc can tran s fo rm  A  so th a t i t  has 

the  fo rm  d ia g ( l,  B ) ,  where the  spectra l rad ius p (B )  <  1, and wc m ay also 

assume th a t ||J5|| <  f t  <  1. T he  vector Uk is norm alized  so th a t the  first, 

com ponent is 1 , and wc w rite

u k = (2.1.15)

Now, the  (k  +  l ) s* ite ra tio n  o f the  P P M  is given by 

Uk+ 1 =  {A  +  Ek)uk —
W i ?  e £ )T ' ' 1 '

4 ?  B  +  E ^ _ h K
(2.1.16)

Le t rjk be an upper bound fo r ||/ifc||. W c derive an upper bound T]k+i fo r 

||/ifc+ i|j in  the  fo rm  o f the  quo tien t o f a lower bound on the  size o f the firs t

14
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com ponent o f {A  +  E k)u k and an upper bound  on the size o f the  rest o f the 

vector. D eno ting  the  com ponents o f u k+1 by 71 (a scalar) and 72 (a vector 

o f leng th  n  — 1), wc have 71 =  1 +  +  (ei;>\ h k ) ,  so a lower bound 011 (71 j

is g iven by

1 =  ! 1 +  e(n  -  e(n  +  ( e ^ , hk) -  (e \^  J i k)\

<  l7 i| +  len l  +

<  l7 il +  efc +  ekVk, (2.1.17)

so we have

1 -  (1 +  Vh)ek <  |7i i- (2.1.18)

A n  upper bound on the  second com ponent is given by

H72 II -  \ \ e ^  +  {B  +  E ^ ) h k \\

< Ilfi/ifcll + llê H + ll^ fc ll

<  fiVk +  e * ( l  +  Vk), (2.1.19)

so a bound  fo r ||/iA:+i|| is given by

n, 1 1 / _  P rlk +  ek ( l  +  Tjk ) 1
\\hk+1 <  Vk+i =   7— -- ;------• 2.1.20

1 -  (1 +  Tik)ek

W c define

,  ̂ f ir j  +  e ( l +  rj) , n
^ -77 =  1 ------- ( 1  , \ ' (2.1.21)1 -  (1 +  Tj)e

so th a t r jk+1 =  i p f k { r j k ) .  W ith  th is  n o ta tion , wc have

T h e o re m  2 .1 .3 . Fo r  any T)j >  0, there is an t i  such that i f  the sequence

{ e* j £ i  approaches zero rnonotonically, then the sequence defined by

Vk+i =  V n iV k ) ,  k =  1 , 2 , 3 , . . . ,  (2.1.22)

converges rnonotonica lly  to zero.

15
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P roo f. Note that

v'c iv) =
P Prj +  e ( l + r i )

+   ------  r-nr e,
1 — (1 +  rl ) t  [1 — (1 +  T-/)̂ ]2 

so, g iven r/i > 0 ,  a ca lcu la tion  ind icates th a t ta k ing

(2.1.23)

ei
3 -  P +  2 7/1 -  y /5  -  2 P +  4 r/i +  P 2 +  4 P 7/1 +  4 t / i2/3

2(1 +  2 7/i +7 /J2)

gives <£>'(r/) <  a  <  1 fo r any e <  ei and 7/ <  7/1. F urtherm ore, i t  fo llows 

th a t since decreases m onoton ica lly , the  sequence { 7/ * , } ^ !  decreases

m on o to n ica lly  because ip( is m onotone in  e. Thus, the sequence {r)k }kL i  

converges to  its  greatest lower bound. Le t r/* =  in f  { r ^  }/)+[. T he  sequence o f 

con tractions + fjt(r/) converges u n ifo rm ly  to  ip(r)) — fir) on [0, r/i] as k  — > 00 . 

C onsider the  fo llow ing  array:

1) Pe2(Vl) ipe3(v i)  
p ^ i m )  PcPm )  

+ o ( % )  +e2(% ) P c M P

Ph)  +e3(??*)

<p{vi) =  Pm  
p ( m )  =  Pm  
+ ( % )  =  /3r/;j

I
v i m )  =  Pm

(2.1.24)

I t  is apparent, th a t ipfk (r]k) — > P m  as k  — > 0 0 . M ore precisely, given 

6 >  0, there is an N  such th a t fo r k >  N ,

M k(rlk) -  <p(rik)\ <  5 /2 , and M Tlk) -  tp{m)\ <  <V2>

so th a t

\ m + i ~ p { m ) \  =  M k(m) -  <p(m)\
<  M .k(m )  -  p (m ) \  +  M m )  -  + (+ *)!
<  5 .

T im s 7/fc+ i — > p ( v * ) >  and since we assumed r/^+i — > 7/,, we have

+ ( / / * )  =  Pm =  m  =*• m =  °»

since 0 <  f t  <  1.

(2.1.25)

(2.1.26)

(2.1.27)

□
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R em ark 2 .1.1. Recall that

Uk , w ith  \\hk \\ <  rjk ,

so by show ing th a t lim  rjk — V* — 0 , we have shown th a t the sequence o f
k—> oo

vectors u k generated by the  P P M  converge to  the  standard  basis vector <q. 

T h is  is the dom inan t eigenvector fo r the  transfo rm ed problem , since the 

firs t co lum n o f U  is rq, so Ue\ — and

U ~ 1A U e i  =  A i d  

^  A iU e , )  =  X i(U e i)  
A v i — X\V\.

(2.1.28)

F igure  2.1 illu s tra te s  the  sequence o f functions converging

u n ifo rm ly  to  the  l im it  (3r7 toge ther w ith  the sequence {r/k}kL i-

are representatives in theThe blue cui 
sequence 01

The black curves are the line p = r| 
and the limit function <|> = Bri

Sequence of 
fixed points

0.6

0.4

0.2

0.2 0.4 0.6

F igure  2.1: Convergence o f the  p e rtu rbed  power m ethod.
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W c m en tion  th a t i l l-c o n d it io n in g  in  the  dom inan t eigenvalue m ay l im it  

the  accuracy o f th is  resu lt. Recall th a t the co nd itio n  num ber fo r the trans­

fo rm a tio n  m a tr ix  U  is g iven by

K(U ) =  (2.1.29)
7

where 7  is the  inner p ro d u c t o f the  norm alized  left, and r ig h t eigenvectors o f 

A. Hence, the  co nd itio n  num ber o f U  is d ire c tly  p ro p o rtio n a l to  the  secant 

o f the  angle between the  eigenvectors. T h is  angle is a co nd itio n  num ber fo r 

the  eigenvalue [97]. Thus U  is ill-c o n d it io n e d  when Ai is ill-c o n d itio n e d .

2 .2  I n f in i t e  d im e n s io n s

T h is  section extends the power m ethod  fo r m atrices to  an in f in ite -  

d im ensional se tting . A n  in fin ite -d im e n s io n a l version o f the  power m ethod  

was used in  [4] to  give an e lem entary p ro o f o f the K re m -R u tm a n  theorem  in  

1991. T he  K rc in -R u tin a n  theorem  is an in fin ite -d im e n s io n a l extension o f a 

classic theorem  o f P erron [84] w hich , rough ly  speaking, states th a t a pos itive  

square m a tr ix  has a s im ple dom inant, eigenvalue corresponding to  a positive  

eigenvector. K rem  and R u trnan  [69] extended P erron ’s f in ite  d im ensional 

resu lt to  com pact linear operators on Banach spaces in  1950. E a rlie r proofs 

using degree theo re tic  m ethods are com plex, sec [92] fo r example. T he  ap­

proach in  [4] is to  v iew  the  power m ethod  as a discrete dynam ica l system 

on the  u n it  sphere and prove convergence to  the  app ropria te  eigenvector. 

A  dynam ica l systems approach was also used in  [68 ] to  s tu dy  the  behavior 

o f the  power m ethod  fo r nonnorm al m atrices in  f in ite  precision a rith m e tic .
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2 .2 .1  T h e  s im p le s t  case

The  sim plest p ro o f fo r the  power m ethod  occurs when the  opera to r 

has a single dom inan t eigenvalue and a com plete set o f eigenvectors, in  the 

sense th a t the  span o f the  eigenvectors is dense. T h is  is a d irec t extension 

to  in f in ite  dim ensions o f the  discussion in  §2.1.1. In  the course o f the  proof, 

we need to  use the  fo llow ing  lem m a, w hich  can be found in  [70]:

L e m m a  2 .2 .1 . Let { x i ,  ■ ■ ■ , x n}  be a l inearly  independent set o f  vectors in  

a norrned space X  (o f  any dimension, so possibly ti =  oo). Then there is a 

number C  >  0 such that f o r  every choice o f  scalars • , a „ ,  we have

T h e o re m  2 .2 .1 . Let A  be a compact operator on a H ilbert space TL, and  

suppose that A  has a single, simple dom inant eigenvalue A i and a complete 

set o f  eigenvectors {0^ i • Then the power method i te ra t ion  converges to 

a m ult ip le  o f  the dom inant eigenvector </>i corresponding to A i, provided the 

i n i t ia l  s ta rt ing  vector has a nonzero component in  the d irection o f  <f\.

Proof. We can assume w ith  no loss o f genera lity  th a t ||</>j|| =  1 fo r a ll j .  

Let, Uo be any clem ent o f 7i ,  and w rite  u Q as a linear com b ina tion  o f the 

eigenvectors <f)f

(2 .2 .1)

OO

(2 .2 .2)
l= i

Since A<pj =  Xjipj fo r a ll j ,  m  app lica tions o f A  gives

(2.2.3)
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M ov ing  the firs t te rm  to  the  o ther side, d iv id in g  by A™ and ta k in g  norms 

gives

A " ‘u 0

A™
-  C i0 i

5 " f t
<

<

<

E N
3 = 2

=  1 V j)

Ew
i= i

y!
i= i  

C ||n 0||.

(lem m a 2 .2 .1)

(2.2.4)

A mu  o
Now defin ing  qm , g iven any e >  0,

A r

Ine -  ln(C'lj^oH)

In | A21 — In |A i|

thus qm —> Ci'Ui as rn  —> 00 .

rn > ||<7m -  <4'"l|| <  £, (2.2.5)

□

R e m a r k  2 .2 .1 . T he  assum ption th a t A  is com pact rules o u t the  p oss ib ility  

o f spectra l values o the r th an  eigenvalues. I t  m ay well be th a t the  power 

m ethod  s t i l l  converges fo r noncom pact operators possessing a dom inan t 

eigenvalue.

2 .2 .2  T h e  p o w e r  m e th o d  fo r  n o n n o rm a l o p e ra to rs

In  th is  section, we show th a t under su itab le  cond itions, the  power 

m ethod  ite ra tio n  converges fo r nonnorm al operators on a. H ilb e r t space. 

The  techn ique used here also applies to  no rm a l operators, subsum ing the 

results o f the  previous subsection. A  m a jo r advantage o f th is  technique is 

th a t i t  is app licab le  to  the  p e rtu rb ed  power m ethod  in  in f in ite  d im ensions, 

as we show in  §2.2.3.
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Le t A  be a com pact opera to r on a H ilb e r t space H . Suppose th a t A  

has a single, s im ple  dom inan t c igenpair (A, v),  w ith  ||m|| — 1. L e t A i  be the 

one-d im ensiona l subspace spanned by v, so Ti  — M  ®  . Since A i  is an

in va ria n t subspacc, we can represent A  fo rm a lly  as the 2 x 2 m a tr ix  w ith  

ope ra to r entries [30]

A  =
A i  A i
0 A 3

(2 .2 .6)

where A i  G B { A i ) ,  A 2 G B ( A 4 ± , A i ) ,  and A 3 G B ( A 4 1 ). L e t u  be any 

element in  Ti  th a t does n o t lie  e n tire ly  in  A i 1 . Let, u M and ?t be the 

com ponents o f u  in  A i  and A i 1 respectively, so th a t u =  u M +  u . We 

can express the  action  o f A  on u  as a m a tr ix -v e c to r  p roduct:

A u  =
a 2 3 A im .. Aoi i  .1 M i  M L

r O 1
?0 u .L j 1A1

(2.2.7)

L e t fj, =  m a x { ||A 2||, UH3H}. In  th is  analysis, we assume th a t / i  <  |A|. 

A p p ly in g  A  again, we have

A \um +  A2u k
A  u =

A \  A i  
0 A 3 A- iU .

A \ u m  +  A x { A 2u mL ) +  A 2 ( A 3u mL ) 

A?,u ,

C on tinu ing  in  th is  way, a fte r m  app lica tions o f A , we ob ta in

( 2 .2 .8 )

A mu =
A ? u m Y , A T - ‘ ( A 2A i - \

3 = 1
JAi-[-

A™u  16 M 1

(2.2.9)

Since A i  is the  one-d im ensiona l subspacc spanned by the  dom inan t eigen­

vector v and u M G A i ,  we have u M — a$v fo r some constant a q. Fur­

therm ore, A \  is the  re s tr ic tio n  o f A  to  Ad, so A™uM =  aoXmv. Since 

A 3 G B ( A i ± ), Ag'u ± G A i 1 fo r a ll j ,  and because A 2 G B ( A i ± , A i ) ,
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A o A l u  . G M , therefore a ll o f the  te rm s in  the  sum in  the  firs t corri- 

poncnt o f (2.2.9) arc scalar m u ltip les  o f v, and the  j th te rm  in  the  sum 

conta ins the  fac to r A7™- -7. D eno ting  the  coeffic ient o f A 2 ^ ~ l u  by cy, we

m ay w rite

A rnu =
a o \ mv + E atj A

j= i  

A™u

m-J,
(2 .2 .10)

D iv id in g  by Am gives

A mu
a 0v + £ ?  z - '  \ i

j= i

J .M-1-

Am

(2 .2.11)

O u r ob jec tive  is to  show th a t (2 .2 .11) converges to  a m u ltip le  o f v as rn 

increases. D o ing  so requires tw o th ings: show ing th a t the second com ponent 

converges to  zero, and show ing th a t the  m u ltip le  o f v in  the firs t com ponent 

converges. T he  fo rm er is easy, since we assumed th a t ||j43 || <  jA |:

ll^b lA g u  ,J M r
A"

<
|A|

| u  |jI KA ± I I 0 as rn —> oo. (2 .2 .12)

T he  la t te r  is accom plished by no tic ing  th a t the  sum in  (2.2.11) docs no t 

increase w ith o u t bound, due to  the  assum ption on the sizes o f \ \A21| and

II4 »I|:
a,- \0£jV\I — 11̂ 2̂  ,' J  II II *  6  M i

<  11-̂ 2 || 11-̂ 3 IP A||Wa 

T herefore, the  second te rm  in  the  firs t component, o f (2.2.11) can be bounded

(2.2.13)

as

V -  ay

i= l
<y --  ^  Ia

3 = 1

1 -

\ U MJ- 1 (2.2.14)
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Since
A < 1,

lim
m—*oo

ao V
Xi

3 =  1

<  |«o| +
1 - p

A

<  OO, (2.2.15)

hence the  firs t com ponent in  (2.2.11) converges to  a m u ltip le  o f v.

N ote th a t i f  A  is norm a l, then  b o th  A i  and M L arc in va ria n t subspaccs, 

and A 2 =  0 in  (2.2.6) [30]. T h is  e lim inates the  sum m ation  te rm  in  (2.2.9), 

and the  power m ethod  ite ra tio n  is

a  qv
A mu

Am A T u  ,J M1
(2.2.16)

L Am
w hich  c lea rly  converges to  a av by (2.2.12).

2 .2 .3  T h e  p e r tu r b e d  p o w e r  m e th o d

As in  §2.2.2, le t A  be a com pact opera to r on a separable H ilb e r t space 

7 i  w ith  a single, s im ple  dom inan t c igcnpa ir (A ,u ), w ith  ||u|| =  1. A lso, we 

assume th a t |A j= 1  to  avoid d iv is ion  by Am in  the P P M  a lg o rith m . T h is  

am ounts to  using A_1A  in  place o f A,  so there is no loss o f generality. Le t 

Ti  — A4  ©  A i ± , w ith  A i  and A i 1 as before. Again , w rite  A  as a 2 x  2 

m a tr ix  w ith  ope ra to r entries

A
A \  A 2
o a 3

(2.2.17)

where A \  G B (A4 ) ,  A 2 G B (A A X , A i ) ,  and A 3 G B ( A i ± ). In  fact, n o rm a l­

iz ing  so th a t J A | =  1 gives A \  =  I .  F urtherm ore, le t be a sequence o f
n

com pact p e rtu rb a tio n s  such th a t ||i?fc|| —> 0, and define Pn =  +  E k).
k=i

T he  ob jec tive  is to  show th a t, g iven any m  G TC, the  sequence { u n } defined 

by u n+ 1 :=  PnU\ converges to  a m u ltip le  o f v. We can show the P P M  con­

verges using the technique presented in  [98]. T h is  analysis closely fo llows the 

developm ent in  §2.1.3, except th a t now the se tting  is in fin ite -d im e n s io n a l.
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The  p e rtu rb a tio n  operators E k can be w r it te n  as

a i '12

-21 22
(2.2.18)

where <E B ( M ) ,  e k2 e B ( M ± , M ) .  e 21 E  B ( M , M ± ), and e 22 E  

B ( A 4 X ).  A p p ly in g  Pk  to  u k yie lds a vector u k + 1 w ith  a com ponent in  M .  

and a com ponent in  M . x . We norm alize  so th a t the  com ponent in  M.  is v, 

w ith  I \v II =  1 , and w rite

Uk v E  M ,  h k E  M X. (2.2.19)

L e t ||j42II =  ck, 11A 311 =  /3, and ||.E1|| =  e*. As before, we assume th a t a  <  1 

and ft  <  1, so the  norm  o f the  ope ra to r A  is achieved at the  spectra l radius. 

I f  th is  co nd itio n  is n o t satisfied, we arc no t guaranteed convergence in  the 

ite ra tio n  below.

Le t rjk be an upper bound  fo r |j/ifc||. We derive an upper bound  r/*+ i 

fo r ||/ifc+i|| in  the  fo rm  o f the  q uo tien t o f a lower bound on the  size o f the 

com ponent o f (A  +  E k)uk in  A4  and an upper bound on the  size o f the 

com ponent in  A 4 X . We have

7  +  ef, a 2 +  4 >
( A  +  E k)uk

-21 A 3 + e 22

V ----11

( 2 .2 .20)

The  firs t com ponent v m  — ( I  +  en ) v +  (^ 2  +  Since ||u|| =  1, we

have

1 =

Therefore,

v +  ckn v — e ^ v  +  A 2u — A 2 V +  Cj2hk ~  e i 2^fcll

<  \\v m \\ +  Ik lW lI +  \\A2V\\ +  || 11

<  \ \ v M \ \ + e k +  a r]k +  ekrik . (2 .2 .21)

1 -  ot r)k -  ( 1  +  r j k ) e k <  ||u.m||- (2.2.22)
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Now, the  second com ponent vM x =  e ^ v  +  ( A :i +  so

l l ^ l l  ^  efc +  11^311% +  efc||%|| =  fif]k +  efc(l +  rlk), (2.2.23)

hence

i i ^ i i s ^ . s / " + i ; r i . (2 .2 .24 ,
1 -  ar)k -  (1 +  r)k)ek

Now, define

/■  ̂ f t7) +  e ( l +  Tj) /- o o o r ^
<P'(V) :=  1 n  , n . 2.2.251 -  ar/k -  (1 +  r/)e

so th a t r/fc+i =  iptk(rjk). T he  fo llow ing  theorem  d iffers from  Theorem  5.2

in  [98] because the  te rm  ocqk places a d d itio n a l constra in ts  on acceptable

s ta rt in g  values fo r the sequences { % }  and {e^ }. Nonetheless, w ith  th is  

n o ta tio n , we have

T h e o re m  2 .2 .2 . For  0 <  rj\ <  ------------ , there is an  e, such that  i f  the se­
at

quence {c fc lfe li approaches zero monotonical ly,  then the sequence defined 

by

r)k+1 =  ipn,(r)k ), k =  1 , 2 , 3 , . . . ,  (2.2.26)

converges monotonica l ly  to zero.

Proof.  T he  deriva tive  o f f>f is

^ ” > = 1— + (f ; + g ( 1 + r ; )i ) ( a ; ; ) . <2 .2 .27 ,
1 -  a r j  -  e (1 +  77) ( l - a r / - e  (1 +  v ) )

and a ca lcu la tion  shows th a t i f

2 — (3 a 2 +  2 \ / ] 3 a 2 — 2 a/5 +  a 2 +  a 3

61 “  2 a  +  l -  2 - J P  +  a 2 +  f i - 2  y / f i a  ’

then  <p'f (r]) <  1 fo r any e <  e\ and r) <  rj i . Furtherm ore, i t  fo llows th a t since 

{ek} (fi1=l  decreases m onoton ica lly , the  sequence {r/jt}S £ i decreases m onoton ­

ic a lly  as well. Since 0 <  r]k fo r a ll k, th is  sequence converges to  its  greatest
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lower bound. Le t 77* =  in f { 77* ; } ^ .  T he  sequence o f con trac tions  ip(k(ri) 

converges un ifo r 

fo llo w in g  array:

0T]
converges u n ifo rm ly  to  <75(77) =  ----------- on [0 , 771] as k —> 0 0 . Consider the

1 — 077

<Au(r/i) <Pe2(V l ) ^ 3{ r i i ) — > (p(r j i )  =

<P* i f e ) <Pe2('r/2) <Pt3(V2) ■■■ — ► <p(m) =

V a  (%) P e a M  ••• — ► v i m )  =

i I

2(v*)
1

^ 3(rb) ••• — > v ( r h )  =

1 -  arh

Pm
1 — ar/2 

f h i  (2.2.28)
1 — arfy

I

1 -  077*

(3r^
E v iden tly , <7y (77C — > ------------  as k  — > 0 0 . M ore  precisely, g iven 6 >  0,

1 — 077*
there is an N  such th a t fo r k >  N ,

I<Pe,.Xrlk) -  v( j }k)\  <  S/2,  and \(p(rjk) -  <77(77*)! <  6/2,  (2.2.29)

so th a t

\r)k+ 1 -  ^ ( 77* ) | =  \<Pek (r ik)  -  \

<  WuXrlk) ~  <p(rik)I +  !</>(%) -  <p(j}*)\ (2.2.30)
<  5.

Thus rjk+i — > ¥’(’'/*)> and since we assumed rj^+i  — > r}+, we have

77* =  77(77*) =  ^ V* ■ (2.2.31)
1 -  or/*

So lv ing fo r 7-7*, we get 77* =  0 or 77* =  ------ —. I t  fo llows th a t { r / fc lt lo  con-
a

verges to  7/* =  0, because i t  is decreasing m onoton ica lly , and since (3 <  1,
^ 1 - y / P  1 — /3

wc nave 7/1 <  ------------- < ----------.
a  a

□

R e m a r k  2 .2 .2 . Recall th a t 77*, is an upper bound  fo r \\hk\\, where h/,, is the 

com ponent o f the  k th ite ra te  o f the  P P M  th a t lies in  M 1 . Thus 77/t —> 0
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ind icates th a t the successive ite ra tes converge to  a vector th a t lies e n tire ly  in  

A t ;  th a t is, the  ite ra tes converge to  a m u ltip le  o f the dom inan t eigenvector 

v.

R e m a rk  2 .2 .3 . T he  num ber a  is a bound fo r ||A 2 |j. Now, A 2 E B { A 4 X ,A4) ,  

w h ich  in  some sense measures the  departu re  from  n o rm a lity  fo r the opera to r 

A.  For no rm a l operators, A I  is a reducing subspacc, and we can take 

A 2  — 0. I t  is clear th a t the  acceptable range o f s ta rt in g  values fo r 7/1 

increases as a  decreases, so i f  a  =  0 , the  hypothesis on 7/1 coincides w ith  

Theorem  5.2 in  [98].

R e m a r k  2 .2 .4 . T he  m onoton ic  behavior o f the  sequence { iJk jkL i  ensures 

th a t the  ite ra tio n  converged to  the  correct fixed  po in t. Even i f  th is  is no t 

the  ease, convergence to  r/* =  0 s t i l l  holds since

P  <  1 lirn  </?'(()) <  1 and lin n p ' ( ~ ------— ) =  7: >  1 .
e—0 c-*0 \  a  J  p

R e m a rk  2 .2 .5 . We assume th a t a  <  1 and (3 <  1. However, the  resu lt in

[98] holds fo r m atrices whose dom inan t s ingu la r value m ay be larger than

the  size o f the  dom inan t eigenvalue. T h is  is accom plished by de fin ing  a

tra n s fo rm a tio n  th a t induces a norm  th a t approxim ates the spectra l rad ius

to  a rb it ra ry  accuracy [97, 98]. Such trans fo rm ations  also ho ld  in  in f in ite

dim ensions [34, 113], so by invok ing  such a tran s fo rm a tio n  (see (2.1.11)), we

can make the  same conclusions as S tew art in  [98] in  an in fin ite -d im e n s io n a l

se tting .

R e m a rk  2 .2 .6 . T he  assum ption th a t A  and { £ ’*.}^L1 are com pact docs no t 

p lay  a role in  the  p ro o f and is possib ly unnecessary. However, i t  m ay be 

necessary in  p ractice  to  make res tric tive  assum ptions such as compactness 

or closcdncss. T he  compactness assum ption makes i t  possible to  avoid the 

p o ss ib ility  o f residual or continuous spectra.
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2 .3  E x te n s io n s  o f  th e  p o w e r  m e th o d

In  its  m ost basic fo rm , the  power m ethod  produces a sequence o f vec­

to rs  and a sequence o f num bers th a t converge to  the  dom inan t c igenpair o f 

a m a tr ix . We have shown th a t th is  idea can be extended to  m atrices th a t 

experience p e rtu rb a tio n s  a t each step o f the  ite ra tion . We have also seen 

th a t the  P P M  s t i l l  works in  an in fin ite -d im e n s io n a l se tting . We now  review  

tw o com m on extensions o f the  power m ethod. Spectral Enhancement  can 

be used to  recover subdom inan t cigcnpairs o f a m a tr ix  by sh iftin g  the  spec­

t ru m  so th a t a d iffe ren t eigenvalue becomes dom inan t. T h is  techn ique is 

often used in  con junc tion  w ith  inverse i terat ion,  w h ich  is the power m ethod  

app lied  to  the  inverse m a tr ix . We use these extensions in  la te r chapters to  

investiga te  the  s ta b ility  o f a non linear system o f o rd in a ry  d iffe ren tia l equa­

tions  and to  bound  the  effect o f line a riza tio n  fo r a-poster ior i  e rro r estim ates 

o f f in ite  clem ent com puta tions  fo r non linear d iffe ren tia l equations.

2 .3 .1  S p e c t ra l e n h a n c e m e n t

Since the  ra te  o f convergence o f the power m ethod is dete rm ined by the 

m agn itude  o f the  ra tio  o f the  tw o largest eigenvalues, the process converges 

very s low ly i f  th is  ra tio  is near un ity . I t  is possible to  overcome th is  d if f ic u lty  

by in tro d u c in g  a s h ift p and p e rfo rm ing  the  power m ethod. T h a t is, g iven an 

n x n  m a tr ix  A  w ith  eigenvalues A i, A2, . . . ,  A „, perfo rm  the  power m ethod  011 

the  “sh ifted ” m a tr ix  A  — p i ,  w h ich  has eigenvalues A 1 — p, A2 — p, ■ ■ . ,  A„ — p. 

A p p ro p r ia te ly  chosen, the  s h ift p creates a larger separation between the 

d om in a n t eigenvalues A \ — p and A2 — p, thus increasing the  convergence 

ra te  o f the  m ethod. T h is  is know n as spectral enhancement  [97].
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Spectra l enhancement is n o t new. In  1955, J.H . W ilk in s o n ’s paper [110] 

e x p lic it ly  employed th is  idea. H is paper was a re b u tta l to  a note w r itte n  

by E. Bodcw ig , w ho c la im ed a t the  tim e  th a t the on ly  reason the  power 

m ethod  enjoyed more p o p u la r ity  th a n  his own com p u ta tio na l m ethod  o f 

so lu tion  v ia  the  characte ris tic  equation  [16, 17] was th a t “ ...the  ite ra tio n  

m ethod  seems to  be s im p ler and m ore m echanical in  its  a p p lica tio n ” [18]. 

Bodcw ig  gives an exam ple o f a 4 x  4 m a tr ix  and s ta rt in g  vector fo r w h ich  

the  power m ethod  provides o n ly  fou r d ig its  o f accuracy a fte r 1200 ite ra ­

tions, exp la in ing  th a t the  slow convergence is due to  the  closeness in  size 

o f the  tw o dom inan t eigenvalues, and the  near o rth o g o n a lity  o f the  s ta rt in g  

vector to  the  dom in a n t eigenvector. He expla ins th a t the  convergence is 

no t apprec iab ly  im proved by the  choice o f a d iffe ren t s ta rt in g  vector, and 

also states (w ith  no reasons given): “ ...nor shou ld  we waste tim e  by com­

p u tin g  the  c igcnprob lcm  o f m atrices o f the  fo rm  A  +  c w ith  va ry ing  c ’s. 

T he  tim e  is b e tte r spent com pu ting  the characte ris tic  equa tion ...”  [18]. In  

W ilk in s o n ’s response, he rev is its  the  4 x 4  exam ple, in tro d u c in g  the  s h ift 

p =  2, and “ a ll fou r roo ts  were found in  a few seconds ite ra tio n  tim e ...” 

[110]. B y  way o f com parison, I perform ed these experim ents on M A T L A B  

using the  same schemes im p lem ented by the  authors. W h ile  i t  is tru e  th a t 

the  u nsh iftcd  prob lem  never gives b e tte r th a n  fou r d ig its  accuracy in  the 

dom inan t eigenvalue in  1200 ite ra tions , using p =  2 as spectra l enhance­

m ent produced fourteen accurate d ig its  a fte r 78 ite ra tions , when com pared 

w ith  M A T L A B ’s b u i l t - in  eig func tion . Furtherm ore , W ilk in so n  po in ts  ou t 

th a t B o dcw ig ’s exam ple docs no t speak to  o ther issues, such as preserving 

accuracy w ith  larger m atrices, w hich  the  power m ethod  handles b e tte r than  

a m ethod  th a t seeks to  fin d  the  characte ris tic  equation.
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2.3 .2  Inverse iteration

W h ile  spectra l enhancement can im prove the  convergence p roperties

o f the  power m ethod, i t  m ay n o t always be the  case th a t there  exists a

s h ift fo r w h ich  one eigenvalue becomes much larger th a n  the  others. O n

the  o ther hand, there arc always sh ifts  fo r w h ich  one eigenvalue is much

sm aller th an  the  others. T h is  suggests coup ling  spectra l enhancem ent w ith

the  power m ethod  app lied  to  the  inverse m a tr ix . I t  is easy to  sec th a t i f  A is

an eigenvalue o f the  m a tr ix  A  corresponding to  the eigenvector v, and p is a

scalar, then    is an eigenvalue o f (A  — p l ) ~ l w ith  the  same eigenvector:
A -  p

A v  — Xv => A v  — pv  =  Xv — f jv,  ( 2 . 3 . 1 )

so

( A  -  p l ) v  — ( X -  p)v  => • 1— - v =  ( A  -  p l ) ~ xv. ( 2 . 3 . 2 )
(A -  p)

Thus, i f  p is an in it ia l a pp ro x im a tion  to  some eigenvalue A^ o f A,  per­

fo rm ing  the  power m ethod  w ith  the m a tr ix  (A  — p i )  produces a sequence 

th a t converges to  the  eigenvector corresponding to  A^. In  im p lem en ting  the 

a lg o rith m , the  k th ite ra te  is produced by so lv ing the  linear system

(A  -  p l ) u k =  u k- i ,  ( 2 . 3 . 3 )

then  n o rm a liz ing  so th a t ||ufc|| =  1 p rio r to  proceeding to  the  next ite ra te . 

The process tends to  converge very quickly, since p  — Xk is genera lly much 

sm aller than  p  — A; fo r i  A  k, p rovided Afc is reasonably separated from  the 

o the r eigenvalues. For exam ple, i f  we begin w ith  an in it ia l vector

u o  =  C\V\ +  C2 V2  +  . .  • +  cnvn , ( 2 . 3 . 4 )

3 0
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then

Ui — (A  — p i )  1uo — - —-— V\ +  -  V2  +  . . .  +
Ai — p X2  — p

— vn . (2.3.5)

P rov ided  c*. is rough ly  the  same size as the  o ther constants, the value

is much larger th an  the  o the r com ponents o f the  vector a l t  so th a t even the 

first, ite ra te  provides a good app ro x im a tion  to  a m u ltip le  o f the  eigenvector 

corresponding to  Ax. O f course, th is  argum ent is based 011 expand ing  the 

in it ia l vector in  a basis o f eigenvectors, as in  §2.1.1. Even i f  th is  is no t 

possible fo r the  m a tr ix  A,  the  conclusion is the  same provided the  eigenvalue 

Xk is simple.

The  m a tr ix  (A  — p i )  is ill-c o n d it io n e d  i f  p is close to  an eigenvalue 

o f A,  b u t the  inverse power m ethod  w ith  sh iftin g  s t i l l  works well, even 

though  we solve the ill-c o n d it io n e d  linear system [ A  — p I ) ~ l Uk =  Uk - i  a t 

each stage o f the ite ra tio n . In  [109], W a tk ins  explains w hy th is  is so by 

v iew ing  the  num erica l so lu tion  as an exact so lu tion  to  a p e rtu rb ed  prob lem  

and considering the  residual. P rovided  the  eigenvector corresponding to  

the  desired eigenvalue is w e ll-co n d ition e d , a sm all residual im p lies th a t the 

ite ra tes arc good app rox im a tions  and the  rou tine  can be te rm ina te d  once 

the  residual is made su ffic ien tly  sm all. However, i f  the eigenvalue its e lf is 

p o o rly  cond itioned , i t  is possible th a t the  residuals never become su ffic ien tly  

sm all [112].

2 .4  L in e a r iz a t io n  a n d  th e  p e r tu r b e d  p o w e r  m e th o d

L e t 7 i  be a real H ilb e r t space w ith  inner p roduc t (•,•),  and F  a m ap 

011 TL w ith  Frcchet de riva tive  dF .  In  th is  section, we show th a t the  d if­

ference F { x  +  h)  — F ( x )  can be in te rp re ted  as the  action  o f the deriva tive

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



d,F a t x  ac ting  on h, except th a t the  deriva tive  is sub ject to  a bounded, 

linear p e rtu rb a tio n  whose norm  decreases w ith  ||fi||. Essentia lly, we take 

the  h igher order e rro r te rm  in  the  d e fin it io n  o f the  line a riza tio n  and incor­

pora te  its  effect, toge ther w ith  the  action  o f the  deriva tive . I t  is necessary 

to  v iew  the  line a riza tio n  in  th is  way in  order to  understand the  differences 

F ( x  +  h)  — F ( x )  in  te rm s o f the  p e rtu rb ed  power m ethod. B y  de fin itio n , 

we have [1, 114]

F { x  +  h) - F ( x )  =  d F ( x ) h  +  r ( h ) \  r { h )  is o(\\h\\), (2.4.1)

r ( h )  ||
where c ( | ] ' ]]] means 

m ap Eh'- H  7 i  by

E h(x)  :=

0 as h —> 0. Now, given h G define a 

x, h ) r ( h )
(2.4.2)

T he  m ap E h is linear: fo r x, y  G 7d, and a, (3 G R,

( a x  +  (3y, h ) r ( h )
E h( a x  +  (3y) =

a (x ,  h ) r ( h )  f t { y , h ) r ( h )

||/i||2 ||/t||2
(2.4.3)

=  a E h(x)  +  P E h(y).

Boundedness is also s tra ig h tfo rw a rd : fo r x  G H ,

( x , h ) r ( h )
1 1 ^ )1 1  =  

and i t  fo llows th a t

-  i|/i||2 11 1111 11 -  i|/i|| 11 1

\Eh\\  <
| |r ( / t )

so HE/Jj —> 0 as h  —> 0. A lso, the  value a t h is

^  /.x  ( h . h ) r ( h )
E h ^  =  IP , II2 ^

(2.4.4)

(2.4.5)

(2.4.6)
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so Eh(h)  is c xii n / . Now, wc can w rite

F ( x  +  h) — F ( x )  =  d F ( x ) h  +  r ( h )

-  [ d F (x )  +  E k]h, (2.4.7)

so wc can in te rp re t the  difference F ( x + h )  — F ( x )  as the action  o f d F ( x ) + E h  

on h. T h is  is im p o rta n t fo r an a lg o rith m  th a t u tilizes F ( x  4- h) — F ( x )  to  

com pute  the  action  o f the  deriva tive  in  a m a tr ix - fre e  way, so reconstruc tion  

o f d F ( x )  is n o t necessary. T h is  is an advantage when the d im ension is large, 

because n um erica lly  com pu ting  d F { x )  is p ro h ib it iv e ly  expensive. B y  casting 

the  d iffe rencing  as \ dF (x )  +  E ^ h ,  wc can appeal to  the  resu lts abou t the 

convergence o f the  P P M  and gain confidence th a t the a lg o r ith m  converges 

to  the  correct c igcnpa ir fo r the  deriva tive  d,F{x).  W c refer to  the  process 

o f em u la ting  the  action  o f d F ( x )  +  Eh  on h by com puting  the  difference 

F ( x  +  d) — F { x ) ,  as the  non l inear  power  method  (N L P M ).

For app lica tions in  w hich  wc desire in fo rm a tio n  abou t the  dom inan t 

eigenvalue and eigenvector only, wc can im p lem en t the N L P M  in  a m a tr ix -  

free w ay th a t d ire c tly  extends the  power m ethod, except, we evaluate func­

tio n  differences to  m im ic  the m a tr ix  action  on vectors. Thus, given a non­

linear fu n c tio n  F  whose Frechct de riva tive  exists and has a single dom inan t 

eigenvalue a t a p o in t U,  wc can im p lem en t the  N L P M  according to  the 

fo llow ing  a lg o rith m :

A lg o r i t h m  2 .4 .1 . The Non l inear  Power  Method f N L P M )  Case 1

1. Choose a sequence 1 >  a \  >  a 2 >■■■ o f  numbers converging mon o - 

tonical ly to zero.

2. In pu t  U, F .
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3. Choose a s tar t ing vector w i th  |jd0|| =  1.

4- Fo r  k =  1 , 2 , . . .

5. Set 8k — F ( U  +  8k~i )  — F ( U )  % emulate d F { U ) 8 k - \  by dif ferencing

8. Set 8k =  otk'Vk % decrease size o f  (k +  l ) 'st i terate by the fac to r

T he  sequence { A^}  converges to  the  dom inan t eigenvalue and { v k }  to  the 

corresponding norm alized  eigenvector o f d F { U ) .  T he  vectors {h*,} converge 

to  zero, b u t th e ir  d irections tend  tow ard  th a t o f the  dom inan t eigenvector 

as the  ite ra tio n  proceeds. B y  em ploying  equation  (2.4.7) ite ra tive ly , a t step 

k, wc have

and in  th is  case a ll the p e rtu rb a tio n  m atrices arc zero, there  is no need 

to  d rive  the  sequence {8k}  to  zero, so wc m ay take oik — 1 fo r a ll k. T he  

p roducts  arc replaced by powers, and equation (2.4.8) above is

w h ich  shows th a t the  a lg o rith m  reduces to  the  fa m ilia r power m ethod  in  

the  linear case.

% approximate eigenvalue

7. Set Vk — % normal ized eigenvector approximat ion

H ( d F ( U )  +  E S:) 80 (2.4.8)

I f  F  is linear, then

F ( U  +  8) -  F ( U )  =  F {8 )  -  d F(U)6 , (2.4.9)

(2.4.10)

34

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



T he  results in  [98] ind ica te  th a t the  convergence o f the  power m ethod  

is n o t affected by p e rtu rb a tio n s  whose norm s tend  to  zero, w h ich  is a con­

d it io n  requ ired  by the  line a riza tio n  in  the  N L P M . However, the  theo re tica l 

resu lt docs no t account fo r f in ite  precision errors in  the power m ethod  com­

p u ta tio n . T he  analysis ind icates th a t the  presence o f rou nd o ff e rro r docs 

no t s ig n ifica n tly  a lte r the  convergence resu lt, under fa ir ly  m ild  res tric tions  

on the  m a tr ix . In  [98] S tew art shows th a t, in  the  case where the  p e r tu r­

bations do n o t converge to  zero, the  ite ra tio n  defined by (2.1.22) converges 

to

77* =  ■■■ (2.4.11)
c +  V (  -  4

where

1 -  /3 -  2e
(2.4.12)

e

Now, p rovided (3 is no t too  near one (recall th a t /3 is essentia lly the  size o f 

the  sub -dom inan t eigenvalue), then  the  size o f r/„ is rough ly  the  same size as 

e. For instance, i f  the com puta tions  arc done in  IE E E  double precision, e is 

rough ly  10-14 fo r a m a tr ix  o f size 10, 000 x  10,000. I f  (3 =  0.8, then r;* =  5 x  

10-14. Thus, the  num erica l resu lt is close to  the  theo re tica l resu lt (r/* =  0) 

fo r large m atrices. I l l-c o n d it io n in g  in  the  dom inan t eigenvalue also affects 

the  accuracy o f the  resu lt, as the  above discussion applies to  the  transfo rm ed 

prob lem  d ia g ( l,  B) ,  and the  co nd itio n  num ber o f the  tran s fo rm a tio n  m a tr ix  

is p ro p o rtio n a l to  the  co nd itio n  o f the  dom in a n t eigenvalue.

T he  o p tim a l m in im u m  size o f e in  a lg o rith m  (2.4.1) is the same as th a t 

fo r the  e rro r analysis o f a difference q uo tien t in  one dim ension: wc should 

le t e get as sm all as \Z8eo, where e0 is the  size o f the  round ing  u n it. To see 

th is , le t /  : R n —> Mn and assume th a t / '  and f "  ex is t as P re d ic t deriva tives
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on a neighborhood N  o f x. T hen  T a y lo r ’s theorem  im p lies [114]

f { x  +  e) -  f ( x )  =  f ' ( x ) e  +  R, (2.4.13)

where the  rem ainder R  satisfies

l l ^ l l  <  x  sup \ \ . f "(x +  re)[e ,e]|| . 
1  r e  [0,1]

(2.4.14)

Now, since /  is con tinuous ly  G ateaux d iffe ren tiab le  in  a ll d irections, we 

m ay w rite

f ( x  +  ew) — f ( x )  =  f ' ( x ) e w  +  R,  ||m|| =  1. (2.4.15)

Since / "  is continuous, there  is a constant C  th a t bounds its  value on the 

closure o f N ,  so we get

f ( x  +  ew)  -  f ( x )
f ( x ) w < Ce

(2.4.16)

Prom  standard  results on ro u n d -o ff e rro r fo r ca lcu la tions w ith  real num bers 

[109], wc know  th a t \x — x\ <  eoMi  where x  is an app ro x im a tion  to  the 

real num ber x  w h ich  has s d ig its , and th is  holds in  h igher d im ensions. For 

instance, suppose th a t x , x , y ,  and y  €  M” , so th a t the i th com ponent o f x  

is an ,s-digit, a pp ro x im a tion  to  the  i th component, o f :r, and s im ila r ly  fo r y
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and y. I f  || • || is the Euclidean norm , wc have 

\\(x -  y) -  (x -  y)\\ =  - y » )  -  ( £<- & ) | 2^

<  { \ x i  ~  %i \  +  \Vi  ~  y»:|)2j

 ̂ \%i  | T  \l/i Vi  j T  2 | x ^  Vi  | ^

< eo N 2 +  eo l^ |2 +  2eo!x>'ilyi|^

=  * ( E W W  +  2 |z < | |* | )

=  e o ^ h  +  ^ l 2) 2

=  e0||.x- +  2/11

<  e0(||x|| +  ||y||).
(2.4.17)

Therefore , the  rou nd o ff e rro r in  the fin ite  difference a pp ro x im a tion  in  n -  

d im ensions is

[If { x  +  ew) -  / ( g ) | |  <  4e0|| / (x ) | |  ^  1

e — e

and so the  true  e rro r o f app ro x im a tion  is the  sum:

to ta l e rro r < -----------^------~

In  the  above wc assume th a t the  constant C  bounds the  value b o th  o f /  

and f "  on N .  M in im iz a tio n  w ith  respect to  e gives \/8eo fo r the  size th a t 

the  p e rtu rb a tio n s  should be allowed to  reach.

In  the  app lica tion  to  the  effects o f line a riza tio n  on a-poster ior i  er­

ro r es tim a tion  in  chapter 4, the  q u a n tity  o f in terest is no t the  dom inan t 

eigenvalue, b u t ra th e r the  norm  o f the  deriva tive  opera to r, w h ich  is g iven
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by the  dom in a n t s ingu la r value. In  cases where the  deriva tive  opera to r is 

no t norm a l, a m a tr ix -fre e  version o f the N L P M  cannot be im p lem ented 

to  recover the  norm  o f the  opera to r. Instead, wc reconstruct, the Jaco- 

b ian using a. fu ll set o f differences. W c assume th a t we arc w ork ing  in  a 

fin ite -d im e n s io n a l vector space, possib ly a fin ite -d im e n s io n a l subspacc o f 

an in fin ite -d im e n s io n a l space. L e t i be a basis fo r the space. G iven

( >  0, wc define the m a tr ix  D f F ( U )  colum nwise, where the  i th co lum n is 

given by

[D e F (U ) } t =
F ( U  +  ee*) — F { U )

e

Since wc assume th a t the  d iffe ren tia l a t U  exists, wc have

(2.4.19)

D eF ( U )  =  [ d F (U )e \  +  c i(e ), d F ( U ) e 2 +  c2(e), • • • , d F ( U ) e n +  cn(e)]

=  d F ( U )  +  E c,
(2.4.20)

where the m a tr ix  E f — [c i(e), c2(e), ■ • ■ ,c n (e)], and ||£'f || =  o(e). In  th is  

se tting , the  a lg o rith m  is as follows:

A lg o r i t h m  2 .4 .2 . The Non l inear  Power  Method ( N L P M ) - Case 2

1. Choose vo w i th  ||u0|! =  1 and  e0 >  0

2. For  k — 1 , 2 , . . .

3. Calculate the m a t r i x  D tk l F ( U )

J,. Set  v k =  D rk^ F i U y w ^ x

5. Set \ k =  (vk , v k_ i )

6. Set vk =  h
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7. Set ek <  ek_ x 

In  th is  case, a t step k  wc have

Vk =
n t c \ d u f {u ) vo [ n t o V w ) + £ fj Vo

Y \ t l D (tF{U)_ Vo [ u t o m u )  +  E fJ Vo

(2.4.21)

Now, f.k —> 0 =» 1 1 1 1  —> 0, and again the analysis ind icates th a t the 

m ethod  converges to  the  dom inan t eigenvector fo r d F ( U )  and th a t { A^ }  is 

a sequence o f increasing ly accurate app rox im a tions  to  the  dom inan t eigen­

value. Just as w ith  case 1, the  expression (2.4.21) reduces to  the  power 

m ethod  (2.4.10) in  case F  is linear. A lg o rith m s  (2.4.1) and (2.4.2) arc 

easily seen to  be s tra ig h tfo rw a rd  extensions o f the  s tandard  power m ethod 

a lg o rith m  (2.1.1) th a t wc presented in  §2.1.1.

T h is  a lg o rith m  is n o t p ra c tica l to  im p lem ent, since co m pu ting  vk in  

th is  m anner requires re -ca lcu la tin g  the  m a tr ix  D fkF { U )  a t each ite ra tio n . 

T h is  is too  expensive fo r problem s o f large dim ension. A  more p rac tica l 

im p lem en ta tion  is to  f ix  a sm all value o f e and run  the  power m ethod. From

(2.4.20), the  power m ethod  computes air app ro x im a tion  to  the  p e rtu rbed  

c igcnpa ir (A, v)  o f the  m a tr ix  d F ( U )  +  E e. F rom  results on the  p e rtu rb a tio n  

th eo ry  o f eigenvalues and eigenvectors [97], we have

and

|A — A | =  0 ( | |£ | | ) ,

\ v - v \ \ =  0 ( | | £ | j ) ,

(2.4.22)

(2.4.23)

where (A, v) is the dom inan t c igcnpa ir o f d F { U ) .  B y  reconstruc ting  an 

a pp ro x im a tion  to  the  fu ll m a tr ix  d F ( U ) ,  wc can generalize a lg o r ith m  (2.4.2) 

to  recover the  dom inan t s ingu la r value (and hence approx im ate  | |r iF ( I / ) | | )
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by using ( D f F ( U ) ) T on a lte rna te  ite ra tion s  o f the  power m ethod  and ta k in g  

the  square ro o t o f the result.

W c close th is  chapter by n o tin g  th a t our use o f the  te rm  “non linear 

power m ethod ” d iffers from  th a t o f [55] and [34], where the  au thors  use the 

te rm  to  describe ite ra tive  m ethods fo r so lv ing non linear eigenvalue problem s 

o f the  fo rm
j p L ( u )  =  f ( x ,  u (x ) ) ,  x  e H ,

\ « ( x )  =  0, x e d f i ,  )

where
N

L (u )  =  -  ^ 2  d i ( ai k (x )d ku (x ) )  +  a ( x ) u ( x ) (2.4.25)
i,k—1

is a u n ifo rm ly  e llip t ic  fo rm a lly  se lf-ad jo in t, d iffe ren tia l opera to r on a bounded, 

open region £2 C R N , w ith  various smoothness assum ptions on a,*,, a, f  and <9£2.

40

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C h a p te r  3

APPLICATION TO STABILITY 
CALCULATIONS

In  th is  chapter, wc u tiliz e  the  N L P M  to  investigate  the  s ta b ility  p rop­

erties o f systems o f o rd in a ry  d iffe ren tia l equations. A fte r  rev iew ing  basic 

s ta b ility  theo ry  fo r linearized  systems, wc discuss how to  im p lem en t the 

non linear power m ethod  to  determ ine s ta b il ity  w ith o u t reconstruc ting  the 

en tire  Jacobian m a tr ix . W c also ind ica te  how  spectra l enhancem ent can be 

inco rpo ra ted  in to  the  a lgo rithm .

3 .1  N o n l in e a r  s y s te m s  o f  o r d in a r y  d if fe r e n t ia l  e q u a t io n s

In  th is  section, wc review  the  basics o f s ta b ility  theo ry  fo r a system o f 

non linea r o rd in a ry  d iffe ren tia l equations. Sec any o f [29, 58, 62, 83, 101] fo r 

a comprehensive trea tm en t.

W c consider the non linear, autonom ous system o f d iffe ren tia l equations

u =  f { u ) ,  (3.1.1)

where u  6 R n, and /  : E  —» R n, where E  is an open subset, o f Mn . T he  

fundam enta l existence-uniqueness theorem  says the  fo llow ing:
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T h e o re m  3 .1 .1 . Let E  be an open subset o /R ”  containing uq and assume 

that  /  G C l (E ) .  Then there exists an a >  0 such that the in i t i a l  value 

problem

\ u  — f ( u ) ,  , ,
(3-L2)[u (0 )  =  uo,

has a unique solut ion u { t )  on the in terval  [—a, a].

I f  /  is m erely continuous, the  system  (3.1.2) has a so lu tion , b u t un ique­

ness is n o t guaranteed.

T he  Jacobian o f /  a t a p o in t u  is denoted by D f ( a ) .  A  p o in t uq G K n 

is an equi l ibr ium po in t  o f (3.1.1) i f  / (u o )  — 0- A n  e q u ilib r iu m  p o in t is called 

hyperbol ic i f  none o f the eigenvalues o f the  Jacobian m a tr ix  D / ( u q ) has zero 

real p a rt. T he  e q u ilib r iu m  p o in t is called a source i f  a ll o f the  eigenvalues 

o f D f ( u o) have pos itive  real p a rt, and a sink  i f  th ey  a ll have negative real 

p a rt. In  case D f ( u o )  has a t least one eigenvalue w ith  pos itive  real p a rt and 

one w ith  negative real p a rt, the  e q u ilib r iu m  p o in t is called a saddle. T he  

system

i i  — D f ( u o ) u  (3.1.3)

is called the  l i near izat ion  o f (3.1.1) a t u 0. I f  u 0 is a h ype rbo lic  e qu ilib ­

r iu m  p o in t, then  the  H a rtm a n -G ro b m a n  theorem  states th a t the q u a lita ­

tive  s tru c tu re  o f the  non linear system  (3.1.1) is the  same as the  line a riza tio n

(3.1.3) [57]. Thus, the  eigenvalues o f the  Jacobian D f ( u 0) p lay an im p o r­

ta n t role in  de te rm in ing  the  s ta b ility  o f the non linear system  (3.1.1).

3 .2  S t a b i l i t y  c a lc u la t io n s

W c give some examples o f how the non linear power m ethod  is used to  

investigate  the  s ta b ility  o f an e q u ilib r iu m  p o in t fo r a. non linear system  o f 

O D E ’s.
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3.2.1 Inverse iteration

W c use the  N L P M  to  determ ine the s ta b ility  p roperties o f the non­

linear system  (3.1.1), by de te rm in ing  the signs o f the eigenvalues o f the 

line a riza tio n  (3.1.3). I f  the system (3.1.3) is very large, i t  m ay be im p ra c ti­

cal or even im possib le to  fo rm  the  Jacobian m a tr ix  D f ( u 0) and com pute an 

c igcn -dccom position . A n  exam ple is the space d iscre tiza tion  o f a parabolic  

p a rtia l d iffe ren tia l equation. T he  N L P M  provides a way to  analyze the 

p rob lem  in  a m a tr ix  -free fashion, in  w hich  the action  o f the  Jacobian is 

app rox im a ted  by fu nc tio n  evaluations and differencing.

Suppose th a t /  : E  —> R n is C 1(E) .  I f  uq is an e q u ilib r iu m  p o in t fo r /  

and D f ( u o )  ^  0 , then  by the  inverse fu n c tio n  theorem , /  has a continuously  

d iffe ren tiab le  inverse on an open set W  con ta in ing  f { uo) -  Denote the  inverse 

by g. Now, fo r u  6  W ,  s ta rt in g  w ith

(3.2.1)

and using the  chain ru le, wc ob ta in

D (. f (g(u ) )) =  D f { g { u ) ) D g { u )  =  D u  =  I (3.2.2)

and i t  fo llows th a t

(3.2.3)

I f  Uq is an e q u ilib r iu m  so lu tion , then

f ( u o )  =  0 (0 ) =  u 0, (3.2.4)

and, in  p a rticu la r,

(3.2.5)
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In  th is  case, the  s im ple re la tionsh ip  between D f  and D g  means th a t th e ir  

s tructu res arc s im ila r, e.g. b o th  D g  and D f  arc sym m etric  (o r no t) si­

m ultaneously. In  the  ease th a t b o th  arc sym m etric , the eigenvalues arc a ll 

real and the  analysis is s im pler. La te r, when wc analyze the  e rro r o f l in ­

eariza tion  fo r com p u ta tio na l e rro r estimates, the  m ap under s tu dy  is no t 

as d ire c t ly  re la ted  to  the  “ fo rw a rd ” opera to r, and issues such as sym m etry  

and n o rm a lity  arc less clear. W hen wc com pute  the  dom inan t eigenvalue o f 

D g { 0), wc arc com pu ting  the  rec iproca l o f the sm allest eigenvalue in  mag­

n itud e  o f D f ( u o ) .  I f  the  eigenvalues { A i , • ■ - , An } o f D f ( u 0) arc ordered 

so th a t An <  Ara_ i <  ■ • ■ <  A2 <  A i, where |A„j  >  • • • >  jA2| >  |Ai | , and 

we determ ine th a t A i is negative, then  u 0 is a sink. Thus, wc ju s t need 

to  determ ine  the  sign o f the  dom inan t eigenvalue o f D g ( 0). N ote  th a t the 

c o nd itio n  on the  eigenvalues is satisfied in  some in te res ting  eases, as in  the 

semi -d isc re tiza tion  o f a pa rabo lic  problem . W c dem onstrate  th is  idea w ith  

the  b is tab le  prob lem

T he  p rob lem  has a ttra c tin g  steady sta te  so lu tions u =  1 and u  =  —1, and is 

a p ro to ty p ic a l exam ple o f rrietastabil i ty, whereby generic so lu tions converge 

to  one o f these steady states, b u t in  do ing so rem ain  nearly  s ta tio n a ry  fo r 

long periods o f tim e  [20, 24, 25, 46, 50].

F irs t, we fin d  uq =  g (0) by so lv ing  f { u )  =  0 by some num erica l m ethod. 

In  order to  determ ine the  dom inan t eigenvalue o f the so lu tion  ope ra to r o f 

the  linear p rob lem  obta ined  by lineariz ing  a round the s ta tio n a ry  so lu tion , 

we choose a random  da ta  vector d0 and com pute  successive app rox im a tions 

to  the  dom inan t eigenvalue o f g '(0 ) by sub trac ting :

u t =  uxx +  A(u  — u 3), 0 <  x  <  1, 0 <  t, 

u x (0 , t )  =  u x ( l , t )  =  0, 0 <  t, u (x,  0) given.
(3.2.6)

d i :=  g (0 +  d0) -  g (0) «  D g (0 )d 0- (3.2.7)
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In  general, the  n th ite ra te  is g iven by

dn :=  g (0 +  dn- 1) -  g { 0) «  D g( t i ) d n_ Y. (3.2.8)

A t  each step o f the  ite ra tio n , the  vector dn is rescaled to  have decreasing 

norm s since we arc lineariz ing  and the  new value is used in  the  nex t step o f 

the  ite ra tio n . T h is  way, wc em ulate the  action  o f D g ( 0) =  [D /( n o ) ]_1 on 

vectors by com pu ting  the  differences g(0 +  dn_ i)  — </(0), hence the  process o f 

co m pu ting  the differences is a way to  im p lem ent the  inverse power m ethod  

fo r the  Jacobian m a tr ix  in  the  line a riza tio n  (3.1.3).

In  th is  n o ta tion , “g(dI)”  means “ solve the  equation  f { u )  =  d fo r u ,” 

w h ich  we do n um erica lly  by so lv ing the  non linear system  o f equations 

f ( u )  — d — 0. We w ish to  make the a lg o rith m  as m a tr ix -fre e  as possi­

ble. One approach is B ro yd cn ’s m ethod, w h ich  is analogous to  N ew to n ’s 

m ethod , except th a t a secant a pp ro x im a tion  to  the  Jacobian is used [33]. 

T he  idea is th a t app ro x im a ting  the Jacobian leads to  an affine m odel th a t 

satisfies a secant, equation. In  n  >  2 d im ensions, the  secant, equation  does 

no t com p le te ly  specify the  affine m odel, so fu rth e r cond itions are imposed. 

Nam ely, wc t r y  to  m in im ize  the  change in  the  m odel and s t i l l  sa tis fy  the 

secant equation. T h is  leads to  Broyden ’s update: the  approx im ate  Jacobian 

fo r the succeeding ite ra tio n  uses the cu rren t app rox im a tion , p lus a rank  one 

update. In  [33], the  a lg o rith m  is given as:
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A lgorith m  3.2 .1 . B royden ’s M ethod

Given F  : M " R n , x 0 G R ", and A 0 e  R ;n x n

1. Do f o r  k  — 0 , 1 , . . .  :

2. Solve A ksk =  - F ( x k) f o r  sk % sk is the current  Newton step

3- %k+i ->'k +  A'fc

4. yk : =  F ( x k+1) -  F ( x k)

sk ak
% add rank one update

There  is some f le x ib ility  in  the  choice o f A 0, the in it ia l app ro x im a tion  to  

the  Jacobian. One p o ss ib ility  is to  use fin ite  differences to  app rox im a te  the 

Jacobian a t the  in it ia l p o in t x 0. T h is  m ay be costly  i f  fu n c tio n  evaluations 

arc expensive, and inaccura te  i f  xq is fa r from  a roo t. A  com m on a lte rna tive  

th a t is sim ple  and effective is to  choose A q =  —/ .  In  essence, th is  choice 

allows the  system  to  choose the  d irec tio n  o f the  firs t step. In  p ractice, 

th is  choice docs no t s ig n ifica n tly  a lte r the  perform ance o f the  m ethod, and 

is c lea rly  m ore advantageous in  te rm s o f co m pu ta tiona l expense. W c can 

fu rth e r reduce the co m p u ta tio na l cost by im p lem en ting  a lim ite d  m em ory 

B roydcn  m ethod, w h ich  reduces the m em ory storage o f the  B roydcn  m a tr ix  

from  n 2 elements to  2pn,  where p <  n  [105].

So, to  use the N L P M  to  determ ine the  s ta b ility  o f an e q u ilib r iu m  so­

lu t io n  fo r the  system  (3.1.1), wc use the  fo llo w in g  a lgo rithm .

A lg o r i t h m  3 .2 .2 . N L P M  f o r  Stabi l i ty Calculat ions

1. Compute the equi l ibr ium solut ion uq using Broy  den’s method to solve 

f ( u )  =  0. That is, compute u a — g {0).
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2. choose an i n i t i a l  s tar t ing vector S^, w i th  ||<$o|| =  1.

3. Do f o r  k =  1, 2, 3 , . . .

4- 4  =  < 7 (4 - i) -  g {0) % emulate Dg(G)5k~\

( 4 - i , 4 % approximate eigenvalue

% normal ized approximate dominant  eigenvector

% decrease no rm  o f  next i terate by the. f a c to r  a

As a il example, wc consider a se m i-d isc re tiza tion  o f the  b is tab le  rcac tion - 

d iffus ion  equation  fo r the  vector u  =  [ u j , . . .  , u n] T , w ritte n

where the  m a tr ix  A  is the  tr id ia g o n a l d iscrete Laplace opera to r, £ is a real 

param eter and the non linear te rm  is to  be in te rp re ted  as £(u,: — u3) in  the 

i th pos ition . Thus, th is  system  approxim ates the  b istab le  equation,

( u t  =  UXX +  £ ( '« -  u 3), 0 <  X <  1, 0 < t ,  (3 2 10)
[  ux (0, t )  — u x ( 1, t)  — 0, 0 <  t, u (x,  0) given,

using lum ped mass quadra tu re . N otice  th a t u  =  0, u  =  1, and u  =  — 1 arc 

so lu tions, and correspond to  the  s teady-s ta te  so lu tions o f the  PD E .

E x a m p le  3 .2 .1 . L e t n  — 6 and £ =  0.1. Beg inn ing  w ith  an in it ia l guess 

near u =  1, the  a lg o rith m  firs t finds the  e q u ilib r iu m  so lu tion  using B roy- 

dcn ’s m ethod, then  chooses an in it ia l s ta rt in g  vector and uses the  re la tions 

in  (3.2.7) to  com pute successive app rox im a tions  to  the dom inan t eigcn- 

pa ir o f the  lineariza tion . A fte r  26 ite ra tions , the  com puted eigenvalue is 

—4.9999972. B y  way o f com parison, a centered difference app ro x im a tion  to

u  — A il +  f ( u  — u 3 ) ,  u ( 0 )  =  u q , (3.2.9)
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the  Jacobian o f A u  +  £(u, — u A) a t u =  1 was perform ed and M A T L A B  was 

used to  com pute  the  fo llow ing  eigenvalues fo r the  inverse:

-5 .0 0 0 0 ,-2 .1 3 7 0 ,-0 .8 3 3 3 ,-0 .4 5 4 5 ,-0 .3 1 2 5 , and -  0.2543.

Since the  eigenvalues o f in terest arc the  reciprocals, wc conclude th a t the 

smallest, eigenvalue in  m agn itude  o f / '(n o )  is -0 .2 ,  and the  e q u ilib r iu m  

so lu tion  is stable. T he  com ponents o f the  approx im ate  d om in a n t eigen­

vector from  th is  im p lem en ta tion  o f the  non linear power m ethod  and from  

M A T L A B  are shown in  tab le  3.1.

A p p ro x im a te  dom inan t eigenvector
Power M e thod M A T L A B

0.40824784206273
0.40824807675615
0.40824817659398
0.40824837291689
0.40824853552591
0.40824873892687

0.40824829013435
0.40824829028643
0.40824829043852
0.40824829059060
0.40824829226353
0.40824828906976

Table 3.1: Com ponents o f the dom inan t eigenvector

Instead, i f  wc begin w ith  an in it ia l guess close to  u  — 0, the  non linear 

power m ethod  gives 9.9810649 as the  approx im ate  dom inan t eigenvalue (and 

the  M A T L A B  ca lcu la tion  gives 10). We conclude th a t u  =  0 is an unstable 

e qu ilib r ium .

3 .2 .2  In v e rs e  i t e r a t io n  w i t h  s h i f t in g

In  §3.2.1, wc characterize the  s ta b ility  o f a hype rbo lic  e q u ilib r iu m  p o in t 

Uq fo r the  non linear system  (3.1.1). W c d id  so by using B ro ydcn ’s m ethod  

to  com pute  the  so lu tion  u Q such th a t f ( u Q) — 0, and then  de te rm ined  the 

m agn itude  and sign o f the  sm allest eigenvalue o f the Jacobian D f ( u 0) v ia
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inverse ite ra tio n . T h a t is, wc com pute the  largest eigenvalue o f D f ( u o)_1 

in  a m a tr ix -fre e  fashion by repeated ly pe rfo rm ing  B ro ydcn ’s m ethod  011 a 

set o f d irected  p e rtu rb a tio n s  to  u 0. In  th is  way, wc em ulate the  action  o f 

D f ( u o ) ~ l 011 a sequence o f vectors whose norm s tended to  zero. T he  results 

in  chapter 2 ind ica te  th a t th is  process converges to  the dom inan t c igenpair 

o f T h is  exam ple arose from  the se m i-d isc re tiza tion  o f a parabo lic

problem , so the o rdering  o f the  eigenvalues ensures th a t de te rm in in g  the  sign 

o f the  sm allest eigenvalue in  m agn itude  fo r the  Jacobian m a tr ix  D f ( u 0) is 

su ffic ien t to  determ ine the  s ta b ility  o f the  system.

W c can generalize th is  to  a rou tine  th a t emulates the inverse power 

m ethod  w ith  sh ifting . In  th is  s itu a tio n , wc w an t the  fu nc tio n  differences to  

em ula te  the  action  o f [ D f ( u Q) — p l ) ~ l  011 a sequence o f vectors, where p is a 

constant and the  d iagonal m a tr ix  p i  sh ifts  the  eigenvalues o f ZJ/('u0) _1 by 

the  am oun t p. U n like  the  m a tr ix  ease, where the  difference between inverse 

ite ra tio n  w ith  and w ith o u t sh ifts  is s im p ly  a m a tte r o f add ing  a m u ltip le  

o f the  id e n tity  and so lv ing a sequence o f linear systems, in  the  non linear 

context, the  a lte ra tio n  is m ore involved. S h iftin g  the eigenvalues o f the 

Jacobian requires a lte rin g  the  fu nc tio n , so wc need to  make the  a lte ra tions  

in  a w ay th a t they  do n o t affect the  problem .

T he  system (3.1.1) o f O D E ’s and the  re la tionsh ips (3.2.4) and (3.2.5) 

made i t  possible to  com pute  in fo rm a tio n  abou t D f { u ^ ) ~ l by perfo rm ing  

the  differences g (0 +  d) — g {0). In  order to  co rrec tly  shift, the  eigenvalues o f

£> /(uo), g iven a scalar p, we define

} { u )  :=  f { u )  -  pu, (3.2.11)

so th a t

D f ( u )  =  D f { u )  — p i .  (3.2.12)
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Suppose th a t f ( u )  is in ve rtib le  w ith  inverse g(u).  W c can proceed as in  

§3.2.1 to  derive a fo rm u la  fo r the  de riva tive  o f g(u).  B y  d iffe re n tia tin g  b o th  

sides o f the  id e n tity

u =  g { f { u )), (3.2.13)

wc get

/  =  D \ g ( f ( u ) ) }

=  D g ( f ( u ) ) D f ( u )

=  D g ( f ( u )  — p u ) ( D f ( u )  — p i ) .  (3.2.14)

Therefore,

D g { f ( u )  -  pu ) =  { D f ( u )  -  p i )  l . (3.2.15)

Now, i f  Uq is an e q u ilib r iu m  p o in t fo r f ( u ) ,  then

D g ( - p u o )  =  (D f { u 0) -  p l ) ~ l . (3.2.16)

There  are tw o key differences between the  unsh iftcd  and sh ifted  eases. 

In  the  u nsh iftcd  ease, wc em ulated the  action  o f D f ( u o ) ~ l  by perfo rm ing  

the  fin ite  differences g(0 +  d) —g (0) ~  D g ( 0) =  D f ( u o ) ~ l . Here, wc em ulate 

the  action  o f the sh ifted  Jacobian [ D f ( u 0) — p i } " 1 by e m u la ting  the  action  

o f the  Jacobian D g ( - p u o ) .  T h a t is, wc perfo rm  the  fin ite  differences

g ( - p u 0 +  d) -  g ( - p r i o )  ~  D g ( - p u 0)d =  [D f ( u 0) -  p l ] ~ l d. (3.2.17)

N ote th a t the  p o in t abou t w h ich  the  line a riza tio n  occurs is — pua, where 

v,q is the  e q u ilib r iu m  p o in t fo r f ( u ) ,  and we use g fo r fu nc tio n  evaluations 

instead o f g. T h is  am ounts to  changing the code so th a t B ro yd cn ’s m ethod
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solves f ( u )  — pu — d, instead o f f ( u )  — d. However, the e q u ilib r iu m  p o in t 

Mo solves g ( —puo),  since g ( —puo) means “solve f ( u )  — —puo fo r u":

f ( u ) =  ~ p u 0 

=> f ( u )  -  pu  =  - p u 0, (3.2.18)

and (3.2.18) is satisfied a t u 0 since f ( u 0) =  0. Thus g ( ~ p u a) is the  same as 

f ( u )  =  0 and needs o n ly  to  be com puted once. T he  q uan titie s  g ( —piiQ +  d) 

arc com puted using B ro yd cn ’s m ethod  w ith  /  in  place o f / .

E xam p le  3 .2 .2 . A d d in g  a spectra l sh ift to  the  inverse power m ethod  can be 

useful in  eases where the  eigenvalues do n o t have the  same sign. W c repeat 

the  com puta tions  in  exam ple (3.2.1), except th a t wc le t the  param eter £ =  

—0.1. In  th is  ease, u  =  1 is s t i l l  a so lu tion , b u t the  eigenvalues no longer 

sa tis fy  the  order p ro p e rty  discussed in  §3.2.1. In  fact, using M A T L A B  to  

com pute  an c igen-dccom position  o f the  centered difference app ro x im a tion  

to  the  Jacobian, wc fin d  th a t the  eigenvalues arc

-14 .71 6 8 , -1 .2 5 0 0 , -0 .5 5 5 5 , -0 .3 5 7 1 , -0 .2 83 1  and 5.0000.

In  th is  ease, the eigenvalue 5 corresponds to  the eigenvalue A =  -  fo r
5

the  linearized  system  f ' { u o ) ,  so uq =  1 is a hype rbo lic  fixed  p o in t. U pon 

pe rfo rm ing  the  N L P M  in  th is  exam ple, the  a lg o rith m  re tu rns A =  —14.7169 

a fte r 26 ite ra tions . T h is  is an app ro x im a tion  to  the  dom in a n t eigenvalue 

o f the  inverse to  the  linearized  system, and corresponds to  the  eigenvalue 

—0.06794 fo r f ( u 0). U n fo rtun a te ly , th is  says n o th in g  abou t the s ta b il ity  o f 

the  linearized  system. W c a lte r the  p rob lem  s lig h tly  by in tro d u c in g  the  sh ift 

p =  1 and p e rfo rm ing  the  N L P M  on the sh ifted  problem . Now, M A T L A B  

com putes these eigenvalues:

-1 .2 5 0 0 ,-0 .9 3 6 4 ,-0 .5 5 5 6 ,-0 .3 5 7 1 ,-0 .2 6 3 2 , and -  0.2207.
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A fte r  26 ite ra tions , the  a lg o rith m  converges to  —1.2500, w h ich  corresponds 

to  the  eigenvalue —0.8 fo r the  sh ifted  linearized  system. U pon add ing  hack 

the  s h ift p — 1, wc fin d  th a t the  power m ethod  converges to  the  eigen­

value corresponding to  the  pos itive  eigenvalue A =  0.2 and wc can co rrec tly  

conclude th a t the  line a riza tio n  is unstable.

R e m a rk  3 .2 .1 . I t  is in te res ting  to  analyze the  reason th a t the  s h ift p =  1 

causes the  N L P M  to  converge to  the  correct eigenvalue o f the  linearized 

system  when the m agnitudes o f the tw o  largest, eigenvalues o f the  m a tr ix  

arc —14.7168 and 5, respectively. T he  reason is th a t the s h ift affects the 

spectrum  o f the  inverse (sec equation (3.2.16)), w hich in  th is  case is

-3 .5 3 2 3 , -2 .8 0 0 3 , -1 .8 0 0 2 , -0 .8 0 0 0 , -0 .0 67 9 , and 0.2000,

so the  sh ifted  spectrum  is

-4 .5 3 2 3 ,-3 .8 0 0 3 ,-2 .8 0 0 2 ,-1 .8 0 0 0 ,-1 .0 6 7 9 , and -  0.8000.

T he  reciprocals are

-0 .2 2 0 6 ,-0 .2 6 3 1 ,-0 .3 5 7 1 ,-0 .5 5 5 6 ,-0 .9 3 6 4 , and -  1.2500.

Thus, the  s h ift p =  1 causes the  eigenvalue corresponding to  the positive  

eigenvalue in  the  linearized  system  to  become dom inan t. O f course, no t 

every choice o f p has th is  effect, and o the r in fo rm a tio n  abou t the  system 

m ay be needed in  order to  make an app ropria te  choice fo r a s h ift p.

R e m a rk  3 .2 .2 . In  b o th  o f the  examples presented in  th is  chapter, we ran 

the  power m ethod  fo r 26 ite ra tions . T h is  num ber was chosen because wc 

set the  a lg o rith m  to  d iv id e  the  norm s o f successive ite ra tes by 2 in  the 

line a riza tio n  process. 26 is then  the  num ber o f ite ra tion s  requ ired  to  reduce 

the  p e rtu rb a tio n  to  yTo, where eo is the m achine num ber.

52

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



R e m a rk  3 .2 .3 . T he  com pute r program s used to  generate the  results 

examples (3.2.1) and (3.2.2) can be found  in  appendix A .
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C h a p te r 4

APPLICATION TO A -PO STE R IO R I  
ERROR ESTIMATION

Recent approaches to  com p u ta tio na l e rro r es tim a tion  based on d u a lity  

[42, 47, 48, 49, 50, 52] p rovide  useful m ethods fo r de te rm in ing  in fo rm a tio n  

abou t the  e rro r o f a num erica l so lu tion  to  a non linear problem . T he  e rror 

estim ates themselves re ly  on the  so lu tion  o f a dual  problem, w h ich  m ust be 

linearized  around the  app rox im a te  so lu tion  since the  coefficients o f the  “ cor­

re c t” dua l p rob lem  require the  tru e  (and unknow n) so lu tion . Various norm s 

o f the  dua l so lu tion  arc called stabi l i ty factors,  and are im p o rta n t com po­

nents o f re liab le  a-poster ior i  bounds on the  e rro r in  the desired fu nc tio na l 

in fo rm a tio n . The effect o f the line a riza tio n  on these bounds is unclear, and 

th is  “ e rro r o f lin e a riza tio n ” is the  s ta rt in g  p o in t fo r the ideas in  th is  thesis.

T he  o rig in a l idea fo r investiga ting  the  se n s itiv ity  o f the  e rro r estim ates 

on line a riza tio n  was to  im p lem ent a N L P M  to  produce a p e rtu rb a tio n  to  

the approx im ate  so lu tion  th a t caused the  largest change in  the  dua l so­

lu t io n , thus g iv in g  some in d ica tio n  o f the m agn itude  and d irec tio n  o f the 

w orst possible effect o f line a riza tio n  on the e rro r bound. T he  opera to r wc 

investiga te  in  th is  con text is the  m ap from  the  approx im ate  fin ite  element 

so lu tion  around w h ich  wc linearize, to  the  corresponding so lu tion  o f the
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dua l problem . T he  hope was th a t th is  could be done in  a m a tr ix -fre e  m an­

ner, since the  idea was to  app ly  th is  to  problem s o f very large dim ension, 

i.e. d iscre tiza tions o f e llip t ic  problem s. However, the power m ethod  cannot 

accom plish th is  goal unless the  deriva tive  o f the  opera to r under consider­

a tion  is norm al. U n fo rtun a te ly , the  m ap from  the  fin ite  element so lu tion  

to  the  dua l so lu tion  tu rn s  o u t to  be generally nonnorm al. B y  pe rfo rm ing  

the  N L P M  a lte rna te ly  w ith  the  action  o f the deriva tive  and its  transpose, 

wc can em ulate a s ingu la r value decom position  th a t docs converge to  the 

desired d irec tio n  o f largest change. However, em u la ting  the  action  o f the 

transpose requires num erica lly  reconstruc ting  the  m a tr ix , so our procedure 

is very m em ory intensive.

T he  o u tlin e  fo r th is  chapter is as fo llows: F irs t, wc compare and con­

tra s t a -p r io r i  and a-poster ior i  e rro r estimates, and review  some recent de­

velopm ents in  a-poster ior i  es tim a tion , p r im a r ily  fo r f in ite  element com puta ­

tions. W c give m ore deta ils about the  specific type  o f a-poster ior i  estim ators 

re levant to  th is  thesis. N ext, wc discuss the general line a riza tio n  issue in  

the  con tex t o f tw o -p o in t boundary  value problem s. Then, wc define the 

m ap <F between the  approx im ate  so lu tion  U  to  the  fo rw ard  p rob lem  and 

the  dua l so lu tion  4> th a t corresponds to  linea riz ing  around U.  T he  rem ain ­

der o f the  chapter is devoted to  an exam ina tion  o f th is  m ap. We use the 

G reen’s fu n c tio n  to  derive an e x p lic it fo rm u la  fo r the  action  o f the  deriva­

tive . W c make an im p o rta n t connection to  an earlie r paper o f R h c in b o ld t 

[85] on the  co nd itio n in g  o f non linear problem s, and end the  chapter w ith  

some discussion o f how the  ideas arc im p lem ented num erica lly.
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4.1 A - p r io r i  and a -p oster io r i  e rro r es tim ation

S olving p a rtia l d iffe ren tia l equations w ith  a com pute r genera lly involves 

co m pu ting  an a pp ro x im a tion  to  the  true  so lu tion  o f the  problem . Q uan­

t ify in g  the  e rro r invo lved  in  the  app ro x im a tion  is an im p o rta n t p a rt o f 

the  process, as “ accurate num erica l app rox im a tions m ay give m eaningfu l 

in fo rm a tio n  abou t exact so lu tions, w h ile  com p le te ly  inaccura te  num erica l 

app rox im a tions  do no t con ta in  m eaningfu l in fo rm a tio n ” [48].

Estim ates o f the  e rro r w h ich  arc com puted  before the  num erica l calcu­

la tio n  is perform ed arc called a-p r io r i  estimates, and estim ates th a t u tiliz e  a 

p a rtic u la r  com puted  so lu tion  (and arc thus com puted  a fte r the  app rox im a­

tio n  has been made) arc called a-poster ior i  estimates. In  [42], the  authors 

say the  fo llow ing  abou t the  tw o types o f e rro r estimates:

T ra d itio n a lly , the  e rro r analysis o f num erica l m ethods fo r d if­
fe ren tia l equations has been o f a-p r io r i  type  w ith  a dependence 
on the  unknow n exact so lu tion  and appears to  require  a ‘com­
ple te  unders tand ing ’ o f the  p rob lem  in  order to  be useful from  a 
q u a n tita tiv e  p o in t o f view . In  the a-poster ior i  e rro r analysis the 
‘unde rs tand ing ’ is replaced by com puting , w hich opens the  pos­
s ib il ity  o f q u a n tita tiv e  e rro r con tro l fo r com plex problem s. In  
the  s p ir it  o f synthesis, wc conclude th a t a-pr i o r i  and a-poster ior i  
analysis serve d iffe ren t purposes and b o th  are fundam enta l.

A - p r i o r i  estim ates arc useful fo r p rov ing  th a t a num erica l scheme con­

verges to  the exact so lu tion  as the  d isc re tiza tion  param eter gets sm all, or 

th a t a num erica l m ethod  produces the  best possible app ro x im a tion  to  the 

true  so lu tion  in  some norm . In  [47] fo r exam ple, Estep studies the  in it ia l 

value prob lem
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in  R rf, d >  1. T he  piecewise constant d iscontinuous G a lc rk in  (dG ) sciic inc 

is given by

Y { t n )  +  r  s) ds =  (4.1.2)
J t n - 1

where Y  is a piecewise constant app rox im an t to  the so lu tion  y  on each 

in te rva l [tn- i , t n\. A n  a -p r io r i  analysis shows th a t the  dG  a pp ro x im a tion  

converges as q u ick ly  as any o ther app ro x im a tion  o f y in  the f in ite  element 

space, and an o p tim a l order e rro r bound  is g iven by

II Y ( t n) -  y ( t n) || <  S ( t n) inaxfcm m ax
rn < n

dy

dt
(4.1.3)

where km is the  rnth tim e  step. Here, || • || denotes the Euclidean norm  on 

W l , and S ( t „ )  is a constant determ ined by the  accum ula tion  o f e rro r over 

the  in te rva l o f com pu ta tion . A  typ ica l bound fo r S ( t n) is g iven by

  1
S ( t n) <  ~ — ■ (4-1.4)

Such estim ates ty p ic a lly  resu lt from  the  app lica tion  o f G ro n w a ll’s inequa lity , 

and account fo r the  w orst possible ra te  o f e rro r g row th . Note also th a t the 

bound  depends on deriva tives o f the unknow n fu nc tio n  y ( t ) .  T he  bound 

(4.1.3) is su ffic ien t to  prove convergence, b u t the  constant L  m ay be qu ite  

large in  general, and therefore (4.1.3) m ay o n ly  be rough ly  the  same size 

as the  true  e rro r ||Tn — y { t n) || fo r a short transient- period, so (4.1.3) m ay 

grossly overestim ate the  tru e  e rro r o f the ca lcu la tion . For th is  reason, a- 

p r i o r i  estim ates are ty p ic a lly  unsu itab le  fo r garnering  in fo rm a tio n  about, 

how to  con tro l the  e rro r o f an app rox im a tion . For th is, wc use a-poster ior i  

estimates.

A-poster io r i  estim ates p rovide  bounds th a t invo lve the  com puted solu­

t io n  itse lf. These e rro r bounds arc given in  te rm s o f com putab le  quantities ,
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and arc w ell su ited fo r adaptive  e rro r co n tro l m ethods, m eaning the  estim ate 

is used to  make some im provem ent to  an ite ra tive  scheme (e.g. adap tive ly  

re fin ing  the  mesh in  a sequence o f fin ite  clem ent ca lcu la tions) w ith  a view  

to  reducing  the e rro r and l im it in g  co m p u ta tio na l expense. In  contrast to  

the  a -p r io r i  estim ate  (4.1.3), Estep derives the  a-poster ior i  estim ate

l ! ^ ( t n) -  y { t n) I! <  S ( t n ) m ax km Y t̂m^ (4.1.5)
m < n

fo r the  dG  fin ite  element m ethod  fo r an autonom ous problem . Here the 

bound  docs no t depend on unknow n deriva tives o f y, b u t i t  docs conta in  

the  te rm  S ( t n), w h ich  is again a constant th a t measures the  accum ula tion  

o f error. T he  au tho r shows how to  avoid using ove rly -la rge  bounds 011 

S ( t n) by d e riv in g  an a-poster ior i  a pp ro x im a tion  to  S ( t n) th a t converges to  

S ( t n) as Y  converges to  y, and th is  provides the  means to  estim a te  the 

accum ula tion  o f e rro r in  a p a rtic u la r  com pu ta tion . Thus the a-poster ior i  

bound  can be used to  govern the  adaptive  aspects o f a p a rtic u la r  num erica l 

ca lcu la tion  by p ro v id ing  loca l bounds th a t arc rough ly  the  same size as the 

e rro r in  order to  ind ica te  w h ich  regions o f the  dom ain  require refinem ent in  

order to  lower the e rro r in  those regions w ith o u t unnecessarily re fin ing  in  

regions where the  e rro r is sm all.

4.2 R ev iew  o f a-p o s te r io r i  results

Research in  the area o f a-poster ior i  e rro r es tim a tion  is re la tive ly  new, 

spawned p r im a r ily  by the  success o f the fin ite  clem ent m ethod. M any c red it 

its  beg inn ing  w ith  the  sem inal paper [7] o f Babuska and R h c in b o ld t in  

1978, in  w hich  the  au thors  present various a-poster ior i  es tim a tors  fo r fin ite  

clem ent so lu tions to  o rd in a ry  d iffe ren tia l equations. T h e ir  paper presents
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the  basic e rro r analysis fo r linear, s e lf-a d jo in t, e llip t ic  tw o -p o in t boundary  

value problem s o f the fo rm

Liu'l = - ic(a(x)̂ ) +b(x)u = f' : c e ( ° ' 1) (4 .2.1)
0) =  u(  1) =  0,

as w ell as the  eigenvalue prob lem

L W  = - ^ ( a W ^ ) + 6 W «  = A«, (4 2 2)

0) =  u ( l )  =  0.

T he y  also present results fo r the  parabo lic  prob lem

~  i t  ( ° ^ ^ ) + b̂ u= f(-x’ ̂  Vx e 1 4̂'2,3)
w ith  the boundary  cond itions

u(0, x)  =  0, x  €  / ,

u(t ,  0) =  u(t ,  1) =  0, t  >  0.
(4.2.4)

T he  au thors  derive com putab le  a-poster ior i  estim ates fo r each type  o f p rob ­

lem  in  an asym p to tic  fo rm  fo r h  —> 0 where h measures the  size o f the 

elements. These ideas arc extended and m ore fu lly  analyzed in  the  context 

o f adaptive  mesh refinem ent in  several la te r papers by the  same authors 

[8, 9, 10, 86], Since then, much w ork  has been done in  the fie ld , p a rtic u ­

la r ly  as i t  relates to  adaptive  techniques fo r the  fin ite  element m ethod. See 

[2, 11, 14, 15, 19, 26, 27, 28, 37, 43, 44, 45, 51, 67, 75, 78, 115].

In  1994, V e r f iir th  [106] classifies a-poster ior i  e rror estim ates w ith in  the 

fram ew ork o f f in ite  element m ethods in to  four categories:

1. Residual  est imates’. E s tim a te  the  e rro r o f the  com puted num erica l 

so lu tion  by a su itab le  norm  o f its  residual w ith  respect, to  the  strong 

fo rm  o f the  equation.
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2. Solut ion  o f  local problems: Solve loca lly  discrete problem s s im ila r to, 

b u t s im p ler th an  the  o rig in a l p rob lem  and use a pp rop ria te  norm s o f 

the loca l so lu tions fo r e rro r estim a tion .

3. Sharp a -p r io r i  estimates:  D erive  sharp a-p r io r i  estim ates and use 

su itab le  h igher order difference quo tien ts  o f the com puted num erica l 

so lu tion  to  estim ate  the h igher order deriva tives appearing in  the  a- 

p r i o r i  e rro r estimates.

4. Averaging methods: Use some loca l averaging technique fo r e rro r es­

tim a tio n .

He provides references fo r research on each type  o f es tim a to r in  [106] and 

also [107]. In  [106], the  a u th o r presents a general fram ew ork fo r d e riv ­

ing  residual based a-poster ior i  e rro r estim ates in  the  energy norm  fo r ap­

p rox im a te  so lu tions to  non linear problems. In  th is  abs trac t approach, he 

considers non linear equations o f the  fo rm

F ( u )  =  0 (4.2.5)

and corresponding d iscre tiza tions

F h{uh) =  0 (4.2.6)

where F  6 C \ X , Y * ) , F h £  C ( X h, Yf* ) , X h C X  and Yh C Y  arc fin ite  

d im ensional subspaccs o f Banach spaces X  and Y,  w ith  dua l spaces X *  and 

Y *  respectively. A  s im ila r approach is taken in  [12] fo r non linea r problem s

F ( u )  =  0 in  X *  (4.2.7)

where X  is a H ilb e r t space w ith  dua l space X *  and F  : X  —> X * .  Here,

the  au thors prove upper and lower bounds fo r a-poster ior i  e rro r estim ates 

in  the  L 2  norm .
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La te r, V c r f i i r th ’s book [107] provides a review  o f research in  a-poster ior i  

estim ates, p a rtic u la r ly  as i t  applies to  adaptive  mesh refinem ent techniques. 

He uses Possion’s equation w ith  m ixed  D ir ic h lc t and Neum ann boundary  

cond itions  as a m odel p rob lem  and derives e rror estim ators o f the  four types 

described above, and discusses th e ir  efficiency. He then reviews the  theo ry  

fo r non linear equations and presents several f in ite  element d iscre tiza tions fo r 

various e llip t ic  P D E . T he  book also conta ins nearly  one hundred  references 

to  papers and tex tbooks  on a-poster ior i  m ethods in  com p u ta tio na l e rror 

es tim a tion . However, V c r iir th  makes no m en tion  o f the d u a lity /v a r ia tio n a l 

approach to  a-poster ior i  e rro r es tim a tion  th a t wc discuss in  th is  thesis.

O u r approach to  a-poster ior i  e rro r es tim a tion  has its  roo ts  in  the works 

o f Johnson, Eriksson, Estep, Larson, W illia m s  and Harisbo, in  w h ich  esti­

m ations o f the  e rro r arc com puted  in  te rm s o f residuals and a va ria tio n a l 

analysis using d ua lity . T h is  approach is discussed in  de ta il in  the  next sec­

tions. T he  basic ideas were f irs t in troduced  fo r linear pa rabo lic  equations 

by E riksson and Johnson [67], where i t  is possible to  bound the s ta b ility  

factors a-pr ior i .  Estep firs t developed the  idea o f so lv ing the  a d jo in t p rob­

lem  to  com pute  s ta b il ity  factors in  the  context o f non linear O D E ’s [47], 

and la te r extended these ideas to  P D E ’s. T he  m onograph [52] conta ins 

a rigorous and comprehensive analysis o f th is  m ethod app lied  to  systems 

o f rca c tio n -d iffu s io n  equations. I t  is in  [52] and [47] th a t the  issue o f l in ­

eariza tion  e rro r fo r a-poster ior i  estim ates fo r non linear equations is firs t 

m entioned. M ore recent works invo lv in g  a-poster ior i  e rro r estim ates based 

on d u a lity  and va ria tio n a l analysis can be found  in  [23] and [81]. A d jo in t 

m ethods arc also used in  o the r contexts, such as param eter recovery fo r 

inverse problem s [103].
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4.3 A -p o s te r io r i  estim ates based on residuals and varia tio n a l

In  th is  section, wc discuss the  approach to  a-poster ior i  e rro r analysis 

th a t wc use in  th is  paper. W c beg in  w ith  systems o f a lgebraic equations, 

w h ich  provides a s im ple  and fa m ilia r con text in  w hich  to  f ix  ideas. Wc 

then  discuss these ideas in  the  context o f num erica l so lu tions fo r tw o- p o in t 

b oundary  value problems.

4.3 .1  A n  analogous approach in  th e  solution o f algebraic equa-

O u r approach to  a-poster ior i  e rro r analysis is re la tive ly  s im ple to  ex­

p la in  in  the  context o f the  num erica l so lu tion  o f a system o f a lgebraic equa­

tions. T he  p rob lem  here is to  estim ate  the  e rro r o f a num erica l so lu tion  

X  «  x  o f a system o f a lgebraic equations

where the  da ta  6, n o n lin c a rity  F ,  and the  so lu tion  x  a ll have the  same 

fin ite  d im ension. W c assume th a t a num erica l so lu tion  X  o f (4.3.1) has 

been com puted in  some fashion and wc seek to  estim ate the  unknow n e rror 

e =  x  -  X .

To s ta rt w ith , wc consider the s im p ler ease o f a linear system  o f equa­

tions,

analysis

tions

F ( x )  =  b (4.3.1)

A x  =  b. (4.3.2)

T he  residua l e rro r o f X  is defined as

R : =  A X  -  b (4.3.3)
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and is genera lly no t zero. T he  p o in t is to  re la te  the e rror e to  the  com putab le  

residual e rro r R. F irs t, wc can use the  fact th a t the residual e rro r o f the 

tru e  so lu tion  is zero to  w rite

A s -  - R ,  (4.3.4)

and then  t r y  to  o b ta in  an estim ate  o f the  e rro r by so lv ing  th is  equation 

app ro x im a te ly  in  some fashion. T h is  is no t the  approach th a t we use in  

th is  thesis b u t i t  is re la ted  to  the  classic m ethod  o f es tim a ting  the  e rror 

using h igh  order asym p to tic  e rro r estimates.

Instead, wc settle  fo r the  less am b itious goal o f o b ta in ing  an estim ate  

on the  size o f a p ro je c tio n  o f the  error. W c in troduce  the dua l prob lem

A r cp =  ip, (4.3.5)

where 'tp is any u n it  vector. U sing (•, •) to  denote some inner product, w ith  

corresponding norm  || ■ ||, wc get an exact, representa tion o f a p ro je c tio n  o f 

the  e rro r by com pu ting  the  inner p roduc t

I (e, 'ip) | =  | (e, A T cp) | =  | (Ae, <p) | =  | (R, <p) \ (4.3.6)

w h ich  leads d ire c tly  to  the  e rro r bound

\ (e,P;) \<\ \cP\\ \ \R\\ .  (4.3.7)

Since the  residua l R  is com putab le , i f  we solve the  dual p rob lem  num erica lly

or ob ta in  an estim ate  on the  size o f <p> in  some o the r way, then  wc ob ta in

an estim ate  on the  size o f the  p ro je c tio n  o f the  e rro r in  the  d irec tio n  o f the 

da ta  fo r the  dua l problem . I f  wc could  be so fo rtun a te  to  choose ip — — -
INI

fo r exam ple, then  wc ob ta in  an estim ate  on ||e||. To ob ta in  an estim ate  on
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the  size o f the  firs t com ponent o f e, we choose ip — [10 0 • • • 0 ]T , whereas 

to  o b ta in  an estim ate  on the  average o f the  com ponents o f the  e rror, we 

choose ip =  [11 • • • 1]T .

T he  q u a n tity  ||<̂ || is ca lled the  s ta b ility  fac to r fo r th is  problem , and i t  

is re la ted  to  the  co nd itio n  num ber o f A.  In  fact, i t  fo llows th a t

<  c o n d ^ (A )  (4.3.8)

where c o n d ^ (A )  =  ||</>|| ||A|[ =  [ [A "7 ?/'!! ||A|| can be in te rp re ted  as the  con­

d it io n  num ber o f the m a tr ix  A  re la ted  to  ip. Hence the s ta b il ity  fac to r is a 

measure o f the se n s itiv ity  o f num erica l so lu tions o f the p rob lem  to  com pu­

ta tio n a l errors.

R e tu rn in g  to  the  non linear p rob lem  (4.3.1), the  residual e rro r is now

R  =  F ( X )  -  b, (4.3.9)

w h ich  im m e d ia te ly  gives

F(x)  ~ F { X )  =  ~ R .  (4.3.10)

To o b ta in  a linear equation fo r the  error, wc use the  mean value theorem  

fo r in teg ra ls  in  the fo rm

F ( x ) - F { X ) =  f  F ' ( s x  +  ( l - s ) X ) ( x - X ) d s  (4.3.11)
Jo

where F '  is the  Jacobian m a tr ix  o f F .  A p p ly in g  th is  to  the last re la tion , 

wc get

Ae =  - R  (4.3.12)

w ith

A  =  [  F ' ( s x  +  (1 -  s ) X )  ds, (4.3.13)
Jo
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w hich  is the  m a tr ix  obta ined by averaging F '  a round po in ts  on the  line 

jo in in g  x  and X .  W c now fo llow  the  va ria tio n a l analysis fo r the  linear 

p rob lem  o u tline d  above to  ob ta in  an estim ate  on a p ro je c tio n  o f the  e rror 

in  te rm s o f the  residua l and the  s ta b ility  fac to r corresponding to  the  linear 

dua l p rob lem  defined using A.

4.3 .2  L in eariza tio n  e rro r for non linear problem s

T he  analysis in  the  §4.3.1 applies when F ( x )  — b is an o rd in a ry  or 

p a rtia l d iffe ren tia l equation, w h ich  m ay be non linear. I f  wc denote the  true  

and approx im ate  so lu tions by u  and U,  respectively, then we have

- R  =  F ( u )  -  F ( U )

=  ( ^ 1  F ' ( U  +  s [u  -  U ) )  c k j  (u -  U)

=  Ae.  (4.3.14)

I t  is clear from  (4.3.14) th a t com pu ting  the  e rro r estim ate requires kn ow l­

edge o f the  true  so lu tion . A n  e rro r o f line a riza tio n  is in troduced  when we 

make the  replacem ent

A =  f  F ' ( U  +  s(u — U))  ds A  — F ' ( U ) ,  (4.3.15)
Jo

and fo rm  the  dua l prob lem  A T <j> — i/j , w h ich  corresponds to  lineariz ing  

a round the approx im a te  so lu tion . W h ile  the  disadvantage is th a t th is  is the 

so lu tion  to  the  w rong dua l problem , the  so lu tion  <f> is com putab le , whereas 

the  dua l so lu tion  to  A T(f) — ip is unknowable since A  depends on u. In  

p ractice, the com p u ta tio na l e rro r estim ates tend  to  be accurate on a w ide 

va rie ty  o f non linear problem s. Id e a lly  wc w ou ld  like  to  understand  the  true

effect o f th is  e rro r o f linea riza tion . T h is  is no t possible since wc do n o t know
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the  d ire c tio n  from  the  approx im ate  so lu tion  to  the  true  so lu tion . However, 

we can s tu dy  the  effect on the dua l so lu tion  o f in tro d u c in g  a sm all p e rtu rb a ­

tio n  to  the  approx im ate  so lu tion  abou t w hich  we arc lineariz ing . T he  c la im  

is th a t i f  we could  fin d  the  p e rtu rb a tio n  th a t causes the largest, possible 

change in  </;, we could  then  fin d  bounds fo r the  effect o f the line a riza tio n  

error, p rov ided th a t the  dua l so lu tion  varies sm oo th ly  as a fu n c tio n  o f the 

fo rw ard  so lu tion , and the tru e  and com puted so lu tions arc su ffic ien tly  close.

4 .3 .3  T w o -p o in t bo u n d ary  value problem s

Le t u =  u (x )  and U  =  U (x ) denote the  tru e  and approx im ate  so lu tions 

to  the  two- p o in t boundary  value prob lem

( - ( ( a ( u ( x ) , x ) u ' ( x ) y  +  b {u ( x ) , x ) u ' { x )  =  f ( u ( x ) , x ) ,
< (4.3.16)
\ u (  0) =  u ( l )  =  0.

For ease o f n o ta tion , we suppress the  dependence o f the coefficients, da ta  

and so lu tion  on the  independent variab le, and w rite

— (a {u)u ' ) '  +  b(u)u '  — f ( u ), (4.3.17)

where i t  is understood th a t u =  u (x) ,  a (u ) =  a ( u ( x ) , x ) ,  b(u) =  b (u (x ) , x ) ,

and f ( u )  — f ( u ( x ) , x ) .  T he  residual R { U )  is the  q u a n tity  rem a in ing  when

the  app rox im a te  so lu tion  is su bs titu te d  in to  the  equation, and the  true  

so lu tion  solves the equation exactly, so we have

-  (a ( U ) U ' ) '  +  b(JJ)U' -  f ( U )  -  R (U ) ,  (4.3.18)

and

— ( a ( u ) u ) '  +  b(u)u — f ( u ) =  0. (4.3.19)
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Subtracting these equations gives

{ (a (u )w ')  -  ( a ( U ) U ' ) }  +  {b (u )u '  -  b {U ) U ' }

L in ea riz in g  the  term s on the  le ft-h a n d  side gives

f d

/o ds
i (su  +  (1 — s )U ) ( s u  +  (1 — s)U ' )  

' r l  d ~

ds

+ | J o  d s
b(su +  (1 — s )U ) (su  +  (1 — s)U' ) ds

f ( s u  +  ( 1 -  s ) U ) d s  > (u  - U )  =  - R ( U ) .  (4.3.21)

Now, equation  (4.3.21) can be w r itte n  as

-(de' +  ae )1 +  (be +  f ie) — f e  =  —R ( U ), (4.3.22)

where e, u — U  is the difference between the true  and app rox im a te  solu­

tions, and

r-if  a(su  +  (1 — s)U)  ds,
Jo

b : =

a ( s u  +  (1 — s )U ) (su  +  (1 — s)U' )  ds,

f b { ,
Jo

su +  (1 — s )U)  ds,

f i : =  b \ s u  +  (1 — s )U ) { s u '  +  (1 — s ) U r) ds, 
Jo

f  —  [  f ( s u +  (1 -  s )U )d s .
Jo

(4.3.23)

In  the  above, and in  w ha t fo llows, the  p rim e  sym bol on any o f the  coefficients

a, b o r /  denotes d iffe re n tia tio n  w ith  respect to  the  firs t dependent variab le,

b u t n o t the  second. In  o the r words, we take a '(u)  to  mean — , ra th e r than
dn
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— , and s im ila r ly  fo r b'{u)  and f ' ( u ) .  However, u \  U '  and )>' s t i l l  refer to
dx
d iffe re n tia tio n  w ith  respect to  x.

N ote th a t

d d

=
a(su  +  (1 — s )U)  ds{u  — U )

ivo

f  ~—(a(su  +  (1 — s ) U ) ( u  — U))  ds 
Jo dx

j  ^a ' (s u  +  (1 — s )U ) ( s u  +  (1 — s )U ' ) ( u  — U)

+  a(su  +  (1 — s )U ) (u '  — U')^j  ds

(4.3.24)=  ae +  ae

and s im ila r ly  fo r — - [be], so we can w rite  (4.3.22) as 
dx

- ((be)1)1 +  (be)' -  f e  =  - R  ( R =  R (U ) ) . (4.3.25)

We can derive the  exact dua l prob lem  fo r (4.3.16) from  (4.3.25), and then 

o b ta in  the dua l p rob lem  corresponding to  lineariz ing  around the  approx­

im a te  so lu tion  U . To derive the  dua l p roblem , we m u lt ip ly  (4.3.25) by a 

fu n c tio n  )> =  ))(x),  w ith  0 (0) =  (f)(1) — 0, and in teg ra te  by parts:

r  1
— R<j) dx

-  fJo

-  fJo

- fJo

-((be)')'cf) +  (be)'(f) — fe)>dx  

(be)')) '  — (be)))' — f e ) ) d x  

be))" -  (be)))' -  ~fe))dx 

(a))" — b)> — f )>)edx (4.3.26)

Here,

a))" -  b)J -  / 0  =  if), 

0(0) = 0(1) = 0
(4.3.27)
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is the  dua l p rob lem  fo r the  boundary  value p rob lem  (4.3.16). E qua tion

(4.3.27) should be solved in  order to  produce the  app ropria te  p ro je c tio n  

o f the  e rro r c in  the  d irec tion  o f i/j as described in  (4.3.6). O f course, 

the  coefficients a, b, and /  depend on the  unknow n true  so lu tion  so we 

cannot solve (4.3.27) fo r (f>. R eplacing u  w ith  U  in  (4.3.23) fo r a, b, and /  

corresponds to  linea riz ing  around U,  and yie lds the  fo llow ing  approx im ate  

dua l problem :
f  a { U W  -  b { U W  -  f'(U)</> =

\ m  =  <f iw =  o.

We solve (4.3.28) num erica lly  using the  fin ite  element m ethod, w h ich  re­

quires expressing the p rob lem  in  weak fo rm . E qua tion  (4.3.28) is equ iva lent 

to
f  -  (a(U)d>'y +  (a ' (U ) U '  -  b(U))  #  -

U ( 0 )  =  ^ (1) =  0. (4-3'29)

See (4.7.2) and the  re levant codes in  (B .2.2) fo r the  m ethods we use to  solve 

th is  problem .

4 .3 .4  A n  a lte rn a te  rou te  to  lin eariza tio n

So far, the  rou te  has been to  d iscretize a given problem , then linearize. 

B y  u t iliz in g  the G ateaux deriva tive , we show th a t the  same fo rm u la  fo r the 

linearized  p rob lem  arises when we linearize p r io r  to  d iscre tiza tion . U pon 

w r it in g  (4.3.17) in  weak fo rm , the  s itu a tio n  is as follows: fin d  u  €  V  such 

th a t

f  a ( u ) u ' v ' d x +  f  b(u)u 'v  ~  j  f v  =  0. (4.3.30)
Jo Jo Jo

T h is  is a roo t equation  fo r a non linear fo rm  ((F ( u ), v)) =  0, where ( (F(-) ,  •)) :

V  x  V  —> 0. T he  G ateaux deriva tive  o f { {F(u ) ,v ) )  is ((F ' ( u ) w , v )) ac ting  on

V  x  V  x  V.  We need to  com pute

lim  7  { ((F(u  +  6w) ,v) )  -  ( (F(u) ,  -u»] . (4.3.31)
A->o d
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Using (■, ■) to  denote the L 2  inner p ro du c t, (4.3.31) becomes

lirn  (a(u  +  5w) {u  +  8w) ' ,  v' )  +  (b(u +  Sw)(u  +  Sw)1, u) — ( f ( u  +  Sw) ,v )  
<5 -> 0  0 [

-  ^ [ a ( u ) u ' , v ' )  +  {b (u)u ' ,v )  ~  ( / ( u ) , u ) ^ | .  (4.3.32) 

C o llec ting  term s, we get

lim  j  [( (F (u  +  Sw), v)) -  { {F(u),v ) ) }  =
3—>0 0

^ ( ( a (u  +  Sw)u'  — a(u)u ' ) ,  v ' )  +  ~ { a ( u  +  Sw)5w' , v ' )

1 1
+  - ( ( b(u +  Sw)u — b(u)u  ), v )  +  ~ ( (b (u  +  Sw)Sw' , v )

~  +  Sw) ~  / ( u ) ’ v ) ) '  (4 -3 -33)

Now, using

a(u  +  Sw) — a(u)  =  /  a (u  +  Ssw)Sw ds,
Jo

b(u +  Sw) — b(u) =  /  b'{u +  Ssw)Sw ds,
Jo

f ( u  +  5w) — f ( u )  — (  f ' ( u  +  5sw)5w ds, (4.3.34)
Jo

and assum ing a, b and /  arc sm ooth  enough to  ju s t ify  in te rchang ing  the 

l im it  and the  in teg ra l, we can express the  difference quo tien t as

lim  ^  [ { (F(u  +  Sw),v))  -  ( (F(u) ,v ) ) }  =
<5—>0 0

(a ! (u  +  Ssw)u'w,  v )  +  ( a(u  +  Sw)w' ,  v ' )  +  (b ' (u  +  5su i )uw ,  v )

+  (b{u +  Sw )w ' , v )  — ( f ( u  +  Ssw)w ds, v ) .  (4.3.35)

L e tt in g  5 —> 0, we get a fo rm u la  fo r the  line a riza tio n  form :

( (F ' (u )w ,v ) )  =  {a ' (u )u 'w,  v')  +  ( a (u )w ' , v ' )

+  (b ' ( u ) u 'w , v ) +  (b { u ) w ' , v ) — ( f ' { u ) w , v ) . (4.3.36)
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W c com pute  the  dua l to  the  linearized  fo rm  by exchanging w  and v, and 

in te g ra tin g  by parts  where app ropria te . T h is  gives

— ( ( a ( u ) w ' ) ' , v ) +  (a ' (u)v!  w ' , v )  — (b ( u ) w ' , v ) — (^ f ' (u )w,v^ .  (4.3.37)

T h is  is the  le ft-h a n d  side o f the  weak fo rm  o f the  dua l p rob lem  correspond­

ing  to  line a riza tio n  around u.

4.3 .5  Some a -p o s te r io r i  estim ates

W c use the  expression (4.3.22) fo r the  residual and the re la tio n  (e, ijj) =  

( - R ,  <f>) to  derive an a-poster ior i  estim ate  fo r the  p ro je c tio n  (e, '</>) in  term s 

o f the  com puted  so lu tion  U  to  the  fo rw ard  problem , the  dua l so lu tion  ej), 

and the  coefficients a, b, and / :  

r  1 / • !

'0

+

eAj; dx =  j  |  -(ae ' +  ae)' +  (be! +  /3e) -  / e j  </» dx  

f  (ae +  ae)<j)' +  (be +  fie)4> -  fe tpdx
Jo

f  { a ( u ) u  -  a ( U ) U ' }  <j> +  {b (u)u  -  b ( U ) U ' }  J)
Jo

- { / ( « )  -  f ( U ) } J ) d x  

a(u)u'(f)' +  b(u)u ej) — / ( u ) 0 d x | -

[  —a(U)U'4>' -  b(U)U'<t> +  f (U )4 >dx  
Jo

=  [  - a ( U ) U ' </>' +  { f ( U ) - b ( U ) U ' } ( t > d x .  (4.3.38)
Jo

T he  te rm  on the  f i f th  line  vanishes because u  solves the fo rw a rd  prob lem  

exactly.

Since U  is a G a lc rk in  app ro x im a tion  to  u, wc can use the G a lc rk in  

o rth o g o n a lity  p ro p e rty  o f the residual [42] to  w rite  the estim ate  in  te rm s o f
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the  dual  weights ej) — 7^0 , where 7Xh4> is an in tc rp o la n t o f 4> in to  the  same 

space as U :

f  e/ijj dx =  f  - a { U ) U ' ( ^ ~ T T hc f ) ) ' + { f ( U ) - h ( U )U ' } ( 4 > -T T h4>)dx. (4.3.39) 
Jo Jo

T h is  requires so lv ing the  dua l p rob lem  using a h igher order m ethod  than  

used fo r U.  P erfo rm ing  in teg ra tion  by parts  on the  second order te rm  and 

w r it in g  the  in teg ra l as a sum o f element co n tribu tion s , wc can express (e, if)) 

in  te rm s o f the  residual and the  dua l weights:

pl m+ 1 „
/  e ipdx =  y Z  R{U)((j> -  n h(f))dx

J o j = i J h
m

+  ' ^ 2 a (Uj , x j){4>(xj ) -  7i h(j){xj ) ) [U ' ] ] . (4.3.40)
j - 1

Here, [U' ] j  denotes the  ju m p  in  the  deriva tive  o f U  a t the  j th node, in  eases 

where U  is no t su ffic ien tly  sm ooth. W c also account fo r the  e rro r due to  

quadratures in  (4.3.40) by add ing  the quan tities

l _______
{aU' { 'Kh<t>y -  aU'{ 'Kh(t>)}

l _____
{hU'-Kh^ -  bU'TThJ)}

+  /  {fKh<t> -  fnh<t>}- (4.3.41) 
Jo

Note th a t G a lc rk in  o rth o g o n a lity  docs no t enter these term s. In  o ther 

words, the  e rro r o f the  fin ite  element so lu tion  is determ ined by <j) — 7T/,.0 

and </>. T he  ovcrbar ind icates th a t some quadra tu re  ru le  is used to  evaluate 

th a t p a rt o f the  in teg ra l, and these term s represent the  e rro r due to  the 

quadra ture . In  p ractice, a very h igh  order quadra tu re  ru le  is used to  evalu­

ate the  “ unbarred ” te rm s since wc never evaluate the  in tegra ls exactly. T he  

code wc use in  th is  paper uses a five p o in t Gauss ru le  fo r the  barred term s,
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and a th i r ty  p o in t Gauss ru le  fo r the  “exact” integrands. Using such accu­

ra te  quadra tu re  rules essentially renders the  quadra ture  e rro r neglig ib le. In  

codes where the  trapezo ida l ru le  or S im pson’s ru le  arc used fo r quadra ture , 

the  effect o f quadra tu re  e rro r is s ign ifican t.

T he  a-poster ior i  estim ates given above invo lve  bo th  the fo rw ard  solu­

t io n  U (x ) ,  the  dua l so lu tion  cf>(x), and some o f th e ir  derivatives. T he  m a jo r 

m o tiva tio n  fo r th is  thesis is an inves tiga tion  o f how rep lacing (4.3.27) w ith

(4.3.28) affects these e rror estimates. W c u tiliz e  the N L P M  to  produce 

p e rtu rb a tio n s  to  U  th a t cause the  largest change in  </>, and hence on the  es­

tim ates. In  the  next section wc define a m apping  between the  approx im ate  

fo rw ard  so lu tion  U  and the  dua l so lu tion  corresponding to  the linearized 

prob lem  (4.3.28) and show th a t the opera to r norm  o f the m ap plays a role 

in  bound ing  the  effect o f lineariza tion .

4.4  T h e  m apping  4> : U  —> cf>

In  th is  section, wc define a non linear m ap between the  approx im ate  

fo rw a rd  so lu tion  U  to  (4.3.16) and the dua l so lu tion  </> corresponding to  

line a riza tio n  around U,  as given by (4.3.28). W c investigate  some re la tio n ­

ships between the  norm  o f the  deriva tive  o f 4> and the  size o f the  changes in  

the  s ta b ility  factors fo r the  e rror bounds discussed in  the  previous section.

4.4.1 T h e  m ap 4?

From  (4.3.15), the  dua l p rob lem  corresponding to  linea riz ing  around U

is

A T4> =  F ' ( U ) T 4> =  =  F ' ( U ) ~ r ij}. (4.4.1)

Suppose th a t F  : R™ —> R ra so th a t F ' ( U )  denotes the Jacobian o f F  a t 17, 

w h ich  wc assume is con tinuous ly  inve rtib le  in  a neighborhood o f U.  G iven
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dua l da ta  ip, define the  m ap 4?^ : R "  —> R ”  by

% ( U )  =  F ' { U ) ~ T ip for U  6 R". (4.4.2)

Thus i f  U  is a com puted so lu tion  to  a non linear prob lem  F ( a )  — b, then  

fo r fixed  dua l da ta  ip, maps the  app rox im a te  so lu tion  U  to  the  dua l 

so lu tion  (p. Here, wc assume th a t the  so lu tions o f the fo rw a rd  and dua l 

problem s arc in  the same space. W hen so lv ing  tw o p o in t boundary  value 

problem s in  p ractice, wc solve the  fo rw ard  p rob lem  (4.3.16) in  the  space 

o f piecewise linear po lynom ia ls , and the  dua l prob lem  (4.3.29) in  the  space

o f piecewise qua d ra tic  po lynom ia ls. W c use the  fact th a t V j ^  C V j ^

(2 )
and, in  th is  con text, consider as a m app ing  from  Vp to  itse lf.

Now, consider the  line a riza tio n

f  4 v (£ / +  ew) =  4 v ( U ) +  % ( U ) e w  +  o(||ew ||), ^

^||in|| =  1, 0 < £ < 1 .

N ote  th a t 4?^ (17) is the  Jacobian o f the  fu n c tio n  given by the  inverse 

o f the  Jacobian o f the  transpose o f F  a t U  ac ting  on -tp:

Q ' ^ U )  =  ( [ F ' ( U ) ~ T] ipy  e L { R n, R ") . (4.4.4)

Thus,

(4.4.5)
\ \ ^ ( U  +  ew) -  ^ ( U ) \ \  <  | | ^ ( t / ) e u ; | |+ o ( e )

<  e a  +  o(e),

where a  is the  largest s ingu la r value o f the  Jacobian m a tr ix  4>^,(17). I f  th is  

m a tr ix  is no rm a l and |j • || is the  spectra l norm , then  ||4?^(t/)|| =  |Aj, where 

|A| is the  spectra l rad ius o f 4?̂ , (17). Since ||iy|| =  1, in  th is  ease wc have

\\(pcw -  <P\\ <  e |A| +  o(e). (4.4.6)
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Hero, wc have defined

4>ew := ^ ( U  +  ew),  (4.4.7)

so cj)ew is the dua l so lu tion  corresponding to  lineariz ing  a round U  +  ew.

Therefore, wc conclude th a t a sym p to tica lly  as e —> 0 wc have

sup \\(f) — (j>\\ <  C e \ \ \ ,  (4.4.8)
0=<J>v,((/+et))

M = i

fo r some constant C.  T h is  resu lt is a-poster ior i  in  the sense th a t i t  docs 

n o t re ly  upon any knowledge o f the  tru e  so lu tion  u. However, i t  is a-p r io r i  

in  the  sense th a t in tro d u c in g  the  norm s in  (4.4.5) gives a w orst ease bound 

fo r the  effects o f p e rtu rb a tio ns  to  U . T h is  in  tu rn  com plicates the  process 

fo r n o n -n o rin a l operators, since then  the  dom inan t eigenvalue docs n o t give 

the  norm . However, i f  4?^(f7) is norm a l, then  (4.4.5) says th a t i f  wc p e rtu rb  

U  a l i t t le  b it  in  any d irec tion , the  m ax im um  change in  the  size o f the  dua l 

so lu tion  is, under app rop ria te  cond itions, a sym p to tica lly  bounded by the

size o f the  dom inan t eigenvalue o f the m ap <f>̂ , and in  general the dom inan t

s ingu la r value gives a measure o f the se n s itiv ity  to  line a riza tio n  around the 

app rox im a te  so lu tion  U :

\{R,cl)tw)\ < \(R, (j) + (R, (pcw -  </>)|

<  \ ( R , t ) \  +  1 1 ^1 1 1 1 ^ -^1 ! (4.4.9)

<  \{R,(t>)\ +  e||i?||<7 +  o(e).

I f  wc knew  th a t 4>^(f7) was norm a l, wc could use the  non linear power 

m ethod  to  com pute the  dom inan t eigenvalue by ite ra tiv e ly  co m pu ting  the 

differences 4>^(f/ +  ew) — 4>^(f7). However, as wc show below, n o rm a lity  o f 

the  m ap 4>^(f7) is h ig h ly  un like ly , except in  some very s im ple  eases.

W c derive a fo rm u la  fo r $ ^ ( [7 ) .  F irs t, w rite  the  dua l p rob lem  as

F \ U ) t ^ , { U )  =  ijj. (4.4.10)
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To s im p lify  n o ta tio n , suppress dependence on U  and o m it the  subscrip t 011 

<I> and s im p ly  w rite  F'<f> =  tjj. N ow  d iffe ren tia te :

valued fu n c tio n  F ,  due to  the  transpose between the deriva tives. S till, i t  

is ide n tifie d  w ith  a b iline a r m ap on the in p u t space. Since $  is a ve c to r- 

va lued fu nc tio n , the  p ro d u c t corresponds to  the b ilin e a r m ap w ith

one argum ent fixed, hence is a linear opera to r. T he  second te rm  in  the

In  o the r words, the  deriva tive  ^ ( U )  is the p ro d u c t o f tw o m atrices: the 

negative inverse transpose o f the  Jacobian o f the  fo rw ard  opera to r, and the 

linear ope ra to r ob ta ined  by the  com posing the  deriva tive  o f the  transpose 

o f the  Jacobian o f F  w ith  the inverse transpose o f the Jacobian o f F  acting  

011 the  dua l da ta  i/j. There  arc no t any obvious reasons w hy th is  p ro du c t 

shou ld  produce a no rm a l m a tr ix , arid in  fac t p robab ly  a lm ost never docs. 

T he  fo llow ing  sim ple 2 x 2  exam ple shows some o f the d ifficu ltie s  th a t can 

arise in  try in g  to  analyze the  fu n c tio n  associated w ith  line a riza tio n  error.

E xam p le  4 .4 .1 . Consider the system o f non linear equations f { x )  =  0, 

where x  — [x, y \T G R 2, defined by

(4.4.11)

N ote th a t [F /T]' is no t the  same as the  second deriva tive  o f the vector

sum is the  p ro d u c t o f tw o  Jacobian m atrices, so (4.4.11) is the  sum o f tw o 

m atrices. I t  fo llows th a t

x y - i  r0' 
/(®) :=  x2 -  1 =  Q (4.4.13)

L 2 J
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w hich  has so lu tions X i =  [1 ,1]T and x 2 =  [—1, — 1]T - The Jacobian (denoted 

by a “p rim e ” sym bol) and its  inverse arc g iven by

/ '  =

“ 1
0 /y
1

X
_ y _

- X X 2

and ( / ' )  1 =

Now, fix in g  dua l da ta  0  =  {ip\,'ip2 }T , the  m ap ^ ( x )  is given by 

< M £ )  =  f ' ( x ) ~ T ip =  

and the  Jacobian m a tr ix  is

(4.4.14)

■ 1 ■ 020
X 01 X

1 _ y _ 02 0 i y 0  2
- X X 2 . - X X2 -

(4.4.15)

=

02
0

- x 0  i +  2y i p 2 0 2
(4.4.16)

Note th a t th is  m a tr ix  has the  fo rm
a 0 
b a

, so i t  is n o t norm a l (unless 6 =  0),

and i t  has a defective eigenvalue. On the  o the r hand, by s im p ly  sw itch ing  

the  places o f the  com ponent functions fo r / ,  wc get,

■ -x ip i  +  2 yt/)2 - W
X — 1 

2
x y  -  1 -'02

0

(4.4.17)

T h is  m a tr ix  is sym m etric  (hence norm a l) and so the  dom inan t eigenvalue 

gives the  norm . The size o f the  eigenvalue c lea rly  depends on the com po­

nents o f the  approx im ate  so lu tion , as well as the  choice o f dua l data.

As a cheek, wc com pute  the  deriva tive  fo r the  fu n c tio n  given in  (4.4.13) 

using the  fo rm u la  (4.4.12). W c have

, and -  ( / ' )  =
0

1 y
X  X  -I

(4.4.18)
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Now, I [ / '  ] 'o  ( f )  10 is com puted by ca lcu la ting  the Jacobian m a tr ix  o f

each row  o f ( f ' ) T and m u lt ip ly in g  on the  r ig h t by [ ( / ' )  T -0]T '

02 01 2/0 2

'01 2/02 02'

t l  o

0 1 
1 0

1 0 
0 0 (4.4.19)

Now, com b in ing  (4.4.18) and (4.4.19) gives

r  i i  0 —
X

‘ 01 2/02 02 ‘
- 0  o 1

X zX  X 2 X

_ l  i . —  0
L x  J

-X 01  +  2 ?/02 02
.  X  X 2 - X3 X2 -

(4.4.20)

w h ich  agrees w ith  the  resu lt o f the  d irec t ca lcu la tion .

T he  deriva tive  is no rm a l i f  F  is a d iagonal m ap. In  th is  s itu a tio n , the 

i th com ponent fu n c tio n  o f the  fo rw ard  opera to r depends on ly  on the  i th 

variab le, so the  Jacobian m a tr ix  is d iagonal, and i t  fo llows th a t — ( F ' ) ~ T is 

also d iagonal. In  a dd itio n , each m a tr ix  in  the  fo rm a tion  o f [T ,T]' has zeros 

in  a ll entries except the  ( i , i )  pos ition , w hich  conta ins the  second p a rtia l 

de riva tive  o f F  w ith  respect to  the  i th variab le. Therefore, regardless o f the 

values o f the  com ponents o f 0, the  m a tr ix  [ F n ]'4> is d iagonal. In  th is  ease, 

<!>(,, is the  p ro d u c t o f tw o d iagonal m atrices, so i t  is ce rta in ly  norm a l. T h is  

is dem onstra ted  in  the  next example.

E xam p le  4 .4 .2 . We consider the  2 x 2  non linear system f ( x )  =  0, where 

/  : R 2 —> R 2 is given by

r ~ 2 r
2 ~  2

xl 1
- 3 ~  3-
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N ote  th a t /  is a d iagonal map. Now, suppose wc have com puted an ap­

p rox im a te  so lu tion  X  =  [.95, .95]T to  the  tru e  so lu tion  x  =  [1 ,1]T . Sup­

pose fu rth e r th a t wc choose dua l da ta  ip in  the  d irec tio n  [1 ,2 ]T , w hich 

is norm a lized  so th a t H^H — 1. T he  dua l so lu tions corresponding to  l in ­

eariza tion  a round the  approx im ate  so lu tion  X  and the  tru e  in teg ra l average

f  f ( s x  +  (1 — s ) X  ds arc 
■/()

0.4707
0.9911

and cp =
0.4587
0.9406

(4.4.22)

T he  m ap 4> : X  —> (p and its  de riva tive  arc g iven by

'V v
Xi

1p2
T2•r2-1

and & J X )  =

'Ph
'  -r.2

0
2ph
~3

(4.4.23)

In  figure  4.1 wc evaluate the  linearized dua l so lu tion  +  8) fo r various

p e rtu rb a tio n s  5. In  th is  exam ple, the  true  e rro r is ||e|| =  ||x — X | |  =  0.0707, 

so wc take ||(i|j =  0.0707. F igu re  4.1 shows the  resu lts o f the  N L P M  fin d ing  

the  d ire c tio n  o f largest change.
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0.9  -
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+
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+
+
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+
+
+
+

+

approx. soln

+ true soln.
+ + x

+
+
+
+
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+
+

+
+

0.9 0.95 1.05

F igure  4.1: Results o f the  non linear power m ethod.
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In  figure  4.2, wc p lo t the  size o f the  dua l so lu tion  in  the  d ire c tio n  o f each 

p e rtu rb a tio n  8 from  X , and see th a t the  N L P M  has chosen the  d irec tion  o f 

the  largest p e rtu rb a tio n . T he  line  labelled “ tru e  no rm ” in  the  p lo t ind icates 

the  size o f the change in  the  dua l so lu tion  corresponding to  m oving  in  the 

“co rrec t” d irec tio n  from  f ' ( X )  to  / f ( s x  +  (1 — s ) X  ds. T h is  value was
J  o

com puted using sym bolic  packages in  M A T L A B .

how  dual so lu tion  changes w ith  perturbations
0.18

#  m axim um  perturbation 
□  pert in dir, o f dom . e igenvector

0.16

0.14

e igenvalue
bound

0.12

0.08

'true” norm

0.06

0.04

0.02

F igure  4.2: Changes in  the  size o f dua l so lu tion .
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Since wc arc able to  com pute a ll the  in fo rm a tio n  exac tly  in  th is  p rob­

lem, wc can p rovide  a fu ll account o f the e rro r due to  lineariza tion . From  

the  va ria tio n a l analysis, wc know  th a t the  p ro je c tio n  o f the  e rro r e in  the 

d ire c tio n  o f the  dua l da ta  ip is given by

|<e,-0)| =  | (R,<P)\, (4.4.24)

ye t w ha t wc com pute in  practice  is \{R, <p)\ where cp is the  dua l so lu tion  

corresponding to  line a riza tio n  around the  approx im ate  so lu tion  X .  Now, 

fo r the  com puted value X  =  [.95, .95]T , the  corresponding residual is

/ '.95 ' '-0 .0 4 8 8 '
.95_ ) - —0.0475_

(4.4.25)

so using the  dua l so lu tion  (p, wc com pute the  p ro je c tio n  o f the  e rro r to  be 

0.0701. O n the  o the r hand, using the  exact, dua l so lu tion  cp, wc fin d  th a t 

tru e  p ro je c tio n  o f the  e rro r in  the  d irec tio n  %p is 0.0671, so th a t the  e rror 

due to  line a riza tio n  is 0.0030. T h a t is, line a riza tio n  caused abou t a 4.5% 

change in  the  e rro r estim ate. Since the m a tr ix  $>'^{X) is norm a l, the  norm  

is g iven by the  m agn itude  o f the  dom inan t eigenvalue, w h ich  the N L P M  

com puted to  be 2.0864. So, from  our analysis in  chapter 4, wc have

ii<m * + < * ) - * *  w i i  <  i i 4 > ; m iP i i

=  (2.0864) (.0707)

=  .1475. (4.4.26)

N otice  in  figure  4.2 th a t there  arc p e rtu rb a tio ns  to  the  app rox im a te  so lu tion  

th a t produce changes larger th an  ||<i>^(X)|| ||<5| j ,  due to  the  h igher order 

te rm s in  the  linea riza tion . W c repeat, th is  experiment, w ith  an increasing ly
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accurate sequence o f approx im a te  so lu tions th a t approach the  true  so lu tion  

x — [1 ,1]T along the line  y — x:

0.9500'
, X 9 = 0.9625

, ^ 3  =
0.9750'

, Xa =
'0.9825'

0.9500 1 u *■ Z 0.9625 0.9750 0.9825

W c show in  figure 4.3 how the  difference between ||<3>^(X)||||<5|| and the 

com puted  m ax im um  decreases as the size o f the  p e rtu rb a tio ns  get sm aller. 

Once again, the  upper h o rizon ta l line  is the  q u a n tity  ||4>^(A j)||, and the 

lower ho rizo n ta l line  is the  value corresponding to  line a riza tio n  a round the 

th e o re tica lly  correct average between x and Xj .

0.2

0.15

0.05

80
X1

0.12

0.08

0.06

0.04

0.02
0 20 40 60 80

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01
20 40

X3
60 80

0.035

0.03

0.025

0.02

0.015

0.01

0.005
20 40

X4
60 80

F igure  4.3: A  sequence o f increasing ly accurate approxim ations.
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Tab ic 4.4.2 d isp lays the  q uan titie s  g iven by the  bound 4.4.9. Here, </>„ 

is the  dua l so lu tion  corresponding to  line a riza tio n  in  the d irec tio n  o f the 

dom in a n t eigenvalue v, and ej) is the  dua l so lu tion  corresponding to  l in ­

eariza tion  a round Xj .  A t each stage, wc scale the  p e rtu rb a tio n  so th a t

approx. soln || e || m < p v ) \ IC R ^ )I A P I P H \(R, 4>)\ +  A -R| ||<5||

X i .070711 0.077948 0.070065 0.010046 0.080112

X 2 .053033 0.056147 0.051962 0.005485 0.057447

X, .035355 0.036021 0.034263 0.002368 0.036630

X i .017677 0.017377 0.016948 0.000575 0.017523

Table 4.1: Q u an tities  from  the  bound  (4.4.9)

In  order to  u tiliz e  a m a tr ix - fre e  N L P M  fo r com pu ting  the  dom inan t 

s ingu la r value o f ^ ( f / ) ,  wc need a m a tr ix -fre e  w ay to  com pute the  action  o f 

<!>(,,( I / ) T , then  wc can proceed by a lte rn a te ly  com pu ting  fu n c tio n  evaluations 

and transposes, w h ich  is equ iva lent to  pe rfo rm ing  the power m ethod  on 

T he  square ro o t o f the  dom in a n t eigenvalue then  gives the 

dom inan t s ingu la r value fo r G iven a fu n c tio n  / ,  the  s itu a tio n  is as

follows: W c im p lem en t the  N L P M  by using the  line a riza tio n  re la tionsh ip

f ( x  +  d) -  f ( x )  =  f ' { x ) d  +  o{d).  (4.4.27)

In  order to  adapt th is  to  a s ingu la r value ca lcu la tion  based o n ly  on fu nc tio n  

evaluations, wc need to  em ulate the  ite ra tio n

d f ( x ) d  ^  f ( x ) r  [f ' { x ) d \  i  ̂ f ' { x )  [ f ' ( x ) J [ f ( x ) d \ ]  . . . .  (4.4.28)

B eg inn ing  w ith  a random  d , the  firs t step is to  com pute

f ( x  +  d) -  f ( x )  : =  dnew. (4.4.29)
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For step two, wc need the  fu n c tio n  g such th a t

g (x  +  dnew) -  g (x )  =  f ' ( x )  d. (4.4.30)

then  wc rescale and repeat. However, the  fo llow ing  2 x 2  exam ple shows 

th a t i t  is n o t possible to  fin d  the  requ ired  fu n c tio n  g , unless the  Jacobian 

/ '  is sym m etric , in  w h ich  ease s ingu la r value m ethods arc irre levan t.

E x a m p le  4 .4 .3 . I f  /  : R 2 t—> M2 is g iven by

f i x )  =

then  the  transpose o f the  Jacobian m a tr ix  is

f \ x Y  -

( 4 . 4 . 3 1 )

' d f i d j 2 '

d x dx
d f i d_h

. d y d y .

( 4 . 4 . 3 2 )

Now, the fu n c tio n  g : M2 i—> R 2 th a t is needed fo r fu nc tio n  evaluations in  

the  a lg o rith m  m ust sa tis fy

So i f  g = y i ( x , y )  
92(x , y)

g (x  +  v ) ~  g (x )  =  f ( x ) T v 

the  fo llow ing  re la tions m ust hold:

( 4 . 4 . 3 3 )

d f i  _  dgi  d f c  __ dg i  d f i  d jh  d f 2 _  dg2
d x  d x  d x  dy  ’ dy d x  ’ dy  dy  ’

Now

and

d f i  __ dgi  
d x  d x

f i { x , y )  =  g i { x , y )  +  /q (y ) ,

~dy = ~ d y " ^  % ^  =  g^ X' ^  +  k

( 4 . 4 . 3 4 )

( 4 . 4 . 3 5 )

( 4 . 4 . 3 6 )

8 5
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D iffe re n tia tin g , wc get

d f i  dg i  ,

*  =  * + h M '
(4.4.37)

d f 2 dg2
&  =

Qy Q y
Since —— — ——, s u b s titu tin g  in to  the  firs t equation  in  (4.4.37) gives 

dy  dx

d f i  d f 2
_  =  —  +  (4.4.38)

d f i
Using the second re la tio n  in  (4.4.34) and s u b s titu tin g  fo r — -  gives

o x

~dy ^  ~ix +  h>2̂  +  (4.4.39)

R . dg2 d f i  
B u t ^  ’ so d x  dy

—h [ (y )  =  h'2(x)  => h i  =  h2 =  C.  (4.4.40)

Therefore , the  fu n c tio n  g can o n ly  d iffe r from  /  by a. constant, so th a t 

/  m ust have a sym m etric  Jacobian. T he  extension o f th is  exam ple to  n  

d im ensions is s tra ig h tfo rw a rd , a lb e it tedious.

U n fo rtun a te ly , ca lcu la tion  o f the  transpose requires the  fu ll m a tr ix . W c 

can s t i l l  use the  power m ethod  in  the  fo rm  o f a lg o rith m  (2.4.2) to  com pute 

the  dom in a n t s ingu la r value by app ro x im a ting  each co lum n o f the  m a tr ix  

by p e rtu rb in g  the approx im a te  so lu tion  U  on basis vectors. T h is  m ethod  

is fine fo r problem s o f reasonably low  dim ension, b u t becomes a s ign ifican t 

issue when the  d im ension is large. There  appears to  be no a lte rna tive , 

however.
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4.4 .2  A  difficulty

A  d if f ic u lty  w ith  using the  resu lt (4.4.8) to  judge  the effect o f lineariza ­

t io n  e rro r on the  e rro r estim ate  fo r the  o rig in a l prob lem  is th a t we cannot, 

guarantee th a t the  so lu tion  to  the  tru e  dua l prob lem  can be expressed as 

+  ew), so wc cannot use th is  result, d irec tly . T he  reason is essen­

t ia lly  the  fa ilu re  o f the mean value theorem  in  h igher d im ensions [79]: for 

a general fu n c tio n  F  : Mn —> IRn w ith  com ponent functions T), wc have

T he  Si G [0,1] arc d is t in c t, hence B  cannot in  general be represented by 

F ' ( U  +  ew). However, in  the  special ease when F  is a d iagonal m ap, the 

Jacobian is a d iagonal m a tr ix  and the  mean value theorem  docs im p ly  the 

existence o f a p o in t z in  a \\u — U || ne ighborhood o f U  such th a t

and the  resu lt (4.4.8) applies. In  the  app lica tion  to  a-poster ior i  e rro r esti­

m a tion , the  code p roduc ing  the dua l so lu tion  ej) given fo rw ard  so lu tion  U  

is basica lly  a “ b lack box” in  the  sense th a t i t  cannot be e x p lic it ly  repre­

sented as a m u lti-d im e n s io n a l m app ing  w ith  know n component, functions. 

W c can investigate  changes in  o u tp u ts  ej) fo r pe rtu rb a tio ns  to  inp u ts  U,  but, 

a num erica l reconstruc tion  o f B (u ,  U)  in  (4.4.41) is ju s t n o t possible.

In  the m ore general s itu a tio n , wc w rite

F { u )  -  F ( U )  =  B ( u , U ) { u  -  U) ,  where

(4.4.41)

F \ z ) ( u - U ) , (4.4.42)

0 - 0 II <  110 -  0m 11 +  || 0m ~  0 (4.4.43)
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where </>„,, is chosen to  ob ta in  a dua l so lu tion  o f the  app rop ria te  fo rm , arid

to  y ie ld  easy estim ates fo r the  te rm s on the  r ig h t hand side. For example,

wc could  take (j)m =  $ ^ ( t /  +  ^ (u  — U )), the  dua l so lu tion  corresponding to

line a riza tio n  abou t the  m id p o in t. W c can v iew  th is  as an eva lua tion  o f A

v ia  a m id p o in t quadra tu re  rule:

r 1 1
A =  F ' { U  +  s{u -  U ) )  ds h-> A m — F ' { U  +  - ( i t  -  U)) .  (4.4.44)

J o 2

W c can use (4.4.8) to  bound  \\4>m ~  4*\\ an(l  usc quadra tu re  e rro r results to

bound  \\4> -  (j>m \\.

Suppose we know  th a t ||u — U\\ =  e <C 1. Assum ing F  has continuous 

th ird  order derivatives, wc can w rite  a T ay lo r expansion fo r the  in teg rand  

abou t the  m id p o in t U  +  | ( u  — U).  To s im p lify  the  expression, let. S =  

U  +  s(u — U) ,  rn =  U  +  ^ (u  — U),  and p — S — rn =  (s — | ) ( u  — U).  Now,

F ' ( S )  =  F ' { m )  +  F" ( rn ) [p \  +  l- F " ' { Q \ p , p } .  (4.4.45)

T he  th ird  deriva tive  ope ra to r is evaluated a t a p o in t th a t depends on s, 

and is on the  line  jo in in g  u  to  U.  T he  square bracket n o ta tio n  ind icates 

th a t the  second and th ird  derivatives arc b i- and t r i -  linear operators, re­

spectively, and they  act on po in ts  p <E Mn and \p, p] £  R n x  R n to  produce 

linear operators on ]Rra. In te g ra tin g  b o th  sides o f th is  equation w ith  respect 

to  .s, the  m idd le  te rm  drops ou t, and wc get

1 f 1 1
F ’ (S) ds -  F ' ( m )  +  /  - F " '( £ , )  [p, p] ds. (4.4.46)

Jo *

I t  fo llows th a t

\ \ A - A m \\ <  sup I I F ^ O I I I I u - t / l l 2
e.e[u,u j

<  ^  sup ||F W(£)||,
44 [{/,„]
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where [U, u] denotes the  line  jo in in g  U  to  u. T ransposing the operators, wc 

have

P T - 4 U l < | l  sup ||F " '(O I|. (4.4.48)

We consider A r  as a p e rtu rb a tio n  to  A 4 ; th a t is, A T =  A 4 +  E.  Then, wc

have \ \AT — A 4 || =  ||.Ej| and

M " 4 -  A - 4 || =  ||A “ 4 -  (A 4 +  E ) - 1!!. (4.4.49)

T h is  difference is bounded as fo llows [63]:

\ \ A - J - ( A l  +  E ) - ' \ \  <  I I ^ I M K ^  +  i? ) - 1!! I l l ’ ll

<  C  sup | |F '" (0 | |e 2. (4.4.50)
ie[u,u]

F ina lly , wc can bound the  e rro r fo r ||0 — ip\\:

110 -  011 <  110 -  0m|| +  ||0m -  011 <  Ce2 +  (XT. (4.4.51)

T he  constant C  depends on A m, E  and F ' " .  In  order to  ensure th a t C  is 

f in ite , wc need some assum ptions on the  co nd itio n in g  o f the p rob lem  w ith  

respect to  in v c r t ib ility . Specifically, wc w an t to  assume th a t in ve rtin g  the 

Jacobian a t the  true  so lu tion  u  is reasonably w ell cond itioned  in  the  sense 

th a t F ' { u ) ~ l is bounded away from  the set o f s ingu la r m atrices. Then, there 

is a fin ite  constant C  th a t u n ifo rm ly  bounds a ll o f the  m a tr ix  norm s in  the 

above discussion.

The  sa lient feature  o f the  bound  (4.4.51) is th a t ||0 — 0|| is p r im a r ily  

governed by a,  the  size o f the  dom inan t s ingu la r value fo r 4 si nce the 

firs t te rm  on the  r ig h t hand side involves e2, w hich  w ill be m uch sm aller 

th an  (  fo r sm all values o f e.
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B y  considering a com posite quadra tu re  ru le, wc can o b ta in  a s im ila r 

bound  fo r ||(/>—J>\\ th a t docs no t require  such s trong  smoothness assum ptions 

on F ( u ) .  G iven rn £  N, le t

1

i =  1
<t>m =  - Y y % { u  +  - ( u - U )

m  ' \  rn

i =  1
- ^ F ' ( t / + - ( u - f / ) )  rjj.
rn \ ff i  I

-T

Now, the  opera to r

i = 1
A n  : =  -  V  F '  ( U  +  ~ { U  -  U)  

m  r—'  \  rn

(4.4.52)

(4.4.53)

can be in te rp re ted  as a “ le ft endpo in t a pp ro x im a tion ” to  the  ope ra to r given

by A  =  /  F ' ( U  +  s(u — U ) )  ds, and an estim ate  fo r the  e rro r o f approx i- 
./o

m a tio n  is g iven by

\A -  A „ /  F ' { U  +  s { u - U ) ) d s  V "  F ' ( U  +  —  ( u - U ) )
Jo rn ' rni — 1

J 2  ( f ' { U  +  s{u -  U ) )  — F 1 (U +  ^ { u  -  U ) )  \  ds
i — 1

l
<  — m ax ||F "(0 1 | ||u -  U || ^  m ax

rn £€[(/,ul z—' ocrml -

=  -  m ax | |F " (0 I |6 .
m  £e[u ,u]

1

i= l SG[ m rn

(4.4.54)

Tak ing  rn >  -  ensures th is  bound  is quad ra tic  in  e, and o n ly  requires th a t F
e

be tw ice  con tinuously  d iffe ren tiab le . A rg u in g  as above, wc ob ta in  a bound 

fo r \ \4>- (f)rn||:

I I 4 T “  (A m +  E ) ~ l \\ < P m TH IKAj; +  ^ ) _1|l Ill'll

<  — sup ||F " (0 ||e

<  C  sup ||F "(O I|e 2, rn >
£ e [ r / , « ]  6

(4.4.55)
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Note further that

-  0|| =
s, i = 1

, 1  =  1

-  E % { u  +  - ( u - u ) ) - % ( u )
rn V \  rn /

(4.4.56)

<
1

rn E
i = 1

^  [ U + - ( u ~ U )
m

< ere.
1 m

- Y a e  =  
rn i —\

P u tt in g  (4.4.55) and (4.4.56) together, we get

110 -  011 <  110 -  0m.|| +  l!0m “  0|| <  Ce2 +  CCT, (4.4.57)

Aga in , the  constant C  depends on ( A ^ ) -1 and E  and the  previous com­

m ents apply.

We see again th a t the  dom inan t s ingu la r value o f the  m ap <f>̂ , is the 

p r im a ry  fac to r in  the estim ate. We conclude th a t even though  dua l solu­

tions  o f the  fo rm  $ ( [ /  +  ew) cannot exac tly  reproduce the dua l so lu tion  

corresponding to  linea riz ing  around the  correct in teg ra l average, even fo r 

sm all e, the  discrepancy is no t worse th a n  q ua d ra tic  in  e and can be safely 

ignored fo r sm all e.

4.5 G re e n ’s function  approach

In  th is  section, we use the G reen’s fu n c tio n  for the so lu tion  o f the 

linearized  dua l p rob lem  to  derive an explicit, fo rm u la  for <!>(,,(U) .  T h is  reveals 

how the  deriva tive  depends on the  coefficients o f the fo rw ard  p rob lem  as 

w ell as the  dua l so lu tion  and some o f its  derivatives.
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4.5 .1  R ev iew  o f G reen’s functions

Wc give a b rie f descrip tion  o f the  G reen’s func tion . T he  reason is 

to  give an overview , w ith o u t de lv ing  in to  the  rig o r requ ired  fo r a com plete 

exposition . In  p a rticu la r, we do n o t discuss d is tr ib u tio n  theo ry  in  any de ta il. 

M uch  can be found  on th a t sub ject in  the  o rig in a l references [35, 90], as well 

as [53, 76, 77, 100, 102]. A d d itio n a lly , fu ll trea tm en ts  o f G reen’s functions 

fo r o rd in a ry  d iffe ren tia l equations can be found in  [54, 71, 87, 93].

I f  L  is an o rd in a ry  d iffe ren tia l ope ra to r acting  on a space o f functions, 

wc can describe a d iffe ren tia l equation by

L u  =  / ,  (4.5.1)

toge ther w ith  some in it ia l or boundary  cond itions. W c solve the  equation 

by fin d in g  the  inverse L ~ l  and a pp ly in g  i t  to  (4.5.1) to  recover u. W hen 

the  inverse exists, i t  takes the  fo rm  o f an in teg ra l opera tor. T he  kernel o f 

the  in teg ra l ope ra to r is called the  Green’s f unc t io n  fo r L  [87]. Form ally, 

a pp ly in g  L ~ l  to  b o th  sides o f (4.5.1) gives

■u(x) =  L ~ l f ( x )

= J  G ( x , f ) f ( O d f .  (4.5.2)

T he  G reen ’s fu n c tio n  G ( x , f )  satisfies the  d iffe ren tia l equation  w ith  8 -  

fu ne tion  data , centered a t f :

L G ( x , £ )  =  8 ( x -  0 -  (4.5.3)

From  th is  wc see th a t G  is the  kernel o f an in teg ra l opera to r th a t inverts

L.  F rom  (4.5.2),

L u ( x )  =  J  L G ( x , f ) f ( 0  d f  =  f  6(x  -  0 / ( 0  =  f ( x ) .  (4.5.4)

92

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In  the  next subsection, wc derive a fo rm u la  fo r the deriva tive  o f the  m ap 

$ ( U )  defined in  §4.4.1 th a t is based on the G reen ’s fu n c tio n  fo r the  l in ­

earized dua l p rob lem  (4.3.28). W c also derive a fo rm u la  fo r the a d jo in t, 

w ith  a v iew  to  cons truc ting  a power m ethod  a lg o rith m  fo r recovering the 

dom inan t s ingu la r value and le ft s ingu la r vector fo r a discrete representation 

o f $ ^ ( [ / ) ,  re la tive  to  some d iscre tiza tion .

4 .5 .2  A  fo rm u la  using the  G re e n ’s function

Denote the  a d jo in t p rob lem  (4.3.29) by

F ( U ) t 4> =  ip, i.e. (f) =  F { U ) ~ t i/j, (4.5.5)

so th a t (j) is the  dua l so lu tion  corresponding to  line a riza tio n  around U . 

Then, using the G reen ’s fu n c tio n  associated w ith  the linear dua l prob lem  

to  represent F ( U ) ~ T , wc have

4>(x) =  F ( U ) ~ t iJj =  [  G( j (x ,  y) i j j (y)  dy. (4.5.6)
J o

W c a ttach  the  subscrip t U  to  G  to  ind ica te  th a t th is  is the G reen ’s fu nc tio n  

fo r the  dua l p rob lem  corresponding to  line a riza tio n  around U .

Now, le t </>i and (fi2 be dua l so lu tions corresponding to  line a riza tio n  

a round U\  and U2, respective ly:

r  M U i W i  -  &( -  / ' ( w  i -  ■</;,
{  (4-5.7
[ < M 0 ) = < M 1 ) = 0 ,  x  E  [0,1],

and
( - a ( U 2) ^  ~  b(U2)(f>'2 -  n U 2)<h =  $,  t A r o ,

{  (4.5.8)
1 02(0) =  02(1) — 0) x  £  [0j !]■
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Subtracting these equations and adding some terms to both sides gives

-  [a(t/,)0" -  a(t/1)^ ] -  W M  -  b i U M  

-  [ / ' ( w  i  -  n u M  

=  -a {U 2)4>2 +  a(Ui)<j>2 ~  b{U2W2 +  &( w 2

~  +  (4.5.9)

w h ich  can be w r it te n  as

-  a{U\)A(j>"  -  6 (J / i)A 0 ' -  f ' (U i )A 4>

=  h (U v -  U2)<% +  b(Ui  ~  U2)(t>'2 +  ~f{Ux -  C/2)0 2, (4.5.10)

where

A  0 :=  (/>i -  02,

a : =  f  a' {sU\  +  (1 — s ) ^ )  ds,
Jo

b : — f  / /  (s C/i + (1 — s) I / 2) c/s,
Jo

f  :=  f  f " { s U l + { I - s ) U 2)ds.  (4.5.11)
Jo

In  te rm s o f the  ope ra to r F ,  wc have

F { U \ ) J Acf> =  a ( t / i  — U2)4>2 +  fr(tA — U2)4>2 +  / ( ^ i  ~  U2)4>2- (4.5.12)

Now,

A 0  =  F { U x)~ t  | a ( f / i  -  I / 2)02 +  b(Ui ~  W ' 2 +  R U i  -  U2)0 2}  • (4.5.13) 

I f  w e  l e t  / V i  —  U 2 =  f-Z,  t h e n

^  =  I  (F ( I7 1) - T {h e Z 0 "  +  5eZ0/2 +  /e Z 0 2} )

=  F ( U i )  T ^ 0 ^ 0 2  +  b Z 02 +  f  Z 0 2^  (4.5.14)

=  I  G Vl (x, y)  |a Z ( j/ ) 0 2 (y )  +  bZ(y)(p'2(y)  +  /Z ( '( / ) 0 2( y ) }  <*/
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Now as e —> 0, wc have U2 —> Ui  and (f>2 —> $ 1 , and, assum ing suffic ient 

smoothness,

a =  [  a ' (sU\  +  (1 -  s)U2) ds ->  a \ U i ) ,
J  0

b =  [  b ' i s l h  +  i l - s ^ d s ^ b ' i U , . ) ,
Jo

f  =  [  f ' ( sU l  +  ( l - s )U2) d s ^  f i U , ) .  (4.5.15)
Jo

F ina lly , we get

( m r T) ' ( Z M )  =  U m ( ^ ) ,  (4.5.16)

so wc can express the deriva tive  as

j  G ih (x ,  y ) ^ a  (Ui (y))c/ ) "(y)  +  b' {Ux{y))  J)[(y)

+  f "  {U i ( y ) )  4> \ { y )^Z {y)  dy. (4.5.17)

Note th a t fo r e =  0, <J>2 — <pi — F { U i )~ T j4j depends on U\ — U2, the  p o in t 

a t w h ich  the  deriva tive  is to  be evaluated. T h is  way o f expressing the 

deriva tive  o f makes i t  clear th a t its  p roperties depend on the  p roperties  o f 

the  functions a, b and / .

We can connect th is  expression fo r the  deriva tive  o f the m app ing  be­

tween the  fo rw ard  so lu tion  and linearized  dua l so lu tion  w ith  the  general 

fo rm u la  (4.4.12) th a t wc derived in  §4.4.1. Recall the fo rw ard  prob lem  

(4.3.17):

— (a(u)u ' ) '  +  b{u)u '  =  f ( u ) ,
(4.5.18)

u (0 ) — w (l) =  0.

We can w rite  th is  as F ( u )  =  0, where

F ( u )  : =  —(a(u)u 'Y  +  b(u)u  — f ( u ) .  (4.5.19)
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T he  linearized  dua l prob lem  is

j > ( f / ) T 0  =  0 ,
(4.5.20) 

0 (0) =  0(1) =  0,

where

<4-5-21>

and U  is the  approx im ate  so lu tion  to  the  fo rw ard  problem . In  th is  context, 

is defined by

% { U )  : =  F ' ( U ) - t 0  =  [ 1 y )0 (y )  dy. (4.5.22)
J  o

As in  §4.4.1, wc can w rite  the  dua l p rob lem  as

F ' ( U ) t ^ ( U )  =  0 . (4.5.23)

Wc derived fo rm u la  (4.4.12) fo r <f>̂  by d iffe ren tia ting  th is  expression im ­

p lic it ly , and wc can em ploy the  same m ethod  here. D iffe re n tia tin g  (4.5.23) 

w ith  respect to  U,  wc get

[ F ' { u y ] ' % { U )  +  F ' { U ) T^ { U )  =  0, (4.5.24)

w h ich  gives

$ ; / [ / )  =  - F \ U ) - t  [ ( F ' ( f / ) T ) '0 ]  , (4.5.25)

w ith  ^ ( U )  denoting  the  deriva tive  o f ^ ^ { U )  w ith  respect to  U.  Recall

th a t

(4.5.26)

so

( F ' ( U ) T Y ~  9a d2 db d ° 2 f  (4 5 271(F  ( u )  ) -  ~  ( 4 j -27)
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Therefore,

& J U )  =  - F ' ( U ) ~ J
da d2 db d d 2f

d U d x 2 d U d x  d U 2,

= f  G u ( x , +  Jt7 0 '(2/) +  } dy.
\ d U d U d U 2

The  action  o f § L ( U )  on a fu n c tio n  z(x)  is g iven by

da db

d U d U

+ J ^ ( y )  ^  (4-5-28)

T h is  is the  same fo rm u la  wc derived by co m pu ting  lim  •

4 .5 .3  A  fo rm u la  for the  ad jo in t

Wc denote the  ope ra to r $ '^ {U )  

the  a d jo in t L*

in (4.5.28) by L , and seek a fo rm u la  fo r

W c have

(Lz , w) /[/ 'Jo Uo
r i pi

Gx/(s>Z/){  J ^ " ( l / )  +  +  ^ 2 < / > { y ) ^ z { y ) d y

I  I  Gu(x'y){ w riv) + + w
( dn dh

w [x) dx

au. - ^ W d x z M d y

{z, L *w ) .

nl r l

J 0 J
G,

Thus, 

L * w  = G [ j ( x , y ) w ( x )  dx
Lvo

So, w h ile  the opera to r L  can be characterized by “ m u lt ip ly  the  G reen ’s func- 
f  dcx db ^2  ̂  "j

t i0 n  by 1 d U +  d U ^ V>> +  d U 2 ^  I and in tcg ra tc  aSa inst thc  d a ta ,”

we see here th a t th c  dua l ope ra to r is characterized by “ in teg ra te  th c  G reen ’s
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fu n c tio n  against th c  da ta  w ith  respect to  th c  o the r variab le, then  m u lt ip ly

f  Oa Ob 0  ̂f  1
by I d U ^ " ^  +  +  I '  B y  n um crica lly  reconstruc ting  thc

a pp rop ria te  q uan titie s  in  b o th  L  and L*, wc can app ly  th a n  in  succession 

and create a power m ethod  fo r th c  sym m etric  opera to r L L * . T h is  way, we 

can estim ate  the  dom inan t s ingu la r value and le ft s ingu la r vector fo r 4>(,; ( t / ) .  

W c discuss th is  im p lem en ta tion  in  §4.7.5.

4.6  C o n d itio n in g  for non linear equations

T h c  co nd itio n  num ber o f a m a tr ix  is a measure o f thc  se n s itiv ity  o f thc  

so lu tion  to  a linear system  o f equations. In  [85], R h c in b o ld t extends the no­

tio n  o f c o nd itio n  num ber to  non linear equations on norm cd linear spaces. In  

th is  se tting , the  co nd itio n  num ber depends on th c  dom ain, and R h c in b o ld t 

shows th a t th c  co nd itio n  num ber o f th c  non linear prob lem  a sym p to tica lly  

reduces to  th a t o f th c  deriva tive  a t a p o in t. In  th is  section wc exam ine 

th c  m ap <f> defined in  (4.4.2) in  th is  context, and show th a t th c  q u a n tity  

||<h^([/)|j is an app ropria te  measure o f th c  se n s itiv ity  fo r changes in  the 

dua l so lu tion  </> to  (4.3.28) corresponding to  p e rtu rb a tio ns  o f th c  fo rw ard  

so lu tion  U  to  (4.3.16).

For real norm cd linear spaces X, Y  and thc  space L(X,  Y ) o f bounded 

linear opera tors from  X  to  Y,  R h c in b o ld t defines th c  quan tities

f i (F ,  C )  — s u p {f G [0, oo); 11Fa; — Fy\\  >  t \ \x — y\\ Vx, y  €  C } ,  (4.6.1)

a n d

U(F, C )  =  i n f j t  €  [0, oo]; ||F x  -  F y || <  t \ \x -  y|] Vx, y <E C } ,  (4.6.2)

fo r any m app ing  F  : D  C X  Y  and any closed subset C  C D .  Note 

th a t th c  value t  =  oo is a llowed in  (4.6.2). T h c  co nd itio n  num ber o f thc
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m apping  F  on th c  set C  is defined as

K( F , C ) = ( ^ f ) ’ i f ° < P ( F C W F C ) < o o ,  (463) 
^oo, otherw ise.

T h is  reduces to  thc  s tandard  d e fin it io n  k ( F )  — ||F || | |F _1 |j in  ease F  £  L ( W \  

R h c in b o ld t examines so lu tions to  non linear equations

F x  =  b, (4.6.4)

and

G x  — c,, (4.6.5)

w ith  m appings F, G  from  X  to  Y .  Here, he takes th c  maps F  and G  “close 

to  each o the r in  th c  sense th a t on some set C  th c  difference m app ing

E  : C  C X  ->  Y, E x  =  F x  -  G x  V x  €  C  (4.6.6)

has a su ffic ien tly  sm all L ip sch itz  n o rm .” In  o ther words, th c  m ap G  can be 

viewed as a p e rtu rb a tio n  o f F.

R h c in b o ld t shows th a t i f  C\  C C2, then

« (F ,C '1) < k (F ,C 2), (4.6.7)

w h ich  suggests th a t wc m ust consider th c  l im it  as th c  dom ain  shrinks to  a 

p o in t. For F : D c X ^ Y , C c D ( C  closed), and :  £  C , he defines the 

localized bounds

f J ° ( F ,  C, z) — s u p { t £ [0, 00 ); ||F x  — F z\\ >  £||x — y\\ V.r £ C } ,  (4.6.8)

and

v° {F ,  C, z) =  i n f { i  £  [0 ,00 ]; | |F x  — Fz\ \  <  t \ \x — y|| Vx £  C } ) (4.6.9)
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and th c  corresponding localized co nd itio n  num ber

i f  0 <  f i {F .  C ), iy{F, C ) <  oo (4 6 1()) 

[o o , otherw ise.

W c sta te  tw o o f th c  theorem s in  [85] th a t arc relevant. T he y  appear as 

Theorem  3.2 and Theorem  3.3 in  th a t paper.

T h e o re m  4 .6 .1 . Suppose that  the cont inuous mapping F  : D  C X  —> Y  

has a Frechet der ivat ive F ' { z ) £ L ( X ,  Y )  at z £  in t (D )  f o r  which the inverse 

F ' { z ) ~ l £  L ( Y , X ) exists. Then f o r  any suff i cient ly smal l  e >  0 there is a 

S >  0 such that  C  =  { x  £  X \  ||a; — z|| <  <$} C D  and

\ v ° ( F , C , z ) - \ \ F ' ( z ) \ \ \ < e ,  (4.6.11)

and

|/ i° (F , C, z) -  H F ^ z ) - 1 1|_1 [ <  e. (4.6.12)

From (4.6.11) and (4-6.12), i t  fo l lows that

_________ f   <  k ° ( F , C , z ) - k ( F ' ( z ))   6_____

HF^z)” 1^ 1 + e  ^  1 +  k,(F'(z)) -  ll^ 'C*)-1 !!-1 - c ’ 1

where k ( F ' ( z )) — ||F '(z ) || | |F '( z )_1|j is the condi t ion number  o f  the der iva­

t ive on X .

T h e o re m  4 .6 .2 . Let  F  : D p  C X  —> Y  be such that k ° ( F , C ,  x* )  <  0 0  on 

some closed set C  C D p  and that  (4-6-4) has a solut ion x*  £  C. Then, f o r

any G  : Dp, C X  —-> Y , C  C D G, f o r  which (4-6.5) has a solut ion y*  £ C ,

we have

\x, — x
t i < p \ F , C , x * )

||6 — c|| | | G - F | c (4.6.14)
\b — F.x-°|| | | 6 - F x ° | j .

Here, x° £ C,  x° ^  x* is any point ,  and  ||G —F ||c  =  sup{||F :r — Gx\\ V x £ 

C}.
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In  p ractice, wc analyze th c  m ap $  by p roduc ing  an app rox im a te  solu­

t io n  U  to  thc  fo rw ard  problem , and then  add p e rtu rb a tio ns  o f a g iven size 

to  U  and exam ine th c  corresponding changes in  th c  dual so lu tion  0. In  th is  

s itu a tio n , equations (4.6.4) and (4.6.5) become

[Fd> =  U  ,
< (4.6.15)
|  F(f> — U  +  ew; e <C 1, ||tc|| =  1.

Here, F  represents the  inverse <h“ 1, and we assume thc  hypotheses o f the 

inverse fu n c tio n  theorem  ho ld  on th c  b a ll B f (U).  Using th c  n o ta tio n  in ­

troduced  in  §(4.4.1), wc le t 0  denote th c  so lu tion  to  th c  dua l prob lem  

corresponding to  line a riza tio n  around U , and 0 n„ thc  dua l so lu tion  cor­

responding to  line a riza tio n  around U  +  ew. In  th is  ease, equation  (4.6.14) 

in  Theorem  4.6.2 is

< k °(F,C,<P)
J t / - F 0 ° | |

(4.6.16)
110 -  0°l

Here, C  is a closed set conta ined in  w h ich  can be taken to  be thc

in te rsection  o f th c  closed set in  Theorem  4.6.2 and thc  closed set given by 

th c  inverse fu n c tio n  theorem , i f  necessary. We can w rite  (4.6.16) as

_\\U -  FcjP\
(4.6.17)

and, denoting  by U°  th c  fo rw ard  so lu tion  corresponding to  th c  dua l so lu tion  

0°, wc can fu rth e r w rite  th is  as

■||4>(f/) -  $ (U °

N ote th a t as e —► 0,

- 0 « J  < k °(F,C,</>) 

$ (£ / )  -  $ (U ° ) |

6 .
\ \ u - u ° \ \

II$ ' ( [ / )  li and kP( F ,C ,  0)
\ \ U - U ° \ \

by Theorem  4.6.1. Using th c  inverse fu n c tio n  theorem ,

(4.6.18)

k ( F '( 0 ) )

k (F '( 0 ) )  =  | |T / ( 0 ) | | | |F '(0 )_1||

=  ^ ' ( u r i H ^ f / ) ! !

(4.6.19)
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These results imply tha t

I I 0 - & J I  <  II$'(^)IIt  (4.6.20)

w hich  wc have seen a lready from  th c  d irec t linea riza tion  o f th c  m ap $  in

§4.4.1.

In  theory, wc w ish to  exam ine th c  prob lem

(  Feb =  U  , .
{ Y 4.6.21
\G4> =  U,

where G  represents th c  inverse o f th c  m ap corresponding to  so lv ing  th c  dua l 

p rob lem  around th c  correct in teg ra l average o f u  and U  g iven in  (4.3.14). 

L e tt in g  4>g — G ~ l (U) ,  equation  (4.6.14) reads

\ G - F \ \ C
(4.6.22)

U sing the  same estim ates as before, wc see a sym p to tica lly  as e —> 0 th a t 

U ~ M \  <  ( ^ ' ( ^ I H I G - F l l c .  (4.6.23)

I t  is w o rth w h ile  to  compare equations (4.6.20) and (4.6.23): th c  quan­

tit ie s  in  th c  la t te r  describe exactly  th c  se n s itiv ity  to  linea riza tion , b u t since 

wc never know  th c  exact so lu tion  u, th c  opera to r G  is unknow n, and th c  

dua l so lu tion  4>g is im possib le to  ob ta in . W c give up a direct, a tta ck  on 

c  in  (4.6.20) by rep lac ing  G  w ith  F  and exam in ing  pe rtu rb a tio ns  

to  th c  know n da ta  U.  T h is  is no t unreasonable in  lig h t o f thc  d if f ic u lt na­

tu re  o f de te rm in ing  G. I f  wc have m ore in fo rm a tio n  abou t th c  linearized 

dua l opera to r, then  i t  m ay be possible to  say more. For instance, i f  we 

know  th a t the  de riva tive  o f the  opera to r /  in  th c  fo rw ard  prob lem  / ( u )  =  0
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is L ip sch itz  continuous w ith  constant L,  then

< [  L s \ \ u - U \ \ d s

(4.6.24)

Thus, i f  wc know  th a t th c  e rro r e =  u — U  is sm all fo r a su ffic ien tly  fine dis-

Rcgardlcss, th c  appearance o f th c  q u a n tity  | |$ ^ ( t / ) | |  in  b o th  expressions 

suggests its  value as a se n s itiv ity  measure. T h c  results in  R h c in b o ld t’s pa­

per [85] ve rify  th c  role played here by th c  de riva tive  ^ ( U )  o f thc  non linear 

m ap <£>,/, between th c  app rox im a te  fo rw ard  so lu tion  U  and th c  dua l prob lem  

corresponding to  linea riza tion  a round U  th a t wc defined in  §4.4.1.

4.7  Im p le m e n ta tio n

In  th is  section, wc describe the  program s th a t wc use to  investiga te  thc  

line a riza tio n  issue fo r tw o -p o in t boundary  value problems.

4.7 .1  So lu tion  o f th e  fo rw ard  prob lem

Recall th c  tw o -p o in t boundary  value prob lem  (4.3.17):

T h c  weak fo rm  o f th c  d iffe ren tia l equation is obta ined by m u lt ip ly in g  (4.7.1) 

by a test, fu n c tio n  v (x ) ,  w ith  w(0) =  w ( l )  =  0 and in teg ra ting  the  second 

order te rm  by parts. W c seek u  E V  such th a t

c rc tiza tio n , wc m ay take e <  f | je| |  in  (4.6.20) when wc make com puta tions.

(4.7.1)

=> (au v'  +  bu v) dx  =  f  f v d x  Vu G V, (4-7.2)
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where V  — 1], the  Sobolev space o f functions on L 2[0,1] whose weak

first, deriva tives are also in  L 2[0,1].  G iven a p a r t it io n  0 =  :r0 <  x i  <  . . .  <  

'J'M+i — 1 w ith  hi  — Xi — Xi~ i,  wc le t be th c  space o f continuous linear 

func tions  w ith  value zero a t x  =  0 and x  =  1. is an M  d im ensional 

subspacc o f //(, [0,1], and a basis is g iven by

0, X  (f: [.'C'i-i, X i + 1]

X  ~  X i-1

X i - X i - i  - - (4.7.3)

X  —

P j  —
", X G

X {-\-1

fo r i  — 1 . . .  M .  W c d iscretize  (4.7.2) using th c  continuous G a lc rk in  ( c G ( l ) )  

m ethod  to  com pute U  G V j ^  such th a t 

1
{ a { U )U ' v  +  b {U )U 'v )  dx  =  /  f ( U ) v  dx  (4.7.4)

0 JO

M

fo r a ll v G V ^ \  where U  =  E Choosing v — fa fo r 1 <  i  <  M  leads
i = i

to  th c  system  o f equations 

M „ i

/  «(£/;)</>'-</>' +  b(Ui)^' j(j)i dx — /  f ( U i ) ( j ) id x  1 <  i  <  r n .  
j = i  Jo ' J  o

(4.7.5)

Each basis fu n c tio n  is supported  on x i+ i ],  so the in teg ra ls  vanish ex­

cept when i  — j  — i, i  — j ,  and i  — j  +  1. T h is  leads to  th c  discrete system
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of equations

( ia {U l , x l )  +  a ( U i - i ,  X i - i ) )

2h,
Ui. i

+
+  a {U i ,X i ) )

2 hi
+

{a (U i ,X i )a (U i+ i , x i+ i ) )

2 h■i+1
Ui

( a ( U i , X i )  +  a ( U i + l , x i+1))

2hii+1
Ui*+1

+
b(Ui , X i

(U l+1 - U i - i )

hi  +  h i+ 1
. f ( . r  (4.7.6)

W c solve th is  non linear system  o f equations by de fin ing  F i ( U ) as th c  d iffe r­

ence between thc  le ft and r ig h t hand sides o f (4.7.6) and so lv ing  F ( U )  =  0 

using N ew to n ’s m ethod  w ith  dam ping. D am ping  is used when th c  in it ia l 

guess fo r the  m ethod  is n o t good. W c v iew  th c  co m pu ta tion  o f a ro o t o f 

F ( U )  =  0 as try in g  to  m in im ize  | |F ( f / ) | | .  I t  is possible th a t a N ew ton  step 

causes | |F(C/W)|| >  | | F ( [ / ^ _1^)||, fo r exam ple when is fa r from  a roo t,

or when th c  Jacobian F ' ( f / ^ -1^) is nearly  s ingular. Now, th c  i tf' N ew ton 

change

Si =  F , ( U i i - l ) ) - 1F ( y {i~ l ) ) (4.7.7)

is a d ire c tio n  o f decrease fo r ||F (f7 )|| from  U ^ ~ x\  so | |F ( t / ) | |  <  | j F ( f / ^ _1^)|| 

fo r a ll U  su ffic ien tly  close to  ly in g  in  th c  d irec tion  o f 8t . “ D am p ing ”

means th a t wc move in  th c  d irec tio n  o f th c  N ew ton change, b u t no t as fa r as 

ind ica ted  by N ew to n ’s m ethod. W ith  dam ping, wc t r y  to  fin d  an ite ra te  in  

th c  d ire c tio n  o f 5t from  th c  previous ite ra te  th a t is re la tive ly  large, b u t fo r 

w h ich  thc  successive norm  decreases. T h c  a lg o rith m  perform s a b isection 

search in  thc  d irec tio n  o f the  N ew ton change in  order to  fin d  an ite ra te  th a t 

decreases th c  norm . T h c  a lg o rith m  is

105

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A lgorith m  4 .7 .1 . (Damped N ew ton M ethod)

1- U0id =  Ui)

2. F o r  i  =  1 to M A X I T  

.  Solve F ' { U old)8 =  F { U „ i d) 

•  set Unew D0id “H 8

•  I F  ||£|| <  T O L  break 

.  I F  \ \F (U new)\\ >  \ \F(Uold)\\

, } +  j  j  —  & n e w  T  H o l d  s e t  u TIf 'W ~
-  W H I L E  \ \F (U new) \ \ > \ \ F ( U old)\\

j j    U n e w  - | -  U 0 l d

U n e w  ^
-  end W H I L E

•  end I F

•  H o l d  N n r \ t !

3. end

T h is  a lg o r ith m  produces a sequence U ^ \  U^2\  . . . }  o f N ew ton ite ra tes

th a t converge to  th c  roo t o f th c  equation  F ( U )  =  0. T h c  so lu tion  o f th c  

equation  F ' { U 0id)8 — F ( U „ i d) is accom plished by cons truc ting  th c  Jacobian 

F' (U„ id )  as a sparse, banded m a tr ix  and so lv ing thc  linear system. T hc  

m a tr ix  is banded and has th c  same spars ity  s truc tu re  as th c  d iscretized
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problem . T h c  entries in  th c  Jacobian arc given by

d F j { U )

d U t - i 2 hi

+ 1 ; %i-\-1 )  _

2 ’

<97/,;

( n ( t / j , x j )  T  , x )  ~t~ u  )

2 /ij+ i

2 '

(£A --C /< -i)

(4.7.8)

As before, th c  n o ta tio n  a ' ( u , x )  etc., denotes d iffe re n tia tio n  w ith  respect 

to  u  and no t to  x.  A d d itio n a lly , in  th is  thesis we on ly  consider u n ifo rm  

d iscre tiza tions, so h t =  h i+ 1 fo r a ll i.

In  some examples th a t wc consider la te r on, the N ew ton a lg o rith m  

does n o t converge to  th c  correct so lu tion . In  eases where wc know  thc  

exact so lu tion  u, wc c ircum ven t N ew to n ’s m ethod  and use values o f th c  true  

so lu tion  to  construc t a so lu tion  U  in  an app ropria te  space o f approx im ate  

so lutions. T yp ica lly , wc take th c  nodal values o f thc  true  so lu tion  and 

construc t a piecewise linear in tc rp o la n t, w h ich  serves as th c  approx im ate  

so lu tion  abou t w h ich  wc linearize th c  coefficients o f thc  dua l problem . In  

th is  way, wc can con tro l the  size o f th c  e rro r in  th c  fo rw ard  so lu tion  and 

exam ine how i t  affects change in  th c  dua l so lu tion  in  eases where th c  fo rw ard  

so lu tion  process docs no t work.
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4.7 .2  So lu tion  o f the  dual p rob lem

Recall th c  fo rm  o f the  dua l so lu tion  used in  th c  fin ite  clem ent m ethod

is
r -  k  w y + { a \ u ) u '  -  b m  <!>' -  nu) < t>  =  Vh 7

\ m  =  </>(!) =  o.

A fte r  th c  N ew ton a lg o rith m  produces th c  approx im ate  so lu tion  U  to  the 

fo rw ard  p rob lem  (4.7.1), wc evaluate thc  coefficients in  th c  dua l problem , 

specify th c  dua l da ta  </>, and solve th c  dua l problem . T h c  code produces 

th ree  d iffe ren t f in ite  clem ent so lu tions to  thc  dua l problem . T h c  firs t uses 

the  same basis functions (4.7.3), th c  second uses quad ra tic  Lagrange basis 

elements (sec [42], page 200), and th c  th ird  uses cubic H c rm itc  elements (sec 

[99], page 58). W c com pute th c  dua l so lu tion  in  these spaces o f sm oother 

functions to  exam ine properties  o f th c  e rro r estim ates th a t require  m ore 

smoothness. For example, so lv ing  th c  dua l p rob lem  in  thc  same space as 

th c  fo rw a rd  so lu tion  (e.g. (f> £  V j ^ )  makes analysis easier, since in  th is  case 

the  dom ain  and range o f th c  m ap <f? : U  —> (j) have the  same dim ension. 

S o lv ing th c  dua l p rob lem  in  VJ® is done fo r exam in ing  e rro r estim ates th a t 

give second deriva tive  in fo rm a tio n , e.g. (j) — i r/,0. W c use th c  cubic H c rm itc  

elements to  construc t dua l so lu tions w ith  sm ooth  second deriva tives, in  

order to  fa c ilita te  exam in ing  th c  form ulas fo r U ) th a t arc discussed in

§4.5. Sec equation  (4.5.17), fo r example.

4.7 .3  T h e  non linear pow er m ethod

W ith  the  com puted fo rw ard  and dua l so lu tions in  hand, wc can im p le ­

m ent th c  N L P M  in  a m a tr ix -fre e  way as set fo rth  in  A lg o r ith m  2.4.1. W h ile  

th c  a lg o rith m  its e lf is re la tive ly  s tra ig h tfo rw a rd , there arc some subtle ties
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w ith  th c  m anner in  w hich  wc com pute th c  sequence

$(C / +  <5<) - $ ( £ / ) .  (4.7.10)

In  p a rtic u la r, i f  wc solve thc  fo rw ard  p rob lem  U  € b u t th c  dua l so lu tion
/Q\

4> — 4>(t/) 6  Vfl , then  th c  in p u t and o u tp u t spaces for 4> arc n o t th c  same, 

so i t  is no t s im p ly  a m a tte r o f feeding thc  previous ite ra te  back in to  thc  loop. 

In  case U  is in  a “sm alle r” space th a n  <f>, wc a tta ch  th c  a pp rop ria te  noda l 

values to  U  to  “ l i f t ” U  in to  th c  same space as </>. In  th c  ease where U  £  V ^ \  

add ing  m id p o in t values between th c  nodes is su ffic ient. T h is  is no t an issue 

when th c  fo rw ard  and dua l problem s arc in  the  same space. A lso, some o f 

th c  coefficients depend on th c  deriva tive  o f th c  fo rw ard  so lu tion , and th is  

in fo rm a tio n  m ust be com puted num erica lly . T h c  values fo r th c  coefficients 

o f th c  dua l p rob lem  arc expressed on a g rid  o f gauss nodes by fo rm ing  linear 

com b ina tions o f thc  app rop ria te  basis functions, w hich arc defined by thc  

code and evaluated on th c  gauss nodes.

4.7 .4  C o n stru ctin g  4>^(t/)

Once wc ob ta in  th c  linearized  dua l so lu tion  (j) hr a fin ite  d im ensional 

vector space, wc construc t a fin ite -d im e n s io n a l app ro x im a tion  to  th c  oper­

a to r 4*^(7/) by so lv ing  a sequence o f dua l problem s: wc f ix  a sm all value 

fo r th c  param eter e, successively scale th c  basis functions ej,  p e rtu rb  the 

fo rw ard  so lu tion , and com pute

- i y + « > ) - * « ' ) , j  =  ( 4 . 7 . n )

e

where M  is th c  d im ension o f thc  space fo r th c  dua l problem . In  th is  way, 

we de te rm ine  thc  action  o f th c  m a tr ix  4>^(77) on thc  basis, and concatenate 

these to  fo rm  th c  m a tr ix . W ith  th c  m a tr ix  in  hand, wc can use M A T L A B
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to  fin d  eigenvalues and eigenvectors, and to  perfo rm  a s ingu la r value de­

com position . W c can then  compare these results w ith  those o f a lgo rithm s 

(2.4.1) and (2.4.2), as w ell as th c  codes based on equation (4.5.17) in  §4.5.6.

4.7 .5  A p p ro x im a te  G re e n ’s function

In  §4.5, wc discussed an approach to  ^ ( U )  th a t u tilizes thc  G reen ’s 

fu n c tio n  fo r th c  linearized  dua l problem . U sing equations (4.5.17) fo r ^ ( t / )  

and (4.5.29) fo r its  a d jo in t, wc can construc t an a lg o rith m  th a t perform s a 

power m ethod  fo r <E>^(t/)T$ ^ ( f / ) ,  thereby p ro v id in g  an a lte rna te  rou te  to  

th c  dom in a n t s ingu la r value and s ingu la r vector.

Wc approx im ate  th c  G reen ’s fu n c tio n  fo r thc  linearized dua l prob lem  

by in ve rtin g  th c  stiffness m a tr ix  fo r th c  system o f discrete equations th a t 

arises in  thc  fin ite  clem ent fo rm u la tio n  o f th c  linearized dua l problem . W c 

can do th is  because the G reen’s fu n c tio n  satisfies thc  dua l p rob lem  w ith  

d e lta  fu n c tio n  data . T he  load vector fo r th c  dua l prob lem  w ith  a de lta  

fu n c tio n  centered a t th c  j th node is g iven by

[  ST { x ) ^ i { x ) d x  =  ^ i { x j ) ^ \ l  % ^  . (4.7.12)
J o 10 otherw ise,

since th c  4>i arc Lagrange basis functions. From  th is  wc sec th a t the  load

vector corresponding to  th c  i th equation  is th c  s tandard  basis vector e*.

Therefore, th c  m a tr ix  th a t represents th c  G reen’s fu nc tio n  corresponding

to  so lv ing  dua l problem s w ith  d e lta  da ta  centered a t th c  nodes is

SG  =  I  => G =  S ~ L, (4.7.13)

where S  is th c  stiffness m a tr ix  fo r th c  fin ite  element th a t produces th c  dual 

so lu tion  corresponding to  line a riza tio n  around th c  approx im ate  fo rw ard  so­

lu t io n  U .
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To dem onstrate , wc num erica lly  reconstruct- thc  G reen ’s fu n c tio n  for 

th c  prob lem

W c take a u n ifo rm  p a r t it io n  o f [0,1] in to  100 sub in tcrva ls o f leng th  h — .01 

and b u ild  th c  stiffness m a tr ix  fo r th c  c G ( l)  f in ite  element fo rm u la tion . Now, 

the  G reen ’s fu nc tio n  fo r th is  p rob lem  is g iven by [93]

W c p lo t G (x ,  £) and th c  inverse o f the  stiffness m a tr ix  on [0,1] x  [0,1], 

and th e ir  difference in  figure  4.4. Once th c  code constructs th c  G reen ’s func­

t io n  and com putes thc  o the r q uan titie s  in  th c  kernels o f equations (4.5.17) 

and (4.5.29), i t  begins w ith  an in it ia l fu nc tio n  z(x) ,  com putes the  value 

o f equation  (4.5.17) using gaussian quadra tu re , then  uses th a t value as the 

fu n c tio n  on w h ich  the  a d jo in t ope ra to r acts, as per (4.5.29). T h c  in te rm e d i­

ate ite ra tes arc saved in  order th a t wc m ay compare these w ith  thc  N L P M . 

Note th a t th c  eva lua tion  o f th c  kernel requires second derivatives o f th c  

com puted dua l so lu tion . W c solve th c  dua l prob lem  using cubic H c rm itc  

basis elements in  order to  produce a su ffic ien tly  sm ooth a pp ro x im a tion  to  

4> fo r th is  purpose.

n
f i x ) ,  / ( 0 )  =  / ( I ) ,  x  €  [0,1]. (4.7.14)—u

(4.7.15)
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Green’s FunctionInverse of stiffness matrix

The difference between 
the two is O(h).

F igure  4.4: Inverted  c G ( l)  stiffness m a tr ix , G reen ’s fu nc tio n , and th e ir  
difference.
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C h a p te r 5

EXAMPLES

5.1 N u m e ric a l exam ples

W c present a scries o f num erica l examples to  illu s tra te  the  use o f thc  

non linea r power m ethod  and to  dem onstra te  th c  codes based on th c  algo­

r ith m s  fo r th c  N L P M  and th c  G reen’s fu n c tio n  in teg ra l representa tion  fo r 

% ( U ) .

E xam p le  5 .1.1. We begin by exam in ing  th c  one-d im ensiona l version o f 

th c  classical B ra tu  prob lem

f - « " ( * )  =  0 <  x  <  1,

\ u ( 0) =  u{  1) -  0.

T h is  is th c  s teady-s ta te  p rob lem  corresponding to  th c  e vo lu tio n  problem

ut  — A u — Ae“ , x  £ D ,  t  >  0, (5.1.2)

and is a m odel fo r so lid  fuel ig n it io n  [74, 13]. E qua tion  (5.1.1) is s im p ly

(4.3.16) w ith  a =  1 ,6  =  0, and /  =  \ e u{-x\  T h c  exact so lu tion  is g iven by 

[5, 21, 31]

( cosh ( ( :r ~  2 ) 5 )
“ w = - 2 1 n ( d ( { )  )■  ( 5 L 3 )
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where 9 solves

9 =  \/2Acosh (5.1.4)

There  is a unique so lu tion  fo r Ac =  3.513830719 (see [21]), and there are tw o 

so lu tions fo r A <  Ac. W c take A =  1, w h ich  corresponds to  tw o  so lutions 

given by th c  values

Tak ing  JJ\ =  x ( l  — x ) as th c  in it ia l ite ra te , N ew to n ’s m ethod  converges to  

the so lu tion  corresponding to  9\. U sing dua l da ta  (/’ =  1, the  dua l prob lem  

corresponding to  line a riza tio n  around the  approx im ate  so lu tion  U  is

F igu re  5.1 d isplays th c  fo rw ard  so lu tions, error, and dua l so lu tion . T hc  

th ic k  b lack curve is th c  tru e  so lu tion , and th c  c G ( l)  fin ite  element so lu tion  

is th c  th in  ye llow  curve.

F igure  5.2 d isplays the  results fo r th c  m a tr ix  reconstruc tion  o f 

(see §4.7.4). is shown in  th c  upper le ft corner, and the  m a tr ix

corresponding to  ( /  — 7^)4?^ ( f / )  is shown in  th c  upper r ig h t corner. T h c  

dom inan t le ft s ingu la r vector fo r th is  m a tr ix  gives th c  p e rtu rb a tio n  to  U  

th a t causes th c  largest change in  (j) — 7T/j</>, where 7q, is thc  nodal in tc rp o la n t 

th a t p ro jects  (j) from  in to  V j ^ \  T h is  p ro je c tio n  is im portan t, fo r s tu d y ­

ing  a-poster ior i  estim ates invo lv in g  thc  dua l weights (j) — nh(f>. N ote  th a t 

th c  s ingu la r vectors shown in  the  lower le ft o f F igu re  5.2 arc not, th c  same, 

in d ica tin g  th a t tw o d iffe ren t p e rtu rb a tio ns  arc required to  bound estim ates 

in vo lv in g  b o th  </> and 0  — Since th c  m ain  focus is the m ap <£> : U  —> cj), 

henceforth  wc o n ly  consider <f>^([7).

6»! =  1.5171645 and 92 =  10.9387028. (5.1.5)

(5.1.6)
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True and approximate solutions
0.2

0.15

0.05

0.2 0.4 0.6

Error
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-4 0.2 0.4 0.6 0.8

0.2

0.15

0.05

0.60.2 0.4

The size of the error is 
2.5608 E -5  for n = 20 elem ents.

The forward and dual solutions are not 
the same!

F igure  5.1: So lutions fo r th c  1-cl B ra tu  problem .
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F igure  5.2: 4>^(C/) and ( I  — 7r/l ) <J>^,([/), s ingu la r vectors, and eigenvectors.
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E x a m p le  5 .1 .2 . W c consider the  tw o -p o in t boundary  value p rob lem  (4.3.16), 

w ith  the  fo llow ing  coefficients and data:

a(u , x)  =  1 +  u

b(u, x)  — u

/ ( u ,  x)  =  2u +  u{  1 -  2x)  -  (1 -  2 x )2 +  2.

T he  da ta  /  was chosen so th a t u (x )  =  x ( l  — x)  solves the  p rob lem  exactly.

W c choose dua l da ta

"</;(:v) =  —4 x 3 +  6 x 2 -  2x +  2, (5.1.7)

w hich  makes <fi(x) =  x ( l  —x ) the  so lu tion  to  the  dua l prob lem  corresponding 

to  line a riza tio n  a round the  tru e  fo rw ard  so lu tion  u. T h is  way, wc can test 

b o th  the  fo rw ard  and dua l solves to  determ ine w hether they  arc p roduc ing  

m ean ing fu l approx im ations. W c solve the  p rob lem  on a very coarse mesh 

(n =  4 elements), and on a fine r mesh (n — 40 elements) and d isp lay the re­

su lts  in  F igures 5.3-5.8. F igures 5.3 and 5.4 show p lo ts o f the  approx im a te  

and true  fo rw ard  and dua l so lu tions, as w ell as num erica l app rox im a tions  

o f the  G reen ’s fu n c tio n  fo r the  linearized  dua l problem , and a reconstruc­

t io n  o f the  m a tr ix  <F^(C/). Figures 5.5 and 5.6 d isp lay the  resu lts o f the 

non linear power m ethod; the  le ft hand figure  shows the fin a l ite ra te  o f the 

m ethod  (vectors arc norm alized  to  have L 2 no rm  equal to  one) to  deter­

m ine the  dom in a n t eigenvector and dom inan t left, s ingu la r vector. F igures
/n\

5.7 and 5.8 again show 4>^(f/), using the  basis functions fo r the  space V)) 

o f piecewise quad ra tic  functions, and the basis functions fo r the  space 

o f piecewise linear functions. N otice  the  “ band ing ” effect th a t is caused by 

so lv ing  re la tive  to  the  basis fo r th is  is because there arc tw o  d iffe ren t
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“ shape” func tions  in  th a t basis, and th e ir  pe rtu rb a tio ns  lead to  q u a lita ­

tiv e ly  d iffe ren t dua l so lutions. T he  appearance is sm oother in  since 

the  basis “ h a t” functions arc iden tica l a t each node.

Table 5.1 d isplays the  results o f some e rro r com puta tions. Since the 

tru e  so lu tion  is know n, we can com pute  the  quan titie s  ||e|| =  ||u — U || and 

|(c, 0 ) |  exactly, and compare these w ith  a-poster ior i  estim ates based 011 the 

dua l so lu tion .

#  o f elements INI 1 ( ^ ) 1 estim ate 4.3.38 e rro r ra tio

n  — 4 5.738 x  10“ 3 1.109 x  10“ 2 1.116 x  10“ 2 1.00522

OII£ 5.644 x  10“ 5 1.042 x  10“ 4 1.042 x  10“ 4 1.00005

Table 5.1: E rro rs  fo r Exam ple  (5.1.2).
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Forward Solutions Dual Solutions
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Approximate Greens Function derivative of <3> (U)

F igure  5.3: So lutions fo r Exam ple  (5.1.2) w ith  n =  4 elements.
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F igure  5.4: So lutions fo r Exam ple  (5.1.2) w ith  n — 40 elements.
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Eigenvector and Left Singular Vector True and approximate eigenvectors

0.5

matlab
algorithm

0.2 0.4 0.6 0.80 1

0.5

eigenvector 
singular vector

0.2 0.4 0.6 0.8

F igure  5.5: N L P M  results fo r Exam ple  (5.1.2) w ith  n  =  4 elements.

Eigenvector and Left Singular Vector True and approximate eigenvectors
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F igure  5.6: N L P M  resu lts fo r Exam ple  (5.1.2) w ith  n  — 40 elements.
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F igure  5.7: 4>^,(f7) w ith  cG (2) and c G ( l)  basis functions, n  =  4 elements.
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F igure  5.8: ^ ( U )  w ith  cG (2) and c G ( l)  basis functions, n =  40 elements.
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E x a m p le  5 .1 .3 . In  th is  example, wc consider the  boundary  value problem

(4.3.16) w ith  these coefficients:

a(u, x )  =  1 +  u

b(u , x)  =  0

f ( u ,  x )  — 1 +  6x  — 6 x 2.

W ith  th is  choice o f / ,  the  exact so lu tion  is u (x )  — x ( l  — x).  In  the  firs t

p a rt o f th is  example, wc use the  dua l data

' ip(x) =  /527r2(1 +  x  — x 2) sin(/?7rx). (5.1.8)

T h is  choice makes (j>(x) =  sin({3nx)  the  dua l so lu tion  corresponding to  lin ­

eariz ing  around u. W c begin by ta k in g  (3 =  5 and show some resu lts based 

on A lg o r ith m  (2.4.1), as w ell as an a lg o rith m  based on fo rm u la  (4.5.17), u t i ­

liz in g  the  in teg ra l representa tion  fo r ^ ( U )  based on the G reen ’s func tion . 

Since the  true  dua l so lu tion  is known, wc arc able to  check the  accuracy 

o f the  c G ( l) ,  cG (2), and H crm ite  f in ite  element m ethods used to  solve the 

dua l problem . In  F igure  5.9, wc d isp lay the  resu lts fo r the dua l so lu tion  

corresponding to  line a riza tio n  a round the  fin ite  element, so lu tion . C lea rly  

these p lo ts  ind ica te  th a t the  dua l so lu tion  codes are p roduc ing  accurate re­

sults. F igu re  5.10 d isplays the  results o f the  non linear power m ethod , based 

o il A lg o r ith m  (2.4.1). T he  in it ia l s ta rt in g  vector is shown in  b lack, and the 

fin a l ite ra te  in  red. In  th is  exam ple, wc used the  sequence atj =  (.75)J fo r the 

linea riza tion , and ran  the  power m ethod  u n til the  norm  o f the  p e rtu rb a tio ns  

to  U  became as sm all as ^/eo, where e0 is the  machine num ber.
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F igure  5.9: L inear, quadra tic , and cubic dua l so lu tions fo r Exam ple  (5.1.3), 
P =  5.
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F igure  5.10: Ite ra tes o f the  N L P M  fo r Exam ple  (5.1.3), [3 =  5.
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Figures 5.11-5.13 compare the  fin a l ite ra tes from  the N L P M  and G reen’s 

fu n c tio n  in teg ra l fo rm u la  w ith  the eigenvector produced by M A T L A B  fo r 

the  m a tr ix  reconstruc tion  o f <f>^([7).

  NLPM
  Green
  EIG

0.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

F igure  5.11: D om ina n t eigenvector fo r N L P M , G reen ’s fu nc tio n
fo rm u la , and M A T L A B .
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F igure  5.12: D ifference between N L P M  and M A T L A B .
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F igure  5.13: D ifference between G reen’s fu n c tio n  fo rm u la  and M A T L A B .
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Tab ic 5.2 shows the  app rox im a tions  to  the dom inan t eigenvalue fo r the 

N L P M , the  G reen ’s fu n c tio n  fo rm u la , and M A T L A B ’s c igcn -dccom pos ition  

o f the  m a tr ix  representa tion fo r <£>^(t/). W c also show the  app ro x im a tion  to  

||<L^(t/)|| based on the G reen ’s fu n c tio n  fo rm u la  coupled w ith  the  fo rm u la  

(4.5.29), as well as from  the  SVD  fo r the  m a tr ix  <E>^(I7).

N L P M G reen’s M A T L A B

eigenvalue 3.306488 3.306171 3.305899
singu la r value 14.54759 15.32457

Table 5.2: D om ina n t eigenvalue arid s ingu la r value.

E x a m p le  5 .1 .4 . W c continue w ith  the  p rob lem  given in  Exam ple  5.1.3, 

w ith  some differences. In  the  previous exam ple, the dua l da ta  was no t 

norm alized, m aking  i t  ina pp rop ria te  fo r the  purposes o f e rro r estim a tion . 

Here, we use the  same fo rm u la  fo r the  dua l data , b u t sealed to  have u n it 

norm : wc take

p(x )  =  /327t2(1 +  x  — x 2) sin(/37rx) (5.1.9)

and then  use ip(x)  =  as the  dua l data. T h is  has the  effect o f scaling
b w l l

the  dua l so lu tion  by app ro x im a te ly  { ir(3)~2, so the  size o f the  dua l so lu tion  

decreases fa ir ly  ra p id ly  w ith  increasing (3. W c va ry  the  param eter f3 and 

exam ine w ha t effects th is  m ay have on the  se n s itiv ity  o f the  p rob lem  to  

linea riza tion . F rom  equation  (4.5.28), wc conjecture  th a t dua l so lu tions 

w ith  large second deriva tives m ay ind ica te  a se n s itiv ity  to  lineariza tion .

W c take n =  40 elements and solve b o th  the  fo rw ard  and dua l problem s 

in  the  space o f piecewise linear po lynom ia ls. The e rro r e «  ||w — U\\ =  

1.55 x  10~4 fo r th is  d iscre tiza tion . We construc t the  m a tr ix  representa tion  o f 

the  ope ra to r $ ,/,( [/)  and use M A T L A B  to  perfo rm  bo th  s ingu la r value and
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c igcn-dccom positions and d isp lay results in  Table 5.3. Recall th a t 

and are the  dua l so lu tions corresponding to  line a riza tio n  around the 

approx im ate  and tru e  so lu tions, respectively, w h ile  § ( U  +  ev) is the dua l 

so lu tion  corresponding to  line a riza tio n  a round a p e rtu rb a tio n  o f size e in  

the  d irec tio n  o f a u n it  vector v. In  p a rticu la r, i f  v is the  dom in a n t le ft 

s ingu la r vector fo r wc arc linea riz ing  in  the  d irec tio n  o f m ax im um

possible change fo r $ ( U ) .

Note th a t the size o f the  changes in  +  ev) — <I>(f/)|| arc no t a ltered 

s ig n ifica n tly  w ith  increases in  /3, b u t rem ain abou t one order o f m agn itude  

sm aller th an  the fo rw ard  error. However, i t  is s ign ifican tly  larger th a n  the 

corresponding change ||<f>(u) — <£({/)||, in  w hich  the  line a riza tio n  is p e rtu rb ed  

in  the  d irec tio n  o f the  true  so lu tion . A d d itio n a lly , the  values fo r || do

not, change considerab ly w ith  f3. These results ind ica te  th a t the  line a riza tio n  

is n o t sensitive to  p e rtu rb a tio ns  in  the  fo rw ard  so lu tion . M oreover, the 

bound  based on the  norm  o f the  deriva tive  is considerab ly larger (as much 

as three orders o f m agn itude  when (3 — 15) th a n  the  effect o f line a riza tio n  

in  the  d irec tio n  o f the  tru e  so lu tion , as ind ica ted  by com paring  the  second 

and th ird  colum ns in  Table 5.3.

Differences become m ore apparent when wc exam ine the  re la tive  change 

in  the  dua l so lu tion . T he  f i f th  co lum n in  the  tab le  lis ts  the  size o f the 

change in  the  dua l so lu tion  re la tive  to  the  size o f the  dual so lu tion  obta ined 

by linea riz ing  around the  approx im ate  so lu tion  U . The  co lum n in  the  tab le  

labe lled  “ ra tio ” gives the  ra tio  o f the  re la tive  change in  <f> to  the  re la tive  

change in  U . Since wc solve the  fo rw ard  p rob lem  on the same mesh fo r each 

value o f (3, the  re la tive  change in  U  is constant, so the fin a l tw o colum ns in  

the  tab le  arc d ire c tly  p ro po rtio na l. In  the  s itu a tio n  where the  size o f the

126

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



p e rtu rb a tio n  to  U  is the  size o f the fo rw ard  error, wc have

ra tio  =
V m u ) \ \  )  v i i u — 1/||

f \ \ ^ u  +  e v ) - - r ; ; \  (  11 u\\
V 6 )  \J$(f/)||

M
W l l iT T T T T T r  (5-1-10)

W c see th a t ||$^,(£/)|| is the  re la tive  co nd itio n  num ber fo r I t  relates 

the  re la tive  size o f the fo rw ard  and dua l so lu tions to  the ra tio  o f re la tive  

changes in  the  fo rw ard  and dua l so lutions. Since the re la tive  e rro r in  the 

fo rw ard  so lu tion  is constant, and ||4>^(f/)|| docs no t change s ign ifican tly , 

and the  increasing ra tios  in  the  last co lum n o f Table 5.3 ju s t re flect the fact 

th a t the  size o f the  dua l so lu tion  decreases w ith  increasing 0.

0 ||$(C / +  eu) -  <h(t/)|| | |$ (U) - $ ( J / ) | | 1 1 ^ ) 1 1
\\4>(U+cv)-&(U)\\

n*(y)ii
ra tio

1 1.28 x  10“ 5 3.78 x  10“ 6 8.29 x  10-2 1.55 x  10“ 4 .182
5 1.11 x  10“ 5 2.06 x  10“ 7 7.03 x  10“ 2 3.19 x  10“ 3 3.76
10 1.11 x  10“ 5 3.70 x  10“ 8 6.77 x  10“ 2 1.28 x  10“ 2 15.1
15 1.10 x  10“ 5 1.68 x  10“ 8 6.35 x  1 0 "2 2.87 x  10“ 2 33.7

Table 5.3: Q u an tities  o f in te rest fo r Exam ple  (5.1.4).
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forward solution
0.35

0.3

0.25

0.2
0.15

0.1
0.05

0 0.2 0.60 0.4 0.8 1

-2

-4

-5

-6
-7

0.40 0.2 0.6 0.8 1

dual solution <t>(U) dual data y
0.12

0.1

0.08

0.06

0.04

0.02

00 0.2 0.4 0.6 0.8 1

0.5

0.2 0.4 0.6 0.8

F igure  5.14: Exam ple  (5.1.4), (5 — 1.

forward solution
0.35

0.3

0.25

0.2
0.15

0.1
0.05

0.2 0.4 0.6 0.8

-2
-3

-4

-5

-6
-7 0.2 0.4 0.6 0.8

dual solution <f>(U) dual data v

0.5

-0.5

-1 .5 -2
0.4 0.80.2 0.4 0.6 0.8 0.2 0.6

F igure  5.15: Exam ple  (5.1.4), (5 — 10.
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d<J>(U) left singular vector

10 20 30

4>(U-t-e v )-*(U )

0.5

0.2 0.80.4 0.6

0.5

0.2 0.4

dominant eigenvector
1.5

1

0.5

00 0.2 0.60.4 0.8 1

F igure  5.16: Exam ple  (5.1.4), (3 — 1.

d4>(U) left singular vector
2

0

•1

-20 0.2 0.4 0.6 0.8 1

0.5

0.2 0.4 0.6

dominant eigenvector

0.5

0.2 0.4 0.6

F igure  5.17: Exam ple  (5.1.4), f3 — 10.
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E x a m p le  5 .1 .5 . In  th is  example, wc consider the boundary  value prob lem

(4.3.16) w ith  these coefficients:

f t  ta n -1 (u) +  +  a

0

An2f t B 2 cos(27rx)2 

1 +  B 2 sin(27rx)2

+ A n 2f t B  sin(27rx) ^ ta n _1(Bsin(27ra:)) +  — 47r2a i?  sin(27rx).

The  tru e  so lu tion  fo r th is  p rob lem  is u =  —B s in (2 i rx ) .  We can a lte r the 

param eters B , ft  and a  and exam ine th e ir  effects on lineariza tion . The 

param eters B  and f t  influence the  steepness o f the  graphs o f a(u, x )  and 

u (x ) .  In  p a rticu la r, larger values fo r these param eters make a large, sharp

spike in  the  convection te rm  fo r the  linearized  dua l problem . T he  te rm
f3n

ensures th a t a(u,  x )  rem ains bounded away from  zero, and the  constant 

a  lin e a r ly  ad justs a (u , x ) ,  in  order th a t we can exam ine the effect o f the 

p ro x im ity  o f a(u, x )  to  zero.

In  th is  exam ple, the  re la tive ly  bad behavior o f the coefficient. a(u, x)  

and the  so lu tion  u (x )  fo r large values o f the  param eters make the  fo rw ard  

prob lem  d if f ic u lt to  solve. W c fin d  th a t N ew to n ’s m ethod  docs generally 

no t converge, so instead wc construc t a piecewise linear app ro x im a tion  to  

the  tru e  so lu tion  by s im p ly  using the  nodal values o f u (x )  and in te rp o la tin g  

linearly . T h is  is evidenced by the “ o sc illa to ry ” e rro r p lo ts in  F igu re  5.19.

Results fo r various values o f B  and f t  are displayed in  Table 5.4 fo r 

n =  20 elements and a  =  0. P lo ts  fo r coefficients, so lutions, and <h(,,(t7) arc 

d isplayed in  F igures 5.18-5.21 fo r the  values f t  =  5 and B  =  10. N ote  the 

te rm  in  the  f if th  co lum n o f Table 5.4. T h is  refers to  the  dua l so lu tion

corresponding to  line a riza tio n  around the app ropria te  average o f u  and U
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(see equation  4.3.14). W c construc t th is  average by w r it in g  the  tru e  dua l 

p rob lem  (4.3.27) in  weak fo rm  and using gaussian quadra tu re  to  com pute 

the coefficients d, a,  b, and / .

\ \ u - U \ \ \ \$ {U +  ev) - $ ( ! / ) || | | * («) -$( l / ) | | \ \ A - J if, -  <f>(U)\\ I IW)II<
(2,3) 1.91 x 10~2 6.18 x 1 0 -4 3.54 x 1 0 -4 1.76 x 10“4 6.55 x 10*4

(3,2) 1.27 x 10~2 2.59 x 1 0 -4 1.45 x 1 0 -4 7.25 x 1 0 -5 2.75 x 10~4

(5,10) 6.35 x 1 0 -2 8.78 x 10"4 5.11 x 1 0 -4 2.55 x 10- 4 9.39 x 10 4

(10,5) 3.18 x 10~2 2.15 x 10~4 1.24 x 10~4 6.21 x 10- 5 2.29 x 10~4

Table 5.4: Q u an tities  o f in terest fo r Exam ple  (5.1.5).

W c emphasize th a t the  p ro x im ity  o f the tru e  and approx im ate  so lu tions 

is needed to  ensure the  bound  (4.4.5) holds. W ith  /? =  2, B  — 20, a  =  0 and 

n =  20 elements, the  e rro r is ||u — U\\ =  0.127, and the a p p ro p ria te ly  sealed 

norm  o f 4>^(f/) docs n o t bound the difference | |$ ( t /  +  tv )  — <f>(t/)||. R e fin ing  

the  mesh brings the  true  and approx im a te  so lu tions closer toge ther, and wc 

see in  Tab le  5.5 th a t the  bound  holds.

n e =  ||u -  U || ||$(J7 +  ev) || | | ^ ( ^ ) | | e
20 (2,20) 1.27 x  10” 1 6.84 x  10“ 3 6.71 x  10“ 3
60 (2 ,20) 1.42 x  10_a 5.05 x  10” 4 5.38 x  10^4

Table 5.5: E qua tion  (4.4.5) is an asym p to tic  result,.

T he  d istance from  a(u, x )  to  zero appears to  have a fa ir ly  sm all effect 

on line a riza tio n  as well. W c again “ solve” the fo rw ard  p rob lem  by using the 

piecewise linear in to rp o la n t o f the  true  so lu tion  on n =  40 elements. We 

solve the  linearized  dua l prob lem  w ith  a  — 0 and a  — 10 and record the 

results in  Table 5.6. Even when the  coeffic ient a(u, x ) is close to  zero, the 

dua l so lu tion  changes by less th an  one percent.
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a m in (a ( t/,  x )) ||$ (£ / + ew ) - $ ( E / ) | | % change \ \A~T 'tp — 4>(f/)| % change

0 .05 2.19 x  10~3 .33 6.47 x  10~4 .09

10 10.05 3.68 x  10“ 6 .04 2.29 x  10“ 8 .0028

Tab ic 5.6: E ffect o f d istance from  a ( u , x ) to  zero.

20

15

10

5

0
0.60 0.2 0.4 0.80 0.2  0 .4  0.6 0 .8  1 0 0 .2  0.4 0.6 0 .8  1

(da /dU )(dU /dx)

A
0 0.2  0 .4  0 .6  0.8  1

- 1.5

0.2 0.4

F igure  5.18: Coeffic ients fo r Exam ple  (5.1.5); [5 =  5, B  — 10.

fo rw ard  so lu tion
10

5

0

•5

•10 0.2 0.4 0.6 0.80 1

0.15

0.1
0.05

0
-0.05

•0.1

-0 .15

•0.2'0 0.2 0.4 0.6 0.8 1

0.1

0.08

0.06

0.04

0.02

0 0.60 0.2 0.4 0.8 1

1.4

1.2

1
0.8
0.6

0.4

0.2

0 0.2 0.4 0.6 0.8 10

F igure  5.19: So lutions fo r (5.1.5); f3 — 5 , B  =  10.
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F igure  5.20 d isplays images o f the  reconstructed m a tr ix  the le f t -

(2) (2)hand co lum n shows the  resu lt when $  : —> Vh . In  th is  s itu a tio n ,

wc use the  fact th a t U  E C and wc express U  as a fu nc tio n  in

(2)V2 by add ing  app rop ria te  noda l values. T he  “ band ing ” in  the  m a tr ix

representa tion fo r d>^([/) is due to  the basis functions th a t wc use fo r the

(2)f in ite  element so lu tion  in  Vtl . W c also believe th is  is the  reason fo r the 

jagged shape o f the  dom inan t s ingu la r vector shown in  the  lower le ft-h a n d  

figure. T he  r ig h t-h a n d  co lum n shows the resu lt when wc solve b o th  the 

fo rw ard  and dua l problem s in  .

10 2 0  3 0  4 0  5 10 15 20

s in g u la r ve c to r: cG (2 ) s in g u la r v e c to r: cG (1 )
2 .5

0.5

0 0.2 0 .4 0.6 0.8

0 .5

0.2 0.4 0.6 0.8

F igure  5.20: ^ { U )  and s ingu la r vectors, cG (2) and c G ( l)  m ethods.
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F igure  5.21 shows how the dua l so lu tion  changes when wc p e rtu rb  the fo r­

w ard  so lu tion  in  various d irections. A l l  o f the pe rtu rb a tio ns  arc equally 

sealed. T he  th ic k  b lack line  curve the  change when U  is p e rtu rb ed  in  the 

d ire c tio n  o f the  dom inan t s ingu la r vecto r fo r T he  blue curve is fo r

a p e rtu rb a tio n  in  the  d irec tio n  from  U  to  the  true  so lu tion  U , and the  red 

curve ind icates the  “ tru e ” e rro r o f linea riza tion , based on A ~ T tj) described 

earlier. W c also show the  resu lt o f add ing a “ random ” sm ooth p e rtu rb a tio n  

to  the  fo rw a rd  so lu tion  in  green. For th is  example, U  was p e rtu rb ed  in  the 

d irec tio n  : r ( l  — x)  sin(37ra;).

changes in dual soluton

  <l>(u)-<t>(U)
—  <D(U+e v )-<D(U)

—  A 'V  -<E>(U)
—  random

0.5

-0.5

-1.5
0.90.7 0.80.60.3 0.4 0.50.2

F igure  5.21: Changes in  dua l so lu tion  fo r Exam ple  (5.1.5).
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E x a m p le  5 .1 .6 . T h is  is an exam ple o f a p rob lem  w ith  a so lu tion  th a t has 

a steep layer. W c take

a(u,  x ) =  1 +  u,

b (u ,x )  =  0,

f ( u , x )  =  — (1 — x)  tanh(/3 (x  — a)

+ x  tanh (/? (x  — a ) )  +  x ( l  — x ) ( 0  — /3 tanh (/3 (x  — a ) ) 2)2

— (1 +  u ) (  — 2 ta n h (/3 (x  — a) )

+2/3(1 — x ) ( l  — ta nh  ( 0 ( x  — a ) ) ) 2 

— tanh(/3(.z' — a ) ) 2)

—2 x 0 2( l  — x)  tanh (/3 (z  — a ) ) ( l  — tanh(/3 (x — a ) ) ) 2.

W ith  these coefficients and data, the  true  so lu tion  is

u (x )  — x ( l  — x)  tanh (/3 (x  — a) ) .  (5.1.11)

T he  param eters a  and 0  dete rm ine  the  p os ition  and steepness o f the  layer in  

the  so lu tion . W c use n — 40 elements and solve the  problem  fo r 0  — 5 ,10 ,15  

and 20. W c take a  — 0.5 in  each ease. F igu re  5.22 depicts the  tru e  fo rw ard  

so lu tion  in  b lack, and the  fin ite  element so lu tions as d o tted  green lines fo r 

0  — 5 ,10  and 15, and a so lid  red line  fo r 0  — 20. I t  is evident, th a t N ew to n ’s 

m ethod  has d if f ic u lty  so lv ing  the  fo rw ard  prob lem  w ith  increasing 0,  and 

the  fin a l ite ra te  fo r 0  =  20 is a very inaccura te  app ro x im a tion  to  the  true  

so lu tion .

In  F igu re  5.23, wc p lo t the  dua l so lu tions corresponding to  the fo rw ard  

solves in  F igu re  5.22 w ith  dua l da ta  tp =  1. The th ic k  b lack curve is the 

dua l so lu tion  $ ( U )  corresponding to  line a riza tio n  around U,  the red curve
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corresponds to  <&({/ +  ev), where e =  ||u — U || is the  size o f the  error, arid 

v  is the  norm alized, dom inan t le ft s ingu la r vector for <!>(,,([/). T he  green 

curves show the  dua l so lu tion  corresponding to  line a riza tio n  around the 

tru e  in teg ra l average o f u  and U, as g iven by (4.3.14).

Table 5.7 d isp lays the  changes in  the  fo rw ard  and dua l so lutions. Here, 

we linearized  in  the dom inan t s ingu la r d irec tio n  as well as the  th eo re tica lly  

correct d irec tion . T he  m ax im um  value o f the  deriva tive  increases lin e a rly  

w ith  p. Since N ew to n ’s m ethod  d id  n o t converge fo r large P, wc constructed  

the  approx im ate  so lu tion  U  fo r P =  100 by eva lua ting  the  true  so lu tion  at 

the nodes and ran do m ly  p e rtu rb in g  the  values near the layer. T he  p e rtu r­

bations are rou gh ly  one order o f m agn itude  sm aller than  the  values o f U, 

and the  difference between u  and U  is shown in  F igure  5.25. For P =  100, 

wc used 100 elements. N otice  th a t the change in  the  dua l so lu tion  rem ains 

abou t one order o f m agn itude  sm aller th an  ||u — U\\ when wc linearize in  

the  d irec tio n  o f the  dom inan t s ingu la r vector, b u t is considerab ly sm aller 

when linearized  around the  in teg ra l average. T h is  is fa ir ly  s tr ik in g  evidence 

th a t co m p u ta tio na l errors due to  steep layers in  the  so lu tion  have very l i t t le  

effect on lineariza tion .

\u — U\\

3.68 x  10~6 

1.97 x  10“ 4

t : : :
2.5 6.47 x  10“ 4 2.29 x  10-8

10 1.25 2.23 x  10“ 5 8.99 x  10“ 6

2.36 x  10~415 3.75 1.91 x  10“ 3 1.48 x  10 -4

5.65 x  1 0 "220 1.58 x  10' 1.64 x  10 - 2

3.01 x  10“ 4100 25 2.28 x  10“ 3 4.29 x  10-

Table 5.7: Changes fo r Exam ple  (5.1.6).
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0 0.2 0.4 0.6 0.8
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0.20 0.4 0.6 0.8

0.3

0.2 p = 20
0.1

0
- 0.1

- 0.2
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-0 .4

0 0.40.2 0.6 0.8 1

0.3

P = 150.2

0.1

0
- 0.1

- 0.2

-0 .3

0.2 0.60 0.4 0.8

F igure  5.22: Forw ard  so lu tions fo r Exam ple  (5.1.6).
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0.10.1

0.05 0.05

P = 15 P = 20
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F igure  5.23: D ua l so lu tions fo r Exam ple  (5.1.6).
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x 10"5 x 10"4

-0 .5 - 0.2

-0.4
-1 .5

- 0.6
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- 0.6
-2.5

P = 10

-3.5 - 1 . 2
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
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0.015
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(3 = 20p = 15

F igure  5.24: Changes in  the  dua l so lu tions fo r Exam ple  (5.1.6).
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F igure  5.25: C on trived  so lu tion  fo r [3 — 100. 
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E x a m p le  5 .1 .7 . T he  preceding examples ind ica te  th a t line a riza tio n  e rror 

is n o t a serious issue fo r m any e llip t ic  tw o -po in t, boundary  value problems. 

D ua l so lu tions fo r problem s w ith  ill-be h ave d  coefficients and steep or os­

c illa to ry  fo rw ard  so lu tions do n o t e x h ib it m uch se n s itiv ity  to  p e rtu rb a tio ns  

in  the  approx im ate  so lu tion  around w hich  wc linearize. T h is  was confirm ed 

by the  sm all values o f th a t wc com puted  in  each example. W c

now give a ve ry  sim ple exam ple o f a prob lem  fo r w hich the  dua l is h ig h ly  

sensitive to  p e rtu rb a tio ns  in  the  fo rw ard  so lu tion . T h is  2 x 2  exam ple is 

nearly  iden tica l to  Exam ple  4.4.2 in  §4.4.1. In  th a t example, wc considered 

the  non linea r 2 x 2  system o f equations f  — 0, where /  was given by

(5.1.12)

fo r w h ich  x  — [1 ,1]T was an exact so lu tion . Recall fo r th a t example:

0

~ x 2i 1 '

X \ 2 ~  2
X2_

1—>
x \ 1

- 3 ~  3-

-1

o 2^2 
x l  J

(5.1.13)

I t  is clear w hy  th is  prob lem  is n o t sensitive to  lineariza tion : the  com ponents 

o f <I?^(W) do no t change d ra s tica lly  w ith  sm all changes in  xq and x 2 when 

x i  and x 2 arc b o th  near 1. N ext, wc consider the  non linear equation f  — 0, 

b u t m o d ify  the  fu n c tio n  /  so th a t

.9 )2 1(£'i
200

,r.3
(5.1.14)

A ga in , [1 ,1 ]T solves the  system, b u t now

K ( x ) =
(D  -  .9)2 

0 2^2
(5.1.15)
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and i t  is apparent th a t the dua l p rob lem  is sensitive to  p e rtu rb a tio ns  in  

the  firs t com ponent o f the  approx im ate  so lu tion . For instance, i f  wc com­

pute  an app rox im a te  so lu tion  X  =  [.95 .95]T and use dua l da ta  to  estim ate 

the  average error, wc fin d  th a t the dua l so lu tion  ||<f>(X)|| =  14.16, and 

I I ^ P O I I  =  282.85. Thus, w h ile  the  dua l so lu tions fo r boundary  value 

problem s are genera lly much sm aller th an  the  corresponding fo rw ard  so­

lu tions , here the opposite  is true . I t  is in te res ting  to  note the role o f the 

dua l data: i f  wc were o n ly  in terested in  the  e rro r in  the second com ponent, 

wc w ou ld  choose ip =  [0 ,1]T , and in  th is  ease ||4>^(X)|| =  2.33, since th is  

d irec tio n  is “ b lin d ” to  the  ill-b c h a v io r  in  the  firs t com ponent.
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C h a p te r 6

CONCLUSIONS

T he  power m ethod  is a s tandard  techn ique in  num erica l linear alge­

b ra  fo r app ro x im a ting  the  dom inan t c igcnpa ir o f a m a tr ix . A lg o r ith m s  fo r 

im p lem en ting  the  power m ethod  arc s im ple  and e ffic ient, since the  on ly  

requ irem ent is knowledge o f the  m a tr ix  action . In  th is  thesis, we have ex­

tended the  power m ethod  to  app rox im a te  the  dom inan t c igcnpa ir o f the  

line a riza tio n  o f a non linear map. O u r im p lem en ta tion  is also m a tr ix -fre e , 

since we approx im ate  the  action  o f the  deriva tive  by com pu ting  the  fu nc tio n  

differences

Thus, i t  is n o t necessary to  e x p lic it ly  com pute the  deriva tive  F '( x )  in  order 

to  estim ate  the dom inan t c igcnpa ir. T h is  is a great advantage when the 

d im ension o f the  prob lem  is large, since com pu ting  fu nc tio n  differences is 

re la tive ly  inexpensive, w h ile  com pu ting  F '( x )  m ay be im p ra c tica l or even 

im possib le. We developed the  N L P M  by observing th a t the h igher order 

te rm  in  the  d e fin it io n  o f the  line a riza tio n  can be viewed as a p e rtu rb a tio n  

to  the  deriva tive , w h ich  decreases to  zero as the  ite ra tio n  proceeds:

F (x  +  d ) ~  F (x )  «  F '{x )d . (6.0.1)

F ( x  +  d ) ~  F {x ) F '( x ) d  +  o(\\d\\) (6 .0 .2 )

[F '(x )  +  E d]d, (6.0.3)
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where E,{ —> 0 as ||d|| —> 0. In  C hap te r 2, we developed the lin k  between 

the p e rtu rb ed  power m ethod  and the  non linear power m ethod  and showed 

th a t the process converges to  the  dom inan t c igcnpair, regardless o f the 

dim ension. C hap te r 3 was an app lica tion  o f the  N L P M  to  de te rm in ing  

the  s ta b il ity  o f a non linear system o f o rd in a ry  d iffe ren tia l equations. We 

inc luded  examples o f the  N L P M  th a t inco rpo ra ted  inverse ite ra tio n  and 

spectra l enhancement. T he  N L P M  is w ell su ited to  app lica tions in  w hich  the 

sign o f the  dom inan t eigenvalue determ ines the  s ta b ility . A d d itio n a lly , the 

analysis o f the  m ethod  is re la tive ly  s tra ig h tfo rw a rd  because the  re la tionsh ip  

between the  system  under consideration and the  system th a t we solve is 

fa ir ly  d irect.

T he  idea, fo r the  N L P M  in it ia lly  arose in  the  con text o f a -p o s te iio r i 

e rro r estim ates fo r non linear d iffe ren tia l equations. G iven a p rob lem  (in  

th is  thesis, we exam ined non linear e llip t ic  problem s o f the  typ e  given by 

(4.3.16)), the  idea was to  im p lem ent a m a tr ix -fre e  a lg o rith m  fo r fin d in g  the  

p e rtu rb a tio n  to  a so lu tion  U  th a t caused the  largest possible change in  the 

so lu tion  <fr to  the  dua l p rob lem  corresponding to  line a riza tio n  around U . In  

th is  way, we could bound the  effect o f line a riza tio n  on the  problem . We 

defined the  m ap between the  approx im ate  so lu tion  and corresponding 

linearized  dua l so lu tion  in  C hap te r 4 w ith  a v iew  to  understand ing  how 

line a riza tio n  affects the  dua l so lu tion . We saw th a t the line a riza tio n  issue 

is re la ted  to  the  deriva tive  $^(17 ), and com pu ting  the  norm  o f th is  m ap re­

quires the dom inan t s ingu la r value and le ft s ingu la r vector ra th e r th an  the 

d om in a n t c igcnpa ir. In  ease ^ ( t / )  is nonnorm al, we cannot recover ^ , ( U )  

in  a m a tr ix - fre e  fashion, since th is  requires in fo rm a tio n  abou t the oper­

a to r and its  transpose. However, by num erica lly  reconstruc ting  a m a tr ix  

representa tion  fo r 0^(17), we arc s t i l l  able to  estim ate  ^ }{U ).
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I t  is in te res ting  to  note th a t the  m ap <f>̂  is qu ite  com plica ted: its  

ca lcu la tion  requires the  so lu tion  o f tw o d iffe ren tia l equations, and its  p rop ­

erties depend on the  coefficients and da ta  fo r b o th  problems. Even in  eases 

where b o th  the  fo rw ard  and dua l problem s arc re la tive ly  sim ple, $,/, and 

its  de riva tive  & ^ {U )  are not. T he  m ap ^ ( U )  is nonnorm al in  general, 

regardless o f w he ther the  fo rw ard  a n d /o r  dua l problem s arc se lf-a d jo in t. 

For instance, any fo rw ard  p rob lem  (4.3.16) w ith  a '{U )U ' — b(U ) w ill have 

a linearized  dua l p rob lem  w h ich  is s e lf-a d jo in t (see equation (4.3.29)), yet, 

the  m ap & ^ (U )  is s t i l l  nonnorm al. Consider the  equation

— ((1 +  u ) u y  +  (1 — 2 x )u  +  2u — 2 =  0; u (0 ) =  u ( l )  =  0. (6.0.4)

T he  exact so lu tion  is u  =  x { \  — x ), and the dua l prob lem  is se lf-a d jo in t. 

However, the  p lo ts in  F igu re  6.1 show th a t the  dom inan t s ingu la r vector 

and d om in a n t eigenvector arc d iffe ren t. For these p lo ts we used n  — 20 

elements, and com pute  \ \ ^ ( U )  || =  0.1276, w h ile  the  dom inan t eigenvalue 

|A| =  0.1208. Now, the  linearized  dua l p rob lem  is no t s e lf-a d jo in t (the  dua l 

p rob lem  corresponding to  line a riza tio n  a round the  true  so lu tion  u  is se lf- 

a d jo in t) . I f  ^ ( U )  were norm a l, we w ou ld  expect to  see the  s ingu la r vector 

and eigenvector (as well as | | ^ ( I / ) | |  and the  dom inan t e igenvector) coalesce 

as we refine the  mesh. However, th is  is n o t the  ease. For th is  problem , a 

refinem ent to  n  =  70 elements gave ||4>^(f7)|| =  0.1274 and |A| =  0.1206. 

T he  3 -d  p lo t labe lled  G  — G J  in  the  lower le ft-h a n d  corner shows the 

d ifference between the reconstructed  m a tr ix  fo r the  G reen’s fu n c tio n  and 

its  transpose. N ote  th a t the  scale is on the  order o f 10“ 4.

A n  in te res ting  aspect o f the  reconstructed  ope ra to r 4>^(t/) is the  s truc ­

tu re  o f the  dom inan t s ingu la r vectors (see figure  5.20). R e la tive  to  the  basis
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F igure  6.1: A  s e lf-a d jo in t dua l prob lem  doesn’t  mean <!>(,,(£/) is norm al.

fo r V j^ \ the  s ingu la r vectors have a “jagged” shape, w hich  is sure ly  re la ted 

to  the  “ band ing ” th a t we sec in  the  m a tr ix  reconstruc tion  o f <F^(f/). T he  

s ingu la r vectors appear sm oother re la tive  to  V ^l \  In  fact, i f  we use o n ly  the 

nodes com m on to  b o th  spaces, the  (norm alized) vectors arc the  same. The 

power m ethod  th a t wc im p lem en t fo r <&[p(U)T based on the  G reen ’s 

fu n c tio n  converges to  th is  “sm oother” s ingu la r vector.

The  above discussion ind icates th a t there is s t i l l  w ork to  be done in  

ana lyz ing  the m ap ^ ( U )  and the role th a t i t  p lays in  a-poste rio ri e rror 

es tim a tion . O u r results in vo lv in g  4 ^ ( [ / )  combine bo th  a-poste rio ri results
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(ou r com puta tions  o n ly  invo lve the  approx im ate  so lu tion ) and a -p r io r i re­

su lts (the  bounds invo lve the  norm ). D e riv in g  pure ly  a -poste rio ri bounds 

rem ains to  be done. A d d itio n a lly , the  m ap & ^ {U )  consists o f m any parts, 

some o f w hich  deserve fu rth e r exp lo ra tion . Some possib ilities:

1. W h a t a na ly tic  in fo rm a tio n  can be gleaned from  the G reen ’s fu nc tio n  

fo rm u la  (4.5.28) for

2. How can we b e tte r understand  the  na tu re  o f ^ ( U )  re la tive  to  the 

s tru c tu re  o f b o th  the  fo rw ard  and dua l problems?

3. W h a t is the significance o f the s tru c tu re  o f the  s ingu la r vectors re la tive  

to  d iffe ren t bases?

4. Is i t  possible to  analyze the  role o f the dua l data  ijj on the  bounds?

5. Is i t  possible to  determ ine a class o f problem s fo r w h ich  ^ ( U )  is nor­

m al, and a systematic: way to  measure the  departu re  from  n o rm a lity?

6. I t  is n o t necessary to  use the  same mesh to  solve the  fo rw ard  and dual 

problem s when co ns truc tin g  <J>^([/). Is i t  w o rth w h ile  to  solve the dua l 

p rob lem  on a very coarse mesh and estim ate  ||$^(17)11?

F ina lly , the  ideas in  th is  thesis shou ld  be extended to  tim e-dependen t PD E . 

In  th a t se tting , m a tr ix -fre e  m ethods arc essential, and the  effects o f l in ­

ea riza tion  e rro r arc sure ly  m ore d ram atic .
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A p p e n d ix  A

CODE FOR STABILITY CALCULATIONS

Wc present here the  com pute r program s used to  exam ine the  ideas in  

C hap te r 3. N ote th a t the  lim ite d  m em ory B royden m ethods a lluded to  in  

C hap te r 3 arc no t im p lem ented in  these codes.

A.l M A T L A B  codes 

°/„ FUNCTION power_broy

% COMPUTES DOMINANT EIGENVALUE FOR LINEARIZED SYSTEM OF ODE 

% USING BROYDEN’S METHOD AND THE NONLINEAR POWER METHOD 

1  INPUTS:

•/. guess: user provides an initial guess for 

*/. the equilibrium solution

% OUTPUTS:

7. init_and_final: initial guess and equilibrium solution

% eig_val: result of nonlinear power method

7» sP_sF_usF: a vector with three columns- 

% the results of Matlab's calculation of the

7o eigenvalues of the matrices corresponding

% to the shifted problem and its inverse

7» vec_results: first column is components of approximate
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7» eigenvector from power method, second column

7. is eigenvector from Matlab

7, eig_val: shows the approximate eigenvalue at each iteration 

function [init_and_final,eig_val,sP_sF_usF,vec_results,lambda]=..

power_broy(guess)

global n 

n=length(guess); 

vl=ones(1,n-l); 

v2=ones(1,n); 

global lam 

lam=0.1; 

global B;

7. FINITE DIFFERENCE MATRIX

B=diag(vl,-l)+diag(-2*v2,0)+diag(vl,1);

B(l,l)=-1; 7. neumann bdy. conds.

B(n,n)=-1; 

epsilon=sqrt(eps);

TOL=epsilon; 

maxit=100;

d=zeros(length(guess),1);

phi_0=broyden(guess,d,epsilon,maxit,TOL); 7« u for Phi(0)=f(u)=0

delta=rand(length(guess),1);

delta(:,l)=delta/norm(delta);

vect(:,l)=delta;

lambda(l)=l;

rate=2;
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global shift 

shift=0.1; 

shiftedphi=phi_0;

ITER=floor(-log(eps)/(2*log(2))); 

for i=2:ITER

delta(:,i)=broyden2(guess,-shift*phi_0+delta(:,i-1),. . .

epsilon,maxit,TOL)-shiftedphi; 

lambda(i)=(delta(:,i)’*delta(:,i-1))/norm(delta(:,i-1))"2; 

vect(:,i)=delta(:,i)/norm(delta(: , i)); 

delta(:,i)=vect(:,i)/rate"(i-1);

end

lambda=lambda>; 

vector=vect(:,end); 

eig_val=lambda(end);

7. COMPUTE NUMERICAL JACOBIAN FOR COMPARISON 

H=epsilon*eye(n); 

for i=l:n

cent_num_jac(:,i)=...

(f ((phi_0+H(:,i)),d)-f((phi_0-H(:,i)),d))/(2*epsilon);

end

init_and_final=[guess phi_0];

7. COMPUTE INVERSE FOR COMPARISON 

nj_inv=inv(cent_num_jac-shift*eye(n));

[v,e]=eig(nj_inv); 

e=diag(e);

eigs_shifted_Phi_zero=e;
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eigenvalues_shifted_F_prime=l./e; 

eigenvalues_F_prime=(l./e)+shift; 

sP_sF_usF= [eigs_shifted_Phi_zero...

eigenvalues_shifted_F_prime eigenvalues_F_prime]; 

[p,ip]=max(abs(e)); 

domin_vec=v(:,ip); 

vec_results= [vector domin_vec];
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7 . FUNCTION broyden2

*/. Broyden’s method for solving f(x)-d=0 

7. INPUTS:

7. x: initial guess for broyden iteration

7o d: the shift to f(x): f(w)-d=0 so f(w)=d

*/. epsilon: size of perturbation in initial approx. Jacobian

7, maxit: maximum number of broyden iterations

7o TOL: stopping criteria

7. OUTPUT:

7. out: result of broyden iteration

function out=broyden2(x,d,epsilon,maxit,T0L)

global n 7. power_broy.m makes the length of the guess global

H=epsilon*eye(n);

y=f2(x,d);

A=-eye(n);

7. BROYDEN ALGORITHM 

out(:,l)=x; 

for i=2:maxit

s=A\-f2(x,d); 

x_new=x+s;

y=f2(x_new,d)-f2(x,d);

A=A+(y-A*s)*s,/(s’*s); 

out(:,i)=x_new; 

check = norm(s); 

if check <= TOL 

break
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end

x=x_new;

end

if i==maxit

fprintf(’broyden didnt converge ...

(did °/..4g, the max number of iterations) \n’ , maxit);

else

fprintf(’did °/«.4g broyden iterations\n’,i) ;

end

out=out(:,end);
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7. FUNCTION f

7o for nonlinear power method using power_broy.m and broyden2.m 

the m-file "power_broy.m" defines the global variables lam, B, 

•/. lam is the parameter in the equation u )=Bu+lam*f 

7o B is the finite difference approximation to the laplacian

% n is the dimension of the problem

7« INPUTS u and d 

1 OUTPUT function evaluation 

function y=f(u,d) 

global lam; global B; global n; 

for i=l:n

nonlin(i,l)=u(i)-u(i)~3;

end

nonlin=lam*nonlin; 

y=(B*u+nonlin)-d;

7. FUNCTION f2

7o f2 incorporates the shift 

function y=f2(u,d)

global lam; global B; global n; global shift; 

for i=l:n

nonlin(i,l)=u(i)-u(i)~3;

end

nonlin=lam*nonlin; 

y=(B*u+nonlin)-d-shift*u;
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A p p e n d ix  B

CODE FOR A-PO STE R IO R I  
CALCULATIONS

T h is  append ix  includes codes used fo r is fo r ana lyz ing  the  e rro r o f 

line a riza tio n  fo r com p u ta tio na l e rro r estimates. We include here the  codes 

used to  produce the  examples o f the 2 x 2  systems o f non linea r a lgebraic 

equations in  C hapters 4 and 5, fo llowed by the  codes used to  exam ine the 

tw o -p o in t boundary  value prob lem  (4.3.16) and corresponding linearized 

dua l p rob lem  (4.3.29).

B . l  C ode for 2 x 2  problem s

B .1 .1  M a in  program

°/0 This is the driver program for analyzing f(x)=0 

1  this code constructs a grid of points around an 

% exact solution to f(x)=0: you need to define the exact sol'n 

•/. and specify the grid.

% REQUIRED FILES:

°L compl.m comp2.m comp3.m comp4.m - COMPONENTS OF JACOBIAN

% preliminaries.m f.m fprime.m Phi.m Phi_deriv.m

*/. ppower3. m

"L eigen_calculatioin.m perturbations.m
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clear;

°/, preliminary data set-up and function calls 

preliminaries;

[phihat,Ahat,Atrue,lam,dom_vec] = ...

eigen_calculation(x,y,M,N,exact,psi);

[Aperts,approx_dual,perturbed_dual,change_in_phi,... 

pert_val,largest_change,d_o_c]=...

perturbations(perts,Atrue,Ahat,cent,psi); 

appr_dom_eig=lam(y_val,x_val); 

dominant_eigenvector=...

[dom_vec(y_val,x_val,1) dom_vec(y_val,x_val,2)]; 

eigendirection=q*dominant_eigenvector/norm(dominant_eigenvector); 

°/0calculate dual solutions corresp to F ’(X+ew) and true A 

max_dual=Phi([cent(l)+eigendirection(l)...

cent(2)+eigendirection(2)],psi)’; 

true_dual=(inv(Atrue(:,:,x_val,y_val))’*psi)’;

•/. IP is inner product of residual with the approx. dual 

% solution corresponding to linearization around f ’(X)

I  eRlam is epsilon*I IR|I * Ilambdal

°/, maxIP is the projection at the maximally perturbed dual 

IP=abs(R(:,:,1).*phihat(:,:,1)+R(:,:,2).*phihat(:,:,2)); 

maxIP=abs(R(y_val,x_val,l)*max_dual(l)+...

R(y_val,x_val,2)*max_dual(2)); 

eRlam=epsilon.*resnorm.*lam;

RHS=eRlam+IP; 

pd=Phi_deriv(cent,psi);
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[phi_vect,phi_val]=eig(pd); 

true_dom_eig=max(max(abs(phi_val))); 

diff=abs(true_dom_eig-abs(appr_dom_eig));

[u,s,v] =svd(pd); /.singular value decomp 

rtsingmax=q*v(:,1); '/, dominant right singular vector 

lftsingmax=q*u(: , 1); /.dominant left singular vector 

rtsingmin=q*v(: , 2); '/.dominant right singular vector 

lftsingmin=q*u(: ,2) ; '/.dominant left singular vector 

temp=[eigendirection' rtsingmax lftsingmax rtsingmin lftsingmin]; 

for i=l:length(temp)

[thl(i),rl(i)]=cart2pol(temp(l,i),temp(2,i)); 

if thl(i) <= 0

thl(i) = 2*pi+thl(i);

end

thl(i)=thl(i)/(2*pi); 

thl(i)=round(thl(i)*(length(perts))); 

end

[th,r]=cart2pol(eigendirection(1),eigendirection(2)); 

if th <= 0

th = 2*pi+th;

end

th=th/(2*pi);

th=round(th*(length(perts)));

bound=true_dom_eig*q*ones(length(pert_val),1 ); 

truediff=norm(true_dual-approx_dual);

TD=truediff*ones(length(pert_val),1);
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7. PLOT COMMANDS 

figure

plot([cent(l),exact(l)],[cent(2),exact(2)],’k ’); 

hold on;

plot([cent(l),perts(d_o_c,1)] , . . .

[cent(2),perts(d_o_c,2)],’k-*’,’LineWidth’,2); 

hold on;

*/. plot dominant eigenvector 

plot( [cent(l),cent(l)+eigendirection(l)] ,. . .

[cent(2),cent(2)+eigendirection(2)],’r— + ’,’LineWidth’,2); 

hold on;

'/.plot "dominant right singular vector" 

plot([cent(1),cent(l)+rtsingmax(l)] ,...

[cent(2),cent(2)+rtsingmax(2)],’g— o’,’LineWidth’,2); 

hold on;

'/.plot "dominant left singular vector" 

plot ([cent(1),cent(l)+lftsingmax(l)],...

[cent(2),cent(2)+lftsingmax(2)],’m— +’,’LineWidth’,2); 

hold on;

'/, plot perturbations of approx. soln 

plot (perts(:,1),perts(:,2)); 

legend(’direction to exact soln’,...

’direction of largest change’,’dominant eigendirection’) 

axis square; 

figure

plot(d_o_c,pert_val(d_o_c),’k*’,thl(l),pert_val(thl(1)),’rs’
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hold on;

title(’how dual solution changes with perturbations’)

legend(’maximum perturbation’,’pert in dir. of dom. eigenvector’);

hold on;

plot(pert_val);

plot(bound); 

hold on; 

plot(TD); 

figure

surf(xx,yy,errproj)

title(’projection of error in direction of...

dual data-exact and approx.’);

hold on 

surf(xx,yy,IP) 

hold on

surf(xx,yy,RHS) 

figure 

subplot(1,2,1) 

surf(xx,yy,resnorm) 

subplot(1,2,2) 

surf(xx,yy,epsilon) 

pv=pert_val(d_o_c); 

th=thl(1);

pvth=pert_val(thl(1));

7. PRINT statements 

fprintf(’the exact solution is:’)
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disp(exact’)

fprintf(’the approx. solution you chose was:’) 

disp(cent’)

fprintf(’the dual data is a unit vector corresponding to:') 

disp(psi’)

fprintf(’the derivative of the dual...

solution operator Phi_psi is\n’)

disp(pd)

fprintf(’the perturbed power method calculates the...

dominant eigenvalue to be °/0.9g\n’ ,appr_dom_eig ) 

fprintf(’and it calculates the dominant eigenvector to be\n’) 

disp(dominant_eigenvector’)

fprintf(’matlabs eig routine calculates the ...

dominant eigenvalue to be °/0. 9g\n’,true_dom_eig) 

fprintf('and matlab calculates the eigenvectors to be\n’) 

disp(phi_vect)

fprintf(’the difference between pert, power...

and matlab routine is '/0.5g\n\n’,diff) 

fprintf(’the dual operator f-prime(X)~t is:\n’) 

disp(Ahat(:,:,x_val,y_val));

fprintf(’the true linearized dual operator given...

by integral MVT is:\n’)

disp(Atrue(:,:,x_val,y_val));

fprintf(’the dual solution corresponding to...

linearization around X is:\n\n’) 

disp(approx_dual);

168

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



fprintf(’the dual solution in the direction... 

of maximum perturbation of size...

%.5g is:\n\n’,epsilon(y_val,x_val)) 

disp(max_dual);

fprintf(’the dual solution corresponding to...

the MVT operator is:\n\n’)

disp(true_dual);

fprintf(’the true projection of the...

error I(e,psi)I is %.9g\n\n’.errproj(y_val,x_val)) 

fprintf(’the projection |(R.phihat)I...

corresp. to linearization around f ‘(X) is...

°/0. 9g\n\n’ , IP(y_val,x_val)) 

fprintf(’the projection I(R.phihatmax)I...

corresp. to linearization at f‘(X+ew) is %.9g\n\n’,maxIP) 

fprintf(’the quantity e*I IRI I * I lambda I is ...

%.9g\n\n’,eRlam(y_val,x_val)) 

fprintf(’norm of difference between true and...

approximate duals is:\n\n’) 

disp(norm(true_dual-approx_dual)) 

fprintf(’norm of difference between...

maximally perturbed and approx duals is\n\n’) 

disp(norm(max_dual-approx_dual))

table=[maxIP IP(y_val,x_val) eRlam(y_val,x_val)...

IP(y_val,x_val)+eRlam(y_val,x_val)]
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B .1 .2  Secondary program s and functions

% PRELIMINARIES - define and certain quantities involved 

7. in solving f(x)=0

•/. the function f is defined in another file called f.m 

’/. user defined quantities:

7, exact —  the exact solution to f(x)=0 

7, psi —  vector for dual data

7o x,y —  coordinates of approximate solutions

7o near exact soln

7o x_val, y_val —  user chooses a particular

7. approximate solution

7. scale, cent —  scale factor for size of

7. perturbations about cent-

7o which is the approximate solution corresp.

7. to x_val and y_val

7. quantities computed:

7« perts and perts 2 —  perturbations of chosen 

7 o  approximate solution

7 o  error —  difference between exact solution 

7o and each approximate

7 o  solution in the grid- each component of

7. error is a page in a multi-dimensional array

% R —  Residuals - has same form as error 

7o define exact solution to the test problem f(x)=0

exact=[l ; 1];

psi=input(’enter dual data ’);
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psi=psi/norm(psi);

7. define grid around exact solution 

% to be used for "approximate" solutions to f(x)=0 

x=[.9:.05/4:1.1]; 

y=x;

M = length(x);

N = length(y);

[xx,yy]=meshgrid(x,y); % makes grid for plotting

•/. can only have functions of 2 variables 

x_val=input(’enter x_val ’); 7> x_val and y_val need to be

% integers between 1 and N or M 

y_val=input(’enter y_val ’); % these determine which gridpoint

7. is used as the center 

7o this computes the error vector- each page of 

% the multi-dimensional array contains the 

7. components of the true error 

error(:,:,l)=exact(l)-xx; 

error(:,:,2)=exact(2)-yy;

epsilon=sqrt(error(:,:,1).~2+error(:,:,2).~2);

7. errproj is |(e,psi)| -> the exact projection of the error

7» on the dual data psi

errpsi(:,:,l)=error(:,:,l)*psi(l);

errpsi(:,:,2)=error(:,:,2)*psi(2);

errproj=abs(errpsi(:,:,l)+errpsi(:,:,2));

7. this calculates residuals

7. R is a mult-dim array holding the components of the residuals-

171

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



°/0 resnorm is a matrix whose (j,i) entry 

°/0is the norm of the residual at [x(i),y(j)] 

for i=l:M

for j=l:N

scratchy=f(x(i),y(j));

R( j , i,l)=scratchy(1);

R(j,i,2)=scratchy(2);

resnorm(j,i)=norm([scratchy(l) scratchy(2)]);

end

end

°/0 approx. soln about which perts are formed: 

cent=[x(x_val);y(y_val)];

q=norm(exact-cent); 7. q is the distance from exact to approx soln 

t=[0:pi/32:2*pi] ’;

7. perturbations of size q: 

perts=[cent(l)+q*cos(t) cent(2)+q*sin(t)];
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*/. FUNCTION eigen_calculation

•/. this function calculates important quantities based on 

7. information passed to it which comes from the file 

7. "preliminaries" - which sets up some initial data 

7. this double loop computes the following quantities:

I phihat - the approximate dual solution, corresponding to

7« linearization around f ’(X)

% lambda - a cell array containing eigenvalues

7o and eigenvectors as computed by "ppower3"-

70 the perturbed power method

7, Ahat - dual operator corresponding to

7o linearization around f ’(X)

7. Atrue - dual operator as given by mean value theorem 

7. computes the integral of f ’ (X+s (x-X)) from 0 to 1

7, using the matlab routine "quadl" for quadrature

function [phihat,Ahat,Atrue,lam,dom_vec]

eigen_ calculat i on(x,y ,M ,N ,exact,ps i) 

for i = 1: N 7. y-loop

for j = 1: M 7, x-loop

scratch=Phi([x(j);y (i)] ,psi);

phihat(i, j ,l)=scratch(l); 7. 1st comp, of approx. dual sol’n

phihat(i, j ,2)=scratch(2); 7o 2nd comp, of approx. dual sol’n

lambda(i, j , : )=ppower3( [x(j) ;y(i)] ,psi); 7. apprx. e-vals

7, for Phi-prime(X)

7« lambda is a CELL ARRAY- lambda(: , : , 1) is the dom. eig. value 

7. and lambda(: , : ,2) contains the dominant eigenvector
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7, Ahat, the "perturbed" dual operator-this is f’(X)~T 

Ahat(:,:,j ,i)=fprime([x(j) y(i)])’;

7. The exact A from int. MVT -using quadrature 

Atrue(:,:,j,i)=...

[quadl(’compl’,0,1,[],[],[x(j);y(i)].exact)... 

quadl(’comp2' ,0,1, [],[], [x(j);yCi)] .exact); 

quadl(’comp3',0,1,[],[],[x(j);y(i)].exact)... 

quadl(’comp4’,0,1, [],[], [x(j);y(i)].exact)];

end

end

7. convert first page of lambda cell array to a regular matrix 

Ll=lambda(:,:,1);

L2=lambda(:,:,2); 

for i=l:N

for j=l:M

lam(i, j )=Ll{i , j>; 7.1am is the matrix of eigenvalues 

dom_vec(i,j,:)=L2{i,j>;

end

end
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7 . FUNCTION perturbations .m -  create a sequence of perturbations 

7 . to a chosen approximate solution 

7 . inputs perts, cent and psi all come from the file 

7 o  ’preliminaries .m’

% inputs Atrue and Ahat are generated by the function 

7. ’ eigen_calculation’

7 o  this function computes the solution of the perturbed 

% dual problem f ’(X+d)phi = psi where X is an 

7 , approximate solution, d is a 

% perturbation and psi is the dual data 

7 . the function then computes the dual solution at f ’(X)

% and finds the perturbation to X that causes 

7 «  the largest change in the dual solution 

function [Aperts,approx_dual,perturbed_dual,...

change_in_phi,pert_val,largest_change,d_o_c]=... 

perturbations(perts,Atrue,Ahat,cent,psi)

7 . this loop computes f ’  (X+d) where X=cent 

7 . and d are the perturbations 

for j=l:length(perts)

Aperts(:,:,j)=fprime([perts(j, 1 ) ;perts(j,2)])’;

end

Aperts(:,:,j+l)=Atrue(:,:,1);

Aperts(:,:,j+2)=Ahat(:,:,1);

7 o  solution to the dual problem corresponding to linearization

7 . around the approximate solution- phi =  f’(X)~-T*psi

7 o  (it’s transposed to make a row vector- to be compatible with
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% perturbed duals below- 

approx_dual=Phi( [cent(l),cent(2)],psi); 

approx_dual=approx_dual’;

% this loop creates the dual solutions at the perturbed values 

7. of the approximate solution- the rows are the comps, of the dual 

7, change_in_phi gives the difference between the dual sol’n at X 

*/. and the dual solution at X+perts 

% pert_val gives the size of the change in phi 

for i=l:length(perts)

rl=Phi([perts(i,1),perts(i,2)],psi); 

perturbed_dual(i,l)=rl(1); 

perturbed_dual(i,2)=rl(2);

change_in_phi(i,:)=perturbed_dual(i,:)-approx_dual; 

pert _val(i,1)=norm(change_ in_phi(i,:));

end

7. largest_change gives the size of the biggest 

7. change in the approximate dual solution 

7. and d_o_c (direction of change) marks which 

7o perturbation causes this change 

[largest_change,d_o_c]=max(pert_val);
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function y=f(xl,x2) 

y=[xl.‘2/2-l/2 x2."3/3-1/3];

% compl is the first component of the Jacobian for 2x2 problem 

7. THIS WILL ONLY WORK FOR 2x2 PROBLEMS!

% X and x are 2x2 vectors- the approx. and exact solutions 

7« for example if the (1,1) entry of the jacobian is (xy~2)

7. then you have to define the function by

7. y= (X(l)+s*(x(l)-X(l)))*(X(2)+s*(x(2)-X(2)))~2;

% this is x this is y~2

function y=compl(s,X,x) 

y=X(l)+s*(x(l)-X(l)); 

function y=comp2(s,X,x) 

y=0*s;

function y=comp3(s,X,x) 

y=0*s;

function y=comp4(s,X,x)

7.y=(a+s*(b-a)). ‘2; 

y=(X(2)+s*(x(2)-X(2))),~2;

7. Phi maps the approximate solution to the forward problem

7o to the approximate dual problem formed by linearizing around X

7« xl and x2 are components of vector, psi is the data vector

7. the matrix defined here is the Jacobian of the function f(x)

function y=Phi(x,psi)

y=inv([x(l) 0 ; 0 x(2).~2]’)*psi;

function y=Phi_deriv(x,psi)

y=[-psi(l)/x(l)~2 0 ; 0 -2*psi(2)/x(2)~3];
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B .2  T w o -p o in t  bo u n d ary  value problem s  

B .2 .1  M a in  program

n=19; °/t specify number of interior nodes

gaussrule=5; % specify 2, 3 or 5 point gaussrule for quadratures 

global param gamma lambda 

param =1;

gamma = .2; %for prexam4 also for burgers

lambda = 1.5; °/0for bratu

Ntol=le-10;

Nmax=20;

[outer,inner,steps,mids,dualmesh,dm,gaussgrid,gaussweights]

gridsetup(n,gaussrule);

% COMPUTE APPROXIMATE SOLUTION U

uold=newtonguess(inner); °/„initial guess for newton solve 

U = newton(uold,inner,steps,Ntol,Nmax); 

wholeU=[0;U;0] ; °/0 give U the values 0 at the endpoints

fullU=interpl(outer,wholeU,dualmesh);

% LINEARLY INTERPOLATE FORWARD SOLUTION TO GAUSSGRID 

lingaussu=interpl(outer,wholeU,gaussgrid);

[lins,dlins]=1inbasis(gaussgrid,outer,steps); 

for j=l:length(wholeU)

dnu(:,j)=wholeU(j)*dlins(:,j);

end

dlingaussu=sum(dnu’) ’ ; 7»gets U ’ on gaussgrid 

linpert=outer.“3.*(1-outer);
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linpert=linpert/12norm(outer,outer(2:end-1)); 

pert=dualmesh.~3.*(1-dualmesh); 

pert=pert/12norm(dualmesh,pert(2:end-1));

[quads,dquads]=quadbasis(gaussgrid,outer,steps,mids,dualmesh);

7. EXPRESS FORWARD SOLUTION IN BASIS OF PIECEWISE QUADRATICS 

for i=l:dm

qu(:,i)=fullU(i)*quads(:,i); 

dqu(:,i)=fullU(i)*dquads(:,i); 

pu(:,i)=pert(i)*quads(:,i); 

dpu(:,i)=pert(i)*dquads(:,i);

end

gaussu=sum(qu')’; 

dgaussu=sum(dqu’)’; 

gausspert=sum(pu’)’; 

dgausspert=sum(dpu’)’;

gausspert=gausspert/12norm(gaussgrid,gausspert(2:end-1));

% EVALUATE COEFFICIENTS OF LINEARIZED DUAL PROBLEM 

afn=a(gaussu,gaussgrid);

bfn=(da(gaussu,gaussgrid).*dgaussu-b(gaussu,gaussgrid)); 

cfn=-df(gaussu,gaussgrid);

7. SOLVE LINEARIZED DUAL PROBLEM.

I  "linphi" IS THE cgl DUAL SOLUTION 

linafn=a(lingaussu,gaussgrid);

linbfn=(da(lingaussu,gaussgrid).*dgaussu-b(lingaussu,gaussgrid)) 

lincfn=-df(lingaussu,gaussgrid);

[linS,linL,linphi]=cGl(gaussgrid,gaussweights,...
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outer,lins,dlins,linafn,linbfn,lincfn);

7. SOLVE LINEARIZED DUAL PROBLEM.

7. "quadphi" IS THE cg2 DUAL SOLUTION

[quadS,quadL,quadphi] =cG2(gaussgrid,gaussweights,...

quads,dquads,dualmesh,afn,bfn,cfn);

7o EVALUATE HERMITE BASIS FUNCTIONS ON GAUSSGRID 

[hermphi,dhermphi,hermeta,dhermeta,globalphi,dglobalphi,... 

globaleta,dglobaleta,ddglobalphi,ddglobaleta]=...

cubicbasis(gaussgrid,outer);

7. SOLVE DUAL PROBLEM USING HERMITE BASIS FUNCTIONS 

[cubicS,cubicL,cubic_values,cubic_dual_solution,... 

cubic_first_derivative,cubic_second_derivative] =... 

cG3(gaussgrid,gaussweights, hermphi.dhermphi,hermeta,dhermeta,... 

globalphi,dglobalphi,globaleta,dglobaleta,ddglobalphi,... 

ddglobaleta,afn,bfn,cfn,n);

7. INFO FOR GREEN ITERATION 

green_x=inv(quadS)'; 

green_y=green_x';

GM_x=zeros(dm,dm);

GM_y=GM_x;

GM_x(2:end-1,2:end-1)=green_x;

GM_y(2:end-1,2:end-l)=green_y;

7. PUT EACH COLUMN OF GREEN'S MATRIX ON THE GAUSSGRID 

clear i j ; 

for j=l:dm

for i=l:dm
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fpl(:,i)=GM_x(i,j)*quads(:, i); 

fp2(:,i)=GM_y(i,j)*quads(:,i);

end

fpl=sum(fpl’)’;

fp2=sum(fp2’)’;

gaussGx(:, j)=fpl;

gaussGy(:,j)=fp2;

fpp(:,j)=quadphi(j)*quads(: , j);

end

gaussphi=sum(fpp’)’; “/.PUTS DUAL SOLUTION ON GAUSSGRID 

gaussmult=da(gaussu,gaussgrid).*cubic_second_derivative+... 

db(gaussu,gaussgrid).*cubic_first_derivative+... 

ddf(gaussu,gaussgrid).*gaussphi; 

phifirst=interpl(gaussgrid,cubic_first_derivative,...

dualmesh,’linear',’extrap’); 

phidub=interpl(gaussgrid,cubic_second_derivative,...

dualmesh,’linear’,’extrap’); 

mult=da(fullU,dualmesh).*phidub+db(fullU,dualmesh)...

.*phifirst+ddf(fullU,dualmesh).*quadphi; 

weights=repmat(gaussweights,1,dm);

E=repmat(gaussmult,1,dm);

Zl=repmat(gausspert,1,dm);

W1=Z1; 

iter=60;

[eigv,evect,sing_val,svect]=... 

svdroutine(iter,mult,gaussGx,gaussGy,..
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E,Z1,W1.weights,dm,quads.gaussgrid);

% RECONSTRUCT PHI-PRIME MATRIX HERE 

epsilon=.001;

linPhi_p=buildPhipCGl(epsilon,wholeU,gaussgrid,...

gaussweights,lins,dlins,linphi,outer);

[linV.linEv]=eig(linPhi_p); 

linVl=linV(:,1); 

lin_eig=max(abs(diag(linEv)));

[linU,linsingvals,linV]=svd(linPhi_p); 

linsingular=max(diag(linsingvals)); 

linsingvect=linV(:,1);

linsingvect=linsingvect/12norm(outer,linsingvect(2:end-1)); 

Phi_p = buildPhipCG2(epsilon,fullU,dm,gaussgrid,...

gaussweights,quads,dquads,dualmesh,quadphi);

[V,ev]=eig(Phi_p);

[V2,ev2]=eig(Phi_p’); 

all_eigens=diag(ev);

[p,ip]=max(abs(diag(ev)));

ev=sign(ev(ip))*p; % GIVES DOMINANT EIGENVALUE OF Phi_p 

[Uvec,singvals,Vvec]=svd(Phi_p);

singular=max(diag(singvals)); °/0 DOMINANT SINGULAR VALUE 

singvals=diag(singvals); 

sing_and_eig=[singvals all_eigens]; 

domin_vec=V(: , 1); 7. DOMINANT EIGENVECTOR 

domin_vec=domin_vec/12norm(dualmesh,domin_vec(2:end-1)); 

vv=Vvec(:,1);
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vv=vv/12norm(dualme sh,vv(2:end-1)); 

vv2=Vvec(1:2:end,1); 

vv2=vv2/12norm(outer,vv2(2:end-1));

"/.experiment with solving Phi(U+ev)-Phi(U) for different v ’s 

sizes=pert_tests(epsilon,wholeU,gaussgrid,gaussweights,...

lins,dlins,linphi,outer,linsingvect,linVl); 

fflXXffl PLOT COMMANDS l l V / X H l  

f igure

subplot(2,2,1)

plot(outer,wholeU,gaussgrid,trueu(gaussgrid)); 

legend(’forward soln'); 

subplot(2,2,2)

plot(dualmesh,quadphi.gaussgrid,cubic_dual_solution);

legend('quad phi’,'cubic phi')

subplot(2,2,3)

imagesc(green_x);

title('greens function');

colorbar;

subplot(2,2,4)

imagesc(Phi_p);

title(’\Phi‘_\psi(U)’);

colorbar;

figure

subplot(1,2,1)

"/.plot(gridfortrue,trueu(gridfortrue), ' k ' , 'LineWidth' ,2); 

plot(gaussgrid,abs(evect(:,end)),gaussgrid,abs(svect(:,end)));

183

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



°/0legend(’eigen’, ’singular’) 

subplot(1,2,2)

plot(dualmesh,abs(domin_vec),’r ’,’LineWidth’,4); 

hold on

plot(gaussgrid,abs(evect(:,end)),’ k ’ ,’LineWidth’,2); 

legend(’matlab’,’algorithm’) 

eigenvalues= [ev eigv(end)];

singularvalues=[singular linsingular sing_val(end)]; 

figure

surfc(dualmesh,dualmesh,GM_x-GM_x’); 

title(’diff of green and transpose’); 

figure

plot(outer,linphi,dualmesh,quadphi.gaussgrid,cubic_dual_solution); 

legend(’cgl dual’,’cg2dual’,’hermite dual’); 

figure 

subplot(2,2,1) 

imagesc(Phi_p); 

colorbar; 

subplot(2,2,2) 

surfc(dualmesh,dualmesh,Phi_p); 

subplot(2,2,3) 

imagesc(linPhi_p); 

colorbar; 

subplot(2,2,4) 

surfc(outer,outer,linPhi_p); 

fprintf(’eigenvalues: matlab and power method: \n’);
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disp(eigenvalues);

fprintf('singular values: matlab and power method: \n'); 

disp(singularvalues);
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B .2 .2  Secondary program s and functions

T he  fo llow ing  functions arc a ll called by the  m ain  program . T he  func­

tions gausspoints.m , new ton.m , new tfun .m , new tjae.rn, and bandcdsolvcr.m  

were w r it te n  by D ona ld  Estep. I  w ro te  the  others.

1 FUNCTION gridsetup

7. This function sets up the meshes for the forward and 

7, dual solutions as well as calculates gaussweights and 

7« nodes for quadrature computations.

7. INPUTS:

% n - the number of interior nodes for the forward solve

*/. gaussrule - specify number of gausspoints

% (should be 2, 3, or 5)

7. OUTPUTS:

7, outer - mesh for forward solve, including endpoints

7, inner - interior nodes for forward solve only

7. steps - stepsize for forward solve

7o mids - midpoints of elements for forward solve

7. dualmesh - mesh for cG2 dual solution

% dm - size of dualmesh

7. gaussgrid, gaussweights - weights and nodes for quadrature

function [outer,inner,steps,mids,dualmesh,...

dm,gaussgrid,gaussweights]=gridsetup(n,gaussrule)

% SET UP GRID FOR FORWARD SOLUTION

186

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



outer=linspace(0,1,n+2)’; 

inner=outer(2:end-1); 

steps=diff(outer); 

mids=outer(1:end-1)+steps/2;

I  SET UP GRID FOR cG2 DUAL SOLUTION (FORWARD GRID + MIDPOINTS)

dualmesh=zeros(length(outer)+length(mids),1);

dualmesh(2:2:end)=mids;

dualmesh(1:2:end)=outer;

dm=length(dualmesh);

7. GET GAUSS NODES AND WEIGHTS FOR QUADRATURES 

[gaussgrid,gaussweights] = gausspoints(inner,steps,gaussrule); 

gaussgrid=reshape(gaussgrid',1,prod(size(gaussgrid)))'; 

gaussweights=reshape(gaussweights’,1,prod(size(gaussweights)))’
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% FUNCTION gausspoints

% Computes the composite 2/3/5 point Gauss quadrature 

% INPUTS:

% x - the mesh

% h - the stepsize

% quadres - number of gaussnodes (2, 3, or 5)

% OUTPUTS:

% tau - the gaussnodes

% omega - the gaussweights

function [tau,omega] = gausspoints(x,h,quadres)

n=length(x);

if quadres == 2

gamma = l/(2*3~.5); 

tau(l,l) = x(l)/2-gamma*h(l); 

tau(l,2)= x(l)/2+gamma*h(l); 

omega(l,l) = ,5*h(l); 

omega(l,2) = .5*h(l); 

for i = 2: n

tau(i,l) = (x(i)+x(i-l))/2-gamma*h(i); 

tau(i,2) = (x(i)+x(i-l))/2+gamma*h(i); 

omega(i,1) = ,5*h(i); 

omega(i,2) = ,5*h(i);

end

tau(n+l,l) = (l+x(n))/2-gamma*h(n+l); 

tau(n+l,2) = (l+x(n))/2+gamma*h(n+l); 

omega(n+l,l) = .5*h(n+l);
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omega(n+1,2) = .5*h(n+l); 

return 

elseif quadres == 3 

gamma = (3/5)".5; 

tau(l,l) = x(l)/2-gamma*h(l)/2; 

tau(l,2) = x(l)/2; 

tau(l,3)= x(l)/2+gamma*h(l)/2; 

omega(l,l) = 5/18*h(l); 

omegaCl,2) = 4/9*h(l); 

omegaCl,3) = 5/18*h(l); 

for i = 2: n

tau(i,l) = (x(i)+x(i-l))/2-gamma*h(i)/2;

tau(i,2) = (x(i)+x(i-l))/2;

tau(i,3) = (x(i)+x(i-l))/2+gamma*h(i)/2;

omega(i,1) = 5/18*h(i);

omega(i,2) = 4/9*h(i);

omega(i,3) = 5/18*h(i);

end

tau(n+l,l) = (l+x(n))/2-gamma*h(n+l)/2; 

tau(n+l,2) = (l+x(n))/2; 

tau(n+l,3) = (l+x(n))/2+gamma*h(n+l)/2; 

omega(n+1,1) = 5/18*h(n+l); 

omega(n+l,2) = 4/9+h(l); 

omega(n+1,3) = 5/18*h(n+l); 

return 

elseif quadres == 5
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xi(1)=-sqrt(245+14*sqrt(70))/21; 

xi(2)=-sqrt(245-14*sqrt(70))/21; 

xi(3)=0;

xi(4)=sqrt(245-14*sqrt(70))/21; 

xi(5)=sqrt(245+14*sqrt(70))/21; 

w (1)=.23692688505618908752; 

w(2)=.47862867049936646810; 

w (3)=.56888888888888888889; 

w(4)=w(2); 

w(5)=w(l); 

for j = 1: 5

tau(l,j)=(x(l)+h(l)*xi(j))/2; 

omega(1,j)=w(j)*h(l)/2;

end

for i = 2: n 

for j = 1: 5

tau(i,j)=(x(i)+x(i-l)+h(i)*xi(j))/2; 

omega(i,j)=w(j)*h(i)/2;

end

end

for j = 1: 5

tau(n+1,j)=(l+x(n)+h(n+l)*xi(j))/2; 

omega(n+l,j)=w(j)*h(n+l)/2;

end

end
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7. FUNCTION newton

% hybrid-Newton iteration for solving (a(u,x)u’)’+b(u,x)u,=f(u, 

% using continuous piecewise linear elements and trapezoidal 

7o rule to evaluate the integrals

7. the matrices are created as column vectors and then 

7. turned into a sparse banded matrix 

% INPUTS:

7. uold - previous Newton iterate

7. x, h - mesh and stepsize

7. Ntol, Nmax - tolerance and maximum iterations

7. OUTPUT:

7. u - final solution to the nonlinear system

function u = newton(uold,x,h,Ntol,Nmax) 

n=length(x);

Fold=newtfun(uold,x,h); 

for newt = l:Nmax

JFold=newtj ac(uold,x ,h);

Ndel = bandedsolver(JFold,Fold,3); 

u = uold - Ndel;

Fu=newtfun(u,x,h);

7. stop if Newton change is small or 

7« if relative residual is small 

if norm(u-uold) < Ntol 

break

end

7o If the Newton step increases the residual,
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7« do a bisection search to find a step

% that decreases the residual

sc=0;

while norm(Fu)> norm(Fold)

Ndel=Ndel/2; 

u = uold - Ndel;

Fu=newtfun(u,x ,h); 

sc=sc+l;

end

if sc > 0

fprintfC Did 7»d bisection steps

at Newton step 7.d\n’ ,sc,newt)

end

uold = u;

Fold = Fu;

end

fprintf(’ Used 7«d Newton iterations\n’,newt-l)
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7. FUNCTION newt fun

7. COMPUTES THE FUNCTION VALUE FOR THE NEWTON SOLVE 

7. INPUTS:

7. u - function values on mesh

7o x - mesh for forward problem

7o h - stepsize

7. OUTPUTS:

7o F - function value for Newton solve

function F = newtfun(u,x,h) 

n=length(x);

F(1,1) = (1/(2*h(l))*a(0,0) + (l/(2*h(l))...

+1/(2*h(2)))*a(u(l),x(l))...

+l/(2*h(2))*a(u(2),x(2)))*u(l)...

-(a(u(l),x(l))+a(u(2),x(2)))/(2*h(2))*u(2)...

+b(u(l),x(l))*u(2)/2.0...

-(h(l)+h(2))/2*f(u(l),x(l)); 

for i = 2: n-1

F(i,1) = -(a(u(i-l),x(i-l))+a(u(i),x(i)))/(2*h(i))*u(i-l)... 

+(l/(2*h(i))*a(u(i-l),x(i-l))...

+ (1/(2*h(i)) + l/(2*h(i+l)))*a(u(i),x(i)). . . 

+l/(2*h(i+l))*a(u(i+l),x(i+l)))*u(i)...

-(a(u(i),x(i))+a(u(i+l),x(i+l)))/(2*h(i+l))*u(i+l)... 

+b(u(i),x(i))*(u(i+l)-u(i-l))/2.0. . .

-(h(i)+h(i+l))/2*f(u(i),x(i));

end

F(n, 1) = -(a(u(n-l) ,x(n-l))+a(u(n) ,x(n)))/(2*h(n))*u(n-l). . .
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+ (1/(2*h(n))*a(u(n-l),x(n-l)).. .

+ (l/(2*h(n))+l/(2*h(n+l)))*a(u(n),x(n))... 

+1/(2*h(n+l))*a(0,1))*u(n)...

-b(u(n) ,x(n))*u(n-l)/2.0. . .

-(h(n)+h(n+l))/2*f(u(n),x(n));
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1 FUNCTION newtjac

1 COMPUTES THE JACOBIAN FOR THE NEWTON ITERATION 

7, INPUTS:

7, u, x, h: function value u, mesh x, stepsize h

7. OUTPUT:

•/. Jf: Jacobian of F at u

function JF=newtjac(u,x,h) 

n=length(x); 

for i = 1: n-1

JF(i,1) = -(a(u(i+l),x(i+l))+a(u(i),x(i)))/(2*h(i+l))... 

+da(u(i),x(i))/(2*h(i+l))*(u(i+l)-u(i))...

-b(u(i+l),x(i+l))/2.0;

end

70dummy 

JF(n,1)=0;

JF(1,2) = da(u(l),x(l))/(2*h(l))*u(l). . .

+da(u(l),x(l))/(2*h(2))*(u(l)-u(2))... 

+l/(2*h(l))*a(0,0)+(l/(2*h(l))+l/(2*h(2)))*a(u(l),x(l)). 

+l/(2*h(2))*a(u(2),x(2)).. .

+db(u(l),x(l))*u(2)/2.0...

-(h(l)+h(2))/2*df(u(l),x(l)); 

for i = 2:n-l

JF(i,2) = da(u(i),x(i))/(2*h(i))*(u(i)-u(i-l))... 

+da(u(i),x(i))/(2*h(i+l))*(u(i)-u(i+l))...

+ 1/(2*h(i))*a(u(i-l) ,x(i-l)) + (l/(2=t<h(i)) . . .

+1/(2*h(i+l)))*a(u(i),x(i))...

195

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



+ 1/(2*h(i+l))*a(u(i+l),x(i+l)). . .

+db(u(i),x(i))*(u(i+l)+u(i-l))/2.0... 

~(h(i)+h(i+l))/2*df(u(i),x(i));

end

JF(n,2) = da(u(n),x(n))/(2*h(n))*(u(n)-u(n-l))... 

+da(u(n),x(n))/(2*h(n+l))*u(n)...

+1/(2*h(n))*a(u(n-l),x(n-l))+(l/(2*h(n))... 

+l/(2*h(n+l)))*a(u(n),x(n))...

+1/(2*h(n+l))*a(0,1)...

+db(u(n),x(n))*u(n-l)/2.0...

-(h(n)+h(n+l))/2*df(u(n),x(n));

"/.dummy 

JF(1,3)=0; 

for i = 2:n

JF(i,3)=da(u(i),x(i))/(2*h(i))*(u(i-l)-u(i))... 

-(a(u(i-l),x(i-l))+a(u(i),x(i)))/(2*h(i))... 

+b(u(i-l),x(i-l))/2.0;

end
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% FUNCTION bandedsolver

% SETS UP A BANDED SPARSE MATRIX USING DIAGONALS 

“/. COMPUTED FROM Ac AND SOLVES THE SYSTEM Ax=b.

% d IS THE # OF DIAGONALS CENTERED AROUND MAIN DIAGONAL 

function x = bandedsolver(Ac,b,d) 

n=length(b); 

d=fix(d/2);

A=spdiags(Ac,-d:d,n,n); 

x=A\b;

% FUNCTION 12norm

% compute 12 norm of a function on [0,1] defined at gridpoints 

% INPUTS:

*/. grid - mesh with endpoints

% func - function values on interior meshpoints

% OUTPUT:

*/. - y is the 12 norm of the function

•/. NOTE: only for functions which are zero at the endpoints 

function y=12norm(grid,func) 

ingrid=grid(2:end-1); 

d=diff(grid);

[tau,omega]=gausspoints(ingrid,d ,5); 

tau=reshape(tau’,l,prod(size(tau) ) ) ’ ; 

omega=reshape(omega’,1,prod(size(omega)))’; 

p=interpl(ingrid,func,tau,’spline’); 

y=sqrt(sum(omega.*p.~2));

197

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7. FUNCTION 1inbasis.m

7 . Evaluate linear Lagrange basis function on grid of gausspoints 

7 . INPUTS

7« g - grid of gausspoints, obtained from "gausspoints.m"

7, x - grid for forward solution, including the endpoints

7. d - stepsize between x nodes

7 . OUTPUTS

7o lins, - Linear Lagrange basis functions

7 «  dlins - Derivative of lins

function [lins,dlins]=linbasis(g,x,d); 

n=length(x);

lins(:,l)=((x(2)-g)/d(l)). * (g <= x(2)); 

dlins(:,1)=(—l/d(l)). * (g <= x(2)); 

for i=2:n-l

lins(:,i)=(g-x(i-l))/d(i-l).*(g > x(i-l)...

& g <= x(i))+(x(i+l)-g)/d(i)...

.*(g > x(i) k  g <= x(i+l)); 

dlins(:,i)=l/d(i-l).*(g > x(i-l) & g <= x(i))...

+(-1/d(i).*(g > x(i) k  g <= x(i+l)));

end

lins(:,n)=(g-x(n-l))/d(n-l).*(g > x(n-l)); 

dlins(:,n)=(l/d(n-l)).*(g > x(n-l));
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7„ FUNCTION quadbasis.m

% Evaluate quadratic Lagrange basis function on gausspoints 

7, INPUTS

*/. g - grid of gausspoints, obtained from "gausspoints .m"

7, x - grid for the forward solution, including the endpoints

70 mids - the midpoint values between forward nodes

7. y - full mesh for dual solution

% OUTPUTS

% quads, dquads - Lagrange quadratic basis functions and

% their derivatives, evaluated at the gausspoints

function[quads,dquads]=quadbasis(g,x,d,mids,y); 

n=length(mids); m=length(g); p=length(y); 

for i=l:n

right(:,i)=(2*(g-y(2*i))...

• *(g-y(2*i+l))/(y(2*i+l)-y(2*i-l))~2)... 

.*(g > y(2*i-l) & g <= y(2*i+l)); 

dright(:,i)=2*((2*g-y(2*i+l) . . .

-y(2*i))/((y(2*i+l)-y(2*i-l))~2))...

•*(g > y(2*i-l) & g <= y(2*i+l)); 

middle!:,i)=(4*(y(2*i+l)-g)...

.*(g-y(2*i-l))/(y(2*i+l)-y(2*i-l))~2)... 

•*(g >= y(2*i-l) & g <= y(2*i+l)); 

dmiddle(:,i)=(-4*(2*g-y(2*i-l)...

-y(2*i+l))/((y(2*i+l)-y(2*i-l))“2))... 

•*(g >= y(2*i-l) & g <= y(2*i+l)); 

left(:,i)=(2*(g-y(2*i))...
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.*(g-y(2*i-l))/(y(2*i+l)-y(2*i-l))~2)... 

,*(g >= y(2*i-l) & g <= y(2*i+l)); 

dleft(:,i)=(2*(2*g-y(2*i-l)...

-y(2*i))/((y(2*i+l)-y(2*i-l))~2))... 

■*(g >= y(2*i-l) & g <= y(2*i+l));

end

for i=l:n-l

interior(:,i)=left(:,i)+right(:,i+l); 

dinterior(:,i)=dleft(:,i)+dright(:,i+1);

end

quads=zeros(m,p); 

dquads=zeros(m,p); 

quads(:,l)=right(:,1); 

dquads(:,l)=dright(:,1); 

for i=2:2:p-3

quads(:,i)=middle(:,i/2); 

dquads(:,i)=dmiddle(:,i/2); 

quads(:,i+l)=interior(:,i/2); 

dquads(:,i+1)=dinterior(:,i/2);

end

quads(:,p-l)=middle(:,end); 

dquads(:,p-l)=dmiddle(:,end); 

quads(:,p)=left(:,end); 

dquads(:,p)=dleft(:,end);
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7. FUNCTION cubicbasis.m

7 , evaluate cubic Hermite basis functions on gausspoints 

7 . INPUTS

% g - grid of gausspoints, obtained from "gausspoints.m"

*/. x - grid for forward solution

I  OUTPUTS

7 . hermphi,dhermphi,hermeta,dhermeta- 

7 . "local" basis functions and derivatives

7. globalphi, dglobalphi, globaleta, dglobaleta

7 . "global" basis functions and derivatives

7 . ddglobalphi,ddglobaleta

7 o  second derivatives of basis functions, to express

7 o  second derivative of dual solution

function [hermphi,dhermphi,hermeta,dhermeta,...

globalphi,dglobalphi,globaleta,dglobaleta,... 

ddglobalphi,ddglobaleta]=cubicbasis(g,x) 

n=length(x); 

for i=l:n-l

pl=(2*(g-x(i+l)),/(x(i)-x(i+l)))+l; 

p2=(2*(g-x(i)),/(x(i+l)-x(i)))+l;

leftphiC:,i) =(((g-x(i)).'2).*pl),/(x(i+l)-x(i)).~2...

.*(g >= x(i) & g <= x(i+l)); 

rightphi(:,i)=(((g-x(i+l)). ~2).*p2)./(x(i)-x(i+l)).“2...

.*(g >= x(i) k  g <= x(i+l)); 

dleftphi(:,i)=(2*(g-x(i)).*(2*(g-x(i+l)),/(x(i)-x(i+l))+l)...
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,/((x(i+l)-x(i)),“2)+2*(g-x(i)).~2./((x(i)-x(i+l))... 

,*(x(i+l)-x(i)),~2)).*(g >= x(i) & g  < = x(i+l)); 

drightphi(:,i)=(2*(g-x(i+l)).*(2*(g-x(i))./(x(i+l)-x(i))+l)...

•/((x (i)-x(i+l)).~2)+2*(g-x(i+l)).~2./((x(i+l)-x(i))...

.*(x(i)-x(i+l)).~2)).*(g >= x(i) & g <= x(i+l)); 

ddleftphi(:,i)=6*(2*g-x(i+l)-x(i))/((x(i)-x(i+l))"3)...

.*(g >= x(i) & g <= x(i+l)); 

ddrightphi(:,i)=-6*(2*g-x(i+l)-x(i))/((x(i)-x(i+l))"3)...

.*(g >= x(i) & g <= x(i+l)); 

lefteta(:,i)=(((g-x(i+l)).*(g-x(i)).~2)./(x(i+l)-x(i)).~2)...

.*(g >= xCi) & g <= x(i+l)); 

righteta(:,i)=(((g-x(i)).*(g-x(i+1)).~2)./(x(i+l)-x(i))."2)...

.*(g >= x(i) & g <= x(i+l)); 

dlefteta(:,i)=((g-x(i)).~2./((x(i+l)-x(i)).~2)+2*(g-x(i+1))...

.*(g-x(i)) ./((x(i+l)-x(i))."2)).*(g >= x(i) & g <= x(i+l)); 

drighteta(:,i)=((g-x(i+1)).~2./((x(i+l)-x(i))."2)+2*(g-x(i))...

.*(g-x(i+l)),/((x(i+l)-x(i)),~2)).*(g >= x(i) & g <= x(i+l)); 

ddlefteta(:,i)=2*(3*g-2*x(i)-x(i+l))/((x(i+l)-x(i)) ~2) . . .

.*(g >= x(i) & g <= x(i+l)); 

ddrighteta(:,i)=2*(3*g-2*x(i+l)-x(i))/((x(i+l)-x(i))~2)...

.*(g >= x(i) & g <= x(i+l));

end

hermphi=[leftphi rightphi]; 

dhermphi= [dleftphi drightphi]; 

ddhermphi=[ddleftphi ddrightphi]; 

hermeta=[lefteta righteta];
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dhermeta=[dlefteta drighteta]; 

ddhermeta=[ddlefteta ddrighteta];

[r,c]=size(hermphi); 

k=c/2;

globalphi(:,l)=hermphi(:,k+l); 

dglobalphi(:,l)=dhermphi(:,k+l); 

ddglobalphi(:,l)=ddhermphi(:, k+1); 

globaleta(:,l)=hermeta(:,k+l); 

dglobaleta(:,l)=dhermeta(:,k+l); 

ddglobaleta(:,l)=ddhermeta(:,k+l); 

for i=2:k

globalphi(:,i)=hermphi(:,i-l)+hermphi(:,i+k); 

dglobalphi(:,i)=dhermphi(:,i-1)+dhermphi(:,i+k); 

ddglobalphi(:,i)=ddhermphi(:,i-l)+ddhermphi(:,i+k); 

globaleta(:,i)=hermeta(:,i-l)+hermeta(:,i+k); 

dglobaleta(:,i)=dhermeta(:,i-1)+dhermeta(:,i+k); 

ddglobaleta(:,i)=ddhermeta(:,i-l)+ddhermeta(:,i+k);

end

globalphi(:,k+l)=hermphi(:,k); 

dglobalphi(:,k+l)=dhermphi(:,k); 

ddglobalphi(:,k+l)=ddhermphi(:, k); 

globaleta(:,k+l)=hermeta(:,k); 

dglobaleta(:,k+l)=dhermeta(:,k); 

ddglobaleta(:,k+l)=ddhermeta(:,k);
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% FUNCTION cGl -

*/. computes stiffness matrix, load vector and solution 

% for the linearized dual problem 

7»-(a(u)phi ’ ) ’ + a ’ (u)u’phi ’ -b(u)phi ’ -f ’ (u)=psi 

°/0 using lagrange linear basis (hat) functions 

% INPUTS:

°/„ gaussgrid, gaussweights- gaussnodes and weights,

*/. obtained from "gausspoints.m" routine,

% organized into columns

°/0 lins, dlins- hat functions and derivatives

7. afn, bfn, cfn - the coefficients of the dual problem:

% afn = a(U), bfn = ( a ’ (U)U’-b(U)), cfn = -f’(U)

1  OUTPUTS:

•/. S - Stiffness matrix for cGl finite element method 

% L - Load vector for cGl finite element method

% phi - values of dual solution on nodes

function [S,L,phi]=...

cGl(gaussgrid,gaussweights,outer,lins,dlins,afn,bfn,cfn) 

% CONSTRUCT LOAD VECTOR 

p=psi(gaussgrid); 

m=length(outer); 

for i=l:m

load(i,l)=sum(gaussweights.*p.*lins(:,i));

end

L=load(2:end-1);

7. CONSTRUCT STIFFNESS MATRIX
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lins=lins(:,2:end-l); 

dlins=dlins(:,2:end-1);

S=zeros(m-2,m-2);

[r c]=size(lins);

j = l;

for i=j:j + 1;

S(1,i)=sum(gaussweights.*.. .

(afn.*dlins(:,i).*dlins(: , j) . . . 

+bfn.*dlins(:,i).*lins(:,j). . .

+cfn.*lins(:,i).*lins(:,j)));

end

for j =2:c—1;

for i=j-l:j+1

S(j,i)=sum(gaussweights.*...

(afn.*dlins(:,i).*dlins(:,j)... 

+bfn.*dlins(:,i).*lins(:,j)... 

+cfn.*lins(:,i).*lins(:,j)));

end

end

j=c;

for i=j-l:j;

S(c,i)=sum(gaussweights.*. . .

(afn.*dlins(:,i).*dlins(:,j)...

+bfn.*dlins(:,i).*lins(:,j)...

+cfn.*lins(:,i).*lins(:,j)));

end

phi=[0;S\L;0];
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7. FUNCTION cG2

% computes stiffness matrix, load vector and solution 

7 . for the linearized dual problem 

% -(a(u)phi’)’+a’(u)u,phi,-b(u)phi,-f'(u)=psi 

7 . using lagrange quadratic basis functions 

7 . INPUTS:

7 c  gaussgrid, gaussweights - nodes and weights, obtained from

% "gausspoints.m" routine, organized into columns

7 c  quads, dquads - basis functions, evaluated on

7 c  gauss nodes, obtained from "quadbasis .m" routine

7 c  dualmesh - the forward grid + midpoints

7 c  afn, bfn, cfn - the coefficients of the dual problem:

7 . afn = a(U), bfn = (a' (U)U’-b(U)), cfn = -f’(U)

7 . OUTPUTS:

7 c  S - Stiffness matrix for cG2 finite element method 

7 c  L - Load vector for cG2 finite element method

7 c  phi - values of dual solution

function [S,L,phi]=...

cG2(gaussgrid,gaussweights,quads,. . .

dquads,dualmesh,afn,bfn,cfn)

7 . CONSTRUCT LOAD VECTOR 

p=psi(gaussgrid); 

m=length(dualmesh); 

for i=l:m

load(i,l)=sum(gaussweights.*p.*quads(: ,i));
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end

L=load(2:end-1);

7, CONSTRUCT STIFFNESS MATRIX

quads=quads(:,2:end-1);

dquads=dquads(:,2:end-1);

S=zeros(m-2,m-2);

[r c]=size(S);

j=i;

for i=j:j+l;

S(1,i)=sum(gaussweights.*. . .

(afn.*dquads(:,i).*dquads(:,j)... 

+bfn.*dquads(:,i).*quads(:,j)... 

+cfn.*quads(:,i).*quads(:,j)));

end

j=2;

for i=j-l:j+2;

S(2,i)=sum(gaussweights. * . . .

(afn.*dquads(:,i).*dquads(:,j)... 

+bfn.*dquads(:,i).*quads(:,j)... 

+cfn.*quads(:,i).*quads(:,j)));

end

for j=3:m-4;

for i=j-2:j+2

S(j,i)=sum(gaussweights.*. . .

(afn.*dquads(:,i).*dquads(: , j) 

+bfn.*dquads(:,i).*quads(:,j).
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+cfn.*quads(:,i).*quads(:,j)));

end

end

j=m-3;

for i=j-2:j+1;

S(j,i)=sum(gaussweights.*...

(afn.*dquads(:,i).*dquads(:,j)... 

+bfn.*dquads(:,i).*quads(:,j)... 

+cfn.*quads(:,i).*quads(:,j)));

end

j=m-2;

for i=j-l:j;

S(j,i)=sum(gaussweights. * . . .

(afn.*dquads(:,i).*dquads(:,j)... 

+bfn.*dquads(:,i).*quads(:,j)...

+cfn.*quads(:,i).*quads(:,j)));

end

phi=[0;S\L;0] ;
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7 FUNCTION cG3.m

7 computes stiffness matrix, load vector and solution

7 for the linearized dual problem

7 using hermite cubic basis functions 

7 INPUTS:

7 gaussgrid,gaussweights - gaussnodes and weights 

7, hermphi .dhermphi .hermeta,dhermeta,

7. globalphi,dglobalphi,globaleta, dglobaleta

7o _ cubic hermite basis functions and their derivatives,

7. evaluated on gauss nodes

7. afn, bfn, cfn - the coefficients of the dual problem:

7. afn = a(U), bfn = (a’ (U)U’-b(U)), cfn = -f’(U)

7. OUTPUTS:

7 S - Stiffness matrix for cG3 (Hermite) finite element method

7. L - Load vector

7. cubic_values - first column is values of dual solution

7. second column is values of derivative of dual solution

7o cubic_dual_solution - cubic dual expressed on gaussnodes 

7 cubic_first_derivative

7 - first derivative of dual on gaussnodes

7 cubic_second_derivative

7 ~ second derivative of dual on gaussnodes

function [S,L,cubic_values,cubic_dual_solution,...

cubic_first_derivative,cubic_second_derivative]=... 

cG3(gaussgrid,gaussweights, hermphi.dhermphi,... 

hermeta,dhermeta,globalphi,dglobalphi,globaleta,...
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dglobaleta,ddglobalphi,ddglobaleta,afn,bfn,cfn,n); 

% CONSTRUCT LOAD VECTOR 

[rl cl]=size(hermeta);

[r2 c2]=size(globaleta); 

p=psi(gaussgrid); 

for i=l:c2

bL(:,i)=p.*globaleta(:,i); 

tL(:,i)=p.*globalphi(:,i);

end

loadmatrix=[tL bL] ;

[r3 c3]=size(loadmatrix); 

gw=repmat(gaussweights,1,c3); 

gaussmatrix=gw.*loadmatrix; 

load=sum(gaussmatrix)’;

7« BUILD STIFFNESS MATRIX 

S=zeros(2*(n+2),2 * (n+2));

[r c]=size(S); 

k=n+2;

j=i;

for i=j:j+1;

S(1,i)=sum(gaussweights.d . . .

(afn.ddglobalphi(:,i).*dglobalphi(:,j). . . 

+bfn.ddglobalphi(:,i).dglobalphi(:,j)... 

+cfn.dglobalphi(:,i).dglobalphi(:,j)));

S(1,i+k)=sum(gaussweights. * . . .

(afn.ddglobaleta(:,i).ddglobalphi(:,j)...
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+bfn.*dglobaleta(:,i).dglobalphi(:,j)... 

+cfn.*globaleta(:,i).dglobalphi(:,j)));

S(l+k,i)=sum(gaussweights.*...

(afn.ddglobalphi(:,i).ddglobaleta(:,j)... 

+bfn.ddglobalphi(:,i).dglobaleta(:,j)... 

+cfn.dglobalphi(:,i).dglobaleta(:,j)));

S(l+k,i+k)=sum(gaussweights.d ...

(afn.ddglobaleta(:,i).ddglobaleta(:,j)... 

+bfn.ddglobaleta(:,i).dglobaleta(:,j)... 

+cfn.dglobaleta(:,i).dglobaleta(:,j)));

end

for j=2:n+l;

for i=j-l:j+l

S(j,i)=sum(gaussweights. * . . .

(afn.ddglobalphi(:,i).ddglobalphi(:,j)... 

+bfn.ddglobalphi(:,i).dglobalphi(:,j)... 

+cfn.dglobalphi(:,i).dglobalphi(:,j))); 

S(j,i+k)=sum(gaussweights. * . . .

(afn.ddglobaleta(: , i).ddglobalphi(:,j)... 

+bfn.ddglobaleta(:,i).dglobalphi(:,j)... 

+cfn.dglobaleta(:,i).dglobalphi(:,j))); 

S(j+k,i)=sum(gaussweights. * . . .

(afn.ddglobalphi(:,i).ddglobaleta(:,j)... 

+bfn.ddglobalphi(:,i).dglobaleta(:,j)... 

+cfn.dglobalphi(:,i).dglobaleta(:,j))); 

S(j+k,i+k)=sum(gaussweights. * . . .
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(afn.*dglobaleta(:,i).*dglobaleta(:,j). . . 

+bfn.*dglobaleta(:,i).dglobaleta(:,j)... 

+cfn.dglobaleta(:,i).dglobaleta(:,j)));

end

end 

j=n+2;

for i=j-l:j ;

S(j,i)=sum(gaussweights.d...

(afn.ddglobalphi(:,i).ddglobalphi(:,j)... 

+bfn.ddglobalphi(:,i).dglobalphi(:,j)... 

+cfn.dglobalphi(:,i).dglobalphi(:,j))); 

S(j,i+k)=sum(gaussweights. * . . .

(afn.ddglobaleta(:,i).ddglobalphi(:,j)... 

+bfn.ddglobaleta(:,i).dglobalphi(:,j)... 

+cfn.dglobaleta(:,i).dglobalphi(:,j)));

S(j+k,i)=sum(gaussweights.d...

(afn.ddglobalphi(:,i).ddglobaleta(:,j)... 

+bfn.ddglobalphi(:,i).dglobaleta(:,j)... 

+cfn.dglobalphi(:,i).dglobaleta(:,j)));

S(j+k,i+k)=sum(gaussweights.d...

(afn.ddglobaleta(: , i) .ddglobaleta(:,j)... 

+bfn.ddglobaleta(:,i).dglobaleta(:,j)... 

+cfn.dglobaleta(:,i).dglobaleta(:,j)));

end

•/. REMOVE APPROPRIATE ROWS AND COLUMNS OF STIFFNESS 

7. MATRIX AND LOAD VECTOR SO THAT THE
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% SYSTEM SATISFIES DIRICHLET CONDITIONS 

S=[S2:n+l,2:n+l) S(2:n+l,k+l:end);...

S(k+1:end,2:n+l) S(k+1:end,k+l:end)];

L=[load(2:n+l) ; load(k+1:end)]; 

solution=S\L;

7„ MAKE COLUMN FOR FUNCTION VALUES AND 

% COLUMN FOR DERIVATIVE VALUES

7. ADD ZEROS AT ENDPOINTS FOR DIRICHLET CONDITIONS 

cubic_values = [ [0; solution(l:n); 0] solution(n+l:end)] 

% EXPRESS SOLUTION ON GAUSSGRID 

[r c]=size(cubic_values); 

for i=l:r

cubic(:,i)=cubic_values(i,1)dglobalphi(:,i)... 

+cubic_values(i,2)dglobaleta(:,i);

cubic_first(:,i)=cubic_values(i,1)ddglobalphi(:,i)... 

+cubic_values(i,2)ddglobaleta(: , i);

cubic_sec(:,i)=cubic_values(i,1)dddglobalphi(:,i)... 

+cubic_values(i,2)dddglobaleta(:,i);

end

cubic_dual_solution=sum(cubic’)’; 

cubic_first_derivative=sum(cubic_first')’; 

cubic_second_derivative=sum(cubic_sec')’;
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°/0need comments about inputs and outputs of this function 

function linPhi_p=buildPhipCGl(epsilon,wholeU,gaussgrid,...

gaussweights,lins,dlins,linphi,outer)

m=length(wholeU);

pmat=epsilon*eye (m); "/, matrix of perturbations 

pmat(:,1)=0;

pmat ( : , end)=0; "/(don't perturb first and last cols- 

perturbed=repmat(wholeU,1,m)+pmat; 

linphimat=repmat(linphi,1,m); 

for i=l:m

for j=l:m

dnu(:,j)=perturbed(j,i)*dlins(:,j);

end

dnewperturbed(:,i)=sum(dnu’)’;

lingaussu=interpl(outer,perturbed(:,i).gaussgrid); 

afn = a(lingaussu,gaussgrid); 

bfn = da(lingaussu,gaussgrid)...

.*dnewperturbed(:,i)-b(lingaussu,gaussgrid); 

cfn = -df(lingaussu,gaussgrid);

[linS,linL,pertphis(:,i)]=...

cGl(gaussgrid,gaussweights,outer,lins,dlins,afn,bfn,cfn); 

clear linS linL afn bfn cfn; 

end

linPhi_p=pertphis-linphimat; 

linPhi_p=linPhi_p/epsilon;
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°/0need comments about what function does, inputs and outputs 

function Phi_p=buildPhipCG2(epsilon,fullU,dm,...

gaussgrid,gaussweights,quads,dquads,dualmesh,quadphi) 

pmat=epsilon*eye(dm); 

pmat(1,1)=0; 

pmat(end,end)=0;

perturbed=repmat(fullU,1,dm)+pmat; 

quadphimat=repmat(quadphi,1,dm); 

for i=l:dm

for j=l:dm

nu(:,j)=perturbed(j,i)*quads(:,j); 

dnu(:,j)=perturbed(j,i)*dquads(:,j);

end

newperturbed(:,i)=sum(nu’)’; 

dnewperturbed(:,i)=sum(dnu’)’; 

afn(:,i) = a(newperturbed(:,i).gaussgrid); 

bfn(:,i) = da(newperturbed(:,i).gaussgrid)...

.*dnewperturbed(:,i)-b(newperturbed(:,i).gaussgrid); 

cfn(:,i) = -df(newperturbed(:,i).gaussgrid);

[quadS,quadL,pertphis(:,i)]=...

cG2(gaussgrid,gaussweights,quads,dquads,... 

dualmesh,afn(:,i),bfn(:,i),cfn(:,i)); 

clear quadS quadL;

end

Phi_p=(pertphis-quadphimat)/epsilon;
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*/. function svdroutine

% need some comments explaining what this function does

% and inputs and outputs

function [eigv,evect,sing_val,svect]=

svdroutine(iter,mult,gaussGx,gaussGy, . . .

E,Z1,W1,weights,dm,quads,gaussgrid)

for k=l:iter

z=sum(gaussGx.*E.*Z1.̂ weights)’; %first integral 

w=sum(gaussGx.*E.*W1.̂ weights) ’; 7. w ’s are for power method 

clear i; 

for i=l:dm

temp(:,i)=z(i)*quads(:,i); 

temp2(:,i)=w(i)*quads(:,i);

end

z=sum(temp') ’ ; 7, put result of first integral 

7. back on gaussgrid

w=sum(temp2')’;

eigv(k,l)=sum(w.*W1(:,1).*weights(:,1)); 

w=w/12norm(gaussgrid,w(2:end-1));

evect(:,k)=w; %save normalized eigenvector estimates 

Wl=repmat(w,1,dm);

Z2=repmat(z,1,dm);

znew=(sum(gaussGy. *Z2. ̂ weights) ’). *mult; 7.second integral 

clear i temp; 

for i=l:dm

temp(:,i)=znew(i)*quads(:,i);
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end

znev^sumCtemp') ’; "/, put result of second integral 

*/. back on gaussgrid 

sing_val(k,l)=sqrt(sum(znew.*Z1(:,1).*weights(:,1))); 

znew=znew/12norm(gaussgrid,znew(2:end-l)); "/.normalize 

svect(: ,k)=znew; "/.save singular vector estimates 

Zl=repmat(znew,1,dm);

end
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