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ABSTRACT OF DISSERTATION

ANALYSIS AND APPLICATION OF THE NONLINEAR POWER
METHOD

The power method is a standard technique in numerical linecar algebra for
approximating the dominant cigenpair of a squarc matrix. Algorithins for
implementing the method are simple and efficient, since only knowledge of
the matrix action is required. In this thesis, we develop a nonlinear power
mcthod (NLPM) for computing the dominant cigenpair of the lincarization
of a nonlincar map. We implement the method in a matrix—frec way by
utilizing function differences, and also by reconstructing the entire matrix
when matrix—free methods are unavailable. We apply the NLPM to the
problems of determining the stability of a system of differential equations,
and also to cxamining the issuc of lincarization crror for computational
crror cstimates for nonlincar clliptic two—point boundary valuc problems.
We examine propertics of the map between the forward solution and the
lincarized dual solution and usc the NLPM in various forms to determnine
the norm of the derivative of this map, hence bounding the effect of lin-

carization. Several numerical examples arc presented in Chapter 5.
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Chapter 1

INTRODUCTION

1.1 Overview

The power method is a standard technique in numerical lincar algebra
for approximating the dominant cigenpair of a squarc matrix. Algorithins
for implementing the method are simple and efficient, since only knowledge
of the matrix action is required. In this thesis, we develop a nonlincar power
mcthod (NLPM) for computing the dominant cigenpair of the lincarization
of a nonlincar map. We implcment the method in a matrix—free way by
utilizing function differences, and also by reconstructing the entire matrix
when matrix—free methods arce unavailable. We apply the NLPM to the
problems of determining the stability of a system of differential equations,
and also to cxamining the issuc of linearization crror for computational
crror cstimates for nonlincar clliptic two—point boundary value problems.
We examine propertics of the map between the forward solution and the
lincarized dual solution and usc the NLPM in various formns to determine
the norm of the derivative of this map, hence bounding the cffect of lin-

carization. Several numcrical cxamples arc presented in Chapter 5.
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1.2 Motivating example: linearization and a-posteriori error es-
timation

Consider a system Az = b of lincar equations, which is solved in some
way to obtain an approximate solution X. The crror between the true and
approximate solutions is e = # — X. Generally this can’t be computed,
but we can compute the residual R = AX — b, which measures how well
the approximate solution solves the cquation. We introduce a dual problem
to find a rclationship between the truce (but unknown) crror e and the

computable residual R. The dual problem is
ATp =, (1.2.1)

where v is a unit vector and AT the transpose of A (more generally, the
adjoint operator). We can get a representation of a projection of the crror

by computing the inner product

(e, )] = 1{e, ATo)| = [{Ae, 9)] = [(R, 9)I. (1.2.2)

This gives the size of a projection of the crror in a specified dircction in
terms of the inner product of the computable residual and the solution
of the dual problem corresponding to the choice of direction. Using the

Cauchy—Schwartz incquality,

(e, )] <[l |2l (1.2.3)

|9l and || R|| are referred to as the strong stability factor and strong residual,
respectively.  In case the problem is nonlinecar, we have f(x) = b, and
the residual error is R = f(X) — b, so f(z) — f(X) = —R. We usc the

fundamental theorem of calculus to obtain a lincar equation for the error:

fl)y—f(X)= [ fl(sz+(1—-8)X)(z—X)ds. (1.2.4)

0
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Now, the lincar cquation for the crror is Ae = — R, where

A= /1 fl(sz+(1—s)X)ds. (1.2.5)
0

This is the lincar problem obtained by lincarizing f around an average of z
and X. The variational analysis for obtaining an cstimatc on a projection
of the crror in terms of a stability factor and residual is the same as for
the lincar problem outlined above. The issue is that the operator in (1.2.5)
depends on the unknown truce solution z. In practice, this is sidestepped by
taking A = f/(X), i.c. we lincarize around the computed approximate solu-
tion. Lincarizing around the approximate solution may produce inaccurate
crror cstimates if nearby solutions have much different stability propertics.
Understanding the effect of this lincarization on the crror estimates was the
genesis for this project.

If we consider the stability factors as nonlincar functionals of the com-
puted solution, this suggests examining the derivatives of these functionals
in order to determine the sensitivity to changes in the input function around
which lincarization is performed. Unfortunately, the dimension of the input
is too large to make this practical. On the other hand, we only really desire
information about the largest possible change in the functionals. To this
cnd, we consider the map from the space of the approximate solutions for
the forward problem to the space of approximate solutions of the dual prob-
lem obtained by lincarizing around the approximate solution of the forward
problem and then solving by some numerical method.

Supposc that U € V is a typical input into a nonlincar function F on
the spacce of functions V. Assuming that ¢ is a small perturbation in V, we

write the integral mean value theorem as

Asb = /1 F'(U + s8)ds§ = F(U + 6) — F(U), (1.2.6)
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Where F is the Gatéaux derivative of F. This indicates that we can cval-

uate Asd by computing
Asd = F(U +96) — F(U). (1.2.7)

If As were constant, then ideally we would like to compute the largest
singular valuc and the associated left singular vector. This would give the
perturbation to U that produces the largest possible change in £. Onc way
to compute this is an implementation of the power method that alternately
computes the action of A and A" on vectors. In the special case that A is
normal (ATA = AA", where we usc the transpose instead of the Hermitian
adjoint A* since we will always assume real entrics in A) the dominant
singular value and dominant cigenvalue coincide, and we can just usc the
power method. When Aj is not constant, we can try to apply the same idea

using the differencing to formulate the Nonlinear Power Method
e Choosc g e V
e For k=1,2,...

— Sct 6 = F(U + 6,—1) — F(U)

o Ozk(SNk
SOt 0 = 5,1

In this situation, in which we arc lincarizing, we want the iterates to have
small norm and cven have norms that tend to zero. We accomplish this
using the sequence {ag}. This process converges to the dominant cigen-
value/cigenvector pair for the lincarization of the map F' at the point U.
If the lincarization is normal, the dominant cigenvalue gives the norm, and
we can usc this quantity to bound the effect of lincarization on certain a-

posteriori crror cstimates. For nonnormal maps, we can still estimate the
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norm by reconstructing a matrix representation for the lincarization relative

to some basis.

(@3]
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Chapter 2

THE POWER METHOD

In this chapter, we describe the well-known power method, an iterative
process for cstimating the dominant cigenvector and cigenvalue of a matrix.
The power method is related to the QR algorithm, which is a more gencral
iterative procedure for finding all of the cigenvalues of a matrix. It is based
on the QR decomposition, which is in turn related to the Gram-Schmidt
process [109]. Since the focus in this thesis is on dominant eigenpairs only,
we have no need for the generality (and computational expense) of the QR
algorithm. Theory and implementation for QR methods can be found in
many books on numecrical lincar algebra, for instance [6, 22, 56, 60, 65,
97, 109]. We also examinc two common cxtensions of the power method:
spectral enhancement and inverse iteration.

We generalize the power method to matrices that arc subject to per-
turbations at cach stage of the itcration. Traditionally, analysis has been
donce in this regard with a view to analyzing the cffect of finite precision
calculations on the power method. The reason for the interest in perturbed
matrices in this thesis is completely different, namely we want to determine
the dominant cigenpair of the linearization of a nonlinear map. To do this,
we begin with a nonlinear vector function and cmulate the action of the

Jacobilan matrix by cvaluating function differences. Since we are interested
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in the lincarization of a nonlinear function at a point, the theorctical in-
terest is in the limit as the size of the perturbations tends to zero. This
allows a generalization of the power method to what we call the nonlinear
power method (NLPM), in which we recover the dominant cigenpair to the
lincarization by computing function cvaluations. As the power method can
be implemented with only knowledge of the matrix action, the function
differencing in the nonlincar power method serves as a matrix—free method
for recovering the relevant information about the Jacobian. This is ac-
complished by computing a scquence of approximate Gatcaux derivatives,
where the i** lincarization occurs in the direction of the (i — 1)%* iterate.
We further generalize the power and nonlincar power methods to infi-
nite dimensions. We do so in order to analyze problems involving opcerators
on function spaces and their Fréchet derivatives. We end the chapter with
an indication of exactly how the higher order terms in the lincarization can
be viewed as a perturbations to the derivative, providing a link between the

perturbed power method and the nonlinecar power method.

2.1 Finite dimensions

The power method is a classic algorithm for approximating the domi-
nant cigenvaluce/cigenvector pair of a matrix. Its usc dates back to at least
1913 (sce [97], and the references therein) although Bodewig [18] credits
its discovery to von Mises in 1929 [108], and comprchensive analysis to
Aitken in 1937 [3]. Beginning with any initial vector, a sequence of vee-
tors (sometimes called a Krylov sequence, sce [65]) is gencrated by repeated
application of the matrix. The component in the direction of the domi-

nant cigenvector grows most quickly, so the sequence of iterates tend in
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dircction to the dominant cigenvector. The simplest case occurs when the
matrix has a single cigenvaluc of largest magnitude, and also has a full sct
of lincarly independent cigenvectors. This case is treated in many standard
texts [6, 56, 65, 109]. More general treatments are given in [82, 97, 111] that
cover the cases of repeated eigenvalues and defective matrices. We review

the approach in [97] in §2.1.2.
2.1.1 Nondefective matrices

In [109], Watkins defines an n x n matrix A to be simple if it has
n lincarly independent eigenvectors, then defines a defective matrix as a
matrix that is not simple. In [97], Stewart defines a defective eigenvalue as
an cigenvalue whosce algebraic multiplicity exceeds its geometric multiplicity,
and he calls a matrix defective if it has onc or more defective cigenvalues.
Clearly these definitions are the same, and the proof of the convergence of
the power method is casicst to understand when the matrix in question is
simple. Let A be an n X n matrix with a full set of lincarly independent
cigenvectors v; (which we may assume to have unit norm) cigenvalues A,
and assume that [Aj] > [A2] > |3l > ... > |\,|. Let wy be any vector in

R™ and write ug as a lincar combination of the eigenvectors:
ug = €11 + CUg + - + Cuty, ¢ # 0. (2.1.1)

We will see below why it is important that ¢; # 0. Now, the action of
A in the cigendirections is just scalar multiplication by the corresponding

cigenvalue, so for any m € N|

AMug = 1 AT'01 + A3 02 + - - 4 Ca A Un. (2.1.2)
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Dividing by AT*, we have

m

Ay e A
G = + Z C; B\i ;. (213)
1 j:2 1
Ay
Defining ¢,,, := —)\—Tﬂ, we have
n m
s
llgm — il = Z ¢ )\—i v;
=2

IN

c (%)n C = 2:; e, (2.1.4)

Aol > A for j =3...n,and |lv;|| =1for j =1...n. Now given any

since
e > 0,
Ine—InC

> = — ] <€,
" In|Ag| — In | Ay lgm = croifl <-e

thus ¢, — c¢jv; as m — oo. It is clear why we require the initial starting
vector ug to have some nonzero component in the direction of vy, since ¢y = 0
in (2.1.4) implies that the iteration converges to the zero vector. This is due
to the fact that we normalized by dividing by Aq; a different normalization
scheme (division by the largest component, for instance) causes the iteration
to converge to the cigenvector corresponding to Aq. In [64], Hotelling put
it this way: “The process fails only in the infinitely improbable case of the
initial values being lincarly dependent upon principal components other
than the first; the greatest of these components is then approached.”

The power mecthod iterates converge lincarly with convergence ratio

| =

< 1, although couvergence may be slower in some cases where

22
1

|A3/ [109]. In practice, the dominant cigenvaluc is not known a-priori so
the quantity ¢,, cannot be formed. However, some scheme for normalization

must be employed, since the iterates A™uy tend in norm cither to 0 or oo,
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according to whether [A;| < 1 or |A;] > 1. Dividing cach iterate by its
norm assurcs a scquence of unit vectors whose directions tend toward that
of v;. The actual choice of norm is unimportant, and a simple, conveunicnt
approach is to divide cach iterate by the magnitude of its largest component,
producing a scquence whose limit is vy, with ||v1]|e = 1. A simple algorithm

for implementing the power method numcrically is given by
Algorithm 2.1.1. The Power Method

1. choose uy at random

2. fork=1,23,...

3. wy = Aug_q % generate term of Krylov sequence

WUp—1, Uk . .
. A, = g % approzimate etgenvalue
k pp )

(th—1, Uh—1)
U

Uy = ﬁ % normalize to avoid over- or underflow
Uk

&

Of course, we must specify convergence criteria, and there arc ways to
increasc the cfficiency and lessen the cost of the algorithmm. The primary
reason for including this algorithm here is to compare it with algorithms

(2.4.1) and (2.4.2) for the nonlincar power method that we develop in §2.4.
2.1.2 Defective matrices

In §2.1.1, we assumed that there existed a set of n lincarly independent
cigenvectors for the matrix A. This admitted a relatively straightforward
proof, but the power method still converges under the relaxed assumption
that A just has a single dominant cigenpair (A1, v1) [97]. The proof becomes

morce complicated duc to the increase in complexity of the geometry of the

10
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cigenspaces. Since we cannot write an arbitrary vector as a lincar combina-
tion of cigenvectors, we must utilize different ideas. Namely, we need a way
to express an arbitrary vector in terms of a component in the dircetion of the
dominant cigenvector v; and a representation in all the “other directions.”
The fact that we can do this relics on the following theorem and corollary,
which appcar respectively as Theorem 1.19 and Corollary 1.20 on page 20
in [97]. These arc consequences of a result on the block diagonalization of
matrices resulting from the solution of Sylvester’s cquation [60, 97].
k

Theorem 2.1.1. Let the spectrum A(A) be the union U L; of disjoint sets
L; (the sets L; are actually multisets, in which elemé;;s may be repeated
in order to account for eigenvalues with algebraic multiplicity greater than

one). Then there s a nonsingular matric X such that

Ly 0 --- 0
. 0 L2 0
X~ AX: A 3 . . = diag(Ll,...,Lk), (215)

where A(L;) = L;.

Corollary 2.1.1. Let the matriz A of order n have distinct eigenvalues
M,y ..., Ay with multiplicities my, ..., mg. Then there is a nonsingular ma-
tric X such that

X'AX = diag(Ly, ..., L), (2.1.6)
where L; is of order m; and has only the eigenvalue ;.

Thus, in the casc of a single dominant cigenpair, we can find a nonsin-

gular matrix V = (v; V4) such that

IR DY )
v AV_[O M}. (2.1.7)

11
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Furthermore, we can assume that |jv;]] = 1 and V,' Vo = I. Now, v; and
the columns of Vo form a basis for C?, so any vector ug may be written as
ug = vy + VoCs. With this notation we have the following theorem, which

appears as Theorem 1.1 on page 57 in [97].

Theorem 2.1.2. Let A have a unique dominant eigenpair (A, vy), and
let A be decomposed in the form (2.1.7), where V. = (v, Vi) satisfies
il = 1 and V3,'Vy = I. Let uy be a nonzero starting vector, written

asuyg = cuy + VoCs. If ¢y #£0, then

sin Z(v1, Afuy) < M| HIME[2]|Ca/en 2

, 2.1.8
S T H Ml Cafe (2.18)

where the angle between two vectors x and y is defined by

Z(x,y) = cos™! M (2.1.9)
[l [H]yl

Note that the spectral radius p(M) < |A;l, so the crror in the cigenvee-
tor approximation converges to zero at an asymptotic rate of (%)k
However, it need not be the case that ||M]|2 < [A1], and in fact if A is }lxighly
nonnormal there may be a significant transient phase in which the sine of
the angle between v and A*ug appears not to converge at all. This is duc

to the fact that, although the asymptotic behavior of A* is governed by Ay,

the norm “wins out” temporarily. Sce [61, 97, 104] for more details.
2.1.3 The perturbed power method

Any numerical algorithm implemented on a computer must deal with
the fact that roundoff crrors have an cffect on the computation. In terms

of the power method, rather than starting with a vector ug and generating

12

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



a sequence of vectors via w1 = vy Auy, where vy is the normalizing factor,

the actual computation can be described as [98]
g1 = V(A + Ep)ug, (2.1.10)

where || Ey ||/l Akl is small, c.g. the order of the rounding unit [60, 96]. We
call this the perturbed power method (PPM), since the matrix in question
is subjected to a small perturbation by the matrix Ej at step k of the
itcration. Some results on perturbed matrix powers arc given in [80] and
[61], and morc recently in [98]. We are interested in a special case in which
the sequence of perturbations {Ey} tend to zero with increasing k. This is
uscful in the context of lincarization for a nonlincar map, and is markedly
different from assessing the cffects of roundoff error, in which casc all of
the perturbations to A arc roughly the same size and do not tend to zero.
Stewart’s paper [98] covers both situations, and we now turn to reviewing
the results there that arc needed later.

Let A be a matrix of order n with cigenvalues Aq, ..., A, ordered so
that [A| > |A2] > -+ > |\,], and let p(A) = |A\{| denote the spectral radius

of A. We nceed the following two transformations:
1. For any n > 0, there is a matrix X such that
| X AX]| < p(A) + 1. (2.1.11)

The proof relies on the Schur triangularization theorem. Sce [97, 98]
or [63]. The result is also truc in infinite dimensions [34, 113]: given
a bounded lincar opcrator L on a Banach space X with norm || - ||,

there exists an cquivalent norm || - || such that || L] < p(L) + 7.

13
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2. Let A\p be a simple cigenvalue of A with right and left cigenvectors v
and w; normalized so that ||v1]] = JJwi|| = 1 and v = (vi,wn) > 0.

Lct ¢ = 4/1 — ~2. Then there is a matrix U with condition number

1
(U) = —2 (2.1.12)
Y
in the 2-norm such that
A O
-1 M .
U AU = [0 BJ , (2.1.13)

and the first column of U is the dominant cigenvector for A. The

proof relics on the CS decomposition [56, 96, 98].

For the PPM, the computation procceds as
U1 = l/k(A + Ek)uk, (2.1.14)

where { E} } arc perturbations to the matrix A and vy is a normalizing factor.
Invoking the two transformations above, we can transform A so that it has
the form diag(1l, B), where the spectral radius p(B) < 1, and we may also
assume that |B]| < 4 < 1. The vector uy is normalized so that the first

component is 1, and we write

"y = [1} . (2.1.15)

hk
Now, the (k + 1)* itcration of the PPM is given by

1+eld) T

Ugr1 = (A + Epuy =

1
} . (2.1.16)

e B+Ey| L

Let mg be an upper bound for ||Ag||. We derive an upper bound 4 for

||hk+1]] in the form of the quotient of a lower bound on the size of the first

14
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component of (A + Fjy)ux and an upper bound on the size of the rest of the

vector. Denoting the components of ug,y by 71 (a scalar) and 7, (a vector

of length n — 1), we have vy = 1+ eili) + <e§’;), hi), so a lower bound on |1}

is given by

: k k k
1 = |1+ 6(111) - 651) + <6§2)’ hi) — <€§2)7hk)|
k k
< il + 18]+ (eSS, i)
< Il +ex + e, (2.1.17)

so we have

1= (14 e < I, (2.1.18)

An upper bound on the sccond component is given by

k k
el = llesy + (B + ES)hl)

k k
| Bhll + e + | ESS A

A

< OB+ e(1 + ), (2.1.19)

s0 a bound for ||h41|| is given by

O + €, (1 + ne)
hi < Mo = . 2.1.20
| < ey = TSR S (2.20)

We define
_ Bn+e(l+m)

() =7 Trme’ (2.1.21)

0 that 7g41 = @, (). With this notation, we have

Theorem 2.1.3. For any 11 > 0, there is an €, such that if the sequence

{er}32, approaches zero monotonically, then the sequence defined by
Met1 = Pei (MK k=1,2,3,..., (2.1.22)

conwverges monotonically to zero.
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Proof. Note that

Jé] On+e(l+mn) )
1= (1+mne  [1-1+mne? "

pc(n) = (2.1.23)

so, given 71 > 0, a calculation indicates that taking

3= B+2n -5 -28+4n + B2 +48n + 4023
2(1+2m +m?)

€1

gives @l(n) < a < 1 for any € < €; and n < 7;. Furthermore, it follows
that since {ex}32, decreascs monotonically, the sequence {n}72, decreasces
monotonically because @, is monotone in e. Thus, the sequence {n:}2,
converges to its greatest lower bound. Let 7, = inf{n}72 . The scquence of
contractions ¢, (1) converges uniformly to () = fnon [0,m] as k — oo.

Consider the following array:

(M) a(m) ¢ulm) - — @lm) =pm

Ve (M2) Pey(2) @es(m2) -+ — @) = Bz

Per(M3) Pea(M3) es(ms) -+ — lns) = Py (2.1.24)
! l il ' !

e (M) Pea(Me) @es(Mi) -+ — @) = B

It is apparcut that ¢ (nx) — On. as k — oo. More precisely, given

& > 0, there is an N such that for & > N,

|0e, (M) — ()] < 6/2, and [p(m) — p(n.)| < /2, (2.1.25)
so that
[Me+1 — o)l = [9e (k) — @(n4)]
< e () = ()| + () — ()] (2.1.26)
< 4.

Thus nx+1 — @{(n.), and since we assumed 744 —— 7, We have
@(n.) = B =1 = 1. = 0, (2.1.27)

since 0 < 3 < 1. tl

16
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Remark 2.1.1. Recall that

wp = Lllk] , with [Jhe]l < m,

so by showing that klim m = 7% = 0, we have shown that the scquence of
oo

vectors uyg generated by the PPM converge to the standard basis vector e;.

This is the dominant cigenvector for the transformed problem, since the

first column of U is vy, so Uey = vy, and

Uh_lAUel = )\161
i AUL = 1],

Figurc 2.1 illustrates the sequence of functions {g., }32, converging

uniformly to the limit 87 together with the sequence {7 }2,.

2 T T T T T T T T T
1.8¢ o e
The blue CU{VSS are representatives in the
sequenceot ¢ 's
1.6F S
The black curves are the line ¢ = 9,
4 and the limit function ¢ = pn L
1.21 s
1+ i
¢€
2
Sequence of
0.8} X ; i
fixed points
o
0.6 €, g
0.4+ o, -
0.2F
Bn
0 1 H i I ) 1 t 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figurc 2.1: Convergence of the perturbed power method.
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We mention that ill-conditioning in the dominant cigenvalue may limit
the accuracy of this result. Recall that the condition number for the trans-

formation matrix U is given by

w(U) = Lo (2.1.29)
Y

where v is the inner product of the normalized left and right cigenvectors of
A. Hence, the condition number of U is dircctly proportional to the sccant
of the angle between the eigenvectors. This angle is a condition number for

the cigenvalue [97]. Thus U is ill-conditioned when A is ill-conditioned.

2.2 Infinite dimensions

This scction extends the power method for matrices to an infinite-
dimecunsional sctting. An infinite-dimensional version of the power method
was uscd in [4] to give an clementary proof of the Krein-Rutman theorem in
1991. The Krein—-Rutman theorem is an infinite-dimensional extension of a
classic theorem of Perron [84) which, roughly speaking, states that a positive
squarc matrix has a simple dominant cigenvalue corresponding to a positive
cigenvector. Krein and Rutman [69] extended Perron’s finite dimensional
result to compact linear operators on Banach spaces in 1950. Earlier proofs
using degree theoretic methods are complex, sce [92] for example. The ap-
proach in [4] is to view the power method as a discrete dynamical system
on the unit sphere and prove convergence to the appropriate cigenvector.
A dynamical systems approach was also used in [68] to study the behavior

of the power method for nonnormal matrices in finite precision arithmetic.

18

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.2.1 The simplest case

The simplest proof for the power method occurs when the operator
has a single dominant eigenvalue and a complete sct of cigenvectors, in the
scnse that the span of the cigenvectors is dense. This is a direct extension
to infinite dimensions of the discussion in §2.1.1. In the course of the proof,

we need to use the following lemma, which can be found in [70]:

Lemma 2.2.1. Let {xy, -+ ,x,} be a linearly independent set of vectors in
a normed space X (of any dimension, so possibly n = 0o). Then there is a

number C > 0 such that for every choice of scalars «y,- - - , oy, we have
n

<Z|aj1> <C|Y
j=1 j=1

Theorem 2.2.1. Let A be a compact operator on a Hilbert space H, and

. (2.2.1)

suppose that A has a single, simple dominant eigenvalue A1 and a complete
set of eigenvectors {¢; 521- Then the power method iteration converges to
a multiple of the dominant eigenvector ¢, corresponding to A1, provided the

mitial starting vector has a nonzero component in the direction of ¢;.

Proof. We can assume with no loss of gencrality that ||¢;] = 1 for all j.
Let ug be any clement of H, and write 4o as a lincar combination of the

cigenvectors ¢;:
o0

Uy = Z ¢y, a#0 (2.2.2)

Jj=1

Since A¢; = A;¢; for all j, m applications of A gives

o0

Ay = A™ (Z cj¢j) = ATy (2.2.3)
j=1

j=1
19
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Moving the first term to the other side, dividing by AT* and taking norms

gives
AmUO ad /\j "
H ] Bl PO (AT) %
j=2
< 5] 2ol el =1v5)
1l B
A2 m 00
< |—= ¢
)\1 ]z:;| ]|
P =
< )\—2 C Z(:jd)j (lemna 2.2.1)
1 ,
7=1
A m
= |22 Cllugll. (2.2.4)
M
Now defining ¢,, := )\—730, given any € > 0,
1
Ine —1
m> —< n(Cllul) = |lgm — c1v1|| <, (2.2.5)

In|Ag| — In|Ay]

thus ¢, — c¢iv; as m - 00. O

Remark 2.2.1. The assumption that A is compact rules out the possibility
of spectral values other than cigenvalucs. It may well be that the power
method still converges for noncompact opcrators posscssing a dominant

cigenvalue.
2.2.2 The power method for nonnormal operators

In this scction, we show that under suitable conditions, the power
method iteration converges for nonnormal operators on a Hilbert space.
The technique used here also applics to normal operators, subsuining the
results of the previous subscction. A major advantage of this technique is
that it is applicable to the perturbed power method in infinite dimensions,

as we show in §2.2.3.

20
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Let A be a compact operator on a Hilbert spacc H. Supposc that A
has a single, simple dominant cigenpair (A, v), with ||v]| = 1. Let M be the
onc-dimensional subspace spanned by v, so H = M & M*. Since M is an
invariant subspace, we can represent A formally as the 2 x 2 matrix with

operator cntrics [30]

A A4,
anfh 4] 220

where A, € B(M), Ay € B(ME, M), and A3 € B(M?1). Let u be any
clement in H that does not lic entirely in M*. Let u,, and w,,, be the
components of u in M and M respectively, so that u = u,, + (e We

can cxpress the action of A on u as a matrix—vector product:

AL Ag| fu,, | TAu, + Au 5
Au= {0 AJ {“ } B [ Asu, ) (227)

ML
Let 1 = max{||Az2]],||4s]]}. In this analysis, we assume that u < |A].

Applying A again, we have

Ay - [Al Ag} I:AluM'f‘AQUMJjI

0 A3 A3'U,ML
A%U,M + Ay (AQUML) + A, (ABU'ML )
_ . (2.2.8)
Aju,
Continuing in this way, after m applications of A, we obtain
m m—j j—1
Alu,, + ZAI I (AgAf3 uMl>
A"y = =1 (2.2.9)
AQ”UML

Since M is the one-dimensional subspace spanned by the dominant cigen-
vector v and u,, € M, we have u,, = v for some constant «g. Fur-
thermore, A; is the restriction of 4 to M, so AT'u,, = ayA™v. Since
Az € B(M*Y), Alu | € M* for all j, and because 4, € B(ML, M),

ML

21
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. € M, thercfore all of the terms in the sum in the first com-

AgAéUM
ponent of (2.2.9) arc scalar multiples of v, and the j* term in the sum
contains the factor A™ 7. Denoting the cocfficient of AzAﬂ_lu . by o, we
MM
may write
m
ANV + Z a; A"y
ATy = j=1 . (2.2.10)
Afu,

Dividing by A™ gives

A’ﬂl, .
- i=1 . (2.2.11)
)\Tn m
Afu, |
/\m

Our objective is to show that (2.2.11) converges to a multiple of v as m
increascs. Doing so requires two things: showing that the second component
converges to zero, and showing that the multiple of v in the first component

converges. The former is easy, since we assumed that ||Ag|| < |Al:

The latter is accomplished by noticing that the sum in (2.2.11) docs not

m,
A o

)\m

A m

increase without bound, duc to the assumption on the sizes of || Az and

[| As]|:

Nl
< Aol Asl
< Wlu, |

Thercfore, the sccond term in the first component of (2.2.11) can be bounded

ol = Jlogoll = A4l

(2.2.13)

l

as
/"L k1
ZFU < 'X' HUML | = —1——71——||UMLH (2.2.14)
i=1 i=1 by

22
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. 7
S ‘—‘ < 1,
1mcee )\

llu,,. |

7 < 00, (2.2.15)
1-[3

A

hence the first component in (2.2.11) converges to a multiple of v.

m
+Y Y
Qo —v
0 V

=1

lim < e +
m—0oo

Note that if 4 is normal, then both M and M+ arc invariant subspaces,
and Az = 0 in (2.2.6) [30]. This climinates the summation term in (2.2.9),

and the power method iteration is

Ay v
/\m - AgluM_L 5 (2216)
/\m

which clearly converges to agv by (2.2.12).
2.2.3 The perturbed power method

Asin §2.2.2, let A be a compact operator on a separable Hilbert space
H with a single, simple dominant cigenpair (A, v), with [jv|| = 1. Also, we
assume that |A]=1 to avoid division by A™ in the PPM algorithm. This
amounts to using A~ A in place of A, so there is no loss of generality. Let
H =M@ M, with M and M+ as before. Again, write 4 as a 2 x 2

matrix with operator entrics

A= ﬁ)l ﬁz] : (2.2.17)
where A; € B(M), A, € B(M* M), and Ay € B(M*). In fact, normal-
izing so that |A| = 1 gives A; = I. Furthermore, let Ey be a s‘cquonce of
compact perturbations such that ||Fi|| — 0, and define P, = H(A + E).
The objective is to show that, given any v, € H, the sequence Tuln} defined
by wny1 := Pyup converges to a multiple of v. We can show the PPM con-

verges using the technique presented in [98]. This analysis closcly follows the

development in §2.1.3, except that now the sctting is infinite-dimensional.

23
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The perturbation opcrators Fy can be written as

k k
ey e

Ee=| ﬂ : (2.2.18)
€21 €22

where b, € BM), b, € BM* M), i € B(M, ML), and b, €
B(M™*). Applying P; to uy yiclds a vector ugy1 with a component in M
and a component in M=+, We normalize so that the component in M is v,

with |lv]] = 1, and write
v L
wp = |y 15V E M, h, e M. (2.2.19)
k

Let |[Az|| = a, ||As]| = 3, and || Ei|| = €. As before, we assume that o < 1
and 3 < 1, so the norm of the operator A is achicved at the spectral radius.
If this condition is not satisfied, we arc not guarantced convergence in the
iteration below.

Let ny, be an upper bound for ||A]|. We derive an upper bound 741
for ||hg.1|l in the form of the quoticnt of a lower bound on the size of the
component of (A + Ej)ug in M and an upper bound on the size of the

compounent in M+, We have

I+efy Ag+efy| [ v
(At Boue = |, 5 (2.2.20)
The first component vy = (I + ef)v + (A + eby)hg. Since |[v]] = 1, we
have
1 = |lv+efo—ef v+ Agw — Agu + ehyhy — efphyl]
< ol + llefioll + [ Azvll + [ledzhu]
< lomll + e + ane + exm. (2.2.21)
Therefore,
1 —amy — (L+m)ex < fluml- (2.2.22)
24
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Now, the sccond component van = ek v + (Ag + €5y hg, 50
lopell < ex + [|As]lmk + elimell = B + el +me), (2.2.23)

hence

B + €, (1 + 1)
hy < = . 2.2.24
il oy = 2t AL (2.2.24)

Now, define

Bn+el+mn)
() = , 9.2.95
ee(n) 1—any — (14 n)e ( 5)

so that g1 = ¢, (). The following theorem differs from Theorem 5.2

in [98] because the term any places additional constraints on acceptable
starting values for the scquences {7} and {ex}. Nonctheless, with this

notation, we have

Theorem 2.2.2. For 0 <1y <

, there is an €; such that if the se-
quence {€x}s>, approaches zero monotonically, then the sequence defined
by

M1 = 0o (),  k=1,2,3,..., (2.2.26)

converges monotonically to zero.

Proof. The derivative of ¢, is

B+e Bn+te(l+n)(a+e
l—an—«¢(l+mn) (1—an—ed+n)* "

() = (2:2.27)

and a calculation shows that if

2ayB - Ba?+2Ba® —2af + o+ o?
€ <
2a+1-2VB+ a2+ 8 —2Ba

then ¢l (n) < 1 for any € < €; and < 7;. Furthermore, it follows that since
{er}32, decrcases monotonically, the sequence {n;}72, decreases monoton-

ically as well. Since 0 < ny, for all k, this scquence converges to its greatest
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lower bound. Let n, = inf{n;}52,. The sequence of contractions ., (1)

converges uniformly to ¢(n) = : b1 on [0,71] as k — o0o. Consider the
following array:
B
Palm) Palm) eolm) - — olm) =
— arp
. _ B2
Palie) Palie) o) - — ) =1
— an
B 2.2.28
Pa(s) pals) palns) -~ — o) =1 ( )
— a3
1 1 ! ! 5
T
Pa) @aln) eolm) - — o)==
— amn,
. B . < :
Evidently, ¢, () — 7 as k — oo. Morce precisely, given § > 0,
— an.

there is an IV such that for k& > N,

e, (k) — @(m)| < /2, and Jp(ne) — o(n.)| < 6/2, (2.2.29)
so that
1Tk1 — ()] = 10e (k) — ©(114)]
< e (k) — @] + le(ne) — w(n.)] (2.2.30)
< 0.

Thus 7,41 — ¢(n.), and since we assumed 7,1 — 74, we have

B
e = o) = : (2.2.31)
— o,
. 1-p
Solving for 7., we get n. = 0 or n, = ——. It follows that {7}, con-
@
verges to 7, = 0, because it is decreasing monotonically, and since 3 < 1,
1— 1—
we have gy < v < ﬁ.
o o

a

Remark 2.2.2. Recall that 7, is an upper bound for ||hy ||, where hy, is the

component of the k™ itcrate of thc PPM that lics in M*. Thus n — 0

26
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indicates that the successive iterates converge to a vector that lies entirely in
M; that is, the iterates converge to a multiple of the dominant eigenvector

v.

Remark 2.2.3. The number « is a bound for ||A;||. Now, A, € B(M*, M),
which in some sense measures the departure from normality for the operator
A. For normal opcrators, M is a reducing subspace, and we can take
Ay = 0. It is clear that the acceptable range of starting values for n,
increases as « decreases, so if « = 0, the hypothesis on 77 coincides with

Theorem 5.2 in [98].

Remark 2.2.4. The monotonic behavior of the sequence {nx}32, cnsures
that the iteration converged to the correct fixed point. Even if this is not

the case, convergence to 7, = 0 still holds since

1-p5 1
.y ., 1
f<l= anégpf(()) < 1 and lhrr(x](p6< = > =3 > 1.

Remark 2.2.5. We assunce that o < 1 and 8 < 1. However, the result in
[98] holds for matrices whose dominant singular valuc may be larger than
the size of the dominant cigenvalue. This is accomplished by defining a
transformation that induces a norm that approximates the spectral radius
to arbitrary accuracy [97, 98]. Such transformations also hold in infinite
dimensions {34, 113], so by invoking such a transformation (scc (2.1.11)), we
can make the same conclusions as Stewart in [98] in an infinite-dimensional
sctting.

Remark 2.2.6. The assumption that A and {E,}32, arc compact docs not
play a role in the proof and is possibly unnccessary. Howcever, it may be
necessary in practice to make restrictive assumptions such as compactness
or closedness. The compactness assumption makes it possible to avoid the

possibility of residual or continuous spectra.
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2.3 Extensions of the power method

In its most basic form, the power method produces a sequence of vee-
tors and a scquence of numbers that converge to the dominant cigenpair of
a matrix. We have shown that this idea can be extended to matrices that
expericnce perturbations at cach step of the iteration. We have also scen
that the PPM still works in an infinite-dimensional setting. We now review
two comimon cxtensions of the power method. Spectral Enhancement can
be used to recover subdominant eigenpairs of a matrix by shifting the spee-
trum so that a different cigenvalue becomes dominant. This technique is
often used in conjunction with inverse iteration, which is the power method
applied to the inverse matrix. We usc these extensions in later chapters to
investigate the stability of a nonlincar system of ordinary differential equa-
tions and to bound the effect of lincarization for a-posteriori crror cstimates

of finite clement computations for nonlinecar differential equations.
2.3.1 Spectral enhancement

Since the rate of convergence of the power method is determined by the
magnitude of the ratio of the two largest cigenvalucs, the process converges
very slowly if this ratio is near unity. It is possible to overcome this difficulty
by introducing a shift p and performing the power method. That is, given an
nXn matrix A with cigenvalues Ag, Ag, ..., Ay, perform the power method on
the “shifted” matrix A — pl, which has cigenvalues Ay —p, Ao —p, ..., A, —p.
Appropriately chosen, the shift p creates a larger separation between the
dominant cigenvalucs A; — p and Ay — p, thus increasing the convergence

rate of the method. This is known as spectral enhancement [97).
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Spectral enhancement is not new. In 1955, J.H. Wilkinson’s paper [110]
cxplicitly cmployed this idea. His paper was a rebuttal to a note written
by E. Bodewig, who claimed at the time that the only reason the power
method cnjoyed more popularity than his own computational method of
solution via the characteristic cquation [16, 17] was that “..the iteration
method scems to be simpler and more mechanical in its application” [18].
Bodewig gives an example of a 4 X 4 matrix and starting vector for which
the power method provides only four digits of accuracy after 1200 itera-
tions, explaining that the slow convergence is due to the closeness in size
of the two dominant cigenvalues, and the near orthogonality of the starting
vector to the dominant cigenvector. He explains that the convergence is
not appreciably improved by the choice of a different starting vector, and
also states (with no rcasons given): “..nor should we waste time by com-
puting the cigenproblem of matrices of the form A + ¢ with varying ¢’s.
The time is better spent computing the characteristic equation...” [18]. In
Wilkinson’s response, he revisits the 4 x 4 example, introducing the shift
p = 2, and “all four roots were found in a few scconds iteration time...”
[110]. By way of comparison, I performed these cxperiments on MATLAB
using the same schemes implemented by the authors. While it is true that
the unshifted problem ncver gives better than four digits accuracy in the
dominant cigenvalue in 1200 itcrations, using p = 2 as spcctral enhance-
ment produced fourteen accurate digits after 78 iterations, when compared
with MATLAB’s built-in cig function. Furthermore, Wilkinson points out
that Bodewig’s cxamplc docs not speak to other issucs, such as preserving
accuracy with larger matrices, which the power method handles better than

a method that sccks to find the characteristic cquation.

29

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.3.2 Inverse iteration

While spectral enhancement can improve the convergence propertics
of the power method, it may not always be the case that there cxists a
shift for which onec cigenvalue becomes much larger than the others. On
the other hand, there are always shifts for which one cigenvalue is much
smaller than the others. This suggests coupling spectral ecnhancement with
the power method applied to the inverse matrix. It is casy to sce that if A is

an cigenvalue of the matrix A corresponding to the cigenvector v, and p is a

scalar, then is an cigenvalue of (4 — pI)~! with the same cigenvector:

Av = v = Av — pv = dv — pu, (2.3.1)

SO

(A—plhiv=(A—pv= v=(A-pl) tu. (2.3.2)

1
(A= p)
Thus, if p is an initial approximation to somec cigenvalue Ag of A, per-
forming the power method with the matrix (A — pl) produces a sequence
that converges to the cigenvector corresponding to Ag. In implementing the

algorithin, the k** iterate is produced by solving the lincar system
(A — plug = Ug—1, (2.3.3)

then normalizing so that |Jug|| = 1 prior to proceeding to the next iterate.
The process tends to converge very quickly, since p — Mg is generally much
smaller than p — A; for ¢ # k, provided Ay is reasonably separated from the

other cigenvalues. For example, if we begin with an initial vector

Uy = CLU1 + CoUg + ... + CuUn, (2.3.4)
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then

C1 Co Cp
vy + Vg + ...+
A1 —p A2 —p

u; = (A — pI)tuy = vn. (2.3.5)

An— p

Provided ¢, is roughly the same size as the other constants, the value =
is much larger than the other components of the vector w;, so that cven the
first iterate provides a good approximation to a multiple of the cigenvector
corresponding to A;. Of course, this argument is based on expanding the
initial vector in a basis of cigenvectors, as in §2.1.1. Even if this is not
possible for the matrix A, the conclusion is the same provided the cigenvalue
Ax 1s simple.

The matrix (A — pI) is ill-conditioned if p is close to an cigenvalue
of A, but the inverse power method with shifting still works well, cven
though we solve the ill-conditioned lincar system (A — pI) lug = wp—1 at
cach stage of the iteration. In [109], Watkins explains why this is so by
viewing the numerical solution as an cxact solution to a perturbed problem
and considering the residual. Provided the cigenvector corresponding to
the desired ecigenvalue is well-conditioned, a small residual implies that the
itcrates are good approximations and the routine can be terminated once
the residual is made sufficiently small. However, if the cigenvalue itself is

poorly conditioned, it is possible that the residuals never become sufficiently

small [112].

2.4 Linearization and the perturbed power method

Let H be a real Hilbert space with inner product (-, ), and F a map
on H with Fréchet derivative dF. In this scction, we show that the dif-

ference F(x + h) — F(z) can be interpreted as the action of the derivative
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dF at x acting on h, except that the derivative is subject to a bounded,
lincar perturbation whose norm decrcases with ||]|. Essentially, we take
the higher order crror term in the definition of the lincarization and incor-
porate its cffect together with the action of the derivative. It is nccessary
to view the lincarization in this way in order to understand the differences
F(x + h) — F(x) in terms of the perturbed power method. By definition,

we have [1, 114]

F(zx+h) — F(z) =dF(x)h +r(h); r(h)is o(]|h]), (2.4.1)
l
where o(||h]|) means ”TH(hL”)H — 0 as h — 0. Now, given h € H, define a
map Ey : H — H by
z, hyr(}
En(z) = <"“—>r2(‘) (2.4.2)
([
The map £}, is lincar: for x,y € H, and o, 8 € R,
ax + By, hyr(h
alz,hyr(h)  B{y, h)r(h)
_ + (2.4.3)
[[2]]? 171>

Q{E;,,(ZE) + /BEh(y)

Boundedness is also straightforward: for @ € H,

x, hyr(h r(h r(h
2ol = |2k < oy < BB, 2ag
and it follows that
12 < L2l (2.45)
[[72]
0 ||[Ex]| — 0 as b — 0. Also, the valuc at A is
(h, h)r(h)
Eh(h) = W = 7'(}1,), (246)
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so En(h) is o(]|h]]). Now, we can write

F(lz +h)—F(z) = dF(z)h+r(h)

= [dF(z)+ Eylh, (2.4.7)

so we can interpret the difference F(z+h)—F(z) as the action of dF (x)+E},
on h. This is important for an algorithm that utilizes F(x + h) — F(x) to
compute the action of the derivative in a matrix—free way, so reconstruction
of dF'(x) is not necessary. This is an advantage when the dimension is large,
because numerically computing dF'(z) is prohibitively expensive. By casting
the differencing as [dF(x) + Ep)h, we can appeal to the results about the
convergence of the PPM and gain confidence that the algorithm couverges
to the correct cigenpair for the derivative dF(z). We refer to the process
of cmulating the action of dF(z) + Ej, on h by computing the difference
F(x 4+ d) — F(z), as the nonlinear power method (NLPM).

For applications in which we desire information about the dominant
cigenvaluc and cigenvector only, we can implement the NLPM in a matrix-
free way that directly extends the power method, except we evaluate func-
tion differences to mimic the matrix action on vectors. Thus, given a non-
lincar function F' whose Fréchet derivative exists and has a single dominant
cigenvalue at a point U, we can implement the NLPM according to the

following algorithm:
Algorithm 2.4.1. The Nonlinear Power Method (NLPM)--Case 1

1. Choose a sequence 1 > oy > g > ... of numbers converging mono-

tonically to zero.

2. Input U, F.
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3. Choose a starting vector &y with ||| = 1.

4. Fork=1,2,...

Set by = F(U + 6x_1) — F(U) % emulate dF(U)8x—, by differencing

<

Oty Ot
6. Set A\ = -M % approzimate eigenvalue
<(5k—1 3 5/»‘71)
7. Set v = H5_~kH % normalized eigenvector approzimation
k

8. Set 6, = aguy % decrease size of (k + 1)% iterate by the factor oy,

The scquence {Ax} converges to the dominant cigenvalue and {vg} to the
corresponding normalized cigenvector of dF'(U). The vectors {dx} converge
to zero, but their directions tend toward that of the dominant eigenvector

as the iteration proceeds. By cmploying cquation (2.4.7) iteratively, at step

k, we have
Hk-l ” k—1
Up = S H(dF(U) + Es,) | do. (2.4.8)
Hi:l ||5z|| i=0
If F is lincar, then
FU+6)—FU) =F(0) =dF(U)9, (2.4.9)

and in this case all the perturbation matrices are zero, there is no neced
to drive the sequence {6x} to zero, so we may take oy = 1 for all k. The

products arc replaced by powers, and equation (2.4.8) above is

dF(U)k-1

=y, (2.4.10)
[dF U1

Uk

which shows that the algorithm reduces to the familiar power method in

the lincar casc.
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The results in [98] indicate that the convergence of the power method
is not affected by perturbations whose norms tend to zero, which is a con-
dition required by the lincarization in the NLPM. However, the theoretical
result does not account for finite precision errors in the power method com-
putation. The analysis indicates that the presence of roundoff error docs
not significantly alter the convergence result, under fairly mild restrictions
on the matrix. In [98] Stewart shows that, in the casc where the pertur-

bations do not converge to zero, the itcration defined by (2.1.22) converges

to
2
= ——————— 2.4.11
g c+ Ve —4 ( )
where
1-9-2
c= ——-——@———-6 (2.4.12)
€

Now, provided § is not too ncar onc (recall that § is essentially the size of
the sub—-dominant cigenvalue), then the size of 7, is roughly the same size as
¢. For instance, if the computations arc done in IEEE double precision, e is
roughly 107! for a matrix of size 10,000 x 10, 000. If 3 = 0.8, then 7, = 5 x
1071, Thus, the numerical result is close to the theoretical result (1, = 0)
for large matrices. Ill-conditioning in the dominant cigenvalue also affects
the accuracy of the result, as the above discussion applics to the transformed
problem diag(1, B}, and the condition number of the transformation matrix
is proportional to the condition of the dominant cigenvalue.

The optimal minimun size of € in algorithm (2.4.1) is the same as that
for the crror analysis of a difference quotient in one dimension: we should
let € get as small as /8¢y, where ¢ is the size of the rounding unit. To sce

this, let f : R™ — R™ and assumc that f’ and f” exist as Fréchet derivatives
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on a neighborhood N of 2. Then Taylor’s theorem implics [114]
flx+e)— f(z) = f'(x)e+ R, (2.4.13)
where the remainder R satisfies

1

IR < 5 sup |If"(z +re)fe.qll. (24.14)
2 e

Now, since f is continuously Gatcaux differentiable in all dircctions, we

may writc

flz+ew) — flz)= f'()ew+ R, |w| =1. (2.4.15)

Since f” is continuous, there is a constant C that bounds its valuc on the

closure of N, so we get

= fl@)w) <

H flotew) — f(@) (2.4.16)

Ce
€ 2

From standard results on round-off error for calculations with real numbers
[109], we know that | — Z| < eg|z|, where 7 is an approximation to the
rcal number 2 which has s digits, and this holds in higher dimensions. For
instance, supposc that z,%,y, and § € R™, so that the i** component of #

is an s—digit approximation to the i** component of z, and similarly for y
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and g. If || - || is the Euclidcan norm, we have

Wz —y)—(@—-9)| = (Z (@i = yi) — (&7 — L‘]i)|2>

1
n 2
_ 02
< <Z (lzs — @il + |y — Gil) )
1=1
n
= (Z i — &l + |y — G:l* + 2|as — Eillyi — ﬂi|>
=1 i
n
< <Z egldl® + eflyil* + 263’3?1'“%\)
=1 i
n 2
= € (Z |2l + |yl* + 2'-'1711H1/1'|>
i=1
1
n 2
= % (Z |z +yi|2>
i=1
= ellz+yl

< eolll=ll + llylD)- (2.4.17)

Thercfore, the roundoff error in the finite difference approximation in n-

dimensions is

If (@ + ew) - F@)l _ deoll ()]

€ €

: (2.4.18)

and so the true crror of approximation is the sum:

total error < C’(S + f%fﬁ)
2 €
In the above we assume that the constant C bounds the value both of f
and f” on N. Minimization with respect to € gives /8¢y for the size that
the perturbations should be allowed to reach.
In the application to the effects of lincarization on a-posteriori ecr-

ror cstimation in chapter 4, the quantity of interest is not the dominant

cigenvalue, but rather the norm of the derivative operator, which is given
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by the dominant singular value. In cases where the derivative operator is
not normal, a matrix—free version of the NLPM cannot be implemented
to recover the norm of the operator. Instead, we reconstruct the Jaco-
bian using a full sct of differences. We assume that we are working in a
finite-dimecunsional vector space, possibly a finite-dimensional subspace of
an infinitc-dimensional space. Let {e;}7_; be a basis for the space. Given
¢ > 0, we define the matrix D F(U) columnwise, where the i columnn is

given by
F(U + ¢€e;) — F(U)
€

[D.F(U)]; = (2.4.19)

Since we assume that the differential at U cxists, we have
D.F{U) = [dF(U)es + c1(e),dF(U)eq + ca(e€), -+ ,dF(U)en + cn(€)]

= dF(U)+ E,,
(2.4.20)

where the matrix E. = [¢1(€), ca(€), -+, cal€)], and ||E|| = o(e). In this

sctting, the algorithm is as follows:
Algorithm 2.4.2. The Nonlinear Power Method (NLPM)-Case 2
1. Choose vy with vl =1 and g > 0

2. Fork=1,2,...

3. Calculate the matriz D, | F(U)

4. Setwv, =D,  F(U)vp_

€h--1

5. Set )\k = <1)k,’l}k_1>
6. Set v, = Uk
[[og
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7. Set € < €p—1

In this case, at step & we have

[ D F)| v [[IS@FW) + Ey)] v
Y%:H - . (24.21)

[ Do F(U)] H [[155 (@F (V) + Bo,)] v

Now, e, — 0 = ||E,|| — 0, and again the analysis indicates that the
method converges to the dominant cigenvector for dF'(U) and that {Ag} is
a sequence of increasingly accurate approximations to the dominant eigen-
valuc. Just as with casc 1, the cxpression (2.4.21) reduces to the power
method (2.4.10) in casc F' is lincar. Algorithms (2.4.1) and (2.4.2) arc
casily scen to be straightforward extensions of the standard power method
algorithmn (2.1.1) that we presented in §2.1.1.

This algorithm is not practical to implement, since computing vy in
this manner requires re—calculating the matrix D, F(U) at cach iteration.
This is too expensive for problems of large dimension. A more practical
implementation is to fix a small value of € and run the power method. From
(2.4.20), the power method computes an approximation to the perturbed
cigenpair (X, #) of the matrix dF (U) + E,. From results on the perturbation

theory of cigenvalucs and cigenvectors [97], we have
A=Al = O(|ED, (2.4.22)

and

lv — 2|l = O(IE), (2.4.23)

where (A, v) is the dominant cigenpair of dF(U). By rcconstructing an
approximation to the full matrix dF(U), we can genceralize algorithm (2.4.2)

to recover the dominant singular value (and hence approximate [|[dF(U)]])
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by using (D.F(U))" on alternatc itcrations of the power method and taking
the square root of the result.

We close this chapter by noting that our usc of the term “nonlincar
power method” differs from that of [55] and [34], where the authors use the
term to describe iterative methods for solving nonlinecar cigenvalue problems

of the form

{pL(u) = f(z,u(x)), x 6,97 (2.4.24)
u(z) =0, x € 011,
where
N
L(u) = — Z Oi{au(2)Opu(x)) + a(z)u(x) (2.4.25)
ik=1

is a uniformly clliptic formally sclf-adjoint differential operator on a bounded,

open region € RV, with various smoothness assumptions on ag, a, f and 9.
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Chapter 3

APPLICATION TO STABILITY
CALCULATIONS

In this chapter, we utilize the NLPM to investigate the stability prop-
crties of systems of ordinary differential cquations. After reviewing basic
stability thcory for lincarized systems, we discuss how to implement the
nonlincar power method to determine stability without reconstructing the
entire Jacobian matrix. We also indicate how spectral enhancement can be

incorporated into the algorithm.

3.1 Nonlinear systems of ordinary differential equations

In this scction, we review the basics of stability theory for a systeimn of
nonlincar ordinary differential cquations. Sec any of 29, 58, 62, 83, 101] for
a comprchensive treatment.

We consider the nonlincar, autonomous system of differential equations

= f(u), (3.1.1)

where v € R, and f : F — R®, where E is an open subsct of R™. The

fundamental existence-uniqueness theorem says the following:
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Theorem 3.1.1. Let E be an open subset of R™ containing uy and assume
that f € C'(E). Then there exists an a > 0 such that the initial value

problem

{Z(:)i(“i;, (3.1.2)

has a unique solution u(t) on the interval [—a, al.

If f is merely continuous, the system (3.1.2) has a solution, but unique-
ness is not guaranteed.

The Jacobian of f at a point « is denoted by D f(w). A point uy € R
is an equilibriumn point of (3.1.1) if f(ue) = 0. An cquilibrium point is called
hyperbolic if none of the cigenvalucs of the Jacobian matrix D f(ug) has zero
rcal part. The cquilibrium point is called a source if all of the cigenvalucs
of D f(ug) have positive real part, and a sink if they all have negative real
part. In case D f(ug) has at least one cigenvalue with positive real part and
onc with negative real part, the cquilibrium point is called a saddle. The

system

= D f(up)u (3.1.3)

is called the linearization of (3.1.1) at uy. If ug is a hyperbolic equilib-
rium point, then the Hartman—Grobman theorem states that the qualita-
tive structure of the nonlincar system (3.1.1) is the same as the lincarization
(3.1.3) [57]. Thus, the cigenvalues of the Jacobian Df(ug) play an imnpor-

tant role in determining the stability of the nonlincar system (3.1.1).

3.2 Stability calculations

We give some cxamples of how the nonlincar power method is used to
investigate the stability of an equilibrium point for a noulinear system of

ODE’s.
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3.2.1 Inverse iteration

We usc the NLPM to determine the stability propertics of the non-
lincar system (3.1.1), by determining the signs of the cigenvalucs of the
lincarization (3.1.3). If the system (3.1.3) is very large, it may be impracti-
cal or even impossible to form the Jacobian matrix D f(ug) and compute an
cigen—decomposition. An example is the space discretization of a parabolic
partial differential cquation. The NLPM provides a way to analyze the
problem in a matrix—-free fashion, in which the action of the Jacobian is
approximated by function evaluations and differencing.

Supposc that f: E — R™ is CY(E). If ug is an cquilibrium point for f
and D f(uy) # 0, then by the inverse function theorem, f has a continuously
differentiable inverse on an open set W ocontaining f(up). Denote the inverse

by ¢g. Now, for u € W, starting with

flg(u)) =u, (3.2.1)
and using the chain rule, we obtain
D(f(g(u))) = Df(g(u))Dg(u) = Du =1, (3.2.2)

and it follows that

Dg(u) = [Df(g(u))}_l. (3.2.3)

If wg is an cquilibrium solution, then

f(ug) = 0= g(0) = uy, (3.2.4)
and, in particular,
Dyg(0) = [Df(uo)] (3.2.5)
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In this case, the simple relationship between D f and Dg means that their
structurcs arc similar, ¢.g. both Dg and Df arc symmectric (or not) si-
multancously. In the casc that both are symmetric, the cigenvalues are all
rcal and the analysis is simpler. Later, when we analyze the error of lin-
carization for computational crror cstimates, the map under study is not
as dircctly related to the “forward” operator, and issucs such as symmetry
and normality arc less clear. When we compute the dominant ecigenvalue of
Dyg(0), we arc computing the reciprocal of the smallest cigenvalue in mag-
nitude of Df(up). If the eigenvalues {A1, -, Ay} of Df(up) arc ordered
so that A\, < A1 < -+ < Ay < Ap, where [A,] > -+ > [ A] > |A], and
we determine that Ay is negative, then wg is a sink. Thus, we just need
to determine the sign of the dominant cigenvalue of Dg(0). Note that the
coundition on the cigenvalucs is satisfied in some interesting cascs, as in the
scmi--discretization of a parabolic problem. We demonstrate this idea with

the bistable problem

U = Upp + AMu —ud), 0 <z <1, 0<t.7 (3.2.6)
uz(0,8) = u,(1,¢) =0, 0 < t, u(x,0) given.
The problem has attracting steady state solutions u = 1 and v = —1, and is

a prototypical example of metastability, whereby genceric solutions converge
to onc of these steady states, but in doing so remain nearly stationary for
long periods of time [20, 24, 25, 46, 50].

First, we find vy = ¢(0) by solving f(u) = 0 by some numerical method.
In order to determine the dominant cigenvalue of the solution opcerator of
the lincar problem obtained by lincarizing around the stationary solution,
we choosc a random data vector dy and compute successive approximations

to the dominant eigenvalue of g'(0) by subtracting:

dy := g(0+ dy) — g(0) = Dg(0)dy. (3.2.7)
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In general, the nt* iterate is given by
dy = g(0+dy—1) — g(0) = Dg(0)d,—,. (3.2.8)

At cach step of the iteration, the vector d,, is rescaled to have decreasing
norms since we are linearizing and the new value is used in the next step of
the iteration. This way, we cmulate the action of Dg(0) = [Df(uy)]™! on
veetors by computing the differences g(0+d,—;) — ¢(0), hence the process of
computing the differences is a way to implement the inverse power method
for the Jacobian matrix in the lincarization (3.1.3).

In this notation, “g(d)” means “solve the cquation f(u) = d for w,”
which we do numerically by solving the nonlincar system of equations
flu) —d = 0. We wish to make the algorithm as matrix-free as possi-
ble. Onc approach is Broyden’s method, which is analogous to Newton'’s
method, except that a secant approximation to the Jacobian is used [33].
The idea is that approximating the Jacobian leads to an affine model that
satisfies a sccant cquation. In n > 2 dimensions, the sccant cquation does
not completely specify the affine model, so further conditions arc imposed.
Namecly, we try to minimize the change in the model and still satisfy the
sccant cquation. This leads to Broyden’s update: the approximate Jacobian
for the succeeding iteration uses the current approximation, plus a rank one

update. In [33], the algorithm is given as:
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Algorithm 3.2.1. Broyden’s Method
Given F : R" — R", 2y € R*, and 4, € R"*"

—

. Do fork=0,1,...:
2. Solve Agsy = —F(xy) for sg % sy is the current Newton step
8. Lpy1 =X + Sk

4o yn = F(xis1) — Flap)

(yx — Ask)si

= % add rank one update
ST S
81 Sk

Apr = Ay +

R

There is some flexibility in the choice of Ay, the initial approximation to
the Jacobian. One possibility is to use finite differences to approximate the
Jacobian at the initial point zg. This may be costly if function evaluations
arc cxpensive, and inaccurate if g is far from a root. A common alternative
that is simple and cffective is to choose Ay = —1I. In csseuce, this choice
allows the system to choose the direction of the first step. In practice,
this choice doces not significantly alter the performance of the method, and
is clearly more advantagcous in terms of computational expense. We can
further reduce the computational cost by implementing a limited memory
Broyden method, which reduces the memory storage of the Broyden matrix
from n? clements to 2pn, where p < n [105].

So, to use the NLPM to determine the stability of an cquilibrium so-

lution for the system (3.1.1), we use the following algorithin.

Algorithm 3.2.2. NLPM for Stability Calculations

1. Compute the equilibrium solution ug using Broyden’s method to solve

f(u) = 0. That is, compute ug = g(0).
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2. choose an initial starting vector &y, with ||d|| = 1.

3. Do fork=1223,...

4. 0k = g(dk—1) — g(0) % emulate Dg(0)0r_1
Or_1, O
5 A= %‘—}2 % approximate eigenvalue
k
5 . | | -
6. 0 = m % normalized approzimate dominant eigenvector
k
ry (Sk 07 N
7. O = akH(S_H % decrease norm of next iterate by the factor ay.
k

As an example, we consider a semi-discretization of the bistable reaction-

diffusion cquation for the vector u = [uy, ... ,u”]T, written
o= Au+ E(u—u®), u(0) = ug, (3.2.9)

where the matrix A is the tridiagonal discrete Laplace operator, € is a real
paramcter and the nonlincar term is to be interpreted as €(u; — «) in the

i*" position. Thus, this system approximates the bistable cquation,

U = Uge +E(u—ud), O< <1, O<t., (3.2.10)
ur(0,t) = u,(1,£) =0, 0<t, wu(x,0) given,
using lumped mass quadrature. Notice that w =0, u =1, and u = —1 are

solutions, and correspond to the stcady—state solutions of the PDE.

Example 3.2.1. Let n = 6 and £ = 0.1. Beginning with an initial gucss
near u = 1, the algorithm first finds the equilibrium solution using Broy-
den’s method, then chooses an initial starting vector and uscs the relations
in (3.2.7) to compute successive approximations to the dominant cigen-
pair of the lincarization. After 26 iterations, the computed cigenvalue is

—4.9999972. By way of comparison, a centered difference approximation to

47

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the Jacobian of Au+ &(u —u3) at u = 1 was performed and MATLAB was

used to compute the following cigenvalues for the inverse:
—5.0000, —2.1370, —0.8333, —0.4545, —0.3125, and — 0.2543.

Since the eigenvalues of interest arc the reciprocals, we conclude that the
smallest cigenvalue in magnitude of f'(ug) is —0.2, and the cquilibrium
solution is stable. The components of the approximate dominant cigen-

vector from this implementation of the nonlinear power method and from

MATLAB arc shown in table 3.1.

Approximate dominant eigenvector

Power Mcthod l MATLAB
0.40824784206273 | 0.40824829013435
0.40824807675615 | 0.40824829028643
0.40824817659398 | 0.40824829043852
0.40824837291689 | 0.40824829059060
(0.40824853552591 | 0.40824829226353
0.40824873892687 | 0.40824828906976

Table 3.1: Components of the dominant cigenvector

Instead, if we begin with an initial guess close to u = 0, the nonlinear
power mcethod gives 9.9810649 as the approximate dominant cigenvalue (and
the MATLAB calculation gives 10). We conclude that u = 0 is an unstable

cquilibrium.
3.2.2 Inverse iteration with shifting

In §3.2.1, we characterize the stability of a hyperbolic equilibrium point
ug for the nonlincar system (3.1.1). We did so by using Broyden’s method
to compute the solution wuy such that f(ug) = 0, and then determined the

magnitude and sign of the smallest cigenvalue of the Jacobian D f(ug) via
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inversce iteration. That is, we compute the largest cigenvaluc of D f(ug) ™
in a matrix—frec fashion by repeatedly performing Broyden’s method on a
sct of directed perturbations to ug. In this way, we cmulate the action of
D f(ug)~! on a scquence of vectors whose norms tended to zero. The results
in chapter 2 indicate that this process converges to the dominant cigenpair
of D f(ug)~!. This example arose from the semi-discretization of a parabolic
problem, so the ordering of the cigenvalues ensures that determining the sign
of the smallest cigenvalue in magnitude for the Jacobian matrix D f(ug) is
sufficient to determince the stability of the system.

We can gencralize this to a routine that cmulates the inverse power
method with shifting. In this situation, we want the function differences to
cmulate the action of [D f(ug) — pI]™* on a sequence of vectors, where p is a
constant and the diagonal matrix pI shifts the cigenvalues of D f(ug)~! by
the amount p. Unlike the matrix case, where the difference between inverse
iteration with and without shifts is simply a matter of adding a multiple
of the identity and solving a scquence of lincar systems, in the nonlinear
context the alteration is more involved. Shifting the cigenvalues of the
Jacobian requires altering the function, so we need to make the alterations
in a way that they do not affect the problem.

The system (3.1.1) of ODE’s and the relationships (3.2.4) and (3.2.5)
madec it possible to compute information about D f(ug)™! by performing
the differences ¢(0+ d) — ¢(0). In order to correctly shift the cigenvalues of

D f(ug), given a scalar p, we define

flw) := f(u) — pu, (3.2.11)
so that
Df(u) = Df(u) — pl. (3.2.12)
49
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Supposc that f (u) is invertible with inverse g(u). We can proceed as in
§3.2.1 to derive a formula for the derivative of g(w). By differentiating both

sides of the identity

w = §(f(u)), (3.2.13)
we get
I = D[g(fw)
= Dg(f(u)Df(u)
= Dg(f(u) — pu)(Df(u) — pl). (3.2.14)
Therefore,
Dj(f(u) — pu) = (Df(u) — pI)~". (3.2.15)

Now, if uy is an cquilibrium point for f(u), then
Dg(—pug) = (Df (ug) — pI)~". (3.2.16)

There are two key differences between the unshifted and shifted cases.
In the unshifted case, we emulated the action of D f(ug)~! by performing
the finite differences g(0+d) —g(0) = Dg(0) = D f(ug)~!. Here, we cmulate
the action of the shifted Jacobian [D f(ug) — pI]~! by cmulating the action

of the Jacobian Dg(—pug). That is, we perform the finite differences
G(=puo + d) — §g(—puo) = Di(—pug)d = [Df(ug) — pI)7'd.  (3.2.17)

Note that the point about which the lincarization occurs is —pug, where
ug is the equilibrium point for f(u), and we usc ¢ for function cvaluations

instcad of g. This amounts to changing the code so that Broyden’s method
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solves f(u) — pu = d, instcad of f(u) = d. Howcever, the cquilibrium point

ug solves g(—puy), since §(—puy) means “solve f (u) = —puy for u”:
flu) = —pug
= f(u) —pu = —puy, (3.2.18)

and (3.2.18) is satisficd at ug since f(up) = 0. Thus g(—pug) is the same as
f(u) = 0 and nceds only to be computed once. The quantities g(—pug + d)

arc computed using Broyden’s method with f in place of f.

Example 3.2.2. Adding a spectral shift to the inverse power method can be
uscful in cascs where the eigenvalues do not have the same sign. We repeat
the computations in example (3.2.1), except that we let the paramecter € =
—0.1. In this casc, © = 1 is still a solution, but the cigenvalucs no longer
satisfy the order property discussed in §3.2.1. In fact, using MATLAB to
compute an cigen--decomposition of the centered difference approximation

to the Jacobian, we find that the cigenvalues arc
—14.7168, —1.2500, —0.5555, —0.3571, —0.2831 and 5.0000.

In this casc, the cigenvalue 5 corresponds to the cigenvalue A = % for
the lincarized system f'(ug), so ug = 1 is a hyperbolic fixed point. Upon
performing the NLPM in this example, the algorithm returns A = —14.7169
after 26 itcrations. This is an approximation to the dominant cigenvaluc
of the inverse to the lincarized system, and corresponds to the cigenvalue
—0.06794 for f'(ug). Unfortunately, this says nothing about the stability of
the lincarized system. We alter the problem slightly by introducing the shift
p = 1 and performing the NLPM on the shifted problem. Now, MATLAB

computes these cigenvalues:

—1.2500, —0.9364, —0.5556, —0.3571, —0.2632, and — 0.2207.
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After 26 iterations, the algorithm converges to —1.2500, which corresponds
to the cigenvalue —0.8 for the shifted lincarized system. Upon adding back
the shift p = 1, we find that the power method converges to the cigen-
value corresponding to the positive cigenvalue A = 0.2 and we can correctly

conclude that the lincarization is unstable.

Remark 3.2.1. It is intcresting to analyze the reason that the shift p =1
causcs the NLPM to converge to the correct cigenvalue of the linearized
system when the magnitudes of the two largest cigenvalues of the matrix
arc —14.7168 and 5, respectively. The reason is that the shift affects the

spectrum of the inverse (see cquation (3.2.16)), which in this casc is
—3.5323, —2.8003, —1.8002, —0.8000, —0.0679, and 0.2000,
so the shifted spectrum is
—4.5323, —3.8003, —2.8002, —1.8000, —1.0679, and — 0.8000.
The reciprocals arc
—0.2206, —0.2631, —0.3571, —0.5556, —0.9364, and — 1.2500.

Thus, the shift p = 1 causes the cigenvalue corresponding to the positive
cigenvalue in the linecarized system to become dominant. Of course, not
every choice of p has this effect, and other information about the system

may be needed in order to make an appropriate choice for a shift p.

Remark 3.2.2. In both of the examples presented in this chapter, we ran
the power method for 26 iterations. This number was chosen because we
sct the algorithm to divide the norms of successive iterates by 2 in the
lincarization process. 26 is then the number of iterations required to reduce

the perturbation to y/€g, where €g is the machine number.
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Remark 3.2.3. The computer programs uscd to gencrate the results in

examples (3.2.1) and (3.2.2) can be found in appendix A.
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Chapter 4

APPLICATION TO A-POSTERIORI
ERROR ESTIMATION

Recent approaches to computational error estimation based on duality
(42, 47, 48, 49, 50, 52] provide usecful methods for determining information
about the crror of a numecrical solution to a nonlincar problem. The error
estimates themsclves rely on the solution of a dual problem, which must be
lincarized around the approximate solution since the coefficients of the “cor-
rect” dual problem require the true (and unknown) solution. Various norms
of the dual solution arc called stability factors, and arc important compo-
nents of reliable a-posteriori bounds on the error in the desired functional
information. The cffect of the lincarization on these bounds is unclear, and
this “crror of lincarization” is the starting point for the ideas in this thesis.

The original idea for investigating the sensitivity of the error estimates
on lincarization was to implement a NLPM to produce a perturbation to
the approximate solution that caused the largest change in the dual so-
lution, thus giving some indication of the magnitude and direction of the
worst possible effect of lincarization on the error bound. The opcrator we
investigate in this context is the map from the approximate finite clement

solution around which we lincarize, to the corresponding solution of the
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dual problem. The hope was that this could be done in a matrix—{ree man-
ner, since the idea was to apply this to problems of very large dimension,
i.c. discretizations of elliptic problems. However, the power method cannot
accomplish this goal unless the derivative of the operator under consider-
ation is normal. Unfortunately, the map from the finite clement solution
to the dual solution turns out to be generally nonnormal. By performing
the NLPM alternately with the action of the derivative and its transpose,
we can cmulate a singular value decomposition that does converge to the
desired direction of largest change. Howcver, cmulating the action of the
transposc requires numerically reconstructing the matrix, so our procedurc
is very memory intensive.

The outline for this chapter is as follows: First, we compare and con-
trast a-priori and a-posteriori crror estimates, and review some recent de-
velopments in a-posteriori cstimation, primarily for finite element computa-
tions. We give more details about the specific type of a-posteriori estimators
rclevant to this thesis. Next, we discuss the general lincarization issue in
the context of two—point boundary valuc problems. Then, we define the
map ¢ between the approximate solution U to the forward problem and
the dual solution ¢ that corresponds to lincarizing around U. The remain-
der of the chapter is devoted to an examination of this map. We use the
Green’s function to derive an explicit formula for the action of the deriva-
tive. We make an important connection to an carlier paper of Rheinboldt
[85] on the conditioning of nonlincar problems, and end the chapter with

some discussion of how the idcas are implemented numerically.

(o]
(@3]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.1 A-prior: and a-posteriori error estimation

Solving partial differential cquations with a computer generally involves
computing an approximation to the true solution of the problem. Quan-
tifying the crror involved in the approximation is an important part of
the process, as “accurate numcrical approximations may give meaningful
information about exact solutions, while completely inaccurate numecrical
approximations do not contain meaningful information” [48].

Estimates of the error which arc computed before the numecrical calcu-
lation is performed are called a-priori estimates, and cstimates that utilize a
particular computed solution (and arc thus computed after the approxima-
tion has been made) arc called a-posterior: estimates. In [42], the authors
say the following about the two types of crror cstimates:

Traditionally, the crror analysis of numerical methods for dif-
ferential equations has been of a-priori type with a dependence
on the unknown exact solution and appears to require a ‘com-
plete understanding’ of the problem in order to be uscful from a
quantitative point of view. In the a-posteriori crror analysis the
‘understanding’ is replaced by computing, which opens the pos-
sibility of quantitative crror control for complex problems. In
the spirit of synthesis, we conclude that a-priori and a-posteriori
analysis serve different purposcs and both are fundamental.

A-priori cstimatces arc uscful for proving that a numerical scheme con-
verges to the exact solution as the discretization paramcter gets small, or
that a numerical method produces the best possible approximation to the
truc solution in some norm. In [47] for example, Estep studies the initial

value problem

{z)+f(y,t):0, 0<t<T,) (411)

Z/(O) = Yo,
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in R% d > 1. The piccewise constant discontinuous Galerkin (dG) scheme
is given by
tn
Y (t,) +/t fY(tn),s)ds =Y (t,_1), (4.1.2)
no1
where Y is a piccewisce constant approximant to the solution y on cach
interval [t,_1,t,]. An a-priori analysis shows that the dG approximation
converges as quickly as any other approximation of y in the finite element

space, and an optimal order crror bound is given by

~ da
1Y (t) — y(t)|| < S(t) maxk, max |— ‘ , (4.1.3)
7n§ {tm -1 ;tnz] t
where ki, is the m!" time step. Here, || - || denotes the Euclidean norm on

R%, and S (t,) is a constant determined by the accumulation of crror over

the interval of computation. A typical bound for S(t,) is given by

eLt" -1

S(tn) < —5

(4.1.4)

Such cstimates typically result from the application of Gronwall’s inequality,
and account for the worst possible rate of crror growth. Note also that the
bound depends on derivatives of the unknown function y(¢). The bound
(4.1.3) is sufficient to prove convergence, but the constant L may be quite
large in general, and therefore (4.1.3) may only be roughly the same size
as the truc error ||Y;, — y(t,)|| for a short transient period, so (4.1.3) may
grossly overestimate the true crror of the calculation. For this reason, a-
priori cstimates arc typically unsuitable for garnering information about
how to control the crror of an approximation. For this, we use a-posteriori
estimates.

A-posteriori cstimates provide bounds that involve the computed solu-

tion itsclf. These crror bounds arc given in terms of computable quantitics,
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and arc well suited for adaptive error control methods, meaning the estimate
is used to make some improvement to an iterative scheme (e.g. adaptively
refining the mesh in a sequence of finite clement calculations) with a view
to reducing the crror and limiting computational expense. In contrast to

the a-priori cstimate (4.1.3), Estep derives the a-posteriori estimate

HY(tn) — y(tn)H < S(tn) max km,Y(tm) — Y(f,m_l)

m<n k?m

(4.1.5)

for the dG finite clement mecthod for an autonomous problem. Here the
bound does not depend on unknown derivatives of y, but it docs contain
the term S(t,,), which is again a constant that measurcs the accumulation
of crror. The author shows how to avoid using overly—large bounds on
S(t,) by deriving an a-posteriori approximation to S(t,) that converges to
S(t,) as Y converges to y, and this provides the means to estimate the
accumulation of error in a particular computation. Thus the a-posteriori
bound can be used to govern the adaptive aspects of a particular numnerical
calculation by providing local bounds that arc roughly the same size as the
crror in order to indicate which regions of the domain require refinement in
order to lower the error in those regions without unnccessarily refining in

regions where the crror is small.

4.2 Review of a-posteriori results

Rescarch in the arca of a-posteriori crror cstimation is relatively new,
spawned primarily by the success of the finite clement method. Many credit
its beginning with the seminal paper [7] of Babuska and Rheinboldt in
1978, in which the authors present various a-posteriori estimators for finite

clement solutions to ordinary differential cquations. Their paper presents
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the basic crror analysis for lincar, sclf-adjoint, clliptic two—point boundary

value problems of the form

L(w) = -2 <a(x)d—u> +b(z)u = f, x € (0,1)

dx dz (4.2.1)
u(0) = u(l) =0,
as well as the cigenvalue problem
d d
L(u) = — (a(l)d—Z) + b(x)u = Au, (4.2.2)
u(0) = u(1) = 0.
They also present results for the parabolic problem
O 0 O
—-a—lti ~ 5 <a(L)_8_;£> + b(z)u = f(x,t), Ve el (4.2.3)
with the boundary conditions
w(0.2Y=0. r¢eT
ul0,2) =0, @, (4.2.4)
uw(t,0) = u(t,1) =0, t>0.

The authors derive computable a-posteriori cstimatcs for cach type of prob-
lem in an asymptotic form for A — 0 where A measurcs the size of the
clements. These ideas are extended and more fully analyzed in the context
of adaptive mesh refinement in scveral later papers by the same authors
(8, 9, 10, 86]. Sincc then, much work has been done in the ficld, particu-
larly as it relates to adaptive techniques for the finite element method. Sece
(2, 11, 14, 15, 19, 26, 27, 28, 37, 43, 44, 45, 51, 67, 75, 78, 115].

In 1994, Verfiirth [106] classifics a-posteriori crror estimates within the

framework of finite clement methods into four categories:

1. Residual estimates: Estimate the crror of the computed numcrical
solution by a suitable norm of its residual with respect to the strong

form of the cquation.
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2. Solution of local problems: Solve locally discrete problems similar to,
but simpler than the original problem and use appropriate norms of

the local solutions for crror cstimation.

3. Sharp a-priori estimates: Derive sharp a-priori cstimates and use
suitable higher order difference quoticents of the computed numerical
solution to cstimate the higher order derivatives appearing in the a-
PprioTi crror cstimates.

4. Averaging methods: Use some local averaging technique for error es-
timation.

He provides references for rescarch on cach type of estimator in [106] and
also [107]. In [106], the author presents a general framework for deriv-
ing residual based a-posteriori crror estimates in the energy norm for ap-
proximatc solutions to nonlincar problems. In this abstract approach, hc

considers nonlincar cquations of the form

F(u)=0 (4.2.5)
and corresponding discretizations

Fp(up) =0 (4.2.6)

where F € CHX,Y*), F, € C(Xp, Y)),Xr C X and Y, C Y are finite
dimensional subspaces of Banach spaces X and Y, with dual spaces X™* and

Y* respectively. A similar approach is taken in [12] for nonlincar problems
F(u) =0 in X~ (4.2.7)

where X is a Hilbert space with dual space X* and F : X — X*. Here,
the authors prove upper and lower bounds for a-posteriori crror cstimatces

in the Ly norm.

60
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Later, Verfiirth’s book [107] provides a review of rescarch in a-posteriori
cstimates, particularly as it applics to adaptive mesh refinement technigues.
He uses Possion’s equation with mixed Dirichlet and Neumann boundary
conditions as a model problem and derives error estimators of the four types
described above, and discusses their cfficiency. He then reviews the theory
for nonlincar cquations and presents several finite clement discretizations for
various clliptic PDE. The book also contains nearly one hundred references
to papers and textbooks on a-posteriori methods in computational error
cstimation. However, Veriirth makes no mention of the duality /variational
approach to a-posteriori crror cstimation that we discuss in this thesis.

Our approach to a-posteriori crror cstimation has its roots in the works
of Johnson, Eriksson, Estep, Larson, Williams and Hansbo, in which esti-
mations of the error arc computed in terms of residuals and a variational
analysis using duality. This approach is discussed in detail in the next sec-
tions. The basic ideas were first introduced for lincar parabolic cquations
by Eriksson and Johnson [67], where it is possible to bound the stability
factors a-priori. Estep first developed the idea of solving the adjoint prob-
lem to compute stability factors in the context of nonlincar ODE’s [47],
and later extended these idcas to PDE’s. The monograph [52] contains
a rigorous and comprchensive analysis of this method applied to systems
of rcaction—diffusion cquations. It is in [52] and [47] that the issuc of lin-
carization crror for a-posteriori cstimates for nonlinear cquations is first
mentioned. More recent works involving a-posterior: error estimates based
on duality and variational analysis can be found in [23] and [81]. Adjoint
methods are also usced in other contexts, such as paramecter recovery for

inverse problems [103].
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4.3 A-posteriori estimates based on residuals and variational
analysis

In this scction, we discuss the approach to a-posterior: crror analysis

that we use in this paper. We begin with systems of algebraic equations,

which provides a simple and familiar context in which to fix idcas. We

then discuss these ideas in the context of numerical solutions for two-point

boundary value problems.

4.3.1 An analogous approach in the solution of algebraic equa-
tions

Our approach to a-posteriori crror analysis is relatively simple to ex-
plain in the context of the numerical solution of a system of algebraic equa-
tions. The problem here is to cstimate the crror of a numerical solution

X = ¢ of a system of algebraic cquations
F(z)=1b (4.3.1)

where the data b, nonlincarity F', and the solution x all have the same
finite dimension. We assume that a numecrical solution X of (4.3.1) has
been computed in some fashion and we seck to estimate the unknown crror
e=ux—X.

To start with, we consider the simpler case of a lincar system of equa-
tions,

Axr = b. (4.3.2)

The residual error of X is defined as

R:=AX —b, (4.3.3)
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and is generally not zero. The point is to relate the error e to the computable
residual error R. First, we can use the fact that the residual error of the

true solution is zero to write
Ae = —R, (4.3.4)

and then try to obtain an estimate of the crror by solving this cquation
approximatcly in some fashion. This is not the approach that we use in
this thesis but it is related to the classic method of estimating the crror
using high order asymptotic crror cstimates.

Instead, we settle for the less ambitious goal of obtaining an estimate

ou the size of a projection of the error. We introduce the dual problem
ATd =, (4.3.5)

where ) is any unit vector. Using (-, -) to denote some inner product with
corresponding norm || - ||, we get an exact representation of a projection of

the error by computing the inner product

(e, )] = [{e, AT9)| = |{Ae, ¢)] = [(R, ¢)] (4.3.6)

which lecads directly to the crror bound

(e, )] < 18I RII. (4.3.7)

Since the residual R is computable, if we solve the dual problem numerically
or obtain an estimate on the size of ¢ in some other way, then we obtain
an estimate on the size of the projection of the crror in the direction of the
data for the dual problem. If we could be so fortunate to choose ¢ = ﬁ

for example, then we obtain an estimate on ||e||. To obtain an estimate on
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the size of the first component of e, we choose ¥ = [100 --- O}T, whereas
to obtain an cstimate on the average of the components of the error, we
choosc ¢y = [11 -+ 1]7.

The quantity ||¢|| is called the stability factor for this problem, and it

is related to the condition number of A. In fact, it follows that

¢ I Rl
—,w>‘ < cond y(A) —, 4.3.8
§= A 438
where cond 4(A4) = ||¢]| || A]| = |A~"¢|| | 4] can be interpreted as the con-

dition number of the matrix A related to 4. Hence the stability factor is a
measure of the sensitivity of numecrical solutions of the problem to compu-
tational crrors.

Returning to the nonlinear problem (4.3.1), the residual error is now
R=F(X)—b, (4.3.9)
which immediately gives
F(z) - F(X)=—-R. (4.3.10)

To obtain a lincar cquation for the error, we use the mean valuc theorem

for integrals in the form
1
F(z) - F(X) = / F'lst+(1—35)X)(x—X)ds (4.3.11)
0

where F’ is the Jacobian matrix of F. Applying this to the last relation,

we get

Ae=—R (4.3.12)

with

A= /1 F'(sz+ (1 5)X)ds, (4.3.13)
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which is the matrix obtained by averaging F’ around points on the line
joining z and X. We now follow the variational analysis for the lincar
problem outlined above to obtain an estimate on a projection of the crror
in terms of the residual and the stability factor corresponding to the lincar

dual problem defined using A.
4.3.2 Linearization error for nonlinear problems

The analysis in the §4.3.1 applies when F(x) = b is an ordinary or
partial differential cquation, which may be nonlinear. If we denote the true

and approximate solutions by u and U, respectively, then we have

—R = F(u)-F(U)

_ </01 FI(U + s(u—U)) ds> («—U)
= Ae. (4.3.14)

It is clear from (4.3.14) that computing the crror estimate requires knowl-
cdge of the true solution. An crror of lincarization is introduced when we

make the replacement
1 ~
Az/ F'(U+s(u—U))ds+— A= F'(U), (4.3.15)
0

and form the dual problem AT¢ = 4, which corresponds to lincarizing
around the approximatc solution. While the disadvantage is that this is the
solution to the wrong dual problem, the solution é is computable, whercas
the dual solution to AT¢ = 1 is unknowable since A depends on w. In
practice, the computational error cstimates tend to be accurate on a wide
varicty of nonlincar problems. Idcally we would like to understand the truc

cffect of this error of linearization. This is not possible since we do not know
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the direction from the approximate solution to the true solution. However,
we can study the effect on the dual solution of introducing a small perturba-
tion to the approximate solution about which we arc lincarizing. The claim
is that if we could find the perturbation that causes the largest possible
change in </~), we could then find bounds for the cffect of the linecarization
crror, provided that the dual solution varics smoothly as a function of the

forward solution, and the true and computed solutions are sufficiently close.
4.3.3 Two—point boundary value problems

Let w = u(x) and U = U(z) denote the true and approximate solutions

to the two--point boundary valuc problem

{-((a(u(w), ) (@) + blu(x), w)u'(w) = f(ulz), ), (4.3.16)

w(0) =u(l) =0
For casc of notation, we suppress the dependence of the cocfficients, data

and solution on the independent variable, and write
—(a(u)u’) + blu)u’ = f(u), (4.3.17)

where it is understood that v = u(z), a(u) = a(u(z),x), b(u) = blu(z), z),
and f(u) = f(u(z),z). The residual R(U) is the quantity remaining when
the approximate solution is substituted into the equation, and the truc

solution solves the equation exactly, so we have

—(a(HYUY + b(UYU' — f(U) = R(U), (4.3.18)
and
— (a(u)u) + blu)u’ — f(u) = 0. (4.3.19)
66
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Subtracting these cquations gives
~{(a(w)u') — (a(U)U"} + {b(u)u’ — b(U)U'}
—{f(u) = f(U)} = -R(U). (4.3.20)

Lincarizing the terms on the left~hand side gives

_ { Al dii—{a(su + (1= $)U) (st + (1 — s)U’)] ds}l

S

4 { /O1 % [b(su (= ) U)(s + (1 — s)U')] ds}
- { ./01 fsu+ (1= s)U) ds}(u —~U)=—R(U). (4.3.21)
Now, cquation (4.3.21) can bec written as
—(ae’ + ae)' + (be’ + fe) — fe = —R(U), (4.3.22)

where ¢ 1= u — U is the difference between the true and approximate solu-

tions, and

1
a = /a(su+(1~s)U)ds,
0
1

a = / a'(su+ (1 —8)U)(su' + (1 — s)U")ds,

(=)

b o= /1 b(su+ (1 - s)U)ds,
B o= ; V(su+ (1—s)U)(su'+ (1 —s5)U")ds,
f = /0 f(su+ (1= s)U)ds. (4.3.23)

In the above, and in what follows, the prime symbol on any of the cocfficients
a, bor f denotes differentiation with respect to the first dependent variable,

da
but not the sccond. In other words, we take a’(u) to mean o rather than
u
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da

T and similarly for ¥'(u) and f'(u). However, o/, U and ¢ still refer to
"

differentiation with respect to z.

Notc that

1

a(su+ (1 —s)U)ds(u — U)]
(su+(1—=9)U)(u—-U))ds

(su+ (1 —s)U)(su'+ (1 - s)U" ) (u—U)

/\N|&<

- [ £
e

+ a(su+ (1 —s)U)(u' — U/)> ds

= ae + ae, (4.3.24)

d ~
and similarly for I[be], so we can write (4.3.22) as
T

—((ae)') + (be) — fe=~R (R = R(U)). (4.3.25)

We can derive the exact dual problem for (4.3.16) from (4.3.25), and then
obtain thc dual problem corresponding to lincarizing around the approx-
imate solution U. To derive the dual problem, we multiply (4.3.25) by a
function ¢ = ¢(x), with ¢(0) = ¢(1) = 0, and integrate by parts:

1 1 . ~
/ —Ropdr = / —((ae)")'¢ + (be)'¢ — fepdx
0

0

1
= /0 (ae)¢' — (be)¢’ — feddx

|
= / ded” — (be)¢' — feddx

J 0

1
/ (a¢” — bg' — fo)edx (4.3.26)

0

Here,

{a(z)” —b¢' — fo =, (4.3.27)

$(0) =¢(1) =0
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is the dual problem for the boundary valuc problem (4.3.16). Equation
(4.3.27) should be solved in order to produce the appropriate projection
of the crror e in the direction of ¥ as described in (4.3.6). Of course,
the cocfficients @,b, and f depend on the unknown true solution u, so we
cannot solve (4.3.27) for ¢. Replacing u with U in (4.3.23) for @, b, and f
corresponds to lincarizing around U, and yiclds the following approximate

dual problem:
a(U)g" —b(U)¢' — f'(U)¢ = 9,
$(0) = ¢(1) = 0.

We solve (4.3.28) numecrically using the finite clement method, which re-

(4.3.28)

quires expressing the problem in weak form. Equation (4.3.28) is cquivalent

to

#(0) = ¢(1) = 0. (4.3.29)

Sce (4.7.2) and the relevant codes in (B.2.2) for the methods we use to solve

{— (a(U)¢) + @@V ~bU) ¢ — F/({U)¢ = 9,

this problem.
4.3.4 An alternate route to linearization

So far, the route has been to discretize a given problem, then lincarize.
By utilizing the Gatéaux derivative, we show that the same formula for the
linearized problem arises when we lincarize prior to discretization. Upon
writing (4.3.17) in weak form, the situation is as follows: find w € V such
that
1 1 1
/ a(u)u'v' dz +/ b(u)u'v ~/ fu=0. (4.3.30)
0 0 0
This is a root cquation for a nonlincar form {(F(u), v)) = 0, where (F(-),-) :
V x V — 0. The Gatéaux derivative of (F(u),v)) is {(F'(u)w, v)) acting on

V x V x V. We need to compute

§—0

lim % (F(u+ 6w), ) — (F(u), o). (4.3.31)
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Using (-, ) to denote the Lo inner product, (4.3.31) becomes

}sLH(l) % { (a(u + dw)(u+ dw)’',v") + (b(u + dw)(u + dw)’, v) — {f(u+ dw), v)

- <<a(u)u’,u'> + (b, v) — f(u),v))}. (4.3.32)

Collecting terms, we get

lim < (P o+ 6w), o) ~ GF (), o] =
((alu + G’ — a(u)'), ) + 5(a(u+ u)ou’,v)
%((b(u + Swd ~ blupd),v) + §<(b(u L Sw)bu,v)
(-t bw) — F(u),0)). (43.33)
Now, using
a(u + dw) — a(u) = /01 a'(u+ dsw)dw ds,

1
b(u+ dw) — b(u) = / b (u + dsw)dw ds,
Jo

1
flu+dbéw)— flu) = /0 f'(u+ dsw)dwds, (4.3.34)

and assuming a,b and f arc smooth cnough to justify interchanging the

limit and the integral, we can express the difference quotient as

lim %— [(F(u+ dw),v)) — (F(u),v)] =

§—0

(a'(u+ dsw)u'w,v') + {a(u + dw)w',v") + (V' (u + dsw)u'w, v)

+ (b(u + dw)w',v) — (f'(u+ dsw)wds,v). (4.3.35)
Letting § — 0, we get a formula for the lincarization form:

{F'(w)yw,v)) = (a'(u)u'w, vy + (a(u)w’,v")

+ (b (u)u'w, v) + (Bluw)w',v) — (f (w)w,v). (4.3.36)
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We compute the dual to the lincarized form by exchanging w and v, and

integrating by parts where appropriate. This gives
—{{a(u)w'),v) + (d'(Wu'w', v) — (bw)w', v) — (f'(W)w,v).  (4.3.37)

This is the left-hand side of the weak form of the dual problem correspond-
ing to lincarization around wu.

4.3.5 Some a-posteriori estimates

We use the expression (4.3.22) for the residual and the relation (e, ) =
(—R, ¢) to derive an a-posteriori estimate for the projection (e, ¢) in terms
of the computed solution U to the forward problem, the dual solution ¢,

and the cocfficients a, b, and f:
1 1 3 ; 5
/ epdr = / {*(EL@I + ae)' + (be' + Be) — f(e} o dx
0 0
1
= / (e’ + ae)d’ + (be' + Be)p — fed dx
0

= /0 {a(w)u' —a(U)U'} ¢" + {b(uw)u’ — b(U)U'} ¢
—{f(u) - f(U)} pdx
= {/0 a(uw)u'¢’ + bu)u'd — f(u)d d(l?}

1
-+ {/0 —a(UYU'¢ — b(U)U'¢ + f(U)(,/)da:}
- /O —a(UYU'S + {F(U) - b(U) U} da (4.3.38)

The terin on the fifth line vanishes because uw solves the forward problem
cxactly.
Since U is a Galerkin approximation to u, we can usc the Galerkin

orthogonality property of the residual [42] to write the estimate in terms of
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the dual weights ¢ — who, where mp¢ is an interpolant of ¢ into the samc
spacc as U:
1 1
/0 et dx = /0 —a(DYU' (p—mpe) +{ F(U)=bU)U' N p—7no) dz. (4.3.39)
This requires solving the dual problem using a higher order method than
used for U. Performing integration by parts on the sccond order term and
writing the integral as a sum of clement contributions, we can express (e, )

in terms of the residual and the dual weights:

/ ey du
0

m+1

Z/ (¢ — mhop) da
Z a(Uy, 2;)(d(x5) — mn(z)) U]y, (4.3.40)

Here, [U’]; denotes the jump in the derivative of U at the j* node, in cases
where U is not sufficiently smooth. We also account for the crror due to
quadratures in (4.3.40) by adding the quantities

1
{aU' (mhp) — aU' (1)}

At

1
{bU/’/Thgb - bU/ﬂ-h,(/)}
0 .
+ / {frrg — fmnd}. (4.3.41)
0

Note that Galerkin orthogonality docs not enter these terms. In other
words, the crror of the finite element solution is determined by ¢ — 7
and ¢. The overbar indicates that some quadrature rule is used to cvaluate
that part of the integral, and these terms represent the error due to the
quadraturc. In practice, a very high order quadrature rule is used to cvalu-
atc the “unbarred” terms since we never evaluate the integrals exactly. The

code we usce in this paper uscs a five point Gauss rule for the barred terms,
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and a thirty point Gauss rule for the “exact” integrands. Using such accu-
rate quadrature rules cssentially renders the quadrature crror negligible. In
codes where the trapezoidal rule or Simpson’s rule arc used for quadrature,
the cffect of quadrature crror is significant.

The a-posteriori cstimates given above involve both the forward solu-
tion U(x), the dual solution ¢(x), and some of their derivatives. The major
motivation for this thesis is an investigation of how replacing (4.3.27) with
(4.3.28) affects these crror estimates. We utilize the NLPM to produce
perturbations to U that cause the largest change in ¢, and hence on the cs-
timates. In the next section we define a mapping between the approximate
forward solution U and the dual solution corresponding to the lincarized
problem (4.3.28) and show that the operator norm of the map plays a role

in bounding the cffect of lincarization.

4.4 The mapping ¢ : U — ¢

In this scction, we define a nonlincar map between the approximnate
forward solution U to (4.3.16) and the dual solution ¢ corresponding to
lincarization around U, as given by (4.3.28). We investigate some relation-
ships between the norm of the derivative of @ and the size of the changes in

the stability factors for the error bounds discussed in the previous scetion.
4.4.1 The map ¢

From (4.3.15), the dual problem corresponding to linearizing around U
is
ATg=¢p=>FU) d=yp=¢=FU) "y (4.4.1)

Suppose that F : R™ — R™ so that F'(U) denotes the Jacobian of F at U,

which we assumc is continuously invertible in a neighborhood of U. Given
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dual data 1, define the map @, : R* — R™ by
d,(U) = F'(U)" Ty for U € R™. (4.4.2)

Thus if U is a computed solution to a nonlincar problem F(u) = b, then
for fixed dual data v, ®,, maps thc approximatc solution U to the dual
solution ¢. Here, we assume that the solutions of the forward and dual
problems arc in the same space. When solving two point boundary valuc
problems in practice, we solve the forward problem (4.3.16) in the space V,fl)
of piccewise lincar polynomials, and the dual problem (4.3.29) in the space
Vh@) of piccewise quadratic polynomials. We usce the fact that V,fl) - Vh@
and, in this context, consider @, as a mapping from Vh@ to itsclf.

Now, consider the lincarization

{@w(U +ew) = By (U) + Oy (U)ew + o [ew])), (4.4.3)

lw| =1, 0<e< 1.

Note that &7 (U) is the Jacobian of the function given by the inverse

of the Jacobian of the transposc of F at U acting on :

@,(U) = ((F'(U) ") € L(R",R"). (4.4.4)
Thus,
[Py (U + ew) — Py (U)[| < |24 (U)ewl| + ofe) (4.45)
< ea+o(e),

where o is the largest singular value of the Jacobian matrix &/, (U). If this

matrix is normal and || - || is the spectral norm, then || (U)|| = [A], where
|A is the spectral radius of ®,(U). Since [|[w|| = 1, in this case we have
[bew — @l < €|A + o(e). (4.4.6)
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Here, we have defined

Pew = Py(U + ew), (4.4.7)

SO ey 1s the dual solution corresponding to lincarizing around U + ew.

Thercfore, we conclude that asymptotically as € — 0 we have

s [I6 - dll < CelAl, (448)
e

for some constant C. This result is a-posteriori in the scnse that it docs
not rely upon any knowledge of the truc solution u. However, it is a-priori
in the sense that introducing the norms in (4.4.5) gives a worst case bound
for the cffects of perturbations to U. This in turn complicates the process
for non—normal opcrators, since then the dominant ecigenvalue does not give
the norm. However, if @, (U) is normal, then (4.4.5) says that if we perturb
U a little bit in any direction, the maximum change in the size of the dual
solution is, under appropriate conditions, asymptotically bounded by the
sizc of the dominant cigenvaluc of the map ®,, and in general the dominant
singular valuc gives a measurce of the sensitivity to linecarization around the
approximate solution U:
(R dedl < KR, G) + (R, b — )|

(R, &) + 1 RI[ |6 — &1 (4.4.9)
< (R, @) + €llRl| 7+ ofe).

IN

If we knew that @;,(U) was normal, we could use the nonlincar power
method to compute the dominant cigenvalue by iteratively computing the
differences ®,,(U + ew) — @4,(U). However, as we show below, normality of
the map ®;,(U) is highly unlikely, except in some very simple cases.

We derive a formula for @,(U). First, writc the dual problem as

F'(U) @u(U) = . (4.4.10)
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To simplify notation, suppress dependence on U and omit the subscript on

® and simply write F'® = 9. Now differentiate:
(FT®dY =[F'"f®e+F'7®' =0. (4.4.11)

Note that [F'T]) is not the same as the sccond derivative of the vector
valued function F, duc to the transposc between the derivatives. Still, it
is 1dentified with a bilincar map on the input space. Since @ is a vector—
valued function, the product [F'T)'® corresponds to the bilincar map with
onc argument fixed, hence is a linecar operator. The sccond term in the
sum is the product of two Jacobian matrices, so (4.4.11) is the sumn of two
matrices. It follows that
¢ = —(F)T[F'Te.

_(F/)n([F,T], . (F')—T) " (4.4.12)

In other words, the derivative @ (U) is the product of two matrices: the
negative inverse transpose of the Jacobian of the forward operator, and the
lincar opcrator obtained by the composing the derivative of the transpose
of the Jacobian of F with the inverse transpose of the Jacobian of F' acting
on the dual data 1. There are not any obvious reasons why this product
should produce a normal matrix, and in fact probably almost never docs.
The following simple 2 x 2 example shows some of the difficulties that can

arisc in trying to analyze the function associated with lincarization crror.

Example 4.4.1. Consider the system of nonlinecar cquations f(#) = 0,

where 7 = [x,y]" € R?, defined by

zy —1 0
@)= {z2-1|= l } , (4.4.13)
2
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which has solutions #; = [1,1]" and & = [~1, —1] . The Jacobian (denoted
by a “prime” symbol) and its inverse arc given by

1

o 0
f = B g} and (f)!'= 1 Jy : (4.4.14)
T

72

Now, fixing dual data ¢ = [¥1,42] T, the map @, (7F) is given by

Yo
Dy (7) = f1(7) Ty Do (| B (4.4.15)
o(Z) = f(& h = l | = ﬂ ) _yﬁ , 4.15
x 2 T 2
and the Jacoblan matrix is
¥) = { . 4.4.1
R e e (4.4.16)
3 g2

. . a 0 o
Note that this matrix has the form [ a] , 80 it is not normal (unless b = 0),

b

and it has a defective cigenvalue. On the other hand, by simply switching

the places of the component functions for f, we get

22— 1 -z + 2y —Yn
- ’ ~ 73 2
f@=1| 2 |=9,@= ‘ S (4.4.17)
zy — 1 2 fQ 0
T

This matrix is symmetric (hence normal) and so the dominant cigenvalue
gives the norm. The size of the eigenvalue clearly depends on the compo-
nents of the approximate solution, as well as the choice of dual data.

As a check, we compute the derivative for the function given in (4.4.13)

using the formula (4.4.12). We have

()7 = [y g} ,and — (f)7T = ! T (4.4.18)
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Now, ([f’T]’ ) (f’)'T>w is computed by calculating the Jacobian matrix of

cach row of (/)7 and multiplying on the right by [(f)~T¢]":

1

Ty nN=T 1\, — -ﬂ ﬂﬁ%
(o) - |2 L }[1 0]
00 (4.4.19)
(V1 _ Yy Yo
_ |z 2 oz
L
Now, combining (4.4.18) and (4.4.19) gives
o L[4 _yde ¥n _¥e 0
o = A I S z? . (44.20
B I Rl L e R 2 R
x 2 x a8 z?

which agrees with the result of the direct calculation.

The derivative is normal if F' is a diagonal map. In this situation, the
i component function of the forward operator depends only on the it
variable, so the Jacobian matrix is diagonal, and it follows that —(F')~7 is
also diagonal. In addition, cach matrix in the formation of [F'T]’ has zcros
in all entrics except the (4,¢) position, which contains the sccond partial
derivative of F° with respect to the i* variable. Thercfore, regardless of the
values of the components of ¢, the matrix [F'T]'¢ is diagonal. In this casc,

(Iﬁ/} is the product of two diagonal matrices, so it is certainly normal. This

is demonstrated in the next example.

Example 4.4.2. We consider the 2 x 2 nonlinear system f(x) = 0, where

f:R? - R?is given by

{“’1} - 22 (4.4.21)
Z2 3 1
3 3
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Note that f is a diagonal map. Now, supposc we have computed an ap-
proximate solution X = [.95,.95]T to the truc solution = = [1,1]7. Sup-
posc further that we choose dual data v in the direction [1,2]7, which
is normalized so that ||¢| = 1. The dual solutions corresponding to lin-
carization around the approximate solution X and the true integral average

1
f'(sz+ (1 — 8)X ds arc

G [0.4707} and ¢ — [0.4587J | (4.4.22)

J0

0.9911 0.9406

The map ®@ : X — ¢ and its derivative arc given by

0 o,
z1 , x?

(I)w(X) = ¢2 and (I)Tl)(X) = ()’(/) (4423)
3 0 =
x5 T3

In figure 4.1 we cvaluate the linearized dual solution @, (X + §) for various

perturbations 8. In this example, the true crror is |le|| = ||z — X || = 0.0707,
so we take ||4]] = 0.0707. Figurc 4.1 shows the results of the NLPM finding

the direction of largest change.
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Tr =

H, X = [0'95}, 15]| = 0.0707

1 0.95
1 - direction to exact soln
05 -8~ direction of largest change '
& dominant eigendirection
+ + + 4
+ 7t +
+ + + + true soln.
+
+ + X
1 + 1
+ +
+ +
+ +
+ +
+ +
+ +
+ +
0.95 + approx. soln +
' N |
+ +
+ +
+ +
+ +
+ +
+ +
0.9 + + i
+ +
+ +
+ +
trié+t+ T
0.85 : : .
0.85 0.9 0.95 1 1.05

Figurc 4.1: Results of the nonlincar power method.
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In figurc 4.2, we plot the size of the dual solution in the direction of cach
perturbation ¢ from X, and sce that the NLPM has chosen the direction of
the largest perturbation. The line labelled “true norm” in the plot indicates
the size of the change in the dual solution corresponding to moving in the
“correct” direction from f/'(X) to /1 f'(sz+ (1 — 8)X ds. This valuc was
computed using symbolic packages i(;l MATLAB.

how dual solution changes with perturbations
0.18 T T T T T T

* maximum perturbation

O pert in dir. of dom. eigenvector
0.161 /‘\ i

0.14 T 1

eigenvalue
bound

012 —

0.1 b

0.08 7
"true” norm

0.06 - l B

o] v, \

002 | L Il L 1 1

Figure 4.2: Changes in the size of dual solution.
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Since we arc able to compute all the information exactly in this prob-
lem, we can provide a full account of the error due to lincarization. From
the variational analysis, we know that the projection of the error e in the

direction of the dual data v is given by

(e )] = (R, 8}, (4.4.24)

yet what we compute in practice is |(R, $)| where ¢ is the dual solution
corresponding to lincarization around the approximate solution X. Now,

for the computed value X = [.95,.95]7, the corresponding residual is

A([2) - [0 wa

so using the dual solution ¢, we compute the projection of the crror to be
0.0701. On the other hand, using the cxact dual solution ¢, we find that
true projection of the crror in the direction ¢ is 0.0671, so that the crror
due to lincarization is 0.0030. That is, lincarization caused about a 4.5%
change in the crror estimate. Since the matrix @/, (X) is normal, the norm
is given by the magnitude of the dominant cigenvalue, which the NLPM

computed to be 2.0864. So, from our analysis in chapter 4, we have

[@y (X +6) — Dy (X)| < || (X)]HI4]]
= (2.0864)(.0707)

= .1475. (4.4.26)

Notice in figure 4.2 that there are perturbations to the approximate solution
that producce changes larger than ||®,(X)|[|6]|, due to the higher order

terms in the linearization. We repeat this experiment with an increcasingly
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accurate scquence of approximate solutions that approach the true solution

@ = [1,1]7 along the linc y = 2:

0.9500 0.9625 0.9750 0.9825
X1 = [0.9500] X2 = [0.9625] X = [0.9750] K= [0.9825} '

We show in figure 4.3 how the difference between || (X)||||6]] and the
computed maximum decreases as the size of the perturbations get smaller.
Once again, the upper horizontal line is the quantity |[®;,(X;)]l, and the
lower horizontal line is the value corresponding to linearization around the

theorcetically correct average between z and X;.

0.2 0.12 A
/2 0.1
0.15
0.08
0.1
0.06
0.05
/ A4 \ 0.04
\Y \
0 . . 0.02
0 20 40 60 80 0 20 40 60 80
X1 X2
0.08 0.035
0.07 A\ 0.03
0.06 0.025
0.05
0.02
0.04
01
0.03 0.015
0.02tf \Vj \ 001/ V \
0.01 0.005
0 20 40 60 80 0 20 40 60 80
X3 X4

Figurc 4.3: A scquence of increasingly accurate approximations.
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Table 4.4.2 displays the quantitics given by the bound 4.4.9. Here, ¢,
is the dual solution corresponding to lincarization in the direction of the
dominant cigenvalue v, and ¢ is the dual solution corrcspouding to lin-
carization around X;. At cach stage, we scale the perturbation so that

[oll = llell = 1 X; — =|

| approx. soln | lell | (R, @) | (R, &) | ARSI | (R, &)| + MIR]lI6]l |

X 070711 | 0.077948 | 0.070065 | 0.010046 0.080112
X 053033 | 0.056147 | 0.051962 | 0.005485 0.057447
Xy 035355 | 0.036021 | 0.034263 | 0.002368 0.036630
X4 017677 | 0.017377 | 0.016948 | 0.000575 0.017523

Table 4.1: Quantitics from the bound (4.4.9)

In order to utilize a matrix—frcc NLPM for computing the dominant
singular value of ®},(U), we need a matrix-free way to compute the action of
(U )T, then we can proceed by alternately computing function evaluations
and transposcs, which is equivalent to performing the power method on
P, (U)" @, (U). The square root of the dominant cigenvalue then gives the
dominant singular value for ®;,(U). Given a function f, the situation is as

follows: We implement the NLPM by using the lincarization rclationship
flx +d)— f(z) = f'(z)d + o(d). (4.4.27)

In order to adapt this to a singular value calculation based only on function

cvaluations, we need to emulate the iteration
dr f(@)d o @) [F@)d = @) [f@)T [f@d] ...  (44.28)
Beginning with a random d, the first step is to compute

flz+d) — f(z) = dpew- (4.4.29)
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For step two, we need the function g such that
9(T + dnew) — 9(x) = f(2)  drnew (4.4.30)

then we rescale and repeat. However, the following 2 X 2 example shows
that it is not possible to find the required function ¢, unless the Jacobian

f’ is symmetric, in which case singular value methods arc irrclevant.

Example 4.4.3. If f: R? > R? is given by

@) = B%Ejz;] , (4.4.31)
then the transpose of the Jacobian matrix is
o6 9h
)T = g}’fl g;; . (4.4.32)
dy Oy

Now, the function ¢ : R + R? that is nceded for function cvaluations in

the algorithm must satisfy
glz +v) —glz) = f'(x)Tv (4.4.33)
Soif g = [91 (2, y)] , the following relations must hold:
92(x,y)
O _dn 0f O Oh O 0f o

dr Oz’ Hx Oy’ Oy dxr’ By Oy (4.4.34)

Now
0 0
4 = = fiey) = gi(@,) + (), (4.4.35)
Oz Oz

and
0 7]
Oh _%n, foz,y) = galz, y) + ha(x). (4.4.36)
oy Oy
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Differentiating, we get

?ﬁ Og

= Loy
ay ay + I‘l(y)>
(4.4.37)
ofa 992 ’
—= = ===+ hy(x).
Oz ox + ha(z)
Since % = sz, substituting into the first cquation in (4.4.37) gives
Ay oz
8fl an ’
/2 y). 4.4.
5= G ) (4439
) ‘ o 0
Using the sccond relation in (4.4.34) and substituting for D gives
T
0 0
Oh _ 992 Ky () + 1 (y). (4.4.39)
Jy ox
dg2  Of1
But B By S0
—hi(y) = hy(z) = hy = hy = C. (4.4.40)

Thercfore, the function g can only differ from f by a constant, so that
f must have a symmetric Jacobian. The extension of this example to n

dimensions is straightforward, albeit tedious.

Unfortunately, calculation of the transpose requires the full matrix. We
can still use the power method in the form of algorithm (2.4.2) to compute
the dominant singular value by approximating cach column of the matrix
by perturbing the approximate solution U on basis vectors. This method
is fine for problems of recasonably low dimension, but becomes a significant
issuc when the dimension is large. There appears to be no alternative,

however.
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4.4.2 A difficulty

A difficulty with using the result (4.4.8) to judge the cffect of lincariza-
tion crror on the error estimate for the original problem is that we cannot
guarantce that the solution to the true dual problem can be expressed as
$, (U + ew), so we cannot usc this result dircctly. The reason is cssen-
tially the failurc of the mecan value theorem in higher dimensions [79]: for
a general function F' : R®™ — R™ with component functions F;, wc have
F(u) — F(U) = B(u,U)(u — U), where

VF(U + s,(u—U))
B(u,U) = : . (4.4.41)
VE,(U + sp(u—U))

The s; € [0, 1] arc distinct, hence B cannot in general be represented by
F'(U + ew). However, in the special case when F' is a diagonal map, the
Jacobian is a diagonal matrix and the mean value theorem does imply the

existence of a point z in a |ju — U|| neighborhood of U such that

Flu)— F(U) = /OF’(U+S(1L~U))ds(u—U)

= F'(2)(u-U), (4.4.42)

and the result (4.4.8) applics. In the application to a-posteriori crror csti-
mation, the code producing the dual solution ¢ given forward solution U
is basically a “black box” in the sensc that it cannot be explicitly repre-
sented as a multi-dimensional mapping with known component functions.
We can investigate changes in outputs ¢ for perturbations to inputs U, but
a numerical reconstruction of B(u, U) in (4.4.41) is just not possible.

In the more general situation, we write
16 = 6l < 16— dull + b — 9 (4.4.43)
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where ¢,, is chosen to obtain a dual solution of the appropriate form, and
to yield casy estimates for the terms on the right hand side. For example,
we could take ¢y, = @4(U + 3(u — U)), the dual solution corresponding to
lincarization about the midpoint. We can view this as an evaluation of A

via a midpoint quadrature rule:
! 1
A= / F'(U + s(u—U))ds — A, = F'(U+ §(u - U)). (4.4.44)
0

We can use (4.4.8) to bound ||¢, — @] and use quadrature error results to
bound [|¢ — ép|-

Supposc we know that ||ju — U|| = € <« 1. Assuming F' has continuous
third order derivatives, we can write a Taylor expansion for the integrand
about the midpoint U + %(u — U). To simplify the expression, let § =

U+ts(u—U),m=U+3u-U),andp=S—m=(s—3)(u—U). Now,
F/(S) = F'(m) + F"(m)[p] + -21-F’”(§S) ol (4.4.45)

The third derivative operator is cvaluated at a point £, that depends on s,
and is on the line joining u to U. The square bracket notation indicates
that the sccond and third derivatives arc bi- and tri- lincar operators, re-
spectively, and they act on points p € R"™ and [p,p] € R® x R™ to produce
lincar opcrators on R™, Integrating both sides of this cquation with respect

to s, the middle term drops out, and we get

1 1
1
/ F’(S)ds:F'(m)Jr/ §F’”(§S)[p,;1)]ds. (4.4.46)
0 0
It follows that
1
1 1
4 4ul < swp POl - UIP [ 52512 ds
elUu 0
) (4.4.47)
€ i
< S sup |FE),

24 ecu)
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where [U, u] denotes the line joining U to u. Transposing the operators, we

have

2

€

AT = ALl < 5 su [F7O (4.4.48)
[S{IK

We consider AT as a perturbation to A ; that is, AT = AT + E. Then, we

have |AT — A || = || E|| and
14" = A7T] = 14,7 = (4, + B) 7. (4.4.49)

This difference is bounded as follows [63]:

1457 = (Ap + E)7H < JAZTIHICAS, + E)HHIE]

< C sup [FU(O)]¢ (4.4.50)
¢eUu)
Finally, we can bound the crror for ||¢ — &|:
16—l <116 = dmll + | — 6]l < Ce® + co. (4.4.51)

The constant C depends on A,,, F and F"”. In order to ensurc that C is
finite, we need some assumptions on the conditioning of the problem with
respect to invertibility. Specifically, we want to assumc that inverting the
Jacobian at the true solution w is rcasonably well conditioned in the scnsc
that F’(u)~! is bounded away from the set of singular matrices. Then, there
is a finitc constant C' that uniformly bounds all of the matrix norms in the
above discussion.

The salient feature of the bound (4.4.51) is that ||¢ — @|| is primarily
governed by o, the size of the dominant singular value for ®,,(U), since the

2

first term on the right hand side involves €, which will be much smaller

than e for small values of e.

89

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



By considering a composite quadrature rule, we can obtain a similar

bound for ||¢—¢|| that docs not require such strong smoothness assumptions

on F(u). Given m € N, let

Pm

1 & j
=Y o, (U+i(u—U)>
m i1 m

Now, the operator

m . -T
1
= — g F' (U + i(u — U)> 9. (4.4.52)
T =1 T
1 — i
Api==> F U+ —(u- 4.4.53
mizzl ( + —(u U)> (4.4.53)

can be interpreted as a “left endpoint approximation” to the operator given

1
byA:/ F' (U
Jo

+ s(u — U))ds, and an cstimate for the crror of approxi-

mation is given by

HA - Arn”

AN

Il

i 1
Taking m > —cen
€

/1 FIU + s(u—U))

(

AN s
ds m;F(U+m(u U))

|
> ds

j F'(U + s(u—U)) —F’(U+i—('zt—U))

m

(

7

m

2

;)

— P F” — U P § — —
- amax O] [l = U] ;erg{] 5= —
- p FII .
o enax IE7(E)] €
(4.4.54)

surcs this bound is quadratic in €, and only requires that F

be twice continuously differentiable. Arguing as above, we obtain a bound

for ||(7) — Pl

A7 — (A]

™m

+E)H < JALTITINAS, + E)HHTE)
C
< - FII
< mfi}b‘it]” (e (4.4.55)
1
< Csup |[F(©l€", m> -,
el €
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Note further that

om — @l = (Z% <U+T%(u~U)>)<bw(U)

_ % <; o, <U + Tin(u - U)) - %(U)) H

(4.4.56)

IN

o, <U bl U)) - %(U)H

Putting (4.4.55) and (4.4.56) togcther, we get

- - _ ~ o 1
o — oll <|ld — dmll + ||¢pm — ¢ < Ce” + €0, m> = (4.4.57)

Again, the constant C depends on (A])™! and E and the previous com-
ments apply.

We sce again that the dominant singular value of the map ¢y is the
primary factor in the estimate. We conclude that cven though dual solu-
tions of the form ®(U + ew) cannot exactly reproduce the dual solution
corresponding to lincarizing around the correct integral average, cven for
small ¢, the discrepancy is not worse than quadratic in € and can be safely

ignored for small e.

4.5 Green’s function approach

In this scction, we usc the Green’s function for the solution of the
lincarized dual problem to derive an explicit formula for <I>;,,( U). This reveals
how the derivative depends on the coceflicients of the forward problem as

well as the dual solution and some of its derivatives.
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4.5.1 Review of Green’s functions

We give a brief description of the Green’s function. The rcason is
to give an overview, without delving into the rigor required for a complete
exposition. In particular, we do not discuss distribution theory in any detail.
Much can be found on that subject in the original references [35, 90}, as well
as [53, 76, 77, 100, 102]. Additionally, full trcatments of Green’s functions
for ordinary differential cquations can be found in [54, 71, 87, 93].

If L is an ordinary differcntial operator acting on a space of functions,

we can describe a differential equation by
Lu = f, (4.5.1)

together with some initial or boundary conditions. We solve the cquation
by finding the inverse L~! and applying it to (4.5.1) to recover u. When
the inverse exists, it takes the form of an integral operator. The kernel of
the integral operator is called the Green’s function for L [87]. Formally,

applying L™! to both sides of (4.5.1) gives

u(z) = L7'f(x)
- /G(:I;,E)f(f)df. (4.5.2)

The Green’s function G(x, &) satisfics the differential cquation with 6—

function data, centered at &:
LG(x,8) = 6(x — &). (4.5.3)

From this we see that G is the kernel of an integral operator that inverts

L. From (4.5.2),

Lu(w) = [ LG €)(€)de = [ste-ar©d= s s
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In the next subsecction, we derive a formula for the derivative of the map
®(U) defined in §4.4.1 that is based on the Green’s function for the lin-
carized dual problem (4.3.28). We also derive a formula for the adjoint,
with a view to constructing a power mcthod algorithm for recovering the
dominant singular value and left singular vector for a discrete representation

of ®,,(U), relative to some discretization.
4.5.2 A formula using the Green’s function

Dcnote the adjoint problem (4.3.29) by
F(U)T¢=1, ic. ¢=FU) Ty, (4.5.5)

so that ¢ is the dual solution corresponding to lincarization around U.
Then, using the Green’s function associated with the lincar dual problem

to represent F(U)™7, we have
1
o) = FO) 0 = [ Gulwu)oty) do. (456)
0

We attach the subscript U to G to indicate that this is the Green’s function
for the dual problem corresponding to lincarization around U.
Now, let ¢; and ¢2 be dual solutions corresponding to lincarization

around U; and U, respectively:

{~a<U1></>'f —b(U1)¢h — f'(U)ér = ¥, (457
$1(0) = ¢1(1) =0, z€[0,1],
and
{_a(U2) 5 — b(U2)¢h — f'(U2)da = ¥, (4.5.8)
$2(0) = ¢2(1) =0, =€ 0,1].
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Subtracting these equations and adding some terms to both sides gives

- [a(Ul)d)l{ —a(Uy) '2'} - [b(Ul)¢l1 - b(Ul)éb/z]
— [ (U)¢r — f'(Ur)oa]
= —a(Us)¢y + a(Un)¢y — b(Uz) ¢y + b(Un )l

— f'(U2)a + f'(Ur)ba, (4.5.9)
which can be written as
—a(U))A¢" — b(U1)A¢' — f'(U1)A¢
= a(Uy — Ua)y + b(Uy — Uz)y + (UL — Us)ha,  (4.5.10)
where

A(b = (bl_d)%

1
i "(sUL + (1 — $)Us) ds,
a /Oa(s 1+ ( s)Us) ds

[l
i

/01 B (sUy + (1 — 5)Us) ds,
f o= /01 F'(sUy + (1 = s)Uy) ds. (4.5.11)
In terms of the operator F, we have

FU)TAG = a(Uy — Un)gls + b(Uy, — Uy + F(UL — Up)pg.  (4.5.12)
Now,
Ap = F(U;)"T {&(U1 — Un)¢l + B(UL — Up)h + F(UL — U2)¢2} . (45.13)

If welet U, — Uy = €Z, then

% - % (F(Ul)‘T {anqsg + beZdly + fez¢2})
- FU)T {az¢>g b2l + fzqsg} (4.5.14)

1

= | Culww) {3Zw)esy) +b2Wh(w) + [Z(wea(n) | dy

J0
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Now as ¢ — 0, we have Uy — U; and ¢y — ¢y, and, assuming sufficient
smoothness,

1

a'(sUy + (1 — s)Us)ds — a'(Uy),

1
V(sUy + (1 — s)Uz)ds — ¥(Uy),

1

i

[ = i (sUL + (1 = s)Us) ds — f7(Uy). (4.5.15)
Finally, we get
(F(Ul)_T)/ (Z(x)) = lim <—A£> (4.5.16)
e—0 €

so wc can express the derivative as
1

cm,y){a' (U) #0) + ¥ (Ualw)) #(9)

/0

P U) 6y <y>}Z<y> dy. (4517)

Note that for € = 0, ¢ = ¢y = F(U;)~ T+ depends on U; = Us,, the point
at which the derivative is to be evaluated. This way of expressing the
derivative of makes it clear that its propertics depend on the propertics of
the functions a,b and f.

We can conncct this expression for the derivative of the mapping be-
tween the forward solution and lincarized dual solution with the general

formula (4.4.12) that we derived in §4.4.1. Recall the forward problem

(4.3.17):
{-(a,(u)u')' + b = f(u), (45.18)
w(0) = u(1l) = 0.
We can write this as F(u) = 0, where
F(u) := —(a(u)u') + b(u)d' — f(u). (4.5.19)
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The lincarized dual problem is

{FI(U)Td’ =¥, (4.5.20)
$(0) = ¢(1) =0,
where
, _ d? d of .
F()T = —a(U)w — b(U)a i (4.5.21)

and U is the approximate solution to the forward problem. In this context,
¢,(U) is defined by
1
()= FO) 0=~ [ Gulepitdy (@52
0

As in §4.4.1, we can write the dual problem as
F'(U) @y (U) = 4. (4.5.23)

We derived formula (4.4.12) for @;, by differentiating this cxpression im-
plicitly, and we can employ the same method here. Differentiating (4.5.23)

with respect to U, we get
[F/(U)") ®,(U) + F'(U)T @, (U) = 0, (4.5.24)

which gives

!

O (U) = —F'(U) [(F’(U)T) qs] , (4.5.25)

with @}, (U) denoting the derivative of ®4(U) with respect to U. Recall
that

2 d af

F/UT:— U(__(U___"7

) o )dw2 4 )dx ou

S0

. da 2 9bd S
/ T Tl [
(FU)') = oU dz?  oUdx U (4.5.27)
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Therefore,

da d® b d  O%f
/ _ -T - - _ 4
o, (U) = —F'(U) [( oU dx?  9U dx (7U2> 4

2

1
| e o+ oo+ Zow

The action of ¢, (U) on a function z(z) is given by

1
0
¥ )t) = [ Gotr.i{ Sed W)+ W
o f
oU?

; </><y>}z(y> dy. (4.5.28)

This is the same formula we derived by computing lim <—> .
e~ €

4.5.3 A formula for the adjoint

We denote the operator @7, (U) in (4.5.28) by L, and scck a formula for

the adjoint L*. We have

ey = [ 1 | 1GU<x,y>{§%¢”<y>+%«s'(nggf;(»(y)}z(y) | wle) o

b 52
-/ GU@,y){%MyH§—U¢'<y>+a—Uﬁ¢<y>}w<w> de 2(y) dy

0 0
e o ob 52
—= | /0' GU(-'L'7 !/)’w(.l/> dl{gﬁ:j(bll(y) + ‘a‘UQS’(y) -+ a—lfé¢(y) }z(y) dy

= (z, L'w).
Thus,

1 32
vw=| [ Gote e ds] { Ses'w+ oo+ Thow | 4529

So, while the operator L can be characterized by “multiply the Green'’s func-

2
tion by {g—gd/’('g) + %(ﬁ(y) + %qﬁ(y)} and integrate against the data,”

we sce here that the dual operator is characterized by “integrate the Green's
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function against the data with respect to the other variable, then multiply

da ob 9% f
} Il "y, 7 , - J
¥ {BU(/) W)+ 559W) + g5

appropriate quantitics in both L and L*, we can apply them in succession

qS(y)} By numecrically rcconstructing the

and create a power method for the symmetric operator LL*. This way, we
can cstimate the dominant singular value and left singular vector for &7 (U).

We discuss this implementation in §4.7.5.

4.6 Conditioning for nonlinear equations

The condition number of a matrix is a measure of the sensitivity of the
solution to a lincar system of cquations. In [85], Rhcinboldt extends the no-
tion of condition number to nonlincar cquations on normed linear spaces. In
this setting, the condition number depends on the domain, and Rhicinboldt
shows that the condition number of the nonlincar problemn asymptotically
reduces to that of the derivative at a point. In this scction we cxamine
the map @ defined in (4.4.2) in this context, and show that the quantity
|, (U)|l is an appropriate measurc of the scnsitivity for changes in the
dual solution ¢ to (4.3.28) corresponding to perturbations of the forward
solution U to (4.3.16).

For real normed lincar spaces X, Y and the space L{X,Y') of bounded

lincar opcrators from X to Y, Rhcinboldt defines the quantitics

u(F,C) =sup{t € [0,00);||Fz — Fyl|| > t||lz — y|| Yo,y € C}, (4.6.1)
and

v(F,C) = inf{t € [0,]; ||Fx — Fy|| < t|x — y|| Vz,y € C},  (4.6.2)

for any mapping F : D € X — Y and any closed subsct C C D. Note

that the value ¢ = oo is allowed in (4.6.2). The condition number of the
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mapping F on the set C' is defined as

p(F,C) .
= £0 F.C),v(F,C ,

W(F.C) = v ay OB O EC) <o (4.6.3)
00, otherwise.

This reduces to the standard definition x(F) = || F||||[F~}| in case F € L(R",R").

Rheinboldt examines solutions to nonlincar cquations
Fr =1, (4.6.4)

and

Gr = ¢, (4.6.5)

with mappings F, G from X to Y. Here, he takes the maps F and G “close

to cach other in the sense that on some set C the difference mapping
E:CCcX->Y Ex=Fr—-GeVazel (4.6.6)

has a sufficiently small Lipschitz norm.” In other words, the map G can be
viewed as a perturbation of F.

Rheinboldt shows that if ¢} C (5, then
H(F, Cl) S KZ(F, 02), (467)

which suggests that we must consider the limit as the domain shrinks to a
point. For F: D C X - Y, C C D (C closed), and z € C, he defines the

localized bounds
P’ (F,C, z) = sup{t € [0,00); |Fx — Fz|| > t|x —y|| Ve € C}, (4.6.8)
and

VUF,C,z) =inf{t € [0,00];|Fz — Fz| < t|x —y|| V2 € C}, (4.6.9)
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and the corresponding localized condition number

0
p(F,C) .
—_— f F F,
WFC) = F ) TO<uR O pEC) <o (4.6.10)
00, otherwise.

We state two of the theorems in [85] that arc relevant. They appear as

Theorem 3.2 and Theorem 3.3 in that paper.

Theorem 4.6.1. Suppose that the continuous mapping F' : D ¢ X — 'Y
has a Fréchet derwative F'(2) € L(X,Y) at z € int(D) for which the inverse
F'(2)7' € L(Y, X) exists. Then for any sufficiently small € > 0 there is a
0 >0 such that C = {z € X;|jz — z|| <d} C D and

WUF, C,2) — ||[F'(2)||] <, (4.6.11)

and

|1(F, C,2) — ||F'(z) 7Y™ < e (4.6.12)

From (4.6.11) and (4.6.12), it follows that

0 _ !
B € < B (F,C,z) — k(F'(2)) < €  (4613)
[E"(2)" 1 + e 1+ w(F'(2)) [F7(z)"H|~! — e
where K(F'(2)) = ||F'(2)||||F'(2)7Y is the condition number of the deriva-

tive on X.

Theorem 4.6.2. Let F: D C X — Y be such that k°(F,C,2*) < oo on
some closed set C C Dp and that (4.6.4) has o solution z* € C. Then, for
any G : Dg ¢ X — Y, C C Dg, for which (4.6.5) has a solution y* € C,
we have

jo—cl | G- Flic
|b— FaO| * ||b— Fa ]

=" =yl < KO(F, C,2¥)

4.6.14
R o)

Here, 2° € C, 2° # x* is any point, and ||G — F|lc = sup{||Fx —Gz|| ¥V z €
C}.
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In practice, we analyze the map ® by producing an approximate solu-
tion U to the forward problem, and then add perturbations of a given size
to U and examince the corresponding changes in the dual solution ¢. In this

situation, equations (4.6.4) and (4.6.5) become

Fo=U
¢ (4.6.15)
Fo=U+ew; e, |w|=1.

Here, F' represents the inverse @71, and we assume the hypotheses of the
inverse function theorem hold on the ball B.(U). Using the notation in-
troduced in §(4.4.1), we let ¢ denote the solution to the dual problem
corresponding to lincarization around U, and ¢, the dual solution cor-
responding to lincarization around U + ew. In this case, cquation (4.6.14)

in Theoremn 4.6.2 is

||¢‘“¢6wl| 0 C [
6 g0 =GO

Here, C is a closed set contained in B (U), which can be taken to be the

€
m} . (4.6.16)

intersection of the closed set in Theorem 4.6.2 and the closed set given by

the inverse function theorem, if necessary. We can write (4.6.16) as

LRI

H_(]—-____—FW (4-6.17)

”(ZS - qSewH S KO(F7 C» ¢) [

and, denoting by U? the forward solution corresponding to the dual solution

¢°, we can further write this as

(4.6.18)

D _ 0

16 - 6l < w5, | 122 E0)

[(U) - (U]
U - U

by Theorem 4.6.1. Using the inverse function theorem,

— || @' (V)| and £(F, C, ¢) — s(F'(¢))

Notc that as e — 0,

K(F' (@) = IF(@OIIF (@)~
= [l () lieW)]

= w(®'(U)). (4.6.19)
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These results imply that
16 = dewll < N®"(U) e, (4.6.20)

which we have scen alrcady from the direct lincarization of the map & in
§4.4.1.

In theory, we wish to examine the problem

Fo=U
¢ (4.6.21)
Gop=U,
where G represents the inverse of the map corresponding to solving the dual

problem around the correct integral average of u and U given in (4.3.14).

Letting ¢ = G~1(U), cquation (4.6.14) rcads

¢ =6l _ o G~ Fle
o <00 (4622

Using the same cstimates as before, we sce asymptotically as e — 0 that
6 = ¢cll < 12 (WIIIG - Fllc- (4.6.23)

It is worthwhile to compare cquations (4.6.20) and (4.6.23): the quan-
tities in the latter describe exactly the sensitivity to linearization, but since
we never know the exact solution u, the operator G is unknown, and the
dual solution ¢¢ is impossible to obtain. We give up a direct attack on
|G — F||c in (4.6.20) by replacing G with F' and examining perturbations
to the known data U. This is not unrcasonable in light of the difficult na-
turc of determining G. 1If we have more information about the linearized
dual opcrator, then it may be possible to say more. For instance, if we

know that the derivative of the operator f in the forward problem f(u) =0
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is Lipschitz continuous with constaut L, then

IN

! 1
H /o f(su+(1—8)U)ds — f’(U)H /0 1F (su+ (1 — 8)U) — F'(U)] ds

1
< / Ls|lu— Ul ds

0
= gHU —Ul|l. (4.6.24)

Thus, if we know that the crror e = «w — U is small for a sufficiently fine dis-
cretization, we may take € < £lfe|| in (4.6.20) when we make computations.
Regardless, the appearance of the quantity ||®],(U)]| in both expressions
suggests its valuc as a sensitivity measure. The results in Rheinboldt’s pa-
per [85] verify the role played here by the derivative ¢!, (U) of the nonlincar
map ¢, between the approximate forward solution U and the dual problem

corresponding to lincarization around U that we defined in §4.4.1.

4.7 Implementation

In this scction, we describe the programs that we use to investigate the

lincarization issuc for two—point boundary valuc problems.
4.7.1 Solution of the forward problem

Recall the two—point boundary valuc problemn (4.3.17):

{—((a(u)u’)’ + b(u)u'(z) = f(u),

u(0) = u(1) = 0, (4.7.1)

The weak form of the differential cquation is obtained by multiplying (4.7.1)
by a test function v(z), with v(0) = »(1) = 0 and integrating the sccond

order term by parts. We seck w € V' such that

1 1 1
— / (au')'vdx + / b'vder = / fvdz
. 0 0

0
1 1
= / (auv' + bu'v)de = / fvdz Yv eV, (4.7.2)
J0 0
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where V = H}[0, 1], the Sobolev space of functions on L»[0, 1] whose weak
first derivatives are also in L2[0, 1]. Given a partition 0 =z < 2; < ... <
Type1 = 1 with hy = 2; — 2,1, we let Vh(l) be the space of continuous lincar
functions with value zero at x = 0 and = = 1. Vh(l) is an M dimcnsional

subspace of Hj[0,1], and a basis is given by

0, x & (21, Tig]
r— :L"I’_l . P oy

¢; = m, @ € [riy, 4y (4.7.3)
T — X4l

] , T E [$i7wi+l]7
Ty — Titl

fori=1... M. We discretize (4.7.2) using the continuous Galerkin (¢G(1))

method to compute U € Vh(l) such that

/l(a(U)U’v’ +b(U)YU'v) dx = /l f(U)vdx (4.7.4)

J0

M
for all v € V,fl), where U = Z U;¢;. Choosing v = ¢; for 1 < ¢ < M lcads
j=1
to the system of equations

ZU / a(U;) ¢, + b(U, )(p(p,dl:_/ FUDGdr  1<i<m.
(4.7.5)
Each basis function is supported on [2;_;, 2;+1], so the integrals vanish ex-

cept when ¢ = § — 4, 4 = j, and 7 = j + 1. This leads to the discrete system
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of cquations

[ (aUs ) + a(Ui-1,2i0)) ],
[ }Uz_l

2h,j
((L(Ui_l, .’I,'i_l) -+ a(U,', CL‘z)) ((L(Ui, IIJi)(J,(Ui+1, .’L‘H_l))
- { [ 2h; ] " { 2hiq } }Ui
_ [(“(Uuﬂfz‘) + a(Ui+1,l‘i+1))] U
2hi+l i+1
+ {M;_M)] (Uis1 — Ui—1)
= E—#f(Ui x;). (4.7.6)

We solve this nonlincar system of equations by defining F;(U) as the differ-
cnce between the left and right hand sides of (4.7.6) and solving F(U) =0
using Newton’s method with damping. Damping is used when the initial
gucss for the method is not good. We view the computation of a root of
F(U) = 0 as trying to minimize [|F(U)|l. It is possible that a Newton step
causes ||F(UD)|| > |F(UED)]], for example when U is far from a root,

or when the Jacobian F/(U%1) is nearly singular. Now, the i*

Newton
changc

8§ = F(UGD) L RU-b)y (4.7.7)

is a direction of decrcasc for | F(U)]| from UGV so |F(U)| < [[F(UD)|
for all U sufficiently close to U1 lying in the dircction of §;. “Damping”
means that we move in the direction of the Newton change, but not as far as
indicated by Newton’s method. With damping, we try to find an iterate in
the direction of §; from the previous iterate that is relatively large, but for
which the successive norm decrecases. The algorithm performs a biscction
scarch in the dircction of the Newton change in order to find an iterate that

decreases the norm. The algorithm is
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Algorithm 4.7.1. (Damped Newton Method)
1. Uold = U()
2. Fori=1to MAXIT

e Solve F'(Uya)d = F(Uga)
o set Unew = old + 5
o [F|8|| < TOL break

o [F|[F(Uncw)ll > |1F(Uaa)

U, U
— get Unew _ new;' old

— WHILE |F(Unew)|| > | F(Uota)|]

Unew + Uold
2

end WHILE

- Unew =

e end IF

® Upld = Unew
3. end

This algorithm produces a sequence {U©®, UM, U@} of Newton itcrates
that converge to the root of the equation F(U) = 0. The solution of the
cquation F'(Uyy)d = F(Uya) is accomplished by constructing the Jacobian
F'(Uyq) as a sparse, banded matrix and solving the lincar system. The

matrix is banded and has thc samc sparsity structure as the discretized

106

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



problem. The cntrics in the Jacobian arc given by

BE(U) ((l(Ul,sz) +CL(UZ'_1,II?Z‘_1) +a’(Ui_1.:r,i_1)
S - U, —U,_
an—l i: th ( ) 1)
_b(Ui+17 Tit1)
2 7

OF,(U) [ﬂUﬁhwwl ( ! 1 )aah,ﬂ4_MUﬁumwﬂ]

8U7j 2}L1j Th + 2}Li+1 2h11+1
Ui=U1) o v WitUy) 00
-+ oh a'(Us, x;) T a'(Us, x;)
+(Ui+1 + Ui“l)b'(Ui,xi) _hi— hi+1f,(Ui ):
2 2
OF(U) _ _[(aUs2) + a(Uiss, 2i41) + ¢/ (Uigs, Tia) (Ui — Ui 1)
OVt 2hiq ! “t
b(Ui—1, ;-
+(—12“L—1—). (4.7.8)

As before, the notation a'(u, z) ctc., denotes differentiation with respect
to uw and not to x. Additionally, in this thesis we only consider uniform
discretizations, so h; = hyyq for all 4.

In some examples that we consider later on, the Newton algorithm
docs not converge to the correct solution. In cases where we know the
exact solution u, we circumvent Newton’s method and use values of the true
solution to construct a solution U in an appropriate space of approximate
solutions. Typically, we take the nodal values of the true solution and
construct a piccewise lincar interpolant, which serves as the approximate
solution about which we lincarize the cocflicients of the dual problem. In
this way, we can control the size of the crror in the forward solution and
examine how it affects change in the dual solution in cases where the forward

solution process does not work.
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4.7.2 Solution of the dual problem

Recall the form of the dual solution used in the finite clement method
is

{_ (a(@)¢) + (@' (U)U" = b(U)) ¢’ = f' (U)o = ¥, (4.7.9)

$(0) = ¢(1) = 0.

After the Newton algorithm produces the approximate solution U to the
forward problem (4.7.1), we evaluate the cocflicients in the dual problem,
specify the dual data ¢, and solve the dual problem. The code produces
three different finite clement solutions to the dual problem. The first uscs
the same basis functions (4.7.3), the second uses quadratic Lagrange basis
clements (sce [42], page 200), and the third uses cubic Hermite clements (sce
[99], page 58). We compute the dual solution in these spaces of smoother
functions to examince propertics of the error estimates that require more
smoothness. For example, solving the dual problem in the same space as
the forward solution (c.g. ¢ € Vh(l)) makes analysis casicr, since in this case
the domain and range of the map ¢ : U — ¢ have the same dimension.
Solving the dual problem in Vh@ is donc for cxamining crror estimates that
give sccond derivative information, c.g. ¢ — wp¢. We use the cubic Hernite
clements to construct dual solutions with smooth sccond derivatives, in
order to facilitate cxamining the formulas for @/, (U) that arc discussed in

§4.5. Sce cquation (4.5.17), for cxample.
4.7.3 The nonlinear power method

With the computed forward and dual solutions in hand, we can imple-
ment the NLPM in a matrix—frce way as sct forth in Algorithm 2.4.1. While

the algorithm itsclf is relatively straightforward, there are some subtletics
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with the manner in which we compute the sequence
O(U + 6;) — d(U). (4.7.10)

In particular, if we solve the forward problem U € th but the dual solution
¢o=dU) € Vh(g), then the input and output spaces for ¢ arc not the same,
so it is not simply a matter of feeding the previous iterate back into the loop.
In casc U is in a “smaller” space than ¢, we attach the appropriate nodal
values to U to “lift” U into the same space as ¢. Iu the case where U € V,fl),
adding midpoint values between the nodes is sufficient. This is not an issue
when the forward and dual problems arce in the same space. Also, some of
the coceflicients depend on the derivative of the forward solution, and this
information must be computed numerically. The values for the coefficients
of the dual problem arc expressed on a grid of gauss nodes by forming lincar
combinations of the appropriate basis functions, which arc defined by the

code and cvaluated on the gauss nodces.
4.7.4 Constructing @), (U)

Once we obtain the lincarized dual solution ¢ in a finite dimensional
vector space, we construct a finite-dimensional approximation to the oper-
ator <I>:p(U ) by solving a sequence of dual problems: we fix a small value
for the parameter €, successively scale the basis functions e;, perturb the

forward solution, and compute

<I>(U -+ 66]') - (I’(U)
€ )

j=1...M, (4.7.11)

where M is the dimension of the space for the dual problem. In this way,
we determine the action of the matrix @3,(U) on the basis, and concatenate

these to form the matrix. With the matrix in hand, we can usc MATLAB
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to find cigenvalues and cigenvectors, and to perform a singular value de-
composition. We can then comparc these results with those of algorithms

(2.4.1) and (2.4.2), as well as the codes bascd on cquation (4.5.17) in §4.5.6.
4.7.5 Approximate Green’s function

In §4.5, we discussed an approach to ®,,(U) that utilizes the Green’s
function for the lincarized dual problem. Using equations (4.5.17) for ®3,(U)
and (4.5.29) for its adjoint, we can construct an algorithm that performs a
power method for @3, (U )T<I>§p(U ), thereby providing an alternate route to
the dominant singular value and singular vector.

We approximate the Green’s function for the linearized dual problem
by inverting the stiffness matrix for the system of discrete cquations that
ariscs in the finite clement formulation of the lincarized dual problem. We
can do this because the Green’s function satisfics the dual problem with
delta function data. The load vector for the dual problem with a delta

function centered at the j** node is given by

0 (0 otherwise,

1 L
5, () i) dz = () = {1 =7 (4.7.12)

since the ¢; arc Lagrange basis functions. From this we sec that the load
vector corresponding to the i** cquation is the standard basis vector e;.
Thercfore, the matrix that represents the Green’s function corresponding

to solving dual problems with delta data centered at the nodes is
SG=1=G=5", (4.7.13)

where S is the stiffness matrix for the finite element that produces the dual
solution corresponding to lincarization around the approximate forward so-

lution U.
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To demonstrate, we numecrically reconstruct the Green’s function for

the problem

—u" = f(z), f(0)=f(1), z€[0,1]. (4.7.14)
We take a uniform partition of [0, 1] into 100 subintervals of length A = .01
and build the stiffness matrix for the ¢G(1) finite clement formulation. Now,
the Green'’s function for this problem is given by [93]

(1_€)$7 OS-L<€

(1-2)§ €<a <l (4.7.15)

G(.’L‘, §) = {

We plot G(z,&) and the inverse of the stiffness matrix on [0, 1] x [0, 1],
and their difference in figure 4.4. Once the code constructs the Green'’s func-
tion and computes the other quantitics in the kernels of cquations (4.5.17)
and (4.5.29), it begins with an initial function z(z), computes the value
of cquation (4.5.17) using gaussian quadrature, then uses that value as the
function on which the adjoint operator acts, as per (4.5.29). The intermedi-
ate iterates are saved in order that we may compare these with the NLPM.
Note that the cvaluation of the kernel requires sccond derivatives of the
computed dual solution. We solve the dual problem using cubic Hermite

basis clements in order to produce a sufficiently smooth approximation to

¢ for this purposc.
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Inverse of stiffness matrix Green’s Function
0.3

0.2

0.1

-0

0.01

The difference between

0.005 the two is O(h).

—-Q

Figurc 4.4: Inverted ¢G(1) stiffucss matrix, Green’s function, and their
difference.
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Chapter 5

EXAMPLES

5.1 Numerical examples

We present a series of numerical examples to illustrate the use of the
nonlincar power method and to demonstrate the codes based on the algo-
rithms for the NLPM and the Green’s function integral representation for

@y, (U).

Example 5.1.1. We begin by cxamining the onc—dimensional version of

the classical Bratu problem

() = /u(m) <r<i
() = A" 0< 2 <1, (5.1.1)
u(0) = u(1) = 0.

This is the steady-state problem corresponding to the evolution problem
u — Au=Xxe", €D, t>0, (5.1.2)

and is a model for solid fucl ignition [74, 13]. Equation (5.1.1) is simply

(4.3.16) with @ = 1, b= 0, and f = Xe¥®). The exact solution is given by

u(z) = —21In (M) ’

cosh ( g)

[5, 21, 31]
(5.1.3)
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where 8 solves

6 = v2Xcosh (g) : (5.1.4)

There is a unique solution for A, = 3.513830719 (sce [21]), and there are two
solutions for A < A.. We take A = 1, which corresponds to two solutions

given by the values

0, = 1.5171645 and 0, = 10.9387028. (5.1.

(@2
—
[&4]
S

Taking U; = z(1 — z) as the initial iterate, Newton’s method converges to
the solution corresponding to ;. Using dual data + = 1, the dual problem

corresponding to lincarization around the approximate solution U is
—¢"(x) — eV = 1. (5.1.6)

Figure 5.1 displays the forward solutions, crror, and dual solution. The
thick black curve is the true solution, and the ¢G(1) finite clement solution
is the thin ycllow curve.

Figurc 5.2 displays the results for the matrix reconstruction of <I>Z/)(U )
(scc §4.7.4). @, (U) is shown in the upper left corner, and the matrix
corresponding to (I — m,)®,(U) is shown in the upper right corner. The
dominant left singular vector for this matrix gives the perturbation to U
that causcs the largest change in ¢ — ¢, where 7y, is the nodal interpolant
that projects ¢ from Vh(Z) into Vh(l). This projection is important for study-
ing a-posteriori cstimates involving the dual weights ¢ — mp¢p. Note that
the singular vectors shown in the lower left of Figure 5.2 arc not the sainc,
indicating that two different perturbations arc required to bound cstimates

involving both ¢ and ¢ — m,¢. Since the main focus is the map ¢ : U — ¢,

henceforth we only consider @7, (U).
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True and approximate solutions x107° Error

0.2 0
0.15 »
0.1 -2
0.05 -3
0 -4
[} 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Dual solution The size of the erroris
0.2 2.5608 E-5 for n = 20 elements.
0.15
0.1 The forward and dual solutions are not
the same!
0.05
0
0 0.2 0.4 0.6 0.8 1

Figurc 5.1: Solutions for the 1-d Bratu problem.

10 20 30 40
singular vectors eigenvectors
3.5 4
3
25 3
2
2
1.5
! 1
0.5
0 0
0 0.2 0.4 0.6 0.8 1 ¢ 0.2 0.4 0.6 0.8 1

Figure 5.2: &, (U) and (I — m)®;,(U), singular vectors, and cigenvectors.
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Example 5.1.2. We consider the two—point boundary value problem (4.3.16),

with the following cocfficients and data:

alu,z) = 1+u
bu,z) = wu

9
“

flu,2) = 2u+u(l —2x) — (1 —2x)“+2.

The data f was chosen so that u(z) = z(1 — x) solves the problem exactly.

We choosc dual data
Y(z) = —42’ + 62 — 22 4 2, (5.1.7)

which makes ¢(x) = 2(1—=) the solution to the dual problem corresponding
to lincarization around the truc forward solution w. This way, we can test
both the forward and dual solves to determine whether they are producing
meaningful approximations. We solve the problem on a very coarse mesh
(n = 4 clements), and on a finer mesh (n = 40 elements) and display the re-
sults in Figures 5.3-5.8. Figures 5.3 and 5.4 show plots of the approximate
and truc forward and dual solutions, as well as numerical approximations
of the Green’s function for the lincarized dual problem, and a reconstruc-
tion of the matrix @7 (U). Figures 5.5 and 5.6 display the results of the
nonlinear power method; the left hand figure shows the final iterate of the
mcthod (vectors arc normalized to have Ly norm cqual to one) to deter-
minc the dominant cigenvector and dominant left singular vector. Figures
5.7 and 5.8 again show @/, (U), using the basis functions for the space Vh(z)
of piccewise quadratic functions, and the basis functions for th), the space
of piccewise lincar functions. Notice the “banding” effect that is caused by

solving rclative to the basis for Vh@: this is because there are two different
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“shape” functions in that basis, and their perturbations lead to qualita-

tively different dual solutions. The appearance is smoother in Vh(l) since

the basis “hat” functions arc identical at cach node.

Table 5.1 displays the results of some crror computations. Since the

truc solution is known, we can compute the quantitics ||e|| = ||u — U] and

|{e, 9} cxactly, and comparc these with a-posteriori estimates based on the

dual solution.

| # of clements | lle]] | e, )| | cstimate 4.3.38 [ crror ratio ||
n=4 5738 x 1073 [ 1.109 x 102 | 1.116 x 10~2 1.00522
n = 40 5.644 x 107° | 1.042 x 10~* | 1.042 x 1074 1.00005

Table 5.1: Errors for Example (5.1.2).
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Forward Solutions Dual Solutions

0.35 0.35
—= cG1 approximation - ¢(G2 approximation
0.3 = true solution 03 — {rue solution
0.25 0.25
0.2 0.2
0.15 0.15
0.1 0.1
0.05 0.05
0 0
Q 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

derivative of d>v(U)

Approximate Greens Function

Figure 5.3: Solutions for Example (5.1.2) with n = 4 clements.

Forward Solutions Dual Salutions
0.35 0.35
- c¢G1 approximation -— ¢G2 approximation

03 = true solution 0.3 — true solution
0.25 0.25
0.2 0.2
0.15 0.15
0.1 0.1
0.05 0.05
0 0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Approximate Greens Function derivative of ¢V(U)

uummuunmuum
I

K

/
i

|
n,,‘[n'.'n...MI ‘i

Figure 5.4: Solutions for Example (5.1.2) with n = 40 clements.
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Eigenvector and Left Singular Vector True and approximate eigenvectors
1.5 T T T T 1.5 T T T T

0.5 4

= matlab
m—3lgorithm

Figure 5.5: NLPM results for Example (5.1.2) with n = 4 clements.

Eigenvector and Left Singular Vector True and approximate eigenvectors
1.5 ' ' T : 15 . . . ,
r : 1t ]
o.5r 1 0.5f 1
= gigenvector : :;a(l)l:::hm
—— singular vector 9

Figure 5.6: NLPM results for Example (5.1.2) with n = 40 clements.
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-0.01
e ~0.02
—0.03
~-0.04
-0.05

-0.06
-0.07

Figure 5.8: @, (U) with ¢G(2) and ¢G(1) basis functions, n = 40 clements.
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Example 5.1.3. In this cxample, we consider the boundary valuc problemn

(4.3.16) with these cocfficients:

alu,z) = 14w
bu,z) = 0

flu,z) = 146z — 622

With this choice of f, the exact solution is u(z) = z(1 — x). In the first

part of this example, we use the dual data
Y(z) = B2 (1 + = — 2?) sin(Br). (5.1.8)

This choice makes ¢(x) = sin(Bnz) the dual solution corresponding to lin-
carizing around u. We begin by taking # = 5 and show some results based
on Algorithm (2.4.1), as well as an algorithm based on formula (4.5.17), uti-
lizing the integral representation for @7, (U) based on the Green’s function.
Since the truce dual solution is known, we arc able to check the accuracy
of the ¢G(1), ¢G(2), and Hermite finite clement methods used to solve the
dual problem. In Figure 5.9, we display the results for the dual solution
corresponding to lincarization around the finite element solution. Clearly
these plots indicate that the dual solution codes are producing accurate re-
sults. Figure 5.10 displays the results of the nonlinear power method, based
on Algorithm (2.4.1). The initial starting vector is shown in black, and the
final iterate in red. In this example, we used the sequence «; = (.75) for the
lincarization, and ran the power method until the norm of the perturbations

to U became as small as /€y, where € is the machine number.
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1.5 T T T T T T T T T

—— linear
— quadratic
--_cubic

0.5

L I L L ! L ) L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5.9: Lincar, quadratic, and cubic dual solutions for Example (5.1.3),

B =5.

Figurc 5.10: Itcrates of the NLPM for Example (5.1.3), 5 = 5.
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Figures 5.11-5.13 compare the final iterates from the NLPM and Green'’s
function integral formula with the cigenvector produced by MATLAB for

the matrix reconstruction of @7, (U).

15 T T T T T T T T T
—— NLPM
— Green
— EIG
1k
0.5
0 ] 1 | 1 i ] | 1 ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 5.11: Dominant cigenvector for @),(U): NLPM, Green’s function
formula, and MATLAB.
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Figurce 5.12: Difference between NLPM and MATLAB.

Figurc 5.13: Difference between Green’s function formula and MATLAB.
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Table 5.2 shows the approximations to the dominant cigenvalue for the
NLPM, the Green’s function formula, and MATLAB’s cigen—decomposition
of the matrix representation for <I>§/J(U ). We also show the approximation to
|®!,(U)]| bascd on the Green’s function formula coupled with the formula

(4.5.29), as well as from the SVD for the matrix &, (U).

” I NLPM l Green'’s IMATLAB H

cigenvalue 3.306488 | 3.306171 | 3.305899
singular valuc 14.54759 | 15.32457

Table 5.2: Dominant cigenvalue and singular value.

Example 5.1.4. We continue with the problem given in Example 5.1.3,
with somec differences. In the previous example, the dual data was not
normalized, making it inappropriate for the purposcs of crror estimation.
Hcere, we usce the same formula for the dual data, but scaled to have unit

norm: we take

p(z) = B*n*(1 + z — 2°) sin(Brzx) (5.1.9)
and then use ¢¥(x) = HPEL;H as the dual data. This has the cffect of scaling
p(z

the dual solution by approximatcly (73) ™2, so the size of the dual solution
decrcases fairly rapidly with increasing 5. We vary the parameter § and
examine what cffects this may have on the sensitivity of the problem to
lincarization. From cquation (4.5.28), we conjecture that dual solutions
with large second derivatives may indicate a sensitivity to lincarization.
We take n = 40 clements and solve both the forward and dual problems
in the space Vh(l) of piccewisce lincar polynomials. The crror € = |ju — U|| =
1.55x 107 for this discretization. We construct the matrix representation of

the operator @, (U) and usc MATLAB to perform both singular value and
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cigen—decompositions and display results in Table 5.3. Recall that ®&(U)
and ®(u) arc the dual solutions corresponding to lincarization around the
approximate and truc solutions, respectively, while ®(U + ev) is the dual
solution corresponding to lincarization around a perturbation of size € in
the direction of a unit vector v. In particular, if v is the dominant left
singular vector for ®),(U), we are lincarizing in the dircction of maximum
possible change for ®(U).

Note that the size of the changes in ||®(U + ev) — ®(U)]| are not altered
significantly with increases in 3, but remain about one order of magnitude
smaller than the forward error. However, it is significantly larger than the
corresponding change ||®(u)—®(U)|], in which the lincarization is perturbed
in the direction of the true solution. Additionally, the values for ||®7,(U)|| do
not change considerably with 3. These results indicate that the linearization
is not scnsitive to perturbations in the forward solution. Morcover, the
bound based on the norm of the derivative is considerably larger (as much
as three orders of magnitude when 8 = 15) than the cffect of lincarization
in the direction of the true solution, as indicated by comparing the sccond
and third columns in Table 5.3.

Differences become more apparcut when we examine the relative change
in the dual solution. The fifth column in the table lists the size of the
change in the dual solution rclative to the size of the dual solution obtained
by lincarizing around the approximate solution U. The column in the table
labelled “ratio” gives the ratio of the relative change in ¢ to the rclative
change in UU. Since we solve the forward problem on the same mesh for cach
value of 3, the relative change in U is constant, so the final two columns in

the table are dircctly proportional. In the situation where the size of the
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perturbation to U is the size of the forward error, we have

L C@w+ao—wUm

Ie(U)l

) (IIUHY'llfll

_ C@@u«m~¢wm

1@, (V)]

U]
eI’

)

) (II‘I!Z/H)!O

(5.1.10)

We sce that ||®7,(U)] is the relative condition number for ®,. It relates

the relative size of the forward and dual solutions to the ratio of relative

changes in the forward and dual solutions. Since the relative error in the

forward solution is constant, and ||®},(U)|| does not change significantly,

and the increasing ratios in the last column of Table 5.3 just reflect the fact

that the size of the dual solution decreases with increasing g.

B 18U +ev) — )]l | 10(u) —2W)] | [@y@)l] | BEE=PEL | ratio
1 1.28 x 1075 3.78 x 1075 [ 829 x 1072 | 1.55x 1071 | .182
5 1.11 x 10~° 2.06x 1077 [7.03x107%| 3.19x 1073 | 3.76
10 1.11 x 107° 370 x 1078 [6.77x 1072 ] 1.28x 1072 | 15.1
15 1.10 x 107° 168 x 1078 [6.35x107%| 2.87x 1072 | 33.7

Table 5.3: Quantitics of intcrest for Example (5.1.4).
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forward solution

x 10 error
0.35 0
0.3 -1
0.25 -2
0.2 -3
0.156 -4
0.1 -5
0.05 -6
0 -7
0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8
dual solution ${U) dual data y
.12 1.5
0.1
0.08 1
0.06
0.04 0.5
0.02
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
Figurc 5.14: Example (5.1.4), 8 = 1.
forward solution x107° error
0.35 0
03 -1
0.25 -2
0.2 -3
0.15 -4
0.1 -5
0.05 -6
0 -7
0 0.2 0.4 0.6 08 1 0 0.2 0.4 0.6 0.8
%10~ dual solution (U} dual data y
1.5 2
1
1
0.5
0 o
-0.5
-1
-1
-1.5 -2
0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8

Figure 5.15: Example (5.1.4), 5 = 10.
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d(U)

10 20 30 40
) x107° P(U+e v)-d{U)
1.5
1
05
0

left singutar vector

0.5

0.2 0.4 086 0.8

dominant eigenvector

05

0.2 04 0.6 0.8

Figurc 5.16: Example (5.1.4), = 1.

10 20 30 40
. x107° S(U+e v)-P(U)
15
1
0.5
0

left singular vector

0.2 04 0.6 038

dominant eigenvector

0.2 0.4 0.6 08

Figure 5.17: Example (5.1.4), 5 = 10.
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Example 5.1.5. In this cxample, we consider the boundary value problem

(4.3.16) with these cocfficients:

a(u,z) = PBtan(u) + %7—[ +a

blu,z) = 0
4n?BB? cos(2nz)?
) = BB o)
1+ B?sin(27x)

3
+47% 3B sin(27 ) <tan‘1(B sin(2nz)) + %) — 4r%aBsin(271x).

The true solution for this problem is v = —Bsin(2rz). We can alter the
paramcters B, 3 and o and examine their cffects on lincarization. The
paramcters B and 3 influence the steepness of the graphs of a(u,z) and
u(z). In particular, larger values for these parameters make a large, sharp
spike in the convection term for the lincarized dual problem. The term
ﬁ2_7r cnsures that a(u, ) remains bounded away from zero, and the constant
« lincarly adjusts a(u,x), in order that we can cxamine the cffect of the
proximity of a(u,z) to zcro.

In this cxample, the relatively bad behavior of the coefficient a(w, x)
and the solution u(z) for large values of the parameters make the forward
problem difficult to solve. We find that Newton’s method docs generally
not converge, so instead we construct a piccewise lincar approximation to
the true solution by simply using the nodal values of u(2) and interpolating
lincarly. This is cvidenced by the “oscillatory” crror plots in Figure 5.19.

Results for various values of B and 3 are displayed in Table 5.4 for
n = 20 clements and o = 0. Plots for cocfficients, solutions, and ¢/, (U) arc
displayed in Figurcs 5.18-5.21 for the values § = 5 and B = 10. Note the
term A~ T4 in the fifth column of Table 5.4. This refers to the dual solution

corresponding to linearization around the appropriate average of w and U
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(sce cquation 4.3.14). We construct this average by writing the truc dual

problem (4.3.27) in weak form and using gaussian quadrature to compute

the coefficients a, &, b, and f.

3,B) | u-Ul_ |12 +ew) =) [ 1®(u) —@@)] [ 4Ty —e@)] | [[®}1)le
(2,3) | 1.91 x 1072 6.18 x 1074 3.54 x 1074 1.76 x 104 6.55 x 104
(3,2) | 127 x 1072 2.59 x 1074 1.45 x 1074 7.25 x 1079 2.75 x 1074
(5,10) | 6.35 x 1072 8.78 x 1074 511 x 1074 2.55 x 1074 9.39 x 10
(10,5) | 3.18 x 1072 2.15 x 1074 1.24 x 1074 6.21 x 107° 2.29 x 1074

Table 5.4: Quantitics of interest for Example (5.1.5).

We emphasize that the proximity of the true and approximate solutions
is needed to ensure the bound (4.4.5) holds. With =2, B =20, = 0 and
n = 20 clements, the error is |ju — U|| = 0.127, and the appropriatcly scaled
norm of ¢}, (U) docs not bound the difference ||@(U +ev) — @(U)||. Refining
the mesh brings the true and approximate solutions closer together, and we

scc in Table 5.5 that the bound holds.

n | (6,B) |e=lu-Ull | [®U +ev) - 2U)|| | [|94(U)]l
20 [ (2,20) | 1.27 x 107! 6.84 x 1073 6.71 x 1073
60 | (2,20) [ 1.42 x 1072 5.05 x 1074 5.38 x 1071

Table 5.5: Equation (4.4.5) is an asymptotic result.

The distance from a(u, ) to zero appears to have a fairly small cffect
on lincarization as well. We again “solve” the forward problem by using the
piccewise linear interpolant of the true solution on n = 40 clements. We
solve the lincarized dual problem with o = 0 and o = 10 and rccord the
results in Table 5.6. Even when the coefficient a(u, z) is close to zero, the

dual solution changes by less than one percent.
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a | min(a(U, z)) | [|@(U + ev) — @(U)|| | % change | [A~"¢ — ®(U)|| | % change
0 .05 2.19 x 1073 33 6.47 x 1074 .09
10 10.05 3.68 x 107° .04 2.29 x 1078 .0028

Table 5.6: Effcct of distance from a(w, ) to zcro.

a(Ux) da/du
20 5
4
15
3
10
2
5 k
1
0 0
o 02 04 06 08 I 0 02 04 06 08
(da/dU)dU/dx) s 1(U.x)
400 1
05
200
0
0 -0.5
-1
-200
-5
—~400 -2
o 02 04 06 08 1 0o 02 04 06 08 1
Figure 5.18: Cocflicients for Example (5.1.5); =5, B = 10
forward salution error
10 015
0.1
5 0.05
0
0
-0.05
-5 ~0.1
~0.15
-10 02
02 04 08 08 1 02 04 06 08B 1
dual solution x 107 D(Use v)=-d(U)
0.1 1.4
1.2
0.08
1
0.06 08
0.04 06
0.4
0.02
02
0 0
o 02 04 06 08 1 o 02 04 06 08 1

Figure 5.19: Solutions for (5.1.5); 8 =5, B = 10.

132

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




Figurc 5.20 displays images of the reconstructed matrix @;,(U). the left-
hand column shows the result when @ Vh(z) — Vh(2). In this situation,
we usc the fact that U ¢ Vh(l) C Vh@) and we express U as a function in
Vh(z) by adding appropriatc nodal values. The “banding” in the matrix
represeutation for @ (U) is due to the basis functions that we usc for the
finite clement solution in V,fz). We also belicve this is the reason for the
jagged shape of the dominant singular vector shown in the lower left—hand
figurc. The right-hand column shows the result when we solve both the

forward and dual problems in Vh(l)

d<I>W(U): cG(2)

10 20 30 40 5 10 15 20
singular vector: ¢G(2) singular vector: cG(1)
2.5 2
2
1.5
1.5
1
"
0.5
0.5
o] 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figurc 5.20: &; (U) and singular vectors, ¢G(2) and ¢G(1) methods.
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Figurc 5.21 shows how the dual solution changes when we perturb the for-
ward solution in various directions. All of the perturbations arc cqually
scaled. The thick black line curve the change when U is perturbed in the
direction of the dominant singular vector for 7,(U). The blue curve is for
a perturbation in the direction from U to the true solution U, and the red
curve indicates the “true” error of lincarization, based on A~ "4 described
carlicr. We also show the result of adding a “random” smooth perturbation
to the forward solution in green. For this example, U was perturbed in the
direction x(1 ~ z)sin(37z).

x 107 changes in dual soluton

B-2(0)
d(U+e v)-d(U)
ATy —p(U)
random

[ 1HIH

_15 1 1 L L 1 1 I I —

Figurc 5.21: Changes in dual solution for Example (5.1.5).
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Example 5.1.6. This is an cxample of a problem with a solution that has

a steep layer. We take

a(u,z) = 1+u,
blu, 1) = 0,
flu,z) = —(1-x)tanh(f (z - o)
+a tanh(B(z — @) + 2(1 — 2)(8 — Btanh(B(z — @))?)?
—(1+ w)(~2 tanh(B(z — a))
+26(1 — 2)(1 — tanh(5(z - @)))?
—2z4(1 — tanh(8(z — «))*)

—2x(%(1 — z) tanh(B(z — a))(1 — tanh(8 (x — a)))*.
With these cocefficients and data, the true solution is
uw(z) = z(1 — x) tanh(B(z — a)). (5.1.11)

The paramcters o and § determine the position and steepness of the layer in
the solution. We use n = 40 clements and solve the problem for 3 = 5,10, 15
and 20. We take @ = 0.5 in cach casc. Figurce 5.22 depicts the truc forward
solution in black, and the finite clement solutions as dotted green lines for
B = 5,10 and 15, and a solid red line for 8 = 20. It is evident that Newton's
mcthod has difficulty solving the forward problem with increasing 3, and
the final iterate for 8 = 20 is a very inaccurate approximation to the truc
solution.

In Figure 5.23, we plot the dual solutions corresponding to the forward
solves in Figure 5.22 with dual data ¥ = 1. The thick black curve is the

dual solution ¢(U) corresponding to lincarization around U, the red curve
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corresponds to ¢(U + ev), where € = ||u — U]| is the size of the crror, and
v is the normalized, dominant left singular vector for &/, (U). The green
curves show the dual solution corresponding to lincarization around the
truc integral average of « and U, as given by (4.3.14).

Table 5.7 displays the changes in the forward and dual solutions. Here,
we lincarized in the dominant singular direction as well as the theorctically
correct direction. The maximum value of the derivative increases lincarly
with 8. Since Newton’s method did not converge for large 3, we constructed
the approximate solution U for § = 100 by evaluating the truc solution at
the nodes and randomly perturbing the values near the layer. The pertur-
bations arc roughly onc order of magnitude smaller than the values of U,
and the difference between w and U is shown in Figure 5.25. For 8 = 100,
we used 100 clements. Notice that the change in the dual solution remains
about onc order of magnitude smaller than ||u — U]| when we lincarize in
the direction of the dominant singular vector, but is considerably smaller
when lincarized around the intcgral average. This is fairly striking cvidence
that computational crrors due to steep layers in the solution have very little

cffect on lincarization.

B W@ | llu=Ull [I19U+ev) —2U)| | |A~Ty — &)
5 2.5 |3.68x107 6.47 x 1074 2.29 x 1078
10 | 1.25 |1.97x107* 2.23 x 107° 8.99 x 106
15 | 3.75 |1.91x 1078 2.36 x 1074 1.48 x 10~*
20 5 1.58 x 107! 5.65 x 1072 1.64 x 1072
100 | 25 [228x1073 3.01 x 1074 4.29 x 107

Table 5.7: Changes for Example (5.1.6).
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Figure 5.22: Forward solutions for Example (5.1.6).
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Figure 5.23: Dual solutions for Example (5.1.6).
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Figurc 5.24: Changes in the dual solutions for Example (5.1.6).
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Figure 5.25: Coutrived solution for # = 100.
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Example 5.1.7. The preceding examples indicate that lincarization error
is not a scrious issue for many clliptic two-point boundary value problems.
Dual solutions for problems with ill-bchaved cocfficients and steep or os-
cillatory forward solutions do not exhibit much sensitivity to perturbations
in the approximate solution around which we lincarize. This was confirmed
by the small valucs of [[®7,(U)|| that we computed in cach example. We
now give a very simple example of a problem for which the dual is highly
sensitive to perturbations in the forward solution. This 2 x 2 example is
necarly identical to Example 4.4.2 in §4.4.1. In that example, we considered

the nonlinear 2 x 2 system of cquations f = 0, where f was given by

z? 1
[‘“} - 22 (5.1.12)
L2 s 1
3 3
for which z = [1,1]7 was an cxact solution. Recall ®,(X) for that cxample:
BT
, &
Dy (X) = 20 | (5.1.13)
0 =72
3
Z2

It is clear why this problem is not sensitive to linearization: the components
of @/ (X) do not change drastically with small changes in «; and 22 when
7 and x5 are both near 1. Next, we consider the nonlinear cquation f = 0,

but modify the function f so that

(.’L’1 - 9)2 1
{“} — . 2001 (5.1.14)
Z2 rs 1
3 3
Again, [1,1]7 solves the system, but now
Y1
-
z; —.9)?
(X)) = (1 =9) : (5.1.15)
24
0 =y
3
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and it is apparent that the dual problem is scnsitive to perturbations in
the first component of the approximate solution. For instance, if we com-
pute an approximate solution X = [.95 .95]T and usc dual data to estimatce
the average error, we find that the dual solution |®(X)|| = 14.16, and
|9 (X)|| = 282.85. Thus, while the dual solutions for boundary value
problems arc gencerally much smaller than the corresponding forward so-
lutions, here the opposite is true. It is interesting to note the role of the
dual data: if we were only interested in the error in the second component,
we would choosc ¢ = [0,1]T, and in this casc ||®/,(X)|| = 2.33, since this

direction is “blind” to the ill-bchavior in the first component.
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Chapter 6

CONCLUSIONS

The power mcethod is a standard technique in numerical lincar alge-
bra for approximating the dominant cigenpair of a matrix. Algorithms for
implementing the power method arc simple and efficient, since the only
requirement is knowledge of the matrix action. In this thesis, we have ex-
tended the power method to approximate the dominant cigenpair of the
lincarization of a nonlincar map. Our implementation is also matrix-free,
sinice we approximate the action of the derivative by computing the function

differences

Flzx +d) — F(x) = F'(x)d. (6.0.1)
Thus, it is not necessary to explicitly compute the derivative F'(2) in order
to estimate the dominant cigenpair. This is a great advantage when the
dimeunsion of the problem is large, since computing function differences is
relatively inexpensive, while computing F'(z) may be impractical or cven
impossible. We developed the NLPM by observing that the higher order
term in the definition of the lincarization can be viewed as a perturbation

to the derivative, which decreascs to zero as the iteration proceeds:

Fz+d) — F@) = F(z)d+o(|d]) (6.0.2)

= [F'(z) + E4ld, (6.0.3)

141

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where By — 0 as ||d|| — 0. In Chapter 2, we developed the link between
the perturbed power method and the nonlinear power method and showed
that the process converges to the dominant cigenpair, regardless of the
dimension. Chapter 3 was an application of the NLPM to determining
the stability of a nonlincar system of ordinary differential equations. We
included examples of the NLPM that incorporated inverse iteration and
spectral enhancement. The NLPM is well suited to applications in which the

~sign of the dominant eigenvalue determines the stability. Additionally, the
analysis of the method is relatively straightforward because the relationship
between the system under consideration and the system that we solve is
fairly direct.

The idea for the NLPM initially arose in the coutext of a-posteriori
error cstimates for nonlincar differential equations. Given a problem (in
this thesis, we examined nonlinecar clliptic problems of the type given by
(4.3.16)), the idea was to implement a matrix—free algorithm for finding the
perturbation to a solution U that caused the largest possible change in the
solution ¢ to the dual problem corresponding to lincarization around U. In
this way, we could bound the cffect of linearization on the problem. We
defined the map &, between the approximate solution and corresponding
lincarized dual solution in Chapter 4 with a view to understanding how
lincarization affccts the dual solution. We saw that the lincarization issuc
is related to the derivative @/ (U), and computing the norm of this map re-
quires the dominant singular valuc and left singular vector rather than the
dominant cigenpair. In case @, (U) is nonnormal, we cannot recover @5, (U)
in a matrix—free fashion, since this requires information about the oper-
ator and its transposc. Howcver, by numerically reconstructing a matrix

representation for 7, (U), we arc still able to cstimate 7, (U).
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It is interesting to note that the map @, is quite complicated: its
calculation requires the solution of two differential cquations, and its prop-
crtics depend on the cocflicients and data for both problems. Even in cascs
where both the forward and dual problems arc relatively simple, 4 and
its derivative @,,(U) arc not. The map @ (U) is nonnormal in general,
regardless of whether the forward and/or dual problems are sclf-adjoint.
For instance, any forward problem (4.3.16) with o'(U)U’" = b(U) will have
a lincarized dual problem which is self-adjoint (sce cquation (4.3.29)), yet

the map @ (U) is still nonnormal. Consider the cquation
—((1+ u)u’)/ +(1-22)u" +2u—2=0; u(0)=1u(l)=0. (6.0.4)

The exact solution is uw = z(1 — ), and the dual problem is sclf-adjoint.
Howcver, the plots in Figure 6.1 show that the dominant singular vector
and dominant cigenvector arc different. For these plots we used n = 20
clements, and compute ||®,(U)|| = 0.1276, while the dominant cigenvalue
|A| = 0.1208. Now, the lincarized dual problem is not sclf-adjoint (the dual
problemn corresponding to lincarization around the truc solution u is sclf-
adjoint). If &}, (U) were normal, we would expect to sce the singular vector
and cigenvector (as well as || @7, (U)]| and the dominant cigenvector) coalesce
as we refine the mesh. However, this is not the case. For this problem, a
refinement to n = 70 clements gave || ®,,(U)|| = 0.1274 and |A| = 0.1206.
The 3-d plot labelled G — G in the lower left-hand corner shows the
difference between the reconstructed matrix for the Green’s function and
its transposc. Note that the scale is on the order of 1074

An interesting aspect of the reconstructed operator @7, (U) is the struc-

turc of the dominant singular vectors (see figure 5.20). Relative to the basis

143

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.35
0.3
0.25
0.2
0.15
0.1

0.05

Forward Solutions

== cG1 approximation
— true solution

x 10

0.2

0.4

0.6

0.8

0.14
0.12

0.1
0.08
0.06
0.04

0.02

1.4
1.2

0.8
0.6
04
0.2

Dual Solution

J == c(G2 approximation

0.2 0.4 0.6 0.8

Eigenvector and Left Singular Vector

- gigenvector
- singular vector

0.2 0.4 0.6 0.8

Figurc 6.1: A sclf-adjoint dual problem doesn’t mcan ¢/,(U) is normal.

for Vh@) , the singular vectors have a “jagged” shape, which is surely related

to the “banding” that we sce in the matrix reconstruction of ¢/, (U). The

singular vectors appear smoother relative to V,f”. In fact, if we usc only the

nodes common to both spaces, the (normalized) vectors arc the same. The

power method that we implement for &7, (U )T<I>Z/,(U ) based on the Green'’s

function converges to this “smoother” singular vector.

The above discussion indicates that there is still work to be done in

analyzing the map <I>;b(U )} and the role that it plays in a-posteriori crror

estimation. Our results involving @,(U) combine both a-posteriori results
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(our computations only involve the approximate solution) and a-priori re-
sults (the bounds involve the norm). Deriving purcly a-posteriori bounds
remains to be done. Additionally, the map ®;,(U) consists of many parts,

some of which deserve further exploration. Some possibilitics:

1. What analytic information can be gleaned from the Green’s function

formula (4.5.28) for &;,(U)?

2. How can we better understand the nature of ¢, (U) relative to the

structure of both the forward and dual problems?

3. What is the significance of the structure of the singular vectors relative

to different bases?
4. Is it possible to analyze the role of the dual data ¢ on the bounds?

Is it possible to determine a class of problems for which ®/,(U) is nor-

[

mal, and a systematic way to measurc the departure from normality?

6. It is not necessary to use the same mesh to solve the forward and dual
problems when constructing @, (U). Is it worthwhile to solve the dual

problem on a very coarse mesh and estimate ||®!, (U)||?

Finally, the ideas in this thesis should be extended to time-dependent PDE.
In that setting, matrix—free methods arc cssential, and the cffects of lin-

carization crror arc surcly more dramatic.
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Appendix A

CODE FOR STABILITY CALCULATIONS

We present here the computer programs used to examine the ideas in
Chapter 3. Note that the limited memory Broyden methods alluded to in

Chapter 3 arc not implemented in these codes.

A.1 MATLAB codes

% FUNCTION power_broy
% COMPUTES DOMINANT EIGENVALUE FOR LINEARIZED SYSTEM OF ODE

% USING BROYDEN’S METHOD AND THE NONLINEAR POWER METHOD

% INPUTS:

A guess: user provides an initial guess for

yA the equilibrium solution

% OUTPUTS:

yA init_and_final: initial guess and equilibrium solution
yA eig_val: result of nonlinear power method

yA sP_sF_usF: a vector with three columns-

% the results of Matlab’s calculation of the
) eigenvalues of the matrices corresponding
yA to the shifted problem and its inverse

/) vec_results: first column is components of approximate
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/A eigenvector from power method, second column
% is eigenvector from Matlab
% eig_val: shows the approximate eigenvalue at each iteration
function [init_and_final,eig_val,sP_sF_usF,vec_results,lambdal=...
power_broy(guess)

global n
n=length(guess) ;
vi=ones(1,n-1);
v2=ones(1,n);
global lam
lam=0.1;
global B;
% FINITE DIFFERENCE MATRIX
B=diag(vl,-1)+diag(-2*v2,0)+diag(vl,1);

B(1,1)=-1; % neumann bdy. conds.

B(n,n)=-1;
epsilon=sqrt(eps);
TOL=epsilon;
maxit=100;
d=zeros(length(guess),1);
phi_O=broyden(guess,d,epsilon,maxit,TOL); % u for Phi(0)=f(u)=0
delta=rand(length(guess),1);
delta(:,1)=delta/norm(delta);
vect(:,1)=delta;
lambda(1)=1;

rate=2;
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global shift

shift=0.1;

shiftedphi=phi_0;

ITER=floor(-log(eps)/(2*log(2)));

for i=2:ITER
delta(:,i)=broyden2(guess,~shift*phi_O+delta(:,i-1),...

epsilon,maxit,TOL)-shiftedphi;

lambda(i)=(delta(:,i)’*delta(:,i-1))/norm(delta(:,i-1))"2;
vect(:,i)=delta(:,1i)/norm(delta(:,i));
delta(:,i)=vect(:,i)/rate”(i-1);

end

lambda=lambda’;

vector=vect(:,end);

eig_val=lambda(end);

% COMPUTE NUMERICAL JACOBIAN FOR COMPARISON

H=epsilon*eye(n);

for i=1:n
cent_num_jac(:,i)=...

(£ ((phi_O0+H(:,1)),d)~f((phi_0-H(:,i)),d))/(2*epsilon);

end

init_and_final=[guess phi_0];

% COMPUTE INVERSE FOR COMPARISON

nj_inv=inv(cent_num_jac-shift*eye(n));

[v,el=eig(nj_inv);

e=diag(e);

eigs_shifted_Phi_zero=e;
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eigenvalues_shifted_F_prime=1./e;

eigenvalues_F_prime=(1./e)+shift;

sP_sF_usF=[eigs_shifted_Phi_zero...
eigenvalues_shifted_F_prime eigenvalues_F_prime]l;

[p,ip]l=max(abs(e));

domin_vec=v(:,ip);

vec_results=[vector domin_vec];
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% FUNCTION broyden2
% Broyden’s method for solving f(x)-d=0
% INPUTS:
% x: initial guess for broyden iteration
% d: the shift to f(x): f(w)-d=0 so f(w)=d
% epsilon: size of perturbation in initial approx. Jacobian
% maxit: maximum number of broyden iterations
% TOL: stopping criteria
% OUTPUT:
% out: result of broyden iteration
function out=broyden2(x,d,epsilon,maxit,TOL)
global n % power_broy.m makes the length of the guess global
H=epsilon*eye(n);
y=f2(x,d);
A=-eye(n);
% BROYDEN ALGORITHM
out(:,1)=x;
for i=2:maxit
s=A\-f2(x,d);
X_new=x+s;
y=f2(x_new,d)-f2(x,d);
A=A+(y-Axs)xs’/(s’*s);
out(:,i)=x_new;
check = norm(s);
if check <= TOL

break
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end
X=X_new;
end
if i==maxit
fprintf (’broyden didnt converge ...
(did %.4g, the max number of iterations) \n’, maxit);
else
fprintf(’did %.4g broyden iteratioms\n’,i);
end

out=out(:,end);
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% FUNCTION f
%  for nonlinear power method using power_broy.m and broyden2.m
% the m-file "power_broy.m" defines the global variables lam, B, n
% lam is the parameter in the equation u’=Bu+lamxf
% B is the finite difference approximation to the laplacian
% n is the dimension of the problem
% INPUTS u and d
% OUTPUT function evaluation
function y=f(u,d)
global lam; global B; global n;
for i=1:n
nonlin(i,1)=u(i)-u(i)"3;
end
nonlin=lam*nonlin;
y=(B*u+nonlin)-d;
% FUNCTION f£2
% f2 incorporates the shift
function y=f2(u,d)
global lam; global B; global n; global shift;
for i=1:n
nonlin(i,1)=u(i)-u(i)"3;
end
nonlin=lam*nonlin;

y={(B*u+nonlin)-d-shiftx*u;
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Appendix B

CODE FOR A-POSTERIORI
CALCULATIONS

This appendix includes codes used for is for analyzing the crror of
lincarization for computational error estimates. We include here the codes
used to produce the examples of the 2 x 2 systems of nonlincar algebraic
cquations in Chapters 4 and 5, followed by the codes used to examine the
two—point boundary value problem (4.3.16) and corrcsponding lincarized

dual problem (4.3.29).
B.1 Code for 2 x 2 problems

B.1.1 Main program

% This is the driver program for analyzing f(x)=0

% this code constructs a grid of points around an

% exact solution to f(x)=0: you need to define the exact sol’n
%, and specify the grid.

% REQUIRED FILES:

% compl.m comp2.m comp3.m comp4.m - COMPONENTS OF JACOBIAN
YA preliminaries.m f.m fprime.m Phi.m Phi_deriv.m

% ppower3.m

yA eigen_calculatioin.m perturbations.m
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clear;

% preliminary data set-up and function calls

preliminaries;

[phihat,Ahat,Atrue,lam,dom_vec] = ...

eigen_calculation(x,y,M,N,exact,psi);
[Aperts,approx_dual,perturbed_dual,change_in_phi,...
pert_val,largest_change,d_o_cl=...

perturbations(perts,Atrue,Ahat,cent,psi);

appr_dom_eig=lam(y_val,x_val);

dominant_eigenvector=. ..

[dom_vec(y_val,x_val,1) dom_vec(y_val,x_val,2)];
eigendirection=g*dominant_eigenvector/norm(dominant_eigenvector) ;
hcalculate dual solutions corresp to F’(X+ew) and true A
max_dual=Phi([cent(1)+eigendirection(1)...

cent(2)+eigendirection(2)],psi)’;

true_dual=(inv(Atrue(:,:,x_val,y_val))’*psi)’;

% IP is inner product of residual with the approx. dual

YA solution corresponding to linearization around f’(X)
% eRlam is epsilonx||R||*|lambdal

% maxIP is the projection at the maximally perturbed dual
IP=abs(R(:,:,1) .*phihat(:,:,1)+R(:,:,2) .*#phihat(:,:,2));
maxIP=abs(R(y_val,x_val,1)*max_dual(1)+...

R(y_val,x_val,2)*max_dual(2));
eRlam=epsilon.*resnorm.*lam;

RHS=eRlam+IP;

pd=Phi_deriv{(cent,psi);
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[phi_vect,phi_vall=eig(pd);
true_dom_eig=max(max(abs(phi_val)));
diff=abs(true_dom_eig-abs(appr_dom_eig));
[u,s,v]=svd(pd); %singular value decomp
rtsingmax=q*v(:,1); %dominant right singular vector
lftsingmax=q+*u(:,1); Ydominant left singular vector
rtsingmin=q*v(:,2); %dominant right singular vector
1ftsingmin=q*u(:,2); ‘%dominant left singular vector
temp=[eigendirection’ rtsingmax lftsingmax rtsingmin lftsingmin];
for i=1:length(temp)

[th1(i),r1(i)]=cart2pol (temp(l,i) ,temp(2,1));

if th1(i) <=0

th1(i) = 2*pi+th1(i);

end

th1(i)=th1(i)/(2*pi);
th1(i)=round(th1(i)*(length(perts)));
end
[th,r]=cart2pol(eigendirection(l),eigendirection(2));
if th <=0

th = 2%pi+th;

end
th=th/(2%pi);
th=round (th* (length(perts)));
bound=true_dom_eig*qg*ones(length(pert_val),1);
truediff=norm(true_dual-approx_dual);

TD=truediff*ones(length(pert_val),1);
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% PLOT COMMANDS
figure
plot([cent(1),exact(1)], [cent(2),exact(2)],’k’);
hold on;
plot([cent(1),perts(d_o_c,1)]1,...
[cent(2),perts(d_o_c,2)],’k-*’, ’LineWidth’,2);
hold on;
% plot dominant eigenvector
plot([cent(1),cent(1)+eigendirection(1)],...
[cent(2) ,cent(2)+eigendirection(2)],’r--+’,’LineWidth’,2);
hold on;
%plot "dominant right singular vector"
plot([cent(1),cent(1)+rtsingmax (1], ...
[cent(2),cent (2)+rtsingmax(2)], ’g--0’,’LineWidth’,2);
hold on;
%plot "dominant left singular vector"
plot([cent(1),cent(1)+1ftsingmax(1)]1,...
[cent(2),cent(2)+1ftsingmax(2)], ’m--+’,’LineWidth’,2);
hold on;
% plot perturbations of approx. soln
plot(perts(:,1),perts(:,2));
legend(’direction to exact soln’,...
’direction of largest change’,’dominant eigendirection’)
axis square;
figure

plot{(d_o_c,pert_val(d_o_c),’k*’,th1(1),pert_val(th1(1)),’rs’);
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hold on;
title(’how dual solution changes with perturbations’)
legend (*maximum perturbation’,’pert in dir. of dom. eigenvector’);
hold on;
plot(pert_val);
plot(bound) ;
hold on;
plot(TD);
figure
surf (xx,yy,errproj)
title(’projection of error in direction of...
dual data-exact and approx.’);
hold on
surf (xx,yy, IP)
hold on
surf (xx,yy,RHS)
figure
subplot(1,2,1)
surf (xx,yy,resnorm)
subplot(1,2,2)
surf (xx,yy,epsilon)
pv=pert_val(d_o_c);
th=th1(1);
pvth=pert_val(th1(1));
% PRINT statements

fprintf (’the exact solution is:’)
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disp(exact’)
fprintf (’the approx. solution you chose was:’)
disp(cent’)
fprintf (’the dual data is a unit vector corresponding to:’)
disp(psi’)
fprintf(’the derivative of the dual...
solution operator Phi_psi is\n’)

disp(pd)
fprintf (’the perturbed power method calculates the...

dominant eigenvalue to be %.9g\n’,appr_dom_eig )
fprintf(’and it calculates the dominant eigenvector to be\n’)
disp(dominant_eigenvector’)
fprintf(’matlabs eig routine calculates the ...

dominant eigenvalue to be %.9g\n’,true_dom_eig)
fprintf(’and matlab calculates the eigenvectors to be\n’)
disp(phi_vect)
fprintf(’the difference between pert. power...

and matlab routine is %.5g\n\n’,diff)
fprintf (’the dual operator f-prime(X)~t is:\n’)
disp(Ahat(:,:,x_val,y_val));
fprintf(’the true linearized dual operator given...

by integral MVT is:\n’)

disp(Atrue(:,:,x_val,y_val));
fprintf ("the dual solution corresponding to...

linearization around X is:\n\n’)

disp(approx_dual) ;
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fprintf(’the dual solution in the direction...
of maximum perturbation of size...
%.5g is:\n\n’,epsilon(y_val,x_val))
disp(max_dual);
fprintf(’the dual solution corresponding to...
the MVT operator is:\n\n’)
disp(true_dual);
fprintf (’the true projection of the...
error |(e,psi)| is %.9g\n\n’,errproj(y_val,x_val))
fprintf(’the projection |(R,phihat)|...
corresp. to linearization around f‘(X) is...
%.9g\n\n’ ,IP(y_val,x_val))
fprintf (’the projection |(R,phihatmax)i...
corresp. to linearization at f‘(X+ew) is %.9g\n\n’,maxIP)
fprintf (’the quantity ex*||R|[*|lambdal is ...
%.9g\n\n’ ,eRlam(y_val,x_val))
fprintf (’norm of difference between true and...
approximate duals is:\n\n’)
disp(norm(true_dual-approx_dual))
fprintf (’norm of difference between...
maximally perturbed and approx duals is\n\n’)
disp(norm(max_dual-approx_dual))
table=[maxIP IP(y_val,x_val) eRlam(y_val,x_val)...

IP(y_val,x_val)+eRlam(y_val,x_val)]
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B.1.2 Secondary programs and functions

% PRELIMINARIES - define and certain quantities involved
% in solving f(x)=0
% the function f is defined in another file called f.m

% user defined quantities:

% exact -- the exact solution to f(x)=0

% psi -- vector for dual data

% X,y —— coordinates of approximate solutions

/A near exact soln

% x_val, y_val -- user chooses a particular

b approximate solution

% scale, cent —- scale factor for size of

% perturbations about cent-

) which is the approximate solution corresp.
% to x_val and y_val

% quantities computed:

% perts and perts 2 -— perturbations of chosen

% approximate solution

% error -- difference between exact solution

A and each approximate

/A solution in the grid- each component of

% error is a page in a multi-dimensional array
% R -- Residuals - has same form as error

% define exact solution to the test problem f(x)=0
exact=[1 ; 11;

psi=input(’enter dual data ’);
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psi=psi/norm(psi);
% define grid around exact solution
% to be used for "approximate" solutions to f(x)=0
x=[.9:.05/4:1.1];
y=x;
M = length(x);
N = length(y);
[xx,yyl=meshgrid(x,y); % makes grid for plotting
% can only have functions of 2 variables
x_val=input(’enter x_val ’); % x_val and y_val need to be
% integers between 1 and N or M
y_val=input(’enter y_val ’); % these determine which gridpoint
% is used as the center
% this computes the error vector- each page of
% the multi-dimensional array contains the
% components of the true error
error(:,:,1)=exact(1)-xx;
error(:,:,2)=exact(2)-yy;
epsilon=sqrt(error(:,:,1) . 2+error(:,:,2).72);
% errproj is |(e,psi)| -> the exact projection of the error
% on the dual data psi
errpsi(:,:,1)=error(:,:,1)*psi(1);
errpsi(:,:,2)=error(:,:,2)*psi(2);
errproj=abs(errpsi(:,:,1)+errpsi(:,:,2));
% this calculates residuals

% R is a mult-dim array holding the components of the residuals-
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% resnorm is a matrix whose (j,i) entry
%is the norm of the residual at [x(i),y(j)]
for i=1:M
for j=1:N
scratchy=f (x(1),y(3i));
R(j,i,1)=scratchy(1);
R(j,1,2)=scratchy(2);
resnorm(j,i)=norm([scratchy(1) scratchy(2)]);
end
end
% approx. soln about which perts are formed:
cent=[x(x_val);y(y_val)l;
g=norm(exact-cent); % q is the distance from exact to approx soln
t=[0:pi/32:2+pi]’;
% perturbations of size q:

perts=[cent(1)+g*cos(t) cent(2)+q*sin(t)];
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% FUNCTION eigen_calculation
% this function calculates important quantities based on
% information passed to it which comes from the file
% "preliminaries" - which sets up some initial data
% this double loop computes the following quantities:
% phihat - the approximate dual solution, corresponding to
% linearization around f’(X)
% lambda -~ a cell array containing eigenvalues
% and eigenvectors as computed by "ppower3"-
YA the perturbed power method
%  Ahat - dual operator corresponding to
) linearization around f’(X)
%  Atrue - dual operator as given by mean value theorem
% computes the integral of f’(X+s(x-X)) from 0 to 1
A using the matlab routine "quadl" for quadrature
function [phihat,Ahat,Atrue,lam,dom_vec] =...
eigen_calculation(x,y,M,N,exact,psi)
for i = 1:N % y-loop
for j = 1:M % x-loop
scratch=Phi([x(j);y(i)],psi);
phihat(i,j,1)=scratch(l); % 1st comp. of approx. dual sol’n
phihat(i,j,2)=scratch(2); % 2nd comp. of approx. dual sol’n
lambda(i,j,:)=ppower3([x(j);y(i)],psi); % apprx. e-vals
% for Phi-prime(X)
% lambda is a CELL ARRAY- lambda(:,:,1) is the dom. eig. value

% and lambda(:,:,2) contains the dominant eigenvector
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% Ahat, the "perturbed" dual operator-this is f’(X)°T
Ahat(:,:,j,i)=fprime([x(j) y(1)]1)’;
% The exact A from int. MVT -using quadrature
Atrue(:,:,j,i)=...
[quadl(’comp1’,0,1,[],[], [x(j);y(i)],exact) ...
quadl (’comp2’,0,1,[1, (], [x(j);y(i)],exact);
quadl{’comp3’,0,1,[], ], [x(j);y(i)],exact)...
quadl(’compd’,0,1,[1,[1,[x(j);y(i)],exact)];
end
end
% convert first page of lambda cell array to a regular matrix
Li=lambda(:,:,1);
L2=lambda(:,:,2);
for i=1:N
for j=1:M
lam(i, j)=L1{i,j}; %lam is the matrix of eigenvalues
dom_vec(i,j,:)=L2{i,j};
end

end
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% FUNCTION perturbations.m - create a sequence of perturbations
% to a chosen approximate solution
% inputs perts, cent and psi all come from the file
% ’preliminaries.m’
% inputs Atrue and Ahat are generated by the function
% ’eigen_calculation’
% this function computes the solution of the perturbed
% dual problem f’(X+d)phi = psi where X is an
% approximate solution, d is a
% perturbation and psi is the dual data
% the function then computes the dual solution at f’(X)
% and finds the perturbation to X that causes
% the largest change in the dual solution
function [Aperts,approx_dual,perturbed_dual,...
change_in_phi,pert_val,largest_change,d_o_c]=...
perturbations(perts,Atrue, Ahat,cent,psi)
% this loop computes f’(X+d) where X=cent
% and d are the perturbations
for j=1:length(perts)
Aperts(:,:,j)=fprime([perts(j,1);perts(j,2)1)’;
end
Aperts(:,:,j+1)=Atrue(:,:,1);
Aperts(:,:,j+2)=Ahat(:,:,1);
% solution to the dual problem corresponding to linearization
% around the approximate solution- phi = £’(X)"-T*psi

% (it’s transposed to make a row vector- to be compatible with
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% perturbed duals below-
approx_dual=Phi([cent(1),cent(2)],psi);
approx_dual=approx_dual’;
% this loop creates the dual solutions at the perturbed values
% of the approximate solution- the rows are the comps. of the dual
% change_in_phi gives the difference between the dual sol’n at X
% and the dual solution at X+perts
% pert_val gives the size of the change in phi
for i=1:length(perts)
r1=Phi([perts(i,1),perts(i,2)],psi);
perturbed_dual(i,1)=r1(1);
perturbed_dual(i,2)=r1(2);
change_in_phi(i,:)=perturbed_dual(i,:)-approx_dual;
pert_val(i,1)=norm(change_in_phi(i,:));
end
% largest_change gives the size of the biggest
% change in the approximate dual solution
% and d_o_c (direction of change) marks which
% perturbation causes this change

[largest_change,d_o_c]l=max(pert_val);

176

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



function y=f(x1,x2)
y=[x1.72/2-1/2 x2.°3/3-1/3];
% compl is the first component of the Jacobian for 2x2 problem
% THIS WILL ONLY WORK FOR 2x2 PROBLEMS!
% X and x are 2x2 vectors- the approx. and exact solutions
% for example if the (1,1) entry of the jacobian is (xy~2)
% then you have to define the function by
hoy= XD +s*(x(1)-X(1)))*(X(2)+s* (x(2)-X(2))) ~2;
% this is x this is y~2
function y=compl(s,X,x)
y=X(D)+s*(x(1)-X(1));
function y=comp2(s,X,x)
y=0*s;
function y=comp3(s,X,x)
y=0%*s;
function y=comp4(s,X,x)
%y=(a+s*(b-a))."2;
y=(X(2)+s*(x(2)-X(2))) ."2;
% Phi maps the approximate solution to the forward problem
% to the approximate dual problem formed by linearizing around X
% x1 and x2 are components of vector, psi is the data vector
% the matrix defined here is the Jacobian of the function f(x)
function y=Phi(x,psi)
y=inv([x(1) 0 ; 0 x(2).72]’)*psi;
function y=Phi_deriv(x,psi)

y=[-psi(1)/x(1)"2 0 ; 0 -2*psi(2)/x(2)"3];
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B.2 Two—point boundary value problems

B.2.1 Main program

n=19; % specify number of interior nodes
gaussrule=5; % specify 2, 3 or 5 point gaussrule for quadratures
global param gamma lambda
param =1;
gamma = .2; %for prexam4 also for burgers
lambda = 1.5; %for bratu
Ntol=1e-10;
Nmax=20;
(outer,inner,steps,mids,dualmesh,dm,gaussgrid,gaussweights]=. ..
gridsetup(n, gaussrule);
% COMPUTE APPROXIMATE SOLUTION U
uold=newtonguess(inner); %initial guess for newton solve
U = newton(uold, inner,steps,Ntol,Nmax);
wholeU=[0;U;0]; % give U the values 0 at the endpoints
fullU=interpl(outer,wholeU,dualmesh);
% LINEARLY INTERPOLATE FORWARD SOLUTION TO GAUSSGRID
lingaussu=interpl(outer,wholeU, gaussgrid) ;
(lins,dlins]=linbasis(gaussgrid,outer,steps);
for j=1:length(wholelU)
dnu(:,j)=wholeU(j)*dlins(:,j);
end
dlingaussu=sum(dnu’)’; %gets U’ on gaussgrid

linpert=outer. 3.*(1-outer);
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linpert=linpert/12norm(outer,outer(2:end-1));
pert=dualmesh.”3.*(1-dualmesh);
pert=pert/12norm(dualmesh,pert(2:end-1));
[quads,dquads]=quadbasis(gaussgrid,outer,steps,mids,dualmesh);
% EXPRESS FORWARD SOLUTION IN BASIS OF PIECEWISE QUADRATICS
for i=1:dm
qu(:,i)=fullU(i)*quads(:,1);
dqu(:,i)=fullU(i)*dquads(:,i);
pu(:,i)=pert(i)*quads(:,i);
dpu(:,i)=pert(i)*dquads(:,i);
end
gaussu=sum(qu’)’;
dgaussu=sum(dqu’)’;
gausspert=sum(pu’)’;
dgausspert=sum(dpu’)’;
gausspert=gausspert/l2norm(gaussgrid, gausspert(2:end-1));
% EVALUATE COEFFICIENTS OF LINEARIZED DUAL PROBLEM
afn=a(gaussu,gaussgrid) ;
bfn=(da(gaussu,gaussgrid) . *dgaussu-b(gaussu,gaussgrid) ) ;
cfn=-df (gaussu, gaussgrid) ;
% SOLVE LINEARIZED DUAL PROBLEM.
% "linphi" IS THE cgl DUAL SOLUTION
linafn=a(lingaussu,gaussgrid);
linbfn=(da(lingaussu,gaussgrid) . *dgaussu-b(lingaussu,gaussgrid));
lincfn=-df (1ingaussu,gaussgrid) ;

[1inS,1inL,1inphi]l=cG1(gaussgrid,gaussweights, ...
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outer,lins,dlins,linafn,linbfn,lincfn);
% SOLVE LINEARIZED DUAL PROBLEM.
% "quadphi" IS THE cg2 DUAL SOLUTIGN
[quadS, quadL,quadphi]=cG2(gaussgrid,gaussweights, . ..

quads,dquads,dualmesh,afn,bfn,cfn);
% EVALUATE HERMITE BASIS FUNCTIONS ON GAUSSGRID
(hermphi,dhermphi,hermeta,dhermeta,globalphi,dglobalphi,. ..
globaleta,dglobaleta,ddglobalphi,ddglobaletal=. ..
cubicbasis(gaussgrid,outer);

% SOLVE DUAL PROBLEM USING HERMITE BASIS FUNCTIONS
[cubicS,cubicLl,cubic_values,cubic_dual_solution,...

cubic_first_derivative,cubic_second_derivative]=...

cG3(gaussgrid,gaussweights, hermphi,dhermphi,hermeta,dhermeta,. ..

globalphi,dglobalphi,globaleta,dglobaleta,ddglobalphi, ...
ddglobaleta,afn,bfn,cfn,n);
% INFO FOR GREEN ITERATION
green_x=inv(quadS)’;
green_y=green_x’;
GM_x=zeros(dm,dm) ;
GM_y=GM_x;
GM_x(2:end-1,2:end-1)=green_x;
GM_y(2:end-1,2:end-1)=green_y;
% PUT EACH COLUMN OF GREEN’S MATRIX ON THE GAUSSGRID
clear 1 j;
for j=1:dm

for i=1:dm
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fp1(:,1)=GM_x(i,j)*quads(:,1i);
fp2(:,1i)=GM_y (i, j)*quads(:,i);
end
fpi=sum(fpl’)’;
fp2=sum(fp2’)’;
gaussGx(:, j)=fp1;
gaussGy(:, j)=£fp2;
fpp(:,j)=quadphi(j)*quads(:,]j);
end
gaussphi=sum(fpp’)’; %PUTS DUAL SOLUTION ON GAUSSGRID
gaussmult=da(gaussu,gaussgrid) . *cubic_second_derivative+. ..
db(gaussu,gaussgrid) .xcubic_first_derivative+. ..
ddf (gaussu,gaussgrid) . *gaussphi;
phifirst=interpl(gaussgrid,cubic_first_derivative,...
dualmesh,’linear’,’extrap’);
phidub=interpl(gaussgrid,cubic_second_derivative,. ..
dualmesh, ’linear’, ’extrap’);
mult=da(fullU,dualmesh) .*phidub+db(fullU,dualmesh) ...
.*phifirst+ddf (fullU,dualmesh) .*quadphi;
weights=repmat (gaussweights,1,dm);
E=repmat (gaussmult,1,dm);
Zl=repmat (gausspert,l,dm);
Wi=z21;
iter=60;
[eigv,evect,sing_val,svect]=...

svdroutine (iter,mult,gaussGx, gaussGy, . .

181

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



E,Z1,W1l,weights,dm,quads,gaussgrid);
% RECONSTRUCT PHI-PRIME MATRIX HERE
epsilon=.001;
linPhi_p=buildPhipCG1(epsilon,wholeU,gaussgrid,. ..
gaussweights,lins,dlins,linphi,outer);
[1inV,linEv]=eig(linPhi_p);
1linV1=1inV(:,1);
lin_eig=max(abs(diag(linEv)));
[1inU,linsingvals,linV]=svd(1inPhi_p);
linsingular=max(diag(linsingvals));
linsingvect=1inV(:,1);
linsingvect=linsingvect/12norm(outer,linsingvect(2:end-1));
Phi_p = buildPhipCG2(epsilon,fullV,dm,gaussgrid, ...
gaussweights,quads,dquads,dualmesh,quadphi) ;
[V,evl=eig(Phi_p);
[V2,ev2]=eig(Phi_p?’);
all_eigens=diag(ev);
[p,ip]=max(abs(diag(ev)));
ev=sign(ev(ip))*p; % GIVES DOMINANT EIGENVALUE OF Phi_p
[Uvec,singvals,Vvec]=svd(Phi_p);
singular=max(diag(singvals)); % DOMINANT SINGULAR VALUE
singvals=diag(singvals);
sing_and_eig=[singvals all_eigens];
domin_vec=V{(:,1); % DOMINANT EIGENVECTOR
domin_vec=domin_vec/12norm(dualmesh,domin_vec(2:end-1));

vv=Vvec(:,1);
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vv=yv/12norm(dualmesh,vv(2:end-1));

vv2=Vvec(1:2:end,1);

vv2=vv2/12norm{outer,vv2(2:end-1));

%experiment with solving Phi(U+ev)-Phi(U) for different v’s

sizes=pert_tests(epsilon,wholeU,gaussgrid,gaussweights,. ..
lins,dlins,linphi,outer,linsingvect,linV1);

Whhdhthdi PLOT COMMANDS %%%hih%shhdh

figure

subplot(2,2,1)

plot(outer,wholeU,gaussgrid,trueu(gaussgrid));

legend(’forward soln’);

subplot(2,2,2)

plot (dualmesh,quadphi,gaussgrid, cubic_dual_solution);

legend(’quad phi’,’cubic phi’)

subplot(2,2,3)

imagesc(green_x) ;

title(’greens function’);

colorbar;

subplot(2,2,4)

imagesc(Phi_p);

title(’\Phi‘ _\psi(U)’);

colorbar;

figure

subplot(1,2,1)

%plot(gridfortrue,trueu(gridfortrue),’k’,’LineWidth’,2);

plot(gaussgrid,abs(evect(:,end)) ,gaussgrid,abs(svect(:,end)));
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%legend(’eigen’,’singular’)
subplot(1,2,2)
plot(dualmesh,abs(domin_vec),’r’,’LineWidth’,4);
hold on
plot (gaussgrid,abs(evect(:,end)),’k’,’LineWidth’,2);
legend(’matlab’,’algorithm?)
eigenvalues=[ev eigv(end)];
singularvalues=[singular linsingular sing_val(end)];
figure
surfc(dualmesh,dualmesh,GM_x-GM_x’);
title(’diff of green and transpose’);
figure
plot(outer,linphi,dualmesh,quadphi,gaussgrid,cubic_dual_solution);
legend(’cgl dual’,’cg2dual’,’hermite dual’);
figure
subplot(2,2,1)
imagesc(Phi_p);
colorbar;
subplot(2,2,2)
surfc(dualmesh,dualmesh,Phi_p);
subplot(2,2,3)
imagesc(linPhi_p);
colorbar;
subplot(2,2,4)
surfc(outer,outer,1inPhi_p);

fprintf (’eigenvalues: matlab and power method: \n’);
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disp(eigenvalues);
fprintf (’singular values: matlab and power method: \n’);

disp(singularvalues);
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B.2.2 Secondary programs and functions

The following functions arc all called by the main program. The func-
tions gausspoints.m, newton.m, newtfun.m, newtjac.m, and bandedsolver.m

were written by Donald Estep. I wrote the others.

==

t, FUNCTION gridsetup
% This function sets up the meshes for the forward and
% dual solutions as well as calculates gaussweights and

% nodes for quadrature computations.

% INPUTS:

h n - the number of interior nodes for the forward solve
A gaussrule - specify number of gausspoints

% (should be 2, 3, or 5)

% OUTPUTS:

% outer - mesh for forward solve, including endpoints

% inner - interior nodes for forward solve only

h steps - stepsize for forward solve

% mids - midpoints of elements for forward solve

% dualmesh - mesh for cG2 dual solution

h dm - size of dualmesh

% gaussgrid, gaussweights - weights and nodes for quadrature

function [outer,inner,steps,mids,dualmesh, ...

dm,gaussgrid,gaussweights]=gridsetup(n,gaussrule)

% SET UP GRID FOR FORWARD SOLUTION
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outer=linspace(0,1,n+2)’;
inner=outer(2:end-1);
steps=diff (outer);

mids=outer(1l:end-1)+steps/2;

% SET UP GRID FOR cG2 DUAL SOLUTION (FORWARD GRID + MIDPOINTS)
dualmesh=zeros(length(outer)+length(mids),1);
dualmesh(2:2:end)=mids;

dualmesh(1:2:end)=outer;

dm=length(dualmesh);
% GET GAUSS NODES AND WEIGHTS FOR QUADRATURES
[gaussgrid,gaussweights] = gausspoints(inner,steps,gaussrule);

gaussgrid=reshape (gaussgrid’,1,prod(size(gaussgrid)))’;

gaussweights=reshape(gaussweights’,1,prod(size(gaussweights)))’;
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% FUNCTION gausspoints

% Computes the composite 2/3/5 point Gauss quadrature
% INPUTS:

A X - the mesh

yA h - the stepsize

% quadres - number of gaussnodes (2, 3, or 5)
% OUTPUTS:

/) tau - the gaussnodes

yA omega - the gaussweights

function [tau,omegal = gausspoints(x,h,quadres)
n=length(x);
if quadres ==

gamma = 1/(2%37.5);

tau(1,1) = x(1)/2-gamma*h(1);

tau(l,2)= x(1)/2+gamma*h(1);

omega(1,1) = .5%h(1);

omega(1,2) = .5%h(1);

for i = 2: n

tau(i,1) (x(1)+x(i-1))/2-gammaxh (i) ;
tau(i,2) = (x(i)+x(i-1))/2+gammaxh(i);

omega(i,1) = .5x%h(i);

omega(i,2) = .5*%h(i);
end
tau(n+1,1) = (1+x(n))/2-gamma*h(n+1);
tau(n+1,2) = (1+x(n))/2+gammaxh(n+1);

omega(n+l,1) = .5%¥h(n+1);

188

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



omega(n+1,2) = .5%h(n+1);
return
elseif quadres ==
gamma = (3/5)".5;
tau(l,1) = x(1)/2-gammaxh(1)/2;

tau(1,2)

x(1)/2;

tau(1,3)= x(1)/2+gamma*h(1)/2;

omega(1l,1) = 5/18+h(1);
omega(1,2) = 4/9%h(1);
omega(1,3) = 5/18xh(1);

for i = 2: n

(x(1)+x(i-1))/2-gamma*h (i) /2;

tau(i,1)

(x(i)+x(i-1))/2;

\

tau(i,?2)

tau(i,3) = (x(i)+x(i-1))/2+gamma*h(i)/2;

omega(i,1) = 5/18*h(i);
omega(i,2) = 4/9%h(i);
omega(i,3) = 5/18*h(i);
end
tau(n+1,1) = (1+x(n))/2-gamma*h(n+1)/2;

tau(n+1,2) = (1+x(n))/2;

tau(n+1,3) = (1+x(n))/2+gammaxh(n+1)/2;

omega(n+1,1) = 5/18xh(n+1);
omega(n+1,2) = 4/9%h(1);
omega(n+1,3) = 5/18*h(n+1);
return

elseif quadres == 5
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x1(1)=-sqrt (245+14*sqrt (70))/21;
x1(2)=-sqrt (245-14*sqrt (70))/21;
xi(3)=0;
x1(4)=sqrt (245-14*sqrt(70))/21;
xi(5)=sqrt (245+14*sqrt(70))/21;
w(1)=.23692688505618908752;
w(2)=.47862867049936646810;
w(3)=.56888888888888888889 ;
w(4)=w(2);
w(5)=w(1);
for j =1: 5
tau(l, =) +h (1) *xi(3))/2;
omega(1l,j)=w(j)*h(1)/2;
end
for i = 2: n
for j =1: 6
tau(i, j)=(x(i)+x(i-1)+h(1)*xi(j))/2;
omega(i,j)=w(j)*h(i)/2;
end
end
for j=1: 56
tau(n+1,j)=(1+x(n)+h(n+1)*xi(j))/2;
omega(n+1,j)=w(j)*h(n+1)/2;
end

end
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% FUNCTION newton

% hybrid-Newton iteration for solving (a(u,x)u’)’+b(u,x)u’=f(u,x)
% using continuous piecewise linear elements and trapezoidal

% rule to evaluate the integrals

% the matrices are created as column vectors and then

% turned into a sparse banded matrix

% INPUTS:

pA uold - previous Newton iterate

% x, h - mesh and stepsize

YA Ntol, Nmax - tolerance and maximum iterations
% OUTPUT:

A u - final solution to the nonlinear system

function u = newton(uold,x,h,Ntol,Nmax)
n=length(x);
Fold=newtfun(uold,x,h);
for newt = 1:Nmax
JFold=newtjac(uold,x,h);
Ndel = bandedsolver(JFold,Fold,3);
u = uold - Ndel;
Fu=newtfun(u,x,h);
% stop if Newton change is small or
% if relative residual is small
if norm(u-uold) < Ntol
break
end

% If the Newton step increases the residual,
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% do a bisection search to find a step
% that decreases the residual
sc=0;
while norm(Fu)> norm(Fold)
Ndel=Ndel/2;
u = uold - Ndel;

Fu=newtfun(u,x,h);

sc=sc+1;
end
if sc > 0
fprintf Did %d bisection steps
at Newton step %d\n’,sc,newt)

end

uold = u;

Fold = Fu;

end

fprintf(’  Used %d Newton iterations\n’,newt-1)
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% FUNCTION newtfun

% COMPUTES THE FUNCTION VALUE FOR THE NEWTON SOLVE

% INPUTS:

h u - function values on mesh
A x - mesh for forward problem
A h - stepsize

% OUTPUTS:

) F - function value for Newton solve

function F = newtfun(u,x,h)

n=length(x);

F(1,1) = (1/(2%h(1))*a(0,0) + (1/(2xh(1))...
+1/(2xh(2)))*a(u(1),x(1)). ..
+1/(2x¥h(2))*a(u(2),x(2)))*u(1)...
-(a(u(1),x(1))+au(2),x(2)))/(2*¥h(2)) *u(2). ..
+b(u(1),x(1))*u(2)/2.0...
-(h(1)+h(2))/2%f (u(1) ,x(1));

for i = 2: n-1

F(i,1) = -(au@i-1,x@E-1)+aud),x(1)))/(2*xh (1)) *uli-1). ..

+(1/(2xh(i))*a(u(i-1) ,x(1-1)) ...
+ (1/(2*%h(i))+1/(2*h(i+1)))*a(u(i) ,x(1)) ...
+1/(2*h(i+1))*a(u(i+1) ,x(i+1)))*u(i). ..
-(a(u(i),x(1))+a(u(i+1),x(i+1)))/(2*h(i+1))*u(i+1). ..
+b(u(i),x (1)) *(u(i+1)-u(i-1))/2.0...
-(h(1)+h(i+1))/2xf (u(i) ,x(1));

end

F(n,1) = -(aCu(n-1),x(n-1))+aCu(n),x(n)))/(2*h(n))*uln-1)...
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+(1/(2x¥h(m))*au(n-1) ,x(n-1)) ...

+ (1/(2%h(n))+1/(2*h(n+1)))*aluln) ,x(m)) ...
+1/(2xh(n+1))*a(0,1))*u(n) ...
-b(u(n),x(m))*u(n-1)/2.0...

—(h(n)+h(n+1))/2*f (uln),x(n));
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% FUNCTION newtjac
% COMPUTES THE JACOBIAN FOR THE NEWTON ITERATION
% INPUTS:
% u, x, h: function value u, mesh x, stepsize h
% OUTPUT:
) Jf: Jacobian of F at u
function JF=newtjac(u,x,h)
n=length(x);
for i = 1: n-1
JF(i,1) = -(a(u@@+1),x(@+1))+au(i) ,x(1)))/(2*h(i+1)) ...
+da(u(i),x(1))/(2*h(i+1) ) *x(u(i+1)-u(i)). ..
-b(u(i+1),x(i+1))/2.0;
end
Ydummy
JF(n,1)=0;
JF(1,2) = da(u(1),x(1))/(2*h(1))*u(1)...
+da(u(1),x(1))/(2xh(2))*(u(1)-u(2)) ...
+1/(2xh (1)) *a(0,0)+(1/(2%h (1)) +1/(2*h(2))) *a(u(1) ,x(1)) . ..
+1/(2xh(2))*a(u(2) ,x(2)). ..
+db(u(1),x(1))*u(2)/2.0...
=(h(1)+h(2))/2*df (u(1) ,x(1));
for i = 2:n-1
JF(i,2) = da(u(i),x(1))/(2*h(@i))*x(u(i)-u(E-1)) ...
+da(u(i),x(1))/(2xh(i+1))*x(u(i)-u(i+1)). ..
+1/(2¥h(1))*au(i-1) ,x(i-1))+(1/(2*h(1)) ...

+1/(2xh(i+1)))*a(u(i),x(1)) ...
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+1/(2xh(i+1))*au(i+1) ,x(i+1)). ..
+db(u(i) ,x(1))*(uE++u(i-1))/2.0...
=(h(i)+h(i+1))/2*df (u(i) ,x(i));
end
JF(n,2) = da(u(n),x(m))/(2xh(n))*(u(n)-u(n-1))...
+dau(n) ,x(m))/(2*¥h(n+1))*uln) ...
+1/(2¥h(n))*a(u(n-1) ,x(n-1))+(1/(2*h(n)) ...
+1/(2*%h(n+1)))*a(u(n) ,x(n)). ..
+1/(2*%h(n+1))*a(0,1) ...
+db(u(n) ,x(n))*u(n-1)/2.0...
-(h(n)+h(n+1))/2*df (u(n) ,x(n));
%dummy
JF(1,3)=0;
for i = 2:n
JF(i,3)=da(u(i),x(i))/(2*h(1i))*(u(i-1)-u(@))...
~(a(u(i-1),x(i-1))+a(u(i),x(1)))/(2*h (1)) . ..
+b(u(i-1),x(i-1))/2.0;

end
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% FUNCTION bandedsolver

% SETS UP A BANDED SPARSE MATRIX USING DIAGONALS

% COMPUTED FROM Ac AND SOLVES THE SYSTEM Ax=b.

% & IS THE # OF DIAGONALS CENTERED ARQUND MAIN DIAGONAL
function x = bandedsolver(Ac,b,d)

n=length(b);

d=£fix(d/2);

A=spdiags(Ac,-d:d,n,n);

*x=A\b;

% FUNCTION 12norm
% compute 12 norm of a function on [0,1] defined at gridpoints
% INPUTS:

% grid - mesh with endpoints

% func - function values on interior meshpoints
% OUTPUT:
% -y is the 12 norm of the function

% NOTE: only for functions which are zero at the endpoints
function y=12norm(grid,func)

ingrid=grid(2:end-1);

d=diff (grid);

[tau,omegal =gausspoints(ingrid,d,5);
tau=reshape(tau’,1,prod(size(tau)))’;

omega=reshape (omega’,1,prod(size(omega)))’;
p=interpl(ingrid,func,tau, ’spline’);

y=sqrt (sum(omega.*p."2));
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% FUNCTION linbasis.m

% Evaluate linear Lagrange basis function on grid of gausspoints
% INPUTS

% g - grid of gausspoints, obtained from "gausspoints.m"

% x - grid for forward solution, including the endpoints

% d - stepsize between x nodes

% OUTPUTS
% lins, - Linear Lagrange basis functions
% dlins - Derivative of lins

function [lins,dlins]=linbasis(g,x,d);
n=length(x);
lins(:,1)=((x(2)-g)/d(1)) .x(g <= x(2));
dlins(:,1)=(-1/d(1)) .x(g <= x(2));
for i=2:n-1
lins(:,1)=(g-x(i-1))/d(i-1) .*(g > x(i-1)...
& g <= x(i))+(x(i+1)-g)/d(i)...
(g > x(1) & g <= x(i+1));
dlins(:,i)=1/d(i-1).*(g > x(i-1) & g <= x(1))...
+(=1/d(1) .x(g > x(i) & g <= x(i+1)));
end
lins(:,n)=(g-x(n-1))/d(n-1) .*(g > x(n-1));

dlins(:,n)=(1/d(n-1)).*(g > x(n-1));
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% FUNCTION quadbasis.m
% Evaluate quadratic Lagrange basis function on gausspoints
% INPUTS
% g - grid of gausspoints, obtained from "gausspoints.m"
% x - grid for the forward solution, including the endpoints
% mids - the midpoint values between forward nodes
% 'y - full mesh for dual solution
% OUTPUTS
% quads, dquads - Lagrange quadratic basis functions and
%  their derivatives, evaluated at the gausspoints
function[quads,dquads]=quadbasis(g,x,d,nids,y);
n=length(mids); m=length(g); p=length(y);
for i=1:n
right(:,1)=(2x(g-y(2%1)) ...
H(g-y(2%i+1)) / (y(2*i+1) -y (2%i-1))"2) . ..
x(g > y(2%i-1) & g <= y(2*i+1));
dright (:,1)=2%((2xg-y(2*i+1) ...
-y (2%1)) / ((y(2%i+1) -y (2%i-1))"2)) . ..
(g > y(2%i-1) & g <= y(2%i+1));
middle(:,i)=(4*(y(2*i+1)-g) ...
H(g=y(2%i-1))/ (y(2%i+1) -y (2*i-1))"2) ...
(g >= y(2*i-1) & g <= y(2%i+1));
dmiddle(:,i)=(-4*(2*g-y(2%i-1)...
—y(2%i+1)) / ((y(2%i+1)-y(2%i-1))"2)) ...
AH(g >= y(2%i-1) & g <= y(2*i+1));

left(:,i)=(2*(g-y(2*i)) ...
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A (gmy(2%i-1))/ (y(2%i+1) -y (2%i-1))"2) ...
(g >= y(2%i-1) & g <= y(2%i+1));
dleft(:,i)=(2%(2*xg-y(2%i-1)...
-y (2%1))/ ((y(2%i+1) -y (2*i-1))"2)) ...
(g >= y(2%i-1) & g <= y(2*i+1));
end
for i=1:n-t1
interior(:,i)=left(:,i)+right(:,i+1);
dinterior(:,i)=dleft(:,i)+dright(:,i+1);
end
quads=zeros(m,p) ;
dquads=zeros(m,p) ;
quads(:,1)=right(:,1);
dquads(:,1)=dright(:,1);
for i=2:2:p-3
quads(:,i)=middle(:,1i/2);
dquads(:,i)=dmiddle(:,i/2);
quads(:,i+1)=interior(:,i/2);
dquads(:,i+1)=dinterior(:,i/2);
end
quads(:,p-1)=middle(:,end);
dquads(:,p-1)=dmiddle(:,end);
quads(:,p)=left(:,end);

dquads(:,p)=dleft(:,end);
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% FUNCTION cubicbasis.m

% evaluate cubic Hermite basis functions on gausspoints
% INPUTS

% g - grid of gausspoints, obtained from "gausspoints.m"
% x - grid for forward solution

% OUTPUTS

%  hermphi,dhermphi,hermeta,dhermeta-

A "local" basis functions and derivatives

% globalphi,dglobalphi,globaleta,dglobaleta

% "global" basis functions and derivatives

% ddglobalphi,ddglobaleta

% second derivatives of basis functions, to express

% second derivative of dual solution

function [hermphi,dhermphi,hermeta,dhermeta,...
globalphi,dglobalphi,globaleta,dglobaleta,...
ddglobalphi,ddglobaleta]=cubicbasis(g,x)

n=length(x);

for i=1:n-1

pl=(2*%(g-x(i+1)) ./ (x (1) -x(i+1)))+1;

p2=(2*(g-x(1)) ./ (x(i+1)-x(1)))+1;

leftphi(:,1) =(((g-x(1))."2).*p1)./(x(i+1)-x(i))."2...

(g >=x(1) & g <= x(i+1));
rightphi(:,1)=(((g-x(i+1)).72) . *p2) ./ (x(i)-x(i+1))."2...

(g >= x(1) & g <= x(i+1));

dleftphi(:,1)=(2*(g~x(1)) .*(2x(g-x(i+1)) ./ (x(1)-x(i+1))+1) ...
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x4 =x (1)) . "2) 424 (g-x(1)) . "2/ ((x (1) -x(i+1)) . ..
A (x(i+1)-x(1)).72)) 4 (g >= x(i) & g <= x(i+1));
drightphi (:,1)=(2*(g-x(i+1)) . *(2*(g-x (1)) ./ (x(i+1)-x(1))+1) ...
S x (1)-x(i+1)) . "2)+2% (g-x(i+1)) . 2./ ((x(i+1)-x(1)) ...
A(x(1)-x(1+1)).72)) . x(g >= x(1) & g <= x(i+1));
ddleftphi(:,i)=6%(2*g-x(i+1)-x(1))/((x(1)-x(i+1))"3)...
H(g >= x(i) & g <= x(i+1));
ddrightphi (:,1)=-6%(2*g-x(i+1)-x(i))/((x(i)-x(i+1))"3)...
k(g >= x(1) & g <= x(i+1));
lefteta(:,1)=(((g-x(i+1)) .*(g-x(1i))."2)./(x(i+1)-x(i))."2)...
*(g >= x(1) & g <= x(i+1));
righteta(:,i)=(((g-x(i)) . *(g-x(i+1)).72) ./ (x(i+1)-x(i))."2) ...
(g >= x(1) & g <= x(i+1));
dlefteta(:,i)=((g-x(1))."2./((x(i+1)-x(1)) . "2 +2*(g-x(i+1)) ...
A(gmx (1)) /((x(1+1)-x(1)) .72)) .*x(g >= x(1) & g <= x(i+1));
drighteta(:,1)=((g-x(i+1)).72./((x(i+1)-x(1)) . 2)+2*(g-x(i)) ...
AK(gmx(A+1)) ./ ((x(E+1)-x(1)) . 72)) . *x(g >= x(i) & g <= x(i+1));
ddlefteta(:,i)=2%(3*g-2*x(1)-x(i+1))/((x(i+1)-x(i))"2)...
k(g >=x(1) & g <= x(i+1));
ddrighteta(:,1)=2%(3*g-2*x(i+1)-x(1))/((x(i+1)-x(i))"2)...
(g >= x(1) & g <= x(i+1));
end
hermphi=[leftphi rightphil;
dhermphi=[dleftphi drightphil;
ddhermphi=[ddleftphi ddrightphil;

hermeta=[lefteta rightetal;
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dhermeta=[dlefteta drighteta];

ddhermeta=[ddlefteta ddrightetal;

(r,c]l=size(hermphi);

k=c/2;

globalphi(:,1)=hermphi(:,k+1);

dglobalphi(:,1)=dhermphi(:,k+1);

ddglobalphi(:,1)=ddhermphi(:,k+1);

globaleta(:,1)=hermeta(:,k+1);

dglobaleta(:,1)=dhermeta(:,k+1);

ddglobaleta(:,1)=ddhermeta(: ,k+1);

for i=2:k
globalphi(:,i)=hermphi(:,i-1)+hermphi(:,i+k);
dglobalphi(:,i)=dhermphi(:,i-1)+dhermphi(:,i+k);
ddglobalphi(:,i)=ddhermphi(:,i-1)+ddhermphi(:,i+k);
globaleta(:,i)=hermeta(:,i-1)+hermeta(:,i+k);
dglobaleta(:,i)=dhermeta(:,i-1)+dhermeta(:,i+k);
ddglobaleta(:,i)=ddhermeta(:,i-1)+ddhermeta(:,i+k);

end

globalphi(:,k+1)=hermphi(:,k);

dglobalphi(:,k+1)=dhermphi(:,k);

ddglobalphi(:,k+1)=ddhermphi(:,k);

globaleta(:,k+1)=hermeta(:,k);

dglobaleta(:,k+1)=dhermeta(:,k);

ddglobaleta(: ,k+1)=ddhermeta(:,k);
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% FUNCTION cG1 -

% computes stiffness matrix, load vector and solution
% for the linearized dual problem

%~-(a(wphi’)’+a’ (w)u’phi’-b(wphi’-£’ () =psi

% using lagrange linear basis (hat) functions

% INPUTS:

% gaussgrid, gaussweights- gaussnodes and weights,
/) obtained from "gausspoints.m" routine,

% organized into columns

% lins, dlins- hat functions and derivatives

% afn, bfn, cfn - the coefficients of the dual problem:
% afn = a(U), bfn = (2’ (U)U’-b(U)), cfn = -f’ (V)
% OUTPUTS:
% S - Stiffness matrix for cGl finite element method
% L - Load vector for cGl finite element method
% phi - values of dual solution on nodes
function [S,L,phil=...
cGl(gaussgrid,gaussweights,outer,lins,dlins,afn,bfn,cfn)
% CONSTRUCT LOAD VECTOR
p=psi(gaussgrid) ;
m=length(outer);
for i=1:m
load(i,1)=sum(gaussweights.*p.*1lins(:,1));
end
L=1load(2:end-1);

% CONSTRUCT STIFFNESS MATRIX
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lins=lins(:,2:end-1);
dlins=dlins(:,2:end-1);
S=zeros(m-2,m-2) ;
[r c]=size(lins);
J=1;
for i=j:j+1;

S(1,1i)=sum(gaussweights.*. ..
(afn.*dlins(:,i) .*dlins(:,j) ...
+bfn.*dlins(:,1i).*lins(:,3) ...
+cfn.*lins(:,i).*lins(:,j)));

end
for j=2:c-1;
for i=j-1:j+1
S(j,1)=sum(gaussweights.x*. ..
(afn.*dlins(:,1i).*dlins(:,j)...
+bfn.*dlins(:,1i).*lins(:,j)...
+cfn.*1lins(:,1) .*1lins(:,j)));
end
end
j=c;
for i=j-1:j;

S(c,i)=sum(gaussweights.x*. ..
(afn.*dlins(:,i) .*dlins(:,j) ...
+bfn.*dlins(:,1) .*1ins(:,j) ...
+cfn.*lins(:,1).*1ins(:,j)));

end

phi=[0;S\L;0];
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% FUNCTION c<G2

% computes stiffness matrix, load vector and solution
% for the linearized dual problem

% —(a(wphi’)’+a’ (u)u’phi’-b(u)phi’-f’ (W) =psi

% using lagrange quadratic basis functions

% INPUTS:

% gaussgrid, gaussweights - nodes and weights, obtained from
% "gausspoints.m" routine, organized into columns

% quads, dquads - basis functions, evaluated on

% gauss nodes, obtained from "quadbasis.m" routine

%  dualmesh - the forward grid + midpoints

% afn, bfn, cfn - the coefficients of the dual problem:
% afn = a(U), bfn = (&’ (U’-b(W)), cfn = -’ (V)

% OUTPUTS:

% 8 - Stiffness matrix for c¢G2 finite element method

% L - Load vector for cG2 finite element method

% phi - values of dual solution

function [S,L,phil=...
cG2(gaussgrid,gaussweights,quads, ...
dquads,dualmesh,afn,bfn,cfn)
% CONSTRUCT LOAD VECTOR
p=psi(gaussgrid) ;
m=length(dualmesh);
for i=1:m

load(i,1)=sum(gaussweights.*p.*quads(:,1));
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end

L=load(2:end-1);

% CONSTRUCT STIFFNESS MATRIX
quads=quads(:,2:end-1);
dquads=dquads(:,2:end-1);
S=zeros(m-2,m-2);

[r cl=size(8);

=1

for i=j:j+1;

S(1,1i)=sum(gaussweights.*. ..
(afn.*dquads(:,i) .*dquads(:,j). ..
+bfn.*dquads(:,1) .*quads(:,j)...
+cfn.*quads(:,1) .*quads(:,3j)));

end
3=2;
for i=j-1:j+2;

S(2,i)=sum(gaussweights.*. ..
(afn.*dquads(:,i).*dquads(:,j)...
+bfn.*dquads(:,1i) .*quads(:,j)...
+cfn.*quads(:,1i) .*quads(:,3)));

end
for j=3:m-4;
for i=j-2:j+2
8(j,1i)=sum(gaussweights.*. ..
(afn.*dquads(:,1i) .*dquads{(:,3)...

+bfn.*dquads(:,1) .*xquads(:,j) ...
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+cfn.*quads(:,i) .*quads(:,3)));
end
end
j=m-3;
for i=j-2:j+1;
S(j,i)=sum(gaussweights.*...
(afn.*dquads(:,i) .*dquads(:,j). ..
+bfn.*dquads(:,1) .*quads(:,j)...

+cfn.*quads(:,1i).*quads(:,3)));

end
j=m-2;
for i=j-1:3;

S(j,i)=sum(gaussweights.*. ..
(afn.*dquads(:,i).*dquads(:,j)...
+bfn.*dquads(:,1).*quads(:,j)...
+cfn.*quads(:,1) .*quads(:,3)));

end

phi=[0;S\L;0];
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% FUNCTION cG3.m

% computes stiffness matrix, load vector and solution

% for the linearized dual problem

% using hermite cubic basis functions

% INPUTS:

% gaussgrid,gaussweights - gaussnodes and weights

% hermphi,dhermphi, hermeta,dhermeta,

%  globalphi,dglobalphi,globaleta, dglobaleta

% - cubic hermite basis functions and their derivatives,

% evaluated on gauss nodes

% afn, bfn, cfn - the coefficients of the dual problem:

% afn = a(U), bfn = (2’ (WU’ -b(U)), cfn = -£’ (V)

% OUTPUTS:

% S - Stiffness matrix for cG3 (Hermite) finite element method

% L - Load vector

% cubic_values - first column is values of dual solution

% second column is values of derivative of dual solution

%  cubic_dual_solution - cubic dual expressed on gaussnodes

% cubic_first_derivative

/A - first derivative of dual on gaussnodes

yA cubic_second_derivative

A - second derivative of dual on gaussnodes

function [S,L,cubic_values,cubic_dual_solution,...
cubic_first_derivative,cubic_second_derivativel=...
cG3(gaussgrid,gaussweights, hermphi,dhermphi,. ..

hermeta,dhermeta,globalphi,dglobalphi,globaleta,...

209

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



dglobaleta,ddglobalphi,ddglobaleta,afn,bfn,cfn,n);
% CONSTRUCT LOAD VECTOR
[r1 cl]l=size(hermeta);
[r2 c2]=size(globaleta);
p=psi(gaussgrid);
for i=1:c2
bL(:,i)=p.*globaleta(:,i);
tL(:,i)=p.*globalphi(:,i);
end
loadmatrix=[tL bL];
[r3 c3]=size(loadmatrix);
gw=repmat (gaussweights,1,c3);
gaussmatrix=gw.*loadmatrix;
load=sum(gaussmatrix)’;
% BUILD STIFFNESS MATRIX
S=zeros (2*(n+2),2x(n+2));
[r cl=size(S);
k=n+2;
J=1;
for i=j:j+1;

S(1,i)=sum(gaussweights.*...
(afn.*dglobalphi(:,i).*dglobalphi(:,j)...
+bfn.*dglobalphi(:,1i).*globalphi(:,j)...
+cfn.*globalphi(:,i).*globalphi(:,3j)));

S(1,i+k)=sum(gaussweights.*...

(afn.*dglobaleta(:,i).*dglobalphi(:,j)...
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+bfn.*dglobaleta(:,1) .*globalphi(:,j)...
+cfn.*globaleta(:,i) .*globalphi(:,j)));
S(1+k,i)=sum(gaussweights.*. ..
(afn.*dglobalphi(:,i).*dglobaleta(:,j)...
+bfn.xdglobalphi(:,i).*globaleta(:,j)...
+cfn.*globalphi(:,i).*globaleta(:,j)));
S(1+k,i+k)=sum(gaussweights.*. ..
(afn.*dglobaleta(:,i).*dglobaleta(:,j)...
+bfn.*dglobaleta(:,i).*globaleta(:,3)...
+cfn.*globaleta(:,i).*globaleta(:,j)));
end
for j=2:n+1;
for i=j-1:j+1

S(j,1)=sum(gaussweights.*. ..
(afn.*dglobalphi(:,i).*dglobalphi(:,j)...
+bfn.*dglobalphi(:,i).*globalphi(:,j)...
+cfn.*globalphi(:,i).*globalphi(:,j)));

S(j,i+k)=sum(gaussweights.*. ..
(afn.*dglobaleta(:,i).*dglobalphi(:,j)...
+bfn.*dglobaleta(:,1).*globalphi(:,j)...
+cfn.*globaleta(:,i) .*globalphi(:,3j)));

S(j+k,i)=sum(gaussweights.*. ..
(afn.*dglobalphi(:,1).*dglobaleta(:,j)...
+bfn.*dglobalphi(:,i).*globaleta(:,j)...
+cfn.*globalphi(:,i).*globaleta(:,j)));

S(j+k,i+k)=sum(gaussweights.*. ..
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(afn.xdglobaleta(:,i).*dglobaleta(:,j)...
+bfn.*dglobaleta(:,i).*globaleta(:,j)...
+cfn.*globaleta(:,i).*globaleta(:,j)));
end
end
3=n+2;
for i=j-1:j;

S(j,i)=sum(gaussweights.*. ..
(afn.*dglobalphi(:,i).*dglobalphi(:,3)...
+bfn.*dglobalphi(:,1).*globalphi(:,j)...
+cfn.*globalphi(:,i).*globalphi(:,j)));

S(j,i+k)=sum(gaussweights.*...
(afn.*dglobaleta(:,1).*dglobalphi(:,j)...
+bfn.*dglobaleta(:,1).*globalphi(:,j)...
+cfn.*globaleta(:,i) .*globalphi(:,3j)));

S(j+k,1i)=sum(gaussweights.*...
(afn.*dglobalphi(:,1i).*dglobaleta(:,j)...
+bfn.*dglobalphi(:,i).*globaleta(:,j)...
+cfn.*globalphi(:,i) .*globaleta(:,j)));

S(j+k,i+k)=sum(gaussweights.*. ..
(afn.*dglobaleta(:,1) .*dglobaleta(:,j)...
+bfn.*dglobaleta(:,i) .*globaleta(:,j)...
+cfn.*globaleta(:,i).*globaleta(:,3)));

end
% REMOVE APPROPRIATE ROWS AND COLUMNS OF STIFFNESS

% MATRIX AND LOAD VECTOR SO THAT THE
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% SYSTEM SATISFIES DIRICHLET CONDITIONS
S=[S2:n+1,2:n+1) S(2:n+1,k+1:end) ;...
S(k+1:end,2:n+1) S(k+1:end,k+1:end)];
L=[1load(2:n+1) ; load(k+1l:end)];
solution=S\L;
% MAKE COLUMN FOR FUNCTION VALUES AND
% COLUMN FOR DERIVATIVE VALUES
% ADD ZEROS AT ENDPOINTS FOR DIRICHLET CONDITIONS
cubic_values = [ [0; solution(l:n); 0] solution(n+l:end)];
% EXPRESS SOLUTION ON GAUSSGRID
[r c]=size(cubic_values);
for i=1:r
cubic(:,i)=cubic_values(i,1)*globalphi(:,i)...
+cubic_values(i,2)*globaleta(:,i);
cubic_first(:,i)=cubic_values(i,1)*dglobalphi(:,i)...
+cubic_values(i,2)*dglobaleta(:,i);
cubic_sec(:,i)=cubic_values(i,1)*ddglobalphi(:,i)...
+cubic_values(i,2)*ddglobaleta(:,i);
end
cubic_dual_solution=sum(cubic’)’;
cubic_first_derivative=sum(cubic_first’)’;

cubic_second_derivative=sum(cubic_sec’)’;
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%need comments about inputs and outputs of this function
function 1inPhi_p=buildPhipCG1(epsilon,wholeU,gaussgrid, ...
gaussweights,lins,dlins,linphi,outer)

m=length(wholel) ;
pmat=epsilon*eye(m); % matrix of perturbations
pmat(:,1)=0;
pmat(:,end)=0; %don’t perturb first and last cols-
perturbed=repmat (wholeU,1,m)+pmat;
linphimat=repmat(linphi,1,m);
for i=1:m

for j=1:m

dnu(:,j)=perturbed(j,i)*dlins(:,j);
end
dnewperturbed(:,i)=sum(dnu’) ’;

lingaussu=interpl(outer,perturbed(:,i),gaussgrid);

afn = a(lingaussu,gaussgrid);

bfn = da(lingaussu,gaussgrid)...
.*dnewperturbed(:,i)-b(lingaussu,gaussgrid);

cfn = -df(lingaussu,gaussgrid) ;

[1inS,linL,pertphis(:,i)]=...
cGl(gaussgrid,gaussweights,outer,lins,dlins,afn,bfn,cfn);
clear 1inS linL afn bfn cfn;
end
linPhi_p=pertphis-linphimat;

1linPhi_p=1inPhi_p/epsilon;
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Jneed comments about what function does, inputs and outputs
function Phi_p=buildPhipCG2(epsilon,fullU,dmn, ...
gaussgrid, gaussweights,quads,dquads,dualmesh,quadphi)
pmat=epsilon*eye(dm) ;
pmat(1,1)=0;
pmat (end, end)=0;
perturbed=repmat (fullU, 1,dm)+pmat;
quadphimat=repmat (quadphi,1,dm);
for i=1:dm
for j=1:dm
nu(:,j)=perturbed(j,i)*quads(:,j);
dnu(:, j)=perturbed(j,i)*dquads(:,j);
end
newperturbed(:,i)=sum(nu’)’;
dnewperturbed(:,i)=sum(dnu’)’;
afn(:,i) = a(newperturbed(:,i),gaussgrid);
bfn(:,i) = da(newperturbed(:,i),gaussgrid)...

.*dnewperturbed(:,i)-b(newperturbed(:,i),gaussgrid);

cfn(:,i) = -df (newperturbed(:,i),gaussgrid);
[quadS,quadL,pertphis(:,i)]=...
cG2(gaussgrid,gaussweights,quads,dquads, . ..
dualmesh,afn(:,i),bfn(:,1),cfn(:,1));
clear quadS quadL;

end

Phi_p=(pertphis-quadphimat)/epsilon;
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% function svdroutine
% need some comments explaining what this function does
% and inputs and outputs
function [eigv,evect,sing val,svectl=
svdroutine(iter,mult,gaussGx,gaussGy,. ..
E,Z1,W1,weights,dm,quads,gaussgrid)
for k=1:iter
z=sum(gaussGx.*E.*Z1.*weights)’; Jfirst integral
w=sum(gaussGx.*E.*W1l.*weights)’; % w’s are for power method
clear i;
for i=1:dm
temp(:,i)=z(i)*quads(:,1i);
temp2(:,i)=w(i)*quads(:,i);
end
z=sum(temp’)’; % put result of first integral
% back on gaussgrid
w=sum(temp2’)’;
eigv(k,1)=sum(w.*W1(:,1) . *weights(:,1));
w=w/12norm(gaussgrid,w(2:end-1));
evect(:,k)=w; %save normalized eigenvector estimates
Wil=repmat (w,1,dm);
Z2=repmat(z,1,dm);
znew=(sum(gaussGy.*Z2.*xweights) ’) .*mult; Ysecond integral
clear i temp;
for i=1:dm

temp(:,i)=znew(i)*quads(:,i);
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end
znew=sum(temp’)’; % put result of second integral

% back on gaussgrid
sing_val(k,1)=sqrt(sum(znew.*Z1(:,1) .*xweights(:,1)));
znew=znew/12norm(gaussgrid,znew(2:end-1)); %normalize
svect(:,k)=znew; %save singular vector estimates
Zl=repmat (znew,1,dm) ;

end
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