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ABSTRACT

THE D-NEIGHBORHOOD COMPLEX OF A GRAPH

The Neighborhood complex of a graph, G, is an abstract simplicial complex formed by
the subsets of the neighborhoods of all vertices in G. The construction of this simplicial
complex can be generalized to use any subset of graph distances as a means to form the
simplices in the associated simplicial complex.

Consider a simple graph G with diameter d. Let D be a subset of {0,1,...,d}. For each
vertex, u, the D-neighborhood is the simplex consisting of all vertices whose graph distance
from u lies in D. The D-neighborhood complex of GG, denoted DN (G, D), is the simplicial
complex generated by the D-neighborhoods of vertices in G. We relate properties of the

graph G with the homology of the chain complex associated to DN (G, D).
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CHAPTER 1

INTRODUCTION

A natural question in mathematics asks “When are objects the same, and when are they
different?” Consider the two graphs in Figures 1.1 and 1.2. Each graph contains 12 vertices
and the local viewpoint from any vertex is the same. In particular, each vertex has degree
two. Globally, one can see that these two graphs are different. Graph G, is a disconnected
graph consisting of two cycles, while graph G5 is a disconnected graph consisting of three

cycles.

] [ ]
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Ficure 1.1. Graph G, FiGURrE 1.2. Graph G5

It is desirable to find techniques for distinguishing between two graphs. For example, if
graphs share the same local information, isomorphism tests can become difficult. Algebraic
topology allows one to study connectivity information in a precise manner. In particular,
persistent homology is an algebraic method for measuring the topological features of a space.
This field allows for the study of various levels of connectivity such as path connectivity, loop
connectivity, as well as higher dimensions.

One can use tools from algebraic topology to distinguish between graphs. A topological

space can be associated to a graph in many different ways. One such way is to use the



information about how the vertices in a graph are connected. Studying the topological
features of the space can give insight into the global structure of the graph.

Chapters 2 and 3 will introduce the theory behind building a topological space from a
graph. Chapters 4 - 7 will discuss particular types of graphs and what can be said about

the features of the spaces associated to these graphs.



CHAPTER 2

BACKGROUND

In order to construct a topological space from a graph, some background information
from both graph theory and simplicial homology is needed. The next three sections will

introduce vocabulary, notation, and concepts from these areas.

2.1. GRAPH THEORY

The following definitions from graph theory are consistent with those found in [Diel0],
[GRO1], [Gro08], and [HHMO08]. A graph, G = (V, E), consists of a set of vertices, V, together
with a set of edges, £/, which are two element subsets of V. If v;,v; € V, then the edge between
these vertices will be denoted as the monomial v;v; = v;v;.

The notion of distance in a graph is measured by the number of edges which must be
traversed in order to move from one vertex to another. The following defines three terms

relating to graph distance. These terms will be used frequently throughout this work.

DEFINITION 1. Let G = (V, E) be a graph with v;,v; € V.

(1) The distance between two vertices, denoted d(v;,v;), is the length of the shortest path
between v; and v;.
(2) The eccentricity of a vertex, v;, is given by e€(v;) = max {d(v;,v;) : Yv; e V}.

(8) The diameter of a graph is given by diam(G) = max {e(v;) : Yv; € V}.

In other words, the distance between a pair of vertices is the fewest number of edges
needed to travel from vertex v; to vertex v;. From here on, when speaking of distance, it
will be assumed to be graph distance. The eccentricity of vertex v; is the maximum distance

between v; and every other vertex in the graph, and the diameter of a graph is the maximum



distance between every pair of vertices. If diam(G) = d, then there exists a path of length d
or less between every pair of vertices. Two vertices are said to be adjacent if there exists an

edge between them. This is to say, the vertices have distance 1 from each other.

DEFINITION 2. A graph, G = (V, E), is disconnected if the vertices can be partitioned
into two non-empty sets, G1 and Gs, such that no vertex in Gy is adjacent to any vertexr in

Gy. We say G is the disjoint union of the two subgraphs and denote this graph by G, u Gs.

A graph is connected if there exists a path between every pair of vertices. A graph is
simple if there are no loops (edges connecting a vertex to itself) or multiple edges between a
pair of vertices. Unless otherwise noted, all graphs are assumed to be simple and connected.

A cycle is a path which starts and ends at the same vertex, but otherwise has no repeated

edges or vertices. A cycle graph, denoted C,,, is a single cycle on n vertices (See Figure 2.1).

F1cUrE 2.1. Cycle graph on 5 vertices, Cj

A tree is a simple, connected graph in which there are no non-trivial cycles (See Figure
2.2). In a tree, there is exactly one path between every pair of vertices. A leaf of a tree is a

vertex of degree 1; that is, there is exactly one edge incident with that vertex.

FIGURE 2.2. Tree with leaf v



2.2. SIMPLICIAL HOMOLOGY

The definitions from algebraic topology are consistent with [Car09], [EH10], [Koz08],
[Mun84|, and [MS05]. An (abstract) simplicial complex, A, on the vertex set V(A) =
{1,...,n}, is a collection of subsets from the vertex set, called faces or simplices, which
is closed under taking subsets. Equivalently, the faces of a simplicial complex can be ex-
pressed as monomials. Monomial division acts as a closure operation and it follows that if
o €A, then {7 : 7lc} ¢ A. A face o € A of cardinality |o| = 7 + 1 has dimension i and is
called an i-face of A. A face, 7, is a facet if there is no distinct o € A such that 7|o; that is
to say, 7 is a maximal face. Many texts emphasize the term “abstract” when referring to an
abstract simplicial complex. For the purpose of this dissertation, the term “abstract” will be
dropped and all simplicial complexes will be assumed to be abstract simplicial complexes.

Given a set of faces, a simplicial complex can be generated by taking the simplicial closure
of this set. Mathematically, given some vertex set V, if there exists a face o c V', then the
simplicial closure of this face is {7 : 7|o}. Now, given a set of faces, S one can take the set
of simplicial closures of each face in .S, call this A. By definition, A is a simplicial complex.
Taking the simplicial closure a second time stabilizes A; in other words, there will be no new
faces.

There is an algebraic structure called a chain complex which is a sequence of abelian
groups or modules connected by homomorphisms. From the definition that follows, we will

show one way in which a simplicial complex can be associated to a chain complex.

DEFINITION 3. A chain complex, C = {C;, 0;}, is a collection of abelian groups or modules
C;, one for each integer i, and of homomorphisms 0; : C; — C;_1 such that 0; o 0;;1 = 0, for

each 1.



Suppose A is a simplicial complex on the vertex set V/(A) = {1,...,n}. For each integer
i, let F;(A) be the set of i-dimensional faces of A. This means that Fy(A) can be thought
of as the set of all vertices, F1(A) as the set of edges, F5(A) as the set of solid triangles,
F3(A) as the set of solid tetrahedron, etc. Let KFi(2) be a vector space over a field K whose

basis elements e, correspond to i-faces o € F;(A). Suppose e, = vgv1---v;.

DEFINITION 4. The boundary operator §; : KFi(2) — KFi-1(2) 45 g homomorphism given

by

5i(eg) = Z(_l)j(vﬁ"'@j“"vi)
320
where the face vo---0;--v; is the j™ face of e, obtained by removing the j vertex.

DEFINITION 5. A chain complex, C = {A,d}, is the sequence of vector spaces:

0 s KFn-1(8) 2o RF) O gFa(d) L 0 gRB) %,

where 0; is the boundary operator defined in Definition 4.

By the definition of the boundary operator, it follows that §; o d;,1 = 0 for all i. As a
consequence, Im(d;,1) € Ker(d;). If Im(d;;1) = Ker(d;), then the sequence is exact at i. A

chain complex is ezact if it is exact for all i.

DEFINITION 6. The i-th homology of a chain complex, C, is defined to be
Hl(C) = Ker(tsl)/lm((s”l)

The i-th homology is said to be trivial if H;(C) ~ K when i =0 or if H;(C) =0 for i > 0.

A chain complex has trivial homology if both Hy(C) = K and if H;(C) = 0 for all i > 0.



Notice that a chain complex has trivial homology if it is exact for each ¢ > 0 and if Hy(C)
is one-dimensional. The ¢-th homology measures the failure of a chain complex to be exact.
Intuitively, the dimension of the i-th homology can be thought as indicating the number of
boundaries of i-dimensional holes in the simplicial complex, where the dimension of Hy(C)
indicates the number of connected components. To say the homology of a chain complex is

trivial indicates the associated simplicial complex bounds no holes.

2.2.1. KoszuL. CoMPLEX. Consider a simplicial complex consisting of all subsets on the

vertex set V(A) ={1,2,...,n} defined below and shown in Figure 2.3.

DEFINITION 7. Let A be a simplicial complex. A complete simplex of A is a face which

contains every vertex v e V(A).

FIGURE 2.3. Simplicial complex on the set {1,2,3,4}

By this definition and the definition of a simplicial complex, it follows that [F;(A)| = ("))

i+1
for each 0 <7 <n, and the associated chain complex, C, is given by:

0— K 3 KGR s O g

0

This chain complex is a Koszul Complex, see [Eis95]. The homology of the Koszul
complex can be computed directly to show that Hy(C) 2 K and H;(C) = 0 for all > 0 [MS05].
Furthermore, the homology of the Koszul complex does not depend on the characteristic of
the field. Topologically, a complete simplex on n vertices is a solid ball of dimension n — 1.

As can be seen, Figure 2.3 is a ball of dimension 3.



2.2.2. TrRiviAL HOMOLOGY. There are different techniques that can be used to deter-
mine when the homology of a chain complex is trivial. One such way is by identifying whether
or not the chain complex is a copy of the Koszul complex, as in Section 2.2.1. Another is by

using the ranks of the boundary operators. This is described in the lemma that follows.

LEMMA 1. Let C = {A,6} be a chain complex. If i > 0 and rank(d;) + rank(d;41) =

dim (K (X)) then H;(C) is trivial.

PROOF. Suppose ¢ > 0. It follows from Definition 6 that

dim(H;(C)) = null(é;) —rank(d;i1)
= (dim(K"®)) - rank(d;)) - rank(d41)
Therefore, if rank(d;) + rank(d;41) = dim(K#(2)) then dim(H;(C)) = 0. O

Consider a simplicial complex on n vertices. The boundary operator, dy, will be a zero
array of dimension n and therefore, null(dy) = n. If rank(d;) = n - 1, then it will follow
that dim(Hy(C)) = null(dy) —rank(d;) =n - (n—-1) = 1. Therefore, in order for Hy(C) to be
trivial, rank(d; ) must be n—1. Combining this fact with Lemma 1 describes one method for
determining when the i-th homology of a chain complex is trivial for all i.

Another technique for identifying when homology is trivial utilizes knowledge of other
chain complexes. Since a chain complex is a sequence of vector spaces, it is natural to
study homomorphisms between chain complexes. These homomorphisms give insight into

the homology of the associated chain complexes.



DEFINITION 8. Let A ={A1,0} and B = {Aq, ¢} be two chain complezes. A chain map

f+ A— B is a family of homomorphisms
fi: KFi(A) - gFi(A2)

such that @; o f; = fi_100; for all v.

That is to say that the following diagram commutes for each :

s KFi(A) % K#i(A1) L Kfia(Ad) — 5 ...

fi+1J fz'J fi—ll

ey KEs(Ay) P RE(A) P REa(A) L

Suppose A = {A1,0} and B = {As,p} are two chain complexes and suppose there is
a chain map f: A - B. Let fy : Fy(A1) —» Fy(Az) map the vertex set V(A;) to the
vertex set V' (Ajy). This map can be extended to a continuous map f; : KFi(41) — KFi(A2)
with fi(o) = fo(vo) fo(v1)---fo(v;) where o = vovi---v; € F;(A;) [Arm83]. A chain map
induces a homomorphism between the i-th homology groups of the two chain complexes:
fv: H;(A) > H;(B) [Hat02].

Chain maps can be further extended to a sequence of chain complexes. It is interesting
to study when this sequence is exact and how this affects the induced maps on the homology

of the chain complexes.

DEFINITION 9. Suppose A, B, and C are chain complexes. Let 0 denote the trivial chain

complex. Let f: A— B and g: B — C be chain maps. The sequence

0—A-LBLCc—0



is a short exact sequence of chain complexes if in each dimension i, the sequence

fi gi
0— A 5B —5C,—0
18 an exact sequence.

The following lemma is called the Snake Lemma in references such as [EH10]. However,
this name is often used to describe an additional result in homological algebra and to avoid
confusion, the name Zig-Zag Lemma found in [Mun84] and [Koz08] will be used.

The Zig-Zag lemma says that a short exact sequence of chain complexes induces a long
exact sequence in homology. Given knowledge of the homology of two chain complexes, this

lemma allows one to bound the homology of the third chain complex.

LEMMA 2. (Zig-Zag Lemma)
Assume that

0—A-LBLCc—0

1s a short exact sequence of chain complexes. Then there is a long exact sequence of homology

groups

s Hoy(A) L By (B) 2 Hy(0) 25 Hy o (A) D

where f. and g, are the maps between the homology groups induced by the maps f and g,

and 0, 1is induced by the boundary operator in B.

2.3. CONSTRUCTION OF CHAIN COMPLEXES

The Zig-Zag Lemma is a powerful lemma, but requires three chain complexes. The pur-

pose of this section is to identify tools which can be used to construct three chain complexes.

10



With specific knowledge of the homology of two of these chain complexes, the Zig-Zag Lemma
will allow us to deduce the homology of the third chain complex.

Given a simplicial complex, there are natural ways to study a second simplicial complex
where one is a subset of the other. Induction on the number of vertices is one such method.
There will be two chain complexes associated to these simplicial complexes. These chain
complexes will be used to construct a third chain complex. It will then be shown that
there exists a short exact sequence between the three chain complexes, thus giving us the

opportunity to use the Zig-Zag Lemma.

2.3.1. INJECTIVE CHAIN MAPS. The next definition describes when one chain complex
is a subcomplex of another. The notation 8,»|ch indicates restriction of the homomorphism 0;

to the module C!.

DEFINITION 10. A subcomplex C' = {C/,0!} of a chain complex C = {C;,0;}, denoted

17 7

C'cC, is a chain complex such that C] c C; and 0] = 8i|C£ for all 1.

The idea of subcomplexes can be extended for simplicial complexes. Recall, a basis for
KFi(A) is the set of i-faces F;(A). Suppose A; ¢ A,. By the choice of basis, it is easy to
see that KFi(A1) ¢ KFi(A2) for each 7. This implies the chain complex associated to A; is a
subcomplex of the chain complex associated to A,.

The following lemma shows that there exists a natural chain map between a subcom-
plex and a chain complex. In particular, this chain map is a collection of injective linear

transformations.

LEMMA 3. Let A and B be two chain complexes such that A c B. Then there exists a

chain map f: A— B.

11



PROOF. Let A and B be two chain complexes such that A c B. For each i, partition
B; = {A;, Al}. Suppose dim(A;) = n and dim(A;_;) = m. Then dim(B;) = n +n/, and
dim(B;_1) =m+m/'.

There exists an injective linear transformation, f; : A; = B;. This map can be represented

by the following block matrix

I,
fi=
0
where 0 is a n/ x n zero matrix.
Similarly,
I,
fioci=|—
0
where 0 is an m’ x m zero matrix.
Consider the following diagram:
A; « Aifl —
fiJ fill
B; Bi B, —— -

Now, a; : A; = A;_1 can be represented by some m xn matrix A, and due to the partition

of bases, 3; : B; = B;_1 can be represented by a block matrix:

Al =
b=
0| %
It follows that
A
f i-100; = | ——
0

12



and

A
Biofi=|—
0
Since the diagram commutes for each 7, then f must be a chain map. 0J

2.3.2. SURJECTIVE CHAIN MAPS. From linear algebra, we know that if W is a vector
space and if there exists a subspace V' c W, then there exists a subspace U such that
UeaV =W [Hal58|. For our purposes, since chain complexes are sequences of vector spaces,
then we can extend this property to chain complexes. In particular, if a simplicial complex
is a subset of another simplicial complex, A; ¢ Ay, then as vector spaces, KFi(A1) ¢ KFi(A2)

for each i. The next lemma describes a way to obtain another subspace of Kfi(42),

LEMMA 4. Suppose A1 c Ay are two simplicial complexes. There exists a subspace, call

this KFi(A3) - such that KFi(A1) @ KFi(As) = KFi(A2) for all i.

PROOF. Suppose A; c Ay are two simplicial complexes. Then for each i, KFi(A1) is a
subspace of K¥i(42)  Therefore, the basis elements in K(42) can be partitioned into the set
{F;(A1), F;(A3)} where F;(A3) = F;(As) ~ F;(A1). Thus, there must exist a subspace over

the field K with basis F;(A3z), say KFi(83)  where KFi(A1) @ KFi(A3) = KFi(A2), O

Let F;(As3) be a basis for the subspace KFi(23) and let As, be the collection of bases
{F;(A3)}.! Define homomorphisms, §; : KFi(23) — KFi-1(83) to be the boundary operator
defined in Definition 4. The following lemma shows that the sequence of homomorphisms
between these vector spaces is in fact a chain complex. This implies that given two chain
complexes A c B, a third chain complex, C, can be constructed. It will be shown in Lemma

6 that one can also obtain a chain map g: B - C.

Despite the notation, Ag is not necessarily a simplicial complex.

13



LEMMA 5. Suppose A1 and Ay are two simplicial compleres and A1 ¢ Ay, For each
i, let F;(A3) be a basis for KFi(23) where KFi(A1) @ KFi(As) = KFi(A2) Then there exists a

non-trivial chain complex C = {A3,d}.

PROOF. Let A; and A, be two simplicial complexes such that A; ¢ A,. For each i,
let F;(A3) be a basis for KFi(4s) where KFi(A1) @ KFi(4s) = KFi(A2), Using the boundary

operator defined in Definition 4, there is a non-trivial sequence:

0 s KFn-1(3) 1 gFi(As) O gFa(de) 0 gR(As)

Let 0 = apay---a; € Fi(A3) and let apa;---a;---a; denote the (i — 1)-dimensional face which

excludes vertex a;. Suppose j < k. Then the following holds:

6ic100;(0) = (oo + (-1 agaj-a; +...

(1) agGoas + ...

4 (C1Y (1) Nage e eeag -

Since KFi(23) is a vector space, then 7 € Ki(23) implies that the additive inverse —7 ¢
KFi(23) for all . This ensures that all terms will sum to 0. Therefore, the definition of a

chain complex is satisfied. 0

With this construction of the third chain complex, we call C the difference complex.

14



DEFINITION 11. Suppose A = {A,6} and B = {Aq, ¢} are chain complexes and A c B.
The difference complex, C = {Az, 1}, is the sequence of vector spaces together with a boundary

operator, ; : KFi(A3) — KFi-1(83)  yhere KFi(A3) @ KFi(A1) = KFi(A2)

It follows that C c B. The following lemma shows that there exists a natural chain map

g:B-C.

LEMMA 6. Let B and C be two chain complexes such that C ¢ B. Then there exists a

chain map g: B - C.

PROOF. Suppose B and C are two chain complexes such that C c B. For each ¢, patrition
B; = {C;,C!}. Suppose dim(B;) = n+n', and dim(B,-1) = m +m/. Then dim(C;) = n and
dim(C;-q) = m.

There exists a surjective linear transformation g; : B; - C;. This can be represented by

the following block matrix

o)

gi:(]n

where 0 is an n x n’ zero matrix.

Similarly,
Gi-1 = ( 1,10 )

where 0 is an m x m/ zero matrix.

Consider the following diagram:

B; By —— -
gzl gill
Ci & Ciig —— -

15



By the partition of bases, «; : B; = B;_; can be represented by the block matrix

where 3; : C; — C;_; is represented by the m x n matrix A. It follows that

gi—loaiz(AO)

and
5i°gz’=( AO)

Since the diagram commutes for each ¢, then g must be a chain map. ([l

Beginning with two simplicial complexes A; ¢ Ay, we have shown there is a natural
injective chain map between the associated chain complexes A = {A,6} and B = {As,¢}.
Using the faces in F;(As) N F;(A1) = F;(A3) as a basis, it is possible to build a sequence of
vector spaces which induces a difference complex, C = {A3, ¢}. Therefore, B=.4&C. There
is a natural surjective chain map between B and C. The following lemma is a result from
[DF04] and shows that this construction of chain maps is a short exact sequence of chain
complexes. The proof of this lemma follows from the fact that f is injective, g is surjective,

and it is a simple exercise to show that Ker(g) = Im(f).

LEMMA 7. Suppose A and B are chain complexes. Then
0—AL AeB-LB—0

1s a short exact sequence of chain complexes.

16



Suppose we start with a chain complex with known homology. Then we can construct
two more chain complexes in such a way to guarantee a short exact sequence. It is then
possible to apply the Zig-Zag Lemma. Computing the homology of the remaining two chain
complexes becomes a task in record keeping. At times, it will be possible to use some of
the techniques from Section 2.2.2 for identifying trivial homology in one chain complex to
show the homology of the two remaining chain complexes must be equivalent. Since the
homology of the chain complex was known for one chain complex, this gives us a method for

determining the homology of the other chain complex.

17



CHAPTER 3

D-NEIGHBORHOOD COMPLEX

This chapter describes one way to construct a simplicial complex from a graph. In
particular, the distance between vertices will be used as a rule for generating a face in the
simplicial complex. To this simplicial complex, one can associate a chain complex. The
homology of the chain complex can be computed to identify topological features of the
simplicial complex. These features will then be used as a way to compare different classes

of graphs.

3.1. THE D-NEIGHBORHOOD COMPLEX OF A GRAPH

Consider a graph, G = (V,FE), on n vertices. The next definition describes how to

construct a simplex from one vertex in a graph.

DEFINITION 12. Let D be a subset of the set of graph distances {0,1,...,diam(G)}. The

D-neighborhood of a vertex, v;, is given by N; = {v; € V : d(v;,v;) € D}.

In other words, the D-neighborhood of a vertex is a collection of vertices lying at specific
distances from that vertex. A natural choice for D is to choose the set of consecutive distances
{0,1,...,d}, for some number d, as this uses the immediate neighborhood around a vertex.
However, there is no requirement for D to be a set containing consecutive distances or to
include 0. In some graphs, it will be interesting to study the case when the set of distances
do not contain 0, such as the case when D = {1}.

Distance in a graph is measured by the number of edges in the shortest path between two

vertices (Definition 1). This value will always be a positive integer or 0. It will be explicitly

18



stated when 0 € D; therefore, without loss of generality, an arbitrary value d € D will be
assumed to be an integer greater than 0.

Consider the following graph:

FiGure 3.1. Graph G

Let D = {0,2}. The D-neighborhood of vertex a is N, = {a, ¢} since these are the vertices
with distance 0 or 2 from vertex a.
The concept of a D-neighborhood can be used to build a simplicial complex from a graph.

The following definition describes this process.

DEFINITION 13. The D-neighborhood complex of a graph G = (V, E) with distance set
D, denoted DN (G, D), is the simplicial complex with simplex o included whenever o ¢ N;

for some vertex v;.

One can generate the D-neighborhood complex of a graph by taking the simplicial closure
of the set of D-neighborhoods. The set of all facets are a subset of the D-neighborhoods
of the graph. The D-neighborhood, N;, will be written as a monomial of vertices from the
graph. The operation of monomial division ensures the definition of a simplicial complex is

satisfied. That is,

(1) {r : 7|N;} c DN(G, D)

The D-neighborhood complex is a generalization of a simplicial complex called the Neigh-

borhood complex. The Neighborhood complex is equivalent to considering the case when

19



D = {1} and the “closed” Neighborhood complex is equivalent to the case when D = {0,1}.
More information about this simplicial complex can be found in [Cso07] and [Kah07]. It
is interesting to study D = {0,1,...,d} for increasing choices of d because one can create a
nested sequence of the associated chain complexes. The induced maps in homology allow
one to look for topological features which persist as d increases. In other words, this allows
one to study the persistent homology of the nested sequence of D-neighborhood complexes.*

Recall from Figure 3.1, the D-neighborhood on vertex a was N, = ac. Finding the D-
neighborhoods of the remaining vertices and taking the simplicial closure yields the following

D-neighborhood complex:

DN (G, D) = {ace, bce, bde, ac, ae, be, bd, be, ce, de, a, b, ¢, d, e}

Using Section 2.2, the chain complex, C, associated to DN (G, D) is the sequence

1 6 [
0— K HK LK S

Recall the definition of the boundary operator (Definition 4). Using a matrix to represent

01, we have

ac ae bec bd be ce de

IThis is not the purpose of this dissertation, but is one possible direction for future research.
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The boundary operator for d; can be represented by

ace bee bde

ac| 1 0 0
ae| -1 0 0
bec| O 1 0
B2=bd|l 0 0 1
be| 0 -1 -1

ce 1 1 0

de\ 0 0 1

The boundary operator for §p can be represented by a zero array. Using Definition 6,
the homology of C is Hy(C) = Ker(dy)/Im(d;) 2 K, H,(C) =0, and H2(C) = 0. This indicates
that the D-neighborhood complex has trivial homology. Using the facets {ace, bce, bde}, the

D-neighborhood complex can be visualized (Figure 3.2).

a e d

FIGURE 3.2. D-neighborhood complex for graph G

3.2. EXAMPLES

In Chapters 4 - 7 we will compute the homology of the chain complex associated to the
D-neighborhood complex of general classes of graphs and for various choices of distance sets.
This section will study the homology of the D-neighborhood complex of a few special graphs.

Consider the Petersen Graph (See Figure 3.3). The Petersen Graph is a strongly regular

graph. Specifically, every vertex has degree 3, every pair of adjacent vertices has 0 common
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neighbors, and every pair of non-adjacent vertices has 1 common neighbor [GR0O1]. The

symmetry and regularity of this graph makes it interesting to study.

V4 A U1
AV

A

U3 V2

FIGURE 3.3. Petersen graph

Let D = {0,1} and let C be the chain complex associated to DN(G,D). There are
10 distinct facets of DN (G, D) which correspond to the D-neighborhoods on each of the
10 vertices in the Petersen Graph. Since each vertex has degree 3, each of these facets is

3-dimensional. The chain complex has the form:

0 K10 43 K40 b2 K45 ! K10 do 0

Using Definition 6 to compute the homology of the chain complex, the only non-trivial
homology class is H;(C) 2 K°. This means that there are 6 boundaries of one-dimensional
“holes” in the D-neighborhood complex of the Petersen Graph. Something to notice is that
there are 40 faces of dimension 2. Since there are 10 faces of dimension 3, then a simple
counting argument shows that there are no 3-faces “glued” together along the same 2-face;
otherwise, there would be fewer than 40 faces of dimension 2. However, there are many
3-faces glued together along the same 1-face. In other words, many tetrahedron share edges.

This topology explains why H;(C) is non-trivial.
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Suppose D = {0,1,2}. Then since 2 is the diam(G), the homology of the chain complex
associated to the D-neighborhood complex would be trivial (See Proposition 3). Extending
the radius of the neighborhoods around each vertex from a radius of 1 to radius of 2, in
effect, “solidifies” the simplicial complex.

Next, we will look at the homology of the chain complex of the D-neighborhood complex
of the skeletons of the Platonic solids. By definition, each of the skeletons of the Platonic
solids are regular graphs. This means that all of the facets of the associated D-neighborhood
complex will have the same cardinality. It is uninteresting to study the skeleton of the

tetrahedron since this is a complete graph.

FIGURE 3.4. Skeleton of cube

Consider the graph of the skeleton of a cube (Figure 3.4). Let D = {0,1}. Then the chain

complex, C, associated to DN (G, D) is given by:

d: 1 1) 1
O_>K8_3)K32_2)K24_1)K8_0)

Once again, the 8 vertices in the graph give 8 distinct facets. In computing the homology
of the chain complex, the only non-trivial homology class is Hy(C) = K7. This means that the
D-neighborhood complex of the skeleton of the cube contains 7 boundaries of two-dimensional
“holes”. In other words, this simplicial complex has the same homology as a wedge sum of
7 hollow tetrahedron. As with the Petersen Graph, since the diameter of the cube is 2, then

letting D = {0, 1,2} will lead to trivial homology of the associated D-neighborhood complex.
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The D-neighborhood complexes of the skeletons of the octahedron, dodecahedron, and

icosahedron (Figure 3.5) also have interesting homology for various choices of D.

FIGURE 3.5. Skeleton of octahedron (left), dodecahedron (center), icosahe-
dron (right)

Table 3.1 summarizes the results from direct computations. Notice that since the skeleton

of the octahedron has diameter 2, then the homology of the chain complex associated to the

D-neighborhood complex will be trivial for D = {0, 1, 2}.

TABLE 3.1. Homology of the D-neighborhood complex of Platonic solids

D={0,1} D=1{0,1,2)

Octahedron Hy(C)=zK Trivial
Dodecahedron H,(C) =K Hy(C) =K
Icosahedron Hy(C)zK Hyip(C)zK

3.3. PROPOSITIONS

As mentioned in Section 2.1, unless specified, all graphs will be assumed to be connected
and simple. The justification for this follows. Recall the definition of the disjoint union of two
graphs (Definition 2). Notice that the definition of graph distance does not allow for simplices
in the D-neighborhood complex to form between vertices from two disjoint graphs regardless

of the choice of D. As a consequence, the homology of the chain complex associated to the
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D-neighborhood complex of a disconnected graph can be treated additively. The following

proposition formalizes this scenario, thereby justifying the restriction to connected graphs.

NN

FI1GURE 3.6. Disjoint union of two graphs

PROPOSITION 1. Let D be fixed. Let Gy u Gy be the disjoint union of graphs Gy and Gs.
Let A be the chain complex associated to DN (G4, D), let B be the chain complezx associated
to DN(G3,D), and let C be the chain complex associated to DN(G1uGs, D). Then H;(C) =

H;(A) @ H;(B) for all i.

PRrROOF. The proof of this proposition is trivial. O

The reason for assuming all graphs to be simple is that loops and multiple edges do not
change the distance between vertices and therefore, will not change the D-neighborhoods.
If the homology of the D-neighborhood complex of a non-simple graph is needed, one can
remove the loops and multiple edges.

Consider a connected graph, G = (V, E), and let D = {0,1,...,d}. Notice that for each
vertex v; € V, there will exist at least one D-neighborhood, N, such that v;|N. Since 0 € D,
then it will also be true that v;|N;. This means that the associated D-neighborhood complex,
DN (G, D), will always be one connected component. In other words, Hy(C) = K. However,
this is not necessarily true if 0 ¢ D.

As implied in Section 3.2, there is a time when there are enough distances included in D
so that the homology of the chain complex associated the D-neighborhood complex becomes

trivial. The following expands upon this idea.
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DEFINITION 14. Given a graph G = (V, E), a D-neighborhood, N;, is said to be complete

if N; is a complete simplex on V.

The first case is applicable to any choice of D. Once there exists a complete D-neighborhood
in the D-neighborhood complex, then the associated chain complex is a Koszul complex.

From [Mun84], the homology of the chain complex will be trivial.

PROPOSITION 2. Let G = (V| E) be a graph and let D be fized. Let C be the associated
chain complex to DN (G, D). If there exists a complete D-neighborhood in DN (G, D), then

H;(C) is trivial for all i.

PROOF. Let G = (V, E) be a graph and let D be fixed. Suppose there exists a complete
D-neighborhood, N; ¢ DN(G, D). By Definition 13, every monomial which divides N; will
also be a face, and thus, every possible combination of the vertices from V. It follows that
the chain complex associated to DN (G, D) is the Koszul complex on the vertex set V. Thus,
H;(C) is trivial for all . O

The next case is actually a corollary to Proposition 2. This is the case when D contains

every possible distance in a particular graph. At this point in time, every vertex will have a

complete D-neighborhood.

PROPOSITION 3. Let G = (V, E) be a graph and let D ={0,1,...,diam(G)}. Let C be the

chain complez associated to DN (G, D). Then H;(C) is trivial for all i.

PROOF. Let G = (V, E) be a graph, let D ={0,1,...,diam(G)}, and let C be the chain
complex associated to DN (G, D). By definition of the diameter of a graph (Definition 1),
d(v;,v;) < diam(G) for every pair of vertices v;,v; € V. This implies that NN; is a complete

D-neighborhood for each vertex v; € V. By Proposition 2, H;(C) is trivial for all i. O
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In addition to assuming all graphs are simple and connected (unless otherwise noted),
then by Proposition 3, we can also assume for distance set D = {0,1,...,d}, that d is an
integer and 1 < d < diam(G). Otherwise, it will be immediately known that the homology of

the chain complex associated to the D-neighborhood complex is trivial.
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CHAPTER 4

ONE-POINT UNION OF GRAPHS

Beginning with a simple connected graph, we have described one way of building a
simplicial complex based on the distance between vertices. The homology of the associated
chain complex gives insight into the topological features of the simplicial complex. This
chapter begins to draw connections between these features and the graph.

Choosing D to be the set of consecutive distances {0, 1,...,d}, this chapter studies how
the homology of the D-neighborhood complex changes when two graphs are joined together
at a single vertex. Understanding these changes allows one to compute the homology of the

D-neighborhood complex of a variety of graphs by decomposing them into smaller pieces.

4.1. ONE-POINT UNION DEFINITION

Recall Definition 2 of the disjoint union of graphs. The following definition describes

joining two disconnected graphs at a single vertex in order to form the one-point union.

DEFINITION 15. Let G1 = (V1,Ey) and Gy = (Va, Ey) be two graphs. Let vy € Vi and
v € Vo be two vertices. The one-point union of Gy and Go with respect to vy and vy, denoted

G11G, = (V. E), is the graph defined by

(1) the vertex set V = ({Vi~vi1})u({VaNwe})u{v}
(2) viv; is an edge in GiUGy if and only if either v;v; is an edge in Gy U {v} and v;v; is
an edge in Gy once v is replaced with vy, or v;v; is an edge in Go U{v} and vv; is an

edge in Gy once v is replaced with vs.
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The one-point union of two graphs can be regarded as “gluing” vertices v; and v, together
(See Figures 4.1 and 4.2). The one-point union depends on the choice of vertices, v; and vs,

but in practice, these will be suppressed from notation.

FIGURE 4.2. One-point union G11Gy

The idea of joining objects together at a single point can be extended to simplicial
complexes. The following definition is from [Koz08] and will be used in the theorem in

Section 4.2.

DEFINITION 16. Given two simplicial complezes Ay and Ao, with vertices vy € V(Ay)
and vy € V(As), the wedge of Ay and As, with respect to the vertices vy and vq, is the
simplicial complex Ay v Ay defined by

(1) V(A1 v Ag) = (V(A) N {vi}) u (V(A2)  {vz}) u{v};

(2) o c V(A1 v Ay) is a simplex of Ay v Ay if and only if either o c V(A1) u{v} and o

is a simplex of Ay once v is replaced with vy, or o c V(Ag)u{v} and o is a simplex of

Asy once v 1s replaced with vs.
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The wedge of two simplicial complexes joins two vertices from each simplicial complex
to form one vertex. Notice that the homology of the wedge of two simplicial complexes is

equivalent to the sum of the homology of each simplicial complex [Jon08].

4.2. THE MAIN THEOREM

The following theorem says that the homology of the D-neighborhood complex of the
one-point union of two graphs is equivalent to the homology of the D-neighborhood complex
of the disjoint union of the graphs.! This is not something that is immediately obvious.
The set of facets in DN (G11Go, D) is not the union of the set of facets in DN (G1,D) and
DN(G5,D). In other words, the D-neighborhood complex of GG, is not the wedge sum of
DN(G1,D)v DN(G3, D). In particular, it is possible that the D-neighborhood of vertex v
in Figure 4.2 creates a facet of higher dimension than those in DN(G1,D) and DN(G», D).
Despite the changes in facets, it turns out that the topological features of the simplicial

complexes for each graph are preserved.

THEOREM 1. Let D ={0,1,...,d}. Let Gy = (V1,Ey) and Gy = (Va, Ey) be two graphs.
Let A be the chain complex associated to DN(G1 1 Go,D) and let B be the chain complex

associated to DN(G11G2,D). Then H;(B) = H;(A) for alli>0 and Hy(B) 2 K.

PROOF. Let D = {0,1,...,d}. Let Gy = (V4,E;) and Gy = (Va, Ey) be two graphs. Let
A={A1,0} be the chain complex associated to the D-neighborhood complex of the disjoint
union G 1 Gy. Let G11iGy be the one-point union of Gy and G5 with respect to vertices
a' € Vi and a” € V. Let B ={Ay, 1} be the chain complex associated to the D-neighborhood
complex of G11Gs.

IRecall, from Section 3.3 the homology of the D-neighborhood complex of the disjoint union of two graphs
is equivalent to the sum of the homology groups of the D-neighborhood complex of each graph.
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Let f: A - B be a chain map. In particular, let fy:a’ ~ a, fo:a" ~ a, and fy:v; = v;
for all other O-faces in DN(G; u G3,D). By identifying vertices o/ and a” with vertex
a, notice that DN (G u G9,D) ¢ DN(G11G5, D). Let Az be the collection of faces from
DN(G11G2,D) ~ DN(G;1 u Go,D). For each o € Az, there exists at least one vertex vy € V}
and at least one vertex vy € V4 such that vi|o and vs|o. That is, each face in Az must
have at least one vertex from (G; and one vertex from G5, otherwise, this face would be in
DN(G;uG3,D). Put an ordering on the vertices in Ag, such that a < v; for all other v;. By
Lemma 5, there is an associated chain complex to Ag, the difference complex C = {Ag3, ¢}.

We first show that C is exact. By Lemma 1, we want to show that rank(yy)+rank(pg_1) =
dim (KFk-1(23)) for all k.

By definition of a chain complex, it follows that Im(yy) € Ker(¢g-1). This implies that

(2) null(¢r-1) > rank(yy)
(3) dim (KF-1(23)) —rank(p,_1) > rank(eyg)
(4) dim (KF=1(23)) > rank(p, ;) + rank(ey)

Using Equation 4, it is left to show that dim(KFk-1(23)) < rank(¢y) + rank(pg_1).

Let k£ > 0 and consider avy--vy_1 € F(A3z). Applying the boundary operator, ¢y, yields
the linear combination gy (avy:--vg_1) = Vo -Vg_1 — QV1---Vg_1 + ... This is a linear combination
of (k-1) dimensional faces where the only subsimplex which is not divisible by vertex a is
the face vy---vp_1 which has coefficient 1. Due to the ordering on the vertices, this will be
true for every face, o € Fi,(A3z) where a|o. Furthermore, any face 7 € F(A3) such that a + 7

will be mapped to a linear combination of (k — 1)-faces which also are not divisible by a.
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Recall, the k-faces from Fi(Aj3) are a basis for KFs(23). By the ordering on the elements

in Fi(A3), the matrix representation of ¢, will be a block matrix of the form

Let A = {0 € F.(A3) : alo}, i.e. the the set of k-faces that contain vertex a. Let B =
{TeFr1(A3) : at 7}, ie. the set of (k—1)-faces that do not contain vertex a. Notice that
the size of A determines the size of the identity block in ¢, and therefore, puts a lower bound
on the rank(yy) . This implies that |A| = ¢ < rank(yy). There exists a 1-1 correspondence
between A and B. For each o € A, there is exactly one corresponding (k- 1)-face that is not
divisible by a which is obtained from applying the boundary operator, (o). Furthermore,
each 7 € B divides a distinct face in A by construction of Az. Otherwise, if 7 is a (k—1)-face,
if a + 7, and if there does not exist o € A such that 7|0, then 7 € DN (G u Gy, D). That is, a
(k — 1)-face which is not divisible by a and which does not divide any face in A would have
been a face in DN (G u Go, D). Therefore, |A| = |B| and |B| < rank(¢y,).

Now let C = {0 € F,_1(A3) : a|o}, i.e. the set of (k — 1)-faces that contain vertex a.
It follows that |B| +|C| = dim(K*%1(43)). By the same argument as above, it follows that
|C| < rank(y_1). Therefore, dim(KFk-1(23)) = |B| + |C| < rank(¢y ) + rank(p;_1). Combining
this result with Equation 4, it has been shown that rank(¢y) + rank(p,_;) = dim(KFs-1(23)).
By Lemma 1, this means that H;(C) is trivial for all ¢ > 0.

Let Ay = DN(G1 uGs,D) and let Ay = DN(G11G2,D). In order to use the Zig-Zag
Lemma, we want a short exact sequence of chain complexes between A, B, and C. However,
the map fy : Kfo(A1) - KFo(A2) produces a non-trivial kernel. In particular, Ker(fy) is

one-dimensional. In order to remedy this, the chain complex A can be adjusted.
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Since G; and G5 are disjoint, then §; : KF1(&1) — KFo(A1) can be represented as the block

matrix

01 =
01]S

Take the wedge DN(G1,D) v DN(Gy,D) at vertices a/ and a” by defining 8y : KF1(A1) -

KFo(A) /K. This means that §, can be represented by the matrix

where T' can be thought of as a single row which takes the sum of the row from R which
corresponded to vertex a’ and the row from S which corresponded to vertex a’.

This modified chain complex, denoted A, is given below:

0 — oo DL RFAD By 2 R an O R g 0,

From the modification on the chain complex, A, the changes in the homology, H;(A),
can be tracked. First, we show that the rank(d;) = rank(d;). In [Bapl0], it is shown if a
graph, G, on x vertices has k connected components, and has incidence matrix Q(G), then
rank(Q(G)) = x — k. Since 0, is the (oriented) incidence matrix for G u Gy, and there are
two connected components, then rank(0,) = (|Vi| + |Va|) — 2. Since joining DN (G4, D) with
DN(G5,D) at vertices a’ and a”” means there is one less vertex in DN (G1,D)v DN(G,, D),
then rank(d;) = (|Vi|+ [Va| = 1) - 1 = rank(d;). Since dim(K1(A)) is the same in the chain
complexes A and A, then it follows by the rank-nullity theorem that null(d;) = null(d;).

Therefore, the homology on A is equivalent to H;(A) for all i > 1.
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Since null(dy) = null(dy) - 1, then the dimension of Hy(A) is one less than the dimension
of Hy(A). By assuming that G is connected and Go is connected, then Hy(A) = K2, and
therefore, Hy(A) = K.

Let T: A > B and let g : B — C be chain maps. Then we have the following sequence of

chain complexes:

L [KFe(Ar) L KF1(A) L KFo(A1)/K 6—7]) 0
f2 f1 fo
P2 1 %o
s KA T2, REA(A2) T, KFe(A2) 2,
92 g1 90
S, KFe(d3) P2, REFi(A3) P 0
0 0

Notice that by construction B = A® C. Therefore, this sequence of chain complexes is of
the form

0—A—>A0C—C—0

By Lemma 7, this is a short exact sequence of chain complexes. By the Zig-Zag Lemma,

there is a long exact sequence in homology.

+ —> Hy(A) — H;(B) — H;(C) — H;(A) — -

It was shown that H;(C) was trivial for 7 > 0 and since K*o(23) = (0, then Hy(C) = 0.

Therefore, the homology of A is equivalent to the homology of B for all i. As shown before,
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Hi(A) = Hi(A) for i >0 and Hy(A) = K. Therefore, H;(B) = H;(A) for all i > 0 and

Ho(B) 2 K. 0

4.3. GRAPH DECOMPOSITION

Theorem 1 allows for a decomposition of graphs into subgraphs that meet at exactly one
vertex. For example, let D = {0,1} and consider the D-neighborhood complex of the graph

in Figure 4.3.

FiGURE 4.3. Graph G

This graph can be decomposed into 3 one-point unions of subgraphs (See Figure 4.4). By
Theorem 1, the homology of the D-neighborhood complex of G is the sum of the homology
groups of the D-neighborhood complex of each subgraph. We can compute the homology of
the D-neighborhood complex of each subgraph using theorems from Chapters 5 and 6. It

follows that Hy(C) 2 K, H;(C) 2 K, and H;(C) is trivial for ¢ # 1, 2.

e

FIGURE 4.4. Decomposition of graph G

4.4. COROLLARY FOR TREES

Edges are the building blocks of a graph. By joining a set of edges as one-point unions,
one is able to build any tree. Restricting to one-point unions of edges ensures that a cycle

is not formed and thus, protects the definition of a tree. The next result is an immediate
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consequence of Theorem 1 and looks at the homology of of the D-neighborhood complex of

a tree.

COROLLARY 1. Let T = (V,E) be a tree, let D = {0,1,...,d}, and let C be the chain

complex associated to DN (T, D). Then H;(C) is trivial for all i.

PRrROOF. Consider a tree on two vertices, v; and v. This tree must be the edge v;vy. It
follows that o = vjvy, is a face in DN (T, D). Since o is a complete D-neighborhood, then by
Proposition 2, H;(C) must be trivial for all i.

o ———O0
(] Vi

FIGURE 4.5. Tree on two vertices

Consider any tree, T'. A tree is a collection of one-point unions of edges. The homology

of the D-neighborhood complex of each edge is trivial. Thus, by Theorem 1, if C is the chain

complex associated to DN (T, D), then H;(C) must be trivial for all i. O
Um
° / °
v; v; Vg

FIGURE 4.6. One-point union of edges
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CHAPTER 5

TREES

As mentioned in Chapter 2, there is exactly one path between any pair of vertices in a
tree. Equivalently, adding any edge to a pair of existing vertices will form a cycle. For this
reason, the connectivity information in a tree seems trivial. This chapter will look at how
different choices of D and how adding edges to a tree changes the connectivity information.
First, we study the D-neighborhood complex of path graphs for a specific choice of D. Section
5.2 will look at how the homology of the D-neighborhood complex of a tree changes when

one edge is added to a pair of existing vertices.

5.1. THE D-NEIGHBORHOOD COMPLEX OF PATH GRAPHS

The most basic type of tree to study is a path graph. A path graph, denoted P,, is a
tree on n vertices with exactly two leaves and where all other vertices have degree 2. This
graph can be thought as a straight line through n vertices (See Figure 5.1).

By Corollary 1, the homology of the D-neighborhood complex associated to a path graph
is trivial if D consists of consecutive distances starting with 0. The homology is no longer

trivial if 0 is excluded from D. In particular, consider the case when D = {1}.

FIGURE 5.1. Path graph P

THEOREM 2. Let P, be a path graph, and let D = {1}. Suppose C is the chain complex

associated to DN (P,, D). Then Hyo(C) =2 K2 and H;(C) is trivial for all i > 0.

PROOF. Let P, be a path graph on the vertex set V' = {vg,v1,...,v,-1}, and let D = {1}.

Consider DN(P,,D). Notice that Ny = v; and N,_; = v,o. It follows that Ny|Ny and
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Ny-1|Ny—3. Thus, the facets of DN(P,,D) are 1-faces of the form v;_1v,,; for each integer
j € [1,n—2]. Whenever j is even, N; will be a 1-face of vertices with odd subscripts and
when j is odd, N; will be a 1-face of vertices with even subscripts. This implies H;(C) is
trivial for ¢ > 1. Also, this implies the set of facets can be separated into exactly two disjoint

components (see Figure 5.2). Since Hy(C) measures the number of connected components,

then Hy(C) = K2.

® @ ® ® o —o—0
Vo (%) (1 (3 (%1 Vs Vs

FIGURE 5.2. D-neighborhood complex of P;

Now, if H;(C) were not trivial, then at the minimum, there would exist a set of 1-faces
which contains vertices of the form a;ay,a;an,, axa, which would form the boundary of a
one-dimensional hole. If v;_yv;,; is in this set, then this set must also contain a 1-face with
vertex vj_; and a 1-face with vertex v;,;. However, by construction of the D-neighborhoods,
these faces would have to be v;_3v;_1 and v;,1v;,3. Since v;_3 # v;,3, then no such set exists.

Thus, Hy(C) is trivial. O

5.2. THE D-NEIGHBORHOOD COMPLEX OF UNICYCLIC GRAPHS

A graph is unicyclic if it contains exactly one cycle. One such graph is C},. A more general
example is if exactly one edge is added between two existing vertices in a tree. Corollary 1
from Section 4.4 can be extended to compute the homology of the D-neighborhood complex
of a unicyclic graph in the case of D = {0,1}. In order to do this, we start with a tree and add
exactly one edge which forms one cycle. This new graph is a copy of the tree. The homology
of the D-neighborhood complex of a unicyclic graph will vary depending on the size of the
cycle. An immediate corollary of this theorem classifies the homology of the D-neighborhood

complex of C), for this same choice of distance set.
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THEOREM 3. Let D = {0,1}. Consider a tree T with distinct leaves vy and vy. Let

G =(V,FE) be a copy of T where the edge vive € E. Let B be the chain complex associated to

DN(G,D).

(i) If d(vi,v2) =2 in T, then H;(B) is trivial for all i.
(i) If d(vy,v2) =3 in T, then Ho(B) 2 K and H;(B) is trivial for all i # 2.

(iii) If d(vi,v2) 24 in T, then Hy(B) 2 K and H;(B) is trivial for all i+ 1.

PROOF. Let D ={0,1}. Suppose T is a tree with distinct leaves v; and vy. Let A = {Ay,0}
be the associated chain complex to DN(T,D). Let G = (V,E) be a copy of T" with edge
v1vg € E. Let B = {Ag,1¢} be the chain complex associated to DN (G, D). Let f: A—> B be a
chain map. Notice that A; ¢ A,. Let As be a collection of i-dimensional faces from Ay N\ Aj.

By Lemma 5, let C = {A3, ¢} be the difference complex.

(i) Suppose d(vy,v2) =2 in T, and suppose v3 is the parent of v; and vy (see Figure 5.3).
That is, d(vi,v3) =1 and d(vq,v3) = 1. In Ay, Ny = vyv3 and Ny = vovs. In Ay, these
D-neighborhoods change to N; = vivouz = No. However, since the face v1v9v3/ N3 in
both A; and Ay, it follows that Az = @. That is, A = Ao, so H;(A) = H;(B) for each

i. Therefore, by Corollary 1, H;(B) is trivial for all i.

U1 V2

FIGURE 5.3. Tree with d(vy,vy) =2

(ii) Suppose d(v1,v2) =3 in T. Suppose v is the parent of vertex v; and that vy is the

parent of vertex vy (see Figure 5.4). That is, d(vy,v3) = 1 and d(ve,vs) = 1. The

39



facets that are in Az come from the D-neighborhoods on v; and vy in Ay which are

given by Ny = vivouz and Ny = v10904.

U1 (%)

FIGURE 5.4. Tree with d(vy,v9) =3

All of the faces in Az can be given explicitly, Az = {v1v9v3, V10904, v1v2}. This

can be used to write the chain complex C:

0— K2 2K 2L

where po = (1 1) and ¢ = (0).
There are chain maps between the chain complexes A, B, and C which are demon-

strated below:

L KEs(AD) L KF2(A1) L K#1(A1) L) KEo(Aq1) L 0

f3 f2 fi fo
s KEB(Ag) L KF2(A2) L K1 (A2) L KEo(A2) L 0

93 92 g1 ]

0o — K 2. rt 25 0
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By construction, B = A& C. Therefore, this sequence of chain complexes is of the

form

0—-A—AaoC—C—0

By Lemma 7, this is a short exact sequence of chain complexes, and by the Zig-Zag

Lemma, there is a long exact sequence in homology:

— H,(A) — H,(B) — H,(C) — H, 1(A) — -

Recall, by Corollary 1, H;(.A) is trivial for all 7. Since @y, is the zero map for k + 2,
then H;(C) is trivial for ¢ = 0 and for all i > 3.
Using @2 and ¢y, explicit computations show that Hy(C) = K and H,(C) = 0.

Filling in known homology groups, the long exact sequence becomes:

0 —> Hy(B) —> K —> 0 —> H{(B) —> 0 — -~

Since this sequence is exact, then Ho(B) 2 K, and H;(B) is trivial for all ¢ # 2.
(iii) Suppose d(v1,v2) >4 in T. Suppose vs is the parent of vertex v; and that vy is the

parent of vertex vs (see Figure 5.5). That is, d(vy,v3) =1 and d(vg,v4) = 1.

U1 (%

FIGURE 5.5. Tree with d(vy,ve) > 4

The facets that are in Az come from the D-neighborhoods on v; and vy in Ay

which are given by N; = vivevs and Ny = vivovs. It follows that the faces in As can
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be given explicitly, Az = {v1v9v3, V1V, V1V2, V104, Vov3}. This can be used to write

the chain complex C:

0—K2 2K 20

where ¢, is a zero array and

1 1
$2=10 -1
1 0

L RE(A) B gEA) %2 R 0 R %

f3 f2 fi fo

Yo
_—

o KFs(A) B RE(A) Y2, REI(A) Y RE(A) 0

93 92 g1 g0

0o — K2 £, Kk 25 9

0 0
By construction, B = A& C. Therefore, this sequence of chain complexes is of the

form

0—A—AeC—C—0

By Lemma 7, this is a short exact sequence of chain complexes, and by the Zig-Zag

Lemma, there is a long exact sequence in homology:
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> Ho(A) — Hy(B) — Ho(C) — Hooi(A) — -

Recall, by Corollary 1, H;(.A) is trivial for all i. Since py, is the zero map for k # 2,
then H;(C) is trivial for ¢ = 0 and for all 7 > 3.

The homology for Hs(C) and H;(C) can be computed explicitly using s and ¢;.
It follows that H5(C) =0 and H;(C) 2 K. Filling in known homology groups, the long

exact sequence becomes:

im0 —> Hy(B) — 0 —> 0 —> Hy(B) — K —> 0 —> ---

Since this sequence is exact, then it follows that H;(B) 2 K, and H;(B) is trivial

for 7 # 1.

O

Theorem 3 looks at the D-neighborhood complex of a graph when an edge has been
added between the leaves of a tree. One can add edges to these same vertices as one-point
unions to obtain any tree in which an edge has been added between any pair of existing
vertices. Therefore, by Theorem 3, the homology of the D-neighborhood complex of any

unicyclic graph is known.
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CHAPTER 6

THE D-NEIGHBORHOOD COMPLEX OF CYCLE GRAPHS
6.1. CYcLE GRAPHS

As indicated in Section 5.2, the graph of C),, can be formed from a tree. Begin with
the path graph P, and add an edge between the two leaves. The graph is now a cycle
on n vertices. The homology of the D-neighborhood complex of cycle graphs is non-trivial
for several choices of D. Section 6.2 uses the “smallest” set of consecutive distances, while

subsequent sections in this chapter will look at other choices for D.

Vo
Un-1 U1
Un-2 (%)
Un-3 U3

FIGURE 6.1. Cycle graph C,

6.2. THE D-NEIGHBORHOOD COMPLEX WITH MINIMAL DISTANCE SET

The “smallest” set of consecutive distances is D = {0,1}. For this choice of D, the

homology of the D-neighborhood complex of a cycle graph is a corollary to Theorem 3.

COROLLARY 2. Let C,, be a cycle graph and let D = {0,1}. Let C be the chain complex
associated to DN (C,,, D).
(i) Ifn=3, then H;(C) is trivial for alli>0.
(ii) Ifn=4, then Ho(C) 2K, and H;(C) is trivial for i + 2.

(iii) If n >4, then Hi(C) 2K, and H;(C) is trivial for i # 1.

PrOOF. Consider a path graph P,. Add an edge between the two leaves to form the

cycle graph C,,.
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(i) If n =3, then the leaves of P3, say vy and vy, are of distance d(vg,vs) = 2, so this is

case (i) from Theorem 3.

Vo (%

FIGURE 6.2. P; with edge added to form Cj

(ii) If n =4, then the leaves of Py, say vy and vs, are of distance d(vg,v3) = 3, so this is

case (ii) from Theorem 3.

U1 V2

Vo U3

FIGURE 6.3. P, with edge added to form Cy

(iii) If n > 4, then the leaves of P,, say vy and v,_1, are of distance d(vg,v,-1) =n—-12>4,

so this is case (iii) from Theorem 3.

U1

FIGURE 6.4. P5 with edge added to form Cj

The homology of the D-neighborhood complex of C), follows from Theorem 3. U

By Corollary 2, the D-neighborhood complex of Cy has one boundary of a 2-dimensional
“hole”. The facets of DN (Cy, D) are {vgv1va, vov103, VgUa¥s, V10203 . One can see that these

facets form a 2-sphere, or a hollow tetrahedron.
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FIGURE 6.5. Graph C (left) and DN(C4,{0,1}) (right)

One way to think about the D-neighborhood complex of C),, when n > 4, is to suppose
the vertices of (), are labeled consecutively vy, v1,...v,_1. The D-neighborhoods are of the
form v;_1v;v;41 (mod n) for all ¢ € [0,n —1]. Therefore, there are n facets of dimension 2
which can be thought of as solid triangles. Each triangle, v;_1v;v;,1, shares an edge with two
other triangles, v;_sv;_1v; and v;v;,1v;,2. Depending on the parity of n, the D-neighborhood
complex of C, will either be a cylinder or a Mobius band. However, the homology of the
chain complex for both simplicial complexes will still be one-dimensional at H;(C) [Mun84].

See Figures 6.6 and 6.7

Vo (%) ... Un2 7o
Up-1 U1 Y Up-3 Up-1

FIGURE 6.6. D-neighborhood complex of €, when n is even

Vo V2 .. Un-3 Up-1
Un-1 U1 U3 T Up—2 VYo

FIGURE 6.7. D-neighborhood complex of (), when n is odd

6.3. ONE-POINT UNIONS OF CYCLES

There is a class of graphs called Dutch windmill graphs, denoted Dém), which consists

of m copies of (3 joined at a single vertex. These graphs can be extended to D,(lm), which
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consists of m copies of C), joined at a single vertex. Theorem 1 and Corollary 2 can be used

to compute the homology of the D-neighborhood complex of D™ when D = {0,1}.

FIGURE 6.8. Dutch windmill graphs D3 and D3

COROLLARY 3. Let D = {0,1} and let D™ be a Dutch windmill graph. Let C be the
chain complez associated to DN(DT(lm),D).
(i) Ifn=3, then H;(C) is trivial for alli>0.
(ii) Ifn=4, then Hy(C) 2 K™, and H;(C) is trivial for i 2.

(iii) If n>4, then Hi(C) 2 K™, and H;(C) is trivial for i+ 1.

PrROOF. Let D = {0,1} and let D{™ be a Dutch windmill graph. Let C be the chain
complex associated to DN (DT(Lm) , D). Using the same choice of D, let A be the chain complex
associated to DN (C,,, D).

Since D™ is a one-point union of m copies of C,,, then by Theorem 1, H;(C) = ETE H;(A).

The homology groups H;(A) are given in Corollary 2. O

6.4. THE D-NEIGHBORHOOD COMPLEX FOR D = {1}

Just as Section 5.1 computes the homology of the D-neighborhood complex of P, when
D = {1}, this section will compute the homology of the D-neighborhood complex of the cycle

graph, C,, for the same choice of D. Recall, the D-neighborhood complex of a path graph
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is two disjoint sequences of 1-faces. However, for C,,, the D-neighborhood complex is either
homotopy equivalent to a circle or homotopy equivalent to two circles. The D-neighborhood

complex depends on the parity of n.

THEOREM 4. Let C,, be a cycle graph and let D = {1}. Let C be the chain complex
associated to DN (C,,, D).
(i) If n is even, then Ho(C) 2 K2, H (C) 2 K2, and H;(C) is trivial fori> 1.

(i) If n is odd, then H,(C) 2K, and H;(C) is trivial for i + 1.

PROOF. Let C, be a cycle graph and suppose D = {1}. Suppose the vertices are labeled
in consecutive order, vy, vy, ...,v,-1. Then the D-neighborhood on vertex v; is of the form
N; =vj_q1vj,1 (mod n), for each j € [0,n—1]. It follows that the facets of DN(C,,, D) are
{vgva, V103, VaUy, V3Vs, . .., Up_aUn, Up_11}. Since the facets are all of dimension 1, this implies
that the only non-trivial homology can come from Hy(C) and H;(C).

(i) If nis even, then each edge pair vj_jvj,; will either contain only even numbered sub-
scripts or odd numbered subscripts. This divides DN (C,,, D) into exactly two disjoint
components: {vgvs, Ugvy, ..., Vp_2Ug} and {vivs, v3vs, ..., v, 101}, (See Figure 6.9).
This implies Ho(C) = K2. Furthermore, each component forms the boundary of a

circle. Together, these two circles give H;(C) = K2.

() U1

Un-2 U2 Un-1 U3

Un-4 V4 Un-3 Vs

FI1GURE 6.9. D-neighborhood complex of C),, n even
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(ii) Suppose n is odd. Then the D-neighborhood on vertex v,,_1 is N,,_1 = v,,_9v9, Which is
an edge consisting of a vertex with an odd numbered subscript and a vertex with an
even numbered subscript. Rather than have two disjoint cycles consisting of vertices
of strictly even numbered subscripts or odd numbered subscripts, this edge connects

the two circles from case (i) to create one component which is the boundary of a circle

(See Figure 6.10). Therefore H,(C) 2 K and H;(C) is trivial for i # 1.

Vo

U1 Up-1

FIGURE 6.10. D-neighborhood complex of C),, n odd

6.5. THE D-NEIGHBORHOOD COMPLEX WITH MAXIMAL DISTANCE SET

Corollary 2 looked at the case where D is the “minimum” set of consecutive distances,
namely D = {0,1}. Proposition 3 showed that once D = {0,1,...,diam(G)}, then the ho-
mology of the D-neighborhood complex would always be trivial. For this reason, we regard
D ={0,1,...,diam(C,) - 1} as the “maximum” choice of distance set. By construction of
the D-neighborhood on a vertex, the following case only applies when n is even. When n is

even, then diam(G) = 5.

THEOREM 5. Let n be even and let D = {0,1,...,%— 1}. Let C be the chain complex

associated to DN(C,,, D). Then H, 2(C) 2K and H;(C) is trivial for all other i.

PROOF. Let n be even and let D = {0,1,...,%— 1}. Consider DN(C,,,D). For each

j€[0,n-1], N; = vo--Tp--vn—1 where vertex vy is excluded and k = j + § (mod n). These
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n distinct D-neighborhoods are the facets of DN(C,,, D). Notice all facets have dimension
n-2.
Now consider an (n — 1)-ball which can be represented as the facet vy---v,,_1. Notice that

applying the boundary operator yields

§(vor+Un1) = 7Z(—l)ij

This is to say, the facets of DN(C,,, D) form the boundary of the (n — 1)-ball. Therefore,
DN(C,,D) can be represented as an (n — 2)-sphere and thus, H, »2(C) ¥ K and H;(C) is

trivial for all other ¢ [Mun84]. O

If n were odd. Then diam(C),) = |%]|. This means that each D-neighborhood is of the
form N; = vo+-T;Uj1-Vp-1, Where j =i+ |5 | (mod n). This is no longer the boundary of an
(n—1)-ball. As a result, the homology of DN (C,,,D) is more difficult to predict for various

choices of n when n is odd.
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CHAPTER 7

THE D-NEIGHBORHOOD COMPLEX OF VERTEX WEIGHTED

TREES

Up to this point, the D-neighborhoods of the vertices of a graph have been formed using
the same distance set, D. This chapter studies the case when D varies for each vertex. We
assign weights to the vertices of the graph. These weights are used to determine the distance
set that applies to the D-neighborhood on each vertex. In Section 7.3, we compute the

homology of the D-neighborhood complex of vertex weighted trees.

7.1. THE D-NEIGHBORHOOD COMPLEX OF WEIGHTED GRAPHS

The following definitions formalize the process for constructing the D-neighborhood com-

plex of a graph where D varies for each vertex.

DEFINITION 17. A vertex weighted graph, G, = (V, E), is a graph in which each vertex

v; € V is assigned a weight w; € 7.*.

DEFINITION 18. Suppose G, = (V, E) is a vertex weighted graph. Define D; = {0, ... w;}.
The D-neighborhood of vertex v; will be given by N; = {v; : d(v;,v;) € D;}. The D-neighborhood
complex of a vertex weighted graph, denoted DN (G, D), is the simplicial complex with sim-

plex o included whenever o|N; for some Nj.

Just as before with the value of d € D, without loss of generality, we assume each weight,
w;, 18 a positive integer less than the diameter of the graph, ie. 1 < w; < diam(G,). If
w; > diam(G,, ), then N; is a complete D-neighborhood. By Proposition 3, the homology of

the associated chain complex will be trivial.
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Allowing different distance sets for the D-neighborhoods of the vertices in a graph can
create interesting connectivity information. The homology of the D-neighborhood complex
will depend heavily on the various choices for weights on the vertices.

For example, consider the vertex weighted graph of Cy in Figure 7.1.

FIGURE 7.1. Vertex weighted Cy, version 1

The chain complex associated to the D-neighborhood complex of this weighted graph is given

below.

O—>K4—>K18—>K32—>K25—>K8—>0

Explicit computations show the homology of the D-neighborhood complex of this vertex
weighted graph is trivial for all . In Chapter 6, we showed that H;(C) would have been one
dimensional in the case of D = {0,1}. Notice that by increasing this distance set for four
vertices, the homology of the D-neighborhood complex becomes trivial.

It will not always be the case that the D-neighborhood complex of a weighted Cy has
trivial homology. From Figure 7.1, we can increase one vertex of weight 1 to weight 2 and

rearrange these weights to obtain Figure 7.2.

F1GURE 7.2. Vertex weighted Cy, version 2
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In version 1, there were four facets of dimension 4. In version 2, there are five facets
of dimension 4 which is a result of increasing the weight of one of the vertices. The chain

complex associated to the D-neighborhood complex of the graph in Figure 7.2 follows.

O—>K5—>K23—>K39—>K27—>K8—>0

In this case, Hy(C) 2 K. Again, this differs from the case of D = {0,1} on an unweighted
Cs. It can be shown that when D ={0,1,2} in an unweighted Cg, then the homology of the
chain complex associated to DN (Csg, D) is Ho(C) = K3. Intuitively, one would assume that
as the weights of more of the vertices are increased to 2, the homology of the D-neighborhood
complex of a weighted Cy will approach the homology of the D-neighborhood complex of an

unweighted Cg with D = {0, 1,2}.

7.2. MAXIMALLY WEIGHTED GRAPHS

Consider the case when vertex v; is assigned weight w; and its corresponding D-neighborhood
N;|N; for some N;. There are times when changing w; will not change the fact that N;|N;.
It is possible to increase the weight, w;, until it is “maximal”. That is, the weight can be
increased until it changes the corresponding simplicial complex, so that N; + N;. In other
words, the D-neighborhood, N;, picks up extra O-faces, or vertices, which changes the faces
in the D-neighborhood complex. The following definition describes the notion of when a

vertex weighted graph has maximal weight.

DEFINITION 19. A wertex weighted graph is maximally weighted if there are no complete
D-neighborhoods and if increasing any of the weights of the vertices changes the associated

D-neighborhood complex.
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FIGURE 7.3. A vertex weighted tree

Let T, be a vertex weighted tree (See Figure 7.3). The weights of the vertices in this tree
can be increased until the tree is maximally weighted (See Figure 7.4). Notice with these

changes in weights, the facets of the associated D-neighborhood complex do not change.

2 2

2

3 1

1 1
e 2
>2 (
3
2 2

FIGURE 7.4. A maximally weighted tree

The weights on the leaves of the tree determine the weights of the vertices adjacent to
each leaf. In some cases, the weight of a vertex adjacent to a leaf might already be maximal.
In other cases, this weight will need to be increased in order for the tree to be maximally

weighted. The following Lemma describes the weight of such vertices.

LEMMA 8. Let T, be a mazimally weighted tree and let vy be a leaf. Suppose d(vg,v1) = 1.

Then the weight of vy is wy = wy — 1.

PROOF. Suppose T, is a vertex weighted tree. Let vy be a leaf with weight wgy and
suppose vertex v; is adjacent to vg; that is, d(vg,v1) = 1. Suppose the weight of vertex vy is
wy < wp— 1. Then Ni|Ny. It will be shown that the weight associated to v; can be increased

to wy = wy — 1 and this will not change the D-neighborhood complex of T,,.

54



Let v; be an arbitrary vertex such that v;|Ny in DN(T,,, D). Then it follows that

d(vy,v;) < wy
L+d(vi,v5) < wy+1
d(vo,v1) +d(v1,v;) < wy+1
d(vg,v;) < wy

This implies that v;| Ny, which means that N;|Ny. Therefore, increasing the weight of w;
does not add any new simplices to DN(T,,, D).

Next, suppose wy > wg— 1, or equivalently, wy +1 > wy. Then No|N;. It will be shown that
the weight associated to vy can be increased to wg = wy + 1 without changing DN(T,, D).

Let v; be an arbitrary vertex such that vj|Ny. Then it follows that

d(vo,vj) < wp

d(vg,v;) < wyp+1
d(vo,v1) +d(v1,v;) < wy+1

d(vi,vj) < wy

This implies that v;| Ny, which means that Ny|N;. Therefore, increasing the weight of wy

does not add any new simplices to DN(T,,, D). Therefore, w; = wq - 1. O
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As a consequence of this lemma, in a maximally weighted tree, if vy is a leaf and v is an

adjacent vertex, then it will be true that Ny = Nj.

7.3. THE MAIN THEOREM

The following theorem shows that for any vertex weighted tree, the homology of the
D-neighborhood complex will be trivial regardless of the weights assigned to the vertices.

To prove this theorem, we compare the D-neighborhood complex of one vertex weighted
tree with the D-neighborhood complex of the same vertex weighted tree with one more leaf.
Careful bookkeeping allows one to track the differences between these simplicial complexes.
In order to record the simplices that are contained in the D-neighborhood complex of the
tree with the extra leaf, we assume the trees are maximally weighted. By definition of
maximally weighted graphs, we will not lose the information contained in the facets of the
D-neighborhood complex. We are then able to use the Zig-Zag Lemma by constructing a
short exact sequence of chain complexes. Knowledge of the homology groups on two of the

chain complexes allows us to find the homology of the third chain complex.

THEOREM 6. Let T, be a vertex weighted tree. Let C be the chain complex associated to

DN(T,,D). Then H;(C) is trivial for all i.

ProoOF. We use induction on the number of vertices on T, to prove our result.
Suppose T, is a vertex weighted tree on 3 vertices (see Figure 7.5). Then T, must be a

vertex weighted path graph.

Vo (%1 (%)

FiGURE 7.5. Weighted tree on 3 vertices
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Since w; > 1 for all j, then Ny = vyv1v2. Since N; is a complete D-neighborhood, then by
Proposition 2, H;(C) is trivial for all 7.

Let T5 be a vertex weighted tree on n+1 vertices, where vertex v; has corresponding weight
w; > 1. Without loss of generality, assume 75 is maximally weighted. Let DN (75, D) = Ay be
the D-neighborhood complex of the vertex weighted tree T,. Let T} be the vertex weighted
tree obtained by removing a leaf, vy, from T. Now T} has n vertices'. Let DN (T}, D) = A be
the D-neighborhood complex of the vertex weighted tree T;. By this construction, A; c A,.
Assume that the D-neighborhood complex of a vertex weighted tree with n vertices has
trivial homology; that is, if A is the chain complex associated to Ay, then H;(A) is trivial
for all i. Suppose B is the chain complex associated to Ay, it suffices to show that H;(B) is
trivial.

Suppose d(vg,v1) = 1, i.e. vy is adjacent to vy. Since Ty is maximally weighted, then by
Lemma 8, w; = wg — 1. It follows that Ny = N7 in A,.

Let f be a chain map f: A — B. Since A; c A,, then let Az be the collection of faces
from Ay N~ Ay. Consider o € Ay where | Ny and vglo. Then it must also be true that o|Nj.
Suppose 7|0, but vy 4 7. Since 7|N; by Definition 13, then 7 € A;. However, since vg|o, then
by construction of T7, o ¢ A;. Therefore, for every a € Az, it follows that vo|a. This is to
say, all faces in Az are divisible by vy. All faces which are not divisible by vy are in A; from
the fact that T, is maximally weighted. Notice that Aj contains exactly one facet and this
is Np from Ay. Let dim(Ny) = d; recall this means that the cardinality |No| = d + 1. Since
each face in Aj is divisible by vy, then fixing vy leaves (d+ 1) — 1 = d vertices and choosing j
of these yields a face of dimension j in As. Thus, there are (;l) faces of dimension j in Ags,
where 1 < j <d. In other words, |F;(A3)| = (‘;)

Tt is important to note the subscripts on the vertex weighted trees here are to distinguish the trees and are
not an indication of the weights assigned to the vertices.
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By Lemma 5, there is a difference complex, C, associated to As.

00— K(Z) LN K(?) BAN K(:l) NN AN K(g) —0

Notice this chain complex is a copy of the (augmented) Koszul Complex and therefore,
H;(C) =0 for all ¢ [MSO05].

Construct chain maps between these three chain complexes as follows:

S REQA) %, REaG)
fi fi-1
e KRB Y REa(A)
gi gi-1

- —_— KFl(AB) L) KF'—I(AS) N

0 0
The structure of these three chain complexes is such that B = A @ C. Therefore, this

sequence is of the form

0—A—A0C—C—0

By Lemma 7 there is a short exact sequence of chain complexes. By the Zig-Zag Lemma,

this induces a long exact sequence on homology

- — H,(A) — H,(B) — H,(C) — H,_-1(A) — -

Recall, H;(A) is trivial for all 7, by assumption. Since H;(C) =0 for all 7, then the long

exact sequence implies that H;(B) is trivial. O
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The homology of the Koszul complex is characteristic free which implies that the proof for
Theorem 6 shows that the homology of the D-neighborhood complex of a vertex weighted tree
is also characteristic free. Thus, Theorem 6 applies to a very general class of D-neighborhood
complexes of trees.

In Chapter 4, it was shown that the homology of the chain complex of the D-neighborhood
complex of a tree with distance set D = {0, 1,...,d} must be trivial. There is another method

for showing this to be true using Theorem 6 where the weight of each vertex is the same.

COROLLARY 4. Let T = (V, E) be a tree. Let D ={0,1,...,d}, and let C be the associated

chain complex to DN (T, D). Then H;(C) is trivial for all i.

ProOF. Consider a vertex weighted tree, T, = (V,E), where w; = d for each vertex

vj € V. By Theorem 6, H;(C) mus be trivial for all 4. O

In Section 7.1, we showed that adjusting the weights of the vertices of Cs will impact
the homology of the D-neighborhood complex. This should not be surprising since each
D-neighborhood is gathering a different amount of connectivity information in the graph. It
is interesting that regardless of the weights assigned to the vertices in a tree, the homology

of the D-neighborhood complex will still be trivial.
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CHAPTER 8

CONCLUSION

Beginning with a graph, one can build a simplicial complex based on the connectivity
of the vertices. Specifically, given a subset of graph distances, D, the D-neighborhood of a
vertex, v, is the set of all vertices in the graph with distance in D from v. The collection of
D-neighborhoods on all of the vertices in the graph generate the D-neighborhood complex.
It is possible to study the topological features of this simplicial complex.

Much is known about the way in which vertices are connected in a tree since there is
exactly one path between each pair of vertices. When D is a set of consecutive distances
beginning with 0, the D-neighborhood complex of a tree has trivial homology. This means
the simplicial complex bounds no holes. What may not be intuitive is that if D is a set
of consecutive distances which varies for each vertex in a tree, the homology of the D-
neighborhood complex is still trivial.

The connectivity information of a cycle graph is also well known. There are exactly
two paths between each pair of vertices; however, there may (or may not) be only one path
of shortest distance. The homology of the D-neighborhood complex is non-trivial for many
choices of D. In the case when D = {0, 1}, once there are more than 5 vertices in the graph, the
D-neighborhood complex is equivalent to the boundary of a circle. This agrees with the fact
that the graph is also a circle. Once we look at how the vertices in the graph are connected
to all but one vertex, i.e. when D = {0,1,...,diam(C,) — 1} for n even, then we find that
the D-neighborhood complex is a (hollow) sphere of dimension n — 2. Preliminary findings
suggest that when D is between these two distance sets, the D-neighborhood complex has

the same homology as the wedge sum of spheres. This means that if we think of looking at
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the filtration of the D-neighborhood complex of C,, when D ={0,1,...,d} and we increment
d by 1, then the D-neighborhood complex begins as a circle, changes into some number of
hyper-spheres, these turn into an (n — 2)-sphere, which then fills into a solid n-ball.

When D is a set of consecutive distances which begins with 0, the homology of the D-
neighborhood complex of any two graphs joined at a vertex will be equivalent to the sum
of the homology groups of the D-neighborhood complex of each graph. This means that
the topological features present in each of the D-neighborhood complexes of the individual
graphs are preserved. Furthermore, this result provides a method for decomposing graphs
into subgraphs in order to detect the structure of the associated D-neighborhood complex.

One method for looking at the global structure of a graph is to look at the topological
structure of the associated D-neighborhood complex for a particular choice of D. In the
case of two graphs with similar local structure, this can be one way to differentiate the two
graphs rather than using an isomorphism test. At times, it may be preferable to categorize
two graphs as being “similar”. For example, a graph with a few edges joined at a vertex
will have a D-neighborhood complex with the same topological features as a graph without
these edges. As a result, we could say that although these graphs are not isomorphic, they

are similar.

8.1. OPEN QUESTIONS

There are several possible directions one can take with this research. One such direction
would be to continue to explore the D-neighborhood complex of other classes of graphs. For
example, we have a conjecture for the homology of the D-neighborhood complex of bipartite

graphs when D = {0,1}. Since the connectivity information in these graphs is predictable,
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generalizing to D = {0, 1,...,d} will be a task in extending the current conjecture. Further-
more, using a conjecture for the homology of the D-neighborhood complex of multipartite
graphs for D = {0, 1}, one could expect to generalize this case to D ={0,1,...,d} as well.
Another direction for research is to explore connections between the D-neighborhood
complex and other simplicial complexes. The Vietoris-Rips complex of a set of points in a
metric space is related to the clique complex of a graph. Currently, it is predicted that while
the D-neighborhood complex is distinct from the Vietoris-Rips Complex, the homology of
the D-neighborhood complex of a cycle graph for sets of consecutive distances beginning
with 0 is the same as the Vietoris-Rips complex of a circle of evenly spaced points. This is
ongoing work joint with Henry Adams and Michal Adamaszek. The homotopy types of the
clique complex of powers of cycle graphs was proved by Adamaszek [Adal3]. By relating the
homology of the D-neighborhood complex of a cycle graph with the homology of the clique

complex, we hope to solidify the connection with the Vietoris-Rips complex.
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