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Abstract

This paper introduces an advanced optimization algorithm designed
to enhance the training efficiency of neural networks, particu-
larly focusing on the intricate weight matrices prevalent in large
language models. Diverging from prior spectral norm-based ap-
proaches, our method leverages the nuclear norm to formulate a
novel update rule, yielding a distinct optimization technique called
Neon. We provide rigorous theoretical guarantees concerning its
convergence properties through convex optimization and Karush-
Kuhn-Tucker conditions. Performance evaluations across multilayer
perceptrons, convolutional neural networks, and generative models
such as NanoGPT demonstrate computational advantages over ex-
isting optimizers including Muon and AdamW. The Frobenius-based
Neon variant achieves comparable or superior convergence while
maintaining significantly lower per-iteration overhead of O(mn)
FLOPs compared to Muon’s O(mn - min{m, n}) for m X n matrices.
This work advances more robust and faster training methodologies
for complex Al systems.
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« Computing methodologies — Neural networks; Optimiza-
tion algorithms; Machine learning.
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1 Introduction

Deep neural networks have become the cornerstone of modern
artificial intelligence systems, demonstrating remarkable success
in domains such as computer vision [18] [14], natural language
processing [9] [7], and generative modeling [26]. However, training
such models, especially those with millions or billions of parameters
like Large Language Models (LLMs) [31] [35], imposes significant
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computational demands. The cost of training in terms of time, mem-
ory, and floating-point operations per second (FLOPs) continues to
be a bottleneck, particularly as models scale and datasets grow in
complexity and size.

Conventional optimization algorithms such as Stochastic Gra-
dient Descent (SGD) [6] and its momentum-based variants [25] [24]
like Adam [17], AdaGrad [10], and RMSProp [30] are widely adopted
for their ease of use and general performance. A comprehensive
overview of gradient descent optimization algorithms [28] pro-
vides detailed comparison of these methods. Despite their ubiquity,
these methods often suffer from slow convergence, especially in
high-dimensional settings where ill-conditioning of the loss land-
scape is prevalent. As a result, recent research efforts have shifted
towards designing optimizers that better utilize the structural prop-
erties of neural network parameters, such as matrix and tensor
decompositions [22] [3], to improve convergence behavior and
computational efficiency. Natural gradient methods [2] and large-
batch optimization techniques [33] have also shown promise in
accelerating training for large-scale models.

One recent line of work that exemplifies this shift is the Muon
optimizer, which reformulates the gradient update step as the solu-
tion to a constrained optimization problem involving the spectral
norm of the weight gradient matrix. This approach enables the
incorporation of second-order information and leads to improved
convergence rates. However, the reliance on spectral norms ne-
cessitates repeated computation of singular value decompositions
(SVDs), which are computationally intensive and introduce signif-
icant overhead per training iteration. While techniques such as
Newton-Schulz iterations partially mitigate this cost, the efficiency
gains offered by Muon are still limited by the complexity of spectral
norm approximations. Various improvements to Adam and other
adaptive methods [27] have been proposed, along with variance re-
duction techniques [15] and momentum-based enhancements [29].

In this paper, we propose an alternative optimization framework
aimed at accelerating neural network training by utilizing differ-
ent tensor norms—specifically, the nuclear norm and a modified
Frobenius-based norm. By re-casting the update rule derivation
as a convex optimization problem over these norms, we obtain
closed-form solutions that facilitate efficient and low-rank updates
of weight matrices. Our proposed optimizer, which we refer to
as Neon, generalizes the idea of norm-constrained optimization
in deep learning and offers reduced per-iteration computational
cost compared to Muon, while preserving its desirable convergence
characteristics.

The nuclear norm-based formulation of Neon leads to rank-one
update steps derived through the largest singular components of the
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gradient matrix. This drastically reduces the memory and computa-
tional footprint of each update. Furthermore, the Frobenius-based
formulation enables a controlled low-rank approximation of the
update step, adapting effectively to the spectral structure of the gra-
dients. The theoretical foundation draws from established matrix
computation techniques [11] [13]. Both variants are theoretically
grounded through convex analysis and satisfy the optimality con-
ditions prescribed by the Karush-Kuhn-Tucker (KKT) theorem.

To validate the effectiveness of the proposed method, we im-
plement Neon as a PyTorch optimizer and conduct extensive ex-
periments on various neural architectures, including multilayer
perceptrons (MLPs), convolutional neural networks (CNNs), and
transformer-based models such as NanoGPT. Our evaluations com-
pare the performance of Neon against popular optimizers such
as SGD, Adam, and Muon. For language model evaluation, stan-
dard metrics and recent approaches [34] are considered. The results
highlight Neon’s potential in achieving competitive or superior con-
vergence with reduced computational costs, especially in scenarios
where low-rank gradient structures dominate.

Moreover, we discuss the practical aspects of implementing Neon
in large-scale settings, including its runtime characteristics, mem-
ory efficiency, and suitability for GPU-accelerated environments.
We also investigate the impact of batch size, learning rate tuning,
and gradient distribution on the optimizer’s performance. Although
the rank-one variant of Neon exhibits instability in some tasks, our
findings suggest that the Frobenius-based approach offers a promis-
ing direction for scalable and efficient optimization.

In summary, this work introduces a novel, norm-driven opti-
mization paradigm for deep learning, addressing the limitations
of existing methods through mathematically principled and com-
putationally efficient techniques. By shifting from spectral norm
dependence to alternative norm formulations, Neon paves the way
for developing faster and more robust optimizers tailored for high-
dimensional neural network training.

2 Related Work

Our review primarily focuses on the Muon and Shampoo optimizers,
as our algorithm extends the ideas used to derive these methods. We
highlight the advantages and disadvantages of these approaches,
the unique effects they introduce, and compare them to Neon.

2.1 Muon Optimizer

Recent work [5] proposed deriving update steps for optimizers as
solutions to constrained optimization problems. This approach was
utilized to derive Muon [16], a novel algorithm for fast training of
neural networks. The update step in Muon is defined through sin-
gular value decomposition, requiring computation of UVT where
U and VT come from the SVD of the gradient matrix. The develop-
ers introduced a workaround using Newton-Schulz iterations [16],
requiring 10 matrix-matrix multiplications to achieve desired ac-
curacy. While the asymptotic complexity matches that of SVD at
O(mnmin{m, n}) for an m X n matrix, matrix multiplication on
modern GPUs can be performed more efficiently.

Performance testing of Muon in training large language mod-
els [20] against AdamW demonstrated excellent results, with Muon
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being approximately 2 times more efficient in terms of FLOPs re-
quired to reach a certain loss value. This is particularly remarkable
considering the cost of one iteration: Muon requires an additional
O(mnmin{m, n}) FLOPs per m X n matrix, while AdamW needs
only O(mn).

An interesting discovery is that Muon accelerates grokking [32].
In test problems, Muon achieved grokking significantly faster than
AdamW in terms of epochs, with a mean grokking epoch of 102.89
for Muon versus 153.09 for AdamW. This may be due to Muon
stimulating broader exploration by orthogonalizing the gradient
matrix, thus avoiding memorization.

Recent theoretical guarantees for Muon convergence have been
derived [19]. In the L-smooth convex case, Muon achieves O(l/Tl/z)
(with full gradient) and O(1/ TV 4 (with stochastic gradient) bounds
on the Frobenius norm of the gradient or the mathematical expec-
tation of the gradient norm, respectively, where T is the number of
iterations.

2.2 Shampoo Optimizer

Another optimizer that exploits the matrix and tensor structure of
weights in neural networks is Shampoo [12]. The Shampoo opti-
mizer uses left and right preconditioning for the gradient matrix,
leveling its spectrum. The preconditioners are computed from ex-
ponentially averaged gradients, with computation requiring O(n3 +
m>) per m X n matrix. This exponential averaging provides several
distinct interpretations for the preconditioners, including approx-
imation of the Gauss-Newton component of the Hessian or the
first step of the power iteration algorithm for computing optimal
Kronecker product approximation [23]. With exponential averag-
ing disabled, the update step of Shampoo simplifies and becomes
identical to that of Muon [16].

Convergence analysis presented in the original work [12] shows
that Shampoo achieves O(1/ T1/2) convergence for the loss func-
tion value in the L-smooth convex case, where T is the number of
iterations.

2.3 Neon’s Position

Recent developments in optimization techniques show that utilizing
the matrix structure of weights in neural networks can be very
beneficial. Optimizers following this path converge faster in terms
of iterations or epochs and often even FLOPs, but have high iteration
cost. Neon seeks to decrease the iteration cost while preserving fast
convergence.

While the unique advantages and effects introduced by Neon are
yet to be fully discovered, our new optimizer introduces additional
overhead of O(mn) FLOPs on average per m X n weight matrix,
which is significantly better than O(mn min{m, n}) for Muon opti-
mizer and O(n® + m?) for Shampoo.

2.4 Optimization for Large Language Models

The unprecedented scale of modern Large Language Models has
pushed traditional optimizers like AdamW [21] to their limits in
terms of computational efficiency and convergence speed [8, 20].
This challenge has catalyzed research into more sophisticated op-
timization approaches that can maintain or improve performance
while reducing training costs.
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Scaling Muon to billion-parameter LLMs required key adapta-
tions: integration of L2 weight decay for stability and implemen-
tation of per-parameter update scaling to handle diverse param-
eter distributions efficiently [20]. Empirical evaluations demon-
strate that Muon can match or exceed AdamW’s model quality
while requiring only about half of the training FLOPs. The suc-
cessful training of the Moonlight model series, including a 16B-
parameter Mixture-of-Experts model, validates Muon’s practicality
for production-scale applications.

Building on this foundation, hybrid approaches like COSMOS [8]
further enhance efficiency by combining optimization techniques
based on gradient structure. COSMOS applies computationally in-
tensive updates to a low-dimensional leading eigensubspace while
using memory-efficient methods like Muon for remaining param-
eters. This approach maintains convergence benefits while sub-
stantially reducing memory requirements. For distributed training
environments, optimizers like Dion [1] specifically target commu-
nication efficiency by minimizing data exchange between workers
through distributed orthonormalization techniques.

3 Problem Formulation

In this section, we provide a detailed description of our approach
and formulate it as a mathematical problem. Previous work [5]
suggests obtaining the update step as a solution to the optimization
problem:

(9.5w) + 2 [6w][* — min, W

where w is the weight vector, g is a gradient-like vector (e.g., ob-
tained via momentum SGD), and ||-|| represents a certain norm.
Many popular optimizers, such as Adam (with exponential moving
average disabled) and vanilla SGD, can be cast within this frame-
work [5].

In large language models, most weights are structured as ma-
trices, which offers additional opportunities for optimization. Let
W be the weight matrix of a linear layer, and G be a gradient-like
matrix. Then, the update step W can be obtained as a solution to
the optimization problem:

(G,oW) + A |sW])* > min, 2

where ||-|| denotes a certain matrix norm. By setting this norm to
the RMS-to-RMS norm (a scaled version of the spectral norm), we
recover the Muon optimizer [4] with an update step defined by:

1
sW=—-=|ZuvT, 3)
ANm

where m is the input dimension of the layer, n is the output dimen-
sion, and U and V are obtained from the singular value decomposi-
tion of the gradient matrix G = UXV.

Motivated by recent achievements of Muon [20], we consider
alternative choices of norms, specifically the nuclear norm ||-||,, and
a custom F* norm, given by

_ IXlle + 1111

X3, = S )

where ||| denotes the Frobenius norm.
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Using the nuclear norm in (2) leads to a rank-one update of the
weight matrices:

1
W = —ﬁulo'lvlT, (5)

where o is the largest singular value, and u; and v; are the corre-
sponding singular vectors. We expect one iteration of this method
to be significantly faster than one iteration of Muon.

Another choice is the F+ norm. With this choice, (2) yields

1
SW = —IUDVT (6)
with D = diag(d;), where d; = [o; — 7]+, and 7 is given by
Z[O‘i—T]+:T. (7)
i
We anticipate that the method with this update step will perform
well with large batch sizes.

4 Theoretical Derivation

LEMMA 4.1. Let G € R™ ™ and A > 0. Then, the following opti-
mization problem

F(W) = (G, W) + A [|sW|2 — min

has solution

1
5W=——u0'UT,
2 101904

where o1 is the largest singular value of G, and u; and vy are the
corresponding singular vectors.

Proor. Let us denote r = min{m, n}. Then by Von Neumann’s
trace inequality,

r

.

(G, oW)| < )" 6i(G)ai(8W) = (G, 6W) = = > 6i(G)ai(6W) .
i=1 i=1

Thus, expressing nuclear norm through singular values, we can

write:

r r 2
F(SW) > - Z 0i(G)oi(SW) + A (Z o ((SW))
i=1 i=1

. 2

- Zr: 0:(G) a1 (SW)+A (Z i (5W)
i=1

i=1 1

.
> i - i(G)di + A
d,%?zo ;m( )d; (

By the Karush-Kuhn-Tucker (KKT) theorem, the necessary con-
ditions for the minimum are:

.
di >0 and -a,-(c)+z,12dj:o, i=1,...,r
j=1

,
di=0 and —cr,-(G)+2AZdj >0, i=1,...,r.
Jj=1
These conditions simplify to

di 20 ifoi(G) = 01(G),
T ti—an(cy, (420 ToO) = a(©)
4 di =0 otherwise.

i€eS

All points satisfying those conditions deliver minimum, and

2
01(G)
f(5W) > —T .
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Now let
% 1 T
W™ = —ﬁulal(G)vl .
Inserting it to f(SW) gives

_a1(6)? . a1(6)? _ a1(6)°
2 4 4

fow?) =

This matches the derived lower bound. Thus, §W* minimizes f(6W).

]

LEMMA 4.2. Let G € R™*" r = min{m, n} and A > 0. Then, the
following optimization problem

F(6W) = (G.5W) + 2 6W I}, — min,
where ||-|| s is defined in (4) has solution
1
SW = —IUDVT 6

with D = diag(d;), whered; = [o; — 7]+, and t is given by

r

Z[ai—7]+zr. ©)

i=1

PRroOF. Analogously to the proof of Lemma 4.1, we can use Von
Neumann’s trace inequality to write:

r r 2 r
F@W) = =3 6i(G)ai(sW) + % (Z oi((SW)) + % ; aZ(6W),

i=1 i=1
2
1 - 1w 1
f((SW)ZId’.r.rfiirrlzo—zl:ai(G)d,’+5 Z:‘d,- +3 Z;d,. :
i= i= i=
(10)

By the Karush-Kuhn-Tucker theorem, necessary conditions of min-
imum are:

.
d; >0 and —0',~(G)+Zdj+d,-:0, i=1,...,r
=1

.
di=0 and —Ui(G)“’Zdj“'di >0, i=1,...,r.
j=1
Denoting 7 = }.7_, d; gives d; = [0i(G) — 7]+, where 7 satisfies

12

n

[0i(G) — 7]+ =7. (11)
=1
Inserting the found minimum point into (10) yields

Y ? 1N L, g
f((SW)Z—;di(r+di)+ﬁ+ﬁ;di_—ﬁ r +Zdi ,

Now let
1
SW* = —ZUDVT (12)

with D = diag(d;). Inserting it to f(6W) gives

. S ? 1\ g L, g
f(éW)——;di(r+d,~)+ﬁ+ﬁ;di——ﬁ r +;di .

This matches the derived lower bound. Thus, SW* minimizes f(6W).

]
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Table 1: Comparison of numerical methods for computing k-
rank updates on a 5000 X 5000 matrix. Relative tolerance (rtol)
represents the Frobenius norm error compared to truncated
SVD. RSVD provides fast singular value approximations but
less accurate matrix reconstruction, while Lanczos offers
more precise matrix approximations.

Method rtol k  Time (s)
Power Iterations  0.01 1 7.70
Lanczos SVD 0.01 1 0.18
RSVD 0.01 1 1.15
Lanczos SVD 0.01 10 0.47
RSVD 0.01 10 19.40
Lanczos SVD 0.01 100 1.96
RSVD 0.01 100 170.00

5 Implementation

The Neon optimizer was implemented as a PyTorch optimizer class,
integrating both the rank-one update rule derived from the nuclear
norm and the low-rank variant based on the Fx norm. For efficient
singular value computations, we evaluated several numerical meth-
ods including power iteration, Lanczos-based SVD, and randomized
SVD. Table 1 presents the comparison of these methods.
Lanczos-based SVD was identified as computationally efficient
and accurate for singular value extraction, outperforming both
power iterations and randomized SVD methods in runtime and
accuracy trade-offs. All experiments were executed on systems
equipped with dual NVIDIA RTX 4090 GPUs (24GB each).

6 Experimental Results

To assess the effectiveness of the proposed Neon optimizer, we
conducted extensive empirical evaluations across diverse neural
network architectures and benchmark datasets. The experiments
were designed to analyze Neon’s training efficiency, convergence
behavior, and computational overhead compared to existing opti-
mizers.

6.1 Benchmark Architectures

Three model architectures were selected to test Neon’s generaliz-
ability:

e Multilayer Perceptron (MLP): A two-layer MLP with GELU
activation, trained on CIFAR-10.

e Convolutional Neural Network (CNN): A CNN with two
convolutional blocks followed by fully connected layers and
dropout, trained on CIFAR-10.

o NanoGPT: A lightweight GPT-style transformer model trained
on the TinyStories dataset.

6.2 Training Performance

The rank-one Neon variant demonstrated accelerated per-step com-
putations but suffered from convergence instability in deeper net-
works, particularly in the NanoGPT model. The Frobenius-based
Neon variant showed more stable convergence across all architec-
tures. Figures 1 and 2 show the performance comparison across
different optimizers on MLP and CNN architectures.
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Training Loss vs Epachs (SimplePerceptron)

—— Neon (Accurate)

Neon (Accurate No momentum)
011 —— Muon (Fast)
—— SGD (Accurate)

Training Loss
°
°
8

0.0 25 5.0 7.5 10.0 125 15.0 175 20.0
Epoch

Figure 1: MLP training loss comparison on CIFAR-10. Archi-
tecture: Linear(3072, 512) — GELU — Linear(512, 10).

Test Accuracy vs Epochs (ModerateCIFARModel)

Test Accuracy (%)

10 15 20 25 30 35 40 45 50
Epoch

Figure 2: CNN accuracy comparison on CIFAR-10 over train-
ing epochs.

Table 2: Runtime comparison of optimizers on a 5000 X 5000
matrix update (k=1).

Method Relative Error Time (s)
Power Iterations 0.01 7.70
Lanczos SVD 0.01 0.18
RSVD 0.01 1.15

6.3 Computational Efficiency

Table 2 presents runtime comparisons among different optimizers.
Neon exhibited significantly lower computational overhead than
Muon due to the use of truncated SVD and closed-form update rules.
While Muon requires O(mn - min{m, n}) FLOPs per layer, Neon’s
updates scale approximately as O(mn), making it more suitable for
large-scale deployments.

6.4 Gradient Singular Value Distribution

We monitored the evolution of singular values of weight gradients
during NanoGPT training. As shown in Figures 3 and 4, the gradient
matrices consistently exhibited low-rank structures, justifying the
use of nuclear and Frobenius norm approximations in the optimizer
design.

6.5 NanoGPT Training Results

Figures 5 and 6 show the training and validation loss for NanoGPT
across different optimizers. While the rank-one Neon variant did
not converge reliably, Muon and Adam showed expected behavior.
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Complete Singular Value Spectrum Evolution (All Iterations)

Singular value (log scale)

] 200 400 00 800 1000 1200

Figure 3: Singular value evolution of 50257 x 1280 layer over
200 iterations during NanoGPT training.

Evolution of Singular Value Spectrum Across Training

Singular Value (log scale)

o 200 a0 0 a0 1000 1200

Figure 4: Singular values at selected iterations (5th, 45th, 65th,
175th, 200th) showing consistent low-rank structure.

Loss/train

Neon
Adam
Muon

Loss

iteration

Figure 5: NanoGPT training loss comparison.

These experiments were conducted with two RTX 4090 24GB GPUs
on the TinyStories dataset.

6.6 Summary of Observations
Key findings from our experiments include:

e Neon (Frobenius-based) achieved similar or better conver-
gence compared to Muon and AdamW on MLP and CNN
tasks.
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Loss/val

8 —— Neon
= Adam
74 — Muon

Loss

—_—

0 50 100 150 200

iteration

Figure 6: NanoGPT validation loss comparison.

e Rank-one Neon variant offers faster per-iteration updates
but requires further tuning for deeper architectures.

e Lanczos-based SVD approximation provided an optimal trade-
off between accuracy and speed for low-rank updates.

e Gradient matrices exhibit consistent low-rank structure, val-
idating the theoretical motivation behind Neon.

7 Conclusion

In this work, we presented Neon, a novel family of optimizers de-
signed to accelerate neural network training by leveraging alter-
native tensor norm formulations. Unlike conventional optimizers
or recent spectral-norm-based methods such as Muon, Neon in-
troduces update strategies derived from the nuclear norm and a
custom-defined Frobenius-inspired norm. These norm-based op-
timization formulations yield closed-form solutions for rank-one
and low-rank weight updates, enabling computationally efficient
training steps with strong theoretical backing.

Our derivations were grounded in convex optimization and the
Karush-Kuhn-Tucker conditions, leading to analytically tractable
update rules. These formulations not only reduce the computational
complexity per iteration but also maintain competitive convergence
properties. We implemented both variants of Neon in PyTorch and
evaluated their performance across multiple neural architectures, in-
cluding MLPs, CNNs, and transformer-based models like NanoGPT.

Empirical results demonstrated that the Frobenius-based Neon
optimizer achieves training efficiency and accuracy comparable to
or better than existing optimizers such as AdamW and SGD, espe-
cially in settings where gradient matrices exhibit low-rank struc-
tures. Furthermore, runtime experiments highlighted that Neon
incurs significantly lower overhead than Muon, particularly when
using efficient SVD approximations like the Lanczos method. Al-
though the rank-one version of Neon showed limitations in deeper
architectures, it proved promising for lightweight or resource-
constrained applications due to its low iteration cost.

Future research will focus on enhancing convergence stability
for the rank-one variant, exploring adaptive norm selection mecha-
nisms, integrating mixed-norm strategies, and deploying Neon in
large-scale distributed training environments. Additional bench-
marks on real-world datasets and further theoretical analysis of
convergence rates under different norm constraints are also part of
our roadmap.

Mridul Banik
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