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ABSTRACT

Using NVIDIA graphics processing units (GPUs) equipped with
Tensor Cores has enabled the significant acceleration of general
matrix multiplication (GEMM) for applications in machine learn-
ing (ML) and artificial intelligence (AI) and in high-performance
computing (HPC) generally. The use of such power-efficient, spe-
cialized accelerators can provide a performance increase between
8x and 20X, albeit with a loss in precision. However, a high level
of precision is required in many large scientific and HPC applica-
tions, and computing in single or double precision is still necessary
for many of these applications to maintain accuracy. Fortunately,
mixed-precision methods can be employed to maintain a higher
level of numerical precision while also taking advantage of the per-
formance increases from computing with lower-precision Al cores.
With this in mind, we extend the state of the art by using NVIDIA’s
new TF32 framework. This new framework not only burdens some
constraints of the previous frameworks, such as costly 32 16-bit
castings but also provides an equivalent precision and performance
by using a much simpler approach. We also propose a new frame-
work called TF64 that attempts double-precision arithmetic with
low-precision Tensor Cores. Although this framework does not
exist yet, we validated the correctness of this idea and achieved an
equivalent of 64-bit precision on 32-bit hardware.
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1 INTRODUCTION

Recently, graphics processing unit (GPU) and central processing
unit (CPU) vendors have become focused on accelerating general
matrix multiplication (GEMM) with low-precision Al cores that
are now available on newer GPUs, including NVIDIA’s Tensor
Cores [19], AMD’s Matrix Corescite [2], and ARM’s SME [4], among
other specialized architectures [3, 31]. Accelerators equipped with
these lower-precision cores outperform traditional CPUs/GPUs
in artificial intelligence (AI) or machine learning (ML) workloads
(e.g., low- or mixed-precision arithmetic) and are more power effi-
cient [6].

These specialized hardware components essentially compute a
matrix-matrix multiplication using low-precision operands, which
are the principal components of multiple Al and ML applications [15,
16]. GEMM is defined as the operation C < aAB+fC, where A is an
mXk matrix, B is a kXn matrix, and C is an mxn matrix [18, 40]. The
matrices A, B, and C and the constants « and § have entries stored
as floating point values generally following the IEEE framework
for half-precision (FP16-HGEMM), single precision (FP32-SGEMM),
or double precision (FP64-DGEMM).

Although these components are designed to accelerate AI/ML
applications, they can also be used to accelerate other kinds of op-
erations, including fast Fourier transform (FFT) [35], linear algebra
operations [5, 12, 25], or comparative genomics (the first applica-
tion to obtain an exaflop) [26], among many others [14, 22, 24, 37].
Given the high performance achieved by this specialized hardware
and the importance of GEMM for multiple math libraries and appli-
cations [8, 9, 28, 29, 38, 39], the High-Performance Linpack (HPL)
benchmark [36], the standard high-performance computing (HPC)
benchmark used for the TOP500 list [17], was adapted to make use
of these accelerators (i.e., HPL-AI) [21].

This work extends the analysis conducted by M. Fasi et al. [10] by
using the new TF32 format. In that work, the authors studied the use
of multiword arithmetic and the FP16 formats on NVIDIA Tensor
Cores for single-precision operations. The contribution of this work
is twofold: (1) the evaluation of the correctness and performance
of the TF32 format, which is a new format that enables fast and
low-precision matrix-matrix computation with no expensive 32-bit
to 16-bit transformations. Also, the use of this new format does
not require additional and costly operations to guarantee correct-
ness/precision for single-precision operations, and (2) the proposal
and study of a new format called TF64 for high-performance and
double-precision Tensor Core—accelerated applications.

The rest of the paper is organized as follows: Section 2 intro-
duces the main characteristics of the Tensor Core architecture and
reviews both the methodologies used to obtain high-precision on
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low-precision hardware (multiword arithmetic) and the different
novel and well-known formats that we can use on these Al acceler-
ators. We evaluate the correctness of the techniques and formats
used in this study in Section 3. Related work is presented in Sec-
tion 4. Finally, conclusions and future directions are outlined in
Section 5.

2 MIXED-PRECISION S/DGEMM USING TF32
AND TF64 TENSOR CORE FRAMEWORKS

2.1 Tensor Cores

Tensor Cores [19] are specialized accelerator cores that compute
tensors, which are mathematical objects that describe the relation-
ships between other mathematical objects that are linked together.
This allows 4 X 4 matrices to be multiplied and added to a 4 X 4
matrix. Novel methodologies have been introduced to improve per-
formance by increasing the size of such accelerators. As Tensor
Cores have been developed further, they have extended their ca-
pabilities to operate on different formats (Figure 1), including low-
and mixed-precision arithmetic, which can accelerate Al operations.
Table 1 lists the performance of Tensor Cores for different NVIDIA
GPU generations.

Table 1: Tensor-Core Performance (TFLOPS) on different
generations and formats

FP64 | TF32 | BF16 | FP16 | INT8

Volta V100 - - - 128 -
Ampere A100 | 19.5 156 312 312 624
Hopper H100 67 989 | 1,979 | 1,979 | 3,958

Note that V100, A100, and H100 GPUs provide a wide range of
different arithmetics with varying levels of performance. The four-
generation tensor cores that equip the Ampere A100 architecture
provide more levels of precision than the tensor cores available on
its predecessors. Also, different arithmetics have different numbers
of computational units on the different NVIDIA GPU architectures,
which influences the final throughput.

It is important to note that all these new low-precision formats
(FP16, TF32, etc.) are not equivalent to IEEE standards floating-point
arithmetic. Also, operations on those formats may not satisfy the
many IEEE requirements for correct and optimal rounding modes.

2.2 Multiword Arithmetic

Throughout this study, we will utilize and apply the multiword
arithmetic [10], which stores high-precision floating points as the
sum of lower-precision floating points. For example, for TF32, let
A and B be n X n matrices with entries stored as FP32. Define
Aj := (TF32)A as the matrix A, the elements of which have been
formatted to TF32, and define Ay := (TF32)(A — A1) as the matrix
that stores the values lost due to the conversion. This gives us A ~
A1 + Aj. Similarly, we define By := (TF32)B and B, := (TF32)(B —
Bj) in the same way. With the approximations for A ~ A; + A
and B ~ By + By, we can compute the GEMM using the following
approximation:

A-B=x (A1 +Az) . (Bl +Bz) =A1B1+A1By + A2B1 + A2By
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Here, we can approximate a single-precision general matrix mul-
tiplication (SGEMM) by using four independent matrix multipli-
cations, each computed using the TF32 compute mode. Notably,
the final product plays a relatively insignificant role in improving
precision, and this allows us to accelerate this method by removing
the final AyBs GEMM.

To better understand the operations conducted for multiword
arithmetic, we include a simple pseudocode in Figure 2 to illustrate
the operations required for this analysis.

2.3 TF32

The TF32 format (Figure 3) adopts 8 exponent bits, 10 bits of man-
tissa, and 1 sign bit. This new format covers the same range of
values as FP32 and maintains more precision than BF16 and the
same amount as FP16. The precision for TF32 has enough margin
for Al applications.

The TF32 mixed-precision framework (Figure 1) for GEMM takes
as input two matrices with entries in single precision (FP32). It then
converts them to TF32 and computes the multiplications in full
precision. Finally, the accumulation or addition is computed in
FP32 to limit any accumulation error [7]. The TF32 mixed-precision
framework on the NVIDIA A100 can achieve 156 TFLOPS of peak
performance, whereas standard FP32 (non-Tensor Core) achieves
19.5 TFLOPS of peak performance. The result is an 8X performance
uplift when using TF32.

2.4 TFe4

We also extend this work into double precision. First, we propose
a new framework called TF64 (also illustrated in Figure 1) that
extends the TF32 mixed-precision framework to double precision;
that is, the FP64 inputs are converted to FP32 (or a potential future
TF64). Multiplication is then computed in full precision, and accu-
mulation is computed in FP64. With adequate hardware support,
we assume that many of the same performance increases seen in
the TF32 compute mode would also manifest in these potential
double-precision frameworks.

Although these frameworks do not exist on Tensor Cores, we find
value in understanding the potential benefits of mixed-precision
methods on these higher-precision frameworks for scientific appli-
cations.

The method presented by M. Fasi et al. [11] naturally extends
to using the new TF64 Tensor Core framework. For Aand Bn X n
matrices with entries stored as FP64, we define Ay := (FP32)A,
Ay = (FP32)(A — Aj), By := (FP32)B, and By := (FP32)(B — By).
This gives us the approximations A ~ A; + Az and B = B; + By,
meaning we can approximate a double-precision GEMM, A - B, with
the sum of four FP32, A1B1 + A1Bs + A3B1 + A3 Bs.

3 ANALYSIS

For the analysis, cuBLAS mixed-precision kernels (cublasGemmFEx)
were computed on NVIDIA’s A100 GPU, and kernels labeled as
TF64 were computed through software on an Intel Xeon E5-2698
v4 CPU to mimic possible future computing frameworks.
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Tensor Cores

INT8, FP/BF16,
FP32 > FP/BF16,
FP32 >TF32,

FP64 > FP32 (TF64)

INT8, FP/BF16, INT8, FP/BF 186,

>TF32,62 (TF64) FP32, FP64 (TF64)
>—TO

INT8, FP/BF16, INT8, FP/BF16,
FP32 > FP/BFA6, FP32, FP64 (TF64)

FP32 >TF32,
FPG4 > FP32 (TF64)

Figure 1: Current and proposed (TF64) Tensor Core frameworks. In bold are the frameworks evaluated in this study.

float A, A1, A2, B, B1, B2, C_TF32, C;

//Note that for TF32 and TF64, costly casting are not necessary
Al = A;
A2 = (A - Al);

B1 = B;
B2 = (B - B1);
C_TF32 = C;

cublasGemmEx (A1, B1, C_TF32);
cublasGemmEx (A1, B2, C_TF32);
cublasGemmEx (A2, B2, C_TF32);
// Note that this line is only added for the analysis of correctness
cublasGemmEx (A2, B2, C_TF32);

cublasSgemm (A, B, C);

errorComputaion (C_TF32, C);

Figure 2: Example of multiword arithmetic code for TF32.

3.1 Error Computation

As others have done in related work (Section 4), we compute the
£, forward error! on the matrix multiplication C = AB for random
matrices A, B, and C. The ¢; forward error is defined as

lIC = Cllz

trerror = s
[1All211Bl]2

where C is the matrix product computed in double or quad precision
(FP128 uses the quad math GNU library [1]) for comparison with
the TF32 and TF64 mixed-precision frameworks, respectively, and
|| - ||2 is the £, norm.

For the sake of completeness [34], we also considered other
errors, such as #;:

frerror = —HC_CHI
[A[l111Bll1
and foo:
foerror = —“C = Cll .
[1Alloo|[Blloo

Ihttps://netlib.org/lapack/lug/node75.html
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3.2 SGEMM and TF32

First, we look at the TF32 mixed-precision framework with exist-
ing hardware support on the A100 (Figure 4). The 1xXTF32 mixed-
precision framework for GEMM can provide an improvement of
about 4X over the 1XFP16 GEMM. However, this improvement is
not enough and provides an error of magnitude of 1> — 1e7.

Using the multiword arithmetic and 4xTF32 GEMMs, we achieve
an error close to the error of the SGEMM, with magnitudes of er-
ror much lower than that of 1XTF32 GEMM or 1xFP16 GEMM.
Furthermore, the precision lost by omitting the fourth matrix multi-
plication has no noticeable effect on the overall error. Additionally,
we have included the |SGEMM-3xTF32| error, as shown on the
right side of the graphs. This shows that we can provide a close
approximation to that of an SGEMM when using 3XTF32 GEMMs.
Based on the performance of the NVIDIA A100 GPUs, we obtain a
peak performance of about 53 Tflop/s and a performance uplift of
2.6x over SGEMM when using 3XTF32 GEMMs.

This analysis extends the work of M. Fasi et al. [10] by using the
new TF32 Tensor Core framework. By using this framework, no
costly 32-bit to 16-bit casting or extra memory is necessary to bene-
fit from using Tensor Core accelerators. The casting is computed at
the hardware level (Figure 1) during the execution of the operations
instead of at the software level (Figure 2). We can also provide an
equivalent or even better precision by using the simplest multiword
arithmetic algorithm variant, and no complex variants or tuning
is necessary to improve precision. In terms of performance, the
simplicity of the algorithm and code used provides equivalent or
even faster performance despite not using the higher-performing
FP16 framework (Table 1).

3.3 DGEMM and TF64

We propose another new Tensor Core framework to pursue high
performance for double-precision HPC applications on low-precision
AT accelerators. Although this framework does not exist today, we
believe these methods will be effective in accelerating matrix mul-
tiplication for scientific applications while maintaining a high level
of precision. Also, given the current trend in this architecture with
an important addition of new and more precise data formats in the
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1 bit 11 bits 52 bits

FP64
8 bits 23 bits

FP32
8 bits 10 bits
5 bits 10 bits
8 bits 7 bits

BF16

Figure 3: Comparison of bit layout (bit sign, exponent, and fraction) for FP64, FP32, FP16, BF16, and TF32 [19].

last few years, we can expect to have something similar to what we
are proposing in the near future.

As expected (Figure 5), we see that this new framework can pro-
vide more precision than SGEMM. However, like in our previous
comparison of 1XTF32 GEMM vs. HGEMM, this improvement does
not match the requirements for double-precision results. However,
when using 3xTF64 GEMM, we achieve an error equivalent in mag-
nitude to that of DGEMM. In this case, there is a noticeable effect
from omitting the fourth multiplication, particularly in relatively
small matrices, but it remains insignificant when compared with
the precision gained from the first three matrix multiplications.
Overall, we see that approximating DGEMM with 3xTF64 GEMM
provides an error reduction on the order of 107 for 1xTF64. As in
the previous analysis, we included the [DGEMM-3XxTF64| error, as
illustrated on the right side of the graphs (Figure 5).

4 RELATED WORK

Besides NVIDIA Tensor Cores discussed in this paper, several com-
panies are also employing and developing specialized hardware for
high-performance inference, such as AMD [2], ARM [4], Intel, and
Cerebras [3, 31]. But not only hardware vendors are designing Al
accelerators. Movidius developed the Myriad 2 Vision Processing
Unit [23]. Google designed and developed a Tensor Processing Unit
(TPU) specifically for inference workloads [33].

We can find some examples of using multiword arithmetic on
low-precision hardware, including the work of Markidis et al. [27],
who call this technique precision refinement. Similar approaches
can be found for FFT [32, 35], although most of the state-of-the-art
references focus on matrix-matrix multiplication [27, 30]. Also, as in
our work, these techniques were used to propose new ideas for more
efficient and faster hardware [13] (e.g., block fused multiply-add
units on future Intel hardware).

Iterative refinement solvers [12] is another successful example
of using AT accelerators in HPC. This kind of algorithm can effec-
tively use the low-precision Al tensor core and reach the necessary
high precision required by HPC applications. Indeed, these were
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the techniques implemented for HPL-AI [20, 21] to reach the exas-
cale by using Al accelerators. However, these algorithms require
computing the same kind of operations repeatedly because of the
iterative nature of these algorithms, which may reduce the poten-
tial benefit in terms of the performance of using tensor cores-like
processors. In general, the number of iterations depends on the
coefficient of the matrix to be computed, in other words, the condi-
tion number [12]. In fact, in certain cases, it can be difficult to reach
a good precision [12]. Unlike, iterative solvers, the use of direct
solvers can alleviate such limitations in terms of both: performance
and precision. Indeed, the work presented in this paper can be used
in such direct solvers [38].

As mentioned, this work extends the previously published work
by M. Fasi et al. [10] by using the new TF32 format. Also, as far
as we know, ours is the first work to propose and analyze a new
framework (TF64) for double-precision operation on Tensor Cores.

5 CONCLUSIONS AND FUTURE DIRECTIONS

We extended the state of the art by using the new TF32 Tensor Core
format to provide accurate solutions by using relatively simple
techniques based on multiword arithmetic, all without the costly
32-bit to 16-bit software-level castings. Also, the achieved perfor-
mance is equivalent to or higher than previous solutions based
on the FP16 Tensor Core framework. This work also proposed a
novel Tensor Core framework called TF64 for double-precision and
demonstrated the potential effectiveness of mixed-precision Tensor
Cores to accelerate double-precision GEMM for scientific and HPC
applications.

More analyses are required to study new TF64 formats by using
even lower-precision formats with lower exponent and fractions
bits. Further work is also needed to expand this analysis to other Al
core hardware, such as AMD Matrix Cores, ARM SME, and others.
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