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PREFACE

A manual of computer programs of probablity distribution func-
tions of common use in hydrology and water resources is presented
herein. The functions used in the manual are the Normal. Lognormal.
Gamma, Log—~Pearson 11T, Gumbel and the General Extreme Value. The
programs cover four main topics: the estimation of parameters by the
method of moments and the method of maximum likelihood, the determina-
tion of the PDF and CDF given the parameters, the determination of the
value X given the CDF (the inverse problem) and the determination of
the confidence limits. For each topic. the analytical procedure is
described in some detail as well as the programming algorithm. Each
program is written in the form of independent subroutines which may be
lumped together for solving specific problems.

Should a user detect any inaccuracies or errors, the writers will
appreciate the corresponding comments.
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The programs of the manual are accepted by the user upon express
understanding that tlie writers make no warranties concerning the reli-
ability or usability of the information and data contained in this
manual and corresponding computer programs.

The recipient of this manual and programs agrees not to assert
any proprietary rights therein. The manual and programs have been
prepared for the summer courses on statistical and stochastic hydrol-
ogy held at Colorado State University during the years 1978, 1980 and
1981. Therefore, no part of this manual and programs may be repro-
duced without the written permission of Dr. Jose D. Salas. Department
of Civil Engineering. Colorado State University, Fort Collins,
Colorado, USA.
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1.0 NORMAL PROBABILITY DISTRIBUTION FUNCTION

1.1 General Properties

The probability density function (PDF) of the normal distribution is

1 2

f(x) = exp {—% E=H4 (v

/21 o g

where u 1is the location parameter and ¢ 1s the scale parameter. It

is continuous, -» < x < +, and tends to zero as x tends to - or

+~, It has a symmetrical bell shape as shown in Fig. 1 and, as a result,

the mean, mode and median are equal. It is a common practice to use the
. 2 . .

notation N(u,o ) or N(u,g) when referring to a normal random variable

. , 2
with mean u and variance o .

A
0.8 + 6o o~
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Fig. 1 Three Normal PDF with (1) y =0, ¢ =1; (2) u =1,

2
o =025and 3) p =1, g2 = 4.

Theoretically it may be shown that the mean and variance of the
normal distribution function are

E(x) = u ) (1
and

2 "

Var(x) = g R am
respectively. Similarly the skewness and kurtosis of x are

y=20 (2)

and

K =3 (3)



In practice these parameters are often used as a criteria for checking the
validity of the normal approximation. The criteria is that both the
sample skewness coefficient and sample excess coefficient, E = « - 3,
should be approximately zero (Yevjevich, 1972).

All odd central moments of the normal PDF are zero and all even
central moments may be expressed in terms of the second order central

moment , Ho» (Kite, 1977) as:

- _Cm)! m
Hom m Ho ' (%)

For example, if m = 2:

B 2 4
oy = 3 Hy = 30 . (5)

If the original variable x in Eq. (1) is transformed into a new
variable u with mean zero and variance unity, or

u= (x-up)/o s (6)

the PDF of the new variable u takes the form:

2
1 u

f(u) = — exp [- —5] R - <y < @ . N
vV2m 2

This is the so-called "standard normal distribution" with mean zero and
variance one or u is N(0,1).

The cumulative probability distribution function (CDF) of the
normal distribution is the integral of Eq. (1):

X

- 2
F(x) = J exp {~-% (X?EMH) }ody . (8)

V21 o

The equivalent integral of Eq. (7) is

u 2
/' exp [-v7/2] dv . (9)

—O0

F(u) =

5 |-



The normal CDF has the properties F(-») = 0, F(u) = 0.5, and
F(4w) = 1.

Estimation of Parameters

For the particular case of the normal distribution function the
moment and maximum likelihood estimates of the parameters, u and o

are the same. They are

>

I} O~ 22

1 X5 (10)
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The estimate 1 is an unbiased estimator of the parameter u. On the
other hand the estimate o of Eq. (11) yields a biased estimate of the

9 N
variance ¢ . But if o of Eq. (13) is transformed to

A

o' = 5[N/(N-1)]l/2 = L

N-1 (xi - W (12)

~

then ¢

. . . 2
is an unbiased estimator of o,

Subroutine PARNOR

This subroutine estimates the parameters ¢ and o of the normal
distribution function. The location parameter p (XLO) is determined by
Eq. (10) and the scale parameter 8 (XSC) is determined either by Eq. (11)
or by Eq, (12) as desired. The input to PARNOR is the data set X(I),
I=l,...,N with N the sample size; the index IEST which indicates
the type of estimator for ¢, that is if IEST = 0 Eg. (11) is used and
if TIEST = 1 Eq. (12) is used; and the index IWR = 1 if the printed

output is desired or otherwise 1IWR = 0. The output from PARNOR is the



location parameter XLO and the scale parameter (XSC). The listing

of PARNOR is given below.

SUBROUTINE BARNUK( Ne Xe XLOe XSCse LESTe Iwk )
Qcoo.-o::-o&oooo.on;oov.oo» 0N 098000V PPNCOSECEIETO Q003000000880 eanisten
CoeveobPARAMETERS “OF "TRE "NORMAL "OISTRIBGTION FONETION '
CoeeneXlU =L0CAT[ON PARAMETER (MEAN) ) XS? =S§AL£ PARAMETER(STe LEV,)
CoeneeltST=] MOMENT UR MAXIMUN LIKELIHOOUL ESTIMATORS(BIASED STe UEV.)
CeoeceelbST=2 UNBIASED MUMEN! £51]IMATORS
ConsnelWhkzU DO NOT WRITE RESULITS 1““31 WRITE RESULTS

ceeooDEVELOFPED BY JUSE De SALAD AND Eo BENZEDEN
CoeeosHYDRULUGY AND WATER REDUURCES PROGRAMy COLORADO STAIE UNIVERSITY
R R R E S R R N NN NN N NN 0!'0'0!'000!000‘0'0'0000.00.0‘0.‘0'0!.DQO..&&CQQ

DIMENSIUN X (N)s e) }

DATA EST IQH(BIASEQ e YH (UNBIASED/

AM = U, $ AS Ue

LU 1u  I=leN

AM = AM ¢ X(I)/N

lu XS = XS ¢ X(])%%2 / N

ALU = XM

XSC = SQRT( XS = Xmeag )

IF (IESTWGT.}) KSCwXSQ*SQRF(FLOA?(N)/(N*&)}

IF (1WkebEQoe0) RETURN )

 PRINT 209 EST(IEST)s XLUs XSC -

20 FURMAT‘{XHl///?Ao"PARAMtFtRS OF THE NORMAL UOJISTRIBUIIONM/Luxa9" M
1UMENT &S!IMAIOB&)"/[&XQ“LOLATION PAKAM&ICR*" 136591 (MEAN) e/ 5K 0
esSCaALE FPARAMETERZMoF L3eDe'  (STUSUVEVLIN//)

Kb FURN

END

Example 1. The aﬁnual maximum streamflow of St. Marys River at
Stillwater (data shown in Appendix ) is used to compute the unbiased
moment estimators of the parameters assuming a normal distribution. The
inputs to PARNOR are N = 60 (sample size); X(I), I=1, ..., 60; IEST = 1
(unbiased variance) and IWR = 1 (print results). The main program for

calling PARNOR is shown below.

PRUGHAM NORPAR (INPUTsOQUIPUT s TAPESSINFUT s 1 APED UIPU!)
C PARAMETERS UF THE NOKRMAL DISTRIBUTIOUN FUNCTIO
GImEnSIUN A (6U)
KEAD LUsN
KEAD 20 (A(L)olz=1leN)
16 ?QHM&((lQI&)
2u FURMAT (12F6.0) )
CALL MARNCOR(Ny X¢ XLO9 XA9Ce 2 1)



The resulting computer output is shown below.

PARAMETERS OF THE NORMAL DISTHIHUTICON
(UNBTASED MOMENI ESTIMATOKS)

gg TION PAKAMETER= 14554,60667 z

L
S PARAME TER= becb.88984

1.3 Probability Density and Cumulative Distribution Function

Since the PDF of Eq. (1) has a simple functional form, it can easily
be evaluated for a given value of x. On the other hand the CDF's of
Egs. (8) or (9) have no explicit forms, and hence, they need to be
determined by approximate functions.

Abramowitz and Stegun (1965) gave several approximations for the
CDF of the standard normal variate. A polynomial approximation with

error less than 10—5 is:

F(u) = 1 - f(u) (0.43618 v - 0.12017 v2 + 0.9373 v ) s (13)

where £(u) 1is the density and v 1is defined for u > 0 as,
v = 1/[1 + 0.33267 u] . (14)
A similar polynomial approximation was given by Hastings (1955)
and has been used by IBM (1968). This approximation is:
F(u) = 1 - f(u) w {0.3193815 + w [-0.3565638 +
+ w [1.781478 + w (-1.821256 + w 1.330274)11} , (15)

where w is defined for u > 0 as:

w = 1/(1 + 0.2316419u) . (16)



In both approximations, the cumulative probability is 1 - F(u) if
u < 0. Tables for the cumulative probabilities of the normal distribu-
tion are also available.

The relationship between the PDF f(u) of the standard normal
variable and PDF f(x) of a normal variable x such that x = p + ou
is

f(x) = £(u)/o . (17)

Subroutine DISNOR

This subroutine evaluates the PDF and the CDF of a normal variable
with mean u (XLO) and standard deviation o (XSC). Equations (6},
(7) and (17) are used to determine the PDF and the polynomial
approximation of Eqs. (15) and (16) are used to determine the CDF.
These probability functions are evaluated for either (a) a given number
of points X(I), I=1,...,N which must be supplied to DISNOR or (b) for N
equally spaced number of points determined in DISNOR where N is supplied
by the user. In the first case, the index IX = 1 and in the second
case IX = 0.

For the case (b) DISNOR has a DATA statement specifying the values
UMIN = -2.4 and UMAX = 2.4 (corresponding to probabilities of 0.0082
and 0.9918, respectively) which serve to determine N (supplied to DISNOR)
equally spaced points beginning at

XMIN = XLO + UMIN * XSC = X(1) a7
Subsequent points are determined by

X(I) = XMIN + (I-1) * DELX s I=2,...,N (18)
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N; the variable
IX = 1 (if X(I)

Iwik )

XLO and XSC; the index
I1Xe

The output from DISNOR are the PDF (I)
The listing of DISNOR is given below.

the total number of points

... 4N.
Ne Xo ALOs ASCe DENe CUF

if IX = 1; the parameters

«sN

=1y..

The input to DISNOR is:

DELX = (UMAX - UMIN) * XSC/(N-1)
If the user wants another range of the X values, the UMIN and UMAX

IX = 0 (if variable X(I) is to be computed in DISNOR) or

of the DATA statement should be modified as desired.

where the increment DELX is
is given); and the index IWR.

and CDF (I) of X(I), I=1,

X(I); I
SUBKUOUT INE UISNUR(
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L
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Example 2. It is desired to compute the standard normal PDF and
CDF at 10 equally spaced points. DISNOR is called from a main program
with the information N = 10, XLO = 0.0, XSC = 1.0, IX = 0 and IWR = 1.

The calling main program is shown below.

C el iy ane e I ) Funey
NSTTY ARC £ PRUBA Y FUNCYIONS OF IRIBUT
DImEnSTON X661 3 "BENT60) S TEDE (o) Vet LONS UF NORMAL DISIRIBUTION
CALL LISNGK (10w Xo Gas ley DENs CUFs 0s 1)

& NL

The resulting printed output for this example is shown below.

NCRMAL UEN$I‘Y AND (UmMUL AT IVE Ibfkl&bfic FUNCTJONS
xLQ0= 0.00000 (MEAN), A6£= 100000 (STeDEVeE)
CHUEK vAslabLE UENSTTY CUMGULS TR,
VALUE FUNCTION FUNCIION
1 -2,40000 W0£2398 U08198
3 -1¢33333 c1€4G10 L051z11
4 -,80000 TP ecllesh
s -.c6667 < 385007 .394863
6 cC666]7 ¢ 365001 S6USL3T
7 «80000 c2BG€E9¢e L788145
8 1.33333 C1€4010¢ *S08189
S %.8666! 0€YE6 1 «9650c6
10 + 40000 « 022395 + 59180

1.4 The Inverse of the Cumulative Distribution Function

Consider the variable u to be normal N(0,1) whose CDF is
represented by F(u) . The problem is to find u  for a specified

value of F(u). That is, if

u
F(u) = [ L exp {- %-yz}dy =p (20)
- 2'”



then

u=F" (p) , (21)
or u is the inverse of the CDF corresponding to the probability
p. For a normal distribution with mean u  and standard deviation
o , the inverse x of F(x) (corresponding to the probability
p) may be found by

X =y +0 u . (22)

The inverse u is computed herein by the polynomial approximation

given by Abramowitz and Stegun (1965) as

2
a +a, v+a, Vv
u=v - 0 1 5 23 , (23)
1+b_v+b. v +b_v
1 2 3
where
ao = 2,515517 , bl = 1.432788 ,
a1 = 0.802853 , bZ = (.189269 ,
32 = 0.010328 , b3 = 0.001308 ,
and:

ve=l2mrwl¥? , 0<Fw

IA

0.5. (24)
The approximation has an error less than 4.5 x 1074. For values of
0.5 < F(u) < 1.0, F(u) of Eq. (20) should be changed to 1 - F(u) and
the computed u of Eq. (23) becomes -u.

Subroutine INVNOR

Subroutine INVNOR determines the inverse x of F(x) of the normal
probability function with mean u  and standard deviation ¢ . The
inverse x 1is represented by X(I) and F(x) by CDF(I). INVNOR has
the option to determine X(I) for either (a) N specified values CDF(I),

I =1, ..., N or () N equally spaced CDF(I) computed in INVNOR by
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CDF(I) = FLOAT(I)/(N+1). In the first case the index ICDF = 1, while in
the second case ICDF = 0. Inputs to INVNOR are the mean XLO; the stan-
dard deviation XSC; the index ICDF, the number of inverse points N; the
set of CDF's CDF(I), I=1,...,N if ICDF=1 and the index IWR. The output
of INVNOR is the set X(I), I=1,...,N corresponding to the set CDF(I),

I=1,...,N. The program listing of INVNOR is shown below.
SUBRUUTINE INVNOR( XLUe XS5Ce Ne COFs CLASe 1CDFe 1wk )

PROBABILLIIY AT CLASS LIMLII X o
locooedN SET IS NOT OGIVEN AS INPU ‘
é voe?N SET SHUULD BE GIVEN AS AN INPUT VECTOR

Iwk=1l WRITE RESDULITS
U te BENZEDEN
S PROGRAMy COLUKRADU STATE UNIVEKRSITY

P90 00Nt 00O CONRRRSOORNEOPSERROROENOIRPINORIINIPRNTS

2 m
b - X
4
bl
v
O

T
ZODVIZUCﬂ"

i
1
S
J
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w
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~Ze
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Example 3. Subroutine INVNOR is used to determine the inverse of
the CDF of the standard normal for 10 equally spaced values of the CDF.
The input to INVNOR is XLO = 0.0, XSC = 1.0, ICDF = 0, N = 10 and

IWR = 1. The main program to call INVNOR is shown below.

PROGRAM NOKLNVY (INFUTe QUIPUTY TAFED=INFULY TAPEG=ULULIFULL)
C INVERSE UF 1ne NORMAL CULF

UIMENSIUN  CLUF (100)s CLAS(LUO0)

gALL INVNOR (Ues leo 1Us CUFe CLASe vs 1)

ND

sSCALE PARAMEIER(ST. OV,
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The output from INVNOR is:

INVERSE OF Tht NORMAL CUMULA'IVL UthllY FUNCELIUN

( XLU = 0e0U00OO 1 310 leOUUULL )
CHOER CLMULATIVE INVEKSE
UISIKRIBTION
CUF (X) X{I)

) <0909US -1.33539

c c181818 -230839

3 Q;IB??? -sbU&4-3

4 0363636 =eJd4b 3}

o] 0“59543 ~sllidve

& $545455 S1139¢

7 c636364 T34831

8 Ter213 Tou4s3

S caieiaz T908 55
1 e 9U90Y] 133539

Confidence Limits

The confidence limits x

Iy for the T-year event x

T (T represents the

return period) is determined assuming a normal standard error S so that
x. =x%x_.+u s s (25)

where u is the standard normal variate corresponding to the confidence

level a. The value Xp is determined by

X5 =y + Ko , (26)

with K the normal frequency factor which is equal to the standard
normal variate Up (corresponding to T) and u and o are the pa-
rameters of the normal variable x. The standard error sy, may be
shown to be (Kite, 1977)

= (1L + U /2)}‘/2 [ 27)

T v¥

with N the sample size.

Subroutine CLINOR

Subroutine CLINOR computes the upper and lower confidence limits

of an estimated normal value xT(I) for a given return period (L)



or a given nonexceedence probabilities PXT(I). The upper and lower
confidence limits are represented by XUT(I) and XLT(I) and they are
computed for a specified confidence level CONF. The subroutine CLINOR
uses the subroutine RETCDF which makes inverse transformations between
return periods and nonexceedence probabilities and determines the
standard normal deviate UCL corresponding to the specified confidence
level CONF. This surbroutine is also used in subsequent programs,
Inputs to CLINOR are the sample size N; the number NT of return
periods or nonexceedence probabilities; the confidence level CONF;
the mean XLO; the standard deviation XSC; the return period or the
nonexceedence probability T(I),I=1,...,NT; and the index IWR. Outputs
from CLINOR are XUT(I) and XLT(I) for the corresponding T(I),I=1,...,NT.

The program listings of both subroutines CLINOR and RETCDF are given below.

SUBKOUT INE CLINUR (NoeNToCUNF o ALUSASCel o AT o AUTsALTaPAL jWK)
CH##COUNF JDENCE LIMLITS UF DESIGN EVENIS FUR NORMAL UISTRIbULILLUN
C XLO = LUCATICN PARA&gStH( MEAN) e  XSC = SCALE PARKAME IERID I ANUGLEY)
¢ N = SAMPLE SIZE USEy FUR ESTIMATIUN UF Tht PAKAME IEKD
C NI = nyUMBER OUF COUNFIDENCE LIMIIS 10 BE Lumroitu
C CUNF= SELECTED rROBABILITY UF CONFIDENCE{(ADS Ue90s Ueybe Ue9y9)
¢ 1 = AN INPUT VECTOR INDICATING ELITHER HETURN PERIOUDS (IN YeparD)
C OR _NUNEXCEEDANCE PRUBabBIL1TitD CURRESPUNQINb U IHE RETURIV PERLUYID .
C PAT = PHRUBABLILITY OF NUNEARCEEUANCE FUR  T= YEak  EVERNI
C X1 = ESTIMATEL of THE T=YhAaK EVENT FHUM FREGUENCY BEGUAT LU )
C UL = TwO=TAlL STANDAKRU NURMAL DEVIAIE POR GIVEN CUNEIOENUE LEVEL
C SI. = SIANDARD ERKUR UF THE ESTIMAIED 1= YELAR EVEN]
C XUl = UPPER CONFIDENCE LIMITe XULT = LOwbr CuNF[DENCE LimEl
o2 SUBROQUTINE KEUUREMENT= ONLY THE SUBRUUTINE  KeTCOF
C#s ABRAMOWITZ=STEOUN POLYNUMIAL APPROXIMATIUN 1S USEL 1u LumbPUIL
C ImE VALUES UF STaNDARD NURMAL UEVIATES FUK GIVEN PrObasiLLIIED,
C DEVELUPED #Y LOSE L. DALAS ANL Eo HEwZEUEN
¢ HYDRULOGY AnND wATER KEDOUKCES PRUCGKAMs CULUNAUY Sisle UNIVERTLEY
LDIMENSTUN TinTre Xi(nwlIlde AUTINT)s XLT(NE)s PAT(MD)
CALL HETCUFINTe Te CUNFe PATe uUCL)
DU 10 I= lend
PROR= PAT (L)
IF PK{(%}- Gl o Gob ) PRUH = ]le=FXIi (1)
V o= SGHT({ =2,%AL0G( PROB ) ) ]
UKT= v = (2.515017 + UWHUZHE3HV ¢ (aULlUdebRvie)
i (let+ 1.93278H%V ¢ U,1892069%Vveag « U,UULIUBRVHLS)
i"’( PXT{1)e LT aliebm )A,UX¥ = ~UuXl|
AV (1) = ALO + URT # aS¢
ST =z XSC % SUKRT({ (lesuRi®#e/2,) /i )
XUT(I)= XT(1) * UCL ® OS]
10 XLT([)= XT(]) = UCL % 51
&F( WHe LE «0 ) HeTURN
RINT 2Us CUNFo XLU» X5¢ ;
FRINT 300 (F0f)e PXUCL)Is AFLT)e XUTC(i)e ALV (L) I=teni)
2u FORMAT (1H1///759KsMMOMENT t&?l%ﬁ%&b Ur kbt Mebagecdet  Lutek fubr{n LY
%1!5 FOK NUHMAL,EIbiﬁiautiﬁw LO0Re [ ALUSRYeF 12eDe (MLANI AsL=PF
l1€eDo® (STANDLDEV) YH//LUReMRETURN NONLACEEUANCE EVENE e et L UN
JFLDENCE LIMLIISH/LUX+MPERICGY  FROBABILITY MAGNLTUDET s QA UFFER'Y 9D
4Xe"LUWERMY)
3V FORMAT (J0AeFaelUslAoFlUsDe3A23F 134}
HE TURN
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APPENDIX

Flood Data of St. Mary's River at Stillwater
(From Kite, 1977)

10400 16100 11800
10700 10200 13500
20100 12300 12300
8210 19900 15100
14300 19900 11500
8040 18600 11000
8210 18000 16000
13900 13100 11600
8390 29100 14500
18500 10300 13000
13000 12200 17200
16400 15000 13900
23000 12700 11900
6700 13100 13600
7130 19200 12400
14300 19500 18300
20600 9020 12900
25600 11800 18200
8180 16100 9900

34400 16900 10200
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2. LOGNORMAL DISTRIBUTION WITH TWO AND THREE PARAMETERS

It has been shown (Sangal and Biswas, 1970; Chow, 1954; Markovic,
1965) that the log probability law can be applied to a wide variety of
hydrologic events because most have a physical lower bound; they are a
symmetrical and their causative factors are often independent with
multiplicative effects (Yevjevich, 1972). TFinney (1941) and Chow (1954)
attempted to show theoretical justification for the lognormal law.
Markovic (1965) studied annual precipitation and runoff series of 2060
stations and found that the two-parameter lognormal distribution gave an

excellent fit.

2.1 GENERAL PROPERTIES

Let us consider the transformation y = &n(x). It can be shown
that if x 1is lognormal then vy is normal. Assume that the parameters
of y are the mean uy and variance Gyz , then the PDF of x can be
written as (Finney, 1941; Chow, 1954; 1966; Yevjevich, 1972):

n (x)-u )

f) = —2—  exp [- 3 (———D7] &
21 x @ y

y

which is the two parameter lognormal distribution (lognormal - 2) where
Uy is the location parameter {mean of y) and oy is the scale
parameter (standard deviation of y) both in the log normal domain. When
the parameters are considered in the x domain, uy controls the scale
while Oy controls the skewness and hence it may be regarded as a shape

parameter (NERC, 1975).
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The following relations exist between the parameters of the normal

and the lognormal-2 distributions (Yevjevich, 1972):

and

" 2
1
H_ = 'z n [ }2{ ] s (?‘)
y n +1
X
¢ = gn (1 + nz) (3)
y X 2 N
Ox
where nx is the coefficient of variation, nx = ;—
X

and

The skewness and kurtosis coefficients of the variable x are:

_ 3
Ve S 3 (4)
K = n8 + 6 n6 + 15 n4 + 16 nz + 3 s (5)
X X X X X

and they are always positive. The mode and median are:

m_ = exp (uy - 0y2) =, /(1 + ni)3/2 , (6)
MX = exp (uy) = ux/(l + ni)l/z , (7

respectively (Yevjevich, 1972).

Examples of lognormal~2 PDF's are shown in Fig. 2.1 below.

If the x-variate has a lower bound, X» different from zero, and

if the variate, z = x - X follows a lognormal distribution with two-

parameters, then the x-variate is lognormally distributed with three

parameters or simply lognormal-3 (Chow, 1956; Sangal and Biswas, 1970).

The lognormal~3 PDF can be written as

1 1 . (x—xo) -
— exp {- 5 [ =
Y2 (X—XO) Oy y

F(x) = AL (8)
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£00)

08 F

Figure 2.1. Examples of lognormal PDF's with uy =0, o

(a)xO = 0 (Lognormal-2), (b) X= -1, and (c) X, = 1.

The parameters Uy’ cy and X, are called the scale (mean of
n(x - xo)),the shape (standard deviation of fn(x - xo)) , and the
location parameters, respectively (Yevjevich, 1972;
NERC, 1975; Kites, 1977).

The lognormal-3 PDF can be applied to positive or negative
valued events provided x - X > 0, while the lognormal-2 distribution
should always be applied to positive valued events. Two examples of

the PDF of the lognormal-3 distribution are shown in Fig. 2.1.
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2.2 ESTIMATION OF PARAMETERS

The selection of the parameter estimation procedure of lognormal
distributions is a matter of reliability. The method of moments is very
simple but less accurate since the sample moments may involve some loss
of information and bias. Particularly, the estimation of three parameters
may result in a lower bound that is greater than the observed minimum
value, or in some cases there may not even be a solution. The method of
maximum likelihood is more laborious if a computer is not available, but
the results are more reliable. Sangal and Biswas (1970) devised a method
for estimating the lower bound using the mean, median and standard
deviation, but Burges et. al. (1975) concluded that the method of moments
was better. The methods of moments and maximum likelihood are the only
methods discussed below.

Method of Moments

The moment estimators of the lognormal-2 distribution may be obtained

by
uT N iil %n(xi) , (9
N

. ~l241/2

Pz [z )-u ] /
~ =] Ly
% = z N ' (10)
In the case of three parameters, if the lower bound X, is

not known in advance, as most often occurs, it is necessary to estimate
L either graphically or using the procedure given below provided that

the skewness Yy is positive (Yevjevich, 1972). Since the second
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and third moments of 2z = X—xo do not depend on Xo’ and since “z = ux—x

and o = Ox’ the lower bound may be expressed in terms of Heo Nyo and
z
n as
z
nX
= 1 - — . 1
X ux( ; ) (11)

The skewness coefficient of x and 2z are the same, i.e.:
3
Y, =Y, =n, *3n . (12)

Estimating Yy from data the solution for Eq. (12) is (Yevjevich,

1972) :

no= Q- W23y 3 (13)
where w 1is:

W=t oy G Wty (14)

~

Thus, the use of ﬂx’ Mo and n, in Eq. (11) determines the value of

>

ﬁo and ﬂy’ and Oy can be estimated from Eqs. (9) and (10) replacing
x. by (x.,-x ). The estimates of ¢ and Yy may be obtained either
i i 7o y X

from Eqs. ( ) and ( ), or Egs. { ) and ( ), respectively.

Subroutine PARLO 1

This subroutine computes the moment estimators of the parameters of
the lognormal-2 and lognormal-3 probability functions. The main variables
used are the sample size N; the data set X(I), I=1,...,N; the parameters
XSC, XSH and XLO; the index IPAR = 2 for the lognormal-2 function or

IPAR = 3 for the lognormal-3 function; the index IEST=1 for baised or
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| EeRe e

MO
IrA

N =

DEV
MY

10

20 FORMAT (IHL//7/78¥ "FARAMETERS  OF  THE  LOGNORMAL- T2y " DRISTRIELU
TION" /78Xy 9 " MOMENT OR MAXLIRKELIHOOD f‘¥1ﬁﬁ¥“ﬁ‘3“f’£§ ””Fﬁtf
QOROMETER="y [F12, 0y 2Xy " (MEAN OF  LNGOY 70Xy "OHAFE FaRaMETE
SFL12.9,2X«" (5, DEV, OF WN\X>>'/K)

30

40

21

. FRTCS BN LI Wiy
Szom=T Tar /aseveximate) urhiased estimatorsy and the indey TWR.  Whew

estimating the lower bound parameters XLO for the lognormal-3, it may

result in a value greater than the minimum value (XMIN) of the data set

X(I); in this case PARLOl prints out both XLO and XMIN. Also, the

coefficient of skewness of X may be negative for which there is no

solution for the cecefficient of variation n, of Eq. (12). 1In such case

a message 1s printed out. The program listing of PARLOl is given below.

SUEBROUTINE PARLOLIN X e XECy XEH e XLO IFARy TESTy TWRD
ENT Y&T"V&“&&; bf MGGNGRMﬁ CISTRIBUTIONS WITH 2 ANk O PaikaMe
Re= NUMBER OF PARGMETERS (TAKES ONLY THE VALUES 2 OR 3D
TEST=1 RIAGEDy TEST=2 UNEIASED ESTIMATORE
TWR=0 10 NOT WRITEs IWR=1 WRITE THE RESULTS

MAXIMUM NUMEBER OF DATA ANALYZED IN THE PROGRAM.

DIMENSION X(N)y EST2)

DATA EST/9H(BIASED y FHCUNEBIASED/

XLO =LOCATION PARAMETER

K50 =5CALE FARAMETER (MEAN OF LN({X-X0))
XE6H =8HAFE FPARAMETER(STRLOEV, OF LN(X-X0))
ELOFED BY JOSE DI, SALAS AND E. RENZEDEN

ROLOGY AND WATER RESOQURCES PROGRAMy COLORADD STATE UNIVERSITY

UN=N

AKM=XE=XG=0,0

IF (IFARLGT.2Y GO TO 30

O 10 I=LlyN

KM=XMAALOG XTI /N

XE=XS+ (ALOG XD ) Y k%2 /N

V“F KM

ASH=SART (XE~ XMk

IF(IESTQEQQM) XEH=XEHXEURT CUN/ (UN-1.))
TFOIWRGERL O RETURN

FRINT 20y IFAR. EST(IEST)y X8Oy XEH

RETURN

AMIN = X(1)

oo 40 I=1sN
AM=XMAEXCT) /N
XG=XGHX (DY RK2 /N
XG=XEHX DY XKB/N

AMIN = AMINLIXMINS X))
XG=X0G 2 XX MEKE - TAXMEKXE
KB X G- XMk

CH= XELIXEXNKL 5

IF (CsLT.0.0 6O TO 70
Wa (QORTICEXK244 .3 -C5) /2
VAN O IR wmx<2,,\)s/<wxxf1¢/<>>
XL0= XM-GARTXS) /2

T
I



3%
ro

IF C(XMIN-XLOY.LEL0.) GO 10 90
XM=X5=0.,
no 50 I-1.N
XM= XM 1 ALOGIKX (D) -XLO) /N
%0 X3 = XSIALOG(X(I) -XLO)YX%X2/N
XGC = XM
XOH = GORT(XS  XMEkX2)
IFCIEST.EQ.2) XGH= XGHASART(UN/(UN-1.))
IMrCIWR.ICR., 0 RETURN
FRINT 60, IFARy COTCIESTYs XLO» XSCsXSH
60 FORMAT (1H1///8X, "MARAMETERG  0OF  THE LOGNORMAL-*»12," DISTRIRUT
1I0N®,/17XsAPy* MOMENT CSTIMATORS)®V// 5Yy *LOCATION MARAMETER="»I12

2.5,7%, " (LOWER BOUND, XLO)*/ SX»*"SCALE FARAMLTER= "y 712, 5y 2% © (ME
3AN OF  LN(X=XL0)Y) "/ GX» "SHAE FARAMETLR=" 12,5, 2%y " (S, DIV 0O
Ar LN(X XLO)Y)Y*/ /)

RETURN

70 RINT 00, CS
Q0 FORMAT (1H1/// SX» *MOMCNT SOLUTION IS IMPOSSIBLE RECAUST OF THE NU
1GATTVE CHEW®/SXe 000N 0F SKEW="»F10,4)

FCTURN
20 RTHT 100, XMIN, XLO
100 IORMAT (11177 5% "LOWCR BOUND T3 GREATER THAN ORSCRVED MINIMUM VA
1LUC*/SXs "ORGCRVED MIN=*»F10,%5, % LOWER DOUND=®»F12.5)
RCTURN
FNI

Example 1. Subroutine PARLOl is used to compute the approximate
unbiased moment estimators of the parameters for the lognormal-2 and
lognormal~3 probability functions corresponding to the annual maximum
flows at St. Marys River at Stillwater (Kite, 1977). The length of record
is 60 years. The input data to PARLOl is N=60; the data set X(I),
I=1,...,60; IPAR=2 (and IPAR=3 for the lognmoral-3); IEST=2 and IWR=1.

The main nrogram to call PARLO1l is shown below.

PRUGRAM PLUGL (INPUT, QUIPUT)

EXAMPLES OF LUGNOKMAL UISTRIBUTIONS wllH MUMEN 1im
DIMENSION x(6U) 9 1YPE(C) 1 ENT £STIMATURS

10 FOHMAT

) z]leN)
2U FURMAIT

SCoASHIXLU2e291)
SCoASHIALO39291)

>'>fvo
>l>< —

The output from the program is:

PARkAME TEKS  OF IHE  LOGNORMAL= ¢ UGI1SIRIBUTLION

(UNBLASED MUMENT OR MAX LIKELIHOOD ESIIMAIURS)
LOCATION FARAME IER= 9.02841 (MEAN OF  LN(X))
SCALE FAKAMETER= e33740 (Se DEVe OF LN(X))

PAKAMETERS OF THE LUGNUKMAL= 3  D1STRIBUIION
(UNBIASED MOMENT ESTIMATOKRS)
OQCAVION FAKAMETERE 2108454705 (LOWER BOUNDs ALO)
HAPE PARAME TER= 9034951 (S.DEV. OF LN(R=XLU))
SCALE FARAME TER= «40c13  ( MEAN OF LN(X=aLO))



Method of Maximum Likelihood

The maximum likelihood estimators of the parameters of the
lognormal-2 distribution are the same as the moment estimators given
in the previous section. However the results are not the same for
lognormal~3 distribution. Therefore, this section outlines the procedure
for estimating the parameters uy, Oy and X, of the lognormal-3 dis-
tribution by the method of maximum likelihood. The log likelihood function

of the density function of LEgq. (8) is (Yevjevich, 1972):

iz

‘v = . o - -
LL (x,py,cy\xo) in (xi KO)

- 4n (2n) - N 2n o, -

t

i 12

i=1

N .
] o 12, 2 15)
{izl [ (x-x)) - w ] )/(‘.0‘y ). (

Y

Differentiating Eq. (15) with respect to “y’ Oy and X and equating
them to zero yields three equations which shuuld be solved simultaneously

in order to obtain the estimates uy, Oy and X, - The equitivn; are:

N
N 4
ELL/auy = {_zl[zn(xi«xo)~uyj} /ay =0 (16)
1=
N 2 3
SLL/30_ = -N X, -X_)- = 7
/ Oy /0y + {iz}{ln(xi xo) uy} }/oy = 0 (17
and
3LL _ S 2 A S
axo = z (Xi Xo) (uy— ? ) - Z(kiﬁxoj n in~x0) =0 . (18)

Equations (16) and (17) give the following expressions for ﬁy and o

- 1 N R
UY = N"Z Ln (xi~x0) (19)
i=1
~ 1 N { - ~ 2
o == ) n (x,-x_) - p ] (20)
)’ iN 1=1 1 o] )’



where the location parameter, Xy must be golved from Eq. 18 or fronm

N N N
F(x ) = [ Z ~—) {% E n (X.-x ) - [= Z gn (x.-X )]
° 51 x0x, Ny 1o N5 i
N . N zn(x‘*§ )
- %. Z an (x.-x )} + z -—-1“ °_ = o (2D
. L i“o . _
1i=1 i=1 Xi XO

Equation (21) has no explicit solution, therefore, it must be solved by
an iterative procedure such as the Newton's tanget method. This method

requires the first derivative of Eq. (21) with respect to X - That is

F'(xo} = f(bﬂc2~c-1) + %?’[-d +alc + 0.5)] + e (22)

where a,b,c,d, and e are:

§ : (23)
a = —_— 3
i=] *i %0
N
_ 1 2 24
b = N .z &n (xi XO) s (24)
i=1
1 N
c = ﬁ"z &n (xi—xo) , (25)
i=1
N ﬁn(xi—xo) .
d= ) 55— , and (26)
i=1 i o0
N n(x.-x )
e = ) _‘_M%._.wgh (27)
i=1 (x.-x )
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Subroutine PARLO 2

Since the maximum likelihood estimators of the two-parameter log-
normal distribution are the same as the moment estimators, this program
only deals with the maximum likelihood estimators of the three-parameter
lognormal distribution.

Subroutine PARLO? solves Eq. (Z1) for the lower bound XLO, using the
Newton's tanget method. Since XILO < XMIN, a simple bisection procedure
is used in order to decrease the number of iterations in the tangent
procedure. The maximum number of iterations are vestricted to LIM = 20
and the maximum error for XLO is restricted to 10“6. The error is the
absolute value of the ratio of difference between two successive values
of XLO and the last value of XLO.

Subroutine PARLOZ uses subroutine FXLOG for evaluating the function
of Eq. (21), its first derivative (Eq. 22), as well as the scale and shape
parameters for a given value of XLO.

The input to PARLO2 is the sample size N; the data set X(I), I=1,...,N;
and the index IWR. The corresponding output are the parameters XSC, XSH and

XLO. The listing of PARLOZ is given below.

SUBROUT INE FARLUC (o X s ASCoASHIAL U TwK)
MaXx, LIKELIFOCD ESTIMAITUKRS UF THE LUONURMaL=4 LISIRLIFULLUN
XLO = LCCATION PARAMETEK (LOwkr® BUUNULAKY UF X )
ASHM = ShAFRE FARAMETER {S.DEV, OF LN(A=ALU))
XSC = SCaLt PARKAMETER {MEAN UF Livix=ALU))
lwx = ¢ CO NGTy Iwr = | wWkITE Tht KESULIS
N o= MAXIMUM NUMBEER CF CATA ANALYZEL IN Int FRUGHAM,
EnrUk= MaXIMUM aBSOLULTE RtLAl%VE FERROR REWULREMENT ON ALUS.
LIM = MAXINMUM NUMBER CF THIERATIUNS PERMITIED 1IN THE FrUCEDURE
SUERCOUTINE REQUIKEMENIS= UNLY TRe SUERULTING FALUG.
DEVELOPEL BY UUSE Us SALAS AND EBe BFRZEUEDN
HYDROLOGY ANC walenr HESOURCES PHRUGHANM, LULUKAUU STale UnIveErSTHY
UIMERNSICN X (V)
UATA LIMebERKUKNZCUsULUUULY/
AMz=0,
XMIN= X (1)
DG 10 1=]en
XM=AM ¢ X(1)/N
10 xMINs AMINL(XMINeX (1))
PRINT 2 ‘
20 FORMAT(IRI//7/78XeMFARKAMETERS  UF PRE LUONURMAL=3  ulSIkibulIGN"/
V7Xent(MaX, LIKELIFCGU ESHIMATORS)H//5AeMIRIAL LUnEK sUUND vatut
2P1L1Kﬁ‘ IMPRCOVEMENTD /LS X o WXL UM e X oML InUOL EWUATLUN UN XL L)
Kim=}
IF (XNMIN) 4Ue3(eay
30 Al = =0.00 %A
GO Tu %“¢
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Example 2.

likelihood estimators of the parameters of the lognormal-3

for the annual maximum flow
length is of 60 years.

and IWR=1,

ul
LIK

M PLOLt (iN
MAXe

(6u)

s
L

I=ieN)

uu
ik

of St.

ulp
0UU

e XSCeXSHeALUS L)

The resulting output from the program is:

PARAMETERS CF T
MAX, L]
TRIAL LCwER BCUND
xLG
1 €633.,00000
¢ 5H0ec%.00000
3 33%50.00000
4 1675.00000
S 27c9.E68LE
& g%?b.éﬁBQﬁ
1 c3¢)l.0e51%5
8 2317.8006%
LCCATION PARAMETER=
SHAPE PARKAME TERS
Scait FARANMETERE

Mt LOGNCRMAL =
KeELIMOCD £STIwM
VALUE F LKk~
LInOOC tQuAT]
=eS1781074E=01
*«39015073E-03
=.3857751GE~04
«54657958L (5
= 105736ESE~U4
~el6762043E~05
~e657236cSE~(Q7
~e11253154E=0S
2317.8145¢8
« 40670
903296i

Mary's River at Stillwater.
The input to PARLO2 is N=60; X(I), I=1

The main program to call PARLO2 is given below.

3 CISTRIBUTIUN
ATOKS)
IMFRUVEMENT
CN UN XLO
333.41411
1S.4cbcl
30(0566
«0UEH]

(LOWER BOUND OF X
(MEAN OF LIN(A=XLD)

LN (X=x)

Subroutine PARLO2 is used to determine the maximun

distribution

The record

.,60;

u kaiFa‘UH% UF LUGLNURMAL =3 UlSixl-uilun

s AL U}
(V]
)}

The first four trials in the above result correspond to the bisection

iteration procedure.

Thereafter the tangent procedure was used.
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" 2.3 PROBABILITY DENSITY AND CUMULATIVE DISTRIBUTION FUNCTION

An indirect way of evaluating the cumulative probabilities for the
lognormal distribution is to transform the original x values into loga-
rithmic values as y = &n (x~x0) and use the procedure for the
normal distribution (section 4.2.3). Consider the CDF of the lognormal-3

distribution as

X n(x-x ) - u
F(x) = ; f 1 exp [-%-( 2 Y )2} dx . (28)
V2r o -» XX y
y
Since dx = (x~x0) dy, one can express Eq. (28) as:
X y-u
1 2
Fl) = —— [ exp [3 (=% ay = F(») (29)
2m cy - y

which can be numerically evaluated using the standardized variate:

y-u
T (30)
Yy

and using the approximate procedure used in the case of the normal
function.

The PDF's of the lognormal distribution functions (Eqs. 1 and 8)
have the same explicit form as the normal density function but in the
log domain. Thus if one used the density computed or tabulated in the
u domain, the values of the density function in the x domain are com-

puted by

%éx) = ﬁéu)/[oy (x»xo)] . (31)

Equation (30) gives a straight line between the log tansformed
variate y = ln(x—xo) and the standard normal variate u. Lognormal

probability paper is frequently used in practice for plotting empirical
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and theoretical probabilities (Eq. 28) where the latter yields a
straight line and can be plotted easily using Eq. (30).

Subroutine DISLOG

Subroutine DISLOG evaluates densities (PDF) and cumulative proba~
bilities (CDF) for the lognormal functions with two or three parameters.
The program uses the procedures cutlined in the section above.

The PDF and CDF functions are determined at N points. These points
are eigher given by the user or are determined in the program.

1f X(I),I=1,2,...,N is not given as input (IX=0), a maximum value,
UMAX, for the standard normal deviate should be specified for a selected
maximum probability level, say 0.9918 (UMAX=2.4) in order to restrict
computations in the subroutine. In such a case, DISLOG gives densities
and cumulative probabilities at N equally spaced values of X(I) within
the range, XLO to XMAX, where XMAX is the value corresponding to the
selected maximum value for the standard normal deviate, UMAX. If
IX=1,X(1),I=1,2,...,N, (not necessarily in order of magnitude), should
be input by the user in the calling program.

The location parameter should be specified as XLO=0 if the two-
parameter lognormal distribution is used. This is because the parameter
XLO is used to identify the type of the distribution, i.e., the value
of IPAR, and it is alsc the first x wvalue X(I) when IX=0. The user
must realize the fact that the location parameter XLO is the lower
bound in the x domain, while XSC and XSH are the mean and standard
deviation in the log domain.

The input to DISLOG is: the number of discrete points; the data
set X(I),I=1,...,N if IX=1; the parameters XLO, XSC and XSH; the index
IX=0 (if X(I) is to be determined in the program) or IX=1 (if X(I) is

given); and the index IWR. The corresponding output  is the PDF(T)



The listing of the program is given below.
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The resulting output from the program is:
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2.4 THE INVERSE OF THFE CUMULATIVE DISTRIBUTION FUNCTION

The inverse of the CDF of the lognormal distribution with 2 or 3

parameters may be determined by
X, = x_ + ex + u, o} 32
1 o] P { uy u i y] ( )

where X, is the inverse corresponding to the CDF F(xi) = p of the
lognormal function with parameters X» uy and Oy and u, is the
inverse of the standard normal variate corresponding also to the prob-
ability p. Therefore the numerical approximation used to determine ug
is as given in section 4.2.4.

Subroutine INVLOG

This subroutine cdetermines the inverse variable x of the lognormal
CDF F(x) with parameters X s uy and Oy. The inverse variable x 1is
represented by X(I) and the CDF F{(x) by CDF(I). The parameters X Uy
and Oy are represented by X1.O, X5C and XSH, respectively. INVLOG has the
option to determinc X(I) for either N specified values CDF(I), I=1,...,N
or for N equally spaced CDF(I) computed in INVLOG by CDF(I) = FLOAT{(I)/
(N+1). 1In the first case, the index ICDF=1 while in the second case
ICDF=0. Inputs to INVLOG are the parameters XLO, XSC and XSH; the number
of inverse points N, the set of CDF's CDF(I), I=1,...,N if ICDF=1; the
index ICDF; and the index IWR. The output of INVLOG is the set X(I1),

I=1,...,N corresponding to CDF(I). The program listing INVLOG is given below.
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The output from INVLOG is:

BUTION FuinL i lUN

INVERSE CF THE LCGNURMAL= 1Bl | '
U ASHE  L6960UY )

( ALU=S =l8,90000 X5C=

Ukubhk CbﬂUL
IséR

(¢4

ol T
S sl g Ww<
o A Y Yot
(g L2l ¥ 72}

Y cENTe S ¥ o0 2P0 LV

S 0 O P e 8 TN
COCOOE~N T
D NS DODLN T
g T S & B ~E D
NN OO NNWS

PON e 8 e O LU

EVTT ¥ 2T 3 0« Y of PUL)

o8 e 009 % 0

e ) O g (B B s P e
L oo PO oTs A I NT ]

-

2.5 Confidence Limits

The confidence limits x. for the T-year event Xpooave determined
e
by

X, = X *'u_ S (33)

where u is the standard normal variate corresponding to the confidence

level ao. The value XT is determined by

Xp = X+ exp {uy *ug Uy} s (34)

where Xy ﬁv and &y are the parameters of the lognormal function and
Up is the standard normal variate corresponding to the return period T.

The moment estimator of the standard error ST may be obtained from

= a2 A (35)
where N is the sample size and U, and éy are as defined above.
The maximum likelihood estimator of the standard error ST may be

computed by (Kite, 1977)

2 ~ Up 2p 4 2 up *r
S N = V . + - ~ ] 2 Eal T Pl ~
- ar (Xo) (2 p Y Var (Gy ) + z.” Var (uy) + = Cov (xo,ay

T
y Oy
u,, 2.
+ 2 Zp Cov (x L) +-~rm£m Cov (0 Z,ﬁ )
oy y y

oy > (36)
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where
zp = exp {;y + uy &y} s (37)

Var (xo) = 1/ (2ND) , (38)
- ~ 2 ~ =2 2 2. .

Var (uy) = Gy [0.5 (1 + Oy Y(a/b)" - a/b 1/ (ND) N (39)

Var (éyz) - “yz [+ 8y2>(a/b>2 - a/bll o), (40)

Cov (x ,i) = -/a b/(2xD) (41)
o’y
A a2 a2 ,

Cov (xo, Gy ) = oy Ya/ (bND) y (42)
S N S

Cov (uy, Oy ) Gy a/(b"ND) , (43)

D=0.5 L+ 5 T @m’ - @+ —PaEnd (44)

y 20
y
a = exp {0 2} s (45)
y
and
= I
b = exp Luy} . (46)

For the case of the longnormal-2 Eq. (36) simplifies to

~

ST = Gy X5 [(1 + uTZ/Z)/N]l/2 . (47)

Subroutine CLILO1

This subroutine determines the T-year event magnitude X of Eq. (34)

and its upper and lower confidence limits x of Eq. (33) based on x

L T

and the moment estimator of the standard error ST of Eq. (35). The
upper and lower confidence limits XUT{I) and XLT(I) are computed for
specified return periods T(I),I=1,...,NT or nonexceedence probabilities
PXT(I1),I=1,...,NT; and given confidence level CONF. The subroutine
CLILOl uses the subroutine RETCDF (given in section 4.2.5) which makes
inverse transformations between return periods and nonexceedence prob-

abilities and determines the standard normal deviate UCL corresponding

to the confidence level CONF.



of return

NT

N; the number

Inputs te CLILOI are the sample size

=1,..

.,NT, the confidence level CONF; the parameters XLO, XSC and

Outputs from CLILOl are the T-year valuc XT(I)

The listing

The program listing of CLILCI is given below.
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Example 4. Subroutine CLILOl is used to determine the x values
for return periods of 2, 5, 10, 20, 50 and 100 years and the correspond-
ing 95% confidence limits based on moment estimators. The variable x
is lognormal-3 with parameters £O = 2108.95, ﬁy = 9.34951 and

= 0.40213 computed from 60 years of record. The input variables to
CLILO1l are N=60, NT=6; T(I)=2, 5, 10, 20, 50 and 100 for I=1,...,6

3

respectively; CONF = 0.95; XLO = 2108.95, XSC = 9.34951; XSH = 0.40213;

and IWR = 1. The main program to input this information is given below.
X PROGRAM LOGLON (INFUTs QUIPUT)
C CONFICENCE LIMLITS OF THE LUGNGRMAL UISIRIHUIION HY MOMENTS

DIMENSION T(10U)s XT(LUU) e XUT(IUUG) s ALT(LOU) s PXT(LUUI

N = 60 .} NT = 6

T(1) = ¢ $ 1(2) = S,

1(3) = 10, $ T(4) = 20,

XL0E 2108595 3 xste 5.30981 T3 °%Sne 040

< = Q,

CONF 5 0445 | “oeld

gﬁgL CLILGCL (NoNToCONFOXLUOASCoASHy o Xt oXUToXL I oFATSL)

The resulting computer output is:

MOMENT ESTIMATES OF THt oS5 CONFIDENCE LIMITS FUR LUGNUKMAL=3 UISIRIGUILION
( XLO= 2108495000 XSC= G43495100 ASH= «4021300 )
RETURN NONEXCEEUANCE EVENT CONF IDENCE  LIMLIS
p%RIOD PROBABILITY MAGNITUDE UFPER LOWER

Ce «500060 13602413994 150894371257 12¢85.91176¢
S5e «80000 ;8330.96189 20522401395 16194,08103
10, «90000 2135€.950705 24496.30674 18612.17538
clse 85000 C438].24652 28501,06552 ¢uB856.94590
S0 « 98000 2836¢c,61447 33938.39011 c3/Uc.bB91E
100, + 96000 31404,18594 38c02.099c4 25815.9345/

Subroutine CLILO2

This subroutine determines the confidence limits X, of Eq. (33)
of the T-year event Xp of Eq. (34) based on the maximum likelihood
estimator of the standard error St of Eq. (36). The overall descrip-

tion of this subroutine is the same as the subroutine CLILO1l referred

before. The program listing of CLILO2 is given below.
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Example 5. Subroutine CLILO2 is used to determine the 95% confi-
dence limits of event magnitudes for return periods of 2, 5, 10, 20, 50
and 100 years, based on maximum likelihood estimators. The distribution
of events is assumed lognormal-3 with parameters io = 2317.815,

= 9.32961 and 8y = 0.40676 obtained from 60 years of record of annual
floods. The input variables to CLILO2 are N=60; NT=6; T(I)=2, 5, 10,
20, 50 and 100 for I=1,...,6, respectively; CONF = 0.95; XLO = 2317.815;
XSC = 9.32961; XSH = 0.40676; and IWR = 1. The main program to input

this information is given below.

PROGRAM LUGCLe (INPUTe QUTKRUT)
C CONFIDENCE LIMLITS ESTIMAIES OF LOUOGNUKMAL UISIKesY MAX.LINELIHUUL
ODIMENSION T(100)s XTC(LIUU) e XUT(LUU) s ALT(LUU) s PRY(LLOU)
N = 60 | b ) Nl = 6
1(1) = 2, 3 1(2) = 5.
1(3) = 10, b ] T(4) = 20,
1(%) = S50, 3 1(6) = 100
CUNF = 0,95 N
XLOU=2317.815 3 XSC=29,32961 % xSH=(.40670
EALL CLILCZ(NSNToCONF s RLOOASCoXSH 9 ToXT o XUToALT9PXI L)
.ND
The resulting computer output for this example is:
MaXoLIKELIKUUD E§T{Mnrts OF  +S5 CONFIDENCE LIMITS FOR LUGNURMAL=3 DISIKibUILON
( XLO= 231781500 XSi= G43¢961UU ASH= s 4U6IBUD )
RETURN NONEXCEEDANCE EVENI CUNF TI0ENCE Llniib
FERIOL PROBABILIIY MAGNITUDE UPPFER LUWEK
Qo «50000 1358455114 14824.28546 1cd4veBlobc
Se «80000 58582.97731 20U083,70878 16282.24583
Qe «90000 1294.649221 24005,44690 18583.53753
¢Qe +95000 24318.22141 28108,38606 2ZubcB.U50/6
Qe «98000 2E300,13928 3388ce31916 22(117.99939
160. «99000 31346,890268 38939,10/53 24154.07299
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3. CAMMA DISTRIBUTIONS WITH TWO AND THREE PARAMETERS

General Properties
The gamma probability distribution with two parameters has a density

function of the form

l—.____. XB-—l e‘X/O, , 0 i X _<__ 0 (l)

a” T(R)

f(x) =

where o and {3 are the scale and shape parameters, respectively and
r(e) 1is the complete gamma function. The parameters are restricted to

@ >0 and B8 >0 and T(B) is the integral

rpy = f7 2" e de. (1")

J
o}

The gamma -2 CDF is:

X p-1 -x/a
._)i_.__.e__*_ d X , ( 2)

o rp)

—

F(x) =

o

where the integral is known as the incomplete gamma function and must
be evaluated by numerical integration (Yevjevich, 1972; NERC, 1975)
he gamma distribution with three parameters (or the so-called

Pearson Type III distribution) has a PDF

X=X g-1
f = —
() ar(e) L e o , X 2 X <o (3)

where o and B are the scale and shape parameters respectively
and X is the location parameter. As before a« >0, 8 >0 and
I'(R) is given by Eq. (2).
If the variable y = x - X is introduced in the latter expression
it can be easily seen that the vy variate has a gamma-2 distribution

with parameters « and 8.
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3.2 lListimation of Parameters

Method of Moments

The mean, variance, and skewness of the gamma-2 distribution arc:

b= aB , (4)
o 2 = u26 s (5)

and
Y = 2/V8 ) (6)

From the first two equations the parameters o and £ can be determined,
using the sample estimates, i and ¢ , as:

=6 2/ﬁ (7)

>

= (1 /6) ) (8)

0>

Similarly, for the gamma-3 distribution the following relations exist

between the central moments of x and the parameters o, 8, and X

b= aBr X , (9)
o © = ale , (10)
Y = 2//8 , (11)
ko= 3(1 + y2/2) . (12)

Using the sample mean 1 , standard deviation & , and coefficient

of skewness « , the moment estimates of the parameters a, £ and x  are:

a =0 /B , (13)
5 -2

B = (2/v) , (14)
X =qn -a /B . (15)
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~

In the above equations the sample standard deviation ¢ may be determined
by Eq. ( ) or ( ) (for biased or unbiased estimates of the variances,
respectively). Similarly, ; may be determined by Eq. ( ) or ( ) (for
biased or unbiased estimates of the skewness, respectively), (Yevjevich,

1972, Bobee and Robitaille, 1976).

Subroutine PARAGAL

This subroutine computes the moment estimators of the parameters of
the gamma-2 and gamma-3 probability functions based on the Eqs. (7) and
(8) and Egqs. (13), (14), and (15), respectively. The input variables to
PARGAL are: the sample gize N; the data set X(I), I=1,...,N; the index
IPAR=2 (for gamma-2) or IPAR=3 (for gamma-3); the index 1EST=1 (biased
variance and skeﬁness) or 1EST=2 (unbiased variance and skewness); and
the index IWR. The output variables are the scale parameter XSC, the
shape parameter XSH, and the location parameter XLO. The listing of

PARGAL is given below.

SUBRUUTINE PARGAL (NyXsASCoXSHyXLOs IPARS TEST v [WR) ,
¢ PARAMETERS OF THE GAMMA DISTRIBUTION (MOMENI ESTIMAIORS)
C ALO = LOCATIUN PAHAMETER  (LOUWER BUUNDARY OF X)
& AR TSR s AR I A UNBIASED ST THATORS
=
¢ 1WR = 0 0O NOTs.  IWR ® 1 WkITE THE RESULIS
¢ e veLoreD By U0t EE L. SaLAS AND E. BENZEDEN
V) )
¢ HYOROLOGY AND WATER RESUURCES PROGRAMs COLUKADO STAITE UNIVERSIIY
CIEnBER B BT 4 eraseos
]
C MOMENT ESTIMATONS OF THE GAMMA DISTRIBUTION WITH 2 PARAMETELKS
VN= N
AM=XS=2XG=(.
DU 10 1=1eN
AMz XM ¢ X{L)/N
AS= XS ¢ A(I)w#2/N
10 XG= AG ¢ X(L)#®3/N _
Aoz AG ¢ c®XMRES » JEXMEXS
ASz XS = XME#g
%?glxgé‘:g.’i'i; AS*VYN/ (VN=14)
IF (TESToEGCE) Cox (O (Le+BeS5/VN)#SART (VN® (VN=14))/ (VN=£,)
IF (IPARSGIoc) GO TG 4U
ASC=Z AS/ KM
ASH= AM/XS( 4
5Li§?k2§u'giaﬁﬁlgg?t1531> XMs XS» CS
] ]
2u Rohnnl ‘i’“‘%“éé’{&"’fﬁ'&é?ﬁf’i?ﬁxﬁﬁalﬁ‘v‘iﬁﬁ’é“&?’iaixop’?i“w“l52“"’ 10%»
" MOMEN “ ’ 5 *
Y A ANCE OF xsin.txs.uzxox"coes UF SKEWNESSz"eb 1€e5/7)
PRINT 30s XSCs ASH ‘ »
3v fU&MAI%/IOX"géAL& FARKAME TER=RT oF [ £S5/ LUXT"OHAPE PARAMETERSYF 12
1457)
e TURN
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OF ThHE GAMMA DISTRIBUIIUN WITH 3 PARAMETERS
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Example 1. Subroutine PARGAl is used to compute the moment estimators
of the parameters of the gamma-2 and gamma-3 probability functions for the
annual maximum flows at St. Marys River at Stillwater. The unbiased
estimates of the variance and skewness are used in this example. The
length of record is of 60 years. The input data to PARGAl is N=60, the
data set X(I), I=1,...,60; IPAR=2 (gamma-2) and IPAR=3 (gamma-3); IEST=2

and IWR=1l. The main program to call PARGAl is shown below.

PROGRAM FGAML (INPUT+QUIPUT
gé:§n:30~ X(60) PouTRLD)
o N
10 Feach o1y,
20 Foneal igherif =t
AL(NoRA9ASCoASHYXLO
CALL Fanel (N TReXSEIRSmIxLONSS )

3-X]
57)
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The computer output for this example is:

FARAMETERS OF IhE GAMMA= 20ISTHRIBUT[UN
(UNETASED MOMENT ESTIFATORS)
MEAN VALUE UF X 3 14594,6666/
VARLANCE UF A= o2 13c378E 0B
CULF oUF SREWNESS= 1054781
SCALE FANAMETER= 1877408716
SKAFE FAKAME TER= 1.753E6

PARAMETERS UF [HE GAMMA= 3DISTRIBUTION
(UNETASEL MOMENT EoliMaToNg] " !

MEAN VALUE OF A = J4%
VARIANCE OF X = L¢
COEF o OF SKREWNESS=

~
W I
™
BNcr C-
LW XX
~N O e

Method of Maximum Likelihood
The log-likelihood function of the gamma-2 distribution function

of Eq. (1) is

N N
LL(x;a,B) = -NB2n(a) - Nen[T(B)] + (B-1) §Z en(x,) - L .21 x; - (16)
1=

i=1 o

Differentiating with respect to B and a yields:

aLL _ T'(g8)
*"é—'é“ = - NQ,H(C{.)‘ N F(B)

+

0~12Z

in(xi) (17)

i=1



44

N
SLL _ 1 18
o= - N/a v = 121 X (18)

a
The maximum likelihood estimates of a and £ must satisfy the

following ecquations:

3LL/3B = 0 s 9LL/3a = 0 . (19)

~

The latter equation gives & in terms of § and 1 as:

>

&=nu /8 . (20)
Substitution of this expression for « into Eq. (17) gives:

A 1 5L
FB) =5

=

I

=1, - () + B v(@) =0 (21)

w

where n  and [, are the arithmetic and logarithmic means of x,
respectively, and ¥(B) is the so-called digamma function which can be

computed using the asymptotic expansion as in Condie and Nix (1975),

1 1

¥(B) = T'(B)/T(B) = &n (B + 2) - IO SN
B+

120(B + 2) 256(B + 2)

Equation (21) is to be solved by a numerical iterative procedure, such
as Newton's tangent method, since it cannot be expressed in an explicit
form.

The derivative of Eq. (21) is:

FU(B) = 1/8 - y'(8) | (23)

where w'(é) is the derivative of w(é) and is the so-called trigamma

function. It may be approximated by an asymptotic expansion as:
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N 1 1 1 1
l‘I"(B)—§+2+ A f+ ~ 3 ~ 5
2(B + 2) 6(8 + 2) 30(B + 2)
. 1 _ 1 + 1 e 1

- 7 ~ 9 - L) (24)
42(8 + 2) 30(8 + 2) (B + 1) R

The log-likelihood function of the gamma-3 distribution function
of Eq. (3) takes the form:

N

- - 1 .
LLOG .8, x ) = -N 4n[T(B)]~ &-izl (x; - x )+
N
+ (g -1 i%j tn(x; - X)) - N8 in(a) (25)
and its derivatives with respect to a, B, and X, are:
., N
BLL/da = = ) (x;-x ) - BN/a (26)
a” i=1 °
N
8LL/38 = -N[T'(B)/T(B)] + ) ¢n (x;-x) - N tn(w) (27)
i=1
N
dLL/8x = N/a - (8-1) ) [1/(x.-x )] . (28)
O i=1 1 O

Maximum likelihood solutions for ¢, g and X must satisfy the follow-
ing equations:

3LL/3a = 0 , G§LL/3g =0 , aLL/axo =0 , (29)
respectively. Simultaneous solution of these equations yields expressions

for 8 and & in terms of io as:

f - N A N 1 1 -1
PN LL R T ) (30)
1=1 1=1 71 "o
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Q>
i
Z -

I o~ 22

i

and an implicit expression for io as:

N
F(x,) = - N w(B) + izl tn (x;-% ) - N an(a)=0 . (32)

This is to be solved numerically by the Newton's tangent procedure.

The first derivative of F(%O) of Eq. (32) with respect to XO is:
- 2
Fr(x)) =-Ny'(8) (fd-af')/f" -a-Nh'/h (33)

where ¢'(8) 1s the trigamma function defined before and:

N 1
a = X X -8 s (34)
i=l1 71 "o
N 1
d = ] — , (35)
i=1 (xi-xo)
2
f =a-N'/b , (36)
fro=d - N7 , (37)
h = b/N - N/a (38)
h' = -1 + Nd/a2 , (39)
and b 1is:
N ~
b = .Z (xi—xo) . (40)
i=1

Subroutine PARGA 2

~ ~ A

This subroutine determines the parameters o, $ and X (if the

function is gamma-3) by the method of maximum likelihood, outlined above.
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The variables XSC, XSH and XLO represent the scale parameter o, the
shape parameter 3 and the location parameter %O, respectively.

For the case of the two-parameter gamma distribution, the numerical
procedure starts using the following value of the shape parameter

(Yevjevich, 1972)

1;.:.»

. R a L 1/2 . R . )
B = {i + [+ = (nu - UR}} / } /40n p - uR) - AR (a1)

2

where 43 = 0 and QQ is the logarithmic mean of the sequence.

A similar procedure as in the case of the lognormal-3 distribution
is introduced in PARGA2 for the estimation of the parameters of the gamma-3
function. At first, a coarse bisection procedure is used to find the
interval in which Eq. (32) changes sign, and then Newton's procedure is
used starting at the steepest tangential point, that is, at the point
where the first derivative of Eq. (32) is greatest. The maximum number
of iterations and the maximum relative error on the location parameter in
this subroutine have been restricted by LIM=20, and ERRGRéiIO‘é. Subroutine
FXGAM is required in subroutine PARGA2 to compute XSC, XSH, FX (Eq. 32),
and DFX (Eq. 33) for a given XLO.

The input variables to PARGAZ are: the sample size N; the data set
X(1), I=1,...,N; the index IPAR=2 (for the gamma-2 function) or IPAR=3

(for the gamma-3 function) and the index IWR. The output are the parameters

XSC, XSH and XLO. The listing of PARGAZ and FXGAM are given below.
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Example 2. Subroutine PARGA2 is used to estimate the maximum likeli-

hood parameters of the gamma-2 and gamma-3 probability functions for the

annual maximum flows at St. Mary's River at Stillwater. The input data

to PARGA2 are N = 60; the data set X(I), I = 1,...,60; IPAR = 2 (gamma-2)

and IPAR = 3 (gamma-3); and IWR = 1, The main program to call PARGA2 is

shown below.

PROGRAM PGAMZ (INPUT»OUIPUT)
EXAMPLES FOR THE MAXIMUM LIKELIROOD ESTLIMATORS FO GAMMA DISTRIBUTIONS
OIMENSION X (60)
READ 10sN
MAT (1615)
D 2Us (X(1)y I=]sN)
MAT (1cF6.0)
L PARGAZ (NoXsXSCoXSHIXLO92s1)
L PARGAZ(Ny R e XSCoASHIALO391])

The computer output for this example is:

PARAMETERS OF THE GAMMA=2 DISTRIBUTION
(MAX oL IKELIHOOD ESTIMATORS)
CALE PARAMETERZ 16364,28594
2EABE PARAMETERS 8.90583



PARAMETERS OF ThE GAMMA«3 DISTRIBUTION
(MAX LIKELINOOD ESTIMATURS)
TRIAL LOWER HUUND VALUE OF LIKE= IMPROVEMENT

XLy LIHOOD EQUATION ON XLQ
Ft 663%.00000 e T40G7456E+(C1
¢ 5025400000 ~.2009607TE+00 )
3 651V,6¢173 345297108401} 200.56112
¢ 6310.06061 +19005988E 401 273.60235
] €0J6,408c26 .57666388&’00 219.86425
6 5760.5340) c17015648E+00 169ec7479
8 5548,91991 e 12865864E~0¢ CaU5242
9 8546 ,86748 «27875711E~05 «00G4R

LOCATION PARAMETER

(LUWER BOUND OF X)® 5546,86300

SCaLk PARAMETERR  2946,61769

SHAPE PARAME TER= 3.05700

3.3 Probability Density and Cumulative Distribution l'unctions

For a given set of parameters the PDF of the gamma-2 may be obtained
directly from Eq. (1) and the PDF of the gamma-3 from E£q. (3). In both
cases TI'(B8) 1s determined by a polynomial approximation as in Hastings
{1955) (seec Appendix}. On the other hand, the computation of the corres-
ponding CDF's require a numerical integration procedure since they cannot
be expressed explicitly. The IMSL (1975) uses a series expansion for the
exponential term exp {- (x»xo)/a} to integrate numerically the gamma
CD¥. This text uses the numerical integration procedure
suggested by O'Hara and Smith (1969) which is general and applicable for
the integration of any continucus function (see Appendix).

Subroutine DISGAM

Subroutine DISGAM computes probability densities (PDF) and cumulative
probabilities (CDF) for the gamma distribution with two or three parameters
at N discrete points. These points can be either specified by the user or

they can be determined in the program assuming they are equally spaced.



I1f one wishes to determine the PDF and CDF values at N equally spaced

points, the index IX must be set to zero and a maximum XMAX value must

be

of

at

of

specified in addition to the parameters XSC, XSH and XLO. Thus, N values
the densities and cumulative probabilities will be determined beginning
XLO up to the specified XMAX. On the other hand, if one needs the values

the density and cumulative functions for a set of X(I), I=1,...,N values,

(such as sample observations) then IX=1 and X(I) and N should be input in

addition to the parameters. The set X(I) should be input in increasing

order of magnitude. 1In the case of the gamma-2 distribution it is necessary

to

is

set the location parameter as XLO=0. This is because the parameter XLO
used to identify the type of the distribution, i.e., the value of IPAR.

Subroutine DISGAM requires subroutine CDFINT to evaluate the incomplete

integral for a given interval (see Appendix); subroutine GAMMA which

evaluates the complete gamma function TI'(B) for a given shape parameter

(see Appendix) and a function FGAM to compute densities. This function

should be declared external in subroutine DISGAM.

The input variables to DISGAM are: the number of points N; the data

set X(I);I=1,...,N if IX=1; the parameters XLO, XSC and XSH; the maximum

value XMAX if IX=0; the index IX=0 if the N points are to be determined

in

the program or IX=1 if the N points are specified by the user; and the

index IWR. The output are the PDF(I) and CDF(I) values corresponding to

X(1), I=1,...,N. The program listings of DISGAM and function outprogram

FGAM are given below.
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Example 3. Subroutine DISGAM is used to determine the PDF and CDF
of the gamma-2 probability function with parameters X, = 0., a = 0.5 and
B8 = 2.0. The PDF and CDF are desired at 10 equally spaced points
beginning from x = X, = 0 up to the value of x = 5. The input data to
DISGAM are N=10, XLO=0.0, XSC=0.5, XSH=2.0, XMAX=5.0, IX=0 and IWR=1. The

main program to call DISGAM is shown below.

PROGKAM GAMUIS (INPUTUUTPUT) |
EXAMPLE FOK ThE EVALUATION UF GAMMA DENSEIY AND CUMULAITIVE
COMMON/ELR 1/ XLO 9 ASC 9 XSH
DIMENSICN X(ouU)s UEN(GU) s CUF (60)
READ 109 Nye XLUs ASCoe XShy XMINy XMAX
lu FORMAT (I595F12.0) ,
%ﬁbL DISCGAM(NGXoXLUSASCIAOSHIXMAXsDENSCUF o9 L)

The printed program output for this example is:

x
fad

LENSTITY ant CUMULATIVE DISTH
(XLu= UeUULUUUXSL= .
CRULK VAR LABLE UEN

vALU

10N UF GAMMA ¢
JOUASE= c«000U0VY)
CUM; Ulosir,
FUNCILUN

0000000
« 305037
«0b081l4
a&ﬂb“ia
W 936006<C
Y EY 3T
950243
«G90323
955636
«5S9n Ul

o

[ o

ro~wxyUrNwoeco 7o

-
——

CcCPLPrL~NOr NS (T

CHELWEN~N-OCT
[+
»
<

TCCEWDWEe Oy
VPULLWERNS ~—C D

[ong A 9 o o8 o F . WIF VT 20 St
CAL = T NN B T

ENGESOU LW
PR WLNN - <
. 0 B 6 s SOe D
lodi Yo FOVERNE 570 o oF oo
[l B¢ & NET Wy T T of o
S EPW~NN=-NS
S CCOr=N S

. 4 & 25 9 9P

o

3.4 The Inverse of the Cumulative Distribution Function

The inverse of the CDF of the gamma distribution is not simple to
obtain because there is neither an explicit solution nor an approximation

for the incomplete gamma function. Therefore, a procedure of successive



approximations is used in this text to compute the inversc of F(xj.

The inverse x of a given F(x) 1is found by computing the F(x,),
i=1,2,... corresponding to X, = X_ + AX, X, = X, + AX, ..., X, ¥ X.  +
y4n P g }. o > 2 l s > i 1“1

+ AX until F(xi) is within a specified error ¢ relative to F(x}, or

AF(x) = [F(xi} - F(Q] <e . (42)

Figure 2 shows graphically the above procedure.

£ (x)

given I (x)

Computed F{xiy”“-

A

s o o

R B L
w—

X, ~—>hxe— X
true inverse x of F(x)

Fig. 2 Successive Approximation for Finding the Inverse x of a
' 8
given F(x).

Subroutine INVGAM

This subroutine determines the inverse of the CDF of the gamma
distribution by the procedure of successive approximations described
above. The inverse x 1s represented by X(I) and the cumulative distri-
bution function F(x) by CDF{l), I=1,...,N. INVGAM determines X(I) either
for a set of specified CDF(I), I=1,...,N; or for a set of equally spaced
CDF(I) = I/(N+1), I=1,...,N, where N 1is given by the user. In the
first case the index ICDF=1, while in the second case ICDF=0. The sub-
programs needed for INVGAM are CDFINT and GAMMA (see Appendix) and FGAM

(described previously).
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In the approximation followed herein the integration increment
Ax 1s represented by DELX which is initially set to

DELX = (XLO + XSC * XSH)/(N+1) . (43)
Since the numerator in Eq. (43) represents the mean of the gamma distri-
bution, the computed DELX is not generally a small value which cnables
to locate rather quickly the interval where the actual inverse X(I) of
CDF(I) lies. When this interval is found a new DELX is computed by divid-
ing the previous DELX over M which is specified as 10 in a DATA state-
ment of INVGAM. In addition to M, this data statement specifies
ERROR:10_6 which is themaximum absolute error of AF(x) of Eq. (42);
ACC=10‘8 which is the accuracy of the computed CDF (represented by FT
in INVGAM) in subroutine CDFINT; and D)(==10'-6 which is the increment of
integration in this last subroutine. The four values, M, ERROR, ACC,
and DX may be changed by the user if desired.

Inputs to INVGAM are the parameters XLO, XSC and XSH; N the number
of inverses of F(x) to be computed; the index ICDF and the index IWR.
The output of INVGAM is the set of inverses X(I), I=1,...,N correspond-

ing to CDF(I). The program listing of INVGAM is given below.

SUBKULTINE (NVGAM (XLOSXSCoXSHeNsCDF oA ECOF 9 W)
C  INVERSE OF THE GAMMA DISTRIBUIION FUNCIIUN , o
CoeeXLC = LOUCATIUN PARAME IER UK LUWER BOUNU OF Xy 11 SHOULU BE GIVEN
C AS XLU=U EVEN [F ONE NEEDS VTHE GAMMA=2 LISTRIBUTION, ‘ :
CoeoASC = SCALE PARANETERy XSH= SHAFE PARAMETER( XSH SHOULL BE eLEeST)
CeeCUF = CUNMULATIVE PROBaABILLIY AT X(])
C 1CLF= 0 CUF(I)s I=192seesN SET IS NOT GIVEN BY THE USER,
C ICOF= 1 COF(I)y I=192seasv SET SHOULD BE GIVEN BY THE USEK,
C N = SIZE OF xt1)
C X = INVERSE CUKRESPUNDING TO CUF (1) _
Coolwh = U DU NOT wKITEs Iwk = | WRITE THE RESULTS, o
CRUXLUIASCoASFeNy JCDF AND IWKR VALUES SHUULD BE SUPPLIED HY Int USEK.
Co o SUBPRUGKAMS NEEUED ARE oo olUF INTs FGAMy GAMMA
C DEVELUPED RY JUSE Ue SALAS ANU Ee BENZEUEN o
C HYDRULOGY ANU WATER KESOUKRCES PROGRAMy CULUKADO STAITE UNIVEKRS]TY
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Example 4. Subroutine INVGAM is used to determine the inverse x
of ¥(x) for a gamma distribution with parameters XiO = 0.0, XSC =
0.5 and XSH = 2.0. 7Two cases are considered: (1) the CDF F(x) is given
as CDF(1), I=1,...,10 (see the first table of the computer output below),
therefore, ICDF=1, and IWR = 1; (2) the inverse is desired for 10 equally
spaced values of the CDF or N=10, ICDF=0, and IWR=1. The main program

to call INVGAM is shown below.



XSH=le

%
)
’

A b
22

ASH
KSC=0.5

LUF (10U)
XoHeNs

- .

GAMMA UISTRIBUITIUN FUNCTIUN
%

(INFUTUUTRUT)

Ta o= 2 Z&
ANZ S
xx2Z <
GWEWO DTS
SS>EE-IX IIT
YZO=~haodaaz
1=ODZ XN

o

el

C

The computed output of INVGAM for this example is:

ASkz 2,0000vV )

eblUUL

TFE GaMMA=2 OISIRIBULTIUN FUNCTIUN
ASC=

VaOUU

CF

INVERSE
{ XLU=

URDEK

A(l)

(1)

~40—=DVMONDMO
PN—ONDMOND
DN ON~MP T~
DN~ ON~M DT
DN~ ON~MD D
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3.5 Confidence Limits

As before, the o« confidence limits X, for the T-year uvent are
determined by

XQ’ = x‘ i ua SPI\ 3 (44)

where u_ ~ is the standard normal variate corresponding to the a confi-
dence level. The value of Xp may be determined by

X :A + . ~

Xp =W kT o (45)
where KT,is the frequency factor, a function of the skewness and T.

The variable x is gamma distributed with parameters 8, o and

~

X, Or x is G(B, a, &o)' The standardized variable (x«ko)/& is

G(é, 1, 0). Similarly the variable Z(X—RO)/& is G(B, 2, 0) or simply
G(B, 2). But a gamma variable with parameters (8, 2) is also xz dis-
tributed with v = 28 degrees of freedom (Mood, et. al, 1974). Therecfore,

we may also write that

2 2(}(T - xo)

T
or
1a.2 & )
XT—?@,(T +xo . {(46)

From Eqs. (45) and (46) we have

2 ~ ~ ~
+ X - [s] .
o " H )/

Furthermore, since u = af + &o’ ¢ =a/VE and y = 2/Y§ . the

frequency factor KT may be expressed as

~

. 2 . .
K. =0.25 XT y - 2(/y ) (47)

where ¥ 1s the skewness coefficient of the variable x.
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2 ) .
There are two ways to compute X of Eq. (47) for given T and

v =28 . The first way would be to find the inverse of the gamma distri-
bution with parameters (B, 2) by a numerical integration procedure (as
shown in previous section); and the second procedure is to use the approxi-
mation (Abramowitz and Stegun, 1970)

2 1/2.3

X = V[l - (2/9v) + U (2/9v) ] , (48)

T
with v = 28 , and it is valid for v > 30. Since v = 28 = 8/y
Eqs. (48) and (47) give (Kite, 1977)

Kp=ups (- DG /0 + (W3 - ou)§ /67 - - 1

G /6% v up G /0 s (/3 E /00 (49)

The moment estimator of the standard error ST of Eq. (44) may be

shown to be (Kite, 1977)

2 A2 - K’T2 .2 BKT 3
e Ry e Gy /A ) 3K (vt /)
aK
7\2 ‘
£ 3G @ v sy “asy Yy, (50)
where
3k , ¥ Y
T 2 2 3 )
P {(UT - 1)[1 - 3(7;J ] + 4 up (7;9 }o(1/6) +
3 Y 5
+ () {4(uT3 - bug) - 10 (—6-)3} (1/6)° . (51)

Equation (51) was obtained from Eq. (49), therefore, it is only an

approximation.



The maximum likelihood estimator of the standard error Spomay be

computed by (Kite, 1977)

“1

STZ = (—~0 Var o + ( } Var B + {w~;ﬂ Var X, *
9
205 1Gy) Cov (a,8) + (-m;a Cov (o, X)) + 2 G5 (55 aa
Cov (B, xO) s (52)
where
Var o = —3— (L1 , (53)
Na™ D (8-1)

Var 8 = 2/[N oF D (-2)] ) (54)
Var x, = (8 ' (8) - 1]/N o D , (55)
Cov (a,8) = -{E%§~u fl}/N &> D , (56)
Cov (a,x ) = [ - v' (8)]/N a D (57)

> o B"l >

g 3

Cov (B,XD) = —["é:“{ - }}/N o« D 5 (58)

where D 1is the determinant of the matrix of likelihood derivatives;

28-3
£8~l}

= [29"(8) -

51/ [ (8- 2)a i (59)

and y'(B) 1is the trigamma function. The partial derivatives of x

are from Eqs. (46) and (48) approximately

3
X 1/3 1 u
— [B - : + ] s (60)
3o 982/3 381/6
9 2/3
X X, 1 2 u
== 2 3y (=) [ + - 4 I (61)
3B an 382/3 2783/3 1887/6
3
x —
- 1. (62)
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Subroutine CLIGAL

This subroutine determines the approximate moment estimates of the
T-year event magnitude Xp of Eq. (45) and the (100a) percent confidence
limits X, of Eq. (44) based on the moment estimator of the standard
error s, of Eq. (50). The event magnitude XT(I) and its upper and lower
confidence limits XUT(I) and XLT(I) are computed for specified return
periods T(I) or non-exceedence probabilities PXT(1), I=1,...,NT, with
NT the number of desired T or PXT values, and for a given confidence
level CONF. Subroutine RETCDF makes inverse transformations between T
and PXT and determines the standard normal deviate UCL corresponding to
the confidence level CONF,

Inputs to CLIGAl are the sample size N; the number NT of return
periods or non-exceedence probabilities, the confidence level CONF; the
parameters XLO, XSC, and XSH; the return period or non-exceedence prob-
abilities T(I),I=1,...,NT and the index IWR. Outputs from CLIGAl are
the T-year value XT(I) and its confidence limits XUT(I) and XLT(I)
corresponding to the input T(I), I=1,...,NT. The program listing of

CLIGALl is given below. The listing of RETCDF was given before.

SUBROUTINE CLIGAL (NsNTsCONFoXLOIXSCoXSHeToXToXUToALTIPAT s IWR)
C CUNFIDENCE LIMIIS UF THE GAMMA DISTRIBUTIONS BY MOMENIS
C XLO = LOCATION PARAMETEKR ( LOWER #HOUND )
C XSC = SCALE  PARAMETER 9 XSH = SHAPE PAKAMEITER
C * "ALL PARAMETERS SHOULD BE THE MUMENT ESTIMATUKS
CH##LUCATION PARAMETER SHOULD BE SPECIFIED AS ALUSU EVEN FUR GAMMA=2
C N = SAMPLE SIZE USEU FOR ESTIMATION OF THE PARAMETEKS
C NI = NUMBER OF CONFIDENCE LIMITS TO 8t CUMPUTED . ,
C CUNF= SELECTED PRUBABILITY OF CONFIDENCE(AS Ue9Ur 04959 0e99)
¢ T = AN 1m9ul‘vES!0R INDICATING EITHER KETURN p§RéUUb (IN YEAKS)
C  Or NONEACEEDANCE PROBABILITIES CORRESPUNUING TU THE KETURN PERIQUSe
C PxT = PrOBABILITY OF NONEXCEEUANCE FOR 1= YEAR EVENI
C XI = ESTIMATE OF THE I=YEAKR EVENT FRUM FREWUENCY EQUATIUN
C ULL = Twu=TAalL STANDARD NURMAL DEVIAIE FUk GIVEN CONFIDENCE LEVEL
C SI = SIANUAKD ERRUR OF THE ESTIMATEUD T+ YEAK EVENT
C XUl = UPPtR CONFIDENCE LiIMITy XLT = LUweR CONFIDENCE LIMLT
Coé ABRAMUWI [Z2=STEGUN PULYNOMIAL APPROXIMATION IS USED 10 CUMPUIE
C THE VALUES UF SIANDAKG NORMAL DEVIATES FOR GIVEN PROBASILITIES,
C SUBPROGRAM NEEDED e o o RETCUF
C UEVELUFED MY UUSE Ue SALAS AND Ee BENZEDEN
C HYURULOGY AND WATER KESUUKCES PROGRAMy CULURADO STAIE UNIVEKSIITY
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UIMENSION 1 (NT) e XTUNI) e XUTINT)s ALT(NT) e PXTINT)
CALL RETCOF (NToToCONFoPXToUCL)
B = le / (9e%XSH)
AMZ = XSC # XS5H
IF{ ALUeL T sUe UR JALULTI U, ) U TU 10
IPAR = 2 % (VX = lo/5UKI(XSH) % w = CYX/3,
60 TO 2u . .
1v IPAR = & 3 G 2 24/5UKHT (XSH) $ L = 6/6,
2U SA = XSC # SURT(XSH)
uU S0 IsheNT
PRUB = PXI(])
IF (PXT([)eCTa0aD) PRUB = je=FXT(])
V = SQKI( =co®ALOG(PRUY)
U =2 V = (24515517 ¢ 0eBUCHBS3*V ¢ (,01lU328%vRu)
1 (la#® 1a43278B%#V ¢ 0,189269% Ve + (,00L308%y%e])
IF (rXT (D) el T40e9) Um=U
ATCL) = XMZ % ( l.=beURSWUKT(B) )#23 « XLU
IF ([PpR,EGLI) GU 10 3V
PR = ( (l.=n&?24¢U%w)%83=],) / CVX
S ? SURT( (Lot oBFRKACYRARRL & (SHFR#( [4¢3%CVXH®G ) ) /N ) 85X
GU TU &y
30 FPK = UslUBBgm ] )R ([=fa83) s (URBTe #U)RLOU2/3 syl abgelovs/ ],
DFR=( (U#a2=],)® (] ,=3,%/%02) ¢ 4, ays/#e3 ) 7 6,
I+ % 4,%(LR83up, ) = 10.’2“*3 )} / 36.
ST 2 ( Lla¢ FREG ¢ (ledalO0GRRC)RFRENL/2 4 JREKSNFROGR (L4,2590%87)
1 ¢ 3% ( LatI N0 ,0chRURG JRPFRENL ) /N
ST = SX # SUkT(ST)
40 AUT(L) = XT(L) + UCL#S]
S0 ALT(L) = XT(I) = _UCL#*SH
IF (IWRetWeU) KETURN
PRINT 6Us CONFo IPARs ALUy XSCe XSH
6U FURMAT (1K1///5Xs"MOMENT ESTIMATES OF THE"sF 4,24 CONFIDENCE LIMIT
1S FUR GAMMA=" 11" DISTRIBUTION® . /12K9M( XLOUBMWGF ]2,5¢" XSC=tyFlc,
el XSHEUeF 12 TeM )/ /12Xy "RETURN NON&XCEKOANCE“QIx“tvthﬂax,
INCONFIDENCE  LIMITSU/IZXM"PERIOD PRUBABILITYM6XMMAGN] TUDEMGXNUPPER
aNRANLGwERM"/)
PRINT 70y (TC1)e PRUCI)Ie AT(I)s XUT (L) XLT(L)y I=lenNT)
TU FURMAT (14A9F44092XsF1UsD94Xs3F13.5)
R&TURN
END

Example 5. Subroutine CLIGAL is applied to compute moment estimates
of design floods and their corresponding 95 percent confidence limits for
2, 5, 10, 20, 50 and 100 years of return periods. The floods are gamma
distributed with moment parameter estimates a = 4045.11,§ = 1.66965 and
;o = 7800.74 obtained from 60 years of flood data of St. Mary's River at
Stillwater using subroutine PARGAl. The input variables to CLIGAL are
N=60; NT=6; T{I)=2, 5, 10, 20, 50 and 100 for I=1,...,6; CONF=0,95;
XLO=7800.74; XSC=4045.11; XSH=1.66965 and IWR=1. The main program to

input this information is given below.
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PHUGKAM GAMCLA (INPUTOQUTRUT)
ExamMPLE OF USE UF SUBPROGKAM ON CONFJUEN t LIMLY
DIMENSION T(60)s X1(60) XUT(60)s XLI(OU)s PXT(60)
KE A Us Ne NTs CONFy (T([)s I=146) '

10 FORMAT (21597F842) , :
ALU=T7800474 $ XSU=4045, XKSH=].6696%
gﬁbL crical {NvNTvCONFQXLUoXSCtXSH;laXltXUltKLTyPXT

MOMENT ESTIMATES OF THE .95 CONFIDENCE LIMITS FUK GAMMA=3 DLISTRIBUT]ON
{ XLO= {800,74000 ASC=4045%4,1100000 ASHE® 1.6666%00 )U !
RETURN NONEXCEEDANCE EVENT CONFIDENCE LIMITS
PERIOD FROBABILITY MAGNITUDE SONEADENC thads
2 50000 13294402771 14989,93442 1159841210
S, ¢80000 15066.56420 20350530670 15895:16970
10. +S0000 21443435422 4406489011 18479.81833
£o: "38000 Cpoenressae §u017:37988 <0045:85913
- A4 4 ( 3e 416
100, +99000 32165.80514 4144lell426 228%0.43603

Subroutine CLIGA2

This subroutine determines the maximum likelihood estimates of the

T-year event magnitude Xp

limits xz

standard error S of Eq. (52).

T

of Eq. (45) and the 100a percent confidence

of Eq. (44) based on the maximum likelihood estimator of the

The overall description of this subroutine is the same as the sub-

rountine CLIGAl referred before.

below.

The program listing of CLIGAZ is given
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ASC = SCalt  rarAMEIER xbn = SkAME FaK
#% PARAME TEKRYS SHLULD BE bl;tw AS MAXIMUM Lihttiﬂuuﬁ ESTIMAIES

‘@ UCAl LUN PAHAME [EK SRUULD BE SPECIEFIEU AS XLU=U WHEN GAMMA=Z

N
N

Tek
MARGLIKEL IFULD £E5TIMATES UF The COUNFIUENCE LIMI
AME |

s XRig oK)

; ; A A AnHs L1
SUBKUUTINE CLiIGAZ tNeNTsCUNF s ALUSASC e AR S 1N

ToeXUT e X
i Fuhk
= LULATIUN PAKAMETER ( LUWER HOUND ) R

= SAMPLE SIZE USEyL FCR ESTIMATION UF iHE PARAMETEKRS
= NUMBER UF CONFIUENCE LIMITS 10 Bt CUMPUIEU

CUNF=E SELECTEL PRUBABILITY OF CUNFIDENCE(AS Ue90s Co9D9r Ueyyl

f

Uk wahﬂct
FAT

Al

ULl

S

xut
IRG
#% pEpamy
ThE vaLukS OF STANDARY MNUKMAL UE

TING EJTRER RETURN PERIOULS (IN YEAKD
é CURKESPUNUING TU Trk RETURN PEKIU tb.
A Uk 1= YeAk EVEN]
HOM FREGUENCY EQUALLU
lE FUKR ﬁinN CUNPiQtNLt LEVEL
D I= YEAKR EVENT
LOWER CQN?;U&NC& Limid

IMATION |5 uStED 1O (UMPUITE
E%S FUK GIVEN PRUBABILITIEDS.
G
L

= AN INPUT veCIOR InuilCa
Nie PRObABILEIIE
Ll LACEEU F
£ UF InE I=YEAR t F
L OSTANDAKD NURMAL A
D eMKUK OF THE £51 (33
UnFIUENCE LIMIT =
[Gampya FURNCTIUN
s T GUN FULYNUMIAL A

R HY

N
vE
D
I
X
)

BENZEDEN
KAMy COLURAUU STAIE UNIVEKRDIITY
ALTINT) s PXTINT)

DEVELUFED RY UDSE Le HALAYS AN
FYURULUGY AND wATER RESUUKCES
UIMENSIUN  LINT)e AT UING) s xUT
CALL WEfCOP INToT o CUNP SR sUCL
B = Je /7 {(S.%ASH)

ArZ = ASL ¥ ALK

CE
NY
£V
MA
LT
FROX
vial
U ke
FRO
§Ni)

L = ASh#®(],/4)
?kz AS? ;Ac‘ Ue/ {ARRZ) 171 *#**33 fo7 30U ®ARRY)
2 e * * } =i, ® .
1 $10/ (42.%A8%7) = Lo/ (30s0AR8G) o 1o/ ((ASH*1e)#%2) +1¢/ (ASH##2)
RN
-4 . f LY
U = (Z2e*THG = (2o*ASH=3,)#L#82)#F / (XS(##4)
C = Lo Z(NOURXSCRe,)
VA = (#( TRO®p =Eé#wg )
Vi = g ®L%F / (ASCeu2)
CViz =C%( Fepr } /7 XS
LE ¢ ALO) 1Ge ZUe U
10 ikark = 3 ]
VLBE (% ( XSHB®TRG = Ll )
Cves (%( £ = TRG )
Lvds =(¥( E®RASH = Jo ) 7 XSC
el Tu 3¢
2u (VAR = ¢
vl = (vé = Cvd = V.U
30 LU 4y I=land
PUB = FXT(L}
IF (PRI (L) el eUeB) PRUB = Je~PXT (1)
il be&t{s"é?%&??ipkgﬁ’u) BtV ¢ Ueuludcuwvang)
U =V = (g + UeBllUcH °
i {le® le43cTbBRY + (,]l89209%V8eg + UeU0i308"YHEY)
I (PRATL{]) o1 4UeB) Um=y
W S L o= le/lYHLRR2) ¢ U/ 3.%SUKI (L) )
DAA= wu#3 .
FF = Je/ {30 082) » a./{é?a*l**bi LR TASUC IS TALAKTY 1
UAb & 3% X5( ®pF # wieg
ST = SURT( vaRDXARE, & vuﬁuxa**¢ + VLB ¢ Z2e%{ DXA®DXB®*CV]
i ¢ DAA®(CVE + LXBRCVS ) )
XEQL) = XNMZ # { 1l,=H+UPSUKT(B) )#83 + ALU
AUt i) = AT(1) ¢ GLL#SI
U ALTLL)Y = X144 = UCL*SH
IF (IwHeEQ U} RETUKN
S0 FORMAT (INLG oy ARmAn L IRECIHOOS ESTIMATES OF nE452% CONE JOENCE LINI
] / As
éIS FUk GAMMAa=]  # O1Y ﬁisu ?Oﬁ“iigi“( AL QmuF é g s”$§§.§"
*Sﬂ*“?gg-i“ JR/7LIXSKETURN NONEACEEUANCE HoR™ n%»sa»g éo «?g
LIMITSH/1AIXMPERIOD PROMABILITYREXMMAGN] TUDEROXY ERNYGRAML Qe Ry
o PRING 60 (T(1)e PXICI)s K1 (1)e XUT(L)e XLT(L) s I=)oN1)
6u i??ﬁﬁf (1aXsbasUrlAsk JULSe4X33F 1345)
e

EnND
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Example 6. Subroutine CLIGA2 is applied to compute the maximum likeli-
hood estimates of design floods and their corresponding 95 percent confi-
dence limits for 0.5, 0.8, 0.9, 0.95, 0.98 and 0.99 non-exceedence proba-
bilities. The floods arc gamma distributed with maximum likelihood para-
meter estimates of a = 2946.618, B = 3.057 and io = 5546.863 obtained
from 60 years of flood data of St. Mary's River at Stillwater using sub-
routine PARGA2. The input variables to CLIGA2 are N=60; NT=6; T(I1)=0.5,
0.8, 0.9, 0.95, 0.98, and 0.99 for I=1,...,6; CONF=0.95; XL0=5546.863;
XSC=2946.618; XSH=3.057 and IWR=1. The main program to input this infor-

mation is given below.

FRUGKAM GAM(CLe (INPULsUUTHUT) ) o o
C EAAMPLE UF USE OF SUBPRUOGKAM UN CUNFJOENCE LIMITS FUK IHE GAMMA
OIMENSION 1(6U)s XT(6U)s AUT(6U)s ALT(60)y PXT(60)
KEAU 109 Ng NTo CUNFo tT1(L)s I=1e6)
1V FURMAT (215y 1F8Bec) ‘
XLU=5546,863 % XSC=¢946.0618 %  XoH=3.08700 ‘
CALL CLIGAZ (NyNT9CONFIXLUIXSCoXSHel o XToAUTIXLTIPXI])
LD

The computer output from CLIGA2 for this example is:

WﬂXoLIKtLIrUUU ESTIMAIES OF «95 CONFIUENCE LIMIIS FOR _GAMMA*S DISTRIBUT JUN
ALu=s  8%46.H0300 ASC22946,6180000 XShs= 3J.ub70000 )
ke FTURN NONEACEEUDANCE EVENT LUNFIDENC& LLMIES
FeRlUL PROBABILITY MAGNITUULE UPPL. LUWER
2o $SUU0U 13607473463 14848,03852 1e367.43134
Se «BUUQU 18340483207 ¢cUc62.10190 16419.562e5
1u, «SUUUU 21426421920 <c4U31,UlBU3 1lb8BZle4cu3]
cVUe e YD UUY 24318e71498 c[b91.00497 499“bo“£“99
S0, « 9800V 2197Ue4B8547 32440454043 23500443051
100 299000 3069029250 3BY96.53575 ¢S3U3.906926
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APPENDIX

Program Listing of Subroutine GAMMA

1.
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Program Listing of Subroutine CDFINT

$ <SS Z

2.

L L J [ ]
x 2 £ a e
wi - whoo- < NN
et I | > & x =
< wd — ] DD =)
24902 g 23 X5
- | x zZ > QO =X N
QANZLI - X ® Z LANL
=202 MIN qC . LT
af et ) o o X O WIOTLTO
b w Z= D WwZ -
DX X ol w Dl
-—dDud ot A - 1S Y BNT]
od = N Jrix Z2 xlZenx
ruJdO Wb DY ~ IAdLUOX
TIXI>A o e ~Nul *Y DD
———aE DD O = wuMd X I
Lon D Mad— =—XZ 2Z0MwD
XZWI = e — XL > u
DwX JUS S TS R 1Y, | Xr=d=2Zax
Dy e QAT IDw XDV 2D 2D
~JEIZ AdW —~I1X >0D020ND
A= 1.3 DDX t— EXN~ JN
— AL~ NN A d 20 xoaq
oL Dr—N D Ddw ZDO0Z2.JWX
Gt e X XD xXo NI L IO
o ZE> wWuw ZD NN P4 i
LAEODON= NNX Dl Lud—XuwZ
DN= 2 DD ——D =~LTOMNMEDZ
Zir— e H8X -2 - SO D 4
cLLUMD 11D V=G4 O Ox 2
NxrZ N 22X a4 > ZZuMNda-—
29D - D0X —t— Zral

AL AW ™y Ll Z2 Lo~ X

W X~ ZZ2NuUADZ U ZND— e

AN LA —trt I}t T === Z adad Fire
eal L L IN—~IL= IXX SAZO
PNAZD e A Q=-—DAdUL_ I~

VIS D22WALUDZDKL~N DN~
- N . DL 00~ D=—4d2D
A O P e LOX XUl N D
L Z AL QA vty > IdA>3u0XXd

Y X=EFaYXasud>IALz<A>
XOWY e JW0 N L >0
—Uwlaiad oy N 8D X w Nx
Z U= N0 Wil ZCJdU~u X WV
- X Z XXD 2D=—=199497 Wil
Aodlt e e P SN LX XML s L L
U PEALA~IDC —ryDdai—-J

WO OOL> >A>L L 2 L—
p—p- 24D N Lanlenl’ 155 O P gan}
TS L LY L] W uwowd LL&X
ZDZ2ZXZ WWMINMITWIDZO D o
S Xyt oL L - B AR ML DD
T e L ke N e e e O = mL~auwl
adadus— N-Ninanar-Z N
XD NN J=_J DD ~=NL
St A D LN DX
o GV | VNI NAAL A~ Lai
DLDALVDAMEUZ>IO> L IVJN
L=>ATLArINDI<YZ A~~~

)

Sugkyb

WA WIIVVIV IV IV IVDII I



69

Ad jon
~ iad
~ - - - Z
-3 *» <~ x x ot
NX ™ < > iz ~ <
ND ¥ 1 - * * L o
N - Lo > e [
N land X = e > <
Ne Nwe ~ [ . 1]
NN ] £ H -~
NX YO U T~ r b o] 2
NDM & = ~ X E Sond E -~ Z
NIM - D I - ) o
(AN o Y, ] . » N
N e™M N~ = - <
NN L —~ x N N z
N Y NN AA B A A — ~
NGO - ~ + a )
NQOQR— D Ld o O
P o} \J = ¥y + L L3 4
D e e er- H ~ H L - ‘ad
v} - D N — L g < X D
- o END ~ + L T P ] BV~ X
AL -“VLOLE—~ — -~ Mm% X - ~N - - 2l
S Yo L~ M —— ~ 1] » T+ >
ot NP e o <L~ Lz ¢+~ (] L 4 —~ o " > pd
—— g *A> o - ~ND » O X pe e 0 o
DN e L~=~2 >a =8N - 2 el B ] =2 1] &)
Tty e Tin ¥ N X < g -0
——t N ® NN ~ " nnu Hx s L & DD — -
T-NIDIN LR VW e} -~ L.
heR TaVER S 4 ] N MmN U -4 —~ I
A VS I (=R + Pt X— N4 ~ o~ NAN -
oL ™ bl etk - § = R |9 B ] 2 H R
~—tND o) Fe S D ¢ ~ N
DO N T WU (S A | Lg )
My~ N AN 2 e S ND ” —
~ -t N\J D P $ —F R L I N <
MTIN E Dr FRARAPD fo o3} (AN I | b 4 -~ O
neyn r~ 2 “Z S S fad ~ 82 P —
N~ o N D ~ O+ - e -~ o
e\ ND =D -~ N - D+ *x X34 > NI z
- NI NN - ~L =z » -3 2 » ~NQD N e —
DTN~~~ - -~ = R e N —~ o —FF v
IZ e e~ L +u Z2Da =N QO S r Ul L 2 T nn —t
- J-D L D> W — INNZ o) —~ e Dem~HD D 1] §
e e I ] 2 HTDN — B LT~ N O 3
L™ e N o0 W X X - Z . » ® J) e ree S Lol — "
WD) e N VI ~ N e a -~ D e N2+ D O [ ] Pd
82 ML Lr~ NDein) DNE~ NI+ 0 De> DD D - - ("} X o
DTN D 0 N D 1" D~ QL —— N 2 ]
D eM~2DOPD << X NX ~ L VN r—— D ~ "N R —) P =
M ATYI T . —~2 L > I} u.t ey NL D ~NOR o~ ) -
-~ DML NHH & X~z 2 D e~ X NN UD Pre>  jeX >
e ™MIDUND HRARARL JAHA RLVID PN A - e s e~ [V, >
LBMNs~SI N * . T VLY A~ MY K 0 D « if -~ o
LXab IS e o Ees ) ~ d N APV DN L NN ™ MRAB 4D~ ~
& NI N L & I =i~ 0N s D% >ALIUNTN ¢ . N1Xx » x ~
(SRS To) I 30 g B ] W NI~ IL 2O+ L e X oM~ I~ LuAAX ¢ 4 DN PLX A~ DD
— 2 YN ) I~N TN+~ Z2D HAQluia=—r—~uZ <L Qe ~_j~0 M+ ir».rLK.lhllI
NI~ TN ~Q+y HNLXKa —T ~ & 1Y " HH+2/14¢ of ] o1 4+ §
Z M= XN ax n e [ QS ] < 1 oad firoon Wi T~F U::KF < X D A
LML TN H Z ~—nunn wrz :( ~ i ~ = - X - ] —Z% A
T -ND e o~ {1 Y=l X E S T Ro W Lot 4 " ~R> N B NN YT
—g eI~ N X D VWIE w——249 :vl.bV:r.U‘ruAﬁlLru‘DN dLdh ADOVHIOZYXa N DX DN~ Z
nS e K D Z L Lt B ZNY A ab DN Ko 2 1)) llhllbﬁllhntlﬁlUﬁbwanL
~ g} D —y
> 2 2 > D oD
-~ o~ m - N o | Folo



4. LOG-PEARSON TYPE II11 DISTRIBUTION

4.1 General Properties

4.2

The probability density function of the Log-Pearson III distribu-
tion is

1 an(x)-y  B8-1 I () -y

~ aT(B)x { R exp {- ““‘“3“"—3 0 <x «<w @)

where o, B and Yo = (n x)o are the scale, shape and location para-
meters in the log domain respectively. Actually the lLog-Pearson ITI
distribution is a gamma (Pearson III) distribution in the log domain.
That is, if x 1is Log-Pearson III distributed, then y = &n(x) is
gamma distributed.

Estimation of Parameters

There are three methods for estimating the parameters of the Log-
Pearson III distribution: (1) method of moments applied to the original
x data; (2) method of moments applied to the log transformed data vy;
and (3) the method of maximum likelihood. Bobee (1976) has compared these
three methods on annual flood peaks and concluded that the first gives the
best results.
Method of Moments

The scale parameter o may be obtained following Bobee (1976) and
Kite (1977) by

a = 1/(A+3) s (2)
in which

- 0.23019 + 1.65262C + 0.20911C° - 0.04557C° (3)

g
1}

for 3.5 < B <6, and

ped
it

-0.45157 + 1.99955 ¢, (4)

for 3 < B < 3.5. In these equations C 1is computed by



¢ =1/(8-3) , (3)
and
gn(u) - 3 en(u )
B = i 'Al‘ (6]
ani,) -2 en(i)
where ﬁl’ n, and ﬁg are the sample first three moments of Xx about

the origin. Similarly, the shape parameter £  and the iocation
parameter |y - are estimated by

on(n - 2 un{n
( 2) ,Lhi}

i - , (7)
2 R
in(l-a)” - an{l-2a)
and
Yo © Zn(ul} + pan(l-a) . {8)

The relationships between the sample statistics of y = 2n(x) such

as the mean M, standard deviation GV and skewness coefficient Y,

~ ~ a

and the estimated parameters a, B and Y, are

hoEa By, (9)

SY =a VB R (10)
and

v = 2/V8 . (1l

Yy /Y8 ()

The moment estimators § and g of Eqs. (2), (7) were obtuained
directly in terms of the original x values. However, since y = gn(x)
is gamma distributed, the moment estimates of the paramecters may be
obtained indirectly by first estimating the mean ﬁy, the standard
deviation &y and the unbiased skewness coefficient ;y and then

~ ~

finding the parameters a, B and ?O from Eqs. (9), (10) and (11) as

& =0.5 ¢ ¥ , (12)
y Yy
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R -~ 2 -
B = (2/v.) R (13)
and
y =u -206 /vy . (14)

Subroutine PARLP1

This subroutine computes the moment estimators of the parameters
&, 8 and §0 of the Log-Pearson III distribution by either the direct
approach from Eqgs. (2), (7) and (8) or by the indirect approach from
Eqs. (12), (13) and (14). In the first case the input index METH = 1
while in the second case METH = 2. The input variables to PARLP1 are
the sample size N; the data set X(I), I = 1,...,N; the index METH; the
index IEST = 1 for biased or IEST = 2 for unbiased estimates and the
index IWNR. The output variables are the parameters XSC(a); XSH(B) and

XLO(?O). The program listing of PARLP1 is given below.

SUBHUULINE FarLF L (Ne X9 ASCoASHXLOsMETHe JEST 9 I wk)
C  MUMENT £STIMATUKS UF LOU=PEARSUN TYFE=3 DISIKIBUTION
C N = MAX[MUM NUMEER Uf DALR ANALYZEU IN ITHE PRUGKRAM,
C ALU = LUCATIUN PARAMETER (LUWER BOUNU IN ITHE LUG DUMAILIN)
C  X5C = SCaLt PAKAME [EHe ADH = SHAPE PAKAMETEKR
C MeTm= 1 DiKECIs MEIH= 2 1NUIRtCI METHUD UF MOMENTS
C Iwh = U DU NCT WRITEs Jwk = | RITE ThHe KESULIS
C IeST= 1 wlASEuy IEST= 2 UNELASEU MUMEN] tbllMA!ORS
C# SUBKUUTINE HEWULIKEMEN]S= UNLY THE SUBKOULINE PAKGAL
C UEVELUPEU BY JOSE De SALAS AND bo BENZEDEN
C HYDRULOGY AND wATER RESUUKCES PRUGRAMy COLUKADU STAITE UNIVERSITY
UIMENSIUN X(N)s EST(2)
VATA EST/9K(BIASED v SHIUNBIASEU/
IF( METheEWee ) GO _1U 06U
C DIKECY MEITRUD OF MOUMENTS
AMzXS=XG=U,
UL LU I LN
XM= KM ¢ X (1)/N
AS= AS ¢ X (])u¥g/N
Iu AG= X0 + A(])#%*3/N ‘
b =(ALUG(AG) =3*ALUGG(AM) )/ {ALOG(AS) =2%ALUG(AM))
C = le/lbb=3,.) }
IF( BelLEedeUKeBolilebe) GU 10 40
IF( BeLbEeleD) A= =Ua4715/¢]1,99955%C
IF( BeGladed ) AZ=(0423ULl94[,0652629(C+,2U9]1%CH%2=,045578(C43
ASC= 14/ (A+3,)
AoH= ALUG XS/ (XMRPRL) ) /ALUG((le=XSC)#92/ (1 a=2®XS5C))
LU= ALUG(XM) +XSH®ALUG (L e=XSC)
IF( Iwkebuoeu ) HETURN
L. PRINT 20 ,
2U FURMAT (LH1//7/5K¢"FARAME IERS UF LUG=PEARSUN TYPE=3 DISIRIBUTLIUN",/
LISXKe"(UIRECT MEIRUL UF MUMENTIS)IM//)
PrInD 3Us XLUs ASCe ASH
e fURN
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KMal ke LuCAt JUN PARAME TERM/ LOA 9 (LUWER BOUND UF LN(X) )=
iult?&.gyliég"é %LE”Gi"PAHAMLIEK="9Fldob;/lol”bHAP&"ﬁl“PAhAMt‘tHz"t
LS Ly,
4y PKIN 0 ; :
FORMAT 1k 1/7/7/75ReMLUG=PEARSUN TYPE=3 DISTRIBUTIONY/B8Xe"(DIRECT MEI
bulﬁgu UF M&wéw¥b)";5xyﬂmu SULUTION BECAUSE B="sF12.6/5A9"FALLS VUTSI
Ut TrHt KANGE pH(3.UsbaUIM/7)
HE TUHN .
C INUIRECT mETRGL  UF mMUMENIDS
?0 U%I¥U Aézéz“(lk)
U oA = UG (A »
CALL FARGAL (NeX o XSCoAOHIXLUI I TESTHU)
it ot e s rEyne
PRINT & .
Hu Furmal (Ihl///bky"P&HAMhltHS UF LUG=PEAKSUN [YPE=3 DISIRIBUTION"Y
L/713A«M (INDIRECT METHUD UF MUMENTS) M/ 13XsAve™ MUMENT ESTIMATURS)M//

2u

14

)

PRINT 30y XLUs ASCy ASH
RKE TURN

END

Example 1. Subroutine PARLP1 is applied to compute the moment
estimators of the parameters of the Log-Pearson III distribution for
the annual flood peaks of St. Mary's River at Stillwater. The direct
and indirect approaches are used and for the second case the unbiased
estimators are desired. The length of record is of 60 years. The
input data to PARLPl are N=60; the data set X(I), I=1,...,60; METH=1
(direct approach) or METH=2 (indirect approach), IEST=2 and IWR=1.

The main program to call PARLP1 is shown below.

PHROORKRAM FLUOOKF]L (INFUTs UUirul)

EXAMPLES FUk THE MOMENE £51IMATORS UF LUG=PEAKSUN=3 DISINIBUTION
UImMeEnSTUN X (60}

HKEAD lus N

FUKMAT (l1€1%9)

KEAD cUs (X(L)y I=]en)

FORMAT (lek6.0)

CALL FPAKLFI(Ne X9 XSCoASHIALUS1929])
CALL PARLF L (NeKsXSCeXASHsALUZ929 1)

LD
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The computer output for this example is:

PARAME TERS OF LUG=PEARSUIN TYPE=3 U1STRIsUTIUN
(UIRECT METHUU UF MUMENITS)

LOCATION PakaME TEK
€LUhtH BOUNU OF LN(X))= Hel09656
SCALE PARAME b= Uebbao
SHAPE PARAME TEH= 17¢.282998
PAKAME TERS UF LUG=PEAKSUN [YPE=3 DISTRIBUT LUN
CINUDIRECT METHUU UF MUMENIS)
(UNBLASEL MUMENT ESTIMATURS)
LOCAT LON PaRAME Tk
(LOWER oOUND OF LN(X)) = CeB1574Y
SCaLE FARAME k= «U37788H
SHAPL PARAME T ER= Tyelctbasay

Method of Maximum Likelihood

The log likelihood function for the PDF in Eq. (1) is

=

N

LL(X,a,8,y,) = «izl tn (x;) - N anf[(B)] - %’igl [en (x)) - y,]
N
+ (B-1) )} en[en (x.) -y ] - N B8 2n(a) (15)
i=1 . ©

Differentiating with respect to the parameters and equating this to zero
yields three equations which need to be solved simultaneously to deter-

mine the maximum likelihood estimators o, B and Yo These equations

are

) =Na B (16)
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~ N i—yO
N = T (Ao (17)
i1
U
S TR N (15)
=1 Oy

where y, = Rn(xi) and Y (B) 1is the digamma function which can be
calculated by the asymptotic expansion as mentioned before.

Lquations (16), (17) and (18) give

N T R N
a=g L0y - NLE Wy -y )l , (J9)
) 1:1 ':
R 2 N . N .1 -1
B = {1-N [izl{yi~yo)i§1 V(y -y )1 , (20)
and
~ ~ N ~ ~
Flyy) = -Ny(B) + ) n(y;-y ) - Nan(a) =0 , (1)
i=1 oo

which are solved by a numerical iterative procedure. It is noted that
Eqs. (19), (20) and (21) are the same as Eqs. (29), (30) and (31) cor-
responding to the gamma distribution. Therefore, the solution in this
case parallels that of the gamma PDF described beforec.

Subroutince PARLP2

This subroutine determines the maximum likelihood estimates of the
parameters of the Log-Pearson III distribution. The numerical procedurc
is the same as that applied in subroutine PARGAZ for the gamma-3 distri-
bution. In PARLP2 the moment estimates of the parameters are used as
initial estimates to start the iterative procedure for the maximum likeli-
hood estimates. If B of Eq. (6) is outside the range 3 < B < 6, the

moment estimates are not computed using Eqs. (2), (7) and (8) but by
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setting an initial value for the location parameter §O(XLO} less than
the minimum obscrved x value in the log domain XMIN. If B of Eq. (6)
is within the range 3 < B < 6, the moment initial estimate of }0 may
be greater than XMIN. Also, within the iteration, ?o may assume a value
X greater than 90 > XMIN. In these cases, a second approximation is set
for §0 equal to the arithmetic mean §O = 0.5 (?0 + XMIN). The maximum
number of iterations denoted by LIM has been set to 20, and the relative
maximum error denoted by ERROR has been set to 10*8 in the DATA state-
ment. These two values may be changed by the user if desired.

The input variables to PARLP2 are the sample size N; the data set
X(1), I=1,...,N; and the index IWR. The output variables are the scale
parameter XSC, the shape parameter XSH and the location parameter XLO.

The program listing of PARLPZ 1is given below.

SUBKUUL {NE PARLPZ2 (NS A9 ASCoASHIXLOy IWR)
C MAAGLIKELIHOUL ESTIMATUKS UF LUG=PEARSUN IYPE=3 DISTRIBUILUN
C N = MAKIMUM nUMBER OF UAlA ANALYZEU IN ITHE PRUGKRAM,
C  ALO = LOUCATICN PARAMEIER (LOWER BOUNU IN THE LUG DOMAIN)
C A5C = SCALE FARAME [ERKy ASH = SHAPE FARAMEITER
C Iwr = 0 DO NUI wRITEy 1wk = 1 WkKITE TnHt KESULIS
¢ LIM = MAXIMUM NUMBER OF ITERATIONS PERMITIED IN THE PRUCEDURE
C ExKUR= MAXIMUM AHSULUTE RELATIVE ERRUR KEWUIKEMENT ON ALU.
(¥ SUBROUT INE RtuulhtngIbzsgtL; Lng Euaggxzéﬁg FAGAM,

VELUFED BY JOSE U A o

E g%URtLOGY AND WATER KRESOURCES PRUOKAMe (ULUKALO SIATE UNIVERSITY

DIMENSIUN X IN)
PDATA LIMsENRKURZ2UsULUUUOUOLOLY/
VN N

C DIKECT MUMENT ESTIMATES UF int PARAMETERS (AS A FIRST APPROXIMATLUN)

AMESAO=X0=U,
vu 1y I=sledh
AM= XM+ X([)/N
AS= XS tlfééé?*gxw

EX X
Qu=§gLSG(XG)-J #ALOGUAM) ) Z (ALOG (AS)Y =2%aL 06 (AM))
C = ln/(ijQ}

TR IR eI A SN ST 28 G0 1.1

ade - =V

ikg g:t?.%.b ) AR =423Ulytl,. 65262“C*.¢U91I“L**Z-.ObeI*L“*3
SCA= la/(A+3,) ,
SHA= ALUG(AS/(K&“*&))/ALUb((l.*bCA)“*(/(l.'C“SLA))
AUM= ALCGLAM) +SHA%ALUG (L e=5CA)
AMz= (o

AMINZALCG (X))
VU 22U I=len

ACId= ALUG(X (1))



N —

AMZ AMeX (1) /0y

cU AMIN = AMINL(AMINGX(]))
IF (iwreGlau) PRINT 30 ) ‘
3u FURMATY (k1 /7/7/75Xe"FAKAME TERS UF LUG-P ARSON [YPE=3 UDISTRIBUTIONYy
171X {MAXLINRELINOUL ESTIMATORS) //9AMTRIAL LOUWEK BUUNU vat.UE OF
¢k LIKE=- INMPFROVEMENT N/ L8 XWXLO"EXL [HOOU £EWUAT JON ON XLU%"/)
IF (ACMeOE 4AMINY GU TU 130
KTR=v
40 KRIR = RIKe}
CALL FXGANM (N X9AOMaFMeUFMoASCoASHeAM)
A= FMIUFM _ v
I (lwHeGCloU) PHRINI [Us KRlke AOMe FMy DAV
AU= AUM=UAU
Ir (XU=AMIN) 6095U095¢
DU AUM = (AUM+AMIN) /¢,
OU 11U 44U
66U Klk = rKikre+]
CALL FXCAM (INg X9 AQer AsUF A9 ASCoASHIAM)
DAU= FA/ZUFX
L (IwkeGleu) PRING 709 Kike XUs FX9 UXU
16 FURMAT (Thelcler laebscAob 1D 8oF1lceb)
A= AU=LXQ
IF (XUGreXAMIN)Y GO TU YU
M (KTReGELLIM) GO TU Llu
IF (AES(DXU/ZAU) o LT LERRUK) GU 1O 640
ALU=AU
IF (lwkecT o) PRINI BUs XLUs XSCs AOH
BU FURMAT (1OXeLUCATIUN FARAMETERM™/Z10As (LUWER BOUND UF LN(X) )=t
IF1Cets /710X "SCALENBXYPARAMETERSMoF | o6/ L 0ANSHAPEYBATTPARKAME TE R
crl2et/)
KE | URN
Su PHRINI 1009 AUy AMIN o '
JOU FUKMAT (/75RA9"LUNER HUOUND ="F lgebe" o0l JURSERVED MIN3IMeF Lda0)
Ke TURN
11U PRINT 1c0Os KiRe ACy FX ) B
12U FURMAT (/SR 9"NU CONVERGENCE AFTERY. 139"l IERATIONS" /59Xy "LAST VALUES
1 UF THE 1IERATIOUN AKE "/9X e UWER BUUNDARY z="efF il,6/5X"L IKEL I1HOUD
cVALUE=YoF lcab/)
~E TUKN
13v KIK = ¢
AU = AMIN = 0,01#AanS(XMIN)
ou Tu ey
END)

Example 2. Subroutine PARLP2 is applied to compute the maximum
likelihood estimators of the parameters of the Log-Pearson LII distribu-
tion for the flood data of Example 1. The input data to PARLPZ are the
sample size N=60, the data sct X(I1), I=1,...,60, and the index IWR=1.

The main program to call PARLP2 is shown beclow.

FROLKAM FLOGPZ (INFUTy GUIFUIT)

EXAMPLE FOR THE MAALIRELIMOOU ESTIMAYURS UF LUG=FPEAKRSON=3 DISTRIBUTION
DIMENS[UN X(60)

HEAD LU N

KEAal 20Uy (X(1)e I=1eN)
U FurMal (1619%9)
U FORMAT (lceFteu)
CALL PAKLFZ(NeXsASCoASHIALO )
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The computer output for this example is:

PARAME TERS OF LUG=PEARSUN TYFE=3 DISTRIBUTIUN
(MARALLIKELLIRUUD ESTIMATURYS)
fRIAL Lthk HBULUNU VaLUE OF LIKE= IMPROVEMEN]
ALU LIHOUD BUWUALTIUN UN ALV
i Sel09656 ~e19908G76E=03 =G4,/ 78254
Z Ce9by 758 elcad6l8lE=02 « 343356
3 6e616403 « 40881530tV 3 e 263404
4 € e 3594y e lUBH31IEIE~0 .126519
o] Caccaltl e 14 4006H%E=UY elid431l |
-] Ceclua/0 e 42558804t =00 .Uuulau
{ GalYyico e 3BU1EBTSE=OY AVIVRVETR
] CelYSicH e 444730 E-11 (CRVEVEVEVEY
LUCAT O ParkaME TER
(LOWER BOUNU UF LN(X) )= ©.199/25
SCALE PARAME TEkE e 33645
SrAFE PAKAME [ER= YH,,93885¢

In this output the moment initial estimate of the lower bound is

XLO = 5.109656 (first trial). lowever, the derivative of Eq. (21) at
this point would give an unappropriate second approximation of XLO =

=5.109656 - (-94.778947) = 99.89, which is greater than the observed

minimum value in the log domain XMIN. Therefore, a new value of XLO

is set equal to the arithmetic mean of 5.109656 and an(XMIN) for the
second approximation.

Probability Density and Cumulative Distribution Function

If x is Log-Pearson III then vy = gn(x) is gamma distributed.
Hence, the PDF of x 1is related to the PDF of y by
F) = - £ . (22)
Equation (22) is used to find the Log-Pearson III density f(x) based
on the gamma density of y = &n(x). As for the CDF of x, the following
relation holds
X an(x)
F(x) = [ f(dx = F(y) = [ f0dy (23)
o o
where F(x) and F(y) are the CDF of x and vy, respectively. That
is, F(x) may bc obtained by integrating the gamma density in the log

domain.
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Subroutine DISLP3

This subroutine determines the PDF and CDF of the Log-Pearscon [II
distribution of paramcters §Q(XLO), &(XSC} and é{XSH) at specified
points x represented by X(I). Both the PDF and CDF of x are
obtained by using the corresponding functions for y = n{x) as in
Eqs. (22) and (23).

The input variables to DISLP3 are the number of points N at which
the PDF and CDF are to be computed; the parameters XLO, XSC and XSH;

the index IX, the index IWR and either the data set X(1), I=1,...,N if

IX=1 or the maximum value of x, represented by XMAX, if IX=0. In this
last case, the PDF and CDF are determined at N equally spaced points

(in the log domain) between XMIN and XMAX, where XMIN = EXP (XLO}. The
output variables from DISLP3 are the PDF denoted by DEN(I}, the cumulative
function CDF(I), I = 1,...,N, and the X(I)'s if IX=0. The program listing

of DISLP3 is given below.

SUHKUUTINE GISLPI(NeXeALUSASCIXSHeAMAASUENICUF 9 [Xo JWR)
ENSLTY ANU CUMULATIVE UF LUGL=PEAKRSON 1YPE 3 UlDIHIBUIION
(1) ANU AMAX VALUES SHUULD bt GIVEN IN THE REAL UUMALN
UBRUU! INE REGUIREMENTS= SUBRUUTINE UDISOAM ANU RELATEU SUBPRUGKAMD
UEVELUFED ©BY wUSE Ue SALAS ANU be BENZEUEN
HYURULOGY AMNU WATEHR RESUUKCES PRUGKAMs CUOLURAUO STAITE UNIVEKSITY
ULIMENSIUN XIN) s UENIN) e CUF (N)
L { Irebbel ) GO TU cU
PU v [= laeiy
1u A(L) = AaLuC(A(lLl))
AMAR = A(N)
CALL ULISGAM (NI XIALUYASLIASHIXMAXsUENYCUF Lo}
U lu 34
¢V evaXk= ALUG(AMAK) 7
CALL ULSGAMUINSASALUSASCIASHsZMAAILUENSICUF U U)
JU LU 44U Ll=lan

AtLL) = EAFCALCLED))
4u uehN(L) = LENCLYZALLD
IF (iwrelLb WU} htétﬂw oh
FRINT DU ALUy A s A
SU FURMAT (LR1/Z/7/79XeMLENSLIY AND CUMULATIVE UISTRIBUTIUN UF LUGCSFEAKS
LUN TYFE S"/7BAsMtL ALUZ"F LUGD'"  XSCE"FLlUe3™ ASHS'"FBes™ )"/9As"URUL

K vAklAabLE UeEnNDL Y CUMs UibOh."/dUAo"VALUt"IX"?UNL¥IU
3N FUNCTIUNYY)
PRANT 7Us (LeA (L) epbN(E)oCUF (L) Lxzloiv)
fu PURMAT (QUXellsbid.boch i340)
e bUrN
D
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gﬁ%QEEFWS‘ Subroutine DISLP3 is used to determine the PDF and CDF

of the Log-Pearson IIl distribution with parameters }0 = 4.0723,

& = 0.0863 and 8 = 10.75 (Natural Enviromment Research Council, 1975)
at 10 points. The inputs to DISLP3 are N=10, XL0=4.0723, XSC=0.0863,
XSH=10.75, 1X=0 and IWR=1. The main program to call DISLP3 in this

example is:

PRUGRAM LrULST (INPFUTsUUTRFUT)

EAAMBLE FUR TRE DENSLIY ANU CUMULATIVE UF LUG=FPEARSUN=3
CUMMUN/BLKLZXLUSAS(CeASH

UIMENDSTUN A(bU)s LEN(BU) Y LUF(6U)

NE LU D ALUS4.U7E3 3 ASLIULUBOY D ASH=]UTS  XMAXSZ239 ¢
CALL UISLP3INeAsALUIASUPASHYAMAXSUENYCUF D L)

NG

The computer output for this example is:

LEnDSLTY AnU CUMULATIVE OISTRIBUTLION UF LUG=FLAKSUN TYPE 3

{ ALus= 4euUlc3U  ASC= U8B ASH= [U4fbBUU )
URUtE K vAR]ABLL UENSTHY CUMe UlSTIKe
VALUL FUNCTLUN FUNCHLUN
1 StebUYliuy UeUUUUUY UeVUUUYY
P Gle4YSBEU «DUUULUG «UUUUUY
3 [9e93/0c4 ey «VUloJY
4 93eclyloHa US4y sUCEHY 3
5 lug.8l46c¢luy eUUBtbhy elcbbuy
(] lefalbUYuY wUlllbes Y- N AN
{ lﬁéc(ﬂSbﬁU VG444 535346
e} 113eUS50484 sUUBU (S o /31U
9 cUleS63aU] V03194 HO13vJ
v c3c. 700000 eUULlaa | ey3b78V0

The Inverse of the Cumulative Distribution Function

Since the Log-Pearson 111 distribution is a gamma-3 in the log
domain, its inverse x for given probabilities can be determined using
the same procedure as for the gamma-3. That is, for a given set of
parameters §o’ o and é, of the Log-Pearson III and for a given CDF,
say p, the inverse y of the gamma-3 is obtained from which x = exp{y}

is the inverse corresponding to the Log-Pearson III.
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Subroutine {&VLPB

This subroutine determines the inverse of the CDF of the Log-Pearson
[TI distribution by using the procedure outlined above and the subroutine
INVGAM. The rcader should be referred to the description of INVGAM.
Inputs to INVLP3 are the parameters XLO, XSC and XSH; the number of
inverses N to be computed; the index ICDF; and the index IWR. If

ICDF=1, the sct CDF(I), I=1,...,N is given as input but if ICDF=0, the

set CDF(1) is not given as input, but it is computed as CDF(I)=1/(N+1)

in the program. The program listing of INVLP3 is given below.
SURKUUTINE INVLP3 (XLUSASCoXSHoNeCOF 9 X9 ICUF ¢ [wk)
CooINVERSE OF ThHt LOG=PEAKSUN IYPE 3 DISTRIBUTIUN
CooeXLU = LOCATIUN FARAME TER (LOWER BOUND IN THE LOG UOMALN) )
CeaXSC = SCALE FAKAMETERy XOH=E SHAPE PARAMETIER( ASH SHOULD BE <LEe57)
CoeoCUF = CuMULATIVE PROBABILLIY CORRESPONDING 10 X(I)
C ICDF= 0 CUF(I)s IZlecreesN StI %5 NOT GIVEN BY IHE USER.
C ICDF= 1 CUF(i)y 1=Lv£o;.vN SET SHOULD Bk GIVEN BY THE USEK,
C N = NUMBER UF CLASS LIMITS OF X UESIRED TU BE (OMPU .
C X(I) 1S THE INVERSE CURREDPUNUING TO CUF (1) X
CeelwR = 0 DU NOT wRITEy Jwk = | wRITE IHE RESULIS,
CRaX Qe RSCoaxSheNg ICOF AN? IwKr VALUES SHOULU BE SUPPLIED 8Y THE UStK.
C¥®SUBFROGKAM KEQUIREMENTS ARE INVGAM AND KELATED SUBPRUGRAMS
C DEVELUFED 8Y JUSE De SALAS AND Eo BENZEDEN _ _
C HYDRULOGY AND WATER KESUURCES PROGRAMy COLURADO STAIE UNIVERS]TY
DIMENSTION X(N)y CUF (N) '
CALL INVGAM (XLOXSCoXSHeNsCOF 9 X9 ICOF V)
LU 1u [=]1sN
1u A(1) = EXP(X(]L))
IF({ IwkelEaU ) KETURN
PRINT ¢Us XLO9 ASCe ASH
2u FURMAT (1k1/7/7/TXe"CLASS LIMITS OF THE LOG=PEARSON=J UIbIRIauI UN F
LUNCTLUNBZL10AN( XLOSMF fU5B"Y ASCaWF U4 ASH"FH .51 J1// SAMORDE
ER"?X“CUMULAIlvt“/ZbX"Ul§¥HIBU¥I N"/léx“(l)“tOK"CDF(l)“ldx“x(l)"/)
PRINT 30 (1o COF(1)e X(l)s Ix=]1eN)
3U PURMAT (15Xe1392F1lb.6)
KE TURN
END

Example 4. OSubroutine INVLP3 is used to determine the inverse of
F(x) for x Log-Pearson 111 distributed with parameters 90 = 4.,0723,
@ = 0.0863 and B = 10.75. Nine inverse values are desirved for the
CDF's of Example 3. The inputs to INVLP3 are N=9, XL0=4.0723, XSC=
=0.0863, XSH=10.75, ICDF=1, IWR=1 and the set CDF(I), I=1,...,9 shown

in Example 3. The main program to call INVLP3 is '



PROOGKAM LPICLA (INPUTUUITPUT
INVERSE OF tHE LOG=PEAKSUN TYFE 3 DISIKIBUTION

CUMMUN /BLKL/ XLQ9ASCyASH
UIMENSIUN CLAS(100)s CUF (100) , }
NZY & KLUS4,0723 b XSC30.0863 $ XSH=1U75 $ I1COF=1 $ Iwk=l
KEAD 109 (COF(I)y I=lsN)
10 FORMAT (10F8.6) o o
caLt INVLP3 (KLUSXSCoXSHINsCUF 9CLASY ICUF o IWR)
NU

The computer output of INVLP3 for this example is:

CLASS LIMIIS UF THE LUG~PEARSON=3 UDISIKIBUIION FUNCTION

{ ALU= 4.07230 XSC= « 0863 XSH=1U. 75000 )
ORUENR CUMULAT]IVE
DISIRIBUTIUN
(1) CLF (X) x(1)
i « 000006 68.875519
< 001638 7194938017
4 «12650% 108874255
5 315707 121.060940
© «539336 148.2685599
/ « 731055 173.U5568¢
4 861393 cUla963337
Y e 935780 235%.,699798

4.5 Confidence Limits

Considering that the Log-Pearson III distribution is a gamma-3 in
the log domain, the T-year event magnitudes and 100a percent confidence
limits of the Log-Pearson 1II are determined by first computing the
corresponding magnitudes in the y (log) domain and transferring them

back to the x domain by

Xp = exp {y} (24)

X = 25

) = eXP Y} (25)

where Xp and yr Trepresent the T-year ecvent magnitudes and X, and

y ~ represent the 100a percent confidence limits for the Log-Pearson

2
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ITI and gamma-3, respectively. Both moment and maximum likelihood
estimators are determined by the above transformations.

Subroutine CLILP3

This subroutine determines the approximate moment or maximum likeli-
hood estimates of the T-year event magnitudes and the 100« percent con-
fidence limits for the Log-Pearson 1II. The event magnitude X(1) and
its upper and lower confidence limits XUT(1) and XLT(I), respectively,
are computed for specified return periods T(l) or non-exceedence proba-
bilities PXT(1), I=1,...,NT, with NT the number of desired T or PXT
values, and for a given confidence level CONF. Subroutine CLILP3 needs
subroutines CLIGAl, CLIGA2 and RETCDF, described previously.

Inputs to CLILP3 are the sample size N; the number NT of return
periods or non-exceedence probabilities both represented by the input
variable T(I), I=1,...,NT; the confidence level CONF; the parameters
XLO, XSC and XSH; the index IEST=1 (moment estimates) or IEST=2 (maximum
likelihood estimates); and the index IWR. OQutputs from CLILP3 are the
T-year event magnitude XT({I) and its XUT(I) and XLT(I} corresponding to
the input T(1), I=1,...,NT. The program listing of CLILP3 is given

below. Other needed subroutines CLIGAl, CLIGA2 and RLTCDF were given

previously.
UBROUTEINE CLILPI(NONTSCONF o XLO9XSCoXSHe ToXT o XUT 9 XL 1 oPXToIESTy IWK)
FIOENCE LIMITS FOR LOG=FEARSON TYPE 3 DISTRIBUTION
= | ESTIMATICON BY MOMENISy IEST = ¢ ESTIMATION BY MAXGLIKELIROOU
= LUCATION PAKAMETER ( LOWER BOUND )
= SCALE FARAMETEKR o XSH = SHAFE FAKAMEITER
ROGRAMS NEEUEDU ARE CLIGAL ANU (LIGAC
IMENSICN T(NT)e XT(NT)oXUT(NT)e ALT(NT)o PXT(NT)
PO LESTe GI &1 ) GU TU QU
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CALL CLIGAI&N;N}tCQNFoKLgQKSCvXSH’TQAT01010%L¥9PX100)
1o Boreat el Ay e SONE s KLOs A2Ca XSH ., CONF LDENC i
" ) & M )
I FOR Loé-EEARsow-a OlsTRIBU 1GNNSt aanE XEoasr o0 RecEuE IR
2 ASHEWFlzg 1" )W/7 12 KHWRETURN NONEXCEEUANCE EVENT"BXNCONF JOENCE
I LIRITSU/12RNPERTOD  PROBABILITY  MAGNITUDE"6XNUPPEKNSXTLOWERN/)
20 CALL CLIGAZ(NJNY yCUNF oALO9XSCoXSHoToXToXUToXLT9PXT0)
3u ézaéé?“i?li95,2§%§§x33ixﬁﬁ?ﬁao‘L2§x“’ ES DF wFe.2n CONF
‘ " 2 N N
1175 FOR LQGfPEARSON~§wUlSlHlBU?ION M SLo=nF 15, o0 ngsagxif?
2% T XSHEWFlgl 7" )"//13AVRE TURN NONEXCEEDANCE EVENT"8X"CONF 10ENC
JE LIMIIS®/13XNPERIOD PROBABILITY  MAGNITUCENOXNUPPERNBANLOWERN/ )
40 00 50 I=lsNT
XT(1) = EXF( XT(I) )
XUT(I)= EXP{ XUT(1) )
S0 XLT([)= EXP( XLT1(I) )
3§1§%“gétci?ix?t13§?tx) X1(I)s XUT(LD i
) ’ A
60 FORMAT (13XsFas0soRsf1000r axsag 50 e ALTLD s T=lonNT)
KE TURN

Example 5. Subroutine CLILP3 is applied to compute the moment and
maximum likelihood estimates of design floods and 95 percent confidence
limits for 2, 5, 10, 20, 50 and 100 years of return periods. The floods
are assumed to be Log-Pearson III distributed with moment parameter
estimates of ¥ = 6.51579, & = 0.037788 and B = 79.726449 and
maximum likelihood parameter estimates of ?0 = 6.19973, & = 0.033645
and B = 98.938852 obtained from subroutines PARLP1 and PARLP2,
respectively, for 60 years of annual floods at St. Mary's River at
Stillwater. The input variables to CLILP3 are N=60; NT=06; CONF=0.95;
XL0=6.51579, XSC=0.037788 and XSH=79.726449 for moment estimators or
XL0=6.19973, XSC=0.033645 and XSH=98.938852 for maximum likelihood
estimators; T(I)=2, 5, 10, 20, 50 and 100 for I=1,...,6; IEST=1
(moment estimators) and IEST=2 (maximum likelihood estimators); and

IWR=1. The main program to input this information is given below.
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5. GUMBEL AND LOG-GUMBEL DISTRIBUTIONS

5.1 General Properties

The cumulative distribution function of the Gumbel (double exponen-
tial or Type I general extreme value) distribution has the form (Gumbel,

1958)
F(x) = exp {- exp[u(x~xo)/a}} R - < X < , (1)

where o > 0 1is the scale parameter and X, is the location parameter.
The parameter X, is also called the central value or mode for which
F(xo) = 0.368.

Differentiating Eq. (1) with respect to x yields the PDF

f(x) = exp {*(x-xo)/a - exp[-(x»xoj/a}} , =% < X < ® (2)

The reduced Gumbel variatce commonly used in practice is defined as:

z = (x-x)/a . (3)
Substituting Eq. (3) into Eq. (1) and taking twice the logarithms of
both sides gives

-n [-n F(x)] = 2z = (x~xo)/a . (4)
Hence the Gumbel CDF plots as a straight line on a paper with double
logarithmic scale for F(x) and the cartesian scale for x. This
probability paper is called the "Gumbel probability paper"”.

The mean, standard deviation and skewness of the Gumbel distribu-

tion are (Yevjevich, 1972)

T XO + 0.5772 o , (5)

s =mal/o s (6)
and

y = 1.14 . (7)
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When v = 2n(x) 1is a Gumbel distributed variable, then x has a
log-Gumbel (Frechet or Type II general extreme value) distribution
(NERC, 1975).

Estimation of Parameters

Method of Moments

Moment estimates of the parameters « and x, may be obtained
from Egs. (5) and (6) as (Yevijevich, 1972)

no= 0.7806 G , (8)
and

&O =5 - 0.45 G (9)

~

where p and o are the sample estimates of the mean and standard
deviation, respectively. In the case of the log-Gumbel distribution

ﬁ and 3 should be computed for the transformed variable vy = in(x)
before using Eqs. (8) and (9) to estimate & and io . As in previous
cases the sample standard deviation ¢ may be determined by Eq. ( )

or { ).

Subroutine PARGU1L

This subroutine computes the moment estimators of the parameters
a and xO of the Gumbel or log-Gumbel distributions by Egs. (8) and
(9) above. The variable XSC and XLO represent the parameters o and

xo, respectively. The index IDIS = 1 for the Gumbel and IDIS = 2 for

the log-Gumbel distribution. The index IEST 1 when o of Eq. (8)
is determined by Eq. ( ) and IEST = 2 when G is determined by

Eq. ( ). The input variables to PARGUl are the sample size N; the
data set X(I), I = 1,...,N; and the indeces IEST, IDIS and IWR. The

output variables are the scale parameter XSC and the location parameter

XLO. The program listing of PARGUl is shown below.
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Subroutine PARGULl is used to compute the moment

Example 1.

estimators of the parameters of the Gumbel and log-Gumbel distributions

for the 60 years of annual flood data of St. Mary's River at Stillwater.

The input

A~

) is used for the sample standard derivation o .

Equation (

data to PARGUL are N = 60; the data set X(I), I = 1,...,60; IEST = 2;

The main

IDIS = 1 (Gumbel), and IDIS = 2 (log-Gumbel); and IWR = 1.

program to call PARGU1l is shown below.
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The computer output for this example is:

PARAME IERS UF 1ht EXTREME VALUE
(TYPE=1 EXTREMAL(  OGUMBEL ) DIS
(UNBIASED MUMENT ESTIMAI

I
LUCATION FARAMETER=z 12202.56¢8¢
SCALE PARAMETER=E o0B8U.110¢

UF THE EATREME VaLUE
TREMAL (LOG=GUMBEL ) U
iNBLASED MUMENT E£STima

37e
€63

ATIUN PAKAMEIER= L
LE FAKAME TEn= Y-

Method of Maximum Likelihood
The log likelihood function of the Gumbel distribution is

(NERC, 1975)

p N ¥ o(x,-x )/
LL(E_?&,XO) = -N&no -~ 5 X (Xi-xo) - z e 4 0 @ » (10)

i:l i=1
or
N

-Nino - z Y; z e Vi . (11
i=1

it

LL(Y fo,x )
where
= (xi—xo)/a . (12)
The partial derivatives of Eq. (11) with respect to X, and o are:
-BLL/axo = -P/a R (13)
and

-3LL/%a = R/a , (14)
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where P and R are:

N
P =N - Z e i (15)

N N -
R =N - Z y. + .Z y.e 5 s (16)

A

respectively. Maximum likelihood estimates X, and o must satisfy

SLL(X |x_,a) SLL(X |x ,a)
% - - O = 0 (17)
on ? 30

Jenkinson (1969) gives an iterative procedure for the solution of
Eq. (17). The Taylor series expansion of —BLL/axO and -3LL/3x about
the true maximum likelihood estimates a and io omitting the cross

products and second order terms yields (NERC, 1975)

r +4 } r 7
-1
22LL(x |k, 8) 2L X .8 | aLL(x|x K o (k)
(k) =" =10 ! =%
-Ax - - | -
o 2 ’ ax _d0 x
ax o] § o]
[¢] |
0 szLL(géio,&) 2LL(X|x ,8) | aLL(g}xo(k),a(k)
~bo T TIx 59 > - z 7 35
L 1L % 3o 4oL i
(18)
where Axo(k) and Aa(k) are the differences at the k-th iteration

between the true estimates io and a and the actual or k-th estimates

(k) (k)

X and a7, respectively. That is 20 = X, o
e (k)

= + Aa .

jo

The elements —BLL(gjxo(k)

o)y /ax  and -8LL(§Jxo(k},a(k))/8a
of the right-hand side column matrix of Eq. (18) may be determined by
Eqs. (13) and (14). As for the inverse matrix of Eq. (18), Jenkinson

(1969) suggests to use its expected value which is the large sample
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maximum likelihood variance covariance matrix (Kendall and Stuart,

1961; (NERC, 1975) as

Var X, , Cov (xo,a) 2 ) o
= 9 (19)

Jok
P
pomy

-
fow]
[ )
oo

Cov (x_,a) , Var x
0 : o

Therefore, inserting the matrix of Eq. 19 into Eq. (17) and using the

notation P and R as in Eqs. (13) through (16) yields

Axo(kJ = .11 PR gl Ry KDy (20)
and

2 =026 PR L ger Ry KDy 21)

The iteration should start with an appropriate set of parameters
xo(l) and a(l), say, the moment estimates. Then, the P(l) and

R(l) are computed from Egqs. (15) and (16) which substituted into Egs.

(20) and {(21) give the increments Axo(i) and ﬁu(l), respectively.

The new values xo(z) and a(Z) are estimated by
X (k+1) = X (k) + AX (k) s (22)
0 o} o
and
W) (K (O . (23)

The iteration then proceeds until the two equations in (17) are
satisfied within a specified error.

Subroutine PARGUZ

This subroutine computes the maximum likelihood estimators of the
parameters o and X, of the Gumbel or log-Gumbel distributions by
the numerical procedure described above. The variables XSC and XLO
represent the parameters o and X s respectively. The index IDIS = 1
for the Gumbel and IDIS = 2 for the log-Gumbel distribution. The maximum

number of iterations and the maximum error are specified as LIM = 30 and
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ERROR = 0.000001, respectively in a DATA statement of the program (the

The input variables for PARGUZ

user can change these values if desired).

,N; and the indeces IDIS

are the sample size N; the data set X(I), I=1,...

The output variables are the scale parameter XSC and the loca-

and IWR.

The program listing of PARGU2 is shown below.
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Subroutine PARGU2 is used to compute the maximum likeli-
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tions for the same data of Example 1.

hood estimators of the parameters of the Gumbel and log-Gumbel distribu-
to call PARGU2 is shown below.
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Probability Density and Cumulative Distribution Functions

Since the CDF and PDF of the Gumbel distribution are given cxplicitly
by Egs. (1) and (2), respectively, they can be easily determined for a
given set of parameters. For the case that x 1s log-Gumbel, y = n(x)

is Gumbel distributed, hence the PDF of x 1is related to the PDF of y by

f(x) =

X =

fly) . (24)

Therefore, the PDF of the log-Gumbel can be determined as a function
of the PDF of the Gumbel.
The CDF of the Gumbel variable y 1is related to the CDF of the

log~Gumbel variable x as

X wn(x)
F(x) = [ £(x) dx=F(y) = [ £ dy . (25)
(o]

- 00

Therefore, to find the CDF F(x) of the log-Gumbel, Eq. (1) can be used
replacing x by n(x).

Subroutine DISGUM

This subroutine determines the PDF and CDF of the Gumbel and log-
Gumbel distributions for specified parameters o and X following the
procedures described above. Both PDF and CDF functions are determined
either for a specified set of points x represented by X(I), I = 1,...,N
or for N equally spaced points between a minimum and a maximum points
determined in the program for probabilities of 0.001 and 0.999. These two
probabilities are represented by CDFMIN and CDFMAX, respectively and are
specified in a DATA statement. They may be modified if desired.

The input variables to DISGUM are the number of points N at which
the PDF and CDF are to be computed; the parameters XLO (representing xo)
and XSC (representing o); the data set X(I), I = 1,...,N if the index IX =1,

otherwise if IX = 0, the set X(I) is not given; the index IDIS = 1 (Gumbel)
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The output variables are
Iv.Y

.,N. The program listing of DISGUM is
XSCy UENy CUF
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2 (log-Gumbel); and the index IWR.
Ko

the density PDF(I), the cumulative function CDF(I), I = 1,..
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given below.
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Subroutine DISGUM is used to determine the PDF and CDF
The inputs to DISGUM are N

Example 3.

of the Gumbel distribution with parameters

eight given points.
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X(I), I =1,...,8; the parameters XLO = 77.5 and XSC = 39.1; IDIS =1
and IWR = 1. The main program to call DISGUM in this example is given
below.
PRUGRAM GUMDILS (INPUI uUlPUT)
OIMENSION X(6U)e UEN(OU) s COF (60)
NE8 $» ALUS (7.5 b XS(=39,1
READ 1Us (A1) [=loN)
10 FURMAT (BFlUWC)
PRINT 209 o XLO9 XSC
Eong?gAilflhA/ibAs“lNPu( UATRe e o"/0RIMNSHY [S5960AMXLOZoF 1064 ebhsMXSC M
)
PRINT 3Us (A(I)s I=lysN)
30 FURMAT (SXelUF8,.2)
gsz DISGUM(NG KXo XLUs XSCo UENs CUFy Ly 1y 1)

The computer output for this example is:

CENSLTY AND CUMULATIVE DISTRIBUTION OF GUMBEL
(XLU= 1750000 XSCs= 35.10000 )

ORUER VAR]ABLE DENSITY CUMo UISIR,.

VALUE FONCTION UNC T 10N

1 =e70000 «000117 «0006]8

¢ 38.40000 « 004588 « 065988

3 S71e95000 .008&08 01922906

4 i§5r60000 « 006 1% «692201

5 6.15000 « 00456 «8000}

¢ 155.70000 «003023 .873425

1 i75.¢5000 «00193¢ +921194

.} 94.80000 «001211 «95143¢2

5.4 The Inverse of the Cumulative Distribution Function

The inverse of the CDF of the Gumbel distribution with parameters

Yo and o may be determined from Eq. (1) as

y = ¥y - o nf-gn F(y)] . (26)
Since a log-Gumbel variable is Gumbel in the log domain, the inverse of

the log-Gumbel CDF may be determined by

X = exp {xo - agnf-enF(x)]} s 27
where in this case X, and ¢« are the parameters of the log-Gumbel

distribution.
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Subroutine INVGUM

This subroutine determines the inverse of the CDF of the Gumbel or
log~-Gumbel distributions by using the Eqs. (26) and (27), respectively.
The inverse is determined either for a given set of CDF(I}), I = 1,...,N
or for N equally spaced CDF's computed in the program by CDF(I) =
= L/(N+1),

The input variables to INVGUM are: the parameters XLO and XSC;
the number N of inverses to be computed; the set CDF(I), I = 1,...,N
if the index ICDF = 1, otherwise when ICDF = 0 the set CDF(I) is not
given; the index IDIS = 1 for Gumbel or IDIS = 2 for log-Gumbel distri-
bution; and the index IWR. The output variables are the inverses
X(I), T =1,...,N corresponding to the given or computed CDF(I)'s. The

program listing of INVGUM is given below.

c SUBROUTINE INVGUM (XLOsXSCoNeXoCOF 9 ICUF ¢ IULS s IWR)
.. 0’0""'.0’.‘0’0.0"lOQ.Q.."‘QQ.0Q.”'Q'l‘.OQ‘Q'QCQQO"‘Q“..“’CO‘
c..:..xmvaus§ OF TrE CDF OF THE GUMBEL AND LUG=GUMBEL DISTKIB.
€ "XCU~ LOCATION FARAME [ER(MQUE)s ASC= SCALE PARAMETER
€ IUIS=L GUMBEL o JUIS=Z LUG=GUMBEL ulsiazeU!Xum
€ ICDF=0 CUF(I)sl=leloeasN SET IS NOI GIVEN
C JICOF=l COF(1)eol=locdoaeeN SET 15 GIVEN 8Y IHE USER
C DEVELUPED oY JUSE Ue SALAS AND Eo BENZEDEN ) -
C HYUKOLUGY ANU WATER KESOURCES PRUGKAMs COLURAUU STATE UNIVEKSITY
c.‘.'.""QSOQ.QQQQQCQQ.QO‘OQO‘Q‘?Q'C"Q..‘QO.6'00000'0000.."‘0‘.ﬁ"."
DAMENSIUN TRANS{Z) s X(N)s CUF (N)
DAIA THANS/LUH  GUMBEL 910PALOG=GUMBEL/
; IF (1CUFeGlay) GO 10 QU
QU 10 I=len
19 CUF (1)= FLUAT (L) /Z(N+1)
¢ 00U 30 I=lsnN .
30 x(}) = xLoaxscﬁauuu<~gLuetch(1}))
Ir €Iu§5.ta 1) GO TU B0
DU &40 I=]1san
40 A(I) = eXP(X(1))
S0 e AN IDYS) . xLus xsC
K BUy iKp D) [

60 FURMAT (1HL1//76Xe"INVERSE GF IHE "ALOM DISTHIBUTIUN FUNCTION"/5K® (P
JARKAME [ERS  ALUZHoF 13a69®  ASCENF13,6) 1/ /1cXANORDERMSXMCUMULAT LVEY/
2ELAMDISTRIOUTLONY/ LIXRW (L) "EARCUF (R) M 1gxX (1) "/)

PRINT 7Us (Lls COF(I)s X(1)s L=isN)

70 FURMAT (leAs13oF 1Deb94KoF 1546)

RE FUKN



98

Example 4. Subroutine INVGUM is used to determine the inverse of
the CDF of the Gumbel distribution of parameters X, = 10 and a = 3.
Seven inverse values are desired for the CDF's shown in the computer
output below. The inputs to INVGUM are XLO = 10; XSC = 3; N = 7;
CDF(I), I =1,...,7; ICDF = 1; IDIS = 1 and IWR = 1. The main program

to call INVGUM for this example is shown below.

INVERSE O TEE SmepltuBirrll
GUMBEL (UK LUG=GUMBEL) UISIKI:

DIMENSTON A(10U) s COF (100) o CUMBEL) DISIRIBUTION

ALU = 10e '8 " XS¢ ='3.

READ 10e N
o gl by

(" =
o B e
s (CLF(I)s L=lyen

30 FORMAT  (J/5ks10F8ea) *N)

ggbL INVGUM (XLOSASCoNeXeCOFololoel)

St UF IHE_ GUMBEL  DISTRIBUTION FUNCIION
(PANEMETERS  xcom CV"T65000000  ASCa 3.000000)
URDER CUMULA | LVE
0ISIRIBUTION
(1) COF (X) X(1)
1 143000 84004352
e 598000 11:995636
3 c873000 15.989281
s +365000 20.003940
5 +991000 24.118041)
& 998000 28.640822
7 995000 30.721765

5.5 Confidence Limits

The 100a percent confidence limits X for the T-year event are
determined by

X, = Xp *tu S (28)

2 T

where u, is the standard normal variate corresponding to the a

confidence level. The value XT may be determined by
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Xp = no+ Ky o , (29)

where 1 and & are the mean and standard deviation of x and K
is the frequency factor which is a function of the skewness and T.

From Eq. (2) the reduced Gumbel variable =z = (x-xo)/a is
z = -nf[-2n F(x)] = -&n {-2nf1 - Q(x) ]}

where Q(x) is the exceedence probability. For a given sample of size
N ordered from the largest down, the Q(x) is computed by the Weibul's
plotting position formula as Q(x) = m/N+1, hence the reduced variable

z may be written as

= . - . m
z = -in {-an[1 N+1}} ,
or
z, = -en {-an[(N+1-m)/(N+1)]} . (30)
The mean M, and variance 022 of Zm of Eq. (30) is
N
vy = (/N Lz, (31)
m=]1
and
N
2 2
o," = (1/N) Zlizm““z) : (32)
M=

Kendall (1959) gives the relation
o = O/UZ s (33)
and

XO"‘U"GUZ 3 (34)

where yu and o are the parameters of x. Replacing these two equations

in z = (x~x0)/a it follows

zZ_~U

= m z .
=t g (35)
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from which the frequency factor KT is

2 - u

KT = ] . (36)

. . N+1 .
Notice that T and m are related by T = i
The standard error of estimate by the method of moments for a two-

parameter distribution is given by Kite (1977) as

2 " ?
spos g L Ky (e - DT (37)

with “2’ Y and « the variance, skewness coefficient and kurtosis
coefficient of x. For the Gumbel distribution v = 1.1396 and
K = 5.4002 so that

sTZ = (UZ/N)(I +1.1396 K, + 1.1 KTZ} . (38)

Kimbal (1949) and Kite (1977) give the maximum likelihood estimate
of the standard error as

2

. 2
S

(&2/N)(1.1086 + 0.514 y, + 0.6079 y.°) (39)

where the 2T = (xT - ﬁo)/& and %O and & are the maximum likelihood
estimates of the parameters Xy and «o.

The event magnitudes Xp and its confidence limits X, for the
log-Gumbel distribution is obtained by

Xp = exp {xy} s (40)

and

H

x, =exp {y,} (41)
where Y and z, are the T-year event magnitudes and confidence limits,

respectively for the Gumbel distribution y = 2n(x).
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Subroutine CLIGU1

This subroutine determines the moment estimators of the event
magnitude X of Eq. (29) and the 100a percent confidence limits X,
of Eq. (28) based on the moment estimator of the standard error ST of
Eq. (38). The event magnitude Xps represented by X(I), and its upper
and lower confidence limits XUT(I) and XLT(I) are computed for specified
return periods T(I} or non-exceedence probabilities PXT(F), 1 = 1,...NT,
(NT = the number of desired T or PXT values) and for a given confidence
level CONF. Subroutine RETCDF is called by CLIGULl to transform T to

PXT or reverse and to determine the standardized normal variate UCL

(ua of Eq. (28)) for the given CONF.

Inputs to CLIGUl are: the sample size N; the number NT of return
periods or non-exceedence probabilities, both represented by the input
variable T(I1), I = 1,...,N; the confidence level CONF; the parameters
XLO and XSC; the index IDIS = 1 (Gumbel) or IDIS = 2 (log-Gumbel); and
the index IWR. Outputs from CLIGUl are: the T-year event magnitudes
XT(I) and it confidence limits XUT{I) and XLT(I) corresponding to the
input T(I), I = 1,...,NT. The program listing of CLIGUl is shown below.

The listing of RETCDF was given before.
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10 YO = YS + y#Y / N
SY = Suki( YS?YM“YM )
by  eu =)ol
YI 2 « ALOG( = ALUG(FAT(IN) )
Fl = (Yl = YM ) /7 SY . o
C = le * 143994 /7093%F1 + Llel®FI®FT
Si =2 SuRT(u/n) # SA
AE(l) = XM ¢ P 1#SA
xu%(L) = AI(L; + 3Et:§}
0 XLT1(]) = XiI(1) = ; . ‘
¢ IF (IwkeGloU) PRINT 309 CONFo TRANS(IDIS) e ALUS XSC o
30 FURMAT (1HL1//75XWMUMENT ESTIMATES UF "rFé4o2" CONFIUDENCE LIMLIS FUR ®
LALU" ULSIRLIBUTIUN®/ZL2XM( ALOSYF 125" (MODE) XSC="F 1245 )Mo/ /
CleXo"mETURN NONEXCEEUANCE EVENTHEBXNCUNF JUENCE LIMIISY/12Ay
INPERIUD  PROBABILITY  MAGNIITUUEYOAMUPPER™BAM"LUWERY/)
1r (f0ISebLliec) GO U HO
LU 40 f=lenld
A0(1) s BXPRC RT(L) )
AUT (1) = AP XUT(L1) )
1y {1, SRR B
V] r WHobU,
PRINT €09 (HCL)e AT (L) XT(I)y XUT(L)s XLI(L)y 1=s1eNT)
] FURMAT (lcAstFaelUocXhef lUeSe3Xe3F13.5)
RE TUKRN
END

Example 5. Subroutine CLIGUl is applied to compute moment estimates
of design floods and their corresponding 95 percent confidence limits
for 2, 5, 10, 20, 50 and 100 years of return periods. The floods are
assumed Gumbel distributed with moment parameter estimates of io =
= 12202.566 and & = 4080.1 or log-Gumbel with moment parameter esti-
mates of io = 9.37664 and a = 0.26308. These values are obtained from
60 years of data of St. Mary's River at Stillwater. The input variables

to CLIGUL are: N

60; NT = 6; T(I) = 2, 5, 10, 20, 50 and 100 for

I =1,...,6; CONF = 0.95; XLO = 12202.566 and XSC = 4080.1 if IDIS = 1
(Gumbel), or XLO = 9.37664 and XSC = 0.26308 if IDIS = 2 (log-Gumbel);

and IWR = 1. The main program to input this information is shown below.

DIMENSTON "Fi8E) AN rassu iUl

’ 6 o AUT(60)s XLTI(O6U)s PXT(60)
KEAD 1Us Ne NTo CUNPF i H]

10 FURMAT (2loeftl.2) v T d=1,6)
XLU=12c0cen08 ® ASC=4¢8Ue1
CALL CLIGUL (NoaNToCUNFoXLUSASCoToXToXUToALI oPATol01)
ALUS §,37604 ® ASC= (0.263084
gsbL CLIGUL (NoNToCUNF 9ALOOASCol o AT oXUToXLIgPATsco])
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The computer output for this example is:

UISIKIBUTION

GUMBEL
40BUL10000 )
&UENCE L

115 FUKR

1M
SC=

«95 CONFIUENCE L
(MUDE X

LU=z 12¢02.56600

(

MOMENT ESTIMATES OF

CUNF
ubre

DO P~
OM~NBVO
D~ I e
D DO~
WL TN~
- o " 8 &8
- )T~
17) o et ot L P
o et () T S
TMIDNNOOPN
et (N N NICTY

D5DIDO
DDOODD
ODOOODO
DID2I3HDD
NDPrRR

> s 00

e e e v oo
NNDDOD
~~ON DO

CE LIMITS FUK LOG=GUMBEL UDISIRIBUTION

)

«2630U8
CONF 1DENCE
UPPER

TIMATES OF 495 CONF IDEN ,
(" xLO= 9.37664 (MUCE)  XSC=

pOMENT ES

~ADMNNDD
LODOM~D
SUDSN A~ PN
PMNE~D0
VON~"} ¥
L R 2N B BN B
VDO E~
PDODO~DD
D~NO0NH
NND =0 D
e et (N NS VY

P oot [Y (V) P

& NN O
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seoo 9000
et DPEN
FNN~CN
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SNNT M
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fedo Sg JUR R ¢ 20 4
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(= J-o Lo B R L ]
DDOD2NVR
[Tk efe gye Jhe oJe

*® 50 o 80

. o 8
NNDOOO
—~ (NSO

el

Subroutine CLIGU2

This subroutine determines the maximum likelihood estimates of the

(29) and the 100a percent confidence

of Eq.

T

(28) based on the maximum likelihood estimator of the

T-year event magnitude

X, of Eq.

limits

The overall description of this sub-

of Eq. (39).

]
T

standard error

The program

routine is the same as the subroutine CLIGULl referred before.

listing of CLIGUZ is given below.

SUBKOUTINE CLIGUZ (NyNToCUNFoXLOsXSCo T o XToXUToALI9PXT o IUISeIwk)

10N

L d
L
LOG=GUMBEL DISTRIBUT

L ]
AKAMETER
uLis

Nty X
SUNIDEN
. vt &L _Jrtr—
«D22XD
DA D
D 1AL o

ALAS AND E. S
KESUURCES PROGRAMy COLUKAUU STATE UNIVERSLTY

BENZEDEN

-
na
ox
J
-

LR . o

oL NEI»Z o\~ e

o eZ wldlqe

L2 P e b 4 gt ¥ s ZaN+ Y
il -Z 2> oL A —t
s PrrrX MUO DX -LVD
a3 AUBI IO o~ Wi )
e SDIE dADI N IXLXD
s DDA X JD *Z -t
e e _JX~IDuUX *ud iU H
e~ A VD> X2
CAHNNANL U™ oI I E D
L RV, ADX QOVNXCI

* 0 DOXX
.03 I IXD
o a3 X -}
®®

o e &

na 4

ssecee

LLLLVUOLLVOVLO



104

~
FVW
N~ 0 54
- m_n o ™ .
-t g .
0% -
g -t o~ [T T O
NN mmw o~ (o] £ bt
- =1 o] =t L o I~ —~ -
s 29 4 . @ o D _ -~ =
32 % % o . [0 4 o4 - S
Y Ziz - g o o o u 2 B
N Lt - o o s H - ° N
< SRE < 2 8 g "o, o - 22
" : » < X
- (ke wd .mﬂ + Mw ol Mm 3 M.W 1m by gy
nz @ Q 3 Kal « - ®
- XD m - 8w 2 g Q . ol
Q=i 3 =2 3 9w g .+ . "
Z - WO - o, e N O P MM ,.n.m > % =
Dy iy - g = [} Am.m < - ) L s »
= 23y : 3 8 2 B 3 s I
o X eEDX 2 S E A « + - 55
> F =2 = o @ ®0 w3 T o~ =
- = R B 8T S g < 5% %
e -~ 25 B W [he e ol ) - Ly
2 MURNWumu o v % W it ML m —_— et
I <X - = P b R e a1
> oty ey HH\.' B = S =1 < XO m = O DenNe
> AumDY 5 & & o9 § = A DOO
o Nz h = 5 & o ——— WA
. P at? Ua " n & 8 o 2 5o 55 . a0
> L5527 = s g 4o A& g = 9 A X~ #eD .
st =
va > b o o + o o P oy P |
* § L. o~} jon’ 4 ] o] i . D e~ O gnl
o - O] Yt o O O 1] =1 Do N XK
o ol - - o d < n] o) o pod PN X’CQ
> L oeoM i “ & o© o — -9y
-~ £z 2 =% O % = = 3 A E S—e Zx2Z
DT D x - et (o] 0] &) +
~ SN 0 o n 8 5 o = D D
-0 RN - = O = o4 L £ &~ ZXZ HJ (I
R ¢} o LD =t - o It 5 - = = = 255 2 p
- e aNEZ 2 }.l, + o i = - SN e P
x> 732338 7 5w T g5 . 8 290 g
2 PEVEETD Vrt»h Mw © Wo & o -t Ly ND ea~=~P e »
Y233 5282 ~Lo B S N T R ZOra~Z Z
[T I8 1% Tt DovE g IH‘.RXS = 2 o o Zo-unz Z
20xD13Z 4= ~w=IaN I RS- B S B O~ es N
308 =IO D mem—e e s £ E 3 9 & 2 efl—uny
AT CNIRIETT IRLAEIN LoE e B B 0§ L 5 Z=~303
—- AV Zrm =XKL U B - T B 3 Eu~203
g P e NXOr =X “«é ni o) ft ol o0 o] O D e et St
g A ol i, Ny o L J N LT e g, o o P 0 T — 2 257N
B ™ 2 W 2 BN B o W Wher o 4 m w o pM [ Shm—- O 0
D Do Otk T Lo 4] KK O Lol 3 Qw 1w o -l
U(LAX‘“QH&.L&X&&Q .wﬂ m m | &) . ° m xZoet L,
e 9= I e—a o u) e S 2 o o o o & Suox 4 J
qQy H#H o= =N iy e o 5 = - B & o 3 2E4xotoda
T DwXw B X5 o 5 A 5 - & ; b z
2" = Z =] + n A O WXLl
PN o~ B XL DD = ) . e o .
oD ESL CToTCCEEE a3 % B 8 o w o
odiiet -1 s ® W9
w-gl\lll.v X ND i o Y o ot Ui [#2] bt

U
t xu*utu&kHUtN
HSHW&NWW!IILXXXIPF«t
)
o BN = 4 Lo O
-~ M W



105

The computer output for this example is:

LIK&LIHOUU ESTIMATES OF 9% CONFIDENCE LIMITS FOR GUMBEL DISIRIBUTION

ALUs 12271.,31900 (MQLtR) XSCx 388l.86070 )

KETURN NONEXCEEUANCE EVENT CONF TOENCE  LIMITS

PeRIUU PROBABILITY MAGNITUDE UPPER LOUWER
Co «S0000 13694,07110 l148B47,6)16)8 12540022603
Se +80000 18U93.,87708 19864,24989 1632350428
LU vSU0UY 210060493149 23278,Ul173 18135.851e5

20. 9500u £3801.20321 26579.66421 21022.74221

SUe «9B000 €7418.10133 30873.39402 23962.80864

100 e SY00U 30128.,45750 34U99,41322 26157.%0177

LIKttlHOOD Eb?iNATES OF +95 CONFIUENCE LIMLIIS FUR LOG*GURB&L DISITRIBUTION
936354 (MOOE) XSC= «31 )

ﬂ&TURN NONEXCEEUANCE EVENT CUNF TDENCE  LIMIIS
PERIOU PROBABILITY MAGN I TUDE UPPER LOWER
Qo 50000 13082,36542 16366,43969 11913,06187
Se «8V0UY 186697,3913]1 215806,75163 16194,76834
10 «9000Y 23684,66419 28418.92722 19697.48767
20, «95000 €9114.35%40 37231428809 23715.0784¢
S0 98000 39853,20669 5c754,99429 J0106,086068
100V 99000V 49659,72385 68545,96833 35977.14399
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6. GENERAL EXTREME VALUE DISTRIBUTIONS

The three extreme value distributions are the Fisher-Tipet Type 1 (EV1 or
Gumbel distribution), Type 2 (EV2 or Frechet) and Type 3. They only differ
from each other by the value of the shape parameter B. The EV1 or Gumbel
distribution is a two parameter unbounded distribution with 8 = 0; the EV2
or Frechet distribution is a three parameter distribution with a lower bound
and B< 0 ; and the EV3 distribution is a three parameter distribution with an
upper bound and >0 . The cumulative distribution function (CDF) and
probability distribution (PDF) of the GEV distribution, which includes both

the EV2 and EV3 distribution are:

it

PG = exp {- (1 - BGcox) /] } )

i

£ = 1 - sex ) /0l r () &)

where
a>0 1is the scale parameter
B is the shape parameter

X is the location parameter.

The Gumbel distribution, as was mentioned, is a special case of the GEV
distributions, when £ = 0. So, the limit of the equation number (1)
when B - 0 should converge to the Gumbel distribution, as shown here.
Substituting u = (x-xo)/a, equation No. 1 reduces to

1/8}

, and we can use logarithmic (3)

/8

F(x) = exp {), {1-Ru}

Taylor series as an approximation to 1Inf[l - 8u}l as follows

2 3
In[1 - 8ul*® = 1/8 1n(1 - gw) a~% [- Bu - (gu) - <5§) -
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Now because 1n(1-—8u)1/B = Bu B u

/{’,m Sus o,

(l.-—(:u)l

and 1lim e[_ U= - RRES —u

B~ 0

So lim (1 - B[x—x ]/oe)l/B = e—[x—xo]/a
B0 ©

So the general value distribution reduces to the Gumbel distrihution
which equation is written as

F(x) = exp { - exp £-(x—xo)/a]} (3a)

This chapter is mainly concerned with the EV2Z and EV3 distributions,
because the EV1 (or Gumbel) distribution will be presented separately
in the following chapter, as it is a special case of EV distributions.
The reduced Gumbel variate y and can be written as
y = (x—xo)/a
Therefore the Gumbel distribution reduces to
F(x) = exp { - exp[-y] } (4)
and we can relate the reduced Gumbel variate with the original
extreme value variate as follows

/8 _ -y

[ - 8Gex)/a]tP = e

So  x=x_ + a(l-e‘By)/ﬁ (5)
is the relation between the reduced Gumbel variate y, and the
original variate x.

Equation (5) is a straight line when B-0 as will be shown
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lim [x~-x = a(l-eﬁsy)!S] = lim;a(1~e~6y)/8 = ay.
5-0 ° B~0

Therefore X=X, = oy is a linear relation as shown in figure 6.1.
The relation between Gumbel variate and EV2 and EV3 variate is an
exponential curve as can be seen in figure 6.1.

X

30
25
20

15

Ye

Figure 6.1 The three types of extreme variate shown as functions
of type 1 reducted variate by the relation

x = x_ + a(l-e"Yy /8

There is a practical way of determining the type of the GEV distribution

for a given sample of x. Since the theoretical skewness of the EV1
variate is 1.14, for £<0 the skewness is greater than 1.14 while for
>0, the skewness is less than 1.14. Furthermore if the X variate is
EV2 (Frechet) distributed, then log X is Gumbel distributed; and if X
is EV3 distributed then - X is said to have a Weibull distribution.
(NERC, 1975)

6.1 PROPERTIES OF EVZ AND EV3 DISTRIBUTIONS

Examples of the EV2 and EV3 with parameters X, = 10, a = 4,

and g = - 0.1 and X, = 20, o = 4, B = 0.35 respectively, are shown in
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figure 6.2,

upper limit 31.43
lower limit - =

EV3 skewness negative
Xo=20’ a=4.0, g=0.35
upper limit

EV2 lower limit = =30

skewness positive
x0=10, a=4.0, g= -0.1

3
+

-io

Figure 6.2. Examples of EV2 and EV3 Distributions

Denoting the reduced variates of EV2 and EV3 by z, and zy, one can

write:

]

2, =1- B(x—xo)/a ; with 0<z,< =, and 8 <0 (4)
and

z

it

3 B(x~xo)/u-l ;s with - ”‘i?jip’ and B >0 (5)

or the original variate in terms of z, Or Z,, may be expressed as:
X = (x0 + a/B) + (- a/S)zz, with (xo + a/B) < x < e (6)
and

X = (xo + a/B) + (a/B) 235 with = » < x < (xO + a/B) 7

where A = (x0 + a/B) may be considered as a new location parameter

(lower bound of x when B< 0, and upper bound of x when 8>0), and

‘D
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W

1 for EV2 (7a)
2 for EV3

B = (-1)7 (a/8) 3
i

i

such that B>0 is a new scale parameter. Therefore, equations (6) and
(7) can be reduced to one as follows

x = A + Bz (8)
where z should be considered as the reduced variate either for the
EV2 or EV3 distribution.

Replacing the reduced variates z, and z, in Egs. 1 and 2, one can

2 3

obtain the CDF and PDF in terms of the reduced variates:

F(zz) = exp { - (22}1/8} (9

£(z) = % {'u G LRy (10)
and

F(z) = exp | - (- (218} (11)

£(zy) = 1/8{ [_23}1/3-1} . F(zy) (12)

One can see in the above relations that the only parameter is 5.

This is the reason why £ determines the type of the distribution.
Furthermore, the following simple exponential relations are valid
between the reduced Gumbel variate (EV1) y, and the EV2 reduced variate

Zgy and the EV3 reduced variate 23.

N
]
[}

exp [- Byl , B8<0 (13)

N
it

3 = T exp [- 8yl , with B> 0 (14)

Two illustrative examples of the PDF of the GEV distributions are

given in Figure 6.2.
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6.2 ESTIMATION OF PARAMETERS
As was mentionea in the preceding section, the type of the EV distri-
bution strictly depends on the value of the shape parameter, B.
Consequently it depends on the sample skewness of the data used in the
analysis. Hence, one can make a rather coarse decision of the type of distribution

that might be in preference with the aid of the given sample skewness

(Figure 6.3).

g £v2 EV3

A
\ 4

[
1
S 2!

A ) « s A ) ﬁ
03 -02 Y 0 0. &0 03

Figure 6.3 Skewness of EV Variates as Function of the Shape
Parameter 8.

In practice, values of B usually lie in the following range: =-0.4 < § < 1.0.
It will be shown later that the central moments of the PDF, i.e. Equation 10,
depends only on B in the form of the gamma function, T'(z). Since the values
of the gamma function for the arguments 0,-1,-2,... are infinite, the
corresponding values of 8 = -1/3,-1/2,-1,-2... and B = 0 may not permit
computation of the central moments analytically.

Obviously the moment estimates of the parameters are less accurate as
compared with the maximum likelihood estimates, because of the con-
siderably large skewness of the EV variates. As a result one may find highly
different values for the parameters, or even different types of the EV

distribution, depending on the estimation procedure used in the analysis.
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Since the EV2 and EV3 distributions may be regarded as a GEV distri-
bution differing only by the value of B, only the two basic methods
(MONENTS and MAX LIKELIHOOD) have been introduced in the subsequent sections,
although there are some graphical procedures and the so-called "Estimation
by Sextiles" (Jenkinson, 1969; quoted in NERC).

Method of Moments

Applying the moment generating function of the PDF of z, and z

3’
one can find the rth moment about 22 = (0 and for 23 = 0.
“;(82) = P(1 + rB), with 8<0 (15)
and
Wi(zy) = (-DTT (L + rp), with B>0 (16)

The first three moments yield the mean, variance, and skewness

coefficients:
uy(z)) = T(L+ 8) an
uy(2)) = wy(zy) - (1% = T+ 28) - 17 + 8) (18)
Yy(2)) = uy(zy) [ Tuy(2) 1> (19)
where
u3(zz) = T(1 + 3B) -3r(1 + 2R)T(1 + B) + 21‘3(}, + B) (20)
for 22, with B<0 ; and:
by(zg) = I(L + 8) (21)
bp(zy) = T(L+ 28) - T2(L + ) (22)
My(zy) = = T(L + 38) +30(L + 2B)T(L + §)-20°(L + B) (23)

for Zqs with 8>0; and Yl(z3) will have the same form as Equation

(19).
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Since the moments of the reduced variates do not contain the other

parameters, and since x is linearly related to z and/or z their skewness

2 3
will be equal, so they both will have the same value of B. A unique
solution of B can be found to equation (19) with a given Yy x = yl(zz)
or Y y = ¥1(23).

Therefore you can find B parameter from the following equation:

_ (=1I[r(#38) - 3r(128)r(148) + 2r°(148)]

Y (24)
[r(1+28) - r2(1+g)1°/2

ifEV2 j =2 and B8<O

if EV3 j =1 and B8>0

one can give values to B and find y values. With this procedure we

derived two fifth order polynomal regression equations (B regressed on

2 3 4 5
Ys Y s Y 5 Y 5 Y )

- . ~ 9
1.- B = 0.2792377 - 0.3398360 v, _ + 0.1008508 v,
- 0.0165458 v. > + 0.0014037 +v. * - 0.0000479 v. > (25)
‘ Yi,x ' ‘ Yl,x : Yl,x
0.008 < v. _ < 8.000 R? = 99.97%
1,x —
A” -~ ~ 2
2.~ B = 0.277439 - 0.322359 y, _ + 0.065677 v, (26)
+ 0.029405 v. > + 0.0031760 v.
: 1,x ' Yl,x
3.80 <v 0872 2. y
- 3.80 &y, _ < 0. R® = 99.997%

where Y1 x is the sample skewness, and we can use the above equations
>
for a range from -3.8 to 8.00, to get the B parameter for either EV2

or EV3 distributions.

Having the computed B , one can estimate the mean and variance of the

reduced variate using equation (17) and (18) and/or equations (21) and (22).
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Due to the fact that the variate x is linearly related to the reduced

variates by equation 8, the mean and variance of x are:

= 27
“l,x A+ B u1,2 (27)
2
- 28)
MZ,X B p2,z (
where u and u represent the mean and the variance of z
1,z 2,z 2
and 23 respectively, as explained before. Then:
- - ” 1/2
= 2
B (“2,:,;/“2,2) (29)
and
A= ul,x - B gl,z

As we stated in equations (7a)

B = (-1)7(a/8) j=1 for EV2
j=2 for EV3 (30)
Then since B is known, o is calculated with:
o= (-1)7 B 8 j=1 for EV2  B<O0 (31)
j=2 for EV3 g>0
Thus the remaining parameter, X s can be obtained from (NERC, 1973)
as:
x = A- a/8 (32)

Subroutine PARGEV

This subroutine computes the moment estimation of the GEV dis-
tribution including the type I or Gumble distribution, although the
occurrence of g=0 or Yl,x = 1.14 is almost impossible.

The input variables to the main program PGEV are the sample
size N; the data x(I), I = 1,2,...,N; the estimator required, biased
(IEST=1) or unbiased (IEST=2); and the treatment of output, do not

write results (IWR=0) or write results (IWR=1). The output variables
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are the type of GEV distribution, ITYP=1,2, or 3; the location parameter
or mode X (X1.0); scale parameter a(XSC), and shape parameter B(XSH).

Subroutine PARGEV requires subroutine GAMMA to compute values of
the gamma function, I'(Z) for a given Z. The main program PGEV, and

subroutine PARGEV are presented below. GAMMA subroutine will be at

appendix.
PROGRAM PGEV (INPUT 4NUTPYT) o .
c EXAMPLIT CF PARAPETER ESTIMATION FOR THT CEV DIST, (MOMINT FSTIMATORS)
DINMENSTION X{e0)y E5TC2)
READ 10y N
10 FORMAT (1615)
READ 20y (X(I)y T:z14N)
207 FORPMAT(12F6.1)
Cg%L PARGEV (NoXoeXSCoXSHaXL2914ITYP41)
SUBROUTINE FARGEV(Ns Xy XSCyXSHy XLOy IESTyITYF« TWR)
c MOMENT ESTIMATORS OF GENERAL EXTREME VALUE DISTRIRBUTIONS
c ITYF = 1y TYPE-1 (GUMBEL) UNBOUNDED AND XSH=0
c ITYF = 2y TYPE-2 (FRECHET) HAS A LOWER LIMITy XSH I8 NEGATIVE
c ITYP = 3y TYFE~2 (FRECHET) HAS AN UPFFER LIMITy XSH I8 POSITIVE
c XL.0 = LOCATION FARAMETER (CENTRAL VALUE OR MODE)
C X6C = SCALE FARAMETER (SHOULD ALWAYS RE FOSITIVE)
Cc XSH = SHAPE PARAMETER (LDETERMINES THE TYPE OF THE EV DISTR.)
c N = GAMFLE SIZE
c IEST = 1y RIAGEID, IEST = 2y UNRIASED MOMENT ESTIMATORS
C IWR = 0y DO NOT WRITE RESULTS IWR = 1y WRITE RESULTS
c SUBFROGRAM NEEDED...GAMMA
c DEVELOFED BY JOSE D, SALAS AND E. BENZEDEN

DIMENSTION X(N)s EST(2)

DATA EST/10H ¢ RIASED s 1OH(UNRIASED /

UN = N

XM = X§ = X6 = ZA = ZR = GA = GR = 0.0
Cevs MOMENTSs STANDyDEV.AND SKEWNESS 0OF THE ORIGINAL DATA

BD 10 I= I»N

XM= XM + X(I)/N

X6= X§ 1+ X(IX¥X2/N

10 XG= XG + X(I)%X3/N

XG= XG + 2%kXMX%x3 ~ ZIXkXMXXS

X8= X& - XMXx%2

68X SQRT(XS)
Cs XG/ (X5%%1,5)

IF( IEST.EQ.1 )GO TO 20

88X =8XXEBRRT(UN/ (UN-1,3)

CS = COXSART(VNX(UN~1.))/(UN-24)

#oH
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frielnT 20,008

S0 ron rm (A7 7205y "WARNING- ~ THE ‘m’}MI LE SREWNESS T8 OUT OF THE PERMISS

XIBLE RaMOE®s ’”’0 v"',.?‘f..,m*é{:"“.‘ s My LR G
RETURN
ITFO CEMT.0.0872.8N0.05.6E.-3.8) GO TO 30
XGH= G2792377 - B3P03TL0%CE T 100850 OENXKD
1 sOL&GAGORE {:2-'\:(&.» F001A0F7HOENES - QO0GIFORCENNT
GO Tf} 3
{GH=0, 2774390, 322259%CH4H0, 0865472 RCHKED
2 0L, 029400CHXXI T, 00FL76H0RCTNRKS
20 = 1. + X8H
Catl. GaMMa (ZAsGa» TERD
ARo=m oA, o 2XHGH
CALL GAMMA (IR 68 JERD
Bo= SXSHARTOGE - Gookokd)
e “""H} S0y 800
TP 3
L

L
.~
R

ROC =XEHR
XLO o= Al
GOTO &0
S0OTTYP= 2
fos XM-BXGA
(B0 = - XEHXEB
XLO = a+R
SO TF (TWR.OGT.03 PRINT 76y ITYFy EGTCIEST)y XILLOy XS0 XBH
7O OFORMAT (1H1/778X “( ARAMETERE OF  THE EXTREME UaLUE TYPE-*T1.% DISTR
TTRUTION" 16X A10 " MOMENT ESTIMATORS) " /705X "LOCATION PaRAaMETER="]
212,867 15XGOALE FARAMETER="FI12,. 6/ 15X GHAPE PPt METER="F12. 4
300
RETURN
80 ITvie 1
Xelh = 7 {}«ae{\‘i}X
X0 }{M o Qe OPPRLEIRKEC
TF O CTWR.GT .00 ! RINT 20 ITYFe ESTOIEST)y XLOs XOO» XOH
RETURM
ENT

N
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Example 1 Subroutine PARGEV is used to compute the moment estimators
of the parameters of the annual maximum flows at St. Mary's River at
Stillwater. The biased estimates of the variance and skewness are used
in this example. The length of the record was 60 years. The input data
to PARGEV is N=60, the data set X(I), I=1l,...,60; IEST=1, and IWR=1l.
The computer output for this example is:
PARAMETERS OF THE EXTREME vALUE TYPE=-Z2 VISTRIBUTION
( BTASFD  mMOENT ESTINATURS)
LUGATION PanAMLIER= 41,235319

SCALE PARAME ) K= 49,3388c9
SHAPE PAKAME T Ert= -, 49613

Method of‘Maximum Likelihood

Using the Jenkinson approach (1969), the log likelihood of the GEV

distribution takes the form

N N
LL(x; X , a, B) = -N In(a) - (1-8) % vy, - ze 7i (33)
(e} . 1 .
i=]1 i=1
where
clpa- ey (34)
Yy B o

Differentiating with respect to X s O and B yields:

- 3LL _ Q (35)
axo o
- 3LL _ (PHQ)
da  (aB) (36)
) —g—%— = [R-(P+Q)/B]/8 (37)
where
N __
P=N- ze’i (38)

i=1



Q I 8(8"}-)}’1 (1-8)
i=1
N N
R=N~- Ly, + Ly, e
i=1 * i=1 *

The maximum likelihood estimates of Xos O, and B must satisfy the

equations
OLL _ OLL _
- ax =0, -5 =0

b 88
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~

JLL _

(39)

(40)

(41)

These equations must be solved iteratively as there is no explicit

solution.

a, B, as for example moment estimates.

Let Axo,k’ Aak,

It is required to begin the process with initial values X

ABk be the

differences between the maximum likelihood estimates and the current

X’ and BK at the kth step of iteration. That is

estimates Xo,k’a
= A
Xo Xo,k+. Xo,k
o =o¢k+Aak
I =
B = B8 + 0B

(42)

Expanding Equation (41) in a Taylor series about the maximum

likelihood values and omitting the terms containing higher powers and

cross products of Axo K ak, and Bk, yields the matrix equation:
2 2 2 2 -1 ] ]
Axo,k -3 LL/3x ok -3 LL/Bka aak -3 LL/on’kBBk &LL/BXOk
Ao, = ~82LL/3a Ix -aZLL/aa 2 »82LL/aa 9B 9LL/3a
k 77k ok k k "k k
A8 -BZLL/88 IX —BzLL/BB 30 -BZLLJBB 2 OLL/38B
k » k ok kk k B } k
3 p v

Jenkinson replaces the

elements of the matrix to be inverted by

their expected values which results in the large sample maximum likelihood

variance - covariance matrix of estimators X 5 o

~

B, as:

(43)
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2 2
(Var X, Cov (a,xo) Cov (xO,B) [& b a"h af}
|
f 12 2 |
gCov (a,xo) Var o Cov (a,B) =5 ¢ h ao’a oag!
i
i i
\ Cov (xO,B) Cov (a,8) var B J fof ag c
1 L
where a, b, ¢, £, g, h are functions of 8 only and are given in
Table 6.3 for various values of B
ﬁ u b « S/ ] h
-~ 04 1.05 1.29 0.84 0.26 0.09 0.80
0.3 0.92 1.29 0.73 0.26 0.03 0.69
0.2 0.81 1.2¢ 0.64 0.26 0.04 0.57
0.1 0.72 1.27 0.55 0.26 0.10 0.46
0.0 0.65 1.25 0.48 0.26 0.15 0.34
0.1 0.61 1.22 0.39 0.24 0.1% 0.21
0.2 0.58 1.20 0.33 0.22 0.21 0.09
0.3 0.58 117 0.27 0.19 0.23 -0.03
0.4 0.60 114 0.21 0.16 0.24 —0.16
0.5 0.63 1.4 0.15 0.13 0.24 -0.30
0.6 0.68 1.08 0.10 0.09 0.22 -0.43
0.8 0.82 1.02 0.03 0.03 0.15 -0.71
1.0 1.00 160 0.00 0.00 -0.00 ~1.00
Table 6.3
Inserting the expressions for the derivatives oLL s BLL, OLL
on Kk Bak BBk
b

(44)

in P, Q and R, as in equations (35), (36) and (37), with equation (43)

and using equation (44) for the inverse

of the matrix, yields

[ Ax “t (o a?h af | -q/a _M?
f %%,k '3 k Sl S T 3 |
f 1. 2 2 L {
;Aak = N Qe h a a ozkg1 i —(Pkfl-Qk/akBk |
iABk j 1 O‘kf otkg C j S —[Rk "(Pk'{’Qk)/Bk}/Bk“%

This expression gives the following three equations which can be

solved iteratively by varying

Axo,k= - oy (bk Ay + hk Bk + fk Ck)/N

Ba, = - oy (hk A +a B + g Ck)/N

OBy = = (£ A+ g B +C CIH/N

Xo',k’ %k

and Bk

(45)

(46)



where as bk’ Cis fk’ By and hk are the current estimates of a, b, ¢, £,

g and h
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e

for a given Bk’ and Ak’ Bk and Ck are:

I

Q,

K

(P, +QJ/8, (47)

and Pk’ Qk and R, are the current estimates, of P, Q and R for a given

o s Bk and x

k

The new estimates of the parameters are

ok’

= +
Kokt - Yo,k TPk

=  +
ak+l Qe Aak (48)
Berr T B T A8

The coefficients a bk’ Cro fk, 8y and h, used in the variance-

k

covariance matrix are estimated for a given current value of Bk' Then,

using the values of table 6.3, the following regression equations, wvalid

for a range of B from -0.4 to 1.0, have been derived

~

with R

with R

with R

with R

with R

with R

0

0.

.6528060 - 0.5598783 B + 1.0876209 82 ~- 0.054024 83 - 0.1270214 64

9999 and Maximum absolute error (MAE) = 0.0038

3

2
.2488727 - 0.205244 8- 0.2225715 B” + 0.0962481 8~ + 0.0813214 64

.9996, and MAE = 0.0062

.4725506 -~ 0.7603083 B + 0.2836171 62 ~ 0.1886466 83 + (0.1931182 84
.9999, and MAE = 0.0092

.2597848 - 0.1727130 B - 0.1370156 82 - 0.2437380 83 + 0.2937678 64
.9998, and MAE = 0.0029

.1432656 + 0.4419219 B - 0.4261602 82 - 0.1562171 83

.9993, and MAE = 0.0067

.3386324 -~ 1.2041691 B - 0.1333794 82

.000, and MAE = (.0069
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The numerical procedure may be finished when all of the increments

of Ax Aak, and ABk become less than a selected percent of the current
o

k’

values of x , and Bk’ say 1 x 10~6.

o,k’ %
In summary, in order to estimate the maximum likelihood estimates
of the parameters, one needs the initial values of X @ and B8 (for example,

the moment estimates of the parameters), and must establish the computational

procedure explained.

Subroutine PARBE2

This subroutine estimates the parameters o, B, and X by the Method
of Maximum Likelihood, and determines the type of the distribution, taking
into account the value of the shape parameter B. The variables XSC, XSH and
XLO, represent the scale parameter o, the shape parameter B and the location
parameter X s respectively.

The computation procedure is explained in the preceding chapter. The
input variables to PARBE2 are: the sample size N, the data set X(I), I=1,...N,
and the index IWR. Since the moment estimators are used as the initial
values of the parameters, subroutine PARGEV is required in addition to sub-
routine ELEMEN which evaluates the elements a, b, ¢, £, g, and h for a
given B, using the regression equations derived in the previous chapter.

If the shape parameter (XSH = B), lies outside its permissible range
-0.4 < B < 1.0, subroutine ELEMEN prints out a warning message.

If scale parameter (XSC = a), takes a negative value, subroutine PARBE2

warns the user. The maximum number of iterations is restricted by LIM=30

and the maximum relative error on the parameters by ERROR = 10-6-

This subroutine doesn't obtain the maximum likelihood estimators of the

EV1l (or Gumbel) distribution, but gives a message for the use of subroutine

PAREV2.
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The listing of PARBE2 and ELEMEN are given below:
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The computer output for this example is:

PARAMETERS OF THE EXTREME VALUE TYPE=2 DISTRIBUTION

TRIAL LOCATION
PARAMETER

&
n
.

NN roN NN NN
W seoseeeseeses s

N PSSP EPEPED

n

NNNPOP PO P

SCALE
PARAMETER

19  45,338829
52 38.77899¢
3 35:548372
i i
e elress
o3 35:81%81%
44 32.593243
57 32.882480
28 32.577874
o6 35.5729%¢
39 322534695
9  32.874540
82 32.574473
49 32.57¢4¢g
36 32:874643
8  32.574427
DISTRIBUTION

SHAPE VALUES OF LIKELIHOOD EQUATIONS

PAKAMETER  DLL1
“e049613=,1127E+0
=+ 162396~ 1054€ 40
=+24B8380~065T4E=0
i e
Rt
::323?913311§oe-o
=370796=.4728E=0
i
-:37}933:237035:0
2137138001 4381EC
i 3r808eT 12asE 0
=4375008-.2295€-0

0
Ev 2

PR ONNUNE & £ WWANI N+ = O O

oLL2

N
WO
P~NO

" ETEEENRENNRE NN I I I N S

e N O s=eia) (DI P00t MHTV 00 () 4
WSO THO PO MO WO

6.3 PROBABILITY DENSITY AND CUMULATIVE DISTRIBUTION FUNCTLON

DLL3

=~ O@®E & IO UHNDO NP W

O DU~ O © ~O UNWO W U
O W =ildv= O L~~~ 1= P

TN ON == (a) QOIS £ 0t PO U () o (0]

® 6O P 00 G PSS BO S

I§,372 08=,2295E«06 5305E=06 2916E«04

The general extreme value probability density and cumulative dis-

tribution functions have explicit exponential functional forms.

The

difference between the GEV type 2 distribution and GEV type 3 distribution

is that the shape parameter (B) has different signs.

limit to the left as:

XMIN = A =

X + a/B8 , B<O

with £(XMIN) = 0 and F(XMIN) = 0 and unbounded to the right;

XMIN < x < + «, while Type 3 has an upper limit to the right as:

XMAX = A = X + a/B

» 8>0

with £(XMAX) = 0 and F(XMAX) = 1 and unbounded to the left,

- <

x < XMAX

Type 2 has a lower
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For a given set of parameters the Probability Distribution Function PDF
of the EV2 and EV3 may be obtained directly from egs. (9), (10) and
(11), (12) respectively.

Subroutine DISGEV

Subroutine DISGEV computes probability densities (PDF) and cumulative
probabilities (CDF) for the extreme value distributions type 2 and 3, at N
discrete points. These points can be either specified by the user or they
can be determined in the program, assuming they are equally spaced. If
one wishes to determine the PDF and CDF values at N equally spaced points,
the index IX must be set to zero. The parameters of the distribution must
be specified and the Maximum (XMAX) and Minimum (XMIN) values are determined
analytically. On the other hand, if one needs the values of the density
and cumulative functions for a set of X(I), I=1,...N values (such as sample
observations), then IX=1 and X(I) and N should be the input in addition to
the parameters. The set X(I) should be input in increasing order of
magnitude.

The type of the GEV distribution is internally identified depending
on the sign of the shape parameter. The input variables to DISGEV are:
the number of points N; the data set X(I); I=1,...,N if IX=1; the parameters
XL0, XSC, and XSH; the index IX=0 if the N points are to be determined in
the program or IX=1 if the N points are specified by the user; and the index
IWR. The output are the PDF(I) and CDF(I) values corresponding to

X(I), I=1,...,N. The program listings are given below.
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GURROUTINE DISCEVINe X XLO e XECy X DEN COF» TX e TURD
3 PTRIBUTIONS

XL.O = LOCATION PARAMETERy X80 = SCALE PARAMITER (Pﬂbﬁ TVE
XGH = SHAPE FARAMETER (NEGATIVE IF TYPE 2y POSITIVE IF TY!
ITYP= 2 EV TYPE 2 DISTRIBUTION WITH & LOWER BOUND
ITYP= 3 EV TYPE & RISTRIBUTION WITH AN UFFER BOUND
IX = 0 X(Idy I=1y2veeeN SET I NOT GIVENCLIT T8 INTERNALLY EVALUATIED
IX = 1 XCI)y I=1u2y, N SET SHOULD RE GIVEN IN IMCRIZASING QRDER
TWR = 0 D0 NOT WRITE, ITWR = 1 WRITE THE RESULTS
XMIN AND XMAX VALUES ARE INTERNALLY COMFUTED A8 FOLLOWING
XMIN= LOWER BOUND OF Xy XMAX= X VALUE CORRI ONDIN & PROBABILITY=0, 990
XMaXs UPPER ROUND OF X XMIN= X VALUE CORRESFONDIN & PROBABRILITY=0.001

I
)
A

g -
N

REGH
DEVELORED RY JOSE . SaLAS AND E. BENZEDEN
HYIROLOGY AND WATER RESQURCES PROGRAMy COLORATO STATE UNIVERSITY
DIMENSION XOM(N)Y»y DENINYs CHOF(ND
Bow XBC/XEH % C o= 1, /X5H
T IXL.GT.0 2 VO TO 40
TFC XEGHLET0) GO TO 10
YMIN = XLO + L
¥MAX = RBYXCL - (-ALOGCO . 999) Y%kkXEH)Y + XLO
60 TO 20
10 ¥MaxX = XLO + R
XMIN = BERKL.~(ALOGC0.O01 ) YRXXSHY + X0
20 OFLX = OMAX-XMINDY Z(N-1)
no 30 I= 1N
30 XTIy = XMIN 4 (I-13XNELX
A0 I = G - 1
D0 50 I= 1N
COFCLY = EXPC~ (L~ (XLTY-XLOYRYSKEH )
S50 DENCIY = (1 - (XCI)-XLOY 7R SkInkOnF (DY /X80
IF O XEHLT 0w AND. IXLLELO 3y CIFCLY = O,
TFO XEHLT.0) ITYP=2
IFC XEH.GT.04) ITYP=3
IF (ITWRLEQ.0) RETURN
FRIMT &0y ITYFy XLOs X8Cy XGH
&0 FORMAT (IHL//70X"DENSITY ﬁNﬁ CUMULATIVE DISTRIRBUTION OF EXTREME VAl
1TUE TYPE-*T1//701IX"XLO="F10.3 XGC="F10.3" XEH="FO S5 12X ORDER
2 VaRIARLE DENSITY CUM¢ DLETR " /23Xy "VALUE"ZX"FUNCTION
Z 0 FUNCTION®/)
PRINT 70y (I X{Ids DENCIYy CDF(I)y T=1sN)
70 OFORMAT (13X 13+F14 6y2F13.é)
RETURN
N
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Example Subroutine DISGEV is used to determine the PDF and CDF of the
Type 2 and Type 3 extreme value distribution, with parameters XLO=10.,
and XSC=4., but with the shape parameters of different signs, XSH = -0.1
for type 2, and XSH = 0.1 for type 3 distribution. The maximum and
minimum values of cumulative probabilties are calculated assuming CDFMAX =

0.999 and CDFMIN = 0.001. The main program to call DISGAM is shown below.

FROGKAM GEVDIS (INPUTsOUTPUT)
EXAMPLE FOR THE DENSITY aND CUMULATIVE OF THE EV iYPE 2 ANU TYPE

DIMENSION X(60),

MN=1d
CALL

IND

$

KL(): 1va

DEN(60)

CLF (60)

$ XSC=4,

DISGEVINGXyXLO4XSCye =0,1y DENGCOFy 0o
CALL LDLISGEVINGXsXLOyXSCy

The printed program output for this example is:

DENSITY AND CUMULATIVE DISTKIBUTION UF EXTKEME VALUE TYpp=2

XLO= 10064 XxSC= 4,000 X5H=S =,10000
ORDER VLRIABLE DENSITY Cum, DISTR,
VALUE FUNCTIUN FUNCTLUR
1 =30,006000 0000000 0.000000
2 -21,132611 0000002 0.000000
3 ~12.265222 0000000 UsluQUUU
4 -3,397833 «QUOCUD 000009
5 5,469556 033076 LU35904
6 14.336945 + 056368 +599615
7 23.204334 s010z236 e 943939
8 32.971723 «0U1965 .287720
9 40,93911¢2 2+ 000457 « 9938750
10 49.866501 «0001cey «999000
DENSITY AND CUMULATIVE DISTRIBUTION OF EXTREME vALUE 1YPp=3
XLO= 10,000 xSC= 4000 XSH= 10000
ORDER VARIABLE DENSITY CuM, VISTR.
VALUE FUNCTION FUNCTION
1 1.471856 001423 (01000
2 6.86387¢ 058767 «11916%
3 12,255888 084723 571427
4 17,647904 2032847 «BH7100
5 23.03992¢v «QU7039 «980H39
6 28,43193v 000961 L997925
7 33.8239582 000072 ¢ 999863
8 39.215968 «UU0002 + 999998
9 44,607984 «UUQOUY 1«G00000
19 50.000000 «000000 1.00000U0

1)

Dele DENeCOFs 09 1)



6.4 THE INVERSE OF THE CUMULATIVE DISTRIBUTION FUNCTION

The inverse of the CDF of the general extreme value distribution
function has an explicit exponential function. As we pointed out, the
difference between the GEV type 2 distribution and GEV type 3 distribution
is that the shape parameter has different signs. The inverse of the CDF
of the extreme distributions type 2 and 3, is calculated by the following

expression

-2 - mE@N® (49)

x =x +
o

wle

which was derived from equation (1).

Subroutine INVGEV

This subroutine determines the inverse of the CDF of the extreme
value distributions type 2 and 3, using equation (49). The inverse
of X is represented by X(I) and the cumulative distribution function by
F(X) by CDF(1), I=1,...,N. INVGEV determines X(I) either for a set
of specified CDF(I), I=1,...,N; or for a set of equally spaced
CDF(I) = I/(N+1), I=1,...,N where N is given by the user. In the first
case the index ICDF=1, while in the second case ICDF=0. Inputs to INVGEV
are the parameters XLO, XSC and XSH; N is the number of inverses of F(X)
to be computed; the index ICDF and the index IWR. The output of INVGAM
is the set of inverses, X(I), I=1,...,N corresponding to CDF(I). The

program listing of INVGEV is given below.
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Subroutine INVGEV is used to determine the inverse X of F(X) for

Example

10.,

the extreme value distriubtions type 2 and type 3, with parameters XLO

The inverse is desired for 10 equally spaced

XSC = 4.0 and XSH = 0.1.

The main program to call

values of the CDF or N=10, ICDF=0, and IWR=1l.

INVGEV is shown below.
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The computed output of INVGAM for this example is:
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154375122

dUT 1o Py TIoN .

1700 XSH= -, 1200403

&
2
1
.
2
’“J
i
1

The o confidence limits X, for the T year event are determined by

Kite (1977)

.8
L

where u
o

X

is the standard normal deviate corresponding to the o

+u s
- a

confidence level:

T

The value of x.

T

can be determined by

where kT is the frequency factor, a function of the skewness and T.

by

where

Ag

+ Bg{(~ln(l-1/T))B-l]

(r(1+28)-r2+g) } ~1/2

(50)

(51)

(52)

(53)
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and
= - 54
AB 1 I‘(l+8))38 (54)
Bo= X + a/B(1 - T(1+8)) (55)
o= {amlrase - rfas) § M2 (56)
From Kite (1977), but keeping the same notation
- ¢ - B .11
X& = udo {L(A8 + BS{( In(1-1/T)) 1}3 (57)
where the frequency factor is
k= A, + By[(-1n(1-1/1)) 1] (58)

Method of Moments

The general equation for the standard error of estimate for a
3 parameter distribution can be written as:
2

My g 2 2
s = —=
T

3
\_1 + Ky, +%« [y2-1] + 5%—— 3y, 5y, - 6 (59)
1

d
+ k61,7, /6 - 107,761 + [y,
1

2 2
- 3Y3Yl —672 + 9 Y1 y2/4 + 35Yl /4+9]}

where Yl = skewness coefficient

Y, = kurtosis coefficient
Y o 2.5
3 - us/uz
= / 3
Ya H6 32

k = frequency factor

The derivatives can be found analytically as:

3k _ 2k 3B
9y; 9B 9y, (60)
if y =~ 1In(l - 1/T); Gr = T(L + rB); Pr = ¢y (1 + rB) (61)

* G. W. Kite, "Confidence Limits for Design Events'", Water Resources
Research, February 1975, Vol. 11 No. 1 p 50.
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where ¢ is the digamma function which can be evaluated from the

general approximation

1 1 1 1

- + -
2242 1(42)?  120(z2)% 252(2+2)®

y(z) = 1n(z+2) -

1 1

T ) Tz (62)
Then the two partial derivatives are given by:
Y _afrn a2 _ 3
TRk {[Gz G,“1. 16,2, = GG, (P, + 2P,) + 26, P ]
3, 2 2.5/2
- 164 = 36,6, + 26,°1-[6,P, = G, “P.] § /e, - 6, 63)
B 8 2.-1, L2
ok [In Y'Y~ - GlPl]—[Y - Gl]{G2 - Gl ] [GZPZ Gl Pl]
3B 2.1/2
(6, = 6,71
So:
ok _ P _ e . - o %L - g2
o, {.[ln S GIRNR 25 I RN S BY (SR s R N R }

2.2 2 3
[G2 - Gl 17/ ~{3([G2 - Gl ]~[G3P3 - GlGZ(Pl + ZPZ) + ZGl Pl]

2
- [ey - 36,6, + 2G13}~[G2P2 -6 pl})} (64)

With this expression we can calculate the standard error of estimate

and find confidence limits of the T year event.

Subroutine CLIEVM

This subroutine determines the approximate moment estimates of the
T year event magnitude XT of eq. (57) and the (100X) percent confidence
limits X of Eq. (50) based on the moment estimator of the standard
error ST of eq. (59). The event magnitude XT(I) and its upper and
lower confidence limits XUT(I) and XLT(I) are computed for specific
return periods T(I) or non exceedence probabilities PXT(I), I=1,...,NT,

where NT is the number of confidence limits to be computed, for a given
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confidence level CONF. Subroutine RETCDF makes inverse transformations
between T and PXT and determines the standard normal deviate UCL
corresponding to the confidence level CONF.

Inputs to CLIEVM are the sample size N, the number NT of return
periods or non-exceedance probabilities, the confidence level CONF;
the parameters XLO, XSC, and XSH (which should be the moment estimators);
the return period or non exceedance probabilities (T(I) or PXT) and the
index IWR. Outputs from CLIEVM are the T-year value XT(I) and its con~
fidence limits XUT(I) and XLT(I) corresponding to the input T(I), I=1,...,NT.
The program listing of CLIEVM is given below.

(Subroutines needed: DIGAMA, GAMMA, RETCDF)
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Example: Subroutine CLIEVM is applied to compute moment estimates of

design floods and their corresponding 95% confidence limits for 2, 5, 10, 20,
50, 100 years of return periods. The floods are extreme value distributed
Type 3 with moment parameter estimates & = 45,3388, x, = 47.2353, B = ~-0.0496
obtained from 60 years of flood data of St. Mary's River at Stillwater, using
subroutine PARGEV. The input variables to subroutine CLIEVM are N=60;

NT=6; T(I)=2,5,10,20,50 and 100 for I=1,...,6; CONF = 0.95; XLO = 47.2353,
XSC = 45.3388, XSH = -0.0496, and IWR = 1. The main program to input this

information is given below.

PECGE AN CXTCLM (TRDUT (JUTPYT)
DIMENSTION TCo0) e XTa0) o XUT (AT ) g XL TLE ) 5PxT ()
PUAD 10 NG NT G CONF ((T(T1) 4 12144)

10 §i§MA7q59§§,ng.2)
2O = 47.239315 1 XTC = 49 ,33252" T ASo., s £
%;‘%L CLITUNMINGAT, 0045, LO,X?";C;YS%Q,T, XT e ¥UTy ¥ T4 ,.4’ -

The computer output from CLIEVM for the example is:

”'3?4?5\‘ FETINITES OF THE L35 CaNTIOE i o
- 2 LONTIJENCT LTMYre (V9 LY TeDO L T T T
C¥lr= 77 47.23533 7 XS0 4503388090 yans | TG Trq i T IoN
ETURN NONEXCTEDANCE EVENT FOYET T A v
SRIW vRIRASTLITY 42 AN Lnr tpaen BN LLi???
2e «HBLED 64400860 - .
) JLash 1. 46503 47 050" B2
G »8000¢ 117.83516  142.°5514 MOENI S
an® so 538 158,1775% 185, 453€60 102,733
€5 « 150109 162 4,324% 233,047 74 16450, 1%5 -
16‘;;‘ ';"j"g-h 242442807 IRTL AT U 1’:,5,'5'(&)::7,
o «73000 281.51%66 403,771 54 153,50 774
Method of Maximum Likelihood
The quantile values of return period T may be written as
X(T) = A + By(T) (65)

One approximate technique which is widely used is to expand the expression
for X(T) considered as a function of estimated parameters in a Taylor
series about the population parameter values and on squaring to

disregard all terms above the second order, and take expectations of all
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the remaining terms. This gives an expression for the variance which
involves the sampling variance of each parameter and all possible sampling
covariances between the parameters.

When estimation is by maximum likelihood (Jenkinson, 1969), the

quantile is

x(T) = x, + % [1 - exp(-8y)] (66)

™ R >

where v is the EV1 reduced variate of return period T and a constant
in this expression. This expression may be written as:

x(T) = io + o W where (67)

W= [1- exp(-By)]/B (68)

Now we can use equations (4) and (5) and the relation of the
reduced Gumbel variate with 22 and 23 which are given by Eqs. (13) and (14).
The expression for the ML sampling variance is: (Jenkinson, 1969)

2 2 .
A _aw | b ¢ dw, 2 h g £ dwg
Var x(T) = N 12 + ;5 + ;5 (E§ + 2 =+ 2(w + 2;5) Fr (69)

w

where the constants a, b, ¢, £, g, h depend on B and are tabulated in

table 6.3 and,

%% = (v -~ wy/s (70)

Using these expressions we can apply equation (50) and find the

confidence limits.

Subroutine CLIGEV2

This subroutine determines the maximum likelihood estimates of the
T-year event of magnitude XT of equation (57) and the 100 o percent
confidence limits Xy of eq. (50) based on the maximum likelihood sampling
variance of eq. (69). The overall description of this subroutine is the
same as the subroutine CLIEVM referred before. The program listing of

CLIEVM. (Subroutines needed are INVGEV, ELEMEN, RETCDF)
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SUEROUTINE CLIGEV2 (NeNTyCONF ¢ XLOyXEO o XEBH e T XT e XUTy XLT v FXT s TWR)
C  CONFIDENCE LIMITS OF GEV DISTRIBUTIONS RY MAX. LIKELIHQOD
Cx JENRKINSON®S (19469) APFROXIMATION TO THE MAX. LIRKELITHOOD SAMPLING
VARIANCE IS USED 7O ESTIMATE STANDARD ERROR OF T-YEAR EVENT.
SUBPROGRAMS NEEDEX. .  INVGEVy RETCOFy AND ELEMEN
DEVELOFED RY JOSE . SALAS AND E. BENZEDEN
HYDROLOGY AND WATER RESQURCES FROGRAMy COLORALD STATE UNIVERIITY
DIMENSION TANT)Y o XTUNT) oy XUTCINTY o XLTANT ) y FXTINT)
ITYP = 3
IFC XSH. LT 0 ) ITYP = 2
CaLl, ELEMENC X8Hy Ay Ry Oy Fy Gy H D
CALL RETCIDFC NTy Ty CONFs PXTy UCL D
CALL TNVGEY (XLOsXSCyXSHeNT o XT»FXTv 10D
0o 20 IsdeNT
IFC X8He 6T .0 > 60 TO 10
YI o= o1, 4 XGHKC XTI - XLO ) /7 X8O
YT o= - ALOGC - YZ ) / X8H
GO TO 20
10 vY2 = 1o - XSHXC XT(I) - XLO )y / X&C
YT = - ALOGC + Y2 ) -/ X8H
20 WT = ¢ 1, ~ EXF(- XBHXYT ) ) 7/ X8H
T C YTREXFC -XEHXYT ) - WT ) / XGH
WW WT % WT
AN = N
AWN = XSCXWT/ SART(AN)
ST = AWNX BARTC A +  R+CRXDWXDIW) /WW + 2. %H/WT
1 200 G/ZWT 4+ 20XF/WW DKW D
XUTC(I) = XTCI) + UCL % 8T
30 XLTCI) = XTLID) - UCL % 8T
IF (TWRLWEQ.0) RETURN
FRINT 40y CONF» ITYFy XLO» XSCy XGH
40 FORMAT (1H1///8X*LIKELTHOOD ESTIMATES OF THE*F4.2* CONFIDENCE LIMIT
1TS FOR GEV TYPE~-"I1" DISTRIRBUTION"/Z13X"( XLO="F12.5" XSC="F12.,5"
2 XGH="F12,7" )*//13X"RETURN NONEXCEEDANCE EVENT*GX " CONF TUENCE
Z 0 LIMITS"/Z13X*"PERIOD  PROBARILITY MAGNITUDE " SX " UFFER"SX"LOWER" )
FRINT 30y (TC(I)y FXTCI)y XTC(I)y XUTC(Idy XLTCI)y I=1yNT)
SO FORMAT (12XyF4.0+2XyF10,.5y3Xy3F13,5)
RETURN
END

aoan

i i
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Example:
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Subroutine CLIGEV2 is applied to compute maximum likelihood

estimates of design floods and their corresponding 957 confidence limits

for 2, 5, 10, 20, 50, 100 years of return periods.

value distributed type 2 with maximum likelihood parameter estimates

= 31.7066, x_ =
o

flood data of St. Mary's River at Stillwater.

and 100 for I =

XSH = 0.392293, and IWR =

is given below.

GEVLON

v

mOoxMxxcC T

2y Cire-X
Crecxeric

razome

» 2
[ X TT7:) -4

1,...,6; WNF =

41.3035, and B = 0.392293 obtained from 60 years of

b

73713

T O3
i e O

e 26
M

m
-«
"

~NZ e~

< (e
Nl

- N
Z W~ O

1.

OPI=|

-

0.95; XLO =

= 63 T(I)

41.3035, XsC =

31.7066,

The floods are extreme

= 2,5,10,20, 50

The main program to input this information

I1RACE

The computer output from CLIGEV2 for this example is:

R
IS

RNy -
OIS
e 6 290 0

T
P-4

ueR A

® & » 2 % @

oy §

oW

)

- i
. e 3
Wty

SRkl

ATy LS

CI LI Ca

e

..
B

L]

Lad i

[T T o e

CICIDC I

L

[xiad}
[ )

>N
(i

3= S e

2

€ 35
X3C

c:
Y MA
-
10
18
21
32
4%

CONFINENCY LIMITS F)2
= T1dT0RAET ¥ SH=z
EVENT CONFIDEN:
GNITUCE yppre
38013 65,1745
b.0541¢ 131443042
S5.8347¢ 24,4542
Teba252 307 15967
4e 0271 G13%.53n874
1.,6325¢% T5%,. 10885

FIN 4,64439
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APPENDIX

Subroutine to evaluate the gamma function.

. GAMMA 73/73 OPT=1 TRACE

10

20

30

40
50

60
70

80

90
100

SUBROUTINE GAMMA (Z4+G,IlER)
IF(Z.LE-570) GO To 10

IER = 2

G = 1.,E75

RETURN

240930
GO Ton 80

uu

>

1}

et

.
. »
—0

G) 1O 20
IF (X=1le) 50950s8p
IF (XeGEERR) GO v0O 7o
Y = FLOAT(INT (X)) X
A Y E ERR 0T
§§‘$(§§£YL€ER;;L610?) 83 18%100
IF (X.GT.IQ) GO0 Tp 80
G =G/X
X = Xels
GO TO 60
Y & Xelo

FIN 4,6+452

ey y

GY = 1¢*Y#(=eS57T710166¢Y8(,98585399+Y8(=,B76421R2+Y4(,8328212+Y4 (-,
#5684729¢Y4(,25482049+Y® (=, 0514993)))))))

G = G#GY
RETURN
IER = 1
RETURN
END

Subroutine to evaluate the Digamma function.

-

SUBRJUTING I CGAaMA(ZymS D)

RECURRENIL T2JATI(N FOR TH. DIAs9YM:
Az7+2

AR (Z+2)Ywn?

ALz Z+2) % ey

AD=(Z+2)« 2y

ESrzat0s(AY = 1702%° ) = [ /(1D0wa2)y
I =1/7¢2+1) - 172

RETUAN

“NT

FUHC T T3

170107 ety

-

L0252 0)
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