
Computer Programs of Probability 
Distribution Functions in Hydrology (*) 

by 

Jose D. Salas 
Associate Professor of Civil Engineering 

Colorado State University 
Fort Collins, Colorado 

and 

Ricardo A. Smith 
Research Associate 

Interamerican Center for Water and Land Development 
Merida, Venezuela 

October, 1981 

(*) Not for reproduction without written permission of the authors 



PREFACE 

A manual of computer programs of probablity distribution func
tions of cm~on use in hydrology and water resources is presented 
herein. The functions used in the manual are the Norn1al. Lognormal. 
Gamma, Log-Pearson IIIt Gumbel and the General Extreme Value. The 
programs cover four main topics: the estimation of parameters by the 
method of moments and the method of maximum likelihood, the detenmina
tion of the PDF and CDF given the parameters, the determination of the 
value X given the CDF (the inverse problem) and the detennination of 
the confidence limits. For each topic, the analytical procedure is 
described in some detail as well as the programming algorithm. Each 
program is written in the form of independent subroutines which may be 
lumped together for solving specific problems. 

Should a user detect any inaccuracies or errors, the writers will 
appreciate the corresponding comments. 
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1.0 NORMAL PROBABILITY DISTRIBUTION FUNCTION 

1 .1 General Properties 

The probability density function (PDF) of the normal distribution is 

f(x) 1 ( l) 

where ~ is the location parameter and a is the scale parameter. It 

is continuous, -oo ~ x ~ +=, and tends to zero as x tends to -oo or 

+=. It has a symmetrical bell shape as shown in Fig. 1 and, as a result, 

the mean, mode and median are equal. It is a common practice to use the 

notation 
2 

N(~,o ) or N(~ 5 o) when referring to a normal random variable 

with mean 
2 

~ and variance a • 

,... 
t(J. \ 

\ 
\ 

---
-z. 

Fig. 1 Three Nonna1 PDF with ( 1) ~ = 0, 
2 

a = 1; (2) ~ 1' 
2 

0.25 and (3) 1 ' 
2 

(J ~ = (J = 4. 

Theoretically it may be shown that the mean and variance of the 

normal distribution function are 

and 

E(x) = p 

2 
Var(x) = a 

respectively. Similarly the skewness and kurtosis of x are 

y = 0 

and 

K = 3 

(1') 

(1") 

(2) 

(3) 



2 

In practice these parameters are often used as a criteria for 

validity of the normal approximation. The criteria is that both the 

sample skewness coefficient and sample excess coefficient, E = K - 3, 

should be approximately zero (Yevjevich, 1972). 

All odd central moments of the normal PDF are zero and all even 

central moments may be expressed in terms of the second order central 

moment, ~ 2 , (Kite, 1977) as: 

For example, if 

m 
ll2 

m! 

m 2: 

2 4 
~ = 3 ll = 3 a 4 2 

(4) 

(5) 

If the original variable x in Eq. (1) is transformed into a new 

variable u with mean zero and variance unity, or 

u = (x - ll)/a (6) 

the PDF of the new variable u takes the form: 

2 
f(u) = exp [- ~] 

/2; 2 
-oo < u < oo (7) 

This is the so-called "standard normal distribution" with mean zero and 

variance one or u is N(O,l). 

The cumulative probability distribution function (CDF) of the 

normal distribution is the integral of Eq. (1): 

F(x) = -- (8) 

The equivalent integral of Eq. (7) is 

F(u) = (9) 
-co 

the 
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The normal CDF has the properties F(-oo) 0, F(!J) 0.5, and 

F(+oo) = 1. 

1.2 Estimation of Parameters 

For the particular case of the normal distribution function the 

moment and maximum likelihood estimates of the parameters, p and a 

are the same. They are 

N 
.!. \ 

lJ = N L x. 
;.. i=1 l 

.; f1 (xi - ~) 211/2 

-l N j 

(10) 

(11) 

The estimate l.l is an unbiased estimator of the parameter Jl. On the 

other hand the estimate o of Eq. (11) yields a biased estimate of the 

2 
CJ • But if o of Eq. (13) is transformed to variance 

A A 1/2 
o' = o (N/ (N-1)] [N:l (12) 

then 
A 2 
o' is an unbiased estimator of 2 

0 • 

Subroutine PARNOR 

This subroutine estimates the parameters ll and o of the normal 

distribution function. The location parameter 0 (XLO) is determined by 

Eq. (10) and the scale parameter o (XSC) is determined either by Eq. (11) 

or by Eq, (12) as desired. The. input to PARNOR is the data set X(l), 

l=l, ... ,N with N the sample size; the index lEST which indicates 

the type of estimator for o, that is if lEST = 0 Eq. (11) is used and 

if lEST = 1 Eq. (12) is used; and the index lWR 1 if the printed 

output is desired or otherwise IWR = 0. The output from Pl\RNOR is the 
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location parameter XLO and the scale parameter (XSC). The listing 

of PARNOR is given below. 

SUijHOUll~E ~A~hUk( Nt At XLOt XSCt ltSft lWN ) 

'································•t•t•••i······························· c ••••• ~AHAMEfEH~ Of THE ~ORMAL 01~ H 8Ul UN fUNCllON 
c ••••• XLU •LOCAf!ON PAHAMElEHCMEAN) XSC •SCALE PAHAMErEN(SJ. UtV,) 
C•••••ltST=l MOMENT OR MAXIMUN LIKELIHOOO tSllMAlORSCBIA~EO Sf, UEV,) 
'•••••ltST=2 U~SlASEO MOMENI t~llMATORS 
~ ••••• !wW=U DO NOT wHITE RESU~JS IWN•l WRlTE HE~ULTS 
c ••••• ot~ELOPEU BY ~O~E 0• SALAS ANO Eo B~NltOEN 
t ••••• H10HULOGY A~O WATER Ht~OUHCES PROGRAMt COLOHAOO SlAit UNIVEHSlTY 
c ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

UlMENSlU~ A(~)t tST(~) 
OATA ESl /9N(~!ASEO t9H(UNBIASEO/ 
AM = O. $ AS : O, 
1.)0 10 l=ltN 
AM = XM + XCl)/N 

lU AS = AS + X(1)**2 I N 
XLV = XM 
XSC : SQHlC XS- XM**2 ) 
1~ ClESI.GT.l> ASC•XSC*SQHTCFLOAlCNI/CN•l)) 
lf (lWk.t:Q.O) ~ETUHN 
~H!Nf ~0, ESl<IESTJt XLUt XSC 

~0 fOHMAl tltil/I/7At"PAHAMElf.RS OF lt-tE NORMAL OISTRI8UflON'111UXA~" M 
ltJMENr t.SIIMAl0kS) 11 //~Xt"LOCAT10N PAHAMt:.TtR•"FlltSt" (Mf.AN)"tlbXttt 
2Sl.Alt. ~AHAME. I E.R:'*tf' J.J.~,n CS TO,Ot.v •) "II) 
ktfUH~ 
tr..o 

The annual maximum streamflow of St. Marys River at 

Stillwater {data shown in Appendix ) is used to the unbiased 

moment estimators of the parameters assuming a normal distribution. The 

to PAID~OR are N = 60 (sample size); X(I), I=l, ••• , 60; lEST= 1 

~a•.•~cL=c:~ variance) and IWR = 1 (print results). The main program for 

(. 
~kUG~AM ~UR~AH<lNPUftOUI~UitlAPt~=l~PUltiAPtb:OUTPUf) 
PAWAM~fEHS Of THt ~OHMAL UlSlklBUI}ON fUNCflON 
OlMtNSJO~ A(6~) 
ktAD J.OtN 
HtAU ~Ot (AllJ•I=ltNJ 

10 t-OHMAl (lt)l5) 
ti!u t-vr<MAl (lcfe,.o> 

tALl ~A~~QH(Nt At XLOt XSCt 2t }) 
tt"U 
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The resulting computer output is shown below. 

PA~AMtTtHS U~ TH~ ~UHMAL Ol~Tkl~~llO~ 
(UNblAStU MOMt~l ~SllMAfUk~) 

LOCAilUN PAkAMtTER= l4554.6b667 (MtA~J 
SCALE PAHAM~l~H= 5~26.~~~88 <SlO.OEV.) 

1.3 ProbabilJ-ty Density and Cumulative Di?tribution Function 

Since the PDF of Eq. (1) has a simple functional form, it can easily 

be evaluated for a given value of x. On the other hand the CDF's of 

Eqs. (8) or (9) have no explicit forms, and hence, they need to be 

determined by approximate functions. 

Abramowitz and Stegun (1965) gave several approximations for the 

CDF of the standard normal variate. A polynomial approximation with 

-5 error less than 10 is: 

F(u) 1 - f(u) (0.43618 v- 0.12017 v2 + 0.9373 v
3) 

\vhere f ( u) is the density and v is defined for u > 0 as, 

v = 1/[1 + 0.33267 u] 

A similar polynomial approximation was given by Hastings (1955) 

and has been used by IBM (1968). This approximation is: 

F(u) 1 - f(u) w {0.3193815 + w [-0.3565638 + 

+ w [1.781478 + w (-1.821256 + w 1.330274)]]} 

where w is defined for u > 0 as: 

w = 1/(1 + 0.2316419u) 

(13) 

(14) 

(15) 

(16) 
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In both approximations, the cumulative probability is 1 - F(u) if 

u < 0. Tables for the cumulative probabilities of the normal distribu

tion are also available. 

The relationship between the PDF f(u) of the standard normal 

variable and PDF f(x) of a normal variable x such that x = p + cru 

is 

f(x) = f(u)/cr (17) 

This subroutine evaluates the PDF and the CDF of a normal variable 

with mean p (XLO) and standard deviation cr (XSC). Equations (6), 

(7) and (17) are used to determine the PDF and the polynomial 

approximation of Eqs. (15) and (16) are used to determine the CDF. 

These probability functions are evaluated for either (a) a given number 

of points X(I), I:l, .•• ,N which must be supplied to DISNOR or (b) for N 

equally spaced number of points determined in DISNOR where N is supplied 

by the user. In the first case, the index IX = 1 and in the second 

case IX = 0. 

For the case (b) DISNOR has a DATA statement specifying the values 

u11IN = -2.4 and UMAX = 2.4 (corresponding to probabilities of 0.0082 

and 0.9918, respectively) which serve to determine N (supplied to DISNOR) 

equally spaced points beginning at 

XMIN = XLO + UMIN * XSC = X(l) 

Subsequent points are determined by 

X(I) = XMIN + (I-1) * DELX I= 2, ••. ,N 

(17') 

(18) 
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where the increment DELX is 

DELX = (UMAX - UMIN) * XSC/ (N-1) (19) 

If the user wants another range of the X values, the UMIN and UMA..X 

of the DATA statement should be modified as desired. 

The input to DISNOR is: the total number of points N; the variable 

X(I); I=l, ... ,N if IX= 1; the parameters XLO and XSC; the index 

IX = 0 (if variable X(I) is to be computed in DISNOR) or IX = 1 f X(I) 

is given); and the index IWR. The output from DISNOR are the PDF (I) 

and CDF (I) of X(I), I=l, ... ,N. The listing of DISNOR is given below. 

SU~HOUflh~ OlS~UR( Nt Xt XLOt X~Ct O~Nt CUft !Xt IWR ) c •••••••• , ••••••••••••••••••••••••••••• , •••••••••••••••• ,., ••••••••••••• c ••••• OtNSllY A~U CUMULATIV~ Ul5 klB~liON fUNCTlUN~ Of Ht ~OHMAL 
C N z MAXl~UM ~UM~E~ Of OlSCHElE P01N15 FOk O~NSilY AND CU~ULAllVt 
C XLO: LU,AllON ~ARAMtlEH (MEAN)t ~~C a SCAL~ PARAMEJER (SIANOoDeV•) 
C 1~ : 0 X(J)t I=l•2••••N Sll IS NOT GIVtN A~ INPUT 
C IX= l A(l)t l=lt2t••tN 5~1 SHO~LU 8E GIVEN lN ITS OHOEH Of MAbNlTUOE 
C U~!Nt UMAX : AS~~~tO MINIMU~ ANO MAXIMUM VALU~S OF lH~ STANUAHU 
C ~OH~~L O~VlAlt Ll~Ill~G THE CUMPUIAl!ONS WHl~ lX=U CUSEk ~UPPLllU). 
C I~H = 0 OU ~UI wHlflt I~H = 1 ~HllE 1HE Ht~ULlS 
C DE~ : UENSilYt COF = ~UMULAllVE PHU8A81Lll' UF tACEEOE~Ct 
C OtYELO~tO ijY ~OSE O. SALAS AND E. ~ENlEUE~ 
C ~YU~ULUGY ANU WAltH R~SOURCES Pk06HAMt COLOkAOO STATE UNIVE~~liY 
c ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

O!Mt~SIU~ A(N)t UEN(N)t COf(N) 
DAIA U~l~t U~AX I •2.4t 2.41 
l f ( 1 A • G 1 • V ) GO Tv 2 U 
XMlN = ALO + U~lN * XSC 
UtLX = \UMAX·U~lN)*~SC I (~-1) 
UU 10 I = !•" 

10 X\1) = XMlr. + (1•1) * Ot.LX 
20 CUNS =leI ~YHf(o.2dJl~52) 

ou 30 ! = 1•1\ u = ( X(l) • XLU ) I XSC 
Ut~tl): CON~ * tX~( -O.~* ~-·~ ) 
V = le I tt. + U.£3!6~19 * AbS(U) ) 
CUt(!): 1. • Ot~(l)*V*(Oo31~3815 + V*(•O.J565b3B 

! + V*(lol814?8 + V*(•l.82l256 + V*lo330c14)))) 
It< u. Lt .o > Cl.Jf(l) = 1.- CUf(l) 

30 Ot.~<f> = Ut;,.l\i(l) I X~C 
1~ ( . wk. Lt. .0 ) kEIUH~ 
~H!Nl 4Ut ~L~t XSl 

40FVt-tMAI (1~1//=)(•"NU~MAL UENSITY ANO CUMULAilVt:. UJ~l'~I~UflON fUNCllO 
ll\~"t15XtttALU:",flt::.:,,u (~EAI\)t XSC= 11 tfl2•~•" (5I.OEV.)U//7X"OHUEI-< 
2"t5J\tHVAHlAbLt 11 t5At"UE..N:,liY"te,A,ttCUM.Ul~lk•"tlltiXt*'VALUtUt/Ati!.\ 11 FU 
3NCllONttt6X)/) 
~HlNl SOt \It X\l)t UEN(l)t COF<I>t I=ltN> 

50 FUkMAl (8~• l3t F14e~t ~Fl3.~) 
~tiU~N 
E~O 
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It is desired to compute the standard normal PDF and 

CDF at 10 equally spaced points. DISNOR is called from a main program 

with the information N = 10, XLO = 0.0, XSC = 1.0, IX = 0 and IWR = 1. 

The calling main program is shown below. 

PHOGHA~ ~CNUlS Cl~~UTtOUlPUTJ 
Ot~~lfY A~[ (~~~LAIIVE P~UBAbllliY FU~CllONS OF NOHMAL OlSlHlBLJJO~ 

~IMtN~I~~ A(60), UENC~U)t COFC60) 
CALL CISN0H(l0t Xt o., l•t OE~t CUFt Ot 1) 
t.I\U 

The resulting printed output for this example is shown below. 

~O~MAL OE~SllY A~O C~MuLAilVt CI~f~l~~fiCN ~U~CllO~S 
~LO= o.UOOOO (MEA~J, ASC= 1.00000 (5J.OfV•) 

OHOt~ VAklAtiLt UEN511Y tUM.Ul~lk. 
V-LUE FU~CllO~ FU~CIION 

1 -2.40000 .ot:239: .uoBl~a 
2 -1.86667 .06c:JfJ67 • 030';'/4 
3 -!.33333 .lt4ulu .0911::11 
4 -.eoooo .2e96'1c .21lt3~5 
5 -.l!e66.1 .385001 .394t;eJ 
6 .26661 .385001 .6u~137 
~, .eoooo .t:8969t! .788145 
8 1.33333 ,164010 .90fJ./89 
9 ~ .e66t'' .Ot:986'1 .9b90C:tl 

10 .40000 .022395 .99lt:i02 

Consider the variable u to be normal N(O,l) whose CDF is 

represented by F(u) . The problem is to find u for a specified 

value of F(u). That is~ if 

(20) 
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then 

u = 1 (p) 1) 

or u is the inverse of the CDF corresponding to the lity 

p. For a normal distribution with mean ~ and standard deviation 

cr , the inverse x of F(x) (corresponding to the lity 

p) may be found by 

X = lJ + 0 U (22) 

The inverse u is computed herein by the polynomial approximation 

by Abramowitz and Stegun (1965) as 

u = v - (23) 

where 

ao = 2.515517 bl = 1.432788 

a1 = 0.802853 b2 = 0.189269 

= 0.010328 b3 = 0.001308 

and: 

v = [- 2 ~n F (u)] 1/ 2 
0 < F(u) < 0.5. (24) 

The approximation has an error less than 4.5 x 10-4 . For values of 

0.5 < F(u) ~ 1.0, F(u) of Eq. (20) should be changed to 1 - F(u) and 

the computed u of Eq. (23) becomes -u. 

Subroutine INVNOR 

Subroutine INVNOR determines the inverse x of F(x) of the normal 

probability function with mean 11 and standard deviation i.J • The 

inverse x is represented by X(I) and F(x) by CDF(l). INVNOR has 

the option to determine X(I) for either (a) N specified values CDF(I), 

I= 1, ... , N or (b) N equally spaecd CDF(l) computed in INVNOR by 
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CDF(I) = FLOAT(I)/(N+l). In the first case the index ICDF = 1, while in 

the second case ICDF = 0. Inputs to INVNOR are the mean XLO; the stan-

dard deviation XSC; the index ICDF, the number of inverse points N; the 

set of CDF's CDF(I), I=l, ... ,N if ICDF=~ and the index IWR. The output 

of INVNOR is the set X(I), 1=1, ... ,N corresponding to the set CDF(I), 

I=l, ... ,N. The program listing of INVNOR is shown below. 

~~BHOUllNt 1NVNUH( XLUt A~Ct Nt CUft CLA~t lCOFt lWH 
c •••••••••••• til •••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C•••••l~~EH~E OF 1Ht NOkMAL ~Uf 
C CUF = CUMULATlVt PHOBABllliY AT CLAS~ LlMll A • 
C l~OF= 0 CUft!it !=l•~••••N Stl IS NOl blVEN A~ INPUT 
C lCUf= 1 tUF(lJt l=l•~•••'N ~~~ ~HUULO ~l GIVEN AS AN lNPUl VEClOH 
C CLA~= CLASS LIMIT UF A COHHt~PONUlNG TU CUf(A)e 
l N = NUM~tH OF CLAS~ LlMlf~ U~ X lO Bt ~OM~UitU 
c ••••• ~LV =LOtAfiON PARAMt1EH(MtAN) XSC •SCALE ~AHAMElER(~l. OtV. 
C ••••• lwR=u UO NUl WHllt Ht~ULI~ lwHxl wRllt HE~ULJS 
C ••••• uEVELOPtu ~y ~U~E 0. SALAS ANU t. BtNltOlN 
C ••••• HYUHUL0GY A~U ~ATEH Rt.~UUHCES PHOGRAMt COLOHAOO SlAft UNlVEkSlTY 
(. ...................................................................... . 

UlMENSlO~ CDf(N)t CLA~(N) 
If< ICDF. GJ .o ) bO 10 ~V 
IJU !O 1 = ltN 

10 (.Uf <1> : fLUA1 tl) I tN+l) 
C ••••• ~uLYNOMlAL APP~O~lMA1lU~ FHOM ABRAMUW11L•Sll6UN(l9b~) 

2v uu Ju l=l•~ 
CLUf- = C.UF ( l) 
lF( CCuF. Gl .o.~) CCUf:r: le•COf(l) 
v = 5~HT(•2.*ALOG<CC0f) ) 
CLAS(J)c V - <2.51~517 + Oe80~8S3*V + O.Ul0J~8* V**~)/ 

l (l• + J..~32788*V + U.l~9209*V**2 + u.UOllU~* V**J) 
if( CUF<l>. Lf • 0.5) LLA~(l) • • CLAS(l) 

Ju C.LAS(l)= XLO + CLA~(l) * XSC 
if- ( lwR .tQ. 0 ) HlfUHN 
~HINT 40t ALUt XSC 

40 fUI-<MAl<lh!II!:>At"lNVEH!lt. Of lt1t. NOHMAL (,UMULAllVE Ut.NSllY FUNC110N 11 

1/~Xt"( )J.LO :a"tFl~.~tllAt"XSC ="tfl2.~t 11 )"/ll3Xt 11UHUlH CUMULAJ 
c:!lVt. lNVE.HSE"IC:2At"UJ.SIHltiTl0N"IJ.5Xt"l"t9Xt"COflX)tt,9A"X(1)"/) 

t-'k!NJ ~Ot (lt CUf (1) t CLA~(l) t l•ltN) 
~U ~UkMAl ( l.3Xt 13t f lbebt t-14.:,) 

c 

ktlUH~ 
tNu 

Exam:ele 3. Subroutine INVNOR used to determine the inverse of 

the CDF of the standard normal for 10 equally spaced values of the CDF. 

The input to INVNOR is XLO = 0.0, xsc = 1. 0. ICDF = 0, N = 10 and 

IWR = 1. The main program to call INVNOR is shown below. 

~~UG~A~ ~OH!hV tlNPUlt UUIPUft IA~E~=lNt-'Uit rA~Eb=UUl~01J 
lNV~H~~ Uf tHt NOHMAL LOt 
UlMENSION Cuf(l00)t CLA~(lOO> 
CALL INVNOH tOet let 1Ut CUF't CLA::,, Ot l) 
E.NU 
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1ne output from INVNOR is: 

I~VtH~E 0~ l~E NOHMAL CUMULAIIVL Ut~SlJY ~UhlllU~ 
t XLU = o.uoooo ~~L = 1.ouvvo > 

OH(Jt.H CltMULAl1Vt. 
U1~1H1~110N 

lNVE.HSt. 

1 CUf 00 X (I) 

~ .o9u9u9 -l.J3539 
.ltsltt18 -.908J~ 

3 .2-121~1 •.bU4~J 
It .JbJb3b -.J'+~Jl 
~ •'+~'+~'+5 -.J.lJ'f.(: 
6 .!:l4~4!»5 .113~~ 
1 .oJoJo~+ .348.Jl 
8 .-lt:.11!.13 .oo4c:J , .dl8lttc .~OtjJ!l 

10 .9090"11 1 • .33~J9 

1.5 Confidence Limits 

The confidence limits x~ for the T-year event xT (T represents the 

return period) is determined assuming a normal standard error so that 

X = X + u ST 
.Q, T- a 

(25) 

where u is the standard normal variate corresponding to the confidence 

level a. The value is determined by 

+ K a (26) 

with K the normal frequency factor which is equal to the standard 

normal variate uT (corresponding to T) and u and a are the pa

rameters of the normal variable x. The standard error sT may be 

shown to be (Kite, 1977) 

0/ 
/ r::N Vi 

with N the sample size. 

Subroutine CLINOR 

(27) 

Subroutine CLINOR computes the upper and lower confidence limits 

of an estimated normal value xT(I) for a given return period T(I) 



or a nonexceedence PXT(I). The upper and lower 

limits are represented XUT(I) and XLT(I) and are 

computed for a specified level CONF. The subroutine CLINOR 

uses the subroutine RETCDF which makes inverse transformations between 

return and nonexceedence and determines the 

standard normal deviate UCL corresponding to the specified confidence 

level CONF. This surbroutine is also used in suhRl'qHPnt prngr:1m:-~. 

Inputs to CLINOR are the size N; the number NT of return 

or nonexceedence probabilities; the confidence level CONF; 

the mean XLO; the standard XSC; the return period or the 

nonexceedence probability ,I=l, ••• ,NT; and the index IWR. 

from CLINOR are XUT(I) and XLT(I) corresponding T(I),I=l, •. ~,NT. 

The program listings of both CLINOR and RETCDF are below. 



13 

5U8ROUT1N~ HETCDF<NT• r, CJNFt PXTt UCL) 
DlME~SIO~ TCNT)t PXTtNT) 
IF< Ttl>. Ll .1. > GO TO 20 
00 lO 1= lti\IT 

lU P~T<l> = 1. • le/Ttl) 
GO ro 40 

20 CO~Tl!\JLJE 
00 30 I= },\IT 
PX.f({) = l(J) 

30 1(1) = 1. I (le • PXT(l) ) 
4

v ecL==s6Art·:~~~~L6G~PCL) > 
UCL= V - <2.~15517 + 0.802HSl*V + 0 OlU328~V~~2l I 

1 ct.• 1.4327BM~v • o.l89?b9•v••~ • o.oot30~•v~•J) 
~ETU~~ 
E~J 

Example 4. We wish to determine the values of the variable x 

for return periods of 2, 5, 10, 20, 50 and 100 years and the correspond-

ing 95% confidence limits of the variable x. The variable x is normal 

with mean 14554.67 and standard deviation 5226.89 computed from 60 years 

of record. The subroutine CLINOR is used with input variables N=60; 

NT=6; CONF=0.95; XLO=l4554.67; XSC=5226.89.T(I)=2, 5, 10, 20, 50, 100, 
.) 

for 1=1, ... ,6 respectively; and IWR=l. The main program to input this 

information is shown below. 

c 
~qUbHAM NUHLUN (!~~Uit UUf~Uf) 
CUNF l Ul:J\jlt L 1 ~ 11 ~ uF l Ht. NUk,..tAL lJ [~I" 1 nlJ I 1 ~Jf\1 
UlME.N~lUN l(ilJlJ)t 1>.l(!V0)t XUf(}Ol))t XLrtlVV)t 1-'/o.ltluOJ 
~tAU lUt ~.~TtCUNftALU•X~t 

lu FOHMAT t2l~tJF1U.2> 
kEAD 20t ll <l)tl=ltNI) 

20 FURMAl (12rtJ.O) 
CALL CL!"'O~ <N•NT•CONf•ALU•ASL•l•Ar•Aut•AL ,.~xr.t> 
t.l'40 

The output from the program 1s: 

MO~ENT ESTIMATES OF T~E .95% CO~riDENCE ~lMITS FO~ ~O~~lL JlSTRIBuTIO~ 
< XLO= 14554.b7000 <~E.A!\1) XSC: 5226.89000 CSTA'4)e)Ev) ) 

RET JRN \JONEX.CEtDANCE EvE~T CO\JFIOENCE Ll~ITS 
PE~TOU PRORAHILITV ~AG~IT~DE JP~E~ L~~E~ 

?. .soooo )4~54.bb947 15871.~2lbl 13231.91134 
5. .80000 18952.87170 04~2.176C.l 17413.5b700 

10. .QOOOO 21254.12522 23039.44359 194bti.90bB5 
20. •'950 0 0 23154.00922 251B3.35251 21124..~6594 
:;u. .9~000 2529J..bti7"79 27624.5049~ 2295B.'370b3 

100. .qquoo ?6716.52099 29253.47173 24169.:>7025 
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APPENDIX 

Flood Data of St. Mary's River at Stillwater 
(From Kite, 1977) 

10400 16100 11800 
10700 10200 13900 
20100 12300 12300 

8210 19900 15100 
14300 19900 11900 

8040 18600 11000 
8210 18000 16000 

13900 13100 11600 
8390 29100 14500 

18500 10300 13000 
13000 12200 17200 
16400 15000 13900 
23000 12700 11900 
6700 13100 13600 
7130 19200 12400 

14300 19500 18300 
20600 9020 12900 
25600 11800 18200 
8180 16100 9900 

34400 16900 10200 
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2. LOGNORMAL DISTRIBUTION WITH TWO AND THREE PARAMETERS 

It has been shown (Sangal and Biswas, 1970; Chow, 1954; Markovic, 

1965) that the log probability law can be applied to a wide variety of 

hydrologic events because most have a physical lower bound; they are a 

symmetrical and their causative factors are often independent with 

multiplicative effects (Yevjevich, 1972). Finney (1941) and Chow (1954) 

attempted to show theoretical justificati.on for the lognormal law. 

Markovic (1965) studied annual precipitation and runoff series of 2060 

stations and found that the two-parameter lognormal distributiou gave an 

excellent fit. 

2 . 1 GENERAL PROPERTIES 

Let us consider the transformation y = ~n(x). It can be shown 

that if x is lognormal then y is normal. Assume that the parameters 

of y are the mean 11y and variance 2 
a , then the PDF of 

y 

written as (Finney, 1941; Chow, 1954; 1966; Yevjevich, 1972): 

f(x) 1 

/2; X a 
y 

1 9-n (x)-11 2 
exp [- 2 ( a ) J 

y 

x can be 

(1) 

which is the two parameter lognormal distribution (lognormal - 2) where 

11y is the location parameter (mean of y) and a 
y 

is the scale 

parameter (standard deviation of y) both in the log normal domain. When 

the parameters are considered in the x domain, 11 controls the scale 
y 

while a controls the skewness and hence it may be regarded as a shape 
y 

parameter (NERC, 1975). 
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The following relations exist between the parameters of the normal 

and the lognormal-2 distributions (Yevjevich, 1972): 

2 
1 ]..lx 

] j..l - £n [ 
2 y 2 

+ 1 T) 
X 

and 

0 £n (1 + n2) 
y X 

where nx is the coefficient of variation, nx 
0 

X 

llx 

(2) 

(3) 

The skewness and kurtosis coefficients of the variable x are: 

y = n3 + 3 n 
X X X 

(4) 

and 

8 + 6 
6 

15 
4 

16 2 + 3 K n n + n + 
X X X X nx (5) 

and they are always positive. The mode and median are: 

m exp (]..l 0 2) ]..lx/(1 + n~)3/2 
X y y 

(6) 

M = exp (]..l ) = ]..l /(1 + n2)1/2 
X y X X 

(7) 

respectively (Yevjevich, 1972). 

Examples of lognormal-2 PDF's are shown in Fig. 2.1 below. 

If the x-variate has a lower bound, x , different from zero, and 
0 

if the variate, z = x - x follows a lognormal distribution with twoa' 

parameters, then the x-variate is lognormally distributed with three 

parameters or simply lognormal-3 (Chow, 1956; Sangal and Biswas, 1970). 

The lognormal-3 PDF can be written as 

f(x) = 1 (8) 
/2; (x-x ) o oy 



o. 

.-, 
/ ' 

I ' 
I ' 
I \ 

' '\ 
' ' 
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2 Figure 2.1. Examples of lognormal PDF's with ~ = 0, a = 1 and 
y y 

(a)x = 0 (lognormal-2), (b) x = -1, and (c) x = 1. 
0 0 0 

The parameters , cr and x are called the scale (mean of 
y 0 

£n(x- x )),the shape (standard deviation of ~n(x- x )) , and the 
0 0 

location parameters, respectively (Yevjevich, 1972; 

NERC, 1975; Kites, 1977). 

The lognormal-3 PDF can be applied to positive or negative 

valued events provided x - x > 0, while the lognormal-2 distribution 
0 

should always be applied to positive valued events. Two examples of 

the PDF of the distribution are shown in . 2 .1. 
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2.2 

The selection of the parameter estimation procedure of lognormal 

distributions is a matter of The method of moments is very 

but less accurate since the moments may involvE~ some loss 

of information and bias. Particularly, the estimation of three parameters 

may result in a lower bound that is than the observed minimum 

or in some cases there may not even be a solution. The method of 

maximum likelihood is more laborious if a computer is not available, but 

the results are more reliable. Sangal and Biswas (1970) devised a method 

for estimating the lower bound using the mean, median and standard 

deviation, but et. al. (1975) concluded that the method of moments 

was better. The methods of moments and maximum likelihood are the only 

methods discussed below. 

The moment estimators of the lognormal-2 distribution may be obtained 

by 

1 
=-

N 

= 

N 
I: 

i=l 

N 

Q.n (x.) 
1 

E [ Q.n (x. )-ll ] 
i=l 1 y 

1/2 

In the case of three parameters, if the lower bound X 
0 

(9) 

(10) 

is 

not kno\vn in advance, as most often occurs, it is necessary to estimate 

x either graphically or using the 
0 

given below provided that 

the skewness y is positive (Yevjevich, 1972). Since the second 
X 



and third moments of z = x-x 
0 

20 

do not depend on x , and since 
0 

1< = l! -x 
Z X 0 

and o 
z 

ox' the lower bound may be expressed in terms of ~x' nx' and 

n as 
z 

n 
X 

0 
( X ) ~X 1 - n z 

The skewness coefficient of x and z are the same, i.e.: 

11
3 + 3n 
z z 

Estimating yx from data the solution for Eq. (12) is (Yevjevich, 

1972): 

n z 

where w is: 

w 

A 

(11) 

(12) 

(13) 

(14) 

Thus, the use of ~x' nx' and n
2 

in Eq. (11) determines the value of 

x and ~ , and 0 can be estimated from Eqs. (9) and (10) replacing 
0 y y 

x. by (x.-x ). The estimates of oy and yx may be obtained either 
l l 0 

from Eqs. ( ) and ( ), or Eqs. ( ) and ( ), respectively. 

Subroutine PARLO 1 

This subroutine computes the moment estimators of the parameters of 

the lognormal-2 and lognormal-3 probability functions. The main variables 

used are the sample size N; the data set X(I), I=l, ... ,N; the parameters 

XSC, XSH and XLO; the index IPAR = 2 for the lognormal-2 function or 

IPAR = 3 for the lognormal-3 function; the index IEST=l for baised or 
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estimat the lower bound parameters XLO for the lognormal-3, it mny 

result in a value than the minimum value (XHIN) of the d~lta ~~t.'t 

X(I); in this case PARLOl prints out both XLO and XMIN. Also, the 

coefficient of skewness of X may be negative for which there is no 

solution for the coefficient of variation nz of . (12). In such case 

a message is out. The program of PARLOl is below. 

~;) U B F~ 0 U T I N E P A f~ L 0 l ( N v ~< v X~] C v X[) H , XL 0., I P ,:') 1:~ v I E ~;) T " I i..t..l r\ ) 
C MOMENT E~:;T I tiP1 TORf:) Dr LDGNOf<t··1f.'tL D I STF\ I BUT IONS WITH 2 tiN X:: '·' Ptii"(P,NF'TCr~~··; 

C I F' f-'1 R:::: NUMB [ f\ 0 F F' A r\ ,:') ~1 E T E f\ S ( TAt\ E ~:> 0 N L Y T 1·1 E V f-'t L U E G 2 0 F\ 3 ) 
C IEST=1 BIASEDY IEST=2 UNBIASED ESTIMATORS 
C I ~lf\::::0 DO NOT WF\ I TE >' I Wf\:::: 1 ~JH I TE THC l:<r::~:>ULT~:> 

C N ···· MAX I MUM N U t·1 BE f\ 0 F DATA AN Ft L Y ZED IN THE P r:: 0 G r~ f~ ~1 • 
c 

DIMENSION X<N>v ESTC2> 
DATA EST19HCBIASED , 9HCUNBIASEDI 

C XLO =LOCATION PARAMETER 
C XSC ::::GCt..LE PAr\At1ETER (MEAN OF LN ( X····XO)) 
C XSH ::::Sf·JAPE PAF\AMETEF\ ( f:>TD. DEV. OF LN ( X~ .. XO)) 
C DEVELOPED BY JOSE D. SALAS AND E. BENZEDEN 
C !1YDROLOGY AND WATER RESOURCES PROGRAM, COLORADO STATE UNIVERSITY 

VN:=N 
Xt·i::::XS::::XG::::O ~ 0 
IF CIPAR.GT.2> GO TO 30 
D 0 :l. 0 I :::: :t , N 
XM=XMtALOGCXCI)>IN 

10 XS=XStCALOGCXCI>>>**21N 
XSC::::Xt1 
X~>H::<>OF~T C X~3·· .. Xt1**2) 
I F < I EST • E 0 • 2 > X ~:H-·1 ::::X S H * S C~ f(f ( V N I ( V N w .. :1. • > > 
IFCIWR.EQ.O) RETURN 
Pf~INT 20ll IPAF\!1 E~3TC JEST>, XSC,XSH 

20 ror:.:~1AT c 1. H1 / l /GX y II PAr~~~t1ETEF<S or THE LDGNor:.:t1AL ... · II , I 2 y '* n I ~>Tn I r:ur 
1ION"/8X,A9v" MOMENT OR MAX.LIKELIHOOD ESTIMATORS)"//5X,"SCALE P 
2 t·~ r:.: ~~ t·1 E T E r:.: := II ,.. r 1. 2 ~ ~j v 2 x , " c M r:;: f~ N oF L N c x > > II / ~.;j >< )I " r> H {; P c P (; r< .~., r .. 1 c T F r:~ N 

3F 12 + ~) '2X !I II ( ~:; DEV + OF LN (X) ) "I/) 
F\ETUr..:N 

30 Xt1IN :::: XC 1) 
DO 40 I==::l YN 
Xt·i::::Xt·1tX (I) /N 
XS=:XS+X C I) **~·~IN 
XG:=XG+X (I> **3/N 

40 XMIN:::: AMIN1CXMIN,X<I>> 
XG=XGt2*XM**3 3*XM*XS 
XS::::XS··· XM**2 
c s :::: x o /. ex . .S-* * 1 • ~::; > 
IF CCS.LT.O.) GO TO 70 
W:::: c scurr c cs~c«2+4. ) .... cs' 12. 
Z=: (l. ... W**<2./3) )/(W**<:I. .. /:3)) 
XLO:::: XM··· SC~f:.:T < XS) /Z 



c 

Ir CCXMIN XLOJ.Lr.o. l GO TO 90 
XH'- XS-=0. 
!10 JO I- 1 • N 
XM7. XH I fiUlG i XC I> -XLO J IN 

~0 y::; " XS I ALOG C XCI J ·XLO >**:!IN 
X!:>C '"' XH 
XSH 7. ;;r.RT<XS XHU2) 
rrciEST.EO.:n x:,H, XSII*SQRT(VN/<VN-1.>> 
rrcrwr,.rn.o) REnmN 
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N\ IN T t.. 0 , Ir'l'\ R , [ S T ( Jf ~ T > , X l. 0 ' X S C • X S II 
nO roriMAT 01111//fJX, ·r·AriAMFTER~> or Tl![ LOGNCH~HAL-' .I:',' DISTR!DUT 

1ION",/17X,A?," MOMENT [~TIHATOR~>'•// ~X,"LOrATION rARAMEI[R~·,rt:' 
2, ~,:'X, • CLOWER BOUND, XL 0) "I ~,X, ":if: fiLE f'Ar\M1L 1 U~.,..' • r 1 :• • ~~ • 2:'< • " : M£ 

3 AN or LN<X~XLOll'/ 3X•"~HArE PARAMETlR~',r12.~.2X,'IS. ~rV 0 

4r LNCX XLOll"//1 
r,rnmN 

70 r·RT.NT no, cs 
flO rrmr1AT ( Ulll// ~X• 'HOHCNT SOLUTION IS IHPOSSIDLE FlECAUSf" or TilE Nr 

tr!I'\TTVE :.t:rw·/~x.·r:ocr .nr SKrw7.•,rt0,4> 
r:rrurm 

?0 r·rdPT 100, XHIN, XLO 
10() rnr\MIH 11IIL'// '}X,'lOW[fl [rOHN[I tS GREATEr\ THI'lN OD!i[R'v'[D MINtHHH VA 

1LUC"IJX, "OBSCRV[f! t1TN ".rl:'.:!,' l.OWU\ f!OtfNI"I '' ,F1:',31 
f\[TURN 
rNrr 

Example 1. Subroutine PARLOl is used to compute the approximate 

unbiased moment estimators of the parameters for the lognormal-2 and 

lognonnal-3 probability functions corresponding to the annual maximum 

flows at St. Marys River at Stillwater (Kite, 1977). The length of record 

is 60 years. The input data to PARLOl is N=60; the data set X(I), 

I=l, ... , 60; IPAR=2 (and IPAR=3 for the lognmoral-3); IEST=2 and HJR=l. 

The main ::>rogram to call PARLtJl is shm..rn below. 

~HUG~AM PLU~l <lNPUTt UUl~UT) 

C ~XAMPLES Of LUGNO~MAL UlSTHl~UTlO~S ~liH MUM~Nl ESllMAfUHS 
UlMENSlUN A(bU) t lY~E(~) 
t<E:.AO lllt r--. 

10 fUHMAl ( ltJI~) 
t-<tAU 20t (X(i)t l=ltN) 

2U FUHMAf (l2Fb.O) 
CALL PA~LUl(Nt~tXSCtA~HtXLOt2t2tl) 
CALL ~A~L0l(~tAtASCtASHtALOt3t2tl) 
tNU 

The output from the program 1s: 

J.'AkAMt:lt.k~ Of IHt. LU{,I\IORMAL• i!. ulSIH!BUllON 
(UN~lAStU MvMtNT OH MAX.LlKtllHUOO t~liMAIUH~) 

LOCAliON ~AkAMt1tH= 
SCA~E ~A~AMtltH= 

~.~~847 
.33740 

(MtAN UF LN(X)) 
< S • OE 'V • Uf LN (X) ) 

~AkAMET~k~ OF THE LU6NOHMAL- 3 OlSlHl~UilON 
(U~blAStO ~UMtr--.1 tSllMATU~S) 

2lud.947o~ 
'1.3~+~~~ 
.40~13 

<LOW~H ~OUNUt ALO) 
<S.UEV. OF LN(X•XLU>) 
( MtAN OF LN(X•ALQ)) 
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The maximum likelihood estimators of the parameters of the 

lognormal-2 distribution are the same as the moment estimators gtvPn 

in the previous section. However the results are not the same for 

lognormal-3 distribution. Therefore, this section outlines the procedure 

for estimating the parameters ~y' and x of the lognormal-3 dis
a 

tribution by the method of maximum likelihood. The log likelihood function 

of the density ftnlction of . (8) is (Yevjevich, 1972): 

N 
LL (x,u ,a ,x ) -

y y 0 
I x.n ( 

i=I 
-X ) 

o· 

N 
- { I 

i=l 
l in {x. -x ) 

' 1 0 

"/ 

~ ] ... } I 1 2o 
y \ y 

Differentiating Eq. (15) with respect to 

N 
, X-n ( 2rr) - N in 

fl ' 0 y y 
;:.nJ x 

0 

llS) 

and equating 

them to zero yields three equations which shvtil.l he solved simultaneously 

in order to obtain the estimates and x 
0 

aLL/ = 

3LL/ao - -N/o 
y y 

and 

N 
{ L [in 
i 1 

N 

2 -x )-p ]} /o 
0 y y 

2 3 
+ { I [in(x.-x )-~ ] }/o 

._, 1 0 y y 
1-.~, 

0 

- 0 

CiLL 
--- = 
ax 

0 

\ -1 2, 
L (x.-x) (~- o) 

- 1 0 y y 
\' -1 
L(x.-x) in (x.-x) = 0 

1 0 1 0 

Equations (16) and (l give the following expressions for 

1 
N 

lJ = I in cx.-x) y N i=l 1 0 

l N 
" 2 ... r" 

[£n (x.-x) 0 = l. - fly] y N i=l 1 o· 

(16) 

(1 

(18) 

fly and 

(19) 

(20) 



where the location parameter, x
0

, must be solved from Eq. 18 or frmn 

F ex J 
1 N 2 ~ 1 N A 2 {- I in (x.-x) - [- I ~n (x.-x )] 

0 N i l 1 o N i=l 1 o 

l N N 

N I in (x.-x )} + I 
i=1 1 0 i=l 

iil(X. 
1 

"" x.-x 
1 0 

0 (21) 

Equation (21) has no explicit solution, therefore, it must be solved by 

an iterative procedure such as the Newton's tanget method. This method 

requires the first derivative of Eq. (21) with respect to 

F'(x) = f(b 
0 

2a 
-c-1) + 1f [-d + a(c + 0.5)1 + e 

where a,b,c,d, and e are: 

a = 

1 N 2 
b :::: l in (x.-x) 

N i=l 
]_ 0 

1 
N 

c :::: I ~n (x. -x ) 
N i=1 1 0 

N in(x. 
d I 1 

and :::: 
x. X 

i 1 1 0 

N in (x.-

I 1 
e :::: 

i=l (x. -x ) 
1 0 

X • 
0 

That is 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 



c 
( 
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(. 
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Subroutine PARLO 2 

Since the maximum likelihood estimators of the two-parameter 

normal distribution are the same as the moment estimators, this prograra 

only deals with the maximum likelihood estimators of the ter 

lognormal distribution. 

Subroutine Pc'\RL02 solves 

N~wton's method. Since XLO < Xl'\1IN, a simple bisection 

is used in order to decrease the number of iterations in the tangl:>nt 

procedure. The maximum number of iterations Rre restricted to LT.\1 20 

and the maximum error for XLO is restricted to 10-6 . Thl' t?rror is t 

absolute value of the ratio of difference between two successive values 

of XLO and the last value of XLO. 

Subroutine PARL02 uses subroutine FXLOG for the function 

of Eq. (21), its first derivative (Eq. 22), as well as the scale and shape 

parameters for a value of XLO. 

The input to PARL02 is the sample size N; the data set X(I), I=l, ... ,N; 

and the index IWR. The output are the XSC, XSH and 

XLO. The lis of PARL02 is below. 

S~~~O~ll~E ~AHLU2(~tXJA~CtA~Ht~LO•IWH) 
M Jl 1-. • l 1 K t l l t-- () C 0 t S 1 l M A t L k 5 0 F T t-- f. l 0 u 1\; \1 h fvt o L- 1 U J ~ I ~ ll' U t 1 u :--. 
XLO : LCC~T10~ ~ANA~Eit~ (LOW~~ bU~~GAHY Uf X ) 
A~ti :: Sr~f-E f.JAkAf'«-t lt.H (5. DEV. Of l!'J ( X-ALU)) 
X S C :: 5 ( ~ l t P /A~ A IV f:.. 1 t t-1 ( M E. A N U f- l i\l ( ). -A l v ) ) 
lwr< : 0 CO i'IGTt lWH = 1 wt-<Ilt: Tht. kt.~LiLI::, 

N : MAXIM~~ ~WMbEH Of- OAI.A ANALYZEC I~ lHt ~HUGHA~. 
EH~UH: M-Al~~~ A~SOL~lt HtlAllVE fH~CR H~Y~lktMt~l U~ AL~. 
Ll"' : MA.Xlfi'L~ f\UtvBtH CF lltktll Iuf'.<; ~t~?oillltlJ lf\ fHt-. rkllttiJUt-<t 
S~6HOUTI~t ~tQLlr<tMt~IS= U~LY JHt ~L~HU~Il~L ~Alub. 
0 t \J E. L 0 J-1 tV t Y v C ~f. U • ~.A l A~ A f\4 0 t • b F f\ L t l) t.1._. 
hYCkOLOC:~Y At\iC •AitH Ht_SOUH(t~ tJHU(ir<l\tv, \..Ulvkl\UlJ ~fAit U!'JlVt.t<~J I Y 

UlMti\SICI\ X(~) 
UATA li~tE~kUHI~~,v.UUV!I 
Af.l'=u. 
X.,lf\4= .X(l) 
UG 10 l=i•f\j 
XM:AM + .K(l)/N 

10 X~li'l: AMlf\l(~M{NtX(l)) 
PRJf\11 2li 

l:O FOHMAl (lHl///E-Xt"FAkAf-4tft.k5 UP. ff'it LtJ(;I"'Ur<t..,J\L•3 UJ~:dt<lblil itJI'II"I l 
l'7X•"<~AX. L1KEllt<C0U E~ll~AI0H5) 11 1/!:>A•"It-<lAL LU\i\tH t1UUIVIJ Vt\Ll-l' L 
2r Ll~t- l~..-kCVf:.~f:i'.rl"/.l~X,u1-.lv"tt'Xt"Lltt00L tlJUAilvN Ur\1 Al\.-fl/1 

K 'l t-t: l 
lt (X~l~) 4Vt30t40 

30 Al = •O.OCl~A~ 
GO fu ~0 
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Example 2. Subroutine PARL02 is used to determine the maximwn 

likelihood estimators of the parameters of the lognormal-3 distribution 

for the annual maximum flcn,r of St. Hary 1 s River at Stillwater. The record 

length is of 60 years. The input to PARL02 is N=60; X(I), I=-1, ... ,60; 

and I\.JR=l. The main program to call PARL02 is ~iven hell)\:. 

The resulting output from the program is: 

P~RAMtlE~5 OF T~t LOG~G~~~L-3 Cl~l~I~~IlU~ 
C~~x. LI~tLIHOCO tSll~AfOkS> 

l~IAL LC~Ek ~CL~O v-LOE F Ll~t- l~FkU~tME~l 

J. 
( 
3 
If 
5 
0 
1 
8 

XL~ LlHOOC tQ~AflC~ U~ XLU 

-.Sl.7l;l07ttE ... Ol 
·.390l5073E-03 
•.38577519E•04 

.C;46579SSt:.•05 
-.lo5736e5t-o~+ 
-.l6762043~·t15 
-.~~7236~<JE•07 
··11253154E•09 

(LOwER BOUNC 0~ Xt~LO) 
( S. DE V • G F L 1\ ( X- Jl. l t.J ) ) 
(MEAN OF Li'f tX.•AL\))) 

The first four trials in the above result correspond to the bisection 

iteration Thereafter the tangent procedure was used. 
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2.3 PROBABILITY DENSITY AND CUMULATIVE DISTRIBUTION FUNCTION 

An indirect way of evaluating the cumulative probabilities for the 

lognormal distribution is to transform the original x values into loga-

rithmic values as y = ~n (x-x
0

) and use the procedure for the 

normal distribution (section 4.2.3). Consider the CDF of the lognormal-3 

distribution as 

1 
X 

1 1 tn(x-x ) - ll 
F(x) = f exp [ ( 0 Y. ) 2] dx (28) 

/2;' (] x-x 0 -co 0 y 
y 

Since dx = (x-x ) dy, one can express Eq. (28) as: 
0 

1 
X Y-ll 

F(x) = f exp [ _.!_ (--Z) 21 dy = F(y) (29) 
fiiT a 2 (] 

-co y 
y 

which can be numerically evaluated using the standardized variate: 

(30) 

and using the approximate procedure used in the case of the normal 

function. 

The PDF's of the lognormal distribution functions (Eqs. 1 and 8) 

have the same explicit form as the normal density function but in the 

log domain. Thus if one used the density computed or tabulated in the 

u domain, the values of the density function in the x domain are com-

puted by 

f(x) = f(u)/[o (x-x )] 
:X ll y 0 

(31) 

Equation (30) gives a straight line between the log tansformed 

variate y = tn(x-x ) and the standard normal variate u. Lognormal 
0 

probability paper is frequently used in practice for plotting empirical 
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and theoretical probabilities (Eq. 28) where the latter yields a 

straight line and can be plotted Eq. (30). 

Subroutine DISLOG evaluates densities (PDF) and cumulative 

(CDF) for the lognormal functions with two or three 

The program uses the proc.edlur·es in the section above. 

The PDF and CDF are determined at N These 

are the user or are determined in the program .. 

If X(I),I=l,2, ••• ,N is not 

tht! standard normal 

as input 

should be 

, a maximum value, 

for a selected 

maximum probability level, say 0.9918 {UMAX=2.4) in order to restrict 

computations in the subroutine. In such a case, DISLOG densities 

and cumulative at N equally values of X(I) within 

the , XLO to XMAX, where XMAX is the value to the 

selected maximum value for the standard normal deviate., UHA .. X. If 

IX=l,X(I), 2, ••• ,N, (not in order of magnitude}, should 

be by the user in the program. 

The location parameter should be specified as XLO=O if the two

is used. This is because the 

XLO is used to the of the distribution, i.e., the value 

of and it is also the first x value X(I) when IX=O.. The user 

must realize the fact that the location parameter XLO is the lower 

bound in the x 

deviation in the 

while XSC and XSH are the mean and standard 

The input to DISLOG is: the number of discrete the 

set X(I),I=l, •.• ,N if IX=l; the XLO, XSC and XSH; the index 

IX=O (if X(I) is to be or IX=l is 

; and the index lWR. The output is the ) 
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and CDF(I) of X(I),I=l, •.. ,N. The listing of the program is below. 

Subroutine DISLOG is used to evaluate the densities and 

cumulative probabilites of the lognormal-3 function with parameters 

XL0=-18.9, XSC=5.365 and XSH=0.696 at ten equally spaced points. The 

index IX=O (since X(I) is not given as input) and IWR=l to print the 

results. The main program to call DISLOG is shown below. 

PROGHAM LOGUlS <l~Pvlt Ou1PU1) 
LUGNO~M·L ~tN~liY AhO tUMULAllVt Ol~l~l~UI10N fU~lJlUN~ 
t:.VALUATIOI\ (JF lJfNStlY A~U CUMULAll\lt t-uh LU\:lNOkMAL Ul~&klVld ltll\f 
UlMEf'f~tON A.(60)t utN(CO)t COt-(oO) 
CALL 0 SLOG« lOt x, •18.9t ~.~6St o.o9bt UtNt CUFt Ut 1 > 
t.NO 



)l 

The resulting output from the program is: 

LCGhOH~Al• 3 Ot~SlTY A~U C~~LL~llVE OlSTHI~~IlO~ f~~C1J0~~ 
< ALu• •18.9oooo xsc= 5.3e~uooo ASh= .b~buouu 

OHC~k VAklABLE DE~~llY LU~.UlSlk. 
VALUE F~~CTIO~ ~U~CTIO~ 

l •18.~0000 o.oooooo o.oovoou 
t:. 107.33881 .003410 .t.:c'+~4~ 
3 233.51762 .00~206 .~9443~ 
4t Jsq.e1643 .001080 ·'"''+J2'1 5 486.0~~2~ .ooo5Ju .t;~l~~1 
t 61~.~9405 .ouoc:71 • '.ll't U tHJ'+ 
7 738.53285 .000145 .9654~~ 
~ ti64.71l6tJ .000081 .919~/1 
9 99}.01047 .000047 .<itj/l~t: 

10 lll .24928 .o<Joo~e .99l~oc 

2.4 THE INVERSE OF THE CUt-fULATIVE DISTRIBUTION FUNCTION 

The inverse of the CDF of the lognormal distribution with 2 or 3 

parameters may be detL~rmincd by 

x. 
1 

x + exp {~ + u. a } 
0 y 1 y 

(32) 

where x. is the inverse corresponding to the CDF F(x.) = p of the 
~ 1 

lognormal function with parameters X o' lJY and CJ and u. is the 
y .~ 

inverse of the standard normal variate corresponding also to the prob-

ability p. 

is as 

Therefore the numerical approximation used to determine 

in section 4.2.4. 

INVLOG 

u. 
l. 

This subroutinP Getermines the inverse variable x of the lognormal 

CDF f(x) with parameters and The inverse variable x 

represented by X(I) and the CDF F(x) by CDF(I). The parameters x , 
0 

u ·y 

is 

and are represented hy XLO, XSC and XSH, respectively. INVLOG has the 

option to determine X(I) fur either N ied values CDF(I), I=l, ... ,N 

or for N equally spaced CDF(I) computed in INVLOG by CDF(I) = FLOAT(I)/ 

(N+l). In the first case, the index ICDF=l while in the second case 

ICDF=O. Inputs to INVLOG are the parameters XLO, XSC and XSH; the number 

of inverse points :-~, the set of CDF's CDF(I), 1=1, ... ,N if ICDF=l; the 

index ICDF; and the index IWR. The output of INVLOG is the set X(I), 

I=l, .•. ,N corresponding to CDF(I). The program listing INVLOG is given below. 
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Subroutine INVLOG is used to determine the inverse of 

9 values of the CDF corresponding to a lognormal-3 distribution with 

parameters XL0=-18.9, XSC=5.365, and XSH=0.696. In addition to the 

above information the inputs to INVLOG are ICDF=l, IWR=l and the set 

CDF(I), 1=1, •.• ,9 shown in the program output below. The main program 

to call INVLOG is shown below. 

PkOG~A~ L~GCL~ (l~~UJt Oui~UT) 
l~VEHSE OF IHE LOG~OkMAL U1ST~I~Ullv~ 
U!MtN~lON COF(i00)t ~(100) 
N~9 i XL0=-18•9 \ AS'=~.36S ' A~H=O.b9b 
HEAO lOt <COF<l)t I•!tf'f) 

10 FOH~Al(l0f8.b) 
CALL lNVLOG (XLOt XSC, XSHt Nt COFt Xt it 1) 
t"'O 
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T!"\e ou"tput frorr: I~YLOG is: 

Lt-cut.~ CUfl'ULAliYI:. l.lA~~ 
U 1 S t H I t.U.1 l 1 Uf\ 

1 CUFOU A ( 1) 

1 .i24~4S 1U1.J~Cf3tt z .~9443S (JJ.50t2J1 
J .19 .. 32'1 JS'.f.lo~t>~ 
it .89l~b1 ttt:tb.l07Jo 
~ .91t0084t 6l4:.4Jb~l 
6 .96!l't~5 1J~.7490J 
1 .9792.71 865.UttltUO 
8 .987152. 991.3t:43~ 
9 .Y9l8oc lll 1 0 s ., 3 0 '+ 

The liml ts x for the r event 

by 

x =x.r+u 
(. - rt 

where u is the standard normal variate correspond 
a 

level a.. t:~ value XT ned hy 

A { " } XT ::::: X + + (J 
0 y 

( 

to the con 

(34) 

where X o·· are the of the lo,gnormal on 

u.r is the standard 

Tht~ moment 

s :: (1 + 
T 

N 

normal 

The maximum lik{· lihood 

+ 

+ 2 Cov + 

correspond to the return period 

the error be 

and are as above. 

of the standard error ST may be 

" 2 
Cov (o , 

y 

T. 



where 

and 
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Var (x ) 
0 

l/(2ND) 

Var Ci~ ) 
y 

Var (~ 2
) 

y 

A 2 
a 

y 
[0.5 (1 +; -z)(a/b) 2 - a/b 2]/(ND) 

y 

Cov (x ,~ ) 
0 y 

-li. b/ (2ND) 

A A 2 
Cov (x , a ) 

0 y 
a 2 /aj (bND) 

y 

A A 2 
Cov (l-1 , a ) = 

y y 

A 2 2 
- a a/(b ND) 

y 

D = 0.5 (1 + 

a = 

b = exp {f.l } 
y 

0 -Z)(a/b) 2 - (1 + 
y 

For the case of the longnormal-2 Eq. (36) simplifies to 

Subroutine CLILOl 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(4 7) 

This subroutine determines the T-year event magnitude xT of Eq. (34) 

and its upper and lower confidence limits xt of Eq. (33) based on xT 

and the moment estimator of the standard error ST of Eq. (35). The 

upper and lower confidence limits XUT(I) and XLT(I) are computed for 

specified return periods T(I),I=l, ... ,NT or nonexceedence probabilities 

PXT(I),I=l, ... ,NT; and given confidence level CONF. The subroutine 

CLILOl uses the subroutine RETCDF (given in section 4.2.5) which makes 

inverse transformations between return periods and nonexceedence prob-

abilities and determines the standard normal deviate UCL corresponding 

to the confidence level CONF. 
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Inputs to LOI are the sample size N; the number NT of return 

periods or nonexceedeuce probabilities, both represented in the input by 

T(I),I=l, ... ,NT, the level CONF; the parameters XLO> XSC and 

XSH; and 1ndex IWR. from CLILOl are the T-year value XTti) 

and its confidenct' limits XUT(l) and XLT(I) for the corrc~ponding T(l), 

I=l, ... ,NT. The program 1 CLILOI is ven below. The listing 

RETCDF was 
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Subroutine CLILOl used to determine the x values 

for return periods of 2, 5, 10, 20, 50 and 100 years and the correspond-

ing 95% confidence limits based on moment estimators. The variable x 

is lognormal-3 with parameters x = 2108.95, ~ = 9.34951 and 
0 y 

; = 0.40213 computed from 60 years of record. The input variables to 

CLILOl are N=60, NT=6; T(I)=2, 5, 10, 20, 50 and 100 for 1=1, ... ,6, 

respectively; CONF = 0.95; XLO = 2108.95, XSC = 9.34951; XSH = 0.40213; 

and IWR = 1. The main program to input this information is given below. 

PHOGkAM LCGlO~ (l~~Ult Ovl~UT) 
C tONflOE~CE LlMllS OF lHE LOGNVRMAL Ul~IHlHUIION ~) MOMtNl~ 

DlMEtiSlON l(lOldt Xf(iOO)t XUI(lOO)t .l.LI<iOU)t ~XI\lUUJ 
~ = 60 i NT = 6 
l(l) :a 2. i 1(2) = ~. 
T<3> = lo. s T<4> = 2o. 
1 <:,> • 5o. ' 1 to) • 1oo. 
~LO= 21081 95 $ X~C= ~.3~~~1 ' X~H= o.~OclJ 
CONF : 0.~5 
CALL CllLCl (~tNltCONftXLOtASCtA5rtltXItXUftALttPArtl1 
E~O 

The resulting computer output is: 

~O~t~l ESTIMATE~ Of f~t ,9b CO~flD~NCl LIMI1S FUk LOGNOHMAL•J UISfRI~UilON 
( XlO= 2108,9~000 XSCs 9e349Sl00 ASH= .~02l3UU ) 

HEl~RN ~ONEXCEtUANCE lVt~T LONflUE~tE LIMit~ 
PERlOO PROBABILITY MAG~ITUOE U~~£H LOWEH 

2· .50000 1360(.13994 15 0 59 • 3 I 2 5 *I 12i!tsS.f:il7bi!. 
s. .aoooo 18~3Ue0bl89 20~22.01395 l6194.0tjl03 

10. .90000 21 s~.so1os 24'+96.30~74 l86l2.17SJ~ 
20. .95000 24381.24652 1!8~01.065~2 cot.i:,6.'14~~o 
so. .9ts000 c836t:.6l447 3393t!.J90!l c31v4:.t11141t! 

100. .99000 31404.18594 38c02.o9q~'+ ~~tjl5.'134ot 

CLIL02 

This subroutine determines the confidence limits x~ of Eq. (33) 

of the T-year event xT of Eq. (34) based on the maximum likelihood 

estimator the standard error s
1 

of Eq. (36). The overall descrip-

tion of this subroutine is the same as the subroutine CLILOl referred 

before. The program listing of CLIL02 is given below. 
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~UHRU~JlNE lLILV~ (~t~it~O~~tXLUt~~CtA~htltAitXUftALI•~Aitl-H) 
C CUNfJUE~CE LlMll~ OF L06NU~M~L UlSl~i~Uliu~ dY MAA. Ll~~L!HUUU 
C** PIH~-'METEH~ AL\J• X5Ct X~.., St-1\JuLU Bt bllltN A~ "'AX.L!Kt.LH1UlJl.J t:.;:,ltt·t,, It~ 
C X~O : LUCAilU~ ~AHAMEIEH lLU~E~ BUUNU Uf LN(A-ALU) ) 
t XSC : 5C~Lt ~A~A~EitRCMEAN Of L~(X•ALUl J 
C XS~ a SHAPE ~ARAMET~R t~lA~UARO UEVlATlON Uf LN(X-XLU) ) 
C**LOCATION PAkAMtTEH ~~O~LO bl ~PEClfltU A~ ALO=U l:V~N FUM LUGhUH~AL-~ 
C N :SAMPLE Silt UStU FO~ t~llMATIO~ ~~ lH~ PAHAMtltk~ 
C Nl = NUM~Ek OF (U~FIOENtE LIMITS 10 Hl CUM~~ftU 
C Cv~f:: StLE:.ClEU tJt-<Ot:3A~!L.lfY Uf CUt\iFlOtNtt(A~ u."'Ut o.~~' u.'-li.JI 
C J :: II. N 1 ~ P ~ T 'v E. C T U H 1 N U J. l. A 1 l 1\1 G ~ I T ~ l: H f.( t l U h N ~ E. k l () u ~ ( 1 N 't t. ~\ H ~ ) 
C UH ~UNEXCttU~~tt ~H08A~1Lllit~ COH~l~~~~Ul~G I~ lH~ ht lUkt~ ~tHl~u~. 
C PAl : ~HC~·~!LllY OF NUNE~Ctt~A~CE fUH 1- YtAH tVE~I 
C Xl = E~ll~A1A Ur fl1€. l•Yt.Ak t.'VE~l Ff.cu~ fHf.-_(Jil.Jt.f';CY t.C.>UAI1UN 
t UlL: TwO-lAlL ~~A~OAHO ~U~MAL U~VlAlE fUk bl~tN ~ON~lUtNLt LtVtL 
C Sl • S1tH\10Af.(O tN~Ut-< OF THE tSllMAif.O 1- YtA~ tvt:.Nl 
C XUl = UPPf~ ~O~FlOt~CE LlMllt ~Ll : LUwtH (UNflOE~Ct L1M1l C•• ABRAMOwilL•SitG~t~ ~OLY~UMlAL AP~HUAlMAilU~ 1~ 0~lU IU lUM~UI~ 
~ THE VALU~~ Of ~~P~UAHO ~OH~AL Ut~lAlt~ fUk biVtN ~kUbAtilLlllt~. 
C**~U8H~Ull~~ REQ~lkEMt~l~: U~LY fHt S~BHUUIINt ktlLUF 
L DtVtLOPtD bY ~U~t D. ~ALA~ ANO E. ~t~ltuE~ 
C HYOHULOGY 'NC ~AftH ~~SUUkCt~ PRUGHA~~ CULOHAUU SIAlt UNlVtk~JlY 

U 1 ME~ S ! (; ~ 1 {1\fi ) t X T ( N ·r ) t A lJ l ( N 1 ) t XL J ( 1'41 ) t P A f ( r-.t 1 ) 
l~AR= 3 
lf· LI\L<Jet:G.u.) bO fU lU 
A = t.Xio-'( AS ... **2l 
b :: t.At-' ( .KSC ) 
t :a A I B 
U = Oe5*(l.•l./(~SH**~J)*C**~- {l.•v.~I(ASM~*~J)*~/~ 
E. : ASH**2/(!'.*U) 
vxo = o.51(f'f~l)) 
V~M: <0.5*(!.+!./(X~H**~>J*C**~ • tl~)~l 
VYS = ((XSH**~+l.>*C**~- C/HJ*t 
CV! = •O.~*~WH f (A) I (N*h*U) 
CV2 = S'-lHT (~) * E. I ij 
CVJ : •C *E. I ti 

10 CALL ~tlCCFt~lt lt CuN~t ~Alt ULL) 
UO !:>0 Ia l•t-.T 
PHU8= f.l.Xl(J) 
If (~Xl (1) .GT .0.5) PRU~ : !.•f'Xl CI> 
V = SYH1 ( -~.*ALO() ( PH()t:i J ) 
UXl: V • (~.~!5~17 + O.~u~~53*V + U.V!UJ~H*V**c) I 

1 (1.• le4327~b*V + O.l~~2t~*V**~ + U.UUl3UM*V**JJ 
lF (PXr<IJ.LJ.O.~) l.JAl: -UXl 
lT :: EX~( X~t + UXT*~~H > 
IF ( XLO ) JOt ~(), 3v 

20 Al(JJ; ll 
Sl = AS~*ATCIJ•SQ~TC (le+UAT**212.J/N 
GU TU 40 

Ju F : UXl*LliA~b 
Af(lJ = XLO + t.t 
~1 = SYk1(VAO+Ue25*F**2*VYS+lf**2*VYM+~*CV~+i.*lT*LV1+LI*CVJ~t J 

40 XUT (li= Xl ( J.) + UCL*~t 
50 ~LT<l>= Xltl)- UCL*5T 

If <ALO.t.\.i.u.> lPAH :: (. 
lf <twR.EQ,Qi kt.TL!kN 
PHlN 60t Cu~~' l~AWt ~LUt X~tt X~H 
PMlhl /Q, (t (!Jt ~XI (l)t ~1 ({)t X~l <1Jt Xll (J)t 1=1tNIJ 

60 fUt-<MAl {lHli//~,\''~A.XellKtllHOOU t:~l !MAlt-_~ ur ••,~i+.C::'" LUr"~·lUtt\Lt.. l1 
}MlTS fO~ LO<JNt)t.(M~L-ttl!H U!Slt-<1801 !ONH/l.,jJC."t 1\LU:ut- lc.':)u ,-,:)c::"tl 
e. t. • 1 u A s.., = " r 1 ~ • 1 •1 > u 1 1 1 .j ..v. u t-t t. 1 u H N N u N t .x c t t. tJ 4 N L t t. v t.t'• 1 • • t1 x .. L u h r lli t. J'J 
3 ct. L 1,.. I 1 ~"I l j ~ .. tJ E:. k 1 0 u ... H u *'A~ 1 L 1 1 y M A(, !'4 1 I u u t fl tl ~ ''IJ jJ pt. k ft ~A .. L I) ~ t H II I ) 
4) 

10 FOHMAI (!3XtF4.0•2AttlO.~tJXt3flj.~) 
ktfUH~ 
l:.NU 
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Example 5. Subroutine CLIL02 is used to determine the 95% confi-

dence limits of event magnitudes for return periods 2, 5, 10, 20, 50 

and 100 years, based on maximum likelihood estimators. The distribution 

of events is assumed 1ognormal-3 with parameters 
~ A 

A 

X = 2317.815, 
0 

~y = 9.32961 and cry = 0.40676 obtained from 60 years of record of annual 

floods. The input variables to CLIL02 are N=60; NT=6; T(I)=2, 5, 10, 

20, 50 and 100 for 1=1, ... ,6, respectively; CONF = 0.95; XLO = 2317.815; 

XSC = 9.32961; XSH = 0.40676; and IWR = 1. The main program to input 

this information given below. 

P~OG~~M LQGCL~ (l~~Ult OUT~Ul) 
C CONflOtNCE Ll~lf~ tSflMAit~ Of LOG~O~MAL Ui~lk.tlY MAX.LlK~LlHVUL 

0 I Mf.NS 1 01"4 T ( 10 0) t "l ( l 0 0) t XU J ( 1 0 0) t ~L T < J. V u) ' P )1.. l ( .llJ 0) 
N : oO $ N1 • b 
1(1). c. ' 1(2) = s. 
J(J). 10. ' 1(4) = 20. 
T (5) • 50. ' 1 (b) • l(JO• 
CUNF a a.CJS 
XL0•~317.8l~ ' XSC•9e3296l ' ~SH•0.4067b 
CALL CllL0c(1"4tl'-41tCONftALUtASCtX~HtltX1tXUltALit~XIt!l 
t:.NO 

The resulting computer output for this example is: 

~AXeLl~ELI~OUO ESTIMAltS OF 
( XLO= 2317.81500 

~ElUHN NONEACEEOANCE 
PERIOU P~O~ABILIJY 

2• 

=· 10. c:o. so. 
100. 

.soooo .soooo .c;oooo 

.95000 

.98000 

.99000 

.~5 CONFIOtNCE LlM!l~ FOH LUbNUHMAL-J Ul5t~1bUilU~ 
~S~= q.3~9b1~U AS~= .4U6/bUO > 

EVENl COhflUEhC~ LlM1f~ 
~AG~l100E U~~E~ LU~Ek 
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3. GAMMA DISTRIBUTIO~S WITH TWO AND THREE PARAMETERS 

3.1 General Pro~rtics 

The gamma probability distribution with two par~:uncters has a density 

function of the form 

f(x) 1 S-1 -x/a ----- x e 
B 

a r ( S) 
0 < X < 00 ( l) 

where a and B are the scale and shape parameters, respectively and 

f(B) is the complete gamma function. The parameters are restricted to 

a > o and B > o and r (B) is the integral 

r C B) 
oo f.-1 -z = J z e dz. ( 1') 

0 

The ga~na-2 CDF is: 

F (x) 
X e-1 -X/ a 

( X · C - dx 
·b a~ f(B) 

(2) 

where the integral is known as the incomplete gamma function and must 

be evaluated by numerical integration (Yevjevich, 1972; NERC, 1975) 

The gamma distribution with three parameters (or the so-called 

Pearson Type III distribution) has a PDF 

f(x) 1 x-x B-1 
(~OJ 

af(S) a 

x-x 
( 

o, 
- --) 

e a X 
0 

< X < oo 

where a and B are the scale and shape parameters respectively 

and X is the location parameter. As before a: > 0' e > 0 and 
0 

f(B) is given by Eq. (2). 

( 3) 

If the variahle is introduced in the latter expression 

it can be easily seen that the y variate has a gamma-2 distribution 

with parameters ~ and S. 
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3.2 Estimation of Parameters 

Method of Moments 

The mean, variance, and skewness of the gamma-2 distribution arc: 

J.l 

0 

ancl 

2 

aS 

2 
a B 

y == 2//8 

(4) 

(5) 

(6) 

From the first two equations the parameters a and S can be determined, 

using the sample estimates, 

" 21" 0 J.l 

" and a , as: 

(7) 

s = c0 10 ) 2 cs) 

Similarly, for the gamma-3 distribution the following relations exist 

between the central moments of x and the parameters a, B, 

J.l aS+ x 
0 

2 2 
o = a B 

y 21 IS-

and x : 
0 

(9) 

(10) 

(11) 

( 12) 

Using the sample mean J.l , standard deviation a , and coefficient 

of skewness y 

a = ; 1/S 

B 

X 
0 

, the moment estimates of the parameters a, B and x are: 
0 

(13) 

( 14) 

(15) 
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In the above equations the sample standard deviation a may be determined 

by ( ) or ( ) (for biased or unbiased estimates of thP variances, 

respectively). Similarly, y may be determined by . ( ) or ( ) (for 

biased or unbiased estimates of the skewness, respectively), (Yevjevich, 

1972, Bobcc and RobitaLtle, 1976). 

This subroutine computes the moment estimators of the parameters of 

the and gamma-3 probability based on the • (7) and 

(8) and Eqs. (13), (14), and (15), respectively. The i.nput variables to 

PARGAl are: the size N; the data set X(I), I=l, .•• ,N; the index 

IPAR=2 gamma-2) or IPAR=3 (for gamma-3); the index IEST=l (biased 

variance and ske\o.."'ess) or IEST=2 (unbiased variance and skewness); and 

the index IWR. The output variables are the scale parameter XSC, the 

shape parameter XSH, and the location parameter XLO. The listing of 

PARGAl is given below. 
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Example 1. Subroutine PARGAl is used to compute the moment estimators 

of the parameters of the gamma-2 and gamma-3 probability functions for the 

annual maximum flows at St. Marys River at Stillwater. The unbiased 

estimates of the variance and skewness are used in this example. The 

length of record is of 60 years. The input data to PARGAl is N=60, the 

data set X(I), 1=1, ••• ,60; IPAR=2 (gamma-2) and IPAR=3 (gamma-3); IEST=2 

and IWR=l. The main program to call PARGAl is shown below. 
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The computer output for this example 

~AHA~lltHS 0~ l~t GA~MA- ~Ul~l"l~UllU~ 
(UN~lAStU ~OMt~l t~ll~~~O~S) 

MtA~ VALUt OF A a l4~~-,b666/ 
VAMlA~tt UF A • .~13~U37bt+O~ 
lOt~.~~ ~~tw~t~~~ le547~l 

SCALE 
~t-!AFE. 

~A~AMtltk: 1~1/.0~116 
~AkAMtltH: 1.7~J~6 

PARA1"4tTE~S Ut- IHt 6AMMA• JOl~f~lbUllO"' 
CU~~~~5tU ~OMtNT tSliMAJUkS) 

MtA~ VALUt OF A : !4~~4.6666/ 
VAHIA~Ct Of X ; .~132031ti£+0~ 
COEF.Of ~~E-NE~S= 1.547~1 

Method of Maximwn Like 

The log-likelihood function of the gamma-2 distribution function 

of Eq. (1) is 

N N 

LL(x;a,S) 
1 .. 

= - N B X'.n (a) - N R.n [ r (B) J + ( S -1) I ~. n (xi) - - I 
i=l a i=l 

Differentiating with respect to S and a yields: 

N 
aLL = - NX'.n(a)- NT' (S) + I 9-n(x.) 

· r(s) i=I 1 

(16) 

(17) 
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1 
N 

:::: - NS/a + 2 I x. 
1 

a i=l 

The maximum likelihood est of a and S must sati s th(' 

following equations: 

aLL/as = o aLL/aa. = o 

The latter equation gives a in terms of S and as: 

a = u /6 

Substitution of this expression for a into Eq. (17) gives: 

where " u 

1 aLL 
N 6 

and are the arithmetic and logarithmic means of 

( 18) 

( 19) 

(20) 

(21) 

X, 

respectively, and 1/J(B) is the so-called digamma function which can be 

computed using the asymptotic expansion as in Condie and Nix (1975), 

A 

r' cs);r(s) ((3 1 1 1/J(S) :::: Q,n + 2) -
12c8 + 2) 

1 1 1 l (22) + - 8 
120(S + 2) 256 cs + 2) 

on (21) is to be solved by a numerical iterative procedure, such 

as Newton's tangent method, since cannot be expressed in an explicit 

form. 

The derivative of Eq. (21) is: 
A 

F' Cs) (23) 

where 1/J'(B) is the derivative of 1/J(B) and is the so-called trigamma 

function. It may be approximated by an asymptotic expansion as: 
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!V' cs) l 1 1 1 
= S+--2 + + 

2(6 + 2) 6Cs + 2) 3o cs + 2) 

l 1 + 1 +- 1 t24) + ·-----
42(6 + 2) 30(6 + 2) cs + 1) B 

The log-likelihood function of the gamma-3 distribution function 

of . (3) takes the form: 

and 

N 
+ (6 - 1) I £n -

i~1 

X ) 
0 

1 N I (x. - x ) + 
a i=l 1 o 

- N s a) 

its derivatives with respect to a, s, and xo 

3LL/aa (x.-x) - SN/a 
1 0 . 

are: 

8LL/3S 
N 

-N[r'(S)/r(s)J + I 
i=l 

~n (x.-x)- N £n(a) 
1 0 

aLL/ax = N/a ·
o 

N 
1) I 

i=l 
[1/(x.-x )] 

1 0 

( 

(26) 

(2 

(28) 

Maximum likelihood solutions for a, s and x must satisfy the follow
o 

ing equations: 

aLL/aa = o aLL/ax = o 
0 

(29) 

respectively. Simultaneous solution of these equations yields expressions 

for B and a 

A 

6 

terms of x as: 
0 

l -1 
] }. 

-1 
(30) 
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a = 

and an implicit expression for " X 
0 

as: 

FCx ) 
0 

N 
- N 1)J(B) + L 

i=l 
£n (x.-x) - N £n(a)= o 

1 0 

(31) 

(32) 

This is to be solved nwnerically by the Newton's tangent procedure. 

The first derivative of FCx ) of Eq. (32) with respect to x 
0 0 

F, ex ) 1jJ' (B) (f d -
2 

h'/h = -N a f')/f - a - N (33) 
0 

where 1jJ' (B) is the trigamma function defined before and: 

N 
1 

a I x-=-r (34) 
i=l 1 0 

N 
1 

d = I " 2 (35) 
i=l (x. -x ) 

1 0 

f = a - N
2 
/b (36) 

f' = d N3/b2 (37) 

h b/N - N/a (38) 

-1 + Nd/a 
2 

(39) h' = 

and b is: 

N 
b = I (x. - x ) (40) 

i=l 1 0 

Subroutine PARGA 2 

This subroutine determines the parameters a, (j and X (if the 
0 

15: 

function is gamma-3) by the method of maximum likelihood, outlined .J.bove. 
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The variables XSC, XSH and XLO represent the scale parameter ,x, the 

shape parameter S and the location parameter x , respt:~ct 
0 

For the case of the two-parameter gam..-rna distribution, the numerlc.:tl 

procedure starts us the following value of the shape parameter 

(Yevjevich, 1972) 

(41) 

where = 0 and is the logarithmic mean of the sequence. 

A similar procedure as in the case of the lognormal-3 distribution 

is introduced in PARGA2 for the estimation of the ers of the gamma-3 

function. At first, a coarse bisection procedure is used to find the 

interval in which Eq. (32) changes sign, and then Newton's procedure is 

used starting at the steepest tangential point, that is, at the point 

where the first derivative of Eq. (32) is greatest. The maximwn number 

of iterations and the maximwn relative error on the location parameter in 

this subroutine have been restricted by LIM=20, and ERROR=+l0-
6 . Subroutine 

FXGAH is required in subroutine PARGA2 to compute XSC, XSH, FX (Eq. 32), 

and DFX (Eq. 33) for a given XLO. 

The input variables to PARGA2 are: the sample size N; the data set 

X(I), I=l, ... ,N; the index IPAR=2 (for the gamma-2 function) or IPAR=3 

(for the gamma-3 function) and the index IWR. The output are the parameters 

XSC, XSH and XLO. The listing of PARGA2 and FXGAM are given below. 
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~UBROullNE ~ARGA2(~tXtXSCtXSHtXLOti~A~tlWH) 
C ~ = S~MPLE SllE 
C XLO z LOC~l10~ PA~AMEl~H (LOWEH ~OUNDAHY OF X) 
C XSC • SCALE PARAMtlt~ XSH • S~APt PARAMETER 
C lPAR • 2 GAMMA • 2 t l~AH • J GAMMA • 3 OlSlR18U110N 
C lWR • U OG ~01 w~IlEt lWH • 1 WRlJ~ lME HESULlS 
C E~~OH: MAXlMuM ABSOLUTE HlLAlfVE ERROR HtQulREM~NT ON XLO. 
C LIM a MAXIMU~ ~UMBER OF ITEHA IONS PtRMITT~U lN THE PHOCtUU~E 
C• SUBHOUllNE H~Qul~EME~lS• O~LY THE SUBROUTINE FXGAM. 
C OlVELOPEO ~y JOSE O. SALA~ A~O Ee BE~ZEOEN 
C HYOHOLOuY •NO •ATER RtSOUHCt5 PROGHAMt COLUHAUU 5TATt UNIVl~511Y 

UlMt.NSlO~ X(N) 
UATA Ll~tE~kOk/~0!0•00011 

l GAMMA Ul~lHl~~TlO~ wiTH IWO PARAMETER~ 
AM: XLM • O. 
!F ( IP~~.G1.2) GO 10 70 
UO 10 l•ltN 
XM = XM • A(l)/N 

10 XLM= XL~ • ALOG(X(l))/N 
C : ALOG(XM) • ~LM 
XSH: <l.•SQ~l<l.•4e*CI3))/(4e*C) 
lf(XS~.GE.5e6) GO 10 30 
oxs.-.= o. 
1\l: 0 

20 t\1• Kl • l 
X5Hs XS~ • UXSH 
A• XS~ • 2. 
OGM•Al0G(~)·l.IC2*A)•l.l(l2*A**2)+le/Cl20*A**~) 
$•l.IC25~*-**6)•l.ICXSM•l.)•l.IXSH 
l~G•leiA+le1(2*A**2)+leiC6*A**3)•leiC30*A**5)+le/C4i*A**7) 

i•l.ICJO*A**9)+le/((XSH+le)**2)+l•/(XSH**2) 
FA• ALOGCXS~) • OGM • C 
DFA~ leiXSH • THG 
OXSH= FAIOFA 

IF (KT.GT.LIM) GO TO 50 
F<A~S(CXSH/XSH).GleERHOH) GO TO 20 

XSH• XS~ • UXSH 
30 XSC• XMIXSH 

P~INT 40t XSCt XSH 
40 FO~MAT Cl~l///l2Xt"PARAMETERS OF THE GAMMA·~ 01STH18U110N"Il5X"(MA 

lXeLIKELlHOOO ES1IMA10RS)tt//15Xt"SCAL.E PARAME.lER•"f12.~t/lSXtttSHAPE 
2 PARAMETE.f.C•"•Fl2.S//) 
~E. TURN 

So PHINT 60t Klt XSH 
60 FORMAT (l.-,l1/15Xt"GAMMA•2 DlS1RIBUT10N (MAXeL.lKELlHOOU PROCEDUHE) 11 

c/SXt"SHAPE PAHAMETER Al lHE END OF 11 tl3t 11 eTH ITERAllON• 11 tFl2.5/15Xt 
2"1'4 0 C 0 N \J E R G E N C ftt) 
HETUH~ 

C GAMMA DISTRlS~TlO~ WITH THREE PA~AMETEHS 
70 XMIN • X(l) 

00 ~0 I•ltN 
XM• J'.M • X(l)/N 

80 XMIN• AMl~lCXMINtX(l)) 
IF Cl-.HeE~el) PRlhT 90 

90 FOHMAl <lt-~l//ll2Xt"PARAMETtRS OF THE GAMMA•J OlSTRl~UllON 11 /l5X"(MA 
lX.LIKELlHOOO ESTIMATOHS) 11 //5Xt 11 TR1AL LOWEH BOUND VALUE Of LIKE.• 
2 IMPROVE.p~E~T 11 /l5X,"XLOttt8Xt"Ll~OOO t:.YUATION ON XLO"/) 

KTR• 1 
lF(XMl~) tlOtlOOtllO 

100 Ala -o.oo *AM 
G(J TO 120 
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110 Xl: ~~~~ " O~Ol*A8~(AM1N) 
120 CALL FXGA~(~tXtXltFltOtltXSCtXSHtXM) 

lf <I•H.£Gall Pkl~T l30t r<.TR, Xlt Fl 
130 FU~MAT t7Xtl2tfl4.5t3XtElS.8t2XtFl2e~J 

00 180 Klf1: £tN 
If (XMll't) l5U t litOt 150 

140 XO• Oel*CKT~·l)*XM 
60 10 16 0 

150 XOa XMl~ • O.c5*(KlH•l>*A~S(XMIN) 
160 CALL tXGA~(~tXtXOttXtOfXtX~CtXSHtXM) 

J
t Clw~.EC...l) t->f.<If't4l l30t KTkt XOt fX 
,._( (fl*FX> ) l90t230t170 

170 lc fA 
Al• XO 

16 0 [)~ I•Uf X 
H· <K1M.EQ.L!M) GO 10 270 

190 lFC A~SCOFI>-ABS(QfX) > 210t210t200 
200 XO: Xl • f!IUF! 

(.;(} TU 2~0 
210 AO• XC • FX/OFX 
22U KTRa KT~ + l 

CALL FXGA~<~•XtXOtFXtOfXtXSCtXSHtXM) 
UXO: FX/OFA 
lf <lw~.E..G,.l) PHIN'I l30t t\TRt XO tFXt UXO 
XO: XO .. OXO 
lF< AO.GE.X~IN) GO TO 2~0 
lf ( Kl~.GE,LlM ) GO TO ~70 
IF< A8S(OXO/XO).Gl.EHRO~ ) GO TO 22U 
CAll FXGA~(NtX,XOtFXtOfXtXSCtXSHtXM) 

230 .l',LO• XO 
IF< lwR.EQ.O) HETUHN 
P~INf l40t ALOt XSCt XSH 

24U fORMAl (11l5X"l.0CATION PAHAMETER"Il5Xtt(LOWEH BOUND Of X)="tfl2.5tl 
ll5X"~CALE. PAHA~E.TE~-<•"•Fl2.S/l5X"~HAJJE PARAMt.lEH•"tFl2.~//) 
HE.TUH~ 

250 PHINT 260t AOt XMIN 
260 FORMAl (/5Xt"l0WE~ 80UNO•tttfl2.5t" .ble OB~EHVEO MIN•"f-12.5) 

RETUH~ 
270 PkiNT 2BOt KTRt XQ, FX 
280 FORMAT (/5Xt"NO CONVERGENCE AfTER 11 tllt" ITERATIONS 11 /!;,Xt"LAST VALUE 

lS OF THE lTERAllO~ ARE."ISXt"LOWEH tjQUNOAHY •"tfl2.~/~Xt"LIKE.Llt-1u0 
2U VALUt.=utll2.5/) 

HtTUHf\ 
END 
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Subroutine PARGA2 is used to estimate the maximum likeli-

hood parameters of the gamma-2 and gamma-3 probability functions for the 

annual maximum flows at St. Mary's River at Stillwater. The input data 

to PARGA2 are N = 60; the data set X(I), I= 1, •.. ,60; IPAR = 2 (gamma-2) 

and IPAR = 3 (gamma-3); and IWR = 1. The main program to call PARGA2 is 

shown below. 

PHOGHAM PGAM2 (lNPVTtOUfPVl) 
C EXAMPLES FOk THE MAXIMUM Ll~ELIHOOO ESI1MA10HS FO GAMMA OlS1Hl8UllONS 

OlMENSlON X(oO) 
HEAD lOtN 

lU FOHMAl (161=) 
HEAD 20t (X(l)t l•ltN) 

20 fORMAT llcF6.0) 
CALL PARGAc(NtXtXSCtXSHtXLOt2tl) 
CALL PAHGA2tNtXtXSCtASHtALOt3tl) 
END 

The computer output for this example 

PA~A~ETEHS Of T~E GAMMA•2 OISTRl~VllON 
(MAX.LlKELlHOOO ESllMAlOHS) 

SCALt PARAMETER• 163~.28594 
SHAPt PARAMETER• 8.90583 
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l e. 
J .. 
~ 
() 

1 
t; 
'J 

3. 3 Probabi li 

,.. 1 
.) " 

PAHAMETERS OF fhE GAMMA•3 OlSTklbUllON 
(~AX.LlKELI~OOO ESllMAIURS) 

LOwER HOUNO VALUt OF LIKE• 
XLu LlHOOD E<.H.JATION 

6633.00000 .7.tt097~56E+Ol 
5025.00000 •e2009 .. 017t.+OO 
6~lo.ttcl73 .3tt529710f:.+Ol 
o31o.ueo61 .l:.005988t+01 
6036.4~826 .57A663set.•oo 
5760.59401 .11 196'-8E+OO 
5591.3!922 .29l06lOlE•Ol 
55~tts.9l99l .l2865864t.•02 
5:,46. 8fl '14 8 .27975711E•OS 

LOCAIION ~A~AMETER 
(LUW~R eOU~O OF X)a 
SCALt PA~AMElt~• 
S~APt PAHAMElt~• 

lMPROVtMENT 
UN XLO 

200.56112 
21.3.60235 
21~.t:H)It2~ 
l6r;.t.:7~79 

42.341931 
~.u~~tt2 
.OO~t-48 

and Cumulative Distribution Functions 

For a given set of parameters the PDF of the gamma-2 may be obtained 

directly from Eq. ( and the PDF of the gamma-3 from . l In both 

cases f(B) is determined by a polynomial approximation as in Hastings 

ll95S) (see Appendix). On the other hand, the computation of the corrcs-

ponding CDf<'s require a numerical integration procedure since they cannot 

be expressed explicitly. The IMSL (1975) uses a series expansion for the 

exponential term exp {- (x-x ) 
0 

I 
J to integrate nwncrlcally the gamma 

CDF. This text uses the numerical integration procedure 

suggested by O'Hara and Smith (1969) which is general and applicable for 

the integration of any continuoas function (see Appendix). 

Subroutine DISGAM 

Subroutine DlSGA1·1 computes probability densities (PDF) and cumulative 

probabilities (CDF) for the gamma distribution with two or three parameters 

at N discrete These points can be either specified by the user or 

they can be determiaed in the program assuming they are equally 



52 

If one wishes to determine the PDF and CDF values at N equally spaced 

points, the index IX must be set to zero and a maximum .fulvfAX value must 

be specified in addition to the parameters XSC, XSH and XLO. Thus, N values 

of the densities and cumulative probabilities will be determined beginning 

at XLO up to the specified XMAX. On the other hand, if one needs the values 

of the density and cumulative functions for a set of X(I), I=l, ... ,N values, 

(such as sample observations) then IX=l and X(I) and N should be input in 

addition to the parameters. The set X(I) should be input in increasing 

order of magnitude. In the case of the garnrna-2 distribution it is necessary 

to set the location parameter as XLO=O. This is because the parameter XLO 

is used to identify the type of the distribution, i.e., the value of IPAR. 

Subroutine DISGAH requires subroutine CDFINT to evaluate the incomplete 

integral for a given interval (see Appendix); subroutine GAMMA which 

evaluates the complete gamma function f(B) for a given shape parameter 

Appendix) and a function FGAM to compute densities. This function 

should be declared external in subroutine DISGAM. 

The input variables to DISGAM are: the number of points N; the data 

set X(I);I=l, ... ,N if IX=l; the parametenXLO, XSC and XSH; the maximum 

value XMAX if IX=O; the index IX=O if the .tl points are to be determined 

in the program or IX=l if the N points are specified by the user; and the 

index IWR. The output are the PDF(I) and CDF(I) values corresponding to 

X(I), I=l, ... ,N. The program listings of DISGAM and function outprogram 

FGAM are given below. 
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~vt;l-<ULlll\t GlSuA~(I\tXtALUtXSCtXSt-~tX~AAtul:l\tltJttlXtlWk) 
t ••• ut~~llY A~U C~MLLAll~E Ol~IHl~UliU~ 0~ bAMM~ PHU~A~llllY ~U~C. 
t ••• l~A~ = i u~M~A-c lPAH = J GAM~A-3 Ol~THl~UTlO~ 
t ••• A~ll\ : U~~t~Vtll Ml~lMUMt XMAA : O~StHVl:U ~AAlMUM (UStH ~UP~LlEU> 
c ••• ALO : LCCAflU~ ~AHA~~IEH OH LOwtH ~CU~U Of At ll SHUULU b~ 
l S~ECIFltL AS ALU = 0 wHE~ bAMMA•2 DlSIHl~UllU~ IS 1~ PHt~tHtNCt 
C X~C: SCALt ~A~AMtlEk (ALWAYS ~USiflVt)t A~~ a SHAPt PAHAMtfEH 
c ••• uEN = Ul::.~Sl1Yt CUf = CUMULAil\'E. PkObABlLllY AI GIVEN A VALUt. 
t ••• iF IX= 0 ~(llt l=l•~••••N VALUES Akt lNltkNALLY EVALUAltO 
C iF !X = J ~\1} VALUtS MUSl tiE SUPPLltU bY lHt U~tR IN UkUtH 
c ••• !F Iwt-<: 1 wkllt:.t IF l'-H: u OU NOI Wkl'tt. lt;t RE~ULI~ 
C ••• ACt = l~t V'L~E UF lHt A~~ULUT~ EH~U~ ~tUUlktMENI OtSlHtU 
( 11\ lHt tVAL~AilCN OF tUMULAll¥E PHO~A~1Lill£~(U5tk ~UPPLltU>. 
t ••• ux = l~E S~ALLt~T F~ACllUN OF 1HE IOIAL lNJtHVAL lU dt ALLU~~C 
(. uU~-<lNG tV~l~A! lCf-.. 0~ lt-tf:. Cut- ( USER SlH·,~Llt.U) 
c ••• ~Uti~HUG~A~ k~~~lHt~E~f~a ll) SUB~OUll~t LUfi~f TO EVALUAlt 
l lUMULAilVE PHU~fi~llllY AI ANY At (2) fUNL11U~ f6AM 10 tVALUAlt 
( Ut~~llY Af Glvt~ x, A~O (J) SUBHOUil~t GAMCOM IU EVALUAft 
t l~t VALUt OF Cu~~LETt bAM~- fUNtllO~ ~U~ GlVt~ X~H 
C Ut~tLC~EO ~y ~0~~ V. ~ALA~ ANU t. HtNLtUt~ 
C ~YU~ULObY ~~0 WAIEH Ht~UUHCtS PHOGHAM' lULOHAUO ~IAit U~!Vt~~lfY 

t.ATtM~AL fbAI~ 
UlME~SlU~ A(N), Ot~(N)t LUflNl 
UATA Al(,LX1l.E•08t!.E-Oo/ 
l..,AR : 3 
lr tlA.Gl.(J) ~u 10 t::o 
lit.r.. < l} :: 0. l CUt- l l) = 0 • 
UtLX: (~M~A-XL0)/{~·1) 
IJU 1 U l = l t f'.t 

lo A<I> = ~LL + t!-l)*lJtLA 
tiU iU JO 

~0 XMlN : A(l) 
UtN(l) : FGA~CXMl~J 
AMAA: ft.(f\) 
CALL Cut-lf\l (ALU,.X~ll'ltAl.CtUXtPtNUPtFuAMtlU> 
l.l.JF (!) :: ...-

30 !f- (N.t_t.,i .1) GU lU SO 
uu ~0 l=i:tl\ 
AU : A(l) 
AL = X(l•l) 
UtN(l):: t-GAMtALd 
l.ALL luFll\f(Alt~UtACCtUAt~tNU~tfGAMtlU> 

40 L.UF (J.) = CUf <1-J.) + t-' 
5U 1f (lw.H.t~.V) Rt.TUt<t'. 

If (ALO.t.~.u) IPAR=If-#Ak•J. 
PHINT bOt l~AHt AlOt X~C, ASH 

6U FUKMAl \it-l//15Xt"Ut.l'•~lfY ANU CUM\JLAilvt. Dl~TRlBU1lON Ut GAf-'MA"l-'1 
l~l\" (.XLO::Hf-lt: .6u.,~(:Hf J.c..b"X~Ha"f- iO.o") "16XnOH0£R VAH lAt:llt:. 
~ U t. N ~ l T 'r (. U M • U I ~ ' H • "I 1 7 X t tt V A L U t " I X "t lJ N ( f I UN" t> X u f lJ 1'4 C i l U 1\1 "I ) 

t-'klN\ lOt <It A.(}), UtN(l)t CuFtl)t l=ltN) 
7U ~U~~Al (1Atl3tfl4.6t~~1J.b) 

kt(UHI\ 
tf\IJ 
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Subroutine DISGAM is used to determine the PDF and CDF 

of the gamma-2 probability function with parameters x = 0., a= 0.5 and 
0 

8 = 2.0. The PDF and CDF are desired at 10 

beginning from x = x = 0 
0 

to the value 

spaced 

X = 5. The data to 

D ISGA1v1 are N= 10, XLO=O. 0, .5, XSH=2.0, XMAX=S.O, IX=O and IWR=l. The 

main program to call DISGAM shown below. 

The printed output for this example is: 

~E~SllY -~0 ~U~~LAlJV~ LJI~lklB~llO~ Uf bAMMA ~ 
<XL~= u.uuuuuux5~= .~oououxs~= 2.ooouuu) 
C~Utk ~AHi•~LE Ut~SirY C~~. UlSIK. 

l 
2 
3 
4 
~ 
6 
I 
8 
9 

10 

~ALUt fU~tilL~ f~hCilU~ 

o.oooooo 
.~~5556 

1.111111 
1.600667 
i!..i.t:.21!.1!.2 
t:.11111ti 
J.J33333 
3.ti~8689 
4.4t.t4444 
s.uuoooo 

o.oooooo 
.731540 
.4Al63tJ 
.£31t3i:7 
.lU'+388 
.04c'1~~ 
.Olb4t8 
.uooS17 
.ooc452 
.oou9vb 

3.4 The Inverse of the Cumulative Distribution Function 

The of the CDF gamma is not to 

obtain because there is an expl solution nor an approximation 

for the incomplete gamma function. Therefore, a procedure of successive 
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approximations is used in this text to compute the inverse of F 

The inverse x of a given F(x) ls found 

i=l,2, ... corresponding to x
1 

x + 6.x, 
0 

computing the F ) ' 

+ t:,x until F(xi) is within a specified error c relative to F(x), or 

6.F(x) = jF(x.) - F(x) I < E 
1 

Figure 2 shows graphically the above procedure. 

Computed F(x. 
1 

Fig. 2 ~pproxirnation for 
given F(x). 

I NV GAM 

This subroutine determines the inverse 

X of F 

the Inverse x of a 

the CDF of the 

(42) 

distribution by the procedure successive approximations described 

+ 

above. The inverse x is represented by X(I) and the cumulative distri-

bution fum:.~tion F(x) by CDF(I), I=l, ... ,N. INVGAM determines X(I) either 

for a set of specified CDF(J), 1=1, ... ,N; or for a set of equally 

CDF(I) = I/(N+l), I=l, ... ,N, where N is ven by the user. In the 

first case the index ICDF=l, while in the second case ICDF=O. The sub-

programs needed for INVG~\1 are CDFINT and GAMMA (see Appendix) and FGAM 

(described previously). 
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In the approximation followed herein the integration increment 

~x is represented by UELX which is initially set to 

DELX = (XLO + XSC * XSH)/(N+l) (43) 

Since the numerator in Eq. (43) represents the mean of the gamma distri-

bution, the computed DELX is not generally a small value which enables 

to locate rather quickly the interval where the actual inverse X(IJ of 

CDF (I) lies. When this interval is found a new DELX is computed by di vid-· 

ing the previous DELX over M which is specified as 10 in a state-

ment of Il'-IVGAivL In addition to M, this data statement specifics 

ERROR=lO -
6 

which is the maxj mum absolute error of l\F (x) of Eq. ( 42); 

ACC=l0-
8 

which is the accuracy of the computed CDF (represented by FT 

-6 in INVGAM) in subroutine CDFINT; and DX=lO which is the increment of 

integration in this last subroutine. The four values, tv1, ERROR, ACC, 

and OX may be changed by the user if desired. 

Inputs to INVGAM are the parameters XLO, XSC and XSH; N the number 

of inverses of F(x) to be computed; the index ICDF and the index IWR. 

The output of INVGAJ\1 is the set of inverses X(I), 1=1, ... ,N correspond-

ing to CDF(I). The program listing of INVGArv1 is given below. 

SUHkU~1l~E {~VGAM (XLUt~SLtXS~tNtCO~tAtllU~tl•W) 
(., lNVt.kSE Of ft·E GAMMA OlSTkltiUilOt\1 FU1'1CilUN 
C •• XLO: LUCAllC~ ~AkA~[IlR Uk LUWEH ~OU~U 0~ At 11 SHUULU ~~ GIVEh 
C A~ ALU=u tVE~ If UN~ ~EtO~ lHt GAMMA•2 Ul~THI~UTION. 
C •• XSC :StALE ~AHA~tiEHt X~~= ~HA~E PAHAMtlEH< AS~ SHUULU tit .LE.~/) 
t •• CUF : CU~ULAllvt PHObA~llilY ~l A(l) 
C lLUF= 0 COf(J), l=l•2•••'N ~tl I~ ~Ol GIVEN ~y T~E U~t~. 
C ltOF= 1 COf<l>t I=lt2t •• tN ~tf St-tOULD t;t 61VEN ~y l~t U~tw. 
C N = SILt OF A(l) 
t X : lNVt~St LOHkESPvNU!NG 10 CUF(i) 
t •• lwR : 0 00 ~Ut wklTEt lwk : 1 wRlTE lHt HESULTS. 
t**XLOtASCt~~rt~t!COf A~u l~H VALUE~ ShUULU ~t SUPPLIED H¥ fHt UStH. 
C •• SuB~kUuHAMS ~ttUtU ARt ••• ~U~1Nlt FuAMt bAMMA 
C UtVELO~tO H~ ~~St o. 5ALA~ ANU t. BtNLlUt~ 
( HYUHULOGY A~U WAlEk kt~UUHLES PHOGHAMt CULOHAOU 51Ait UNIVEkS!TY 
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UAJA ~, EMH~kt ACCt UA /lUtl.UE·O~tl.O~·OHt!.OE-06/ 
LL::XLC ~ tf:u. ~ l~Ak:J 
U\.J 60 l=ltl\ 
Utl~=<XLO+A~t*X5h)/(N+i) 
l~<lCOF.Gl.()) 6v l<J cU 
(.; U F ( 1 ) :: r L U A 1 ( 1 ) I ( l\: + l ) 
(,() lU C:U 

lU Utl~= <LU•LL)/M 
cu li(; 3U t~-::!,"'" 

LG :: LL + Ltl.w. 
CALL tDfll\f\ZLtL~tACCtUXtPitNUPtfGAMtlUJ 
f J :: F T + fJ I 
lf(~T-LLftl)) JOt ~Ot -u 

:iu LL = Zv 
'+U lf\AtjS(t'"f•CL.t·(f}).Lt.E.•·O-<QH) bO 10 50 

t-t:: FT•t-~l 
t)U 1U 10 

~o ~t.<l>: Lli 
cu LL :: Lv 

if ( XLO.t.G.U.) lPAk : 11-fAH-l 
lr <lwk.t~.O) HE.lUt-<~ 
io-lkll\lf 70t lf-Af.<t XllJt .A!::.Ct X5r1 

10 tv!-(MAT (lt-111///At"lNVt:.k~t. OF lHt GAMMA•utll" DlSTkldUflON flJ"CllO~ 
l"I~XH( ~lL::hfiV.JH X!::t(z"fl0.4" .x,:,t;:nt-8.~ 11 )ff/JlO.Xt"OHUtt-!"t7XtH 
2CUMULAflVt 11 /~l)("Ol~l~lt)Uf1UN"/llX"(l)"l0X"C0f(X)"!3A".l.(l)fl/) 

t-HINf ~(), <l• CLJF(i)t A<l>t I=lt~) 
~U fUKMAT (}UX,13,2Fl~.o) 

Ht:ll.Jt-<1\ 
tNU 

le 4. Subroutine INVGAM is used to determine the X __ -e,. __ _ 

of F(x) for a gamma distribution with parameters XLO 0.0, xsc = 

0.5 and XSH = 2.0. Two cases are considered: (1) the CDF F(x) is 

as CD F ( I ) _, I = 1 , . , . , 1 0 the first table of the computer output below), 

therefore, ICDF=l, and H~R = 1; (2) the inverse is desired fur 10 equally 

spaced values of the CDF or N=lO, ICDF=O, and IWR=l. The ma.in program 

to call INVGJ\i\f is shown below. 
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1 c 

!0 

The computed output of INVGAM for this example 1s: 

INVE~SE Uf l~t bAMMA-~ UlSIRl~LTIUN ~~~CilUN 
XLO• u.ouo ASC= .~~U~ A~~= 2.UUUUU 

OHUt:.t-< CUMlJLATlVt 
OlSfHlHUllON 

( 1 ) COr C A> )( { 1 ) 

1 u.oouuuo .ouoo91 
2 .305037 .~~5~~0 
3 .tl:,vb1'+ 1 • 1 1 1 1 1 l 
'+ .845413 l.bo6ot>d 
5 .93oooc: c:.C:2~~2J 
6 .<il4b57 c.lll786 
7 .99U~'+J 3.33333t:: 
d • 99tl~i23 3.88d96d 
9 .998tJ36 '+.44442J 

10 .-;~~~Ul :>.OUUIHO 

INVEMSE OF lt-E GAf!U-4A•2 OISTH l8Yl IO,. FU~CT ION 
iLO• O.OUO ASC• .5000 ASh• 2.00000 

OkUE:t( CUMl.JLAiiVE 
Cl~IMlbU lOf'w 

( I) CDF (A> .X ( I > 

1 .o90YOY .t::~llot:: 
;. .l~lBl~ • .3t;6ti~!J 
J .21C:.l21 .5!153~ 
4 .3t>3b3o .o:;;e~ ll 
5 .'+:,'+~4~ .7o859tt 
0 .54~4~:1 .9140~~ -, .o3o364 l.O~l~~u 
d .lt!.1t.1J l.2~6t::~~ 
9 .tiltjl~C: 1.5o0397 

lU .9USU9l ~.Oo45t:H~ 
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3. 5 Confidence Limits 

As before, the a confidence limits for the ~.::vent are 

determined by 

( 4t.l) 

where u is the standard normal variate corresponding to the a confi
o. 

dence level. The value of :K.r may be determined by 

" + 1\ a 
T 

(45) 

where 1\.T is the frequency factor, a function of the skewness and T. 

The variable x is gamma distributed with parameters S, a and 

"' A 

x or x is G(S, a, x ). The standardized variable 
0 0 

:x J/a 
0 

G(S, 1, 0). Similarly the variable 2(x-x )/0. is G($, 2, 0) or simp 
0 

G(S, 2). But a gamma variable with parameters (S, 2) is also 
2 x Jis-

tributed with v- 2S degrees of freedom (Mood, et. al, 1974). Therefore, 

we may also write that 

= 

or 

From Eqs. (45) and (46) we have 

Furthermore, since ~ 
,, 

= ctS + x , a 
0 

frequency factor KT may be expressed as 

K 2 
T = 0. 25 XT y - 2(1/y ) 

and y 

where " y 1s the skewness coefficient of the variable 

(46) 

= 2//;;- . the 

( 47) 

x. 
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There are two ways to compute 
2 

X T 
of Eq. (47) for g1ven T and 

v = 2S . The first way would be to find the inverse of the gamma distri-

bution with parameters (S, 2) by a numerical integration procedure (as 

shown in previous section); and the second procedure is to use the approxi-

mation (Abramowitz and Stegun, 1970) 

with v = 2S , and it is valid for v > 30. Since v = 2B 

Eqs. (48) and (47) give (Kite, 1977) 

KT ~ uT + (~2- l)(y 16) + (113)(~3 

(YA 16) 3 (" I 4 " I 5 + UT y 6) + ( 1 I 3) ( y 6) 

2 o/y 

(49) 

The moment estimator of the standard error s of Eq. (44) may be 
T 

shown to be (Kite, 1977) 

s 2 
T 

ll2 K " 
N [l + Ty 

K 2 
T 

+ 2 (3y 

2 aK 
/4 + 1) + 3 KT ayT (y 

aKT_ 2 2 4 
+ 3(ay-J (2 + 3y + 5y 18)] 

where 

akT " 

::: { (uT 
2 

- 1) [ 1 - 3(y6) 2] + 4 u (~)3} (116) + ay T 6 
" y 3 y 3 

(1/6)
2 

+ (-) {4(uT - 6uT) - 10 (--) } 
6 6 

3 
+ y 14) + 

(SO) 

(51) 

Equation (51) was obtained from Eq. (49), therefore, it 1s only an 

approximation. 
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The maximum likelihood estimator of the standard error ~T may be 

computed by (Kite, J 9 

where 

where 

) 

2 )x ... 
s - ( ) Var ~ + Var B + 
~ T - aa a Var x + 

0 

+ 2(~~) [(;~) Cov (a,B) + Ca:x) Cov (a, x
0
)] + 2 

Cov (B, x ) 
0 

1 Var a == --·---:e---
N D 

0 

Var !3 
4 2/[N a D (13- ] 

Var [B 1)J' ( 1)/N 
2 

X = - a D 
0 

Cov (a, B) 
1 l /N a

3 
D ::::: - B- B-

Cov (a,x ) 1 tP' (B) ]IN a
2 

D ::::: 

0 

Cov (B,x
0

) 
3 

- - - 1]/N a D B-

D is the determinant of the matrix 

0::::: [2¢'( 

of likelihood 

( 3. X) , d X --I as "ax 
0 

) 

(53) 

(54) 

(56) 

) 

(58) 

(59) 

and tP' (B) is the trigamma function. The partial derivatives of x 

are from Eqs. and ly 

a 
[Sl/3 1 u 3 X = - + ·---] a a 9 381/6 

(60) 

ax 
3a 

2 = + 
<JS 

(61) 

ax 
1 ~---·- = ax 

0 

(62) 
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This subroutine determines the approximate moment est.imates of the 

event of . (45) and the 

limits xz of Eq. (44) based on the moment estimator of the standard 

error of • (50). The event XT(I) and it upper and lower 

limits XUT( and XLT(I) are .... ...., .. , .......... for specified return 

periods T or non-exceedence PXT(I), I=l, ... ,NT, with 

NT the number of desired T or PXT values, and for a confidence 

level CONF. Subroutine RETCDF makes inverse between T 

and PXT and determines the standard normal deviate UCL to 

the confidence level CONF. 

to CLIGAl are the sample size N; the number NT of return 

or non-exceedence probabilities, the level CONF; the 

parameters XLO, XSC, and the return or 

abilities T(I),I=l, •.. ,NT and the index IWR. Outputs from CLIGAl are 

corresponding to the T ), I=l, ••• ,NT. The program lis of 

CLIGAl is below. The list of RETCDF was given before. 

~ U 1::3 R U lJ l I r; E ( L I G A 1 ( r; ' N I t C 0 N F t XL 0 ' X S C ' X S tt tf ' X T ' XU T t XL l ' fJ .X T ' 1 w N ) 
C CUNFlUENCt LlM!IS Of TH~ bAMMA OlSlNIRUllUN~ HY MOM~NI~ 
C ALO : LOCAllON PAHAMtJEH ( LOWtR ~OUNU ) 
C X~C : SCALE ~AHAMET~k ' X~H = ShAPE PAHAMtlEH 
C * ALL PAkAMEltNS SHOULO ~t fHt MOM€~1 t~flMATvH~ 
C**LUCAflON PAHA~EIEH SHOULD HE SPECIFIED AS ALO:U EVEN ~OH bAMMA•2 
C N ; SAMPLE S!lE USE~ FOH ~SJIMAT!Oh OF 1HE PAHAMETtH~ 
C Nl ; NUMBEH OF CONfl~ENCE LIMITS TO BE CUMPUTtO 
C CO~F= SELtCfEU ~kO~AblllJY Of CONflOENCt(A~ o.~Ut Oo95t Oo99) 
C f :AN ~~~~~ VEC10R lNUlCAil~G Ellh~H HtiUHN ~ERlOU~ (JN YEAH~) 
C OH NO~EAC~tO,~Ct PHOBA~ILITIE~ CORRt~PONUlNG TU THE ktfUHN PtHIOUS• 
C PAl : ~HO~~~lLllY OF NONEXClEUANCE FOR I• YtAH EVENl 
C XI : f~liMAlE OF lHE I•YtAk tVENT FHOM FktYUtNCY EQUAflUN 
C ULL : Two-fAIL ~IANDAHO NUHMAL OtVIAIE FUH 61VtN CONflOENLt L~VEL 
L Sl = SIANOAkD EHHOH U~ THt tSliMAlEO 1- YEAH tVtNT 
L XU( = UPPtR CO~FIUENCt LiMlft XLT : LUWtH CONFIUtNCE LIMlf 
C*~ A~kAMUwlfl•SftuUN ~OLYNOM!Al AP~kOXlMATlUN 1~ UStU lU CUMPUft 
C THE VALutS Ut ~IANOAHU NOH~AL O£VIAltS tOH b!VtN PHO~Ad1Ll11E~. 
C SUH~HOGHA~ ~tEUEU ••• HfiCUf 
C UEVELO~tO ~y ~USE Uo SALAS ANU Eo HtNLtUlN 
t HYUH~LOGY A~U w~IEk Ht~OUHCE5 PHObRAMt CULUHAOO SIAit UNIVEkSIJY 
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5. Subroutine CLlGAl is applied to compute moment 
-~---

of gn floods and their corresponding 95 percent confiden·:::e limits for 

2, 5~ 10, 20, 50 and 100 years of return periods. The oods are gamma 

distributed with moment parameter estimates ~ = 4045.11,13 = 1.66965 and 

~ = 7800.74 obtained from 60 years flood data of St. Mary's River at 
0 

Stillwater using subroutine PARGA!. The input variables to CLIG/\1 are 

N=60_; NT=6; T(I)=2, 5) 10, 20, 50 and 100 for 1=1, ... ,6; CONF=0.95; 

XL0=7800.74; XSC:::4045.11; 1.66965 and IWR=l. The main program to 

input this infonnation is given below. 
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~k06H~M GAMCLA ll~~UltU~f~Ul) 
C ~AAMPLt Of ~SE OF S~8PH06HAM ON CONFlUlNC~ LIMITS FOR fHE GAMMA OISI. 

UlME.NSlOI~ l (b0) t X 1 (60) t AUl (bO) t XL.l (bU) t tJX f (60) 
HEAD lOt~, Nft CONFt (l(l)t I=ltc) 

lu FORMAl t21~97F8.2) 
AL0•780U.74 i XS~c4045.11 ~ XSH=l.66965 
CALL CLltiAl (NtNTtCONFtXLOtXSCtXSHtltXltXUltXLltPXTtl) 
E~O . 

The computer output from CLIGAl for this example is: 

~OMl~l ESllMAT~S OF THE .95 CO~FIOENCE LlMlf5 fOk GAMMA-J 01S1HlbUflON 
( XLO= /800.74000 A~C='+045.llOOOUO ASH• l.cb96~00 ) 

RETURN hO~EXCEEUANCE EVENT tONFIOENCl LIMITS 
PEHIOO ~H08ABILITY MAGNITUDE UPPtR LOWtk 

2. .soooo s. .eoooo 
10. .90000 
20. .95000 so. .98000 

100. .99000 

Subroutine CLIGA2 

13294.02711 
18086.5~420 
21443.35422 
24710.02019 
28.,65.63349 
32165.80514 

l4989.9344C: 
20320.36870 
c44u6.890ll 
2'1077.37996 
3~917.97284 
41441.17426 

ll59t;.l~l0l 
158~2.79970 
lts479.8lt!33 
cOJ4tl.6c043 
~2013.~9414 
228CJ0.4t3603 

This subroutine determines the maximum likelihood estimates of the 

T-year event magnitude xT of Eq. (45) and the lOOa percent confidence 

limits xi of Eq. (44) based on the maximum likelihood estimator of the 

standard error sT of Eq. (52). 

The overall description of this subroutine is the same as the sub-

rountine CLIGAl referred before. The program listing of CLIGA2 is given 

below. 
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Example 6_. Subroutine CLIGA2 is applied to compute the maximum likcli-

hood estimates of design floods and their corresponding 95 percent confi-

dencc limits for 0.5, 0.8, 0.9, 0.95, 0.98 and 0.99 non-exceedence proba-

bilities. The floods arc gamma distributed with maximum likelihood para

meter estimates of & = 2946.618, § = 3.057 and i = 5546.863 obtained 
0 

from 60 years of flood data of St. Mary's River at Stillwater using sub-

routine PARGA2. The input variables to CLIGA2 are N=60; NT=6; T(I)=0.5, 

0.8, 0.9, 0.95, 0.98, and 0.99 for 1=1, ... ,6; CONF=0.95; XL0=5546.863; 

XSC=2946.618; XSH=3.057 and IWR=l. The main program to input this infor-

mation is given below. 

~~UbRAM 6AMtL~ (l~~UltU~l~UI) 
~AAMPLE Uf u~E Uf ~US~MUbkAM UN CUNtiUtNCE LIMIJS FO~ tH~ 6AMMA 
UlMENSlUN 1{60)t Al(60)t AUTtoU)t ALI(bO)t ~Xl(60) 
kt:.AU lOt I\, ~lt COt~Ft tl(l)t l=lt6) 

!0 fUt-<I~Al (2l5t 1F~:J.i!) 
ALU=5546.~6J $ XSC=2~46eblH $ X~H=3.U51UU 
CALL CLIGA2 (~tNTt~ONftALUtXSCtXSHtltX1tAUftAlftPXItl) 
t::.~u 

The computer output from CLIGA2 for this example is: 

~~X.LlKtLirOUU ES\IMAit~ UF 
( XLU= S~4b.~o30U 

~tlUkN ~ONEXCttUANCE 
~tHlUU ~HU~ArlllllY 

2. 
5. 

10. 
c:o. su. 

100. 

.suuoo 

.euuou 

.9UUOO 

.~~uou 

.9t300U 

.99UOO 

.Sb tONrlU~~Ct LlMliS FOR bAMMA•J UISl~l~UT!UN 
ASC=2~4b.6!~0000 X~~= 3.o~/UOOO ) 

t:VENI 
MAGNllUUt 

1J60'1e7349J 
lt:i340.83~07 
2.l42b•21~2U 
243!t:i.714'1ti 
21910.~+8~'+1 
3U6~U.t::~2SO 

CONfiOE~Cl Ll~lf5 
UPPtH LUwtH 
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APPENDIX 

1. Program Listing of Subroutine GAMMA 

2. Program Listing of Subroutine CDFINT 

~Urlk0~11NE CUflNT lAAt~~tACCt~MLtAN~tNU~tftlU) 
C 11-11::. ~U"'~OLll!~t CC~lNT U~t~ THt: O"rAkA-~MllH AL60HIIHM fO EV.Al.UAlE 
' l~t UtFlNllt 1~1tGHAL UF A blVE~ rU~CliO~ ~tTwEEN fHl LlMllS A) H. 
(. f<.H~ Ht:.Ftt<thCt.• SEE: t-4. U"HAHA ANU F. ~. 5MI1H--THE t.VALUAllO"' OF 
C 11-!E OtFl~lTt l"'ltGHALS ~y lNltRVAL ~UtiUlVISlONt CU~~Ut~H JOLHNALt 
C VUL. l2t 190~t ~. !1~. 
C AA l~ f~t LGWt.k LIMIT Of l~lE6H~TlO~--UStk ~UPPLitU. 
C Hb I~ I~E UP~tH LIMIT Uf l~T~GRATlON•·U~tH SUPPLltU. 
C ACC IS lHE VALUl 0~ fHt A~50LUTt EHHOH REWUIHEMENT UlSlHEO 1~ l~E 
C kt~uLl. t~~ lS u~tk SU~~LltU. 
C ~~L iS ThE VALUt Of lHt SMALLtSl fRACT!U~ Uf lHt lOlAL INTEHVAL TO 
(. tit ALL u-. EU ULJH 1 t-4(;; t. V ALUA ·1 1 UN Of l hE:. 1 ~ 1 tbk AL•-USE~ SUPPL I t.U • 
C ANS lS l~t VAHlAblt CONTAINING T~t VALUt Of IHE lNltbkAL AS 
C tVALUAltU 1~ 11-tl ~~hkOUllN~. 
C NUP 1~ A~ I~ltbtH VA~lA~Lt CUNTAl~INb ~~~ NU~VEH Uf lNlEbRA~U 
L EVALU-110~5 l~Al ~AVE lAKt.N PLACE JN THl SU~HOUTl~t. 
t f IS l~t ~A~~ OF ThE U~tH SU~~L1EC FUNLllON SUBPHOGHAM UEfl~INti 
C lbt l~ltG~A~L. F ~USI bt UECLAHEU tAltHNAL lN TH~ LALLlNb ~HU6HAM. 
l 1~ I~ A~ ~~~~~~H VAklA~lt l~DlCAllNb ~HlfhlH CUNVEHbENCl HAS 
l UtCu~htU I~ lbt SU~~UUIINt. 10=1 Ir CUNVEHbt~ ANU 1~=-l OlbtHwlSt. 
(. u ~ t:. k ~ t1 U U L U C t· t. (. K V A L U t U t I U 0 N H t. I U k 1'4 r 0 ASS U k t C U k H t (.. 1 H t:. S Ll l 1 S • 



llJ = 1 
.X. = AA l 
lJ = A+t-< :b 
ftj = f (8t1) ll 

1\il.J.... = ., ) 
h~lN : ~~'<'l*t-

lv ...., = .'::"'1-

l ::; t:H:i 
v :: Y + r1 
1~ = f\L!) 
thH = ~cc 
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Y • (tlti+A.A)/~ 
TO = f'(AA) 
re =,.tv, 
A"S = o. 

lf· (A~~(b) .Lt: .• AbS(~f'w'lN)) (,U TU ~tl 
wl = X+~ ~ ~i = u+~ ~ w3 = Y+H 
I l = f- ( WI l ) ) I 3 = t-- ( W ~ ) ~ J ~ = f ( W 3 ) 
'"' u'"" ::: ~~ lJ ... + '• 
~A = lu+le i ~C : T~+lb ' 50 : T1+TJ+I~+l7 
~~MHHG = ~(dH1 .. 5A+leH2*1~+t8HJ*Sl+C8H4*SO)*h 
Al~~l = (L~Li 0 SA+L~C~*I4+CNC3 .. SL+C~t•*SOJ*H 
t~T : A8S<~~~Hkb-Ai~NCI 
uv = lc. 
lf· <r...E{s;.U) uv = l. 
LUH .:: tkH/lJV 
It- <tSt .<J1.£lJb) (;U tu C::O 
AX : i-cl3 .. r 
rc, = f (li-XX) +F (U+XX) 
f lv : F (\I'•.X.X} +F (V+AX) 
1\liP = 1\t..;~+'+ 

t1 = (8t--AA)/4 
14: f-(Y) 

K = 0 

w 4 :: v + ti 
'1 = r <•4> 

ALL/ : CClll*(SA+2.•1-)+C/L2*SC+C7LJ*S~+C7L4*(T9+1lUJJ*H*•~ 
tST = Ab~lACLJ-HO~~~G) 
tMAA: ~bS(.~*(lO+f4)+1l+l3-T2•1~) 

1 +CA~SC.5*(l'++l~)+l~+ll-Tb-ll0))*H*64.1~4~. 
lf- (t~A)( .(.:;"J .t.~ I) E~ I =E::fwtAX 
lt- (t"_~l.Lt.LU~) 60 fU 40 

2v " = t\+1 
U· <"•Lt.JO) bO 10 Ju 
lU • •1 
GO 10 60 

30 ij}(K)aT~ t SZCKJ•lb S b3(K)•T7 $ ~4(K)af8 I P(K)•H 
l8•T~ J T6•TJ S T4•T~ I Tc•Tl 
l•Y i V••~ 5 Y•U I U•Wl 
<,(J lu 1U 

4u A~S = t~S+All7 
tkR = f:~k+t.Sl 

~u Ir <K.tt.o> ~-<tfukl\ 
H: t"(K) $ 
I~: tjl(t\) :i 
V : A+t-o i 
K : K-l 
u(J 1u 10 

60 ...... q,.,d 10 

X = L 
f4 : bi:(K) 
y :: li+H 

1 0 = 18 
lb = t33(K) 
V : Y+t1 

J~ = b4(K) 
L : \1+.-, 

I U r ll H tv. A 1 ( II 2 li X ' " I [) = - l 1 t'v U 1 C A J t:: S 1 H A J C 0 NV I:. k b t N C E. wAS N U l A T 1 A 1 1\ E U 
1'*/) 
~lot-> 
li'IU 



4.1 

4.2 

70 

4. PEARSON TYPE III DISTRIBUTION 

The probabi 

tion is 

where a, S 

function of the Pearson III di 

1 

a 

Q,n(x)-y
0 exp {- -·---

a 
0 < X < 00 

(Q,n x) are 
0 

scale, shape and location 

(1) 

meters the domain respectively. Actually the Log-Pearson III 

distr:ibution is a ganuna (Pearson III) distribution in the log domain. 

'TI1at is, if x is III buted, then y is 

gamma distributed. 

There are methods for estimating of the 

Pearson III stribution: (1) method of moments ied to the 

x data; method of moments appli to the transformed data y; 

and (3) the method maximum likelihood. Bobee (1976) has compared 

methods on annual flood peaks and concluded that the first the 

best results. 

Moments 

The scale 

( 

a = 

which 

by 

(A+3) 

a may be obtained fo 1 

. 2 3 
A = - 0.23019 + 1.652o2C + 0.20911C - 0.04557C 

for 3.5 < B ~ 6, and 

A = -0.45157 + 1.99955 C 

Bobee (1976) and 

( 

(3) 

(4) 

for 3 < B < 3.5. Tn these equations C is computed hy 



c 

and 

B -· 

where 

parameter 

s = 

and 

y 
0 

l/(B-3) 

£n 

£n 

and ]J 
3 
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are the sample first three moments of x 

Similar the shape parameter B and the location 

v are estimated by •' 0 

£n ) 

2 
9,n ( 1-<::x.) ·- £n(l 

Zn(~ ) + G £n ( 1 
1 

l 

~1hout 

( 

The relationships between the sample statistics of y = Qn(x) such 

as the mean C , standard deviation 
y 

A 

0' 
y 

and the estimated ers ~' S and 

and skewness coefficient 

v are 
" 0 

(9) 

(10) 

( l J) 

The moment estimators a and i3 of . ( ' ( were obt~.ti ned 

directly in terms of the original x values. However, since y = 9,n 

is gamma distributed, the moment estimates of the may be 

obtained indirectly by first cstimat the mean ~y' the standard 

deviation u 
y 

and the unbiased skewness coefficient Yy and then 

finding the parameters and 
A 

v 
' 0 

from Eqs. (9), (10) and (11) as 

A 

a = 0.5 (12) 
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(13) 

and 

(14) 

Subroutine PARLPl 

This subroutine computes the moment estimators of the parameters 

"' a, 8 and y
0 

of the Log-Pearson III distribution by either the direct 

approach from Eqs. (2), (7) and (8) or by the indirect approach from 

Eqs. (12), (13) and (14). In the first case the input index METH = 1 

while the second case METH = 2. The input variables to PARLPl are 

the sample size N; the data set X(I), I= 1, ... ,N; the index METH; the 

index lEST = 1 for biased or lEST = 2 for unbiased estimates and the 

index IWR. The output variables are the parameters XSC(&); XSH(B) and 

XLO(y ). The program listing of PARLPl is given below. 
0 
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jv t-Ut-<r•Hd (lvXt'*LUCAilUN PARAMt.ltR"IlOAttt(~Uwt.R t;UUNU Uf_LI\(A)):" 
if 12.tH/lOA"~CALE:.ut;;Attt-JAHAMt.IEr<=tttf lt.tn/.lOX"~HAfJE:"ts.X"t-'AkAME lt:t-c= 11

t 
2rl~.o/l 

4V PklNl ~Ot ~ 
:,u f-UH~Al (}t'-J.I//:>At"LUG-,_..tAH~UN 1Yt-lt-.J tJISlH.lt:H.JflON"IdAt"\lJlHtL.l ,_.tl 

lHUO UF ~Ut¥l.~l~:d"/5Attti'IU ~ULUllO~ tH:l.AU!:>t t:;=,.tFlt.o/~Atttf-ALL~ UUlSl 
2ut fHt ~AI\6t ~ <J.o,e.td "'' > 

t-<t.lUt-<1'1 
L lNUlktCl Mtl~0~ Ut- MUMtNJ~ 

ov LJU 70 i=ltt\ 
7v J'.(l): ALUG(A({)) 

CALL ~AkbAl(NtXtA~CtA~HtXLUtJtiESltU) 
H·< lwH.t.u.o > kt1Ut-<f'4 
..,klNI MVt t!;)ltlt!:>T) 

HV t-uro<f_.\Af (it-<l///~At"I-'AHAMtltk~ uF lUG•t-'t:.AkSuN fY ... E•-' UJ.~lHldUllUN"t 
1/lJ.l.t"(lNIJlHtCI MtiHUU Ut MUMtNI~)"IJ.JAtA'1t" MUMtNI t~llMAlOH~)"/1 
cJ 

PklNf 30t X~Ut A~C, X~M 
~-<tlUHf\ 
t:l'fD 

Subroutine PARLPl is applied to compute the moment 

estimators of the parameters of the III distribution for 

the annual flood peaks of St. Mary's River at Stillwater. The direct 

and indirect approaches are used and for the second case the unbiased 

estimators are desired. The length of record is of 60 years. The 

input data to PARLPl are N=60; the data set X(I), 1=1, ... ,60; METH=l 

(direct approach) or ME1ll=2 (indirect approach), IEST=2 and IWR=l. 

The main pro gram to ca 11 PARLP 1 is shown be lov.·. 
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The computer output for this example 

J-iA~AMt:.fl:.k~ Ot LUG•Pt:.AHSUN lYPt::-3 Ul~lkit~UT lUI' 
(UJ.Rtll MtfhUU Ur ~U~t.l\1~) 

LOCAllU" PAkAMtftk 
tLO~t::H dO~~U Or LN(X)): 
SCALf 1-iA~AM[fLk= 
5hAPt PAHA~rlt~: 

Method of Maximum Likelihood 

~.l0'1hS6 
.uc:>h~o 

17t:..~~c44t; 

The log lihood function for the PDF in . (1) is 

LL(x,a,B,y ) 
0 

N 

- - I 1 N 
~n (x.) - N ~n[(S)] -- I [~n (x.) - Y ] 

1 1 a i= 1 1 o 

N 
+ ( 1) I ~n [ ~n (xi) - y 

0
] - N B ~n (a) 

i=l 
(1 

Differentiating with respect to the parameters and equating this to zero 

yields three equations which need to be solved simultaneously to deter-
A A 

mine the maximum likelihood estimators a, B 

are 

A A 

N a B 

and y . 
0 

These equations 

(16) 



~ 

~ lP (B) = L Y.n 
i=l 

N 
,; c s-1) I 

i=l 
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1 

where y. = £n(x.) and 1v(B) is the digamma function w·hich can be 
1 1 

calculated by the asymptotic expansion as mentioned before. 

and 

ions ( , ( l 

1 N 
Ct = \' (y.-·Y) 

:.J .L 1 ·o 
1=1 

2 N N 
{1-N [ ~ ( y" ) \ L yi- o .L 

1=1 1=1 

(1 give 

A -1 
1/ (y. -y ) l } 

1 0 -

l 

F(y ) = 
0 

N 
-NwCs) + I 

i=l 
tn(y.-y) - N tn(~) = 0 

1 0 

(17) 

(l 

(J9) 

1_20) 

(21) 

which are solved by a numerical iterative procedure. It is noted that 

. (19), (20) and (21) are the same as . (29), (30) and (31) cor-

responding to the ganm1a stribution. Therefore, the solution in this 

case parallels that of the gamma PDF described before. 

Subroutine PARLP2 

This subroutine determines the maximum lj kclihood estimates of the 

parameters of the Log-Pearson III distribution. The numerical procedure 

is the same as that applied in subroutine PARGA2 for the gamma-3 distri 

bution. In PARLP2 the moment estimates of the parameters are used as 

i estimates to start the iterative procedure for the maximum likeli-

hood estimates. If B of Eq. (6) is outside the range 3 < B < 6, the 

moment estimates are not computed using . (2), (7) and (8) but by 
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setting an 1 value for the location parameter y (XLO) 
0 

less than 

the minimum observed x value in the log domain XMIN. If B of . (6) 

is within the range 3 < B ~ 6, the moment initial estimate of y
0 

may 
A 

be greater than XMIN. Also, within the iteration, y
0 

may assume a value 

x greater than y > XMIN. 
0 

In these cases, a second approximation set 

for y 
0 

equal to the arithmetic mean y = 0.5 (y + XMIN). The maximum 
0 0 

number of iterations denoted by LIM has been set to 20, and the relative 

maximum error denoted by ERROR has been set to 8 in the OATA state-

ment. These two values may be changed by the user desired. 

The input variables to PARLP2 are the sample size N; the data set 

X(I), I l, ... ,N; and the index IWR. The output variables are the scale 

parameter XSC, the shape parameter XSH and the location parameter XLO. 

The program of PARLP2 is given below. 

~UHMUU11Nt ~AHL~2(~tAtA~LtA~HtXL0tlWH) 
C MAA.Ll~tL1HUUG t~flMAIUk~ U~ LU6·~EAR~UN IY~E·J Ul~lHlbUI!UN 
t N : MAAl~~~ ~~Mdtk U~ UAIA ANALYZtU IN fHt PHUGHAMe 
(.. ALO : LUCA T l<.JN PAHAMt. 't.R (LUWt.t< HOUNU lN 1 Ht LUG UUMA11'1) 
C A~C: SCALt ~AHAMtftWt A~H = ~H~PE ~AHAMtltH 
t IwH = 0 00 NUl wH!1Et lwH = 1 WklTE THt HtSULI~ 
C LIM = MAXIM~~ ~UMBtH UF IIEHATlONS PtHMllllU IN THt ~HUCtUUHt 
C tMkUH= MAXIMuM A~SULuiE HtLATlVE EHRO~ HtYUlHt.MtNT UN ALOe 
C* SU~kUUTlNt HtYvlHt.MENl~= ONLY lHt SU~HUUllNt tAGAMe 
C UtvtLU~tO ~y ~O~E U• SALA~ ANU t. ~~NLtUEN 
C H¥U~uLO~Y A~O •Altk Ht~OUHLt~ PRObHAMt LULUHAUO SIAit UNlVtH~liY 

UlMtN!::>lON ~(N) 
UATA ll~ttkkUH/2U•U•UOUOOUOl/ 
VN:: N 

C OlkECI MUMt~f t~I!MAlt~ UF IHt PAHAMl1EH~(A~ A FlHST AP~HUXIMAllON) 
AM=X~=Xu=U• 
uu 1 u I= 1 '1'\ 
.AM: AM + .X(l)/N 
A~= AS + /..(1) 0 *~/N 

lu Ab=X~+Xtl>**3/N 
H =tALU6(JG)-3*Al0b(XM))/lAL06(A5)•~*~L0b(AM)) 
C = le/(~•Je) 
lf( o.Lt.3.~H.beG1.e. ) bU lU lJO 
1r ( ti.Lt.J.5 ) A= -u.~+ll~7+1.9995=•c 
lf( ~.GT.3.~) A= -.~3Ul~+1.652o2*C+e209ll*C**2•.04~~/*C**3 
~CA= l.lt~+3.> 
~HA= ALUG(A5/(XM**~))/ALU6(t1.-~CA)**~/(le·~*SCA)) 
AUM: ALGbtX~)+~HA*ALUG(!.-~CA) 
AM: 0. 
~MIN=ALGb<"ll)) 
l)U 2V l=ltl-,. 
A(!): ALUG(1-.(l)) 
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j 

A to"= X~ • A ( 1 ) I r-.. 
~v AMI~= A~lN1<~~1N•X<l>> 

u· <lwH.<..;I.u) t-~t-<I~l 30 
3V rUt-<MAl <1.-.liii~~.~~~AHAMt:ltH~ UF l<JG-~t.Ak~{JN fl~t..-.J LJl~l~lt1UllUNt\t 

l1l4~"(f"1~)(.L1Ktl!HOUU E_:,llMA10kS)"II!:lA"1111AL LUwE:.t1 tjUUNU ~ALUE OF 
~ f- L 1 K E - l ~· ~ H u ~ E. ME ~ ' '' I J. ~ " •• "L 0 '' ~ X I. L I H u 0 lJ f_ ~ u A I I u N u N "L u I I I ) 

H· l " 0 ,..~ • <., t.: • 1-. rv. l f\4 ) (, v ~ U i 3 0 
KTH=u 

4ll t\f~ : 1\lH+l 
LALL fA~A~lNtXtAO~tf-MtU~MtASCtA~HtAM) 
U " U = r ~'<1 I U F ~ 
lt- (lwk.lll.V) ~Hll\1 /Ut t\lh:t 1-.0Mt f-Mt lJ)\U 
AU: ,\{Jf\"•UAU 
lt- ('AU-AMI~) 60t~U,~U 

SU AUM : (A()~+A~J~)Ii. 
~u 1 u 4 u 

b U K I H : r. l H + 1 
L A l L f- X (: A t" ( 1-.. • X t A 0 t t- A t U .. .~ t 'A ~ C t A S H t A M ) 
UAU: FAI(Jf-X 
lr (l"~•(:,t.u) ~Hl~d /Ut Klkt AUt FXt U1U 

IU ~UH~Af (7Atl~t~14.bt~~ttl5.~tf-l~e6) "u= xo-uxo 
If- (J..u.Gt.X~l!\4) GO 10 ~U 
lt- (KlHeGE.Ll~) GO lU llv 
H· (A~~ (UXUIAU) .t:Jl .t:HHUH) (,U 10 60 
ALiJ=AU 
!r (lw~ebf.U) tJHl"-1 tiUt Xl0t A~lt X~H 

~u rUKMt\T <10'-•"LUCAflUN ~AkAMtTtt-<"llOAt"tLuwt..~ ~uuNU Uf LI'.(A)):u 
1t·1~.otllO~•"~CALE"t;X 11 ~AHAMtfEt-<="•f-1cebliOA 11 ~HA~E..ubX"~At-<AME.Ttt-<="• 
2F !~.bl) 

ktiUkf'.. 
Y U ~ ~ l flj I l 0 0 t A u t A. M 1 f\1 

1 0 () r U 1-< M ~~ l ( I 5 X , "l U • E:.. H t; 0 U 1\1 U = "f 1 t:: • b • " • b I • 0 H ~ E H v E.() fvll N :z tt t f l ~ • b ) 
1-<tfUHI\4 

110 ~HINJ lcOt ~JHt AUt F~ 
1 ~ u F- u H M A r < 1 ~ " , •, (\j o c. or'~ v t:J~ G t. N <.: t A F T E R " , 1 J , " 1 1 E .-< A T 1 oN s .. 1 ~ x , "L As J ~ A L u £ s 

l uF l.,_.t: 11t.HA11U"- AI-<E- "I~Xt"LOWE.k t::3UUNUAH'1 ="tF l~ebi~XttLlKt::LlHOUO 
cVALUt:.=''tf ll'.':il) 

kf:..fUH"' 
l3v KIH : U 

AU : AM 1 f'.l - 0 • 0 1* A h S (X M 11~) 
i.JU 1U bU 
t~l) 

Example 2. Subroutine PARLP2 is applied to compute the maximum 

likelihood estimators of the parameters of the Log-Peorson lii distribu-

tion for the flood data of Example 1. The input Jata to PARLP2 are the 

sample size N=60, the data set X(l), I=l, ... ,60, and the index IWR=l. 

The main program to call PARLP2 is shown below. 

~HUbMA~ ~LUb~2 (}~~Ult UUI~UI) 
L tXAM~Lt FO~ fhl: MAAell~tllrtOOU tSilMAlukS U~ LUG-PtAk~UN•3 U1S1HlHUTlU~ 

UlMf:.N~lUN X(oU) 
Ht.AO lUt " 
HtAU 2U, (X(l)t l=ltN) 

lV fo-UHMAf (l6l!J) 
~U f-OHMAT tlcFt:leU) 

CALL PAHL~~(~tXtX~Ct~SHt~LO•i) 
t.NlJ 
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The computer output for this example is: 

~AHAMtlt~~ Of LUb-PtAHSON TY~t·J UlSlHlhUllU~ 
(MA~.LlKtLlHUUO ~SllMATUHS) 

fHl~L LUwtk H~U~U 
"LU 

VALUt 0~ LlKt• lM~kUVtMt~l 
llHUUO tU~AtlU~ UN ~LU 

1 ~.!0~6~6 -.14YOH979t•03 -94.1/~~~~ 
~ ~.~~,7~9 .1~446!81E•02 .34~J~6 
J 6.bl6403 .~OH~l~30~•03 .~6~4U4 
~ ~.jS~9~~ .1u~~3123t•Oj .l~b~l~ 
~ tl • t: ~ t.t I d 1 • 1 4 I 4 V t> ti ~ t • U ~ • (J c '+ 3 .1 1 
0 tl.~OU4/0 e42~~H804t•Ut.l .UUU/44 
I 6.,~~/co .Jbul687~~-09 .uuooul 
~ e.l4;t~~ .4~4147J5t·ll .oouuou 

LUCAIIOI-. f-IAkAMt_ft:H 
(LOwt~ ~U~~U Ot LN(X)): ~.19~/2~ 
StALE PAHAMtllk: .uJJ64~ 
ShAPt ~A~A~~JtH= ~b.~J~H5c 

l n this output the moment ini tiaJ estimate of the lower bound J.S 

XLO = 5.109656 (first trial). However, the derivative of Eq. (21) at 

this point would give an unappropriate second approximation of XLO = 

=5.109656 - (-94.778947) = 99.89, which is greater than the observed 

minimum value in the log domain XMIN. Therefore. a new value of XLO 

is set equal to the arithmetic mean of 5.109656 and £n(XMIN) for the 

second approximation. 

4.3 Probability Density and Cumulative Distribution Function 

If x is Log-Pearson I I I then y = £n (x) is ganmia distributed. 

Hence, the PDF of x is related to the PDF of y by 

f(x) = .!. f(y) 
X 

(22) 

Equation (22) is used to find the Log-Pearson III density f(x) based 

on the ganuna density of y = Q,n (x) . As for the CDF of x, the following 

relation holds 

X 

F(x) = J f(x)dx - F(y) 
0 

Q,n(x) 
J f(y)dy (23) 
0 

where F(x) and F(y) are the CDF of x and y, respectively. That 

is, F(x) may be obtained by integrating the gamma density in the log 

domain. 
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Subroutine DISLP3 

This subroutine determines the PDF and CDF of the Log-Pearson III 

distribution of parameters v (XLO), ;(XSC) . 0 
and StXSH) at 

points x represented by X(I). Both the PDF and COF of x are 

obtained by using the corresponding functions for y 

. (22) and ( 

The input variables to D1SLP3 are the number of points 'I .... at which 

the PDF and CDF are to be computed; the parameters XLO, XSC and XSH; 

the index IX, the index IWR and either the data set X(I), l=l, ... ,N if 

IX=I or the maximtun value of x, represented by XMAX, if IX=O. ln this 

last case, the PDF and CDF are determined at N equally spaced points 

(in the log domain) between XMIN and XMAX, where XMIN EXP (XLO) . The 

output variables from DISLP3 are the PDF denoted by DEN(I), the cumulative 

function CDF(I), I 1, ... ,N, and the X(I) 's if IX=O. The program listing 

of DISLP3 is given below. 

~~~HU~11~t ~~~L~j(~tXtAL~tA~(tX~HtAMAAtUt~tLUftlXtl•HJ 
L •• u~~~ilY A~~ lu~ULAllvt UF LU~-~tA~~O~ IY~t J Ul~IHlbUl10~ 
l*OA(l) A~U A~AA VALUES ~hUULU bt G1Vt~ lN IHl HlAL UUMAlN 
too~vbHUUil~t HtUulHtMt~t~= ~U~MUUllNt Ul~bAM A~U ~tLAitU ~Ub~HObkAM~ 
l UtVtLU~tU cY vU~t ~· ~ALA~ ANU t. btNLtUt~ 
L HYUHULU~Y A~U wATEH Ht.~U~kltS PHObHAMt CULUkAUO ~lAit UNlvtHS!IY 

uJ.Mtr-.~J.lil'l X tl'd t Ot.N (N) t CUt (N) 
l t < 1 X .Lt.. U > bO I u c U 
uu 1 v l = 1 ',, 

lV A(l}:: #llL(;(A(l)) 
Af'fAA :: A(l\) 
~~ll Ll~b#l~(~tAtALUtA~~tA~HtX~AXtutNtCUtt!tU) 
uu lu 3lJ 

~ 0 L t" A X :. A L lJ b ( A f'/1 A X ) 
LALL Ui~G~M U~tAtALUtA~\..tX~htlMAXtUt.NtCUt tUtOi 

J v u u 4 u J. = .1 ' ,, 
A(l) : tAt"(A(lJ) 

4\J utNClJ = Lti\(1}/A(l) 
.lt' (J.Wr<.Lt.lJ) ktlvkN 
~HlNI ~Ut ALUt A~(, A~H 

~U t\JHIV!Al (.1~11/I~Xt"t ... tf\(~J.IY ANU ClJ~lJLAiiVt U1~lt1lbU11UN Vr LUb•~t~H~ 
J. u '"' I y ... t ,j It I I tL·~ ' .. \ "l u =H.. J. v • ~.. }.. s (. = "f 1 v • J h A~ H = .... h • 4.. ) fl/lij A t .. u ~ 0 t 
ck Vt\klAbLt Utr-.~lfl (.;liM. Ul~lk."I~O.X.t''VALUt"fAHrUN(flU 
Jf-.. tUI\LilLNttl) 

;. 1-< li\J I I U t ( 1 t A ( 1 ) • U t N ( J. } t L I) f ( 1 ) t l : J. t N ) 
IV r~HMAI llUXt1jtri4.6t~t1J.b) 

kt I UHI\ 
t.NO 
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le 3. Subroutine DISLP3 is used to determine the PDF and CDF 

of the Log-Pearson III distribution with parameters y
0 

4.0723, 

a 0.0863 and S = 10.75 (Natural Environment Research Council, 1975) 

at 10 points. The inputs to DISLP3 are N=lO, XL0=4.0723, XSC=0.0863, 

XSH=10.75. lX=O and lWR=l. The main program to call DISLP3 in this 

example is: 

1-'t-<U(.:n'(AM Lt-'U 1 ~ l t 11\Jt-'lJ f, uu I t-'U I) 
C ~AAM~lt ~Lk l~t Ut~~liY A~U CUM~LAllvt U~ LUb-PEAk~UN-J 

LUMMU~/bLKl/XLUtA~(tA~H 
UlM~N~IUh A(bU)t ~tN(bU)t ~U~(6U) 
~~=iU ~ Al~='+.U/~3 ~ ~~~=v.u86J ~ ASh=lo.l~ ~ XMAX=~J~.I 
lALl Ul~L~J(N,AtALUt~S~tA~MtXMAXtUENtlUftOtl) 
t.l~!) 

The computer output for this example is: 

( XLU= '+•U{£jU A~C= .vtlo XSh= lV.f~VV ) 
UHlJt.l-( vA.,lAblt. lJt~Sll Y LLJM. U!!llt-t. 

VALUt. tlif\JLl!Uf\J t- Uf\4~ t l UN 

1 ~c:.o'-Jll':fl.J u.oouuuo u.uouuou 
t:1. 6t:!.'+'J~ti6U .UUUUU4 .uuuuu~ .j 1'7.-,Jioi::.'+ .uuo~ut:. .UUit:JJd 
'+ 9~.~':1Ut>~'+ .uu3t'+~ .uco~'1.j 
~ J.vt:.814c1tj .uuet:~'+ .lco~u.,_ 
0 1£ I • UcU':HJb .u!lJ.!:ltl .J.lt>1Ul 
I l'+tj.ctl~~6u .voc:,'+4'+ .:,J'1J.jo 
d .t.1.:.u:,:,o'+4 .uutJvtJ .IJiO~b 
'1 C:Ul.f:H.13'+0! ·003.1~4 .tH'>l.j~~ 

10 cJ:::./uuvou .uvl'+'+.t .'1..:S!:>/tiU 

4.4 The Inverse of the Cumulative Distribution Function 

Since the Log-Pearson III distribution is a gamma-3 in the log 

domain, its inverse x for given probabilities can be determined using 

the same procedure as for the gamma-3. That is, for a given set of 

parameters y , ~ and 
0 

S, of the Log-Pearson III and for a given CDF, 

say p, the inverse y of the gamma-3 is obtained from which x = exp{y} 

is the inverse corresponding to the Log-Pearson III. 
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Subroutine INVLP3 

This subroutine determines the inverse of the CDF of the Log-Pearson 

III distribution by using the procedure outlined above and the subroutine 

INVGAM. The reader should be referred to the description of INVGAM. 

Inputs to INVLP~) are the parameters XLO, XSC and XSH; the number of 

inverses N to be computed; the index ICDF; and the index IWR. If 

ICDF=l, the set CDF(I), 1=1, ... ,N is given as input but if ICDF=U, the 

set CDF(I) is not given as input, but it is computed as CDF(I) 1/(N+l) 

the program. The program listing of INVLP3 is given below. 

~u~HUull~t !NVLP3 (XLVt~SCtXS~tNtCOft~tlCUftlWH) 
c •• INVt~~t Of T~t LOG-~EAH~UN IYPE 3 Ul~THlBUfluN 
~ •• XLU = LUCAll~N ~AHAMfltH tLO-tH bOUND IN IHt LOG UOMAIN) 
L •• x~C = StALE ~A~A~ETE~t X~Ha ~HA~E PA~AM~l~H( ASH SHOULO 8~ .LE.~/) 
C •• CUF = CU~ULAllVE PHO~ABlLliY CORHESPONO!Nb 10 X(l) 
C ICOF= 0 COF<l)t I=l•2••••N ~tl IS NOT GlVlN BY lHl U~EH. 
C ILOF= 1 CUf(i)t l=ltct•••N SEl ~HOULO bl blVEN MY THt USt~. 
C N : ~UM~tk Ur CLA~S Ll~ll~ Ot X UESIHEO lUBE ~OMPUTtO. 
L XCI> 1~ lr1t lf'tVt:.HSE CUHRf::,PUNU1N6 TO CUf (1) 
c •• I~~ = 0 UU ~01 wHITEt l•H a 1 wRllt IHt Hl~ULIS. 
t*~~LOtXSCtX~ht~tlCDF AND !WH VALUES SHOULU bt ~U~PLIEO bY TH~ USt~. 
C**Su~~kOGkAM kEQUlHEMENlS AHE lf'tVGAM ANO ~ELAlEU SUdPRUGHAM~ 
C UtVtLO~EO dY JOSE 0• ~ALA~ AND E. BlNLtOEN 
C hYUHULOb~ AND WAltk kE~OuHCtS PROGHAMt CULUHAOO SIAit UNIVEk~llY 

U!Mt.""SIUN ~ (1'4) t CDr (N) 
CALL lNVGA~ (XLOtX~CtX~HtNtCOFtXtlCUftO) 
UU lU l=ltN 

lU A(l): tXtJ(A(})) 
lr< lwH.LE.O) ~EfUHN 
~klNl ~Ot XLOt ASCt X~H 

~u FOHMAT (lf-il///7Xt••cLAS~ llMlTS OF ltit:. LOb•PEAHSON•J Ol~lt<lBuJ!Uf'. F 
1UNCJ!0~ 14 /l0A 11 ( XLO="flU.!!>" XSC•"Fl0•4" ASH="Ft.i.~ 11 )U//l5A"OJ.(Ot. 
2H 11 / X HCUMUL A I 1 Vi:." I 2oX uu 1::, h< lBU ll Of".4" /l6X tt ( 1) "1 OA "COf (A) u 1 ~X "X ( 1) "I) 
~HlNf 30t Clt CUF(l)t A(l)t l~ltN) 

30 rUHMAT tl5Xtl3ti!Flt:s.o) 
Ht 1Ukl'4 
tNU 

4. Subroutine INVLP3 is used to determine the .inverse of -..........L---

F(x) for X Log-Pe~rson III distributed with parameters y = 4.0723, 
0 

& = 0.0863 and B = 10.75. Nine inverse values are desired for the 

CDF's of Example 3. The inputs to INVLP3 are N=9, XL0=4.0723, XSC= 

=0.0863, XSH=l0.75, ICDF=l, IWR=l and the set CDF(I), 1=1, ... ,9 shown 

in Example 3. The main program to call INVLP3 is: 
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~~Ub~AM L~JCLA tl~~UltVUl~UT) 
t iN~t~~t Uf IHt LOG•PEAH~UN TY~E 3 Ul~IHlHUilUN 

tUMMU~ IHLK!I XLOtASCtA~H 
UIMENSIUN CLAS<lOO)t CUf(lUO) 
N=~ S XLU=4.U7~3 i XSC=O.Uij6J ~ XSH=J.U.7S ' lCOF=l ' lwH:l 
kt:.AO lOt (CUFtl>t l=ltN) 

lU FOH~Al <lOFt!.tl) 
CALL l~VLP3 (XLUtX~CtX~ht~tCUftCLA~tlCU~tl•H> 
t~u 

1be computer output of INVLP3 for this example is: 

CLA~S Ll~IIS U~ THE LOG-PtA~S0~-3 UISI~lBUtlON FUNCTION 
( ALU= ~.U12JO X~C= .0~63 X~H=lu.l5UOO ) 

OHUt." 

( i ) 

J. 

' J 
i+ 
~ 
C) 

I 
d 
'1 

4.5 Confidence Limits 

CUMULAllVE. 
Ol~fHlt:iUTlOr. 

CUf ()q 

.000006 

.001638 

.0~6593 

.12650<.) 

.Jl~7U/ 

.539336 

.1310~5 

.tU)lJ9J 

.YJ5780 

X ( 1) 

68.t:Sl~~l9 
79.9J80l7 
9J.c~o~77 
l0ij.~74~~5 
12f.Ub094b 
}ltij.~8~~99 
l7::S.U55b8~ 
~ol.<J6JJJ7 
~3~.6997<J8 

Considering that the Log-Pearson III distribution is a gamma-3 in 

the log domain, the T-year event magnitudes and lOOa percent confidence 

limits of the Log-Pearson III are determined by first computing the 

corresponding magnitudes in the y (log) domain and transferring them 

back to the x domain by 

(24) 

X = exp {y } 
Q, Q, 

(25) 

where represent the T-year event magnitudes and and 

yQ, represent the lOOa percent confidence limits for the Log-Pearson 
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III and gamma-3, respectively. Both moment and maximum likelihood 

estimators are determined by the above transformations. 

Subroutine CLILP3 

This subroutine determines the approximate moment or maximum likelj-

hood estimates of the T-year event magni tudc·s and the lOOn percent con-

fidence limits for the Log-Pearson III. The event magnitude X(I) and 

upper and lower confidence limits XUT(l) and XLT(I), vely, 

are computed for specified return periods T(I) or non-exceedence proba-

bilities PXT(I), 1=1, ... ,NT, with NT the number of desired T or PXT 

values, and for a given confidence level CONF. Subroutine CLILP3 needs 

subroutines CLlGAl, CLIGA2 and RETCDF, described prev1ously. 

Inputs to CLILP3 are the sample size N; the number NT of return 

periods or non-exceedence probabilities both represented by the input 

variable T(I), 1=1, ... ,NT; the confidence level CONF; the parameters 

XLO, XSC and XSH; the index IEST==l (moment estimates) or IEST=2 (maximum 

likelihood estimates); and the index IWR. Outputs from CLILP3 are the 

T-year event magnitude XT(I) and its XUT(l) and XLT(I) corresponding to 

the input T(I), I=l, ... ,NT. The program listing of CLILP3 is given 

below. Other needed subroutines CLIGAl, CLIGA2 and RETCDF were given 

previously. 

SUHRO~ll~t lllLP3<~tN1tCONftXLOtXSCtXSHtTtAltXU1tXLft~XltltSTtiWR) 
C** lO~flOE~Ct LI~ll~ FC~ LOG·~lAHSON TYPt J UlS1Rl8UTION 
C ltSl = i tSl!MAtlON ~y MOMt~ISt IlSl = i ~~l!MAllON HY MAX.LlKlll~OOU 
C XLO : LOCATIO~ PA~AMElEH ( LOWtR BOUNO ) 
C A~C = SCALt ~A~AMETt~ t A~H • S~A~~ ~A~AMtlt~ 
C**SUSPHOGHAMS ~EEOEU ARt CL1GA1 ANU CllGA~ 

0 1 M t N S 1 C N f ( t-4 I ) t X 1 ( N l ) t XU 1 ( N ·1 ) t A l I ( N l ) t ._.X 1 ( N l ) 
lt- < 1 E. 5 T • G I • 1 ) GO T U ~ 0 
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Example 5. Subroutine CLILP3 is applied to compute the moment and 

maximum likelihood estimates of design floods and 95 percent confidence 

limits for 2, 5, 10, 20, 50 and 100 years of return periods. The floods 

are assumed to be Log-Pearson III distributed with moment parameter 

estimates of y = 6.51579, a= 0.037788 and 8 = 79.726449 and 
0 

maximum likelihood parameter estimates of y = 6.19973, & = 0.033645 
0 

and 8 98.938852 obtained from subroutines PARLPl and PARLP2, 

respectively, for 60 years of annual floods at St. Mary's River at 

Stillwater. The input variables to CLILP3 are N=60; NT=6; CONF=0.95; 

XL0=6.51579, XSC=0.037788 and XSH=79.726449 for moment estimators or 

XL0=6.19973, XSC=0.033645 and XSH=98.938852 for maximum likelihood 

estimators; T(I)=2, 5, 10, 20, 50 and 100 for 1=1, ... ,6; IEST=l 

(moment estimators) and IEST=2 (maximum likelihood estimators); and 

IWR=l. The main program to input this information is given below. 
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c 

The computer output for this example is: 

O~f~l ESli~~ltS OF l~E .95 CO~FIOE~CE LlMll~ FOR LOG·~EAH50N•J 
( ALO= 6e51~~0 ~SC: .o317~8U XSH• 79.1~b4490 ) 

HEl~H~ hO~EXCEEOA~C~ EVE~T CONFIDENCE LlMll~ 
PEHlOU P~OBASlLllY MAG~llUUE U~PtR LO~E~ 

~. s. 
lv. 
20· 
~u. 

100. 

.~0000 .aoooo 

.<JOOOO 

.95000 

.98000 

.99000 

13574.10981 14890.23527 lcJ74.31410 
1~179.36435 20cOb.bSijl9 1~J5~e4646~ 
21336.50179 24281.1522~ lti74~.95819 
2444b.0745b 28768.31741 20773.21912 
(8610.3~872 3~~J~e66l17 23034eb8l~O 
31852.63677 41397.7460~ 2•5oB.658l7 

0151HltiUllON 

IX.Ll~Ell~OUO ESllMAJES Of .95 CONFIOE~CE LIMITS FOR LOu·~EA~SON•3 OlSIHl~UtlO~ 
( ALU: 6el<J973 

~ElU~N ~ONEAC~tOANCE 
~E~IUO ~~O~A~ILII~ 

2. s. 
10. 
20. 
~o. 

loo. 

.~0000 .aoooo 

.90000 

.95000 

.98000 

.99000 

XSC• .0336-~0 XSH~ 98.93~8520 ) 

tVENT CO~FIOENCE LlMll~ 
~AG~lTUOE U~PER LO•Ek 

135<.13.13591 
181~7.65501 
21246.94294 
24t283.4~7'+2 
283c7.SOtt3~ 
3J.460.J0006 

14890.11071 
2Ul4l.28263 
24120.32443 
2~45t!.37c48 
34909.98796 
40446.75622 



86 

5. GU~1BEL Al\iD LOG-GUMBEL DISTRIBUTIO:.JS 

The cumulative distribution function of the Gumbel ldouble exponen-

tial or Type I general extreme value) distribution has the form lGumbel, 

1958) 

F(x) = cxp {- exp[-(x-x
0
)/a]} -oo < X < oo (1) 

where a > 0 is the scale parameter and x
0 

is the location parameter. 

The parameter x
0 

is also called the central value or mode for which 

Differentiating Eq. (1) with respect to x yields the PDF 

f(x) = exp { (x-x )/a - exp[-(x-x )/a]} 
0 0 

-oo < X < oo ( 

The reduced Gumbel variat commonly used in practice is defined as: 

z = (x-x )/a 
0 

Substituting 

both sides gives 

(3) into (1) and 

-tn (-tn F(x)] = z = (x-x )/a 
0 

Hence the Gumbel CDF plots as a 

(3) 

twice the logarithms of 

(4) 

line on a paper with double 

logarithmic scale for F(x) and the cartesian scale for x. This 

probability paper is called the "Gumbel probability paper". 

The mean, standard deviation and skewness of the Gumbel distribu-

tion are 

}J = 

(J = 

and 

y = 

(Yevjevich, 1972) 

X + 0.5772 a 
0 

'IT a//6 

1.14 

(5) 

(6) 

( 7) 
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When y = X,n(x) is a Gumbel distributed variable, then x has a 

log-Gumbel (Frechet or Type II general extreme value) distribution 

(NERC, 1975). 

of Parameters 

1\-Je of Moments 

~oment estimates of the parameters ct and x may he obtain('d 
0 

from Eqs. (5) and (6) as (Yevjevich, 1972) 

and 

r't = 0. 7806 0 

X 
0 

jJ - 0.45 a 

where 1J and o are the sample estimates of the mean and standard 

(8) 

(9) 

deviation, respectively. In the case of the log-Gumbel distribution 

1J and a should be computed for the transformed variable y = ~n(x) 

before using Eqs. (8) and (9) to estimate a and X 
0 

As in previous 

cases the sample standard deviation " a may be determined by Eq. ( ) 

or ( ) . 

Subroutine PARGUl 

This subroutine computes the moment estimators of the parameters 

a and x of the Gumbel or log-Gumbel distributions by 
0 

. (8) and 

(9) above. The variable XSC and XLO represent the parameters a and 

x
0

, respectively. The index IDIS = 1 for the Gumbel and IDIS = 2 for 

the log-Gwnbel distribution. The index lEST 1 when a of Eq. (8) 

is determined by . ( ) and lEST = 2 when a is determined by 

Eq. ( ). The input variables to PARGUl are the sample size N; the 

data set X(I), I l, ... ,N; and the indeces lEST, IDIS and IWR. The 

output variables are the scale parameter XSC and the location parameter 

XLO. The program listing of PARGUl is shown below. 
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SVtikOUfl~t ~AkuUl (NtXtX5CtXLUtlt~ltlU!~t1•H) 
""' \.. ••••••••••• j •••••••••••••••••••••••••••••••••••••••••••••••••• ~ •••••••• 
C ••••• ~AkAM~ tk~ Of TH£ GUMHtL A~U LU6•GU~Htl Ul~tk!H.(~O~tNl t:.SilMAtOH~) 
C N : MAXiM~~ ~U~~~H UF UAlA -~ALY£EU lh lHt ~HOtiHAM• 
C XLO a LOCAllUN ~AHAMtiEH tMU~E:.)t XSC = ~CALt ~AkAMtl£H 
C lOIS: 1 bUMatLt lUiS=~ LUb-uUMHEL OlS1H1bU110N 
C lEST= 1 ~lAStUt ltSl: ~ UN~lASEO MU~EN1 tSllMAlOHS 
C I•~ = 0 UU ~Ol wklllt l~H = 1 •RilE l~E HtSULl~ 
C OtVELOFtU ~y ~USE O. SALAS A~U £. BENtEOEN 
C ~YUkOLOti~ AN~ wA1tH ke~uU~CtS ~HOGkAMt COLOHAUU SlAfE Ut~IVtHSltY 
c • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

Di.ME:.NSIUI\ A(l\) tt.SI (c) •THANS(2) 
DAfA ESf/9h( ~lAStD t9~(U~blASEO/ 

c 

OAIA lkA~~Iluh GUM~tL tlU~LOG•GUMHtL/ 
vN= N 
It- <IUIS.t"'•J.) GO lU cO uo 10 l=.ltl'f 

10 X(.l): Al0ti(A\f)) 
20 .(M:X~=o. 

uu 30 1 = itl't 
XM=XM+~ ( 1) /t-.. 

30 xs•~S+x<l>**~/~ 
.Asc ~s .. x~**c: 
tr< Itsl.t~.~) xs= xsovNt(VN-1.) 
SA= S<lkftX~) 
X!:>C: O./t;Ub ._. ~A 
Xt..O: A~- u.~=OSA. 
{r( lWHet~.u) HtiUH~ 
Pt-<1~1 40t IHA~~(lUl~)• t.~i(.lt~l)y XLOt A~C 

40 FOHP-\Al tli-11/1/~A."~Af'<AMtlEI-<S Of lt-tt E.AIRtMt VALUE UlSlt<1H\JllON'*/~Xu 
l(JYPt.•l tXIt<tMAL('*tAlv•" ) UlSlHlbUllUN)"IlJAtA9tt MO~ENT t.~llMAfOf.< 
~S) "1/.IA"LO(.,A I lON t-'AHAMEltk="tf' 1~.St3Xtt (MOut) "17X 11 SCALE. t'AJ.<AMt ft 
J.-.="Fl2.51) 

MtiUkN 
E~tJ 

estimators of the 

Subroutine PARGUl is used to compute the moment 

of the Gumbel and log-Gumbel distributions 

for the 60 years of annual flood data of St. Mary's River at Stillwater. 
A 

Equation ( ) is used for the sample standard derivation 0 • The input 

data to PARGUl are. N = 60; the data set X(I), I= 1, .•. ,60; !EST= 2; 

!DIS = 1 , and !DIS= 2 (log-Gumbel); and IWR = 1. The main 

program to call PARGUl is shown below. 
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The computer output for this example is: 

P~~AME1EHS Of lht EXl~EME VALUE Ol~IHlHUilON 
ClY~E-1 tXJk~MAL( bUM~tL } OISlHIBUllUN) 

(U~~~A~tU MUMlNT £SllMA1UHS) 

LUCATlON PAH-METEH= 1~~02.~6~2~ (MOUE) 
SCALE ~ARAMtlEH• ~0~0.11024 

PAHAMll~k~ Of IHE EAlHtME VALUE Ul~fki8UTIUN 
(TY~t•l tAlktMAL(L0b•GUM8tL ) Ol~lklHUilUN) 

lUN~lA~tU MU~ENT tSTlM~lUHS) 

LUCAIION PAkAMElEH= 9.37664 CMOOt) 
SCALE PAkAMElEk: .2633ti 

The log likelihood function of the Gumbel distribution is 

(NERC, 1975) 

or 

where 

LL 
1 N 

= -Ntna-- I (x
1
.-x

0
) 

a . 1 1= 

N N 
LL ja,x ) = -N~na. - J: y. -I e-yi 

0 i=l 1 i=l 

y. 
1 

ex. -x '1 /a 
1 o" 

N 
\ -(x.-x 1/a. 

- L e ~ 1 o ... 
i=l 

(10) 

(1 

( 12) 

The partial derivatives of . (11) with respect to x and a. are: 
0 

and 

-aLL/ax = -P/a. 
0 

-aLL/aa. = R/a 

(13) 

(14) 
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where p and R are: 
N 

p = N - I e-yi ( 15) 
i=l 

N N 
R = N - I y. + I y.e-yi 

l l 
(16) 

i=l i=l 

respectively. Maximum likelihood estimates x
0 

and a must satisfy 

aLL(X !x ,~) aLL(X I x ,&) 
- 0 ------= 0 __ -__ o __ = 0 (17) 

Jenkinson (1969) gives an iterative procedure for the solution of 

Eq. (17). The Taylor series expansion of -aLL/ax and -aLL/():1 about 
0 

A 

the true maximum likelihood estimates a and x omitting the cross 
0 

products and second order terms yields (NERC, 1975) 

r 

-t>xo (kj 

-1 r i 

2 I" A 2 I A A aLLC!Ix
0

(k),a(k) 8 LL (X x , a) () LL (X x , ct) i 
- 0 - 0 

I 

dX t 

i I I 

l ' 
0 ! 

! =I l 

I / 2 !"" A 2 I" A 
I 

aLLCXIx (k) , ex (k) a LL(X!X ,a) () LL(X x ,ct) I 
-t>a(k) l t - 0 - 0 ' - 0 

ax ()a !-

0 dOl. ....: L .J 

(18) 

where tJ.x (k) and 6a(k) are the differences at the k-th iteration 
0 

between the true estimates 
A 

and X " and the actual or k-th estimates a 
0 

(k) and (k) respectively. That is xo = (k) 
+ fix (k) 

and X a ' X 
0 0 0 

A (k) 6a(k). ct a + 

The elements -aLLCXIx (k) ,a(k))/aa 
- 0 

of the right-hand side colwnn matrix of Eq. (18) may be determined by 

Eqs. (13) and (14). As for the inverse matrix of Eq. (18), Jenkinson 

(1969) suggests to use its expected value which is the large sample 
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maximum likelihood variance covariance matrix (Kendall and Stuart, 

1961; (NERC, 1975) as 

fvar " , Cov ex , a.) X 
2 r-11, 

::::] 
0 0 

I a 
! -- N 

lcov l 
0. 26' 

ex , ~~ , Var X 
0 ' 0 

(19) 

Therefore, inserting the matrix of Eq. 19 into Eq. (17) and using the 

notation P and R as in Eqs. (13) through (16) yields 

and 

(k) 
D.x 

0 

6.~(k) = (0.26 P(k) - 0.61 R(k)) a(k) /N 

(20) 

(21) 

The iteration should start with an appropriate set of parameters 

and say, the moment estimates. Then, the and 

are computed from Eqs. (15) and (16) which substituted into Eqs. 

(20) and (21) give the increments ( 1) ( 1) 
~x and ~a , respectively. 

0 

( 2) (2) The new values x and a 

and 

(k+l) 
X 

0 

0 

(k) (k 1 
= x + /J.x J 

0 0 

(k+l) = ~(k) + 6a(k) 

are estimated by 

The iteration then proceeds until the two equations in (17) are 

satisfied within a specified error. 

Subroutine PARGU2 

(22) 

(23) 

This subroutine computes the maximum likelihood estimators of the 

parameters o:. and x of the Gumbel or log-Gumbel distributions by 
0 

the numerical procedure described above. The variables XSC and XLO 

represent the parameters a and x , respectively. The index IDIS = 1 
0 

for the Gumbel and IDIS = 2 for the log-Gumbel distribution. The maximum 

number of iterations and the maximum error are specified as LIM = 30 and 
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ERROR = 0.000001, respectively in a DATA statement of the program (the 

user can change these values if desired). The input variables for PARGU2 

are the sample size N; the data set X(I), I=l, ... ,N; and the indeces IDIS 

and IWR. The output variables are the scale parameter XSC and the loca-

tion parameter XLO. The program listing of PARGU2 is shown below. 

SU~kUUTl~t PA~GU~ (Nt~tA~Ct~LUtlUIStl~H) 
c • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
C ••••• PAkAMtftH~ U~ lHt GUMHEL A~U LUG-GUM~tl Ui~lkl~.(MAX.LiK~LlHUUU t~l.) 
C ~ a ~AXl~U~ NU~~t~ UF UATA A~ALYL~U lN lht ~HUbHAM. 
C XLO: LUCAIION t-iAt-<AMt:ltk {MOUl:.)t X~L =~CAll:. ..,AHAMtll:.H 
C lOIS= l uUM~tlt 101~= ~ LU~·6UM~tl Ul~l~!bUTiUN 
C ~~~ : U UO ~Ut wklTtt !WR : 1 wHllt THE Hl:.~ULI~ 
C E~~QH: MAX!~UM AtlEPIA~lt HtLA.llVl:. tHHOk UN l:.ALH OF TH~ PAHAMEJEH~ 
C LlM: MAXl~UM NvMbtR Of ilEkAllUN~ PEHMlllt.U lN lHE PHOCEUUHt: 
C Ot.Vt:LU~EU ~y 0U~t 0 • SALAS At\0 E • t::iE.Nlt.UEN 
C ~YUHUL06Y A~~ wAl~H kESUUkCt~ ~HObHAMt CULUHAUU ~fAit: U1~1Vtk511Y 
c • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

OlM~N~IUt\ A(~), IHA~~(2) 
OAlA L!Mttt-<kU~/JOtO.OOOOOl/ 
OAIA l~A"~/!UH GUMbtL t!OhLUG-GU~BtL/ 
v~· N 

C ~O~tNI EST!MAIU~~ A~ l~lllAL VALUt~ 0~ THt P~ULtUUHt 
If tlUlSet\JI • .l) 6U TU 20 
uv lv I=l•r-.. 

lU X(!)~ ALOG\A\})) 
2U }I;M:~~:(J. 

ou .30 1=1·~ 
XM• XM+A(!)/f\ 

30 X~= A~+~(l)*~~/N 
A~~- U.J~Ob*SWt-<l(~S·AM**~) 
XLU• A~-u.~lf2*ASL 

C JEt\~lN~ON"5 INVl:kSE. MATt-<i)(. ~OLUIIU" 
r\IH:O 
lr ( lwt-c.Gl.U) ~klNl 40t lkAI'..:, ( 101~) 

40 F\JHf-'IAI \lhl///l3X"t-lAt-<AMt.lt:.io(~ OF "tAlO·" Ui~IH18Ufl0N''/lbA .. (MAAlMUM 
l L.lr\t.LlHOOtJ t~flMATUt<S)"/I~XttlHlAL LUCAliON"oX"~CALt"~XttLlt\EllHOO 
c() tYUAI!lJ~S"Ilt!A"~AkAMEfE.k PA~AME:.TE.k"~X"ULLl"~X"OLLt!"/1) 

50 ~tH: ~lk+.l 
~= VN ..c: ~N 

Ov bO 1 = l t '' 
y:(X(l)-XllJ)/~SC 
P: P-t.XtJ(-Y) 

60 ~= H•Y•Y*E.A~(-Y) 
UALO:XSC*<l.!l*~-U.~b*H)/v~ 
OX~l:XS(*(u.~o*P-Oe6l*H)/V~ 
Fl a -~IA5C 
Fe:. = k/~~\. 
!r tlwkeGl.O) ._,t-<lNT fUt Kit-it XLUt A~Ct flt f2 

70 FUk~AI (7Atlctfl3.6t~l2.6tctl2e~) 
ALU: ALO+UALU 
)(::,(,:: XSC+OA~l. 
If t X~C.Lt.u. ) GU lU ~U 
It" l Klt-c.~t.l!M ) uO fu 110 
lr(A~~(UXLU/~LU)ebTetHt-<Ujo(.UHeA~S(UX~C/X~C)eblet~~Ok) GU Tu ~0 
It- tlwr-<.t:.w.u> t-ct:.Tut<f\4 
~~1~1 ~Ut AL~t A~C 

E;O F<Jf-t~AI ( /1/lOX''LUCAJlU~ ~A~AME.I.Ef.(="•Flct.~t" (MOOE)u/lOA"SCALE 
1 ~At-<A~t:1t.t-<•"•Fl4eM/) 

Mt. I uHr'-4 
90 ~~!NT lOOt A~( 

100 FUt-<MAI (lhi///~A"!NVALIU ~UllJl!O~ t;ftAU~t: Uf 1Ht. NtGAT lVt."llUXt"SC 
!Alt ~AHA~·t lt:~= 11 tf- !4.tj/) 
~t.JUHN 

110 ~~1~l ~Ut JkA~S(lUl~) 
~~!1'.11 ll:Ut Klt-<t XLUt XSCt ~1• Ftl 

120 FVkMAl (/lAtlc:tFl~.btF lt::e6ti:tlc.5//l~X"NU LlJI'iVE.HbE.NCE''/1) 
HtiLJkf'l 
E."U 
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Ex<_:t_Elp_~2· Subroutine PARGU2 is used to compute the maximum likeli-

hood estimators of the parameters of the Gumbel and log-Gumbel distribu-

tions for the same data of Example 1. The input data to PARGU2 are the 

sample size N = 6u; the data set X(l), I= 1, ... ,60; IDIS = 1 (for the 

Gumbel) and IDIS = 2 (for the log-Gurnbel); and IWR = 1. The main program 

to call PARGU2 is shown below. 

T~IAl 

The computer output for this example is: 

PAR-~tlt~S UF GUMBEL OlSlkltiUllO~ 
(~AAI~UM LlKELlHOOO ESllMAlOHS) 

LOCATIO~ SCALE LIKELIHOOD EYUAllON~ 
PAHAMt1tH ~AHAMEftR OLLl DLL2 

·ll085E•02 
.717o3E•04 
o19'16lE.•05 
.50501E•07 
ol2881E.•Ot! 

LOCATIO~ ~ARAMtlEN:l~271o3l945708 (MOUE) 
SCALE ~AHAMtlEH= 3681.~6073575 

PA~AMliEHS OF LOG•GUMBEL OlST~lhUTlON 
(MA~l~UM LlKELlHOOU ESllMATOHS) 

T~lAL LOtAl!O~ SCALt LlKELlHOOO tYUATlONS 
~~~AMtltk ~AHAMETEH OLLl OLL2 

l 
c. 
J 
4 
5 
c ., 
ts 

.261174 

.33/544: 

.313200 

.315327 

.315045 

.31~083 
• .315078 
.Jl:,o·,~ 

elt2557E+02 
•.604~0E+Ol 

.t=360lE•oo 
-.67302E•Ol 
.8'+'+2~E.·o~ 

•.ll546t·O~ 
.J.5604E•OJ 

-.~ll~OE•04 

-.J.~826E+03 
e2359lE+02 

•oi:cJJOE+Ol 
eJ0/07E+OO 

•e4l42SE•Ol 
.~bOBJE•Oc 

•e7!J~114E•03 
.l02lll•03 

LOC~flU~ ~AkAMtlt~= 
~CALE ~AHAMtTt~= 

~.3b3~4U4l (MUUt) 
• .3l~OIB8J 
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5.3 Probability ~~~~~ and Cumulative Distribution Functions 

Since the CDF and PDF of the Gumbel distribution are given l~Xplielt ly 

by Eqs. (1) and (2), respectively, they can be easily determined for a 

given set of parameters. For the case that x is log-Gumbel, y = £n(x) 

is Gumbel distributed, hence the PDF of x is related to the PDF of y by 

f(x) = l f(y) . 
X 

(24) 

Therefore, the PDF of the log-Gumbel can be determined as a function 

of the PDF of the Gumbel. 

The CDF of the Gumbel variable y is related to the CDF of the 

log-Gumbel variable x as 

X £n(x) 
F(x) = J f(x) dx = F(y) = 

0 

J f(y) dy (25) 

Therefore, to find the CDF F(x) of the log-Gumbel, Eq. (1) can be used 

replacing x by £n(x). 

Subroutine DISGUM 

This subroutine determines the PDF and CDF of the Gumbel and log-

Gumbel distributions for specified parameters a and x 
0 

following the 

procedures described above. Both PDF and CDF functions are determined 

either for a specified set of points x represented by X(I), I= l, •.. ,N 

or for N equally spaced points between a minimum and a maximum points 

determined in the program for probabilities of 0.001 and 0.999. These two 

probabilities are represented by CDFMIN and CDFMAX, respectively and are 

specified in a DATA statement. They may be modified if desired. 

The input variables to DISGUM are the number of points N at which 

the PDF and CDF are to be computed; the parameters XLO (representing X ) 
0 

and XSC (representing a); the data set X(I), I= l, ••• ,N if the index IX =1, 

otherwise if IX = 0, the set X(I) is not given; the index IDIS = 1 (Gumbel) 
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or IDIS = 2 (log-Gumbel); and the index IWR. The output variables are 

the density PDF(I), the cumulative function CDF(I), I= 1, ... ,N; and the 

given or computed X(I), I= l, •.• ,N. The program listing of DISGUM is 

given below. 

SutH<OUT ll'it. Ld~GUMlNt )'., XLUt XSCt UE~t CUt- t lAt lOlStt lWk) 
c • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • c ••••• OtN~lfY A~U LU~UlAilV~ UlSlHlH. fUNCTIONS Uf lHl GUMdtL A~U LUb•GUMBtL 
C XLO:LUlATlU~ ~A~AMElt~(M0Ut)t~5C=~tALt ~AkAMtltH (PUSlllVt) 
C ILIS=l GU~HELt lUi~=~ LUG•GUM~tL UlSlHlBUflON 
C 0£~ : UENSlTY Fu~CilUNt COF =CUMULATIVE ~HO~A~lLllY OF £XtEEOA~Ct 
C COF~1~• CDF~AA= OE~lkEU MINIMUM A~O MAXIMUM LlMll~ FOk tOf ~hlCH 
C A~t. uStO IU ~tl A ~UiJA~LE ~ANut t(XMlNtAMAA) WHEN lX=O. 
C N : NUM~t~ U~ Ui~CHlfE ~Ul~f~ UE5IHtU 10 ~t LOMPUTtU 
C l•k : l Wklltt l~H = U UU ~Ul ~HlTE lHE HESULI~ 
C OtVELO~EU dY ~OSt O. SALA~ A~O t• BE~LtUtN 
C ~YUHOLuGY ANL wAltH k~SOUHCtS ~HOGHA~t COLOH~UU ~TAlt UNlVtH~liY 
c ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

OJ.Mt~SlO~ A(~)tOENlNJtCUF (~JtlHANS(2) 
DAIA lkA~Siluh GUM~tl tlOHLOG•GU~~EL/ 
UAIA CU~~lNt (UFMAX/ u.OOlt 0.9~9/ 
it- l IX.GT .U) l'lO IU 2u 
AMAX = ~LO- ASC ~ ALOG(~ALOGllUfMA~)) 
XMi~ • ~LU • XSC o ALUG(•ALOG(CU~Ml~)) 
lt- (lUlS.GI.J.) AMAX=t.XP(XMAX) 
It <lU!S.C.:d .J.) XM.LN=tXt'tXtttlN) 
O~LX=(~MAX·A~!~)/(~·1) 
UV 10 I=l•r. 

10 X(!)::X~l~+(l•l)*OtLX 
20 If llUlS.LE..ll tiU 10 4U 

UU 3U 1 = 1 ti'C 
30 X(l):ALUG(~(i)) 
40 DO ~0 I=ltN 

CUf<l>=tXPl•tAP(-(All>-ALO)/XS()) 
50 U~~(l):tXPt-lX(l)•XLU)/ASt)*CU~(l)/XSC 

It- tlUl~.t:.\ai.J.) GO lU /0 
uu oo l•l•h 
.x t 1 >=tXt-' c-. t 1 >) 

60 Ot~(!)~utr.(l)/AllJ 
70 It- ({W~.t.<,~.O) kt.lUH~ 

~HlNl 80t JHA~S(lUl~), ALOt xsc 
80 FUkMAI (lhJ./15X"Ot~~llY AND CUMULAllVE. Ul~:dklt:;;UTlON UF uAlOt//l!Xt 

l"(~LU= Uf-1~.~~~ XSC= "f-lt:.~" )''I/6Xt"0HlJt~ VAf.CIABLt. Ut.NS 
211Y CUM. 01~1r(.u/l1X"VALUE"1A"FUNC11Uf\. FUNCTION"/) 

PMlf'4l 'iOt <1• A(l)t UEf'l<l>t COfCl)t l=ltl\4) 
9V FU.-cMAT ('lAtlJtf l'+.~t~ 13.6tf llfet:l) 

~~lUHN 
ENU 

~xample 3. Subroutine DISGUM is used to determine the PDF and CDF 

of the Gumbel distribution with parameters "' x = 77.5 and Q = 39.1 at 
0 

eight given points. The inputs to DISGUM are N = 8; the data set 
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X(I), I= 1, ... ,8; the parameters XLO = 77.5 and XSC = 39.1; IDIS = 1 

and IWR = 1. The main program to call DISGUM in this example is given 

below. 

The computer output for this example is: 

CEN~1TY ANO CU~ULATlVE 01SfH18vl10~ OF GUMttt.L 
(XLOa 77.b0000 XSC• 39.10000 ) 

OHUEH VAHlASl.E OENSflY CUM. UlStH. VALUE FU~C~ ON FUNC f ION 
1 -.10000 .000117 .000618 t 38.40000 .004588 .065'1ts8 3 51.9SUOU .ooetoe .l92~9b 4 1!6 ··60000 .oo6 1~ .b92cUl 5 6.1~000 .00456 .800011 6 155.10000 .003023 .87342 1 f1S.C:500U .001934 .921194 ts 94.~0000 .001211 .951tt3C! 

5.4 The Inverse of the Cumulative 

The inverse of the CDF of the Gumbel distribution with parameters 

y
0 

and a may be determined from Eq. (1) as 

y = y
0

- a ~n(-~n F(y)] 

Since a log-Gumbel variable is Gtoobel 

the log-Gumbel CDF may be determined by 

x = exp {x - a~n[-~nF(x)]} 
0 

(26) 

the log domain, the inverse of 

(27) 

where in this case x and a are the parameters of the log-Gumbel 
0 

distribution. 
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Subroutine 

This subroutine determines the inverse of the CDF of the Gumbel or 

1 by using the . (26) , respectively. 

is either for a set CD F ) , J == 1 , ... 

or for N equally spaced CDF • s computed in the progrmn by CDF (I) == 

input variables to INVGUM are: XLO and XSC; 

the number N inverses to be computed; the set CDF(I), I == l, ... ,N 

index ICDF == 1, otherwise when ICDF == 0 the set CDF(I) is not 

· the index IDIS == 1 for Gumbel or IDIS = 2 for log-Gumbel distri-

bution; and the index IWR. The output variables are inverses 

X(I), I== l, ... ,N corresponding to the or 

INVGUM is given below. 

SUbROUll~l I~VGUM CALOtX~CtNtXtCDftlCUftlU!StlWMJ c ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C ••••• l~VEH~E UF I~E CUf OF THE GUMHtl A~O LUG-bUM~tL UISlkl~• 
C XLO LOCAIION ~AkAMEfEHtMOUE)t ASC= SCALt PAHAMtltH 
C IUIS:l GUMBtL • IUIS=2 LOG-GUMBEL OISfRI~UllUN 
C ICOf=O tUF<l>•l=lt2te•tN Stl IS NOf GIVE~ 
C ICOF=l CO~(l)tl=l•~••••N S~i lS Gl~EN 8Y IHE USEH 
C UtvELU~tU ~y ~USE u. ~ALAS A~O E. bENltUEN 
C HYUkULUGY ANU WAltH HtSUUHC~S ~HUGHAMt COLUHAUU STAlE UN1VEHS11Y c ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

OlM~~SlO~ lHANSCl>t XIN)t COF(N) 
OAIA lHA~S/lOH GUMbEL tlO~LOu•GUM8EL/ 
Ir tlCUf.ul.v> uo 10 t!O 
UO l 0 I= 1 tN 

1~ CUt- (l)a FLOA1 (l)/(N+l) 
2v OU 30 l=ltN 
30 ~'1) = XLO•X~t*Alvtit•ALUGCCUF(l))) 

It (lUl~.t.\i.J.) GO lU 50 
ou 40 1=1 ''" 40 xtl) : tXP(X(lJ) 

SO It (jw~.E<M.o) ~EfUJ.CN 
~HlNl eo, t~~~S<lUl~), ~LUt XSC 

60 FUHPI\Af (lH!//6AtH!f'4Vt~St Uf lht ttAlOU OlSikltiUllUN FUNCllON"/~AU(t" 
lAt<AMEifHS XLO=utflJ.6tn JC.~Cattfl3e6")"/l.lt::X"ORDE..Hn5X"CUMULAI1Vt.tt/ 
2 t! J. A uu 15 f H l tsU I 1 ON n;l jX u ( l) "~A "CUf" ( ld "1 t:X n X ( 1) "I) 

Pt<lNT IVt <It CUF (1)' Xtl)' l•l•~) 
70 FUHMAF tl~Ati3tfl~.bt4Xtfl~.~) 

Ht.IUkl'll 
E.NU 
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Example 4. Subroutine INVGUM is used to determine the inverse of 

the CDF of the Gumbel distribution of parameters x = 10 and a = 3. 
0 

Seven inverse values are desired for the CDF's shown in the computer 

f>utput he 1 ow. The inputs to INVGUM are XLO = 10; XSC = 3; N = 7; 

CDF(I), I= 1, ... ,7; ICDF = l; lOIS= 1 and IWR = 1. The main program 

to call INVGUM for this example is shown below. 

PMOGHAM GUMCLA ClNPUitUUt~UJ) 
~~~~H~E Of 1~~ GUM~~l (Ok LUG•bUM~tL) UlSlHIBUlJUN 
O!M~~~lU~ A(!OU)t CUf(lUO) 
~LV = lU. ) X~~ = 3. 
MI:.AO lOt N 

10 FUkMAl (lbJ.5J 
MI:.AO ~0, (CUf (!) t l=ltN) 

20 FUI1MAT <7flu.3) 
PHlNl 30t (CJ,;f ( 1) t l=l tN) 

30 FUkMAf (//~Xtl0f'8.4) 
~~bl l~VGUM (XLOtASCtNtXtCOFtltltl) 

The computed output for this example is: 

l~VtRSI:. Uf fHE GUMB~L OlSTRlBUTION 
(PAHAMETEHS XLO• !OeOOOOUO ASC• 

UHOtH CUMULAflVE 

FUNCllON 
3.000000) 

OlSJHl8UTlON 
(1) COf(X) X ( 1) 

1 .143000 c .~98000 
3 .673000 
4 .96~000 
5 .99lOUO 
6 .998000 
I .999000 

5. 5 Confidence Limits 

The lOOa percent confidence limits x for the T-year event are 
Q, 

determined by 

where u is the standard normal variate corresponding to the a 
a. 

confidence level. The value xT may be determined by 

(28) 
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where 
A 

11 and are the mean and standard deviation of x and 

is the frequency factor which is a function of the skewness and T. 

From Eq. (2) the reduced Gumbel variable 

z = -~n[-~n F(x)] -~n {-~n[l - Q(x)]} 

z = (x-x ) I a is 
0 

(29) 

where Q(x) the exceedence probability. For a given sample of size 

N ordered from the largest dow~ the Q(x) computed by the Weibul's 

plotting position formula as Q(x) = m/N+l, hence the reduced variable 

z may be written as 

or 

and 

m 
zrn =-in {-in[l - N+l]} 

z = -in {-in[(N+l-m)/(N+l)]} 
m 

The mean 11
2 

N 
11z = (1/N) L 

m=l 

and variance 

z 
m 

2 N 2 
az = (1/N) t (z 11 ) !... m- z· 

m=l 

Kendall (1959) gives the relation 

and 

of z of Eq. (30) is 
m 

(30) 

(31) 

(32) 

(33) 

(34) 

where 11 and a are the parameters of x. Replacing these two equations 

in z = (x-x
0

) I a it follows 

(35) 
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from which the frequency factor KT is 

z - lJ m z 
a 

z 

Notice that T and m are related by T = N+l . 
m 

(36) 

The stnndard error of estimate by the method of moments for a two-

parameter distribution is given by Kite (1977) as 

ll 
2 = 2 [1 ST + - 1) J (37) 

with K the variance, skewness coefficient and kurtosis 

coefficient of x. For the Gumbel distribution y = 1.1396 and 

K = 5.4002 so that 

(38) 

Kimbal (1949) and Kite (1977) give the maximum likelihood estimate 

of the standard error as 

2 A2 • 2 
=(a /N)(l.l086 + 0.514 Yr + 0.6079 Yr) (39) 

where the 
A A 

x and a are the maximum likelihood 
0 

estimates of the parameters 

The event magnitudes 

x and a. 
0 

and its confidence limits 

log-Gumbel distribution is obtained by 

and 

for the 

(40) 

(41) 

\vhere and z 
.Q_ 

are the T-year event magnitudes and confidence limits, 

respectively for the Gumbel distribution y = R-n(x). 
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Subroutine CLIGUl 

This subroutine determines the moment estimators of the event 

magnitude ~· of Eq. (29) and the lOOa. percent confidence limits 

of Eq. (28) based on the moment estimator of the standard error s 
T 

X 
9... 

of 

Eq. (38). The event magnitude ~'represented by X(I), and its upper 

and lower confidence limits XUT(I) and XLT(I) are computed for specified 

return periods T(I) or non-exceedence probabilities PXT(F), I= l, ... NT, 

(NT= the number of desired T or PXT values) and for a given confidence 

level CONF. Subroutine RETCDF is called by CLIGUl to transform T to 

PXT or reverse and to determine the standardized normal variate UCL 

(u of Eq. (28)) for the given CONF. 
a. 

Inputs to CLIGUl are: the sample size N; the number NT of return 

periods or non-exceedence probabilities, both represented by the input 

variable T(I), I= 1, ... ,N; the confidence level CONF; the parameters 

XLO and XSC; the index IDIS = 1 (Gumbel) or IDIS = 2 (log-Gumbel); and 

the index IWR. Outputs from CLIGUl are: the T-year event magnitudes 

XT(I) and it confidence limits XUT(I) and XLT(I) corresponding to the 

input T(I), I= l, ... ,NT. The program listing of CLIGUl is shown below. 

The listing of RETCDF was given before. 

SU~HUUTl~E CLIG~1 (Nt~TtCO~ftXLOtXSCtltXTtXUltALTtPXltlUIStlWH) 
c •••••••••••••••••••••••••••••••••••••• 4!••••••••···~··•!••······~·~··•!• 
C ••••• MU~tNJ ES1l~A1ES Uf THE CO~FIOtNCE Ll~ll~ Uf GUM~EL ANU LUb•bUM~EL 
C lUtS=l GU~~Elt 1Ul~=2 LUG-GU~~EL UiSl~lbUllU~ _ 
C XLO a LO,AllO~ ~~~AMtr~H (M00t)t XSC: SCAL~ ~AkAMtltH 
C* ~LO ~AHAMtlcH S~UULU ~£ GlVtN 1~ LUG, UUMAl~ ~Ok LOG•GUM~fl UlSfkl~UTlON 
C ~~~ = 1 wklltt iWH : U OU NUT WhiTE lht HtSULTS 
C SUSPHV~HA~ ~tt:.UtU I~ AtlCUf 
C U~VELUPtU ~y JU~t De ~ALA~ A~O t. ~ENltUlN . . . 
C ~YUkOLCGY ANU WAltk kl::.SUUWlES PkOGHAMt CULOHAUU STAfE UNlVEH~liY c ••••••••••••••••••••••••••••••••••••••••••••••••••••••. , •••••••••••••••• 

li 1M t:. N ~ I 0" l ( N f ) t X I { •'~ f ) t XU I ( N 1 ) t X l T ( N ·y ) t ~X f ( N ) t 1 ~AN~ ( ~ ) 
uAIA lRAN~/ lOH GUMHEL tiOHLOG-GUM~El/ 
CALL ~tlCUf( ~1, It CUNft ~Xft UCL) 
SA : A~' I v.7~U6 
XM • ALO + u.~77~*X~C 
Af'i = N+i 
YM c YS = o.u 
{)U 10 I¥=!• N 
tjt'f :: AI\ • M 
Y : • t' L ti li \ - A L 0 \:d tj N I A I~ ) 
YM c YJ¥' + t I 1\ 
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Example-~. Subroutine CLIGUl is applied to compute moment estimates 

of design floods and their corresponding 95 percent confidence limits 

for 2, 5, 10, 20, SO and 100 years of return periods. The floods are 

assumed Gumbel distributed with moment parameter estimates of x = 
0 

= 12202.566 and & = 4080.1 or log-Gumbel with moment parameter esti-

mates of X = 9.37664 and a = 0.26308. These values are obtained from 
0 

60 years of data of St. Mary's River at Stillwater. The input variables 

to CLIGUl are: N = 60; NT = 6; T(I) = 2, 5, 10, 20, SO and 100 for 

I= 1, ... ,6; CONF 0.95; XLO = 12202.566 and XSC = 4080.1 if lOIS= 1 

(Gumbel), or XLO = 9.37664 and XSC = 0.26308 if lOIS= 2 (log-Gumbel); 

and IWR = 1. The main program to input this information is shown below. 



103 

The computer output for this example is: 

~Sll~AitS Of .Y~ CO~flUE~t~ LlMlf~ fUH GUM~EL 
< ALU= 12~02.56600 (MUOtl XSC• 40~0.10000 ) 

UlSIHlt;UllON 

HEllJHI'-. hOI\tXl.EEUA~C~ tYE.NT t.UNf lOE:.NCE 
~EklOU ~~OBABlLilY M~6NllUOE U~~tR 

2. .~oooo 13/31.87060 14~4~.~31~8 
~. .sooov 18775.25130 20~c~.H9300 

lo. .9oooo 22114.40816 2505b.596U6 
2Ue .9~000 ~5311.40759 29U60eb78~6 
~o. .98000 c9463.36l8l J4~68eb8215 

lOU. .9~000 3c~70el7107 38181.06892 

LlMll~ 
LO-.t.H 

12~14.109bl 
16~c7.t>095<f 
19172.~204!6 
21~7'+.13631 
c4t»~8.o4!46 
26'1~9.;: '1.3;! l 

~OMthl ESll~AftS OF .9~ CONfiDENCE LlMll~ fUM LOG•GUM~EL Ul~IRl~UlJON 
< ~LO; 9.3to64 (MOOE) XSC= .~6308 ) 

HElLikN f\UNt.XCt.t.lJANCt E.Vt.~T CONflOl:NCE LIMITS 
~tHlOU PHOBA~lLllY MAGr.ITUOE Uf-ltJI:.H LOWt.H 

2. .soooo 1303J.lc~OO 14Uc;;7.146l7 12048.89541 
s. .auooo 18041.77862 1!0121.4541} 15106.635t;0 

Iv. .9uouu 22376.20782 2/050.6195 l8~09.~456J 
20· .9b000 2'150<1. 37ts44 35019.05475 216lO.ll79i 
so. .9~000 35940.1!2879 48f;94.~6763 C!6..i64.JO<J7U 

1oo. .9<JOUO 43<1l.L.ts2S73 6JOb~ets4537 JO!>tsl.465t;8 

Suhroutinc CLIGU2 -----------
This subroutine determines the maximum likelihood estimates of the 

T-year event magnitude X,. of Eq. (29) and the lOOa. percent confidence 

limits x2 of Eq. (28) based on the maximum likelihood estimator of the 

standard error sT of Eq. (39). The overall description of this sub

routine is the same as the subroutine CLIGUl referred before. The program 

listing of CLIGU2 is given below. 

SU~kOUTl~E CLlGU2 l~tNltCU~FtXLOtX~Ct1tXTtXUTtAlltPXftlUlStl•H> 
c •••••••••••••••••••••••••••••••••• , •••••••••••••••••••••••••••••••••••• 
C •• 

1 
•• ~~A. llKEL.LHvOO E~flMATtS Uf ME CONF. L1Ml1~ UF GUMbtL ANU LOb•uUM~tL 

C ClS:l ijU~~ELt lUl~=~ LVG•GUM~tL UISTklbUflO~ 
C XLO a LUtAllU~ ~ANAMtl~H (MUUt)t XSC: SCALt ~AkAMl:ltH 
C* XLO ~AHAMt.lEH.ShOULU Bt blVE~ l~ ~OG UO~AlN ~OH LUG•GUM~t~ Ul~lHl~UTlON 
C l~H a 1 ~H!l~t lWk = 0 OU NUT wHlJE lHt Ht~ULfS 
C SU8PHOGHA~ ~ttUtU I~ H~lCUf 
C OtVtLU~t~ bY ~OSt O. ~ALAS A~O E. ~E~LtUtN 
C MYUHOLOG~ ANL wATt~ Ht5UU~CES ~HOGHAMt COLUHAUO STAll:. UNlYtH~liY 
c •••••••••••••••••••••••••••••••••••••••••••••••••••••• ! •••••••••••••••• 

01Mt."~lUf"'i I(NI)t Xf(t'lif)t ~UI(~I)t XLJ(Nl)t ... A1(NI)t lHAN~(t!.) 
OAIA I~A~~/ lUH bVMHeL tlUhLUG•bUM~tL/ 
CALL HtflUr< ~lt It tUNft PXft UCL) 
SA • ASl I 0.7~06 
XM s ALU + 0.~712*XS~ 
oy 1u I=.t.•f\.1 
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Subroutine CLIGU2 is applied to compute the maximum 

likelihood estimates of design floods and corresponding confidence limits 

for the Gumbel and log-Gumbel distributions for the same data of 

5. The maximum likelihood 

and = 3881.8607 the Gumbel and 

" estimates are x = 12271.319 
0 

x = 9.36354 and a = 0.31508 
0 

for the log-Gumbel distributions. The input data variables are similar 

to those of 5. main program to data and call 

is shown below. 
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The computer output for this example is: 

LlKtLlhOOU E~Ti~ATE~ Of .~5 CO~FlUtNCE Ll~IIS FOH GUMBEL UlSIHl~UllON 
( ALO~ 12~11.31900 (MOUt) XSC• 3~~1.~6010 ) 

NElUH~ ~ONfX~EtUANCE EVENT CON~IU~NCE LIMITS 

~eHlOU PROBABILITY MAG~llUUt UPPtH LOWtH 

.50000 

.t!oOOO 

.~ooou 

.9~00U 

.9t;OOO 

.9\JOOU 

LlKtLlMUOU tSll~ATE~ Of .95 CO~FlUE~tE llMlfS FUR LOG•GUM~tL OlSIHIBUI"lON 
( XLO= 9.36354 (~00t) XSC= .31508 ) 

kElUk~ ~O~tXtf~uANCE EVENT CO~flUtNCE LIMitS 

tJt.HlOU PkOBAlilLllY MAG~lJUOt:. lJP~t.H LOWEH 

e.. .soouo 1Joac.36542 14366.43969 11913.Uolts1 
!:). .8UOOU 18691.39131 C!l~tJo.l!>lb3 l6.t.94.1o8J4 

10· .90000 23684.66419 28418.';271:2 19697.48707 
20· .95000 c~/l~t.35~40 J7cJl.e.eeu9 237l~.07H4t! 
so. .9{;000 39853.~0669 5~1!:»4."'94~9 J01U6tbtibb8 

1oo. .9'JOOU 49659 • .,2385 0~545.96833 35977.143~9 
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6. GENERAL EXTREME VALUE DISTRIBUTIONS 

The three extreme value distributions are the Fisher-Tipet Type 1 (EVl or 

Gumbel distribution), Type 2 (EV2 or Frechet) and Type 3. differ 

from each other by the value of the shape parameter s. The EVl or Gumbel 

distribution is a two parameter unbounded distribution with S = 0; the EV2 

or Frechet distribution is a three parame.ter distribution with a lower bound 

and 0 ; and the EV3 distribution is a three parameter distribution with an 

upper bound and S>O. The cumulative distribution function (CDF) and 

probability distribution (PDF) of the GEV distribution, which includes both 

the EV2 and EV3 distribution are: 

F(x) = exp {- [1 - ~(x-x0)/a]l/S } (1) 

f(x) 1 
[1 - 1/S-1 =- S(x-x )/a] •F(x) a 0 

(2) 

where 

a>O is the scale parameter 

s is the shape parameter 

X is the location parameter. 
0 

The Gumbel distribution, as was mentioned, is a case of the GEV 

distributions, when t3 = 0.. So, the limit of the equation number (1) 

when S + 0 should converge to the Gumbel distribution, as shown here. 

Substituting u = (x-x )/a equation No. 1 reduces to 
0 ' 

F(x) = exp {- [l-!lu]
1
/S} , and we can use logarithmic 

Taylor series as an approximation to ln{l - Su]l/S as follows 

ln[l - Su]l/S = 1 1/S ln(l - Su) =- [- Su - ...;:...:.__~ 
B 

2 

= - u -

(3) 
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Now because ln(l-Bu)l/S Su
2 

_ s2
u

3 
_ 

- u - 2 3 

I I~~ - II -
(J-(~u) ;:.;; <-~ 

su
2 s2

u
3 

d 1 . [- u- --2--- 3 - ... ] -u an 1.m e = e 
s-+ 0 

So lim (1 
S-+0 

So the general value distribution reduces to the Gumbel distrihlJtion 

which equation is written as 

F(x) = exp { - exp [-(x-x )/a.]} 
0 

This chapter is mainly concerned with the EV2 and EV3 distributions, 

(3a) 

because the EVl (or Gumbel) distribution will be presented separately 

in the following chapter, as it is a special case of EV distributions. 

The reduced Gumbel variate y and can be written as 

y = (x-x )/a. 
0 

Therefore the Gumbel distribution reduces to 

F(x) = exp { - exp[-y] } 

and we can relate the reduced Gumbel variate with the original 

extreme value variate as follows 

So 

[1- S(x-x )/a.]l/S = e-y 
0 

is the relation between the reduced Gumbel variate y, and the 

original variate x. 

Equation (5) is a straight line \\Then B-+0 as will be shown 

(4) 

(5) 



109 

lim a(l-e-Sy)/S = 
S-)>0 

ay. 

Therefore x-x
0 

= a y is a linear relation as shown in figure 6 .1. 

The relation between Gumbel variate and EV2 and EV3 variate is an 

exponential curve as can be seen in figure 6.1. 

Figure 6.1 

X 

30 

25 

20 

15 

5 

2 5 10 20 50 100 T 
0~--~----._--~----~~----._--~----~ 

-1 0 1 2 3 4 5 6 v ... 

The three types of extreme variate shown as functions 
of type 1 reducted variate by the relation 

x = x + a(l-e-Sy)/S 
0 

There is a practical way of determining the type of the GEV distribution 

for a given sample of x. Since the theoretical skewness of the EVl 

variate is 1.14, for S< 0 the skewness is greater than 1.14 while for 

S > 0 , the skewness is less than 1.14. Furthermore if the X variate is 

EV2 (Frechet) distributed, then log X is Gumbel distributed; and if X 

is EV3 distributed then - X is said to have a Weibull distribution. 

(NERC, 1975) 

6.1 PROPERTIES OF EV2 AND EV3 DISTRIBUTIONS 

Examples of the EV2 and EV3 with parameters x = 10, a = 4~ 
0 

and S = - 0.1 and x = 20, a = 4, B = 0.35 respectively, are shown in 
0 
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1igur~ (; .:L. 

SUe) D.lO Ev2 
upper limit 31.43 / r ~/ lower limit - 00 \. EV3 skewness negative .oe 
X =20 a.=4. 0, B=O. 35 I \ 0 ' .06 ! \ 

i 

-~I upper limit 00 

lower limit = -30 EV2 skewness positive .02 

X =10 
0 ' 

a=4.0, B= -0.1 / 

-to 0 2o 

Figure 6.2. Examples of EV2 and EV3 Distributions 

Denoting the reduced variates of EV2 and EV3 by z
2 

and z
3

, one can 

write: 

and 

1 - B(x-x )/a 
0 

with O~z2~ co, and B < 0 

.2;
3 

= f3(x-x
0
)/a.-l ; with - oo ~zj:..O, and (3 > 0 

or the original variate in terms of z
2 

or z
3

, may be expressed as: 

x = (x + a/(3) + (- a/B)z
2

, with (x + a/B) < x < oo 
0 0 

and 

x = (x
0 

+ a./B) + (a/B) z3 , with - oo ~ x ~ (x
0 

+ a./B) 

where A = (x + a./B) may be considered as a new location parameter 
0 

(lower bound of x when B< 0, and upper bound of x when B> 0), and 

7 E'"~ 

X 

(4) 

(5) 

(6) 

(7) 
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1 for EV2 
2 for EV3 

(7a) 

such that B>O is a new scale parameter. Therefore, equations (6) and 

(7) can be reduced to one as follows 

x = A + Bz (8) 

where z should be considered as the reduced variate either for the 

EV2 or EV3 distribution. 

the reduced variates . 1 and , one C<.H1 

obtain the CDF and PDF in terms of the ·reduced variates: 

z2) = exp { - (z2) 1/S} (9) 

f(z2) = i {- (z2)1/S-l} .. F(z2) (10) 

and 

F ( z 
3

) = ex p { - [- ( z 
3

) ] l/ 6} (11) 

f ( z 
3

) = 1 IS { [-z 
3

]1 / S-l } . F ( z 
3

) (12) 

One can see in the above relations that the only parameter is 

This is the reason why B determines the type of the distribution. 

Furthermore, the following simple exponential relations are valid 

between the reduced Gumbel variate (EVl) y, and the EV2 reduced variate 

z 2 and the EV3 reduced variate 

z~ = exp [- Sy] , 0 (13) 
..:... 

z 
3 

= - exp [- By] , with S > 0 (14) 

Two illustrative examples of the PDF of the GEV distributions are 

given in Figure 6.2. 
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6.2 ESTIMATION OF PARAMETERS 

As was mentionea in the preceding section, the type of the EV distri-

bution strictly depends on the value of the shape parameter, B. 

Consequently it depends on the sample skewness of the data used in the 

analysis. Hence, one can make a rather coarse decision of the type of distribution 

that might be in preference with the aid of the given sample skewness 

(Figure 6.3). 

Figure 6.3 Skewness of EV Variates as Function of the Shape 
Parameter B. 

In practice, values of B usually lie in the following range: -0.4 < B < 1.0. 

It will be shown later that the central moments of the PDF, i.e. Equation 10, 

depends only on Bin the form of the gamma function, r(z). Since the values 

of the gamma function for the arguments 0,-1,-2, ... are infinite, the 

corresponding values of B = -1/3,-1/2,-1,-2 ... and B = 0 may not permit 

computation of the central moments analytically. 

Obviously the moment estimates of the parameters are less accurate as 

compared with the maximum likelihood estimates, because of the con-

siderably large skewness of the EV variates. As a result one may find highly 

different values for the parameters, or even different types of the EV 

distribution, depending on the estimation procedure used in the analysis. 
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Since the EV2 and EV3 distributions may be regarded as a GEV distri-

bution differing only by the value of B, only the two basic methods 

(MONENTS and MAX LIKELIHOOD) have been introduced in the subsequent sections, 

although there are some graphical procedures and the so-called "Estimation 

by Sextiles" (Jenkinson, 1969; quoted in NERC). 

Method of Moments 

Applying the moment generating function of the PDF of z2 and z
3

, 

one can find the rth moment about z
2 

= 0 and /or z
3 

= 0. 

ll ~ ( z 
2

) = r ( 1 + r B) , with B < 0 (15) 

and 

(16) 

The first three moments yield the mean, variance, and skewness 

coefficients: 

(17) 

(18) 

(19) 

where 

(20) 

for z
2

, with S< 0 ; and: 

l11(z3) = -f(l + B) (21) 

ll2(z3) = r(l + 2B) - r 2(1 + B) (22) 

l1 3(z3) = - f(l + 38) +3f(l + 2S)f(l + S)-2r3(1 + B) (23) 

for z3 , with B>O; and y
1

(z
3

) will have the same form as Equation 

(19). 
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Since the moments of the reduced variates do not contain the other 

parameters, and since x is linearly related to z.
2 

and/or z
3

, their skewness 

will be equal, so they both will have the same value of s. A unique 

solution of S can be found to equation (19) with a given Yl,x = (z2) 

or Yl,x = yl(z3). 

Therefore you can find S parameter from the following equation: 

y (24) 

if EV2 j = 2 and 0 

if EV3 j = 1 and S>O 

one can give values to S and find y values. With this procedure we 

derived two fifth order polynomal regression equations (S regressed on 

2 3 4 5 
y, y ' y ' y ' y ) 

1.-

2.-

B = 0.2792377 - 0.3398360 y1 ,x + 0.1008508 

- 0.0165458 y1 
3 

+ 0.0014037 
4 5 

Yl,x - 0.0000479 Yl,x ,x 

0.008 < yl < 8.000 ,x-

2 B = 0.277439 - 0.322359 y1 ,x + 0.065677 Yl,x 

3 4 
+ 0.029405 Yl,x + 0.0031760 Yl,x 

? 
- 3.80 ~y1 X~ 0.0872 R'""' = 99.99% 

' 

(25) 

(26) 

where Yl,x is the sample skewness, and we can use the above equations 

for a range from -3.8 to 8.00, to get the S parameter for either EV2 

or EV3 distributions. 

Having the computed S , one can estimate the mean and variance of the 

reduced variate using equation (17) and (18) and/or equations (21) and (22). 
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Due to the fact that the variate x is linearly related to the reduced 

variates by equation 8, the mean and variance of x are: 

J.ll,x = A + B u1 ,z 

where ul,z and u2 ,z represent the mean and the variance of z 2 

and z
3 

respectively, as explained before. Then: 

and 

A = ,x - B lll,z 

As we stated in equations (7a) 

j=l for EV2 

j=2 for EV3 

Then since B is known, a is calculated with: 

j=l for EV2 

j=2 for EV3 

6< 0 

6>0 

Thus the remaining parameter, x , can be obtained from (NERC, 1975) 
0 

as: 

A 

x = A - a/S 
0 

Subroutine PARGEV 

This subroutine computes the moment estimation of the GEV dis-

tribution including the type I or Gumble distribution, although the 

occurrence of or y
1 

= 1. ,x is almost impossible. 

The input variables to the main program PGEV are the sample 

(27) 

(28) 

(30) 

(31) 

(32) 

size N; the data x(I), I= 1,2, ••• ,N; the estimator required, biased 

(IEST=l) or unbiased (IEST=2); and the treatment of output, do not 

write results (IWR=O) or write results (IWR=l). The output variables 
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are the type of GEV distribution, ITYP=l,2, or 3; the location parameter 

or mode x (XLO); scale parameter a(XSC), and shape parameter S(XSH). 
0 

Subroutine PARGEV requires subroutine GAMMA to compute values of 

the gamma function, r(Z) for a given Z. The main program PGEV, and 

subroutine PARGEV are presented below. GAMMA subroutine will be at 

appendix. 

SUBROUTINE PARGEV<N,XrXSC,XSH,XLO,IEST,ITYP,IWR> 
C MOMENT ESTIMATORS OF GENERAL EXTREME VALUE DISTRIBUTIONS 
C ITYP - 1, TYPE-1 <GUMBEL> UNBOUNDED AND XSH=O 
C ITYP - 2, TYPE-2 CFRECHET> HAS A LOWER LIMIT, XSH IS NEGATIVE 
C ITYP = 3r TYPE-2 CFRECHET> HAS AN UPPER LIMIT, XSH IS POSITIVE 
C XLO = LOCATION PARAMETER <CENTRAL VALUE OR MODE> 
C XSC = SCALE PARAMETER <SHOULD ALWAYS BE POSITIVE) 
C XSH =SHAPE PARAMETER <DETERMINES THE TYPE OF THE EV DISTR.> 
C N - SAMPLE SIZE 
C IEST = 1, BIASED, lEST = 2, UNBIASED MOMENT ESTIMATORS 
C IWR - o, DO NOT WRITE RESULTS, IWR = 1, WRITE RESULTS 
C SUBPROGRAM NEEDED ••• GAMMA 
C DEVELOPED BY JOSE D. SALAS AND E. BENZEDEN 

DIMENSION XCN), EST<2> 
DATA EST/lOH < BIASED ,lOHCUNDIASED I 
VN :::: N 
XM = XS = XG = ZA = ZD = GA = GB = 0.0 

C ••• MOMENTS, STAND,DEV.AND SKEWNESS OF THE ORIGINAL DATA 
D.O 10 l=· ·:t: ,N 
XM= XM + XCI)/N 
XS= XS + X<I>**2/N 

10 XG= XG + XCI>**3/N 
XG= XG + 2*XM**3 - 3*XM*XS 
XS= XS ·- XM**2 
SX = SQRTCXS> 
CS = XG/CXS**1.5) 
IF< IEST.EQ.1 >GO TO 20 
SX =SX*SQRTCVN/CVN-1.)) 
CS = CS*SQRTCVN*<VN-1.))/CVN-2.) 

20 IF< cs.tr::.e.o.or.:.cs.or:: ..... J.e > oo TO 30 
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r"r~:Il'JT ?OYCf:; 
{?o ror:.:t·1AT c /1 /2o:~( }' ~~ wr.~r~:NING·.. THE B .. ~t·1PLE ~:;I<EWNEGS I~3 ouT or Tllr: Pcr~~·1I::)r:; 

*I:t-:L.E r:~~~NGC•//?OX ~~~3t<EWNESS :::: It ,F:J.2+~.=;/~') 

f~ETUF~N 

:3 0 I F < C ~;) • L T • 0 • 0 B '? 2 • ,~. N D • C S • G E • ·· :3 • 0 ) G 0 T 0 3 ~::.; 

:.36 

XSH= .2792377 .3398360*CS 1.1008508*CS**2 
1 -.0165458*CS**3 t.0014037*CS**4 ~.0000479*CS**5 

GO TO 36 
><SH::::O. 27/'439 .... 0 + :3223~.:;?*CBt(). 0/-,~:56 ??*Cr>**2 

2 t0.029405*CS**3+0.0031760*CS**4 
ZA .... 1. + XGH 
CALL GAMMA <zA,GA,IER> 
z:r: :::: :t • + 2*X~:>H 
CALL GAMMA CZB,GBrJER> 
B :::: SX/S(~F~T ( GB ... Gf:t*>'.<2) 
IF< XSH> 50, 80,40 

40 I T'{f':::: 3 
~~ :::: X~·1+ B*G~~~ 

xnc ;:::Xf)H*I:~ 

XLO :::: ,~, .... n 
GO TO 60 

~50 I TYP:::: 2 
.... 
l .. l XM· .. ·B*Gtl 
X~:>c :::: .... XBH*B 
XLD :::: f1+B 

{} 0 I F ( I W F~ ·) D T + 0 > F' F~ I NT 7 0 , I T Y P , E G T ( I F ~:; T ) , )( L 0 !i X~:> G !I X S H 
70 FORMAT C1H1///5X, 11 PARAMETERS OF THE EXTREME VALlJE TYF'E-"T1r" DISTR 

1IBUTION"/16X,A10v" MOMENT ESTIMATORS)"//15X~ 11 LOCATION PARAMETE~~"F 

212 +·51 :1. ~:.:;x" sct.,L.E 
::~./) 

r~ETUF~N 
GO I TYP:::: 1 

IF <IWR.GT.O> PRINT 70, ITYP, ESTCIEST)!I XLO, XSC, XSH 
r~rrur~N 

END 
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Example 1 Subroutine PARGEV is used to compute the moment estimators 

of the parameters of the annual maximum flows at St. Mary's River at 

Stillwater. The biased estimates of the variance and skewness are used 

in this example. The length of the record was 60 years. The input data 

to PARGEV is N=60, the data set X(I), 1=1, ••• ,60; IEST=l, and IWR=l. 

The computer output for this example is: 

PARAMETERS OF THE EXTPE~E ~~LUE TYPE-2 01SfR180TlON 
( B I /-\:; E D M 0 i 1 F. t\! f E. S I lr i AT U R S ) 

LOCATION PARAM~I(~: 
SCALE PJ\PAivl[ I Eh= 
SHAPE PAf-.: J.\1-lt:l [d::: 

Hethod of Maximum Likelihood 

1+'l.2.:JSJ19 
45.338829 

-.1)4<:1613 

Using the Jenkinson approach (1969), the log likelihood of the GEV 

distribution takes the form 

LL(x; X ' 0 
a' B) = -N ln(a) - (1-B) 

where 

1 X. - X 
= - - ln(l - 1 0 

Yi 8 a B) 

N 
L y. -

i=l 1 

Differentiating with respect to X , a, and B yields: 
0 

where 

- aLL _ .Q 
ax Ct. 

0 

- aLL = (P+Q) 
aa (aB) 

- aLL as-= [R-(P+Q)/B]/8 

N 
P = N - Ze-Yi 

i=l 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 
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Q = 
N 
L: e(S-l)yi- (1-S) 

N 
" By. '-' e 1 

i=l 

R = N-

i=l 

N N -y. 
l: y. + E y .. e 1 

i=l ]_ i=l ]_ 

The maximum likelihood estimates of x
0

, a, and S must satisfy the 

equations 

= 0 ' a a = 0 , 
aLL --= 0 as 

These equations must be solved iteratively as there is no explicit 

solution. It is required to begin the process with initial values 

(39) 

(40) 

(41) 

a, B, as for example moment estimates. Let 8x
0

}k' nak' 8Sk be the 

differences between the maximum likelihood estimates and the current 

estimates th 
xo,k'ak, and skat the k step of iteration. 

X = X k+ flx .k 0 o, o, 

a = ak + 8a.k 

s = sk: + nsk 

That is 

Expanding Equation (41) in a Taylor series about the maximum 

(42) 

likelihood values and omitting the terms containing higher powers and 

cross products of bxo,k' ak, and sk' yields the matrix equation: 

··~xo, k1 2 2 2 2 -1 
aLL/C1x

0
k -a LL/ax ok -a LL/ax

0
k aak -a LL/ax o,kask 

2 2 2 2 
aLL/aak l ~ak 1 ~ 

-a LL/aakax
0
k -a LL/aak -a LL/aakask 

-a2
LL/askax

0
k 

2 -a 2LL/ae 
2 

aLL/ask bl3k J -a LL/aekaak k ,_ 

Jenkinson replaces the elements of the matrix to be inverted by 

their expected values which results in the large sample maximum likelihood 
A A 

variance - covariance matrix of estimators x
0

, a., 13, as: 

(43) 



lvar 
I 

J Cov 
! 

\ Cov 
L 

where 

Table 
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X Cov (a,x ) Cov (x0 ,6~ la2b a2h afl 
0 0 I i 

(a.,l3) I 
1 l 2h 2 I 

(a,x ) Var a Cov = 10, a a :gj 0 N i 
I 

(x
0

,13) Cov (a,l3) Var 13 I ia.f a.g 
J L 

a, b, c, f, g, h are functions of 13 only and are given in 

6.3 for various values of 13 

t1 b (' I ll " 
0.4 1.05 1.:!9 <U<4 o.:!o O.lN 0.1\0 
0.3 0.92 1.29 0.73 o.:!o 0.03 0.69 

·0.2 O.Xl 1.28 0.64- 0.:!6 0.04 0.57 
--0.1 0.72 1.27 0.55 0.26 O.W 0.46 

0.0 0.65 L25 0.48 0.26 0.15 0.34 

0.1 0.61 1.22 0.39 0.24 O.!X 0.21 
0.2 0.58 1.20 0.33 0.22 0.21 0.09 
0.3 0.58 1.17 0.27 0.19 0.23 0.03 
0.4 0.60 1.14 0.21 0.16 0.24 -0.16 
0.5 0.63 1.11 0.15 0.13 0.24 -0.30 

0.6 0.68 1.08 0.10 0.09 0.22 -0.43 
0.8 OJ\2 1.02 0.03 0.03 0.15 -0.71 
1.0 1.00 1.00 0.00 0.00 0.00 -1.00 

Table 6.3 

Inserting the expressions for the derivatives ()LL aLL ()LL 
ax ' aa ' ask o,k k 

(44) 

in P, Q and R, as in equations (35), (36) and (37), with equation (43) 

and using equation (44) for the inverse of the matrix, yields 

r- i r· 2 2 ! b.x 
o,kl 

I a.k b ak h akfj -Qk/a.k I 
1 i 

1 2 2 l 

' b.a =- ak h aka akg I - (Pk +Qk/ a.k(3k k N 
I 

; l\(3k a.kf a. kg c I -[Rk -(Pk+Qk)/Sk]/Bk l i l .J .J 

This expression gives the following three equations which 

solved iteratively by varying x k' ak and J3· o, k 

fix k- -o, ak (bk Ak + hk Bk + f k Ck) /N 

ak (hk Ak + ak Bk + gk Ck) /N 

- (fk Ak + gk Bk + Ck Ck)/N 

can be 

(45) 

(46) 
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where ak' bk, ck, fk, gk, and hk are the current estimates of a, b, c, f, 

g and h for a given Bk' and Ak, Bk and Ck are: 

(47) 

and Pk' Qk and Rk are the current estimates, of P, Q and R for a given 

ak, Bk and xo, k" The new estimates of the parameters are 

x k + tJ.x k o, o, 

ak + L\ak 

B + tJ.B 
k 'k 

(48) 

The coefficients ak' bk' ck, fk, gk, and hk used in the variance-

covariance matrix are estimated for a given current value of Bk· Then, 

using the values of table 6.3, the following regression equations, valid 

for a range of B from -0.4 to 1.0, have been derived 

a = o.6528o6o - o.5598783 8 + 1.0876209 8
2 

- o.o54o24 83 - o.l270214 s4 

with R = 0.9999 and Maximum absolute error (MAE) = 0.0038 

b 1.2488727 - o.2o5244 8- o.2225715 8
2 + o.o962481 s3 + o.o813214 s4 

with R 0.9996, and ~\E = 0.0062 

c = 0.4725506- 0.7603083 8 + 0.2836171 82 - 0.1886466 s 3 + 0.1931182 s4 

with R = 0.9999, and MAE = 0.0092 

f = 0.2597848 - 0.1727130 8 - 0.1370156 s 2 
- 0.2437380 s3 + 0.2937678 s4 

with R = 0.9998, and K~E = 0.0029 

g 0.1432656 + 0.4419219 8 - 0.4261602 s
2 

- 0.1562171 8
3 

with R 0.9993, and MAE = 0.0067 

h 0.3386324 - 1.2041691 8 0.1333794 s
2 

with R~ 1.000, and MAE = 0.0069 
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The numerical procedure may be finished when all of the increments 

of 6xok' 6ak' and 6Sk become less than a selected percent of the current 

-6 
Values of xo,k' ak' and Sk' say 1 X 10 • 

In summary, in order to estimate the maximum likelihood estimates 

of the parameters, one needs the initial values of x
0

, a, and S (for example, 

the moment estimates of the parameters), and must establish the computational 

procedure explained. 

Subroutine PARBE2 

This subroutine estimates the parameters a, !3, and x by the Method 
0 

of Maximum Likelihood, and determines the type of the distribution, taking 

into account the value of the shape parameter f3. The variables XSC, XSH and 

XLO, represent the scale parameter a, the shape parameter !3 and the location 

parameter x , respectively. 
0 

The computation procedure is explained in the preceding chapter. The 

input variables to PARBE2 are: the sample size N, the data set X(I), I=l, •.• N, 

and the index IWR. Since the moment estimators are used as the initial 

values of the parameters, subroutine PARGEV is required in addition to sub-

routine ELEMEN which evaluates the elements a, b, c, f, g, and h for a 

given !3, using the regression equations derived in the previous chapter. 

If the shape parameter (XSH = !3), lies outside its permissible range 

-0.4 2 f3 2 1.0, subroutine ELEMEN prints out a warning message. 

If scale parameter (XSC =a), takes a negative value, subroutine PARBE2 

warns the user. The maximum number of iterations is restricted by LIM=30 

and the maximum relative error on the parameters by ERROR= 10-
6

. 

This subroutine doesn't obtain the maximum likelihood estimators of the 

EVl (or Gumbel) distribution, but gives a message for the use of subroutine 

PAREV2. 
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The listing of PARBE2 and ELEMEN are given below: 

SUBROUTINE PARBE2<NtXtXSCtXSHtXLOtiTYPtiWR) 
C ~AX.LIKELIHOOO tSTIMATORS OF BOUNDED EXPONENTIAL OISTRIBUTIONS 
C N • MAXIMUM NUMBER OF DATA ANALYZED IN THE P~OGRAM. 
c XLO • LOCATION PARAMETER (CENTRAL VALUE ORS MOO£) 

€ ~~~ : ~~~~~N~;~e~~ti; (~?51l!Mi~~M~l~'~~i~~!g~:JgE DISTRIBUTION) 
~ ERRY~vp=txt~~i ~a~E~0~~~~~Rs~~l&Y'u~v~2R oN EACH oF THE PARAMETERs 

E It~~=~ ~~3 8~s~~i~0Txo215~~tHwii~ Au~~~~R sg~~2o 
C SUBPROGRAMS NEEOED ••• PARGEVt GAMMAt AND ELEMEN 
C DEVELOPED BY JOSE o. SALAS AND E. BENZEOEN 
C HYDROLOGY AND WATER RESOURCES PROGRAMt COLORADO STATE UNIVERSITY 

DIMENSION X(N) 
DATA LIMtERROR/30tO.OOOOOl/ 
KTR• 0 

C MO~ENT ESTIMATORS TO INITIALIZE THE PROCEDURE 
CALL PARGEV<NtXtXSCtXSHtXLOtltiTYPtO> 
1Ft A8S(XSH).LT~0.0001 ) GO TO 130 
IF CIWR.GT,O) PHINT lOt ITYP 

10 FORMAT llH ///ltX•"PARAMETERS OF THE £XTREME VALUE TYPE•"Il" OISTR 
li8UTION•ill ~"TR AL LOCATI0N"5X"SCALEii7X"SHAPE VALUES OF LIKELIHO 
200 £QUATIONS11//11X"PARAMETEA PARAMETER PARAMETER DLL1"6X"DLL2 
32at6X"DLL3"//) 

20 P • R • N S Q • OeO 
KTR• KTR•l 
~2 ~XLA6\I~•XSH*<X<I)•XLO>IXSC)/XSH 
YE• EXPC•Y) 
P • P • YE 
Q • Q • CYE•l,+XSH)*[XPCXSH*Y) 

30 R • R • Y • Y*YE 
BB•CP+Q)/XSH 
CC•CR•88)/XSH 
CALL ELEM€NCXSHtAtBtCtFtGtH) 
OXLO • •XSC*tB•Q•H*BB•F*CC)/N 
DXSC • •XSC*<H•Q•A*BB+G*CC)/N 
OXSH • •(F*Q+G*BB+C*CC)/N 
Fl• Q/XSC 
F2• BB/XSC 
F3• CC 
IF <IWReGT.O) PRINT SOt KTRt XLOt XSCt XSHt Flt F2t F3 

50 FORMAT C6Xtl2t2Xt2Fl2.6tFlOe6t3El0,4) 
XLO• XLO + OXLO 
XSC• XSC • OXSC 
XSH• XSH + OXSH 
IF< X,C.LE.Of ) GO TO 90 

J~~ ~B~t6g~Lb/~Lb)~&t!~AAA2.oR~ABSCDXSC/XSC>.GT.ERROR > GO TO 20 ire ABSC XSH/XSH)~G tERROR ) uO TO ZO 
IF< XSHeLT.U. ) !TYP•2 

IFC XSH.GT.u. ) TYP•J 
Ft IWR~GT.O ) P INT 70t XLO{ XSCt XSHt Flt F2t Flt ITYP 

70 FORMAT t/3X"RESULT 11 2F12.6t F Oe6tJE10e4/lX"FINAL TYPE OF THE OISTR 
llBUTION IS EV "11/) 

RETURN 
90 PRINT lOOt XSC 

100 FORMAT (//5Xe 11SCALE PARAMETER•''Fl2.6" MAY NEVER BE NEGATIVE"/) 
RETURN 
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110 PRINT l20t KTRt XLOt XSCt XSHt Flt F2t Fl 
120 FORMAT (//SX,••Nn CONVERGENCE AFTERttiJtt ITERATIONS. FINAL VALUES 0 

lF THE PROCEUUREii/SXiiLOCATION•"'l2e6il SCALE• 11Fl2e6" SHAPE="F12e6/ 
2SXt "O~L l•''E 14 • 8t 4X t 110Ll2•"E 14•8t 4X11DL.Ll• 11E 14 • 8/) 

13o ~itl~: 1 PR NT l40t lTYPt XLOt XSCt XSH 
140 FORMAT C1Hl///SX"MOM£NT ESTIMATORS OF TH[ EXTREM~ VALUE TYPE•"Il" 

~
CGUM8£L) D iTRt1UTIONtt//5X"NOTE 1 •• THIS SUBROUTIN IS NOT AVAILABLE 
FOR THE MAA. L KELIHOOO SOLUTiuN"/5X"USE SUBRO¥ INE PAREV2.t INITI 

TIALIZING FOLLO lNG MOMENT EST MATORS 11 //SX"L0CA ION PAAAMETt::R•"• 
4Fl4.6t6Xt"CENTAAL VALUE OR MOO£)"/SX"SCALE PARAMETER•11Fl4e6/SXt 
5"SHAPE PARAMETERai'iFl4.611(THEORETICAL..LY SHOULD BE ZEAO)"/) 

RETURN 
END 

Example No. 1 Subroutine PARBE2 is used to estimate the maximum likelihood 

parameters of the EV2 and EV3 probability distribution function for the 

annual maximum flows at St. Mary's River at Stillwater. The input data to 

PARBE2 are N=60; the data set X(I), !=1, ••• ,60; and IWR=l. The main program 

to call PARBE2 is shown below. 

PROGRAM PBEXP2 <INPUTtOUTPUT) 
~fQ~~!~o~O'cl~f MAX. LIKELIHOOD ESTIMATORS OF BOUNDED EXP. DISTRIBUTION 
READ tOt N 

10 FORMA Cl615) 
20 ~ij~~AT 0 l1~~~!lf l•ltN) 

f~5l PARBE2<NtXtXSCtXSHtXLOtiTYPtl) 
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The computer output for this example is: 

PARAMETERS OF THE EXTREME VALUE TYPE•2 DISTRIBUTION 
TRIAL LOCATION 

PARAMETER 
SCALE 

PARAMETER 

1 47.235319 45.338829 
2 •s.ssqss2 38.778996 
3 44.419097 35.548372 
4 43.472022 33.906521 s 42.8ij5l27 33 147515 
6 42.516762 32:817540 
~ ~~:iigt~t j~:~Iltif 
9 42.336444 32.593243 

10 42.324057 32.582480 
11 42.318728 32.577874 
12 42.316441 32.575902 
13 42.315460 322.575057 
14 42.315039 3 .574695 
15 42.314859 32.574540 
16 42.3 4782 32.574473 
17 42.3 4749 32.574445 
18 42.314734 32.574432 

RESULT 42e314728 32.574427 
FINAL TYPE OF THE DISTRIBUTION 

SHAPE VALUES OF LIKELIHOOD EQUATIONS 

PAHAMETER OLLl DLL2 OLLJ 

6.3 PROBABILITJ: DENSITY AND CUMULATIVE DISTRIBUTION FUNCTION 

The general extreme value probability density and cumulative dis-

tribution functions have explicit exponential functional forms. The 

difference between the GEV type 2 distribution and GEV type 3 distribution 

is that the shape parameter (6) has different signs. Type 2 has a lower 

limit to the left as: 

XMIN = A = x + a./6 , 6< 0 
0 

with f(XMIN) = 0 and F(XMIN) = 0 and unbounded to the right; 

XMIN < x < + oo, while Type 3 has an upper limit to the right as: 

X.MAX = A = x + a/6 6 > 0 
0 ' 

with f(XMAX) = 0 and F(XMAX) = 1 and unbounded to the left, 

-oo< x<XMA.X 
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For a given set of parameters the Probability Distribution Function PDF 

of the EV2 and EV3 may be obtained directly from eqs. (9), (10) and 

(11), (12) respectively. 

Subroutine DISGEV 

Subroutine DISGEV computes probability densities (PDF) and cumulative 

probabilities (CDF) for the extreme value distributions type 2 and 3, at N 

discrete points. These points can be either specified by the user or they 

can be determined in the program, assuming they are equally spaced. If 

one wishes to determine the PDF and CDF values at N equally spaced points, 

the index IX must be set to zero. The parameters of the distribution must 

be specified and the Maximum (XMAX) and Minimum (XMIN) values are determined 

analytically. On the other hand, if one needs the values of the density 

and cumulative functions for a set of X(I), I=l, ••• N values (such as sample 

observations), then IX=l and X(I) and N should be the input in addition to 

the parameters. The set X(I) should be input in increasing order of 

magnitude. 

The type of the GEV distribution is internally identified depending 

on the sign of the shape parameter. The input variables to DISGEV are: 

the number of points N; the data set X(I); I=l, ••• ,N if IX=l; the parameters 

XLO, XSC, and XSH; the index IX=O if the N points are to be determined in 

the program or IX=l if the N points are specified by the user; and the index 

IWR. The output are the PDF(I) and CDF(I) values corresponding to 

X(I), I=l, •.• ,N. The program listings are given below. 
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SUBROUTINE DISGEV<N~X,XLO,XSC~XSII!DEN,CDr,rx~IWR) 
C • • DEN ~3 I T Y AND CUM U 1... ~~~ T I 'v' E D f [X T F< EM E V ttl... U E TYPE ::.~ f., N D 3 D I n T F< I D U T I 0 N ~~ 
C XLO ~ LOCATION PARAMETER, XSC ~ SCALE PARAMETER CPOSITIVE> 
C X S H :::: S H A F' E P t, F\ ti r·1 E T E F\ ( NEG i~ T I 'v' E I F TYPE 2 , P 0 3 I T I lJ E I F TYPE ::~ ) 
C ITYP:::: 2 [',) TYPE 2 DI!:;TRIBUTION WITH t. L.OWEF~ BOUND 
C ITYP:::: 3 EV TYPE 3 Dif.)TF\IBUTION t ... JITH AN UPP'Ef~ BOUND 
C I X :::: 0 X < I ) , I :::: l. , 2 , • " , N SET I H N 0 T G I V EN C I T I S I N l ERN t~ L L Y E V t:. L U ATE D > 
C I X :::: 1. X < I ) r I :::: 1 , 2 v • • ~~ N nET ~} H 0 U L D DE G I t,,.t EN I t ~ I NCr~ C ('l ~:; I N G 0 r:: D F r~ 
C I W f~ :::: 0 D 0 N 0 T W f~ I T E , I W !=~ :::: t W F: I T E T I· IE r~ E ~:; U L T ~3 
C**XMIN AND XMAX VALUES ARE INTERNALLY COMPUTED AS FOLLOWING 
C X M I N :::: L D I . .J C 1:~ B 0 UN D 0 F X 11 X t·1 ~~X:::: )( 'J A L U E C 0 r~ r~ E ~;) P 0 N D l N f.'t P 1:~ 0 H t'l B I 1... I T Y :::: 0 ? (/ '/ 
C XMAX~ UPPER BOUND OF XY XMIN~ X VALUE CORRESPDNDIN A PROBABILITY=0.001 
C DEVELOPED BY JOSE D. SALAS AND E. BENZEDEN 
C HYD!~DLDGY AND Wt1 TEr..: f~ESOUf~CES Pl~OGRt~~1~~ COLOr~.~~ no ~3Tt~, T[ Ut~ I ~v'E:r~~:; I r·y 

DIMENSION X(N), DEN<N>, CDFCN> 
B :::: X~:) C /X n H ~~ C :::: 1 • /X~> H 
IFC IX,GT.O ) GO TO 40 
IF< Xf:)H.GT.O~ > GO TO 10 
X t1 I N :::: XL 0 + H 
Xt·1,~X :::: B* < 1 • .... C ·· .. ALDG ( 0. 999 > > **XSH) + XLO 
GO TO 20 

tO XMAX = XLO t B 
Xt1 IN B* ( 1. • < .... f!'H_OG ( 0. 001 ) ) **XSH) + XLO 

20 DELX = CXMAX-XMIN)/(N-1) 
DO ~:~0 I:::: :t. , N 

30 XCI):::: Xt1IN + CI···l>*DEI...X 
40 D :::: C .... 1. 

DO 50 I== :l. Y N 
CDF<I> ~ EXPC <<1.-CXCI>-XLO)/B>**C>> 

50 DENC I) == ( 1, CXC I )·· .. XLO)/B>**D*CDF< I )/Xf:)C 
IF C XBH.L..T.O •• ~~ND. IX.LE.O) CDF<t> :::: O, 
IF< XSH.LT.O.> ITYP=2 
IF< XSH. GT. 0.) ITYP::::3 
IF <IWR.EQ.O) RETURN 
Pf~ I NT t.~O:; I TYP,. XLD, XSC, XfHI 

60 FORMAT <1H1//5X"DENSITY AND CUMULATIVE DISTRIBUTION OF EXTREME VAL. 
l. uE TYPE ·I 1//11 x • XLD:=:= '1 Ft o. 3 • xsc:::: • F 1 o. :~" x~~H==== • rn. ~=:;/ 12>( • nr::nr::1:~ 
2 VARIABLE DENSITY CUM. DISTR."/23X,"VALUE"7X"FUNCTION 
3 FUNCTION"/) 

PRINT 70• (I, XCI), DEN(!), CDFCI), I=1,N) 
70 FORMAT Ct3X,I3YF14.6,2F13.6) 

f~ETUf~N 

CND 
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Example Subroutine DISGEV is used to determine the PDF and CDF of the 

Type 2 and Type 3 extreme value distribution, with parameters XLO=lO., 

and XSC=4., but with the shape parameters of different signs, XSH = -0.1 

for type 2, and XSH = 0.1 for type 3 distribution. The maximum and 

minimum values of cumulative probabilties are calculated assuming CDFMAX = 

0.999 and CDFMIN = 0.001. The main program to call DISGAM is shown below. 

PR00RAM UEVOIS <INPUT,OUTPUT> 
C EXAMPLE FOR THE DENS!!~ AND CUMULATIV~ OF THE EV !YPE 2 A~U TYPE 3 

DIMENSION X(60)t UEN<bO), COF(60l 
tJ=lo l> XL.O=l,J. $ XSC=4. 
CALL DISGt:V<N,X,XLO,XSCt -O.l• O[N,cOF, o, 1> 
CALL UlSGEV(N,X,XLO,XSC, u.l• OENtCU~t Ot 1) 
[r..,D 

The printed program output for this example is: 

Xt..O= 
ORDER 

1 
2 
3 
4 
5 
b 
7 
8 
9 

10 

DENSITY AND 

XLO= 
ORDER 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

10.ooo xsc= 
VARIAbLE 

VALUE 

-3o.oouoou 
-21.13?611 
-12.265222 

-3.397833 
5.469556 

14.33o945 
23.204334 
32.v7172J 
40.939112 
49.8C650l 

4.0Q{) 
DENSITY 
FUNC T I ui'~ 

0·000000 
o.oooooJ 
O·OOooou 
.oooooo 
.033bl6 
·056368 
·010236 
.OU19o5 
·000457 
·00012~ 

CUMULATIVE OlSTHltiUTIOi~ OF 

10.000 XSC= 4.ooo 
VARIABLE DENSITY 

VALUE FUNCTION 

1.471856 ·0014~3 

6.8o3ts72 •058767 
12.25588" .o84723 
17.64790'+ .Q32847 
23.03992{} ·007039 
28.43l93v .uOQ9bl 
33.B23952 ·000072 
39.215968 ·000002 
44.6U7984 .ouooou 
so.oooono .oooooo 

XS~= -.IUOOv 
CU!Vl• DISTp. 
FUf~CTlUI~ 

o.roooou 
0.()0000\i 
u.ouoooo 

.00000\J 

.u35YO'+ 

.699615 
•9'+393\j 
.987720 
·99675tJ 
·9Q90VO 

EX THEME VAi..UE l YPL-3 

X~H= ·10000 
ClJM. uiSTR. 

FLJNCTlON 

·001000 
·119169 
.571427 
.8ti7l06 
·91i0839 
.99792':) 
.9998bJ 
·999998 

l.GOOOt'O 
l.uoooou 
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6.4 THE INVERSE OF THE CUMULATIVE DISTRIBUTION FL~CTION 

The inverse of the CDF of the general extreme value distribution 

function has an explicit exponential function. As we pointed out, the 

difference between the GEV type 2 distribution and GEV type 3 distribution 

is that the shape parameter has different signs. The inverse of the CDF 

of the extreme distributions type 2 and 3, is calculated by the following 

expression 

a a B 
X = X +--- (- ln(F(x))) 

o B B 

which was derived from equation (1). 

Subroutine INVGEV 

(49) 

This subroutine determines the inverse of the CDF of the extreme 

value distributions type 2 and 3, using equation (49). The inverse 

of X is represented by X(I) and the cumulative distribution function by 

F(X) by CDF(I), I=l, ••• ,N. INVGEV determines X(I) either for a set 

of specified CDF(I), I=l, ••. ,N; or for a set of equally spaced 

CDF(I) = I/(N+l), I=l, ••• ,N where N is given by the user. In the first 

case the index ICDF=l, while in the second case ICDF=O. Inputs to INVGEV 

are the parameters XLO, XSC and XSH; N is the number of inverses of F(X) 

to be computed; the index ICDF and the index IWR. The output of INVGAM 

is the set of inverses, X(I), I=l, ••• ,N corresponding to CDF(I). The 

program listing of INVGEV is given below. 
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SU8HOUllhE lNVGtV <XLOt A)Ct XSHt Nt Xt COft ICOFt l~H) 
C INVEHSE OF THE GENERAL EXTREME VALUt OlSlHlijUTION TYPES Z ANO 3 

UIMENSION X(~)t COF(N) 
11YP•3 I H•XSC/XSH ~ A• XL0+8 
If< ICOF.GT.O ) GO 10 cO 
OU lU I• ltf\4 

10 COFCl)= FLOAT(l)/(N+l) 
cO 00 JU l•ltN 
JU XCI) • A•S*C•ALOGCCOF(l)))**XSH 

1ft XSH.Ll.u. ) llYP•ItYI-l•l 
If CI~R.EQ.U) HElURN 
PHINT 40t llYPt XLOt X~Ct XSH 

40 FOHMAT Clt-tli//7X"INVER~E OF THE EXTHt:ME VALUE TYPE 11 lc" OISJRlBUllO 
lN FUNCT10N 11 /SX"CPAHAMEIERS XLO•"Flc.S" XSC• 11F12e5" XSH•''F8,S1') 11 

2//l8X"OHOER"5X'•CUMULA ll YE''I27X"O IS TM18UT 10N"Il9X" ( 1) "t8At "COF 00 1'1 
32X"X(l)'*/) 

PHINT SOt Cit COF(l)t XCl)t l•ltN) 
SU FOHMAT Cl8Xtl3tflS.6t4XtF15.6) 

HE. TURN 
f.NU 

Example Subroutine INVGEV is used to determine the inverse X of F(X) for 

the extreme value distriubtions type 2 and type 3, with parameters XLO = 10., 

XSC = 4.0 and XSH = 0.1. The inverse is desired for 10 equally spaced 

values of the CDF or N=lO, ICDF=O, and IWR=l. The main program to call 

INVGEV is shown below. 

The computed output of INVGAM for this example is: 
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<L> 
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2 
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lf 
5 
€: 
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1~ 
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l( ( ll 

6.~344il93 
7:.!2(83-::•: 
~ .• '?.3.R52_J 
·:.S53P37 

10.939499 
ll_ ~- r: 5 3 3_ :1 1 . 
1.:! .• 0 53 ~ 7 6. 
14" 32 4 c 4.7 
15. 9350tH~: 
1 s 11 3 7.:- 12 2. 

. X TP EMf-~ll-ALUf llE.E 2 I.I.:lT HI JUT.! G.'} FU .:C T I:~ \l = 10 . .-.0J)JlfiO ISC:,_ 4 ...•. 0 Q_ 'J J 0 XSH= -- 1 ·~ 0 QQ) 

1 
} 

j 
4 
5 
€ 
7 
p 

«1 
10 

6.5 CONFIDENCE LIMITS 

C:U.M:'tft;;.'A.li?:'I·E; 
D J':J t R. ! ? l I I:: . t 

:. CF r )() 

The ~ confidence limits x~ for the T year event are determined by 

Kite (1977) 

X. = XT + u ST 9- - a. 

where u is the standard normal deviate corresponding to the a. a. 

confidence level: The value of xT can be determined by 

where kr is the frequency factor, a function of the skewness and T. 

(50) 

k.r = A
8 

+ B
8
.[(-ln(l-l/T)) 8-l] (52) 

where 

{r(l+2e)-r2(l+e)} -l/Z (53) 
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and 

AB = (l-f(1+B))BB (54) 

l1 = x + o./8(1 - r(l+S)) 
0 

(55) 

cr = [ (-a I s) 
2 

[ r ( 1 + 2 B) - r 2 
( 1 + 8) ] } 

112 

From Kite (1977), but keeping the same notation 

X = ll+a ~ (A0 + B0 [(-ln(l-l/T})S-1]t 
T \ ~ ~ J 

where the frequency factor is 

The general equation for the standard error of estimate for a 

3 parameter distribution can be written as: 

where 

2 11 2 1 k2 ak 2 
s = - , 1 + ky +- [y2-l] + ·- [ay

2
_

3
y

1 
- 6 

T n t 1 t. ay 1 

y = skewness coefficient 
1 

y = kurtosis coefficient 
2 

y 2.5 
3 = 11s11lz 

k = frequency factor 

The derivatives can be found analytically as: 

= 

if y =- ln(l- 1/T); Gr = f(l + rS); Pr = ~ (1 + rS) 

* G. W. Kite, "Confidence Limits for Design Events", Water Resources 
Research, February 1975, Vol. 11 No. 1 p 50. 

(56) 

(57) 

(58) 

(59) 

(60) 

(61) 
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where w is the digamma function which can be evaluated from the 

general approximation 

ljJ(z) = 
1 

ln(z+2) - 2 (z+2) 

1 
(z+l) 

1 
z 

Then the two partial derivatives are given by: 

_h= 
. 2 

3 t [ G 2 -G 1 ] • [ G 3 p 3 - GlG2(Pl + 2P2) + as 

- [G - 3G
2
G

1 
+ 3 2 ~ 3 

2G
1 

]·[G
2
P

2 - Gl Pl] 
.) 

So: 

3 2G
1 

P
1

] 

/[G -2 

1 
6 252(z+2) 

G 2]5/2 
1 

With this expression we can calculate the standard error of estimate 

and find confidence limits of the T year event. 

Subroutine CLIEVM 

(62) 

(63) 

(64) 

This subroutine determines the approximate moment estimates of the 

T year event magnitude XT of eq. (57) and the (lOOX) percent confidence 

limits X of Eq. (50) based on the moment estimator of the standard 

error ST of eq. (59). The event magnitude XT(I) and its upper and 

lower confidence limits XUT(I) and XLT(I) are computed for specific 

return periods T(I) or non exceedence probabilities PXT(I), I=l, ••• ,NT, 

where NT is the number of confidence limits to be computed, for a given 
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confidence level CONF. Subroutine RETCDF makes inverse transformations 

between T and PXT and determines the standard normal deviate UCL 

corresponding to the confidence level CONF. 

Inputs to CLIEVM are the sample size N, the number NT of return 

periods or non-exceedance probabilities, the confidence level CONF; 

the parameters XLO, XSC, and XSH (which should be the moment estimators); 

the return period or non exceedance probabilities (T(I) or PXT) and the 

index IWR. Outputs from CLIEVM are the value XT(I) and its con

fidence limits XUT(I) and XLT(I) corresponding to the input T(I), I=l, ••• ,NT. 

The program of CLIEVM is given below. 

(Subroutines needed: DIGAMA, GAMMA, RETCDF) 
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Example: Subroutine CLIEVM is applied to compute moment estimates of 

design floods and their corresponding 95% confidence limits for 2, 5, 10, 20, 

50, 100 years of return periods. The floods are extreme value distributed 

Type 3 with moment parameter estimates a= 45.3388, x = 47.2353, 6 = -0.0496 
0 

obtained from 60 years of flood data of St. Mary's River at Stillwater, using 

subroutine PARGEV. The input variables to subroutine CLIEVM are N=60; 

NT=6; T(I)=2,5,10,20,50 and 100 for 1=1, ... ,6; CONF = 0.95; XLO = 47.2353, 

XSC = 45.3388, XSH = -0.0496, and IWR = 1. The main program to input this 

information is given below. 

10 

The computer output from CLIEVM for the example is: 

F ('\ ) (} :. \j T '( p ( - '~ ~- : ~ T ,.; l 
x~H= -.~4~6131 1 

P ETU~N 
::·.:::: h' I-1 IJ 

2. 
k 

·--·. 1 ": '-' .. 
2C. 
r:::,·, 
-- t . ..- • 

100. 

.s~~O'H' 
• f·H.l 0 fH.i 
.~oooc 
."'.!5GOJ 
.c:.~;.::.OSD 

.9':}001J 

Method of Maximum Likelihood 

l1 ,. 4 rl .c ·-· '"S 
1 4 2 - ::: L ~~} 1 4 
l!?~~~ 463£:~ 
23?.C'4~14 
3;~ 7 ... >;71 ~(. 
4 '=? .. 7 _7 i ;) Zl 

The quantile values of return period T may be written as 

X(T) = A + By(T) 

L:·~:rr. _ _, 
L C ~. __ ) 

4 !'; .• :.:, '+ ., ) 4 

? ? • 7 . :; 1 
1 2 -~ • ::· ·;? ·3 I 
1'tt; .. ::; 1.)? ·: 
1 t)t:l" ') c ~ 
1 53 •. 3 ; 7 7l~ 

(65) 

One approximate technique which is widely used is to expand the expression 

for X(T) considered as a function of estimated parameters in a Taylor 

series about the population parameter values and on squaring to 

disregard all terms above the second order, and take expectations of all 
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the remaining terms. This gives an expression for the variance which 

involves the sampling variance of each parameter and all possible sampling 

covariances between the parameters. 

When estimation is by maximum likelihood (Jenkinson, 1969), the 

quantile is 

x(T) x + ~ [1 - exp(-Sy)] 
0 s 

where y is the EVl reduced variate of return period T and a constant 

in this expression. This expression may be written as: 

x(T) = X + & w where 
0 

W = [1- exp(-Sy)]/B 

Now we can use equations (4) and (5) and the relation of the 

(66) 

(67) 

(68) 

reduced Gumbel variate with z
2 

and :z
3 

which are given by Eqs. (13) and (14). 

The expression for the ML sampling variance is: (Jenkinson, 1969) 

Var i(T) 
2 2 

= ~ ~ a + J?... + __£_ ( dw) 2 + 2 .!! + 2 ( _g_ + 2_£_) dw l 
N l 2 2 dS w w 2 dB ) w w w 

(69) 

where the constants a, b, c, f, g, h depend on B and are tabulated in 

table 6.3 and, 

dw -Sy 
dB= (ye - w)/6 (70) 

Using these expressions we can apply equation (50) and find the 

confidence limits. 

Subroutine CLIGEV2 

This subroutine determines the maximum likelihood estimates of the 

T-year event of magnitude XT of equation (57) and the 100 a percent 

confidence limits x1 of eq. (50) based on the maximum likelihood sampling 

variance of eq. (69). The overall description of this subroutine is the 

same as the subroutine CLIEVM referred before. The program listing of 

CLIEVM. (Subroutines needed are INVGEV, ELEMEN, RETCDF) 
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SUBROUTINE CLIGEV2 CN,NT,CONF•XLOrXSCrXSHrTrXT,XUT,XLTrPXT,IWR) 
C CONFIDENCE LIMITS OF GEV DISTRIBUTIONS BY MAX. LIKELIHOOD 
C* JENKINSON•s <1969) APPROXIMATION TO THE MAX. LIKELIHOOD SAMPLING 
C VARIANCE IS USED TO ESTIMATE STANDARD ERROR OF T-YEAR EVENT. 
c 
c 
c 

SUBPROGRAMS NEEDED ••• INVGEVr RETCDFr AND ELEMEN 
DEVELOPED BY JOSE D. SALAS AND E. BENZEDEN 
HYDROLOGY AND WATER RESOURCES PROGRAM, COLORADO 
DIMENSION T<NT>rXTCNT>,XUTCNT),XLTCNT>rPXTCNT) 
ITYP :::: 3 
IF< XSH. LT .o ) ITYP = 2 
CALL ELEMENC XSH, A, Br c, Fr G, H ) 
CALL RETCDFC NT, r, CONF, PXTr UCL ) 

Ct~L.L. INVGEV C XLO, XSC, XSH, NT, XT, PXT, t, 0) 
DO 30 !::::1. Y NT 
IF ( XSH. GT • 0 ) GO TO l. 0 
Y3 :::: ·<f.. + XSH* < XT (I) .... XLD 
YT :::: ···· ALOG C .... Y:3 ) / XSH 
GO TO 20 

10 Y2 ···· :f. • .... XSH* < XT (I > .... XL.O 
YT - - ALOGC + Y2 ) I XSH 

I XSC 

I XSC 

20 WT - C 1. - EXP<- XSH*YT ) ) I XSH 
DW _.. < YT*EXP < -- XSH*YT ) .... WT ) I XSH 
WW ···· WT * WT 
AN - N 
AWN = XSC*WT/ SQRT<AN> 
ST = AWN* SQRTC A + ( B+C*DW*DW)/WW + 2.*H/WT 

1 + 2.*< G/WT + 2.*FIWW >*DW ) 
XUTCI) = XT<I> + UCL * ST 

30 XLTCI) = XTCI> - UCL * ST 
IF CIWR.EQ.O) RETURN 
PRINT 40, CONF, ITYF', XLf.h XSC, XSH 

40 FORMAT <1H1///5X•L.IKELIHOOD ESTIMATES OF THE.F4.2" CONFIDENCE LIMIT 
1TS FOR GEV TYPE-*I1• DISTRIBUTION*/13X•c XLO="Ft2.5" XSC=•F12.5" 
2 XSH=*F12.7* )•//13X•RETURN NONEXCEEDANCE EVENT•ox•coNFIDENCE 
3 LIMITS"/13X•PERIOD PROBABILITY MAGNITUDE•6x•urPER•sx•LoWER"/) 

PRINT 50, CTCI)r F'XT(I), XTCI), XUTCI), XLTCI), I=l,NT> 
50 FORMAT C12X,F4.0,2X,F10.5r3X,3F13.5) 

f~ETUF~N 

END 
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Example: Subroutine CLIGEV2 is applied to compute maximum likelihood 

estimates of design floods and their corresponding 95% confidence limits 

for 2, 5, 10, 20, 50, 100 years of return periods. The floods are extreme 

value distributed type 2 with maximum likelihood parameter estimates 

& = 31.7066, x = 41.3035, and B = 0.392293 obtained from 60 years of 
0 

flood data of St. Mary's River at Stillwater. NT = 6; T(I) = 2,5,10,20, 50 

and 100 for I= 1, .•• ,6; WNF = 0.95; XLO = 41.3035, XSC = 31.7066, 

XSH = 0.392293, and IWR = 1. The main program to input this information 

is given below. 

GEV<..ON '1311 3 OPl=i IHACE 

~HOGHAM btVCON CI~PUltOUTPUT) 
UlMENSION 1ClQ),X1Cl0)tAUIC10)tXLTCl0)t~XTCl0) 
RtAO lOt~' NTt CONFt Cl(l)t I•lt6) 

lU fORMAT C215t7F7.2) 
ALO• 41.3035 $ XSC• 31.7066 S X~H• • 0.392293 
CALL CLIGEV~ CNtNTtCONFtXLOtXSCtXSHtTtXTtXUltXLltPXltl) 
ENO 

The computer output from CLIGEV2 for this example is: 

I -
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APPENDIX 

Subroutine to evaluate the gamma function. 

• GAMMA 73/73 OPT:l TRACE qn1 

10 

20 
30 

40 
so 

60 
70 

80 

90 
100 

c 

SUBROUTINE GAMMA cZtG,LER> 
IF<Z•LE.57.) GO To 10 
IER = 2 
G = l.E75 
RETURN 
X = Z 
ERR = l.OE•06 
IER = 0 
G = 1.0 
IF <X-2.) 40t40t3o 
IF· (X.LE•2•> GO To 80 
X = X•l• 
G = Gc.X 
GO TO 20 
IF (X•l•) 50t90tBo 
IF CX.GE.ERR> GO TO 70 
Y = FLOAT(INT(X)).X 
IF CABS(Yl.LE.ERR) GO TO loo 
IF ((l.·Y·ERR).LE.O.) GO TO 100 
IF <X.GT.1.) GO To 80 
G =G/X 
X = X+1. 
GO TO 60 
Y = X•1• 
Gy : 1••Y•C-.5771~166+Y*C.9B~85399+Y*(•.876421R,+Y~C.932A2i2•Y*(•. 

*5684729+Y*C.25482o49+Y*C•.o5!4993))))))) 
G = G*GY 
RETURN 
IER = 1 
RETURN 
END 

Subroutine to evaluate the Digamma function. 
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