
DISSERTATION

CHARACTERISTICS OF CURVILINEAR FLOWS OVER TILTING WEIRS:

LABORATORY, COMPUTATIONAL, AND FIELD INVESTIGATIONS

Submitted by

Joseph E. Pugh

Department of Civil & Environmental Engineering

In partial fulfillment of the requirements

For the Degree of Doctor of Philosophy

Colorado State University

Fort Collins, Colorado

Summer 2025

Doctoral Committee:

Advisor: Subhas Karan Venayagamoorthy
Co-Advisor: Timothy K. Gates

Marie Rastello
Jeffrey D. Niemann
Bret C. Windom



Copyright by Joseph E. Pugh 2025

All Rights Reserved



ABSTRACT

CHARACTERISTICS OF CURVILINEAR FLOWS OVER TILTING WEIRS:

LABORATORY, COMPUTATIONAL, AND FIELD INVESTIGATIONS

The phenomenon of flow over a hydraulic control structure, such as a weir, is a corner-

stone of open-channel hydraulics. These structures help regulate water levels in channels

and reservoirs, measure discharge, and can even be used as grade control structures to man-

age channel morphology. The structural configurations that form the basis of centuries of

research and application are the vertical sharp-crested weir and the rectangular free overfall.

Tilting weirs, which span the range between these classical limits through an adjustable incli-

nation angle, are increasingly being used in engineered systems for stage regulation and more

recently, flow measurement. However, current rating methodologies for these structures are

limited in scope and overly empirical. Furthermore, a unifying physical framework for the

discharge coefficient of weirs that accounts for the constituent aspects influencing discharge

characteristics is currently lacking. An investigation of the underlying fluid dynamics, in-

cluding boundary layer development, flow separation, non-hydrostatic pressure distributions,

and local energy loss has thus far seen limited application for weir flows.

Motivated by the need for more accurate and physically interpretable discharge predic-

tions and reliable control of water surface elevations, this dissertation seeks to revisit the

classical weir discharge problem under the new light of advanced experimental techniques,

apply this knowledge to the general case of the tilting weir, and work to close key knowledge

gaps in the application of laboratory-derived rating equations to prototype-scale structures

operating in the field. This research combines laboratory experimentation, computational

fluid dynamics, and field-scale observations to construct a robust and generalizable frame-

work for understanding the hydraulics of tilting weirs.
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Laboratory flume experiments were conducted using high-resolution velocity measure-

ments from particle-image velocimetry (PIV) and acoustic-Doppler velocimetry (ADV), and

were complemented by Reynolds-Averaged Navier-Stokes (RANS) computational fluid dy-

namics (CFD) simulations to examine flow field dynamics in detail across a generous range

of flow cases. These efforts informed a new discharge equation for tilting weirs that accounts

for the inclination angle of the structure, and was calibrated based upon more than 400

observations of flow over physical models at two unique laboratories. Practical limitations

for flow measurement, concerned with scale effects occurring at low inertial states and the

transition from weir to sill flow at high inertial states, were examined and accessible measure-

ment recommendations were set forth to enhance accuracy. PIV results in conjunction with

computational simulations helped elucidate the underlying fluid dynamics influencing these

discharge characteristics. Finally, the laboratory-derived equation was applied to prototype-

scale weirs operating within an irrigation system in Northern Colorado and adapted to reflect

field-scale variability, such as approach channel conditions and localized energy losses due

to flow separation.

The key contributions of this work are as follows. The theoretical framework for the

classical weir discharge coefficient (Cd) is revisited and new physical insight is provided

by decomposing Cd into its contributing components, which are shown to account for the

combined effects of kinetic energy, contraction, and local energy loss and together inform

an understanding of Cd as a type of Froude number. Furthermore, a clear delineation of

the transition from weir flow to the sill flow which occurs in the limit of the rectangular

free overfall, is explained. This transition in regimes of discharge characteristics is analyzed

in light of practical constraints for accurate flow measurement, and to inform the rating

equation of the tilting weir, which operates within the physical limits of the vertical sharp-

crested weir and rectangular free overfall.

A generalized rating equation for tilting weirs is established, incorporating kθ as an in-

clination angle correction factor to the head term. This allows for the accurate prediction
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of discharge across the full spectrum of inclination angles observed in practice, harmonizing

with classical theory at both operational limits. Laboratory results demonstrated consistent

accuracy under different experimental configurations. Flow field analysis from experimen-

tal PIV and computational simulations revealed that boundary layer separation, turbulent

mixing characterized by Reynolds stresses, vertical pressure gradients, and regions of high

shear caused by large mean velocity gradients are the major factors influencing the discharge

characteristics.

Field application of the tilting weir discharge equation framework, with the addition of

the field characteristics correction factor, kF , showed strong agreement with measured flows,

indicating the robustness of the laboratory-derived approach and charting a path forward

for future adaptions of lab-derived discharge relationships to field settings. A discussion of

the kF correction factor reveals the viability of physical model experiments of weir flows

to accurately capture the governing physics observed in the field, with the need for slight

calibration and modification due to site-specific characteristics.

Opportunities for future research include further validation of these results with addi-

tional physical models and computational simulations, investigating tilting weir blade charac-

teristics such as curvature and surface roughness on the discharge characteristics to enhance

functionality, and leveraging the tilting weir towards ecological goals such as a mechanism

for sediment transport management and fish passage. This work advances the theoretical

and practical understanding of flow measurement in general and tilting weirs specifically,

laying the groundwork for further innovation in water resources engineering.
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Chapter 1

Introduction

1.1 Motivation
The flow of water past a static control or check structure in an open channel is one

of the most ubiquitous and long-studied phenomena in the world of engineering. This is

owed to the direct relevance of this problem towards controlling, diverting, and measuring

water flows for the benefit of society. These endeavors help establish flourishing communities

through projects related to transportation, irrigation, flood control, and the promotion of

ecological health. For many centuries, simple hydraulic structures known as weirs were used

as a means of controlling the direction and depth of water flow - such as creating a diversion

from a river or a pool for fishing. Due to the scientific revolution and the advancement of a

mathematical understanding of fluid flow, in the last three centuries weirs have evolved not

only as practical stage-control devices, but into dual-purpose mechanisms that additionally

allow for estimations of flow for water measurement. The tilting weir is a type of weir that

represents a translational case between two limiting classical structures: the vertical sharp-

crested weir and rectangular free overfall. The structure can be inclined to various degrees

with respect to the horizontal in response to changing needs in the upstream water depth

- making them especially effective as gates on dam spillways, or flood control structures

in channels. Over the past several decades the tilting weir has also been developed as a

flow measurement device, although a robust understanding of the effect of the tilting weir

inclination on the flow dynamics is lacking and current methodologies result in prediction of

the flow to only ± 10% (Wahlin and Replogle, 1994; Zeng et al., 2019). It also remains to

be seen what considerations must be taken when applying lab-derived relationships for use

in the field. Furthermore, an in-depth understanding of the important physical mechanisms

which influence the discharge characteristics is lacking. Investigation into these aspects of
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the tilting weir represents the central goal of this dissertation, with the broader goal being

to promote more equitable and reliable water management and the advancement of new

hydraulic structures that meet 21st century design needs.

1.2 Background
In the most basic sense, a weir can be defined as any nominally rectangular object placed

within the cross-section of a channel that represents some obstruction to the flow path of a

fluid. (Rao, 1975). Over the centuries, there have been numerous iterations and modifications

to this basic design of a weir. For the purpose of this dissertation, the primary focus will

be on two limiting cases that represent some of the simplest and most widely implemented

types of weirs.

First, the sharp-crested weir, which is the simplest and oldest type of weir consisting

of a thin flat plate situated perpendicular to the direction of flow (see Figure 1.1). The

second limiting case is the rectangular free overfall, which is akin to a weir of zero height

Figure 1.1: Sharp-crested weir at Massachusetts Institute of Technology laboratory, discharging
125 L/s/m. Photo courtesy of Rouse (1932).
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(see Figure 1.2). In practice, this represents an abrupt perpendicular drop where the issuing

jet is supported only by atmospheric pressure. Weirs of very low height, approaching the free

overfall limit, are also sometimes referred to as sills. The discharge characteristics for flow

over sills are slightly different than that for classical weirs where the height of the obstacle is

at least the same order of magnitude as the flow depth, and the transition between weir-type

and sill-type discharge characteristics is one of the questions addressed in this dissertation.

Figure 1.2: Ventilated rectangular free overfall discharging 125 L/s/m, courtesy of Rouse (1932).

The tilting weir (also referred to as a pivot weir or an overshot gate in the literature)

can be thought of as a single structure that operates in the range between the two limiting

cases of the sharp-crested weir and free overfall. Here, the inclination angle of the tilting

weir with respect to the horizontal channel bed is given by θ. When θ = 90◦, the tilting weir

is a sharp-crested weir. When θ = 0◦ the tilting weir is a free overfall. Tilting weirs are a

relatively novel type of hydraulic structure developed in the late twentieth century and are

now used for a myriad of purposes concerning the management of water levels in engineered

systems; from flood control, ecosystem services, irrigation, water storage, and diversion. For
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irrigation systems in particular, tilting weirs were first implemented to be a more reliable

and efficient replacement for older check structures, such as stop-log checks or sluice gates

(Stringam and Gill, 2012). They can also reduce the required response time water managers

must have when adapting to dynamic conditions, such as those caused by a flood event.

1.3 Objectives
This dissertation research aims to utilize a combination of results garnered from labora-

tory experimentation on scaled physical models, computational fluid dynamics simulations,

and field-scale observations to study the fundamental nature of the flow over tilting weirs as

it relates to the following objectives:

1. Clarify the physical meaning of the discharge coefficient for weir-type flows

using dimensional analysis, decompose it into constituent flow parameters, and quan-

tify their magnitude from flow field observations to identify the dominant mechanisms

that govern flow behavior over weirs. Provide further insight on the transition between

weir and sill flows.

2. Extend the classical weir rating equation to apply to tilting weirs. Define a

correction factor to the weir discharge coefficient that is a function of the inclination

angle of the weir, and determine the proper operating parameters that avoid scale and

aeration effects to ensure optimal measurement accuracy.

3. Characterize the underlying flow dynamics that influence tilting weir dis-

charge behavior, including boundary layer growth, shear stress development, vertical

pressure gradients, and regions of flow separation and energy dissipation, using a com-

bination of high-resolution laboratory measurements and Reynolds-Averaged Navier-

Stokes (RANS) simulations.

4. Bridge the gap between laboratory research and field implementation by

evaluating the applicability of the proposed tilting weir discharge equation to prototype-
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scale hydraulic structures. Define a secondary correction factor to account for field-

scale variability, including channel geometry, approach flow non-uniformity, and im-

perfect nappe aeration.

1.4 Dissertation Layout
The remainder of this dissertation is laid out in the following chapters:

• Chapter 2 lays a foundation of the fundamental mathematical principles relevant for

understanding the problem of flow over tilting weirs.

• Chapter 3 presents background information on curvilinear free-surface flows over weirs,

and a broad overview of the types of research questions previously investigated con-

cerning the topic.

• Chapter 4 details the experimental facilities and measurement techniques, numerical

methods, and field-scale observation capabilities utilized in this work.

• Chapter 5 Presents a re-examination of the weir discharge coefficient as it is classically

understood, including its derivation, first and second-order influences on its behavior,

and practical operational regimes for vertical sharp-crested weirs.

• Chapter 6 Develops a discharge equation for tilting weir flow and provides an under-

standing of how it relates to the classical rating equation for a sharp-crested weir.

• Chapter 7 Examines aspects of the underlying flow field dynamics influencing the

discharge characteristics of tilting weirs.

• Chapter 8 Applies the lab-derived discharge equation for tilting weirs to prototype-

scale structures for practical use in the field.

• Chapter 9 Summarizes the major findings of this dissertation and discusses avenues

for future research.
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Chapter 2

Governing Equations
This chapter presents the fundamental mathematical equations governing the flow of

fluids. These equations form the basis from which all subsequent analyses of tilting weir flow

in this dissertation will be made, and provide context for the research questions discussed

in Chapter 3. The exact solution of the governing equations presented here is possible in

theory. However, the richness of time and spatial scales present in practical turbulent flows

necessitates simplifying assumptions and numerical approximations, which are also discussed

in this chapter.

2.1 Fundamental Frameworks for Analysis
A fluid can be thought of as a large number of well-packed molecules undergoing constant

collisions (Kundu et al., 2016), and can therefore in the most discrete sense be analyzed by

classical Newtonian mechanics at the microscopic level. However, at least for engineers, it

is impractical to study the motion of individual particles. Therefore, an assumption about

the nature of fluid motion, called the continuum hypothesis, is made. This principle states

that, if the region of interest of fluid motion is large enough and the molecular density is

great enough, then average quantities concerning the properties of individual fluid molecules

within the continuum are sufficient to describe the macroscopic properties of the motion. One

such property that is of great importance to the problem of analyzing flow over hydraulic

structures is the fluid velocity.

This vector quantity is a first-order tensor, having both magnitude and direction in three

dimensions (see Figure 2.1). Knowledge of velocity is crucial in determining the volumetric

flow rate (i.e., discharge) over a hydraulic structure. When the discharge and all other

channel characteristics are held constant, the relative magnitude of velocity in an open

channel is inversely related to the cross-sectional area occupied by the flow. In Cartesian
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Figure 2.1: The Cartesian coordinate system used in this text, where P is located by the coordi-
nate triplet (x,y,z) or (x1,x2,x3). From Kundu et al. (2016)

coordinates, the fluid velocity has three components which can be defined for any point in

space within the fluid, as well as any point in time.

u(x, t) = ui = ûi+ v̂j+ wk̂ . (2.1)

Here, i represents the repeating index in the Einstein-summation (or indical) notation

convention. In a Cartesian system, i can be one of three indices (i.e., i = 1, 2, 3). Further-

more, for flow through an open channel we take u to be the fluid velocity in the stream-wise

x-direction, v to be that in the transversal y-direction, and w to be that in the vertical

z-direction. This convention will be used consistently throughout this work.

There are two approaches for studying aspects of fluid motion. The first, a Lagrangian

approach, tracks the properties of an individual fluid particle (or continuum) as it moves

through space and time. Many of the fundamental mathematical principles governing fluid

flow are most elegantly expressed using this framework, but it is less practical to use as

it requires a moving frame of reference. More realistically, practicing hydraulicians take

an Eulerian approach. Here, fluid motion is analyzed as it passes through a fixed control

volume. Rather than tracking individual fluid particles, the Eulerian approach is concerned
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with how macroscopic fluid properties such as pressure, velocity, and density change through

time and within the spatial bounds of the control volume. The Reynolds Transport Theorem

allows for a translation between the Lagrangian and Eulerian approaches. For a discrete and

continuously deformable differential volume of fluid:

DBsys

Dt
=

d

dt

∫

V∗(t)

ρβdV =

∫

V ∗(t)

∂(ρβ)

∂t
dV +

∫

A∗(t)

ρβ(u · n̂)dA . (2.2)

Here, β is the generic, intensive (i.e., per unit mass) property of some system quantity B,

ρ is the fluid density, u is a first-order tensor representing the velocity along the boundary

of the system, and n̂ is the unit normal vector, which acts perpendicular to and outward

from the control surfaces (A∗(t)) of the control volume (V ∗(t)) that is coincident with the

boundaries of the system. For a fixed control volume, Eq. (2.2) states mathematically that

the material derivative (D/Dt) measuring the rate of change of some extensive quantity

B within a system can be defined as the sum of the time rate of change of that quantity

within the control volume, and the net flux of that quantity through non-deformable control

surfaces. A re-writing of Eq. (2.2) using a Lagrangian perspective can be achieved with the

Gauss divergence theorem and assuming an infinitesimal system volume:

DBsys

Dt
=
∂(ρβ)

∂t
+∇ · (ρβu). (2.3)

Eq. (2.3) is known as the definition of the total, or material, derivative.

2.2 Conservation Laws

2.2.1 Conservation of Mass

Mass is the first property of interest concerning an understanding of fluid motion. Here,

the intensive parameter in Eq. (2.3) is β = 1 so that:

∂ρ

∂t
+∇ · (ρu) = 0 . (2.4)
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The right-hand side of Eq. (2.4) is 0 because the law of mass conservations states that the

total amount of mass within a closed system must remain constant over time. Therefore,

the material change in density within the control volume will be equal and opposite to the

net flux of mass through the control surfaces.

2.2.2 Conservation of Momentum

The principle governing the conservation of momentum for fluid motion is Newton’s

second law, which states that the net sum of forces acting on a system will be equal to the

time rate of change in the momentum of that system (i.e., F = ma). In the integral form of

Eq. (2.2) with β = u, Newton’s second law can be written as:

Dρu

Dt
=

∂

∂t

∫

V ∗(t)

uρdV +

∫

A∗(t)

uρ(u · n̂)dA =

−
∫

A∗(t)

P n̂dA+

∫

V ∗(t)

ρgdV +

∫

A∗(t)

n̂ · τijdA . (2.5)

Here, the three terms on the right-hand side of the equation correspond to the forces con-

tributing to a change in the momentum of the fluid system. They are: pressure (P ), body

forces (g), and viscous shear (τij). Pressure and viscous shear are surface forces, acting as

normal and tangential stresses, respectively, integrated over an area. The body forces act

through the center of mass of the control volume without physical contact, arising from

gravitational or electromagnetic force fields (Kundu et al., 2016). Fictitious body forces,

such as the Coriolis force, can also arise in accelerating or rotating frames of reference. For

the class of flows examined in this dissertation, we will assume the only relevant body force

is gravity, acting in the negative z-direction, where the z-axis points vertically upward (i.e.,

g = −gk̂) and g is the coefficient of gravitational acceleration, 9.81 m/s2.

Considering a differential volume of fluid and applying the Gauss divergence theorem,

the conservation of momentum equation can be written per unit volume as:
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ρ
Du

Dt
= −∇P + ρg +∇ · τij . (2.6)

Together, Eqns. (2.4) and (2.6) represent a system of four equations for which there

are ten unknowns (if ρ is assumed constant). The symmetric viscous strain rate tensor

(τij) consists of six unknowns (i.e., τij = τji), and there are three unknown components

of the velocity field (u), in addition to the unresolved pressure field (P ). The imbalance

in the number of unknown quantities and available equations to solve the resulting system

of equations creates a closure problem. Because of this, it is necessary to relate τij to the

velocity field using Stokes’ hypothesis, which assumes a linear relationship between viscous

stress and strain for a Newtonian fluid. This allows us to define the constitutive relationship:

τij ≡ 2µSij , (2.7)

where Sij = 1
2

(

∂ui

∂xj
+

∂uj

∂xi

)

is the strain rate tensor and µ is the dynamic viscosity of the

fluid. For the class of flows in this dissertation, we will assume that the fluid of interest (i.e.,

water) is incompressible, so that Eq. (2.4) can be re-written as:

∂ρ

∂t
+ u · ∇ρ = 0 . (2.8)

Eq. (2.8) states that the fluid density will remain constant with changes in the pressure

field. We will further assume that temperature and salinity effects are negligible within our

control volume, so that the fluid density across the entire flow field can be assumed constant.

Substitution of Eq. (2.7) into Eq. (2.6) yields the well-known Navier-Stokes momentum

equations for incompressible fluids.

ρ
Du

Dt
= −∇P + ρg + µ∇2u , (2.9)
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and Eq. (2.8) becomes:

∇ · u = 0 . (2.10)

Together, Eqns. (2.9) and (2.10) allow for a complete description of motion for incompressible

Newtonian flows of nearly constant viscosity. Furthermore, if viscous effects are negligible,

which is commonly taken to be true in exterior flows away from solid boundaries (such as the

case of weir flows), then Eq. (2.9) can be further simplified to the inviscid Euler equations:

ρ
Du

Dt
= −∇P + ρg . (2.11)

2.3 Reynolds Decomposition
In theory, Eqns. (2.9) and (2.10) offer a full description of the fluid velocity and pres-

sure field at any point in the four dimensions of space and time. However, translating the

mathematical equations of fluid flow into numerical approximations by discretizing Eqns.

(2.9) and (2.10) becomes a challenging task due to the wide disparity of the length and time

scales present in practical turbulent flows. The computational cost required to resolve the

flow field at each and every time step and across all spatial domains becomes exponentially

larger as the geometric scale and inertia of the flow of interest grow. This issue necessitates

a decomposition of the turbulent flow field into mean and fluctuating quantities for all but

very weakly turbulent cases. Using indical notation for the first-order velocity tensor ui, the

Reynolds decomposition of the velocity and pressure field is:

ui(x, t) = ⟨Ui(x, t)⟩+ u′i(x, t) , (2.12)

P (x, t) = ⟨P (x, t)⟩+ P ′(x, t) , (2.13)
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where the term on the left-hand side of the equation is the instantaneous field quantity at

any position xi or time t. The brackets ⟨⟩ indicate temporal averaging for a point in space,

and u′i, P ′ are the fluctuating (i.e., turbulent) velocity and pressure.

Substituting these decomposed quantities into the instantaneous Navier-Stokes equations

(Eqns. (2.9) and (2.10)) yields the Reynolds-Averaged Navier-Stokes (RANS) equations in

summation notation:

ρ0
D⟨Ui⟩
Dt

= −∂⟨P ⟩
∂xi

− ρ0gδi3 +
∂

∂xj

[

µ
∂⟨Ui⟩
∂xj

− ρ0⟨u′iu′j⟩
]

, (2.14)

subject to the continuity constraint:

∂⟨Ui⟩
∂xi

= 0 . (2.15)

In Eq. (2.14) we have defined a constant reference density, ρ0 under the assumption of

negligible temperature and salinity effects. For incompressible flows, the instantaneous,

mean, and fluctuating velocity fields all remain divergence-free. The Kronecker delta (δij) is

used to indicate that the gravitational body force acts only in the negative z-direction. It can

also be seen that Eq. (2.14) appears as the direct analog to Eq. (2.9), with the addition of the

turbulent fluctuation term −ρ0⟨u′iu′j⟩, called the Reynolds stress tensor. These are apparent

stresses, in the sense that they do not represent any additional physical mechanism that is not

represented in Eq. (2.9), but rather are a mathematical result of the Reynolds decomposition

procedure. This tensor can be thought of as the stress experienced by the mean flow as a

result of momentum transfer by turbulent fluctuations. In turbulent flows, Reynolds stresses

are often much larger than viscous stresses, except very close to the wall where the turbulent

fluctuations go to zero and mean-flow gradients dominate. The Reynolds stress tensor is

symmetric, containing six independent Cartesian components. The diagonal components

are normal stresses that augment the mean pressure, while the off-diagonal components act

as shearing stresses (Kundu et al., 2016). Unfortunately, the Reynolds decomposition of
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the Navier-Stokes equations results in six new unknown quantities comprising the Reynolds

stress term in Eq. (2.14). This creates the infamous turbulence closure problem for solving

the RANS equations. Therefore, the Reynolds stresses must be parameterized to make the

turbulence closure problem tractable. These methods will be further discussed in Chapter 4.

2.4 Turbulent Kinetic Energy Budget
Inherent to an understanding of the parameterization of the Reynolds stress terms is the

turbulent kinetic energy (TKE) budget. TKE is defined as half the trace of the Reynolds

stress tensor: k = 1
2
⟨u′iu′i⟩. As will be shown in Chapter 4, these parameterizations rely

on an approximation of the diffusive nature of turbulent transport as being analogous to

molecular diffusion. Further motivation for understanding the TKE budget is given by the

need of hydraulic engineers to understand the mechanisms for dissipation of kinetic energy

by hydraulic structures to protect critical infrastructure and understand the potential for

power generation and improved energy efficiency. The process of TKE transport in turbulent

flows involves the loss of kinetic energy by the mean flow to the fluctuating turbulent field

through the process of shear stresses, which was initially described by Richardson (1922).

In other words, the dissipation term of kinetic energy for the mean field is analogous to the

kinetic energy production term for the turbulent field. The process of TKE transport and

dissipation can then be explained by the turbulent energy cascade. Here, the largest eddies

in a system, defined by the boundary geometry, contain the most energy. This energy is then

transported down through smaller and smaller eddies though an intermediate scale called

the inertial sub-range. Finally, TKE is irreversibly dissipated into internal heat through the

action of viscosity at the smallest (i.e., molecular) spatial and time scales, which are referred

to as the Kolmogorov scales after their initial conception by Kolmogorov et al. (1941). The

spatial scale of the smallest eddies in a turbulent flow is defined by:

η ≡
(

ν3

ε

)1/4

, (2.16)
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where η is the Kolmogorov length scale, ν is the fluid kinematic viscosity (ν = µ/ρ), and ε is

the TKE dissipation rate with dimensions of [L2T−3]. Neglecting the presence of temperature

fluctuations, the production, transport, and dissipation of TKE is defined by:

Dk

Dt
=
∂k

∂t
+ ⟨Uj⟩

∂k

∂xj
= T + P − ε , (2.17)

where T , P , and ε are the respective transport, production, and dissipation terms defined

by:

T ≡ − ∂

∂xj

[

1

ρ0
⟨P ′u′j⟩+ ⟨ku′j⟩ − 2ν⟨u′is′ij⟩

]

, (2.18)

P ≡ −⟨u′iu′j⟩
∂⟨Ui⟩
∂xj

, (2.19)

ε ≡ 2ν⟨s′ijs′ij⟩ , (2.20)

and s′ij = 1
2

(

∂u′

i

∂xj
+

∂u′

j

∂xi

)

is the fluctuating strain rate tensor. The three terms within the

brackets of the transport term represent the transport of k through the respective processes

of pressure fluctuations, turbulent stresses, and viscous diffusion. (Kundu et al., 2016). As

previously mentioned, the equation for P is given by the shear-production term, representing

the loss of kinetic energy by the mean flow field to the turbulent (i.e., fluctuating) field, and

ε is the irreversible conversion of TKE into internal heat.
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Chapter 3

Literature Review

3.1 Curvilinear Flow Over Weirs

3.1.1 Basics of Open-Channel Flow

A discussion of weir flows must necessarily begin with an understanding of the broader

class of flows within which weirs are a type - that being open-channel flow. These types are

flows are by strict definition two-phase, in the sense that they feature the interaction between

two fluids: air and water. However, the primary concern of this dissertation will be for flows

where little mixing occurs between the two fluids, and a distinct separation between air and

water is present in the form of the free-surface with an atmospheric boundary condition. For

this reason, weir flow can be treated as a single-phase phenomenon. However, fascinating

multi-phase flow phenomena are present in open-channels, such as hydraulic jumps, flow

down stepped-spillways, and cavitation in non-pressurized diversion tubes.

The types of flow observed in open channels can be generally described as either gradually-

varied or rapidly-varied. Gradually-varied flow (GVF) occurs over long reaches of open

channels where the rate of change in flow depth with respect to the longitudinal direction

is small. In GVF, the streamlines are nominally horizontal so that the pressure distribution

within the fluid column can be well-approximated to be hydrostatic. This allows for a

decoupling of the elliptic pressure term from the velocity terms in the partial differential

Navier-Stokes equations (Eqns. (2.9) and (2.10)), so that the velocity field can be solved for

independently of the simplified pressure field (i.e., dP/dz = −ρg).

The analytical solution for gradually-varied flow invokes the work-energy principle of

mechanics (i.e., first law of Thermodynamics), which states that for an isothermal system,

the work done by component forces acting on a fluid volume must be equal to the rate

of change of internal energy within the control volume. An equation describing this law
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can be essentially derived by multiplying the equation for conservation of momentum (see

Eq. (2.9)) by the flow velocity u. For GVF, the assumption is made that the flow is steady,

one-dimensional, and hydrostatic - so that the following equation can be accurately used as

a description of the work-energy principle:

dH

dx
= −Sf , (3.1)

where

H = α
U2
0

2g
+D cosΘ + zb . (3.2)

Eq. (3.2) has dimensions of length (L), or energy per unit weight of fluid. Here, H is referred

to as the total hydraulic head, U0 is the cross-section averaged streamwise velocity, α is the

kinetic energy correction factor (accounting for non-uniform distributions of the velocity

head), D is the flow depth, Θ is the angle of the channel bed with respect to the horizontal,

and zb is the bed elevation above a reference datum. Sf is the friction slope, representing

the resistance to fluid motion in the channel caused by viscous shearing forces occurring

at the boundaries and is defined as Sf ≡ τb/γR, where τb is the shearing stress exhibited

on the fluid by the boundary, γ is the specific weight of the fluid, and R is the hydraulic

radius (Jain, 2001). In practice, the friction slope is often estimated using the uniform flow

formulas of Manning-Strickler or Chézy (Julien, 2018).

Another important parameter used for describing open-channel flows is the specific energy

(E), defined as the sum of the pressure and kinetic energy head terms for steady, 1D flows:

E = D cosΘ + α
U2
0

2g
. (3.3)

Crucial to an understanding of open-channel flow transitions is the concept of the critical

energy state, which occurs when the specific energy is at a minimum (Ec). For any given

condition of specific energy, there exist two alternate depths that the flow can occupy (see
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Figure 3.1: Specific energy diagram, courtesy of Ippen (1950).

Figure 3.1). The separation between these two states of flow is given by the dimensionless

Froude number (Fr). Fr represents the ratio of inertial effects to gravitational effects in

open-channel flows.

Fr =
U0√
gD

. (3.4)

Here, D is the hydraulic depth, defined as the cross-sectional area of the flow (A) divided

by the channel top-width (Tw).
√
gD is known as the speed of surface waves, or celerity.

Subcritical flow occurs when Fr < 1 and represents the condition when the inertial effects

of the flow are dominated by gravitational effects. Subcritical flow, generally speaking, is

slower moving, deep, and does not feature many surface fluctuations. Supercritical flow

occurs when Fr > 1 and the inertial effects of the flow dominate the gravitational effects.

Supercritical flows are shallow and faster moving, featuring many fluctuations in the free

surface caused by waves.
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3.1.2 Curvilinear Rapidly-Varied Flow

A much more difficult case to solve for analytically is that of rapidly-varied flow (RVF).

Changes to the flow depth are abrupt in RVF, and a discontinuity in the free surface may

exist - as in the case of the hydraulic jump where the flow transitions from supercritical

to subcritical. RVF occurs at sharp transitions in the channel geometry, such as channel

width constrictions or expansions, or the introduction of steps. The flow over a weir is

also an instance of RVF. Under these circumstances, significant curvature is present in the

streamlines as the flow navigates the channel transition, so that the pressure distribution no

longer is hydrostatic. This reduction in the pressure head from the hydrostatic condition is

paired with an acceleration of the flow around the obstacle, and a transition from subcritical

to supercritical flow occurs.

3.2 Weirs as Flow Measurement Devices
Since weirs constrict the flow path of the fluid, causing the flow to transition from sub-

critical to supercritical, they are referred to as artificial channel controls. This feature was

realized by early pioneers in the field of hydraulics so that the weir could be developed be-

yond a stage control structure and also as a flow measurement device. If the obstructive

effect of the weir is large enough to create a stagnation point on the upstream side of the

obstacle, the weir will act as an artificial channel control because the depth of flow upstream

of the weir will be directly proportional to the discharge passing over the structure. This

depth-discharge relationship is beneficial to the hydraulician because the subcritical nature

of the flow upstream of the weir is conducive to accurate depth measurement. In the devel-

opment of a theoretically sound depth-discharge relationship, the knowledge of a transition

in the flow criticality can be utilized in one of two ways. If the location of the critical sec-

tion is known and fixed, then mathematical relationships can be derived to calculate the

discharge at the critical section. This is the fundamental theory utilized in the flow rating

equation of a free overfall, broad-crested weirs, and long-throated flumes (Bos et al., 1984;
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Wahl et al., 2005). However, for the case of the sharp-crested weir, the flow does transition

from subcritical to supercritical, but the location of the critical section is not known a priori

and can change location based upon the flow condition. Here the critical section is the point

where the lower nappe surface profile reaches its maximum elevation (Rouse, 1932), and

this location will change based upon the weir geometry and discharge conditions. Because

of this, a different theoretical basis is needed to elucidate the sharp-crested weir as a flow

measurement device.

Flow over sharp-crested weirs represents a case of curvilinear rapidly-varied flow where

significant vertical inertia is present, causing the pressure distribution to become non-

hydrostatic. The complex nature of the coupled pressure and velocity field present for

rapidly-varied flow requires several simplifying assumptions to be made in order to prac-

tically implement the sharp-crested weir as a flow measurement device. The fundamental

theory that governs these flow-rating equations relies on the knowledge that the flow tran-

sitions from subcritical to supercritical in the vicinity of the weir crest, and that over short

channel reaches the flow can be approximated as being inviscid and irrotational. Under

these considerations, the sharp-crested weir is treated similar to a free jet issuing from a

sharp-edged orifice supplied by a large static reservoir of potential energy, and the Torricelli

principle is leveraged to obtain an estimation of volumetric discharge over the weir. This

approach is further discussed in Chapter 5.

Due to the convergent nature of the flow field and the assumed negligibility of the vis-

cous boundary layer on the overall flow characteristics, the weir flow problem has been

well-positioned for study using inviscid flow theory. In that case, the application of numer-

ical approximations to this problem is beneficial because without needing to incorporate a

turbulence model, the flow pattern over the weir can be solved to a high degree of accuracy

as long as viscous boundary layer effects are of an order of small magnitude. Significant

work taking this approach has been completed to analyze the flow field over classical struc-

tures such as the sharp-crested weir and free overfall (McNown et al., 1955; Strelkoff, 1962;
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Clarke, 1965; Ali and Sykes, 1972). Recent advances have applied more efficient numerical

methods to investigate the flow fields of different types of weirs, such as the tilting weir

(Castro-Orgaz and Hager, 2017; Zerihun, 2022). However, since both the sharp-crested and

free overfall have primarily been of interest to engineers due to their practical application as

a flow measurement structure, the vast majority of recent studies on the topic has focused

not on detailed analyses of the flow field, but rather on using a simplified weir discharge

equation for a broad category of weirs, and making the necessary empirical adjustments as

complexities arise due to differences in weir characteristics, channel conditions, and fluid

properties.

3.3 Factors Influencing Weir Flow
The factors affecting the flow over weirs were organized by Rao (1975) into four broad

general categories: i) Flow Conditions, ii) Channel Characteristics, iii) Fluid Properties, and

iv) Weir Characteristics. We will discuss each here systematically in the following sections.

3.3.1 Flow Conditions

The study of weir flow has thus far been primarily focused on laboratory experimentation

to determine the discharge characteristics of certain types of structures under variable ge-

ometries and flow conditions. Primarily, hydraulicians have focused their analyses on mean

flow properties, such as the discharge coefficient, and to a lesser extent, profiles of mean

velocity and pressure distributions. Of primary importance has been the quest to define the

empirical relationship between the discharge coefficient over the weir crest and the inertia of

the flow. It has long been recognized that the velocity head in the approach channel, itself

a quantification of the flow inertia, plays a significant effect in the rating equation of weirs

(Engel and Stainsby, 1958). The initial pursuit of researchers on the sharp-crested weir was

to define an empirical relationship between the discharge coefficient and some measurement

of the flow inertia, often given by the ratio h/p.
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A profound amount of work on developing a discharge formula for the sharp-crested weir

was completed throughout the nineteenth century and is well summarized by Horton (1906).

Much of this work was completed in French and German, and so its significance is often

obscured to English-speaking audiences. One of the most well-known of these works is that

of Bazin (1898), who examined a wide variety of phenomena concerning flow over weirs:

the discharge formula, the shape of the nappe profile, the effect of inclining the weir plate,

spillway design, and velocity and pressure measurements made internal to the nappe. These

early and extremely detailed experiments, completed over the course of nearly a decade, laid

the foundation for much future work on weirs.

As the results of early European pioneers were translated into English, many researchers

in the United States made subsequent observations on this discharge characteristics of the

sharp-crested weir in the years following Bazin (1898). This great proliferation of research

on the topic created some disagreement within the literature as to which discharge-rating

approach was most appropriate. The study of Schoder and Turner (1929) represented a

seminal contribution to this discussion. The authors collected much new data, including

measurements of the velocity profile in the approach section. This publication generated

a productive discussion piece on the topic that featured the opinions of some of the most

well-renowned hydraulicians of the day. One formula proposed in the discussion section that

has proved its enduring power over other approaches is that of Theodor Rehbock of the

Karlsruhe Institute of Technology in Germany. Rehbock published the majority of his work

in German, but presented a summary of his findings in English in the discussion piece, King

et al. (1929), published by the American Society of Civil Engineers. The formula of Rehbock

published in King et al. (1929) is likely to be found as the standard weir equation in today’s

fluid mechanics and hydraulics textbooks, likely because it was verified by the experiments

of Rouse (1932) and Kandaswamy and Rouse (1957). Rouse published several textbooks

on the topic in his career, many of which have gone on to be the foundational material for

today’s textbooks (Rouse, 1938, 1946b).
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Returning to a discussion of the other limiting case for the tilting weir, the seminal

study on the free overfall discharge equation was also performed by (Rouse, 1936). In this

study, Rouse showed that for smooth rectangular channels, the end-to-depth ratio would be

a constant value, since the critical depth is always known to be at the crest of the overfall.

From this study, the discharge coefficient for a zero-height weir (i.e., free overfall) was found

from theory, and confirmed by experiment, to be 0.715. Other experimenters have confirmed

the initial result of Rouse (1936), showing that it only deviates from a constant value under

especially low heads, where scale effects are present (Rajaratnam and Muralidhar, 1968;

Hager, 1983).

For tilting weirs, much preliminary work was done as early on as Bazin (1898), who found

that if the standard vertical sharp-crested weir is tilted downstream, the discharge capacity

is increased systematically. Bazin hypothesized that a constant amplification factor could

be applied to the discharge coefficient of a sharp-crested weir to account for the effect of the

inclination angle. This indicates that for the tilting weir, the same discharge can pass at a

lower head if the weir is tilting downstream. Bazin (1898) reported that the maximum value

of this amplification occurred at an inclination angle of 30◦. Beyond this threshold value, at

least for tilting weirs located in the mid-section of a channel reach (rather than at the end

of a channel), the tilting weir was no longer able to function as a free-flowing device due to

the influence of the tailwater on the pressure condition at the crest. A more thorough study

on the topic wasn’t carried out until a century later by Wahlin and Replogle (1994), who

utilized a correction factor for the discharge coefficient of the vertical sharp-crested weir to

account for the effect of the inclination angle.

3.3.2 Channel Conditions

The resistance to fluid motion caused by roughness elements along the channel boundary

is known to be an important factor in developing a full understanding of open-channel

flows. However, very little research has been completed to understand how the empirically
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calibrated discharge equations for weir flow, developed in laboratory flumes with smooth

channel boundaries, translate to more realistic environments with channel boundaries that

have irregular geometries and variable roughness.

In their seminal paper, Schoder and Turner (1929) utilized a complex system of baffles

to examine the effect that a nonuniform velocity distribution had on the discharge coeffi-

cient for sharp-crested weir flow. They saw that extreme variations from a uniform velocity

distribution in the approach channel could result in deviations from the predicted discharge

condition by as much as 26%. The authors developed an empirical equation to predict the

discharge that relied upon measurements of the velocity distribution both above and be-

low the weir crest. However, this approach received criticism due to its impracticality for

the practicing hydraulician at the time in that it required a priori knowledge of the chan-

nel velocity profile. In their discussion piece, Rehbock argued that in most cases of weir

flow observed during laboratory experiments, the velocity distribution is nominally uniform.

However, Schoder and Turner replied in their closure to the piece that this assumption is

likely not to hold for weirs in operational field conditions (King et al., 1929). It still remains

to be seen fully seen how variations observed in the field from the classical open-channel

velocity profile measured in the laboratory can be incorporated into the weir flow equations.

Taking a slightly different approach to this topic, studies have also been completed on the

effect of roughness on the free overfall in the laboratory (Rajaratnam et al., 1976; Sterling,

1998; Shubing and Sheng, 2019). Generally, the presence of boundary roughness is known

to decrease the discharge coefficient of flow over the weir. What is still left obscured is an

understanding of how the increased flow inertia occurring in flow over field-scale structures

interacts with the more variable channel roughness caused by vegetation and sediments.

3.3.3 Scale Effects

An additional important consideration in weir flow is a proper understanding of the

problem from a dimensional analysis perspective. Here, the empirical equations that can
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be developed for dimensionless parameters, such as the discharge coefficient, are only valid

when certain scale effects related to the fluid viscosity and surface tension can be neglected.

Important studies on this topic are those of Matthew (1963); Sarginson (1972); Ranga Raju

and Asawa (1977); Johnson (1996); and Swamee et al. (2001). Primarily, this work on scale

effects has focused on defining the lower limit of experimental scales. Generally, the threshold

hold for when scale effects have been shown to be prominent for flow over vertical weirs is

at low heads where h <∼ 0.05 m (Kindsvater and Carter, 1959).

3.3.4 Weir Characteristics

The surface roughness of the weir is also a notable factor influencing the flow dynamics

(Pařílková et al., 2012; Ghobadian et al., 2013; Lau and Afshar, 2013; Alboresha and Hatem,

2021; Qian et al., 2021). Generally, surface roughness on the face of the weir has been shown

to decrease the discharge coefficient of flow over the weir, and some corrective factors have

been established to adjust for this effect in the weir discharge equation.

3.4 Investigation of the Flow Field Characteristics

3.4.1 Pressure, Velocity, and Free Surface Profiles

In addition to more hydraulically minded investigations into the influence of a number

of factors on the discharge characteristics of weirs, a less voluminous but still significant

body of work has also been developed to investigate the phenomena of weir flow on a deeper

level. These studies have focused on the shape of the nappe profile, velocity and pressure

distributions, and the location of the critical section with respect to the crest. For the

sharp-crested weir, this was first completed by Bazin (1898), and followed up with additional

thorough observations by Rouse (1932), Bureau of Reclamation (1948), and Rajaratnam and

Muralidhar (1971). Advances in numerical modeling have also provided new insights into

the flow characteristics of sharp-crested weirs, as shown by Ferrari (2010) and Sinclair et al.

(2022). For the free overfall, descriptions of the pressure and velocity profiles were initially
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completed by Rouse (1932, 1936) and advanced by Rajaratnam and Muralidhar (1968) and

Hager (1983).

The flow characteristics of the tilting weir have received less attention, except for the

work of Bazin (1898) and Bureau of Reclamation (1948) to determine the influence of the

inclination angle on the nappe profile of weir flow. Additional work is needed to investigate

the velocity and pressure distributions of the tilting weir and how these relate to the well-

established profiles of the sharp-crested weir and the free overfall.

3.4.2 Boundary Layer Characteristics

One of the interesting aspects of weir flow concerns the implicit assumptions in the

discharge equation, namely that the flow is inviscid and irrotational. The validity of these

assumptions has been only preliminarily investigated for different cases of weir flow. The

primary questions for these investigations have been to determine the regions of the flow

field where these assumptions are valid, and identify the regions where they are not. The

regions where these assumptions do not hold will be near the boundary of the flow in which

viscous effects are present. For the case of the sharp-crested weir, it has been well-observed

that a region of separation exists on the upstream side of the structure (see Figure 3.2).

Typically, researchers have been interested in investigating flow problems where separa-

tion occurs downstream of an object, and analyzing the reattachment length. Much work

has been done on a similar type of structure, the canonical backward-facing step (Butté and

Pichon, 1970; Armaly et al., 1983). However, for the case of weir flow, the separation occurs

upstream due to the adverse pressure gradient along the bottom boundary created by the

weir acting as a stagnation point. Kindsvater and Carter (1959) introduced a preliminary

discussion of the boundary layer displacement thickness (δ∗) as a way to understand the

overfall influence of viscous effects on the flow in comparison to the assumed condition of

inviscid flow. Rouse (1960) also offered a discussion on the distribution of turbulent kinetic

energy in the flow field, with an analysis of two canonical cases of symmetrical flow past a
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Figure 3.2: Study of stream filaments over a spillway, showing the converging streamlines at the
crest section and the turbulent zone of separation at the base of the structure. Photo courtesy of
Rouse (1932).

sharp-edged pipe-inlet, and over a bluff-edged body. The type of flow separation that occurs

in these cases is similar to that of a broad-crested weir.

Without the ability to make more detailed measurements, Rouse still postulated that the

region of dissipation of turbulent kinetic energy occurred near the boundary in the viscous

zone of separated flow. Following the conceptual framework of Prandtl (Anderson, 2005) to

analyze the flow field as an outer inviscid region and an inner viscous boundary layer, Rouse

(1960) postulated that the most production of turbulent kinetic energy would occur due to

the presence of large velocity gradients in the shear layer between these two regions. A more

detailed study to verify the hypotheses of Rouse (1960) with physical measurements has yet

to be done for cases of weir flow, although similar studies have been completed for other

engineering applications (Delafosse et al., 2011).
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Other studies, such as Kirkil et al. (2008), have examined the time-dependency of large-

scale flow structures of certain canonical flow problems, such as that past a circular bridge

pier. If one considers the time variability present within turbulent flow, then coherent struc-

tures such as horseshoe vortices and turbulent bursts and sweeps can then be identified. This

type of analysis has so far been very much lacking in the literature on flow over thin-crested

weirs, likely because most researchers take a more hydraulics-informed perspective, where

the primary object of importance is to see how the empirical discharge coefficient for a certain

structure might be modified by certain influencing factors. However, the time-variability in-

herent to turbulent flow has been identified to cause fluctuations in the pressure condition of

the nappe and level of the free-surface (Zachoval et al., 2012), which may lead to structural

problems due to resonance.

3.5 Summary of Open Research Questions
In summary, there are several open research questions for the case of flow over tilting

weirs. Some significant work has been completed to understand how the influence of the

inclination angle might change the shape of the nappe profile and pressure condition at the

crest (Bazin, 1898; Bureau of Reclamation, 1948). These analyses have led to studies on the

discharge coefficient and what corrective factors can be employed to account for the effect

of the inclination angle on the flow with respect to the perpendicular sharp-crested weir.

However, open avenues of research for this problem of tilting weirs, and more generally the

scope of flows containing sharp-crested and free overfall flow, can be identified to include:

• The effect of the inclination angle on the discharge coefficient for tilting weir flow, and

how this can be best incorporated into existing flow measurement equations.

• The variability of the discharge coefficient with the inertial condition of the flow as

measured by h/p and how this changes in the case of the sharp-crested weir, through

the range of inclination angles represented by the tilting weir, and finally for the free

overfall.

27



• The nature of the pressure and velocity profiles for the case of the tilting weir and how

they related to the bounding cases of the sharp-crested weir and the free overfall.

• The identification of boundary layer and shear layer zones within the flow field of the

sharp-crested weir, and how the changing inclination angle introduced by the tilting

weir changes the spatial distributions of these zones as well as global budgets of TKE

dissipation.

• How the combined influence of scale and channel roughness can be leveraged to examine

the application of these types of flow measurement structures to field conditions.

• How to parameterize the influence of channel boundary roughness on the discharge

coefficient and how this can be practically used in the field.

• The availability of higher-order approaches to developing the discharge equation for

weir flow that allow for non-hydrostatic pressure effects caused by curvilinear stream-

lines near the crest.
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Chapter 4

Experimental, Numerical, and Field

Methodology
There are three main avenues of research in the field of hydraulics. As mentioned in

Chapter 3, the majority of studies in the realm of weir flow have been situated within labo-

ratories, where experiments are conducted on scaled physical models of prototype structures.

However, in the laboratory the conditions are often idealized in a way that may not fully

represent the complexity of phenomena observed in the field environment, and constructing

physical models can be expensive. For this reason, it is also prudent to take observational

data on operational field-scale structures. This, however, can prove difficult due to the lack

of control on experimental variables and difficult conditions that researchers are faced with

in the field.

In recent decades, with the advancement of more powerful computers and superior nu-

merical methods, considerable knowledge advancement can also be accomplished through

the use of numerical simulations. Once the start-up costs of hardware and proprietary codes

are paid, the cost of executing numerical simulations is much smaller compared to laboratory

experiments and field measurement campaigns. However, as alluded to in Chapter 2, the

resulting equations used to model fluid flow numerically represent, at best, a close approxima-

tion to the actual nature of the flow that could be observed in the physical world. However,

advances in numerical algorithms and spectral methods have allowed for the development of

direct numerical simulations (DNS) that solve the governing equations of fluid flow (Eqns.

(2.9) and (2.10)), albeit for relatively low Reynolds number (i.e., weakly turbulent) channel

flows with simple geometries, due to the considerable computational cost of these efforts.

Due to the practical need of engineers to simulate more realistically turbulent flows with

complex geometries, numerical approximations and parameterizations of turbulent Reynolds

29



stresses, transport, and mixing are needed to solve fluid flow problems numerically. Ideally,

these methods are validated using experimental data to ensure they accurately reproduce

physical reality to an acceptable degree of accuracy. Numerical methods introduce some

amount of artificial diffusion into the problem which can, if the method is unstable, grow

unbounded. Regardless, even if the solution is stable, the numerical diffusion will mean the

computed solution does not completely represent the actual fluid flow in all of its complexity

as it occurs in nature. For these reasons, it is extremely beneficial to use a combination of

techniques that combine experimental, numerical, and field observations. In this way, we

gain a full picture of the flow problem as each method fills in the gap of observation not

possible by the other methods. The available methodologies are discussed in the following

sections.

4.1 Laboratory Measurements
The primary experimental facility for this study is the Environmental Fluid Mechan-

ics Laboratory (EFML), under the supervision of Dr. Subhas Karan Venayagamoorthy

at Colorado State University (CSU). Additional laboratory experiments were also con-

ducted in collaboration with the Hydraulics and Hydromorphology Laboratory (HHLab)

at the Villeurbanne-Lyon centre of L’Institut National de Recherche pour L’agriculture,

L’alimentation et L’environnement (INRAE), under the supervision of Dr. Céline Berni and

Dr. Marie Rastello during the Spring of 2023.

4.1.1 Laboratory Flume

The setting for laboratory experiments is in a recirculating flume which consists of an

open channel with a smooth bed, smooth side walls, and a pump with a large water storage

reservoir for maintaining the steady flow of a prescribed discharge. This set-up allows for the

placement of physical models in the flume and observations of the resulting flow velocity field

using highly accurate instrumentation. The prescribed discharge passing through the flume
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is measured using an electromagnetic flow-meter located in the pipe section upstream of the

flume inlet. Other observational capabilities include measurement of the bed elevation and

flow depth using a point-gauge (in the case of the EFML), or ultrasonic sensors (at HHLab).

4.1.2 Particle-Image Velocimetry

Laboratory measurements of the two-dimensional velocity field (u,w) are available using

particle-image velocimetry (PIV). This is a non-intrusive method that utilizes the calculated

displacement of neutrally buoyant plastic tracer particles seeded in the flow and then illumi-

nated by a high-intensity laser. A high-speed camera captures the position of all particles in

the field of view at a certain time instant, and then after a small time-step, another image

is taken. Cross-correlation algorithms are then applied to calculate the displacement of the

particles, and subsequently the velocity of the fluid itself. The maximum recording frequency

of the images is 800 Hz. Typically, the 2D laser sheet is positioned in the center of the flume

so that the velocity components in the streamwise (x) and vertical (z) directions can be

computed. For most cases of weir flow, the velocity field is assumed to be uniform in the

transversal (y) direction.

4.1.3 Acoustic-Doppler Velocimetry

Point measurements of the three components of the velocity field are also available using

an Acoustic Doppler Velocimeter (ADV). This instrument utilizes a measured frequency shift

in acoustic signals to estimate the velocity of tracer particles that act as passive scalars within

the flow field. ADVs can measure on the order of 102− 103 Hz, allowing for an estimation of

fluctuating turbulent quantities that occur on small time scales and comprise second-order

moments of the velocity field. One drawback of ADV measurement in the laboratory is that

it is an intrusive technique, resulting in local disturbances to the flow field around the probe

(Rastello et al., 2022).
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4.2 Numerical Simulations
The EFML research group has a robust history of seminal advances in the fields of

experimental hydraulics and geophysical fluid dynamics through the use of high-resolution

numerical simulations (Venayagamoorthy and Fringer, 2007; Mater et al., 2013; Zhou et al.,

2017). This expertise can be leveraged to conduct numerical simulations of tilting weir flow

that elucidate the more complex elements of the fluid dynamics beyond previous research.

Computational facilities include access to the proprietary non-hydrostatic flow modeling code

FLOW-3D, and high-processing computers with 40 cores, 256 GB of RAM, and a 3.10 GHz

processor.

4.2.1 Reynolds-Averaged Navier-Stokes Models

As previously discussed in Chapter 2, the filtering of the instantaneous Navier-Stokes

Equations into a mean and fluctuating field due to the practical constraint of being unable

to capture the wide disparity of spatial and time scales present in fully turbulent flows with

numerical simulations gives rise to the turbulent closure problem. There are zero, one, and

two-equation models available as closure schemes for this problem, which are reviewed by

Pope (2000). However, all turbulence closure schemes are founded on the same essential

premise that the deviatoric Reynolds stress can be modeled as proportional to the mean

shear rate using the turbulent-viscosity hypothesis (TVH):

−⟨u′iu′j⟩ ≡ νt

(

∂⟨Ui⟩
∂xj

+
∂⟨Uj⟩
∂xi

)

− 2

3
⟨u′iu′i⟩ , (4.1)

where νt is known as the turbulent viscosity and must be parameterized by the closure model.

One of the most commonly used closure schemes for RANS simulations of free-surface flows

is the two-equation k–ε model, which models νt using the equation:

νt ≡ Cµ
k2

ε
, (4.2)
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where Cµ is a calibrated coefficient and two additional transport equations are introduced to

model k and ε. Recent advancements on the calibration of Cµ can be found in Mishra and

Venayagamoorthy (2024b). An extension of the k–ε model is the k–ω RANS model. In this

model, νt is estimated as the ratio k/ω, where the specific dissipation rate, ω = k/ε. The

k–ω model typically performs better in near-wall regions where an adverse pressure gradient

is present. Due to the desire to accurately model the flow separation zone upstream of the

weir, the k–ω is used for the majority of RANS simulations in this dissertation.

4.3 Field Scale Observations
The opportunity for taking field measurements of existing operational tilting weirs is pos-

sible through existing collaborations with the Larimer and Weld Irrigation Company, as well

as Obermeyer Hydro, Inc. Recent research published as a result of these collaborations can

be found in Kutlu (2019) and Pugh et al. (2021). As previously mentioned, field observations

are also critical to a complete understanding of any hydraulics problem, and investigations

of this nature have been severely lacking in the literature on weir flow. When investigating

the flow field of an operational prototype structure, there are several methods available for

determining the velocity field. The two discussed here are some of the most commonly used

techniques, but this section does not feature an exhaustive report of all the possible methods

available.

4.3.1 Acoustic-Doppler Current Profilers

The Acoustic Doppler Current Profiler (ADCP) has been used over the past several

decades and has revolutionized the procedure for taking measurements of flow discharge

in the field (Mueller et al., 2013). The instrument utilizes the Doppler shift principle to

calculate the velocity of suspended sediment particles contained within the fluid column.

However, instead of light as the emitted signal, it is sound waves. The ADCP can measure

at multiple points within the z direction along a water column profile, and thus is often used
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as a discharge measurement device because these several measurements of the fluid velocity

along a vertical are then averaged and integrated to calculate the mass flux of water over a

particular section in the transversal direction.

The ADCP is an immensely useful device, but suffers from significant limitations in mea-

surement capabilities that can often be easily overlooked. Primarily, the maximum sampling

frequency for most ADCPs on the market today is only 1-2 Hz. This may be sufficient for

capturing first-order statistics, such as the mean velocity field, but is bound to be insufficient

for capturing the full richness of time scales present in practical turbulent flows. Further,

due to the underlying principle of Doppler-shift utilized by the ADCP, there are several

regions of unmeasured flow in any ADCP discharge measurement. These unmeasured zones

are the area near the fluid free-surface, the channel boundary, and the channel side walls.

Issues with beam interference arise when measuring near the wall and channel boundary,

and measurements near the free surface are limited by the necessary lag-time of the receiver.

Recent developments by Pugh et al. (2021) and Díaz Lozada et al. (2021, 2023) have worked

to reduce uncertainty and increase the accuracy of ADCP measurements, but significant

work still remains to be done to investigate the gap in measurement capabilities, especially

for higher-order turbulence metrics, that the ADCP possesses in comparison to more highly

resolved instruments.
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Chapter 5

Demystifying the Discharge Coefficient 1

5.1 Introduction

5.1.1 Curvilinear Weir Flow

Free-surface flow over a vertical weir has been a problem of considerable practical as well

as theoretical interest for many centuries (Eckert, 2024). It has proven useful for determining

the efflux of water in hydraulic engineering applications, while also representing an amalgam

of several canonical flows that are of interest to hydrodynamicists. Upstream of the weir,

primarily one-dimensional hydrostatic open-channel flow is present, which transitions in the

approach to the weir to convergent flow through a sharp-edged orifice (Perry, 1949), and

finally to a gravity-driven free jet (Tuck, 1976). Additionally, a turbulent boundary layer

subjected to an adverse pressure gradient, (Na and Moin, 1998; Kitsios et al., 2017) created

by the stagnation along the vertical weir face, undergoes separation and results in a zone

of recirculating flow at the base of the weir. The combination of phenomena in this flow

field rewards it with the designation of being “an exceedingly complex problem at best”

(Street et al., 1996) - making it a suitable candidate for fundamental research, and empirical

simplifications when prudent.

The viability of the weir as a reliable device for measuring discharge is dependent on the

following two main conditions: 1) the flow field can be well approximated as two-dimensional

in the streamwise and vertical directions, and 2) the falling nappe is sufficiently ventilated

so that atmospheric pressure is present along both the upper and lower free surfaces.

1The research presented in this chapter has been accepted for publication in the journal Flow under the
title “Demystifying the Discharge Coefficient for Flow Over Thin Weirs and Sills” by J.E. Pugh, S.K.
Venayagamoorthy, and T.K. Gates. This chapter is written to reflect and acknowledge the contribution of
the co-authors.
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The dynamic parameter describing a particular weir flow condition is given by the ratio

h/p. This inertial condition with respect to the size of the weir obstacle is defined by the

ratio of the pressure head (h) measured at the gauging section, which drives the flow over

the weir, to the height of the weir crest relative to the channel bottom (p) (see Figure 5.1).

Figure 5.1: Schematic of curvilinear flow over a thin weir. It is assumed that the flow field can be
approximated as two-dimensional, and that the overflowing nappe is fully supported by atmospheric
pressure. All dimensions plotted are scaled from 3D numerical results for a specific flow case where
h/p = 0.68 (case N0.68 in Table 5.2). A separation streamline is plotted to indicate the locations
where the boundary layer becomes detached due to the adverse pressure gradient created by the
weir, and where it then eventually reattaches. The shape of the separation zone will differ under
varying flow conditions. EGL is the energy grade line, given by the dashed line.

Weir flow can be considered to have two bounding cases as defined by h/p. The wall

overflow condition occurs in the limit as h/p → 0, occasionally called an “infinitely high”

weir, (Lauck, 1925; Rouse, 1932) and is applicable to when the structure is placed on the

crest of a dam spillway. As h/p→ ∞, the obstructive effect of the weir vanishes and the flow

becomes a free overfall (Rouse, 1936; Rajaratnam and Muralidhar, 1968). The obstacle is

often described as a sill rather than a weir when approaching this upper limit (Ramamurthy

et al., 1987). Typical weir channel flows observed in hydraulic engineering practice have
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h/p = O(100) (Ackers et al., 1978). In the gauging section, the volumetric discharge per

unit channel width is defined as q, with the characteristic velocity scale in this section being

U0 = q/D.

The critical section, or vena contracta, is the location of minimum specific energy (E),

identified as the longitudinal position where the maximum elevation of the lower nappe sur-

face occurs (Montes, 1998). This definition of the critical section necessarily differs somewhat

from that used for hydrostatic open-channel flows. For curvilinear weir flow, the pressure is

no longer hydrostatic in the transition from subcritical to supercritical and the velocity is no

longer uniform. Therefore, the critical section cannot be simply defined here as where the

mean flow speed equals the small wave celerity. Instead, it is defined more generally as the

location where the derivative of specific energy with respect to flow depth equals zero. For

weir flows, this has been shown to be where the elevation of the bottom boundary reaches a

maximum (Castro-Orgaz and Hager, 2017).

The thickness of the nappe in this section is noted as t, and the average velocity in the

nappe at this section is given by u = q/t. The relative effects of draw-down on the upper

nappe surface, and deflection of the lower nappe surface above the crest elevation, are given

by δ and ε, respectively, so that h = ε + t + δ. η is chosen as an arbitrary parameter to

represent the vertical distance of a fluid layer below the free surface at the gauging section.

5.1.2 Governing Equations and Review of Previous Work

Hydrodynamics perspective

The physics governing the motion of fluid over a weir is described by the steady, in-

compressible Navier-Stokes equations. For purposes of determining steady discharge, an

assumption of two-dimensional flow is made, meaning that the three-dimensional flow field

is taken to be uniform in the transverse (y) direction (the dimension over which the crest

spans the channel). This assumption allows boundary drag along the channel side walls to

be neglected, along with lateral contraction and detachment of the nappe. This assumption
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is taken to be valid as long as the approach channel width (B) is at least eight times h

(Bureau of Reclamation, 2001). With these simplifications, the coupled pressure-velocity

field is given by:

u · ∇u = −1

ρ
∇P − gk̂ + ν∇2u , (5.1)

with the continuity condition:

∇ · u = 0 , (5.2)

where u is the two-dimensional velocity field (u = uî + wk̂); P is pressure; ρ and ν are the

fluid density and kinematic viscosity, respectively; and g is the gravitational constant (equal

in this study to 9.81 m/s2).

It was recognized by early pioneers in hydrodynamics that the wall overflow case is a

suitable candidate for analyses invoking the inviscid fluid assumption due to the convergent

nature of the flow field and ability to assume the negligible effect of boundary friction.

Approximate analytical solutions can be found via complex analysis of the potential velocity,

which utilizes numerical integration methods to solve for the two-dimensional fluid velocity

field described by the stream function (ψ) and velocity potential (ϕ). For steady, inviscid,

incompressible, and irrotational flow, boundary conditions for this approach are given by the

Bernoulli equation:
P

ρ
+

1

2
(u2 + w2) + gz = constant . (5.3)

Dias and Tuck (1991) provide a good formulation of the complex-potential flow analysis

problem. Early notable advancements in the field taking this approach were those of Lauck

(1925), who approximated the shape of the free-surface and estimated the contraction co-

efficient (Cc = t/h) for the wall overflow. For this case, Lauck (1925) found Cc to be

the same as Kirchhoff’s coefficient for a planar free jet issuing from a sharp-edged orifice

(π/π + 2 ≈ 0.611). Notably, Strelkoff (1964) expanded the complex-potential flow analysis

for the weir problem by putting forward a formulation that proposed a solution for the free-

surface profile and discharge characteristics for any value of h/p. Similar approaches have
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also been fruitfully applied to approximate the profiles of the free overfall (Tuck, 1976; Dias

and Tuck, 1991), as well as subcritical (Vanden-Broeck and Keller, 1987) and supercritical

(McLean et al., 2022) weir flows.

As elegant as these analytical solutions of potential flow are, it is not often that these

results, and the assumptions of inviscid and irrotational flow implicit within them, are val-

idated against experimental observations. The flow physics explored in these analyses can

also sometimes lack practical value, such as imposing a supercritical upstream boundary

condition for flow over a weir (McLean et al., 2022). It was noted by Rouse (1964) that

the inviscid results of Strelkoff (1964) generally agreed well with experimental results for

small values of h/p, but began to deviate as h/p increased towards the free overfall limit.

This occurs because in this limit, the size of the turbulent boundary layer in relation to

the overfall flow field renders invalid the assumptions of inviscid and irrotational flow. Here

we are met again with the infamous injunction to resort to empirical investigations when

dealing with the complexities of turbulent flows. In addition to this, the analytical methods

previously described proved overly tedious for the hydraulic engineer, whose primary concern

was a simple and reliable estimation of discharge. For these reasons, we will now trace the

development of the weir and sill flow studies through the practice of hydraulics.

Hydraulics perspective

In the early days, the Italian marquis Giovanni Poleni formulated what is now known

as the weir-discharge or Poleni equation by conceptualizing the flow over a thin vertical

weir as an orifice flow capped by the free surface, and driven by an upstream reservoir of

hydrostatic stagnation pressure head (h). Utilizing the Torricelli principle (see Eq. (5.3)) to

estimate the velocity of fluid layers within the overflowing jet and integrating from the crest

elevation, p, to h+ p, the following equation (sometimes referred to as the Poleni equation)

was eventually put forward as a means for estimating volumetric discharge per unit channel
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width (q) passing over the crest of a vertical weir:

q ≈ 2

3

√

2gh3/2 → q = Cd
2

3

√

2gh3/2 . (5.4)

Like Eq. (5.3), Eq. (5.4) is derived from assumptions of inviscid and irrotational flow. It also

neglects any contraction within the nappe, as well as the velocity head at the gauging section,

U0
2/2g. It is well-known in practice that these assumptions are not strictly true. For this

reason, the introduction of the discharge coefficient (Cd) is found in Eq. (5.4) to account for

these violated assumptions. A reliable empirical equation for Cd as a function of practically

measurable parameters, h and p, was the goal of much of the previous hydraulics studies.

Foundational early research can be credited to Bazin (1898) and Schoder and Turner (1929)

for weir flows - the latter of which also examined the influence of the velocity distribution in

the approach channel on the discharge characteristics. A robust empirical equation relating

the magnitude of Cd to h/p for weir flows of h/p = O(100) was put forward by Theodor

Rehbock at the Karlsruhe Institute of Technology, described in English in his discussion

of the results of Schoder and Turner (1929) in King et al. (1929). Rouse (1936) extended

the discharge-measuring capacity of these types of structures further by applying a similar

analysis to the free overfall. Kindsvater and Carter (1959) also notably included a discussion

of scale effects due to viscosity and surface tension at low values of h, suggesting that these

can result in a greater than 2% variation in the prediction of discharge when h < 5 cm

(assuming the fluid is water).

A link between the results of Schoder and Turner (1929) for weir flows and Rouse (1936)

for the free overfall was first provided by Kandaswamy and Rouse (1957), who examined the

discharge characteristics of weir and sill flows spanning the full range of h/p. A commonly

used weir-discharge formulation found today is that of Kandaswamy and Rouse (1957), where

for h/p ≤ 6: Cd = 0.611 + 0.075h/p, and for h/p ≥ 16.66: Cd = 1.06(1 + p/h)3/2. This

formulation features a non-monotonic relationship between h/p and Cd, which Kandaswamy

and Rouse (1957) hypothesized was due to a maximum in the relative nappe thickness as
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the flow changes from a weir to sill regime. The reason for this phenomenon has so far not

been elaborated on, and represents one of the main goals of this study.

Bridging the gap

Although the dependence of Cd upon h/p has received much attention in the literature,

a physical description of Cd has remained elusive. It is not immediately apparent which of

the aforementioned assumptions regarding irrotationality, contraction, and upstream velocity

head are a fair approximation in the majority of cases of weir flow, the conditions under which

these approximations might break down, and how this might inform a physical description

of Cd. A survey of common textbooks used in undergraduate fluid mechanics courses in the

United States reveals that Cd is described as a “lumped parameter”, accounting for friction

loss between the gauging section and crest section, contraction of the overflowing nappe,

contribution of the upstream velocity head, and scale effects due to surface tension and

viscosity (Sturm, 2001). However, we believe what has been lacking in the literature until

this point is a cogent description of the contributing factors underlying the physical meaning

of Cd through its decomposition from experimental and numerical results to show which

of the aforementioned effects are most dominant. For this reason, we choose in this study

to develop a new semi-empirical expression for weir discharge using dimensional analysis in

hopes of demystifying the meaning of Cd.

Elucidation of the nature of Cd and its variability can be sought by examining the flow

field dynamics - namely the pressure and velocity profiles at important sections. Earlier

work on this was completed by Scimemi (1930) and Rouse (1932), who measured the free

surface profiles for several cases of h/p, pressure profiles at various points using manometers,

and velocity using Pitot tubes. These results have been critical for validating the output of

numerical simulations and analytical approximations. This work was furthered by the results

of Rajaratnam and Muralidhar (1968, 1971) and Ramamurthy et al. (1987). However, the

flow field dynamics for the full h/p range from the wall overflow to free overfall have yet to

be fully characterized and rightly contextualized for the practical weir flow problem. This
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represents the main goal of this study - a revised definition and understanding of Cd gained

from new data that reconciles traditional insights from both hydrodynamics and hydraulics.

The need to rejoin these traditionally divergent fields of study was recently highlighted

by Michael Eckert in his historical review of the more general efflux problem: “From an

epistemic and historiographic perspective, this study calls for inquiries that combine the

history of science with that of engineering. The history of fluid mechanics may not be

approached from one or the other side alone, and specific cases such as the efflux problem

provide suitable probes in this quest” (Eckert, 2024). In this study, we endeavor to do just

that, through the following aims:

1. Revise the formulation of the weir-discharge equation to clarify the meaning of Cd.

2. Provide additional data on the discharge characteristics and flow field dynamics of

viscous flow over weirs and sills, especially towards the upper limit of the free overfall.

3. Elucidate the reason for the non-monotonic trend between h/p and Cd observed by

Kandaswamy and Rouse (1957) and Ramamurthy et al. (1987).

4. Clarify the delineation between the respective weir and sill flows, along with a descrip-

tion of other regimes to inform reliable flow measurement.

5.2 Dimensional Analysis for the Weir Flow Problem
Since the development of Eq. (5.4), the field of hydraulics has advanced through dimen-

sional analysis using the Buckingham Π theorem. This methodology has been applied to

the weir flow problem in the past (Kindsvater and Carter, 1959; Ackers et al., 1978), with

insights informing the physical parameters influencing the non-dimensional discharge. For

completeness, we show the dimensional analysis for fully ventilated weir flow again here.

The relevant parameters for determining q are:

q = f(h, p, g, ρ, µ, σ) , (5.5)
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where previously undefined parameters are the fluid properties of dynamic viscosity, µ; and

surface tension, σ. In the classical dimensional analysis of weir flow, as found in Kindsvater

and Carter (1959), h is chosen as the relevant dynamic flow parameter and length scale when

predicting the discharge. This is because h is often readily measured from the hydrostatic

pressure relationship, and for subcritical flows over a weir, U0 = f(h) (Vanden-Broeck and

Keller, 1987). The value of h is typically measured at a longitudinal distance of approximately

3–4h upstream of the weir crest (Bos, 1976). The other important geometric parameter is

p, representing the height of the obstruction. Physical fluid properties must be included to

account for scale effects. The basic dimensions can be represented using appropriate scaling

variables such that M ≡ ρh3, L ≡ h, T ≡ h/
√
gh, and V ≡

√
gh. This scaling will result in

the following Π terms: Π1 = Frh = q/
(√

gh3/2
)

, Π2 = h/p, Π3 = Reh = ρ
(√

gh3/2
)

/µ, and

Π4 = Weh = (ρgh2) /σ.

Three common dimensionless numbers appear: the Froude number - Frh, the Reynolds

number - Reh, and the Weber number - Weh. These are given the subscript h to differentiate

them from more common definitions for free-surface flow using other length and velocity

scales. Assuming that fluid properties remain constant, it is seen that the only dynamic

parameter in Π3 and Π4 is h. Since Weh ∝ Re
4/3
h , only Reh is necessary to account for scale

effects at low values of h. If it is assumed these scale effects are negligible above a certain

threshold value of Reh, the simplified dimensionless equation for weir discharge becomes:

Frh = ϕ(h/p) for Reh ≫ 1 . (5.6)

Thus, a simplified form of the weir discharge equation is:

q = ϕ(h/p)
√
gh3/2 , (5.7)

where the function ϕ(h/p) approximates Frh within a normal operating range of h/p in

which scale effects are negligible. Previous studies have indicated that a suitable value for
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this threshold is Reh = 3.5×104 (Kindsvater and Carter, 1959; Pugh et al., 2024), equivalent

to a minimum h of ≈ 5 cm to drive the water flow. By comparing Eq. (5.4) and Eq. (5.7), it

can be seen that Frh is simply (2
√
2/3)Cd. We choose here to refer to Frh as a weir Froude

number, intended to serve as an alternative to the classical weir discharge coefficient Cd.

The result of this approach is that a physical understanding of the dimensionless coefficient

on the front-end of the weir discharge equation is obtained, in that it is best understood as a

ratio of inertial to gravitational effects. To our knowledge, the only other work to propose an

understanding of the weir discharge coefficient as a type of Froude number is that of Street

et al. (1996). With a fundamental definition of Cd as a ratio of inertial to gravitational effects

now established, we will proceed to its derivation from Eq. (5.3) to reveal its constituent

parts.

5.3 Revisiting the Discharge Coefficient
As discussed earlier, Poleni first derived his equation for weir discharge by envisioning

the flow over a weir as an integrated sum of Torricelli’s problem of flow through a sharp-

edged orifice at the bottom of a reservoir, where the jet freely enters into the atmosphere

and the flow is driven by a static pressure head (h′) above a jet opening of width d. The unit

volumetric discharge of the jet, q′, is given by the general orifice equation (Streeter, 1985):

q′ = u′t′ = (Cv
′

√

2gh′)(Cc
′d) , (5.8)

where u′ is the average velocity in the jet over thickness t′. The term
√
2gh′ is the theoretical

velocity given by Eq. (5.3) from assumptions of steady, inviscid, and irrotational flow. Cv
′ is

then a correction coefficient for any local energy losses that occur due to separation as the

flow navigates the orifice opening. As the jet exits the orifice and the streamlines become

horizontal, the jet diameter contracts. Thus, the jet thickness in the vena contracta, t′,

divided by the height of the orifice opening, d is a contraction coefficient Cc
′.
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Returning now to the derivation of Eq. (5.4) and referring back to Figure 5.1, it can be

seen that if Eq. (5.3) is applied between the free surface at the gauging section and the crest

section, the velocity (u(η)) within the overflowing jet of a fluid layer at a distance η below

the free surface can be estimated as:

h+
U0

2

2g
= h− η +

u(η)2

2g
⇒ u(η) =

√

2g

(

η +
U0

2

2g

)1/2

. (5.9)

q is estimated by integration of the RHS of Eq. (5.9) from η = 0 to η = h:

q ≈
√

2g

∫ h

0

(

η +
U0

2

2g

)1/2

dη =
2

3

√

2g

[

(

h+
U0

2

2g

)3/2

−
(

U0
2

2g

)3/2
]

. (5.10)

The theoretical average velocity in the jet, ut, predicted by Eq. (5.10) is then:

ut =
1

h

2

3

√

2g

[

(

h+
U0

2

2g

)3/2

−
(

U0
2

2g

)3/2
]

, (5.11)

and the orifice flow equation (Eq. (5.8)) can be written for the weir flow problem as:

q = Cvut(Cch) , (5.12)

where:

Cv =
u

ut
, and Cc =

t

h
. (5.13)

ut is given by Eq. (5.11). As mentioned earlier, u = q/t, and the correction coefficients

in Eq. (5.12) are commonly lumped into a single coefficient so that the need for a priori

knowledge of U0 in Eq. (5.11) is eliminated. Thus, the relation between Eq. (5.12) and the

commonly used Poleni equation (Eq. (5.4)) is given by:

q = (CvCc)
2

3

√

2g

[

(

h+
U0

2

2g

)3/2

−
(

U0
2

2g

)3/2
]

= Cd
2

3

√

2gh3/2 . (5.14)
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Examining Eq. (5.14), it can be seen that Cd is then the product of three terms:

Cd = CvKCc , (5.15)

where K is a correction factor incorporated to account for the missing gauging section

velocity head (U0
2/2g) in Eq. (5.4) (Rouse, 1946b):

K =
1

h3/2

[

(

h+
U0

2

2g

)3/2

−
(

U0
2

2g

)3/2
]

=

[

(

1 +
U0

2

2gh

)3/2

−
(

U0
2

2gh

)3/2
]

. (5.16)

Thus, for normal operating regimes where scale effects may be neglected, the discharge

coefficient, Cd, can be understood as a correction factor that accounts for: viscous friction

losses, upstream velocity head, and contraction. Returning to the dimensional analysis in

section 5.2, the simpler characterization of dimensionless discharge, Frh, which retains the

intuitive definition of being a ratio between inertial and gravitational effects, can also be

easily decomposed as:

Frh =

(

2
√
2

3

)

CvKCc . (5.17)

We will now examine the contribution of the three component terms on the right-hand side

of Eq. (5.17) towards the overall behavior of Frh as h/p varies in pursuit of the proper form

of the function ϕ(h/p) in Eq. (5.7).

5.4 Research Methodology
This analysis synthesizes previously published data on sharp-crested weirs, along with

new experimental data collected by the authors. A summary of these data is provided

in Table 5.1. In general, the experimental data sets of Table 5.1 were completed within

laboratory flumes where the weir crest was placed on the downstream end of the flume to

ensure full ventilation of the nappe. Flow depth measurements were typically made using

a point gauge, hook gauge, or similar device. Discharge measurements were made using a
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Table 5.1: Description of compiled historical discharge data for thin weir and sill flows, along
with that of the current study. n is the number of observations in the dataset. The total number
of historical observations is 436.

Study Name Abbreviation Study Type b (m) n h/p Reh Frh

Bazin (1898) Ba1898 Experimental 1–2 19 0.14-1.14 7.67×104–7.27×105 0.60–0.67
Schoder and Turner (1929) ST1929 Experimental 1.29 270 0.004-4.00 1.51×103–1.70×106 0.58–0.91
Scimemi (1930) Sc1930 Experimental 0.5 3 0.13-0.38 2.58×104–1.34×105 0.60–0.61
Bureau of Reclamation (1948) BoR1948 Experimental 0.62 69 0.03-0.96 2.38×104–6.63×105 0.57–0.63
Kindsvater and Carter (1959) KC1957 Experimental 0.03–0.82 48 0.18-2.38 1.46×104–2.84×105 0.59–0.73
Kandaswamy and Rouse (1957) KR1957 Experimental 0.31 9 5.00-25.00 1.48e+04-1.66e+05 0.96–1.13
Strelkoff (1964) St1964 Numerical NA 4 2.12-10.38 ∞∗ (inviscid flow) 0.72–1.10
Ramamurthy et al. (1987) Ra1987 Experimental 0.6 14 1.12-33.24 4.11×104–1.08×105 0.66–1.13
Current Study PVG2025E Experimental 0.3–1 134 0.21-2.54 1.49×104–1.50×105 0.52–0.76
Current Study PVG2025N Numerical 1 11 0.27-∞ 6.99×104–1.30×105 0.60–1.14

previously calibrated weir, a flow meter in the inlet pipe to the flume, or a weighing tank

mechanism. New experimental and numerical results of the authors include supplemental

results of the steady two-dimensional flow field, summarized in Table 5.2, produced using

particle image velocimetry (PIV) for one case where h/p = 0.68 (E0.68), along with eleven

numerical simulations using FLOW-3D (Flow Science, Inc., 2023).

5.4.1 Experimental Measurements

Initially, observations of head (h) and steady discharge (Q) were made over a physical

model of a sharp-crested weir at the Environmental Fluid Mechanics Laboratory (EFML)

at Colorado State University (see Figure 5.2a). The height of the model was p = 150 mm.

The length of the flume was 5 m in total, with a width of 0.3 m and a horizontal slope. The

weir was placed 3 m downstream of the inlet. PVC tubes were installed beneath the weir

crest on the downstream side to provide proper ventilation of the nappe per specifications

of Bos (1976). Flow straighteners and a boundary layer tripping tool at the flume inlet were

also installed to achieve as-close-as-possible a fully developed turbulent flow profile. Flow

depths were measured using a point-gauge placed 1 m upstream of the model, and steady

discharges were measured using an electromagnetic flow meter installed in the inlet pipe of

the flume.
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Table 5.2: Details for numerical and experimental flow cases of the current study where the
two-dimensional velocity and pressure field were analyzed. The numeric value in the case name
corresponds to the h/p value for that case.

Name Data Type h (mm) p (mm) q (L/s/m) b (m) h/p Frh Cv K Cc (t/h) ε/h δ/h

N0.27 Numerical 106.9 399.0 65.59 1.00 0.27 0.60 0.95 1.01 0.66 0.09 0.24
N0.48 Numerical 119.9 249.0 80.39 1.00 0.48 0.62 0.94 1.03 0.68 0.09 0.23
E0.68 Experimental 102.7 150.0 66.67 0.30 0.68 0.65 0.96 1.05 0.68 0.13 0.19
N0.78 Numerical 101.8 150.0 64.61 1.00 0.68 0.64 0.94 1.04 0.69 0.09 0.22
N1.12 Numerical 111.5 100.0 77.81 1.00 1.12 0.67 0.95 1.08 0.69 0.09 0.22
N2.05 Numerical 102.5 50.0 75.11 1.00 2.05 0.73 0.95 1.14 0.71 0.07 0.22
N3.29 Numerical 82.4 25.0 66.39 1.00 3.29 0.90 0.97 1.26 0.78 0.07 0.15
N5.90 Numerical 88.5 15.0 89.56 1.00 5.90 1.09 0.99 1.43 0.81 0.06 0.13
N8.52 Numerical 85.2 10.0 89.11 1.00 8.52 1.14 0.98 1.50 0.82 0.02 0.15
N12.25 Numerical 85.7 7.0 88.42 1.00 12.25 1.12 0.99 1.51 0.79 0.01 0.20
N22.12 Numerical 88.5 4.0 86.58 1.00 22.12 1.05 1.02 1.49 0.73 0.01 0.25
NFO Numerical 79.2 0.0 69.87 1.00 ∞ 1.00 1.01 1.48 0.71 0.00 0.29

Additional head-discharge measurements were completed at the Hydraulics and Hydro-

morphology Laboratory (HHLab) at INRAE Lyon, France by the first author. This experi-

mental set-up featured an adjustable-crest weir at the end of an 18 m flume with a width of

1 m. A sharp-edged crest piece was affixed to the top of the weir to ensure springing flow

(Figure 5.2b). The range of crest heights examined was 50–150 mm. Flow depth measure-

ments were made using ultrasonic water-level sensors, and steady discharge was measured

using an electromagnetic flow meter.

Two-dimensional planar PIV observations also were collected at the EFML using a dual

head Nd:YLF 527 nm green laser (Photonics model no. DM-527-30), and a high-speed CMOS

camera with a 2560 x 1600 pixel resolution, 12-bit depth, and maximum capture rate of 800

frames per second (Phantom model no. VEO-E 340L). A LaVision programmable timing

unit (PTU 10) was used as a synchronizer, and the LaVision Davis 10 software was used for

PIV velocity field calculations on a 16-core Supermicro machine with an Intel Xeon E5-2620

v4 processor and 64 GB of RAM. Pressure-from-PIV calculations also were performed using

an in-house code that solved the Poisson equation implicitly, although these results were

limited in accuracy due to the difficulty of correctly defining the boundary conditions.
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Figure 5.2: (a) Experimental facility at the EFML. (b) Weir model used at the HHLab facility. (c)
Numerical domain for flow case N0.68. The upstream boundary of the domain in the x-direction has
been truncated from -10 m to -0.5 m to show details of the near-crest region. Red dots represent
pressure probes at the gauging section and just below the weir crest. Text boxes with arrows
indicate boundary conditions.

5.4.2 Numerical Simulations

Numerical simulations of fluid flow were completed using FLOW-3D version 22.2 on a

32-core machine with an Intel Xeon E5-2680 v3 processor and 128 GB of RAM. A Reynolds-

Averaged Navier-Stokes (RANS) modeling approach with the k−ω turbulence model (Wilcox,

1988) was chosen due to the desire to model viscous flow phenomena subjected to an adverse

pressure gradient, and its cheaper computational cost compared to Large Eddy Simulation

(LES). Flow development was achieved by allowing the simulation to run for at least 45

s of flow time, along a distance of 10 m in the approach to the crest. The width of the

49



numerical domain was 0.6 m, with a rigid wall of width 0.1 m placed on one side of the

domain to allow for a free-falling nappe (see Figure 5.2c). This resulted in an effective

approach channel width of 1 m, due to a symmetry boundary condition being placed on

the mesh face opposite the solid side wall. The longitudinal boundary conditions were an

upstream stagnation pressure given by a fluid elevation that represented approximately 10.1

cm of head above the crest elevation, and a pressure outflow boundary condition with a

fluid elevation of 0.15 m. For all simulations, the orthogonal grid size was 5 mm in the

longitudinal (x) and vertical (z) directions and 10 mm in the transversal (y) direction. An

additional mesh with 1 mm resolution in the x and z directions was included to enclose the

weir geometry so that its sharp interfaces were well-resolved. Three-dimensional simulations

were completed to ensure the numerical channel width was wide enough to neglect side-wall

effects, and to allow for sufficient ventilation of the falling nappe. Analysis was completed

on a two-dimensional (x − z) planar slice taken from the boundary opposite the channel

side-wall. A grid sensitivity analysis for the resolution of the x − z plane was completed

for grid sizes of 20, 10, 5, and 2 mm; with sufficient convergence being seen at the 5 mm

resolution.

The gauging section was located so that the magnitude of the longitudinal distance,

x, from the crest was equal to: 4(D(x) − p), in accordance with measurement guidelines

(Bos, 1976; Bureau of Reclamation, 2001). Measurements of D, and thus h, were made by

evaluating the hydrostatic pressure head at the gauging section.

Numerical results were validated against the experimental results of Scimemi (1930);

Rouse (1932); Rajaratnam and Muralidhar (1968) and case E0.68. Qualitative comparisons

of the velocity field and nappe shapes between E0.68 and N0.68 showed good agreement

(see Figure 5.3a and b). The values of Frh, along with the pressure (Figure 5.3c) and

velocity (Figure 5.3d) profiles in the critical section produced from numerical simulations

were found to be in good agreement with the available experimental data for similar cases of

h/p. The normalized root mean squared error (NRMSE) values in the velocity profiles shown
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Figure 5.3: Comparison of dimensionless velocity magnitude field (V =
√
u2 + w2) from (a) PIV

experiments (case E0.68) and (b) numerical simulation (case N0.68). (c) Comparison of streamwise
velocity profiles in the critical section. (d) Comparison of pressure profiles in the critical section
between experimental of previous authors and numerical results of the current study. For the data
of Scimemi (1930) h/p = 0.25, and the data of Rouse (1932) and Rajaratnam and Muralidhar
(1968) are both for the free overfall case.

in Figure 5.3c in comparison to the experimental profiles were 9.57% for case N0.27, and

8.17% for case NFO. In comparing the pressure profiles in Figure 5.3d, the NRMSE values

were found to be 11.47% for case N0.27, and 9.08% for case NFO. It should also be noted

that some deviation from the experimental velocity profile was seen in the numerical results

near the lower nappe boundary. The location of maximum velocity for the numerical results

tended to be slightly above the lower nappe boundary, whereas experimental and theoretical

results have suggested that the maximum velocity in the profile should occur at this lower

boundary. This discrepancy is likely due to the difficulty in reproducing numerically, and
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measuring experimentally, the shear layer that forms along the air-water interface of the

lower nappe. However, these differences were confined to a thin region of the overall nappe.

Overall, our numerical simulations did not produce significant deviations in the overall trend

of results compared with the available experimental data.

5.5 Results

5.5.1 Revisiting the Weir-Discharge Equation

With a revised presentation of Cd as the weir Froude number, Frh, and the product of

three component terms (Frh = (2
√
2/3)CvKCc) we now turn to the form of the function

ϕ(h/p) in Eq. (5.7). Along with the current results from numerical simulation, we combine

new experimental data with historical data found in the literature to examine the discharge-

rating equation for thin weirs and sills. Figure 5.4 shows, quite remarkably, that a simple

linear form of the weir-discharge equation provides an excellent fit to the data within the weir

regime. This fit takes the form of the classical Rehbock equation without consideration of

scale effects (Kandaswamy and Rouse, 1957), Cd = 0.611+0.075h/p, multiplied by (2
√
2/3)

so that:

Frh = ϕ(h/p) ≃ 0.576 + 0.071h/p , (5.18)

which is applicable in the range Reh > 3.5 × 104. A non-monotonic trend in Frh with h/p

can be observed in Figure 5.4, with a maximum value of Frh occurring at h/p = O(101).

The flow cases beyond this peak value and approaching the limit of the free overfall are

considered to be in the sill regime. Kandaswamy and Rouse (1957) suggested a fit to the

data in the sill regime, where Frh ∝ (h/p)−3/2. However, uncertainty in measurements is

much greater in this regime due to variability in the water surface caused by friction losses,

and surface waves.

The reason for the non-monotonicity in Frh with h/p is observed in Figure 5.4d to be

due to the behavior of Cc, as was hypothesized earlier by Kandaswamy and Rouse (1957).
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Figure 5.4: (a) Frh vs. h/p for the entire weir-sill range, with the historical data (Table 5.1)
plotted. Classical empirical equations relating h/p and Frh are also shown by solid line, after
Kandaswamy and Rouse (1957), with dash-dot lines representing ± 5% variation. For all data,
Reh > 3.5 × 104. For cases shown in Table 5.2: (b) Cv vs. h/p, (c) K vs. h/p, and (d) Cc vs.
h/p. Approximate values of Cv, K, and Cc for the upper and lower limits of h/p, representing the
respective cases of the free overfall and wall overflow, are given by blue horizontal lines.

It is also seen that the coefficient K has the largest relative effect on the magnitude of Frh,

and Cv the smallest. For planar orifice flows, Cv was found to range between 0.95-0.99, and

accounts for local losses that occur in the shear layer formed near the sharp crest (Streeter,

1985). Thus, the value of Cv in the wall overflow limit shown in Figure 5.4b is taken to be

0.95. Cv in the free overfall limit is taken to be 1.0, which is akin to stating that local losses

are negligible in this case. The trend in values shown in Figure 5.4b and Table 5.2 supports

this. Rouse (1932) stated that the behavior of K in the wall overflow and free overfall limits

should be 1 and 1.485 respectively, which can be shown to be true when it is recognized
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that the free overfall case is the critical flow condition where the channel Froude number,

Fr = q/
(√

gD3/2
)

, is unity.

From an analysis of orifice flows, it can be seen that for viscous fluids where h/p ≪ 1,

the value of Cc in the wall overflow limit should approach 0.64, so that Cd = 0.611 with

Cv = 0.95 and K = 1. For the free overfall, Rouse (1936) showed that the value of this

coefficient should be approximately 0.715, which again is derived from the assumption of

critical flow conditions. Overall, the behavior of these three constituent coefficients from the

results of the current study shown in Figure 5.4 agrees well with the current understanding

in the literature.

5.5.2 Examining Flow Dynamics

To elucidate the data trends observed in Figure 5.4, pressure and velocity profiles within

the critical section are shown in Figure 5.5 for flow cases given in Table 5.2. It can be seen

in Figure 5.5(a) that a monotonic trend in streamwise inertia is observed with increasing

h/p, which is the reason for the trend in K observed in Figure 5.4(c). The integral of the

pressure profiles in Figure 5.5(b) exhibits a decreasing trend in response to the increasing

velocity. It should also be noted that the velocity profiles become more uniform as h/p

increases, and that an apparent self-similarity is present in both the velocity and pressure

profiles for h/p ≤∼ 2. This fact has been recognized by earlier authors (Montes, 1998;

Castro-Orgaz and Hager, 2017), who have shown that an analytical solution from potential

flow theory is available for the coupled velocity and pressure profiles in the critical section for

h/p values in this range. However, further experimental investigation is required to validate

these preliminary findings.

To help explain the trends in Cc observed in Figure 5.4(d), Figure 5.6 plots the contours of

the dimensionless vertical pressure gradient. Upon examination of Eq. (5.1), it can be seen for

the convergent, steady and two-dimensional flow cases analyzed here, the greatest influence

on the vertical pressure gradient (∂P/∂z) will come from the vertical inertia (u∂w
∂x

+ w ∂w
∂z

)
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Figure 5.5: (a) Streamwise velocity profiles in the critical section. (b) Pressure profiles in the
critical section. E is the minimum specific energy (see Figure 5.1).

terms. In the absence of vertical inertia, a hydrostatic pressure condition is present. When

the sum of the vertical inertia terms is equal to the gravitational acceleration, the nappe

falls as a zero-pressure-gradient (ZPG) jet. The transition from primarily 1D hydrostatic

open-channel flow to a free-falling jet can be seen in Figure 5.6. Upstream of the weir and

away from any boundaries, the velocity distribution is uniform, and horizontal streamlines

result in a hydrostatic pressure distribution.

If the obstacle is large enough, flow separation occurs due to an adverse pressure gradient,

creating a recirculation zone on the upstream corner formed by the channel bed and the

weir. The boundary layer eventually reattaches along the vertical weir face, and then the

fluid accelerates upwards toward the crest with significant vertical inertia. This, along with

approach stagnation at the weir face, results in a zone of reinforced hydrostatic pressure

just below the crest (−(∂P/∂z)/γ > 1). As the flow springs from the crest, gravitational

effects work against the upward vertical inertia along the lower nappe surface, causing it

to decelerate and create an adverse pressure gradient zone (−(∂P/∂z)/γ < 0). On the

upper nappe surface, draw-down effects caused by the weight of the falling jet reduce the
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Figure 5.6: Dimensionless contour plots of the vertical pressure gradient for data summarized in
Table 5.2.

hydrostatic pressure gradient (−(0 < ∂P/∂z)/γ < 1). These two opposing gradients on the

upper and lower surfaces of the nappe work against the remaining pressure until the flow

becomes a free-falling jet with atmospheric pressure throughout its whole thickness.

Observing the trend in ε/h with h/p shown in Table 5.2 reveals that at small values of

h/p contraction effects along the lower nappe surface are significant due to the relatively
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large amount of upward vertical inertia along the weir face that must be navigated around

the sharp crest. This results in local losses, causing Cv < 1. As h/p increases towards

the free overfall, the contraction is initially reduced as streamwise inertia increases and the

streamlines in the approach flow become more horizontal. However, increased draw-down in

the free surface (δ/h) occurs in the sill regime due to the insufficiency of the sill to cause any

appreciable flow separation and stagnation near the crest, which in the weir regime allowed

for the retainment of supportive pressure below the nappe. These combined effects explain

the observed non-monotonic trend in Frh with h/p.

5.5.3 The Weir and Sill Regimes

With an understanding now established of the flow dynamics occurring within the wall

overflow and free overfall limits, we turn to considerations for flow measurement. It should

be noted that entrance into the sill regime comes with increased practical complications.

As h/p grows, the relative influence of the turbulent boundary layer on the flow field also

increases (Rouse, 1964), and increased mixing caused by turbulence results in a greater energy

dissipation rate and friction slope. Eventually, the friction slope becomes appreciable enough

that the free surface can no longer be assumed to asymptotically approach a horizontal line.

Rouse (1936) recognized this, and noted that for the free overfall case, the critical depth, Dc

(which for the free overfall is equivalent to the gauging depth) could be consistently located

at an upstream distance from the crest equal to 4Dc. However, it should be noted that this

guideline must be met through successive iteration because q is not known a priori, and thus

neither is Dc.

Figure 5.7 shows how the friction slope increases with h/p. Above a h/p value of ∼5,

small deviations in the location of the gauging section measurement can lead to variations in

the estimation of Frh greater than 2%. This is consistent with the findings of other authors

(Kindsvater and Carter, 1959; Sinclair et al., 2022). Additionally, as Frh approaches unity,

surface waves become more significant, further complicating a reliable measurement of h. It
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Figure 5.7: Pressure head on the channel bottom made dimensionless by the flow depth at the
gauging section (located at a distance of 4h upstream of the crest), indicating changes in the flow
behavior in the approach to the weir crest with varying h/p. Dash-dotted lines represent variation
in the dimensionless flow depth that indicate a ±2% variation in the estimation of Frh.

can also be seen that for values of h/p <∼ 8, the bed pressure in the approach to the crest

increases or at least is held constant, whereas for flow cases above this threshold, the bed

pressure drastically begins to decrease towards the crest. This is evidence of flow separation

and stagnation being present for h/p <∼ 8, and absent otherwise.

The previous studies of Kandaswamy and Rouse (1957) and Ramamurthy et al. (1987)

implicitly suggest that the practical application range of weir flows with regard to h/p is

unlimited, so long as a sufficiently large drop in the bed elevation is present to allow for full

ventilation of the overflowing nappe. Ramamurthy et al. (1987) identified two regimes for

these types of flows: for h/p ≤ 10 the flow was considered weir flow, and for h/p > 10 the flow

was considered sill flow. The maximum discharge capacity was found to be at the transition

point of h/p = 10. However, defining this threshold based solely on h/p lacks a physical

justification. To investigate this transition, we plot in Figure 5.8 the data summarized in

Table 5.1, showing both Frh and h/p and against the channel Froude number, Fr.
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Figure 5.8: Dependency of (a) Frh and (b) h/p with the channel Froude number, Fr. The black
trend line indicates a logistic relationship between the two variables. Respective limits for the
self-similar, ideal operating, transition, and sill regimes are given.

5.6 Limitations and Practical Considerations
Figure 5.8 reveals that Frh and h/p exhibit a logistic relationship with the channel Froude

number, Fr = q/
(√

gD3/2
)

, until a distinct break point at approximately Fr = 0.95. From

examining Figure 5.8(b), this value is equivalent to h/p ≃ 8. These trends reveal that

the weir flow regime exists for up to 95% of the critical Fr, after which it enters into an

unstable regime characteristic of sill flow. However, Figure 5.7 reveals practical limitations of

accurately measuring h above a h/p value of 5. We therefore suggest that the ideal operating

regime for weir flows be considered as Fr < 0.75;h/p < 5, with a transition regime between

high-inertia weir flows and sill flows existing in the range 0.75 ≤ Fr < 0.95. A practical
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upper limit of h/p = 5 has been suggested by other authors (Kandaswamy and Rouse, 1957).

However, in pursuit of even further precision, one could also suggest that weir flows used in

practice should remain below the threshold of h/p = 2, equivalent to Fr ≃ 0.4, so that the

velocity and pressure profiles within the nappe critical section remain self-similar - as was

observed in Figure 5.5. This practical upper limit of h/p = 2 for accurate flow measurement

is one that can be found in several previous reliable studies (Kindsvater and Carter, 1959;

Castex, 1969; Ackers et al., 1978). Furthermore, other authors have suggested an upper

limit of Fr = 0.5 for flow measurement using long-throated flumes to avoid wave action on

the free surface that hinders an accurate measurement of h (Bureau of Reclamation, 2001;

Bos et al., 1984). Finally, it should be noted that the sill regime (Fr > 0.95) does not

represent a realistic condition for flow measurement due to the breakdown in the monotonic

trend between h/p and Frh that renders the weir-discharge equation unusable, and the

difficulty of defining the gauging depth due to a considerable friction slope and free-surface

fluctuations.

5.7 Conclusions
Dimensional analysis has been well-leveraged in the past to develop functional and in-

tuitive engineering solutions to classical hydraulics problems, such as for pressure losses in

closed conduit flow. The weir discharge equation has thus far relied upon a derivation taken

from its treatment as an orifice problem, but without much consideration for the relevant

physical mechanisms at play. This has lead to ambiguity in a physical explanation of the

weir discharge coefficient, Cd. We show how dimensional analysis using Buckingham Π the-

orem provides fundamental insights on the traditional weir-discharge equation, namely that

Cd is most fundamentally a ratio of inertial to gravitational effects, represented by the di-

mensionless weir Froude number, Frh, equal to (2
√
2/3)Cd. Its behavior is governed by

the combined effects of local friction losses, upstream flow inertia, and contraction in the

overflowing nappe. The contribution of flow inertia to the overall discharge characteristics
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was found to be the most significant factor, with the non-monotonic trend in the contraction

coefficient helping to delineate a transition between weir and sill flows. We investigate a

physical explanation for the transition from weir to sill flow, finding that the growth rate of

Frh with h/p is linear over a large range of the subcritical flow regime, until the channel

Froude number, Fr = q/
(√

gD3/2
)

is approximately equal to 0.95. Above this threshold,

the flow becomes unstable as it reaches criticality, with the stagnation pressure at the base

of the weir diminishing so that increased free-surface draw-down of the overflowing nappe

causes a marked increase in contraction and a reduction in discharge capacity. A practi-

cal upper limit of the ideal operating regime for weir flows is defined as Fr = 0.75 due to

the increased effect of boundary friction and free-surface slope above this threshold, while

Fr ≤ 0.4 is found to be a threshold for self-similarity in the pressure and velocity profiles.

The results of this study can help inform practicing hydraulic engineers working with

weirs on 1) a physical basis for the discharge capacity of a structure, and 2) regarding what

effects are primary and secondary in determining Cd. A clear delineation between weir and

sill flows helps ensure that flow measurement practices are completed in the most reliable

regime. Together, these insights will help in providing engineers with practical guidance

on the design, calibration, and operation of overflow structures to achieve accurate and

dependable discharge measurement and regulation.
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Chapter 6

Discharge Equation for Tilting Weirs 2

6.1 Introduction
Tilting weirs (i.e., overshot gates or pivot weirs) have been in use since the late twentieth

century for the purpose of regulating upstream water levels in open-channel flow, typically

within the context of irrigation systems or spillway operation (Wahlin and Replogle, 1994;

Stringam and Gill, 2012; Lee et al., 2014; Bijankhan and Ferro, 2017). These simple overflow

structures operate as a flat rectangular plate that is hinged to the bottom of the channel

and inclined from the horizontal through the use of pneumatic pressure vessels, a pulley

mechanism, or a piston mechanism. It is generally assumed that the crest of these structures

is thin, so that a springing jet (i.e., nappe) forms on the downstream side of the structure.

In irrigation systems, tilting weirs allow for regulation of the stage upstream of the structure

to provide the pressure head necessary to divert flow from a main supply canal into lateral

canals. In spillway operation, these structures can be installed in parallel to allow for careful

release of flows and regulation of the reservoir stage in response to varying supply and

demand levels.

Tilting weirs require careful consideration of aeration demands for the underside of the

plunging nappe to be supported by atmospheric pressure (Bos, 1976). If these structures are

properly designed, the downstream channel bed elevation will be set low enough to allow

for the energy of the supercritical plunging nappe to be dissipated, while also ensuring that

a sufficient supply of fresh air is provided to the pocket of atmospheric pressure supporting

2The research presented in this chapter has been published in the Journal of Hydraulic Engineering under
the title “A Novel and Enhanced Calibration of the Tilting Weir as a Flow Measurement Structure” by J.E.
Pugh, S.K. Venayagamoorthy, T.K. Gates, C. Bérni, and M. Rastello. This chapter is written to reflect
and acknowledge the contribution of the co-authors. A closure article in response to two discussion pieces
submitted in response to our manuscript is also available at: https://doi.org/10.1061/JHEND8.HYENG-
14420.
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the nappe. For these reasons, tilting weirs offer the potential of being practical hydraulic

structures that serve the dual functions of stage regulation and discharge measurement. The

initial development of these structures as stage regulation devices has been well documented

and widely implemented (Clemmens et al., 2001; Floodlist News, 2017). However, their use

as flow measurement devices remains in need of further investigation.

6.1.1 Fundamentals of the Weir Rating Equation

The development of a method for predicting the volumetric discharge over tilting weirs

begins with an understanding of Torricelli’s principle of a jet at the base of a reservoir issuing

from a small orifice. Here, the velocity (u) of the jet can be related to the potential energy in

the static supply reservoir by the function u =
√
2gh, with h being the elevation of the water

surface above the jet outlet. This principle assumes the flow is inviscid and irrotational, and

that the pressure distribution over the crest is hydrostatic. In his 1717 publication “de moto

aquae mixto”, Giovanni Poleni applied Torricelli’s principle to approximate the discharge of

a fluid over a perpendicular weir as occurring in a series of horizontal elements, the velocity

of each being proportional to the distance of the fluid element from the free surface (Rouse

and Ince, 1963). From the resultant parabolic velocity profile, the depth-integrated unit

discharge (q) can be approximated using what is known as Poleni’s equation:

∫ h

0

u dh ≈ 2

3

√

2gh3/2 ≈ q . (6.1)

However, it is known that because of the simplifying assumptions implicit in Eq. (6.1),

a dimensionless correction factor must be applied to the idealized efflux to account for the

contraction of jet at the crest of the orifice. This has typically been called the discharge

coefficient (Cd) when referring to weir flow, but it is in effect a coefficient of contraction

(Kindsvater and Carter, 1959). Its application to Eq. (6.1), with the addition of the crest

length (b) to account for the transversal dimension, then yields the standard volumetric

discharge rating equation for a sharp-crested weir:
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Q = Cd
2

3

√

2gbh3/2 . (6.2)

This relatively simple equation forms the theoretical basis for the discharge equation of

different types of sharp-crested weirs with variable geometries (Martínez et al., 2005). How-

ever, the simplifying assumptions of this approach should not be overlooked. As previously

mentioned, this derivation approximates the flow between the upstream head measurement

location and the crest as being inviscid and irrotational. A zero-pressure gradient is also

assumed at the crest. For the case of accelerating flow over a weir, it is often taken to be

a safe assumption that over the short reach from the measurement section to the crest, the

energy loss due to internal rotational shear is negligible (Kindsvater and Carter, 1959).

The assumptions of inviscid flow and a hydrostatic pressure distribution can be best

examined by considering the theoretical case of a sharp-crested weir of infinite height. Here

the assumption of potential flow is valid because the effect of the boundary is negligible.

For this case, the streamlines will approach the crest radially so that a significant vertical

velocity component will be present in the flow. This causes the pressure distribution to

decrease significantly from the hydrostatic condition. This pressure drop correspondingly

results in an acceleration of the flow over the crest and a reduction in the depth of flow at

the crest to satisfy the continuity principle (Rouse, 1932). The contraction coefficient of the

water surface profile over the crest of an infinitely high weir has been shown from potential

flow theory to be equal to Kirchhoff’s coefficient for a jet issuing from a sharp-edged orifice,

where Cd =
π

π+2
= 0.611 (Rouse, 1946c).

If a low weir is considered, so that the effect of the boundary cannot be neglected and the

assumption of inviscid flow no longer holds, it can be observed that the flow separates near

the base of the weir and a standing eddy forms. This phenomenon was briefly verified in this

study by preliminary particle-image velocimetry analysis, as shown by Figure 6.1. A bound-

ary layer is present due to viscous effects causing a deceleration of the flow near the channel

bed, as well as the upstream face of the weir. The magnitude of these respective boundary
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layers can be described by the boundary layer displacement-thickness (δ∗) (Kindsvater and

Carter, 1959). The effect of the flow separation on the streamlines upstream of the weir was

described by Rouse (1932) as being akin to tilting the weir downstream, due to the fact that

the streamlines above the separation zone retain more horizontal momentum. This results

in less curvature of the streamlines at the crest and less contraction of the overflowing jet, so

that the pressure at the vena contracta more closely approximates the hydrostatic condition.

The result is that for a low weir, more discharge can be passed given the same upstream

energy condition compared to that for an infinitely high weir (Rouse, 1932).

Figure 6.1: Velocity magnitude vector field computed from particle-image velocimetry, with
streamlines shown in blue. A zone of separated flow is apparent at the base of the weir. Flow case
is from Experiment O at the HHLab; with θ = 90◦, p = 126 mm, and Q = 30 Lps.

6.1.2 Dimensional Analysis

If the assumption is made that the tilting weir can be treated as a modified case of

the classical sharp-crested weir, the general form of Eq. (6.2) can be applied to establish a
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head-discharge rating equation for the tilting weir by adding a term that accounts for the

inclination angle (θ) of the weir with respect to the horizontal. In order to understand the

relevant flow parameters and fluid properties that influence this equation, a dimensional

analysis of the tilting weir is now considered.

Simplifying assumptions are made that the weir crest length (b) is equal to the width

of the approach channel (B), and the velocity field is uniform in the transversal direction.

The flow geometry can then be described by the parameters shown in Figure 6.2. Here, L

is the vertical height of one weir when positioned perpendicular to the channel bed; p is the

elevation of the weir crest above the channel bed at a given θ; and h is the piezometric head

measured with reference to the crest elevation in the uniform flow section upstream from the

weir. The total hydraulic head (H), is the sum of the piezometric head (h) and the kinetic

energy head (αU2
0/2g), where U0 is the velocity averaged over the channel cross-section in the

approach, α is the kinetic energy correction factor, and g is the gravitational acceleration.

Figure 6.2: Schematic of flow over a weir.
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The dimensionless term, sin θ = p/L describes the effect that the changing angle of attack

of the flow on the weir has on the streamlines over the crest, and relates p and L. The relevant

fluid properties in determining the flow over the weir are the density, ρ, the dynamic viscosity,

µ, and surface tension, σ. Since this is a case of open-channel flow, gravitational effects are

critical and thus g is included as a relevant physical parameter. A functional description of

the unit discharge over a fully suppressed (b/B = 1) tilting weir can be written as:

q = f(p, h, sin θ, g, ρ, µ, σ) . (6.3)

Utilizing Buckingham π analysis and a yet to be determined function (ϕ), the following

dimensionless equation can be written using the scaling terms h ≡ L, h/
√
gh ≡ T, and

ρh3 ≡ M:

Cd =
3

2
√
2
Fr = ϕ(h/p, sin θ,Re,We) , (6.4)

wherein:

Fr =
q√
gh3/2

, (6.5)

Re =

√
gh3/2

ν
(where ν = µ/ρ) , (6.6)

We =
ρgh2

σ
. (6.7)

The first term in Eq. (6.4) is the classical discharge coefficient as shown in Eq. (6.2), which

can be considered as a dimensionless Froude number (Fr) for the flow over the weir crest

(q/√gh3/2), that has then been transformed by the coefficient 3/2
√
2 to make the inertial

term in the numerator reflect the depth-averaged velocity from Poleni’s approach in Eq. (6.1).

Regimes of flow over a weir can be divided into four types: clinging, laminar, free, and

inundated flow (Johnson, 1996; Sinclair et al., 2022). These regimes and their respective

effect on the shape of the nappe were first described by Bazin (1898), and later summarized

by Rao (1975). When the flow over the weir is clinging, its inertia is not sufficient to overcome

scale effects due to surface tension. Here, the free surface clings to the weir plate and the
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nappe downstream of the crest is not fully formed. This causes the same discharge to pass

over the weir at a lower head compared to when the nappe is fully formed, thus artificially

increasing the discharge coefficient (Sarginson, 1972). An additional flow regime can occur

at low heads, even when the nappe is no longer clinging to the downstream face. This

flow regime has also been described as a depressed nappe (Rao, 1975). Here, viscous effects

rather than surface tension effects are dominant. The flow inertia is not sufficient to overcome

viscous effects in the same manner that is observed within the free flow regime; hence the

velocity profile deviates from that expected for turbulent open-channel flow (Rouse, 1946a).

This reduction in the upstream bulk velocity causes h over the weir to artificially increase

in order to satisfy conservation of mass, thus decreasing Cd below what is expected for the

free flow relationship (Schoder and Turner, 1929). Inundated flow occurs on the opposite

end of the inertial spectrum, but the effect on Cd is nominally the same as for clinging flow.

Here, the pressure head above the weir becomes too great for the air pocket beneath the

nappe to be sustained, the nappe collapses, and the head over the weir decreases. Free flow

then occurs in between the limits of clinging/laminar and inundated flow, when the weir is

operating within the conditions assumed in Eq. (6.2). This means that dynamic similarity

is present so that the flow dynamics are independent of viscous and surface tension scale

effects, and that the nappe downstream of the crest is fully supported by a fresh supply of

air at atmospheric pressure.

If viscous and surface tension effects are taken to be negligible within the normal operating

parameters of the weir, then determining the head-discharge equation over a tilting weir

converges upon an understanding of how Cd behaves as a function of the dynamic parameters

h/p and sin θ. As Rouse (1932) speculated, the reduction in sin θ is likely to have the same

effect as increasing the h/p ratio, by which the streamlines become more horizontal over the

crest and the contraction coefficient increases to allow more discharge over the weir, given

the same upstream head condition. The goal of this study is to determine the behavior of

the discharge capacity of a tilting weir as it relates to h/p and sin θ, as well as the range of
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Reynolds number (Re) and Weber number (We) values that can be considered as a normal

operating regime for free flow.

6.2 Review of Previous Work

6.2.1 Sharp-Crested Weirs

Much careful experimental work was completed on the flow measurement equation for

sharp-crested weirs from the late-nineteenth until the mid-twentieth century to find an em-

pirical equation to relate Cd (as in Eq. (6.4)) to h/p under normal operating conditions, i.e.,

when Re and We effects can be neglected. Notable works on this topic are those of Smith

(1886), Bazin (1898), Rafter (1900), Horton (1906), Schoder and Turner (1929), King et al.

(1929), and Bureau of Reclamation (1948).

A seminal work on the topic that aimed to integrate the work of previous researchers,

while offering a large amount of new experimental data, was that of Kindsvater and Carter

(1959). These researchers at Georgia Tech University offered the novel contribution of taking

into consideration viscous and surface tension effects that become relevant at low values of

h. They also considered the effect on the flow dynamics for weirs where b/B < 1. Kindsvater

and Carter (1959) convincingly showed that earlier formulas for Cd in Eq. (6.4) of a nonlinear

form were overly complex, and that a simple linear equation could be used instead. They

also suggested the use of empirically calibrated correction factors, kh and kb to account for

Re and We scale effects under small values of h and b, introducing equivalent head (he)

and equivalent crest length (be) terms to obtain an effective discharge coefficient (Ce) for

sharp-crested weirs:

Ce =
Q

2
3

√
2gbeh

3/2
e

≈ 0.602 + 0.075h/p , (6.8)

with

he = h+ kh , (6.9)

be = b+ kb . (6.10)
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The authors recommended the use of a kh value of 0.003 ft, or approximately 1 mm. The use

of kh is important only when values of h are small. For water flow through air, Kindsvater

and Carter (1959) estimated that prediction error due to viscous and surface tension effects

would be within 2% as long as h > 0.06 m. It was also emphasized that kh is an empirically

calibrated correction factor that could differ significantly depending on which set of exper-

imental data was used. The original authors attributed this to differences in experimental

equipment. However, we hypothesize that this discrepancy may be due to the fact that at

low values of h, either We or Re effects can be dominant depending on whether the nappe

is fully formed or not. Evidence for this bifurcation in the flow behavior at low h is given

in Zhang et al. (2010). By giving kh as a positive parameter, Kindsvater and Carter (1959)

implicitly assumed We effects to be dominant at low values of h, as explained earlier. There-

fore, the specific choice of kh may be a point in need of finer calibration on a case by case

basis, but we report here the recommended value kh = 0.001 m of the original authors. A

less uncertain choice is the value of kb. Kindsvater and Carter (1959) found little variability

in the value of this parameter within the experimental data they examined, likely because

it is a function of the static contraction ratio parameter, and not the dynamic variable h.

They recommended a kb value of -0.003 ft (-0.001 m) for the case where b/B = 1.

After the work of Kindsvater and Carter (1959), several other publications have further

elucidated the nature of sharp-crested weir flow over a wide range of h/p values, includ-

ing measurements of velocity and pressure distributions near the crest. (Rajaratnam and

Muralidhar, 1971; Ramamurthy et al., 1987; Swamee, 1988; Sinclair et al., 2022).

6.2.2 Tilting Weirs

With the early explorations of the sharp-crested weir as a flow measurement device,

examinations were also made to investigate the effect that tilting the upstream face of the

weir had on the nappe profiles, and on the head over the crest at a constant discharge

(Bazin, 1898; Bureau of Reclamation, 1948; Abou Seida and Quaraishi, 1976). Hager (1994)
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compiled the data from several of these types of studies to develop a flow-rating equation

for tilting weirs of the form:

Q =

[

2

3
Ce + 0.05 sin

(

3

2
(90− θ)

)]

b
√

2gh3/2 . (6.11)

where Ce is Eq. (6.8) of Kindsvater and Carter (1959), the effective discharge coefficient for

a sharp-crested weir, and θ is in degrees. The second term in the brackets on the right-hand

side of Eq. (6.11) accounts for the effect of the changing θ on the overall discharge capacity of

the structure. This study, published in German, represents an interesting first investigation

into the flow-rating equation of a tilting weir. However, it was limited by the fact that the

early experimental studies cited by Hager (1994) and used for calibration did not cover a

wide range of flow conditions (i.e., h/p values).

The seminal work to date attempting to develop a flow-rating equation for tilting weirs

is that of Wahlin and Replogle (1994). The authors of this technical report studied two

models in a large flume (B = 1.2 m). As predicted earlier by Rouse (1932), they began

with the assumption that the general form of the sharp-crested weir rating equation, as

given by Kindsvater and Carter (1959) in Eq. (6.8), could be applied to the modified case

of the tilting weir with the addition of a corrective factor to account for variation in θ.

They chose to call this term Ca. By studying data previously collected by the US Bureau of

Reclamation (USBR) in analysis of the nappe profiles for flow over variously inclined weirs

(Bureau of Reclamation, 1948), the authors hypothesized that the relation between Ca and

θ would take the form of a second order concave polynomial. Ca can also be thought of

as a discharge amplification factor, Qθ/Q90, which represents the relative effect of θ on the

amount of discharge that is able to pass over the structure at a given head, compared to

the perpendicular 90◦ case. The results of the study proved to be fairly true to the original

hypothesis, and a second order polynomial was defined as: Ca = 1.0333 + 0.003848θ −

0.000045θ2, with θ in degrees. Although by definition Ca should be unity when θ = 90◦,
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the authors did not verify this experimentally, and their empirical equation for Ca does not

reflect this.

Furthermore, the number of observations in their study for θ > 45◦ were limited. For

θ = 54.2◦, 14 data points were collected over an h/p range of 0.11-0.3 (0.04 < h < 0.11

m), and for θ = 63.4◦ only seven observations were made over an h/p range of 0.09-0.22

(0.03 < h < 0.09 m). With such small values of h, the observations may have been subject

to We and Re scale effects (King et al., 1929; Kindsvater and Carter, 1959). Thus, it is a

concern of the current authors as to whether applying the inclination-angle correction factor

given by Wahlin and Replogle (1994) for θ > 45◦ is advisable. Wahlin and Replogle (1994)

did report that when using their approach for 20◦ < θ < 45◦, an average percent error of

only 0.8% was found in their predictions of the laboratory data. At the very least, this

means there was low prediction bias for their approach within this range of θ. From the

experimental data published in the appendix of the study, the current authors computed

the mean absolute value percent error (MAPE) to be 2.5% for this same case, which gives a

more complete understanding of the magnitude of residual error from this approach. When

applying the laboratory-derived equation to a field-scale structure, it was found that their

equation under-predicted the discharge in the field by an average of 6.34% (Wahlin and

Replogle, 1994). This raises the question of how directly applicable laboratory-calibrated

discharge-rating equations are to field conditions (Hajimirzaie and González-Castro, 2020).

Since the first study of Wahlin and Replogle (1994) little convergence has been observed

in the published experimental data on flow over the tilting weir. Prakash et al. (2011)

conducted a laboratory experiment of flow over inclined rectangular notched weirs, with θ =

30◦, 45◦, 60◦, 75◦, and 90◦. They found that the discharge capacity of the structure increases

as θ decreases, and proposed an equation containing two fourth-order polynomials to account

for this effect that was accurate to within 10%. However, the authors did not validate their

findings with previous experimental data for flow over sharp-crested weirs, and their data

have since found little agreement with results published by subsequent authors.
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Work completed in South Korea has focused on studying the flow characteristics of free

and submerged flow over tilting weirs, as well as how sedimentation patterns are affected

by the inclination angle of the weir (Lee et al., 2014, 2016; Lee, 2018). These works have

suggested incorporating the upstream total hydraulic head (H) into the tilting weir rating

equation in order to model the effect of θ on the flow. However, this suggestion does not

offer the most practical means of implementation in the field, where measuring the kinetic

energy head in the approach channel is difficult. Unfortunately, these works have also yet to

be published in English; thus their applicability to the wider engineering community remains

obscure.

Nikou et al. (2016) investigated tilting weirs in a laboratory setting with different side

contractions for θ = 20◦, 40◦, 60◦, 80◦, and 90◦. However, these authors made their obser-

vations over only a small number of discharge scenarios, which resulted in calibration of the

empirical coefficients to only ± 15 % in prediction accuracy. Additionally, in a discussion

piece, Khalili Shayan et al. (2018) convincingly showed that the assumption of the original

authors that critical flow occurs over the weir crest was inaccurate.

Bijankhan and Ferro (2018) attempted to develop a rating equation for the tilting weir

that was meant to be independent of the dynamic head over the structure as measured by

h/p. This form is simpler in the sense that it depends on fewer parameters, but also less

accurate because it neglects how Cd increases linearly with h/p (Kandaswamy and Rouse,

1957). Furthermore, Bijankhan and Ferro (2018) did not explain how a fresh air supply

was provided underneath the nappe to ensure the condition of atmospheric pressure. From

the experimental photos published by the authors, it appears the flow was not sufficiently

aerated and thus subject to inundation effects, especially at low θ values where the relative

difference between the crest elevation and tailwater depth is small. Furthermore, in a discus-

sion piece on a follow-up study that Bijankhan and Ferro (2020) completed over submerged

tilting weirs, Hajimirzaie and González-Castro (2020) revealed a flaw in the dimensional

analysis of the authors, originally developed by Ferro (2012). This error introduces a spu-
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rious correlation between the independent and dependent dimensionless parameters. This

leads to the perceived conclusion that Cd, as in Eq. (6.4), is independent of h/p. Several

experimental investigations have shown that this conclusion is incorrect (Kandaswamy and

Rouse, 1957; Wahlin and Replogle, 1994; Sinclair et al., 2022).

Other researchers have studied the flow characteristics of tilting weirs using numerical

modeling. Mahdavi and Shahkarami (2020) utilized smoothed particle hydrodynamics to

provide helpful visualizations of the flow field both upstream and downstream of the weir

crest. The authors also validated their simulations with good agreement to available data

from physical experiments, at least when θ = 90◦. However, the authors did not study a

sufficiently large number of flow scenarios to accurately calibrate a head-discharge equa-

tion dependent on θ. Khatamipour et al. (2022) studied Reynolds-averaged Navier-Stokes

(RANS) simulations of flow over tilting weirs in Open FOAM using a two-dimensional k-ε

turbulence model over 12 flow cases. The authors observed similar behavior to Wahlin and

Replogle (1994) in the relationship between Qθ/Q90 and θ, but at smaller magnitudes of

Qθ/Q90 than the original study. It was also apparent from the published qualitative flow im-

ages that the flow was submerged for θ < 90◦, and thus not viable for calibrating a free-flow

rating equation.

Most recently, Zerihun (2022) presented a flow-rating equation for tilting weirs derived

from first principles using the Boussinesq-type energy equation for depth-averaged flow.

This allowed for the creation of a numerical code that accounted for the presence of non-

hydrostatic effects in the subcritical to supercritical transition region near the crest of the

tilting weir. The results of the numerical simulations agreed well with the experimental

nappe profiles of Bazin (1898) and Bureau of Reclamation (1948). However, the flow-rating

equation presented by Zerihun (2022) lacks practical applicability in that it includes terms

requiring a priori knowledge of the slope of the free surface and overflowing nappe.

To summarize, the consensus on how to properly treat the influence of θ on the flow

characteristics of a tilting weir has so far been lacking in the literature. The initially proposed
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approach of Wahlin and Replogle (1994) has not been sufficiently validated for θ > 45◦,

and the large majority of subsequent work has been lacking in experimental rigor. More

recent work on determining the effect of the flow attack angle over other types of weirs

has further highlighted that the influence of θ should not be neglected (Schmocker et al.,

2011). Higher-order approaches, such as that presented by Zerihun (2022), offer promise for

further exploration of this problem numerically but remain to be clearly linked to methods

for practical implementation. In pursuit of that, we present here a thorough experimental

effort at two unique geometric scales that entails a large number of careful observations

across all relevant θ and h/p values for channel flow.

6.3 Experimental Setup and Measuring Devices
Experiments were first conducted in a recirculating flume manufactured by Armfield and

located in the Environmental Fluid Mechanics Laboratory (EFML) at Colorado State Uni-

versity (CSU), USA. The flume was 5 m in length and 0.3 m wide, with a smooth neoprene

channel bed and glass side walls. The flume slope was set to be horizontal. Beyond the

inlet condition provided by the flume manufacturers, it was found necessary to install a

honeycomb-like matrix of porous material at the flume inlet to straighten and normalize the

incoming flow. Furthermore, a series of small roughness elements were installed just down-

stream of the honeycomb matrix in order to trip the turbulent boundary layer and reproduce

as close as possible a fully developed open-channel velocity profile. The downstream channel

boundary condition was a free overfall.

Nine tilting weir models were constructed at θ = 25.7◦, 29.1◦, 36.4◦, 45◦, 50◦, 53◦,

64◦, 71.2◦, and 90◦ by machining two sheets of smooth acrylic plastic of 12.7 mm (0.5

in.) thickness and adhering them together using a waterproof adhesive. The length of

the weir plate (L), as shown in Figure 6.3, was consistent between all models at 150 mm.

The crest of each model was precisely cut to be knife-edged, with the angle between the

downstream-sloping crest and the parallel sides of the acrylic plates being 45◦. Due to air
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entrainment caused by the plunging nappe, circular tubes of PVC plastic were also installed

along the glass side walls of the flume to provide access to fresh air supply, as is shown

in Figure 6.3. This ensured that the air pocket beneath the overflowing nappe was fully

aerated to atmospheric pressure. The diameter of these tubes was sized to 19 mm (0.75 in.)

according to specifications detailed in Bos (1976).

Figure 6.3: Experimental setups in the Environmental Fluid Mechanics Laboratory (A.) and
Hydraulic and Hydromorphology Laboratory (B), showing placement of aeration tubes downstream
of the crest and the location where fresh air was supplied to the underside of the overflowing nappe.

Measurements of h and steady Q were made over a full range of flow conditions for each

model, ranging from clinging/laminar flow at the minimum, to fully inundated flow at the

maximum. At least 20 observations were made within the free-flow regime, where dynamic

similarity is achieved and the inertia of the flow is great enough to be free from scale effects

caused by viscosity and surface tension, while also avoiding the under-pressurization of the

nappe caused by inundated flow (see Table 6.1). These free-flow observations were used to

calibrate Ce as a function of h/p for each model. Observations of h were made at a distance

of 0.8 m upstream of the model crest using a vernier-type point gauge to an accuracy of

± 0.3 mm (0.001 ft). Measurement of steady Q through the flume was made using an

electromagnetic flow meter located within the supply pipe to the channel with an accuracy
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of ± 0.3 L/s (0.01 cfs). Measurements of water temperature also were taken, at an accuracy

of ± 0.1◦C in order to precisely calculate temperature-dependent values for µ and σ.

Table 6.1: Description of experimental data collected. The number in parentheses after the
number of observations per experiment (n) indicates the number of points used to calibrate the
free-flow head-discharge equation. The range of h/p, Reθ, and Weθ given for each experiment
constitute the cases that were considered as free flow and used to calibrate the stage-discharge
equation.

Location θ(◦) p (mm) n h/p Reθ Weθ
min. max. min. max. min. max.

A EFML 25.7 65.0 27 (22) 0.50 0.94 2.0E+04 5.2E+04 1.6E+02 5.7E+02
B 29.1 73.0 26 (21) 0.57 0.91 2.9E+04 5.9E+04 2.7E+02 6.7E+02
C 36.4 89.0 36 (29) 0.36 0.98 2.0E+04 8.8E+04 1.6E+02 1.1E+03
D 45.0 106 43 (39) 0.38 0.97 2.7E+04 1.1E+05 2.4E+02 1.6E+03
E 45.0 106 23 (22) 0.43 1.05 3.3E+04 1.3E+05 3.1E+02 1.9E+03
F 50.0 115 20 (20) 0.35 0.96 2.8E+04 1.2E+05 2.5E+02 1.8E+03
G 50.0 115 27 (27) 0.34 1.02 2.6E+04 1.3E+05 2.2E+02 2.0E+03
H 53.0 120 50 (43) 0.43 0.99 3.9E+04 1.4E+05 3.9E+02 2.1E+03
I 64.0 135 27 (27) 0.32 0.99 2.9E+04 1.6E+05 2.7E+02 2.6E+03
J 71.2 142 27 (24) 0.39 0.95 4.1E+04 1.6E+05 4.2E+02 2.5E+03
K 90.0 150 27 (26) 0.24 0.93 2.2E+04 1.6E+05 1.8E+02 2.6E+03
L HHLab 33.0 68.6 32 (27) 0.53 1.08 2.4E+04 7.0E+04 2.1E+02 8.5E+02
M 44.0 87.5 25 (20) 0.53 0.99 3.4E+04 8.7E+04 3.3E+02 1.1E+03
N 59.0 108 28 (24) 0.41 0.88 3.0E+04 9.6E+04 2.8E+02 1.3E+03
O 90.0 126 22 (21) 0.38 0.96 3.2E+04 1.3E+05 3.0E+02 2.0E+03

To ensure the initial results of the EFML experiments were both reproducible and scal-

able, follow-up experiments were conducted in a similar recirculating flume located in the

Hydraulic and Hydromorphology Laboratory (HHLab) of the RiverLy research unit operat-

ing in the centre of the Institut National de Recherche pour l’Agriculture, l’Alimentation,

et l’Environnement (INRAE) located in Lyon-Villeurbanne, France. This flume was larger

than the EFML flume, at 1 m wide and 18 m in length, with a smooth glass channel bottom

and side walls (see Figure 6.3). These experiments were conducted in the same manner as

the earlier EFML experiments, with some minor variations. Here, four tilting weirs of the

same design as the EFML models were examined at θ = 33◦, 44◦, 59◦, and 90◦, and L was

reduced to 126 mm. The crest location of each model structure was kept consistent at 11

m downstream of the flume inlet, which was a sufficiently long entrance length to ensure a
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fully developed velocity profile. Measurements of h were made 0.8 m upstream of the crest

location using a trio of ultrasonic depth sensors measuring at 50 Hz and spaced evenly in

the transverse direction across the 1 m wide channel. Measurements of steady Q were made

using an electromagnetic flow meter recording at 50 Hz. The resultant time-series of h and Q

were then averaged over 60 s to yield mean values, and the measurements of h were further

averaged across the three sensors. The standard deviation in the measurements of h and Q

were approximately 1 mm and 0.3 L/s, respectively.

6.4 Results

6.4.1 Verification with Previous Experimental Work

The present goal is to utilize the tilting weir as a special case of the sharp-crested weir

(θ = 90◦). In the interest of best-practice we choose here to verify our experimental results for

the vertical sharp-crested weir, labeled as experiments K and O in Table 6.1. In Figure 6.4,

it can be seen that there is excellent agreement between the dimensionless rating equation

of Kindsvater and Carter (1959), given by Eq. (6.8), and the experimental data for the

sharp-crested weir observed within the current study. For the combined 47 observations

shown in Figure 6.4, the MAPE between the observed Ce, and that predicted by Eq. (6.8)

is only 0.55 %. Also plotted is the Ce equation given in King et al. (1929). It corresponds

to: Ce = 0.602 + 0.082(h/p). King et al. (1929) recommended the use of this equation

with a kh value of 1.25 mm as a very close alternative to his equation for the standard

discharge coefficient (i.e., Cd = 0.605 + 0.08h/p). The King et al. (1929) equation has the

same intercept as Eq. (6.8), but the slope does not match the current experimental data as

well as that of Kindsvater and Carter (1959).

Because these experiments were completed in relatively narrow channels of width b = 0.3

and 1 m, we chose to use the recommended kb value of 0.001 m from Kindsvater and Carter

(1959) for a full-width (b/B = 1) weir in a narrow-width channel. However, we found it

unnecessary to implement the introduction of kh because for our experiments K and O, we
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Figure 6.4: Dimensionless stage-discharge plot comparing the results of the present study for
a sharp-crested weir (θ = 90◦) with the best-fit equations of previous experimentalists. Data
points are calculated as Ce = Q/2

3

√
2gbeh

3/2
e , with kb = −0.001 m and kh = 0 m. The solid

line corresponds to Ce = 0.602 + 0.075h/p from Kindsvater and Carter (1957). The dashed line
corresponds to Ce = 0.602 + 0.082h/p from Rehbock (1929).

did not observe the artificial increase in Ce attributable to the decrease in h that occurs

when We effects are present under clinging flow conditions. Rather, Re effects appeared to

be dominant for these experiments. Therefore, for all of the data presented in the current

study, kh is taken as 0 m. We aim to define a threshold h value below which viscous and

surface tension effects are significant.

6.4.2 Determining the Effect of the Varying Inclination Angle

Figure 6.5 plots the data collected at the EFML for this study across all θ values and

flow conditions examined, representing Q ranging from 4.1-30.5 L/s. An attempt also was

made to study the flow characteristics over a model where θ = 20◦, but sufficient free flow

conditions could not be achieved. Furthermore, as shown in Table 6.1, the maximum value

of h/p for most experiments was approximately unity before the flow became inundated.

This was due to the bed elevation remaining constant downstream of the weir. This h/p = 1

limit for free flow was earlier predicted by King et al. (1929) for channels where there is no

drop in bed elevation downstream of the crest.
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Figure 6.5: Dimensionless plot of Ce versus h/p for each weir inclination angle studied for the
EFML experiments, with the linear best fit equation obtained from least-squares regression shown
in the form: Ce = c + m(h/p). Here, Ce = Q/2

3

√
2gbeh

3/2
e , with kb = −0.001 m and kh = 0 m.

Data points considered as free flow and used to calibrate the linear best fit equation are shown by
circles and tallied by n. Data points excluded due to scale effects shown by ’x’s.

HHLab data are shown in Figure 6.6, representing Q ranging from 10.7-84.1 L/s. In

these plots, Ce is calculated exactly as in Eq. (6.8), with kb = -0.001 m and kh = 0 m. It

can be seen that for the linear equation representing the dimensionless head-discharge rating

equation, given by the form Ce = c +m(h/p), both the intercept (c) and slope (m) of this

line tend to increase as θ decreases. This can be understood by realizing that the tilting weir

is an obstruction to the flow, and the amount of obstruction presented to the flow by the

weir depends upon θ. Generally, the streamlines over the crest become more horizontal as θ
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decreases and as h/p increases. Due to this reduction in the contraction of the overflowing

jet, less upstream potential energy, represented by h, is needed for the flow to pass over the

obstacle presented by the weir for a given discharge.

Figure 6.6: Experimental data for tilting weir flow observed at the HHLab. See Figure 6.5 for
information on linear best fit lines. Here data points considered as free flow and used to calibrate
the linear best fit equation are shown by triangles.

To account for this effect, we propose a transformation to the h term in a manner similar

to that used by Kindsvater and Carter (1959) and originally examined by King et al. (1929).

These authors suggested a linear transformation of the h term to account for the presence

of viscous and surface tension effects at low values of h for flow over a sharp-crested weir. In

a similar fashion, one can understand the effect of the changing θ for flow over a tilting weir

as primarily affecting the h term. The magnitude of this h term, representing the amount of

potential energy required to pass a certain flow over the weir crest, changes in response to

shifting modes of approach kinetic energy dissipation and momentum transfer, as brought

on by the changing θ.

Whereas Kindsvater and Carter (1959) used a simple linear transformation to account for

viscous and surface tension effects for the static sharp-crested weir, an additional nonlinear

transformation must be utilized for the case of the variably tilting weir due to the additional

degree of freedom introduced by θ. Here, the flow dynamics are influenced both by the

changing value of θ and the relative inertial condition, as defined by h/p. In keeping with
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the method of calculation of Ce used by Kindsvater and Carter (1959), we choose to retain

the notation of he as it is defined by Eq. (6.9). However, it should be noted that for this

study, h and he were equivalent since kh was kept as 0 m. The purpose of our additional

proposed correction factor is to transform the he observed over a tilting weir to the he that

would be observed under the same discharge if the weir were completely perpendicular to the

bed (i.e., θ = 90◦) using a term we call kθ. An example transformation of the Ce values by

kθ is shown by Figure 6.7. When applied to the he term, the head-discharge rating equation

for a tilting weir becomes:

Q = Ce
2

3

√

2gbe(kθhe)
3/2 , (6.12)

where Ce = 0.602 + 0.075h/p from Eq. (6.8), and he and be are given by Eqn. (6.9) and

Eq. (6.10), respectively. It should also be noted that the h/p term embedded in Eq. (6.12)

within the Ce term has not been transformed by kθ or kh, but is in fact the directly measured

ratio at any value of θ.

Figure 6.7: Example transformation of Ce values for constant h/p by way of kθ head mul-
tiplication factor, from Experiment D. For the original values, shown by the hollow circles,
Ce = Q/2

3

√
2gbeh

3/2
e , with kb = −0.001 m and kh = 0 m, as in Figure 6.5. For the transformed

values, shown by the filled circles, Ce = Q/2
3

√
2gbe(kθhe)

3/2, with kθ = 1.05. Also shown is the
R2 value for the transformed values with respect to Eq. (6.8), given by the solid line, with ± 2%
deviation shown by the dashed lines.
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For determining kθ, the most relevant length scale in this flow scenario is in the vertical

because this indicates the degree to which the pressure at the crest will deviate from hydro-

static due to the vertical momentum of the flow as it navigates the weir (Castro-Orgaz and

Hager, 2017). So, one can reasonably expect that kθ could be understood most parsimo-

niously as being a function of sin θ, as was previously identified in our dimensional analysis.

Using the independently measured discharge, unique values of kθ can be found for each

observation as:

kθ =

[

Q

Ce
2
3

√
2gbeh

3/2
e

]2/3

. (6.13)

For each experiment shown in Table 6.1, the average value of kθ calculated by Eq. (6.13)

was found and is given in Table 6.2. Then, a trial and error best-fit regression analysis was

performed to fit an empirical function to the calibrated kθ values. Gaussian, sum of sine,

and power function fits were examined.

Table 6.2: Mean and standard deviation values for kθ distributions for each experiment.

Experiment θ (◦) kθ std. dev.
A 25.7 1.074 0.0081
B 29.1 1.064 0.0045
C 36.4 1.065 0.0083
D 45 1.050 0.0040
E 45 1.042 0.0040
F 50 1.064 0.0025
G 50 1.066 0.0036
H 53 1.053 0.0016
I 64 1.009 0.0047
J 71.2 1.012 0.0034
K 90 1.000 0.0022
L 33 1.055 0.0055
M 44 1.054 0.0070
N 59 1.043 0.0032
O 90 1.000 0.0038
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The greatest agreement with the observed kθ values in Table 6.2 was found using a

two-term power function, given by:

kθ ≃ −β(sin θ)λ + (1 + β) , (6.14)

where for the current experimental data β = 0.07 and λ = 4.5. Eq. (6.14) is valid for

θ = 25◦ − 90◦, with RMSE = 0.0094 (see Figure 6.8).

Figure 6.8: Empirical data and best-fit curve for the relationship between θ in degrees with
the head correction factor kθ. Mean values of kθ are shown for each experiment, with error bars
representing ± one std. dev., as in Table 6.2.

Eq. (6.14) is monotonic in the range of realistic θ values for tilting weirs. The implicit

assumption in this approach is that the effect of the inclination on the contraction coefficient

of the nappe is continuous, and that there is no intermediate value of θ between 0-90◦ which

represents either a local maxima or minima in the discharge capacity for the tilting weir. This

is an assumption supported by the hypothesis of (Rouse, 1932) that the effect of increasing

θ on the contraction coefficient would be akin to a decrease in h/p. As can be seen from

Eq. (6.8) and Figure 6.4, the influence of h/p on the discharge capacity of the weir also is

monotonic.

84



The inclusion of the exponent λ on the sin θ term indicates that the effect of θ on the con-

traction of the streamlines around the crest is nonlinear. This is likely due to the separation

zone that is present at higher values of θ, but eventually disappears below some threshold

value. From a cursory analysis of Figure 6.8, a first approximation of this threshold value

can be given as θ ≈ 60◦. Zerihun (2022) also identified a similar threshold value of θ for the

influence of the separation zone on the flow dynamics. From the construction of Eq. (6.14),

it is evident that when θ = 90◦, kθ will be unity in Eq. (6.14), and Eq. (6.12) reduces to

the classical sharp-crested weir rating equation given by Kindsvater and Carter (1959). At a

minimum value of θ = 20◦, a maximum kθ value of approximately 1.07 is applied to the head

term. Physically, this means that the same discharge is passing over the structure inclined at

θ = 20◦ with a 6.5% reduction in h compared to that discharge passing over a sharp-crested

weir inclined at θ = 90◦.

6.4.3 Analyzing Uncertainty and Considering Operational Con-

straints

In addition to the 392 free-flow depth-discharge observations shown in Table 6.1, 48

additional observations across θ values were made, but were excluded from the calibration

of Eq. (6.14) since these observations were made outside the normal operating regime of the

tilting weir. This concerned flows at low values of h that were subject to scale effects due

to viscosity and surface tension. Flows outside the normal operating regime were identified

either visually by the presence of a clinging nappe, or by regression analysis. If the inclusion

of a certain data point at a low value of h noticeably reduced the regression coefficient of

the linear Ce vs. h/p equation shown in Figure 6.5 and Figure 6.6, it was excluded. These

additional observations are included in Figure 6.9 and Figure 6.10 to show the influence of

scale effects on the accuracy of the rating equation to predict discharge.

Figure 6.9 shows a plot of Ce versus h/p computed from Eq. (6.12) for the 440 observed

sets of Q, h, h/p and θ, in comparison to Eq. (6.8). In Figure 6.10, %error is defined as the
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Figure 6.9: Scatter plot of Ce versus h/p for total of 440 observations after tilting weir h values
have been corrected by the kθ values given by Eq. (6.14). The solid line with ± 2 % deviation is
Eq. (6.8) and represents the predicted flow by Eq. (6.12). The Reθ (defined by Eq. (6.16)) color
bar is shown to indicate how the deviation from the predicted Ce to the observed grows as Reθ
decreases.

relative percent difference between the observed discharge during experimentation (Qobs) and

the predicted discharge (Qpred) given by:

%error =
Qobs −Qpred

Qobs

× 100 . (6.15)

It can be seen from Figure 6.9 that there is a general relationship between h/p and %error,

with h/p = 0.6 being an approximate divergence point below which %error beings to grow.

This value was previously identified by a separate study as an indicator of the lower threshold
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for the normal operating regime of a sharp-crested weir (Sinclair et al., 2022). For all

observations of the current study, when h/p ≤ 0.6, the mean of |%error| is 1.75%. When

h/p > 0.6, this value is reduced to 1.15%.

To explore thresholds related to Re and We scale effects, we also define updated Re and

We numbers, where the length scale has been corrected by kθ:

Reθ =

√
g(kθh)

3/2

ν
, (6.16)

Weθ =
ρg(kθh)

2

σ
. (6.17)

Figure 6.10 and Table 6.3 reveal the relationship between Reθ, Weθ, and the relative percent

error (%error) between the predicted and observed discharge for the 440 observations within

the current study. Two flow regimes were identified. The threshold values of Reθ and Weθ

were identified by determining when the MAPE for the lower regime grew beyond 2%, and

the prediction bias, represented by the mean value of %error, was as close to zero as possible

for the upper regime. We choose ±2% as a somewhat arbitrary threshold, but this level

of accuracy can generally be considered as excellent for flow measurements over hydraulic

structures (Replogle, 2002).

Table 6.3: Relationship between head-discharge equation prediction accuracy and inertial regimes
as defined by Reθ and Weθ. For use as a best practice guide for the normal operating regimes of
tilting weirs.

Regime Reθ Weθ ≈ h (cm) n prob. ±2% %error |%error|
I ≤ 3× 104 ≤ 3× 102 h ≤ 5 72 0.53 -1.45 2.08
II > 3× 104 > 3× 102 h > 5 368 0.80 -0.08 1.25

Regime I occurs when Reθ ≤ 3×104 & Weθ ≤ 3×102 and represent flows that occur below

the absolute minimum required inertial state in the approach for the weir to be considered

operating in free flow. Below this threshold, scale effects cannot be justifiably neglected.
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Figure 6.10: Top: scatter plot of 440 flow observations showing the relationship between predic-
tion accuracy and Reθ & Weθ. Bottom: frequency histograms of distribution of %error for the two
flow regimes identified.

Figure 6.10 and Table 6.3 show that for the majority of points, this results in the observed

discharge being smaller than what is predicted for this regime, indicating that Reθ effects

were more significant here than those due to Weθ. This can be most readily explained

by understanding that as viscous effects become more significant at low values of Reθ, the

piezometric head (h) must grow larger to account for the decrease in the velocity head.

Regime II occurs when Reθ > 3 × 104 & Weθ > 3 × 102. Here, scale effects are minimized

and the accuracy of the head-discharge equation is optimized. This represents the ideal

operating regime for a tilting weir. Table 6.3 shows that for this regime, the average %error
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is only -0.08%, indicating the bias in the predicted discharge has been removed compared to

Regime I.

These threshold values for Reθ and Weθ can also be translated to more practical values

of h, if we assume common values for physical constants and the fluid properties of room-

temperature water (i.e., g = 9.81m/s2; µ = 10−3Ns/m2; ρ = 1000 kg/m3; σ = 0.0728N/m).

These approximated values are shown in Table 6.3. Unsurprisingly, we find a similar result

as Kindsvater and Carter (1959) for the threshold value of h ≈ 0.05 m as the point above

which scale effects can be justifiably neglected. A similar finding was also reported in Hager

(1994), but Ranga Raju and Asawa (1977) advocate for a higher threshold for avoiding scale

effects of h > 0.11 m. The frequency histograms shown in Figure 6.10 also can be used to

estimate the probability of a certain level of measurement accuracy within each regime (see

Table 6.3).

6.5 Discussion
We now turn to some qualifications for the findings of the current study. First, it can

be observed from the residuals in Figure 6.8 that the greatest uncertainty in the value of kθ

occurs between θ = 45◦ and 65◦. We hypothesize that this is partially due to experimental

error and uncertainty in the aeration condition of the downstream nappe. Another possible

explanation is the instability of the separation zone in this region. Additionally, in Figure 6.8,

it can be seen that a large gap in the observed kθ values exists between the four experiments

with θ > 60◦ and the remainder of the experiments. One possible explanation for this

behavior could be the disappearance of the separation zone below θ ≈ 60◦, which merits

further exploration.

An analysis of Figure 6.7 reveals that kθ may be dependent on h/p as well as sin θ. This

dependence is observable for experiment D in Figure 6.7; but a consistent dependence was

not found between all experiments upon further investigation. Additional experimentation

to investigate the link between kθ with both h/p and sin θ is warranted.

89



Finally, additional observations are needed for θ between 60◦ and 90◦. The experimental

data of the current study is sparse in this range, where the dynamics of the separation

zone are likely to change most significantly. It also remains to be seen how applicable these

laboratory findings can be when the flow problem is scaled up and implemented in the

field. Additional complexities related to the amount of friction in the approach channel,

the approach geometry, the impact of sedimentation over time, and changes to the surface

roughness of the weir plate must be considered.

6.6 Conclusions
Observations of head and steady discharge were made for 440 flow cases in two unique

experimental facilities, over hydraulic models of tilting weirs with inclination angles ranging

from θ = 25◦ to 90◦. This allowed for the calibration of a head multiplication term as a

function of the inclination angle, given by kθ in Eq. (6.14). This empirical equation accounts

for the fact that at a constant discharge, the head upstream of a tilting weir generally

decreases with the inclination angle, due to the improved navigability of the streamlines over

the crest and reduction in non-hydrostatic effects near the crest. The factor kθ then acts to

adjust the observed head over a tilting weir to that expected if the weir was perpendicular to

the channel bed. Then, a modified form of the classical sharp-crested weir rating equation,

given by Eq. (6.12), can be applied to predict steady discharge. If the inertial state of the

approach flow is kept above a threshold value of at least Reθ = 3 × 104 & Weθ = 3 × 102

(h ≈ 0.05 m) and the nappe remains fully aerated, the tilting weir can be considered within an

ideal operating regime where the mean absolute value of the error in the predicted discharge

is only 1.3% for the current experimental data (see Table 6.3). We also identify a h/p value

of 0.6 as a more immediately applicable threshold for the normal operating regime, but note

that this value will likely not hold for especially small weirs (i.e., L < 0.1 m).

The results of this study work to synthesize and expand significantly upon the current

level of knowledge within the literature. The most extensive experimental study to date on
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developing a head-discharge rating equation for tilting weirs is that of Wahlin and Replogle

(1994). The current study expands on this work by developing an equation having greater

continuity with previous work, in that it links back to the classical empirical data for the

sharp-crested weir, being applicable for 25◦ ≤ θ ≤ 90◦. We also offer a more parsimonious

monotonic solution to correct for the effect of the dynamic weir inclination angle that relies

less on arbitrarily maximizing goodness-of-fit metrics for the observed empirical data, and

instead aims to give insight to the underlying flow dynamics. In terms of calibration accuracy,

the current study contains a much larger number of observations of the flow at θ between

45◦ and 90◦ than in previous studies. As shown by Figure 6.11, this results in the data from

the current study agreeing well with the findings of previous researchers for certain values of

θ, while also being able to more fully reveal the nature of the relationship between Qθ/Q90

and θ across a wide range of operational θ values. In summary, the findings of this study

promote the tilting weir as a practical and versatile structure not only for stage regulation

but also for flow measurement, giving operators of open-channel flows the opportunity for

much greater control and efficiency within their system.

Figure 6.11: Comparison of current and previous study results on the relative effect of the
changing θ on Q for a given value of h. a) Eq. (6.14) of the current study, taken to the 3/2 power.
Blue circles are EFML data, and red triangles are HHLab data, b) Wahlin and Replogle (1994), c)
Bijankhan and Ferro (2018), and d) Hager (1994).
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6.7 Towards Practical Implementation
Step-by-step instructions taken from the approach laid out in this study for using the

tilting weir as a water flow measurement structure are as follows:

1. Measure the inclination angle (θ) of the weir from the horizontal and the crest elevation

(p) relative to the upstream channel bed.

2. Measure the depth of water flowing over the weir crest (h) at a distance of 3-4 times the

anticipated h, upstream from the crest location. For most accuracy, ensure h > 0.05

m.

3. Calculate h/p. For channels without a downstream drop in bed elevation below the

crest, h/p should remain below 1.

4. Using h/p, calculate Ce from Eq. (6.8).

5. Calculate he and be using the recommended values of kh and kb of Kindsvater and

Carter (1959), as shown by Eqs. 6.9 and 6.10, respectively.

6. Calculate kθ using Eq. (6.14). For most accuracy, ensure 25◦ ≤ θ ≤ 90◦.

7. Using Eq. (6.12), estimate the discharge Q.
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Chapter 7

Dynamics of Flow Over Tilting Weirs 3

7.1 Introduction
As shown in Chapter 5, there is much information to be garnered concerning the discharge

characteristics of weir flows by examining the underlying flow dynamics to elucidate the

interplay between velocity and pressure, the importance of flow separation, and turbulent

mixing. To build upon the seminal works on this topic completed a century ago (Bazin,

1898; Schoder and Turner, 1929), advances in state-of-the-art experimental and numerical

investigative tools allow for a deeper understanding of the dynamics governing weir flows

beyond the limited information that is given by a singular bulk parameter such as Cd or h/p.

Ultimately, the goal of these types of analyses is to inform the improved design and operation

of these structures in order to better fulfill their intended purpose. As will be seen in this

chapter, the tilting weir offers the ability to dynamically control the structure inclination

angle to alter the hydraulic characteristics of the flow field in the approach channel. This

allows the tilting weir operator some measure of control over important aspects of a system,

such as the water surface fluctuations for accurate head measurement, bed shear stress

contributing to sediment transport, and flow depth to provide pressure head for lateral

outflows. The mindful engineer will be aware of how to use the tilting weir in such a way

that their desired practical aims are met within the operational constraints established by

the implicit tradeoffs present in the flow field dynamics - which will be further explained in

this chapter.

In Chapter 5 it was shown that Cd can be re-cast as a weir Froude number, Frh, and

be further decomposed into its constituent parts which inform the physical mechanisms

3The research presented in this chapter is currently under preparation for submission to the Journal of
Hydraulic Engineering under the title “Dynamics of Tilting Weir Flows”.
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influencing the discharge characteristics. It is the goal of the present chapter to leverage the

same type of analysis to tilting weir flows to explain how and why the discharge characteristics

of the tilting weir change with varying θ and h/p. To do so, we introduce here a few common

quantitative flow field descriptors, as well as some original terms defined here for the special

case of tilting weir flows.

7.1.1 The Tilting Weir Froude Number as a Discharge Coefficient

As described in Chapter 5, the dimensionless discharge for weir flows can be defined as

a type of Froude number. We give a more general definition here for tilting weirs, which

incorporates θ:

Frhθ =
q√

g(hkθ)3/2
. (7.1)

The left-hand side of Eq. (7.1), as shown in Chapter 5, can be decomposed as the product

of an integration constant, the angle correction factor (kθ) introduced in Chapter 6, and a

series of three coefficients:

Frhθ = (2
√
2/3)(k

−3/2
θ )CvKCc , (7.2)

where:

Cv =
(q

t

)

/

(

1

h

2

3

√

2g

[

(

h+
U0

2

2g

)3/2

−
(

U0
2

2g

)3/2
])

, (7.3)

K =
1

h3/2

[

(

h+
U0

2

2g

)3/2

−
(

U0
2

2g

)3/2
]

, (7.4)

Cc =
t

h
=
h− δ − ϵ

h
= 1− δ

h
− ϵ

h
. (7.5)

Here, Cv, K, and Cc are respectively the velocity coefficient, head correction factor, and

contraction coefficient. kθ is the angle correction factor to account for the effect of θ on the

tilting weir discharge characteristics. All other variables are the same as previously defined

in Chapter 5.
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7.1.2 Boundary Layer Displacement Thickness, Distribution of

Kinetic Energy and Momentum

Important parameters for describing the velocity profiles of open-channel flows are the

boundary layer displacement thickness (δ∗), and the respective kinetic energy (α) and mo-

mentum (β) correction factors. δ∗ is defined as:

δ∗ =

∫ D

0

(1− u(z)/Ue)dz , (7.6)

where Ue is the maximum velocity in the vertical profile, typically taken to be the free-surface

velocity in fully developed channel flows uninhibited by surface shear. For two-dimensional

rectangular channel flows with negligible vertical velocity, α and β are defined as:

α =
b
∫ D

0
[u(z)]3dz

bq3/D2
, (7.7)

β =
b
∫ D

0
[u(z)]2dz

bq2/D
. (7.8)

7.1.3 Shear Velocity, Friction Slope, and Reynolds Stresses

Resistance to flow in open channels is commonly described using an estimation of the

bed shear stress, τb (Mishra and Venayagamoorthy, 2024a). This is the tangential force per

unit area that balances the down-slope component of the gravitational force caused by the

weight of the fluid. Due to Newton’s third law, it also represents the shearing action of the

fluid on the channel boundary, and therefore is an important parameter in estimations of

sediment transport. For a fully developed flow of a Newtonian fluid, the boundary shear

stress is defined by the velocity gradient near the boundary (i.e., τb = µ(du/dz|z=0)). The

shear (or friction) velocity is a representation of τb in dimensions of velocity [LT−1], used as
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a scaling factor for wall bounded turbulent flows.

u∗ =

√

τb
ρ

=

√

ν

(

du

dz

) ∣

∣

∣

∣

z=0

. (7.9)

Due to the difficulty of making accurate and non-intrusive measurements of the near-wall

velocity gradient (du/dz|z=0), practical methods to estimate u∗ are abundant. For steady,

gradually-varied flow where the pressure gradient is hydrostatic, u∗ can be estimated as:

u∗ ≡
√

gRSf , (7.10)

where Sf is the friction slope, defined by the gradient of decreasing total hydraulic head

(−dH/dx) in the longitudinal direction (see Eq. (3.1)). A greater friction slope indicates

increased energy losses along the channel reach due to distributed boundary friction. Mech-

anisms for energy dissipation are described by the turbulent kinetic energy cascade (see

Section 2.4), whereby energy contained by the largest flow structures (i.e., eddies) of the

mean flow field is transferred to smaller and smaller scales by turbulent fluctuations, until

the energy is dissipated as internal heat by the action of viscous diffusion. The Reynolds

stress terms in the RANS equations (see Section 2.3) can be used to conceptualize the stress

the mean flow field experiences as a result of momentum transfer by fluctuating turbulent

motions. For two-dimensional open-channel flow, the most important component of the

Reynolds stress tensor is −ρ⟨u′w′⟩, representing the vertical turbulent transport of stream-

wise momentum by near-wall motions such as bursts and sweeps (Kim et al., 1971).

7.1.4 Vertical Advection and Pressure Gradient

A common simplifying assumption in two-dimensional open-channel flow is that of hor-

izontal streamlines resulting in a hydrostatic pressure gradient (i.e., dP/dz = −γ), and

therefore it is important to understand where this condition does not hold true, such as for

cases of rapidly-varied flow where a significant component of the flow inertia is in the vertical
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direction. For flows over tilting weirs, as shown in Chapter 5, the magnitude of the pressure

gradient in the vertical helps inform the contraction dynamics of the nappe. The vertical

pressure gradient for weir flows can be defined from examining the steady Navier-Stokes

Eq. (2.9) equation in the vertical direction under the assumption of two-dimensional flow

(i.e., i = 3, j = 1, 3):

u
∂w

∂x
+ w

∂w

∂z
= −1

ρ

∂P

∂z
− g + ν

[

∂2w

∂x2
+
∂2w

∂z2

]

. (7.11)

If it is further assumed that the contribution of viscous effects is small (often a fair assumption

for the convergent nature of flow observed for tilting weirs), Eq. (7.11) can be reduced to

the inviscid Euler equation and re-arranged to define a dimensionless pressure gradient:

−1

γ

∂P

∂z
≈ 1

g

[

u
∂w

∂x
+ w

∂w

∂z

]

+ 1 . (7.12)

where it can be readily observed that an absence of vertical inertia (w ≈ 0) will result in a

hydrostatic pressure gradient, and that when the vertical advection terms are in balance with

gravity, the pressure gradient will be zero, as will eventually be the case for the free-falling

jet that occurs within the undisturbed nappe downstream of the weir crest.

7.1.5 Head Loss via Turbulent Kinetic Energy Dissipation

The decomposition of Frhθ features the velocity coefficient, Cv to account for viscous

energy losses. It is therefore prudent to consider the mechanisms by which energy is dissi-

pated between the gauging section and critical section as the flow traverses the obstacle of

the weir. This can be done be examining the turbulent kinetic energy (TKE) dissipation

field. The TKE dissipation rate, ε, previously defined by Eq. (2.20), represents the rate by

which turbulent kinetic energy from the mean field is transferred down through a cascade

of smaller and smaller spatial and time scales until it is dissipated as internal heat by the

action of viscosity. For comparing across different flow cases, we will non-dimensionalize ε
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using scaling terms from the bulk flow:

ε∗ =
2ν⟨s′ijs′ij⟩
U3
0/h

. (7.13)

where U0 = q/D is the bulk velocity at the upstream gauging section, and h is the head over

the weir.

The following analysis examines how the above parameters of the flow field dynamics for

the tilting weir change with θ and h/p, as described by the tilting weir Froude number, Frhθ.

7.2 Methodology

7.2.1 Experimental Measurements

As in Chapter 6, experimental data for tilting weir flow dynamics was gathered in two

separate experimental facilities: the Environmental Fluid Mechanics Laboratory at Colorado

State University (EFML), and the Hydraulics and Hydromorphology Laboratory at INRAE-

Villeurbanne, France (HHLab). Particle Image Velocimetry was utilized to capture the

instantaneous flow field in the vicinity of the weir and then averaged over a minimum of 1550

fields to produce a mean-field representing the steady flow over the weir. From this mean

field, the turbulent fluctuating velocity field was also determined via Reynolds decomposition.

Here we examine eight different flow cases where the steady volumetric discharge, Q, was

kept nominally constant as ∼ 30 L/s/m, with θ ranging from 25.7-90◦. In these experiments,

Q was measured independently using an electromagnetic flow meter installed in the inlet

pipe to the flume, and the flow depth at the gauging section upstream of the tilting weir was

measured using a point gauge location 1 m upstream of the weir crest.

These data are supplemented by instantaneous velocity measurements made using an

ADV at the HHLab for flow conditions where Q = 15, 30, 45, 60 , and 75 L/s/m, over four

different tilting weir models with θ = 33, 44, 59, and 90◦. Here the weir crest was located

at 11 m downstream of the flume inlet, with ADV velocity profiles being measured at 100
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Hz over four minutes at 1 m upstream of the weir crest and at 10 different points in the

vertical column. Three control experiments were also run at discharges of Q = 41, 71, and

107 L/s/m, where the weir models were removed, and the velocity profiles measured for the

unobstructed flow cases. Water surface elevations were also measured at 1 m increments

along the flume development length, from 2 m to 10 m downstream of the inlet, to estimate

Sf . These measurements were made using ultrasonic water depths sensors measuring at 50

Hz. Independent measurements of discharge were made at 1 Hz using an electromagnetic

flow meter installed in the inlet pipe to the flume.

7.2.2 Numerical Simulations

Finally, computational fluid dynamics (CFD) simulations, similar to those described in

Chapter 5, were completed using FLOW-3D. All simulations utilized the k–ω RANS turbu-

lence model. The width of the numerical domain was 0.15 m, with a no-slip channel boundary

wall as one boundary condition in the transverse direction, and a symmetry boundary con-

dition in the other. The symmetry boundary condition allowed for the aspect ratio of the

numerical channel to be doubled because the side-wall boundary layer effect was present only

on one of the boundaries. The length of the numerical domain in the approach to the crest

was 1.5 m, with the upstream boundary condition in the longitudinal direction being set to

ensure a constant volumetric influx of 10 L/s. This flow condition was examined over tilting

weir models with θ ranging from 3-90◦, as well as for the case of the free overfall (θ = 0◦).

The length of the weir blade, L, was constant in all models at 10 cm.

Details for all experimental and numerical flow cases examined are provided in Table 7.1.

Nappe characteristics (i.e., Cv, Cc) for the HHLab-ADV data were unavailable due to exper-

imental limitations.
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Table 7.1: Details for experimental and computational flow cases of tilting weirs analyzed in the
current study.

Dataset θ (◦) h (mm) p (mm) q (L/s/m) h/p Frh Cv K Cc ϵ/h δ/h

EFML-PIV 25.7 60.9 65 31.95 0.94 0.68 0.98 1.07 0.69 0.03 0.28
29.1 62.3 73 33.72 0.85 0.69 0.98 1.07 0.70 0.06 0.23
36.4 64.0 89 33.71 0.72 0.67 0.98 1.05 0.68 0.05 0.26
45 64.1 106 33.81 0.60 0.67 0.98 1.04 0.69 0.06 0.25
53 64.4 125 33.30 0.52 0.65 1.00 1.03 0.67 0.08 0.25
64 61.2 140 28.50 0.44 0.60 0.95 1.02 0.65 0.16 0.19
71.2 61.5 147 30.92 0.42 0.65 0.97 1.03 0.69 0.08 0.23
90 66.7 155 28.79 0.43 0.53 0.97 1.02 0.57 0.15 0.28

EFML-CFD 3 75.6 5 64.43 14.44 0.99 0.99 1.43 0.74 0.04 0.22
6 76.6 10 63.36 7.33 0.95 0.98 1.36 0.76 0.05 0.20
9 79.3 16 65.59 5.07 0.94 0.96 1.32 0.78 0.03 0.19
15 82.9 26 65.55 3.20 0.88 0.97 1.25 0.77 0.03 0.20
30 88.5 50 64.25 1.77 0.78 0.97 1.15 0.75 0.05 0.21
45 91.6 71 62.69 1.29 0.72 0.96 1.10 0.72 0.06 0.22
60 94.3 87 61.98 1.09 0.68 0.96 1.08 0.70 0.08 0.22
65 95.1 91 61.83 1.05 0.67 0.96 1.08 0.69 0.08 0.23
72 95.9 95 61.54 1.01 0.66 0.95 1.07 0.69 0.09 0.22
90 97.9 100 61.58 0.98 0.64 0.95 1.07 0.67 0.10 0.22

HHLab-ADV 33 37.3 69 14.64 0.54 0.65 1.04
33 57.6 69 29.63 0.84 0.68 1.06
33 74.7 69 44.58 1.09 0.70 1.08
33 90.1 69 59.55 1.31 0.70 1.10
33 104.9 69 74.72 1.53 0.70 1.11
44 39.6 88 15.06 0.45 0.61 1.02
44 59.1 88 29.68 0.68 0.66 1.05
44 75.7 88 44.52 0.87 0.68 1.06
44 91.9 88 59.91 1.05 0.69 1.08
44 106.7 88 74.92 1.22 0.69 1.09
59 39.3 108 14.80 0.36 0.61 1.02
59 60.4 108 29.92 0.56 0.64 1.04
59 77.6 108 44.80 0.72 0.66 1.05
59 92.2 108 59.77 0.85 0.68 1.06
59 107.0 108 74.63 0.99 0.68 1.07
90 40.7 126 14.66 0.32 0.57 1.01
90 63.3 126 29.54 0.50 0.59 1.03
90 81.5 126 44.70 0.65 0.61 1.04
90 98.4 126 59.63 0.78 0.62 1.05
90 113.6 126 75.33 0.90 0.63 1.06
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7.3 Results

7.3.1 Primary and Secondary Influences on Discharge Character-

istics

Figure 7.1 plots the progression of Frhθ with h/p, along with the constituent terms of

Frhθ. The first point to notice here is the practical functionality of the tilting weir discharge

equation laid out in Chapter 6, whereby the combined effects of θ and h/p on the flow

inertia are contained within Frhθ, with h being corrected for θ using Eq. (6.14). Here we

see that the numerical data for the EFML-CFD data set show good agreement with the

experimental data and proposed approach of Chapter 6, lending credibility to its robustness.

Furthermore, we see that the tilting weir discharge equation is accurate for a θ value as low

as 15◦ (h/p ≈ 3). Beyond this, the tilting weir flow appears to transition to a sill-type flow

regime, where the weir flow equation is no longer accurate and practical complications for

accurate flow measurement become present due to a considerable slope in the water surface

of the approach channel. This delineation between the weir and sill regime is marked by

a break in the monotonic increase in the contraction coefficient, Cc, similar to what was

observed in Chapter 5 for the vertical sharp-crested weir. Evidence is also present for the

influence of viscous and surface tension scale effects at low values of h/p, as can be observed

from examining the data point from the EFML-PIV experiments where θ = 90◦.

Interestingly, the trends in K and Cc appear to match well with the earlier observed data

for the sharp-crested weir, regardless of the value of θ. This gives the indication that simply

scaling the tilting weir inertia using the h/p term seems to function fairly well across a large

range of θ. Where this scaling breaks down, necessitating the introduction of kθ, appears

to be in the behavior of Cv. Figure 7.1 shows that these values tend to be slightly higher

compared to the vertical case at the same h/p value. Although these are preliminary data

and more investigation is warranted, this trend seems to suggest that the most prominent
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Figure 7.1: Frhθ vs. h/p for tilting weir flows spanning the weir-sill range, summarized in
Table 7.1. The classical empirical equation relating h/p and Frhθ, after Chapter 6, is shown in the
solid line, with ±5% deviation represented by the dash-dot line. Data points are color-coded based
upon their value of θ. Shown below are the constituent terms for Frhθ, with respect to h/p. The
solid black line in the three bottom plots indicates the trend line for the vertical sharp-crested weir
data presented in Chapter 5.

reason for an increase in discharge capacity when lowering θ is due to improved navigability

of the streamlines around the obstacle, resulting in less localized energy losses.

However, we see that the major contributor to the magnitude of Frhθ
is K which accounts

for the contribution of kinetic energy effects on the discharge characteristics. The linear trend

with both Cc and K with h/p for the flows within the weir regime is what allows for such a

simple empirical equation as Eq. (6.8) to be used. For the cases of very low θ (< 15◦) shown

by the EFML-CFD simulations, a break in the expected trend for weir flows in K and Cc

with h/p is observed. This is indicative that the tilting weir under these flow conditions
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is no longer functioning as a weir, but more as a sill, and should not be utilized for flow

measurement.

7.3.2 Boundary Layer Development and Distribution of Reynolds’

Stresses

Turning to an examination of the velocity distribution for different tilting weir flow cases

given by the HHLab-ADV data, we see in Figure 7.2 that as h/p increases and θ decreases, re-

sulting in an increase in Fr, the velocity profile more closely follows the classical logarithmic

distribution. This more fully developed and uniform distribution of momentum and kinetic

energy is achieved through increasing Reynolds stresses, as shown in Figure 7.3. Figure 7.4

plots the depth averaged quantities for δ∗, Sf , α, and β, respectively. The observed mono-

tonic increase in kinetic energy greatly influences how Frhθ increases monotonically with

h/p, as observed by the behavior of K in Figure 7.1. At low values of Fr, the velocity profile

follows a more parabolic profile typical of laminar flow, and the absence of Reynolds stresses

indicates there is no mechanism present to mix momentum. This causes the dimensionless

boundary layer displacement thickness (δ∗/D) to increase, along with α and β. The overall

trends in α and δ∗/D are interesting to note, due to the fact that in classical treatments of

the “infinitely high weir” (i.e., Wall Overflow case, Fr ≪ 1) the size of the viscous boundary

layer compared to the overall flow field was assumed to be negligible, and α was assumed

to be 1. However, these data appear to show the opposite trend: as flow inertia increases

with Fr, the thickness of the boundary layer diminishes due to more efficient mixing of

momentum - which in turn means that α and β more closely approximate 1.

However, it should be noted that a decrease in the relative thickness of the viscous

boundary layer compared to the overall flow depth does not necessarily result in smaller

distributed energy losses for the flow moving along the channel reach. The reason why the

velocity distribution is more uniform as Fr increases is also why the friction slope Sf increases

with Fr: more efficient turbulent mixing of momentum and energy due to Reynolds stresses
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Figure 7.2: Dimensionless profiles of streamwise velocity for the HHLab ADV experiments. U0

is the depth-averaged velocity (Q/A). Data points are color-coded based upon their value of Fr.
The gray strip represents the dimensionless boundary layer displacement thickness, δ∗/D.

causes high-momentum fluid from the undisturbed outer flow region to be transported near

the bed, where the action of viscous effects are locally important and energy is dissipated

as heat. As discussed in Chapter 5, the increase in the slope of the water surface in the

approach channel increases the practical difficulty of obtaining an accurate measurement of

h at the gauging section.
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Figure 7.3: Dimensionless profiles of Reynolds stress for the HHLab ADV experiments. Data
points are color-coded based upon their value of Fr. The solid black line represents the assumed
distribution of fluid shear stress for fully developed two-dimensional open-channel flow.

7.3.3 Flow Separation and the Vertical Pressure Gradient

In Figure 7.1, it was observed that a break in the monotonic increase of Cc with h/p occurs

for tilting weir flows. Analysis of vertical sharp-crested weirs in Chapter 5 revealed that

this was due to increased draw-down in the free-surface caused by a collapse of supporting
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Figure 7.4: Depth-averaged flow profile quantities from the HHLab-ADV experiments. The figure
legend is the same as in Figure 7.2 and Figure 7.3.

hydrostatic pressure underneath the nappe. For the tilting weir, we can examine how areas

of flow separation and the orientation of streamlines contribute to a similar phenomenon.

Figure 7.5 shows the velocity quiver plots for the eight PIV experiments of the EFML-PIV

data set. Overlaid on top of these vectors is the approximate area of the recirculation zone

of separated flow. These areas are calculated by finding the x position along the bottom

boundary where flow separation occurs, marked by a change in sign of ∂u/∂z|z=0 from

positive to negative. This sign change occurs due to the adverse pressure gradient caused

by the stagnation pressure at the bottom base of the weir. From this separation point,

a separation streamline is traced using the two-dimensional velocity field and MATLAB

streamline function, so that position coordinates in x and z are generated for the separation

streamline. The area of separation flow is then calculated as:

As =

∫ xb

xs

[z(x)s − z(x)b] dx . (7.14)
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Figure 7.5: Velocity quiver plots with areas of flow separation overlaid on top for the EFML-PIV
experiments. The bottom plot shows the estimated dimensionless separation area are with respect
to θ, with points color-coded by their value of Frhθ.
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where xs is the longitudinal position of the separation point, xb is the longitudinal position

of the weir geometry at the end of the separation streamline, and z(x)s and z(x)b are the

vertical coordinates of the separation streamline and boundary geometry, respectively.

Observing Figure 7.5 and Table 7.1 it can be seen that as θ decreases the fluid velocity

is distributed more towards the streamwise direction, resulting in less deflection of the lower

nappe surface above the crest (ϵ/h). The area of the separation zone, made dimensionless

by using h2 as a scaling factor, appears to decrease monotonically with θ, and completely

vanish for θ < 45◦. The decrease appears to be non-linear, in accordance with the nonlinear

behavior of the kθ term in Chapter 6. The observed trend of a decreasing separation zone

with increasing flow inertia is opposite to what was reported by Rajaratnam and Muralidhar

(1971) for sharp-crested weirs, but altogether represents a coherent trend with other aspects

of the flow field dynamics observed in this chapter. As the flow inertia increases, the relative

size of the boundary layer decreases, allowing for delayed or even a complete avoidance of

separation. This trend is consistent with classical observations of wall-bounded flows, such

as flow over a cylinder. As flow inertia decreases and the size of the separation zone grows,

some amount of fluid is displaced by that occupied within the separated recirculation zone,

thereby increasing h for the same q and decreasing Frhθ.

At low values of Frhθ, gravitational effects are dominant over inertial effects, and therefore

significant deflection of the upper nappe surface is observed, making δ/h initially large.

Increasing flow inertia allows the streamlines along the upper nappe surface to maintain a

stream-wise orientation, causing δ/h to decrease - at least as long as there is an appreciable

zone of separated flow at the base of the weir.

Because the fluid within the separated zone is slow-moving and nearly static, it acts

like a foundation of hydrostatic pressure for the overflowing nappe. When the separation

zone diminishes, increased drawdown in the free surface is observed, as in Figure 7.6. The

amount of drawdown (δ/h) with respect to the free surface elevation at the gauging section

can be observed in Table 7.1, and qualitatively by the size of the region in Figure 7.6 where
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0 < −(dP/dz)/γ < 1, indicated by reduction in the hydrostatic pressure distribution due

to streamline curvature. When −(dP/dz)/γ ≥ 1, a hydrostatic pressure distribution exists

that supports the overflowing nappe.

Figure 7.6: Dimensionless contour plots of the vertical pressure gradient for the EFML-PIV
experiments. A variance of 0.05 is given for the color scale around 0 and 1.
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7.3.4 Zones of Local Energy Loss

One long-standing question of interest for those studying weir flows is the applicability

of inviscid flow-type analyses for solving the discharge characteristics and nappe profiles.

One can already have a general idea of the applicability of potential flow assumptions by

examining the magnitude of the velocity coefficient term, Cv, as seen in Table 7.1 and

Figure 7.1. The magnitude of Cv generally falls within the range of 0.95–1. As previously

mentioned, this coefficient represents a reduction in the observed jet velocity due to viscous

energy losses, compared to what is theoretically predicted from assumptions of potential

flow. This gives the indication that some amount of local energy loss is present and should

be taken into account when predicting the discharge coefficient. Extensive studies on the

behavior of Cv in application to jet nozzles has shown that this coefficient trends toward

unity with increasing Reynolds number (Street et al., 1996). A similar increasing trend in

Cv with h/p can be seen in Figure 5.4, giving the indication that local viscous losses became

less appreciable with increasing flow inertia. It has also been shown that altering the exit

condition of jet orifices to become more well-rounded also works to increase Cv.

Figure 7.7 plots an estimation of the dimensionless TKE dissipation rate, ε∗, as defined

by Eq. (7.13), for the eight different EFML-PIV experiments. These plots reveal that the

observed values of Cv from the bulk flow behavior can be substantiated by observed zones

of local kinetic energy losses near the sharp-crest interface. These losses occur due to the

irreversible transfer of energy from the mean flow field to the turbulent field by the combined

action of Reynolds stresses and mean flow velocity gradients. This energy is eventually

dissipated through the action of local deformation in the turbulent field captured by the

turbulent strain rate tensor s′ij. Examining the magnitude and extent of the dissipative

zones shown in Figure 7.7, they appear to decrease as the inclination angle lowers, which is

likely due to the smoother angle of the approaching streamlines as the flow navigates the

sharp crest.
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Figure 7.7: Dimensionless contour plots of turbulent kinetic energy dissipation rate for the EFML-
PIV experiments. Free-surface boundaries shown by the curved solid black line, with the limit of
the PIV measurement window shown by the dashed black line.

The trends observed in Figure 7.7 are certainly preliminary in nature and deserve further

investigation. One limitation of note is that here we are estimating ε∗ under the two-

dimensional flow assumption. This assumption may be valid for approximations of the mean

flow field, but it is, strictly speaking, incorrect for estimating quantities of the turbulent

flow field. This is due to the inherently three-dimensional phenomenon of vortex stretching,
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which is the engine driving the turbulent energy cascade (Pope, 2000). However, even with

these limitations, three important insights can be drawn from this investigation of zones of

local energy loss:

1. Energy loss in the weir flow problem is primarily due to small localized regions of high

shear near the sharp-crested, rather than distributed losses along the boundary.

2. Zones of local kinetic energy loss appear to generally decrease in size as θ decreases,

although some anomalies in this trend are present. Regardless, this helps to validate the

incorporation of Cv as part of a conceptualization of the overall discharge coefficient.

3. Opportunities for improved tilting weir design are available by designing the near-crest

region to feature a more stream-lined approach to reduce regions of high shear in the

mean flow field.

Further investigation into the careful quantification of TKE dissipation for weir flows

using three-dimensional numerical simulations or stereoscopic PIV is warranted.

7.3.5 The Transition from the Weir to Sill Regime for Tilting

Weirs

One issue of concern for tilting weir flows is the point where the monotonic trend in the

contraction coefficient stops - indicative of a transition from a weir flow regime to a sill flow

regime. The discharge equation laid out in Chapter 6 is not suitable for sill-type flows, and

thus it is important to understand which combination of θ and h/p leads to a departure

from the expected weir flow behavior that is significant enough to be classified as a sill-type

of flow. In Chapter 5, a value of h/p ≈ 8 (Fr = 0.95) was determined to be the threshold

value. The EFML-CFD simulation results presented in Figure 7.1 indicate that for the flow

case were θ = 9◦ and h/p = 5, the flow had transitioned to a sill regime. Based upon these

threshold points, a preliminary demarcation between the weir and sill regimes for tilting weir

flows is shown in Figure 7.8. A simple decaying logistic function is shown to estimate the
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h/p threshold value. However, additional simulations and experiments are likely necessary

to gain more confidence in this threshold definition.

Figure 7.8: Values of h/p shown vs. θ and color-coded by Fr to illustrate the transition from a
weir flow regime to a sill flow regime for the tilting weir. An equation to approximate the threshold
h/p value for the transition from weir to sill flow based upon the value of θ is shown by the dashed
line.

7.4 Conclusions
This chapter has examined different aspects of the flow field dynamics influencing the

discharge characteristics of flow over tilting weirs. Supporting evidence was found for the

approach taken in Chapter 6, where the tilting weir is treated as type of sharp-crested weir.

Increasing the flow field inertia with respect to gravitational effects by decreasing θ was

found to have similar effects on the flow field dynamics compared to increasing h/p for the
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sharp-crested weir. The primary influences on the discharge characteristics for tilting weirs

were found to be the influence of kinetic energy, represented by K, with the behavior of Cc

being indicative of a transition between weir and sill regimes of flow.
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Chapter 8

Application of Tilting Weirs to

Prototype-Scale 4

8.1 Introduction

8.1.1 Tilting Weir Flow Rating Fundamentals

Tilting weirs (also known as overshot gates, crest gates, LayFlat gates, and pivot weirs)

are commonly used to regulate water levels in natural and artificial channels, as well as

gates on dam spillways. They have also been investigated in the past several decades as

a viable flow measurement device using laboratory model studies (Wahlin and Replogle,

1994; Bijankhan and Ferro, 2018; Pugh et al., 2024). Although reliable flow measurement

structures for channel flow are available in long-throated flumes and weirs (Bos et al., 1984;

Wahl et al., 2005), the motivation for investigating tilting weirs for flow measurement is

found in their dual functionality. Several commercially available tilting weir-type structures

are available on the market for field application (e.g. Obermeyer Hydro Inc. pneumatically

actuated gate, Rubicon Water FlumeGate, Mueller Water Products overshot gate, Waterman

Valve LLC Tilting Weir, etc.). However, thus far there has not been an investigation in the

literature to examine if laboratory-derived stage-discharge relationships for tilting weirs are

appropriate for these structures. this study provides the first comprehensive synthesis of

field calibration data of flow over tilting weirs, developing a generalized framework that can

be applied across diverse field sites.

4The research presented in this chapter has been submitted in revised form upon anonymous peer review to
the Journal of Irrigation and Drainage Engineering under the title “Field Calibration of Flow Over Tilting
Weirs in Canals” by J.E. Pugh, T.K. Gates, and S.K. Venayagamoorthy. This chapter is written to reflect
and acknowledge the contribution of the co-authors.
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Flow over a tilting weir is driven by gravity. At the gauging section in the approach to the

weir, the flow is one-dimensional and hydrostatic. The flow then accelerates and converges

at the crest, inducing a non-hydrostatic pressure distribution. Downstream of the crest,

a free-falling jet (or nappe) forms (see Fig. 8.1), which then plunges into the downstream

pool, entraining air in the process. The hydraulic control point occurs when the flow passes

through a critical section just downstream of the crest, where the lower nappe elevation is

maximum and specific energy is minimized (Castro-Orgaz and Hager, 2017). The discharge,

Q, is estimated by measuring the water surface elevation upstream at the gauging section,

where the flow depth is D. The head, h, is defined relative to the crest height, p, with the

datum taken as the bottom sill on which the structure is mounted. The inclination angle

θ is defined by sin−1(p/L), where L is the weir plate length. Unit discharge, q = Q/b, and

velocity head contribute to the total hydraulic head, H = h+ αU2
0/2g; where U0 = q/D.

An important dimensionless parameter for this study is the channel Froude number in

the prismatic control section:

Fr = q/
[√
g(h+ p)3/2

]

. (8.1)

The classical weir-discharge rating equation is the Poleni equation:

Q = Cd
2

3
b
√

2gh3/2 , (8.2)

where g is the gravitational acceleration constant, and Cd is well-approximated for h/p ≤ 5

using the equation of Kindsvater and Carter (1959):

Cd ≃ 0.602 + 0.075h/p ≡ ξ(h/p) , (8.3)

which is valid for vertical (θ = 90◦) sharp-crested weirs. For ease of notation, this semi-

empirical equation is given the symbol ξ(h/p).
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Figure 8.1: Schematic of flow over a tilting weir, where h/p = 1.77 and θ = 30◦. EGL is the
energy grade line, shown by the dashed line. All dimensions shown are to scale.

Laboratory studies on tilting weir flows were reviewed recently in Pugh et al. (2024).

This study built upon previous works of Bazin (1898), Bureau of Reclamation (1948), and

Wahlin and Replogle (1994) by examining physical models of tilting weir flows in two separate

rectangular flumes. They proposed an adaption of Eqs. 8.2 and 8.3 to the more general case

of tilting weir flows by applying an angle-correction factor, kθ, to the head term h. The

dimensional discharge (Q) and dimensionless discharge coefficient (Cdθ) are then calculated

as:

Q = ξ(h/p)
2

3
b
√

2g(hkθ)
3/2 → Cdθ =

Q
[

2
3
b
√
2g(hkθ)3/2

] , (8.4)
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where Cdθ still remains well-approximated by ξ(h/p). kθ can be approximated by:

kθ ≃ −0.07(sin θ)4.5 + 1.07 ≡ Ω(sin θ) , (8.5)

and for ease of notation, Eq. 8.5 is given the symbol Ω(sin θ). Wahlin and Replogle (1994)

and Pugh et al. (2024) found that for θ < 20◦, it became practically difficult to maintain

free flow of the nappe (especially without a significant drop in the downstream channel bed

elevation). Therefore, Eq. 8.4 is only valid for θ ≥ 20◦. Pugh et al. (2024) also discussed the

importance of considering scale effects at low values of h and ensuring sufficient ventilation

of the nappe. They suggested that, in accordance with Kindsvater and Carter (1959), Cd

remains a function of only h/p as long as (hkθ) > 5 cm (for water under standard conditions).

For h values lower than this threshold, viscous effects alter the discharge characteristics, and

surface tension effects can cause the overflowing nappe to cling to the weir surface. A lack

of sufficient atmospheric pressure underneath the nappe will result in an artificial decrease

in the upstream water level at the gauging station. When the air pocket below the nappe

is under-pressurized or fully collapsed, this is a condition of clinging flow (Johnson, 2000;

Sinclair et al., 2022). This contrasts with submerged flow, where the downstream tailwater

elevation rises sufficiently above the structure crest elevation, to drown out the critical flow

condition in the control section (Bureau of Reclamation, 2001). When the weir is operating

normally between these two extremes, the flow can be described as “free” or “springing”

(Johnson, 2000).

8.1.2 Applying Laboratory-Derived Approaches in the Field

The application of laboratory-derived stage-discharge relationships to structures in the

field has been previously investigated for sharp-crested weirs (Soulis and Dercas, 2012),

broad-crested weirs (Clemmens et al., 1990), and briefly by Wahlin and Replogle (1994)

for tilting weirs. The approach for such a task can be well-formulated by examining the
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WinFlume software (Wahl et al., 2000). General considerations when calibrating a flow

measurement structure in the field are:

1. The construction material (and associated roughness height) of the approach channel,

the prismatic control section channel, and the flume or weir plate.

2. Areas of flow separation creating local energy losses between the gauging section and

the control section.

3. Significant changes in the approach channel velocity distribution compared to labo-

ratory experiments due to: curvature, surface shear (i.e., wind or waves), or channel

boundary shear (i.e., channel boundary material or vegetation).

4. Sediment deposition upstream of the control section altering the dynamics of boundary

layer separation upstream of the structure crest.

5. Tailwater conditions and/or ventilation conditions below the nappe affecting the free-

flow capacity of the weir.

For field calibration of tilting weirs, items 3–5 are likely to be most important. Energy

losses due to surface friction must be considered for the free overfall, long-throated flume,

or broad-crested weir (Rajaratnam et al., 1976). However, these losses can be neglected for

weir flows due to the small size of the boundary layer in relation to the overall flow field

(Bos et al., 1984). However, local energy losses due to flow separation between the gauging

section and critical section (and especially near the weir crest) can still be significant (Bureau

of Reclamation, 2001; Pugh et al., 2025). Additionally, Schoder and Turner (1929) showed

that major changes in the velocity distribution of the approach channel led to variances

in the predicted discharge of as much as 26%. Finally, in sediment-transporting channels,

the ability to pass sediments through a structure is of critical importance, and can have a

major effect on the approach flow conditions and resulting head-discharge relationship (Bos

and Wijbenga, 1997). Although tilting weirs are dynamic structures that can be operated in
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such a way to allow for sediment passage, this does depend on operational priorities and thus

accumulation of sediments over time could be a major consideration for field calibration.

What has been absent from the literature until now is a concerted effort to compile

the existing data on flow observations of prototype-scale tilting weirs under various field

conditions to examine how well a laboratory-derived relationship for the stage-discharge

curve applies. To meet this need, this study aims to:

1. Compile and describe collected data on tilting weir flows in the field.

2. Examine the viability of a laboratory-derived stage-discharge relationship for field ap-

plication.

3. Consider first and second-order effects explaining variances in discharge characteristics

between the laboratory and field.

4. Recommend operational guidelines and further research for prototype-scale tilting

weirs.

8.2 Methodology

8.2.1 Characterization of Field Datasets

This study features the compilation of four separate field study campaigns of discharge

measurements of tilting weirs of various sizes, the dimensions of which are given in Table

8.1. The following sections detail the background of each field measurement campaign, the

type of tilting weir studied, and the uncertainty associated with measurements.

8.2.2 Kutlu 2019 (K2019) and Current Study (PGV2025)

Data collected in the field by the authors included those during the 2024 irrigation season

(PGV2025), and during the 2017 and 2018 irrigation seasons (K2019). The K2019 data were

published previously in a Colorado State University M.S. thesis by Caner Kutlu (Kutlu,

2019). Both data sets were obtained from observations on the three same Obermeyer-type
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Table 8.1: Description of structures examined and range of flow characteristics.

Weir Name Study Name b (m) L (m) n θ (◦) h (mm) Q (L/s) Fr

Montgomery (A) K2019A 6.71 1.52 46 23.6–34.6 195–832 491–9201 0.02–0.25
Magnuson (B) K2019B 6.10 1.92 35 35.3–40.4 216–844 660–8676 0.02–0.17
Mulberry (C) K2019C 4.57 1.85 4 22.8 613–686 4133–4852 0.19–0.20
Montgomery (A) PGV2025A 6.71 1.52 6 25.5–33.1 539–854 4905–11263 0.15–0.28
Magnuson (B) PGV2025B 6.10 1.92 4 30.2–39.4 439–679 4425–7510 0.11–0.19
Mulberry (C) PGV2025C 4.57 1.85 5 31.2–32.3 505–667 3076–4983 0.12–0.17
Oasis WR1994 1.63 1.70 40 20.2–49.0 212–393 352–863 0.04–0.17
Golden Gate Weir No. 1 HG-C2020 24.38 1.83 7 22.9–69.5 149–469 2461–15424 0.01–0.16

Σ147

tilting weirs located within the Larimer and Weld irrigation canal, owned and operated by

the Larimer and Weld Irrigation Company in Weld County, Colorado, USA (see Fig. 8.2).

The studied weirs have been labeled A (Montgomery Weir), B (Magnuson Weir) and C

(Mulberry Weir) for ease of notation. These weirs were chosen because they represented

critical points along the system where a flow estimation served to improve operational effi-

ciency. The general site characteristics of each of the weirs can be viewed in the photographs

in Fig. 8.3 and in Appendix B. The approach channels at each of the three weirs were long,

straight, and of fairly uniform roughness. The earthen canal in which the weirs were installed

was composed primarily of clay, covered by deposits of sand and grassy vegetation along the

banks. Offtake structures (see Fig. B.2) for irrigation water diversion were installed at inter-

vals upstream from each of the weirs. Downstream from the structures, there were concrete

slabs to support the weir hinge and air bladder, followed by concrete blocks and rip-rap

placed on the canal bed to dissipate energy. The characteristics of the weir plates were far

from smooth and of homogeneous roughness, being originally steel plates now covered with

a rust layer. The weir plates themselves were slightly curved and had stiffness plates that

were mounted parallel to the flow direction (see Fig. B.1).

Each weir had an existing stilling well positioned on the upstream side to facilitate flow

depth measurements. The distance between the stilling wells and the crest was measured to

range from 1.22 m to 2.13 m, depending on the setting of θ. This distance proved insufficient
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Figure 8.2: Map of field study area for studies K2019 and PGV2025 within Colorado, USA.

to keep the gauging section upstream from the accelerating draw-down flow-field of the weir;

thus, temporary stilling wells were installed within the channel upstream of the crest and just

downstream of the flow measurement section (see Fig. 8.4). Air ventilation of the nappe was

primarily supplied by diverging sidewalls downstream of the crest. Flow toward the weirs

was guided by concrete retaining walls built diagonally to the flow direction in the upstream

approach to the weir, and parallel to the flow direction near the weir crest. The retaining

walls downstream of the weir expanded to allow for ventilation of the nappe (see Fig. B.3).

It was found that the divergence angle of the retaining walls at Weir B was insufficient for

proper ventilation. Free flow capacity at Weir A was increased by a drop in the bed elevation

downstream of the crest.
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Figure 8.3: Photographs of dewatered measurement locations (a) Weir A; (b) Weir B; and (c)
Weir C. Details are given in Table 8.1. Weirs are not inclined and are laying flat. View in left panel
is upstream, view in right panel is downstream.

Flow Discharge Measurements

A 2,000 kHz Teledyne Marine StreamPro acoustic Doppler current profiler (ADCP) was

used in this study to estimate Q during periods of nominally steady flow. Data collection
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Figure 8.4: Example of PGV2025 ADCP moving boat flow measurement procedure at Weir B.
Q = 7510 L/s; h = 679 mm; θ = 30.2◦. View is downstream.

was achieved using the WinRiver II software (v. 2.24). Flow measurements were performed

at transects slightly upstream of the weirs (see Fig. 8.4). The ADCP was operated in

bottom-tracking mode to determine the flow velocity relative to the channel bed. Moving

bed tests were performed before each of the flow measurements to account for a mobile

bed. A moving-bed condition was observed at all weirs during the higher flow events, which

contributed to increased measurement uncertainty.

For the K2019 study, an even number of transects of the boat-mounted ADCP, ranging

from four to ten, were performed along the cross-section at each measurement location using a

manual rope-and-pulley method. A minimum of four transects were collected, with additional

transects recorded as necessary to ensure that the total exposure time exceeded the general
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guideline of 720 s recommended by Mueller et al. (2013). To quantify a band of uncertainty

in discharge measurements, the relative standardized uncertainty (RSU) in percent, was

calculated following the guidance of Huang (2012). This allowed for the approximation of

standard deviation that was not biased by the magnitude of the mean discharge or the

number of transects, after which a 95% confidence interval for each discharge measurement

was calculated using a z-score of 1.96.

For the current study, improved guidelines on reducing and estimating the uncertainty in

ADCP discharge measurements were made in the intervening six years since the K2019 study.

A remotely operated tagline deployment (NIWA ADCP Traveller) was used to achieve better

uniformity in the ADCP boat travel speed, and a minimum of four transects were collected

where the time per transect was at least 240 s, after the recommendations of Pugh et al.

(2021). Although these general guidelines are available for exposure time, they represent a

rule-of-thumb. Recent worked has focused on more accurately defining the recommended

exposure time based upon direct in-situ measurements of the timescale of the largest eddies

in the flow (González-Castro and Lee, 2020; Díaz Lozada et al., 2021).

The ADCP velocity and bathymetry data collected in WinRiver II were post-processed

using the QRevInt software (v. 1.31 - Genesis HydroTech LLC, Mueller (2016)), which

allowed for an estimation of discharge measurement uncertainty as a 95% confidence interval,

calculated using the OURSIN method (Naudet et al., 2019; Despax et al., 2023).

Flow Depth Measurements

For the K2019 study, values of h for each Q measurement were determined by reading

a staff gauge located on the control channel side-wall using a calibrated auto-level. For

the PGV2025 study, temporary stilling wells were installed just downstream of the flow

measurement section using perforated PVC pipes. The slots of the stilling wells were aligned

perpendicular to the stream-wise direction to prevent sediment accumulation within the

wells. Inside each well was an Onset HOBO water level logger to measure the hydrostatic

pressure on the canal bed. A logger was also placed above the water level surface at Weir A
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to measure the atmospheric pressure. Continuous measurements of flow depth were logged

for the entirety of the measurement campaign at a five minute interval, which allowed for the

eventual calculation of an average flow depth during the measurement time window, along

with a standard deviation for the measurement to characterize uncertainty. At the end of

the irrigation season, the channel cross-sections were surveyed.

Calculations of h were done by finding the relative elevations of: the channel bed at the

location of the stilling well, the bottom sill on which the tilting weir was mounted, and the

crest at the time of measurement. A 95% confidence interval in the value of h was determined

for each measurement from the standard deviation in water level measurement during the

ADCP flow measurement time window. These uncertainties bands were found to be small -

on the order of ±1% of h.

Weir Inclination Measurements

For both the K2019 and PGV2025 studies, θ was determined during flow conditions by

measuring the vertical distance between the weir crest and the top of the concrete retaining

wall with a surveying rod. Then, knowing the total distance between the bottom sill elevation

and the top of the retaining wall, the crest height, p, could be computed. θ was determined,

as shown in Fig. 8.1, as θ = sin−1(p/L).

8.2.3 Wahlin and Replogle 1994 (WR1994)

Stage-discharge data on a prototype-scale tilting weir situated within the Oasis Canal

of the Imperial Irrigation District of Southern California were collected in November 1993

and originally published in Wahlin and Replogle (1994). The channel was trapezoidal and

concrete-lined, with a 0.61 m bottom width and 1.25:1 side slopes. Discharge measurements

were made using a broad-crested weir downstream of the tilting weir, which was reported by

Wahlin and Replogle (1994) to have an error of ±2%. It is not clear how this determination

of measurement error was made, but its value is consistent with other characterizations of

measurement error for broad-crest weir and long-throated flumes (Bureau of Reclamation,
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2001). Head measurements were made using a movable stilling well and point gauge system,

accurate to ±1%. These accuracy ratings were also taken to characterize measurement

uncertainty.

8.2.4 Hajimirzaie and González-Castro 2020 (HG-C2020)

Discharge data of flow over a tilting weir along the Golden Gate Canal located within the

Big Cypress Basin of the South Florida Water Management District (SFWMD) were collected

in 2014 and previously published in the discussion article by Hajimirzaie and González-Castro

(2020). The Golden Gate Canal is unlined and has a trapezoidal cross-section geometry, with

side slopes of 1:2 and bottom widths of 21.3 m and 27.4 m on the respective upstream and

downstream sides of the structure. The bed and bank material primarily consists of sands.

The head and inclination angle measurements for these field measurements were provided

by the second author of this discussion (González-Castro, personal communication, August

2023). These data were collected in 2014 on a triple-bay tilting weir named Golden Gate

Weir No. 1, which functions primarily as a barrier to prevent saltwater intrusion, while

also providing flood control. The crest of the weir is varied using a hydraulic hinge-support

system powered using an electric motor. Discharge measurements were made using a 1200

kHz Teledyne Marine RiverPro ADCP, with uncertainties calculated using the RiverFlowUA

Mathematica package (González-Castro et al., 2016). This package computes the total cali-

bration uncertainty by propagating the calibration uncertainties of the quantities measured

by the ADCP system based on the First Order Taylor Series and the precision uncertainty

of the ADCP and measurement environment estimated statistically from multiple transects

(González-Castro and Muste, 2007).

8.2.5 Method of Propagating Uncertainty

For calculating uncertainty bands of dimensionless parameters which contained multiple

sources of uncertainty (e.g. Eq. 8.4), the worst-case propagation of uncertainty Matlab code
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was used (Ridder, 2025), which attempts to determine the possible maximum and minimum

values of a function via nonlinear optimization and the uncertainty band of each input.

8.2.6 Characterization of Prediction Accuracy

Error associated with the ability of a method to estimate discharge is characterized in

this study using either the mean percent error (MPE) to estimate bias, or the mean absolute

percent error (MAPE) to estimate overall prediction accuracy.:

MPE (%) = 1

n

n
∑

i=1

[

Qp −Qm

Qm

× 100

]

i

, (8.6)

MAPE (%) = 1

n

n
∑

i=1

[ |Qp −Qm|
Qm

× 100

]

i

, (8.7)

where Qp is the predicted discharge and Qm is the measured discharge for observation i

within total observations n.

8.3 Results

8.3.1 General Head-Discharge Trends

Fig. 8.5 plots 143 head-discharge observations (see Table 8.1) from five different tilting

weirs and four independent studies. The four observations of the PGV2025 study at Weir

B were not included in the analysis due to observed clinging flow conditions at the time

of measurement (see Fig. 8.6). Fig. 8.5 indicates the range of scale in the four datasets

presented. The observed h, plotted on the horizontal axis, has been multiplied by the angle-

correction kθ term using Eq. 8.5 to incorporate the effect of θ on the discharge characteristics.

A simple best-fit head-discharge rating curve is plotted here for which Cdθ = 0.56. This value

of Cdθ gives the indication that the discharge capacity for the field-scale tilting weirs was

10–15% less for the same value of hkθ compared to laboratory measurements under similar

h/p conditions, where Cdθ is expected to range from 0.62–0.67. (see Eq. 8.3).

128



Figure 8.5: Unit discharge vs. angle-corrected head (hkθ). A best-fit power equation with ±
5% deviation is shown to illustrate the general trend between head and discharge, as well as the
variability in the relationship due to changing θ and different site conditions.

Note that here Cdθ is not made a function of h/p, in contrast to ξ(h/p). Even with this

simpler approach, it can be seen that the data generally follow the expected trend, where

q ∼ h3/2. In fact, the MAPE for the 95 observations with Fr ≥ 0.1 is a reasonable 8.4%.

This highlights the robustness of stage-discharge relationships for weirs, indicating that in

many cases, if h/p is not varying significantly and field conditions remain relatively stable, a

constant value for Cdθ may suffice for a fairly good approximation of Q. However, there are

also several observations where the MAPE is much larger, on the order of 20–30%. Clearly,

there are some differences in the head-discharge dynamics occurring between the different

weirs and factors that remain to be accounted for.
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Figure 8.6: (a) Free flow at Weir A (Q = 4905 L/s; h = 539 mm; θ = 32.7◦) vs. (b) clinging flow
at Weir B (Q = 4425 L/s; h = 439 mm; θ = 39.4◦) for the PGV2025 study.

8.3.2 An Inertial Threshold

Fig. 8.7a plots the dimensionless discharge coefficients and h/p ratios for the same data

shown in Fig. 8.5. The function ξ(h/p) is shown with a ±5% deviation band, representing

the predicted discharge using Eq. 8.4. Here it can be seen that agreement between the

observed field data and the expected behavior of Cdθ given by ξ(h/p) begins to decrease

with h/p. It can also be seen that data from the same study are grouped together, and often

run parallel to ξ(h/p) with a slight shift up or down (see in particular data for WR1994 and

K2019). This gives the notion that the fundamental physics governing the discharge over a

weir are the same in the field as in the laboratory, but that some additional considerations are

at play in each field study that introduce variability into the discharge prediction accuracy.

Examining the increase in error at low h/p, Fig. 8.7b is helpful in revealing that there

is a well-defined logistic trend between Fr (given by Eq. 8.1) and h/p, for both the tilting

weir field data of the current study, and for laboratory measurements of sharp-crested weirs

(Pugh et al., 2025). We can set a threshold value of Fr that is indicative of when clinging

effects are likely to occur due to a lack of inertia, or when local energy losses caused by

flow separation near blunt edges along the flow path of the weir become significant. This

threshold value is set for the current data as Fr = 0.1, where data with Fr < 0.1 are
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Figure 8.7: (a) Dimensionless head-discharge plot. Vertical error bars represent the 95% confi-
dence interval. (b) Fr vs. h/p, showing logistic increase in Fr with h/p. The black curve represents
a fit from experimental data for vertical sharp-crested weirs, taken from Pugh et al. (2025). Data
below the chosen inertial threshold of Fr ≥ 0.1 are made semi-transparent and outlined in red.

filtered out of our analysis of the head-discharge equation. Fig. 8.7b shows that Fr = 0.1 is

equivalent to h/p ≈ 0.5, which is a similar threshold to that between clinging and springing

flow set by other authors (Sinclair et al., 2022; Johnson, 2000).

8.3.3 Accounting for Field Site Variability

Field conditions such as sediment accumulation, approach velocity distribution, local

energy losses due to flow separation, and ventilation can all influence the discharge dynamics

of prototype-scale structures. Visual comparisons of these site-specific factors are provided
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in Appendix B. Evidence of flow separation creating head loss along the upstream side-wall

was observed at Weir B, as shown in Fig. B.2.

Turning now to a treatment of this variability between different field locations, we in-

troduce an additional field calibration factor (kF ) to the head term so that discharge over

tilting weirs in the field can be predicted as:

Q = ξ(h/p)
2

3
b
√

2g [hΩ(sin θ)kF ]
3/2 → CdθF =

Q
[

2
3
b
√
2g [hΩ(sin θ)kF ]

3/2
] , (8.8)

where kF is calculated for each observation with Fr ≥ 0.1 by running an optimization

procedure to limit the squared error between the observed field discharge coefficient (CdθF )

value and that predicted by ξ(h/p). kF acts as a simple multiplicative factor to h, and

therefore makes the assumption of a linear variation in the weir head between laboratory

conditions and field-specific conditions.

A kF value of unity means that the tilting weir is behaving in the field in the same way

as in the laboratory. If kF > 1, h in the field is less than that in the laboratory, giving

the indication that clinging flow effects may be present in the field or that the nappe is not

fully ventilated. If kF < 1, h is slightly higher in the field to pass the same amount of q

through the weir cross-section at a given value of θ as in the lab. Fig. 8.8 appears to show

that as Fr increases, kF trends towards unity. From this, we can hypothesize that effects

due to field conditions are mainly due to clinging flow conditions, and/or viscous effects due

to increased boundary drag, which become less prominent as Fr increases. We can also see

that for each respective study, the values of kF are closely grouped together, meaning that a

representative value, kF , that minimizes the sum of squared errors between CdθF and ξ(h/p)

for all observations at a particular field site can be used to account for conditions unique to

that measurement location. These calculated kF values are given in Table 8.2 for each study.

It should be noted that for the WR1994, HG-C2020, and WR1994 studies, values of kF

differed by only about 5% from unity, indicating that the underlying physics governing the
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Figure 8.8: Progression of kF term with increasing Fr. Free flow (Fr ≥ 0.1) data shown with
black outline, and excluded data shown semi-transparently with red outline. The weighted average
of all free flow kF values shown is 0.92.

tilting weir flow dynamics remain the same in the field as in the laboratory, but that small

corrections are necessary to account for field-specific sites. Remarkably, the PGV2025A data

did not require any correction for field conditions.

Table 8.2 shows that the kF values for K2019 appear systematically lower than the

observations from the other three studies. Overall, it appears the h values measured by

Kutlu (2019) are slightly higher for the same θ and q values compared to the other three

studies. This is likely due to differences in the methods used to measure h, especially since

the data for K2019A/C and PGV2025A/C were taken at the same weirs. K2019 only used

manual readings from a staff gauge, which are less accurate than pressure transducer water

level measurements (Bureau of Reclamation, 2001). These discrepancies highlight the reality

that field measurements inherently have greater uncertainty due to the dynamic nature of the

observation environment. This further justifies the need for high-fidelity field instruments

with a robust characterization of the various sources of uncertainty present, and for repetitive

observations over multiple time periods.
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Table 8.2: Description of kF calibration values.

Weir Name n kF kF % total
K2019A 38 0.82–0.93 0.88 40%
K2019B 26 0.86–0.92 0.89 27%
K2019C 4 0.89–0.91 0.90 4%
PGV2025A 6 0.91–1.07 1.00 6%
PGV2025C 5 0.90–0.99 0.95 5%
WR1994 15 1.01–1.06 1.04 16%
HG-C2020 1 NA 0.95 1%

Σ 95 0.92

When applying this additional field-correction factor, kF , as in Eq. 8.8, Fig. 8.9 shows

that reliable flow measurement can be achieved for tilting weirs operating under field con-

ditions. Here, CdθF is calculated for each study using the values of kF found in Table 8.2.

For the 95 flow observations with Fr ≥ 0.1 (h/p ≳ 0.5), the MPE is only 0.42%, and the

MAPE is 3.5% - only about 2 percentage points greater absolute error than was found for

the laboratory study of tilting weirs flows (Pugh et al., 2024). With further refinement and

study, it is possible that the MAPE value for field-scale tilting weirs could become as low

as that for dedicated flow measurement devices such as long-throated flumes (1–2%) (Wahl

et al., 2005), or high-quality ADCP measurements (< 3%) (Mueller, 2016).

As a final aspect of analysis, Fig. 8.10a-c shows the distribution of stream-wise velocity in

the ADCP measured cross-section for flow cases with similar Fr. The channel aspect ratios

shown in the plot titles, calculated as the ratio between the channel top-width (Tw) and

the hydraulic depth (A/Tw), decrease moving downstream through the system from Weir A

to Weir C. This plot was created using the QRevInt MAP feature, which creates a spatial

contour map of flow properties using a combination of the measured ADCP velocities and

extrapolation algorithms. Comparing Fig. 8.10a and 8.10c, it is apparent that at Weir A,

the influence of boundary friction on the flow field appears to be less than at Weir C, simply
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Figure 8.9: (a) Dimensionless discharge coefficient, CdθF , corrected for θ and field conditions as
given by Eq. 8.8, plotted against h/p. Free flow data are shown with black outline and blue fill, and
excluded data are shown with red fill. (b) Values of q predicted by Eq. 8.8 against measured values.
The gray patch represents ±5% deviation from the 1:1 line. (c) Relative frequency histogram of
percent error for the 95 free flow observations shown in panel (b).

by virtue of the qualitative differences in the velocity contour map. This can also be seen in

Fig. 8.10d when comparing the stream-wise velocity in a vertical at the mid-section of the

channel. The velocity defect regarding the theoretical turbulent smooth channel logarithmic

profile is greater at Weir C than it is at Weir A. Thus, the velocity profile at Weir C appears

to be more inhibited by friction than at Weir A, which helps explain the lower kF value

at Weir C. As the aspect ratio grows smaller, we should expect the influence of boundary

friction to grow larger, reducing the flow velocity, increasing the flow depth, and decreasing

Fr.
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Figure 8.10: (a–c) Contour maps of dimensionless streamwise velocity and bathymetry from
ADCP data at three field sites with similar Fr. Case A4: Q = 6468 L/s; h = 583 mm; θ = 33.1◦.
Case B2: Q = 7471 L/s; h = 638 mm; θ = 32.1◦. Case C1: Q = 4983 L/s; h = 649 mm; θ =
31.2◦. Dt, Tw, and A denote the thalweg depth, top-width, and cross-section area respectively. The
channel aspect ratio is given by T 2

w/A. (d) Vertical velocity profiles at mid-channel, overlaid with a
theoretical smooth-channel log-law profile: u/u∗ = (1/κ) ln(zu∗/ν) +B, with values for κ, u∗, and
B taken to be 0.4, 0.05 m/s, and 5.2, respectively.

Although kF values were not available for Weir B, it can be seen that the flow field at

this site represents an intermediate case between Weirs A and C in terms of the relative

amount of boundary shear influencing the velocity distribution. It should also be noted that

the observed velocity profiles in the earthen canals of the current study deviate markedly

from the theoretical log-law profile for a turbulent flow in a smooth channel, due to the size

of the boundary layer and the wake region near the free surface (Guo and Julien, 2006). This

has been recently highlighted by Fenton (2025) with implications for discharge estimation
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in naturally rough channels. As can be seen when comparing the approach flow conditions

for each weir in Appendix B, there is some qualitative evidence for greater surface shear

due to wind and Weir A, whereas the flow conditions at Weir B were found to be quiescent.

Together, these findings show that field conditions for tilting weir flow measurements can at

times differ significantly enough from the rectangular smooth channel laboratory conditions

in which stage-discharge relationships are derived, highlighting the need for the additional

correction term, kF . As Weirs A and C in the PGV2025 study both exhibited similar in-

stances of local energy losses caused by flow separation along the side-walls in the approach,

but different mean values of kF , we can make the tentative inference that calibration of kF

is likely influenced most significantly by channel boundary conditions affecting the velocity

distribution of the approach flow. This points to the need to accurately survey channel

cross-sections and characterize boundary roughness when taking field measurements. Future

investigations could be made into the relationship between kF and the kinetic energy correc-

tion factor, α. Previous studies have attempted to make similar adjustments based upon the

velocity distribution (Schoder and Turner, 1929; Kolupaila et al., 1958). Other factors such

as the head measurement technique, clinging flow conditions, insufficient nappe ventilation,

and submergence can influence kF as well.

In summary, the key findings from this study are:

1. Variations from idealized laboratory conditions are present in the field. For this reason,

an additional calibration factor, kF , must be included into the tilting weir discharge

equation.

2. kF is likely influenced most significantly by channel boundary roughness material and

its influence on the velocity distribution of the approach flow.

3. Other non-ideal field conditions, such as surface shear, clinging flow, insufficient nappe

ventilation, or localized head loss due to flow separation, also influence kF .
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4. Proper construction of the downstream structure side walls, operating with θ ≥ 20◦,

and ensuring the flow condition for measurement exceeds the inertial threshold of

Fr = 0.1 (h/p ≈ 0.5) all help to mitigate the non-ideal conditions affecting the nappe

formation listed above.

5. kF trends towards unity with increasing flow inertia.

6. If the head correction term kθ ≃ Ω(sin θ) is applied to h, and the range of operational

h/p values is small at an individual field site, a constant value of CdθF can be calibrated

to allow for a fairly good estimation of Q within ± ∼ 8.5%.

7. If kF is calibrated for a specific field site, Eq. 8.8 can be used to predict Q within

±3.5%.

8.4 Assessment of Limitations
Although this study provides a framework by which discharge may be calculated for

field-scale tilting weirs using laboratory-derived equations, we recognize additional insight

is needed about the physical meaning of kF . We use kF to correct field-observed data to

what would be expected in the laboratory; but, given the current limitations of the study

it is not yet possible to separate the individual contributions of boundary roughness, flow

separation, nappe ventilation, and measurement of head and weir geometry into to the

nature of kF . A more thorough analysis is needed in the future to quantify these effects

separately. For example, a laboratory flume study could be completed to determine the

effect of relative roughness on the reduction in discharge capacity for tilting weirs, similar

to the work of Rajaratnam et al. (1976) and Davis et al. (1998) for the rectangular free

overfall. Furthermore, we make the assumption that the energy losses represented by kF are

independent of flow condition. Future work could investigate the variability of kF with Fr.

Even with these unknowns, we believe there is sufficient evidence to suggest that the first-
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order contributing factors to kF are boundary roughness and approach flow conditions, with

second-order effects being flow separation, clinging flow, and insufficient nappe ventilation.

Additional detailed field measurements made by other researchers, with reliable estima-

tions of the multiple sources of uncertainty in the parameters required for the flow rating

procedure of tilting weirs (i.e., h, b, L, p, and Q), are encouraged by the authors to validate

the field site correction procedure laid out here.

Although the presented methodology and framework has the potential to be broadly

applicable, it should be noted that these data were all collected within engineered channels.

It remains to be seen how this approach fares when applied to tilting weirs located within

natural unlined channels where the approach features a less uniform cross-section geometry.

Finally, we recognize that the operational constraints laid out (i.e., θ ≥ 20◦ and h/p ≥

0.5) may be infeasible to achieve for some legacy structures (e.g. HG-C2020), which were

primarily designed for management of water levels instead of flow measurement, and as such

the values of h over the structures are often quite small compared to p.

8.5 Conclusions
this study has examined the viability of prototype-scale tilting weirs for flow measure-

ment in engineering channels using a stage-discharge relationship developed from a physical

modeling laboratory study. In order to account for site condition variability, we have in-

troduced an additional field calibration factor, kF , to the head term in the tilting weir flow

equation. The average value kF was found to vary between 0.88-1.04 for the five field mea-

surements sites examined. This corresponds to a change in discharge capacity between −17%

and +6%. Considering field measurement uncertainties, reduction is more likely on the order

of 5-10% for rough channels in the field compared to laboratory measurements in smooth

channels. The recommended operational constraints for flow measurement using tilting weirs

are: θ ≥ 20◦ and h/p ≥ 0.5. The primary factors causing a reduction in discharge capacity

are hypothesized to be the drag induced by roughness in the approach channel. This finding
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is in agreement with the earlier hypothesis of Rouse (1961) in his summary of Schoder and

Turner (1929):

“Even then, Schoder has shown, variation in the velocity distribution in the chan-

nel (caused, for example, by variation in relative roughness) may easily affect the

rate of discharge for a given head by as much as 5%. This is probably the reason

why formulas developed from flow over weirs in short, smooth, laboratory flumes

often fail to yield satisfactory results in the field.”

This study has provided some preliminary evidence for this hypothesis and established a

framework for using prototype-scale tilting weirs as flow measurement devices. However,

more investigation is needed to understand more precisely why kF varies, and to potentially

offer prescriptive guidance on its calibration based upon specific field site characteristics,

such as Manning’s n. This work lays the foundation for future advancements in tilting weir

design and operation, enabling system operators to enhance water management efficiency,

reduce infrastructure costs, and better adapt to evolving irrigation demands.

8.6 Practical Application
Accurate flow rating of a tilting weir under field conditions can be achieved by the

following process:

1. Retrieve the dimensions of the weir plate: L (plate length) and b (crest length).

Measure L with respect to the bottom sill elevation.

2. Obtain a measurement of the sill-referenced crest height, p.

3. Calculate the inclination angle (θ) using measurements of L and p (i.e., θ =

sin−1(p/L)). For best accuracy, ensure θ ≥ 20◦. OR:

4. Alternatively, determine the inclination angle directly using an inclinometer or

similar device, and then determine the crest height (p = L sin θ).

5. Estimate the value of kθ using Table A.1.
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6. Measure a sill-referenced flow depth, D, in the approach channel, ideally using a

stilling well and pressure transducer. Give care not to choose a gauging section that

is within the zone of draw-down over the weir. Typically, an upstream distance of at

least four times the maximum expected head over the structure is sufficient for the

gauging section location.

7. Determine the head over the weir, h = D − p from measurements 4 and 5, and

calculate the ratio h/p. For greatest accuracy ensure h/p ≥ 0.5.

8. Estimate the value of CdθF using Table A.1.

9. Choose a first-guess value of kF between 0.9 and 1 based upon given site conditions.

A lower kF allows for greater energy loss compared to a smooth channel. A kF of 1 is

indicative of a straight, smooth channel.

10. Estimate Q using the equation:

Q = CdθF
2

3
b
√

2g [hkθkF ]
3/2 (8.9)

11. Obtain an independent estimate of Q, using an ADCP or nearby flow measure-

ment structure.

12. Adjust kF iteratively using an independent flow measurement until the predicted Q

(Eq. 8.9 aligns closely with the observed discharge.
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Chapter 9

Summary and Conclusions

9.1 Investigative Summary
This dissertation encompasses an investigation of the flow characteristics of tilting weirs

using a comprehensive approach that integrates laboratory experimentation, computational

simulations, and field-scale observations. The research was motivated by the limitations of

existing empirical formulations for tilted weir structures and the need to develop a physically

grounded, generalizable framework for their use in both research and operational settings.

A foundation in the governing equations of fluid motion was laid to frame the numerical

modeling and later development of semi-empirical equations for discharge estimation. A

detailed literature review explored prior work on curvilinear, rapidly-varied open channel

flows, emphasizing the unique transitional nature of tilting weirs between vertical sharp-

crested weirs and horizontal free overfalls. Laboratory-scale flume experiments were carried

out at two separate facilities using high-resolution instrumentation, including Particle-Image

Velocimetry (PIV), and Acoustic-Doppler Velocimetry (ADV). These laboratory experiments

examined both bulk parameters related to calibrating a stage-discharge relationship for tilt-

ing weirs, and aspects of the two-dimensional flow field related to the dynamics of the

overflowing nappe and boundary layer separation upstream of the weir. These were supple-

mented by Reynolds-Averaged Navier-Stokes (RANS) simulations to explore flow cases that

were not available to investigation in the laboratory due to physical modeling constraints.

A new discharge equation was developed for tilting weirs that incorporates the inclination

angle through a correction term kθ, validated with over 400 experimental observations at two

separate facilities. Field-scale validation of the lab-derived rating equation was conducted

across multiple prototype weirs within an irrigation canal system in Northern Colorado,

introducing a secondary correction term kF to address variability in approach flow, nappe
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aeration, and channel geometry present. The research concludes with a practical framework

that allows tilting weirs to be implemented as dual-purpose structures to regulate stage and

measuring flow with accuracy and physical fidelity.

9.2 Key Findings
1. Discharge Coefficient Decomposition: The classical discharge coefficient for sharp-

crested weirs was decomposed into its constituent physical parameters, clarifying the

roles of flow contraction, kinetic energy head, and viscous energy losses in discharge

prediction.

2. Generalized Rating Equation: A new rating equation was derived that incor-

porates the tilting weir inclination angle via a correction factor kθ. The proposed

formulation converges with classical theory in the limiting case of the vertical weir.

3. Laboratory Validation: The new equation was validated against over 400 high-

resolution laboratory observations across a range of inclination angles, flow conditions,

and channel geometry configuration - demonstrating consistent predictive accuracy.

4. Flow Dynamics Characterization: Detailed flow field measurements and RANS

simulations revealed the importance of boundary layer separation, Reynolds stresses

contributing to mixing of momentum, vertical pressure gradients, and energy dissipa-

tion zones in understanding the behavior of the discharge characteristics under variable

θ and h/p, particularly in identifying the transition between weir and sill regimes.

5. Definition of Operating Regimes: Based on experimental and numerical data, the

study defined thresholds for flow regimes (weir vs. sill), as well as more practically

minded regimes for measurement accuracy, helping guide the deployment of tilting

weirs to ensure optimal measurement accuracy.
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6. Field-Scale Application: The proposed lab-based equation was applied to field data

from multiple prototype tilting weirs, showing strong agreement when corrected using

a field term kF that accounts for real-world variability.

Overall, this dissertation work has aimed to be a significant step forward in taking a fresh

look at a long-studied and ubiquitous hydraulic structure: the weir. Leveraging state-of-the-

art investigative techniques towards this problem has allowed new insights to be garnered

that will help usher in a new perspective on hydraulic structure design that can meet the

dynamic and multi-faceted water resource needs of the 21st century, particularly regarding

more accurate flow measurement and more efficient stage regulation.

9.3 Avenues for Future Work
While this dissertation offers a comprehensive framework for characterizing tilting weirs,

several avenues remain open for further exploration:

• Adaption of Discharge Equation for Submerged Conditions: Free flow condi-

tions will not always be guaranteed to occur in realistic field scenarios, despite the best

intentions of the design engineer and system manager. Investigation into the behavior

of the tilting weir discharge equation under submerged conditions is necessary to a

comprehensive understanding of this topic.

• Continued Validation and Further Exploration of Flow Field Dynamics:

Chapter 7 presented several analyses of the flow field dynamics for tilting weirs that are

preliminary in nature. Further experimental and computational work is warranted to

further explore the trends and initial insights presented therein, especially related to the

mechanism for increased discharge capacity observed for tilting weirs, and quantifying

regions of TKE dissipation.

• Influence of Weir Blade Characteristics: Examining variable aspects of the weir

blade, such as curvature or blade roughness, on the associated components of the
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discharge capacity related to nappe contraction and local viscous energy losses could

result in a new frontier of tilting weir design that optimizes structure functionality.

• Comprehensive Study of kF : We have introduced kF in this work as a practical

correction factor to adapt laboratory-derived discharge equations to realistic field con-

ditions. However, a physically based understanding of this term is still lacking. Further

laboratory and numerical investigations are warranted to understand the hierarchy of

effects influencing the behavior of kF .

• Management of Sediment Transport: Investigating the nature of the tilting weir

as a hydraulic control to predict near-bed dynamics influencing sediment transport,

such as u∗ or −ρ⟨u′w′⟩. This could allow for simple measurements of h and θ to be re-

lated to an estimate of sediment transport capacity, further increasing the functionality

of tilting weirs.

• Fish Passage Around Tilting Weirs: Similarly to an estimation of sediment trans-

port capacity, the ability of the tilting weir to predict flow parameters related to fish

passage, such as the presence of recirculation zones or the magnitude of the bulk chan-

nel velocity, could be further studied to determine the operating parameters under

which fish passage is likely to occur.

• Downstream Conditions: Examination of the effect of h/p and θ on the channel

conditions downstream of the weir, such as bed shear stress, air entrainment rate, and

size of downstream recirculation zone could help inform engineering design for tilting

weirs.

• Real-Time Flow Control Integration: The incorporation of tilting weirs into smart

water infrastructure with real-time sensors and actuators presents exciting possibilities

for adaptive water management.
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• Broader Geographical Application: The discharge framework and field-related

correction factor should be further tested across diverse channel geometries (natural

and artificial) and geographical contexts, including arid, tropical, and mountainous

environments, to assess robustness under varying hydraulic regimes.
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Appendix A

Lookup Table

Table A.1: Values of CdθF from Eq. 8.3 for various values of h/p, and values of kθ from Eq. 8.5
for various values of θ.

h/p CdθF θ (◦) kθ

0.5 0.640 20 1.069
0.55 0.643 25 1.069
0.6 0.647 30 1.067
0.65 0.651 32 1.066
0.7 0.655 34 1.065
0.75 0.658 36 1.064
0.8 0.662 38 1.062
0.85 0.666 40 1.060
0.9 0.670 42 1.059
0.95 0.673 45 1.055
1 0.677 47 1.053
1.05 0.681 49 1.050
1.1 0.685 51 1.047
1.15 0.688 53 1.045
1.2 0.692 55 1.041
1.25 0.696 57 1.038
1.3 0.700 60 1.033
1.35 0.703 62 1.030
1.4 0.707 64 1.027
1.45 0.711 66 1.023
1.5 0.715 68 1.020
1.55 0.718 70 1.017
1.6 0.722 72 1.014
1.65 0.726 75 1.010
1.7 0.730 77 1.008
1.75 0.733 79 1.006
1.8 0.737 81 1.004
1.85 0.741 83 1.002
1.9 0.745 85 1.001
1.95 0.748 87 1.000
2 0.752 90 1.000
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Appendix B

Field Site Photos
To illustrate the site-specific conditions influencing discharge calibration, Appendix B

Figs. B.1-B.3 show field photos of the study sites. These highlight key characteristics such

as sedimentation, bed roughness, vegetation, flow separation, and blade characteristics; all

of which contribute to the need for field correction factors.
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Figure B.1: Site characteristics at Weir A. a) Approach flow conditions looking upstream, with
evidence of surface waves due to wind shear. b) Bed elevation drop downstream of weir. c) Nappe
breakers providing aeration to flow. d) Approach to the weir looking downstream, with location of
energy dissipators, stilling well, and control house shown.
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Figure B.2: Site characteristics at Weir B. a) Approach flow conditions looking upstream, evidence
of quiescent flow. b) Evidence of flow separation on the left-hand-side approach. c) Sluice gates for
lateral offtakes. d) Evidence of sediment deposition and head loss due to flow separation.
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Figure B.3: Site characteristics at Weir C. a) Approach flow conditions looking upstream, some
curvature in channel approach can be seen. b) Evidence of aeration due to divergent sidewalls
downstream of crest. c) Corrosion on surface of weir blade. d) Rip-rap placement downstream of
weir to dissipate energy. e) Mounted weir structure on bottom concrete sill.
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