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SYNOPSIS 

A s'..udy of total bed-nate rial discharge in aU1.1via.l channels, partially based on 
existine; t heories .,_ has been conduc t ed . 

The bedload discharge was _obtai ned by utilizing the energy-vork relation of the 
fluid and the bed r:m.terial. An equation for ve l ocity dist ribut ion was obtained 
by integrating the R:7nolds equat ions using Pr undtl' s hypothesis of mixing 
length. 

Applying the basic equati on for the distributi on of suspended load by O'Brien , 
the suspended bed -material discharge ,.,as inve stigated in te rr.is of bcdloud. dis ­
charge . Then , the total bed -;naterial d i scharge was obtained simply by adding 
the bedload discharge and the suspended bed- r...B te r Jal discharge . 

The result s throur;h che cking wi t h available la boratory and field data appeared 
to be mut~ally c onsistent and sat i sfactory . 

RESUME 

Une etude du debl t solide tot al dan s les fleuvi! s a lJ uvionnai r es , basee en partie 
sur de s theorie::; existo.ntes , o. ete cr: t r cp:-isc . 

Lcdebit solide d~ f ond a etc obtem.1 e n ut.i i sant la r elati on travail -energie 
du f l uidc et du r::ateriau du li~ . Une fo;nule donnant la r epartition de s vite sses 
a cte obt e nue e:1 integrant le s eq•rnt .!. ans de Rcyr.olds ·ct en utilisant 1 ' hypothcse 
de la loneue r de nelan£e de Pre..ndt ~. 

Le debit solide en suspens ion a e t e etud i e en fonction du debi t solide de fond 
e n a:ppli quant la. fo r mule fondru: ::cnt nle pour la r ..:!partl t iou c.e s so lides e:1 
su spension d 'O ' B:- i e:1 . Pu i s le debit so lide t o~al e. sicyle.t:1ent etc cakule e n 
a.dd i ti ~nnnn t les debi t s solides de f ond e : en suspe ns ion . 

Ln ve r ificat icn c.e ces calcul s avec.: l ~G resultati., di i.,ponibles de raesure s 
e ffc c tu6e s e r. laboratoire s e t in s itu scmb lent mutuelleme nt sonsistlli~ts et 
sati sfa isants . 



1. Introduction 

The cross section of alluvial cho.nne ls is _constantly changing in ti.me be cause 
of the unsteady nature of the wat e r and bed-material disclmrge . Any change in 
water discharge r es ult s in a pertubation in t he sediment d.lacharge with the 
consequence that the bed of the s t ream is either scoured or filled. 0-;er a 
lo:-ig tini.e per lod. the net scour and f 111 may be zero. Thus there may be no net 
change in the cro ss section . But during this tin.-e period. the cross section will 
be constantly varying with time . Kno~ledge of t hi s t~ variance of t he cross 
section is very important to ma..·1y aspects of hydraulic enginee ring suc h a s 
design of channels , flood-relie f way s , and highway-bridge cros sings. 

A r e ce nt study has developed a method of predicting bed-material transport for 
the steady ca se. This method by proper progra.m.i~ for computer analys is ma'/ be 
used to determine the sediment transport a s a function of time. Thus by proper 
routing of the water and sediment discharge through a cross sect.ion the variance 
vith time of this cross section can be determined. 

In this study the principal fa ~tor s investigated included : 
a. The classification of the graded sands which compri se the bed material of 

natural alluvial channels . 
b. The development of the velocity di stribution 1Jhich applies to open channel 

flow. 
c. The subdivision of the total bed -materiP.l load into component s based upon 

significant forces to whic h t he particles are subjected. 
d. Relations for es t imating suspended bed -material discharge, bedload discharge , 

and hence , total bed-material discharge . 
e. Application of the total bed -material di scharge relations t o laborat ory and 

field conditions. 

The laboratory data used f or t :1.e inve stigat i on .rere collected by the U.S. Geo­
logical Surve y ( 1 ) at Colorado State Unive r si ty, Fort Collins , Colorado, the 
fie ld data were given by Bishop (2 ) and were also tabulated in Chang 's (3) 
dissertation . 

Not ation : The let t er symbols used are defined and pre sented alphabetically at 
the end of t he paper. 

2. Detennin:1tion of Sediment Size 

Numerous methods have bee n u .. ed t a defi ne a r epre sentative mean diame t er of bed 
material. These may be divided into two groups : (a) methods based on physical 
siz.e , and (b) method based on :'!ill ve Locity . The second method ,,,,.as developed 
be cau se the phys ical s ize of n ::,ed.ii;,.ent particle is not an adequate ffieasu r e of 
tne behavior of the particle movins i n a fluid . This ide a was ~~rther extend >d 
to find ing t he representati ve ~ea.n di e.cete r by con~idering t he ecergy di ssipated 
by t he r el&tiv motion be t .ree n a particle and a fluid. 

( l ) Si r:icn s , D. B. and Ri cha rd sor., E V. , 1961, Studies of flow in alluvial · 
channel ::; - -b0.sic data from f lum,, ex1•e r L:n-:: nts . Colorado Stat University , 
Civil Engine er ing D~pt ., Rept . CErt6 : ~:VR3 l. 

(2 ) B:Lshap, A. A., 1961, S0diment transport in alluvial chan.n~ls, a critical 
exar.:ination of Einstein ' s t heory . Ph . D. dissertation) CJ lorado State 
University, FJ r t C~llins , C0lorruio . 

(3) Chang: F . M., 1962 , An investigation of total sediment discharge in a 
alluvial channels. Ph .D Dis sertatLon, C._- lorado State Uni ve r sity , Fort 
CJllins , Colorado. 



_The e quivalent diameter, d , is defi n~d as the diameter of a particle 'W'hich 
may r epresent a group of partic le s su ~n that the product of t he n~ber of;the 
particles and the rate of vork done b:r a particle having this equival ent di ameter 
is equal to the s \..l.IIII:Jation of the rate o:' vork done by all i ndividual particles. 
The equivalent diameter can be obtaint'.Cl oy computing equivalent fall velocity, 

w , by r, P. 

w = [ Pi wi / r pi (1) 
,· . 0 ' 11 0 

t he n d can be determined from the re J.a.tion.;;hip between fall vcloci t y aud t he 
diameter of particle (4). 

3. Velocity Distribution in Open Channels 

The Reynold s equation for two dinensional , ste ady uniform, ope n channel flov is 
expressed as 

S. o ( a u ) ci (-,-, ) pg 1n a + o Y µ TY = p 17 u V 
(2) 

Applyi~g Prandtl ' s lll.lxing length hypothesis vith boundary condition 
u 

( µ y) = r O and Eq . 2 can be simplified for the r egion excluding the thin 
Y:O 

layer near t he boundary as 

whe re 

d u 

d( 

= 

= 

y / d 

, 0 = yOSina 

J 1.0 -c 

Intcgratine E~. 3, t he veloci t y distribution fo:::-mula is 

u -- u 

2 ~ I k 
= ln ( I 

3 

(3) 

(4 ) 

The analysis of l a borato;ry datu s:10,'s the relr,.ti on between Karman' s coefficient 
and Reynolds number ~ a s £ i ': e n in Flt:; . 1 . 

r 
4. Total Bed -K:: te ria l Di. scha,fe 

Se d ioen t transp o:-ted by fluid, :ro;.1 co:1 s i dc ration of the diffe re nce in the 
mecha.'1ics of transport, is eener 12.:,· ll..:.v~Jed into bedload and suspended bed ­
rnaterlal loud. In t·..ro dir;-.ensional flow, the total bed - material d i scharce qt 
is 

(5) 

( ~) U. S. Intcr -A6e ncy Subcomrr.ittec on S-~ dinicn tation, 1957. So:ne fundamentals 
of particle si~e ar.uly sis . U.S. Inter-A5ency Rpt . No . 12, U. S. G--=ol. 
Survey, Minne apolis, Minn . 



a. Bed-load discharge 
Applying du Boys (5) analysis 'Which a s::;,.1:ned th.at the propulsive movement of the 
granular bed material varied gro.dually a.nd uniformly from a mlximwn at surface 
level to zero at some depth b..: lo'w thi s l ~vel , the thickness of t he bed.load. 
layer, a , is 

a = 
( 1-e )( r- r) tan¢ 

The bedlond discharge, qb , is expre ssed as 

qb • [ cb ub dy 

Using mean values, Eq. 7 may be w"Titten a s 

where 
qb = Ml cm Ub a 

0 

M • 1 c b u b d y / cm U b a 
0 

(6) 

(7) 

(8) 

C is the mean concentratio:i of the bed.load layer e.nd probably is closely 
m 

related t o t he concentration of the stationary bed l.'hich h e.s a value of 
(1 - e)r 

s 
hence 

Cm = Mz ( I - e ) Y5 
(9) 

= constar1t 

Combining Eq s . 8 and 9, the bedload discharge per unit width of channel is 

(10) 

Using a concept given by B~gnold , R. A. (6), v i th re spect t o the movenent of 
the bedload , the system is r egarded a s a fluid dynamic tra.nsportlng machine 
and Eq . ' 10 can be expre ssed a ~ 

(11) 

b . Suspended bed -~~teriul di sc; a r~e 
The basic equation for t he d~ ,-::·iou tion of suspended bed-material is 

de 
£5 dy t- w C = 0 (12) 

Applyine Prandtl ' s nixin£ le,,1,th ~tyT,:,:!esis a.wi Eq . 3, Eq. 12 can be in:ebrA.teu 
as 

C ~ z 
= A1 ) 

Ca I- ri-=r (13) 

where A1 
I - It=ca / = 

r -[a-
2 w 

! a 
z = = --

,B ~K (} D 

( 5) Lelie.v sky , S., 1955, An introduction t o fluvial hydraulics, Constabel 
und Company, Ltd . , London . 

(6) Bagnold, R. A., 1960, Sediment discharge and stream power . U. S. Geol. 
Survey Circ . 421 . 



As suming the ratio of 
transporting f luid is 
vidth of channel is 

the ve locity of t h~ suspended bed material to that of the 
nearly unity, sus ~nded bed-material di scharge per unit 

0 I 

qs = Jes us dy = D j e u dy 
a <o 

which by integration , becomes 

qs = D Ca ( U I I - 2 ~ I 2 ) 

(14) 

(15) 
where 

The values 

As an approximati on , the concer:tra.t ion, C , wo.s as swncd as 
- q q a 

C = b = b (16) 
a a u rva u 

where r is the r atio of the velocity at y = a to mean velocity . 
V 

.. 
T~ere for e , the t otal suspended bed-material di scharge pe r unit width of channel 

qs is 

wher e 

D qb 

0.8oU (17 ) 

Rs = o~au ( u1, - 2 ~*12) 

to bcdload . 
wh ich is the ratio of suspended bed m!lt c rial 

5. TJ tal bed - C'l.'.J.t erial discharge 
The t ot al bcd -na.ter ial discharge per uni t width of channel 
calculated from 

q = 
T qb + q s = qb( 1.0 + Rs) 

or 
qT = KT ( r 

O 
- re ) U ( 1.0 + Rs ) 

vhc r e 
rs 

Kr = Kb ( ~-r ) tan cp 

may no'"' be 

(18) 

(19) 

The total bed -mate r ial discho.:rbe coe :' f'ident, K,.r , is an expe rimental coef-
fic ient whi ch i s a functi on of lbe t e e: ~1<'\ t. e rlnl , the bed configurati on, and 
f low char acteri stics . For t:1c ;:'l llElC uatt. , K.r ,;as fo·.md to be a funct ion of 

_LI_ . To . S 
bed mate r i al and ~ 6 1 d a s shm,:n in Lg . 2. C::imputatlons of values of 

1S_, f or each of t he three nat ·ral r ive rs $tud ied showed they were cons tants 

f or ea ch rive ::- . 

The corr.pari son of t he me a $t:. r ed tota :. t.,,!:1 -:na ter i al discharge and the value 
cstima cd uy Eq . 19 for l oL. fl ume runs n.nd f or 57 sets of r1a t ural r i ve r data 
is gi ven in F i. g . 3 . For both case s , !:l.£recment be tween mensurec and cor.1pu t ed 
bcd -ffi.O.tcrial di s c~arge i s sat isfac t ory . Bi sh:.:>p (2 ) ccurput ed the total bed ­
mate r ial di schar ge using Einste i n' s fu nction for the same f lurr~ data. For 23~ 
of f lu.~1c data, t he e rror us i n[; E:;.. ns t c in- ' s funct i on exceeds 001, . Compar ing t he 
corr~ut cd total bed -materi al dischar ~e by the method preseDted he r e in with me a ­
sured total bed -::nn t erial dischar ge , onl y for 43~ of t ~e data does the error 

y pp lQQ% 



5. Summary and Conclus i ons 

A size classification for graded sands based upon the ene rgy value of the 
particles was developed . Classification considers the gradation of the sand 
on the basis of t he energy needed to suspend each size f raction. -Using this 
method of size classificat ion, the · need to subdivide the bed material into 
fracti ons in order to compute the t otal bed-mate.rial discharge .is eliminated. 

A velocity distributi on equation was obtained by integrating the Reynol ds 
equation by us ing the Prandtl mixing length hypothesis. The theoretical velo­
city distribution f i tted t he expe rin~ ntal data for the plane bed con.figuration 
very well. Considering the cpnce and titre variation of the point velocity 
when the bed configuration was dunes, the derived veloc ity distribution curve 
fit the data as we ll a s could be expected . 

An equation was developed to de terru.ne the bed-oaterial discharge by di viding 
it into two parts; the bedload and suspended bed material. The bedload was 
obtained by applying the work -energy relation betveen sediment and flu id . The 
flui n dissipates a part of its energy to transport bedl oad. The suspended 
load • ..as obtained by integrating t he O'Brien 's suspended bed-material distribu ­
tion equat i on asswning that 1:he hor izontal velocity of suspended bed material 
is the sa::Je as that of t he transporting fluid and the sediment transf er coef ­
ficif~nt is l i neraly :proport ional to the diffusion coefficient of the fluid . 

The total bed - material discharge can be expressed by Eq. 19. 

The total sediment discharge coe ffici e nt ~ is an experimental coefficient 
vhich wa. s fo und to be a f unction of the bed material and flow vari ables f or the 
f lume data a.nd was constnnt fo r each natural river vhich was stuuied. The 
re sults through checking with ava ilabl e laboratory and field data appe ar t o be 
mutually consistent and satisfactory i n the sense of sedi~£nt t r ansport t heory 
fo r both flume data und natural r ive r data . 

The e.dYantae;e of t he t ota l bcd -rote r i a l discharge f onn:.ila. developed :n this 
paper a.re : a) because the f ormula i s based on mean ve l ocity of f low, the 
comparably accurute r esult s can be expected ; b) comput~tion is no t compli cated . 

a 

C 
a 

C 
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Cb ' C 
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C 

D 
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e 
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~ 
K,. . 
r 

p 

SYMBOLS 

t hickness of bed l oad layer 

concentration at y = a 

m?nn conce ntration of the bed load laye r 

weights of sedi r:cnt in a. uni t vol,~ of Yater- sediment, rr.ix ture 
in t he bedload zone a:-id suspcn:ed load zone 

concentration a.t 'i s tar. ~e y from the bed 

depth of flo\l 

equivalent d irui~t er of particle 

poros ity of bed materiel 

t he grn.vi t ati onul a~cc l e r a :.,i:>r 

expe ri r.enta l con s tant 

experirr.cnta l con ,: tur.t 

J ~ 10 

t otal be -material discha.,£0 coe ffici e nt 

pe r cent by weight of the given cize fraction 

-6-
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Ub 
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\\1 u 
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u' , v' 

y 

a 

t3 

.,s,.., 
€ 

s 
I( 

t 
µ 

PS, p 

T 
C 

~ 

CJ.) 

the ratio of t te ve locity at y • a to mean veloci ty of flow. 
r :::::: o.8 (Experi~nt) 

V 

mean velocity of flov 

mean velocity of bedload 
I 

velocity at distance y ~rom bed 

actual velocity of sedi~nt in bedload zone and suspended load zone 

fluctuating components of ·,cloci ty in x 

distance from bed surf~ce 

bed slope 

y directJcns 

ratio of the sedtrrent transfe r coefficient t o the diffusion 
coe f fi cient of fluid 

specific weights of sedlncnt and fluid 

sediment transfer coefficient 

Karman' s coefficient 

relative depth, y/ D 

dynamic viscosity 

densities of particle and f l uid 

critical tract ive f orce 

frict i on angle of bed material in the Yater 

equivalent fall ve loc:ty of particle 
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