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ABSTRACT 
 
 
 

FLOODWAVE AND SEDIMENT TRANSPORT ASSESSMENT  

ALONG THE DOCE RIVER AFTER THE FUNDÃO TAILINGS DAM  

COLLAPSE (BRAZIL) 
 
 
 
The collapse of the Fundão Tailings Dam in November 2015 spilled 32 Mm3 of mine 

waste, causing a substantial socio-economic and environmental damage within the Doce River 

basin in Brazil. Approximately 90% of the spilled volume deposited over 118 km downstream of 

Fundão Dam on floodplains. Nevertheless, high concentration of suspended sediment  

(≈ 400,000 mg/l) reached the Doce River, where the floodwave and sediment wave traveled at 

different velocities over 550 km to the Atlantic Ocean. The one-dimensional advection-

dispersion equation with sediment settling was solved to determine, for tailing sediment, the 

longitudinal dispersion coefficient and the settling rate along the river and in the reservoirs 

(Baguari, Aimorés and Mascarenhas). The values found for the longitudinal dispersion 

coefficient ranged from 30 to 120 m2/s, which are consistent with those in the literature. 

Moreover, the sediment settling rate along the whole extension of the river corresponds to the 

deposition of finer material stored in Fundão Dam, which particle size ranged from 1.1 to 2 ݉ߤ. 

The simulation of the flashy hydrographs on the Doce River after the dam collapse was 

initially carried out with several widespread one-dimensional flood routing methods, including 

the Modified Puls, Muskingum-Cunge, Preissmann, Crank Nicolson and QUICKEST. All of 

these methods presented unsatisfactory results, with prediction errors in peak discharge up to 

44%, and differences in timing to peak up to 5 hours.  
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A new and more accurate one-dimensional flood routing approach was then used, 

solving the full dynamic equation into an equivalent diffusive wave format and reformulating the 

hydraulic diffusion coefficient in terms of the Froude number and floodwave celerity. The 

numerical solution to this new approach was implemented using Crank Nicolson and 

QUICKEST schemes. The error in predicted peak discharge along the Doce River was reduced 

to 2%, and the maximum difference found in time to peak was about 1 hour. 

Regarding sediment transport, a comprehensive one-dimensional numerical model is 

developed, coupling the new floodwave propagation algorithm with the numerical solution for 

advective sediment transport and settling. One of the main features of this model is the ability to 

simulate the propagation of the floodwave and sediment through the entire Doce River 

extension with or without reservoirs.  A sensitivity analysis showed that a hypothetical decrease 

in water temperature from 30°C to 5°C would have resulted in a concentration 13 times higher 

at the outlet. In addition, without the presence of hydropower reservoirs on the Doce River, the 

sediment concentration at the basin outlet would have been 70,000 mg/l instead of the observed  

1,600 mg/l. 

Finally, a simplified numerical model based on the Doce River measurements can 

simulate the hypothetical collapse of 56 tailings dams in the Doce River basin to estimate the 

potential impact on the water supply for the towns along the river.  Those simulation results 

show that tailings dams located in the Piracicaba basin, a Doce River sub-basin, have the 

highest potential to adversely impact the water supply of the downstream towns due the volume 

stored and proximity with populated towns. Ultimately, the collapse of the biggest dams in this 

sub-basin could affect approximately 1,000,000 people for several days. 
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1. INTRODUCTION 
 
 
 
The frequent collapse of tailings dams around the world has caused severe 

environmental and socio-economic impacts (Ayala-Carcedo, 1998; Lucas, 2001; Azam & Li, 

2010; Chambers & Higman, 2011; Kossoff et al., 2014; Fernandes et al., 2016). When 

compared to water retention dams, the consequences of tailings dam failures are far more 

significant due the presence of waste materials from mining activities in the flow, which can 

result in irreparable environmental damage (Kossoff et al., 2014). Herein, this research presents 

an assessment about the propagation of the tailings after the Fundão Dam failure in 2015. The 

dominant sediment transport mode is characterized by huge suspended sediment concentration 

along the Doce River. This event resulted in the destruction of the Bento Rodrigues Town and 

caused extensive socio-economic environmental damage in the Doce River basin, therefore it is 

considered the worst Brazilian environmental accident that ever occurred (Marta-Almeida et al., 

2016; Carmo et al., 2017). 

 

1.1 The Fundão Dam Collapse 

Fundão Dam was a 120 m high tailings dam located in the town of Mariana, State of 

Minas Gerais, southeast region of Brazil. The dam collapse on 5 November of 2015 released 32 

million cubic meters of tailings, which caused the overtopping of the adjacent Santarém tailings 

dam, the destruction of Bento Rodrigues Town and substantial damage in other towns 

downstream. The accident caused 19 deaths. Figure 1.1 illustrates the impact of the passage of 

the mud along the Doce River basin while Figure 1.2 shows a sketch of the floodwave 

propagation.  
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Figure 1.1 – a) Bento Rodrigues Town  b) Gesteira Town located 60 km downstream of the Fundão 
Dam, c) Candonga Dam spillway operation on November 6, d) Doce River at Governador 

Valadares City (station G4) on November 11, e) Aimorés Dam on November 16 and f) Arrival of the 
mud on the ocean on November 21 (Simon, 2015; Santos, 2015; Luz, 2015; Biló, 2015; Mesquita, 

2015; Moraes, 2015) 

 

 

 

a b 

c d 

e f 
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Figure 1.2 – Sketch of floodwave propagation along the Doce River basin 

 

The resulting flood traveled a total distance of approximately 670 km, passing through 

four hydropower plant reservoirs. Although the spilled tailings were not toxic, the high sediment 

concentration caused the immediately death of nearly 3 tons of fish and the disruption of the 

water supply in 12 cities, affecting an estimated population of approximately 430,000 people 

(ANA, 2016a; IBAMA, 2016). 

 

1.2 Data Availability 

After the accident, the Geological Service of Brazil and the National Water Agency 

conducted several measurements in order to follow the floodwave and its high turbidity (CPRM 

& ANA, 2015a).  These Brazilian agencies collected data of discharge, water level, temperature, 

dissolved oxygen, pH, turbidity, particle size and concentration of sediments in suspension. The 

main data used in this research are presented in Appendix A.  

The availability of this type of data after a tailings dam collapse is uncommon in the 

literature (Rico et al., 2008). Therefore, this is a unique opportunity to analyze the transport of 

sediment (impounded tailings) in the water bodies after a tailings dams failure. Ultimately, the 

analysis and processing of the available measurements can be useful on the development of a 

sediment transport model, which is based on the observations of the river response after the 

abrupt pulse of large amount of suspended sediment under the unsteady or steady flow 

conditions.  



4 
 

1.3 Problem Statement and Opportunity 

The Fundão Dam case highlights the devastating consequences of a tailings dam 

collapse. However, the mining activities have great economic importance to Brazil (and to 

several countries around the world as well) and the disposal of tailings in reservoirs is still the 

most commonly used method throughout the country. 

To date, the literature indicates that most of the research about tailings dam failures is 

focused on defining the flood characteristics in the vicinity of the dam break only (Armanini et 

al., 2009; Kunkel, 2011; Lin & Li, 2012; Marsooli et al., 2013; Liu, 2018). Consequently, there is 

scarcity of publications with concerns about the transport of the impounded material in natural 

channels after this kind of event. In general, after a tailings dam failure or spill, the magnitude of 

high sediment concentration, the rate of deposition and its consequences along the river are 

essentially unknown. 

Therefore, the development of a numerical model, which can be used to simulate other 

tailings dam failure and quantify the high concentrations into rivers, is needed. This effort could 

yield a new predictive methodology to evaluate the potential damage to living communities 

downstream. 

 

1.4 Research Objectives 

The purpose of this research is to use the information available from the Fundão Dam 

failure to advance the knowledge of the processes of sediment transport after tailings dam 

collapse or accidental spill. Thus, this research proposes a theoretical analysis and a one-

dimensional numerical modeling of the flow conditions and sediment transport following the 

analysis based in the collected field data.  

The specific objectives of this research are: 
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1. To analyze the data collected after the Fundão Dam failure in order to determine 

the proper equation and its parameters to model the suspended sediment 

transport (a) along the Doce River, and (b) into the hydropower reservoirs; 

2. To develop a one-dimensional numerical model able to simulate (a) the observed 

floodwave propagation, and (b) the sediment transport and deposition along the 

Doce River and its reservoirs; 

3. To use the calibrated model (a) for a parametric analysis of the most relevant 

variables, and (b) to simulate the hypothetical failure of other tailings dams within 

the Doce River basin to identify the dams with high damage potential in terms of 

water supply interruption in the towns located downstream.  
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2. LITERATURE REVIEW  
 
 
 

2.1 Tailings Dam Failure 

Tailings dam collapse causes the movement of the impounded material, which contents 

a dense mixture of solids, including heavy metals, and liquid. Thus, the spilled material flows 

under the force of gravity and the flood can travel at velocities of about 20 m/s (EPA, 2014).  

Tailings dam failure has caused great distress worldwide. The earliest register of tailings 

dam collapse found in literature is the San Ildefonso Dam failure in Bolivia in 1626, where 

around 4,000 people were killed in the consequent flood (Kossoff et al., 2014). Recently, 

according with the ICOLD Committee on Tailings Dams and Waste Lagoons, by the date of 

publication there were 221 incidents registered around the world (ICOLD, 2001). In a more 

recent publication, Rico et al. (2008) mention the occurrence of 250 tailings dam failures. 

However, it is the consent among different researches that there is not a complete worldwide 

database of all the historical failures (Davies, 2002; Rico et al., 2008; Azam & Li, 2010).  In 

addition, the frequency of incidents is worrisome. Davies et al. (2000) investigated the 

occurrences of collapses of tailings dams considering a 30 years database (1970-1999) 

concluding  that in this period the rate was 2 to 5 major incidents per year. In all the years, there 

were at least two events. Moreover, Davies (2002) compared the occurrences of collapses of 

tailings dams with the conventional dams using the same 30 years database. The author 

concluded that the rate of tailings dam failure was approximately ten times higher than for water 

retention dams. 

Azam and Li (2010) present a comprehensive statistical analysis of tailings dam failures 

around the world using a 100 years database (1910-2009). One of the main findings is that the 

frequency of incidence in the last decades (1990s and 2000s) is still 20 events per decade.  
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The authors stated that the frequency of the incidents changed geographically from the 

developed countries to the developing countries. Thus, according to Chambers and Higman 

(2011), after building tailings dams for about a century, the implication of storing a large amount 

of harmful waste in large impoundments is not still comprehended. The present-day events 

have showed that the nature of industrial hazards is not fully understood.  

At present, tailings dams failures continue to occur worldwide at a disturbing rate (Azam 

& Li, 2010; Caldwell et al., 2015; WISE, 2019). To mention few: Kingston Fossil Plant 2008 

(Tennessee – USA), Karamkem 2009 (Russia), Huancavelica 2010 (Peru), Mianyang City 2011 

(China), Sotkamo 2012 (Finland), Obed Mountain Coal Mine 2013 (Canada), Dan River Steam 

Station 2014 (North Carolina – USA), Mount Polley 2014 (Canada), Buenavista 2014 (Mexico), 

Fundão 2015 (Brazil), Hpakant 2015 (Myanmar), Tonglvshan 2017 (China), Mishor Rotem 2017 

(Israel), Huancapati 2018 (Peru), Cadia 2018 (Australia), Cieneguita 2018 (Mexico) and 

Brumadinho 2019 (Brazil). 

Rico el al., (2008) points that the vulnerability of tailings dams compared with water 

storage dams is due some peculiar characteristics as: embankments built with residual material 

from mining activities, raising of the dam in multi-stages in order to increase storage capacity, 

lack of regulations on design criteria, the continuous necessity of monitoring in order to assure 

the dam stability and high cost of maintenance after the mine closure. The main recognized 

consequences of the collapse are: loss of life, environmental damage (as a massive discharge 

of tailings in a river system with a huge cleanup cost), social damage in downstream 

communities, infrastructure damage, extended production interruption, damage to company and 

industry image, economic consequences and legal responsibility for the company (Davies et al., 

2000; Azam & Li, 2010; Chambers & Higman, 2011; Kossoff et al., 2014).  
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The discharge of tailings in river systems, which are often toxic, will potentially affect 

water sediment quality, aquatic and human life for hundreds of kilometers (Kossoff et al., 2014). 

An example of river contamination is the case of Baia Mare and Baia Borsa tailings dam in 

Romania, close to Ukrainian border. The spilled tailings, evaluated in 120 tons of cyanide, 

significant amount of lead, copper and zinc were released in the River Tisa, a major Danube 

tributary. The aftermath of this accident was tons of fish deaths in Romania, Hungary, Serbia 

and Bulgaria. The flow continued into the Danube River and eventually reached the Black Sea 

in a reach of 1,900 km (ICOLD, 2001; Kossoff et al., 2014).  

Another remarkable point is that the most of incidents with tailings dams are unreported 

or misreported due to fears of bad publicity and legal ramifications, especially in developing 

countries (Davies, 2002; Rico et al., 2008). The lack of publication hinders the development of 

research related with this topic (EPA, 2014).  

 

2.2 Tailings Dams in Brazil 

The mining activities play a fundamental role in Brazil economy, because the country 

holds a large reserve of metallic and nonmetallic minerals (D’Agostino, 2008). As part of the 

process of mineral production, there is the production of tailings, which are mixtures of crushed 

rock and processing fluids from mills or concentrators that remain after the extraction of 

economic metals. The word ‘tailings’ is generic as it describes the by-product of several 

extractive industries, including those for aluminum, coal, oil sands, uranium, precious and base 

metals (Kossoff et al., 2014). 

According to the Brazilian Institute for Applied Economic Research, between the years of 

1996 to 2005 tailings generation in Brazil increased from 202 million tons to 290 million tons.  

The ore that contributed most to the generation of tailings in the period was iron. The quantities 

of tailings generated in the State of Minas Gerais State corresponded to 101 million tons and 

123 million tons in 2008 and 2009, respectively (IPEA, 2012).   
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Regarding the future scenario of tailings generation, the Brazilian Institute for Applied 

Economic Research estimates that the annual quantity will almost double, from 348 million tons 

in 2010 to 684 million tons in 2030, being the iron then main waste-producing substance (IPEA, 

2012). 

The transport of several mining wastes to the disposal area occurs with high water 

content. The water that accompanies the tailings often contains dissolved salts, heavy metals 

and other chemical residues from the mineralogical process, and it can have significant 

environmental implications in the tailings dumping areas (IPEA, 2012).  

The disposal of tailings in reservoirs created by dikes or dams is the most commonly 

method used in Brazil (IPEA, 2012) and around the world as well (Kossoff et al., 2014). The 

Dams Safety Report of the Brazilian National Water Agency (ANA, 2016b) indicates that by the 

year 2015 Brazil had 660 dams of mineral tailings and 286 dams of industrial waste. The State 

of Minas Gerais holds the largest number of tailings dams (315) and industrial waste retention 

dams (278). Figure 2.1 shows the location of the registered tailings dams in Brazil (DNPM, 

2017).  
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Figure 2.1 – Location of the tailings dams in Brazil 

 
 
Accidents with tailings dams occur continually in Brazil with undesirable consequences 

for society, the environment and for the mining industry sector. There are also numerous cases 

not disclosed by the owners (CBDB, 2011). The state of Minas Gerais, where most of the 

tailings dam are located, is where most registered failures happened in Brazil.  In addition, there 

are numerous cases where rupture does not occur, but there is spill of solids downstream with 

variable consequences (CBDB, 2011). Long rivers and well-drained basins (high drainage 

density) characterize the hydrography in Brazil, which are favorable factors for the propagation 

of pollutants for further downstream, as experienced by the country in past tailings dams 

failures.  
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Table 2.1 presents a compilation of tailings dam failures cases in Brazil reported by 

different authors (ICOLD, 2001; Melo, 2013; Rocha, 2016; Ávila, 2016; WISE, 2019).  

Table 2.1 – Tailings dams failures in Brazil 

 

Dam Year 
Dam 

Height (m)
Ore 
type 

Storage 
Volume 

Tailings 
Released  

Tailings 
Travel (km)

Itabirito 1986 30 Iron - 100,000 m³ 12 

Fernandinho 1986 40 Iron - 350,000 m³ - 

Pico Sao Luis 1986 20 - - - 10 

Minera Serra Grande 1994 - Gold 2.25 Mt - - 

Rio Verde 2001 - Iron - 600,000 m³ 8 

Forquilha 2002 - - - - - 

Cataguases 2003 - - - 1,400 Mm³ 200 

São Francisco 2006 34 Bauxite 3.7 Mm³ 135,000 m³ - 

São Francisco 2007 34 Bauxite 3.7 Mm³ 3 Mm³ 92 

Herculano 2014 - Iron - - - 

Fundão 2015 120 Iron ore ≈ 80 Mm³ 32 Mm³ 670 

Brumadinho 2019 86 Iron ore 12 Mm³ - - 

 

Among the historic cases, it is remarkable the environmental tragedy due the 

Cataguases Dam collapse on 29 March of 2003. In this event about one billion and four hundred 

million liters of black lye, residue of cellulose production, contaminated the Paraíba do Sul River 

and nearby streams per 200 kilometers, reaching the interior of Rio de Janeiro State and 

leaving 600,000 people without water supply (Faria, 2015). Another noteworthy incident 

occurred in 2007, when the São Francisco tailings dam collapsed releasing 3 million of bauxite 

waste, flooding two towns downstream and dislodging 4,000 people (Faria, 2015; Rocha, 2016).  

Despite the great damage caused by those accidents, none of them reached the 

proportion of the disaster in Mariana in 2015. Due the Fundão Dam height and its 

consequences, it is by far the worst environmental accident with tailings dam in Brazil, and one 

of the worst around the world (Marta-Almeida et al., 2016; Carmo et al., 2017). However, in 

terms of life loss the recent accident of Brumadinho Dam was the deadliest accident, resulting in 

186 deaths, and up to date, 122 missing people (BBC, 2019) . 
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2.3 Modeling of Tailings Dam Failures 

The modeling of the floods caused by tailings dam break is still a matter subject to 

research. Most of the numerical modeling for dam-break simulations have been developed for 

water storage dams (Rico et al., 2008). According to several authors the efforts to provide a 

reliable methodology to predict the effects caused by tailings dam collapse have been hindered 

by the lack of a worldwide database, scarcity of reliable historic data and incomplete 

documentation for known tailings dam failures (Davies, 2002; Rico et al., 2008; EPA, 2014).  

 Up to date, the literature indicates that the focus of the most of publications is to 

develop methodologies related only with the flood after failure. A widespread method is the 

application of the shallow water equation considering an additional friction term to take into 

account the resistance due the hyperconcentrated flow (Jeyapalan et al., 1983; Schamber & 

MacArthur, 1985; O’Brien et al., 1993; Jin & Fread, 1999; Rickenmann et al., 2006; Armanini et 

al., 2009; Kunkel, 2011; Lin & Li, 2012; Marsooli et al., 2013; Liu, 2018). Nevertheless, a 

popular approach currently applied in U.S. is still to model potential impacts downstream caused 

by the collapse of tailings dams assuming that the tailings behave like water, even though it is 

admittedly a conservative estimate (Clemente et al., 2013). 

On the other hand, a simpler technique to estimate the flood hydrograph parameters 

after the dam break is the derivation of empirical relationships between dam parameters (as 

dam height and the reservoir volume for instance) and observed flood features (Lucia et al., 

1981; Rico et al., 2008).  Following this approach, Rico et al., (2008) present a study correlating 

several tailings dam parameters with the flood magnitude after the dam collapse. The authors 

attained a good agreement correlating the tailings storage volume and the spilled volume using 

data from 21 incidents around the world. Figure 2.2 shows the correlation obtained and the plot 

of the Fundão Dam data for comparison. 
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Figure 2.2 – Relationship between Impoundment Volume and Outflow volume   
(Rico et al., 2008)  

 
According to the authors, the relationship between the waste outflow volume ிܸ  

(which includes tailings and water) and the impoundment volume  ܸ is equal to: 

ிܸ ൌ 0.354ܸଵ.଴ଵ (2.1)

One can realize that in general approximately one-third of the impoundment volume 

(tailings and water) is released on the dam break. Another interesting relationship found by Rico 

et al., (2008) is the correlation between the resultant peak discharge and the dam factor, which 

is the product of the dam height ܪ (m) and the impoundment volume ܸ (106 m3).  An envelope 

estimate, which includes data from water retention, landslide and tailings dams is equal to: ܳ௠௔௫ ൌ 325ሺܸܪሻ଴.ସଶ (2.2)

The authors compared the data of several dam collapses (water retention and landslide 

dams) from Costa (1985) with the data of case of the Los Frailes Tailings Dam failure in Spain. 

They concluded that for a tailing dam failure a similar relationship between peak discharge and 

the dam factor is obtained taking into account only the spilled volume instead of the total 

volume. Figure 2.3 shows the plot of the data presented by the authors. 
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Figure 2.3 – Relationship between peak discharge and dam factor (Rico et al., 2008) 

 
Rico et al., (2008) states that observed peak discharge from failure of tailings dams are 

extremely rare. There are register of only three cases: Buffalo Creek, McLauren Gold Mine 

(both in USA) and Los Frailes (Spain).  

An examination in the literature also reveals that observed data of sediment transport in 

rivers after the tailings dam failure is a topic with scarcity of publications as well, even though it 

is remarkable that in some accidents the impact of the pollutant dispersion is severe as the 

flood. In addition, there are occurrences where the dam does not collapse, but there is spilling of 

mining waste in the water bodies. An example is the recent episode occurred on  

5 August of 2015 in the Gold King Mine, located about 5 miles north of Silverton, Colorado, 

USA. In this event the spilling of 11,000 m3 of acid mine water from mine workings resulted in 

the deposition of heavy metals along the Animas and San Juan Rivers, until the plume reached 

Lake Powell in Utah on August 14, 2015 (USBR, 2015). 
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2.4 Steady Flow in Channels  

The water flow in open channels can be classified as steady or unsteady. Steady state 

of the flow refers to a constant condition over the time (Julien, 2018). Under the steady condition 

there is the gradually varied flow, which relates small variation of the flow depth with distance. 

Thus, considering the conservation of energy in a channel and assuming that the pressure is 

hydrostatic, the channel bed slope is small and there is no lateral inflow or outflow, Chaudhry 

(2007) demonstrates that:  ߲݄߲ݔ ൌ ܵ௢ െ ௙ܵ1 െ ଶ (2.3)ݎܨ

Where ݄ is the flow depth,	ܵ௢ is the bed slope, ௙ܵ	 is the energy line slope and ܨ௥ is the 

Froude number. The slope of the energy line can be calculated using the Manning`s equation: 

௙ܵ ൌ ൭ ܳ. ௛ଶ/ଷ൱ܴܣ݊
ଶ
 (2.4)

Where ܳ is the discharge,	ܣ is the cross-sectional flow area, ݊ is the Manning`s resistant 

coefficient and ܴ௛ is the hydraulic radius. Equation 2.3 describes the water surface elevation 

profile, what is generally referred as backwater curve. The solution of this equation can be 

achieved by the standard step approach, where the flow depth increment ∆݄ can be calculated 

at fixed downstream distance increment ∆ݔ (Julien, 2010). Thus for a wide-rectangular channel 

(ܴ௛ ൎ ݄ ): 

∆݄ ≅ ௢ܵݔ∆ ቈ1 െ ൬݄௡݄௜ ൰ଷ቉ / ቈ1 െ ൬݄௖݄௜൰ଷ቉ (2.5)

Where the normal depth ݄௡ and the critical depth ݄௖ are given by: 

݄௡ ൌ ቆݍ. ݊ܵ௢଴.ହቇଷହ (2.6)

݄௖ ൌ ቆݍଶ݃ቇଵଷ (2.7)
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Here ݍ is the unit discharge. The above formulations are useful to determine the flow 

velocity and depth in natural channels, because these parameters are required for the 

calculation of advective transport and deposition of sediment or pollutants.  

  

2.5 Unsteady Flow in Channels 

2.5.1 Governing Equations 

The mathematical treatment for unsteady flow in open channels involves the application 

of conservation of mass and conservation of momentum. Such equations are referred as the 

Saint Venant equations (Mahmood & Yevjevich, 1975; Cunge et al., 1980). Examination of the 

terms of the reduced form of the momentum equation elucidates the physical meaning of each 

term and the effect of neglecting some of them in order to ease the solution (Chow, 1988; 

Sturm, 2009; Julien, 2018).   

௙ܵ ≅ ܵ௢ െ ݔ߲݄߲ െ ܷ݃ ݔ߲ܷ߲ െ 1݃ ݐ߲ܷ߲  (2.8)

 (1)    (2)    (3)     (4)       (5) 

 

 

 

 

The terms in Equation 2.8 represent slopes or gradients as described by Julien (2018): 

(1) is the friction slope of the EGL slope, (2) is the channel bed slope, (3) is the pressure 

gradient or downstream change in flow depth due to backwater, (4) is the velocity head gradient 

or downstream change in velocity head due to backwater and/or changes in channel width and 

(5) is the local-acceleration term. The full use of Equation 2.8 denotes the dynamic-wave 

equation approximation for the Saint Venant equation. Furthermore, Julien (2018), using 

equivalent terms, demonstrated that the Equation 2.8 can assume the following format: 

Kinematic 

Quasi-Steady 

Dynamic 

Diffusive 
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௙ܵ ≅ ܵ௢ െ ሾ1 െ ሺߚ െ 1ሻଶݎܨଶሿ (2.9) ݔ߲݄߲

Where the term between the external brackets is the floodwave diffusivity, which 

depends on the value of ߚ and the Froude number ݎܨ. For instance, considering a turbulent flow 

with the constant Manning`s ݊ coefficient, the variable ߚ	results equal to 5/3. Consequently, the 

Froude number leads the signal of the floodwave diffusivity term, therefore for ܨ௥ < 1.5 the 

floodwave diffusivity term is positive, otherwise for ܨ௥ > 1.5 the term is negative. For rivers 

where the Froude number is low the floodwave diffusivity comes close to the unity (Julien, 

2018). 

The floodwave diffusivity plays a fundamental role in the modification of the floodwaves, 

which can be classified in three types: 

a) Dynamic wave when ܨ௥ ൐ 1 ሺߚ െ 1ሻ⁄ ; 

b) Kinematic wave when ܨ௥ ൌ 1 ሺߚ െ 1ሻ⁄ ; 

c) Diffusive wave when ܨ௥ ൏ 1 ሺߚ െ 1ሻ⁄ . 

Figure 2.4 illustrates the propagation of the dynamic, kinematic and diffusive waves. As 

an example, the dynamic wave can be applied on roll waves, which occurs in turbulent flows 

where there is a very steep smooth channel under supercritical flow. In this case, the floodwave 

amplification occurs, which means that the discharge peak downstream is greater than 

upstream. For the kinematic wave, the peak discharge remains the same as the floodwave 

moves forward. Finally, in most rivers where the flow is subcritical, the flood routing can be 

properly modeled by the diffusive wave approximation, where the floodwave attenuation takes 

place. 
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Figure 2.4 – Propagation of dynamic, kinematic and diffusive waves (Julien, 2018) 

 
 

2.5.2 Full Dynamic Wave 

In rivers, the full dynamic-wave propagation is calculated by the resolution of the 

conservation of momentum and the continuity equation, as given below: ߲߲ܳݐ ൅ ݔ߲߲ ቆܳଶܣ ቇ ൅ ܣ݃ ݔ߲݄߲ ൅ ൫ܣ݃ ௙ܵ െ ܵ௢൯ ൌ 0 (2.10)

ݔ߲߲ܳ ൅ ݐܣ߲߲ ൌ 0 (2.11)
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According to Cunge et al. (1980) the Saint-Venant equations assume that the river is 

sufficiently straight and uniform, so the flow can be represented by a one-dimensional model. 

Furthermore, the average channel bed slope is small, thus the cosine of the angle it makes with 

the horizontal may be replaced by unity. The velocity is considered uniform over the cross 

section and the water level across the section is horizontal. In addition, the streamline curvature 

is small and vertical accelerations are negligible, therefore the pressure is hydrostatic. Lastly, 

the effects of boundary friction and turbulence can be accounted through resistance laws. Due 

to its complexity, the solution of Equations 2.10 and 2.11 requires the application of numerical 

schemes. However, the suppression of some terms of the Saint Venant equations can lead to 

simpler format with satisfactory accuracy, as presented in the next section. 

 

2.5.3 Diffusive Wave Approximation 

The diffusive wave approximation describes the behavior of the floodwave propagation 

in most rivers using a simplified version of the Saint-Venant equations. This approach considers 

that velocity head gradient and the local-acceleration terms are negligible when compared with 

the bed slope and the pressure gradient. Thus, the simplified momentum equation reduces to: 

௙ܵ ൌ ܵ௢ െ (2.12) ݔ߲݄߲

Considering the flow resistance and the continuity, Equation 2.12 can assume the 

advection-dispersion format (the derivation of this expression is presented on the Appendix B): ߲߲ܳݐ ൅ ௘ܥ ݔ߲߲ܳ െ ܦ ߲ଶ߲ܳݔଶ ൌ 0 (2.13)

Equation 2.13 is the linear diffusive wave model in the form of the advection-dispersion 

transport equation, in which ܥ௘ is the floodwave celerity (wave propagation speed) and ܦ is the 

coefficient of hydraulic diffusivity (Hayami, 1951; Chanson, 2004; Cappelaere, 1997; Yang et al., 

2016; Battjes & Labeur, 2017). The floodwave celerity can be expressed as function of flow 

velocity as (Julien, 2018): 
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௘ܥ ൌ (2.14) ܷߚ

Where ܷ is the mean flow velocity and ߚ is a parameter dependent on the coefficient of 

resistant adopted and the channel shape.  One should make distinction between the floodwave 

celerity ܥ௘ and the solitary wave celerity ܿ, which describes the propagation of a small 

perturbation in a frictionless flow. This last one defines the Froude number ݎܨ ൌ ܷ/ܿ.   
The relationship between the floodwave celerity and the mean flow velocity presents 

different values according to the format of the channel cross section and the coefficient of 

roughness chosen (Manning, Darcy Welsbach or Chezy). For instance, for a wide rectangular 

channel considering the Manning’s equation, the floodwave celerity assumes the following 

format given in Equation 2.15 (Singh, 1996): 

௘ܥ ൌ 53ܷ (2.15)

Independently of the adopted roughness coefficient the floodwave celerity is always 

faster than the flow velocity. Therefore, according to the theoretical perspective the suspended 

sediment (carried by the flow velocity) and the floodwave propagation are expected to travel at 

the different velocities. Alternatively, the floodwave celerity can also be estimate by the Kleitz-

Seddon law, first used for the Mississippi River (Chanson, 2004; Julien, 2018).   

௘ܥ ൌ (2.16) ܣ߲߲ܳ

The second parameter required in Equation 2.13 is the coefficient of hydraulic diffusivity ܦ, which is responsible for the floodwave attenuation.  This coefficient considers the energy 

slope equal to the bed slope and it is commonly presented in literature as (Cunge et al., 1980; 

Singh, 1996; Roberson et al., 1998; Jain, 2001; Sturm, 2009; Yang et al., 2016): 

ܦ ൌ 2ܹඥܭ ௙ܵ ൌ ܳ2ܹܵ௢ (2.17)
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Where ܭ is the channel conveyance coefficient (ܭ ൌ ܳ ඥܵ௢⁄ ) and	ܳ is a reference 

discharge, because the coefficient ܦ remains constant along the channel in the linear 

simulation. Even though this is an expression easily found on literature, the discharge value is 

not clearly defined and values for the hydraulic diffusivity ܦ for manmade or natural channels 

are rarely found.  

 

2.5.4 Numerical Methods 

The solution of the Saint-Venant equations can be addressed by different numerical 

approaches as the method of characteristics, finite difference method, finite volume method and 

the finite element method (Szymkiewicz, 2010; Wu et al., 2011). However, due its simplicity and 

the one-dimensional character of most open channel flow problems, the use of the finite 

difference methods predominates.  The concept of the finite difference method is to replace the 

derivatives in the ordinary or partial difference equations by finite difference formulas derived 

from the Taylor series expansions (Moin, 2010).  The accuracy of a numerical scheme is related 

with the reduction in the error with the decreasing of the spatial mesh size and time step (Abbott 

& Basco, 1990; Wu, 2007; Moin, 2010). 

The literature presents several finite difference schemes for the solution of the Saint-

Venant equations as the implicit schemes of Preissmann Scheme and Crank Nicolson and the 

QUICKEST explicit scheme (Mahmood & Yevjevich, 1975; Leonard, 1979; Cunge et al., 1980; 

Abbott & Basco, 1990; Akan, 2006; Chaudhry, 2007). Alternatively, there are simplified methods 

based on the continuity equation, often called hydrologic routing or lumped models. Among 

these methods there is the Muskingum Cunge and the Modified Puls (Chow, 1988; Chaudhry, 

2007; McCuen, 2016). Table 2.2 summarizes the main characteristics of the above-mentioned 

methods including the methods used in the well-known software HEC-RAS (USACE, 2016). The 

numerical solution of these methods is presented in Appendix C. 
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Table 2.2 – Summary of characteristics of widespread methods to calculate flood routing 
(Leonard, 1979; Abbott & Basco, 1990; Chapra, 2008; Price, 2009; Moin, 2010; Fenton, 2011; 

McCuen, 2016; USACE, 2016; Julien, 2018) 

 
Method Features 

Preissmann 

Solves the momentum (full dynamic-wave) and the continuity equation. It is 
implicit, first order accurate, unconditionally stable and presents numerical 
dissipation (numerical diffusion) for 0.5 ൑ ߠ ൑ 1. Can result in unphysical 
smoothing when sharp gradients occur on the solution. 

Crank Nicolson 

Solves the simplified form of momentum equation in the format of advection-
dispersion equation, neglecting the acceleration terms (diffusive-wave). The 
scheme is implicit, second order accurate, non-diffusive and unconditionally 
stable. It can present oscillations on the solution depending on the mesh size. The 
hydraulic diffusivity coefficient must be known in advance and an additional 
method to calculate the continuity equation is required. 

QUICKEST 

Solves the simplified form of momentum equation in the format of advection-
dispersion equation, neglecting the acceleration terms (diffusive-wave). The 
scheme is explicit, third order accurate, non-diffusive and conditionally stable 
(time step restrictive). The hydraulic diffusivity coefficient must be known in 
advance and an additional method to calculate the continuity equation is required. 

Modified Puls 
Solves the continuity equation only. The method is explicit, first order accurate 
and unconditionally stable. Requires the definition of a storage-outflow discharge 
function. 

Muskingum-Cunge 

Solves the continuity equation, however takes into account the diffusive-wave 
approximation in its derivation. It is explicit, first order accurate and 
unconditionally stable. It loses accuracy as the river bed slope become milder. 
Requires an additional method or function to calculate the water level. 

HEC-RAS 
Solves the one-dimensional unsteady flow using two methods: full dynamic-wave 
routing using the box scheme [aka Preissmann (Chanson, 2004)] or the Modified 
Puls routing.  

 

The quantitative evaluation of the results provided by the numerical schemes and the 

observed hydrographs can be made by the relative percent difference (RPD) applied on the 

peak discharge, the Root Mean Square Error (RMSE): 

ܧܵܯܴ ൌ ൥෍ሺܳ௢௜ െ ܳ௖௜ሻଶ ܰ⁄ே
௜ୀଵ ൩ଵ/ଶ (2.18)

And by the Mean Absolute Percent Error (MAPE): 

ܧܲܣܯ ൌ 1ܰ ൥෍ܾܽݏሺܳ௢௜ െ ܳ௖௜ሻ/ே
௜ୀଵ ܳ௢௜൩ (2.19)

Where ܳ௢௜ and ܳ௖௜ 	are the observed and the calculated discharge respectively and ܰ is the 

number of observations. 
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2.6 Flood Routing in Reservoirs 

The Level Pool Routing is a common approach to calculate the outflow hydrograph in a 

reservoir given its hydrograph and the storage-outflow characteristics (Chow, 1988). Initially, the 

continuity equation can be written as the storage differential equation: ݀ܵ݀ݐ ൌ ሻݐሺܫ െ ܱሺݐሻ (2.20)

Where ܵ is the reservoir storage, ܫሺݐሻ is the inflow and ܱሺݐሻ is the outflow (all the 

variables are functions of the time). The solution of Equation 2.20 is given by the integration and 

rearrangement of its terms in order to place all unknown variable on the left-hand side of the 

equation. Thus, the storage-indication routing equation becomes Equation 2.21 (Chow, 1988): 2ܵሺݐ௜ାଵሻ∆ݐ ൅ ܱሺݐ௜ାଵሻ ൌ ሾܫሺݐ௜ାଵሻ ൅ ௜ሻሿݐሺܫ ൅ ቈ2ܵሺݐ௜ሻ∆ݐ െ ܱሺݐ௜ሻ቉ (2.21)

The level pool routing approach assumes that the storage and the outflow are function of 

the water level elevation only. In general, the storage-elevation curve is a common data of 

reservoirs and the outflow-elevation relationship depends on the type of hydraulic structure (e.g. 

spillways, etc.) and its operation. The solution for the level pool routing is given by the 

development of a function  2ܵ/∆ݐ ൅ ܱ ൌ ݂ሺܱሻ and then proceeding with the routing of the inflow 

hydrograph. The outflow is obtained applying this procedure for every time step sequentially 

(Ramirez, 2015). 

 

2.7 Sediment Transport in Rivers 

2.7.1 Classification 

According to Julien (2010) the total sediment load in a stream is divided in: type of 

movement (bed load and suspended load), method of measurement (measured and 

unmeasured load) and the source of sediment (bed material load or washed load).  
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In order to apply a proper method to evaluate the sediment transport, the first step is to 

identify the primary mode of sediment transport. Table 2.3 presents the modes of sediment 

transport as function of the Rouse number, shear and fall velocities after Julien (2010): 

Table 2.3 – Mode of sediment transport as function of shear and fall velocities 

/∗ݑ ݋ܴ  ߱ Mode of sediment transport 

>12.5 <0.2 no motion 

≈12.5 ≈0.2 incipient motion 

12.5-5 0.2-0.5 bedload 

5-1.25 0.5-2 mixed load 

1.25-0.5 2-5 suspension 

<0.5 >5 suspension 

 

The shear velocity is: 

∗ݑ ൌ ටܴ݃௛ ௙ܵ (2.22)

Where ݃ is the gravitational acceleration. Additionally, the fall velocity is calculated as: 

߱ ൌ 8߭௠݀௦ ሺሺ1 ൅ 0.0139݀∗ଷሻ଴.ହ െ 1ሻ (2.23)

Where ߭௠ is the kinematic viscosity of a mixture, ݀௦ is the particle diameter and ݀∗ is the 

dimensionless particle diameter, given by: 

݀∗ ൌ ݀௦ ቈሺܩ െ 1ሻ݃߭௠ଶ ቉ଵ/ଷ (2.24)

The specific gravity ܩ is the ratio between the specific weight of a solid particle and the 

specific weight of fluid at a standard reference temperature. Considering the water at 4oC as 

reference, the specific gravity of quartz particle is equal to 2.65 (Julien, 2010). Finally, the 

Rouse number ܴ݋ is given by: ܴ݋ ൌ (2.25) ∗ݑߢ߱

Where ߢ is the von Karman constant, approximately equal to ߢ ≅ 0.4. 
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Single inputs of sediment excess can be referred in literature as sediment “pulse” (Gran 

& Czuba, 2017). For instance, these inputs can be the result of a landslide, however it can be 

manmade generated, as a tailings dam spill or collapse. Some authors described the 

downstream migration of a sediment pulse, including hydraulic mining debris, as “sediment 

waves” due to the wavelike movement of sediment during the transport (Gilbert, 1917; Reid et 

al., 1985; Iseya & Ikeda, 1987; Cui & Parker, 2005). Moreover, for the case of mining sediment 

migration downstream, as the case of Kwareong River in Papua New Guinea, it was observed 

occurrence of substantial dispersion (Pickup et al., 1983). Thus, next section presents the 

governing equations for suspended sediment transport for further modeling.   

 

2.7.2 Suspended Load 

The transport of the suspended load occurs as the hydraulic forces promote the 

suspension of the sediment finer particles and it is held in suspension by the turbulent velocity 

fluctuations, keeping the particles out of recurrent bed contact (Julien, 2010). The governing 

equations of this type of transport is obtained through the application of conservation of 

sediment mass applied into a small cubic control volume, as presented by Julien (2010):   ߲߲ݐܥ ൅ ݔ௧௫߲ݍ߲ ൅ ݕ௧௬߲ݍ߲ ൅ ݖ௧௭߲ݍ߲ ൌ ሶ (2.26)ܥ

Where ܥ is the volume-average sediment concentration inside the infinitesimal control volume, ݍ௧௫	, ,	௧௬ݍ   ሶܥ ௧௭ are the sediment fluxes per unit area through the faces of the control volume andݍ
is the rate of sediment reaction per unit volume.  

There are four main types of mass fluxes per unit area across the faces of the control 

volume, which are: advective, diffusive, mixing and dispersive fluxes (Julien, 2010). The next 

expression exemplifies the sediment flux in the ݔ direction: 

ො௧௫ݍ  ൌ ܥ௫ݒ െ ሺ݀ ൅ ௫ሻߝ డ஼డ௫ (2.27)
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The advective flux refers to the transport of sediment conveyed by the flow velocity.  

Thus, the rate of mass transport per unit area carried by advection is obtained by the product of 

sediment concentration and the velocity component in the ݔ,  directions. The variable ݀ is ݖ and ݕ

the molecular diffusion coefficient and it describes the spreading of sediment particles by 

random molecular motion. Finally, the turbulent mixing coefficient ߝ describes the process of 

turbulent diffusion (Julien, 2010).   

 

2.7.3 One-Dimensional Advection-Dispersion Equation for Sediment Transport 

The substitution of Equation 2.27 into Equation 2.26 leads to the general relationship of 

the conservation of sediment mass for incompressible dilute suspension subject to diffusion, 

mixing, dispersion and advection. Considering the sediment transport only in ݔ direction the 

general equation becomes: ߲߲ݐܥ ൅ ௫ݒ ݔ߲ܥ߲ ൌ ሶܥ ൅ ሺ݀ ൅ ௫ሻߝ ߲ଶݔ߲ܥଶ (2.28)

Equation 2.28 is called advection-dispersion, advection-diffusion or the diffusion-

dispersion equation and it is applied on the evaluation of transport of suspended load and 

contaminant transport in open channels (Fischer et al., 1979; Rutherford, 1994; Chanson, 2004; 

Chapra, 2008; Julien, 2010).   

In laminar flows, the turbulent mixing and dispersive coefficients disappear (ߝ	 ൌ 0ሻ. 
However, in turbulent flows the molecular diffusion is negligible compared to the turbulent 

mixing and dispersion coefficient (݀ ≪  ሻ.  For practical purposes, as the application of theߝ

accidental spill of a pollutant in a river, the one-dimensional advection-dispersion assumes the 

following format (Chanson, 2004; Julien, 2018): ߲߲ݐܥ ൅ ܷ ݔ߲ܥ߲ ൌ ௗܭ ߲ଶݔ߲ܥଶ െ (2.29) ܥ݇
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Where ܭௗ is the longitudinal dispersion coefficient in natural streams and ݇ is the settling rate 

given by Equation 2.30: ݇ ൌ ߱௜݄ (2.30)

Where ߱௜ is the fall velocity for the sediment fraction ݅. 
 

2.7.4 Solutions for the One-Dimensional Advection-Dispersion Equation 

For the particular case where the spill concentration is held constant for a finite time 

interval, the analytical solution for Equation 2.29 can be obtained by following expression 

(Chapra, 2008): 

,ݔሺܥ ሻݐ ൌ ଴2ܥ ۔ۖەۖ
ۓ ݁ ௎௫ଶ௄೏ሺଵି୻ሻ ቈ݂݁ܿݎ ቆݔ െ ݐௗܭΓ2ඥݐܷ ቇ െ ݂ܿݎ݁ ቆݔ െ ܷሺݐ െ ߬ሻΓ2ඥܭௗሺݐ െ ߬ሻ ቇ቉൅	݁ ௎௫ଶ௄೏ሺଵା୻ሻ ቈ݂݁ܿݎ ቆݔ ൅ ݐௗܭΓ2ඥݐܷ ቇ െ ݂ܿݎ݁ ቆݔ ൅ ܷሺݐ െ ߬ሻΓ2ඥܭௗሺݐ െ ߬ሻ ቇ቉ۙۘۖ

ۖۗ
 (2.31)

Where	ܥ଴  is the initial concentration and ߬	is the spilling duration time, furthermore: 

Γ ൌ ඥ1 ൅ ߟ4 → ߟ ൌ ௗܷଶܭ݇  (2.32)

The complementary error function is evaluated from the following integral: 

ሺܾሻ݂ܿݎ݁ ൌ 1 െ නߨ√2 ݁ି఍మ݀ߞ௕
଴  (2.33)

Where ߞ is a dummy variable. The error function is available in different sources as: 

standard software’s libraries (International Math and Statistics Library (IMSL)), Numerical 

Recipes (Press et al., 2007) and as function on some software package as the Microsoft Excel 

for instance (Chapra, 2008). 

However, this analytical solution has a numerical restriction due the second term in the 

right-hand side of the equation, because the exponential function can tend to infinity blowing up 

the solution for large river reaches. Thus, the maximum length ܮ௠௔௫ where Equation 2.31 is 

applicable is given by: 
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௠௔௫ܮ ൑ ௗܷ (2.34)ܭ700

An alternative way to solve the one-dimensional advection-dispersion equation is by the 

numerical approach, using Crank Nicolson finite difference scheme (Chapra, 2008; 

Szymkiewicz, 2010).  However, this scheme must consider the settling rate (differently form the 

algorithm applied to floodwave propagation). Details about this numerical scheme are given in 

Appendix D. 

 

2.7.5 Computation of the Longitudinal Dispersion Coefficient in Rivers 

In order to solve practical problems involving the one-dimensional advection-dispersion 

equation in rivers several researchers have developed empirical equations to estimate the 

longitudinal dispersion coefficient ܭௗ as functions of hydraulic and river-geometry parameters 

(Kashefipour & Falconer, 2002). As pointed by Noori et al., (2017)  most of equations follow the 

format: ܭௗ݄ݑ∗ ൌ ܽ ൬ܷݑ∗൰௕ ൬ܹ݄൰௖ (2.35)

Table 2.4  presents a compilation of the most commonly used empirical equations for the 

prediction of longitudinal dispersion coefficient.  

Table 2.4 – Empirical equations for the estimative of the longitudinal dispersion coefficient 

 

ID Empirical equation Author 
ௗܭ 1 ൌ  (Elder, 1959) ∗ݑ5.93݄

ௗܭ 2 ൌ 0.011ܷଶܹଶ/݄ݑ∗ (Fischer et al., 1979) 

ௗܭ 3 ൌ 0.18ሺܷ/ݑ∗ሻ଴.ହሺܹ/݄ሻଶ݄ݑ∗ (Liu, 1977) 

ௗܭ 4 ൌ 0.6ሺܹ/݄ሻଶ	݄ݑ∗ (Koussis & Rodríguez, 1998) 

ௗܭ 5 ൌ 2.0ሺܹ/݄ሻଵ.ହ	݄ݑ∗ (Iwasa & Aya, 1991) 

ௗܭ 6 ൌ 0.2ሺܷ/ݑ∗ሻଵ.ଶሺܹ/݄ሻଵ.ଷ݄ݑ∗ (Li et al., 1998) 

ௗܭ 7 ൌ 5.92ሺܷ/ݑ∗ሻଵ.ସଷሺܹ/݄ሻ଴.଺ଶ݄ݑ∗ (Seo & Cheong, 1998) 

ௗܭ 8 ൌ 10.612ሺܷ/ݑ∗ሻ݄ܷ (Kashefipour & Falconer, 2002)

ௗܭ 9 ൌ ሾ7.428 ൅ 1.775ሺܹ/݄ሻ଴.଺ଶሺܷ/ݑ∗ሻ଴.ହ଻ଶሿሺܷ/ݑ∗ሻ݄ܷ (Kashefipour & Falconer, 2002)

ௗܭ 10 ൌ  (Julien, 2010) ∗ݑ250݄

ௗܭ 11 ൌ 5.4ሺܷ/ݑ∗ሻ଴.ଵଷሺܹ/݄ሻ଴.଻݄ܷ (Zeng & Huai, 2014) 
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The discrepancy ratio	ܴܦ is a common way to evaluate the precision of the empirical 

equations (Kashefipour & Falconer, 2002; Tayfur & Singh, 2005; Zeng & Huai, 2014). This ratio 

is given by: 

ܴܦ ൌ ݃݋݈ ൬݉݀ܭ݌݀ܭ൰ (2.36)

Where ܭௗ௣ is the predicted longitudinal dispersion coefficient and ܭௗ௠ is the measured one. 

Therefore if ܴܦ ൌ 0, then it is an exact calculation, otherwise it can be overestimated (ܴܦ ൐ 0	or ܭௗ௣ ൐ ܭௗ௠) or an underestimation (ܴܦ ൏ 0	or ܭௗ௣ ൏ ܭௗ௠). To define a total discrepancy ratio for 

a set of experiments ܰ, one can use the following expression (Zeng & Huai, 2014): 

௦ܴܦ ൌ 1ܰ ෍൤݈݃݋ ൬݅݉݀ܭ݅݌݀ܭ൰൨ே
௜ୀଵ  (2.37)

Thus, the mean of the absolute error (ME) can be applied (Kashefipour & Falconer, 2002): 

ܧܯ ൌ 1ܰ෍|ܴܦ௜|ே
௜ୀଵ  (2.38)

Similarly, the root mean square error (RMSE) can be used, which is written as (Kashefipour & 

Falconer, 2002): 

ܧܵܯܴ ൌ 1ܰ ඩ෍ሺܴܦ௜ሻଶே
௜ୀଵ  (2.39)

 

2.7.6 Changes in River Bed Elevation 

Application of the sediment continuity relationship in vertical direction for a determined 

size fraction ݅ can predict changes in the bed surface elevation. This effect is described by the 

Exner expression: ߲ݖ௝߲ݐ ൌ െ ாܶ௜ሺ1 െ ௢ሻ݌ ݔ௦௝߲ݍ߲  (2.40)
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Where ݖ௝ is the bed surface elevation,	݌௢ is the porosity and	ݍ௦௝ is the unit sediment 

discharge.  For suspended load, ݍ௦௝ is given by: 

௦௝ݍ ൌ 10ି଺ܥ௠௚/௟ݍ௝ܩ  (2.41)

Where ܥ௠௚/௟ is the sediment concentration in mg/l and ݍ௝ is the unit discharge. In addition, 

ாܶ௜ ≅ 1, since the grid spacing is sufficiently long (Julien, 2018). The numerical solution for the 

Exner equation can be achieved using the forward difference in time and central difference 

scheme in space (Wu, 2007). 

௝௡ାଵݖ ൌ ௝௡ݖ െ 12ሺ1 െ ௢ሻ݌ ݔ∆ݐ∆ ൫ݍ௦௝ାଵ௡ െ ௦௝ିଵ௡ݍ ൯ (2.42)

 

2.8 Suspended Sediment Transport in Reservoirs 

Decay of sediment concentration due to settling in a reservoir is given by (Julien, 2010): 

௜ܥ ൌ ௢௜݁ି௑ఠ௜௛௎ܥ  (2.43)

Where ܥ௜ and ܥ௢௜  are the downstream and the upstream concentration respectively and ܺ is a 

horizontal distance. According to Julien (2010), Equation 2.43 presents good agreement with 

measurements carried out by Çeçen (1969) and the relationship of Borland (Shen, 1971).  

Considering the time elapsed for the suspended sediment cross the reservoir ݐ ൌ ܺ ܷ	⁄ and the settling rate ݇ [Equation 2.30], Equation 2.43 becomes: ܥ௜ ൌ ௢௜݁ି௞௧ (2.44)ܥ

The percentage of the sediment fraction ݅ that deposits in a reservoir defines the trap 

efficiency ாܶ௜, which can be written as function of t reservoir area ܣோ and discharge ܳ: 

ாܶ௜ ൌ 1 െ ݁ି஺ೃఠ௜ொ  (2.45)
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Equation 2.45 can be applied in different sediment fractions for a given particle size 

distribution. Thus, one can obtain the total amount of sediment deposited in a reservoir applying 

the trap efficiency by particle size and then summing the retained volume referent to each 

sediment fraction (Kim, 2016): ∀௧௥௔௣ൌ෍ ௜݌∆ ாܶ௜ܳ௦௜௜  (2.46)

Where ∀௧௥௔௣ is the sediment volume trapped in the reservoir, ∆݌௜ is the sediment fraction and ܳ௦௜ is the sediment discharge for a fraction ݅. 
 

2.9 Hyperconcentrated Flows 

The flood resultant from a tailings dam break is a subject bounded to the 

hyperconcentration analysis. Hyperconcentration is related to flows with a heavy sediment load 

in which the presence of fine sediment can affect the fluid properties and the bed material 

transport (O’Brien & Julien, 1985; Julien, 2010). Furthermore, the hyperconcentration 

classification is given by the volumetric sediment concentration ܥ௩ of the mixture, which is equal 

to:   

௩ܥ ൌ ∀௦∀௧ (2.47)

Where ∀௦ is the volume of solids and ∀௧ is the total volume. In general, the hyperconcentration 

refers to flows where the volumetric sediment concentration ranges from 5% to 60% (Julien, 

2010). Therefore, according to the experiments carried out by O’Brien and Julien (1985), the 

high sediment laden flow can be classified as: Landslides (0.5<ܥ௩<0.9), Mud Flows 

 Flow characteristics evolve .(௩<0.2ܥ) and Water Flood (௩<0.45ܥ>0.2) Mud Flood ,(௩<0.5ܥ>0.45)

from failure by block sliding (Landslide) to plastic deformation (Mud Flows) then appearance of 

some turbulence (Mud Flood) until water flood, where water flow and sediment transport occurs 

distinctly (O’Brien & Julien, 1985).  
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3. DATA COLLECTION 
 
 
 

3.1 The Doce River Basin 

The Fundão Dam is located in the Doce River basin, in the southeast region of Brazil. 

This basin has a drainage area of 82,600 km2, with most of its area located in the State of Minas 

Gerais (86%), while the remaining area is in the State of Espirito Santo. The main stream is the 

Doce River, which originates from the confluence of tributaries Carmo River and Piranga River, 

extends over 570 km and flows to the Atlantic Ocean. Figure 3.1 shows the Doce River basin. 

 

Figure 3.1 – The Doce River basin  
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There are twelve hydropower plants in this basin, with four located in the Doce River. 

The Doce River reservoirs characteristics are given in Table 3.1 (Barbosa, 2010; Cortez, 2013; 

Consórcio UHE Baguari, 2018; Consórcio Candonga, 2018) 

Table 3.1 – Doce River reservoir data 

 

Name 
Reservoir 
Area (km²)

Volume 
(Mm³) 

Extension 
(km) 

Candonga 2.86 42.2 8.5 

Baguari 16.0 38.1 22 

Aimorés 31.3 249.2 32 

Mascarenhas 4.1 23.9 10 

 

Figure 3.2 shows the aerial images of the Doce River hydropower reservoirs after the Fundão 

Dam collapse. 

   

   
 

Figure 3.2 – The Doce River Hydropower reservoirs: a) Candonga Dam; b) Baguari Dam; c) 
Aimorés Dam and d) Mascarenhas Dam (Pimentel, 2016; Roberto, 2016; Mesquita, 2015; UOL, 

2015) 

a b 

c d 
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From the pictures shown in Figure 3.2 it is noticeable the occurrence of density currents 

in the Aimorés Dam reservoir after the arrival of the mud (Figure 3.2-c). The difference of color 

of the reservoir and the flow passing through the spillway can be justified by movement of the 

sediment through the reservoir caused by the density difference between the sediment-laden 

water (reservoir bottom) from the clear water (on reservoir surface). 

In addition to electric power generation, the water resources of the Doce River basin 

play a fundamental role in the local economy, because they provide the necessary water for 

domestic, agricultural and industrial uses, among others. There are 209 towns within Doce River 

basin, which corresponds to a population of approximately 3.6 million of inhabitants (IBGE, 

2010) as illustrated in Figure 3.3.  

 

Figure 3.3 – Population in the Doce River basin 
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3.2 The Fundão Dam  

The Fundão Dam was a tailings dam 120 m high designed to store tailings from the local 

iron mining activities, located in the town of Mariana, State of Minas Gerais.  The tailings 

resultant of the production of iron ore are: sand tailings, composed of both sand and silt size 

particles and slimes, which are fine grained and clayey (Morgenstern et al., 2016).  Sandy and 

slime tailings were stored physically separated in two specific reservoirs, with sand dumped 

behind the Dike 1 and slimes behind the Dike 2.  

The project considered that Dike 1 would be an earth fill structure with the crest at 

elevation 830 (masl) with a later upstream heightening with sand tailings at the elevation 920 

(masl), resulting in a total high of 120 m (Rezende, 2013; Morgenstern et al., 2016).  This dam 

started to operate in April 2010 (Rezende, 2013; Morgenstern et al., 2016). Figure 3.4 shows an 

aerial view of the Fundão Dam (before the collapse) with the location of the Dike 1 and the 

approximate position of Dike 2 (dashed line), which is not visible since it is covered by tailings 

(Morgenstern et al., 2016). Figure 3.5 presents the Fundão Dam profile adapted from Rezende 

(2013). 

 

 

Figure 3.4 – The Fundão Dam (Morgenstern et al, 2016) 

Dike 1 

Dike 2  
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Figure 3.5 – The Fundão Dam profile (Rezende, 2013) 

 
On 5 November of 2015 the Fundão Dam collapsed. According to Morgenstern et al., 

(2016), the accident occurred at 3:45 PM (local time) being caused by liquefaction and flow 

sliding of the sand stored in the reservoir. The dam crest was approximately in the elevation 900 

(masl) in the days preceding the failure, which corresponds to a stored volume of approximately 

77 Mm3 (Machado, 2017).  

The authors described the employees report moments before the accident: “At 3:45 PM 

shouts came over radio that the dam was collapsing. A cloud of dust had formed over the left 

abutment, and those closest to the area designated the “setback” could see cracks forming at 

the recently constructed drainage blanket. The slope above them was beginning to undulate 

“like a wave” as if it were “melting,” bringing the dam crest down after it. The tailings that had 

been solid ground just minutes before transformed into a roiling river…”.  Figure 3.6 shows the 

dam and the reservoir before and after the collapse. 
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Figure 3.6 – Fundão Dam before (a) and after failure (b) (Morgenstern et al., 2016) 

 

The Fundão Dam failure released 32 million cubic meters of tailings, not considering 

water (IBAMA, 2016).  After the collapse, the floodwave overtopped the Santarém tailings dam, 

located immediately downstream of the Fundão Dam. The town of Bento Rodrigues with 600 

inhabitants located about 5 km downstream was covered by the mud and debris, resulting in 19 

deaths (ANA, 2016a).  Machado (2017), based on testimony of eye-witness, reports that the 

elapsed time between the dam collapse and the arrival in Bento Rodrigues Town was 

approximately 30 to 40 min.  

Downstream of the dams, the floodwave went over the flood plains of the Santarém 

creek, then to Gualaxo do Norte River and to Carmo River carrying the riverine vegetation and 

part of the soil, affecting an area of 15 km2. The floodwave traveled 70 km in the Gualaxo do 

Norte River plus 25 km in the Carmo River until the Doce River. Through the Doce River it ran 

for approximately 570 km passing through four hydropower plants reservoirs and finally 

reaching the ocean (ANA, 2016a). Figure 3.7 shows the location of the Fundão Dam and the 

mud flood path. 
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Figure 3.7 – Fundão Dam location and the mud flood path 

 

   According to Samarco (IBAMA, 2016) approximately 90% of the spilled material settled 

between the Fundão Dam and the Candonga Dam, over 118 km. However, the remaining 

material that reached the Doce River downstream of Candonga Dam resulted in a high 

concentration of solids in suspension, causing a massive environmental damage. Although the 

field survey showed that the mud was not  toxic (CPRM & ANA, 2015b),  nearly 3 tons of fish 

were killed and the high turbidity caused disruption of the water supply in 12 cities, affecting an 

estimated population of 424,000 (ANA, 2016a; IBAMA, 2016). The expected clean up and 

restoration costs is approximately US$54 billion (Garcia et al., 2017; Burritt & Christ, 2018). 
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3.3 Available Data in the Doce River 

After the accident, the Geological Service of Brazil and the National Water Agency 

conducted several measurements at 10 spots along the Doce River in order to follow the 

floodwave and the high turbidity (CPRM & ANA, 2015a).  The first survey occurred during the 

period of 7 to 23 November of 2015, where the Brazilian agencies collected data of discharge, 

water level, temperature, dissolved oxygen, pH, turbidity, particle size and concentration of 

sediments in suspension. Figure 3.8 presents the location of the data collection sites, being 7 

gaging stations and 4 additional measurement sites. Table 3.2 provides a description about the 

type of data of interest collected on each location. 

 

Figure 3.8 – Location of the data collection sites  
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Table 3.2 – Summary of collected data on the first survey 

 

ID Station Name 
NWA 
Code 

Data  
Available 

G7 
Fazenda 
Cachoeira 
D’Antas 

56425000 Cross section, stage-discharge curve 

G6 
Cachoeira dos 
Óculos 

56539000 

Discharge each 15 minutes, turbidity, suspended sediment  
concentration, particle size, cross section and  
stage-discharge curve 
 

G5 Belo Oriente 56719998 

Discharge each 1 hour, turbidity, suspended sediment 
concentration, particle size, water temperature, cross section 
and stage-discharge curve 
 

G4 
Governador 
Valadares 

56850000 

Discharge each 1 hour, turbidity, suspended sediment  
concentration, particle size, water temperature, cross section  
and stage-discharge curve 
 

G3 Tumiritinga 56920000 

Discharge with 2 measurements per day, turbidity, suspended  
sediment concentration, particle size, water temperature,  
cross section and stage-discharge curve 
 

S4 Resplendor - 
Turbidity, suspended sediment concentration, particle size and 
water temperature 
 

S3 Baixo Guandu - 
Turbidity, suspended sediment concentration, particle size and 
water temperature 
 

S2 

Ponte Fontinelli/ 
Mascarenhas 
Jusante 
 

56992480 
Discharge each 1 hour with several gaps, turbidity, suspended 
 sediment concentration, particle size and water temperature 
 

G2 Colatina 56994500 

Discharge each 15 minutes, suspended sediment 
concentration, particle size, cross section, stage-discharge 
curve and water temperature 
 

G1 Linhares 56998200 

Discharge with 2 measurements per day, turbidity, suspended  
sediment concentration, particle size, water temperature  
and cross section 
 

S1 Povoação - 
Turbidity, suspended sediment concentration, particle size  
and water temperature 

 

The availability of sediment and discharge data along the Doce River during the transit 

of the floodwave after the dam break provides a unique opportunity to investigate the sediment 

transport along the river. However, the floodwave propagation and the existence of hydropower 

plants reservoirs add more complexity to the analysis. The next sections present the processing 

and analysis of the collected data. 
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3.3.1 Hydraulic Geometry and Bed Material 

Knowledge about the river hydraulic geometry is a requirement to investigate the flow 

and sediment transport features. Table 3.3 shows the result of processing data from the 

National Water Agency and for the National Electrical System Operator from Brazil (ANA, 2017; 

ONS, 2017). Bed material data are provided by the Brazilian agencies (CPRM & ANA, 2016a). 

The distance presented is determined from the Fundão Dam location and the river slope is 

obtained from a digital elevation model of the Doce River basin, with a spatial resolution of 10 m 

(Geonetwork, 2007). Bankfull discharge refers to a flood with 1.5 year as period of return (Wohl, 

2014).   

Table 3.3 – Doce River features 

 

Location 
Distance (Km) 

 

Catchment 
Area (km²) 

 

Bankfull 
Discharge 

(m³/s) 

Channel 
Width 
(m) 

Slope 
(m/m) 

Bed 
Material ݀ହ଴ (mm)

Candonga Dam 118.3 9,007 535 130 0.0005 - 

G7 176.7 10,100 596 140 0.0005 0.50 

G6 213.1 15,836 842 150 0.0005 0.62 

G5 286.7 24,204 1,312 240 0.0005 0.50 

Baguari Dam 343.6 38,311 2,130 280 0.0005 - 

G4 368.9 39,828 2,180 320 0.0005 0.70 

G3 412.3 54,900 2,397 400 0.0005 0.62 

S4 476.3 61,200 2,944 470 0.0005 - 

Aimorés Dam 503.6 62,167 3,055 480 0.0005 - 

S3 515.1 71,640 3,390 590 0.0008 - 

Mascarenhas Dam 525.5 73,700 3,477 620 0.0008 - 

S2 532.2 74,146 3,483 625 0.0008 - 

G2 559.7 75,800 3,524 630 0.0002 0.58 

G1 624.4 82,100 3,741 810 0.0002 0.57 

S1 663.4 82,647 3,837 820 0.0002 - 
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3.3.2 Cross Section Survey 

Bathymetric data on the stations along the Doce River were collected by acoustic 

equipment Sontek-M9, while the dry part of the profile was surveyed using the total station 

Leica-CT407 (CPRM & ANA, 2016a).  Evaluation of the alterations in the rivers’ main channel is 

made by the comparison of the surveyed cross section before and after the dam collapse. 

Figure 3.9 up to Figure 3.11 provides a comparison of the cross sections before and after the 

dam break.  

 

Figure 3.9 – Cross section survey in the Doce River at stations G7 and G6 

 

 

Figure 3.10 – Cross section survey in the Doce River at stations G5 and G4 
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Figure 3.11 – Cross section survey in the Doce River at stations G3 and G2 

 

Table 3.4 presents the survey data, the area of the main channel and a comparison 

before and after the dam break. 

Table 3.4 – Date of survey before and after the dam break 

 

Gaging Station 
Before dam break  After dam break  

Area 
Difference Survey 

Date 
Area 
(m2) 

 
Survey 
Date 

Area 
(m2) 

 

G7 08/19/2014 670  12/12/2015 652  2.7% 

G6 05/12/2015 950  11/12/2015 975  -2.6% 

G5 08/25/2014 1483  12/09/2015 1461  1.5% 

G4 06/17/2012 1573  12/05/2015 1581  -0.5% 

G3 12/03/2014 2718  12/06/2015 2744  -1.0% 

G2 08/24/2015 4677  12/07/2015 4622  1.2% 

 
 
The comparison of the cross-section areas shows that there were no major changes in 

the river geometry along the Doce River after the Fundão Dam collapse. 

 

3.3.3 Stage Discharge Curves  

Figure 3.12 to Figure 3.14 present the stage discharge curves (ANA, 2017) along the 

Doce River gaging stations. According to the Geological Service of Brazil, the survey carried out 

after the dam collapse showed that the event did not result in changes for the stage discharge 

relationship in any gaging station (CPRM & ANA, 2016a).  
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Figure 3.12 – Stage-discharge curves at stations G7 and G6 

 

 

Figure 3.13 – Stage-discharge curves at stations G5 and G4 

 

 

Figure 3.14 – Stage-discharge curves at stations G3 and G2 



45 
 

Table 3.5 summarizes the bed slope and the Manning roughness coefficient ݊ for each 

gaging station under the normal depth assumption. 

Table 3.5 – Manning’s n coefficient in the Doce River gaging stations 

 

Station So Manning n 

G7 0.0005 0.035 

G6 0.0005 0.057 

G5 0.0005 0.046 

G4 0.0005 0.050 

G3 0.0005 0.047 

G2 0.0002 0.032 
 

According to the data presented in Table 3.5, the average value of the Manning’s ݊ 

coefficient along Doce River is 0.045. However, due to river features such as bed rock in some 

reaches and islands, as illustrated in Figure 3.15 and Figure 3.16,  the roughness can increase 

significantly for low flow conditions. 

  

Figure 3.15 – Doce River, 55 km downstream of station G3 in 05/03/2005, Q ≈ 1,000 m
3
/s  

(Google, 2018)  

 



46 
 

 

Figure 3.16 – Doce River, 55 km downstream of station G3 in 08/09/2017, Q ≈ 130 m
3
/s  

(Google, 2018)  

 

3.3.4 Hydrographs 

The floodwave originated by the Fundão Dam collapse traveled for approximately  

670 km along the Doce River basin streams. According to the Brazilian agencies (ANA, 2016a) 

and aerial images (Google, 2015), the flood spread along the floodplains in the upstream region 

of the basin until the Candonga Dam reservoir (Figure 3.8). From this location to downstream, 

the floodwave traveled in the river’s main channel.  

The passage of the quick rising flood hydrograph was recorded by the gaging stations 

along the Doce River as described previously in Table 3.2. These stations are part of the Alert 

System of Critical Events of the Geological Survey of Brazil and National Water Agency. The 

system was originally designated to warn the riverine towns around the Doce River about flood 

risk during the rainy season (CPRM & ANA, 2016a). Figure 3.17 shows the hydrographs 

registered at the gaging stations in the following days after the failure. 
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Figure 3.17 – Observed hydrographs after the Fundão Dam failure 

 

Besides the gaging stations records, there is a register of the peak discharge at 

Candonga dam of about 1,900 m3/s on 11/06/2015 at 10:00h (Martins, 2015). There are also 

discharge data in Aimorés Dam and downstream of Mascarenhas Dam, however with gaps 

(ANA, 2017). Table 3.6 presents the data of the hydrograph peak and the distance of each 

measurement site. According to the observed hydrographs, the average floodwave celerity 

along the Doce River was approximately equal to 1.2 m/s. 

Table 3.6 – Discharge peak observed along Doce River after the Fundão Dam collapse 

 

Location 
Distance 

(km) 
Date and  

Local Time 

Elapsed 
Time 
(h) 

Maximum 
Discharge 
Observed 

(m3/s) 
Fundão Tailings Dam 0 11/05/2015 15:45 0.0 ? 

Candonga Dam 118.3 11/06/2015 10:00 18.2 1900 

G6 213.1 11/07/2015 7:45 40.0 871 

G5 286.7 11/08/2015 1:45 58.0 704 

G4 368.9 11/08/2015 16:00 72.2 635 

G3 412.3 11/09/2015 7:00 87.2 554 

G2 559.7 11/10/2015 8:30 112.7 394 

G1 624.4 11/11/2015 17:00 145.3 286 
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The quantification of flashiness (rate of  flow change) of the hydrograph after the dam 

collapse is made by the Richard-Baker Flashiness Index (Baker et al., 2004), as shown in 

Equation 3.1.  

ܴ െ ݔ݁݀݊ܫ	ܤ ൌ ∑ |ܳ௜ െ ܳ௜ିଵ|ே௜ୀଵ∑ ܳ௜ே௜ୀଵ  (3.1)

In order to compare the flashiness of a natural condition in the Doce River, this index is 

also applied to a natural flood, which occurred between December 2016 and January 2017 and 

lasted for approximately 30 days (ANA, 2017). Table 3.7 shows the Richard-Baker Flashiness 

Index considering an hourly discharge variation. As one can conclude, t the flashiness index for 

the hydrograph after the dam break is up to 15 times higher than for natural floods in the same 

river. 

Table 3.7 – Analysis of hydrograph flashiness  
 

Station
Flashiness Index 

Dam Break  
Natural Flood 
(2016-2017) 

G6 0.17  0.011 

G5 0.14  0.011 

G4 0.11  0.019 

 

3.3.5 Turbidity 

Turbidity is the measure of relative clarity of a liquid and it expresses the amount of light 

that is scattered by material in the water when light is shined through the water sample. 

Therefore, the higher the intensity of scattered light, the higher the turbidity. It is measured in 

nephelometric turbidity units (NTU) (USGS, 2019). The turbidity of the Doce River waters after 

the dam collapse was measured at each station at the same time as the sediment concentration 

using a portable turbidimeter PoliControl-2000 (CPRM & ANA, 2015a). The relationship 

obtained between the suspended sediment concentration in mg/l and the turbidity in NTU is 

presented in Figure 3.18. Accordingly, in the Doce River the concentration of suspended 

sediment (SS) and the turbidity (NTU) was SS/NTU ≈ 0.5. 
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The relationship between suspended sediment and turbidity is fundamental for the 

evaluation of the impact of the tailings spill on the water supply along the basin. According to 

Chang and Liao (2012), turbidity levels higher than 5,000 NTU hinder conventional water 

treatment. Such turbidity level corresponds to a sediment concentration of ~2,500 mg/l in the 

Doce River. 

 

Figure 3.18 – Relationship of turbidity and suspended sediment concentration measured in the 
Doce River after the Fundão Dam collapse 

 

3.3.6 Suspended Sediment Concentration 

Sediment concentration data were collected using 400 ml instantaneous samplers near 

the banks, positioned 30 cm deep from the surface.  After that, the collected material was 

preserved in refrigeration until the moment of the analysis. Concentration was determined by 

gravimetry/evaporation while the particle size was measured by laser scattering, using the Laser 

Granulometer Malvern 2000. Both procedures were carried out in the labs LAMINBH and 

GEOSOL in Brazil (CPRM & ANA, 2016b).   
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Table 3.8 summarizes the maximum observed value of concentration measured along 

Doce River. One should note that these maximum values do not necessarily represent the peak 

of sediment concentration, since the measurements were irregularly spaced.  

Table 3.8 – Maximum concentration observed in Doce River after the Fundão Dam collapse 

 

Location 
Accumulated 

Distance  
(km) 

Number of  
Measurements

Maximum 
Concentration 

Observed 
 (mg/l) 

Date for 
Maximum 

Fundão Tailings Dam 0 - ?  

Candonga Dam 118.3 - - - 

G6 213.1 10 418,848 11/7/2015 12:00 

G5 286.7 10 304,594 11/8/2015 8:00 

Baguari Dam 343.6 - -  

G4 368.9 13 50,942 11/10/2015 12:00

G3 412.3 14 31,056 11/12/2015 11:00

S4 476.3 10 7,706 11/15/2015 11:00

Aimorés Dam 503.6 - -  

S3 515.1 9 3,508 11/17/2015 20:30

Mascarenhas Dam 525.5 - -  

S2 532.2 7 2,358 11/19/2015 8:30 

G2 559.7 11 2,226 11/20/2015 8:00 

G1 624.4 6 1,530 11/21/2015 20:00

S1 663.4 4 252 11/21/2015 16:30

 

Later, during the fourth survey (November 27 to December 19 of 2015), the Brazilian 

Agencies carried out simultaneously the instantaneous and depth-integrated procedures in all 

gaging stations to check the accuracy of the data collected using the instantaneous samplers on 

the first survey (just after the dam collapse). The depth-integrated procedure was done in the 

same stations using 5 verticals along the river cross sections using a DH-2 sampler. For each 

vertical, a volume of approximately 1 liter was collected. The instantaneous samples were 

collected on the banks, as it was in the first survey. The result of this analysis showed that there 

was no significant difference between the two methodologies (CPRM & ANA, 2016a). Figure 

3.19 up to Figure 3.21 show the plots of the timing between the floodwave and sediment 

concentration peak after the dam collapse. 
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Figure 3.19 – Hydrograph and suspended sediment concentration at gaging stations G6 and G5 

 

 

Figure 3.20 – Hydrograph and suspended sediment concentration at gaging stations G4 and G3 

 

  

Figure 3.21 – Hydrograph and suspended sediment concentration at gaging stations G2 and G1 
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As observed in the previous figures, there is lag between the floodwave propagation and 

the suspended sediment transport. This effect is even more pronounced in the downstream 

gaging stations, where the difference is up to ten days. The occurrence of such physical 

phenomena can be attributed to the retarding effect of the reservoirs over the sediment and the 

difference between celerity and flow velocity. 

 

3.3.7 Particle Size Distribution  

Table 3.9 provides a comparison between the particle size distribution of the material 

impounded in the Fundão Dam (Morgenstern et al., 2016) and the suspended sediment 

collected along the Doce River stations after the dam collapse (CPRM & ANA, 2015a).  

Table 3.9 – Particle size of the stored material in the Fundão Dam reservoir and collected along 
the Doce River 

 
Location ݀ଵ଴ሺ݉ߤሻ ݀ହ଴ሺ݉ߤሻ ݀ଽ଴ሺ݉ߤሻ

Fundão Sand 23.7 84 196 

Fundão Slimes ≈1.0 7.5 40 

G6 3.7 18.1 106.8 

G5 3.7 17.9 109.6 

G4 2.7 6.6 21.6 

G3 3.0 7.7 19.0 

S4 2.9 7.4 17.4 

S3 1.0 3.8 12.5 

S2 1.5 5.4 19.2 

G2 1.5 5.9 21.9 

G1 1.6 6.0 20.2 

S1 1.3 15.5 102.9 

 

Figure 3.22 shows the plot of the particle distribution of both materials. 
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Figure 3.22 – Particle size distribution of the Fundão Dam impounded material and observed along 
the Doce River 

 

Following the sediment grade scale given by Julien (2010), one can conclude that the 

coarser material in the Fundão Dam is medium silt to fine sand, while the finer material is 

medium clay to coarse silt. It is noticeable that most of the sand impounded in the Fundão 

reservoir was deposited in the upstream region of the basin. Furthermore, the particle size 

distribution in the gaging G6, G5 and G4 shows that the material in suspension approximates to 

the combined distribution of the material stored in the dam (sand and slimes). For the stations 

located further downstream the particle sizes are closer to the impounded slimes (fine material), 

since the coarser material has already been deposited. This fine material remains in 

suspension, passing through almost the whole river and the four reservoirs without depositing 

and arriving in the ocean approximately two weeks after the collapse.  
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4. DATA ANALYSIS 
 
 
 

4.1 Spilled Volume Balance 

The spilled volume of tailings (without water) immediately after the Fundão Dam collapse 

was estimated at 32 Mm3 (IBAMA, 2016; Morgenstern et al., 2016). In addition, the water 

volume released is calculated at 24 Mm3, being approximately the volume of the observed 

hydrographs in the first two gaging stations in the Doce River (G6 and G5). Thus, the total 

volume spilled during the Fundão Dam accident is computed as 56 Mm3, which is in good 

agreement with some records in the literature (Antunes, 2015; Burritt & Christ, 2018). The 

volume of tailings that remained in the reservoir after the accident was approximately 24 Mm3 

(IBAMA, 2016), resulting in a total stored volume before the accident of approximately 80 Mm3. 

According to Morgenstern et al., (2016), in the days preceding the failure the dam crest 

was approximately at the elevation 900 (masl), what corresponds to a stored volume of 

approximately 77 Mm3 (Machado, 2017), which shows a satisfactory agreement with the volume 

balance. However, as mentioned by the Brazilian Institute of Environment and Renewable 

Natural Resources (IBAMA, 2016), in the months following the collapse (November 2015 to 

February 2016) the heavy rain in the region resulted in a progressive release of 11 Mm3 of 

additional stored tailings from the Fundão Dam. Ultimately, the total sediment volume released 

in the Fundão Dam accident was approximately 43 Mm3 (IBAMA, 2016; Renova, 2018). 

An important environmental concern about tailings dam failures is the destination of the 

spilled tailings because it contaminates the floodplains, water and bed sediment along the river. 

Moreover, the deposited sediment can be resuspended during flood events, what results in high 

turbidity, affecting the aquatic life and the water treatment systems. Thus, Figure 4.1 shows an 

estimate of the volume of sediment transported immediately after the Fundão Dam collapse 

based on the field survey carried out by the Brazilian agencies (CPRM & ANA, 2015a; IBAMA, 

2016).  



55 
 

 

Figure 4.1 – Estimative of sediment volume decay along the Doce River basin 

 

While the volume indicated upstream of the gaging station G6 is based on the field 

survey (IBAMA, 2016), the volume of the suspended load downstream from this gaging station 

is estimated by the product of the measured suspended sediment concentration by the 

discharge on the stations along the Doce River, as shown in Equation 4.1. 

ௌܮ ൌ නܳௌ݀(4.1) ݐ

Where ܮௌ is the suspended load and ܳௌ is the total suspended sediment discharge. Figure 4.1  

shows an exponential decay in the sediment amount as the flood moves forward.  
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A large volume of tailings (approximately 86% of the spilled volume) deposited in the 

upstream region of the Doce River Basin (118 km downstream of the dam). Settling occurred 

more specifically in the Bento Rodrigues Town, in the floodplains and along the bed of the 

Gualaxo do Norte and Carmo Rivers. In order to illustrate the tailings deposition, Figure 4.2 

shows the Fundão Dam site before the collapse (aerial image from Google Earth at date of 

07/20/2015) while Figure 4.3 shows the same site after the collapse (aerial image from Google 

Earth at date of 11/11/2015). Furthermore, immediately after the accident, the Candonga Dam 

reservoir trapped 7 million cubic meters of sediment (IBAMA, 2016). By the end of February of 

2016, sediment carried by rain increased the volume trapped in this reservoir to 9.5 million cubic 

meters (IBAMA, 2016).  

Finally, as a comparison, in the Doce River basin the estimated annual sediment flux 

into the ocean is approximately 10 million tons per year (Milliman & Farnsworth, 2013), which 

corresponds to a volume of 3.8 Mm3/year and an annual sediment yield of 120 t/km2/year. 

Therefore, the volume of sediment (tailings) released immediately after the Fundão Dam 

collapse (32 Mm3) was equivalent to more than 8 years of sediment yield in the Doce River 

basin. However, due the sediment deposition along the river and in the hydropower reservoirs, 

the amount that arrived in the ocean (≈0.03 Mm3) represents only 0.8% of the annual sediment 

flux. 
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Figure 4.2 – Fundão Dam site before the collapse (Google, 2015)   

 

 

Figure 4.3 – Fundão Dam site after the collapse (Google, 2015)   
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4.2 Hyperconcentrated Flow Analysis 

An approximation for the volumetric concentration in the sites upstream of the Candonga 

Dam can be obtained from the application of Equation 2.47, being the volume of the water equal 

to the hydrograph volume in the Doce River. For the downstream sites, the volumetric 

concentration is estimated from the observed concentrations, calculated using expression (4.2) 

(Julien, 2010): 

௩ܥ ൌ ܩ௠௚/௟10଺ܥ  (4.2)

Where ܥ௩ is the volumetric sediment concentration, ܥ௠௚/௟ is the concentration of the suspended 

sediment in mg/l and ܩ is the specific gravity of the sediment. Table 4.1 summarizes the 

estimate volumetric concentration and the hyperconcentrated flow classification.  

  Table 4.1 – Hyperconcentration analysis 

 

Location 
Distance 

 (Km) 

Sediment 
Volume  
(Mm³) 

Volumetric 
Concentration ܥ௩ 

Classification 

Fundão Dam 0.0 32.40 57.45% Landslide 

Bento Rodrigues Town 6.5 22.60 48.50% Mud Flow 

Gualaxo River 77.3 14.70 37.98% Mud Flood 

Carmo River 102.1 12.40 34.07% Mud Flood 

Candonga Reservoir 118.3 11.80 32.96% Mud Flood 

G6 213.1 4.04 15.81% Water Flood 

G5 286.7 2.58 11.76% Water Flood 

G4 368.9 0.42 1.95% Water Flood 

G3 412.3 0.32 1.37% Water Flood 

S4 476.3 0.15 0.82% Water Flood 

S3 515.1 0.04 0.14% Water Flood 

S2 532.2 0.04 0.11% Water Flood 

G2 559.7 0.04 0.10% Water Flood 

G1 624.4 0.03 0.07% Water Flood 

S1 663.5 0.03 0.06% Water Flood 

 

Following the hyperconcentrated flow characteristic given by O’Brien and Julien (1985),  

the sediment deposition along the flow path caused a progressive change in the behavior of the 

hyperconcentrated flow along the Doce River basin.   
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Due to amount of sediment trapped in the upstream region of the basin and in the 

Candonga Dam reservoir, the flow in the Doce River has the behavior of “Water Flood”. 

Therefore, it was considered that the methods used for fluvial hydraulics would apply 

downstream of Candonga Dam. 

 

4.3 Mode of Sediment Transport along the Doce River 

The determination of the mode of sediment transport along Doce River after the Fundão 

Dam collapse is carried out taking into account the observed discharge, the sediment size and 

the river features, as presented in Table 4.2. 

Table 4.2 – Mode of sediment transport in Doce River after the Fundão Dam failure 

 

Station 
ܳ ሺ݉ଷ/ݏሻ ܵ௢ 

 
T	

(o
C) 

݄ ሺ݉ሻ ݑ∗ ሺ݉ሻ ݀ହ଴ ሺ݉ߤሻ ݀∗ 
 

߱ ሺ݉݉/ݏሻ ߱∗ݑ
 ݋ܴ 

Mode of 
Sediment 
Transport 

G6 150 0.0005 30 0.89 0.07 18.1 0.53 0.37 180 0.014 suspension

G5 130 0.0005 27 0.48 0.05 17.9 0.50 0.34 145 0.017 suspension

G4 141 0.0005 30 1.26 0.08 6.6 0.19 0.05 1601 0.002 suspension

G3 182 0.0005 30 1.23 0.08 7.7 0.23 0.07 1165 0.002 suspension

G2 309 0.0002 29 1.37 0.05 5.9 0.17 0.04 1358 0.002 suspension

G1 350 0.0002 29 0.86 0.04 6.0 0.17 0.04 1043 0.002 suspension

 
 
Parameters in Table 4.2 were calculated using Equations 2.22 to 2.25, considering the 

observed water temperature. The low Rouse number ܴ݋ indicates a uniform sediment 

distribution along the flow depth, moreover the analysis shows that the predominant mode of 

sediment transport is suspension in the whole extension of the Doce River. Therefore, the 

advection-dispersion equation should provide a proper approach to calculate the sediment 

transport.  
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4.4 Longitudinal Dispersion Coefficient along the Doce River  

According to Fischer et al. (1979),  the routing procedure can be employed to determine 

the longitudinal dispersion coefficient ܭௗ in natural streams.  Such procedure is originally given 

by the solution to Equation 2.29 to match an observed downstream tracer cloud based on an 

upstream observation, however not considering the settling. The value of ܭௗ is varied until the 

best fit between the observed and predicted values downstream, being this value regarded as 

the observed longitudinal dispersion coefficient (Fischer et al., 1979). This procedure is 

originally applied on conservative substances, however, herein the sediment settling rate ݇ was 

taken into account by the application of the analytical solution, given by the Equations  2.31 to 

2.33. 

 The analytical solution requires the discretization of the time-varying suspended 

sediment concentration series in short time blocks (equivalent to spilling duration ߬)  with the 

application of the superposition principle, as illustrated in Figure 4.4. This adapted routing 

method was applied in the Doce River after the Fundão Dam collapse in reaches with measured 

sediment concentrations. There was no substantial improvement on the calculations for the 

blocks with time duration shorter than 1 hour, therefore this was the duration chosen for each 

block. The methodology considers that the longitudinal dispersion coefficient and the settling 

rate are constant along each reach. Finally, one should note that the application of the analytical 

solution can avoid numerical errors on the solution of the advection-dispersion equation. 
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Figure 4.4 – Application of the analytical solution using the superposition principle 

 

At gaging station G6 a concentration curve was linearly interpolated using the observed 

concentration. For the subsequent reaches, the calculated concentration in the downstream 

station served as input for the following river reach. The adjustment of parameters of flow 

velocity, longitudinal dispersion coefficient and the sediment settling rate targeted the best fit 

with the observed data, using the determination coefficient R2 as the objective function.  

ܴଶ ൌ ۇۉ ∑ ሺ ௜ܺ െ തܺሻ௡௜ୀଵ ሺ ௜ܻ െ തܻሻට∑ ሺ ௜ܺ െ തܺሻଶ௡௜ୀଵ ∑ ሺ ௜ܻ െ തܻሻଶ௡௜ୀଵ ۊی
ଶ
 (4.3)

Where തܺ is the average of the measurements and തܻ the average of the calculated values. For 

reaches with reservoirs between the observed concentrations, Equation 2.44 was applied. In 

this case, the calibrated variables were the settling rate and the time needed for the sediment to 

cross the reservoir.  Figure 4.5 to Figure 4.9 shows the results for each river reach and a 

comparison between the calculated and the measured concentration.  
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Figure 4.5 – Routing procedure result in the reaches: G6-G5 and G5-Baguari Reservoir 

 

 

Figure 4.6 – Routing procedure result in the reaches: Baguari Reservoir-G4 and G4-G3 

 

 

Figure 4.7 – Routing procedure result in the reaches: G3-S4 and Aimorés Reservoir-S3 
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Figure 4.8 – Routing procedure result in the reaches: Mascarenhas reservoir-S2 and S2-G2 

 

 

Figure 4.9 – Routing procedure result in the reaches: G2-G1 and G1-S1 

 
 
Table 4.3 presents a summary for the parameters of the Doce River reaches and the 

values of ܭௗ obtained. 
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Table 4.3 – Longitudinal dispersion coefficient evaluation along the Doce River 

 

Reach 
Distance  

(km) ܵ௢ 
ܹ  ሺ݉ሻ ܷ 

 ሺ݉/ݏሻ ݄ 
 ሺ݉ሻ ሻݏ/ሺ݉ ∗ݑ  ௗܭ

 ሺ݉ଶ/ݏሻ ܴଶ 

G6-G5 73.6 0.00050 195 1.12 0.69 0.06 120 0.99

G5-Reservoir 34.9 0.00050 260 1.12 0.45 0.05 120 - 

Reservoir-G4 25.3 0.00050 303 0.35 1.33 0.08 35 0.96

G4-G3 43.4 0.00050 360 0.37 1.37 0.08 40 0.92

G3-S4 64.0 0.00050 434 0.37 1.15 0.08 40 0.85

Reservoir-S3 11.5 0.00080 536 0.35 1.08 0.09 30 0.82

Reservoir-S2 6.7 0.00080 622 0.35 1.07 0.09 30 0.78

S2-G2 27.5 0.00080 627 0.36 1.37 0.10 30 0.75

G2-G1 64.7 0.00020 720 0.52 0.94 0.04 50 0.84

G1-S1 39.0 0.00020 815 0.48 0.90 0.04 50 0.96

 
 
Results obtained showed that, despite the Doce River width (varying approximately from 

200 m to 800 m), the analytical solution presented strong agreement with the observed 

concentrations at all stations, indicating that the one-dimensional modeling can be used on 

similar cases of suspended sediment propagation. Nevertheless, the satisfactory performance 

of the one-dimensional model is related with the massive amount of sediment spilled in the river 

after the dam collapse and the effect of the spillways jet, which promoted the vertical and lateral 

mixing in the river reaches.  

To check the significance of the calibration parameters determined in the Doce River 

after the dam collapse, Table 4.4 presents the dimensionless parameters ܭௗ/݄ݑ∗ and	ܷ/ݑ∗ for 

the Doce River. In addition, Figure 4.10 shows the plot of the values found in the Doce River 

and the literature data, which considers 138 points from 50 rivers in U.S., U.K. and New 

Zealand (McQuivey & Keefer, 1974; Fischer et al., 1979; Rutherford, 1994; Deng et al., 2001; 

Kashefipour & Falconer, 2002; Carr & Rehmann, 2007).  These literature data are presented in 

Appendix A. 
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Table 4.4 – Doce River hydraulic parameters  

 
Reach ܭௗ/݄ݑ∗ ∗ݑ/ܷ

G6-G5 3010 19.3 

G5-Reservoir 5744 23.9 

Reservoir-G4 327 4.3 

G4-G3 358 4.5 

G3-S4 464 4.9 

Reservoir-S3 301 3.8 

Reservoir-S2 306 3.8 

S2-G2 212 3.5 

G2-G1 1247 12.1 

G1-S1 1332 11.5 

 

 

Figure 4.10 – Comparison between the longitudinal dispersion coefficients presented in the 
literature and the Doce Rive data (McQuivey & Keefer, 1974; Fischer et al., 1979; Rutherford, 1994; 

Deng, Singh, & Bengtsson, 2001; Kashefipour & Falconer, 2002; Carr & Rehmann, 2007). 

 

The observed values of ܭௗ in the Doce River varied from 30 m2/s to 120 m2/s showing 

the same trend and presenting good agreement with the data in the literature.  
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To define the most representative empirical expression for the modeling of longitudinal 

dispersion coefficient, each expression presented previously in Table 2.4 was tested using the 

Doce River and the literature data. As presented in Equation 2.35, most of the empirical 

expressions are functions of the dimensionless parameters: longitudinal dispersion coefficient 

over the product of flow depth and shear velocity (ܭௗ/݄ݑ∗), mean flow velocity over shear 

velocity (ܷ/ݑ∗) and the river width over flow depth (ܹ ݄⁄ ). Thus, Figure 4.11 shows the plot of all 

the empirical equations as function of these parameters considering ܹ ݄⁄ 	≅ 66, which is the 

average of the literature data. Figure 4.12 presents the same plot taking into account the Doce 

River average value of ܹ ݄⁄ 	≅ 500. Finally, Table 4.5 presents the result of comparison of all 

expressions with the Doce River and literature data applying the statistical methods presented 

in Section 2.7.5.  

 

Figure 4.11 – Comparison between the longitudinal dispersion coefficients presented in the 
literature and the Doce Rive data with W/h =66.  
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Figure 4.12 – Comparison between the longitudinal dispersion coefficients presented in the 
literature and the Doce Rive data with W/h =500.  

 
Table 4.5 – Evaluation of the empirical expressions for the longitudinal dispersion coefficient  

 

ID Equation 
 ܹ ݄⁄ 	≅ 500 

DRs R2 ME RMSE

ௗܭ 1 ൌ 2.03- ∗ݑ5.93݄ 0.05 125 0.17 

ௗܭ 2 ൌ 0.011ܷଶܹଶ/݄0.46 3.41 ∗ݑ 382868 0.28 

ௗܭ 3 ൌ 0.18ሺܷ/ݑ∗ሻ଴.ହሺܹ/݄ሻଶ݄0.23 2.35 ∗ݑ 16456 0.20 

ௗܭ 4 ൌ 0.6ሺܹ/݄ሻଶ	݄0.05 2.46 ∗ݑ 21743 0.21 

ௗܭ 5 ൌ 2.0ሺܹ/݄ሻଵ.ହ	݄0.05 1.62 ∗ݑ 3139 0.14 

ௗܭ 6 ൌ 0.2ሺܷ/ݑ∗ሻଵ.ଶሺܹ/݄ሻଵ.ଷ݄0.39 1.07 ∗ݑ 1030 0.09 

ௗܭ 7 ൌ 5.92ሺܷ/ݑ∗ሻଵ.ସଷሺܹ/݄ሻ଴.଺ଶ݄0.42 0.89 ∗ݑ 757 0.08 

ࢊࡷ 8 ൌ ૚૙. ૟૚૛ሺ࢛/ࢁ∗ሻ0.08- ࢁࢎ 0.46 91 0.04 

ௗܭ 9 ൌ ሾ7.428 ൅ 1.775ሺܹ/݄ሻ଴.଺ଶሺܷ/ݑ∗ሻ଴.ହ଻ଶሿሺܷ/ݑ∗ሻ݄ܷ 1.34 0.44 5722 0.12 

ௗܭ 10 ൌ 0.37- ∗ݑ250݄ 0.05 108 0.06 

ௗܭ 11 ൌ 5.4ሺܷ/ݑ∗ሻ଴.ଵଷሺܹ/݄ሻ଴.଻݄ܷ 0.81 0.38 513 0.08 

 

From the observation of Figure 4.11 and Figure 4.12 it is noticeable that when the ratio ܹ ݄⁄ 	 is increased above the average of the literature data, several expression result in 

overestimation of ܭௗ. 
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Nevertheless, the result of the statistical methods presented in Table 4.5 shows that the 

empirical expressions derived by Kashefipour and Falconer (2002) best fitted the literature and 

the Doce River data. This expression is given by Equation 4.4. ܭௗ ൌ 10.612ሺܷ/ݑ∗ሻ݄ܷ (4.4)

Equation 4.4 will be retained for further modeling of the suspended sediment propagation. 

 

4.5 Sediment Settling Rate 

The settling rate is a relatively new parameter on literature, depending on the fall velocity 

of a specific particle size. The determination of the representative diameter for the settling rate 

observed in the Doce River was evaluated by the application of Equation 2.30, considering the 

average flow depth. The result is shown in Table 4.6.  

Table 4.6 – Settling rate evaluation from the Doce River measurements 

 

Reach 
Observed Water 

Temperature 
(oC) 

Fall 
Velocity ߱ሺ݉݉/ݏሻ Settling Rate ݇ ሺ݀ܽିݕଵሻ Dimensionless 

Diameter ݀∗ Particle Size ݀௦ (݉ߤ) 

G6-G5 30 0.0026 0.33 0.04 1.5 

G5-Reservoir 27 0.0017 0.33 0.03 1.3 

Reservoir-G4 30 0.0045 0.29 0.06 2.0 

G4-G3 30 0.0044 0.28 0.06 2.0 

G3-S4 31 0.0037 0.28 0.05 1.8 

Reservoir-S3 29 0.0014 0.11 0.03 1.1 

Reservoir-S2 29 0.0014 0.11 0.03 1.1 

S2-G2 29 0.0018 0.11 0.04 1.3 

G2-G1 29 0.0022 0.21 0.04 1.4 

G1-S1 29 0.0021 0.21 0.04 1.4 

 
According to the analysis, the representative diameters of the settling rate varied from 

1.1 to 2 ݉ߤ, which classifies the sediment as medium clay. This result is remarkably consistent 

along Doce River reaches and denotes that the observed sediment settling rates are clearly 

associated with the slimes (finer stored tailings) of the Fundão Dam, which remained in 

suspension and sustained high turbidity levels in the river. One should note that the fall velocity 

of fine material is substantially affected by the temperature (Julien, 2010).  
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Figure 4.14 illustrates the particle diameter correspondent to the settling rate in the Doce 

River stations compared with the particle size distribution of the material stored at Fundão Dam. 

By this comparison one can conclude that the sediment settling rate observed in the Doce River 

corresponds approximately to ݀ଵହ	of the slimes (1.5 ݉ߤ) stored at the Fundão Dam. 

 

Figure 4.13 – Comparison of the particle size distribution of the material stored in the Fundão Dam 
reservoir and the particle size related with the settling rate observed in the Doce River and in the 

reservoirs 

 

In the Doce River hydropower reservoirs the determination of the representative settling 

rate particle size is carried out applying Equation 2.44. This calculation takes into account the 

observed sediment concentration data upstream and downstream of the reservoirs and 

assumes that the water temperature is equal to the mean temperature observed on river 

reaches upstream and downstream of the reservoirs. 
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Table 4.7 presents a summary of the parameters for the sediment routing in the 

reservoirs, including the settling rate and the representative particle size ݀௦. The last column 

presents the ݀ହ଴ of the particle size distribution curve observed in the station upstream of each 

reservoir.  

Table 4.7 – Settling rate and representative particle size in the Doce River reservoirs 

 

Reservoir 
 

Extension ሺ݇݉ሻ ܷ ሺ݉/ݏሻ Depthሺ݉ሻ ܶ 
(oC) 

߱  ሺ݉݉/ݏሻ ݇ ሺ݀ܽିݕଵሻ Representative 
sze ݀௦ ሺ݉ߤሻ ݀ହ଴  

Observed 
upstream ሺ݉ߤሻ 

Baguari  22 0.25 10.0 28.5 0.16 1.39 12.1 17.9 

Aimorés  32 0.10 5.5 30 0.04 0.55 5.6 7.4 

Mascarenhas  10 0.11 5.0 29 0.01 0.23 3.5 4.0 

 
 
The representative settling rate observed in the reservoirs relates with particle diameter 

slightly finer to ݀ହ଴	of the observed particles upstream of each reservoir. Furthermore, one can 

realize that the particle size decreased from Baguari Dam (upstream) to Mascarenhas Dam 

(downstream).  

Since the same settling rate is applicable in the river and in the reservoirs, it is possible 

to define the settling rate as function of the dimensionless parameter	݄݇/ܷ, as presented in 

Table 4.8. Additionally, Figure 4.14 illustrates the relationship between the particle size and the 

dimensionless parameter obtained for the Doce River reaches and for the reservoirs.  
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Table 4.8 – Dimensionless parameter and particle size observed in the Doce River and in the 
reservoirs 

 

River Reach 
݇ ሺ݀ܽିݕଵሻ Particle 

Size  ݀௦ ሺ݉ߤሻ 10଺ ݄ܷ݇
G6-G5 0.33 1.5 2.3 

G5-Reservoir 0.33 1.3 1.5 

Reservoir-G4 0.29 2.0 12.9 

G4-G3 0.28 2.0 11.8 

G3-S4 0.28 1.8 10.1 

Reservoir-S3 0.11 1.1 4.0 

Reservoir-S2 0.11 1.1 4.0 

S2-G2 0.11 1.3 4.9 

G2-G1 0.21 1.4 4.3 

G1-S1 0.21 1.4 4.5 

Reservoirs    

Baguari 1.39 12.1 651.2 

Aimorés 0.55 5.6 348.6 

Mascarenhas 0.23 3.5 115.7 

 

 

Figure 4.14 – Dimensionless settling parameter as function of the particle size 
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According to the measurements in the Doce River, the relationship between the 

dimensionless parameter	݄݇ ܷ⁄  and the representative particle size ݀௦ in ݉ߤ is expressed as 

Equation 4.5: 

10଺ ݄ܷ݇ ൌ 62.5݀௦ െ 83.4 (4.5)

One should note that the Equation 4.5 fits the data for particle size ranging from 1.1 ݉ߤ to  

 ݉ߤ 12.1

 

4.6 Volume of Sediment Trapped in the Doce River Reservoirs 

Table 4.9 presents the reservoir operation data from the Reservoir Monitoring System 

from the National Water Agency (ANA, 2016c), the sediment inflow volume in the Candonga 

Dam reservoir estimated by the Brazilian agencies (IBAMA, 2016) and the calculated sediment 

inflow for the other three reservoirs estimated from the observed sediment concentration in the 

Doce River. 

Table 4.9 – Doce River reservoirs data and trap efficiency after the Fundão Dam collapse 

 

Reservoir 
Mean 

Discharge 
 (m³/s) 

Water 
Level 
(masl) 

Reservoir 
Area 
 (km²) 

Inflow Volume 
of Sediment  

(Mm³) 

Outflow Volume  
of Sediment   

(Mm³) 

Trap 
Efficiency 

(%) 
Candonga 800 325.00 2.49 11.80 4.80 ≈60 

Baguari 215 184.68 3.40 2.47 0.55 ≈80 

Aimorés 196 89.61 31.57 0.15 0.04 ≈70 

Mascarenhas 236 59.60 3.90 0.04 0.03 ≈20 

 

Analysis of the trapped volume in the reservoirs was verified using two different 

approaches: the volume calculation using the observed data upstream and downstream of the 

reservoirs (sediment concentration and water discharge) and the calculation by size fraction, as 

described in Section 2.8. For this last procedure, the observed particle size distribution in the 

upstream stations was used.  
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For the specific case of the Candonga Dam, a combined particle size distribution of the 

material stored in Fundão Dam (Figure 3.22) is employed, this distribution is composed by 50% 

of sand and 50% of slimes. The comparative result for the two methodologies is presented in 

Table 4.10 and in Figure 4.15. 

Table 4.10 – Calculation of the trapped sediment in the Doce River reservoirs 

 

Reservoir 
Volume of Sediment Trapped (Mm³)

Based on field  
measurements 

Calculation by 
size fraction 

Candonga  7.00 7.95 

Baguari  1.92 1.83 

Aimorés  0.11 0.14 

Mascarenhas 0.01 0.02 

 

 

Figure 4.15 – Comparison between the total volume trapped in the Doce River reservoirs using 
two different procedures 
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Overall, there was good agreement between the two procedures. The biggest difference 

is in the Mascarenhas Dam, where only the finer sediment arrived (݀ହ଴ 	ൌ  Thus, in this .(݉ߤ	5	

specific case the calculation by size fraction resulted in an overestimation of the trapped 

sediment. Lastly, Table 4.11 presents the estimated reservoir volume loss after the Fundão 

Dam collapse. 

Table 4.11 – Estimate of reservoir volume loss after the Fundão Dam collapse. 

 

Reservoirs  Total Volume (Mm³) Volume Loss

Candonga  42.2 17% 

Baguari  38.1 5% 

Aimorés  249.2 0.04% 

Mascarenhas 23.9 0.04% 
 

According to Table 4.11, the volume loss in Candonga Dam reservoir immediately after 

the Fundão Dam failure was 17%. However, as registered by the Brazilian Institute of 

Environment and Renewable Natural Resources, at the end of February due to rains in the 

region, the total sediment trapped in the Candonga Reservoir was 9.5 Mm3, increasing the 

volume loss to 22.5%. Remarkably, the event of the Fundão Dam collapse resulted in 

substantial volume loss in the Candonga Dam, because almost one quarter of the reservoir 

volume was consumed. At present, efforts have been made to dredge 2 Mm3 and recover part 

of the reservoir volume.  The restart of the hydropower operation is expected only to 2020 

(Renova, 2018).     

 

4.7 Observed Difference between the Floodwave and Sediment Transport Propagation 

As registered by the Brazilian agencies, during the field survey a lag between the flood 

and the sediment peak concentration was detected. Figure 4.16 presents the plot of the peak 

discharges and the peak of sediment concentration as function of distance and time, using the 

Fundão Dam site and the time of failure as the origin of the coordinates.  
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Figure 4.16 – Comparison between the floodwave celerity and sediment velocity in Doce River 

 

The lag between the flood and sediment concentration has its origin at the first reservoir 

of Doce River (Candonga Dam), which delayed the sediment propagation.  Furthermore, the 

same situation occurred in the river reaches downstream, where the interruption in the vertical 

dashed line indicates the time spent by the sediment to cross the reservoirs. Another effect 

observed was the difference between the floodwave celerity and the flow velocity, as explained 

in Equation 2.15. Ultimately, the sediment arrived in the sea approximately 13 days after the 

floodwave. 
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4.8 Conclusions 

The collapse of Fundão Dam spilled 32 Mm3 of tailings in the Doce River basin, however 

approximately 90% of this material was trapped up to 118 km downstream of the dam, upstream 

of the Candonga hydropower reservoir. Nevertheless, the remaining material that arrived in the 

Doce River resulted in high concentration (maximum measured approximately 400,000 mg/l), 

with suspension as the primary mode of sediment transport. 

The result of application of the analytical solution for the one-dimensional advection-

dispersion equation using the complementary error function agrees with the observed sediment 

concentration. This procedure enabled the calibration of the equation parameters, i.e., the 

longitudinal dispersion coefficient and the sediment settling rate. The values determined for the 

longitudinal dispersion coefficient ranged from 30 to 120 m2/s, fitting the literature data. Among 

the existent empirical expressions for the calculation of this coefficient the equation developed 

by Kashefipour and Falconer (2002) presented the best agreement with both the literature and 

the Doce River data. In addition, the sediment settling rate observed along the whole river could 

be related with the finer material stored in Fundão Dam, where the particle size ranged from 1.1 

to 2 ݉ߤ.  

The data analysis carried out also indicated that immediately after the Fundão Dam 

collapse the Candonga hydropower reservoir lost approximately 17% of its volume, while the 

Baguari Dam (second reservoir in the Doce River) lost approximately 5% of its volume. The 

volume loss in the other two reservoirs was insignificant. Finally, the observed lag between the 

sediment transport (finer tailings) and the floodwave propagation along the Doce River could be 

primarily attributed to the interference of the hydropower reservoirs. 
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5. FLOOD ROUTING MODEL 
 
 
 

5.1 Introduction 

A numerical simulation of the physical processes in the Doce River and reservoirs after 

the Fundão Dam collapse requires the subdivision of fluvial reaches and reservoirs, as 

illustrated in Figure 5.1. 

Figure 5.1 – Processes in the numerical simulation 

 

Thus, a hydrodynamic one-dimensional numerical model is proposed to simulate both 

the unsteady and steady state flow regimes along the Doce River and its reservoirs.  

Required Definition: 
River Reach or Resevoir

River

Unsteady/
Steady Flow

Suspended 
Sediment 
Transport

Bed Deposition

Reservoir

Flood Routing Sediment 
Routing
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The objective of this model is to provide the flow conditions for a later simulation of 

sediment transport. Table 5.1 presents the physical processes to simulate the flow and the 

corresponding equations or methods used, presented earlier in Chapter 2.  

Table 5.1 – Physical process and equations applied on the flow simulation along the Doce River 

 
Physical Process Equation/Method 

Dam Break Hydrograph Envelope Curve (Rico et al., 2007) 

Unsteady Flow 
Momentum  

Continuity 

Steady Flow Standard Step Method 

Reservoir Routing Level Pool Routing 

 

To simplify the simulation, the path of the floodwave and sediment transport was divided 

in five reaches, with four of them in the Doce River as presented in Figure 5.2. 

 

Figure 5.2 – River reaches division for the numerical simulation 

 

The Upper Reach relates to the Gualaxo do Norte and Carmo Rivers, located upstream 

of the Candonga Dam, while the Reaches A, B, C and D correspond to the Doce River. Table 

5.2 shows the length, average slope and average width of each reach. 
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Table 5.2 – River reaches 

 
Reach Length (km) Slope Width (m)

Upper 110 0.005 30 

A 204 0.0005 200 

B 128 0.0005 380 

C 34 0.0008 620 

D 108 0.0002 730 
 

The next sections present the assumptions, the numerical methods applied, the 

calibrated parameters and the results of the numerical simulation.  

 

5.2 Upper Reach Simulation 

This research is focused on the floodwave and sediment propagation along the Doce 

River following the accident with the Fundão Dam.  However, the Upper Reach simulation is 

needed to provide the upstream boundary conditions (hydrograph and sediment concentration) 

at the Candonga Dam for a subsequent simulation of the Doce River flow.  

Initially, the discharge peak after the dam collapse can be estimated using Equation 

2.20. Thus, considering the total released volume of 56 Mm3 (tailings plus water) and the dam 

high equal to 120 m, one can obtain: ܳ௠௔௫ ൌ 325ሺ56 120ሻ଴.ସଶݔ ≅ 13,000 ݉ଷ/(5.1) ݏ

The dam break hydrograph is assumed to have a triangular shape, therefore the base 

time of the hydrograph is equal to 2.4 hours. Moreover, the flood simulation downstream of 

Fundão Dam must consider the resistance effects of the hyperconcentrated flow, in which the 

water and sediment travel together. One should also consider that sediment deposition on the 

bed and floodplain along the Gualaxo do Norte and Carmo Rivers results in the reduction of the 

hydrograph volume as it moves forward.  

 



80 
 

A simplified model of the unsteady flow resultant of the dam collapse can be made using 

the diffusive wave format of the Saint Venant equations without any substantial loss of accuracy 

(O’Brien et al., 1993).  Furthermore, a settling term can be added to simulate the reduction of 

the hydrograph volume due the sediment deposition. Thus, the diffusive wave equation 

becomes Equation 5.2: ߲߲ܳݐ ൅ ௘ܥ ݔ߲߲ܳ ൌ ܦ ߲ଶ߲ܳݔଶ െ ݇∗ܳ (5.2)

Where ݇∗ is the settling rate applied on the propagation of the hyperconcentrated flow. Due to 

transport format, Equation 5.2 can be solved using the Crank Nicolson scheme. This simplified 

equation incorporates the additional flow resistance of the hyperconcentrated flow through the 

celerity ܥ௘ and the hydraulic diffusivity	ܦ. 

The settling rate was calibrated to reduce the dam break hydrograph (56 Mm3) to the 

same volume as observed in the Doce River (24 Mm3).  Moreover, the floodwave attenuation 

(hydraulic diffusivity ܦ) and the floodwave speed ܥ௘ were calibrated to match the observed time 

of arrival and discharge peak at Candonga Dam (CPRM & ANA, 2015a; Tschiedel, 2016). Thus, 

considering the difference between the time of the collapse and the time of the arrival of the 

floodwave in Candonga Dam (07:00 on 11/06/2015), the average floodwave celerity on the 

upper reach after the Fundão Dam collapse resulted approximately 1.8 m/s. This value has the 

same magnitude of the celerity observed (≈ 2m/s)  after the collapse of the Los Frailes Tailings 

Dam in Spain, as registered in a gaging station located 11 km downstream of that dam (Ayala-

Carcedo, 1998). This is one of the few celerity data registered in the literature after a tailings 

dam failure. 

 

 

 



81 
 

For the numerical simulation, the spatial discretization and the time steps adopted were 

respectively ∆ݔ ൌ 250	݉ and ∆ݐ ൌ  A check of grid dependence i.e., a successive .ݏ	300

refinement of an initial coarse grid (Versteeg & Malalasekera, 2007), showed that there was no 

improvement in the results for a refined mesh but considerable increase in the processing time. 

The result of the calibration is presented in Table 5.3 

Table 5.3 – Floodwave simulation parameters 

 

Reach 
Length 	ሺ݇݉ሻ ∆ݔ ሺ݉ሻ ∆ݐ ሺݏሻ ܥ௘ ሺ݉/ݏሻ ሻݏ/ሺ݉ଶ ܦ ݇∗ሺ݀ܽିݕଵሻ  ܲ∆ ௗܥ ௔ܥ

Upper 110 250 300 1.78 600 1.26 2.13 2.88 0.74 

 

Figure 5.3 shows the calculated propagation of the floodwave in the Upper Reach of the 

Doce River basin. 

 

Figure 5.3 – Floodwave simulation at the Upper Reach  

 
One should note that the hydrograph obtained at Candonga Dam has an hourly Richard-

Baker Flashiness Index equal to 0.47, which is approximately 25 times higher than for natural 

floods in the same river.  This hydrograph will be the upstream boundary conditions at the Doce 

River, as presented in the next section. 
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5.3 Evaluation of Flood Routing Methods on the Doce River 

The flood routing methods presented in Table 2.2 were tested along the Doce River 

using the calculated hydrograph at Candonga Dam as upstream boundary condition. The 

objective was to reproduce the flow conditions for a further simulation of the sediment transport. 

The methods were tested in the first Doce River reach (Reach A) between Candonga and the 

station G6 (upstream) and between the station G6 and the Baguari reservoir (downstream). In 

this reach, the average river width is 200 m and the bed slope is 0.0005.  The simulations 

carried out were: 

A. Modified Puls in HEC-RAS* - hydrologic routing;  

B. Muskingum-Cunge - hydrologic routing coded in Matlab**; 

C. Preissmann scheme - full dynamic wave routing (non-linear equation solved using 

the Newton-Raphson method), coded in Matlab**;  

D. HEC-RAS* - full dynamic wave routing (Preissmann scheme solved through linear 

equations);  

E. Crank Nicolson scheme - diffusive wave routing coded in Matlab**; 

F. QUICKEST scheme - diffusive wave routing coded in Matlab**; 

*The HEC-RAS version 5.0.6 was used. 

**The Matlab version R2018a was used. 

The initial estimate of the cross section distance ∆ݔ followed the empirical expressions 

provided in the HEC-RAS Reference Manual (USACE, 2016). Accordingly, it should be smaller 

than: 

ݔ∆ ൑ 0.15ܻܵ௢  (5.3)

Where ܻ is the average main channel bankfull depth in m. A second equation to estimate ∆ݔ is: 

ݔ∆ ൑ ௘ܥ ௥ܶ20  (5.4)
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Where ܥ௘ is the celerity in m/s and ௥ܶ is hydrograph rising time (from low flow to peak) in 

seconds. The most restrictive value is then determined as the minimum distance ∆ݔ.  

Additionally, an initial guess to wave celerity can be done by the Kleitz-Seddon [Equation 2.16]. 

௘ܥ ൌ ܣ߲߲ܳ ൎ ΔܳΔ(2.16) ܣ

Moreover, a practical time step ∆ݐ for medium to large rivers is given by Equation 5.5  (USACE, 

2016): 

ݐ∆ ൑ ௥ܶ20 (5.5)

The expressions presented above can be used as an initial mesh size, however, it does 

not replace the check of the effects of the refinement of the grid on the solution.  Thus, the initial 

definition of the mesh size followed the recommendations presented in the HEC-RAS User’s 

Manual. Nevertheless, the final mesh size selected for all schemes was Δ250 = ݔ m and Δ300 = ݐ s, since no improvements were observed with more refinements. The Manning’s 

roughness coefficient was calibrated to fit the observed hydrograph downstream. Table 5.4 

presents the simulation parameters while Figure 5.4 and Figure 5.5 shows the results of the 

flood routing simulations. 

Table 5.4 – Summary of parameters applied on the flood routing simulations on Reach A 

 

Parameter 
Reach A 

Upstream Downstreamܮ	ሺ݇݉ሻ 95 109 ݊ 0.05 0.048 ܻ		ሺ݉ሻ 6 6.5 ܶݎ	ሺ݄ሻ 3 8.5 ݁ܥ	ሺ݉/ݏሻ െ ݈ܽ݅ݐ݅݊݅ ݏݏ݁ݑ݃ ߠ 1.3 2 െ  1 1 ݊݊ܽ݉ݏݏ݅݁ݎܲ	

Diffusive wave models   ܳ௥௘௙	ሺ݉ଷ/ݏሻ   980 470 ܦ	ሺ݉ଶ/ݏሻ			 4,700 2,250 ݁ܥ	ሺ݉/ݏሻ 1.2 1.2 
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Figure 5.4 – Test of flood routing procedures, Reach A upstream (Candonga Dam – G6) 

 
 

 

Figure 5.5 – Test of flood routing procedures, Reach A downstream (G6 – G5) 
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A quantitative comparison between the numerical simulations and the observed 

discharges is made by means of the relative percent difference (RPD) applied on the peak 

discharge, the root mean square error (RMSE), the mean absolute percentage error (MAPE) 

and the difference on the time of peak, as presented in Table 5.5. 

Table 5.5 – Quantitative comparison between the flood routing models and the observed 
discharge on Reach A 

 

Simulations 

Upstream   Downstream 

Peak 
(m3/s) 

RPD 
RMSE 
(m3/s) 

MAPE
Time 
diff 
(h) 

 
Peak 
(m3/s)

RPD 
RMSE 
(m3/s) 

MAPE
Time 
diff 
(h) 

Observed 871 - - - -  704 - - - - 

Modified Puls* 1141 31% 216 29% -5.3  828 18% 122 28% -5.5 

Muskingum Cunge 495 -43% 184 24% -3.2  584 -17% 90 24% -3.3 

Preissmann 594 -32% 146 18% -3.8  603 -14% 91 24% -4.2 

Preissmann* 585 -33% 138 18% -3.3  596 -15% 85 24% -3.8 

Crank Nicolson 492 -44% 140 31% -1.3  601 -15% 69 31% -1.5 

QUICKEST 510 -41% 145 32% -2.1  593 -16% 74 33% -1.7 
 

*Simulated in HEC-RAS version 5.0.6. 

The commonly used flood routing methods were not able to simulate the observed flashy 

hydrographs in the mild slope of the Doce River. All these numerical methods, except for the 

Modified Puls, underestimated the peak discharge, with an error up to 44%. The application of 

the Modified Puls resulted in a spiky distorted hydrograph, overestimating the peak by 31% and 

resulting in a difference in peak timing of approximately 5 hours. The Muskingum-Cunge 

method showed a lowered peak, underpredicting the discharge peak by 43%. The Preissmann 

scheme, solved either by the non-linear approach in Matlab or using linearization techniques in 

HEC-RAS, smoothed the solution and depressed the peak 33%. The diffusive wave routing 

models (Crank Nicolson and QUICKEST) resulted in an over reduced hydrograph due the 

hydraulic diffusivity coefficient, which was overestimated by the formulation presented in 

literature [Equation 2.17].  
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For these last two approaches the uncertainty about the choice of the reference 

discharge was a caveat. The use of the mean discharge resulted in an inaccurate estimative of ܦ and the discharge peak would have resulted in higher value of ܦ, causing even more 

floodwave attenuation. 

The unsatisfactory results of the tested routing methods motivated the search for a more 

accurate method to simulate the flashy hydrograph (25 times higher than for the observed 

natural floods) in a mild slope channel. Nevertheless, the one-dimensional advection-dispersion 

equation (diffusive wave  approximation) could provide a better simulation of the translation and 

attenuation of the floodwave if the hydraulic diffusivity coefficient was estimated more precisely. 

Therefore, it was clear that there are two issues that should be addressed in the development of 

a better algorithm for flashflood propagation in rivers: (1) to include all terms of the Saint-Venant 

equation, contrasting the diffusive wave approximation presented here; and (2) to define the 

diffusivity coefficient ܦ function of parameters with less variability than the rapidly-varied 

discharge. 

 

5.4 New Approach to Calculate Floodwave Propagation  

Initially, the general form of the flow resistance relationship can be written as (Julien, 

2018): ܳ ൌ ఉ (5.6)݄ߙܹ

Where ܳ is the discharge, ݄ is the flow depth and ߙ and ߚ are parameters conditioned to the 

resistance coefficient chosen (Manning, Darcy Welsbach or Chezy).  From Equation 5.6, the 

floodwave celerity can also be derived as a function of mean flow velocity as ܥ௘ ൌ   .ܷߚ
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The full dynamic wave equation can be written as an equivalent diffusive wave format, 

as presented earlier in Equation 2.9:  

௙ܵ ൌ ܵ௢ െ ሾ1 െ ሺߚ െ 1ሻଶݎܨଶሿ (2.9) ݔ߲݄߲

Therefore, the full dynamic wave can be reduced to: 

௙ܵ ൌ ܵ௢ െ Ω߲݄߲(5.7) ݔ

Where Ω is the floodwave diffusivity, given by: Ω ൌ ሾ1 െ ሺߚ െ 1ሻଶݎܨଶሿ (5.8)

The addition of Ω takes into account the terms neglected in the derivation of the diffusive 

wave approximation. The inclusion of terms IV and V of Equation 2.8 into Equation 5.7 can 

calculate the floodwave attenuation more accurately, mainly in flashy hydrographs. In addition, 

the conversion of Equation 5.7 into an advection-dispersion format initially considers the 

channel resistance and the continuity in a wide rectangular channel, respectively equal to: 

ܳ ൌ ටܭ ௙ܵ → ௙ܵ ൌ ܳଶܭଶ (5.9)

ݐ߲݄߲ ൅ 1ܹ ݔ߲߲ܳ ൌ 0 
(5.10)

Thus, taking the space derivative of Equation 5.10 results in: ߲ଶ݄߲ݔ߲ݐ ൌ െ ߲ଶܹ߲ܳݔଶ (5.11)

The substitution of Equation 5.9 into Equation 5.7 followed by the application of time derivative 

and considering the relationship obtained in Equation 5.11 leads to: ߲߲ݐ ቆܳଶܭଶቇ ൌ ߗ ߲ଶܹ߲ܳݔଶ (5.12)

Furthermore, one should note that: ߲߲ݐܭ ൌ ݄߲ܭ߲ ݐ߲݄߲ ൌ ݄߲ܭ߲ ൬െ 1ܹ ൰ (5.13)ݔ߲߲ܳ
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݄߲ܭ߲ ൌ ఉିଵඥ݄ܹߚߙ ௙ܵ  (5.14)

The substitution of Equation 5.13 into Equation 5.12 and a further expansion results in: 2ܳܭଶ ݐ߲߲ܳ െ 2ܳଶ	ܭଷ ݄߲ܭ߲ ൬െ 1ܹ ൰ݔ߲߲ܳ ൌ ߗ ߲ଶܹ߲ܳݔଶ (5.15)

Then, substituting  Equation 5.14 into Equation 5.15 and simplifying:  ߲߲ܳݐ ൅ ܷߚ ݔ߲߲ܳ ൌ 2ܹܳߗ ௙ܵ ߲ଶ߲ܳݔଶ  (5.16)

Where the modified hydraulic diffusivity coefficient ܦெ is equal to: 

ெܦ ൌ 2ܹܳߗ ௙ܵ (5.17)

Assuming the energy slope equal to the bed slope, ܦெ becomes: ܦெ ൌ (5.18) ܦߗ

The floodwave celerity ܥ௘ is given by Equation 2.14 presented previously:  ܥ௘ ൌ (2.14) ܷߚ

Finally, Equation 5.16 becomes: ߲߲ܳݐ ൅ ௘ܥ ݔ߲߲ܳ ൌ ΩD߲ଶ߲ܳݔଶ  (5.19)

However, as observed in the Doce River simulations, the choice of a reference 

discharge to calculate the hydraulic diffusivity coefficient was a limitation on the linear diffusive 

wave routing procedure. Definitively the discharge was not a proper parameter in the flashy 

hydrograph propagation, since it varies quickly both in time and space. 

The new approach defines the hydraulic diffusivity coefficient as a function of the less 

variable parameters in a channel during a flood event. These parameters are the Froude 

number ݎܨ and the floodwave celerity ܥ௘. Bearing this in mind, the conveyance ܭ in a wide 

rectangular channel is rewritten into the following form, considering the energy slope equal to 

the bed channel slope (i.e.	ܭ ൌ ܳ/ඥܵ௢): 
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ܭ ൌ ඥܵ௢ܹߙ ቆ ܷଶݎܨଶ݃ቇఉ (5.20)

Substitution of Equations 5.20 and 2.14 into Equation 5.18 with ܦ	 ൌ ܭ 2ܹඥܵ௢⁄   from Equation 

2.17 leads to: 

ெܦ ൌ ሾ1 െ ሺߚ െ 1ሻଶݎܨଶሿ 2ܵ௢ߙ ቈ1݃ ൬ ൰ଶ቉ఉ (5.21)ݎܨߚ௘ܥ

For the Manning’s equation in S.I, the parameters of Equation 5.21  are: 

ߙ ൌ ඥܵ௢݊ , ߚ ൌ 53 (5.22)

Finally, the modified diffusivity coefficient from Equations 5.21 and 5.22 becomes: 

ெܦ ൌ ቈሺ1 െ ଶሻ2݊ඥܵ௢ݎܨ0.444 ቉ ቆ0.6ܥ௘ݎܨඥ݃ቇଵ଴/ଷ (5.23)

This newly derived modified hydraulic diffusivity coefficient ܦெ considers the full dynamic 

acceleration terms neglected in the derivation of diffusive wave form and it is function of 

parameters ݎܨ and ܥ௘, with relatively small variations in a channel during a flood event. This 

coefficient can be implemented through the linear diffusive models (Crank Nicolson and 

QUICKEST schemes). The test of these two schemes in the Doce River using the new derived 

modified hydraulic diffusivity coefficient is presented in the next section. 

  

5.4.1 Test of the New Approach on the Doce River 

The application of Equation 5.23  on the Reach A of the Doce River was made using the 

mean Froude number, while the celerity was obtained by an iterative procedure to approximate 

the timing to peak. Simulation parameters are presented in Table 5.6 while the quantitative 

comparison of the new approach is presented in Table 5.7. 
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Table 5.6 – Parameters applied on the flood routing simulations on Reach A using the new method 

 

Parameter
Reach A 

Upstream Downstreamܮ	ሺ݇݉ሻ 95 109 ݊ 0.05 0.05 ݎܨ		ܦ 0.18 0.18 		ሺ݉ଶ/ݏሻ ሻݏ/ሺ݉	݁ܥ 977 977  1.2 1.2 

 

Table 5.7 – Flood routing simulation with new approach, Reach A 

 

Simulations 

Upstream   Downstream 

Peak 
(m3/s) 

RPD 
RMSE
(m3/s) 

MAPE
Time 
diff 
(h) 

 
Peak 
(m3/s)

RPD 
RMSE 
(m3/s) 

MAPE
Time 
diff 
(h) 

Observed 871 - - - -  704 - - - - 

Crank Nicolson 891 2.3% 47 13% -0.1  716 1.7% 22 9% -1.0 

QUICKEST 854 -1.9% 39 11% -0.1  682 -3.2% 29 12% -0.9 

 

The new method using both the Crank Nicolson and the QUICKEST scheme better fitted 

the observed data when compared with all the previous methodologies. It presented a maximum 

error decrease from 44% to 2 % for RPD, 216 m3/s to 39 m3/s for RMSE, and 32% to 11% for 

MAPE. The maximum difference found in time of peak was about 1 hour. The results of the new 

method are illustrated in Figure 5.6 up to Figure 5.9. 
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Figure 5.6 – Application of the new hydraulic diffusivity coefficient on the Doce River reach using 
the Crank Nicolson scheme (Candonga Dam – G6) 

 
 

 
Figure 5.7 – Application of the new hydraulic diffusivity coefficient on the Doce River reach using 

the QUICKEST scheme (Candonga Dam – G6) 
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Figure 5.8 – Application of the new hydraulic diffusivity coefficient on the Doce River reach using 
the Crank Nicolson scheme (G6 – G5) 

 
 

 
Figure 5.9 – Application of the new hydraulic diffusivity coefficient on the Doce River reach using 

QUICKEST scheme (G6 – G5) 
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The assumption about the equality of energy slope and channel bed slope stated in 

Equation 5.20 is verified by checking the results of the Crank Nicolson scheme, comparing the 

variation of ߲݄/݀ݔ and ௙ܵ resultant of the simulation in the whole Reach A, as illustrated in 

Figure 5.10 and Figure 5.11 

 

Figure 5.10 – Variation of flow depth over distance during the numerical simulation (Reach A) 

 

 

Figure 5.11 – Variation of energy slope during the numerical simulation (Reach A) 
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Observing Figure 5.10 and Figure 5.11 and comparing with Equation 5.7 one can realize 

that during the rising limb of the hydrograph ߲݄/݀ݔ ൐ 0 and the energy slope is smaller than the 

bed slope ሺ ௙ܵ ൏ ܵ௢ሻ. The opposite is observed during the falling limb (߲݄/݀ݔ ൏ 0 and ௙ܵ ൐ ܵ௢). 

However, despite the energy slope oscillation, one can realize that the average value is always 

equal to bed slope ܵ௢.  

Once the equality of energy slope and channel bed slope is validated, the improved 

performance of the new approach is attributed to the modified hydraulic coefficient, which uses 

parameters with less variability (Froude number and celerity) rather than the original method 

which depends on the high variable discharge. Moreover, the new method takes into account 

the additional acceleration terms of the Saint-Venant equation for the full dynamic wave. As 

demonstrated, both numerical schemes worked well, either the Crank Nicolson, which is implicit 

and unconditionally stable at the computation cost of matrix inversion and the QUICKEST, 

which is explicit and depends on the choice of the mesh to assure its stability. This new method 

is applied over the whole extension of the Doce River adopting the Crank Nicolson scheme, 

since its stability does not depend on the mesh size. Table 5.8 presents the summary of the 

parameters applied on simulation after the calibration of the river. The values of Manning ݊ are 

considerably close of those obtained from the measured stage-discharge curves (Table 3.5). 

The mesh adopted was ∆ݔ ൌ 250	݉ and ∆ݐ ൌ  ݏ	300
Table 5.8 – Floodwave simulation parameters 

 
Reach ܮ	ሺ݇݉ሻ ܵ ܹ ሺ݉ሻ ܥ ݎܨ௘ ሺ݉/ݏሻ ܦெ ሺ݉ଶ/ݏሻ ݊ 

A 204 0.0005 200 0.18 1.20 977 0.05 

B 128 0.0005 380 0.19 1.04 634 0.04 

C 34 0.0008 620 0.27 1.13 267 0.03 

D 108 0.0002 730 0.15 0.70 823 0.03 
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In the Aimorés Dam, where the most expressive routing occurred, the flood routing 

simulation was calculated using the Level Pool Routing to match the observed hydrographs 

upstream and downstream of the reservoir. The flood attenuation in Baguari Dam and 

Mascarenhas Dam was negligible, since the inflow hydrograph is essentially the same as the 

outflow. Simulated hydrographs and the observed values of the floodwave propagation are 

presented in the Figure 5.12 to the Figure 5.14. 

  

Figure 5.12 –Hydrograph at station G4 and G3 

 
 

  

Figure 5.13 – Hydrograph and flood routing at Aimorés Dam 
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Figure 5.14 –Hydrographs at station S2 and G2 

 

Finally, Figure 5.15 presents the result of numerical simulation as a space-time diagram 

of the Doce River. This diagram provides the visualization of the floodwave propagation in time 

and space through the color scale variation, according the changes in discharge magnitude. 

The floodwave celerity can be estimated comparing the traveled distance with the elapsed time.  
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Figure 5.15 – Space time diagram of the floodwave propagation along the Doce River after the Fundão Dam collapse 
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5.5 Conclusions 

Several common flooding routing procedures including the Modified Puls, Muskingum-

Cunge, Preissmann, Crank Nicolson and QUICKEST were tested in the Doce River to simulate 

flashy hydrographs after the Fundão Dam collapse. None of these methods resulted in 

reasonable agreement with the observed hydrographs, because neither the discharge peak nor 

the timing was satisfactorily reproduced. All these numerical methods, except for the Modified 

Puls, underestimated the peak discharge with an error of up to 44%. 

The unsatisfactory results presented by the traditional methods motivated the 

development of a new flood routing method to solve the propagation of flashy hydrograph in a 

low slope natural channel. The new proposed approach solves the full dynamic equation into an 

equivalent diffusive wave format using the modified hydraulic diffusivity coefficient, which 

considers all terms of the Saint-Venant equation and is determined as function of the Froude 

number and wave celerity, which are parameters with relatively small variation along the 

channel during a flood event. Numerical solution was obtained by the application of the Crank 

Nicolson or QUICKEST schemes, which presented very similar results. Application of the new 

method on the Doce River enhanced the prediction of the observed hydrographs. The maximum 

error decreased was from 44% to 2% RPD, from 216 m3/s to 39 m3/s RMSE and from 32% to 

11% MAPE. The maximum difference found in time of peak was about 1 hour. 

For the Doce River the primary improvement was due the new modified hydraulic 

diffusivity coefficient, which is derived as a function of Froude number and celerity instead of 

discharge. The addition of the acceleration terms into the Saint-Venant equation resulted in a 

secondary effect on the floodwave attenuation due to the low Froude number along the channel 

ݎܨ) ൎ 0.2).  Finally, once the flow condition is accurately calculated, the next step is to simulate 

the suspended sediment propagation, as presented in the next section.  



99 
 

6. SEDIMENT TRANSPORT MODEL 
 
 
 

6.1 Numerical Model of Suspended Sediment Transport  

The analytical solution of the advection-dispersion equation with settling using constant 

parameters along the Doce River (Section 4.4) presented satisfactory results on the evaluation 

of the suspended sediment transport after the Fundão Dam collapse. However now, a more 

comprehensive numerical simulation of the sediment transport was developed to be coupled 

with the numerical flow simulation, presented in the previous chapter.  The physical processes 

and equations employed on this sediment transport numerical simulation are presented in  

Table 6.1 

Table 6.1 - Physical process and equations applied in the sediment transport simulation along the 
Doce River 

 
Physical Process Equation 

Suspended Sediment Transport Advection-Dispersion with Settling 

Changes in the river bed Exner 

Sediment Transport on Reservoirs Conservation of sediment mass 

 

Modeling of the suspended sediment transport is justified since it is the main mode of 

sediment transport after the Fundão Dam collapse, as defined in Section 4.3. Moreover, 

according to the observed data along the Doce River, in reach A the sediment transport 

occurred under the unsteady flow condition. For the other reaches downstream (reaches B, C 

and D), due to separation between the floodwave and suspended sediment, the sediment 

transport could be simulated considering the steady flow state. Therefore, along the reach A the 

model allowed the variation of the longitudinal dispersion coefficient ܭௗ [Equation 4.4] and the 

settling rate ݇ [Equation 2.30]. For the subsequent reaches the sediment transport parameters 

were held constant following the steady flow condition.  
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Parameters of the sediment model are presented in Table 6.2. The simulation was 

carried out by solving numerically the advection-dispersion equation through the Crank Nicolson 

scheme (Appendix D). The mesh adopted is the same of that used in the flow simulation, i.e. ∆ݔ ൌ 250	݉ and ∆ݐ ൌ   .ݏ	300
Table 6.2 – Sediment transport simulation parameters 

 

Reach 
ܳ ሺ݉ଷ/ݏሻ ݊ ݀௦ ሺ݉ߤሻ Water 

Temp (oC)

A Variable 0.050 1.50 29 

B 175 0.074 1.95 30 

C 315 0.071 1.20 29 

D 315 0.030 1.45 29 
 

The sediment propagation in the reservoirs was simulated using Equation 2.44 with the 

calibrated parameters ݇ and ݐ (Table 4.7). Figure 6.1 shows the result of the numerical 

simulations of the suspended sediment transport along the Doce River including the observed 

concentrations. Moreover, to illustrate the impact of the Fundão Dam collapse in the water 

supply systems, the plot indicates an estimate of the conventional limit of the water treatment 

plant (WTP), approximately 2,500 mg/l in the Doce River. 
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Figure 6.1 – Sediment concentration along the Doce River after the Fundão Dam collapse and the 
limit of operation of WTP 

 

A visualization of the consequences of the high concentrated flow is provided in  

Figure 6.2, where there is an image of the treatment plant at Colatina Town (station G2), during 

the passage of the mud (Machado, 2015). The collapse of the Fundão Dam led to the water 

treatment plant shutdown, affecting more than 100,000 people in this town.  
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Figure 6.2 – Water treatment plant at Colatina Town at station G2, (Machado, 2015) 

 

Another output of the numerical model is the sediment deposition along the Doce River. 

The thickness of the deposition layer was calculated using Equation 2.42, adopting an average 

value for porosity ݌௢ equal to 0.4 (Julien, 2010; Koliji, 2018). Figure 6.3 and Figure 6.4 show the 

calculated deposition in the reaches A and B, where the volume settled was 2.3 Mm3 and 0.4 

Mm3 respectively. Settling in reaches C and D was negligible since most of the remaining 

sediment was trapped in the Aimorés and Mascarenhas reservoir.  

Despite the large amount deposited along the Doce River, the thicker layer deposited 

was on Reach A, with an average depth smaller than 0.1 m. The river dimensions were 

sufficient to accommodate the settled sediment without substantial changes along the cross 

section. Finally, Figure 6.5 shows the space-time diagram of the propagation of the suspended 

sediment along the Doce River to the ocean. 
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Figure 6.3 – Sediment deposition at the Reach A 

 

 

Figure 6.4 – Sediment deposition at the Reach B 
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Figure 6.5 – Space time diagram of the sediment concentration and floodwave propagation along the Doce River after the Fundão Dam 
collapse 
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6.2 Effects of Changes in Water Temperature 

The analysis of the observed sediment concentration along the Doce River showed that 

the settling rate is associated with fine sediment stored at Fundão Dam, as presented in Table 

4.6. Measurements along the Doce River show that the average water temperature was 

approximately 29oC during the passage of the sediment. However, significant variations in water 

viscosity (and consequently in the fall velocity) can be expected due to changes in water 

temperature. For instance, for fine sediment (e.g., medium clay particle ݀௦ ≅  the change (݉ߤ	1.5

in water temperature from 30oC to 5oC increases the kinematic viscosity and fall velocity in 

approximately 50%. This effect can lead to substantial changes in suspended sediment 

concentration through the river. Bearing this in mind, this investigation has the purpose to 

quantify the temperature variation effect on sediment propagation. 

A sensitivity analysis was carried out using the same simulation parameters presented in 

Table 6.2, with exception of the water temperature, which was reduced from 29 oC to 5 oC, using 

5oC intervals. Table 6.3 summarizes the results of the simulation presenting the maximum 

concentration in each station under different temperatures while Figure 6.6 presents a 

comparison between the observed concentrations and the maximum estimated concentration. 

Table 6.3 – Maximum simulated concentration as function of water temperature 

 

Station 
Water Temperature 

29oC 25 oC 20 oC 15 oC 10 oC 5 oC 

Maximum Concentration (mg/l) 
G5 311,700 345,149 357,309 368,838 379,671 389,768 

G4 51,600 68,273 83,622 103,040 124,784 147,964 

G3 36,350 47,658 60,904 77,908 97,509 119,025 

S4 21,840 27,951 38,050 51,457 67,636 86,200 

S3 3,700 6,195 9,813 15,671 24,023 35,098 

S2 2,800 4,607 7,519 12,406 19,601 29,414 

G2 2,560 4,254 7,009 11,660 18,556 28,024 

G1 1,930 3,100 5,302 9,114 14,930 23,128 

S1 1,600 2,559 4,476 7,848 13,084 20,584 
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Figure 6.6 – Analysis of the effects of the water temperature in the suspended sediment 
propagation 

 

One can observe that a hypothetical decrease in water temperature could have caused 

an increase in maximum concentration along the Doce River. A temperature drop of 25o C 

would have increased the sediment concentration at sea from 1,600 mg/l to 20,500 mg/l, which 

represents a concentration approximately 13 times higher. The analysis highlights that tailings 

dam spills are more critical in cold temperature zones since the water temperature can affect 

the sediment settling, propagating the high concentration flow along greater distances in the 

water bodies.   
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6.3 Effects of Reservoirs 

A second analysis was carried out in order to simulate the effectiveness of the 

hydropower plant reservoirs in reducing the sediment concentration along the Doce River. Thus, 

the current simulation considers the hypothesis of the non-existence of the reservoirs. 

The sediment concentration upstream of Candonga Dam ܥ௜ 	was obtained considering 

the following assumptions: initially, since the hyperconcentrated flow is classified as Mud Flood 

upstream of Candonga Dam (Table 4.1), it was assumed that the floodwave and the sediment 

arrived at same time at this reservoir. The observed data pointed that the flood arrived on 

Candonga Dam the next day about 07:00 AM after the collapse (CPRM & ANA, 2015a). 

Moreover, the time ݐ for sediment to cross the reservoir is the difference between the time of 

arrival of the floodwave in this reservoir and the moment when it started to propagate 

downstream, what could be estimated using the numerical simulation with the observed 

concentration in the Doce River. Therefore, the suspended sediment concentration upstream of 

the Candonga Dam is estimated using the inverse of Equation 2.44, as shown in Equation 6.1:  

௢௜ܥ ൌ ௜݁ି௞௧ (6.1)ܥ

The settling rate in the reservoir must result in the same sediment volume deposited 

upstream of Candonga Dam, estimated by the Brazilian Agencies as 11.8 Mm3 (Table 4.1). 

Taking into account the above-mentioned assumptions, Table 6.4 shows the result of the 

parameters estimative. 

Table 6.4 – Parameters of Candonga Dam reservoir to estimate the upstream concentration 

 

Reservoir  
Length (km) 

Reservoir 
Depth (m) 

Flow  
Velocity 

(m/s) 

Water  
Temperature 

(oC) 
݇ ሺ݀ܽିݕଵሻ ݀௦	ሺ݉ߤሻ 

8.5 14 0.94 30 8.21 35 

 

The settling rate obtained corresponds to a representative particle size (݀௦= 35 ݉ߤ	) 
close to ݀ହ଴ (݀௦= 38 ݉ߤ	) of the material stored in the Fundão Dam.   
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Applying Equation 6.1, the estimated peak of suspended sediment concentration 

upstream of Candonga Dam resulted in approximately 1,500,000 mg/l. Thus, this estimated 

sediment concentration and the hydrograph at Candonga Dam obtained in section 5.2 were 

used to perform a simulation considering the hypothesis of non-existence of the hydropower 

plant reservoirs. The objective of this simulation was to quantify the impact of the reservoirs on 

the sediment propagation.  

The sediment transport model was simulated considering the unsteady flow along the 

whole reach of the Doce River using the calibrated model developed in Chapter 5. The length of 

the reaches A and B were extended to consider the reservoirs extensions.  Figure 6.7 presents 

the comparison between the numerical simulation without the reservoirs and a tracer of 

maximum concentration observed. In addition, Figure 6.7 shows the estimated limit of operation 

of the water treatment plant. 

 

Figure 6.7 – Suspended sediment simulation considering the hypothesis of inexistence of the 
Doce River hydropower reservoirs 
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Table 6.5 shows the maximum concentration and the number of hours in each station 

where the concentration exceeds the conventional treatment limit. In addition, Figure 6.8 shows 

the simulated deposition along the Doce River. Finally, the space-time diagram of the floodwave 

and sediment propagation is presented in Figure 6.9. 

Table 6.5 – Comparison between observed concentrations and the simulation without the 
reservoirs 

 

 

 

 

 

* Value estimated using numerical model. 

 

Figure 6.8 – Sediment deposition along the Doce River (starting at Candonga Dam) without the 
reservoirs 

Location 

Observed Simulation without reservoirs 
Max. 

concentration 
(mg/l) 

Number of hours
above treatment 

limit 
 

Max. 
concentration 

(mg/l) 

Number of hours 
above treatment 

limit 
Candonga Dam 620,000* 120  1,268,522 123 

G6 418,850 142  912,126 138 

G5 311,700 156  789,002 148 

G4 51,600 119  590,436 158 

G3 36,350 96  460,971 162 

S4 21,840 63  319,607 167 

S3 3,700 37  255,683 169 

S2 2,800 12  229,506 169 

G2 2,560 ≈0  185,210 167 

G1 1,930 0  102,533 156 
S1 1,600 0  71,620 145 
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Figure 6.9 – Space time diagram of the suspended sediment propagation and the floodwave assuming the hypothesis of inexistence of 
the reservoirs  
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6.4 Conclusions  

The one-dimensional model based on the numerical solution of the advection-dispersion 

equation with settling provided strong agreement with the observed suspended sediment 

concentrations. This model was able to simulate the suspended sediment transport along the 

Doce River and in the reservoirs under unsteady and steady flow conditions. 

The calibrated model was applied for a parametric analysis on the evaluation of the two 

hypothetical scenarios: the changes in water temperature and the absence of reservoirs.  

Initially, the analysis with a hypothetical decrease in the water temperature of 25°C showed that 

it would have caused a concentration approximately 13 times higher at the coast. This is 

attributed to the substantial effect of water temperature on fine sediment settling.  

The sediment propagation without the hydropower reservoirs along the Doce River 

would have caused an even higher sediment concentration, resulting in an extended interruption 

in water supply (up to170 hours), particularly in the cities located in the lower part of the river. 

Furthermore, the concentration on the coast would have reached a concentration approximately 

45 times higher. 
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7. MODEL APLICATION TO SIMULATE THE HYPOTHETICAL COLLAPSE OF OTHER 

TAILINGS DAMS IN THE DOCE RIVER BASIN  

 
 
 

7.1 Tailings Dams in the Doce River Basin 

According to data of the National Department of Mineral Production (DNPM, 2017) there 

are 106 tailings dams placed in the Doce River basin as illustrated in the Figure 7.1. 

 

Figure 7.1 – Tailings Dams in the Doce River basin 

 
Among all the tailings dams in this basin, there is registered information for the main 

dams (total of 56), which are enrolled in the Dam Safety National Plan (DNPM, 2017). For these 

dams, data available are stored volume, dam height and type of material stored for some of 

them.  
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Thus, the objective of this current analysis is to simulate the propagation of the sediment 

(tailings) due the hypothetical collapse of these dams in order to evaluate the impact of each 

dam in water supply systems on towns located downstream. The path of the contaminated 

water after a possible failure of the evaluated tailings dams can be obtained using the 

hydrography data of the National Water Agency and the digital elevation model (DEM) of the 

Doce River basin, with a spatial resolution of 10 m (Geonetwork, 2007), as presented in  

Figure 7.2. 

 

Figure 7.2 – Reaches affected in the hypothesis of failure of other tailings dams in the Doce River 
basin 

 

The next section describes the details involved in the calculation of the propagation of 

the sediment following the hypothetical collapse of each dam. 
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7.2 Modeling the Suspended Sediment Propagation after a Tailings Dam Failure 

Initially, the volume spilled after a tailings dam break the can be estimated by  

Equation 2.1: 

ிܸ ൌ 0.354ܸଵ.଴ଵ (2.1)

Where ிܸ is the waste outflow volume (which includes tailings and water) and ܸ is the total 

impoundment volume. In addition, the peak discharge after the collapse of a tailings dams is 

approximated by Equation 2.20:  ܳ௠௔௫ ൌ 325ሺܪ ிܸሻ଴.ସଶ (2.2)

Considering that the dam break hydrograph has a triangular shape, the time for the spill of the 

stored material can be calculated through Equation 7.1: 

௦௣௜௟௟ݐ ൌ 2 ிܸܳ௠௔௫ (7.1)

Then, substituting the empirical Equations 2.1 and 2.2 into Equation 7.1, one can obtain the 

time of spill ݐ௦௣௜௟௟ in seconds  

௦௣௜௟௟ݐ ൌ 3369.5 ܸ଴.ହଽܪ଴.ସଶ (7.2)

Where ܸ is the total impoundment volume in ݄݉ଷ and ܪ is the height of the dam in ݉.  

The hypothetical failure simulation of the tailings dams in the Doce River basin considers 

the following the assumptions: 

I. The collapse of a tailings dam results in a pulse of sediment in the streams, 

which time duration is function of the stored volume and the dam high, as given 

by Equation 7.2. 

II. The maximum concentration of the suspended sediment after the spill is 

assumed to be 1,500,000 mg/l, which was the maximum estimated concentration 

after the Fundão Dam collapse according Table 4.1 and Equation 4.2. 
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III. The propagation of the sediment pulse after the tailings dam collapse can be 

calculated through the one-dimensional advection-dispersion equation, which 

was validated with the observations along the Doce River after the Fundão Dam 

collapse:   ߲߲ݐܥ ൅ ܷ ݔ߲ܥ߲ ൌ ௗܭ ߲ଶݔ߲ܥଶ െ (2.29) ܥ݇

IV. The expression developed by Kashefipour and Falconer (2002), Equation 4.4,  

can be employed to estimate the longitudinal dispersion coefficient ܭௗ: ܭௗ ൌ 10.612ሺܷ/ݑ∗ሻ݄ܷ (4.4)

V.  The settling rate along the rivers is given by Equation 2.30 assuming a 

representative particle size is equal to 1.5 ݉ߤ, which is the average particle size 

correspondent to the observed settling rate along the Doce River. 

Conservatively, the water temperature was assumed to be 25oC. ݇ ൌ ߱௜݄ (2.30)

VI. As a simplification, the flow regime in every stream was assumed to be in steady 

state, adopting a constant velocity of 0.75 m/s and the Manning’s coefficient 

equal to 0.045 (mean values observed in the Doce River, according to the 

section 3.3). 

VII. The length and slope of the river reaches are obtained using the Doce River 

basin DEM data with spatial resolution of 10 m (Geonetwork, 2007). Data were 

processed in Hydrology Tool (Spatial Analyst Tool) in ArcMap 10.1. This 

procedure allowed the measurement of length and slope of each stream, starting 

from the nearest creek going to the next tributary and finally to the Doce River. 

VIII. The Crank Nicolson numerical scheme was applied since its application resulted 

in a satisfactory agreement with the observed data on Doce River. The mesh 

was equal to ∆250 = ݔ m and ∆300 = ݐ s. 
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As observed in the Doce River, there were hydropower reservoirs along the path of the 

contaminated waters (Figure 7.2). Thus, to consider the effect of the reservoirs over the 

suspended sediment propagation one can use Equation 2.44, which presented satisfactory 

results with the observed concentrations along the Doce River. ܥ௜ ൌ ௢௜݁ି௞௧ (2.44)ܥ

The flow velocity in every reservoir was assumed equal to 0.15 m/s and the 

representative particle size for the calculation of the settling rate equal to 7 ݉ߤ. Those values 

are the average observed values in the Doce River reservoirs after the Fundão Dam collapse. 

The data of the hydropower reservoirs in the tributaries, which locations are showed on 

 Figure 3.1, is presented in Table 7.1. 

Table 7.1 – Data of reservoirs in the tributaries(Geonetwork, 2007; CEMIG, 2018)  

 

Reservoir 
Area 
(km2) 

Volume 
(hm3) 

Depth 
 (m) 

Length 
(km) 

Brecha Dam 0.14 0.9 6.2 1.3 

Gui-Amorin Dam 1.17 3.96 3.4 5 

Peti Dam 5.81 80.04 13.8 11.5 

Porto Estrela Dam 4.53 89.04 19.7 10.5 

Sa Carvalho Dam 0.58 1.38 2.4 4 

Sao Goncalo Dam 1.26 5.86 4.7 3.7 
 

After a hypothetical tailings dam failure, the generated sediment pulse is propagated in 

the main tributaries using the numerical solution of advection-dispersion equation.  Then, the 

sediment concentration is converted to turbidity through the relationship obtained from the 

measurements, as illustrated in Figure 3.18. The towns in the region where the sediment 

concentration is equal or greater than 2,500 mg/l (Chang & Liao, 2012) are considered affected, 

because the conventional water treatment is hindered. The sediment is not considered toxic, 

because the most of the dams store tailings similar as those in Fundão Dam. The affected 

population is counted considering the data of the Brazilian Institute of Geography and Statistics 

(IBGE, 2010), as illustrated in Figure 3.3. 
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 Figure 7.3 summarizes the processes simulated in the numerical model while Figure 7.4 

shows an example of estimate of the affected population after a hypothetical failure of a tailings 

dam in the Doce River basin. 

 

Figure 7.3 – Sketch of the sediment propagation after a hypothetical tailings dam failure 

 

 

Figure 7.4 – Example of the affected population after a hypothetical tailings dam failure on the 
Doce River basin 
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The numerical simulation calculates the propagation of the high sediment concentration, 

which is then compared with water treatment plant limit (≈ 2,500 mg/l) and the location of the 

towns, as illustrated in Figure 7.5. Finally, the tailings dams are classified according to the 

potentially affected people, as shown in Figure 7.6. 

 

Figure 7.5 – Propagation of the high sediment concentration due the collapse of tailings dams in 
the Doce River basin 
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Figure 7.6 – Mapping the tailings dam according the number of potentially affected people 

 

The region with the dams with highest potential impact is the Piracicaba River sub-basin, 

with an area of 5,400 km2. There are thirty-four dams in this sub-basin and these dams are 

prone to affect more people due several factors as stored volume, proximity with populated 

towns and existence of only small hydropower reservoirs, with reduced capacity to trap 

sediment. Figure 7.7 shows the tailings dams in the Piracicaba River sub-basin 
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Figure 7.7 Tailings dams in the Piracicaba River sub-basin classified according to the potentially 
affected people 

 

The result of the numerical simulation is presented also as a rank, from the most 

impacting dam to the less, making distinction between the tailings dams in the Piracicaba River 

Sub-basin and in other sub-basins, as showed in Figure 7.8. 

 

Figure 7.8 – Rank of the potential impact of the tailings dams in the Doce River Basins. 
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7.3 Conclusions 

The model developed based on the observed sediment concentration along the Doce 

River is now applied on the other tailings dams. This simulation considers that the failure of the 

dams will cause a sediment pulse in the streams located immediately downstream.  

The propagation of the suspended sediment is carried out through the application of the 

advection-dispersion equation with settling solved numerically using the Crank Nicolson scheme 

in the river reaches and the sediment settling in the reservoirs. The determination of the 

equation parameters is based on the observations on Doce River after the Fundão Dam 

collapse.  

The result of the simulation shows that the tailings dams located in the Piracicaba River 

sub-basin have the highest potential to affect the water supply in the downstream towns. From 

the thirty-four dams located in this sub-basin, twenty-six dams have the potential to affect half 

million people or more. Ultimately, the collapse of only one specific dam in this sub-basin could 

affect almost one million people.   
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8. CONCLUSIONS 
 
 
 
The main conclusions of this research are presented in accordance with the proposed 

objectives. 

Objective 1: 

a) The analysis of the available measurements carried out along Doce River 

enabled the validation of the one-dimensional advection-dispersion 

equation with sediment settling. The observed longitudinal dispersion 

coefficient ܭௗ is in good agreement with the literature (ܭௗ ≈ 30 – 120 

m2/s) while the parameter ݇ resulted in consistent values (݇ ≈ 0.11 – 0.33 

day-1), indicating that the sediment settling rate relates to particle sizes 

from 1.1 ݉ߤ to 2.0 ݉ߤ, which is clearly associated with the finer sediment 

stored at Fundão Dam.  

  

b) The observed data and trap efficiency calculations carried out showed 

that the total volume trapped behind Candonga Dam and Baguari Dam 

immediately after the Fundão Dam collapse was 7 Mm3 and 2 Mm3, 

respectively.  These values correspond to reservoir volume loss of 17% in 

Candonga Dam and 5% in Baguari Dam. Volume losses for the other 

hydropower reservoirs were negligible.  

Objective 2: 

a) Several common flooding routing procedures (Modified Puls, Muskingum-

Cunge, Preissmann, Crank Nicolson and QUICKEST scheme) were 

tested in the Doce River to simulate the flashy hydrographs after the 

Fundão Dam collapse.  
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All these existing methods presented unsatisfactory results, with an error 

in predicting the peak of up to 44%, and a time peak error up to 5 hours.   

A new method to calculate floodwave propagation is proposed to solve 

the full dynamic-wave equation employing the new modified hydraulic 

diffusivity coefficient, which is function of the Froude number and 

floodwave celerity. Satisfactory numerical solution could be obtained by 

either the application of the Crank Nicolson or the QUICKEST scheme. 

Test of the new method on the Doce River presented an enhancement on 

the precision for prediction of the propagated hydrographs. The maximum 

error decreased from 44% to 2% for RPD, from 216 m3/s to 39 m3/s for 

RMSE, and from 32% to 11% for MAPE. The maximum difference found 

in time of peak was about 1 hour.  

 

b) A comprehensive numerical model was developed to calculate the 

suspended sediment transport along the Doce River and its reservoirs. 

This model solved the advection-dispersion equation with settling using 

the Crank Nicolson scheme. The calibrated model showed strong 

agreement with the observed sediment concentration data along the 

Doce River. Sediment deposition is also calculated using the Exner 

equation. This model can be used as a predictive tool for the simulation of 

other tailings dams collapse. 

 

 

 

 

 



124 
 

Objective 3: 

a) A parametric analysis was conducted using numerical model to determine 

the influence of varying temperature from 29oC (as measured) to 5oC, 

showing an increase in suspended sediment concentration up to 20,500 mg/l 

rather than 1,600 mg/l observed at the river mouth. This effect results from 

changes in kinematic viscosity and fall velocity due to variations in water 

temperature, which affects mainly the deposition of fine sediment. The 

analysis highlights that tailings dam spills are more critical in cold 

temperature zones, where the high concentration flow can be propagated 

along greater distances in the water bodies. In addition, hypothetical 

simulations without the hydropower reservoirs showed that the concentration 

at the Atlantic Ocean would increase from 1,600 mg/l to 70,000 mg/l, causing 

an extended shutdown in the water supply on the downs located in the lower 

part of the river. 

 

b) The simplified model was applied to simulate the hypothetical collapse of 

additional 56 tailings dams in the Doce River basin. Results show that the 

dams located in the Piracicaba River sub-basin are the most critical. Twenty-

six dams located in this sub-basin have the potential to affect half million 

people or more. Ultimately, the collapse of only one specific dam in this sub-

basin could affect almost one million people. 
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APPENDIX A 
 
 
 

Measured data of Suspended Sediment Concentration and Turbidity 

Table A1 – Measured suspended sediment concentration and turbidity (CPRM & ANA, 2015)  

 
Station Date Concentration (mg/l) Turbidity (NTU) 

G6 

11/7/2015 8:00 118,396 181,200 

11/7/2015 9:00 239,030 311,600 

11/7/2015 12:00 418,848 567,600 

11/7/2015 13:00 387,388 635,600 

11/7/2015 14:00 397,428 822,000 

11/9/2015 12:00 53,820 - 

11/9/2015 12:00 53,820 - 

11/10/2015 12:00 29,680 - 

11/11/2015 12:00 10,280 - 

11/12/2015 12:00 860 - 

G5 

11/8/2015 7:00 301,692 414,800 

11/8/2015 8:00 304,594 430,000 

11/8/2015 9:00 298,060 446,800 

11/10/2015 12:00 28,520 - 

11/11/2015 12:00 29,540 - 

G4 

11/10/2015 8:00 36,240 82,160 

11/10/2015 9:00 33,728 57,360 

11/10/2015 10:00 39,040 91,680 

11/10/2015 11:00 47,582 119,360 

11/10/2015 12:00 50,942 116,200 

11/10/2015 14:00 49,372 113,520 

11/10/2015 15:00 49,490 104,040 

11/10/2015 17:00 46,700 93,960 

11/10/2015 18:00 46,718 90,560 

11/12/2015 8:00 12,422 - 

11/13/2015 12:00 1,190 - 

G3 

11/11/2015 10:00 1,298 2,243 

11/11/2015 11:00 2,598 3,368 

11/11/2015 12:00 3,174 5,932 

11/11/2015 13:00 3,374 5,572 

11/11/2015 14:00 4,162 8,440 

11/11/2015 15:00 4,822 9,160 

11/11/2015 16:00 6,636 13,680 

11/11/2015 17:00 14,022 27,260 

11/11/2015 18:00 21,270 49,460 

11/12/2015 11:00 31,056 - 
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Station Date Concentration (mg/l) Turbidity (NTU) 

S4 

11/13/2015 9:45 1,356 2,172 

11/13/2015 11:00 1,876 3,266 

11/13/2015 12:00 1,994 3,694 

11/13/2015 13:00 2,402 3,724 

11/13/2015 15:00 3,130 6,300 

11/13/2015 17:00 3,466 4,960 

11/15/2015 11:00 7,706 - 

11/15/2016 10:00 3,504 - 

S3 

11/17/2015 8:20 2,726 8,420 

11/17/2015 10:30 2,968 8,620 

11/17/2015 11:30 3,190 9,720 

11/17/2015 13:00 3,170 9,160 

11/17/2015 14:00 3,258 10,180 

11/17/2015 15:00 3,202 9,740 

11/17/2015 20:30 3,508 11,400 

11/17/2015 20:45 3,338 - 

11/18/2015 9:00 2,802 - 

S2 

11/18/2015 10:00 898 2,640 

11/18/2015 12:00 1,238 3,120 

11/18/2015 14:00 1,484 4,120 

11/18/2015 16:00 1,476 4,760 

11/18/2015 18:00 1,648 4,840 

11/18/2015 18:00 1,770 - 

11/19/2015 8:30 2,358 8,600 

G2 

11/19/2015 9:30 1,208 3,240 

11/19/2015 10:30 1,266 3,260 

11/19/2015 11:30 1,556 3,720 

11/19/2015 14:00 1,704 4,820 

11/19/2015 15:00 1,726 4,340 

11/19/2015 16:00 1,730 4,260 

11/19/2015 17:00 1,726 4,660 

11/19/2015 18:00 1,834 5,080 

11/19/2015 18:00 2,044 - 

11/20/2015 7:30 2,226 6,740 

G1 

11/20/2015 16:00 204 474 

11/20/2015 18:30 376 2,960 

11/21/2015 8:00 1,144 5,680 

11/21/2015 20:00 1,530 - 

S1 

11/21/2015 14:30 90 193 

11/21/2015 15:00 157 346 

11/21/2015 16:30 218 471 

11/21/2015 16:30 252 - 
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Longitudinal Dispersion Coefficient  

Table A2 – Literature Data 
 

Number 
Data  

Source 
Stream 

Width ܹ ሺ݉ሻ Depth ݄ ሺ݉ሻ Velocity ܷ ሺ݉/ݏሻ 
Shear 

velocity  ݑ ∗	 ሺ݉/ݏሻ 
Disp.  
Coeff.  ݀ܭሺ݉2/ݏሻ 

1 a Bayou Anacoco, LA 25.91 0.94 0.34 0.067 32.52 
2 a 36.58 0.91 0.4 0.067 39.48 
3 a Nooksack River, WA 64.01 0.76 0.67 0.268 34.84 
4 a Wind Bighorn River, WY 59.44 1.1 0.88 0.119 41.81 
5 a 68.58 2.16 1.55 0.168 162.58 
6 a John Day River, OR 24.99 0.58 1.01 0.14 13.94 
7 a 34.14 2.47 0.82 0.18 65.03 
8 a Sabine River 103.6 2.04 0.56 0.054 315.87 
9 a Sabine River 127.4 4.75 0.64 0.081 668.9 
10 a Yadkin River, N.C. 70.1 2.35 0.43 0.101 111.48 
11 a 71.63 3.84 0.76 0.128 260.13 
12 a Comite River 13 0.26 0.31 0.044 7 
13 a 16 0.43 0.37 0.056 13.9 
14 b Copper Creek, VA. (below gage) 15.9 0.49 0.21 0.079 19.52 
15 b 18.3 0.84 0.52 0.1 21.4 
16 b 16.2 0.49 0.25 0.079 9.5 
17 b Clinch River, TN. (below gage) 46.9 0.86 0.28 0.067 13.93 
18 b 59.4 2.13 0.86 0.104 53.88 
19 b 53.3 2.09 0.79 0.107 46.45 
20 b Copper Creek, VA (above gage) 18.6 0.39 0.14 0.116 9.85 
21 b Power River, TN. 33.8 0.85 0.16 0.055 9.5 
22 b Clinch River, VA. 36 0.58 0.3 0.049 8.08 
23 b Coachella Canal, CA. 24.4 1.56 0.67 0.043 9.57 
24 c Miljacka 11 0.29 0.35 0.058 2.7 
25 c Upper Tame 9.9 0.83 0.46 0.09 5.5 
26 c Upper Tame 9.9 0.92 0.52 0.1 5.1 
27 c Punehu 5 0.28 0.26 0.21 7.2 
28 c Kapuni 9 0.3 0.37 0.15 8.4 
29 c Kapuni 10 0.35 0.53 0.17 12.4 
30 c Manganui 20 0.4 0.19 0.18 6.5 
31 c Vaiongana 13 0.6 0.48 0.24 6.8 
32 c Stony 10 0.63 0.55 0.3 13.5 
33 c Waiotapu 11.4 0.75 0.41 0.061 8 
34 c Manawatu 59 0.72 0.37 0.07 32 
35 c Manawatu 63 1 0.32 0.094 22 
36 c Manawatu 60 0.95 0.46 0.092 47 
37 c Tarawera 25 1.21 0.73 0.084 27 
38 c 20 1.92 0.62 0.123 11.5 
39 c 25 1.38 0.77 0.091 20.5 
40 c 25 1.4 0.78 0.091 15.5 
41 c Waikato 25 1.57 0.83 0.096 18 
42 c 85 2.6 0.69 0.06 52 
43 c 120 2 0.64 0.05 67 
44 d Antietam Creek, MD 12.8 0.3 0.42 0.057 17.5 
45 d 24.08 0.98 0.59 0.098 101.5 
46 d 11.89 0.66 0.43 0.085 20.9 
47 d 21.03 0.48 0.62 0.069 25.9 
48 d Monocacy River, MD 48.7 0.55 0.26 0.052 37.8 
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Number 
Data  

Source 
Stream 

Width ܹ ሺ݉ሻ Depth ݄ ሺ݉ሻ Velocity ܷ ሺ݉/ݏሻ 
Shear 

velocity  ݑ ∗	 ሺ݉/ݏሻ 
Disp.  
Coeff.  ݀ܭሺ݉2/ݏሻ 

49 d 92.96 0.71 0.16 0.046 41.4 
50 d 51.21 0.65 0.62 0.044 29.6 
51 d 97.54 1.15 0.32 0.058 119.8 
52 d 40.54 0.41 0.23 0.04 66.5 
53 d Conococheague Creek, MD 42.41 0.69 0.23 0.064 40.8 
54 d 49.68 0.41 0.15 0.081 29.3 
55 d 42.98 1.13 0.63 0.081 53.3 
56 d Chattahoochee River, GA 75.59 1.95 0.74 0.138 88.9 
57 d 91.9 2.44 0.52 0.094 166.9 
58 d Salt Creek, NE 32 0.5 0.24 0.038 52.2 
59 d Difficult Run, VA 14.48 0.31 0.25 0.062 1.9 
60 d Little Pincy Creek, MD 15.85 0.22 0.39 0.053 7.1 
61 d Bayou Anacoco, LA 17.53 0.45 0.32 0.024 5.8 
62 d Comite River, LA 15.7 0.23 0.36 0.039 69 
63 d Bayou Bartholomew, LA 33.38 1.4 0.2 0.031 54.7 
64 d Amite River, LA 21.34 0.52 0.54 0.027 501.4 
65 d Tickfau River, LA 14.94 0.59 0.27 0.08 10.3 
66 d Tangipahoa, River, LA 31.39 0.81 0.48 0.072 45.1 
67 d 29.87 0.4 0.34 0.02 44 
68 d Red River, LA 253.59 1.62 0.61 0.032 143.8 
69 d 161.54 3.96 0.29 0.06 130.5 
70 d 152.4 3.66 0.45 0.057 227.6 
71 d 155.14 1.74 0.47 0.036 177.7 
72 d Sabine River, LA 116.43 1.65 0.58 0.054 131.3 
73 d 160.32 2.32 1.06 0.054 308.9 
74 d Sabine River, TX 14.17 0.5 0.13 0.037 12.8 
75 d 12.19 0.51 0.23 0.03 14.7 
76 d 21.34 0.93 0.36 0.035 24.2 
77 d Mississippi River, LA 711.2 19.94 0.56 0.041 237.2 
78 d Mississippi River, MO 533.4 4.94 1.05 0.069 457.7 
79 d 537.38 8.9 1.51 0.097 374.1 
80 d Wind Bighorn River, WY 44.2 1.37 0.99 0.142 184.6 
81 d 85.34 2.38 1.74 0.153 464.6 
82 d Copper Creep, VA 16.66 0.49 0.2 0.08 16.84 
83 d Clinch River, VA 48.46 1.16 0.21 0.069 14.76 
84 d Copper Creek, VA 18.29 0.38 0.15 0.116 20.71 
85 d Powell River, TE 36.78 0.87 0.13 0.054 15.5 
86 d Clinch River, VA 28.65 0.61 0.35 0.069 10.7 
87 d Copper River, VA 19.61 0.84 0.49 0.101 20.82 
88 d Clinch River, VA 57.91 2.45 0.75 0.104 40.49 
89 d 53.24 2.41 0.66 0.107 36.93 
90 d Copper Creek, VA 16.76 0.47 0.24 0.08 24.62 
91 d Missouri River, IA 180.59 3.28 1.62 0.078 1486.45
92 d Minnesota River 80 2.74 0.034 0.0024 22.3 
93 d 80 2.74 0.14 0.0097 34.9 
94 d Amite River 37 0.81 0.29 0.07 23.2 
95 d 42 0.8 0.42 0.069 30.2 
96 d White River 67 0.55 0.35 0.044 30.2 
97 d Chattahoochee River 65.5 1.13 0.39 0.075 32.52 
98 d Nooksack River 86 2.93 1.2 0.53 153 
99 d Susquehanna River 203 1.35 0.39 0.065 92.9 

100 d Bayou Anacoco 20 0.42 0.29 0.045 13.9 
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Number 
Data  

Source 
Stream 

Width ܹ ሺ݉ሻ Depth ݄ ሺ݉ሻ Velocity ܷ ሺ݉/ݏሻ 
Shear 

velocity  ݑ ∗	 ሺ݉/ݏሻ 
Disp.  
Coeff.  ݀ܭሺ݉2/ݏሻ 

101 d Muddy Creek 13 0.81 0.37 0.081 13.9 
102 d 20 1.2 0.45 0.099 32.5 
103 d Missouri River 183 2.33 0.89 0.066 465 
104 d 201 3.56 1.28 0.084 837 
105 d Missouri River 197 3.11 1.53 0.078 892 
106 d Missouri River 200 2.7 1.55 0.074 1500 
107 e Bayou Anacoco, La 19.8 0.41 0.29 0.044 13.94 
108 e Nooksake River 86 2.94 1.2 0.514 153.29 
109 e Antietam Creek 15.8 0.39 0.32 0.06 9.29 
110 e 19.8 0.52 0.43 0.069 16.26 
111 e 24.4 0.71 0.52 0.081 25.55 
112 e Monocacy River 35.1 0.32 0.21 0.043 4.65 
113 e 36.6 0.45 0.32 0.051 13.94 
114 e 47.5 0.87 0.44 0.07 37.16 
115 e Missouri River 182.9 2.23 0.93 0.065 464.52 
116 e Missouri River 201.2 3.56 1.27 0.082 836.13 
117 e Wind Bighorn Rivers 67.1 0.98 0.88 0.11 41.81 
118 e Elkhorn River 32.6 0.3 0.43 0.046 9.29 
119 e 50.9 0.42 0.46 0.046 20.9 
120 e Sabine River, TX 35.1 0.98 0.21 0.041 39.48 
121 f Embarrass river 30 1.1 0.38 0.025 35.9 
122 f Illinois River, Henry 158 4.3 0.19 0.007 48.9 
123 f Illinois River, Henry 232 3.4 0.24 0.043 52 
124 f Illinois River, Kingston 202 4.6 0.18 0.036 49.1 
125 f Illinois River, Kingston 194 6.3 0.22 0.039 537.7 
126 f Illinois River, Marseilles 183 5.7 0.11 0.02 13.3 
127 f Kanawha River 259 3.3 0.17 0.017 24.2 
128 f 259 3.4 0.17 0.018 22.1 
129 f Missouri River 230 3.5 1.08 0.085 455.1 
130 f 176 3.4 1.61 0.082 966.2 
131 f 229 3.4 1.24 0.082 309.8 
132 f New River 102 4.4 0.17 0.008 22.4 
133 f Salt Creek 167 0.2 0.47 0.159 43.2 
134 f Sangamon River 27 1.1 0.44 0.007 24.6 
135 f Yampa River 78 1.2 1.42 0.026 325.6 
136 f 300 0.3 1 0.029 349.6 
137 f 300 0.4 0.97 0.032 227.7 
138 f 76 1.2 1.41 0.058 116.4 

 

Data source: a - McQuivey & Keefer (1974); b - Fischer et al (1979); c – Rutherford (1994); 

d - Deng et al (2001);  e - Kashefipour & Falconer (2002); f - Carr & Rehmann (2007). 
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APPENDIX B 
 
 
 

Derivation of Diffusive Wave Approximation 

Initially, the reduced momentum equation, the channel conveyance and the continuity 

equation previously presented are recalled: 

௙ܵ ൌ ܵ௢ െ (2.12) ݔ߲݄߲

ܳ ൌ ටܭ ௙ܵ → ௙ܵ ൌ ܳଶܭଶ (5.9)

ݐ߲݄߲ ൅ 1ܹ ݔ߲߲ܳ ൌ 0 
(5.10)

Equation 5.9 is substituted into Equation 2.12 and then differentiated with respect to time: ߲݄ଶ߲ݐ߲ݔ ൅ ଶܭ|ܳ|2 ݐ߲߲ܳ െ ଷܭ|ܳ|2ܳ ݐܭ߲߲ ൌ 0 (10.1)

The cross derivatives of ݄ in Equation 10.1 can be eliminated by the differentiation of Equation 

5.10 with respect to distance:  1ܹ ߲ଶ߲ܳݔଶ ൅ ߲݄ଶ߲ݔ߲ݐ ൌ 0 (10.2)

The substitution of Equation 10.2  into Equation 10.1 leads to: 

ቆെ 1ܹ ߲ଶ߲ܳݔଶቇ ൅ ଶܭ|ܳ|2 ݐ߲߲ܳ െ ଷܭ|ܳ|2ܳ ݐܭ߲߲ ൌ 0 (10.3)

Since the channel conveyance ܭ is function of the depth, one can write: ߲߲ݐܭ ൌ ݄߲ܭ߲ ݐ߲݄߲  (10.4)

Substituting Equation 10.4  in the Equation 5.10 results in: ߲߲ݐܭ ൌ െ߲݄߲ܭ 1ܹ ݔ߲߲ܳ  (10.5)

Then, substituting Equation 10.5 into Equation 10.3 leads to: 
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ቆെ 1ܹ ߲ଶ߲ܳݔଶቇ ൅ ଶܭ|ܳ|2 ݐ߲߲ܳ െ ଷܭ|ܳ|2ܳ ݄߲ܭ߲ ൬െ 1ܹ ൰ݔ߲߲ܳ ൌ 0 (10.6)

After some manipulation and reorganizing the terms Equation 10.6 becomes: ߲߲ܳݐ ൅ ൬ܹܳܭ ൰݄߲ܭ߲ ݔ߲߲ܳ െ ቆ ଶ2ܹ|ܳ|ቇܭ ߲ଶ߲ܳݔଶ ൌ 0 (10.7)

For a wide rectangular channel ܭ ൌ ሺܹ ݊⁄ ሻ݄ହ/ଷ and: ߲݄߲ܭ ൌ 53 ܹ݊ ݄ଶ/ଷ (10.8)

Substituting Equations 10.8 and 5.9 into Equation 10.7 and considering the bed slope ܵ௢ equal 

to the energy line slope ௙ܵ	 one can get: ߲߲ܳݐ ൅ 53ܷ ݔ߲߲ܳ ൌ ܳ2ܹܵ௢ ߲ଶ߲ܳݔଶ  (10.9)

Finally, Equation 10.9 can be written in advection-dispersion form as: ߲߲ܳݐ ൅ ௘ܥ ݔ߲߲ܳ െ ܦ ߲ଶ߲ܳݔଶ ൌ 0 (10.10)
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APPENDIX C 
 
 
 

The Preissmann Scheme 

The Preissmann scheme is a popular implicit scheme for solution of the one-dimensional 

Navier Stokes Equation. Such scheme is given by (Szymkiewicz, 2010): 

௣݂ ൎ 2ߠ ൫ ௝݂௡ାଵ ൅ ௝݂ାଵ௡ାଵ൯ ൅ ሺ1 െ ሻ2ߠ ൫ ௝݂௡ ൅ ௝݂ାଵ௡ ൯ (10.11)

ฬ௣ݐ߲݂߲ ൎ 12ቆ ௝݂௡ାଵ െ ௝݂௡∆ݐ ൅ ௝݂ାଵ௡ାଵ െ ௝݂ାଵ௡∆ݐ ቇ (10.12)

ฬ௣ݔ߲݂߲ ൎ ሺ1 െ ሻߠ ௝݂ାଵ௡ െ ௝݂௡∆ݔ ൅ ߠ ௝݂ାଵ௡ାଵ െ ௝݂௡ାଵ∆ݔ  
(10.13)

Where ߠ is the weight factor. One should note that the Preissmann scheme is unconditionally 

stable and first order accurate (both in space and in time) when 0.5 ൑ ߠ ൑ 1. The application of 

the Preissmann Scheme over the Saint Venant equation results in the discretized continuity (C) 

and momentum (M) equations, as follows: 1ܹ௣ ቈሺ1 െ ሻܳ௝ାଵ௡ߠ െ ܳ௝௡∆ݔ ൅ ߠ ܳ௝ାଵ௡ାଵ െ ܳ௝௡ାଵ∆ݔ ቉ ൅ 12ቆ ௝݄௡ାଵ െ ௝݄௡∆ݐ ൅ ௝݄ାଵ௡ାଵ െ ௝݄ାଵ௡∆ݐ ቇ ൌ 0 (10.14)

12ቆܳ௝௡ାଵ െ ܳ௝௡∆ݐ ൅ ܳ௝ାଵ௡ାଵ െ ܳ௝ାଵ௡∆ݐ ቇ ൅ ሺ1 െ ݔ∆ሻߠ ൥ቆܳଶܣ ቇ௝ାଵ௡ െ ቆܳଶܣ ቇ௝௡൩ ൅ ݔ∆ߠ ൥ቆܳଶܣ ቇ௝ାଵ௡ାଵ െ ቆܳଶܣ ቇ௝௡ାଵ൩
൅ ݃. ௣ܣ ቈሺ1 െ ሻߠ ௝݄ାଵ௡ െ ௝݄௡∆ݔ ൅ ߠ ௝݄ାଵ௡ାଵ െ ௝݄௡ାଵ∆ݔ ቉ ൅ ቆ݃. ݊ெଶ |ܳ|ܴܳସ/ଷܣ ቇ௣
൅ ݃. ௣ܣ ቈሺ1 െ ሻߠ ௝ାଵ௡ݖ െ ݔ∆௝௡ݖ ൅ ߠ ௝ାଵ௡ାଵݖ െ ݔ∆௝௡ାଵݖ ቉ ൌ 0 

(10.15)

Where: 

௣ܣ ൌ 2ߠ ൫ܣ௝௡ାଵ ൅ ௝ାଵ௡ାଵ൯ܣ ൅ ሺ1 െ ሻ2ߠ ൫ܣ௝௡ ൅ ௝ାଵ௡ܣ ൯ (10.16)

௣ܹ ൌ 2ߠ ൫ ௝ܹ௡ାଵ ൅ ௝ܹାଵ௡ାଵ൯ ൅ ሺ1 െ ሻ2ߠ ൫ ௝ܹ௡ ൅ ௝ܹାଵ௡ ൯ (10.17)
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ቆ݃. ݊ெଶ |ܳ|ܴܳସ/ଷܣ ቇ௣ ൌ 2ߠ ൥ቆ݃. ݊ெଶ |ܳ|ܴܳସ/ଷܣ ቇ௝௡ାଵ ൅ ቆ݃. ݊ெଶ |ܳ|ܴܳସ/ଷܣ ቇ௝ାଵ௡ାଵ൩
൅ ሺ1 െ ሻ2ߠ ൥ቆ݃. ݊ெଶ |ܳ|ܴܳସ/ଷܣ ቇ௝௡ ൅ ቆ݃. ݊ெଶ |ܳ|ܴܳସ/ଷܣ ቇ௝ାଵ௡ ൩ (10.18)

Where ܵ଴ is the bed slope, ܹ is the river width, ݄ is the flow depth, ݊ெ is the Manning 

roughness coefficient, ݆ is the cross-section index and ݊ is the time level index.  

The application of Equations 10.14 and 10.15 for the nodes ݆ ൌ 1, 2,3… ܯ	 െ 1 result in a 

system of 2ሺܯ െ 1) non-linear equations with 2ܯ unknowns ( ௝݄௡ାଵ, ௝݄ାଵ௡ାଵ, ܳ௝௡ାଵ and ܳ௝ାଵ௡ାଵሻ. 
Therefore, two boundary conditions (Equations B) are required to complete the system. In this 

algorithm the upstream boundary condition is the hydrograph, given by Equation 10.19 while for 

downstream it is the normal depth, as showed in Equation 10.20. ܳଵ௡ାଵ െ ܳ௢௕௦௡ାଵ ൌ 0 (10.19)

ሺ݂ܵሻெ௡ାଵ ൌ ܵ଴ → ܳெ௡ାଵ ൌ ඨቆܵ଴݄ଵ଴/ଷܤଶ݊ெଶ ቇெ௡ାଵ (10.20)

Herein, the initial condition considers a uniform depth for a given initial discharge. Thus, 

the solution for this system of non-linear equations can be achieved using the Newton-Raphson 

method, as presented below: ࡶሺ఑ሻ. ሺ఑ାଵሻࢄ∆ ൌ െࡾሺ఑ሻ (10.21)

Where ߢ is the index of iteration, ࡶሺ఑ሻ is the Jacobian matrix, ∆ࢄሺ఑ାଵሻ is the correction 

vector, and ࡾሺ௞ሻ is the residual matrix, i.e. the resultant value after the application of the 

calculated values of the ( ௝݄௡ାଵ, ௝݄ାଵ௡ାଵ, ܳ௝௡ାଵ and ܳ௝ାଵ௡ାଵሻ in Equations 10.14 and 10.15. The matrix 

format of Equation 10.21  is presented below: 
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ێێۏ
ێێێ
ێێێ
ێێێ
ێێێ
ێێێ
ۍێێ
ଵ߲ܳଵܤ߲ ଵ߲݄ଵܤ߲ 0 0 0 0 … 0 0 0 ଵ߲ܳଵܥ0߲ ଵ߲݄ଵܥ߲ ଵ߲ܳଶܥ߲ ଵ߲݄ଶܥ߲ 0 0 … 0 0 0 ଵ߲ܳଵܯ0߲ ଵ߲݄ଵܯ߲ ଵ߲ܳଶܯ߲ ଵ߲݄ଶܯ߲ 0 0 … 0 0 0 00 0 ଶ߲ܳଶܥ߲ ଶ߲݄ଶܥ߲ ଶ߲ܳଷܥ߲ ଶ߲݄ଷܥ߲ … 0 0 0 00 0 ଶ߲ܳଶܯ߲ ଶ߲݄ଶܯ߲ ଶ߲ܳଷܯ߲ ଶ߲݄ଷܯ߲ … 0 0 0 0. . . . . . … . . . .. . . . . . … . . . .. . . . . . … . . . .0 0 0 0 0 0 … ெିଵ߲ܳெିଵܥ߲ ெିଵ߲݄ெିଵܥ߲ ெିଵ߲ܳெܥ߲ ெିଵ߲݄ெ0ܥ߲ 0 0 0 0 0 … ெିଵ߲ܳெିଵܯ߲ ெିଵ߲݄ெିଵܯ߲ ெିଵ߲ܳெܯ߲ ெିଵ߲݄ெ0ܯ߲ 0 0 0 0 0 … 0 0 ெ߲ܳெܤ߲ ெ߲݄ெܤ߲ ۑۑے

ۑۑۑ
ۑۑۑ
ۑۑۑ
ۑۑۑ
ۑۑۑ
ېۑۑ

ێێۏ
ێێێ
ێێێ
ۍێێ
∆ܳଵ∆݄ଵ∆ܳଶ∆݄ଶ∆ܳଷ∆݄ଷ...∆ܳெ∆݄ேெۑۑے

ۑۑۑ
ۑۑۑ
ېۑۑ
ൌ െ

ێێۏ
ێێێ
ێێێ
ۍێ ெܤெିଵܯெିଵܥ...ଶܯଶܥଵܯଵܥଵܤ ۑۑے

ۑۑۑ
ۑۑۑ
ېۑ
 (10.22)

 

The solution of this system is obtained by matrix inversion (here using the Matlab 

resource: X=-J\R), providing the corrections to the initial values of ௝݄௡ାଵ, ௝݄ାଵ௡ାଵ, ܳ௝௡ାଵ and ܳ௝ାଵ௡ାଵ in 

the next iteration, as shown in Equations 10.23 and 10.24. ൫ܳ௝௡ାଵ൯఑ାଵ ൌ ൫ܳ௝௡ାଵ൯఑ ൅ ∆ܳ௝ (10.23)

൫ ௝݄௡ାଵ൯఑ାଵ ൌ ൫ ௝݄௡ାଵ൯఑ ൅ ∆ ௝݄ (10.24)

The procedure is repeated until the corrections are reduced to a given tolerable values: หܳ௝఑ାଵ െ ܳ௝఑ାଵห ൑ ொߝ ܽ݊݀ ห ௝݄఑ାଵ െ ௝݄఑ାଵห ൑ ݄ொ (10.25)

Alternatively, the repetition can also be stopped when maximum number of iterations (ܰ௠௔௫) is 

achieved. 

 

The Crank Nicolson Scheme 

This scheme is given by the application of a central difference in space and the 

trapezoidal method for time advance in the diffusive wave approximation, as showed in 

Equation 10.26.  
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ܳ௝௡ାଵ െ ܳ௝௡∆ݐ ൅ ௘2ܥ ቈ൬ܳ௝ାଵ െ ܳ௝ିଵ2∆ݔ ൰௡ ൅ ൬ܳ௝ାଵ െ ܳ௝ିଵ2∆ݔ ൰௡ାଵ቉
െ 2ܦ ቈ൬ܳ௝ାଵ െ 2ܳ௝ ൅ ܳ௝ିଵ∆ݔଶ ൰௡ ൅ ൬ܳ௝ାଵ െ 2ܳ௝ ൅ ܳ௝ିଵ∆ݔଶ ൰௡ାଵ቉ ൌ 0 

(10.26)

After some manipulations and placing the time level index ݊ ൅ 1 in the left side, Equation 10.26 

becomes: 

െܳ௝ିଵ௡ାଵ ൬ܥ௔4 ൅ ௗ2ܥ ൰ ൅ ܳ௝௡ାଵሺ1 ൅ ௗሻܥ ൅ ܳ௝ାଵ௡ାଵ ൬ܥ௔4 െ ௗ2ܥ ൰ൌ ܳ௝ିଵ௡ ൬ܥௗ2 ൅ ௔4ܥ ൰ ൅ ܳ௝௡ሺ1 െ ௗሻܥ െ ܳ௝ାଵ௡ ൬ܥ௔4 െ ௗ2ܥ ൰ (10.27)

Where  ܥ௔ is the Courant number and ܥௗ is the diffusive Courant number, given by: 

௔ܥ ൌ ௘ܥ (10.28) ݔ∆ݐ∆

ௗܥ ൌ ܦ ଶ (10.29)ݔ∆ݐ∆

One should consider that Equation 10.27 can be applied in nodes ݆	 ൌ	2 to ܯ െ 1. Then, 

the system of equation is completed using an initial condition ܳሺݔ, 0ሻ and two equations given 

by the assumed boundary conditions. For the upstream boundary	ܳሺ0,  ሻ, the discharge must beݐ

known in advance. For the downstream boundary, a possible solution is to consider the 

hydraulic diffusivity equal to zero using the upwind scheme. The Crank Nicolson scheme is then 

solved in matrix format: 



150 
 

ێێۏ
ێێێ
ۍێێ ሺ1 ൅ ௗሻଶܥ ൬ܥ௔4 െ ௗ2ܥ ൰ଶെ൬ܥ௔4 ൅ ௗ2ܥ ൰ଷ ሺ1 ൅ ௗሻଷܥ ൬ܥ௔4 െ ௗ2ܥ ൰ଷ… … … … …െ൬ܥ௔4 ൅ ௗ2ܥ ൰ெିଵ ሺ1 ൅ ௗሻெିଵܥ ൬ܥ௔4 െ ௗ2ܥ ൰ெିଵെ൬ܥ௔2 ൰ெ ൬1 ൅ ௔2ܥ ൰ெ ۑۑے

ۑۑۑ
ېۑۑ
ێێۏ
ۍێ ܳଶܳଷ…ܳெିଵܳெ ۑۑے

௡ାଵېۑ

ൌ
ێێۏ
ێێێ
ۍێێ ሺ1 െ ௗሻଶܥ െ൬ܥ௔4 െ ௗ2ܥ ൰ଶ൬ܥௗ2 ൅ ௔4ܥ ൰ଷ ሺ1 െ ௗሻଷܥ െ൬ܥ௔4 െ ௗ2ܥ ൰ଷ… … … … …൬ܥௗ2 ൅ ௔4ܥ ൰ெିଵ ሺ1 െ ௗሻெିଵܥ െ൬ܥ௔4 െ ௗ2ܥ ൰ெିଵ൬ܥ௔2 ൰ெ ൬1 െ ௔2ܥ ൰ெ ۑۑے

ۑۑۑ
ېۑۑ
ێێۏ
ۍێ ܳଶܳଷ…ܳெିଵܳெ ۑۑے

௡ېۑ

൅ ൬ܥௗ2 ൅ ௔4ܥ ൰ ێێۏ
ଵ௡ାଵܳۍێ ൅ ܳଵ௡0…00 ۑۑے

ېۑ
 

(10.30)

The calculation of the discharges for the next time steps is made by matrix inversion. 

Since the resultant matrix is a tridiagonal matrix, one can apply the Thomas algorithm  (Chapra 

& Canale, 2009) or using a built-in matrix inversion resource, as in Matlab for instance. In 

addition, the relation between the advective and diffusive Courant numbers is called Peclet 

number, useful for numerical evaluations. 

∆ܲ ൌ ௗ (10.31)ܥ௔ܥ

The celerity calculation requires an iterative process. For a given Manning roughness 

coefficient an arbitrary value of celerity is initially adopted. The simulation is processed, then the 

average velocity along the river reach during the passage do the hydrograph is taken and the 

Equation 2.15 is applied to calculate the celerity. If this last value is equal to the initial guess, 

then such value is regarded as the celerity, otherwise the new celerity value is updated and the 

simulation restarts.    
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Once the solution of the discharges is known, the flow depth can be obtained by the 

discretization of the continuity equation.  To keep the accuracy of the model (second order) the 

leap-frog scheme can be applied in the internal nodes: 

௝݄௡ାଵ ൌ ௝݄௡ିଵ െ ݔ∆ܹݐ∆ ൫ܳ௝ାଵ௡ െ ܳ௝ିଵ௡ ൯ (10.32)

In the nodes close to boundaries the first order upwind scheme is then applied: 

௝݄௡ାଵ ൌ ௝݄௡ െ ݔ∆ܹݐ∆ ቆܳ௝ାଵ௡ െ ܳ௝௡∆ݔ ቇ (10.33)

The solution of the equations above requires the initial condition ݄ሺݔ, 0ሻ,  the upstream 

boundary condition ݄ሺ0, ,ܯሻ and the downstream boundary condition ݄ሺݐ  ሻ. A common initialݐ

condition is to consider the uniform flow for a given discharge. The upstream condition can be 

obtained using a depth-discharge curve applied to the upstream hydrograph. Finally, the 

downstream boundary condition can be either a depth-discharge curve or a constant water 

level, for the case where there is a reservoir downstream. 

 

The QUICKEST Scheme 

The QUICKEST (Quadratic Upstream Interpolation for Convective Kinematics with 

Estimated Streaming Terms) is an explicit, third-order approximation to solve unsteady flows in 

format of advection-diffusion (diffusive wave) developed by Leonard (1979). The method is non-

diffusive, however due its explicit nature it is conditionally stable scheme, which limits are 

defined as function of the Courant numbers and the Peclet number. This scheme is given by 

Equation 10.34: 
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ܳ௝௡ାଵ ൌ ܳ௝௡ ൅ ൤ܥௗሺ1 െ ௔ሻܥ െ ௔6ܥ ൫ܥ௔ଶ െ ௔ܥ3 ൅ 2൯൨ܳ௝ାଵ௡
െ ൤ܥௗሺ2 െ ௔ሻܥ3 െ ௔2ܥ ൫ܥ௔ଶ െ ௔ܥ2 െ 1൯൨ܳ௝௡
൅ ൤ܥௗሺ1 െ ௔ሻܥ3 െ ௔2ܥ ൫ܥ௔ଶ െ ௔ܥ െ 2൯൨ܳ௝ିଵ௡ ൅ ൤ܥௗሺܥ௔ሻ ൅ ௔6ܥ ൫ܥ௔ଶ െ 1൯൨ܳ௝ିଶ௡  

(10.34)

 
The solution requires an initial condition, the upstream and downstream boundary 

conditions. Moreover, a different scheme is required in the nodes near the boundaries. Likewise 

the Crank Nicolson scheme, once the solution of the discharges is known, the flow depth can be 

obtained by the application of the continuity equation.  

 

Modified Puls 

This method is also known as the Level Pool Routing and it is a hydrologic routing based 

on conservation of mass, written as the storage differential equation: ݀ܵ݀ݐ ൌ ሻݐሺܫ െ ܱሺݐሻ (10.35)

Where ܵ is the reservoir storage, ܫሺݐሻ is the inflow and ܱሺݐሻ is the outflow. The Modified 

Puls approach is usually applied for flood routing in reservoirs. Nevertheless, its use in channels 

can be made by the segmentation of the channel in several sub-reaches. The method is then 

applied in each segment according with the storage equation, written as (Chow, 1988; 

Szymkiewicz, 2010): 2ܵሺݐ௜ାଵሻ∆ݐ ൅ ܱሺݐ௜ାଵሻ ൌ ሾܫሺݐ௜ାଵሻ ൅ ௜ሻሿݐሺܫ ൅ ቈ2ܵሺݐ௜ሻ∆ݐ െ ܱሺݐ௜ሻ቉ (10.36)

The Modified Puls routing approach assumes that the storage and the outflow are 

function of the water level elevation only. Hence, the left-hand side of the Equation 10.36 

depends only of the water level elevation in the system. In general, the storage-elevation curve 

is a common data of reservoirs and the outflow-elevation relationship depends on the type of 
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hydraulic structure (e.g. spillways, etc.) and its operation. The solution for the level pool routing 

is given by the development of a function 2ܵ/∆ݐ ൅ ܱ ൌ ݂ሺܱሻ and proceeding with the routing of 

the inflow hydrograph. The outflow hydrograph is obtained applying this procedure for every 

time step sequentially (Ramirez, 2015). 

 

Muskingum-Cunge 

The Muskingum-Cunge method is a modification of the Muskingum method where the 

diffusive wave approximation takes place instead of the kinematic-wave. In general, the wide 

rectangular channel assumption is implicit on its derivation.  This method is given by Equation 

10.37 (Szymkiewicz, 2010): ܳ௝௡ାଵ ൌ ଵܳ௝ିଵ௡ܥ ൅ ଶܳ௝௡ܥ ൅ ଷܳ௝ିଵ௡ାଵ (10.37)ܥ

The coefficients ܥଵ, ܥଶ and ܥଷ are given by: 

ଵܥ ൌ ܺܭ ൅ 0.5Δܭݐሺ1 െ ܺሻ ൅ 0.5Δ(10.38) ݐ

ଶܥ ൌ ሺ1ܭ െ ܺሻ െ 0.5Δܭݐሺ1 െ ܺሻ ൅ 0.5Δ(10.39) ݐ

ଷܥ ൌ െܺܭ ൅ 0.5Δܭݐሺ1 െ ܺሻ ൅ 0.5Δ(10.40) ݐ

Where the parameters ܭ and ܺ	 are equal to: 

ܭ ൌ (10.41) ݔ௘Δܥ

ܺ ൌ 0.5 െ ܳ2WS௢ܥܭ௘ଶ (10.42)

These parameters can be kept constant to a chosen reference discharge or updated 

using the known discharges at every time step. The method application is simple, however the 

accuracy highly dependents on the river bed slope, since the method can lead to 

underestimation of the peak flow in mild slopes (Fenton, 2011). 
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APPENDIX D 
 
 
 

The Crank Nicolson Scheme Applied on Suspended Sediment Transport and Deposition 

The Crank Nicolson scheme can be applied on the sediment concentration, taking in 

account the settling term ݇ (Chapra, 2008): 

െܥ௝ିଵ௡ାଵ ൬ܥ௔௦4 ൅ ௗ௦2ܥ ൰௝௡ ൅ ௝௡ାଵܥ ൬1 ൅ ௗ௦ܥ ൅ 2ݐ∆݇ ൰௝௡ ൅ ௝ାଵ௡ାଵܥ ൬ܥ௔௦4 െ ௗ௦2ܥ ൰௝௡
ൌ ௝ିଵ௡ܥ ൬ܥ௔௦4 ൅ ௗ௦2ܥ ൰௝௡
൅ ௝௡ܥ ൬1 െ ௗ௦ܥ െ 2ݐ∆݇ ൰௝௡െܥ௝ାଵ௡ ൬ܥ௔௦4 െ ௗ௦2ܥ ൰௝௡ 

(10.43)

Where ܥ௝௡ refers to the suspended sediment concentration at the cross section ݆ and in the time 

level ݊ in the computational grid. In addition,  ܥ௔௦ is the Courant number and ܥௗ௦ is the diffusive 

Courant number, given by: 

௔௦ܥ ൌ ܷ ΔݐΔ(10.44) ݔ

ௗ௦ܥ ൌ ݀ܭ ଶ (10.45)ݔ∆ݐ∆

One should consider that the Equation 10.43 can be applied in nodes ݆	 ൌ	2 to ܯ െ 1. 

Then, the system of equation is completed using an initial condition ܥሺݔ, 0ሻ and two boundary 

conditions. For the upstream boundary	ܥሺ0,  ሻ, the sediment concentration must be known inݐ

advance. For the downstream boundary, a possible solution is to consider the longitudinal 

dispersion coefficient equal to zero, applying then the upwind scheme. Thus, the Crank 

Nicolson scheme can be written in the matrix format: 
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ێێۏ
ێێێ
ێێێ
൬1ۍ ൅ ௗ௦ܥ ൅ 2ݐ∆݇ ൰ଶ ൬ܥ௔௦4 െ ௗ௦2ܥ ൰ଶെ൬ܥ௔௦4 ൅ ௗ௦2ܥ ൰ଷ ൬1 ൅ ௗ௦ܥ ൅ 2ݐ∆݇ ൰ଷ ൬ܥ௔௦4 െ ௗ௦2ܥ ൰ଷ… … … … …െ൬ܥ௔௦4 ൅ ௗ௦2ܥ ൰ெିଵ ൬1 ൅ ௗ௦ܥ ൅ 2ݐ∆݇ ൰ெିଵ ൬ܥ௔௦4 െ ௗ௦2ܥ ൰ெିଵെ൬ܥ௔௦2 ൰ெ ൬1 ൅ ௔௦2ܥ ൰ெ ۑۑے

ۑۑۑ
ۑۑۑ
ې
ێێۏ
ۍێ ெܥெିଵܥ…ଷܥଶܥ ۑۑے

௡ାଵېۑ

ൌ
ێێۏ
ێێێ
ێێێ
൬1ۍ െ ௗ௦ܥ െ 2ݐ∆݇ ൰ଶ െ൬ܥ௔௦4 െ ௗ௦2ܥ ൰ଶ൬ܥௗ௦2 ൅ ௔௦4ܥ ൰ଷ ൬1 െ ௗ௦ܥ െ 2ݐ∆݇ ൰ଷ െ൬ܥ௔௦4 െ ௗ௦2ܥ ൰ଷ… … … … …൬ܥௗ௦2 ൅ ௔௦4ܥ ൰ெିଵ ൬1 െ ௗ௦ܥ െ 2ݐ∆݇ ൰ெିଵ െ൬ܥ௔௦4 െ ௗ௦2ܥ ൰ெିଵ൬ܥ௔௦2 ൰ெ ൬1 െ ௔௦2ܥ ൰ெ ۑۑے

ۑۑۑ
ۑۑۑ
ې
ێێۏ
ۍێ ெܥெିଵܥ…ଷܥଶܥ ۑۑے

௡ېۑ

൅ ൬ܥௗ௦2 ൅ ௔௦4ܥ ൰ ێێۏ
ଵ௡ାଵܥۍێ ൅ ଵ௡0…00ܥ ۑۑے

ېۑ
 

 

(10.46) 

One should note that the courant number and the diffusive courant number are allowed 

to vary in each node. Thus, this numerical model can be coupled either with a steady or 

unsteady flow simulation. The calculation of the sediment concentration for the next time steps 

is made by matrix inversion. Since the resultant matrix is a tridiagonal matrix, one  can apply the 

Thomas algorithm (Chapra & Canale, 2009) or using a built in function, as in Matlab for 

instance. 
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