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ABSTRACT

RANDOMIZATION TESTS FOR EXPERIMENTS EMBEDDED IN COMPLEX SURVEYS

Embedding experiments in complex surveys has become increasingly important. For scien-
tific questions, such embedding allows researchers to take advantage of both the internal validity
of controlled experiments and the external validity of probability-based samples of a population.
Within survey statistics, declining response rates have led to the development of new methods,
known as adaptive and responsive survey designs, that try to increase or maintain response rates
without negatively impacting survey quality. Such methodologies are assessed experimentally. Ex-
amples include a series of embedded experiments in the 2019 Triennial Community Health Survey
(TCHS), conducted by the Health District of Northern Larimer County in collaboration with the
Department of Statistics at Colorado State University, to determine the effects of monetary in-
centives, targeted mailing of reminders, and double-stuffed envelopes (including both English and
Spanish versions of the survey) on response rates, cost, and representativeness of the sample.

This dissertation develops methodology and theory of randomization-based tests embedded in
complex surveys, assesses the methodology via simulation, and applies the methods to data from
the 2019 TCHS.

An important consideration in experiments to increase response rates is the overall balance of
the sample, because higher overall response might still underrepresent important groups. There
have been advances in recent years on methods to assess the representativeness of samples, includ-
ing application of the dissimilarity index (DI) to help evaluate the representativeness of a sample
under the different conditions in an incentive experiment (Biemer et al. [2018]). We develop theory
and methodology for design-based inference for the DI when used in a complex survey. Simula-

tion studies show that the linearization method has good properties, with good confidence interval
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coverage even in cases when the true DI is close to zero, even though point estimates may be
biased.

We then develop a class of randomization tests for evaluating experiments embedded in com-
plex surveys. We consider a general parametric contrast, estimated using the design-weighted
Narain-Horvitz-Thompson (NHT) approach, in either a completely randomized design or a ran-
domized complete block design embedded in a complex survey. We derive asymptotic normal
approximations for the randomization distribution of a general contrast, from which critical values
can be derived for testing the null hypothesis that the contrast is zero. The asymptotic results are
conditioned on the complex sample, but we include results showing that, under mild conditions,
the inference extends to the finite population. Further, we develop asymptotic power properties
of the tests under moderate conditions. Through simulation, we illustrate asymptotic properties of
the randomization tests and compare the normal approximations of the randomization tests with
corresponding Monte Carlo tests, with a design-based test developed by van den Brakel, and with
randomization tests developed by Fisher-Pitman-Welch and Neyman. The randomization approach
generalizes broadly to other kinds of embedded experimental designs and null hypothesis testing
problems, for very general survey designs.

The randomization approach is then extended from NHT estimators to generalized regression
estimators that incorporate auxiliary information, and from linear contrasts to comparisons of non-

linear functions.
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Chapter 1

Introduction and Preliminaries

Now is a time of major growth and change in the field of survey statistics. A positive develop-
ment has been the explosion of technologies that make it easier to gain auxiliary information. But
there has also been a long trend of declining survey response rates (RRs) (Steeh [1981], Brick and
Williams [2013], Peytchev [2013], National Research Council [2013]). This has led to increased
focus on different strategies to try to improve response quality. These methods include adaptive and
responsive survey designs (Wagner [2008], Groves and Heeringa [2006], Schouten et al. [2018])
and integration with non-probability samples (Elliott and Valliant [2017]). Concerns with data
quality have also led to a renewed focus on the use of experiments embedded in surveys (Lavrakas
et al. [2019]). In this dissertation, we develop a new method, based in randomization theory, to
analyze experiments embedded in complex surveys accounting for both the survey design and the
experimental design.

Before delving into the new material in this dissertation, we will start with a brief introduc-
tion to survey statistics, randomization inference, and experiments in surveys. We then finish the
introduction with a review of the major contributions and an overview of the structure of this dis-

sertation.

1.1 Survey Statistics

A major theme throughout statistics is trying to understand how and when you can generalize
inference from a sample to a more general population, and additionally understanding how uncer-
tain you are about the population values inferred. While in many other fields of statistics, models
are used to approximate the data generation process, in survey statistics, the dominant mode of
inference has been design-based inference (see Smith [1976] or Fienberg and Tanur [1987]) for
more in depth discussion). In this section, we provide a brief review of some of the major concepts

in design-based inference, starting with the Narain-Horvitz-Thompson (NHT) estimator (Narain



[1951], Horvitz and Thompson [1952]). Some recent books that explain the methodology of sur-
vey statistics include Heeringa et al. [2017] and Wu and Thompson [2020].

We will start out this discussion with a finite population U = {1,2,..., N} consisting of N
units. From here we consider a sampling design p(,S) which assigns probabilities for the selection
of any possible subset S C U. In general when examining statistics with surveys, directly using the
probabilities of drawing each sample is often not particularly useful. The standard framework of
design-based inference involves expressing survey designs in terms of their first and second order
inclusion probabilities.

For an arbitrary unit ¢ € U, the first-order inclusion probability (denoted 7;) is the probability
that unit 7 is included in the selected sample, and satisifies m; = > (S:i€8) p(S). Similarly, for ar-
bitrary units ¢, j € U, the second-order inclusion probability (7;;) is the probability that both units
i and j are included in the selected sample, and satisfies 7;; = > g, ey P(5) (implying that
mi; = ;). Inclusion probabilities reflect how representative the sample is of a finite population.
One simple requirement of sampling is that each element of the population has a chance of appear-
ing in the sample, or m; > 0 for each 7 € U. A design satisfying this property is called a probability
sampling design, and admits unbiased estimation of finite population totals (Sérndal et al. [1992]
Section 1.3). Another valuable property related to inclusion probabilities is a measurable sampling
design. A measurable sampling design is a design where any two elements in the population have a
positive probability of both being selected, or 7;; > 0 for all ¢ and j in the population. Measurable
designs admit unbiased variance estimators (Sdrndal et al. [1992] p. 33).

To define the NHT estimator, we assume a sample S C U is drawn via a probability sampling
design, and the data Y; for ¢ € S are observed and measured without error. Define the sampling

weights as w; = 7; *. The NHT estimator for the sampling design is then

V=Y oS

ies "t i€S



The NHT estimator is unbiased under the sampling design because, if Eg denotes expectation over

all possible random selections under the sampling design,

ies *

N N
Z Y; Z
y Ur -

=1 =1

This follows because 7; is the probability that unit ¢ will be included in the sample. If the sample is
a measurable sampling design, then the variance of the NHT estimator has an unbiased estimator.

The NHT estimator can be extended to more general cases, including multiple stages of sam-
pling and stratification. When considering multiple stages of sampling, the units selected at the first
stage are called called primary sampling units (PSUs) are selected from the population. Subsam-
pling within PSUs then proceeds in one or more additional stages of selection, until the sampling
stops with the ultimate sampling units, from which data are obtained. Information from the earlier
stages of sampling may be used in later stages.

To write the estimator with multiple stages of selection, we index the PSUs by i =1,..., M
in the population, and denote the sample of PSUs by .S, where the sample size is |S| = m. We
denote the estimate for the total within the i*" PSU as SA/H. For the overall estimator to be an NHT
estimator, the estimate YH should be an NHT estimator conditioned on 7 being a sampled PSU. In

this case, the NHT estimator can be written as

ies
We also note that using an estimator other than the NHT for the PSU total estimates may still
give an estimator with good statistical properties, but the resulting estimator will not be an NHT
estimator. For example, estimators of PSU totals may incorporate auxiliary information, as is the
case for generalized regression estimators (GREG; reference Chapters 6-8 of Sirndal et al. [1992])
and more general calibration estimators (Deville and Sarndal [1992]).

Many surveys incorporate stratification, in which the population U is partitioned into disjoint

(and, ideally, homogeneous) strata U = U U, and then samples are selected independently



from each stratum, S;, C Uj,. Then the NHT estimator is

Y = Z Z whiYhi-

h=1 i€S},

It should also be noted that clustered sampling can occur within each stratum. If we then let YhH
denote NHT estimators of totals within each PSU, the NHT estimator for the full sample can then

be written as
H

f/ = Z Z thYhH-
h=14€S),

One caveat about notation needs to be given now. Throughout the rest of this dissertation, the
notation h = 1, ..., H will be used to refer to blocks in a randomized complete block experiment
embedded in a complex survey. It is possible that these blocks will correspond to strata used in the
sampling, but this does not need to be true.

An important topic in complex surveys is variance estimation, in part because of the heavy
reliance on normal approximations for the distribution of estimators under the sampling design.
As noted above, the NHT estimator admits an unbiased variance estimator under a measurable
sampling design, and accurate approximations are commonly used for multistage designs, alter-
native estimators like GREG, and nonlinear statistics. Related topics in variance estimation under

randomized treatment assignment for experiments embedded in surveys will be addressed in Chap-

ters 4 and 5, and 6 of this dissertation.

1.2 Randomization Inference

When trying to extract information from a sample, there are many philosophical frameworks
that statisticians use to understand the data. The two most well known are frequentist inference and
Bayesian inference. Another philosophy that has shown to be useful due to its lack of distributional
assumptions is the philosophy of randomization inference. Randomization inference is useful in
situations where data are in different groups, possibly assigned in an experimental design, and

focuses on how the data are influenced by the group membership.



Within randomization inference, there is a distinction between permutation tests and random-
ization tests that is not consistently observed (see, for example, Ernst [2004] or Onghena [2017]).
We will follow the language used in Onghena [2017] to describe the differences between these
two procedures. Permutation tests view the data as coming from multiple populations, and the test
is to make inferences about differences between the populations. With a randomization test, the
data are viewed as coming from a single population, usually having been assigned treatments in
an experiment, and inferences are made about the difference between the treatment effects on the
population. One recent example of a permutation test in surveys is a test proposed by Toth [2020]
to investigate differences in population domain parameters in a complex survey. This dissertation
will discuss randomization tests for survey experiments.

Within randomization tests, there have also been two major approaches that have been taken:
an approach originally attributed to Fisher [1971] (first edition 1935) and expanded by Pitman
[1937a, 1937b, 1938] and Welch [1937], and an approach suggested by Neyman (Splawa-Neyman
et al. [1990] (translation of work published in 1923), Neyman et al. [1935]). A good introduction
to these approaches and a comparison between them is presented in Ding [2017]. We briefly
introduce these tests, starting with the method proposed by Neyman.

The Neyman randomization method posits a model of potential outcomes for each experi-
mental unit (EU) in the sample. Specifically, for each unit ¢, there are K potential outcomes,
Y;(l), e ,Y;(K) corresponding to each of the possible /K treatments that could be assigned. This
model depends on the stable unit treatment value assumption (SUTVA; Rubin [1980]), which is
that the observed values for a given unit depend only on the treatment that unit was assigned. Us-
ing this model, Neyman computes variances within each treatment, and uses these to compute an
upper bound on the variability of the difference.

The Fisher-Pitman-Welch (FPW) randomization method uses a strong null hypothesis to derive
a reference distribution for the test statistic when the treatment has no effect. This null hypothesis

(k)

is that for each unit 7 and treatment £, ¥’ = Y}, no matter how the treatments are assigned,

which is stronger than SUTVA. The reference distribution for the FPW method is the distribution



of the elements of the sample with the treatments randomly relabeled by the same distribution of
the original treatment assignment. If the null hypothesis is true, and there really is no difference
between the treatments, this reference distribution exactly corresponds to the distribution of the
test statistic under different randomizations of the original experiment.

There are two major differences between the two methodologies. One difference is that be-
cause the FPW method involves only relabeling the treatment assignments, it generally admits a
test based on Monte Carlo simulation of the reference distribution under its null hypothesis. The
Neyman method depends on an assumption about the differences between the observations as-
signed each treatment, and thus only lends itself to statistics that can be well approximated by
differences between the two treatments. Additionally, also because of the approximation of the
variance components between the two treatments, the Neyman method usually has better power
than the FPW method (Ding [2017]). This is because by relying on the relabeling of treatments,
the FPW method includes the treatment effect in the estimate of the variability of the statistic, when
such treatment effect exists. The Neyman method, on the other hand, only considers the variability

within each of the treatments in estimating the variability of the estimated treatment effect.

1.3 Experiments in Surveys

There is a long history of experiments embedded in complex surveys (e.g. Mahalanobis [1958],
Fienberg and Tanur [1987], and Fienberg and Tanur [1988]). More recently, since survey RRs have
been falling for decades (Steeh [1981] National Research Council [2013]), there has been a push
for adaptive and responsive designs for improving response and data quality, which can involve
embedded experimentation. Additionally, there has been a push for “population-based experi-
ments” in the social sciences (Mutz [2011]). These population-based experiments are experiments
embedded in population-based surveys to try to leverage both the internal validity of experiments
and the external validity of surveys.

With the development of experiments embedded in surveys, some researchers have thought

about analyzing experiments in surveys, but the literature on such methods is not very large. Smith



[1983] used likelihood theory to argue that when the sample selection does not depend on the
value of the response of inference, then the sampling procedure can be ignored in model-based
inferences. Fienberg and Tanur [1988] (Section 6) discuss three different approaches for analyzing
such experiments: standard model-based experimental methods, survey-based methods treating
each treatment as a different sample, and methods viewing the experiment as a sample in the
population of all survey experiments. Van den Brakel in a series of papers (van den Brakel and
Renssen [1998], van den Brakel [2001], van den Brakel and van Berkel [2002], van den Brakel
and Renssen [2005], van den Brakel [2008], van den Brakel [2013], and van den Brakel [2019])
has developed a method using a design-based procedure. Van den Brakel [2001] further argued
in Section 2.5 that standard model-based methods may work for analyzing experimental impacts
on certain survey features such as response rates, but that methods that take into account both the
survey and experimental designs are valuable for analyzing differences in survey trends.

Van den Brakel’s method is based on a contrast statistic CY’, where C = 0 is a matrix such
that C1lx = 0 and Y isa K x 1 vector of estimated totals for the K treatments. In reality, van
den Brakel discusses means rather than totals, but the difference is immaterial; we use means here
for consistency with the discussion of the randomization test in this dissertation, which uses totals.
Van den Brakel computed the variance of the contrast statistic using the design-based variance for
the three sources of error present in experiments in surveys: sampling from the finite population,
assigning the treatments, and measuring the responses. Using these computation, van den Brakel
computes a design-based variance estimator that allows for inference to be conducted using a
Wald test. Van den Brakel’s methodology can be viewed as an extension of the Neyman style
randomization tests, and additionally accounts for measurement error in the responses.

In this dissertation, we will provide theory for extending the FPW randomization methodology
to experiments embedded in complex surveys. We additionally provide theoretical justification for
the use of a Wald test under moderate conditions (Chapters 4-6).

We conclude with another note on language. In the rest of this dissertation, when we talk

about a “randomization test” or “randomization procedures” we will be talking about the FPW



randomization test, or its extension to complex surveys described in this dissertation. We will
always specify Neyman’s name when referring to the Neyman randomization test, and we will refer
to the test proposed by van den Brakel [2001] as a “design-based” method, consistent with how
van den Brakel has referred to the test in his writings. When referring to design-based inference

only applying to sample surveys, we use the descriptor “survey design-based.”

1.4 Contribution and Chapter Outlines

The main contribution in this dissertation is the development of new methodologies for eval-
uating experiments embedded in complex surveys based on randomization procedures, and appli-
cation of these methodologies to experiments embedded in the 2019 Triennial Community Health
Survey conducted by the Health District of Northern Larimer County. Additionally, we provide
theoretical justification of the Wald test in this randomization method and in the design-based
method proposed by van den Brakel [2001]. We also propose a method for survey design-based
inference of the dissimilarity index to evaluate the representativeness of survey samples.

In Chapter 2, we discuss the Health District survey, and apply our new methodologies in the
analysis of that data. In Chapter 3, we describe our methodology for survey design-based infer-
encs for the dissimilarity index. In Chapter 4, we introduce the randomization test for experiments
embedded in complex surveys in completely randomized experiments. In Chapter 5, we extend
the randomization methodology for randomized complete block designs. In Chapter 6, we discuss
some extensions of the randomization methodology to calibration estimators and nonlinear statis-
tics and some practical issues of using the randomization methodology for experiments embedded
in complex surveys. We conclude in Chapter 7 with discussion of contributions of this dissertation,

and future directions of research to extend this methodology.



Chapter 2
An Incentive Experiment Embedded in a

Community Health Survey

2.1 Introduction

Household survey response rates (RRs) have been falling for decades (see, for example, Steeh
[1981], Brick and Williams [2013], Peytchev [2013] and National Research Council [2013]). Ac-
cordingly, survey practitioners have tried various methods to increase or maintain RRs (see Kanuk
and Berenson [1975] or Edwards et al. [2009] for reviews). As described in Schouten [2018] (pp.
19-25), these methods can be studied with randomized experiments embedded within surveys, and
experimental results may be used to identify effective protocols for future waves within the same
survey (responsive designs; Groves and Heeringa [2006]) or for future surveys (adaptive designs;
Wagner [2008]).

Methods that focus on increasing RRs may increase nonresponse bias or other survey errors
(Groves [2006], Groves and Peytcheva [2008]). There is some evidence in the literature that pro-
viding incentives may reduce nonresponse bias, though perhaps not for all variables. Kanuk and
Berenson [1975] suggest that incentives are effective at increasing response rates across income
levels. Groves and Peytcheva [2008] (p. 176) say there is evidence people with lower incomes are
more sensitive to incentives than people with higher incomes, which may induce bias on variables
related to income. There is also evidence incentives may help increase RRs among those surveyed
who may be less intrinsically interested in the survey topic (Groves et al. [2006], Peytchev [2013]
p. 97).

Monetary incentives, especially when provided with the survey packet, have consistently been
shown effective at increasing RRs (Bevis [1948], Kanuk and Berenson [1975], Church [1993],

Avdeyeva and Matland [2013], Singer and Ye [2013], Zhang et al. [2018]). While there is a good



body of research on pre-incentives and post-incentives individually (Rao [2020], Church [1993]),
very little research exists comparing the effects of combined pre- and post-incentives versus pre-
or post- incentives alone (Beydoun et al. [2006], Avdeyeva and Matland [2013] and Coopersmith
et al. [2016] are examples), or on push-to-web incentives (Biemer et al. [2018] is an example).
The previous literature on pre- and post- incentives is sparse and inconclusive. Church [1993]
found in a meta-analysis that there is an effect on response from pre-incentives, but not an effect
from conditional incentives. Avdeyeva and Matland [2013] found that a post-incentive had no
improvement in response after a pre-incentive had been given. Rao [2020] found a higher RR with
a pre-incentive only than higher post-incentives alone. Beydoun et al. [2006] and Coopersmith
et al. [2016] both tested pre- and post-incentives vs. post-incentives alone and do not find much
evidence of a difference between the incentive groups in terms of contact (in the case of Beydoun
et al. [2006]) or response (in the case of Coopersmith et al. [2016]). Beydoun et al. [2006] did
find some evidence that contact rates were improved with the early incentive when they did not
have a telephone number on file. Biemer et al. [2018] found some evidence that providing a $20
post-incentive can increase RR compared to a $10 post-incentive, and that an incentive to complete
the survey online can greatly increase web response over no such incentive when both mail and
web options are provided concurrently. Biemer et al. [2018] also found the highest overall RRs
with the push-to-web incentive, though not enough to provide solid statistical evidence on its own,
and found no evidence that the different incentive structures they tried had any impact on the
representativeness of the sample.

Previous literature on mixed-mode surveys shows that higher RRs are obtained when surveys
offer a mail option first, and then a web option, and that higher web RRs are obtained from having
a web option first (Messer and Dillman [2011], Millar and Dillman [2011], Patrick et al. [2018]).
Research into whether a concurrent design has higher RRs than a sequential design has mixed re-
sults, with Millar and Dillman [2011] finding the sequential design led to higher RRs, and Biemer
et al. [2018] and Mauz et al. [2018] finding higher RRs in the concurrent design. Patrick et al.

[2018] found that sequential mixed-mode surveys had lower cost-per-response than mail-only sur-
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veys. These studies have not shown evidence that sequential mixed-mode surveys are more or less
representative than other designs.

Since 1995, the Health District of Northern Larimer County (Colorado) has surveyed the adult
population of the county every three years about health status, needs, and behaviors. The ninth
iteration of Larimer County’s Triennial Community Health Survey (TCHS) was fielded in the fall
of 2019, using an address-based sample of 12,000 randomly selected addresses and a six-wave,
push-to-web approach. The TCHS design has been modified over time to maintain validity and
control costs, from random-digit dialing with mail follow-up to a push-to-web design in 2019. We
assessed the effectiveness of the push-to-web incentive with a randomized experiment, compar-
ing a $1 prepaid incentive with a promise of $5 for online survey completion ($1+$5web) to the
$2 prepaid incentive only ($2pre) given in previous waves of the TCHS. Additional experiments
embedded in the survey assessed the effectiveness of a targeted postcard reminder and of “double-
stuffed” mailings of paper questionnaires printed in English and Spanish. These adaptive strategies
seek to increase (or at least maintain) survey RRs and assure that those who complete the survey
represent Larimer County’s adult population, while reducing costs by pushing respondents online.

Based on American Community Survey (ACS) 5-year estimates from 2018, the population of
Larimer County (excluding census tract 6) is predominantly White (92.7%), and relatively highly
educated (41.7% with Bachelor’s degrees; Table 2.1). Respondents from the survey skew older,
female, and more educated than the general population (Table 2.1). The demographics provided for
survey respondents in Table 2.1 are not adjusted for nonresponse, though nonresponse adjustments,
including a propensity model based on auxiliary variables and calibration to census data, were
performed for reporting the official statistics from the 2019 TCHS.

In this chapter, we focus on the incentives study and compare the effects of combined pre- and
post-incentives versus pre-incentives alone on RRs, on the representativeness of the respondents,
and on cost-effectiveness of the survey. Specifically, we focus in three main questions: 1) does the

$1+$5web incentive treatment lead to a higher RR than the $2pre incentive treatment, 2) how do

11



the incentive treatments compare in terms of cost-effectiveness, and 3) does the incentive treatment

affect how well the sample represents the adult population of Larimer County.
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Table 2.1: Demographics of the adult population of Larimer County, Colorado excluding census tract
6, along with design-weighted estimates from the survey and from each incentive treatment ($2pre and
$1+$5web) and each response mode (paper and online). Design-weighted estimates are not corrected for
survey nonresponse. Standard errors are computed from the survey design, where the experimental treat-
ments are treated as separate surveys, and the paper and online responses are treated as domain estimates.

Category Pop Survey $2pre  $1+$5web Paper Online

Age
18-24 | 16.3 | 3.0(04) | 2.7(0.6) 340.7)| 1.1(0.5) 3.6(0.6)
25-34 | 183 | 8.8(0.6) | 8.7(0.8) 89(1.0) | 82(1.2) 9.0(0.7)
35-44 | 156 | 11.7(0.7) | 11.8 (0.9) 11.6(1.1) | 9.7(1.2) 12.4(0.8)
45-54 | 14.7 | 13.7(0.7) | 13.3(09) 14.1(1.2) | 10.4 (1.3) 14.8(0.9)
55-64 | 16.3 | 23.8(09) | 24.3(1.2) 22.8(1.5)|23.4(1.9) 23.9(1.1)
65-74 | 11.5| 254 (09) | 249(1.2) 264 (1.5)|27.5(1.9) 24.8(1.0)
75-84 | 5.1 |10.9(0.7) | 11.6 (0.9) 9.7(1.0) | 143 (1.5) 9.7(0.7)
85+ | 2.1 | 28(03)| 26(04) 32(0.6)| 5409 1.9(0.3)

Sex
Female | 50.4 | 62.3 (1.0) | 62.2(1.3) 62.5(1.7) | 69.2 (2.0) 60.0 (1.2)
Male | 49.6 | 37.7 (1.0) | 37.8 (1.3) 37.5(1.7) | 30.8 (2.0) 40.0(1.2)

Race

White | 92.7 | 93.9 (0.5) | 94.1 (0.7) 93.6(0.9) | 95.7 (0.8) 93.4(0.6)

Black | 1.0 | 0.4 (0.1) | 0.3(0.2) 0.5(0.2) | 02(0.2) 0.5(0.2)

AIAN | 0.7 | 0.6(0.2) | 0.7(0.2) 0.5(0.2)| 04(0.2) 0.6(0.2)

API | 22| 1.3(0.3)| 1.4(0.3) 1.1(04)| 1.6(0.5) 1.3(0.3)

Other | 1.3 | 23(0.3)| 2.2(04) 24(0.6) | 2.1(0.6) 2304

More than one | 2.1 1.5(0.3) 1.2 (0.3) 2.0(0.5) | 0.0(.00 2.000.4)
Hispanic

Yes | 94| 54(05)| 5.10.6) 59(0.8)| 3.8(09) 59(0.6)
No | 90.6 | 94.6 (0.5) | 94.9 (0.6) 94.6(0.8) | 96.2(0.9) 94.1 (0.6)

Education
Less than High School | 4.6 | 1.1(0.2) | 1.1(0.2) 1.1 (04) | 2.000.5 09(.2)
High School Graduate | 19.8 | 8.0 (0.6) | 7.3 (0.7) 9.0(1.0) | 9.3(1.2) 17.6(0.7)
Some Coll./Assoc. | 33.8 | 25.1(0.9) | 26.4 (1.2) 23.1(1.5) | 28.6(1.9) 24.0(1.0)
Bachelor’s or more | 41.7 | 65.8 (1.0) | 65.1 (1.3) 66.7 (1.6) | 60.2 (2.1) 67.6(1.1)
Health Insurance

Yes | 93.3 | 96.6 (0.4) | 96.3 (0.5) 97.1(0.6) | 96.7 (0.8) 96.6 (0.5)
No | 6.7 | 3.4(04)| 3.7(0.5) 29(0.6) | 3.3(0.8) 3.4(0.5)

Income
<$25,000 | 16.8 | 12.4(0.6) | 11.9(0.8) 13.4(1.1) | 16.1(1.5) 11.3(0.7)
$25,000-49,999 | 21.4 | 19.3(0.8) | 19.8 (1.0) 18.5(1.3) | 21.1(1.7) 18.8(0.9)
$50,000-99,999 | 31.1 | 34.3(1.0) | 33.9(1.2) 349(1.6) | 29.5(1.9) 35.7(1.1)
>$100,000 | 30.7 | 34.0(1.0) | 34.4(1.2) 33.3(1.6) | 33.3(2.0) 34.2(1.1)
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2.2 Methods

2.2.1 Survey Methods

In the 2019 TCHS, 12000 addresses were sampled using an address-based sample from 72 of
the 73 census tracts comprising Larimer County, Colorado (Census tract 6, which corresponds to
Colorado State University, was excluded; additionally there was only one address sampled from
census tract 28.03, which is a National Park). Three census tracts (13.04, 13.06, and 17.04) were
oversampled at 2-3 times the rate of the other census tracts to increase representation of Hispanics
and younger people, who were known to have lower RRs from previous surveys. To allow for this
oversampling and ensure representation of multi-family addresses from the sample, these census
tracts were stratified out, and strata were also created by dwelling type (single-family, multi-family,
and only way to get mail (OWTGM) PO Box). As OWTGM PO boxes were not present in the over-
sampled census tracts, this led to a total of 9 strata. Additionally, some addresses in Fort Collins
were removed from consideration as they were sampled by another organization conducted a sur-
vey simultaneously. In addition to the list of addresses, the auxiliary variables Hispanic surname,
dwelling type, housing tenure, and income were purchased for the sampled addresses. This was
a web-mail mixed mode survey, meaning addresses were initially only able to respond online and
paper surveys were mailed in wave 4 of data collection (with the double-stuff experiment).

The 2019 TCHS included embedded experiments to assess survey design features aimed at
improving survey outcomes, especially response. These adaptive features included differential
treatments for different addresses in the sample. In the first embedded experiment, addresses in
one-third of the census tracts were randomly assigned to receive the $1+$5web incentive, while
addresses in the other two-thirds of the census tracts received the $2pre incentive, which had been
standard practice for the TCHS in the past. To improve balance in the treatment assignments, the
census tracts were divided into blocks of about 3 census tracts each by geography, education, and
census tract population. The differential incentives were assigned at the tract level to minimize the

chances of sampled neighbors comparing their incentives.
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The other experiments in the survey were designed to increase RRs for lower-income groups.
A targeted mailing was sent to approximately 5000 addresses thought to be less likely to respond
based on the auxiliary variables. Addresses flagged as having a Hispanic surname were thought
to be less likely to respond, and a categorical variable with three levels was created to identify
addresses not flagged as having a Hispanic surname thought to be less likely to respond. The level O
addresses were considered the most likely to respond and the level 2 addresses were considered the
least likely to respond (see Figure 2.1 for details). The targeted mailing was sent to approximately
one-half of the addresses flagged as having a Hispanic surname, one-half of the level 1 addresses
and three-quarters of the level 2 addresses. The level 0 addresses did not receive the targeted
mailing. This does mean that the treatment was not assigned to the entire sample. This was
done because the Health District was more interested in understanding how the targeted mailing
worked for addresses thought to be less likely to respond and improving balance in response than
on understanding how the targeted mailing worked for the entire population. Approximately 1000
of the targeted addresses that had not responded by wave 6 received another targeted mailing close

to the end of survey collection.

Is address classified as . o
) " Is the previous “No ) .
single family, owner, for/at least twolof the No Hispanic Flag

and above median : !
i previous categories? Level 1
income?

Is the address
flagged as having a
Hispanic surname?

Is the address
No Hispanic Flag classified as multi No Hispanic Flag

Hispanic Flag Level 0 family, renter, or at Level 1

most median income?

No Hispanic Flag
Level 2

Figure 2.1: Flowchart showing the determination of addresses judged less likely to respond based on avail-
able vendor data.
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To improve response of Hispanics in the TCHS, a “double-stuffed” mailing packet was mailed
to approximately half the addresses flagged as having a Hispanic surname, and approximately 300
additional addresses as a control. The double-stuffed mailing was to include one questionnaire
printed in English and one in Spanish. Due to a printing error, the addresses assigned to the
double-stuff treatment received two mailings: the first mailing contained only a Spanish-language
questionnaire with some pages missing, and the second mailing contained the correctly printed
packet with both questionnaires.

To avoid issues of confounding between the factors, the incentive, targeted mailing, and double-
stuff treatments were assigned in an approximately balanced manner (Table 2.2). Taken as a whole
the experimental design of the experiments embedded in the 2019 TCHS form a split-plot design,
with incentive, being assigned at the census tract level, as the “whole-plot” factor, and the targeted
mailing and double-stuff, being assigned at the address level, as the “split-plot” factors. In the
remainder of this chapter we will focus solely on the incentive experiment. Since the census tracts
were divided into blocks before assigning treatments, the design for the incentive experiment alone

is a randomized complete block design.

2.2.2 Statistical Methods

To reflect the sampling design used in the survey, addresses were assigned weights inverse to
the probability of being sampled. Analyses in this chapter using these weights will be referred to as
“design-weighted” and do not use additional corrections for nonresponse. Weights were computed
by dividing the number of addresses in each stratum by the number of responses in each stratum.
For weighting purposes the strata were separated by inside/outside of Fort Collins to account for
avoiding addresses sampled for another survey being conducted simultaneously by another organi-
zation. Additional weighting to adjust for nonresponse was conducted for analyzing the responses
to this survey. As we focus on response behavior as opposed to responses to the survey, the addi-
tional weighting was not used in the analyses in this paper and is not further discussed here. All

statistical analyses were conducted in R version 3.6.3 (R Core Team [2020]).

16



L1

Table 2.2: Treatments assignment of eligible addresses in the 2019 Larimer County TCHS overall and by the auxiliary variables Hispanic Surname
Flag, Tenure, Dwelling Type, and Income. NG means “not given”, S means “single-family”’, M means “multi-family”, and PO means “POBOX only
way to get mail.”

Treatment Target  Double | Number Hispanic Dwelling
Group Incentive ~ Mailing  Stuff Assigned | Surname Flag Tenure Type Income
Yes No | Rent Own NG S M PO | Given NG
1 $2pre No No 4061 | 138 3923 | 351 3253 457 | 3460 601 0] 3863 198
2 $2pre No Yes 240 | 125 115 35 178 27| 168 72 0 237 3
3 $2pre Yes No 3145 | 156 2989 | 880 1218 1047 | 1726 1419 0| 2661 484
4 $2pre Yes Yes 234 | 148 86 62 109 63| 122 112 O 217 17
Subtotal | $2pre 7680 | 567 7113 | 1328 4758 1594 | 5476 2204 0| 6978 702
5 $1+$5web No No 2181 | 58 2123 | 155 1738 288 | 1879 289 13 | 2031 150
6 $1+$5web  No Yes 99 | 46 53 16 66 17 78 21 0 94 5
7 $1+$5web  Yes No 1544 | 54 1490 | 427 543 574 | 808 718 18 | 1253 291
8 $1+$5web  Yes Yes 94 | 50 44 25 45 24 46 47 1 87 7
Subtotal | $1+$5web 3918 | 208 3710 | 623 2392 903 | 2811 1075 32| 3465 453
Total 11598 | 775 10823 | 1951 7150 2497 | 8287 3279 32| 10443 1155




Survey-weighted analyses were conducted to examine differences in RRs, response modes,
survey costs, and representativeness between the groups receiving each of the survey incentives.

To study RRs, subgroup design-weighted RRs were calculated for categories defined by the
auxiliary variables purchased for this study. Hypothesis testing was performed using a randomiza-
tion distribution of the treatment assignments conditioned on the sample (Chapters 4 through 6).
To examine trends of RRs throughout the survey fielding period, design-weighted cumulative re-
sponse curves were used to visualize the differences in response behavior for all protocols used in
this survey. A design-weighted curve showing the difference in cumulative RRs between the incen-
tive treatments is shown with curves in the background drawn from the randomization distribution
of the treatment assignment to provide a sense of scale for the differences. A survey-weighted log-
rank test (Rader [2014]) was also used to analyze the difference between these response curves,
with inference based on the randomization distribution of the treatment assignment conditioned on
the sample though a Monte Carlo test (Section 6.2).

To account for potential covariates, a design-weighted logistic regression model was used as
well. The effects of the incentive structure on survey response (encoded as the binary variable 1
= responded, 0 = did not respond) and on mode of response (encoded as 1 = web response, 0 =
mail, given that the address responded) were studied with design-weighted mixed-effects logistic
regression models. These models included additive fixed effects to account for incentive type and to
control for demographic characteristics, using the auxiliary variables housing tenure (own/rent/not
given), dwelling type (single-family, multi-family, or OWTGM PO box: post office box as only
way to get mail), income (given/not given) and Hispanic surname. Income was coded by given or
not given because the auxiliary income variable did not correspond well to the reported income
from the survey among the respondents. Random effects were used to account for the tract-level
treatment assignment. Further, logistic regression models including interactions between incentive
structure and each of the demographic variables were also fit for both response and web response.

Inference was based on the randomization distribution conditioned on the sample. Confidence
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intervals were calculated using a Robins-Munro algorithm as described in Garthwaite [1996]. The
tests for alternative hypotheses were modified from Gail et al. [1988].

To analyze cost-effectiveness, design-weighted estimates of incentive costs per response asso-
ciated with both incentive treatments were computed overall and within demographic groups iden-
tified using the auxiliary variables. This analysis involved comparing design-weighted costs of the
incentive and associated mailing costs divided by the design-weighted estimate of the number of
responses in each incentive treatment, which can be analyzed using the linearization discussed in
Section 6.4 applied to a ratio. The analysis for cost was assuming that the cost per response in each
census tract will be the same under both treatments, and thus only the cost under the assigned treat-
ment was considered. The randomization test, as suggested by the theory (Chapter 5), only altered
the labels under different randomizations, using the cost estimates under the original treatment.
This analysis of costs excludes costs associated with later waves of the survey. See Section 2.4 for
further discussion of technical details in analyzing cost per response.

To analyze the representativeness of the responses, the RRs and the proportion of online re-
sponses were examined for each treatment within several demographic categories identified from
the auxiliary variables. Analyses on interaction effects in the logistic regression were also used
to investigate this question. Lastly, we compared the survey-weighted differences in demographic
variable between the responding addresses of the 2019 TCHS and the 2018 American Communi-
ties Survey (ACS) 5-year estimates by each of incentive and response mode using the dissimilarity
index (DI, see also Biemer et al. [2018]). The DI is calculated for a categorical variable with G

categories by D = 1/2 290:1 1Dy —

, where p, is the estimated proportion within category g
and o, is the proportion of the category from the 2018 ACS 5-year estimates. The DI can take
values in the range [0,1), and is described further in Chapter 3). A linearization was applied to
estimate standard errors for differences in the DI by incentive treatment using the randomization
distribution of the treatment assignment conditioned on the sample (Section 6.4). Variation in the

DI by response mode was quantified using a linearization approach for sampling distribution of the
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survey (Chapter 3). This is because the only randomization in the response mode analysis was the

sampling mechanism.

2.3 Results

2.3.1 Response Rate and Mode

To consider differences in response rate between the treatments, we looked at overall response
rate, differences in response rate across groups, and used a design-based regression model to de-
termine differences accounting for subgroups. Additionally, we examined response curves to de-
termine differences over time between treatments.

We compared RRs between addresses in census tracts receiving the $2pre and $1+$5web in-
centives according to auxiliary demographic variables purchased for the addresses: Hispanic sur-
name flag, housing tenure (coded as rent, own, not given), dwelling type (coded as single-family,
multi-family, PO Box), and income (coded as given, not given). In each of these comparisons, the
empirical RR is higher for the $1+$5web group than the $2pre group (Table 2.3).

Overall, there was a slightly higher RR from the $1+$5web incentive (24.8%) than the $2pre
incentive (22.2%, standard error of difference [SE(diff)] = 1.4%, p = 0.029). Within each of the
subgroups, there was a slightly higher RR to the $1+$5web incentive versus the $2pre incentive.
The differences appeared to be larger among groups from which less information was known in
the auxiliary variables. When tenure was not given, the RR was 3.3 percentage points higher
for addresses receiving the $1+$5web incentive than the $2pre incentive ($2pre RR = 14.2%,
$1+$5pre RR = 17.5%, SE(diff) = 1.5%, p = 0.016). When income was not given, the RR
was 3.5 percentage points higher for addresses receiving the $1+$5web incentive than the $2pre

incentive ($2pre RR = 10.8%, $1+$5pre RR = 14.4%, SE(diff) = 2.0%, p = 0.037).
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Table 2.3: Total numbers of eligible addresses, responses, response rates, and web response rates (condi-
tional on response) by incentive treatment overall and by categories of auxiliary variables. Response rates
and web response rates are weighted to reflect sampling design of the TCHS. Inference was based on the
asymptotic randomization distribution of the treatment assignment conditioned on the sample. Significance
tests were one-sided to test if the $1+$5web incentive improved response or web response compared to the
$2pre incentive.

Resp  Diff z | Web Web Diff zZ
Group Incentive Tot | Resp  Rate SE p | Resp Rate SE
Overall
$2pre 7680 | 1666 0.222 0.026 1913 | 1234 0.743  0.025 1.400
$1+$5web | 3918 | 966 0.248 0.014 0.028 | 741 0.768 0.018 0.081
Hispanic
Surname Flag
Yes $2pre 567 69 0.130 0.010 0.383 58 0.863 -0.106 -1.204
$1+$5web | 208 29 0.140 0.025 0.351 22 0.757 0.088 0.886
No $2pre 7113 | 1597 0.228 0.027 1.853 | 1176 0.739  0.030 1.729

$1+$5web | 3710 | 937 0.254 0.014 0.032 | 719 0.769 0.017 0.042

Housing Tenure

Own $2pre 4758 | 1146 0.267 0.033 2.116 | 922 0.741 0.009 0.437
$1+$5web | 2392 | 713 0.300 0.016 0.017 | 534 0.750 0.020 0.331
Rent $2pre 1328 | 197 0.152 0.001 0.071 | 150 0.768 0.054 1.142
$1+$5web | 623 96 0.154 0.019 0472 78 0.822  0.048 0.127
Not Given $2pre 1594 | 223 0.142 0.033 2.137 | 162 0.732 0.087 1.660
$1+$5web | 903 | 157 0.175 0.015 0.016 | 129 0.819 0.052 0.048
Dwelling Type
Multi Family ~ $2pre 2204 | 310 0.142 0.031 1.859 | 227 0.739 0.096 2.465
$1+$5web | 1075 | 185 0.173 0.017 0.032 | 153 0.835 0.039 0.007
Single Family = $2pre 5476 | 1356 0.251 0.026 1.715| 1007 0.744 0.009 0.451
$1+$5web | 2811 | 773 0.277 0.015 0.043 | 582 0.753 0.020 0.326
POBOX $2pre 0 0 0
$1+$5web 32 8 0.25 6 0.75
Income
Given $2pre 6978 | 1593 0.233 0.029 2.024 | 1180 0.743 0.019 1.026
$1+85web | 3465 | 901 0.262 0.014 0.021 | 685 0.762 0.018 0.152
Not Given $2pre 702 73 0.108 0.035 1.787 54 0.746 0.114 1.658

$1+$5web | 453 65 0.144 0.020 0.037 56 0.860 0.069 0.049

Among addresses not receiving the double-stuff mailing, those receiving the $1+$5web incen-
tive responded at a higher rate than addresses receiving the $2pre incentive. Among addresses
that did receive the double-stuff mailing, however, there was a higher RR among the $2pre in-

centive group than the $1+$5web group (Figure 2.2). Formal testing reveals evidence at the
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a = 0.05 level of higher response in the $1+$5web group (RR = 28.1%) than the $2pre group
(RR = 24.9%) among addresses not receiving either the double-stuff or target mailing treatments
(SE(diff) = 1.6%, p = 0.025). There is also evidence at the o = 0.1 level of higher response in the
$1+$5web group (RR = 20.2%) than the $2pre group (RR = 18.2%) among addresses receiving
the targeted mailing but not the double-stuff (SE(diff) = 1.3%, p = 0.057). There was not evi-
dence of differences in response rates between incentives in groups that received the double-stuff
mailing (received targeted mailing p = 0.535, did not receive targeted mailing p = 0.759).

When only observing the incentive group, there appears to be evidence of higher RRs overall
among addresses receiving the $1+$5web treatment than the $2pre treatment (Figure 2.3). Between
days 30 and 40 the $2pre treatment response seems to surpass the RR in the $1+$5web treatment
for a few days, but this is an artifact of the data collection that should be disregarded by viewers
of the graph. This artifact appears because the mailing of the $2pre treatment was delayed by four
days due to issues obtaining two-dollar bills for the $2pre treatment. When adjusted so that the
timelines for both treatments start with day O being the first mailing, the treatment effects appear

four days earlier in the $2pre treatment.
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Figure 2.2: Response curves for all different treatments in the survey experiment. The lighter grey vertical
lines indicate when the $2pre group received additional intervention, and the darker grey vertical lines
indicate when the $1+$5web group received additional intervention, as noted in the text box (target mailing,
survey mailing or double stuff).
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Figure 2.3: Response curves for the difference between treatment and control for the incentive experiment.
The actual curve is in darker green, and curves from other simulations are in lighter green. The apparent
dips in the actual curve are an artifact of the $2 incentives being mailed 4 days late.

The randomization-based survey-weighted log-rank test provided evidence at the o = 0.1 level
that the $1+$5web incentive may have more and/or faster response to the survey than the $2pre
incentive (y? = 7.854, p = 0.068).

The randomization-based logistic regression analysis did not show evidence of interactions be-
tween the demographic variables and the incentive treatment (F5 15 = 1.168, p = 0.369; Table 2.4,
Model 2), therefore we proceeded with inference using the model without interactions. The logistic
regression analysis for incentive structure provided evidence at the @ = 0.05 level that addresses
that received the $1+$5web incentive responded at a higher rate than the addresses that received
the $2pre incentive (Odds ratio (OR) = 1.183, 95% confidence interval (CI) = (1.011, 1.384),
p = 0.037; Table 2.4, Model 1).
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There was evidence at the & = 0.1 level that there may be interaction between the auxiliary
variables and the incentive treatment (F5 15 = 2.820, p = 0.054; Table 2.5, Model 2), suggesting
that odds ratios of response mode by incentive may be different for members of some demographic
groups represented in the auxiliary variables than for members of other demographic groups. When
examining interactions individually, there was evidence at the o = 0.1 level that the push-to-web
impact of receiving the $1+$5web incentive is less for Hispanics than for non-Hispanics (OR =
0.365,95% CI = (0.115, 1.155), p = 0.083). There was no evidence found for interactions among
other groups identified with the auxiliary variables (min p = 0.326). From the model without inter-
actions (Model 1), there was not evidence of differences in response mode by incentive treatment
(OR = 1.295, 95% CI = (0.927,1.810), p = 0.122; Table 2.5, Model 1). There was evidence
at the « = 0.1 level that addresses flagged as Hispanic are more likely to respond by web than
addresses not flagged as Hispanic (OR = 1.639, 95% CI = (0.974,2.758), p = 0.062), but there
is not evidence of differences in response mode by any of the demographic variables (smallest

p = 0.445).
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Table 2.4: Estimated model coefficients, standard errors (SE), and p-values (for testing the hypothesis that
a single model coefficient is zero) for the mixed-effect logistic regression models to examine the effect of
the incentive on survey response (1 = responded, 0 = did not respond). Coefficients are estimated using
weighting to reflect the true design of the survey and the standard error are estimated using the delete-a-
group jackknife allowing for small strata [Kott, 2001] with 20 jackknife replicates, and the tests for each of
the model coefficients was a t-test with 19 degrees of freedom.

Model 1 Model 2

Coefficient B SE P B SE D
Intercept -1.286 0.044 <0.001 | -1.355 0.064 <0.001
Incentive - $1+$5web 0.168 0.075 0.037 | 0.350 0.148 0.029
Tenure - Rent -0.620 0.081 <0.001 | -0.568 0.116 <0.001
Tenure - Not Given -0.430 0.075 <0.001 | -0.440 0.071 <0.001
Dwelling Type - Single 0.329 0.043 <0.001 | 0.407 0.073 <0.001
Dwelling Type - PO Box 0.582 0.507 0.266 | 0.458 0.531 0.399
Income - Not Given -0.391 0.116  0.003 | -0.413 0.107 0.001
Hispanic Surname Flag -0.606 0.135 <0.001 | -0.541 0.160  0.003
($1+$5web) x Tenure Rent -0.154 0.216  0.484
($1+$5web) x Tenure Not Given 0.019 0.161 0.907
($1+$5web) x Single -0.204 0.140  0.162
($1+$5web) x PO Box NA* NA* NA*
($1+$5web) x Income Not Given 0.026 0.203  0.899
($1+$5web) x Hispanic Flag -0.181 0.289  0.538
Tract Standard Deviation 0.280 0.025 0.280 0.025
Interactions Test F515 = 1.168,p = 0.369

In summary, there was evidence of a slightly higher response rate for addresses assigned the
$1+$5web incentive than for addresses assigned the $2 incentive. We observed higher response
rates in all groups based on auxiliary variables, but the differences may have been slightly higher in
groups from which less auxiliary information was known. Looking at response rates over time, we
see that the difference in response between the incentive treatments started early, and was main-
tained throughout the fielding period. There was some evidence from analyzing response mode
that Hispanics may be more likely to respond by web and are less affected (or perhaps negatively
affected) by push-to-web incentives, but more research would need to be done to confirm these

results.
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Table 2.5: Estimated model coefficients, standard errors (SE), and p-values (for testing the hypothesis that a
single model coefficient is zero) for the mixed-effect logistic regression models to examine the effect of the
incentive on mode of response (1 = web, 0 = mail), conditioned on responding. Coefficients are estimated
using weighting to reflect the true design of the survey and the standard error are estimated using the delete-
a-group jackknife allowing for small strata [Kott, 2001] with 20 jackknife replicates, and the tests for each
of the model coefficients was a t-test with 19 degrees of freedom.

Coefficient Model 1 Model 2

B SE P B SE P
Intercept 0.934 0.188 <0.001 | 0.852 0.195 <0.001
Incentive - $1+$5web 0.259 0.160  0.122 | 0.452 0.325 0.181
Tenure - Rent 0.120 0.172  0.493 | 0.067 0.160  0.682
Tenure - Not Given 0.052 0.134  0.703 | -0.056 0.173 0.749
Dwelling Type - Single 0.142 0.183 0445 | 0.270 0.216  0.226
Dwelling Type - PO Box -0.390 1.000  0.701 | -0.765 1.092  0.492
Income - Not Given 0.210 0.332  0.535] 0.040 0354 0912
Hispanic Surname Flag 0.494 0.249 0.062 | 0.838 0.358  0.030
($1+$5web) x Tenure Rent 0.170 0.262  0.523
($1+$5web) x Tenure Not Given 0.298 0414 0.481
($1+$5web) x Single -0.312 0309  0.326
($14+$5web) x PO Box NA* NA¥* NA*
($1+$5web) x Income Not Given 0.357 0.591 0.553
($1+$5web) x Hispanic Flag -1.009 0.551  0.083
Tract Standard Deviation 0.485 0.094 0.484 0.093
Interactions Test F515 = 2.820,p = 0.054

2.3.2 Survey Costs

Overall, estimated incentive cost per response were similar for the $1+$5web incentive than
for the $2pre incentive ($2pre: $9.01, $1+$5web: $8.80; SE(diff) = 0.45, p = 0.644; Table 2.6).
Breaking down the costs by the auxiliary variables, we find $1+$5web incentive requires a similar
incentive cost per response to the $2pre incentive for higher-response groups but cheaper for some
lower-response groups, namely addresses classified as multi-family housing units, without income
given, or without tenure given. For example, giving the incentive to addresses listed as owner-
occupied cost $7.49 per response when given the $2pre incentive and $7.99 per response with the
$1+$5web incentive (SE(diff) = 0.35, p = 0.151), providing the incentive to addresses listed as
renter-occupied cost $13.13 per response with the $2pre incentive and $11.61 per response with the

$1+$5web incentive (SE(diff) = 1.48, p = 0.305), and providing the incentive to addresses with-
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out a tenure given cost $14.09 with the $2pre incentive and $10.80 with the $1+$5web incentive
(SE(diff) = 1.23, p = 0.007).

In summary, the incentive cost per response from the $1+$5web incentive is similar to the $2pre
incentive only for addresses that are more likely to respond, but lower than the $2pre incentive for
some addresses that are less likely to respond, such as addresses classified as multi-family housing

units, without income given, or without tenure given.

Table 2.6: Incentive cost per response (in dollars) of different incentives overall and for subgroups identified
by the auxiliary variables. The costs only include the cost of the incentive and mailing the $5 incentive to
each of the web-respondents. Costs not included include downstream cost differences due to earlier response
times and potential cost savings of not needing to process as many paper surveys. Significance tests are based
on the randomization distribution of treatment assignment and are two-sided to identify any difference in
costs.

Group $2pre cost  $1+$5web cost  Difference cost (SE) z P
Overall 9.01 8.80 -0.21 (0.45) | -0.811 0.417
Hispanic Flag
Yes 15.30 11.82 -3.48 (2.46) | -1.413 0.158
No 8.79 8.70 -0.09 (0.45) | -0.189 0.850
Income
Given 8.58 8.55 -0.03 (0.41) | -0.067 0.946
Not Given 18.50 12.31 -6.19 (2.44) | -2.537 0.011
Dwelling Type
Multi-Family 14.04 10.96 -3.08 (1.39) | -2.207 0.027
Single-Family 7.97 8.29 0.32 (0.40) | 0.795 0.426
POBOX
Tenure
Own 7.49 7.99 0.50 (0.35) | 1.437 0.151
Rent 13.13 11.61 -1.52 (1.48) | -1.026 0.305
Not Given 14.09 10.80 -3.29 (1.23) | -2.680 0.007

2.3.3 Representativeness of Response

In this section, we review and quantify differences in what types of people were represented
in the respondents when given a $2pre incentive compared to when given a $1+$5web incentive.

We first review the results from the logistic regression analyses discussed in Section 2.3.1 from
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the lens of representativeness. Additionally, we consider evidence from comparing differences in
deviation from American Communities Survey (ACS) estimates, as measured by the dissimilarity
index (DI), between the treatments.

From the logistic regression analyses, we found evidence that minorities and people of lower
socioeconomic status are underrepresented in the respondents to the TCHS. Renter-occupied ad-
dresses (OR = 0.538, 95% CI = (0.454,0.638), p < 0.001; Table 2.4, Model 1) or addresses
whose tenure was not given (OR = 0.651, 95% CI = (0.556,0.761), p < 0.001) were less
likely to respond than owner-occupied addresses. Single-family addresses (OR = 1.389, 95%
CI = (1.269,1.521), p < 0.001) were more likely to respond than multi-family addresses. Res-
idents of addresses whose income was not provided (OR = 0.676, 95% CI = (0.530,0.862),
p = 0.003) were less likely to respond than residents whose income was provided. Residents of
addresses flagged as Hispanic (OR = 0.546, 95% CI = (0.411,0.724), p < 0.001) were less likely
to respond than residents of addresses not flagged as Hispanic.

For both treatment groups, the proportion of survey respondents who responded by web was
over 70% for any subgroup examined based on auxiliary variables. Somewhat surprisingly, among
addresses flagged as having a Hispanic surname, addresses receiving the $2pre incentive were
more likely to respond online (86.3%) than addresses receiving the $1+$5web incentive (75.7%;
SE(diff) = 8.8%, p = 0.886; Table 2.3), though there is not evidence to conclude a difference
for the subpopulation of flagged Hispanic addresses. Among addresses not flagged as having a
Hispanic surname, there was evidence that addresses receiving the $2pre incentive were less likely
to respond online (73.9%) than addresses receiving the $1+$5web incentive (76.9%, SE(diff) =
1.7%, p = 0.042). For the other auxiliary variables, we found higher web RRs for the $1+$5web
incentive than the $2pre incentive, and the differences appear to be greater in the categories with
lower RRs.

The interactions between the incentive type and the auxiliary variables in the logistic regression

models, as previously noted, were not found to be significant (Table 2.4).
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Between the two incentive treatments, we did not find evidence of differences in deviation
from proportions from the ACS the DIs in any of the variables that we measured (min p = 0.404;
Table 2.7). This is consistent with Table 2.1, where the demographics look similar between the two
treatment columns. However, we did see differences when we examined responses by response
mode. The dissimilarity index is lower for online respondents than paper respondents for age
(Paper = 0.35, Online = 0.25, SE(diff) = 0.02, p < 0.001), sex (Paper = 0.19, Online = 0.10,
SE(diff) = 0.02, p < 0.001), race (Paper = 0.04, Online = 0.02, SE(diff) = 0.01, p = 0.007) and
Hispanic ethnicity (Paper = 0.35, Online = 0.25, SE(diff) = 0.02, p = 0.035). We found evidence
that the dissimilarity index was higher for online respondents than paper respondents for education
(Paper = 0.18, Online = 0.26, SE(diff) = 0.02, p = 0.002; Table 2.8) and income (Paper = 0.03,
Online = 0.08, SE(diff) = 0.02, p = 0.014). Closer examination into the demographics reveal
that for age, online respondents tend to be younger, more male, less White and more Hispanic than
paper respondents, making them closer to the general population in those categories (Table 2.1).
We also see that paper respondents include more people without college experience, fewer people
with Bachelor’s degrees, and more people with incomes less than $25,000 than online respondents,

making paper respondents more representative of the population in those categories.

Table 2.7: Dissimilarity indices by treatment and differences of the dissimilarity index between treatments
with standard errors (SE(diff)), test statistics (z) and p-values (p) for a test of a difference between treatments
for age, sex, race, Hispanic ethnicity, education, health insurance, and income. Hypothesis test is two-sided
and standard errors are calculated using the randomization distribution of the treatment assignment.

Variable $2pre  $1+$5web Difference SE(diff) z P
Age 0.28 0.27 -0.01 0.03 -0.350 0.727
Sex 0.12 0.12 0.00 0.02 0.121 0.904
Race 0.02 0.02 -0.00 0.01 -0.381 0.703
Hispanic 0.04 0.04 -0.01 0.01 -0.834 0.404
Education 0.24 0.25 0.01 0.03 0448 0.654
Health Insurance | 0.03 0.04 0.01 0.01 0.829 0.407
Income 0.07 0.06 -0.01 0.03 -0.183 0.855
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Table 2.8: Dissimilarity indices by response mode and differences of the dissimilarity index between re-
sponse modes with standard errors (SE(diff)), test statistics (z) and p-values (p) for a test of a difference
between response mode for age, sex, race, Hispanic ethnicity, education, health insurance, and income. Hy-
pothesis test is two-sided and standard errors are calculated using the sampling distribution for the survey
design.

Variable Paper Online Difference SE(diff) z P
Age 0.35 0.25 -0.10 0.02 -4.547 <0.001
Sex 0.19 0.10 -0.09 0.02 -4.002 <0.001
Race 0.04 0.02 -0.02 0.01 -2.699 0.007
Hispanic 0.06 0.04 -0.02 0.01 -2.105 0.035
Education 0.18 0.26 0.07 0.02 3.108 0.002
Health Insurance | 0.03 0.03 -0.00 0.01 -0.085 0.933
Income 0.03 0.08 0.06 0.02 2454 0.014

2.4 Discussion

In this chapter, we discussed the analysis of the incentive experiment in a web-mail mixed-
mode survey with six waves of data collection and treatments assigned before the start of data
collection. Embedded in the survey were three experiments: an incentive treatment ($2pre or
$1+$5web) assigned at the census tract level at the beginning of the survey, a targeted mailing
sent to some of the addresses thought to be less likely to respond at wave 3, and a double-stuffed
survey packet (including English-language and Spanish-language surveys) sent out with the survey
mailing at wave 4. We focused our analysis on the incentive experiment from the beginning of the
survey with the goal of evaluating whether the $1+$5pre incentive improved RRs and changed the
cost-per-response while maintaining the representativeness of the $2pre design.

We found that in the 2019 Larimer County TCHS, addresses receiving the $1+$5web incentive
responded at higher rates relative to addresses receiving the $2pre incentive. The increased re-
sponse is seen in all subgroups of the population, as identified by the auxiliary variables. We found
no evidence of different incentive costs per response overall for the $1+$5web incentive compared
to the $2pre incentive, but found some evidence that the $1+$5web incentive provided more re-

sponses per dollar of incentive given than the $2pre incentive for addresses that were multi-family
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housing units, did not have an income listed, or did not have the tenure listed. There was also no
evidence that the representativeness of response, measured as a deviation from ACS statistics using
the DI, was different between the incentive structures.

This suggests that overall the $1+5web incentive is more effective than the $2pre incentive for
the adult population in Larimer County, Colorado, because it resulted in slightly higher response
rates, and did not substantially change the demographic makeup of who responded. However,
there were some changes in the mode by which people responded on this setup. Specifically, online
respondents were more representative of the population in terms of age, sex, race and ethnicity, and
paper respondents were more representative of the population in terms of income and education.
We also note that measures of response quality were not taken into account for this study, but
would be useful for decided what type of incentive to use.

For the analysis of incentive costs per response, we did not include costs related to later waves
of the survey and processing mail responses. This is because we did not have precise cost infor-
mation on how early response affected costs of later waves of the survey, including information on
how quickly respondents were removed from the mailing lists and the costs of processing paper
surveys vs. online surveys.

We had initially considered an analysis of incentive costs that examined the costs by changing
the label to reflect the cost for the treatment it was randomly relabeled as in the randomization
test. This method, however, does not lead to a randomization distribution with mean zero. It is
possible to adjust the distribution to have mean zero, but the form of the test in that case has a more
complicated interpretation, and does not seem to analyze the question of cost per response. For
this reason, we decided to only change the labels and not change costs. If the costs per response
are not different between treatments, then a randomization that only changes the labels will not
change the mean by a large amount when the labels are changed. This method is also consistent
with how other variables are measured.

As mentioned above, the analysis did not consider the downstream costs from the incentives.

However, we can make some guesses based on online responses, and when people who received
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each of the incentive structures responded. The rate of online response was similar for the two
incentive treatments but was slightly higher in the $1+$5web incentive group than the $2pre group.
There were also more early responses in the $1+$5web group than in the $2pre group. Both
observations suggest that the $1+$5web treatment may be even more cost-effective relative to the
$2pre treatment than reported.

The similarity of the dissimilarity indices between the two survey treatments means that we
found no evidence that the respondents differed on measurable demographic characteristics based
on the incentives they received. This confirms the result of not having significant interaction effects
in the model evaluating response by treatment. This information, combined with the information
that there may be cost savings (per response) for at least some subgroups and that the RRs were
higher for the $1+$5web incentive than with the $2pre incentive, suggests that, at least for sub-
groups thought to be less likely to respond, the $1+$5web incentive may be better than the $2pre
incentive, at least for Larimer County.

Comparing our results with previous literature, we find that our work aligns with some of the
previous literature. Agreeing most closely with Biemer et al. [2018], our results suggest that in
Larimer County, Colorado, an incentive to respond online can result in slightly higher RRs. We
did not find evidence of higher web RRs with the $1+$5web incentive; however, in this survey, the
only way to respond at the start of fielding was by web. Web RRs have consistently been found
to be higher with a web-first design than a mail-first or concurrent design (Messer and Dillman
[2011], Millar and Dillman [2011], Patrick et al. [2018], Biemer et al. [2018]), so it is possible that
the web first design may have been more successful at pushing people to web than the incentive.

When thinking about the differences in the dissimilarity index on web response, we noticed
more balance in web response on the variables of sex and age. One interesting finding is that we
found better representation of Hispanic ethnicity and race, but less representation among education
level and income among web respondents. This could be an incidental finding, but it would be

interesting to see if similar patterns hold in other studies.
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A key issue with analyzing these data were that not many methodologies had been developed
for analyzing embedded experiments in surveys. We developed new methodologies to analyze
these experiments. One possible approach to analyze these data that was available in the literature
was the approach proposed by van den Brakel [2001]. Van den Brakel’s approach will work for
many of the analyses used in the 2019 TCHs, including comparison of response rates, incentive
cost per response, and the dissimilarity index. Van den Brakel’s approach, however, does not allow
for studying statistics, such as the log-rank test, that do not have an asymptotic normal distribution.
It also does not allow for plots like those in Figure 2.3, which show the distribution of different
samples. In order to allow researchers to make comparisons based on arbitrarily complicated
statistics derived from experiments embedded in surveys, new methodology was needed, which is

presented in Chapters 4—6 of this dissertation.
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Chapter 3
Survey Design-Based Inference for the Dissimilarity

Index

3.1 Introduction

The dissimilarity index (DI) was originally proposed by Jahn et al. [1947], and brought into
the literature with major early contributions by Williams [1948] and Duncan and Duncan [1955].
The original problem was to measure segregation between Black and White Americans in cities by
totaling up differences between the Black and White populations within each city, but it has been
generalized to measure the difference between the two row conditional distributions in any 2 x G
table, one at each level of a binary variable. The DI has been applied to surveys by Biemer et al.
[2018] to evaluate the representativeness of response in the national pilot of the Energy Information
Administration’s Renewable Energy Consumption Survey.

In conjunction with the rise of adaptive and responsive survey designs, there has been a push to
propose estimators to evaluate how well the respondents of surveys using such designs represent
the target population of the survey (“representativeness”; Groves et al. [2008]). These and help
researchers understand who is not responding to surveys to try to see where to target efforts to
improve response. This development led to the R indicator (Schouten et al. [2009]), the fraction
of missing information (Wagner [2010]), and several imbalance indicators proposed by Sdrndal
[2011]. These have been discussed both as measures of response quality at the end of the survey
and as ways to monitor and target responses (for example Lundquist and Séarndal [2013], Wagner
and Hubbard [2014]). These indicators are fairly diverse, and some of these indicators are based
on propensity models (R indicator), or are specific to response variables (fraction of missing infor-
mation), meaning that they can serve different purposes. The DI is a good addition to this toolkit

as a simple indicator of representativeness for a categorical auxiliary variable.

35



When using a statistical measure, one natural question is how to describe the variability in that
measure. Cortese et al. [1976] develop some theory for the distribution of the dissimilarity index
under the case of no segregation based on the hypergeometric distribution. Some properties of the
central limit theory for the DI were studied in more generality by Ransom [2000] and Allen et al.
[2015]. Ransom derived asymptotics using a multinomial distribution for the number of persons
with each characteristic in each group of interest (Ransom [2000]). Allen et al. also derived central
limit theory for the dissimilarity index under a conditional multinomial model (Allen et al. [2015]).
While Ransom considered the population distribution of all combinations of the binary variable
and the categorical variable, Allen et al. considered the distributions of the categorical variable
conditioned on the levels of the binary variable. While Ransom’s model treated the binary variable
as varying, Allen et al. treated the binary variable as a fixed characteristic.

While progress has been made on the distribution of the dissimilarity index in general, the
survey context requires different derivations to obtain relevant reference distributions. We will
consider this problem for examining the difference between the available sample and the general
population in surveys. We will use the term “available sample” to indicate the subset sampled from
the frame and/or for whom responses were collected. Using this term allows for discussion of
problems of coverage, nonresponse, or a combination of both. We will also use the term ““available
population” to refer to the part of the population that is in the frame and/or will provide a response,
considering a fixed response model. In other words, the available population is the part of the
population from which information can be obtained from researchers, and the available sample is
the part of the sample that provides such information. We will derive an expression for the DI
allowing for linearization variance estimation for complex survey designs, under the hypothesis
that the group membership probabilities for the sample differ from those in the population in all
categories. To do this, we will first focus on the DI for the population, and then generalize to create
measures for a DI for subgroups that one might want to compare. We begin by discussing the DI

as it has been traditionally used and in the context of surveys in Section 3.2. The derivation and
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assumptions for the DI variance calculations are discussed in Section 3.3. A simulation study is

discussed in Section 3.4.

3.2 The Dissimilarity Index in the Survey Context

The DI was originally formulated to analyze segregation in American cities Jahn et al. [1947],
and has historically been used to measure the degree of economic and social segregation in various
contexts (see Ransom [2000] for some examples). In surveys, the DI is used to determine how
representative a survey sample is compared to the general population. Specifically, in surveys,
the DI examines the dissimilarity between the available population and a known reference to the
finite population of interest. Because of some differences in these problems, the DI is expressed
differently in the context of surveys than it is in the traditional social science context.

We now define notation and describe the dissimilarity index as it has been used in the tradi-
tional social science context, and how it has been used in surveys. Let ¢ = 1,...,G be levels
of a categorical variable (traditionally jobs or census tracts, in the survey context race or level of
education, for example), and let h = 0, 1 be a state (traditionally white/non-white or male/female,
in surveys respondents/nonrespondents or in-frame/out-of-frame). Further, let pZ be the proportion
of individuals in category ¢ out of all individuals having state i (or the conditional proportion of
having category g given state h).

1 G

D=2 Ipy— ¥l 3.1

g=1

This formulation works when good information is available about individuals in both state
h = 0and h = 1. In the problem of survey representativeness, we do not have information
on one of the states because they are unavailable, either due to not being in the frame or not
responding. There are, however, often good references for the complete population of interest in
survey problems. Therefore, for surveys, we use reference proportions o, . . ., o, in calculations.

If we let A = 1 denote the available population and ~ = 0 denote the unavailable population, then,
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following Biemer et al. [2018], we write the version of the DI used in surveys as

1 G
= 3 3" 1p) = ol (2
g=1

We note that these formulations (3.1) and (3.2) are not mathematically equivalent. However, if
we use the fact that ¢ is the proportion of the overall population of size [V, it follows that if N is

the number of individuals with A = 0 and V; is the number of individuals with A = 1, then

No N1
_Z|pg ag|_ Z|pg__p2 1|
Nyl
=3 Z [Py — Pyl-
g=1

3.3 Survey Design-Based Variance Estimation

Let U = {1,2,..., N} denote the finite population, S C U denote the set of respondents,
and A, C U denote the set of units having level g of a categorical variable of interest, where
U= UgczlAg. Let the (known) distribution of the categorical variable in the population of interest
be denoted by ay = (v, - .., an ), the (unknown) distribution in the available population as
Py = (PN, - - -, Pne)- The available population may be the population in the frame, or the popu-
lation among respondents in the population, depending on the context. We denote the estimates of
the distribution of the finite population from a sample of size n = n(N) by py = (Dn1,- .-, PN .G)-
We also let w; denote sampling weights. We will drop the subscript /N from the sample distribu-
tions in the sequel, unless it is relevant in context to view these as a sequence.

The DIis D = Zngl lpy — |, which can be estimated by
L G
D= 5Z|pg—%|.
g=1

To derive an expression that can be used for variance estimation, we rewrite the DI to remove

the absolute value. First, p, — oy = (py — p,y) + (py — y). From equation (2.9) in Breidt et al.
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[2006], we see

N | —

G G
. 1 . .
Zl(pg —pg) + (pg — ag)| = 2 Z [ [Py — ag| + (Dg — pg)sign(py, — ay) +
g=1 g=1

2<ﬁg_ag)<l(0<ag_pg<ﬁg_p9>_l<ﬁg_p9<ag_pg<0))] )

where I(B) = 1 if the event B is true, and 0 otherwise.
In the expression above, let e, = (Py—av, ) (L(0 < ay—py < Pg—Dg)—1(Pg—Pg < ag—py < 0)),

e= Zngl egand R = % 29:1(159 — pg)sign(p, — ). This gives

D=D+R+e.

where D is the population DI as defined above, e is a random expression with negligible variance

contribution that converges in probability to 0, and 12 can be written as

R= Z 1 — pg)sign(py — o)
¢ ieu Wi (ZEA)(Z'GS) .

ZieU wil(i € 9) [5 Zle I(i € A,)sign(p, — ag)}
- Yicw wil (i € 5)

G
L.
- Z §p951gn(pg — ay),

g=1

a ratio of two estimated population totals plus a constant. Hence, the variance can be approximated
and estimated using standard procedures for an estimated ratio. To use this variance estimator in

practice, we replace the term in square brackets in the numerator sum,

—_

G
=3 Z i € Ay)sign(p, — ay),

by its plug-in estimator,

G
. 1 , A
i = g E I(i € Ay)sign(p, — ),
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giving the expression
ZiEU wzl(z S S)ml
ZieU wi[(i € S)

The variance can now be estimated by svymean or svyratio in R (or similar commands in

R:

other survey software) by the estimated variance of the finite population mean of m;.

We now introduce assumptions to formalize the arguments about the asymptotic variance of
the DI. Suppose that I'y is the estimate of the design-based covariance matrix of py. Assume
there is a sequence of populations and designs, indexed by /N, such that the following assumptions

hold as N — oco:

DI nVar(py) — T, where T is a positive definite G x G matrix.
D2 1M (py — py) > No(0.T).
D3 'y B T.

D4 For each g = 1,...,G, there is an ¢ > 0 such that either py, — an, > € for all N or

ang — PN,g > €forall N.

Assumption D/ means that the normalized covariance matrix of the point estimates of the
proportions approaches an asymptotic limit. Assumption D2 says the point estimate for the pro-
portions is asymptotically normal, and that the asymptotic variance is the limit of the covariance
matrix. Assumption D3 states that the estimated covariance matrix of the estimated proportions
is consistent. Assumption D4 states that the expected proportions from the available sample are
bounded away from the true population proportions in every level of the categorical variables. This
assumes away issues raised in Allen et al. [2015] that the asymptotic distribution of the DI will not
be normal when p, — o, = O(n~'/2). We will consider this case later.

Note that py — py — 0, by Assumption D2 above.

We will now show some results about the asymptotic distribution of Ry .
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Theorem 3.3.1. Let a = sign(py — an), axy = sign(py — an), Vg = a'T'a and VRJ\[ =
d?vf‘ nay (note Vg > 0 as I is positive definite and a # 0). Then under Assumptions D1-D4

above, nVar(Ry) — Vg, n'/?Ry LN N(0,Vg), and Ve 2 Vi as N — .

Proof. Since Ry = a'(py — py), we have nVar(Ry) = a'nVar(py)a — aTa = Vi by
Assumption DI and n*/2Ry % N(0, Vi) by Assumption D2.

To show \737 ~ = Vi we need to show that @ 2 a. This involves showing that P(sign(pn,g —
ang) # sign(pyy — any)) — 0foreach g € {1,...,G}.

To prove this, suppose we are given a g and without loss of generality py 4 — oy, > € under
Assumption D4. Then the events {sign(py,, — an,g) # sign(pny — ang)} and {pny < a4} are

equivalent. Using Chebyshev’s inequality, we find

P(png < ang) < P(|png — Prgl > ang —prg) < M'
(ang = Png)
By Assumption D/, we know that Var(p,) = O(n™1). As (any — pn,g)? is bounded from below,
we find P(py, < ay,y) — 0 as desired.
Having shown @ %> a, an application of Slutsky’s theorem and Assumption D3 gives that
Vi = ayI'yay & a'Ta = Vi

O]

Since R = a'p, the above theorem shows that the calculated variance of R = a'p from the
survey package, id’f‘d, is a consistent estimator for the sampling variance of R under Assump-
tions DI1-DA4.

We next show that the remainder term ey is negligible under our regularity conditions.

Theorem 3.3.2. Under Assumptions D1-D4, n'/ %e, % 0 for each g, and thus n'?eny > 0 as

N — oo.

Proof. Assume without loss of generality and using Assumption D4 that &, = oy — p, > 0 and

define Y, = |Y,| = n(p, — p,)?, which is uniformly integrable by Assumptions DI and D2 and
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Lemma 1.4B (p. 15) of Serfling [1980]. Hence,

Elnel] = E[n(hy — )’ T(p, > ay)]
< E [n(pg — pg)* 1By > )]
= B[V, (n"2(h, —pg) > n**(ag — )]
< E[Yol (Vg > ndy)]
< SipE Yol (Ygm > na})] — 0asn — .

]

Theorems 3.3.1 and 3.3.2 show that the DI Dy has an asymptotic normal distribution. For-
mally, if
n2(R — R) % (0, V),

then

n1/2(D — D) =n'*(R +e)
LN(0, Vg)
asnY2Ry % N(0, Vi) and n/2ey 2 0.

The above discussion supposes Assumption D4, that the proportions from the available pop-
ulation are bounded away from the true population proportions in every level of the categorical
variables. There may be many cases in real surveys where the categories match for some levels, ei-
ther by happenstance or because the survey has good representation for that variable. In these cases
the asymptotic contribution to the DI for this is not normal but folded normal. If X ~ N(u,0?),
then we say Y = |X]| has a folded normal distribution, denoted Y = |X| ~ FN(u,0?) (Leone
et al. [1961] ). The folded normal asymptotics were stated without proof in Allen et al. [2015]; a

proof is given below.
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Theorem 3.3.3. Suppose that samples of size n are drawn from a sequence of populations of size N
where the vector of proportions of the categorical variable in the available population is denoted
Py, Assumptions D1-D3 above hold and Assumption D4 is replaced with the following assumption

for some level g:
D4 n'%(py, — any) — g with |c,| < .

Then n'/? Dy — ay| converges in distribution to a folded normal distribution with parameters |1 =

|cy| and 0 = ,,, the " diagonal element of T.

Proof. Note that

~

nl/Q(ﬁg —ag) = n1/2(pg —pg) + nl/z(pg — ay)

In the right hand side of the above expression, the first piece is asymptotically normal from As-
sumption D2, and the second piece is a nonrandom sequence converging to ¢, by Assumption D4’
Thus we see that

. d
n1/2(pg —ag) = N(cg,7gg)

Since the absolute value is a continuous transformation, and the absolute value of a normal is

defined as a folded normal distribution, the continuous mapping theorem implies that
. . d
”1/2|pg — | = |n1/2(pg — ag)| = FN(legl vg9)-

]

The distribution theory for the sum of these components is beyond the scope of this chapter.
However, there are some theoretical results on the folded normal distribution that are useful to this

discussion. Consider a random variable X ~ N(u,0%) and Y = |X| ~ FN(p,0?). From Leone
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et al. [1961],

ElY] = @aexp{-g} +ll - 28(-2) (3.3)

Var(Y) = p? +o* — (E[Y])%. (3.4)

Since E[|X|] > E[X], we know that E[Y] > u, which also implies that Var(Y) < o2
This means that when p, — o is small for some g, we will expect that the plug-in estimator will
be positively biased. Specifically, we see that for the half-normal distribution (4 = 0,0?% = 1),
ElY] = \/2/_7T A linearization based estimator assumes a normal distribution when p, — ay is
small, rather than the folded normal. Thus we expect that in this case a linearization variance
estimator will overestimate the variance of the dissimilarity index.

We will compare point and interval estimates for the DI in a simulation study. This study

includes robustness to Assumption D4.

3.4 Simulation Study

While the dissimilarity index can be used to quantify coverage bias, nonresponse bias, or a
combination of the two, we will consider coverage bias in our simulation to avoid discussion of
nonresponse adjustments. In the setting of coverage bias, the above theory shows that a normal
approximation to the DI can work very well if frame proportions for a categorical variable differ
at all levels from the corresponding population proportions. There may be cases in practice where
frame proportions match population proportions at some levels. To understand the implications for

such cases, we conduct a simulation study below.

3.4.1 Simulated Population and Frames

We created an artificial population and artificial frames with coverage error to study properties
of the DI. The population was based on data downloaded from the US Census Bureau’s Public Use

Microdata Sample (PUMS) (U.S. Census Bureau [2021]), including Public Use Microdata Areas
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(PUMASs) 100, 103, 300, and 400 in Northern Colorado. These PUMAS correspond respectively
to Northeast Colorado (Eastern Plains); Northern Larimer County; South Central Weld County
(Greeley, Evans, and Windsor); and Eagle, Summit, Grand and Jackson Counties. Available vari-
ables are age, sex, race, Hispanic origin, marital status, personal income, level of education, and
access to high-speed internet, along with individual weights and household weights. Records were
deleted for persons under the age of 18 and for households with household weight of 0, to simulate
the population of interest as the adult, noninstitutionalized population, which is a common target
population for surveys. Person weights were treated as the number of individuals in the population

having a given set of characteristics.
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Table 3.1: Demographics for each of the sampling frames used in the simulation study of different estima-
tors of the DI

Variable  Level Population A=00 A=0.1 A=05 A=1.0
Age 18-34 334 334 31.3 24.1 18.9
35-49 24.6 24.6 244 243 24.6
50-64 23.7 23.6 25.0 29.2 32.0
65+ 18.3 18.3 19.3 22.3 24.5
Sex Male 50.8 50.9 49.2 44.1 40.8
Female 49.2 49.1 50.8 559 59.2
Race White 91.8 91.9 92.1 93.0 93.5
Black 1.0 1.0 0.9 0.7 0.6
AIAN 1.1 1.1 1.0 0.9 0.8
API 1.7 1.6 1.7 1.6 1.6
Other 23 2.3 2.2 1.8 1.5
Multi 2.2 2.1 2.1 2.0 1.9
Hispanic  No 81.4 81.3 82.5 86.0 88.5
Yes 18.6 18.7 17.5 14.0 11.5
Marital Married 54.8 54.8 56.3 61.4 65.2
Widowed 4.3 4.3 4.5 5.2 5.7
Divorced 10.7 10.7 10.8 114 11.9
Separated 0.9 0.9 0.9 0.9 0.9
Single 29.3 29.4 27.5 21.1 16.4
Income Negative 7.7 7.7 7.6 7.2 6.8
Under $15K 19.1 19.2 18.7 17.8 16.7
$15-50K 39.9 39.9 39.7 38.9 38.5
$50-100K 23.5 23.5 23.8 24.8 25.6
$100K or More 9.8 9.7 10.1 114 12.5
Education < High School 9.3 9.2 8.6 6.5 5.0
High School/Eq 21.6 21.6 21.1 19.2 18.2
Some Coll/Assoc 32.3 32.4 32.3 32.5 32.3
Bachelors 23.5 23.4 24.0 25.3 26.4
Advanced 13.3 13.4 14.1 16.4 18.1
Internet NA 7.0 7.0 6.4 4.8 3.8
Yes 77.0 77.0 78.1 81.3 83.2
No 16.0 16.0 15.5 13.9 12.9
PUMA 100 15.9 15.9 15.5 14.3 13.5
103 34.2 342 34.7 36.2 36.8
300 30.0 30.1 30.2 30.7 31.1
400 19.8 19.9 19.6 18.9 18.5
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To simulate frames with varying degrees of coverage bias, we constructed a stochastic model

in which the probability of frame inclusion for individual ¢ is

pi(A\) = expit{4.8 + (1 — A\)(—2.9) + \[—2.8(Age18-34) — 1.6(Age35-49) — 1.6(SexMale)—
0.4(RaceBlack) — 0.4(RaceAIAN) — 0.1(RaceAPI) — 0.1(RaceOther)—
0.1(RaceMulti) — 1.0(HispanicYes) — 0.1(MaritalWidowed)—
0.6(MaritalDivorced) — 0.6(MaritalSeparated) — 1.0(MaritalSingle)—
0.2(IncomeNegative) — 0.1(Income0-15K) — 0.1(Income>100K)—
1.5(EducNoHS) — 1.0(EducHS/Equiv) — 0.3(EducSomeCollege/Assoc)—
0.2(EducBachelor) — 2.5(HispeedNA) — 1.0(HispeedNo) — 0.9(PUMA100)—

0.9(PUMA400)]}.

Representativeness of the frame for the target population is determined by the parameter A. Four
frames were generated, with A equal to 0, 0.1, 0.5, or 1. The frames with A close to zero represent
frames that are very representative of the population, and the frames with high levels of A\ have
more dissimilarity from the population (Table 3.1). Because the derivation of the variance estimator
for the DI depends on the proportions in the frame not being equal to the population totals, it is
expected that the variance estimator will perform better in frames with high .

In creating these frames, we did intentionally keep some categories close to their true pop-
ulation values. These categories were the age category 35-49 and the education category some
college or Associate’s degree. This was done to ensure that the simulation study includes cases

where Assumption D4 is not satisfied.
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3.4.2 Estimators Considered

We considered four estimators of DI, along with their respective variance estimators and con-

fidence intervals. The first DI estimator was the plug-in estimator,

G
Z g —

As shown theoretically above and noted in many sources (e.g. Cortese et al. [1976], Ransom
[2000], Allen et al. [2015]), this estimator is consistent and asymptotically normal when |p, — o,|
is “large” for all g (Assumption D4), but can be positively biased and non-normal when |p, — ay| is
“small” for some g (Assumption D4’). Theory also suggests heuristically that the variance estima-
tor will be positively biased in the latter case. To attempt to correct for these biases, we consider
two additional DI estimators that set the gth term of DI equal to zero and the corresponding variance
contribution equal to zero when the gth sample estimate is close to the corresponding population
proportion. The two estimators differ in the definition of “close”: the “cut-SE” estimator modifies
the gth contribution if |p, — | < SE(p,), and the “cut-Z” estimator modifies those contributions if
1Dy — ay| < 20.975SE(p,). Additionally, we consider a bias-corrected estimator proposed by Allen
et al. [2015]. This estimator starts, like the previous estimators, by computing |p, — «,| for each g.
Then, as noted in Allen et al. [2015] and proved above, |p, — «,| asymptotically follows a folded
normal distribution when |p, — a,| = O(n~%/2). The DI is then computed as the sum over levels
g of the values where this folded normal distribution is maximized. That is, if we let f, denote the
pdf of each of these folded normal distributions, the estimate of the DI is Z __, argmax, f,(z). For
this fourth estimator, we do not use normal theory but instead use a parametric bootstrap to find
the confidence intervals. For the parametric bootstrap confidence intervals, the bootstrap replicate
probability vectors are drawn from the multivariate normal distribution with mean vector p and
covariance matrix calculated using standard survey arguments. The variance estimator is then the

variance of the DIs calculated from the bootstrap values. The confidence interval is computed with
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a percentile bootstrap taking the 0.025 and the 0.975 quantiles of the bootstrap distribution as the

confidence limits.

3.4.3 Simulation Methods

As a comparison and to check confidence interval (CI) coverage, the population DI was cal-
culated. The simulation study consisted of 1000 replicated samples each of size n = 200 and
n = 1000, drawn from each of the four frames. Each sample was selected via stratified simple
random sampling, with PUMAs as strata, with stratum allocations given in Table 3.2. From each
sample the DI and its sampling variance were estimated using each of the four estimators as de-
scribed above. From these replicates, we computed relative bias (relbias) of the point estimators,
relative root mean squared error (relRMSE) of the variance estimators, and coverage rates and
mean widths of confidence intervals.

Table 3.2: Sample allocations by PUMA for stratified simple random sampling in the simulated replicate
samples.

PUMA 100 103 300 400

n = 200 78 45 26 Sl
n = 1000 | 390 225 130 255

3.4.4 Results

In the study, the cut-Z estimator overcorrected for the positive bias of the plug-in estimator
when the DI is somewhat small. This led to worse coverage properties than the other estimators,
so we do not include the cut-Z estimator in the tables or discuss it further.

For DI point estimation, we notice that the cut-SE and Allen estimators, as expected, had
less bias than the plug-in estimator, especially in the harder cases (lower sample size, lower DI),
consistent with Allen et al. [2015]. For variance estimation, we see that the plug-in linearization

estimator, as expected, had a noticeable positive bias when the true DI was lower. We also notice
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that the cut-SE linearization variance estimator is negatively biased particularly when the true DI
is low. The Monte Carlo variance is higher for the Allen and cut-SE estimators than for the plug-in
estimator.

For confidence intervals, we see that all estimators had less than nominal coverage when the DI
is close to zero. The best coverage properties are from the plug-in linearization confidence inter-
val, and the Allen-bootstrap confidence interval, with noticeably worse performance in the cut-SE
linearization confidence interval. This may be explained by noting that the linearization variance
overestimates the true variance when the estimate is positively biased. The cut-SE linearization
confidence interval uses a less biased point estimator, but with a negatively biased variance estima-
tor in many cases. We see that the dissimilarity index needs to be relatively high (>10%) before the
variance estimators have low bias (<10%) when the sample size is 200. The variance estimators
have low bias in the sample size of 1000 when the true DI is greater than 5.

This simulation suggests that although the plug-in estimator is biased when the DI is small, the
linearization confidence interval from the plug-in point estimator has reasonable coverage proper-

ties most of the time, and is no wider than the other confidence intervals considered.
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Table 3.3: Simulation results for sample size n = 200 with 1000 replicated samples at each setting. For
DI point estimates, “truth” refers to the true DI of the frame. For variance, “MC” refers to the Monte-Carlo
variances of the estimates. Also, “est” is the mean of the estimates, and “rbias” is the mean % relative bias
(bias/truth) of the estimates compared to “truth”, and “rRMSE” is the relative mean-squared error of the
variance estimates. For 95% Cls, “cover” is empirical coverage of the true DI by the interval, and “width” is
the mean width of the interval. To save space, marital status and internet access are not shown in this table,
and we restrict the focus to A = 0.1, 1.0.

DI Point Estimate Variance of DI Est. 95% Cl1
Variable A Estimator | truth est rbias MC est rbias rRMSE | cover width
Age 0.1 Plug-in 230 628 1733 | 7.58 1634 115.7 120.5 | 0.898 13.62
Cut-SE 2.30 4.05 762 | 1191 590 -504 65.0 | 0.647 742
Allen 230  3.69 60.4 | 11.30 1448 28.1 37.2 1 0.934 13.93

1.0 Plug-in 14.55 16.18 11.2 | 11.58 1534 325 46.7 | 0.932 15.20
Cut-SE 14.55 15.24 4.7 1391 1225 -119 24310912 13.62

Allen 14.55 15.00 3.1 11436 16.15 125 25.9 | 0.948 15.63
Sex 0.1 Plug-in 1.59 361 127.0| 7.27 18.10 149.2 149.3 | 0.969 11.82
Cut-SE 1.59 230 445 | 11.47 6.14 -464 87.1 10315 5.03
Allen 1.59  2.07 303 | 10.75 15.19 414 59.5 10993 12.05

1.0 Plug-in 9.99 9.80 -2.0 | 16.81 1853 10.2 11.5 | 0.956 15.75
Cut-SE 999 9.55 -44 12073 16.74 -19.3 3251 0.884 14.71

Allen 999 943 -5.7 12203 2087 -53 16.0 | 0.966 16.62
Race 0.1 Plug-in 024 312 11957 | 137 3.75 173.6 262.6 | 0.677  6.09
Cut-SE 024 190 6899 | 209 1.04 -50.1 94.8 | 0.397 2.86
Allen 024 174 6254 | 188 329 754 1309 | 0.241  6.48

1.0 Plug-in 1.66 347 1089 | 140 274 955 1943 | 0.691 5.23

Cut-SE 1.66 242 456 | 245 080 -67.5 78.9 | 0.546  2.81

Allen 1.66  2.28 373 240 2.62 9.3 60.7 | 0.733  5.90

Hispanic 0.1 Plug-in 1.11 280 1525 | 435 10.74 1469 152.8 1 0952  9.06
Cut-SE 1.11  1.84 654 | 6.83 346 -494 86.5 | 0310 3.85

Allen 1.11  1.70 535 | 647 890 375 57.6 | 0984  9.27

1.0 Plug-in 7.16  7.07 -1.1| 810 8.58 59 26.4 | 0951 10.53

Cut-SE 7.16  6.85 -43 11070 726 -32.2 432 10.843  9.55

Allen 7.16  6.78 531117 934 -164 28.2 1 0.955 10.99

Income 0.1 Plug-in 0.66 635 8688 | 6.28 1570 149.8 157.3 1 0.793 13.55
Cut-SE 0.66 388 491.7| 981 510 -48.1 66.1 | 0.561  7.05

Allen 0.66 349 4319 | 9.05 13.61 504 58.6 | 0.737 13.81

1.0 Plug-in 478 1.74 61.7 | 833 16.56 98.7 107.2 | 0.948 14.57

Cut-SE 478 541 13.1 | 12.60 6.62 -47.4 61.1 | 0.760  8.78

Allen 478 5.01 4.7 12.02 15.09 255 36.3 | 0.963 14.78

Education 0.1 Plug-in 121 645 4343 | 596 1581 1652 171.2 ] 0.835 13.66
Cut-SE 121 388 2213 | 934 492 -473 64.4 | 0.631 7.02

Allen 1.21 351 1906 | 861 13.61 58.1 64.2 | 0.797 13.89

1.0 Plug-in 7.68 10.22 33.0| 9.51 1596 67.8 75.6 | 0.924 15.19

Cut-SE 7.68  8.35 8.6 | 1423 825 -42.1 51.0 | 0.836 10.71

Allen 7.68  7.94 34| 1425 15.37 7.8 20.5 | 0.956 15.11
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Table 3.4: Simulation results for sample size n = 1000 with 1000 replicated samples at each setting. For
DI point estimates, “truth” refers to the true DI of the frame. For variance, “MC” refers to the Monte-Carlo
variances of the estimates. Also, “est” is the mean of the estimates, and “rbias” is the mean % relative bias
(bias/truth) of the estimates compared to “truth”, and “rRMSE” is the relative mean-squared error of the
variance estimates. For 95% Cls, “cover” is empirical coverage of the true DI by the interval, and “width” is
the mean width of the interval. To save space, marital status and internet access are not shown in this table,
and we restrict the focus to A = 0.1, 1.0.

DI Point Estimates Variance of DI Est. 95% Cl1
Variable A Estimator | truth est rbias | MC est rbias rRMSE | cover width
Age 0.1 Plug-in 230 340 478|194 331 705 73.3 1 0956 6.48
Cut-SE 230 254 1041299 159 -46.7 57210778 4.26
Allen 230 237 3.01295 3.12 5.6 18.8 1 0.955 6.64

1.0 Plug-in 14.55 15.14 4.0 276 3.02 9.2 2640946 6.77
Cut-SE 14.55 14.88 231291 2.60 -10.8 20.6 | 0.938  6.29

Allen 14.55 14.83 1.9 | 2.89 2.98 3.1 18.5 10949 6.71

Sex 0.1 Plug-in 1.59 203 275|193 361 &7.1 87.1 1 0982 5.64
Cut-SE 1.59 156  -2.1 (303 175 -422 72.8 | 0.469  3.26

Allen 1.59 145 -8.8 298 334 123 35910992 5.78

1.0 Plug-in 9.99 10.12 1.3 349 3.69 5.8 6.2 0953 753

Cut-SE 9.99 10.12 1.3 349 3.69 5.8 6.2 0953 7.53

Allen 9.99 10.12 1.3 3.49 3.70 6.2 8910957 17.50

Race 0.1 Plug-in 024 143 4933|028 0.77 170.0 197.2 | 0.802  2.98
Cut-SE 024 0.89 270.0 | 045 0.25 -449 745 | 0.685 1.57

Allen 024 0.80 2347|042 0.67 5838 80.3 | 0.656  3.05

1.0 Plug-in 1.66 211 274|050 0.70 39.0 58.21 0917 3.11

Cut-SE 1.66 1.72 371079 039 -50.7 57.110.736  2.27

Allen 1.66 165 -0.5|081 0.69 -14.9 22.8 10918 3.17

Hispanic 0.1 Plug-in 1.11 148 33.6|1.09 215 965 9750977 4.27
Cut-SE .11 1.11 03]171 094 -449 75.0 | 0.437 231

Allen 1.11  1.04 -67|166 191 152 35.1 10989 438

1.0 Plug-in 7.16  7.16 0.1 ]1.67 1.70 1.6 11.0 | 0942 5.10

Cut-SE 7.16  17.16 0.1 ]1.67 1.70 1.6 11.0 ] 0942 5.10

Allen 7.16  7.16 0.1 ]1.67 1.72 2.6 143 | 0942 5.11

Income 0.1 Plug-in 0.66 290 3424 |1.15 3.16 1755 180.5 | 0.860  6.16
Cut-SE 0.66 1.79 173.0|1.77 1.06 -40.2 62.7 | 0.691 3.30

Allen 066 1.61 1458 | 1.64 276 685 754 | 0.872  6.26

1.0 Plug-in 478 529 10.6 | 249 337 353 42.0 | 0963 7.10

Cut-SE 478 462 -35 (356 210 -41.1 49.7 | 0.819  5.47

Allen 478 447 -6.7 357 339 -51 189 | 0977 7.11

Education 0.1 Plug-in 1.21  3.09 1557 | 1.21 3.19 164.1 168.6 | 0912  6.28
Cut-SE 121 199 648|192 1.12 -41.6 59.310.769 3.52

Allen 1.21  1.81 502 |1.80 280 552 60.7 | 0.920 6.35

1.0 Plug-in 7.68 845 10.0|249 311 247 32710946 6.88

Cut-SE 7.68  8.00 42 13.09 230 -257 32.810.892 5.88

Allen 7.68  7.90 291|318 3.19 0.3 15210954 6.92

52



200, Age 200, Sex 200, Race 200, Hispanic
200 A A &
A, A, A
100+ A AAA
R . ‘A
O-G-He ——— ;;* %L o~
-100 -
5 200, Marital 200, Income 200, Education 200, Internet
= 2004
© A
Y M LA LA
E 1004 2. Sa AL,
17} CAL A
. S e - — S fown- Estimator
% ~100- -= Allen
-% 1000, Age 1000, Sex 1000, Race 1000, Hispanic o Cut-SE
= 200 a A Py a
S 100 “-A_. A, - ‘A‘ -&- Plug-in
o R X '... .
© O-M h h L
o) ce-" e ®® 6o~
Ey -100 -
1000, Marital 1000, Income 1000, Education 1000, Internet
1001 - B = A
O-LA"--. N PN E’A.g B NI
e =" @® -0-0 @o- -0~ Go-
-100+, : :

0O 5 10 150 5 10 150 5 10 150 5 10 15
True Dissimilarity Index

Figure 3.1: Relative bias squared error (relbias) for the linearization variance estimator plotted against pop-
ulation level DI for each variable at different levels of the parameter A\, with larger values of A corresponding
to higher DI. Points in the green band have less than 10% relbias.

3.4.5 Discussion of Simulation Study

The simulation results show that although the linearization variance estimator is biased when
the DI is close to zero, confidence intervals formed using the linearization variance and the plug-in
DI estimator performed well except in the toughest of cases. Additionally, attempts to improve on
the performance of the linearization confidence interval were not successful.

It is worth considering how the DI estimators performed across the different variables. In
interpreting this, it is relevant to note that the impact of estimating the DI depends more on the
values within each category than what the categories represent. In this sample, we see the worst

coverage in the variables Race and Income. This makes sense because these variables also have
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Figure 3.2: Coverage rates for 95% confidence intervals plotted against the true DI. The green line repre-

sents 95% coverage.
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the lowest DIs. We see that the coverage properties and biases of the variance estimators for all

variables follow a similar pattern based on the value of the true DI (Figures 3.2 and 3.1). This

even holds true for the variables Age and Education, for which one category was intentionally held

close to the truth.

When dealing with categorical variables, it is always important to consider the coding of the

variables. The results above suggest that the true value of the DI is the main determinant of cover-

age properties and variance estimation accuracy. Since interpretation is important, the categories

should be coded in a way that is highly relevant to the researcher, not necessarily in a way to give

the best statistical properties. That said, we also note that the race variable had several small cat-

egories, and also had among the worst bias and coverage properties of the variables. Given that

estimating small proportions is often difficult, and estimation is less good when the true value is
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near to the truth, categories that are as coarse as practical may be a good way to go. We will also
note that there are characteristics of our population that may not generalize to other populations
(for example, our population was 91.8% white).

It is valuable to consider ways to improve interval estimation for the DI. With the linearization
estimators, it is noted that the true distribution is not asymptotically normal when proportions
of categories in the available population approximate categories in the target population, but the
good coverage properties of the uncorrected linearization estimator in this case suggest that the
normal approximation may be adequate. As the variances of the corrected linearization estimators
are underestimates of the true variance when the variable is close to zero, setting the variance
equal to zero for each proportion when the point estimate is close to the truth appears to be an
overcorrection. It could be worth investigating if there is a multiplicative factor in (0,1) that can
result in as good coverage as and smaller interval width than the uncorrected estimator when the
point estimates for several categories are close to the truth.

There is also potential for improvement of the estimator developed by Allen et al. [2015]. The
DI is a sum over levels of a categorical variable between estimates in a sample and the truth. In
the approach from Allen et al. [2015], each of the categories is treated separately in the maximum
likelihood estimation. One promising possibility is to apply the Allen et al. [2015] method to the
sum of the components of the multivariate folded normal distributions (Chakraborty and Chatterjee
[2013]) of the deviations of each level of the categorical variable. Investigation into the distribu-
tion of the sum of the folded multivariate normal components may also improve inference for the
linearization estimators.

The bootstrap confidence intervals may also have room for improvement. When computing
confidence intervals using the bootstrap, we used the 0.025 and 0.975 quantiles of the bootstrap
distribution (percentile bootstrap). Another common method for bootstrap confidence intervals
involves pivoting a t-style statistic around the true values. One issue with the ¢-style bootstrap Cls

for this problem is that if the point estimate for the DI is 0, then the CI is {0}.
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3.5 Summary and Future Work

In this chapter, we further developed theory for the dissimilarity index (DI). We established a
mathematical connection between the DI as used in the social sciences, and how it is now being
used in surveys. We also derived survey design-based linearization variance expressions for the
DI, and showed their usefulness for real data in a simulation. We also pointed out some potential
ways to improve interval estimation of the DI.

We derived a survey design-based expression for the variance of the DI. This expression allows
the DI to be discussed more fully as a measure of representativeness from a survey sample. Ex-
pressing the degree of uncertainty is a key contribution of statistics to the practice of science, so
having a design-based expression for the variance of the DI keeps it on the same footing as other
statistics, like the R indicator (Shlomo et al. [2012]).

Properties of point and interval estimates for the DI were tested in a simulation study. Results
from this study showed, as expected, that the plug-in estimator for the DI was found to be positively
biased when the proportion of some levels of the categorical variable in the available population
and target population were similar. This bias could be greatly reduced, though not eliminated,
by either using the maximum-likelihood estimator DI described by Allen et al. [2015], or by the
similar cut-Z estimator, setting the category-level difference equal to zero when the difference is
within one standard error of zero. For interval estimation, the plug-in estimator and associated
linearization estimator performed as well as any other estimator in terms of coverage and interval
width. This is partially because setting the variance contribution to zero for of categories when
the cut-Z estimator was set to zero underestimated the variance. Additionally, more research could
be done to improve bootstrap methods for estimating the distribution of the estimator proposed by
Allen et al. [2015].

We also recognize that there is room for improvement on interval estimation for the DI. One
key idea would be learning more about the distribution of the multivariate folded normal to have a
better established CI. Another idea involves improvements to the bootstrap CI and connecting with

the literature about statistics near a boundary (for example Self and Liang [1987]).
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Chapter 4
Randomization Test for Completely Randomized

Experiments Embedded in Complex Surveys

4.1 Introduction

Experimental design and survey inference have a long history. Randomization tests were first
developed in the context of agricultural statistics in the 1920s and 30s (Fisher [1971] (first edition
1935), Pitman [1937a], Welch [1937]). Randomization inference has been promoted by scholars
like Kempthorne (Kempthorne [1955], Kempthorne and Doerfler [1969]) in the mid 20th century,
and has had a resurgence recently in evaluating clinical trials because of its adaptability to complex
designs and lack of distributional assumptions (see, for example Proschan and Dodd [2019], Wang
and Rosenberger [2020]).

In this chapter, we will review randomization inference and extend it to experiments embedded
in complex surveys. This chapter will focus on developing theory for randomization tests that
can be used for experiments using a completely randomized design (CRD) conditioned on the
sample, with inferential targets estimated using the Narain-Horvitz-Thompson (NHT) approach.
We will develop theory for a normal approximation for the randomization tests and show how such
inference is valid for not just the sample, but also the finite population from which the sample was
drawn. In Chapter 5, we develop parallel results for randomized complete block experiments. In
Chapter 6, we consider extensions including use of the generalized regression (GREG) estimator
and inferential targets that are differentiable functions of finite population totals.

In this chapter, we will first define notation and discuss the sources of randomness in Sec-
tion 4.2. We will then derive expressions for the mean and variance of the treatment assignment
in Section 4.3. We explain the randomization test in Section 4.4. We describe central limit the-

ory for a normal approximation in Section 4.5. We consider the sampling distribution and extend
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the results to the finite population in Section 4.7. We describe the distribution of the test statistic
under both procedures and power properties of the randomization test in Section 4.6. We discuss
simulation studies in Section 4.8, and we conclude with a summary and discussion of future work

in Section 4.9.

4.2 Notation and Sources of Randomness

Randomization tests are a relatively simple way to ensure valid inference from a finite popula-
tion. These tests are based on rerandomizing the experimental units (EUs) to treatments based on
the distribution of the original randomization. If the treatment has no effect, then the test statistic
will be the same under this rerandomization distribution as it was under the original randomization
of treatments. This rerandomization provides a reference distribution that can be used in a simple
test of whether the treatment had an effect. In order for this inference to make sense, however, one
needs to ensure that there is enough variability in the treatment randomization (Basu [1980]).

In the context of randomization tests for complex surveys, there are three sources of random-
ness that need to be considered: randomness due to drawing a sample, which will be denoted
with a subscript S; randomness due to assigning the treatments for each experimental unit in the
experiment, denoted with a subscript 7'; and randomness due to relabelling the treatments in a
null-hypothesis randomization test, denoted with a subscript 1. In this chapter, we ignore issues
of nonresponse and assume that all units sampled for the survey respond. There will be discussion
of nonresponse and other issues with practical surveys in Section 6.5. The randomization test will
condition on the S and 7 distributions, and focus on the R distribution, which is used to simulate
the 7" distribution. We will discuss the S distribution to explain how inference is extended to the
finite population from which the original sample was drawn.

To investigate a CRD embedded in a survey, we assume that we have m experimental units
(EUs) sampled from a finite population of M elements (EUs) indexed 1,..., M, that have been

assigned treatments k£ = 1, ..., K by a CRD. We assume that the M elements consist of all possible
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sampling units at some stage of a multi-stage sampling design. We first consider the test statistic,
and then calculate the distribution under the randomization distribution.

We consider an experimental design embedded in a survey where the EUs assigned each treat-
ment are sampling units at some stage in the sampling design. The observational units (OUs) are
the ultimate sampling units of the survey. The treatment assignment, through a CRD in this case,
can be viewed as the second phase of a two-phase sampling design. In a two-phase sampling
design, a subsample is drawn in the second phase from a preliminary sample (drawn in the first
phase). In this example, the first phase will be drawing the EUs from the population, and the sec-
ond phase, for each treatment, will be assigning a random subsample of the EUs from the original
sample to be exposed to the specified treatment. To denote this, we denote the treatments using
superscripts £k = 1,..., K. We further let Ti(k) be the indicator that treatment &£ was assigned to
experimental unit 4, and we let m(*) be the number of experimental units assigned treatment .

Therefore the NHT estimator for the subsample exposed to experimental treatment k is

V) % Z wihT}“ _ Z wiﬁﬂ(’“),
i€s €S

where Ti(k) = %Ti(k). The treatment total estimate Y*) is a unbiased estimator of the NHT
estimator of the finite population Y -total conditioned on the sample, if the entire sample were
exposed to treatment k. Therefore it is an unbiased estimator of finite population Y -total, if the
entire population were exposed to treatment k. To allow for general contrasts of treatment totals,
we let Y be the K -vector of the treatment total estimates for the finite population, that is Y =
YW ye o yEy,

In survey practice, all the weights are typically accrued to the observational unit, but we are
using EU-level weights for generality to the case when EUs are OUs. This randomization test can
still be performed with all of the weights on the observational unit level. The survey weighted totals
within each experimental unit can be computed as the sum of the survey weighted experimental

unit values.
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4.3 Treatment Assignment

Randomization procedures are based on simulating the distribution that the response variable
would have under different treatment assignments. To introduce how this works, we will begin by
computing how the test statistic could vary with different treatment assignments (henceforth the
“treatment assignment distribution”). Design-based approaches to inference estimate the distribu-
tion analytically. The randomization approach uses the data more directly to simulate what would
happen if the treatment had no effect (henceforth the “randomization distribution”). Though we
will be using a randomization approach in this chapter, we consider differences in the treatment
effects across units in this section for more generality and to allow for power calculations. In the
next section, we will specialize this approach to the randomization test.

In the previous section, we derived the formula for the test statistic under a random treatment
assignment. We will now begin a statistical examination of this statistic, starting with computing
the mean and the variance under the treatment assignment distribution.

We begin the development of the theory with general contrasts of treatment totals. Let C be a
L x K matrix with the property that C1 = 0, where 1 is a /i x 1 vector of ones, so that

K K
CY — Z Py k) _ Z ) Z wij}(k)ﬁ»(f)
k=1 k=1 €S
(where ¢®) is a row of C) is a L x 1 vector of contrasts. Another way to write this expression is
CY =C> wYuoT,,

€S

where o signifies the Hadamard (element-wise) product, and }A’H is the column-vector with the

k™ entry of V1.

4.3.1 Hypergeometric Argument for Mean and Variance Computations

We will now use hypergeometric arguments to compute some expectations and covariances of

treatment assignment indicators, leading up to the vector versions. We will also define some addi-
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tional notation. Let d¥) be the treatment assignment weights, that is d*) = m/m*). Additionally

let d = vec(d™) be the K-vector with elements d*) and D = diag(d) be the diagonal matrix with

diagonal entries d*),

The expectation averaging over all possible treatment assignments, holding other stochastic el-

ements fixed, is E7[T"] = m® /my, and thus Ex[T?] = 1. If we allow m = [m®, ... m@)],

we get E[T;] = m/m and E7[T;] = 1. The expectation of a product is

m®

m

K3 7

0

mE) m (k")
\ m(m—1)

Thus the covariances are

If we let T}Ef) =

(

m?2

)

h

(
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ET [T(k)T(,k/)] — < mp(mp—1)

m(k) (m_m(k))

m(k>(m,m(k))
k K - 2(m—1
COVT(CTi( )7T(/ )) = " (m /)
mE) m(E)
m2
m ) m (k")
\ m?2(m—1)

(m—m(k))
m(F)
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P09 0y ] T m®m)
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k=K i= i
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k .
%Téi ), then we see that the covariances are
m

k=K i=1
k=K i

k4K Q=4

k4K i
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We next allow D to be the diagonal matrix with entries d*) = m/m*). Taking these results

and applying them to vectors gives

D! — o =1
Covy (T, Ty) = (4.4)
(Do) g
and
L D-1J i =1
COVT(Ti, TZ/) = (45)

—LD-J) : i#£d ’
where J is the K x K matrix where each element is 1.
We also use a result about Hadamard products. It can be easily shown that if a, b are fixed
vectors and X, Y are random vectors, then Cov(a o X, boY) = ab' o Cov(X,Y).
Using these results, we can compute the expectation and variance of the contrast under the

treatment assignment distribution.

Let
(k) _ o (k)
y ) — Zin;+
ieS

be the vector of estimated finite-population totals, as if all elements of the sample had been assigned

treatment k. Further let Y = [Y(l), LY )} be the K -vector of these estimated totals. Let
~ 1 ~ N N ~ ,
wa/ = m ZEZS ;(UJZYH_ — wi’Yi’+)(ini+ — wi/Yi/+)

be the sample covariance matrix of the weighted EU, and let the diagonal elements of wa/ be

1 - 5
2 _ Z Z (k) (K)y2
T G =) &g 2 T

€S i'eS

the sample variances of the EU totals as if they had received treatment k.
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Lemma 4.3.1. If C is a contrast matrix, then, assuming additivity 4.6, the mean and variance

under the treatment assignment distribution in a CRD are given by

E;[CY]=CY

Varp(CY) =mC |V, y 0 (D —J)| C.

Proof. We will use the vector versions of the above results to prove this theorem.
Recall that

Y = szYAvl+ @) Tz
i€S

From the fact that the vector 1 is the identity element under Hadamard multiplication, we find that

ET[Y] = ET [Z wi?i—l— e} Tz] = Z wif/i_i_ ol = Z in,-Jr = Y

€S €S i€S

To compute the variance, observe

Varr(Y') = Varp (Z wiff@' o Tz)

€S8

= Z Z wiwi/CovT(YH o Ti; }-A/i'-‘r © Tz”)

1€S i'eS

- Z Z wiwi’YHY;ur o Covy (T, T).

icS i'eS
From equation (4.5) above, it follows that

~ ~ 1 A A
Varr(Y) =Y w?Y ¥V, o(D—J)— —— S Y wiwe Y Y0 (D - )
ies m= €S 'eS\{i}

1 % ~ A~
T m—1 Z Zini+(ini+ —wyYyy) o(D—1J)

1€S i'eS

= mvwf/ ° (D B J)’
as desired. O]
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In this dissertation, we will derive further results under the alternative hypothesis using the
simplifying assumption that the treatments are additive at the observational unit level. This means
that each treatment results in an equal additive shift for all observational units. When weighted up

to the EU level, this can be written as

AR ARG C) (4.6)

In this expression, }Afzj is the intrinsic (estimated) value of the response on EU 4, N; is the weighted
sum of the number of OUs in EU ¢, used to estimate the total number of OUs within EU i.
We introduce new notation to explain these results. Let D ;- be the diagonal matrix with entries

(k) _ (k) .2
dwf/ - d( )Sw}ﬂk)'

Under this assumption, we modify the above result in the following lemma.

Lemma 4.3.2. [f C is a contrast matrix and we assume additivity 4.6, the mean and variance under
the randomness due to treatment assignment in a completely randomized experiment embedded in

a complex survey are given by

Er[CY] = NCg 4.7)

Varp(CY) = mC [D,y — 52 .88 C'. (4.8)

Proof. For the expectation, we have

€S i€S €S

From this it follows that

E;[CY]=C = NC8.

€S
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To simplify this expression, we will consider the form of V' assuming (4.6):

. 1 . .

Vay = m ;(ini+ —wi Yy ) (wiY iy —wp Yy )
1 . . . .
= (w; Y —wy Y7 )1+ (wiN; — wy Ny ) 3]
Bl =) 2 &

[(wlﬁj— o wi’f/z‘;k—i—)l + (szz - wi/Ni/)IB]/
1 . o
= S =T 2o 2 i —we i) +
€S €8S

(wiNi - wi’Ni’)Qﬁﬁ/-

Examining the term C\Afh,wyC’ using this form, we note that CJxC’, C13'C’, and C31'C’

are all O because C is a contrast matrix. Thus

N 1 N N
CVh,wYC, = m Z Z(wlNZ — U},L'/NZ'/)QCIBﬂ/C/ = Si]NCBﬁ/C/

1€S i'eS

Therefore, we have that assuming additivity 4.6
Vary (CY) =mC(D,y — SiNﬁﬁ/)C/a

as desired. O]

For the randomization test, we will be interested in examining the distribution of the observed
data under the null hypothesis (H) of no treatment effect. When we set 3 = 0, we find that under

Hy,

Er[CY] =0

Varp(CY) = mCD,; C'.
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4.4 Randomization Distribution and Test

The key idea of randomization procedures is to compare the test statistic obtained to the distri-
bution of test statistics that could have been obtained under different labels of the treatments. This
tests the null hypothesis

Hy: VP = V¥ vi & K. (4.9)

i+

Randomization procedures are valuable for making inference when there is not a lot of previous
information on the phenomenon you are studying, the experimental design is quite complex and
hard to model using other means, or when a researcher does not want to use outside knowledge to
provide a more unbiased analysis due to standards in their field (Lane [1980], Kempthorne [1980],
Proschan and Dodd [2019], for example). Embedding an experiment in a complex survey with
its stratification, clustering and unequal probabilities of selection inherently makes experimental
designs within surveys complex and hard to model, and survey practitioners are often in a setting
where analysis is expected to be as model free as possible, due to the multipurpose nature of the
surveys. Hence, randomization inference fits naturally in the context of complex surveys.

In this section, we will explain how the randomization procedure works in the context of a
CRD embedded in a survey. In a general randomized experiment, one can reassign the treatment
labels and recompute the statistic several times (using the same observed data) to get an idea of
the range of plausible values that the statistic may take if the treatment had no effect. With small
sample sizes, it may be feasible to enumerate the complete randomization distribution of all possi-
ble treatment assignments. With moderate or large sample sizes, this randomization distribution is
infeasible to compute exactly but can be approximated via Monte Carlo or an asymptotic normal
distribution.

To describe the randomization distribution for a linear statistic in a survey, we use the notation
ng) (and Rz(k) = %RZ@) to represent the randomized treatment labels. We use different, but
parallel, notation than the treatment assignment to emphasize that the randomized labels are inde-

)

pendent of the original treatment assignments Ti(k , but follow the same distribution. In fact, the

randomization test is conducted conditioned on the original treatment assignment. We denote the
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randomization total for each treatment as

v = % Zwiﬁ+R§k) - ZinHREM-
m

€S €S

Using this notation, the original contrast is denoted CY and the randomization version is denoted

CY.
The rest of this section will be devoted to explaining the logic of the randomization test and
finding the mean and variance of the randomization distribution that we have described. The latter

computations are used in subsequent sections for our normal-theory approximations.

4.4.1 Randomization Test

We now describe the randomization procedure for experiments embedded in surveys. The null
hypothesis 4.9 discussed above is equivalent to additivity (4.6) with 3 = 1, for some constant /3.
Since we could change the intrinsic values of the response on EUs to match an additive shift in 3
by a multiple of 1, we can assume without loss of generality that under Hy, 3 = 0. In this case,
we have that for any ¢, £, fﬁ(f) = }A/;"jr = Vi,

Thus, under Hy, the distribution of the response vector
Y = Z w;Yi T
i€s
under random treatment assignment (conditioned on the sample) is the same as the distribution of
Y = Z w;Yiy R;
€S
under randomization of treatment labels (conditioned on the sample and the original treatment
assignment), since the Tz- have the same distribution as the Ri. Hence, the randomization distribu-

tion of the statistic recreates the treatment assignment distribution under H,, providing a basis for

randomization inference.
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4.4.2 Mean and Variance

To use a randomization test, one can always simulate results under the randomization distribu-
tion. However, it is often computationally and practically convenient to have a normal approxima-
tion for the null distribution. We derive the mean and variance for the test statistic here. Because
the distribution of the treatment labels is the same as the original distribution of the treatments, we

can reuse much of the work from the previous section.

Theorem 4.4.1. The randomization contrast

€S

has mean and variance under the randomization distribution given by

Exz[CY]=0

Varg(CY) = ms? ,CDC,

where

, A R

2 2

o1 (w;Yiy — wi Yy )
wY Qm(m - 1) ; ilg\:{i}

is the variance of the observed responses at the EU level.

Proof. From the same arguments in Lemma 4.3.1, we find that

Er[Y] = ZinA;-‘rl'
ics

Thus we have

ER[CY]=C1) wYiy =0

icS
as C is a contrast matrix.

Similarly, we see that

Varg(Y) = ms’ (D — J),
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yielding
Varz(CY) = ms> . C(D — Jx)C' = ms’ ,CDC/,

again using the fact that C is a contrast matrix. [

4.5 Central Limit Theory

In this section, we will provide conditions under which the randomization distribution approxi-
mately follows a normal distribution. This proof is based heavily on results from Hoeffding [1951].

We will first prove some lemmas in Section 4.5.1, and then show the main result in Section 4.5.2.

4.5.1 Introductory Lemmas

Before proving the central limit theorem, there are lemmas that need to be established. The

first is a lemma that is adapted from Theorem 1 in Hoeffding [1951]

Lemmad4.5.1. Leta,; i=1,...,n,n=1,2,... be adouble sequence such that for some § > 0,
nS 0 |ani [P0 = O(1). Then

1/2

1. lim, oo n™ /P max{|a,|,t =1,...,n} =0

2. lim,, o n~(217)/2 St a7 = 0 forall v > 0

Proof. Letb,; = n~'2a,;and B, = max{|b,,| :i=1,...,n}.

By the hypothesis, there is some 6 > 0 such that
B2 <Y b =0
=1
as n — oo. This proves conclusion 1.

To prove conclusion 2, notice by the hypothesis, we have n=" " a2, = >°" b2, = O(1).

i=1 ""n,i
Thus there is some F' > 0 such that )", bfm < F'for all n > 0. Now for any v > 0,

D buil® < B> bl < FBY =0
=1 =1
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asn — o0. O]

The next two lemmas work to provide a lower bound to variance expressions in the denomina-

tors when the additivity assumption (4.6) is used.

Lemma 4.5.2. Letv € R%, and let a; > 0, i = 1,...,d be constants such that Zle a; = 1. Let

w € RY be the vector with elements w; = a; 'v2. Then it follows that the matrix

diag(w) — v’

1

is nonnegative definite, and the vector with elements a;v; ~ is in its null space.

Proof. Let X € R? be the random vector that has a; 'v; in the i*" position (and all other elements

0) with probability a;, giving

EIXX'] = diag(w),

and therefore

Var(X) = diag(w) — vv'.

Since we have expressed diag(w) — vv’ as a covariance matrix of a random variable, it must be
nonnegative definite.
To show the vector with elements a;v; ' is in the null space of diag(w) — vv’ we evaluate the

k" element in the product of this matrix and vector is

[wil (i = k) — vivg] av; b = Z(vfa;l)(aivi_l)l(i =k) — a;uy

1 i=1

d d
1=

This is zero by the assumption that Zle a; = 1. [
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We note that the vectors Ry,; and T'j,; have the same properties of the vector X in the proof of

Lemma 4.5.2, with @ € R¥ satisfying a®¥) = m®) /m and v = 1.

Lemma 4.5.3. Let ¢ € RX be an arbitrary contrast vector, then

K K
m
C/<Dw? o SiN,BB/)C = (§ :(C(k))Q (k) 1211Y(k)> Cﬁ 2 2 § : m(k wY*(l - 7"2>7

k=1 k=1

where r, the correlation between the wZY* and the w,NZ is

r— ZiES Zi’eS(in;j— — wy Yy ) (w;N; — wy Ny)
2m<m - 1)SwY* SwN ’

if s,y«S,5 > 0, and r = 0 otherwise (siy(k) was defined in Lemma 4.3.1).
Proof. The left-hand side of the above expression can be written using covariances as
i m
(Z(C(k))Qm( Sy +28%) TSyy=Syr + (B®)?s? N ) (Z " B(k> . N
k=1

If s, ¢.5,5 =0, then either s ;. = 0 or s, 5 = 0. In the former case, the right hand side of

the above is 0 and the left hand side is

o s (Zwm)

k=1
K
§2 Zﬂ () (k)2 ch)ﬁ
wN mk)
k=1

This is nonnegative by Lemma 4.5.2. In the latter case, we see that the both the left and right hand

sides of the above expression equal

K
Z m(k wY* ’

k=1

by the definition that » = 0.
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Now we consider the cases where s ¢.s, ¢ > 0. Taking the partial derivative of the left hand

side with respect to 3¥) (for arbitrary k), we find that

K

a ~ mp ’ ’

950 Varr(c'Y,) = 2mh(c(k))2—m(k) (T"hSh i+ Shawn T B(k)siyw]v) = 2mps; g Z c®) B g k)
h k=1

Now we will check that the Hessian matrix is everywhere non-negative definite, ensuring that
the solution obtained by setting this derivative equal to zero will be a global minimum.

Note

2

oy (k)y2 M o 02 (k) (k)
anm“(c’y) =2m(c"™) — 0 Shak 252 ®e
0? ) ,

WVMT(C’Y) = _QmSwNC(k)C(k )

Expressing the above as a matrix, we find that the Hessian is

0? - 9 m
o / _ . . (B)y2_ "%y /
aﬁﬂarT(C Y)=2ms [dlag <(c ) m(k)> cc} :

. K m®
Since ), =1,

i () 2&) —ec
diag ((c ) — cc

is everywhere non-negative definite by Lemma 4.5.2. Since 2msi} 5 > 0, we have verified that the
Hessian is everywhere non-negative definite.

We now set the gradient with respect to 3 equal to zero to find a minimum. Recall that

8 " K / /
S Varr(€Y) = 2ms, [(C(k))zﬁz) (rsype +8%s,5) = 5,5 Y P gt )']
h k'=1

55"

Taking all terms involving 3 to one side of the equation, and combining these equations into a

system, we see that

[diag ((c(k))Q%) — cc’} 8= —TS“’—)?*vec ((c(k))2%> :



Since c is a contrast vector, 3 = —rs, ¢ / 5,51 18 a solution. From Lemma 4.5.2, we know

that there are other solutions of the form

) k) )

B = Dt g 4 gvec (
m

SwN

for any constant @ € R. Since the gradient of the function is O on this subspace, the value of
the variance of the numerator of the test statistic will be the same for all treatment effects in this

subspace.

Substituting this solution into the original equation, we see that

K
Vi) | (S0 (28 () ) -

Pt m(k)
K 2
k=1
- m
> Y (I ot )
k=1
r m
=m Z(c(k))Qm(k) Si}f/*(l —r?)
k=1
completing the proof. O

Lastly, here is a lemma bounding central moments.

Lemma 4.5.4. For all ¢ > 1 we have that for any r € R,

Z lyi —g|? <29 Z lyi — |7
i=1 i=1

Proof. First notice

Z|yi—§|q22\yi—7“+7“—ﬂ|q-
=1 i=1
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By Jensen’s inequality, we have that

1 I _
Sl =)+ =) < 5l —rl?+1r = g,
or
o= = g1 < 207 g ol ).
Substituting in the original form, and applying Jensen’s inequality again, we obtain
Sl < 2t (St o]
=1 L \:=1
F/ n 1 n q
— 99-1 ;—r]d _ ; —
>l ot) 33 |
<2 (L) + 23 o]
n
L \:=1 =1
=27 Z ‘yi - T‘q’
=1
as desired. [

4.5.2 Main Theorem

In Chapter 5, we will consider the case of randomized complete block designs. Two asymptotic
formulations are of potential interest in block designs: a fixed number of blocks with an increasing
number of EUs within each block, or an increasing number of blocks with a fixed number of
EUs within each block. In Chapter 5, we consider the second asymptotic setting of an increasing
number of blocks. Here, we consider a completely randomized design with an increasing number
of EUs, noting that the extension to the first asymptotic setting of a fixed number of blocks is
immediate, because the CRD is a block design with one block.

To show asymptotic normality in the increasing block size case (m — 00), sufficient conditions

arc
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Al There are A, B < oo such that maxi{m D} B yhenm > A.

ming {m(*)}

A2 There are A,b, B € R such that for all i b < w; < B whenm > A.
A3 For some § > 0, there are A, B < oo such that m~' >",_¢ | Ni|**® < B whenm > A.
A4 For some § > 0, there are A, B < oo such that m = ", _ [V [**% < B when m > A.

A5 Let r be as defined in Lemma 4.5.3. There are A < oo and b > 0 such that if m > A, then

2 2
sw?*(l —1r%) > 0b.

Notes on Assumptions: Assumption A/ guarantees that the treatment assignment is relatively
balanced, with the bound between treatment assignment proportions bounded. This is a desirable
property of CRDs, and would be expected to hold. Assumption A2 ensures that the weights are
bounded and not terribly imbalanced. This should be a goal of survey designs. However, if the
weights are adjusted for nonresponse, differential nonresponse can result in large variations be-
tween weights. Assumption A3 ensures that the estimated EU sizes are not too variable, which is
desirable and should hold in practice with good survey and experimental design. Assumption A4
states that the distribution of the EU totals has some moment beyond a variance, which is a standard
assumption in survey analysis. Assumption A5 is a technical assumption that rules out cases where
the variance of the treatment assignment distribution becomes arbitrarily small. Overall, these as-
sumptions are fairly standard, and should hold in many cases for real surveys, barring excessive
nonresponse.

This theorem shows the asymptotic normality of the treatment assignment procedure under
additivity (4.6). This implies the asymptotic normality of the randomization procedure, because

this is a special case under the null hypothesis.

Theorem 4.5.1. Under Assumptions A1-AS5 above, we have that as m — co

(mC(D,y — 52 ,B8)C] [CY — 051\7} N0, 1),
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Proof. First, note that by the Cramér-Wold Device, it suffices to show that for any contrast vector
v,

[mv'C(D,y — 52 .8B)C'v] '’ [W'CY — v'CBN] 4 N(0,1).

Since v’'C is always a contrast vector when C is a contrast matrix, it suffices to show that for any

contrast vector ¢ we have

[md(DwY/ — SiNﬁB,) ] 2 [ —cC ﬁN] /\/(O, 1).

Now we will complete the proof by considering Theorem 3 from Hoeffding [1951], and apply-
ingitto c'Y.

To simplify notation of this proof, we will reindex the Y,-+ so that ¢ ranges from 1 to m,
ignoring the original indexing from the finite population.

We will begin by defining, using the additivity assumption (4.6),

.. m - (k m * Y
eml(i, j) = c(‘“)mwﬂﬁi ) — c<k>mwz(y + N;8®)

where k = k(j) = min{&* : 3.F_ m® > j}. Then we see that if 7,,(-) is a random function
permuting the numbers 1, ..., m, then the treatment assignment distribution of ¢’ Y is the same as

the distribution under the randomness defined by 7, of

Z Cm (i, T (7))

by construction.

Let

(i, 7) = Cm(i, J) Zcm i',j) —m™ Zm:cm(i,j’) +m_2iicm(i’,j’)-
§'=1

i'=1j'=1
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Substituting the values for ¢,, (4, j) in the above and simplifying gives that

o m i
d(i,j) = mc(k) < ZwZ/Y )

zES

m - 1 N
" R gk _ o ) .N.__E N .

i'eS

Now to complete the proof, by Theorem 3 in Hoeffding [1951], it suffices to show that for any
~v > 0, we have that as m — oo
mT Y Y (3 9T

(247)/2

[ S S i)

— 0.

At this step, we examine the expression m ™" 3 " |d, (i, j)[**7:

24y
1 m 2+’Y "
L3l mwz [ S e S A
]— ZES
2+

m 2
mckﬂ(m _ Clﬁ‘

Rim S wly

i'eS

From Assumptions A/ and A2 and Lemma 4.5.4, there are constants By and By (which may
depend on 7, but not mm) such that m =" 37" Y7 |d,n (4, 7)) < 30, By|Yii 2T+ By|N; 2.

Additionally, Theorem 2 of Hoeffding [1951] gives that

ar (Z cm(i,ﬂh(i))> = ﬁ ZZ{dm(iaj)}Q

i=1 j=1

This implies, using Lemma 4.5.3 that

%Z Z{dm@,j)}? = (m = 1)e(D,y — 52 ;BB e
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By Assumptions A/ and A5, there is some € > 0 such that = > " | > {dm (i, )} > em.

Using the bounds derived above, we obtain

m Y g (G P ST By Vi P+ By NP
S T j@me S ) @2 :
[m_l p Zj:1{dm(l»])}2] (em)

Assumptions A3 and A4 and Lemma 4.5.1 give that the right hand side of the above goes to zero

for all v > 0, completing the proof.

4.6 Treatment Assignment and Randomization: Power

Previously, we considered the variance computations for contrasts under the randomization dis-
tribution, conditioned on the sample and treatment assignment. In this subsection, we will consider
the variance computations under both treatment assignment and randomization. Understanding the
distribution under both of these sources of variability allows us estimate power, conditioned on the
sample.

To begin, we will partition the variance to understand the variation of the randomization distri-

bution averaged over all possible treatment assignments. This yields
Varrg(CY') = Varr(E[CY]) + Er[Varg(CY)].

We have already shown that Ezx[CY] = 0, so the first term is 0 and we need only to focus on the
second term.

From Theorem 4.4.1, we know that

Varg(CY) = ms? ,CDC’
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where mCDC’ is fixed. Therefore we need only focus on 53;17’ for which

1 . .
Brlsiyl = Er [m DD (Vi — weYis)?

i€S i'eS
When i =/, w;Y;, — wi/ﬁ/+ = 0, so we restrict our focus to deriving ET[(wZYH — wi/ffiur)Q]
when i # i'. Note
. . . . . . 2
Er [(wm - w,-,yi,+)2} _ B, {(wi(Y;i + NT,8) — wy (Vi + ]\@T}B)) }

Now we focus on the third term,

Er[(w;N;T,8 — wy Ny T, 8)?] = w?N2B'Er[T,T)8 — wiwy N; Ny ' Er [T T, + TyT")3 +

wiN2B'Er [T T,)8.

We define 3 = E7[T)8] = m ' Y.F_, m® "), Recall that d = (m/m®, ... m/mU)) and

D = diag(dy,). Also, let m = (m!, ..., m)". Using results from (4.1), we obtain

Eq[T,T)] =D!
/ Dfl
m—1\ m2 m
If we let
K
F=pD7'B=m" Y m®(ph)
k=1
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then

Er[(w;N;T,8 — wy Ny T 8)%] = (w?N? + w2N2)5? —
2

2wiwi’NiNi’L(B —mflﬁ)
m—1

= (wiN; — wy Ny )? B2 + 2w;wy N; Ny

m =
m_l(ﬁ - B7).

Putting this all together, we have

~

ET [(sz;Jr — wi/}A/iUr)Q = (wl}ii — wi/f/i;:_)z + QB(U}ZY/;:_ — wl/f/;;:_)(wlNl — wi/Ni’) +

B_l%(szz — wi/Ni/)Q + 2w, w; VN, : (@ — 32)
Thus
Brlsls] = gy O O (Vi = we Vi) 4+ 2B — V) (il = we Vi) +
zeS’ i'eS\{i}
n2 % % 7 Z/NN —
B2(w; N; — wy Ny )? + QL% )
~— ~ A~ —\2
Z > [( Vi + NiB) —wy (Vi + Nilﬁ)> +

zGS i'eS\{i}

<(w@Nl wy Ny)? + 2w;wy N; Ny _1)(@—32)}.

This is the variance of the weighted Y;i}, including the average treatment effect, plus the variance
of the weighted estimated EU sizes multiplied by the variance of the treatment effects, plus an ad-
ditional term involving the weighted estimated EU sizes multiplied by the variance of the treatment
effects.

Notice that we could define 3 = 0 here, but we will not impose this constraint to preserve

generality for cases with multiple blocks where the treatment may not be balanced. However, if
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we define

1 ~ " — o A\ 2
Soge = 5 ZZ <wi(Y;+ + NiB) —wi (Y} + Nz”ﬁ)) ;

= 2mlm—1) (2o

we observe that the above can be rewritten as

— =2
L, 2 _3 L
ET[S?UY] = 8121,}7;(“ + (52 - 5 )8121}]{7 + m Z Z wzwz’NzNz’
€8 /eS\{i}

Therefore we have

— =2
Er[Varg(CY)] =m |s2.. + (B2 —B)s> +MZ > wuwyN;Ny | CDC'.

wY . wiN m—1)2
! ( ) i€S ireS\{i}

(4.10)

4.6.1 Power Conditioned on the Sample

Conditioned on the sample, we will follow methods in Robinson [1973] which followed Ho-
effding [1952]. This approach will involve showing that the variance (when scaled appropriately)
converges in probability to a constant.

Conditioned on the sample, there are still two sources of randomness: the randomness due
to experimental treatment assignment and variance due to randomizing treatment labels for the
randomization test.

To simplify computation, we consider the case where experimental units are sampled with
probability proportional to the size of the experimental unit so that the product of the experimental

unit weight and the estimated sample size is constant. We write this as
w;N; =W (4.11)

for all ¢ € S}, (we assume also that wy; does not depend on the sample that was selected). One

example of this is a common self-weighted design scheme for two-stage samples, where the first
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stage is selected with probability proportional to the number of experimental units, and the second
stage is selected as a stratified simple random sample with constant size. In this case, the second
stage selection probabilities will be such that N; = N; for each i, but in some other cases there

may be calibration to ensure this equality.

Lemma 4.6.1. Assuming (4.6) and (4.11), we have that under the treatment assignment distribu-
tion, the randomization distribution of an arbitrary entry of the randomization covariance matrix

satisfies

~ ~ Wm —
Er[Covp(c)Y ., &Y)] =m |s2 .. + — 1(52 _ 52) c|Dey
. ATV 2m3 _
Varp(Covg(c)Y,cyY)) = MS2 (B2 — B*)(c, De»).

(m _ 1)2 wY*

Proof. We know from earlier calculations that
Covgp(c\Y,c,Y) = ms’ ¢\ De,

and the only randomness in this expression is from the term si?.

From (4.10), we know that

- =2
~ ~ —_— _2 A~ A~
ET[COVR<C/1Y, C/QY)] =1m 812”};* + (52 — 6 )8121)]\7 + (B—fQ Z Z wiwi/NiNi/ CllDCQ.

2 _
adj m —
! ) i€S i eS\{i}

2

O s
wYadj

Assuming equation (4.11), it can be shown that s = 52 and si 5 = 0, and thus the above

wY

expression simplifies to

Er[Covr(c)Y,chY)] =m |s2,, + p— 1(52 — 37| ¢/De.
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To discuss the treatment assignment variance of Covy(c)Y , ¢,Y), we again focus on the si}?

term. Specifically, we note that we can rewrite 2m(m — 1)s? o as

Z Z(wiffw - wz”}}i’+)2 = Z Z(wlﬁi - wz"fi-l)z +

€S i'eS i€S i'eS

2(w; Yy — wa Yy ) (w; N8 — wy Ny T, B) +

(szZT,/UB — wi/Ni/Tg//@)Q.

In this expression, the first term is not random. Additionally, if we assume (4.11), we see by

counting terms that the last term is

K K
ZZWQ T/,B T/ _ ZZ 6(l<:’))27

€S €S k=1

which is also not random. Therefore we will focus on the middle term for the rest of this argument.

Assuming (4.11), this is

2W Z Z(wlffli — wi/zﬁ)(T;B —Ty03).

€S /€S

Taking the covariances term-by-term (and ignoring for now the constant of 2117), we find

Vary (Z ST — we Vi) (T8 - T;,m>

€S i'eS

=)D (w7 = we Vi) (wyYy — wp Yy, )Cove (T8 — T8, T8 — T, 3)

i€S €S jES j'e€8

* Or % Or %
—E E g E w,Y; +wj g wZYerJ/Y,Jr wZ/Y,+wJY +wp Yy wpY ] e

€S i'eS jeSs j'es

[B/COVT(TZ‘, TJ),B — ,BICOVT(Ti7 Tj/),@ — ,BICOVT(TZ'/, TJ),B + ﬁ/COVT(Ti/, Tj/)ﬂ],

where e denotes multiplication across lines.
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Using the covariance expressions in (4.4), we find that, if 52 = m ™! Zszl m®) (pR)?2,

,BICOVT (TZ, TZ'/ ),3 =

To understand this notation, notice that the signs in the first term correspond to the signs in the
second term, so that the sum just obtained is the sum of four copies of the same expression. We

will proceed by evaluating the first of these copies, and will later multiply the result by four:

Z Z Z Z[wiffiiwjf/ﬁ w; Y+w]/Y, wl/Y,erjY + w,/Y,+wJ/Y e

i€S i'eS jeS j'es

ﬂ/COVT (Tz, T])ﬂ

P * * : (7 -7)
=(p2-B )Z (Y — 2meY+Zwl/Y/ <Z wl/Y ) — 1

€S i'eS i'eS

2
Z Z meiYiiijj’jr — m(w;Y;, + w] Z wZ/Y, (Z wsz/ >

i€S jeS\{i} i’es i’esS

_ mﬂ@ _1B ) [(m . 1)283)17* _

> 2 (’wi - ——Zqu/ )( Zw@/y*) |

ieS jeS\{:} i'eS

where we have used

Additionally, since

icS jes
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we have that the expression above equals

m’ (@ - BQ) — =2
T[(m — 1)28121]);* + (m — 1)81{/*] = mgSi]Y/* (BQ — ﬁ )
Replacing the constants that have been ignored, we see
2W 2 — =2 4W?3m —
Vi 2 =4 —=" 3.2 2 T2 2 )
rr(g) = (gt ) sk (T B = st (7 )

Therefore we conclude that

4W2m?

Varg(Covp(c,Y, c,Y)) = (mc,Dey)*Vary (s> Eae (B2 — 32)(0’1Dc2)2.

wy):m

]

Using the above results, we state the following theorem providing the following conclusions
when m is large, under the moderate assumptions we have been using: the expected value of the
randomization variance for any given treatment assignment is close to the expected randomization
variance averaging over all possible treatment assignments, and the variation in the estimated cor-
relations are negligible. This suggests that for large samples, the computed correlation matrix for
the randomization distribution will have asymptotically negligible variation under the treatment

assignment distribution.

Theorem 4.6.1. Assume (4.6) and (4.11), and Assumptions A1-AS. Then for any nonzero contrast

vectors ¢, ¢1, and ¢y, we have

Varg(c'Y) »,
Er [VarR(c’f’)}
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Proof. From the previous lemma,

~ ~ 2 — J—
Er[Covr(c|Y,cY)] =m {5121;?* + Z_ml (B2 — ﬁz)} ciDey,
Varp(Cova(c, ¥, &,¥)) = -V 2 (35 _ 3¢ Dey)?.

(m _ 1)2 wY*

Before the asymptotic analysis, we will show that Ep [Var r(c f’)} # 0. From the expression,
we see that the expectation can only be zero if ¢'De = 0 or if both si?* = 0 and 3 = 1 for some
B € R. Since cis nonzero and D is positive definite, we have that ¢ De > 0. Also, Assumption AS
implies that Sif/* is bounded away from zero. Thus we conclude the denominator is nonzero.

Based on the formulas above, we obtain

\/VarT <VarR(c’f’)) 2Wﬁ5wi/* 3 32

m—1
. - — =2
Br [Varp(eY)| sy + W2 (52 =)
-5 =2
1 25,9 Wy/ 725 (6% = 87)

— =2
m—T\s2 4+ Wem (B - 5

If we let a = si}?* > 0and b = WZ%(E — 52) > (), the expression in parantheses is

2v/ab/(a + b). Since for positive real numbers the arithmetic mean is always greater than or equal

to the geometric mean, as m — oo

\/ Vary (varR(cfff)) ,

- < — 0.
Er [VarR(c’Y)] m—1

It follows from Chebyshev’s inequality that this is a sufficient condition for

<
V Y
arg(c 2 P 1
Ep [VarR(c’Y)}

86



For the second part,

\/VarT <COVR<C,11~/, c’21~/')>
\/VarR(c’If’)VarR(cgff)
\/VarT (CovR(c’lY, c’Qf")) \/ET [VarR(Cllff)} Er [Val"R(C’gff)]

\/ET [VarR(c’lf/')} Er [VarR(c’QY)} \/V&FR(CQY)VMR(CIQ?>

By the result just proven, we know that the second part converges in probability to 1. Therefore,
we focus on the first part.

For the standard error,

N Y nR2 _ A
\/VarT (COVR<01Y7 CzY)> B QSMY*W% B2 — 52 c|De;

\/ Er [Varp(e,Y)| By |Varg(c,¥)] 2 4+ W (3 — ) /(eDer)(¢Des)

by the arguments above and properties of inner products.

If we consider a single contrast and a one sample test, the above result implies

o
Y —
pr|—X20 s i1 -a)

Varg(c'Y)

Under the treatment assignment distribution, ¢/ Y approximately follows a normal distribution

with mean ¢/3N and variance Vary(c'Y'), defined earlier. Thus we find the power is

. OV — BN y ®1(1 — a)y/Varg(c'Y) — ¢BN
T >
\/ Varr(c'Y) \/ Varr(c'Y)
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From the above result, we can derive the following approximate formula for power, which can be

known from the sample and the true treatment effect size, and is fixed conditioned on the sample:

o1 — a)\/ET[VarR(c’f")] — BN

Power =~ 1 — @
Vary(c'Y')
For a two sided test, one can replace o with /2 and add the two pieces corresponding to both

sides of the test.

4.7 Extending Inference to the Finite Population

In the previous chapters, we showed that the test conditioned on the sample admits a central
limit theorem conditioned on the sample. In this section, we will argue that this inference can be
extended to the finite population as well. To do this, we will demonstrate the distribution of the
estimators given a finite population.

The finite population limit theorem corresponds to the following infeasible test on the finite
population: 1) take a sample of size m from a population of size M using a probability sampling
design, 2) assign treatments to the sampled units in a completely randomized design, 3) randomize
the treatment labels independently of and with the same distribution as the true treatment assign-
ment (the randomized treatment labels will not be independent of each other, just independent of
the true treatment assignments). We will also assume in this discussion that the sampling design is

a fixed-size design, at least at the experimental unit level.

4.7.1 Notation and Lemmas

To simplify notation, we will denote N as the size of the finite population and n as the size
of the sample drawn. As shown above, the expected value of the contrast test statistic under the

treatment assignment distribution is

Er[CY]=CB) wN; = CBN,

€S
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or the contrast of treatment effects multiplied by the estimated number of observational units in

the population. The contrast of treatment effects is a constant, and under many sampling designs,

the estimated total number of observational units in the sample is asymptotically normal. This

leads to the reasonable assumption that mM~2Varg(3 5 | 37

ies, WhilVni) = 0%. The full list of

assumptions to prove asymptotic normality is below.

Al*

A2*

A3*

A4

AS5*

A6*

The ratio of treatment assignments is not too unbalanced, i.e. there is a B < oo such that

max; m*) / min, m*) < B for all possible sequences of samples.

The sampling design is such that there isa b > 0 and A, B < oo for which b < w; < B for

all experimental units ¢ in the finite populations, uniformly for all m > A.

There is some B < oo such that the sequence of finite populations and sampling designs

satisfies > >°_| P <m_1 Sies | NP0 > B) < 0.

There is some B < oo such that the sequence of finite populations and sampling designs

satisfies > °_| P (m‘l Sies |V |20 > B) < 0.

For some € > 0, the sequence of finite populations and sampling designs satisfies

P (52

2o(1—1%) <€) < o0

The sampling design is such that the estimator of the number of observational units (OUs)

in the population is asymptotically normal.

ml/2

7 (N = N) %5 A(0,0%).

The variance in the limiting normal distribution is allowed to be zero.

The condition on the weights is already a condition on the sampling design, and the assump-

tions on independence of blocks and balance of treatments only apply to the experimental design.

Therefore, if we have that for almost all sequences of samples drawn from the sampling design
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the assumptions on the distributions of f/,;‘;- e Nhi, and the assumption ensuring that the variance
is positive hold for all “large” m, that will suffice to show that the conditional CLT will hold for
almost all sequences of samples as well.

Given that we have shown above that the test statistic (conditioned on the sample) converges
to a normal distribution, we can show that under sampling designs satisfying Assumption A6*, the
distribution of the test statistic (conditioned on the finite population) is asymptotically normal as

well. This result is stated in the following lemma.

Lemma 4.7.1. From Theorem 1.3.6 in Fuller [2009].

Let { Fn'} be a sequence of finite populations and {Sy} be a sequence of samples, and let Oy be a
function of the elements of the sample, O be Oy calculated on a permuted version of the sample,
and O be a sequence of functions of the elements of Fy. Then suppose that we have, conditionally

on the sequence {Fn}

sf}v(éN —0n)|Sn LN N(0,1) almost surely

sy h(On — O)[Fn 5 N(0,1)

where in the first line, the randomness is induced by the possible sequences of samples drawn from
the sequences of finite population.

It then follows that
(53 + 530) T2 (On — On)| Fi 5 N(0,1).

Now that we have proven the preliminary results, we can state and prove the main theorem.

Theorem 4.7.1. Under Assumptions A1*—A6* above, the distribution of CY is asymptotically

normal with respect to both the sampling distribution and the treatment assignment distribution.

Proof. The proof is an application of Theorem 1.3.6 in Fuller [2009].
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It is clear that Assumptions A/* and A2* state that Assumptions A/ and A2 hold for almost
all sequences of samples. Assumptions A3*-A5* verify through the first Borel-Cantelli lemma
that almost surely, under the randomness due to the sampling design, there will be some A > 0
such that Assumptions A3-A5 will hold for all m > A. Assumption A6* shows that the asymp-
totic distribution of the estimated population size is normal. This implies that the estimate of the
treatment effect CBN is asymptotically normal as well, completing the required assumptions for

Lemma 4.7.1. ]

Since B = 0 under the null hypothesis, the additional variance added due to sampling under
the null hypothesis is exactly 0. Thus the above theorem shows that when the null hypothesis is
true, the asymptotic distribution of the randomization test conditioned on the sample is the same
as the asymptotic distribution of the test statistic for an infeasible experiment where a sample is
repeatedly drawn from a population and experiments are assigned for each sample. This result
shows that inference conditioned on the sample does actually apply to the finite population when
a probability sample is selected.

One interesting consequence of this lemma is that if Var(N) = o(M?m "), then the variance
due to sampling is negligible. This implies that, when the normality assumptions are met, the
procedure of randomizing the treatment assignments is asymptotically equivalent in distribution
to a procedure that involves taking a random sample from the population several times, and then

assigning treatments each time.

4.8 Simulation Experiments

We investigate the theory above, for linear contrasts in completely randomized designs, via
simulation. For simplicity of exposition, we include in this section additional simulation results

for nonlinear test statistics, the theory for which is discussed in Chapter 6.
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4.8.1 Simulated Population

As in Section 3.4, we created an artificial population based on data downloaded from the public
use microdata sample (PUMS) dataset (U.S. Census Bureau [2021]) for four PUMASs in northeast-
ern Colorado. Data were recoded using the same methods as in Section 3.4. Most importantly, the
Hispanic ethnicities were recoded into a binary flag for Hispanics. A propensity to respond was

then computed for each record, using record-level data in the following model:

pi = expit{2.5 — 1.0(Age18-34); — 0.5(Age35-49); — 0.5(RaceBlack); — 0.5(RaceAIAN),; —
0.2(RaceAPI); — 0.2(RaceOther); — 0.2(RaceMulti); — 0.5(HispanicYes); —
0.5(MaritalDivorced) — 0.5(MaritalSeparated); — 1.0(MaritalSingle); —
0.3(IncomeNegative); — 1.0(Income0-15K); — 0.6(Income15-50K); —
0.2(Income50-100K); — 1.0(EducNoHS); — 0.8(EducHS/Equiv); —
0.3(EducSomeCollege/Assoc); — 0.1(EducBachelor); — 2.0(HispeedNA); —

1.2(HispeedNo); — 0.9(PUMA100); — 0.9(PUMA400); + 27},

where Z; is a standard normal random variable. After the propensities were calculated, data were
cut using a procedure to generate 615 artificial “districts” of at least 500 people each. Out of the
615 districts, 105 were in PUMA 100, 215 were in PUMA 103, 180 were in PUMA 300, and 115
were in PUMA 400. The study was designed so that there was no correlation between district size

and any of the variables in the district.

4.8.2 Variables and Settings

We considered both weighted and unweighted analysis of the experiment. Weighted analy-
sis is expected to be important when weights are related to the study variables of interest in the
experiment, and not already accounted otherwise (e.g., via blocking in the design or analysis of

covariance). Accordingly, we created study variables with different amounts of correlation with

92



the weights, via the equation

wi—w

w

y; = 300 + ba + 2ab + 35%;, 4.12)

where w is the mean of the weights, s,, is the standard deviation of the weights, z; is a standard
normal random variable, and ¢ and b are constants that determine the treatment effect and the
variation of the treatment effect based on the weights. While the construction of these variables is
artificial, it is common in practice to have variables that are correlated with the weights.

This simulation included 4 settings each for a and b: @ = 0,1,2,3 and b = 0,1,2,3. The
setting where a = 0 corresponds to no treatment effect for all values of b. The setting a = 3 gives
an average treatment effect of 12 across all elements. The setting b = 0 corresponds to the case
where the treatment is constant for all units. The setting b = 3 corresponds to a treatment effect
that varies greatly with weights, with larger treatment effects with larger weights. Setting a or b
equal to 1 or 2 represent intermediate cases.

Binary variables were also created for this study and were defined as 1 if y; > 350 and O

otherwise.

4.8.3 Opverview of Studies

We used the simulated population in two studies. In the first study, we compared two ap-
proximations for the randomization distribution (the distribution of the the test statistic under ran-
domized treatment labels): the Monte Carlo approximation based on 1000 randomizations and the
asymptotic normal approximation given by Theorem 4.5.1 above. In the second study, we com-
pared the size and power properties of the survey-weighted randomization test proposed here to
other competing methods.

For both studies, we considered four different test statistics: difference in means, difference in
log odds, odds ratio, and difference in the dissimilarity index. For the power curves, we compared
the survey weighted methods to their non-weighted equivalents. The methods included in this study

are Van den Brakel’s design-based method (VdB), the randomization method included in this paper
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(both the normal approximation, Rdmz, and the Monte Carlo version, Rdmz MC), and versions of
both of these methods ignoring the survey weights (VdB uw and Rdmz uw). Additionally, for
the difference in means tests, we also included differences of estimated totals using both van den
Brakel’s design-based method (VdB tot) and the randomization test discussed in this dissertation

(Rdmz tot).

4.8.4 Sampling Plan and Treatment Assignment

For the simulation study evaluating asymptotic normality, we started with three different sam-
ples with treatments assigned. The samples were a two-stage samples. The first-stage sample of
20, 40, or 60 districts with probability proportional to the proportion of Hispanics in the district.
The second stage was a sample of 10, 20, or 30 individuals, respectively, within each district by
simple random sampling. Treatments were assigned to districts by assigned half (10, 20, or 30,
respectively) of the districts to the treatment, and the other half to the control.

The asymptotic normality was tested by repeatedly randomizing treatment labels and comput-
ing the test statistic, fora total of 1000 statistics. This Monte Carlo distribution was compared to
the theoretical distribution derived in Theorems 4.4.1 and 4.5.1. The variables used in this study
were from generated from equation (4.12) witha = b = 2.

For the simulation study evaluating power, we evaluated the methods by repeatedly drawing a
sample from a population, assigning treatments, and conducting a hypothesis test. In each repeti-
tion we again selected a two-stage sample. The first-stage sample of 60 districts with probability
proportional to the proportion of Hispanics in the district. The second stage was a sample of 30
individuals within each district by simple random sampling.

Treatments were assigned to districts by a completely randomized design, randomly assigning
30 districts to the treatment and 30 districts to the control. Experimental units (EUs) are then
districts and observational units (OUs) are individuals.

The simulation study for power consisted of 1000 replications of the full process of drawing a

sample, assigning treatments, and analyzing the results with each of the methods discussed. Power
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curves were generated by using different variables generated by equation (4.12), varying a from 0

to 3 with a fixed value of b.

4.8.5 Results

Asymptotic Normality

To assess asymptotic normality, we included three settings with sample sizes of 20, 40, and
60 EUs total for each of the four statistics. Figure 4.1 shows the normal approximation (solid
curve) from Theorem 4.4.1 and a kernel density estimate (KDE) for the Monte Carlo approximation
(dashed curve). For all four statistics (rows), the KDE is a good approximation to the normal
distribution for the largest number of EUs, shown in the last column. The approximation is not as
good at the smallest number of EUs, shown in the first column.

One complication in this study is that in the middle case, m = 40, there was a district that was
an outlier that had the largest value and a weight that was about two and a half times the size of
the next smallest weight (Figure 4.2). Including this outlier resulted in a bimodal distribution for
all of the statistics (Figure 4.3 is a representative example). Therefore, the outlier was removed
in the final figures. The removal of the outlier is justified in this case because Assumption A2 for
asymptotic normality requires that the weights are bounded. Therefore, the inclusion of unusually
large weights would not be theoretically guaranteed to provide asymptotic normality.

Additionally, we notice a spike in the kernel density estimate at the maximum and minimum
of the distributions for the difference in DI at size m = 39. While it is surprising that this effect is
not also seen at size m = 20, one possible explanation for this behavior has to do with a property
of the DI that we now discuss.

Borrowing notation from Chapter 3, the difference in the DI for a variable with two categories
and an experiment with two treatments between groups that were randomly relabeled is

DW _ D@ — (]]551) — o]+ 198 — o] =[5 — | — |35 — 042’) :

N | —
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Since there are only two proportions, we have ﬁgk) + ﬁgk) = a1 + ay = 1, for £ = 1,2. Thus this

expression simplifies to

DU = B — 0 — | - o2 — ]

Now if ﬁgl) and ]39) are both on the same side of ay, or sign(ﬁ(ll) —ap) = sign(ﬁgz) — ay), the

absolute value has the same effect on both terms, and the above expression becomes DO — D@ —
sign(ﬁgl) — al)(\;ﬁgl” — ]ﬁf) ). However, when sign(ﬁgl) —q) # sign(ﬁ?) — «1), the absolute

value has a different effect on both terms, and thus we have
DW — D = sign(p{” — ) (B + 5 — 2a1).

To see how these calculations affect the graphical results, we recall that 13(11) and ]5(12) are both
proportions of randomly assigned groups from the same sample. Thus if the sample did not align
with the target population, the means of the distributions of 155’“), which would approximately be
the sample mean p;, would be on the same side of ;. However, if the sample mean p; were close
to a1, then the sampling variability would push to a situation where o is between ﬁgl) and ﬁ§2). If
the sample were approximately balanced, then p§” + ﬁf) ~ 2p; for all samples. This would set the

extreme values of this distribution at approximately +|2p; — 2cv;|, which would give a distribution

like that seen in the case m = 39.
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Figure 4.1: Curves showing the normal approximation to the statistic, and a kernel density estimate of
the Monte Carlo distribution. The Monte Carlo distribution is simulated with 1000 draws. The rows are
different statistics (top-bottom: difference of means, difference of log odds, odds ratio, and difference of
DIs), and the columns are different sample sizes (left-right: 20, 39, and 60). The second sample size is 39
rather than 40 due to an outlier.
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Figure 4.2: Scatterplot of the means of each of the EUs versus the total weights of the EUs in the sample of
40 EUs for the CRD normality simulation.
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Figure 4.3: Distribution of the difference of means for m = 40, including the outlier.

Power Curves

For all of the statistics, the unweighted methods outperform the weighted methods on each
of the statistics in the case where the weights are unrelated to the variables of interest (b = 0;
Figure 4.4). By contrast, when there is a large positive relationship between the effect and the
weights in the second column (b = 3), the effect is reversed. We additionally see that the weighted
methods maintain size in all of the statistics except for the difference of DIs.

While the methods held size for most of the statistics, only the Monte Carlo test held size for
the difference of DIs. One reason of this is that the null case was a situation where the popu-
lation dissimilarity index was close to O for both treatment and control, which is a difficult case

to linearize the DI (see Chapter 3 for more discussion). The Monte Carlo test does not rely on
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linearization, and thus can do fine. As one of the estimates gets further from 0, the linearization
works better, and we thus see the power increase.

It may be surprising to some that the unweighted tests held their size when there was no treat-
ment effect for all statistics except for the difference in DIs. One explanation for this has to do
with the nature of experimental designs embedded in surveys. Since the treatments are assigned
randomly, on a dataset, if there is a bias due to weighting in estimating totals, such bias will be
equally present in all treatments. This means that if the null hypothesis (4.9) holds that there is no
difference between the treatment and the control groups, the bias in estimating the totals for each
group will be removed by multiplying by a contrast.

The observation of weighted randomization tests having better power when there is a strong
positive relationship between the weights and the treatment effect can be explained by looking at
the correlations. When there is a strong positive correlation between the treatment effect and the
weights, then units with a stronger treatment effect are less likely to be sampled, so the unweighted
analysis will underestimate the treatment effect. This underestimation leads to smaller contrasts,
which makes it harder to reject the null hypothesis. The power curves are similar at different levels
of relationship between weights and treatment effect for the weighted tests, but there is lower
power when the positive relationship between the weights and the treatment effect is stronger for
the unweighted test.

In this simulation study, all cases of no average treatment effect were the null hypothesis (4.9)
of no difference between treatments. It is interesting to consider, however, what happens when
there is no average treatment effect in the population, but the effect is correlated with the survey
weights. This correlation analysis above suggests that if there is no average treatment effect, but
the treatment effect for individual elements varies with weights, the unweighted tests may not get
the correct size. This is because the estimation of the treatment effect would be biased, suggesting

that there is a treatment effect when, overall, there is not one.
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Curves showing power of all the methods for two-sided hypothesis tests at the a = 0.05 level.
The green dashed lines represents a rejection rate of 0.05. Each power calculation used 1000 replicates. The
statistics are in rows (top-bottom: difference of means, difference of log odds, odds ratio, and difference
of DIs). The columns are two different settings of the effect of the treatment on the response (left is no

relationship, right is a large relationship). The a and b in the axis labels refer to equation (4.12)
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4.9 Summary and Future Work

In this section, we derived a randomization test conditioned on the sample for a CRD embedded
in a complex survey. We derived expressions for the mean and variance of the components under
randomization of treatment labels. We showed that under mild conditions, contrasts of totals have
an asymptotic normal distribution under the distribution of treatment assignments, and therefore
also under randomization of labels. We showed that under moderate conditions, the randomization
variance does not vary too much under the treatment assignment distribution, making power cal-
culations feasible. We also showed that under mild conditions, the asymptotic normality extends
to the finite population as well. Through simulations, we confirmed these results, and showed
that when there is positive correlation between weights and the treatment effect, then the weighted
methods have more power to detect the differences than unweighted methods do.

In the simulation studies presented in this chapter, the only cases tested where there was no
average treatment effect followed the null hypothesis (4.9) of zero treatment effect for each unit.
Simulation studies would be useful to further examine the case where there is no average treatment
effect, but the treatment effect varies with the weights. While the randomization test invokes
the null hypothesis (4.9) that there is no difference in the treatment effect, there is no reason to
believe that randomization tests will have power to detect deviations on average. 1 would suspect
that unweighted methods would have biased estimated for the average treatment effect due to
the correlation with weights, and have incorrect size, while the weighted methods would have

appropriate size in this case, providing stronger rationale for the use of weighted analyses.
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Chapter 5
Randomization Test for Randomized Complete

Block Experiments Embedded in Complex Surveys

5.1 Introduction

While CRDs are a good place to start for examining experiments, due to their simplicity, ex-
periments embedded in surveys are frequently more complex. Often, the survey design will have
clustering and/or stratification. These features can make for natural blocks for experiments us-
ing a randomized block design. In this chapter, we consider randomized complete block designs
(RCBD:s), in which every block contains every level of the treatment.

In this chapter, we will generalize the theory developed in the last chapter to extend to random-
ized complete block experiments embedded in complex surveys. We introduce the notation for the
block structure, and generalize the results for the treatment assignment distribution in Section 5.2.
In Section 5.3, we extend the mean and variance results for the randomization distribution. Asymp-
totic normality is established for the case of an increasing number of small blocks in Section 5.4.
Power properties conditioned on the sample are discussed in Section 5.5. In Section 5.6, results
are extended to the finite population. We discuss simulation studies in Section 5.7, and conclude

with a summary and directions for future work in Section 5.8.

5.2 Notation and Treatment Assignment

Before calculating the variances, we describe the adjustments to the notation for randomized
complete block designs.

For a randomized complete block design, we assume the sample is divided into H subsamples
St, ..., S, which will serve as blocks for the experiment. These blocks could be strata used in

sampling, clusters used at an early stage in a multi-stage sampling design, or something else. For
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purposes of simplifying notation in this manuscript, we will assume additionally that the partition
1,..., H can also be used to represent the entire population. It is possible that blocks could be
sampled from a larger population of blocks in a randomized complete block design, but that would
make no difference for inference on the sample, and would still extend to the population by the
arguments to be discussed in Section 5.6.

Using the partitioned structure, the NHT estimator can be written as

H H
A o S T

h=1 h=1 €S}

Now we consider the sampling design. We denote the number of EUs assigned each treatment

as |Sn| = my,. The number of these m;, experimental units sampled in block / that were assigned

treatment £ is mgk). Analogous to the completely randomized design, we include treatment assign-

ment indicators Téf), and define T}Ef) = %T}Ef). This gives the NHT estimator for the total as if
My

everyone had been assigned treatment k as

H H
~(k mp, % k S = (k
Yi ) = E _m(k) E whiYhi—i-T}Ei) = E E whiYhi-i-T}Ei)'
h=1 """n  ies), h=1 €S}

‘We write the vector of these results as

In the rest of this section we will study the distribution of the contrast CY+.

5.2.1 Treatment Assignment and Variance

As in the CRD, we consider the distribution of the vector Y+ under the random treatment
assignment. For the RCBD, the experimental units are assigned to all of the treatments by a

CRD within each block. This assignment is done in each block without regard to the assignments
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in other blocks, meaning that the treatment assignment indicators T,Ef) and T}Ef?, are independent
when h # 1.

Because the assignment of treatments in a RCBD is a CRD within each block, and the assign-
ment is independent across blocks, we have that the distribution of the statistic Yh from a single
block of an RCBD can be calculated using the distribution of the CRD derived in Chapter 4.

Before stating these results, we introduce additional notation. Let the sample covariance matrix
of the weighted estimates under all treatment assignments be denoted

~ 1
Vh,wf/ =

Z Z (whiYhi—i- - whi/Yhi/—f—)(whi?hi-i- - whi’?hi/—i-)/a

2mp(my — 1) icS), i'eSy,

and let the diagonal elements of this matrix be denoted as

2 (k)
¥ ) = 2mh my, — Z Z whz hz+ w’“’Yhz’—s—)

ZESh i’ €S

Additionally, and also similar to the notation in Chapter 4, we define treatment assignment weights
asdy, = (dV, ... d") = (mu/mV. . mp/m{5).

Now we state the following corollaries, which provide formulas for the mean and variance of
the contrast test statistic under the treatment assignment distribution with and without assuming

additivity of treatment effects at the observational unit level. This can be expressed in blocks as
Yh(zk) = Vi + N, (5.1)

Corollary 5.2.1. If C is a contrast matrix, then the mean and variance under the randomness due

to treatment assignment in a RCBD are given by

ET[CY-‘F] = CY+

Varp(CY,) = thc pwt © (D — I)|C’
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whereY is the NHT estimator for the sample vector without treatments being assigned, and D), =

diag(dy,) is the diagonal matrix with the k'™ diagonal element dg{)

Corollary 5.2.2. If C is a contrast matrix, then, assuming additivity (5.1), the mean and variance

under the randomness due to treatment assignment in a RCBD are given by

Er[CY,] = CBN,

Varp(CY ) thc nas — 53 88 C

where N+ = Zle Zie s, whiNhi is the estimated number of OUs in block h and D,WY is the
kﬂ’l

diagonal K X K matrix with the diagonal element d;tk S

hyawY (®)°

5.3 Randomization Distribution and Test

Similar to the previous chapter, we explain a hypothesis test comparing the test statistic CY+
to the distribution obtained from randomizing the treatment labels on the observed dataset. To do
this comparison, we examine the distribution of the randomization contrast Cfﬁr, where f’+ is

the K'-vector defined by
d mp
~ (K A
v = Z W > wwR v Vi = Z > wniRniYis.

h= h i€Sh h=1i€Sy

As in the previous section, we can directly apply results from the last chapter because the

treatment assignments in different blocks do not depend on each other.
Corollary 5.3.1. Conditioned on the sample, the randomization contrast CY . has mean and
variance given by

E[CY,]=0

H
Var(CY () =Y mys;  .CD,C,
h=1
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where

1 N R
s == > (wpiVhiy — wp Vi)
’ 2m(m — 1) i€S), i'€SK\{i}

is the variance of the observed responses from the experimental units level in block h.

5.4 Central Limit Theory

In this section, we will prove central limit theory for the treatment assignment contrast in
the situation where there are many blocks, each with few experimental units. In the previous
chapter, we proved asymptotic normality where there was one block with an increasing number of
experimental units. Because of the independence of blocks, this argument could also work if there
are a small (fixed) number of blocks, and increasing numbers of experimental units within each
block.

The central limit theory from the previous chapter provides a theoretical basis for a normal
approximation in an experiment in a survey where there are a few large regions that could be used
as blocks. The central limit theory in the this section provides such justification in a case where
there are many regions that can be divided into blocks. An example of this might be the Health
District survey (Chapter 2), where census tracts were divided into 24 blocks of approximately 3
census tracts each, and the census tracts are considered the experimental units for this study.

A third situation that could arise in surveys is an RCBD where both the block size and number

of blocks are increasing. A central limit theorem could be established for this case in the future.

5.4.1 The Central Limit Theorem

Since the treatment assignments are independent between the blocks, we can develop cen-
tral limit theory based on the Lyapunov central limit theorem for independent but not identically
distributed random variables. We now discuss conditions on the contrast vectors, the treatment
assignment, the weights, the block size, and the response. We condition on a sequence of samples
in which the Hth sample of the sequence is divided into / blocks and all levels of treatment are

randomly assigned within each block. The following assumptions hold as H — oc.
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B1 For any blocks h, i/, the treatment assignment in block A is independent of the treatment

assignment in block /',
B2 There exist A, B < oo such that &k < m,, for all h when H > A.
B3 There are b > 0 and A, B < oo such that b < wy; < B for all h,7 when H > A.

B4 There exist 0 > 0 and A, B < oo such that

I A
Zh:l Zz’ESh |th‘|2+6 <

B.
Zthl Mp
forall H > A
B5 There exist A, B > oo such that for some § > 0,
H Or %
2ot Ziesh Yyt 20
o < B)
> he1 M
for all H > A.
B6 Let

Ziesh<whi}>};+ — Wit Y75 ) (Wi Nii — whir N

2mh(mh - 1)3h,wY* ShwN

rh =

For some A < 00, b, e > 0, we have

H ZI <Si,wY*(1 — ) > e> > .

H
h=1

for all H > A.

Notes on Assumptions: Assumption B/ states that the treatment assignment is independent
across blocks, which is standard for RCBDs. The next two assumptions are about weights and
block size. Assumption B2 ensures that the blocks are not too variable in size. Assumption B3

ensures that the weights are bounded and not too unbalanced, like was assumed in the previous
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chapter. This ensures the setting of many small blocks, and is useful for the Lyapunov assump-
tion to ensure that one block cannot be too big and dominate the variance term. The next two
assumptions guarantee the Lyapunov condition for the response variable under any of the treat-
ments. Assumption B4 establishes that the estimated number of observational units in each block
has a finite moment beyond the second moment. This is important because this is what is added
to the base response value to get responses under a given treatment under additivity (5.1). As-
sumption B5 establishes the same bound on the intrinsic response values. The final assumption,
Assumption B6, ensures that there is no situation where a few blocks dominate because the block
variance goes to zero for reasons not addressed in previous assumptions. While this could happen
in theory with probability proportional to size sampling, this is not a situation likely to occur in

practice, but needs to be ruled out for formality.

Theorem 5.4.1. Assuming the additivity condition 5.1 and Assumptions B1-B6 above, we have,
conditioned on the sample, that

-1/2 g

H
S mnC(D,, 5 —s2,:B88)C | Y (CY) — CBN,) % N(0,1)
h=1

h=1

as H — oo.

Proof. For any column-vector v and contrast matrix C, v'C is a contrast row-vector. Therefore,

by the Cramér-Wold Device it suffices to show that for any contrast vector ¢, we have

H

I -1/2
[Z mic (D), 5 — sflwﬂﬁ’)c] D (Y, - BN 4 N(0,1).
h=1

h=1

Because treatments are assigned independently across blocks (Assumption B7), we can apply

the Lyapunov CLT using assumptions on each block, that is show that for some 6 > 0

[VarT(cY+)] S

g

Er |:|C,Yh — C/,BN}L|2+5 — 0.
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We first focus on the overall variance term of the Lyapunov condition. Recall
Vary( CYJr Z mpc( Dy, .y — 8}217wN16/8/)c'
From Lemma 4.5.3 and m,/ mék) > 1 for each k, we have

2
Varp(cY ) = Z mpc (D, y — shMNB,B')c

Ak mp 2
©)? ) th*(l — )
my,

Mw

=1

> |l thsz,wwu ~ 1),
h=1

From Assumptions B2, B6, we have that for some b, € > 0,

thsiwy(l —7r?) > Hbe.
h=1

We now focus on the sum Zthl Er[|cY ), — ¢ BN,|2H]. Applying Jensen’s inequality gives

Y ) = BN < (|€Y 4] + [ BN

< 21+5(|C/Yh|2+5 + |C/,3Nh|2+6)
2+6
> mpwni (Vi + NuTh8)| + 27BN, [F.

1€Sh

— 21+5

Applying Jensen’s inequality again, we learn that

. 92+6
Z/z‘esh mth(Ythr + NwT,,8)

< > ics, MnWnil Y + NpTh 8>
Ziesh MpWh;

B ZieSh M pWh;
21+6 Zzesh mhwhz(‘ hz+‘2+5 + ‘Nhi maxy 5(

Ziegh MpWh;

k)‘2+5)
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We note that, conditioned on the sample, there is nothing random in the final expression, so the
expectation can be dropped.
Using the Assumptions B3 and B2 to bound the weights and the block sizes and noting that the

treatment effects are uniformly bounded, we find that there are constants By, By < oo such that

Z| Y |2+5<B ZZ’Yhz+’2+6+B ZZ‘N ’2+6
h=1

h=11i€S), h=1 i€S),

Putting everything together, we have that under the conditions stated above

"
Vary ('Y )~ (3+9)/2 Z Er[|cY ), — ¢ BNy
h=1
H
< By thl Z'LESh | hz+|2+6 + By Zh 1zlesh |th|2+5
= (Hbe)@+0)/2

Y Eh 1 ZzESh ‘ z+‘2+§ + BN Zh 1 Zlesh ’th’ 2+9
H(b€> (2+9)/2

< H—5/2

Now since § > 0 and the expression after H %2 is O(1), we have that this expression converges
to 0, verifying the Lyapunov condition.
To complete the proof, we note that the centering and scaling of each block were verified in

Lemma 4.3.1. ]

We will later revisit asymptotic normality with respect to the general population.

5.5 Treatment Assignment and Randomization: Power

In this section, we examine both the treatment assignment and randomization distributions to
understand how to estimate the power of a randomization test for a randomized complete block
design experiment. As in Section 4.6, we will show that the variation of the randomization distri-
bution under different treatment assignments is asymptotically negligible. However, like in Sec-

tion 5.4, the asymptotics here will depend on the number of blocks increasing, rather than the
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number of EUs within blocks getting larger. We will also explain how these results and the results
from Section 4.6 can be used to calculate power for many RCBDs embedded in surveys.
As in Chapter 4, we add an assumption that experimental units are sampled with probability

proportional to size. Using the new notation to allow for blocks, this can be written as
For each block h, whiNhi =W, (5.2)

Theorem 5.5.1. Assume (5.1), (5.2), and Assumptions B1-B6. Then for any nonzero contrast

vectors ¢, ¢, and cs,

Varg(c'Y ) _ S Varg(¢'Y)
ET [VarR(Cl?+)i| Zthl ET [VarR(c’f’h)}

2,

and

\/VarT (COVR(C’lY+, c’2Y+)>

\/VarR(c’ll?Jr)VarR(c’Ql}Jr)

2.

Proof. Recall, assuming (5.1), (5.2), and the independence of treatment assignment across blocks

(BI) that

2

mh—l

H
ErlVara(@ )] = Y- m [ .+ 15 (5 - )| €De
h=1

H 2.3
AWprmy,

Varp (VarR(c’f’Jr)) = m h,wY*(ﬁ_f% — Bz)(c’Dhc)Q.

h=1
Under the assumptions above, we have established that the terms are such that uniformly for

all H > A, there are constants B, b, and € such that

2

mh—l

(ﬁ_?Z — Bi) cD,c<B
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and that

1 — 2
2 EMb 75 &
H ; I (mh |:5h,wf/* + - 1(5% _ ﬁh)} ¢Dye > b) >e

By the fact that arithmetic means are larger than geometric means, we have that

- W/ _
Varp (VarR(c’Yh)> = 2mys, wy*mh—mh 5% — BQ(C’Dhc)
' h

—2
S mp, |:S}217w§/* + Ty, — 1 (/Bh Bh)} C,DhC.

Thus we find

H H
ZVarT (VarR(c’f’h)> < Z B2 =BVH
h=1

h=1

Using Assumption B3, we obtain

\/Zthl Vary <VarR(c’f’h)> BVE
<

. < = O(HY?) = 0.
Zthl ET [VarR(c’Yh)} bGH

Now we will show the result about the correlation matrix. As in the proof of Theorem 4.6.1,

the result just proven means that it suffices to show that

Varp <COVR(C,1}N/+, c’21~’+))

p

— — = 0.
Er [VarR(c’lY+)] Er [VarR(c;Yg}
Here,
. N W2m?  — o
Vary (COVR(C'th, c’th)> = thsi wy*ﬁ(ﬁ — 87)eDpey
9 h R—
and

Wm —
h h(ﬁh B,)| ¢ Dyer.

Er [VarR clYJr } th [sh oy T
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Since Dy, is a diagonal matrix with all entries greater than 1, we have that for all h, ¢|Dyc; >

cic; > min{c|cy, cyey}. Therefore, we have

Er [Val"R(Cllfer)} Er [VarR(c’Qf/Jr)} >

" 2
W2m —2 o /
( E mp {si’w?* mh L (B2 — ﬂﬁ}) min{c|c;, ¢y}
h=1

Now from similar arguments to above, there are constants B, b, and € such that, for H > A,

Varp (COVR(C’I?+, Clgff+>> HB
T [VarR(c’lY+)] Er [VaTR(Clz?Jr)] : b

completing the proof.

O

The above results show that the variance of any single randomization contrast converges the
expectation under treatment assignment of that variance in the sense that the ratio between the two
statistics converges to 1. We also showed that the variance of the correlations is asymptotically
negligible. We will now use these results to discuss power computations for many RCBDs.

In Section 4.6, we derived the asymptotic power of the one-sided test for a single contrast for a
CRD, under the stated conditions. Those computations apply analogously to show that under the

conditions in the hypothesis of Theorem 5.5.1,

— c5N+ d~ (1 —a)y/Varg(¢Y,) — BN,

\/ Varp(¢'Y L) \/ Varp(c'Y )

Applying the above theorem, we obtain an approximate formula for power in RCBDs with

many small blocks (or few large blocks by the results from Section 4.6). Assuming (5.1), (5.2),
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and Assumptions B/—B6, the power is approximately

&1 (1 - a)\/Er[Varg(e'Y})] - BN,

Varp(¢'Y )

1-¢

These terms can be approximated by investigator knowledge of the variability of the phenomenon

being investigated, the expected effect size, and the formula provided above for E;[Varg(c'Y ).

5.6 Extending to Finite Population

In this section we show how the randomization methodology can be extended to the finite
population. As in Chapter 4, we apply Theorem 1.3.6 from Fuller [2009]. To apply this theorem,
we need to restate the assumptions to guarantee that the conditional asymptotic normality occurs

in almost all sequences of samples from the sequence of finite populations.

BI* For all possible sampling designs, the block sizes are bounded, meaning that there is a B <

oo such that for all H, max, m;, < B.

B2* The sampling design admits a b > 0 and A, B < oo such that uniformly for all H > A,
b<wp <B

for all experimental units /¢ in the finite population.

B3* There exist B < 0o, d > 0 and a sequence ey > 0 where Y ;;_, € < oo such that for all H

H My, | A7 246

Mh | Ny

P (Zh—1 Z};—ljw h ’ < B) >1—ep.
Zh:l h

B4* There exist B < oo, § > 0 and a sequence €y > 0 where Zzozl ey < oo such that for all H

H My, \¥rs
p Zh:l Zzzfi |Yhz‘+|2+6
Zthl M,

<B>>1—eH.
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B5* For some € > 0 and b > 0, we have that the sequence of finite populations and sampling

designs satisfies

H
Ps(lim H™'Y I(s?

Hso0 r e (1=1h) =) > b) =1,
h=1

where P is the probability with respect to the randomness induced by the sampling designs.

B6* The sampling design is such that the estimator of the number of observational units (OUs)

in the population is asymptotically normal, that is

m1/2 H . H My 4 ,
Vi (ZzwhiNhi—ZZNhi)—)N(O,O’N),
h=11i€S}, h=1 =1

as H — oo. The variance in the limit is allowed to be zero.
Now that the assumptions have been appropriately modified, we state the theorem.

Theorem 5.6.1. Under the Assumptions B1*-B6* above, the distribution of CY+ is asymptoti-
cally normal with respect to both the sampling distribution and the treatment assignment distribu-

tion.

Proof. The proof is an application of Theorem 1.3.6 in Fuller [2009].

Assumptions B/ * and B2* show that Assumptions B2 and B3 hold for all samples. Assump-
tions B3* and B4* show via the first Borel-Cantelli Lemma that Assumptions B4 and B5 hold
almost surely. Lastly Assumption B6* above guarantees that the the expected value of the contrast
under treatment assignment at the sample level is a consistent and asymptotically normal estimate
for the value of the contrast as if it were applied to the whole population. This completes the

necessary conditions for Theorem 1.3.6 in Fuller [2009], from which the result follows. O

We additionally note here, as in the previous chapter, that because we consider the variation of
both treatment assignment and sampling, Theorem 5.6.1 does apply to show asymptotic normality
for the design-based test statistic proposed by van den Brakel [2001], with respect to all stochastic

elements except for the measurement error model.
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5.7 Simulation Experiments

5.7.1 Population and Variables

The population used for this simulation study was the same as that used in the simulation
study for the CRD case in Section 4.8 based on US Census Bureau data from four PUMAs in
northeastern Colorado, grouped into artificial districts within the PUMAs by a propensity score
method. The study variables for this experiment were created using the same methods as in the
previous chapter, but with different weights, reflecting a different sampling design. The continuous
response variable was created to be positively correlated with weights, following equation (4.12).
The binary variables were again created by an indicator of whether the continuous variable was

greater than 350. For more details, see Section 4.8.

5.7.2 Overview of Studies

We used the simulated population in two studies. In the first study, we compared two ap-
proximations for the randomization distribution (the distribution of the the test statistic under ran-
domized treatment labels): the Monte Carlo approximation based on 1000 randomizations and the
asymptotic normal approximation given by Theorem 5.4.1 above. In the second study, we com-
pared the size and power properties of the survey-weighted randomization test proposed here to
several alternative methods.

For both studies, we considered four different test statistics: difference in means, difference in
log odds, odds ratio, and difference in the dissimilarity index. For the power curves, we compared
the survey weighted methods to their non-weighted equivalents. The methods included in this study
are van den Brakel’s design-based method (VdB), the randomization method included in this paper
(both the normal approximation, Rdmz, and the Monte Carlo version, Rdmz MC), and versions of
both of these methods ignoring the survey weights (VdB uw and Rdmz uw). Additionally, for
the difference in means tests, we also included differences of estimated totals using both van den
Brakel’s design-based method (VdB tot) and the randomization test discussed in this dissertation

(Rdmz tot).
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5.7.3 Sampling Plan and Treatment Assignment

For both of the simulation studies, the sample was a two-stage sample with stratified sam-
pling in both stages. The first stage is sample of districts, stratified by PUMA. Six districts were
selected within each PUMA with probability proportional to the number of individuals in the dis-
trict. Within each district, individuals were stratified based on a noisy indicator of Hispanic origin.
A noised Hispanic origin variable was created to mimic the noise found in auxiliary variables pur-
chased in real surveys. This noised variable was created so that people were Hispanic had an 80%
chance of being labeled as Hispanic and people who were not Hispanic had a 4% chance of being
labeled as Hispanic. The second-stage sample within each district was then a stratified sample of
30 individuals labeled Hispanic and 30 individuals labeled non-Hispanic. For the size and power
study, the sample was redrawn each time. For the normality study, only one sample was drawn and
the test involved testing the normality of the randomization distribution.

For the assessment of normal approximation of the randomization test distribution, we used
the same general sampling design described for the size and power experiment, but considered
three different sample sizes. As with the CRD experiment, variables are considered with setting
a = b = 2. The sample sizes considered were 2, 4 and 6 districts in each of the four PUMAs at
the first stage, corresponding to 16, 32 or 48 blocks (predicted Hispanic/non-Hispanic strata within
district). Within these blocks, there were, respectively, 10, 20, or 30 individuals per block.

For the size and power study, treatments were assigned to districts by a randomized complete
block design where the experimental units were individuals and the blocks were strata within
districts, divided by whether the sampled individuals were labeled Hispanic. Within each block,
15 EUs were assigned the treatment and 15 EUs were assigned the control. Power curves were
generated by evaluating power for variables as a increased from 0 to 3 for each fixed value of b, as

in the CRD case.
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5.7.4 Results

Normal Approximation

Figure 5.1 shows the normal approximation from Theorem 5.6.1 and a kernel density estimate
based on 1000 Monte Carlo draws from the randomization distribution. The normal approximation
appears to work well for all statistics at the largest number of blocks tested in the third column (48
blocks), though a small amount of skewness may be present for testing odds ratios. The figure
provides empirical support for Theorem 5.6.1.

In the smaller sample sizes, we see that the difference of means is very close to the normal
distribution even with only 16 blocks. The difference of log odds has some abnormal deviation
from normality at 16 blocks, but appears normal at 32 and 48 blocks. The deviation at 16 blocks
may be due to the discrete nature of binary data. The odds ratio is very skewed at 16 blocks, and
becomes more normal, with only slight skew present at 48 blocks. This is unsurprising as the
odds ratio is the exponent of the difference in log odds (see discussion in Section 6.4), which is
symmetric at all sample sizes. As there is more variability in the statistics at smaller sample sizes
than larger sample sizes (all else held constant), the smaller range makes the skew disappear.

The randomization distribution of difference in DI is poorly approximated by the normal dis-
tribution at the smallest sample size, as was the case at the middle sample size in the CRD case
described in Section 4.8.5. As the sample size gets larger, the precision of the estimates improves
so the estimates of the difference are no longer impacted by the bounding effect explained in Sec-

tion 4.8.5.
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Normal Approximation: RCBD, H = 16, m;, = 10

Normal Approximation: RCBD, H = 32, m, = 20

Normal Approximation: RCBD, H = 48, m, = 30
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Figure 5.1: Curves showing the normal approximation to the statistic, and a kernel density estimate of
the Monte Carlo distribution in the RCBD. The Monte Carlo distribution is simulated with 1000 draws.
The rows are different statistics (top-bottom: difference of means, difference of log odds, odds ratio, and
difference of DIs), and the columns are different sample sizes (left-right: 16, 32, and 48 blocks).

Power Curves

From examining the power curves in Figure 5.2, all of the methods maintain good size when
there is actually no difference between the treatments, except for the difference of DIs. All of the
tests have increasing power with greater sample size, which confirms that the methodology works.

These confirm in the setting of an RCBD the results obtained in the CRD setting in Section 4.8.5.
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For the randomization tests, we see the same story as in the CRD case, where we see lower
power with little relationship between the weights and the treatment effects, but much more power
when there is a large positive relationship between weights and treatment effects.

In the RCBD case, we also see that there is very little difference in power between the ran-
domization test and the test proposed by van den Brakel (except in the case of the odds ratio).
This is different from what was seen in a CRD. This may be because blocking reduced some of
the variation. More investigation would be needed to determine what factors affect differences in
power between these two methodologies.

For the odds ratio, the difference in power has to do with properties of the exponential function.
The linearization is based on exponentiating the difference of log odds, and in this study, the
difference in log-odds was positive. The slope of the exponential function at the true odds ratio (the
center of linearization for the van den Brakel method) is greater than at O (the center of linearization
for the randomization method). This means the estimated variance is higher for van den Brakel’s
method, which explains why the randomization method in this dissertation had more power in this
situation. This suggests that if the odds ratio were less than 1, van den Brakel’s method would have

more power detecting such a difference. This would be worth checking in future simulations.
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Power: Diff of Means, RCBD, b=0
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Curves showing power of all the methods for two-sided hypothesis tests at the a = 0.05 level

in the RCBD. The green dashed lines represents a rejection rate of 0.05. Each power calculation used 1000
replicates. The statistics are in rows (top-bottom: difference of means, difference of log odds, odds ratio,
and difference of DIs). The columns are two different settings of the effect of the treatment on the response
(left is no relationship, right is a large relationship). The a and b in the axis labels refer to equation (4.12)
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5.8 Summary and Future Work

In this chapter, we extended the theory on the FPW style randomization test, conditioned on the
sample, for randomization tests embedded in complex surveys to apply for randomized complete
block designs. We derived expressions for the mean and variance of the treatment assignment dis-
tribution of the contrast and of the randomization contrast, and showed theory justifying a normal
approximation in cases of a few large blocks, and of many small blocks. We further showed power
properties of this method, and showed that the inference extended to the finite population. We
concluded with simulation studies confirming asymptotic normality and comparing this method to
other methods that had been proposed using power curves.

We have established asymptotic normality in the case of a few blocks of large size by adapting
results from Chapter 4. We also developed more theory in this chapter to provide central limit
theory to cases with many blocks of small size. More work could be done to fill the gap in the case
of many blocks with large size. Additionally, providing a central limit theory for other experimental
designs, including split-plot designs and incomplete block designs remains an open problem.

Simulation studies showed that the power loss compared to the design-based method proposed
by van den Brakel [2001] is minimal in the case with many blocks. More investigation should be
taken to understand why this may be. It would also be useful to have future simulation studies
comparing these methods in experiments in surveys, analogous to the study undertaken by Ding

[2017].
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Chapter 6
Extensions of Randomization Tests for Experiments

Embedded in Complex Surveys

6.1 Introduction

In the previous two chapters, we introduced randomization tests conditioned on the sample, and
proved that the distribution of contrasts of totals satisfies a normal distribution both conditioned
on the sample and unconditionally. Theory was developed for completely randomized designs
(Chapter 4) and randomized complete block designs (Chapter 5), while using the NHT estimator
for surveys.

In this chapter, we extend some of the theory and discuss some issues that can be present
when using a randomization test in practice. We first discuss the Monte Carlo randomization test
in more detail in Section 6.2. We then discuss how these randomization tests can be used with
the generalized regression (GREG) estimator in Section 6.3, and how linearization techniques can
work with the randomization methodology in Section 6.4. We discuss potential practical hurdles
to randomization procedures with special focus on the presence of nonresponse in Section 6.5. We
conclude in Section 6.6 with a summary of the contributions in this chapter and some directions

for future research.

6.2 The Monte Carlo Test

While the previous chapters focused primarily on developing theory for a normal approxima-
tion to the randomization test for linear statistics, there are some cases in which the estimators
may be nonlinear, and may not have asymptotic normal distributions. While many commonly

used statistics can be approximated by a linear expression (cases like this are discussed in Sec-
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tion 6.4), there are some statistics that cannot. It could also be that the experimental design is very
complicated, or that a linear approximation may not be good enough for the investigators’ needs.

To review, a Monte Carlo randomization test is a test that computes a test statistic over the
randomization of treatment assignments for a large number of the possible treatment assignments
that are possible for the given finite population. If there were no difference between treatments,
then one would expect the statistic calculated from the original treatment assignment to be within
the range of statistics calculated when the treatment assignments were randomized. Therefore
if there are very few randomizations that give a statistic more “extreme” than obtained initially,
there is evidence that the treatment had an effect. This theory also is the basis of the normal
approximations discussed in Chapters 4 and 5.

The Monte Carlo test is a flexible test that can be used for any type of statistic that an investi-
gator may be interested in. In some modern surveys, experiments can be designed in complicated
ways. For example, in the targeted mailing for the Health District survey (discussed in Chapter 2),
addresses that were assigned to receive the targeted mailing were disproportionately from groups
that were thought to be less likely to respond. Without accounting for the complicated designs, the
effect on the results would be difficult to measure.

In some cases, a statistic may not be able to be linearized. For example, if an investigator
is interested in comparing log-rank tests under different survey treatments, then a linearization is
impossible. It was also seen in the simulation studies (Sections 4.8 and 5.7) that linearization of
the difference in DIs fails when the DIs are within a few standard errors of zero.

The simulations for both a completely randomized design and a randomized complete block
design involved comparing inferences from the normal approximation to the randomization test to
a Monte Carlo test. As a review, these results showed similarity between the randomization test
and MC for the H4jek-type ratio estimator and the estimator of the difference of log-odds. We saw
bigger differences in power for the odds ratio and the dissimilarity index.

This discussion shows that a Monte Carlo test can be a useful way to evaluate a wide va-

riety of statistics for many types of randomized experiments. This is a major advantage of the
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randomization method described in this dissertation over the design-based test of van den Brakel
[2001]. Because van den Brakel’s methodology requires the approximation the distribution of the
test statistic with normal theory, it may not work for very complicated statistics or experimental
design. Because the randomization test described in this dissertation relies on the treatment ran-
domization conditioned on the sample, it allows for a Monte Carlo test that can be used in many

situations.

6.3 The Generalized Regression Estimator

The generalized regression (GREG) estimator is one example of a calibration estimator (Deville
and Sarndal [1992]). A calibration estimator of a survey total that allows for use of auxiliary
information in the form of population totals of variables collected in the sampling. This often
improves efficiency when estimating survey totals.

The GREG estimator for the full sample, ignoring the treatments, is

H M,
Yicr = E E wthhz++ § E Ty — Wl Z € Sh)ivm) )
h=1i€S}y h=1 i=1

where b is the estimated value of the regression coefficient for the sample, specifically

H ;|
- , }A/
= WhiLhi Ly, WhiLhi X hi+-

h=11i€eSh h=1 i€eSy

Here, only the sample weights are included in estimation of the coefficient vector, for ease of nota-
tion. It is straightforward to include an additional term to account for heteroscedasticity (Chapter 6
of Sarndal et al. [1992], for example).

Considering a specific treatment, k, the GREG estimator for the population total from the

subsample assigned treatment k is

H H M,

A (k) . /\

Y. .er = E E wii T Ym+ + E E xp — wpl (1 € Sh) hi whz) ;
h=1 i€S), h=1 i=1
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~ (k) . . . . . .
where b( ) is the estimated regression coefficient on the subsample assigned treatment &, meaning
= (k o (K
(Z > wniTy wm%) > 2 wnT .
h=1 €Sy h=1 €Sy

As with the NHT estimator, we can consider a randomization version of this estimator to use

in the randomization test. This is

H Mh
+GR - Z Z wth Yhz+ + Z Z Lhi — UJ]M Z € Sh)R .’th) b ,
h=1i€Sy h=1 i=1

where B(k) is the estimated value of the regression coefficient for the subsample randomly labeled

with treatment &, denoted

H
= <Z Z whiRéﬁ)whiwki> Z Z W Rif)whzy;ffi

h=1 i€S) h=1 i€eSy

This will have the same distribution of test statistic under the null hypothesis (4.9) that the treatment
had no effect.

Also like the NHT estimator, we can write the estimated totals under all treatments as a vec-

tor and consider contrasts. That is, we can write Y ,gr = (YJ%R, . ,}A@(QR)’ and Y qr =
(Y&gR, . Y+GR) which leads to investigation of the test statistic CY+GR with the randomiza-

tion distribution of Cf’+GR via a randomization test.

6.3.1 GREG and the Treatment Assignment Distribution

From the above, the estimated total using GREG for treatment £ is
e 5
Yfé)R = Z Z wm ;n Ym+ + Z Z xp; — wiil (i € Sh) hi a:m) .

h=1 i€eS) h=1 i=1

In this section, we investigate the variance of this term under the treatment assignment distribution.

The expected value of the regression coefficients under the treatment assignment distribution is
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approximately
H 1 g
o (k
_ (z 5 wm) S ¥,
h=1 i€S;, h=1 €S},
which is the estimated regression coefficient had everyone in the sample received treatment k.

. ok
Therefore we can rewrite YJEG)R as

H My

(k)
+GR - Z Z w’” Y’“‘*‘ + Z Z Xpip — Wil (i € Sh>T whH—) b+
h=114€Sy h=1 i=1
s ~ (k) (k)
S5 @iy — wnil (i € ST n ) (0 — b)),
h=1 i=1

~(k . (k
Due to random treatment assignment, b( ) will often be close to b( ) in large samples. There-

fore, we approximate

H H My
’ (k)
Ve~ S T + 30 (@nes — il (i € ST, )b
h=1 €S}, h=1 i=1
H My )
= Z Z hz+b ‘|’ Z Z ’LUhZ YhZJr CC,hH_b )
h=1 i=1 h=1i€eS},

In this statement, the first term is nonrandom, and the second term looks just like a total estimate

. . . sk
under treatment £ for the random variable eg? = Yh(fl — T, +b( ).

6.3.2 Variance Estimation with GREG

We begin with a brief review of the randomization distribution of the GREG estimator. Re-
call the following expression for the randomized version of the regression estimator for a single

treatment label k:

H M,
+GR = E E mem Yhz+ + E E Tpipr — Wril (i € Sh)Rm Zpit) b )
h=1 €Sy h=1 i=1
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where B(k) is the regression coefficient obtained by treating the subsample randomly labelled with
treatment k£ as a probability sample from the finite population.

We can rewrite this as

H Mh
+GR = Z Z whz Ythr + Z Z Lhi+ — Whi (Z € Sh)ha "th+) b +
h=1i€Sy h=1 i=1
7 & §®
Z Z Tpiy —wpl (i € Sh)R}n whz+) (b —b),
h=1 =1

where b is the regression coefficient obtained from the full sample, ignoring treatment labels, as
defined above. In large samples, B(k) will be approximately equal to b due to random treatment
assignment. Therefore, in large samples, Zh 1 ZZ "N @hie — wRil (1 € Sh)Rhl :chH)’(lN)(k) —b)

will often be negligible. Therefore, one can approximate the regression estimator as

H My
+GR E E ’LUZR Yhz-i— + E E Thit — Wil Z € Sh)ha whH) b
h=1i€eSy h=1 i=1
H My
A~/ 2
= E E whz+b+ E E :whl th+ ), b)
h=1 i=1 h=1 i€Sy

An argument like the one presented in Sédrndal et al. [1992] sec. 6.6 shows that this is actually the
Taylor linearization. This approximation can be used to derive a variance estimator.
Under the randomization distribution of treatment labels, the first term is not random. Standard

sampling theory reveals that the variance of YLIQR is approximately

H
Z mp( mh — mglk)) 1

2mh<mh — 1) Z(whiéhiJr - whi’éhi’+)27

h=1 1E€SH

where éy; = Yy — @, b.
We approximate the covariances involved in the linearization randomization test with the co-

variances of this linear approximation. Knowing that the blocks are independent, we will compute
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the covariances within a block. When k& # £/, we have

_ 5.5 (k) (k)
Covpg E whz 6hz+7§ whz 6hz+ —E E whiwhi’ehiJrehi’JrCOVR(Rhi ;Rm/)

1€Sy, i€S), i1€Sy /€S,
2 52 (k) (k) 54 (k) k)
= E whiehiJrCOVR(Rhi Ry 7) + § E WhiWhit€hit€nir COVR (R, Ryy’)
1€ShH iESH ’i/#i
1
= E whzehz+ + E : E :whlwhz/ehwrehz +( 1)
1€Sy 1€S) 141 Mn =
-1
= Z Z whzehH- whzwhz’ehz—f—ehz +)
zESh i'eSh
= 2m o — 1 E E whzehz whz’ehz +)
h h zGSh i'€S)

This derives an estimated covariance matrix of f/'JrGR as
VarR Y+GR Z mps; we(Dr—J),
which is the same as the covariance matrix under the NHT estimator with é;;. replacing YhH.

6.4 Linearization of the Randomization Test

Many finite population parameters of interest that are not totals can be expressed as an explicit
function of population totals. When a parameter of interest is an explicit function of finite popu-
lation totals, a natural estimator is obtained by plugging in NHT-estimated totals to the function
of totals. One common approach to estimate the design variance of this NHT plug-in estimator is
to linearize the function. The linearization yields a “Taylor deviate”, which has the property that
the variance estimate for the “total” of the Taylor deviate approximates the variance of the original
total. In this section, we explain how this linearization can be applied to estimate a contrast of
nonlinear functions of experimental totals in the context of a randomization test for an experiment

embedded in a complex survey.
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We start the discussion with the difference of log odds, which is also known as the log odds

ratio. If N is the estimated total of OUs in the population based on the subsample assigned

)

treatment k£ and fﬁfk is the number of EUs receiving treatment % that had some outcome, then the

odds ratio for that outcome between treatments k and £’ is

If we take the logarithm of this expression, we get the difference of log odds of

(k) [ X7 (k! (! o (k o (k!
%1l Cay ) | TR c® ) T8 T @ |
(NG — y®)y | N — ¢ NG — v

Thus, we see a contrast (a difference of two treatments in this case) of the same function of two

survey totals, f(y1,y2) = log(y1/(y2 — y1)), evaluated first at (yy, 1) = (fdk), ]\Afik)), and second
A k/ A k/
at (y1,30) = (V1" N{),
Now that we have seen an example of how to identify the function, we will examine the theory

of linearization for the case of general contrasts of functions.

6.4.1 Notation and Treatment Assignment Distribution

For notation, suppose there is a differentiable function f(yi,...,yp), and that

H
i =35t

h=1i€Sy

H
ik . ok
VO =3 wn Yy T
h=1 €Sy
In this notation, Yp(k) is the estimator of the total from the entire sample as if each element of the
sample had been assigned treatment k. These quantities is not observable from the sample data for
any k or p because not all of the experimental units were assigned the same treatment. Following

)

previous notation, f/p(k is the estimator for the total from the part of the sample that was assigned
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treatment k& in the experimental design. These quantities are observable after the treatment has
been assigned for all £ and p. Both of these quantities can be expressed as vectors for each variable
p as Yp = (Yp(l), o ,Y}D(K)) and Yp = (}A/p(l), . 7%0())

In order to define a contrast, we will define a vector-valued function with P vector arguments.
We define f¥)(y,,...,yp) = f(y%k), . ,ygf)), and we define f(y,,...,y,) to be the K vector
with the £ element f*)(y,,...,yp). Expressed in context, the k' element of f(y,,...,yp)

is the original function evaluated at the estimated totals under the k*" treatment in the survey

experiment.
We now investigate the treatment assignment distribution of C f (Yl, cee Y p). Let c'® be the
kth column of C. Then we have
K
CFf(YV1,....Yp) =Y ™, . V).
k=1

Linearizing about the full-sample totals for each treatment, we have

p p

P
PO,V m LY +z[

+ Z Z wthhZ Z |: 8;; (Y(k Y(k)>:| }/p(h)7,+7

). -,Yék))l (P _ o)y

where a*) is a basket for all additive terms that are non-random conditioned on the sample. Let

20— S [%(K(k), LYY Then this can be expressed as

k) k)
f(Y( Y( ~ o + Z Z wthfu th .

=1i€Sy

At this point, we can analyze this like a standard treatment assignment distribution. To estimate

the variance from the sample, we would replace z}(f) with 2}(5) = Z; nl g yfp (Y( Y( ))]};(2 4
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6.4.2 Randomization Test

For the randomization test, the test statistic is the function of the totals from the initial treatment
assignment, as above. To compute the variance, we compute the Taylor deviate, and treat it like a
study variable. The randomization distribution is derived under the null hypothesis of no treatment
effect. Therefore, as in the randomization test for linear contrasts discussed in Chapters 4 and 5,
the linearization totals will be based on randomized treatment labels ignoring the original treatment

assignment and any treatment effects. That is, the randomization statistic for a total is
H
- A
V=200 wnali Vi
h=1 i€S),

We center the linearization of the function evaluated at the expected values of all totals under the

randomization distribution, conditioned on the sample and treatment assignment, which is

H
7 =3 S i
h=1i€eSy
This gives
P of
Cr(k cr(k (o ~ (o ° ~ (e o
FE Y = )+ [a_yp(yl()’ ,Y,&’)] (Vi - 7))

where a is a catch-all term for everything nonrandom. Note there is no superscript £ as this term

does not depend on k here. The Taylor deviate is thus Z;; = 2521[3%(}71('), L YINY, s

Then we have

H
PO, ) =0t S0 w2

h=11i€S)

From here, we see that the standard theory works to get a variance estimate.
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To do this, we note that (since a does not depend on k)
~ ~ H
Cf(Yi,....Yp)~ > Y CRywyin.
h=1 i€eS)

Then, from the randomization distribution, we see that the mean is approximately 0, and the vari-

ance can be approximated by

H
Varg(Cf(Yy,....Yp)) = > must,:CD,C,

h=1

where s%,wg is the variance of the weighted Taylor deviates, following previous notation.

6.4.3 Extension to Functions of Contrasts

Sometimes a researcher may be interested in functions of contrasts of functions. Returning to
our earlier example, this may be relevant if a researcher was studying the odds ratio, rather than
the difference of log odds. Using the notation in the introduction we have that the odds ratio can

be expressed as

VO () _ ) 0 )
Oy = i)l = exp o | e | —ow (== ) (-
(N0 — Yyl NG —y! NG v

Thus

Osz,k:’ =4 <f(i/;£k)7 N(k)) - f(i/ik,% N(k,))> )

where g(v) = exp(7) and f(y1,y2) = log(y1/(y2—y1)), and the argument of ¢ is clearly a contrast
of two functions.

We now consider the linearization of functions of contrasts in general. For ease of notation,
we restrict ourselves to a contrast vector in this case; notes on how the notation can be extended
to a contrast matrix are included at the end of this section. Extending notation from the previous

sections, let

A

H(ylv"'ayP) :g(clf(ylv"'vyP))y
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where g : R — R is a function with argument ~ and each y,, is a K-vector of terms yék) corre-

sponding to estimates of the value of variable p for the observations receiving treatment k. The

chain rule yields

a0

— (Y1, Yp) = — =59 (' Flyy, -, yp))
A S
dg w OF (k)
= |==(f (Y- yp)) | B ==y, ).
d’)/ 1 P 8y1(,k) 1 P

In this expression, note that the first term (the derivative of g evaluated at the contrast) does
not depend on k. This means that if we write out the linearization for the treatment assignment

distribution, we have

k
k=1 p=1 d’)/ ayl(l )
dg K )
o [ (e V)| S5 i
k=1

Here, we see that the expression is a nonrandom constant plus the derivative evaluated at the value
of the contrast as if measurements had been taken on the entire population. In an a priori power
calculation, one could use the desired difference, or an estimate of what the difference is as a
position to evaluate the derivative.

Similarly, we find that for the randomization distribution:

- 8 dg . e K YR )
dY.,...Yp)~at {/y(cf( 1,. ,Yé)l)}ZC(k)Z ORI ACIN AL

K P

dg of (RN
—a+ {d—(O)} >y =5 AR S Lk
v k=1 p=1 OYp
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by the definition of f and the fact that ¢/1 = 0. Thus for the randomization test, the constant
multiplied by the linearization of the function is just ¢’(0)!

As noted, we have thus far only discussed functions a single contrast. For functions of a contrast
matrix, one can define a vector-valued function g(-y), in a way similar to how f was defined from
f, and evaluate the multiplier for each contrast individually. For power calculations, you can use
the estimated difference in each contrast. For the randomization test, one would simply use a vector

version of g(0). The multiplier would end up being ¢'(0)1.

6.4.4 Linearization Using GREG

Many modern surveys use calibration estimators to improve precision. We now consider prob-
lems of linearization where the point estimate of the treatment totals is estimated using the GREG
estimator rather than the NHT estimator. Considering the treatment assignment distribution, this

leads to the expression

P
- (k - (k - (k (k af A (k - (k - (k
PO TR ) % FO G T8+ X | S8 V)| G, - T8,
p=1 p
where
< (k)
A
Y, =D @b +ZZwm (Vat] = b )
h=1 i=1 h=1i€Sy

is the estimated total using the generalized regression estimator had all experimental units been
assigned treatment k. Note that Yé’gvp is not random, conditioned on the sample.

If we only look at the parts of the linear approximation that are random conditioned on the
sample, we find that

P
O (K ¥ (K O (K
PO V) = +z{ G- V8P| ¥,

1 Yy

H of ‘
ZzwhzThzZ ) (YGRD'" YGRP) (Yhz+—wb )
h=1 i€S) p=1 y
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Now if we let

P
5 (k) k) : ; ()
% Z{ayp (V&R Yégm} (Vi —@'0),

p=1

we can calculate the variance using standard arguments.

For the randomization distribution, a similar argument works to derive

. - of . . .
k L[] A~
f<YC(%R),17 e GRP )~ a+ E E Wi Ry E {_8 (Ye GR 1" ,YéR),p) (Yaiy — 2'b),
P

h=1 €S},
with
H My
Vi = b+ (YVaig — &, )
GR,p whz+ Wi (Yhis — Lpit09).
h=1 i—1 h=1i€S),

The variance can then be derived by standard arguments using
~ af (e (@ " A~ 7
Zhi = Z {_(YCEFQ,D T vY((}Fz,P)] (Yhi-i- - m/hzb)

6.5 Difficulties of Real Surveys

In the previous chapters of this dissertation, we have ignored several important aspects of sur-
veys, including nonsampling errors (nonresponse, coverage errors, etc.) and modern survey de-
signs (including adaptive or responsive designs).

With undercoverage error, care will be needed when generalizing results from the sample to
the population, because some members of the population cannot be in the sample. For determining
inference from the experiment to the sample, however, undercoverage does not present any addi-
tional issues because the coverage error only affects inference from the sample to the population.
Nonresponse errors can cause issues by removing some experimental units from the sample, lead-
ing to a missing data problem. Some weighting approaches to deal with this issue are presented
in Section 6.5.1. Another potential issue is measurement error. Measurement error could occur

with experiments in surveys when an experimental treatment changes a respondent’s response. In
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some cases (for example, chapters 7, 8, and 17-20 of Lavrakas et al. [2019]), this measurement
error could be what the experiment is trying to measure. However, as the goal of many surveys is
to get accurate measurements of the population, this is something to be aware of when considering

embedding experiments in a survey.

6.5.1 Adjusting for Nonresponse

The theory presented thus far in the dissertation, like much theory in survey statistics, was
derived under the situation of perfect response from the sample. If the experiment is based on
estimating response rates or survey costs per response, then all the relevant information may be ob-
tained whether or not individuals respond to the survey. However, in many embedded experiments,
nonresponse leads to loss of information, so additional assumptions will need to be formulated to
conduct any analysis on survey experiments that involve major nonresponse. Before starting to
discuss nonresponse, one point needs to be made. If nonresponse occurs below the level of the ex-
perimental units, then that nonresponse can be taken into account in the EU total estimates, which
will not have any effect on the methodology described thus far in this dissertation. However, in this
case, an analysis of this differential nonresponse would be useful in understanding the effects of
the treatments. In the remainder of this subsection, we focus on estimators for the randomization
distribution in the case of EU level nonresponse, which can be a problem if the experimental units
are households or individuals.

To motivate the approaches for nonresponse adjustment, we consider a simple example. Sup-
pose there is a block with 20 units, 10 of which were assigned the treatment and 10 of which were
assigned a control. Suppose that out of the treatment group, there were 8 responses, and out of the
control group, there were 4 responses. If we are to perform a randomization test on data including
nonresponse, we would need to condition on who responds in some sense. There are still two
options in how to adjust for response: we could ignore the relationship between the treatment and

response, or condition on the number of responses within each treatment.
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One method to deal with nonresponse is to treat nonresponse as a factor that is fixed with treat-
ment, but unknown at the time of original assignment. In this method, the treatment randomization
will be treated at the level of the sample, but only the set of respondents will be used in the anal-
ysis. In the example started above, this would involve randomizing the treatments to all 20 units,
and then limiting each randomized dataset to the 12 units that responded. Another method is to
condition on the number of responses within each treatment, and only randomize treatments on the
set of respondents. In this method, we would consider only the 12 units that responded, and con-
sider randomizations that assign 8 of these units to treatment, and 4 to control. In the remainder of
these sections, we will explore the mathematical properties of these methods. We will call the first
method described in this paragraph the “sample randomization method” and the second method
described in the paragraph the “response set randomization method.”

To aid in the mathematical discussion, we introduce some new notation for the randomization
test with these methods used for nonresponse adjustment. We let S” denote the set of respondents
from the population, m;, be the total number of respondents within each block h, and m};(k) be
the number of respondents within each treatment/block combination. We also introduce a version
of the treatment randomization indicator for randomization of treatment label on the response
set: R:“ = mT.—(’T;C)RhZ-. We additionally include two nonresponse adjustments. We introduce a

h
nonresponse-adjusted weight to weight from the response set to the finite population, denoted
w},;(S"), and we allow a nonresponse adjustment to weight from the response set within a given set
of EUs labeled as receiving the same treatment to all such EUs in the sample, denoted ¢,;(S", R).
R is the matrix containing the randomized treatment labels of all EUs in the sample (regardless
of whether they responded). The former weight is a nonresponse-adjusted weight for the sample,
while the latter is an adjustment factor to ensure the effects of nonresponse between the treatments
are similar in all randomizations. Before showing the two estimators using the above notation, we

will show the estimator ignoring nonresponse for comparison:

H
Y = Z Z whiYhi o Rhi-

h=1 €Sy
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The sample randomization method yields the estimator

H
Ysamp = Z Z I(hi € S")wnigni(S™, R)Y 1 0 Ry,

h=1 i€eSy
and the response set randomization method yields the estimator

H
f/resp = Z Z wZi(ST)Yhi o R;z
h=1i€S]

The sample randomization estimator takes the original estimate, ignoring nonresponse, and
then provides a nonresponse adjustment within each treatment label group for each randomization.
The response set randomization estimator conditions on the response set, and uses a nonresponse
adjustment that ignores experimental treatment randomization, but uses an implicit nonresponse
adjustment by adjusting the sizes of the response sets within each treatment.

The sample randomization method allows for the examination of differences in nonresponse-
adjusted estimators between the treatments. It allows for different nonresponse adjustment on each
randomization, so it sees how the estimates will change based on rerunning the experiment on the
sample many times. One disadvantage of the sample randomization method is that it can lead to
situations where there are no respondents for a given treatment in a block for the randomized com-
plete block design. Allowing for a nonresponse adjustment for each treatment randomization can
also lead to complexity, but this complexity could potentially be overcome by easily linearizable
calibration estimator like GREG.

The response set randomization method is a good simple method that can work on any response
set that still has complete blocks. In this case, response set is analyzed as if it were the sample,
and the treatment design is analyzed as if it were designed on the response set. To go from the
overall responses to the responses within a treatment, the totals are multiplied by their inclusion
probabilities based on their proportions in the response set. This acts like a built-in nonresponse
adjustment across treatments. This can detect differences in the responses between both treatments.

This is useful for determining differences in response behavior between each treatment, but is less
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useful if the goal is to determine differences between nonresponse adjusted estimators between the
treatments.

There is a case, however, where the response set randomization estimator gives the same an-
swer as the sample randomization estimator with a nonresponse adjustment within each treatment,
provided that we additionally restrict the sample randomization estimator to cases where the num-
ber of units in the response set assigned each treatment remains unchanged. If the nonresponse
adjustment for the sample involves a weighting cell adjustment where the cells are the blocks used
in the experimental design, this method will automatically adjust that cell adjustment to as if it
were done within both blocks and treatments.

To better explain how the response set randomization estimator can mimic a weighting cell ad-
justment, we return to the example started above. Recall that we were assuming a block of 20 units,
with responses from 8 out of 10 units assigned treatment and 4 out of 10 units assigned control.
We will perform the nonresponse adjustment in two ways. The first will be performing a nonre-
sponse adjustment within block and treatment, followed by assigning treatment weights based on
how the treatments were assigned in the sample, as in the sample randomization estimator, in the
case where the number of responses within treatment and control stays at 8 and 4 respectively. The
second will involve performing a weighting cell adjustment within the block, ignoring treatment,
and then performing the treatment adjustment on the EUs in the response set, using the response
set randomization estimator. For mathematical simplicity, we assume the sampling design was
self-weighting, so wy,; = 1 for all EUs.

The weighting cell adjustment within block and treatment gives a weight of 10/8 = 5/4 in the
treatment group (to weight from 8 respondents to 10 sampled units assigned the treatment) and
10/4 = 5/2 in the control group. Weighting again for treatment multiplies both of these weights
by 2 as half of the sampled EUs were assigned each treatment, giving final weights for the sample

randomization estimator (if treatment assignment levels are maintained) of wp;qn;(S”, R)Rﬁ}} =
5/2 for responding EUs in the treatment group (k = 1) and wp;qx;(S", R)Rgg) = 5 for responding

EUS in the control group (£ = 0). The overall block weighting cell adjustment gives weights in
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each block of 20/12 = 5/3. The weighting cell adjustment within each treatment would then be
12/8 = 3/2 in the treatment group and 12/4 = 3 in the control group. This gives final weights
of w};i(S’”)R%) = 5/2 in the treatment group (k = 1) and w};i(S’”)R,(g) = 5 in the control group
(k = 0), which are the same as the results as the sample randomization estimator.

It is also worth mentioning that in the above discussion, we restricted the sample randomization
method to cases where the number of responses in both treatments was the same as the original
study. It is a reasonable guess that this method will always give the same result as the response set
randomization estimator, because this new restriction results in the same sample sizes of treatment
and control in both cases. However, in the above discussion, we were using a weighting cell
adjustment, which only depends on the number of responses in each block or each treatment. For
more complicated nonresponse adjustments that use auxiliary information on each individual, the
estimators will not necessarily give the same answer, even if the number of responses within each
treatment in the sample randomization estimated is restricted.

Our final recommendation is that the method for nonresponse adjustment can depend on the
problem. If you are analyzing an experiment where you really want to see the effect on nonresponse
adjusted estimators between two treatments, it may be worth it to use the sample randomization
estimator. This is especially true if the nonresponse adjustment is based on an easily lineariz-
able calibration estimator like the GREG. If computing time is a factor, or the weighting method
involves weighting class adjustment at the level of blocks, then the response set randomization es-
timator may make more sense. More investigation will be needed in the cases where nonresponse
is significant enough to remove a treatment from a block. Another important avenue for future
work would be simulation studies on methods of dealing with nonresponse to determine which
methods are more robust to extreme nonresponse, and to see how they perform at solving different

problem:s.

142



6.6 Conclusions

In this chapter, we extended the methodology of the randomization test for use with the GREG
estimator, and for nonlinear statistics. While there was no theory developed in this chapter, this
chapter helps illuminate the broad applicability of this method.

As experiments and surveys become more complicated, and the focus on data quality becomes
more important, it is useful to have methods that can detect differences in any situation where the
randomization can be described. A Monte-Carlo randomization test is a flexible method that can
be applied to many situations.

Additionally, there may be situations where researchers need a simple method to understand
results. Using linearization methods can be useful to give valid results that do not require additional
summarization of results.

More work should be done on understanding how randomization methods work in the pres-
ence nonresponse. Given that randomization methods are based on the initial randomization of
the sample to different treatments, nonresponse is likely to be a major problem. More simulations
investigating the robustness of randomization methods to nonresponse, and the potential improve-

ments of different nonresponse adjustment methods, will be crucial.
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Chapter 7

Conclusions and Future Work

In this dissertation, we introduced randomization tests for experiments embedded within com-
plex surveys. We also derived a linearization variance approximation for the nondifferentiable
dissimilarity index. We provided applications of our new methodologies in simulation studies, and
in practice with a survey conducted by the Health District of Northern Larimer County.

While a design-based test for experiments in surveys does exist (van den Brakel [2001]), it
is important to have other options. While there are situations where the randomization test has
less power than the design-based test, in some cases, the power loss is not very large. Also, the
randomization test admits a Monte Carlo version that can be used in situations where an asymptotic
approximation may not be applicable or desirable.

Our findings confirm what has been said by van den Brakel [2001] (Section 2.5) and Smith
[1983]. When the goal of an experiment is to determine information about the conduct of the
survey or to determine effectiveness on measures of data quality, a model-based analysis can work
well. However, when the goal is to compare population statistics conditioned on the sample, an
approach that explicitly accounts for the sampling design is preferable.

The simulation results also provided valuable insight for randomization tests of experiments
embedded in complex surveys in practice. The results directly examining a contrast of totals re-
vealed that while examining results comparing uncalibrated estimates of totals can be useful when
deriving theory, such tests do not always work well in practice. The test comparing totals directly
for the CRD had almost no power for the sizes of differences tested (Figure 4.4), though it per-
formed as well as the test of means in the RCBD (Figure 5.2). It is thus useful to use some sort
of calibration when comparing statistics in practice, so that the variation in the estimated popula-
tion size between the treatments does not overwhelm the treatment effect. This calibration could
involve normalization to the estimated population size ]\7+ (as in the ratio estimator), or using the

GREG estimator.
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This dissertation has created an option for randomization theory to be used in survey experi-
ments, more development of the theory can be made. One avenue is developing theory for different
experimental designs. Examples include split-plot, fractional factorial, Latin square, or incomplete
block designs. It could also valuable to develop theory for analyzing the experiments designed with
more complicated adaptive procedures. In these cases, even the Monte Carlo test may not be obvi-
ous (for example, Example 8 in Proschan and Dodd [2019]).

Another avenue for development is to drop or relax assumptions. One assumption to poten-
tially relax is the assumption of additivity (4.6 and 5.1). One may consider cases where there is
variation of the treatment effects between individuals, like what we used in our simulation studies
(Sections 4.8 and 5.7). Another assumption to relax is the assumption used for power calculations
that the EUs are drawn with probability proportional to size (4.11,5.2). Another way to state this
assumption is that there is no variance in the weighted EU sizes. One could naturally consider
cases where this variation is not very large. A third example is the assumption that survey weights
are uniformly bounded (Assumption A2 or B3). As people react differently to different types of
treatment, and nonresponse issues often create fairly unbalanced weights in surveys, relaxing this
strict bound would be very useful for many practical problems.

Another avenue for advancement is in simulation studies. One very realistic situation is differ-
ential nonresponse between the two treatments. This situation would be of interest to maintaining
data quality for a survey switching modes. It would be useful for survey practice to know if the
test can detect when there is no difference in nonresponse adjusted estimators.

It would also be valuable to develop theory about how the Monte Carlo test extends to the
general population. The test proposed is a test conditioned on the chosen sample. Our current
results show that, under some conditions, asymptotically normal test results can be extended to
the finite population. However, some questions of potential interest may not have asymptotically
normal estimators. In these cases, the Monte Carlo test is a valuable tool that can provide inference
for the sample. However, there is no general theory extending this inference to the finite population.

Such a result will be valuable for extending these results.
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Lastly, it would be valuable to have a literature review on methods for evaluating experiments
embedded in surveys. There can be many different types of response variables, and many ways
to analyze the outcomes. It would be useful to understand when model-based inferences may be

acceptable, and when randomization or design-based methods are preferred.
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