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Chapter I 

INTRODUCTION 

Altheugh the piesoelectric effect was die­

covered in 18Sl, it clid not find extensive practical 

application tor nearly 40 yeara until the development or 
the science or radio coiUIUftication brought a need tor 

some method or accurately controlling the frequencies ot 

electron tube oscillators. The discovery in 1921 that 

the mechanical vibrations ot piesoelectrlc crystals could 

be used tor thie purpose resulted in a revived interest 

in the loag neglected field ot piezoelectricity. !his in~ 

tereat has contiDUed at an accelerating rate up to the 

preeent time. 

Thus tar, no principle haa been proposed Which 

approachea the effectiveness ot a piesoelectric crystal 

ae a frequency stabilising device. !his superiority 

ariaea troa the extremely sharp resonance ot the mechani­

cal vibration or a crystal resonator as compared with 

elec~rieal resonators conaiating of inductances and cap­

aci~ancea. or the many piezoelectric crystals, quarts 

has the widest application in the field or radio commun~ 

icationa. This ia due to the tact that quarts is 

relatively abundant in nature and combines almost ideal 



elastic qualities with good mechanical strength. But 

moat important or all, resonators can be cut from the 

quarts crystal in such a way that their mechanical fre­

quencies are nearly independent ot temperature, at 

least over limited temperature ranges. This partieular 

property of quartz has been the baeis or numerous in­

vestigations which have led to the d•velopment ot aev­

eral types ot quarts resonators for various applic• 

a tiona. 

Aa more services demand apace in the radio 

apectrum, it haa become aeceesary to control, more 

closely, the operating trequenciea of the transmitters. 

!h1a baa resulted in the necessity tor limiting the 

temperature variation ot the quarts crystal units which 

control the tranemitters and receivers. !hie limit­

ation has usually been accomplished by enclosing the 

crystal unit in a small oven which aa1n-.1na a temper­

ature aomewhat higher than the expected ambient temper­

ature. When the highest expected temperature does not 

exceed about 70°C, the A! type ot reeonator ia used 

since it baa a zero temperature eoetticient at this 

temperature. In this ease the oven thermostat ia aet 

to maintain • temperature or approximately 700c. 

In many radio applications. however, the 

ambient temperature reaches as high ae 100oc where 



!) 

the tre,ueacy ot the A! cut changee rapidlJ with temper­

ature. Ooaaequeatly there baa arisen a need tor a quarts 

resonator which haa a sero temperature coefficient ot 

frequency at a higher temperature. 

In apite of the rather large amount or lit• 

erature upon the subject or p1esoelectrici1;J• there 11 

much contu.aion 111 the tield. thte is beeauae each ill• 

veatiga\Or hae tended toward uaing his own particular 

syatem of notation and expression. Tberetore, att~~pta 

to correlate the data or ditferent workers have proven 

extremely difficult as have all attempts to use these 

reaults ae a basia tor further inveatigatione. 

Recently the Committee on Standarde ot Piezo­

electricity ot the Institute or Radio Engineers (21) 

devised a system which it recommended for all future 

1nveat1gat1ona. The purpose or this recommendation is 

to ••~abliah more unitorndty and help to clarity 

existing contusion in the field. 

This study will uae, whenever possible, the 

recommended system of notation aad expression aad~ be• 

cauae ot the need tor clarification, will present the 

theore\ical analysia more completely than might seem 

necessary. It 1a hoped that thia will prove an aaaet in 

further work or this kiad. 



!be eroblea 

Is it possible to obtain a quarts crystal 

resonator. with useful proper~iee, by .ultiple rota• 

tiona about the cryatallographic axee? 

Prgbl~• analrs!e 

1. What are the frequency-temperature char­

acterietica or oscillator plates obtained by multiple 

rotatioaa? 

2. How is the p1esoeleetr1c coupling affected 

by the rotation? 

). Wbat are the electrical properties ot 

quarts platee obtained in this manaer? 

4. How does multiple rotation attect the 

trequency apectru11? 

Delim1ta~ion.--Tb1s study is liaite4 'o those 

quartz plates which vibrate in a thickness shear mo4e 

of motion and, in particular, to a plate which baa a 

sero temperat.ure coet.ficient. 

l!etinitioaa 

1. A reaonater reters to any p1esoeleetr1e 

device which baa a natural uchanical frequency or 

trequeneiea. and 1e vibrated electrically at or near 

this trequeacy. 

2. 1 temperature coetticient, unl••• other­

wise specified, expresses the change in frequency with 



respect to a change in temperature, this ratio being 

divided by the frequency. 

). In this study, both a plate and a cut 

are terms used to denote resonators which vibrate in a 

thickness mode only and which may be either circular or 

rectangular. 

~. Frequency stability refers to the ability 

of the resonator to maintain a nearly constant frequency 

when some parameter is varied. Unless otherwise stated 

this parameter is the temperature. 

;. The activity is a measure of the grid 

current in the oscillator whose frequency is being con­

trolled by the resonator. It is an indication or the 

quality or the resonator. 

6. A rotated plate or cut refers to a plate 

whose normal is not parallel to one or the crystallo­

graphic axea. A single rotated plate is a cut whose 

normal is perpendicular to one of the crystallographic 

axes. A double rotated plate refers to a plate whose 

normal ie not perpendicular to any or the axes. 

7. Contouring rerere to the process ot 

changing the surface ot a plate trom plane to convex. 

The degree of contour refers to the amount or convexity. 

S. The frequency spectrum of a given reson• 

ator is the representation ot the different vibrational 



modea or resonance polnta or the resonator over a given 

range or frequencies. 



Chapter II 

REVItY OF LITF~RATURE 

In order to have a suitable background tor this 

particular investigation it wae necessary to have a 

rather thorough knowledge or previoua work on other 

types or resonators. For this reason this particular 

chapter hae not been reatrict,ecl only to those resonator• 

which vibrate in a thickness mode butt rather, haa been 

extended to include moat or the notable achievements in 

this particular phase or the field or piesoelectricity. 

The mechanical vibration ot a quarts crystal 

resonator was tirst used to control the frequency ot a 

vacuum tube oscillator by Cady (7) and licholaon {20) 

in 1921. Both or these investigators uaed. I-cut plates 

in which the ncrmal to the plate is parallel to the 

I or electrical axis. This type or oacillator plate is 

characterised by a c omplieated frequency spectrum which 

results in a tendency for the oscillator to jump fro• 

one trequeney to another. !be l-out plate also has an 

unfavorable temperature coettieient. In 1927, Cady, 

(~) discovered that a Y-cut plate might alao be used 

as a frequency-controlling reeonator. The frequency 

apectrum or this type or plate, whoee nermal is parallel 



to the Y or mechanical axis, ia somewhat better than the 

X-aut. but the frequency stability ia worse. 

The tirat types or sero temperature coettlcient 

resonators were the coupled types which obtain their low 

temperature coettic1ent by virtue or the interaction be· 

tween two modea or aotion. Marrison (lS) in 1929 de­

acribed the first or these coupled types. This partic­

ular resonator is in the shape or a ring with a ahear vib­

ration coupled to a flexure motion. !be ehear has a posi­

tive temperature coettieient while the tl.xure has a 

nesa,ive coetticlent. Due to the coupling the resulting 

eoetfioient ia nearly aero over a limited teaperature 

range. In 1929, alae, Lack (12) 4eaer1bed a cut, de• 

Tiaed by Heising, which acoompliehed ~he aame effect by 

coupling a poa1\1Ye temperature coet£1o1ent shear rtb• 

ration with the harmonic ot a low rrequeney flexure vlb­

ratioa. However. aeither ot thea• resonators bae proven 

of aueh value s1ace they are difficult to adjust and 

po••••• several apurioua trequenc:lee near the desired 

mede. 

The next low temperature coettlcient reson­

ators were or the lone-bar type. Matsumura in 1932 and 

Kansaki in 19)), •• pointed out by Cady (Sr453)t 

achieved low coefficient reaonatora ot this type by 

inclining the length or an X bar at an angle ot 20° in 



the Y Z plane and at the same time having a definite 

ratio of length to width. Mason (17); in a study re. 

ported in 1934, used a similar method to obtain low 

temperature coetticieat resonators. 

In 193~ it was discovered independently by 

both Koga in Japan and Straubel in Germany, aa pointed 

out by Cady (5:454) and also Bechmenn (2) in Germany, 

and Lack, Willard, and Fair (13) in New York• that zero 

temperature coefficient plates could be obtained by 

rotating the Y-cut a given angle about the X axis. It 

was shown by each or theee inv~stigatore that the zero 

temperature coefficient ot these plates results from 

the fact that the coef'ticient ehanges from positive to 

negative aa the plate is rotated about the I axis. It 

was also shown that there are two different positions 

where tht coefficient becomes zero. These resonator 

platee, known as the AT and BT, vibrate in a pure shear 

mode ot vibration and therefore, are more nearly in­

dependent ot undesired spurious modes than either the 

1-cut or !-cut. The AT and BT were the first high 

frequency resonators obtained by rotation about any or 

the crystallographic axes. 

Hight and Willard (9) in 19)7 described 

another set of zero coefficient plates. These plates, 

the CT and DT, vibrate in a low frequency face shear and 



their positions in the Y-Z plane are approxir~tely 900 

from the BT and AT, respectively. 

In 19)5, Bechmann. as shown by Cady (5:144), 

inveetigated the possibility of obtaining sero tempera­

ture coefficient resonator• by means or multiple rota­

~ions about the crystallographic axes. Bechmann calcu­

lated the temperature coefficients. elastic constants, 

and piezoelectric constants for plates vibrating in 

thickness modes in several different orientations. 

Further work along this line was carried out by Koga 

(ll) 1n 19)6. He worked out the numerical values ot the 

elastic coetticients for a large number ot orientation•. 

However, neither Bechmann nor Koga appears to have exper­

imentally determined any zero temperature coefficient 

plate which might be commerciall'y useful. 

Ma•on (18), in a study reported in 1940, 

stated that a series or zero temperature coefficient 

angles were calculated by using c'66 as the elastie con­

ataat de~ermining the frequency. ~~son further reported 

that a rew of these plates were measured and found to 

have zero temperature coefficients but they also had a 

much more complicated frequency spectrum than the AT or 

BT crystal plates. This investigator ueed the results 

of Bechmann to graphically show the orientation or a 

aerie• ot zero coefficient plates. 



There have been several investigations into 

the possibilities or obtaining sero temperature coett1-

c1ent oscillator plates by multiple rotations about the 

crystallographic axes. However these inveetigationa 

aeem to have been or a theoretical nature with little 

emphaaia upon actually determining a particular plate 

for a given purpose. The experimental work that has 

been done points to the idea that the complexity of the 

frequency spectra of double rotation plates renders 

them leas utetul than the present oecillator plates, 

with no advantages to justify the additional complexity. 

It aigbt be expected that the theoretical 

reaulte already available 1n thia particular tield could 

be uaed aa a baaia tor experimental work. However the 

many discrepancies existing in the notation render thia 

approach almost futile. In order to correlate varioua 

results and form a systematic basis tor further work on 

this subject, it has been necessary to carry out a com­

plete theoretical analysis. 



Chapter III 

THEORETICAL ANALYSIS AKD APPLIOATIOI 

The calculation of a zero temperature coefti­

eient plate• which vibrates in a thickness shear mode ot 

motion. involves a theoretical consideration of thiekneea 

vibra'tions in general. The expressions obtained through 

~his consideration can then be applied to a particular 

type or thickness vibration. By experimental procedure 

it is then possible to determine whether the properties 

ot the resonator thus calculated make it useful for the 

desired purpose. 

Axtal szstem and notation 

As pointed out in the introduction this study 

will conform, whenever possible, with the notation and 

axial system recommended by the Committee on Pieso­

electric Standards. 

The axial system which will be used is a right 

handed orthogonal system tor both right and lett quarts 

ae shown in Fig. 1. It can be seen from Fig. 1 that 

thia eystem requires a different definition or the pos­

itive I axis in the two forma of quartz. The positive 

I axis is defined as that axia which upon extension 



becomes negatively charged tor right quartz and posi­

tively charged tor lett quartz. 

The more common axial eyatem is shown in Fig. 

2. As indicated, this system defines a right-handed 

axial system tor right quartz and a left-handed system 

for lett quartz. This is the axial arrangement in which 

the values and signa or the elastic and piesoelectrie 

constants were initially determined. In this eyetem 

the piesoelectric eoetrteients e11 and e14 are pos1• 

tive tor both right and lett hand quartz. The elastic 

coefficients assume the same sign as those commonly 

quoted. Comparison of Fig. l with Pig. 2 shove that if 

e11 is positive in Fig. 2 it becomes negative tor right 

quarts and remains positive for lett quartz in the axial 

system or Fig. 1. The coefficient •14 rftmains positive 

tor right quart.z and changes its sign to negative for 

left quar~z. All signa or the elastic coefricients re­

main the same except for C14 which now must be defined 

aa negative tor both forms. Because or ~he symmetry ot 

quarts ·tbe num$rical values of the coefficients are, or 
course• the same in both systems. For this reason no 

further distinction betwe~n the two forme ot quartz need 

be made in this study and all ot the tollowing discussion, 

unless specifically stated otherwiae, 11 based upon the 

axial system or Fig. 1. 
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Left 4;uartz Rignt ~uartz 

Fig.2--Dual axial system 

X 

Left Quartz Fight Quc:~rtz 

-Ax = e11Ex = -sl 
-Y = e14Ex = -ss ~ 



The Ceaitt.ee of Plesoelectric Standards ha.a 

also re-..:om.:nended a notation for the elaat1o variable•• 

etreea ·and strrain. By thi m not,ation ~h• tensor cotapo• 

nests ot stress are denoted by ! 1.1 llh1le the tensor coa ... 

poneate or strain are denoted by s13 where 

1 = 1, 2. ) aatl j • 1, a, ). 
Eut einee f1J a Tjl' only eix of the niae eom­

pon.en.ta are independent. and the attresa cotnpgneats are 

Wl'i tt.&n ae fp where 

p : l, 2, ;, ;., ;, er 6. 

An cmalgoue e1tuat.10ti exiate fer the a1ira1n components. 

The valuea of t11e piesoeleetric coeffieien~• 

as weU aa t:he values of ~e elastic ancl t,e·mperature co­

ettictente are given in Table 1. These are the valuee 

wtlieh were used. tor all ot th- ca.lculatieaa in tbi• 

study. The piesoeloctric and. elaatlc ceeftieientt values 

are tho.se t•fH~ommoftded by Cad..y (5tl)7) while the temp• 

erature co$tf1c1~a\a are \hose exp,eriseatally deter• 

min.ocl by ~son (l9tl0)). Tbeae la'tter value• are aaid. 

to ov accurat.e t,o two percent betwe•n \be t:emperaturea 

ot 200 and 600c. 

Tge •ttegt,1ve '*l,aeJi~ coefficient 

fbe sJet.~eral tb•ory of the propagat1oft ot plane 

wav,ee in aa anlatropic medium wae first given by Green, 

ae showra by Love ( 14 t 299) • Green showed t bat tor any 



C11 • .?.SxlolO dynee/cm2 

C)) •107.7x1ol0 dynea/c•2 

C44 • S?.)alolO dyDea/c_:l 

cl2 • ?.6xlol0 dyaea/~ 

cl) = 15.a1olO dyaea/0112 

014 aY<·17.2s1ol0 dynea/ca2 

066 • 39. 9x1ol0 dynea/ea2 

Pil~r~~:U:C!RlC COIT.riCitiTI 

ell : s.zuo4 &ta\Cou.loabe/nZ 

•1,. • 1.2x104 etatcoulomba/e.Z 

T&MFI.ftA!URi1 COEJ?ICIEHS 

to11 = -4.6.Szlo-6 dyaea/ca2/d•sr•• 
ton • -201tx10•6 dyaea/c-.2 /4er;r .. 

u 4,. = -166uo-6 dyo.ea/eal /tl•cre• 

"12 • -),)OOXl.o-6 4YMI/cra'2/dAgree 

te1) • -69.?xlo-6 dysea/•2/d•r.re• 
t.c1,. • 90.2x1o·6 a,u .. / .. 2/••vee 

\066 : 164xlcr6 d.ynea/c.,.a /4•r:r•• 



direction of propaga~ion there are in general three 

possible 'ypes ot waves, each with a different velocity 

and therefore a different frequency. He also pointed 

out that the three vibration directions are mutually 

perpendicular. 

!he form or the theory to be considered in 

this paper is due to Christoffel, as used by Becbmaaa 

(2). Christoffel applied the considerations or Green 

in a manner which makes tbe theory directly applicable to 

quarts. 

If damping terma are neglected, the general 

equation of motion or a small elemental volume of an 

elastic solid undergoing stress is 

JT,_ + J" .,_ J7:. :::: f' ~ ... ct 
d/1 J1 d~ J;f'-

where ~ is the density, ;I the time, and. U the 

component or displacement in the X direction. Similar 

expressions represent V and Ul , the y and s coapo­

nents ot the displacement. The three equation• ot 

motion are then given by the following relationships 

where the TP are the stress components which produce 

t.he reepeotive dieplacementa, u, v, and w. 



jl, t.7i.. + lTs. - ),. 
~ + - r-ff#-
J~t Jl )2 

JTf J..T.. 
:t 

+ + d7i ":::: e-j;s-
J~ o1'J Jf: 

d1;. + J~ ,.. )1;_ - b - f' J% ... 
Jl"'t )1 Je: 

It it is assumed that the electric tiel4 

and. the temperature are constant then the generalised 

term ot Hooke's law relating the streeaea with the 

strains is given by the following symmetrical tensor. 

7,. ::; c,,. J, + C.:,~ SA. + ~; f 3 + ~v s.. + C~.r S.., + C;, ~ 

~ = c,, t, + c,.3 .S:, + c,7~ + C3 v S, +- C;,s ~4 + ~6 s, 

'/'1 : Ct'l 59 + C, y S, + C1 , S'J + Cqy Slf + C 11s f., + Cq& S, 

"'r ,. r ""' r .L C .f. + C,,. Su + C.s.r S ... 4- (s-, J"; 
IS :: '-IS ;:,, -1 (..,1-.S .:>,. ..,... IS 3 .,. "' v 

'1(. = c,. s, .,. c='~ s ... + C3, .r., + c.,1 rl( + c~, s.s + c~"~' 

(1) 

(2) 



Upon application or the conditions of symmetry in quartz 

the stress tensor is reduced to 

"'"r' - C r J.. C J. + C,, $"3 -# c,., J, ,,. - f:J.,J I ....- II - , ., 

It u. v, and w are the components of the 

particle displacement along the X, Y and Z axes then 

the strains, Bp are given by 

S, = Ju 
Jrt 

Sq -= ~ + J.Jl 
Jl} )ff: 

s, -;; ¥ Ss :: ; tL + r2.JB. 
J:e ,)/t 1 

s:J -:.1.W .s, ::_ht._,JJ!. 
J~ J/1< J 1 

(3) 

(4) 



and the stress tensor becomes 

T, = c, k + c,, l.Jt + c,3 J w - ti'f J..l!l. - c,l( ~ 
J/N ,,. Jt: J~ J-t: 

-;, = c,., 5q + c,, 1..fL .,. ~,3]JM. + c,., ~ + c,.,.~ 
"k ;~ i J ~ T1 .. :t 

13 ::. c,31M. TC,>3" + Cu :Jw 
Jh ~ J f: 

7V -::. -c,., diL + c,.,..Jx + c,., ,~ + c.,, ~ 
;)~ J1 1 ~2-

-rs -=. c.,., J..y_ + c,, )JJL -c,..,k - C,ct .. J u 
J ~ )'t }~ )1-

11 :: -c,.,f: - c,t(~ + 4·1: + c,.,1 
!he third equation ot motion as g1 ven in 

Eq. 1 is given by 
f.. 

dis + 51;. + )13, :;: f'} W 
.J lk ~ J ~ J ;1'-

Subatitution ot the proper atressea from 

Eq. S into Eq. 6 results in the following equation of 

motion. 

(S) 

(6) 

(7) 



It s represents the directed distance trom 

any plane to the origin, as shown in Fig. 3, then the 

equation or the plane is given by 

$ = J'h + ~ d +M .C 

where l, a, and n are the respective direction cosines 

ot s. 
The axial variables x, y, and s can now be 

expressed in terms or the arbitrary direction variable, 

Combination or terms results in the follow­

ing expression for the motion equation. 



Fie. ~.--Orientation of an arbitr~ry ~lane. 

z 

I 

'' t 

.f: ~t~>~ & 

~=~ <f>.A...e 
M= tA-o e 

... ' . 
' I 

" 

28 



When the aame conditions are applied to the other two 

equations of motion, the three equations are expressed 

in abbreviated form as tollowa. 

where tbe moduli; fiJ• are given by 

F 
,. 1 2,. - C11 )' -+c.,,"""' + c "'~ ;t.., - ?C,, ,.,.,.., "" -

"'). ::.. g, .. +<:'.] /',_ - ?.C,v /""' 

r; :: §3 -~-c,i]...,/- ., c,., ,f.,._ 
(11) 

r,, ,ft. % 2-- ct. _, c;, ~ + c I( I( 111 +). ~. /14'1,.... _, 

fi-:~ - c,., j;.~-.r] + fJ,J + 4iJ.-._... -

[P - c'~'( { f ? _..') -r C33 /11 ,_ -



It the compoDent displacements u, v, aad w are 

expreesed in terms or the resultant displacement, D, then 
u::.o/IJ 

"= J3 0 
w = r-o 

where o1 , }3 , and Y are 'the respective direction 

cosines. 

When this change or variable 1a carried out, 

Eq. 10 reduces to 

P ~ i o = r;;r;; ~ JJ r;;. .., r p;1 Yo 
I ) i" L ,,, ,,.,. :J) J 2. 

f JJ ~;~ = p fo- .,. :P fi'- + r Fi]~}'a. tuJ 

f 4" b2 :::. r;; fi3 + Jl fi'' + yf33J ~ J 71' L- '-=.I J.J :a... 

If the following relationship is assumed 

elf/, + y fi:~. + rfij = oZ ~ 

ol fi'- + J3 fi'- +- r fiJ ::. J tg 

d {t3 -J J3Ji3 + 0 fo -=- ~"t 

then Eq. 12 reduces to the common wave equation 

(13) 

(14) 

whose general integral indicates a propagation velocity 

of .v =- y z!; with 6 the erteetive elastic 

coefficient. 



!he coetticient '6 ie related to the jfj 
through the following determinant which results fro• 

the linear equations, 1). 

jii -t (/,. fi3 
Jl~ fo.-'6 f'3 ':::,. 0 

f/3 {f3 %-t 
(lS) 

Upon expanaion this determinant yields a cubic equation 

containing three real and positive roots, f, , b'- , 
and f 3 , which are £unctions of the elastic moduli ana 

the direction eoeinea 11 m, and a. 

[Iii- t]£"- (J8's- (}f 'fi-fo fo 

-fin -sJfii~-F-rJfh~-?-iJf/:; o 

(16) 

(17) 



If the trigonometric aethod for the solution 

ot a cubic equation is applied to Eq. 17 the three roots 

are given by 

M Z o, I,~ .. 

"" ::; ,, ,., 3 .. 



Solution of Eq. 14 tor an infinite plate with 

wave propagation in the thickness direction leads to the 

(:::. fa. 'Y b le (19) 

where fl. is the thickness and f the density. Since the 

ertective elastic coefficient, b""" , may assume three 

independent values, there are three frequencies, or three 

vibrations, which are theoretically possible. Whether 

all three vibrations ean be realised dep•nds upon the 

value ot the appropriate piezoelectric coefficient. In 

the most general case, all three vibrations are obtain• 

able and any one vibration may be coupled with the others. 

It is only in special cases, where the couplings are 

zero, that one independent vibration is realised. 

Calculation g.! !. zero temperature coefficient 

Even it a reaona~or were found to have a zero 

temperature coett1c1ent. there are other conditions which 

must be satietied before the given resonator can be con­

sidered commercially practical. In addition to the re­

quirements upon the physical performance of the plate, 

the plane ot the plate must be approximately parallel 

to a set or atomic planee in the crystal so that the 

orientation of the plate is readily established. Con­

sequently a study of the atomic planes, which might be 

useful for x-ray orientation, was necessary before any 



actual calculations were carried out. 

One or the stronger atomic planes which might 
--be used tor orienting a quarts plate is the 12)2 plan•• 

whieh has orientation angles or 4> • 70°54.' and 

~ : S9°141 , as based upon Fig.;. This particular 

region is the one that was used in thia investigation. 

The reason ror this choice is given later in this chapter. 

When the direction cosines given in Fig. ) 

are substituted in Eq. 11 1 ~e result is of the tal­

lowing form. 

fi• = g,,. ., ~v. IP:1. tl ~ t$ IJi- .,_ e 
- ;1 c l'f ~ t! ~ s ~ f!J 

fi!J = fj' + c~ Cb-0 4> ,oN.. e t.oo e 
- ,.t:.,y (ArO. q, ~ tP ~ 2 

9 

fi',_= c&, UXL,.,~2e +C,~2•~'-a 
-/- Cqy tb4SIJ + 4J.ftv ~ f ~ e> tb4- I!!J 

Ji3 :: Cqq r "J.t$-Wo.-'"~J~ 20 

~.1 . 9 + [4 ' "* c,,~ ~ (, iG--1 e f.,o4. 

~ 2.. /iJ:: ew~ G + ~3 {,o4 e 

(20) 



At the point, 4> : 70054.' and e • 5~10' • the 

coupling moduli /12 and /i5 vanish and the roots ot the 

cubic equation in b , become 

bt .=. ;;; 

r,, , =- 1 [rr'" ~-"' :!: y if. 1-f. fir +'r'r,j (21) 

~ 

Coneequently if a plate having~sero temperature coetti-

cient liea close to this region, 'l' = fii will be 

approximately the value or the elastic coefficient which 

determines the frequency or the vibration. This value 

or b can be used in the following manner to determine 

tbe poaitioa or a aero temperature coet:ficient. 

D1fterent1at1on, with respect to the tempera­

ture, ot the frequency relatioDship 

(=faYg!e 
results in the tollowiag expression. since a. , ~ , and f' 
are all runcticns or temperature. 

(22) 

(2)) 



(24) 

where f( is def'ined as the temperature coetf'icient ot 

frequency' ;If the temperature coefficient or density, 

fA the temperature coetrieient ot length, and A-r 
the temperature coetticient of elasticity. 

Since a zero temperature coefficient or tre­

quency is desired, Eq. 24 may be set equal to sero. 

;t( ~ 0 :; -;/;_ - J, [Af -f~ 
(25) 

or ~ ;{4 -1- At ~ :lc 

When this equality is aat1stied the result is a zero 

temperature coetfieient. Since both .?fa and ;{e are 

well known it remains to determine whether a value ot 

;ff can be round which will satiety relationship (25). 

!he temperature eoetticients or length and. 

density are given by (8), 

;ftt = 1¥. J - G·s UJ.4 .,. e 
where (7 is again the angle given in Fig. ). Substitu­

tion or these values givea 

(26) 



But 

so that Eq. (26lbeeomea 

,. 
-7. f-lJ tqo. 6 

c,, .;lc,, Ul-0 
1~ ~ ~~ 

+c,, ;f~, ~ ,_ t/J ~ '2. • 

-1- Ct(t.t J-c.,, t.oo. ~ 111 

- l c,, tc,., ~tf, ~ ~ ~ s 
C "-..c • I. /' • t~ .. 2 

II l6-& 'I'~ 6 rl.'' ~ 'I'~ 9 

+ t:.vv W4 
11

9 - ,_C,v ~ t; ~9 t.o-.::~6 

Substitution or the indicated values from fable 1 resulta 

in the following relationship 
[-lf '· s_] {i7. sJ lo-ci,_ q, ~ :J 8 

- {ilfJ ['S1.3] (.o.o, 
2 6 

+[!~>il/J'·fl~-a.q ~ 2e 

-7. Y' - 13 w--'-e -?-[ttf),i)D7,£]~cJ~/.b'Os 
['f' 1 . .t) f.o4 ~ 4 ,;:.... 2. 6 + S'l.J lbt:J,, 8 

~ {!?.f]~ 2d ~ 1 8 

- '- 01.2] ~ cf> ~ s tAt<J e 

If the angle, 4> equals 70054' 1 corresponding to the 

angle of the 1232 plane, then thie relationship is aat­

ist1e4 by~: 56006t. Hence a sero temperature coett1-

eient is theoretically available at this point. 



!!!!. .-.E ..... rt ... · e....,c...,t...,.i ... v..,.e Piezoelectric Coefficient 

As pointed out previously, it is necessary to 

consider the efteetive piezoelectric coefficient in order 

to determine whether a particular vibration can be 

realized. 

The equations relating the polarisation compon­

ents with the strains are given by 

P/k = ~,, 5, + .t,,. S~ + .P,3 S3 + R, v .Sq + .R,s Ss + P,, ~ 

..P' -=- .(" s, + .R h s ~ + .t,.) .s :1 + .t; v sf( + R,_,. ..s:s + ~~ s, t 2s , 

p2 :: ,1( s, -f R,., Sa + .,,, SJ I- P,f{ sf{ + R,,.s Ss +R,, .>t 

As shown previously in Fig. 3 an arbitrary plane is de­

fined by 

Since the thickness ia in the S direction, the polari­

za\ion in the S direction can be expressed in terms ot 

the axial polarization components. 

P.s -;.. Jl~:t + ..- p~ +-,... .P .. 
ao that 

fs :: 1 f!,, .f, + ..f,, J,. + -R,, J, +-'IV Sv + .t,s Ss + ,e, s~ 

+~p._,.f + R".h_I.R:a 3 5, o~R,v5v+.R:asS.r+1,sj {29) 

.f411/3t s, +.In 5~-+Rn SJ +~'{sf(+ ~s s.f + .e,., sJ 



It the variables, x. y and s, are changed to 

the artibrary direction variable, , Eq. 4 becomes 

s, -:. jJ ~ 
J.s 

s, :: ;tN' k 
J~ 

J, ~~~ 
J. s 

St_l = M)_k +M".:J.w_ 
J. s J. s 

Ss =M J 'L-1--}Jlw-
)S ) S (30) 

s, -z~..s&. +illL 
Js Js 

It the strains, SP' in Eq. )0 are substituted 

into Eq. 29, the resulting polarisation, fs , beeomea a 

function of the direction cosines and the dieplacement 

(31) 



When the component displacements• t{ , V , 

and W , are expressed in terms or the reeultet clia• 

placement, D, the polarization becomes 

Ps :. ./':,, 0( i () + .1'- .f, s. ~ .:u. + / _,__ ..p,., y .2!2. 
S JS j..S 

+ ~ ~'" )31.12. ttf,R~R,'f y 1J2_ + J'AA-P,.s J.~ 
J..s J.s J. J 

of /2.-l,s y-)D +,!_ R,& D{~ +/":t,~.;f:J.l2 
,}. s -,; .r d. s 

-1- •• ., .. ., , ........... , " ... "'.,...,, •• .,,., ... 

so that 

where 



Since fs repreaeate tthe polarisation tn the tbicknesa 

d.1rect1on, .s 1 aad. $ ~ repreaenta the arbitrary &train 

then the co•tficient ot this atra1n 1a, 'by detln.1t1on, 

the ettect1ve p1eaoeleetric co•t£1o1ent. 

When the cond.i tions or ey.ase\ry in quarts are 

applied to t:q • .)2, the piesoeleetri.c eoetticien\1 e , 

reduces to the following expr•saion. 

€ ::.tX p, [1!. ~ ]-~-R,'I-"'~ .f J [;,.,,.)'- ,.p., .....,f] ())) 
Eq. jj gtv•a tbe p1esoeleetric coetf1cieat tor 8DJ th1ek­

aeee v1brattoa ia aay orientation 1a quar~a. To deter­

miae whether any particular vibration can be excited, 1t 

is necesaary to eubetitute the dlreetion cosine valuea. 

It the reaultinc 6 ditters from zero then this vlbratloa 

can be esel1»ed. 

When the direction cosine• ,1' • ..M" , and ,AA 

aa given by Fig. ) are aubet1tute4 into Eq. )), \he 

reaul\1ng ettectlve p1e•oelectric coefti.cient. ia given by 

€ -=- oL J!.• [ U>4 ~~"e.~~ 2tP ~ "'e] + .P,'f,a,.,;.. tPID'd 194{...,~ 

-1} ["''( w-tf~e,.;.,... e _, .Pu~16j too tP~()4) 

In order to calculate the actual value ot thta 

p1eaoelectr1c coettie1ent. it ia t1rat neee•aary to de­

termine th• values ot the vibration direction eoainee 

o< • ]J and 8. These are obtained. tro• JL.q. 1) and 



the direction cosine relationship. 

o< r;; " J3 fii + r /13 -= ol b 
o1 p ~ JJ ;r,. -t r f'J = JJ 6 
ol. {i" + JJ f'3 + ;r /iJ -;:. d-6 

()5) 

When the appropriate values ot the moduli, ij, calcu­

lated trom Eq. 20, are eubst1tuGed into the preceeding 

equations the following direction cosine values of thie 

particular vibration are obtained 

o1 :: . errs' J3 ::. -,o ~6'- Y=. ., 61 t 1 

The effective p1eaoelectr1c ooefticient, given by Eq. 34, 

1a then determined. 

€ = l.;xlo4 statcoulomba/ca2 

ADalrsia 21:.· the. 1rfe or loy 
!i!!!J,peraturt coet . c egt 

The calculation or a sero temperature ooetti­

c:teat plate la baaeci upon elastic coeft1c1enta aad. tem­

perature eoettic1enta which have been experimen\ally 

determined at a given temperature. Consequently these 

coett1ciente are only applicable at that temperature or 

over a limlted temperature range about the given temper­

ature. therefore when a sero temperature coetticient is 



calculated there is no indication or the length of the 

range over which the coefficient ie aero or very low. 

How•ver a semi-quantitive analysis can be applied to ex­

plain the difference in this range between plates which 

have nearly similar expreseioas tor their effective elas­

tic coetf1cien~. 

As derived earlier, the ettective elastic co-

eft1cient, '6 1 , tor a plate with the orientation ot 

cf • 70°54' azul (!J : ;~10• ia g1 van by 

(t = c,, (H. "J tP ,a,;... ,. " + 4& ~ ., tf> A.A... ').. t9 
~ . ...,. c," ~ s - '-C,¥ ~ r1 UXL 61 ~ e 

By using analgoue considerations ae those 

which led to the preceeding equation 1 t can be shown that 

the effective elastic eoetticient for the AT plate, which 

has orientation angles or tP • 900 and 6- • 54.04.5', is 

givenhy , 2 , 
('- =. Cy ~ 6 + C.t'f UxJ. ,;, - :I Cerr .cz....,.. s we et 

where the subscripts, l and 2; are used to differentiate 

between the two plates. DitterentiatiOD or both or these 

expressions with reapeet to the temperature results in 

equations which show the change in 1 due to a change in 

the temperature. 



and. 

}~ ::: c,, .J-c;.. ,a.C..., 
2 
e. ./- Cvl( ;/c.,., tQa. 

2 
6 

tl~ - ,_Ct, ~ 6 Guo ~ (b) 

Reference to Table l shows that tc11 and tc44 are nega­

tive While tc14 and tc66 are positive. However, because 

of the negative sign of the c1~ term, the term involving 

C66 11 the only positive ters ia either equation. 

The tollowfng data are taken. from the paper or 
Ataaaaotf and Hart (l) who have determined these 

elastic coetticients at temperatures of 0°0 and 100°0. 

o0c 1oo0c 

87.?xlol0 dynes/em2 

~o.sx1o10 dynes/ca2 

55.9x1010 dynes/c•2 

17.8xlo10 dynee/ca2 

87.Jxl010 dynee/ca2 

~1.2xlo10 dynea/ca2 

55.0x1ol0 dynes/ca2 

17.9x1ol0 dynes/ca2 

From this data it is seen that the values of both C11 

and o4~ decrease as the temperature increases. Since \he 

two terms involving these particular eoetticiente are 

already negative, the result is a leeser negative value 

at the higher temperatures. 'l'he value or c66 increases 

and., since this term is already positive, the result is 

a greater positive value. Similar cons1derat1one show 

that the c1- term has a larger negative value at the 



higher t.emperaturaa. 'fbua, the first three variation• 

'end to make the reault.ing change tn lq. (a) arad lq. ('b) 

more po•1t1ve wh1le only the c14 term tende to make the 

result an.\ cbaqe more aecatl ••• A oorapariaon ot th• 

respective values ot the elastic coett1eieata ahows that 

"b• c1,. tem 1a ao aaall cOMpared wit,b tbe other tenaa, 

that. tb• fiaal 'Unclenoy ill 11"'- 1a to becou !IIOH 

poe1t1ve at \be higher temJWtratureu. th:l.a explains the 

reaaon tor tbe acc•leratin& lncreaae 1n trequ.eAcy aa 

the temperature increa••·•• ?ere impor'hnt, however. 

thie analysis 1n41catea the poaaibtlity ot obtaining a 

pl•te having a aero "•perature coetticieat at a biper 

t-emperature ·tt.an tbe AT plate. Tbia poee1b1lity 1e 

•••rt trom a eompariaon ot lq. (a) and Bq. (\\}. the ~wo 

expr•••1one dlttar by the presence or the trigonometric: 

tunctiofte ot <P aad. 011 ten ln Eq. (a). The \ent 1ft• 
2 

volrtnc Cu la mult.ipl1e4 \)y l.Kl #> which euakea thls ••na 

very eull aa compared with the others. Therefore, lt 

t.h1a term 1e neglected, the reault.lng expreea1on of 

Eq. (a) dtttere tJ'Oa that ot lq. (b) by the presence 

or the trigonometric function ot the angle t$ • Since 

both expreaaione tend to become more positive a\ bl&her 

temperat.ur••, the pre1ence ot the runct1oa ot cJ> 

in lq. (a) makes tbia reeulting change less than that 

ot Bq. (b). Conaequen\.ly a higher temperature must be 

reached. before the frequency ot a plate with &D 



effective coefficient given by '{1 starts increasing. 

It a sere temperature coefficient plate could bet ound 

in the region or tf; • 700S4' and (1J • 59"10' , then 

this plate could be expected to have the zero coefti• 

eient at a temperature higher than that of the A!. It 

was tor this reason that this particular region was 

chosen tor the investigation. 

Since the frequency expression 

(=- ~ yg;~ 
also involves both the thickness, a. , and the deneity, 

f' , it might be expected that changes in these two 

parame-ters due to changes in temperature, vould render 

the preceeding analysis erroneous. This, however, is 

n.ot the case since the density change is independent or 
the orientation while the change in the thickness is 

dependent only upon the angle $ • Sinee this angle is 

nearly the same in both cases, the respective changes 

in thickness, and therefore the resulting changes in 

frequency are approximately the same. 



Chapter IV 

EXPERI14':1TAL PROCEDURE 

Although theoretical eonsideratione led to the 

possibility or obtaining a plate with a higher aero 

temperature coefficient than that or the AT plate, 

experimental work was still necessary to determine 

whether the particular cut bad useful properties. Among 

the properties which had to be determined experimentally 

were the electrical parameters, the range of temperature 

in which the temperature coefficient was nearly aero. 

and the freedom of the oscillator plate from eoupling 

with epurioue modes. 

PreRarstion and. aountin& 

After 'the proper orientation was achieved, 

several blanks or quartz were cut and circular plates 

were raade from. tJleae blaaks. These plates were lapped 

until the thickness waa approximately .OlS inches. The 

platee oscillated with a frequency of about 4x106 cy-

cles/eec. The diameters ot the plates were approximately 

.55 to .60 inches. After the plates were contoured, 

they were plated with aluminum and wire mounted as 

ahown in Fig. ~. 
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Fig. 4.--Wire mounted oscillator plate 



Tem2erature coe£tic·ient and activity 

The range ot temperature over whieh the crystal 

uni~s have low temperature coefficients was determined by 

plotting the frequency against the temperature. the 

crystal unit waa placed in an oven whose temperature waa 

varied from •55°C to 130°C. The frequency was measured 

at five degree intervals as the temperature was varied 

through this range. The activity of the crystal unit waa 

observed and also plotted as a function or the temper­

ature. 

rreguencx spectrum 

In order to determine the presence or any spur­

ious modes which mi~ht interfere with the behavior of 

the oscillator plate, it was necessary to record the 

frequency spectrum over a wide rrequeney range about the 

desired mode of vibration. A block diagram, which ia­

dieatea the method tor recording the speetrum,ie shown 

in Fig., s~ The crystal unit was placed in a drive os­

cillator and the frequency varied mechanically at a con­

stant rate. As the cryotal unit approaehes a resonance 

frequency, the eurrent through the unit increases and 

tnere is a larger voltage drop across the resistor R2• 

As indicated in 1ig. 5, this ehanzing Yoltage is recti­

fied and recorded by a Speedomax recording potentiometer. 

Since an increase in current corresponds to an increase 



X " 
To rectifier and 

drive .J 
, recording 

oscillator R : ~ ~~ R ,t.;otentiometer 
1 3 ~ .. ~ 2 t :~ 

l 
~ .. 

X = cryst.:...l unit 

Fig. 5. --Method of recording fre~uency s1~ec tra 

~ 
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in the admittance ot the crystal unit, the resulting re­

cord on the Speedomax recorder can be interpreted ae the 

resonance curve i.e. admittance plotted againat frequency. 

The resistors R1 and R2 must be much smaller than the 

resistance of the crystal unit so that the ettective 

resietance is very nearly that or the crystal unit and so 

that these two resistors will short circuit any s~ray 

reactances and insure the series resonance operation ot 

the crystal unit. 

Electrical parameters 

!he equivalent circuit or a resonator, which 

·vibrates in a mode free or coupling, can be represented 

by the circuit shown in P'ig. 6. 

'l'"ne inductance L and the capacitance C are the 

electrical analogues or the mass and compliance of the 

quarts plate and R is associated with the energy losses 

in the plate and its mountings. 

0
0 

is the capacitance or the unit when consid­

ered as an ordinary condenser with the quax .. ts plate as 

the dielectric between two electrodes. This particular 

parameter wae measured by the substitution method. 

The other electrical parameters, L, R, and C 

were measured with the Cryst,al ImpedancE:; meter which was 

designed specifically for this purpose by the Signal Corp·a .. 

Engineering Laboratories (10). 
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Fig. 6.--Tlte e~uiv&lent circuit of a cry~t~l reson~tor. 

L R c 

c. 



Chapter V 

PRESENTATION AND DISCUSSION OF DATA 

The low temperature coefficient 

As pointed out in Chapter I!I the value ot 

the effective elastic coefficient used in the calcula­

tions was that or the modulus jli. This value was de• 

rived tor the point, c/J • ?00S4' and e> • S60Q6t and, 

therefore, at any other point, Jl:l will not necessarily 

be the actual effective elastic coetficient. Conae• 

quently an error in tbe final results should be expected 

since the calculations did not yield a ••ro temperature 

ceettie1ent at this exact point. This error was demon­

strated experimentally when tbe aero temperature eoetti­

cien~ was obtainec at an angle or 55°~3' instead ot the 

calculated position or ;6°06•. A more significant in­

dication of the error involved in the approximation 18 

obtained by calculating the value ot the actual ~ trom 

Eq. 18. When the trigonometric values are substituted. 

into this relationship the result ia aa effective elastic 

coefficient ot /O,t/~ 6-;:. 33.0 Y/0 -,·--'/e.-'"" 
ae compared to the approximate value ot the elastic 



coetticient or 
10 2 = )).3 x 10 dynes/em 

However since the experimental values ot the basic elas­

tic ooetticients, Cij' can be considered accurate to only 

two or three percent. the a~proximation would seem to be 

justified. 

Fig. 7 shows typical frequency-temperature 

character:!.sties for these plates. f'lates which were cu-t 

at slightly different angles are shown to illustrate the 

dependence or the shape or 'the curve upon the angle ot 

cut. As indicated in this figure, the best frequency 

stability ror the limited range or 4.0°0 to 90°C is that 

for a plate with a.n angle S or 55°4-S' • The plate with 

an orientation angle or e = 5S0 4)' gives the beat fre­

quency stability over the wider region or )0°C to 110°C 

and this plate also shows the best stability at temper­

·atures or around 100°C. Consequently a plate with 

angles ot 70°5~' and 55°43' seems to give the best per­

formance ror the desired purpose. 

Fig. S compares a typical curve for this 

plate with that of an A'l cut. These plates have the 

same frequency and both platea are cut at angles which 

give the best frequency stability over their respective 

temperature ranges. It is seen !rom Fig. 6 that the 

shapes ot the curves are nearly identical but that the 



5x 

l"t-;::5 0 

~~:?00 
tfl 

t .0002 -
~ 
<1 
-1 
0 
'.:• 

tJ t-150 
j 

g 
// (l) 

::s , 
/~ 

. 
~ililO / 
[y " I 

/ //V· 
I 

J.5i'l / 
/ v 
u! 

e • 55°41'-- · 
a= 55°43'­
s = 55°45'--

.. 

/ 
~"' 

/ ,. 
!-. __.. ,· / 

: ,. . .,.. .... ____ 
·~ ~ . ..., .... 

""""" 
/ 

/. ? - - ~ --.,..,. ~- ~ ----- -.- -~% / 
"""""'" 

~ ""-- _..._ ~ 

,.,.,.~ v· ~- ·~ ' 
-~ ~ I'" • ...,.,..,... ' ·~ ·' ,-? . ----

.~ ·:/ 
~ 

.P' v v 

' 

/ 
v 
"\ 

[\ 

' 
- - ) 1/:. "":&::. ~r: }/; t:.. ... 1-• ... '7t:.. ,Jt:., Ot:.. 1 1\1!. , 1 t:. 

I p (; & 

fig. 7.--Fre~uency-tcmper~ture ch~r~cteristics ~ 



() 
(J) 
IJ1 

.......... 
~f) 

<1> 
M 
0 
>-. 
C) 

s::: 
....... 

:~ 
() 

t:! 
Q) 

:J 
:,Y 
.:1> 
H 

C:t.t 

Sx 

.... 250 

+?nn 

+150 

... 1oo , , 
I 

,.so 

v 

---r----
.!: • 0( 025% 

,/ 
/ 

~ 

/ . 
/ 

I 

/ 

/ I 

/ 

/ 
v 

v 

/, ,. 
/ / " / 

.; 

~ ./ --- ,;,;;;.. --iiiili> , .. ..;.;;;;,;...,_ ............ 
~ 

, .. v / C'"""' .... ~ _____.,.--~ .... 
~"-- --" ·-

/ / 
, 

, 

v 
/ 

v 
- -

---J.Ii -1'i _:,:I) -1 'i -'i I) lS 25 '35 ~5 55 65 75 8~ 115 
New plate­
AT I)late --

Temperature in degrees centier~de 

Fig. 8.--Comp<:.trison between the f'reyuency-temverL..ture 
ch&r~cteridtics of the new pl2te una the AT plate 

~ 



low eoeftieient range or this new plate hae been trane­

lated upward about '0 degrees. Both ot these plates will 

Maintain a frequency which only varies about •.0002S -
percent over a temperature range or approximately 70 

degrees. !he respective temperature ranges of the two 

plates, over which the frequency variation is only 

~.0002S percent are indicated in Pig. 8. 

It is ~•!dent that the zero temperature co• 

ettieient range in this cut is extended to a higher 

te;:~perature than in the A! plate. Consequently the anal• 

ysia given in Cha,pter III, which predicted this poesi• 

bility, justifies the ehoiee ot t.hts particular region 

for the investigation. 

Freguensx seectrua &1\,d activ1tz; 

From Chapter III the cubic equation in b wae 

given by 

[;;- r,]f' -iJ {iii- il-f ~ p; F f/J 
r;., ,L z.. rr. '2. -Lp,.-g {ii- j!i-ijfi3 -L(fi -fl$::: 0 

If the coupling moduli, 12, 1), and 2), were sero the 

three coet:fieients would be given by 

bt=(t; 
,, := 1'2. 
(3 :. ;;, 

and the resulting v1brationa would be indepeftdent of eaeb 



other. In this ideal case the first vibration represents 

a shear in the Xy plane, the second a shear perpen• 

dicular to the XY plane, and the third a longitudinal 

vibration in the thiekness direction. 

In this new plate all three vibrations are 

present and, since the coupling moduli are not exactly 

sero, each vibration is coupled slightly with the 

others. However the shear motion ut.ilized is the only 

vibration which has a aero temperature coefficient and 

this mode also baa a much higher piezoelectric eoeft1eien.t 

so that there is no tendency for th& plate to oscillate 

in either ot the other modes ot vibration. 

The trequency spectrum shown in Fig. 9 11 typ­

ical of these circular plates betore any contouring is 

done. The vibrational modes at the higher frequencies 

are the inbarmonie overtones which are present in all 

thickness vibrationa. With one exception the resonance 

curve tor this fundamental mode waa tree or undesired 

spurious vibrations tor the particular tEnnperature at 

which these measurements were made. It is assumed that 

this one spurious resonance is probably due to coupling 

with the harmonic ot a low frequency shear mode. When 

the plates were contoured the undesired mode vanished 

as indicated in Fig. 10. Since contouring highly damps 

a face shear vibration, this assumption would seem to 
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be valid. 

The activity or these cryetal units is prac• 

tically constant over wide temperature ranges if the 

crystal unit is vibrated at low ampli~udes. A typical 

curve ror these plates, with a.eti vi ty plotted against 

temperature is shown in Fig. 11. Sinee the activity 

over a wide temperature range 1s a good measure or the 

presence ot interfering modes, these plates would aeem 

to be more nearly independent of undeeired coupling with 

dimensional modes than are the A! plates. 

The treguencx cone !;tQt 

Ae pointed out earlier in th1a paper, the fre­

quency or an infinite plate which vibrates in a thick­

ness mode is given by 

from whioh 

where 

{=- ~ Y tie 

(=-f-

/1 =-tr 11t' 
and is defined as the frequency constant. 

The density of quartz is 2.65 gm/cm.3 and the 

value ot t tor this cut is )J dynee/c-.2. Hence the 

frequency constant, H, is 

H = 69.5 x 103 inches/sec. 
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Since the frequency constant or the A'l' plate 1e 

66 x 10) 1nchea/eec, a given th1ckneaa will result in 

a higher frequency in thia new plate. 

The experimental value or the frequency con­

etant for th1e particular shear vibration or the new cut 

waa also determined. !hie value or H • 69.7 x 103 in• 

chea/aec compares very favorably with the calculated 

value given above. 

The trequency eonatante ot the other two modes 

o£ vibration in this plate were determined both expert­

mentally and theoretically With favorable agreement 

in both casea alao. The other shear aode or motion hae 

a frequency constant of approximately 77 x 103 in­

ches/sec which represents a frequency about 10 percent 

higher than that ot the mode which is utilised. The 

longitudinal mode baa a treqQency constant or approx­

imately 121 x lO) inches/sec. and the frequency ia about 

twice that or the desired shear vibration. 

Electrical par .. etere 

The values or the electrical parameters ot 

thie new plate are of \be aame order or magnitude aa 

those ot the Af with similar contouring and dimensioning. 

For a plate which has a contour of 2.~ d.iopt.era over 

one third of :1\s radius and which has plating over the 



non-contoured area, typical parameter values are 

L = 70 x lo-3 henries 

C = .015 x 1o·l2 farads 

R = 15 ohms 

'fhe values of the Q which are given by 

q;> : '!_ TT (.1-
Je 

are of the order or 135,000 to 150,000. 

Since the immediate purpose ot this illVeati­

ga\ion vae to attempt to find an oecillator plate which 

might satisfactorily replace the 1! ror operation at 

higher temperatures, thia chapter has been both a 

diacuaeion or the data ef this new plate and a comparison 

of the two types of resonators. !he preceeding baa 

shown both advantages and disadvantages of this new 

plate as compared. with the AT. 

The main advantage of this new resonator is, 

ot couree, that it has a zero temperature coef£1cient at 

a temperature higher than that of the AT. The new plate 

is also more nearly independent o£ undesired spurious 

mod.es than the AT cut, a cbaraeteristic which results 

in a nearly constant activity over a wide temperature 

range. A third advantage is the higher frequency con­

stant which results in a higher frequency for a given 

thickness. 



The two disadvantages ot this new plate are the 

more difficult orientation and the lower activity because 

of a weaker piezoelectric coefficient. 

Plate notation 

The Coma1ttee on Standards ot Piezoelectricity 

has also recommended a system or notation tor defining 

the orientation of a resonator in the quartz crystal. 

However, since this notation involves an axial system 

which defines the reaonator in terms or its edges and 

rotations about its edges and since, or neeessity, the 

normal to the plate was used in this investigation, the 

system adopted by this Committee was not used. However, 

in keeping with their recommendation this particular rea­

onator will be defined in terms of the adopted notation. 

Under this system the plate is assumed to be 

rectangular and is defined by sueceasive rotations abou\ 

its ed&ea. Its initial orientation, before any rotations 

take place, ean assume any one or six orientations. This 

i.nitial orientation is that orientation in which the 

thickneaa, length, and width of the resonator fall along 

the X, Y, and Z axes but not necessarily respectively. 

However this initial position must be definitely stated. 

The general orientation is defined in the following 

manner. 



A. The first two letters indicate the initial pos­

ition. 

(a) The first letter ia x, y, or s and in­

dicates the direction o£ the plate thickness before any 

rotations have been made. 

(b) The second letter, also :x, y, or z, in• 

dicates the direction ot the length before any rotation•• 

(c) These two letters completely specify un­

no1;ated plates. 

B. The remaining le~ters indicate the edges ot the 

plate which were used as the axis of rotation. 

(a} The third. letter is t, l, or w,--. according 

to whether the thickness, lengtht or width direction 1a 

the axis or the first rotation. 

(b) The fourth letter denotes the edge used 

for the second rotation. 

(c) The rtrth letter denotes the edge used tor 

the third rotation. 

c. These letters are followed by a list or rota• 

tion angles cP , (:} , c.p ; angles negative in sense 

are indicated as such by a negative sign. 

(a) A positive angle means a rotation counter 

clockwise as seen looking toward the origin from the po•­
it1ve end ot the axia of rotation. 

(b) The poei ti ve ends of the axes t 1 1 • and. 



w are the enda that initially pointed in the positive 

direction or the three coordinate ax••· 

To illustrate this method and, at the same tiae, 

to tollow the recommended not,at1on, this new plate will 

be detined as outlined above. It the initial position ts 

chosen, as Shown in Fig. 12-a, with the thickness in 

the Z direcrtion and the leagth in the 1 direction, then 

the first two lettere are u. The plate ia then rctated. 

about the thickness by an angle or 70°54' as shon in 

Fig, 12·b• The aeeond rotation is about the wid<th by 

an angle of )4°17' as indicated by Fig. l2•c. !hen the 

final orientation ot this plate is given aa 

sxtw 70°541 /34°17' 

RecoJDDtendat1gne !2£. tsrther etuclr 

A atudy of theoretical interest which baa 

arisen as a direct result ot this investigation would be 

the extension ot the analrsia or the low temperature 

coefficient range as given in the theoretical analysis. 

This extension could be accomplished by using the ettec­

tive elastic coefficient or the BT plate as well as 

those of the A! and this new cut in the following 

manner. The average ratea ot change, with respect to 

the temperature, or the elastic temperature coef'f1ciente 

tc
66

, tc~t~t• and tc14 have been calculated by Koga, aa 

given by Cady (;:1)9). The tourth temperature coetticieat 
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tc11, involve<~ in the elastic coefficient expression of 

the new cut could be obtained with the aid or the above 

data. If the results or Atanaaotf' and Hart, which are 

given in Chapter III• are applied along with Koga•s 

results, it might be possible to approximately predict 

the shape or the trequency .. temperature curve in the region 

or the sero temperature coeftieient. 

Since only a particular region in the quarts 

crystal was investigated in this work, there are 

nuaeroua possibilities o! obtaining other aero temper­

ature coefficient plates. As pointed out in the 

theoretical analysis it would seem to be possible to 

vary the region or the temperature coettieient to suit 

a desired purpose. 

An analysis of the work or Bechmann, as given 

by Cady (5:144.) suggests another possible study. At an 

angle or d> = 80° and t:J -::... 120°, one shear vibration 

has a positive temperature coetficieat nearly equal to 

a negative temperature coefficient of the other shear' 

moce. These results also show that the frequency con­

stants of the two modes are nearly equal at this point. 

It the piezoelectric coefficients of the two modes were 

also nearly identical, the coupling between the vibra­

tion• might possibly result in a sero temperature 

coetticient•plate. The equations derived in this study 

would be directly applicable to such an investigation. 



Another study which might prove useful com­

mercially, would be to determine the value or this new 

oscillator plate for uee as a harmonic crystal plate. 

?0 



Chapter VI 

SUM!VARY 

The AT crystal units being used at present ln 

commercial radio sets have a sero temperature coefti• 

eient at approximately ?0°c. Very otten these ••~• reach 

temperatures as high aa 10000 where the frequency ot 

the AT crystal unit changes rapidly with temperature. 

Due to the increasing emphaaia upon frequency stability 

there has arisen a need tor a quartz oscilla~or plate 

which has a sero temperature coefficient at these higher 

temperatures. 

The Christoffel method for thlckneaa vibra• 

tioaa was used in this study to determine a new quarts 

oscillator plate by multiple rotations about the crystal­

lographic axes. 

After the position of the d.eeired plate was 

determined• measurements were taken to determine its 

properties. The electrical parameters-inductance, cap­

acitance, and resistance • or the circular, contoured, 

wire mounted plates were determined with the Crystal 

Impedance meter. The frequency spectra or the crystal 

units were recorded by a Speedomax recording poten­

tiometer. The temperature coefficient and activity 



characteristics were obtained by plotting changes in 

frequency and activity due to changes in temperature. 

It was found that this plate haa a favorable 

low temperature coefticient tor the purpose desired. 

The shape ot the frequency-temperature curve is similar 

to that or the Af plate, but the range o£ the lov 

coefficient ia moved up about )0° in temperature. 

If cut at the proper angle this quarts plate 

baa a frequency variation or about !. .0002~ w1 thin 

the temperature range ot approximately )0° to llOoc. 

'!'he activity or this resonator is somewhat lower than 

that ot the A't unit. However, the freedom from un­

desired spurious modes is better than the AT plates. It 

vibrated at low amplitude this new crystal unit maintains 

a remarkably constant activity over the entire temper­

ature range or -;soc to l)ooc. 

Although harder to produce because it is a 

multiple rotated plate, this cut seems to be more desir­

able than the AT plate if operation at temperatures 

higher than 70°C ia deeired. 



.APPEIDIJ. 



The original data upon which this thesis is based are on 

t11e 1n the Department of Physics of Colorado Aldl College. 
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ABSTRACT 

Ot the several piezoelectric crystals which 

might be uaed aa reaonat,ora t.o con'ttrol the trequency or 
e1eet,ron tube oscillators, quartz haa the moat exteneive 

applicatieQ. The naoat important. rea•oa tor this wide­

apr••• uee ot cauarts ia that resonators can be cut trom 

the quarts crya\a.l in auch a way that their meqhanical 

trequeac1•• are aearly iDClependeat, ol tempe,.atur•• at 

1•••' ever limited temperature ranges. 

Oae of the quar'- crystal plates being used 

at preaen~ in COflllercial radio aeta is the AT plate 

which has a sere t,em.p•rat¥re coefficient at approximately 

70°0. Very often ra41o ••t• reaoh \e~~perat.uree as high 

•• lOOOC where the tr••\&•a"'· or \he At eeyatal uuit ie 

ao loager aearly conatant but ehani;ea rapidly w1 th the 

temperature. Tae preaen~ d•y •pllaaia upoa frequency 

at.abil1\y haa rea¥lfrM in a neetl tor a quarts osoillator 

plat,e with a ••ro te•p•rat.ure coefficient at temperatures 

hi per t.ban 700Q • 

!!'!.! problea 

Ia it possible to obtain a quartz crystal 

resonator, wi~h useful properties, by multiple rota­

tions abou1i the cryatallograpbic axee? 

Problem analysis 

1. What. are the frequency-temperature char­

acteristics ot oscillator plates obtained by multiple 



rotatioaa? 

2. How 1a the piesoelectric coupling affected 

by the rotation? 

3• Whatt are \he eleotrieal properties ot 

quarta platea ob•ained in thia manner? 

4. How does ftiUltiple rotation affect the 

frequency apectnuaf 

Qelipd.tftion.--This study 18 ltmi ted to those 

quart& pla~ea, wh1ah vibrate in a thickne•s shear mo4e 

of motion and, 1a particular, to a plate which has a 

zero temperature coettieient. 

D•t1!\1t1oaa 

1. A reeonator retere tto any piesoeleetric 

d•vice which baa a aatural mechanical trequeacy or 

fTequenc.ies, anti ia vibrated elect.rically at or near 

thie trequeracy. 

z. A temperature eoef'ficient, Uftleea other• 

wiae apecified., expreaeea the change in trequeney wlth 

respect. to a change in temperature, this ratio being 

diYided by the frequency. 

;. In this study, both a plate and a cut 

are terme used to denote resonators which vibrate i.n a 

thickness !Uode only and whieh may be either circular or 

rectangular. 

4. Frequency stability refers to the ability 

ot the resonator to maintain a nearly constant frequency 



when aome parameter is varied. Unless otherwise stated 

this parameter is the temperature. 

s. The activity is a measure or the grid 

current in the oscillator whose tr•quency ia being con­

trolled by the resonator. It is an indication ot the 

quality or the resonator. 

6, A rotated plate or cut refers to a plate 

whose normal is not parallel to one or the crystallo­

graphic axes. A single rotated plate 1e a cut whoee 

normal ie perpendicular to one or the crystallographic 

axes. A double rotated plate refers to a plate whose 

normal is not perpendicular to any or the axes. 

7. Contouring refers to the process of 

changing the surface ot a plate from plane to convex. 

The degree or contour refers to the amount or convexity. 

$. The frequency spectrum ot a given reson­

ator ie the represen~ation ot the different vibrational 

modes •r resonance points or the resonator over a given 

range of frequencies. 

Theore~1cal Analxete 

The calculation of a aero temperature coetfi­

cient plate. which vibrates in a thickneae aD.ear mode 

ot metien, involves a theoretical consideration or 
thickness v1brationa in aeneral. The expreaeions 

obtained. through theee oonaiderations can tben be applied 

to a particular type or thickness vibration to determine 



ita individual characteristics. 

The expresaion for the effective elastic eoetf1-

cient of thickness vibrations in general 1s derived by 

applying the Christoffel method to the equa~iona or 

motion ot an elemental volume or an elastic solid which 

1• und.ergoing stress. The resulting expression shows 

that in the general case there are three possible thick­

ness vibrations and any one vibration may be coupled 

with the others. 

At the point cJ : 700'4' and G = 5<1'10' 1 as 

based upon the angular syste11 shown in the following 

figure, one of the -vibrations is independent of the 

others because two of the coupling moduli vanish. By 

an analysis of the expressions for the effective elastic 

coefficient• tor a plate with an orientation or¢= 70054' 

and 9 : 59°10' and the AT plate, it is found ~hat it 

the former plate has a aero temperature coefticient, then 

the low coetticient range occurs at higher temperatures 

than tor the AT. Therefore this particular region about 

d> • 70054' and t!J • 59"10• wae chosen aa the region tor 

inveatigation. 

The equation for the affective elastic coetti­

cient, ~ , at this point is given by 

b ;. C, t#Q <t ¢ ~ ~" .,.. C, t JJM,. .,_ f/ ~2 6 

j c '('( l#tl ,. ~ - ~ t:., 'I ~ tf t,b<J.(I ,oM, (J 
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!he ex,preasion for the frequency of an in­

finite plate ldth a wave propagated 1n the thickneea 

d.1rect1on 1s 

where ~ la tbe th1ckn••• &lld e the denaity. 

Di!ferentiation of this frequency expression, 

with respect to the temperature, lea.ds to the following 

relationship; 

J/1 = 1 r 14 I - & I -?.A I] 
di-/? L (J,fl ~ tf;t If tf;;( I 4. 

where, for a •ariable L the quantity 
tRL-

117f/L 1s 

defined aa the temperature coefficient ot ~ • Since the 

temperature coet£icients or t.he density and the thick­

ness are known. it remains to find t.he val11e of JJif. 
which will reault in -If// being aero. In the 

expreaaion for the effective elastic coefficient, 'l • 
which was given earlier, the elastic constants, c.~~i • 
are known so it is only necessary to determine the 

values or th• angles, cP and 8 , which will satisfy the 

relationship. It is found that for 4> = 700'J4', the 

quantity /-}// becomes aero at • : 56°061. 

To determine whether this part.icular vibration 

can be excited, the value ot the appropriate piezoelectric 



eoetticient JaUat \te determined. The exprees1oa ror thia 

eoetficient, ia dariYed in a manner analogous t,o that 

used tor ob~aining the elastic coefficient. The general 

expression ter ~he p1esoelectr1c coetticient .for any 

tbicknee.a vibration in quarts is given by 

e = d f,,p~-·]o~R,If,.,~-~ P f~.,_,.I!.~.P,,-J 

where e;(. , ]J , and y- are the direction cosines ot 

the particle displacement. 

Exeerimeatal l)rocedure 

Although theoretical considerations indicate 

the pea•1Jt111ty of obtaining a plate with a aero temper­

ature coetticient at a temperature higher than that of 

the A't plata, 1~ was necaeaary to d.etermine experi­

mentally whet.her the particular cut had useful properties. 

A11ong the properties whiob hacl to be fietentineo vera 

the eleet.r1cal parameters, the range of temperature. over 

which the temperature coefficient was nearly zero. and. 

the freedom ot the oecillator plate from coupling wi'h 

spurious modes. 

The low temperature coefficient range was 

d•termined by plotting the frequency against the te~pera­

tut'"e• The crystal unit. was placed 1n an oven whose 

temperature waa varied ·from -ss0c to l)OOC. The frequency 

was measured at five degree intervals as the temperature 



was varied through this range. The activity o£ the 

crystal unit was observed and plotted as a function or 
te?upera ture. 

The trequency spectrum was recorded by placing 

the crystal unit in a drive oscillator and varying the 

frequency mechanically. A measure ot the impedance or 
the crystal unit at the points ot resonance was recorded 

by a Speedomax recording potentiometer. 

The electrical parameters L , t , and C were 

measured with the Cryeual Impedance meter. The shunt 

capae1tanoeC11 was measured by the substitution method. 

Presentation of data ............................................ __ 
Aa predicted by the theoretical analysis this 

new plate has a zero temperature coefficient at higher 

te111peratures than the AT. Typical frequency-temperature 

characteristics for the new plate and the AT plate are 

compared in the followin:is figure. Both of these plate• 

will maintain a frequt~ncy which only varies about 

.!. .00025~ over a temperature range ot approximately 70°0. 

The respective temperature ranges of the two plates, 

over which this frequency tolerance is achieved, are 

indicated in the figure. 

The rE:sonance curves of these platee are 

extremely amooth and, hence, these new platoa would seem 
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te be more nearly independent or eoupling with spurious 

modes than ita the A!. Ir vibrated at low amplitudes 

the new plates maintain a aearly constant activity over 

the temperature range ot -·55°C to ljOOC. 

ftle Taluee or the electrical parameters are 

ot the eame order .,r mapitude ae those or the AT plate. 

'!'he pteaoelectrtc coetticient or this cut has 

a Yalue ot l.S xlo4 atateoulomba/ca2 whieh is about 

one-half that or the AT plate. 

The frequency conatant tor this plate is 

69.7xl0j inches/sec as compared to the frequency con­

stant of the AT which is 66xto3 inches/sec. Consequently 

a given thickness results in a hit~•r frequency in the 

new plate. 

ii.ecommenda tiona !.2!: further a tudy 

Since only a particular region in the qua.rta 

crystal was investigated in this work, there are numeroua 

possibilitiea of obtaining other aero temperature eoetti­

cient plat~a. A epecitic study of this sort would be to 

analyse the region where the t.emperature coefficient 

or one shear vibratien is negative while the temperature 

coefficient or the other shear mode is positive. The 

coupling etfeet between the two modes might result in a 

plate having a sero temperattare coefficient over a very 

wide range. Another poasible analysis would be the 



ex~enaion or the proeed.ure which predicted \he low 

eoetticient ruge at higher t.emperatur••· It would •••• 

poaa1 ble to actually predi•t the ahap• ot the curve 1n 

the recioa of the sero temperature eoet.ticient. The 

equationa derived lrt this atu4y are directly applicable 

t.o all or th••• previously ••at.ioaed 1nveat1ca~lons. 

Another study which might prov• useful co111er• 

eially would be the d•term.iution ot the value ot thi1 

new oacillator pla\e tor use aa a hanDOaic eryatal plate 

aad ~or use ia filter applieationa. 
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