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ABSTRACT

SIGNAL DESIGN FOR ACTIVE SENSING

Recent advances in hardware technology across the active sensing spectra, from RF to
optical, enable the construction of sophisticated excitation patterns that can be varied across
time, space, frequency, wavenumber, and polarization. In the RF band, modern radars are
increasingly being equipped with arbitrary waveform generators that allow the transmission
of different waveforms across multiple degrees of freedoms simultaneously. The emergence
of multiple-input multiple-output (MIMO) phased-array radars, with multiple degrees of
freedom at transmitter and receiver, brings the promise of improved surveillance and tracking
performance. In the optical band, the advent of spatial light modulators and digital light
processing devices allows us to construct structured excitation patterns for illuminating
objects.

These advances open up exciting possibilities for design of illumination patterns and sig-
nal processing algorithms. In this dissertation, we develop new signal design and processing
methods for a subset of active sensing problems in radar and optical imaging. In addition,
we exploit the Kalman filter as an efficient signal processing approach for sensing systems
with dynamical state update and measurement acquisition.

Radar imaging: Broadly speaking, signal designs for radar imaging can be divided into
two categories: designs for desired ambiguity functions and designs for interference rejection.
The first category typically involves designing radar waveforms of a given time-bandwidth
product, such that their ambiguity functions have narrow mainlobes and small sidelobes in
desired regions in the range-Doppler plane. The designs in this category are typically suited
for resolving point scatters in white noise. The second category typically considers the joint
design of radar transmit and receive filters, to detect or estimate a point or extended target

in the presence of interference and clutter.
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In conventional designs in both categories, typically, the focus has been on designing a
single transmit filter or a single transmit-receive pair to achieve a design goal. But recent
hardware advances enable the utilization of banks of transmit-receive filters across multiple
degrees of freedom, and give rise to new opportunities for radar waveform design and signal
processing. In this dissertation, we take advantage of these new capabilities to develop novel
signal design principles for MIMO radar in the first of the aforementioned categories. Our
contributions are as follows:

Doppler resilient illuminations: In radar range detection, typically, localization in range
is performed by matched filtering the received signal with the transmitted waveform. The
output of the matched filter would ideally be an impulse at the desired delay. Therefore,
waveforms with impulse-like autocorrelation functions are of great value in these applica-
tions. Such waveforms are typically constructed through phase coding a narrow pulse shape
with appropriate unimodular codes. Unimodularity is desired due to constraints set by
power amplifiers used in radar transmitters. In the absence of Doppler, the near ideal auto-
correlation property of such waveforms enables separation of closely-spaced targets in range.
However, all phase-coded waveforms are sensitive to Doppler effect; off the zero Doppler axis,
the magnitude of range sidelobe of a phase-coded waveform’s ambiguity function is typically
large. These Doppler-induced range sidelobes can in turn result in masking of a weak target
that is located in range near a strong reflector with a different Doppler frequency.

As part of this dissertation, we develop a general framework for designing Doppler re-
silient radar illuminations through proper waveform coordination across time, frequency, and
aperture. The building blocks of our Doppler resilient illuminations are phase-coded wave-
forms constructed from unimodular codes such as Golay complementary codes. We first
show that by properly coordinating these complementary waveforms across time, we can
annihilate the range sidelobe of the corresponding pulse train’s ambiguity function inside
a modest Doppler around the zero-Doppler axis. This in turn enables us to extract weak

targets that are situated near strong reflectors. However, this Doppler resilience comes at
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the expense of Doppler response. We characterize the tradeoff between the two for time-
coordinated transmissions. We then extend our design to the coordination of complementary
waveforms across both time and frequency. The added degrees of freedom for transmission
(frequency) allow us to improve Doppler response without reducing resilience to Doppler. Fi-
nally, we extend our work to the design of Doppler resilient paraunitary waveform matrices.
Construction of paraunitary illuminations has received significant attention from the MIMO
radar community. However, all designs suffer from sensitivity to Doppler. Our approach
provides a way to maintain the paraunitary property even in the presence of Doppler.

Optical imaging: The invention of charge-coupled devices and two-dimensional arrays
revolutionize optical imaging, by shifting the measurement collection paradigm in optics
from serial collection of light intensities at the detector plane to the parallel recording of
light intensities. This translates to potentially several fold increase in imaging speed in
many imaging systems operating in mid infrared to soft X-ray band. However, CCDs are
not readily available in the Terahertz to far infrared region, and optical systems in these
bands (including confocal microscopes) still rely on single pixel detectors. This has led to
investigation of techniques that employ structured illumination to eliminate the need for
pixel-wise scanning. A popular approach, based on compressive sensing theory, has been to
use random illumination patterns along with sparse reconstruction algorithms to reconstruct
the full object intensity from a small number of intensity measurements. This approach
has been mostly investigate under ideal imaging conditions, with no or very little optical
aberrations.

As part of this dissertation, we investigate the viability of such compressive sensing ap-
proaches for high resolution optical microscopy under more practical conditions. In partic-
ular, we analyze the sensitivity of compressive optical microscopy to misfcous effects, which
are inevitable in imaging most specimens. Our analysis indicates that compressive imaging
is highly sensitive to misfcous effects at high magnifications factors, which are typical in

microscopy.
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Kalman filtering: In the past few decades the invention of Kalman filters (KFs) and
their variations has led to improved adaptive signal processing performance of various sens-
ing systems whose state evolution and measurement acquisition can be characterized by
dynamical linear model equations. valued state and measurements.

Complex-valued signals are ubiquitous in science and engineering. A random complex-
valued vector x is said to be improper, if x is correlated to its complex conjugate, i.e.,
the complementary covariance Exx? is nonzero. The impropriety of complex-valued sig-
nal exists in many application including communication, smart grid, optical imaging, and
acoustic imaging. Since conventional statistical signal processing essentially treats complex-
valued signals as real-valued signals and ignores the complementary covariances, it becomes
necessary to revisit the theory. Compared to conventional strictly linear processing, the
widely linear processing is proven to be an efficient signal processing technique for resolving
improper complex signals.

As part of this dissertation, we are motivated to make use of widely linear processing
to develop novel complex KFs and their nonlinear versions for improper complex states.
We show that complementary covariance of improper states may be used to develop widely
linear complex KFs (WLCKFs) and Unscented WLCKFs. We show that, compared to the
conventional complex KFs and Unscented complex KFs which ignore the complementary
covariances, the WLCKF's and Unscented WLCKF's can significantly reduce the mean square
error of state estimation, by utilizing full first and second order statistical information of

improper complex states.
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CHAPTER 1

INTRODUCTION

1.1 Active Sensing: Waveform and Receiver Design

The task of an active sensing system is to study the environment of interest through
the functionalities of its transmitter and receiver. The transmitter excites/illuminates the
environment with a waveform. The receiver measures the return/reflection of targets in scene
and process the measurements to form an image, estimate parameters, or detect/classify
targets. For instance, a radar generates an illumination in the radio frequency band, studies
the presence of targets in scene, and estimates the targets parameters (scattering coefficient,
round-trip delay/range, and Doppler frequency/velocity); a sonar emits acoustic radiation
to the underwater environment and detects the underwater objects; ultrasound imaging
makes use of ultrasound wave propagation and diagnose subcutaneous human tissues such
as vessels and organs; optical imaging utilizes optical radiation spanning from the soft X-ray
regime to THz frequencies and has numerous applications such as microscopy and holography.
In summary, the signal design for active sensing can boil down to two aspects: transmit

waveform design and receiver design.

1.2 Conventional Active Sensing Theory

1.2.1 Radar Imaging

Broadly speaking, signal designs for radar imaging can fall in two categories: designs
for desired ambiguity functions and designs for interference rejection. The first category
typically involves designing radar waveforms of a given time-bandwidth product, such that
their ambiguity functions have narrow mainlobes and small sidelobes in desired regions in

the range-Doppler plane. The designs in this category are typically suited for resolving point



scatters in white noise. The second category typically considers the joint design of radar
transmit and receive filters to detect or estimate a point or extended target in the presence

of interference and clutter.

e First Category: Ambiguity Function Theory

A radar is an imaging system that forms two-dimensional delay-Doppler images of the
illuminated scene. Suppose the individual scatters in scene can be viewed as point
scatters, with a specific coordinate in the two-dimensional range-Doppler plane. The
radar return is processed by receive filter banks outputing a map of the magnitude
of scattering coefficients in the range-Doppler plane. For a point scatter with round-
trip delay 7 and Doppler frequency v, its narrow-band radar return is the transmit
waveform delayed by 7 and modulated by frequency v. If the receive noise process is
white, then the output signal-to-noise ratio is maximized if the receive filter takes the
form of the complex conjugate of the time reversed transmit waveform delayed by 7 and
modulated by frequency —v, or matched filter. Therefore the two-dimensional radar
image for this single target is the point-spread function of the radar system centered
at the target coordinate (7,v), which is a function of the transmit waveform, called

ambiguity function of the transmit waveform, defined by Woodward [1] in early 1950’s.

Since the radar ambiguity function serves as the point-spread-function of the range-
Doppler imaging system, ideally we wish it to be a thumbtack, i.e., two-dimensional
Kronecker delta function. However, this is not possible, since Moyal [2] had shown
that the volume under ambiguity surface equals a fixed value that is the square of the
total transmit energy. In other words if we choose a specific transmit waveform whose
ambiguity function can be pushed down in some region, its ambiguity function pops
up in some other regions. Therefore in practice, we only hope for a desired transmit
waveform whose ambiguity function has narrow mainlobe, and small sidelobes (maybe

only in some regions in the range-Doppler plane). A narrow mainlobe indicates a fine



image resolution, or the ability to separate closely-spaced targets. Small sidelobes

mean the ability to extract weak targets nearby strong reflectors.

In the past few decades there has been a number of good designs of radar transmit
waveforms. For example, many radar waveforms are generated by phase coding a
narrow pulse shape with some unimodular sequences with impulse-like aperiodic auto-
correlation sequences, such as the polyphase sequences by Heimiller [3], Frank codes [4],
polyphase codes by Chu [5], Barker sequences [6], and generalized Barker sequences by
Golomb and Scholtz [7]. However, there are still some drawbacks of the above wave-
form designs, such as sensitivity to Doppler. Woodward mentioned in his book that
“the basic question of what to transmit remains substantially unanswered” in 1953.
This is probably still true today and there exists many openings for the design of radar

waveforms with better ambiguity function properties.

Second Category: Interference Rejection

The aforementioned ambiguity function theory is suited for resolving point scatters in
white noise. Now consider the case in which the targets are masked by a background
of clutter returns and thermal noise. In here the targets and clutters can be extended
in the range-Doppler plane. If we form a signal plus noise model for the radar return,
the noise can have structured/colored spectrum due to the clutter return, as opposed
to white spectrum required in the ambiguity function theory. Therefore employing
matched filter banks at receiver may indicate no optimality, and more sophisticated

receiver filters should be considered to reject the interference.

The signal-to-interference-noise ratio (SINR) is a major performance metric for the
interference rejection category of radar signal design. Many designs of radar transmit
and receive filters rely on an optimization of SINR subject to some transmit power con-
straint. Some fundamental works [8] consider the design of receiver with pre-selected

transmit filter. Typically the design problem involves optimizing a quadratic objective



function, which can be transformed to an eigenvalue/generalized eigenvalue problem.
The receive filter is constructed according to the eigenvector of some semidefinite ma-
trix associated with the biggest eigenvalue. Alternatively, other researchers consider
a joint transmit-receive design for optimizing SINR [9]. This type of problems are in
general hard to solve in closed form. Usually people resort to iterative optimizations.
Each individual procedure either derives the optimal transmitter with fixed receiver,
or derives the optimal receiver with fixed transmitter. The iterative approach can be

shown to converge to a local minimum of the objective function.
1.2.2 Optical Imaging

The convectional theory of optical imaging is established on the basis of electromagnetic
theory and Fourier analysis. The Fresnel diffraction approximation enables the computation
of the field propagation at each position in space. In an optical system, the size of aperture
controls the numerical aperture (NA) value, which determines the highest spatial frequency
that can pass the system, or the bandwidth of the optical transfer function (OTF). Taking
the inverse Fourier transform of the OTF yields the point-spread function, the width of
which determines the transverse resolution of the imaging system. The Rayleigh limit clearly
demonstrates that the imaging resolution is proportional to the light wavelength and inversely
proportional to the NA. Common optical devices such as a single lens or telescope (4-f system)

can be used to form images of a object with some magnification or demagnification factors.

1.3 Advances in Active Sensing: New Degrees of Free-
dom

Advances in sensor technology are providing active sensors that are increasingly agile both
in their transmitters and receivers’ capabilities [10]. The introduction of recent hardware
across the active sensing spectra, from RF to optical, enables the construction of sophisti-
cated illumination patterns that can be varied across time, space, frequency, wavenumber,

and polarization. The enhanced measurement collection devices, together with novel signal



processing algorithms, bring the promise to improved performance metrics.
1.3.1 Advances in Radar Imaging

Modern radars are increasingly being equipped with arbitrary waveform generators which
enable generation of different wavefields across time, frequency, polarization, aperture, and
wavenumber [10-12]. The transmission of these waveform patterns can be changed in a rapid
succession (from pulse to pulse). The degrees of freedom in time can be exploited by sepa-
rating different waveform transmissions in multiple pulse repetition intervals (PRI) [13-17].
The receiver filter bank processes radar return in each PRI, and combines the outputs across
multiple PRIs to form a radar image in the range-Doppler plane. The transmission of differ-
ent waveforms can also be coordinated in frequency [18-20], if proper signal processing on the
measurements is employed. When the target has a polarization direction-dependent scatter-
ing property, the separation of waveform transmissions across all polarization modes brings
in the additional performance gain. In this case the receiver utilizes a multi-dimensional filter
bank that is carefully designed to meet the paraunitary property [14], to facilitate the ex-
traction of the target’s scattering information. Equipped with multiple transmit and receive
antennas, the multiple-input multiple-output (MIMO) radars [21-24] are able to exploit the
increased degrees of freedom in space, by emitting arbitrary waveforms across the transmit
antenna array and processing the measurements across the receive antenna array. Proper
spatial correlation of transmit waveforms across the transmit antenna array can result in a
wide angle transmit beampatterns, as opposed to the narrow transmit beampattern in single
antenna radar systems. In additional to the range/Doppler imaging, the MIMO radars can
also integrate efficient signal processing tools to simultaneously estimate different azimuth

angles for the multiple targets in scene.



1.3.2 Advances in Optical Imaging

In the past few decades, there has been a number of inventions of hardware in op-
tical imaging systems. Many optical imaging applications make use of a spatial modu-
lated /illumination beam which can have an arbitrary representation in space and time. This
spatially illumination can be generated by the spatial light modulators (SLM) and digital
light processing (DLP) devices. For instance, an SLM employs a micromirror array with the
flexibility to adjust the amplitude and phase of each output spatial frequency components.
Alternatives of the SLMs are the optical masks [25-30] with either transparent or blocked
elements. The opens and closes on the mask correspond to the zeros and ones in some dig-
itized space-time signals or representations. The emergence of charge-coupled devices and
two-dimensional arrays revolutionize optical imaging, by shifting the measurement collec-
tion paradigm in optics from serial collection of light intensities at the detector plane to the
parallel recording of light intensities. This translates to potentially several fold increase in

imaging speed in many imaging systems operating in mid infrared to soft X-ray band.

1.4 Summary of Contributions

In conventional designs of active sensing systems, typically, the focus has been on de-
signing a single illumination pattern or a single transmit-receive pair to achieve a design
goal. But recent hardware advances enable the utilization of banks of transmit-receive filters
across multiple degrees of freedom, and give rise to new opportunities for waveform design
and receive processing. In this dissertation, we take advantage of these new capabilities to
develop novel signal design principles for a subset of active sensing problems in radar and

optical imaging. Our contributions are as follows:
1.4.1 Doppler Resilient Transmit-receive Filters for Radar

In this dissertation, we have developed a general framework for designing Doppler resilient

illuminations through waveform coordination across time, frequency, and aperture. The issue



of sensitivity to Doppler exist for all conventional phase coded waveforms designs. A radar
waveform phase coded by an unimodular sequence with impulse-like aperiodic autocorrela-
tion sequence has an impulse-like autocorrelation function. This means that the ambiguity
function is impulse-like along the zero Doppler axis. However, off the zero Doppler axis
the impulse-like response in range is not maintained and the ambiguity function has range
sidelobe. In consequence, a weak target that is located in range near a strong reflector with
a different Doppler frequency may be masked by the range sidelobe of the radar ambiguity
function centered at the delay-Doppler position of the stronger reflector.

As part of this dissertation, we develop a general framework for designing Doppler resilient
radar illuminations through properly coordinating phase-coded waveforms constructed from

Golay complementary code across time, frequency, and aperture:

e We first show that by properly sequencing Golay complementary waveforms in time in
constructing the transmit pulse train and the receive filter, we can essentially annihilate
range sidelobes of the radar point-spread function (psf) and maintain an impulse-
like point-spread function in range over a Doppler interval around the zero-Doppler
axis. We construct the transmit pulse train by coordinating the transmission of Golay
complementary waveforms according to zeros and ones in a binary sequence P. We
refer to this pulse train as the P-pulse train. The pulse train used in the receive filter
is constructed in a similar way, in terms of sequencing the Golay waveforms, but each
waveform in the pulse train is weighted according to an element of a sequence Q. We
call this pulse train the Q-pulse train. We show that the size of the range sidelobes
of the psf is controlled by the spectrum of product of the P and Q sequences. By
selecting sequences for which the spectrum of their product has a higher-order null
around zero Doppler, we can annihilate the range sidelobe of the psf inside an interval
around the zero-Doppler axis. For the illustration purposes we first present two specific
(P, Q) designs, namely the PTM design and the binomial design. We then establish

a necessary and sufficient condition for achieving an Mth-order spectral null with



length-N, N > M + 1, sequences P and Q. The condition is that the product of the
P and Q sequences must be in the null space of an (M + 1) x N integer Vandermonde
matrix. We show that the above (P, Q)-pulse train design can be extended to the cases
when we have more than two complementary waveforms components in order to shape
desired radar psf. However, with a given time-bandwidth product, the range sidelobe

suppression ability, or Doppler resilience, comes at the expense of Doppler response.

We then characterize the tradeoff between the Doppler resilience and Doppler response
for time-coordinated transmissions. We show that by introducing new degrees of free-
dom (frequency), we are able to improve Doppler response without reducing resilience
to Doppler. Thus We extend our time-coordinated waveform design to the coordi-
nation of complementary waveforms across both time and frequency. A single time-
coordinated (P, Q)-pulse train is assigned to 2K orthogonal frequency-division mul-
tiplexing (OFDM) subcarriers. The 2K subcarriers include K subcarriers pairs with
equal and opposite frequency offset relative to a common carrier frequency. The ef-
fective radar psf is a weighted summation of the squared cross ambiguity functions of
the (P, Q)-pulse trains assigned to the total K subcarrier pairs. The Doppler response
is essentially controlled by of the spectrum of the weight sequence across all subcar-
riers, whose zero-crossings around zero Doppler is O(1/K). This means that Doppler
resolution for an OFDM (P, Q)-pulse train is O(1/K) and at least K/N better than
a single frequency (P, Q)-pulse train with N pulses. But note that a fine resolution
of our OFDM waveform design requires a huge frequency consumption, which may
not be realistic considering the intense occupation of spectral resources nowadays. We
then show that by implementing two sets of OFDM (P, Q)-pulse trains operating over
2K, and 2K, subcarriers respectively, and properly performing signal processing on
the measurement, we can achieve a Doppler resolution in the order of O(1/KK>),
provided that K; and K, are coprime integers. Therefore the same Doppler response

can be achieved with much less bandwidth consumption.



e Finally, we extend our work to the design of Doppler resilient illumination design
for phased-array MIMO radars. Illumination design for phased-array MIMO radar,
based on complementary space-time waveforms has received significant attention from
the MIMO radar community. For example, the paraunitary waveform design, as one
type of complementary space time waveform design, has the desired property that the
autocorrelation matrices of individual waveform components sum up to the desired
composite auto-correlation matrix, which is a identity matrix at zero lag, and vanishes
at nonzero lags. This leads to good properties such as invariant transmit beam pattern,
zero waveform coupling, and ideal pulse compression, enabling the enhanced detection
and surveillance performance of MIMO radars. However, all complementary space-time

waveform designs suffer from sensitivity to Doppler.

We demonstrate a Doppler resilient design of space-time transmit /receive filter based
on a paraunitary waveform set with cardinality D. The transmit filter is a length-N

spatial pulse train which coordinates the transmission of waveform components in the

N—-1
n=0 *

set using a D-ary scheduling sequence {p[n] The receive filter is constructed in
the similar way, except that the waveform component in n-th PRI is weight by the
n-th element of a real weighting sequence {g[0]}"=;. The design of binary p-sequences
and real g-sequences has been ellaborated in [16,31,32] to coordinate the transmission
of Golay complementary waveforms in time for maintaining complementarity in the
presence of Doppler. We present a systematic construction of these two sequences,

which enables the cross ambiguity matrix of the transceiver filter which maintains the

paraunitarity inside a desired Doppler band around zero Doppler axis.
1.4.2 Compressive Optical Imaging and Sensitivity to Misfocus

The invention of charge-coupled devices and two-dimensional arrays revolutionize optical
imaging, by shifting the measurement collection paradigm in optics from serial collection

of light intensities at the detector plane to the parallel recording of light intensities. This



translates to potentially several fold increase in imaging speed in many imaging systems
operating in mid infrared to soft X-ray band. However, CCDs are not readily available in
the Terahertz to far infrared region and optical systems in these bands (including confocal
microscopes) still rely on single pixel detectors. This has led to investigation of techniques
that employ structured illumination to eliminate the need for pixel-wise scanning. A spatial
structured illumination can be generated by a spatial light modulator or digital light pro-
cessing device. The single detector records inner products between the line-scans of object
and the illumination pattern. Therefore the imaging speed can be much faster than that of
the conventional pixel-wise scanning methods.

One class of structured illumination imaging approach, called SPatlal Frequency Imaging
(SPIFI), is proposed in [29,33]. It generates a light modulation pattern whose modulation
frequency linearly increase across the spatial extent, which provides a unique modulation
frequency at each spatial point in the excitation. The recovery of the object spatial informa-
tion is performed via a simple Fourier transform. Note that in order to obtain high imaging
resolution, a large number of temporal measurements is required to meet the Nyquist con-
dition. Another popular approach, based on compressive sensing theory, has been to use
random illumination patterns along with sparse reconstruction algorithms to reconstruct the
full object intensity from a small number of intensity measurements. This approach has been
mostly investigate under ideal imaging conditions, with no or very little optical aberrations.

As part of this dissertation, we investigate the viability of such compressive sensing ap-
proaches for high resolution optical microscopy under more practical conditions. In partic-
ular, we analyze the sensitivity of compressive optical microscopy to misfcous effects, which
are inevitable in imaging most specimens. We formulate the measurement equations for mis-
focus imaging condition. The numerical analysis indicates that compressive imaging is highly
sensitive to misfcous effects at high magnifications factors, which are typical in microscopy.
Finally, inspired by the result of sensitivity to basis mismatch of compressive sensing in [34],

we present a mathematical description for the sensitivity to misfocus effect of compressive
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optical imaging. The model perturbation can be characterized by the perturbation matrix,
as a function of both the demagnification factor and misfocus distance. A theoretical upper
bound of the compressive sensing reconstruction error at given demagnification factor and

misfocus distance is developed.
1.4.3 Widely Linear Complex Kalman Filters

Complex signals are ubiquitous in science and engineering, arising as they do as complex
representations of two real channels or of two-dimensional fields. A random vector x is
said to be improper, if x is correlated to its complex conjugate, i.e., the complementary
covariance Exx’ is nonzero. In communication [35], smart grid [36], optical imaging [37],
and acoustic imaging [38], the impropriety of complex-valued signal /measurement arises, due
to unbalanced channel gains, coupled dual channels, or improper noises. In these cases a good
parameter estimator may depend on both the measurement and its complex conjugate, which
is intuitively a widely linear transformation from measurement space to parameter space.
Thus for improper complex-valued signals it becomes necessary to revisit the conventional
statistical signal processing theory and incorporate the widely linear processing treatments
[39-43].

In the past few decades the invention of Kalman filters (KFs) [44] has led to improved
adaptive signal processing performance in various sensing systems whose state evolution and
measurement acquisition can be characterized by dynamical linear model equations. As
extensions of KFs, extended KFs [45] and Unscented KFs [46] have been invented to address
signal processing in systems with nonlinear models.

We are motivated to make use of widely linear processing to develop novel complex
KFs and their nonlinear versions for improper complex states. We show that for improper
complex states, complementary covariance matrices may be used to create widely linear
complex KFs (WLCKFs) and Unscented WLCKFs. We first derive the procedures of a

WLCKF, and present the duality of a WLCKF and its dual channel real KF counterpart.
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We then develop the Unscented WLCKFs to address the nonlinear dynamical models of
improper complex states. A systematic construction of modified complex sigma points is
studied whose sample mean and covariances can preserve the full first and second order
statistical information of a improper random complex vector. Our analysis and numerical
results show that, compared to the conventional complex KFs and Unscented complex KFs
which ignore the complementary covariances, the WLCKFs and Unscented WLCKFs can

significantly reduce the mean square error of state estimation.

1.5 Organization of the Dissertation

The remainder of this dissertation is organized as follows.

In Chapter 2, we present framework for designing Doppler resilient waveform via proper
coordination of complementary waveforms across time. We show that the range sidelobe of
the corresponding pulse train cross ambiguity function inside a modest Doppler around the
zero-Doppler axis can be annihilated. This in turn enables us to extract weak targets that
are situated near strong reflectors. However, this Doppler resilience comes at the expense
of Doppler response. In Chapter 3, we characterize the tradeoff between the two for time-
coordinated transmissions. We then extend the design in Chapter 2 to the coordination of
complementary waveforms across both time and frequency. The added degree of freedom
for transmission (frequency) allows us to improve Doppler response without reducing re-
silience to Doppler. In Chapter 4, we extend our work to the design of Doppler resilient
complementary space-time waveforms. Construction of complementary illuminations (for
instance, paraunitary waveform design) has received significant attention from the MIMO
radar community. However, all designs suffer from sensitivity to Doppler. Our approach
provides a way to maintain the complementarity even in the presence of Doppler. In Chap-
ter 5, we investigate the viability of such compressive sensing approaches for high resolution
optical microscopy under more practical conditions. In particular, we analyze the sensitivity

of compressive optical microscopy to misfcous effects, which are inevitable in imaging most
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specimens. Our analysis indicates that compressive imaging is highly sensitive to misfcous
effects at high magnifications factors, which are typical in microscopy. In Chapter 6, we
exploit Kalman filters as a powerful signal processing approach for sensing systems with
dynamical state update and measurement acquisitions. We illustrate that with improper
complex valued states/measurements, how we revisit the derivation of conventional Kalman
filters to account for the complementary covariances of random vectors. Finally we conclude

the dissertation in Chapter 7.
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CHAPTER 2

DOPPLER RESILIENT TRANSMIT-RECEIVE

FILTERS FOR RADAR

Modern radars are increasingly being equipped with arbitrary waveform generators which
enable generation of different wavefields across space, time, frequency, polarization, and
wavenumber; see, e.g., [10]- [17]. However, as the number of degrees of freedom for trans-
mission increases so does the complexity of the waveform design problem. This motivates
the assembly of full waveforms from a library with simple component waveforms. By choos-
ing to separate waveforms across space, time, frequency, polarization, wavenumber, or a
combination of these, we can modularize the design problem [50-54].

An ideal transmitted waveform should produce an impulse-like ambiguity function in
the range-Doppler plane. However the Moyal’s identity [55] says that there is no way to
construct such a waveform. Instead due to the sidelobes of ambiguity function a weak target
of interest can be possibly masked by the interference resulting from nearby strong reflectors.
Since different waveforms yield various distributions of the sidelobe of ambiguity function, an
attractive approach is to design a waveform library such that candidates from the library can
adaptively match with the real time radar scene. Each waveform candidate in the library
is selected offline according to some criterions, such that the online waveform generation
through optimization can be avoided. Recently some information theoretical criterions are
proposed in [56-58]. For instance, in [58] the criterion is defined as the maximum of expected
mutual information between target state and measurement over all waveforms in the library.
Correspondingly good waveform libraries are developed, such as the library consisting of two

linear frequency modulated (LEM) waveforms [59] and fractional Fourier transform based
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LFM waveforms [60].

After creating a desired waveform library, the transmit waveform design requires a wave-
form scheduler to coordinate the transmission of waveform candidates on the fly. In principle
such a waveform scheduler takes account into previous measurement as well as the dynamic
model of targets and clutters [60,61]. However, it should be noted that, the size of waveform
library has to be small, so that the computational burden on the scheduler is tolerable.

In this chapter, we consider a waveform library consisting of only two component wave-
forms. We show that by properly sequencing these component waveforms across time we
can construct transmit pulse trains and receive filters for which the radar point-spread func-
tion, given by the cross-ambiguity function of the transmit pulse train and the pulse train
used in the receive filter, is essentially free of range sidelobes inside an interval around the
zero-Doppler axis. This enables us to extract a weak target that is located in range near a
stronger reflector at a different Doppler frequency.

The component waveforms are Golay complementary and are obtained by phase coding
a narrow pulse with a pair of Golay complementary sequences (see, e.g., [62]— [64]). Golay
complementary sequences have the property that the sum of their autocorrelation functions
vanishes at all nonzero lags. Consequently, if the waveforms phase coded by complemen-
tary sequences are transmitted separately in time and their ambiguity functions are added
together the sum of the ambiguity functions will be essentially an impulse in range along
the zero-Doppler axis. This makes Golay complementary waveforms ideal for separating
point targets in range when the targets have the same Doppler frequency. However, off
the zero-Doppler axis the impulse-like response in range is not maintained and the sum of
the ambiguity functions has range sidelobes. In consequence, a weak target that is located
in range near a strong reflector with a different Doppler frequency may be masked by the
range sidelobes of the radar ambiguity function centered at the delay-Doppler position of

the stronger reflector.
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We show in this chapter that by properly designing the way Golay complementary wave-
forms are assembled across time in the transmit pulse train and the receive filter, we can
essentially annihilate range sidelobes of the radar point-spread function and maintain an
impulse-like point-spread function in range over a Doppler interval around the zero-Doppler
axis. We construct the transmit pulse train by coordinating the transmission of Golay com-
plementary waveforms according to zeros and ones in a binary sequence P. We refer to this
pulse train as the P-pulse train. The pulse train used in the receive filter is constructed
in a similar way, in terms of sequencing the Golay waveforms, but each waveform in the
pulse train is weighted according to an element of a sequence Q. We call this pulse train the
O-pulse train. The cross-ambiguity function of the P- and Q-pulse trains gives the radar
point-spread function, whose shape determines our ability to detect point targets in range
and Doppler. We show that the size of the range sidelobes of this cross-ambiguity function
is controlled by the spectrum of the product of P and Q sequences. By selecting sequences
for which the spectrum of their product has a higher-order null around zero Doppler, we can
annihilate the range sidelobe of the cross ambiguity function inside an interval around the
zero-Doppler axis. However, the signal-to-noise ratio (SNR) at the receiver output, defined
as the ratio of the peak of the squared cross-ambiguity function to the noise power at the
receiver output, depends on the choice of Q. By jointly designing the transmit-receive se-
quences (P, Q), we can achieve a trade-off between the order of the spectral null and the
output SNR.

We first present two specific (P, Q) designs, namely the PTM design and the Binomial
design, corresponding to the two ends of the trade-off. In the former, the transmit sequence
P is the so-called Prouhet-Thue-Morse (PTM) sequence (see, e.g., [65]) of length N and the
weighting sequence Q at the receiver is the all one sequence. In this case, the output SNR
in white noise is maximum, as the receiver filter is in fact a matched filter. However, the
order of the spectral null is only logarithmic in the length N of the transmit pulse train. In

the latter design, P is the alternating binary sequence of length N and Q is the sequence
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of binomial coefficients in the binomial expansion (1 + z)¥~L. In this case, the order of the
spectral null is N — 2, which is the largest that can be achieved with a pulse train of length
N. However, this comes at the expense of SNR.

We then establish a necessary and sufficient condition for achieving an Mth-order spectral
null with length-N, N > M + 1, sequences P and Q. The condition is that the product of
the P and Q sequences must be in the null space of an (M + 1) x N integer Vandermonde
matrix, whose (m,n)th element is (n + 1) for m = 0,1,...,M and n = 0,1,..., N — 1.
Without additional constraints, there are infinite number of solutions to the problem. In
this chapter, we constrain Q to be a positive integer sequence, though other designs are
certainly possible. Given a pulse train of length N and a desired null of order M, we can
then maximize the output SNR to determine a solution for P and Q.

The PTM design was originally proposed in our earlier papers [16,17] for constructing
Doppler resilient pulse trains of Golay complementary waveforms. This chapter extends our
previous work to the joint design of transmit pulse trains and receive filters.

In this chapter we also derive the Cramér-Rao lower bound of Doppler estimation for a
general (P, Q) pulse train design. We show that the Cramér-Rao lower bound is controlled
by the bandwidth of power spectrum of sequence Q. For an arbitrary (P, Q) pulse train
design, we analyze the peak-to-sidelobe ratio of its cross ambiguity function. A simulation
also compares the peak-to-sidelobe ratio of cross ambiguity function for different (P, Q)
designs.

We propose an systematic extension of the above (P, Q) pulse train constructions to
waveform libraries with more than two complementary waveforms. From a binary sequences
P, coordinating the transmission of sequences in a Golay pair, and a sequence Qi con-
structing the receive filter such that (P;, Q;) can achieve up to M-th order null of range
sidelobes around zero Doppler, by recursive construction we can obtain a 2™-ary sequence
P, coordinating the transmission of 2™ complementary sequences, as well as a sequence Q,,

constructing the receive filter as Q; does. The design (P,,, Q,,) maintain the property in
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achieving up to M-th order null of range sidelobes around zero Doppler.

2.1 (P,Q) Pulse Trains

Definition 2.1.1. (Golay Complementary Sequences [62]) Two length L unimodular se-

quences of complex numbers z[¢] and y[¢] are Golay complementary if for k = —(L —
1),..., (L — 1) the sum of their autocorrelation functions satisfies
Cy[k] + Cylk] = 2L6[K], (2.1)

where C,[k] and C,[k] are the autocorrelations of z[¢] and y[{] at lag k respectively, and J[k]
is the Kronecker delta function. Henceforth we may drop the discrete time index ¢ from z (]

and y[¢] and simply use = and y. Each member of the pair (z,y) is called a Golay sequence.

Consider a pair of baseband waveforms z(t) and y(¢) that are phase coded by length-L

complementary sequences z and y: that is,

x(t) = 3 z[l]Q(t — (T.) and y(t) = iy[ﬁ]Q(t —(T,), (2.2)

where Q(t) is baseband pulse shape with duration limited to a chip interval 7, and unit

energy:

/ " P = 1. (2.3)

~T./2

The ambiguity function y,(7, ) of x(t) at delay-Doppler coordinates (7, v) is given by

Xolryv) = / (1T = et

L-1 L-1 -
- [(x([—k] / Ot — (TNt — (= k)T, — 7)e dt
=0 k=—(L-1) —00
L-1  L-1 (2.4)
- Z z[l)z[l — kle 7""exa(r — kT, v)
(=0 k=—(L—1)
L-1
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where . denotes the complex conjugate, and A(k,vT,) is given by

A(k,vT.) = fx[ﬁ]:c[l — ke e k= —(L—1),...,L —1, (2.5)

=0

and yq(T, V) is the ambiguity function of the pulse shape Q(t):

xa(r,v) = / QOO (¢ — et (2.6)

—T.

If the complementary waveforms z(¢) and y(¢) are transmitted in time separation with a T’
sec time interval between the two transmissions, then the effective ambiguity function of the

radar waveform z(t) = z(t) + y(t — T) is !

X7 V) = xo(T,v) + e_j”TXy(T, v). (2.7)

The duration LT, of waveforms is typically much shorter than the PRI duration 7. Thus
the Doppler shift over LT, is negligible compared to the Doppler shift over the PRI duration

T, and by Eq. (2.4) and (2.7) the ambiguity function x,(7,v) can be approximated by

L-1

X:(T, V) = Z [C.[k] + e 7T C, [K])xa(T — kT, v). (2.8)
k=—(L—1)

Along the zero-Doppler axis (v = 0), the ambiguity function x,(7,r) reduces to
X:(7,0) = 2Lxq(T,0), (2.9)

due to complementarity of the Golay sequences x and y. We notice that the ambiguity
function y.(7,v) is “free” of range sidelobes along the zero-Doppler axis. ? However, off the
zero-Doppler axis the ambiguity function has large sidelobes in delay (range). The range
sidelobe at non-zero Doppler may result the scenario that a weak moving target can be
masked by the range sidelobes induced by a strong reflector which is close to the target in

distance and velocity.

!The ambiguity function of z(¢) has two range aliases (cross terms) which are offset from the zero-delay
axis by 7. In this chapter, we drop the range aliasing effects and refer to x, (7, v) as the ambiguity function
of z(t). Range aliasing effects can be accounted for using standard techniques devised for this purpose (e.g.
see [66]) and hence will not be further discussed.

2The shape of the autocorrelation function depends on the autocorrelation function yq(7,0) for the pulse
shape (t). The Golay complementary property eliminates range sidelobes caused by replicas of xq(7,0) at
nonzero integer delays.
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Remark 2.1.1. The complementary property of Golay pair enables us to transmit the wave-
form phase coded by each sequence of one Golay pair separately in time domain, such that
sum of autocorrelation functions of each waveform is free of range sidelobes. Separating
Golay complementary waveforms in frequency, however, has more difficulty in theory. This
is because the presence of delay-dependent phase terms impairs the complementary property
of the waveforms. Recently Searle and Howard [18-20] have introduced the modified Golay
pairs for OFDM channel models. The modified Golay pairs are complementary in the sense

that sum of squared autocorrelation functions forms an impulse in range.

In the following we show that by properly coordinating the transmission of waveforms
from the library and weighting the waveforms in the receive pulse train, we can suppress the

Doppler induced range sidelobes at modest Doppler shift:

Remark 2.1.2. Throughout the dissertation, for convenience we use two representations for
the length-N sequence {p[n]}"-" and {g[n]}=,. The script letters P and Q are the sequence
representation of {p[n]})=; and {¢[n]}),), whereas the bold letters p and q stands for

n=0"

the N-dimensional vectors generated by {p[n]})=)} and {g[n]} ) respectively, such that
p=[p[0],....p[N —1]]", and q = [¢[0],...,q[N — 1]}".

Definition 2.1.2. Let P = {p[n]}"=;' be a discrete binary sequence of length N. Define the

P-pulse train zp(t) as

=

wo(t) = 3 plafa(t — nT) + Plaly(t — nT), (2.10)

3
Il
o

where p[n] = 1 — p[n] is the complement of p[n]. The nth entry in zp(t) is z(t) if p[n] = 1

and is y(t) if p[n] = 0. Consecutive entries are separated in time by a PRI T

Definition 2.1.3. Let Q = {¢[n]})= be a discrete real sequence of length N, with positive

entries g[n] > 0. Define the Q-pulse train zg(t) as

N-1

2o(t) = ) aln][plnlz(t — nT) +Plnly(t —nT)] (2.11)

n=0

The nth element of zg(t) is obtained by multiplying the nth element of zp(t) by ¢[n].
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If 2p(t) is transmitted by the radar and the return is filtered (correlated) with zg(t), then
the receiver point-spread function in delay and Doppler will be the cross-ambiguity function

between zp(t) and zg(t):

xnanvrzjfkmawga—rmﬁ”ﬁ
N-1 (2.12)
= S glnle " [plnlxa(r, v) + Plulx, (7. 1)),

where similar to (2.7), we have ignored the range aliases at offset +n7T, n=1,2,.... N — 1.

Remark 2.1.3. When ¢[n] = 1 for n = 0,..., N — 1 the receiver is a matched filter that
matches to the transmitted pulse train zp(¢) and (2.12) reduces to the ambiguity function of
zp(t). The joint design of P and Q however gives us more flexibility in tailoring the shape
of the radar cross ambiguity function, as we will show in this chapter. We constrain ¢[n| to
be positive such that the peak value of the cross ambiguity function at (0,0) is not reduced

compared to a conventional transmission scheme.

Similar to (2.8), since the duration of a Golay waveform is much shorter than the PRI

duration T, the cross ambiguity function xp o(7,v) can be approximated as

Xp,o(T,v) = - g[n]e™""T i [p[n]Cx[k] + Bn]Cy [K]] xa(T — KT, v)
. e (2.13)
= LY alle P xalrv) — 5 S alale T (<17 (),

where

Xo(7,v) = (Colkr) — Cy(k))xa(T — ki Te, v) + (Co(kz) — Cyka))xa(T — ko Ty, v),  (2.14)

and integers k; and ky are defined as k; = L—Tlcj, and ko = k1 + 1. Along the zero Doppler
axis, the ambiguity function xp o(7,v) contains one copy of (7, v) centered at 7 = 0, but
no replicas as long as sequences P and Q are chosen to satisfy Zi::ol q[n](—1)P") = 0, under

which yp o(7,v) is range sidelobe "free” at v = 0.
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After discretizing in delay (at chip intervals), and ignoring the Doppler shift over chip
intervals compared to the Doppler shift across a PRI, this cross-ambiguity function is given

by

(Calk] + Gk Y alnle™ 2 |

2
=
L

xp.e (k,0) = Culk] = Oy k)] Y (=1)""g[n]e™  (2.15)

N

I
o
3
Il
o

n

where 6 is the relative Doppler shift over a PRI T'. Since z(k) and y(k) are Golay comple-
mentary, C,[k] + Cy[k] = 2LJ[k] and the first term on the right-hand-side of (3.33) is free
of range sidelobes. The second term represents the range sidelobes, as C,[k] — C,[k] does
not vanish at all k£ £ 0. Therefore the question is: can sequences P and Q be designed such
that the discretized ambiguity function (3.33) acts as a Kronecker delta in delay, at least for
some modest range of Doppler frequencies.

Controlling range sidelobes. The magnitude of the range sidelobe is proportional to the

magnitude of the spectrum of the sequence (—1)P"¢[n], which is given by

N—

Sp.o(6) = 3 (~1)gln)e™. (2.16)

n=0

—

As a result, range sidelobes inside a Doppler interval around the zero-Doppler axis can be
suppressed by selecting a sequence (—1)P"lg[n] whose spectrum has a higher-order null at
zero Doppler.

Consider the Taylor expansion of Sp o(#) around 6 = 0, that is,

- (2.17)

where 57(;%(0) is the m-th order derivative of Sp o(#) at § = 0. To create an Mth order null,

all 57(;%(0) up to order M must vanish: that is,

S5 (0)=0, m=0,1,..., M, (2.18)
or equivalently,
N-1
n™(—1)"Mg[n] =0, m =0,1,..., M. (2.19)
n=0
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Controlling Signal-to-Noise Ratio. Suppose the noise at the receiver input is white and
has power Ny. Then, the noise power at the receiver output is
1= [ |o(OPdt = NoLlal (220)

where q = [g[0], ..., ¢[N — 1]]7. The SNR at the receiver output is given by

p= Ub‘XP,Q( ) )‘ — Op ”qH1 (221)

1 No lall3’

where o7 is the variance of the scattering coefficient of the target.

The SNR p is maximized when q = a1 for some positive scalar «, meaning that zg(t) =
azp(t) which corresponds to the usual matched filter. Any sequence Q other than the all
one sequence results in a reduction in SNR. However, the extra degrees of freedom provided
by a more general Q can be used to create a spectral null of higher order, through the joint
design of P and Q, than what is achievable by only designing P.

Design Trade-off. The joint design of P and Q sequences enables a trade-off between
the order of the spectral null for range sidelobe suppression around zero Doppler and the
SNR at the receiver output. In the next section, we first present two examples of (P, Q)
designs, namely the PTM design (see also [16,17]) for which the order of the spectral null is
logarithmic in the pulse train length N, and the Binomial design for which the order of the
null is linear in N. The latter design maintains an impulse-like point-spread function in range
over a wider Doppler interval around the zero-Doppler axis. But this added invariance comes
at the expense of SNR. Later, we derive necessary and sufficient conditions for achieving an

Mth order spectral null with a pulse train of length N and further investigate the trade-off.

2.2 Range Sidelobe Suppression

2.2.1 PTM vs. Binomial Design

Theorem 2.2.1. (PTM Design [16]) Let P = {p[n]})=4 be the length N = 2™+ Prouhet-
Thue-Morse (PTM) sequence (see, e.g., [65]), defined recursively as p[2k] = plk] and p[2k +
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1] = 1 —plk] for all k > 0, with py = 0, and let @ = {q[n]} =) be the all 1 sequence of length
N =2M+L Then, Sp o(0) has an Mth-order null at 6 = 0.

Example 2.2.1. The PTM sequence of length N =8is P = {plk]}]_, = 0110100 1.

The corresponding P-pulse train of Golay complementary waveforms is given by

z2p(t)=x(t)+ylt —T)+y(t —2T) +x(t — 3T) + y(t — AT) + x(t — 57)

+a(t — 6T) +y(t — 77).

The receive filter pulse train zg(t) is the same as the P-pulse train. The order of the spectral

null for range sidelobe suppression is M = (log, N) — 1 = 2.

Remark 2.2.1. The PTM design was originally introduced in [16], [17] in the context of
designing Doppler resilient waveforms. In this chapter, we further investigate this design by
contrasting it against the Binomial design (to be explained next) in terms of range sidelobe

suppression and SNR.

Theorem 2.2.2. (Binomial Design.) Let P = {p[n]}\=;' be the length N = M+2 alternating
sequence, where p[2k] = 1 and p[2k + 1] = 0 for all k > 0, and let @ = {q[n]})=) be the
length N = M + 2 binomial sequence {q[n]})—) = (N_l) N, Then, Sp.o(0) has an Mth

n

order null at 0 = 0.

Proof: the spectrum Sp o(f) for the alternating sequence P and binomial sequence Q

:Z — NN (2.22)

A direct evaluations of Sg'g (0), the m-th order derivative of Sp o(6) at # = 0 can show that

Sg'g(O) =0form=0,1,..., N — 2. Interestingly, an alternative proof is as follows. By Eq.
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(2.19), the m-th order derivative of Sp o(f) at 6 =0 is
1

N—

o (2.23)
=) nm(=1)" (N N 1).

n
n=0

From the theory of finite differences, for any polynomial P(x) of = with degree less than

N — 1, the following equation holds:

J:;_:(—l)” (Nn_ 1) P(n) = 0. (2.24)

Therefore Sgné(()) is zero for m =0, ..., N — 2.
Example 2.2.2. For N = 8, the P-pulse train transmitted by the radar is
zp(t) =x(t) +y(t = T)+a(t —2T) + y(t — 3T) + x(t —4T) + y(t — 57)

+x(t —67) +y(t — 7T,
and the Q-pulse train (binomial) used for filtering is
20(t) = qo(t) + quy(t = T') + q(t — 2T) + qsy(t — 3T) + qu(t — 4T) + gsy(t — 5T)
+ qex(t — 6T) + qry(t — 7T),
where ¢[n| = (:L), n = 0,1,...,7. The order of the spectral null for sidelobe suppression is

M=N-2=6.
2.2.2 General (P, Q) Pulse Train Design

We now give the general condition for achieving an Mth-order spectral null with P and

Q sequences of length N > M + 1.

Theorem 2.2.3. The spectrum Spo(0) has an M-th order null, M < N —1, at 6 = 0 if

and only if ] o
1 1 ... 1 (_1)p[0}q[0}
1 2 ... N —1)rlgM
(=0 all) =0. (2.25)
_1M oM. NM_ _(_1)p[N71]q[N - 1]_
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Proof: The spectrum Sp o(6) has an M-th order of null at 6 = 0 if and only if €7 Sp o ()

has an M-th order of null at @ = 0. Thus the condition (2.19) is equivalent to

=

(n+ 1)™(=1)"g[n) =0, m=0,1,..., M, (2.26)

i
o

which can be written in matrix form as Eq. (2.25).

Remark 2.2.2. To avoid trivial solutions, M has to be less than N — 1. For a given pulse
train length N, the Binomial design achieves the maximum order M = N — 2 of spectral

null.

Remark 2.2.3. Let T(M") denote the set of product sequences {(—1)P"g[n]}5/ ! that satisfy
the null space condition (2.25) for M = M’. Then, clearly, we have T(0) 2 T(1) D --- D
T(N —2).

In the following we take a close look at the structure of feasible product sequences
{(=1)PlMlg[n]} 0" indicated as Eq. (2.25). Let t; = [(—1)P%q[0], ..., (—=1)PMlg[M]]", and

ty = [(=1)PM+Ug[M +1],..., (=1)P-Ug[N — 1]]”. Then we have

t;
[VM B} —0, (2.27)
ty

where

1 2 -+ M+1 M+ 2 M+3 -+ N
Vi = and B =

MM (M +1)M (M +2)M (M +3)M ... NM

Note t; = —V,;Bts, and thus the solution t of Eq. (2.25) is

t ~-V:'B
t I

Therefore any solution to (2.25) is only governed by the vector ty with dimension N — M — 1.
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The matrix Vj; is a transposed M + 1 by M + 1 Vandermonde matrix consisting of

integer entries. The element of V;; can be written by [67,68]

(Var)ij = i”: (_;)Hj {l K 1} (l), 0<i,j<M, (2.29)

>,5 j - 1 ’

where [7] is the unsigned Stirling number of the first type [69, 70], meaning the number

of permutations of n elements with k disjoint cycles. By the Lagrange’s polynomial in-

terpolation formula, for each j the entries (V;;);x are coefficients of following polynomial

Py(a):
M
Piz) = TTE=2 S (Vi) e, j=0,... M 2.30
](x)_HQT—J} - ( M)],kxuj_ PR ’ ( )
niQ J n k=0
n#£j

where x, =n + 1 for 0 < n < M. Thus it is easy to see that

[ Py(M +2) Py(M+3) - Py(N)

vigpo |4 POME RO | o

Py (M +2) Py(M+3) -+ Py(N)

The entry Pj(M + 2) is given by

M

M—-—n+1
P+ = [T X
n>0
n#£j

(M +1)1/(M—j+1) (2.32)
JI (=DM (M = j)!

M+ 1
:(—1)M—ﬂ( ;“ ) j=0,.., M.

Thus when M = N — 2, any solution t to Eq. (2.25) should be of the form t =

Jj—n

c[ro,rl, ...,rN,g,rN,l]T, where ¢ € R and r; = (—1)i(Ni_1). This means that given a fixed
length of pulse train N, the Binomial design is the only choice of (P, Q) pulse train design

to achieve the highest order null of range sidelobe. In general, for k =0,..., N — M — 2, the
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entries in the k-th column of matrix V;;/B can be computed as

M—j [(M+k
7 Pi(M +2
M—j+k< M ) 5(M +2)

M —j vejr (M+E\ (M
= —— (-~ =0,..., M.
kY ( M )T

Therefore by eq. (2.28) the solution t = [to,t1,...,txy_1]T to Eq. (2.25) is an integer vector

Py(M +k+2) =
(2.33)

if t, is an integer vector. Recall that t, = (—1)Pg[n],n = 0,1,..., N — 1. Thus given an
integer solution vector t, the corresponding binary sequence P and positive integer sequence

Q can recovered by vector t:
1 )
pln| = 5[1 —sign(t,)], q[n] = |tn], n=0,..,N — 1. (2.34)

Fig. 2.1 illustrates the annihilation of range-sidelobes around the zero-Doppler axis for
three different length-16 (P, Q) designs and compares their delay-Doppler responses with
that of a conventional design. For the ease of observing area of cleared area, in Fig. 2.2 we
present the magnified versions of plots in Fig. 2.1, whose horizontal axis covers the Doppler
band [—0.4,0.4] rad. The conventional design uses an alternating transmission of Golay
complementary waveforms followed by matched filtering at the receiver. The scene contains
three strong reflectors of equal amplitudes at different ranges and two weak targets (each
30dB weaker) that have small Doppler frequencies relative to the stronger reflectors. Each
waveform component is generated by phase coding a length-64 Golay sequence. A raised
cosine is selected as the pulse shape. The chip interval is 7. = 100 nsec, and the length of
PRI is T" = 50 usec. The horizontal axis depicts Doppler and the vertical axis illustrates
delay. Color bar values are in dB.

In the conventional design, shown in Fig. 2.1(a) and Fig. 2.2(a), the weak targets are
almost completely masked by the range sidelobes of the stronger reflectors. With the PTM
design, shown in Fig. 2.1(b) and Fig. 2.2(b), we can clear out the range sidelobes inside
a narrow Doppler interval around the zero-Doppler axis. The order of the spectral null
for range sidelobe suppression in this case is M = log, 16 — 1 = 3. With this order, we

can bring the range sidelobes below -80dB inside the [—0.1, —0.1] rad Doppler interval and

28



Delay [sec]

(a)

x107° N=16, Binomial design, output in dB
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Doppler [rad] Doppler [rad]
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Figure 2.1: Comparison of output delay-Doppler maps for different (P, Q) designs: (a)
conventional design, (b) PTM design, (c) Binomial design, and (d) max-SNR design with an
8-th order null. The scene contains three strong (equal amplitude) stationary reflectors at
different ranges and two weak slow moving targets (30dB weaker).

extract the weak targets. If the difference in the Doppler frequencies of the weak and strong
reflectors is larger, we need a null of higher order to annihilate the range sidelobes inside a
wider Doppler band. Fig. 2.1(c) and Fig. 2.2(c) show that the Binomial design (of length
N = 16) can expand the cleared (below -80dB) region to [—1, —1] rad by creating a null of
order M = 16 — 2 = 14 around zero Doppler. Fig. 2.1(d) and Fig. 2.2(d) shows the delay-
Doppler response of a (P, Q) design that has the largest SNR among all (P, Q) designs that
achieve an (M = 8)th order spectral null. The cleared region in this case is the [—0.5,0.5]
rad Doppler interval. In summary, the three different (P, Q) designs simply redistribute the
volume under the ambiguity surface in different ways to push the range sidelobes outside a

Doppler interval of interest to prevent spillage of energy from a clutter mass to nearby cells.
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Figure 2.2: Magnified output delay-Doppler maps for different (P, Q) designs as shown in
Fig. 2.1: (a) conventional design, (b) PTM design, (¢) Binomial design, and (d) max-SNR
design with an 8-th order null. The horizontal axis covers the ([-0.4 0.4] rad) Doppler band
for easier comparison of the width of cleared area.

2.3 Performance Analysis

In last section we have shown that for a fixed pulse train length N, as the order of null
M in of the spectra Sp o(f) increase, the range sidelobes is annihilated in a wider Doppler
interval. However, it is also seen that when M increases, the cross ambiguity function along
zero delay xp o(0,6), which is proportional to the spectrum Mg(f) of Q sequence, may
become fatter in Doppler domain. In this section we will show that for a (P, Q) pulse
train design, the SNR and Cramér-Rao lower bound of Doppler estimation is related to the
bandwidth of power spectrum Mg() = |Mg(#)]?>. The dependency of both Sp o(f) and

Mg(6) on the Q sequence suggests a tradeoff between performance criterions.

30



2.3.1 Peak-to-Peak-Sidelobe Ratio

For a general (P, Q) pulse train, define the peak-to-peak-sidelobe ratio (PPSR) of its

cross ambiguity function xp ¢ at a Doppler frequency v

|X79,Q(07 0)|2

max [xp,o(7, v)|

PPSRP7Q(V) = (235)

2

as the ratio between the peak intensity of xp o(7,v) and the peak intensity of range sidelobe
of xp,o(r,v) along Doppler v. It characterizes the (P, Q) pulse train’s ability to suppress
range sidelobes at a desired Doppler shift. The set S§; contains delays where the range

sidelobes are located. Thus from Eq. (3.33), the discretized PPSR can be written by

N-1
‘2L Zoqn|2

PPSRp.o(0) = __ :
max|[Cy[k] — Cy[K]] 32 (=1)Pgnem™| (2.36)
k#0 n=0
( L )2 ||al I3
= 3
me’ | Sp ()]
where m, = maxyz |Cylk]| = maxgz |Cylk]|. Suppose the spectrum Spo(f) =

SN (—=1)P7g,e’™ has up to an M-th order null around # = 0. Then for sufficiently small

6, Sp.o(f) can be dominated by the (M + 1)-th order term in its Taylor expansion. We can
derive the following lower bound of PPSRp o(f):

Theorem 2.3.1. Suppose a (P, Q) pulse train design achieves up to an M-th order null
of range sidelobe of its cross ambiguity function. At sufficiently small Doppler shift 6, the

PPSRp.o(0) of the cross ambiguity function xp.o(k,0) can be approzimately ® lower bounded

by
(M +1)'(2M + 3)9—2(M+1)'

0.2
PPSRpo(f) > L TS

(2.37)

Proof: See appendix A.

3by approzimately we mean that the powers of 0 at orders higher then M + 1 in the Taylor expansion of
Sp.o(0) are neglected.
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For a fixed choice of P and Q sequences, the lower bound of PPSRp o(f) increases as

the length of Golay sequences L increases. However, it can be shown that the function

F(M) = (M + jlv)i];(ng +3) (2.38)

is monotonically decreasing for M € [0, N — 2]. This suggests that given a fixed L, a (P, Q)

achieving higher order null of range sidelobes does not necessarily have higher PPSR at small

Doppler shift 6.

Binomial PTM

Alternating

signal-to-interference ratio (dB)

1
15

1
0.5

1
Doppler (rad)

Figure 2.3: Comparison of PPSR for different (P, Q) pulse train designs.

Fig. 2.3 compares the PPSR for PTM, Binomial, and conventional pulse train designs
with length 16. Within the Doppler interval ([0, 1] rad), the PPSR for Binomial design is at
most 65dB higher than alternating pulse train. Inside the Doppler interval ([0, 0.3] rad) the
PTM design outperforms the alternating pulse train with at most 50dB performance gain.
When the Doppler shift is less than 0.1 rad, PTM and Binomial designs have almost the same
performance. However, as Doppler shift increases from 0.1 rad the PPSR of PTM design
dramatically falls down, while the PPSR of Binomial design shows the invariance inside
the Doppler interval ([0,1.2] rad). Therefore compared to the PTM design, the Binomial
design has a much wider PPSR-invariant Doppler band. For Binomial design the PPSR

is maximized at around 6 = 1 rad instead zero Doppler. This is because the raised cosine
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pulse shape results in an imperfect ambiguity function which is not completely confined in

[—T., T.] along zero Doppler.
2.3.2 Signal-to-Noise Ratio

Assume the transmit waveform illuminates a point target. Without loss of generality,
assume that the target is located at the origin of range-Doppler plane. In the presence of
noise, the radar return is

r(t) = bzp(t) + n(t), (2.39)

where b is the target’s random scattering coefficient with variance o which is assumed to
be constant within a PRI, and the noise n(t) is a random process which is independent with
zp(t) and satisfies E[n(t)n(t')] = Nod(t — ') for all ¢ and ¢’. Thus the output of matched

filter is

Epolrv) = / T (well = Tye "t

= b/_oo Zp(t)mefjutdt + /_OO n(t)mefjutdt (240)

= bXP,Q<7-7 V) + XN,Q(Ta V)a

and from independence the expected value of [&p o(T,V)|? is

Ellép.o(r, 1)) = o [xpolr, o) + E [ / n(t) ol — e " dt / Ewolt’ — ) dt
= 2lxpoln ) + No / wolt — 7)Pdt

= o;|xp,0(T,v)|* + NoL||ql[3.

(2.41)

Note xp.o(0,0) = Lg”1, thus the signal-to-noise ratio after matched filtering is

p= Cilxpe©OF _ Lilalli _ Loj
n Nollallz  NoBo’

where B¢ is the effective bandwidth of power spectrum Mg (6) = |Mg(0)|? of sequence Q [71]:

2 [ Me(O)d0 ST aln)*  [lall3
M(0) (XN gin)® Mlalli

(2.42)

Ba = (2.43)
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In general smaller value of fg means narrower mainlobe as well as lower sidelobes of Mg(#).
Thus narrower spectrum Mg(#) implies higher SNR. It is clear that p is maximized if and
only if g = a1 for some positive scalar a;, meaning wg(t) = azp(t) which corresponds to the
usual matched filtering. Therefore by introducing non-trivial Q sequence we have to lose
some SNR. In other words, the increase in the order of null of range sidelobes comes at the
expense of SNR.

Table 2.1 compares the three designs in terms of the null order and the output SNR, and
shows that by jointly designing the P and Q sequences we can achieve a null of relatively

high order without considerable reduction in SNR compared to a matched filter design.

Table 2.1: Null order and SNR for different designs

(P, Q) design Null order | SNR (||q||?/|lall3)
Conventional 0 16
PTM 3 16
Max-SNR with M =8 8 13.76
Binomial 14 6.92

With a noisy radar return, bringing out the targets is interfered by the spillage of energy
coming from nearby cells as well as noises. Consider a two point targets case in which the

two targets are § = vI" away in Doppler shift. The ratio
‘XP,Q(Oa O)P
2
max [xp.o(k, 0)[* + 11

-1
= (PPSR(@);}Q + NT‘)ﬁ)

TP,Q(Q) =
(2.44)

characterizes the separability of two targets in the noisy environment. Note for a certain
(P, Q) pulse train design, rp o(#) is controlled by both the PPSR at Doppler shift # and the
SNR.

Fig. 2.4 compares the ratio rp o(0) for different length-16 pulse train schemes, at different
noise levels. Fig. 2.4(a)-(c) shows the comparison of rp o(f) at noise power Ny= -40dB, -

20dB, and 0dB respectively. When N, = -40dB, inside the Doppler interval ([0, 0.2] rad)
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Figure 2.4: Comparison of signal-to-interference ratio for different (P, Q) pulse train designs:
(a) noise power Ny = -40dB, (b) Ny = -20dB, (c¢) Ny = 0dB.

PTM design bits Binomial design by 4dB at most. This is because the noise power dominates
range sidelobe and Binomial design has lower SNR after matched filtering. However, inside
([0.2,0.57] rad) Binomial design still outperforms PTM design. When Ny = -20dB, Binomial
design remains to have much higher r(#) then PTM design at almost each Doppler shift in
([0.3,0.57] rad). When Ny, = 0dB, Binomial design is worse then PTM design at most
Doppler shifts. PTM design still behaves slightly better then alternating pulse train inside
([0,0.3] rad). Note the fairly high noise level case might not be interested for the (P, Q)

pulse train design since all weak targets are possibly to be hidden by noises.
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2.3.3 Doppler Estimation

Assume that the receiver is implemented by a square law detector. It is shown in [72]

that the likelihood function of parameters 8 = [r, ] is

In A(0) = c|L(r,v)|? (2.45)

E, _Er
No Er+No?’

where the coefficient ¢ = E. is the energy of received waveform, and N, is the

power of white noise assumed here, and the function L(7,v) is

L(t,v) = /OO F(t)wo(t — T)e ' dt (2.46)

o0

The integrants 7(¢) and wg(t) are the normalized radar return and Q-pulse train respectively.

For the parameter vector 8 = [7,v]T, the corresponding Fisher information matrix is

Ji1 Jig
J= (2.47)

Ji2 Jag
where the elements of J is defined as

9?In A(0) .
o= < < 2. .
T E{ 50,90, ] 1<i,j <2 (2.48)

The Fisher information for Doppler frequency can be found as [72, 73]

2
oy = — 2T

5 , (2.49)

7,v=0

where ¢(7,v) = |xp.o(T,V)|*/|xP.0(0,0)|* is the normalized modular square of cross ambi-

guity function xp o(7,v). Thus we have

6(0,v) = % (2.50)

and the Fisher information of Doppler frequency is

MP(0) 412
Joo = —er2o V) 2.51
2T Mol0) T 3 20
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Therefore the Cramér-Rao lower bound of Doppler estimation error is right proportional to

square of the 3-dB bandwidth ~yg [71]:

szq[n]

Mg(0) n=1
» _ 2.52
e ‘MS%)’ > (i~ 3)’alilal o

i#]

2.3.4 Range Estimation

The Fisher information of range estimation is

Po(1,v)
or?

J171 = —C

: (2.53)

7,v=0

and it’s each to check that ¢(7,0) = |xq(7,0)?|, which is invariant to the choice of P and Q
sequences. Therefore achieving a desirable Cramér-Rao lower bound of range estimation for
(P, Q) pulse trains is only an issue of choosing proper pulse shapes, including choosing the

function () and chip interval T..
2.3.5 Tradeoff analysis for PTM and Binomial design

For general (P, Q) pulse trains following the null space condition (2.18), it might be not
straightforward to derive the quantitative tradeoff relations. However, such a relation can
be easily analyzed for some special cases such as PTM and Binomial design.

Notation: For any (P, Q) pulse train with length N, let Mp o be the highest order of
null of the range sidelobes at # = 0. For the envelop of the power spectrum Mg(6), define

its normalized slope at the 3-dB point § = vo/2 as

1

SLop = ——
%7 Mg(0)

% [envolope(Mg(6))] . (2.54)

0=yp.0/2

The following results give a analytical tradeoff analysis for PTM and Binomial designs:

Theorem 2.3.2. (Range Sidelobe Suppression Ability) For a length-N (P, Q) pulse train

design,
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1. If P is a PTM sequence, and Q is an all 1 sequence, then Mp o = O(log, N). For
sufficiently small Doppler 8, PPSRp o(0) = O(()*QlogQ N)‘

2. If P is an alternating sequence, and Q is a binomial sequence, then Mp o = O(N).

For sufficiently small Doppler 0, PPSRp o(0) = O(672V).
Proof: (1) is proved in [16,17], and (2) has been shown in section 2.2

Theorem 2.3.3. (SNR and Doppler Estimation) For a (P, Q) pulse train design with length
N,

1. If P is a PTM sequence, and Q is an all 1 sequence, then Bpg = O(N7Y), ypo =
O(N™Y), and —SLp o = O(N).

2. If P is an alternating sequence, and Q is a binomial sequence, then Bp o = O(N—1/2),

vp.o(N~Y2), and —SLp o = O(NV?).

Proof: See appendix B.

2.4 (P, Q) Pulse Train for Larger Sets of Complemen-
tary Waveforms

So far, we have studied the design of (P, Q) pulse trains for a library consisting of only two
complementary waveforms. We now extend our constructions to larger waveform libraries.
Suppose we have a set of D-complementary length-L sequences Z = {zg, 21, ..., 2p_1 }, mean-

ing that the autocorrelations C,[k] of the z; sequences satisfy
D-1
> C.,[k] = DLSk]. (2.55)
d=0

We take the size D of the set Z to be a power of 2, but its elements are not necessarily
pairwise complementary. For example, for D = 4, we can choose z, 21, 22, and z3 to form
a Golay complementary quad, satisfying Eq. (2.55), without making z;, z;, i # j Golay
complementary pairs. The reader is referred to [74] for construction of Golay quads. Larger

complementary sets are also possible.
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Let P = {p[n]}"=) and Q = {q[n]}= be the sequences used for waveform coordination
on transmit and receive respectively. To allow for coordination of D different waveforms
zqg, d = 0,1,...,D — 1, we take P to be a D-ary sequence defined over the alphabet D =
{0,1,...,D — 1}. That is the element of P take their values from D. At the n-th PRI of
the P pulse train the waveform s.,(t), phase coded by z4, is transmitted if p[n] = d. The
ordering of the waveforms in the Q pulse train is the same as that in the P pulse train, but
the n-th waveform is weighted by ¢[n] as before. In this case, the cross ambiguity function

xp.o(k,8) can be written as

D-1 , N—1
xp.o(k,8) Z( Z qn 69"9) L(E). (2.56)
d=0 N n=0
pln]=d

Denote w = ej%r, Note that for each d from 0 to D — 1, we have

D-1 D’ Pn = d
wrPlnl=d) — : (2.57)

r=0 0, pn#d

Thus the cross ambiguity function can be written by

D-1 N-1

1 ind p[n]—d)

Xpolhi8) = = 5 C) Y alole zw

d=0 n=0
D—1

-1 (Z gl m@) (Z T ) (258)
r=0

=

- = S r 9 AT‘7
5 Srar®
where
Sp.o.(0 Zw[n] [n]e’™ (2.59)

Z w | (2.60)

d=1
From (2.55) we know that Ag is a impulse being free of Doppler effect. However Ay, ..., Ap_4

cause the range sidelobes of cross ambiguity function xp o(k,6). Rewrite xp o(k,0) as

wralhd) = (DL Y afrle™ + Y- Spo, (015 ) (261)

n=0 r=1
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Recall that when D = 2, the term Sp g1(f) is the spectrum Sp o(¢) which has been an-
alyzed in sections 2.2 and 2.3. Therefore to suppress the range sidelobes in Eq. (2.61),
it is sufficient to suppress the spectrum Sp g1(0), ..., Sp.o.p-1(6). The following Theorem

presents a construction of P and Q sequences that render a high order of null for each of

S’P,QJ(G), ceey S’p,gl)fl (9)

Theorem 2.4.1. For a set of D = 2™ complementary sequences, from a pair of length-N
sequences P' = {p'[0],...,p'[N — 1]} and Q" = {¢'[0],...,q [N — 1]} satisfying the null space
equation (2.18) with the order of null M, if the length-N™ sequences P and Q are constructed

by following recursions:

1. At1 <t < m, if t = 2, let sequence Py = P’, otherwise set Py to be the length-N*—!
sequence P generated at last iteration. Let 751 be the sequence obtained by adding each
element in ﬁo with 2871, Generate the length-N*t sequence P by concatenating 750 and

Py according to the positions of 0’s and 1’s in the length-N sequence P'. That is, for
k=0,..,N — 1, the k-th block of P is Py if p'[k] = 0 or Py if p'[k] = 1.

2. At1 <t < m, if t = 2, let sequence Q = Q', otherwise set Q to be the length-
N1 sequence Q generated at last iteration. Generate the length Nt sequence Q by
concatenation: Q = {¢[0]Q,¢[1]Q,...,¢[N — 1]Q}. After all iterations, it can be
seen that for each m from 0 to N™ — 1, the n-th element of the length-N™ desired
sequence Q is qln] = szol ¢'[ng], where n,_1..n1ng is the N-ary expression for n,

ie., n=ng+Nni+ - +N"In,_;.
Then forr =1,...,D — 1, each spectrum Sp o,(8) has a M-th order null at 6 = 0.
Proof: See appendix C.

Example 2.4.1. Suppose a set of D = 4 complementary sequence is {2, 21, 22, 23} (Golay
complementary quad). If the length-4 sequences P’ and Q' are selected as P’ =010 1

and @ = 1 3 3 1 (Binomial Design), we have known that P’ and Q' together creates a
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second-order null of range sidelobes at § = 0. If we generate the length-16 sequence P as
P={pn]}2,=0101232301012323,

hence the transmitted waveform can be vectorized by
s = [20 21 20 21 22 23 22 23 20 21 20 21 22 23 22 23).

Also construct the length-16 sequence Q as
Q={¢n]}}>,=1331399339931331,

and the receiver waveform can be vectorized by

W = [20 321 320 21 322 923 929 323 320 921 920 321 29 323 329 23).

It can be shown that the spectrum is
Sp.oi(f) = (1 +je’)* (1 — ),
Spo2(f) = (1+)° (1 — ),
Spos(0) = (1 —je)* (1 — ),

Thus each of Sp g1(0), Sp,02(0), and Sp g 3(#) has a second-order null at § = 0.

Remark 2.4.1. It can be readily shown that by oversampling the sequences P and O, the

spectrum Sp g1(0), ..., Sp,o, p—1(6) can be also suppressed around higher Doppler shifts.

2.5 Conclusion

In this chapter we have presented a general approach for constructing radar transmit-

receive pulse trains whose cross-ambiguity functions are free of range sidelobe inside a desired

Doppler interval. The transit pulse train is constructed by a binary sequence P which

coordinates the transmission of a pair of Golay complementary waveforms across time. For

the receiver pulse train each waveform is weighted by an entry in sequence Q. The range

sidelobe of the cross-ambiguity function is shaped by a spectra which is jointly determined
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by P and Q. By properly choosing P and Q sequences the range sidelobe can be annihilated
inside a desired Doppler interval. A detailed comparison of two special cases of (P, Q) pulse
train design: PTM and Binomial design is demonstrated. This comparison shows that the
joint design of P and Q sequences also enables the tradeoff of Doppler resilience and output

signal-to-noise ratio.
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CHAPTER 3

DOPPLER RESILIENT OFDM ILLUMINATIONS

In Chapter 2 we constructed the transmit pulse train by coordinating the transmission of
Golay complementary waveforms according to zeros and ones in a binary sequence P. The
pulse train used in the receive filter is constructed in a similar way, in terms of sequencing the
Golay waveforms, but each waveform in the pulse train is weighted according to an element
of a sequence Q. The cross-ambiguity function of the (P, Q) pulse trains is essentially the
radar point-spread function, describing the blurring of the radar image of a point targets
on range-Doppler plane. We show that the magnitude of the range sidelobe of this cross-
ambiguity function is controlled by the magnitude of spectrum of the product of P and Q
sequences. By selecting sequences for which the spectrum of their product has a higher-
order null around zero Doppler, we can annihilate the range sidelobe of the cross ambiguity
function inside a Doppler band around the zero-Doppler axis. This enables us to extract a
weak target that is located in range near a stronger reflector at a different Doppler frequency.

However, in Chapter 2 we also showed that with a fixed available time-bandwidth prod-
uct, the range sidelobe suppression ability, or Doppler resilience, comes at the expense of
Doppler response. This motivates an improvement of the Doppler response. In this Chap-
ter, we consider the exploration of the degrees of freedom in time and frequency for radar
imaging. We show that the Doppler response can be improved by waveform coordination
across frequency, without impacting Doppler resilience. The time-coordinated (P, Q)-pulse
trains are assigned to 2K orthogonal frequency-division multiplexing (OFDM) subcarriers.
The 2K subcarriers include K subcarriers pairs with equal and opposite frequency offset
relative to a common carrier frequency. The effective radar psf is a weighted summation

of the squared cross ambiguity functions of the (P, Q)-pulse trains assigned to the total K
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subcarrier pairs. The Doppler response is essentially controlled by of the spectrum of the
weight sequence across all subcarriers, whose zero-crossings around zero Doppler is O(1/K).
This means that Doppler resolution for an OFDM (P, Q)-pulse train is O(1/K) and at least
K/N better than a single frequency (P, Q)-pulse train with N pulses. But note that a fine
resolution of our OFDM waveform design requires a huge frequency consumption, which may
not be realistic considering the intense occupation of spectral resources nowadays. We then
show that by implementing two sets of OFDM (P, Q)-pulse trains operating over 2K; and
2K, subcarriers respectively, and properly performing signal processing on the measurement,
we can achieve a Doppler resolution in the order of O(1/K;K>), provided that K; and K,
are coprime integers. Therefore the same Doppler response can be achieved with much less

bandwidth consumption.

3.1 Tradeoff between Range Sibelobe Suppression and
Doppler Response

Controlling Range Sidelobes. The magnitude of the range sidelobes is proportional to the

magnitude of the spectrum of the sequence (—1)P"g[n], given by

N-1

Spo(f) = Y (=1)"gn]e™. (3.1)

n=0
As a result, range sidelobes inside a Doppler interval around the zero-Doppler axis can be
suppressed by selecting a sequence (—1)P"lg[n] whose spectrum has a higher-order null at
zero Doppler. Suppose Sg%(@) is the m-th order derivative of Sp o(f) at = 0. To create
an Mth order null, all 57(3”2(0) up to order M must be zero-forced.

Doppler Response. The cross ambiguity function xp o (k, ) across zero delay is propor-
tional to the spectrum

N-1

So6) = 3 qlnle’™, (3.2)

n=0

which is the spectrum of the Q sequence. The width Af of the mainlobe of the magni-

tude spectrum |Sg(f)| defined as the location of the first zero crossing of Sg(#), determine
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the Doppler resolution of the (P, Q) pulse train, which can be controlled by designing the
sequence Q.

However, there exists a tradeoff between the order of the null at # = 0 in Sp o(f) and the
width of the mainlobe of Sg(6). A high-order null comes at the expense of Doppler resolution,
and vice versa. We now present two specific design that highlight the two extremes of this
tradeoft.

The following two theorems together illustrate the tradeoff between range sidelobe sup-

pression and Doppler resolution of a (P, Q) pulse train design:

Theorem 3.1.1. (PTM Design) Let P = {p[n]}.=4 be the length N Prouhet-Thue-Morse
(PTM) sequence [65], defined recursively as p[2k] = p[k] and p[2k+1] = 1—p[k] for allk > 0,
with py = 0, and let Q = {q[n]}=" be the all 1 sequence of length N. Then, (1) the spectrum
Sp,o(0) has a (logy(N)—1)th-order null at § = 0, (2) the spectrum Sg() = sin(%2)/ sin(X2)

: _ 21 : : _4r
has zero crossings at @ = 57, and the Doppler resolution is A0 = 7.

Theorem 3.1.2. (Binomial Design) Let P = {p[n]})=4 be the length N alternating sequence,
where por, = 1 and pary1 = 0 for all k > 0, and let Q = {q[n]}flvz_ol be the length N binomial
sequence {q[n]}n=g = {(*"") Y. Then, (1) the spectrum Spo(0) has a (N — 2)th-order

n n=0 *

null at 0 = 0, (2) the spectrum Sg(0) = (14 ¢’®)N=! has zero crossings at 0 = +%, and the

Doppler resolution is A0 = 7.

A revisit of Fig. 2.1 can help better understand the above tradeoff between Doppler
resilience and Doppler response. The conventional design depicted by Fig. 2.1(a) uses an
alternating transmission of Golay complementary waveforms followed by matched filtering
at the receiver. In Fig. 2.1(a), the weak targets are almost completely masked by the range
sidelobes of the stronger reflectors. The PTM design shown in Fig. 2.1(b) has an M =
log,(N) — 1 = 3 order of the spectral null for range sidelobe suppression. With this order,
we can bring the range sidelobes below -80dB inside the [—0.1, —0.1] rad Doppler interval

and extract the weak targets. The spectrum So(0) has zero-crossings at 0 = £2F = +%,
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Figure 3.1: Tllustration of Doppler resolution improvement by using OFDM (P, Q) pulse
train. K = 64. (a) PTM design, (b) Binomial design.

meaning Doppler resolution is roughly Af = 7 rad. Fig. 2.1(c) shows that the Binomial
design can expand the cleared (below -80dB) region to [—1, —1] rad by creating a null of
order M = N — 2 = 14 around zero Doppler. However, this increase in the order of the

range sidelobe null comes at the expense of Doppler resolution. The spectrum Sg(f) has

zero-crossings at ¢ = &7, meaning Doppler resolution is roughly Af = 7 rad.

3.2 OFDM (P, Q) Pulse Trains

Suppose the radar can transmit a set of P-pulse trains {zp,(t),..., 2p, (t)} across K
subcarriers. Over the k-th subcarrier, £ = 0,1, ..., K — 1, the receiver correlates the radar
return with a Q-pulse train zg, (¢). Denote w. + wy as the central carrier frequency of the
k-th subcarrier, where where w, is the some carrier frequency which is common for all &k, and
wg is the k-th frequency offset (wy = 0).

Suppose there is a target in scene with range 7y and radial velocity v. Over the k-th

subcarrier, the down-converted radar return should be

ri(t) = zp, (t — 7’0)6]QTU(W”—’_W’“)te_j(wC—W’C)TO

(3.3)

Y

Denote v, = %”(wc—l—wk) as the target’s Doppler frequency with respect to the k-th subcarrier.
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In reality we have that v < ¢, and wy, < w,.., and we can reasonably assume that each Doppler

frequency v, =~ vy = Zw, for all k. Then it follows that the output of the matched filter

[

over the k-th subcarrier is

zk(T,v) = /_00 ri(t)zo, (t — T)e Vidt 5

— eIty o (r — 10,1 — 1),
where xp, o, (7, v) is the cross ambiguity functions with respect to the pulse trains zp, ()
and zg, (t). The phase of z(7,v) includes the range-dependent term (w. + wg)7y which is
unknown. Moreover, the unknown phases (w. +wy )7y are not identical for all k. Later on we
will show that for the purpose of improving Doppler resolution, it is important to coherently
combine the cross ambiguity functions xp, o,, ¥ = 0,1, ..., K — 1. To avoid the above phase
difference we refer to the approach in [20]. Suppose we are given additional K —1 subcarriers
frequency w. —wg, k =1,..., K — 1. Over the subcarrier at central frequency w. — wy, if the
radar transmits the waveform zp, (t), and the receiver correlates the down-converted radar

return

T;ﬁ(lf) = zp, (t — To)ejzj.v(wc—wk)te—j(wc—Wk)To’ (3.5)

with zg, (¢), then the output of matched filter is
2 (1, v) = eI Wemwrn o=y o (7 — 10, v — 1p). (3.6)

Let z{(1,v) = 2o(7,v). Then for each k =0, 1, ..., K — 1, the product of z(7,v) and z (7, v)
is

Sk, v) = a(r, )z (7, v) (3.7)

_ —2jweTo 25 (vo—Vv)T0 | 2 i .
= e IWT0e Xp,.0, (T — To, V — ).

So far the complex factor e=2/%e™¢2i(*0=)70 ig common for all k. Ignoring the common factor

and we can write

K—1 K—1
Z &(r,v) = X%hgk(T — T,V — Vp). (3.8)
k=0 k=0

47



Eq. (3.8) shows that the function ZkK:_Ol X3, .0, (T, V), which is the composite square of cross
ambiguity function, can be viewed as the point-spread-function of the new radar system,
where the inputs of the system are the square of targets’s scattering functions. Hence, the
remaining problem is to find candidates for pulse trains {zp, (t)}1_y and {zo, (t)}i—, such
that the function Zf:_ol X%k,Qk (1,v) owns a desired Doppler resolution and meanwhile keeps
a satisfactory range sidelobe suppression. To achieve the goal, we present one way to building
the pulse trains {zp, (t)}1—y and {zg, (t)}1—, in the following. If we select {zp, (t)};,' and
[z, (O} as

2p, (1) = 2p(t — KT'/2) k=0, K —1 (3.9)

20, (t) = rrzo(t — kKT'/2)
where 7} is some complex scaler, and the pulse trains zp(t) and o(t) are generated by a pair
of sequences (P, Q) corresponding to an M-th order range sidelobe as in section 3.1. This

implies that

X0 (T, V) = ree K2y o (7, ). (3.10)
Let 6 = T, then we have
K1
Z X%k,Qk (Ta V) = R(Q)X%,Q<77 V)v (3'11)
i=0
where R(0) = S0 r2¢=7" is the spectrum of the sequence {r7 K.

By choosing proper sequence {r?}#_ ! the spectrum R(f) can have desirably lowpass, and
thus the Doppler resolution can be controlled by R(). For example, if 7, = 1 for all k, then
R(#) is the well-known Dirichlet kernel whose closest zero crossings around zero Doppler are
0= j:%”. Therefore the Doppler resolution of the point-spread-function Zfigl X%k,Qk (1,v)
is O(+), which is at least & time better than that of a single frequency (P, Q) pulse train

of length N.

Remark 3.2.1. Eq. (3.9) shows that each pulse train zp, (f) is the pulse train zp, () delayed
by k‘% But this does not mean that over subcarriers with central frequencies w. £ wg, zp(t)

needs to be transmitted k‘% later than over the subcarrier with central frequency w,.. This
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Figure 3.2: Implementation of OFDM radar using Golay complementary waveforms.

is because that for each k, the absolute time ¢ does not affect the measurements z(7,v)
and z;,(7,v) in eq. (3.4) and (3.6). Thus to let the transmission of waveforms across all the
subcarriers share the same time interval N7, one can "tune the clock” for the subcarriers

with central frequencies w, £ wy with /{;% seconds ahead of the clock for the subcarrier with

central frequency w,.

Fig. 3.1 shows the delay-Doppler maps for a OFDM radar with 2K —1 = 127 subcarriers,
and (zp(t),20(t)) corresponding to the PTM (Fig. 2.1(b)) and Binomial (Fig. 2.1(c))
designs. The sequence {ri}kK:_ol is chosen to be the all 1 sequence in both cases. The OFDM
point-spread-functions have the same cleared region of range sidelobes as shown in Fig. 2.1,

but their Doppler resolution is roughly Af = 4?“ = I.. The implementation of the OFDM
radar is illustrated in Fig. 3.2.
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3.2.1 Spectrum Optimization

The Doppler response of the OFDM (P, Q) pulse train is controlled by the spectrum

R(0)S3(0). Define the sequence a(n) = (v * Q % Q)(n). From the Parseval’s theorem we

have
IN+K—3 -
S Ja(m) = / R (0)S3(6) 2. (3.12)
n=0 -7
And we can also show that
IN+K-3
Z la(n)]? = ’YHQgQJ%JrK—lQNH{—lQK’Y, (3.13)
n=0

where Qi and Qnyx_1 are the convolution matrices represented by Q, for length-K and
length-N + K — 1 vectors. Note that R(0)S5(0) = ZkK;gl %(2711\/;01 q[n])?. Thus to minimize

the sidelobe to peak ratio

]‘ " 2 2
ROTOF /_ [R0)5(0) . (3.14)

it suffices to solve the optimization problem

IT}YiH ’YHQQQ5+K—1QN+K—1QK'Y

K—1 (3.15)
s.t. | Z Wl? = 1.
k=0

3.2.2 Analysis of Nonlinearity

Suppose there are two targets in scene with coordinates (79, vp) and (71, v4) respectively.
From eq. (3.4) and (3.6) we know that the corresponding matched filter outputs are

Zk:<7_7 ]/) = Z;:O eij(wc“'wk)TZej(Vl*V)Téefj(llfl/f)k‘T/2Xp7Q(T — Tf? vV — Vé) k O 1 K 1
yhv = Uy Ly ey A — L

Z;{(T) ]/) = Z;:O eij(wcfwk)Tlej(Vlfy)Téefj(l’fllﬁ)kT/Zx,P7Q(T — TEJ vV — Vé)

(3.16)
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Therefore the product of z;(7,v) and z,(7,v) is

1
gk@3y)::}:Gfﬂwa%g%waWeﬂ@fwaX%Q( U’y__VD_%2éﬂme+ﬁ)&x%wﬁﬂ)_7j»
=0

- Il f T2 (g — ) x0T — 1, v — 1),

(3.17)
and thus
1 K-1
Z Ek(T,v) = Z e IReTL IR (1) — Vg)T)X%,Q(T — T,V — 1) + Z cos(wy (1o — 11))
= =0 k=0

. 26j(2V—V0—V1)k‘T/Qe—jwc(To+T1)€j[(V0—V)To+(V1—V)Tl]XP7Q(7_ — o,V — VO)XP,Q(T — T, — Vl)

(3.18)
If |79 — 71| is greater than 7., which is the range resolution of xp o(7,v), the cross term
is close to zero due to the range sidelobe suppression ability of the (P, Q) pulse train. If
|70—71| < T, the cross term cannot be neglected when 7 is near 75 and 71. Suppose wy, = kwy,

k=0,1,..., K — 1, then by omitting the bulk phases in eq. (3.18), we have

K-1 1

Z &i(mv) = ZR<<V —v)T)Xp,o(T — 10, v — v2) + [R((v — - JQF )T = wi (1o — 7))
k=0 =0
+R(w = 2T 4wy (7 — T))IXp.o(T — 7o,V — o) Xxpo(T — T,V — ).
(3.19)
Thus the above two cross terms are centered at
v = Vo + 11 4 wi (10 — 71) (3.20)

2 T

in Doppler.

3.3 Coprime OFDM (P, Q) Pulse Trains

Suppose the radar system can utilize two frequency bands B; and By. The frequency band
B consists of 2K — 1 subcarriers with the central frequencies we1 —wg, 1.1, o, We 15 -y We,1 +

wik,—1,1 respectively. The frequency band B, consists of 2K, — 1 subcarriers with the central
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frequencies weo — Wi,—12, ..., We2, ..., We2 + Wi,—1,2 Tespectively. As in section 3.2, over each
subcarrier the radar transmits a time delayed P-pulse train zp(t), and the receiver correlates
the radar return with a Q-pulse train zg(t). In specific, over the subcarriers in By with central

frequencies w. 1 £ wy 1, the transmit and receive pulse trains are

ZPl,k (t) = Zp(t — kKQT/Q)
k=0,.., K —1. (3.21)

201k (t) = thQ(t - ngT/Q)
Over the subcarriers in B, with central frequencies w2 & wy, 2, the transmit and receive pulse

trains are

ZPZIC (t) = Zp(t — k’KlT/2)
k=0,.., Ky —1. (3.22)

Qs (t) = gsz(t - kKlT/Q)

Accordingly, we have the following expressions of the cross ambiguity functions:
XP1 01 (Th V) = he IVRET2y 0 o (T v), k=0, .., K — 1, (3.23)
X P, Qs (TH V) = gke_j”kKlT/QXp,Q(T, v), k=0,...Ky— 1. (3.24)

Denote & as the product of two matched filters” output over the subcarriers in By with

central frequencies w.; £ wy1. By ignoring the common bulk phase term we have

Ki—1 Ki—1
Z gl’k(T’ y) - Z XIQPl,lel,k(T —To,V — VO)
k=0 k=0 (3.25)
= m(T — 70,V — 1),
where the function 7;(7,v) can be written by
Ki—1
m(rv) =Y hie TG o(r,v)
k=0 (3.26)
= H(KQH)X?D,Q(ﬂ V)?
and H(0) = S0 h2e 7 is the spectrum of the length-K, sequence {h?}X2-1. Similarly,
by combining the measurements from frequency band By, we can have
Ky—1 Ky—1
Z 527143(7—’ V) - Z X%ka,ggyk(T - TO’ v — VO)
k=0 k=0 (3.27)

ne(T — 70,V — 1),
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Figure 3.3: Range and Doppler map for the measurements collected over frequency bands
By and By, Ky =7 and Ko = 9. (a) 0o &u(r,v), (b) Sop2, ! &on(r,v).

where

Ky—1

Z gle ]ukKlT 2 (7_ V)
(3.28)

= G(Kle)X%,dﬂ V)'

and G(0) = 302" g2e 7% is the spectrum of the length- Ky sequence {g7}~2". Therefore,
the functions n;(7,v) and n9(7,v) are obtained by modulating the square of cross ambi-
guity function x% o(7, ) with the spectrum H(K,0) and G(K16) respectively. The spec-
trums H(K0) and G(K,0) have periodicity 22 and £, and their mainlobe width are both
O(ﬁ) Fig. 3.3 shows the range and Doppler map for the measurements Zf:lal &1 k(T, 1)
and Y2020 &k (7,v) in eq. (3.25) and (3.27). We set K; = 7 and K, = 9. The sequences

{hk}K1 Land {gk}kKZQO_ U are set to be all 1 sequences. The Doppler resolution Af = Kih[r@ = ‘é—g.

However, since the periodic pattern of H(K,60) and G(K10), some ”artificial targets” appear

in the screen. The following theorem demonstrates how to eliminate the artifact issue:

Theorem 3.3.1. Suppose the spectrum H(0) and G(0) are ideally lowpass such that H(0) is
nonzero only within [0] < 2, and G(0) is nonzero only within |0] < . If the integers K,

and Ko are coprime, then for 0 € |—m, 7|, the product spectrum H(KQQ)G(Kle) is nonzero
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Figure 3.4: Product of measurements Zleo_l & x(T,v) and 25220_1 & (T, v). Artificial tar-
gets are removed.

only within |0] < ;- In other words, H(K30)G(K10) is ideally lowpass with bandwidth

2
KiK2~

Proof:  The original proof is given in [75]. For illustration purpose, here we simply

recap the proof. The spectrum H(K50) has K, passbands with width K?’I’Q each. The K,

passbands are centered at % = %, ke =0,..., Ko — 1. Similarly, the spectrum G(K60)

2 Kokq

has K, passbands with width K?}“Q each. The K, passbands are centered at % = T B

k1 =0,...,K; — 1. Since K; and K, are coprime, K1ky # Kok except for k; = ky = 0.

Theorem 3.3.1 guarantees that product of n;(7,v) and (7, v)
m (T, v)ne(T,v) = H(KQQ)G(Kle)X;l;7Q<T, V). (3.29)

has a unique peak at (0,0) if the spectrums H(#) and G(#) both have lowpass behavior.
Hence the the function H(K»0)G(K10)xp o(T,v) can serve as the point-spread-function of
the new radar system, where the inputs of the system are the fourth power of targets’s

scattering functions. It is clear that the Doppler resolution of the point-spread-function

H(KQQ)G(Kle)X;;Q(T, V) iS (9<K11K2)'
Fig. 3.4 shows that product of measurements Product of measurements ZkK:lg ! &1 k(T, V)

and ZkKjal &.1(T,v). Due to the coprimality between K; and Kj, The artifacts in Fig. 3.3
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Figure 3.5: Implementation of coprime OFDM radar using Golay complementary wave-

forms.
are removed, whereas the desired Doppler resolution is maintained.

Remark 3.3.1. Compared to the OFDM (P, Q) pulse trains derived in section 3.2, the coprime

OFDM (P, Q) pulse trains can significant compress the required frequency bandwidth. If the

desired Doppler resolution is O(ﬁ), where K7 and K, are coprime integers, the number

of required subcarriers for a OFDM (P, Q) pulse train is O(K;K5), whereas the number of
required subcarriers for a coprime OFDM (P, Q) pulse train is only O(K; + K3). We will

see the price paid for this bandwidth compression in section 3.5. Readers can refer to Fig.

3.5 for the implementation of coprime OFDM radar.

3.4 (P,Q) Pulse Train Obtained by Sequence Repeti-

tion

Suppose a length-N; (Py, Q1) pulse train design has an M;-th order-null range side-
lobe of cross ambiguity function at # = 0. From the sequences P, = {pi[r]}V;*
M2~ and

and Q; = {q[r]}'5"! we construct the length-Ny Ny sequences Py = {py[r]}V2)

Q) = {@[r]}> as follows.

Let p1[bN1 + ] = pi[r] and @1[bNy + ] = hyqi|r] for
r=20,1,...,N, —1and b = 0,1,..., N; — 1. In other words, the sequences 731 and él
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are generated by repeating sequences P; and Q; for N, times. From this, the new P and Q

pulse trains are

No—1
25, (t) = Y zp, (t— bNIT), (3.30)
b=0
and
No—1
25,(t) = > hyzo,(t — bNIT). (3.31)
b=0

The cross ambiguity function of 25 (¢) and zg (t) is

XP1,01 (T’ V)
No—1N—1 L-1 B
= ) @bN +r]ONET N BN + ] Colk] + Py[bN + 7] Cy k] xa(T — KT, v)
b=0 r=0 k=—(L—1)
Na—1 Ni-1 L-1 B
=) et Z BN + 7] > [PibN + r|Calk] + 5y [bN + r]Cy[E]lxa(r — KT, v)
b=0 k=—(L—1)
No—1 Ni-1 -1
= w0 bl Y G + RlC Hxalr — KT v)
b—0 r=0 k=—(L—1)
= H(_NQQ)XPth (T7 V)>
(3.32)
where H(0) = Y02 " hye 3 is the spectrum of the length-Ny sequence {hy}h2 "

Suppose a length-Ny (Py, Q2) pulse train design has an My-th order-null range side-

No—1

lobe of cross ambiguity function at § = 0. From the sequences Py = {ps[r]}.2;

and Qy = {g2[r]}™25" we construct the length-Ny Ny sequences Py = {po[r]}10271 and

Qy = {@[r]}> as follows. Let po[bNy + 7] = pofr] and @[bNy + 7] = gogo[r] for
r=20,1,..,.No—1and b = 0,1,..., N; — 1. Similarly, the cross ambiguity function of

zp,(t) and 23, (t) is

Xﬁz,@z (T’ I/) = G(_Nle)xpz,Qz (7-7 V)a (333)

where G(0) = Zévlo ! gye™ is the spectrum of the length-N; sequence {gb}b
Now let the radar transmit the P pulse trains z3 (t) and 23 (t). The transmission of

zp (t) and zp (t) can be separated in frequency or time. The receiver correlates the radar
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Figure 3.6: (a) Range and Doppler map of the product &(7,v) = 2 (7,v) and z(7, V),
Ny =T7and Ny =9, (b) length-64 PTM design.

returns of z3 () and 25 (t) with z5 (¢) and zg, (t) respectively. If the radar scene contains
a target with coordinate (79, 1), by omitting the bulk phases the outputs of two matched

filters are

21(1,v) = H(—=No(v — 10)T)xpy,0, (T — T0, vV — 1), (3.34)

and

29(1,v) = G(=N1(v — 1) T)Xpy.0, (T — To, v — ). (3.35)
The product of z;(7,v) and z(7, V) is
§(,v) = H(=No(v—10)T)G(—Ni(v—10)T) x5, 5,(T—T0, V—10)X5,.,(T—T0, V—10). (3.36)

Therefore the function H(—N20)G(—N10)x35, 5, (7. V)Xxp, 5,(T: V) can be viewed as the point-
spread-function of the new radar system. If integers N; and N, are coprime, from theorem
3 we know that the Doppler resolution of the point-spread function is O(ﬁ) And the
point spread function should have desired range sidelobe suppression ability since (P, Q1)
and (Py, Qo) pulse train designs have good range sidelobe suppressions.

Fig. 3.6(a) illustrates the range and Doppler map of the product £(7,v) = 2 (7,v) and

z(7,v). Weset Ny = 7 and Ny = 9. The sequences {hy}1% " and {g}1';" are selected
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as all 1 sequences. The pulse train design (P, Q1) is a length-N; Binomial design, and the
pulse train design (Ps, Qo) is a length-N; Binomial design. Therefore, the lengths of pulse
train designs (751, 0, ) and (751, 0, ) are both Ny Ny = 63, and the Doppler resolution of the
function H(—Nab)-G(—N10)x35, 5, (T, v) is A0 = ﬁ = 22 As a benchmark, the range and
Doppler map for the length-64 PTM design is plotted in Fig. 3.6(b). Although the length-64
PTM design presents comparable Doppler resolution, its point-spread-function has a much
narrower Doppler band. This is because for the length-64 PTM design, its range sidelobe
only has a (log,(64) — 1 = 5)th order of null at # = 0. But for the design depicted in Fig.

3.6(a), the null order of its range sidelobe is 112 = 8,

3.5 SNR Analysis
3.5.1 OFDM (P, Q) Pulse Train

For simplicity, here we assume that the target’s scattering coefficients over all subcarrier

are identical (unity). The matched filter outputs are

2, = 1y, [e T W0l 00 0 v 0(0,0) + X, 0(To, Vo) ]
z, =T} [e‘j(%_”kmej(”o_”)ma;xp,g((), 0) + XN,Q’Q(T(), 1/0)}
thus the product of 2z and zj, is
& = pleT e R aral X (0,0) + ol (3:38)
where 7y, = riry, and ¢ is the noise component in &:

p, = eI WemwR)To I o) o 60, 0) X w0 (7o, 0)

3.39
+ e et el 0TI g v p 0(0,0) X0 (7o, 10) + Xvi.e(To, 1o)X e (To, Vo). -
Then the signal power of the composite measurement Zfz_ol & is
K-1
Po=| Y e Peme 2 magaig o(0,0)
o (3.40)
= | Z 'Ykaka;qFX;l?,Q(Ov 0).

k=0
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. K-1 .
The noise power of ), " & is

Py - {[gl e

[l E{|ox]*}-

k=0

(3.41)

The second equation of (3.41) is due to the noise independence. For each k, it is also easy

to show that

E{xx.0(10, Y0)xa7,0(70,10) } = 0,

E{xn.0(70: ¥0) XAz, (70, o) X, (70, o) } = 0, (3.42)

E{XN,Q,Q(TO, Vo) XN, 2 (70, VO)X./\/};,Q(TOa Vo)} = 0.

Therefore we have

N

P, = ”Yk\ (e > xP,0(0,0)%m + |ax*xp,0(0,0)*n;, + nenl], (3.43)

??‘

~—

=0
where 7 = E{[xn;,0(70.10)[*} and 7, = E{‘XN,;,Q(T(),VO)F}- Define the ratios p, =

~~

xp.0(0,0)%/nx and p), = xp.0(0,0)?/n;.. Therefore the signal to noise ratio is

SNR =

o[

(3.44)

[ Do e

im0 P llag2oet + lanl2elt + ool
Denote SNRy = |ax|*pr and SNR}, = |a}|*p}, as the SNRs over the subcarriers at central
frequencies w, + wy, respectively. Since p, 'pi ! = (|ag [20,) 7t 2ot = (Jar)®or) w0k !,
at high SNR regime we may drop the term p, '} from denominator of eq (3.44). Therefore

the SNR can be approximated by

| ZkK:_Ol %OékOéHQ
SNR = yra] ST s 12 1 TR (3.45)
=0 V| [|O‘k| P Tt v Py ]

Using Cauchy-Schwarz inequality, we have

K-1 K-1
1
| Z VWWHQ = Z‘Z(%O‘;ﬂ\/ PEI)(%\/%) + (7 kak\/ )/ p |
k=0 k=0

K-1 K1 (3.46)
1N 201/ 12 251 ~ 2 12
< Z(Z [V [lak’ Pk + | |*p ])(Z || “ pre + | | pk).
k=0 k=0
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This shows that
K-1

1
SNR < < > (SNRy + SNR},). (3.47)
k=0
This means that the signal to noise ratio is attenuated at least by a factor of 4 due to the
non-linear processing.

If assume that a; = o) = «, and p; = p;, = p for all k, then the SNR becomes

2 K-1 2
SNR = 2] Z;j) %\2. (3.48)
2 > ko [l

Clearly, the SNR is maximized when the sequence {%}f:_ol is collinear to an all 1 sequence,

and the maximum SNR is SNR., = 5|al?p.

3.5.2 Coprime OFDM (P, Q) Pulse Train

The k-th product of matched filter outputs in first and second filter-bank are

Skl = %,1[01061@,1042,1)(%,9(07 0) + dral, k=0,..., K1 — 1,
(3.49)

51?,2 = Vk,2 [CQO%,QOC;C,ZX’QP,Q((L 0) + ¢k,2]7 k= 07 ceey K2 - 17
where the complex constants ¢; and ¢y are ¢; = e I2e1T0 i 2070 ) — @TI2We,270 i 2(0—¥)T0,
The noise terms over ¢ 1 and ¢y 2 over OFDM blocks B; and B; are defined similarly as eq.

(3.39). Thus for the measurement Z,{;l[;l Ekn ZkKjal Ek.2, its signal power is

Ki—1 Ko—1
2
P = | Z Vi1 Q10 1 X P 0(0,0)Cs Z Vr 2k 200 52X P 0(0,0)]
k=0 k=0
K Koot (3.50)
2 2
= | Z Vi1 k1 || Z Vh 20k 20 5| X, 0(0,0).
k=0 }=0

The noise power for Zf;gl Eka ZkK:QO_l k2 is

Ki—1 L Kl )
p[n| = E{| Z %,1¢k,1| H Z %,2%,2%,2| X%,Q(an)
k=0 k=0
Ko—1 ,. feml ) Ki—1 ) Ko—1 )
+ E{] Z Ve2drz2| | Z Vi1 | XP.o(0,0) + E{] Z Y1 dra| JE{] Z Ve2Pr2| }-
k=0 k=0 k=0 k=0

(3.51)
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Note that

E{| s | 2y hakach | b o(0.0) |4 aaraa ] v o(0,0)

A

E{|Z£{181%1¢k1‘2}E{}Z§261%2¢k,2|2} N E{‘Zk 0 %,2%,2‘2} R

E{|ZkK:201%2¢k2’ }‘Zk o V1O, 1Oék1| X%,Q(an) . |Zk o Tk, 104141%1‘2%1:,@(070) 2 4NR

IS maon [V ES S oo} B{Z ey
(3.52)

where SNR; and SNRy are the SNRs for Zszlo_ ! &k and szjg ! &k2 respectively. Thus for
large SNR; and SNRy, we may drop the third term on the right hand side of eq. (3.51).
Therefore the SNR of ZKI ! Eka Zk 20 §k o can be approximated by

|Zk o Tk, 10%,1042,1 ‘2|Z£(:281 7k,204k,204;c,2 ’2X%,Q(O7 0)
E{|Z§:181 7k,1¢k,1‘ }}Zkzo 7k,204k,2a;672|2 + E{ ‘ZkKial ’Yk,2¢k,2|2} ‘ZkKQE Vi1 ke, 1Y, ?

(11 -
~ \SNR; SNR,

SNR =

1
Z(SNRl + SNRy).
(3.53)
Using eq. (3.47), we have
| K Ky—1
SNR < 1—6[ (SNRy,1 + SNRj, ;) + » (SNRg2 +SNR},)], (3.54)
k=0 k=0

where SNRy; and SNR;C,1 are the SNRs over the subcarriers at central frequencies w1 &= wy 1
in B; respectively. And SNRj, and SNR;’2 are the SNRs over the subcarriers at central
frequencies w. 2 £ w2 in By respectively.

As a special case, when the coefficients {1, o), st and {ogs, OAM}K2 ! all equal to

«, and the noise power over all subcarriers are identical, the maximum SNR is

(3.55)

The condition to achieve SNR,,,, 1s that the both {'ym}kK:lO_ L and {’)/kg}fia L are collinear

to some all 1 sequence. Let K = K; K5 be the integer which is inverse proportional to the
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Doppler resolution. Then since K and K, are coprime (not equal), we know that

2
SNRmae < |O‘JL PVK, (3.56)

which implies that K; and K5 should be close in value for large SNR,,qz.
3.5.3 (P, Q) Pulse Train Obtained by Sequence Repetition

The first matched filter output is

= alXﬁl,@l(O, 0) + XNhél(TOa Vo). (3.57)

Let ny¢(t) = ny(t — ENT) for (IN\T + 19 <t < ({ + 1)N1T + 79. Then by the construction

of Q-pulse train z5 (t) we know that

oo

W) = [ mtz T mle

— 00

No—1 Ny T+7 .
= / n1e(t)hezg, (t — mo)e 70U HN Ty (3.58)

¢=0 v 70
No—1

_ — vl N1T7
- E : e vt thN1,z,Q1(TO>V0>'
=0

Thus z; can be written by

No—1 Np—1

21 = Q1XP1,04 (Oa O) Z hl,ﬁ + Z e_jVOZNlThT,KXNLth (7—07 VO)? (359)
=0 =0

and similarly, the second matched filter output is

Ni—1 Ni—1
% = 00XP50,(0,0) D hay 4+ Y e MR v, 0, (70, 1) (3.60)
=0 (=0

Therefore the signal power for z;z; is

N271 lel
P, = |onas*xb, 0, (0,0)x%, 0,(0,0)| Y hae*] D hol” (3.61)
=0 =0

Denote n; = E{|XN1’Z7Q1(TO,I/O)|2} for ¢ = 0,..., Ny — 1 and 7, = E{|XN2,Z7Q2<TO7V0>|2} for

¢=0,..., Ny — 1. Ignoring the product of noises in z; and z,, the noise power for z;z; is

Nao—1 Ni—1 Ni—1 No—1
2 2
pln] = | *ne] Z hi| Z |ho e[ X, 0, (0, 0) + s Z ha| Z |10 Xp,,0, (0, 0).
P =0 =0 =0

(3.62)
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The signal to noise ratio of z;25 is

N2 1 2 N1 1 2 -1
SNR — ((|Z 15‘ |a | ,01) +(!Z 28‘ ’a ‘2,02)—1)

No—1 2 Nl 1 2
[ [l (3.63)

< (apn * W)
~ \MVao|asr’p1 Nifasl?pa)

where p1 = X3, 0,(0,0)/n1, and py = X%, 0,(0,0)/n2. If @y = s = @, the maximum SNR is

1 1 \'
SNRm:|a|2( + ) : (3.64)

3.6 Conclusion

In this chapter, we have developed the sequencing of time-coordinated (P, Q) pulse trains
in frequency. Through utilizing added degree of freedoms in frequency domain, we are able
to craft a point spread function of OFDM radar which owns a narrow Doppler response,
whereas the Doppler response of a single frequency radar, as the price of improved Doppler

resilience, is typically flat.
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CHAPTER 4

DOPPLER RESILIENT PARAUNITARY
ILLUMINATIONS FOR PHASED-ARRAY MIMO

RADAR

In chapters 2 and 3, we studied the design of Doppler resilient waveforms for single-input
single-output (SISO) radars. The proposed transmit-receive pulse trains are simply generated
by separating a small number of waveform components in a pre-determined waveform library
across across multiple degrees of freedom. We showed that by properly coordinating the
transmission of waveform components in time, the point spread function of a SISO radar
system can be essentially free of range sidelobe inside a desired Doppler band around zero
Doppler axis. This in turn improves the performance of range detection of weak targets that
are surrounded by strong reflectors moving at different velocities. We further demonstrated
that through carefully sequencing the transmission of waveform components in both time
and frequency, we are able to create a point spread function with a narrow Doppler response.
Therefore the Doppler response, which has been traded for Doppler resilience in a single-
frequency SISO radar, can be compensated by using an OFDM SISO radar along with proper
signaling strategy.

We mentioned earlier that modern radars are increasingly being equipped with arbitrary
waveform generators which enable generation of different wavefields across aperture, time,
frequency, polarization, and wavenumber. Recently, the advent of multiple-input multiple-
output (MIMO) radar brings the promise of increased performance for target detection and
tracking. A phased-array MIMO radar is equipped with multiple transmit and receive aper-

tures that enable the transmission of independent waveforms across the transmit array and
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parallel signal processing across the receive array. Therefore the spatial waveform diversity
brings in the promise of several performance improvements, such as enhanced target detec-
tion capability [14], and desired transmit beampattern due to the general spatial waveform
correlation [21].

Recent advances of space-time waveform design for phased-array MIMO radar essentially
fall into two categories. Works in the first category aim for seeking transmit space-time
waveform with desired ambiguity matrix. Designs of orthogonal [21] and nonorthogonal [76,
77] zero-lag ambiguity matrix (waveform spatial correlation) are carried out for addressing
transmit beamforming. Attention has been also paid to the ambiguity matrix at non-zero
lags [14,78,79] to reduce range sidelobe. The second category involves the optimization-
based waveform design, which is defined by [80] through joint design of transceiver filters to
optimize metrics like mean square error of target estimation or signal-to-interference-noise
ratio, to account for the statistics of clutter and noise.

In this chapter, we focus on the utilization of paraunitary waveforms [14,64,81] for phased-
array MIMO radar. A set of paraunitary waveform matrices has the property that the sum
of autocorrelation matrices of waveform components is diagonal at zero delay and vanishes at
nonzero delays. This leads to many good properties such as invariant transmit beam pattern,
zero inter-channel interference, and ideal pulse compression. However, a major challenge of
implementing the paraunitary waveforms is the sensitivity of paraunitarity to Doppler effect.
In the presence of Doppler, the combination of matched filtered returns of multiple waveform
components separated in pulse-repetition intervals (PRIs), is characterized by the ambiguity
matrix of transmit pulse train. This ambiguity matrix fails to maintain the paraunitarity off
the zero-Doppler axis, which in turn deteriorates the radar imaging capability. For instance,
a weak target can potentially be masked by the range sidelobe generated by a nearby strong
reflector moving at different velocity. Such a Doppler sensitivity needs to be mitigated for
preserving the waveform integrity for phased-array MIMO radar [82-84].

We develop a Doppler resilient design of space-time transmit/receive filter based on a

65



paraunitary waveform set with cardinality D. The transmit filter is a length-N spatial

pulse train which coordinates the transmission of waveform components in the set using

N-1

a D-ary scheduling sequence {p[n]},-;. The receive filter is constructed in the similar

way, except that the waveform component in n-th PRI is weight by the n-th element of a

N-1
n=0 *

real weighting sequence {q[n] The design of binary p-sequences and real g-sequences
has been elaborated in [16,31,32] to coordinate the transmission of Golay complementary
waveforms in time for maintaining complementarity in the presence of Doppler. We present
a systematic construction of these two sequences, which enables the cross ambiguity matrix
of the transceiver filter which maintains the paraunitarity inside a desired Doppler band

around zero Doppler axis.

4.1 Complementary Space-time Waveforms

In this section we illustrate the notion of a set of complementary space-time waveform
components. For such a waveform set, the auto-correlation matrices of individual waveform
components can sum up to some composite auto-correlation matrix which carries desired
illumination property for a phased-array MIMO radar. We then emphasize the practical
concerns of implementing the complementary space-time signals, which serves as a guidance

of designing implementable and mathematically sound complementary waveforms.
4.1.1 Definition of Wavefrom Complimentarity

Consider a MIMO radar system with M colocated transmit and M colocated receive
antennas. Suppose the space-time waveform of the MIMO radar is constructed through

scheduling the components in a waveform library with cardinality D. Each component

sp.a(t) = [s1.a(t), ..., sama(t)]” € (L*(R))M is a candidate of spatial illumination across the
transmit array, d = 0,..., D — 1. The auto-correlation of sp 4() is
CD7d(T) = / SD7d(Zf)SD7d(t — T)Hdt (41)
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We say that the waveform components s;(¢),...,sp(t) are complementary if the sum of their

auto-correlations

7') = Z CD,d(T)
d=1

has some desired structure.
Suppose each component sp 4(t) of space-time waveform is modulated by some length-L

sequence of spatial amplitude vectors
spa(t) =Y _spal)Q(t — (T.), (4.2)
=0

where €(¢) is the pulse shape with unit energy and 7, is the transmitter’s chip interval. Each
spatial amplitude vector spq[f] = [spa1lf],.-.,spanm[l]]’ consists of amplitudes emitted
across transmit array in the /-th chip interval associated to the d-th waveform component

sq(t). Therefore the analog waveform auto-correlation matrix can be further written by

L-1
Cpa(t)= > Cpalk]Caol(r — kT,)
k=—(L—1) (4.3)

= CQ(T — leC)CD’d[lﬁ] + CQ(T — /ﬁTc)CDd[/ﬁ],
where Cq(7) is the auto-correlation of pulse shape Q(t), k1 = [—7 ], and ks = k1 + 1, and

Cp.qlk] is the aperiodic auto-correlation matrix Cp 4[k] of sequence sp 4[0],...,spq[L — 1]:

CD,d[k] = ZSD,d[E]SD,dw — k]H k= —(L — 1), c. ,L — 1. (44)

Note that in deriving the second equality in eq (4.3), we presumed that Cq(7) vanishes

outside [—T,, T.]. Therefore the composite waveform auto-correlation matrix becomes

CD(T):CQ(T_kl ZCDd kl +CQ T — koT,. ZCDd kz (4.5)

d=1

The auto-correlation matrix Cp(7) sampled at discrete time 7 = kT, is

Cplk] =) Cplk]

U
Il
e

(4.6)

~

=N "Spl0Spll — BT

~
Il
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where
SD[E] = SD70[€] R ,SD,Dfl[f]

is the amplitude matrix whose vectors corresponds to the spatial amplitude distribution of
a certain waveform component at ¢-th chip interval. This indicates that in order to design
proper analog component waveform vectors sy(t)’s with desired sum of auto-correlations
Cp.a(7), it is equivalent to design proper discrete amplitude component vectors sy[¢]’s with
desired sum of aperiodic auto-correlations Cp 4[k|. Later we will demonstrate the validity

of this statement for Cp(7) with 7 off the sampling grid.
4.1.2 Short Pulse for Mitigating Chip-Level Doppler Effects

In the presence of Doppler shift, each auto-correlation matrix Cp 4(7) cannot directly
represent the point target response by using sp 4(t) as the transmit and receive waveform.
Instead it is the auto-ambiguity matrix Ap 4(7,v) of sp4(t) which actually captures the

time-frequency distribution of target:

o

AD,d(T, I/) = / SD7d(t)SD’d(t — T)Heijytdt
—o0 (4.7)

= xo(T — k1T, v)Ap au[k1] + xao(T — k2T0, V) Ap g ka],
where matrix Ap 4, [k] is the aperiodic cross-correlation matrix of sp 4[¢] and Doppler mod-

ulated sp 4[¢]:

L—1
Apaulk] = spalllspalt — k" e 7T, (4.8)
£=0

and xq(T,v) is the scaler auto-ambiguity function of pulse shape Q(t):

Xa(r,v) = / Q) (t — T)e " dt. (4.9)
However, in general, to design the sequences sp4[0],...,spq[L — 1] such that Ap4,[k]’s

sum up to some desired structure at arbitrary Doppler frequency v is not an easy problem.
And we shall not ask sp 4[0],...,spq[L — 1] for extra functionality to accomplish this goal.

Instead, a typical treatment to reduce the sensitivity of Ap 4(7,v) to chip level Doppler shift
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is to use short pulses, i.e., L shall be a small positive integer and hence the Doppler shift LvT,
over the pulse duration is negligible fo v inside Doppler band B of interest. From this we

have Ap 4lk] = Cp4lk], Vd, and xq(7,v) = Cq(T), which in turn yields the approximation
AD,d(T,V)%CD,d(T), VEB,d: 1,...,D, (410)

Therefore, to maintain complementarity of space-time waveform components sp 4() in the

presence of chip-level Doppler effect, each of sp 4(t) needs to have a short time duration.

4.2 Examples of Complementary Space-time Wave-
forms

In above section, we introduced the concept of complementary space-time waveforms.
We demonstrated that in order to construct a set of base-D complementary sequence-
modulated waveform components {SD,d(t)}le, it is sufficient to seek D vector sequences
spal0],...,spallL — 1], d = 1,..., D, whose composite aperiodic auto-correlation matrix
Cplk] has desired property. In the following we illustrate two designs of above vector se-

quences.
4.2.1 Paraunitary Waveform Vectors

Start with the notion of Golay complementary sequences. Two length L unimodular
sequences of complex numbers z[¢] and y[¢] are Golay complementary if the sum of their

auto-correlation functions satisfies
C.lk] + Cy[k;] =2L0[k], k=—(L—1),...,(L—1), (4.11)

where C,[k] and Cy[k| are the aperiodic auto-correlations of z[¢] and y[¢] at lag k respectively,

and d[k] is the Kronecker delta function.
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In [14,64] a sequence of 2 X 2 matrices

So[l] = [82,1[5] 52,2[5]]

o] —y L—1—1 (4.12)

yle) L =11

is developed with the paraunitary property

C,lk] = Lz_:l S, [(]SH0 — K] = 26[K]1,. (4.13)

£=0

Similarly we can derive the sequence of 2% x 2% matrices

Sox [ﬁ] = SQKJ[K], -5 S9K 9K [ﬂ:|

(Syei[] Syl

B Sox-1[l]  —Syx-1[{] (4.14)

=H,® - -@H,®S,[(], £=0,...,L—1,
—_—

K—1
where Hy is the 2 x 2 Hadamard matrix. Thus the auto-correlation matrix of sequence Syx [/]

is the identity matrix at zero lag and vanishes at nonzero lags:

Cox[k] = Li Syx[()SE [t — k] = 256 [k]Tyx. (4.15)

4.2.2 Desired Waveform Spatial Correlation

The spatial correlation of radar space-time waveform has been exploited in [76,77]. In
these works, it is demonstrated that the spatial correlation matrix, or the zero-lag waveform
auto-correlation matrix, is essential for building the desired waveform diversity as well as
detection/surveillance performance. In these works, the space-time waveform is typically
modulated by an M; x N, amplitude matrix S, where M, is the number of transmit antennas,
and N, is the total number of chip intervals included in the transmit waveform associated

to each transmit antenna. Thus spatial correlation matrix can be written by the Grammian
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matrix

Gg =SS, (4.16)

In the presence of Doppler frequency v, Gg becomes the Doppler induced-spatial correlation
As(v) = SD(—v)S”, (4.17)

where D(v) = diag([1, e/, ..., e?We=DTe]) is the diagonal Doppler modulation matrix. It
can be seen that Ag(r) equals the cross-correlation Ap 4, [k] defined in eq (4.8), evaluated
at k = 0, with L = N, and D = d = 1, meaning that the waveform library has only one
component.

From the analysis in section 4.1.2, we know that Ag(v) is approximately Gg for v € B,
provided that the cumulative Doppler shift N.vT, is negligible. However, it turns out that
some designs in above reference actually suffers from the chip-level Doppler effect.

Fig. 4.1 illustrates the sensitivity to chip-level Doppler shifts for the spatial correlation
matrix of a space-time waveform with long time duration. In here the matrix S has dimension
128 by 128, and is constructed following [77] with o = 0.125. Fig. 4.1(a) and Fig. 4.1(d)
depict the magnitude and phase information of the 128 by 128 spatial correlation matrix in
the absence of Doppler. Set the carrier frequency as 17GHz. Fig. 4.1(b) and Fig. 4.1(e)
depict the magnitude and phase discrepancy of spatial correlation, at the Doppler frequency
corresponding to the bm/s velocity. The amplitude discrepancy is defined as the difference
of dB magnitude of spatial correlation with Doppler effect and without Doppler effect. It can
be seen that the magnitude discrepancy on the entries in the zero-Doppler spatial correlation
matrix with low magnitude (-25dB) can be as large as 32dB. Large Doppler-induced phase
discrepancy can be also found on those entries. At the Doppler frequency corresponding
to the 10m/s velocity, the magnitude and phase mismatch of spatial correlation matrix, as
shown in Fig. 4.1(c) and Fig. 4.1(f), can be more severe.

To reduce the Doppler sensitivity as shown in the experiment, one can truncate the

space time waveform in time into several segments. This is because the cumulative Doppler
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magnitude, zero Doppler

Figure 4.1: Discussion of sensitivity to chip-level Doppler shifts of the spatial correlation
matrix of a space-time waveform with long time duration. Each individual waveform for
a 128 by 128 phased-array MIMO radar is phase coded by a length-128 matrix sequence.
(a) and (d) depict the magnitude and phase of entries in spatial correlation matrix at zero
Doppler. Colorbars are in dB and radian respectively. (b) and (e) depict the magnitude
and phase discrepancies of spatial correlation at Doppler frequency associated to velocity
bm/s. (c) and (f) characterize the magnitude and phase discrepancies at Doppler frequency
associated to velocity 10m/s.

shift inside each waveform component is much smaller than the Doppler shift we had before

waveform truncation. Mathematically, if we group the columns of matrix S by

S = |[spal0],....,spa[L —1]],... ,[sp.n[0],...,spp[L —1]]| ; (4.18)

then the original spatial correlation matrix now becomes the composite spatial correlation,
or composite zero-lag auto-correlation of waveform components generated by waveform trun-

cation:

~
—_

D
E SD,d SDd

=1 (4.19)
[0].

T
o

I
Q
S



Consequently, the cumulative Doppler shift for each waveform component is LvT, =

NT./D, which can be mitigated by choosing a large value of D.

magnitude discrep., v = 5 (m/s) magnitude discrep., v = 10 (m/s)

)
50 45 45
w0 40 40
35 35
30
30 30
20 2 25
10 20 20
0 15 15
10 10
-10
100 5 100 5
-20 0 0
120 120
30 -5 -5
20 40 60 8 100 120 100 120

20 40 60 80
(c)

magnitude, zero Doppler

phase discrep., v = 5 (m/s) (mis)

phase discrep., v = 10

100 h 100

120 120

Figure 4.2: Reduction of sensitivity of spatial correlation to chip-level Doppler shift, through
waveform truncating in time by a factor of 8, and separating 8 waveform components in
time by PRI. (a) and (d) depict the amplitude and phase of entries in the composite spatial
correlation matrix. Colorbars are in dB and radian respectively. (b) and (e) depict the
amplitude and phase discrepancies of composite spatial correlations at Doppler frequency
associated to velocity bm/s, where the carrier fequency is 17GHz. (c) and (f) characterize
the amplitude and phase discrepancies at Doppler frequency associated to velocity 10m/s.

Fig. 4.2 shows how the magnitude and phase of spatial correlation pattern is sensitive to
chip-level Doppler shift can be mitigated, by truncating the 128 by 128 amplitude matrix S to
8 blocks in time. Through waveform truncation, the Doppler-induced magnitude discrepancy
is significantly annihilated. The phase discrepancy is negligible, except along a few off-
diagonal lines in the spatial correlation matrix. However, the entries on these off-diagonal
lines are of very low magnitude.

To summarize, the complementary space-time waveform components, generated by trun-

cating the existing space-time waveform designs [76,77] in time by a factor of D, have the
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property that the sum of their spatial correlation has desired structure. Note that the larger
library size D, the more robust each waveform component is to Doppler, but the smaller
the duty cycle of pulse train becomes. Therefore in practice D shall be chosen properly for

tradeoft.

4.3 Sensitivity of Complementarity to Doppler Shift in
PRI

The above analysis shows that by separating the transmission of complementary wave-
form components in time, one can obtain the desired composite auto-correlation matrix,
which determines the point target response in the absence of Doppler. However, the com-
plementarity shows significant sensitivity to nonzero Doppler frequency. To illustrate such
a Doppler-induced sensitivity, suppose the transmit waveform is generated by separating

sox o(t) through sp p_1(t) in time by a PRI:

D—-1
z(t) = spa(t —dT). (4.20)
d=0
The ambiguity matrix of z(t) is
Xa(70) = / 2()a(t — 1) eat, (4.21)

which discrete samples at 7 = kT, are

D—-1

Xa(k,0) = ) e Cp k], (4.22)

d=0
where § = vT is the Doppler shift in one PRI. In eq (4.22) we had ignored the chip-level
Doppler shifts. In general the ambiguity matrix x,(k, ) is not equal the composite auto-
correlation Cplk] due to different phase modulation on each PRI.

Fig. 4.3 illustrates the severe sensitivity to Doppler of a 2 by 2 ambiguity matrix x,(7, v).
The transmit pulse train is constructed following the paraunitary design. The horizontal axis
depicts Doppler and the vertical axis illustrates delay. Color bar values are in dB. Slightly off

the zero-Doppler axis, the diagonal entry [x,(7,v)]:11 has significant range sidelobe, and the
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Figure 4.3: Magnitude of 2 by 2 ambiguity matrix x,(7, ) corresponding to the parauni-
tary design. The length-2 pulse train is phase coded by the matrix sequence in eq (4.12).
Horizontal and vertical axis stand for Doppler shift # = vT (in radian) and delay 7 (in sec).
Color-bar uses dB scale. (a): [xz(7,v)]11, (b): [X2(7,v)]12

magnitude of off-diagonal entry [x,(7, v)]1 2 rapidly grows. The Doppler induced performance
deterioration can result in miss detection of weak targets masked by range sidelobes generated

by nearby strong reflectors moving at different velocity, or degraded signal-to-noise ratio due

to fluctuating transmit beampattern.

4.4 Doppler Resilient Waveform Matrices

In above sections we present the complementary space-time waveform components whose
auto-correlation matrices sum up to some desired composite auto-correlation matrix. Each
space-time waveform components is restricted to consist of a small number of chip intervals,
such that the chip-level Doppler shift is negligible. In practice, the transmission of these
waveform components is separate in time by pulse-repetition interval (PRI) 7', which is

typically much longer than the

Definition 4.4.1. (p-transmit space-time waveform): Let p = [p[0],...,p[N — 1]]T €

(Z/DZ)N. Define the p-transmit space-time waveform as

z,(t) = i Sp il (t — nT). (4.23)
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The nth temporal component in z,(¢) is sp4(t) if p[n] = d, d = 0,..., D — 1. Consecutive

entries are separated in time by a PRI 7' sec.

Definition 4.4.2. (qg-receive filter bank): Let q = [¢[0],...,¢[N — 1]] € CY be an N-

dimensional vector. Define the g-receive filter bank as
N-1
2q(t) = Y _ q[n]sp y (t — nT). (4.24)
n=0

Thus nth entry in z4(t) is obtained by multiplying the n-th temporal component of z,(t) by
q[n].

The MIMO radar cross-ambiguity matrix is

Xp,q<7'7 V) = Zp(t)zq(t _ T)He—jytdt

i

-y q[n]

n=

(4.25)
e]l/nTXSDm[n] (7_’ I/),

[en]

where X, ,(7,7) is the auto-ambiguity matrix of d-th waveform component sp4(t). Note
that in the second equality of eq (4.25), we had ignored the range aliases centered at
+7, 42T, ..., £(N — 1)T. After discretizing in delay (at chip intervals), and ignoring the
Doppler shift over chip intervals compared to the Doppler shift across a PRI, the cross

ambiguity matrix can be written

=

Xp,q(k, 0) = q[n]ejnecD,p[n] [k]. (4.26)

n

I
o

where k is the discrete delay index, and 8 = T is the Doppler shift in one PRI.
Clearly, the cross-ambiguity matrix at zero Doppler xp o(k,0) is simply a weighted sum
of the individual auto-correlation matrices Cy[k]’s. With balanced weights, i.e.,
> qlnl= Y qln], V1 <d.d <D, (4.27)
pﬁgd p[Z]:=0d’
Xp.q(k,0) is proportional to the desired composite auto-correlation Cplk]. The goal of
designing the MIMO radar transceiver pair (zp(t),2zq(t)), or specifically the vectors p €
(Z/DZ)N and q € C¥, is the Doppler resilience of xp q(k, #), which is Xp q(k, ) = Xp.q(k,0)

for arbitrary Doppler frequency v = /T inside the desired Doppler band B.
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4.5 D =2 Case

For the 2 x 2 MIMO radar (K = 1), the cross ambiguity matrix xp q(k, @) is written by

N-1
Xpalk,0) = qnle™ | > Coglk] + > Coulk]
n=0

p[n]=0 pln]=1
| V-1 | V-1
5 Z qm €]n0 C2 ,0 k] + CQ 1 + 5 C] p[n]ejne (CQ O[kf] — 0271[1{3])
n= n=0
N-1
2 qn]e™Caolk] + As(k,0),
n=0
(4.28)
where the residue matrix
| V-1 ‘
Az(k,0) = 5 g[n](=1)""e™ (Coo[k] — Ca1[K]) (4.29)
n=0

represents the cross-diagonal interference and range-sidelobe in the presence of Doppler.
Therefore, to maintain the waveform paraunitary property and the perfect range response,

we need to annihilate the residue matrix inside some Doppler band.

Theorem 4.5.1. The necessary and sufficient condition of zero forcing the first M Taylor

moments of all entries in Aqy(k,8) around 0 = 0 is that the spectra

=2

Spall) = (—1)""g[n] e’ (4.30)

i
o

has zero first M Taylor moments around 6 = 0, or equivalently the vector pair (p,q) belong

to

1 1 --- 1 (_1)p0q0
7, 1 2 .-+ N (_1)p1q1

a=[qo;--,an—1]T,
p€e(z/22)N qeCN

No(N, M) = 0. (4.31)

1M oM .. NM <_1)PN71qN71

\ L 4 L . /

Proof: See theorem 2.2.3.
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N=16, Binomial sequence, xu(k,e) indB o® N=16, Binomial sequence, Xlz (k,6) in dB
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Figure 4.4: Magnitude of entries (a) [Xp.q(7,¥)]1.1, and (b) [Xp.q(7,¥)]12 in a 2 X 2 cross
ambiguity matrix Xxp.q(7, V) corresponding to the Binomial design (p, q) € N2(16, 14).

Fig. 4.4 illustrates the annihilation of the 2 by 2 residue matrix corresponding to pa-
raunitary waveforms, by using the length-16 Binomial design, which zero-forces the first 14
Taylor moments of each entry in A(k,#) around 6§ = 0. Fig. 4.4(a) depicts the magnitude
of the northwest entry [xpq(7,7)]11 of the 2 by 2 cross ambiguity matrix xp (7, 7). Inside
the Doppler band [—1, 1] rad range sidelobe of [xp (7, 7)]11 is 80 dB below to the mainlobe
in magnitude. The northeast entry [Xp.q(T,7)]1,2, shown in Fig. 4.4(b), is 80 dB below
the peak of [xp.q(T,7)]1,1 at each delay inside the Doppler band [—1, 1] rad. Therefore the

paraunitarity of transceiver filters is well preserved.

4.6 D > 2 Case

At D > 2, denote wp = el as the root of unity with order D. Note that for each

0<d<D-—1, we have
D—1

= ST W = ipla] — d). (432)

r=0
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Therefore the cross ambiguity function for a D x D MIMO radar can be written by

N—
quk9 %Zq emeZCDd ZWTD p[n]—d)

n=0
1 D-1 /N-1
B (Z rp e]n@) <ZWDTdCDd >
r=0 n=0 (433)
N-1
— q[n)e?™S[k]Ip + — ZSP‘” JAD [k

= Sq(0)6[k|Ip + Ap(k,0),

where the residue matrix is

D—-1

Ap(k,0) = % > Spar(®)Ap,[K], (4.34)

and Sp o (0) and Sq(#) are the spectra of wg)[o]q[O], . ,wTDp[N Ug[N—1] and q[0], ..., q[N—1]:

pqr Zpr[n] €Jn9, r = 1,...,2K— 17 (435)
N-1

=) qn)e™’, (4.36)
n=0

and the rth component of residue matrix

Ap,[k] =Y wpCplk] (4.37)

does not vanish at nonzero delay in general. In the following we show the approach of
annihilating Ap(k, ) by creating nulls of each Sp, o -(¢) around zero Doppler, r =1,..., D —
1.

4.6.1 Principle of Residue Spectra Anihilation

Definition 4.6.1. A sequence of amplitude vectors spo[f], . ..,sp p—1[¢] is said to have linear

independent auto-correlation matrices if
> aiCpalk] =0, V1 - L<k<L-1 (4.38)

only when ag =0forall 0 <d <D —1.
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Lemma 4.6.1. Thee paraunitary design established in eq. (4.14) has linear independent

auto-correlation matrices Cox 4]k).
Proof: See appendix D.

Theorem 4.6.2. The necessary and sufficient condition of zero forcing the first M Taylor

moments of all entries in Ap(k,0) around 0 = 0, Yk is that the spectra

N-1
Sp.ar(0) = Z wgp[n]q[n]e]’ne (4.39)
n=0

has zero first M Taylor moments around 6 = 0 for r = 1,...,D — 1, or equivalently (p,q)

belongs to
4 B T B 3\
oo 1 1.1 wg[0]
p7q b
rp[1]
p=lpl0)pN-1)7, [ | 1 20 N wpq[1]
ND(N, M) = amlgl0 g1 S : =0,r=1,....D—1
pe(z/DZ)N, qeCV.
_1M oM . NM_ ng[N_Hq[N — 1]

\

Proof:  See appendix E. In the proof we had used the result of Lemma 4.6.1.
4.6.2 Number Theoretic Interpretation

Theorem 4.6.3. The necessary and sufficient condition of zero forcing the first M Taylor

moments in Sp.q.(0) around 8 =0, Vr, is that the pair (p,q) satisfies

N-1 N-1
Z gnjn™ = Z gnjn™, 0 <d,d <D —-1,0<m <M. (4.41)
pﬁl}::[)d plnl=d

Proof: By rearranging the constraints in equation (4.40), we have

1 Wp Ce wg_l Po,m
1 w? L WA P Plm

b b M0, m=0,... M. (4.42)
1 wht o wgD_l)Q P2K _1.m,
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Ny g[njn™, d=0,..., D=1, m=0,..., M. It can be easily shown that for

where pgm =
pln]=d

each m, the vector [pom, ..., pp—1.m)" is of the form c-[1,...,1]7, where c is some constant.
When q is chosen as ¢[n] = 1,n = 0,...,N — 1, problem (4.41) is referred to the
generalized Tarry-Escott (GTE) problem. The solution of GTE at D = 2% can be the

following:

Result 4.6.4. For each integer n between 0 and 25M+Y — 1 write its 2K -ary representation
asn =3 oo apn2", where 0 < a, < 25 —1, VL. Construct the vector p € (72K 72"

as p[n] = (Yity ans) mod 2. Let q be the all-1 vector. Then (p,q) € Nyx (2KM+D M),

Note that our dictionary of (p,q) shall be much richer than the dictionary dictated by

the solutions of GTE, since the choice of q can be very general.

Definition 4.6.2. Let 7p : Z/DZ — Z/DZ be a permutation on Z/DZ. Define A(rp) :

(Z)DZ)N — (Z)DZ)N as the permutation operator generated from mp such that A(mp)p =

[r(p[0)), - -, mp (PN — 1])]".

Corollary 4.6.5. If (p,q) € Np(N, M), then for an arbitrary permutation Tp, we have
(A(mp)p,a) € Np(N, M).

Proof: 'This can be directly shown using the result of corollary 4.6.3.
Corollary 4.6.5 indicates that the set Np(N, M) is closed under permutation of vector p
by A(mp). Later we will show a PQ-pulse train based on (p, q) is equivalent to the PQ-pulse

trains based on (A(7mp)p,q) in noise performance.
4.6.3 Spectral Interpretation

Theorem 4.6.6. The necessary and sufficient condition of zero forcing the first M Taylor

moments in Sp qr(0) around 8 =0, Vr, is that each spectra Sp q,(6) can be factorized as
Spaqr(@) = (1 — MG (0), r=1,...,D —1, (4.43)
in other words, e/’ =1 is at least a (M + 1)-order zero of Spq.(0), Vr.
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Proof:  This can be shown by writing the Taylor expansion of each Spq,(6) around

6= 0.
Theorem 4.6.6 suggests that, as the spectra of the sequence wgp[o], e ,wg’w_u, each
Sp.qr(0) has a high-order zero at e/ = 1 and is nonzero at high frequency, r =1,..., D — 1.
Therefore, each sequence erp[O], e ,wg’[N_l] can be used to construct an FIR band-pass filter

with a high-order zero at zero frequency. Later on we will use this insight to develop sequence

pairs (p, q).

4.7 Examples of Pulse Train Constructions

4.7.1 First type of Pulse Train Construction: Iterative Expansion

In this section, we present a systematic generation of sequence pairs (p,q) satisfying
the number-theoretic constraint eq (4.41). The key idea is to use sequence pairs (p,q) for
base waveform libraries to construct a (p,q) for a larger waveform library, such that the

cardinality of the larger library can factorized into product of cardinalities of base library.
4.7.1.1 General Results

Let us first consider to generate a new sequence pair based on two arbitrary existing pairs

(P1,a1) € Np, (N1, M) and (p2, q2) € Np,(N2, M).

Theorem 4.7.1. Suppose (p1,q1) € Np,(N1, M), and (p2,qa2) € Np,(Na, M). Let Ry, Ry
are two integers such that for an arbitrary integer 0 < n < (N; — 1)Ry + (Ny — 1)Rs, n
can be uniquely written as the form niRy +noRy, 0 <y < Ny —1, 0 < nyg < Ny — 1.
Construct p3 € (Z) Dy DyZ) M= DEiF+WNa=DEAL g6 poln) Ry + ngRy] = Dapy[ny] + pa[na), and
qz € CMmDRHN=DRAL g5 go[ny Ry + naR] = qu[nalgalna], 0 < np < Ny—1, 0 < np <

Ny — 1. Then we have (ps,qs) € Np,p,((N1 —1)Ry + (Ny — 1)Ry + 1, M).

Proof: See appendix F.

Remark 4.7.1. The construction in theorem 4.7.1 picks Ny Ny integers inside [0, (N7 —1)R; +

(Ny — 1)Ry] as the indices of “active” PRIs in which a pulse is transmitted, received, and
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processed. Therefore for an arbitrary n € [0, (N, — 1)Ry + (No — 1)Rs] which cannot be
written as ny Ry + ny Ry, the MIMO radar is silent during the n-th PRI. To achieve highest
time efficiency, The pulse train length (N7 —1)R; 4+ (N2 — 1) R+ 1 shall equal to Ny Ny, which
occurs if and only if Ry = 1, Ry = Ny, or Ry = N5, Ry = 1. In this chapter, our analysis is

focused on the case with the above choice of R; and Rs.

Theorem 4.7.2. From the sequence pairs (pi,qi) € Np,(Ni,M),...,(p},q}) €
Np,(N;, M), t > 1, we can obtain (p,q) € Np(N, M), where D = [[._, D; and N = [[._; N:,

based on iterative Kronecker product-construction algorithm as shown in Table 4.1.

Proof: This is a consequence of theorem 4.7.1.
Note that in above algorithm the addition and multiplication in computing the entries

in pj is done in field (R/D;R).

Table 4.1: First construction of (p,q) € Np(N, M)

Iterative Kronecker product construction of (p,q) € Np(N, M)

Begin with p} = p1, 4} = qi, D} = Dy, and N = Vy;

ford{ =2:t+1
Denote D}, = [[5=] Di angd N}, =TI'Z Ni, and construct p} and q} as
P, =1x, ®pj_y + Dy, Py @1y,
Q= QO qpy;

end

Assign p=p, 1, q=q;,,, D = [1._, Di, and N = []'_, N;. Exit.

1!

4.7.1.2  Results for Paraunitary Waveforms

For the paraunitary waveforms presented in eq (4.14), the waveform library is of size
2K The constructions of sequence pairs (p,q) in N3(N, M) is well-established. Such con-
struction, combined with the algorithm in Table 4.1, enables the construction of elements in
Nox (N', M). TIn specific, given K sequence pairs (pl,ql) € No(Ny, M),..., (pK,qf) €

No(Ng, M), from the first ¢ terms of them we can obtain an element (pg,q/) in
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/\/'Qz(l_[f:1 N, M), ¢ = 2,...,K. By doing so we have the following recurrence relation

of residue matrices of (pg, q¢):

Theorem 4.7.3. Let (py, pe) € /\/'Qz(Hle N;, M) be the sequence pair generated by the first
¢ terms of (pi,ql) € No(Ny, M), ..., (pF,qff) € No(Ng, M), for £ = 2,...,K. Denote
Ay (k,0) as the residue matriz of (pe,qe) defined in eq (4.34). The recurrence relation of
Age(k, ) is

Aok, 0) = Ar_1(0) @ Ages(k,0) + b (0)8[k]To @ Tpees, £ > 2, (4.44)

where

4 14
i=1 =1

and Jo 15 the 2 X 2 anti-diagonal matriz whose anti-diagonal entries are all 1, and

¢
be(6) = Spe (H Nﬂ) S, (0). (4.46)
i=1
Proof: See appendix G.

Corollary 4.7.4. The residue matriz Aqx (k,0) can be written as
Aok (k,0) = WUy (0)0[k] + ®ox (K, 0), (4.47)

where matriz Wox (0) produces the zero-lag inter-channel interference, and ®qx (k,0) controls

the range sidelobe at nonzero Doppler shift 8, which can be described as

K-2

\IIQK (9) - Z AK_1(€> ® tet ® At+1(9) ® bt(Q)JQ ® IQt —|— bK_l(Q)JQ ® ]:21(—17
— (4.48)

Do (k. 0) = Spiq1 (0)Ax-1(0) @ - - - @ A1(0) @ (Coplk] — Co[K]) .
Proof: 'This can be shown by using the result of theorem 4.7.3.

Remark 4.7.2. The structure of Wyx () satisfies that Wy (0)[i, ] # 0 only if i + j is even
and i # j, 1 # i,7,2%. The magnitude of entries in the northeast and southwest corners

of W,k () are controlled by that of the spectra Sy, o (N7 '6), whereas the magnitude of
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entries in the northwest and southeast corners of Wyx (#) are controlled by that of the spectra
Sprar (NET20), -+, Sp, qu (N10). The magnitude of entries in ®,x (k, §) are controlled by that
of the spectra Sy, 4, (f). Therefore, compared to the (p1,q;) design for a 2 x 2 MIMO radar,
the Doppler resilience of range sidelobe suppression of the (px,qx) design of a 25 x 2K
MIMO radar is maintained, whereas the Doppler resilience of waveform unitarity of the

(Px,qx) design is reduced by a factor of N,
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Figure 4.5: Magnitude of entries (a) [Xp.q(T, ¥)]1.1; (b) [Xp.q(T:¥)]12, (¢) [Xp.q(T,¥)]1,3, and
(d) [Xpq(T:¥)]14 In a 4 X 4 cross ambiguity matrix xp (7, 7) corresponding to (p,q) €
N,2(256, 14), which is generated from Binomial design (p1,q;) € N2(16, 14) using first type
of construction.

Fig. 4.5 illustrates the representative entries of the 4 x 4 (K = 2) cross ambiguity
matrix. The vectors (p,q) € N3(256, 14) is generated from the Binomial design (p1,qi) €
N>(16,14), meaning that the first 14-th Taylor moments each entry in the residue matrix
Ay(k,0) around § = 0 are annihilated. Along Fig. 4.5(a) to Fig. 4.5(d) we plot the
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magnitude of entries [Xp.q(7,7)]1.1, [Xp.a(T> V)12, [Xp.a(T, V)13, and [Xpq(7T, )14 of the
cross ambiguity matrix xp (7, 7). It can been seen that the range sidelobe in each entry of
Xp.q(T, V), whose magnitude is proportional to that of spectra Sp, 4, (6), is suppressed inside
the Doppler band [—1,1] rad. However, the zero-delay response of the off-diagonal entry
[Xp.q(T,)]1,3 is only suppressed inside the Doppler intervals of width 1/8 rad centered at
0 =0,£27/16,...,147/16, and has significant peaks at § = +17/16,+37/16, ..., +157/16.

Because this inter-channel interference is governed by the spectra Sp, o, (166).
4.7.2 Second Type of Pulse Train Construction: Creating Band-pass Spectra

The cross-ambiguity matrix described in eq (4.33) indicates that a sequence

ql0],...,q[N — 1] whose spectra Sq(f) is energy-concentrated around the zero Doppler is
desired. Intuitively, suppose Sq(f) is ideally low-pass. If each sequences ng[o], e ,erp[Nfu,
r=1,...,D—1is picked from the unit circle with linearly-increasing phase, then each spec-

tra Sp q.r(0), as a circularly-shifted Sq(#) in frequency, would be ideally band-pass, provided
that the frequency translation is larger than the bandwidth of S4(#). Therefore each spectra
Sp.q.r(0) satisfies the band-pass condition eq (4.43). In the following we give more rigorous

constraint of (p,q) to achieve the band-pass patterns Sp, o, (6).

Theorem 4.7.5. Let p[0],...,p[N — 1] be the D-ary alternating sequence, such that p[n] =
n mod D, n =0,...,N —1. Then (p,q) € Np(N,M) if and only if Sq(6) has up to M

order of nulls at ¢ = —r27n/D, r=1,...,D — 1.
Proof: Each spectra Sp, q.-(f) can be written by
Spar(®) =D wp Malle™

(4.49)

= > Wl

r2m

86



Corollary 4.7.6. Given (p1,q1) € Na(N1, M). Let p[0],...,p[(N1—1)(D—1)] be the D-ary

alternating sequence. If the product
D—-1

7“27r
= I Sera o) (4.50)
1

r=

is the spectra of q[0], ..., q[(N1—1)(D—1)], then we have (p,q) € Np((N1—1)(D—1)+1, M).

Proof: 'This is a direct consequence of theorem 4.7.5.
From this, a closed-form of (p,q) € No((Ny — 1)(D — 1) + 1, M) generated by (p1,qi1) €
N5(Ny, M) can be summarized in Table 4.2.

Table 4.2: Second construction of (p,q) € Np(N, M)

Sequence convolution construction of (p,q) € Np(N, M)

Set p[n] =n mod D, n=0,...,(N; —1)(D —1);

Denote h,[n] = (=) Pg[n)wy™ ny =0,...,Ny—1,r=1,...,D —1;
Set gln] = (i » - % hp_)n].

Corollary 4.7.7. Suppose (p,q) € Np(N, M), where p[0],...,p[N — 1] is the D-ary alter-
nating sequence. For a fivzed M, N is minimized if and only if q[0],...,q[N — 1] has the

spectra
D-1

=c- H (1= whe®)" (4.51)

where ¢ is some nonzero scaler. Therefore, in this case the base sequence pair (p1,q1) €
No(M + 2, M) corresponds to the binomial design, and the minimum N at M is (M +
)(D-1)+1.

Proof: This can be shown using results in theorem 4.6.6 and 4.7.5.

Theorem 4.7.8. The residue matrizc Ap(k,0) can be written by

AD(I{?,Q) :J2®BK71(k,9)+IQ®BK,2(1{:,9), (452)
where
1 25! r2m 2
Bica(k.0) = 5i > Sq0+ ) D Wk Corn glk], (4.53)
r=1 d=0
r is odd
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and

By (k,6) Z Sa(0+ =2) A 12 [K). (4.54)

T ZS even

Proof: See appendix H.

Remark 4.7.3. As aforementioned, to ensure large diagonal values in cross-ambiguity matrix
Xp.q(0,0), we require Sq(#) to be low-pass around zero Doppler. As a consequence of using
the D-ary alternating sequence as the transmit waveform scheduler, each spectra Sp o, (6)
of the resulted (p,q) € Np(N, M) is band-pass around Doppler shift § = —%’T. Therefore
the “cleared Doppler band” inside which every Sp q.(6) is “well annihilated” is no broader

4
than D

Fig. 4.6 illustrates the representative entries of the 4 x 4 (K = 2) cross ambiguity
matrix. The vectors (p,q) € N2(3 x 15 + 1,14) is generated from the Binomial design
(p1,q1) € N5(16,14), indicating up to the 14-th order of nulls of the residue matrix Ay(k, 6)
around § = 0. Fig. 4.6(a)-(d) depict the magnitude of entries [xp (7, ¥)]1.1, [Xp.a(T:V)]1.2:
(Xp.q(T:V)|1,3, and [Xp.q(T,v)]14 of the cross ambiguity matrix xpq(7,v). Inside [—m, 7]

r2m

rad, the spectra Spq.(0) = Sq(0 + %) is nonzero at § = —2% (wrapped) and has up to

f 2”, r =1,2,3. As a result, the residues in

14-th order of nulls when 6 is rest multiples o
(Xp.q(T:v)]11 and [Xp.q(T,v)]12 are controlled by Sp q2(0), and thus annihilated inside the
Doppler band [—2%, —2%] rad. The residues in [xp.q(7, ¥)]1,3 and [Xp,q(7, ¥)]1,4 are controlled
by Spq1(f) and Spq3(0), and thus annihilated inside the Doppler bands of width 7 rad

centered at 0 = 0, 7. In summary, the waveform paraunitary property is maintained inside

the Doppler band [—7, 7).
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Figure 4.6: Magnitude of entries (a) [Xp.q(7,¥)]1,1, (b) [Xp.q(T,¥)]12, (¢) [Xp.q(T,V)]13, and
(d) [Xpq(T,v)]14 in a 4 x 4 cross ambiguity matrix xp o(7,7) corresponding to (p,q) €
N52(46,14), which is generated from Binomial design (p1,qi) € N5(16,14) using second
type of construction.

4.8 Noise Analysis

4.8.1 Calculation of Signal and Noise Power

With a point scatter at electrical angle ¢, delay 7, and Doppler frequency v, the radar

return is
r(t) = e_j”ta(gb)a(gb)sz(t —7) + n(t), (4.55)

where a(¢) = [1,e/?, ..., e/(P=D9|T is the array manifold steered to angle ¢. In eq (4.55) we

had ignored the target scattering coefficient. When the receive filter matches the angle ¢
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and delay 7, it outputs

= h z,(t — 7 a(¢)*a(p)? v (t)dt
! /—00 (4.56)
= Da(¢)TXp,q(07 v —up)a(d)” + Da(¢)HXn,q(T7 —vp)a(e)”,

where 1 stands for the Doppler frequency estimate, and xn q(7,v) denotes the colored noise

matrix

Xnq(T, V) = /_00 n(t)zq(t — 7)%e 7" dt. (4.57)

oo

The detection problem can be expressed as

HO Y =Yn
(4.58)
Hi:y=ys+n

With sufficiently small Doppler mismatch (v — )T, the cross ambiguity matrix xp (7, )

approximately equals Sq(€7%)][g—oCp[0]. Thus the signal power can be approximated by

P,(p,q,6) = D*- [Sq(¢”)|._, - |a(¢)"Cpl0ja(e)*|*. (4.59)
The noise power is

P.(p,q,¢)
= D?F {a(0)" Xna(7, —10)(6)"a($) Xna(, —0)"a(9) }
= D’FE { / / t)zq(t — 7)" e’ a(¢)*a(¢) 'n(t') 2z, (t — T)Te—j”ot’dtdt’a(gb)}
= 0* [~ B{a(0) (0} 3t - 7)"a(0) 4t ~ 7V alo)
= 8502a(0)" [ aq(t)za(t)" dralo)

= D%c2a(¢ (qu Zcm) b)*.

Pn=

(4.60)

In the rest of this section, we restrict the analysis to the paraunitary waveform case.
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4.8.2 Achievable Upper Bound of Noise Power

Theorem 4.8.1. Suppose (p,q) € Nox (N, M). Then the noise power P,(A(mx)p,q, @) for

all possible pairs (A(myx )p,q) € Nox (N, M) satisfies

max P, (A(mx)p, q, @)

oK s$
N-1
S OIS SRR G W s )]
p[] do [n] d1 p[n]:do [n] dl
(4.61)
where
= = . 4.62
do = argoqurg;(( 1 Z lglnll%, dr = arg0<crlr<1£21§ 1 Z gl (462)
T %, d#dy 150
n pln]=d
A sufficient condition to achieve the equality in eq (4.61) is:
(1) mox satisfies that for 1 < k < K — 1, we have
N-1 N-1
Sl Y P 0<i<2t o (163
ol Zorc ) plnl =g (i)+2"
(2) max (0) = dy if Cyy[0] > 0 or myx (0) = dy if Cyy[0] < O

(3) ¢=0.
Proof: See appendix 1.

Corollary 4.8.2. Suppose (p,q) € Nox (N, M). Then the noise power P,(A(mx)p,q, d)

for all possible pairs (A(mx)p,q) € Nox (N, M) is upper—bounded as

max P, (A(mx)p,q, ¢) < 2°%0?  max Z lq[n] (4.64)

oK $ ™ 0<d<2K 1
p[n] d

Proof: This can be directly shown by using the result of theorem 4.4.13.
Remark 4.8.1. Eq. (4.64) yield an insightful interpretation: Low variation of P,(p,q, ¢)
in angle is possible the sum of |¢[n]|? over distinct index sets specified by p[n] = d, d =
0,...,25 — 1 are close in value. In other words, higher value of worst-case SNR requires a
sequence ¢[0], ..., q[N] which is alphabet-wise energy-balanced conditioned on p. Naturally

we have the following result:
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4.8.3 Angle-invariant Noise Power

Theorem 4.8.3. The noise power P,(p,q,®) for (p,q) € Nox (N, M) is a constant at all

¢ if and only if 37 10—y lq[n]]? = > plnl=d lq[n]|? for 0 < d,d’ < 2K — 1. Consequently, if
P,(p,q,®) is a constant at all ¢, then P,(A(myx)p,q,®) equals the same constant at all ¢

for all permutations mox .

Proof: This is the direct consequence of theorem 4.8.1 and corollary 4.8.2.

4.9 Conclusion

We presented a framework for designing Doppler resilient paraunitary illumination for
MIMO radar. By properly coordinating the transmission of waveform components in time
across aperture, we can maintain the paraunitary property by annihilating the Doppler-

induced sensitivity of the cross-ambiguity matrix inside a Doppler interval around zero axis.
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CHAPTER 5

COMPRESSIVE OPTICAL IMAGING AND

SENSITIVITY TO MISFOCUS

Optical imaging is ubiquitous in science and engineering [85,86]. Recently novel imaging
methods which make use of spatial beam modulation of have been intensively studied [30,
87-89]. These techniques can spatially structure the excitation beam by using proper mask
patterns. A single pixel detector records a series of inner products between the object and
mask representations. Compared to the other imaging methods, the spatial beam modulated
imaging with a single detector has the following benefits: (1) the 2-D detectors, such as
charge-coupled semiconductor devices (CCD) and CMOS detectors, are only available in
visible and near-infrared, less common in mid-infrared and far-infrared, and almost non-
existent in Terahertz regions, whereas the single detectors can operate in most frequency
regions. (2) to acquire a high resolution image, many current imaging methods use the
point-by-point object scanning with a single-element detector [90,91]. The drawback of
these approaches is that a long time is needed to acquire the whole image.

The image acquisition of a single-pixel detector based imaging system can be increased
by employing spatial beam modulation [29,30,33,88,89]. For instance, one unique imaging
approach among imaging methods based on spatial beam modulation is the spatial frequency
modulation for imaging (SPIFI) [29,33]. It generates a spatially modulated excitation onto
the object, using a spinning linearly-chirped optical mask across its spatial extent. Such
a structured illumination provides a unique modulation frequency at each spatial point in
the beam. The detector temporally collects the spatial integral of incoming intensity, which

for each time sample, is seen as an inner product of a pure spatial frequency and the line
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sample of the object. The recovery of the object spatial information is performed via a simple
Fourier transform. Note that in order to obtain high imaging resolution, a large number of
temporal measurements is required to meet the Nyquist condition. However, other imaging
approaches based on structured illumination, such as compressive [30,88], can effectively
improve the image acquisition speed by recording a small number of measurements.

In this chapter, we investigate compressive sensing as a principle for line-scanned imaging
with a single pixel detector. The optical setup is illustrated in Fig. 5.1. The object is scanned
in a line by line fashion. We spin a mask disc which spatially modulate the excitation beam,
and the detector temporally collects the spatial integral of incoming intensity, which for
each time sample, is seen as an inner product of the mask representation and the line sample
of the object. The compressive sensing method enables us to reconstruct the sparse line-
scans of the object with small number of measurements. The classical theory of compressive
sensing is developed by early literature [92-95]. Suppose the object of interest has a sparse
or compressible representation in a certain basis. If the measurement matrix satisfies the
Restricted Isometry Property (RIP), then the object can be precisely reconstructed by using
Basis Pursuit algorithm. This reconstruction algorithm also shows some robustness to the
measurement noises. Although the compressive sensing is theoretically sound, in practice we

have the following physical challenges to utilize it for optical imaging;:

e Poisson Statistics. The detector spatially integrates the intensity by counting incom-
ing photons. Each temporal measurement is a discrete variable and follows Poisson

distribution [96,97].

e Model Perturbation. The actual measurement model may differ with presumed model
due to various aberrations, which can be resulted in misfocus, spherical wave, mask
wobbling, etc. This means that the actual measurement matrix may be different with

the presumed measurement matrix.

The first issue has been discussed in the papers of Raginsky, et. al [96,97]. To improve the
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performance of compressive sensing under Poisson noise, an algorithm which optimizes the
penalized likelihood objective function is proposed for object recovery. Much attention has
been payed on the second issue [34,98-100]. The reconstruction error of Basis Pursuit with
model mismatch has been studied in [98]. The sensitivity of basis mismatch in compressive
sensing is analyzed in [34,99]. It turns out that even at small mismatch between the actual
and presumed basis in which the image sparse coefficients, the image inversion error can
be large. In [100] a sparse-total least square (S-TLS) algorithm that incorporates the total
least square and LASSO is developed to address the modal mismatch. It is numerically
shown that for some specific problems the S-TLS reduces reconstruction error compared to
traditional sparse recovery methods.

In this chapter, we investigate the sensitivity of compressive sensing to the model per-
turbation due to misfocus error in the imaging system. To the best of our knowledge, such
an analysis has not yet been presented. We first formulate general measurement equations
which can apply to both in-focus and misfocus imaging cases. We show that when a sparse
object is located at in-focus position, its reconstruction via compressive sensing approach is
precise.

We then numerically test the performance of compressive sensing versus the misfocus
effect. The simulation results show that the robustness of CS reconstruction depends on the
demagnification factor. At low to medium demagnification factors, the CS reconstruction
is robust to misfocus, when the misfocus distance is within the depth of field. However,
at high demagnification factors, the model mismatch caused by misfocus effect becomes
significant, and hence the CS algorithm fails to extract the object information from the
perturbed measurements.

We give a mathematical description of model perturbation caused by misfocus effect.
The model perturbation can be characterized by the perturbation matrix, as a function
of both the demagnification factor and misfocus distance. A theoretical upper bound of

the compressive sensing reconstruction error at given demagnification factor and misfocus

95



mask pupil object detector

X 1X2 1X3
_— ' il P
—
go) T AT — i > S S
S ; !

Figure 5.1: Spatial positions of mask and object planes.

distance is developed. Compared to the theoretical performance bound proposed in [98] that
is expressed by the spectrum norm of the perturbation matrix, our performance bound has a
closed form and is easy to compute. The performance bound indicates that the reconstruction

error increases in both demagnification factor and misfocus distance.

5.1 Measurement Formation

Consider the Abbe system (4-f system) shown in Fig. 5.1. The front and back lenses
are labeled as L; and L,. The focal lengths of L; and L, are f; and f5, respectively. An
optical mask shown in Fig. 5.1 is placed in the front focal plane of L;. We assume that the
mask is composed of a set of discrete, identical binary {0,1} (0 for close, and 1 for open)
field transmission elements (rectangular functions of width A) that are positioned at discrete
positions along the lateral line focus. A field g(z;) illuminates the mask and then modulates
the object representation. The object comes to focus at the back focal plane of lens Ly. The

demagnification factor of the Abbe system is

_h

M= (5.1)

In the imaging process, the optical mask is continually spun. Each time a certain radial
section of the mask modulates the excitation beam. With a sampling interval ¢y, the optical

detector temporally samples the spatial integration of the intensity of the object illuminated
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by the excitation beam. At t = mtg, the excitation beam is modulated by m-th radial section

of the mask, whose field transmittance is:

N-1 N
tmask($1;m) = Z am7£w(x1 - (£ - g)A% (52)
=0
where the binary coefficients a,, 0, ... ,a,,n—1 indicates the open and close status of elements

along the m-th radial section of the mask. The function w(z) is a rectangular function
with support [0, A). We introduce the spatial offset %A to keep the function ¢,,qs(z1;m)
centered at x; = 0. Denote g(z1) as the field that incident on the mask plane and spans all

N modulation elements. The field passing through ¢,,.sx(x1;m) is

umask(xl;m) = g(xl)tmask(xl;m)a (53)

At the back focal plane of the lens L, the excitation field is

Ueze(T3;M) = Ug /OO Umask (T1; M)h(z1 + Mx3)dzy, (5.4)
where the complex-valued scaler ug is ug = Meikh(lM;jzif% zg(HM), and h(z) is the in-focus
psf of the Abbe system:

h(z) = /00 P(l‘g)e_i%xQxdeQ. (5.5)

In the limit where we can treat the psf h(z) a delta function, then clearly we have that
Ueze(T3;M) = Upask(—Mxs;m), meaning that the excitation field illuminating the object is
a reversed, demagnified version of s (21;m). However, the finite width of the psf in eq.

(5.5) broadens the excitation field to

N-1 (L—N/2+1)A
Ueze(T3; M) = Ug Z am,g/ g(x1)h(z1 + Mxs)dry
— (t—N/2)A -6
N-1 (5.6)
= Uo Z am,lgé(x?))u
=0
where the blurred window function G,(z3) is
((—N/2+1)A
Gi(x3) = / g(x1)h(zy + Mxs)dr, (5.7)
((—N/2)A
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whose major part lies in the interval [(§ — ¢ —1)& (£ — ¢)£] with a narrow h(z).

The optical detector spatially integrates the intensity right behind the object:

[e.e]
= [ Tt )ty ) P (5:8)
—00
Assume that the support of object in x5 axis is [—%, %] Here we require that inside each

spatial bin [(( — $)& (¢ — X+ 1)&], ¢ = 0,1,...N — 1, the variation of object intensity
|toni (23)|* is negligible, and |tq;(23)|* approximately equals a constant 6,. This physically
requires that the spatial frequency components of the object are confined in |f,,| < %. From

this, the m-th temporal measurement g, can be expressed as

N-1 (e—N/2+1)A/M
Ym = ‘94 / |uemc<x3; m)|2dx3
=0 (0—N/2)A/M

-1 (t=N/2+1)A/M N-1 )
Z / ‘Z am!/gg/(l’?)){ d$3.
1—0 (l—N/2)A/M =0
After rewriting 6, = 0y _1_, for £ =0,1,..., N — 1, y,,, can be expressed by
(N/2—0)A/M  N-1 )

ym = |u0|2 Z Qé/ ‘Z Clmj/ggl(,l‘?))‘ dl‘3. (510)
(N/2—-1)A/M 5,

Our goal is that by modulating the object with a certain row of the mask, the measurement
Ym can be formed as a scaled inner product between the intensity of mask and object.
However, it can be seen that over each spatial interval [(§ —¢—1)£, (5 —¢)£], the intensity
integration contains the contribution from the ¢-th mask element a,, ¢, as well as other mask
elements, due to the leakage of functions Gp(x3) with ¢ # ¢ as a result of the finite psf
width. We will see that this leakage increases with increased misfocus error of the imaging

system. Therefore the measurement vy, is a distorted inner product between the mask and

object representations. Denote d; = (% — 6)%, ¢=0,1,..., N — 1, then using that fact that

|ame|? = am e for all m and ¢, we can further write y,, as

N-1

dg
— JuoP Zamgee/ Gelws)Pdas + uof? Zef/ IS G () il

d[+1 ﬁ’;ﬁﬁ
(5.11)

_ 4,
+ uo? Z 03/ Z2Re{am 0,0 Go(3) G (3) .
=0

d€+1 g/#g
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Denote 8, = 6, fdiil |Ge(23)|>dxs for £ = 0,1,..., N — 1. Then by dropping the constant

intensity |ug|* we can write y,, by

N-1
Y = D il + Do (5.12)
=0
The first term of y,, is a scaled inner product between the vectors a,, = [am., .-, am,]v_ﬂT
and 6 = [50, s 5N_1]T. The second term p,, is the measurement perturbation due to the
finite psf width:

N-1 dy
Pm = Z 9@/ \ Z am,z'ge' ($3)12d$3
=0

der1 g
e (5.13)

N-1 dy
+ Z 9(/ Z 2Re{am,£am7£’g€($3)gg/(gj‘3)}dx3_
=0

det1 ity
Note that eq. (5.11)-(5.13) are general enough for a arbitrary psf h(z).

For the in-focus psf given in eq. (5.5), with appropriate pupil size, it should be suffi-
ciently narrow in space, such that with respect to each function G,(x3), £ =0,..., N — 1, its
portion outside the interval [dyy1,ds] can be negligible. This means that the amplitude of
perturbations p,,’s are desirably small compared to that of the signals. Hence, the vectorized

T

temporal measurement y = [yo, ..., yasr—1]" 1S approximately

y = A8, (5.14)

where the matrix A = [a,,¢] = [ag, ...,an 1] is the intensity measurement matriz.

5.2 Compressive Imaging Approach

For the optical system whose measurement is well approximated characterized by eq.
(5.14), we are concerned with the following two primary questions: (1) how to design a good
matrix A, and (2) how to process the measurement y to invert the object 6. In the following
we answer above questions by introducing the rudiments of compressive sensing theory.

The key assumption of compressive sensing is that the object of interest 0 has a sparse or

compressible representation. Suppose the N-dimensional vector 0 is k-sparse or compressible,
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where £ < N. Our goal is to reconstruct the object 0 from M measurements such that
M < N:

y = A6 + n. (5.15)

where the matrix A is an M by N underdetermined measurement matrix, and n stands for
any potential measurement perturbation. This sparse reconstruction is possible if the matrix

A satisfies the 2k-restricted isometry property (RIP), that is, for any 2k-sparse vector u,
(1 — oz A)[u]l3 < JAull3 < (1 + a5)[[ull3, (5.16)

where 63}, is called the restricted isometry constant. If o5 < +/2 — 1, then 6 can be recon-

structed by the ¢; minimization (Basis Pursuit)

6" = argmin 0] (5.17)
]

s.t. ||y — A@|s <,

where € is an upper bound of ||n||5. In this case the number of measurements M is O(k log &),

and the reconstruction error satisfies
10 — 0|2 < Cok™2||6 — 4|1 + Che, (5.18)

where 5k is the best k-term approximation of 5, and C and ('] are some constants determined
by 4. One candidate of binary RIP matrix is the Bernoulli random matrix, in which each
entry is drawn from an identical and independent Bernoulli distribution.

Here we validate the in-focus object reconstruction of compressive imaging method. We
set the pupil radius W as 10mm. The focal lens of L; is f; = 40mm. The magnification
factor is M = 100, and thus the focal length of Ls is fo = f1/100. The width of a mask
element is A = 0.05mm.

The original feather object is depicted in Fig. 5.2, which has 157 rows and 256 columns.
The colorbar shows that the amplitude of each object element ranges from 0 to 255. In the

simulation, we perform a row scan of the feather object. The intensity of each row of the
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Original object

Figure 5.2: Original 2-dimensional feather object, with 157 rows and 256 columns. Source:
shutterstock.com, image ID: 4847238.

object is treated as a length-256 sparse or compressible vector 6, with sparsity k& less than
30. The object is placed at the back focal plane of lens Ls.

The compressive sensing mask is represented by a 96 x 256 Bernoulli matrix. Thus for
each row scan of the feather object, the number of temporal measurements required for
object inversion is only g of the object size.

Fig. 5.3 shows the reconstruction results for CS and SPIFI masks, with the 2-D object
placed at in-focus postion. The compressive sensing approach provides a faithful reconstruc-
tion of the object. The SPIFI approach also precisely recover the object, apart from little

background-noise like error. This may be resulted in the mask quantization error.

5.3 Misfocus Imaging

Now suppose the object is misplaced with distance z3 away from the back focal plane of
Lo along the optical axis. The misfocus psf of Abbe system under such condition is [101]:
> it M2z322 ik ror
h(x,z3) = / P(zo)e 21 e R g, (5.19)
and the excitation field onto object is

o0

Uege(T3;mM) = uo/ Umask (T1; m)h(x1 + Mx3, 23)dx,. (5.20)

— 00
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Figure 5.3: In-focus object reconstruction of compressive imaging approach.

Note that unlike the in-focus case, in eq (5.19) the psf is the Fourier transform of the
pupil function modulated by a spatial chirp pattern, whose chirp rate is proportional to
M?z;. Thus the higher demagnification factor M and misfocus distance 23, the wider the psf
becomes and the mask becomes more distorted. Intuitively a wide psf implies a low imaging
resolution. It will be shown that under the misfocus condition, the temporal measurements

of the detector are

y=(A+E), (5.21)

where the matrix E is an unknown perturbation matrix depending on the parameters M
and z3. We will elaborate on the breakdown of matrix E shortly after this.

The excitation field in eq (5.20) can be also approximated as
Uee (T3 M) = {Umasi(— Mz m) %4 h(z, 23)}(z3), (5.22)

where *, denotes the convolution for variable z, and assuming that %(:c, z3) can be adequately

approximated by a Gaussian beam to allow for an analytic result in what follows [102]:

hoeikzg SC2
e

z3
2
kwg

hg(@, 23) = m), (5.23)

z3
2
0
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2
Define the parameter zg = k% Then the Gaussian beam can be rewritten as

z 1 ka2
hg(CL’, z3) = ho o ei(wé)s))261[]{23*’7(23)+W33)]
" (5.24)

= hy(23)hg(, 23),

where the function

w
hg(23> = ho—o

i[kzg—n(23)]
e 5.2
is independent of z, and the function Eg (x,z3) is
~ ,(mio)Q i kI(Z)

hy(x,z3) =€ W) e 2R3, (5.26)
The misfocus beam size w(z) is given by the classic quadratic propagation law:

w(z) =woey /14 (—)% (5.27)

%R

where wy is the spot size of a focused Gaussian beam. With a pupil radius W, the width of

a focused Guassian beam wy is

Afi
wo — (5.28)

The curvature radius R(z) is defined by R(z) = z[1 4+ (¥£)?], and the Gouy phase is 7(z) =

tanfl(i). By substituting (5.24) into (5.22), we can write the excitation field ez.(z3;m)

as

Uege(T3;M) = / Umask(—Mx;m)hg(zs — x, z3)dx
oo (5.29)

00 _ . 1
= hg(ZS) /_Oo Uma5k<£L‘; m)hg(x3 + M’ ZB)MdI'
By checking eq. (5.20), if we ignore the term hy(z3) which is independent of x, we can relate

the function 719(11:', z3) with the misfocus psf h(x, z3) of the Abbe system as

1~ =«
th(—,z;;) (5.30)

h(z,z3) = i

The misfocus temporal measurements are

N—1
Ym = Z U000 + P, = 0,1, .., M — 1.
(=0
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where 0, = 6, fdd;“ |G(z3)|*dx3, and the perturbation terms p,, are

Zeg/ ‘Zamé’gﬁ Sﬂg)’ d.%g

d€+1 0L

+ ZGe/ > " 2Ref{ap om0 Ge(ws)Ge (3) das.

dl+1 g/#z

To simplify the future analysis, we set the g(z) = 1, meaning an uniform illumination on

the mask plane. In this case, the function G,(x3) becomes

((—N/2+1)
gg($3) = / h(SL’l -+ M$3>dI1
(

(—N/2)A
1 (l—N/2+1)A x1 + T T
= — exp (—( M 3)2) exp ( ku) dzx;
M J—nj2a w(z3) 2R(z3)
((—N/2+1)A/M 2
- / exp (~(00)2) exp (8T (5:31)
(t—N/2)A/M w(z3) 2R(23)
((—N/241)A/M+z3 e N2 . 22
:/ e @) eZkWZS)d;L‘
((—N/2)A/M+z3
£ G(zs+ (0 — N/2)A/M, z3),
where the function G(z3, z3) is defined as
x5+A/M T 2 ik z2
G(x3, 23) :/ e~ W) e * e 4y, (5.32)
z3
which basically becomes wider as the misfocus distance z3 grows. Define
0
[(23) = / g(.iEg, Zg)dl’g. (533)
—A/M

It is clear that fd Ge(x3)dxs = I(z3) for all £. Letting p = ¢/ — ¢, and we can write each

perturbation term p,, as

Z 0o / | Z m 049G (23 + PA/M, 23)|*dag

A/M
P79 (5.34)
+ Z 0, / Z QRe{@m 0Qm é+pg(l’3> 23)G (w3 +pA/M, 23)}d9€3-
A/M g
Therefore we can write each temporal measurement y,, as
N-1 N
Ym = Z(am,é + em,@(z?)))efa (535)
=0
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where each perturbation coefficient e, ¢(23) can be expressed as a function of misfocus dis-

tance z3:

1 0
em,e(23) = {/ | Z m 049G (23 + PA/M, 23) | *dag

I(z3) \J-a/m P20

0 (5.36)
+ / Z QRe{am,eam,£+pg($3, Zs)g(iﬁs + pA/M, 23)}d373}~
—AM poo

The matrix form of eq. (5.37) is

y = (A + E(z3))6, (5.37)

where the perturbation matrix E(z3) = [em.e(23)].

The amplitude of elements from matrix E(z3) characterizes the extent of modal pertur-
bation due to misfocus. Eq. (5.36) shows that |e,, | equals the interference from the mask
elements other than a,, ¢ to the /-th bin of object, divided by the illumination intensity /(z3).
Therefore the perturbation matrix E(z3) is determined by both the misfocus distance z3 and

the demagnification factor M.

5.4 Numerical Results for Misfocus Imaging

In this section we test the reconstruction performances versus misfocus distant z3 as well
as demagnification factor M, for all mask designs. In simulation we fix the focal length f,
and vary fy according to different M. We use the depth of field to be a unit of misfocus
distance. Given a demagnification factor M, the system’s depth of field is [103]

A n

DOF = 2
NAZ T NA®

(5.38)

where n is the refractive index of medium (we let it be 1.5). The numerical aperture is
NA = nsin@ = nW/\/W?2 + fZ. The variable e is the smallest distance (between a value of
4 and 24 microns) that can be resolved by a detector that is placed in the image plane of
the microscope objective. We choose it to be 10um.

In Fig. 5.4, the magnification factor is set to M = 100. From (a) to (d), we plot the

feather reconstruction of compressive imaging method, at misfocus distance z3 = DOF,
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Figure 5.4: Reconstruction of misfocus object of compressive imaging method. Magnifica-
tion factor is M = 100. From (a) to (d) the misfocus distance z3 is z5 = DOF, z3 = 2DOF,
z3 = bDOF, and z3 = 10DOF respectively, where DOF denotes the depth of field of the
imaging system. Colorbar is in linear scale.
z3 = 2DOF, 23 = 5DOF, and z3 = 10DOF respectively. For ease of observation, each
reconstruction has been scaled such that the largest amplitude of its elements is 255. At
z3 = DOF, the reconstruction is robust to misfocus effect. As z3 goes above the DOF
and increases, the object contour is becoming blurred, meaning a degradation of imaging
resolution. At z3 > 5DOF, significant background-noise like error appear in reconstructed
object, in which the feather texture is completely lost.

Fig. 5.5 illustrate the sensitivity of compressive imaging to misfocus effect at a high
magnification factor M = 1000. From (a) to (d), we plot the feather reconstruction of
compressive imaging method, at misfocus distance z3 = 0.1DOF, z3 = 0.5DOF, z3 = DOF,

and z3 = 2DOF respectively. It can be seen that even at z3 < DOF, the object reconstruction
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does not possess robustness to misfocus effect. At z3 = 2DOF, compressive imaging fails to

invert the object information from the misfocus measurements.

250

250

Figure 5.5: Reconstruction of misfocus object of compressive imaging method. Magnifi-
cation factor is M = 1000. From (a) to (d) the misfocus distance z3 is z3 = 0.1DOF,
z3 = 0.5DOF, z3 = DOF, and z3 = 2DOF respectively, where DOF denotes the depth of
field of the imaging system. Colorbar is in linear scale.

Fig. 5.6 plots the numerical normalized reconstruction error ||@ — 68*(z3)|2/||€]|2 of the
CS approach. At M = 100 and M = 1000, the normalized reconstruction error both linearly
increases with respect to z3. In the presence of large misfocus, the model perturbation is
such significant that the reconstruction error ||@ — 0*(z3)||2 can be much bigger than the

power of object ||@]]2.
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Figure 5.6: Numerical normalized reconstruction error ||@ — 6*(z3)2/||0]]2 of compressive
sensing versus misfocus distance, (a) M=100, (b) M=1000.

5.5 Misfocus Performance Analysis

Despite of the actual physical model as shown in eq (5.21), for the object inversion, people

usually resort to the mathematical model
y = A0 +n, (5.39)

where n accounts for certain unknown measurement perturbations. Suppose we use Basis
Pursuit to reconstruct the vector 5, with solution 5*(,23) Then the estimate of object 0 is

0*(z3) = @5*(23) If we were told by the prophecy that ||E(z3)8] < €(z3), then the object

reconstruction error follows

€(23)

16 — 0 (23)]|> < Cok™2(|0 — Ox]|; + TG

(5.40)

In this section we derive a upper bound of noise energy €(z) at the misfocus position z. Then

from eq. (5.40) we present a theoretical bound of reconstruction error.

Lemma 5.5.1. Let 1 < p,q < oo and 1/p+ 1/q = 1. If the rows el (z3) € RN of E(z3)

are bounded as ||ey(23)|l, < a(z3), Vm, then

In(zs)lle = |E(z)8]l2 < M"1(z5)ax(25)[0]l,. (5.41)
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If 6 is k-sparse with support S C {1,2,..., N}, then
In(z8)[l2 < M21(z5)crs(25)]10]lo, (5.42)

where ag(z3) is an upper bound of |es.(23)|l, Vm, and es,(z3) is the m-th row of the

partition of E(z3) with column support S. Proof: mn(z3) can be written by
ny(z3) el (23)0
no(z el (z3)0
n(z) = ) | feal=)f) (5.43)
_RM(Zg)_ _8%1/1(2’3)9_

By Holder’s inequality, for each m we have
[ (23)] = les, (23)8] < I(23)llem(23) 101l < I(zs)ax(23)[10]]. (5.44)

This yields ||n(z3)|]2 < MY21(23)a(23)||0]|,- The second inequality can be similarly proved.

The following theorem derives an analytical upper bound of ||e,,(23)]|,:

Theorem 5.5.2. The maz norm ||E(23)|mex = maxy,s|eme(23)| of E(z3) can be upper

bounded by [3(z3), where

4
B(2) :I(z )(A/M)Qw(z) [\/5(1 + gr(z)er (N - 1)7"(2))) erf(r(z))erz(z)
’ , (5.45)
+ (1 + gr(z)er (N — 1)r(z))> erf(\/ﬁr(z))e%%z)},
and the factor r(z) is defined as r(z) = ﬂ]\?w(z)' Therefore the p-norm of each row vector
el (z3) is bounded by |lem(23)|, < NYPB(23)
Proof: see appendix J.
Corollary 5.5.3. The reconstruction error ||@ — 0*(z3)||2 of Basis Pursuit satisfies
16— 6°(z5)ll2 < Cok 2|0 — il + CLMY2NP5(23) (0] (5.46)
where [(z3) is given in eq. (5.45). If 0 is k-sparse, we have
16 — 6% (23)[ls < CLM'2EVPB(25)10], (5.47)
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Figure 5.7: Theoretical bound of normalized reconstruction error ||@ — 0*(z3)|]2/[/0]|2- (a)
M =100, (b) M =1000.
Proof: the corollary can be simply proved by combining lemma 1, theorem 2, and the
basis pursuit result in eq. (5.40).
With a k-sparse object 8, by letting p = ¢ = 2, the normalized reconstruction error can

be bounded by
160 — 67 (=5)l[2
16112

< CyVMEB(z3). (5.48)
Eq. (5.48) means that, the upper bound of the normalized reconstruction increases with
increased number of measurement M and sparsity k, and linearly increases with increased
B(z3), which is an upper bound of ||E(23)||maz-

Fig. 5.7 shows the theoretical bound of the normalized reconstruction error as indicated
by eq. (5.48). We set N = 256 and k = 30. It can be observed that the the value of
theoretical bounds will be much higher than that of the numerical results, because to derive
the upper bound in theorem 2 we have ignored the phasing of excitation field, and using
Cauchy-Schwartz inequality may introduce large gaps. However, at M = 100, the linear
increment of the theoretical bound with respect to z3 well matches the trend of numerical
result. At M = 1000, the upper bound converges as z3 increases. Intuitively, this is since that

with large M the parameters w(z3) and R(z3) are sufficiently large, such that the function

G(z3,23) in eq. (5.32) is close to a constant function.
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5.6 Other Discussions

5.6.1 Grid Search along Optical Axis
The intensity measurement vector is assumed to be

y = 1(2)[A + E(2)]6

0o
0, (5.49)
= A(Zo) A(Zl) A(ZG—l):| : ) )
_eG_l_
which is a block-sparse signal with sparsity one:
G-1
165,61, 05 1] lla0 = > Z(|6y]l2 > 0) = 1. (5.50)
g=0
where each block model matrix A(z,) is
A(zg) = I(z9) - [A + E(2)], (5.51)

and Z(-) is the indicator function.

The following simulation studies the effect of grid mismatch in recovery of sparse object 6,
from the block-sparse measurement written as eq. (5.50). Assume a misfocus object near the
grid point 2y on optical axis. The misfocus mismatch Az is the distance between the actual
object misfocus position and zy. Fig. 5.8(a)-(b) show the recovered feather object using Basis
Pursuit algorithm, with misfocus mismatch Az = 0.05DOF and Az = 0.1DOF at M = 100.
It can be seen that at low-mid magnification factor, compressive imaging of misfocus object is
robust to grid mismatch. Fig. 5.9(a)-(b) illustrate the recovered feather object with misfocus
mismatch Az = 0.056DOF and Az = 0.1DOF at M = 1000. With a misfocus Az = 0.1DOF,
the object recovery is significantly degraded. The misfocus mismatch can be annihilated
by using a fine grid along optical axis, which comes with the expense of model coherence

loss [104, 105].
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Figure 5.8: Effect of grid mismatch in Basis-Pursuit recovery of a misfocus object. Magnifi-
cation factor M = 1000. Grid point on optical axsis is zy = 0.5DOF. (a) Misfocus mismatch
is 0.056DOF, and (b) Az is 0.1DOF.

Figure 5.9: Effect of grid mismatch in Basis Pursuit recovery of a misfocus object. Magni-
fication factor M = 100. Grid point on optical axsis is zg = 0.5DOF. (a) Misfocus mismatch
Az is 0.056DOF, and (b) Az is 0.1DOF.

5.6.2 Application of Weighted and Structured Sparse Total Least-square Ap-
proach

The weighted and structured sparse total least-square (WSSTLS) approach proposed by
[100] is to address the model mismatch in compressive sensing problems. The key assumption
in [100] is to exploit the parameterization of model perturbation matrix.

Suppose with a set of grid points 2, 21, ..., 2¢_1, for a misfocus distance z € [z,, 2441],
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we can approximate the model matrix A(z) as
A(z) = A(zy) + Az;AA(zy), (5.52)
where Az, = z — z,, and AA(z)
AA(z) = AlI(2)A + AI(2)E(z) + I(2)AE(2) (5.53)

is the first order derivative of A(z) with respect to z. With above approximation, the

measurement y approximately equals

y=A(2)0
G-1 G-1 (5.54)
~ egA(zy) + Z egAzgAA(zy) | 6.
g=0 g=0

where each coefficient e, = 1 if the 2, is grid point closest to true misfocus distance, and
ey = 0 otherwise, and Az, is the misfocus offset presuming e, = 1. Eq. (5.54) describes the
parameterization of model matrix A(z).

Suppose it is known that the actual misfocus distance z is inside [z, z,4+1]. The above

parameterized measurement model is
y = [A(z,) + Az,AA(z,)] 6. (5.55)

It remains to solve the misfocus mismatch Az, and sparse object 8 from y. The WSSTLS

approach seeks Az, and € by solving the following optimization:

. T WAA OT Azg
min [Azg € }
0,Azg,€y 4

+ A0
0 W,||e (5.56)

s.t. AzgAA(zy) —€, =y — A(z,)0.
The vector €, captures additional measurement noise.
As shown in the end of this chapter, Fig. 5.10 compares the performance of misfocus

object recovery with a grid mismatch, based on WSSTLS and Basis Pursuit (BP) methods.

Magnification factor is M = 1000. Grid point on optical axis is zp = 0.5DOF. Along (a), (c)
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and (e) we plot WSSTLS recovery with misfocus mismatch Az = 0.002DOF, Az = 0.01DOF,
and Az = 0.05DOF respectively. Along (b), (d), and (f) we plot BP recovery with misfocus
mismatch Az = 0.002DOF, Az = 0.01DOF, and Az = 0.05DOF respectively. It can be
seen that only with minimal misfocus mismatch, WSSTLS outperforms BP in reducing

background noise in recovered image.

5.7 Conclusion

In this chapter, we investigated compressive sensing as a principle for line-scanning imag-
ing with a single pixel detector. We first show that for a in-focus sparse object, the compres-
sive sensing can precisely reconstruct the object with a fewer number of measurements. This
opens the possibility of increased imaging speed than other imaging methods based on spa-
tially structured illumination. We then considered the sensitivity of compressive imaging to
misfocus effect. Numerical results show that the compressive imaging is robust to misfocus
at low and medium demagnification factor. At high demagnification factor, which is typical
in microscopy, however, compressive imaging fail to invert the object information from the
misfocus measurements. We also mathematically formulated the model perturbation as a
function of both demagnification factor and misfocus distance. The theoretical performances
bounds explains how the reconstruction error increases with both increased demagnification

and misfocus distance.
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Figure 5.10: Comparison of misfocus object recovery with a grid mismatch, based on
Weighted and Structured Sparse Total Least-squares (WSSTLS) and Basis Pursuit (BP)
methods. Magnification factor is M = 1000. Grid point on optical axis is zp = 0.5DOF.
Along (a), (c) and (e) we plot WSSTLS recovery with misfocus mismatch Az = 0.002DOF,
Az = 0.01DOF, and Az = 0.05DOF respectively. Along (b), (d), and (f) we plot BP
recovery with misfocus mismatch Az = 0.002DOF, Az = 0.01DOF, and Az = 0.05DOF
respectively.
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CHAPTER 6

WIDELY LINEAR COMPLEX KALMAN FILTERS

Complex signals are ubiquitous in science and engineering, arising as they do as complex
representations of two real channels or of two-dimensional fields. Consider a zero mean
complex random vector x. The usual covariance matrix defined as Exx!’ describes its
Hermitian second order covariance. But when x and its complex conjugate x* are correlated,
the complementary covariance matrix Fxx! does not vanish, so it carries useful second order
information about the complex random vector x. We call a complex random vector proper
as long as its complementary covariance matrix vanishes and improper otherwise. Proper
complex vectors have a statistical description similar to real vectors, but improper random
vectors do not. A comprehensive second order analysis of improper random vectors and
processes is considered in [39-43].

For any improper random vector x, for which x is correlated with its complex conjugate
x*, intuition suggests that a good estimator of x should depend on x*. This requires a
methodology of widely linear processing instead of strictly linear processing [39]. For random
complex signals, the merit of widely linear processing has been exploited in various papers on
estimation [41,43], filtering [40,41,106], detection [107,108], and equalization [109]. It turns
out that widely linear processing brings improvement in performance over strictly linear
processing [41,110] when there is complementary covariance to be exploited.

In the past few decades the reasoning of the Kalman filter [44] has been modified to
apply to nonlinear problems, producing Extended Kalman filters [45] and Unscented Kalman
filters [46]. The motivation of this chapter is to make use of widely linear processing to
develop novel complex Kalman filters and their nonlinear versions for improper complex

states. We show that for improper complex states, complementary covariance matrices may
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be used to create widely linear complex KFs (denoted WLCKFs) and Unscented WLCKFs.

The key contributions of this chapter are as follows:

e From a linear real dual channel dynamical model we derive an equivalent widely linear
complex single channel dynamical model, where the updates of random states and
measurements depend on both states and noises and their conjugates. For the complex
model we derive a WLCKF which is equivalent to the conventional KF for the dual
channel model. The WLCKFs proposed in [106] consider special dual channel problems
and their corresponding complex dynamical models. In these complex models the
updates of complex random states and measurements do not depend on the conjugates

of states and noises.

e We compare the performance between the WLCKFs and conventional KFs. Our an-
alytical and numerical results show that for some special distributions of states and
noises, the mean squared error (MSE) of the WLCKF is significantly smaller than the

MSE of a CKF that does not exploit non-zero complementary covariance.

e For dynamical models with complex nonlinear state and measurement equations, we
develop an Unscented WLCKF for which a systematic paradigm to construct modified
complex sigma points is studied. The property of modified sigma points is that they
preserve the complete first and second order statistical information of complex random
vectors. The UWLCKF of [106] uses sigma points that only preserve the mean and

Hermitian covariance, but not the complementary covariance of states.
6.1 Brief Review of Complex Random Vectors
6.1.1 Cartesian and Complex Augmented Representations

Let © be the sample space of a random experiment that generates two channels of real
signals u, v € R” defined on 2. From this we construct the real composite random vector

z € R?" as z' = [u’,vT], and the compler random vector x € C", obtained by composing u
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and v into its real and imaginary parts:
X=u+jv. (6.1)
The complexr augmented random vector x corresponding to x is defined as
x' =[x x"]. (6.2)

From here the complex augmented random vector will always be underlined. It’s easy to

check that the real composite vector z and the complex augmented vector x are related as
x =T,z (6.3)

The real-to-complex transformation T, is

I JjI
T, = , (6.4)
I —jI
which is unitary within a factor of 2:
T,T? =THT, = 2L (6.5)

In fact, it is equation (6.3) that governs the equivalence between dual channel filtering for z

and complex filtering for x.
6.1.2 Dual Channel and Widely Linear Transformation

Given a real linear transformation M € R?™*2" and a composite real vector z € R?", then

the most general linear transformation of the real channels u and v into the real channels a,

b is
a M11 M12 u
= , (6.6)
b My M| (v
Call y = a + jb. Then the corresponding complex augmented vector y is
y a 1 u
y = =T, = (ETmMTf ) T, = Hx, (6.7)
y* b \%
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The matrix H = %TmMTf is called an augmented matrix with the property that its south-
east block is the conjugate of its northwest block, and its southwest block is the conjugate

of the northeast block:

H, H,
H= , (6.8)
H; Hj
where
1 .
H, = 5 (M1 + My + 5 (Mg — M), (6.9)
1 )
H2 = 5 [Mll — M22 —l—j (M21 + Mlg)] . (610)

Therefore the augmented matrix H rules the widely linear transformation
y = Hix+ Hox* < a+jb=H;(u+jv)+ Hy(u—jv) (6.11)
6.11
=H; + Hy)u +j(H; — Hy)v
We see that if and only if Hy, = 0, the widely linear transformation is a strictly linear

transformation. This corresponds to the special case Mj; = Mgy and My, = —My; in the

linear transformation of u, v into a, b.

6.1.3 Improper Complex Signal

The augmented mean vector of the complex random vector x is

p =Ex=p; pl1" =[py +jp.  po —jpy)" =Tu., (6.12)
and the augmented covariance matrix of x is
R,=Ex-—p)x—p)" =|_ =TR..T", (6.13)
R, Ri

where the matrix Ry, = F(x — p,)(x — ;)" is the conventional Hermitian covariance

matrix, and the matrix R,y = F(x — py)(x — p)T is the complementary covariance matrix.

Definition 6.1.1. If the complementary covariance matrix ﬁm is zero, then x is called

proper; otherwise x is improper.

The random vector x = u + jv is proper if and only if R,, = R,, and R,, = —R”,

uv?

where u and v are the real and imaginary parts of x respectively.
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6.2 Dual Channel Real and Widely Linear Complex
Kalman Filter

Start with two real channels worth of random states u;, v; € R". Denote z] = [u] v]]
as the corresponding real composite state. Suppose the composite state and measurement

equations are

uy Ein Ep| |w Fiu Fiof [
zZ; = :Ezt_1+Fwt_1 = + s t= 1,2,...7
Vi Es Eo| | Vi For Fa| |01
(6.14)
and
& G G Uy Pt
'l/)t: :Gzt+nt: + , t:O’ 17...7 (615)
Kt Ga1 Gaz| | Vi (oh
where w! = [ul ol] and n! = [p!I' ¢I] are the composite real driving and measurement
noises, and ! = [¢] k!] is the composite measurement. This dynamical model allows the

states and measurements on the respective real channels to be arbitrarily coupled. For the

real composite vectors z;, wy, 1, and 1), establish their complex augmented representations

as x, = [x! xIT = Tz, w, = [w! wl]T = Tw, = [yl yH1T = T4, and n, =
£ x; x; » Wy t Wi » Y Yr Yi ) t

“t

[n] n/']” = Tn,. Then the resulting augmented complex state and measurement equations

are

X :Mt—l +B_Wt—17 = 1727"'7 (616)

and

y,=Cx,+n, t=0,1,.., (6.17)

where the augmented matrices A, B, and C are

1 A A 1 B, B 1 C
A = STET" = b B = JTFT" = b .C= JTGT" = b
A; Aj B; Bj C; Ci

(6.18)
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More straightforwardly, a widely linear complex Kalman filter’s dynamical model is charac-
terized by

Xy = A1Xt_1 + AQXZLl + B1Wt_1 + BQWZLl, t= 1, 2, ceey (619)

and

yi = Cix; + Cox; +ny, t=0,1,..., (6.20)

Suppose the initial state has mean Ex, = 0, and augmented covariance

Exoxtl  ExoxT Im, II
Egoggl: 070 R NO 0 = I1,. (6.21)
Exixtl  Expxt II; IIj

Assume that Eu, = 0 and En, = O for all ¢{. Further assume the real and imaginary parts
of xq are uncorrelated with the real and imaginary parts of u; and n;, meaning Ex,uff =0
and Ex,n’ = 0 for t > 0. Using the representation advocated in [111], the augmented

second-order characterization of (x,,u,,n,) is given by

Xo EO 0 0 0
Elw,| |xf wi nof 1"/=10 6,mQ 6mS 0|, mn2>0. (6.22)
n, 0 umS” 6RO

H

We further assume that for n > m, Fw,x = 0 and Fn,x” = 0, and for n > m, Ew,y" =

0 and Egnzg = 0. This is the same setup as that of the usual Kalman filter, but with
covariances augmented to account for non-zero complementary covariance.

Suppose the linear minimum mean squared error (LMMSE) estimator of x,_; from mea-
surements Y | = (y7,. .. ¥, )" 18 X;_1,—1- Then the LMMSE prediction of x, from Y,
is

Xﬂt—l = &t—lu—u (6.23)

and the prediction of y, from Y s

y, . =Cxy . (6.24)

Lilt—1
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Given the error covariance matrix P,_y,_, for €,_;;,_; =X, 4,1 — X;_y, the error covari-

ance matrix Py, , for €, 1 = Xy;_1 — X, Is

Piyio1 Py
Et\t—l = £t71|t71AH + BQBH = ~t|t " ) (625)
P, P

where P;;_; and f’t‘t,l are the Hermitian and complementary error covariance respectively:
P11 = APy AY + A,P; - AL AP, -1 AY + APy 1)t— AY

+B;QBY + B,Q*BY + B,QBY + B,Q*BY,

(6.26)
Pt|t 1= APy g 1A +A2 i - 1A —I—AlPt 1)i— 1A + AP} i 1AlT
+B,QB! + B,Q'B! + B,QB? + B,Q*BT.
The error covariance matrix S,,_; for the innovation n,, , = iﬂt— LY, I8
Ste-1Su—
Sy =CP, C"+R= f‘t e , (6.27)

* *
tlt—1tt—1

where S;;_; and Sy,_; are the Hermitian and complementary innovation covariance respec-

tively:
St|t 1 — C Pt\t 1C + CQ t\t 1C + C Pt|t 1C + C2 t|t 1C£I ‘|‘R, (6 28)
Syi-1 = C1Py,1C] + CoP;},_,C} + C1Py,_,CT + C,P},_,CT +R.
The normal equation for the Kalman gain is
KS, = Et\t_1gH- (6.29)
The inverse error covariance matrix S S, tl , has the augmented form
P! s S Py*
§Jtlf1 = ° fema S ) (6.30)
—% 1 —%*
_St|t71 tlt— 1P PS

where Pg = Sy, — St|t ST St‘tf1 is a Schur complement, namely the error covariance for

tlt—1
estimating 1, from n nt‘t ;- Thus the augmented Kalman gain may be written as
K, K,
K, =P, ,C"S;| 2| _ 7 (6.31)
K; Kj
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where the diagonal and off-diagonal block matrices of the augmented Kalman gain are

K; = (P 1 Cf' + Py, 1C3)Pg" — (P 1 C] + Py, 1 C])S,,S), Ps,

tlt—1

(6.32)

K, = (Py_CL + Py, CHPg* — (P, ,C + Py, ,CIHS; L Sy 1 PS™

t|t—1

When complementary covariances 15t|t_1 and §t‘t_1 vanish, and when C, is zero, we have
K, = diag(K;, K;), where K; = Pt|t_1C{ISJt1_1 is the usual KF. Finally, the WLCKF is
Xﬂt = gt\t—l + Ktﬁﬂt—p (6-33)

and the error covariance matrix for &, = X, — X, is

Py 13t|t

Bt|t = (1 - th) Et\t—l = - (6-34)
Py P
and the Hermitian and complementary error covariances are
Py = (I- K.C, — K.C})Py,_1 — (K:Cz + K,C})P},_,, 65

Py, = (I- K,Ci — K/C})Py_1 — (K,Cs + K,C}) ft—1-

Finally, the WLCKF is implemented by initializing X, = 0 and Py, = I, and recursively
running the procedure (6.23)-(6.35). This WLCKF can be implemented in complex arith-
metic, or it can be inverted for the real KF of the dual channel real model (6.14)-(6.15) by

using real to complex connections (6.3) and (6.13).

Remark 6.2.1. In the state and measurement equations (6.16)-(6.18), the new state x; de-
pends on X;_1, X;_;, W¢_1, and w;_;. And measurement y; depends on x;, X;, n;, and n;.
For the state and measurement equations of the WLCKEF proposed in [106], the new state x;
depends only on x;_; and w;_;, and measurement y,; depends only on x; and n;. Thus the
WLCKF in [106] can be obtained as a special case of the WLCKF considered here by let-
ting matrices Ay, Bs, and C; in (6.16)-(6.18) be zero, or equivalently assuming E; = Eo,
Es = —Eg, Fi1 = Fo, Fis = —F51, Gi; = Gos, and G = —Gy; in the real channel

equations (6.14)-(6.15).
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6.3 Performance Comparison between WLCKF and
CKF

Let’s suppose the state and measurement equations for a complex state z; are
Ty = ari_1 +bwiq, t=1,2,..., (6.36)

and

Yy =cry+mng, t=0,1,.., (6.37)
where a,b,c € C. The augmented matrices are A = diag(a,a*), B = diag(b,b*), and
C = diag(c, c¢*). Then the recursion for the 2 by 2 augmented covariance matrix P is

B = (Bga + TR0 (6.38)

= [(|a]*P,_yyp_y + BPQ) "+ PR L t=1,2, ...
Thus the performance of the WLCKF is determined by the impropriety of the initial state
zo through 1L, the driving noise w; through Q, and the measurement noise n; through R.

In the following we show that for some special distributions of state and noises, the WLCKF

produces smaller MSE than the CKF.

6.3.1 Special Case: zy Is Improper, w; and n; Are Proper

Suppose BOlO = (]IZO'O ig:g), Q = Ml and R = N,L Assume £0|0 has eigenvalues

o]0

{AY) A9}, Given the eigenvalues {\,™', A5} of matrix P, 1, the eigenvalues of P, are
N=gNTh, =12, (6.39)

where the function g is given by

NQ(|CL‘2>\ + ‘b|2N1)
|c[>(lal?A + [b2N7) + N

g(\) = (6.40)

Thus the eigenvalues {\!, A} may be conveniently expressed as the function recursion

M=gogo---0g(\?) 2 ¢\ (6.41)

t times
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Observe that ¢ is an increasing concave function w.r.t A. Thus we conclude that ¢; is
concave for each t. Next we want to compute the widely linear minimum mean squared

error (WLMMSE) at the ¢-th iteration for the WLCKF. This may be written

. 1 1
Y =FE | ey |I’= §tr(2t\t) = 5(%(/\(1)) + q:(A9)). (6.42)
Note the initial scalar Hermitian covariance is Fyjg. Then the t-th LMMSE for the CKF is

& = q(Pop)- (6.43)

To achieve the maximum performance improvement of the WLCKF over the CKF for the
special case discussed here, we shall minimize &V with fixed Pojo and variable ]30|0. It can be
seen that at each ¢, {M is a Schur-concave function w.r.t all A). Since A} + XJ < 2Py [41],

the minimum is achieved when

[AY A3l = [2Pop 0] (6.44)

Substituting (6.44) into (6.42), we have the minimum &V*:

min VY = % (¢:(2Poj0) + ¢:(0)) (6.45)

The ratio of min EM to &F is:

min ENL _ ¢ (2FP)0) + ¢:(0)
;SL QQt(PO\O)

It’s obvious that 1 < 6, < 1. This is because ¢, is concave, and ¢,(2Pyp) + ¢:(0) < 2¢,(Pojo)

0, = (6.46)

for any Pyo. Also ¢:(2Fo0) > ¢:(FPojo) for any Py and ¢,(0) > 0. Actually the condition for

achieving the lower bound is V; < Ny < 1. This coincides with the MMSE analysis in [41].

6.3.2 General Case: w; and n; Can Be Improper

In this case we have

Q=M , R=N, : (6.47)
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Figure 6.1: MSE performance improvement of the WLCKF over the CKF. (a) N; = —20dB,
Ny = —20dB. (b) N; = —20dB, Ny = —40dB. (¢) N; = —40dB, N, = —20dB.

where p,, is the complex correlation coefficient between w, and w;, and p, is the complex
correlation coefficient between n; and ny. These determine the level of impropriety. We
can show that 0 < |p,|, |pn| < 1. Suppose the following matrix properties are satisfied: (1)
(A, C) is observable, that is, the matrix [CT|ATC”|---|(A™ 1TCT] is full rank, (2) (A, 9)
is reachable, where Q = @H, that is, the matrix [Q\Ag| e |Am_lg] is full rank. Using
the argument in [112] we can show that the error covariance matrix P, converges to P,

which is the unique positive semidefinite solution of

P = [(|a]’P + [b?Q)™" + [cPR7'] . (6.48)
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The above convergence is irrespective of the initial state xy. Fig. 6.1 plots the performance
improvement of the WLCKF over the CKF at different level of impropriety of w; and n;. We
choose a = b = ¢ = 1, and the MSE of the WLCKF converges in this case. From [112] we
can also show that the MSE of the CKF converges. The performance improvement is defined
by ratio between the convergent MSE of the CKF over that of the WLCKF. As Fig. 6.1
illustrates, the performance improvement is monotone in |p,,| for fixed |p,|, and monotone

in |p,| for fixed |py|.

6.4 Discussion on Extended Widely Linear Complex
Kalman Filter

The extended Kalman filters (EKFs) are [45] are initially proposed to address the non-
linear dynamical models for real-valued states and measurements. The essential idea of
EKFs is to linearize the nonlinear state update and measurement equations, and hence the
approximated posterior mean and covariances can be precise up to the first order in its Tay-
lor expansion. For a dynamical model for complex valued states and measurements, whose
model equations are not in the form of widely linear transformations of complex-valued
states, we can derive the extended WLCKF (EWLCKF) along the lines of Section 6.2. The
derived EWLCKF uses nonlinear model equations to predict states and measurements. And
it utilizes the complex Jacobians [113] to modify the Hermitian and complementary covari-
ance matrices and Kalman gain. This treatment is equivalent to the original treatment of
Mandic, et al. [106,114]. Therefore our derivation of EWLCKF shall not be treated as a

novelty nor be explicitly presented in the dissertation.

6.5 Unscented Widely Linear Complex Kalman Filter

In this section we consider the following nonlinear model for dual real channel state and

measurement evolution:

Zy = [U-t Vt]T = ft—1<zt—1>wt—1) = ft—l([ut—l Vt—l]T> [Nt O't]T)7t =12,.., (6'49)
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P = [ét "it]T =hy(z, ) = ht([ut Vt]T7 [Pt d’t]T)»t =0,1,..., (6.50)

where f,_; and h; are time varying nonlinear transformations, and the notation for states
and noises is identical with the model equations (6.14)-(6.15). Then the induced complex
model equations are

Xy = ffv'tfl(thl, Wt71>7 (651)

and

Yt = INlt(Xt, nt). (652)

It can be seen that for all ¢, E,l and flt are not widely linear transformations. Thus the
WLCKEF developed in section 6.2 cannot be directly utilized. For such a model, the extended
WLCKEF is proposed in [106,114] to exploit the impropriety of complex states and noises.
However, the major defect of the EWLCKEF is that the posterior means and covariances are
accurate only to the first order in a Taylor expansion. A conventional Unscented KF uses
the unscented transformation (UT) to generate a fixed set of sigma points to represent the
distribution of a random variable [46]. After propagating sigma points through nonlinearities,
the estimated posterior mean and covariance are precise at least to second order in a Taylor
expansion. Motivated by the power of unscented Kalman filters, in this section we present
a novel paradigm for constructing unscented widely linear complex KFs. Our UWLCKF's
use modified sigma points which preserve the Hermitian and complementary covariances
of states and noises, while the UWLCKFs proposed in [106] use sigma points which only

preserve the Hermitian covariances of states and noises.

Compose complex random states and noises into a complex vector s = [x7 w’ n'].
Suppose the augmented mean and covariance of s are
R’Ss ﬁsS
pl=[ul pll, Ry=|_ : (6.53)
R Ry

In [106] the authors proposed complex sigma points of s which are constructed from moments

us and Rg,. Thus these sigma points only carry ps and Ry, but not fiss. In fact, there may
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be multiple ways to generate sigma points for the augmented random vector s which carry
both p and R,,. But a hidden restriction imposed here is that these sigma points should
be augmented vectors. Otherwise they cannot be propagated through the UWLCKF. One

approach is to start with sigma points of the corresponding composite real random vector

¢TI =[u? p! p" vl o7 ¢T]. The first and second moments of ¢ are

1 1
pe = §T_1Es7 R = ZTHESST (6.54)

Using a Cholesky decomposition the composite covariance matrix R may be factored as
R = BB”
Denote the vector by as the k-th column of matrix B for £k = 1,2,...,2N. Then the sigma

points {Z;} of ¢ are [46)]

ZU :IJ’Ca kzO?
Z, = e + V2N + Aby, k=1,...,2N, (655)

Zk =M~V 2N—|— )\bk72N7 k= 2N—|— 1, ...,4N,

corresponding to the mean weights {W,,(k)}#Y, and covariances weights {W,(k)}1Y, defined

in [46]:

A (2N 4+ )), k=0,
mean weights: W,, (k) =

1/[2(2N + )], k=1,...,4N,
(6.56)

MEN+ XN+ 1 —-a2+8), k=0,
covariance weights: W.(k) =

Win(k), k=1,..,4N,
where A = a?(2N + k) — 2N, and «, (3, and k are parameters controlling the distribution of

sigma points. Define a set of augmented vectors { X, } as

(
X k=0,
Xy
X = =TZ,=qp +v2N + \Thy, k=1,..,2N, (6.57)
X =
v —\/2N+>\Tbk_2]v, k:2N+1,,4N
\—5
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We can show that all the X, compose the sigma points of the augmented vector s, since

Xy =p, and
R,, = TR T"
H (6.58)
= |:Tb1 Tb2 s Tng:| |:Tb1 Tb2 st TbQN
Equation (6.58) summarizes the Hermitian and complementary identities
1 an
k=1
and
" 1 4n
R =~ D (X — ) (X — )" (6.60)
k=1

Therefore we have obtained the sigma points { X, } of s w.r.t weights {W,,,(k), W.(k)} from
widely linear transformation of the real composite sigma points {Z;} of ¢ w.r.t weights
{Wi(k),W.(k)}. Note that each sigma point X is an augmented vector. Thus it follows
that the complex set {X}}, generated by extracting the top halves of {X,}, is sufficient
to capture both first and second order statistical information of the augmented random
vector s. We call {X} the modified sigma points of s. The impact of these modified sigma
points is that {X} preserves not only mean ps and Hermitian covariance Rg,, but also
complementary covariance Rs.

But what really concerns us is whether the modified sigma points will refine the propa-
gation of mean and covariance through the nonlinearities f and h. Suppose we push each
modified sigma point X’y through any non-linearity g and acquire Yy = g(X). Compute

the following deterministic sample averages:
Z W (k) V), = Z Wi
ZW yk—ﬂy)<yk—ﬂy)H7
ZW yk—“y)(yk_ll'y) :
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From the argument of [46], it can be verified that the sample averages fi,, and P,,, and
f’yy may be used to approximate the mean FE(g(s)), the Hermitian, and complementary
covariance matrices of g(s). The approximation is precise up to at least second order in a
Taylor expansion. The unscented widely linear Kalman filter is described as following, in
notation that follows [115]:

(1) Initialize with Xop = 0, Pop = Iy and 150‘0 = T, as defined in equation (6.21).

(2) At the t-th iteration, t = 1,2, - -, Replace P;_1;_1 with R,,, and ﬁt_1|t_1 with f{m,
and 3, = [%/,, , 0 0]" with p in (6.53). Construct effective sigma points {A},} =
{{(xg_ )" (e )" (X)) by using equations (6.53)-(6.57).

(3) Prediction updates:

x . P x w
ktlt—1 — ft—l( kit—1> k,t—l)

4N
p _ (m) 4oz
Xilt—1 = E Wk Xk,t|t717

k=0
4N
Po1i=> WXLy — %) (XL 0y — K1)
tt—1 = k ktlt—1 — Xtft—1 ktlt—1 — Xtt—1) 5
k=0

AN
D _ (c) T S T s T
Pt|t71 - § Wk- (Xk,t|t—1 - Xt\tfl)(xk,ﬂt—l - thtfl) )
k=0

yk,t\tfl = ht(xi,ﬂt—l’ Z,t)?

AN
Vieer = 3 W Ve
k=0

(4) Measurement updates:

AN
Sii-1 = Z W Praior = 1) Vst — Tu-1)™,

k=0

AN
Sii—1 = Z W,ic)(yk,ﬂH = Vej—1) (V-1 — yt\tfl)Ta

k=0

4N
Eyi1 = Z Wi Faio1 — Xejm1) Vi1 — Y1),
k=0
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4N

Etltf1 = Z ch(C)(Xi,ﬂt—l - )A(t|t71)(yk,t\t71 - yt|t71)Ta

k=0

where the Kalman gains K; and Rt are

Kt = Et|t71P51 - Et‘tfls_* S:‘t—1P§17

t|t—1

K; = Ej, 1P — By 1S, Sy P5Y,

t|t—1

then update posterior estimates

Xepe = Xepe—1 + Ko(ye — Yep—1) + I27&(}’:5 — Veje—1)",
Py =Py — By K" — Ejy K/,
Py =Py — Ep K] —Ey K] .

Example 6.5.1. (Phase Demodulation Problem) Consider a scalar real random phase 6;
that is updated as

Qt = a@t_l + bwt_l, t= 17 2, ceey (661)

where w; is a real driving noise. So, the phase is real, and it evolves or jitters according to
a first-order Markov sequence. The measurement in a quadrature demodulator is a noisy

complex signal modulated by 6;:
y = €% +ny, t=0,1,... (6.62)

where each n; is assumed to be a zero mean, scalar complez Gaussian random variable [41]
with Hermitian variance R and complementary variance R. Suppose n; = u; + jv;, where
u; and v, are correlated with variances R, and R,,, respectively, and covariance R,,. The

complex correlation coefficient between n; and nj is

_E_ Ruu_va+2]Ruv
"= R™ " RutBRw

(6.63)

which describes the impropriety of n,. When |p| = 1, n; is maximally improper. In the

following we let R,, = R,, and set p by changing the value of R,,. The signal-to-noise ratio
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Figure 6.2: Comparison between UWLCKF and UCKF. (a) Phase estimated by UWLCKF
at each iteration, SNR = 20dB, |p| = 0.7. (b) Normalized estimation error £ of UWLCKF
and UCKF vs SNRs, |[p| = 0.7. (¢) Performance improvement r of UWLCKF over UCKF
vs impropriety of n,.

at the receiver is SNR = R~!. In simulation we set a = 0.98, b = 0.05. Each wy is a standard
mean zero and variance one Gaussian real random variable, independent of all others.

Fig. 6.2(a) draws the outputs of the UWLCKF over time at SNR = 20dB and |p| = 0.7.
The widely linear Kalman gain for the UWLCKEF is a 2 by 2 matrix and the estimate ét‘t is
always real. It can be observed that for most iterations, the estimate éﬂt is close to the phase
0;. Also the true 6, is almost confined by the envelope éﬂt + /Py. As a benchmark, we

are plotting the estimates of an unscented complex KF that assumes the noise to be proper.

Unlike the UWLCKF above, the UCKF estimates 6; from a real 2 by 1 measurement vector
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consisting of the real and imaginary part of 3; collected from dual channels. At each iteration
the UCKF produces sigma points from the real mean vector [éﬂt oo f o)t = [éﬂt 000]"
and covariance matrix M = diag(Py, 1, R,, R,), and it has a 1 by 2 Kalman gain vector.
It can be observed that at most iterations, the UCKF has larger estimation error than the
UWLCKF.

Fig. 6.2(b) compares the performances of the UWLCKF and the UCKF. The complex
correlation coefficient is |p| = 0.7. Define the normalized squared error as & = ||e||3/]|0]3,
where @ and e are vectors consisting of phases and estimation errors in 500 iterations re-
spectively. In the plot each £ is computed by averaging 1000 Monte-Carlo simulations. It
can be seen that in the low-medium SNR regime, UWLCKF requires about 2dB less SNR
than the UCKF.

Fig. 6.2(c) shows the performance improvement of the UWLCKF over the UCKF vs the
noise impropriety |p| at different SNRs. We use the factor r = {yckr/EuwLokr to evaluate
the advantage of UWLCKF. The normalized squared error {yckr and {uwrckr are defined
as above. Each r is computed by averaging 1000 Monte-Carlo simulations. For |p| > 0.8,

the gain r > 2.

6.6 Conclusion

In this chapter we designed widely linear and unscented WL complex Kalman filters for
complex noisy dynamical systems with improper states and noises. We show that WLCKF's
may significantly improve on the performance of a CKF that ignores corresponding covari-
ance. A simulation for real phase demodulation shows how an UWLCKF produces real
estimates from complex baseband measurements and shows the improvement of its perfor-

mance over an unscented complex KF that assumes proper states and noises.
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CHAPTER 7

CONCLUSION

Active sensing is an sensing technology with numerous applications in science and en-
gineering. Advances in sensor technology are providing active sensors that are increasingly
agile both in their transmitters and receivers’ capabilities. This enable arbitrary waveform
illumination of the environment using increased degrees of freedoms, and processing of the
scene return to form an image, estimate parameters, or detect targets.

Modern radars are increasingly being equipped with arbitrary waveform generators that
enable the transmission of different waveforms across multiple degrees of freedoms: time,
frequency, polarization, and aperture. This gives us the opportunity to revisit and extend
the classical signal design for radar imaging. We developed a general framework for design-
ing Doppler resilient illuminations through waveform coordination across time, frequency,
and aperture. We showed that for a SISO radar, by properly coordinating the waveforms
phase coded by complementary sequences, we can annihilate the range sidelobe of ambiguity
function inside a modest Doppler interval, and hence bring out the weak targets from the
range sidelobe of nearby strong reflectors. We extend such a Doppler resilience waveform
design to the MIMO radar case. By properly coordinate the complementary space-time
waveform components, the complementarity can be preserved inside a Doppler band around
zero Doppler axis.

The advances in optical imaging also promise sophisticated illumination design and re-
ceiver design. Vast combinations of structure illumination and receive processing provide
us opportunities to investigate the optical imaging methods with faster imaging speed and
higher resolution. For optical imaging, we considered an optical imaging with a single-pixel

detector. Compared to the 2-D detectors, a single detector can work in a broader band. The
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imaging approach utilizes a spatial structured illumination generated by an SLM or optical
mask. We exploited compressive sensing (CS) as a principle for line-scanned imaging with
single-pixel detector. We studied the robustness of CS to the misfocus effect. It turns out the
CS design is reliable at moderate demagnification factors. However, at high demagnification
factors, the reconstruction performance of CS design becomes highly sensitive even to small
misfocus distance.

We exploited the Kalman filter as a powerful signal processing approach to deal with the
sensing systems with dynamical state evolution and measurement acquisition. We reasoned
that in the presence of impropriety of complex-valued random states or measurements, it is
necessary to revisit the theory of conventional Kalman filters. We showed that through incor-
porating the widely linear processing with the knowledge of complementary covariances, we
can develop a class of widely linear complex Kalman filters which better captures the second
order statistical information of states/measurements, and hence leads to better performance

in estimating the improper complex states.
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APPENDIX A

PROOF OF THEOREM 2.3.1

Proof: In [116] it has been shown that m, can be bounded by L%9. At sufficiently small

6, the spectrum Sp o can be approximated by
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APPENDIX B

PROOF OF THEOREM 2.3.3

Proof: (1) For PTM design, the amplitude of Mg(f) can be derived as

|MQ |— }Zemq =

which stands for the amplitude of Dirichlet kernel. Since Q is an all 1 sequence, fp o = 1/N.
The spectra Mg(0) is

(B.1)
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whose zero-crossings nearest § = 0 are § = i%’r. Thus for large N the value of yp /2 shall
be very small such that sin(yp,.o/2) ~ vp,o/2. Note Mg(0) = N2 Let Mg(6) = 3 Mo(0),

then it follows that N NG
sin — ~ ——. (B.3)

2 22
Thus N6/2v/2 can be approximated by the fixed point of function sin(v/2z), say 6. This

yields vp.o = v/205/N. One can readily check that the envolope of Mg(6) is csc?(0/2). And

1 d

Shre =3 0) a6

csc?(60/2)

0=vp,0/2

= g esC(yp.0/4) cot(rp.0/4)
198 (B.4)
N3 o
32V2N

0

~ __

(2) For Binomial design, |Mg(#)]| is
N-1
N-1\ ,
(0 = [ (Y )
n=0

= |1+ &%) (B.5)

= 2N_1{COSQ}N_1
2

Since g[n] = (Ngl) forn=0,1,...,N — 1, we have

Y

gqm - NZ (Nn‘ 1) — oL, (B.6)
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and N-1 N-1
- ~ (N -1\ [2(N-1 AN
Zq[n]Q:Z( ) :((N 1>)z— (B.7)
n=0 n=0 n N 7T(‘]\[ - 1)
for large N. Therefore p o = O(N~1/2). The spectrum Mg(f) is
Mo(8) = 481 cos? ™D (9/2). (B.8)

Let Mg(0) = $Mg(0), then it follows that cos(yp,o/4) = (1/2)2“\’1—1). For large N we have

sin(yp.0/4) = V1 — (1/4)7%7 ~ vay/1 — (127 (B.9)

thus

.o A 4\/5\/1 —(1/2)7~ T, (B.10)

For small @, the Taylor expansion shows that (1/2)? ~ 1 —In2- . Therefore yp o can be

approximated as
[ 1
’}/pVQ %4\/1112 ﬁ (B]_]_)

Since the envolope of Mg(6) is itself, we have

d
SLpg = T cos?™=1(9/2)
0="p,0/2

= —2(N — 1)sin(yp,g/4) cos®N "3 (yp o /4)

_ B.12)
YP.Q 12N73 (
~ 2N —1) L= ()=
(V=122 ()
o \/1n\/7
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APPENDIX C

PROOF OF THEOREM 2.4.1

Proof: This Theorem can be proved by inclusion. It is obvious that the Theorem is true
for m = 1 (D = 2) by earlier discussion. Now suppose for D = 2™~ m > 2 the length-N™"!

sequences Py and Q achieve M-th order nulls of the spectrum Sz 5,(0), ...,

When D = 2™, for even r between 0 and 2™ — 1, we have w"?" "'

of the length-N"™ sequences P and Q, Sp o, (f) can be written by

N—-1 ,N™m— 1_ Nm— 1_
m— 1
SRQ,T(Q) - Z( Z wTPan dn I HRN —|— E " (Pont2m
k=0 n=0 n=0
p,=0 p)=1
N-1 Nt=1_1

m—1
q;ejkN 0 E : 'rpgn/Qq e]n@

T
Dt

m—1
‘.71,@ RN GSPO,Q, (0).

B
Il
o

Sﬁo,§,2m_1 (8) .

= 1. Then by construction

T ejn+kNm19)

(C.1)

Since £ goes through 1 to 2"~ —1, each Sp,.3.- (0) has a M-th order null at ¢ = 0 and hence
)

S0 does Sp.or(0).

1—1
For odd r, note w™"

—1 N™— 1_ Nm 1
Don )= _j(n+kN™—1)p Do.n+2™
Sp.or(0) = ( > w”“” Qe "N N ot
k=0

n=0
/

Nl

N-1

~ , o oarme—1

— § : prO’nqnejne § :<_1)pkq;€€3kN 0
n=0 k=0

Z w?‘pon Spl Q/(Nm 1(9)

therefore each Sp g, () has a M-th order null at § = 0.
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= —1. Thus Sp g.(f) can be written by

T ejn+kNm19)

(C.2)



APPENDIX D

PROOF OF LEMMA 4.6.1

Proof: At K =1, matrices Cy[k| and Cq k] are

Ca:a:[k] Ca:y[k] _ ny[k] _Cwy
Caolk] = {nym cyy[k]]  Cunlh] = [—cyzw Conl

(K]
K]

Thus agCs[k]+a1C21]k] = 0, Vk, requires that ap+a; = 0 and ap—a; = 0, i.e., ag = a; = 0.
Now suppose at K = p, we have that

21
> a4Coralk] =0, V1 - L<k<L-1
d=0
only if ag =0,d=0,...,2" — 1. At K = p+ 1, the matrices Cop+1 4[k| are

11
11

1 -1

Cort1alk] = lo<a<or—1 - { -1 1

:| ® Cgp,d[k?] + IQPSdSQPJrl_l . [ :| ® Cgpd[k?],

where [. is the indicator function. Clearly, the sufficient and necessary condition of

ortl_q
> @iCopriglk] =0, VI - L<k<L-—1
d=0
is that
271 271
Z anggd[k] = Z ad+ng2p7d[k] =0Vl-L S k S L—1.
d=0 d=0

This is true only if ag = 0 for 0 < d < 2P — 1 and 2P < d < 2P*! — 1, or equivalently a; = 0
for 0 < d < 2rtt — 1.
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APPENDIX E

PROOF OF THEOREM 4.6.2

Proof: Note that the first M Taylor moments of all entries in Ay« (k, ) around 6 = 0
are zero if only if the first M Taylor moments of all entries in e/’ Ayx (k, ) around 6 = 0 are
zero. Write e/’ Ayk (k, 0) as

-1

e’ Ao (k, 0) 2K Z e’ Sp o (0)Agrc K]

1 & gm 2K_1N-1
= Q—KZ—, Zw;"i”q[n](nﬂ) Ay, [K]
m=0 r=1 n=0
If we have
Zw;?(”q +1)"m=0,r=1,..,2" =1,m=0,...,. M
or equivalently
1 1 1 Wor qo
1 2 .-+ N wo b
. el o o1 2K
1M 2M . NM w;:f(N71QN71

then the first M Taylor moments of all entries in e/ Ay« (k, 0) around 6 = 0 are zero for all
k.
Conversely, denote @, = S~ wyr'q[n](n + 1)™. Substitute (4.37) into (E), we have

oo 2K_12K_

eI Ay (k. ) = 5% Z Z Z Wox Uy Dgrc dlk]

m=0 d=0 r=1

Zero forcing the first M-th Taylor moments of all entries in e/ Ayx (k,#) around 6 = 0 are

zero for all k requires
2K —1

Z Um,aDox glk] =0, m =0, ..., M,
d=0
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2K 1 . .
where @, 0= 7_; wQIEdamm. Using the result in Lemma 4.4.1, we can show that a,, 4 = 0,

d=0,..,25 —1, m=0,..., M. This yields the discrete Fourier transformation

1 1 1 e 1 0

_ (9K _
1 . o e T 0m =0, M
1 w;,gK_l) w;I?(QK_I) e w;gzK_l)Q Q2K -1

The Parseval’s theorem indicates that a,,, =0, r =1,..,28 =1, m=0,..., M.
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APPENDIX F

PROOF OF THEOREM 4.7.1

Proof:  for arbitrary two integers 0 < d,d" < D1Dy — 1, write d = Dsd; + do, and
d' = Dyd| + d,. From the construction of (p,q) we have

N-1 Ni—1 No—1
m m
qnn " = E E Q1n1G2,m5 (N1 R1 + N2 Ry)
n=0 n1=0 no=0
pn=d P1,nq =d1 P2,ny=d2
mo e Ni—1 No—1
o ¢ pm—~ l m—~
= § (E)RlRQ § in, My - § A2nyMo -
£=0 n1=0 na=0
pl,’ﬂq:dl p2,n2:d2

and

N—-1 m m Ni—1 No—1
m ¢ pm—~L l m—~
gn = E ( / ) RlRQ § q1n, My - E q2.n,M9

/=0 n1=0 no=0
pl,nlzdll P2,nqy :dIQ

Since (p1,q1) € Np, (N1, M), and (p2,a2) € Np, (N2, M), we have

N;—1 N;—1
> Gan™= > qan™ m=0,...,M, Y0 <d;,d; < D;— 1, i=1,2,
DPi,n=0d; Pi,n=d;

Thus we have

N-1 N-—1
qnnm: qnnm’ vogd,d/SDlDQ—l, sz,...,M. (F].)
Pzzod p:z(c)l’
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APPENDIX G

PROOF OF THEOREM 4.7.3

Proof: Decompose the residue matrix as
A2K (k) 9>A2K,odd(k7 9) + A2K,even(ka 0)7

where Agx oqq(k,0) is defined as

2K
1
Ao oaa(k, 0) = 9K Z Spic.arr(0) Aax . [K]
r 1s odd
1 2K NK 1 1 2}( 1
= _K Z Z prK 1, ﬂqul,ne]nGSqul (NKfle) Z Wz_gdczf(,d[k]
r 1s odd d=0
1 NE-1_1
— 1 n_d n
= Q_K‘Spl,(h(NK 16.) Z Z Z pK CQKd[M dK— 1n6] 6
n=0 r rs odd
Using the fact that
2K 1 — 2K—1
z W = P02
otherwise
r 1s odd
for p=0,...,2% — 1, we can be further write Ayx ,qq(k,0) as
NE-1_1
1 K-1 Jnbf
Dorcoaa(k0) = 5 Sp1a(NNT10) D (Cor ey, [k] = Corc ey romr [K])arc-1ne
n=0
NE-1_1
= Spl,fh (NK?IQ) Z Jo ® CQK_l,pK_l,n[k]qK—l,nejne
n=0

= SPLQl (NK_IQ)J2 ® Xpr_1,9K-1 (k7 0)
= Spran (NF710) T2 @ [Sqye_, (0)0[k]Tyx 1 + Agrcr (K, 6)]

where J is the 2 x 2 anti-diagonal matrix whose anti-diagonal entries are all 1.
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The term Agx even(k, 0) is defined as

2K _1
1
AZK,even<k78) = 2_[( Z SPK7QK,T(6)A2K,T[I€]
r=1
1 2K _1 2K _1
= 2_K Z SPK—LQK—L%(e)SQI(NK719> Z w;;dC2K,d[k]
r=1 d=0
] oK _q oK-1_1 vy
= 9K D Sorvan 1z ()Sq (N 710) > w25 (Cor a[k] + Cor g [K])
r=1 d=0
1 2K—171 2K—171
:FSQI(NHQ) D> Sprranar®) D wilh Ty @ Coror glk]
r=1 d=0

= S(n (NK_IQ) I ® AQKfl(k, 9)
Therefore we have
AQK (k, 9)
= A2K,odd(k> 9) + AQK,even<k7 0)
= Sp1,q1 (NK_le)Jg ® [S (9)5[1{7]121(71 + Ayx1 (k‘, 9)] + Sql(NK_le)IQ ® A2K71(k‘, 9)

qK -1

= [Sqi (NF 'Oy + Sp, g (NF710)T2] @ Agic—1(k, 0) + Spy.q (N 710)Sqsc, (0)6[k] T2 @ Lyxc-1.
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APPENDIX H

PROOF OF THEOREM 4.7.8

Proof: From previous definition of Ayx oqq(k,8) and Asx even(k, ), we have

2K _1 2K _1

7’27r
A2K odd k 0 2K Z Z w C2Kd
T ?s oldd
1 2K_1 oK-1_1
T oK1 Z Z w_rd']2 ® Cox-1 4[k]
r ?s:oldd
1 2K _1 oK—-1_1
:2K—1J2® Z Z W CQK 1dk] ,
r ?szoldd
= 7“27r 2]
AQK even k 9 2K Z S Z w CQKd
r s even
1 oK _q 2K 1_1
=i Sq(9+ Z Wyt Ty @ Corn gl
r=1
1 2 r2m
= Sl ® > Sa(0 + ) Aoic— g [K]
r=1

r is even

155



APPENDIX I

PROOF OF THEOREM 4.8.1

Proof:  Given (p,q) € N 2K(N, M) and an arbitrary permutation myrx, denote p’ =
A(myx)p, and write P,(p’,q, ¢) by

P(p' q, ¢ Z ( Z )azK )" + Cor 4[0] - @ ()"

d=0 n—O
p'[n]=d

For 2 < k < K, we have

p'[n]=d
2k—1-1 N-1
=2 (1+cos(2"'9)) laln]*+
=0 p’T[Ln:}gd
N-1
(1—cos(2'9)) > Iq[n]l2] aye-1(¢)" - Cor14[0] - age-1(0)
P ln]=d+251
2k—1_1 N-1
<4 (lggi(} Z |CI[”]|2> age-1(9)" - Coe-1,4[0] - age-1 ()",
d=0 ’ =

d=0 n=0
p'[n]=d
N-1 N-1 N-1 N-1
=2< S lanllP+ ) IQ[n]|2+Cmy[0]COS¢~< gl = Y IQ[n]I2>>
n=0 n=0 n= n=
p'[n]=0 P [n]—O 24 MgO P n]go
N-1 N-1 N-1
sz( S z P+ 1Call-| 3 el = 3 |qm|2),
n=0 n= n=
pfl=0 pll=0 pl=0 pfl=0

where the last equality holds if ¢ = 0. Thus the noise power P,(p’,q,¢) when (1)
Dpim—aldnll® = Xypaio lan]]?, 0 < d < 271 —1 for each 2 < k < K; (2)
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Zp’[n}:O |q[n]|2 Z Zp’[n]:l |Q[n]|2 lf ny[o] Z O or Zp’[n]:() |Q[n]|2 S Zp’[n]:l |Q[n]|2 lf
Cy[0] < 0; (3) ¢ = 0. By substituting the above condition into the expression of P,(p’, q, ¢),
we get the result in theorem 4.8.1.
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APPENDIX J

PROOF OF THEOREM 5.5.2

Proof: For notation simplicity, we write x and z instead of x3 and z3 respectively. Use
triangle inequality we obtain

0
lemel2)] < ‘ [ [ ameslapA/M ) o
A/M

p#0

Re{angame/ G(z +pA/M, z)dx}‘
p#0 A/M
0 ; (J.1)
g/ (3 iy G+ pA/M)|)2da
—A/M 70
+2am12amg+p/ (z, 2)||G(z + pA/M, z)|dx.
p#0

From Cauchy-Schwartz inequality we have

SORAM e
e w(z) e 2R(z) dy
z+pA/M

o+ (p+1)A/M Y 12 /1 pat(p+1)A/M 1/2
([ ) () s
s+pA/M z+pA/M

z+(p+1)A/M 1/2
A/M(/ G > .
x+pA/M

It easy to show that for z € [-A/M, 0], the integral

G(z +pAJM, 2)| =

T4+pA/M \2
feram A/Mexp (-(%557)),  p>0
/ e dy < L AJM, p=0. (1.3)
e A/M exp (~(SEZRA?), p<0
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Thus we have

/ (Z am7g+p}g(m—|—pA/M, z)|)2dx

—a/M oS
0 5 0 )
§2/ (Zam’ngp‘g(:r—l—pA/M,z)‘) dx—|—2/ (Zam,é—&—p}g(x +pA/M,Z)|) dx
—A/M p<0 —A/M p>0
(et (pt1)A/M)? 0 N t-1 <z+pA/M>2
2(A/M) / 270 |Pde +2(A/M) / [ e e e
A/M p:—l A/M p=1
AVAZ (IJFPA/IV[)z A/M Nt _ (a— pA/M)2
=2(A/M) / Z e 20 |da +2(A/M)>? Z e 226 dx
p=—4 0 =1
A/M  (@—pA/M)2 A/M Nt _ (z—pA/M)?
0 p=1 0 p=1
(J.4)
For p > 0, we have
(x — pA/M)? = 2? = 2pxA /M + p*(A/M)? (1.5)
> 2® = 2p(A/M)?* + p*(A/M)?, @ € [0,A/M], ‘
Thus it follows that
_ (z—pA/M)? _ 22 —2p(a/M)24p2(Aa/M)?
e 2w2(z) S e 2w2(z)
(&/M)? 22 (r=D%(a/M)2 (J'G)

e 2w2(z) 6_ 2u12(z)€ 2w2(z) , X c [0’ A/M]’

and

AM L epamn? @pn? AM L e penagm?
|: E e 2w?2(z) ] daj S e w2(z) |: E e 2w?2(z) e 2w?2(z) j| dx
0 0 p=l (J.7)

(8 /M)2 A/M 2
<e v Se/ e w@&dx,
0

p=1

where the finite sum S, is

_pi(a/m)?
p=0
Similarly we have
AM N o pamn? (A/M)? AM - 42
/ [ e 202z ] <e v S% 1/ e v dr. (J.9)
0 0

p=1
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Therefore from eq (J.4) we have

22

A/M ) @/’ AM
/ ( g am7g+p|g(x + pA/M, z)|) dr < 2(A/M)?e »*®) (S? + S]zv_g_l)/ e w2 dx
0 0

p#0
(J.10)
The second term on the right hand side of (J.1) can be bounded as
ne Y amees [ 160G+ p5/M e
p#0 A/M
2 N—{-1 0 2
_ @+p+)a/M) _ (w+pA/M)
< Ay (A/M) {Z A, Z+p/ e 202(z) g+ Z am7g+p/ e 2uwl(z) dx}
—— A/M - —A/M
p= P
A/M (e pA/M)2 Nl pA/M (o payin?
p=1 Y0
(A/M A/M g2
< o (A/M)%e ) (Se+ SN@)/ e e d.
0
(J.11)
In summary, the amplitude of I(2)e,, ((2) can be bounded as
0 2
1(2)|em.(2)] < / (O tmisp|G(a + pA/M)|) da
—AIM -y
+2aleamg+p/ (,2)||G(x + pA/M, z)|dx

p#0 (Jl?)

(A/M)2 A/M g2
2@wnkwﬂ@+&zo/ e d
0

<A/M>2 ) A/M 2
+e v (S74+S% 1)/ e w6 dx]
0

It is obvious that for each ¢ we have Sy+ Sy_¢—1 < 2Sn, and S? +5%_, | < 25%. Therefore
we have

(A/M)2 A/M 22 (A/M)2 A/M 2
1(z)|eme(2)] < 4(A/M)? [e 2u? SN/ e G dr +e v’ Sy e W= da:} (J.13)
0 0
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Note that

1 k;A/M 22
<14 —— / e 222G dx
k=1 7 (k=1)A/M (J.14)

1 (N-1)A/M 22
<14 — ~2w2(2)
< +A/M/0 e T

5 ()

where the error function is defined as erf(x) = \% IS e " dt. Denote r(z) = m and the

above result can be expressed as
Sy <1+ grl(z)erf((N —1Dr(2)). (J.15)
Also note that the integrals are
A/M 22
/ e 7@ dr = V2w(z)erf(r(2)), (J.16)
0

and

/A/M efwgii)dx = w(z)erf(ﬁr(z)). (J.17)

Finally, we have the bound

(A/M)? A/M 22 (a/10)? A/M _ 22
() ems(2)] g4<A/M>2{€ =T Sy / e #Odr e Sy | e w2(2>d4
0 0

< 4(A/M)*w(z) {\/5(1 + gr_l(z)erf((N - 1)r(z)))erf(r(z))er2(z) (J.18)
+ (1 + grl(z)erf((]\f — 1)7“(2))) erf(\/ir(z))ez’"Q(z)].
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