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ABSTRACT

COMPRESSIVE MEASUREMENT DESIGN FOR DETECTION AND ESTIMATION
OF SPARSE SIGNALS

We study the problem of designing compressive measurement matrices for two sets of
problems. In the first set, we consider the problem of adaptively designing compressive mea-
surement matrices for estimating time-varying sparse signals. We formulate this problem as
a Partially Observable Markov Decision Process (POMDP). This formulation allows us to
use Bellman’s principle of optimality in the implementation of multi-step lookahead designs
of compressive measurements. We introduce two variations of the compressive measurement
design problem. In the first variation, we consider the problem of selecting a prespecified
number of measurement vectors from a predefined library as entries of the compressive mea-
surement matrix at each time step. In the second variation, the number of compressive
measurements, i.e., the number of rows of the measurement matrix, is adaptively chosen.
Once the number of measurements is determined, the matrix entries are chosen according
to a prespecified adaptive scheme. Each of these two problems is judged by a separate per-
formance criterion. The gauge of efficiency in the first problem is the conditional mutual
information between the sparse signal support and the measurements. The second problem
applies a linear combination of the number of measurements and the conditional mutual in-
formation as the performance measure. We present several simulations in which the primary
focus is the application of a method known as rollout. The significant computational load
for using rollout has also inspired us to adapt two data association heuristics in our simula-
tions to the compressive sensing paradigm. These heuristics show promising decreases in the
amount of computation for propagating distributions and searching for optimal solutions.

In the second set of problems, we consider the problem of testing for the presence (or
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detection) of an unknown static sparse signal in additive white noise. Given a fixed mea-
surement budget, much smaller than the dimension of the signal, we consider the general
problem of designing compressive measurements to maximize the measurement signal-to-
noise ratio (SNR), as increasing SNR improves the detection performance in a large class of
detectors. We use a lexicographic optimization approach, where the optimal measurement
design for sparsity level k is sought only among the set of measurement matrices that satisfy
the optimality conditions for sparsity level £ — 1. We consider optimizing two different SNR
criteria, namely a worst-case SNR measure, over all possible realizations of a k-sparse signal,
and an average SNR measure with respect to a uniform distribution on the locations of the
up to k£ nonzero entries in the signal. We establish connections between these two criteria
and certain classes of tight frames. We constrain our measurement matrices to the class of
tight frames to avoid coloring the noise covariance matrix. For the worst-case problem, we
show that the optimal measurement matrix is a Grassmannian line packing for most—and
a uniform tight frame for all—sparse signals. For the average SNR problem, we prove that
the optimal measurement matrix is a uniform tight frame with minimum sum-coherence for

most—and a tight frame for all—sparse signals.
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CHAPTER 1

INTRODUCTION

Over the past few years, considerable progress has been made towards developing a
mathematical framework for reconstructing sparse or compressible signals.! The most no-
table result is the development of the compressed sensing theory (see, e.g., [2]-[7]), which
shows that an unknown signal can be recovered from a small (relative to its dimension) num-
ber of linear measurements provided that the signal is sparse. Thus, compressed sensing and
related sparse recovery methods have become topics of great interest, leading to many excit-
ing developments in sparse representation theory, measurement design, and sparse recovery
algorithms (see, e.g, [8]-[14]).

Early results in compressive sensing show that the exact recovery of a sparse signal or
computing a good estimate of a compressible signal can be achieved with a high probability
if compressive measurement matrices with random Gaussian or Bernoulli entries are used for
measuring the signal. Since then, numerous methods for designing the compressive measure-
ment matrix have been proposed (see, e.g., [15]-[20]). For example, the work in [19] provides
a deterministic structure for the measurement matrix which requires more measurements
to recover the sparse signal but the overall computational cost is much lower than the ran-
dom design. Recently, more realistic settings for the sparse signal recovery problem have
been considered (see, e.g., [21] and [22]), opening new horizons for alternative compressive
measurement designs.

The traditional compressive sensing methods are non-adaptive in the sense that the

LA vector X = [x1,29,...,2n]7 is sparse when the cardinality of its support S = {k : x;, # 0} is much
smaller than its dimension N. A vector x is compressible if its entries obey a power law, i.e., the kth largest
entry in absolute value, denoted by |z, satisfies ||y < C, - k™", r > 1 and C, is a constant depending

only on 7 (see, e.g., [2]). Then ||x — x |1 < VEC. - k="t where x}, is the best k-term approximation of x.



measurement matrix is determined in advance, prior to receiving any measurements of the
sparse signal. The recent theoretical result in [23] shows that, in a certain asymptotic sense,
adaptive designs have limited performance advantage over traditional non-adaptive schemes.
On the other hand, several works (see, e.g., [24]-[28]) have proposed adaptive designs for
certain scenarios, showing (non-asymptotic) improvements resulting from adaptation under
these scenarios.

The above works all assume a static sparse signal. This means that over time, the
locations and values of the nonzero entries of the sparse signal stay constant. Although
this assumption is valid in some applications, in many practical scenarios, considering a
static signal seems unrealistic. Examples of time-varying sparse signals arise naturally in
target tracking, high-speed video capturing, time-varying multi-path in communication, etc.
However, little attention has so far been paid to the time-varying case (notable exceptions
being [29]-[33]), where one would expect adaptation to play a more significant role.

In the first part of this work, presented in Chapter 2, we study the problem of adaptively
designing compressive measurement matrices for estimating time-varying sparse signals. We
take a unique perspective that enables melding compressive sensing and data association
techniques for multi-target tracking: We view the time-varying s-sparse signal of dimension
N as a representation of the combination of target locations (the vector support) and target
values (the non-zero values located at the support indices) of s targets moving over N possible
locations according to a discrete motion-model. We assume that only the target locations
and not the target values vary over time.

We present two problems in which our main goal behind solving both of them is to
estimate the support of the time-varying sparse signal at different time steps. These two
problems present two variations of the support identification problem of sparse signals. Also,
both of these problems lend themselves to adaptive measurement solutions, successively
selecting action inputs as observations are collected. We formulate each problem as a finite-

horizon partially observable Markov decision process (POMDP) (see [34] and [35]). This



formulation enables us to bring to bear Bellman’s principle of optimality.

The POMDP framework accommodates two categories of adaptive solution methods, al-
lowing their implementation and comparison. These two categories are known as “l-step
lookahead” or “myopic” and “multi-step lookahead” methods in the literature, respectively.
Throughout several simulations in Section 2.4, we show that our adaptive designs outper-
form the non-adaptive schemes in all of the presented scenarios. However, when comparing
the performance of myopic vs. multi-step lookahead designs, several factors such as the
performance criterion of the problem or the POMDP action space influence the performance
difference between these two designs. This is because the multi-step lookahead methods can
perform better than myopic solutions only when there is a benefit in accounting for “long
term” effects. We verify this claim throughout our simulations.

The work presented in Chapter 2 can be used for estimating any time-varying sparse
signal with any number of nonzero entries. Note that once we assume more than one nonzero
moving entry in the signal, we must consider the problem of data association (see, e.g., [36]—
[38]) that naturally arises in our problem. Therefore, we have to modify our POMDP
formulation (Section 2.2) accordingly to take this problem into account.

It is well known that solving a POMDP problem exactly is typically computationally
prohibitive (see, e.g., [39] and [40]). In our simulations for this work, we apply a few approx-
imation techniques that decrease the existing computation volume. We will introduce these
techniques in Section 2.2.2.

As mentioned earlier, the major part of the effort in the compressive sensing literature has
been focused on estimating sparse signals. Hypothesis testing (detection and classification)
involving sparse signal models, on the other hand, has been scarcely addressed, notable
exceptions being [41]-{45]. Detecting a sparse signal in noise is fundamentally different
from reconstructing a sparse signal, as the objective in detection often is to maximize the
probability of detection or to minimize a Bayes’ risk, rather than to find the sparsest signal

that satisfies a linear observation equation.



We note that in the compressed sensing literature the term “sparse signal detection” often
means identifying the support of a sparse signal. However, in the second part of this work,
presented in Chapter 3, we use this term to refer to a binary hypothesis test for the presence
or absence of a sparse signal in noise. The problem is to decide whether a measurement
vector is a realization from a hypothesized noise only model or from a hypothesized signal-
plus-noise model, where in the latter model the signal is sparse in a known basis but the
indices and values of its nonzero coordinates are unknown.

Existing work (e.g., see [41]-[43]) is mainly focused on understanding how the perfor-
mance of well-known detectors (e.g., the Neyman-Pearson detector) are affected by mea-
surement matrices that have the so-called restricted isometry property (RIP). The RIP
condition for the measurement matrix is sufficient for the minimum #¢;-norm solution to be
exact (or near-exact when the measurements are noisy) (e.g., see [5]). A fundamental result
of compressed sensing has been to establish that random matrices, with independently and
identically distributed (i.i.d.) Gaussian or i.i.d. Bernoulli entries, satisfy the RIP condition
with high probability. The analysis presented in [41] and [42] provides theoretical bounds
on the performance of a Neyman-Pearson detector—quantified by the maximum probability
of detection achieved at a pre-specified false alarm rate—when matrices with i.i.d. Gaussian
entries are used for collecting measurements. In [43], the authors derive bounds on the total
error probability for detection, involving both false alarm and miss detection probabilities,
but again for measurement matrices with i.i.d. entries. Finally, in [44] and [45], the authors
develop compressive matched subspace detectors that also use random matrices for collecting
measurements for detecting sparse signals in known subspaces.

The body of work reported in [41]-[45] provides a valuable analysis of the performance
of different detectors, but leaves the question of how to design measurement matrices to
optimize a measure of detection performance open. As in the case of reconstruction, ran-

dom matrices have been studied in these papers in the context of signal detection primarily



because of the tractability of the associated performance analysis. But what are the neces-
sary and sufficient conditions a compressive measurement matrix must have to optimize a
desired measure of detection performance? How can matrices that satisfy such conditions be
constructed? Our aim in Chapter 3 is to take initial but significant steps towards answering

these questions.



CHAPTER 2

ADAPTIVE ESTIMATION OF TIME-VARYING

SPARSE SIGNALS

2.1 Introduction

In this chapter, we study the problem of adaptively designing compressive measurement
matrices for estimating time-varying sparse signals. As mentioned in Chapter 1, we view the
time-varying s-sparse signal of dimension N as a representation of the combination of target
locations (the vector support) and target values (the non-zero values located at the support
indices) of s targets moving over N possible locations according to a discrete motion-model.

At each time step k, the locations and strength values of these targets can be represented
by an s-sparse vector x;, in RYV. In this chapter, we call an N-dimensional signal s-sparse if it
has at most s < N nonzero entries. Moreover, we assume that only the target locations, or
equivalently the support of the sparse signal x;, change over time and not the target values.
Our goal is to estimate the support of the sparse signal at each time step from compressive
measurements.

During each time step k, we collect 1 < [ < [ measurements (Iyax is a prespecified
integer), represented by the lg-vector yx = [y1,¥2,...,u,]", according to the linear model
Vi = Apx; + wy. In this model, A, € R**¥ is a compressive measurement matrix with
rows Ay(i), i =1,..., 1, and wy ~ N (0,021, ), where N'(0,,,021,,) denotes the l;-variate
normal distribution with the zero mean vector 0;, and the covariance matrix 021, , and I;, is
the (I x l;) identity matrix. We assume that ||Ag(i)|[[a =1fori=1,...,[yand k=1,...,m.
Also, we assume that at each time step, the movement of the targets is independent of the

measurement matrix Ay or the number of measurements /. Thus, at any time step, multiple



targets can move to the same location, effectively reducing the number of nonzero entries in
the signal to less than s.

We now introduce two problems of interest. These problems both contain the essence of
compressive sensing as described above. At the same time, each problem presents unique
goals and constraints. The differences in these problems ultimately define the type of their
favored solution methods.

Problem 1. Fix [, =1 for k =1,2,...,m, where 1 <[ < [, is a fixed integer. Our
goal is to sequentially select measurement matrices Ay, k = 1,2,...,m, from a prespecified
library to maximize a measure of performance for estimating locations of the nonzero entries
(support) of the sparse signal x; at each time step k. The performance measure for this
problem is the conditional mutual information between the measurement vector y; and the
support of the signal x; given the previous measurements.

Problem 2. Here, [ is not fixed and is, in fact, the action input chosen sequentially
at each time step, k = 1,2,...,m,. Once the value [} is chosen, the measurement matrix
A, is constructed using a prespecified scheme, explained in Section 2.4. The performance
criterion in this problem is defined as a weighted sum of the number of measurements [,
and the conditional mutual information between the measurements and the support of the
sparse signal at each time step.

The problems introduced above present two variations of support identification for sparse
signals. We formulate each problem as a finite-horizon partially observable Markov decision
process (POMDP) (see [34] and [35]) in Section 2.2, which enables us to bring to bear
Bellman’s principle of optimality. When variations of Problem 1 have been considered in
the compressive sensing literature, the common solution approach is categorized as a “1-
step lookahead” or “myopic” method. In other words, only the performance at the current
time step is considered when selecting the compressive measurement matrices. Although
Section 2.4 includes results from 1-step lookahead methods, our primary focus in this work

is the application of “multi-step lookahead” solutions.



It is important to realize that multi-step lookahead methods can perform better than
myopic solutions only when there is a benefit in accounting for long-term effects. Several
factors play a role in providing such benefits. The performance criterion of the problem
and the action space restrictions are examples of such factors. In this work, throughout
several simulations, we show that although adaptive designs outperform the non-adaptive
schemes, the performance criterion and the action space of Problem 1 preclude the multi-
step lookahead solution from surpassing the myopic solutions. The alterations in Problem 2,
namely the action space and the performance measure, exemplify long-term considerations
where the performance of multi-step lookahead solutions exceeds that of myopic schemes.
We verify this claim throughout several simulations in Section 2.4.

It is well known that solving a POMDP problem is typically computationally prohibitive.
The following approximation techniques, presented in Section 2.2.2, decrease the computa-
tion volume, alleviating some of the conventional concerns:

1) We introduce two heuristics that are motivated from the well known techniques joint
probabilistic data association (JPDA) and multiple hypothesis tracking (MHT) in the target
tracking literature (see, e.g., [46]-[48]) to simplify the update of the belief state in the
POMDP.

2) In the multi-step lookahead variation of our method, we use an approximation method,

known as rollout (see [49]), to estimate an optimal solution for the POMDP.

2.2 POMDP Formulation

First, we formulate the problems introduced above as POMDPs. Since most of the
POMDP elements for these two problems are similar, we present one POMDP formulation,
but clarify the differences in the formulation of each problem where it is necessary.

States and Transition Law: The s-sparse vector x;, is fully characterized by its support
(the locations of the targets) and the strength values (the values of the nonzero entries).

Therefore, we take the state of the POMDP at time k to be sy = (dy, vi), where d and vy



are (s x 1) vectors. The ith entry of these vectors, dj (i) and vi(i), represent the location
and the strength value of the ith target at time k, respectively. Let the set 2 be defined
as Q = {1,...,N}. Also, let Q, be the set containing all the (s x 1) vectors d such that
d(z) € Q for i = 1,...,s. Note that by using this definition for €, we are allowing any
group of targets to be in the same location at the same time. Therefore, the cardinality of
the set €, is equal to |Qs| = N*. The POMDP state space is then defined as the Cartesian
product § = (Qs x R?).

The state transition law of the POMDP, defined by the movement of the targets, is
independent of our actions. Although the above definition for the POMDP state allows for
the strength values of the targets to change over time, we make the simplifying assumption
that these values stay constant over time. Accordingly, the state transition law of the

POMDP can be described as:

Ped, V = Z,
P{spt1 = (d,v)[sk = (e,2)} =
0, otherwise,

where peq is the probability that targets in locations represented by the vector e transition
to locations represented by the vector d. Depending on the movement of the targets, the
probabilities peq could have different values. For example, if we consider the case where
targets stay in the same locations at all time steps, then peq = 1 if e = d, and peq = 0 if
otherwise.

Actions: In Problem 1, the action at each time step k is the selection of the measurement
matrix Aj. Therefore, the action space A is a prespecified subset of all matrices A € R>*N
such that, for each row A(7),i =1,...,1, ||A(7)|| = 1. In Problem 2, choosing the number
of measurements [;, at each time step k is the POMDP action. In this case, the action space
A is the set of natural numbers. For simplicity, we use the notation u; for the POMDP
action at time k for both problems.

Observations and Observation Law: The POMDP observations are the measure-

ments y; at each time step k. The observation law can be described in the following way:



Given s, = (d,v) and the matrix Ay = A at time step k, it can be easily shown that
vi|(sk = (d,v),Ar = A) ~ N(Aqv,021, ), where Aq is a matrix whose ith column is the
d(7)th column of the matrix A.

Cost: Let I(yg; di|Hg) be the conditional mutual information between the signal support
d; and the measurements yy, given the history Hy = {uy,y1,...,ux, ¥ }. The per-time-step
cost ¢k (sg,uy) for Problem 1 is then simply defined as ci(sy,ux) = —I(yx;dg|Hy). For
Problem 2, the cost is a combination of the number of measurements [ and the conditional
mutual information I(yy; dg|Hy) at each time step k. More specifically, the per-time-step
cost is defined as

ci(Sk, ug) = U, — vI(yr; di| H), (2.1)

where v > 0 is a weighting parameter chosen based on the priority of either Iy or I(y; dy|Hg).
For example, if we are not particularly concerned with the number of measurements, then we
choose a large value for 4. On the contrary, if we have to be careful with the total number
of measurements used in m steps, we use a small value for ~.

Belief State: The belief state by at time & is defined as the posterior (conditional)
distribution of the state s, given the history Hy. Using the belief state definition, our
POMDP can be presented as an equivalent Markov Decision Process (MDP) (see [50]). This

MDP, which is also referred to as the belief MDP, has the following components:

1. A state space consisting of all the possible belief states by for the POMDP.

2. A state transition law that is computed using the state transition law and the obser-
vation law of the POMDP. This computation is referred to as the belief state update,

shown in detail in the next section.
3. An action space which is the same as that of the POMDP.
4. A cost Cy(by,uy), referred to as the belief cost, which is defined as:
Ck(bg, ug) = E [cx(sg, ug) | Hy, bi] | (2.2)

10



where the expectation is with respect to the posterior distribution of the state sy given

the history Hj at time step k, i.e., the belief state by.

Using the belief MDP model, we can now apply the approximation methods available in

the literature, specifically rollout [51].
2.2.1 Belief State Update

Let Pg, g, be the conditional probability mass function of d, given Hy, and f, 4, 1, be
the conditional density function of v, given d; and Hy at time step k. Consider a simple
example, shown in Fig. 2.1, where there are three nodes, e, ey, and es, representing the
possible signal supports at any time step. Fig. 2.1 also displays the links between nodes,
representing allowed support transitions. For example, there are two possible transitions
arriving at e;, namely, those originating from nodes e; and e;. Attached to the initial
node of each link is a weight value, computed from a prior conditional probability mass
function, and also a prior conditional density function. Upon choosing an action and receiving
measurements, we can compute a posterior weight value as well as a posterior density function
for the terminal node of the link.

To clarify, consider the selected route, comprised of successive links and outlined in red
in Fig. 2.1, that begins at node e3 at time £ = 1 and after passing through node e, at time
k = 2, it finally arrives at node e; at k = 3. At time k = 1, once measurement y is received,
we can compute the posterior weight value Py, |n, (e3|H1) and the posterior density function
fvijdi,m (-les, Hy) using the initial prior functions Py, and fya, (this calculation is shown
later in this section). Then, examining the link from e to e, the prior weight and density
function attached to node es for the next time step are Py, |, (e3|H1) and fy,ja,,m, (-|es, H1),
respectively. The prior values are updated using the received observations, resulting in
the posterior weight and density function Py, |a,,m, (€2l€s, H1) and fy, |4, .do,m, (-|€2, €3, H1),
respectively. For the next link in the route from e, to e;, the prior weight and density

function used for ey will be the posterior weight and density function of this node at k = 2,
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i.e., Pa,jao,m (€2]es, H1) and fy,|a,.do,m, (-|€2, €3, H1), respectively. Again, after choosing an
action and receiving measurements, the posterior weight Pa,a,m,(€1]|€2, H2) and posterior
density function fy,|d,.d,,m,(-|€1, €2, Ha) for node e; are computed.

It is important to realize that after the first time step, the posterior weight and density
function for the ending node of any link are always conditioned on the initial node of that link.
Thus, knowing the positions of the targets and their prior weight and density at the previous
time step is required. At any time step k, given each possible link, we define an ordered tuple
T consisting of four elements: the terminal node, the initial node, the prior weight value,
and the prior density function attached to the initial node and let 7(7) be the ith element of
the tuple. For the same route used in the above example, the tuple defined for the link from
e3 to ey is T = (es, €3, Pa,jm, (€3|H1), fuija,,m (|€3, H1)). Analogously, the tuple for the last
link in this route, from e, to ey, is 7 = (e1, €2, Payjd, 1, (€1]€2, H2), fy,|ds.dy 1, (-€1, €2, H2)).

At any time step, multiple tuples with the same initial and terminal nodes may exist.
For example, in Fig. 2.1, from time k£ = 2 to time k£ = 3, there are two links starting at es
and ending at e;. These two links can be distinguished by the unique priors attached to the
starting nodes of either link. Let 7, be the set containing all the possible tuples at time step
k. Also, define Trq to be Tra = {7 : 7 € T, 7(1) = d}, the set of all tuples representing
links ending with support d at time k. At each time step k, the number of possible links,
which depends on the number of initial nodes and the state transition law, determines the

cardinality |7x| of the set T, which increases exponentially as time evolves. We will discuss

e €3
k=1
k=2 ey ez e
k=3
e e € e €2

Figure 2.1: A simple example showing the construction of various paths from only three
support possibilities e, ey, and e3 over time.
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this issue later.

Recall that the state of the POMDP at time step k is s, = (dg, vg). The belief state
by is the posterior joint distribution of d; and v, given Hj, or equivalently, the functions
Py, and fy,|a,,m,. Therefore, updating the belief state by is equivalent to updating these
functions. Moreover, given y, =y and u, = u, the functions f, q,,#, and Pg, g, can be
computed from Pg,a, , .z, and fv,|d, .4, .5, using Bayes’ rule and the law of total probability

in the following way:

> retia 9V, d,T) Payja, 1, (A]7(2), Hi)7(3)
ZTETM Pdk|dk717Hk (le(Q), Hk)7(3) ’

ka\dek(V‘daHk) = (2.3)

and,

p (d|H ) ZTET;Q’d Pdk|dk—17Hk (d|T(2>7 Hk)‘l'(3)
d|H. k) = ;
LIk > eco, oreri.. Pagia i (elT(2), Hi)T(3)
where g(v,d,T) = fv,|dp.de_1,m. (V|d, T(2), Hi). Note that the value 7(3) is the prior weight

(2.4)

value of the starting node 7(2) for the link represented by the tuple 7. This means that to
update the belief state by at time step £, it is sufficient to update functions Py, 4, , m, and
Jvildede_,H, for all the possible links that the state transition law allows at each time step.

In this work, we assume a dynamic linear model and a initial Gaussian distribution for
voldp given each dy € Q. Each distribution can be characterized by a density function
fvolde With the mean vector pq, and the covariance matrix Cq,. Consequently, the density
function fy,|d, .4, ,,m,, ¥ = 1, will also be Gaussian, and we use ptq,|q, , for the mean vector
and Cgq,q, , for the covariance matrix.

Given the action u; = u, the measurements y, =y, and the history Hj_;, the functions
Pa,|dy_1,m, and fy,|a,.d,_.,H, can be computed using the following two steps:

1. For a given any link, represented by a tuple 7 in 7y, the following system of linear

equations describes the dynamics of the moving targets along that link:
Vi = Vg-1,

Yi = Ar)Vi + Wy
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In this system, v, ~ N(HT(l)‘T(g), Cra)r2)- The vector v;_; also has a Gaussian dis-
tribution, which is represented by the density function 7(4) in the tuple 7. Therefore, the
values pir(1)jr(2) and Cr(1)jr(2) for the given support pair dj, = 7(1) and dy—; = 7(2) can be
computed by using a Kalman filter. Note that for each possible tuple T € T, we have to use
a separate Kalman filter to update the corresponding prior distribution function 7(4) of the
related link. In the next section, we will discuss the computational issues that usually arise.
Once this update is completed, the value of the function fy,ja,a, ,,m, (V|7T(1),7(2), Hx) for
any v € R? can then be computed.

2. For a given tuple 7 € 7T, the posterior weight value is computed in the following way:

fl(Y> u, 7, T)fZ(T? T)
ZVEE fl(Y7u7 VvT)fQ(V7T)7

Pdk|dk717Hk(T(1)|T<2)aHk) = (25)

where functions fi(y,u,v, ) and fo(v, ) are defined as:
Ly, w v, T) = fyiaedim i (YIV (1), 7(2), 0, Hea),
and,
fo(w,7) = Payja,_,(v(1)|7(2))7(3) = prwmT3),

respectively. Note that the value pr(2),(1), that can be computed from the state transition
law, is equal to zero for the non-existing links from 7(2) to v(1). Moreover, for the function

f1, it can be easily shown that
ykz‘dkv di—1,up, Hyy ~ N(Adkudk\dk,l, Adkcdk\dk,lA:jk + aiIzk),

where Aiik is the transpose of the matrix Ag,. Note that the values pgq,q, , and Cq,q,_,
have already been computed in the previous step.

As mentioned before, after going through the above two steps for all the tuples in 7, and
also computing the functions fy,|a,,m, and Pg, g, given any dj € €, using (2.3) and (2.4),

the update of the belief state by, is completed.
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2.2.2 Computational Issues in the Belief State Update

The belief state update procedure described in the previous section shows the computa-
tions required once measurements are received at each time step. To highlight the computa-
tional issues, consider the extreme case where the transition law Py, q, , allows the targets
to move freely to any position. Also, assume a uniform initial support density function Py,
over ;. Knowing that |Q;| = N®, then for each support candidate dy in €, there would
be N* possibilities for the support d;. Therefore, N?* Kalman filters must be employed to
update the belief state at time k& = 1. Extending this line of thought, at any time &, N*+1)s
Kalman filters are needed which is an exponential increase in computations over time.

Of course in reality, the assumed transition law Py, |4, , does not provide such freedom
for the moving target(s). Although this reduces the number of possible transitions, the
exponential increase in computation remains. This is seen in the following example. Again
assume, at time k = 1, a uniform prior distribution Py, over {2,. However, now assume
the transition law restricts the number of possible transitions for each support candidate to
g < N°®. Following the same argument as above, there are now N®q links involved in the
belief state update at time k = 1 and for time k& = 2, N*¢? links are present. Similarly, N*¢*
links (equivalently Kalman filters) are required for the belief state update at any time step
k.

Obviously, updating the belief state according to the above procedure requires a vast
amount of time and also computational power. To deal with the computational volume we
introduce two techniques explained below. This allows us to examine the proposed solution
methods to Problems 1 and 2 and avoid some of the related computational load.

As we have shown, propagating the entire distribution quickly becomes unmanageable
due to its exponential growth-rate in terms of the number of possible links. This issue is also
a major problem in the context of data association in the multi-target tracking problem. In
this problem, the main question asked is: At each time step, which target does of the collected

measurements at that time step represent? If all the observations-to-target associations were
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considered valid, a similar expansion of the distribution representing the current target states
would occur.

We can consider the procedure in Section 2.2.1 as one of associating the measurements yy
to the possible support-value pairs, which are characterized by their corresponding belief state
components Pg,ja, ,,m, and fv,|d,.q,_,,#,- The similarity to the data association problem
motivated the adaptation of available solutions in the target tracking context. We have
implemented two separate methods based on popular data association algorithms to combat
the expansion of our belief state distributions, namely: multi-hypothesis tracking (MHT)
(see [1]) and joint probabilistic data association (JPDA) (see [46] and [47]).

Algorithm 1: The essential question to ask is how to choose or approximate the proper
Gaussian distributions and weights to represent different possible support candidates along
different possible routes. There are several approaches to accomplish this, e.g., MMSE, MLE,
etc., and in the target tracking literature, there are also numerous implementations applying
these approximations. We model our first method after MHT.

The basis of MHT lies in multi-hypothesis testing wherein a choice must be made between
several concurrent hypotheses based on a sufficient statistic. Given a set of J hypotheses
H= {h,;};le and the measurements y; =y, the simplest version of multi-hypothesis testing
chooses one hypothesis h* based on finding an optimal solution for the following optimization

problem:

h* = arg max {£ (hily) P(hi)} .

where L (h;|y) and P(h;) denote the likelihood given the measurement y and the prior prob-
ability of the hypothesis h;, respectively. The function £ (h;|y) is equivalent to fy,n(y|hs),
the conditional probability density function of the measurement vector y; conditioned on

the hypothesis h. Therefore, the above optimization problem will be equal to

W = arg 1255 {fyin(y,hi)}-

16



In our setting, similar to the target tracking setting, more measurements accrue as time
progresses, providing more information about the underlying state. Obviously, more infor-
mation can help increase the accuracy of the association process. Even in dynamic systems,
observations of future states provide valuable information about the past system states. This
is the basic motivation behind the MHT method.

Consider a time-varying signal estimation problem with a finite horizon of length k.
At each time step, a measurement is acquired through the observation law. Then, the
most accurate selection of a hypothesis is made by collecting all of the measurements and
maintaining each possible association over the entire horizon. This results in a hypothesis
tree, k levels deep. Each level consists of nodes representing the possible support-value pairs
(supports may be repeated) and the corresponding weights Py, x, for each time step k. At
the final time step k = k, applying a multi-hypothesis test to the set of leaf nodes selects
the leaf terminating the most probable route in the tree (most probable with respect the
posterior distribution). This selection not only yields a current estimate of the support and
values that belong to the leaf at the end of the route, but this route, itself, describes the
most probable sequence of support-value pairs. Note, in our setting, the value component
vy of the state has a static transition law, and thus the final estimate of v, would be the
more accurate that the estimates of vi, k < Kk because they would not have benefited from
the later observations.

Let p,(f) be an ordered k-tuple representing the ith possible route at time k. The first

component pl(f)(l) of this tuple is the current node of this route and the last component

pg)(k‘) is the initial node of this route. For example, for the selected route in Fig. 2.1,
which we refer to as the i¢th route, we have the following tuples for time steps k = 1,2, and
k = 3, respectively: pgi) = eg, pg) = (eg,€3), and p:(f) = (e1,eq9,e3). Note that at time
step k, the total number of possible routes is equal to |T|. Let hl(k) be the hypothesis that
at time step k, the ¢th route is the true route. If this hypothesis is true, then this means

that dy = p{’(1),dey = p”(2),....d; = p{’ (k). Additionally, let 2" be the random
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variable representing the true hypothesis; hA®) takes values on set of all hypotheses hgk),
i=1,...,|Tk|, at time step k.

Determining the terminal node of the probable route is done by ranking the possible
routes with their track scores. Let oy be a tuple defined as o = (y1,...,yx). Then, given
the tuple o, = 0, where o = (y, ..., y®), and the history H, = {u® y® .. . u® y®}

at time step &, the track score Spm of the route 7, represented by the tuple p,,f , is defined as
S0 = LITN0) P(R) = fo, 0 (0,h),

where f, ;e is the joint probability density function of o, and h®) at time step k. By

expanding the function f, ), the value of Sp@) is equal to

fyﬁ‘d;i,dri—l;um,Hﬁ,—l (O(’%) ’pg)(l% pf({Z) (2)7 u(n), Hn—l)

XP o0 (2 (1)Pdn 1ld—o,Hy 1( ( )]p ( ), He_1).

Note that all of the components in this expression can be computed using the equations
presented in Section 2.2.1. Looking at (2.5), one can conclude that Sp(z-> is proportional to

S, where
Py

SZ((:;) = Ht(o7 p](;)a Hk7 k)v

k=1
and the function ¢ is defined as

Fyeldede st (000) 08 (1), pi (2), 0 ®) Hy, 1)
Pdl\Hl(pl ( )|H1) k=1.

Therefore, we can use S, equivalently to find most probable route at time step k.
P

Practical concerns such as numerical round-off errors motivate a conversion of S°% to a
P

logarithmic representation, Slo(%, in the following way
Jos

S = Zlog< (0, Py’ ,Hk,k')> .

18



This alternative representation also provides a simple recursive calculation,

Slo(%) = S;O(%) + log (t(oa Pz(j)7 Hy, k)) , k=2,...,K.
k—1

Py

As mentioned earlier, when no approximation techniques are used, the number of pos-
sible routes increases exponentially as time evolves. To deal with this problem, most MHT
implementations use a sliding window to designate when the decision making process begins.
The sliding window heuristic limits the size of the hypothesis tree that must be maintained.
Consider a sliding window of size w. After the first w time steps, a hypothesis test is per-
formed, selecting the current leaf with the maximum track score. The route terminating with
the selected leaf is then traced back w levels in the tree. The node at the base of this branch
and all of its descendants are retained, while all other nodes and branches from time-step
(k — w) onward are discarded. At every time step k > w, a similar pruning of the tree is
performed. The larger the sliding window the better the chances of a correct association due
to the increased information accumulated. Fig. 2.2 illustrates this process for an arbitrary
time step.

The sliding window size must be balanced with the computational time and memory
constraints. The maximum reduction in computation from our MHT based algorithm would
be a sliding window of size one. Thus, a hypothesis test would be performed at every time
step. One data-association technique that uses a sliding window of size one is JPDA (see [46]
and [47]). This is the basis for Algorithm 2, described next.

Algorithm 2: Consider the set 7; defined in Section 2.2.1. Looking at the tuples in
this set, each of which is associated with a possible link, we can find multiple tuples that
all share a similar ending node. For example, in Fig. 2.1, there are 4 instances for node
e; at time step kK = 3. To cope with the computational volume we combine the posterior
weights and distributions attached to different instances of an ending node. More specifically,
at each time step k, instead of keeping all instances of a support candidate d € €2, we
represent the candidate with only one approrimate posterior weight value Pdk‘ m,, (d|H) and

one approximate posterior distribution function kaIdk, m,,(-|d, Hy). This will force each set
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Figure 2.2: This illustration (adapted from [1]) represents a possible hypothesis tree formed
from a time-varying signal scenario. Like numbered nodes indicate that the support has
remained the same over the transition. A sliding window of size w = 2 is depicted and the
pruning action has indicated that the maximum track score belongs to the route represented
by the tuple (eg,e2,€2,e1). Thus, the pruning is done as shown. This has reduced the
computation for the time step k + 1 by 50%.

Te for K = 1,2,..., to have a fixed cardinality equal to the cardinality of the set €1, i.e.,
|Tx| = N°.

To pursue this, consider (2.3). Define o g g, to be

Cr dH, = Pdk|dk717Hk (d|7-(2>7 Hk)7'<3)
o ZTETk,d Pdk‘dkflka <d|7-(2)7 Hk)7(3)

Then, equation (2.3) simplifies to
Forldpm, (VId, Hy) = Z r a1y fyrlddir, i, (V|d, T(2), H).
T€Tk,d
This is the representation of a Gaussian mixture with weight values o gz, and Gaussian
components fy,|a,.d,_,,m,- Given dp = d at time step k, the mean pq of this mixture will
be equal to

Ha = Z a-r,d,Hk/vakldk,dk_l,Hk<V‘da7(2)7Hk‘)dv: Z Qr d,Hy Hd|T(2)-

7'67’1@,d v TeTk’d

20



Also, the covariance matrix Cq of this mixture can be computed in the following way:

Ca = E|[(vi|d, Hy)(vi|d, Hy)'] - l"’dl":i

= Z &T,d,Hk/VV,ka|dk,dk1,Hk(V|d;T(2)aHk‘)dV_ﬂ'du':1

TE'TJ“d v

- Z Qr.d, Hy, (Cd\T(Q) + Md‘7(2)l’l’:ﬂ‘r(2)> - Ndl":i'

TE€Tk,d
Now, we approximate the Gaussian mixture density function with a regular Gaussian density
function ka\dk,Hk("da Hy,) that has the mean pug and the covariance matrix Cq. We apply
this approximation to all the support candidates in 2.

To further decrease the computation volume, we first compute Pqy,|m, (d|H}) for all pos-
sible support values d € ), using (2.4). We then prune this probability function by keeping
a certain number h of the weights with the highest probability values in Py, g, and forcing
the rest to be zero. Adjusting the nonzero values to sum to one will result in having an
approximate probability function Pdk| m, to use as the prior at time step k + 1.

This means that at each time step, we will only have h initial nodes instead of N*® nodes.
Therefore, at time step k, instead of using N*¢* Kalman filters for the scenario explained
above, only hq Kalman filters are required to update the belief state. This will decrease the
amount of computation significantly.

As mentioned earlier, the ideas used in Algorithm 2 are motivated by a target tracking
heuristic algorithm known as JPDA. We refer the interested reader to [46] and [47] to learn

more about this heuristic.

2.3 Rollout

In both problems introduced in Section 1, we want to make optimal decisions at each
time step (based on appropriate criteria) by either selecting the measurement matrix Ay or
choosing the number of measurements I, given the history Hy. In Section 2.2, we formulated

these problems as POMDPs. In this section, we describe our solution approach based on
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an approximation method called rollout. Our description relies heavily on well established
ideas and terminology from POMDP theory, which are readily available in [34] and [35].

In principle, the solution to a POMDP problem is, at each time k, a mapping that takes
the history Hj and gives an optimal action from A. However, POMDP theory establishes
that is suffices to find an optimal mapping 7} : B — A for k = 1,...,m, where B is the
set of distributions over the state space S, and A is the actions space. If all actions are
chosen using these optimal mappings, then at time k = m, the predefined objective function
is optimized and the resulting optimal policy m* = {n{,...,n } has been generated.

We refer to the objective function as the expected cumulative cost. Given a policy m =

{m1, ..., mm} the expected cumulative cost is defined as
V(b)) =E ZCka)kaﬂ'k(bk)) b1] : (2.6)
k=1

Subsequently, the optimal objective function value V™" is achieved when m = 7* in (2.6).
By applying Bellman’s principle to (2.6), the optimal objective function V™" and the

optimal policy 7* can be characterized by the following two equations:

Vi (b1) = min(C1(by, u) + E[V;77, (by)[by, u), (2.7)

and
71 (by) = arg muin(Cl (by,u) + E[V™ | (by)|by,ul). (2.8)

Let
Qu—k(br, 1) = Cy(by, w) + E[V;7Z, (byyr) by, u] (2.9)

be the Q-value of taking action u at belief state by. Combining (2.8) and (2.9), we can now

view the optimal action at time k as
mp(by) = arg min Q. (by, u).

In other words, the optimal action can be found at any time step & by identifying the action

with the minimum @-value at belief state by.
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The two summands in (2.9), Cy(by,u) and E[V™", (b 1)|by, u], are the immediate cost
incurred (by u) and the ezpected cost-to-go (ECTG) at the belief state by, respectively.
This breakdown inspires a natural separation in action selection approaches, namely myopic
and non-myopic. Myopic action selection only considers the immediate impact (cost) of the
action u at belief state by. These approximations yield a myopic policy 7 which selects
actions by

7k (by) = arg min Cy(by, u).

In relation to the Q)-values, the myopic policy can be viewed as replacing the ECTG with a
fixed constant, which can be assumed to be zero without loss of generality. In contrast, non-
myopic methods attempt to approximate the ECTG term of the Q-value. If the estimation
of the ECTG is suitable, it will evince the impact of the current action on the future costs
to be incurred. There are several approaches for Q-value approximation [49]. We choose to
implement the rollout method.

base

Rollout replaces the optimal policy used in the ECTG with a so called base policy 72,

creating the following ()-value approximation:

base

Qmr(by, 1) = Ci(by,u) + E[VE " (bgy1)| by, ul.

This approximation differentiates the effects of the actions not only at the current time step
but over the future horizon, providing multi-step lookahead as opposed to the I1-step lookahead
of the myopic policy. It should also be noted that the simulation results presented in the next
section produced by rollout exploit receding horizon control, replacing the remaining horizon
m—k with a fixed value ¥). This “artificial” horizon is regarded as the rollout horizon; rollout
defines a 1-lookahead policy.

The technical details justifying both receding horizon control and rollout can be found
in [49], but we provide the reader with a meaningful result which motivates the use of

rollout. By ranking actions over time with their approximate ()-values, rollout produces a
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policy T = {71, o, ..., Tm}, where
7 (by) = arg min Qo (by, ).

The policy 7 is guaranteed to perform at least as well as the base policy 7€ with respect
to the objective function. In fact, it is common for rollout to out-perform its base policy.
This is related to the fundamental relation of rollout to policy improvement (see [52]).
There are obvious trade-offs between myopic and non-myopic policies. The clear benefit
of myopic policies is the relatively simple computations of Cy(by, u) required for their greedy
action choices, based solely on the immediate cost of an action at the current belief state.
Often, this alone motivates the implementation of the myopic policy. Conversely, non-
myopic approaches must contend with the computational complexity originating from the
inclusion of the ECTG term. In particular, rollout must compute the expected cumulative
cost of the chosen base policy over ¥ — 1 time steps, and this computation is typically done
using Monte Carlo sampling. However, given a scenario where the current action choice
substantially impacts the future outlook, rollout provides a distinct advantage due to its
lookahead property. The results in the following section empirically compare and contrast

the greedy-type policies with rollout.

2.4 Simulation Results

In this section, we present numerical examples for the problems introduced in Section 1.
To better demonstrate the value of adaptivity and in particular, multi-step lookahead poli-
cies, we consider several settings in our simulations. Since each simulation contains a sig-
nificant amount of details about its settings, we briefly explain the goals and the results of
running each simulation.

Our first simulation, Simulation 1, considers a very simple case of a steady state 1-sparse
signal with a highly informative prior distribution of the location of the nonzero entry. We
find solutions for Problem 1 and evaluate the performance of adaptive methods compared

to non-adaptive methods. The results of this simulation indicate, even in such a simple
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scenario, the proposed adaptive methods provide a better performance than the traditional
non-adaptive methods. However, the various adaptive methods, i.e., 1-step and multi-step
lookahead, perform similarly. In the remaining simulations, we primarily provide results for
rollout compared to alternative adaptive methods.

In Simulation 2, an instance of Problem 1, there is a single moving target, i.e., a dynamic
1-sparse signal, that changes its location in an environment with occlusions. When the target
occupies a position with an occlusion, then the measurements are just noise samples. We
assume a uniform prior distribution on the supports, which is less informative than the prior
in Simulation 1. These results again show little-to-no difference between the performance of
1-step and multi-step lookahead policies. Even with the augmentation of the problem with
occlusions and dynamics, multi-step lookahead does not amass extra wuseful information
compared to the 1-step lookahead solution. This relates to the POMDP cost and action
space definitions. The simulations based on Problem 2 explicate this further.

In Simulation 3, we use the same settings of Simulation 2 but we consider solving Prob-
lem 2 instead, using a different POMDP action space and cost. By using this cost, each
method must decide between using more measurements or a reduction in support identifica-
tion accuracy at each time step. The results of this simulation show better performance for
multi-step lookahead compared to the 1-step lookahead.

Simulation 4 is an extension to the general case of having multiple dynamic targets.
This simulation considers two moving targets in a space with occlusions and assumes semi-
informative prior distribution on the supports. Algorithms 1 and 2 from Section 2.2.2 are
applied to maintain reduced computations. The conclusions from Simulation 3 are still
valid, i.e., depending on the performance criteria and the action space of the problem, the

multi-step lookahead has better performance than the 1-step lookahead.
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Figure 2.3: Prior structure used for Py, in Simulation 1.

2.4.1 Simulation 1: 1-Sparse Static Signal (Problem 1)

In this simulation, we consider a simple static scenario. We assume that the signal x;, is
1-sparse in R™ and that its nonzero entry stays in the same location at all times. We further
assume a specific prior distribution on the support of x,. The probability mass function
(pmf) Py, corresponding to this prior is shown in Fig. 2.3. The prior indicates the nonzero
entry of the signal is located somewhere in the first 16 indices of the signal. Our simulations
utilize 100 signal samples and rerun the experiment 50 times for each sample. Each signal
sample is created by drawing a sample from the prior pmf Py, for the locations of the target
and then drawing samples from a N(0, 0?) distribution for the amplitudes.

We consider an instance of Problem 1 in this simulation, where the number [, of mea-
surements per step is set to one, and the total time steps (total number of measurements) is
m = 8. We compare five different (three non-adaptive and two adaptive) methods:

1. Random: In this method, the matrix Ay is a matrix where all its (I x N) entries
are i.i.d. samples from a Gaussian distribution N(0,1/N). We also normalize the rows of
each matrix Ay.

2. Limited Random: Knowing the prior FPy,, when assembling rows of the measure-
ment matrix Ay, we divide each measurement row a(i) into two parts: the first part is a

16-dimensional vector, and the second part is a 59-dimensional vector. We fill the first 16
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entries with i.i.d. random Gaussian samples and normalize the resulting vector to have norm
one. We fill the second part with zeros.

3. Random from Library: Similar to Limited Random, each row of the measurement
matrix Ay is broken into two parts, where the second part is a 59-dimensional vector of
zeros. However, the first part of the rows are chosen randomly from a static library of
50 measurement vectors that together, constitute a Grassmannian line packing (see [53]
and [54]) in R'6.

4. Greedy: In this approach, we also break the measurements rows into two parts like
methods 2 and 3 and we determine the first 16-dimensional part of the vector. As a variation
of our POMDP, we set the decision-making horizon to 1, i.e., at each time step k, we choose
the best vector from the Grassmannian library that minimizes the one-step ahead belief cost
Ck(bg,ug). In other words, the actions are chosen in a greedy manner.

5. Rollout: This solution method is also based on the POMDP, in which at each time
step and for each action candidate from the Grassmannian library, the Q)-value is approx-
imated over a four step horizon. The estimated ()-value, for each candidate action, is the
average 50 (four step) @-value samples. The action with the minimum -value approxima-
tion is selected. The base policy for Rollout is the Random from Library method.

Fig. 2.4 shows the performance of the five methods introduced above. The metric used
in this figure for comparing these methods is the posterior probability of the true support
after m = 8 measurements, i.e., the value of Py, g, (dr|Hs), where dy is the true location
of the nonzero entry of the signal. We have shown the performance of these methods for
different values of signal-to-noise-ratio (SNR), which is defined as SNR = ¢%/02. This figure
shows that variations of POMDP, i.e., Greedy and Rollout, perform similar to each other in
this simple static scenario, but both perform better than the three non-adaptive methods at
moderate and high SNR.

A second experiment is run to see, on average, how many more measurements Random

and Limited Random require in order to reach the performance of Greedy when the same
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Figure 2.4: Performance comparison of all methods in Simulation 1. The dashed lines
indicate the 95% confidence intervals.

metric, Pagm,(dr|Hs), is used for comparison. Fig. 2.5 shows the results for different values
of SNR. The number of measurements for Greedy is set to m = 8 for all SNRs. The plots
suggest that in this simple static scenario with the particular prior used, simply knowing
that the true support lies within the first 16 indices provides significant performance gains
over the random scheme. Moreover, adaptation only provides marginal gains over methods
that exploit the highly informative prior.

We anticipate similar conclusions in the context of Problem 2. That is, due to simple and
static nature of the problem, multi-step lookahead does not offer much advantage over the
single-step lookahead. Also, we anticipate that adaptivity would again offer minimal gain
over the Limited Random method, which exploits the highly informative prior used in this

scenario.
2.4.2 Simulation 2: 1-Sparse Time-Varying Signal (Problem 1 with Occlusions)

We consider a 1-sparse dynamic signal in R? for this simulation. Differing from Simu-

lation 1, we assume a uniform prior for Py, and the presence of occlusions in certain areas.

28



40

<« ||*©Random O

= 35+ . . —-"“ ------- .Q- B

2 -¥-Limited Random o ""~--~_,§0

&

© 30| —Greedy / 1

g !

E 25+ F4 ,

=] [’

o £

= 200 g 1

7 4

= g

P 04

> I5¢ U C T EREEEE O 1

o &= ——

b.D ‘‘‘‘‘‘‘‘ ,.—" ----- -*- ------------ * -------------
10- s . - ¥

E il

]

Zs ,
%3 5 3 3 8 3 18

SNR (dB)

Figure 2.5: Average number of measurements required for Random and Limited Random
to reach the performance of Greedy in Simulation 1.
When the signal support corresponds to occluded locations, the received observations are
simply noise samples, i.e., yy = Wi. The occlusions for Simulation 2 are located at indices
5, 6, 11 and 12. The movement of the target is modeled by the transition law shown in
Fig. 2.6. While this transition law is used as the model, the initial position of the true target
is located at the second index and the target moves one position to the right until reaching
index 20. At this point, the target begins shifting in the reverse direction back to position
one. Finally, the support would revert to its original transition procedure. The horizon of
Simulation 2 is 40 time steps so the boundary condition will be met twice, reversing the
targets motion. Furthermore, the target will be occluded at times k={4, 5, 10, 11, 27, 28,
33, 34}. Finally, we set SNR = 14 (dB) and run the experiment 36 times for both the Greedy
and Rollout and 300 times for the both the Random from Library and the Bhattacharyya
Distance algorithms, which we define below.

Similar to Simulation 1, the scenario of interest is based on Problem 1 where [, = 5. The
policies compared in this set of simulations consists of one non-adaptive and three adaptive

schemes. The action selection is again among a set of measurement matrices. To build this
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Figure 2.6: State transition law for the moving target.

set, we first import a Grassmannian packing consisting of 16 vectors in R, The 16 vectors
that build this Grassmannian packing are then combined into different sets consisting of
five vectors. Note that we are considering every possible combination (without repeats) of
5 vectors among 16 vectors, resulting 4368 sets of vectors. Using the vectors in each set, we
build a (5 x 16) matrix. These matrices are then augmented by inserting four columns of
zeros in the respective occlusion positions. These 4368 matrices now comprise the library of
compressive measurement matrices.

Each matrix in the library is accompanied by a power-vector which will help us “classify”
the matrix. The power-vector ¢ of a matrix A is a (20 x 1) vector where its jth component

da(j) is defined as

YLIAG)
PAl) = S G

Note that A(i)(j) is an entry of the matrix A located at its ith row and its jth column.
These power-vectors portray how the power of the matrix is “distributed” over its different
columns and resemble probability mass functions. The matrix library is then sorted into
400 clusters using the K-medoids algorithm (see [55]). In this clustering algorithm the

Bhattacharyya distance is used to classify the measurement matrices via their corresponding
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power-vectors. Once the power-vectors, and thus the matrices, are classified, each cluster
contains a medoid as a representative member. Then the available actions at time step k are
identified as the cluster Ag(k), whose medoid achieves the minimum Bhattacharyya distance
to P=T x Py, ,|H, ,, where T is the transition probability matrix implied in Fig. 2.6.
These action restrictions are implemented for the adaptive methods described below.

1. Random from Library: This is the only non-adaptive scheme considered in this
set of simulations. It does not abide by the action restrictions of available measurement
matrices. Simply, a single measurement matrix is chosen from the library of 4368 matrices
at random.

2. Bhattacharyya Distance: This is an adaptive heuristic inspired by the findings
in [26] where the measurement should resemble the prior. This is really an extension of the
sorting procedure used for clustering measurement matrix library Ag(k). Once the closest
medoid of the 400 groups is identified, the Bhattacharyya distance is again used to rank
the measurement matrices in the minimum medoid’s cluster. The action selected is the
measurement matrix with the minimum distance from its power-vector to the predicted
support distribution P.

3. Greedy: This action selection process is based on the POMDP with a single step
decision-making horizon. Greedy, as with the Bhattacharyya distance, only considers the
available actions based on the medoid selection. At each time step k, the best matrix is
chosen from the restriced measurement matrix library Ag(k) minimizing the one-step ahead
belief cost.

4. Rollout: This solution method, also based on the POMDP, selects an action, u; €
Ag(k), which minimizes the 3-step lookahead )-value approximation. The base policy used
in this approximation is the Bhattacharyya Distance (method 2).

Fig. 2.7 shows the performance of each method described above over 40 time steps.
As expected, the three adaptive methods out-perform the non-adaptive method (except

in select occlusion areas). However, when comparing Greedy and Rollout, we see similar
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performances. This simulation shows an example of a case where the multi-step lookahead

approach is not gaining extra information compared to the myopic method.
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Figure 2.7: Performance comparison of the four policies described in Simulation 2. The
dashed lines indicate the 85% confidence intervals.

2.4.3 Simulation 3: 1-Sparse Time-Varying Signal (Problem 2 with Occlusions)

We consider another scenario involving a moving target with occlusions. Here, a single
target moves among N = 40 possible locations. The transition law that describes the
movement of this target is shown in Fig. 2.6. Like Simulation 2, we assume a uniform
distribution as the prior Fy,, but the occlusions are now located at indices 6 to 10, 16 to
20, and 36 to 40. For simplicity, we consider the case where the target starts in location 2
and moves one location to the right at each time step. This means that over the duration of
m = 10 time steps, the target will be behind occlusion points from time step 5 to 9. We set
v used in (2.1) to v = 300 and we set SNR = 2.5 (dB). Finally, in this simulation, we use
one signal sample and repeat the experiment 50 times.

We consider this scenario in the context of Problem 2. Here, we adaptively select the
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number of measurements taken at each time step. We set [,,x = 65, meaning at most
65 measurements are requested per time step. After the number of measurements [ is
determined, we use a fixed scheme to design the measurement matrix Ay. The following
describes the scheme used in this simulation: At each time & the jth entry of the measurement

row Ag(7), i.e., Ak(7)(j), is generated in the following way:

o 0, J is an occlusion point,
Ax()() =

xpdk\Hk(ﬂHk)a 0th€1‘W1S€,

where the wvalue z Pay 1, G HR) is a sample drawn from the normal distribution
N (0, Paym, (7|Hi)). Bach row vector Aj(i) is then normalized. The idea of using the func-
tion Py, m, to create row entries in the measurement matrix Ay comes from [26], one of the
early works in adaptive design (1-step) of compressive measurement matrices.

In this simulation, we consider three methods of action selection:

1. Greedy: The best number of measurements which minimizes the 1-step lookahead
POMDP belief cost.

2. Smart: A specific number of measurements [}, < [, 18 selected using the following

rule:

0, 0.95 < «,

5, 0.8 < a<0.95,

15, 0.65 < a <0.8,

I, = (2.10)
45, 0.25 < a < 0.65,

35, 0.15 < o £0.25,

\ 25, a < 0.15,
where o is the fraction of Py, q, at time step k that belongs to occlusion points. This policy
suggests that when « implies the target is somewhere far from the occlusion points with high
probability, a fair (but not exorbitant) number of measurements is used. When the target

approaches the occlusion points, the number of measurements is increased to achieve an

accurate estimate of the target location before it “disappears”.Once the target is occluded,
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there is no point in making any more measurements until the target becomes visible again.

3. Rollout: This is a 3-step lookahead solution method for the POMDP. Rollout chooses
the action which minimizes the total (approximate) cost incurred over three consecutive time
steps. For this method, the Smart policy is the base policy of Rollout. In each run, 150
Rollout trajectories are averaged to estimate the ()-value of each action candidate.

Fig. 2.8 shows the expected cumulative cost of the above three methods. This figure shows
that the Rollout method outperforms the Greedy method, and demonstrates the value of
multi-step lookahead. Moreover, it is interesting to see that both Greedy and Smart methods
perform similarly while the amount of computation required for the Smart is much less that

for the Greedy method.
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Figure 2.8: Performance comparison of all methods in Simulation 3 based on the expected
cumulative cost at different time steps. The dashed lines indicate the 90% confidence inter-
vals.

We have also plotted the posterior probability of true support, i.e., Pa, g, (dr|H), at
each time step k in Fig. 2.9. This figure clearly captures the ability of each method tracking

the moving target. When the target is outside the occlusion area, Rollout improves the
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ability to detect the target location better than the other two methods over time.
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Figure 2.9: Performance comparison of all methods in Simulation 3 based on the posterior
probability of the true support at different time steps. The dashed lines indicate the 90%
confidence intervals.

2.4.4 Simulation 4: 2-Sparse Time-Varying Signal (Problem 2 with Occlusions)

Now, we consider a more general setting in which there is more than one moving target,
i.e., a dynamic s-sparse signal. To keep the amount of computation low, we make several
simplifying assumptions. First, we only consider s = 2 targets that are moving in R?°. Note
that even for this case, there are N* = 400 possibilities for the support d; at each time step.
Second, we consider an initial distribution that only 25% of its entries are nonzero with equal
values. This prior distribution suggests that the first target is located at one of the locations
1, 2, or 3 and the second target is located either at location 19 or 20. We let 02 = 1, and
consider the strength values 1.7 and -1.5 for the first and second target, respectively, which
means that SNR = 4 dB.

Targets 1 and 2 are initially located at positions 1 and 19 and as time evolves, they move

towards each other one index at a time. The transition law that describes the movement of
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each of these targets is the same transition law that was used in Simulation 3 and shown in
Fig. 2.6. Note that these targets move independently from each other. Finally, we consider
five occlusion points located at positions 4, 5,8, 12, and 13.

Our simulation runs for 10 time steps. During this time, the two targets pass through
each other as well as the occluded locations. Table 2.1 summarizes the position of each
target at each time step. This table indicates those time steps in which an occlusion occurs
by a “x” sign next to the position of the target. Based on this table, we expect to see a drop
in the performance of all the methods at time steps 3,4,6 and in particular 7 (where both
targets are occluded). Moreover, at time step 9, when the two targets reach the location 10,
the strength value is equal to the sum of the strength values of the two targets. This means
that at time k£ = 9, the measurements collected are from a 1-sparse signal with the strength
value 1.7 — 1.5 = 0.2. Thus, the SNR value drops to —14 dB and dip in performance is
expected for all methods.

Similar to the previous simulations, the performance is compared across four approaches
in this simulation:

1. Fixed: This is a non-adaptive method, where a fixed value of 30 measurements are
taken at each time step.

2. Smart: This method is similar to Smart method in Simulation 3 but with two
differences: a) The method has been modified to work for 2 targets, and b) The number of
measurements for the different cases in (2.10) changes from 0, 5, 15, 45, 35, and 25 to 5, 10,
20, 55, 40, and 30, respectively.

3. Greedy: Similar to the myopic methods in previous simulations, this is the 1-step

lookahead solution.

k [ 1]2]3]4[5]6 ] 7 [8]9]10
d,() |2 [3[4F[5%[ 6| 7 | 8 |9 10|11
d,(2) |18 [17 |16 | 15 | 14 | 13* [ 12 [11 [ 10| 9

Table 2.1: Target positions over 10 decision epochs in Simulation 4.
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4. Rollout: This method is the 3-step lookahead method and Smart, introduced here,
is the base policy.

To estimate the expected cost in both Greedy and Rollout, we generate 25 samples from
the belief state at each time step and we repeat the experiment for each trajectory 20 times.

In all of the techniques introduced, once the number of measurements [, is selected at
each time step, we build the measurement matrix the same as in Simulation 3. Moreover,
the maximum number of measurements allowed at each time step is [,,.x = 65 and we set ~
to be equal to 293. The values shown in the results here are the average values taken over
36 rounds of simulation.

As mentioned in Section 2.2.2, we implement two heuristics, Algorithms 1 and 2, to
decrease the amount of computation. In one experiment, Algorithm 1 limits the belief state
distribution expansion by maintaining a hypothesis tree with a sliding window of size w = 4,
resulting in approximately 6000 Kalman filters per time step, after the time step £ = 4
(and significantly more before this first pruning action). This is clearly more Kalman filter
computations than Algorithm 2, but yields in a higher probability of support identification.
In a separate simulation, Algorithm 2 approximates the conditional posterior distribution
of the support Py, g, with a distribution Jf’dk| m, that contains only 90 nonzero entries for
k > 1. Therefore, at any point in our simulation (after the first time step), the belief state
update requires only 90 Kalman filters.

Figs. 2.10 and 2.11 show the results from running this simulation when Algorithm 1 is
used. Similarly, Figs. 2.12 and 2.13 show the results from running this simulation when
Algorithm 2 is used. In both set of results, similar to Simulation 3, Rollout has the best
performance among all the methods. Also, notice the performance drop of all methods, as

expected, in the occlusion and the low SNR areas shown in Table 2.1.
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Figure 2.10: Performance comparison of all methods in Simulation 4 based on the expected
cumulative cost at different time steps when Algorithm 1 is used. The dashed lines indicate
the 85% confidence intervals.
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Figure 2.11: Performance comparison of all methods in Simulation 4 based on the posterior
probability of the true support at different time steps when Algorithm 1 is used. The dashed
lines indicate the 85% confidence intervals.
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CHAPTER 3

MEASUREMENT DESIGN FOR DETECTING

SPARSE SIGNALS

3.1 Introduction

We consider the design of low dimensional (compressive) measurement matrices, with a
pre-specified number of measurements, for detecting sparse signals in additive white Gaussian

noise. More specifically, we consider the following binary hypothesis test:

Ho :x =n,

(3.1)
Hi:x =s-+n,

where x is an (/N x 1) vector that describes the state of a physical phenomenon. Under the null
hypothesis Hy, x is a white Gaussian noise vector with covariance matrix Enn'] = (o2 /N)I.
Under the alternative hypothesis H;, x = s + n consists of a deterministic signal s distorted
by additive white Gaussian noise n.

We assume s is k-sparse in a known basis W. That is, to say, s is composed as
s = Vo, (3.2)

where ¥ € RV*V ig a known matrix, whose columns form an orthonormal basis for RY, and
0 € RY is a k-sparse vector, i.e., it has between 1 to k < N nonzero entries. We may refer
to s as simply k-sparse for brevity.

We wish to decide between the two hypotheses based on a given number m < N of linear
measurements y = ®x from x, where ® € R™*" is a compressive measurement matrix that

we will design. The observation vector y = ®x belongs to one of the following hypothesized
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models:

Ho:y = ®n~N(0, (07 /N)22),
Hi:y = ®(s+n) ~N(®s, (07/N)22Y),

(3.3)

where the superscript H is the Hermitian transpose. To avoid coloring the noise vector n, we
constraint the compressive measurement matrix ® to be right orthogonal, that is we force
®P1 =1.

Rather than limiting ourselves to a particular detector, we look at the general problem

of designing compressive measurements to maximize the measurement signal-to-noise ratio

(SNR), under #;, which is given by
SNR = (s" ®”®s)/(c2/N). (3.4)

This is motivated by the fact that for the class of linear log-likelihood ratio detectors, where
the log-likelihood ratio is a linear function of the data, the detection performance is improved
by increasing SNR. In particular, for a Neyman-Pearson detector, with false alarm rate ~,
the probability of detection Py = Q(Q'(y) — v/SNR) is monotonically increasing in SNR,
where Q(-) is the Q-function. In addition, maximizing SNR leads to maximum detection
probability, at a pre-specified false alarm rate, when an energy detector is used. Without
loss of generality, throughout this work we assume that o2 = 1 and ||s||* = ||@]|*> = 1, and so
we design @ to maximize the measured signal energy ||®s||?.

In solving the problem, one approach is to assume a value for the sparsity level k& and
design the measurement matrix ® based on this assumption. This approach, however, runs
the risk that the true sparsity level might be different. An alternative approach is not to
assume any specific sparsity level. Instead, when designing the measurement matrix ®, we
prioritize the level of importance of different values of sparsity k. In other words, we first
find a set of solutions that are optimal for a k;-sparse signal. Then, within this set, we find
a subset of solutions that are also optimal for ko-sparse signals. We follow this procedure
until we find a subset that contains a family of optimal solutions for sparsity levels kq, ko,

ks, ---. This approach is known as a lexicographic optimization method (see, e.g., [56]-[58]).
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Replacing (3.2) in (3.4) yields

|ewo|?
NR = =220
SNR="02/m)

The basis matrix ¥ is known, but the k-sparse representation vector 8 is unknown. That is,
the exact number of the nonzero entries in 0, their locations, and their values are unknown.
The measurement design naturally depends on one’s assumptions about the unknown vector
6. We consider two different design problems, namely a worst-case SNR design and an
average SNR design, as explained below.

Worst-case SNR design. In the first case, we assume the vector 6 is deterministic but
unknown. Then, among all possible deterministic k-sparse vectors 8, we consider the vector
that minimizes the SNR and design the matrix ® that maximizes this minimum SNR. Of
course, when minimizing the SNR with respect to 8, we have to find the minimum SNR with
respect to locations and values of the nonzero entries in the vector 8. To combine this with
the lexicographic approach, we design the matrix ® to maximize the worst-case detection
SNR, where the worst-case is taken over all subsets of size k; of elements of @, where k; is
the sparsity level considered at the ith level of lexicographic optimization. This is a design
for robustness with respect to the worst sparse signal that can be produced in the basis W.
The reader is referred to Section 3.2 for a complete statement of the problem.

We show (see Section 3.3) that the worst-case detection SNR is maximized when the
columns of the product ®W¥ between the compressive measurement matrix ® and the sparsity
basis W form a uniform tight frame. A uniform tight frame is a frame system in which the
frame operator is a scalar multiple of the identity operator and every frame element has the
same norm (see, e.g., [59]). We also show that when the signal is 2-sparse, the optimal frame
is a Grassmannian line packing (see, e.g., [53]). For the case where the sparsity level of the
signal is greater than two, we provide a lower bound on the worst-case performance. If the
number m of measurements allowed is greater than or equal to v/ N, then the Grassmannian
line packing frame will be an equiangular uniform tight frame (see, e.g., [60]-[67]) and the

maximal worst-case SNR can be expressed in terms of the Welch bound. Numerical examples
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presented in Section 3.6 show that Grassmannian line packing frames provide better worst-
case performance than matrices with i.i.d. Gaussian entries, which are typically used in
sparse signal reconstruction.

Average SNR design. In the second case, we assume that the locations of nonzero entries
of 8 are random but their values are deterministic and unknown. We find the matrix ® that
maximizes the expected value of the minimum SNR. The expectation is taken with respect
to a random index set with uniform distribution over the set of all possible subsets of size k;
of the index set {1,2,..., N} of elements of 8. The minimum SNR, whose expected value
we wish to maximize, is calculated with respect to the values of the entries of the vector
0 for each realization of the random index set. The reader is referred to Section 3.4 for a
complete statement of the problem.

We show (see Section 3.5) that for 1-sparse signals, any right orthogonal measurement
matrix @, i.e., any tight frame, is optimal for maximizing the average minimum SNR. For
signals with sparsity levels higher than one, we constrain ourselves to the class of uniform
tight frames and show that optimal measurement matrix is a uniform tight frame that has
minimal sum-coherence, as described in Section 3.5. However, to the best of our knowledge
constructing such frames remains an open problem in frame theory. Therefore, we limit

ourselves to providing performance bounds in the average-case problem.

3.2 The Worst-case Problem Statement

Since all sparse signals share the fact that they have at least one nonzero entry, it seems
natural to first find an optimal measurement matrix for 1-sparse signals. Next, among the
set of optimal solutions for this case, we find matrices that are optimal for 2-sparse signals.
This procedure is continued for signals with higher sparsity levels. This is a lexicographic
optimization approach to maximizing the worst-case SNR.

Consider the kth step of the lexicographic approach. In this step, the vector @ has up to

k nonzero entries. We do not impose any prior constraints on the locations and the values
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of the nonzero entries of #. As mentioned earlier, we assume that |s||> = ||@]|> = 1 and
o2 = 1. We wish to maximize the minimum (worst-case) SNR, produced by assigning the
worst possible locations and values to the nonzero entries of the k-sparse vector 6. Referring
to (3.4), this is a worst-case design for maximizing the signal energy s ®7®s inside the
subspace (®7) spanned by the columns of ® since ®7® is the orthogonal projection
operator onto (®).

To define the kth step of the optimization procedure more precisely, we need some ad-
ditional notation. Let Ay be the set containing all (m x N) right orthogonal matrices ®.
Then, we recursively define the set Ay, k =1,2,..., as the set of solutions to the following

optimization problem:

mgxmsin | ®s||?,
s.t. P c A, (3.5)
sl =1,
s is k-sparse.
In our lexicographic formulation, the optimization problem for the kth problem (3.5) involves
a worst-case objective restricted to the set of solutions Ay from the (k—1)th problem. So,
Ap C A1 C--- C Ay,
Before we present a complete solution to these problems, we first simplify them in three
steps. First, since the matrix ¥ is known, the matrix ® can be written as ® = C¥¥  where C

is an (m x N) matrix. Then, ®¥ = C¥HW¥ = C, and also #P7 = CPHWCH = CCH =1

Using (3.2), the max-min problems (3.5) become

maxmin ||CO|?,
c e

s.t. Ce Bk—h (3 6)

18]l =1,

0 is k-sparse,

where By = Ay, and similar to the sets Ay, the sets By (k= 1,2,...) are recursively defined
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to contain all the optimal solutions of (3.6). It is easy to see that By = {C : C¥H € A;}.

Let Q = {1,2,..., N} and define Q to be Qp = {E C Q : |E| = k}. For any T € Q,
let @1 be the subvector of size (k x 1) that contains all the components of @ corresponding
to indices in T'. Similarly, given a matrix C, let Cp be the (m x k) submatrix consisting
of all columns of C whose indices are in T'. Note that the vector 87 may have zero entries.
Indeed, for cases where the k-sparse vector @ has fewer than k, e.g., [ < k, nonzero entries,
the (k x 1) vector @1 has k — [ zero entries. This is important because our definition for
T and O7 is slightly different than the common definitions used in the compressed sensing
literature, where T" and 87 only contain indices and values related to the nonzero entries of
the vector 0, often called the support of T'. We refer to a member T of 0, as a “k-platform”.
Thus, a k-platform T includes, but is not limited to, the support of the sparse vector 6.

Given T € ), the product CO can be replaced by Cr0r instead. Now, to consider
the worst-case scenario for the SNR, as well as considering the worst @7 that minimizes
|Cr0r||?, we also have to consider the worst T' € Q. Thus, the max-min problem becomes

mcamein n;iTn |CrO7|%,
s.t. C e By, (3.7)
|0r] = 1,T € €.

The solution to (3.7) is the most robust design with respect to the locations and values of
the nonzero entries of the parameter vector 6.

The solution to the minimization subproblem

min HCTGTHQ,
Or
st ||0r] =1,
is well known; see, e.g., [68]. The optimal objective function is Ay, (CHC7), the smallest
eigenvalue of the matrix C#Cyz. Therefore, the max-min-min problem (3.7) simplifies to
- (CH
max min Amin(C7 Cr),
(P) st. CéeB, (3.8)
T € Q.
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At each step k, the optimal compressive measurement matrix, denoted by ®*, is determined
from the optimizer C* of (3.8) as ®* = C*W¥.

Next, we describe how to solve the max-min problem (Pj) in (3.8).

3.3 Solution to the Worst-case Problem

Let c; be the ith column of the matrix C. We first find the solution set A; for problem
(P1). Then, we find a subset Ay C A; as the solution for (P3). We continue this procedure

for general sparsity level k.
3.3.1 Sparsity Level £k =1

If £ = 1, then any T such that |T'| = 1 can be written as T' = {i} with i € Q, and C7 = ¢;

|?, and the max-min

consists of only the ith column of C. Therefore, CCr = cFc; = ||c;
problem becomes
max min ||c;||?,
c i
st.  Ce B, (3.9)
1€ Q.

Theorem 1 The optimal value of the objective function of the maz-min problem (3.9) is
m/N. A necessary and sufficient condition for a matriz C* to be in the solution set By is

that the columns {c:}Y, of C form a uniform tight frame with norm values equal to \/m/N.

Proof: We first prove the claim about the optimal value. Assume false, i.e., assume
there exists an optimal matrix C* € B; for which the value of the cost function is either
less than or greater than m/N. Suppose the former is true. Let C; be an (m x N) matrix,
satisfying C;CH = I, whose columns have equal norm \/W . Then, the value of the
objective function in (3.9) for C = C; is m/N. This means that our proposed matrix
C, achieves a higher SNR than C* which is a contradiction. Now, assume the latter is

correct, that is the value of the objective function for C* is greater than m/N. This means
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miggl |ci|I” = llc;[|* > m/N. Knowing this, we write
1€

tr (C*C*?) = tr (C*C¥) Z lcH)? > Zm/N m.

However, from the constraint in (3.9) we know that C*C* =1, and tr(C*C*#) = m. This
is also a contradiction. Thus, the assumption is false and the optimal value for the objective
function of (3.9) is m/N.

We now prove the claim about the optimizer C*. From the preceding part of the proof,
it is easy to see that all columns of C* must have equal norm \/W . If not, since none of
them can be less than \/W , then the sum of all column norms will be greater than m,

which is a contradiction. Moreover, we write

crCcH = Z ciel = (3.10)

Multiplying both sides of (3.10) by an arbitrary (m x 1) vector x from the right side and
x™ from the left side, we get SN [|c:x||? = ||x||?>. This equation represents a tight frame
with frame elements {c}} and frame bound 1. In other words, it represents a Parseval frame.
Since the frame elements have equal norms, the frame is also uniform. Therefore, for a
matrix C* to be in By, the columns of C* must form a uniform tight frame. [ |

Remark 1: The reader is referred to [59], [63], [69], [70], and the references therein, for

examples of constructions of uniform tight frames.
3.3.2 Sparsity Level k£ =2

The next step is to solve (P3). Since our solution for this case should lie among the family
of optimal solutions for £ = 1, results concluded in the previous part should also be taken
into account, i.e., the columns of the optimal matrix C* must form a uniform tight frame,

where the frame elements ¢ have norm y/m/N.

Given T' € €y, the matrix Cr consists of two columns, e.g., ¢; and c¢;. So, the matrix
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CHC7 in the max-min problem (3.8) is a (2 x 2) matrix:

C;, C; Ci,Cj
P LR

(ci,cj) (¢, ¢y)

From the k = 1 case, we have ||c;||* = ||c;||* = m/N. Therefore,

1 COS (v;;
CCr = (m/N) T,
COS 1

where «;; is the angle between vectors ¢; and c;. The minimum eigenvalue of this matrix is
Amin(CHCr) = (m/N)(1 — | cos aij]). (3.11)

Given any matrix C € By, define coherence pc as

[(ci, ¢))]

c;,cj: columns of C ||Cz|| ||C]|| )

e = (3.12)

Also, let u* be

= min pe. (3.13)

The following theorem holds.

Theorem 2 The optimal value of the objective function of the max-min problem (Ps) is
(m/N)(1—u*). A matriz C* is in By if and only if the columns of C* form a uniform tight
frame with norm values \/m/N and pc- = p*.

Proof: Since our solution must be chosen from the family of uniform tight frames with
frame elements of equal norm \/W , the objective function of (P3) is only a function of
the angle a;;. Using (3.11) and (3.12), it is easy to see that the minimum Ay, (C¥Cr) is
(m/N)(1 — pc). Using (3.13), we conclude that the largest possible value of the objective
function of (Pg) is (m/N)(1 — u*). [

Remark 2: Methods for constructing uniform tight frames with frame elements that have

a coherence p* is equivalent to optimal Grassmannian packings of one-dimensional subspaces,
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or Grassmannian line packings (see, e.g., [53]-[67]). We will say more about this point later
in this work.

Remark 3: In the case where k = 2, the matrix C¥ Cy (where C € B;), for any choice of
T € Qy, is a (2 X 2) matrix with minimum and maximum eigenvalues equal to (m/N)(1 +
| cos a;;]). Therefore, the matrix CH¥Cr with eigenvalues equal to (m/N)(1 £ pc) has the
smallest minimum eigenvalue and the largest maximum eigenvalue among eigenvalues of all
matrices of the form CHECy (for a fixed C and a varying T'). Moreover, among all C € By,
when comparing the resulting submatrices CCyp for T € Q,, the matrix C* with coherence
" has the largest minimum eigenvalue (m/N)(1— u*) and the smallest maximum eigenvalue
(m/N)(1 + p*). This means that given any vector s € R? and T € 2, the following
inequalities hold:

(L= p)lIsl* < ICTsfl* < (1+ )] (3.14)

Recall the definition of Restricted Isometry Property (RIP) (see, e.g., [7]): Let A be a
(p x q) matrix and let [ < ¢ be an integer. Suppose §; > 0 is the smallest constant such that,

for every (p x 1) submatrix A; of A and every (I x 1) vector s,
(1= a)llsll* < [As|* < (1+a)]s]*

Then, the matrix A is said to satisfy the [-restricted isometry property (I-RIP) with the
restricted isometry constant (RIC) 6.

By comparing the 2-RIP definition with (3.14), we can conclude that the optimal matrix
C* not only satisfies the 2-RIP with RIC p*, but also among all matrices that satisfy 2-
RIP and have uniform column norms equal to \/W , it provides the best RIC. Thus,
our solution for optimizing the worst-case SNR for 2-sparse signals is also the ideal matrix
for recovering 2-sparse signals based on methods that rely on the RIP condition for their

performance guarantees.
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3.3.3 Sparsity Level £ > 2

We now consider the case where £ > 2. In this case, T € (), can be written as T =
{i1,i9, - ,ix} C Q. From the previous results, we know that an optimal matrix C* € B

must already satisfy two properties, in addition to C*C* =1T:

e Columns of C* must build a uniform tight frame with equal norm y/m/N (to be in

the set B;),

e The coherence pc- should be equal to u* (to be in the set By).

Taking the above properties into account for C*, the matrix C37Cz. will be a (k x k)

symmetric matrix that can be written as Cx¥Ck = (m/N)[I + Ar] where Ay is

0 cos oy ;, cos o ;.
cos a; 0 ...ocosa;
1112 21k
Ar = , (3.15)
* *
| COS @y COSQ,;, 0 |

where i, # iy € T for the entry cosa ;. in the (ip,is)th location. Then,

ihif
Amin(CHCE) = (m/N)(1 + Amin(A7)). (3.16)
So, the problem simplifies to

max mTin Amin (A7),
(P) st.  Ce B, (3.17)

T € Q.
Solving the above problem is not trivial. It is worth mentioning that, as we will discuss
later, the family of frames lying in the set B, are known to be Grassmannian line packings.
Building such frames is known to be very hard and in fact, for a lot of values of m and N,
no solution has been found so far (see, e.g., [53]). This means that building solutions for

problems (Py) is even a harder task. Nevertheless, we provide bounds on the value of the

optimal objective function.
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Given T' € (U, let 07 ; be

05,1, = 1" —[cosaj; [, inF#if €T (3.18)

iniy

Also, define A* in the following way:

A* = min or . .
TeQ, thtf
inFif€T

The following theorem holds.

Theorem 3 The optimal value of the objective function of the maz-min problem (Py) for

k > 2 lies between (m/N)(1 — (g),u* + A*) and (m/N)(1 — p*).

Proof: Let x;; and y;; be two (k x 1) vectors such that x;; contains values (1/1/2) and
(=1/4/2) and y;; contains values (1/v/2) and (1/4/2) in the ith and jth locations (i # j)

and zeros elsewhere. Then, by using Rayleigh’s inequality, i.e.,

xH Arx

xHx

)\min (AT) S

Y

for the matrix Ay defined above and the family of vectors {x;;} and {y;;} defined by i and j

(chosen from the set {1,2,...,k}), we conclude that A\ (Ar) < —|cos O‘sz| i #FipeT.
Thus,
. . < min (— _ ‘
jr"Iélﬂr}c /\mln(AT) = lhg%réT( | COS azhzf |) H (3 19)
TeQy,

Given T € €, the matrix As can be written as summation of (g) matrices F;, ;. (ip, #

iy € T') where each matrix F

iniy has the entry cos o ; in the (in,4s)th and (is,4,)th locations

and zeros elsewhere. Using matrix properties (see, e.g., [72]), we can write

mln AT § /\mln thf E _l COSs azhzf ‘

zh#szT zh#ifET
TeQy, Teqy,
D S (P SR
ip i €T ip#ipET
TeQy, TeQy
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Therefore,

k
min Ain (A7) > (2)/~L + A" (3.20)

Using (3.16), (3.19), and (3.20) we get

(m/N)(1 = ") > min Auin(C7' C7)

TeEQy
k
> (m/N)(1 - (2) w+ AY). (3.21)
This completes the proof. [ |

3.3.4 Equiangular Uniform Tight Frames and Grassmannian Packings

The inequality (3.21) in Theorem (3) suggests that if all angles between column pairs
are equal, then the optimal value of the objective function of (Pj) for k& > 2 will reach its
upper bound. In this case, the columns of C* € By, in fact form an equiangular uniform tight
frame.

Equiangular uniform tight frames are Grassmannian packings, where a collection of N
one-dimensional subspaces are packed in R™ such that the chordal distance between each
pair of subspaces is the same (see, e.g., [53], [61], and [62]). Each one-dimensional subspace
is the span of one of the frame element vectors c;. The chordal distance between the ith

subspace (c;) and the jth subspace (c;) is given by

d.(i,7) = \/sin® oy, (3.22)

where o;; is the angle between c; and c¢;. When all the oj, 7 # 7, are equal and the frame
is tight, the chordal distances between all pairs of subspaces become equal, i.e., d.(7,5) = d.
for all 7 # 7, and they take their maximum value. This maximum value is the simplex bound

given by

d. = /(N(m —1))/(m(N —1)). (3.23)
Alternatively, the largest absolute value of the cosine of the angle between any two frame

elements is bounded as

max | cos as| = V(N = m) [(m(N — 1))
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The derivation of this lower bound is originally due to Welch [73]. The Welch bound, or
alternatively the simplex bound, are reached if and only if the vectors {c;}¥, form an
equiangular uniform tight frame. This is possible only for some values of m and N. It is

shown in [71] that this is possible only when 1 < m < N — 1 and
N < min{m(m+1)/2,(N —m)(N —m+1)/2} (3.24)
for frames with real elements, and
N < min{m?, (N —m)?} (3.25)

for frames with complex elements. If the above conditions hold, then the optimal solution
for (Py) for £ > 2 is a matrix C* such that its columns form an equiangular uniform tight

frame with frame elements of equal norm y/m/N and angle o defined as

oo (1[(20) (5 ) o

The optimal value of the objective function of (Py) in this case is (m/N)(1 — u*), where

pt = |cosal = /(N —m)/(m(N — 1)).

In other cases where N and m do not satisfy the condition (3.24) or (3.25), the following

inequality provides a tighter bound than the simplex bound for p* for some values of N and

pe > cos [7? ((n];b[\—/;) Flggi))l/(m_l)] .

Applying the above inequalities to (3.21), we conclude that by using a Grassmannian line

m (see [74]):

packing where the k largest angles among angles between column pairs of the matrix C* are
as close as possible to the angle o related to u*, the value of the SNR is guaranteed to be
higher than the computed lower bound. This is, however, a very difficult problem since even
finding Grassmannian line packings for different values of N and m is still an open problem.
The reader is referred to [53] and [62] for more details.

We have thus considered a worst-case design criterion in which we assume nothing about

the vector 8, and our design is robust against arbitrary possibilities of this unknown.
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3.4 The Average-case Problem Statement

In the worst-case problem, an optimal k-platform 7" for problem (Py) is a member of €,
that minimizes ||[Cr0r||*>. In this section, instead of finding the worst-case T', we consider
an average-case problem with a random 7. Let T} to be a random variable taking values

in Qf, uniformly distributed over €. In other words, if we let pi(t) be the probability that

N —1
pk<t): (k‘) s thQk

T, =t where t € (), then

Our goal is to find a measurement matrix ® that maximizes the expected value of the
minimum SNR, where the expectation is with respect to the random k-platform T}, and
the minimum is with respect to the entries of the vector @ on Tj. Taking into account the
simplifying steps used earlier for the worst-case problem in Section 3.2 and also adopting the
lexicographic approach, the problem of maximizing the average SNR can then be formulated
in the following way: Let Ny be the set containing all (m x N) right orthogonal matrices.
Then for k = 1,2,..., recursively define the set N} as the solution set to the following
optimization problem:
méxXETk r%in |Cr, 0%,
st CeNia (3.27)
10kl = 1,
where Ep, is the expectation with respect to Tj. As before, the (m x k) matrix Cr, are the

columns of C whose indices are in 7. The above can be simplified to the following:

max ET )\min(CH CT ),
(Fy) ct S (3.28)

s.t. Ce Nkfl.

3.5 Solution to the Average-case Problem

To solve the lexicographic problems (F}), we follow the same method we used earlier for

the worst-case problem, i.e., we begin by solving problem (F;). Then, from the solution set
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N1, we find optimal solutions for the problem (F3), and so on.
3.5.1 Sparsity Level k£ =1

Assume that the signal s is 1-sparse. So, there are (]f) = N different possibilities to build
the matrix Cz, from the matrix C. The expectation in problem (F;) can be written as:
N
B, Amin(C2 Cr, ) tezﬂ: 1 (D) Amin(CICy) = ; n{iplel? = - (3.29)

The following result holds.

Theorem 4 The optimal value of the objective function of problem (Fy) is m/N. This value

is obtained by using any right orthogonal matriz C € Ny, i.e., any tight frame.

Proof: The first part is already proved. The proof for optimality is very similar to the

proof given in Theorem 1. Thus, N; = N. [ |

Theorem 4 shows that unlike the worst-case problem, any tight frame is an optimal
solution for the problem (Fy).

Next, we study the case where the signal s is 2-sparse.
3.5.2 Sparsity Level k£ =2

For problem (F3), the expected value term Er, )\mim(Cg2 Cr,) is equal to

N j-1
Z p2 mln CHC Z ZPZ {Z .]} mm(c{l ]}C{z j})
teQlo 7j=2 =1

Now, since po(t) = 1/(];[) = 2/(N(N — 1)),Vt € s, we can go further and write

ETQ)\min(C% CTQ) as

N j—1
2 H
N(N-1) > Auin(CHChip). (3.30)
7j=2 i=1

Solving problem (F3) with this objective function is not trivial in general. In fact, claiming
anything about solutions of the family of problems (Fy), k& = 2,3,..., is hard. However,

if we constrain ourselves to the class of uniform tight frames, which also arise in solving
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the worst-case problem, we can establish necessary and sufficient conditions for optimality.
Nonetheless, these conditions are different from those for the worst-case problem and as we
will show next the optimal solution here is a uniform tight frame for which a cumulative
measure of coherence is minimal.
Let M, be defined as M; = {C: C € Ny, ||ci|| = \/m/N,Vi € Q}. Also, fork = 2,3, ...,
recursively define the set M, as the solution set to the following optimization problem:
max Er, )\min(Ci Cr,),

(F)) (3.31)
st. Ce Mk—l-

We will concentrate on solving the above problems instead of the family of problems (Fy),

k=2,3,.... For k=2, we have the following result.

Theorem 5 The matrizx C is in My if and only if the frame sum-coherence

Z;V:z S (e, ¢5)| is minimized.
Proof: For k = 2, the value of A\, (CHCy) for t = {i,j} € Qy is equal to

Amin(Cijy Crigy) = (1/2)(llell” + lleslI* — £, 5)),

where f(i,j) is defined as f(i,7) = \/(||ci[|> — |lc;][?)? + 4{c;, ¢;)2. Now, if we replace this

in (3.30), we get

1 N , N j-1
T NV-1) <(N - 1); sl — J; 2 f(m))
(N—l)m 1 N il m 1 N j-1
N(N—=1) N(N-1) ;2 - Fig) =5 NN 1) ;2 2 f(i. 7)

Since C € M, then using the fact that ||c;|| = /m/N, Vi € Q, we can go one step further

and write the above objective function as



Therefore, solving problem (F;) becomes equivalent to solving the following optimization
problem:
. N i—1
min 23:2 > o lei, el

st. Cege Ml.

(3.32)

|

Theorem 5 shows that for problem (F;)7 angles between column pairs of the uniform
tight frame C should be designed in a different way than for the worst-case problem. Several
articles (though not many) discuss such frames. In [75], the authors introduce a similar
concept where instead of finding the minimum of the above summation, they are looking for
the maximum, and call it the “cluster coherence” of the frame. In [63], where the authors
use frames in coding theory applications, it is proved that the solution to one of the problems
discussed in the paper is found by solving (3.32). However, to the best of our knowledge,
finding such a frame system is still an open problem—there is no known general solution for
problem (3.32). We call the value of the optimal objective function of (3.32) the minimum
sum-coherence. The following lemma provides bounds for the objective function of this

optimization problem.

Lemma 1 For a uniform tight frame C with column norms equal to /m/N, the following

inequalities hold:

-1

abl(N/m —1) =2(N = Dug| <Y > l{eiej)| < ab(N — )i,

<.

§=2 i

() - (552)

Proof. See Section 3.7.

where

3.5.3 Sparsity Level k£ > 2

Similar to the worst-case problem, solving problems (F;;) for £ > 2 is not only a hard task

but also it is not known how to construct frames with the required properties in practice.
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This is because the solution sets for these problems all lie in M5 and the problem (F/Q) is still
an open problem. The following lemma provides a lower bound for the optimal objective

function of problem (F)).

Lemma 2 The optimal value of the objective function for problem (F(k) 15 bounded below by
(m/N)(1 = (k(k = 1)/2)uc).

Proof. See Section 3.7.

3.6 Simulation Results

As mentioned earlier, constructing uniform tight frames with coherence p* is an open
problem for arbitrary (m, N) pairs. However, examples of such frames are available for
modest values of m and N, mostly for 1 <m < 16 and 1 < N < 50 (see [76]). To be more
precise, the examples in [76] are the best uniform tight frames (in terms of coherence) that
the site publisher is aware of. In some cases, these frames in fact have coherence p*. In
other cases, their coherence is larger than p*. For the minimum sum-coherence problem, the
examples are even more scarce, and in fact we are not aware of any examples for (m, M)
dimensions large enough to be of interest to our study. Therefore, we limit our numerical
study to the worst-case problem, where we evaluate the performance of several uniform tight
frames from [76].

In all simulations, we assume o2 = 1 and ||@7| = 1. We present plots of the worst-case

SNR/N, where the worst-case SNR is given by
SNR = min min |®® 072/ (02 /N) = min Amin(CHCE),
T

by fixing two of the three variables m, N, and k£ and changing the third one.

We compare the performance of our robust (worst-case) design C* with that of a matrix
R with i.i.d. Gaussian N(0, (1/m)) entries, which is typically used for signal recovery. To
satisfy the constraint in problem (3.8), we make R to be right orthogonal. The value of the

objective function in (3.8) is averaged over 100 realizations of the matrix R.
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Fig. 3.1(a) shows the worst-case SNR performance for a case where the signal dimension
is N = 50 and the measurement budget m is varied from 10 to 40. In this case, the
condition (3.24) is satisfied and the columns of the optimal matrix C* form an equiangular
uniform tight frame. We can therefore derive an exact expression for the optimal objective

function value based on the Welch bound. For k = 1, this value is equal to m/N, and for

k> 2, it is equal to (m/N)(1 — p*) where u* = /(N —m)/(m(N — 1)).

We also consider cases where the condition (3.24) is not satisfied, due to a relatively
small measurement budget. Here we use Grassmannian line packings to form measurement
matrices. For (N,m) pairs that Grassmannian line packings are not known, we use the
best available packings reported in [76] for those dimensions. Figs. 3.1(b)-(f) show the
performance of such solutions versus the random matrix R for different case. In each case,
we have fixed two of the variables N, m, and k& and have varied the third one. The values
of the objective functions in all these plots are in dB. In all scenarios, the wort-case SNR
performance corresponding to the the optimal design C* is better than the average taken
over 100 realization the random matrix R.

Note that our simulations are only for cases where m, k and N are not very large. As
mentioned above, one of the reasons is that the available uniform tight frames in [76] are
mostly for cases where 1 < m < 16 and 1 < N < 50. Also, for values of N bigger than 25
and k bigger than 5, finding the smallest minimum eigenvalue of all C%” Cs. for different
values of T' is computationally intractable.

It is important to realize that for most values of m and N, the uniform tight frames
used in our simulations have a coherence p that is bigger than p*. In other words, for most
values of m and N, we are actually comparing the performance of a suboptimal solution
matrix instead of the optimal solution with the performance of the random matrix R and
interestingly, the suboptimal solution still has a better performance than the random matrix
R in most, but not all, cases. For example, we notice that in Fig. 1(f), the gap between

two curves decreases as NN increases. This does not contradict with our theoretical results,
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as the plots in Fig. 3.1 do not show the performance of the optimal solution for most values
of m and N after all. Rather they show the performance of the best available uniform tight

frame example for the corresponding (m, N) values.

3.7 Appendix: Proofs of Lemma 1 and Lemma 2

3.7.1 Proof of Lemma 1.

Multiply both sides of CC = I from the left by C and from the right side by C to get
(cfc)? =cfc. (3.33)

The matrix CHC =1 is an (N x N) Hermitian matrix, with (i, j)th element (m/N) cos ay;
and diagonal elements m/N. Using these values, it is easy to see that the matrix (C#C)? is
also a Hermitian matrix with the entry (m/N)Z(ZZ]\L1 cos? aj;) on the jth diagonal location
and the entry

(m/N)?*(2 cos a;j + g: COS (i COS ;)
iy
located in the ith row and the jth column. By comparing the diagonal entries on each side
of equation (3.33), we will get the following family of equations:
my? [ 9 m - N
() (Z ) (B, =t

If we sum up all the above equations, after simplifying, we get!

Z cos® aj; = — (3.34)

!The relation (3.34) is the well-known frame potential condition (see [77])

N
FP = Z l(ci,cj)|? =m

4,j=1

for tight frames, after it has been simplified by enforcing the equal norm assumption.
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If we compare the off-diagonal entries of matrices on each side of equation (3.33), then for
1,j=1,...,N and 7 # 7, we get

m 2 al m
N 2COSOéij+ E COS (v1 COS (v = N COS (5,

1=1,
I#4,5

which simplifies to

=1,

I#i,j
Using the triangle inequality, we write
N j-1 N j-1
m
Eﬂ E [{eire)l = & E ’ | cos oy
7j=2 =1 7j=2 =1
N j-1
> 51
> — COS (vj;
N . J
7j=2 1=1
N j—-1 N
=a E E E COS (vjj COS (Y| -
=2 =1 I=1,
i=2 =l

We replace cos ay; cos ay; with (1/2)(cos? ayy + cos? oy — (cos aiyy — cos ay;)?). The term cos? ay

is repeated 2(N — 2) times in the above summation;

e Once 7 and [ are fixed, there are N — 2 choices left for j to choose the angle ay; in the

product term cos a;; cos Q.

e There are also NV — 2 times that the term cos o is repeated, which is equal to cos ay;.

Therefore,
N j-1 N N j-1
g E cos® ay; + cos? ai; =2(N —2) E g cos? Qi
j=2 i=1 1=1, j=2 i=1
1]

—~

N?/m)— N

= 2N~ 2)—"=
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The right hand side of the above inequality simplifies to

N j—-1 N

(a/2) |[N(N = 2)(N/m — 1) ZZZ@S%—COWU)Q .

It is easy to show that | cosay — cos ;| < 2uc forany i # j #1=1,...,N. So,

N j-1 N N j-1 N
3 -om' > 4555
7J=2 =1 l:l 7j=2 =1 ll;él
i
Similarly, for a fixed i and j, there are N — 2 possibilities for [. Also, there are (];[ ) ways to
choose ¢ and j from N options. Therefore, the lower bound will be larger than
(a/2) |IN(N = 2)(N/m —1) = 2N(N — 1)(N — 2)u¢|
— ab|(N/m — 1) = 2N — 12|
This is the claimed lower bound.
To find the upper bound, we write
N j-1 e
ZZ\ Ci, Cj)| NZ | cos ;|
j=2 i=1 Jj=2 i=1
N j-1| N
=a Z Z COS (v;; COS (v
=2 =1 | =1
1#4,j
N j-1 N
< az Z |cos a; cos
j=2 i=1 =1,
4,5
N j-1 N
RPN
j=2 i=1 =1,
1#1,j
=ab(N — 1)ug,.
O
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3.7.2 Proof of Lemma 2.

Similar to the 2-sparse signals case in Section 3.3, we can write the objective function of

problem (F,) in the following way:

N -1
ETk)\mm (jT,C CTk Z pk mln CHC ) (If) Z )\min(cfct>‘

teQy teQy
Since the matrix C is a uniform tight frame, for any ¢ € ), the matrix C C; can be written
as (m/N)[I+ A;], where the (k x k) matrix A, is defined in (3.15). Similar to the worst-case

design, we can derive the following inequality:

m
)\min(CtHCt) > (N)(l - Z |COSOém'h’)

i #ip €t,
teQy,

> (0= (4 o)

m
= (51 = (k(k = 1)/2)pc).
Taking the expectation, we get

Eg huin(CF,Cr,) 2 p D ()1 = (k(k = 1)/2)c)

teQy

— (]Z) (%)(1 — (k(k —1)/2)uc)
= ()1 = (k(k = 1)/2)nc).

This completes the proof.
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CHAPTER 4

SUMMARY

4.1 Conclusions

In this work, we have studied the problem of designing the compressive measurement
matrix for estimating and detecting sparse signals. In the first portion of this work (Chap-
ter 2), our concentration was on adaptively designing compressive measurements for esti-
mating supports of time-varying sparse signals. We approached this problem from a unique
perspective and studied the problem in the context of multi-target tracking, which enabled
us to apply data association techniques that are available in the literature. In addition,
we formulated this problem as a POMDP, which accommodates two categories of adaptive
methods, namely, myopic and multi-step lookahead methods. This formulation allowed us
to compare the performance of these two categories of adaptive methods not only with each
other but also with other adaptive and nonadaptive methods.

We have provided several simulations that consider different scenarios for both single mov-
ing target (1-sparse) and multiple moving targets (s-sparse). Throughout our simulations,
we have applied an approximation technique known as rollout to decrease the computation
volume that is present when solving a POMDP. Moreover, for the simulations in which there
are multiple moving targets, we have applied two approximation heuristics, that are moti-
vated from the well known techniques MHT and JPDA, to overcome the problem of data
association that naturally arises once the number of targets is more than one.

The simulation results for this work indicate that the adaptive techniques have a better
performance than the non-adaptive traditional designs. But, when comparing the myopic vs.
non-myopic designs, the performance criterion, the POMDP cost, and other factors affect

the performance of each variation with respect to the other. For example, in Simulations 3
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and 4, where we considered occlusion areas in the setting and the goal was to minimize the
total number of measurements, the non-myopic design has the best performance. On the
contrary, in cases where neither of these conditions hold, e.g., in Simulation 2, there is no
difference between the performance of myopic and non-myopic designs and using the latter
design only increases the computation volume.

In the second portion of this work (Chapter 3), we have considered the design of low-
dimensional (compressive) measurement matrices, for a given number of measurements, for
maximizing the worst-case SNR and the average minimum SNR. We have shown an inter-
esting connection between maximizing the two SNR criteria for sparse signal detection and
certain classes of frames. In the worst-case SNR problem, we have shown that the optimal
measurement matrix is a Grassmannian line packing for most—and a uniform tight frame
for all—sparse signals. In the average SNR problem, we have looked for the solution among
the class of uniform tight frames and have shown that the optimal measurement matrix is
a uniform tight frame that has minimum sum-coherence. Our solutions for both problems

provide lower bounds for the performance of the detectors.

4.2 Future Work

4.2.1 Extensions of Adaptive Sparse Signal Estimation

1) In Simulation 2 of Section 2.4, we did not see any difference between the performance
of the myopic design and the multi-step lookahead design. As discussed earlier, the main
reason behind this performance similarity is because of the choice of the action space and
the POMDP cost. We already showed in Simulations 3 and 4 that how modifying the
cost enhances the performance of the multi-step lookahead compared to that of the myopic
design. One possibility to extend the current work is to consider a different action space
for Problem 1 and see how it affects the performances of myopic and multi-step lookahead
designs. For example, the current action space of Problem 1 allows a measurement vector

from the prespecified library to be selected repeatedly. An alternative option to this action
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space would allow the elimination of the selected measurement vector from the library once
it is used. By setting such a constraint, we believe that we are providing an opportunity for
the multi-step lookahead design to over perform the myopic design.

2) The present work only provides numerical results for a limited number of scenarios.
One direction for future work is to develop analytical results that hold for a variety of settings.
For example, currently, we only have an analytical result for rollout in the literature, which
is the evaluation of its performance compared to that of its base policy. Alternatively, we
could establish a lower bound for the performance of the myopic version of our design.

3) The metric that we have commonly considered in Problems 1 and 2 in the performance
criterion is the conditional mutual information I (yy; dy|Hy). This metric is also used in most
of the available work on adaptive compressive sensing in the literature (see, e.g., [23], [24],
and [26]). One possibility for future work is to use alternative metrics as the performance
criterion and evaluate the performance of those designs with the design presented in this
work. For example, since we are currently looking at this problem of time-varying sparse
signal support identification in the context of multi-target tracking, one choice for the perfor-
mance criterion is to consider the distance between the true locations of the nonzero entries
of the signal, di;ye, and their predicted locations, dpreq.. The metric can be then defined as
the error term e(die, dpred.) = || dirue — dprea.||*- Solving Problems 1 and 2 using this metric
instead of I(yy; dx|Hy) will provide us with a minimum mean squared solution.

4) In this work, we have used the rollout method to find a solution for the POMDP
primarily because it decreases the POMDP computation volume and it is also guaranteed
to perform at least as well as its base policy. Although by using rollout we were able to
take advantage of these benefits, our simulations for finding solutions for the multi-step
lookahead designs still took a great amount of time to run. One possible path for future
work is to consider and possibly replace rollout with alternative approximation techniques
such as certainty equivalence control (see [51]) to decrease the POMDP computation volume

even more.

67



5) In the current work, we have concentrated on the problem of measurement selection
from a prespecified library. We can alternatively consider the problem of designing the
measurement matrix, which would be similar to the goal of the work presented in Chapter 3.
To do so, we modify the POMDP action space to be the set of all matrices A € R>*N with

the property that the norm of each row of the matrix A is equal to one, i.e., |[A(i)||* = 1.
4.2.2 Extensions of Sparse Signal Detection

1) The current work in Chapter 3 provides a solution for designing compressive measure-
ment matrices that maximize the SNR. Therefore, by using this design, we are guaranteed
to have good performance for any linear detector that we use. A possible extension to the
current work is to concentrate on designing compressive measurement matrices for nonlinear
signal detectors. Note that by considering any non-linear detector, the performance criterion
would probably be different from SNR.

2) The studied problem in Chapter 3 only considers the presence of measurement noise.
Alternatively, we can consider the presence of signal interference as well as noise in our
setting. This extension would probably relate our work to the matched subspace detectors,
which one can find a great amount of available work about them in the literature (see,
e.g., [78] and [79]).

3) In this work, we have designed a detector that can be considered to be non-adaptive.
A possible extension to the current work is to consider designing an adaptive detector and
evaluate the performance of this detector compared to our current design. Moreover, we can
also consider alternative variations for the adaptive design in which the sparse signal could
be either static or vary over time.

4) When the problem of adaptively designing the compressive measurement matrix for
a static sparse signal is considered, we can study the characteristics of the performance
criterion used in that problem to see if it satisfies the submodularity property (see [80]). If

so, then we can rely on only designing myopic detectors since it is shown in [81] that by using
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such detectors, we are guaranteed to have a performance that is within the 27% interval of
the performance of an optimal detector. This means that it would be very unlikely that a

multi-step lookahead detector could over perform the myopic detector.
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