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ABSTRACT OF DISSERTATION

M ODELING G EO M ETR IC  STR U C TU R E IN NOISY DATA

We present an approach for modeling noisy d a ta  via dimension reduction m ethods. 

Geom etric structures, hidden in the  am bient space defined by the dim ension of the 

observations, are uncovered by the  application of efficient clustering algorithm s, 

based on the exploitation of nearest neighbor interactions. A new bi-directional 

Hebb rule in combination with the  LBG algorithm  was used to  define a  connec­

tiv ity  structu re  among disjoint regions in high-dim ensional space. For a  lossless 

representation of noisy d a ta  the W hitney  Reduction Network was com bined with 

the m axim um  noise fraction filter to  create a m ore accurate model of th e  underly­

ing d a ta  generator while utilizing the  set of unit secants in a sequential algorithm  

to  construct a good quality param eterization of the  d a ta . The nonlinear recon­

struction  of the d a ta  was addressed by the feedback of a model validation test on 

the residuals to  form a radial basis function resource allocation architecture.
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D epartm ent of M athem atics 
Colorado S tate  University 
Fort Collins. Colorado 80523 
Summer 2 0 0 1
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C h a p ter  1

IN TR O D U C TIO N

The modeling and  understanding of “real-world" d a ta  poses a contem porary 

challenge to many intelligent methodologies developed in the  framework of neu­

ral networks, p a tte rn  recognition, statistics, etc. The common goal is often to 

maximize the ex traction  of knowledge abou t the generator of the data, including 

engineering processes, imagery, climate changes, financial m arkets, even humans, 

providing us with a  whole array of complex biomedical signals, e.g., Electrocardio­

gram  (ECG) or Electroencephalogram  (EEG ) recordings. The world wide web has 

contributed to the ease of access and d istribu tion  of enorm ous amounts of data , 

and  may also be regarded as a generator of an  immense volume of information, 

bo th  in text and numeric form. In many cases it may be even critical to  have an 

accurate model of the  observed signal, particu larly  if some kind of abnormal mode 

of operation is encountered, e.g., the failure of a  com ponent in a  chemical process, 

which makes an im m ediate intervention necessary.

The main m ethodology used in this dissertation to  model and to discover 

struc tu re  in data  is based on a geometric approach to dimension reduction m ap­

pings.

1.1 G eom etric  D im e n sio n  R ed u ction

Assume we are provided with a signal in the form of a  large number P  of 

numeric 9 -tuple samples of the process under investigation. W ith  the construction
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of an  appropriate compression m apping we are able to perform a  lossy dimension 

reduction, effectively reducing the amount of samples P  of a  given d a ta  set. Here, 

we lose the ability to  reconstruct the original data, but gain an  approximation 

which is less complex. This may be accomplished, for example by a clustering or 

vector quantization technique, th a t associates prototypes w ith actual d a ta  points.

In a lossless compression of the data, we seek a reduction and  a  perfect recon­

struction  mapping, necessarily leaving the actual dimension of the reduced data  

representation unchanged. Utilizing the geometric approach to d a ta  modeling we 

assum e th a t the d a ta  resides on a geometric object embedded in a larger vec­

to r space, that we are able to  describe mathematically. For the discovery of the 

geom etric structure of the d a ta  we will employ dimension reduction networks.

1 .1 .1  Lossy D im en sio n  R ed u ctio n  U sin g  C lu sterin g

Here, the d a ta  is “squashed" by choosing M  prototypes, or cluster centers, 

as representatives, effectively replacing the entire data set. where M  P. Such 

a reduced representation is necessary as a preprocessing step in m any modeling 

techniques, e.g., as an initial center set for Gaussian mixture modeling as a tool to 

approxim ate the underlying probability distribution of the d a ta  [9], as well as in the 

context of nonlinear function approxim ation via radial basis function neural net­

works [1 1 ], Current problems encountered in constructing a  cluster representation 

using large amounts of d a ta  are the following.

•  The com putational bottlenecks associated with the processing of enormous 

am ounts of d a ta  require the development of fast and efficient algorithms.

•  The exploitation of th e  sparsity of d a ta  located in disjoint regions in high­

dimensional space. In general, the geometric structure of the  d a ta  set should 

be incorporated into current clustering algorithms.
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•  A fundam ental problem in many fields of stu d y  is the need to organize large 

d a ta  sets and  detect useful groupings or clusters, and to establish relations 

among them ; a task usually encountered in the  context of data mining  [15].

The first chapter of this thesis will show how a successful clustering provides us w ith 

a mapping th a t uncovers structural relationships hidden in the data d istribution, 

quantized by some kind of sim ilarity measure, while pruning as many com puta­

tional operations as possible. The novel approaches introduced in this d issertation 

addressing the challenges listed above include1:

o the in troduction  of a  bi-directional Hebb rule to  discover hidden states of the 

data, while using only a small set of cluster centers:

o quantifying local neighborhoods and their exploitation for accelerating clus­

tering algorithm s;

o a rule-based relocation algorithm  of cluster centers based on local neighbor­

hood interactions to increase the efficiency of a  given set of cluster centers.

1.1 .2  L ossless D im en sio n  R ed u ctio n  U sin g  N etw o rk s

The dim ension of the input sensory d a ta  m ight be very high, whereas the 

actual physical phenomenon may be governed only by a few parameters. The task 

is now to uncover these latent variables or hidden states and represent the actual 

observations using a  lower dimensional model. It is often possible to reduce the 

dimension of the  d a ta  due to the fact that the observables of the system under 

investigation contain irrelevant measurements and represent correlations between 

the hidden sta tes of the process. In addition m any measurements contain high

C urrent problems associated with a method are presented in a •-list. The proposed solutions 
this dissertation presents are summarized in a o-list.
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levels of noise. In a geom etric approach we would separate  the noise from the  

interesting signal via th e ir  spatial geometry, i.e., their separation  into noise and  

signal subspaces. An accurate  model of the process m ight then exclude hidden 

sta tes  associated w ith noise.

Geometrically, h idden states form an object such as a  vector subspace or a 

submanifold, and it is th e  dimension d of th is object th a t serves us in reducing the 

dimension of the da ta . T he original dimension, referred to  as the ambient dimen­

sion q is naturally given by the observed g-tuple, i.e., the  num ber of components 

of a  m ultivariate m easurem ent. In a  practical, or em pirical approach to discover 

the geometric s tructu re  of the  hidden states, the  intrinsic dimension d, is taken 

to  be the minimum num ber of hidden states or param eters needed to describe the 

model accurately. We try  here to construct empirical reduction mappings such 

th a t  d <C q. Denoting th e  reduction m apping by G : U C —* V  C and the

reconstruction m apping as H  : V  C —► U  C R '7 we may write symbolically [39],

U ^ V - ^ U .  ( 1 . 1 )

where the composite m apping  produces the identity for u  G U

u = ( H o G ) { u ) .  (1.2)

1 .1 .3  C urrent D im e n s io n  R ed u ction  M eth o d s

T he com putational im plem entation of Equation (1.1) for the empirical esti­

m ation of G and H  via a  d a ta  set may be accomplished by an autoassociator [41]. 

If linear functions H, G  are employed for the  reduction and  reconstruction m ap­

ping, the  autoassociator implements a  compression scheme known as PC A [5]. If

nonlinear functions G, H  are used the networks becomes a  bottleneck network or

a  nonlinear autoassociator. In the framework of neural networks the nonlinear
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functions for the reduction mapping G  and its  inverse H  are im plem ented via mul­

tilayer neural networks. Despite several draw backs associated w ith  the nonlinear 

autoassociator architecture. such as the non-uniqueness of the m appings G  and H. 

and slow network tra in ing  if large hidden layers are used, the nonlinear autoasso- 

ciators are a  popular tool, e.g., to discover hidden states in a chemical process for 

the propose of fault diagnosis [37].

A nother tool for th e  discovery of the intrinsic structure of observed d a ta  is Pro­

jection P ursu it (PP) [2 2 ] [34], It can be distinguished from our geom etric approach 

in th a t it utilizes purely the underlying probabilistic struc tu re  of the data. The 

goal of P P  is to  discover interesting low-dimensional orthogonal projections by op­

tim izing a objective function called projection index. Interesting projections are. 

for example, found via inform ation-theoretic measures such as negative entropy 

[19]; in th is sense an interesting projection discovers directions which produces 

distributions th a t are least normal. In its extension, P P  Regression [22] fits the 

original d a ta  employing a  nonlinear reconstruction.

Some disadvantages associated with these current m ethods include:

•  the intrinsic dim ension d is not determ ined by the architecture directly, and 

often a result of trail-and-error runs;

•  the conditioning of the mappings G  an d  H  are not optim ized by the train­

ing procedures, and  the resulting network may exhibit bad generalization 

properties.

The W hitney Reduction Network approaches these problems using a geometric 

approach to dim ensionality reduction.

1 .1 .4  T h e  W h itn e y  R ed u ctio n  N etw o rk

The m ethod employed in this thesis for the nonlinear dim ension reduction 

and the discovery for th e  hidden states of th e  process is the W hitney  Reduction
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Network (W RN) [13, 12, 39]. In the WRN, the dim ension reduction function 

G  consists of a  linear orthogonal projection, used to provide a low dimensional 

param eterization of the d a ta . The inverse m apping H  for the reconstruction is 

com posed of the linear inverse of the projector plus a nonlinear reconstruction.

Based on Whitney's Embedding Theorem [33] the following reduction and re­

construction architecture (see Figure 1.1) provides a decom position of x  E U  C Rq. 

residing in the ambient space, and  can be summarized in the  following th ree  steps.

Step 1 : Decomposition of x  into the range and null space of a projector P

x  — + Qx. where Q — I  — P (1-3)

= p + q (1.4)

=  P +  / ( p ) .  (1-5)

W hitney’s Embedding Theorem  ensures the existence of a  global m ap q =  

f ( p ), given th a t d > 2m.  where d is the rank of P  and m the dimension of 

the manifold on which the d a ta  resides.

S tep 2: Param eterization of x  with projector P in basis V  =  [ci | . .. \vq\. 

The projectors are given via splitting the basis into V] =  [t’i | .. . | *'<*] and 

Vo =  [l/’rf+l | . . .  |u,]

P  =  V jV f and Q =  V o V j . 

the d-dimensional param eterization of x  is given as p = Vxr x  and q =  V2rx.

The m ain feature of the W R N  is the construction of a  projector P, providing a 

param eterization of the d a ta , such th a t the inverse m apping is as well conditioned 

as possible, using the notion of good projections [13. 12]. A well conditioned map­

ping will no t amplify small pertu rbations in the dom ain of the nonlinear function 

approxim ation; this property is essential, if we seek a  dim ension reduction that
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generalizes well to d a ta  not contained in the original set. As a result, this dim en­

sion reduction network will also exhibit bette r approxim ation properties in the 

case where the observed signal is contam inated with a  noise process. The YVRN 

architecture will therefore ex tract the num ber of hidden s ta tes  (dimension d ) such 

th a t it is possible to  construct an accurate model. D espite the theoretical founda­

tion based on the  W hitney 's Em bedding Theorem, th e  practical im plem entation 

of the first and second W RN step are associated with th e  following problems.

•  The quest for a  good projection is d ictated  by the  trade-off between a low di­

mensional param eterization and a well-conditioned inverse, possibly leading 

to conflicting objectives during the optim ization of the WRN.

•  Finding a  good projection is considerably influenced by the amount of noise 

present in the observations. The current noise-adjusted W RN employs an ad 

hoc, user-supplied cutoff to  ex tract a  good projection.

We will utilize the set o f secants to  construct good quality  projections, which is 

the topic of C hapter 4, introducing

o the maximum noise fraction m ethod for noise filtering of m ultivariate signals:

o a local secant algorithm , based on a  partitioning of the data;

o The sequential secant adap tion  algorithm  for com puting good projections.

The third step in th e  WRN employs a nonlinear function approxim ation m ethod 

to  fit the nonlinear portion of the  reconstruction.

Step 3: Reconstruction of x  from p and an approxim ation of q = f (p) ,  u ti­

lizing a nonlinear function fit to  f ( p )  results in f ( p )  : p  —► q = f (p)  followed 

by the reconstruction to  the  am bient space

p  =  U\p and q =  U^q,
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where (1.2) is approxim ated as /  ~  P  1 o P  : x —> i :

x  = Uip +  U2f(p) .

The problems encountered in Step 3 are associated with optim izing the param eters 

of a  nonlinear model from empirical, noisy d a ta  and include:

•  the choice of the appropriate  model order is essential in avoiding overfitting 

and bad generalization;

•  many current, neural-network-based, function approxim ations require user- 

supplied ad hoc param eters that d ic ta te  the  quality of the resulting fit;

•  many radial basis function neural networks, when employed for fitting a 

nonlinear relationship, require a d a ta  representation in th e  form of cluster 

centers.

In C hapter 2  we propose to  utilize a model validation test [8 ], a  common tool 

in systems identification [46], to  control th e  size of an RBF network. Under the 

assum ption of additive iid noise, we are able to  avoid overfitting by' reproducing 

the correct statistics on the residuals w ithout the  requirement of a  cross-validation 

set to  term inate the tra in ing  procedure. T he  im plem entation of th is  idea leads to 

the

o Autocorrelation Feedback Radial Basis Function Network.

In addition, the clustering algorithm s presented in Chapter 2 m ay be employed to 

the center selection problem  encountered in radial basis function networks.
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Figure 1.1: The W hitney Reduction Network architecture. Nodes denoted by •  
are placeholders for additional nodes, depending on the dimension of the  data.
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C h a p ter  2

CLUSTERING

In this chapter we present and discuss LBG (Linde-Buzo-Gray) [45] and  k- 

means [21. 50] based clustering algorithm s and investigate interactions between 

clusters and d a ta  points. A bi-directional Hebbian learning rule is proposed th a t 

constructs a set of uncoupled Delauney Triangulations of the data and identifies 

regions th a t are occupied by high-dimensional data. Local interactions between 

d a ta  and center points are used to reduce the necessary com putational power for 

clustering algorithm s and increases their overall efficiency.

2.1 In tro d u ctio n

Clustering algorithm s aim to process d a ta  in such a way that inherent and  

hidden sim ilarity structu re  is revealed. Grouping, or organizing, the d a ta  into 

regions, or clusters, is central in knowledge extraction, d a ta  modeling and pre­

processing (e.g., Expectation-M axim ization [9]). Processing large d a ta  sets by 

associating a prototype value with its nearest neighbors is a simple and appealing 

approach to d a ta  compression and classification and a  standard  m ethod in d a ta  

mining. This idea, referred to generically as clustering or vector quantization, may 

be implemented by a variety of algorithm s including A;-means [2 1 , 50] and LBG 

[45] . In the last decade a number of neural based algorithm s have been proposed 

which extend the  basic goal of vector quantization to  d a ta  reduction with either 

self-organizing or topology preserving features including Kohoneirs mapping and
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neural gas [40, 51]. In order to  avoid th e  problematic selection of ad hoc learn­

ing param eters we chose to  work with batch  algorithms, of which /c-means and  

LBG are the most dom inant members. Despite the basic local n a tu re  of the in­

form ation which dictates the arrangem ent or selection of the cluster centers, these 

algorithm s are essentially global in natu re , implementing exhaustive searches over 

all d a ta  points and prototpyes [2 ].

To construct a  vector quantization of a  d a ta  set X  consisting of P  vectors 

{ x ^ K / j, = 1..P}, each in R n, we seek a m apping

Q : R n —> C.

Q(x) - d ,  if x  e  Vi, 

and  an  associated m em bership function of x  to  some cell or class Vt :

m , ( i ) = { o :  H v ,  x € x - ( 2 i )

In a  sequential approach we denote by m -£) (x) the membership function of point x  

a t iteration t. The case of a  binary or h ard  membership function (Equation (2 . 1 )) 

is also known as hard clustering, while soft clustering perm its the  m em bership of 

a  d a ta  point to multiple clusters, e.g., fuzzy clustering. The com pression results 

from the fact tha t the cardinality  of the generated prototype or cluster center set 

C =  { c i , . . .  - c,\/}, Ci e  R n. i =  1.... M.  denoted  by M  - \C\, is much less than the  

to ta l number of patterns, i.e., M  <§; P.  W ith  the use of the m em bership function 

m(x) ,  we may express Q(x)  as

M
Q{x) =  y :  ckm k{x).

i

Let the index set X\ assign each x  €  X  th e  index of an associated cluster center

At
Xi(x) = y ~ ] m k(x)k.
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The indices for second nearest centers are contained in the index set Zo for further 

reference.

The functional th a t measures the quality of using the cluster center set C 

instead of the raw d ata  is the  distortion error. A common m easure for distortion 

is the Euclidian distance, which for the entire quantization error is given by

E { X , Q )  =  V m i n | | x - C l | | 2 (2.2)
t ^ c'eC

=  £ | | : r - Q ( : r ) | | 2. (2.3)
xex

Two conditions for a local m inim um  of E ( X . Q ) are known, bu t are only necessary 

for a  global minimum [45]:

C l  Voronoi partition:

Q(x)  = Ci if x G Vi . where

Vt =  ( i 6 E "  | 11x — Ci11 <  | | x - C f c | | ,  i ^ k . k  =  l . . iU } .

Given a set of cluster centers the cell p artition  must be a Voronoi partition 

(see Figure 2.1).

C 2  Generalized Centroid assignment:

Given a cell partition  the  cluster centers m ust be the centroids of Vi

c' =  li7| 5 > -*gl'

The com putational im plem entations of C l and C 2  results in the LBG algo­

rithm  2.1, which has been shown to  converge to  a local minimum of E  [45].

In order to reveal the geom etrical structure of the data represented by cluster 

centers and to solve proxim ity problems efficiently, the graph of the Delauney 

Triangulation [6 6 ] can be com puted. It contains a  (straight-line) edge connecting
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A lg o r ith m  2.1  LBG(C, X )
Inp u t; Initial (e.g. random) cluster centers C. d a ta  X  
O u tp u t: C .X i

1 Initialize oldC ^  C {olcLZj ^  X\)
2 w h ile  C 7^ oldC {alternative: X\ =£ oldZi} d o
3 i f  oldc, 7  ̂Ci th en
4 U pdate D ( c i ,X ) (see E quation (2.4))
5 e n d  if
6 Sort for J i  {Closest Ci determ ine Voronoi cell V }
7 =  jVj Ylxev, x
8 oldC <= C {oldXi Xy)
9 en d  w h ile

two cluster centers c, and cj in the  plane if and oniv if their Voronoi cells share a 

common edge. The connections are stored in an adjacency m atrix  A:

O f special interest is a  subgraph of the Delauney Triangulation, called "induced 

Delauney Triangulation” , th a t produces Topology Preserving M aps (T P M )[40, 52]. 

It has been shown th a t the Com petitive Hebbian Rule (CHR). under the rather 

s tric t condition of dense center distribution, results in such an "induced Delauney 

Triangulation” :

Com petitive Hebbian Rule (CHR):

For each input signal x  6  X  connect the two closest centers X\(x)  and 2o(x) 

(measured by some distance metric) by an edge [25].

This rule may also be implemented as a learning procedure [52]. According to 

M artinez and Schulten [52], a set of centers C is dense if it resolves the structural 

details of the data  set, which can be achieved by choosing the num ber of centers 

M  = \C\ large. However, it is not clear how large M  should be chosen, or if 

a  clustering algorithm produces dense cluster centers. Geometrically, w ith the 

definition of 2nd order Voronoi cells,

1 if Vi n  Vj ^  0 Vt, Vj are adjacent
0  if Vi D Vj =  0  Vi, Vj are not adjacent

Vij = {x  6  Rn | ||x  -  Ci|| <  ||x  -  Cfcll A  ||x  -  Cj|| <  | | x  -  c fc|| Vk  ^  i , j } ,
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the  two closest un its  are connected according to  the CHR if 3a: G X  s.t. x  G

The application of the CHR to a te st d a ta  set consisting of 1 0 0 0  d a ta  points 

sam pled from a G aussian mixture d istribution  generated from 10 centers with 

diagonal covariance m atrix  is dem onstra ted 1 in Figure 2.2. We will show th a t 

the conditions under which two centers are connected should be more stringent 

in order to produce a  stable connectivity structure, introducing a  bi-directional 

Hebbian rule. F u rth er we will show th a t  the global com putations necessary to 

update  distances betw een X  and C as well as the necessary sorts to determ ine X\ 

and  To can be d ram atically  reduced if one considers th a t cluster center ad ap ta tio n  

beyond some stage only results in local changes of memberships of d a ta  poin ts th a t 

are elements of th e  set V'j (see Figure 2.1).

The main task  here is to define locality and appropriate neighborhoods th a t 

are involved in m em bership changes via 2nd order Voronoi cells and how to use 

them  for efficiency improvement. This carries over to  the fact that at late stages in 

the adaption process only local interactions between X  and C are significant and 

m ost closeness evaluations are unnecessary.

2 .2  C lu sterin g  A lg o r ith m s

In the following we present and discuss the LBG algorithm  [45. 50] an d  a re­

cent improvement called LBG-U [26]. T he novel approach in the LBG-U design is 

the use of a utility-m easure-based relocation of cluster centers that perform  inade- 

quatly. It therefore tries to  overcome the heavy dependence of LBG on th e  initial 

cluster center d istribu tion . We also include com parisons to one of the m ost re-

1A11 experiments were conducted on a Pentium  III with 128 MB of RAM under W indows 98 
in Matlab.
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Figure 2.1: Voronoi cells V  and V3 and second order Voronoi cell Vl3. After some 
itera tion  only points of V3 th a t are also in Vi3 will change th e ir membership to i. 
A complete distance u p d a te  D ( c i , X )  to  ail points in X  (as perform ed in LBG) is 
unnecessary.

0.8

0.6

0.4

02

-02

x x-0 .4 x x
02 0 3 0.4 0 6 0 7 0.90.5 0 8

Figure 2.2: Connections established according to  competitive Hebbian rule between 
1 0  centers (numbers 1-10) from a G aussian mixture.

15

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



cently introduced algorithm s, generalized A>harmonic means (GKHM) [74], which 

claims to  improve some of th e  limitations associated with the LBG algorithm .

2 .2 .1  T h e L B G  A lg o r ith m

T he LBG Algorithm 2.1 implements the sufficient conditions C l and C2 which 

require com putationally expensive operations of order 0 ( M  x P  x n) per iteration 

to up d ate  an M  x P  distance m atrix  D{C.X)  w ith

D{ci. Xj) = D,j =  | |a -  xj\ \-  (2.4)

and the sorting for the closest center for each d a ta  point, stored in X\. In addition, 

one observes a strong dependence of the d istortion  error on the initial d istribution 

of the cluster centers. Furtherm ore, after a fast initial convergence, the algorithm  

performs only small subsequent changes in the cluster center positions, which in­

creases the number of iterations needed to te rm inate  with essentially no center 

movement and improvement in distortion error (see plateau in Figure 2.3). This 

observation is due to the fact th a t at later iterations only a very small am ount 

of d a ta  points change their center membership and therefore influence the cen­

ter position only marginally. Several stopping criteria  for the term ination  of the 

LBG algorithm  are possible (see alternative term ination  criteria in A lgorithm  2.1); 

setting  a threshold for the maximum distance a  center can move in consecutive it­

erations is also a possible term ination criteria. In addition, we observe th a t d a ta  

points change membership to  a neighboring (connected) center after some itera­

tions. Figure 2.4 (b) shows th a t no data points become members of centers other 

th an  second closest, after th e  second iteration.

We remark th a t the popularity  of the LBG algorithm  has prom pted the devel­

opm ent of faster and more efficient im plementations. Among the most promising 

improvements appear to  be k  dimensional trees (k — d trees) [59] and m etric trees
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  LBG
-O -  K-HAflM.
- e -  LBG-U

iterations

Figure 2.3: Typical perform ances of the LBG. LBG-U. and harm onic k-means 
algorithms.

[60] in the context of the Anchors Hierarchy. The m ethods developed here concern

on intelligent com putational structures, such as b inary  search trees [18].

2 .2 .2  G en eralized  K -H a rm o n ic  M eans

Recently, a new iterative clustering procedure related to Ar-means based algo­

rithm s was introduced th a t addresses the sensitivity to  the initialization of the cen­

ters. In the generalized Ar-harmonic means algorithm  (GKHM) [74] the minimum 

distance in Equation (2.2) is replaced with the harm onic averages of the distances 

from the data  points x  £ X  to  all centers c €  C. This replaces the winner-takes-all 

stra tegy  of the LBG algorithm  and makes GKHM a  m em ber of the fuzzy clustering 

family. In employing a harm onic average, the algorithm  boosts d a ta  th a t are not 

close to  any centers and gives them  higher weight. T he min function in Equation 

(2 .2 ) is replaced with

exploiting a notion of locality and  should be useful in the context of m ethods based

(2.5)
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Figure 2.4: (a) D istortion error of the  LBG algorithm  (b) Number of points th a t 
do not change membership from T\ to  To or To to .

A recursive formula for the center updates follows from the derivative of the  k- 

harm onic d istortion  error

S g k h m  =  y " H A ( | | x - C||2), ( 2 .6 )
x€.Y
c € C

with respect to  th e  centers c
p

* - E
1

h D i A & U  i ) 2" /  £ s H 2

Line 7 in algorithm  2.1 is replaced w ith the iterative center update formula (2.7). 

Applied to  th e  test da ta  set, we observed only little perform ance improvement in 

term s of the  distortion error, although GKHM is more stab le  with respect to a 

bad  choice of the initial center distribution. Com pared w ith  the following LBG- 

U algorithm , th e  GKHM was not able to improve the  positions of the cluster 

center vectors significantly. W ith abou t twice the num ber of iterations. GKHM  

was able to reduce the distortion error by 6 % com pared to  LBG, averaged over 

10000 runs (see Figure 2.3 for one sam ple run on the te s t d a ta  set). In addition, 

th e  GKHM  algorithm  also shows the  sam e local behaviour observed in Figure 2.4, 

and  is expected to  profit from restricting  operations to  local updates.

(2.7)
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2 .2 .3  T h e L B G -U  A lgorithm

Given th a t the basic LBG algorithm  may become trap p ed  in a local minimum 

of the distortion error, it is useful to  improve a collection of LBG centers. In an 

approach for improving the basic LBG algorithm. Fritzke [26] suggested to  identify 

cluster centers th a t contribute only little  to  the decrease of the  distortion error. A 

utility measure IA is employed to quantify this contribution. The unit w ith minimal 

utility  is relocated to a position in the vicinity of the unit with m aximal contri­

bution to the distortion error, after the basic LBG algorithm  has coverged. The 

procedure is stopped after a relocation did not improve the distortion error. The 

u tility  U(ci) of a  center c, may be quantified as the amount by which the d istortion 

error increases if th a t center is removed from the set of centers C. Formally the 

change in the distortion error may be w ritten

U{d) = E ( X . C \ c t ) -  E (X .C) .

To com pute the actual change in d istortion  error which occurs when a  center is 

removed, it is sufficient to consider the fate of only the points 2 ,(l) € X  which have 

Ci as their nearest center, i.e., x (l) =  {x  G  X  \ Zi(x) =  Ci}, in other words, the 

points in the Voronoi set V. Each point in V is then assigned to  its second closest 

center, X2 (x), w ith the change in the distortion error is given by

A E{ x )  =  D ( c Il {x) :x)  -  D ( cTs(x), x ).

Hence

UM =

The utility  function is used to  identify the unit with minimum utility cumin

C u m i n  =  argm inf/(c), c£C
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which is moved into the neighborhood of the center cemax w ith m axim al distortion 

error

Cemax = a rg m ^ c£ (c ) .
c € C

In order to assure a useful initialization of the relocated unit cumin, a  small offset 

vector c0ffset =  a u ,  a  6  i  u 6  R :1 is added to  the center of m axim al error comax. 

where u  is a norm ed random vector w ith ||u || =  1 :

Cumin •— Cemax i" Coffset- (2-8)

A useful value for a  is the scaled s tandard  deviation of all x  £  I4max. given by 

e \ J E (cemax) / 1lem.uI; where 0  <  5 <C 1 , resulting in a new location for cumill

Cumin -=  Cemax ~b £ \ J E ( Ceniax ) / 1 f  ernax | C .

The removal of th e  unit with minimal utility, denoted by cumin results in the as­

signment of a: £  VrCumin to  Vj2{x). For the  application of the LBG-U Algorithm 2.2 

to the  test d a ta  set see Figure 2.3. We notice in Figure 2.3 th a t despite the im­

provement in th e  distortion error by relocation, there is significant overhead in the  

LBG-U algorithm , which is obvious from the occurrence of long plateaus during 

which no significant error reduction can be achieved. This is due to  the require­

ment of applying the LBG algorithm to the new (relocated) set of clusters until 

convergence. It will be shown tha t an efficient and useful tim e for relocation can be 

identified w ithout unnecessarily prolonging the relocation procedure, by rather as­

signing cUmin and cemax a t an interm ediate stage. Furthermore, despite the fact th a t 

membership changes caused by moving cumin involve only poin ts close to cumin and  

Cemax? consecutive LBG iterations still perform  global updates in D with respect 

to all da ta  points in X . However, since only local m em bership changes of d a ta  

points are likely, there is no need in updating  a full row of D. Also, sorting should 

be restricted to cluster centers th a t are close according to  the  connectivity m atrix,
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only these hold potential new closest d a ta  poin ts to  cumin after relocation. Simu­

lations have also shown the  occurrence of oscillations between areas of low utility 

and high distortion error which also unnecessarily prolong this a lgorithm  and will 

eventually lead to  the term ination with a  suboptim al distortion error: with the 

result th a t the recovery of a  previous configuration of cluster center vectors is nec­

essary. Re-assignment of under-utilized centers has also been proposed by Veprek 

et al. [70] as well as Lee et al. [42],2. The m ain  difference to  F itzke's approach is 

the introduction of new utility  measures, based on additional ad hoc param eters to 

estim ate the desired d istortion  error reduction. In addition all known relocation 

algorithm s also require full convergence of th e  LBG algorithm to  re-assign data  

points.

A lg o r ith m  2 .2  LBG-U(C, X)
In p u t: Initial (e.g. random ) cluster center C. d a ta  X  
O u tp u t: C. Ti, To 

Improve 4 = 1 

w h ile  Improve do  
Cbest '̂ = C
LBG (C.X)
if  E( X, C)  <  E(X,Cbcst) th en  

Find and cgiyiax
Move cu m jn  ~  cem ax
Sort for Ti .X i  {Closest c, determine Voronoi cell V} 

e lse
Im proved  0 

en d  if 
en d  w hile

2 .3  T h e  B i-D irec tio n a l H eb b  R ule

The connectivity m atrix  A  generated by the CHR is not su itab le  for estab­

lishing a concept of locality for the purpose of identifying neighborhood relations

2All articles referring to utility measures and relocation lack the appropriate cross-references.
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between centers and d a ta  points if the number of centers is less th an  th a t which 

is required to  have a dense cluster center distribution. In addition, even with a 

large num ber of cluster centers, an  unfavorable initial d istribu tion  will not resolve 

enough structural detail to  produce dense centers th roughout the course of cluster­

ing. We observe in Figure 2.2 th a t  the CHR produces connections between clusters 

th a t are significantly separated  in space. Thus, to reveal distinct regions, or data 

regimes, we propose to sever the connections between cluster centers generated 

by the CHR if they are deem ed to  be separated w ith respect to a new connectiv­

ity measure. This may be accom plished by introducing bi-directional competitive 

Hebbian rule:

S tep 1 Form connections according to Hebb rule:

A ( i , j )  =  1 <=> 3 x  G V i j . x  G X.

Step 2 Connect only un its th a t have bi-directional interest in connection: 

We define the sets

Uij  =  { x  G X  I x  G Vij n  Vi}
Uj i  =  {:£ G X  | X  G V i j  C  V ) }

of points Uij G V{ (Uji G Vj) and that are responsible for connection to  c, 

(c,-). If one of the sets Uij  or UJt is empty, then the  connection is concluded 

to  be of only uni-directional interest and therefore should be removed

A ( i J )  =  1 Uu ?  {0}  V  Uji ^  {0} .  (2.9)

One notes th a t V j  =  U l3 U Uji  and th a t Vl3 =  Vji, bu t U tJ ^  Uji.  As an example 

of this procedure consider Figure 2.5. The two cluster centers ct and Cj in Figure

2.5 (a) are augmented by a th ird  cluster center as shown in Figure 2.5 (b). After

the  new cluster center Ck is added, the set becomes em pty indicating th a t the 

connection established by H ebb’s rule should be deleted. The result of applying 

the bi-directional Hebbian rule is shown in Figure 2.5 (c).
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Xo %2

(a) Hebb connection between centers c, and 
cj: Vij = Uij =  { x 1 . x 2 . x 3 } ,
Uji =  {x .,,x 5}

(b) Hebb connection uni-directional as result 
of new center c v  VtJ =  {x.(. x r, }■ U L] =  {0}. 
UJt =  {x ., .x 5 }

(c) As a result of Uij — {0}, Hebb 
connection is removed.

Figure 2.5: Contrasting the connections produced by the  standard com petitive 
Hebbian rule (see (b)) and the bi-directional Hebbian rule (see (c)) as a consequence 
of the addition of a new center to the configuration in (a).
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2 .3 .1  W eig h ted  B i-D irectio n a l H eb b  R u le

Experim entation w ith this bi-directional Hebbian rule for creating a set of 

disjoint triangulation of the data reveals th a t  certain connections rely on only a 

sm all num ber of points th a t have common nearest and second nearest neighbors. 

In  m any instances, it m ay be deemed th a t those connections are not representative 

of a  true  connection relation between cells. Such connections m ay be deleted by 

introducing a weighted bi-directional com petitive Hebbian rule.

S tep 3 As a  m easure of the nearness of two Voronoi cells we introduce the 

weight w,j E R defined as

Now cluster centers are only connected if the bi-directional strengths or 

weights Wij E R  or Wji E R exceed a certa in  threshold s >  0

Observe th a t w tJ +  wJt = 1 and hence a  heavy asymmetry between wtJ and 

wji indicates a significant separation between Vj and Vj. See A lgorithm  2.3.

From equation (2.10) we conclude th a t m axim um  asymmetry occurs when wl3 =  0 

and Wji =  1, therefore if s >  0. condition (2.11) includes condition (2.9) as a special 

case of maximal separation. Optimal balance between two clusters is a tta ined  when 

=  1 / 2  and Wji =  1/2. Possible choices for s are

s ~  min w ^  or s ~  1 / 2 . (2 -1 2 )
w,j  5^0

In the following we refer to  a structure S (c i ), associated with a center ct . as the 

unit Ci itself and its  connected cluster centers

0  <  wij <  1 . ( 2 . 10)

A ( i , j )  = 1 <=> {w^ > s) V (wji >  s). (2 . 11 )

S(Ci) = {Cj} U {Cm\ AiCi^Cm) =  1}. (2.13)
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Figure 2.6: Connections established according to  competitive H ebbian rule between 
10 centers (numbers 1-10) from a Gaussian mixture. The num bers close to one 
center and shifted slightly to  a connecting center indicate w^,  e.g. w 12 =  0 .6 8 ,
U,’51 =  0 .

Figure 2.6 shows the weights assigned to each connection produced by the CHR. 

First, all maximal asym m etric connections are  removed (Figure 2.7). After keeping 

connections w ith weights > 0.4 (Figure 2.8) local regions are sufficiently sep­

arated . Mote th a t th is procedure is also sensitive to the num ber of local clusters, 

e.g.. in Figure 2.8 cluster 7 is separated from 6 . whereas clusters 9 and 10 still 

form a structure. T he reason is th a t with 3 clusters 7 — 6  — 5, a higher resolution 

can be achieved (m ore d a ta  points can be shared by second closest centers) and 

a  breakup into sm aller regions is possible. Clusters 9 — 10 are fu rther away and 

share all second closest neighbors and therefore still form a structure .

Several ways are possible to  further utilize the concept of assigning weights to 

connections which include the removal of clusters as well as the insertion of new 

cluster centers in areas of weak or asymm etric connections. This m ay also help to 

find algorithm s which produce a  dense center distributions.

T he removal of under-utilized cluster centers and their associated connections 

has been considered in, e.g., [24, 25]. The elim ination of connections th a t are not
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Figure 2.7: Resulting connections after all un its  of uni-directional interest have 
been removed (connections of extrem e imbalance. =  {0 }).

representative of the topological arrangem ent of the d a ta  (under the assum ption 

of a dense center distribution, discussed in Section 2.1) was im plemented in [52]. 

These algorithms have an on-line architecture in common and require the  setting 

of additional learning and threshold  param eters to  assess the age of a connection. 

The weighted bi-directional Hebb Rule is form ulated to be applied in a batch 

processing mode. The setting of the threshold param eter s is therefore adjustable 

after the application of the CH R (see Equation (2.12)) and independent of on-line 

learning parameters.

A lg o r ith m  2.3 Connectivity(Zi, To; s)
In p u t: 2 i,Z o , s
O u tp u t: Modified A  using bi-connectivity 

Hebb Rule: A { h , l o )  =  1 
Remove only uni-directional connections
or remove weak connections using threshold: {wl3 > s) V (wji >  s )
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Figure 2.8: Result of removing connections with < 0.4 produces additional 
disconnected regions.

2 .4  E x p lo it in g  L ocal N eig h b o rh o o d  R e la tio n s

2.4 .1  T h e  L oca l S tage

The com putations and updates, e.g.. of the d istance m atrix can  be restricted 

after some initial iterations to  local operations based on the following consider­

ations (see Figure 2.4). A fter some iterations, changes in m em bership of points 

only occur a t th e  edge of Voronoi cells (see Figure 2.1) and therefore involve only 

d a ta  points th a t  lie in neighboring cells determ ined by the connectivity matrix. 

Therefore, we define 7} to be the iteration where the  algorithm  switches from a 

global to a local adaption, defined as:

m<k'l\ x ) —>• m[r ' + 1^(:r), where / =  k  V A(l,  k) = 1 V x  (2-14)

with the result of m em bership changes of a  point x  from X\ (x) only to  Xo(x) or 

X2 (x) only to  Xi(x)  for t > T[. The restriction A(l,  k)  =  1 in (2.14) can be relaxed 

if no bi-directional Hebb rule is implemented and  only the sets Xy and  Xo are 

updated. Indeed, as Figure 2.4 indicates, after only two iterations all membership 

changes occur locally and the  algorithm  is thereafter in a “local s tage” .
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A local distance update based on the previous observations can be designed as 

follows. In order to  account for changes th a t involve the com putation  of a  cluster 

center c£ via D, only d a ta  points are  used that are members of the Voronoi cell 

Vi and  second nearest to c* or possible candidates to  become second nearest, i.e.. 

points th a t are members of Voronoi cells adjacent to  ct . This ensures th a t the 

second order Voronoi cells are u p d a ted  correctly. The local d istance u p d ate  is 

sum m arized in Algorithm 2.4. T his com putation involves not a  full row (of size 

P)  d istance m atrix  update, as it was necessary for the LBG algorithm , but only 

of order \Xi\, where

X{ =  {x  | x  €  Vi V x  G Vj, iff A ( i . j )  = 1}.

A lg o r ith m  2 .4  LocalD istanceU pdate(ct. A )  for T  > T[ 
In p u t: Ci €  C, A  
O u tp u t: D { x , Xi)

Find set Xi = {x \ x  € V] V x  €. Vj, iff A ( i , j )  = 1} 
U pdate D(ci, X{)

2 .4 .2  N e a r e s t  N eighbors S earch

As a  consequence of defining itera tions where only local changes occur and 

having appropriate neighborhoods defined via the adjacency m atrix  we are able to 

restrict the exhaustive search used in LBG and LBG-U to a local nearest neighbor 

search. Of interest are the set of indices X\ and Zo, which can be found for each 

center c£ am ong those which are adjacent, i.e., A(i ,  k) =  1 V/c. Furtherm ore, 

applying the bi-directional Hebbian rule reduces the num ber of connections and 

therefore restricts the nearest neighbor search to structures ob tained  by A lgorithm  

2.4.
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2.5 T h e  Local L B G  A lgorithm  (L L B G )

The algorithm we propose has as its core the original LBG algorithm  and takes 

local operations and restricted connections into account. Therefore we shall call 

it Local-LBG or LLBG. As stated in the previous sections, the algorithm switches 

from a global state of operation to a local one. Two major efficiency improvements 

are the essential innovations tha t recommend the LLBG over the LBG algorithm .

First, we compared the distance m atrix  update necessary in the LLBG to  the 

LBG algorithm . For th is purpose we define the following fractional distance update  

measure, as the ratio  of the number of d a ta  points contained in the local d a ta  set 

Xi over all data  points X .  Only \Xi\ points will be involved in a row update in the 

LLBG algorithm:
< F 5 l  >

1*1 !

where the  mean ( |* | )  is taken over all LLBG runs for one  initial cluster center 

distributions and averaged (<  • > ) over 1 0 0  different runs w ith new initial center 

distributions on the test da ta  set. The fraction for the LBG algorithm is .F = l .  

indicating global distance matrix updates. Figure 2.9 shows this fraction for the 

LLBG algorithm  as a  function of the num ber of centers. The lowest value and 

the most efficient performance occur for approximately 40% of the LBG distance 

updates a t 10 centers. The performance on a  test data set of 5000 points w ith 10 

centers is summarized in Table 2 .1 .

Secondly, we introduce a new term ination criteria for th e  LBG algorithm when 

the bi-directional Hebb rule is employed. If the number o f points th a t changed 

membership is less th an  the number of points responsible for the weakest connec­

tion, |f/weak|i the LLBG algorithm term inates, th a t is, if

K x l J ^ x )  ^ O l d j ^ x ) } !  <  |£ /w cak |-
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Algorithm D istortion Error iterations T im e/R un s]
LBG

LLBG
6.3884e4
6.3901e4

34
1 1

14.89
3.21

Table 2 .1 : Simulation results on the sample d a ta  set of size 5000 using 1 0  centers, 
averaged over 1 0 0  runs.

0 9
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0 5

0 4 20 30 40 60 90 10050
number ol centers

Figure 2.9: This figure com pares the necessary num ber of patterns used in updates 
of the distance m atrix  as a  ratio. The LBG algorithm  in its global im plem entation 
uses all patterns in each iteration, whereas the Local LBG only uses patterns in 
the vicinity of a center th a t was moved. \Xi\. The saturation  effect th a t occurs as 
the num ber of centers increase is a consequence of an increase in the number of 
neighbors of each center, and is a characteristic of the particular sam ple da ta  set 
used.

The performance improvement with respect to increasing num ber of d a ta  points 

(from the same m ixture distribution) for 10 centers is shown in Figure 2.10. to­

gether w ith a polynomial interpolation of order two. These results suggest th a t an 

efficiency improvements was achieved due to  the locality of the algorithm  and the 

introduction of the novel term ination criterion.
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Figure 2.10: Comparison between C PU  tim e needed to  compete one LBG or LLBG 
run  until term ination.

A lg o r ith m  2 .5  LLBG{C.X)
In p u t: Initial (e.g. random) cluster clusters C, d a ta  T> 
O u tp u t: C.A,Tx,  Jo 

Initialize oldC ^  C 
GLOBAL <= 1
w h ile  C 7̂  oldC {or alternative term ination} do  

if  GLOBAL th en  
U pdate D(ci , A) 

e lse  {LOCAL (T > T})}
LocalDistanceUpdate(c,. A)  {A lgorithm  2.4} 

e n d  if
A -restricted  search for 1 1 and Xo 
A  = C onnectiv ity (r!,X 2 ) {Algorithm  2.3} 
if  GLOBAL {T < T l) th en  

Check for GLOBAL or LOCAL 
en d  if  
U pdate C 

en d  w h ile
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2 .6  U t i l i ty  B ased  L L B G  (L L B G -U )

LBG and  LBG-U both  have a m ajor inefficiency due to the global nature of 

the algorithm s. We therefore propose a rule based relocation with takes prior ob­

servations about the integration3 and the relocation of cluster centers into account. 

As s ta ted  above, the relocation and integration should involve only local updates 

to  D. Also, there is no need to let the LBG algorithm  converge, bu t ra th e r perform 

relocations after the algorithm  becomes local, i.e., for T  >  7).

2 .6 .1  R u le  B ased  R e lo ca tio n s

The following list of rules propose a new concept of changing the locations of 

Cumin, based on the utility m easure proposed by Fritzke [26].

R1 Integration: A relocated unit cannot be identified as cumin until it has been 

integrated, i.e, membership changes for the relocated unit satisfy the locality 

condition (2.14).

R2 One cycle: If a unit leaves a connection struc tu re  (see (2.13)), one relocation 

into the same structure is perm itted. Thereafter the structure freezes and no 

further relocations are perm itted. This rule prohibits undesirable oscillations 

between regions of high d istortion errors.

R3 Local integration: Involve only local d a ta  in integration or relocation proce­

dures. Update only D(cem;ix, A)) and Z)(cum;n, Xi).

R4 No neighborhood help: If c umjn and cemax are connected (^4(cumin, cemax) = 1 ) 

no relocation is performed.

3The term integration refers to the operations associated with updating the distance matrix 
and sorting for X\ and J 2, if a center configuration has been changed due to  the relocation of a 
cluster center.
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Figure 2.11: One typical run compares the  performance of the LBG-U and LLBG- 
U algorithm s on the distortion error.

The LLBG-U has as its core again the local operations th a t were used to improve 

the efficiency of the LBG algorithm combined with center relocations using a utility 

measure. The novel approach here is to  perform  relocation during one LBG cycle 

w ith the restrictions formulated in R1-R4. Figure 2.11 shows one typical run of 

the algorithm s, whereas Figure 2.12 presents an averaged performance com parison 

over 1 0 0 0  runs on 1 0 0 0  test d a ta  points.

The com parisons between LBG-U and  LLBG-U show a faster convergence 

to  a lower d istortion error due to the fact th a t relocations are possible during one 

LLBG cycle (see Figure 2.12 for a single run  and Figure 2.12 for an average of 1 0 0 0  

runs); the m ean number of iterations until convergence are 1 1  for LLBG-U and 37 

for LBG-U, w ith approximately the same expense in each iteration, resulting in a 

considerable speedup of the LLBG-U employing the set of rules introduced above.
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A lg o rith m  2.6 LLBG-U(C. X )
Inp u t: (e.g random ) C, d a ta  X  
O u tp u t:

Initialize oldC ^  C 
GLOBAL <= 1 

RELOCATE <= 1 

w h ile  RELOCATE do  
w h ile  C 7  ̂ oldC d o  

if  GLOBAL th e n  
Update D(ci, X )  

else {LOCAL}
LocalDistanceUpdate(cj, A )  {Algorithm  2.4} 

end if
A-restricted search for T v and To 
A =Connectivity(X i,X 2 ) {Algorithm 2.3}
Check GLOBAL or LOCAL 
Determine cutnin and cemax 
if  R l, R2. R3 and  R4 then

ûmin ~  Cemax
Update neighbor and frozen structures 

else {No relocation possible}
Update neighbor and frozen structures 

end if
if  All structures and centers exhausted th en  

R E L O C A T E ^  0 
end if  

en d  w hile  
en d  w hile
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Figure 2.12: The averaged performance of LBG-U and  LLBG-U with 10 centers 
over 1 0 0 0  runs on the test d a ta  set of size 1 0 0 0 .

2 .7  T h e  G row ing L L B G -U  A lgorithm

The same considerations about neighborhood adap ta tio n s  made in the discus­

sion of LBG or LBG-U apply  to the scenario where we consider the growing LBG 

algorithm  [2]. Growing refers to the process of adding cluster centers to the set 

C in order to  be more adap tive to  the data. The LLBG-U algorithm term inates 

w ith a center distribution where no significant decrease in the distortion error can 

be achieved by moving a center. Therefore it is necessary to  insert a  new center 

in the neighborhood of cemax. This new center is in tegrated  in the cluster center 

set the same way as cumjn is. Again, the growing LLBG-U (G-LLBG-U) results in 

significant decrease in cpu-tim e compared to the growing LBG. where convergence 

is required before we insert a  new center in the vicinity of cemax (see Figure 2.14). 

Again, due to the rule based relocation and early in tegration  of new clusters the 

growing version of LLBG-U shows faster convergence and  earlier term ination as 

can be seen in Figure 2.13.
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Figure 2.13: Comparison of th e  two growing versions of LBG and LLUBG-U on 
the d istortion error.
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Figure 2.14: As the number of centers increases the  CPU  time was recorded as a 
function of centers for the growing versions of LLBG and LBG.
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2 .8  A n A p p lication : S tr u c tu r e  in  H ig h -D im en sio n a l D a ta  S ets

Massive d a ta  sets generated by potentially nonstationary  physical processes 

are often characterized by th e  fact th a t they occup}' disjoint subsets in high di­

mensional space. This coherence, or organized s truc tu re  in the d a ta  may arise, 

for example, in dynam ical system s as a result of shifting (unstable) steady states. 

Industrial processes often have d istinct operating regimes, each characterized by 

occupying a specific region of the  measured s ta te  space of the system. T he iden­

tification of the operating regime based on collected d a ta  m ay be form ulated as 

a  subset identification problem. In th is application we address the issue of con­

structing uncoupled Delauney Triangulation via the connectivity  m atrix generated 

by a bi-directional Hebbian rule. The resulting d a ta  s tru c tu re  provides a quantifi­

cation of the number of different regimes present in the d a ta  and their s ta te  space 

location. Such a characterization provides a significant d a ta  reduction as well as 

a  basis for analyzing the d a ta  generated by a wide range of physical phenom ena.

2 .9  A n E xam ple: A n a ly z in g  an  Industrial P r o c e ss

In this example we consider an industrial process4 represented by five tim e 

series collected for 2560 tim e units. The process is known to  have many (unlabled) 

operating regimes and the task  is to  notify the field technician as to which of the 

operating regimes is currently in effect.

The d a ta  m atrix  of size 5 x 2560 has full row rank so any projections of the 

d a ta  will necessarily lose inform ation. Thus all of the calculations are perform ed in 

the original unsealed coordinate system . 0 Three of the  five time-series are p lo tted

'This data was provided by Honeywell Inc.

5Scaling data in order to em phasize the disconnected regions is a complicated task. In this 
application it was found that little improvement in the results was obtained by applying the 
usual scaling techniques.
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in Figure 2.15; it is seen th a t there are indeed several operating  modes character­

ized by clumps or clusters. The distinct regions, or modes, are identified by  the 

connections generated by the bi-directional Hebbian rule as shown in Figure 2.15. 

The LLBG algorithm  w ith bi-directional Hebb rule was used for clustering w ith 

10 centers and a threshold  s =  minWlĴ o Wij. The plots show projections on M3  of 

the disconnected regions as opposed to  the  actual disjoint regions residing in R°.

Finally, the ac tua l five time-series are shown in Figure 2.16 using separators 

for the disjoint regions and numbers to  identify the associated cluster centers. In 

practice, it is envisioned th a t a  systems expert will assist in the  initial identification 

of operating modes and  th a t, once calibrated, these graphs will provide robust 

diagnosis tools for complex industrial processes. Furtherm ore, the identified modes 

of operation can be generalized to future sta tes of the process using the same 

equipment; once a  process has visited all valid states, a classification of the current 

s ta te  is possible and a  failure of the equipm ent can be detected .

2 .1 0  D iscu ssion  a n d  Sum m ary

A discussion of LBG based clustering algorithm s revealed that the concept 

of locality defined by closest and second closest cluster centers can be used to 

increase the efficiency of vector quantization procedures. Furtherm ore the con­

cept of identifying local d a ta  regions via connectivity using CHR was exploited 

for the com putations of a  u tility  measure to  find under-utilized cluster centers. A 

bi-directional Hebbian algorithm  is presented th a t is capable of quantifying dis­

joint regions of d a ta  in a high-dimensional phase space. T he  algorithm  is shown to 

disconnect regions th a t  would be connected in an induced Delauney triangulation  

produced by the uni-directional Hebbian rule. The resulting  characterization of 

the d a ta  has proven useful for analyzing industrial processes. Future work will 

include the development of alarm mechanisms for the diagnosis of faults in in­

dustrial processes. We are also continuing our investigation of fast algorithm s for
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Figure 2.15: The disconnected regions produced by the weighted bi-directional 
Hebbian rule are shown and correspond to  different operating regions. Numbers 
1 — 15 indicate the position of cluster centers, lines connecting only centers within 
the same mode of operation. E.g. clusters 13,18,2,11 correspond to one operating 
regime.
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Figure 2.16: The original five industrial process tim e series are shown using sep­
arators (dashed line) to  distinguish distinct operating  modes identified from dis­
connected regions. The num bers in the top figure are the associated clusters from 
Figure 2.15. The first transition  is observed when the trajectory moves away from 
the disjoint region defined by clusters 13,8 .2 ,11. The new regime is identified by 
the connected clusters 5 ,15. T he process evolves through a sequence of six regimes
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clustering th e  da ta  th a t perm it a  growing num ber of centers based explicitly on 

the connectivity structure. In addition we seek to  develop a  principled approach 

to  detect to  number of clusters bases on statistical validation. Related scientific 

applications also include the identification of sta tes in chaotic dynamical systems, 

structural image analysis and processing of d a ta  to be classified.
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C h a p ter  3

RADIAL BA SIS FU N C TIO N  NETW ORKS  
BASED ON AUTOCORRELATION  

FEEDBACK  RESOURCE ALLOCATION

A model validation test based on simple linear autocorrelations is proposed 

as an  objective m ethod to  determine the optim al num ber of units in the hidden 

layer of a  radial basis function network. T he d a ta  to be fit is assumed to consist 

of a  signal with additive, independent identical d istributed (iid) noise. A novel 

stopping  criteria is introduced based on th e  statistics of the residuals rather than  

on ad hoc parameters. Consequently, this network is shown to neither overfit nor 

underfit the data.

3 .1  In trod u ction

Radial basis function (RBF) networks have proven to  be attractive for solving 

a  wide-range of approxim ation and classification problems [9, 39], Their appeal 

is due, a t least in p art, to  the m athem atical tractab ility  of their basic architec­

tu re  which consists of one input layer, one nonlinear hidden la\rer and one linear 

o u tp u t layer. In general, the size of the input and ou tpu t layers is specified by 

th e  dimension of the d a ta  in the problem under investigation, whereas the  di­

m ension of the hidden-layer and its nonlinear param eters (centers and widths) are 

unknow n a priori and m ust be determined by the train ing process. There are also 

m any options for com puting the training param eters: the location of the basis
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functions m ay be determ ined either by clustering algorithms [57] or optim ization 

m ethods [9]; the widths of the basis functions may' be chosen heuristically [32] or 

via nonlinear optim ization techniques; the rem aining weight param eters may be 

com puted via the singular value decomposition [1 1 ] (or other direct methods for 

solving overdetermined linear systems) as well as iteratively via descent methods 

[39]. It is also possible to  effectively blend nonlinear and quadratic  optim ization 

problems [55. 48]. In addition, the m athem atical structure of the RBF learning 

problem  affords a particularly  efficient implementation of forward-select ion m eth­

ods for model selection of linear regression models like orthogonal least squares 

(OLS) [16]. In combination with generalized cross-validation and  regularization. 

RBFs offer a  powerful tool to  address the bias-variance problem [63].

A daptive methods for function approximation, such as radial basis functions 

and their cousins, feedforward sigmoidal neural networks, may also be based on 

growing,1 or resource allocating network (RAN) algorithms as proposed by P latt

[64]. Growing architectures are applicable to  batch data sets, b u t they are espe­

cially a ttrac tive  for d a ta  arriving in streams. Such a growing algorithm  is especially 

suited to  nonstationary d a ta  since the network param eters themselves may be non- 

sta tionary  over time. In particular, such constructive network topologies offer an 

a ttrac tive  alternative to  fixed, i.e., non-growing, topologies as they may be ad­

justed  such th a t the com plexity of the model matches the com plexity of the data, 

as dem onstrated, e.g., in an  application to reinforcement learning [4].

During the course of tra in ing  via a growing algorithm, new d a ta  is presented 

to  the network and a decision must be made concerning the acceptibility of the 

model. If the new d a ta  is deemed sufficiently novel (typically via one or more ad

^ e r e  we understand that growing networks may grow larger or even becom e smaller if one 
or more units have become obsolete.
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hoc param eters) then a new descriptive basis function, or unit, is added; otherwise 

the  existing model is adapted to  the new d a ta  using a least m ean square algorithm 

(LMS) [71]. Many alterations and improvements of this basic procedure have 

been introduced. The replacem ent of the LMS with the extended Kalm an Filter 

resulted in more compact network architecture and faster convergence (RANEKF) 

[38]. T he identification of hidden units w ith little utility in subsequent stages of the 

algorithm  and  their removal, as well as the addition of a windowed error-threshold 

lead to  the  M-RAN network [72, 73]. S tatistical criteria have also been proposed to 

overcome the shortcomings of th e  ad hoc novelty criteria but these require detailed 

knowledge of the statistics including an estim ate of the covariance m atrix  for the 

noise process from the Kalman F ilter approach. In [69] a pointwise error test was 

proposed and  extended to a whiteness test in [54, 53].

S tudies th a t evaluate these m ethods to  assess the role of the  num erous ad hoc 

param eters leave the reader w ith  the impression th a t modeling w ith RANs is a 

com bination of science and art [47, 61. 54]. The performance of RANs appears to 

be especially problematic for nonstationary  data where recursive tra in ing  (cycling 

repeatedly  through the training d a ta) is not possible. The proposed training pa­

ram eters typically must be significantly adjusted by the user to  avoid overfitting 

and  re ta in  good generalization, a  procedure that requires extensive knowledge of 

the d a ta  and  the results of which become invalid as the d a ta  changes. In other 

words, these RANs are essentially only useful for addressing the model order prob­

lem as th is user-selected set of param eters essentially determ ines the  nature of the 

resulting neural approximation an d  requires prior information from trial-and-error 

runs which disqualifies them  from being tru ly  on-line methods.

This paper proposes a  RAN train ing  algorithm th a t elim inates the need for 

extensive set of ad hoc param eters of current state-of-the-art RAN m ethods. The 

premise of the  algorithm is th a t a  good RBF model will be obtained  if the residuals
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have the  appropriate statistics. For the purposes of th is paper we will assume th a t 

th e  noise is additive and  iid. T he RBF algorithm then consists of a growing network 

th a t  tests the autocorrelation of the  residuals a t each step. The stopping criterion 

now consists of determ ining w hether the residuals are  deem ed to  be iid. If this is 

not the case, then the  order of the model is increased and  the location of the new 

basis function is a t the point of a  maximum in the autocorrelation  function. This 

evaluation of the autocorrelation function and the resulting  center selection is a 

form of feedback. Hence, we will refer to  the m ethod presented in this paper as the 

autocorrelation feedback RAN RB F (ACF-RAN). It is proposed as an alternative 

to  RAN networks in a batch environment.

3 .2  T h e  R B F  R eso u rce  A llo c a t in g  N etw ork  (R A N )

3 .2 .1  R adial B a sis  F u n ctio n s

The central assum ption in using an RBF neural netw ork for data  approxim a­

tion  is that the underlying process can be modeled using a three-layer network 

th a t  implements a  m apping y  : —> R m according to
M ,\I

y (x)  = Wo + '^2 ,w k(p{\\x -  Cfcll) =  Wo +  ^ O fc (x ) .  (3.1)
h = i  k = l

where the /cth response function o(x)  is centered a t c*, and  has associated weights 

Wk £  Km; the weight wq is a constant bias term. The term s ok{x) are the activations 

of the hidden layer; the norm ||. || is generally taken to  be the Euclidian norm. If 

the  domain of the R B F is a  com pact subset of R n, then  every continuous real 

valued function may be approxim ated uniformly by linear combinations of RBFs 

w ith  centers in the dom ain; for a  proof see the appendix by Brown in [65].

A number of functions, w ith bo th  local and global support, qualify as radial 

basis functions including Gaussians, cubics, th in  p late splines and m ultiquadrics

[65]. In this paper we restrict our a tten tion  to the local G aussian response function

<f>{r) =  exp(—r 2).
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To provide additional structure to the expansion, we assume th a t the receptive 

field of the Gaussian (i.e.. domain values for which its range is nonnegligible) is 

shaped via the width param eters cjjk- This is equivalent to  employing a weighted 

Euclidean norm. Thus

A/ n ,

y (x )  = wq + ^ 2  wk e x p ( -  ^
k= 1 j —1 a Jh

where we now focus on the case where the image of the RBF has dimension m =  1.

The number of basis functions M  and the constant term  determ ines the model order

K ,  i.e.. K  =  M  + 1 (if no bias term is included, K  =  M ).

3 .2 .2  R A N  A lg o r ith m s

The batch tra in ing  mode of a RAN consists of sequentially adapting the num­

ber of radial basis functions until it has been determ ined th a t a  stable configuration 

has been reached. In a  tru ly  on-line mode the ad ap ta tio n  of the RBF is generally a 

continuous process as th e  nature of the d a ta  m ay change, e.g., due to  nonstation- 

arity. For both  modes initially, K  =  1 . i.e, the algorithm  begins w ith no RBF units 

having been allocated. At the k th  iteration the network is evaluated to determine 

whether a unit should be added, a unit removed or the num ber of units should 

remain constant. The allocation of the new un it d)(\\x — Cfc||) consists of locating 

the new center c*, followed by adapting the entire set of augm ented weights as well 

as the new width vector and center vector param eters. If a  new unit is not 

added, i.e., a unit is e ither deleted or the order of the model remains constant, 

then only the weights are adapted to fit the new data . In our implementation the 

weights are found by solving a least squares problem  while the  widths and centers 

are adapted using BFGS, a nonlinear optim ization algorithm  [49].

In general, RAN m ethods employ two m easures of model performance, viz., 

the approximation error on the training set X  =  {(rex, 2/ i ) ,..,  (x p .y p )}  as well as
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the  approxim ation error on a  te st set X t — {(aq, y i ) , ... (xpt , yp,)}. T he  error on 

the  test set is generally referred to  as the generalization error. As basis functions 

are allocated, the training error for a  noisy d a ta  set decreases monotonically. The 

generalization error, however, will a t first decrease and  then increase, an  indication 

th a t the d a ta  is being overfit. T he common goal of RAN networks is to  sto p  training 

a t the onset of overfitting.

These approximation errors for RANs are  typically taken to  be root mean 

square errors (RMSE), i.e.,

on a  sta tistical analysis of the  set of residuals a t each iteration. For a single 

observation the  model residual is

y ^ Ujn) U n •

Note th a t for a  model of order zero these residuals are just the target d a ta .

3 .2 .3  T h e  M -R A N  M eth o d

Here we present the M-RAN m ethod, a state-of-the-art RAN, for th e  purposes 

of la ter com paring this m ethod w ith that proposed here. For further details see, 

for example, [72]. M-RAN is a  sequential learning approach, utilizing a set of 

user-supplied param eters IA =  {em„x , 7 , emin. M , emin, e'min, 6, k }. For each pattern  

(x n, y n) presented to the network, the output yn = y ( x n) is com puted, followed by

R M S E

O ur approach for determining the  appropriate order of the RM F m odel is based

We define to be the set of tra in ing residuals for a  model of order K ,  i.e.,

R (/v  ̂ =  {en : x n € A, m odel order !<}.
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a set of errors, where M  > 0 defines the size of a sliding window,

en =  m ax{emQI7 '1,emin}, where 0 <  7  < 1 is a decay constant (3.2)

^ 7 1  — Vn Vri'i (3-3)

(3-4)

necessary for the evaluation of the  growth criteria

Cn | &min and (3.5)

\ \ x n — Cnr\\ > Zn and

p pfr m s t l  ^  u r r n n  •min • (3.7)

(3.6)

where Cnr is the  center closest to x n. If all growth criteria (3.5)-(3.7) are satisfied, 

a  new unit is allocated with the following new parameters:

If one of these criteria  is not satisfied, then it is deemed th a t  the  presented d a ta  

point is not novel and  the RBF weights only are adapted w ith th e  extended Kalm an 

filter (EK F). The novelty criteria form ulated as error thresholds have the following 

in terpretation . emin controls the desired approximation accuracy of the network. 

en represents the scale of resolution in the input space and  decays exponentially, 

controlling the interdistance between new centers. This leads to  a center allocation 

criterion which allows fewer basis functions with large w idths initially, while for 

larger n, more observations become available and smaller w idths (controlled by k 

in (3.10)) are possible, fine tuning the approximation. This s tep  is followed by the

(3.8)

C / \  + 1  —  % n  7 (3.9)

& K - r  1 —  C n r | | * (3.10)
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com putation of the activations o£ =  Ok(xn) and a normalized utility  measure for 

each unit:

r" =  °£ .
k max(o£)

If <  S for M consecutive observations, the A;th unit is pruned and the dimensions 

of the EKF are ad justed  accordingly. This pruning criterion removes RBF units 

which make only an insignificant contribution to the overall network for M  training 

iterations. The threshold on the windowed error erjnse (3.4) ensures the smooth 

transition  between growing and pruning the network.

In all, the set IA consisting of eight param eters have to  be set a  priori or by 

trail-and-error. Small perturbations can result in highly variable network sizes 

w ith insignificant change in generalization error. Also, as m entioned previously, 

the M-RAN algorithm  is essentially a batch method and does not perm it true on­

line training as the d a ta  m ust be cycled through several times during the course of 

training. In addition, experim ents have shown that the best values of the ad hoc 

param eters (consequently the network performance) depends highly on the order 

in which the d a ta  is presented. The addition of noise also has a dram atic negative 

im pact on the perform ance of the M-RAN w ith a fixed set of parameters; this is 

illustrated numerically in Section 4.

3.3  A u to co rre la tio n  Feedback

Consider the convergence of a  RAN when applied to  observations with additive 

iid noise. At the outset of the process of building an RBF model via a growing 

algorithm , one does not expect the residuals to be iid. Indeed, they will

typically be highly autocorrelated; it is only a t the point th a t the d a ta  is accurately 

modeled, but not overfit, th a t the residuals appear iid. This observation forms the 

basis of a  param eter-free stopping criterion: the order of the m odel is correct when 

the residuals first become iid, in other words, the onset of overtraining is identified
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w ith the recovery of iid residuals. In w hat follows, we describe how th is stopping 

criterion may be im plem ented by calculating the autocorrelation function of the 

residuals.

3 .3 .1  T h e A u to co rre la tio n  Test

The sample autocorrelation function (ACF) for a  set of residuals ei, eo ,...., en 

w ith mean e and lag h is defined as

p{h) - WY
where —n < h < n .

n - | / . |

7 (h) = l / n  ^  a{h..ei).
i= 1

and

a(h . a )  = ( e ^ h | -  e)(e«_|Ai -  e).

For fixed h = h * the quan tity  a(/i*,ej) is the contribution to the autocorrelation 

by the z'th data point; hence, we refer to  this pointwise measure as the  sample au­

tocorrelation contribution (ACC). For a m ultidimensional extention of correlations 

see [8 ].

In general, if noise is iid with finite variance, then, for h > 0. th e  sample ACF 

p(/i), h > 0, is approxim ately iid. Additionally, this distribution is norm al with 

mean zero and variance l / n  where n is assum ed to be large [10]. Hence, for iid 

noise, approximately 95% of the values of p(h) should satisfy

z l ^ < p { h ) < l ^ L '  (3 .H )
\ /n  y/n

Thus, if our m axim um  lag value is h , then .95h of the sam ple ACF values 

should satisfy Equation (3.11). If this inequality is not satisfied, i.e., more than 

0.05/i values of the sample ACF fall outside the bounds, we should conclude that 

the noise is actually not iid.
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Now, we can use the above facts concerning the  estim ated d istribu tion  of the 

sam ple ACF for our RBF m odeling problem, for the  case where the  observations 

are known to have added iid noise. An RBF m odel is deemed to  be "correct" if it 

fits the data. For such a  model, the residual consists wholly of noise. If the noise 

is known to be iid, then  the  ACF of the residuals should pass th e  above test. In 

the next section we develop a  RAN algorithm th a t exploits these ideas to  produce 

a stopping criterion with no ad hoc parameters.

3 .3 .2  T h e  A u to co r re la tio n  Feedback A lg o r ith m  for A llo c a tin g  N ew  
U n its

The resource allocating network algorithm we propose is centered around the 

iid te st for the residuals and  the  actual procedure for allocating a  new unit. The 

iid te st was described above and  forms the basis of the stopping criterion. Here 

we develop the remaining com ponents of the algorithm .

If the residuals a t the k th  iteration, i.e., fail the iid test, then  the location

of the K  +  1 st unit must be determined. We propose th a t this new unit should 

be inserted at the point where the model residual has m axim um  contribution to 

the ACF 7 (/i)- The point in the  domain x* th a t is responsible for the maximum 

contribution to the ACF is found in two steps: F irst the lag /?’ is calculated that 

maximizes the ACF, i.e.,

h* =  a r g  m a x  7 ( h ) .h^O

Secondly, x * is selected to  be the  domain point th a t  has m axim um  positive contri­

bution to  7 (/i*), viz.,

x* =  arg m axa(h*. e(xi)).xtex

Allocating a radial basis function centered a t this point, i.e.,

ck+i =  x*,
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will reduce the value of the ACF where it is needed most.

Once a new center location has been established by the above procedure, a 

local region Xiocai about the center is determined. T he da ta  in th is  region is then 

employed for optimizing the  param eters in the RBF. The procedure for finding 

Xiocai follows the idea th a t only points in input space close to  x * contribute signif­

icantly to  the ACF. To account for noise, outliers and  sudden jum ps, the ACC is 

sm oothed using a windowing technique in input space and evaluated over points 

th a t are closest to x*. First, let be the index set of input d a ta  sorted according 

to  their distance from x*. e.g. X i(l) is the index of point xj(\) closest to  x ’ . Now 

define the  smoothed (windowed) ACC function as

TL

IVACC\[(n)  =  OL{h\xX{i)) M  < n  <  P. (3.12)
i = n - ( A [ - l )

where W A C C \[ (n )  reaches a  minimum th a t is valid for M  consecutive points 

identifies n*. The local d a ta  Xiocai is taken to be the n * closest points to  x*. Xiocai 

is then  used in adapting the w idth and the center of the newly allocated basis 

function a t  x* using a quasi-Newton optimization m ethod (BFGS w ith approxim ate 

line search [49]). The linear weights are determ ined in com bination with BFGS. 

solving the  corresponding LS problem, in m anner analogous to  th a t of [48] for 

m ultilayer perceptrons or [55] for RBF networks. As a result of th is local adaption 

each newly allocated unit m atches and responds to the  d a ta  in Xiocai only resulting 

in a com pact and parsimonious network architecture.

3 .4  S im u la tio n

To com pare the ACF-RAN algorithm  with o ther m ethods we propose to fit the 

H erm ite Polynomial and the MATLAB “Peaks” function. The Herm ite polynomial

f ( x )  =  1 .1 ( 1  -  x + 2 x 2) exp( —^ x 2)
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is a  scalar function of a single variable and has been used as a benchm ark function 

in m any RBF and RAN studies [44. 62. 63]. The "Peaks" function

3
x  = --------- ———- cos t (3.13)

1  +  exp 0 .0 2 #
3

y = ------------------ sin #
1 +  exp 0 .0 2 #

s =3(1 -  x f  e x p ( - ( x 2) -  (y -F l )2) -

10(x/5 -  x 3 -  y5) exp (—x 2 -  y2) -  l /3 e x p ( - (a r  +  l ) 2 -  y 2)

is a  scalar function of two variables and is introduced here to  investigate the issues 

associated with multi-dimensional domains, considered by other au thors only in 

the noise-free case. Note th a t our algorithm requires th a t the data  be presented to 

the network in a  time ordered m anner. Thus, the d a ta  sets were generated using 

a  param eter # that plays the role of time in a time-series.

3 .4 .1  T h e  M -R A N  P erfo rm a n ce

First, we investigated the performance of the M -RAN network w ith the same 

set of param eters given in [72], including the EKF settings: U = {erru2X =  2.0, emin =

0.2, 7  =  0.977. emin = 0.02. ac =  0.87, e'min - 0.3, M  - 25, 5 — 0 .0 1 }. A tra in ing  set 

consisted of 100 randomly sam pled domain points from the interval [—4. 4] plus 

the associated range points from the Hermite polynomial. First, following [72], 

the perform ance was evaluated on a test set of 2 0 0  equally spaced d a ta  points in 

[—4,4]. To examine the claim in [72] th a t the above M-RAN training param eters 

are robust to additive noise applied a  second, more stringent test was applied. Now 

the range d a ta  consists of the Herm ite polynomial w ith added G aussian noise of 

mean zero and standard deviation 0 .2 .

In the  noise-free case, the M-RAN algorithm allocated 8  units (w ith a  low 

RM SE of 0.0095) before the stopping criterion was satisfied. However, for the
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noisy Hermite d a ta , the  resulting M-RAN network algorithm  with the same pa­

ram eters as in th e  noise-free case allocated 20 units. T h is result suggests th a t 

the da ta  is being overfit and an  exam ination of Figue 3.1 supports this conclu­

sion2. Thus, it appears th a t the ad hoc param eters are indeed sensitive to additive 

noise. Furtherm ore, the  residuals produced by the M -RAN model of the noisy 

Hermite d a ta  are autocorrelated  as evidenced by the A C F shown in Figure 3.2. 

By contrast, the  ACF-RA N algorithm  will be seen to  te rm inate  unit allocation 

w ith uncorrelated residuals.

Note that our algorithm  is based on computing autocorrelations of tim e or­

dered data  and  th a t  the  training d a ta  is assumed to be sequential. From this per­

spective, we view th e  Hermite polynom ial data as being generated by a  sm ooth, if 

noisy, process. Thus, there are inherent differences in th e  m anner in which these 

algorithm s “see” th e  da ta . One could attem pt to  apply the  M-RAN architecture 

to  tim e ordered d a ta , however, th a t  would require th a t an  entirely new set U  of 

param eters be established by tria l and  error—an exercise th a t  our algorithm  was 

designed to avoid. And, as always, a  failure to obtain good results for the M-RAN 

network might always be a ttrib u ted  to  not having determ ined the optimal tuning.

3 .4 .2  T h e A C F -R A N  P erform an ce  

T h e  H erm ite  P o ly n o m ia l

For the ACF-RA N . 100 equally spaced points in the interval [—4. 4] were used 

for training, w ith norm al noise w ith  standard deviation of 0.2 added. The test 

set is the same as used for the M-RAN example. Figure 3.3(top) shows the ACC 

com puted from the  A CF of R (0) (no bias term included) shown in Figure 3.4(top).

2Note, M-RAN does not include a direct calculation of the cross-validation error, which might 
avoid such overfitting.
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O training (no noise) 
•  trajmng (noise) 

M-RAN (no noise) 
—— M-flAN (noise)
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Figure 3.1: The M -RAN fit using the  noise-fee training d a ta  gives an almost perfect 
reconstruction with a  final RMSE of 0.0095. Leaving th e  param eters unchanged 
for the noisy train ing  d a ta  results in a  poor fit.

0.8

I 0 6
3e
§
8
I

02
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Lags h

Figure 3.2: The autocorrelation function for the noisy test d a ta  shows th a t the 
M-RAN fails to  reproduce iid residuals for the Hermite polynomial.

55

R e p r o d u c e d  w ith  p e r m is s io n  of  th e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



After only 2 units are allocated all autocorrrelations fall w ithin the confidence 

bounds (Figure 3 .4(bottom )). Figure 3.5 shows the identified local neighborhoods 

^local' ^local - now bi the  original d a ta  set ra ther than as residuals and R^K  

As seen in the Figures, one can identify which unit is responsible for modeling a 

certain part of the  d a ta  complexity. Two Gaussians units are allocated for the 

two dominant convex regions in the d a ta  set. The procedure has therefore the 

ability to allow for an  interpretation of th e  allocated units, again see Figure 3.5. 

As evidenced in Figure 3.4, our test will not admit three units, since no further 

inference from the ACF can be expected. The final result for the noise-free test 

d a ta  is shown in Figure 3.6 with an RM SE of 0.0075. T he complexity of the 

training data m atches the one of the network with two units.

To further dem onstrate  the robustness of ACF-RAN. we apply the two-unit 

RBF constructed above to  a new d a ta  set consisting of th e  same Hermite poly­

nomial with different noise realization. The resulting ACC function, shown in 

Figure 3.7, indicates th a t  the model correctly fits the d a ta  w ith  only one lag-point 

outside the confidence interval. Note th is test is analogous to  cross-validation for 

ACF-RAN.

T h e  Peaks D a ta

The “Peaks” d a ta  was generated from Equation (3.13) w ith 1500 training 

points with t E [—50tt, 50tt]. A noisy tra in ing  set was generated  by adding Gaus­

sian noise with 0.5 s tan d a rd  deviations to  the .r variable. Figure 3.8 shows the 

RMSE on the test d a ta  as training proceeds. As units are allocated the number 

of autocorrelations th a t  fall outside the limit decreases un til the algorithm ter­

minates with 16 units (Figure 3.9). As an  additional m easure of the decrease of 

correlated residuals, for each model order, the sum of all autocorrelations over lags 

h  ( X w H o PVl)Yls  com puted and  shown in Figure 3.10. In view of Figures 3.9 and
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Figure 3.3: ACC during resource allocation of 2 RBF units. The maximal contri­
bution (*) is used as a new center location. The corresponding local training d a ta  
( O ’ )  was then used for the adaption  of the width and center.
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Figure 3.4: As the ACF-RAN algorithm  allocates units th e  ACF decreases until 
after two units the stopping criteria  is achieved and all autocorrelations fall w ithin 
the confidence interval.
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Figure 3.5: The local regions Xiocai (0 )  (top: X ^ al, bottom : ) identified
during learning with th e  ACF-RAN on the original d a ta  set.

3

2

0

-3

Figure 3.6: Comparison of the ACF-RAN approxim ation on the noisy d a ta  with 
the noise free test d a ta  used in the example.

Figure 3.7: ACF function on a noisy test d a ta  set. The ACF-RAN reproduces an 
idd sequence of residuals.
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Figure 3.8: The RMSE error on a "Peaks" test set as units are allocated.
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Figure 3.9: Number of autocorrelations that fall outside the confidence limit as 
units are allocated.

3.10, it appears that six units capture the noisy d a ta  well (two autocorrelations 

outside the confidence lim it). As more units are allocated the fine structure is 

modeled until the network reaches a size of 16 units and no further inference on 

the  residuals can be achieved.

3 .5  S u m m ary  and C on clu sion s

In summary, resource allocating networks apply an  ad hoc stopping criterion 

for determ ining the number of required units. Typical RANs employ the model 

residuals in only a very lim ited way, i.e., as a means for estim ating approximation 

error. In contrast, our approach focuses directly on evaluating a statistical model
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Figure 3.10: A m easure of the decrease of the autocorrelations of the residuals for 
the ACF-RAN.

for the errors. Model validation is a  central procedure in any system-identification 

process in a  noisy environment. If the model struc tu re  is correct, the residuals 

should consist of an  independent identical distributed (iid) random  sequence. To 

th is end, we have introduced a sta tistica l novelty and stopping criterion. The pro­

cedure does not rely on the a priori assumption th a t the  residuals are drawn from 

a Gaussian distribution  or that an  estim ate of the covariance m atrix for the noise 

process is available (which is essential in, e.g., [69]). A first and simple model 

validation test then  consists of using the sample au tocorrelation of the residuals to 

check the hypothesis th a t the residuals are autocorrelated. We use the autocorre­

lation function to stop adding new units after no inference about the independence 

of the residuals can be made assum ing an iid noise environm ent. Furthermore we 

use the contribution to  the autocorrelation to identify local regions for network 

param eter ad ap ta tio n  with a quasi-Newton Method (BFGS). A significant feature 

of the algorithm is th a t the resulting RBF network is parsimonious, which results 

in the possibility of in terpretation of the inserted units.

Hence, our algorithm  is based on an autocorrelation test applied to the resid­

uals F&k \  Generally, in time-series analysis, if the residuals are identified as iid 

for a model of order K, then one usually applies a higher order autocorrelation test
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to  check for neglected nonlinearity. In this paper we only make use of the linear 

residual autocorrelation test. Future work will include higher order correlations 

and  their influence on RANs.

61

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



C h ap ter 4

THE M AXIM UM  NOISE FRACTIO N  
M ETHOD FO R FILTERING NO ISY  

TIM E-SERIES

We propose a tool for filtering m ultivariate tim e series that was initially de­

veloped for analyzing m ulti-spectral satellite imagery. T he basic technique, known 

as the m axim um  noise fraction (MNF) method [31], m ay be used to  provide a sub­

space decomposition of a  m ultivariate time series in term s of basis vectors which 

contain maximum noise (or m axim um  signal). The methodology is applied to the 

reduction of d a ta  on noisy m anifolds [3].

4 .1  In tro d u ctio n

T he application of the Karhunen-Loeve (KL) procedure (similarly, the singular 

value decomposition (SVD) or principal component analysis (PC'A)) to  noisy data 

can be problematic in th a t the eigenvectors associated with the largest variance 

may contain significant am ounts of noise. It is well-known th a t the  KL eigenvec­

tors are left unchanged by the addition of white noise while the eigenvalues are 

all shifted upwards by the variance of the noise [27]. The maximum noise frac­

tion (M NF) method, proposed by [6 8 ] (see also [31]), was developed as a noise 

removal technique for m ulti-spectral satellite data . R elated approaches have been 

proposed by [1 ] in the context of singular spectrum analysis as well as for analyzing 

biomedical time-series via Q uotient-SV D  [58]. However, our m ethod includes the

62

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e r m is s io n .



estim ation of the noise covariance m atrix  explicitly for m ultivariate time-series, 

not considered by other authors.

T he M NF technique produces a basis representation, the purpose of which 

is to  separate the noise and the signal as far as possible into distinct subspaces. 

An interesting feature of this approach is that high-frequency com ponents of the 

signal are not attenuated as a result of the filtering. Sharp features such as bursts, 

spikes and non-differentiable points which may provide essential inform ation in the 

time-series are retained. Additionally, the method lends itself naturally  to being 

applied locally, either in tim e or space.

4 .2  M eth o d o lo g y

Let us consider the observation of a multivariate tim e signal x(t )  E Mr/. sam­

pled P  tim es during 0  <  t <  T

x T {t) = {xx(t), . . .Xq(t)). t =  1 . . .  T,

which is composed of a determ inistic signal uncorrelated with additive noise at 

tim es t  (E[x(t)n(t)] = 0)

x( t )  = s(t) + n{t).

In term s of d a ta  matrices we may w rite this decomposition as

X  = S  + N,

where X , S . N  E MPxq, e.g., X T =  [ x ^ | . . .  x ^  E K9, dropping the time 

index. Unknown are the true signal covariance m atrix and the noise covariance 

whereas the covariance of x( t )  can be estimated as

T

S = (x(_t)xT(t)) = i  |>(t)*(i)T =
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A procedure for estim ating  the unknown noise covariance m atrix  £„ will be pre­

sented in A ppendix C (see also Section 4.3). As a result of the  uncorrelatedness, 

we can decompose £  as

£  =  £ s ■+■ £„.

T he signal-to-noise ra tio  of the i-tli tim e series is defined v ia th e  respective ratio  

of signal and noise variances as

c v n  Var[xt(t)]
SM I, * r ^V a r ^ f ) ]

whereas the noise fraction of the i-th  tim e series is defined as

_  Var[rz,(^)] . _
*' Var[a:£(f)]? 1 Q'

th e  ratio  of the noise variance to  the  to ta l variance for the i-th  band. The basic idea, 

due to  [6 8 ], is to  com pute a  new basis, 0 *, to represent the  d a ta  with m axim um  

noise fraction

<f>W = i± lx (,), k =  1 . . .  <7 0 (i) =  ^ Tx il). i =  1 . . .  P.

resulting in a  new representation of X . W riting <I> in its d a ta  dependent form, i.e.. 

as a  superposition of the  d a ta  we get

=  A # .  <J> =  [0! | . . .  | 0 fc| . . .  |0,],  6 k e R p  T  =  [0i | . . .  |0* |  . . .  | 0 f|], Cfc E R q-

T he basis vectors o l E Mp may also be decomposed into signal and noise com po­

nents, indicted by additional subscripts s, n, as

0 i =  6i,s  +  0i ,n:

where o i>s =  Sipl and o :,n =  N6i-
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4.2 .1  T h e  O p tim iza tio n  P rob lem

Now the  noise fraction  of the i-th  basis vector Oi is defined as

\ Qi.n&i-n 
N F { ( p i )  =  , T  , .

o j o i

This may now be rew ritten  in terms of 0 ;

■vjNT N ’ibi tf'ZniPinf(0z- = , t v t v  = -rv~r - (4-1ip- X 1 Xibi ip I E'0 ;

We find the vectors 0 ; maximizing the noise fraction by solving the real, sym ­

metric definite generalized eigenproblem. which follows from Equation (4.1) after 

differentiation w ith respect to  0 , and setting the result equal to  zero:

=  p E p .  (4.2)

The resulting generalized eigenvalues //,-,* =  1 . . . q  are the noise fractions, cor­

responding to  the generalized eigenvectors 0 ,-, ordered such th a t with increasing 

Pi the eigenvectors (pi contain more noise. Thus, given a d a ta  m atrix  X and the 

solution m atrix  40 =  [0 i | . . .  \ipq] of the generalized singular vector problem (4.2), 

the orthonorm al basis for IR9 is given by 40 =  [pi| . . .  |o t-1. . .  |<pq\. (pi € R p where 

<£<7 =  A '40 and  norm alization 404>̂  =  I . 1 The set 40 is normalized such th a t 

^ PX TX 40 =  I.  C learly we may express th e  d a ta  w ithout loss as X  =  404>^A\

Truncating r  noise dom inated columns of 40 acts as a noise filter on A', i.e., the

d a ta  may be decom posed as

A d =  $ d B d - 

where the smaller m atrix  w ith D  =  q — r

B d = ®td X  = $ td X d

‘The basis vectors are ordered by increasing noise fraction, so a truncation of the basis corre­
sponds to noise filtering.
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consists of reconstruction coefficients.

It has been suggested th a t this procedure may be carried out by applying a 

whitening transform ation based on the covariance m atrix of the noise [43] and [1] 

(see Appendix A). In this setting  the resulting problem for determ ining the basis 

vectors is a  standard SVD ra ther than  a generalized SVD. While th is approach is 

a convenient com putational device, we found th a t  the change of basis required to 

w hiten the noise produced an unnatu ra l coordinate system. Hence, all our results 

are transform ed back to the original umvhitened coordinates.

4 .3  E stim a tin g  th e  C ovarian ce M atrix  o f  th e  N oise

As suggested in [6 8 ], the covariance m atrix  of the noise may be estim ated by 

shifting a  tim e series and com puting differences. One can show in this case th a t the 

covariance m atrix of the differences is approxim ately twice N TN,  see Appendix 

C for the necessary assum ptions. Note th a t th is method requires th a t the data 

be smooth, i.e., x t «  x t+i- It should be noted th a t the procedure for estim ating 

the covariance matrix of the noise need not be absolutely perfect. T he penalty of 

error is a modest rotation of the subspace spanning the maximum noise fraction 

eigenvectors.

4 .4  A p p lication s

We dem onstrate the effectiveness of the m axim um  noise fraction for filtering- 

noisy d a ta  in the context of several illustrative examples.

4 .4 .1  F ilter in g  N o n sm o o th  D a ta

The d a ta  in this example was generated specifically to dem onstrate  the point 

th a t nonsm ooth functions buried in the d a ta  m ay be accurately recovered. The 

d a ta  set consists of 1 0  highly cross-correlated noisy time series each consisting of
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(a) (b) (c)

Figure 4.1: (a) One of the ten original tim e series; (b) one term  KL reconstruction 
of (a); (c) one term  maximum noise fraction reconstruction of (a).

500 points. The correlation was achieved by mapping th ree time series to  R 10 using 

a random  full rank matrix:

1 . a saw tooth of am plitude one and  period 2 tt with no noise;

2 . a  pure noise signal-normally d istribu ted  with zero m ean and variance 0 .0 1 ;

3. a  squared sinusoid with added noise with zero m ean and variance 0.005.

T he result of applying the MNF to one of the ten time series is shown in Figure 

4.1. The saw tooth is in fact the first M NF basis vector and thus captures the 

shape of the tim e series without noise. The KL reconstruction is noisy as the first 

basis vector contains significant noise. (See, e.g., [39] for a general discussion of 

the  application of KL to data  sets.)

4 .4 .2  T h e  N o isy  Circle

A two dimensional circle x  =  cos(0), y  =  sin(#),0 €  [0, 2tt] em bedded in R 3 

was used to  dem onstrate the lim itations associated with the  KL decom position in 

the  presence of non-white noise added to  the signal (x, y) (see Figure 4.2). We show' 

th a t with an estim ation of the noise covariance (see A ppendix C) it is possible to 

ex tract the original signals using the M NF transform. T he successful discovery of 

the  signal is apparent in view of Figure 4.3. In (a) the KL eigenvectors are shown,
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Figure 4.2: A circle in the  x-y plane with spatially  non-white noise added in three 
dimensions. The noise variance in z direction is considerably larger than  in the  x-y 
plane.

cap turing  the dom inate (noisy) variance directions, whereas the MNF eigenvectors 

are sorted according to  their noise fraction. The signal can be recovered by re ta in ­

ing the  first two MNF eigenvectors (in reverse N F order). The signal com pared in 

M NF modes and KL modes is shown in Figure 4.4. Finally, Figure 4.5 shows the 

full 2 -mode reconstructions in R 3.

4 .4 .3  M u ltiv a r ia te  W ea th er  D a ta

Here we investigate the application of the M NF m ethod to weather d a ta  col­

lected during the first four days of October 2 0 0 0  w ith a sampling frequency of 

five minutes. The tim e series we investigate include tem perature, relative hum id­

ity, wind speed (average speed), gust speed (speed of the  maximum w ind) and 

pressure . 2

2This data was made available by the Colorado State University Atmospheric Science Depart­
ment, Fort Collins, CO. It was collected at the Christman Field (FCC), Foothills Campus Weather 
Observation Station and m ay be viewed at ww w .atm os.colostate.edu/cgi-bin/fcc/form .pl.
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Figure 4.3: (a) KL eigenvectors: the first mode contains no signal but only noise; 
(b) M NF eigenvectors based on the estim ated noise covariance: the  first two modes 
ex trac t the two-dimensional signal.
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a)

d)c)

Figure 4.4: (a) Signal in 2-mode MNF space; (b) signal in 2 -m ode (2nd and 3rd) KL 
space; (c) 2-mode M NF reconstruction (z-direction); (d) 2 -m ode KL reconstruction 
(z-direction).

KL Reconstruction

M NF R econstruction

- 0 .0 5

- 0.1  -

- 0.2

0 .5
0 .5

- 0 .5- 0 .5

- 1.5  - 1.5

Figure 4.5: 2-mode reconstruction using 2nd and 3rd KL and 1 st and 2nd MNF 
eigenvectors.
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Figure 4.6: M ultivariate w eather data basis vectors ordered from  top to bottom , 
(a) KL basis; (b) m aximum noise fraction basis w ith maximum signal basis vector 
a t the top and maximum noise basis vector a t the  bottom .
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Again, for purposes of comparison we have included bo th  the KL reconstruc­

tion and the MNF reconstruction using the basis vectors shown in Figure 4.6. 

Using three terms, the KL reconstruction fits each tim e series accurately; see Fig­

ure 4.7. Note th a t the wind and  gust speed tim e series have high variance but 

are fit very well. The M NF fit for these tim e series is sm oothed. Note th a t the 

tem perature, relative hum idity and pressure are fit more accurately using MNF 

th an  with KL. Thus, the M NF technique fits the low variance d a ta  with high ac­

curacy and filters high variance data. As a result, the M NF transform ation acts 

as a  smoothing filter, revealing the underlying trends in the wind speed and gust 

speed tim e series. This fact is made apparent by the nature of the KL and MNF 

eigenvectors shown in Figure 4.6. The first few M NF basis vectors containing the 

signal are much sm oother th an  the  corresponding KL basis vectors.

Note th a t the d a ta  was scaled in this exam ple such th a t each time series has 

unit variance and zero mean. This is required for the KL procedure, otherwise the 

dom inant eigenvectors span the wind and gust speed subspaces. One advantage of 

the M NF m ethod is th a t it is scale invariant.

4 .5  R ed u ctio n  o f  N o isy  M anifolds w ith  M N F

If d a ta  is highly correlated in its ambient space it is often possible to construct 

dimensionality-reducing m appings [39]. In general, if the d a ta  m atrix  has full rank, 

then  linear methods are not able to  compress the dimension w ithout loss of data. 

However, considering the  special instance when the  d a ta  m atrix  actually contains 

points th a t reside, a t least approximately, on a manifold, we may employ the WRN 

[13, 12] to  discover any hidden states associated w ith the d a ta . The application 

of the  W RN architecture to  noisy data  is challenging and requires special modifi­

cations [12]. Here we exam ine the utility of M NF for use in conjunction with the 

W hitney Reduction Network (W RN).
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Figure 4.7: Reconstructions of weather d a ta  from O ctober 1-4, 2000 using: (a) 
th ree term  KL reconstruction; (b) three term  M NF reconstruction. The five time- 
series in each figure m easure tem perature, relative humidity, wind speed, gust 
speed and  pressure. In each figure the dotted  line represents the reconstructed 
d a ta  while the solid line represents the original data .
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4 .5 .1  T h e  W h itn e y  R ed u c tio n  N etw o rk  (W R N )

Proposed initially in [13], the W RN provides a tool to  express a d a ta  set in 

M*7 globally as the graph of a function. A prim ary feature of the m ethod  is that it 

provides a  good dom ain for the graph  b}' optimizing on the condition num ber of the 

function. Given a d a ta  m atrix X ,  it is reduced by projecting onto th e  d-dimensional 

dom ain of the graph. W hitney's Em bedding Theorem [33] sta tes th a t  a  sufficient 

condition for th is inverse to  exist is th a t the dimension d of this pro jection  satisfy 

d > 2m  +  1  where m  is the dim ension of the manifold on which the d a ta  lie. 

The theorem  is an  idealization th a t we have found to  work well in practice. The 

param eterization  of the d a ta  in a given basis V  =  [ c i |. . .  | ' i / d | 1 | . . .  |cf/] =  [VjlVo] 

in term s of the  reduced coordinates p  =  V \ x  where the represen tation  of a point 

x, w ritten  x, is given by

x  =  V i p +  V2f(p) .  (4.3)

where V\ is a  basis for the dom ain and  Vo is a basis for the range. In this setting 

the d a ta  may now be viewed as the graph of a  function (p, f (p))-  A lternatively, the 

first term  Vjp may be viewed as th e  linear reconstruction while the  second term 

Vo / (p )  is the nonlinear reconstruction; see [39] for further details an d  examples of 

this procedure.

4 .5 .2  T h e  W R N  w ith  th e  M a x im u m  N oise F raction  T ran sform ation

It has been observed [12], perhaps not surprisingly, th a t the presence of noise in 

d a ta  may im pede the search for a good projection. Thus it is n a tu ra l to  investigate 

the  utility  of the  maximum (equivalently, minimum) noise fraction m ethod. We 

shall see th a t th is approach has considerable appeal given it n a tu ra lly  separates 

the  signal and  noise into orthogonal subspaces. Recall th a t the M NF noise filtered 

d a ta  may be w ritten

X D  = $ d B d - 
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We propose to  com press X p  by param eterizing the last D  — d columns of 4>o by 

the first d colum ns. This may be achieved by decomposing <£>o using (4.3)

n  = V t $ d .

Following [13], as a  preprocessing s tep  th e  basis of the row space of <f>£> is changed 

to  improve the condition number of the  reconstruction. In practice, it is the first 

d columns of II th a t  serve as the dom ain  of the graph, while the D — d columns 

serve as the ta rg e t of the domain, i.e., th e  range, following (4.3). A radial basis 

function expansion is employed to approxim ate this m ap [13].

The com plications associated w ith the  construction of a basis V  for a well- 

conditioned projection are addressed in Appendix C. See Figures 4.8 and 4.9 for a 

summ ary of the decomposition and reconstruction procedures. The data  modeling 

stages using the  m axim um  noise fraction transform  are as follows.

•  Perform a M N F transform , determ ining 4>o and B p  for the compression of 

X  using only signal dom inated vectors 4>£>. Note th a t the signal-to-noise 

ratios for each d>; are given in term s of eigenvalues f il

SNR(d>t) =  — -  1.
Hi

and indicate how many term s in 4? are to  be retained.

•  Find a  basis V  =  [V'i | Vo] to construct II, optim izing the conditioning of 

the inverse m ap. The details associated with the construction of a well- 

conditioned inverse will be addressed in Chapter 5. T he projector !!<* is used 

to construct the  domain and IIj- for the target.

•  Approxim ate the  m ap from the param eterized dom ain to  the target employ­

ing a nonlinear function estim ation, e.g., a neural network; this leads to  the 

approxim ation of II by n (see F igure 4.9).
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•  Use V  to re tu rn  to  the MNF representation and B d to  reconstruct the ap­

proximation of th e  data:

X q  =  =  &D*&[)X.

X  -  $ D -+ n -  nd
\ \

Bd nj-

Figure 4.8: A sum m ary of the decomposition and param eterization of a  d a ta  set 
using the WRN with MNF.

n d —+ n —*■ $ d —* X d

f ( U d) B d

Figure 4.9: A sum m ary of the reconstruction of a data set using the W RN with 
MNF based on the decomposition shown in Figure 4.8. The tildes denote th a t 
the quantities are now the approximations (to  the true values) as produced by the 
RBF fitting procedure.

4 .5 .3  A  N o isy  S p a ce-T im e Signal

The signal investigated here is a pulse moving with unit velocity on a circle: 

x (h  — t), h representing the spatial variable and t time; where x{6) =  x(Q +  2 tt) 

[12]. W ithout noise th is  d a ta  is topologically a circle (a one-dimensional manifold) 

in a  high dimensional space. The pulse x  is simulated as a traveling G aussian (see 

Figure 4.10). If a noise process n(t, h ) is added the space-time sym m etry has been 

broken (see Figure 4.12)

x(h,  t) =  exp —(t — h r ) / 7  + n(h, t).

W ith 7  =  25. the function was sampled a t 64 points in the h-direction a t half­

integers and a t 256 points in ^-direction. T he resulting d a ta  m atrix  has the format
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Figure 4.10: Noise-free traveling wave. Sam pled a t 64 points in spatial direction h 
and  256 points in tim e t.

X  G R 2o6x61. The d a ta  sits now only approxim ately on a  circle. Another way to 

look a t the data  is to  take 64 spatial bands each one 256 long in time. The noise th a t 

was added to the signal was normally d istribu ted  with variance E.y G RGlxCl (see 

Figure 4.11); the noise is assumed to be tem poral white such th a t n ~  Ar(0, £ ,v). 

The d a ta  decomposition using MNF and th e  W RN as illustrated  in Figure 4.8 

is now employed to filter and  represent the  data. The separate  reconstructing of 

the  linear and the nonlinear component to  the original d a ta  space are shown in 

Figure 4.13 and 4.14, respectively. The M N F reconstruction without employing 

the W RN, X'd = $ d B d w ith D = 6 , retain ing  6  MNF modes out of 32 bands is 

illustrated in Figure 4.15. Employing the W RN , the param eterization of <!>£> using 

a 2 dimensional basis V\ =  G R 6  results in a 5% lower reconstruction

error, compared with the  M NF based reconstruction to th e  original space-tim e 

signal, as shown in Figure 4.16.

4 .5 .4  P red ic tin g  a  C h a n g e  in th e  W ea th er

Here we consider an  application of th e  W RN with M NF filtering to  a set of 

six time-series m easuring weather variables, described in th e  previous section for 

th e  m onth of October, 2000 as shown in Figure 4.17. (Note th a t  the noise fraction 

basis was calculated over the  same interval as the training d a ta .)
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3

2

Figure 4.11: Noise variance as a function of each of the 64 spa tia l bands.

Figure 4.12: The Traveling wave corrupted w ith  spatially non-w hite noise.

Figure 4.13: Linear reconstruction of 6 -mode (D = 6 ) MNF projection based on 
2 -dimensional secant basis (d = 2 ).
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Figure 4.14: Nonlinear reconstruction of 6 -mode M NF projection based on 2- 
dimensional secant basis.

Figure 4.15: Reconstruction of 6 -m ode MNF filtered traveling wave, w ithout the 
W RN modeling step.

Figure 4.16: Full reconstruction of 6 -mode MNF filtered traveling wave w ith non­
linear m apping from 2-dimensional secant basis to 4-dimensional orthogonal resid­
ual.
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October 10/9/00 -  10/19/00 (1hr)
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Figure 4.17: Raw w eather data consisting of tem peratu re  (T), relative hum id­
ity (RH), dew point (D P), wind speed (WS), gust speed (GS) and pressure (P) 
collected over the m onth of October, 2000 a t hourly intervals. T he dark points rep­
resent testing d a ta  while the light points from October 9 -19  were used for building 
the radial basis function model.

We found th a t choosing a filter corresponding to  D  — 4 eliminated w hat 

appeared to be correlated noise. Further, we employed d = 3 so the radial basis 

function was required to  empirically model a function

/  : n3 C  1  -»  II3  C  R .

We selected a period of ten  days, O ctober 9-O ctober 19, for constructing the model 

using the m ethod of orthogonal least squares (OLS)[16j.

At approxim ately point 475 we detect that the m odel residual has become 

significant (see F igure 4.18) indicating th a t the underlying weather pattern  is 

changing. Note th a t th is point in tim e occurred 25 hours after the end of the 

training data. Furtherm ore, at ab o u t point 510, or a  day  and a half after the
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Nonlinear ResiduaJ
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0  100  20 0  300  400  500  6 0 0  7 0 0

Figure 4.18: Jum p in nonlinear residual indicates an im pending change in the 
weather. Points m arked w ith a  dot indicate that the m agnitude of the residual 
exceeded the m aximum residual of the training set.

m odel detected a  change, there was an actual shift in the  w eather pattern  as indi­

cated  by the nonoscillatory tem perature profiles. Thus, th is exam ple suggests th a t 

the  model predicted a change in the w eather roughly a day before it happened. 

Figure 4.19 visualizes th e  complete changes in the w eather p a tte rn , based on the 

nonlinear residuals for th e  fully reconstructed weather tim e series.

This study is m eant only to  be an illustrative example of the capacity of this 

reduction architecture when employed w ith the MNF methodology.

4 .6  R ela tion sh ip  to  In d ep en d en t C om p on en t A n a ly sis

The task of filtering noise from d a ta  may also be viewed as a problem in 

m ultiple source separation. In particular, correlated noise may have significant 

structure, to the point th a t it may be interpreted as ano ther signal. Thus, it is 

interesting to consider how algorithm s for source separation such as independent 

com ponent analysis (ICA) [17] perform on the weather da ta .
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Figure 4.19: The predicted  change in the weather data, based on the nonlinear 
residuals (see Figure 4.18). D ark points indicate a  change in the  weather pattern .

In independent com ponent analysis it is assumed th a t the observed signal x( t )  

is the result of a  linear transform ation .4 £ R '7* ' 7 of independent source signals

x(t) = As(t) ,

where the  independence condition may be form ulated in term s of marginal proba­

bilities
<?

P( s )  =  I J p i (S i ) .  
i = l

i.e., the m ultivariate probability  distribution of s(t) is factorizable. Now. given 

x(t) ,  the task is to recover the  independent sources s(f); th is may be achieved 

using higher order m om ents or cumulants in the  general framework of information 

theory and neural networks [20]. To compare the MNF algorithm  with ICA we 

applied bo th  techniques to  the  multivariate w eather da ta  described in Section 4.2. 

T he results are shown in Figure 4.20. Perhaps surprisingly, there is considerable 

sim ilarity between the resulting MNF eigenvectors and independent components.
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The first M NF eigenvector corresponds closely to  the pressure variable as does 

one of the  basis vectors resulting from the FastICA  routine [36]. The second 

M NF eigenvector is similar to independent com ponent number two and neither 

correspond to  a physical variable. The th ird  MNF eigenvector provides the least 

correspondence to  the independent components, bu t by elimination corresponds 

most to independent component num ber five; bo th  manifest oscillations of similar 

period. T he fourth MNF eigenvector corresponds closely to independent compo­

nent num ber four: again, this is not a  physical variable. The fifth MNF eigenvector 

corresponds closely to  the w ind/gust speed as well as to  independent component 

num ber one. The last MNF eigenvector is the same as independent component 

num ber th ree and  is non-physical.

Hence, we conclude tha t there are considerable similarities between the two 

m ethods, indeed, the independent components appear to be a small ro ta tion  of 

the MNF basis. Despite these sim ilarities, there are some fundam ental differences 

w orth noting. Firstly, the MNF m ethod orders the resulting basis vectors. Thus, it 

was clear in our application in Section 4 which vectors should be truncated: this is 

not the case w ith the ICA representation. Additionally, the ICA algorithm  is much 

more involved th an  the solution of the generalized singular vector problem. A ctu­

ally, there are many different algorithm s for com puting independent components. 

To check our work we applied the Jade algorithm  [14] for ICA and the results were 

very similar, bu t not identical. Lastly, it should be noted th a t in general ICA 

cannot be used to  distinguish signals from m ultivariate Gaussian noise, bu t ra ther 

to  analyze independent sources and  their contribution to  the original signal [17].

4 .7  C o n clu sio n s

The M NF technique provides a  useful subspace decomposition for noisy as 

well as high-variance time series. Unlike other applications of this type of m ethod
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Figure 4.20: A com parison of the results of applying the M NF m ethod and  ICA 
to the weather d a ta . The solid lines correspond to the m axim um  noise fraction 
eigenvectors Oi, ordered from top  to  bo ttom  with increasing noise. The indepen­
dent com ponents most similar to  th e  M NF eigenvectors are p lo tted  with dotted  
lines.

to  time series, here the covariance m atrix  of the noise was estim ated, following 

[6 8 ], by com puting differences of shifted vectors. The m ethod was shown to be 

effective for filtering b o th  nonsm ooth d a ta  and data w ith high-variance bands. In 

addition, the M NF was integrated w ith the  W hitney R eduction Network [13] -a  

tool for d a ta  reduction-as an effective means to  reduce noise. Lastly, a comparison 

of the MNF m ethod to  ICA was presented. The results indicate, a t least for the 

climate d a ta  considered here, th a t there  are some surprising sim ilarities between 

MNF and ICA. T his will be the sub ject of further investigations.
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C h a p ter  5

SECANTS A N D  GOOD PROJECTIONS

In Chapter 4 we applied the W hitney Reduction Network (WRN) to a high­

dimensional d a ta  set. T h e  W RN constructs a param eterization of the data, im­

plem ented as an invertible projection onto a lower dim ensional manifold. Finding 

such projections is a  challenging task. In this chapter we discuss several m ethods 

th a t  can be employed to  find good quality projections, which are characterized by 

optim izing the trade-off between providing a  low dim ensional description of the 

d a ta  and allowing the construction of a  well-conditioned inverse. A good quality 

projection will then  be applied to a  medical d a ta  set.

5.1  D a ta  P a r a m eter iza tio n  V ia  P r o jec tio n s

Assume th a t a  d a ta  point x  6  A  C  R ry of a data  set A  =  { x (yi)} ./ i  =  1 . . .  P  

was obtained by sam pling a  m-dimensional submanifold A i  of R7. Note that q. the 

am bient dimension, may be quite large, e.g.. the number o f pixels in an image or 

the number of sensors in a physical experim ent, whereas it is possible th a t m,  the  

intrinsic dimension, is much smaller. The m otivation for finding good projections 

is based on the reduction m apping which is the essential first step in the W RN 

[12]. If a  point x  6  A  is decomposed under a projector P

x  =  Px +  ( /  — P)x, (5.1)
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w ith p  =  Px and q =  ( I  — P )x  =  Qx, then E quation  (5.1) gives a  decomposition 

of x in p  6  7£(P), lying in th e  range of P  and  q G -A/*(P). in the null space of P. 

Following W hitney’s Em bedding Theorem [33]. if the rank(P) =  d > 2m.  then the 

existence of a global map from  the range of th e  projector to its null space q =  f ( p ) 

is guaranteed and we may then  parameterize the  d a ta  set A  in term s of p  via

x  = p + f (p ) -  (5-2)

Using an  orthogonal basis in M9, V  =  [cilxol ■ • • a  rank-d orthogonal projector 

P can be constructed by P<* =  V d V j , where Vd =  [xi|x2| . . .  | *;<*]. T he coefficients of 

p  =  P x  are given by V j x  and provide the d-dimensional representation. Since m 

is generally unknown, an appropriate basis Vd for P  must be estim ated  empirically 

from the  d a ta  set A:  this is the  topic of th is chapter.

5.2 G o o d  P rojection s

Given the data set A  we need to find a good projection in order to  param eter­

ize x using Equation (5.2). A n acceptable projection will not "collapse” any pair 

of d a ta  points in the range of P, th a t is. only projections are adm issible th a t do not 

project along a secant connecting any two pairs of points in A .  Furtherm ore, the 

reconstruction of the orthogonal component Q x will employ a  nonlinear function 

approxim ation for the target q = f(p) .  This inverse mapping should be as well- 

conditioned as possible to achieve good generalization. For example, the  stability 

of the linear weights il\  in a  RBF network are directly  related to  the conditioning 

of the  inverse map; an ill-conditioned m apping will result in the  am plification of 

possible noise contained in the  measurements and  result in a  larger variance of 

the linear weights W{. This effect is known as variance inflation [7] and can be 

dram atically  reduced if the condition number of the mapping to be approxim ated 

is controlled. A good quality projection will provide us therefore which a  param e­

terization of the d a ta  such th a t  d is as low as possible, whereas the  inverse is as
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well-conditioned as possible. The action  of the projector P on two d istinct points 

x, y  E A  is therefore restricted to  satisfy the following inequality, as proposed in 

[13, 12]

||Px — Py || >  /c*||x — y\\ x,  y  E A .  (5.3)

where k * > 0 (typically k* E [0.1, 0.5]) is a fixed user-supplied tolerance, m easuring

the m axim al allowed distance of any two da ta  points in the range of P. We now

seek a dimension d  of the range of P  as small as possible satisfying Inequality (5.3)

for a  given k*. Using the set £  =  {ki,  . . . .  fc.y} of u n it secants

.- x  — y k _
k  =  7i iT =  TTTTT- x  T  V- (°-4)Ik  - 2/11 11*11

stored in the m atrix  K  E M.Nxq, where N  = P ( P  — l ) /2 ,  counting each d a ta  pair

only once, then Equation (5.3) may now be form ulated as

||P * ||> A :*  V fcEE, (5.5)

with the definition of the minimum projected secant norm

*min =  min ||P* ||, 
kez

condition (5.5) may be expressed as

k  >  k*rvmin _  ^ •

Note th a t k = l / k mm is the Lipschitz constant of the  inverse m ap P _l and  should 

be as small as possible for a well-conditioned map. The minimum secant norm 

/cmin and the distribution of k may be utilized to asses the quality of projections 

and to  improve the basis Vd until an  acceptable value of kmin has been found.

As an illustrative example we consider the pringle curve1, defined as

6 —»• (sin 6, cos 0, sin 26).

^ o t e  that W hitney’s embedding theorem does not apply here. A projection onto R 2 will 
generally not preserve the differential structure of the manifold Ad. This example was initially 
considered in [13].
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Figure 5.1: The pringle curve is a one-dimensional m anifold em bedded in P 3.

and sam pled on 100 d a ta  points with 0 £ [—tt, tt] (Figure 5.1). Figure 5.2 shows 

the set of unit secants of the  pringle if the ordering of points is m aintained along 

the curve. This introduces a bias in the unit secant d istribu tion  due to  the single 

counting of pairs, as can be observed if we compare the set E. com puted from the 

same b u t random ized d a ta  set (Figure 5.3).

5 .2 .1  T h e  S ec a n t-S V D  B asis

A basis Vj for the construction of a good projector P  can be found by consid­

ering the principal components, identified with the left singular values, of the unit 

secant m atrix  K , obtained bv performing a singular value decom position (SVD) 

[30] of K

I< =  U S V T.

where U is N  x q m atrix  w ith  orthogonal columns, V is a q x  q orthogonal m atrix, 

and S is a  q x  q diagonal m atrix  which has the singular values of K as its entries. 

Following the argum ent in [13, 12] , if ran k (/\)  =  r  <  q, then the projection 

along any vector v  in the span{ty+i, ..vn } =  null(A') associated with zero singular 

values will result in F{,k =  k  and consequently k min =  1  allowing us to  chose
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Figure 5.2: The unit secants of the oriented pringle curve where A  =
{x(0 i ) , . . .  :x (0 loo)\0i < 9j . i  < j}-

-0  50.5

05-0 5

1

Figure 5.3: The unit secants of the pringle curve computed from the randomized 
d a ta  set A.  The random ization results in additional directions of unit secants, 
which were neglected if an ordering of the points on the curve is m aintained.
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Figure 5.4: SVD directions of the set of unit secants for the pringle data. The 
principle directions (1). v(2)  and v(3) are associated with the left singular values 
in decreasing order.

k* =  1 . Expanding th is  argum ent it is expected th a t a projection along directions 

associated with small singular values will result in a larger m inim um  secant norm 

kmin and a selection of a  larger k' ,  on average a t least. A pplying the previous 

argument, the columns of K  are projected onto the d-dim ensional eigenspaces 

spanned by the principal components of I \ ,  Vd =  ['t'i|^2 | • • • k ’d]- The smallest 

dimension d for which Equation (5.5) is satisfied determines th e  good projector

For the pringle exam ple, Figure 5.4 shows the resulting principal directions of 

the unit secant m atrix  K .  As can be observed the principal d irection associated 

with the largest singular value, n(l),  points in the north-south direction, which is 

the direction along we would expect to project to obtain a well-conditioned inverse 

(see Figure 5.5 for such an (invertible) projection). This observation is contrary 

to the argument made above and a result of the non-uniformity of the  unit secant 

distribution, which is considerable larger towards the poles as evidenced in the 

histogram of the norm s of the projections of K  onto v(l) ,  F igure 5.6. It can be 

shown analytically th a t secants reveal the north  (south) pole a t th e  direction th a t 

should be projected along [13].
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Figure 5.5: The pringle d a ta  projected onto the x-v plane spanned by v(2) and 
v(3).

Figure 5.6: Histogram of th e  norms of the projections of K  along the first principal 
direction, v(l) ,  of unit secants.
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5 .2 .2  T he A daptive Secant A lgorithm

Following the previous example. Figure 5.8 shows the principal component 

associated with the sm allest singular value of K,  v(3), for the  construction of 

P 2 =  ( /  — i’(3)ur (3)), a  projection onto the  2 dimensional subspace spanned by 

x ( l ) . t ’(2) (Figure 5.4). This direction is identified as a bad direction due to  the 

large num ber of secants th a t  do not satisfy Equation (5.5) (denoted by circles in 

Figure 5.8). This set of secants is referred to  as bad secants and collected in a set 

S  =  {A; £ E | ||Pd_ifc|| <  k m}. As proposed by [13], the set S  m ay be used in an 

iterative procedure to  u p d a te  the initial un it secant covariance m atrix  0  =  K TK  

(q x q). w ith the goal of ro ta tin g  the eigendirections in a m anner to reduce the 

num ber of bad secants. A trace  preserving update  of 0 ,  weighting S  by a constant 

a ,  is employed to achieve th is

0 '  =  ( 1  — -£ )©  +  - S TS. (5.6)N  m

where m is the number of b ad  secants contained in S. Geometrically, this weighting 

will iteratively pull the principal directions associated with large singular values 

into the  direction of bad secants and those eigendirections th a t correspond to 

small singular values into directions along which we expect good projections, i.e., 

regions on the d-dimensional unit sphere, where few or no secants are found. This 

procedure is specified in A lgorithm  5.1.

T he adaptive secant algorithm  as presented in [13, 12] seeks a single projec­

tion th a t eliminates com ponents th a t lie in a r-dimensional subspace th a t has no 

direction colinear w ith a secant of J\4, P : K —> R<7-r. The projection is constructed 

by

Px =  ( /  — u iu f  — vovT — . . .  — vrv j ) x .  (5-7)

This procedure can be problem atic and prevent the algorithm  from extracting a 

small dimension d =  q — r, necessary to describe the intrinsic n atu re  of the data.
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Figure 5.7: The adm issible projection dimension as a function of the iteration 
num ber for the adaptive secant algorithm.

This is due to the use of conflicting bad secant directions a t different dimensions 

d  to  update  the adaptive secant algorithm. As a result, we observe oscillations 

between different admissible dimensions d as a function of the iteration number 

of the adaptive secant algorithm , as illustrated in Figure 5.7. The reason for 

such oscillations is th a t the  user supplied weighting param eter a  may depend on 

the  current dimension d, and needs adjustm ent depending on the number of bad 

secants in each dimension. The same argument is valid for k* which may be chosen 

larger for large dimensions.

A lg o r ith m  5.1 A daptive Secant Algorithm (ASA)
Inp u t: Unit secants K ,  tolerance A:*, weighting constant a  
O u tp u t: IP and d such th a t P̂ A: >  k*

1 : K  =  U S V T {Initial basis V }
2 : w h ile  A;min <§; k '  do  
3: min^ [|PdA;[[ >  A’’ VA: e  £
4: P =  VdV j
5: S  = {k £ ElWFd-ik < k*}
6 : U pdate secant covariance m atrix ©' (5.6)
7: ©' =  U S V T
8: en d  w hile
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Figure 5.8: The in itial direction. v(3) w ith associated bad  secants (o).

5 .2 .3  S equentia l A d a p tiv e  Secant A lg o rith m

An alternative u p d a te  is proposed here th a t rests m ore directly on the con­

structive proof of the W hitney  Embedding Theorem [33]. A n admissible projection 

P</ is extracted a t dim ension d-f- 1  satisfying ||P<i£j| >  k *, such th a t P<i : —>•

followed by the im m ediate application of Pj:r. x  6  Rrf+1. We now denote by P ^  

the  projector of rank 1 , from IRrf+l —►

If the current basis is given as V<i =  [t'i| . . .  | the p ro jector is com puted by P  =

[r^l . ..  |i;^][^’i| . .. \vci\T (<Q> =  Vd+ivJ+l), resulting in a sequence of q — r projections

This new procedure s ta r ts  naturally  with d + 1 = q, applying the  adaptive secant 

algorithm  to reduce th e  dimension by one a t a tim e ( r = l  in Equation (5.7)), 

proceeding until no fu rther projection satisfying condition (5.5) can be achieved. 

T he sequential projection algorithm  5.2 is distinguished from  Algorithm  5.1, where

Pl.d =  V  ~  Vd+ll’d+i). (5.8)

(5.9)
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A lgorithm  5.2 Sequential Adaptive Secant Algorithm (S-ASA)
In p u t: K ,  possibly m ultip le values for A;*, a  
O u tp u t: P and d such th a t PA: >  A:’

1 K  =  U S V T {Initial basis V }
2 dmin =  nun<f \ \Pdk\\ > h*\/k £  £
3 d = dmm
4 w h ile  A,min A;* d o
5 w h ile  S  {0} d o
6 S  = {k  £  EIHP^-iA: <  A.-*}
7 Update secant covariance matrix 0 '  (5.6)
8 ©' =  U S V T
9 en d  w hile

1 0 P =  P P ^ i
1 1 Compute new K  and  V  for P
1 2 en d  w hile

the dimension is reduced by r in one single projection, after the algorithm  has 

term inated.

Algorithm 5.2 will provide a more controlled way to  find a small dimension d, 

due to  the adjustability  of the param eters a  and  k* a t each dimension reduction 

step. Furthermore, once a projection has been found, the d a ta  is im m ediately 

projected, prohibiting th e  effect of oscillations betw een dimensions. The rank-d 

adaptive secant algorithm  lacks th is feature, due to  its sensitivity to  the bad secant 

d istribution (see Figure 5.7). The application of 5.2 will be dem onstrated in an 

exam ple a t the end of th is  chapter.

5 .3  F ilterin g  S eca n ts

An alternative procedure for finding a good projection is based on the idea 

proposed in [1 2 ] of filtering out small secants to  produce an admissible projection 

in the  case of noisy observations. The goal here is to  successfully identify and filter 

secants th a t are dom inating  the geometric s tru c tu re  of the manifold M .  This 

identification may be perform ed by investigating the  distribution of the secant 

lengths ||A:||. Figure 5.9 shows such a d istribution  for the pringle example. The
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Figure 5.9: The histogram  of the lengths of secants ||&|| for the pringle data. T he 
distribution suggests a  separation into three regions.

dom inating length occurs a t ||/r|| % 2. In Figure 5.10 the unit secants and their 

lengths ||A;|| are illustrated, visualizing their position on the unit-sphere in R 3. 

The histogram in Figure 5.9 suggests th a t th e  secant length might be separated  

into roughly 3 regions, labeled 1 for small secants, 2 for dom inant secants and  

3 indicating large secants. Utilizing Figures 5.10 and 5.9 we can conclude th a t  

secants in region 1 define the border of the un it secant set T, whereas secants th a t  

fall in region 2  lie around the equator of the unit sphere in R3: the large secants fill 

the space in between. A simple secant length filter would only retain secants w ith  

a  dom inant length at \\k\\ «  2 resulting in a  secant m atrix I\o. After com putation  

of the principal directions of Ko-. illustrated in Figure 5.11, the good projection, 

along u(3) corresponding to  the principal direction with the smallest eigenvalue is 

an  appropriate initialization for the adaptive secant algorithm, due to  the sm all 

num ber of bad secants associated with this direction.

A more challenging example for finding a  good direction is the "Peaks’" d a ta , 

introduced in Chapter 2 in connection w ith the  Autocorrelation Feedback R B F 

Network, see Equation 3.13. Here we use a dom ain randomly sampled in [—2, 2] x

96

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



*ire t 
O SI2S 2 

s i /e  3

•  1 1

Figure 5.10: Unit secants of the pringle data, now m arked according to  their length 
11* 11-

[—2, 2], as shown in Figure 5.16. This data set requires us to choose k * <  0.01 for 

the successful projection onto the domain spanned by the x  — y  plane, indicating 

the ill-conditioning (steepness) of the inverse m apping. The unit secants almost 

cover the entire unit sphere in R", except a relatively small region on the north and 

south  pole. The distribution  of lengths of ||A:|| is shown in Figure 5.12: no obvious 

regions are identifiable, however it was observed th a t all secants w ith ||A.j| >  4 

lie close to north or south  pole - the only direction th a t perm its an  admissible 

projection. All secants ||A'|| <  4 are distributed on the sphere and  no obvious 

filtering can be identified. The adaptive secant algorithm  has the problem that 

basically every direction contains a  considerable num ber of bad secants, which 

makes the convergence of bo th  Algorithms 5.1 and  5.2 problem atic. Here a local 

secant approach discussed in the following section was successful in finding an 

admissible projection.
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Figure 5.11: The result of keeping secants with ||fc|| ~  2. The new Secant-SVD 
basis as indicated, produces a  singular vector u(3), associated with the smallest 
singular value, pointing into the  "good” direction.

secant sue l|k(|

Figure 5.12: The histogram  of the lengths of secants for the “Peaks” data .
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5.4  T h e Local Secant A lgorithm

The com putation of locally admissible projections is motivated by the ob­

servation th a t a  global projection should implement a  projection th a t is in some 

sense common w ith all local projections. In order to establish a notion of locality, 

a partition

of the d a ta  set A ,  representing the sam pled manifold JA,  is constructed. This par­

tition  may be the result of a vector quantization or clustering algorithm, where the 

cells {Vi} are associated with Voronoi regions. As described in [35], an appropriate 

local representation of the manifold JVt m ay be accomplished using a clustering 

m ethod which takes (approximated) derivative inform ation into account. Such a 

technique was developed in the context of modeling dynam ical systems via neural 

charts [35], where a  local region V is projected onto its tangent space, constructed 

from a local param eterization of the m anifold as the graph (y, f{y)) .  The tangent 

space is then  the span of the Jacobian of /  a t the cluster center. Consequently, the 

set of all small, local secants E; lie in th a t tangent space, which spans the range of 

a locally admissible projection and can be found using the Secant-SVD algorithm . 

This locally admissible projection will be denoted by tt, : IRrf+1 —*• !RJ . reducing 

the dimension by one. For the construction of a global projection Pf; we proceed 

as follows. The admissible directions from each region V are collected in the set 

V(i =  [ i ^ |  . . .  The set Vo is shown in Figure 5.13, where from each center c,

a vector emerges, pointing in the admissible direction. Figure 5.14 (b) shows the 

set Vd=o hi the x  — y plane; the argum ent for a global projection is now th a t most 

directions have a  counter-direction pointing the opposite way, and the direction 

with most asym m etry (z-direction) rem ains as the one resulting admissible direc­

tion. Com putationally, this direction is associated with the smallest eigenvalue
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Figure 5.13: Each partition , represented a t the origin of th e  locally admissible 
projection for th e  “Peaks" data  set.

of the m atrix @y =  Vr V and is shown in Figure 5.15 (a) and  (b). together w ith  

the unit secant d istribu tion  of the “Peaks" da ta . Note the relatively small em pty 

region in the z-directional view (b). F igure 5.16 shows Ad, the  sampled "Peaks" 

manifold , as the  graph of the g : IP Ad C E 2 - > 8

Ad =  {(x ,g(x) ) \x  e  PAd C R2},

and approxim ates the original data acceptably well considering the conditioning 

of the m apping problem.

In an additional experiment, an arb itrarily  orthogonal ro ta tio n  in R3 was 

applied to the “Peaks" d a ta  such th a t the r-direction was not longer associated 

w ith an good projection direction. Also in this case the local secant algorithm  was 

able to extract the  admissible direction.

5.5 E xam ple: M ed ica l D ata

A challenging application of intelligent d a ta  analysis is the  development of 

com putational tools in the  field of biomedical signal processing. It is envisioned in
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Figure 5.14: (a) The set Vo of locally admissible directions; (b) the same set viewed 
from the z-direction. Tw o locally admissible directions are drawn, the  resulting 
com m on direction v', ex tracted  using PCA, points into the "good" direction.
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Figure 5.15: The unit secant set for the "Peaks” d a ta  and the global projection 
direction, extracted from th e  local set of secants.
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Figure 5.16: T he original "Peaks" data (M),  com pared to  the graph of (x.g(x)) .  
see Equation 5.4.

the future to create  an  artificial assistant to help diagnose and propose m ethods of 

intervention based on the analysis of large am ounts of numerical d a ta  th a t serve 

to  quantify the pa tien t history. To encourage the  development of new tools for 

analyzing complex biomedical signals, the MIMIC (M ulti-param eter Intelligent 

M onitoring for Intensive Care) [56] database a t PhysioNet [29] was created. It 

contains 24 and 48 hours of continuous d a ta  recorded from patient m onitors in 

the medical, surgical, and cardiac intensive care units of Boston's B eth Israel 

Hospital, each signal sampled a t  125 Hz (every 0.008 seconds). The stu d y  of the 

changes in one or several physiological variables will often illuminate the underlying 

physiology, and m ay be helpful in detecting and  separating true pa tien t alerts 

from m onitoring alerts, which can be labeled as false alerts, where no medical 

intervention is required (about 50% of all alarms are false alarms).

A sample of the  d a ta 2 used here is shown in Figure 5.17. It contains eight 

continuously recorded vital measurements which were mean removed and  scaled

2Available at http://w w w .physionet.org/physiobank/clatabase/m iniicclb/, patient record 474.
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W eighting constant a 1 0 0

Secant norm tolerance k* 0 . 2 0.15
Dimension 7 6 5 4 3

M inimum Secant Norm 0.602 0.500 0.487 0.320 0.126
Num ber of iteration 3 1 1 14 40 18

Total num ber of iterations 8 6

Table 5.1: Sequential adaptive secant results for the  MIMI data. Com pare to 
Figure 5.18.

to  unit variance in a preprocessing step. The task here is to find an appropriate  

projection to  a  low dimensional space, optim ally to R 3 for visualization purposes, 

and to  generate a low dimensional d a ta  param eterization for the first step  in the 

application of the  WRN to the d a ta  modeling problem. Figure 5.18 compares 

minimum secant norms for the Secant-SVD basis, the d a ta  PC A d ata  basis and 

the sequential adaptive secant algorithm  (S-ASA). T he details of the application 

of the S-ASA algorithm, such as num ber of iterations for each dimension, a  and 

k * are sum m arized in Table 5.1. Figure 5.19 illustrates the performance of the 

S-ASA com pared with the adaptive secant algorithm w here k * =  0.2 and a  =  100 

for 1 0 0  iterations (different param eter settings were tested  for the adaptive secant 

algorithm , w ith no significant improvement in the m inim um  secant norm). Note 

th a t for d  =  7 the  adapted secant basis is worse tha t th e  unadapted secant basis, 

because the  algorithm  is not focused on k  ss 0.4. Finally Figure 5.20 visualizes the 

application of the sequence of projections to  the MIMI d a ta  set.

5 .6  R e c ip e  an d  Sum m ary

Several new procedures have been introduced here for the task of finding 

good quality  projections, in the sense th a t the minimum secant norm is as large 

as possible whereas the dimension of the range of P is as small as possible. To this 

end, all algorithm s need considerable interactions with th e  user to find a good set of
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Figure 5.17: ABP (arterial blood pressure). PA P(pulm onary arterial pressure), 
CVrP  (central venous pressure), PLETH  (fingertip plethysm ograph), RESP (respa- 
to ry  rate) and C 0 2  (C 0 2  level).
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Figure 5.18: The minimum norms of the projected unit secants of the MIMI d a ta  
as a  function of dimension for the Secant-SVD basis, th e  PCA  data basis and  the 
sequential adaptive secant algorithm.
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Figure 5.19: The m inim um  norms of the  projected unit secants of the MIMI d a ta  as 
a  function of dim ension compares th e  performance of the adaptive secant algorithm
(------ ) and the sequential adaptive secant algorithm (—* —). T he initial SVD-basis
is marked as (—□ —).
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Figure 5.20: T he visualization of the projected MIMI d a ta  into IR3.
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adaption parameters. However, the sequential adaptive secant algorithm  approach 

is more user-friendly in the sense th a t each projection in a sequence of projections 

may be optimized individually, which also gives superior results com pared w ith the 

adaptive secant algorithm. In the following a summary of the d a ta  secant analysis 

is proposed to assist with the quest for a good projection:

1) Scaling: The analysis of raw observational data  often dem ands an appropriate 

scaling method. Recorded signals often come with their own. inherent scale. 

If many of them are combined to  form a multivariate signal, or data  m atrix , 

further analysis generally requires scaling of the d a ta  which can be difficult 

without prior knowledge (e.g. noise levels) about the d a ta  characteristics. 

Also, the performance of PCA and projections based on secants are very 

sensitive to  different scaling m ethods of the data. Nevertheless, useful scaling 

methods include mean removal combined with the standardization of the 

variance in each mode to one. The M in/M ax scaling usually scales the signals 

to be between 1 and -1. Using PCA, a whitening transform ation of the d a ta  

may be performed, which is also essentially the first preprocessing step  in 

applying independent component analysis. For the application of m aximum 

noise fraction scaling see C hapter 3.

2) Change of basis: S tatistical second order information about the covariance 

structure of the d a ta  can be extracted  by performing a PCA  analysis of the 

data. Note th a t resulting d a ta  PCA basis may not provide a  good projection, 

since it is not optim ized for th a t purpose, but can be employed in a com­

parison, once a basis for a good projection is found. Higher order sta tistics 

can be extracted by performing an independent com ponent analysis (ICA) 

to further enhance the understanding of the data; also th is  basis m ay be 

employed and tested for good projections, but again it is not optim ized to 

produce good projections.

106

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



3) Secant Analysis: T he com putation and  visualization of th e  secants and unit 

secant set is the essential tool for finding good projections:

(a) Secant-SVD: The PCA basis of the unit secant m atrix  m ay achieve the 

construction of a basis for a good projection. This is particularly true 

if the secant length distribution can be employed to  filter dominant se­

cants. Furtherm ore, this basis is useful to initialize itera tive  algorithms 

for optim izing the minimum secant norm.

(b) S-ASA: An improved basis m ay be found by iteratively  weighing bad 

secants and term inate with an  acceptable kmi„, w ith  the  possibility of 

adjusting th e  param eters to optim ize the conditioning of the projection 

at each dim ension reduction step.

(c) Local Secants: The concept of obtaining a global adm issible projection 

from local projections is particularly  attractive if a  useful partition of 

the d a ta  is available, each resulting in a significantly different local 

projection.
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C h ap ter 6

CO NCLUSIO N A N D  OUTLOOK

We conclude this thesis w ith a  discussion and  an outlook of the approaches and 

algorithm s tha t were applied in the process of modeling noisy d a ta  observations. 

T he central question to  answer is, if we accom plished the task  of construction a 

model th a t

... generalizes well to th e  data ,

... recovers the hidden sta tes and  the intrinsic dimension of the observations,

... provides us w ith a m ethod of dealing w ith noisy m easurem ents.

... is based empirically on successful and efficient algorithm s.

This thesis uses the m ethodology of dimension reduction m appings to  recover hid­

den sta tes in "real-world’’ d a ta , possibly contam inated with a noise process. In our 

first approach, these hidden sta tes where ex tracted  using a clustering algorithm. 

This was successful due to  the observation th a t hidden states often occupy differ­

ent regions in high dim ensional space, considerably separated w ith  respect to some 

sim ilarity measure. The concept of a weighted bi-directional Hebb rule provides 

a  flexible tool to build a connectivity structure to  discover these regions. O ther­

wise, this may only be accom plished with a large am ount of cluster centers either
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in the context of topology preserving networks under the condition of dense cen­

te rs1. or some other m easure of low quantization error, which possibly leads to bad 

generalization in a noisy environm ent and requires large com putational power to 

process the data. Note th a t "real-world" observations often exhibit missing values, 

in the sense that proper class labels, e.g., for norm al operation or some failure, are 

not supplied, making the application of trad itional classification procedures for 

detecting the associated s ta tes  difficult. Furtherm ore, the notion of locality via 

second order Voronoi cells leads to  an efficiency improvement com pared to many 

vector quantization algorithm s, suffering from the evaluation of global similarity 

measures. An attractive im plem entational feature is the flexibility of the proposed 

algorithm ic additions, simplifying their com bination with trad itional clustering 

m ethods due to their m odular character of, e.g., the  weighted bi-directional Hebb 

rule, or the growing com ponent in G-LLBG. Furtherm ore, we showed the success­

ful com bination of a neural m otivated learning rule (Hebb rule) w ith the popular 

batch  LBG and fc-means algorithm s. In the future we anticipate to  add intelligent 

com putational structures, e.g., k  — d trees [6 6 ], to our algorithm .

The autocorrelation feedback mechanism introduced here for radial basis func­

tions, provides a m ethod to  ex trac t a nonlinear relationship between a domain data  

set and a noisy target. This task  occurs for example in the reconstruction step 

in the YVRN. This novel approach for solving the bias - variance dilemma [28] 

rests on the correlation s tru c tu re  of the approxim ated residuals, using the prior 

inform ation that their an tic ipated  behavior is iid. The com bination w ith a local 

optim ization procedure leads to  a  learning algorithm  th a t elim inates most ad hoc 

param eters, simplifying the model building process. The discovery of hidden states

l Note that the definition of dense centers in [52] does not hold if the proper mathematical 
definition of a manifold is used.
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in a  function approxim ation problem  can be associated w ith the identification of 

basis functions th a t match certa in  parts of the target, which is only possible if a 

parsimonious representation of the dom ain-target m ap is achieved. The ACF-RAN 

contributes to  this in terpretation due to  the locality of th e  training process.

In the context of the W RN, the set of secants naturally , via their definition, 

contain inform ation about the geometric structure of the  da ta . e.g.. their length 

and distribution  on the unit sphere. In this thesis they  are utilized in the most 

difficult step in the WRN, th a t is the  construction of a  good quality projection in 

order to  param eterize the data . This difficulty is due to  the balancing between a 

low dimensional representation and  a  well-conditioned inverse. This point should 

not be viewed as a  setback to  the  autom ation of the algorithm , especially in view 

of the drawbacks associated w ith alternative approaches to  the nonlinear dim en­

sion reduction problem, such as the bottleneck network [41]. The advantage lies 

in the controllability of the balance between d and k min. A low d m ight be in­

appropriate if the inverse is too ill-conditioned, prohibiting  good generalization. 

In order to  approach this trade-off from a practical point of view, we introduce 

new algorithm s th a t utilize the properties of the secant set to  give us insight into 

the geometric structure of the object under investigation, including a version th a t 

explores the construction of local admissible projections, successfully providing us 

with a lower dimensional representation of the da ta , while allowing the construc­

tion of a well-conditioned inverse. Expanding this argum ent, we will be able to 

judge alternative dimension reduction algorithms in term s of kmin and d  and  utilize 

secants to quantify their differences.

In the geometric approach of d a ta  modeling the m axim um  noise fraction ap­

proach is a  very natural one, since it relies on the geom etric separation of a noise 

and signal subspace. T hat this is accomplished by the  investigation of th e  (tem ­

poral) correlation structure is an  interesting twist to  the  stationary, geom etric
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approach: the signal geometrically separates from the noise process due to  a dif­

ference in covariance structure (2 nd order statistics) of the tem poral shifted signal. 

Furthermore, scaling with respect to  an  estim ation of the noise is a more natural 

(and practical) approach to d a ta  preprocessing, compared to  principal component 

analysis, which highly depends on the applied scaling m ethod. Even in a noise-free 

context, where differencing can be viewed as an estim ate of the derivative of the 

signal, an ordering of the MNF eigenvectors in term s of their sm oothness is pro­

vided: the application of MNF transform ation can be viewed as the application of 

a smoothing filter. Finally, the in tegration of MNF into the W RN architecture pro­

vides us w ith a principled approach to  d a ta  param eterization and reconstruction 

in a  noisy environment.

Future work in the area of geom etric data  modeling will focus on the connec­

tion  with a probabilistic description of the data. It is envisioned to  utilize geometric 

based transform ations to enhance our understanding of m ethods based on sta tis ti­

cal data  analysis. T h a t this is a fruitful approach was already dem onstrated  in the 

discovery of strik ing similarities between the maximum noise fraction transform  

and  the independent component analysis [3]. Furtherm ore, the construction of 

good projectors and  the extraction of interesting directions in a probabilistic sense 

(see, e.g., Projection Pursuit [23]) seem to have a common architecture, despite 

the objective function a projection is optimizing are quite different. The statistical 

investigation of relations between hidden variables, e.g., in term s of their indepen­

dence, would give further insight into the geometric in terpretation  of the observed 

data .

In the context of clustering, a  current task lies in the developm ent of efficient 

on-line algorithm s th a t  deal with d a ta  arriving in streams. Also, resource allocating 

networks based on residual and input correlations will deal in the future with data  

arriving sequentially.
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A p p en d ix  A

NOISE A D JU ST E D  PRINCIPAL  
C O M PO N EN T ANALYSIS

The maximum noise fraction (MNF) decomposition we present here follows a  

reform ulation [43] of th e  original work [31]. T he two alternative approaches related 

to  the  simultaneous diagonalization of m atrices are discussed in [27].

Let E  be the eigenvector m atrix  of the noise covariance m atrix  £ rt. with the usual 

normalization:

E TE nE  = A n, E t E  = I

where A n is the diagonal m atrix  of the eigenvalues of E n. We renormalize by the 

noise-whitening m atrix  F  =  F A ^ 1/2:

F TE nF  =  / ,  F t F  = A ~ l

Now introducing z{ =  F ~ l iL\ (the retransform ation will be =  F  zt) where VJt 

is the  MNF eigenvector and  Zi its representation in the  w hitened space. W ith 

=  £  — £ n if follows

SN R j(, )  _  ( A1 )

=  Z i Z w j i  +  L

w ith noise-adjusted d a ta  covariance m atrix  'Ew- The principal components of 

Evv maximize the  expression for the signal-to-noise ratio  (A .2) above, subject to
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constraint z j  Zj =  Sij. T hese are the noise-adjusted principal com ponents, corre­

sponding to  the m axim um  noise fraction vectors in reverse order.

Z TZ WZ  =  A vi/, Z T Z  = I

where Aiy =  diag{Aw ,t } ^ = 1  is the diagonal m atrix  of the eigenvalues equal SNRj +  l. 

F inally the the desired noise adjusted principal component transform  (NAPC) can 

be summarized by

H  = F Z  = E A ^ /2E xv,

therefore the NAPC can be implemented by a two-stage procedure comprised of 

a  first-stage process using F to whiten the  noise, and a second stage using Z 

to  perform  a PCA transform , followed by the back-transform ation to  the non­

w hitened space.
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A ppendix B

THE W H ITN EY  REDUCTIO N NETW O RK  IN  
M AXIM UM  NOISE FRACTIO N SPACE

B . l  N orm s

The rank-f/ representation of the  d a ta  m atrix X  using the  MNF eigenvectors 

is given by

X  =  <f> <J>̂  X"*■<? (i <i •

retaining D  MNF eigenvectors leads to the rank-D  representation of A'

A d =

If we chose to represent X q by using <f»o instead, we seek an appropriate norm 

in order to  evaluate distances between points p ^  €  R D, e.g. to construct an 

param etrization of employing a projection using the concept of secants.

From the inner product of X

X X T = <&DB DB TD$>T 

we can derive an  weighted inner product norm such th a t

I l l ’ l l  =  l i m i t s .

where E g  =  B q B q .
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B .2  Secants

We employ the norm Eg for th e  calculation of unit secants between points

<£(■) £  jj^D as
(7)0 ) — 0 ti) 

k | | o (l) -  <?( j ) | | e b

This set of unit secants is now used as discussed in chapter to  find a good projection 

based on a basis V  for R D. We require th is basis to be orthogonal w ith respect to 

the weighted inner product norm E B

V t 'Lb V  =  /.

In addition, we seek a basis V  as the  eigenvectors of the covariance m atrix  © of 

the unit secant m atrix  © = K TK  , following the Secant-SVD and the  adaptive 

secant algorithm  concept of [13].

© E g r, =  A iVi (B .l)

Following the left-multiplication of E quation (B .l) with v jT .B,\ve com pute the 

eigenvectors u, as the solution to the sym m etric generalized eigenvalue problem

such th a t the basis V satisfies V r H V  = Iq and V t Hb Q ^ b V  =  A, diagonializing 

the secant covariance matrix with respect to the weighted inner product norm, 

where A, is a diagonal matrix with A: along its diagonal.

T he basis V  =  [rq| . . .  |vrf|urf+i | . .  . \vB] =  [F im ] obtained by solving (B.2) via, 

e.g., A lgorithm  8.7.1 in [30], is now employed to param eterize a vector p (,) E R D

nj> = (IW ’Jeb and ni‘u  =

again using the weighted inner product norm  to evaluate th e  scalar products.
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A p pend ix  C

NOISE COVARIANCE ESTIM ATION

C .l  T em p ora l C orrela tion s

Using concepts form spatial statistics [67] in a tem poral context, and covari­

ance definitions form m ultivartiate time-series analyis [1 0 ] we are able to derive 

some of the statem ents given in [6 8 ] and [31] for tim e signals (see also [6 ]). Let us 

again consider the observation of a m ultivariate tim e signal x( t )  E R9. sampled P 

times on 0 <  t < T

which is composed of a  deterministic signal uncorrelated w ith additive noise a t 

times t  (E[x{ t )n( t )] =  0 )

x(t) =  s(t) + n(t).

The covariance of X is given as

X =  Cov[.Y(£). A'(£)] =  (x ( t ) xT (t))

The application of a  tem poral shift A (in an  application we choose usually A  =  1 ). 

assum ing weak sta tionarity  [1 0 ] and uncorrelatedness between signal and noise, 

leads to  the tem poral covariance matrices of the signal X

x r (t) =  (x[(£),... x q( t )), t  =  1 . . .  T,

Cov[A(£), X { t  +  A)] =  T(A) (C .l)

=  Cov[S(£), S{t  +  A)] +  Cov[N(t) ,  N ( t  +  A)] (C.2)

=  r a ( A )  +  r n ( A ) , (C.3)
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describing the tem poral correlation structure of the signal a t tim e shift A . where 

T(0) =  E and r (A )T =  T(—A ) . 1 A natural estim ator of T(A) is

r  _  f  1 / T Y , f r IA x,(t)x,(t  +  A) 0 < A < T - 1  
‘ \ r tj ( - A ) T  —T  +  1 <  A  <  0

The diagonal entries are the autocovarriance functions for the individual time

series, whereas the off-diagonal elements contain the cross-covariances between

time-series as a function of A. Of interest is the covariance of the shifted or

differenced time-series. This shift is referred to as cointegration for m ulti valued

time-series

£ A  =  Cov[X( t )  -  X( t  +  A) , X( t )  -  X ( t  +  A ) J

employing the expression for the temporal covariance, and again assum ing station­

ary, £ A m ay be w ritten

£ A  =  2 £ - ( 1 7 ( A ) +  T ( - A ) ) .

Note th a t if a signal exhibits no temporal correlation, the covariance of the coin­

tegrated  time-series is twice as large as the original time-series. Decomposing EA 

into signal and noise covariances leaves us w ith

e a  =  2 E — ( r s ( A )  +  r s ( A ) r ) -  ( r n ( A )  +  r „ ( A ) r ) ( c . 4 )

In order to  make use of the concept of proportional covariances [31], we need to 

make the following assum ptions for small A and  a  constant c

r ( A )  =  r(-A)) =  c r ( o )  =  c E  ( c . 5 )

the  application of (C.5) to  (C.4), assuming different constants for signal and noise 

results in

^ E a  = 2E -  a E s -  0 Z n

^ o t e  that for univariate time-series 7 (A) =  7 (—A ),  however T(A) is in general not symmet­
ric.
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using the decomposition of £ s =  £  — £ n

£ A =  2 ( 1 - a ) £ +  ( < * - £ ) £ „

(C.6)

(C.7)

U nder the  assumption th a t the determ inistic signal has high tem poral correlation 

a t shift A .  we may choose q  rj 1 . In addition , the use of p roportional covariances 

assum es th a t the local tem poral correlation a t shift A is th e  same in all modes, 

e.g for A  =  l .r ( l)  ^2 r ( - l )  ~  £ , th is is certainly true only as a  function of the 

sam pling ra te  Q. of the observation x{t) .  The opposite is assum ed for the noise, 

i.e. low tem poral correlation a t shift A ,  such th a t ,8 ~  0, like tem poral white 

noise; note th a t in this case £ „  is not diagonal compared to  r „ ( A ) .  Using (G'.7) 

w ith a  =  1 and /3 =  0 , the estim ate of th e  noise covariance m atrix  in term s of £ A 

becomes

£  =  - £ a  —‘n  O

and is in general a good approxim ation if the sampling ra te  Q is high enough, an 

exact relationship is left for further research.

The following is a list of results using th e  relation (C.7)

•  Using £ a  instead of £„  in the generalized eigenproblem, results in the same 

set of generalized eigenvectors, independent of a  and ;3. whereas the eigen­

values Hi (using £ „) are related to  A; (using £ A) as follows

•  Since 0 < Hi and ,8 < a  it follows th a t

8 < I — A,/2 <  a ,  Vi

We obtain  a lower bound for (3 by tak ing  the largest value of A*, whereas if 

we us the smallest Ai we get an upper bound for a.
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•  Using a  =  1 and (3 =  0 the temporal covariance of $

Co v[$(f). <t>(t +  A)] =  C o v [X (i)tf , X ( t  + A)tf] (C .8 )

=  tfr (rs(A) + r s( -A ))*  (C .9 )

using C.4 and considering only signal correlation w ith =  l /2 ( 2 £  — £ A)

Cov[<I>(£), $ (£  +  A)] =  (C.10)

= I  — A / 2 . ( C. l l )

This is an estim ation of the tem poral covariance of 6(t) in term s of the

generalized eigenvalues A,, contained in the d iagonal m atrix A.
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