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ABSTRACT OF DISSERTATION

ESTIMATES OF THE BIVARIATE DISTRIBUTION FUNCTION

AT QUANTILE POINTS

Let F(x,y) by the joint distribution function of (X,Y) possess-
ing a continuous probability density function f(x,y). Let the marginal
distribution function of X be Fl with probability density function
fl' the marginal distribution function of Y be F, with probability
demsity function £,, £;(s) = Fl'l(s), £,(t) = F,7M(t), and G(s,t) =
F(Fl-l(s),anl(t))o For a random sample (X ,Y¥; )y k=1,2,000,

xnl<xn2<o oo <x

]
e Ynl<Yn2<ooo<Ynn denote the ordered values of the X's

and Y's respectively in the first n vectors (xk,Yk)o Define Qn(s,t)
as the fraction of the first n vectors whose coordinates (X,Y) are

such that X<X ., Y<Y where i and j are the smallest integers

nj
for which %gs, %gto The following random functions are constructed

5,(0,0) = 8,(0,1) = §,(1,0) = 5,(1,1) = 0,

Sp(syt) = vnl[Q,(s,t)-G(s,t)],

X, (0) = X (1) = Y (1) = 0,

xn(H%I) 2 “Efl(ﬁl(;if)>[xni'cl(;%T)3 i=142400040,
i . i i -

L - /af ) (Lo () i -8 (7)) sl bl

and Xn(t) and Yn(t) are determined by linear interpolation for
i i
other values of te(0,1) from the sequences Xn(ﬁir) and Yn(ETI)

respectively.

ii



The triplet of random functions (Sp(syt) X (8),Y (t)) is shown
to be asymptotically a vector Gaussian process and the covariance
structure is obtained,

Let Fn(x,y),Fln(x),F2n(y) denote the usual estimates of F(x,y),
Fl(x),F2(y) respectively, The standardized triplet of these random
functions is shown to be asymptotically a vector Gaussian process and
the covariance structure is obtained,

The joint asymptotic distribution of two-sample Wilcoxon statistics

is obtained for the bivariate case.

Calvin C, Butler

Department of Mathematics and Statistics
Colorado State University

Fort Collins, Colorado

August, 1966
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CHAPTER I

INTRODUCTION

Let F(x,y) be the distribution function of (X,Y) possessing
a continuous probability density function f(x,y). Let the marginal
distribution function of X be denoted by Fl(x) and that of Y
by Fy(y). Let G(s,t) = F(F;7(s),F;71(t)) be the distribution
function of the variables (Fl(x),F2(Y))°

The primary purpose of this paper is to investigate an estimate
of G(s,t) which was proposed by Siddiqui (1960), A random sample
(Xk'Yk)' k=1,2,0004n, 1is drawn from F(x,y). The sample values of

X are ordered so that X_.<X p<oaa<X and similarly Y
nn n

nl “n <Yn Seeo<Ypns

1 2 nn

Let cl(s) be a quantile of F, and c2(t) be a quantile of Fpo An

1
estimate of the combined population quantile (cl(s),cz(t)) is the

combined sample quantile (X ) where i and Jj are integers

ni’Ynj

i-1 i §-1 j
such that 2z= <s sz, de= <t s&, Let M (s,t) denote the number of

elements (X,Y) in the sample such that X<X .,Y<Y Then

jo

Qn(s,t) = éMn(s,t) is an estimate of the distribution function at the

ni?

combined population quantile point (cl(s),cz(t)) and hence an
estimate of G(s,t), Siddiqui first obtains the exact distribution

of (M (s,t),X for a fixed n., He then finds that the distri-

ni'Ynj)
bution of the standardized variates is asymptotically normal when
n,i,j** so that éﬁs, %ﬁtn In Chapter II this line of reasoning is
extended to generate a vector Guassian process.

if F), and F, were known, G(s,t) could also be estimated by

first estimating F(x,y) and then using F; and F, to reduce the



problem to the unit square. Similarly F(x,y) could be estimated by

and F,., Such

first using Siddiqui's technique and then using Fl 2

considerations are the subject of Chapter III,

In Chapter IV an example is given of how the second central moment
of G arises when one étarts extending existing theory to the bivariate
case.

Throughout this paper df means distribution function and pdf
means probability density function, Unless indicated otherwise all
summation and integration will be over the entire space under consider-
ation. The notation EX and VarX denotes the expected value of X

and the variance of X respectively.



CHAPTER II

ASYMPTOTIC DISTRIBUTION OF SIDDIQUI'S ESTIMATE OF THE
BIVARIATE DISTRIBUTION FUNCTION OF QUANTILE POINTS

Let (X;,Y;) 1i=1,2,... be independent vectors with common

df F(x,y) and continuous pdf £f(x,y). Denote by Xn1<Xpo<eee<Xnny

Yn1%¥0<eee<Y  the ordered values of X's and Y's in the first
n vectors (X;3Y;) (equalities in the ordering being excluded from
consideration as these form a set of probability zero). Let the

marginal df of X be F; with pdf f the marginal df of Y

l.
be Fp with pdf £, and ¢, (t) = Fl'l(t), gy(t) = Fy"l(t), Thus
(1(8),5,(t)) is the combined population quantile of order (s,t),
0<S. t<1l,

Let il'jl’i2’j2 be integers such that

iy-1 i, 3,-1 3 i,=1 i
1l 1 1 1 2 2
@) e < mincgs giec

Jo=1 3
Ity < n

n

where 0<sj, T Sy T, < 1 are fixed numbers while i's and j's

vary with n,

Define Qn(sl,tl) as the fraction of elements (X,Y) in the
sample such that X<Xnil' Y<Ynjl
of elements (X,Y) in the sample for which X<Xn3

and Qn(s2,t2) as the fraction

o Y<Ynj2 where

ilijl'iz’jZ' satisfy (2.1)., Then Qn(sl,tl) is a discrete-valued



random variable with possible values 0,%qaoo,é-min(il-l,jl-l) and
Qn(32't2) is a discrete-valued random variable with possible values
0ydye o ym miniy-1,3,-1)

Siddiqui (1960) obtains the distribution of (Qn(sl,tl),xni,Ynj)
and shows that asymptotically (n+) the joint distribution is‘hormal.
In the same paper he obtains the asymptotic distribution of

(X In this chapter the asymptotic joint distribu-

nil’Ynil’Xniz'Yni2)°

tion of (Qn(sl,tl),Qn(s2,t2),X oY _: ) will be derived.

nil’Ynil’xn12 ni2
Since Qn(s,t) is an estimate of the transformed distribution
function at (s,t), the joint distribution of (Qn(sl,tl),Qn(gz,tz))
is of obvious interest. We shall show asymptotically for any finite
set of numbers (sl,tl),(SQ,tz),ooo,(sm,tm) where 0<s;,t;<l
i=1l,2,..,.m that (Sn(sl,tl),ooo,Sn(sm,tm)) has an m-variate normal
distribution where 8§ (s,t) = /Eton(s,t)-F(cl(s),c2(t))]. Hence
Sn(s,t) asymptotically becomes a Gaussian process., To obtain the
covariance function and hence uniquely determine this process it is

sufficient to obtain the asymptotic distribution of

(8,(s14t7),5 (85,t5)) for syssy, tystye

2,1 Derivation of the Asymptotic Distribution of the Six Variables

Take a Euclidean plane (x,y) to represent the sample values,
Select four numbers (sl,tl),(s2,t2) such that 0<s;<s,<l and
0<t,<t,<l. The selection of these numbers determines the combined
population quantiles (z;(s;),5,(t;)) and (%;(s;),55(ty)). Using
the relations in (2,1), order statistics (Xnil'Ynjl) and (Xniz,Yan)
are uniquely specified for any random sample of size n from F(x,y)
with probability one, Now take four numbers X19%54Y10Y5 such that

X SX <xk+dxk, ykﬁYnik<Yk+dyk, k=1,2, These numbers define four

nik



lines which in turn divide the plane into nine disjoint regioms,

namely

{(X.Y)

oo

K<X1y y<yl} »

P
[
[

L}

Rip = {(x,y) + x<xy, yi1<y<yyl,

Rig = {(x,y) : x<xp, ya2<y},
Rpy = {(%,y) @ X1<X<X9) y<Y1} »
Ryp = {(x,y) ¢ x3<x<xy, y1<y<yyl},

oo

R23 = {(X.Y) xl<x<x2. Y2<y}'

X
u

a1 = (0eay) & %p<x, y<y;}
R32 - {(xg}') 3 X2<x. Yl‘y<Y2} ’

X2<X. y2<Y}o

o0

R33 = {(X.Y)

We further have the following disjoint regions

1]

rll {(X.Y) 8 X<xl| y=Y_]_}i

ry, = {(xyy) 3 x<xy, y=y,1,

ryy = {(xyy) @ % <x<xy, y=y;},

ryo = {(%,y) t % <x<xy, y=y,l,

I‘Sl {(X.Y) H X2<X. y=yl},

N {(x,5) s %p<x, y=y2l,

ri; = {(xyy) 2 x=x3, y<y;},

r‘iz = {(X.Y) 8 x=xlg yl<y<YQ}b

ri3 = {(xyy) & x=x1, y,<y},
1

ry, * {(x,y) 3 X=X,y Y<Y1}s

0o = 1(xyy) ¢ x=%,, yy<y<y,},

x

rés = {(x,y)

oo

X=Xy Yo<vle



The entire Euclidean plane consists of

3 3 2 ' . 2
. U Rij U .U .U Pji U Pij U .U .
ljj=l i=1l j=1 i=1 j=1

U {(x1,y5)}]

Summarizing the above in a geometric form we have the following.,

/Vris /"réa
Rys Ryg Rs3
- (%1,y2) (%5 4¥9)
sz r‘gz \?32
Ry, ' Ryo . Rag
1712 /1722
Atel AT31
™ (%1,¥1) (x34¥7)
Ryp ' Ro1 N, Ra1
ATl 21
Let Py, = I/ £(x,y)dxdy, Pij = r"i’jf(x,yj)dx
R
p%i = [/ f(xgey)dy ko1 =1,2,3  i=1,2,3; j=1,2.

I‘ji
Ny; = the number of sample points falling in the regiom Ryj.

In finding the desired density function we must distinguish among three
distinct possibilities as to the number of sample points determining the
order statistics (xnil'Ynil)' (Xni2,xnj2)° These points are determined

by either (a) two sample points, (b) three sample points or (c) four



sample points. Thus N__ = N.. is either (a) n-2, (b) n-3 or

1]

(¢) n=4, Depending on how many sample points determine the order

= Mw
MW

statistics under consideration the six quantities

Nj, = Npp#Njo#Ny3  Nj, = Njj#Np +N3y

N2° = N21+N22+N23 N N°2 = N12+N22+N32

N3° = N31+N32+N33 » N°3 = N13+N23+N33

take on constant values. Thus there are in each case ((a),(b) or (c))

only four functionally independent random variables, We shall take

Niis Nygy Np3 and Ny, to be the four random variables to consider
N

in deriving the desired density function. Obviously —%i = Qn(sl,tl)

and F(N) #N L +Ny #Np5) = Qu(sg,tp).
Let P(nll.nlz,n2l,n22,xl,yl,x2,y2)dx1dyldx2dy2
= Pp(Ny1=n134M1970124N21 7001 $N22"022 %)Xy 3 SX#dX) ,
Y15¥n3 1SV Y $%gSKn s SXptaxD,¥oS¥n <Y *dy2) s

Now in computing p we must add probabilities over the three distinct

cases (a), (b) and (c). However the terms adding to P are each of

the form
Nso
1
c B!l __ o Py .
AT
1,]

where ¢ does not depend on n. We noted previously that N°°=n-2
in case (a),, n-3 in case (b) and n-4 in case (c). Thus in the
asymptotic case we can ignore cases (a) and (b) explicitly since they

contribute terms of order n~l as compared to terms in case (c). So



considering the eighty-one disjoint events making up case (c),

3 n, .
- 6 e ' 1]
(2.2) Plngsexg,y;5 §,351,2) = I  BaibpaPlba RIT
a'b’c|d=l . . ijz l’]
1,]
1
(140())
where
Ny, = 4172=8; =610 Ny = 3;-1-8;.-614
(203) Ny = dp=iy=1=8) =8,y N, = Gp=j -1-8, -8,,
N3, = B=iy=65,-03ps N g = 8-3p-053,-044

and Gij is the Kronecker delta.

Using Stirling's approximation, m! = V2w mm+l/2e-m[l+0(m—l)] for m>2,

n! e~40*1/2 "M 1/2

1
= Tn + 0(=)
-o'
3
since z Ny, = n-4. Thus
kym=1

-1
- n n
(2,4) n} = L?‘” (2m* T X0 ) at1/2 | + o(ﬁd.
i x ]

- ]
T,nij-

B,
W 21 =q.., L= 4aq..
rite . qu, = dql]

This operation is equivalent to replacing the discrete randem variable

N
=L by i i » . « &
- by a continuous random variable Ql]. However |Ql] ‘1]/“| =

In obtaining the asymptotic distribution we shall let n,il,iQ*w

such that ll/n+sl, 12/n+s2, jl/n+t 32/n+t (since the relations

l!

in (2.,1) were fundamental in setting up our method of deriving this

2



distribution). From (2.3) we see that

npg = i3-03)-nyp-(148),+87p)
N3y = J1-n11-npp-(148;,+6,4)
Np3 = ip-i1-np)-npo=(1+8, +5,.)
N3 = J2=i1=n12-npo-(148, +854)

n33 = n-i2-j2+nll+n2l+n12+n22+(2-6 30-6 3d+6 2a+6 2b+6 lc+6 ld)

Substituting in the gq's in (2.4) and denoting the transformed density

function by p(qll,q12,qzl,q22,xl,yl,x2,y2), we can then write
n
(2:5) P(Q11+91259219922s%1sY1s%2s¥2) = [61(Q11+912+9219922%1s¥19%25Y¥2)]

Hn(qlloqlz.Q21ox1oylox2oYQ)[l+0(éJ]

where
2 S1-4911-4
q P 174117412
(2.6) G = 7 [Py/al ™t 13
kyl=1 81-411-912
t1-9;1-9 8p=S1=Qnq~
179117921 1-91-92
By Bua 2 217922
t1-d117921 $5"81"421-4p7
[ t2-t1-411-927
P32

ty=t179357922

—

i l-sp-ty+q11%q;5%q211472
P33 5

Ll‘sz‘t2+q11+q12*q21+Q22
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(2,7)
3 g | 1/2+67 46 1/2+687 ,+6
H,= z Palpszplcpzdn (Sl-qll-qu) 1a™®1b(t1-q;7-921) 1lc™®1d
a,b,c,d=1

(4119129219220 1/2(2 )* (s5-81-91-955)72/27%2a752p

(ty-t1-a15ap9) /2*02e*024

L}

(1‘52‘t2+qll+ql2+q2l+Q22)5/2+62a+62b+6lc+61d-630-63d &

Let us write for 1i,j=1.2
(2,8) F(Cl(si).c2(tj)) = Fij' fl(Cl(si)) = £15y £2(25(t3)) = £o

5§§'<c1(si).c2<tj>) = bi4s s%g (Ryleg)sbaltysdd 3 agg 4

1/2
g1 = [s;(1-s)17 , gy = [e5(1-e1Y2

Make the transformations

1/2¢0.. ) )Es 1/2,.. ))En:
ug = n" % (xi-51(s1))f 4 , vy = n= (y -5y (t3))E)g , i=1,2,

[s;(1-s;)1%/2 [t;(1-t5)]1/2

(209)

and let p(g,x,y) go into p(g,u,v) where p is used generically

to denote a pdf and is not the same function from equation to

equation,
Writing out the Pij's we have
(2,10) Py; = F(x1,y1) P21 = F(x2,y1)-F(x3,y;)
P12 = Fx14¥2)-F(x1,¥1) Pop = F(xg,¥2)-F(xg,y1)-F(x),y2)+F(x1,y;)
P13 = Fu(x))-F(x1,y2) Pz = F1(xp)-Fx,y3)-F1(x))+F(x},y7)
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P31 = Fa(y1)-F(x2,y1) Paz = 1-F1(x2)-Fa(y2)+F(x2,y2)

P3p = Fa(y2)=F(x2,y2)=Fa(y1)+F(x2,y1).

Expanding the P's in powers of u's and v's, we have

(2,11) Pp; = F11+gllbllul/¢54g21cllvl/,5+o(%o
P12 = F1p-F11+811(b12-b11)uy /4822012 Vo /5821011 Vi//atO(§)
P13 = s1-F12+g811(1-b1p)uy / /m-822C12 Vo, /mtO(R)
21 = Fo1T11*810b0 U0/ /81101 181 /801 (Sp1 =011 V1 /¥ O
P2 = Fpp=Fp1-F1o%F11%8)1 (B11-D19)uy/ /54812 (Pop=boy g /0
+821 (0117091 V1 //a¥8y5(Cpp=c1 5 V2 5HO(E)
23 sz-sl+F12~F22+gll(le-l)ul/¢5+g12(l-b22)u2//;
+g92(c10=Cop )v2//5+0(.rll.)
tl‘F21‘812b21U2/¢ﬁ*821(1'021)V1//E*°(%J
P3z = to-t1+Fp;-Foo+g12(byy-boolu, , /~goy (epy-1)vy /17
+822(1-c92)v, / /+O(D)

- 1
P33 = 1-82"t2+P22"'g12(b22-l)u2//ﬁ‘+g22(022‘1)\12//:‘-"0(“-)0

u
]

o
1]

o
w
=

L

If we introduce the notation

413 7 8179117912 432 = T27%179)5792
431 * t;-9;7"9p; d33 = 1-85-1,+q);+q)5%421%927

23 ¥ 8278;-931"97,

3

P
then InG, = I Q) 190 X1 and hence may be written as
kyl=1 k1

3 P, 1=Eq 3 P, 1=Eq

k1™™%k1 k179

InG, = W(g)+ I (q,,-Eq ,)ln|lt+=—————|+ I Eq ln(l*—-————:k)
n k1 k1 Eq k1l E
k,1=1 k1 k,1=1 ax1
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3
where W(g) = L qklln with Eqy 1 denoting the expected
B E

value of Qe

1/2

Siddiqui (1960) shows that Qey - Eqyy is of order n~ and

1/2

also Py, = Eqg; is of order n~ since from (2,11), Eq., is the

3 3
first term in the expansion of Py1o Furthermore I q® I Ppq=l
kol=1 = k,l=1

2
and since Iln(l+e)=g- EE'+ooa.

(2.12) 1nG. = W(q) - ( )Pkl'Eqkl i (Pyy-Eqyy)”
2 l B + z a _E - .- z T Y e T
° n 5 k1™~9k1
k,l=1 Eqy  %,1m1 B
+ 0(n~3/2y |

Let us define Wiy = /El(qij"Eqij) with a similar transformation on
Qij' i,j=1,2, From the expansion of Pi1» we have defining

(BQij)—l = v;. 1,321,2,3,

ij
8 Px1-Edx)
(2.13) n I (q)-Equ))=p— = “nvnilenbyyv + 821011v;)
kyl=1 91

+ Via¥1ol811(byo=byyuy + g55c12v = 821011V)]

= Vy3(wyytwyo)lgy 1 (1=byg)uy=gyoc9vpl + Voywp lg)oby;ur
811P11u1 + 821(cpy=c11)v ] + Voowpolg,y(byy=bypluy

+ 812(byy=byyluy + goye1y-cIvy + gyp(egz-c12)V,]

= Va1(wyytwpy)l-g19b2)uptg,; (1-c) )V, ]

= Vag(Wy tWp;)lg) 1 (byp=1)uy+g12(1=bop)uy + gyp(c1p=cn3)vs]
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= Vap(W12#Wy)[812(by =byylup + go3(ey-1)vy + g23(1-c)5)v,]

+ Vgl 4wy g1 #050) [8) 9 (bog-1)ugtgy, (Cpp=1)v,140(n"1/2)
Also
- 2
(201"") nk i-l Eqkl = vll[gllbllul+g2lcllvl] + vl2[gll(bl2-bll)ul
,1=

+ 822019 - 821011v10° * Vigley; (1-b1pduy -E200)5v,1

- “2l[g12b21u2 - g11by1uy + g2l(c2l~cll)vl]2 + V22[g11(b11'b12)u1
+ 815(bgp-by; Uy + p1(c11-co))Vy + Epplegg=c)p)v,]?

+ vg10-g obojuy + ng(l-ch)vl]2 + vo3lgy(byo-1)uy

+ g12(1=bpo)uy + g22(c12-c22)v2]2 + v32lg19(bg1=boo)up

2
+ g2l(c21“’l)vl + 322(1-022)V2] + v33[g12(b22‘l)U2

=172
+ Baaegp-1)v,12 + 0(a™ %),
Now W(g) may be written as
3 Qe1~Edxy
_W(S') = I (quq,-Eqyq1)1n[l + == ]
k dsl X KL Eqyy
3 Qe1-EQyy
+ L Eqy In[l + -Ea-E—
kyl=1 Kkl
3 (qpy=Eqyq)? :
1 k1™=49kl -3/2
= > T 3 + 0(n )
k,1=1 A1
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.. -mi(Q) = 3

: /a(qy,-Eq )12 + o(™1/?)
L E o dabalageReg ]t + e .
1=

2

Substituting in the w's for the q's and denoting the resulting

function by W'(w), we have
_ 2 2 2 2 2
-2nW'(w) = VW11 VoW1 Y, Wo THVp0W,, +v13(wy+wyso)

2 2 2 2
g1 (W 1 +Wo 1 ) 4y g (Wo o ) T4 g (Wy o 4w ) THvg o (W g 40 o4,  +W )

+ o(n~1/2y,

- ! = 2 2
(2:15) =2nW' (W) = (V1gtV 3+Vaa)W, “+(V otV gtvgntvas )y,
2 2
VI Vg1 Vgt Veg Moy (Ngp Vgt Vgn Vg Wop #2015 e ¥y 1 Wyg

+2(v3l+v33)wllw2l+2v33wllw22+2v33w12w21+2(v32+v33)wlzw22

-1/2)o

+2(v23+v33)w Woo + O(n

21

Combining all of the above we have
P(wu,v) = (2m)7%|V|expl-% z#'va~1z#1[1+0(n™1/2)]

where

11
vi2
w21

gk = W22

and the elements of V%™l are obtained from (2,13), (2,14), and (2.15),
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Before we write out the elements of V*'l, let us make a trans-

formation

t11 7 W11 T12 T WMo Tpp T W tWars Tap T W1 tW2¥WR Y22

with a similar transformation on the random variables. Denoting the
transformed vector by Z where 2Z' = (t;,t15,t57,U)1,V]1sUp,V2), We

have for the demsity function of Z,
£2) = (2074 v]expl-3 z'v-1z]140(n"2/2)],

Letting

I
-1 1 0 o0 oyxl2
B = V*-l: T ’
-1 0 1 0 2l  yx22
1
1 -1 -1 1///
since
| |
B, O N pry#llp 1 pryxl2 yit ! yl2
Z 8 fewegs = | IR |l _........_%-52__ g
D L Byl v v2L 1 y22
Now,
V11"V13%V31tVa3 V13*V33 V31"V33 V33
(11 _| V13*Va3 v12+v13tv3otvaa v33 V32+V33
vell =
v31+tva3 V33 V21*tV23tV31+V33 V23tV33

V33 V321tV33 Va3tVaj VotVogtVgatVag
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The first two columns of -V#12 are

[ 8130v1151;-v15(1-b15)] 8210911077 7V31(1-¢p1)]
8110V1o(b1o=by1)-vy3(1-b15) ] gpy[-vy,e114vay(1-cyy)]

gll[-v2lbll+V23(l-b12)] g2l[V2l(021-011)-V31(l-c2l)]

811[Vpo(by1-b12)#v3(1-b15)] g, [vpoley=cyy)tvg,y(l-cyy)]

and the second two columns of —V*lz are
8120V31P21"V33(1-byy)]
8120V35(byy=by )=V, (1-by5)]
312[(v21+v31)b21-(v23+v33)(l-b22)]

8120 (V22+v32) (bgp=bp1)=(V55+v33) (1-by5) ]

89[V13¢19-V33(1-cpr)]
822l (V1 3tv1)e15-(V5#V55) (1-cy)) ]
822[Vy3(cyp=cig)-vg5(1l=cyjy)]

g22[(V22*V23)(022-012)'(V32*V33)(1-022)] o

Hence
(2,16) —

Vit tNayWas “V127V22 =¥21"Va2 M2
AL “V127V22 V12™13W23™a) V22 “¥92"V23

=V21-V22 Voo Vo1tV3tV3atvas “V227V33
Vo2 “V22~Va3 “V22~V32 VoatVo3tVaatvas
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and letting (Vll)ij = v, fortunately V12 simplifies as follows.,

Denoting the columns of V12 by Vil2, i=1,2,3,4, we have after some

algebra,

11 12
(2.17) b1V T+by 5V

21 22
bllv +b12V ‘(V13+V23)

3l 32
bllv +b12v

41 42
bllv +bl2v +v23

B 1l 13 N
€11V Ttey v

21 23

w122, S11¥  Tegy¥

B T > 31 33
€11V tey v T =(Va1tV35)

b1 43
cllv +c2lv +V32

bons —

13 1y
b21v +b22v

12 byy

v23+b v2hiv
22
s\ =
b

. 23
= 812
’ 21V33+byov "

43 4y

r— =t

12 14
viTte,,v

22 24
12 CypV i He,,v

€22
32 34
Cl2V +C2 2V

€12

4 v
Va2
42 i
C oV HCy v =(VgptVag)
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Let
811011 821°11 Q ¢
. o| BuPr2 e ¢ 822°12
0 821%21 815021 0
¢ 4 812027 82222 |
0 0 0 0
L | B110V13%V29) ¢ ~812"23 0
. 81(V31+v3)) 0 “852V32
~811V23 -821v32 812(Vo3tVas)  822(V3atVs3)
then we may write V12 as vi2 - -(VllA-L)a Similarly with sufficient

patience one will discover that V22

22

may be expressed as

v 2 A'(VllA-L)+M where the first two columns of M are
2(1-b15)(Vy4+V,2) 0
€11 127%%13%V23
0 g212(1‘°21)(“31*“32)
0 ~821822(1-c57 V3,

and the last two columns of M are

=811812(1-bp3)V23

821812[PooV30 by1 (V3otva;)]
2

£12°(1-byy ) (Vo5tvas)

8128250 (1-b;) IV 34-(byy=b, ) )V32]

811895l (cgp-c19)V53-c15V 3]
=821829(1-c2)V5,
8108220 (1-c55)V33-(cpp=c15)Vp3]

2
829°(1-c22) (V35+V33)
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Now since

o "aL i
Vi Yy f ¥ ) VALY I 0
| - | 9
vi2 : Voo -(V"A-l)'! A'(V"A-L)+M 0 I
-Viz(V"A—L)+V22(A'V"A-A'L+M) = I
1
'— - =
(2.18) VipV"=V,,(A'V"-L') = O,
Hence
4 1 ] _
(2.19) VoLtV  (LYA-ATL#M) = I,
Also
"_ fTyn_r1 =
(2,20) Vi,V le(A ViaL') = I
MAL TUMA_ATY =
V11(V A L)+Vl2(A VA=A’ L+M) 0
SO
{2.21) VllL+V12(L'A-A'L+M) = A,
The first two columns of L'A-A'L+M are
2
2
0 g2l(l—c21)(v31+v32)
=81181,(1=bp)Vvyg 821815[PooV357Py 1 (V374v5,)]

8118220 ¢V037C12(Vy3#vy3)]  -85185,(1-Co3)vg)

and the last two columns are



20

- - v
811812(1P15)%23 0
0 ~€21822(1-251 V3,
2 -
81(17Pp2) (Vy4*Vg3) 81282,[ (Pp17Pp2) V5V 43(1-Dg5)]

2
8128,55LV23(C =00 )4V33(1-con) ] gy5(1=cyn) (Vg 4Va3)

Let us define for 1i,j=1,2

(2,22)
. Fij-sitj - sl(l-s2) o tl(l-tz)
U gyg; T % engpy Tt 8218
F..(t.=F..)(1-t.
.. lJ(tJ lJ)(1 tJ)
ij 2 o2 #9..2
g7:854(1-p%5)
iy T

2 .2 2
811825(1-01)

hij = gli(bij'dij)’ Hij=g2j(cij-Dij)

Fij(si-Fij)(tj‘Fij)(l‘Si-tj+Fij)

K13 2 2
£11%54

2
(l’pij)
Then from Siddiqui (1960) the known elements of V are

(2,23)

<
1

2 2
11 = Ky thy tH1142099hy0Hyy

) 2 .2
Vo = Kigthio+H75+200h 05,

Vaq = K +h2 +H2 +2p21h

33 = Kopthoytiy,) 2121

2 .2
uy = Kopthoothap+20,5h,,H5,

<
1

= h

Vig = D13*tegiHi0s Vig = Hygteyghygs Vog = Biotpgohio,
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Vg = BootPoollyns Vyg = Honteoohy,
™= -
1 e3P Py
Py 1 Pr1 Pt
Vv =
22 L
Pg P21 P22
| P12 Py P22 1 | o

Now from equation (2.19),

V36821 (Vartvaz) = ViEp1VastEay(1-¢21)(Va1tvgy)
+o2ls2lgl2[b2?v32-b21(v31+v32)J - P4821892(1-cpp)vgy = 1 .
Simplifying and noting that for i,j=1,2
ggj(l'Dij) - gzjglipijdij = (t5-F3;)(1-t3)
811(1-d55) - 855811054055 = (55-Fy5)(1-s5),
(2.24) wyg = cov(tzz,vl) = g;i[tlFQQ-FQl+tl(l-t2)c22+(F2l-32tl)b22]

Similarly Vyg may be obtained from (2,19) or by interchanging s and

t in (2.,24), Using (2,18) we obtain an interesting contrast to (2.24),

(2025) \'4

’ -1
18 = ©0V(t;472) = 82300))(F)p-83t5)%0y; 8y (1%)) - F11(1-t5)]

Also we have
- _ =1
(2026) V38 = COV(tzl.V2) - g22[b2l(F22—82t2)+C2ltl(l-t2) - F2l(l-t2)J °

The elements of Vll are computed similarly using (2.20) and (2.21).
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After simplification

Voy = N cov(Qn(sl,tz),Qn(s2,t2)) = by[(Fyp=s1t2)eypts;(1-8,)by)
+SlF22-Fl2]+Cl2[t2(l-t2)C22+(F22~32t2)b22-F22(l‘t2)]

-F12[b22(1-82)+c22(l-t2)-(l-F22)]

<
)

1y =0 cov(Qn(sl,tl),Qn(s2,t2)) = -[b22(1-52)+c22(l-t2)+F22-l]Fll

*b11811V45%¢11821%6 °

Before summarizing the above results let us prove the following theorem.

Theorem 2,1

If under the conditions in Section 2,1 one selects Kkjk, points
(Bi’tj) 1=l.ocn.kij 2
(Qn(si’tj)'Un(si)’vn(tj)) izl,ooo,kl; j=l.eoo.k

j=1lye004k, and defines the corresponding

o then asymptotically
the vector (/;th(Sl.tQ)-Fll].Un(sl)ovn(tl)l°°°0/Eth(skl'tk2)-Fklk2]’

Un(skl)’vn(tkg)) is distributed as a multivariate normal.

Proof. Proceed as was the case for k,,k;32, One has kjk, function-
ally independent Qariates and need only concern himself with the case
when the order statistics are determined by kj+k, sample points.

The equation corresponding to (2.2) is of the same form with the only
change being a change in summation and product limits, Use Stirling's
approximation and obtain an equation of the same form as (2.5). The
corresponding G, is of the same form and simplifies to

nlnG, = -%kal(wkl—Pkl+Eqkl)2+O(n‘3/2) as was the case for klk2=2°
The corresponding H, serves essentially to determine the constant

of integration for the resulting density function., Hence the limiting

distribution is a multivariate normal,
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A stochastic process is said to be a Gaussian process if for any
finite number of points in the index set the resulting variates have a
multivariate normal distribution, Hence we have proven the following
theorem,

Theorem 2.2

Let F(x,y) be the df of (X,Y) possessing a pdf f(x,y). We
will assume that {(x,y):f(x,y)>0} is either the entire plane or a
simply connected convex region, Let (Xi,Yi), i=1,2,... be independent
vectors with common continuous pdf f(x,y) and X ;<X o<. <Xy »
Ynl<Yn2<ooo<Ynn’ the ordered values of X's and Y's in the first n
vectors (X;,Y;). Let the marginal df of X be F; with pdf £,
the marginal df of Y be F, with pdf fa, ¢;(t) = le(t),
to(t) = Fal(r), G(s,t) = F(gy(s), »(t)).

Following Siddiqui (1965), let us construct the following random

functions

X (0) = X,(1) = ¥,(0) = ¥u(1) = 0

Xn(a%r) - fl(cl(ﬁér))[xni - Cl(ﬁér)] 1=1,2,500040,
i i i .
Y (=) = 012 £,(0p( ) Ypn; - Sp(3p)] i51,2,000,m,

and determine Xn(t) and Yn(t) by linear interpolation for other
i i
values of te(0,1) from the sequences X, (gzFr) and Yn(E?T)
respectively.
Let Q,(s,t) denote the fraction of the first n vectors whose

coordinates (X,Y) are such that X<Xni Y<Y_. , where the integers

njy
Lt< ;‘ . Let

ijs 3y satisfy the relations [ < =5 =
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§,(0,0) = §,(0,1) = §,(1,0) = 8,(1,1) = 0,
Sp(syt) = alQ,(s,t) - G(s,0)] ,

then as n>> (S, (s,t), Xu(s), Y (1)) > (S(s,t), X(s),Y(t)) in distri-
bution where (S(s,t), X(s), Y(t)), s,te(0,1), is a vector Gaussian

process with
(2,27) ES(s,t) = EX(s) = EY(t) = 0
ES(s),t1)8(sy,tp) = -B(max(sy,s,),max(t;,ty)G(min(s),s,),
min(tl,tz)) + b(min(sl,sz),min(zl,tz))“l(max(sl,sg),
max(ty,ty),min(s,,s,) + c(min(sy,s,),min(ty,t,))
¢2(max(sl,s2).max(tlgtz),min(tl,tz),

where
3G(u,v)

3G
b(u,v) = _.§%411 s Clu,v) = "'St-' »

B(u,v) = blu,v)(l-u)+c(u,v)(1-v)+G(u,v)=1,

c(u,v)[G(w,v)-vw]+b(u,v)[min(u,w)-uw] + wG(u,v)

¢l(u,v,w)
=G(min(u,w),v),
«y(uyv,2) = b(u,v)[G(u,w)-uwl+e(u,v)[min(v,w)-vw] + wG(u,v)

-G(uymin(v,w)),

E S(s,t)X(u) = = (s,t,u)

E S(s,t)Y(v) ¢2(s,t,v)
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E X(s)Y(t)

G(s,t) - st

1]

E X(s)X(t) = EY(s)Y(t) = min(s,t) - st

The preceding theorem appears to have potential for use in many
areas of statistics. For example, in a paper to be published Siddiqui
and Crow use the X(s) process to obtain the asymptotic distribution
of special symmetrical linear combinations of order statistics such as
trimmed means, Winsorized means, '"linearly weighted'" means, and a
combination of the median and two other order statistics, The purpose
of the paper was to obtain a robust estimate of location. One can
similarly define a measure of spread for a distribution and obtain a
robust estimate of this measure, Unlike measures of location and spread,
measures of statistical dependence are not widely agreed upon, However
one can define measures of dependency which utilize S(s,t) as esti-
mates and thereby obtain asymptotically the joint distribution of esti-
mates of location, spread and statistical dependency. Theorem 2.2 also
can be utilized in constructing tests of independence and possibly as a
starting point for "goodness of fit'" tests.,

When one is interested only in statistical dependency between two
random variables, the fact that a transformation which leaves the order
statistics of each random variable invariant also leaves G(s,t)
invariant is a strong argument for using functionals of G(s,t) as
measures of statistical dependency., It is not the purpose of this
paper to investigate such measures of dependency and, indeed, such
considerations soon lead one to rather difficult problems,

From Theorem 2,2 we note that when X and Y are independent:

b(u,v) = v, c(u,v) = u, =;(u,v,w) = =x(u,v,w) = 0, and
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B(u,v) = = (1=u)(l=v),
Hence under independence
E S(sl,tl)s(sz,tz) = [min(s;,s5) - slszj[min(tl,tQ)-tltz],
(2.28) E S(s,t)X(u) = ES(s,t)Y(u) = 0,
E X(s)Y(t) = 0,
Also from Theorem 2,2
(2,29) E s%(s,t) = G(s,t)[1-G(s,t)]+b(s,t){c(s,t)[G(s,t)-st]
+(1-s)[b(s,t)s-2G(st)]}+c(s,t){b(s,t)[G(s,t)~st]
+(1-t)[c(s,t)t-2G(s,t)]1}.

It is easily shown that E S2(s,t):§/4 hence VarQ,(s,t)<5/4n .
A closer bound of VarQn(s,t):}/un is found when F;=Fp= 1/2,
As is obvious from the definition of Q(s,t), as either s or

t approaches one, E Sz(s,t) approaches zero.
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CHAPTER III
ASYMPTOTIC DISTRIBUTION OF THE USUAL ESTIMATE
OF THE BIVARIATE DISTRIBUTION FUNCTION
In addition to the topic suggested by the title of this chapter,
we shall compare two ways of estimating the distribution function at

quantile points,

3,1 The Usual Estimate

Let (X;,Y;) i=1,2,,.,. be independent vectors with common
df F(x,y) and continuous pdf f(s,y)., Let the marginal df of X'
be Fl with pdf f;, the marginal df of Y' be F, with pdf fy,
|}
For the first n vectors (Xi,Y;), define the following random

functions

1 if w<u

(3:1) Iy(v)

0 if w>u,

(3.2) Fia(x) = & 2 Ix(X;_).

i=1
(3.3)  F, (y) =& £ 1(e),

121 Y 4

- 1]
(3:,4)  Fo(x,y) = %’ile“(x;)IY(Yi)’

(3,5) 2, (x)

- alFy (%) - Fy(x)],

(3.6) 2, (y) = alFy(y) - Fy(y)],
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(3,7)  2(x,y) = YALF (x,y) = F(x,y)],

Fo(x,y) 1is the classical estimate of the bivariate df at any

pOint (X,Y) ? -=°°<x. y<wo

Theorem 3,1
1}
The vector (Zln(X)9Z;n(y)'Z;(x'y)) is asymptotically (n-«)
a vector valued Gaussian process (Zi(x),Zé(y),Zq(x,y)) Xy YE (=2 »)

with
(3.8)  E2Z(x) = EZ,(y) = E2'(x,y) = 0
(3,9) Bz;(xl)z;(xz) = min(F;(xq),F;(xp)) = Fy(x))F;(x,), i=1,2

(3.10)  EZ)(x)Z,(y) = F(x,y) = Fy(x)F (y)

(3:11)  EZ'(%,y)2,(x') = F(min(x,x'),y)[1-F,(x")]

(3,12) BZ'(x.y)Zé(y') F(x,ymin(y,y'))[1-Fy(y')]

(3,13) E2'(x%,y)2'(x",y') = F(min(x,x'),min(y,y')) = F(x,y)F(x',y')

Proof,

The asymptotic normality is obvious from the multivariate central
limit theorem, We need only establish that the quoted covariances are
correct since (3.8) is also obvious, In the following products of sums,

the cross-terms have expectation zero so for =x,>X;, Y2¥7,

v
S

] ]
EZn(xl,yl)Zn(xz,y2) = E

: lE[le(xi)Iyl(Yi)Ixz(xi)Iyz(Yi)]

= F(x1,¥1)F(x5,¥5)

= F(xl,yl) - F(xl,yl)F(x2,y2)
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Since F, (x) = Fn(x,w), an(y) = F(»,y), the remaining covariances
can be obtained by taking appropriate limits,

If in Theorem 3.1 we define the random vectors (X;,Y;) i=1,2,0.,
by X; = Pl(x;), Yy = F2(Y;), then X and Y have uniform marginal
distributions on (0,1) with joint d4f G(x,y) = F(Fll(x),Fgl(y))

and pdf g(x,y). Letting for s,te(0,1)

2,.(s) = 7%, igl [14(x;)-s],
L n
Zon(t) = = izlntwi)-tl.
2 (s,8) = < I [1_(X;)1 (Y,)-G(s,t)],
. mo=l o Tt

we have the following corollary,

Corollary 3,1

As nre(Z, (8),2,,(t),2,(s,t)) converges in distribution to a

vector Gaussian process (Z;(s),Z,(t),z(s,t)), s,te(0,1), with
z = 7,(F7t i=
i(s) = Zi(Fi (s)) 1i=1,2,

Z(s,t) = Z'(F]7(s), F1(t)) .

Consequently the variance of Fn(Fil(s),Fgl(t)) is
G(s,t)[1-G(s,t)], a result that we shall use later, Clearly one

can utilize Corollary 3.1 only when the marginal distribution functions

are known,
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3.2 Correspondence Between Siddiqui's Estimate and the Usual

Estimate

Theorem 3,2 Qn(Fln(x)'an(y)) = Fp(x,y) for O0<Fi(x), Fou(y)<l
where Qn~ is defined in Theorem 2,2 and F, is defined in Equation
(301"')0

Proof, Qu(F; (x),F, (y)) = the fraction of sample points (X,Y)

such that X<X i, Y<Ypj where iii_i Fia(x) < §5 léi‘i,F2n(y) < %‘o

However from Equations (3.2) and (3.3), iii‘i'Fln(x) < é. if and

only if Xn,'

jo1 S %< X,i and similarly Yn,j-l 2 Y < Ypyo Consequently

Q(F1a(x)sFpon(y)) = q if and only if Fp(x,y) = g

Suppose we modify our definition of the marginal empirical distri-

bution functions so that they are continuous i.e, define Fg'_n(x)=Fln(x)
for x=&-, i=1,2,.,.0.sn and linearly interpolate for other values.

n
Suppose we similarly define an(y), then Theorem 3,2 still holds for

. : % % _
the starred functions 1i.e, Qn(Fln(x),F2n(y)) = Fn(x,y) for

. * : . i-1 % i
0<Fln(X). F2n(y)<lo This result follows since -E—'i_Fln(x) <
v _— % ,

< < < ,
if Xn,j-l % < X,: and similarly for F2n(y) We now have '
% - . . .
an - i=1,2, well defined hence the following corollary,

Corollary 3,2

Qu(s,t) = Fn(an_l(S), F:nal(t))
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Comparing Corollaries 3.1 and 3,2 the distinction between the
two estimates is particularly vivid, If, as is usually the case, one
does not know the marginal distribution functions, then by Corollary
3,2 we can still map the estimation problem to the unit square and
use Theorem 2,2, Using the classical technique one would need to
know the marginal distribution functions, If one knows the marginals
then the two techniques of mapping the problem to the unit square will
not in general yield the same results., In this case the estimate with
the smallest variance apparently depends on properties of F but at
least in the case of independence, Siddiqui's technique has uniformly

smaller variance,
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CHAPTER IV

EXTENSION OF THE WILCOXON TEST TO THE BIVARIATE CASE

Let (Xi'Yi)' i=1,2,00.. be independent vectors with common
df F(x,y). Let (X;,Y;), i=1,2,0... be independent vectors with
common df G(x',y'). Let F(x,°) = Fj(x), F(w,y) = Fyo(y),
G(x,y») = Gl(X), G(w,y) = G2(y)o We shall take the first m vectors
(Xi’Yi)' i=1,2,000,m, the first n vectors (X;,Y;), i=1,2,00040,

and then define the following statistics

1] 4
o

1l X.<X 1 Y.<Y.
Uij = 1 3 vij = 3 3
0 XXy 0 Y;2¥s
m n m n
U = z z U.. V = z ZVij o
i=1 §=1 *J i=1 j=1

Since U and V are the univariate two-sample Wilcoxon statis-

tics for the X's and Y's respectively, it is well known that
EU = manldGl, EV = mansz2 "
» 2 2 2
Var U = mn[/F,dG,+(n-1)/(1-Gy)*dF+(m-1)/F{dG;~(m+n-1)(JF1dGy )],
and similarly for V., Now,

EUV = I P(x:<x. y <y')
1 ?
9 3Pk L

f ] ] U 1 1
= I P(%,<X:,¥ . <¥g)+ I P(x.<%:,¥, <y.:)+ I P(R:<x.,¥:<y,)
k 9 k 1 ] o
i ¢ TR L TINR T 3L
j#l
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1 1
+EP(xi<xj,yi<yj).

1 1] _ 1] 1] ] ]
P(xi<xj’yk<¥£) = ffFij(xj,yQ)deﬂ(xj,yﬂ)

where Fip(uyv) = F(u,v) for i=k
= Fl(u)F2(v) for i#k,

Gjﬂ(u,v) = G(u,v) for j=J

= Gl(u)GQ(v) for j# L.

There are m2n2 terms in EUV with mn(mn-m-n+l) terms for which
ik and j#{, mn(n-1) terms for which i=k and j#0, mn(m-1l) terms
for which i#¢k and j=0f, and mn terms for which i=k and j={0,

Hence
Cov(UyV) = mnL/SF(uyv)dF(uyv)+(m-1)/SF ) (u)F,(v)dG(u,v)
+(n-1)//F(u,v)dG; (u)dG,(v)=-(m+n-1)/F1(u)dG; (u)
Fo(v)dG,(v) 1,

Both U and V are what Hoeffding (1951) calls U-statistics and
it follows from theorem 7.1 of that paper that ﬁ and V are
asymptotically (n,m»w) distributed as a bivariate nofmal with the
means, variances, aqd covariances given above.,

For F=G, the above reduces to
Cov(U,V) = mn[ffF(u,v)dP(u,v)+(m—l)ffFl(u)F2(v)dF(u,v)
+(n-1)//F(u,v)dF, (u)dF,(v) - mtn-1 7
m

and Var U = Var V = mn(T;n+l)
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Integration by parts reveals that

I(F) = J/F1(u)F,(v)dF(u,v) = S/F(u,v)dF;(u)dFy(v).
Hence as n,m>», the correlation coefficient p(U,V) is
(4.1) p(U,V) = 12[I(F)-1/u4].

If we consider the random variables Fl(x) and F2(Y) we see
that the correlation between F;(X) and Fp(Y) is given by p(U,V).
Hence asymptotically the correlation between the univariate two-
sample Wilcoxon statistics is simply the correlation between F;(X)
and F,(Y) which, as in the preceding chapters, motivates us to
consider the transformed df P(Fl'l(s),Fz'l(t)) when investigating
measures of statistical dependency between two random variables.

If the distribution of (X,Y) is the standarized bivariate
normal then we can compute p(U,V) by expanding the density function

using Tchebycheff-Hermite polynomials, We have

Hy (x)H; (y)
kX7 kar (x)dF, (y)

JIF (x)F,(y) ;
1 2 k=0 i

where r is the correlation coefficient and H,(x) is the Tchebycheff-

Hermite polynomial, The first four Tchebycheff-Hermite polynomials

are Hy(x)=l, Hj(x)=x, Hy(x)=x2-1, Hy(x)=x>-3x, and Hy=x*-6x2+3,
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To evaluate I(F) we note that

oo X2
f s L 7
_wFl(x)Hl(X)dFl(x) 7§$ _ixFl(x)e dx
2
- @ -
Ny W Fl(x)l + %; fe™*" dx = =,
21 ~% Bl 2/

Using integration by parts we similarly evaluate the other terms

and find that

p(U,V) Sr+ L34 0(r®)
m 8m

i

,9549r + ,0398r3 + 0(r°).
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