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ABSTRACT OF-DISSERTATION 

RATE OF QUP_LITY CHANGE OF DRAIN EFFLUENT 

FROM A SALINE WATER AQUIFER 

The effluent from drains in a saline water aquifer, being re­

charged with fresh water, consists of a mixture of salt and fres r -water. 

A Hele-Shaw model study was conducted to determine the rate 
( 

of qua ity change of drain effluent for various conditions of drait: spac­

ing, thickness of aquifer, permeability , and recharge rate. Th ee 

aquife:- c onditions were studied: l. A uniform aquifer, 2. A 13.;Iered 

aquife:- (t op layer 12 times as permeable as the bottom), 3. A l c.yered 

aq uife:- (b ottom layer 6 times as permeable as the top). 

Results are presented in the form of dimensionless char-s, con­

taining the variables drain s pacing, thickness of aquifer, perms.bility, 

recharge rate, and effective poros ity. 

The -concentrat ion of t he effluent a t any time was found t c• be: 

. . -
1. inversely related to the recharge rate , 2. directly related to t he 

drain spacing only for very small va lues of the spacing, 3. dire ::::tly re­

lated to t he thickness of the aquifer, -4. inversely-related to the 

perme::1.bility . - · · 

D. E. L. Maasland 
C i vi 1 Eng inee r ing De partm ~nt 
Colo r ado St a te University 
Fort Collins , Colorado 
Jan uary , 1965 
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CHAI'TER I 

-· -
INTRODUCTION 

The quality of ground water in ar id and serr,i -arid regions is 

frequ =ntly poor as a result of the presenc e of salt. Dissolved s alt 

may be ·present because of geologic conditions, such as dissolu1ion . 

from r ocks, or man-mad e reas'.:>ns, such as leaching by irrigation 

water from the uppe r s t rata of soil towards ground water. 

When irrigation water is applied to land, the water table will 

gener=1.lly rise, and water logging and soil salinity may result . These 

undesirable features may be preve nted or corrected by installir:.g 

drainage systems, sue as drainage wells, tile drains or open drains. 

When tile drains are used, t he quality of effluent from the drair:s will 

be ·dep endent upon the ratio of the amounts of salt and fresh wat:=r 

flowing foto the drain. T he quality of effluent at any time depends up­

on the following factors: q uali~y of both the recharge water and water 

present in the aquifer, spacing be-:ween drains, saturated thickr:.ess of 

the aq uifer, permeability in horizontal and vertical directions, r ate 

of rec · arge, effectiv e porosity and the degree of homogeneity of t he 

aquife r . 

Most of the drainag e effluent will in time find its way back to 

a stream, thus c ontaminating its water . In 1945 water use in the 

United States a mounte d to 160 bi ll ion gallons of w.:ite r daily . P n:> -

sently t h e daily water use has more than doubled to 355 billion g3.llons . 
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With .a rather fixed supply of fresh water available, more water will 

have to be re-used in the future. 

Clapper ( 1963) quotes Public Healt h Service estimates that the 

total flow of t he Ohio River is being used 3. 7 times before it reaches 

the Missi.ssippi River. By the time t he water in the Mahoming River 

reaches Youngstown , Ohio, it has been re-used m ore than eight 

times. 

Although much contamination of river water is due to industrial 

wastes and raw sewage from population centers. the West ern United 

States will increasing ly be bothered by contamination due to drainage 

effluent s. For example, t he soluble salts in the Rio Grande incr ease 

from about 180 part s per m i llion at Otowi Bridge . New Mexico, to 

780 parts per m illi.on a El Paso, Texas, and 1 770 parts per million 

at Fort Quitman, Texas . The concentrat::. on of salt in the lower Rio 

Grand = , however, drops because of t he lower concentration of salts 

in some of the tribut aries , so t hat a t Rio Gr ande City , Texas, more 

than 9 :J O miles down t he river from Fort Quitman, the amount of 

· soluble salts is only about 525 parts per million. (Fireman and 

Hayward , · 1955) 

It is therefore of great interest to be able to predict how the 

qua liLy of effluent from drain Liles wi ll change in t ime when an aquifer 

containing saline water is recharged wit h fresh irrigation water und e r 

different conditions of ground water and recharge water salinity, drain 
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spacing, and aquifer characteristics; It is also of interest to know 

the depth to which the aquifer will-eventually -be flushed clear of salt 

water. Except for some work by Peterka and Glover (1963) no one 

is known to have studied this problem. 

There are basically three ways in which this problem may be 

studied; i . e . by field experiments, analytical solutions, or model 

studies. Field experiments are of long duration, often expensive and 

and wi:h little control. Moreover it is often difficult, if not impos­

sible, to change variables in the field in order to obtain answers to 

questions of interest. Analytical solutions are desirable under many 

conditions. However, even though the problem can be stated in the 

torm of a differential eq uatio~ with approp~iat~ initial and ~?~_nd8:ry 

equations, frequently an exact solution will not be available. In ad­

dition, if an exact solution may be obtained, the assumptions and 

simplific ations required are sometimes so severe that application to 

field conditions is questionable. The third technique then, model 

studie s , is often the only practical manner of obtaining desired 

answers . 

The purpose of this study was to determine the rate of quality 

change of drain effluent as influenced by \'arious physical factors using 

a vi .::;c :.:,u .s anal ugy mod l. T he study was financ ed through a contr act 

with the U. S . Burea u of H.eclamation . 
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CHAPTER II 

REVIEW OF LITERATURE 

To the knowledge of this writer little work directly rela- ed to 

the present work has be e n done. Thus in this chapter literatur _ is 

reviewed which indir ec t ly was an aid to this study. 

Use of gr oundwater m odel s 

In principle any ground water p r oblem can be solved by m eans 

of an a nalytical s olution . Ar.. analytical solution is always obtar:ied by 

solving one or more differe ntial equat ions with a set of appropriate 

initial and boundary conditions. Frequently it is difficult, if n a: 

imposs ible , t o obtain t:.i.e e quations and boundary conditions, or when 

they ca.n be obt ained, t'.) fi nd the exact sol utions of the .equation c: and 

boundary conditions . 

In that case , model studies a r e g e nerally the practical 7 ay of 

obtaining answers t::, specific problems . Several t ypes of mod e..s 

have been used in ground water research. Santing ( 1963) revie-ved 

the various types of ground water models, particularly in connection 

with the ir applicability to different pr oblems . The most comm nly 

used models are the sand model, the Hele-Shaw model, the hea.: 

mod e l ., t he e l ect:c- ical model and the membrane model. All of tkese 

are based up'.)n t he similarity between the l aw governing ground 

water flow th.roug h porous m ed ia and the laws d etermining the 

m otion of various p hys ~cal quantities. The law governing grourxl. 
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water flow is Darcy's Law (Darcy;- :1856) 

- - 2.!. 
V = - K jS ( 2. 1) 

where v (the apparent veloc i.ty of flow) and q, = p/~ +z (the p eze>-
---- -- --· - - .. ·----- - - -
metr :.c head) are continuous functions of s (the distance along the 

aver i=..ge direction of flow). The permeabili+.y K is a characte:-istic 

of bo h t he m e dium and t he l iquid flowing through it and may b E ex­

pressed as 

·-· -------- ---- - ------ -- - -- t2. 2) 

where k is t he intrinsic permeab_ility ( charact eristic of the pcrous 

medium only), p the dens ity of the liquid and ,u the dynam ·c J is-

cos it :r. 

Laws similar to Darcy' s Law describe the laminar flo v-- of 
- - - - --•--------

a viscous liquid between parailel p l a t es , the flow of heat, the Low 

of elEctrici-1:y , and deflecE on of a rubber membrane " These la-vs 

may all be expr essed by 

- a .J; q := -K-· 
as 

d'E_ where q is the flux , K a capacity factor and as a pot ential 

g radie nt. Adapt ed from Sant ing ( 1963) we present Table I 

( 2. 3) 
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TABLE I 

Sim ilarity of Flo~ Equa~i_ons 

Phenomenon 

laminar flow of a 
liquid bet ween paral­
lel plates at distance b 

flow of hea.t 

flow of electricity 

Deflei:tion of 
rubber membrane 

q K 

v = average ve-
1 ')C i."'.:y of flow 

q = heat flow 
per unit 
cross-sec­
t i onal area 

A r:.; c onr.uc -
tivity ot 
medium 

i = cur rent per C = conduc-
umt of cross - t.ivity of 
sectional area c onductor 

M 
as 

acp = hydraulic 
as 

gradient 

at 
= tempera­

a s 
ture gra-
dient 

a E "' potential os 
gradient 

S = defleci.ion C = tension in oz 
1 z - = s ::lpe of 

of membrane membrane 3x 
,he mem­
brane at 
any point 

The p r·oper choice ')fa model to be used in an investigation is 

- -
dep e nd ent on the nature of t he problem . The pr esent s t udy is basi-

-
cally a problem of d etermin ing t he change m positi.on of the salt-

fresh water interface in time . ,_n the t y pes of analogies ment ioned 

- -
above, liquid density d ifferences can be simulat ed only in a sand 

-
tank and in the visc ous flow anal ogy (Santing , 19 63) . The latter has 

d i s tinct advant ages for 2 - d imPns ion al flow problems. P ermeability 

may be changed b y merely changing _the widt h of +.he interspace be -

tween the p lai e · or by ernp l'.)_vj ng a ! iqu id of different kinematic vis-

cosity. Sinc e gla ss '.)r p lastic plates a r·e used t he flow is e asily 
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visualized . ·N o p ) rous med:.um is used , eliminafing s ide -effects such 

as e nclosed air, non-uniformity of packing and dispersion . Smaller 

quant ities 'Jf liquid a r e r.eeded, because the t ot al amount of liquid 

s t or ed in t he model i s small , B oun dar i_es in the model may be 

adapted readily t 'J the p r e>t o!yp e geometry. The greatest adv antag e 

of t he Hele -Sha w mode l -we ~ t: he s and m -::>del is t he magn itude of the 

time-scale . Expet'imems whi ch may take several days in a sand 

mode • c an 'Jften be per for:-me d i n t he viscous fl ow analogy in a period 

of a fe w hours . Its great es t d1sadv&.ntage is, t hat it can be us ed t o 

s t udy 2-'dimenshnal fl ow p r oblems only . 

The fi.rst v i s cous flow m ode! was developed in England by H. 

S. Hele - Shaw ( 1898 a d 1899} , fo r t he s t udy of flow pat terns a round 

v a r i::tusly shaped b0d i.es . It was named . he Hele-Shaw model in his 

honor . It was not un t :.l 19 36 that t hi s model was used for ground­

wat e r s t udi es by Dac hJe1· ( l 936) :.n Aus t r ia. Mme . P o lubar inova­

Koc lx.na ( 19 6 2) qu otes a pap er by A r avin in w hic h is described t he - -

use o:: t he paraEel plat e m ·:)de l for both ~w o - d imens ional and radial 

flow problems in g round water h:id r aulics . Santing ( 1951) reported 

t he us e of t he He le -Sha.w m odei hr t he s t ud y of a salt - fres h wat e r 

int erface in a coastal aq ifer. 

T h e :.merfa c e bet wee n sa 11, a nd fresh "Vater 

F r.- om a sea r c h o f t he e x1s 1. ing liter a.1. ur e i t. hec omes clear 

that ne inter st in the sal t - fr es h water interface has been cent ered 



l arouRq .:pr o_q Le1J1s o.c-cµrrirrg in .:..c---:tast.g.1 a.qui{e;r s. A land-!f.}.-8;.1?S border­

ing_ an _ocean rec_eiyes _pr~_c;ipi1,_cl.ti.on.,_ ;3. RO:rtj..Q_I]. __ Q( which ;re9!.~hes the 

ground water- system 9 thus er ea-i:mg a gradient towards the ocean. 

The flow.- of frgsh _wat~r, due...to=-this: gradient occurs- above _a wedge 

of salt water O When_ left _ai.one . _a dy .9-mtc baJance betwe~n the fresh 

gr')ur_d wat er flow and the intruded salt water wedge is established. 

. ' 
Todd ( 1_9_6 0) quotes Badon Ghyben and Herzberg who foun~ that salt 

wat er:_ along the coast <>ccu.rred_ a t a depth below sea level of about 

for ty times the heigh t of fresh wa.te r aboye sea level. Thi.s distri­

bution was _;3.ttr-ibu ed _ to_ .a_ hydr ost-atic equilibrium ex-isting between 

the t,,.,o flu ids of d1f.f.e.r: en:. density, and is now generaily known as the 

Ghy_p_en-He_Tzberg reg~,t .. ::m • 

. GJoy~r (19_;5_~) !:?t a.t_e s tb.at when s 1 ati.c coI}ditions a l on~ p revail 

the fr esh water 1'ody tapPr s to a knife edge a t t he shore allowing no 

way for· the fresh _Wai.er t') escape . He p8stulate s a the ory_ whe reby 

t_h_e salt -..vat er_: _ e_dge t s -. ~{a t.:i.~ aI].d the _ freE1 h._ water_ aboye _jt fl(?.\:YS tq_wards 

t_he ocea_n. R(; then gives aD equc.Jion for the interface locat ion for a 

horizont al ou1.cr oppi:1.g of _fresh w ~i::_e1:. 

Cooper (1959) s1,a : es that in a coastal region neit her the fresh 

water nor .tl'!e salt w_a1:er ::.s in equilibrium. He visualizes a circu-

lation of salt water frr~m •.he sea to a zone of diffushn (zone of dis -

pe rE ion woulrl be & m 'l rc cnr L 0p· .ia•e nam e) an d ba k t.o t he sea . 

Above this zone of diffus ion t,he f: esh wa~er flows to t he sea . This 

~oq,e of diffusion mav be as t hick as 1000 ft. such as measured below 
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the- Peart Har_b or area. The a pproa<:h o.Lt.his pape~ is_ enti_r _ely _. 

gu~litative in that no attempt is made to quantitatlvely defin~ the_ 

zone f diffusiQn. 

Bear and Dagan ( 19 64) att empted to determine the shape and 

position of the interface in a coastal aquifer along the coast under 

various steady and unsteady exploitation conditions of wells. They 

f 

also studied the phenomenon of local upconing towards a collector 

operating above the inter face and the development of a transition 

zone along the interface due to hydr dynamic dispersion. The in­

vestigations were ca_rried out in two s t ages: in the first stage the 

assumption was made that the two fluids w.ere. immiscible and t hat 

~n. abrupt interface exis:c e.ct. The second stage included the problems 

of hydro_dynami_c dispersion and the. transition zone. They solved 

some steady-state conditions by means of the hodograph method and 

by tr_e use of the Dupuit assumptions. These solutions were com:- . 

pa~e i _with results obtabed with Hele-Shaw model tests. ·· Good agree­

ment was obt a ined. The same paper also pays some attention t o the 

moving interface. Non- linear equations are obtained which_ make 

exact analytic solution almost impossible unless special" linearization 

techniques are employe_d. 

The problem of the m oving interface has also received the 

attention of invest igators in the oil-industry . The interface must be 

const rued to be the interfac e between two immiscib l e fluids (e.g. oil 

c!-,nd water). Kidder (1 956,. l)was c onc erned with the problem .of - ·-· __ 
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"fingering". Fingering refers to problems in which th~ permeabl e 

stratum is sufficiently thin that the flow of fluids can be treated as a 

two-dimensional flow in the plane of the stratum. He determined an 

exact solution at which oil may be produc ed without drawing water in­

to the wells. The posit ion of the interface between oil and wat er was 

only given in its term inal s t ate. In another paper Kidder ( 19 56 , 2) 

obtained a general solut ion to a two-dimensional problem of the move­

ment of the interface between two immiscible liquids of unequal den­

sity in a porous solid. The motion of the interface was the result of 

the force of gravity acting on the two liquids. The solution was ob­

tained by direct potential theory methods and a method of approxi­

mafr:m was employed similar to that used in the lir:iear theory of 

water waves. The e levat ion of the interface above its equilibr ium 

posit i on was shown to satisfy a nonoscil at _ory wave equation. 

Josselin de Jong ( 1960) s t udied the simultaneous flow of fluids 

of differe nt properties by subst ituting the fluids by one hypothetical 

fluid and applying s ingular ities at those points where the properties 

?f th2 actual fluids change. The motion of the hypothetical flu id i s 

taken identical t o t he movement of the different flu ids . The solution 

is giv en in the form of an integral for which the r.egion of integration 

is that part of t he aquifer where weight diffe r ences are present . In 

most practical cases the inter fa ce will have a fo r m which prohib ·ts 

a mathematically convenient calculation of the integral in cl osed form. 

The author also states that "moc.el studie s provid e the only m e ans of 
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studyi _g the location and movement of inte~faces for general p_r ~b!ems 

involving movement of both flui.ds." 

Biggar and Nielsen ( 1964) discuss the conditions for which the 

interface between two liquids of unequal density and viscosity is un-, 

stable. For steady movement upwards the interface is unstable when 

(µ 2 - _LL 1) v + k ( p 2 - p l) g ~ O 
( 

( 2. 4) 

where p is the density, µ the viscosity, g the acceleration of 

gravity and the subscripts 1 and 2 refer to the displaced and dis­

placing solutions, respectively. Whenever a dilute NaCl solut ion is 

displaced by an equal or more concentrated NaCl solution (upward flow) 

the icterface was stable. Conversely , when a dilute solution d isplaced 

a mor e concentrated one, unstable fl ow existed. Instability was caused 

by fingers of displac i ng flu id running ahead of t he average displacement. 

Hubbert ( 1953) d isc usses a c ase in which flow ing fresh wa t er is 

in cor:tact with static salt wat er . If at r est, the -::--esh water overlies the 

salt water with the interface horizonta l, but if t he fresh water i s set in 

motion, this interface will tilt upward in the d irection of flow at an 

angle whose t ange nt is given by 

t an a = 
dh 
dx 

( 2 . 5) 

where pf and p 
5 

are the densities of fresh and salt water r Pspec­

tively and dd h is 1: he gradient of piezomet ric he ad. 
X 
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CHAP TER III 

THEORY AND SCALING OF MODEL 

Analysis of problem: 

Analytic al solutions to groundwater problems involving flow in 

isotro_?ic media have been successfully obtained by use of the LaPlace 

equat:.on: 

az.cJ, 
+ ~ az.cJ, = 0 

ax2 Oy + ·~ ( 3. 1) 

for st e ady state flow and t he equation 

~+~+~ s ~ :;: 

ax ay2 az T c)t 
( 3. 2) 

for transient flow. The relative difficulty of solution of these equ a­

tions dep ends entire y on the initia l and boundary condit i ons us ed in 

conjt:.nction with t he two equations. If we have a free surface or water 

table the p roblem becomes increasingly difficult. This is true be- . 

caus e not only does t he water table determine the distribution of flow 

in the system , but also the shap e of the water table depends upon the 

distributi on of flow . In general, therefore, free surface flow prob-

lems are . solved using a n approximate theory , utilizing the Dupuit ­

Forchheimer assumptions . For the situation in which no accret ion 

to t he water table occurs , i.e. , whe r e t h e water table is a stream -

line, the D up uit -F orchheimer assumptions may be f t :.ttrd as 

1) the velocity of flow along the water table is pr oportional 

t o the slop e (the t angent) of the wate r table, a nd 
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th~_ en:ire saturated thickness. 

By utilizing these assumptions many _approximate solutions have been 
. -· - .:. -·- ·-- ..: . - -

obtained. Genera:ly these_ sqluttons take th_<?Jsn.: m of _cl> = flx,y ,z) for 

steady flow and cp = g(x,y, z, t) for unsteady flow and from these so­

lutions t~e- ~l_ow at differ ent poi~ts ~nd time,~ may b~ evaluated. 

The principal interest o_f !his study was the position of the 

i~terface at any time rather than the sh~pe of ! h~ fre_e ~urf~ce. The 

po~ition of the interface is determine~ by ! he comp onent of flow normal 

to the interface . 

Suppose that in Figure 1 (see Jacob (1950)) water is being added 

to the water table at a rate W. The distance between the two flow lines - . - -

i~- Dir: _ _:1-nd_ the difference between the piezometric head at A and B 

is D4· = ';,,f tan /3 . This head difference Dcp occurs over a dis­

t~~<:-_e :_.~t/1 tan ( a:+ f3) where V is the velocity of flow below the water 

table. The grad_!ent of pi~z ometric 1:~ad ~ may then be expressed 

by 

V - = · Zf tf; /W tan /3 
K Dt/J /V tan (a + {3 ) 

( 3 . 3) 

or 

a = arc tan ( ~ , tan /3 ) - {3 ( 3. 4) 

In equat ion ( 3 . 4) t he limit of a, if W appr oac hes zero , is (90-/3), 

or in other words the wat er table is a s treamline. When water is 

added to the free surface, the flow lines will be at an angle with the 
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w ater table. The magnitude of this angle depends on- the slope of the 

water t able, t he sat ur ated permeability and the recharge rate. The 

same phenomen~n ? f refracti on_ of str~amlines also occurs at tne 

boundary of t wo l ayers hav ing different permeabilities. This 7 as 

discus sed by Todd ( 19 6 1) , 

- F r om the foregoing it bec-omes cl~ar that ·an analysis u ilizing 

the Dupuit-Forchheimer assumptions is inapplicable for the _prasent 

problem, since it i s pr e cisely the normal component of flow (c:Lle to 

rechar ge) which causes t he interface to move. 

A second approac h to t he problem is an attempt to dete:-mine 

the d ifferential equat ion governing the s hape of the fresh-salt \later 

interface at any t ime. The equation governing the shape of the inter­

face may be writt en as 

f ( X , Z I t) : Q 1 

and thus 

df 8f dx 8f dz af 
dt ::: ax dt + a z dt + at = O 

Defining t he pie z ometric head as 

cp = p / '( + z , or cp - p /'( - z = 0 , 

and com bining equat i ons · ( 3 . 5) and ( 3 . 7) 

£ = . - p !'t - z 

Substit uting equat1::m ( 3. 8; into equat ion ( 3 . 6) gives 

( 3. 5) 

( 3. 6) 

( 3. 7) 

( 3. 8) 
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E)cf, dx iP. dz ~cb ir1L dx ~p i dz ~ dz I ~ 0 ( 3. 9) ax at + -r · - - ~ - - - = oz dt :•t ex dt clZ dt at dt 

From Dar.cy ' s Law : 

- K K - - - - -- - - - -dx- El--- dz 2-!! X and 
r 

( 3. 10) = -
dt: 3x dt c1Z n n 

Subs ti: ut : ng equati ons ('3 , 1 Oj . + 1n,,o ( 3. 9) y ields 

~ = o. (3.11) ct 

Solution of this non-linear equa•;i:::m would be extremely difficult. 

The rema.i.ri der of this chapter i s devot ed to the theory of the 

model and scaling . 

Mod e l •;heor y a nd scaling 

In order ro adequa1.: ely s :mul. a t e prototype conditions in a model 

it is necessary t o !'e l a te every model va riable t o its c ounterpart in the 

prot:o-<:ype . Two met;h,:ids ')f do ing this are known. The first is dimen-

s ional analy sis. mainly developed ar..d used by Brit ish and American 
- - -

s ciemists . D1mensi'.)nc..l analy s::.s entails t:he reduction of the number 

of variables by the c ::: e a ticm of dime nsionless variables . In the second 

method, model laws a re derive d from t he differential equations that 

g overn flow p henomena , Whe n laws of s imilarity are desired for dis-

torted m odels, t he s e cond metr~od is des i.rable . Since in the present 

rn'.)d el a1.e kn'.1wn ·,i1e .La~re t met,hod llas l_1een used .. Be a i- (196 0) de -

rived the scales n f vise nus anal0~ y models for g ound water studies . 

·~- . 
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An alternative .meth:.:>d is used ·here . . 
::. 

_ If_the function _f_(_x, z, "'t} = 0 _g~s cribes-the _p r:isition of the water 

table, then any inc remen~s (dx , dz, dtJ in (x, z, t) are related by the 

_ equation 

~I+' o f a: 
df 

~ _,_ 
dx dz dt 0 ( 3. 12) =- -+ + .. 

ax 2z "~ • 0 -

- --· - ---- - - ·--- - -- ---
or 

f 

df Of dx 'jf dz jf 
0 ( 3. 13) := -=-- -+ -__ - - + - . 

dt c\X dt z dt at 

Since the p o:entia l q, = p /v t z for t he water table reduces to ¢ = z 

one may write for the wa~er table 

q, -z:::O=f 

or 

c'cp dz dz &.+. 
·t - - - - + ~ oz dt dt ot = 0 

Substitut ing for ~; d 
dz 

an dt by use of Darcy's Law 

K · 1-: 
X §1. Z 2<p 

n 2x ·' n ··z 

respectively , the follow ing eqt.ration is obtained for ttre- prototype 

(
n'P \z (acp ·2 

_ acp ... . . a¢ p - - p . -- . p . - . p 
K -- .i. K -- -K -- ==n --

xp 3x ) ' zp 3 z zp 8z p at 
p . p p p 

( 3. 14) 

( 3. 15) 

( 3. 16) 

Similarly for th_e model (keeping in mfnd that K = K = K ) one 
xrn zm m 

f inds 

K 1~1 ( .: ~~1? .! . K I('-~ :m1)? -
· · · n1 m L ~ · m .' 

a' <Pm 
n --

m c) ~ 
m 

( 3 . 1 7) 

Equa~ions ( 3 . 16) and ( :~. l 7j may be exp ressed in dimensionless form 

- - - . 
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by defining t he f-Jllowing dimensionless variables: 

K 
K =~ 

xp A 

z 
p 

z 
= _E 

E 
n 

p 

n 
= p 

F ' 

X 
p 

t. 
p 

X 

= _E 
C 

t 
= _E 

G 

K 
zp 

K 
- -2£. 

D 

( 3. 18) 

where A, B, C, D . E, F, and G are t h e characteristic values of 

K , ct, , x , K , z , n , and t respectively, and the 
xp p p zp p p p 

d i.mensionless va riables are designated with a bar. 

Equation ( 3 . 16) may now be written 

(ai '' D.B z. ( di \' 34> a4> AB2 - · p , - p DB 
K _£ FB- _P (3. 19) CZ Kxp ,f xp / + E2 K - - -- =-- n 

zp az E zp oz G p at 
p i p p 

Similar ly equation ( 3 . 1 7) may be exp1:essed in dime~J _ionless form 

by defining the dimensionless va r iables 

K ct, X 

K 
m 

c/>m 
m m 

= = -- X = --
m A I B ' m C' 

z n t 
m m t m ( 3. 20) z - n = -- =--

E' F ' 
, 

G ' m m m 

where A ! , B' , C 1 
, E : , F ' , and G I are the characteristic values of 

K , qi , x , z , n , and t respectively . 
m m m m m m 

Equat ion ( 3 . 1 7) t h en bee omes 

. R"z. ;:ff - 2 
.. -I.- n . 

- - - :'>. -=-- -
E '!. m a z 

\ m 

A ' B' a~ :..:...._ K _m = 
E 1 m , 3z 

m 

F' B' ·- oq, m 
n --=-

G' m at 
m 

(3. 21) 

/ -
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Corresponding dimensionless variables must have the same value for 

both model and prototype ~ For the syst ems t:) be similar the cor­

-~~sponding coefficients (composed cf the characteristic values) of 

equations (3.19) and (3. 21) must be equal, thus 

A' B' z 
c ,2 

DB 
--:.:: 
E 

A 1 B 1 

E' ' 
FB 
G 

F ' B' 
G' 

( 3. 22) 

Denoting the scale factors of the var iables with a -subscript - r - we 

finally obtain __ _ 

K d, z 
xr · !' 

X -· 
· r 

K A. :, 

Z!''+'r 
z ..:: 

r 

K A. 
zr'+'r 
z 

r 

- l 

= 1 

- 1 

= l. 
t 
r 

( 3. 23) 

(3. 24) 

(3. 25) 

( 3. 26) 

From equa~ion ( 3. 24) and ( 3. 25) it may b e concluded that cf, = z . 
r r 

Thus equ ations (3 , 23), (3 . 24, (3.25) and (3.26) may be rewritten as 

K z 2 

xr r 
X ~ 

r 
K zr 

= 
n z 

?:· r 
t 
r 

The scale facte>r for time 1s there fore given by 

or sinc e n 
m 

t 
r· 

tl X. -
r- r 

K z 
xr r 

= 1 a.nd K 
m 

= _g__ b2 
12 v 

( 3. 2 7) 

( 3 . 28) 
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t = 
m 

12 _ v. 

g n 
p 

K 
_xr_:_ -- ::: 
K zr 

X l 
m 

x ='Z 
p 

2 
X. 

r 
z""'T 

r 

z 
_11 
z 

m 

i9 

K 

~ b 
t 
p 

( 3.. i9) 

(3 •. 30) 

- ·· Equatfon 13 . J O) state s tnat the ratio of sca;e factors of horizontal 

and vertical permeabHity equals the · square of the scale factor ratio 

of dimensions x 2.nd z . In · other words geometrical distortion of 

the- model implies anis·otropy . T his ·j_s in d irect contradiction to 

findings by D e Wiest (1 9 61) -: · D e Wiest's equations (115a) and (115b) 

may be written in our terminology 

and 

. n · X ' · 
.r .1'.' 1 

_K z t _ 
r - r - r 

. 
n z 

r · r 
K t 

r r 
= 1 

- 1 (3. 31) 

{ 3. 3 2) 

D e Wiest s t a tes : "From equations ( 115) it follows that, in 

order to have a unique time scale one must hav e x = z . This 
r r 

means that t he model c annot be dis-f:orte , which it was, t o our kn ow-

ledge a t least, in most of the previ ous ly constructed models of this 

l-..i1 d . T i,c Ul::,LOl'Li:J:1 o f i1e 1Lodel is a d irec ~ consequ ence of ii1e 

Dupuit a ssurnpt 1oa1 , whi ·· h wa s n ot made in d1e p r esent analysis . " 
~. ~ 

Taking t he f ir~s t _and_ t hird iden:ity of equation ( 3 . 2 7) one finds 
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n X z 
· r r 

K t 
xr r 
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= 1 

and taking the second and third identity gives 

n z 
r r 

K t 
zr r 

= 1 

(3.33} 

( 3. 34) 

Equations (3.33) and (3 . 34) ar e equivalent to De Wiest's equations 
t 

( 3. 31 ) and ( 3. 3 2), differing from his equations only in the inequality 

of K and K . If K equals K equations ( 3. 33) and ( 3 . 34) 
xr zr xr zr 

are identical to De Wies t' s equations. Since Dupuit' s assumptions 

·were not made in the derivations herein it must be concluded that 

De Wi est ' s statement is not correct and the model may be distorted. 

Distor tion ,_how.e.Y..e..r:.., do.es... imply anisotr..QPy . __ _ 

The discharge scale may be obtained by· comparison of Darcy's 

and Poiseuilles Law: 
aq, 

Qxp = - K b z ~ 
xp p p ax 

p 
(3. 35) 

and 
aq, 

Qxm K b 
m 

= z 
x m m m ax 

( 3. 36) 
m 

- . -
T hus 

K b z z 
xr r r -: 

Qxr = 
X 

( 3. 3 7) 
r 

and similarly 

Q zr = K b X 
zr r r 

(3.38) 
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H owever, because of equation (3_. 3~} it m ay be shown--inat 

:: Q 
r 

( 3. 39) 

Substit uting the appropriate value of K in equation ( 3. 3 7) the dis-
xr 

charge scale becomes 
z 2 

Qr = _K_ 
b3 1 r 

12 V K b X 
( 3. 40) 

xp p r - - - --- -· 

In part of this study it was desired to model a layered aquifer 

system with permeability in one half of the aquifer 10 times the other 

half. The discharge scale for both parts of the aquifer must be unique. 

Denot ing the two layers of different permeability by subscripts 1 and 

2 we obtain, using equation (3.40). 

j_g_ b3 1 
z 2 

r 
= 

112 V K b X / 1 \ xp p r 
(tz b3 

V 

1 
K b 

xp p 
(3.41) 

Since v , g and b are c onstant and z and x are fixed 
p r r 

throughout the model equat ion ( 3. 41) may be written as 

. · / b3 \ · 
!K l = 

.. \ xp / 1 

I~\ 
K 

I Xp / 2 
( 3. 42) 

To -obtain layer permeability ratios of 1 to 10, b 
2 

must be approxi ­

. mately 2.16b
1

, i (2.16) 3 = 10( 

In order to satisfy both equation ( 3. 42) and the requirement of a unique 

time scale ( equa tion ( 3. 29 ) the ratio b /n must be constant. There­
m p 

fore, changes in interspace width in the model and changes in effective 

po~ os ~tq':_~~ _tt_i~ pr::oJotype cannot be made independently. 

---
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CHAPTER IV . 

EXPERI MENTAL PROCEDURE 

- -
The Hele-Shaw model consists _ in its simplest forrr~ of two 

parallel plai;es separat ed by a narrow inters pace . A sketch of the 

-· . 
model i s shown in Figure 2. The dimensions of i:he tw-:i plates were 

- . -
96 x 20 x 3 /8 inches . T he tops o: both plates were beveled at an angle 

of 45 degrees (A) in order to provide a larger c a tchment surface for 

t h e recharge liquid . The p lates were held t::>gether with bolts and nuts 

(B) . Correct separat:ion of the plates was maintained at t hese points 

by means of small spacers of appropriate t h i ckness. The spacers 

were small so as to cause little i nterference wii: h the flow t hrough 

:lhe__·:r:npdf>J. S ace_r __ ~t_rips ( C) one inch wid e and 1/32 inch t hick were 

a lso insert ed along : he bottom and sides of t he model. T wo cylinders 

(D) attached t.o t,he rear plate allowed. movement of the liquid into or 

-out o: the model interspace through small holes (E) dr illed through 

the contact between cylinder and plat e . __ The plexiglass plate_s were 

held wi'.:h C- clamps in the aluminum frame (F). Before placing the 

-plates in the frame a bead of plasticine>:C was inserted in the inter -

space next to and out side t he spac er strips . Of the d_ifferent methods 

tried for sealing, p lasticine p roved to be effective and easy to use. 

Har butt· s Plas !.i.cine Ltd, Ga~hamton, Bath, England. 

,·i 
·~ ... 
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~ Recharge liqui~_ wa.s-_appl_ied -by-mea.ns-; of +he--rec-ha:i?ge-tube ( G), 

which -was -fastene·d -fo- thee alurriinum -fr-a:ine by-rr1e ans -ef the-adjustable 

tube holde-r -(H) . The-t echar ge- -tube consisted of J 'one ·inch' .... d iameter 

plexiglass fas -r: ened t o an aluminm:n T - beam . A senes of small plexi­

glass tubes (I), spaced-at -two inches were glued .to- the large tube. 

----="'l:folC"-

Calibrated-glass capillar.1-e-s were connected t o-eaetr 0f the small plexi-~ ------ -- - -
( 

glass tubes with rubber tu b ing .- When bei ng filled , t he r e charge tube 

was inv-erted by means ::if p ivot s , t: hus p r eventing a1 r from being en-

trapped in the t:ube " F'.) r oper.aU·:m t he recharge tube was c onnected 

to a Mar i otte - s y phon in an 18 liter c arboy, coma in ing the r echarge 

liquid. 

E-xper iment.s with water 

The first. seri.es '.)f exper ::. rr ... e nt s was c onduc~ed using wat er as 

t he model l iqu.id . Saline wa1.e r in t he aquifer was simul a ted by dis -

_ s _olving 1. 5 gms .. ')f s::id iu m chlori.de in e ach 100 gms of salt . Added 

to t his was a tr ac e of pot.assium -permanganate to color- the water. 

The model was used in such a manner as to simulate only 

half the d ist ance behveen drain tile-s. T his p roc edure is corre ct 

the drains and t hrot.:?"h t.he middle ')f t:he drain itself . Before a ssemb­

ling the model all hol e s (E) except t:wo were c overed with e lectrical 

t ap e On e ho le ne ar i_he 1 np of ·.he m8del r ema ined -open t:::i serve as 

a d rain On the ot.her end of the model the bottom h8le was us ed to 

--



----- · - -~---
to fill .and drain thEz-_tnt~r§pace at:. the peginp.i:g.g. ap.d e.I1d of ..eE-.ch ;r:un. 

~ -------------- -- (;,.. - --- - - .. - . -- ... ---: ---- --' -- - -- -

was determined b~ adm:tting known .volumes 9f w~ter and noting the 

__ ,a.<:l!Ilillfill w~s equal to ~lie"beight of r:_is_e times the kn9wn ).~mgth of 
. - ... - ··--· -- - · --- · -- - ---· - -

Each run c ::msist ed of the following steps. The model inter-

- - --------
space was filled with color ed salt water through the inlet hole. After 

··· ---= ____ :. --· ___ :; -· - - -----

filling , the wat er t able was allow ed to es: ablish a near horizont al 
- - . ·- - . - -=- . ~ - - -=- - - - 7 ::...:. -

- ..... - - -- - - - - -- - .,._ ---- --- - -
·t. pOS L lOn. The inflow fr om t he Mariotte s y phon into t he recharge tube 
- : . =:. - - :: - - - ~ . . . - - .... . - -- . 

was adjusted t o a d e s ired r at e by means of a clamp and the run - . 

start ed . Phot ogr aphs wer e t aken at suit able intervals in order t o 

obtain a record of t he salt -fresh wat er int erface with time . An 

example of 8Uch a r ecord i s shown i n Figure 3. The recharge rate 
- - - . - - - . - -- - -- - -- ~ - - ---- -- - ·-- ·- . ·--- ---- ---- ---- - -- -- - - . --- -

was det ermined by c o .tinuous m easurement of the drain d ischarge 
~ ~ -=- ----=-- - -· -·--

(inflow equals outflow, . 
- - . - - -- : ;_ __ - ;_ - -. --

Thre e diffe rent s y s tems were s tudied, i.e. , 

1. P a rall e l drains in an aquifer of uniform 

permeability , 

2 . Pata1iel drains in a tvvo -part aquifer. (Perm e-

a b1lii:y of the lower half of t he aquifer 11. 5 tim e s 

t he permeabilit y of t he upp er half). 
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_-J ► Parallel drains --in a ~t wo-part. aquifer., (pef:me --- - --­

ability of the upper .half. oLthe-aquifer 1-0.: fr-times 

the permeability of the lower .Jia.IfJ. :. : =~- _ _ -

The set up for the first system was as described above. For 

--the second arid ·third system a different front plate was used. -- Part 

oft he plate was machined in such a manner, that one half of the-plate 
f 

was 1 /32 inch thicker than the other half. 

Experiments wit.h glycerine-water mixture 

In order to slow down the time scale in the model a mixture 

of 60 percent glycerine and 40 percent water by weight was used in· 

the next series of experiments. The viscosity of the mixture was 

d"eterniin-ed with an Ostwald v{scometer; -This viscomet"er ·measures 

fhe relat ive viscosity of a "liquid.- The determination ·co
0

nsisfs of 

measuring the time for a known volume of liquid to flow through a 

capillary tube and comparing this with the time for an equal volume 

of a standard liquid to flow thr ough the same capillary tube. Twice 
-

distilled wate-r was used as the standard. After determining" the times, 

the viscosity or" the gly-cerine~water liquid was calculated. The density 

of each mixture was det ermined with a pycnometer. 

The same model as described above was used for the glycerine­

water experiments. To prevent the cumbersome computati ons re ­

smting frortr-using- photographs, the procedure for determining the 

salt content of the effluent was changed. The effluent from the drain 
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was funneled into a c::mductivity cell as shown in Figure 4 . The con­

ductivity cell used was a glass fbw cell (CEL-JD)* with a constant 

of 20. The ceil was c~nnec! ed to a Type 153 ELECTRONIK six­

point recorder and self-balancing Wheat.stone bridge . Only one point 

of the recor-der was usec:i . Th@-<>ther five points were connected to 

a fixed resist ance , t -:i indic.at e proper operati on of the bridge . In 
f 

this manner a continuous record of conductivity versus time was 

obtained . 

The dr a in out flow r a-: e was measured at suitable time intervals 
-- - -

depend ing upcn1-tne fl ow r at e . Since t he vise osity of a glycerine-water 

mixture is d epend ent '.)n t he t e-mperat ur e ; -periodic temper .ature 

measur ement s wer- e taken . Dur ing the course of a run the temper­

ature of the liqufd va.ried less ti1an t wo and nor mally- less thari one 

degr ee cent igrade , 

Using t he- glycerfoe -wat er mix-:ur e t he folio wing s·ystem s· 

were s t ud ied : 
-

1 . Par·allel drains in an aquifer of uniform permeability . 

a) Init ial c onc e nt r ati on oCgroun-d wafe-r 10, ·ooo ppm of 

salt 

salt. 

- Ind ustr ial [ns t r umen1 s Inc , , C edar Ci-r•ove, N ew Jersey . 
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c) Initial concentration of ground water 30 , 000 ppm of 

salt 

2.. Parallel drains in a two-par-t aquifer (permeability of the 

lower half of the aquifer approximately twelve times the 

permeability of 1.: he upper half) . 

a ) In it ial concentration of ground water 15,000 ppm of 
t 

salt: 

b) Initia l concentration of ground water 30, 0 00 ppm of 

sa t 

3 . Parallel drains in a two- part aquifer (permeability of 

lower half of t he aquifer approximately one sixth the per­

meability of t he upper half) . 

a) Init ial concentration of ground water 15,000 ppm of 

salt 

b ) Initial concentrat ion of ground water 30 . 000 ppm of 

salt . 

For each arr a ngement of the model a series of runs was per-

formed covering a range of values of model discharge. A t otal of 

80 uniform recharg e .~uns was perfor med with the glycerine-water 

mixture with t he ab ove seven model s etups. 

After c:imp lc1.hn '): t he !'.'u ns wit h continuous , uniform re -

charge rates, a fe·,1.· 1-uns v1-e1e made with intermitt ent recharge . 

The time s c ale ( equa.•,hn '3 . 29 ) , is a function of the geometric 
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distort iori of t he m odel , t he perm ea.bility and effective p,:,r·osity in 

the prototype and t he w1d t.: h of t he model ~nterspace . Likewise, -+.:he 

model d i scharge i s a fur. c.;_;i on of 1 h.e geometric distor+ion of the model 

t he permea b 1 l ity and app l1c at.:h n r a~e m t he pr-obtype a nd t he width 

of the m')de: interspace (equ&.~i•:,n 3 . 38) , Thus specif ic values of 

these var iables in the pr o+.:)type were c h os en in order t; o obt ain t h e 

model tim e int:erva ls du r:.ng whi c h t he g ly cer ine-wat er mixt ure 

should b e a dm1-f:ted t') 1:hP- m odeL T he int erm itt ent r e c harge run s 

were perhrmed by i.nt;ercep':i.ng r echarge liq u id with an a l uminum 

troug h a t ·t.he computed tim e ime:r-va l s . 
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CHAPTER V 

PRESEN T A T ION OF DATA AND RESULTS 

The conduct;1vit;y rec'Jrder p rovide s a r e c ord of c onductiv ity 

of the so l ut ion versus r. ime , The condu ct:ivity of t he s olution is re ­

lated to the amount.. of salt. i n soluti::m . T he ch a rt used on t he re -

corder i s calibrated such that when the cqndu ctivity values of the 

cha rt are plotted on Ca"."'tesian g:i::-ap h pape r , a straight line relation-

ship bet ween concen1:ration and conductivity is obt a in e d . For d iffer e nt 

temperat ures the slope of the line is different. No autom atic temp er-

at ure compensator was used with the conductivity recorder. therefore 

the conductivi+.y was C')nver:ed to conce nt ration in t he fo llowing m an.-

ner : For ea.ch r- un , ·,he highest conductivity value (equiva lent to the 

know n initial concent. a1:ion1 w2.s divided by ten, t hu s giving the value s 

at which the concentration was 10 ., 20 , 30 , etc. , p ercent of t he initial 

concentra.tion . 

Aquifer of uniform permeahil ity 

The re sult s of the runs with an aquifer of uniform pe r mea b ility 

are shown in F igures 5 throug h 4 1 . T he width of the interspace b 

was 0. 085 ems, the iength x of t he m'.:ldel 236 ems , and t he sat-
m 

urated thickness in I.he model 42 , 0 ems. 

The runs \vii h imti.a l C'.)ncentrathn of 10,000 ppm are repre-

sented 111 F igures 5 1,hrough 15 in orde r of dec reasing discharg e . 

Eac h grap h is a representation :)f the concentration of effluent 
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expressed as a frac __ ; -.n ')rt_ he i. n.i.t,ia.l c•Jncentr a -i,.1. '.:>n versus time in 

minutes , The model d::=:ch&.rge was var .i.e d from 0 , 146 cm::,/sec t;:) 

O, O 115 cm · isec . Ea.ch i.·un -.1_·as d1sc nntlnu.ed when the concent,r a tion 

of the eff1uPnt, was a.pw----ix 1.ma+:i:-·l:v -.ne •,en+h '.)f t,he '1r .Lgrna.] c::on,~en-

( 

0 , 346 cm :, /sec t. •:i ah':111·, ~, }•:iur·s l"'t· a d 1s( ha.-i:-·g e ra1 e nF 0 . Oll5crrt'isec . 

:i.:n a.dd.i.' . .i.:m t:. 1 he (L~rha:cge ::-a',e each fJ.gure al.s-, shows the 

measured _dyns.ni.:c vjsc :,s1•,v a· .. ~n -c :i f •,he pani.ui. io.t· give-er.me-water 

rn1xture usPd fot· the nm c:!.nd •he average t.emper.·a'll >:'P :.n rlegrees 

The v a Lues --:-,r • r1 e cc,mpw,ed krnem2.-+:i.c viscosit;y used in sub -

sequent: calcula.•,.1-·ms are ai_s ·, ~h-,wr. These va,_ups 1-vere obtained 

in -t.he f-.Uow.mg rna.nne -.; A c1n v1" :·r,la.+ 1ng •he dvn&.m1c v.:scosif.y +;o 

1Na.ter mix~ure Fr·on1 1 .h.is cu.'. ve I.he v&.lue :)f the vi.sc0s1.ty was ob-

t a.ined hr 1,he tempP'. a+.ure <'.1 ',rh.: ch the run 1,Va.s pP.r-hrmed. The 

value o: 1.-he v1scr,,=;.tt\. w&~ 1..hen expressed as a ps'rcentage r-if the 

viscos•.fv \il.-a.8 dLvjJpd by '.his percPn 1,age c',,nd t.h.e mec:.su··ed dens.i 1.y of 
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from O _ 3 5 7 cm3 /sec t') O. 024 cm3 /sec and the resulting durations of 

the runs varying from about two tiours to about 20 hours . 

The final expenmeni:s with the uniform aquifer and initial con­

centration 'Jf 30 , 0()0 ppm of salt are shown in Figures 29 through 41. 

In this s et the discharge rate var ied frr.im O. 334 cm3 /sec to O. 0 286 · 

cm3 /s ec . Th e run s va r ied in duration from approximately 2. hours to 

about 13 hours. 

As shown by +he curves, t he concentration dropped rapidly 

during the first part of each :-:- un and then g-radually leveled off . The 

r,.ms having low rate of d ischE~rge were l ess concave than the runs 

with high discharge. T he smoothness of the curves indicated good 

perhrmance of t he rr"odel a nd the measur i ng equiI_?ment. 

T wo -part aquife r (•,')p half rr"ore permP.able than bottom half). 

The resul:s of the ncm-un iform layered aquifer, with the top 

half of the aquifer rr"'Jre permeable than th e b oitom a.re shown in 

Figures 42 through 60 . 

The width ')f +.he inter space in the top half of the rr"odel was 

0.190 ems and in the b:::> ttom ha.lf the width was 0. 0828 ems. The 

width rati.o was thus Z. 295 whi.ch irnp 1.1. es a fie ld perrr,eability ratio 

of 12. 1 to 1 . The length of the mo e l was 235 crr,s, the height from 

the impermeable b'.)unda.ry a ~ the bo• t om to the separation betwee n 

t he zones of unequal pe rn.eab .i lity was 20 ems and 111 e height fro m 

this separa 1, ion t:::> t.he cent e r l ine of the drain 20. 2 ems. 
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Figures 42 through 51 show the results for this set-up wit h 

initial concentration of 15,000 ppm of salt. The drain discharge rates 

varied frorr. 0.328 cm3 /sec to 0.0188 c m 3 /sec. The lengths of the runs 

rang ed from approximately two hour s t o approxirr.ately 18 hours. 

Figures 52 through 60 cont ain the data for the same conditions and 

with initial concentration of 30,00 0 ppm . D ischarge range d from 

0. 336 cm3 /s ec t o O.018 3 c m 3 /sec and resulting durations ranged from 

2-1 /2 hours to about 12 h ours. 

As with t he results obtained from the uniform aquifer, t he 

srr. oothness of the dat a was reassuring. The shape of the c urves was 

similar to that obtained wit h the uniform aquifer runs. 

T wo part aquifer (bottom half more permeable than t op-half) 

Figures 6 1 throug 84 present the results for t he reverse per­

rr_eability condition . F or t hese r uns t he interspace width for the top 

half of the aquifer was O. 0905 ems and for the b ottom half O. 16 5 ems . 

The ratio of interspace widths was 1 t o 1. 82 which results in a field 

permeability ratio of 1 to 6 . 1. T he length of the mod e l was 23 5 ems . 

The distance from the bottom of the model to the boundary betwe en 

lay ers of different perrr"eability was 20. 3 ems . and fr om this boundary 

to the cente r line b etween drains 19. 8 ems . 

The r es ult s of this set-up with initial conce ntration of 15,000 

ppm are presented in Figures 6 1 : hrough 72. The flow rates for these 

runs varied from O. 293 cm3 /s ec to O.01 55 cm3 /sec with resulting 

~------ -~- ~ 



.. I 

r 

1 

33 

durations ranging frorr, three hours to 18 hours. 

Finally, Fig..ires 73 through 84 show the results for . the same 

non-uniform condition with an initial concentration of 30,000 ppm 

dissolved salt. The rr,odel drain discharge rates ranged from 

0.275 cm 3 /s ec t o 0.015 6 crr,3 /s ec and lengths of the runs varied from 

3-1/2 hou rs to 19 hours. 

The appearance of the curves in Figures 61 through 84 was 

quite different from those obtained in the previous setups. Rather 

than the typical conca ve curves of Figure 5 through 60, those obtained 

with the one to six per:rr..eability ratio showed double curvature. The 

shape of the curves is similar at ow values of time, until the fresh-

salt water interface reache s the boundary between layers of low and 

high permeability . When fresh water begins to enter the layer of 

high p errr,eabil ity , mixing between fresh and salt water takes place 

and the interface in the high permeability layer becomes undefined. 

Water e~ter ing the drain above the interface in the upper layer is 

thus a mixture of salt and fresh water sor some time and the concen-

tration curve becorr,es con vex. When eventually the sharp interface 

is re-established the curve regain3 its normal c oncave shape . In a 

nurr,ber of runs (for example Figures 6 7, 68, 69, 70) it was very 

difficult to draw a smooth curve through the data . 
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CHAPTER VI 

A.NALYSLS OF RESULTS 

In the p t evious c !:ap 1.e.r '.he re sults of the experiment s were 

shown in graph.i. cal hrm :.n F 1gu. .'.:·es 5 thr ough 84 . Eac h fig ur- e was a 

plot of the effluen t, con cen•, rai:i ')n v ers us Il)Odel tim e for par ticu lar 

values of drain discha:·ge '"' t ra-1,e of applic ation .. In Chapter l!I it was 

shown (equat ion 3 . 2Q1 t:l:' a \ •. J:--.e mode l time was related to the other 

variables by 

X .!~ 

12 y m 
t . . - --m I? n X 

c:. 

p µ 

z K 
_ _e_ xp t 
z tr P 

m 
( 6 . 1) 

whi ch m a y b e rewr- i.;},e n as 

z b:~ z K t 
L m p xp p 

+ ;.. 

1 2 V X 2 1n n X ~ 

( 6. 2) 
m p p 

Both sides of equ<-1!.::on 1, 13 . 2: a .. ':·e d :.mensionles s . 

Similarly hr i:he m ;)de l d isc har ge it was found that 

z 2 X 2 

Q xm 
_E."_ b 3 h m _l?_ 

~ 

1 2 K z ~ 
X .t,' 

( 6 . 3) 
xp p m 

which may be wr itt:e ri as 

X X 2 

12 V m 
Q x m 

h J>,, - b.T" ---r .. --
g z K z 

rn xp p 
( 6. 4) 
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The values- of g, . b, x , and z are known and const ant 
. m m 

for each series of runs so that one may write for the left-hand side 

ofequations(6.2) and(6.4), c
1

(t /11}and c
2

11Q respect ively, 
m xm 

where 

and 

Cl =_s_ 
12 

12 
g 

z 
m 

x7 
m 

X 
m 

z'"'"! 
m 

1 
V 

Equations ( 6. 2) and 6. 4) may then be writ t en as: 
t z K t 

C ~ = p xp p 
1 \I n X Z 

p p 

h 
C 11Q = 

2 xm K 
xp 

X Z 
p 
z' 

p 

( 6. 5) 

( 6. 6) 

( 6. 7) 

( 6. 8) 

Once the value of the kinematic viscosity of the liquid is c om ­

puted it is possible to compute the values of C 
1 

(t /v) and C 
2

11 Q 
m xm 

for each run. Dimensionless charts of (z K t ) /(n x 2
) versu s 

p xp p p p 

(h 2
) /(K z 2

) were obtained by deterrr_ining the time t required 
xp xp p m 

to reach effluent salt concentrations of 90, 80, 70, etc. p ercent of 

the initial concentration. These charts are shown in Figures 8 5 

through 91. T he figures are corr .. posite in the sense that they show 

the r esults of a se r ies of runs in one graph. T o redu ce s catte r 

several points indicated on the chart were obtained by averag ing t wo 

adjacent points i n both dir ections. In the lower parts of the curves 
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i~ ?igur~s· 85 t1:tr o1:1gh 9_l_this was quite be~eficial, b~~~use consider­

able scatter was encountered there. This scatte~ was due to two 

reasons: (1) the low discharge runs represented by the lower par~ of 

the curves were of relatively long duration, thus temperature vari-

ations affected thes e runs t o a greater degree than those with a high 

discharge. T empe rature variations affect the results by changing the 

viscosity and the concentration-conductivity relationship of the liquid, 

(2) constant flow rate be came more difficult to m aintain at low dis­

charges. 

Figures 85, 86 and 8 7 are charts obtained from the result s of 

the experiments with the uniform aquifer for original salt concen-

trations of 10,000, 15,00 0 and 30,000 ppm respectively. The value 

of z in t h e dimensionl ess parameters on the abscissa and ordina t e 
p 

represents the total depths of the prototype aquifer. 

R es ult s of runs for the 12 /1 layered aquifer are summarized 

in Fig re 88 and 89 for initial concentration of 15, 000 and 30,000 ppm 

respective ly . The value of z refers, in this case , to t he thickness 
pl 

in the prototyp e of t h e high permeability laye r of the prototy pe aquifer. 

It was impossible in t his c ase to use z , the entire dept h of the 
p 

aquifer . Th e reason for this may be seen in equations (6.2) and (6.4) 

where : he :::; p a1.:ir g (b) between t h e plat e s occurs in the left ha nd side 

of each equa tion . Since the scale factor for z has to be the same in 

bot h layers of the aquifer, t h e prototype thickness of the lower lay er 
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is au t orr,atically determ ine d by the choice of the thi.ckness of the 

upper layer in the pro~.ot y pe and the thickness rati o in the model. 

In this case th e thickness ra•io was 1/0. 95 (upper part to lower part). 

The corr.posile graphs resulting fr om the runs with the non­

uniforrr. aquifer , (hotlom half six times as p er·meable as the top) are 

sh')wn in F igu:es 0 0 and 9 I for ~nitial c oncent rai.i ons of 15,000 ppm 
( 

and 30,000 ppm resp Pcuve 1y . Aga i_n z 
1 

represents the thickness 
- p 

of t he upper rLe mb e r of the aquifer . The thickness rat i o of the upper 

part oft.he :rr:od ~l t o the 1 crn:er was O. 9 1 /1. As could be e xpected 

from the app e a ranc•.:.: rif ~he curves in Figures 6 1 through 84 , the 

con:posit e p o1,1 r. s in 1he comp osite ch&.rts showe d considerably more 

sca t ter t.han for U1e pr e vious setups . 

Effect of va riab les on degree of a q uifer clea ning 

At th e e .1d ,-:> f ea c h -.:· un, the pos it 1ot1 of t he water t abl e a nd the 

fr e sh -sa lt. wa-r.er .1.n t.e,:facF:' was re c orded a n d p loti:e d , By means of a 

plan im eter , t ;1e a reas oehveen the wa.ter t ao le and the fresh-salt water 

interface an d ·oet ween -t he water t: a b le a nd the b ot tom of the aqu ifer 

was detenr. ined . T he ra .i o be1• we e n t he two a re as is t he fr action of 

the aquifer volurr,e flu shed fre e of salt wat e r, or more c onveni ently 

t he average d e pth t o whic h fresh water has r eplaced s alt water. 

F ig-ucc> q z !S a r !o1. :)f t he dimens ionless paramet e r 

(hx ') i(l, z .?) vci ·su s the ave rag e p e r centag e of aquifer t hick nes s 
p xp p ~ 

clean e d fr e '.:>f s a lt water for tl"E uniform aquifer. The curve was 
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drawn t h r ::iug h po.rnt s nbta::. n e d ,~·i.1.h 2.n initial conc entration of 30 , 000 

ppm . I'. i. s n-:)t su r p ris ing •.hat t he p:nn~s in i.:his fig 11re show a consid-

er able am ciu n1: of sc a.H_p~ s::. nc e a.li r 11ns were d1s c:::mt inued before a 

t.ru e s "':ec:;.dy sta·.e h?..d bet'. n c·eac hed ln fac t when : he runs were dis-

c onti nued the c ,:.mcen~1 ·ati ::m :)f :he ef:Luent was n ot. t. he same i n each 

case .. Thus, some nms \i-pre c~oser t0 a termin al s t,a •,e t han others. 
( 

N everihe less. F i/lu re 9 2 sh')WS s o me interest,ing feat ures. 

T he curvP r ;_ses sr:eep;\- in.• ·.ia:J:v \V j_ ➔; h a.n ,nc r-e a :.;: e of t,he dimens ionless 

par ame1:e:r a.nd then a..pp rrJar, r_es l nn per en~. as symp!ot1cal 1y. The 

practical si~ni.ficance 0f th.L:; m a.~-- be seen by assuming constant values 

K 
xp' 

and z arid va rvi.ng 1,he half d istance x b etween drains. 
p - p 

[f tJ~e dra~r.s a.re ver.v c l r:,sely s r1a.ced (sma ll x '; ~he d e pt h of flow and 
p 

thus t;be 1,•ercent of 2.q1,_j:er clPaned .1.s s mal l. Wb.en 1,re spac ing i s in-

er easf.:>d, 1J·.e dep'.h 0'.' f: -:,w bec')mes f, reater and a t ve.~y l.a r ge drain 

sJ:,&.cn~· s t.he devh a.ppr ·,a d-.es 1)1e t ~:al dep:.h o!: •.he aq u~ fer , This i s 

:m ag-1-eement w1·, h f.i11d,n1=~s b~ P.-:-iuwer ( 1963 ) wh ') d1sting u1she s b e tween 

a n ac 1.:ve Z',nP and a. pass.ive z0ne , T h e act.Lve zrm e is 1 he porti0n of 

the aqu 1 fer rn ,vh1ch fhw takes pl ace . In the p as s i v e Z':>ne n o fbw 

nccurs . thus no saJ:_ wa: er. 1i-:c rPmovPd ft om it. 

T he D upu1t - F 0rc hhe1.mer t,her)~·y assu mes 1- h2.t f~ r:i w oc c u r s 

t.t:r :iugh·.hC" et1 1 • .1t<' 1 h1.drness ')f ~he aquiler. From F ig ure 9 21 ~ i s 

d:a i n spacing, th1cl-,ncss -.f aqit•~·er·, fC"rmeab:.li+y and r a t e of re c harge. 
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The f:gu~:e t,hus .sugµcsi s t ha.1- t.he Hele-Shaw model could be used 

nicely to de::ermrne t.b"."'.}tJgh whjch range of the parameter 

(hx <)/lK z ;\/ t,he D1Jp11.~·--F')rc hheime-r assumptions a,re valid. 
p xp p . . 

P:.n:1 her mt.pr es· 1 ng fea.ture of Figure 92 is the location of the 

po i nt s dPno1 ing the ,..hr£"" P ,nit a : c'>ncent.rati')ns used. In order for the 

three s et s 01 po.nts t'.J bP 1 ru1y ~omparable, the circled points (repre-

sent!.ng initial C'.Jncentra+_:_'1n of 30,000 ppm) should be lower in the 

figure than ind.tr at_ed a.nd the squared poi.nts ( represent:..ng initial con-

cent.rc,.t,i on ,f 1 O, 000 ppm, s h')uld be higher than i.ndi.cated. The reason 

for t his i s t.he fo1.lowing : 'I he exper i.mental runs were discontinued 

when 1.he reading ·,n t_re char'!. ':lf i:he conducEvity recorder showed a 

value of n , 1. This means that, t,he runs with high initial concentration 

we-r:e cl·JsP r 1, ·) rh e termrna.1 sta+.e i,han the runs wi~h the low initial 

con cen-.. r a·,'_on 

F~gure 82. shov;·s t ha·, even without adjus tment the percent of 

aquifer thickness cl e aned was inversely relat,ed to the ini1:ial concen-

tra~:hn. The reas rm for this is the difference in density between 

fresh and salt wa1.er. Jn order for two flow srtua1:ions to reach the 

same ter ru i. na} st.a1 e . t,hc p iez '>me+r ic .head has t,') be lar-ger for a 

more dense liquid 1 han for a less dense l::quid. Or.· , al1-ernatively, 

sa.i 1 w& 1 er.· '') a §. 1 ('a.r,c· dcgr ee .i.n th e case of t he less d0nse liquid 

c-::imµ ar':'d · ) t. he 11101 e dens e ii quid _ 
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Figure 93 pre sent. s a s imilar graph for the 12/1 layered 

~guife r . H:o~_~ver , th~ depth t o wh~ch the aquifer _is _flush_~ _ f!'ee _from 

salt wat.er is conside rably srn_aller t han in the uniform permeability 

cases . In fact, in t:he r2.nge of values used in t he tests, little flow in 

t. he lower membE:r occurred. Cse ·)f t he Dupuit t heory does not seem 

jus ~if i ed in a l a ~;ered a.c,uife 1• ::>f this t:ype . A g a i n t he d ep t h of flow was 

less for ~.h e case of high 'niti al c oncentra tion t han for the case of low 

initial concent ra+;i on , 

E ffect of variables on ccinc en•.r at.:;on o-f effluent 

The dim e nsionless charts, discussed under t h e first heading 

of t his chapter , m a ke it p')ss1b: e t o predict t he qual ity of efflue nt from 

drains under v a.ri::>tis- e ondi:ions . B y substi:t u-t:i-ng v a lues of t he ·proto-

typ e · aqu i.fer cha rac1 er i s tics , (permeability- and specific y ield) aquifer 

dimens ions (-drain spae:in.1?' and •,h iekness of aquifer) arrd re-charge rate, 

on e can de+,ermine 1.he c ')ncen<:r &!.i::>n of e ffluent a1... any fime : Since 

K , x , and z occu~- ht.he variables ,.,f bot h abscissa and ordinate 
X 

it is d ifficult to make an· immedic:1,te ·judgme nt_; on how t heir variation 

changes t he qualit y" of effl-ue nt in time : - The refore a -few -quantitative 

examp les a:-:e illus1 ra~efl i n Figure ~4 ; 

-
The curve A in F igure 9 4 shows- t h e -c hange of effluen: con-

cen·.ra·,1')n for the folbw ing c o nd .,~ ions: ( 1) h orizontal permeability 

of 15,000 ft /y ear- . ( Zj 1·echaq?.e rat e of,, ft./year· , (3) aquife~ thick ­

ness of 80 ft, ( 4) half d.1 st a.ncP between drains of 800 ft and ( 5) 
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effective porosity 0. 2 , Under t.hese conditions it requires 13. 5 years 

for the effluent concentration to reach one tenth of t he original concen-

tr at ion of 10 ,000 ppm . The effect of a twofold increase of recharge 

rate ( 6 ft /year) is shown by curve B. The effluent concentration at 

any time is coi siderably l ower t han in the first case and the time re-

quired to reach t he 0. 1 level is decrea sed t o 6 . 5 year s , The ef­
( 

ficienc y of flushing was in bot h cases approximately the same . In 

case A a total amount of water of (3 ) ( 13.5) ( 800) (1) = 32,500 ft3/ft 

width is required to rep lace approximate~y ( 800) ( 80) ( 1) ( 0. 2) ::: 

12,800 ft 3 /ft widt h . In case B these figur·es amount to 3 1 , 200 and 

app ~·Qximately 12,8 0 0 ft 3 /ft width respectively. 

Curve C differs from cur ve A only in t h e half spacing be­

tween drains whic.h has been increased by a fac t or-) 2 --t o 1130 ft. 

The effect of this incr ease is negligible, in fact the curves A and C 

ar e a lmost i dentical, The fact t hat curve C falls below A must be 

attributed to experimental inaccuracies . A further increase in spac­

ing by a fact or ,(3 t o 1 38 5 ft, or decrease by a factor -,jz to 566 

ft (not shown i n Figure 94) gives the same result . If , however, the 

half spacing of t he drains is decreased t o 461 ft the rate of 

concentrc .. rion drop is more rapid. The explanat ion for this is as 

follows: Ii hali' Lhe distance oetwee n drai.ns 1s grea1.e1 t han 566 _ft t he 

values of (hx 2
; / (K z L; are equal to or g r e a te r t han 0 . 01 . F igure 

p xp fJ 

92 indicat es that fo r these values the depth of flus hing becomes nearly 
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constant. Below the value of O.01, the aquifer will not be cleaned as 

extensively. Thus less water is displaced and for the same applica­

tion rate the effluent concentration drops t o the one tenth level more 

rapidly . 

Finally , curv e D in Figure 94 shows the decrease in concen­

tration with t ime fo r t he s ame situation as A, except the aquife r 

,.--
thickness is reduced by a factor --Y 2 to 5 7 ft. The effect of a smaller 

aquifer thickness resul: s in a more rapid reduction in effluent concen-

tr at ion. This is to be expected, s ince z occurs in the parameter on 
p 

the abscissa of Figure 85 only to the first power. 

The tendencies display ed by the previous examples are true 

for al aquifer situat ions inve s t igat ed in t his study. For specific 

values of the variables the effluent concentration at any time can be 

determined for t he prototyp e from Figures 85 through 91. 

A few add iti ona comment s should be made at this point. As 

was discussed in Chapte r III, distortion of the m odel implies ani-

sotropy according to the re lat ion 

K X 2 
xr r 

( 6. 9) = ;-z-K 
zr r 

Since K =K and X /z is constant one may write equation 
xm zm mm 

(G . 9)a::; 

K z l 

2P = C 
p 

(6 .10) 
K "x"T" 

xp p 
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This expression show.s that, for example, curves A, C and D in 

Figure 94 are not strictly comparable since the degree of anis(?tropy 

for these aquifer and spacing conditions is not the same. In the field 

the x-dimension is generally large compared to the z -dimension, thus 

most of the flow is in the horizontal direction. The error incurred 

by the different degree of anisotropy should be srr,all. 

A more serious criticism may be leveled at the use of the 

dimensionless cha1,.ts for t he layered aquifers. The scale factors 

Q and t must be equal for both layers of the aquifer. In order 
r r 

to satisfy both conditions, the raLo b /n must be equal for both 
p 

layers. For the 12./1 lay ered aquifer this is not serious since t he 

flow occurred almost exclusively in the top part of the aquifer. The 

effective porosity in the prototype of the more permeable layer m ay 

be used in the dimensionless parameter as the disproportionally 

small assumed effective porosity of the bottom layer of the aqu ifer 

has little effect upon the result. The requirement of the constant 

b /n ratio is more serious in ca se of the 1 /6 layered aquifers. 
p 

Under field conditions the effective porosity is reasonably constant 

for two layers of different permeability . When t he correct prototype 

value of effective porosity for the top layer is used in the parameter 

(z K t ) / (n x 2
) , the v·alue of the elfect i e po1·osity in t h e bottom 

p xp p p p 

laye r is spec ifie d by the c onst ant b /n ratio . This value is then 
p 

nec essar ily too large . Thus in the prototype less water must be 
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displaced than i r. the m,de L and the c ::-,n cent ration ti.me curve obtained 

from t he m,...,d el 1,v11l giv ,: a conserva• ive estimat e . 

Comparis on of v,;at2, 1-n t h gly cer me - waf,er experiments 

The r E=-sult.c: ')f t he e xpenment.s with wat er as t he m'.)del liq id 

have been re pri rr.ed in a.n ear l ie r paper h v Mc.asland and Bittinger 

( 1964). Figures P.5, f)., anrl ()7 h, .. ve been taken from t his report. 

They are equ.iv a.le nt + rJ F i,:., ui:-es 8'3 , 88 a nd 9 0 in t h is work , although 

the la h eling of ~hf- ax Ps 1s slight.Iv d1ffe ·ent: , namely , Qm has been 

plotted aga.~ns t ~ . T '-:e pc.r ame:ei:- on 1.he curves 1s :he concentrati on 
m 

in ppm. T he in::ti al c 0nc en ~r a 1.i n was 15 . 000 ppm. 

The :.-ange n: va ~ues ,'.)vprerl by t.he wa':er experiments is c on-

siderably smailer : han ·.re -,.·an,ee in +,he !:f lycer·.i ne - wat er experimenfs. 

For example , 1:he !'.' an,q P ,., ,, valuf'S '.)f (hx 2) / (K z 2) covered in 
p xp p 

F j~ ure 9 ".l ;s o~ly fr:wn 0 . (10R t_') o _r3 3 . The gener al appearance of 

t he c u"!'.·ves i. s very sim .i .2. t · i the Jnes in F i.gun~s 86 , 88 a nd 90 . 

Fi_gu re 98 : Lus1_,-a 1.e s ._he difference between the cur.ves obtained 

from F igures 8 '1 and ~ 5 , T he ass urned half spac ;.ng be1,ween drains is 

P00 ft, t he_d e p t h of t he a qu .: fer 8 0 ft , _e_ff e ctlve porosity 0 . 2 , pe rmea ­

bility 15,000 f t /:,ear and rec ha q~e r at. e 3 ft. /year , _ Cu -::·ve A was ob -

tained from t r. e expP.!:' .,m en's using wate r as t he liqu id ;;.nd c urve B 

from the §? ly ,' e t . nP -wa• pr exper·jments . The ag reement 1s reassuring 

in view 0f . 1 he rl .i.'Cct pnr rnt>J. h:xi~ used .!.11 '1bt.a jn_i_ng the dimensionless 

chart s ;n F.1 gurE-->s 1? 6 a nd ,,-
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Cont inuous versus intermittent recharge 

Thus far •:mly runs in which recharge water was applied con­

tinuously have been discussed . This is contrary to field practice . 

Generally , water is applied only during a period of three or four 

months during e a ch y ear. To check the feasibility of using t he Hele ­

Shaw model for intermittent recharge work a nd to compare the results 

so obtained with the results obt a iEed by continuous applications, a few 

runs were performed with intermittent recharge . 

When water is applied intermittently the following seq ence of 

events takes place. When water first reaches the water table, a grad­

ient builds up towards the drain and water start s flowing out of the 

drain. The effluent consists of a mixture of fr e sh and s a lt water . T he 

origin of the fresh water entering the drain is that portion of the re ­

charge water entering t he water table close t o the drain . The re­

maining p or t ior:. of t.h e rec harge water is used to raise the 

wat er table farther away from the drain . This rise causes the salt 

water to be pushed ahead of the fresh water towards the drain. T he 

result is the formation of the fresh-salt water interface. The inter­

fac e is horizontal near the mid -p oint bet ween drains and slowly curves 

upward towards the drain. Abo\·e the interface fresh water enters the 

drain , below it salt water . As time goes on the int erface is displaced 

downward and the proportion of fresh water entering the drain in-

creases . 
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When recharge is d _scrmt,i_nu ed the waf,er t able slowly ap­

proac es a ho riz::mt al pos it ion and the interface also begins to level 

out. Then a new cycli: of 1. echa.rge s•,c:: rts O S ince the sai.t water has 

dropped be L-:::iw t,he d r ain 1.he c0nc.en1, c a.1.i on of the effluent will initially 

be lo~ a s the re c b&rg E:· begins . So'Jn 1,he salt water wedge reaches 

t he dra.i n again and t,he c0nc e n':r a ti-m incr eases r ap idly until the , 
( 

normal pa~tern of fl-:-v- has been es~ablished af1. er the concentra tion 

again decreF..ses . Th.is cy e1-e r epea·.s Hse lf over and over, t he average 

concentra~ ::. 0n hecom i. ng ever sma.1 ~er , 

F igure 99 shOlfiiS a r, example of a.n m t ermW:ent recharge run 

with initial c:mc ent r·a ~i ':ln ·-:,f 15 _ 000 ppm .. Water ¥.,- a s applied in the 

sequence of 8 m inut es ·:m arrd 24 m .~nu~es off. The interspace width 

was O. 08 75 ems . the d ~.scharge O .. 06 75 cm~ /sec . ki nematic v is cosity 

0 . 0805 c m 2 /se c , leng ~h of m'.)del Z.3 5 e ms and model height 42 ems. 

Tr,e va~ue of (hx '; ! (K z ' ; .is t h.er·ehr·e O. Ol.3 2 " Comparison with p . xp p 

a s imi :.ar situation of uniform re c h2.r ge is rndicated by c urve A 

[ (hx li / (K z !) is equa l to O. O 115 -JI . A di rect comparison bet ween 
p xp P 

the two c urves is d1fficui.t t0 make . The sawtooth graph res ulting 

from -..he intermitt en t re c ha r g e d oes s h ow t he c0ncentration of effluent 

at a ny time, Howev e r·. it d')e s n :,t, s how l_he fac•, t. ha1, the vo lume of 

fl')\,\: i.s c once;1:t·a ·, 1.: c.J a !·oun d rt·•e p ea ks o t' 1 he curve when water is being 

applied . F we h ec p 1 b1s 1r m i ne! the a ~Te e ment be•,ween t he two 

cur\-e.S 1s rema': ka h le. As m :grt ht' expec1,P.d, i nitially ~here is 
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considerable d i.screpancy between the !wo curves . 

The same aquifer situation, but for initi_al concentration of 

30,000 ppm, i s shown in Fig11rf' 100 . As before , the on-off sequence 

was 8 a nd 24 minut,es , T he inters pace width was O. 08 75 ems, the 

discharge O, 0 6 75 cc /sec , k .'.nema.tic v iscos ity O. 0805 cm?. /sec , length 

of model 235 ems a nd m odel aquifer t hickne ss 42 ems, again g iving 

a value of(hx 2
·; /(K z 2) of 0 . 0132 . For c omparison t he curve of p . xp p 

run 8, 30 , 000 ppm (see Figure 36 ) for which (hx 2
) / (K z 2

) is 
p xp p 

0 . 0122 , i :3 shown a.S curve A . I n t his case c urve A lies somewhat 

lower a t i a t e r tim es t han t he saw-tooth curve but the agreement is 

quite good . 

It may be c oncluded t hat fo r studies o.f this kind t he simplified 

pr')cedur e of con'.inu::ius rechar ge may be used instead of the experi-

mentally more difficult p r ocedu r e of intermittent recharge. 

E ffect of in it ial c one en-.:-: a -t_.i ::1n 

It was shown earlier in t h is chapt er that an aquifer is flushed 

clean of s a lt wate r t o a g r ea~e!' extent when t he initial conce ntration 

of t he salt wat er is lo,,.c er . The reason for t his wa s shown to be the 

differ·ence in d e ns ity whic ~ accompanies a change in concentrat ion . 

The concent,ration of t h e effluent at any time is obviously 

h.\.g het· when :J1e 111.·, ial c ::mcentra!.ion is h igher . However, when one 

express e s t h e c on ce ntc a t 1.o n of e f flu e nt a s a fra cti.on of the initial 

concentra.t:.;. on the r e is li ':i.le difference . For example F igu!' e 1 01 



r 
r 
r 
r 
r 
r 
r 
r 
r 
r 

r 

f/ 

48 

shows th.t s fra.ct.i.rm as a functiDn of r.he parameter (z K t ) /(n x 2) 
p xp p p p 

for the uni form aqu.ife.r and initial c'.Jncentrations of 1 O, 000 and 

15,000 ppm 0f sat•,. The v&::.ue of (hx 2
) ! (K z 2J is equal to O. 03 in p . xp p 

b'.J1 h cases , The curve for 10,000 ppm, which was not drawn in this 

.frgure vir1 uai_ly c 0rncided whh the other curves. In +;he range of 

vaLues '.1f (hx :) I (K ,~ \ 'lf 0 . 03 and h .i gher there is li':tle effect of 
p xp p 

init .:_al concern.,rat.::.::m . 

When we t.ake a vaiue of O. 005 for (hx Z) / (K z 2.) as is shown 
p . xp p 

m Fi.gi.ire 102 .hr rn.1.t,icii. c)ncen+;r.- a,:,ionf'o of 10,000 and 30,000 ppm, 

d1fferen ces d:::> ex.i.s+. F:::>r higher values of initial concentration the 

salt C')ncent,ati·:'ln of the efLuen \ is relatively lower a t equivalent 

t.irnes . Tlus i.s i.n agreement, with Figure 82, where at low values of 

discharge , t.he am')Un', o-: aqu ife r cleaning is larger for low values of 

1nit i.al cr.,ncentrat.1 '.1n. 

l.n the present, s t l.J(.!y :.resh water was used f'.)r recharge. Since 

t, he effect of mi.tial concent,rc.t:i.on on the concentratbn effluent curves 

is small , it seems JUS~1fied 1, ') use the resul·,s e>bt.ained in this study 

also in cases for wh.ich the concent ration of the recharge water is 

§'. rea+.Pr than zero . The corn:f':'ntrati on of the drain effJ uent, expressed 

as a frac:thn of the mi1.i al c0n centrat:icm, is determined by the pro_-

p,, r .. _; '!11 ,,r fir,w it1t 0 th, rlra,n ar,ove and below t.he int.erface. Thus, 
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CHAPTER VII 

CONCLUSIONS AND RECOMMENDATIONS 

- . -
Based on the data presented and the analysis in the previous 

chapters, the following conclusions are drawn. 

1. The Hele-Shaw model is a useful tool for the study of the 

rate of quality cha nge of dr ain effluent froqi. a saline water aquifer. 

2. T he relative depth to which an aquifer will be flushed clear 

of salt water will depend up on the d rain spacing, thickness of aquifer, 

permeability and recharge rate . An increase of the recharge rate 

and/or drain spacing increases the depth to which the aquifer will be 

cleaned . An increase of the permeability and /or aquifer thickness 

has the reverse effect. 

3. The relative depth to whic h an aquifer is flushed clear of 

salt wat er also depends upon aquifer stratification. In the 12 /1 layered 

. -
aquifer little flow occurs in the lower member . In the 1 /6 layered 

aquifer and also in the uniform aquife r flow also t akes place in the 

lower part . The extent to which this takes place depends upon the 

magnitude of the parameter (hx 2
) / (K z 2). 

p xp p 

4 . The concentration of the effluent at any time is: 

a) inversely relat ed to the recharge rate 

b) direcCy related to the drain spacing only for very 

sm a ll va lues of the spacing 
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c) directly related to the thickness of the aquifer 

d) inversely related to the permeability 

5. Whether water or a glycerine-water mixture is used, the 

results obt ained with the model are the same. With a glycer ine..:.water 

mixture it is pos sible to cover a larger range of values of the param-

eter(hx 2)/(K z 2
) . 

p xp p 

6. It is experimentally p ossible to simulate intermitt e nt re-

charge with the m odel. The experimental technique is more diffic ult 

and elaborate, and the results more difficult to interpret. 

7. The procedur e of using c onti uous recharge rather than 

the more realistic intermitte nt recharge is justified. 

8. The effect of the initial concentration or c oncentrat ion of 

effluent (expressed as a fraction o: the initial concentration) is small. 

9. A Hele-Shaw model may not conform to field conditions 

when a layered s ystem is investigated , because of s caling require-

ments . 

Recommendations for further work on this subject may c on-

sist of: 

1. A study simila r to t he on e reported her e should be m ade 

eliminating the var iable anisotropy. In this work none of the results 

im·ol\·i1 g ch.:rngcs of dl·ain spacing a 1d aquife r de pth are truly com -

parable , since they inv olve differences in anisot ropy . The effect of 

anis otropy is inc reasing ly important when t he rati o bet ween drain 
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spacing and aquifer dep~h bec omes smaller. A study of this type could 

be performed by changing t he model geometry rather than the dis­

charge . 

2 . The r esu1ts obi a ·ned s uggest the use of the Hele-Shaw 

rrL'Jdel for deter rr_ining under whi.ch c ondit i ons the Dupuit -Forch-

heirr_er asEumpti '.ms are val id. T his could be easi.ly accomplished 

by varying the ratio bet ween drain spacing and aquifer depth. The 

res 1.1 lts of this type of experiment would give correction factors to 

be applied to t he aquifer t hickness for different ratios of drain 

spacing and aquifer thic kn~ss . 
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Introduction and Additional Objectives 

Additional objectives of the studies performed under Contract 

Number 14-06-D-5254 included a comparison of results ol::tained from the 

Colorado State University Hele-Shaw Model with similar studies performed 

by the Bureau of Reclamation using a sand-tank model. At the time of 

the writing of Mr. Maasland 's dissertation, results of the USBR studies . 

were not available, therefore this supplemept is attached in order to com­

plete the final report. 

Description of U.S. Bureau of Reclamation Studies 

Eight tests, using a sand-tank model, were conduc-ed in 196 3 by 

USBR Hydraulics Laboratory personnel. The tan was 15. 71 feet 

long by 2 ~ 5 feet wide and Z. 5 feet .deep. ·nrains· were placed by 

each end and at the center of the tank, thus providing drain spacings of 31. 42, 

15. 71 and 9-. 86 feet by allowing one; two or three drains to flow. Sand with 

a· permeability of about 17,200 feet per year was used t o a depth of 2 feet 

for runs in which a uniform aquifer was simulated. For runs simulating 

a layered aquifer· the lower one-half consisted of sand having a permeability 

of· about 50 times that of the upper one-half. Initial concentrations of water 

stored in the aquifer ranged from about 4000 t o 80, 000 ppm of total dis­

solved solids. As with the CSU Hele-Shaw tests, water having a negligible 

concentration of dissolved solids was used for recharge . 
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Uniform Aquifer Co mpansor.s 

Run No. 7 by the Bureau of Reclamation utilized a uniform aquifer 

with an initial salinity in the aquififr of 79 ,-770- ppm- of total dissolved . 

solids. The Hele-Shaw model at CSU was modified to duplicate the geome-
·-· - --

try of the sand-tank model as nearly as possible. Table 1 summarizes 

dimensions and flow rates of the two models and the prototype which both 

models represented . Four runs were made-on the Hele-Shaw model using 

recharge rates representing from 2. 3 to 3. 5 ft/yr in the prototype. A 

comparison of results in terms of the initial concentration ver sus proto-

type time is shown in Figure 1. 

The two c urves represent average results from the USBR (three 

drains) and CSU (4 runs) models. Zero time did not correspond, so results 

from the Hele -Shaw -model were adjusted so tha t the time t o reach 0. 90 

of the initial concentration in each model corresponded (i.e. 10 m onths proto­

type time). T he results do not compare as favorably as one would wish. 

However, if the effective porosity, M , of the prototype aquifer (and the 
- p 

USBR sand) is assumed at 0. 3 instead of -0.4, thus changing the Hele -Shaw 

t i-me--s€-a-l€- t o about--1- min -= 1-6- .months, -.the- two-results compare within 

2 months throughout the length of the curves . 

- -- - - -In add-ition,-it--was assumed in computing the time scale for the 

Hele -Shaw model that water in the prototype (and the USBR model) was at 

20°C and this was also the te mperatur e at whic:h the permeability of 

1 7 , 200 feet /year was dete rmined. Considering these possible erroneous 

assumptions the discrepancies in Figure 1 do not seem too serious. 
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- ---- - - - --·--- -- ----- ·· ~-------
TABLE i 

- UNIFORM AQUIFER COMPARISONS 

USBR Model - -- - CSU -Model-- -- - --
7 

Prototype :. 
Run No. Runs 1, 2, 4 and 5 

Initial Salinity . 79, 770 ppm 79,200 ppm 

Time Scale 

Length Scale 

X 

t = 1 o 9 5 f -- t · = 9 2 , o o o r - -- -----
P m p m 

( 1 hr. = 1 -1 / 2 mo) . ( 1 min = 21 mo) 

1 = 40 1 
p m 

3. 9 3 ft 

1 ~ 55 1 
___ P ---- m 

87. 8 cm 
( 2. 8 8 ft) 

z --- --- _ _ 1_. 8 ft ----- 39. 8 cm 
( 1 . 30 ft) 

n 0.40 1.0 

15 7. 2 ft 

72 ft 

0.40 

K ______ 1] ,_2..Q0 ~t/yr __ _ 6. 66 ~ m_Lsec ___ ___ . 17 ,-200 ft/yr 
( 6. 89x10 6 ft/yr) (perm. to water -(perm. to water 

assumed v = 0. 1) 

- --· ----------
Ave. ; Q 2. 76 gal/hr 

(2.95ft/yrin 
terms of proto­
type 

Layered Aquifer Comparisons 

(perm. t o aque- a ssumed v = 0.1) 
ous glycerin 
V = 0. 095 

0. 0085 cm3/sec 
( 2. 86 ft/yr in 
terms of proto­
type 

h =- 3 ft/yr 

The two-layere d sand - tank model tests conducted by the USBR 

utilized sands of permeabi lities in a ratio of about 1 :50 , with the higher 

permeability on the bottom . 
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The Hele-Shaw Model was modified to duplicate this situation by 

changing the interspace between the plates to achieve a one to fifty 

permeab1li ty relationship. Tests were attempted at several different 

initial salinities. The USER test No. 4, which was attempted to be 

duplicat ed by the Hele-Shaw Model, had an initial permeability of about 

7 , 000 ppm of t otal dissolved solids. Considerable difficulty was experi­

enced in ope ra ting the He le-Shaw Model at {nitial salinities of less than 

15, 000 parts per milli on because a good interface between the saline water 

and the fresh water could not be maintained at lower salinities. This is 

probalby because the direction of flow in the upper aquifer was essentially 

vertical throughout the width of the aquifer in that most of the horizontal 

flow took place in the more permeable lower member. T hus, drops of the 

recharge water deposited on the surface of the saline water tended to 

move downward as a drop and create vertical fingers of fresh wat er. 

This did not occur at higher initial salinities. Two runs were accomplished 

at 15, 000 and 20, 000 par t s pe r million of initial salinity, but results were 

erratic. A com parison with th e USBR run No. 4 (which was also erratic) 

was atte mpted with little success. Therefore r e sults of the 1 to 50 

permeability runs are conside r ed to be of no value. 

R e lat ive Advantage s and D isadv antages of th e Viscous Flow Analogy Model 

A num ber of a dvantages are appar ent in the utiliz 3.tion o f th e viscous 

flow analogy or H ele -Sha w m ode l over th e s and tank moci e l for the type of 

studies d e scribe d h e r ein. The s e inc lude : 
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1. A more rapid time scale , which allows a r un simulating m any 

years of prototype time to be_ accomplished in less than a day of m odel 

time. 

2. Extreme versatility in changing permeability being simulat ed (by 

changing the viscosity of the fluid and/ or the inter spac e between the 

parallel plates). 

3. B etter visualiza tion of t h e pattern of flow. 

4. Rapid take-down and setup time compared to changing of sand in a 

sand tank model . 

Some of the disadvantages of the Hele -Shaw Model have already b een dis­

cussed in the main part of the final report. Principal of these are the 

problem of requiring the ratio of the paralle l plate spaing t o the prototype 

porosity [n:) to remain equal throughout the model. Whenever two or 

more permeabilities ar e b eing simulated in the model it necessitate s 

assuming changes (possibly very un realistic) i n the porosity of the proto­

type aquifer. T he second major disadvantage dis cuss ed above was the 

fingering effect occurring when th e lower par t of the model has a much 

higher permeability than the upper part . Thus, recharge fluid continually 

dropping on the same spot te nds t o fo rm a vertical flow-line of r echarge 

fluid through the more saline fluid giving e rratic results. Anothe r minor 

disG.dvan tage , unde r some condi tions , is the sensitivi ty of results to 

changes in te mperature. Becaus e the viscosity is relate d to the permea­

bility being simulated, it is necessary that a constant temperature b e 

maintained throughout any one test . 
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