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A B ST R A C T  OF DISSERTATION

PREDICTIONS FOR THE FINAL 
EQUILIBRIUM STATE OF FLOWS ON THE SPHERE

Taking as motivation the experimental evidence, bo th  observational and numerical, that un­

forced high-Reynolds num ber flows have a  tendency to an  equilibrium sta te  with dominant coherent 

structures, two theories th a t predict the end-state of the flow are extended to the case of a  spherical 

domain in order to apply them  to large-scale meteorological problems.

The maximum entropy theory is a statistical mechanics approach th a t abandons the idea of 

following the precise changes of the fluid, predicting instead a  “macroscopic” sta te , based on the 

assumption that the most probable macroscopic sta te  is the one that corresponds to the final equi­

librium state of the flow; the specification of the actual values of total kinetic energy, angular 

momentum and circulation of the  flow define the structure of the equilibrium sta te .

The minimum enstrophy theory is based on results of low diffusion numerical experiments, where 

the %-alues of the domain integrated kinetic energy and circulation are approxim ately constant over 

time, while the value of the enstrophy (i.e., one-half the dom ain integrated squared vorticity) has a 

considerable decay with tim e. Using the tools of the calculus of variations, the equilibrium state  of 

the flow is predicted by minimizing the enstrophy while keeping constant the initial value of either 

to tal kinetic energy or to tal angular momentum.

A nonlinear barotropic non-divergent numerical model on the sphere is used to  perform long­

time integrations of barotropically unstable initial conditions. The type of flows studied are northern 

hemisphere stratospheric polar vortices, tropical shear layers and alternating zonal jets , the last being 

integrated both on a ro tating and non-rotating sphere.

Predictions of the zonally-independent equilibrium s ta te  are compared with the  zonal average 

of the direct numerical integration after 100 days of evolution for the stratospheric polar vortex 

experiments. Maximum entropy theory has good predictive skill for the zonal wind and absolute
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vorticity profiles, as well as for the statisticaJ distribution of traced air parcels. Minimum enstrophy 

theory has good skill for the zonal wind and absolute vorticity profiles, but just for the cases where 

mixing is confined to a  polar cap. failing in cases where mixing is global or inside a latitude belt: 

for the la tte r case a second version of the minimum enstrophy theory, the two-edges problem, shows 

considerable improvement compared with the one edge solution.

For the tropical shear layer experiments, the minimum enstrophy theory with two-edges and 

constant energy captures a  northw ard displacement of the easterly wind maximum, as well as the 

flattening of the absolute vorticity profile in tropical regions, behaviour which is consistent with the 

direct numerical integration. Maximum entropy theory- qualitatively captures changes of the flow in 

the southern hemisphere, but shows strong sensitivity to  small variations of the scale and strength 

of the initial condition. Predictions from minimum enstrophy theory with two edges and constant 

angular momentum, with one edge and constant energy, and w ith one edge and constant angular 

momentum, show little skill predicting the end-state; the weak decay of absolute enstrophy observed 

in the direct numerical integration for these cases is a m ajor factor in the predictive skill of the 

theory.

Two-dimensional predictions of equilibrium states were found using maximum entropy theory 

for an initial condition with alternating zonal jets. For the ro tating sphere, a  maximum entropy 

solution was found which contains a  number of zonaily elongated coherent structures that resemble 

the direct numerical integration after 150 days of evolution. The non-rotating sphere case reveals 

the possibility of having more than  one equilibrium state, and th a t the end-state chosen by the 

nonlinear evolution might be a linear combination of quasi-orthogonal maximum entropy states.

Ricardo Prieto Gonzalez 
D epartm ent of Atmospheric Science 
Colorado State University 
Fort Collins, Colorado 80523-1371 
Spring 2000
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Chapter 1 

INTRO DUCTIO N

Coherent vortex structures are a well known characteristic of large scale atmospheric flows, for 

example the stratospheric polar vortex, m idlatitude anticyclones, blocking action in the westerlies 

and. a t a smaller scale, tropical cyclones.

Numerical sim ulations of barotropic flows (e.g., McWilliams 1984, Yoden and Yamada 1993. 

Polvani et al. 1994, Cho and Polvani 1996), as well as laboratory experiments (e.g., Van de Konij- 

nenberg et al. 1998) have reported the emergence of isolated coherent vortices from initial turbulent 

conditions.

McWilliams (1984) modeled the decay of two-dimensional flow in a  double-periodic square do­

main. An initially random  condition on the vorticity field (Fig. 1.1a) evolves in tim e to a collection 

of discrete and isolated vorticity extrema (Fig. l .ld ) ;  most of the isolated vortices are approximately 

axisymmetric, with exceptions when two or more of them  are close enough to have a strong inter­

action. Time series for the kinetic energy (E), enstrophy (V) and the energy centroid wavenumber 

(k) are shown in Fig. 1.2. The energy decay is less than 3% over a  time of 40 units, where a unit is 

approximately a circulation tim e for the most energetic eddies. The enstrophy decay is substantial 

a t the beginning, although it slows considerably after t =  10. The energy centroid wavenumber 

decreases monotonically with time, which means th a t energy is transferred to larger scales, although 

its rate  slows down with time.

Montgomery et al. (1992) performed a simulation with initial conditions as close as possible to

1
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those of McWilliams (1984), except th a t the duration of the run is approximately ten tim es longer. 

During the times of overlap, no significant differences were found. However, a t long tim es the Iike- 

sign merger of vortices did not stop, bu t only slowed down. At the end of the simulation all possible 

like-sign vortex captures had occurred, and only one vortex of each sign remained. Figure 1.3 is a 

three-dimensional plot of the computed vorticity a t four different times.

This kind of phenomenon has been studied from different theoretical points of view, such as 

the selective decay hypothesis (M atthaeus and Montgomery, 1980, Carnevale et al. 1991, 1992, 

M atthaeus e t al. 1991) in which states of near minimal ratio  of enstrophy to energy can be attained  

in short times compared with the decay time of the  flow.

Making use of variational analysis Leith (1984) found two kinds of vortex structures in two- 

dimensional flow, which represent the selective decay of enstrophy towards a minimum value with 

the constraints of constant kinetic energy and angular momentum or circulation. For each, the 

vorticity is confined to a  disk whose radius is determ ined by the value of the constraints. Young 

(1987) applied the selective decay of enstrophy to  a  fluid in a  periodic /3-plane channel. The minimum 

enstrophy flow in this case is either a  parallel flow or a  finite-amplitude Rossby wave, depending 

on the aspect ratio of the channel and the am ount of energy and momentum within. Schubert et 

al. (1999) applied this minimum, enstrophy  idea to the redistribution of vorticity, asym m etric eye 

contraction and polygonal eyewalls in hurricanes, obtaining the minimum enstrophy radial profiles of 

vorticity, tangential wind, pressure and angular velocity, hypothesized as the end s ta te  of evolution 

for a hurricane after potential vorticity redistribution has been taken place. Their results show a 

good agreem ent between a time integration of a  barotropic nondivergent model and the minimum 

enstrophy predictions with: a) constrained circulation and angular momentum, and b) constrained 

circulation and energy.

Onsager (1949) applied the standard  methods of statistical mechanics to a system of point vortices 

in an incompressible frictionless fluid. This approach was extended to continuous vorticity fields by 

Joyce and Montgomery (1973), and further developed by Miller (1990), Robert (1991), R obert and 

Som meria (1991) and Sommeria et al. (1991). T he idea behind this theory is to com pute a local 

probability distribution of the vorticity field ( “macroscopic” or coarse grained view) which describes
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the average ‘‘microscopic” or fine grain scale fluctuations of the vorticity. One basic hypothesis 

is th a t the macroscopic equilibrium sta te  which is observed the most often, is th a t one for which 

the number of distributions of the microscopic vorticity field is a maximum: The most probable 

macroscopic state is the final equilibrium sta te  of the flow.

To find the most probable macroscopic state , we must find the particular probability distribution 

of vorticity which maximizes the variable known as the “Boltzmann mixing entropy” , subject to the 

integral constraints associated with the vorticity dynamics (such as the conservation of the kinetic 

energy, circulation and angular momentum), therefore the name “maximum entropy flows” .

For the application of the maximum entropy theory to fluids we require some kind of quantization 

of the vorticity field. We will consider a two-dimensional fluid flow which consists of an array of 

iV  vorticity patches; as a schematic view of how we compute the most probable macroscropic state 

consider a microscopic sta te  which consists of an array of jV =  4 vorticity patches, each with a 

vorticity value of either zero or one. The macroscopic sta te  will be the vorticity average of the array. 

Fig. 1.4 shows all the possible combinations for this system: each column represents an averaged 

vorticity of (from left to right) C =  0* \ f  and 1; the number of possible arrangem ents for each 

macroscopic vorticity value is, using the  laws of combinatorics, 1, 4. 6 , 4 and 1 respectively.

From this example, the macroscopic sta te  which is observed the most often (6 out of 16 times) is 

th a t which has a vorticity average of £ =  k', therefore, that is the most probable macroscopic state 

which maximizes the mixing entropy.

For fluids which consist of a large num ber of vorticity patches ( N  —► oo), the macroscopic state 

which maximizes the mixing entropy will be present an overwhelming num ber of times compared 

w ith the rest of macroscopic states and, therefore, will have the biggest probability of being the one 

observed.

Robert and Sommeria (1991) proposed to apply the predictions of the maximum entropy equilib­

rium  flows to geophysical problems, in particular to the atmosphere. In the present thesis minimum 

enstrophy and the statistical equilibrium theories are applied to atmospheric problems in spherical 

geometry. The class of flows th a t will be considered are the stratospheric polar vortex, tropical shear 

layers and banded structures (jets).

3
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Figure 1.1: Vorticity at t  — 0,2.5,16.5 and 37. The contour interval is 8 for the first of these and 
4 thereafter. Positive contours are solid and negative dashed; the zero contour has been deleted. 
From McWilliams (1984).
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Figure 1.2: Time series of E, V and k. From McWilliams (1984).
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Figure 1.3: Three-dimensional perspective plot of the computed vorticity versus x and y  at four 
different times. From Montgomery et al. (1992).
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Figure 1.4: All the microscopic states which cam be constructed with 4 vorticity patches with vorticity 
value of either zero (open circle) or one (filled circle). The microscopic states are arranged in columns 
with the same macroscopic (or average) vorticity C- The fractional numbers down the iast line of 
arrays represent the to tal number of microstates computed with the laws of combinatorics, followed 
down by their integer value.
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Chapter 2 

BAROTROPIC NO N-DIVERG ENT NUM ERICAL MODEL

Although the study of the real atmosphere requires the use of a  three dimensional model with 

the inclussion of boundary layer, moist and radiative processes, this work concentrates on the basic 

conservative dynamics. Therefore we will make use of a  barotropic nondivergent model, based on 

the nonlinear dynamics of vorticity. This model is highly idealized and can not be used to give 

an accurate description of the atmospheric circulation, but with its use we expect to have a  better 

understanding of the dynamical processes occurring in different atmospheric problems.

When we consider motion th a t is horizontally nondivergent and barotropic, the governing equa­

tions of atmospheric flow reduce to the vorticity equation, which states the m aterial conservation of 

absolute vorticity following a  fluid element,

f  =  o.

where

is the material derivative, and

d_ = d_ d d
Dt ~  d t ^ U a cos <pdA +  V ad<p ’

„ ̂  . dv d(ucos<j>)
C — 2fism<p-i „ -------------„ , (2.3)a cos <po\ a cos <po<p

is the absolute vorticity, with u and v the eastward and northw ard components of the velocity, A 

the longitude, <j> the latitude, t the time, a the radius of the earth , and fi the angular ro tation  rate

8
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of the earth.

Thus, under barotropic nondivergent conditions, the absolute vorticity behaves as a  tracer of 

horizontal air motion and is rearranged by the circulation. On large scales, the actual atm ospheric 

circulation tends to rem ain close to barotropic, which makes absolute vorticity approxim ately con­

served.

The horizontal velocity field can be computed with the aid of the streamfunction ip:

dip dip
n =  v =  Z— -, (2.4)

ado a cos <pa\

as a result, the prognostic variable £ can be expressed as a  function of ip by substituing (2.4) into 

(2.3) to obtain

C =  2fisin<j) + V 2^ , (2.5)

where V2 is the two-dimensional Laplacian operator.

With suitable initial conditions, the barotropic nondivergent vorticity equation (2.1) can be 

integrated for the m otion a t a later time.

2.1 Linear stability  analysis

For a  qualitative analysis of the stability of the barotropic nondivergent vorticity equation (2.1),

we will use the perturbation  method, where all field variables are divided into a basic s ta te  plus a

perturbation (denoted by primed quantities), which is the  local deviation of the field from the basic 

state. In that case, the  linearized version of equation (2.1) is

( * + n  ® _ ) v V  +  T l _  g 2£  = o, (2.6)
\ d t  a cos <pd\)  a- cos <p dip oX

where u{4>) is the basic zonal flow, Q(<p) =  — - ■ — (u cos <p) + 2nsin</>, and ip'{X,<p,t) is an infin- 

isitesimal disturbance of the streamfunction.

Defining f.i =  sin ip we can represent ip' as

N

ip ' ( \ ,n , t )  = R e ^ r  TCP™(M)e,(mA- " £). (2.7)
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The spherical harm onic functions, P™(fi)eimX, used in the spectral expansion are the eigensolu- 

tions of the Laplacian operator in spherical coordinates, and constitute a  complete and orthogonal 

expansion basis.

Substituing (2.7) into (2.6) and noting that V2^ ' =  — a~2« (n +  P™(n)ei(mX~,Tt), we

get

_  :V -  \  K

—7 = =  Y ,  + ^ Pn i n )  =  1) C C W -  (2-8)
^  V  L* t i  —  t t i  n = m  n = m

Applying equation (2.8) for p =  /xi,/i2, —  . p./v, and fixed m,  we get a system of equations which 

can be written in m atrix  form as

A / i ' j ' =  o-A/2<I, (2.9)

or

(A/T1A/1)li' =  o-<f>, (2.10)

which is an eigenvalue problem for the complex frequencies cr =  oy +  iff,, and the eigenvectors

=  (ihm ihm + l xbmJr~ ■■■ ihm+N~l )T *  ? <- ' rn  • ’ /  •

Equation (2.10) can be solved by standard methods to  determine if the perturbations have a 

sinusoidal character (cr* =  0), or if they grow exponentially with time (cn > 0) or decay (cr, <  0). 

as well as to determine their spatial structure. The software used to solve equation (2.10) was 

M athematica Version 3.

2.2 Nonlinear model

The nonlinear system consistent with (2.1), (2.4) and (2.5) will be solved using the spectral transform 

method in space and explicit time differencing. The basic idea behind this method is to locally

evaluate all nonlinear term s in physical space on an associated finite-difference-like grid also known

as the transform grid. These terms are then transform ed to wavenumber space to calculate linear 

terms and derivatives, and to obtain tendencies for the time-dependant variable.

The method basically consists of representing the physical scalar variables like Q, as a  truncated
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series of spherical harmonic functions

\ f  N
C(A,/i) =  Y .  Z  C C ( / * ) e ‘m\  (2.11)

m =  — M  n = J m |

where M  is the highest Fourier wavenumber included in the east-west representation and N  is the 

highest degree of the associated Legendre functions included in the north-south representation. In 

this work, triangular truncation is used, meaning th a t M  = N .

The complex coefficients of the spectral expansion (2.11) can be determined by projecting the 

scalar field C(A,p) onto the normalized orthogonal basis

C  =  f  i ^ Z  f  ' J  C(A, fi)e~imXdxJ P ? (M )d v .  (2.12)

The inner integral in (2.12) represents a Fourier transform,

Cm(p) =  ^ r  ax, f i ) e - 'mXd \  =  (2.13)
Jo J j r [

where

A, =  (2.14)

which can be evaluated using a Fast Fourier Transform procedure. In order to  allow an exact, 

unaliassed Fourier transform  of quadratic terms, the number of gridpoints J  in the east-west direction 

must satisfy J  > 3M  4- 1.

The outer integral in (2.12) is performed using Gaussian quadrature,

C  =  / +l Cm (n)P?(tx)dn  =  £ c ( w ) C ( w > t - ,  (2.15)
J ~ l  k = l

where /n- denotes the Gaussian latitudes, Wk the Gaussian weight a t latitude y.k, and K  the number 

of Gaussian latitudes from pole to  pole. The Gaussian latitudes (fik) are determined from the roots 

of the Legendre Polynomial Pk (h ), where the corresponding weights are given by

"* -  (216)

%vhich also satisfy the relation
K
I
t=I
] [ > f c =  2. (2.17)

11
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The Gaussian grid used for the  north-south transform ation is generally chosen to allow exact, 

unaliased computations of quadratic  terms. Therefore the num ber of Gaussian latitudes K  must 

satisfy K  > (3N  4- l ) /2  for triangular truncation.

Redefining the interm ediate variables U = u cos 4>, V  = v  co s6. .4 =  UQ,B =  VC,, f  =  2Q(i. 

equation (2.1) can be written as

3 < _  1 8 A  1 a s
dt  a ( l  — /j~) dX a dfi 

Given the initial condition, the iterative method proceeds as follows:

ST E P 1: The nonlinear term s in equation (2.18) are locally evaluated in physical space on an 

associated finite-difference-like grid  (A j ,Hk),  where A j  is given by equation (2.14), and fik are the 

Gaussian latitudes with weights wk given by (2.16),

A(X j , f i k) = U ( \ j , f i kK(*j, f*k) ,  (2.19)

= ViXj^kKi l j iVk) .  (2 .20 )

STE P 2: .4 and B  are then transform ed into spectral space to calculate derivatives and to obtain 

tendencies for the time-dependent variable C™,

, J
A m{fik) =  ■? J . 4 ( A j lW ) e " 'mAj, (2-21)

j - 1

1 ^
=  j ^ B ( A J ,^ - ) e - ‘m^ .  (2.22)

j =i

=  -  ^ [ i m . 4 m(/it )P am(/ifc) -  B m(fik)( 1 -  (2-23)dt k=l
integration over time is performed using a  forward time step of to s ta rt the model integration 

(i.e., by setting variables a t t =  — ^  equal to those a t t = 0 and using a  centered time step of 

2A t/4 ), followed by a  centered tim e step of At. All subsequent tim e steps are 2A t with centered 

time differencing. Then, the explicit centered equations for the vorticity spectral coefficients is

12
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( C } (r+l) =  Y l ^ m^ (r~ l)pn ( ^ )
k = l

-  a ( i ~ 4 )  ~  B m(/it )( 1 -  ^ k ) dP^ ~ - ] } w k. (2.24)

STEP 3: Finally, the vorticitv and horizontal velocity fields in physical space are com puted, and

one cycle of integration is completed:

M  SI

C(A,-,/i*)= Y ,  E  ^ P n ( j i k ) e imX‘ , (2.25)
m = ~ M  r i = | m [

i n m  /  \

U{\j..Mc) =  £  E  ^ T T ) ^ m ~ / -m )(1~ ^ ) (2-26)
m =  — M  n = | m [

A/ At

K(AJ , ^ ) = -  £  £  ^ | ^ rTr N C - / » m)C ( # ‘t )]cin * '. (2-27)
m =  — A / n = | m |

The computer code for this model was derived from the shallow water model of Hack and Jacob 

(1992).

2.3 Diffusion term

The nonlinear numerical model used here also includes the hyperdiffusion term  - i/(V 4C -^rC )- which 

is added to the right hand side of equation (2.1), to control accumulations in the smallest scales 

resolved by the numerical model. This type of diffusion results in significantly weaker dam pim g on 

the resolved scales them t/V 2£ diffusion. The conservation of angular momentum requires adding 

the second term of jjrt'C- Thus, we expect the angular momentum to be a  “rugged invariant” in the 

numerical simulations presented here.

To understand the role of dissipation in the numerical simulations we note that, since V 2Y™ =  

—a~2n{n + 1)1^" , and V 4!™  =  a _4[n(n +  I)]2?',!71, the physical space partial differential equa­

tion dQ/dt  =  — i/V4£ transform s to the spectral space ordinary differential equation d£™/dt = 

— va~'x[n(n +  1)]2£™, which has the solution C™(0 =  where r„  =  a4i/- 1[n(n +  l )]-2 is

the decay time for spherical harmonic modes with to ta l wavenumber n. The shortest decay tim e is for
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spherical harmonic modes w ith the highest total wavenumber N  is given by r ;v =  ai t/~l [ N (N + l ) ]~ 2. 

For example, choosing v  =  2.23 x 1014 m4s_1, and N  =  150, results in ~y =  4 hours.

Three integral properties associated with the — t/(V4 — 4a-4 )C diffusion are the angular momem- 

tum , energy and enstrophy relations

where

is the angular momentum.

is the kinetic energy,

is the enstrophy,

is the palinstrophy, and

d M
dt =  0 ,

d£  8t/
—  -  2 u V -  — £,

d Z  8 v_  =  - 2 „ £ + _ 3 ,

M
=  / ' /J - I  J o

/iC dXdfi

dXdfi

- f S *
dXdfi

= r x *

= / : r *

VC • VC dXdn

(V2C)2 dXdfi.

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

The integral relations (2.31)-(2.33) are easily obtained by m ultiplying the barotropic vorticity 

equation, with the hyperdiffusion term  included, by fi, ip and C respectively, and then integrating 

over the surface of the sphere. In the absence of dissipation, £  and Z  are strict invariants of the 

flow. W ith dissipation, £  and Z  are not strict invariants, the kinetic energy £  tends to be essentially 

invariant (i.e., rugged) while the enstrophy Z  selectively decays.
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2.4 Trajectories

The nonlinear numerical model includes the computation of air parcel trajectories, which are of 

interest as tracers of m aterially conserved quantities, and in the quantitative estimation of atm o­

spheric mixing. We are making the assumption tha t the ra te  of change of the tracers following the 

motion is negligible, as well as the diabatic effects and chemical sources and sinks, therefore, we are 

considering "quasi-conservative" tracers.

The trajectories are "passive” in the sense that the parcels are advected by the flow field, without 

having any feedback on the evolution of the flow field.

At every time-step, the model computes the new position of each of the initially defined air 

parcels, which are of the order of 1000, in the following manner:

i) Given the position (An,<£") of the tracer a t time £, find its closest four gridpoints.

ii) Compute the velocity field u(A", 4>n), v(Xn , &n) as a weighted average of the velocity on the 

four closest gridpoints, giving more weight to the closest gridpoint.

iii) Compute the new position (Ar,+1,(p'l+1) in physical space using a leapfrog scheme:

(2.36)

(2.37)
a

iv) Repeat the procedure for the next time-step.
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Chapter 3 

THEORY OF M AXIM UM  ENTRO PY  

FLOWS ON THE SPHERE

3.1 W hat is entropy?

The concept of entropy is involved in the second law of thermodynamics, and it is defined only for 

equilibrium states of a physical system. The entropy of the system is a  function only of the s ta te  of 

the system, and is completely independent of the past history of the system.

The second law of thermodynamics is usually expressed as the definition of the differential change 

in entropy d S  of the system when the system absorbs an amount of heat dQ, a t the tem perature T  

of the system as it moves reversibly from one to a  neighboring equilibrium sta te

dQ
dS  = - j f ,  (3.1)

where the bar in the differential operator indicates tha t dQ is not an exact differential, but rather

depends on the path  over which the system is taken when the heat is absorbed. The second law as

it is expressed in (3.1) tells us th a t if the heat absorbed by the system is divided by the tem perature 

of the system at which the heat is absorbed, the result is a  quantity (entropy) which is independent 

of the m anner in which the heat is supplied to the system.

The integrated form of (3.1) defines the entropy difference between two states of the system, i
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and / :

(3.2)

where the integral is evaluated for a reversible process connecting the two states of the system.

Entropy has dimensions of energy divided by thermodynamic temperature, and the SI unit is joules 

per kelvin (J / K ).

Notice that the difference or change in entropy is defined by using a reversible process to connect 

the two states. An irreversible process cannot be used in applying the definition. However, any 

reversible process tha t connects states i and /  may be used. This independence of path  corresponds 

to the fact that entropy is a function of state.

Any process can be described in terms of the changes in the system of interest and the changes 

in the surroundings of that system. Together our system and the relevant part of the surroundings 

form a larger, isolated system th a t we call the universe. Consider the entropy changes that occur 

for a process. We denote the change in entropy of our system by ASjyj and the change in entropy 

of its surroundigns by ASJur- The sum of these changes is the change in entropy of the universe

In every calculation, we find th a t the entropy of the universe either increases or remains the 

same. The entropy of the universe never decreases. This result is in accord with another statem ent 

of the second law of thermodynamics: For any process, the entropy of the universe either increases 

(if the process is irreversible) or remains the same (if the process is reversible). In equation form.

We should note th a t a reversible process is an idealization, till real processes are irreversible. For 

any real process, the entropy of the universe increases.

Entropy and the second law can also be interpreted at the microscopic level. There the description 

is in statistical terms. Instead of forbidding a  particular process, the second law describes the process

AS,u n i v

(3.3)

AS univ >  0. (3.4)
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as very highly improbable. For example, the probability is virtually zero th a t all of the gas molecules 

are in one part of a container after an irreversible free expansion of the gas from ju st one side of 

the container. Increasing entropy can be interpreted a t the microscopic level as corresponding to a 

change from an ordered configuration to  a  more disordered one.

3.2 Historical remarks and general description o f the maxi­
mum entropy m ethod.

Direct numerical integrations like those presented in Legras and Dristchel (1993), Ishioka and Yoden 

(1994), Norton (1994), and Waugh and Plum b (1994), illustrate how barotropic instability processes 

can produce intricate vorticity patterns. Adaptive numerical methods, such as contour dynamics, 

require an increasing amount of com puter time to advance one time step as the vorticity field 

becomes more complex. The spectral m ethod described in chapter 2 is not adaptive and requires 

a fixed am ount of computer time to advance one time step, no m atter how complex the vorticity 

field. In the spectral method the production of finer and finer scales in vorticity is arrested by the 

model resolution and by the diffusion (or hyperdiffusion) processes operating near the resolution 

limit. While it is tempting to run spectral models a t higher and higher resolution in order to 

follow vorticity structures to finer and finer scales, such costly pursuits do not necessarily produce 

fundamental dynamical advances. A statistical mechanics approach can be more useful. Such an 

approach has recently been developed by Miller (1990), Robert (1991), Robert and Sommeria (1991, 

1992), Sommeria et al. (1991), Miller et al. (1992), W hitaker and Turkington (1994), Chavanis and 

Sommeria (1996), and Turkington and W hitaker (1996), but their basic ideas date  back to the origins 

of the kinetic theory of gases and statistical mechanics.

In the kinetic theory of gases it is intended to  explain the macroscopic properties of gaseous 

systems in terms of the motion of their component molecules. For example, the pressure of a  gas is 

a consequence of the motion of its molecules and could be computed by considering the dynamical 

influence of the molecular collisions on the walls of the gas container.

In 1872 Boltzmann established a  fundam ental connection between the microscopic approach and
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the phenomenological approach with what is known as the H-theorem. This theorem  provides a 

molecular basis for the natural tendency of physical systems to approach, and stay, in a s ta te  of 

equilibrium. The H-theorem also provided a  direct m ethod of computing the entropy of a given 

physical system from a purely microscopic standpoint.

The general nature of the statistical mechanical procedure for the treatm ent of com plicated sys­

tems consists in abandoning the a ttem pt to follow the precise changes in s ta te  that would take place 

in a particular system, and in studying instead the behaviour of a  collection or ensemble of systems 

of sim ilar structure to the system of actual interest, d istributed over a range of different precise 

states. From a knowledge of the average behaviour of the systems in a representative ensemble, 

appropiately chosen so as to correspond to the partial knowledge that we do have as to  the initial 

s ta te  of the system of interest, we can then make predictions as to what may be expected, on the 

average, for the particular system which concerns us.

For the specific case we are dealing in this work, th a t is two-dimensional flows on the surface of a 

sphere, the specification of the actual values of the to ta l energy, angular momentum and circulation 

of the flow, defines a  particular macroscopic state  of the system. However, a t the "microscopic" 

level, there exist a large number of vorticity fields which are consistent with the macroscopic state. 

Each of the different vorticity fields specifies a particular “m icrostate” . To a  given m acrostate of the 

system there does in general correspond a  large number of microstates (vorticity fields), and it seems 

natural to assume that at any time t the system is equally likely to be in any of these m icrostates. 

This assum ption is generally referred to  as the postulate of ;‘equal a priori probabilities1' for all 

m icrostates consistent with a  given m acrostate.

The numerical method that is described in the next section has the purpose of finding the 

m acrostate th a t has the largest number of microstates consistent with the knowledge we have of the 

s ta te  of the system (that is, its energy, angular m omentum and circulation). The basic hypothesis 

is that the most probable macroscopic s ta te  of the system  is th a t one which is the final equilibrium 

s ta te  of the flow.

It should be emphasized that this m ethod has a  sta tistical character, and th a t the results which
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it provides are not necessarily precisely true in an Individual case but in an average sense for the 

systems in an appropiately chosen ensemble.

3.3 Numerical method

Here we present a  simple version of this maximum entropy argument. In particular, from the 

definition of the absolute vorticity by equation (2.3), we assume that the initial s ta te  consists of L 

levels of absolute vorticity Q with fractional area Ac, £ — 1, • • - ,£ .  These initial param eters are 

not all independent, but must satisfy Y^c=i A t  = I and J2t=i Q A t  =  0 (since the absolute vorticity 

integrated over the sphere must vanish). Denoting the initial absolute vorticity by Co(- -̂ aO and 

the initial strearnfunction by rpa{X,fi), we note th a t V 2i£0 =  £0 — 2 ftp on the spherical domain. 

The solution of this Poisson problem on the spherical domain is only unique to within an arb itrary  

additive constant. We fix this constant by requiring th a t / q2t tl’0(X. p)dXdp =  0. We shall make 

a similar argum ent for the final strearnfunction ip(X,p), and hence require JQ2" rl?(X, p.)dXdp =  0.

To begin the argument let us suppose that, after the absolute vorticity field has become intricately 

stretched and folded, we sample the vorticity field a t N  points within a small neighborhood of A. p.  

Let ric denote the number of sampled points a t which the absolute vorticity value Q is found. Then 

pc{X. n) = n t / N  denotes the probability, a t point (X,p),  of finding the absolute vorticity Q,  and the 

macroscopic absolute vorticity at point (X,p)  is

From the statistical mechanics view, the macroscopic equilibrium state is th a t which has a 

maximum number of distributions of the sampled points with absolute vorticity Q,  in other words, 

the most mixed state . Therefore we must count the to ta l number W  of corresponding distributions. 

The number of possible arrangements having n i points with absolute vorticity £i, no points with 

absolute vorticity £>, etc., is the multiplicity function W , which is given by

The division by n t l^ I - '- n * ,!  comes from the fact th a t two sampled points of vorticity with the

L
(3.5)
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same vorticity value tire indistinguishable if their positions are interchanged (e.g., see Fig. 1.4). This 

is analogous to the Maxwell-Boltzmann-Planck statistics used in classical statistical mechanics for 

ensembles of molecules (see, e.g., Reed and Roy, 1995). The logarithm of the multiplicity function is

has its maximum value of InL  a t pi = p-± ■=■■■•= pl = \ / L .  In other words the multiplicity of

absolute vorticity £1, N / L  have absolute vorticity (2, etc.; this constitutes a  well-mixed state. 

We now define the Boltzmann mixing entropy S[pi(A,p), - • •. pc(X, p)] as

For a description of the derivation of equation (3.8) see Appendix A.

The functional S[pi(A ,p), • • • ,p t(A ,p )] measures the loss of information in going from the fine 

grain (microscopic) view to the coarse grain (macroscopic) view. To find the most probable macro­

scopic state, we must find the particular set of functions p((X,p).  I  =  1 which maximize

S[pi(A,/z), • - • ,pc(X,p)\  subject to all the integral constraints associated with the inviscid vortic­

ity dynamics. The kinetic energy constraint requires that the final and initial kinetic energies 

be equal, i.e., k (u2 +  v2)dXdp = I(uq -I- v^dXdp.,  where the subscript zero de­

notes the initial state . W ith the aid of (u .vcosp)  = (—dip/ad<p,dip/adX) and (uo,v0 cosd) =  

(—dil'o/adp.dipo/adX), we can use integration by parts to express the kinetic energy constraint as 

f - i  fo" <PQdXdp =  f~* ipQ^odXdp. Using (3.5), we can write the kinetic energy constraint as

(3.10). The angular momentum constraint requires that the final and initial angular momenta be 

equal, i.e., f 2ir mdXdfi = f l  t f 2* m 0dXdp, where m = (u +  fia cos <p)a cos <p is the absolute an­

gular momentum per unit mass. W ith the aid of (2.3) we can use integration by parts to express 

the angular momentum constraint as pQdXdp =  f~* pQ0dXdp. Using (3.5), we can write

In H' =  In Ar! — J2(=i *n Using the Stirling approximation (e.g., In NI  s= N In N  — N  for large A'), 

we obtain In W  =  Ar In N  — J2e=i ni hi n* =  — n i ln(n^/A'), where we have used n> =  •

We conclude that

Considered as a function of (p i, • • -, pc)  for pc > 0  and with pi = 1 the function -  Pi 1°Pi

microstates is a maximum when N / L  of the sampled points in the neighborhood of (A, p) have

S[pi(X.p) , - - - ,pc(X,p)]  = J ^ pt{A,p) In p((A,p)^j dXdp. (3.8)
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the angular momentum constraint as (3.11). In other words, the variational problem  is to find the 

expectation functions pi{X.p)  by maximizing (3.8) subject to the circulation constraints

J  J  pi(X,p)dXdp  =  A~At,  £ = 1, 2 (3.9)

the energy constraint

is: ip ctPe^j dXdfi =  IS  î oCo dXdp,  (3.10)

and the angular m omentum  constraint

I S  p ^22 dXdv = i s :  pCodXdp. (3.11)

Making use of s tandard  techniques of the calculus of variations, we take a  linear combination of 

equations (3.8)—(3.11) in the following manner: multiply equation (3.8) by unity, equations (3.9) by 

Q(, equation (3.10) by k d  and equation (3.11) by 7 , then add, and take the variation (see Appendix 

B) of the resulting equation:

£
0 =  6 J  J  2 2  j  - p t  In pl + Q-iPt +  Cf {\3^P +  7 /0  Pr] dXdp

/
I /*2t ^  ̂, »

J  2 2  { ( - 1 ~  \npt)6pi  4- a (Spi +  Q [ \ 3  (ipSpi + pc6ip) + ypdpe] j  dXdp

r l r-* J* r -i
= J  J  | - 1  -  In pi  +  a t + Q {34; + 7P)j $Pt dXdp. (3.12)

The quantities a i , 3  and 7 are known as the Lagrange multipliers. For a rb itra ry  variations Spi 

we obtain from (3.12)

1 +  ln p , = a t + Q (0ip + 7p.), £ = 1 ,2  (3.13)

Solving (3.13) for pe(X,p)  and requiring J2t= 1 Pi =  we obtain

Pr(A, p) =  P  exp[a< +  Q(0ip +  7/0], (3.14)

where the partition function Z  is given by

L
Z  =  ^2exp[a*  +  Q(0ip +  7p)]. (3.15)

r=i
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Using (3.14) in (3.5). we obtain

(3.16)

which can be used in the invertibility relation

V 20  =  C -  2fl/r (3.17)

to obtain the strearnfunction. Since the right hand side of (3.17) depends on ib through (3.16). we

Lagrange multipliers at , (3,7 . The equations for a t , 0 , 7 are obtained by enforcing the constraints 

(3.9)-(3.11). In summary, the solution of the maximum entropy flow problem involves solving the 

nonlinear system (3.9), (3.10), (3.11), (3.16), (3.17) for at ,  0 , 7 , £(A,/i), ib(X,p), given the initial flow. 

Analytical solutions of this system are not easily obtained, and numerical methods are required.

Turkington and W hitaker (1996) have proposed an  iterative algorithm based on the variational 

structure of the constrained optimization problem. The extension of this algorithm to the present

geometry generates 7 (l,), p[‘' \ x , p ) , ^ ' /)(X,p), tb(-l'HX, p.) from C<1/~ 1)(A,/i),ty(l' l)(X,p)  by

are faced with solving a nonlinear partial differential equation for rb(A,/i) with yet to  be determined

maximizing p.), ■ ■ • , p ^ \ x , p ) \ ,  subject to the  respective circulation constraint, the energy

constraint and the absolute angular momentum constraint; then a set of equations for a Î/) , 0 (l,). 7 11,) 

are obtained:

(3.18)

where

rl rl*
0 (‘'>,7 <*'>) = 4 - A t -  j p[u) (X, p)dXdp, L=  1,2, • • • . £ -  1, (3.19)

0 =  y  f 2 dXdp, (3.20)

Fl+ 1 ( \ - - - , a ^ )_ l , 0 ^ \  7 (">) = j 1 £ \ [  Co(X,p) -  C(l/)(A,p)] dXdp. (3.21)

Given the initial condition, the iteration proceeds as follows: 1) Knowing ^  l ) (A,p)  and 

c:11/_ 11 (A, p) from the previous iteration (or from an initial guess), solve the L +  \ algebraic equations

23

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



(3.18) for c4 " ).,3(‘/).7 (‘/); 2) Substitute th ea J‘/),,3(‘/),7 (‘' ) into (3.16) to obtain <C*‘/’(A,^t); 3) Knowing

C(l/)(A. fi): solve the invertibility relation (3.17) for r b ^( \ ,n ) ,  and return to step 1.

The invertibility is solved in spectral space using spherical harmonics P™{n)etmX as basis func­

tions. Consider the points (A>,/qt) where Xj =  2~ j / J  (j  =  1 , 2 , J)  and the Gaussian latitudes 

Hu and weights Gk are computed from P.\i+i(nk) =  0. Then, the strearnfunction w is obtained from 

the absolute vorticity C bv the sequence of steps

i J
cm( ^ )  = (3-22>

K

C  =  £ C * C  m(Hk)P ?(pk), (3.23)

^(Aj ^ k ) =  £  £  ^ P ^ ^ k )eimX’ . (3.25)

k = l

* "  =  ( 3 -M > 

M a  r

E  E
m  =  — A/ n = j m |

As in W hitaker and Turkington (1994), the stopping criteria for the iteration in v  is chosen to

be
I/r(«d _  /r(0)|

< 5 x 10- 3 , (3.26)

where

E w  = -  f  £  W'otodXdfx, (3.27)

E^l,) =  — J  £  ^ v) dXdfi. (3.28)

The number of iterations required for convergence varies depending on the initialization, but 

typically from ten to twenty iterations are required to satisfy (3.26).
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Chapter 4

THEORY OF M INIM UM  EN STRO PH Y  

FLOW S ON THE SPHERE

4.1 Introduction

In C hapter 2 we have presented the conservation laws for the time rate of change of angular mo­

m entum  M ,  energy £  and enstrophy Z  for the —i/(V4 — 4 a - 4 )C type diffusion. These are:

£ - 0,

(42)

f  =  - 2  vC + % Z ,  (4.3)

where V  and C are given by (2.34) and (2.35) respectively. For inviscid flow (u =  0) we have th a t

both energy and enstrophy are strictly  conserved.

Using the spherical harmonic expansion for the absolute vorticity
M  N

C(A,n )  =  Re ^  £  C T T (A ,M ),  (4-4)
m =  — \ f  n = [ m |

and noting that
U N

V2C = Re ^  Y ,  a - 2n ( n + l ) ( „ T ( ^ ) ,  (4-5)
m =  — Af n = ) m |

we can express Z  and C from their definitions (2.33) and (2.35) as

f l  rlTZ U N  \
z = /  E  E  e * T ( A lAx) d\d^ (4.6)
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Substituing (4.6) and (4.7) in (4.3) and using the orthogonality relations for spherical harmonics we

get

d Z
dt - 2 u{C -  4 -Z)a7

—v

Since the integrated vorticity is zero, =  0. Then the term inside the in tegration in (4.8) is always 

non-negative and if u >  0, then ^  <  0. Therefore, in our numerical sim ulations we expect that 

enstrophy is a decaying function of time due to viscous dissipation.

Fjortoft (1953) used the spherical harm onic expansion to compute the  energy spectrum £ { n , t ) 

which is interpreted as the kinetic energy per unit mass per unit wavenumber th a t characterizes 

the flow field. The enstrophy spectrum  is given by Z{n , t )  =  '*("s~l)£ (n , t). Fjortoft (1953) showed 

th a t the energy fluxes towards low wavenumbers, while because of the n("?— term , enstrophy fluxes 

towards high wavenumbers (small scales). Physically, this can be interpreted  as the formation of 

large eddies while vorticity is sheared out as filaments. If disturbances on the flow are generated at 

the larger spatial settles, they excite progressively smaller and smaller scales by the nonlinear term 

in (2.1). Flow at higher and higher n ’s is generated until it becomes dissipated by the viscous term 

at the smallest scales. The extra factor of forces the enstrophy spectrum  to peak at higher

n. so that the effect of dissipation is greater on Z  than on £.

Merilees and Warn (1975) showed th a t in two-dimensional non-divergent flow on the plane and 

in a bounded region, roughly 70% of triad  interactions lead to a larger energy exchange with lower 

wavenumbers, while about 60% exchange more enstrophy with higher wavenumbers. Extending 

th a t calculation to spherical geometry, Merilees and Warn (1975) estim ated th a t, a t the limit of 

large zonal wavenumber m, about 75% of interactions imply larger energy exchange with lower 

wavenumbers, and 55% exchange more enstrophy with higher wavenumbers; as m grows larger, 

those numbers converge to 70% and 60% respectively.

This enstrophy cascade towards large wavenumbers and energy inverse cascade towards small
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wavenumbers has raised the hypothesis of selective decay used by Bretherton and Haidvogel (1976), 

M atthaeus and Montgomery (1980), Leith (1984), Young (1987) and Schubert et al. (1999). This 

hypothesis can be summ arized as follows: The simplest s ta te  to which the flow might tend is that 

of minimum enstrophy compatible with the initial energy and /o r other relevant constraints of the 

flow (like angular m omentum).

Next, we develop the minimum enstrophy theory applied to  flows on the sphere with one con­

straint, either angular m om entum  or energy'. Let denote the outer edge of the vorticity mixing 

region. Following Leith (1984) we first hypothesize th a t, out of the family of zonal flows which 

have the same integrated angular momentum north of /x =  and the same zonal wind a t each 

latitude south of fi = fie, the zonal flow with minimum integrated enstrophy north of (i = fj.e is the 

one toward which the flow actually evolves. This zonal flow is derived in section 4.2 and is called 

MinEF-.Vf, i.e., the minimum enstrophy flow with constrained angular momentum. As a  second 

hypothesis we argue th a t, out of the family of zonal flows which have the same integrated energy 

north of fj, = fit and the same zonal wind at each latitude south of /i =  /xe, the flow with minimum 

integrated enstrophy north  of fi = fxe is the one toward which the flow actually evolves. This vortex 

is called MinEF-F, i.e., the minimum enstrophy flow with constrained energy, and is presented in 

section 4.3.

4.2 Minimum enstrophy flow with fixed angular m om entum  
and one edge (MinEF-A^)

Let us assume that vorticity mixing is confined to a polar cap with unknown south edge In 

the region — 1 < ^  <  /is , the final zonally symmetric flow' U(fi) is equal to the initial zonally 

symmetric flow Uo(fi) and the final absolute vorticity C(m) is equal to  the initial absolute vorticity 

Co 04- Requiring U(fi) to  be a  continuous function, we have

UUi,) =  Uo(fis), (4.9)

as the boundary condition on the final flow in the mixed region.

Given the conservation of to ta l angular momentum, it is easy to show that maximizing the
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absolute enstrophy deficit is equivalent to maximizing the relative enstrophy deficit, that is:

f  HCs -  ?)dfi = f l -  dDdti.
J it.

We will consider the first case (i.e., maximize the absolute enstrophy deficit) for the calculations in 

this chapter.

We now explore the hypothesis that the final flow can be found by maximizing the enstrophy 

deficit (relative to the initial enstrophy) subject to the constraint of angular momentum invariance.

i.e..

maximize f  j(Co2 -  C2W ,  (4-10)
J it.

subject to

f \ u 0 -  U)dft = 0. (4.11)
Jit.

To solve this problem we now vary the mixing edge fxs , the zonal wind profile U(fi) and the associated 

vorticity profile C(/r) in search of that zonal flow which has maximum enstrophy deficit (i.e., minimum 

enstrophy) for fixed angular momentum. Since /z5 is unknown, its first variation is related to the first

variation in U a t that latitude by SU(fi,) = [Uq{h ,) -  U'(fis)]Sfis =  -a[Co(/r») -C(^»)]^Ms (e-S-’

Fox 1987, pages 210-213). Using this result, introducing the Lagrange multiplier —7 , and recalling 

Leibnizs rule, the variational problem is

0 = 6 [ l -  C2) -  7 (U0 -  U)} dfi

=  -esc +  7 su) d p  -  i  [Co2( / i , ) -  c 2 0 1 . ) ]  Sfis

=  /  +  O') 5 Ud d  -  “ C(fis)SU(f is ) -  \  \ C l ^ )  -  C2(m*)] Sfis

= £  ( - - ~ + ' ^ 6 U d fi - l1 lCo(tia)-C(f*>)}2 Sfi Sl (4-12)

where the third line follows from an integration by parts, along with the relation aSC = —d(SU)/dfx. 

For the independent variation Sfi,, we obtain the transversality condition

C (/i,)= C oO O . (•*• 13)

For the independent variation SU, we obtain the Euler-Lagrange equation

-77-  = 7  for n ,  < fx < 1. (4.14)
a d f t
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We can obtain the solutions for £(fi) and U(p)  by first integrating (4.14) and enforcing the  transver- 

sality condition (4.13). and  then integrating d[U +  f ia ( l  — fjr)]/dp = —aC and enforcing the  boundary 

condition (4.9) and the condition {/(1) = 0. We thus obtain

'U0(p3) + fi<z(l -  p 2)
C(m ) = C o ( / i , ) + 2 -  Co(^») (££)• (4 .15)

a ( l  -  P>)

u ( f j L )  +  n a {  1 -  f i 2 )  =  [ U o ( f t s )  +  (1 -  -  aCo(/i,)(i -  #£,)] 1̂ 1 -

+  <*Co(/*»)(l ~ p) ,  (4.16)

for fis < p  < 1. Note th a t (4.16) satisfies the boundary condition (4.9). For given initial conditions 

U o { f i )  and Co(p)> the transcendental relation for the determ ination of the mixing edge p 3 is obtained 

by substituting (4.16) into the angular momentum constraint (4.11).

We can now summarize the argument for the minimum enstrophy zonal flow with constrained 

angular momentum. Given an initial unstable zonally symm etric flow with zonal wind U0(li) and 

vorticity Co(m)> first determine p 3 from (4.11) and (4.16). The final adjusted vorticity profile C(p) 

and zonal wind profile U( p )  are then given by (4.15) and (4.16).

Since f 1 Cdp = f l Cod p  and f 1 pCdp =  f 1 pC0dp,  we can define a  mean latitude p  bv

f l pQdp f l uCndu
p = (4.17)

C dp f fl- Co dp

The mean latitude p  is a  measure of the dispersion of the vorticity about the equator. For MinEF- 

W ,  p  is strictly conserved from the initial to the final flow. Since p  is so constrained, it is easy 

to see how a small equatorward mixing of vorticity by thinning troughs must be accompanied by a 

much larger poleward mixing of vorticity by polar vortex contraction.

4.2.1 M inim um  enstrophy flow w ith  fixed  angular m om entum  and  two  
edges (M inEF-Ad )

Let us assume th a t vorticity mixing is confined to  a  zonal strip  with unknown south edge p„ and 

unknown north edge p n . In the regions — 1 < p  < p 3 and p n < P < 1, the final zonally symmetric

flow U ( / j . )  is equal to the initial zonally symmetric flow Uo(p)  and the final vorticity C(p) *s equal

to  the initial vorticity Co(m)- Requiring U(p)  to be a  continuous function, we have

U{p3) = U0(p,),  U (p n) = U0(pn ) (4.18)
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as boundary conditions on the final flow in the mixed region.

We now explore the hypothesis that the final flow can be found by maximizing the enstrophy 

deficit (relative to the initial enstrophy) subject to the constraint of angular momentum invariance.

i.e..

subject to

maximize f  — (?)dfi, (-4-19)

r '  {UQ -  U)dfj. = 0. (4.20)
J n.

To solve this problem we now vary the mixing edges pi3 and fin , the zonal wind profile U(fi) and the as­

sociated vorticity profile Q{fi) in search of that zonal flow which has maximum enstrophy deficit (i.e., 

minimum enstrophy) for fixed angular momentum. Since fis and ft„ are unknown, their first varia­

tions are related to the first variations in U  a t those latitudes by 8U(f i s) = [Uq{iis ) — U'{f is )} Sfis =  

- a  [Co(A**) ^  SU(f in) = [Uo(fin) -  U'{f in)\6f in = - a  [Co(/in) -  C(/^)] s fin (e.g.. Fox

1987. pages 210-213). Using these results, introducing the Lagrange multiplier —7 , and recalling 

Leibnizs rule, the variational problem is

0 =  6 r  [ | ( C o  -  c 2 ) -  7 (Uo -  U)] dn 
J n.

=  f  ( - 0 C  +  y8U)df l  +  i  [ C o ( ^ n )  -  C 2 ( / * n ) ]  SfXn ~  k [ C o C / O  ~  C * ( / * » ) ]  Sfls
= J * '  ( - ^ 7  +  7)  SU dll  +  I c (Vn)6U(iin) 4 -  I  [ C 5 ( / x „ )  -  c 2 ( ^ „ ) ]  8iin

-  (ii3) -  5 [C o (^ i )  -  c 2o o ]

=  J  +  y j s u d f l  +  k [Co(A*n) -  C ( ^ n )]2 Sfln -  |  [Co(Ms) -  C(Ms)i2 Sfl3, ( 4 . 2 1 )

where the third line follows from an integration by parts, along with the relation a6£ = —d(SU)/dfi.  

For the independent variations Sfi, and 5fin , we obtain the transversality conditions

C(/^») =  Co(Ms)- C(/1n)  =  Co(Ai n ) .  (4.22)

For the independent variation SU , we obtain the Euler-Lagrange equation

=  7 for fi, < n <  fin- (4.23)
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Integrating (4.23) and enforcing the transversality conditions (4.22), we find th a t the final vorticity 

satisfies

C(m) =  Co (/in) ( —— — )  +  Co(m*) ( —  for fts < ft < ftn , (4.24)\ f t n - f t s J \ f l n - f t 3J

if the Lagrange multiplier 7 takes on the value

Co(Mn) —  Co(Ms) 1,7 = -----7----------- :— , (4.2o)
aifin Us)

which is the constant vorticity gradient across the mixed region.

Since d[U +  f ia ( l — ft2)\/dft =  — a(, the solution for U(ft) can be written as

U(fi) +  fia (1 -  fi2) = [C/0(/xs) +  fia ( l  -  /*;)] f — —
\Mn f*s /

+ [ U o ( v n ) + f l a ( l - n i ) }
\f*n Mi/

1 _ Co(Mn) ~  Co (Ms) "J r 2 /  ̂ , 1 / I
-   M m  ~  ( M s + M n ) M +  MsMnJ (4-26)‘ Mn -  Ms J

for < fj. < fin. Note that (4.26) satisfies the boundary conditions (4.18). The linear vorticity 

function obtained by taking d/dft  of (4.26) has the same constant d^/dfi  value as given by (4.23) 

and (4.25). Requiring th a t (4.24) and (4.26) lead to consistent values of £(m) at one point in the 

mixing region (e.g., the point ft =  k(t*s +  Mn)) leads to the relation

i  [« ,(/■ .) +  < b fa .i l  =  L[ ' ° M . + . P °<1 ~  - * * » . ( 4 .27 )
a (Mn Ms)

For given initial conditions Uo(ft) and Co(m)> (4-27) constitutes one of the two transcendental relations 

required for the determ ination of the mixing edges ft3 and ftr.- The other relation is obtained by 

substituting (4.26) into the angular momentum constraint (4.20).

We can now summarize the argument for the minimum enstrophy zonal flow with constrained 

angular momentum. Given an initial unstable zonally symmetric flow with zonal wind Uq{(i ) and 

vorticity Co(m)> first determ ine ft, and fin from (4.20) and (4.27). The final adjusted vorticity profile 

C(m) and zonal wind profile U{ft) are then given by (4.24) and (4.26).

Since f ‘‘" (dfi =  £odft and ftQdft — ftQodft, we can define a  mean latitude p. by

/**" MĈ M MCodft_  Jn, r', r  _  j lla esu r-
r*1’  r A  f*1"  r  a  ' ( 4 . 28 )
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maximize /  |(C<J — Q~)dp, (4.30)
Hm

The mean latitude n  is a  measure of the dispersion of the  vorticity about the equator. For MinEF-.Vf. 

p. is strictly conserved from the initial to the final flow.

4.3 Minimum enstrophy flow w ith  fixed energy and one edge 
(M inEF-5)

We assume that, in the region —1 <  fi < /xs , the final angular velocity uj(fi) is equal to the initial 

angular velocity jjq(h ). so th a t in particular

= ^'o(Ma)- (4.29)

We now explore the hypothesis th a t the final flow can be found by maximizing the enstrophy deficit 

subject to the constraint of kinetic energy invariance, i.e.,

f  m  -J Urn

subject to

/  |(« o  ~  u2)dn = 0. (4.31)
* Vs

We now vary /is . the zonal wind profile u(fi) and the associated vorticity profile C(/x) in search of 

th a t zonal flow which has maximum enstrophy deficit for fixed energy. Introducing the Lagrange 

multiplier 0, the variational problem is

0 =  6 f  1 [<5 -  C2 +  5 -  u2)] dfi
V s

=  -  f  (C<*C +  0u6u) d f i -  1 [Co(^i) -  C2U O ] Sfi,
J  V*

=  -  f  (C -  -  -Mf*a)6U{f l s ) -  k [(o(.Va) -  C2((*a)\ tins
Jta, a

= ~ f  (C - 0 r b ) S Q d f i -  5[Co(^s) +C(m5) -2 /3^(/x ,)] [Co(/^») -  Q{fia)]5fi,, (4.32)

where the third line of (4.32) results from an integration by parts. For the independent variation

S/is , we again obtain the transversality condition

COx.) =  Co (/*»)• (4-33)

For the independent variation 6£, we obtain £ =  — a ' 2a ( a  +  l)V' for fi3 < ft <  1, where a  is defined in

term s of the Lagrange m ultiplier by q (q  +1) =  —0a2. W hen written in term s of the strearnfunction,
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this linear relation between C and 0  takes the form

o. cP tJj dib 0
(I — — 2fM-— b q(q  +  l)4> = — 2(la~fj. for fis <  /x <  1.a/j- dfi (4.34)

The general solution of (4.34) is rp(fi) = APa (fj.) +  B Q a {p) + 2Qa2fi/[2 — a ( a  +  1)], where Pa (fi) and 

Q c (m) are the Legendre functions of (noninteger) order a .  and .4 and B  are constants. The Legendre 

function Pa {n) is not finite a t  n = — 1 while the Legendre function Q a {n) is not finite a t /j =  1. Since 

we are considering mixing in the north polar cap, we set B  — 0. Since £(//) =  — a~2a(ct +  l)i/>, the 

solution for the vorticity is £(/z) =  — a~2a(a  +  1) {APq (/i) -b 2fla2n/[2 — a ( a  -+- 1)]}. The constant 

.4 can now be obtained by enforcing the transversality condition (4.33). This results in

 ̂ L ,  , ( a ( a  + l)2Qfis \ ]  Pa (/i) _ a ( a  +  l)2fi/x
c m  =  [ C o t a )  - ( Q ( a  +  1 ) _ 2 J J  k m  +  « < «  +  d  -  2 ( 4 ' 3 o )

for fis <  fi <  1. Since the angular velocity is related to the strearnfunction by lj(h) =  —a~2(diy[dy.). 

we can also determine the constants .4 and B  by enforcing (4.29). This results in

w(/i) = u-’o (p -s) ~
2Ct 2nP L M  , _______________________

P '( / i . )  a ( a  +  1) — 2
(4.36)

a ( a  +  1) — 2

Because C(/i) and u(fi)  are related by C =  2flfi — d[(l — /j.2)uj}/d/j., consistency between (4.35) and 

(4.36) requires

q ( q  +  1)
2fi

a ( a  +  1) — 2 P a  ( Ms)  = Co(m*)
a ( a  +  l)2 fi fis 
a(ct + 1) — 2 P'aiHs), (4.37)

For given initial conditions uio(fi) and Co(/^), (4.37) constitutes one of the two transcendental relations 

required for the determ ination of the mixing edge (i„ and the Lagrange multiplier a . The other 

relation is obtained by substitu ting  (4.36) into the energy constraint (4.31).

We can summarize the M inEF-£ argument as follows. Given an initial unstable zonal flow with 

angular velocity u.’o(/x) and vorticity Co(aO, first determ ine a ,  and fi, from (4.31) and (4.37). The 

final adjusted vorticity profile C(m) and angular velocity profile ui(fi) are then given by (4.35) and

(4.36).
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4.3.1 M inim um  enstrophy flow w ith  fixed energy and tw o edges (M inEF-
S )

We assume that, in the regions — 1 < [i < fi, and /rn <  /.i <  1, the final angular velocity u;(/r) is 

equal to the initial angular velocity ujq(h ) ,  s o  th a t in particular

u;(/x,) =  w0(/i,), u (p „ ) =  u;0(/i„). (4.38)

We now explore the hypothesis th a t the final flow earn be found by maximizing the enstrophy deficit 

subject to the constraint of kinetic energy invariance, i.e.,

maximize I k(Co ~  C 2)d(i, (4.39)
Jv-

subject to

T "  £(U5 -  u - ) d n  = 0. (4.40)
J u-.

We now vary fis , fin . the zonal wind profile u(fJ-) and the associated vorticity profile C(/r) in search 

of that zonal flow which has maximum enstrophy deficit for fixed energy. Introducing the Lagrange 

multiplier 0, the variational problem is

0 =  5 f  |  K o “  C2 +  0 ( « o  -  “ 2 )] d n

= - f  (C<5C +  0uSu)df I  + y  [C o (^n )  -  C2 (A»n)]^Mn ~  | [ C o ( / 0  ~  C2 ( M s ) ] ^ s
J V*

= - J  (C  -  0ip)6( ;d f i+  ^[ ip( f in )SU(nn ) - iP(Hi)6U(n, )]

+  k [Co(^n) -  0* (/*«)] <W -  |  [Co(/i,) ~  C2( /0 ]  S/I,

=  - [  i t  -  0ip)  5(; dn +  k[Qo(Hn)  + C ( m « )  -  2/3t/>(/rn)] [Co(M n) -C(M n)]<5/r„

~  +C(Ma) -  2/3^(/i,)] [Co(^s) - C ( P s ) ] ^ s ,  (4.41)

where the third line of (4.41) results from an integration by parts. For the independent variations 

(5/rs and Sfin , we again obtain the transversality conditions

C (/*») =  C o O O *  C ( / 0  =  C o (^ n )-  (4.42)

For the independent variation SC, obtain C =  — a~2ct(a +  1)^ for fis < n  < fin , where q  is 

defined in terms of the Lagrange multiplier by a ( a  +  1) =  —0a2. When w ritten in terms of the
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strearnfunction. this linear relation between C and takes the form

dil)
(1 -  +  a ( a  +  l)t/; = - 2 f ia 2/i for /r, <  fi < n n. (4.43)

The general solution of (4.43) is t£>(/i) =  APa (n) +  B Q a (fi) +  2Qa2fi/[2 -  a ( a  -+- 1)]? where Pa (ft) 

and Qa(ft) are the Legendre functions of (noninteger) order a , and .4 and B  are constants. The 

Legendre function PQ(/x) is not finite a t y. =  — 1 while the Legendre function Q a ( / j . )  is not finite 

at fi =  1. If — 1 < (ia and (±n <  1, both Legendre functions are needed in the construction of the 

general solution to (4.43). Since £(/x) =  —a~2a(a  +- l)th, the general solution for the vorticity is 

C(^) =  —a~2a(a + 1) {APa (n) +  B Q a (n) 4- 2Qa2fi/[2 — a ( a  4- 1)]}. The constants A  and B  can 

now be obtained by enforcing the transversality conditions (4.42). This results in

Qa {n*)Pa (n) ~  Pa {(i3)Qa (v)
C ( /0  =

4-

.Qa(Hs)Pa{Hn) ~  Pa(H,)Qa (Vn) 
Pa(Hn)Qa(t*) ~  Qa(Hn)Pa (f*)

.Pa(Vn)Qa(.Hs) ~  Q a (Hn)Pa (Hs) .
a (a  4- l)20/x

(4.44)
a ( a  4- 1) -  2 ’

for //, <  fi < fin. Since the angular velocity is related to the strearnfunction by w(/z) =  —a~2(dll'/dfi). 

we can also determine the constants .4 and B  by enforcing (4.38). This results in

Uj{fl) =  

+  

4-

W0(/ir.) -
2 o Q M P ^ ) - P M Q ' M  1

a ( a  4- 1) — 2 ,<3a(/i*)Pa(Mn) ~ (Ps )Q'a (/ln) .
W0(fls ) ~

20 P ' M Q ' M  -  Q'a { ^ ) P ' M  1
a ( a  + 1) - 2 P<x (f*n)Q'a (Ms) -  Q'a (Hn)Pa{Hs) .

2fi
(4.45)

q (q 4- 1) -  2

Because £(/x) and w(/x) are related by C =  2Q/i — d[(l — fi2)u;]/dfi, consistency between (4.44) and

(4.45) requires

a ( a  4- 1) 

q (q 4-1)

Pa(^n)Qa(Ms) Pa{fJ’s)Qa(f*n)
.Pa(Pn)Qa(/*5) _  Pa (M*)<?a (Pn) . 

Pa {l*n)Qa{fl,) -  Pa ((lg)Qa (fln)

C(lln)Qa{Hs) C{fig)Qa {fJ-n)
D(fin)Q'a (fXs) -  D{Vs)Q'Q{Hn) 

C(fln)Pa(lJ-a) ~  C{tX,)Pa {Hn)

where

I P ^ W M  -  P ^ n , ) Q ' a (nn)\

=  Co(/*) -

[D(fin) P ^ s ) -  D {n , ) P ^ H n ) \

a (a  4- 1)20/1 
a  (a  4- 1) — 2 ’

(4.46)

(4.47)

(4.48)

35

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



20
£>(/x) =  u/0(/x)-------———--- - .  (4.49)

a ( a  4-1) — I

For given initial conditions cjq(m) and Co(m)i (4.46) and (4.47) constitute two of the three transcen­

dental relations required for the determ ination of the mixing edges fis and y.n and the Lagrange 

multiplier a .  The other relation is obtained by substituting (4.45) into the energy constraint (4.40).

We can summarize the M inEF-£ argum ent as follows. Given an initial unstable zonal flow with 

angular %’elocity -o(m) and vorticity Co(m)- first determine a , n,  and /x„ from (4.40), (4.46) and

(4.47). The final adjusted vorticity profile £(fi) and angular velocity profile u(ji)  are then given by

(4.44) and (4.45).

4.4 Second variation and verification of minimum

The solutions for the MinEF-.Vf and M inEF-£ presented above correspond to stationary  points, 

which may be maxima, saddle-points or minima. After satisfying the conditions for a  stationary 

value (that is, first variation equal to zero), the further criterion for an extrem um  depends on the 

sign of the second variation. An extrem um  requires th a t the sign of the second variation shall remain 

the same for any possible infinitesimal virtual displacements, positive for a  minimum, negative for 

a maximum. If the sign of the second variation is positive for some displacements and negative for 

others, then the stationary value of the function does not yield an extremum.

4.4 .1  Second variation M inE F-A l

In order to determine if the solutions given by (4.15) and (4.16) for the MinEF-Wf with one edge 

correspond to a real minimum enstrophy flow (or maximum enstrophy deficit), we explore the second 

variation of the enstrophy deficit (4.10) subject to the angular momentum constraint (4.11). Defining 

S2 Z,i as

S2Z d = S2 f  i(Co2 -  C2)dft -  i s 2 (Ua -  U)dn.  (4.50)
Jp. Jub

Then, using (4.12)

S2Zd  =  J l - ^ U d n  +  f  +  7 )  S2Udfi  +  +  7 )  SU{,1.)6».

+ [Co(M») -  c(/*s)] \  [Co(A**) -  C(m*)]2 <S2A*5- (4-51)
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Terms inside the big parentheses in (4.51) are equal to zero because of (4.14), while from (4.13) 

term s in brackets are also equal to zero. Then

(4.52)

Using the relation aSC, =  —d(SU)/dfi  and integrating by parts we obtain

(4.53)

Since SU{^3) =  [Uq({±3) -  U'(n3)]Sfi3 = -a[Co(Ms) -  C(m*)]<^ =  0 and SU{fi =  1) =  0. we finally 

get

Therefore, for an arbitrary' and continuous variation from the solution given by (4.15) which has 

any nonzero value in the interval from to 1, we have a  maximum enstrophy deficit, or minimum 

enstrophy flow (see footnote number 7 in Schubert et al., 1999).

In a similar way we can derive the second variation of enstrophy deficit subject to the angular 

m omentum constraint for the case with two edges, obtaining

(4.54)

(4.55)

4.4 .2  Second variation M inEF-£

Now we explore the second variation for the minimum enstrophy flow with the energy constraint 

and one edge, corresponding to the solution given by (4.35) and (4.36). The second variation of the

enstrophy deficit (4.30) with the energy constraint (4.31) is given by

s - z d = 52 r  i(Co2 -  C2)dn + PS2 f  -  u2)d/i, (4.56)
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which is equivalent to take the variation of the right hand side of equation (4.32), th a t is

f i 'Zd  =  — f  (C — 3il>) S2C,dn — f  (JC -  35xl>) SQdfi  
ip. -Ip.

+  [C(AO -  3d'(fis)\6fis -  k [Co(/i.) +  C(^*) ~  23i!>((i,)} [S(Co(/^) -  

-  ^S[Co(/x») +  C(^») -  23rp(fi,)] [Co(^) -  C(/*»)] Sp,

~ ^ [Co(Ma) +  CC/̂ a) ~  2 3lp(fla)] [Co(/i*) -  CC/̂ a)] & Vs- (4.57)

W ith the aid of (4.33) and the fact that from the first variation £(/z) =  3vj(h ) for fia < fi < 1. (4.57) 

simplifies to

S2Zd = — f  (SC)2 — PSifiSQ dfi. (4.58)

Using the relation aSC, = —d(8U)/dfi and integrating by parts we obtain

= _ j f  i} 6° 2 + d i x

-  -  [  (SC)2 dfi -  —Sipifi =  1 )SU(fi =  1) +  -Sil)(fis )SU{fia) 
ip .  a a

+ f l p ^ p - S U d f i .  (4.59)
Jn. adfi

Since 8U(fis) = [Uq(/i s) -  U'{fis )]5fia =  - a  [Co(/*») -  C(/**)] Sfis =  0 and 5U(fi = 1) =  0, we get

S2Zd = — f  (6Q2 +  0(6u)2 dfi, (4.60)
J

where we have used the fact that U{fi) =  u (/t)( l — fi1)1!2 and u{fi) =  —(1 — fi2) ll-dxb/adfi. From 

(4.60) and recalling that j3 =  —a (a  +  l ) / a 2, we conclude th a t if j3 > 0 and there is any first variation

of either C or u. then $2Zd <  0. Thus, if 0  > 0, the solution defined by (4.35) and (4.36) corresponds

to a maximum enstrophy deficit or a minimum enstrophy flow.

In a similar way we can derive the second variation of enstrophy deficit subject to the energy 

constraint for the case with two edges, obtaining

62Z d = -  T "  (SC)2 + 3(Su)2 dfi. (4.61)
i p .
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Chapter 5 

STRATOSPHERIC POLAR VORTEX

5.1 Introduction

The atm osphere is usually divided into four regions according to the vertical profile of global-mean 

tem perature. The stratosphere is the region which extends from the tropopause to an altitude of 

about 48 km (1 mb). This region is characterized by an increase of tem perature with height and. 

when compared with the troposphere, a high stratification, having therefore weaker vertical motions.

The dynamic circulation of the stratosphere is strongly influenced by the seasonal cycle. In 

the summ er hemisphere there is an easterly zonal-mean wind, while in the winter hemisphere the 

zonal-mean wind is westerly and is usually called the ‘‘polar night jet” . The change from winter 

westerlies to summer easterlies occurs, on average, during March-April in the north  and during 

October-November in the south. Another characteristic of the stratosphere is th a t geographically 

fixed planetary-scale wave patterns are observed primarily in the northern winter.

Many im portant contributions to the study of the dynamical behaviour of the stratosphere have 

been made since the early 1960’s. Cham ey and Drazin (1961) derived a linear theory of the ver­

tical propagation of disturbances on a m ean zonal flow which is a function only of height. Their 

results show th a t if the mean zonal flow is westerly, only the long wavelength Rossby waves can 

propagate vertically. This is a plausible explanation of why long planetary-scale waves dom inate the 

stratospheric circulation.
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Charney and Stern (1962) described the formation of the polar vortex during the fall as a  conse­

quence of the absence of heating at high latitudes, combined with intense ozone absorption of sunlight 

a t lower latitudes and lack of meridional heat exchange, producing strong stratospheric tem perature 

gradients near latitude 60° and a  wind maximum a t a  height of about 60 km. Fig. 5.1 shows the 

zonal mean wind in the Southern Hemisphere during August 1979 and a  smoothed representation 

of the meridional gradient of quasi-geostrophic potential vorticity during the same period. Note the 

regions of small or negative potential vorticity gradient a t about 40°S and 70°S on the flanks of 

the polar night je t stream . H artm ann (1983) argued th a t these regions of large positive zonal wind 

curvature or small potential vorticity gradient are continually forced by radiative processes. The 

existence of regions where there is a  zero in the gradient of absolute vorticity is a  necesary condition 

for the instability of a  zonal wind profile as shown by Kuo (1949).

M atsuno (1970) studied numerical solutions of the linearized equation for vertical wave propa­

gation of perturbations superimposed on a basic zonal wind, taking the observed 500 mb m onthly 

mean as the lower boundary condition. In this study M atsuno concluded tha t the planetary-scale 

disturbances in the stratosphere are upward extensions of those driven in the troposphere.

One phenomenon th a t occurs in the northern hemisphere stratosphere is what is known as sudden 

warming, which has been observed on average about once every other winter. M atsuno (1971) 

has enumerated as characteristics of sudden warmings: the distortion and breakdown of the polar 

vortex, sudden warming of the polar air and the appearance of circumpolar easterly winds after 

the weakening and disappearance of the polar night westerly jet. Matsuno (1971) used a  linear 

model of the interaction of vertically propagating planetary waves in zonal winds to  explain the 

sudden warmings; his conclusions are tha t anomalously intense vertically propagating waves have 

an interaction with the westerly je t. decelerating it and causing the sudden warming as described 

above. However, some discrepancies of his model with observations were noted, and he pointed out 

the need for a fully nonlinear treatm ent of the planetary wave propagation.

M atsuno (1971) as well as McIntyre (1982) suggested th a t shear instabilities, either barotropic or 

baroclinic, and critical layers could play an im portant role in the initiation of stratospheric sudden
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warmings. Critical layers can be defined as those regions in the atm osphere where the phase speed of 

incident waves is equal to the speed of the basic state  flow. As a wave (e.g., Rossby wave) approaches 

a critical layer, its amplitude will increase, its group velocity will decrease and irreversible shredding 

and mixing of the vorticity field will occur (see, e.g., Killworth and McIntyre, 1985).

McIntyre and Palmer (1983, 1984) presented synoptic-scale isentropic maps of Ertel's potential 

vorticity Q, for the northern middle stratosphere, illustrating how advective processes tend to pro­

duce Q fields of increasing intricacy. In these works, McIntyre and Palmer used the analogy of 

the breaking ocean waves approaching a beach with what was observed in the synoptic maps of 

Q, talking then of “breaking"" Rossby or planetary waves. The criteria they used to differentiate a 

breaking planetary wave is whether m aterial contours and surfaces are irreversibly deformed, rather 

than just undulating back and forth as in linear wave theory. Their conclusions were that, in the 

region around the main polar vortex, planetary waves are breaking most of the time, and that the 

resulting quasi-horizontal mixing is a  possible explanation for the weak gradients that are observed 

in that area. In their view, m ajor warmings are wave events th a t completely break up the polar 

vortex, advecting lower potential vorticity air poleward.

Hartm ann (1983) studied barotropically unstable zonal flows, similar to those observed in the 

wintertime stratospheric circulation. He computed unstable modes of the linear barotropic vorticity 

equation associated with a negative potential vorticity gradient for two cases: 1) the polar side of the 

westerly je t and, 2) on the equatorward flank of the jet. For case 1 the most unstable wavenumbers 

were 1 and 2 with growth rates of 3-4 and 1.5-2 days respectively; for case 2, the most unstable 

wavenumbers were 1-3 with growth rates on the order of a  week or more for wavenumbers 1 and 2. 

Based on these results, Hartm ann suggested th a t vertical propagation of tropospheric waves could 

have im portant interactions with the barotropic instability of the polar vortex, causing then wave 

growth.

Juckes and McIntyre (1987) indicated that, when studying the stratospheric circulation, the 

breakdown of linear wave theory can be produced by the decrease of mass density encountered by 

the waves as they propagate upward and, when tin equatorward wave propagation is present, the
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weakening of the zonal winds. They simulated planetary wave breaking with numerical integrations 

of a one-layer hemispheric nonlinear model, showing a  chaotic evolution of the  “su rf’ zone, while 

the main vortex remains as a distinct material entity with very little transport into it and some area 

reduction due to erosion processes; they hypothesized tha t the  portion of the vortex which survives 

erosion will behave as a chemically isolated material entity, even in the presence of substantial wave 

breaking, creating then, in their terminology, a “containment vessel” .

McIntyre (1989), m aking reference to  the numerical simulations of Juckes and McIntyre (1987), 

noted that the main part of the vortex is surrounded by a  narrow edge of very steep potential vorticity 

gradients tha t acts like a  barrier, sealing off the interior of the vortex from external intrusions of air. 

He concluded that this isolation of material within the polar vortex could be an im portant factor 

in the chemical destruction of ozone which has been observed inside the polar vortex during the 

spring, noting also tha t any “leakage” across the potential vorticity barrier will be im portant for the 

chemistry within the vortex.

Bowman (1993a) used Lagrangian tracer analysis in an equivalent barotropic model to study 

quasi-horizontal mixing by the large scale flow in the stratosphere during the Southern Hemisphere 

spring. He found tha t mixing occurred close to the critical lines of waves th a t were forced at the 

lower boundary, finding also tha t the interior of the polar vortex can become a  critical region where 

wave forcing is capable of causing vortex breakdown and mixing of the whole vortex interior.

Bowman and Mangus (1993) presented Total Ozone M apping Spectrometer (TOMS) images 

during the Southern Hemisphere spring, showing, on the equatorw ard side of the polar vortex, 

folding and stretching of the ozone field, qualitatively similar to  the wave breaking of Ertel’s potential 

vorticity (McIntyre and Palm er, 1983,1984). Figure 5.2 is a  sequence of TOMS images from October 

1983 taken from Bowman and Mangus (1993). The ozone hole is the dark region centered over the 

South Pole; it is surrounded by a region of higher ozone values shown in white; stretching and folding 

of the ozone field is observed, which gives us information about the dynamical processes occurring 

during that time period. Figure 5.3 shows another sequence of TOMS images which are typical 

of the breakdown of the polar vortex and the mixing of ozone over an extended region, with the
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consequent disappearance of the ozone hole. Based on different structures present in TOMS images. 

Bowman and M angus (1993) suggested that deformations of the ozone field are relatively deep and 

barotropic.

Bowman (1993b) diagnosed mixing and transport of a ir  using Lagrangian dispersion statistics of 

tracer trajectories. These trajectories were computed from winds derived of the analysis of observed 

geopotential fields. His results showed th a t at the level of 450 K and above, there is little exchange 

of air across the polar vortex boundary before the vortex breakdown. At the levels o f 400 and 425 K, 

mixing was greater, with considerable exchange of air between the middle latitudes and the %-ortex 

interior. During the  vortex breakdown, strong mixing of vortex air with middle latitudes took place.

Bowman (1995) used a kinematic model of breaking waves to study the displacement of fluid 

particles. Based upon his results, an alternative view of mixing barriers is that they are the result 

of the absence of waves with phase speeds matching the  basic state speed of the  polar vortex 

flow. Therefore, the  high wind maximum of the jet and  the absence of waves w ith comparable 

phase speeds produce the barrier. This hypothesis was tested  by Bowman (1996) using Lagrangian 

trajectories derived from Southern Hemisphere stratospheric winds, finding th a t, during winter, 

im portant mixing was restricted to the surf zone, and th a t  a  region near the polar vortex core, 

where a maximum potential vorticity gradient was approxim ately located, behaved as a mixing 

barrier. He argued th a t the absence of critical lines for propagating waves was the cause of the 

observed mixing barrier, as well as the relatively high poten tial vorticity gradient which provides a 

significant Rossby wave restoring mechanism.

5.2 Experim ents

As an initial condition to model the behaviour of a  polar vortex we have selected two types of zonally 

symmetric jet profiles which are those used by H artm ann (1983) and Ishioka and Yoden (1994):

tanh-type jet:

(5.1)
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sech-type jet:

uq{4>) = U cos <p sech^ ^  ^ . (5.2)
B

where U is a measure of the intensity of the jet, 4>0 the position of it, and B  the width of it.

In this chapter we will discuss the linear stability analysis, direct numerical integration and final 

equilibrium sta te  of two experiments using the tanh-type je t and two experiments using the sech-type 

jet.

5.2.1 E xperim ent 1

This experiment is a  tanh-type jet given by equation (5.1) with the following values of the  param eters: 

U — 180ms-1 . 0 O = 45°N, B  = 6°, which corresponds to the experiment reported by Ishioka and 

Yoden (1994) in their Fig. 6b. The corresponding absolute vorticity is given by

Co(<?) =  -  a
i .  . . , .* -M  . . (kcI'V4)'™®(1  +  tanh g  J  sin «»--------------— ---------- +  2nsinc>, (5.3)

with a and fi the E arth ’s radius and rotation rate respectively.

A plot of the initial absolute vorticity Co(<£) is shown in Fig. 5.4, together with a  discretized 

version consisting of 60 vorticity levels to be used as initial condition for the maximum entropy 

prediction. The absolute vorticity profile Qo{4>) in the Southern Hemisphere is basically given by 

the E arth’s vorticity /  =  2fi sin 6 , while in the northern hemisphere it has a relative maximum at 

32.8°N and a relative minimum at 43.7°N, satisfying Kuo’s (1949) necessary condition for barotropic 

instability, i.e., a  zero in the absolute vorticity gradient.

A linear stability analysis of this je t is performed using the theory presented in section 2.1. The 

results for the complex frequencies cr of the most unstable mode as a function of zonal wavenumber 

m  is presented in Fig. 5.5, and the e-folding time =  1 / Im (a )  and period rr = 2~/Re(cr) is 

summarized in Table 5.1 together with the results for the other three experiments of th is chapter.

The most unstable zonal wavenumber for experiment 1 is wavenumber 4 with an e-folding time 

of t, = 0.774 days and period r r =  2.02 days, which is consistent with the values reported by Ishioka
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and Yoden (1994) in their Table 2. Wavenumbers 1 and 7 are stable. Wavenumbers 3 and 4 have 

comparable values of the e-folding time r,-.

The non-linear barotropic nondivergent model described in section 2.2 is used to study the 

evolution of the vorticity field given by (5.3) plus a disturbance of the form

C«i(A, o) = a  -  -1 -  )  ; (5.4)

where

g(X, 4>) =  sin<d sin +  cos <£> cos4>d cos(A — Xd). (5.5)

Here ci =  O.Olfi and Co =  100, which are measures of the intensity and horizontal extent of the 

disturbance, respectively. Crf(A, <t>) is the same disturbance chosen by Ishioka and Yoden (1994) which 

is a Gaussian-like smooth function on a sphere and has nearly white spectra in the wavenumber space 

for large c2; the disturbance is centered at (Ad,4>d) — (0, j ) .  The same Q(X,<p) will be included for 

the study of the nonlinear tim e integration in all the experiments of this chapter.

Numerical integration is performed using a triangular truncation of M  = 150, v  = 2.23 x 

lO^'m 's -1 , and a timestep of 300s. The value of the hyperdifussion coefficient t/ is obtained empiri­

cally via a preliminary set of runs, and corresponds to an e-folding tim e of the highest wavenumber 

n =  150 of riso =  4 hours as mentioned in section 2.3.

Figure 5.6a is a Northern Hemisphere polar stereographic projection of the initial (f =  0) absolute 

vorticity field. Latitude A =  0 corresponds to the straight line th a t runs from the N orth Pole 

upward on the page. This run includes the computation of 1000 air parcel trajectories initially 

uniformily distributed in two latitudinal rings, 500 of them  corresponding to the relative maximum 

of the vorticity field {<$> =  32.8°N) shown in red, and other 500 green parcels located a t the relative 

minimum of C at <p = 43.7°N.

At t =  4.5 days (Fig. 5.6b) the deformation of the initially circular contours is evident, creating 

two folds of the vorticity contours of the “cat’s eye” type (Killworth and McIntyre, 1985). At t =  6 

days (Fig. 5.6c) vorticity contours are folded creating four pools of relatively lower vorticity which 

contain a big number of green parcels, while filamentation of the vortex edge (defined here as the
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region with the maximum absolute vorticity gradient) takes place. A strong deformation of the 

region of red particles is evident, with a tendency for these parcels to approach the vortex edge.

At £ =  8.0 days two pools of green parcels have merged and a  triangular shape of the polar vortex 

edge has arisen with long vorticity filaments coming out of the vertices. At this time most of the 

red parcels have been advected poleward close to the vortex edge. A t £ =  12 days the polar vortex 

edge has an elliptical shape indicating a  strong restoring mechanism towards axisymmetry after the 

deformations suffered a t earlier times. On the other hand, the vortices which contain green parcels 

become elongated and begin to diffuse out and mix at low latitudes. This process continues a t later 

times.

This simulation stops a t £ =  100 days (Fig. 5.6f) where a  zonal sym m etry is clear, specially a t 

high latitudes. The polar vortex is almost centered at the North Pole surrounded by a region where 

red parcels are preferentially located over green parcels, while a  ring of green parcels is evident in 

the region between 10°N and 20°N. Note that inside the polar vortex edge there are few colored air 

parcels, meaning that the core of the polar vortex has behaved as an isolated region from m idlatitude 

air intrusions.

Tracer positions as a  function of latitude a t £ =  100 days are shown in Fig. 5.7a. The counting 

is done within 5° latitude rings dividing by the total number of parcels (500) of each color. The 

maximum of green tracers is located between 15° — 20°N, south of their initial position a t 43.7°N. 

The maximum of red parcels is between 45° — 50°N, north of their initial position at 32.8°N. Notice 

the zero frequency of colored air parcels positions northward of 60°N, this implies that "surf zone" 

air is not mixed with air inside the high vorticity gradient zone.

Figure 5.7b shows the positions of tracers but now taking into account the zonal coverage relative 

to the initial position, in this way they can be directly compared with the predictions for the 

respective density functions pi(<t>) given by maximum entropy theory (dotted lines). Recall th a t the 

density function pi{4>) give us the probability of finding the absolute vorticity value Q within a small 

neighborhood as a function of latitude. There is a good fit between the  red parcel positions and the 

corresponding density function in the magnitude, width and location of the tracers, as well as in its
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zero value north of 60°N. The comparison between green tracer positions and its density function is 

good in the position of maximum frequency, but not in the m agnitude and width of the curves.

Figure 5.8 is the tim e series of the to tal kinetic energy change (dashed line) and to tal absolute 

enstrophy change (continuous line) relative to their initial values for the direct numerical integration. 

The kinetic energy curve shows a  steady dissipation, reducing its initial value by approxim ately 

0.75% at the end of the integration. The absolute enstrophy curve shows a sharp reduction of 

around 1.25% between day 5 and day 30, this is the period of maximum nonlinear behaviour of the 

flow with Rossby wave breaking, ejection of vorticity filaments and strong mixing. From day 30 

to 100, the absolute enstrophy curve shows a further reduction of aroun 0.25% but with signs of 

approaching an asym ptotic value which is consistent with the numerical simulation of McWilliams 

(1984), and with the main hypothesis of minimum enstrophy theory described in chapter 4.

A comparison of the zonal wind profiles for this experiment (Fig. 5.9) shows tha t the initial con­

dition is modified by the direct numerical integration just southw ard of 55°N; the velocity maximum 

is reduced by around 5 ms-1 while the jet broadens towards the south, creating a weak easterly 

flow between 10° — 25°N and between the South Pole and 50°S. The maximum entropy prediction 

(red dashed line) has an easterly flow from the South Pole to  15°N, with a broadening of the jet 

and a  slight modification of the initial condition at high northern latitudes, with a  decrease of the 

initial wind maximum of the order of 10 m s-1 . For the minimum enstrophy predictions with one 

edge we see an acceleration of the je t a t high northern latitudes which is not consistent with the 

direct numerical integration profile. The minimum enstrophy prediction with constant energy and 

two edges broadens the velocity profile, predicting mixing from 17.7°N to 64.8°N, reducing the wind 

maximum more than  the other predictions. For the minimum enstrophy prediction with constant 

angular momentum and two edges no solution was found.

A comparison of the absolute vorticity profile is made in Fig. 5.10. W ith the exception of the 

minimum enstrophy prediction with constant angular momentum  and one edge, all the o ther pre­

dictions remove the reversal of the  absolute vorticity gradient. T he minimum enstrophy predictions 

with one edge violate the conservation of vorticity, predicting a  maximum of £ higher than the max-
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imum in the initial condition. This is a  failure in the assumption that vorticity will be mixed all the 

way to the North Pole: instead, the minimum enstrophy prediction with constant energy and two 

edges has a better fit in comparison with the direct numerical integration.

The best prediction for this experiment is th a t given by the maximum entropy theory. The 

vorticity profile between the maximum entropy prediction and the time integration is good in the 

Southern Hemisphere, while in the Northern Hemisphere maximum entropy has a  relative good 

agreement with the tim e integration. Note that, while the maximum entropy results are global, the 

minimum enstrophy results are restricted to a  portion of the sphere.

The actual absolute enstrophy values for the minimum enstrophy predictions are as follows: 

9 8 . 3 4 9 c  of initial value for minEF-£ with two edges; 98.00% for minEF-£ with one edge; and 99.16% 

for niinEF-.M with one edge. These values can be compared with the value of 98.45% at t = 100 

days of the numerical integration.

5.2.2 E xperim ent 2

Experiment 2 consists of a  tanh-type je t (equation 5.1) with the following param eter values: U = 

180ms-1 , tpQ =  45°N, B  =  4°, corresponding to the experiment of Fig. 6a of Ishioka and Yoden 

(1994). The initial absolute vorticity profile, in both its continuous and discrete version of 60 vorticity 

levels (Fig. 5.11), has a  local absolute vorticity maximum at <f> — 35°N, and a local minimum at 

o  =  44.5°N; this minimum is contiguous to a steep vorticity gradient and, northward, a flat vorticity 

region from 50°N to the North Pole. Since this profile has a region in the Northern Hemisphere 

where Q < 0, it is inertially unstable and therefore is not a valid initial condition. However, since 

Ishioka and Yoden (1994) showed the nonlinear behaviour of this polar vortex in their Fig. A l. it 

will be interesting to compare their results with our nonlinear run.

Figure 5.12 shows the normalized real and imaginary parts of the most unstable mode as a 

function of wavenumber m  for the linear stability analysis. Wavenumbers 4 through 7 have the 

fastest exponential growth with e-folding times on the order of 0.4 days (Table 5.1) and periods 

between 1.89 and 0.89 days.
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The direct numerical integration with triangular truncation T150 (A/ =  150), v  =  2.23 x 

101 'm  's -1 and a  tim estep of 300s, after 3.0 days of simulation (Fig. 5.13b), shows folding of vorticity 

contours near the local minimum of absolute vorticity (the shading corresponds to regions where 

C < 0), where a ring of 500 (green) air parcels is located. The ring of 500 red parcels is a t  the local 

maximum of C- th a t is, a t <*> =  35°N. At t =  5.0 days the surf zone at midlatitudes has evolved 

into four well-differentiated vortices with low absolute vorticity which contain most of the green air 

parcels, while red air parcels are advected towards the edge of maximum vorticity gradient. At later 

times (10 to 15 days) there is interaction of negative absolute vorticity regions while they migrate 

towards the Southern Hemisphere.

By the end of the numerical simulation (t =  100 days) the polar vortex has recovered its zonal 

symmetry, surrounded by a region of homogeneously distributed red air parcels a t m idlatitudes, and 

a homogeneous distribution of green parcels a t low latitudes, which is a  result of strong mixing of 

low and m idlatitude air, but not of air inside the vortex edge, as discussed in experiment 1.

When comparing Fig. 5.13 and Ishioka and Yoden’s Fig. A l, a similar evolution is seen but its 

occurrence is faster in our simulation. We attribu te this to the different kind of diffusion we are 

using in our model which is a i/V \'-type , in constrast with Ishioka and Yoden’s i/V2C-type. In our 

experiment there is less damping of low wavenumbers than  in Ishioka and Yoden’s experiment.

The reversal in positions of the tracers is clear in the histograms of Fig. 5.14, where now the red 

parcels are mostly north of the green parcels, in constrast with their positions a t t =  0. The maximum 

entropy density function pi{4>) for red parcels is in good agreement with the parcel positions, while 

for the green parcels the density functions is displaced south of the histogram by about 15°. As in 

experiment 1, the isolation of the polar vortex core is relevant in the histogram plots.

For the time integration, a steady decrease of kinetic energy is observed as a  function of time 

(Fig. 5.15), with a  to ta l decrease of less than  1% a t t =  100 days. As in experiment 1, absolute 

enstrophy has a big decrease while most of the nonlinear activity is occurring (5 to 40 days); af­

terwards, it has a slow decrease towards an asymptotic value of around 95% of the initial absolute 

enstrophy.
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A comparison between the zonal velocity predictions and the average zonal flow of the direct 

numerical integration (Fig. 5.16) shows a  good agreement with the maximum entropy theory, but 

with a slight displacement in the Northern Hemisphere of the maximum entropy curve of about 5° to 

the south and a lower peak. Maximum entropy theory is able to predict the appearence of easterlies 

in the Southern Hemisphere. The m inEF-f with two edges gives us a  good agreement for the mixing 

region o s =  16.89°N to <i>n =  64.31°N. The minimum enstrophy predictions with one edge accelerate 

the je t a t high latitudes, while th a t behaviour is not observed in the tim e integration.

The absolute %orticity predictions for minEF-£ with two edges and maximum entropy (Fig. 5.17) 

are in good agreement with the time integration, they both remove the local minimum of C homog­

enizing the absolute vorticity in the Northern Hemisphere m idlatitudes. Maximum entropy predicts 

quite well the absolute vorticity profile in the Southern Hemisphere. A violation in the conservation 

of the absolute vorticity maximum is observed in the minimum enstrophy predictions with one edge, 

which prevents us from using the hypothesis of vorticity change all the way to the North Pole in 

problems where the poleward region is not mixing.

After 100 days of direct numerical integration, 95.32% of the initial absolute enstrophy is left, 

which can be compared w ith the values of 97.73% for minEF-.M , 95.76% for m inEF-5 with one 

edge, and 96.12% for m inEF-5 with two edges.

B  =  20°. These values correspond to the Ishioka and Yoden (1994) experiment of their Fig. lOe. 

The basic absolute vorticity is

The initial absolute vorticity profile (Fig. 5.18) has a  maximum a t 0 =  66°N and a relative minimum 

at the North Pole.

5.2 .3  E xperim ent 3

This experiment consists o f a  sech-type jet (equation 5.2) with U = 240ms 1, 0O =  60°N and

2(0 -  0q) 2up(0)
B  a

tan  0 +  2ft sin 0. (5.6)

Linear stability analysis results (Table 5.1) show instability in zonal wavenumbers 1, 2 and 3
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with e-folding times of 4.44, 5.15 and 7.22 days respectively, and periods of 2.18, 1.21 and 0.82 days. 

Wavenumber 1 is the fastest linear growth mode.

The nonlinear evolution for experiment 3 is shown in Fig. 5.19; it has been used a triangular 

truncation of 150 (M  =  150), u =  3.35 x 1014m4s_1 and timestep of 300s. At t= 0 , 500 red air 

parcels are located in a ring placed at the maximum of absolute vorticity (<p =  66°N), and the ring 

of 500 green air parcels is a t o  — 75°N. Nonlinear behaviour begins to appear a t later times than in 

the previous two experiments, this is consistent with the  larger e-folding time (from 4 to 7 days) of 

the linear stability analysis. After 30.0 days of evolution, the polar vortex shows two foldings of the 

red parcel ring, while the green ring presents an elliptical shape. At t = 40.0 days most of the red 

parcels are embedded in a coherent vortex which tends to move towards and around the North Pole, 

while the relative lower absolute vorticity originally a t the North Pole is being displaced southward 

conserving its integrity.

At t =  50.0 days and t =  60.0 days most of the red air parcels are placed close to the North 

Pole, and the green ring is being elongated and disrupted. The rest of the time integration uniform 

mixing of green air parcels a t latitudes between 45°N and 75°N is observed (Fig. 5.20), and the red 

air parcels have a  preference to  stay close to the North Pole. It is evident th a t in this experiment 

all the activity is confined to latitudes north of 40°N.

Comparing the green air parcels positions a t t — 100 days with its respective density function 

given by the maximum entropy result, we can see that the green density function has a  comparable 

m agnitude between 50°N and 70°N, but has a  higher value northward; red air parcels positions 

a t t =  100 days and its respective density function have a better agreement, showing a steady 

increase going from 50°N to the North Pole. In contrast with the previous two experiments, the 

polar vortex core has suffered a  substantial change during the nonlinear evolution, while southern 

latitudes experience no significant modification of the initial condition.

An approximately steady decay of the total kinetic energy is observed (Fig. 5.21) for the direct 

numerical integration, but the absolute enstrophy has a steep decay between 40 to 80 days, where 

most of the nonlinear behaviour and strong mixing is occurring.
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Figure 5.22 compares the zonal wind profiles for the time integration a t 100 days (black dashed 

line) with those given by the m inEF-£ (blue line) and minEF-.Vf (violet line) both with one edge 

and by the maximum entropy (red dashed line) predictions. A good agreement in the zonal wind 

is seen for all of the predictions: the minEF-.Vf overlays with the time integration curve on most of 

the plot, except at the region of maximum wind.

A comparison for the absolute vorticity field (Fig. 5.23) shows tha t the time integration and 

all the predictions remove the relative minimum th a t  initially was a t the North Pole, giving an 

equilibrium state where the absolute vorticity is monotonically increasing with latitude. The best 

prediction for C(<?) is minEF-.Vf which overlays the time integration plot. The maximum entropy 

result overpredicts mixing of vorticity at latitudes higher than about 50°N, while the minEF-£ 

prediction gives a far south mixing edge at 4> = 20°N.

The absolute enstrophy values of the equilibrium states, given as a percentage of the initial field, 

are 98.28% at t =  100 days of the direct numerical integration. 98.02% for m inE F -f. and 98.33% 

for minEF-Ad.

5.2 .4  E xperim ent 4

Experiment 4 is a sech-type je t (equation 5.2) with U = 180ms_1, Oq =  60°N and B  = 20°, which 

is the experiment of Fig. 11a of Ishioka and Yoden (1994). This initial condition has three reversals 

of the absolute vorticity gradient (see Fig. 5.24); the maximum of Q{<p) is a t  4> =  63.5°N, with a 

relative maximum at <p = 41.8°N and two relative minima a t 54°N and a t the North Pole.

As in Ishioka and Yoden (1994) and Hartmann (1983) we show the results of the linear stability 

analysis for the “polar” mode and for the “m idlatitude” mode (Table 5.1). Polar modes show 

instability for wavenumbers 1 to 4, while midlatitude modes are unstable for wavenumbers 2 to  7. 

The most unstable (midlatitude) mode is wavenumber 4 with e-folding time of 1.11 days and period 

of 1.65 days.

The run of the nonlinear barotropic model using a  triangular truncation of M  =  150, u = 

2.23 x 1011m4s_1 and tim estep of 300s, is shown in Fig. 5.25. We have included the trajectory
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calculation for 1000 colored air parcels, initially distributed in 4 rings with 250 color parcels each: 

the green ring is placed at the relative maximum of Q(<t>) at <p = 41.8°N; the  blue ring is at the 

relative minimum of C(<?) a t <p =  54°N; 250 red air parcels are a t the maximum of absolute vorticity 

(£> =  63.5°N) and a ring closer to the pole (o =  75°N) consists of 250 yellow air parcels.

After 6.0 days of time integration is clear a folding of absolute vorticity contours a t latitudes close 

to the blue air parcel ring. At t = 8.0 days a  zonal wavenumber 4 instability is seen a t midlatitudes, 

equatorward of the highest absolute vorticity gradient, and another wavenumber 4 instability occurs 

poleward of the highest absolute vorticity gradient. At t = 10.0 days a  strong mixing of vorticity 

is observed at middle and high latitudes; green air parcels have been advected towards the polar 

vortex edge and blue air parcels towards lower latitudes; the yellow and red rings preserve most of 

their integrity while they move around the pole and begin to switch places. Long, thin filaments are 

observed both inside and outside the region of highest absolute vorticity gradient.

Strong mixing is present a t t = 15.0 days with detachm ent and diffusion of vorticity filaments, as 

well as dispersion of colored air parcels northw ard of 20°N. At the end of the tim e integration (100 

days), the polar vortex has zonal sym m etry and colored air parcels are d istributed over the whole 

Northern Hemisphere. Fig. 5.26 shows th a t green air parcels are preferentially placed northward of 

blue air parcels, while red air parcels mostly stay poleward than yellow air parcels, contrary to their 

initial positions. The density functions of maximum entropy theory have a  rem arkable agreement 

with the green, yellow and red air parcels positions, bu t the blue air parcels have a  wider distribution 

than tha t predicted by maximum entropy.

At t = 100 days the kinetic energy has a total decrease of 98.5% of its initial value (Fig. 5.27). 

most of it occurring after t =  10.0 days. The absolute enstrophy curve for the tim e integration has a 

steep decay between 10 and 25 days, followed by a  slight decrease at later times, finishing a t t =  100 

days a t 96.4% of its initial value.

The comparison of the zonal wind profiles for the three predictions and the  direct numerical 

integration (Fig. 5.28) shows a  good agreement for the  value of the wind m aximum  (~  65ms-1 ) 

which has decreased from an original wind maximum of the order of 90ms- 1 . Minimum enstro-
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phy predictions reproduce well the zonal wind distribution at high northward latitudes, while the 

maximum entropy prediction wind field is shifted southward by about 10°.

The predictions of the zonal absolute vorticity profile are shown in Fig. 5.29. The best agreement 

is for m inEF-£ which predicts a south m ixing edge of 31.9°N and closely follows the tim e integration 

result. The absolute vorticity given by maximum entropy theory has a  lower maximum th a t in the 

initial condition, which can be interpreted as the macroscopic view of strong mixing of vorticity 

levels for high northward latitudes. The minEF-^M absolute vorticity curve has a  good agreement 

with the time integration between 55°N and 75°N. The actual absolute enstrophy values a t t =  100 

days for the direct numerical integration is 96.38% of the initial value, 96.37% for m inEF-£ and 

96.43% for minEF-A4.

5.3 Discussion

Barotropic instability of the polar night je t has been investigated using a  linear model, as well as 

nonlinear tim e integration of a nondivergent barotropic model on the sphere. The mechanism by 

which the flow instabilities are removed is the breaking and mixing of vorticity in regions where 

the absolute vorticity gradient has a  sign reversal. Most of the nonlinear phase is m arked by “wave 

breaking". filamentation of vorticity contours, dispersion of air parcel tracers, and a  rapid decrease 

of the to tal enstrophy of the flow. Results obtained with both linear and nonlinear analysis are 

consistent with the work of Ishioka and Yoden (1994).

The nonlinear activity is followed by a  quasi-steady s ta te  of the fluid, which in our experiments 

is characterized by an almost zonally symm etric flow that has a  small and steady decay of kinetic 

energy while seems to approach an asym ptotic value of enstrophy. Theoretical predictions of this 

end-state, given by the maximum entropy theory of chapter 3 and minimum enstrophy theory of 

chapter 4, are compared with the zonal average of absolute vorticity and zonal wind a t t = 100 days 

of the direct numerical integration.

Predictions from the maximum entropy theory demonstrated good skill for flows which have a 

substantial change over the whole sphere. The minimum enstrophy predictions showed a  very good
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agreement with flows which nonlinear behaviour is restricted to a polar cap.

The above predictions are compared with the zonal average of the direct numerical integra­

tion. Therefore, any deviation from zonal symmetry of the flow will have a negative impact in the 

comparisons.

The predictions are based upon the initial flow condition, and since we are using a numerical 

model with a diffusive term , the energy of the flow will be reduced over time, thus changing the 

actual energy value of the equilibrium state. Flows with equilibrium states relatively far from the 

initial condition will overcome a significant decrease of energy before a steady sta te  is reached: in 

those cases predictions which mantain a  constant energy (like minEF-£ and maximum entropy) will 

not have good skill when compared with the nonlinear time integration.

Maximum entropy theory gives us an additional source of information with the density functions 

pi(o). which in a probabilistic sense tells us how the vorticity field (and therefore the mass field) is 

redistributed at the equilibrium state. The density functions showed good skill predicting several 

of the colored air parcel spatial distributions in the above experiments. Also, from a local point of 

view, density functions give us a way to determine the degree of mixing of initially well separated 

air mases, information that could be valuable in the tracing of atmospheric chemical components.
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Table 5.1: e-folding tim e r, and period r r as a  function of zonal wavenumber m for all 
unstable modes obtained in the linear stability analysis for the polar vortex experiments, 
values in parenthesis of experiment 4 are for midlatitude modes.

e-folding time r* (days)

m 1 2 3 4 5 6 7 8 9 10
Exp. 1 
Exp. 2

1.78
1.19

0.811
0.559

0.774
0.454

0.972
0.421

2.25
0.420 0.443 0.498 0.615 1.72

Exp. 3 
Exp. 4

4.44
4.60

5.148
2.64

(6.50)

7.219
3.72

(1.20)
4.43

(1.11) (1.17) (3.03) (12.19)

Period r r (days)

m 1 2 3 4 5 6 7 8 9 10
Exp. 1 14.33 3.48 2.02 1.45 1.18
Exp. 2 12.06 3.22 1.89 1.36 1.07 0.89 0.80 0.32 0.26
Exp. 3 2.18 1.21 0.82
Exp. 4 2.91 1.63 1.09 0.813

(16.09) (3.17) (1.65) (1.11) (0.680) (0.651)
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Figure 5.1: Height versus latitude contour plots of a) zonal-mean wind (ms-1 ) and b) the  sm oothed 
gradient of potential vorticity (divided by 0 )  for the m onth of August 1979 in the Southern hemi­
sphere (from H artm ann, 1983).
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Figure 5.2: Daily TOMS images of to tal ozone in the Southern Hemisphere for six consecutive days 
in October 1983. Latitude circles are drawn at 40°, 60° and 80° S. The outermost latitude is 20°S. 
Taken from Bowman and Mangus (1993).
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Figure 5.3: Daily TOMS images of to tal ozone in the Southern Hemisphere for six days in November 
1981. Consecutive images are separated by two days. The map projection is as in Fig. 5.2. Taken 
from Bowman and Mangus (1993).
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Figure 5.4: Initial absolute vorticity profiles for the direct numerical integration and for the maximum 
entropy theory (step-wise plot). Experim ent 1.
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Figure 5.5: Linear stability analysis results for the normalized frequencies: Normalized <r, (squares) 
and a r (stars) as a  function of zoned wavenumber m . Experiment 1.
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Figure 5.6: Northern Hemisphere polar stereographic plots of the absolute vorticity field (in s- 1 ) 
and tracer positions for selected snapshots o f experiment number 1.
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e) T im e= l‘2 days f) Time=100 days
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Figure 5.6: Continuation.
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Figure 5.7: a) Tracer positions as a  function of latitude for time =  100 days of direct numerical 
integration. Positions counted at 5 degrees latitude intervals, b) Same as a) bu t taking into account 
zonal coverage relative to  initial position, displayed together with their respective density function. 
Experiment 1.
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Figure 5.8: Time dependence of the kinetic energy (dashed line) and absolute enstrophv (continuous 
line) relative to their initial values for experiment 1.
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Figure 5.9: Zonal wind profiles. Initial condition: black solid line. Direct numerical integration at 
t = I 0 0  days: black dashed line. V linEF-f with two edges: green line. Maximum entropy predic­
tion: red dashed line. M inEF-5 with one edge: blue line. MinEF-.M with one edge: violet line. 
Experiment 1.
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Figure 5.10: Same than  Fig. 5.9 but for absolute vo rtid ty  profiles. Experim ent 1.
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Figure 5.11: Initial absolute vorticity profiles for the direct numerical integration and for the maxi­
mum entropy theory (step-wise plot). Experiment 2.
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Figure 5.12: Linear stability  analysis results for the  normalized frequencies: Normalized <Ji (squares) 
and a r (stars) as a function of zonal wavenumber m. Experiment 2.
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Figure 5.13: Northern Hemisphere polar stereographic plots o f the absolute vorticity field (in s *) 
and tracer positions for selected snapshots of experiment num ber 2.
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Figure 5.13: Continuation.
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Figure 5.14: a) Tracer positions as a  function of latitude for tim e  =  100 days of direct numerical 
integration. Positions counted a t  5 degrees latitude intervals, b) Sam e as a) but taking into account 
zonal coverage relative to  initial position, displayed together w ith  their respective density function. 
Experiment 2.
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Figure 5.15: Time dependence of the kinetic energy (dashed line) and absolute enstrophy (continuous 
line) relative to their initial values for experiment 2.
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Figure 5.16: Zonal wind profiles. Initial condition: black solid line. Direct numerical integration 
at t= I0 0  days: black dashed line. M inEF-f with two edges: green line. Maximum entropy predic­
tion: red dashed line. M inEF-£ with one edge: blue line. MinEF-AI with one edge: violet line. 
Experiment 2.
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Figure 5.17: Same than  Fig. 5.16 but for absolute vorticity profiles. Experiment 2.
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Figure 5.18: Initial absolute vorticity profiles for the direct numerical integration and for the maxi­
mum entropy theory- (step-wise plot). Experiment 3.
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Figure 5.19: Northern Hemisphere polar stereographic plots of the absolute vorticity field (in s- 1 ) 
and tracer positions for selected snapshots of experiment number 3.
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Figure 5.19: Continuation.
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Figure 5.20: a) Tracer positions as a  function of latitude for time =  100 days of direct numerical 
integration. Positions counted a t  5 degrees latitude intervals, b) Same as a) bu t taking into account 
zonal coverage relative to  initial position, displayed together with their respective density function. 
Experiment 3.
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Figure 5.21: Tim e dependence of the kinetic energy (dashed line) and absolute enstrophy (continuous 
line) relative to their initial values for experiment 3.
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Figure 5.22: Zonal wind profiles. Initial condition: black solid line. Direct numerical integration a t 
t= I0 0  days: black dashed line. M inEF-£: blue line. Maximum entropy prediction: red dashed line. 
MinEF-.M: violet line. Experim ent 3.
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Figure 5.23: Same than  Fig. 5.22 bu t for absolute vorticity profiles. Experiment 3.
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Figure 5.24: Initial absolute vorticity profiles for the direct numerical integration and for the maxi­
mum entropy theory (step-wise plot). Experiment 4.
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Figure 5.25: Northern Hemisphere polar stereographic plots of the absolute vorticity- field (in s-1 ) 
and tracer positions for selected snapshots of experiment number 4.
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Figure 5.25: Continuation.
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Figure 5.26: a) Tracer positions as a function of latitude for tim e =  100 days of direct numerical 
integration. Positions counted a t 5 degrees latitude intervals, b) Same as a) but taking into account 
zonal coverage relative to  initial position, displayed together with their respective density function. 
Experim ent 4.
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Figure 5.27: Time dependence of the kinetic energy (dashed line) and absolute enstrophy (continuous 
line) relative to their initial values for experiment 4.
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Figure 5.28: Zonal wind profiles. Initial condition: black solid line. Direct numerical integration at 
t=  100 days: black dashed line. M inEF-£: blue line. Maximum entropy prediction: red dashed line. 
MinEF-.Vf: violet line. Experim ent 4.

0 . 0 0 0 2

0.0001

- 0 . 0 0 0 1

- 7 5  - 5 0  - 2 5 0 25 50 75
Latitude

Figure 5.29: Same than  Fig. 5.28 but for absolute vorticity profiles. Experiment 4.
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Chapter 6 

TROPICAL SH EAR LAYERS

6.1 Introduction

The Intertropical Convergence Zone (ITCZ) is a region of enhanced cloudiness and rainfall th a t 

constitutes the upward branch of the Hadley circulation. The conversion of latent and sensible heat 

to potential energy in the convecting systems of the ITCZ acts to stabilize the tropical troposphere, 

which is heated from the ocean below, and plays an im portant role in the atmospheric energy cycle, 

particularly in the transport of heat to the extratropics (Waliser and Somerville 1994).

On a global scale the ITCZ could be described as a  near-solid convective cloud band encircling 

the Earth near the equator. Over the Atlantic and eastern Pacific oceans the ITCZ is characterized 

by a narrow well-defined cloud band. The ITCZ extending from the western Pacific to  the Indian 

Ocean is broader in latitude with significantly more horizontal spatial variation. The central Pacific 

is a transition region between the different ITCZ structures to the east and west; it contains a 

southeastward-pointing extension called the South Pacific convergence zone. The ITCZs over tropical 

landmasses are broad and irregular, and m e often disconnected from their oceanic counterparts by the 

convection-suppressing influence of cold water brought to  the  surface by coastal upwelling (Waliser 

and Gautier 1993).

Using a dataset derived from satellite observations, W aliser and Gautier (1993) studied the 

climatological characteristics of the ITCZ. They found th a t  the  ITCZ over the eastern Pacific and
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Atlantic oceans remains prim arily in the Northern Hemisphere throughout the year, with weak 

convection occurring south of the  equator in the boreal spring. The bulk of the convection for these 

regions is between about 4°N and 12°N. The phase of the annual cycle in these regions lags behind 

the surface solar heating cycle by approximately two m onths, and each produces the most intense 

ITCZ in the boreal fall.

During the month of August and in regions of the tropical oceans such as the northw est and 

northeast Pacific and the northeast Atlantic, weak westerly o r southwesterly surface winds are 

typically present of the equatorw ard side of the ITCZ (see, e.g.. Gray, 1968, H astenrath and Lamb. 

1978), while easterly trade winds are present on the poleward side. The poleward side of this shear 

layer regions has been recognized (Gray, 1968) as a  typical location of storm genesis. These regions 

are areas of large-scale surface cyclonic wind shear and, therefore, large-scale relative vorticity.

N itta  and Yanai (1969) analyzed latitudinal distributions of the  average zonal velocity and abso­

lute vorticity a t %-arious atm ospheric levels over the M arshall Islands for June of 1958. They found 

th a t a t the surface and a t the 1000 mb level the gradient of absolute vorticity changed sign a t about 

8°N, therefore satisfying the necessary condition for barotropic instability. Using a linear model. 

N itta  and Yanai (1969) com puted the growth rate of unstable disturbances, finding a wave-scale 

of about 2,000 km and an e-folding tim e of the most unstable wave of 5.2 days. In another study, 

M olinari et al. (1997) found a  significant sign reversal in the  meridional potential vorticity gradient 

during the summer of 1991 on the 310-K isentropic surface (near 700 mb) over the Caribbean Sea: 

as noted by Burpee (1972), th is potential vorticity structure  satisfies the Charney-Stern necessary' 

condition for instability of the mean flow.

Agee (1972) proposed th a t the existence of appreciable cyclonic shear in the horizontal wind 

field has an im portant role for the  spawning of wavelike perturbations in the ITCZ, and th a t these 

perturbations are capable of amplifying, breaking and shedding vortices that could be the initial 

stage of hurricane genesis, depending on the existence of favorable environmental conditions. Agee 

(1972) analyzed satellite images for the period May through Ju ly  of 1969, finding a  series or train  

of waves on the ITCZ th a t move toward the west a t an estim ated velocity of 250 n mi day-1 (463
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kin day L).

Wavelike perturbations or undulations of the ITCZ has been recognized (Nieto Ferreira and 

Schubert 1997) as the signature of easterly waves in the tropical troposphere. Easterly waves occur 

in the lower tropical troposphere and have typical wavelengths and speeds that range from 2000 to 

4000 km and 5 to 8 m s-1 respectively (Nieto Ferreira and Schubert 1997).

Burpee (1972) studied the structure of easterly waves that form in the lower troposphere of 

North Africa, finding th a t these waves are directly related to  the mid-tropospheric easterly je t that 

is situated over North Africa in the summer. Observations (e.g.. Carlson 1969) suggest th a t African 

easterly waves probably form somewhere between 14°E and 30°W. and reach their largest am plitude 

a t or near the west coast of Africa with most development occurring between 10°E and the west 

coast.

The African easterly je t has a  maximum wind speed of about 15 m s-1 at about 15°N. Meridional 

cross-sections showing the typical zonal wind structure in the  west African region during the northern 

hemisphere summer are shown in Fig. 6.1. The mean features are: a) A 600 mb African easterly jet 

(AEJ) a t about 15°N with a  peak strength of 12-15 m s- 1 ; b) an upper-level tropical easterly je t at 

about 200 mb and equatorward of the AEJ; c) a  low-level monsoon westerly flow south of this: d) 

a mid-latitude westerly jet to the north; e) a  near-surface easterly flow north of the A EJ, and f) a 

second 600 mb easterly je t in the southern hemisphere (Thom croft and Hoskins 1994a).

Simmons (1977) performed a  linear stability analysis for an  easterly lower tropospheric je t, finding 

that the most unstable disturbance has a growth rate of 0.27 day-1 , a wavelength close to 4000 km 

and a phase speed of about 9m s-1 .

Thorncroft and Hoskins (1994a) re-examined the analytically defined flow used by Simmons 

(1977). They used a baroclinic spectral model with horizontal resolution of triangular truncation 

T95, giving a resolvable scale of about 67 km and 15 sigm a levels in the vertical resolution. The 

most unstable mode for a  particular wavenumber was found in this study by integrating the primitive 

equations on a hemisphere, using as initial condition the zonal flow of Simmons (1977) and a small
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perturbation confined to the wavenumber of interest; the perturbation is allowed to grow while 

keeping the zonal mean constant. The growth rate obtained is similar to tha t of Simmons (1977) 

with a maximum at zoned wavenumbers 10 and 11. At a  latitude of 15°N. m  = 11 is equivalent to 

a wavelength of about 3500 km; the growth rate for m =  11 is 0.28 days-1 and it has a westward 

phase speed of 6.8° per day, implying a period of 4.8 days.

The linear global energy conversions for wavenumber m =  10 were also studied by Thorncroft and 

Hoskins (1994a), with the conclusion th a t the dominant energy conversion is through the barotropic 

term, with a ratio 5.6 to 1 with respect to the baroclinic term .

Using a nonlinear model Thorncroft and Hoskins (1994b) examined the finite amplitude be­

haviour of an easterly wave. The nonlinear easterly wave energetics and structure differ from those 

of the linear study. The easterly wave is initially dominated by barotropic energy conversions, but 

later grows mainly through baroclinic energy conversions; these results are in agreement with those 

found in GATE studies over west Africa and in GCM integrations.

Nieto Ferreira and Schubert (1997) proposed that ITCZ undulation an breakdown results from 

a  convectively modified form of combined barotropic and baroclinic instability of the mean flow. 

They used a nonlinear shallow-water model on the sphere to simulate barotropic aspects of ITCZ 

breakdown; their results suggest th a t ITCZ breakdown may play a role in producing the observed 

tendencies for tropical storms to cluster in time and form poleward of the central latitude of the 

ITCZ.

In this chapter, we will study the evolution of tropical shear layers using the barotropic non- 

divergent model described in chapter 2, and w-e will compare the equilibrium state for this kind of 

flow with the predictions given by the maximum entropy and minimum enstrophy theories.
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6.2 Experiments

The initial condition th a t we have selected to produce a  zonally symm etric tropical shear layer is 

given by a cosine-shaped vorticity strip  placed in tropical regions of the Northern Hemisphere:

C(A. e>) =  /  A  i 1 +  cos +  20  sin <a -  c +  Cd(A, (p) if |e> -  0O| <  § ^
2Q sin 4> — c +  Q(X, d>) otherwise,

where .4 is the magnitude of the vorticity strip, <pa the latitude where it is centered, b its width.

Q ( \ . o )  the disturbance given by (5.4), and c a constant chosen in such a  way that the absolute

vorticity integrated over the whole sphere is zero.

This initial condition is designed to model the behaviour of a  zonally symmetric ITCZ without 

any other major flow feature on the sphere. This idealized condition was chosen to isolate the 

dynamical behaviour of the ITCZ and its equilibrium state, while a  more realistic initial condition 

could mask the fundamental processes we are trying to understand.

In this section we present the results of four experiments with different param eter values in 

(6.1), which are summarized in Table 6.1. The vorticity field of (6.1) produces a shear zone with 

westerlies on the south side of the local vorticity maximum and easterlies northward. Positions for 

the westerly/easterly m axim a as well as their magnitude are also shown in Table 6.1.

6.2.1 Experim ent 5

Figure 6.2 shows the initial absolute vorticity profile for the direct numerial integration and the 

maximum entropy flow. For the time integration, the cosine-shaped strip  is centered at 7.5°N with 

an amplitude (.4 in equation 6.1) of 2.5 x 10-5 s -1 and a width of 8° latitude. This initial condition 

creates a shear of the order of 20.8ms-1 in a  region of about 7° latitude from which the wind 

decreases monotonically towards zero a t the poles (see Fig. 6.7).

The linear stability analysis of section 2.1 is applied to this initial condition. Figure 6.3 shows 

the results for the real and imaginary parts of the complex frequencies (oy and <r, respectively) as a 

function of the zonal wavenumber m , for m  between 1 and 10. Ill-conditioned matrices for the linear
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stability  analysis were obtained for zonal wavenumbers m > 10, so our conclusions in this respect 

are restricted to the range 1 <  m  < 10. Wavenumber 8 was the most unstable w ith and e-folding 

tim e r, =  3.89 days and period r r =  37.2 days (See Table 6.2).

For the nonlinear tim e integration we used a  triangular truncation T213, with a  tim estep of 600s 

and hyperdiffusion coefficient u = 4 x 1013m‘‘s _1, which corresponds to an e-folding tim e of the 

highest total wavenumber N  =  213 of t 2[3 =  5.5 hours.

Figure 6.4a is a N orthern Hemisphere polar stereographic projection of the initial absolute vor­

ticity field. This run includes the calculation of 1000 air parcel trajectories initially uniformity 

d istributed in two latitudinal rings, 500 of them  a t the relative maximum of the vorticity field 

(o =  7.5°N) shown in red, and the other 500 green parcels just north of the vorticity strip , at 

o  =  11.5°N.

At t = 11 days some deformation of the vorticity lines is present; this behaviour continues with 

folding, elongation and breaking of absolute vorticity contours and with the creation of a series of 

vortices with relatively high absolute vorticity and red parcels in their core, and with the advection 

of green air parcels equatorward (Fig. 6.4c,d). The whole pattern  of vortices tends to  move towards 

the west and slightly towards the north, while the instability of the original zonal flow is moving 

towards the east. During the simulation, there is evidence of a t least three vortex mergers: the 

beginning of one of them  is seen at the top of Fig. 6.4d.

At t. =  25 days the whole shear layer has been broken into 11 vortices, one merger had occurred 

and a secondary breakow'n of a  zonally elongated vortex has been detected. Most of the activity 

takes place in the band between about 30°N and the Equator. During the rest of the simulation, 

two other mergers occurred with the ejection of vorticity filaments; mutual vortex orbiting is also 

present without final merging.

The vortices continue to move westward and suffer m ajor deformations until they lose identity, 

and by about t = 50 to  60 days the colored air parcels have mixed over the whole tropical region. 

At the end of the simulation (t =  100 days) no m ajor vortex is present and the absolute vorticity
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field is relatively zonally symmetric. Most of the colored air parcels are between 10 and 20°N. but 

there are a few which have traveled into the midlatitudes.

Tracer positions as a  function of latitude at t = 100 days are shown in Fig. 6.5a; the counting 

is done within 5° latitude rings dividing by the to tal number of parcels (500) of each color. The 

maximum frequency of red parcel positions is between 10 and 25°N, north of their initial position at 

7 .5°\; most of the green parcel positions are between 5 and 15°N. Figure 6.5b shows the histogram 

of the colored air parcels positions at t = 100 days but taking into account the zoned coverage relative 

to the initial position; the respective density functions obtained from the maximum entropy solution 

are also plotted. The density function for the green parcels is in good agreement with its respective 

histogram, while the maximum of the density function for the red air parcels is displaced about 5° 

north of the respective histogram.

A plot of the time series of total kinetic energy change and total absolute enstrophy change is 

shown in Fig. 6.6; the kinetic energy has a decay of 0.43%, a t t = 100 days, while the absolute 

enstrophy decays 0.36%. Since the energy decay is larger than the enstrophy decay, this is an 

indication th a t the diffussion we are using in the time integration model has a  considerable effect 

on the evolution of the flow, and therefore this numerical experiment is not consistent with the 

selective decay hypothesis discussed in chapter 4. However, we are still going to compare the 

minimum enstrophy predictions with the direct numerical integration and see what is the predictive 

skill of the theory for this kind of flow.

Since the whole flow over the sphere is mostly produced by the vorticity strip (which is relatively 

small in meridional extent) placed at the tropics, a satisfactory initial condition for the maximum 

entropy code with values of energy, angular momentum and circulation close enough to the smooth 

profile (Fig. 6.2) was obtained with a relatively high number of vorticity levels, which in this case 

was 60. A lower number of vorticity levels (~  30) produced a flow that was not representative of 

the initial condition.

The zoned wind profiles of three different predictions together with the initial condition and the 

zonal average of the direct numerical integration a t t = 100 days are presented in Fig. 6.7. The
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direct numerical integration (black dashed line) shows some changes compared to the initial condition 

(black solid line). The initial separation of 7° of latitude between the maximum and minimum of the 

zonal wind, has increased to  a separation of 16.8° latitude, with most of it towards the north  (the 

zonal wind minimum is a t 18.8°N); the prediction tha t best captures this change is M inEF-5 with 

two edges (green line), bu t its velocity minimum is about 1.4 m s-1 lower than the time integration 

line.

The other major change to the initial flow produced by the direct numerical integration is a t high 

latitudes in the Southern Hemisphere; the flow there, initially westerly, changed to weak easterlies 

of the order of 2ms-1 a t about 78°S. The maximum entropy prediction gives a similar change of the 

flow in the Southern Hemisphere, but its prediction is consistently more easterly by 1 to  2 m s- 1 . 

The maximum entropy prediction and MinEF-Ad with one edge showed little skill predicting the 

equilibrium state  of the zonal wind for the northern hemisphere. The MinEF-Ad with two edges 

gives a solution that is no different that the initial condition, while the M inEF-£ with one edge 

(not shown) gives a  solution with irrealistic oscillations in the zonal wind that clearly violates the 

conservation of angular momentum.

A comparison among the absolute vorticity profiles is presented in Fig. 6.8, where it can be 

seen that the predictions and the time integration lines remove the sign reversal of the absolute 

vorticity gradient, therefore stabilizing the flow. The best prediction in the equatorial regions of 

the Northern Hemisphere is that of MinEF-£ with two edges. There is a  good agreement between 

maximum entropy and the time integration in the Southern Hemisphere, while in the N orthern 

Hemisphere MinEF-Ad w ith one edge and maximum entropy have some differences with the direct 

numerical integration line.

6.2 .2  E xperim ents 6, 7 and 8

Three other experiments were performed by changing the m agnitude of the vorticity strip  (.4), its 

position (4>0) and its width (6), which produced variations in the m agnitude and position of the  zonal 

wind maximum and minimum (Table 6.1), all of them  similar to  the kind of variations observed in
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tropical tropospheric regions of the Earth. Nonlinear time integrations of the  nondivcrgent numerical 

model of chapter 2 were performed for these three experiments using a  triangu lar truncation T170 

with timestep of 600s and hyperdifussion coefficient v  =  9 x 10I3m4s _ 1. which corresponds to an 

e-folding time of the highest total wavenumber N  = 170 of r 17o =  6 hours.

The nonlinear behaviour for experiments 6, 7 and 8 was quite sim ilar to experim ent 5, so plots 

are not shown. However, there were some detectable differences such as the initial folding of vorticity 

contours being detected 2 and 3 days earlier in experiments 6 and 7 respectively. In experiment 6, 

which has the sharpest vorticity strip, there were a total of 12 vortices after the  breakdown of the 

shear layer, instead of 11 as in experiment 5. The kinetic energy decay was 1.55%, 1.00% and 1.05% 

for experiments 6, 7 and 8, with respective absolute enstrophy decay of 0.87%, 1.30% and 0.39%.

The comparison between the colored parcel positions a t t =  100 days of sim ulation and the 

respective density functions obtained from the maximum entropy prediction, have a  similar spatial 

structure that the one shown in Fig. 6.5b, except th a t the red solid line is narrower and with higher 

peak in experim ents 6, 7 and 8, which is the reflection of some clusters of red parcels in the numerical 

simulation. T hat behaviour was also observed in a run of experiment 5 a t resolution T170 (the results 

presented in section 6.2.1 were a t resolution T213).

Comparisons for the zonal average of the nonlinear time integration a t t =  100 days and the 

predictions of maximum entropy theory, M inEF-£ with two edges and M i n E F - .M  with one edge 

for experiments 6, 7 and 8 are shown in Figs. 6.9 to 6.14. In general, M inEF-£ with two edges 

predicts that the easterlies move northward by about 10° of latitude, behaviour th a t is consistent 

with the nonlinear tim e integration, especially in experiment 8; but since M inEF-£ with two edges 

predicts ju st local changes, it fails to reproduce the changes that happen in the flow in regions close 

to the poles. The zonal wind predictions given by maximum entropy showed some ability detecting 

the changes th a t occurred in the flow in the southern hemisphere; however, it did less well in the 

Northern Hemisphere. The zonal wind given by MinEF-Al with one edge was the poorest prediction 

of the three plotted.

For the absolute vorticity profiles, the predictions of maximum entropy, M inEF-£ with two edges
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and MinEF-.Vl with one edge remove the reversal of the absolute vorticity gradient, being consistent 

with the direct numerical integration profile. However, none of the predictions have close agreement 

with the direct numerical integration.

6.3 Discussion

In this chapter we have studied nonlinear simulations of tropical shear layers and compared them  with 

the predictions of maximum entropy and minimum enstrophy theories. The numerical simulations, 

such the one presented in Fig. 6.4, have a  behaviour th a t is consistent with observations of the 

intertropical convergence zone (see, e.g., Agee 1972, and Nieto Ferreira and Schubert 1997). In 

general, the theoretical predictions were deficient for the experiments discussed; however they showed 

some ability a t detecting localized changes in the flow, as in the case of MinEF-£ with two edges, 

which was able to capture the northward displacement of the  easterly wind maximum, and the 

maximum entropy prediction, which captured changes in the flow for the southern hemisphere. The 

main factors that we th ink contributed to poor theoretical predictions for the experiments 5 to 8 

are discussed below.

The scale of the vorticity strip: The initial global wind distribution is a result of the vorticity 

strip placed at low latitudes which has a width a t its base of 6 or 8 degrees of latitude. The maximum 

entropy code showed a  substantial sensitivity to conditions of this type, being unable to reproduce 

such a flow with a  discretized vorticity field of 30 levels; besides a  strong sensitivity of the flow 

invariants (total kinetic energy and angular momentum) w ith respect to small variations in the 

parameters controling the  amplitude, width and location of the vorticity strip.

The effect of diffusion and resolution in the nonlinear tim e integration: For three out of the four 

numerical simulations of this chapter we have seen that the absolute enstrophy decay is larger than 

the kinetic energy decay; therefore these experiments are not consistent with the selective decay 

hypothesis th a t gave origin to the minimum enstrophy theory. Some improvement of the predictions 

with respect to the numerical simulations was observed in experim ent 5 when comparing a  run at
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resolution T213 (where the kinetic energy decayed 0.43%) with a  run a t T170 (with a kinetic energy 

decay of 1.2%).

Deviations from axisymmetry: The theoretical predictions presented consider a  flow th a t is 

zonally symmetric and we are comparing them  with the direct numerical integration after 100 days 

of evolution, which has some energy and angular momentum in its meridional wind component.
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Table 6.1: Sum mary of param eter values for the experim ents 5 to 8: .4, 0 o and 
6; together with the resultant maximum zonal wind (umox), latitude of maximum 
zonal wind (4>max), minimum zonal wind (umin) and latitude of minimum zonal 
wind

Exp. A 4>o b ^mai 4*max Umin 4*min
number ( x l 0 -5 s -1 ) n (°) (ms-1 ) (°N) (m s-1 ) (°N)

5 2.50 7.5 8.0 11.8 3.9 -9.0 10.9
6 3.65 10.0 6.0 13.6 7.4 -9.5 13.0
7 3.65 10.0 8.0 17.8 6.7 -12.5 13.7
8 2.50 10.0 8.0 12.2 6.7 -8.6 13.7

Table 6.2. e-folding time r, and period r r as a  function of zonal wavenumber m for 
unstable modes obtained in the linear stability analysis for experiment number 5.

e-folding time r, (days)

m 1 2 3 4 5 6 7 8 9 10

Exp. 5 46.25 23.39 16.14 12.12 10.76 8.77 7.96 3.89 7.79 7.14

Period rr (days)

m 1 2 3 4 5 6 7 8 9 10

Exp. 5 905.5 559.9 399.6 516.4 1030.8 1216.6 142.1 37.2 5.6 4.9
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Figure 6.1: Mean zonal wind over west Africa from two observational studies: a) the mean zonal 
wind for August a t 5°E  from Burpee (1972), contour interval 5 m s- 1 ; b) the  mean zonal wind from 
GATE between 23 A ugust and 19 September 1974 from Reed et al. (1977), contour interval 2.5 ms-1 . 
This is averaged between 10°E and 31°W; the ‘zero’ latitude corresponds to  the average latitude of 
a  disturbance path  which was 11°N over land and 12°N over the  ocean. Taken from Thom croft and 
Hoskins (1994a).
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Figure 6.2: Initial absolute vorticity profiles for the direct numerical integration and for the maximum 
entropy theory (step-wise plot). Experiment 5.
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Figure 6.3: Linear stability analysis results for the normalized frequencies: Normalized er, (squares) 
and o> (stars) as a  function of zonal wavenumber m. Experim ent 5.
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a) T im e=0 days
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Figure 6.4: Northern Hemisphere polar stereographic plots of the absolute vorticity field (in s-1 ) 
and tracer positions for selected snapshots of experim ent num ber 5.
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Figure 6.4: Continuation.
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Figure 6.5: a) Tracer positions as a  function of latitude for tim e =  100 days of direct numerical 
integration. Positions counted a t  5 degrees latitude intervals, b) Same as a) but tak ing  into account 
zonal coverage relative to  initial position, displayed together with their respective density  function. 
Experiment 5.
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Figure 6.6: Time dependence of the kinetic energy (dashed line) and absolute enstrophy (continuous 
line) relative to their initial values for experiment 5.
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Figure 6.7: Zonal wind profiles. Initial condition: black solid line. Direct numerical integration a t 
t=100 days (zonal average): black dashed line. M inEF-£ w ith  two edges: green line. Maximum 
entropy prediction: red dashed line. M inE F-X  with one edge: violet line. Experiment 5.
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Figure 6.8: Same than Fig. 6.7 but for absolute vorticity profiles. Experiment 5.
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Figure 6.9: Zonal wand profiles. Initial condition: thin solid line. Direct numerical integration at 
t =  100 days (zonal average): thick solid line. M inEF-£ with two edges: do tted  line. Maximum 
entropy prediction: dashed line. M inEF-Ai with one edge: dash-dotted line. Experim ent 6.
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Figure 6.10: Same than Fig. 6.9 bu t for absolute vorticity profiles. Experim ent 6 .

98

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



15

10

- 5

-10  ■

/ /
/ /- 1 5

-75 0- 5 0 -25 25 50 75
Latitude

Figure 6.11: Zonal wind profiles. Initial condition: thin solid line. Direct numerical integration 
a t t=100 days (zonal average): thick solid line. M inEF-£ with two edges: do tted  line. Maximum 
entropy prediction: dashed line. MinEF-yVf with one edge: dash-dotted line. Experim ent 7.
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Figure 6.12: Same than Fig. 6.11 but for absolute vorticity profiles. Experim ent 7.
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Figure 6.13: Zonal wind profiles. Initial condition: thin solid line. Direct numerical integration 
a t t=  100 days (zonal average): thick solid line. M inEF-£ with tw’o edges: dotted  line. Maximum 
entropy prediction: dashed line. MinEF-A4 with one edge: dash-dotted line. Experim ent 8.
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Figure 6.14: Same than Fig. 6.13 but for absolute vorticity profiles. Experim ent 8.
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Chapter 7

TW O-DIM ENSIONAL TURBULENCE  
ON THE SPHERE

7.1 Introduction

Two-dimensional turbulence is usually understood as the study of high-Reynolds-number solutions 

of the incompressible Navier-Stokes equations which depend only on two coordinates, for spherical 

geometry, longitude (A) and la titu te  (0). For large-scale and planetary-scale atm ospheric motions, 

the large ratio of horizontal to vertical scale in the atm osphere is an argum ent to consider such flows 

as quasi-two-dimensional.

Two-dimensional turbulence has a tendency for a  transfer of energy towards larger scales, while 

enstrophy tends to be transfer towards smaller scales. Merilees and Warn (1975) showed th a t for 

interactions among three wave components of a flow on the sphere, the m ajority  of interactions (in 

a statistical sense) are such th a t more energy flows to larger scales while more enstrophy flows to 

smaller scales.

Boer and Shepherd (1983) analyzed meteorological observations in a m anner consistent with two- 

dimensional theory in order to clarify the degree to which large-scale atm ospheric turbulence resem­

bles th a t of two-dimensional turbulence theory. They obtained spectra of kinetic energy, enstrophy 

and available potential energy for both stationary and transient parts of the flow, finding two differ­

ent flow regimes in wavenumber space. The high-wavenumber regime is dom inated by the transient 

component of the flow, approxim ately exhibits several of the conditions characterizing homogeneous
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and isotropic turbulence (such as the approximate independence of the spherical harmonic expan­

sion of the stream function am plitude on the zonal wavenumber m) and displays some of the

features of the enstrophy-cascade inertial subrange (Kraichnan. 1967). The low-wavenumber regime 

is dominated by the sta tionary  component of the flow, exhibits marked anisotropy and displays large 

changes between January  and July.

Rhines (1975) showed th a t, in the presence of the the beta-effect. the two-dimensional turbulence 

inverse cascade produces a field of Rossby waves, and the turbulen t migration of the dom inant scale 

ceases a t a wavenumber kg =  ( 3 / 2 U ) 1̂ '2 dependent only on the root-mean-square particle speed (U)  

and 3,  the northward gradient of the Coriolis param eter. In Rhines’ (1975) numerical simulations, 

the homogeneous cascade passes through a s ta te  of propagating waves with tendency towards a 

flow of alternating zonal jets which he suggested are almost perfectly steady. This wave-turbulence 

interaction and the blocking of the energy inverse cascade a t kg has been called the “Rhines effect” . 

The effect helps explain why the energy-containing eddies in the ocean and atmosphere fail to  reach 

the size of their respective domains, and are much smaller. For typical ocean flows / r j l =  70 km. 

while for the atm osphere fc j1 =  1000 km.

Williams (1978) used a  numerical model of the spherical barotropic vorticity equation subjected 

to a stochastic representation of baroclinic processes, for conditions representing the p lanetary cir­

culations of Jupiter and E arth . For the Jovian param eters, W illiams’ model solutions support the 

zonal symmetry and Lg = ~kg  1 scale of the bands, producing zonally oriented flows composed of a 

series of alternating easterly and westerly jets, between which lie characteristic ovals. For the E arth  

regime, Williams numerical integrations formed westerly jets in the forced midlatitude zones, while 

Rossby wave propagation from those zones caused broad areas of easterly winds a t low latitudes. 

Williams (1978) hypothesized that cascade blocking by a  stronger surface drag prevents terrestrial 

flows from approaching the same degree of zonality as Jovian flows.

V'allis and M altrud (1993) used scaling relationships and theoretical arguments to show th a t 

the inverse energy cascade of geostrophic turbulence is inhibited by a  mean gradient of potential 

vorticity. Vallis and M altrud predicted a dumbbell shape in spectral space (fcz , k y) into which energy 

transfer is inhibited. This feature is produced both by two-point closure and by direct numerical
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simulations on a be ta  plane, demonstrating that the transition wavenumber between waves and 

turbulence is anisotropic, and tha t the formation of zonal jets can be a  direct consequence of the 

anisotropic turbulent inverse energy cascade.

A series of numerical simulations were performed by Cho and Polvani (1996) in freely evolving 

turbulence on a sphere. Their results show that the turbulent evolution is strongly dependent on 

numerical and physical conditions such as the dissipation, the initial spectrum, the rotation rate, and 

the Rossby deformation radius. In the nondivergent and nonrotating case, and initially turbulent 

flow evolves into a  vorticity quadrupole at long times. This is a  direct consequence of angular 

momentum conservation on the sphere, which forbids the flux of energy in or out of the n = 1 

mode (see Tang and Orszag, 1978), thus forcing a pile-up at the n =  2 modes. In the presence of 

sufficiently strong rotation, the nondivergent long-time behaviour yields a  field dominated by polar 

vortices, while in the case with a finite deformation radius (shallow-water model) the flow evolves 

toward a banded configuration, in which the number of bands increased with the rotation rate.

Nozawa and Yoden (1997) studied forced two-dimensional turbulence on a rotating sphere, finding 

three different flow regimes. In the case without rotation, a  very large flow pattern , characterized 

by total wave num ber n =  2, was obtained due to the inverse energy cascade. W ith an increase 

in the rotation rate, a  zonally banded structure consistent of alternating easterly and westerly jets 

becomes dominant; the width of the jets decreases and the num ber of jets  increases as the rotation 

rate increases. The third flow regime was found when the forcing wavenumber is small and the 

rotation rate is large, and consists of a banded structure confined to high latitudes, yielding a 

circumpolar vortex with a  strong easterlj- jet and a wavy structure  in middle and low latitudes.

Using a global barotropic model, Huang and Robinson (1998) investigated the dynamics of two- 

dimensional turbulence on a  rotating sphere. From the spectral form of the barotropic vorticity 

equation on the sphere, Huang and Robinson derived an expression for the anisotropic Rhines 

scale, which was compared and verified with decaying turbulence simulations. The “Rhines barrier" 

separates the regions where wave propagation dominates, from the regions where turbulent behaviour 

is dominant; due to the  anisotropic nature of the Rossby waves, the Rhines barrier is displaced toward 

small total wavenumber n with decreasing zonal wavenumber m, having the consequence that the
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inverse energy cascade in purely zonal modes is not affected by beta.

Huang and Robinson (1998) used a  forced dissipative model with high wavenumber forcing to 

study the dynamics of persistent zonal jets, which form in relatively strong rotation cases (i.e., 

r.m.s. U «  aft). They concluded tha t the jet scale decreases with decreasing energy under a 

fixed rotation rate, the equilibrated jets generally stay at fixed latitudes, and th a t the zonal bands 

are nearly uniformly distributed in latitude, except tha t bands in high latitudes tend to  be wider 

and weaker, due to the decrease of beta  with latitude. The adjustm ent of the zonal jets to their 

equilibrium configuration can take a  very long time, as they showed in their Fig. 5, where there is an 

early stage with six easterly jets tha t lasts for almost 1000 days before changing into a four-easterly 

jet configuration. Also, they pointed out the possibility th a t for some cases, depending of the energy 

level, the long term  variability of the flow might vacillate between an n-jet configuration and an 

(n+ l)-je t configuration.

This chapter will be dedicated to verification of the predictions given by the maximum entropy 

theory for an initial condition which represents several barotropically unstable jets, on both  rotating 

and nonrotating spheres. The main difference with the previous experiments is th a t we will consid- 

erer full two-dimensional maximum entropy predictions, th a t is, maximum entropy solutions which 

depend in both longitude (A) and latitude (0).

There are two questions tha t we will try  to answer with these experiments: 1) Is maximum 

entropy theory able to  produce a quadrupole as an end-state for the nonrotating case? 2) For the 

case with rotation, are the alternating zonal jets a maximum entropy sta te  for atm ospheric flows?

7.2 Angular M om entum  Conservation

The area-integrated angular momentum of a  two-dimensional flow on a ro tating sphere is a three- 

dimensional vector, which can be defined (Appendix C) with respect to an inertial reference frame 

{x ,y ,z ) ,  with origin a t the center of the sphere, and where, a t  t = 0 , the x-axis coincides with 

(A,<?) =  (0,0) and the t/-axis coincides with (A, tj>) = (§ ,0 ). The sphere rotates around the 2 axis 

with rate ft. In Appendix C we have derived the angular momentum conservation law for this
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system, given by
dM
dt =  0 , (7.1)

where A/  is the area integrated angular momentum of the two-dimensional flow plus the angular 

momentum due to the rotation of the sphere. Therefore, each component of A? remains constant 

over time:

—a[u +  Q acos0] sin 0 cos (A +  fU) 4- ausin (A 4- flt)dXcosOdO = M x(t =  0). (7.2a)

—a[u 4-  fla cos 0] sin 0 sin (A 4-  Clt) — av cos (A 4-  Qt)dX cos <pd<p = M y(t =  0), (7.26)

M- = J  J  a[u +  fla cos 4>\ cos odX cos <pdo =  M : (t =  0). (7.2c)

An alternative representation of the A/-components can be written in term s of the relative 

vorticity £r:

a~Qr cos A cos 4>dX cos <pd4> cos fit -  i u :  a 2Cr sin A cos <pdX cos <pd<t>sin fIt, (7.3a) 

M y = a 2Cr sin A cos 4>dX cos 4>d(j> cos fit -t- r j :  a2Qr cos A cos <frdX cos <pd<t> sin f it, (7.36)

- c r * '

M - ■ sin 4>dX cos <?dtp. (7.3 c)

In order to eliminate the explicit dependence of A/x and  M y on time, we combine them  as 

A/ 2 + A/ 2 to get

ar Cr sin A cos cpdX cos <pd<p + a :  a2(,r cos X cos 4>dX cos odd) =  constan t- . (7.4)

meaning that, from the point of view of our rotating reference frame (A, <p), the to tal angular mo­

mentum component on the 0 =  0 plane has a constant m agnitude, while its direction ro tates with 

frequency fi.

In the case w ithout rotation (fl =  0) we can express the conservation of the angular momentum 

in component form as

A/,-rs*C cos A cos 4>dX cos <j>d<t> £o cos A cos OdX cos 0d0, (7.5a)
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My =  J  J  ar£ sin \  cos (pd\ cos <f>d(p =  j  J  a2Q0 sin A cos <?WA cos <pd<p, (7.5b)

M-  =  /.;r a 2^ sin odA cos oc/<p =  rj: a2Co sin Ot/A cos <t>do. (7.5c)

where Co is the vorticity a t t =  0 .

We should note th a t equations (7.5) represent the real and imaginary parts of the vorticity field 

for the total wavenumber n =  1, and they are constant over time. This is consistent with the Tang 

and Orszag (1978), and Cho and Polvani (1996) argument th a t angular momentum conservation on 

the sphere forbids the flux of energy to or from of the n =  1 mode.

7.3 Maximum Entropy numerical m ethod  
7.3.1 Case 1: fi ^ 0

Since the (A, o) reference frame is rotating with respect to an inertial reference frame, we should 

note that any rotation with respect to A of the maximum entropy solution is a maximum entropy 

flow too.

In order to incorporate the new angular momentum constraints to the numerical method de­

scribed in section 3.3, and using the same notation, we write (7.4) as

•  1 r 2 *  /  L

I  So ^  - / *2^  cosAdAd^ =

( / /  (1 — / r 2 ) *  Co cos AdAdfij  + (^ J J  (1 — fi2)^ Q sin XdXdfi^j (7.6 a)

with

J  j  (1 — p 2)* s in XdXdfi = 0 . (7.65)

Then we have two additional constraints to incorporate in the variational analysis of equations 

(3.12), with two new Lagrange multipliers , e2- The resulting expressions for the density functions 

pi, the partition function Z , and the macroscopic absolute vorticity C, th a t replace (3.14)-(3.16) are

pi( X,p)  =  ^  exp[a7 +  ^[ (Pip+yp  +  et (l -  p 2) i  cos A +  e2( l  -  p2)- sin A)], (7.7)

L

Z  =  ^  exp[ar +  Q((3rp +  j p  +  e i ( l  -  p 2)^ cos A +  e2 ( l  -  p 2)  ̂ sin A)], (7.8)
c= 1
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1 L
C =  5 3  6 exp[a< +  +  7/4 +  e ^ l  -  ft2)* cos A 4- e2( l  -  A*2)* sin A)]. (7.9)

z  r = i

The maximum entropy flow is that resulting from solving the nonlinear system of equations given 

by (3.9), (3.10), (3.11), (3.17), (7.6), (7.9) for at, 8 , 7 , n) given the initial flow.

The iterative method used for this specific case is analogous to the one described by (3.18)-(3.25).

7.3.2 Case 2: Q. =  0

For the nonrotating case we write the conservation laws for the x  and y  angular momentum com­

ponents as

J  J  (1 — n 2)* cosXdXdy. =  J  J  (1 — ji2) ^  cosXdXdfi, (7.10a)

J  J  (1 —/z2) i  Qpe^j sin XdXdfi =  J  J  {I — fi2)^Cq sin XdXdfi. (7.106)

We have again two additional constraints that are incorporated into the variational problem and

iterative numerical method in the same way as described in section 7.3.1.

7.4 Experiments

The initial condition for the experiments of this chapter corresponds to a  series of alternating westerly 

and easterly jets, with a maximum wind of the order of 20 ms- 1 . Figure 7.1 shows the initial wind 

profile which consists of 5 westerly jets with wind maxima a t high latitudes (around 75° N , S ) .  the 

subtropics (around 37° N , S )  and the Equator, and 4 easterly je ts  with wind maxima at middle 

latitudes (around 55° N , S )  and the tropics (around 18° N, S ) .  The initial relative vorticity profile is 

given by a sine function of latitude:

Cr(A,4>) =  3 x 10- 5s~ 1 sin (10d>), (7.11)

plotted in Fig. 7.2.
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7.4.1 Experiment 9

Experiment 9 is performed on a rotating sphere with the ro tation  rate equal to th a t of the  E arth  

(Q = 7.292 x 10- 5s -1 ): the initial absolute vorticity profile is

C(A,<{>) =  3 x lQ -5s_ 1sin(lO0)-f-2nsin<ji, (7.12)

which has several reversals of the latitudinal absolute vorticity gradient, satisfying K uo:s (1949) 

necessary condition for barotropic instability. The same localized perturbation Q(A.  <!>) of chapters 

5 and 6 (equation 5.4) is added to (7.12). Then, during a  tim e integration of this flow, we expect the 

emergence of an  instability with rearrangement of the vorticity field towards a  stable configuration.

Numerical integration of this initial condition is done using the nonlinear barotropic nondivergent 

model described in chapter 2, with a  triangular truncation of N  =  170, v  — 9 x 1013m4s _ l , and 

tim estep of 600s. The value of the hyperdifussion coefficient v  corresponds to an e-folding tim e for 

the highest wavenumber N  =  170 of Tno = 6 hours.

Figure 7.3 presents Northern Hemisphere polar stereographic plots of the absolute vorticity field 

at different times of the  numerical integration. At t =  0 (Fig. 7.3a) contours of absolute vorticity 

are concentric with respect to the rotation axis of the sphere. Deformation of the absolute vorticity 

contours begins to become apparent a t t =  9 days (not shown); thinning and breakdown of contours 

around 70°N  is observed a t t = 13 days (not shown) with wavy contours at other latitudes.

At t =  20 days (Fig. 7.3b) folding and breaking of vorticity contours is present in the tropics 

(0 — 30°;V) and m idlatitudes (40 — 70°iV) separated by a region of high absolute vorticity gradient 

which has a wavenumber 6 shape and is located at about 40°N. A wavenumber 3 feature is observed 

at high latitudes, and the zero line has a wavenumber 7 struc tu re  close to the Equator.

Quite turbulent behaviour of the flow is observed between t =  20 days and t =  70 days, an 

example of which is shown if Fig. 7.3c. During the anim ation it is possible to detect strong mixing 

in the tropics and a t high latitudes, but these two regions appear to  remain discernibly separated 

by a ring of high absolute vorticity gradient located between 30°N and 40°N\ In sim ulations where 

the relative vorticity field is plotted, extrusions of the ring of high absolute vorticity gradient (like 

the one at the lower-left side of Fig. 7.3b) break the relative vorticity contours, m om entarily joining
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same-sign relative vorticity regions.

During the rest of the simulation (t = 70 — 150 days), axisymmetrization of the flow takes place 

with smoothing and rearrangement of vorticity contours. A small scale vortex appears a t high 

latitudes (60 — 70°N )  around day 40, merging with smaller scale vortices but preserving its identity 

until the end of the  simulation at t =  150 days (Fig. 7.3d). The kinetic energy of the flow has a 

decay of 1.75% during the 150 days of the numerical integration, while the absolute enstrophy decays 

2.43% (see Fig. 7.4).

We solved the 2-D maximum entropy m ethod of section 7.3.1 with a to tal of L = 10 vorticity 

levels, a domain resolution of T42, and with the same energy, circulation and angular momentum 

of the initial condition for the numerical integration. A comparison of the flow a t 1 =  150 days 

and a  maximum entropy prediction in two dimensions is presented in Fig. 7.5, where the relative 

vorticity field is plo tted  for the Northern and Southern Hemispheres. In all plots of Fig. 7.5 we 

can see a series of structures with closed relative vorticity contours; the most significant difference 

is the magnitude of the relative vorticity maximum am plitude, which is 4 x 10_5s_I for the direct 

numerical integration in contrast with 2 x 10-5 s_I for the maximum entropy prediction.

Plotting the relative vorticity field for the direct numerical integration with a contour interval of 

2 x 10-os -1 (Fig. 7.6a,b) allows us to have a  be tter view of the structures th a t are commom with 

the maximum entropy prediction (Fig. 7.6c,d). In both  cases there are alternating zones of positive 

and negative relative vorticity, which enclose large scale zonally-elongated vortices. A wavenumber 

3-4 pattern is present a t low and middle latitudes of Fig. 7.6a,b, contrasting with the wavenumber 2 

pattern  of Fig 7.6c,d. The polar regions have negative relative vorticity for the Northern Hemisphere, 

and positive relative vorticity for the Southern Hemisphere in both cases, meaning th a t the relative 

vorticity present a t the poles in the initial condition (Fig. 7.2) has moved equatorward.

The maximum entropy prediction has regions of negative relative vorticity joined together at 

about 60° Ar and 25°S . The direct numerical integration a t t = 150 days does not reveal those 

features, however, during the first 100 days of tim e integration; momentary (1-2 days) attaching of 

same sign relative vorticity regions was observed several times.

The solution obtained from the maximum entropy prediction was used as an initial condition for
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the numerical model of chapter 2 in order to observe its behaviour in time. The whole pattern has a 

westward solid body rotation with a  period of the order of 3 days. A longer periodic behaviour was 

also observed, the negative relative vorticity regions that are in contact a t 60°N  and 25°S  separate, 

move accross and reattach again, all with a  period of approximately 60 days.

The one-dimensional maximum entropy model of chapter 3 with maximum total wavenumber 

.V =  127 and 60 vorticity levels, was also run for experiment 9.

Results for the longitude-independent maximum entropy method, the zonal average of the two- 

dimensional maximum entropy solution, the zonal average of the direct numerical integration at 

t =  150 days and the initial condition are shown if Fig. 7.7 for the zonal wind, and Fig. 7.8 for the 

absolute vorticity.

In Fig. 7.7 we observe th a t the high-latitude (65 — 90°A*. S ) westerly jets of the initial condition 

dissappear in the time integration and the maximum entropy predictions, while the middle and 

low-latitude alternating jets are preserved. The most significant difference is a t high latitudes (pole­

ward of 50°) where the direct numerical integration line is between of the two maximum entropy 

predictions.

Figure 7.8 shows th a t the absolute vorticity profiles resulting from the maximum entropy models 

and the direct numerical integration remove the reversals in the latitudinal gradient of the absolute 

vorticity, except the ID maximum entropy at high latitudes, where the line of the direct numerical 

integration model is between of the two maximum entropy predictions.

Note th a t the zonally averaged profiles of the 2-D maximum entropy prediction and the time 

integration model have lower energy that the initial condition since the meridional part of the flow is 

not taken into account. In addition cancellations may occur a t  latitudes where easterly and westerly 

winds coexist, while the 1-D maximum entropy profile has all the energy of the initial state in the 

zonal flow.

A second 2-D maximum entropy solution for this experiment was found. It has an absolute 

vorticity profile without appreciable difference from the first 2-D solution, but the relative vorticity 

field shows a different type of wavenumber distribution in the m idlatitude structures and the flow 

is more zonal in the tropical regions (Fig. 7.9). The entropy difference between the two solutions
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is only 0.001%. The profile of the zonal wind for both of the two-dimensional maximum entropy 

solutions is shown in Fig. 7.10: the second solution has a stronger westerly flow a t the equator, but 

weaker westerly jets a t midlatitudes, with a  difference of approxim ately 1m s- 1 .

7.4.2 E xperim ent 10

For this experiment we have used the same relative vorticity condition (equation 7.11) as in exper­

iment 9; the difference is th a t the flow in on a non-rotating sphere (SI = 0), so th a t the relative 

vorticity field and the absolute vorticity field are the same. The disturbance Q(A, <j>) given by (5.4) 

is added to (7.11), so th a t the initial flow is given by

C(A, 6) =  3 x 10- 5s-1 sin (10d>) -I- Qd(X, <p). (7.13)

A 200 day direct numerical integration of the initial flow (7.13) is performed using the nondi- 

vergent barotropic model of chapter 2, with triangular truncation XT70, a  timestep of 600s and a 

hyperdiffusion coefficient v  — 9 x 10l3m4s-1 , which corresponds to a  dam ping tim e of the highest 

total wavenumber N  =  170 of r t70 =  6 hours.

Figure 7.11 presents Northern Hemisphere polar stereographic plots of the vorticity field at 

different times. At t =  0 (Fig. 7.11a) the flow consists of concentric regions of alternating positive 

and negative (dashed) vorticity.

After 6 days of evolution, the vorticity contours show some distortion from zonal symmetry, 

and at t =  10 days (Fig. 7.11b) a wavy' pattern is evident in the vorticity field, which is followed 

by irreversible elongation and breakdown of contours a t t =  13 days. By t = 15 days turbulent 

behaviour is present over the whole domain, making it difficult to  follow particular features of the 

flow; examples of this turbulent behaviour are shown in Fig. 7.11c,d. At t = 35 days (not shown) 

there are a  few vortices th a t have emerged, but the flow still contains a  lot of small scale filamentary 

features.

Figure 7.l i e  shows the sta te  of the flow at t =  40 days where it is possible to observe, especially in 

the positive vorticity regions, vortices with sizes up to 20° latitude in diam eter. These vortices have 

spontaneously emerged from the turbulence through merging of smaller scale features and shedding
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of long, thin filaments. Such behaviour is typical of two-dimensional turbulence experim ents (i.e. 

McWilliams, 1984).

During the simulation it is possible to follow interactions of same-sign vortices which end in 

partial or to tal merger, followed by symmetrization of the “victorious” vortex through the ejection 

of filaments, an example of which is seen in the lower p a rt of Fig. 7.Ilf. A consequence of this 

merging behaviour is the reduction of the total number of vortices observed as tim e increases.

In Fig. T .llg  (t = 80 days) we see th a t a pair of positive-negative vortices has emerged, with a  di­

am eter of approxim ately 35° latitude, surrounded by smaller scale features. At t =  100 days another 

large positive vortex th a t previously was in the Southern Hemisphere appears a t low latitudes.

The simulation runs for a  to tal of 200 days. During the invertval between 100 and  200 days it 

is possible to follow a to ta l of four large vortices, two with positive vorticity, and two w ith negative 

vorticity. These vortices continue to absorb small scale features, bu t without any m ajor interaction 

among them other than  m utual translation, showing a  tendency for an equilibrium sta te  where the 

large vortices slowly move across homogeneous same-sign vorticity regions. The “quadrupole” that 

we have at the end of the 200 day direct numerical integration is consistent with the experim ent that 

Clio and Polvani (1996) performed with their barotropic nondivergent vorticity model. During the 

200 days of numerical sim ulation, the kinetic energy decayed 1.82%, while the enstrophy decayed 

91.8% (see Fig. 7.12).

As mentioned in section 7.1, the inverse energy cascade is blocked at total wavenumber n = 2. 

forbidding the flux of energy towards the n =  1 mode. Knowing this, we have solved the maximum 

entropy problem in two dimensions with initial guesses th a t consist of pure total wavenumber 2 

modes; the num ber of vorticity levels we used is L = 10, w ith a  domain resolution of T 42, and with 

the same energy, circulation and angular momentum vector of the initial condition. Figure 7.13 

presents the three maximum entropy states obtained w ith their entropy value indicated.

Note th a t the flow given by the initial condition (7.13) has values of each of the angular momen­

tum  components th a t are close to zero (the alternating zonal jets cancel out most of the  angular 

momentum in the H direction, while the two other components are due just to the small initial per­

turbation Q(A, <p)), and since our initial guesses were pure toted wavenumber 2 modes, the maximum
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entropy states of Fig. 7.13 remain almost pure total wavenumber 2 modes.

The case n = 2. m  =  0 has higher entropy than the o ther two, but with a relative difference

that is of the order of 0.03%. This is an indication that each of the three end-states has a high 

probability to be an equilibrium sta te  for a  flow with the same macroscopic invariants and which 

has a turbulent evolution. We do not know a priori which of these three states is the one favored 

by the nonlinear flow evolution, but because they are almost orthogonal functions for the reasons 

described above, we could expect th a t the end-state of a  turbulent evolution is a linear combination 

of those three maximum entropy flows. To test this idea we have taken the average of the three 

maximum entropy states shown in Fig. 7.13 and used it as a  guess for the maximum entropy code 

with the same param eters described above.

Figure 7.14 presents the comparison of the state of the nonlinear flow evolution a t t =  200 days, 

and the maximum entropy prediction obtained in the way ju st explained. The figures are polar 

stereographic plots of the Northern and Southern Hemispheres, note that the contour interval for 

Fig. 7.14a,b is 1 x 10_5s~ ! , while for Fig 7.14c,d is 4 x 10~6s_1.

The maximum entropy prediction has strong similarities with the direct numerical integration at

t =  200 days. Maximum entropy theory predicts the correct num ber of vortices and approximately 

gives the correct orientation for the zero contour. But there are also some differences. The vortices 

of the tim e integration are smaller and have a higher (lower) vorticity maximum (minimum). At 

the end of the numerical integration the vortices are moving a t  a  rate of 1.4 degrees of latitude per 

day, keeping the same orientation of the zero contour, but slowing their speed with time. When 

the solution given by maximum entropy theory was taken as the initial condition for the barotropic 

model, a  slow movement of the vortices of the order of 0.1 degrees of latitude per day was detected.

7.5 Discussion

The results of this chapter indicate th a t the dynamics of a  flow' and its equilibrium sta te  is strikingly 

different if the evolution occurs in a rotating or non-rotating sphere, even with the same initial values 

of the macroscopic invariants.
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In section 7.1 we have argued th a t the turbulent migration of the dom inant scale ceases at 

wavenumber k j  = (13/2U)1̂ 2. dependent only on the root-mean-square eddy velocity am plitude (U) 

and 3. the northward gradient of the Coriolis param eter. An alternative view to this effect is given 

by the beta-Rossby number (see Moller and Montgomery, 1999)

Rs =  Jv-'

where L is the eddy scale. R j  represents the ratio of the nonlinear terms in the vorticity equation 

to the linear Rossby restoring term. W hen the sphere is rotating, the basic vorticity gradient tends 

to suppress the nonlinear advective term s (in regions not close to the poles), while a t the limit of no 

rotation R j  —> oo, and the dynamics is dom inated by nonlinear processes.

We have seen that maximum entropy theory" can give us more than one solution for a  particular 

initial condition, raising the question of which solution the actual flow evolution will prefer. Another 

point of interest is that, if we have an  equilibrium sta te  th a t is changing with tim e (for example, 

having a translation or even having some change in structure which returns to a specific configuration 

after some tim e), then we could expect an infinite number of maximum entropy solutions depending 

on the initial guess we use.

Looking at the kind of macroscopic s ta te  th a t the maximum entropy theory gives us, we note 

that they do have a large degree of organization, while an equilibrium state  obtained from a direct 

numerical integration is more or less disorganized.

Marcus (1990) studied the dynamics of vortices in a shearing zonal flow, performing a series 

of five experiments to find out if the final equilibrium state  was a function only of the values of 

the conserved quantities, and whether the flow losses the memory of all of the o ther properties 

of its initial condition. His findings showed that each of the five flows evolved to form one large 

vortex, but the vortex's final radial location was not the same for all five flows and in each case was 

approximately equal to its initial value. Thus, these flows retained memory of their initial condition. 

However, Marcus (1990) found that for other flows where the evolution is less lam inar and there 

is more mixing, the final flow depends only on the values of the conserved quantities and looses 

memory of the initial condition.
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Some understanding for solving this kind of problem is illustrated in the non-rotating case ex­

plained above. We may need to  look to  the maximum entropy solutions th a t are orthogonal among 

them , and compare their actual values of entropy. Then the end state of flow evolution can be 

represented by a weighted average of those orthogonal maximum entropy solutions, with weights 

that are proportional to their entropy values, considering also which of the orthogonal maximum 

entropy solution is closer to the initial condition.

In the literature it is common to read th a t orographic effects are the m ain reason th a t mean 

atm ospheric flows deviate from zonal symmetry. For the experiment on the ro tating  sphere explained 

in this chapter, we have seen th a t the nonlinear time integration and the two-dimensional maximum 

entropy prediction prefer equilibrium states th a t are not zonally symmetric, consisting of elongated 

vortices of different sizes, ranging from 1,000 to  3,000 km in meridional extent, and from 2.000 

to 10,000 km in zonal extent. These solutions are obtained in a barotropic nondivergent model 

w ithout any orographic forcing present, pointing out the need to quantify how much of the large- 

scale atmospheric mean flow is influenced by orographic effects and how much of it is due to the 

natural tendency of the flow towards a  nonsymmetric equilibrium state.

Future tests of the two-dimensional maximum entropy theory are needed for more cases and 

under a  wide variety of initial conditions in order to have a better view of the  usefulness of the 

theory for real meteorological problems.
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Figure 7.1: Initial zonal wind profile. Experiments 9 and 10.
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Figure 7.2: Initial relative vorticity profile. Experiments 9 and 10.
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a) TLme=0 days
MODEL VORTlCrrY EXP 9  T -  170. T -  0. DT- 800

b) Time=20 days
MODEL VORTICITY EXP 9 T -  |7 0 . T -  20 0. D T - eOO

CONTOUR PROM -  OOOt7  TO 0 0 0 1 7  BY OOOOt

c) Tim e=30 days
MODEL VORTICITY EXP S T -  170. T -  30  0. DT- 600

d) Time=150 days
MODEL VORtlCTTY EXP. 0  T -  170. T -1 5 0  0. DT- 600

CONTOUR PROM -  0 0 0 1 7  TO 0 0 0 1 7  BY 000 0 1 CONTOUR FROM -  0 0 0 1 7  TO 0 0 0 1 7  BY JOOOt

Figure 7.3: Northern Hemisphere polar stereographic plots of the absolute vorticity field (in s l ) 
for selected snapshots of experiment number 9. Negative absolute vorticity regions are dashed.
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Figure 7.4: Time dependence of the kinetic energy (dashed line) and absolute enstrophy (continuous 
line) relative to their initial values for experiment 9.

118

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



a) t= 150  days, NH b) t=150 days, SH
MODEL VORTTCITY EXP 9  T - 1 7 0 .  T -1 5 0  0. DT- 600 MODEL VORTTCITY EXP. 9 T - t 7 0 .  T -1 5 0  0 . D T - 600

CONTOUR FROM -  0 0 0 0 4  TO 0 0 0 0 4  BY OOOOt CONTOUR FROM -  0 0 0 0 4  TO 0 0 0 0 4  BY OOCOt

c) Max. Entropy, NH d) Max. Entropy, SH
MODEL VORTICITY EXP 9 T 42 . MAX. ENT. PRED MODEL VORTICITY EXP 9 T 42 . MAX. ENT PRED

,4  > ;'

CONTOUR PROW -  0 0 0 0 2  TO 0 0 0 0 2  BY OOOOt CONTOUR FROM -  OOOC2 TO 0 0 0 0 2  BY

Figure 7.5: Relative vorticity field comparison between the direct numerical integration a t t = 150 
days for the Northern and Southern Hemispheres (a and b respectively) and the maximum entropy 
prediction for c) Northern Hemisphere and d) Southern Hemisphere. Negative relative vorticity 
regions are dashed, the units are s -1 . Experiment 9.
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a) t= l5 0  days. NH b) t= l5 0  days. SH
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c) Max. Entropy. NH d) Max. Entropy, SH

CONTOUR rHOM -.0 0 0 0 2  TO .00008  BY .000011 I CONTOUR FROM -.0 0 0 0 8  TO .00002 BY OOOOll

Figure 7.6: Same th a t Fig. 7.5 except th a t the contour interval for a) and b) is 2 x  10-5 s-1 instead 
than 1 x 10-5s- 1 . Blue regions are negative; green and yellow regions are positive; the zero line is 
indicated. Experiment 9.
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Figure 7.7: Zonal wind profiles. Initial condition: thin solid line. Zoned average of the direct 
numerical integration a t t=150 days: thick solid line. Zonal average of the maximum entropy 
prediction in two dimensions: dotted line. Maximum entropy prediction in one dimension: dashed 
line. Experiment 9.
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Figure 7.8: Same than Fig. 7.7 but for absolute vorticity profiles. Experim ent 9.
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a) Max. Entropy. NH
MODEL VORTICITY EXP 9  T -  42. MAX. ENT PRED

b) Max. Entropy, SH
MODEL VORTICITY EXP 9  T -  42. MAX. ENT PRED

COWTQCR FROM - 1 0  * TO 0 0 0 0 1  BT 0 0 0 0 1 COKTOLR FROM - 1 0  * TO OOOOX BY 0 0 0 0 !

Figure 7.9: Relative vorticity field (in s 1) for the second maximum entropy solution, a) Northern 
Hemisphere and b) Southern Hemisphere. Negative relative vorticity regions are dashed. Experim ent 
9.
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Figure 7.10: Zonal wind profiles. First maximum entropy solution (Fig. 7.5c,d): do tted  line. Second 
maximum entropy solution (Fig. 7.9): solid line. Experim ent 9.
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a) T im e=0 days
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b) Tim e=10 days
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c) Tim e=20 days
MODEL VORTICTTY EXP. 10 T -  170. 1

d) T im e=30 days
MODEL VOffnCITY EXP 10 T -  170. T -  30 0. DT- 600

CONTOUR rR O M  -  0 0 0 0 3  TO 0 0 0 0 3  BT 00 0 0 1

Figure 7.11: Northern Hemisphere polar stereographic plots of the vorticity field (in s l ) for selected 
snapshots of experiment number 10. Negative vorticity regions tire dashed.
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e) t= 40  days
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f) t= 60  days
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g) t= 80  days
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h) t=100 days
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Figure 7.11: Continuation.
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Figure 7.12: Time dependence of the kinetic energy (dashed line) and 
relative to their initial values for experiment 10.
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a) n=2, m=2. S =  27.2152

1C0NT0UR FROM - .0 0 0 0 0 8  TO .0 0 0 0 0 8  BY .0000041

b )  n = 2 ,  m = l .  S = 2 7 .2 1 6 1

ICONTOUR FROM - .0 0 0 0 0 8  TO .0 0 0 0 0 8  BY .0000041

c ) n = 2 ,  m = 0 .  S = 2 7 .2 2 3 4

ooooi

ICONTOUR FROM - .0 0 0 0 0 4  TO .0 0 0 0 0 8  BY .0000041

F ig u r e  7 .1 3 : M a x im u n  e n t r o p y  p r e d ic t io n s  o b ta i n e d  fo r  t h e  v o r t i c i t y  f ie ld  ( in  s _ 1 ) f r o m  i n i t i a l  g u e s s e s  
w i th  t o t a l  w a v e n u m b e r  n  =  2 . T h e  d o m a in  s h o w n  is t h e  w h o le  s p h e r e  in  M o llw e id e  p r o j e c t i o n .  T h e  
z e ro  l in e  is in d i c a te d ;  t h e  c l e a r e s t  re g io n  is p o s i t iv e  a n d  t h e  d a r k e s t  is  n e g a t iv e .  T h e  e n t r o p y  v a lu e  
(S )  a s s o c ia te d  w i th  e a c h  flo w  is  in d ic a te d .
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a) t=200 days, NH b) t=200 days, SH

ICONTOUR fBOM -.0 0 0 0 2  TO .00003 BY OQOOll ICONTOUR FROM -.0 0 0 0 8  TO .00003  BT .0 0 0 0 ll

c )  M a x . E n t r o p y ,  N H  d )  M a x .  E n tro p y ,  SH

ICONTOUR raOM  -.0 0 0 0 0 0  TO .000008 BY ■0000041 ICONTOUR rf to n  -0 0 0 0 0 6  t o  .600006 flV  .000004]

F ig u r e  7 .14 : V o r t i c i ty  f ie ld  c o m p a r is o n  b e tw e e n  t h e  d i r e c t  n u m e r ic a l  in t e g r a t io n  a t  t  =  2 0 0  d a y s  fo r  
t h e  N o r th e r n  a n d  S o u t h e r n  H e m is p h e re s  ( a  a n d  b r e s p e c t iv e ly ) ,  a n d  t h e  m a x im u m  e n t r o p y  p r e d i c t i o n  
fo r  c  N o r th e r n  H e m is p h e r e  a n d  d  S o u th e r n  H e m is p h e re .  N o te  t h a t  t h e  c o n to u r  in te r v a l  f o r  a  a n d  b 
is  1 x  10_ o s _ I , a n d  fo r  c  a n d  d  is  4  x  10- 6 s - 1 . B lu e  a n d  g r e e n  r e g io n s  a r e  n e g a t iv e ;  r e d  a n d  y e llo w  
r e g io n s  a r e  p o s i t iv e ;  t h e  z e r o  l in e  is  in d ic a te d .  T h e  e n t r o p y  v a lu e  (S )  a s s o c ia te d  w i th  t h e  m a x im u m  
e n t r o p y  p r e d ic t io n  is  in d i c a t e d .  E x p e r im e n t  10.
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Chapter 8 

SUM M ARY A N D  CONCLUSIONS

N u m e r ic a l  s im u la t io n s  o f  b a r o t r o p ic  f lo w s (e .g . ,  M c W ill ia m s  1 9 8 4 . Y o d e n  a n d  Y a m a d a  1993. 

P o lv a n i  e t  a l .  1 9 9 4 , C h o  a n d  P o lv a n i  1 9 9 6 ) , a s  w e ll a s  l a b o r a to r y  e x p e r i m e n t s  ( e .g . .  V a n  d e  K o n ij-  

n e n b e r g  e t  a l .  19 9 8 ) h a v e  r e p o r t e d  t h e  e m e r g e n c e  o f  is o la te d  c o h e r e n t  v o r t ic e s  f ro m  in i t i a l  t u r b u le n t  

c o n d i t io n s .  L a rg e  s c a le  c o h e r e n t  v o r t ic e s  a r e  a ls o  p r e s e n t  in  t h e  a t m o s p h e r i c  c i r c u la t io n ,  f o r  e x a m p le  

t h e  s t r a to s p h e r ic  p o la r  v o r t e x ,  m i d l a t i t u d e  a n t ic y c lo n e s ,  b lo c k in g  a c t i o n  in  t h e  w e s te r l ie s  a n d ,  a t  a  

s m a l l e r  sc a le , t r o p ic a l  c y c lo n e s .

T h e  m a x im u m  e n t r o p y  a n d  m in im u m  e n s t r o p h y  th e o r ie s  a r e  tw o  d i f f e r e n t  a p p r o a c h e s  t h a t  p r e d ic t  

t h e  f in a l e q u i l ib r iu m  s t a t e  r e a c h e d  b y  a  flow  w h ic h  e v o lv e s  f ro m  a n  in i t i a l  c o n f ig u r a t io n ,  w i th o u t  

fo l lo w in g  th e  in t e r m e d ia t e  s t a t e s  o f  t h e  f lu id .

T h e  M il l e r - R o b e r t  v e r s io n  (M il le r  1 9 9 0 , R o b e r t  1991 ) o f  t h e  m a x im u m  e n t r o p y  t h e o r y  u se s  

t h e  id e a s  o f  s t a t i s t i c a l  m e c h a n ic s  a n d  a p p l ie s  th e m  to  a  d is c r e te  v e r s io n  o f  a  c o n t in u o u s  v o r t ic i ty  

f ie ld . In  th i s  w o rk  w e h a v e  e x te n d e d  th e  m a x im u m  e n t r o p y  t h e o r y  to  flo w s t h a t  e v o lv e  o n  th e  

s u r f a c e  o f  a  s p h e r e ,  e x p r e s s in g  th e  c o a r s e  g r a in e d  o r  “m a c ro s c o p ic "  v o r t i c i t y  f ie ld  a s  t h e  s u m  o f  th e  

i n i t i a l l y  d e f in e d  v o r t i c i ty  le v e ls  Q,  t im e s  t h e  p r o b a b i l i ty  p i { \ ,  p)  o f  f in d in g  t h a t  v o r t i c i t y  le v e l a t  a  

s p e c if ic  p o in t  {X,p)  o n  t h e  s p h e r e .  T h e  p r o b le m  is to  f in d  th e  e x p e c t a t i o n  f u n c t io n s  pi {X,p)  w h ic h  

m a x im iz e  th e  B o l t z m a n n  m ix in g  e n tr o p y ,  s u b j e c t  to  th e  c o n s e r v a t io n  la w s  o f  t o t a l  k in e t i c  e n e rg y , 

a n g u la r  m o m e n tu m  a n d  c i r c u la t io n .  I n  m a th e m a t i c a l  fo rm , t h e  s o lu t io n  o f  t h e  m a x im u m  e n t r o p y  

flow  in v o lv e s  a  n o n l in e a r  s y s te m  o f  e q u a t i o n s ,  w h ic h  is so lv e d  u s in g  a n  i t e r a t i v e  m e t h o d  p r o p o s e d

128

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



by Turkington and W hitaker (1996), adapting it to spherical geometry.

F o llo w in g  t h e  s e le c t iv e  d e c a y  h y p o th e s i s  ( M a t th a e u s  a n d  M o n tg o m e r y ,  1 9 8 0 , C a r n e v a l e  e t  a l.  1 9 9 1 . 

1 9 9 2 , M a t t h a e u s  e t  a l .  199 1 ) in  w h ic h  t h e  e q u i l ib r iu m  s t a t e  o f  t h e  flow  is  t h a t  w i th  t h e  m in im a l  r a t i o  

o f  e n s t r o p h y  t o  e n e rg y ,  w e  h a v e  d e v e lo p e d  a  t o t a l  o f  fo u r  d i f f e r e n t  m i n im u m  e n s t r o p h y  p r e d ic t io n s  

w i th  e i t h e r  c o n s t a n t  z o n a l  a n g u la r  m o m e n tu m  ( M in E F - A f )  o r  c o n s t a n t  k in e t ic  e n e r g y  ( M in E F - £ )  

w h e re  m ix in g  is c o n f in e d  to  a  p o la r  c a p  (o n e  e d g e ) ,  o r  t o  a  l a t i t u d e  b e l t  w h ic h  e x c lu d e s  t h e  p o le s  

( tw o  e d g e s ) .  T h e  t e c h n iq u e  a p p l i e d  w a s  t h e  c a lc u lu s  o f  v a r i a t i o n s  w i t h  o n e  c o n s t r a i n t  (e n e rg y  o r  

a n g u l a r  m o m e n tu m ) ,  m a x im iz in g  t h e  e n s t r o p h y  d e f ic it .

F o r  t h e  M in E F - A d , t h e  m a t h e m a t i c a l  p r o b le m  le a d s  to  e q u a t i o n s  fo r  t h e  z o n a l  w in d  a n d  a b s o lu te  

v o r t i c i ty  a s  a  f u n c t io n  o f  la t i t u d e ,  t h e  s o u t h e r n  e d g e  o f  m ix in g  (/xa ), a n d ,  f o r  t h e  c a s e  w i th  tw o  e d g e s , 

t h e  n o r t h e r n  e d g e  o f  m ix in g  ( / in ); t h e  s o l u t i o n  is  o b ta in e d  b y  e n f o r c in g  t h e  c o n d i t i o n  t h a t  t h e  z o n a l  

a n g u l a r  m o m e n tu m  o f  t h e  flow  is  c o n s e r v e d .  T h e  M in E F - T  p r o b le m  in v o lv e s  f in d in g  t h e  m ix in g  

e d g e  fis a n d  t h e  L a g r a n g e  m u l t ip l ie r  a  ( a n d  t h e  n o r t h e r n  m ix in g  e d g e  y.n f o r  t h e  tw o  e d g e  p ro b le m ) :  

th e s e  u n k n o w n s  a r e  o b ta in e d  f r o m  c o n s i s t e n c y  b e tw e e n  t h e  d e r iv e d  a n g u l a r  v e lo c i ty  a n d  a b s o lu te  

v o r t i c i t y  p ro f i le s  a n d  t h e  c o n d i t io n  o f  c o n s t a n t  k in e t ic  e n e rg y .

A  b a r o t r o p ic  n o n - d iv e r g e n t  n u m e r ic a l  m o d e l  o n  th e  s p h e r e  is u s e d  to  s t u d y  t h e  e v o lu t io n  o f  

t e n  d i f f e r e n t  b a r o t r o p ic a l ly  u n s t a b le  i n i t i a l  c o n d i t io n s ,  f o u r  o f  th e m  c o r r e s p o n d in g  t o  a  n o r th e r n  

h e m is p h e r e  s t r a t o s p h e r i c  p o la r  v o r t e x ,  f o u r  t o  t r o p ic a l  s h e a r  la y e r s ,  o n e  t o  a n  a l t e r n a t i n g  z o n a l  j e t  

c o n f ig u r a t io n  o n  a  r o t a t i n g  s p h e r e  a n d  o n e  t o  t h e  s a m e  z o n a l  j e t  c o n f i g u r a t io n  o n  a  n o n - r o t a t i n g  

s p h e r e .

D ir e c t  n u m e r ic a l  i n t e g r a t io n  o f  s t r a t o s p h e r i c  p o l a r  v o r te x  e x p e r i m e n t s  s h o w e d  in s ta b i l i ty ,  fo ld in g  

a n d  b r e a k i n g  o f  a b s o l u te  v o r t ic i ty  c o n to u r s ,  m ix in g  o f  v o r t ic i ty  in  t h e  i n i t i a l l y  b a r o t r o p ic a l ly  u n s t a b le  

r e g io n s ,  a n d  a  te n d e n c y  t o  a  m o n o to n ic  a b s o l u t e  v o r t ic i ty  p ro f i le ,  b e h a v io u r  t h a t  is  c o n s i s t e n t  w i th  

p r e v io u s  e x p e r im e n t s  r e p o r te d  b y  I s h io k a  a n d  Y o d e n  (1 9 9 4 ) . T h e  p r e d i c t i o n s  o f  m a x im u m  e n t r o p y  

th e o r y  c o m p a r e d  w e ll w i th  th e  z o n a l  a v e r a g e  o f  t h e  a b s o lu te  v o r t i c i t y  a n d  t h e  z o n a l  w in d  o f  th e  d i r e c t  

n u m e r ic a l  in t e g r a t i o n  a f t e r  100 d a y s  o f  e v o lu t io n ,  sh o w in g  a ls o  g o o d  p r e d i c t i v e  s k i l l  o f  t h e  s t a t i s t i c a l  

d i s t r i b u t i o n  o f  a i r  p a r c e l s  t r a c e d  d u r i n g  t h e  n u m e r ic a l  s im u la t io n .  M i n E F - £  a n d  M i n E F - A I  sh o w e d
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g o o d  p r e d ic t iv e  s k i l l  in  t h e  p o l a r  v o r te x  e x p e r im e n t s  w h e re  m ix in g  w a s  c o n f in e d  t o  a  p o l a r  c a p ,  b u t  

w a s  d e f ic ie n t in  c a s e s  w h e r e  m ix in g  w a s  g lo b a l  o r  w as  c o n f in e d  t o  a  l a t i t u d e  b e l t ;  fo r  t h e  l a t e r  c a se , 

t h e  tw o -e d g e  p r o b le m  s h o w e d  c o n s id e r a b le  im p ro v e m e n t o v e r  t h e  o n e - e d g e  s o lu t io n .

In  o r d e r  t o  s t u d y  t h e  d y n a m ic a l  b e h a v io u r  a n d  e q u i l ib r iu m  s t a t e  fo r  flow s t h a t  r e s e m b le  c o n ­

d i t io n s  a s s o c ia te d  w i th  t h e  in t e r t r o p i c a l  c o n v e rg e n c e  z o n e  ( I T C Z ) ,  w e  u s e d  a  z o n a l ly - s y m m e tr ic  

v o r t ic i ty  f ie ld  t h a t  p r o d u c e s  a  s h e a r  z o n e  w i th  w e s te r l ie s  o n  t h e  s o u t h  s id e  o f  a  lo c a l  v o r t i c i ty  m a x ­

im u m  a n d  e a s t e r l i e s  o n  t h e  n o r t h  s id e . B a r o t r o p ic  n o n - d iv e r g e n t  s im u l a t i o n s  s h o w e d  d e f o r m a t io n ,  

e lo n g a t io n  a n d  b r e a k i n g  o f  a b s o l u t e  v o r t i c i ty  c o n to u r s ,  c r e a t i n g  a  s e r ie s  o f  v o r t ic e s  w i th  re la t iv e ly  

h ig h  a b s o lu te  v o r t i c i t y  in  t h e i r  c o re s ; t h e  w h o le  p a t t e r n  o f  v o r t i c e s  m o v e d  to w a r d s  t h e  w e s t a n d  

s l ig h t ly  to w a r d s  t h e  n o r t h ,  w h ile  th e  i n s ta b i l i ty  o f  th e  o r ig in a l  z o n a l  f lo w  m o v e d  to w a r d s  t h e  e a s t :  

t h i s  b e h a v io u r  is  c o n s i s t e n t  w i th  o b s e r v a t io n s  o f  th e  I T C Z  (A g e e  1 9 7 2 , N ie to  F e r r e i r a  a n d  S c h u b e r t  

1 9 9 7 ) . T h e  M i n E F - £  w i th  tw o  e d g e s  c a p tu r e d  a  n o r th w a r d  d i s p la c e m e n t  o f  t h e  e a s t e r l y  w in d  m a x ­

im u m . a s  w ell a s  t h e  f l a t t e n i n g  o f  th e  a b s o l u te  v o r t ic i ty  p ro f ile  in  t r o p i c a l  r e g io n s ,  b e h a v io u r  w h ich  

is c o n s i s te n t  w i th  t h e  d i r e c t  n u m e r ic a l  in t e g r a t io n .  M a x im u m  e n t r o p y  th e o r y  q u a l i t a t i v e l y  c a p tu r e d  

c h a n g e s  o f  th e  f lo w  in  t h e  s o u t h e r n  h e m is p h e r e ,  b u t  s h o w e d  s t r o n g  s e n s i t i v i t y  t o  s m a l l  v a r ia t io n s  

o f  t h e  s c a le  a n d  s t r e n g t h  o f  t h e  in i t i a l  c o n d i t io n .  T h e  p r e d i c t i o n s  o f  M in E F - .M  w ith  o n e  a n d  tw o  

e d g e s , a n d  M i n E F - £  w i th  o n e  e d g e ,  s h o w e d  l i t t l e  sk i ll  in  p r e d i c t i n g  t h e  e n d - s t a t e ;  t h e  w e a k  d e c a y  o f  

e n s t r o p h y  o b s e r v e d  in  t h e  t i m e  in t e g r a t io n  m o d e l  fo r  th e s e  c a s e s  is  a  m a j o r  f a c to r  in  t h e  p re d ic t iv e  

s k i l l  o f  th e  th e o r y .

In  c h a p te r  7  w e  s t u d i e d  e x p e r im e n t s  w i th  tw o -d im e n s io n a l  t u r b u l e n c e  o n  t h e  s p h e r e  a n d  e x p a n d e d  

t h e  m a x im u m  e n t r o p y  th e o r y  to  c o n s id e r  fu ll  tw o -d im e n s io n a l  e q u i l ib r iu m  s t a t e s ,  in  c o n t r a s t  w ith  

t h e  lo n g i tu d e - in d e p e n d e n t  p r e d i c t i o n s  o f  c h a p te r s  5 a n d  6 . T h e  m a j o r  c h a n g e  to  t h e  m a x im u m  

e n t r o p y  th e o r y  w a s  t o  a c c o u n t  fo r  t h e  c o n s e r v a t io n  o f  t h e  a n g u l a r  m o m e n tu m  v e c to r  a n d  n o t  j u s t  

f o r  t h e  a n g u la r  m o m e n tu m  c o m p o n e n t  p a r a l le l  to  th e  r o t a t i o n  a x is  o f  t h e  s p h e r e .  E x p re s s io n s  fo r 

t h e  th r e e  c o m p o n e n t s  o f  t h e  a n g u la r  m o m e n tu m  v e c to r  in  a n  i n e r t i a l  r e f e r e n c e  f r a m e  w e re  d e r iv e d  

a n d  in c o r p o r a t e d  t o  t h e  m a x im u m  e n t r o p y  c o d e  fo r  a  r o t a t i n g  a n d  n o n - r o t a t i n g  s p h e r e .  D ire c t 

n u m e r ic a l  i n t e g r a t i o n s  o f  a n  in i t i a l  c o n d i t io n  c o n s is t in g  o f  fiv e  w e s te r ly  j e t s  a n d  fo u r  e a s t e r l y  j e t s
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w e re  p e r f o r m e d ;  t h e  m a g n i tu d e  o f  t h e  z o n a l  w in d  m a x im u m  w a s  o f  t h e  o r d e r  o f  20 m s - 1 . S t r o n g  

t u r b u le n t  b e h a v io u r  w a s  o b s e r v e d  in  t h e  n u m e r ic a l  s im u la t io n s  p e r f o r m e d  o n  b o th  th e  r o t a t i n g  a n d  

th e  n o n - r o t a t i n g  s p h e r e .  I n  t h e  r o t a t i n g  c a s e , t h e  r e la t iv e  v o r t i c i ty  f ie ld  a f t e r  150  d a y s  o f  s im u la t io n  

c o n ta in s  z o n a l ly  e lo n g a t e d  v o r t ic e s  o f  d i f f e r e n t  s iz e s , r a n g in g  f r o m  1 ,0 0 0  to  3 ,0 0 0  km  in  m e r id io n a l  

e x te n t ,  a n d  f r o m  2 ,0 0 0  t o  1 0 ,0 0 0  k m  in  t h e i r  z o n a l  d im e n s io n . A  s o lu t io n  o b ta i n e d  from  th e  m a x im u m  

e n t r o p y  th e o r y  c o n ta i n s  s im i la r  ty p e s  o f  c o h e r e n t  s t r u c tu r e s ,  b u t  w i th  d if fe re n t  z o n a l w a v e n u m b e r  

p a t t e r n s .  T h e  z o n a l  w in d  a n d  a b s o lu te  v o r t i c i ty  p ro f ile s  sh o w e d  t h a t  t h e  d i r e c t  n u m e r ic a l  in t e g r a t i o n  

is  b e tw e e n  t h e  tw o - d im e n s io n a l  a n d  t h e  lo n g i tu d e - in d e p e n d e n t  m a x i m u m  e n t r o p y  p r e d ic t io n s .

F ro m  t h e  d i r e c t  n u m e r ic a l  in t e g r a t io n  in  t h e  n o n - r o ta t i n g  c a s e ,  a n d  a f t e r  s t ro n g  t u r b u l e n t  b e ­

h a v io u r ,  a  q u a d r u p o l a r  f e a t u r e  e m e rg e d  a f t e r  8 0  d a y s  o f  e v o lu t io n ;  t h a t  s t r u c t u r e  slow ly  s y m m e t r iz e d  

a n d .  a f t e r  a  t o t a l  o f  2 0 0  d a y s  o f  s im u la t io n ,  f o u r  la r g e  v o r t ic e s  w e re  p r e s e n t  o n  th e  s p h e r e ,  tw o  w ith  

p o s i t iv e  v o r t i c i t y  a n d  tw o  w i th  n e g a t iv e  v o r t ic i ty ,  w i th o u t  h a v in g  m a j o r  in te r a c t io n s  o th e r  t h a t  slow- 

m u tu a l  t r a n s l a t i o n ,  s h o w in g  a  te n d e n c y  fo r  a n  e q u i l ib r iu m  s t a t e  w h e re  t h e  la rg e  v o r t ic e s  s lo w ly  

m o v e  a c ro s s  h o m o g e n e o u s  s a m e -s ig n  v o r t i c i ty  re g io n s , w h ic h  is  c o n s i s t e n t  w i th  a  s im ila r  n u m e r ic a l  

s im u la t io n  p r e s e n te d  b y  C h o  a n d  P o lv a n i  (1 9 9 6 ) . U s in g  m a x im u m  e n t r o p y  th e o r y ,  w e o b ta i n e d  th r e e  

q u a s i - o r th o g o n a l  m a x i m u m  e n tr o p y  s t a t e s  o f  a lm o s t  p u r e  t o t a l  w a v e n u m b e r  2 m o d e s , w h ic h  h a v e  

a  s im i la r  v a lu e  o f  e n t r o p y .  In i t ia l iz in g  th e  m a x im u m  e n t r o p y  c o d e  w i th  a  l in e a r  c o m b in a t io n  o f  

th e  q u a s i - o r th o g o n a l  s o lu t io n s ,  w e o b ta in e d  a  p r e d ic t io n  h a v in g  s t r o n g  s im i la r i t i e s  w ith  t h e  d i r e c t  

n u m e r ic a l  i n t e g r a t i o n  a t  t =  2 0 0  d a y s ; m a x im u m  e n tr o p y  p r e d i c t s  t h e  c o r r e c t  n u m b e r  o f  v o r t ic e s  

a n d  a p p r o x im a te ly  g iv e s  t h e  c o r r e c t  o r i e n t a t i o n  o f  th e  z e ro  c o n to u r ,  b u t  t h e  v o r tic e s  o f  t h e  t im e  

i n t e g r a t io n  a r e  s m a l l e r  a n d  h a v e  a  h ig h e r  ( lo w e r)  v o r t ic i ty  m a x im u m  (m in im u m ) .

A s a  b r i e f  s u m m a r y  o f  t h e  m a in  c o n c lu s io n s  o f  th is  w o rk  w e  h a v e :

1. M a x im u m  e n t r o p y  a n d  m in im u m  e n s t r o p h y  th e o r ie s  w e re  a b l e  t o  b e  e x te n d e d  to  t h e  c a s e  

o f  a  s p h e r ic a l  d o m a i n ,  g iv in g  p r e d ic t io n s  fo r  z o n a lly  s y m m e t r i c  e q u i l ib r u m  s ta te s .

2 . P o la r  v o r t e x  e x p e r im e n t s :  P r e d i c t i o n s  f ro m  th e  m a x im u m  e n t r o p y  th e o r y  d e m o n s t r a t e d  

g o o d  s k i l l  fo r  flo w s  w h ic h  h a v e  a  s u b s t a n t i a l  c h a n g e  o v e r  t h e  w h o le  s p h e r e .  M in im u m  

e n s t r o p h y  p r e d i c t i o n s  sh o w e d  v e r y  g o o d  a g re e m e n t  w i th  flo w s  in  w h ic h  th e  n o n l in e a r
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b e h a v io u r  is r e s t r i c t e d  t o  a  p o l a r  c a p .  M a x im u m  e n t r o p y  th e o r y  g a v e  a n  a d d i t i o n a l  

s o u r c e  o f  i n f o r m a t io n  w i th  t h e  d e n s i ty  f u n c t io n s ,  w h ic h  in  a  p r o b a b i l i s t i c  s e n s e  t e l l s  u s  

h o w  t h e  v o r t ic i ty  f ie ld  ( a n d  th e r e f o r e  t h e  m a s s  f ie ld )  is  r e d i s t r i b u t e d  a t  t h e  e q u i l i b r iu m  

s t a t e ;  th i s  in f o r m a t io n  c o u ld  b e  v a lu a b le  in  t r a c in g  a tm o s p h e r i c  c h e m ic a l c o m p o n e n t s .

T h e  d e n s i ty  f u n c t io n s  s h o w e d  g o o d  s k i l l  p r e d i c t i n g  s e v e r a l  t r a c e d  a i r  p a rc e l  d i s t r i b u t i o n s .

3 . T ro p ic a l  s h e a r  la y e r  e x p e r im e n t s :  T h e  m a x im u m  e n t r o p y  th e o r y  s h o w e d  s t r o n g  s e n s i t i v i t y  

t o  in i t i a l  c o n d i t io n s  w i th  s m a l l  s c a le  f e a tu r e s ,  d u e  t o  t h e  d i s c r e t i z a t i o n  o f  t h e  v o r t i c i t y  

f ie ld  a n d  a  s t r o n g  s e n s i t i v i t y  o f  t h e  f lu id  in v a r ia n t s  ( t o t a l  k in e t i c  e n e rg y  a n d  a n g u l a r  m o ­

m e n tu m )  w i th  r e s p e c t  t o  s m a l l  v a r i a t i o n s  o f  t h e  p a r a m e t e r s  c o n t r o l l in g  t h e  a m p l i t u d e ,  

w id th  a n d  lo c a t io n  o f  t h e  v o r t i c i ty  s t r i p .  T h e  m in im u m  e n s t r o p h y  p r e d ic t io n s  w e re  d e ­

f ic ie n t d u e  t o  t h e  w e a k  d e c a y  o f  e n s t r o p h y  o b s e r v e d  in  t h e  d i r e c t  n u m e r ic a l  i n t e g r a t i o n ,  

e x c e p t  fo r  th e  M i n E F - 5  w i th  tw o  e d g e s , w h ic h  s h o w e d  s o m e  a b i l i t y  in  d e te c t in g  lo c a l iz e d  

c h a n g e s  in  th e  flo w . T h e  n o n l i n e a r  t im e  in t e g r a t io n  s h o w e d  s e n s i t i v i t y  to  t h e  r e s o lu t i o n  

a n d  v a lu e  o f  t h e  d if fu s io n  c o e f f ic ie n t fo r  th e s e  e x p e r im e n t s .

4 . T w o - d im e n s io n a l  t u r b u l e n c e  e x p e r im e n t s :  M a x im u m  e n t r o p y  th e o r y  w as a b le  t o  b e  e x ­

t e n d e d  to  o b t a i n  fu l ly  tw o - d im e n s io n a l  p r e d ic t io n s  o n  t h e  s p h e r ic a l  d o m a in ,  w h e r e  a c c o u n t  

fo r  th e  c o n s e r v a t io n  o f  t h e  t o t a l  a n g u la r  m o m e n tu m  v e c to r  w a s  n e e d e d .  F o r  t h e  r o t a t i n g  

s p h e r e  c a s e , t h e  m a x im u m  e n t r o p y  s o lu t io n  s h a r e s  s o m e  c h a r a c t e r i s t i c s  w’i t h  t h e  d i r e c t  

n u m e r ic a l  i n t e g r a t i o n  a f t e r  15 0  d a y s  o f  e v o lu t io n .  T h e  n o n - r o t a t i n g  s p h e r e  c a s e  b r o u g h t  

t h e  p o s s ib i l i ty  o f  h a v in g  m o r e  t h a n  o n e  e q u i l ib r iu m  s t a t e ,  a n d  t h a t  t h e  e n d - s t a t e  c h o s e n  b y  

t h e  n o n l in e a r  e v o lu t io n  o f  t h e  f lo w  m ig h t  b e  a  c o m b i n a t i o n  o f  q u a s i - o r th o g o n a l  m a x i m u m  

e n t r o p y  s t a t e s .

In  th i s  w o rk  w e  h a v e  p r e s e n te d  p r e d i c t i o n s  g iv e n  b y  tw o  th e o r ie s :  m in im u m  e n s t r o p h y  a n d  

m a x i m u m  e n tr o p y .  F ro m  t h e  r e s u l t s  p r e s e n te d  in  c h a p te r s  5  a n d  6  w e  c o n c lu d e  t h a t  m a x i m u m  

e n t r o p y  d id  b e t t e r  t h a n  m in im u m  e n s t r o p h y  fo r  flow s t h a t  c h a n g e  o v e r  t h e  w h o le  d o m a i n ,  w h ile  

m i n im u m  e n s t r o p h y  d id  b e t t e r  f o r  f lo w s t h a t  c h a n g e  j u s t  o v e r  a  lo c a l iz e d  re g io n  o f  t h e  s p h e r e .  F r o m  

t h e  c o m p u t a t i o n a l  p o in t  o f  v ie w , m in im u m  e n s t r o p h y  s o lu t io n s  w e re  o b t a i n e d  f a s te r  ( in  fe w  m i n u te s )
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c o m p a r e d  t o  t h e  m a x im u m  e n t r o p y  i t e r a t i v e  c o d e ,  w h ic h  g e n e r a l ly  to o k  a  c o u p le  h o u r s  t o  c o n v e rg e  

o n  a  P e n t i u m  I p r o c e s s o r  m a c h in e . W e  s h o u ld  n o te  t h a t  t h e  m a x im u m  e n t r o p y  s o l u t i o n  w a s  a b le  

t o  b e  e x te n d e d  to  p r e d ic t io n s  in  tw o  d im e n s io n s ,  w h ile  m in im u m  e n s t r o p h y  th e o r y ,  in  t h i s  w o rk , 

c o m p u t e d  j u s t  z o n a l ly  s y m m e t r ic  e q u i l ib r iu m  s t a t e s .  C h a v a n is  a n d  S o m m e r ia  ( 1 9 9 8 )  s h o w e d  t h a t  

in  t h e  l im i t  o f  s t r o n g  m ix in g  a n d  w i th i n  a  g iv e n  s u b d o m a in  o f  a n  in f in i te  p la n e ,  a  m a x i m u m  e n t r o p y  

s t a t e  a n d  a  m in im u m  e n s t r o p h y  s t a t e  a r e  e q u iv a l e n t .  T h u s ,  w e  c o u ld  e x p e c t  t h a t  b o t h  th e o r i e s  w ill 

h a v e  s im i l a r  p r e d i c t i o n s  in  p ro b le m s  w i th  s t r o n g  m ix in g  a n d  w h e r e  th e i r  c o m p u t a t i o n a l  m e th o d s  

h a v e  t h e  s a m e  a s s u m p t io n s .

T h e  id e a s  o f  t h e  m a x im u m  e n t r o p y  th e o r y  h a v e  b e e n  f u r th e r  d e v e lo p e d  b y  C h a v a n is  a n d  S o m m e ­

r i a  (1 9 9 7 ) ,  R o b e r t  a n d  R o s ie r  (1 9 9 7 ) a n d  K a z a n t s e v  e t  a l .  (1 9 9 8 ) , w h o  u se d  t h e  M a x i m u m  E n t r o p y  

P r o d u c t i o n  P r in c ip l e  ( M E P P ) ,  w h ic h  s t a t e s  t h a t  d u r i n g  th e  r e l a x a t i o n  p ro c e s s  t o w a r d s  e q u i l ib r iu m , 

t h e  s y s t e m  te n d s  t o  m a x im iz e  i t s  r a t e  o f  e n t r o p y  p r o d u c t io n  w h ile  i t  s a t is f ie s  a l l  t h e  c o n s t a n t s  im ­

p o s e d  b y  t h e  d y n a m ic s ,  o b ta i n in g  a  s e t  o f  r e l a x a t i o n  e q u a t io n s  l e a d in g  a  f lu id  t o w a r d s  e q u i l ib r iu m . 

T h e  m a in  d if fe re n c e  f r o m  t h e  N a v ie r - S to k e s  e q u a t i o n s  is  t h a t  t h e  M E P P  c o n s e r v e s  t h e  e n e r g y  a n d  

a l l  t h e  c o n s t a n t s  o f  t h e  m o t io n  o f  th e  E u le r  e q u a t i o n s .  T h is  n e w  th e o r y  le a d s  t o  a  n a t u r a l  m o d e l in g  

o f  t h e  s m a l l  s c a le s  in  t u r b u le n t  f low s, w h ic h  m ig h t  b e  r e le v a n t  fo r  m e te o ro lo g ic a l  a n d  o c e a n o g r a p h ic  

a p p l i c a t i o n s .

A l th o u g h  b a r o c l in ic  p ro c e s s e s  h a v e  a n  i m p o r t a n t  c o n t r ib u t io n  t o  th e  g r o w th  o f  a tm o s p h e r i c  

i n s t a b i l i t i e s  a n d  t h e  s u b s e q u e n t  a p p r o a c h  to w a r d s  a n  e q u i l ib r iu m  c o n f ig u r a t io n ,  t h e s e  e f f e c ts  h a v e  

n o t  b e e n  t a k e n  in t o  a c c o u n t  in  th i s  w o rk . F u r t h e r  in s ig h t  in  t h e  r o le  o f  b o th  b a r o t r o p i c  a n d  b a r o c l in ic  

p r o c e s s e s  fo r  a tm o s p h e r i c  flow s w h ic h  a p p r o a c h  e q u i l ib r iu m  c a n  b e  g a in e d  w i th  a  q u a s i - g e o s t r o p h ic  

m a x i m u m  e n t r o p y  m o d e l ;  S o m m e r ia  e t  a l .  (1 9 9 1 )  h a v e  d e v e lo p e d  s u c h  a  m o d e l  a n d  s h o w n  t h a t  a  

p e r m a n e n t  i s o la t e d  v o r t e x  c a n  b e  o b t a i n e d  a s  t h e  m o s t  p r o b a b l e  s t a t e  in  a n  a t m o s p h e r e  w i th  s t r o n g  

t u r b u l e n t  m ix in g .  A d d i t i o n a l  a p p l i c a t i o n s  o f  s u c h  id e a s  to  a tm o s p h e r i c  flow s e v o lv in g  o v e r  a  s p h e r e  

w o u ld  b e  v a lu a b le  t o  u n d e r s ta n d in g  t h e  g e n e r a l  c i r c u la t io n  o f  t h e  E a r t h ’s  a tm o s p h e r e .
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A p pendix  A  

T h e B oltzm ann m ix in g  entropy

F o llo w in g  R e e d  a n d  R o y  (1 9 9 5 )  w e  n o w  sh o w  s o m e  o f  th e  r e a s o n in g  w h ic h  le d  B o l t z m a n n  t o  h is  

fo r m u la t io n  o f  t h e  r e l a t i o n  b e tw e e n  t h e  e n t r o p y  o f  a  s y s te m  a n d  th e  t h e r m o d y n a m ic  p r o b a b i l i t y  o f  

t h e  s y s te m .

A n  is o la te d  s y s te m  a, m a y  o c c u p y  a n y  o f  v a r io u s  ( c o n s t a n t )  e n e rg y  s t a t e s .  W e  c a n  c la s s i f y  th e s e  

s t a t e s  b y  m e a n s  o f  t h e i r  in c r e a s in g  W  ( th e  n u m b e r  o f  w a y s  o f  r e a l iz in g  a  g iv e n  e n e r g y  s t a t e )

fo r  E i , Eo, ■ ■ ■ E n r e s p e c t iv e ly .  T h e  s p o n ta n e o u s  e v o lu t io n  o f  t h e  s y s te m  w ill b e  s u c h  t h a t  t h e  s y s te m  

p a s s e s  in to  t h e  m o re  p r o b a b le  s t a t e s .  F u r th e r m o r e ,  t h i s  e v o lu t io n  w ill p r o c e e d  in  t h e  d i r e c t i o n  o f  

in c r e a s in g  e n t r o p y

( A . l )

Si <  So < ■■■< S n. (A .2 )

T h e  e x is te n c e  o f  r e la t io n s  ( A . l )  a n d  (A .2 ) s u g g e s te d  t o  B o l tz m a n n  t h a t  t h e r e  m u s t  a l s o  e x is t  a  

r e la t io n  (w h ic h  h e  s u p p o s e d  t o  b e  u n iv e r s a l  a n d  in d e p e n d e n t  o f  th e  n a t u r e  o f  a) b e tw e e n  S  a n d  W .

S  =  S { W ) . (A .3 )

T o  d e te r m in e  t h e  fo rm  o f  t h i s  f u n c t io n a l  r e la t io n ,  le t  u s  t a k e  tw o  is o la te d  a n d  e n t i r e ly  in d e p e n d e n t  

s y s te m s  cr\ a n d  Go. T h e  p r o b a b i l i t y  o f  f in d in g  th e  e n s e m b le  o f  t h e  tw o  s y s te m s  w i th  <Jx in  s t a t e  E i , 

h a v in g  a n  a s s o c ia te d  p r o b a b i l i t y  W t , a n d  (To in  Eo,  w ith  Wo,  is

W  =  W \W 2. (A .4)
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T h e  e n t r o p y  o f  t h e  e n s e m b le ,  w h ic h  is a  s u m  o f  in t e g r a l s ,  is t h e  s u m  o f  t h e  s y s te m  e n t r o p ie s

S  =  S i  +  S o .  (A.5)

S in c e  S is a d d i t iv e  a n d  W  is  m u l t ip l i c a t iv e ,  i f  t h e r e  is  t o  b e  a  r e l a t i o n  b e tw e e n  th e m ,  i t  c a n  o n ly  b e  

s u c h  t h a t

Si oc In Wi

So oc In Wo

Si +  S2 oc In W x Wo

5  oc In W. (A.6)

W h e n  w e a r e  s a m p l in g  o v e r  a  la r g e  n u m b e r  o f  p o in t s  N  in  e q u a t i o n  (3 .6 ) ,  t h e  l im i t  o f  In  I F  fo r  

la r g e  N  is p r o p o r t io n a l  t o  — 5Z f= I  pi In  pi, a s  g iv e n  b y  e q u a t i o n  (3 .7 ) .  T o  a c c o u n t  fo r  t h e  a m o u n t  o f  

e n t r o p y  o n  th e  w h o le  d o m a i n ,  w e  m u s t  i n t e g r a t e

5  oc f  f  In WdXdfi ,  (A .7)
7 - i  Jo

a n d  th e r e f o r e  w e r e c o v e r  e x p r e s s io n  (3 .8 )

, f i ) ^ d \ d p .  (A.8)

T h e  q u a n t i t y  S [ p i ( A , / r ) ,  • • • ,/5£ .(A ,/r)] p ro v id e s  a n  a p p r o x i m a t e  m e a s u r e  o f  t h e  e x t e n t  t o  w h ic h  

t h e  c o n d i t io n  o f  a  s y s te m  d e v ia t e s  f ro m  t h a t  c o r r e s p o n d in g  t o  e q u i l ib r iu m . I t  w a s  B o l t z m a n n  w h o

d e m o n s t r a t e d  w i th  h is  H - th e o r e m  t h a t  th i s  q u a n t i t y  h a s  a  t e n d e n c y  t o  in c r e a s e  w i t h  t i m e  t o  a

m a x im u m ,  a n d  th u s  a  t e n d e n c y  fo r  th e  s y s te m  t o  a p p r o a c h  i t s  e q u i l ib r iu m  c o n d i t io n .  I t  is  o u t s id e  

t h e  s c o p e  o f  th i s  d is c u s s io n  t o  p ro v id e  t h a t  d e m o s t r a t i o n ,  b u t  t h e  r e a d e r  is r e f e r r e d  t o  t h e  w o rk  o f  

T o lrn a n  (1 9 7 9 ) .

S[ pi ( X, f i ) , - - - . pL( X, p ) } =  J  f~ŷ (A,/i) In pt {  X
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A ppendix B  

C alculus o f  variations w ith  auxiliary conditions

T h e  p ro b le m  o f  f in d in g  t h e  p o s i t i o n  o f  a  p o in t  a t  w h ic h  a  f u n c t io n  h a s  a  r e la t iv e  m a x im u m  o r  

m in im u m  re q u i r e s  t h e  e x p lo r a t i o n  o f  t h e  in f in i te s im a l  n e ig h b o r h o o d  o f  t h a t  p o in t .  T h i s  e x p lo r a t i o n  

m u s t  s h o w  t h a t  t h e  f u n c t io n  h a s  a  s t a t i o n a r y  v a lu e  a t  t h e  p o in t  in  q u e s t io n .

T h e  e x p lo r a t io n  o f  th e  n e ig h b o r h o o d  o f  a  p o in t  is th e  p r o c e s s  k n o w n  a s  " v a r ia t io n "  w h ic h  m e a n s  

in f in i te s im a l  c h a n g e ,  in  a n a lo g y  w i th  t h e  d e r iv a t iv e  p ro c e s s  o f  o r d i n a r y  c a lc u lu s .  H o w e v e r , t h i s  

in f in i te s im a l  c h a n g e  is  m a d e  in  a n y  a d m is s ib le  m a n n e r .

L e t  u s  c o n s id e r  t h e  c a s e  w h e r e  t h e  q u a n t i t y  to  b e  m a x im iz e d  ( o r  m in im iz e d )  a p p e a r s  a s  a  s t a ­

t i o n a r y  in te g r a l

F = f  f ( y ,Vx, x)dx.  ( B . l )
J x  1

H e re  F  is th e  q u a n t i t y  t h a t  t a k e s  o n  a  s t a t i o n a r y  v a lu e ; /  is a  k n o w n  f u n c t io n  o f  y ,  yz a n d  x .  b u t  

t h e  d e p e n d e n c e  o f  t h e  y  o n  x  is  n o t  f ix e d ; t h a t  is , y(x)  is  u n k n o w n .  T h is  m e a n s  t h a t  a l t h o u g h  t h e  

i n t e g r a l  is  f ro m  x i  t o  x 2 , t h e  e x a c t  p a t h  o f  i n t e g r a t io n  is  n o t  k n o w n  ( s e e  F ig . B l ) .  W e  a r e  t o  c h o o s e  

t h e  p a t h  o f  in t e g r a t i o n  th r o u g h  p o in t s  ( x i , j / i )  a n d  ( x 2 , y 2 ) to  m a x im iz e  (o r  m in im iz e )  F .

W e a s s u m e  t h e r e  e x is t s  a n  o p t i m u m  p a t h  fo r  w h ich  F  is  s t a t i o n a r y ,  a n d  th e n  w e  c o m p a r e  F  f o r  

o u r  o p t im u m  p a th  tv i th  t h a t  o b t a i n e d  f r o m  n e ig h b o r in g  p a t h s .  I n  F ig .  B l  tw o  p o s s ib le  p a t h s  a r e  

s h o w n . T h e  d if fe re n c e  b e tw e e n  th e s e  tw o  fo r  a  g iv e n  x  is  c a l le d  t h e  v a r i a t i o n  o f  y, Sy.

I f  we now investigate the variation of the function F  with an arbitrary number of variables 

F  =  F (i/i ,i /2, • • • , y n) and with an auxiliary condition

/ ( y i , J / 2 , - " , y « )  = 0 ,  ( B .2 )

t h e n ,  t h e  c o n f ig u r a t io n  s p a c e  in  w h ic h  a  p o in t  c a n  m o v e  is  r e s t r i c t e d  t o  le s s  t h a n  n d im e n s io n s .  

W e  c a n  e l im in a te  o n e  o f  t h e  y*  — fo r  e x a m p le  yn —  f r o m  t h e  a u x i l i a r y  c o n d i t io n ,  e x p r e s s in g  i t  

in  t e r m s  o f  th e  o t h e r  y* . T h e n  o u r  f u n c t io n  w o u ld  d e p e n d  o n  t h e  n  — I  u n r e s t r i c t e d  v a r ia b le s

J / i ,  ■ • ■ i Vn— i a n d  c o u ld  b e  h a n d l e d  a s  a  f r e e  v a r i a t i o n  p r o b le m . H o w e v e r ,  f r e q u e n t ly  t h e  e l i m i n a t i o n

is  a  d if f ic u l t  p r o c e d u r e .  T o  h a n d le  t h i s  p r o b le m  L a g r a n g e  d e v is e d  a  m e t h o d  c a l le d  t h e  “m e t h o d
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y(x)  4- Sy

x

F ig u r e  B . l :  A  v a r ie d  p a t h .

o f  t h e  u n d e te r m in e d  m u l t i p l i e r ” . T h is  m e th o d  w o rk s  q u i t e  g e n e r a l ly  fo r  a n y  n u m b e r  o f  a u x i l i a r y  

c o n d i t io n s .

In  a c c o r d a n c e  w i th  t h e  6 n o ta t io n ,  w e w r i te  t h e  in f in i te s im a l  c h a n g e s  o f  o u r  c o o r d i n a t e s  in  th e  

fo rm

Sy\ ,Sy2 , - - , 6y n. (B .3 )

T h e  c o r r e s p o n d in g  c h a n g e  o f  t h e  fu n c t io n  F  b e c o m e s  b y  t h e  r u le s  o f  e l e m e n ta r y  c a lc u lu s

XI_ d F  . 8 F  . d F  .
oF  =  ^ —6yi +  -x—Sy2 4------ 4- - — Syn.

oyi oy2 ay n
(B .4 )

T h is  e x p re s s io n  is  c a l l e d  t h e  “f i r s t  v a r ia t io n ” o f  t h e  f u n c t io n  F.  In  o r d e r  t h a t  F  s h a l l  h a v e  a  

s t a t i o n a r y  v a lu e , th i s  q u a n t i t y  h a s  to  v a n is h

SF =  0 . (B -5 )

T a k in g  t h e  v a r i a t i o n  o f  (B .2 )  w e  o b ta in

x ,  a / .  d f .  d f  .
i +  75— <̂ J/2 4- • • ■ 4- —— Syn.

dyi  d y 2 a y n
(B -6 )

M u l t ip ly in g  (B .6 )  b y  s o m e  u n d e te r m in e d  f a c to r  A, w h ic h  is  a  f u n c t io n  o f  a n d  a d d in g  i t

t o  SF  w e  g e t

TZ-Syi + +  • • • +  J ^ «  +  A ( J£*V l +  +  ■ • • +  =  0.
OF
dyi

d F
dy2

(B .7 )

1 4 4
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We now write (B.7) in the form

W e w ish  t o  e l i m i n a t e  Syn. B u t  n o w  w e c a n  c h o o s e  A s o  t h a t  t h e  f a c to r  m u l t ip ly in g  Syn s h a l l  v a n is h :

| ^  +  a | ^ = 0 .  (B.9)
uyn  C'J/n

T h is  e l im in a te s  Syn, s o  t h a t  th e  s u m  (B .8 )  is r e d u c e d  t o  o n ly  n  — 1 te r m s :

S in c e  o n ly  th o s e  Syt  r e m a in  w h ic h  c a n  b e  c h o s e n  a r b i t r a r i l y ,  th e  c o n d i t io n s  o f  a  f r e e  v a r i a t i o n

p ro b le m  a r e  a p p l i c a b le .  T h e s e  re q u ire  t h a t  t h e  c o e f f ic ie n t o f  e a c h  Syk s h a l l  v a n is h :

t t —  +  A - ^ -  =  0 , fo r  k =  l , 2 . - - , n  — 1. ( B . l l )
dyk ayk

T h e  c o n d i t io n s  ( B . l l ) ,  c o m b in e d  w ith  th e  c o n d i t io n  (B.9)  o n  A, le a d  t o  th e  c o n c lu s io n  t h a t  e a c h

c o e ff ic ie n t o f  t h e  s u m  ( B .8 )  v a n is h e s , j u s t  a s  in  t h e  c a s e  t h a t  a ll  t h e  v a r ia t io n s  o f  dyk w e re  f r e e

v a r ia t io n s .  T h e  r e s u l t  o f  L a g r a n g e ’s “m e th o d  o f  t h e  u n d e te r m i n e d  m u l t ip l i e r ” c a n  b e  f o r m u la t e d  

th u s :  in s te a d  o f  c o n s id e r in g  th e  v a n is h in g  o f  SB,  c o n s id e r  t h e  v a n is h in g  o f

SF +  XSf,  (B .1 2 )

a n d  d ro p  t h e  a u x i l i a r y  c o n d i t io n ,  h a n d lin g  t h e  yk a s  f r e e , i n d e p e n d e n t  v a r ia b le s .

W e c a n  g e n e r a l iz e  th i s  A -m e th o d  fo r  t h e  c a s e  o f  a n  a r b i t r a r y  n u m b e r  o f  a u x i l ia r y  c o n d i t io n s  

} \-  f- ir  ■ ■, fm  a s  fo llo w s : I n s te a d  o f  a s k in g  fo r  t h e  s t a t i o n a r y  v a lu e  o f  F , w e a s k  fo r  t h e  s t a t i o n a r y  

v a lu e  o f  t h e  m o d i f ie d  f u n c t io n

F =  F  +  Xi f i  +  —  +  A mfm,  (B .1 3 )

d r o p p in g  t h e  a u x i l i a r y  c o n d i t io n s  a n d  h a n d l in g  t h i s  a s  a  f r e e  v a r i a t i o n  p ro b le m . T h is  y ie ld s  n

e q u a t io n s .  I n  a d d i t i o n  t o  th e s e  e q u a t io n s  w e h a v e  t o  s a t i s f y  t h e  m  a u x i l ia r y  c o n d i t io n s .  T h i s  g iv e s  

n +  m  e q u a t io n s  fo r  t h e  n +  m  u n k o n w n s

l / i .  If2» Ax, A2 , - - - , A m . (B .1 4 )
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A f te r  s a t i s f y in g  t h e  c o n d i t io n s  fo r  a  s t a t i o n a r y  v a lu e , th e  f u r th e r  c r i t e r io n  fo r  a n  e x t r e m u m  

d e p e n d s  o n  t h e  s ig n  o f  t h e  s e c o n d  v a r i a t i o n  82F.  I f  SrF  is p o s i t iv e  a t  a  p o in t  P ,  t h e n  F  is  in c r e a s in g  

in  e v e ry  p o s s ib le  d i r e c t i o n  f r o m  P  a n d  w e  h a v e  a  m in im u m  a t  t h a t  p o in t .  I f  SrF  is  n e g a t iv e  a t  P.  

t h e n  F  is d e c r e a s in g  in  e v e r y  p o s s ib le  d i r e c t i o n  f r o m  P  a n d  w e  h a v e  a  m a x im u m  a t  t h a t  p o in t .  H e n c e  

i t  is th e  s ig n  o f  t h e  s e c o n d  v a r i a t i o n  w h ic h  e n a b le s  u s  to  d e te r m in e  t h e  e x i s t e n c e  o f  a n  e x t r e m u m  

v a lu e .  F o r  m o r e  in f o r m a t io n  a b o u t  t h e  m e t h o d s  o f  t h e  c a lc u lu s  o f  v a r i a t i o n s ,  t h e  r e a d e r  is r e f e r r e d  

t o  t h e  w o rk  o f  L a n c z o s  (1 9 8 6 ) .
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A p p en d ix  C 

C onservation  o f  Angular M om entum

T h e  a n g u la r  m o m e n tu m  M  o f  a  p a r t i c l e  w i th  r e s p e c t  to  a n  o r ig in  f r o m  w h ic h  t h e  p o s i t i o n  v e c to r  

r  is  m e a s u r e d  is d e f in e d  a s

M  =  r  x  p, ( C . l )

w h e r e  p — rnv is  th e  m o m e n tu m  v e c to r  o f  t h e  p a r t i c l e  w ith  m a s s  m  a n d  v e lo c i ty  v.

T h e  to r q u e  o r  m o m e n t  o f  fo rc e  N  w i th  r e s p e c t  t o  th e  s a m e  o r ig in  is  d e f in e d  t o  b e

N  =  r x  F  =  f x ? ,  (C .2 )
dt '

X o w .

d M  d(r  x  p )  dr  _ ^ dp  . .
x p  +  r x f ,  (C .3 )

dt  dt  dt  dt

b u t

dr  _  dr  „  ( d r  d r \
=  =  <C - "

s o  t h a t

d M  _  dp  -  _

"5T  =  r  x  *  =  ( C j )

I f  t h e r e  a r e  n o  to r q u e s  a c t i n g  o n  a  p a r t i c l e  ( i .e . ,  i f  A ' =  0 ) , th e n

d M  n
dt

a r id  M  is  a  v e c to r  c o n s t a n t  in  t im e .  T h i s  is a n  im p o r t a n t  c o n s e r v a t io n  la w  th e o r e m :  t h e  a n g u la r  

m o m e n tu m  o f  a  p a r t i c l e  s u b j e c t  t o  n o  to r q u e  is  c o n s e rv e d .

N o w  w e c o m p u te  t h e  t o t a l  a n g u l a r  m o m e n tu m  o f  a  tw o - d im e n s io n a l  f lo w  o n  t h e  s u r f a c e  o f  a  

s p h e r e  w i th  r a d i u s  a a n d  w h ic h  r o t a t e s  a t  a n  a n g u l a r  v e lo c ity  n .  F i r s t ,  c o n s id e r  a  r e f e r e n c e  f r a m e  

w i th  o r ig in  a t  t h e  c e n te r  o f  t h e  s p h e r e  (f ig . C . l ) ,  t h e  c o r r e s p o n d in g  r e l a t i o n  fo r  t h e  c h a n g e  b e tw e e n  

t h e  l o n g i tu d e - la t i tu d e  (A , <p) t o  t h e  x y z  r e f e r e n c e  f r a m e  is g iv e n  b y

1 4 7
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At t=0:

At t= t:

x =  a cos 4> cos A,

y  — a cos <f> sin A,

z  =  a  sin <p.

x  =  acos<pcos(X +  fit),  

y  =  a cos <t> sin (A 4- fit), 

z  =  a sin <j>.

Applying (C .l) to a  fluid element with area .4 and constant density p  gives us the angular 

momentum per unit area:
M D f
A = r x p v  =  r x p — (0 .6)

In the xyz  reference frame r =  (x . y .  z ) and ^  =  ( 757, 7 which using the transformation 

laws given above can be expressed in terms of (A, <t>) as

^  =  (— acos<£sin (A 4- fit)D t
u

a  cos <(> cos (A 4- fit) 

v  cos 4>).

acos<t> 
u

Q C O S 0

4 -fi — vsin  o co s  (A 4- fit).  

+  fi — usin 0 sin (A 4- fit),

T h e n ,

M
.4 =  P

i j  k
x y z

D x  D y  D z
D t  D t  Dt

Therefore, the components of ^  in the x y z  reference frame are given by

A/x
—j— =  —a[u 4- fia cos <p] sin 0  cos (A 4- fit) 4- av  sin (A 4- Q t) ,
A

M
—p  =  —a[u 4- fiacos<£]sin<£sin(A 4- Qt) — aucos(A  4- fit),

A /-
- f -  =  a[u 4- fia  cos 4>\ cos <p.
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T o  g e t  th e  t o t a l  a n g u l a r  m o m e n tu m  o f  t h e  flow  w e i n t e g r a t e  ^  o v e r  t h e  e n t i r e  d o m a in

= l  r  —a[u 4- f i a  c o s 0 ]  s in  0  c o s  (A +  f i t )  +  aw  s in  (A +  f l t ) d \  co s  0 d 0 ,  ( C .7 a)

—a[u +  f i a  c o s  0 ] s in  0  s in  (A +  fit) — aw  c o s  (A +  f l t ) d A  co s 0 d 0 ,  (C .7 6 )

a [ u  4- f i a  co s  0 ] c o s  <pdX cos od(p. (C.Tc)

T o  d e r iv e  a  c o n s e r v a t io n  la w  fo r  e a c h  o f  th e  a n g u la r  m o m e n tu m  c o m p o n e n t s  w e  u s e  t h e  m o m e n ­

t u m  e q u a t io n s  in  t h e  a b s e n c e  o f  f r ic t io n

Du (  . u s in  <s> \  dp  n ,
T j r  ~  I /  d 7 1’ +  Q  r^ - r  =  0 . ( C .8 )D t \  a co s  0  J a c o s  <poX

v (  . u s i n 0 \  dp
T +  / - < -------------- T  ) u  +  q — =  0 , ( C .9 )'t \  a cos 0  J ad<p

D v
D t

where a  =  p 1 is the specific volume and p  is the pressure. M ultiplying (C.8) by —a sin o cos (A -1- fi t) .  

a n d  (C .9 )  by a sin (A 4- fit),  adding and integrating over the domain we get

-2n- D u  S* ~ •
I —a —̂  s in 0 co s  (A -t- fit) 4- 2flaw sin2 0  cos (A 4- fit) 4- MUSU1 ^ CQS( \  +  flt)-»-

.1  Jo D t  costp

a ^ -  sin (A 4- fit) 4- 2flausin  0 sin (A 4- fit) 4- u2 S— -  sin (A 4- flt)dXcosd>d<p =  0. (C.10)
D t  co s0

where we have used integration by parts on the pressure terms to show that

/ » 2 j T  q  0

I — sin 0  cos (A 4- f it ) ---------- —  4 - sin (A +  f i t ) ——- dXcostpdtp =  0.
. i  Jn acostpdX ad<p

Adding a2fl2 J J ,  f ~ T sin 0co s 0 sin  (A 4- f l t)dX cos 0d0 =  0 to (C.10) and rearranging we get

r% r 2* D
J  J  —  [—a[u 4 -fia  cos 0] sin 0  cos (A 4  fit) 4 -aw sin (A +  fit)] dA cos 0d0 =  0 ,

d \ f  d  r r  y -ff
=  — J  j  —a [u  4 - f i a  c o s  0] s in  0  c o s  (A +  f i t )  +  aw  s in  ( A - F  f l t ) d A  co s 0 d 0  =  0 . ( C . l l )

F o r  th e  c o n s e r v a t io n  e q u a t i o n  o f  t h e  M y c o m p o n e n t  w e  m u l t i p ly  ( C .8 )  b y  — a  s in  0  s in  (A -I- f i t ) ,  

a n d  (C .9 )  b y  —a  c o s  (A 4- f i t ) ,  a d d ,  in t e g r a t e  o v e r  th e  d o m a in ,  a d d

arfl2 J  J  s in  0  c o s  0  cos (A 4- f l t ) d A c o s 0 d 0  =  0 ,
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a n d  r e a r r a n g e  to  o b t a i n

dM y
dt

d f  ̂  /*“;r
=  —  y  J  — a[u +  f i a  c o s  0 ] s in  <j> s in  (A 4- fit)  — a vco s  (A +  Q t)d \c o s d d d  =  0 . (C .1 2 )

T h e  c o n s e r v a t io n  e q u a t i o n  o f  t h e  M z c o m p o n e n t  is o b t a i n e d  m u l t i p ly in g  (C .8 )  b y  a c o s d .  in te ­

g r a t i n g  o v e r  t h e  d o m a i n  a n d  r e a r r a n g in g ,  th e n

d M . d  n  r2*iM - d  f *  f zir
' =  —  I I a[u 4- Qa c o s  d] c o s  4>d\  c o s  odd  =  0 . 

dt  dt  -  J0

T h e re fo r e ,

d M
dt =  0 .

(C .1 3 )

(C .1 4 )

t h a t  is , th e  t o t a l  a n g u l a r  m o m e n tu m  o f  t h e  tw o -d im e n s io n a l  f lo w  p lu s  t h e  a n g u la r  m o m e n tu m  d u e  

t o  t h e  r o t a t i o n  o f  t h e  s p h e r e  is  c o n s e r v e d  in  th e  a b s e n c e  o f  f r i c t i o n .

E q u a t io n s  ( C .7 a )  a n d  (C .7 6 )  h a v e  a n  e x p lic i t  d e p e n d e n c e  o n  t im e .  O n e  w a y  to  e l im in a te  th i s  

is t o  e x p a n d  t h e  s in  (A 4- Qt)  a n d  c o s  (A 4- Qt)  te r m s  a n d  w r i t e  M x a n d  M y in  t e r m s  o f  t h e  r e la t iv e  

v o r t i c i t y  Qr ,

co s  <pd\ c o s  o dd  co s Qt — arQr s in  A c o s  ddX  c o s  o d d  s in  Qt

«T

cos ddX  c o s  ddd  c o s  Qt 4- rj: a~C,r c o s  A c o s  ddX  c o s  dd d  s in  f i t

M x =  J  j  a2 £ r c o s  A

My = J  j  a 2£r s in A

ta k i n g  M 2 +  M 2 w e  o b t a i n

r i  ° r/x  s in  A c o s  ddX  c o s  o d d  4- X c o s  A c o s  ddX  c o s  odd =  c o n s t a n t" .

(C .1 5 )
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t

F ig u r e  C . l :  A  s p h e r e  w ith  c e n te r  a t  th e  o r ig in  o f  a  f ix e d  x y z  r e f e re n c e  f r a m e . T h e  s p h e r e  r o t a t e s  
a r o u n d  t h e  z - a x i s  a t  a  c o n s t a n t  a n g u la r  v e lo c i ty  Q . A  tw o - d im e n s io n a l  flow  is  p r e s e n t  o n  t h e  s u r f a c e  
o f  t h e  s p h e r e .  T h e  t o t a l  a n g u la r  m o m e n tu m  o f  t h e  s y s te m  is s c h e m a t ic a l ly  s h o w n  a s  t h e  v e c to r  M . 
F o r  E a r t h - t y p e  a tm o s p h e r ic  flow s t h e  a n g u l a r  m o m e n tu m  d u e  t o  f i  h a s  th e  b ig g e s t  c o n t r i b u t i o n  to  
M .
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