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ABSTRACT OF DISSERTATION

SEARCH FOR C O M M U T A T IV E  FUSION SCHEMES IN  

N O N C O M M U T A T IV E  ASSO CIATIO N SCHEMES

A n association scheme X  is a fin ite  set X  together w ith  a set of b inary relations 

i?o, R i, ■. • ,Rd tFat satisfy certain regularity conditions. The adjacency algebra 

(Bose-Mesner algebra) associated w ith  the scheme X  consists of integral matrices 

closed under m a trix  addition, m u ltip lica tion  and the Hadamard product. Call 

a free Z-module supporting two m ultip lica tions in  th is way a “double product” 

algebra.

A n association scheme Y  on A  is a fusion scheme of X  i f  each re lation of 

Y  is the union of relations of X. The study of fusion schemes in  commutative 

association schemes is well established method to  bu ild  new association schemes 

w ith  specified properties.

This work develops methods to  construct commutative fusion schemes when 

X  is not commutative. A  principa l method is to  explo it “double product” homo­

morphic images. This leads to  “ lif t in g ” issues tha t are addressed combinatorially.

These methods are applied to the centralizer algebra of S[ ^  Sih, where 

denotes the symmetric group of degree n  and S\̂  is the direct product of I copies 

of Sb- The case I =  b =  3 is studied in  deta il and several new commutative fusion 

schemes are found in th is 55-dimensional algebra.
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Chapter 1 

Introduction

A n association scheme X  on a fin ite  set X  consists of a p a rtition  of AT x A  

in to b inary relations R q =  { ( x ,x ) |x  G X ] , R i , . . .  ,Rd satisfying certain reg­

u la rity  properties. These properties im p ly  tha t the adjacency matrices of the 

relations Ri  form  an algebra over the integers. This algebra is closed under the 

Hadamard (entry-wise) product and tak ing transpose, called the adjacency al­

gebra of X  (Section 2.1). The.association scheme X  is called commutative when 

its adjacency algebra is commutative under m a trix  m ultip lica tion.

Another association scheme Y, on the same set A ,  is a fusion scheme of X  

i f  each re lation of Y  is a union o f relations of X. The adjacency algebra o f Y  is 

a subalgebra of th a t of X. Meantime, X  is called a fission scheme of Y.

There is, perhaps, an analogy between th is  fusion/fission process and the 

process in  chemical engineering. In  chemical engineering, a compound is decom­

posed in to  components and then these components are synthesized to  produce 

new compounds w ith  new characteristics.

Fusion in  commutative association schemes has been a powerful method to 

bu ild  new association schemes w ith  specified properties. For example, in  the the­

ory of association schemes, distance regular property (d.r.p) and distance transi-
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tive property (d.t.p) are d is tinct but closely related [4, 13]. Distance tra n s itiv ity  

is a sym metry property tha t ind irectly  implies the distance regular property.

Here are some explic it examples of th is process. The schemes of quadratic 

forms are obtained by fusions [1 1 ] and are early examples of association schemes 

w ith  d.r.p bu t not d.t.p. Also, fusion of the distance l-o r-2  relations in the 

distance transitive graph of a dual polar space leads to a new fam ily of distance 

regular graph [18].

Fusion has also been used for other constructions. For example, the first 

fam ily of distance regular digraphs of g irth  4 was constructed by fusion in com­

m utative schemes [2 0 ].

A  recent example of both fission and fusion produced association schemes 

of very special property in  [5]. This example is presented in  Section 2.2.

Several authors studied fusion schemes in various com mutative schemes [1, 

3, 16, 14, 27, 30]. For commutative schemes, the eigenmatrices and the Bannai- 

Muzychuk criterion (Theorem 2.7) are main tools for studying fusion schemes.

The problem of finding/classify ing all fusion schemes in  an association scheme 

w ith  many relations is a hard problem. This problem has been completely solved 

in  only two families of commutative schemes: the Hamming and Johnson schemes 

(these schemes are defined in  Section 2.1.) The ir arguments require determ ining 

the basic relations in  any fusion and explo itation the ir distance regular property 

[25, 26].

In  the realm of noncommutative association schemes, the problem of find­

ing/classifying fusion scheme has not been addressed in  the literature. This 

thesis develops methods for enumerating commutative fusion schemes in  non­

commutative context. Analogous methods appeared in the construction of cer­

ta in  difference sets in  nonabelian groups [21, 29]. This is also part of m otivation 

o f the current work.
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The methods developed involves homomorphic images and the ir lifting . 

These images are required to  support the fu ll algebraic structure o f an asso­

ciation scheme. A t an algebraic level, the adjacency algebra is a free Z-module 

equipped w ith  the usual m a trix  and Hadamard product. Call a free Z-module 

supporting two products in  this way a “double product” algebra (D efin ition 

3.1). Images tha t support the double product are obtained by applying modulo 

p reduction to  the le ft regular representation of the adjacency algebra, where 

commutative “m o d p ” images are enumerated. One then lifts  back these images. 

Several com binatorial principles could be used in  the process of lift in g  (Section 

3.3).

These methods are applied to  the noncommutative association scheme of 

ordered partitions of / parts of equal size h. Its adjacency algebra has structure 

constants tha t can be pu t in  nice form. For / =  6 =  3, its  adjacency algebra has 

dimension 55 and several new commutative fusion schemes are found in it  (see 

Chapter 5).

Computer algebra systems including G AP [1 2 ] and Maple play an im portant 

role in  th is research.
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Chapter 2 

Prelim inaries

This chapter presents some background m ateria l about association schemes, in ­

troduces notation, and discusses some m otivating examples. The reader is re­

ferred to  [2, 4, 13] for the theory of commutative association schemes, and [31] 

for noncommutative association schemes.

To help the reader keep track of the variety of m athematical objects under 

discussion, a font based notation is employed to  distinguish different types of 

objects. A n  upper case B L A C K  BO A R D  le tter represents an association scheme, 

a SANS SERIF le tte r represents a set of relations, a fra ttu r le tter represents a 

set of re lations/m atrices indexing relations, and a BOLDFACE le tte r stands 

for a com mutative ring w ith  identity. A n  IT A L IC S  le tte r represents a single 

scheme element includ ing a re lation and an adjacency m atrix . Im po rtan t terms 

are typeset in  italics when they first appear.

2.1 A ssociation Scheme

The Hamming and Johnson scheme are the two most im portan t association 

schemes. The Hamming scheme plays a key role in  tlie  study of (nonlinear) 

block codes and the Johnson scheme plays a key role in  the study o f com binatorial 

designs (see [6 ], [10], or [13]).
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Exam ple 2.1. (Hamming scheme) Let Q be an alphabet of size q and let A' =  

be the set of ordered d-tuples of Q. Two tuples are in  the re lation if  their 

Hamming distance is i, th a t is, they differ in  precisely i  coordinates. Then X  

together w ith  these relations is the (g-ary) Hamming scheme, denoted by Hq{d). 

□

Exam ple 2.2. (Johnson scheme) Let X  be the set of a ll d-subsets of a fixed 

u-set V  {d <  v/2).  Two d-sets are in the re lation i f  the ir intersection has size 

d — z. Then X  together w ith  these relations is the Johnson scheme, denoted by 

M d ) .  □

More generally, le t Ai be a fin ite  set and R =  { R q, R i , . . .  , Rd}  be a set of 

b inary relations on A". The pair X  =  (A , R) is an association scheme of class d 

(d-class scheme, or d-scheme) i f  the following conditions hold:

(i) R q =  { ( x , x) \x  € A } .

(ii) A  X A  =  i?o u U • • • U n =  0(z 7  ̂ j ) .

(hi) =  i?-,^ for some 0  <  z* <  d, where R f  — { { y , x ) \ ( x ,y )  E Ri} .

(iv) Given (x ,y )  G Rk, the integers =  \{z G X \ { x , z )  G R i , { z , y )  G i?j} | 

depend only on i , j  and k, not on x  and y. These are referred as the 

intersection numbers.

Further, X  is commutative i f  i t  satisfies

(v) For all z,J,A;, pL = p b .

X  is symmetric i f  i t  satisfies

(vi) For a ll z, =  R^.
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Symmetric schemes are necessarily commutative.

The numbers d, Vi and are the parameter of X. The follow ing lemma is 

obtained by simple counting [2, Section 2].

Lemma 2.3. The following equations hold:

d
and =  u^ph^.

e=o

□

I t  is clear tha t the Hamming scheme H q { n )  satisfies ( i) -( ii) , and (vi) which 

implies ( iii) . Tha t H q ( n )  satisfies ( iii)  follows from Example 2.4 below.

Let X  =  {X, {Ri}o<i<d) be an association scheme. For each re lation Ri, let

Ai  be the adjacency matr ix  of the directed graph F =  {X, Ri). The number

of in /o u t edges of any vertex of F is called the valency of Ri, denoted by i î. 

Vi =  .. The axioms (i) - (iv) of association schemes can be expressed as

(iO ^  =  / ,

(ifi) J  — A q +  A \  Rd,

(iifi) A f  =  Ri*, for some 0 <  i*  <  d,

(iV ) A iA j  =  ^ t = o P i j p

where I  is the iden tity  m a trix  and J  is the all-one m atrix.

Let Z be the ring of integers. Then

d
A d j(X ) =  ^ © Z A

i= 0

forms a Z-algebra o f dimension d +  1, called the adjacency algebra (Bose-Mesner 

algebra) of X  over Z. For matrices A  and B  of the same size, the ir Hadamard
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product A  o B  is the m a trix  w ith  (i, j) -e n try  aijbij. From (ii'), A d j(X ) is also 

closed under Hadamard product.

Each adjacency m a trix  Ai  (resp. relation Ri) w ill be referred as a basic 

m a trix  (resp. re lation) of X.

The following example shows tha t association schemes are closely related to 

transitive perm utation groups. For detailed treatm ent, see [2, Section 2.1] or [7, 

chapter 3].

Exam ple 2.4. Let f] be a fin ite  set and let G be a transitive perm utation group 

on Vt. Suppose R be the set of all orbits of G on 12 x 12. From the defin ition of 

orb it, 12 X 12 is the non-overlapping union of R. Since G is transitive, {(c j, a;) | G 

12} is an orb it. I f  R  is an orb it, then Ft^ =  { (a , /3) | (/?, a)  G R }  is also an orb it 

and hence R^  G R. So R satisfies conditions ( i) -( iii) . I t  remain to  show i t  satisfies

(iv).

Let Ri, R j  and Rk be three orbits in  R. For a, (3 G 12, define

/3) =  ( 7  G 12 I {a, 7 )  G Ri,  (7 , P) e Rj}-

For any two pairs {a', P'), {a, P) G Rk, there exists some g ^  G  such g{a' , P') =

{a, P). For any 7 ' w ith  (a ', 7 ') G Ri  and (7 ', P') G Rj ,  we have (^ (a ') , 5 (7 ') )  G Ri

and { g { i ) , g { P ' ) )  G Rj.  Hence g { i )  G A ,,j(a ,/3), i.e.,

{ 5 (7 ') 1 y  e A , j(A , /3 ') }  C A,j {a ,(3) .

On the other hand, for any 7  G Ai^j{a,P), g~^{'y) G A i j { a ' ,P ' ) .  Therefore

{ a h ' )  I 7 ' e A , j { a ' , p ' ) }  C A,^j{a,P).

The size of A i j { a ,  P) depends only on the k such {a, p) G Rk, which is pL. So

(iv) holds. Thus the principle th a t the sym metry property induces regularity 

property. □

7
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Continue w ith  Examples 2.1 and 2.2. Let Sd be the sym metric group of 

degree d. The wreath product Sg w r acts transitive ly on each re lation of 

Hq{d) and i t  defines the Hamming scheme Hg{d). The symmetric group Ŝ . acts 

trans itive ly  on the set o f d-subsets of V  and its orbits on X  x X  are the relations 

of the Johnson scheme J^.(d).

The following example is a special cases of Example 2.4 tha t w ill be needed 

later.

Exam ple 2.5. Let G be a fin ite  group w ith  the iden tity  e. Consider the left 

regular action of G  on itself: tha t is, for any fixed g v n G , x  gx  for every x E G. 

This action is transitive and the G-orbits on G x G are indexed by elements in 

G. For each g ^  G, Rg =  { { x , y )  € G x G | xy~^ =  g).  The o rb it is the

diagonal relation. Then (G, {Rg}g^c)  is an association scheme of class |G| — 1 , 

and denoted by X (G ). Let Ag be adjacency m a trix  of Rg. Then AgAh =  Agh for 

g,h  E G.

A ll valencies of X (G ) are one. Conversely, any association scheme whose 

valencies are a ll one defines a group in  th is way. Later, any such scheme is called 

a permuation scheme. □

F ix  Ao, A i , . . .  , Ad as a. basis for A d j(X ). Then each A  G A d j(X ) define a 

linear map ■ A d j(X ) A d j(X ), where L a { M )  =  A M .  The map A  ^  La  

is called the left regular representation of A d j(X ), and represents each m atrix  

in  A d j(X ) by a (d +  1) X  (d +  1) m atrix . By (iv), th is map takes Ai  to  Bi,  

where Bi  =  (p^j) w ith  ( j, A;)-entry p^^ The matrices Bq, ■. ■ ,Bd  generate an 

algebra over Z, called the intersection algebra of X  and denoted by In t(X ). The 

adjacency algebra and the intersection algebra are isomorphic under

L : Adj{X) ^  Int(X) ^  ̂ .l)
Ai  —> Bi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Notice tha t the matrices in  A d j(X ) and In t(X ) can have vastly different sizes.

Remark. The adjacency algebra and intersection algebra can be defined 

over other commutative rings D  w ith  unity, than Z. W rite  A d ji) (X )  for A d j(X ) 

to  indicate the coefficient ring.

Now assume tha t X  is a commutative association scheme w ith  adjacency 

matrices A;. Let C  be the complex field. Since A d jc (X ) consists of commuting 

matrices, it  has a unique set of pr imit ive idempotents: E q =  jy\J, E i , . . .  , Ed, 

where |X | is the card ina lity  of X .  Then A j and Ei  are related by

d 1 ^
Ai  =  y  '̂ p j jE j  and Ei  ^  ^

j =0 ' I j=Q

Also, the complex conjugate Ei of Ei  is equal to  Ei- for some 0 <  i* <  d. The 

matrices P  =  {pji) and Q =  (qji) w ith  {j, z)-entry pj i  and qji are called the f irst  

and second eigenmatrices of X  respectively.

The matrices A j and Ei  act as dual bases in  the adjacency algebras, see [2], 

[4] or [6 ] for details.

2.2 Fusion in association schemes

Let X  =  {X, {Ri}o<i<d) be an association scheme w ith  adjacency matrices Ai. 

Another association scheme Y  =  {X,  {i?'}o<i<e) is a fusion scheme of X  if  each 

re lation of Y  is a union of the relations of X  while X  is called a f ission scheme 

of Y. The following example is take from  [5].

Exam ple 2.6. In  the context of Example 2.1, the alphabet is a fin ite  field F4 

w ith  4 elements and the vertex set X  =  F |, all the vectors of length 3. Recall for 

x , y  E X ,  ( x ,y) E Ri i i  x  and y  differ in  precisely i  coordinates, for z == 0 ,1 ,2 ,3 . 

This is the Hamming scheme L/4 (3 ). I t  has the following fission: sp litting  R 3 in to

9
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3 relations according to  the value of {x i  — y i ) { x 2 — y2) {x 3 — y^) for a ll (x, y) e R3. 

Denote these three new relations Ci{ i  =  1 ,2 ,3). Since —1 =  1 in  F4, Ci =  C f . 

These new relations together Rq,R\  and R 2 satisfy axioms ( i)-( iv ) of Section

2.1 and (iv) can be verified w ith  direct calculation. So th is  fission scheme is 

symmetric w ith  six relations. This example is continued in Example 2.8 below. 

□

Now assume tha t X  is commutative w ith  adjacency matrices Ai  and p rim i­

tive idempotents Ei.  Let Y  be a fusion e-scheme w ith  adjacency matrices C, and 

prim itive  idempotents Fi. Then each Cj (dually F j) is the 01-linear combina­

tion  of the A j ’s (respectively Ej 's) .  This induces two partitions of { 0 , 1 , . . .  , d}: 

r  =  {To =  ( 0 ) , . . .  , Te} and tt =  {IIo  =  { 0 } , . . .  , He} such tha t

Ci =  ^  Aj ,  and Fi =  ^  Ej ,  i  =  0 ,1 , . . .  , e.
jeTi j& i i

The equation R j  =  Ri* defines a map i  i*  on ( 0 ,1 , . . .  ,d} .  For S C 

( 0 , 1 , . . .  ,d} ,  let

T* =  ( T  I i  G S}.

The follow ing theorem is known as Bannai-Muzychuk criterion,  proved indepen­

dently in  [1] and [24].

T h e o re m  2.7. (Bannai-Muzychuk criterion) Let X  =  (X , R) be a commutative 

scheme, Y  be a fusion scheme of X , and r  and tt  be two partitions defined above. 

Then the following conditions hold

(i) T * =  Tq. for some 0 <  a* <  e ( dua lly I I*  =  n „ . ) ;

(ii) for each 0  <  a, /3 <  e and for any pair i , j  G Ta,

^   ̂ Qih ~  ^   ̂ Qjh)
ĥ Tlp ĥ Tlp

(dually J2heTc.Pih =  Y.h€T^Pjh for any i , j  G B^).

10
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■ 1 9 27 9 9 9 '
1 5 3 - 3 - 3 - 3
1 1 5 1 1 1

1 - 3 3 5 - 3 - 3
1 - 3 3 - 3 - 3 5
1 - 3 3 - 3 5 - 3

Conversely, i f  two partitions r  and tt  of { 0 , 1 , . . .  , d }  satisfy the above conditions, 

they determine a fusion scheme of X. □

Exam ple 2.8. (Example 2.6 continued [5]) The fission scheme has the first 

eigenmatrix w ith  ordering Rq, R i ,  R 2,C\,  C2 and C3

P

This scheme has an interesting fusion scheme: merge R i  w ith  any of C,, and 

merge the remaining two Ci. By Theorem 2.7, th is  gives a 3-scheme, denoted by 

A. Moreover, A has fu rther fusion: combining any two non-diagonal relations 

gives arise a two class scheme. □

Remark. The reader fam ilia r w ith  fin ite  geometries may recognize tha t 

the three non-diagonal relations of A come from a pa rtition  of the points of 

projective plane PG(2, 4) in to  two hyperovals and a unita l. This leads to  one of 

many constructions of the sporadic simple group M 24.

Theorem  2.9. Let X  =  {X, {Ri}o<i<d) be an association scheme, not necessar­

ily  commutative. And let r  =  ( T q  =  { 0 } , . . .  , Tg} be a p a rtit io n  of { 0 , 1 , . . .  ,d} .  

Then { X ,  { S 'i} o < i< e )  is a  scheme w ith  S i  =  i f  and only if

(i) S f  =  Si* for some 0  <  <  e;

(ii) for any 0  <  a, /?, 7  <  e,

EE.
ieTc j&Tfi

is a constant for any A: G Ty.

Proof. Tha t the new relations satisfy the scheme axioms ( i)-( ii)  is automatic,

(i) and ( ii)  above is a restatement of the scheme axioms ( iii)  and ( iv ) , respectively.

□

11
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2.3 Perm utation relations

The m ateria l in  th is section has not appeared in the lite rature, and it  is developed 

further in  Chapter 6 .

A  re lation of valency one is called a permutation relation. I f  each relation 

of an association scheme has valency one, th is scheme is called a permutation 

scheme. The reason for these terms w ill become clear soon. Some authors call a 

relation of valency one “ th in ” , and hence a th in  scheme [15].

■ Let X  =  (X , R =  {i?o, • • • , Rd})  be an association scheme and R{ be a 

perm utation relation. Then for every x e X ,  there is a unique y E X  such tha t 

(x,y)  e Ri. W rite  y =  xRi.  The relation Ri  induces a perm utation x  —> xRi  on

a :.

Further, the map x  —>■ xRi  induces a perm utation on R. Let Rj  be any 

relation of X. Suppose (x ,y )  € Rj.  By Lemma 2.3, Ylt=oPh =  =  1- The

relation containing {yRi, x)  is uniquely determined by i  and j .  Say {yRi, x)  E Ri. 

Sim ilarly, the re lation containing ( x R i , y R j )  is uniquely determined by I and i, 

hence by i  and j .  Therefore, the mapping x  —> xR i  on X  induces a perm utation 

on the relations R.

Let p be the set of perm utation relations in  R. Then p induces a perm utation 

group on R.

Theorem  2.10. W ith  the above notation, the union o f orbits of p on R forms 

a fusion scheme on X .

Proof. Any perm utation relation maps R q to  itself. The orbits induces a par­

t it io n  T of { 0 , 1 , . . .  ,d} .  Let T =  {To =  { 0 } , . . .  ,Tg}. Set Si =  Uj^XiRi for 

z =  0 , 1 , . . .  , e.

12
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For each Si, choose any re lation Rj  in  it. Then Sj ' is the the o rb it containing 

RJ.  For any k , l  G T^, there exists an element of p th a t maps Rk to  i?/. I t  follows 

tha t, for any 0 <  a, (3 <  e,

i e T a j e T p  i e T a j e T g

The conditions (i) and (ii) of Theorem 2.9 hold, and the proof is completed. □

Further fusion can lead to  commutative fusion schemes of X. O f course, 

every association scheme has one perm utation relation, namely, the diagonal 

relation R q . I f  there are no other perm utation relations, the fusion scheme from 

Theorem 2.10 is X  itself.

13
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Chapter 3 

General M ethods

This chapter develops methods for finding commutative fusion schemes in  non­

commutative association schemes. We introduce the double product algebra tha t 

includes the adjacency algebra, the intersection algebra and the group algebra as 

examples, define the homomorphism of the double product algebras, and fina lly  

outline how to  use the homomorphic images of the intersection algebra to  find 

commutative fusion schemes.

3.1 D ouble product algebra

Let X  =  (X , (i?i}o<i<(i) be an association scheme. The adjacency algebra A d j(X ) 

has basic matrices Aq, A i , . . .  , Ad and the intersection algebra In t(X ) has basic 

matrices B q, B i , . . .  ,Bd-

Prom Section 2.1, A d j(X ) supports the usual m a trix  and Hadamard m u ltip li­

cations and is closed under tak ing the m a trix  transpose. The follow ing defin ition 

captures these properties.

Definition 3.1. Let D be a commutative ring w ith  identity. Let A be a (d-|-l)- 

dimensional D-m odule equipped w ith  two m ultip lica tions (•  and o) and a unary 

operation b. I f  A  satisfies the following conditions; for a ll x , y  E A,

(i) {A,  • )  is an associative algebra w ith  identity ;

14
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(ii) {A,  o) is a commutative associative algebra w ith  identity,

(iii) b(b(x)) =  x;

(iv) \ ) {x»y)  =  b(?/) *b (x ) ;

(v) b ( x o ^ )  =  b(x)ob(y);

(vi) (j^, • )  has a basis ao, a i , . . .  , a^ such tha t

(a) ao =  1 is the iden tity  for m u ltip lica tion  •;

(b) for all i  and j  a.i o Uj =  ai\5ij, where is the Kronecker delta;

(c) J =  ao +  a i +  • • • +  a^ is the iden tity  for m u ltip lica tion  o.

Then A  is called a double product algebra, abbreviated as 2)-algebra.

A  basis tha t satisfies condition (vi) is called a 2)-basis of A.  Call A  commu­

tative i f  (A , •)  is a commutative algebra. Notice tha t the P raktur character 2) 

represents a type of algebra (and later a related type of homomorphism), other 

than a re lation set.

E x a m p le  3.2. The adjacency algebra A d j(X ) is a 2)-algebra w ith  the usual 

m a trix  and Hadamard m u ltip lica tion  and the unary operation b : A  ^  . The

iden tity  for the Hadamard product is the all-one m a trix  J. The conditions (iii)-

(v) hold since =  A, { A B Y  — and (A  o B Y  — AA o B ^  for all

A , B € A d j ( X ) .  □

E x a m p le  3.3. Let Z be the ring of integers and G be a fin ite  group w ith  identity  

e. Let ZG  be the group of G over Z. Define the second product o in  ZG: for

g,h  ^  G, g o h =  gdgh- The product o is extended linearly to  ZG  and this

product is com mutative w ith  iden tity  9 - "^he unary operation is define by 

b(x) =  x~^, which is extended linearly to  ZG. Then ZG  is a 2)-algebra.

15
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Let X (G ) be the association scheme defined in  Example 2.5 w ith  adjacency 

matrices Ag{g € G). For g,h  G, the Hadamard Ag o Ah agrees g o h defined 

above. The map g ^  Ag from  ZG  to the adjacency algebra preserves the 'D- 

algebra operations. In  other word, th is map is 2)-isomorphism (see Defin ition

3.4 below). □

D e f in it io n  3.4. Let D  and E  be two commutative rings w ith  identity. Suppose 

tha t ": a ^  a is a ring homomorphism from  D  to  E. Let be a S-algebra over 

D  and !B be a 2)-algebra over E. A  map <p from  A  to !B is D-homomorphism 

associated w ith  " if ,  for any x , y  G A  and a e D ,

(i) 0 (x  +  y ) =  (^(x) +  c/)(y) ;

(ii) 0 ( x « y )  =  </)(x) » 0 (y);

(iii) 0 ( x o y )  =  (j}{x) o (f){y)-,

(iv) 0 (b(x)) =  b(0 (x);

(v) </)(ax) =  o0 (x) for a in  D  and x  in  A.

Further, suppose tha t "is  an isomorphism between D  and E. Then 0 is called a 

2)-isomorphism between A  and !B i f  (/> is bijective. □

E x a m p le  3.5. Let X  =  {X, {Ri}o<i<d) be an im prim itive  association scheme 

w ith  adjacency matrices Ao, A \ , . . .  , Ad. Suppose th a t equiv­

alence re lation on X  and S is an equivalence class. Then S — (5, {Ri}o<i<r)  is 

a subscheme w ith  adjacency matrices Aq,A '^ , . . .  ,A(, (see Section 6 .1  for the 

defin ition of subschemes). The map 0(A ')  =  Ai {0  <  i  <  r )  induces a D - 

homomorphism from  the adjacency algebra of § to  tha t of X. □

16
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A  fusion scheme of X  determines a p a rtition  of ,d} .  W hen d is very

small, one can check a ll partitions of { 1 , . . .  , d } to  determine a ll fusion schemes 

of X. W hen d is large, th is  approach is not feasible.

Another approach attempts to  determine the basic relations in any fusion 

scheme. This approach was used to  classify of fusion schemes in  the Hamming 

and Johnson schemes [25, 26]. This work also relied heavily on distance regular 

property of these schemes.

For noncommutative schemes, there is no analogous property to  the distance 

regular property. A  different approach is required. The double product homo­

morphism is useful for th is  purpose. In  the following example, the Hadamard 

product is exported to  the intersection algebra.

Exam ple 3.6. Continue w ith  Example 3.2. In  the intersection algebra In t(X ), 

define the second product o by o =  BiSij for 0 <  i , j  <  d. The equations 

A J  =  Ai* induce a map on the intersection matrices defined \>{Bi) — Bi*. Ex­

tend the product o and the unary operation b linearly. The map L  ■. A^ ^  Bi  

in  (2 .2 .1 ) gives a ©-isomorphism (associated w ith  the iden tity  isomorphism) 

between A d j(X ) and In t(X ). □

The ©-hom om orphic images of the adjacency algebra obtained by the in ­

tersection algebra modulo a positive integer p  are a focus po in t of th is thesis. 

This involves the reductions of the m a trix  entries modulo p  and the coefficient 

ring modulo p. The homomorphic images thus produced are an algebras over 

Zp, the ring  of integers modulo p. This reduction preserves the operations in the 

intersection algebra.

Exam ple 3.7. Let A  be the intersection algebra of an association scheme and 

let p be a positive integer. The mapping (f): A  ^  {A  mod p) for each A  € A. is 

a ©-homomorphism of A  w ith  the operations inherited from  A.  □

17
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3.2 U pper bound on the dim ension of com m utative fusion

The adjacency algebra is free Z-module w ith  two ring structures associated w ith  

the usual m a trix  and Hadamard m ultip lications. This section focuses on the 

first ring structure and ignoring the second.

Let X  =  {X,  R) be an association scheme w ith  adjacency algebra A.  Let 

C X  be a vector space of dimension |X | over the complex field. Each m atrix  

in  A  can be regarded as a linear transform ation of C X  to  itse lf and thus C X  

becomes a le ft X-module. Then C X  is isomorphic to  a direct sum of irreducible 

jd-modules:
r

C X  =  J 2 f ^ N ^
i=0

where Ni  are d is tinct irreducible ./l-modules tha t occur in  C X  and f i  is the 

m u ltip lic ity  of X , in  A.  Since the all-one vector generates a submodule of CX ', 

we may assume tha t /o =  1. Thus A  is isomorphic to a direct sum of m a trix  

algebras:

r

{3,3,1)
i=0

The decomposition in  (3.3.1) can be used to  bound the dimensions of com­

m utative subalgebras in  A.  When X  is commutative, all / ,  =  1. In  th is case, the 

bound is the dimension of A.  For each m a trix  algebra in (3.3.1), there is an up­

per bound on the dimensions of its  commutative subalgebras. The sum of these 

upper bound is an upper bound on the numbers of classes in  any commutative 

fusion schemes in  X.

T h e  decom position  in  (3.3.1) p roduces a  set of block ide m p o ten ts .  T hese 

block idempotents are used in  next section to  organize the search for commuta­

tive iD-algebras.

18
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The direct sum in  (3.3.1) provides homomorphisms from  A  to  m a trix  alge­

bras. These homomorphisms m ight be used w ith  other tools to  locate commu­

ta tive  fusion in  X.

3.3 Searching principles

Suppose tha t j4 is a 2)-algebra w ith  D-basis a o ,a i , . . .  ,a^. A  S)-subalgebra 

T  in A  is called a fusion algebra of A  i f  there exists a p a rtition  tt =  { flo  =  

{ 0 }, H i , . . .  , l ie }  of { 0 , T  ■ • • > d}  such tha t /o, / i ,  • ■ • , /e is a basis for T  w ith  

fz =  IZjen;

Suppose th a t S' is a set. Let r  be a set of subsets of S. We call r  a part ial  

part it ion  of S if, for any d istinct subsets A, B  e r ,  A D B  =  (/}. The set of partia l 

partitions of S forms a pa rtia lly  ordered set, where, for two partitions r  and a, 

r  <  cr i f  T is a refinement of a.

A ll of the methods in  th is work are based on elements than subalgebras. 

This implies tha t we s ta rt w ith  a partia l p a rtition  and perform  a test, i f  the test 

fails, then no refinement of th is pa rtia l p a rtition  supports a fusion algebras (or 

fusion scheme).

This rest of th is section discusses several general techniques th a t are used in 

searching for commutative fusion schemes. These techniques can be generalized 

to  commutative 2 )-algebras w ith  m inor m odification.

Let X  =  {X , {Ri}Q<i<d} be association scheme w ith  adjacency matrices Ai  

and intersection numbers p L .

We use [i-.j] to  denote the set of integers from  i to  j  inclusive. For any 

subset S  C [0..d], we say S  su p p o rts  '^ je s R i -  For convenience, we

don’t  d istinguish the subset S, '^i€sRi-

19
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For X and y in  a D-algebra of X, the element x  o y  is called the Hadarnard 

shadow of x  and y . The following is referred the Hadamard shadow principle, 

which is used in  sections 5.4 and 5.5.

P rin c ip le  3 .8 . (Hadamard shadow) Suppose tha t x  and y  are two elements in 

a S)-algebra. I f  x  and y  are in a commutative subalagebra, then x  o y  must 

commute w ith  x  and y , i.e.,

X •  (x  O y ) =  (x  O y ) •  x  and y  •  (x  o y ) =  (x  o y ) •  y.

□

For a subset S C [l..(i], define T,s as the sum Eg =  Ad j(X) .  For

5, T  C { 1 , . . .  , d}, set

c i s . T )  =  j 2 J 2 p-,-
i e s  j e T

In  other words, Ck{S,T) is the coefficient of Ak in  the product

d

E 5 E T  =  ^ C f c ( 5 , r ) A - .
k=0

Suppose th a t Ck{S, T)  takes r  different values v i ,V2, . . .  , u,.. We define a pa rtition  

of [l..d ]: for 1 <  z <  r.

Hi =  (A: I 1 <  A: <  d, Ck{S, T )  =  Vi}.

We set

spt(S ',T) =  {Ho =  { 0 } , H i , . . .  , n j  .

Let TT =  {Ho =  {0 } ,  H i , . . .  , Hs} be a p a rtition  of [0..d] th a t supports a fusion 

scheme. Then (ii) of Theorem 2.9 can restated as, for any a, /3 e [0..s], Ckijla, H/j) 

depends on H.y w ith  A; € H. .̂

The following question is of interest: given S , T  C [l..d ] w ith  S — T  ov 

5 n r  =  0 ,
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is there any commutative fusion scheme containing S and T?

This question can be answered by the following procedure. Compute tt =  

spt(5, T ). Exactly one o f three cases can happen to  t t :

(i) 7T does not contain S and T.

(ii) 7T does contain S and T , but elements of tt do not commute w ith  each 

other.

(iii) None of above.

I f  case (i) or (ii) occurs, then the answer to  the above question is NO. I f  

case ( iii)  occurs, set a =  t t .  Suppose t t  =  { Ilo  =  { 0 } , I I i , . . .  ,11^}. For each 

pair { i , j )  w ith  1 <  i  <  j  <  r,  compute s p t ( I I j , I I j) .  I f  either case (i) or (ii) 

happens to  sp t(II i, I l j ) ,  then the answer to  the above question is NO. Otherwise, 

say s p t ( I I i , I I j )  =  {Ao =  {0} ,  A i , . . .  , A^}. Form a new pa rtit io n  which consists 

o f nonempty intersections of I I i  0  Aj  for a ll 0 <  z <  r, 0 <  j  <  s. This pa rtition  

refines r  and a, which is again called a. Once all pairs ( i , j )  are done, compare 

a  w ith  T. I f  cr 7  ̂ r ,  we let r  cr and repeat the above procedure. (One can be 

smart the next round by avoiding to  the pairs orig ina lly from  tt). Else exit w ith  

the pa rtit io n  r  tha t supports a commutative fusion scheme. This fusion contains 

the basis relation S.

The above procedure can be extended to  a partia l pa rtit io n  of [l..d ] w ith  

m inor m odification. This is used in  Step (L ift)  of Section 3.4. We refer th is 

procedure as the scheme element principle.

Principle 3.9. (Scheme element) Given a pa rtia l p a rtition  of one can

decide i f  i t  support basic relations in  a commutative fusion scheme. □

21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Recall th a t i  —> z* is a bijective function from  [0..d] to  itse lf (Example 3.6). 

For any subset S C [0..<i], define

5* =  { f  I z G S}.

I f  S — S*, S is symmetric and nonsymmetric otherwise. The pair 5 * }  is 

called symmetric i f  5  H 5** =  0. In  particular, i f  5  =  {z} is symmetric, then i is 

symmetric. A  pa rtia l p a rtition  r  of [0..d] is called admissible i f  T * G r  whenever 

T  G r .  In  the rest of th is section, r  denotes an admissible pa rtia l partition .

The last step of our search for commutative fusions involves the lift in g  of a 

partia l pa rtition  r  of [0..d]. Let t'" be the set of elements of [0..d] which do not 

appear in  r .  This lift in g  process requires appending some subsets in  r  w ith  the 

elements in  r^. The following principle is used in  the lift in g  a lgorithm  in  Section 

3.4, called the pairing principle.

Principle 3.10. (Pairing) Let r  be an admissible partia l pa rtition . Suppose 

tha t z G is be added to  some subset of r .  I f  z is symmetric, i t  can only be 

added a symmetric subset of r ;  i f  z is nonsymmetric, then either {z, z'} is add to  

some symmetric subset of r ,  or z is added to  some T  in r  and z* is added to  T*, 

where T  Pi T * =  0. □

The following principle explains how to  generate a scheme element from  a 

pa rtia l partition . I t  is quite effective in  the l i f t  process.

Principle 3.11. Suppose tha t r \  { 0 }  has s symmetric subsets and t symmetric 

pairs, and has s' symmetric subsets and t ' symmetric pairs.

By the Pigeon hole principle, at most |_^^J  (— m) symmetric subsets/pairs 

of r'^ is added to  some symmetric subset of r ,  where [a:] is the largest integer 

smaller than x. Thus for any symmetric subset of r ,  at most q (* V ) cases 

have to  be tested. Again, by the same principle, for any symmetric pair in  r ,  we 

test at most cases, where m  =  0
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3.4 Approaches for finding fusion schemes

Our search for commutative fusion schemes generally involve the following three 

steps. Sections 5.3, 5.4 and 5.5 implement these three steps. I t  may be helpful 

to  understand these methods to  read th is section in  parallel w ith  those sections.

Let X  — {X,  (i?i}o<i<d) be an association scheme. Its  intersection algebra 

A  has a basis the intersection matrices Bo, B i , . . .  ,

Step (M od) Seek S-homomorphisms of the intersection algebra.

These ©-homomorphisms are obtained by reducing A  modulo some positive 

integer p.

There are actually two reductions involved. Since A  is a m a trix  ring over 

Z, one can apply modulo p reduction to  the entries of any m a trix  in  A.  This 

a ring homomorphism. Since A  is a le ft Z-module and Zp is a righ t Z-module; 

one can form  tensor product Zp 0  A .

These two modulo p  reductions chained together result in a m a trix  algebra 

over Zp, denoted by A . Let B j =  B, mod p. Since the firs t rows of Bi  add to 

the all-one vector, the matrices Bq, B i,  . . .  , B^ form  a basis of A . The operations 

inherited from  A  makes A  a ©-algebra.

Examine the matrices Bi  to  see i f  they have the block triangu lar form. 

Look for blocks th a t inherit the ©-algebra structure, i.e., the second product 

and unary operation. (See Section 5.3 for such an example.) The projection 

of A  in to  such a block is a ©-homomorphism. Its  homomorphic image w ill be 

denoted by A . The homomorphism from A  to  A  obtained from  the above process 

is a ©-homomorphism.

It turns out that the m ost useful hom om orphism s are a map that 

takes B  to  a principal subm atrix of B  m odulo p  for every B  e A . This 

map is required to  preserve the operations o f the adjacency algebra.
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A  natura l question to  ask is: which positive integer p  w ill produce a desired 

2)-homomorphism? This question has been answered for difference sets in  [2 2 ]: 

any prime p divides the determ inant of the “ inversion m a tr ix ” . I f  p is greater 

than a ll valencies, then it  w ill not help the question. One should look for primes 

tha t are smaller than the largest valency, especially any prime th a t divides some 

but not a ll valencies because Vkp’lj =  ■

Suppose we have a desired 2)-homomorphism from A  to A.  Let F be the 

commutative fusion scheme of X  from  a pa rtition  tt  of [0..dj. The image of F in 

A  is a commutative £)-subalgebra supported by a pa rtia l pa rtit io n  tx of [0 ..dj. 

Clearly, ^  < tx .  This leads to  search for all commutative 2)-subalgebras in  A.

Step (Split) Seek all commutative 2}-subalgebras of A  from  partia l partitions.

Since A  is a fin ite  dimensional algebra over Zp, it  can be w ritten  as a direct 

sum of two-side ideals from representation theory, e.g. [9, Theorem 55.2]:

A  =  A'l 0  <^2 © . . .  0  A'si (3.3.2)

where are nonzero two-sided ideals. This decomposition determines a set of 

block idempotents e \ , . . .  , 6s satisfying

1 =  6 i 0  • • ■ +  e^, CiCj =  CiSij, and A c i =  e^A =

where Sij is the Kronecker delta.

Each two sided ideal in  (3.3.2) is isomorphic to  a (not necessarily fu ll) m a trix

algebra. So A  is isomorphic to  a direct sum of m a trix  algebras:

A  ~  A ti 0  3Vl2 0  • • • 0  (3.3.3)
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The problem of find ing a ll commutative 2)-subalgebras in  A  is reduced to  the 

problem of finding a ll corresponding subalgebras in  a direct sum of m a trix  al­

gebras. The la tte r can be addressed w ith  two complementing approaches. Let 

us illus tra te  these approaches work w ith  .A ~  M i 0  M 2 . Each element m of A  

determines a m a trix  m i in  M i and m 2 in M i.  We write  m, =  rrii Q nio. See 

Sections 5.4 and 5.5 for more details.

According to  the block idempotents they contain, the commutative 2)- 

subalgebras in  A  is divided in to  two non-overlapping families: the first fam ily 

consists these subalgebras tha t contain Ci and 6 2 , and the second fam ily consists 

the rest.

For the firs t family, we find commutative subalgebras in M i and M 2 . Tech­

niques sim ilar to  Principles 3.8 and 3.9 can be used in th is searching process. 

Then matching a ll pairs of subalgebras in  M i and M 2 finds the firs t family.

Suppose tha t S is a subalgebra in the second family. Let m =  m i © m 2 

in  § be a m a trix  in  S. Then the m in im al polynomials of m i and m^ can not 

be re lative ly prime to  each other by Theorem 5.5. From th is  more elaborate 

com binatorial and algebraic techniques are employed to find a ll members in  the 

second fam ily  (see Section 5.5).

Suppose th a t 8  is a commutative iD-subalgebra in  A.  Then 8  determines a 

partia l p a rtition  f  of [0..d]. L e t 'b e  the homomorphism form  A  to  A  above. For 

any T  G r ,  we have

t*e T *  i&T

Thus, T*  G r ,  i.e., r  is admissible.

Step (Lift) L if t  an admissible pa rtia l p a rtition  to  produce com mutative fusion 

scheme.
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The last step involves the lift in g  of the candidates from  Step (Split) back 

to  A  to  produce commutative fusion schemes of X. This issue w ill be addressed 

combinatorially. Each candidate from Step (Split) produces an admissible partia l 

pa rtition  a  of [0..d] w ith  0 E d. F irst, apply principle 3.11 to  d and produce a 

partia l p a rtition  f  of scheme element candidates. Second, apply princip le 3.9 to 

T. I f  th is produces a pa rtition  a  of [0..d], then it  supports a com mutative fusion 

scheme. Compare a  w ith  d. I f  any subset of d splits into more than one subsets 

in  (T, then d has no lift.

Suppose tha t a  lifts  d. The fusion scheme it  supports may s till have commu­

ta tive  fission schemes th a t also li f t  d. The following procedure is applied further 

to  find these fissions. Let d — {do =  {0 }, d i , . . .  , d^}. Arrange the subsets in 

a  such th a t di C ai(0  <  z <  r). F ind the first i  such th a t d, 7  ̂ ai. App ly 

Principle 3.9 to  each subset tha t contains di and is contained in  cJi, together 

w ith  the rest of subsets in  a. The result is either no lift ,  or a new p a rtition  tha t 

support a commutative fission of the original scheme. This process is repeated 

t i l l  no fu rther commutative fissions are produced. The procedure is referred as 

the f ission process.

Here is some notations we use to  describe the l i f t  algorithms. Suppose r  is 

a partia l pa rtition  of [0..d] from  Step (L ift) . Let =  r \ { 0 } .  and be the set 

of elements in  [0..d] th a t are not in any subset of r .  I f  is a set, we denote by 

the collection of subsets of Cl of card ina lity  between i  and j .

The inpu t of the l i f t  a lgorithm  is a partia l pa rtition  r  and the ou tput is a 

set of partitions of [0..d] tha t l i f t  r .
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A lgorithm  1 Lifting the partial partition r
if r  is a fu ll pa rtit io n  of [0..h] then

test i f  r  produces a commutative fusion and exit 
end if 
result —[ ] 
compute
S =  symmetric parts in 
s =  card ina lity  of S 
T  =  nonsymmetric pairs of 
t  =  card ina lity  of T
T ' =  set representatives from  each pair in  T  
t '  — card ina lity  of T'

=  symmetric part in 
=  nonsymmetric pairs in 

m — [(s^ +  t^")/s\ 
m! —
for each set e in  S' do

for each set in  do
compute the pa rtition  ptn  based on e U i f  ptn  is N O T  compatible w ith  
eUe'^, continue the loop; else i f  ptn  is compatible w ith  r ,  add p tn  to  result 

end for 
end for
for for each e in  T '  do 

for for each nonsymmetric subset o f do
compute the pa rtition  ptn  based on eUe^ and its transpose; i f  ptn  is N O T 
compatible w ith  them, continue the loop; else if  ptn  is compatible w ith  
r ,  add ptn  to  result 

end for 
end for
For each p a rtition  in  result, find  all commutative fission th a t lifts  r .
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Chapter 4 

A ssociation schemes of 
equipotent partitions

This chapter defines association schemes E„(5) (resp. U „(6)) on the set of ordered 

(resp. unordered) equipotent partitions w ith  parameters n and b. These schemes 

are shown to  be noncommutative in  general.

N otation  4.1. The following notations are fixed in  this and next chapters.

N  nonnegative integers
A a fixed equipotent pa rtition
A the set o f integers from 1 to  n
0  the set o f ordered A-partitions
H the set o f unordered A-partitions
m the set of £ x £ matrices over N  whose row /colum n sum is A
R { R m \ M  e m }

En{b) the association scheme from the action Sn on Q,
U„(6) the association scheme from  the action of on T □

A  sequence A =  ( A i, . . .  , A^) is a parti t ion  of n i f  Ai >  • • ■ >  Â  >  0 and

Aj =  n, and A is equipotent i f  Ai =  ■ ■ ■ =  A .̂

Let A be the set of integers from  1 to  n. A n ordered part i t ion a  o f  A of  type

A (or sim ply, A -partition) is a  list ( a i , . . .  , a^) of subsets  of A such  th a t  |qj| =  Â

and U ja, =  A. Call a  equipotent i f  A is equipotent. In  the rest of th is  chapter, 

A is a fixed equipotent p a rtition  of n  w ith  a ll Aj =  b.
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Let Q be the set of ordered A-partitions of A. The sym metric group S„ acts 

transitive ly on Q. B y Example 2.4, Q together w ith  all orb its of on Q x Q 

forms an association scheme, denoted by E „ (6 ).

For two partitions q  and p  in f l , define a.p  to  be the £ x £ m a trix  whose 

(z, j) -e n try  is \ai f i  Pj\, where a  =  (a i, • • • , a^) and /3 =  (/3i, • • • For any 

perm utation /  in Sn-. f { a ) . f { P )  =  a.p.  Conversely, for any two pairs (a, 3) and 

{ a \P P  in  AI X  n  w ith  a.p  =  a'.P', form two arrays A  and A'  w ith  £ rows and 

£ columns such tha t (z, j) -e n try  of A  is the set f l  Pj and (z, j) -e n try  of A'  is 

the set at f i  P'-. The sets a^ f l  Pj are d isjo int and the ir union is A. For each pair 

(A j ) ,  choose a perm utation of 5 „  such tha t D p j )  =  a \ n  /?' and f i j { x )  =  x

for each x  € A l\(a j f l  Pj). In  particular, i f  a^ f l  pj  is the empty set, p j  is the 

identity  of The perm utation f  — Y i i j  f i j  ii^^ps (a,/5) to  {a ' ,P') .  Therefore, 

(a,/3) and {a ' ,P')  are in  the same o rb it i f  and only i f  a.p =  a ' .p ' .

Denote by m be the set oi £ x £  matrices of nonnegative integer entries whose 

rows and columns sum to  A. Then m is in  one-to-one correspondence w ith  the 

orbits of Sn on Q. X Cl. For M e m ,  set

R m =  { (a , /?) e D X D I a.p  =  M } .

In  this case, we say M  parametrizes/indexes the relation Rm- The diagonal ma­

tr ix  b l  indexes the diagonal re lation Rq. A  perm utation relations is parametrized 

by a monomial m a trix  in  m. (Recall a m a trix  is monomial  i f  i t  has exactly one 

nonzero entry on each row and column.) Conversely, for each monomial m atrix  

M e m  and a p a rtition  a  e D, there is exactly one pa rtition  P E Cl such tha t 

(a ,  P)  €  R m - T h e  re la tio n  R m  has valency one an d  hence a  p e rm u ta tio n  re la tion .

E x a m p le  4.2 . When b =  1, Cl consists of perm utations of A. The relations 

o f E „ ( l)  are parametrized hy £ x £ perm utation matrices. Moreover, E „ ( l )  iso-
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morphic the perm utation scheme X(S '„). Hence th is scheme is not commutative 

when n >  3.

W hen n  =  26, E 2t ( 6 ) is the Johnson scheme J2b(b) and thus is commutative. 

The following theorem states tha t tak ing transposes in  R and in  m reconcile. 

Theorem  4.3. R'^ =  R ^ t  for M  G m.

Proof. I f  a. (3 =  M , then /3.a =  M ^ . Since Rf j  =  {{(3, a)  \ a . (3 =  A /}  =

{{(/3, a)  I j3.a — AJ'^}, the proof is completed. □

Theorem  4.4. The scheme E „ ( 6) is not commutative i f  n >  26.

Proof. Consider the perm utation relations. The corresponding adjacency m a tri­

ces form  a group w ith  m a trix  m ultip lica tion. This group is isomorphic to  the 

symmetric group Se- Thus i f  n >  26, then £ >  2 . Since Se is not commutative

for £ >  2, the adjacency algebra of E „ (6 ) is not commutative. □

Remark. The A-partitions of A are called tabloids of type A, or A-tabloids 

in  the theory of the symmetric group [19].

Forgetting the ordering w ith in  an ordered A-partition  results in  an unordered 

partition . In  other words, a \ -unordered part i t ion  of f l  is a set of d is jo in t 6-sets 

of f l  whose union is f l.

Let E be the set of unordered A-partitions of A. The sym metric group 

acts trans itive ly  on E and the 5 „-o rb its  on E x E forms an association scheme. 

This scheme is denoted by U „ (6 ).

Exam ple 4.5. The scheme 1)9 (3 ) is a symmetric 4-scheme. I t  was defined in 

[23] and was shown to  have a fusion 2-scheme (a strongly regular graph). This 

fusion also has a fission 3-scheme.

The scheme Uio(2) is a symmetric 6 -scheme. I t  was defined in  [27] and was 

shown to  have only tr iv ia l fusion scheme. □
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T h e o re m  4.6. I f  6 >  3 and n  >  15, then U„(5) is not commutative.

Proof.  ̂ F ix  a p a rtition  7  in  E. Let H  be the stabilizer o f 7  in  and tt  be the 

perm utation character of on E. By [2, Theorem 1.4, p49], it  is sufficient to 

show th a t 7T is m ultip lic ity-free.

Let TTfc be perm utation character of Sn on the set of A--subsets of A. Then the 

inner product of tTj and is {ni, T ĵ)sn =  * +  1 (0 <   ̂ <  J <  w/2) by [2, Lemma

2.4, p .212]. Moreover, tTj — 7rj_ i is an irreducible character of by [2, Theorem

2.5, p .212]. Now (7r , 7T3)5„ =  (1, tts)// by Frobenius Reciprocity. (l.TTa)// is the 

number of orbits of H  on ( 3 ), the 3-sets of A. Now we show how to  compute the 

o rb it number. For any 3-set , form  the m ultiset 7 = { | r i 7 i | | l < z < f } .  There 

are three possible multisets: {3, 0 , . . .  ,0 }, { 2 ,1 ,0 , . . .  ,0 } and {1 ,1 ,1 , 0 , . . .  ,0 }. 

For any two 3-sets and of A, i f  7  =  7 , then there is a perm utation /  G iL  

such / ( s )  =  t. Therefore, H  has three orbits on ( 3 ). S im ilarly, we can show 

there are 5 FT-orbits on (^).' Therefore, — 7r3 , 7r) =  2 and hence tt is not 

m ultip lic ity-free. □

The scheme U „ ( l )  has only one vertex and hence i t  is tr iv ia l; U „(2 ) is 

commutative [27, 28], and U „(3 ) is commutative for n =  3, 6 , 9 , 1 2 , and 15. I t  is 

shown tha t U „ ( 6) is a quotient scheme of E „ (6 ) in  Section 6 .1 .

^Part of proof is due to private communication with Dr. Jan Saxl
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Chapter 5

C om m utative fusion schem es in
Eo(3:

In  th is chapter, commutative fusion schemes in  Eg(3) are enumerated w ith  the 

methods outlined in  Chapter 3.

5.1 The association schem e Eg(3)

The scheme Eg(3) has vertices the 1680 ordered partitions of type (3 ,3 ,3). Its 

relations are parametrized by the fifty-five  3 x 3  matrices of nonnegative integral 

entries whose row and column sum is 3.

The matrices in  m break in to  five groups according to  entries counting m ul­

tip lic ity . The relations are grouped accordingly. The number o f matrices in  these 

groups are 6 , 18, 12, 18 and 1. Representatives from  each group are listed below:

(5.5.1)

The relations from  the same group have the same valency. The valencies of the 

relations indexed by matrices in  (5.5.1) are 1, 9, 27, 54, and 216. There are 32 

nonsymmetric matrices in  m and hence Eg (3) has 32 nonsymmetric relations by 

Theorem 4.3. By Theorem 4.4, Eg (3) is a noncommutative scheme of class 54.

32

' 3 0 0  ' ■ 0 0 3 ■ ■ 2 1 0  ■ ■ 2 0 1 ■ ■ 1 1 1 ■
0 3 0 2 1 0 0 2 1 0 2 1 1 1 1

0 0 3 1 2 0 1 0 2 1 1 1 1 1 1
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A  fu ll lis t of matrices in  m is attached in  the Appendix A  and it  deter­

mines an ordering th a t is used throughout th is  chapter. A ll fusion schemes are 

described by positions o f these matrices.

5.2 C om m utative fusion from perm utation relations

As in Section 2.3, p is the set of perm utation relations in Eg(3). By Theorem 2.10, 

the orbits of p on R yields a fusion scheme. This fusion scheme happens to  be 

symmetric w ith  16 classes, denoted by Eg(3)'’ . Its  basic relations are associated 

w ith  the following partition :

[1], [2, 6 ], [3,4, 5], [7,9,10,19, 20,23], [8,14,15,17, 22, 24], [11,13,16],
[12,18,21], [25, 26], [27,29,31,33,35, 36], [28,30], [32, 34], [37,38,46],
[41,43,47], [39,44,48,50, 53,52], [40,42,45,49,51,54], [55].

A ll fusions in  Eg(3)'^ are found using principles 3.9 and 3.11: the set of 

integers from i  and j  is abbreviated as

(i) [1 ],[2 ,6 ],[3 ..5 ]U [7 ..55]

(ii) [1],[2..6],[7..55]

(iii) [1],[2,6],[3..5],[7..55] 

■ (iv) [1],[2..6],[7..36]U [55],[37..54] 

(v) [1],[2..6]U [55],[7..24],[25..36],[37..54]

(vi) [1],[2..6],[7..24],[25..36],[37..54],[55]

(v ii) [1],[2,6], [3,4,5],[7,9,10,11,13,16,19,20,23], [8,12,14,15,17,18,21,22,24],[25,26,28,30,32,34], 

[27,29,31,33,35,36],[37,38,40,42,45,46,49,51,54], [39,41,43,44,47,48,50,52,53], [55]

Notice tha t (vi) and ( iii)  are fusions of (v ii), (v) and (iv) are fusions of (v i), and

(i) and (ii) are fusions of (iii).
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5.3 Intersection m atrices m odulo p

As outlined in  Section 3.4, the first step towards finding com mutative fusions 

is to seek a 2 )-homomorphism obtained by applying modulo p reduction to the 

intersection algebra for some positive integer p. As pointed out in  Section 3.4, 

one seeks the primes tha t divides some but not a ll valencies of Eg(3). Since Eg(3) 

has valencies 1, 9, 29, 54, and 216, p =  2, 3 and 7. I t  turns out tha t p =  2 works 

better.

Let Bi  be the intersection matrices of Eg(3). For each m a trix  Bi,  w rite  B, 

for the m a trix  of Bi  modulo 2. Then Bi  has a nice block structure. Each m atrix  

can be partitioned in to  3 x 3  blocks:

36
18

1 _

where the lines indicates the pa rtition  of the m a trix  and the diagonal entries 

indicate block sizes. Let us agree to  w rite  [C]ij for (i, j')-b lock of C. The blocks 

have the following pattern:

(11) For 1 <  z <  36, the (1, l)-b locks [B i ]n  and (2,2)-blocks [Bi ]22 are per­

m uta tion matrices for 1 <  z <  36; for 37 <  z <  55, these blocks are the 

zero m atrix . Moreover, the Hadamard product [5 i]u  and [B^]\\ is the zero 

m a trix  for i  ^  j .

(12) For 1 <  z <  55, the (2, l)-b locks [Bi]2i and (3, l)-b locks [Bi]zi are the zero 

m atrix .

(13) For 0 <  z <  36, is the inverse of [.B jjn, where i* is defined by

R i *  =  R T .

34
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W rite  Bi  for [B i ]u,  and !B for the set matrices B i { i  =  1 , . . .  , 36).

Theorem  5.1. Let Z 2 be the field of two elements.

(i) The set B  forms a group under the usual m a trix  m ultip lica tion .

(ii) Z 2® is a S)-algebra under the usual m a trix  and Hadamard m ultip lications, 

and the unary operation being tak ing inverse.

( iii)  The map Bi  —> Bi  defines a 2)-homomorphism from In tz (E 9 (3 )) to  ZoB.

Proof. Let "be the mod 2 map from  Z to  Zo. Since B \  =  I ,  B i  is the identity  of 

S . Prom ( I I ) ,  Bi  is a perm utation m a trix  for f =  1 , . . .  ,36 and is the zero m atrix  

for i  >  37, Therefore, for I  < i , j  <  36, the product B iB j  is also a perm utation 

m atrix. Since B iB j  =  YlkP i j^k ,  there is precisely one k w ith  pL =  1 and hence 

B iB j  =  Bk for some k <  36.

Since B  is fin ite  and closed under m a trix  m ultip lica tion , B  forms group. 

Assertions (i) and (ii) follows.

Let 4> ■. B i  ^  Bi . Since "is a ring homomorphism, it  implies tha t 0 satisfies

(i), ( ii), ( iii)  and (v) of Defin ition 3.4. Since the valency Vr takes values 1 , 9 and

27 for i  <  36, 4>{uiBi) — B\.  Also (j){BiBi*) =  BiBi*  =  Bk for some k <  36 since 

5  is a group. This forces tha t (p{BiBi*) =  B i ,  since Vi is odd and

55

0(5,5,*) =  0(z/,5i) +  f iJ^p^jBk).
k = 2

Therefore, f { B i * )  =  B ~ ^ . Thus 0 satisfies (vi) of Defin ition 3.4 by examples 3.3 

and 3,6. Assertion ( iii)  follows. □

For brevity, w rite  i  for Bi  in th is paragraph. D irect calculation shows

tha t ‘B has 9 conjugacy classes. The elements of order 3 fa ll in to  3 classes: 

{28 ,30 }, {32 ,34 } and {2 ,6 ,2 5 ,2 6 }. The order 2 elements fa ll in to  3 classes:
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{11 ,13 ,16}, {12 ,18 ,21 } and {3 ,4 ,5 ,29 ,31 ,33 ,3 5 ,3 6 }. The sets {1 }U {2 8 ,3 0 }U  

{11 ,13 ,16} and {1 }U {3 2 ,3 4 }U {1 2 ,18,21} form  two normal subgroups of !B and 

both are isomorphic to  S3 . The group IB is checked to be the product of these 

two normal subgroups. Thus 2  is isomorphic to  S 3  x S 3 .  The m ultip lica tion  

table of 2  is given below. The various ” s serve dual purposes: transpose in 

the index matrices m and inverse in 2 . For example, “ 2 — 6 ” shows tha t the 

second m a trix  in  m has transpose the s ixth  m a trix  and Bq is the inverse of B 2 

in  2 .

1 28 - 30 13 16 11

32 6
X

25 19 7 23

34 26 2 20 10 9
12 15 - 17 3 31 29
21 8  - 14 35 4 27
18 22  - 24 33 36 5

(5.5.2)

This m u ltip lica tion  table reveals an interesting pattern: one of factor S 3  of 2  is 

first row. I t  is indexed by the following matrices in m.

■ 3 0 0  ■ ■ 2 0 1 ■ ■ 2 1 0  ■ ■ 2 1 0  ■ ■ 3 0 0  ■ ■ 2 0 1 ■
0 3 0 1 2 0 0 2 1 1 2 0 0 2 1 0 3 0

0 0 3 0 1 2 1 0 2 0 0 3 0 1 2 1 0 2

The firs t m a trix  indexes the iden tity  of 2 . The second and th ird  have 2’s on the 

main diagonal, which parametrize the order 3 elements in  the firs t row in  (5.5.2). 

The remaining three matrices has one 3 and two 2’s on the main diagonal and 

parametrize the order 2 elements. The other factor S 3  of 2  is firs t column of the 

table. The following matrices in m parametrize the first column.

■ 3 0 0  ■ ■ 1 0 2 ■ ■ 1 2 0  ■ ■ 1 0 2 ■ ■ 3 0 0  ■ ■ 1 2 0  ■
0 3 0 2 1 0 0 1 2 0 3 0 0 1 2 2 1 0

0 0 3 0 2 1 2 0 1 2 0 1 0 2 1 0 0 3

Notice th a t the sim ilar pattern  occurs bu t w ith  1 and 2 switching roles.
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Suppose tha t r  =  {To =  { ! } , . . .  , T^} is a pa rtition  of [1..55] tha t produces 

a commutative fusion scheme of Eg(3). Then B j  \1 <  i  <  is a basis

for a commutative X)-algebra of Z 2® by discarding the zero m atrix . This basis 

produces a partitions of [1..36].

The search for 2)-subalgebras in  Z 2® leads to the 2-modular representation 

of F!B. By Section 3.4, Zo'B can be w ritten  as a sum of two-sided ideals. The 

next theorem determines the two-sided ideals and its proof is postponed to  the 

end of th is chapter.

Theorem  5.2. Z2® is isomorphic to  a direct sum of four m a trix  algebras;

Z 2 ®  M  ®  -2 /2  ©  .2 /3  ©

w ith  s2/ i  is the firs t m a trix  algebra, .0 ^ and the second, and .04  the th ird  of 

following forms

X i ^ 2 x- i X4 X i X 2 2̂ 3 X 4 X i X 2 X 3 X 4

0 X i 0 X 3 X 5 X 6 x r Xs X 5 Xe X r X 8

0 0 Xi X 2 0 0 X i X 2 Xg XlO X u X l 2

0 0 0 Xi _ _ 0 0 X 5 Xe _ . 2:13 X l 4 X l 5 2̂ 16 .

□

F ix  an isomorphism T  from  the direct sum of m a trix  algebras in  Theorem

5.2 onto Z 2IB. In  general, is not necessarily a 2)-isomorphism.

Our search for commutative T)-algebras in  Z 2"B consists of two steps. F irst, 

search all commutative algebras in  the direct sum of m a trix  algebra in Theorem

5.2. Second, apply to  any algebra from  the firs t step and then check i f  it  

is a S)-algebra in  Z 2©. These two steps actually in tertw ine in  order to  search 

effectively (see Sections 5.4 an d  5.5).

The block idempotents come from  the elements o f order 3 in  !B (the 2 -regular 

elements).
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L e m m a  5.3. Let H  =  S ym {{a ,h ,c ] )  x S y m { { l , 2 , 3 } )  w ith  iden tity  e, where 

Sym{{a,  b, c}) is the symmetric group on the set ({a , 6 , c }). Then the following 

are the four block idempotents of Z 2H:

Cl =  [e +  {abc) +  {acb)][e +  (123) +  (132)]
62 =  [e +  (a6c) +  (acfe)] [(123) +  (132)]
63 =  [e +  (123) +  (132)] [(a6c) +  (ac6 )]
64 =  [(123) +  (132)][(a6c) +  (oc6 )]

□

Corollary 5.4. In  the context of lemma 5.3, we have

6 i +  62 +  63 +  64 =  1 ,6 i o 6 i =  6 i, 62 o 63 =  6 4 , and 64 o 6 i =  64 (1 <  f <  4).

□

The commutative S-subalgebras of Z 2'B can be divided in to  non-overlapping 

families according to  the block idempotents they contain. By Corollary 5.4, there 

are four families:

(C l)  A ll block idempotents occur.

(C2) Exactly two block idempotents occur. Prom Corollary 5.4, only the follow­

ing pairs can occur: {e i, 62 }, {c i,  63 } , { e i , 64}.

(C3) Exactly one block idempotent occur.

(C4) None of block idempotents occurs.

Any algebra in  (C l)  is called t o t a l l y  s p l i t ,  while any algebra in  (C4) is t o t a l l y  

n o n s p l i t .

There are two complementing approaches in  finding the com mutative 2)- 

.algebras in  F 3 .  Let 8  be such an algebra. F irs t, i f  the block idempotent occur 

in  8 , ^ “ ^(8 ) contains a subalgebra from  This allows to  bu ild  2)-algebras in
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F!B from  subalgebras in  .2^. Second, i f  the idempotents e, and ej do not occur, 

then the follow ing lemma pu t a restriction on the m in im al polynom ials of the 

2*'̂  and component o f any m atrix  in

Lemma 5.5. Let A  and B  be two square matrices w ith  m in im al polynomials 

f i {x)  and v(x).  I f  i i { x )  and i>{x) are relative prime to  each other, then the block 

diagonal matrices d iag (/, O) and d ia g (0 ,1) are polynomials of d ia g (^ , B),  where 

/  is the iden tity  m a trix  and O is the zero m atrix.

A ll commutative S)-subalgebras in  (C l)  and (C4) are found in  Sections 5.4 

and 5.5. These algebras are lifted  using the algorithm  on page 19.

In  searching for commutative S)-subalgebras of Z 2®, Principle 3.8 is used 

frequently: for two 4-tuple matrices m  and n, i f  ^ '(m ) and T (n ) are in a D-  

algebra, they must commute w ith  the the Hadamard shadow T (m ) o T (n ). This 

is also referred as the Hadamard test.

5.4 Totally split 2)-algebras

In  th is  section, we determine a ll to ta lly  sp lit commutative 2)-algebras in  FS. 

Since a ll block idempotents are present, th is allows us to  bu ild  these algebra 

from  subalgebras in  each m a trix  algebra .2^.

In  the following, we adopt the convention tha t a zero block is om itted in 

w ritin g  a m atrix . The iden tity  m a trix  and the zero m a trix  are w ritten  as /  and 

O.

5.4.1 Algebras in

The algebra s^\ is commutative and consists of matrices of the form:

X i  X2 X3 X4  

X i  0 X 3 

Xi  X2 

Xi
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A ll matrices in  M  have m in im al polynomials o f degree 1 or 2. We enumerate 

its subalgebras by the ir dimensions. Since any subalgebra contains the identity  

m atrix, any non-identity basis m a trix  can be normalized to  to  have all 0  on its 

main diagonal.

The algebras of dimension 1 and 4 are tr iv ia l, namely {O , / }  and s^\.

In  any 2-dimensional algebra, each non-identity basis element has m inim al 

polynom ial of degree 2. I t  is easy to  check each of seven nonzero m a trix  w ith  

diagonal 0 generates a 2-dimension subalgebra. There are 7 such subalgebras.

Any subalgebra of dimension 3 is generate by a pair of elements whose 

m in im al polynom ia l have degree 2. D irect com putation find 3 subalgebras of 

dimension 3.

In  to ta l, there are 12 subalgebras in  the firs t block. A ll of them pass the 

Hadamard test.

5.4.2 A lgebras in and 2̂/3

The algebras .<2/2 and is of dimension 8  and consists o f matrices of the form:

Xi ^ 2 X 3 X4

X5 Xe X 7 3̂ 8
X i ^ 2

Xe Xe

This algebra is noncommutative of dimension 8 . Any m a trix  can be partitioned 

in to blocks as indicated above.

There is only one algebra of dimension 1 . Consider a ll com mutative algebras 

of dimension >  1 in  .2/2 •

For any algebra § in J2̂ ,  Let §d denote the projection of S onto the diagonal 

blocks. Then dim(S'D) =  1, or 2.
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I f  dim(S£)) =  1, then S is necessarily commutative. Any m a trix  in S has 

the form
a 0 b c 

a d e 
a 0 

a

Identify  the firs t two rows of the m a trix  above w ith  a point in PG (3,2), the 

three dimensional projective space over Z 2 . The algebras of dimensions 2, 3, 4 

and 5 correspond to  points, lines and planes in PG(3, 2). Therefore, there are 15 

algebras of dimension 2, 35 algebras of dimension 3, 15 algebras of dimension 4 

and one algebra of dimension 5.

Now suppose d im (§c) =  2. Then dim(S) =  2,3, or 4.

(i) I f  dim(S) =  2, then S has a generator of the form

C =
A  B  

A

where A  0 ,1 .  Since S contains the iden tity  m atrix , C  can be normalized 

so tha t A l l  =  0. Moreover, since dim(S) =  2,

=
A^ A B  +  B A  

A 2

is linear combination of I  and C. D irect calculation finds 43 such algebras,

(ii) I f  dim(S) =  3, then S has a basis;

7 A  B \ 0  C l
I ’ A ’ 0

where A n  — 0 , A  ^  O and C ^  O. O f course, the submatrices A, B  and 

C  satisfy certain equations. D irect calculation finds 36 such algebras.
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(iii) I f  dim(S) =  4, then S has a basis of the form:

I A  B 0  C 0  D
I ’ A ’ 0 ’ 0

where A n  =  0, A  ^  O, C O, D  ^  Q, and C ^  D.  There are 28 

commutative algebras.

In  to ta l, there are 174 commutative algebras and 32 of them pass the 

Hadamard test.

5.4.3 C om m utative algebra in

Let § be a commutative algebra in  Suppose A , B  £ §. I f  4 '(0,0, 0, H) and 

T(0, 0, 0, B )  fa il to  commute w ith  T(0, 0, 0, A) o T (0, 0, 0, B) ,  then § is said to 

fails the Hadamard test. In  particular, i f  § is generated by a m a trix  A,  then A  

is said to  fa il the Hadamard test.

I f  S fails the Hadamard test, then so do all algebras containing S. This 

implies tha t one should focus matrices of m in im al polynomials of lower degrees 

in

Let us denote by /i>i(x) the m inim al polynom ial of m a trix  A. The following 

are pairs of m in im al polynomials for A  and /  +  T  for all A  £ A n

[ x ,  1 +  x ] ,  [ x ‘̂ ,  I  A  x ^ ] , [ x  +  x ^ ] ,  [1 +  X  +  x ^ ] ,  [x^, 1 +  X  +  x^ +  x^],

[1 +  X^, X +  x^ +  x^], [x +  x^, x^ +  x^], [x^, 1 +  x" ]̂, [x +  x" ]̂,

[1 +  X +  x^], [x^ +  x^], [1 +  x^ +  x^], [x +  X  ̂+  x “̂ , 1 +  X +  x^ +  x'^],

[x^ +  x'^, X +  X  ̂+  X^ +  X^], [1 +  X  ̂+  x" ,̂ 1 +  X +  x^ +  x^ +  x^],

[x +  x^ +  x'^, 1 +  X^ +  X^ +  x'^], [1 +  X +  x^ +  x^, x^ +  x^ +  x%

Since every algebra contains the identity, we ju s t need to  consider one of each 

pair. Since x  and x  +  1 are m in im al polynomials of O and / ,  we ju s t need to  

consider the polynom ials o f degree 2 and higher.
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Let G be the general linear group GL(4, Z 2). Matrices in  the same G -orbit 

have the same m in im al polynomials.

Consider x ‘̂ + x  +  1 first. Let A  E w ith  /ha(x) =  x ~ + x  +  l .  As an element 

in  G, A  has order 3 and generates a subgroup of order 3. D irect com putation 

shows th a t are 56 subgroups of order 3 in  G and tha t none of these subgroups 

pass the Hadamard test. Since any subalgebra containing a m a trix  of m inim al 

polynom ial x"^ +  x  +  1 , x ^  x ^  -j- 1 o r  x ‘̂  +  x ^  +  x ^  +  x - h i  has a m a trix  of m inim al 

polynom ial x ^  -h x  -h 1 , there is no need to  consider these polynomials.

Consider +  x .  Any m a trix  A  w ith  m in im al polynom ial +  a: is idem- 

p o t e n t  since =  A .  These matrices fa ll in to three G-orbits of sizes 240, 280 

and 280, w ith  representatives d ia g (l, 1 , 0 , 0 ), d ia g (l, 0 , 0 , 0 ), and d iag(0 , 1 , 1 , 1 ), 

where diag(a, 6 , c, d) is the diagonal m a trix  w ith  entries a, 6 , c, and d.

The map A  ^  A  + 1  divides the matrices in  the first orb its in to  240/2=120 

pairs. Com putation shows tha t none of the pairs pass the Hadamard test.

The map A  —> A  +  /  is bijective between the last two orbits. We consider 

only the second orb it. There are 280 matrices in  th is orb it, 36 of them  pass the 

Hadamard test. Each of 36 matrices generates a two dimensional algebras. Let A  

be one of the 36 matrices. Compute its centralizer C in  and generate the set of 

algebras tha t properly contains (A), the algebra generate by A. These algebras 

are then fu rther tested. As a result, we find a three-dimensional subalgebra tha t 

passes the Hadamard test. In  summary, we have 37 subalgebra candidates.

Consider matrices of m inim al polynom ial Any such m a trix  A  is n i l p o t e n t  

since A^ =  G. These matrices fa ll in to  two orbits w ith  representatives

'0  1 0  1

0

0  1
and

0

0

0_ 0
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Using the same procedure in  the above paragraph, we find 153 two dimensional 

subalgebras from  these matrices tha t pass the Hadamard test. For each subal­

gebra, no algebras th a t properly contain i t  pass the Hadamard test.

No matrices w ith  the rest m in im al polynomials can pass the Hadamard test. 

We summarize the results above in  the following theorem.

Theorem  5.6. has the following commutative subalgebras tha t pass the 

Hadamard test: (i) 36 two-dimensional subalgebras each o f which is generated 

by an idempotent m atrix ; (ii) 153 two-dimensional subalgebras each of which is 

generated by a n ilpo ten t m atrix , ( iii)  one subalgebra of dimension 3.

When lifted  to  the the orig inal algebra, the subalgebras in  the above pro­

duced one fusion scheme. I t  happens to  be the fusion scheme found in  Section

5.2.

5.5 Totally nonsplit SD-algebras

Two methods are described for searching nonsplit ID-subalgebras. The firs t is 

for the purpose of experiment. I t  searches those satisfying the hypothesis 5.7 

below, using a backtracking algorithm . The second deals w ith  the general case. 

I t  organizes the search w ith  a graph model. This graph is constructed on the 

4-tuples o f m in im al polynomials of matrices in  Theorem 5.2.

5.5.1 Algebras containing a single elem ent

In  th is section, we search for S-algebras in Z 2IB under the follow ing assumption:

H y p o th e s is  5.7. A ssum e each to ta lly  nonsp lit © —algeb ra  in d iscussion  is sym ­

m etric and contains an element of IB. □
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The elements in  “B we choose is s =  Biz  or For any X)-algebra § 

containing s, each basis element of S is a union of conjugate classes by s.

A  backtracking algorithm  is employed to  find all D-algebras containing s 

satisfying the hypothesis 5.7. I t  a lgorithm  is implemented as a parallel a lgorithm , 

consisting of a master process and 32 slave processes.

Our com puting fac ility  consists a 32 iG H z dual-processor loosely connected 

machine w ith  IG B  memory on each, running L inux operating system. A  node 

is a dual process w ith  local memory.

One node is designated as the master node and the master process runs on 

one o f its  processors. One slave process runs on the other processor of the master 

node and the rest 31 processes runs the remaining 31 node each.

Each solution is an unordered pa rtition  r  o f B  tha t supports a ©-algebra. 

Let A be the p a rtition  of B  from the sym metrization of the conjugacy classes by 

s.  Since s  =  {s }  G A and let A q =  { 5 q} and A i =  {s } .

S tart w ith  the pa rtia l pa rtition  r  =  {Aq, A i }. The next step produces a set 

of p a rtia l partitions tha t extend r .  Let be the pa rtia l pa rtit io n  obtained from 

A by removing the subsets in  r .  Identify  each subset of w ith  its characteristic 

vector V.  The master process distributes all vectors v  w ith  u [l]  =  1 evenly to 

the 32 slave processes. The slave tests i f  the subset corresponding to  v can be 

added to  r .  The above process is repeated for each new pa rtia l partition .

Here is how each the slave process i  tests i f  a given subset v  can be added 

to  T .  I f  V  commutes w ith  elements in r  in Z 2B, then v  is added to  r .

A  pa rtit io n  produced th is way does not necessarily support a ©-algebra. 

Another procedure using Theorem 2.9 is applied to  find these pa rtit io n  tha t 

support a ©-algebra.
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The a lgorithm  2 generates a ll partitions of ‘B satisfying Hypothesis 5.7. I t  

is implemented in  Parallel G AP [8 ].

A lgorithm  2 Generating algebras w ith  backtracking

:=  K 4 ]
k :=  1

while A: > 0 do 
while iSi 0 do

Ofc == the next element from Sk {^advance*} 
m i n =  the smallest entries in  the remaining entities 
if is a pa rtition  of [1..36] then  

report it  
end if
Bk • Bk ■{ Clk}
master assigns vectors to  the 32 slave processes and waiting for the result, 
slave process extends the current p a rtition  by add one more subset. 
k :=  k +  1

update Sk based the results returned by slaves, 
end while
k :=  k — 1 {^backtracking*} 

end while

We find 26277 symmetric commutative SD-algebras which contains the el­

ement B 4. L ift in g  these algebra leads two commutative fusion schemes w ith  

partitions:

(i) [1], [2 ,6 ], [3, 5], [4], [7..24], [25..36], [37..54], [55].

(ii) [1], [2, 3, 5, 6 ], [4], [7..24], [25..36], [37..54], [55].

Note ( ii)  is a fusion of (i). Further (i) has two more fusions:

( iii)  [1], [2,6], [3,4], [4], [7..24,55], [25..36], [37..54],

(iv) [1], [2, 3, 5, 6], [4], [7..24, 55], [25..36], [37..54],

We find  there are 6207 symmetric commutative p a rtition  algebras which contains 

the element Bis,  bu t none of them leads to  commutative fusion schemes.
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5.5.2 Totally nonsplit algebras: general case

Let m  — (m i, m 2 , m 3 , 7714) be a m a trix  tuple from  the representation of !B. We 

denote by ^ t(x )  the m in im al polynom ial of rrii and fi i the gcd of m in im al poly­

nomials o f the rest three matrices. By Lemma 5.5, we have

gcd{id i{x), l i i {x)) ^  1 (5.5.3)

We generate all possible 4-tuples of m in im al polynomials th a t satisfy the restric­

tion  (5.5.3). Let us denote the set of these 4-tuples by 7. We define a directed 

graph on 7: for f , g ^ 7 ,  define ( / ,  ^) e £ i f  the presence of /  implies tha t of g. 

We use 7  again to  denote th is graph. We contract th is graph on its cycles. For 

any cycle / i ,  / 2 , • • • , /« , tha t is, a sequence tha t satisfies ( / „ ,  / i ) ,  ( / i ,  / ,+ i)  G £ 

for 1 <  i <  n — 1 , we contract the graph by replacing a ll ( / ,  / i ) ( 2  <  z <  n) G £  

w ith  ( / , / i ) ,  all {h ,g ) {2  <  i  <  n) e d w ith  ( / i ,p ) ,  then remove all / 2 , . . .  , fn- 

As a result of reduction process, we have a cycle-free graph, called it  again 7.

For each p G “B, the map x  1—> g^^xg is an inner automorphism. The inner 

automorphisms of B  forms a group, denoted by Inn (B ). A n  inner automorphism 

maps 2)-subalgebras to  S)-subalgebras.

For every node r  =  (r’l,  r 2 , ra, r 4 ) in  7,  we could find a ll 4-tuples o f matrices 

w ith  m in im al polynomials r. D ivide these matrices in to orbits o f Inn (B ). Choose 

one element from each orb it. For each element, find a ll 2)-subalgebras containing 

it.

I t  turns out tha t com putation above is very expensive and slow. For any 

i { i  =  1, 2, 3,4), collect all polynom ial in  the z-th component of nodes in  7. For 

each polynom ia l p, form  a pair \p,Mi{p)] ,  where M^{p) consists matrices in 

of m in im al polynom ial p. For z =  4, p a rtition  M^lp)  in to  Inn (B )-o rb its . Choose 

one element from  each o rb it and form  a set, called i t  again Mr{p).
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For each node r  =  ( r i ,  r 2 , ra, r^) in  CP, form  the Cartesian product

M ( r )  =  M i( r i )  x M 2{ r 2) x x IVhir^).

For each element in  M ( r ) ,  find all commutative 2)-subalgebras containing it  as 

a basis element. We find 6715 commutative 2)-subalgebras of dimensions are 3, 

4 and 5. These algebras are listed in Appendix B. A pply ing Inn(CB), we would 

find all to ta lly  nonsplit commutative D-subalgebras.

Remark. One can fu rther reduce the above com putation w ith  a bottorn-up 

approach i f  he needs. A pp ly  the procedure in  the above paragraph to  the leaf 

nodes and delete them. (A  node is a leaf i f  i t  has no children.) I f  noth ing comes 

out from  a leaf, then one can remove a ll its  parent nodes. Then repeat th is  for 

the new graph t i l l  i t  is null.

5.6 P roof o f Theorem  5.2

The terms and notation is referred to  James and Kerber [19] or C urtis and Reiner 

[9] i f  they are not defined.

Let p be a prime number and G be a fin ite  group. A n  element a; G G is 

called p-regular i f  p divides the order of a:. A  conjugacy class of G is call p- 

regular i f  i t  contains p-regular elements. A  p-m odular irreducible representation 

o f G is call a p-block. .

The follow ing theorem can be found in  any representation book (for in ­

stance, see [9, Theorem 55.2]).

Theorem  5.8. Let K  be field and G be a fin ite  group. Then the group algebra 

K G  isomorphic to  a direct sum of blocks.

Since the representation o f a direct product of groups is the tensor product 

o f representations of the factor group, we consider the 2 -blocks of Sz-
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From now on p=2.  Since Zp is a sp lit field of 5s, there are ju s t as many 

p-modular irreducible representation of S's as p-regular classes of S3. The three 

ordinary representations o f S3 are the tr iv ia l, sign, and the degree 2 representa­

tions. These are represented by [3], [1^] and [2 ,1 ], The p-m odular decomposition 

m a trix  of S3 is given in  [19, Theorem 6.1.43]:

[3]
[1 ]̂

[2 , 1]

1 0 
1 0 
0 1

Since the power of p d iv id ing 6 ) is the same as tha t of p d iv id ing

the degree of [2 , 1], [2 , 1] remain to  be 2 -m odularly irreducible representation by

Theorem [19, 6.1.18, p.244], denoted by JT2 . The other p-block of S 3  comes from

the quotient group SsjAs. We w rite  S 3 / A 3  =  {1, e} w ith  =  1. The le ft regular

(ordinary) representation of C2 is equivalent to  the representation defined by

1 - 1  
0 1

Reduce the m a trix  entries modulo p is p-modular representation, denoted by K \ .  

Now one can check there is no 2 x 2 m a trix  P  over Z 2 such tha t

' l1 1 
0 1 1

Therefore, K i  is a p-m odularly irreducible representation of C2 . L ift in g  to  S3, 

K \  is a p-m odularly irreducible representation of of S 3 .  One can fu rther check 

tha t K \  and K 2 are inequivalent p-m odularly irreducible representation of of S 3 .  

The p-blocks of S 3  are given in terms of generators of 5s:

(123)
1 0 
0 1

(12) (123)
1 1 
0 1

1 1
1 0

( 12)

1 1 
0 1

S 3  X  S 3  has four p-regular classes and hence it  is has four p-blocks. The 

tensor products o f { K \ ,  R'2}  w ith  itse lf gives four inequivalent p-blocks of S 3  x S 3 .  

This completes the proof of Theorem 5.2.
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Chapter 6 

General association schemes

This chapter discusses general association schemes, including p r iin it iv ity  and 

im p rim itiv ity , subschemes and quotient schemes, and automorphism of various 

levels. The scheme E „ ( 6) is studies in th is context.

6.1 Prim itivity  and im prim itivity

Let X  =  {X,  R =  {Rq, . . .  ,i?d}) be an association scheme. The scheme X  is 

i m p r i m i t i v e  i f  some union of relations of X  is an equivalence re lation on X  

d is tinct form  R q  and X  x  X ,  and X  is p r i m i t i v e  otherwise.

Exam ple 6 .1 . Let X  =  Ds =  \ — b'  ̂ =  abab =  e}, the dihedral group

of order 8 w ith  iden tity  e. The conjugacy classes of Dg are

Co — {e }. C l =  {a^},  C2 '■= {a, a^}, C3 =  { 6 , a^b}, and C4 =  {ab, a^b}.

For 0 <  f <  4, define

R^ =  { { x ,y )  e X  X X  \ x~^y e C } .
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Direct calculation shows tha t (X , {i? i}o< i< 4 ) is a commutative 4-scheme. Make 

a relation table w ith  {x, ?/)-entry i  w ith  (x, y) G i?,:

e a2 a b a^b ab a^b
e 0 1 2 2 3 3 4 4

1 0 2 2 3 3 4 4
a 2 2 0 1 4 4 3 3

2 2 1 0 4 4 3 3
b 3 3 4 4 0 1 2 2

a% 3 3 4 4 1 0 2 2

ab 4 4 3 3 2 2 0 1

a^b 4 4 3 3 2 2 1 0

(6 .6 .1)

Notice th a t the lines pa rtition  th is table in to  2 x 2  blocks and every block appears 

precisely once on each row and column. This is characteristic of an im prim itive  

scheme.

One may also notice tha t R q U Ri  is an equivalence re lation on X  and hence 

th is scheme is im prim itive . The equivalence classes are

E =  {{e , a^}, {a, a^}, ( 6 , a^b], {ah, a^b}}.

Notice tha t E labels the block matrices in (6.6.1). We define an association 

scheme on E. Label the 4 block matrices in the firs t row of (6.6.1) from  0 to  3. 

For {x ,y )  G E, define

(x, y) G Ri i f  (x, y) subm atrix is the block.

I t  can be checked tha t (E, 1,2,3 ) is an association scheme. This is the

quotient scheme w ith  respect to  the equivalence re lation i?o U .

O f course {e, a^} is a normal subgroup N  of Dg and the equivalence classes 

are the cosets of N.  The quotient scheme can be identified w ith  the quotient 

group of Dg by N  by Example 2.5. □
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Let X  =  {X, {Ri}o<i<d) be an im prim itive  scheme w ith  intersection number 

and valencies Vi. By rearranging indices, let be an equivalent relation

on X  w ith  E the set of equivalence classes.

For x , y  ^  Ri  and S , T  £ E, set

d(x,  y) =  i  and d{S, T) =  { j  \ 0 <  j  <  d, R j  f i  (S x T ) 7  ̂ 0}. (6.6.2)

Now assume tha t X  is commutative schemes, and define the subschemes and 

quotient schemes (see, e.g., [2, Section 2.9] for details).

On each X '  £ E we find an association scheme (X ',  { i? '}o< i< 5), called a 

subscheme of X, where =  Ri 0  {X '  x X ' ) .

Define a re lation ~  on { 0 , 1 , . . .  , d} by

2 ~  j  i f  and only i f  7  ̂ 0 for some 0 <  a; <  s. (6.6.3)

Then ~  is an equivalence relation. Let Tq =  { 0 , 1 , . . .  , s}, T j , . . .  , T- be the

equivalence classes. For each T ,  define a relation on E:

Ri =  { (5 ,p )  I there exist x E x  and y E y  w ith  d {x ,y )  E T } .  (6.6.4)

Then X  =  (E, {.R i}o<i<r) is an association scheme, called the quotient scheme of

X  w ith  respect to  The parameters X  can be expressed in  terms of these

of X.

Now assume tha t X  is a general scheme, not necessarily commutative. Its 

subschemes are defined in  an analogous way, while (6.6.3) is not sufficient to 

define the quotient scheme. Example 6.1 suggests one can define the quotient 

scheme d irectly  on the equivalence classes.

L e m m a  6.2. Let E be the set of equivalence classes of on X . Then

{d{S,  T ) I 5, r  £ E } 

forms a pa rtit io n  o f { 0 , 1 , . . .  , d}.
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Proof. Since Us,Te^{S x T )  — X  x X ,  Us,Tei:d{S x T ) =  { 0 , 1 , . . .  ,d } .  I t  suffices 

to  show tha t, for any S , T , S ' , T '  G S, the sets d{S ,T )  and d {S ' ,T ' )  are either 

equal or disjoint.

Suppose i  e d{S, T)  0 5 (5 , T).  Then there exist {x ,y )  ^  S x T  and (x', y') G 

S' X T '  w ith  d {x ,y )  — i  =  d{x ' ,y ' ) .  Suppose also j  G d{S ,T ) .  Then exists 

(z,w) ^  S x T  w ith  j  =  d{z ,w).  Let k =  d {x ,w )  and a  — d{w,y ) .  Thenpj,^ 7  ̂ 0. 

Therefore, there exists some w' E X  w ith  d{x ' ,w ' )  =  k and d{w ' ,y ' )  =  a. Since 

a  <  s, w' E T ' . Sim ilarly, let P =  d {x ,z ) .  Then 7  ̂ 0 and there exist 

some z' E S' w ith  d{x ' , z ' )  =  P  and d{z ' ,w ')  =  j .  Therefore j  E d{S ' ,T ' ) .  

Hence d {S ,T )  C d{S ' ,T ' ) .  By a symmetric argument d {S ' ,T ' )  C d{S,T) .  Thus 

d {S ,T )  =  d {S ' ,T ' ) .  This completes the proof. □

Now Let To =  { 0 , 1 , . . .  , s}, T i , . . .  , T- be the pa rtition  in  the lemma above. 

Define

R, =  {d{S, T)  =  P \ S , T e  E } .

Then X  =  (E, {.R i}o<i<r) is an association scheme, the quotient scheme of X  

w ith  respect to  Uf=o-^i-

Now we discuss association schemes w ith  nondiagonal perm utation relations. 

This is m otivated by the scheme E „ (6). Let X  =  {X ,  be an association

scheme. Again, denote by p the set of perm utation relations in  X. W ith  loss of 

generality, let p =  { R q, R i , . . .  , Rs}{s >  0).

L e m m a  6.3. The union is an equivalence relation on X .

Proof. Let £ =  UXoRi- Since R q C £, { x ,x )  E £ for every x E X .  Since R f  is a 

perm utation re lation whenever Ra is a perm utation relation, {y,  x )  E E whenever 

{ x , y )  E £.
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Suppose (x ,y )  e £ and {y ,z)  e £. Let a  =  d {x ,y ) ,  (3 — d {y ,z )  and 

k =  d {x ,z ) .  Since fo r each i (0 <  z <  d), Y l ‘e=oPae =  1, and (3 uniquely 

determ ines k. Moreover, =  1. Since I'kPty — ^yPa*k-> — 1- Therefore 

{x ,z )  G £. This completes the proof. □

The next theorem  follows from  Lemma 6.3 and the d e fin ition  o f im p rim itiv ­

ity.

T h e o re m  6 .4 . Let X  =  (X , R =  { R q , . . .  , Rd}) be an association scheme. Then 

X  is im p rim itive  i f R > p > { i ? o } -  D

In  the rest o f th is  section, we determ ined the quotient scheme w ith  respect 

to  p. Let Ra be a perm uta tion re la tion  o f X . Since Ylt=oP^e — k'a — Pae ^  L  

Therefore, fo r each k {0 <  k <  d), there exists a unique a i  w ith  =  1. W rite  

k — a i.  S im ila rly, there exists a unique k w ith  — 1 and w rite  k — ia. 

Moreover, for any perm uta tion re la tion  Rj3, { a i )(3 =  a{i(3).

For every z (0 <  z <  d), le t

z =  {a i j3 I 0 <  Q,/5 <  s }.

In  pa rticu la r, 0 =  ( 0, 1, . . .  , s }. One can show (z | 0 <  z <  d } form s a p a rtitio n  

o f { 0, 1, . . .  , d } w ith  argum ent analogous to  proof of Lemma 6.3. Let To =  

( 0 ,1 , . . .  , s}, T i , . . .  ,Tr he the p a rtitio n  o f ( 0 ,1 , . . .  , d}.

T h e o re m  6 .5 . Suppose X  =  {X ,  R =  {R q, . . .  ,R d})  be an association scheme 

w ith  p =  (Tq, R i , . . .  , Rs}{s >  0) the set o f perm uta tion relations. Let X  be 

the set o f equivalence class o f and S be any fixed equivalence class.

(i) (X ',  { R ' i } < i < s )  is a perm uta tion scheme w ith  R^ =  R iH  { X '  x X ' ) .

( ii)  (E , {.R i}o<t<r) is an association scheme w ith  Ri defined by (6.6.4). □
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Exam ple 6.6. Recall from  Chapter 4, E „(6) has i \  perm utations. These rela­

tions are indexed by perm uta tion m atrices in  m. Again, p denotes the set of 

perm uta tion re lations in  E „(6 ). By abuse o f no ta tion , p is also used to  denote 

the union of re la tion  in  p. For each ordered p a rtitio n  a — ( a i , . . .  , a^), the 

equivalence class a of a  consists o f £! p a rtition s  each o f which is obtained by 

pa rt perm uta tion o f a. Thus a  can be id e n tity  w ith  the unordered p a rtitio n  

{ a i , . . .  , ae}.

Let M  be any m a trix  in  m. For each m a trix  in  m th a t indexes a perm uta tion 

re la tion  in  p, there exists a unique m a trix  N  in  m w ith  =  1. Moreover, 

N  is the product M {P /b ) .  S im ilarly, Pm^p =  1 determ ines N  uniquely w ith  

N  — {P '^ /b )M .  Therefore,

M  =  {P '^M Q /b^  \ P ,Q  e m  index perm uta tion re la tions in  p}.

Suppose a ,/3 are two unordered pa rtition s  in  U „(6). F irs t fix  an ordering 

fo r a  and (3. As ordered pa rtitions, a  and (3 determ ines the m a trix  a .(3. Let 

M  =  a.p. Now a rearrangement o f o ; i , . . .  ,ae induces a row perm uta tion o f 

M .  A nd a rearrangem ent o f A , . . .  , Pe induces a colum n perm uta tion  o f M . 

Therefore, the o rb it o f in  E x E containing (a, P) corresponds M .  Hence 

U„(fc) can be identified  w ith  the quotient scheme o f E „(6) w ith  respect to  p. □

Remark. Zieschang [31] discussed the p rim itiv ity , subschemes and quo­

tie n t schemes fo r general association schemes in  term s o f complex product. O ur 

treatm ent o f Theorem 6.5 follows his approach.

6.2 Autom orphism s

Suppose th a t X  =  (AT, R) and Y  =  {Y, 5 ) are association schemes. A  map 

^ : A  —>• y  is ca ll an isomorphism between X  and Y  i f  ^ is b ijective  and 6
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induces a b ijective  function  from  R onto S. In  th is  case, X  and Y  are said to  be 

isom orphic to  each other. W hen X  =  Y, 6 w ill be an automorphism  o f X.

Let X  =  {X ,  R) be an association scheme w ith  adjacency m atrices and 

adjacency algebra A d j(X ). The set o f autom orphism  o f X  form s a group under 

function  com position, denoted by A u t(X ). A n autom orphism  0 o f X  w ill be an 

an inner automorphism o f X  if  i t  fixes each re la tion  o f X . The group of inner 

autom orphism s o f X  is denote by In n (X ). Follow ing group theory, an autom or­

phism  th a t is not an inner autom orphism  w ill be called an outer autom orphism . 

An pseudo-autom orphism  o f X  is an autom orphism  o f the adjacency algebra 

A d j(X ) w ith  respect to  bo th  ord inary and Hadamard product [17]. The group 

o f pseudo-autom orphism s is denoted by Pseu(X).

A n outer autom orphism  (pseudo-autom orphism ) of X  induces a perm uta tion 

on R and an inner autom orphism  induces the id e n tity  perm uta tion  on R. Then 

Inn (X ) is a norm al subgroup o f A u t(X ); A u t(X )/In n (X ) can be viewed as a 

subgroup Pseu(X).

Remark. A  pseudo-autom orphism  o f X  is noth ing bu t a 2D-automorphism 

o f A d j(X ).

Theorem  6.7. Let X  =  (X, R) be a scheme. Let G be a subgroup o f A u t(X ) 

or Pseu(X). Let H =  {Ho =  {i? o }j P i , . . .  ,H r }  be o rb its  o f G on R. The 

{X , {R i}o< i< f)  w ith  Ri — Ufi^UiR  is ^  fusion scheme.

Proof. For any 0 G G, it  induces a perm uta tion on R and thus can be regarded as 

a perm uta tion on the index set ( 0 ,1 , . . .  ,d } .  Since f  is an algebra isom orphism  

of the adjacency algebra o f X . 0 (Ao) — Ao- Thus Hq =  { 0}. For any 0 <  i , j , h  <  

d, we havePij =  p^*^^ and hence =  (f>{i)*■ Therefore, fo r any 0 <  a, (3, ^  <  r
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and any k, I G 11-̂ ,

p ’ij-
ieHa jeUp ieHc jeUg

By theorem  2.9, {X , {R i}o< i< f)  is a fusion scheme. □

Suppose Ri is a perm uta tion re la tion  in  X. Then x x  defined by (.x. x) G 

Ri is a b ijec tion  on X .  I t  induces an outer autom orphism  o f X . Let A , be 

adjacency m a trix  o f i? j. Then x —> x induces an autom orphism  o f A d j(X ) 

A  —> A jA A i  for every A  G A d j(X ).
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A p p e n d ix  A

List o f indexing m atrices o f Eg(3)

3 0 0 
0 3 0 
0 0 3

0 2 1‘

0 1 2 
3 0 0

3 
0 
0 1

0 0 
2 1

0 1 
1 2

1 2
0 0
2 1 0

0 2 1'  

1 0 2 
2 1 0

0 1 
2
0

0 2 1 
2 0 1 
1 1 1

2 0 1' 
0 2 1 
1 1 1

'1 1 1'
2 1 0 
0 1 2

"0 0 3' '3 0 0" '0 0 3' '0 3 O' '0 3 O'
3 0 0 0 0 3 0 3 0 3 0 0 0 0 3

_0 3 0_ _0 3 0_ _3 0 0_ _0 0 3_ _3 0 0_

'0 1 2' '0 1 2' '0 0 3' '2 1 O' '3 0 O'
0 2 1 3 0 0 2 1 0 1 2 0 0 1 2

_3 0 0_ _0 2 1 1 2 0_ _0 0 3_ 0 2 1

'0 0 3' '2 1 O' '2 0 l ' '2 0 l ' ' l 2 O'
1 2 0 0 0 3 0 3 0 1 0 2 2 1 0
2 1 0_ 1 2 0_ 1 0 2 _0 3 0_ _0 0 3_

'1 0 2' '1 0 2' '0 3 O' '0 3 O' '0 2 l '
2 0 1 0 3 0 2 0 1 1 0 2 3 0 0

_0 3 0_ 2 0 1 1 0 2 2 0 1 _0 1 2

'0 1 2' '0 1 2' '2 1 O' "2 1 O' '2 0 r
2 0 1 1 2 0 0 2 1 1 0 2 1 2 0

_1 2 0_ _2 0 1 1 0 2_ _0 2 1_ _0 1 2

'1 2 O' '1 2 O' '1 0 2' '1 0 2' '0 2 r
0 1 2 2 0 1 2 1 0 0 2 1 2 1 0
2 0 1 _0 1 2 _0 2 1 _2 1 0_ _1 0 2

'0 1 2' '0 2 1' '2 1 O' '2 1 O' '2 0 1'
1 1 1 1 1 1 0 1 2 1 1 1 1 1 1
2 1 0 2 0 1 1 1 1 _0 1 2 _0 2 1

'1 2 O' ' l 2 o ' '1 1 r '1 1 1 ' l 1 r
1 0 2 1 1 1 1 0 2 1 2 0 2 0 1
1 1 1 _1 0 2_ _1 2 0_ 1 0 2 _0 2 i_

"1 1 l ' ' l 1 l ' ' l 0 2' '0 1 2 ' l 0 2'
0 1 2 0 2 1 1 1 1 2 1 0 1 2 0
2 1 0 2 0 1 1 2 0 1 1 1 1 1 1

1 1 1 
1 1 1  
1 1 1
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A ppendix B

List o f to ta lly  nonsplit 2)-subalgebras

We found 6175 com m utative to ta lly  nonsp lit D-subalgebras o f S3 x S3 m odulo 

2 in  Section 5.5. Each algebra can be represented as a 6 by 6 array which 

corresponds to  S 3  x S 3  in  m a trix  form  (5.5.2) on page 26. For example, the 

m a trix

011222
113222
131222
222241
222412
222121

represents the algebra com ing the p a rtitio n : [1],[2, 4, 5, 6 , 28, 29, 30, 32, 33, 34], 

[3, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 27, 36],[25, 26],[35]. 

These arrays are fu rthe r d ivided in to  three categories: the firs t one consists of 

sym m etric m atrices; the second one consists o f m atrices th a t are not sym m etric 

bu t whose transpose is in  the the lis t; and the th ird  the rest o f the lis t.

Further we d ivide each category in to  G -orb its by conjugation, where G 

is the group o f the diagonal elements o f (5.5.2). (Remember these elements 

correspond to  six perm uta tion relations in  £9(3).) Representatives from  orb its 

in  each category are listed.

I. sym m etric m atrices

011222 011111 011111 011111 011111 011111 011111 011111 011111 011111
113222 111121 111121 111212 111213 111222 112111 112111 112212 112222
131222 111121 111121 111212 111312 111222 121111 121111 121212 121222
222241 111112 111121 122111 123111 122112 111111 111111 122112 122122
222412 122112 122212 111111 111111 122112 111113 111112 111121 122212
222121 111221 111121 122111 132111 122221 111131 111121 122211 122221
011111 011111 011111 011111 011111 011111 011111 011111 011111 011111
112223 112333 121111 121111 121121 121212 121212 122111 122111 122121
121223 121333 112111 112111 112121 112212 112212 122111 122111 122121
122133 133133 111311 111211 111221 122211 122212 111211 111212 111211
122313 133313 111131 111121 122212 111111 111112 111122 111111 122112
133331 133331 111113 111112 111122 122112 122222 111122 111212 111122
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011111 011111 011111 011111 011111 011112 011112 011112 011112 011112
122121 122212 122222 122222 122222 111112 111112 111122 111211 111221
122121 122212 122222 122222 122222 111112 111112 111122 111211 111221
111222 122212 122211 122222 122222 111112 111121 111122 122121 122111
122212 m i l l 122112 122212 122222 111112 111222 122221 111222 122111
111222 122212 122122 122222 122222 222221 222121 222211 211121 211111
011112 011112 011112 011112 011112 011112 011112 011112 011112 011112
111221 112122 112211 121112 121221 123112 122112 122122 122211 123221
111221 121122 121211 112112 112221 132112 122112 122122 122211 132221
122122 111112 122111 111212 122211 111212 111222 111221 122222 122211
122221 122121 111122 111122 122121 111122 111222 122221 111222 122121
211211 222211 211121 222222 211112 222222 222222 222112 211222 211112
011112 011112 011121 011121 011121 011121 011121 011121 011121 011121
122221 123332 111111 111121 111212 111222 112111 112222 122111 199929
122221 132332 111111 111121 111212 111222 121111 121222 122111 122222
122221 133212 111111 111121 122111 122121 111112 122122 111212 122222
122221 133122 211121 222222 211121 222222 211121 222222 211121 222222
211112 222222 111111 111121 122111 122121 111211 122221 111212 122222
011122 011122 011122 011122 011122 011122 011122 011122 011122 011122
111112 111122 111211 111221 112122 113122 112211 113211 121112 121221
111112 111122 111211 111221 121122 131122 121211 131211 112112 112221
111111 111122 122111 122122 111122 111122 122111 122111 111212 122221
211111 222211 211111 222211 222212 222212 211112 211112 211112 222212
222111 222211 211111 211211 222221 222221 211121 211121 222222 211122
011122 011122 011122 011122 011122 011122 011212 011212 011212 011212
122112 122122 122122 122211 122211 122221 111111 111222 121111 121222
122112 122122 122122 122211 122211 122221 111111 111222 112111 112222
111212 111222 111221 122211 122212 122221 211121 222111 211221 222211
211111 222222 222211 211122 211111 222211 111212 122111 111212 122111
222212 222222 222112 211122 211212 211112 211121 222111 211122 222112
011212 011212 011212 011212 011221 011222 011222 011222 011222 011222
122111 122121 122212 122222 113331 111111 111111 111121 111121 111121
122111 122121 122212 122222 131331 111111 111111 111121 111121 . 111121
211222 211212 222222 222212 233122 211112 211121 211111 211111 211112
111212 122111 111212 122111 233212 211112 211222 222111 222121 222122
211222 211212 222222 222212 111221 211221 211121 211111 211111 211221
011222 011222 011222 011222 011222 011222 011222 011222 011222 011232
111212 111222 111222 111222 112121 112212 112212 121111 121112 121112
111212 111222 111222 111222 121121 121212 121212 112111 112112 112112
222121 222111 222111 222112 211112 222111 222122 211212 211222 211222
211222 222111 222121 222122 222121 211122 211222 211122 211222 311232
222121 222111 222111 222221 211211 222121 222221 211222 222222 222222
011233 011222 011222 011222 011222 011222 011223 011222 011222 011222
131112 121222 121222 121222 131222 131332 141424 123111 122111 122121
113112 112222 112222 112222 113222 113332 114424 132111 122111 122121
211323 222222 222233 222211 222211 233211 244211 211212 211222 211211
311222 222222 222323 222121 222121 233121 222121 211122 211222 222122
322323 222222 222332 222112 222112 222112 344113 211222 211222 211122
011222 011222 011222 011222 011222 011222 011222
122121 122121 122212 123331 123331 122222 122222
122121 122121 122212 132331 132331 122222 122222
211212 211212 222222 233212 233221 222211 222212
222111 222121 211222 233122 233222 222122 222111
211212 211212 222222 211222 211122 222122 222212

II. N onsym m etric m atrices I

011221  011111  
133414 111111 
133414 m i l l  
233424 122212 
111221  122212  
233424 m i l l

011111 011111 
111112  111112  
1 1 1 1 1 2  1 1 1 1 1 2  
122121  122122  
122211  211212  
122212  211122

011111 011111 
111112  111112  
1 1 1 1 1 2  1 1 1 1 1 2  
122211  122212  
122121  211122  
122122  211212

011111 011111 
111112  111121  
1 1 1 1 1 2  1 1 1 1 2 1  
211122  111121  
122212  122121  
211122  111212

011111 011111 
111121 111121 
1 1 1 1 2 1  1111 2 1  
111122 111211 
211122 122211 
222122 111122
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011111
111121
111121
111212
211212
222212
011111
111222
111222
122122
211122
211122
011111
112333
121333
111313
111133
111111
011111
121212
112212
211212
222221
122111
011111
122121
122121
111111
122121
111222
011111
122212
122212
111111
111111
111111
011111
122222
122222
211111
211111
122222
011112
111112
111112
122211
211112
122211
011112
111122
111122
122221
122221
211112
011112
111211
111211
222211
122112
111211
011112
112122
121122
122222
222211
122121

011111
111121
111121
222122
211122
111122
011111
111222
111222
222111
222111
122212
011111
112222
121222
211211
211121
122221
011111
121212
112212
222221
122212
222122
011111
122121
122121
111111
211212
222111
011111
122222
122222
111112
111112
222221
011111
122222
122222
211111
211111
211111
011112
111112
111112
122222
211111
211111
011112
111211
111211
111211
122112
222211
011112
111211
111211
222211
211221
222122
011112
112122
121122
211111
222122
211121

011111
111121
111121
222212
122212
222212
011111
111222
111222
222221
222221
122122
011111
121111
112111
222122
222212
222221
011111
122111
122111
111121
111212
111212
011111
122121
122121
111112
122211
111221
011111
122222
122222
111121
122121
111212
011111
122222
122222
211221
211122
122221
011112
111112
111112
211111
222111
211222
011112
111211
111211
111211
211112
111211
011112
111221
111221
111112
111221
111221
011112
112122
121122
211111
222211
211212

011111
111222
111222
111111
111222
122121

011111
112111
121111
111112
111222
111122

011111
121121
112121
222112
211121
111122
011111
122111
122111
111121
222121
222121
011111
122121
122121
111221
211122
222221

011111
122222
122222
111122
211122
222122
011111
122222
122222
222122
222122
222122

011112
111112
111112
211122
211112
211122

011112
111211
111211
111222
111222
222222

011112
111221
111221
111112
222112
222112
011112
112122
121122
211222
111211
122121

011111
111222
111222
111111
222111
211212
011111
112111
121111
111131
111133
111333
011111
121212
112212
111112
122121
111122
011111
122111
122111
111122
111122
222122

011111
122121
122121
122112
122112
122221
011111
122222
122222
122111
122121
122222
011111
122222
122222
222212
122212
222212
011112
111112
111112
211122
211221
211211
011112
111211
111211
122112
122112
211112
011112
111221
111221
111221
111221
222221
011112
112122
121122
211222
222122
211212

011111
111222
111222
111112
111112
122122

011111
112111
121111
111221
222111
222122

011111
121212
112212
111112
122212
111211

011111
122111
122111
122111
122111
122222

011111
122121
122121
122121
122121
122212

011111
122222
122222
122111
211212
211111
011112
111112
111112
111112
122112
222112

011112
111112
111112
211211
122112
122211

011112
111211
111211
211112
211221
211221

011112
111221
111221
122111
122111
122222
011112
112122
121122
222221
211212
222211

011111
111222
111222
111221
111112
122211
011111
112111
121111
133133
133131
133113
011111
121212
112212
111221
211212
222122
011111
122111
122111
122111
122111
211111

011111
122121
122121
122122
211122
211122

011111
122222
122222
122112
122211
122221
011112
111112
111112
111112
211112
111112
011112
111112
111112
211211
211221
211122
011112
111211
111211
211212
222111
211121
011112
111221
111221
122222
211222
211222
011112
112211
121211
122111
222211
122212

011111
111222
111222
111221
222221
211122

011111
112111
121111
122122
122121
122112
011111
121212
112212
122121
111112
122111

011111
122111
122111
122222
211222

.211222

011111
122121
122121
122212
211212
211212
011111
122222
122222
122221
211122
211221
011112
111112
111112
111112
222221
111112

011112
111112
111112
222112
211221
222221

011112
111211
111211
222111
222111
222222

011112
111221
111221
211222
211222
211111
011112
112211
121211
211222
111122
122212

011111
111222
111222
111222
111222
122212

011111
112111
121111
122122
211212
211221
011111
121212
112212
122122
111222
122112

011111
122111
122111
211111
211222
211222

011111
122121
122121
222111
122212
222111

011111
122222
122222
122222
122222
211111
011112
111112
111112
111112
222221
222221
011112
111112
111112
222212
222111
222121

011112
111211
111211
222122
211112
222122

011112
111221
111221
222112
222112
222221
011112
121112
112112
111212
222211
111111

011111
111222
111222
122121
122121
122212

011111
112212
121212
211221
222212
211122

011111
121212
112212
122122
222111
211221

011111
122111
122111
222112
222112
222221

011111
122121
122121
222221
211122
111221

011111
122222
122222
211111
122212
211111
011112
111112
111112
122211
122112
211211

011112
111112
111112
222221
211112
222221

011112
111211
111211
222122
211221
222211

011112
112122
121122
122222
111211
211121
011112
121221
112221
111121
111211
222222
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011112
121221
112221
111121
222211
111222
011112
123112
132112
122122
211121
122221
011112
122211
122211
211111
222111
211222
011112
123221
132221
222121
222122
222111
011121
111111
111111
222222
211121
222222

011121
111212
111212
111212
122212
222121
011121
111222
111222
211121
211212
211212
011121
112111
121111
211122
222222
211221
011121
122121
122121
122121
122121
222222
011121
122211
122211
122211
122121
211211
011121
122212
122212
111111
m i l l
211121

011112
121221
112221
211122
211212
211112

011112
122112
122112
211112
211221
211221

011112
122211
122211
222112
122112
111112
011112
122222
122222
122222
122112
211222
011121
111121
111121
111121
111222
222121
011121
111212
111212
122111
122111
211111
011121
111222
111222
211121
222111
211212

011121
112111
121111
222112
211212
222122

011121
122121
122121
122121
211121
111222

011121
122211
122211
122211
211121
122211
011121
122212
122212
m i l l
222222
122212

011112
121221
112221
222121
222122
222111
011112
122112
122112
211212
211212
222222
011112
122211
122211
222112
211221
222221

011112
122222
122222
122222
211112
122222

011121
111121
111121
122222
111222
211222
011121
111212
111212
122111
122212
211222
011121
111222
111222
211212
222222
211212
011121
112222
121222
211211
111111
122221
011121
122121
122121
211121
211212
222111
011121
122211
122211
211122
211121
211122
011121
123212
132212
111112
222222
111211

011112
121221
112221
222212
222122
222222

011112
122112
122112
222111
222111
222222

011112
122211
122211
222221
211112
222221

011112
122222
122222
211111
211112
211111
011121
111121
111121
122222
122121
211222
011121
111212
111212
211222
211121
211222
011121
111222
111222
222111
211121
222111

011121
121212
112212
122211
122121
211112

011121
122121
122121
211212
211212
222222

011121
122211
122211
211122
211212
211211
011121
122212
122212
122212
122212
211121

011112
122112
122112
111211
111211
211112
011112
122112
122112
222122
222122
211112
011112
122211
122211
222221
211221
222112
011112
122222
122222
211111
211221
211222
011121
111121
111121
122222
211121
122222

011121
111212
111212
222121
211121
222121
011121
111222
111222
222111
211212
222222
011121
121212
112212
211122
211212
211112
011121
122121
122121
222111
222111
211121
011121
122211
122211
211211
122121
122211
011121
122212
122212
211121
211121
211121

011112
122112
122112
111211
222211
122112
011112
122112
122112
222122
222211
211221
011112
123221
132221
111121
222211
111222
011112
133424
133424
233414
211112
233414
011121
111121
111121
211111
211121
211111
011121
111222
111222
111222
111222
222222
011121
111222
111222
222111
222111
222222
011121
122111
122111
111212
122212
222121
011121
122121
122121
222111
222222
211212
011121
122211
122211
211211
211212
211122
011121
123212
132212
222221
222222
222122

011112
123112
132112
111212
222211
111111
011112
122112
122112
222211
111211
122112
011112
122221
122221
111122
111122
211112
011112
122222
122222
222221
222111
222112
011121
111121
111121
211111
211212
211222
011121
111222
111222
111222
122121
222222
011121
112111
121111
111112
122121
222211
011121
122111
122111
222121
211121
222121
011121
122122
122122
122122
122212
211211
011121
122211
122211
222112
111222
111112
011121
122212
122212
222222
222222
211121

011112
122112
122112
122112
122112
211112
011112
122112
122112
222211
222122
211221
011112
123221
132221
122211
211121
122112
011121
111111
111111
111111
122212
222222
011121
111121
111121
211111
222222
211111
011121
111222
111222
111222
211121
111222
011121
112111
121111
122211
111222
211112
011121
122121
122121
111222
111222
222222
011121
122122
122122
211211
122212
122122
011121
122211
122211
222112
222111
222221
011121
122222
122222
111121
122121
222121

011112
122112
122112
122121
122121
222222
011112
122211
122211
111112
122112
222112
011112
123221
132221
211122
211121
211221
011121
111111
111111
122212
122212
211121
011121
111121
111121
222121
222111
222212
011121
111222
111222
122121
111222
211121
011121
112111
121111
122211
222222
122112
011121
122121
122121
111222
111222
211121
011121
122122
122122
211211
211121
211211
011121
122211
122211
222221
222111
222112
011121
122222
122222
111121
211121
111121

011112
123112
132112
122122
122212
211112
011112
122211
122211
111112
211112
111112
011112
123221
132221
211122
211212
211112
011121
111111
111111
211121
211121
211121
011121
111121
111121
222212
222222
222212
011121
111222
111222
122121
122121
211121
011121
112111
121111
211122
222111
211112
011121
122121
122121
111222
222222
122121
011121
122211
122211
111112
111222
222112
011121
122211
122211
222221
222222
222221
011121
122222
122222
122222
111222
211222

62

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



011121
122222
122222
211111
222111
211222

011122
111112
111112
211122
222122
122122

011122
111122
111122
122221
211112
222211

011122
111211
111211
211111
211111
122111
011122
112122
121122
211111
122221
211212

011122
121221
112221
111212
122112
111222

011122
122112
122112
122111
211111
211111

011122
122122
122122
111111
111111
222111
011122
122211
122211
111221
222122
222221

011122
122211
122211
211122
211122
122211
011211
111112
111112
211212
222111
211121

011121
122222
122222
211111
222222
211111
011122
111112
111112
222111
211111
111111
011122
111211
111211
111121
111121
122111
011122
111211
111211
211221
122221
222122

011122
113122
131122
211111
122221
211212
011122
121221
112221
111212
211221
222111
011122
122112
122112
122112
111122
122112
011122
122122
122122
122122
122122
122211
011122
122211
122211
111222
111222
222111
011122
122211
122211
211122
211122
211122
011211
111122
111122
122221
122122
211112

011121
122222
122222
222121
211212
222212

011122
111121
111121
111121
111122
111121
011122
111211
111211
111122
111211
111211
011122
111211
111211
211221
211221
111122
011122
112122
121122
222122
222212
111221

011122
121221
112221
122112
111121
122122

011122
122112
122112
122112
111211
122221

011122
122122
122122
122122
122122
211122
011122
122211
122211
111222
122222
m i l l
011122
122211
122211
211212
211111
122212
011211
111122
111122
211112
211211
211112

011121
122222
122222
222212
211121
222212

011122
111121
111121
111121
111211
111212

011122
111211
111211
111122
222122
222122

011122
111211
111211
222212
222212
122111
011122
112211
121211
122111
122221
122212

011122
121221
112221
122221
111121
122211

011122
122112
122112
122221
111211
122112

011122
122122
122122
122211
211211
211211
011122
122211
122211
122121
122222
122212

011122
122211
122211
222111
211111
m i l l
011211
111211
111211
111121
111222
222121

011122
111112
111112
111222
122222
111111
011122
111121
111121
111212
111211
111121
011122
111211
111211
111212
222212
211111
011122
112122
121122
111122
111121
111112
011122
112211
121211
211222
211112
122212

011122
121221
112221
211221
222212
122122
011122
122112
122112
122221
222122
211221
011122
122122
122122
211122
211211
211211
011122
122211
122211
122122
111211
122211
011122
122211
122211
222111
222111
222111
011211
111211
111211
222212
222111
222121

011122
111112
111112
122122
111211
122211
011122
111121
111121
111212
222122
222212
011122
111211
111211
122112
122112
111122
011122
112122
121122
111211
111121
111221
011122
113211
131211
211222
211112
122212
011122
121221
112221
222212
122221
222111
011122
122112
122112
122222
122222
122111
011122
122122
122122
222111
222222
222222
011122
122211
122211
122122
222122
211122
011122
122211
122211
222221
111122
222221
011211
111221
111221
111221
122122
222112

011122
111112
111112
122122
222122
211122
011122
111121
111121
122112
122222
122221
011122
111211
111211
122112
122221
111211
011122
112122
121122
122111
122112
122121
011122
121112
112112
111212
122221
111111
011122
121221
112221
222212
211221
111111
011122
122112
122112
211221
111122
211221
011122
122122
122122
222222
222222
111222
011122
122211
122211
122211
111122
122211
011122
122211
122211
222221
222122
111221
011211
111221
111221
211211
211211
211211

011122
111112
111112
122211
111122
122211
011122
111121
111121
211221
211111
122221
011122
111211
111211
122221
122112
111211
011122
112122
121122
122111
211221
211212
011122
121112
112112
222121
211112
111111
011122
122112
122112
111121
122222
111212
011122
122112
122112
211221
222122
122221
011122
122211
122211
111112
111122
111112
011122
122211
122211
122211
122211
122211
011122
122221
122221
111122
222211
222211
011211
111221
111221
222112
211211
222112

011122
111112
111112
122211
111211
122122
011122
111121
111121
222212
111122
222212
011122
111211
111211
122221
211221
222122
011122
113122
131122
122111
211221
211212
011122
121221
112221
111121
122112
111111
011122
122112
122112
111122
111211
111211
011122
122112
122112
222212
211111
111212
011122
122211
122211
111112
111211
111221
011122
122211
122211
122211
122211
211122
011122
133424
133424
233414
111122
233414
011211
112221
121221
111112
122121
222211

011122
111112
111112
211122
111122
211122
011122
111121
111121
222212
222122
111212
011122
111211
111211
122222
122222
122111
011122
112122
121122
122222
122112
122212
011122
121221
112221
111121
122221
111222
011122.
122112
122112
111122
222122
222122
011122
122122
122122
111111
111111
111222
011122
122211
122211
111221
111211
111112
011122
122211
122211
211122
111122
211122
011211
111112
111112
122121
111222
211121
011211
112221
121221
222221
211212
222211

63

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



011211
122112
122112
122222
111222
211222

011212
111121
111121
111121
111121
122111

011212
111211
111211
211221
211111
122221
011212
121111
112111
111122
122222
111112
011212
122111
122111
122111
222121
211222

011212
122222
122222
111121
122222
111212

011221
111111
111111
222222
111221
222222

011221
111222
111222
222111
111221
222111

011222
111111
111111
111111
122111
222222

011222
111121
111121
111211
111211
222211
011222
111121
111121
222122
222122
222211

011211
122112
122112
211111
222111
211222
011212
111121
111121
111212
111121
122222
011212
111212
111212
111212
222121
222121
011212
121111
112111
111122
211111
222221

011212
122121
122121
111111
111121
111222
011212
122222
122222
111212
211111
222212
011221
111122
111122
122221
222112
211112
011221
113112
131112
111122
222121
222112
011222
111111
111111
122112
122221
122221
011222
111121
111121
122112
111211
211112
011222
111121
111121
222212
211222
222212

011211
122122
122122
222112
111221
122122
011212
111121
111121
111212
222212
211111
011212
111212
111212
122111
211222
222121
011212
121111
112111
111211
122111
111112
011212
122121
122121
111111
222212
222111
011212
122222
122222
111212
222212
222212
011221
111122
111122
211112
111221
211112
011221
113112
131112
222211
222121
111221
011222
111111
111111
122112
211112
211112
011222
111121
111121
122222
111121
211222
011222
111212
111212
111212
122111
222121

011211
122122
122122
222112
222112
211211
011212
111121
111121
122111
122222
111121
011212
111222
111222
111111
122222
111222
011212
121111
112111
122112
111121
122122

011212
122121
122121
111222
111212
111222
011212
122222
122222
122111
111121
122222
011221
111211
111211
111222
122222
111111
011221
122112
122112
122121
122222
122212
011222
111111
m i l l
122122
122122
211122
011222
111121
111121
122222
111222
122222
011222
111212
111212
122111
122111
211222

011211
122211
122211
211121
122121
111222
011212
111121
111121
122111
211111
222212
011212
111222
111222
m i l l
211111
222111
011212
121111
112111
122112
111212
122211
011212
122121
122121
122121
122222
122212

011212
122222
122222
122111
122222
122222
011221
111221
111221
122122
211211
222112
011221
122122
122122
122122
222112
211211
011222
111111
111111
122212
122111
211121
011222
111121
111121
122222
122222
211222
011222
111212
111212
211222
211222
211222

011211
122211
122211
211121
211212
222111
011212
111121
111121
122222
122222
111212
011212
111222
111222
122121
111121
122212
011212
121111
112111
122221
222212
211122
011212
122121
122121
122212
211111
211212
011212
122222
122222
122111
211111
211111
011221
111221
111221
211211
211211
111221
011221
122122
122122
211211
111221
211211
011222
111111
111111
211121
211121
211212
011222
111121
111121
211111
211111
211222
011222
111222
111222
111112
111211
222112

011211
133414
133414
233424
211211
233424
011212
111121
111121
211111
211111
111212
011212
111222
111222
122121
111212
122121
011212
121111
112111
222122
122111
222221
011212
122121
122121
222111
111212
222111
011212
122222
122222
122111
222212
211111
011221
111222
111222
111111
111112
111222
011221
122211
122211
111121
122222
111212
011222
111112
111112
111112
111222
111112
011222
111121
111121
211111
222212
211222
011222
111222
111222
111222
122222
222222

011211
122221
122221
111122
122122
222211
011212
111121
111121
222212
222212
122111
011212
111222
111222
122212
222212
211212
011212
121222
112222
111122
122111
111221
011212
122212
122212
111111
222121
222222
011212
122222
122222
122222
111212
122222
011221
111222
111222
111111
222221
222111
011221
122221
122221
111122
222112
222211
011222
111121
111121
111121
111121
222121
011222
111121
111121
211221
222122
211112
011222
111222
111222
111222
111121
222222

011211
122221
122221
222211
211211
222211
011212
111122
111122
111122
222121
222211
011212
111222
111222
211212
111212
211212
011212
121222
112222
111122
211222
222112
011212
122212
122212
122212
222121
211121
011212
122222
122222
211111
111212
211111
011221
111222
111222
111222
111221
111222
011221
122221
122221
211112
111221
211112
011222
111121
111121
111121
122222
222121
011222
111121
111121
222121
211111
222212
011222
111222
111222
111222
111222
111222

011212
111111
111111
122212
222121
211121
011212
111211
111211
122112
122222
122221
011212
113212
131212
111122
222212
222221
011212
122111
122111
111212
222121
222121
011212
122222
122222
111121
111121
111212
011221
111111
111111
111111
222112
222222
011221
111222
111222
122112
122222
122221
011221
122221
122221
222211
111221
222211
011222
111121
111121
111121
211222
111121
011222
111121
111121
222121
222212
222212
011222
111222
111222
111222
211222
111222

64

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



011222
111222
111222
122112
211221
211221
011222
111222
111222
222111
211222
222111
011222
121111
112111
122112
211222
122211
011222
122112
122112
122112
122222
211112
011222
122121
122121
122121
111222
122121
011222
123331
132331
233121
233122 
211111
011222
122222
122222
122222
122222
222121

011222
111222
111222
122121
111121
211121
011222
111222
111222
222111
222212
222222
011222
121111
112111
211111
211221
211121
011222
122112
122112
122112
211222
122112
011222
122121
122121
122211
111211
211211
011222
122222
122222
111121
111121
211222
011222
122222
122222
211111
211111
211222

011222
111222
111222
122121
122121
111222
011222
111222
111222
222221
222122
222112
011222
122111
122111
111212
111212
211222
011222
122112
122112
211112
211111
211221
011222
122121
122121
211121
222212
211212
011222
122222
122222
111121
111121
222121
011222
122222
122222
211111
211111
222121

011222
111222
111222
122121
122222
211121
011222
112212
121212
111121
122112
222222
011222
122111
122111
122111
122111
211222
011222
122112
122112
211221
211222
211221
011222
122121
122121
211122
222122
211211
011222
122222
122222
111121
111222
111121
011222
122222
122222
211111
211222
222212

011222
111222
111222
122121
211222
122121
011222
112212
121212
111211
122222
222112
011222
123111
132111
122112
211222
122211
011222
122112
122112
222122
222212
222211
011222
122121
122121
222111
211111
222222
011222
122222
122222
111121
222121
122222
011222
122222
122222
211112
211221
222122

011222
111222
111222
211121
211111
211212
011222
112212
121212
111211
211222
111112
011222
123111
132111
122121
211211
122222

011222
122112
122112
222211
222212
222122
011222
122121
122121
222111
211222
222111
011222
122222
122222
122112
122112
222211
011222
122222
122222
211122
211122
222112

011222
111222
111222
211121
222212
211212
011222
112212
121212
222121
122112
111222
011222
123111
132111
211112
211111
211122
011222
122121
122121
111222
122222
222222
011222
122121
122121
222111
222111
222111
011222
123222
132222
122212
122122
211222
011222
122222
122222
211222
122222
111121

011222
111222
111222
211212
211212
222111
011222
112212
121212
222122
211111
222112
011222
122111
122111
222121
222121
211222
011222
122121
122121
111222
111222
111222
011222
122212
122212
111111
122111
222222
011222
123222
132222
122212
211211
122111
011222
122222
122222
222121
222212
211111

011222
111222
111222
211212
211222
211212
011222
112212
121212
222212
211221
222222
011222
122112
122112
111121
111211
222121
011222
122121
122121
111222
211222
111222

011222
122221
122221
122221
122111
211112

011222
122222
1 2 2 2 2 2 .
122222
111222
122222

011222
122222
122222
222121
222212
222212

011222
111222
111222
222111
211111
222222

011222
121111
112111
122112
122222
211211
011222
122112
122112
111211
111121
222211
011222
122121
122121
122121
111121
211121
011222
123331
132331
233112
233111
211122
011222
122222
122222
122222
122222
211222
011222
122222
122222
222212
222212
211222

II. N onsym m etric m atrices II

011222
313222
331222
233244
233342
233324
011111
111112
111112
111112
111222
222112
011111
111121
111121
122222
222222
122222

011111
222222
222222
222222
222222
222222
011111
111112
111112
111112
222222
111112
011111
111121
111121
211111
111111
211111

011111
111111
111111
111111
222222
222222
011111
111112
111112
111221
222111
222221
011111
111121
111121
211111
222111
211222

011111
111111
111111
111111
111111
222222
011111
111112
111112
222112
222111
222221
011111
111121
111121
211111
222222
211111

011111
111111
111111
122212
122212
222222
011111
111112
111112
222221
111111
222221
011111
111212
111212
122111
111111
211222

011111
111111
111111
122212
211121
222222
011111
111112
111112
222221
222222
222221
011111
111212
111212
122111
222222
122111

011111
111111
111111
122212
211121
111111
011111
111121
111121
122111
111222
122222
011111
111212
111212
122111
222222
211222

011111
111111
111111
211121
211121
111111
011111
111121
111121
122111
222111
211111
011111
111212
111212
211222
111111
211222

011111
111112
111112
111112
111111
111112
011111
111121
111121
122222
111111
122222
011111
111221
111221
111221
111111
222112

011111
111112
111112
111112
111222
111221
011111
111121
111121
122222
111222
211222
011111
111221
111221
111221
222222
111221
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011111
111221
111221
111221
222222
222112
011111
111222
111222
211121
211212
222111
011111
112121
121121
122221
111212
211122
011111
112333
121333
111313
333311
333333
011111
121222
112222
222122
222121
222112
011111
122121
122121
111111
111222
111222
011111
122121
122121
211212
222222
211212
011111
122222
122222
111121
111222
222121
011111
122222
122222
211111
222222
211111
011111
211111
211111
111121
111222
222121
011111
211111
211111
122122
211221
211122

011111
111221
111221
222112
111111
222112
011111
111222
111222
211212
211212
222222
011111
112121
121121
122221
222212
122122
011111
112333
121333
133133
311131
311113
011111
122111
122111
111212
111111
222121

011111
122121
122121
111111
222111
222111
011111
122121
122121
222111
222111
222222
011111
122222
122222
111121
222222
111121
011111
122222
122222
222121
222111
222212
011111
211111
211111
111121
222222
111121
011111
211111
211111
122211
122112
122122

011111
111222
111222
111111
111222
111222
011111
111222
111222
211212
211212
111111
011111
112121
121121
211112
111121
211211
011111
112223
121223
322113
322333
111133
011111
122111
122111
111212
222222
111212
011111
122121
122121
111222
111222
222222
011111
122212
122212
111111
222222
222222
011111
122222
122222
111212
222111
222212
011111
122222
122222
222212
111111
222212
011111
211111
211111
111122
211122
222122
011111
211111
211111
122221
211122
211221

011111
111222
111222
111111
222111
222111
011111
111222
111222
222111
222111
222222
011111
112121
121121
211112
222121
211122
011111
112223
121223
322131
322311
111111
011111
122111
122111
111212
222222
222121
011111
122121
122121
122121
m i l l
122121
011111
122212
122212
111111
111111
222222
011111
122222
122222
122111
111222
122222
011111
122222
122222
222212
222222
222212
011111
211111
211111
111212
222111
222212
011111
211111
211111
122222
111111
122222

011111
111222
111222
111222
111222
222222

011111
112111
121111
111111
333331
333313
011111
112121
121121
211112
222212
211211
011111
121111
112111
111211
111121
222221

011111
123111
123111
123111
111111
123111
011111
122121
122121
122121
111222
122212
011111
122212
122212
122212
111111
211121
011111
122222
122222
122111
222111
211111
011111
211111
211111
111112
111112
222221
011111
211111
211111
122111
111222
122222
011111
211111
211111
122222
111222
211222

011111
111222
111222
122121
122121
222222

011111
112111
121111
111313
333133
333111
011111
112212
121212
122112
111121
211122
011111
121111
112111
111211
222212
222221

011111
122111
122111
122111
111111
211222

011111
122121
122121
122121
111222
211121
011111
122212
122212
122212
222222
122212
011111
122222
122222
122222
111111
122222
011111
211111
211111
111112
122112
111221
011111
211111
211111
122111
122121
122222
011111
211111
211111
122222
122212
122222

011111
111222
111222
122121
122121
m i l l
011111
112111
121111
133133
311313
311331
011111
112212
121212
122112
222212
122211
011111
121111
112111
333133
333313
333331
011111
122111
122111
122111
222222
122111

011111
122121
122121
122121
222222
122121

011111
122212
122212
122212
222222
211121
011111
122222
122222
122222
111222
211222
011111
211111
211111
111112
122221
111112
011111
211111
211111
122111
211212
211111
011111
211111
211111
122222
122222
211111

011111
111222
111222
122121
122212
111222

011111
112121
121121
122112
111212
122122

011111
112212
121212
122112
222212
211122

011111
121222
112222
111122
111121
111221
011111
122111
122111
122111
222222
211222

011111
122121
122121
122212
222111
211212

011111
122212
122212
211121
111111
211121

011111
122222
122222
122222
222222
122222
011111
211111
211111
111112
222221
222221

011111
211111
211111
122111
222111
211111
011111
211111
211111
122222
211111
211111

011111
111222
111222
122121
211121
111222

011111
112121
121121
122112
222121
211211

011111
112212
121212
211221
111121
211122

011111
121222
112222
111122
111212
222221

011111
122111
122111
211222
111111
211222

011111
122121
122121
211121
222111
211212

011111
122222
122222
111121
111111
111121

011111
122222
122222
211111
111111
211111
011111
211111
211111
111121
111111
111121

011111
211111
211111
122112
122122
122112
011111
211111
211111
122222
222222
122222

011111
111222
111222
122212
211212
222111
011111
112121
121121
122221
111121
122122
011111
112333
121333
111111
333113
333131
011111
121222
112222
111211
222121
222112

011111
122111
122111
222121
111111
222121

011111
122121
122121
211212
111111
211212
011111
122222
122222
111121
111222
111212
011111
122222
122222
211111
222111
211222
011111
211111
211111
111121
111222
111212
011111
211111
211111
122112
122211
122221
011111
211111
211111
211111
111111
211111
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011111
211111
211111
211111
122212
211111
011111
211121
211121
111111
111111
222222
011111
211121
211121
122212
m i l l
211121
011111
211212
211212
111111
122121
111222
011111
211212
211212
122112
122112
122221
011111
211212
211212
211212
111111
211212
011111
211222
211222
111212
111111
111212
011111
211222
211222
122111
222222
122111
011111
211222
211222
211222
222222
211222
011111
212111
221111
111122
111121
111221
011111
212121
221121
122111
111211
122121

011111
211111
211111
211111
222111
211222
011111
211121
211121
111111
111111
111111
011111
211121
211121
122212
122212
122212
011111
211212
211212
111111
211212
222111
011111
211212
211212
122121
111111
122121
011111
211212
211212
211212
222222
211212
011111
211222
211222
111212
111111
222121
011111
211222
211222
122111
222222
211222
011111
211222
211222
222112
122221
222112
011111
212111
221111
111133
111313
333331
011111
212121
221121
122111
222122
211212

011111
211111
211111
211111
222222
211111
011111
211121
211121
111111
122212
m i l l
011111
211121
211121
122212
211121
211121
011111
211212
211212
111111
222111
222111
011111
211212
211212
122121
111222
122212
011111
211212
211212
222111
122212
222111
011111
211222
211222
111212
222222
111212
011111
211222
211222
122122
122221
122122
011111
211222
211222
222112
222112
222221
011111
212111
221111
111122
111212
222221
011111
212121
221121
122121
111221
122222

011111
211111
211111
211122
122221
211122
011111
211121
211121
111111
211121
222222

011111
211121
211121
122212
222222
122212
011111
211212
211212
111112
122122
111112
011111
211212
211212
122121
111222
211121
011111
211212
211212
222111
222111
222222
011111
211222
211222
111212
222222
222121
011111
211222
211222
122122
211112
211211
011111
211222
211222
222121
111111
222121
011111
212111
221111
111311
333131
333113
011111
212121
221121
122122
111222
122112

011111
211111
211111
222121
222111
222212
011111
211121
211121
111122
122221
111122
011111
211121
211121
122212
222222
211121
011111
211212
211212
111112
122211
111221
011111
211212
211212
122121
122121
122212
011111
211212
211212
222122
122221
222122
011111
211222
211222
122111
111111
122111
011111
211222
211222
122221
211211
211112
011111
211222
211222
222121
222222
222121
011111
212111
221111
111211
222121
222112
011111
212121
221121
122122
222111
211221

011111
211111
211111
222122
122122
222122
011111
211121
211121
111122
211112
222211
011111
211121
211121
211121
111111
211121
011111
211212
211212
111122
211221
222122
011111
211212
211212
122121
222222
122121
011111
211222
211222
111112
111221
111221
011111
211222
211222
122111
111111
211222
011111
211222
211222
122222
211222
211222
011111
212111
221111
333333
333333
333333
011111
212111
221111
333133
333131
333113
011111
212121
221121
122211
111111
122112

011111
211111
211111
222212
111111
222212
011111
211121
211121
111221
211211
222112
011111
211121
211121
211121
222222
211121
011111
211212
211212
111211
122112
111122
011111
211212
211212
122122
211122
211122
011111
211222
211222
111112
222112
222112
011111
211222
211222
122111
122111
122222
011111
211222
211222
211111
211222
211222
011111
212111
221111
111111
333333
333333
011111
212111
221111
222122
222121
222112
011111
212121
221121
122212
111112
122222

011111
211111
211111
222212
222222
222212
011111
211121
211121
122122
122122
122122
011111
211121
211121
222112
122122
222112
011111
211212
211212
111221
211122
222221
011111
211212
211212
122212
211212
211212
011111
211222
211222
111122
111122
222122
011111
211222
211222
122111
122111
211111
011111
211222
211222
211112
122122
211112
011111
212111
221111
111111
111111
333333
011111
212121
221121
111112
122121
111122
011111
212121
221121
122212
222221
211111

011111
211121
211121
222222
222222
222222
011111
211121
211121
122122
211211
211211
011111
211121
211121
222222
122212
222222
011111
211212
211212
111222
111222
222222
011111
211212
211212
122212
222111
211212
011111
211222
211222
111122
122122
111122
011111
211222
211222
122111
122212
122111
011111
211222
211222
211222
111111
211222
011111
212111
221111
111111
111111
111111
011111
212121
221121
111112
122212
111211
011111
212121
221121
211111
111122
211212

011111
211121
211121
111111
222222
222222
011111
211121
211121
122212
111111
122212
011111
211212
211212
111111
111222
111222
011111
211212
211212
111222
122212
111222
011111
211212
211212
211121
222111
211212
011111
211222
211222
111122
211211
222211
011111
211222
211222
122111
211121
211222
011111
211222
211222
211222
122212
211222
011111
212111
221111
111133
111131
111331
011111
212121
221121
111221
211212
222122
011111
212121
221121
211122
111111
211221
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011111
212121
221121
222221
122212
222122

011111
212333
221333
m i l l
111333
111333
011111
212223
221223
322133
322313
111113
011111
221121
212121
122112
222212
211122
011111
221212
212212
211112
222212
211211
011111
222111
222111
111111
222111
222111
011111
222111
222111
111222
111222
122212
011111
222111
222111
122212
211212
222111
011111
222112
222112
111221
m i l l
222112
011111
222112
222112
222112
111111
222112
011111
222121
222121
122111
222222
211222

011111
212212
221212
111221
211121
222211
011111
212333
221333
111111
333111
333111
011111
212222
221222
222122
222212
222221

011111
221121
212121
211221
111121
211122
011111
221222
212222
111111
111112
111121
011111
232111
223111
111111
333414
333441
011111
222111
222111
122112
122112
122221
011111
222111
222111
211112
211221
211221
011111
222112
222112
111221
222222
111221
011111
222112
222112
222112
222222
222112
011111
222121
222121
211222
111111
211222

011111
212212
221212
122111
222211
211121
011111
212222
221222
111211
111121
111112
011111
212223
221223
322133
322313
333331
011111
221121
212121
211221
222212
211122
011111
221222
212222
111111
222221
222212
011111
222111
222111
111112
111112
122122
011111
223111
232111
122112
122112
122221
011111
222111
222111
211121
211212
222111
011111
222112
222112
111221
222222
222112
011111
222121
222121
111122
122122
111122
011111
222121
222121
211222
222222
211222

011111
212212
221212
122122
222222
211112
011111
212333
221333
111311
111131
111113
011111
212333
221333
333133
333313
333331
011111
221212
212212
122112
111212
122122
011111
221222
212222
111112
111222
111122
011111
222111
222111
111112
111221
122211
011111
222111
222111
122112
122112
211112
011111
222111
222111
211212
211212
222222
011111
222112
222112
122111
122221
122111
011111
222121
222121
111122
211211
222211
011111
222121
222121
222112
122221
222112

011111
212212
221212
122212
222112
211222
011111
212222
221222
111211
111121
222221
011111
221111
212111
111111
222112
222121
011111
221212
212212
122112
222121
211211
011111
221222
212222
111212
222122
222111
011111
222111
222111
111122
222122
211221
011111
222111
222111
122121
122121
222222
011111
222111
222111
211212
211212
111111
011111
222112
222112
122111
211112
211222
011111
222121
222121
111212
122212
111212
011111
222121
222121
222121
122212
222121

011111
212212
221212
211121
111221
211222
011111
212333
221333
111311
111131
333331
011111
221111
212111
111212
222211
222222
011111
221212
212212
122221
111121
122122
011111
221222
212222
122122
122121
122112
011111
222111
222111
111211
111122
122112
011111
222111
222111
122121
122121
111111
011111
222111
222111
222111
222111
222222
011111
222112
222112
122122
122212
122122
011111
222121
222121
111212
211121
222121
011111
222212
222212
111112
122112
111221

011111
212212
221212
211211
111111
211112
011111
212222
221222
111211
222212
222221
011111
221111
212111
122122
211121
211112
011111
221212
212212
122221
111212
211122
011111
221222
212222
122122
211212
211221
011111
232111
223111
111311
333414
333441
011111
222111
222111
122121
122212
111222
011111
222111
222111
222111
222111
122212
011111
222112
222112
122122
211121
211211
011111
222121
222121
111221
211112
222112
011111
222212
222212
111112
122221
111112

011111
212212
221212
222112
122212
222211
011111
212333
221333
111311
333313
333331
011111
221121
212121
122112
111121
122211
011111
221212
212212
122221
222212
,122122
011111
222111
222111
111111
111222
111222
011111
232111
223111
111414
333111
333144
011111
222111
222111
122121
211121
111222
011111
222111
222111
222122
222122
122221
011111
222112
222112
122212
211211
211121
011111
222121
222121
122111
111111
122111
011111
222212
222212
111121
122121
111212

011111
212221
221221
122111
122111
333333
011111
212333
221333
111333
111333
333333
011111
221121
212121
122112
111121
211122
011111
221212
212212
211112
111121
211211
011111
222111
222111
111111
111222
122121
011111
222111
222111
111221
222221
211122
011111
222111
222111
122122
211122
211122
011111
232111
223111
333414
333333
333144
011111
222112
222112
211121
122122
211121
011111
222121
222121
122111
111111
211222
011111
222212
222212
111121
122212
111121

011111
212221
221221
122111
122111
111111
011111
212333
221333
333111
333111
333333
011111
221121
212121
122112
222212
122211
011111
221212
212212
211112
222121
211122
011111
222111
222111
111111
222111
211212
011111
222111
222111
111222
111222
222222
011111
223111
232111
122122
211122
211122
011111
222112
222112
111221
111111
111221
011111
222112
222112
211222
122221
211222
011111
222121
222121
122111
222222
122111
011111
222212
222212
111122
211122
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011112
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011122
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011222
313111
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222211
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222112
011222
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011222
212333
221333
222233
333232
333223
011223
212223
221223
233344
233343
233334
011233
313233
331233
222244
222342
222324
011222
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331222
111222
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233122
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222222
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222111
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211223
222232
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212222
221222
222222
222222
222222
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213444
231444
222322
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333243
333234
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331222
111122
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011222
212222
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122112
122222
211211
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222233
222232 
222223
011222
312222
321222
222233 
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011223
313223
331223
233244
233242
233224
011222
213222
231222
111122
111122
222211
011222
212222
221222
122112
211222
122211
011222
313332
331332 
233122 
233212 
222112
011222
221121
212121
122221
222212
211122
011222
221212
212212
111111
211211
111212
011222
221212
212212
222121
211112
222222
011222
222111
222111
111222
211222
111222

011222
313331
331331
133111
133111
222111
011222
212222
221222
222233
333323
333332
011222
312222
321222
333322
333223
333232
011223
313223
331223
233422
233242
233442
011222
212222
221222
111122
222212
222221
011222
212222
221222
211111
211112
211212
011222
221121
212121
111121
122112
222222
011222
221121
212121
211112
222212
211122
011222
221212
212212
111122
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222112
011222
221212
212212
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211222
222112
011222
222111
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111222
222111
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331331
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133222
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313222
331222 
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