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ABSTRACT

THEORIES AND SIMULATIONS OF POLYMERS USING COARSE-GRAINED
MODELS

Full atomistic simulations of many-chain systems such as polymer melts are not feasible at
present due to their formidable computational requirements. Molecular simulations with
coarse-grained (CG) models have to be used instead, which interact with soft potentials that
allow complete particle overlapping. One advantage of soft potentials is that it allows to
simulate systems with experimentally accessible fluctuations and correlations because the
invariant degree of polymerization A/ (controlling the system fluctuations and correlations)
and the polymer chain length N are decoupled using soft potentials. Another advantage
is that it provides a powerful means for unambiguously and quantitatively revealing the
effects of fluctuations and correlations of polymers when comparing simulation results with
corresponding theoretical predictions based on the same model systems thus without any
parameter fitting.

Using the recently proposed fast lattice Monte Carlo (FLMC) simulations and the corre-
sponding lattice self-consistent field (LSCF) calculations based on the same model system,
where multiple occupancy of lattice sites is allowed, we studied the coil-globule transition
(CGT) of one-mushroom polymeric systems and the fused-separated transition (FST) of
two-mushroom polymeric systems. With soft potential, we systematically constructed the
phase diagrams of one- and two-mushroom systems using LSCF theory, which neglects the
interchain fluctuations and correlations. The LSCF predictions were then directly compared
with the simulation results without any parameter-fitting, the fluctuation/correlation effects

on these phase transitions are then unambiguously quantified.
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Similarly, for disordered symmetric diblock copolymers in continuum, we directly com-
pared the thermodynamic and structural properties from fast off-lattice Monte Carlo sim-
ulations, integral equation (IE) theories (including the reference interaction site model and
polymer reference interaction site model), and Gaussian fluctuation theory based on the
same model systems, and unambiguously quantified the consequences of various theoretical
approximations and the validity of these theories in describing the fluctuations/correlations
in disordered diblock copolymers.

In order to answer the questions of how to obtain the CG model and how the CG level
affects the properties of CG model, we then performed systematic and simulation-free coarse
graining of homopolymer melts. In this work, we proposed a systematic and simulation-free
strategy for structure-based coarse graining of homopolymer melts, where each chain of N,,
monomers is uniformly divided into N segments, with the spatial position of each segment
corresponding to the center-of-mass of its monomers. We used integral-equation theories,
instead of molecular simulations, to obtain the structural and thermodynamic properties of
both original and CG systems, and quantitatively examined how the effective pair potentials
between CG segments and the thermodynamic properties of CG systems vary with N. Our
coarse-graining strategy is much faster than those using molecular simulations and provides
the quantitative basis for choosing the appropriate N-values. Taking the simple hard-core
Gaussian thread model (K. S. Schweizer and J. G. Curro, Chem. Phys. 149, 105 (1990))
as the original system, we demonstrated our strategy and compared in detail the various
integral-equation theories and closures for coarse graining. Our numerical results showed
that the effective CG potentials using various closures can be collapsed approximately onto
the same curve for different N, and that structure-based coarse graining cannot give the
thermodynamic consistency between original and CG systems at any N < N,,.

The CG potential from structure-based coarse graining can further be used to param-

eterize CG potentials with a given analytic functional form containing finite number of
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parameters, which is much more convenient to use in molecular simulations than the numer-
ically tabulated CG potentials from structure-based coarse graining. In this work, we applied
our systematic and simulation-free strategy to the recently proposed relative-entropy-based
coarse graining, which minimizes the information loss quantified by the relative entropy. The
values of relative entropy obtained from relative-entropy-based coarse graining with differ-
ent CG potential functional forms can further be compared to determine the appropriate
functional form or number of parameters.

Note that the ideal-chain conformations were used in both structure-based and relative-
entropy-based coarse-graining strategies, which is not valid for systems with strong pair
interactions or small N, self-consistent integral equation theory can be used to obtain more
accurate intrachain pair correlations. In order to improve the quality of coarse graining, our
proposed systematic and simulation-free coarse-graining strategy can be further combined
with the self-consistent integral equation theory. This work will be remained for future

researchers.
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CHAPTER 1

INTRODUCTION

1.1 Advantages of Coarse-Grained Model Using Soft
Potentials

Full atomistic simulations of many-chain systems such as polymer melts are not feasible at
present due to their formidable computational requirements. Molecular simulations with
coarse-grained (CG) models where each segment represents, for example, the center-of-mass
of a group of atoms/monomers, have to be used instead. While atoms interact with hard
excluded-volume interactions (e.g., the Lennard-Jones (LJ) potential) and cannot overlap, at
high levels of coarse graining the segments can certainly overlap and should therefore interact
with soft potentials that allow complete particle overlapping. For example, Grosberg et al.
first showed that the effective interaction potential between two polymer coils with (hard)
excluded volume in a dilute solution is finite (i.e., on the order of kgT with kp being the
Boltzmann constant and 7" the thermodynamic temperature), even when their centers-of-
mass completely overlap.!

A less intuitive reason for using soft potentials is the following: The fluctuations of poly-
meric systems are mainly controlled by the invariant degree of polymerization defined as
N = (nR2,/V)? for chains each of N,, monomers of size b, where n denotes the number of
chains in volume V and R,y ~ v/N,,b is the root-mean-square end-to-end distance of an ideal
chain. For dense polymeric systems such as concentrated polymer solutions or melts with
hard excluded-volume interactions, V' ~ nN,,b%; N is therefore on the same order of magni-
tude as N,,, which has typical experimental values of > 10%. In most molecular simulations
of many-chain systems using CG models with hard excluded-volume interactions (e.g., the

bead-spring model? or the self- and mutual-avoiding walk (SMAW) on a lattice), the number



of segments N on each chain (or ) is < 102, which means that the fluctuations studied
in such conventional molecular simulations are not in the experimentally accessible range in
most cases; in other words, by reducing N,, to N, CG models with hard excluded-volume
interactions exaggerate the system fluctuations. With soft potentials, however, N' and N
are decoupled; one can therefore simulate systems with experimentally accessible fluctua-
tions (i.e., with A > 10%),® while N becomes a chain discretization parameter that does not
correspond to the actual chain length used in experiments; in other words, systematic coarse
graining with different N can be done at constant A". This point is crucial for understanding
CG models with soft potentials.

Using the CG models with soft potentials, Wang recently proposed the fast lattice Monte
Carlo (FLMC) simulation,* where multiple occupancy of lattice sites (MOLS) is allowed in
contrast to SMAW used in conventional lattice Monte Carlo (MC) simulations. As explained
in Ref. [4], FLMC simulation has great advantages over conventional molecular simulations
with hard excluded-volume interactions in the study of equilibrium properties of soft matter
such as polymers. For example, it provides a powerful means for unambiguously and quanti-
tatively revealing the effects of fluctuations and correlations by comparing simulation results
with the corresponding lattice field theories, such as the lattice self-consistent field (LSCF')
theory and lattice Gaussian fluctuation (LGF) theory, based on the same model system.
This has been demonstrated in a series of studies of Wang and coworkers on the structural
and thermodynamic properties of compressible homopolymer melts in either bulk® or thin
film* % and those of grafted homopolymers in an either implicit” or explicit®® solvent, where
no phase transition occurs.

In Chapter 2, we therefore quantify the effects of fluctuations and correlations on phase
transitions, taking (homo)polymer mushrooms in a poor solvent as our model systems, which
undergoes the coil-globule transition as the solvent quality varies.'®!! In this work, based
on our CG lattice model with MOLS, we systematically construct the phase diagrams of

one-mushroom systems as a function of the average polymer volume fraction ¢, and the



Flory-Huggins interaction parameter y between polymer segments and solvent molecules.
While one expects that the simulation results approach the LSCF predictions with increas-
ing average segment number density py, contradiction to this expectation leads us to the
discovery of a second-order symmetric-asymmetric transition (SAT) in polymer mushrooms
in a poor solvent (i.e., in the globule state), which, to the best of our knowledge, has not
been reported in the literature. Once we understand the behaviors of one mushroom, we
then systematically construct the phase diagrams of two-mushroom systems, which under-
goes fused-separated transition (FST) with varying solvent quality, as a function of ¢4, X,
and the grafting distance d using LSCF calculations. We further investigate the coupling
of FST with CGT and SAT of each mushroom, and unambiguously quantify the fluctua-
tion/correlation (F/C) effects on FST.

The above study on F/C effects of one and two mushrooms is performed on a lattice, in
Chapter 3 we then examine the F/C effects of disordered symmetric diblock copolymers in
continuum. In a recent paper of our group,'? the authors systematically quantified the F/C
effects on the ordered-disordered transition (ODT) of compressible symmetric DBC with
soft potential in the experimentally acceptable A/ range by comparing the results of fast
off-lattice Monte Carlo (FOMC) simulations'® and random phase approximation (RPA)
based on the same Hamiltonian. In Chapter 3 of this report, the F/C effects in disordered
phase will be unambiguously quantified based on the same model system, by comparing
the thermodynamic and structural properties obtained from FOMC simulations and various
theories, including self-consistent field (SCF) theory,'® Gaussian fluctuation (GF) theory,'
and integral equation theories (i.e., the reference interaction site model (RISM)'*1¥ and
polymer reference interaction site model (PRISM)?°22). The compared quantities include
the internal energy, entropy, Helmholtz free energy, pressure, constant-volume heat capacity,

chain/block dimensions, and various structure factors and correlation functions in the system.



1.2 Systematic Coarse Graining Using Integral Equa-
tion Theories

While the CG model with soft potentials has great advantages as explained above, there
are still some open questions, such as how to obtain the CG model and how the CG level
affects the properties of CG model. There are various levels at which a polymer chain with
full atomistic (chemical) details can be coarse-grained: The lowest level is probably the
united-atom (UA) model, interacting via bonding, bending, torsion-angle, and non-bonded
(typically LJ) potentials. The highest level is to represent each chain by a single soft particle,
as done for example by Grosberg et al.! Coarse-grained models at intermediate levels are
also widely used, such as the bead-spring model proposed by Grest and Kremer,?> where
polymer segments (beads) interact only via bonding (finitely extendable nonlinear elastic)
and non-bonded (truncated and shifted purely repulsive LJ) interactions.!

For a given original system, an issue to be addressed in systematic coarse graining is
therefore how the interaction potentials and the properties of CG models vary with the CG
level I = N,,/N. On the other hand, due to its reduced degrees of freedom (thus chain
conformational entropy), a CG model cannot exactly reproduce the original system in all
aspects. In order to choose the appropriate CG level, it is therefore necessary to quantify
how well the structural, thermodynamic and dynamic properties of the original system are
reproduced by CG models with different CG levels. In spite of the numerous papers on
coarse graining of polymeric systems, such systematic coarse graining has rarely been done,
especially for polymer melts. Ashbaugh et al applied a coarse-graining method that matches
the structural correlations between an original system and CG models with [ = 4 ~ 96, and
examined the effects of [ on the structural correlations.?® Similar work was done by Chen et
al.?* They both found that, for [ > 16, soft potentials naturally arise from coarse graining

and the segments can completely overlap.



On the other hand, in most work on coarse graining, molecular simulations (i.e., molecular
dynamics or Monte Carlo simulations) are used to obtain the structural and/or thermody-
namic properties of both original and CG systems that need to be matched. This is compu-
tationally very expensive, particularly for original systems with large N,, (= 100). Practical
use of this kind of coarse-graining strategies is further defeated by the well-known problem of
transferability (i.e., the CG pair potentials determined at one set of thermodynamic condi-
tions cannot be transferred to another set of conditions because they are state-dependent).?®
In Chapter 4, we therefore propose the simulation-free strategy of systematic coarse grain-

16:22 instead of molecular simulations, to obtain the

ing: we use integral equation theories,
structural and thermodynamic properties of both original and CG systems. Here we per-
form structure-based coarse graining for an original model system with continuous Gaussian
chains (CGC) and J-function potential,®® where the interchain direct and total correlation
functions are obtained by matching their segmental interchain radial distribution functions
between the CG and original systems, using the method firstly propose by Krakoviack et

28-30 yeferred to structure-based coarse

al.?” and further developed by Guenza and coworkers,
graining. In this work, we systematically examine the effect of CG level on the CG potential,
interchain pressure and internal energy per chain, which provides a quantitative basis for
choosing the CG level.

On the other hand, the structure-based coarse graining gives numerical potentials, which
is not convenient for further theoretical and simulation studies with CG model. In order to
obtain an analytical CG potential independent of segment pairs and to improve the quality

of coarse graining, the coarse-graining strategy using a relative entropy framework?!:32

was
performed in Chapter 5. In the relative entropy framework, which minimizes the information
loss due to coarse graining, the Helmholtz free energy per chain must be calculated, which
is usually not easy to obtain in molecular simulations. With integral equation theories,

however, it can be readily calculated using the thermodynamic integration. The functional

form of pair potential is taken as suggested by our structure-based coarse graining, and its



parameters are obtained by minimizing the relative entropy. This greatly reduces the number
of adjustable parameters compared to the structure-based coarse graining. The minimized
relative entropy with different CG potential functional forms can further be compared to
determine the appropriate functional form or number of parameters. To the best of our
knowledge, relative-entropy-based coarse graining has not been applied to polymeric systems.

Finally, in the above structure-based and relative-entropy-based coarse-graining strate-
gies, the use of ideal-chain conformations is an assumption based on the fact that the
excluded-volume effects are screened by the surrounding identical chains for large A sys-
tems. For systems with strong pair interactions or small A/, molecular simulations or the
self-consistent integral equation (SCIE) theories should be used to obtain more accurate
intrachain pair correlations functions.?*3% This interesting work is remained for future re-
searchers to examine the effects of more accurate single-chain structure factor by combining
SCIE theories with either structure- or relative-entropy-based coarse graining. In SCIE the-
ories, the intra- and interchain correlation functions are obtained self-consistently by com-
bining P/RISM equation with single-chain simulation in a solvation potential (effectively
accounting the interchain correlations), and the so-obtained single-chain conformations are

then used in the above coarse-graining procedures.
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CHAPTER 2

STRUCTURAL AND PHASE TRANSITIONS OF
ONE AND TWO POLYMER MUSHROOMS IN

POOR SOLVENT

2.1 Introduction

The fast lattice Monte Carlo (FLMC) simulation was recently proposed,! where multiple
occupancy of lattice sites (MOLS) is allowed in contrast to the self- and mutual-avoiding
walk (SMAW) used in conventional lattice Monte Carlo (MC) simulations. As explained
in Ref. [1], FLMC simulation has great advantages over conventional molecular simulations
with hard excluded-volume interactions (e.g., the Lennard-Jones potential in continuum or
SMAW on a lattice) in the study of equilibrium properties of soft matter such as polymers.
For example, it provides a powerful means for unambiguously and quantitatively revealing
the effects of fluctuations and correlations when compared with the corresponding lattice
field theories based on the same model system. This has been demonstrated in our series of
studies on the structural and thermodynamic properties of compressible homopolymer melts
in either bulk? or thin film' and those of grafted homopolymers in an either implicit® or
explicit®® solvent, where no phase transition occurs. In this work, we quantify the effects
of fluctuations and correlations on phase transitions, taking (homo)polymer mushrooms in
a poor solvent as our model systems.

It is well known that a polymer chain immersed in a small-molecule solvent undergoes
the coil-globule transition (CGT) between the expanded (coil) and collapsed (globule) states
as the solvent quality changes, which has been the subject of extensive research.®7 It is

also known that a polymer mushroom exhibits similar CGT.®!! In line with our previous
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work on grafted polymers,>® here we consider CGT of a flexible and uncharged polymer
mushroom on a planar, homogeneous and neutral (non-selective) substrate, and immersed
in an explicit and poor solvent. We use a coarse-grained lattice model with MOLS, and define
a mushroom as a group of n chains each of N segments end-grafted at the same point onto
a substrate. Each of these segments represents, for example, the center of mass of a group
of real monomers on a chain, and soft potentials (e.g., MOLS) emerges naturally from the
coarse-graining process.!?!3 With soft potentials that allow complete particle overlapping,
N becomes a chain discretization (or coarse-graining) parameter that does not correspond

4 and, as shown in detail below, a mean-

to the actual chain length used in experiments,
field theory (i.e., the widely applied polymer self-consistent field (SCF) theory!®) neglecting
the system fluctuations/correlations becomes exact in the limit of n — oo. Furthermore,
comparisons between our FLMC simulations at finite n with the corresponding SCF results
based on the same model system (thus without any parameter-fitting) can unambiguously
and quantitatively reveal the fluctuation/correlation effects neglected by the theory.!

An analogous off-lattice study of the fluctuation/correlation effects on the order-disorder
transition (ODT) of symmetric diblock copolymers was recently reported by our group.*
In that case, it is well known that the mean-field theory predicts ODT to be a second-
order phase transition,'® and that the system fluctuations stabilize the disordered phase and
change ODT to a weak first-order phase transition.!” In the case of CGT of a ungrafted
chain, a Flory-type'® mean-field theory, which is similar to but simpler than SCF theory,
is commonly used;!* 2% the transition order predicted by this or SCF?"2® theory, however,
has been controversial until our very recent work (see Appendix A),* where we clarified
that CGT, at the mean-field level, can be either a first-order transition, a critical point,
or a crossover for finite N (referred to as the “type I” behavior), and only in the limit of
N — oo becomes a second-order transition with respect to the solvent quality characterized

by either the second virial coefficient (also known as the excluded-volume parameter) v,227

the Flory-Huggins interaction parameter y, or the temperature.?’
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The phase behavior of a mushroom, on the other hand, has rarely been reported in
the literature. Halperin®® and Tang and Szleifer!! extended the above Flory-type mean-field
theory for a ungrafted chain to chains end-grafted onto a substrate. While they used different
elastic free-energy expressions from that in Ref. [19], their results for a mushroom show
that it exhibits the “type I” phase behavior. The analysis performed in our resent work?’
is therefore also applicable to one-mushroom systems. In addition, Milik and Orszagh®?
performed MC simulations to study CGT of a grafted chain obeying the self-avoiding walk
on a diamond lattice, and found continuous variation of the chain dimension with monomer-
monomer interaction (i.e., the solvent quality). Due to the finite chain lengths used there (or
in any conventional simulation studies), however, the order of CGT cannot be determined.

In this work, based on our coarse-grained lattice model with MOLS, where each lattice
site is occupied by totally py polymer segments and solvent molecules, we systematically
construct the phase diagrams of one-mushroom systems as a function of the average polymer
volume fraction ¢p = nN/p,V, where V denotes the total number of lattice sites, and the
Flory-Huggins interaction parameter x between polymer segments and solvent molecules
at the same lattice site. While one expects that the simulation results approach the SCF
predictions with increasing n (i.e., pg), contradiction to this expectation leads us to the
discovery of a second-order symmetric-asymmetric transition (SAT) in polymer mushrooms
in a poor solvent (i.e., in the globule state), which, to the best of our knowledge, has not
been reported in the literature. In the asymmetric globule states, the rotational symmetry
around the substrate normal passing through the grafting point is broken in each individual
configuration but preserved by the degeneracy of different orientations of these asymmetric
configurations.

On the other hand, in a multi-mushroom system mushrooms can interact with each

other. For example, as the solvent quality decreases, two or more adjacent mushrooms

910 » 11

can fuse together, forming the so-called “surface micelles”” or “clusters”.”* In this work

we also study two-mushroom systems, which exhibit a fused-separated transition (FST)
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as the solvent quality varies. This FST can further be coupled with CGT and SAT of each
mushroom, and has rarely been studied in the literature. Williams'® studied a two-mushroom
system in a poor solvent using scaling arguments, and found that the critical grafting distance
(i.e., the boundary between the fused and separated states of the two mushrooms) d. o
N?/3 larger than the overlapping threshold between two isolated globules (o< N'/3) due
to the monomer-monomer effective attraction. Using SCF calculations in continuum with
continuous Gaussian chains in an explicit solvent, Pattanayek et al.>* predicted d. = 5.4a
at YN = 30, where a denotes the polymer statistical segment length, but they did not give
the ¢4 value for their case. Moreover, the above studies did not examine the effects of other
parameters in the two-mushroom system, such as ¢, and .

We therefore systematically construct the phase diagrams of two-mushroom systems using
LSCF calculations, as a function of ¢, x, and d. We further investigate the coupling of
FST with CGT and SAT of each mushroom. Finally, we compare FLMC results at finite
n with LSCF predictions based on the same model system, to unambiguously quantify the

fluctuation/correlation effects on FST.

2.2 Model and Methods

2.2.1 Model system

We consider incompressible homopolymer systems of m chains each consisting of N segments
(A) and ng solvent molecules (S) on a 3D lattice of totally V' sites. Each polymer segment
or solvent molecule occupies one lattice site, and each lattice site is occupied by totally
po = (MmN +ng)/V > m segments and solvent molecules. The first segment of each chain is
fixed at x = 1, and an impenetrable substrate is placed at x = 0, which cannot be occupied
by either polymer segments or solvent molecules. Note that the number of chains grafted at
each grafting point n = m for one-mushroom systems and m/2 for two-mushroom systems.
The lattice size V is chosen to be large enough. Specifically, for one-mushroom systems we

choose L, = N and L, = L, = 2N — 1 with all chains grafted at (1,0,0), where L,, L, and
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L, are the number of lattice sites in the corresponding direction; for two-mushroom systems
we choose L, = N, L, = 2N — 1, and L, = 2N + dpax With dpax denoting the maximum
value of the separation distance d between the two grafting points placed at y = 0.

The canonical-ensemble configuration integral of the systems is

m N ns m
R I ( S g w) Monermmm 1

k=1s=1Ry,s k=1 rg k=1

where Ry denotes the lattice position of the s segment on the &™ chain, r; denotes
the lattice position of the &™ solvent molecule, the summations are over all the allowed
positions of polymer segments and solvent molecules, respectively, 5 = 1/kgT with kg
denoting the Boltzmann constant and 7' the thermodynamic temperature, and d,, (r)+4s(r),p0
denotes the Kronecker d-function imposing the incompressibility constraint on lattice site
r. h{ = 5\51 up, is the Hamiltonian of the k™ chain due to its connectivity with u},
denoting the bonding energy of the I** bond of the £*® chain. In this work we use the BFM2
lattice, which has six bonds of length 1 and twelve bonds of length v/2 (in units of the lattice
spacing) with equal a priori probabilities for bonds of different lengths (i.e., the parameter A
defined in Ref. [32] takes the value of 1/2); such a lattice minimizes the lattice anisotropy.*?
We thus have ﬁu‘,j’l = 0 for bonds of length 1, In2 for bonds of length v/2, and oo if the
chain connectivity is not maintained. The Hamiltonian due to non-bonded interactions H?
is given by
BHE = 2B = 22 % s (1)js(r), (2.2)
Po Po =
where Y is the Flory-Huggins parameter denoting the repulsion between an A segment and a
S molecule at the same lattice site, E' = ) pa(r)ps(r) denotes the total number of A-S pairs
at the same lattice site in the system, and pa(r) = 27 SV OrRy, and ps(r) = 3°0% Oer,
are the microscopic densities of A segments and S molecules at lattice site r, respectively.
With the incompressibility constraint, i.e., pa(r) + ps(r) = po at all r, Eq. (2.1) can be

re-written as

z H H Hr[ Tls!A Ol exp <— kz:;ﬁhkc — BHE> : HQ(PO — pa(r)), (2.3)
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where 0(z) = 1 if x > 0 and 0 otherwise, and the factor ng!/[[.[po — pa(r)]! is the number
of different ways of arranging the solvent molecules for a given configuration {Ry s} of all

chains and corresponds to the solvent entropy.
2.2.2 Lattice self-consistent field (LSCF) theory

In order to transform the above particle-based configuration integral to a field-based one, we

insert into Eq. (2.1) the following identities

- (%)W H / D Dw; exp {;W)M(r) - mn} : (2.4)

[Tos, i = Gy | e {—poZn(r) [Z 05(0) — 1 } L ey

where ¢;(r) is the normalized density (volume fraction) field of species j (=A,S) constrained

to p;(r)/po, wj(r) is the conjugate field imposing the constraint, and 7(r) is the conjugate

field enforcing the incompressibility constraint. We then have

Z =

.exp{%z l;wj(rm( — XNa(r)ps (Z% )”

- exp [ns(anS+1nV +Z InQx + InG)
k=1

/ngADwAngSDwSDn exp {—[(mN + ng)/N|5f.}, (2.6)

where G = [TV, > om,. €xp (—Bhf) = V(22/3)N"" with z = 18 denoting the coordination
number of BFM2 lattice, and Q) and Qg are the single-chain partition function of the k"

chain and the single-particle partition function of a solvent molecule, respectively, given by

IS exp |—pn¢ — ZwA (Ry.) /N] / G, (2.7)

s=1 Ry s

Qs = expluws(r)/N]/V. (2.8)

r
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Note that we have re-scaled variables according to Nw,;(r) — w;(r) and Nn(r) — n(r).
Finally the statistical weight §f. is given by
1
i1, = 5 X { ot - S eimem «aw [T o 1]
r J J

—%ch}k — NosInQs, (2.9)
k=1

where ¢p5 = mN/pV and ¢g = 1 — ¢, are the volume fractions of A and S, respectively, in
the system, and we have neglected a constant factor in Z.

If we define gy s(r) as the one-end-integrated propagator corresponding to the probability
of finding a partial chain of s segments that starts from the grafting point of the £ chain and
ends at r, and ¢/ (r) corresponding to the probability of finding a partial chain of ¢ segments
that starts anywhere in the system and ends at r, they satisfy the recursive relations given
by

Gea(r) = expl-wa(r)/Nlivg,.
1 1
G (1) = expl-wa(®)/N] | 55 D tkalrun) + 57 D tislry ) |5 (210)
i Tnv2

'n,1

qi(r) = exp[-wa(r)/N],

() = expl-wat)/N] [ Y i) + o S|, @1
i TV

'n,1

where g, is the grafting point of the ™ chain, and Zrn ,and > s denote summations
over the neighboring sites of r with bond length of 1 and v/2, respectively. We can then

re-write (Jy as
1
Qv = ¢ Zr:qk,s(r)q}“v_sﬂ(r) explwa(r)/N]. (2.12)

By setting 63 f./0¢;(r) = 08 f./0w;(r) = 6B f./on(r) = 0, and noting ¢ s(r) and @ are the

same for chains grafted at the same point, we obtain the following LSCF equations
wa(r) = xNgs(r) +n(r), (2.13)
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ws(r) = xNoa(r)+n(r), (2.14)

orr) = 2 eplan(r) ZQZZ%S i (1), (2.15)

ps(r) = gexp[—ws(r)/N], (2.16)
S

1 = ¢a(r) + os(r), (2.17)

where ny, denotes the number of different grafting points. Because the conjugate fields can be
shifted by an arbitrary constant without changing 5 f, and the density fields, we set Qg = ¢g
to obtain a unique solution. For given wa(r), Egs. (2.15) and (2.17) are used to calculated
¢a(r) and ¢s(r), respectively, then wg(r) is calculated as ws(r) = —N In ¢g(r) according to
Eq. (2.16), and finally a new conjugate field wa (r) is obtained as wa (r) = ws(r)+ xN[ps(r) —
¢a(r)] according to Egs. (2.13) and (2.14). The LSCF equations can be solved using the
Anderson mixing method**3* with the convergence criterion of maxgy |[wa(r) —ws(r)]/xN +
2¢a(r) — 1| < 10710,

Once LSCF equations are solved, we calculate the mean-field Helmholtz free energy per

fLSCF

chain of N segments (or per N lattice sites) S f. according to Eq. (2.9), the internal

energy per chain due to bonding interactions as

ng N-—1 )

1 b 1,8 s\™n
B DB 3ot Lt

i=1 s=1 r r, /2

LSCF _

the internal energy per chain due to non-bonded interactions [uy

XN . oa(r)gs(r)/V, and the entropy per chain sP5°F/kg = B(ulSY — fISCF) with
the internal energy per chain u. = u.}, + Ucnb. In order to obtain the most stable solution of
LSCF equations (i.e., with the lowest 8fX5F)  we further use the combinatorial screening
method proposed by Drolet and Fredrickson® with different random initial guesses.

For one-mushroom systems, in order to characterize the coil-globule transition (CGT)
we define the chain expansion factor o? = R?/R?, where R2) = (N — 1)b* is the mean-
square end-to-end distance of an ideal (non-interacting) ungrafted chain with the mean-

square bond length (in units of the square of lattice spacing) b> = 1.5, and LSCF calculations
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give the mean-square chain end-to-end distance R? = > ¢ n(r)(r — g)?/VQ1, where the
only grafting point g = (1,0,0). For two-mushroom systems, in order to characterize the
fused-separated transition (FST) we define the fusion factor v = I,,/I,.0, where I, =
S A1) [(y — ye)* + (2 — 20)?] is the moment of inertia around the symmetry () axis of the
system for real grafted chains with y. and z. being the y- and z-coordinate, respectively,
of the center between the two grafting points, and I,, ¢ is the corresponding value for ideal

grafted chains.
2.2.3 Fast lattice Monte Carlo (FLMC) simulations

We perform FLMC simulations in a canonical ensemble according to Eq. (2.3), and use three

1 and partial exchange — with a fraction

types of trial moves — local moves, bond-rotation,
of 0.2,0.4, and 0.4, respectively. For the local moves we randomly displace a randomly
chosen free chain-end (end-rotation) or interior segment (hopping), and for partial exchange
moves we exchange two randomly chosen partial chains (including their free end but not
their grafted end) that have the same length and start from the same lattice site. All
trial moves must maintain the chain connectivity, substrate impenetrability, and system
incompressibility (by switching polymer segments with solvent molecules), and are accepted
according to the probability Pae.(0 — n) = min[l, W, /W,, exp(—FAU)], where AU = U,,—U,
is the energy difference between the trial (n) and old (o) configurations with U = Y- | h{ +
HE denoting the total energy of a configuration, and W = [].[po — pa(r)]! is due to the
solvent entropy. The initial configurations are randomly generated and about (1 ~ 40) x 10°
Monte Carlo steps (MCS) are performed in each simulation, where one MCS is defined as
mN trial moves. The error bar of each ensemble-averaged quantity is estimated as three
times its standard deviation, with the statistical correlation among samples collected after
equilibration taken into account by the correlation function method.3¢

We further use replica exchange (RE)?" of configurations at different (adjacent) x values,

which greatly reduces the sample correlation. RE is attempted every 10 ~ 20 MCS, and the
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acceptance criterion for swapping two configurations ¢ and j at x; and yx;, respectively, is

PRE = min{1, exp[(x; — x;)(Ei — E;)/po]}- (2.19)

We also use the self-consistent multiple histogram reweighting technique to analyze the
simulation results.®® For totally R simulation runs performed at different y; (i = 1,..., R),
we collect the histogram H;(E, Ey,, 1) at each y;, where Ej, denotes the number of bonds
of length v/2, and v denotes R? (for one-mushroom systems) or I, (for two-mushroom

systems). Setting Z; = 1, we then have R — 1 independent equations

Z ZEb Z¢ Zf:l H;(E, By, w)gj_l
— 2,51 exp[(xi — ;) E/po) Mg 257!

where M; is the total number of collected samples after equilibration in the i*" simulation,

=1, i=2,....R, (2.20)

gi = 1 + 27; with 7; being the correlation length of F in the ™" simulation, and Z; is the
canonical-ensemble configuration integral at y;. Once these equations are solved using the

Newton’s method,?® we obtain the values of Z; (i = 2,..., R) and then calculate the quantity
Z(X>pb<X7 E7 Eb7 w) as

S H(E, By, ) gt
S exp(x — xi)E/po] Mig; ' 27

where Z(y) is the canonical-ensemble configuration integral at any x within our simulation

Z(X)pb(X> E7 Eb? w) =

(2.21)

range and can be obtained from Z(x) = > > 5 >, Z2(0)Pe(X; £, By, ¥) with py satisfying
do52m 2y DX, B, By, 1) = 1. We finally calculate the ensemble averages (R?), (I,;) and
(E) as, for example, (R2) =35> 5 D pe Ropy(X, B, By, R?), and the constant-volume heat
capacity Oy /kp = B*((U*) — (U)?)/m, the bonded internal energy per chain fuf M =
(In2)¢, (Ey) /m, the non-bonded internal energy per chain Suf'(x) = xN(E)/p§V, and

the difference in the Helmholtz free energy per chain between the system at x and that at

X1
BALTMC(x) = =(N/poV) In Z(x), (2.22)

where y; is usually taken to be the smallest y-value used in our simulations. Similarly,

FLMC

we have the non-bonded internal energy difference per chain SAw

(x) and the entropy
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difference per chain AsE™C(y)/kp = B [Auf"™C(y) — AfFEMC(y)]. The transition point

c

X" is determined by (dCy /dx)

v = 0. To estimate the statistical errors of x* and the peak
value CY,, we calculate them using the first- and second-half of our samples collected after
equilibration, respectively, and take as the error bar three times their largest deviation from

those determined using all the samples.

2.3 Results and Discussions

In the following, we first examine one-mushroom systems, where we construct the phase
diagrams of CGT using LSCF theory and compare LSCF predictions with FLMC results
at various n = m, where m denotes the total number of chains in the system, to quantify
the effects of fluctuations and correlations in the system. In this comparison we find a
second-order SAT for one-mushroom systems, which is confirmed by both LSCF calculations
and FLMC simulations. Once we understand one-mushroom systems, we then study how
two mushrooms interact with each other (i.e., the coupling among CGT and SAT of one
mushroom and FST of two mushrooms) by constructing the phase diagrams of two-mushroom
systems using LSCF theory, and compare LSCF predictions with FLMC results at various
n = m/2, where n denotes the number of chains grafted at each grafting point, to quantify
the effects of fluctuations and correlations. Unless specified otherwise, we fix N = 40 in this

work.
2.3.1 One-mushroom systems

Here LSCF results are controlled by two parameters: the Flory-Huggins y parameter and
the ratio n/py = ¢aV/N; note that LSCF results are exact in the limit of the total number
of polymer segments and solvent molecules at each lattice site py — o0, or equivalently
n — 0o. The third parameter, namely py (or equivalently n), appears in FLMC simulations

and controls the system fluctuations/correlations.
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2.8.1.1 Coil-globule transition (CGT) and phase diagrams from LSCF calculations

We first assume that the mushroom is symmetric about both the z-y and z-z planes passing
through the grafting point at (1,0,0). This symmetry assumption is intuitive and reduces
the solution domain of our LSCF calculations to one quarter of the system size. Fig. 2.1(a)
shows how the expansion factor o? varies with x at n/py = 1/5. Two different states are
found in the range of 1.393 < x < 1.450 by gradually increasing or decreasing y in our
LSCF calculations. The Helmholtz free energy per chain Sf. of these two states shown in
Fig. 2.1(b) indicates that the coil (C) state, which has larger a?, is more stable (i.e., having
lower Bf.) for x < X&or = 1.412, while the globule (G) state, which has smaller o?, is
more stable for x > x¢qr; a first-order CGT occurs at x¢qp, where the two states co-exist
(i.e., having the same ff.). Clearly, the globule state has lower bonded internal energy per
chain fu.y, than the coil state (data not shown). Fig. 2.1(b) further shows that the globule
state also has lower non-bonded internal energy per chain Su..;, than the coil state, due to
its denser mushroom structure and thus the less polymer-solvent contact; Figs. 2.1(c) and
2.1(d) show the polymer segmental density profiles ¢a(z,y = 0, z) of the coil and globule
states, respectively, at x¢qp. The stability of the globule state at x > x{qp is therefore
due to its lower internal energy per chain fSu.. The coil state, on the other hand, has higher
entropy per chain s./kp than the globule state (data not shown), which favors its stability
at x < X¢ep- Finally, we cannot find the coil state for x > 1.450 and the globule state for
X < 1.393, which may correspond to the spinodal points at n/py = 1/5.

Fig. 2.1(a) also shows how a? varies with x at n/py = 1/3, where only one LSCF solution
can be found at any y and a? decreases continuously with increasing y. We therefore have
a crossover, instead of a phase transition, between the coil and globule states in this case, as
supported by the continuity of d?3f,/dx? at all x (data not shown).

Fig. 2.2(a) shows how a? of the stable state varies with x for several values of n/p,, where
the binodal curve is obtained by connecting the two co-existing points at each n/py where a

first-order CGT occurs. The critical point, located at (n/pp). =~ 0.276 and x. ~ 1.224 with
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Figure 2.1: LSCF results of one-mushroom systems of N = 40: (a) chain expansion factor
a? as a function of x at n/py = 1/3 and 1/5, where the arrow pointing up (down) indicates
gradual increase (decrease) of x; (b) Helmholtz free energy per chain (f. and non-bonded
internal energy per chain fSu., of the coil (C) and globule (G) states as a function of x
at n/py = 1/5; (c) polymer segmental density profile ¢a(z,y = 0,2) of the coil state at
Xear = 1.412 and n/py = 1/5; and (d) ¢a(z,y = 0, 2) of the globule state at x&qp = 1.412
and n/py = 1/5. The vertical line in parts (a) and (b) marks x{qp = 1.412.

a? ~ 0.585, is estimated using the classical critical exponents from the Landau theory,’ i.e.,
la? — a?| o [(n/po)e — n/po]/? and |a? — o®| o< (x — xe)'/?, where n/pg, x and o? are taken
from the binodal curve. We therefore see that CGT is a crossover for n/py > (n/pg). but
a first-order phase transition for n/py < (n/pg). (i.e., the “type I” behavior); in the latter
case, a? of the stable state exhibits a discontinuity at y&qr, which increases with decreasing
n/po-

To examine the effects of the grafting substrate, we also perform LSCF calculations

for a group of chains of N = 40 with one end all fixed at the center of a box of size

L, =1L, =1L, =2N —1 (ie., without the grafting substrate, referred to as the system
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Figure 2.2: LSCF phase diagrams of one-mushroom systems with (a) N = 40 and (b) N = 40
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and 80. In part (b), the results for the system “x” are also shown. The critical point of
the one-mushroom system with N = 40 is located at (n/pg). ~ 0.276 and y. ~ 1.224 with
a. =~ 0.585, that of the one-mushroom system with N = 80 is located at (n/pgy). =~ 0.317
and x. ~ 0.950 with a, ~ 0.624, and that of the system “x” with N = 40 is located at
(n/po)e &~ 0.204 and x. ~ 1.415 with a. ~ 0.512. See main text for details.

“x7), the binodal curve of which is shown in Fig. 2.2(b). Comparing with the mushroom
of N = 40, we see that the grafting substrate shifts the critical point to smaller y,. and

2

larger (n/po)e, thus resulting in larger change of o at the same y where the first-order

CGT occurs. Note that the critical point of system “x” is located at x. ~ 1.415, which is
different from that given by the Flory-Huggins theory, x'% = (1/N +1)/2 +1/v/N ~ 0.671
for a homogeneous system of N = 40, due to the inhomogeneity of the former. Fig. 2.2(b)
also shows that, compared to the case of N = 40, a larger chain length of N = 80 moves
the binodal curve towards smaller x. This trend is qualitatively consistent with the Flory-

t,29 which predicts

type mean-field theory of CGT of a ungrafted chain in an explicit solven
Xe ~ 0.656 for N = 40 and 0.608 for N = 80.

As mentioned in Introduction, the Flory-type mean-field study first reported by Ptitsyn
et al.?2! was extended later by Halperin®® and Tang and Szleifer!! to a single chain grafted

on a planar substrate. Since the mean-field theory is exact in the limit of py — oo, these

studies actually correspond to our LSCF calculations for the “x¥” and one-mushroom systems,
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respectively. To see the correspondence between our explicit-solvent model and their implicit-
solvent models, we rewrite Eq. (2.3) by Taylor-expanding In[1—pa (r)/po] at small pa(r)/po <

1 to the third order as*

A

A3

Z~ HHZ‘exp{—;ﬁhg — Z [%(1 _opaln) | ép‘*ﬂ } (2.23)

k=1s=1 Ry, Po Po

Assuming uniform distribution of polymer segments within the chain volume V., =
o N3213 |k, where [ is the lattice spacing and k a numerical factor (e.g., k = 6/7), we
have the non-bonded interaction energy per chain as

Bulloy = 1/<;(1 —2x) <ﬁ) N2 8 4 1g2 (ﬁ>2 a”®. (2.24)

2 Po 6 Po

Our model therefore gives the second and third virial coefficients v = (1 — 2x)(n/py) and
w = (n/pg)?, and our parameters can be mapped to p and ¢ defined in Ref. [20] as ¢ =
k(1 —2x)(n/po)NY2/2 and p = k?(n/po)?/3. While this mapping is not exact due to the
different models used (for example, implicit vs. explicit solvents, and lattice vs. continuum
chains), our results are consistent with theirs, namely, the system has the “type I” behavior
at finite N.

CGT of a single grafted chain obeying the self-avoiding walks (SAW) has also been studied
via lattice Monte Carlo simulations.®? To qualitatively relate our model system to the SAW
chain, we can equate ¢, to that of a single grafted SAW chain of length Ngaw on a lattice
of L, = Ngaw and L, = L, = 2Ngaw — 1, which gives Ngaw = (N — 1/2)/+/n/po + 1/2.
This correspondence is again not exact due to the difference in the non-bonded interactions

between our model and those for the SAW chain.
2.3.1.2  Symmetry-breaking in the globule state

Here we fix n/py = 1/5. Fig. 2.3 compares the expansion factor a? from FLMC simulations
at various n with the LSCF prediction obtained under the symmetry assumption. We see

that FLMC results approach LSCF prediction with increasing n in the coil state, as expected.
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In the globule state, however, unexpected “overshooting” (i.e., adyc < aigop) occurs for

n > 16.

1.0 1.2 1.4 16

Figure 2.3: Comparison of a? between LSCF calculations under the symmetry assumption
(see main text for details) and FLMC simulations at various n for one-mushroom system at
n/po=1/5and N = 40.

Re-solving LSCF equations for the entire system (i.e., without the symmetry assumption)
at y = 1.6, we find two asymmetric globule states (denoted by “A1” and “A2”) in addition
to the symmetric globule state (denoted by “Sym”). Figs. 2.4(a)~2.4(c) show the segmental
density profiles averaged over the z-direction, Z;f; oa(x,y,z)/ Ly, of these three states,
respectively. For “Sym” [Fig. 2.4(a)], we see that it is symmetric about both the y- and
z-axes; since the grafting substrate is homogeneous, such rotational symmetry around the z-
axis (on a lattice) is intuitively expected. For the asymmetric states, however, this rotational
symmetry is broken in each individual configuration; that is, “A1” [Fig. 2.4(b)] is symmetric
about one diagonal line but not the other, and “A2” [Fig. 2.4(c)] is symmetric about either
the y- or z-axis but not both. Of course, due to the homogeneity of the grafting substrate,
the configurations shown in Figs. 2.4(b) and 2.4(c) can be rotated by any integer multiple
of 90° around the x-axis, which preserves the rotational symmetry.

Fig. 2.4(d) shows how a? and B, of these states obtained from LSCF calculations vary
with x. “A1” and “A2” can be found only for x > x&,r = 1.447, where both a? and /.

increase in the order of “A1”, “A2”, and “Sym”. This is also the case for Su, ., as shown in
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Figure 2.4: LSCF results of one-mushroom systems at n/py = 1/5 and N = 40: (a) polymer
segmental density profile Ziil oéa(z,y, z)/L, in the symmetric state “Sym”, (b) that in the
asymmetric state “A1”, (c) that in the asymmetric state “A2”, (d) a? and Sf. of the three
states, and (e) Bu.n, and Bf. = d(Bf.)/dx of these states. y = 1.6 in parts (a)~(c). The
vertical line in parts (d) and (e) marks x§,p = 1.447.

Fig. 2.4(e), as well as for Su,y, fu. and s./kp (data not shown) within the y-range studied
here. “A1” is therefore the most stable state at x > x§,r, due to its most compact structure

and thus the lowest Su. ), and Suc . Fig. 2.4(e) further shows that d(8f.)/dx of these states
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is continuous at x&,r, but d?(8f.)/d?x is clearly not; the symmetric-asymmetric transition
(SAT) is therefore a second-order phase transition.

Some discussion on the lattice effects is in order here. While the differences between
“A1” and “A2”, as well as their discrete set of orientations, are due to the use of a lattice,
the occurrence of SAT is not. Our LSCF calculations suggest that, in continuum, the
symmetric state should have rotational symmetry around the z-axis, and for x > xgap
an asymmetric state stabilized by its lower fu. should appear with smaller a? and Sf.
than the symmetric state; in this asymmetric state, the rotational symmetry is broken in
each individual configuration but preserved by the degeneracy of different orientations of
these asymmetric configurations (which corresponds to the degeneracy of the four different
orientations of “A1” or “A2” on a lattice). To the best of our knowledge, the asymmetric
state and SAT of one-mushroom systems in the globule state have not been reported in the
literature.

To check the existence of asymmetric states in FLMC simulations, we calculate the
histogram of the mushroom center-of-mass, re, = > rda(r)/ > . ¢a(r), from our collected
configurations. Fig. 2.5 shows the distributions of (yem, zem) for n = 64 at various y, where
we clearly see that the mushroom changes from “Sym” to “A1” as y increases: At y = 1.4
[Fig. 2.5(a)] the mushroom is in the coil state and the distribution of (Yem, zem) exhibits
rotational symmetry around the origin; at y = 1.45 [Fig. 2.5(b)], which is close to the
LSCF prediction of xgap = 1.447, an interesting square distribution appears due to the co-
existence of symmetric and asymmetric states; as x further increases to 1.5 [Fig. 2.5(c)) and
1.6 [Fig. 2.5(d)], “A1” becomes dominant and the distribution exhibits four distinguished
points along the diagonal lines due to the degeneracy of the four orientations of “A1”. On
the other hand, Figs. 2.6(a)~2.6(c) show the distributions of (yem, zem) for n =2, 8, and 16
at x = 1.6, indicating it changes from “Sym” to “A1” as n increases.

We can further transform r,, into the spherical coordinates, with the grafting point as the

origin and 0., € [0,7/2) being the angle between r,, and the x-axis. Fig. 2.7(a) shows how
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Figure 2.5: Histogram of the mushroom center-of-mass in the y-z plane, (Yem, Zem ), Obtained
from FLMC simulations of one-mushroom system of n = 64 at (a) x = 1.4, (b) x = 1.45,
(¢c) x =1.5,and (d) x =1.6. n/py =1/5 and N = 40.

the ensemble average (|ren|) from FLMC simulations at different n varies with x, along with
the corresponding LSCF predictions for the three states. While (|r.,|) monotonically de-
creases with increasing x in the LSCF prediction for “Sym” (due to the decreased mushroom
size) and in the FLMC results for n < 16, it exhibits a minimum in the LSCF predictions
for “A1” and “A2” (due to their broken rotational symmetry) and in the FLMC results for
n > 32. Furthermore, the FLMC results at the largest number of grafted chains n = 128,
where the system fluctuations are the smallest, closely follow the LSCF prediction for “A1”.
Our FLMC simulations therefore confirm the mean-field predictions of asymmetric states

and SAT, and show that they are gradually destroyed by increasing system fluctuations.
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Figure 2.6: Histogram of the mushroom center-of-mass in the y-z plane, (Yem, Zem ), Obtained
from FLMC simulations of one-mushroom systems of (a) n =2, (b) n =8, and (c) n = 16
at x = 1.6. n/pp =1/5 and N = 40.

The same is found in (f.,,) shown in Fig. 2.7(b). Here we see that, in the coil state (i.e.,
at x < 1.4), (6. is almost independent of x, is positive due to the system fluctuations,
and decreases with increasing n (which reduces the fluctuations); the least-squares fitting for
n > 16 gives (fem) o< 724, In the globule state, (f.,) increases with increasing y, and at
X = 1.6 almost coincides (for n > 16) with the LSCF prediction for “A1”; these results are
consistent with those shown in Fig. 2.5. On the other hand, Fig. 2.7(b) clearly shows that
the asymmetric states and SAT are not found for n < 4.

Finally, as mentioned above, LSCF predictions are exact in the limit of py — oo (or

equivalently n — o0), and we expect that FLMC results approach LSCF predictions at large
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Figure 2.7: Comparisons between the ensemble-averaged components of the mushroom
center-of-mass, rep, in the spherical coordinates (see main text for details) obtained from
FLMC simulations of one-mushroom systems at various n and the corresponding LSCF pre-
dictions for the three states: (a) (|rem|) and (b) (O.m). The inset of part (a) enlarges the
results in the globule state. n/py = 1/5 and N = 40.

n. This is indeed found if we take LSCF predictions to be those in the most stable state (i.e.,
“A1” for x > Xx§ar), as shown in Fig. 2.8(a) (which can be compared with Fig. 2.3), except
in the small region of 1.418 < y < 1.452. This remaining “overshooting” can be explained
by Fig. 2.7(b), which shows that (f.,) from FLMC simulations starts to increase at x-values
smaller than xg,r = 1.447; in other words, the system fluctuations change the location of

SAT from xgp predicted by LSCF theory.
2.3.1.83  Quantifying fluctuation effects

Fig. 2.8(b) shows that, at n/py = 1/5, a? from FLMC simulations, o ¢, approaches LSCF
prediction, afqqp, at a rate of 1/n at large n in both the coil and globule states, except near

the transitions (e.g., at x = 1.4 and 1.5). Similar results are found at other n/pg-values (data

not shown), and for SAf. [Fig. 2.8(c)], BAu. b, [Fig. 2.8(d)], as well as BAu,,, BAu., As./kp,

and /Y [¢a Lscr(r) — ¢arLvc(r)]?/V (data not shown); to calculate the last quantity for
X > X§ar, We rotate each collected configuration in FLMC simulations by an angle of integer
multiples of 7/2 in the y-z plane such that 0 < @, < 7/2, and use ¢4 Lscr(r) of “Al”

corresponding to the orientation shown in Fig. 2.4(b). Note that this 1/n scaling has also
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Figure 2.8: Comparisons between FLMC results of one-mushroom systems at various n and
the corresponding LSCF predictions of the most stable state (i.e., “Sym” for x < x§ar =
1.447 and “A1” for larger x): (a) a?; (b) |afgcp — afryc| on a logarithmic plot, where
Qv < aigop for x = 1.1 ~ 1.4 and od e > @dgop for x = 1.5 and 1.6, and “k = —17
denotes a straight line of slope —1; (¢) BAf. = B[f.(x) — f.(x = 1)], where the vertical line
marks x&ep = 1.412; and (d) BAUcwn = Bltenn(X) — Uenn (X = 1)]. n/po = 1/5 and N = 40.

been found in our previous studies on the fluctuation effects in various systems using FLMC
simulations.?™®

To examine the fluctuation effects on CGT, Fig. 2.9 shows the distribution of o? at
n/po = 1/5 obtained from FLMC simulations at x&gr = 1.412. For small n (< 8), the
distribution has only one broad peak due to the large fluctuations in the system. As n
increases and thus fluctuations decrease, it exhibits two peaks with position approaching o?
for the coil and globule state, respectively, predicted by LSCF calculations.

Fig. 2.10(a) shows the constant-volume heat capacity Cy /kp obtained from FLMC sim-

ulations as a function of x for various n at n/py = 1/5. As n increases, Cy /kp develops a
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Figure 2.9: Distributions of o obtained from FLMC simulations of one-mushroom systems
of various n at x&gr = 1.412 predicted by LSCF theory. The two vertical lines mark the
corresponding LSCF prediction of a? in the coil and globule states, respectively. n/py = 1/5
and N = 40.

higher and sharper peak, with its position approaching x¢qr given by LSCF calculations.
Fig. 2.10(b) shows that the peak value C},/kp x n at large n, consistent with the LSCF
result that CGT is a first-order phase transition. In Fig. 2.10(a), we can also see a second
peak in Cy /kp for n > 32, the position of which approaches x§,r given by LSCF calcula-
tions with increasing n. Since SAT is a second-order phase transition, our FLMC data give
Ct /kp o< n®17 for this peak as shown in Fig. 2.10(b).

Finally, we examine the behavior of Cy /kp at n/py = 1/3, where CGT is a crossover.
Fig. 2.10(c) show that, as n increases, Cy /kp also develops a higher and sharper peak with
its position approaching x&gr = 1.135 given by LSCFE calculations (which is determined
by (d*x/d(a?)?)

increasing n than in the n/py = 1/5 case as shown in Fig. 2.10(b), and should remain finite

xoor = 0). The peak value Cy,/kp, however, increases much slower with

in the limit of n — oo for a crossover. Note that, in Fig. 2.10(c), we can also find a second
peak in Cy /kp corresponding to SAT at y§,p = 1.217 given by LSCF calculations.
2.3.2 Two-mushroom systems

For two-mushroom systems, the two grafting points are placed at x = 1 and y = 0, and are

separated by distance d (in units of lattice spacing) along the z direction. We therefore have
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Figure 2.10: Constant-volume heat capacity Cy obtained from FLMC simulations of one-
mushroom systems with various n at (a) n/py = 1/5 and (c) n/py = 1/3, where the vertical
lines mark x¢or = 1.412 (solid) and x§yp = 1.447 (dotted) in part (a) and x{er = 1.135
(solid) and x§,r = 1.217 (dotted) in part (c). Part (b) shows how the peak values Cf
corresponding to CGT and SAT vary with n on a logarithmic plot, where the k-value near
each fitted line gives its slope.

three controlling parameters in LSCF calculations: d, x, and n/py = ¢aV/2N. Similar to
one-mushroom systems, LSCF predictions are exact in the limit of pg — 0o (or equivalently
n — 00). The fourth parameter, namely p, (or equivalently n), appears in FLMC simulations

and controls the system fluctuations/correlations.
2.3.2.1 Phase diagrams from LSCF calculations

In LSCF calculations, we assume that the system is symmetric about both the x-y plane
passing through the center of the two grafting points and the z-z plane passing through the

grafting points, which reduces the solution domain to one quarter of the system size. On
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Figure 2.11: LSCF results of two-mushroom systems at n/py = 1/3 and N = 40: (a) phase
diagram in terms of the fusion factor v as a function of x, (b) ¢a(z,y = 0, z) in the separated
state at xjgp = 1.123 and d = 8, (c¢) ¢a(z,y = 0, 2) in the fused state at xpgp = 1.123 and
d =8, and (d) 0.y, of each mushroom in the two-mushroom (2M) system at d = 10, where
the insets show ¢a(z,y = 0, z) at various x (marked by dots), and the corresponding result
of the one-mushroom (1M) system at n/py = 1/3 is also shown. See main text for details.

the other hand, our LSCF calculations performed for the entire system (i.e., without the
symmetry assumption) confirm that such symmetric solution (where each mushroom is in
the asymmetric state “A2”) has the lowest free energy per chain Sf., due to the effective
attraction between the two mushrooms in a poor solvent.

Fig. 2.11(a) shows how the fusion factor v varies with x at various d and n/py = 1/3.
For small separations (i.e., d < 5), only one solution can be found at any x and the system
exhibits a continuous crossover between the fused (small ) and separated (large ) states.
For intermediate separations (i.e., 6 < d < 9), a first-order fused-separated transition (FST)

occurs at Xpgp, Which increases with increasing d; the binodal curve is obtained by connecting
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the two co-existing points at each d. Finally, for large separations (i.e., d > 10), the two
mushrooms stay separated regardless of the solvent quality.

Figs. 2.11(b) and 2.11(c) show the segmental density profiles ¢a(z,y = 0,z) in the
separated and fused states, respectively, at xfigp = 1.123 for d = 8 and n/py = 1/3. Note
that, in the corresponding one-mushroom system (i.e., at n/py = 1/3), CGT is a crossover
occurring at xoer = 1.135; each mushroom in the separated state is therefore in the coil
state, as shown in Fig. 2.11(b). In the fused state, the two mushrooms fuse together to avoid
the unfavorable contact with the poor solvent, resulting in a denser polymeric system (thus
lower solvent entropy) than in the separated state. The increased segmental density in turn
puts the fused mushroom in the globule state, as shown in Fig. 2.11(c). While chains are
stretched towards the middle of the system for the two mushrooms to fuse together, they are
also collapsed in the fused globule, resulting in lower bonded internal energy per chain Su.y
and smaller chain expansion factor a? than in the separated state. The fused state therefore
has both lower internal energy per chain Su,. and lower entropy per chain s./kp (data not
shown), and their competition leads to FST.

For the d = 10 case shown in Fig. 2.11(a), we see two regions where v varies quickly
with y: one is around x = 1.136 corresponding to the crossover between the coil and globule
states of each mushroom, and the other is around x = 1.214 corresponding to SAT of each
mushroom; these values are very close to xtop = 1.135 and x§up = 1.217, respectively, of
the corresponding one-mushroom system. Fig. 2.11(d) shows that 6., of each mushroom,
characterizing its asymmetry, varies non-monotonically with y: in a poor solvent, the two
mushrooms attract thus lean towards each other, resulting in the gradual increase of 0., with
increasing y for y < 1.040. The crossover from the coil to the globule state of each mushroom,
however, greatly shrinks the mushroom size thus reduces their attraction, resulting in the
decrease of ., with increasing y for 1.040 < y < 1.180. For y > 1.180, the quick increase of
Oem with increasing x is mainly due to SAT of each mushroom. In Fig. 2.11(d), we also plot

0. of the corresponding one-mushroom system; the difference between the two curves is due
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to the attraction in the two-mushroom system, which for x > xg,r = 1.217 monotonically
decreases with increasing y due to the decreasing size of each mushroom.

In Fig. 2.11(a), these two regions can also be seen in the separated state at d = 9, but
not in the fused state of systems at d < 8. For the latter systems in such a poor solvent, the
increased segmental density due to the fusion of the two mushrooms puts them in the globule
state, with the (partial) globule formed by each mushroom being strongly asymmetric (i.e.,
analogous to “A2” with ¢o, = 0 or 7). In other words, both the crossover between the
coil and globule states and SAT of each mushroom are pre-empted by FST. Two-mushroom
systems therefore have three different states: separated coils (SC), separated globules (SG),
and fused globule (FG), as marked in Fig. 2.11(a); co-existence of SC/FG and that of SG/FG
are found in the region encompassed by the binodal curve.

We further note that, xpgr = 1.240 > x¢r at d = 9, which means each mushroom in
the separated state is in the globule state (i.e., SG). Fusion of the two mushrooms therefore
results in abrupt increase of Su.p, and a? (in contrast to the d < 8 cases) due to the strong
chain-stretching towards the middle of the system. On the other hand, the fused state still
has both lower fu. and lower s./kp (data not shown), and their competition leads to FST.
The excessive chain-stretching required for the two mushrooms at larger separations (e.g.,
d = 10) to fuse together explains why FST does not occur in such cases.

Fig. 2.12(a) shows that qualitatively the same behavior is found for the two-mushroom
systems at n/py = 1/5, except that a first-order CGT occurs at x&gr = 1.412, the same
value as given by LSCF calculations of the corresponding one-mushroom system (i.e., at
n/po = 1/5). Fig. 2.12(b) shows how «o? varies with y and d for this case. We see that in
FG state a? increases with increasing d due to the increased chain-stretching for the two
mushrooms to fuse together, and that o? for d = 10 ~ 12 exhibits a discontinuity at CGT of
the corresponding one-mushroom system. In addition, a? for d = 10 and 11 exhibits another
discontinuity at xhgp = 1.451 and 1.730, respectively, due to FST of the two-mushroom

system, which does not occur at larger separation (i.e., d = 12).
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Figure 2.12: LSCF results of two-mushroom systems at n/py = 1/5 and N = 40: (a) phase
diagram and (b) the corresponding o as a function of y.

2.3.2.2  Quantifying fluctuation effects

Taking the case of n/py = 1/3 and d = 8 as an example, here we examine how FLMC results
approach LSCF predictions with increasing n. The results for v are shown in Fig. 2.13(a),
which is analogous to Fig. 2.3 or 2.8(a) without the complication of “overshooting” at large
n. Fig. 2.13(b) further shows that yrpmc obtained from FLMC simulations approaches the
corresponding LSCF prediction v gcr at a rate of 1/n at large n in both the separated and
the fused states. Similar results are found for SAf. [Fig. 2.13(c)], BAucw [Fig. 2.13(d)], as
well as BAu.,, fAu., and As./kp (data not shown).

Finally, Fig. 2.14(a) shows the constant-volume heat capacity Cy/kp obtained from
FLMC simulations as a function of x for various n. As n increases, Cy/kp develops a
higher and sharper peak, with its position approaching yjgr = 1.123 given by LSCF calcu-
lations. Fig. 2.14(b) further shows that the peak value C5;/kp o< n'? and its position xjac
approaches the LSCF prediction at a rate of n=1% at large n, where the scaling is somewhat

different from that for one-mushroom systems.
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Figure 2.13: Comparisons between FLMC results of two-mushroom systems at various n and
the corresponding LSCF predictions: (a) v; (b) |yLscr — YrLMc| on a logarithmic plot, where
yrme < Yoscr for x = 1.0 and 1.1 (except at n = 1 and 2) and vppme > Yuscr for y = 1.2 ~
1.4, and “k = —1” denotes a straight line of slope —1; (¢) SAf. = Blf.(x) — fe(x = 1)],
where the vertical line marks xhgr = 1.123; and (d) AUy = Bltenn(X) — Uenn(x = 1)].
n/po=1/3,d=38,and N = 40.

2.4 Conclusions

Using the recently proposed fast lattice Monte Carlo (FLMC) simulations' and correspond-
ing lattice self-consistent field (LSCF) calculations based on the same model system, where
each lattice site is occupied by totally py > 1 polymer segments and solvent molecules, we
have studied the coil-globule transition (CGT) of one-mushroom systems and the fused-
separated transition (FST) of two-mushroom systems. Here a polymer mushroom is formed
by a group of n flexible and uncharged homopolymer chains each of N segments end-grafted

at the same point onto a planar, homogeneous and neutral (non-selective) substrate, and
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Figure 2.14: FLMC simulations of two-mushroom systems of various n: (a) constant-volume
heat capacity Cy, where the vertical line marks the LSCF prediction xjgp = 1.123; and
(b) logarithmic plots of its peak value Cf}, corresponding to FST and its peak location xjpc,
where the k-value near each fitted line gives the slope. n/py =1/3, d =8, and N = 40.

immersed in an explicit solvent. With soft potential that allows complete particle overlap-
ping, N becomes a chain discretization parameter that does not correspond to the actual
chain length used in experiments,'* and in the limit of n — oo the LSCF theory neglecting
the system fluctuations/correlations becomes exact. Furthermore, direct comparisons be-
tween our FLMC simulations at finite n with the corresponding LSCF results, without any
parameter-fitting, can unambiguously and quantitatively reveal the fluctuation/correlation
effects on phase transitions such as CGT and FST.!

Using LSCF calculations, we have systematically constructed the phase diagrams of one-
mushroom systems as a function of the average polymer volume fraction ¢, = nN/poV, and
the Flory-Huggins interaction parameter x between polymer segments and solvent molecules
at the same lattice site. With NV = 40 used in most cases, CGT of the one-mushroom system
is found to be of the first-order when n/py < (n/po). and a crossover when n/py > (n/po)e;
the critical point is located at (n/po). ~ 0.276 and x. ~ 1.224. The globule state has lower
chain expansion factor o?, bonded internal energy per chain SBu.y, non-bonded internal
energy per chain Sucu,, and entropy per chain s./kp than the coil state. The grafting
substrate shifts the critical point to smaller x. and larger (n/pg)., and a larger chain length

of N = 80 shifts it to x. ~ 0.950 and (n/po). =~ 0.317.
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While one expects that the simulation results approach the LSCF predictions with in-
creasing n (i.e., pp), which is indeed found in the coil state of one-mushroom systems, contra-
diction to this expectation leads us to the discovery of a second-order symmetric-asymmetric
transition (SAT) in such systems in a poor solvent (i.e., in the globule state), which occurs
at xgar- In the asymmetric globule states, the rotational symmetry around the substrate
normal passing through the grafting point is broken in each individual configuration but
preserved by the degeneracy of different orientations of these asymmetric configurations. At
given x > x§ar, our LSCF calculations show that the asymmetric states have lower o2, Bu,.,
BUenb, and s./kp than the symmetric state. The existence of asymmetric globule states and
SAT are confirmed by both LSCF calculations and FLMC simulations. Our simulations fur-
ther show that the asymmetric states and SAT are gradually destroyed by increasing system
fluctuations, which also change the location of SAT from x§,r predicted by the LSCF theory.
To the best of our knowledge, the asymmetric states and SAT of polymer mushrooms have
not been reported in the literature.

For one-mushroom systems, taking LSCF predictions to be those in the most stable state,
we find that FLMC results of various quantities (including a2, the polymer segmental density
profile, and the differences from a reference state in the Helmholtz free energy per chain 3 f,,
Bucp, Bleny, and s./kg) approach the corresponding LSCF predictions at a rate of 1/n at
large n in both the coil and globule states, except near the transitions. We further find that
the peak value of the constant-volume heat capacity C},/kp o n at large n when CGT is a
first-order transition, but increases much slower with increasing n and should remain finite
in the limit of n — oo when it is a crossover. We also find that C3;/kp o< n%17 at large n for
the second-order SAT.

We have also studied two-mushroom systems, which exhibit FST as the solvent quality
varies. We find that FST is a crossover for small d, the distance between the grafting points of
the two mushrooms, and a first-order phase transition for intermediate d. In the latter case,

the fused state, where the two mushrooms stretch and fuse together to avoid the unfavorable
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contact with the poor solvent, has lower fu. and s./kp than the separated state, and their
competition leads to FST occurring at xpgqp, which increases with increasing d. For large d,
FST does not occur due to the excessive chain-stretching required for the two mushrooms
to fuse together. Using LSCF calculations, we have systematically constructed the phase
diagrams of two-mushroom systems as a function of ¢4, x, and d. We find three different
states of two-mushroom systems: separated coils, separated globules, and fused globule, and
that both CGT and SAT of each mushroom could be pre-empted by FST.

Finally, similar to one-mushroom systems, we find that the FLMC results of various
quantities (including the fusion factor v and the differences from a reference state in Sf.,
Bucp, Bieny, and s./kp) in two-mushroom systems approach the corresponding LSCF pre-
dictions at a rate of 1/n at large n in both the separated and fused states. We also find that

Cy kg n'? at large n when FST is a first-order transition.
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CHAPTER 3

FLUCTUATION/CORRELATION EFFECTS IN
DISORDERED SYMMETRIC DIBLOCK

COPOLYMERS

3.1 Introduction

Diblock copolymers (DBC) have attracted great interest not only due to their applications
(e.g., in nanotechnology) but also the underlying physics, especially for its behavior of mi-
crophase transition.! The system fluctuation/correlation (F/C) effects plays very important
role in both ordered and disordered phases for DBC systems. Unfortunately, the studies of
F/C effects in conventional simulations of multi-chain systems with hard-core repulsions are
not in the experimentally accessible A/ range in most cases (at most 100 or so), where the
invariant degree of polymerization N' = (nR%,/V)? controls the system fluctuations for n
monodisperse copolymer chains in volume V' with R, denoting the root-mean-square end-
to-end distance of an ideal chain;? in contrast, with soft potentials one can study systems of
much larger N values, like presented in the recent paper? by our group (referred to as Paper
[ hereafter). Furthermore the use of soft potential allow us to directly compare the results
of simulation and various theories, and thus to quantify the F/C effects neglected or treated
approximately in theories, based on the same model system without any parameter fitting.

In Paper I, the authors systematically quantify the F/C effects on the ordered-disordered
transition (ODT) of compressible symmetric DBC with soft potential in the experimental
acceptable N range by comparing the results of fast off-lattice Monte Carlo (FOMC) simu-
lations? and random phase approximation (RPA)> based on the same Hamiltonian. In this

work, on the other hand, the F/C effects on the structural and thermodynamic properties
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of compressible DBC with soft potential in disordered phase will be investigated based on
the same model system thus without any parameter-fitting. To do this, we directly compare
the simulation results to the self-consistent field (SCF) theory,® Gaussian fluctuation (GF)
theory® and integral equation (IE)™? theory, which consider different levels of fluctuation
and/or correlations.

Polymer field theories, in particular the well developed SCF theory, have been widely
applied to various polymeric systems. Due to neglecting the interchain F/C effects in the
system, SCF theory provides a well understood reference for the F/C effects study, which
still preserves the intrachain correlations among different segments due to the bonding in-
teractions. On the other hand, systematic one-loop expansions can be used to incorporate
these effects into the field theories.!® The Zero-order expansion leads to the SCF theory, and
the second-order expansion leads to the GF theory.® Based on Leibler’s RPA analysis® up to
the fourth order in mean field, about 25 years ago, Fredrickson and Helfand (FH) presented
so far the most influential fluctuation theory for DBC, which used the Hartree analysis of
Brazovskii'! and the Ohta-Kawasaki effective Hamiltonian!? for the “standard” model of
incompressible DBC melts of continuous Gaussian chains with Dirac -function interactions.
Based on the one-loop approximation and the renormalization treatment of homopolymer
blends of Wang,'® Morse and co-workers!*'" developed a renormalized one-loop theory for
both incompressible DBC and homopolymer blends to correct the structure factor predicted
by RPA and to obtain an effective Flory-Huggins interaction parameter. In the present
study, for the purpose of study of F/C effects, we only consider the GF theory applied for
compressible DBC containing fluctuations and correlations at the Gaussian level.

The second theory we use in this study is the integral equation (IE) theory, including the
reference interaction site model (RISM)' 22 and polymer reference interaction site model
(PRISM),™® which describe the relation between the intrachain and interchain pair correla-
tion functions (PCF) by the well known Ornstein-Zernike (OZ) equation,'® where the local

packing and density fluctuations are described. The OZ equation was first introduced by
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Ornstein and Zernike!® for spherical monatomic liquid systems, which was extended to a
simple molecular system leading to the so called RISM theory by Chandler and Anderson,'?
where the intrachain PCF are considered and thus the correlations can be propagated both
intrachainly and interchainly. The RISM theory of Chandler and Anderson was then ex-
tended to the polymer liquid systems by Curro and Schweizer,’ and this application is the
well known PRISM theory, which was successfully used in various polymer liquid systems
including homopolymer melts,? polymer blends?** and copolymers.?>28 In their PRISM the-
ory, comparing the RISM theory, the interchain PCFs are considered independent on the
interacting site pair position and thus the chain end effects are neglected, which is only valid
for ring chains or infinite long chains. Additionally, they also considered the fact that the
excluded-volume effects are screened by the surrounding identical chains for large A/ systems,
and thus the intrachain PCFs are assumed to exhibit ideal-chain behavior. On the other
hand, as the temperature decreases for copolymers, polymer blends or polymer solution, the
ideal-chain assumption is not valid any more; to solve this problem the self-consistent IE
(SCIE) theory?*32 was proposed, where the P/RISM equation was combined with single-
chain simulation in solvation potential.333* For the purpose of study of F/C effects, here
we do not consider the SCIE theory, but use the RISM theory with chain conformations of
ideal chains or from FOMC simulations in this study.

RISM equation defines the interchain direct PCF, ¢(r), but it cannot be solved without
a specific closure approximation, which gives the relation between ¢(r) and the interchain
total PCF, h(r). The commonly used atomic closure includes the mean spherical approxima-
tion (MSA) closure,* Percus-Yevick (PY) closure®® and hypernetted chain (HNC) closure,*”
where the PY closure can be considered as the linear version of HNC closure with respect
of the indirect PCF ~(r) = h(r) — ¢(r) and the MSA closure is obtained by expanding HNC
closure to the first order of A(r). While MSA closure can make the RISM equation to be
solved analytically, its prediction disagrees with most experimental and simulation results.

As we explained in the next section, the RISM theory with MSA closure is equivalent to
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the GF theory, containing fluctuations and correlations only at the Gaussian level. The PY
closure and HNC closure were both successfully applied for various polymer systems, but
considering that the PY closure is more applicable for the repulsive short-range potential,®

like the dissipative particle dynamic (DPD) potential®®

used in this study, the PY closure
will be used in most cases here. Note that the above closure are originally proposed for
hard-core repulsion, i.e., h(r) = —1 inside of the hard-core diameter, here we extend their
applications to the whole interaction range for soft potential, like the treatment for penetra-
ble spheres.?2 In addition to PY closure, we also consider one more closure. Viererblova
et al*? tested various closures for penetrable spheres and found that one closure proposed by
Zhou®® (referred to Zhou closure) gives the most accuracy at high density and interaction
strength, which has never been investigated for polymeric system. But due to its own lim-
itation of application, here we apply Zhou closure to our model systems in some cases for
illustrative purpose.

As mentioned early, the F/C effects plays very important role in both ordered and dis-
ordered phases for DBC systems. On the other hand, in the comparison among simulations
and theories, the SCF theory neglects all of the interchain fluctuations and correlations,
the GF theory only considers the fluctuations in the Gaussian level, RISM theory with PY
closure considers the correlations in the “PY level”, and in the FOMC simulations all kinds
of fluctuations and correlations are included. But as shown in the next section, both fluctu-
ation and correlation effects can be reflected by a structural or thermodynamic property, for
example the structure factor or the internal energy. Therefore, we can directly compare the
structural or thermodynamic properties from all the methods considered in this study, and
their difference thus reflects the F/C effects for the system; and one key point here is that
the comparison is based on the same model system with soft potential and thus the F/C
effects can be unambiguously quantified without any parameter fitting.

This Chapter is structured as follows. In the second section, we firstly introduce our model

system with soft DPD potential and define some notations, where the discrete Gaussian chain
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(DGC) model is used, following some simple description about FOMC; then the derivation
of GF theory and P/RISM theories are simply presented, where the equations of how to
calculate the interested structural and thermodynamic properties are also presented. In
the third section, these properties are compared among FOMC simulations and theories,
including the block/chain mean-square end-to-end distances, the bonding and non-bonded
internal energy per chain and pressure, the Helmholtz free energy per chain, the non-bonded
constant-volume heat capacity, and the structure factors. We then make some conclusions

and remarks in the fourth section.

3.2 Model and Methods

3.2.1 Model system

In our model system, we consider compressible DBC systems of n chains in continuum, each
consisting of N segments at a chain number density p. = n/V with V' being the system
volume. Each polymer chain has Ny A-type segments followed by Ng B-type segments, and
N = Nj + Npg; for symmetric DBC Ny = Ng. The canonical-ensemble partition function of

the system is

n N
Z= %HH/dRhS-exp{—BHC—BHE}, (3.1)

k=1 s=1

where HY = Y77 h¢ is the Hamiltonian due to the chain connectivity, with A{ denoting
the contribution of the k™ chain, described by the discrete Gaussian chain (DGC) model in
3D, i.e.,
. 5 Nl ,
Bhy; = 902 ; (Ri,se1 — Rus)™ (3.2)
where 8 = 1/kgT with kg being the Boltzmann constant and 7" the thermodynamic temper-
ature, a denotes the effective bond length (assumed to be the same for both A and B blocks),

and Ry s denotes the spatial position of the s™ segment on the £™ chain. The non-bonded

Hamiltonian H¥ = HE + Hf , with HE and Hf are respectively given by

Hy = 2/3/)0 / drdr’ [pa(r) + pu(r)] uo(|r — r'|) [pa(r') + p(r")] —
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Hy = pl / drdr’pa (r)uo(|r — v'))ps(r'), (3.4)
0

where Eq. (3.3) is due to the system compressibility characterized by the generalized Helfand
compressibility x,** with the last term used to deduct the self-interaction, and Eq. (3.4)
models the repulsion between A and B segments with the generalized Flory-Huggins in-

teraction parameter x. po = nN/V is the average segmental density, and the microscopic

densities of A and B segments are defined as pa(r) = > ;_, Zi\ffl d(r — Ry,) and pp(r) =
S SN Nat1 0(r = Rys), respectively. ug(|r —1'[) is the normalized and isotropic pair po-
tential, i.e., [ drug(jr —r'|) = kT, and is taken to be Sug(r) = (15/270°)(1 —r/0)*0(c — 1)
as commonly used in the dissipative particle dynamics (DPD) simulations,*® with r = |r|
being the separation distance between two segments, o the finite interaction range, and 6(r)

the Heaviside step-function. The soft repulsive pair potential between two segments s and

s’ is therefore given by

3 " %BZOLJ(\;) if s and s’ are of the same type (3.5)
Us s \T') = . .
(£ 4+ xN) ngj(\;") otherwise

which recovers the hard-sphere potential as N/xk — o0.

Alternatively, H¥ can be rewritten as

N [ Bus(0)

N
pH =2~ |1~ —} +nxNfafs + —E. + xNE, (3.6)
K 00 K

where E,, = (1/2po) [ drdr’dp(r)-u,(jr — v')op(r') and E, = (1/2po) [ drdr'dp(r)-u, (Jr —
’|)dp(r") measure the “contact” of all segments (regardless of their type) and that between A

and B segments, respectively, beyond the mean-field values (i.e., those for random mixing of

all segments). Here the vector §p(r) = p(r) — py, p(r) = [pa(r), p(r)]T and py = po[fa, fa]*
with fa = Na/N and fg = 1 — fa being the average volume fraction of A and B blocks,

11
respectively, and the 2x2 matrices u,(r) = [Buo(r)/N] and u, (r) = [Buy(r)/N]

11 10
The non-bonded internal energy per chain is then given by
HP) N 0 N (E, E
n 2K 0o K n n
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and the difference in the Helmholtz free energy per chain from the reference state at N/x =

XN =0 (i.e., ideal chains) can be calculated via the thermodynamic integration as

N B (0) 1 [N N\ 1 &
pAfe= 5 {1 T +XNfAfB+ﬁ/O (Ex) v /w0 d " +ﬁ/0 (Ex) v A OXN) -
(3.8)
Finally, the fluctuations of £, and E are given by
9 (Ex)
2=(F?) — (B, = ——~-~ 3.9
Oy < K < > 8(N//4,) ( )
0 (Ey)
2=(E?) — (B,)* = ——~2XL 3.10
UX < X> < X> 8(XN) ( )
9 (Ex) 9 (Ey)
from which the non-bonded constant-volume heat capacity is calculated as
Cvn 1
]{V; =~ [(N/r)a} + (XN)*o% +2(N/m)(XxN)ay, ] (3.12)

3.2.2 Fast off-lattice Monte Carlo (FOMC) simulations

We perform FOMC simulations of the above model system in a canonical ensemble with trial
moves of hopping,* reptation,* pivot,® and box-length change,® where replica-exchange of
configurations at different y/V is used to further improve the sampling efficiency; more details
are given in Paper I. Note that our simulations are preformed in a variable-length, rectangular
parallelepipedal box with the periodic boundary conditions applied in all direction. For the
disordered phase close to the order-disordered transition (ODT), the box-length change trial
moves are needed to eliminate the effects of the periodic boundary conditions on the system
fluctuations.?

In our simulations, we calculate E, = (1/2p0N) > _, Zi\;/:l Buo(|Res — Ry 5r|) —n/2
and By = (1/poN) D25 j—y Zival i\/]:NA'F]- Buo(|Ri,s — Rivs|) —n/4, and their fluctuations

according to Egs. (3.9)~(3.11) using the second-order finite central difference after their

ensemble averages are obtained.
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3.2.3 Polymer field theories

Here we start from the same model system as in Sec. 3.2.1 and insert the identity 1 =

[To—a5 [ PppD (wp/27) exp { [ driwp(r)[pp(r) — pp(r)]} into Eq. (3.1), where pp(r) is the
density field constrained to pp(r) and wp(r) is the conjugate field imposing this constraint.

The partition function can finally be re-written as
wp
=TI [ PovD (55) - exp {~BFlpe,
g / ppD (5 ) - exp{=FFpp,wr}

=exp {-6F} ] / Dpp - exp {=BH"[pa, pu]}

wp en
X 1;[2) (%) -exp {—BF"[pa, pB,wa,ws]}, (3.13)
where BF4 = —1In(G"/n!) is the Helmholtz free energy of ideal chains with G =
Y, [dR, - exp{—Bh“}, and BF" = —3 . [driwp(r)pp(r) — nlnQliwa,iws] is the

entropic contribution from chain configurations with the single-chain partition function

Q= Hivzl JdR, exp{ —BhC — Zzs S wa(Rs) — Z'Ziv:NAHWB(Rs)} /G
3.2.8.1 Self-consistent field (SCF') theory

The SCF solution, w* = [wi(r),wi(r)]” and p* = [pi(r), p5(r)]’, is obtained under the

mean-field approximation [0F" /diwp(r)]|wye pr = [6(HE + Fe) /6pp(r) = 0. In this

e pr
study we only consider the homogeneous phase, i.e., p* = p, and w* = 0. SCF theory then
gives (E,)™" = (B\)* = 0, BASSY = BuSSE = (N/2k)[1—Buo(0)/po]+XN fa f with e,
being the non-bonded internal energy per chain, the difference in the entropy per chain from
the ideal-chain reference state Asi" /kp = fulc" = 1.5(N — 1) with .y, being the bonding
energy per chain, the pressure due to the bonding interactions 3P5Y = —p.(N —1) and that
due to the non-bonded interactions 3PSY = p.(N/2k + XN fa fg), and the constant-volume
heat capacity C3°" /kp = C35F /kp = 1.5(N — 1) with Cy;, being the bonding contribution
and the non-bonded contribution C‘S/Cb = 0. As for the chain dimensions, SCF theory gives

random walk for a homogeneous system, e.g., R?gop = (N — 1)a?
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3.2.8.2  Random-phase approzimation (RPA) and Gaussian-fluctuation (GF) theory

In RPA analysis,*® 4 the fields are re-written as w(r) = w* + dw(r) and p(r) = p* + dp(r),
where w(r) and p(r) are defined similarly to p(r). The single-chain partition function can

then be expanded to the second order in dw(r) as

N dq

In Qiw] =~ In Qliw*] — 5 | @np

0w (q)-S1(g)dw(—q). (3.14)

where dw(q) denotes the Fourier transform of dw(r) with q being the wavevector, S;(q)
is the single-chain structure factor matrix with its element S;pp/(g) being the intrachain
correlation functions between P and P’ blocks, and ¢ = |q|. For an ideal DGC, Sy aa(q) =

P(fa,q), Sipe(q) = NP(1 — fa,q), and S1ag(q) = Sipalq) = [NP(1,q) — S1aalq) —
Sizp()]/2, where P(f.q) = [fN — Blq) (2+ fNB(q) — 2B(¢)')] /N> (1 — B(g))" and
B(q) = exp(—a?*q*/6). We then write the second-order term of the statistical weight F

as

a)[S;" ()] 6p(~a), (3.15)

where 56]—"&%/55&(@ = 0 is used, and

-1

N3 /N + S N xN)Bio/N + Sy
SEPAE 6 0/ 1,AA ( X )/6 0/ 1,AB :(So—i—s;l)il’ (316)

( +XN)/BUO/N+51AB NBUO/N+S1 BB

with the matrix Sy = (N/k)a,, + x/N1, due to the non-bonded interactions. For symmetric
DBC, S;aa = S1pp and we can diagonalize the matrix (SE‘PA)_1 to obtain Eqgs. (A6) and
(A7) in Ref. [4]. At the mean-field ODT x3pN, (SFP*)~! is singular at the most unstable
mode ¢*, which gives the corresponding lamellar period Lf; \jp = 27/¢*.%* Alternatively, we

can write

@)+[S57 (@) ow(~a), (3.17)

where 56.7:&212A/5(5i)(q) = 0 is used and SUP;PA = (Sg' +S1)7Y xgeN and ¢* can also be

obtained from the singularity of (SEF4)~1
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Substituting Eq. (3.14) into Eq. (3.13) and evaluating the Gaussian integrals over dw(q)

and dp(q), we can approximate the partition function Z by

29 —xp (~57exp (0802} [Dpesn{ oL [ S sparsinin-a)|

(2m)?
o (52) o] [ ok [atarsat-a) - ostarsiasa-a) |
—exp {~BF "} exp { AT ] [det[Sl(q)So(q) + 1]} o (3.18)

which gives

BAFF — pasier 4 L / S1(9)So(g) + T (3.19)

dq
2p. ) (2m)3

with I being a 2 x 2 unit matrix.

3.2.4 Quantities calculated from Gaussian fluctuation theory

3.2.4.1 Mean-square end-to-end distances, bonding energy and bonding pressure

Adopting the method of Wang,*® for two segments e; and e, on the same chain we introduce
an auxiliary parameter n and define SHC(n) = BHY + (3n/2a?) > 1_(Rie, — Riey)? We

then have the partition function at given n as
G n
= (—77') /Dp exp {—BH"} /D <%> exp {/dr[iw(r)-p(r) +nln Q(n)}QB.QO)

where Q(n) = [T00, [ dRy-exp { —Bh—i 0% wa(R)—i 0y, 1 win(R)—(3n/20%) (R
Rel)2}/G(TI) and G(n) = [V, [dR, - exp{—BhC — (3n/2a*)(Re, — R.,)?}.  The

mean-square distance between e; and ey, RZ%(ei,ep), is then given by R%(ej,ep) =

— (2a*/3n)[0 I Z(n)/Onll,—o = (X k=1 (Ree; — Rier)?) /1.

Next, we expand In Q(n) to the second order in dw(r) as

N dq

InQ(n) = Q" (n) - 5> W&b(q)-sﬂqm, €1, €2)0w(—q), (3.21)

where S1(q, 7, e1,e3) is a 2 x 2 matrix with its (P, P’) element being the Fourier transform of
(V/N) [6*In Q(n)/diwp (r)diwp (r')]| 4+ Substituting it into Eq. (3.20) and performing the

Gaussian integrals, we obtain

2

a d
Rép(er, e2) = Ricp(er, e2) + 3 / (27?)3“” [SEPA(Q)S,, (g er,e0)],  (3.22)
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where RZqp(e1,62) = (e2 — e1)a? is the SCF prediction, and, at given 7, the single-chain
structure factor S1(g,7, e1,e2) and S, (g, e1, €2) = [0S1(q, n, 1, €2)/9n]|,_, are derived in
the following. Note that, S}, _o(q,1, N) is equivalent to — . , H(q, —q,r — ') /N defined
in Ref. [47]; since RPA [Eq. (3.21)] is the only approximation used here and we obtain the
same results as in Ref. [47], the additional approximation used in the Appendix of Ref. [47]
turns out to be exact at the RPA level.

The mean-square chain end-to-end distance can be obtained as RiGF = R%:(1,N), and
the mean-square block end-to-end distance R% qp = Rgp(1,Na) [or REp(Na + 1, N) for

symmetric DBC]. Finally the bonding energy can be evaluated as

1 dq
ot = s + 5 [ e S @S uet)]. (3.23)

where Sq,2(q) = Zivz_ll S’1n=0(¢, s, s+ 1), and the bonding pressure is given by

BRI = AR — 3 [ 5 S @S uet)]. (3.24)

3.2.4.2  Non-bonded internal energy and non-bonded pressure

Using Eq. (3.18) and the second-order cumulant moment of the Gaussian distribution,® we

obtain the ensemble average of E,, and F, in GF theory as

(B0 =5 [ oS @) (3.25)
(50" = [ Gl o)l (3.26)

the non-bonded internal energy is then given by

d
Bulh, = it + 5 [ Gl @Su(a) (3.27)

Alternatively, one can use Sugty = (N/k)[OBAfEF JO(N/k)|+XN[OBA fEF /O(xN)] to obtain
the same results.

Similarly, the non-bonded pressure is given by

1 d
ARG = RS — 5 [ s @Sia)l (3.28)
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N/k N/t +xN
where Sy = (Bug,/N) with Suf(r) = rdBug(r)/dr.
N/k+xN N/k

3.2.4.3 Non-bonded constant-volume heat capacity

The fluctuations of £, and E), in GF theory are given by

SRPA<q>uN<q>P], (3:29)
) = | [SE @)ty (@), (3.30)
(02)*" = dq SRPA (0)a <>SRPA<q>ux<q>}, (331)

where we have used Eq. (3.18) and the fourth-order cumulant moment of the Gaussian
distribution® to calculate the ensemble average; these results can also be obtained from

Egs. (3.9)~(3.11). The GF prediction of Cy, is then given by

T L8l wsiar] @32

Note that at given N/k and xN, the GF predictions of AR?, AR? BAucy, BAU.u,

Cynp, BAS,, and As./kp are all proportional to p_ !, which is independent of the system

dimensionality, and in the limit of p. — oo the SCF prediction is exact.
3.2.4.4 Single chain structure factors at given n for the R? calculation

Here we derive Sj,_o(q,e1,e2) = [0Si(q,n,e1,€2)/0n|],_, used for the calculation of

(R?(ey,e9)) in GF theory for e; > e;. Firstly, for the (A, A) element, we have
1 52
:/d(r—r)a {V Q) }
W

N Q*(n) diwa (r)diwa (r')
= > [lewp-iar (R~ Ro)ol(Re, =Ry~ (expl—er (R~ Re)l(Res — R ]

=N Z > [62—61 )'8’*8'—<exp[—z’q-(Rt—Rtf)1<R@—Rel>2/a2>o] (3.33)

=1 t=t'+1

0S1.aA
on

i exp[—iq-(r — r')]

n=0
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which corresponds to the correlation between exp[—iq-(R; — Ry)] and (R, — Re,)? in the
ideal-chain ensemble, depending on the positions of relevant segments along a chain. If
ea > e; > Ny, apparently, exp[—iq-(R; — Ry)] and (Re, — Re,)? are uncorrelated, and thus

the above equation goes to 0; otherwise, for e; < es < Ny, we have

851 AL &2(]2 e1—1 e2 ) e1—1 ,
a’ :3—N Z Z(t—el tt—l—z Z 62—61 )tt
U t'=1 t=e1+1 t'=1 t=e2+1
ea—1 ez ea—1
N -t B+ Z es —t')2B(q)"~ t/}, (3.34)
t'=eq t=t'+1 t'=eq t=e2+1

and for e; < Ny — 1 and e5 > Nj + 1, we have

aSlAA a2q2 61—1 NA NA 1 NA
- :3_N{Z Y t—e)’Bl@ "+ > > (t—t) t}.(3.35)
N t'=1 t=e1+1 t'=ey t=t'+1

Similarly, for e; < es < Ny + 1, the (B, B) element [6517]3]3(q,n,el,eQ)/aan:O = 0;

otherwise, for es > e; > N + 1, we have

051,88 _a2q2 — S " )~ ¢/ — t—t/
an = 3_N Z Z ( — 61 + Z Z €9 — 61 )
t'=Na+1t=e1+1 =Np+1t=e2+1
ea—1 e2 ea—1
+ > t—t)’B@ + > Z es —t')?B(q)" t’} (3.36)
t'=eq t=t/+1 t'=eq t=e2+1

and for e > Nj + 2 and e; < Ny, we have

ea—1 ea—1
S S S eerma e 33 e tpsa | o
n=0 =Np+1t=t'+1 =Na+1t=es+1

Note that [05188(q, 1, €1,€2)/0n]|,_, = [051,a4(¢. 0, €1, €2)/On]],_ for symmetric DBC.

0S18B
on

Finally, for e; < e; < N, we have the crossing terms [@SLAB(Q,n,el,eg)/ﬁnﬂnzo

[aSI,BA(Q7 n,eés, 62)/877] |77:0 as

88 e1—1 ) ea—1 )
7R {z:z:@—a DS Y (B 399
M Ip=o t'=1 t=Na+1 t'=e1 t=Npa+1

for Ny +1 < e; < e we have

851 AB q2a2 Np ez—1 , Npo N /
I 2 D 3) SRS ) SIS e 0 BCED
=0 t'=1 t=e; t'=1t=e3
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and for e; < N4 and ey > N + 1 we have

6517AB (]20,2 e1—1 ex—1 t ; ei1—1 N t ;
877 T]:OZG—N ;t_NZ (t—el +ZZ€2—€1
A+l t'=1 t=e2
ea—1 Nao N
+§: > -t qy%ﬂ+§:§:@2—ﬂfB@y4}.(3mn
t'=e; t=Npa+1 t'=eq t=ea

From the above equations Sy;2(q) = Zi\;l S, (q,8,5+1) is given by

22NA18 2NA1

2 N s
_a'q tﬂ_aq [M@A—B@H
Suan =gy 22 ZZ —5 2 B
2P = ,_ a*¢? & [Bg)* — 1[B(@)™ — B(g)’]
S12 BB = 577 Z Z Z B(q) tt Z s— ’
3N 5= NA+1t’ NA+1t s+1 3 —1 B(q)*~'[1 — B(q)]?
a2q2 s N-1 Np N
Slb?,ABIG—N ZZ Z B(g)™" + Z Z Z B Q)tt]
Ls=1 t/=1t=Npa—+1 s=Na+1t'=1t=s+1
[ Na s Np— 1 5
_ o 5 (B —11[B<q>N ] B@" ~B@™| 4,
6N |=~  Blo'[1- )11 — B(q)]? S

Note that, for symmetric DBC, Sip2 aa = S1p2 8B-

3.2.5 Integral-equation (IE) theories
3.2.5.1 Reference interaction site model (RISM) theory

Due to the small N-values (10 and 20) and thus the large chain-end effects in our study, we

employ RISM theory!® in most cases to study the structural and thermodynamic properties

of symmetric DBC in the disordered phase. RISM theory describes the interchain pair

correlation functions (PCFs) via the generalized Ornstein-Zernike (OZ) equation given in

Fourier space as'?

~

h = &&(w + ph), (3.42)

where the symmetric matrices fl, w and ¢ have N x N elements of ﬁsvsl, Ws ¢ and ¢, ¢, TESpec-
tively; cs ¢ (1) and hs ¢ (1) = gs.&(r) —1 are the interchain direct and total PCF's, respectively,

between the s segment on one chain and the s segment on another, with g, ¢(r) being

the interchain radial distribution function; w; ¢ (r) is the intrachain PCF between the s and
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s"™ segments on the same chain with @ ¢(¢ = 0) = 1; and we use the short-hand notation
f= [drf(r)exp(—iqr) = (4n/q) [;° drf(r)rsin(gr) to denote the Fourier transform of
1),

In this study, we take w, ¢ as an input obtained in two ways: one is calculated directly in
FOMC simulations and denoted by @igMC, and the other is given by the ideal DGC model
&P = B(g)s!.

Eq. (3.42) must be solved together with a closure relating the interchain direct and

total PCFs. Here we use the atomic Percus-Yevick (PY) closure®

in most cases, commonly
employed for short-range repulsive pair potentials, which for our soft potential [Eq. (3.5)] is
given by

Cow (1) = [1 =™ g (r). (3.43)

4

Zhou closure®® used in some cases in our study is given by

Vo (1)
2[1 + a’Ys s (T)]

Cs,s' (T) = exp _Bus,s’ (T‘) + Vs,s! (T) - = Vs,s’ (T> - L (344)

where v, ¢ (1) = hs (1) — €59 (r) being the indirect PCFs and the parameter « is a function
of the reduced density p} = poo® and temperature T* = 10pyN/eSuo(0) with € denoting N/k
for the same block or N/k+ x N for different blocks, given by a = 1.0185 exp(7™) — 0.2685pj.
Note that, since v, () is not always positive, in the case of € — 0, i.e., & — 00, the term
in the denominator 1 + ay, ¢ (r) might be 0 at specific 7. Zhou closure is therefore cannot
be used for cases of small pair interaction strength.

We solve the RISM equation and closure iteratively. For given c®¢, from Eq. (3.42) we
obtain

;Y — (I . pCL:JéOId)_l [djéold(d) + pcéold) . éold} (345)

with I the identity matrix. We then obtain the new direct PCFs as ci% (1) = [y« (r) +

1] exp[—Bus ¢ (r)] — 1 — 75, (r) from the PY closure; the Anderson mixing method*®? is used

with a convergence criterion maxysy ;1 |[Vs,s (1) + 1] exp[—Bug o ()] — gs,s ()] < 1071°, where
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Vs, (r) and g, ¢ (r) are functions of ¢ ¢ (r) from Eq. (3.45) and we use a cut-off . = 10R.

for v, ¢ (7) [i.e., hss(r) and gs ¢ (r)] and uniformly discretize [0,7.] into 3,200 subintervals.
3.2.5.2  Polymer reference interaction site model (PRISM) theory

To highlight the chain-end effects, we compare the RISM predictions with those from PRISM
theory in some cases. Following Schweizer?® and replacing the subscript “s, s” by “sP, s'P"”,
where ﬁsP’S/p/, for example, denotes the interchain PCF between the s segment on P (=A,B)

block and the s segment on P’ block, we can rewrite Eq. (3.42) as

Ng Ny

iLsP,s’P’ = Z Z Z Z |:@5P,5’QétQ,t’Q’ (wt’Q’7s’P’ + pcﬁt’Q’,s’P’>:| . (346)

Q=ABQ'=AB t=1 t'=1
In PRISM theory one assumes hsp gpr = hp pr and ésp ¢pr = Cp pr (which neglects the chain-

end effects). The above equation then becomes

A N2 ) NNg .
hP,P/ — Z Z (N N Sl,PQCQ,Q’Sl,Q’P’ + Pec N Q SI,PQCQ,Q’hQ’,P’> . (347)
Q=ABQ=AB \ PP P

Multiplying fpfpr on both sides of Eq. (3.47) and defining }AIRP/ = fp fp/l}p,p/, we finally
obtain

A

where the symmetric matrices H and C have 2 x 2 elements of ﬁp7pl and CA’RP/ = Cpp/,

respectively, corresponding to the correlations between P and P’ blocks.

3.2.6 Quantities calculated from IE theories

3.2.6.1 Non-bonded properties and free energy

The non-bonded internal energy per chain from IE theories is given by

N (B)® E)"
B, = BulSh + ;< n> +xN % (3.49)
where
N
(B)™ o /" 2
=— E dr ws s (1) + pehs,s ()] 77 Bug(r 3.50
n PONSS,:lo et (7) & oo (T} 7" ualr) | )
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= n pONZ Z / dr [ws (1) + pehs,s ()] 172 Buo(r) (3.51)

s=1 s’/=Npa+1
have both intra- and interchain contributions. Similarly, the non-bonded pressure from IE

theories is given by

2 c d s,s’
BPE = 7@0 Z/ dr [we,g25(1) + pegs,s (r)] T B;Tr(r)' (3.52)

s,s'=1
We then calculate Af}* from Egs. (3.8), (3.50) and (3.51), and As(®/kg = Bugy, — fujy” +
Buc 5 — BAFIE: the calculation of u is given below. Finally, the fluctuations of E, and
E, and the non-bonded constant-volume heat capacity are calculated numerically by the

second-order finite central difference according to Egs. (3.9)~(3.12), (3.50) and (3.51).
3.2.6.2 Chain dimensions, bonding properties and structure factors

Adopting the method of Wang,*¢ for two segments e; and e, on the same chain we introduce
an auxiliary parameter n and define SHC(n) = BHY + (3n/2a?) > 1_(Rie, — Riey)? We
then have the partition function at given n as
31
n' H H/des exp { ﬁHC - 2— (R’k,€2 — Rk’el)z — ﬁHE} . (353)
k=1 s= k=1

The mean-square distance between e; and ey, R?(eq, e), is then given by

262 0In Z
A

2
= R? scrler, e2) + 20 0PLJelm)

b4

n=0

n=0
where we numerically evaluate the partial derivative by the second-order finite central differ-
ence after obtaining SAf.(n) via Eq. (3.8); the intrachain PCFs at given 7, &, +(¢; 1), €1, €2),
needed for solving the P/RISM equations are derived in the following. We then have the chain
and block mean-square end-to-end distance as R2 ;= Rfp(1, N) and R2, 15 = Rig(1, Na),
respectively, as well as the mean-square bond length b2, = Rf;(s,s + 1) for the s™ bond.
N-1p2

The bonding energy per chain is then given by fully = (3/2a*) 3 " 0%, from which we

calculate 8P, = —(2p./3)Bucp-
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We also calculate the total structure factor Si(q) = ) pp/ Sppi(q), Where Spp/(q) =
Y oeep Dosep S, /N with S, o being the (s, s') element of the N x N matrix S = & + p.h =
(@' — p.e)~t. We further calculate the structure factor Sy (q) = Saa(q) + Ser(q) — 25a8(q)

characterizing the composition fluctuations of ¥ (r) = [pa(r) — pa(r)]/po-
3.2.6.3 Derwation of @y (q,m,e1,e2) for chain dimension calculations

Considering one ideal-chain, @ (g,1, €1, e2), with ¢’ > t for example, can be evaluated by

Gaussian integral as

N:11 fdbs.exp {—% 511 b? — 2:2 (222 eib ) —iq- Zt 71b }
S dbgexp { = SN B2 - 2 (S b))

d}t,t’( q 777761762) =

exp{_a2ﬁq2(t'_t) , fl1<t<t<e ore<t<t <N;
exp{_OLQﬁq2 (' —1) — e(j_eilnﬂ-}’iflgtgel L

_ exp{—a26q2 # —t) - %_},iflgtgeland62+1§t’§N; (3.55)
exp{_a2ﬁq2 (' —t)— 'e;,ef);l-}’ifel—i_lStgt/g@_l;
\exp{ “26q2 (t’ t) — SSQTZH-},ifel—I—lStﬁez—land@St/SN;

Taking the derivative of w; (g, 7, e1, e2) with respect of n and set n = 0, we have

;

0, ifl<t<t' <eore<t<t' <N,

CE (Y — e)2B(q)" !, if 1 <t <ejand e + 1 <t < e;
a;—;t,n:o: aq2(62—61) B(q)!tifl<t<e andey +1<t <N; (3.56)

CE( — 1)2B(q)" !, ifer+ 1<t <t <ep— 1

“6"2(62—25)23( VWt ife;+1<t<e;—landey <t < N;

\

which also leads to S}, ,(q,e1,e2), for example, the (P, P’) element is given by

(1/N) ZteP,t’eP’ [8(;)75,15’(% 1, €1, 62)/677] |77:0'
3.2.7 Relation among IE, GF, and SCF theories

If we assume 1 — exp|fusy(r)] = —fusy(r) for small fu,y(r) and set gsq(r) = 1 in

PY closure [Eq. (3.43)], it is then reduced to c¢sy¢(r) = —Pusy(r), the mean-spherical
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3 40,42

approximation (MSA) closure® used for the penetrable spheres. Since u, ¢ (r) satis-

fies upp/(r) = ugp yp(r), the RISM equations are then equivalent to the PRISM equa-
tions and we have CEb/*(r) = —Bupp/(r). Eq. (3.48) thus gives the total structure factor
matrix S = S; + poH = (So + S7')7!, which is the same as SEPA. We therefore refer

CBEA(r) = —Bupp (r) as the RPA closure.”® It is clear that, for all calculated structural and

thermodynamic quantities, P/RISM theories with RPA closure (denoted as P/RISM-RPA)

DGC

and w '~ (r) are the same as GF theory, which contains only the Gaussian-level fluctuations.
One thing to note is that the above assumption of g () = 1 is used only to reduce PY
closure to RPA closure; P/RISM-RPA or GF theory does not necessarily give g; ¢ (1) = 1.
On the other hand, in the limit of p, — oo, Eq. (3.5) gives fu, ¢ (r) — 0 at finite N/x
and x NN, leading to ¢s ¢ (r) — 0 and h, ¢ (r) = 0 (or gs¢(r) — 1) for both P/RISM-PY and
P/RISM-RPA (or GF) theories. In this limit, the interchain fluctuation/correlation (F/C)
effects can thus be neglected, and both IE and GF theories reduce to SCF theory. In another
point of view, all the F/C effects on both structural and thermodynamic properties (beyond
the mean-field predictions) for both GF theory and IE theories at large N are proportional
to po 1. this also indicates that both IE and GF theories reduce to the SCF predictions as

Po — Q.

3.3 Results and Discussions

Setting R.o as the length scale, we have five parameters in our model system: N =
(nR2,/V)?, XN, N/k, N, and o/a (or 0/R.p); the first three are physical parameters that
can be mapped to an experimental system, and the last two are model parameters charac-
terizing the chain discretization and finite interaction range, respectively. In the following,
we fix A" = 10*, N = 10 and o/a = 0.3 unless specified otherwise, and examine the effects
of N/k and xN by comparing the results from different methods mainly in three cases: ho-
mopolymers at yN = 0, and DBC at N/x = 0 and 50. We use ideal chains at N/k = xN =0

as the reference state in all the cases. The error bar of each ensemble-averaged quantity from
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FOMC simulation is estimated as three times its standard deviation with the statistical cor-
relation among samples collected after equilibration taken into account by the correlation
function method.?® Note that, because Zhou closure cannot be used for small interactions,

it is only applied for homopolymers with N/x 2 12 and DBC for N/x = 50 in this study.
3.3.1 Chain dimensions and bonding energy

Fig. 3.1 shows the difference in the mean-square chain and block end-to-end distances from
the reference state, AR? and AR?, obtained from various theories and FOMC simulations.
At YN = 0 (i.e., homopolymers), we see in Fig. 3.1(a) that AR? obtained from all the
methods monotonically increases with increasing N/x < 100 due to the excluded-volume
interaction. At small N/x < 1, AR? is proportional to N/k, which can be found from the
Taylor expansion of Eq. (3.22). While our simulation result here is for N/x < 50, as N/k
further increases it is expected to converge to a constant similar to Fig. 5(a) in Ref. [47]. GF
theory (or equivalently P/RISM-RPA with the intrachain PCF for ideal DGC, LDESC) gives
surprisingly good predictions within the entire range of our simulation data; in contrast,
RISM-PY method with LDBSC overestimates AR? for N/k 2 2, and the deviation increases
with increasing N/ and diverges in the limit of N/k — oo.

For homopolymers, with e; = 1 and e; = N, Egs. (3.8), (3.50) and (3.54) give

dra® o [N CNYN 7 [0wWREC(r ) Ohw(rn, N/K)
AR = —— / d (—) / dr 22 + pe—222 2 Bug (r).
B~ 5, N s; ; k), an P an » Buo(r)
(3.57)
In the limit of N/k — oo, PY closure gives hs g (r,n, N/x) = —1 for 0 < r < o regardless

of 1, leading to [Ohsy(r,1, N/k)/On]p=0 = 0; ARZy thus diverges as N/k — oco. This
divergence is clearly due to the use of ideal-chain conformations. On the other hand, RPA

closure &(g) = —(N/x)(Bio(q)/poN) gives hs o (g,n, N/r) = S2(q,m)é(q)/[1 — poSi(q,m)é(q)]
with Si(q,n) = (1/N) ngle Ws,sr(¢;m). Eq. (3.57) then becomes

AR?@,F _ a? N/r-cd (E)/ dq [85’1((],77) +p08h(q,77,N//£)” Biin(q). (3.58)

3p0 Jo k) @ep | oy on
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Figure 3.1: Log-log plot of AR? with N/k for homopolymers (a) and with yN for DBC
(b), obtained form different methods. (c¢) semilogarithmic plot of AR? with yN obtained
form different methods. “k = 17 in parts (a) and (b) denotes a straight line of slope 1. The
vertical lines in parts (b) and (c) denote x3;p N (dash-dot-dot) and xfgomc!V (solid), which
have the same meaning in the following figures. The inset of part (a) shows how AR? with
/N for homopolymers. N = 10, N' = 10* and ¢/a = 0.3 are used here and fixed for the
following figures unless specified otherwise.

Since podh(q, n, N/k)/on = (1 = poSi(q, n)é(@)] 2051 (g, n)/On] — [0S1(g,m)/n), its second

term then cancels with the first term in the integrand of Eq. (3.58), thus eliminating the

divergence of ARaIE in the limit of N/k — oco. With RPA closure, we finally have

[ d Bio(q) 951(g,n)
A 2 — a_ q 0
Reor = 35, / (27)2 P(1,)Bu0(q) + &/N 1

leading to AR? qp/R?, =~ 0.0141 in the limit of N/x — oo, shown as the inset of Fig. 3.1(a).

: (3.59)

n=0

These results can be compared with those shown in Fig. 5(a) of Ref. [47] obtained on the 1D
lattice. That AR? 4 does not diverge in this limit is therefore due to the error cancelation

between the use of ideal-chain conformations and RPA closure, which may also be the reason
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for the surprisingly good prediction of GF theory shown in Fig. 3.1(a). Due to the poor
performance of RISM theory for chain dimensions, we do not consider it with Zhou closure
here.

For DBC at N/k = 0, we see in Fig. 3.1(b) that AR? obtained from all the methods
monotonically increase with increasing xN (i.e., the repulsion between A and B segments
causes chain-stretching), and both theories give good predictions at small YN < 1, where
Taylor expansion of Eq. (3.22) gives ARZ qp o< xN (at N/k = 0). For 3 < xN < 8 GF
theory gives better prediction than RISM-PY theory (both with &%), while at larger y N
the opposite occurs. The latter is due to the divergence of AR?}GF at the mean-field ODT
XirN = 10.047, where the matrix (SFPA)~! becomes singular at the most unstable mode
GipReo = 4.634. In contrast, we see that both AR poye and AR? pgypy remains finite
even at the ODT x*N = 25.67 determined from FOMC simulations. Fig. 3.1(b) further
shows that, while AR?GF monotonically increases with yN at small N/x < 10, at larger
N/k it slightly decreases with increasing x/N and exhibits a minimum before diverging at
Xoe N (which is independent of N/k). This is consistent with our simulation results at
N/k = 50, where the GF theory still gives good prediction up to YN < 6. Due to the
poor performance of RISM-PY theory with @ESC for homopolymers at N/x = 50 shown in
Fig. 3.1(a), we do not consider it for DBC at N/x = 50 here.

Fig. 3.1(c) shows the mean-square block end-to-end distance AR?. We see that, at
N/k = 0, AR? obtained from all the methods exhibit a small positive maximum around
xN = 2, and that both theories give good predictions up to yN < 4. At larger xN, AR?
becomes negative, and GF theory underestimates AR? mainly due to its divergence to —oo
at xipN (again caused by the singularity of (SEFA)~1): in contrast, RISM-PY theory with

~DGC
We g

overestimates ARZ,, and both AR?, poye and ARZ, pigy-py Temains finite at x*N. We
also note that, at small YN < 1, the Taylor expansion of Eq. (3.22) gives AR?b’GF x xN at
N/k = 0. On the the hand, for N/x 2, 10 ARZ, o monotonically decreases with increasing

XN, which is consistent with our simulation results at N/x = 50.
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Finally, we examine the difference in the bonding energy per chain from the reference
state, BAu, . For homopolymers, SAu,}, exhibits similar behavior to AR? as expected and is
not shown. Fig. 3.2 shows SAu,y, for DBC obtained from various methods, which is similar
to Fig. 3.1(c) except that SAufp™MC exhibits a minimum before x*N and increases with
increasing YN after that. This minimum, absent in R?, is clearly due to the contribution of
A-B (and nearby) bonds. In fact, the difference in the mean-square bond length of both the
fourth and fifth bonds from the reference state, AR?*(e; = 4,e5 = 5) and AR?*(e; = 5, e5 = 6),
exhibits similar behavior to AR? shown in Fig. 3.1(b). GF theory, however, cannot capture
the minimum in BAwu.} due to the divergence to —oo of other bonds. In contrast, while
RISM-PY theory with &JESC overestimates SAu.y, at YN 2 4, it can capture this minimum.

Note that, however, the relative difference Au,},/ uECbF is very small, meaning that the effect

DGC
8,8’

of xN on the bonding energy is negligible compared to the SCF contribution while @

and @FOMC are different.
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Figure 3.2: Semilogarithmic plot of the bonding energy difference per chain SAu.), varying
with xN for DBC, obtained form different methods.

3.3.2 E,, E, and their fluctuations

From Egs. (3.7), (3.8) and (3.12), we see that the non-bonded internal energy per chain .

and the difference in the Helmholtz free energy per chain from the reference state Af. are
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directly related to the ensemble averages of E,; and FE,, and that the non-bonded constant-
volume heat capacity Cy is directly related to their fluctuations. We therefore focus on the
behavior of F, and F, here.

For homopolymers (y/N = 0), we see from Fig. 3.3(a) that (E,) /n obtained from all the
methods monotonically decrease with increasing N/k, because polymer segments reduce their
contact (overlap) as their repulsion increases. Since N' = 10 here is below the FCC close
packing of theses segments (which corresponds to N = 2 x 10%),3 in the limit of N/x — oo
we have the ground state of hard-sphere chains with Su.n, = 0, which has no fluctuations
(i.e., the presence of multiple energy levels) and gives (E,) /n = [Su(0)/po — 1]/2 ~ 0.6937.
There are, however, correlations in the ground state; that is, the segments cannot over-
lap. Fig. 3.3(a) shows that RISM-PY theory with LDESC gives very good prediction;
even in the limit of N/k — oo, it gives <E,.;)IE /n =~ 0.7066, slightly higher (by < 2%)
than the above exact value. The deviation is due to the use of ideal-chain conforma-

tions. In fact, in this limit we have hyy(r < o) = —1; Eq. (3.50) then leads to

(BN™ /n = (27/poN) ng,zl Jy drwDSC(r) Bug(r)r? — 1/2 &~ 0.7066. We also note that

8,8’

using @ YMC in RISM-PY theory gives worse prediction (underestimate) than using WP

for N/k up to 50 (more clearly seen in Fig. 3.5(a) below); this unexpected result is due to the
error cancelation between the use of ideal-chain conformations and PY closure at finite N/x.
As an evidence as shown in the inset, we found that RISM-Zhou theory (with high accuracy
at large pair interactions) with &)ESMC gives better prediction than using wggc (more clearly
seen in Fig. 3.5(a) below) as expected. We see that the prediction of RISM-Zhou theory
with GFOMY is undistinguishable with that from RISM-PY with @25 up to N/k = 50,
while RISM-Zhou theory with GP5C overestimates (E,) /n.

On the other hand, GF theory only works for N/k < 1 and underestimates (E,) at
larger N/k. For large N/k, our numerical calculations give (E,)*" /n o« (N/k)™02 (for

N/k up to 10'°, not shown), which is different from the lattice case where (E,)°" /n o

(N/k)™" was found” At yN = 0, Eq. (3.25) can be rewritten as (E,)%" /n =
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Figure 3.3: Log-log plot of (E,) in part (a) and its fluctuations ¢ in part (b) as functions
of N/k for homopolymers at xN = 0 obtained from different methods. “k = a” denotes a
straight line of slope a.

(1/472p.) [, daq?Biio(q)P(1,q)/[(N/k)Biio(q)P(1,q) + 1], which corresponds to Eq. (19) in
Ref. [47]. With Sug(q) = 1 on a lattice, we then obtain the “—1” scaling in the limit of
N/k — oo after the Taylor expansion in terms of x/N. But for the soft potential used here,
Blo(q) is not constant and approaches 0 in the limit of ¢ — oo, which changes the scaling
of (E,)S" /n with N/k. Clearly, (E,)°" = 0 in the limit of N/k — oo indicates that GF
theory does not capture the segment correlations in the ground state.

Fig. 3.3(b) shows the fluctuations of E,, o2, for homopolymers as a function of N/k.

2
K

GF theory again only works for N/k < 1, and overestimates o2 at larger N/k. For large
N/k, our numerical calculations give o7 qp o (N/k)~'2°, consistent with the above behavior
of (E,)°" [see Eq. (3.9)]. In contrast, RISM-PY predictions with both wPGC and @EOMC
are in quantitative agreement with our simulation results, and the former decreases more
rapidly with increasing N/x than GF prediction at large N/k. While our simulation data
are only for N/k < 50, at larger N/k they are expected to decrease also more rapidly than
GF prediction, as found in the 1D lattice case shown in Fig. 3(a) of Ref. [47].

For DBC at N/k = 0, we see in Fig. 3.4(a) that (E,) obtained from all the methods

monotonically decrease with increasing y N, because A and B segments reduce their contact

as their repulsion increases. GF theory only works for YN < 1, and underestimates (E,) at
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larger xV; (EX>GF diverges to —oo at xypV due to the singularity of the matrix (SKP4)~!
at the most unstable mode ¢*. In contrast, both RISM-PY and FOMC results remain finite

even at x*N. While RISM-PY theory with both ©f'9M¢ and WG overestimates (E,) for

~FOMC ~DGC

XN Z 15, using w, 7" gives better prediction than using w_7™, as expected.
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Figure 3.4: Semilogarithmic plot of (E,) in part (a) and log-log plot of its fluctuations o3 in
part (b) as functions of xN for DBC at N/x = 0, obtained from different methods.

Finally, Fig. 3.4(b) shows the fluctuations of E,, 0')2(, of DBC at N/k = 0. We see
that GF prediction increases with increasing xN and diverges to oo at x3;p/N, consistent
with the behavior of (E,)%" [see Eq. (3.10)]. But this is the wrong trend, as (E,)"M°
actually decreases with increasing xyN. In contrast, RISM-PY theory gives much better
predictions. RISM-PY theory with @f'OMC gives the closest prediction to our simulation
results as expected, and even captures the small shoulder found in our simulations around
xN = 16, which is not captured when ideal-chain formations are used. Note that the
only difference in RISM-PY theory is from ws s, therefore the shoulder is caused by the
stretching between different blocks or the compressing in each block comparing the ideal-
chain conformations; for which the behaviors of chain dimension and bonded internal energy
around yN = 16 for DBC at N/k = 0 are also evidences, as shown in Fig. 3.1(b) and (c)
and Fig. 3.2. Since E, can be divided into the intrachain and interchain parts raised by

~FOMC

~FOMC
ws,s’

and 5573/ (depending on w;'g*'>), respectively, according to Eq.(3.51), ai can also be

performed in this way. Our data (not shown) shows that the interchain contribution to 0)2(
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is larger than the intrachain one in the order of at least 10%. So the small shoulder is mainly
an effect of collective behavior of the system, reflected by iAzS’S/, while it is originally caused

FOMC

by @, , which influences ﬁs,s/ through RISM equation.

3.3.3 Non-bonded internal energy and constant-volume heat capacity

For homopolymers (i.e., x/N = 0), the non-bonded internal energy per chain Su, ,, is directly
calculated from (E,) according to Eq. (3.7) and is shown in Fig. 3.5(a). We see that Sul}, o
N/k at small N/k < 1, and that RISM-PY theory with ©2§¢ can quantitatively predict
Bucnn Within the range of our simulation data. Its predictions with wF OMC "however, are less
accurate (smaller) for N/k up to 50, due to the error cancelation between the use of ideal-
chain conformations and PY closure at finite N/k. As an evidence, similar to the behavior of
(E), RISM-Zhou theory with wFOMC gives better prediction than using wDGC as expected,
which is undistinguishable with that from RISM-PY with QJBSC up to N/k = 50. On the
other hand, RISM-PY prediction with G5 is proportional to N/x at large N/x (data not
shown), due to the slight deviation of its predicted (E,)™ /n from the exact value in the
limit of N/k — oo; in other words, SulF S diverges instead of approaching 0 in this limit,
which is unphysical and due to the use of ideal-chain conformations. wggMC is therefore

needed at large N/k. Fig. 3.5(a) also shows that GF theory largely underestimates Suc b

and even gives the wrong trend for N/k 2 15, because it fails to capture the segment

SCF _
cnb T

correlations. Eq. (3.27) indicates that Bult, has two parts: the SCF prediction Su

c,nb
(N/2k)[1 — Bug(0)/po] = —0.6937N/k and the GF contribution (N/k)ESY /n oc (N/k)%7 at
large N/k; the former leads to Su.n, < 0 at large N/k.

Analogous to Sucnp, the constant-volume heat capacity due to the non-bonded interac-
tions Cynp is directly calculated from o2 according to Eq. (3.12). We find that Cy,, from
all the methods is proportional to (N/k)? at small N/x < 1 and monotonically increases

OFOMC

with increasing N/k < 50 (data not shown). At large N/k, however, is expected to

exhibit a maximum and then decrease to zero in the limit of N/k — oo, where the system
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Figure 3.5: Comparison of non-bonded internal energy per chain Su,n, for homopolymers
(a), and for DBC at N/k =0 (b) and N/k = 50 (c), obtained from different methods.

is in the ground state; while the same is expected for the RISM-PY prediction with wESC,
Oy o (N/k)*™ and diverges in this limit.

For DBC at N/k = 0, Bucn is directly calculated from (£, ) according to Eq. (3.7) and
is shown in Fig. 3.5(b). We see that Su,,, from all the methods is proportional to xN
at small YN < 0.1 (i.e., where (E)) is nearly constant), and exhibits a maximum due to
the competing SCF contribution of random mixing (xN/4) and the fluctuation/correlation
contribution of A-B segregation (i.e., (E,) monotonically decreases with increasing xN as
shown in Fig. 3.4(a)). At N/k =50, (E,) also contributes to [Suc ., and we do not consider
the RISM-PY with &Y™, RISM-Zhou with &P and GF predictions due to their poor

performance. Fig. 3.5(c) compares Bu, ., calculated from RISM-PY with @PG¢ RISM-Zhou

s,8"
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Figure 3.6: (a) The non-bonded constant volume heat capacity Cy,, as a function of xN
for DBC at N/k = 0. (b) The fluctuations of the non-bonded “contacts” vary with yN
predicted by GF theory at N/k = 10. “k = 2” in part (a) denotes a straight line of slope 2.

with LDESMC and FOMC simulations. In this case, RISM-PY cannot capture the maximum in
Ben, before the ODT determined from FOMC simulations; on the other hand, RISM-Zhou
with c&f OMC gives better prediction and we expect that it can even capture the maximum in
Benp, (need @ESMC for x N > 70 to prove this).

Finally, Fig. 3.6(a) shows Cy ., for DBC at N/k = 0, calculated directly from ai shown
in Fig. 3.4(b). We see that C"Ijg%/lc exhibits a maximum before xy* N, which is captured by
RISM-PY theory with wzg,MC but not with wESC; this behavior can be deduced from the
behavior of 2. On the other hand, as N/x increases the Y N dependence of C’%Eb is reduced
and CY is even independent of yN at small xN. Regardless of N/k, C7h diverges at

Xap N, which is caused only by the divergence of ¢2; Fig. 3.6(b) shows that both o7 and

O’,ix predicted by GF theory decrease with increasing /N and remain finite at x3p V.

3.3.4 Pressure and free energy

Since the pressure due to the bonding interaction is proportional to the bonding internal
energy, here we only examine the difference in pressure from the reference state due to the
non-bonded interactions, SAP,,, as shown in Fig. 3.7. For homopolymers (i.e., yN = 0),

we see that SAP,, o N/k at small N/k < 1, and that RISM-PY theory with @D can
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Figure 3.7: Comparison of non-bonded pressure 8P, for homopolymers (a), and for DBC
at N/k =0 (b), obtained from different methods.

quantitatively predict SAP,, within the range of our simulation data. Its predictions with

~FOMC
ws,s’

, however, are less accurate (smaller) for N/k up to 50, due to the same reason for
Buen,. We also see that GF theory overestimates SA P, at large N/x 2 20, which is different
from that for Suc,. On the other hand, the predictions of RISM-PY with @ESC and GF
theories are proportional to N/k at large N/k, because the SCF contribution dominates at
large N/k, which is proportional to N/k; in other words, they diverge instead of approaching
0 in the limit of N/k — oo due to the use of ideal-chain conformations. For DBC at N/x =0
(as well as at N/k = 50, data not shown), as shown in Fig. 3.7(b), the behavior of SAP,, is
similar to that of Buc ub.

Fig. 3.8 shows the y N and N/k dependence of the difference in the free energy per chain
from the reference state, SAf., which is directly calculated from (E,) and (E,) according
to Eq. (3.8). Similar behaviors to Su,, are observed for homopolymers at xN = 0, as
shown in Fig. 3.8(a), and the valid N/x range for RISM-PY theory is larger than Suc .
On the other hand, the RISM-PY prediction with @ESC is proportional to N/k at large
N/k (data not shown); in other words, 3fF diverges in the limit of N/x — oo due to the

use of ideal-chain conformations. Fig. 3.8(a) also shows that SAfSF exhibits a maximum,

which can be found from Eq. (3.8) and the behavior of (ESY) shown in Fig. 3.3(a); the
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Figure 3.8: Free energy difference per chain SAf,. varies with N/k at xN = 0 in part (a)
and with yN at N/k = 0 in part (b), respectively, obtained from different methods. The
inset of part (b) compares SAfSY as a function of YN at different N/x.

position of the maximum decreases from N/k ~ 48 at xN = 0 to N/k ~ 43 at xN = 8.
Additionally, BAfSF decreases to negative value at large N/k (data not shown), where the
SCF contribution (—0.6937N/k) dominates in Eq. (3.8).

For DBC at N/k = 0 as shown in Fig. 3.8(b), while SAf, from all the methods is
proportional to x/V at small YN < 1 similar to the behavior of Suc b, they monotonically
increase with YN up to x*N (x}p for GF theory), because the SCF contribution (xyN/4) is
always larger than the absolute value of the fluctuation/correlation corrections in Eq. (3.8).
Note that SAfS* does not diverge [as evident from Eq. (3.19) or the behavior of EZF /n] at
XV, which means that the entropy per chain AsSY/kp = BAuST — BAfEF must diverge
just like the non-bonded internal energy, consistent with the divergence of RQGF. The inset
of this figure shows that at small N/k, BAfSF monotonically increases with increasing Y N;
as N/k increases, SAfSY exhibits a maximum before xipN; and at larger N/k, BAfSF
monotonically decreases with increasing y/V.

Note that, RISM-Zhou closure exhibits similar behaviors for SAP,, and SAf. to that
of Bucnn, we thus do not show its prediction here for clearness of our figures (neither for
the following structural properties). In the following, only the ideal-chain conformations are

considered.
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3.3.5 Structure factors

Fig. 3.9 compares the structure factors Si(¢q) and Sy(¢) at N/k = 0 for all methods. The
deviation of S;(q) between RISM-PY method and FOMC simulations is due to the approxi-

mations (PY closure and w?G) in RISM-PY method; and the deviation of S;(¢) between GF

DGC

s,s’

theory and FOMC simulations is due to the approximations of w and the higher-order
terms neglected in the random-phase approximation. As shown in Fig. 3.9(a), the RISM-PY
predictions of S¢(q) are mainly consistent with the FOMC simulation results far away from
the ODT determined from FOMC (x*N = 25.56), which is consistent with our previous dis-
cussions, but apparently, the GF predictions underestimate S;(¢q) except at the ideal-chain
case. Note that S;(0) decreases with increasing xV; this is because S;(0) is proportional to

the isothermal compressibility, which decreases with increasing non-bonded interactions.
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Figure 3.9: Comparison of structure factors S;(¢q) in part (a) and Sy(g) in part (b), respec-
tively, for different YN, obtained from different methods at N/xk = 0.

Fig. 3.9(b) shows the structure factor Sy(q) characterizing the composition fluctuations
in DBC at different yN. We see a growing peak at the most unstable mode ¢* as YN
increases, and the simulation results lie in-between the RISM and RPA predictions. While
RISM-PY underestimates Sy (q) (except for ideal chains) and exhibits larger deviation from
the FOMC result with increasing y /N, it is much better than the RPA prediction. Using

wFOMC RISM-PY method gives better prediction of Sy (g) than wPS¢, and it lie in-between

s,s’ s,s

5



the simulation results and the RISM-PY prediction with wggc (data not shown). We also

note that y/N = 12 is already larger than the mean-field ODT.
3.3.6 Trends of ODT predicted by RISM-PY method

The mean-field ODT xjp is given by RPA; S '(¢*) from RPA is a linear function of , and
S;'(q*) = 0 at x3yp. While S;'(¢)/S, (g%, xN = 0) from RPA does not depend on o/a
and N/k, the RISM-PY results do, exhibit non-linear behavior at large x, and are always
positive for finite x, which means this theory does not give a ODT as it only works for the
disordered phase. In this section we therefore analyze the trends of ODT by comparing the
rates at which S Yq*) /S, (g%, xN = 0) approaches 0 (or how close it is to RPA prediction)
obtained from the RISM-PY method with cbgscfc, which captures some of the qualitative
behavior of the ODT determined in our recent FOMC simulations of symmetric DBC.?

Fig. 3.10(a) shows how the RISM-PY prediction of the peak position ¢* varies with y
normalized by the ODT determined from simulations, and we see a unexpected minimum
(marked by the symbol) at both N/x = 0 and 50. The unexpected increase of ¢* at large x
signifies the breakdown of RISM-PY method.

Fig. 3.10(b) shows the N/ and ¢/a dependence of S;l(q*)/SJI(q*, XN =0) at N = 10,
where the symbols denote the y N value where RISM-PY method the breaks down (same for
the other plots in Fig. 3.10). We see that, at given o/a, Sll(q*)/SJI(q*, XN = 0) predicted
by RISM-PY method increases with increasing N/k and approaches 0 at slower rate. This
is because, as N/k increases, the A-B repulsion characterized by xN becomes relatively
weaker, thus requiring larger y/N to form lamellae. This behavior is consistent with most
cases of the FOMC results, but at o/a = 1.15, x*/x}p decreases with increasing N/x for
N <1300 at N = 10 or N/ < 2500 at N = 20 in the simulation results, which cannot
be explained by IE theories. On the other hand, as o/a increases, the RISM-PY results
approach the RPA prediction (i.e., Slzl(q*)/Sizl(q*,XN = 0) approaches 0 at faster rate),

which is consistent with our FOMC results. This is because, as o/a increases, the A-B
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Figure 3.10: (a) The most unstable mode ¢* as a function of x normalized by 3V predicted
by RISM theory, where x*N is the ODT obtained from FOMC simulations. Comparison of
Sy Y(q*) predicted by RIMS theory as a function of X/ X to analyze the effects of o/a and
N/k in part (b) at N' = 10%, the effect of N in part (c) at N/k =0 and o/a = 0.3, and the
effect of chain discretization in part (d) at N/k = 0.

repulsion becomes effectively larger, thus requiring lower YN to form lamellae.

As N increases, Fig. 3.10(c) shows that, at N/k = 0 and o/a = 0.3, qul(q*)/Szzl(q*”xN:O

approaches 0 faster; in other words, as A increases, the system fluctuations approaches

Gaussian-level, which is consistent with out FOMC results.?

Finally, we also investigate the effects of the chain length N, as shown in Fig. 3.10(d).

At given 0/a = 0.3 and N/k = 0, S;l(q*)/Szzl(q*, XN = 0) predicted by RISM-PY method

decreases with increasing N and approaches 0 at faster rate. But we note that varying N

at constant o/a exhibits both the short-range correlation and chain discretization effects,
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because changing N also changes R. . To investigate the latter alone, we compare the case
of N =10 and o/a = 0.3 (i.e. 0/R.o = 0.1) with that of N =20 and 0/R.o = 0.1. We see
that the RISM-PY prediction of S;l(q*)/Slzl(q*, XN = 0) approaches 0 also at faster rate
with only increasing the chain discretization, which is consistent with the FOMC results.
One may expect that the chain discretization effects diminish quickly and the RISM-PY
results approach RPA with increasing the chain discretization.

In another point of view, the RPA closure can be obtaind by Taylor expansion from the
PY closure with respect to Susy(r), which is more accurate for smaller Su, ¢ (7). Since the
maximum value of Bug ¢ (r), achieved at r = 0, linearly varies with (N/k)p,'N~2(0/Re) >
(or equivalently (N/k)p7!N=Y%(0/a)=3), smaller N/k or larger p. (or N') makes Bu, v (r)
smaller, therefore, Fig. 3.10(b) and 3.10(c) show that as N/« decreases or N increases, RISM-
PY method approaches RPA results. Similarly, as o/a increases at the same N, fu, ¢ (r = 0)
decreases, Fig. 3.10(b) thus shows that RISM-PY method approaches RPA results with
increasing o/a. Finally, keeping /R, o as constant, Sus ¢ (r) decreases with increasing the
chain discretization, which is consistent with the middle two curves in Fig. 3.10(d); on
the other hand, comparing the upper two curves in Fig. 3.10(d), since increasing N and
decreasing o /R, o have competing effects on fu, ¢ (r), the former is clearly more significant

than the latter for this case.
3.3.7 Chain-end effects in integral equation theories

The comparison of SAu,,, and SP,, between RISM and PRISM theories provides us with
the chain-end effects neglected in the PRISM theory, shown as in Fig. 3.11 at N/x = 0 for
instance. We find, with wggc, both Suc ., and SFP, from PRISM-PY method are lower than
that from RISM-PY at high y/N values, meaning that PRISM-PY gives solutions closer to
FOMC simulation than RISM-PY, which is conflict with our expectation and it is probably

caused by error cancelation between the chain-end effects and the PY closure.
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Figure 3.11: Comparison of the non-bonded internal energy per chain Su.,, and pressure
BPR? between RISM and PRISM theories.

To show the chain-end effects in RISM theory, Fig. 3.12 compares the interchain pair
radial distribution functions g, ¢+ (r) at N/k = 0 and y N = 10, which depends significantly on
the pair of segments either in the same block or in different blocks. In the same block (A), if
we fix the first segment s = 1 and change the position of another segment s’ = 1 — N, along
the chain contour, as in Fig. 3.12(a), g5+ (r) increases first and then decreases with increasing
s’ in the range of 0 < r/R.o < 0.5; Fig. 3.12(b) shows g5« (r) with s = s’ =1 — N, and
we find it similarly increases first and then decreases with increasing s and the difference
is larger than Fig. 3.12(a). Therefore in the same block, the closer to the middle of the
chain, the higher excluded-volume effects and the lower interchain pair correlations exhibit.
Fig. 3.12(c) and (d) compare the contribution of different pair correlations to the averaged
radial distribution function between A and B blocks gap(r) = (1/NaN) D, yep 9s.s(T)-
This figure shows that all of them have a peak at about r/R.y = 0/R., at which g, «(r)
decreases first and then increases in the order of (s,s’) = (1, Na + 1), (1, Na + 2)...(1, N)
[Fig. 3.12(c)] and in the order of (s,s") = (1, N), (2, N — 1)...(Na, Na + 1) [Fig. 3.12(d)]. In
the middle of a block the excluded-volume effects play an important role, leading to lower
correlations; on the other hand, the A-B repulsion (x/N = 10 here) induces the system

to form A-like and B-like clusters, leading to higher interchain pair correlation for ending
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Figure 3.12: Chain end effects in RISM theory by comparing the interchain pair radial
distribution functions g ¢ (r) in the same block in parts (a) and (b), and between different
blocks in parts (c¢) and (d), respectively.

segment of each block [g56(r) in Fig. 3.12(d)]. Therefore the chain-end effects is mainly
influenced by the excluded volume effects and the A-B repulsion, as well as the chain length

N, and we expect that as N becomes infinity the chain-end effects can be eliminated.

3.4 Conclusions

To summarize, we have studied the fluctuation/correlation (F/C) effects on the structural
and thermodynamic properties of compressible diblock copolymers (DBC) in disordered
phase with the soft potential commonly used in dissipative particle dynamic (DPD) sim-
ulations, based on the same model system thus without any parameter-fitting, by comparing

the fast off-lattice Monte Carlo (FOMC) simulation results to the self-consistent field (SCF')
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theory, Gaussian fluctuation (GF) theory and integral equation (IE) theories, which consider
different levels of fluctuation and/or correlations.

We first fix A/ = 10*, N = 10 and o/a = 0.3, and examine the effects of N/x and YN
by comparing the results from different methods mainly in three cases: homopolymers at
XN =0, and DBC at N/k = 0 and 50, with ideal chains at N/k = xN = 0 as the reference
state in all the cases.

For the chain dimensions of homopolymers, we find that GF theory (or equivalently
P/RISM-RPA) gives surprisingly good predictions of AR? within the entire range of our
simulation data; in contrast, RISM-PY method with PS¢ overestimates AR? for N/k 2 2,
and the deviation increases with increasing N/x and diverges in the limit of N/k — oo.
For DBC at N/k = 0, both theories give good predictions of AR? at small YN < 1. For
3 < xN < 8, GF theory gives better prediction than RISM-PY theory, while at larger
XN the opposite occurs. At larger N/k, AR? slightly decreases with increasing y N and
exhibits a minimum before diverging at x3;z/V; this is consistent with our simulation results
at N/k = 50. On the other hand, the mean-square block end-to-end distance, AR, obtained
from all the methods at N/k = 0 exhibits a small positive maximum around yN = 2, and
both theories give good predictions up to YN < 4. For the difference in the bonding energy
per chain from the reference state, SAu.1,, homopolymers exhibit similar behavior to AR?
as expected; DBC exhibits similar to AR?, except that SAu.y, obtained from simulations
and RISM-PY with QESMC has a minimum before y*N.

On the other hand, for the thermodynamic properties, such as the segment “contacts”
(E,) and (E,), non-bonded internal energy per chain fu.np, constant-volume heat capac-
ity Cynp, pressures BPF,, and free energy SAf,, while GF theory is consistent with the
simulation results at only small interaction strength, it gives poor predictions at large inter-
action strength and even gives qualitatively incorrect trends. RISM theory with PY closure,
however, gives better predictions than GF theory at the interested ranges of interaction

strength. Note that, for homopolymers, RISM-PY with @BSC gives better predictions than
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with @¥OMC | which is unexpected, and it is due to the error cancelation between PY closure

and ideal-chain conformations; this can also be proved by the behaviors of RISM-Zhou re-

sults. For DBC, RISM-PY with 09MC always gives better predictions than with &G, and

s,8"

it can even capture some behaviors, that @PSC cannot predict, such as the maximum in the

curve of Cy .

Finally, we have analyzed the trends of ODT by comparing the rates at which
Sy Yq") /Sy Y(¢*,xN = 0) approaches 0 (or how close it is to RPA prediction) obtained
from the RISM-PY method with QESC, which captures some of the qualitative behavior of
the ODT determined in our recent FOMC simulations of symmetric DBC.?> We find that
RISM theory with the ideal DGC single-chain structure factor and PY closure gives quali-
tative consistency of the ODT trend with N/k, o/a, N" and the chain discretization in most

of the cases studied in Ref. [3]; that is, ODT increases with increasing N/k, decreasing o/a,

decreasing N, or decreasing the chain discretization.
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CHAPTER 4

SYSTEMATIC AND SIMULATION-FREE COARSE
GRAINING OF HOMOPOLYMER MELTS USING
INTEGRAL EQUATION THEORY: A

STRUCTURE-BASED STUDY

4.1 Introduction

Full atomistic simulations of many-chain systems such as polymer melts used in experiments
are not feasible at present due to their formidable computational requirements. Coarse-
grained (CG) models have to be used instead, where each segment represents, for example,
the center-of-mass (CM) of a group of atoms/monomers. There are various levels at which a
polymer chain with full atomistic (chemical) details can be coarse-grained: The lowest level is
probably the united-atom (UA) model, where each methyl or methylene group, for example,
is treated as a single interaction site (i.e., UA), and these UAs interact via bonding, bending,
torsion-angle, and non-bonded (typically Lennard-Jones, LJ) potentials. The highest level
is to represent each chain by a single particle. CG models at intermediate levels are also
widely used, such as the bead-spring model where polymer segments (beads) interact only
via bonding (finitely extendable nonlinear elastic) and non-bonded (truncated and shifted
purely repulsive LJ) potentials with the parameters chosen to prevent chain-crossing.!

For a given original system, an issue to be addressed in systematic coarse graining is how
the interaction potentials and the properties of CG models vary with the coarse-graining
level | = N,,/N, where N, denotes the number of monomers on each chain in the origi-

nal (monodisperse) system, and N the number of segments on each chain in CG system.
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Clearly, larger [ means computationally more efficient models. On the other hand, due to its
reduced degrees of freedom (thus chain conformational entropy), a CG model cannot exactly
reproduce the original system in all aspects. In order to choose the appropriate [-values, it is
necessary to quantify how well the structural and thermodynamic properties of the original
system are described by CG models with various [.

In spite of the numerous papers on coarse graining of polymeric systems, such systematic
coarse graining has rarely been done, especially for polymer melts. Ashbaugh et al. applied
a coarse-graining method that matches the interchain segment radial distribution functions
between an original system (UA model of n-alkane melts with N,, = 16 ~ 96) and CG
models with | = 4 ~ 96 (i.e., structure-based coarse graining), and examined the effects of
[ on the structural correlations.? Similar work was done by Chen et al.> They both found
that, for [ 2 16, soft potentials naturally arise from coarse graining and CG segments can
completely overlap.>® We note that using soft potentials is the basic idea of the recently
proposed fast Monte Carlo (MC) simulations.*

On the other hand, in most work on coarse graining, molecular simulations (i.e., molec-
ular dynamics or MC simulations) are used to obtain the structural and/or thermodynamic
properties of both original and CG systems that need to be matched. This is computa-
tionally very expensive, particularly for original systems with large N,, (> 10?), where the
statistical uncertainties can be too large for the simulation results to be meaningful due to
the difficulty in efficient sampling of configuration space (this is exactly why coarse graining
is needed). Practical use of this kind of coarse-graining strategies is further defeated by
the well-known problem of transferability (i.e., CG pair potentials determined at one set of
thermodynamic conditions cannot be transferred to another set of conditions because they
are state-dependent).” We therefore propose the simulation-free strategy of coarse graining:
For polymer melts, instead of molecular simulations, we use integral-equation theories, in-
cluding the reference interaction site model (RISM),® the polymer reference interaction site

model (PRISM),? and the multi-block PRISM'? (denoted by BPRISM) theories, to obtain
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the structural and thermodynamic properties of both original and CG systems. It has been
well established that PRISM theory can predict these properties of polymer melts in quan-
titative agreement with, but are at least several orders of magnitude faster than, molecular
simulations.!* 13

Introducing CM of each chain (i.e., N = 1) as an auxiliary site and neglecting the direct
correlations involving these sites, Krakoviack et al. derived the relationship between the
monomer-monomer structure factor and the CM structure factor in polymer solutions with
PRISM theory.'* Clark and Guenza extended this work to homopolymer melts, where CM of
each segment (i.e., N > 1) was introduced and BPRISM theory!® was used accordingly; only
structural correlations for N < 4, however, were examined.!®> Applying this structure-based
coarse-graining approach, with PRISM instead of BPRISM theory, to the original system
of hard-core Gaussian thread model,'® Guenza and co-workers obtained analytical results
under several approximations and claimed thermodynamic consistency of the so-obtained
CG models;'" 1 that is, the CG models give exactly the same interchain internal energy and
pressure as the original system regardless of V. As shown in Sec. 4.3.4 below, however, this
is actually due to the approximations they used to obtain analytical results.

In this work, we first describe the systematic and simulation-free strategy of structure-
based coarse graining, then present our numerical results with the hard-core Gaussian thread
model'® (referred to as the “CGC-6” model below) as the original system. We compare the
various integral-equation theories and closures for coarse graining, as well as the structural
and thermodynamic properties of original and CG systems at various N. Our numerical
results show that the effective CG potentials for various N and closures can be collapsed
approximately onto the same curve, and that structure-based coarse graining cannot give

the thermodynamic consistency between original and CG systems at any N < N,,.
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4.2 Models and Methods

As summarized in Fig. 4.1 at the end of this section, structure-based coarse graining using
integral-equation theories has three steps: (1) solve the original system, (2) perform the
coarse graining, and (3) obtain CG potentials and properties. In Sec. 4.2.1 we introduce
DGC-G model and its limiting case, CGC-0 model; the hard-core CGC-§ model is chosen as
the original system for coarse graining in this work. In Sec. 4.2.2 we explain how to solve
CGC-§ model with BPRISM theory and the Percus-Yevick (PY) closure,? thus completing
the first step. The second step is described in Sec. 4.2.3, and the third step in Sec. 4.2.4.
Finally, using PRISM instead of BPRISM theory greatly simplifies the calculation in all

steps, as described in Sec. 4.2.5.
4.2.1 Models for original system

We consider an original model system of homopolymer melts, which is at the monomer level
in continuum, of n chains each consisting of N,, monomers with statistical segment length a
at a chain number density p. = n/V with V being the system volume. The non-bonded pair
potential between monomers is given by wu,,(r) = (k/peN2)uom(r), where & = N,,/k > 0
controls the interaction strength with s being the generalized Helfand compressibility,?! and
Ug,m(r) 1s a normalized isotropic pair potential (i.e., [ drug.,(r) = kgT with kp being the
Boltzmann constant and 7" the thermodynamic temperature), which can be, for example, the
Gaussian-core potential, i.e., Sug (1) = (3/2#0%)3/2 exp [—(3/2)(r*/c?,)] with o, denoting
the interaction range and 8 = 1/kgT. On the other hand, the chain connectivity can be
described by the discrete Gaussian chain (DGC) model based on the concept of statistical
segment length. Hereafter we refer to this model as DGC-G model. The invariant degree of
polymerization controlling the system fluctuations is then defined as N = (pCRZ”O)Q, where
Reo = V/Nya (for large N,,) is the root-mean-square end-to-end distance of an ideal chain.

In the limit of N,, — oo while keeping R, and o,,/a finite, we have a — 0 and o,,, — 0;

DGC model then becomes the continuous Gaussian chain (CGC) model, and the normalized
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potential becomes Sug ., (r) = 6(r). We refer to this limit as CGC-J model, where the non-
bonded pair potential between monomers is given by Su,,(r) = (k/p.N2)d(r). Note that
Bu,,(r) approaches 0 at finite & and N in CGC-§ model; this can be shown with that in

DGC-G model, written as

O (3/2m)* & oy [ 3 N/ Rep)?
) = s ™ |1t | oy

which clearly approaches 0 as N,, — oo at finite R.g, 0,,/a, & and N'. CGC-§ model
is commonly used for polymer melts'® or solutions in an implicit, good solvent,?? simply
because it has the least number of parameters; taking R, as the length scale, it has only
two (physical) parameters: & and N. In this study, we perform structure-based coarse

graining with the hard-core CGC-§ model (i.e., & — 00)!® as the original system.
4.2.2 BPRISM theory for CGC-) model solved with PY closure

For the purpose of coarse graining, we divide each original polymer chain into N subchains
(segments) each containing [ monomers, such that NI = N,,. For large [, one can assume
that the interchain pair correlation functions (PCFs) depend only on the position of segments
along the chain contour, i.e., haig;(r) = hyF(r) and cqipg(r) = /3 (r), where ha, g;(r) and
Caip;(1) denotes the interchain total and direct PCF's, respectively, between the it" monomer
in the '™ segment on one chain and the 5 monomer in the %" segment on another, and
the superscript “mm” denotes the monomer-monomer correlations. The well-known RISM
theory,® which describes the PCFs between monomers via the generalized Ornstein-Zernike

equation in Fourier space, then becomes the BPRISM form given by!°

where C™™ = [2¢™™ | the symmetric matrices h™™ and ¢™™ have N x N elements with each
element denoting the average correlation between all monomers in the corresponding segment
pairs, the intrachain PCF &™" is defined as @72 = 3% | (ag7/12 (with &77(0) = 1) with

Waip; being the intrachain monomer-monomer PCF between the i™® monomer in the o
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segment and the j'" monomer in the 8™ segment, and we use the short-hand notation f =
[drf(r) exp(—v/—=1q-r) = (47 /q) [;° drf(r)rsin(gr) to denote the 3D Fourier transform of
f(r) with ¢ = |q| being the length of the wavevector q and 7 = |r|. The expressions of W'}
for ideal DGC and CGC are given in Ref. [15] and Sec. 4.2.6.

Eq. (4.2) must be solved with a closure relating the interchain direct and total PCFs.

For the original CGC-§ system, we use the Percus-Yevick (PY) closure® given by

Carg (1) = {1 — exp[Bum(r)]}ga’s (1), (4.3)

where g5 (r) = h{/3(r) + 1 is the interchain radial distribution function. PY closure can
be obtained from the hypernetted-chain (HNC) closure, ¢/} (r) = —Bu,(r) + bz (r) —
In ggfgl(r),% by Taylor expanding exp[y;'5'(r)] to the first order, where the indirect PCF
Yo (r) = hyg(r) — g (r). HNC closure also leads to the random phase approximation
(RPA) closure, ¢J'3 (1) = —Bum(r),*»* by Taylor expanding In[1+h%"3(r)] to the first order.

At finite & and N, since Bu,,(r) approaches 0 as shown in Sec. 4.2.1, Taylor expanding
exp|Bu,(r)] to the first order, PY closure becomes NZc™2(r) = (f-@/\/_)gaﬁ( JR2 30 (r),

moa,B

which gives finite C, 3 = N2 7% (q) /RS o = (/ﬁ/\/_)gaﬁ (0) <0 and thus
CosVN

g (0) = === — 1, (4.4)

With the above definition of C, g, Eq. (4.2) then becomes

flmm
3
Re,O

_ <N21 _ \//T/ammc)_lwmmcwmm, (4.5)

where I is the N x N identity matrix and C has N x N elements of C, . Taking the
inverse Fourier transform of ﬁ;"g’ and using Eq. (4.4), we can obtain C, 3 (and thus ﬁ;”gl) as
a function of & and NV. Note that, in the limit of & — co, PY closure gives h7%(0) = —1;'6
since Eq. (4.4) with the right-hand-side (RHS) replaced by —1 still gives finite C, g at finite
N (see Sec. 4.3.1, it can be used at any & (for finite N).

In this study, we assume for @™ the ideal conformations of CGC. For given &, N and

N, we numerically solve for C (and thus h™™) from Egs. (4.4) and (4.5) as follows: With
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an initial guess of C, we calculate h™" from Eq. (4.5), and
mm 1 o 27 mm 1 . —47mm( —1
ha5(0) = 53 i dqq hy'5 (q) + 5.3 i dzz" "R (277) (4.6)

with ¢. = 10*7/ R, where both integrals are evaluated using Romberg integration®® and
the second one is used to integrate from ¢ = ¢. to oo with z = 1/q. We then use Broyden’s
method?® to converge C such that the maximum absolute residual error over all segment
pairs in Eq. (4.4) is less than 1072,

Once C, g (and thus fLZ”ﬁ") are obtained for all segment pairs, we calculate the structural
and thermodynamic properties of the original system. Its normalized isothermal compress-
ibility is calculated as?”

 peksT [0V VN o (o) 1
BTm = = o) =lt o Y T = =
v \op NZ 22 TR, 1o /N

(4.7)

where p denotes pressure and C = Z]avﬁzl C,p/N?% Note that rr,, = 1 for ideal chains
since AZLZ?(O) = 0 at Kk = 0. With the ideal-chain conformations, we only examine the
interchain thermodynamic properties. In particular, the interchain internal energy per chain

and (virial) pressure are given by

CoVN

Bucm—27r\/_12 Z/ dr— o () Bum(r) = — 5 (4.8)
75 1
2 /\/12 dBu,, CoN
o, - N [ gt = -5 49
a,f=1

respectively, where we have used do(r)/dInr = —36(r) in 3D obtained from V-§(r)r = 0.
4.2.3 Structure-based coarse graining using BPRISM theory

Introducing the center-of-mass of each subchain (segment) as an auxiliary (non-interacting)

site in the system, we extend Eq. (4.2) as!® 15
Bmm flms (.:Jmm L:)ms émm léms L:Jmm (:Jms flmm lflms
AU +pe| . (4.10)
hsm hss (;Jsm <':)SS lésm éss asm d)SS hsm hss
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where all of the bold symbols represent symmetric matrices of N x N elements corresponding
to segment pairs, and the superscripts “ms” and “ss” denote the monomer-segment and
segment-segment correlations, respectively; note that h™s = hem, ¢ms = ¢ and O™ =
w®™. For example, the element ﬁ‘;’% is the interchain total PCF between the o' segment and
a monomer in the ™ segment on different chains, ﬁfjﬁ is the interchain total PCF between
the o' and B™ segments on different chains, Wy = 2;:1 Wa,pj/1 is the intrachain average
PCF between the o™ segment and the monomers in the ™ segment with @, g; being the

intrachain PCF between the o® segment and the ;"

monomer in the B segment. Also note
that all the intrachain PCFs are normalized, i.e., ©'7'(0) = &'3(0) = @;°5(0) = 1. For ideal
CGC, @™ and w® are derived in Ref. [15]; in Sec. 4.2.6, we derive them for ideal DGC,
which recover those of ideal CGC in the limit of N,, — co. Under the assumption? 30 of

Cop = Coly = ¢35 = 0, which is exact with either PY or RPA closure, Eq. (4.10) gives
flss _ <;Jsm((;)mm)711flmm(djmm)71‘;)7715' (411>
4.2.4 RISM theory for the coarse-grained system

For CG system with N segments on each chain, RISM equation gives®
&% = (djss)flflss(ass _i_pcflss)fl’ (4'12>

where h* is calculated from Eq. (4.11). The effective segmental pair potentials are then
obtained as
—c5(r) with RPA closure
Buap(r) = —co2g(r) + B s(r) — In[1 + A 5(r)] with HNC closure ; (4.13)
In[1 —¢&¥5(r) + hlg(r)] — In[1 + hgls(r)] with PY closure
where we use FFTW?3! to perform the inverse Fourier transform of ¢* and h* with a cut-off
length of r. = 30R, o (which determines the discretization of ¢-space) and uniform discretiza-
tion of [0, r.] into 3 x 10° subintervals (which determines the cut-off in g-space); our cut-off
and discretization give negligible numerical errors. Note that these CG potentials depend

on the segment pairs along the chain contour.
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Finally, the structural and thermodynamic properties of CG system are calculated. Its
normalized isothermal compressibility xp = 1 + (VAN/N?) N A=1 hifﬁ( )/ R ; this is the
same as K7, because h**(0) = h™™(0) according to Eq. (4.11). Its interchain internal energy

per chain and (virial) pressure are calculated as

—27?\/_2/ dr I gaﬁ ) BVa,5(T), (4.14)

a,f=1
2N r? s, dBuas(r)
BREOP——T Z/O dTR_goga,B(T)Tr,lﬁra (4.15)
a,B8=1 3

where the integrals are numerically evaluated using Romberg integration®® with the above

cut-off and discretization.
4.2.5 Structure-based coarse graining using PRISM theory

If we assume that the interchain PCFs do not depend on the segment position along the
chain contour for both original and CG systems by neglecting the chain-end effects,?? i.e.,
hos (r) = h™™(r), cpgt(r) = ™™ (r), hilg(r) = h**(r) and ¢;’5(r) = ¢**(r), Eq. (4.2) becomes
the PRISM equation proposed by Curro and Schweizer (which can also be obtained from
Eq. (4.2) by setting N = 1),? given by

where C™™ = N2@mm and ™™ = Zaﬁ Wt /N? is the normalized (i.e., @™™(0) = 1)
single-chain structure factor. With Cy = N2é™™(q)/R2,, Eq. (4.4) becomes h™™(0) =
—CoVN /i — 1, and Eq. (4.5) becomes
hmm(g)  CoP3(g)
Riy 11— CoVNPs(g)

where @™™ for ideal CGC is given by the Debye function Pp(q) = 2(e™® + z — 1)/z* with

(4.17)

x = ¢°R? /6. Taking the inverse Fourier transform of the above, i.e., numerically solving

OO/ gq et GVN (4.18)
0

2m? N CW/NPog) &
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we can obtain Cy (and thus 2™™) as a function of & and N; as shown in Sec. 4.2.2, Eq. (4.18)
can be used at any & (for finite V). Note that, if the Padé approximation Pp(q) = 1/(1+x/2)
is used for @™, C, can be obtained analytically as shown in Sec. 4.3.1. For the calculation

of structural and thermodynamic properties, Eqs. (4.7)~(4.9) are used.

Next, Eq. (4.11) becomes

}Alss ﬁmm ~Asm o\ 2 ~sm\2
T = T3 (%} ) _ Gl (4.19)
Re,O Re,O wmm 1-— \/_/T/'Codjmm
where Eq. (4.16) is used, and @ = 215:1 @ /N? with ©*™(0) = 1; and Eq. (4.12)
becomes
e WRYy  (GN) @) (4.20)
RZ),O N?@SS(&}SS + pcilss) 1 — \/_/T/'Co[ajmm _ (@sm)?/djss]’ ’
N ~ 88

where 0% = 37 5 | ©3%/N? with ©**(0) = 1. Expressions of &™™", &*™ and &*° for ideal
CGC are given in Ref. [19] and Sec. 4.2.6. Note that Eqgs. (4.19) and (4.20) are also given in
Ref. [19], and that the so-obtained hes and ¢ depend on N. Finally, one still has kr = k1,
and can calculate Su. and SR P according to Eqs. (4.14) and (4.15), respectively, once
the effective potential Su(r) between CG segments is obtained from a closure according to
Eq. (4.13).

Fig. 4.1 summarizes the various quantities, parameters, and options in our systematic and
simulation-free strategy of structure-based coarse graining for homopolymer melts, which has

three steps:

e First, the chain connectivity (i.e., bonding interactions) in original system is described
by w™" which can be modeled by either ideal CGC (using either the Debye function
Pp(q) or the Padé approximation Pp(q)) or ideal DGC of N,,, monomers; although not
listed in Fig. 4.1, other chain models can also be used. Once w™™ is chosen, w*™ and

wSS

are then obtained for given N. The non-bonded interaction between monomers,
B, (1) in our case, has two parameters & and A for CGC and an additional parameter

om/a for DGC. The original system is solved with either PRISM (for all N') or BPRISM
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Original System
" (CGC(Pp|Pp)|DGC(N, ) hrm
pu, (K,N,c,/a) —
IE (PRISM[BPRISM(N>1)) Pt
Closure (PY) BR: P,
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Structure-Based

Coarse Graining (N)
v
CG System
COSS ﬂv
S K

h N

IE (PRISM[RISM(N>1)) .
Closure (PY/HNC|RPA) BR:,P

Figure 4.1: Our simulation-free strategy for structure-based coarse graining of homopolymer
melts, where the various parameters and options (separated by “|”) are listed in parentheses.
See main text for details.

(for N > 1) theory, where we use PY closure (other closures can also be used); this

gives h™™ as well as its structural and thermodynamic properties.

e Second, according to either Eq. (4.11) (when BPRISM theory is used for original
system) or Eq. (4.19) (when PRISM theory is used), the structure-based coarse graining
gives h**| from which c¢* is obtained via either Eq. (4.12) (when BPRISM theory is
used for original system, thus RISM theory for CG system) or Eq. (4.20) (when PRISM

theory is used).

e Third, CG potentials Sv are obtained via either PY, HNC, or RPA closure (other
closures can also be used), which are segment-pair-dependent when BPRISM theory
is used for original system, and the structural and thermodynamic properties of CG

system are finally obtained and compared with those of original system.
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4.2.6 Derivation of intrachain correlation functions used in structure-based
coarse graining

Here we start from the ideal DGC model, which becomes the ideal CGC model as N,,, — oo.
To be general, we denote the number of monomers in the v segment by .. The ideal DGC

model then gives

o lo I8 .
Wa,B (q> = E Z Z_: wai,/ﬁj (Q)
_ ) {la=B(a) [2+1aB(q) —2B(a)" ]} /I [1 - B(q))? if o =p (421)
B(g)l=sT [1 — B(q)'*] [1 — B(q)"?] /lals[1 — B(q)]? otherwise

where B(q) = exp(—¢*a?/6), and l,5 = Zv a+1l if « < and Z:;/lﬂl L, otherwise denotes
the number of monomers between (not including those in) the a'" and S*™ segments. For

the case of I, = [, Eq. (4.21) becomes

|- B 2+1B(q) —2B(q 121— if o =
o) = { q) [2+1B(q) )'1} /P[1 = B(g))? B 22)

B(q)(‘o‘_ﬁ'_l)“rl [1- B(q) } JI?[1 — B(q)]? otherwise

In the limit of | — oo (i.e., for the ideal CGC model), Eq. (4.22) recovers Eq. (8) of Ref. [15],

which with 3> = ¢>RZ /6N becomes

o 2<e*y2+y2—1>/y4 ifa=p
Qo (q) = N2 (4.23)
exp (y? — |a — Bly?) (1 —eY ) /y4 otherwise
We then obtain @™ (q) = Zaﬂ L WiB(q)/N? for ideal CGC, given by
~mm —Ny?
& (0) = Fa (e Ny Ny? 1) . (4.24)
Next we derive W3y = S @3, /1, which is given by
Lo la/3+1/2+41/6la—j+5? /la—j/la if o —
*  Blq la ifa=p
@3 (q) = 2= B0 / L (4.25)
[1— B(q)'#] B(g)lesttea/3+1/251/6la /15]1 — B(q)] otherwise
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For the case of [, = [, Eq. (4.25) becomes

2211 B(q)l/3+1/2+1/6l7j+j2/lfj/l/l if =8

~ s5M
w

In the limit of | — oo, Eq. (4.26) recovers Eq. (13) of Ref. [15], given by

VeV Rerf(y/2) /y ifo =3
exp (—|a — Bly* + 2¢*/3) <1 — e_y2> /y2 otherwise

S

wa's(q) =

We then obtain &*"(q) = 215:1 w3 (q)/N? for ideal CGC, given by

(;}sm(

) Jme v /12 ¢ (y) 2eV /3 e NV’ _ Nev" + N — 1
q = —€r .

Ny 2) T N2y2 1 —e v

Note that @™ = w*™ when [, = [.

Finally we derive w;’s. For a = 3, &3, = 1. For a # 3, we have

a,o

@35(q) = B(g)o () o (0l
For the case of [, =, Eq. (4.29) becomes
Cpla) = Bla)
In the limit of [, — oo, Eq. (4.30) recovers Eq. (16) of Ref. [15], given by
W 5(q) = exp (—|a — Bly* +y7/3) .

We then obtain w**(q) = Zé\iﬁ:l ws*5(q)/N? for ideal CGC, given by

9e—2°/3 <e—Ny2 _ Ne ¥ 4+ N — 1)
“ (Q):N“‘ N2(1—e—yz)2 ’

4.3 Results

[1 - B(q)q B(q)le=A=2l/3+1/241/6L /11 — B(q)] otherwise

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

Since the focus of our work is on the general strategy of systematic and simulation-free

coarse graining, instead of coarse graining of a specific polymer, we choose the hard-core
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CGC-0 model as the original system. In the following, we first show how to solve the CGC-é
model solved by PRISM theory and the correspondence between the hard-core CGC-§ model
and specific polymers used in experiments. Using PRISM theory for structure-based coarse
graining, we then examine how the effective CG potential varies with the coarse-graining
level, and compare the structural and thermodynamic properties between original and CG
systems. Finally, we compare the results of structure-based coarse graining between using

PRISM and BPRISM theories to examine the chain-end effects neglected in the former.3?

4.3.1 CGC-6§ model solved by PRISM theory

As mentioned in Sec. 4.2.1, CGC-§ model is commonly used for polymer melts'® or solutions
in an implicit, good solvent;?? in particular, CGC-§ model with finite % is equivalent to
the Edwards model?? commonly used in polymer field theories. Here we first present the
analytical results of CGC-9 model (including those at finite &) solved by PRISM theory with
RPA and PY closures, then examine the accuracy of Padé approximation for w™™.

From RPA closure, N2 ¢™"(r) = —(R/W)Rioé(?“), we have CRPA — _¢ /V/N. Eq. (4.7)

then gives sff» = 1/(1 + &), which approaches 1 as & — 0 and 0 as & — co. On the other

} . (4.33)

(1= )
R™™(0) = — ([ 1—\1—-VNCy|. 4.34
( ) WW 0 ( )
Combining RPA closure with Padé approximation then gives AZFEL(0) =
(6v3/7VN) (1 —vI+R). Clearly, for N' < (108/7*)(vI+& — 1)* (or equivalently
ko> m2N/108 + 3rVN/9), him (0) < —1, which indicates qualitative failure of RPA

hand, using Pp(q) instead of Pp(q) in Eq. (4.17) gives

B () = m {exp (—2\/§R:0) — exp [—2\/3 (1 - \/ffco)

which leads to

r
Re,O

closure for CGC-J model in such cases. We note that, when Pp(q) is used for w™™,
PRISM theory with RPA closure is equivalent to the Gaussian-fluctuation (or the first-order
perturbation??) theory;** our analysis here therefore reveals its limitation at small A/ or

large K.
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Figure 4.2: Logarithmic plots of (a) —Cyp given by Eq. (4.35) and —CEPA = %/v/A and
(b) the relative difference between Cyp and Cj obtained numerically from Eq. (4.18) vs. N/
at various k obtained from PRISM theory for CGC-6 model, where the slope of each straight
line is given next to it.

Combining PY closure (see Sec. 4.2.2) with Padé approximation, we can analytically

solve Cj from Eq. (4.18) as®

. 6/%\/81/%2 + 372RN + 18V3TRVN + 3m2N 5472 6v/3R R
0P — 7T2J\_/’3/2 o 71'2./\73/2 - 7.(./\_/‘ - \/,/\__/”

(4.35)

which approaches CF* as  — 0 or N' — oo, and the hard-core result! op =
~m2VN/108 — v/37/9 as & — co. From Eq. (4.7), we then find that x5y, approaches
Kipos as K — 0 or N'—= oo, and 1/(1 + 7% /108 + VI2rV N /18) as & — oo. While RPA
closure includes only Gaussian fluctuations in the system, PY closure captures non-Gaussian
fluctuations in an approximate way.

Fig. 4.2(a) shows how —C§™ and —Cyp at various & (including —C§%) vary with V.
We see that —CEPA is inversely proportional to VN , that —Cg% increases monotonically
with increasing A, and that —Cyp at finite & exhibits a maximum, both the location and
value of which increase with increasing &. At large N, —C5p X VN but —C,p at finite &
approaches —CEPA (ie. o 1/VN). Note that any value of —Cy above the curve of — 0P
in Fig. 4.2(a) leads to the unphysical result of h™"(0) < —1, as given by Eq. (4.34).

Finally, to examine the accuracy of Padé approximation used in the above derivation of
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Cop, Fig. 4.2(b) compares Cj p with Cj obtained numerically from Eq. (4.18) (where Pp(q)
is used). We see that Padé approximation overestimates —Cj by at most a few percent and
becomes better with increasing N or decreasing . In addition, we find Cop/Co—1 x 1/VN

at large N and at small &, as well as Cop/Co — 1 & at small & (data not shown).
4.3.2 Correspondence to experimental systems

In our original system of the hard-core CGC-J model, there is only one parameter — the
invariant degree of polymerization A/. For an experimental system of polymer melts with
hard excluded-volume interactions, since the monomer density p./V,, is nearly independent
of N,,, one finds N = aﬁ(pCNm)QNm x N,,, which has typical experimental values of at least
10%. We therefore use N' = 10* and 10° in this work, unless specified otherwise.

When the hard-core CGC-§ model is solved with PRISM-PY method, N determines C,
via Eq. (4.18) and thus k7, defined in Eq. (4.7). Fig. 4.3 compares the so-obtained rr,,
with that of polyethylene (PE) and polystyrene (PS) melts at 180°C and 280°C, respectively,
and 1 atm, where we take the statistical segment length a = 0.42nm for PE3? and 0.67nm
for PS,3* respectively, and the data for calculating their density and equation of state from
Ref. [35]. We see that rr,, oc N~1 for both experimental systems, as well as the hard-core
CGC-0 model at large N > 10°.

On the other hand, Fig. 4.3 also shows that xr,, of the hard-core CGC-d model is larger
than those of PE and PS; in other words, the hard-core CGC-9 model is “softer”. While
this problem can be corrected by using an interaction potential of finite range (e.g., the
Gaussian-core potential) instead of the d-function potential, the hard-core CGC-§ model can
nevertheless be used for our purpose of demonstrating the general strategy of systematic and
simulation-free coarse graining. We therefore take it as the original system in this study due

to its simplicity.
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4.3.3 Coarse-grained potential

In this section, we examine the CG potential Sv(r) obtained from structure-based coarse
graining using PRISM theory with various closures for CG system. We set N = 10* here;
other values of A/ do not qualitatively change our results. Fig. 4.4(a) shows the N-dependence
of ¢¢ = fv(0), which measures the “hardness” of CG potential. We see that our numeri-
cal results of ¢ obtained with both HNC and PY closures (denoted by € unc and € py,
respectively) monotonically increase with increasing N, which is expected since CG seg-
ments become softer as the coarse-graining level increases (i.e., N decreases); in the limit of
N — N,,, the CG system should reduce to the original system and we thus expect ¢, — oc.
The RPA result, however, exhibits a maximum at N = 48 and then monotonically de-
creases with increasing N, which indicates qualitative failure of RPA closure for larger N.

Nevertheless, at large N = 1000, we find

SS CO SRE,O 32 37,.2
Bupalr) = —e(r) ~ — ( o) e (o (4.36)
20 ——r ——rr
10+ ]
Iz
€ |
oI 14 7
hard-core CGC-8
----PE
————— PS
o1+
10° 10" 10° 10°
N

Figure 4.3: Logarithmic plot of the normalized isothermal compressibility £, vs. the in-
variant degree of polymerization N for the hard-core CGC-0 model, polyethylene (PE) and
polystyrene (PS) melts.
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Figure 4.4: N-dependence of (a) €y obtained with various closures for CG systems and
(b) v**(0) and h**(0), where PRISM theory is used for coarse graining, “num” denotes our
numerical results, and “ana” the analytical results from Ref. [19]. A" = 10%.

with o2/R2, = 1/3N given by Eq. (4.37) below, which leads to ey rpa o< N /2 consistent
with our numerical results (data not shown). Note that Eq. (4.36) is the same as Eq. (37)
in Ref. [19], which is for N = 1 and valid in the limit of A” — 0. On the other hand,
Guenza and co-workers also suggested the validity of Eq. (4.36) for N > 1 in the limit of
—CoVN /N — 0,' which is supported by our numerical results at N' = 10* and N > 1000
(ie., —CoVN /N < 1).

Our numerical results in Fig. 4.4(a) also show that, for small N, eyrpa ~ € unc and
both are considerably different from € py, and that €y py approaches €y unc with increasing
N for 14 < N < 349. As mentioned in Sec. 4.2.2, RPA and PY closures can be obtained
from the Taylor expansion of HNC closure at small |h**(r)| and small |y**(r)|, respectively.
Fig. 4.4(b) shows that |h**(r = 0)] is small at small N, and that |y**(r = 0)| is not so small
at small N but monotonically decreases towards 0 for 14 < N < 349; this explains the
behavior of €. We also note that both €yunc and € py diverge for N > 477, due to the
divergence of the potential of mean force — In[1 + h**(r)] caused by the unphysical behavior
of h**(r) < —1 at some r (e.g., 7 = 0 as shown in Fig. 4.4(b)). h*(r) is calculated from

Eq. (4.19), which involves only two approximations: the use of ideal-chain conformations
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(i.e., Pp(q)) to obtain @ and the use of PY closure to obtain Cj for the original system.
Since PY closure works well for hard-core repulsive potentials, we attribute this unphysical
behavior mainly to the use of ideal-chain conformations, which is strictly valid only in the
limit of N' — oo.

Figs. 4.4(a) and 4.4(b) also compare our numerical results (denoted by “num”) with
those calculated from the analytical results of h**(r) and ¢**(r) obtained by Guenza and
co-workers (given in Egs. (20), (28) and (29) of Ref. [19], and denoted by “ana”); note that
€o,rpa Obtained from their Eq. (29) is the same as our numerical result. While the analytical
results of €y une and € py are consistent with our numerical results for N < 10, they deviate
as IV increases. In particular, we note that the analytical results of €y unc and €y py diverge
for N > 70 (instead of N > 477 given by our numerical results) due to the approximation
used in Eq. (20) of Ref. [19], which gives h**(0) < —1 as shown in Fig. 4.4(b).

Fig. 4.5(a) shows the CG potential Sv(r) normalized by €, obtained with PY closure,
as a function of r? normalized by the mean-square end-to-end distance of an ideal subchain
having [ monomers, R2 ;= R?;/N; the latter normalization is chosen according to Egs. (24)
and (25) in Ref. [36], where it was suggested that the range of CG potential can be approx-
imated by 09 = Repo/ V3N based on the Gaussian distribution of polymer density around
the subchain center-of-mass. We see that, with increasing N, fv(r)/ey approaches a straight
line on this semi-logarithmic plot, suggesting that Sv(r) can be approximated by a Gaussian
function. At larger r, however, fuv(r)/ey exhibits small negative values (i.e., an attractive
well), which approach 0 with increasing N, and thereafter slight oscillation around 0, as
shown in Fig. 4.5(b). On the other hand, Figs. 4.5(c) and 4.5(d) compare Sv(r) /ey obtained
with various closures. In general, we see similar behavior to that of ¢y: At N =1 the HNC
and RPA results are indistinguishable and deviate from the PY result, and at N = 100 the
HNC result is closer to the PY result and both deviate from the RPA result at small r. Note,
however, that in the latter case the PY result is closer to RPA than to HNC result at large

r (i.e., around the attractive well).
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Figure 4.5: Effective pair potential between CG segments Suv(r) normalized by €y as a func-

tion of 7% normalized by RZ,/N, obtained using PRISM theory for coarse graining. PY
closure for CG systems is used in parts (a) and (b), and ' = 10*.

To quantify the range of CG potential, we define oy = \/ fo r4o(
0i = \/fo riv(r)dr/ fo r2v(r)dr, where r; (i = 1,2, 3) is the ¢*

(r)dr/ [ r?v(r)dr and

b smallest r at which Sv(r) =
0. Note that the RPA result of o(, denoted by ogrpa, is given by
o = L) _ Ty
ORPA ™ T qress(r &s3(0)

_ f

0 3N’

(4.37)

where Eq. (4.20) is used to obtain the final result, which is the same as the above o suggested
in Ref. [36].

1 Fdéss(q) +d26”(Q)]

S 2(0) g dg dg?

Fig. 4.6(a) shows oy as a function of N obtained with various closures. We see that, at

small NV, op unc and o rpa are indistinguishable and both are larger than oy py, consistent
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Figure 4.6: (a) Logarithmic plot of oy and oy vs. N, where “k6 = —0.73” denotes the fitted
slope of o obtained regardless of the closure for CG systems. (b) Scaling exponent of r; and
o; with N, obtained with RPA closure for CG systems. Parts (c¢) and (d) show the effective
pair potential between CG segments Bv(r) normalized by €y as a function of r? normalized
by RZ,/N? with k = —0.73, where PY closure for CG systems is used in (c). In all cases,
PRISM theory is used for coarse graining and N' = 10%.

with the aforementioned behavior of ¢y and fuv(r)/ey. For N 2 30, however, o¢py merges
with op grpa and both are smaller than o gnc, which exhibits a shallow minimum at N = 78;
this behavior, different from that of ¢y and Sv(r < r1)/€y at large N, is due to the attractive
well and oscillation of fuv(r) at r > r; shown in Fig. 4.5(d). Their effects can also be seen
from the difference between oy and o shown in Fig. 4.6(a). We note that oy obtained with
all three closures are larger than oy (except for N > 80 obtained with HNC closure) and
nearly collapse onto a straight line with a slope of k ~ —0.73 on this logarithmic plot (i.e.,

0'%/Rg’0 o N2k,
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We further note that k slightly decreases with increasing N, i.e., k ~ —0.74 at N' = 10°.
In Refs. [18,19], Guenza and co-workers performed structure-based coarse graining using
PRISM theory with the hard-core CGC-9 model as the original system, and obtained
an analytical expression of Sugpa(r) = —c**(r) for r > R.s under the assumption of
—CoVN /N > 1; they found that the range of Surpa(r), when expressed in units of R.p,

scales with N—3/4

. While this is consistent with our numerical results of oy gpa, we empha-
size the different scalings of ogrpa and oy gpa with N shown in Fig. 4.6(a), caused by the
small attractive well and oscillation of Surpa(r) at © > rq; in other words, the scaling of CG
potential range with N depends on how this range is measured.

Fig. 4.6(b) shows the scaling of r; and o; with N, obtained numerically with RPA closure
for CG systems. We see two groups of scaling behavior: One includes og, 09 and o3, the
scaling exponent of which is either —1/2 regardless of N (i.e., for oo rpa) or approaches —1/2
at large IV, and the other includes r; (i = 1,2, 3) and oy, the scaling exponent of which varies
between —3/4 at small N (i.e., large —CoV N /N) and —0.65 at large N. This is also found
for PY results (note that r; py = r;rpa as easily seen from Eq. (4.13)), but not for HNC
results as inferred from the non-monotonic behavior of oy unc shown in Fig. 4.6(a).

Finally, plotting Sv(r) /€ as a function of ? normalized by RZ,/N~?* instead of R? ,, the
PY results for various N collapse approximately onto the same curve as shown in Fig. 4.6(c),

which can be compared with Figs. 4.5(a) and 4.5(b). The same is found for the HNC and
RPA results as shown in Fig. 4.6(d), which can be compared with Figs. 4.5(c) and 4.5(d).

4.3.4 Comparisons of structural and thermodynamic properties between origi-
nal and CG systems

By construction, structure-based coarse graining gives the same structural properties (i.e.,

a5(r)) between original and CG systems. As explained in Sec. 4.2.4, they then have the
same normalized isothermal compressibility, i.e., K = Kr,,. In the following we therefore
only compare the thermodynamic properties of original and CG systems obtained using

PRISM theory.
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For the original system of hard-core CGC-§ model at N' = 10*, PRISM theory with PY
closure gives the interchain pressure and internal energy per chain as ﬂRgOPm ~ 48111.4
and Su.,, ~ 481.11. For the CG system at given N, we use RPA, HNC and PY closures
to numerically obtain the effective potential and then calculate BRS’OP and [Su., which are
compared with the original system in Figs. 4.7(a) and 4.7(b), respectively. We see that,
while HNC and RPA results at small N are very close to those of the original system,
they are not exactly the same even at N = 1 (where ﬁRiOPHNC ~ 48109.9 and Bu.unc ~
480.79, and BRiOPRPA ~ 48109.0 and Su.rpa ~ 480.78), and the discrepancies increase with
increasing N. The RPA results monotonically decrease with increasing /N and underestimate
the original system for all NV, and the HNC results exhibit similar behavior to RPA results at
small N, but have a minimum (at N = 56 for SR} (P and N = 82 for Su.) and overestimate
the original system at large N < 477. With RPA and HNC closures, even in the limit of
N — N, the original system cannot be recovered due to the different closures used for
original and CG systems.

On the other hand, the PY results of CG systems at small N exhibit larger discrepancy
(underestimate the original system more) than both RPA and HNC results. With increasing
N, BRS,OPPY exhibits a minimum at N = 23, and fu.py monotonically decreases till N =
477 (after which Sv(r) obtained with both HNC and PY closures diverge as explained in
Sec. 4.3.3). Only in the limit of N — N,,, where both @* and @*™ become W™, does the
CG system with PY closure recover the original system (note that, as shown in Fig. 4.4(b),
h*(0) slowly approaches —1 for N > 3242).

To explain the above discrepancy in the thermodynamic properties between original and

CG systems, we take fu. as an example, which according to Eq. (4.14) is given by

_ N2VN Bi(0) N NN [
a 2 Rg,o Rg,o 0

If RPA closure is used, i.e., fv(r) = —c**(r), and with ¢**(0)/R? , = Cy/N? from Eq. (4.20),

Bu drr?h*s (r)Bu(r). (4.38)

we have the first term on RHS of Eq. (4.38) as —VN'Cy/2, which is the same as the original

system (see Eq. (4.8)). Fig. 4.7(c) shows that the ratio of the second to the first term on
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Figure 4.7: Semi-logarithmic plot of (a) the interchain (virial) pressure P and (b) the in-
terchain internal energy per chain u, vs. N obtained with various closures for CG systems,
where “num” denotes our numerical results and “ana” the analytical results from Ref. [19],
the result of the original system (“Orig”) is also shown by a horizontal line, and N' = 10
Part (c) shows the ratio of the second to the first term on RHS of Eq. (4.38), f, obtained
with RPA closure for CG systems at various N. Part (d) shows the the relative difference in
the interchain pressure between original and CG systems, P/FP,, — 1, obtained with various
closures for CG systems. PRISM theory is used for coarse graining in all the cases.

RHS of Eq. (4.38), f = 4 [;° drr?hs(r)c**(r)/é**(0) < 0, monotonically decreases with
increasing N and decreasing N; the same behavior is therefore found for Su.gpa, which
underestimates Su. . In contrast, Guenza and co-workers assumed h**(r) = 0 (i.e., struc-
tureless CG systems), which then leads to their claimed thermodynamic consistency!™ ! but
clearly contradicts with Eq. (4.19). The same is for SR} Prpa (data not shown).

As mentioned in Sec. 4.2.2, RPA closure can be obtained from the Taylor expansion

of HNC closure at small |h**(r)|. At small N, since |h**(r)| is indeed small as shown in
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Fig. 4.4(b), HNC results exhibit similar behavior to RPA results. As IV increases, while the
second term in Eq. (4.38) monotonically decreases, its first term increases faster (data not
shown), which is expected from the behavior of ¢, obtained with HNC closure as shown in
Fig. 4.4(a); this leads to the minimum in fu.unc shown in Fig. 4.7(b). The same is found
for SR? Punc (data not shown).

On the other hand, PY closure can be obtained from the Taylor expansion of HNC closure
at small |[y**(r)|. At small N, however, |7**(r)]| is not so small as shown in Fig. 4.4(b), which
explains why PY results exhibit larger discrepancy than both HNC and RPA results. At
large N (N 2 155 for BR3P and N 2 247 for fu.), while PY results still underestimate
these properties of the original system, they exhibit smaller discrepancy than both HNC
and RPA results, and we expect that they approach those of the original system in the
limit of N — N,,. Note that, at large N, while the HNC and PY predictions of ¢, shown
in Fig. 4.4(a), as well as fv(r < r1)/ey shown in Fig. 4.5(c), approach each other, their
predictions of Su,. and BRE’OP are quite different due to their different attractive wells shown
in Fig. 4.5(d).

Fig. 4.7(d) compares the relative deviation of the interchain pressure of CG systems from
the original system, P/P,, — 1, at N’ = 10* and 10°. We see that the relative deviation in
general becomes smaller with increasing N, with the exception due to the minimum (thus
the non-monotonic behavior) of the HNC and PY results. The same is found for u./uc, —1
(data not shown). Our numerical results therefore clearly show that structure-based coarse
graining cannot give the thermodynamic consistency between original and CG systems at
any N < N,,, which is expected due to the information loss of coarse graining.

Finally, Figs. 4.7(a) and 4.7(b) also compare our numerical results with those obtained
from the analytical expressions of h**(r) and ¢**(r) given in Ref. [19]. While the analytical
results from Ref. [19] (without assuming h**(r) = 0) are consistent with our numerical results
for small N < 10, they deviate as N increases. The analytical results also have another

problem at large N when used to calculate the pressure; namely, the different approximations
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of ¢**(r) given in Eqgs. (28) and (29) of Ref. [19], which are valid for vV6N7/R.o > 1 and
< 1, respectively, result in a mismatch of ¢**(r) (thus discontinuous fv(r)) at the junction
V6NT/R.o = 4/3 suggested in Ref. [19]. While this mismatch is small at small N, it
increases with increasing N. We therefore conclude that the analytical results of Ref. [19]
are only applicable for small N < 10 at A/ = 10*; their applicable range increases with

increasing N.
4.3.5 Comparison between PRISM and BPRISM results

In this section, we compare the results of structure-based coarse graining between using
PRISM and BPRISM theories to examine the chain-end effects neglected in the former.3?
First, as shown in Eqgs. (4.7)~(4.9), the structural and thermodynamic properties of the
original system at given N’ depend only on Cp in both theories. Fig. 4.8(a) therefore
shows how —C} obtained from both theories with PY closure and their relative difference
Co.prism/Cosprism — 1 vary with N at N = 10%; we only perform BPRISM calculations for
N < 40 due to the expensive computation at larger N. We see that —Cjy in BPRISM theory
slightly increases with increasing N > 2; in other words, PRISM theory slightly (by less than
0.03%) overestimates Cj (i.e., Coprism > Copprism) for N > 2 (they are the same for N =1
and 2). According to Egs. (4.7)~(4.9), PRISM theory therefore slightly overestimates rr,
(and kr of CG systems) and underestimates fu,,, and BRE”OPm in such cases.

Fig. 4.8(b) shows the relative difference in fu. and SR? (P obtained from structure-based
coarse graining between using PRISM and BPRISM theories with various closures for CG
systems. We see that PRISM theory underestimates fu. and ﬁRi”OP in all the cases for
N > 2. While the chain-end effects are different for different properties and closures, the
relative differences are less than 0.1% for N < 40. Similar results are found at N' = 10°
with even smaller relative differences (data not shown). Note that, although the relative
differences vary monotonically with N in Fig. 4.8(b), the PRISM and BPRISM results are

expected to be the same in the limit of N — oo, where the chain-end effects vanish.3? Our
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Figure 4.8: N-dependence of (a) —Cj obtained from PRISM and BPRISM theories with PY
closure for the original system and their relative difference and (b) the relative difference
in the interchain internal energy per chain (A = u.) and pressure (A = P) between using
PRISM and BPRISM theories with various closures for CG systems. N = 10

numerical results therefore show that, compared to BPRISM theory, PRISM theory can give

quantitatively accurate results for both original and CG systems.

4.4 Discussions

In this section, we elaborate on a couple of issues related to this work.

4.4.1 Differences between this work and that of Guenza’s group

Guenza and co-workers also applied structure-based coarse graining with PRISM theory to
the original system of hard-core Gaussian thread model solved by PRISM theory with PY

closure.!™ ' There are, however, several important differences between our work and theirs:

1. To pursue analytical results, Guenza and co-workers used the Padé approximation
Pp(q) for the single-chain structure factor in the original system.!”1® As shown in
Fig. 4.2(b) below, this overestimates Cyy by up to a few percent (see Sec. 4.3.1 for more

details). We use the exact Debye function Pp(q) instead, and pursue numerical results.

2. Again to pursue analytical results, Guenza and co-workers used RPA closure for CG

systems in most cases.'” % As shown in Fig. 4.4(a), RPA closure qualitatively fails for
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large N, which can be understood from Eq. (4.3) showing that RPA closure can be
obtained from PY closure at small pair potential Su(r) (and also assuming g(r) = 1);
CG pair potential actually becomes larger as IV increases, thus leading to the failure of
RPA closure for CG systems. In contrast, we use RPA, HNC and PY closures for CG
systems and compare in detail their performance for coarse graining; our numerical
results in Fig. 4.7 show that, within the parameter range of our study, HNC closure
gives the best agreement in the thermodynamic properties between the original and

CG systems.

3. Most importantly, as explained in Sec. 4.3.4, Guenza and co-workers assumed h**(r) =
0 (i.e., structureless CG systems), which, together with RPA closure for CG systems,
leads to their claimed thermodynamic consistency.!”'® This assumption is inconsis-
tent with the structure-based coarse graining, where h**(r) should be obtained from
Eq. (4.19). In contrast, our numerical results clearly show that structure-based coarse
graining cannot give the thermodynamic consistency between original and CG systems

at any N < N,,.

4. Last but not least, there is a philosophical difference on how to use integral-equation
theories for coarse graining. As aforementioned, Guenza and co-workers pursued ana-
lytical results, which provide direct insights but inevitably involve uncontrolled approx-
imations. In contrast, we pursue accurate numerical results without any unnecessary
approximations, which are much faster to obtain than using molecular simulations,
thus leading to the simulation-free strategy that practically solves the transferability
problem. The issue of applicability and accuracy of our strategy will be discussed in

Sec. 4.4.2 below.

In addition, as pointed out in our Introduction, Clark and Guenza also applied structure-
based coarse graining with BPRISM theory to the original system of DGC (and CGC)

model, but only examined structural correlations for N < 4; that is, they did not calculate
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the effective pair potentials and thermodynamic properties of CG systems.'® In contrast, we
use RPA, HNC and PY closures for CG systems and compare in detail the coarse-graining
performance between using BPRISM and PRISM theories for N < 40, as presented in
Sec. 4.3.5.

Finally, we point out that, strictly speaking, molecular dynamics (MD) simulations of UA
model used by Guenza and co-workers in Refs. [15,18,19] to support their coarse-graining
results are irrelevant, because the UA model is not their original system for coarse graining.
Similarly, MD simulations of CG systems used in Refs. [17-19] cannot support their coarse-
graining results obtained from PRISM theory. Clearly, the use of such MD simulations differs

from our simulation-free strategy for coarse graining.

4.4.2 Applicability and accuracy of PRISM theory and our simulation-free
strategy

PRISM theory has been reviewed several times, and we refer readers to these reviews!! 13

for details. Here we just mention that PRISM theory can be applied to various models for
real polymers including UA and explicit atom models, and for polymer melts can achieve
quantitative agreement with molecular simulations.!* 13

While in this work we choose the hard-core CGC-9 model as the original system, which
can be viewed as a CG representation of real polymer melts and serves well for the purpose
of demonstrating our systematic and simulation-free coarse-graining strategy, our strategy
summarized in Fig. 4.1 is quite general and versatile, and is applicable to any more compli-
cated chain models for real polymers and any more complex systems (e.g., polymer blends
and nanocomposites) to which PRISM theory can be applied.

Note that, apart from the various closures needed for solving the integral-equation theo-
ries, the only assumption in our numerical calculations is the use of ideal-chain conformations
in the original system, which is strictly valid only in the limit of N' — co. It can be removed

by the self-consistent integral-equation theories,>” but the single-chain simulations needed

there precludes the use of simple CGC-9 model as the original system; discrete chain models
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with nonzero-range interactions have to be used instead. On the other hand, such single-
chain simulations are still much faster than many-chain simulations of original system, and

* and w®® needed in structure-based coarse graining for any chain model.

readily give w™
The next step is therefore to apply our coarse-graining strategy to UA model of PE with the
self-consistent PRISM theory,” which will be reported in a future publication.

Finally, because there is no exact closure, to obtain the most accurate results one can
combine our coarse-graining strategy with fine graining using molecular simulations; one
recent example is given in Ref. [38], where Kremer and co-workers successfully generated
uncorrelated and equilibrated melt configurations of the microscopic bead-spring chains of
N, = 2000 (N a2 7x10%). The basic idea is to first use molecular simulations of CG systems
to generate uncorrelated configurations equilibrated at large (CG) scales, which is readily
achieved because CG segments interact via soft potentials. Microscopic (or atomistic) de-
tails are then re-introduced into these configurations, and subsequent molecular simulations
of these fine-grained configurations only need to equilibrate chains at small (local) scales,
which is fast and independent of chain length. In Ref. [38], a hierarchy of CG systems at
different coarse-graining levels were used to decompose the equilibration of long-chain melts
into a sequence of steps involving fast relaxation of short (sub)chains; CG pair potentials
obtained from our systematic and simulation-free coarse-graining strategy can well serve for

this purpose, and small errors in CG potentials due to the use of approximate closures can

be easily corrected by short molecular simulations of original system.

4.5 Conclusions

We have proposed a systematic and simulation-free strategy for coarse graining of homopoly-
mer melts, where each chain of NV, monomers is divided into N subchains (segments) each
containing [ = N,,/N monomers. Instead of molecular simulations, we have used integral-
equation theories, including the reference interaction site model (RISM),® the polymer refer-

ence interaction site model (PRISM),? and the multi-block PRISM' (denoted by BPRISM)

115



theories, to obtain the structural and thermodynamic properties of both original and coarse-
grained (CG) systems, and quantitatively examined how the effective pair potentials between
CG segments and the properties of CG systems vary with the coarse-graining level [. This is
much faster than molecular simulations and provides the quantitative basis for choosing the
appropriate N-values. For structure-based coarse graining, where the interchain radial dis-
tribution functions between CG segments (representing the center-of-mass of its monomers)
are matched between original and CG systems, our strategy is summarized in Fig. 4.1, which
is quite general and versatile.

Taking the hard-core Gaussian thread (referred to as “CGC-6") model'® as the original
system, we have demonstrated our systematic and simulation-free strategy for structure-
based coarse graining, and compared in detail the various integral-equation theories and
closures (including the random-phase approximation (RPA) closure,?#?5 the hypernetted-
chain (HNC) closure,?® and the Percus-Yevick (PY) closure®) for coarse graining. While
the hard-core CGC-§ model is “softer” than polyethylene and polystyrene melts (i.e., it has
larger normalized isothermal compressibility defined in Eq. (4.7)), it has only one parameter
— the invariant degree of polymerization A/. In most cases, we numerically solve the hard-
core CGC-§ model at ' = 10* and 10° with PRISM theory and PY closure; in Sec. 4.3.1, we
present the analytical results of the more general CGC-§ model (equivalent to the Edwards
model??) solved by PRISM theory with RPA and PY closures.

Most of our numerical results for coarse graining are also obtained using PRISM theory.
The effective pair potential fv(r) (where 5 = 1/kgT with kp being the Boltzmann constant
and T the thermodynamic temperature) between CG segments can be approximated by a
Gaussian function at small r (where fv(r) > 0), and exhibits small negative values (i.e.,
an attractive well) at larger r, which approach 0 with increasing N, and thereafter slight
oscillation around 0. We find that ¢; = fv(0) obtained with both HNC and PY closures
(denoted by €y unc and € py, respectively) monotonically increases with increasing N; g gpa,

however, exhibits a maximum (at N = 48 for N' = 10*), which indicates qualitative failure
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of RPA closure for larger N. We also find that €y and Sv(r)/¢y in general exhibit the same
behavior: At small N the HNC and RPA results are close to each other and deviate from
the PY result, and at large N the HNC and PY results are closer to each other (with the
exception that the PY result of Suv(r)/ey around the attractive well is closer to the RPA

result); these are in accordance with the relations among these closures.

To quantify the range of fu(r), we define gy = \/fo (r)dr/ [ r?v(r)dr and o; =

\/f (r)dr/ [57r?v(r)dr, where r; (i = 1,2,3) is the "™ smallest r at which Sv(r) = 0,
and find that of gpy = RZ /3N with RZ, denoting the mean-square end-to-end distance of
an ideal chain in the original system. The scaling of CG potential range with N depends on
how this range is measured. With RPA or PY closure for CG systems, we find two groups:
One includes 0y, 0y and o3, the scaling exponent of which is either —1/2 regardless of N
(i.e., for ogrpa) or approaches —1/2 at large N, and the other includes r; (i = 1,2,3) and
o1, the scaling exponent of which varies between —3/4 at small N and —0.65 at large N.
This difference is due to the attractive well and oscillation of fuv(r) at r > r1. In particular,
we find of/R?, oc N* with k ~ —0.73 regardless of the closure for CG systems. Plotting

Bu(r)/eo as a function of r? normalized by R2,/N~?* we further find that the results for
various NV and closures collapse approximately onto the same curve as shown in Figs. 4.6(c)
and 4.6(d).

While structure-based coarse graining gives the structural consistency between original
and CG systems (e.g., the same normalized isothermal compressibility), it cannot give the
thermodynamic consistency at any N < N,,, which is expected due to the information loss
of coarse graining. In particular, while the HNC and RPA results of the interchain internal
energy per chain and (virial) pressure of CG systems at small N are very close to (but not
exactly the same as) those of the original system, the RPA results monotonically decrease
with increasing N and underestimate the original system for all N, and the HNC results
exhibit similar behavior to RPA results at small N but have a minimum and overestimate

the original system at large N. On the other hand, the PY results of CG systems at small N
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underestimate the original system more than both RPA and HNC results. With increasing
N, the PY result of the interchain pressure exhibits a minimum, and that of the interchain
internal energy per chain monotonically decreases. The thermodynamic inconsistency in
general becomes smaller with increasing N, with the exception due to the minimum (thus
the non-monotonic behavior) of the HNC and PY results.

The thermodynamic inconsistency between the original and CG systems is in contrast
to the claim of Guenza and co-workers;!” ! their claim that the structure-based coarse
graining gives full thermodynamic consistency regardless of NV is actually due to the two ap-
proximations they used for obtaining analytical results: RPA closure for CG systems and the
interchain total pair correlation function between CG segments h*(r) = 0 (i.e., structureless
CG systems). Furthermore, comparisons between our numerical results and those obtained
from the analytical expressions of h*(r) and the interchain direct pair correlation function
between CG segments ¢**(r) given in Ref. [19] show that the analytical results (without as-
suming h**(r) = 0) are only applicable for small N < 10 at A/ = 10*; their applicable range
increases with increasing AV

Finally, we have also compared the results of structure-based coarse graining between us-
ing PRISM and BPRISM theories to examine the chain-end effects neglected in the former,3?
and concluded that, compared to BPRISM theory, PRISM theory can give quantitatively

accurate results for both original and CG systems.
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CHAPTER 5

SYSTEMATIC AND SIMULATION-FREE COARSE
GRAINING OF HOMOPOLYMER MELTS USING
INTEGRAL EQUATION THEORY: A

RELATIVE-ENTROPY-BASED STUDY

5.1 Introduction

1710 i an active research area, because full atomistic sim-

Coarse graining of polymer melts
ulations of many-chain systems used in experiments are not feasible at present due to their
formidable computational requirements. Various coarse-graining methods have been pro-

21717 in most of which molecular simulations (i.e., molecular dynam-

posed in the literature,
ics or Monte Carlo simulations) are used to obtain the structural and/or thermodynamic
properties of both original and coarse-grained (CG) systems that need to be matched. In
Chapter 4, we proposed a systematic and simulation-free strategy for structure-based coarse

1820 instead of

graining of homopolymer melts, where we used integral-equation theories,
molecular simulations, to obtain the structural and thermodynamic properties of both origi-
nal and CG systems, and quantitatively examined how the effective pair potentials between
CG segments and the thermodynamic properties of CG systems vary with the coarse-graining
level. Our strategy is much faster than those using molecular simulations and provides the
quantitative basis for choosing the appropriate coarse-graining level.*’

The widely used structure-based coarse graining matches the interchain segment radial

distribution functions between original and CG systems. As expected, it cannot give the

thermodynamic consistency between original and CG systems due to the information loss
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of coarse graining.!® In this work, we apply our systematic and simulation-free strategy to

17,21,22 which minimizes the in-

the recently proposed relative-entropy-based coarse graining,
formation loss quantified by the relative entropy. As shown by Shell, relative-entropy-based
coarse graining provides a general framework and can be reduced, under further constraints,
to the various coarse-graining methods previously proposed.?? For example, when pair poten-
tials are used between CG segments (which is the common practice in molecular simulations),
relative-entropy-based coarse graining becomes equivalent to structure-based coarse graining
if the functional form of CG potentials is unconstrained (i.e., contains an infinite number of
parameters).?? Tt can therefore be used to parameterize CG potentials with a given analytic
functional form containing finite number of parameters, which is much more convenient to
use in molecular simulations than the numerically obtained CG potentials from structure-
based coarse graining. The values of relative entropy obtained from relative-entropy-based
coarse graining with different CG potential functional forms can further be compared to
determine the appropriate functional form or number of parameters.

To the best of our knowledge, relative-entropy-based coarse graining has not been applied
to polymeric systems. In this work, we first describe our systematic and simulation-free
strategy of relative-entropy-based coarse graining for homopolymer melts using the polymer
reference interaction site model (PRISM) theory,'® then present our numerical results with
the hard-core Gaussian thread model®® (referred to as the “CGC-§” model below) solved
by PRISM theory with the Percus-Yevick closure?* as the original system, which was also
used in Chapter 4. We compare the performance of various closures and CG potential
functional forms for relative-entropy-based coarse graining, as well as the structural and
thermodynamic properties of the original and CG systems at various coarse-graining levels.
Our results obtained from relative-entropy-based coarse graining are also compared with

those from structure-based coarse graining presented in Chapter 4.
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5.2 Models and Methods

5.2.1 A general coarse-graining strategy using the relative-entropy framework

We consider an original system of homopolymer melts, which consists of n chains each of
N,, monomers at a chain number density p. = n/V with V being the system volume. The
invariant degree of polymerization N' = (pCRgO)2 controls the system fluctuations with R, g
being the root-mean-square end-to-end distance of an ideal chain.

For coarse-graining purpose, similar to Chapter 4 we divide each original polymer chain
into N subchains (segments) each containing [ consecutive monomers, such that NI = N,,.
Let r; be the spatial position of the ¢! monomer on the k™ chain in the original system,
and Ry s = :l:(sfl)l 1Tkt /1 the spatial position of the st segment (which corresponds to
the center-of-mass of its monomers) on the k™ chain in the coarse-grained (CG) system,; this
defines the mapping operator M that gives R = M(r), where r and R hereafter denote a con-
figuration of original system and the corresponding configuration of CG system, respectively.
Furthermore, let Z,, = [ drexp(—SH}, — SH™) be the canonical-ensemble configuration in-
tegral of the original system, where H? and H™" are its Hamiltonian due to chain connectivity
and non-bonded interactions, respectively, and f = 1/kgT with kp being the Boltzmann
constant and 7" the thermodynamic temperature. Similarly, we have the canonical-ensemble
configuration integral of the corresponding CG system, Z = [ dR exp(—SH" — SH™), where
HP® and H"™ are its Hamiltonian due to chain connectivity and non-bonded interactions, re-
spectively.

Coarse graining using the relative-entropy (RE) framework!” minimizes the relative en-

tropy defined as?®
Po(r)
Sz/der r)n )
P )

where the configurational probabilities P,,(r) = exp(—BH? — BH™)/Z,, and P(M(r)) =

(5.1)

exp(—(BH® — BH"™)/Z are for the original and CG systems, respectively. Here we split S
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into the bonding contribution S® and the non-bonded contribution S™, given by

SP=mZ" -z} —p((H)) —(H") ), (5.2)
SP=B (nAfem — (H}7),,) = B (nAfelv] = (H™[]), ). (5:3)

respectively, where the superscript “id” denotes ideal chains (i.e., without non-bonded in-
teractions), Af.., and Af, are the differences in the Helmholtz free energy per chain, f. =
—1InZ/np, from ideal chains for the original and CG systems, respectively, and (), denotes
the ensemble average of the original system, for example, (H nb>m = [drP,,(r)H™ (M(r)).
As noted in Egs. (5.2) and (5.3), only nAf. — <Hnb>m in S™ depends on the CG pair poten-
tial v(r), which is solved by minimizing S™ (thus S). With v(r) parameterized as v(r; A),
where A = {\;} (i = 1,...,n,) denotes the parameters to be solved and n, the total number
of parameters, minimizing S™ is then equivalent to solving @ (H™) /OX; = d(nAf.)/0A;
(hereafter, the operator 0/9\; denotes the partial derivative with respect to A\; while keeping

all \;; constant), which leads to'”

OBH™)\ _ 0, [dRexp(=pH® —BH™) _ /O(BH™)
< O\ >m__a_)\i ! J dRexp(—[HP) _< oA >CG

(5.4)

for i = 1,...,np, where () denotes the ensemble average of CG system.
For the original system at given A/, let g**(r) be the interchain radial distribution function
and w**(r) the normalized intrachain pair correlation function (i.e., 4w [ drriw™(r) = 1)

at given N, both for segments in the space of M(r).!® We then have
Hnb 0 2 — D\ N -\
<6<ﬂ )> _ 27TnN2/ dr r |:R:;0wss<r) 4 /NgSS(T)] 86'0(7”, ) . n 8/87}(0’ )
m 0

O\ R, O\ 2 0N
(5.5)

where the last term is used to deduct the self-interaction of segments. Similarly, we have

O(BH™) B R = dpv(r;X\)  nN 0pv(0; A)
<—3>\z’ >CG = 27mN2/0 dTR?’ [Riow(r) + \//T/’g(r,)\)] w2 on

* (5.6)

where g(r) is the interchain segment radial distribution function and w(r) the normalized

intrachain segment pair correlation function for the CG system at given N; note that g(r)
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depends on fu(r) (thus A) while ¢°°(r) does not. Under the assumption of w(r) = w*(r),
Eq. (5.4) finally becomes

o) 2 a .\
[ 70 = o] R 57

for i =1,...,n,, from which we solve for A. To better understand the above equation given
by RE minimization, in Sec. 5.2.5 we show its relation with the least-squares fitting of Sv(r)

to the CG potential Sv™(r) obtained from our structure-based coarse graining reported in

Chapter 4.
5.2.2 Coarse graining of hard-core CGC-§ model using PRISM theory

To demonstrate our general coarse-graining strategy described above, as in Chapter 4 we
take the hard-core CGC-§ model®® as the original system, which consists of continuous
Gaussian chains each of N,, — oo monomers interacting with the non-bonded pair potential
Bty (r) = (K/p.N2)d(r) with & — oo. This simple model system is solved using PRISM
theory with the Percus-Yevick (PY) closure*® and ideal-chain conformations, which then
results in w*(r) and ¢**(r) for given N according to Egs. (4.32) and (4.19), respectively, in
Chapter 4, as well as its structural and thermodynamic properties; for more details, we refer
readers to Chapter 4.

For the CG system at given N, PRISM theory gives
h = N20e(@ + peh), (5.8)

where h(r) = g(r) — 1 and ¢(r) are the interchain total and direct pair correlation func-
tions (PCFs) between CG segments, respectively, and we use the short-hand notation
[ = (4n/q) Jo~drf(r)rsin(gr) to denote the 3D Fourier transform of f(r) with ¢ being
the wavevector length. Setting w(r) = w®(r), we numerically solve Eq. (5.8) for given

Bu(r; X) with various closures, written in general as

c(r) = exp[=pu(r) +7(r) + B(r)] = [y(r) + 1], (5.9)
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where v(r) = h(r) — ¢(r) is the interchain indirect PCF and B(r) the bridge function. In
particular, we use three common closures in this work: B(r) = 0 for the hypernetted-chain
(HNC) closure,?® In[y(r) 4+ 1] —y(r) for PY closure,?* and In[h(r) 4 1] — k(r) for the random-
phase approximation (RPA) closure;?” for the relation among these closures, we refer readers
to Chapter 4.

Note that RPA closure can be written as ¢(r) = —fv(r), which directly leads to ¢(r) for
given fu(r;A). On the other hand, to solve Eq. (5.8) with HNC and PY closures, we first
re-write it as

4 =%/ (N2 — pie) — ¢, (5.10)

from which we obtain 4 (and thus ~(r)) for given ¢(r). We then obtain the new direct PCF
from Eq. (5.9), and use the Anderson mixing method?®?’ to converge ¢(r) till the maximum
absolute residual error of Eq. (5.9) at all r is less than 1074, Note that c(r) approaches
0 when r is on the order of the interaction range of Sv, while h(r) (and ~(r)) approaches
0 when r is on the order of R.,. We therefore use a cut-off length r. = 30R.o for h(r)
with [0, 7] uniformly discretized into 3 x 10* subintervals, and a cut-off length of r./v/N for
c(r); our cut-off and discretization give negligible numerical errors. We also use FFTW?3°
to perform the Fourier transforms of PCFs with the above cut-off and discretization, where
r. determines the discretization of g-space and the subinterval size determines the cut-off in
g-space.

Finally, we use the Newton’s method combined with a globally convergent strategy®! to
solve for A from Eq. (5.7) till the maximum absolute value of its left-hand-side is smaller

lis used to evaluate the integral with the cut-

than 107'2, where the Romberg integration®
off r.. We then calculate the minimized relative entropy, as well as the structural and

thermodynamic properties of the CG system at given N (see Sec. 5.2.4 below).
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5.2.3 Parameterization of CG pair potential

To reduce n,, we take the functional form of v(r) as suggested by the effective pair potential
between CG segments v (r) obtained from our structure-based (st-based) coarse graining
reported in Chapter 4. As shown there, Sv™(r) can be approximated by a Gaussian function
at small r (where Sv°*(r) > 0). Our first way of parameterizing Sv(r) is therefore to represent

it as a summation of ng Gaussian functions, i.e.,

BULne (73 A) ZA exp ) (5.11)

with n, = 2ng parameters A; > 0 and B; > 0 (i = 1,...,ng), where 7 = N3/*r /R, is used
to take into account the N~3/% scaling of the CG potential range found in Refs. [7,10].

On the other hand, Sup,(r;A) cannot capture the attractive well of fvs*(r) < 0 at
large 7, which has significant effects on both structural and thermodynamic properties of
CG systems, especially at small N, as shown in Sec. 5.3.3. We therefore propose another

way of parameterizing fuv(r) as
sin(Dr)

B (r; A) = Aexp (—BFQ) W(r)+C DF

exp(—E7) [1 — W(7F)], (5.12)

where the weighting function W (7) = exp(—F7?) is used to combine the two terms on the
right-hand-side of Eq. (5.12) dominating at small and large 7, respectively. This leads to

n, = 6 parameters: A, B, C, D, E, and F, all of which are positive.

5.2.4 Calculation of structural and thermodynamic properties of CG systems
and the minimized relative entropy using PRISM theory

Once the optimized pair potential Sv(r) is obtained for the CG system at given N, its
normalized isothermal compressibility'® is given by rkr = 1 + VN'h(0)/R2,, where h(0) is
solved from Eq. (5.8) with a closure, and its interchain internal energy per chain and (virial)

pressure are calculated as

_zerZ\/_/ drR3O Bu(r), (5.13)

27TN2N r? dBu(r)
Rgog< iy

BR: P =— (5.14)
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where the integrals are numerically evaluated using Romberg integration®' with the afore-
mentioned cut-off and discretization.

The minimized relative entropy per chain s, = <BH nb>m /n — BAf,. provides a quantita-
tive measure of the overall quality of coarse graining,?? with which various closures for CG
systems and various ways of parameterizing fuv(r) can be compared. Note that the intra-
chain contribution to s. vanishes because we assume ideal-chain conformations, which are
independent of Su(r). We therefore show here how to calculate its interchain contribution
(denoted by the superscript “inter”) s, = (BH™) /n — SAfiter. (BH™e)  /n can be

calculated as

<5Hm> = 2t N2/ N / dr— 5(r) Bo(r). (5.15)

Defining ¢* = Bv(r = 0) and Bug(r) = Bv(r)/€*, we can calculate SA f™*" using the thermo-

dynamic integration,
BAfer — 2x N2/ N / de/ dr—— IR g 75 €) Bug(r), (5.16)

where g(r;e€) is the interchain segment radial distribution function of the CG system with
non-bonded pair potential evy(r) and is obtained from PRISM theory with a closure. We use
Romberg integration®! to evaluate the integrals, where the cut-off r, is used for the integration
over r, and uniformly discretize [0, €*] into enough subintervals so that the accuracy of s,
is about in the order of 1077 (at N = 1) to 107° (at N = 100). Finally, we note that
Egs. (5.15) and (5.16) can also be used to calculate s. for our st-based coarse graining

reported in Chapter 4.
5.2.5 Relation between RE minimization and least-squares fitting

Here we elucidate the relation between minimization of the relative entropy and the least-
square fitting of Suv(r) to the CG potential Sv°(r) obtained from st-based coarse graining,.
At given N, we define x2 = 4r [ drr?5%[v*(r) — v(r; X)]?, where the functional form of

Bo(r; A) is given with A = {\;} (i = 1,---,n,) to be obtained by minimizing y? with respect
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to A;. This minimization is equivalent to solving dx2/9\; = 0, i.e.,

/ dag?[0°(q) — 9(; N)]oL(g: X) =0, (5.17)

where v}(r; X) = Ov(r; A)/ON; and v}(q; A) represents its Fourier transform. On the other

hand, minimizing the relative entropy (i.e., Eq. (5.7)) is equivalent to

/ dag [ (q) — h(g; N]ol(: A) = 0. (5.18)

where ﬁss(q; A) is obtained from st-based coarse graining and fb(q; A) from solving the CG
system at A using PRISM theory with a closure.
From PRISM equation (i.c., Eq. (5.8)), we have h = N242¢/(1 — p.N2wé), which still

holds by replacing i and é by h* and &%, with & = &**. Eq. (5.18) then becomes

/ dgq?[*(g) — &g N)]S*(9)S(g; N (g A) = 0. (5.19)

where S = (1/@ — p.N?¢**)7! and S = (1/& — p.N?¢)™! are the structure factor of CG
systems obtained from st- and RE-based coarse graining, respectively.

If RPA closure is used for CG systems, i.e., ¢**(r) = —fv*(r) and c(r) = —pv(r; A),
Eq. (5.19) becomes

/ dgg?[6°(g) — 0(g; NS ()S(q: A)it(gi A) = 0. (5.20)

Comparing Eq. (5.20) to Eq. (5.17), we see that, RE minimization with RPA closure for CG
systems is equivalent to a weighted (by S*(¢)S(q; X)) least-square fitting of Sv(r) to Svs(r).

With HNC closure, i.e., ¢**(r) = —v*(r) + h%(r) — In[1 + h**(r)] = —Bv™(r) + AR (r)
and c(r) = —=fv(r; A) + h(r; A) — In[1 + h(r; A)] = —=Bou(r; A) + Ah(r; A), where Ah**(r) =
R (r)—In[1+Rh%(r)] ~ O((h**)?) and Ah(r; X) = h(r; ) —In[1+h(r; A)] ~ O(h?). Eq. (5.19)

becomes
[ dae {5150 = @] - [B(@) - Bh(ai )] } $* @S (@ Vi ) =0, (.21
which can be compared to Eq. (5.17).

129



5.3 Results and Discussions

In this paper, we set N' = 10*; other values of A/ do not qualitatively change our results. In
the following, for different closures, coarse-graining strategies and CG potential parameter-
izations, we first analyze the behaviors of CG potential, then compare the relative entropy

per chain and the structural and thermodynamic properties with the original systems.
5.3.1 CG potential

Fig. 5.1(a) compares CG potentials between st- and RE-based coarse graining obtained with
HNC closure, where different N and parameterization of fv(r) are used. We see that Suvyo(r)
is overall smaller than Sv**(r), especially at small N; note that Svy(r) is even much smaller
than Svro(r) (data not shown). We attribute this mainly to the absence of the attractive well
in Sur(r). As N increases, Sui(r) approaches 5v°(r) because the attractive well of Sv™(r)
becomes relatively (compared to Sv*(r = 0)) small as shown in Fig. 5.1.

Bur(r), on the other hand, is much closer to Sv**(r) than Suy(r). As shown in Fig. 5.1(a),
Pur(r) and Sv*t(r) are almost indistinguishable at small N; as N increases, Svy(r) slightly
deviates from Sv™(r) at small 7. Note that Svy(r) can quantitatively capture the attractive

well of Sv™(r) as shown in the inset of Fig. 5.1(a), although the attractive well of Suy(r) is

pv(r)

1 ' 10 ' 100

(b)

Figure 5.1: Comparison of (a) CG potential at different N and (b) its value at » = 0 as a
function of N among st- and RE-based coarse graining
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shallower than that of Sv**(r). Similar results are found for RPA and PY closures for CG
systems (data not shown).

Fig. 5.1(b) shows Sv(r = 0) as a function of N for st- and RE-based coarse graining
obtained with HNC and RPA closures. In all cases, we see that the corresponding HNC and
RPA results are close at small N but deviate at large N. In particular, while all HNC results
monotonically increase with increasing N as expected, all RPA results exhibit a maximum
around N = 40, indicating the qualitative failure of RPA closure for CG systems at larger
N. The results of st-based coarse graining were discussed in detail in Chapter 4, so we focus
here on the difference between the two coarse-graining methods.

For both closures, we see that Sv°(r = 0) is the largest and that Svy(r = 0) only slightly
smaller than Svs*(r = 0) with Sv*(r = 0) — Bop(r = 0) monotonically increasing with
increasing N. In particular, both of them obtained from HNC closure scales approximately
with N%18. Bupo(r = 0), however, is significantly different from (smaller than) Svs*(r = 0)
at small N < 10; as N increases, Sv™(r = 0) — Svr2(r = 0) monotonically decreases for RPA
closure but exhibits a minimum at N = 27 for HNC closure. While Suy(r = 0) is always
larger (i.e., closer to Sv(r = 0)) than Bura(r = 0) for HNC closure, they cross around
N = 20 for RPA closure. We therefore conclude that Svy(r) is a better parameterization for
Bv(r), which has a non-trivial attractive well, and that the absence of this attractive well
in fuy deceases fu(r = 0) (and fu(r) at small 7) even at N = 100.

As shown in Chapter 4, 0% (r) = v*(r)/v**(r = 0) for various N collapse approximately
onto the same curve, if r is normalized by R.o/N~" with k ~ —0.73 at N = 10% note that
k approaches —3/4 as N’ — 00.71% Fig. 5.2(a) shows that the RE-based CG potential oy;(r)
also exhibits the same behavior, where k = —3/4 is used. The inset of Fig. 5.2(a) shows that
the attractive well is approximately located around 7 ~ 5.

Since o11(r) approximately collapses for various N, we expect a rather weak N-dependence
of all parameters in the functional form of Suy(r); this is examined in Fig. 5.2(b). Writing

tn(r) = exp[—(B + F)7?] + (C/A)[sin(Dr7)/ D7) exp(—E7)[1 — exp(—F7?)], we see that the
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Figure 5.2: (a) Normalized CG potential o51(r) as a function of 7 and (b) the corresponding
parameters from RE-based coarse graining using HNC closure for CG systems.

parameters C'/A, E and D are indeed weakly dependent on N, but B and F' are not. Note
that the large value of B + F makes the first term of oy(r) decay very fast with 7; in
other words, this term only affects 0y;(r) at small 7. Similarly, the term 1 — exp(—F7?) is
approximately 1 at large 7 because of the large value of F. This explains why oy(r) is more
collapsed at large 7 than at small 7 as shown in Fig. 5.2(a). The large value of B + F makes
the first term of o51(r) negligible at large 7, so that /D approximately gives the first root
71, at which or1(r) = 0; our numerical results gives the average value (over 3 < N < 100) of

D ~ 0.69 and thus 7, ~ 4.53, which is consistent with the inset of Fig. 5.2(a).
5.3.2 Relative entropy

Fig. 5.3(a) compares the relative entropy per chain s%¥ for st-based coarse graining with
various closures for CG systems. Note that, in the calculation of s., we do not consider
the contributions from the mapping entropy defined in Ref. [22] and the first term on the
right-hand-side of Eq. (5.3), both of which are independent of CG potential; in addition, the
former stems from the degeneracy of different original configurations that map to the same
CG configuration and should decrease with increasing N, and the latter does not depends on
N and actually diverges (its absence therefore leads to negative s.) due to the divergence of

A fcm.?’2 We see that s decreases with increasing N for all closures, which is also the case
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Figure 5.3: (a) Relative entropy per chain s. of st-based coarse graining obtained from
different closures; (b) Comparison of s. between st- and RE-based coarse graining among
different closures and potential parameterizations.

when the above two contributions are included; in other words, the information loss due to
coarse graining decreases with increasing N, which is well expected.

We also find that s3' obtained from HNC and RPA closures, denoted by s'xc and s8'gpy
respectively, are nearly indistinguishable at small N. Furthermore, sifHNC is always smaller
than both s¥'zps and s¥py, while si'gpy < sipy for N < 26 and the opposite occurs for
larger N. Compared to Fig. 4.7 in Chapter 4, we see that the information loss due to coarse
graining quantified by s is qualitatively consistent with the deviation in thermodynamic
properties between original and CG systems; that is, for both the interchain internal energy
per chain and (virial) pressure of CG systems, HNC results are always closer to the original
system (better) than RPA and PY results, and RPA results are better than PY results for
small NV and the opposite occurs for large N. Note that, because RPA closure for CG systems
qualitatively fails for large N 2 40 as shown in Chapter 4 and in Fig. 5.1(b), in the following
we mainly focus on HNC closure unless specified otherwise.

Fig. 5.3(b) compares s. between st- and RE-based coarse graining with various CG po-
tential parameterization for the latter, both using HNC closure for CG systems. We see that
st

the difference in s. between these two coarse-graining methods s®¥ — s > 0 in all cases;

in other words, st-based coarse graining gives less information loss than RE-based coarse
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graining at the same N. This is expected according to Ref. [22], where it was shown that
st-based coarse graining is equivalent to RE-based coarse graining with an infinite number
of parameters in Sv(r). We also find in Fig. 5.3(b) that s®¥ decreases with increasing N, by
noting the variation of s (from 0 to —20 as shown in Fig. 5.3(a)) and sXF — s (from 0 to
0.5) for 1 < N < 100.

Our st-based coarse-graining results reported in Chapter 4 suggest that CG potential
can be approximated by a Gaussian function. Fig. 5.3(b) shows that using two Gaussian
functions (i.e., Svra(r)) gives much less information loss than using just one (i.e., Sur1(r)).
Furthermore, our results in Chapter 4 show that Sv*(r) exhibits an attractive well (i.e.,
pust(r) < 0) at large 7 ~ 5, which has significant effects on both structural and thermody-
namic properties of CG systems, and Fig. 5.3(b) shows that capturing this attractive well
with the second term in Eq. (5.12) (i.e., Sun(r)) gives even better coarse-graining perfor-
mance. Finally, Fig. 5.3(b) shows that s®¥ — s increases with increasing N, indicating that
all three ways parameterizing CG pair potentials work better for smaller N. In particular,
Bon(r) gives the smallest sRF — 5t < 3 x 107* for HNC closure and is good enough to

analytically represent CG potential in the N-range considered in this paper.
5.3.3 Comparison of structural and thermodynamic properties

In this section we compare the normalized isothermal compressibility x and interchain virial
pressure BRZ”OP between st- and RE-based coarse graining with HNC closure for CG systems.
Note that the st-based results 5 is the same as the original system and independent of N,
and that we refer readers to Chapter 4 for the calculation of thermodynamic properties of
CG systems in st-based coarse graining.

As aforementioned, RE-based coarse graining using vy (1) gives poor performance. This
is also shown in Fig. 5.4(a), where we see that k7 obtained from RE-based coarse graining
using [ur(r) is significantly larger than s5t. Using Svr(r) in RE-based coarse graining, the

results are closer to 5%, but still overestimate it at small N < 10. The poor performance of
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Figure 5.4: Comparison of (a) the normalized isothermal compressibility and (b) interchain
virial pressure between st- and RE-based coarse graining.

Pur(r) is again due to the absence of the attractive well in its functional form. Using Sy (r)
in RE-based coarse graining gives better results than using Suy(r), although 5 is somewhat
underestimated at small N < 10.

Fig. 5.4(b) shows that using Suvs(r) in RE-based coarse graining always underestimates
the pressure of the original system, P,,, particularly at small N < 20, again due to the
absence of the attractive well. Note, however, that the results for 27 < N < 91 obtained
from RE-based coarse graining using [urs(r) are closer to P, than the corresponding st-
based results. Using Sur(r) in RE-based coarse graining, on the other hand, gives much
better results than using Svrs(r) at small N. Unlike Svrs(r), Bun(r) overestimates P, for
small N < 30. Fig. 5.4(b) also shows that using Svi»(r) in RE-based coarse graining gives
closer prediction of SR? P to the original system than using Svy(r) for N 2 36, although
the latter is closer to Sv**(r) and gives much smaller s*E. Finally, we note that the behavior

of internal energy is similar to pressure and thus not shown.

5.4 Conclusions

We applied our systematic and simulation-free strategy to the recently proposed relative-

17,21,22

entropy-based coarse graining, which minimizes the information loss quantified by the
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relative entropy, and becomes equivalent to structure-based coarse graining if the functional
form of CG potentials is unconstrained (i.e., contains an infinite number of parameters).??
It was then used to parameterize CG potentials with a given analytic functional form con-
taining finite number of parameters, and the values of the minimized relative entropy with
different CG potential functional forms can further be compared to determine the appropri-
ate functional form or number of parameters. In this work, we first describe our systematic
and simulation-free strategy of relative-entropy-based coarse graining for homopolymer melts
using the polymer reference interaction site model (PRISM) theory,!? then present our nu-
merical results with the hard-core Gaussian thread model?® (referred to as the “CGC-§”
model below) solved by PRISM theory with the Percus-Yevick closure?* as the original sys-
tem.

Here we proposed several parameterizations of CG pair potential, the performance of
which was compared comparing to the results of st-based coarse graining presented in Chap-
ter 4, and we found that the proposed functional form of CG pair potential Svy(r) is good
enough to represent the CG potential in the range of 1 < N < 100; this is because it can
capture the attractive well at around 7 =~ 5, which, on the other hand, cannot be captured
by other parameterizations, i.e., summation of several Gaussians. We also found that oy (r)
for various NV collapse approximately onto the same curve, if 7 is normalized by R.o/N 3/4
similar to the results of st-based coarse graining.

By comparing the relative entropy per chain s for st-based coarse graining with various
closures for CG systems, we found s¥' decreases with increasing N for all closures, indicat-
ing the information loss due to coarse graining decreases with increasing N, which is well
expected. We also find that the information loss due to coarse graining quantified by s
is qualitatively consistent with the deviation in thermodynamic properties between original
and CG systems. The difference in s, between st- and RE-based coarse graining shows that
st-based coarse graining gives less information loss than RE-based coarse graining at the

same N, and all three ways parameterizing CG pair potentials work better for smaller N.
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The normalized isothermal compressibility k7 obtained from RE-based coarse graining
using Bup(r) is significantly larger than x5; using Svr(r) gives closer results to 5, but still
overestimate it at small N < 10; Buy(r), however, gives better results than using Suy(r),
although &% is somewhat underestimated at small N < 10. Sura(r) always underestimates
the pressure of the original system, P,,, particularly at small N < 20. Note, however, that
the results for 27 < N < 91 obtained from RE-based coarse graining using Suvy () are closer
to P, than the corresponding st-based results. Using Svp(r) in RE-based coarse graining,
on the other hand, gives much better results than using Svrs(r) at small N. The behavior

of internal energy is similar to pressure and thus not shown.
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CHAPTER 6

CONCLUDING REMARKS AND FUTURE WORK

In this section, all the studies in this dissertation will be summarized briefly, and we then

point out one extension that can be possibly made based on the current work.

6.1 Concluding Remarks

Full atomistic simulations of many-chain systems such as polymer melts are not feasible at
present, because of their formidable computational requirements, coarse-grained (CG) mod-
els with polymer segments interacting with soft potentials thus have to be used instead. As
explained in a series of paper of our group,'® simulations with CG models provide a powerful
means for unambiguously and quantitatively revealing the effects of fluctuation/correlation
(F/C) by comparing simulation results with the corresponding field theories, such as the
self-consistent field (SCF) theory and Gaussian fluctuation (GF) theory, based on the same
model system. A less intuitive reason for using soft potentials is that one can simulate con-
densed polymeric systems with experimentally accessible fluctuations (i.e., with N' > 103).

In this work we first investigated two CG models, polymer mushrooms in poor solvents
on a lattice and disordered symmetric diblock copolymers (DBC) in continuum, to unam-
biguously quantify F/C effects in CG models by comparing Monte Carlo (MC) simulations
with SCF, GF and integral-equation (IE) theories based on the same model systems, where
the theories either totally neglect or approximately take into account of F/C effects.

For polymer mushroom systems in poor solvent, phase transitions for both one- and
two-mushroom systems are involved. Based on the CG lattice model, we systematically con-

structed the phase diagrams of them as a function of the average polymer volume fraction,
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the Flory-Huggins interaction parameter y, and grafting distance (for two-mushroom sys-
tems) using lattice SCF calculations. While one expects that the simulation results approach
the SCF predictions with increasing average segment number density pg, contradiction to
this expectation leads us to the discovery of a second-order symmetric-asymmetric transition
in polymer mushrooms in a poor solvent (i.e., in the globule state), which, to the best of our
knowledge, has not been reported in the literature.

For symmetric DBCs, we only focused on their disordered phase, where F/C effects were
unambiguously quantified based on the same model system, by comparing the thermody-
namic and structural properties obtained from fast off-lattice MC (FOMC) simulations and
various theories, including SCF, GF, and IE theories. We have also analyzed the trends of
ordered-disordered transition (ODT) by comparing the rates of how the normalized inverse
composition structure factor S Yq")/ Sy Y(¢*, xN = 0) approaches 0 obtained from the refer-
ence interaction site model with PY closure, which captures some of the qualitative behavior
of the ODT determined in our recent FOMC simulations of symmetric DBC.”

While CG models with soft potentials has great advantages, there are still some open
questions about how to obtain the CG model and how the coarse-graining level affects the
properties of CG model. In this work, we therefore proposed the systematic and simulation-

8.9 instead of molecular

free strategy of coarse graining: we use integral equation theories,
simulations, to obtain the structural and thermodynamic properties of both original and
CG systems, by matching their segmental pair correlation functions (structure-based) or

minimizing the relative entropy (RE) between two systems.!% !

We mainly have several
remarks about coarse graining of homopolymer melts: (1) CG systems cannot reproduce
all aspects of the original systems due to the information loss of coarse graining; (2) the
normalized CG potentials as a function of normalized distance 7 for various N and closures
can be collapsed approximately onto the same curve; (3) an analytical functional form for the

CG potential was proposed according to the structure-based coarse graining and optimized

by RE-based coarse graining, which can capture the attractive well at 7 ~ 5 (see Fig. 5.2).
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6.2 Future Work: Coarse-Graining using Self-
Consistent Integral Equation Theories

In both structure-based and relative-entropy-based coarse-graining strategies as shown in
Chapters 4 and 5, the use of ideal-chain conformations is an assumption based on the fact
that the excluded-volume effects are mostly screened by the surrounding identical chains
for large A systems. For systems with strong pair interactions or small A/, however, ideal-
chain conformations are not appropriate for both original and CG systems. In such cases,
molecular simulations or the self-consistent integral-equation (SCIE) theories should be used
to obtain more accurate intrachain pair correlations functions.'?> ' As mentioned earlier,
molecular simulations for the original system with long chain length are extremely computa-
tional expensive; the strategy of SCIE theories, however, is a good choice with less simulation
time but high accuracy.

In SCIE theories, developed by Schweizer and co-workers,'? the intra- and interchain
correlation functions are obtained self-consistently by combining P/RISM equation with
single-chain simulation in solvation potential. In this approach, the interchain interactions
are accounted by an effective solvation potential acting on a single chain. The widely-used

116718

HNC-style solvation potentia in Fourier space is given by

5w (q) = —&(q)S(q)é(q) (6.1)
where S(q) = @(q) + p.h(q) is the structure factor matrix. In the SCIE calculation, we
initially solve P/RISM equation with a closure (such as PY closure) and ideal-chain confor-
mations, ¢(q), h(g) and thus S(g) and Bw(q) are obtained; single-chain simulations are then
performed with bonded and nonbonded potentials and Sw(q) present, which leads to new
single-chain structure factor, w(q). This sequence is repeated until Sw(q) converges.

19,20

In order to reduce calculation time, a reweighting scheme is applied to reuse the

conformations previously generated. The new w(q) are calculated from the old one by

M

) 1L . ;

W{Wpew } = 7 Zw(]){wold} exp [ﬁwffe)w — ﬁwg()i] (6.2)
=1
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where Z = Zj\il exp ﬁwﬁi)w — ﬁwgﬁ , and M is the number of configurations used in the
sample average. If the criterion, min{Z,1/Z} < M/4, is not satisfied, a new set of configu-
rations is generated by single-chain simulation.

Once we obtain the single-chain conformations from SCIE theory, we then calculate the
intrachain correlation functions, w3 (q), w37 (q) and w;’5(q), which then replace the ideal-
chain conformations used in the above coarse-graining procedures. Note that, while we
have chosen continuous Gaussian chains with Dirac-d-function non-bonded interactions as
the original system here, which prevent us from using SCIE method, our coarse-graining
approach can be readily extended to other (more realistic) models representing chemically
specific polymers, such as discrete Gaussian chains, free joined chain, bead-spring model,

and etc, for which the single-chain simulation in the solvation potential can be implemented.
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APPENDIX A

A UNIFIED VIEW ON THE MEAN-FIELD ORDER

OF COIL-GLOBULE TRANSITION

It is well known that a polymer chain immersed in a small-molecule solvent undergoes the
coil-globule transition (CGT) between the expanded (coil) and collapsed (globule) states
as the solvent quality changes, which has been the subject of extensive research.!? In
the study of CGT, a mean-field theory, either of the Flory-type®'? or the self-consistent
field theory,'®!* has been commonly used; the predicted transition order, however, has
been controversial. For example, in Refs. [3-9,13] it is predicted to be either a first-order
phase transition, a critical point, or a crossover depending on the chain stiffness, while in
Refs. [10, 11, 14] it is predicted to be a second-order phase transition. Here we therefore

clarify the mean-field behavior of CGT and resolve the controversy on its transition order.

A.1 Implicit-Solvent Model

Let us consider the Flory-type Helmholtz free energy f. of a single chain with N segments,

3 1 1
Bf. = 5042 —3lna+ §va3Nﬁ—|— éwa6Nﬁ27 (A1)

which was first used by Ptitsyn and Eizner® to investigate CGT, and was further developed
in Refs. [4,5] and by other researchers.®'3 In Eq. (A.1), 8 = 1/kgT with kp being the
Boltzmann constant and 7" the thermodynamic temperature; the first two terms on its right-
hand-side represent the elastic free energy of the chain, where o = |/R2/RZ is the chain
expansion factor with R and R?, = Na® being the mean-square end-to-end distance of the
real chain and that of an ideal chain, respectively, and a is the statistical segment length;

and the last two terms represent the polymer-solvent interaction energy, where v and w are
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the second and third virial coefficients, respectively, and p = N/V, is the average number
density of polymer segments within the chain volume V. = R?/k with k being a numerical

constant (e.g., k = 6/7). With pa® = kN~Y/2a73 Eq. (A.1) can be rewritten as

3 1 1
ch = 50&2 —3lna+ 5]61)]\[1/2(1/73 + ék’QwOéiq (AQ)

Minimizing 3f. with respect to a, with p = k*w/3 and ¢ = kuvN'/2/2, gives
. S q. (A.3)

Note that Eq. (A.3) exhibits similar behavior to a cubic equation of state (in terms of
o?); that is, for p > p. = (9/20)3/4 the value of « continuously and monotonically increases
with increasing ¢ (or equivalently vN'/2), and for 0 < p < p. three different values of o can
be found at given ¢ > q. = —(4/5)(9/20)%/2. This behavior of « is regardless of the value
of N (including the limit of N — o), and has been reported in many studies.* %13 Here
we examine the first- and second-order derivatives of S f. with respect to ¢, the continuity
of which defines the transition order of CGT but has not been reported in the literature.

Substituting Eq. (A.3) into Eq. (A.2), we obtain the minimized S f. as

1
Bf.= ga2 —3lha—-1- épofﬁ. (A.4)

At given p, the above gives d3f./da = 5a — 3a™! + 3pa~" and Eq. (A.3) gives dg/da =

5at — 3a? + 3pa~t. With a(p,q) given by Eq. (A.3), we then have

dBf. dBfeda 1

dg ~ da dg  a3(p,q)’ 49
d2ﬁfc:i (dﬁfc> do 1 (A.6)
d¢? da \ dg / dg 508(p,q)/3 — a(p,q) +p’ '

Fig. A.1 clearly shows that, for p < p., d3f./dq (and d?8f./d¢*) exhibits a discontinuity
(due to the existence of two different a-values) at ¢ > ¢., indicating that CGT is a first-
order phase transition; at p = p., d3f./dq is continuous but d?sf./dg¢* diverges at ¢ = q.,

indicating a critical point; and for p > p., both derivatives are continuous, indicating a
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Figure A.1: Semi-logarithmic plots of (a) the first- and (b) the second-order derivatives of
B fe with respect to ¢ at various p, given by Eqs. (A.5) and (A.6), respectively.

“crossover” (termed for our purpose; strictly speaking, one needs to prove that all higher-

order derivatives are continuous). This behavior of CGT is referred to as “type-1” hereafter.

A.2 Explicit-Solvent Model

Eq. (A.1) is for an implicit solvent. One can also consider an explicit solvent, where g f, is
given by 57

Bfe= gon —3Ina+ ngin(l — ¢p) + xnsdp. (A.7)

Here ¢p = vpp and ng = (1 — ¢p)V./vg are the average polymer volume fraction and the
number of solvent molecules within the volume V., respectively, with vp and vg being the
volume of each polymer segment and solvent molecule, respectively, and y is the Flory-
Huggins interaction parameter between a polymer segment and a solvent molecule. Defining
r¢ = vp/a®, which measures the chain stiffness, and r; = vp/vg, which measures the size
ratio between a polymer segment and a solvent molecule, and Taylor-expanding In(1 — ¢p)

to the third order in ¢p, we have

3 1 1
Bfe =~ 5042 —3lna+ Ekrsrf(l — 2)()N1/20z—3 + Ekzrsﬂ%a—ﬁ, (A.8)
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where an unimportant constant is omitted. Comparing Eq. (A.8) to Eq. (A.1), we find
v =(1—=2x)ryry and w = ryri.

While the above expansion of In(1 — ¢p) is only valid for ¢p < 1 (i.e., large N in the
coil and f-states) with higher-order terms needed when ¢p ~ O(1), it does not qualitatively
change the type-1 behavior of CGT, but only changes the exact location of the critical
point.®*19 Similarly, using either a more accurate expression of the elastic free energy,? 12
a Gaussian (instead of uniform) distribution of polymer segments in V., or the expansion

5:8.9.12 a5 well as varying r,° or 77> 713 do not

factor based on the chain radius of gyration,
qualitatively change the type-1 behavior of CGT.

On the other hand, in the limit of N — oo, Moore,'* Sanchez!® and Di Marzio!'! concluded
that CGT is a second-order phase transition with respect to 7' (or equivalently v or x). In
particular, Sanchez!® pointed out that, since a of the coil state diverges in the limit of
N — 00, it is better to use ¢p, which is bounded for all N, as an order parameter for CGT.

Replacing a® by ¢ /pp, where ¢y is the corresponding value of ¢p in the f-solvent (i.e., where

a = 1), we obtain from Eq. (A.7)

(o)t N e gy o
8r=5 (5) ~w e NS ge) - N, (A9

where N, = rsN is the effective chain length taking into account the size ratio between a
polymer segment and a solvent molecule, and an unimportant constant is omitted. Note
that, with r; = 1/2 and x = 6/2T, where 6 denotes the #-temperature, Eq. (A.9) reduces
to the free-energy expression used by Sanchez (i.e., Eq. (25b) in Ref. [10]), with the only
difference being that the coefficient 3/2 in our Eq. (A.9) is replaced by 7/2, which does not

qualitatively change the phase behavior of CGT. At given y, minimizing S f. with respect

to ¢p gives

1 1 ¢>0)2/3 In(1 — ¢p)

——1-—1 = — = A10

Ne Ne <¢P ¢P X¢P ( )
and the minimized free energy

2/3
9 _
Bf =2 (@> 2 N2 (1 - )+ N — 1. (A11)
2 \ ¢p op Pp
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Figure A.2: Semi-logarithmic plots of (a) the first- and (b) the second-order derivatives of
B f. with respect to x at various N, given by Egs. (A.12) and (A.13), respectively. Note
that in the limit of N — oo both the derivatives divided by N, are 0 for y < 1/2, and that
p=0.1 and r; = 1 are used here.

The first- and second-order derivatives of 3 f. with respect to y are then obtained as

dﬁfc o dﬁfc d¢P _

dX — dgbp dX - NE¢P(X7¢07N6> (A12)
apf. _ d (dﬁfc> dop _ ~3N.g3 (A13)
dx?  dgp \ dx / dx  2/N.—2—5x¢p +In(l —¢p)/¢p +3/(1 —dp) =~

with ¢p(x, ¢o, Ne) given by Eq. (A.10).

Fig. A.2 shows dff./dy and d?gf./dx? for various N at p = @#N./3 = 0.1 > p,
(thus in the crossover region predicted by Eq. (A.2)), where r; = 1 is used. We find
that dSf./dy is continuous for all N, and that d?8f./dx? is continuous for all finite N
but exhibits a discontinuity at y = 1/2 in the limit of N — oco. In this limit (de-
noted by the superscript “co” hereafter), we note that ¢p — 0 in both the coil and 6-
states, and that ¢p is independent of N in the globule state but is small just below the
f-temperature. Taylor-expanding In(1 — ¢p) in Eq. (A.10) to the fourth order in ¢p, which
is valid near the f-temperature, then gives x ~ —(1/N.¢p)(¢o/dp)?> +1/2 + ¢p /3 + ¢3 /4.
Since (1/Nudp)(do/dp)23 = (krs/r)dp”>N=*3 — 0 in the globule (G) state, we ob-
(2/3) (M - 1) just below the f-temperature, and can write ¢ =

¢ H (x — 1/2) with H(x) denoting the Heaviside step-function. Finally, Egs. (A.12) and

(A.13) give, respectively, —(dSf./dx)*/N. = ¢%°, which is continuous at y = 1/2, and
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Figure A.3: Same as Fig. A.2 but with p = 0.001.

—(d?Bf./dx*)*® /N, = 3(9x — 7/2)"Y2H(x — 1/2), which is discontinuous at y = 1/2. Our

analysis here is supported by the fact that the numerical results of d3f./dy and d?Sf./dx?

approach these limiting values with increasing N as shown in both Figs. A.2 and A.3. For the

case shown in Fig. A.2, CGT is therefore a crossover for finite N but becomes a second-order

phase transition with respect to x only in the limit of N — oo.

Fig. A.3 shows d3f./dx and d?8f./dx? for various N at p = 0.001 < p.. (thus in the first-

order transition region predicted by Eq. (A.2)), where ry = 1 is used. We see that dgf./dx

exhibits a discontinuity for all finite N but becomes continuous in the limit of N — oo, and

that d2gf./dx? is discontinuous for all N.

We therefore conclude that CGT has the type-I behavior for finite /N, and becomes a

second-order phase transition with respect to y only as N — oco. Even in this limit, CGT

still has the type-I behavior with respect to vN'/2 (or equivalently (1 — 2y)N'/?).
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