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ABSTRACT

FULL-WAVE AND ASYMPTOTIC COMPUTATIONAL ELECTROMAGNETICS
METHODS: ON THEIR USE AND IMPLEMENTATION IN RECEIVED SIGNAL STRENGH,

RADAR-CROSS-SECTION, AND UNCERTAINTY QUANTIFICATION PREDICTIONS

We propose and evaluate several improvements to the accuracy of the shooting and bouncing
rays (SBR) method for ray-tracing (RT) electromagnetic modeling. A per-ray cone angle
calculation is introduced, with the maximum separation angle determined for each individual ray
based on local neighbors, allowing the smallest theoretical error in SBR. This enables adaptive
ray spawning and provides a unique analysis of the effect of ray cone sizes on accuracy. For
conventional uniform angular distribution, we derive an optimal cone angle to further enhance
accuracy. Both approaches are integrated with icosahedral ray spawning geometry and a double-
counted ray removal technique, which avoids complex ray path searches. The results
demonstrate that the advanced SBR method can perform wireless propagation modeling of
tunnel environments with accuracy comparable to the image theory RT method, but with much
greater efficiency.

To further advance the efficiency of the SBR method, we propose a unified parallelization
framework leveraging NVIDIA OptiX Prime programming interfaces on graphics processing
units (GPUs). The framework achieves comprehensive parallelization of all components of the
SBR algorithm, including traditionally sequential tasks like electric field computation and
postprocessing. Through optimization of memory usage and GPU resources, the new SBR

method achieves upwards of 99% parallelism under Amdahl’s scaling law. This innovative



parallelization yields dramatic speedups without sacrificing the previously enhanced accuracy of
the SBR method, demonstrating an unparalleled level of computational efficiency for large-scale
electromagnetic propagation simulations.

Finally, we implement and validate several advanced Kriging methodologies for uncertainty
quantification (UQ) in computational electromagnetics (CEM). The universal Kriging, Taylor
Kriging, and gradient-enhanced Kriging methods are applied to reconstruct probability density
functions, offering efficient alternatives to Monte Carlo simulations. We further propose the
novel gradient-enhanced Taylor Kriging (GETK) method, which combines the advantages of
gradient information and basis functions, yielding superior surrogate function accuracy and faster
convergence. Numerical results using higher-order finite-element scattering modeling show that
GETK dramatically outperforms other Kriging and non-Kriging methods in UQ problems,
accurately predicting the impact of stochastic input parameters, such as material uncertainties, on

quantities of interest like radar cross-section.
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Chapter 1

Introduction

In the rapidly evolving field of computational electromagnetics (CEM), the need for accurate,
efficient, and scalable methods to model complex electromagnetic systems has become
increasingly pressing. This dissertation focuses on three critical areas of CEM research: the
improvement of ray tracing (RT) accuracy, the parallelization of RT methods for enhanced
computational performance, and the application of uncertainty quantification (UQ) to
electromagnetic simulations. By addressing these areas, this work aims to push the boundaries of
CEM modeling, providing novel contributions that significantly enhance the precision and
efficiency of simulations in complex, large-scale environments.

The first core theme of this dissertation is improving the accuracy of ray tracing (RT) methods,
which are widely used in CEM for modeling electrically large environments. Ray tracing methods
discussed here differ from traditional graphics-based RT techniques where graphics-based rays are
simply weighted and propagated through the environment, and CEM RT techniques must also
associate an electric field with each ray which is coherently summed for all rays at reception points.
RT techniques, such as the shooting and bouncing rays (SBR) method, are computationally
efficient alternatives to full-wave methods, especially for large and complex environments such as
tunnels and urban landscapes [1], [2]. However, despite their efficiency, RT methods, particularly
SBR, often suffer from accuracy issues due to phase and magnitude errors introduced by inexact
ray paths and improper ray reception handling [3], [4]. Previous studies have shown that while the
image theory (IT) method offers greater accuracy by tracing exact ray paths, its computational

complexity limits its applicability to electrically large environments [5].



This dissertation introduces novel advancements to the SBR methodology to improve its
accuracy, making it comparable to the IT method without significantly increasing computational
cost. Specifically, this research proposes optimized ray cone angle calculations and a double-
counted ray elimination technique, both of which drastically reduce phase and magnitude errors in
SBR simulations. The results demonstrate that the enhanced SBR method can accurately model
wireless signal propagation in large-scale environments, such as tunnels, where multipath
propagation effects are challenging to simulate [6], [7], [8]. These contributions ensure that SBR
remains a practical solution for large-scale CEM problems while achieving accuracy levels
traditionally thought unattainable for asymptotic methods.

The second focus of this dissertation is on the parallelization of ray tracing methods to further
enhance computational efficiency. The growing complexity of CEM problems, especially in
electrically large environments (or environments that are many times larger than the wavelength
of interest), has necessitated the use of advanced computational resources, such as graphics
processing units (GPUs), to accelerate simulations. GPUs, with their architecture optimized for
massive parallel processing, provide an ideal platform for accelerating RT methods. This work
presents a unified parallelization framework for the SBR method, integrating it with NVIDIA’s
OptiX Prime to fully exploit GPU capabilities [9], [10].

A key challenge in parallelizing the SBR method lies in the sequential nature of certain tasks,
such as electric field computation, which traditionally limit parallelism [11]. By addressing these
limitations, this research achieves upwards of 99% parallelism for SBR computations, significantly
reducing simulation times without sacrificing accuracy [12]. The parallelized SBR framework
demonstrates substantial computational speedups in complex environments, such as tunnels and

urban areas, enabling real-time or near-real-time simulations that would otherwise be infeasible



with traditional methods. This work contributes not only to the field of CEM but also to broader
applications requiring high-performance computing, such as wireless network planning and urban
modeling.

Finally, this dissertation addresses uncertainty quantification (UQ) in CEM simulations, which
is essential for understanding how input uncertainties affect the reliability of electromagnetic
models. UQ plays a critical role in real-world applications, where uncertainties in material
properties, geometries, and environmental factors are inevitable. Traditional Monte Carlo methods,
though widely used for UQ, are often computationally prohibitive due to their high sampling
requirements [13], [14]. To overcome these challenges, this work explores advanced surrogate
modeling techniques, including gradient-enhanced Kriging (GEK) and the novel gradient-
enhanced Taylor Kriging (GETK) [15].

These surrogate models enable efficient UQ analysis by drastically reducing the number of
samples needed to accurately reconstruct probability density functions. The development of GEK
and GETK methods offers a computationally feasible approach to UQ in CEM, ensuring that high-
precision UQ can be applied even in large-scale simulations without excessive computational
costs. These advancements provide a robust framework for integrating UQ into goal-oriented
simulation objectives, further enhancing the reliability and effectiveness of electromagnetic
models in diverse applications, from satellite communications to wireless network design.

By addressing the key areas of ray tracing accuracy, parallelization, and uncertainty
quantification, this dissertation presents a comprehensive approach to advancing CEM
methodologies. The contributions made here improve both the accuracy and computational
efficiency of electromagnetic simulations, offering practical solutions to the challenges faced by

researchers and engineers in fields such as wireless communications, aerospace, and urban



infrastructure planning. Through the integration of advanced surrogate models, optimized RT
algorithms, and high-performance parallel computing techniques, this work provides a robust

foundation for tackling the increasing complexity of modern electromagnetic systems.



Chapter 2
Advancing Accuracy of Shooting and Bouncing Rays
Method for Ray-Tracing Propagation Modeling Based

on Novel Approaches to Ray Cone Angle Calculation!

2.1 Introduction

As communications frequencies become higher and the propagation environments that need to
be electromagnetically characterized become physically larger and more interconnected given the
increased complexities and demands of emerging wireless system functionalities, these structures
become more difficult to model using full-wave computational electromagnetics (CEM)
techniques. For example, CEM modeling and simulation of wireless signal propagation in tunnels
of underground mines or traffic (e.g., railway or subway) systems presents extraordinary
challenges and is an open CEM research problem with unparalleled difficulty in many of its
aspects. A mine or traffic tunnel at wireless communication frequencies is electrically an extremely
large electromagnetic system, typically spanning thousands of wavelengths. High-frequency
asymptotic techniques have been shown to be computationally efficient at modeling such
structures [1],[5],[6],[7].

Indeed, there has been a “renaissance” of CEM simulations and computations using high-

frequency, asymptotic methodologies and implementations and renewed and growing interest in

! This chapter is based on work from Ref. [2]



their applications to wireless propagation modeling within indoor and outdoor communication
environments. While asymptotic methods for numerically approximate high-frequency modeling
can never be as accurate as the full-wave methods for numerically rigorous field computation, it
appears that there are opportunities for the improvement of accuracy of asymptotic modeling in
some of its components and aspects. This paper addresses the accuracy of ray-based high-
frequency modeling in general and when particularly applied to wireless propagation modeling of
tunnel environments.

One of the most important classes of asymptotic techniques for CEM modeling is constituted
by the ray tracing (RT) approach, based on the theory of geometrical optics (GO), by which the
electric field is discretized into rays, with two common methods used for RT simulations, (i) the
image theory method (IT) and (i1) the shooting and bouncing rays (SBR) method. The IT approach
uses the method of image transformation to mirror a transmitter across reflection planes in the
environment to find exact propagation paths from the transmitter to a receiver. From the accuracy
standpoint, this method is advantageous due to the exact paths computed, making the phase error
negligible. The only sources of phase error stem from geometric mesh approximations and
numerical truncation, the latter typically being insubstantial compared to the former. However, the
computational complexity of the IT method is O(NX) where N is the number of planar facets in the
model and K is the number of reflections [16]. In electrically extremely large, closed environments,
many rays and reflections are needed for adequate sampling, making I'T impractical despite its
attractive accuracy characteristics.

The SBR method, in contrast, launches rays from a transmitter in every direction, each ray is
tracked as it propagates through the geometric environment according to Snell’s law, and its

magnitude is adjusted according to Fresnel’s coefficients [1]. These paths are then tested to



determine if the ray intersects a receiver, in which case its electric field is added to the field at the
receiver point. The ray paths are inexact, so further phase error is introduced in the SBR method
compared to the IT method. However, the computational complexity of SBR, O(NK), where N is
the number of rays spawned and K is the number of reflections, is substantially lower than that of
IT. Additionally, the SBR method allows for the extension of propagation to include refraction
and diffraction, which IT alone cannot accomplish. This makes the SBR method much more
efficient and versatile for use in large environments.

Previous work has demonstrated the effectiveness of the SBR method in tunnel environments,
with findings showing that this method is a useful simulation technique for large, complex
environments. The accuracy of the approach, however, is poor when compared to IT and full-wave
techniques [7]. In [16], the SBR model was shown to be ineffective at simulating fields in tunnel
environments further than a few hundred meters. This is due to issues with ray receptions in the
SBR model. The so-called SBR cones method uses reception spheres to model the reception of a
wavefront at a receiving antenna, where the sizes of these spheres are extremely important for the
accuracy of the SBR method [7]. With large spheres, the results become inaccurate due to multiple
counting of propagating wavefronts. Too small of a sphere size, on the other hand, causes
discontinuities in the wavefront, known as undercounting. Previous work has been done in
determining the appropriate sizes of the reception spheres by using spheres of variable size
determined by path length [3],[4],[5],[7],[17],[18],[19]. However, these works assume that the ray
distribution is uniform across the three-dimensional (3-D) spawning volume, and this assumption
is invalid in 3-D, which can lead to inaccuracies.

This paper presents the development of an SBR model and analysis and improvement of the

accuracy of the SBR computation based on three factors and associated novel contributions.



Specifically, we theoretically and empirically analyze importance of the distribution angle of rays
launched from the transmitter for phase accuracy, coupled with the importance of ray double count
removal for magnitude accuracy. Firstly, we propose per-ray cone angle calculation, with the
maximum separation angle calculated for every individual ray based on a set of local neighbors
rather than a single global maximum. This allows the smallest theoretical error of the SBR method,
with undercounting being completely removed from the model, as well as decreasing the ray cone
size which substantially reduces the phase error. Secondly, we also analyze constant angular
distributions of the rays, which allow for much more expeditious simulations but make the overall
accuracy of the computation extremely sensitive to the choice of the angular distribution. Here, we
derive an analytical expression for the optimal choice of this angle to maximize the overall
accuracy of the SBR computation, and demonstrate empirically that the SBR simulations generated
using the derived optimal constant angle are indistinguishable from those generated using per-ray
angles, that is, from the theoretical best-case scenario for simulation accuracy. Thirdly, the two
approaches to ray cone angle calculation are coupled with a double counted rays identification and
removal approach using icosahedron geometry and neighbor ray sets to identify and remove double
counted contribution without the need for lengthy and complicated path searches based on the full
geometry of the ray paths, hence coupling improvements of phase and magnitude accuracies. We
thus demonstrate how the SBR methodology and implementation can be advanced to produce an
SBR approach of similar accuracy as the image theory RT method, in simulations of large tunnels.
The results show that, with the proposed, implemented, and analyzed accuracy improvements, the
SBR method can perform wireless propagation modeling of planar tunnel environments with the
same accuracy as the dramatically less efficient image theory approach. The three contributions to

the SBR methodology are completely general, and thus are capable of being applied to any existing



SBR method, model, and simulation. These advancements are positioned and capable of increasing
accuracy of an existing SBR technique to a point where the results are almost indistinguishable
from the IT approach, as demonstrated in this paper. In fact, this demonstration is the fourth novel
contribution of this work, as it has always been thought that the accuracy of the SBR approach can
never be brought to the level of the IT accuracy. Note that the basic theory and preliminary

accuracy validation of our SBR RT analysis of tunnels are presented in a summary form in [20].

2.2 SBR Methodology

2.2.1 Ray Receptions

Once rays have been tracked as they propagate through a medium, they are tested to see if there
is an intersection of the ray and a receiving antenna. The cones technique is advantageous here,
because the regular, circular cross-section of the ray bundle. Reception points for the rays are
modeled as growing spheres which represent the growing cross-section of the ray cone. An
intersection test between the sphere and the center ray of the cone is used, as shown graphically in
Fig. 2.1, which is computationally simple and efficient. If this center ray intersects a receiver
sphere, one of the rays represented in the ray cone is an exact hit. The linear nature of Maxwell’s
equations results in the field at any receiver point being the linear superposition of all electric field

contributions of rays that intersect this point.



Reception
Sphere

Distance to
Sphere

Fig 2.1: Ray-sphere intersection: graphical representation for the scene of a ray approaching a sphere and the
corresponding components used in the calculation of the reception sphere radius.

The radius of the ray cones, and thus the reception spheres, is determined for the ith ray by

o;d;
Tsphere; = Nei (2.1)
where d; is the total distance a ray has travelled and «; is the maximum separation angle between
a ray and its neighbors [3],[4],[5],[7],[16],[17],[18],[19]. This equation calculates the minimum
possible ray cone radius that fully covers the electric field radiation. In tunnel environments, it is

possible to have multiple reflected wavefronts received from the source. However, the propagation

distance is tracked individually with every ray, so this can be applied independently for each ray.
2.2.2 Double Count Removal Method

The SBR approach requires launching discrete rays, each of which representing a cone of
influence to fully cover the transmitting radiation pattern. Any places where the cones do not
overlap would represent a non-physical scenario, where receptions might be missed in the
simulation, constituting undercounting. To fully cover the 3-D radiation pattern without
discontinuities in the field, the cones must overlap, as shown in Fig. 2.2. This overlap represents a

substantial drawback as the overlapping wavefronts can be represented at least twice in the
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simulation. Any intersection of the overlapping wavefronts with a receiver will lead to the electric
field from a single wavefront contributing twice to the total field, which is referred to as double
counting [3],[4],[18]. The double counted fields can be removed but require searching ray paths to
find common images. This shows the important role both the ray distribution and cone sizes play
in the accurate implementation of the SBR method.

The spawning techniques for the ray tracing application involve sampling points on surfaces
that surround some ray origin point. Once these sampled points are determined, each ray for the
ray tracing algorithm is launched from the origin to one of the sampled points. While different
spawning techniques such as uniform grid sampling and Fibonacci spiral sampling have been
tested and provide various advantages regarding sample spacing and ease of formation [1],[6],[21],
we use here an icosahedron for the sampling method. Each face of an icosahedron is subdivided
into equilateral triangles, where the number of vertices is given according to the nth triangular
number. The rays are launched on the vertices of the subdivided icosahedron face with the number
of rays launched on a face being n(n + 1) /2, where n is the number of subdivisions along an edge
of the face. This allows for very uniform distribution of launched rays, which is a requirement for
accurate SBR simulations.  Additionally, the icosahedron provides important topological
information about the rays; the rays can be grouped together into sets of neighbor rays. These
neighbor rays can be used to calculate the angle between rays, which proves extremely useful in
calculating the sizes of ray cones, as will be discussed in detail in Section 2.3. Similar methods of
ray spawning, such as normalized cube which subdivides cubes instead of triangles, offer similar
ray topology benefits. The ray neighbor sets can also be used to remove double counted rays in a
novel way. Namely, the double counts can only occur with overlapping ray cones, where the

overlap represents the same wavefront. Any two ray cones that overlap and take the same path
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from the source to the receiver must represent the same wavefront which therefore will be counted
twice. So any two rays that are neighbors that take the same number of reflections from the source

to the receiver will be double counted, and one is easily removed.

Fig. 2.2: Geometry of showing an adjacent and non-adjacent ray cone.

To prove that overlap, and thus double counted wavefronts, is limited to adjacent ray sets, we
can use the geometry shown in Fig. 2.2. The condition that must be satisfied is s/2 < r < s.
This condition ensures overlap between adjacent rays to provide full radiation coverage, while

preventing overlap between non-adjacent rays. From the figure, and using the law of cosines, we

gets = \/ 2d?(1 — cos ). Assuming that « is small and taking the small angle approximation of

cosa, we get that s = ad. Thus, the inequality becomes,

ad
= <r<ad. (2.2)

As long as «a is chosen as the largest angle between a ray and its neighbors, then the left-hand
side of the inequality ensures full radiation pattern coverage. We see that (2.1) satisfies (2.2),
showing that it is a good choice for the radius of the ray cone. Equation (2.2) leads to two
important conclusions: (i) Because ray cone overlap is limited to adjacent rays, the path search

can be limited to only a neighbor ray set, which drastically reduces the computational complexity
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of double count removal; (ii) This highlights the importance of choosing a correctly. If this
angle is taken to be a constant value for instance, it is possible to cause undercounting since ray
distribution is not constant and it is possible that not all ray cones overlap with all adjacent rays.
Undercounting is problematic because it cannot be identified in post-processing. Choosing a
constant value that is too large can also lead to cone overlap between non-adjacent rays, which
expands the search for double count removal.

For the context, previous work in double count removal uses one of two common methods,
where in the first approach, a characteristic sequence of a ray’s path can be tracked, and any rays
at the same receiver with the same characteristic sequence represent a double count, such as in
[4]. However, this method quickly exhausts available memory, in addition to lacking
parallelizability. The second method uses geometric path searches to identify double counted
rays by calculating the distance between rays at a reception and removing those that are within
the cone radius, such as in [3],[18]. However, this technique requires a large number of memory
accesses and thus represents a bottleneck in the simulation. Our double count removal technique
requires no additional memory storage because the adjacent ray sets are calculated only once in
the preprocessing portion of the simulation. Additionally, memory checks are limited due to only
having to search a single set instead of multiple ray distance accesses. This means that our
method not only is computationally more efficient, but it is also more memory friendly, which

allows for larger and faster simulations.

2.3 Per-Ray and Optimal Constant Ray Cone Angle Calculations

There is a very important relationship between ray cone sizes and simulation accuracy. In the

SBR model, the distribution of rays being launched from a receiver becomes vital for the accuracy
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of the model, where an even distribution is desired [17]. However, when launching rays in 3-D, it
is not possible to have exactly uniform distribution of rays.

We choose the inscribed icosahedron spawning pattern because of its regular and predictable
angular distribution of rays. Equation (2.1) gives the radius of the ray cones required for full
radiation pattern coverage with the minimum possible overlapping of the cones. This formula
requires that the angle « is the maximum angle between neighbor rays. Generally, the distribution
of ray angles is assumed to be approximately uniform, and a constant value of « is used to calculate
ray cone sizes. On the other hand, as can be seen in Fig. 2.3, the angular distribution of rays is
significantly larger at the centers of the icosahedron faces and is smallest at the vertices. For other
ray spawning patterns, this discrepancy is typically even more pronounced. This variation in
angular distribution between rays can prove to be problematic if a constant « is assumed (unless

the proper value for a is chosen).

0.0135
0.013
0.0125

10.012

a [rad]

10.0115

0.011

0.0105

0.01

Fig. 2.3: Angular distribution of rays on an icosahedron: distribution of the maximum angle between neighbor rays
(@) across an icosahedron spawning procedure with n = 100 subdivisions along an edge of the icosahedron face.
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Using the adjacent ray sets developed for use in double counted ray identification, we can also
calculate the maximum angle between rays for every individual ray. This is advantageous for
several reasons. Firstly, using these individual a values allows for the smallest theoretical error of
this SBR method, because cone sizes are as small as possible for every ray while ensuring full
radiation coverage, which minimizes phase error. In complicated environments where cone cutoff
is an issue, this method of calculating cone size will allow for the smallest possible error.
Additionally, in adaptive ray spawning procedures, the method of calculating angular distributions
for every ray allows for arbitrary refinement of the ray spawning while keeping physical
interpretation of ray cone sizes. Lastly, per-ray calculations of angular distributions of rays allows
for a unique analysis of the effect of ray cone sizes on the accuracy of the method.

If a constant angular distribution is assumed, this value must be chosen wisely so that error in
the method is minimized. If « is chosen to be too small, the cones calculated on rays at the center
of an icosahedron face will be too small, leading to a lapse in radiation pattern coverage, namely,
undercounting. These field lapses grow as rays propagate in large structures, leading to large errors
in the simulation. Fig. 2.4(a) shows a face of the icosahedron with cones inscribed calculated with
too small an angle.

On the other hand, if « is chosen to be larger than the optimal value, then cones will become too
large towards the vertices of the icosahedron. This means that the cutoff issue will be more
significant in these cases. Furthermore, non-adjacent ray cones will start to overlap, leading to
triple or quadruple counting of field contributions. These overlaps will not be identified in the
double count identification procedures, meaning that this can lead to error in the model. A case

with the cones calculated using a greater than ideal is shown in Fig. 2.4(b).
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a) (b)

Fig. 2.4. Illustration of ray cones calculated based on (1) with d = 1 and (a) @ chosen smaller than the optimal value,
with lapses in radiation coverage being filled in red, and (b) a chosen larger than the optimal value, with overlaps
between non-adjacent ray cones being filled in blue.

Based on Figs. 3 and 4, the most sensible choice of a for cones with the minimum overlap is
the greatest maximum ray angle across the whole face. This ray lies in the center of the icosahedron
face as seen in Fig 3. The optimal angle can be found analytically using the golden ratio, with the

radius of a sphere inscribed in a regular icosahedron being [22]

P2 V42 4+ 18V5
r = a

Wi = 1 a =~ 0.755a (2.3)

where ¢ denotes the golden ratio and a is the edge length of the icosahedron. The edges are
subdivided equally in a regular icosahedron so that the segment length is the edge length divided
by the number of segments, [ = a/(n — 1), with n again standing for the nth triangular number
used in icosahedron subdivision. This scenario is shown graphically in Fig. 2.5, from which it is

apparent that « = tan~1(l/r). After some rearranging, we are left with

., 23 D 12
-1 " (- 1v3(3 +5)

a = tan~ (2.4)

This equation for optimized « is verified and tested in Section 2.4.
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Fig. 2.5: Circle inscribed in an icosahedron: the radius of the inscribed sphere is given in terms of the edge length of
an icosahedron face via the golden ratio.

2.4 Results and Discussion

Validation of the advanced SBR RT technique and demonstration of the accuracy improvements
are presented here using several tunnels of different uniform cross sections. Tunnels are chosen as
a challenging environment for RT solvers, due to the large distances covered and the higher order
modes present in propagation. Tunnels offer a corner case enabling a rigorous test for SBR
algorithms. The simulations in these tests were performed by creating a line of reception points
directed down the long axis (z-axis) of the tunnels at evenly separated intervals. The solutions
obtained using the presented SBR RT algorithm are compared with computed results of other
asymptotic and full-wave CEM solvers that offer state-of-the-art performance for tunnel

simulation.
2.4.1 Validation Against Image Theory

The first set of results is for comparison against an I'T simulation. While IT is still an asymptotic
approximation, it represents the perfect case for ray-based methods since the phase error is almost

entirely eliminated. Our SBR method is compared to IT in a rectangular dielectric waveguide with
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cross-sectional dimensions 4 m X 4 m x 1000 m [7]. The rectangular waveguide is particularly
appropriate for comparison with SBR because of the accuracy of IT in this structure. In planar
geometries, I'T produces the most accurate ray tracing results [7]. The waveguide is excited with a
vertically polarized isotropic transmitter at 1 GHz located at (x, y, z) = (1.1 m, 2.1 m, 0), with the
X, ¥, and z coordinates being measured from the bottom left corner of the opening of the waveguide
when viewed toward the wave propagation. The receivers are also isotropic and located at (1.9 m,
1.7 m, z), chosen to avoid any advantage due to symmetries in the simulation. The tunnel wall
parameters are relative permittivity &, = 5 and conductivity o = 0.

In Fig. 2.6, we see that the SBR solution agrees very well with the IT reference results. The
SBR method uses « calculated per ray, showing that this technique is viable for simulating very
large-scale environments. In fact, we observe a perfect match of the two sets of results as far as
1,000 m down the tunnel, which is a truly exceptional result that demonstrates an ability of our
SBR RT method to correctly compute transmission path lengths at very large distances from the

transmitter, a feature traditionally reserved for the dramatically less efficient image-theory RT.

2.4.2 Double Count Removal

Since the SBR results in Fig. 2.6 match so well with IT, this case also seems ideal for

examination of the effects of double counting on
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Fig. 2.6: Comparison of the presented SBR method with IT [7] in a dielectric (¢, = 5, 0 = 0) waveguide at 1| GHz
[transmitter at (1.1 m, 2.1 m, 0), receivers at (1.9 m, 1.7 m, z)].

the accuracy of the model. Fig. 2.7 shows the absolute errors of SBR results with respect to
reference IT data computed with and without double count removal, respectively. The results
emphasize the substantial impact that the double counted rays have on the accuracy of SBR
simulations. When compared to results in [3] and [4], we observe a similar error reduction from
our technique as those in existing literature. This shows that the proposed technique similarly
reduces the computation error while drastically reducing the complexity of the double count

removal search.
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Fig. 2.7: Double count removal results. Absolute error in dB of our SBR simulation with respect to the reference IT
results [7] for the dielectric waveguide with and without double count removal.

2.4.3 Ray Cone Angles

Next, we compare the model’s ability to use a constant angular distribution given in (2.4). The
per-ray a calculations are the theoretical best-case scenario for simulation accuracy, so simulations
using constant a are compared to the per-ray o case. We generate simulations with an assumed
constant a and plot mean absolute error of the simulation when compared to IT results. In this way,
we expect that the mean absolute error is at a minimum when using the analytical expression
derived in (2.4). The results of this comparison are shown in Fig. 2.8. We draw several interesting
conclusions upon examining these results. Firstly, the value of a predicted by (2.4) perfectly
matches with the lowest error in every case. This empirically demonstrates that the derived value
of a is indeed optimal. Additionally, we see that the error also increases after this optimal « as
expected. The increase in error after the optimal value is smaller than expected. The reason for this
comes in two parts. First, with such a regular structure as the rectangular dielectric waveguide, the
tube cutoff that is expected with cones that are too large does not happen, so this does not contribute

to the error in this case. In an analysis on a more complex and nonuniform structure, we expect the
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error to jump up more drastically. Second, we expected an increase in error due to ray cone overlap
on non-adjacent rays. In these tests, the face of the icosahedron is oriented down the length of the
waveguide, which means that the rays with extra overlap do not penetrate far into the length of the

structure. This means that the error will not jump up drastically in this case either.
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Fig. 2.8: Mean absolute error of SBR calculation using a constant angular distribution, with respect to reference IT
results, with the vertical line marking the optimal value of a predicted with (2.4) and the horizontal line representing
the error using per-ray a: results for (a) N = 500 subdivisions and (b) N = 1001 subdivisions.

2.4.4 Comparison to Full-Wave Simulation

Next, we compare the SBR simulation to a full-wave technique for a mine tunnel with an arched
ceiling presented in [23], where the tunnel is modeled using the surface integral equation (SIE)
technique accelerated by the fast multipole method in conjunction with the fast Fourier transform
(FMM-FFT). The FMM-FFT accelerated SIE simulations of mine environments are rigorously
verified by comparison against measurements [23]. The tunnel considered here has an irregular,
curved cross section. However, the SBR methodology encounters difficulty when planar segments
are used to approximate curvature, because many segments can lead to many non-physical images
produced in the model. Due to these issues, the curvature is approximated using an equivalent

rectangular cross-section approach, as shown in [24]. The results of the SBR and FMM-FFT-SIE
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simulations, with the material parameters of tunnel walls being &, = 5.5 and ¢ = 0.15 S/m and

the operating frequency 915 MHz, are displayed in Fig. 2.9.
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Fig. 2.9: Comparison of the SBR ray-tracing solution to the FMM-FFT accelerated SIE simulation of a mine tunnel
with arched ceiling [23]. The tunnel is excited with a 915-MHz vertically polarized Hertzian dipole antenna and the
material parameters are &, = 5.5 and ¢ = 0.15 S/m.

We see an excellent agreement between our SBR method and the full-wave technique. This
SBR simulation is generated using a derived in (2.4), but the results generated using per-ray angles
are indistinguishable from the results in Fig. 2.9. This shows the robust nature of the proposed
SBR technique and its ability to provide accurate modeling of wireless propagation in large
environments. Moreover, while providing comparable accuracy in the tunnel simulation, the
proposed SBR RT technique is dramatically more efficient than the fast full-wave solver; the
FMM-FFT-SIE solver takes over 19 hours to simulate this environment on a multi-GPU cluster
[23], compared to less than 1 minute for the SBR technique on a modest single-GPU desktop

(making use of parallelism from the Chapter 3).
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2.5 Conclusion

This paper has proposed and presented the shooting and bouncing rays method for ray-tracing
modeling with improved accuracy, with accuracy improvements coming from several components
of the SBR computation. The paper has examined the effect of the calculated sizes of the SBR ray
cones on the accuracy of the simulations, proving a very high importance of the proper choice of
the distribution angle for the overall performance of the SBR method. We have proposed
calculating the ray cone sizes based on the maximum separation angle for every ray, individually.
This per-ray calculation is an excellent choice in very complex environments and allows for
adaptive ray spawning techniques to be implemented, but it comes at the cost of increased
computational complexity in the model. The alternative is to assume a constant angular distribution
of the rays, which allows for much more expeditious simulations but makes the overall accuracy
of the computation extremely sensitive to the choice of the angular distribution. The paper has
given the optimal choice for this angle, which has been shown to be viable in large tunnel
environments. Additionally, we have shown the importance of removing double counted phase
fronts in the SBR method that implements the ray cones approach. The presented technique uses
icosahedron geometry and adjacent ray sets to identify and remove double counted ray contribution
without the need for the analysis of the full geometry of the ray paths and lengthy path searches.
The improvement of the magnitude accuracy due to the double count removal couples with the
improvement of the phase accuracy associated with the optimal distribution angle of rays launched
from the transmitter.

The results have demonstrated that the SBR method with the proposed, implemented, and
evaluated accuracy improvements can perform wireless propagation modeling of tunnel

environments with the same accuracy as the image theory RT, a computationally much slower but
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traditionally more accurate solver. We have shown a perfect match of the improved SBR method
and the IT method for a kilometer-long tunnel, where it is important to note that correct
computation of transmission path lengths at very large distances from the transmitter is a feature
traditionally reserved for the dramatically less efficient image-theory RT. We have shown the SBR
model’s ability to effectively use both the per-ray a calculations and an analytically derived
constant angular distribution. The results have empirically demonstrated that the derived value of
« is indeed optimal. The SBR simulations generated using the derived optimal constant a are
indistinguishable from those generated using per-ray angles, the latter a calculations being the
theoretical best-case scenario for simulation accuracy. This demonstrates the robustness and
usability of both approaches. The example with comparison of the advanced SBR method with the
FMM-FFT accelerated SIE simulations has demonstrated the accuracy of the proposed SBR RT
technique in analysis of electromagnetic wave propagation in mine tunnel environments
comparable to a full-wave solution, while benefiting from the efficiency of computation
characteristic for asymptotic ray-based methods.

Overall, the main contribution of this work is an SBR ray-tracing method of similar accuracy
as the IT RT approach. While demonstrated for electromagnetic propagation modeling of large
tunnels, the proposed accuracy improvements of this SBR methodology should prove beneficial
in other applications, either on its own or hybridized with other CEM approaches, in indoor and
outdoor wireless propagation modeling. With growing challenges imposed by emerging
communication technologies, e.g., "G communication systems, the “renaissance” of asymptotic
CEM simulations will just be intensified, and hence a need for this and similar advancements of

SBR and other general classes of asymptotic CEM techniques.
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Chapter 3
Parallel GPU Optimization of the Shooting and

Bouncing Ray Tracing Methodology for Propagation

Modeling?

3.1 Introduction

Ray tracing (RT) is a high-frequency asymptotic method that provides an alternative approach
to solving electrically large computational electromagnetics (CEM) problems that traditionally
require prohibitively large computation times using full-wave CEM solvers [2],5],[17]. As a
significant advantage in terms of efficiency over full-wave methods, the shooting and bouncing
rays (SBR) RT technique features a time complexity of O (NK), where N is the number of rays and
K is the number of reflections [1],[2]. The SBR algorithm also has substantially lower
computational complexity than the image theory (IT), another RT approach, the complexity of
which is O(NX), where N is the number of planar facets in the model and K is the number of
reflections. IT is also limited to planar structures because in curved geometries the concept of
images becomes ambiguous with an image from a curved surface being a line instead of a discrete
point [7].

Generally, CEM background and advancements tightly rely on those in (1)

electromagnetic/physical formulations and contexts of engineering problems, (2) mathematical

2 This chapter is based on work from Ref. [12]
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and numerical foundations of methods and algorithms, and (3) computing hardware and software
infrastructure. Consequently, CEM research is one of the most natural, intense, and advanced
combinations of engineering, physics, mathematics, and computer science, with extremely
exciting potential and challenges. Indeed, it is the category (3) that has recently provided
unprecedented opportunities, with the associated challenges, for the rapid growth of CEM
capabilities and modeling technologies needed and desired by electromagnetics application
researchers and practitioners, in close synergy, however, with categories (1) and (2). This paper
focusses on some of the new ways to better harness the advantages of emerging and growing
computing hardware and software infrastructure for CEM, and RT in particular.

Most notably, the development and abundance of graphics processing units (GPUs) has created
the enabling technology to achieve massive parallelization. In fact, enormous advances in GPU
technology have made these hardware accelerators widely useful outside of the computer graphics
world. Originally for graphics applications, GPU architectures are optimized for inherently parallel
operation. GPUs are optimized to handle tens of thousands of threads to keep up with the billions
of linear algebra calculations required for a high-end video game rendering in real time on an HD
monitor. GPUs are therefore ideal candidates when large scale parallelization of simple operations
is required [25]. Due to their unique architecture, GPU programming is often done with the
compute unified device architecture (CUDA) language, an application programming interface
(API) created by GPU manufacturer NVIDIA for use with their products.

In addition to its advantages in terms of memory and computation time requirements, the SBR
RT method can benefit immensely from GPU acceleration, due to the linear nature of the ray
decomposition, enabling independent tracing of each ray (excluding ray overlap processing).

Considerable work has been done to parallelize the method for implementation on GPUs, such as
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[9], [10]. However, with the SBR RT application consisting of (1) geometric and physical path
calculation of rays as they propagate through a given structure and (2) field calculation of each
ray, it is part (1) where good parallelism has been achieved. Portions of the code remain serial,
particularly part (2), namely, electric field computations from RT results.

Accuracy improvements of several components of the SBR computation can lead to a SBR
method capable of performing wireless propagation modeling of tunnel environments with the
same accuracy as the IT RT, a computationally much slower but traditionally more accurate solver
[2], [8]. A ray classification method presented in [8] allows for parallelization of the double count
removal portion of the SBR algorithm, which traditionally has been very difficult to parallelize.

This present paper proposes a novel unified parallelization framework of algorithms, strategies,
and data structures to radically enhance the efficiency of the SBR RT method by integration of
SBR with OptiX Prime, comprehensive parallelization of all components of SBR computation,
including electric field computation and postprocessing tasks being traditionally limited to
sequential operation, and addressing and optimizing memory usage and constraint issues to further
advance efficiency of the overall method. The paper shows excellent parallelism of the method, as
well as extremely substantial reductions in computation time when compared to the existing
methods.

Details on the approach to computing, storing, and updating the electric field for each ray are
described in order to develop an understanding of the flow of data and processing on the GPU. We
introduce the important optimization strategies used for writing efficient executable code on
NVIDIA GPUs. This includes the importance of structured global memory accesses that limit the
total number of reads and writes to memory necessary and the inevitability of GPU

synchronization. Configuration optimization of the GPU kernels for the RT program is compared
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with changes in performance from different configurations. Specific implementations of the RT
algorithm to incorporate these strategies are discussed. We believe that the presented algorithms,
strategies, and data structures should be very useful to researchers, developers, and practitioners
of ray-based and other high-frequency methods and modeling. They should also be of significant
interest to the area of parallelism and efficiency enhancement of CEM techniques in general.

The results demonstrate that the new SBR methodology achieves upwards of 99% parallelism,
whereas no such scaling performance, or close to it, has been reported for RT computations so far.
We assess the level of parallelism using Amdahl’s law, a predominant scaling law for systematic
prediction, assessment, and understanding of parallelization speedup and parallel scaling
properties of a code [25]. This dramatically reduces computation time for convergence in tunnels
(tunnels are challenging for RT simulations due to the difficulty in simulating multipath
propagation effects in large tunnel environments by RT approaches), for example, as well as in an
urban outdoor wireless propagation environment. Overall, the computational accelerations
achieved from the very high level of parallelism yield an SBR ray tracing methodology of
unparalleled efficiency, without sacrificing the previously advanced and established accuracy of
the method [2]. Importantly, the major enhancements of the efficiency (this present work) have
been enabled by and addressed synergistically with the improvements of the accuracy [2] of the
SBR computation. Note that a portion of this work has been reported in a M.S. Thesis [26]. A very
preliminary brief report has also been presented in [20]. Finally, we insist here on a distinction
between parallelization and parallel optimization of the code; namely, without the enhancements
proposed in this paper, conventional parallelized SBR will result in several orders of magnitude

more computation time for the same accuracy.
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3.2 OptiX Prime Integration in RT CEM Analysis

In our approach to a RT CEM analysis of a propagation structure or system, the environment is
meshed into discrete triangular facets. We use the NVIDIA OptiX application programming
interface (API) to compute the ray-facet intersections in order to trace the rays as they propagate
through the environment once launched by the antenna. In most scenarios, the medium of
propagation is assumed to be air. Once the ray has reflected, the triangles or faces that have been
intersected are used to calculate Fresnel coefficients, which are then used to calculate the
attenuation of the electric field based on the material composition of the facet. Such generated ray
information is used to populate a buffer of ray type objects, and this buffer is one of the main
programming components available in the NVIDIA OptiX Prime RT API. The buffer is passed to
the OptiX Prime ray intersection program that runs on the GPU and determines the path of a ray
from an origin point to a destination point along the direction specified in the spawning. It is indeed
advantageous to use the OptiX Prime API given a tremendous research and implementation effort
by NVIDIA over the years in developing OptiX Prime as a general-purpose RT engine [11].

An essential feature and a primary reason for using OptiX Prime is the efficient construction of
the binary space partition (BSP) tree. The BSP tree is a tree type data structure that stores
subdivisions of an environment and allows for efficient ray triangle intersection tests by pruning
out sections of the space that are not physically reachable from other sections of the space. In order
to construct the BSP-tree and perform ray-facet intersection tests, the OptiX Prime RT API needs
a geometry description file to build a mesh. The OptiX Prime API then loads the mesh and executes
a closest hit query for every ray in the ray buffer and calculates the nearest intersection with a
triangle for that ray. Here, an efficient BSP tree reduces the total number of facets that have to be

checked for a ray in order to find which one it hits first [27]. The field evaluation can then be
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performed based on the computed intersections and the associated ray reflections. After the ray
reflection calculations, the information regarding the previous path segments the ray has traveled
is used in postprocessing to determine any intersections the ray may have had with an observation
point.

Note that certain anomalous scenarios can occur while a ray is in the geometric portion of the
SBR RT algorithm, and they need proper attention and mitigation. The first such scenario occurs
when the ray escapes the mesh that it is propagating in, which is a product of numerical precision
error that allows rays that hit directly on the boundary of two facets to escape the mesh structure.
This happens rarely and is mitigated in the RT application by identifying the escaping rays in the
buffer and removing the respective information from the simulation. In the second scenario, a ray
leaves the region of interest, or the section where the observation points are located, without
leaving the actual mesh. In order to limit this region of interest, a bounding box consisting of

multiple “absorbing” planes is created to terminate any ray that intersects the box.

3.3 Optimization of Parallelized SBR Ray Tracing CEM

Methodology on GPUs

3.3.1 SBR RT GPU Computation Theory and Implementation

The shooting bouncing RT program involves the spawning, propagation, electric field
computation, and electric field summation of millions of rays. The ability to launch millions of
rays is highly dependent on the structure and efficiency of the code as well as the level of
parallelization achieved. SBR RT is a highly parallel procedure because each ray propagates
independently and any computation involving a ray can be performed without interference from

other rays. GPUs appear to be ideally suited for an overreaching goal of fully benefiting from the
30



inherent parallelism of the SBR process, in terms of making the computation as efficient as
possible. Specifically, GPUs are effective with this type of highly parallel programming as each
basic work unit, or thread, on the GPU can compute, track, and update an individual ray’s
information. In contrast to central processing units (CPUs), GPUs are optimized for data parallel
throughput computations and low latency access to cached data sets. Whereas CPUs are designed
to control logic for out of order and abstract execution, GPUs perform best on organized instruction
sets with limited control-flow branching. GPUs are also architecturally more tolerant of memory
latency and have physically more transistors that can be dedicated to arithmetic computation [27].
For all these reasons, GPUs are highly advantageous for RT applications.

The compute unified device architecture (CUDA) parallel computing platform is the primary
language used to program on NVIDIA GPUs, permitting the creation of parallel computational
instructions to very substantially increase efficiency from the GPU cores and decrease computation
time. The device code for NVIDIA GPUs is written in CUDA C/C++ and the executable code on
the GPU runs kernels that are synchronous computation batches containing sequential instruction
sets. The sequential code located inside the kernels is executed by the threads that are spawned at
the start of the kernel execution.

Understanding the structure and execution procedure of NVIDIA GPUs is essential for efficient
parallelization of the SBR RT application. The finest execution unit on the GPU is the thread, with
GPU threads being similar to threads on a CPU and executing instructions sequentially. They are
grouped into thread blocks and all thread blocks used in the execution of a kernel compose a grid.
When a kernel is executed on the GPU, the thread blocks in the grid are distributed to the available
streaming multiprocessors (SMs) located on the GPU. Thread blocks do not begin execution until

an SM has enough resources for all the threads inside the thread block to execute. The SMs have
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shared memory that can be used by all the threads inside that block. The threads located in the
block running on the SM cannot all run at one time and the SM typically, in the case of the NVIDIA
GTX 1060 GPU used for the SBR RT application in this work, can execute a group of 32 threads,
known as a warp, at one time. Warps run in parallel, allowing these groups of threads to execute
their instructions rapidly.

Parallel execution, however, introduces new complications: race conditions are extremely
frequent in parallel programs and especially in the RT application and can destabilize a program
without conscious handling. The main race condition occurs when the electric field at an
observation point is modified by adding the electric field from all the rays that have intersected the
same observation point. Since many threads on the GPU are all executing concurrently, many of
the threads would be modifying the memory containing the electric field for the observation point
simultaneously. This means that the electric field for each observation point may not be updated
properly by the threads performing the postprocessing calculations. To eliminate this race
condition, the threads must synchronize to ensure mutual exclusion when reading or writing to the
memory where the electric field for the observation points is stored. The downfall with this
synchronization is a loss in computation time due to threads having to wait for one another to
update the electric field.

Effective GPU programing ensures that work is given to all the pipelines available on the GPU
and increases computation throughput by hiding the latency of the memory pipelines. To maximize
efficiency on the GPU, ideally all the SMs should be running code continuously with other
computations running asynchronously. The amount of memory available on the GPU and on the
host CPU are the primary limiting factors of the SBR RT application. The memory requirements

of the GPU only allow a fixed number of rays to be computed at a time. Because of this constraint,
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for some larger structures, the rays need to be split into batches before being sent to the GPU. The
first type of batching involves the subdivision of the faces of the icosahedron used to launch the
rays initially (we employ an icosahedron for the sampling method in our spawning technique for
the RT application) [2]. The other type of batching utilized in the SBR RT application is the
batching of the reflection calculations for each of the rays. If the ray’s reflection calculations are
not batched, then storing all the path information for a ray over hundreds of reflections would
overflow the memory. This is because each ray reflection consists of the ray’s previous and current
intersection points each represented as three floating point numbers and the identification of the
triangle that was hit represented by an integer type. This stored information equates to 28 bytes of
memory for each reflection, and for 100 million rays, this would be 2.8 gigabytes of storage per
reflection. Hence, as the number of reflections increases, only information about a ray’s current
reflection segment is tracked to limit this memory footprint, and after all paths in a batch of rays
have been computed, the next batch is processed. This procedure is repeated until no remaining
rays need to be traced for intersections with the observation spheres or the limit on the number of
reflections has been reached.

Maximum efficiency with any kind of parallelization, especially on GPUs, requires the
optimization of the program to get the best performance possible. The first type of optimization
prevalent with all NVIDIA CUDA GPU programs is the launch configurations of the kernel. The
launch configurations refer to the number of blocks and number of threads per block that are
created to run the code within the kernel. The downside of having too many spawned threads is
that some threads will be idle while the other threads are doing all the work. Conversely, if there
are too few threads then there could be resources on the GPU such as CUDA cores and SMs that

are not being utilized for computation. To get the best efficiency, all compute units on the
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GPU should remain occupied with computation. The RT application is memory bound, meaning
that the bottleneck in simulations is primarily due to the memory limits available to hold data, and
the simulation therefore requires higher thread occupancy in order to achieve better efficiency. In
our work, various kernel launch configurations were tested beginning with a block size of 128
threads and adjusted to the number of threads per block in increments of 32. The best results, in
general, were obtained with 128 threads per block. The number of blocks is also an important
consideration, and typically 1,000 or more thread blocks are necessary as this enables the code to
be evenly distributed among the GPU hardware, but also highly modular and scalable with

additional GPUs.
3.3.2 Optimal Parallelization of Ray Tracing Method

Fig. 3.1 shows the flow between the GPU and CPU in our SBR RT method, depicting the
transfers between the GPU and CPU, which can be a severe bottleneck when running simulations.
As can be seen, the method starts with loading the environment mesh into the CPU, which has all
pertinent information about surface normals and locations. The ray-initialization-icosahedron is
then generated, and the ray-neighbor adjacency map is calculated, which, in turn, is used to find
exact ray cone sizes for computing ray-receiver intersections more exactly. This is the bulk of the
work performed on the CPU, which remains constant as ray numbers and reflection counts
increase. The batching loop is then started, with the 20 faces of the icosahedron being the default
number of batches in the program. Initial ray directions are generated across one face of the
icosahedron, subdivided according to the n™ triangular number [2], and these are copied to the

GPU memory.
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Fig. 3.1: RT methodology: Flowchart showing basic processes of the proposed RT method as well as transfers

between the GPU and CPU.

Ray-facet intersections are calculated using the NVIDIA OptiX Prime API. In this routine, we
calculate the intersections of these rays with set receiver points, and remove double counted rays
by means of a new method described in [2], [8], which uses information from the ray adjacency
map already created. After the ray double count removal, the ray fields are employed to update the
receiver fields at every point, according to Fresnel’s coefficients and reflection geometry. The ray
information and receiver field arrays are copied to the CPU memory, which is the main transfer
bottleneck — not severe, however, since both arrays contain a minimal amount of information. The

copied receiver fields are added to the master copy on the CPU. If the reflection limit has not been
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reached, new ray directions are calculated, and the loop is repeated. If the reflection limit is
reached, the program moves onto the next batch of rays, and the process repeats. Once all the
batches have been completed, the master CPU copy of receiver fields is output to a text file. As we
can see from this process, the bulk of the calculations are done on the GPU, which helps to vastly
accelerate the program. Bottlenecks between the GPU and CPU are limited, which also helps to
increase speed.

Global memory (memory allocated on the GPU device from the host) throughput is an
important optimization consideration when computing on a GPU. Transferring information from
host memory to device memory is very slow and the number of copies needs to be minimized. In
the RT application, the data for each ray is transferred to the GPU only once before the
postprocessing after each reflection. The largest memory storage on the GPU is global memory
which is up to 6 GB in the case of NVIDIA GTX 1060 GPU used in this work. Global memory is
accessible by all threads running across all thread blocks in the grid, but it has very high access
latency [28]. All memory operations performed in the execution of the kernel are issued per warp
and the warp accesses memory in 32-word chunks. If the 32 threads in a warp access continuous
addresses in memory, then the latency for that group of threads is reduced. These types of accesses
to global memory are called coalesced accesses and they ensure all threads access a continuous
chunk in memory and therefore reduce the total time for memory access. In order to achieve the
coalesced memory accesses, our SBR RT application avoids scattered address patterns and global
memory storage with large strides between accesses.

Ray double counting is a well-known issue with the SBR method, with different methods
proposed to address this problem [3],[4],[29]. Recently, we proposed a double count removal

method using icosahedron geometry and ray cones approach [2]. As illustrated in Fig. 3.2, if two
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neighbor rays reach the same observation point in the same number of reflections, they represent
the same wavefront, and one is easily removed. Efficient parallelization of the double count
removal procedure is a very important aspect of the GPU optimization for the SBR code. However,
the double count removal methods still suffer from the need to examine neighbor ray paths to
identify the double counted rays, which is inherently not parallel. To parallelize this portion of the
code, adjacent rays need to be split into different classes. The icosahedron spawning pattern allows
for grouping rays into three distinct classes, in which no adjacent rays will be a member of the
same class. Fig. 3.3 shows an example of the different classes displayed as three colors plotted
over the faces of the icosahedron. Specifically, we split the adjacent rays into separate classes to
ensure that no two adjacent rays that double count on the same observation point are processed at
the same time, and this classing method is described in detail in [8]. If the GPU threads were to
execute the double count removal simultaneously, namely, if the classing method were not used,
two rays that have intersected an observation point and represent a double count would not be

properly flagged, and the double count would be missed.
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Fig. 3.2: Ray cone double counted wavefront: Illustration of overlapping ray cones, with multiple adjacent cones
intersecting the same observation point (the black dot) due to the overlap.
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Fig. 3.3: Adjacent classes of the RT icosahedron: The three distinct classes displayed as red, green, and blue dots
plotted over the icosahedron display how adjacent rays are members of different classes.

3.3.3 SBR Electric Field Computation Accleration

Typical SBR algorithms use the physical optics (PO) radiation approximation for the electric
field computations. Essentially, the rays are used to “paint” surface currents in the environment,
which are then entered in the PO radiation integral to compute scattered fields [17]. These
integrations can be carried out for each mesh facet individually [9], which does allow for some
degree of parallelization. However, the numerical integration is still computationally heavy for
GPU implementation, which can result in an efficiency bottleneck. In the method presented here,
instead of using the PO approximation, the SBR technique implements a ray-sphere intersection
method, as detailed in [2], where ray field contributions are summed directly at reception points.
The advantage is that each ray-sphere test is entirely independent from one another, as well as
computationally efficient. This results in an electric field computation scheme that allows for

embarrassingly parallel GPU methodology.
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Our methodology uses the NVIDIA CUDA API to search ray path intersections in parallel,
where every ray is checked for intersection with observation point spheres, which represent the
radius of the ray-cone. Since it is possible for a ray to intersect multiple observation points, every
ray must be checked with every sphere, which results in a computational complexity of O(NP),
where N is the number of rays and P is the number of observation points. Due to the nature of
arrays on GPUs, it is impossible to allocate an array in memory without knowledge of the array
size, and, since the number of ray-observation intersections cannot be known a priori, ray-
observation checks need to be conducted twice to achieve parallelism, as follows. Our technique
checks for the ray-observation intersection, and if found true, it uses atomic add to create a total
count of intersections, which is then used to allocate an array on the GPU. The same intersection
checks are done again, but now we fill the array with electric field data that is used to calculate the
total electric field.

While this unavoidable doubling of the ray-observation checks, for GPU parallelism, certainly
decreases the efficiency of the analysis per se, given that typically both N and P are very large in
RT applications, and so is O(NP), the overall order of magnitude for the computation time remains
the same, and hence this method still massively benefits from parallelization. To illustrate this, Fig.
3.4. shows the comparison of the ray-sphere intersection method time when done on a GPU versus
a CPU. In the CPU intersections, C++ vectors are leveraged so that the intersections do not need
to be computed twice. Instead, a vector push back is used to extend the container for each valid
intersection. However, due to the inefficient nature of vector reallocation, as well as the fully
parallel computations on the GPU, we see an increase of up to 125x for just this portion of the

code. This is also indicative of a massive increase in computational efficiency of the
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Fig. 3.4: Speedup of the ray-observation intersection method (only a portion of the overall SBR RT code), vs. the
number of rays, as implemented on a GPU in parallel, with two passes of the intersection checks method, relative to
the implementation on a CPU in serial, with intersections computed once.

overall SBR RT methodology with the proposed GPU parallelization, resulting in an unparalleled

total computation time relative to other approaches.

3.4 Numerical Results and Discussion

As the first example of the computational speedup from the proposed novel NVIDIA OptiX
Prime CUDA GPU parallelization framework for SBR RT CEM propagation modeling, Fig. 3.5
shows strong scaling results of the SBR code when compared to Amdahl’s parallelization scaling
law at 99.3% parallelism, when using 2.5 million rays and 20 reflections, which are typical values
required for convergence of the SBR method. The number of CUDA blocks is set to 1 while
increasing the number of compute threads per block from 1 to 1024, to increase parallel
computations, where 1024 threads per block is a limit for this comparison imposed by CUDA.
These strong scaling results indicate that the code has achieved about 99% parallelism, namely, a
99% parallel portion with 1% sequential rest. This is an excellent outcome, generally extremely

difficult to realize due to many postprocessing tasks being traditionally limited to sequential
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operation. We also perform the evaluation of the level of parallelism using Amdahl’s law
specifically for the electric field computation portion of the SBR algorithm and code, along with
the parallelism for the entire algorithm and code. The results show very similar parallelism levels,

of about 99%, for both the entire code and the field computation part.

—— This SBR Method, Field Computation
175 | — Amdahl's Law 98% Parallelism, Field Computation
—3— This SBR Method, Entire Code
1504|— Amdahl's Law 99% Parallelism, Entire Code
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Fig. 3.5: Comparison of strong scaling SBR RT results with 2.5 million rays and 20 reflections to Amdahl’s law
with 99% parallelism, curve-fitted through the SBR data points. The GPU computations are performed a variable
number of compute threads (per block).

As the next code efficiency demonstration, Fig. 3.6 shows a comparison with Amdahl’s law of
strong scaling results obtained with the same accelerated SBR framework as in Fig. 3.5 but for the
number of threads per block set to 128 and the number of CUDA blocks swept from 1 to 4096. We
observe from this experiment a strong speedup and approximately 97% parallelism in the code
even when a larger number of total compute threads are used. We also see the speedup plateau at
around 1000 blocks, which signifies full occupancy of the GPU (once the memory is at full
occupancy, speedup is effectively bound) and numerically confirms related theoretical and

empirical considerations.
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Fig. 3.6: Comparison of strong scaling results to Amdahl’s law with 96.9% parallelism (curve fit through SBR
points) for the same accelerated SBR framework as in Fig. 3.5 but with a fixed number (128) of compute threads per
CUDA block and a variable number of blocks.

Next, Table I shows comparison of total computation times of the SBR RT propagation analysis
conducted in serial and parallel, that is, for the results generated using a serial CPU implementation
and with the parallelized GPU code, respectively. The simulations are performed using optimal
values for compute threads and CUDA blocks for individual numbers of rays, on a standard
workstation computer with an NVIDIA Geforce 1060 (6 GB) GPU. We observe massive parallel
vs. serial speedups, which demonstrates the effectiveness of the proposed methodology in truly
optimizing the SBR RT code and taking full advantage of NVIDIA OptiX Prime API and CUDA

GPU programing interface for propagation modeling.

Table 3.1: Comparison of Serial and parallel Computation Times for SBR RT Propagation Computation.

Number of Rays (thousands) 100 400 900 1600

Serial Computation Time 852 6181 29638 86214
(seconds)

Parallel Computation Time 1 2.6 4.5 6.5
(seconds)

Speedup (x) 852 2372 6565 13263
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As the next example, Fig. 3.7 shows propagation modeling results for a rectangular dielectric
waveguide (tunnel) from [7], with dimensions 4 m x 4 m x 1000 m, tunnel wall dielectric
parameters & = 5 and o = 0, and excitation by a vertically polarized isotropic transmitter at 1
GHz. Tunnels represent a challenging environment for RT solvers, due to the large distances
covered and the higher order modes present in propagation, and thus an excellent test case. The
SBR RT results are compared with the IT RT solution (image theory is known to produce the most
accurate ray tracing results) and the results obtained by Ansys Savant SBR+ [30], which uses the
PO approximation for electric field computations and is parallel compute enabled. We observe
excellent agreement of the results obtained by the three methods. This confirms that the vast
parallel optimization of all computational aspects of the SBR RT methodology proposed and
described in this work, enabling such high parallelism and unparalleled efficiency, have not
affected the previously advanced and established accuracy of the method (on par with the
drastically less efficient IT RT approach) [2]. In fact, the presented major efficiency optimizations
and enhancements have been enabled by and addressed synergistically with the improvements of

the accuracy of the SBR computation.
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Fig. 3.7: Comparison of the presented optimally parallelized SBR method with IT [7] and Ansys Savant SBR+
[30]ina4 m x 4 m x 1000 m waveguide tunnel with dielectric (¢, = 5, 0 = 0) walls at 1 GHz [transmitter at (1.1 m,
2.1 m, 0), receivers at (1.9 m, 1.7 m, z)].

As the final test case, we consider an example of an urban wireless propagation environment,
the so-called “Madrid grid” urban scenario, often referenced as the METIS project scenario, which
has been commonly used for evaluation and characterization of wireless propagation and
parametrization of radio channel modeling in outdoor urban scenarios, typically via ray-tracing
simulations [31],[32],[33],[34]. This test case is aimed at evaluation and demonstration of both
the parallelism of the new proposed optimized SBR methodology and the accuracy and validity of
the presented SBR computations. We consider the geometry shown in Fig. 3.8, in which both the
buildings and ground plane are assumed to be concrete, with permittivity of 4.5 and conductivity
of 0.09 S/m respectively. The heights of the buildings are adopted to be 50 m. The path from A to
B to C represents a line-of-sight radio channel while the path B to D is a non-line-of-sight channel.
The transmitting antenna (Tx), at location A, is a vertically polarized half-wave dipole at a
frequency of 5 GHz, at a height of 10 m with respect to the ground. The receiving points are placed
at heights of 5 m. Note that the presented SBR methodology is a pure SBR RT approach, and hence

diffraction from edges is not included in the model.
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Fig. 3.8: Geometry of the “Madrid grid” (METIS project) outdoor urban scenario. The path A—B—C represents a
line-of-sight radio channel while the path B-D is a non-line-of-sight channel. The transmitting antenna (Tx) at 5 GHz
is at location A.

The validation of our SBR computations for this urban radio channel modeling scenario is
performed using Ansys SBR+ as shown in Fig. 3.9. We observe excellent agreement of the present

SBR method with Ansys SBR+ in both the line-of-sight and non-line-of-sight channels.
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Fig. 3.9: Results for the METIS test case geometry from Fig. 8. A vertically polarized half-wave dipole is

launched from Tx and traced through the Rx path shown at 5 GHz. The buildings and ground are both assumed to be
cement with a relative permittivity of 4.5 and conductivity of 0.09 S/m.
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While showing this excellent agreement of the results, we also demonstrate massive
parallelization for this test case. The results in Fig. 3.10 show very high parallelism levels, namely,
upwards of 99% parallelism, for both the entire code and the field computation part in the “Madrid

grid” urban scenario SBR simulations, similar to the tunnel test case.
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Fig. 3.10: Strong scaling for the METIS test case. We show scaling for the electric field computation portion of the
code as well as the total scaling for the SBR method (the entire code).

3.5 Conclusion

This paper has proposed and described a novel parallelization methodology to maximally
enhance the efficiency of the developed cone-based shooting and bouncing ray tracing technique
for electromagnetic propagation modeling, which incorporates procedures such as ray batching
and double count removal to improve the accuracy of the solution. The parallel optimization of the
SBR code is achieved by fully exploiting the inherent features of NVIDIA OptiX Prime API and
CUDA GPU programing interfaces suitable for SBR computations, comprehensive parallelization
of all components of the SBR algorithm, including electric field calculation as well as

postprocessing tasks being traditionally limited to sequential operation, and addressing and
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optimizing memory usage and constraints to further advance efficiency of the method. The paper
has presented and explained in detail a novel unified framework of algorithms, strategies, and data
structures applied to SBR RT to further acceleration on the GPU without sacrificing the previously
advanced and established accuracy of the method. Importantly, the major enhancements of the
accuracy and the efficiency are tightly coupled and had to be addressed and pursued synergistically.

The presented numerical results have demonstrated that the new proposed optimized SBR
methodology achieves massive parallel vs. serial speedups and upwards of 99% parallelism under
Amdahl’s parallelization scaling law, which is a rather unique performance outcome. The strategic
use of GPUs and the meticulous optimization of all computational aspects of the code have resulted
in a solver that is extremely efficient in launching millions of rays, computing, storing, and
updating the electric field for each ray, and converging to accurate solutions for electrically large
structures smoothly and rapidly. The efficiency gained from the acceleration, achieved from the
very high level of parallelism, has created an SBR algorithm with a favorable performance and
dramatic reduction of computation time for convergence in long tunnels, as a challenging test case,
as well as in an urban outdoor wireless propagation environment. We believe that the algorithms,
strategies, and data structures proposed and described in this work should be of significant interest
and value to researchers, developers, and practitioners in the field of ray-based and high-frequency
asymptotic methods and modeling, as well as for all related considerations and advancements of

parallelism and efficiency of CEM techniques in general
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Chapter 4
Kriging Methodology for Uncertainty Quantification

in Computational Electromagnetics®

4.1 Introduction

Among the most important topics in computational science and engineering, and particularly
so in computational electromagnetics (CEM), uncertainty quantification (UQ) is at the forefront
of research due to the far-ranging academic and industrial uses [13]. Through effective and
rigorous UQ, the quality of analyses and designs may be improved drastically, both in terms of
effectiveness and reliability. Indeed, from the position of satellites to the manufacture of the
simplest resistor or tomorrow’s weather, uncertainty is unavoidable. Further, uncertainty is
essential in CEM as material parameters of an antenna/scatterer, object shape/size, mutual
positions/ orientations, etc. are all uncertain input parameters, which may be known only within a
specific tolerance. UQ in CEM involves studies of how the input parameter uncertainty translates
into uncertainty in the generated electric or magnetic field, for example, where the UQ-CEM aims
at assessing the sensitivity of the field to the uncertain input parameter. Troublesome sources of
uncertainty also include experimental uncertainty, inadequacy and randomness of a model or some
of its components, discretization error, and other sources of numerical error, e.g., numerical
integration and finite-precision arithmetic.

In CEM, the finite element method (FEM) and the method of moments (MoM), along with

similar alternatives such as finite difference methods, provide the underlying model for solving

3 This chapter is based on work from Ref. [15]
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the relevant partial differential equation or integral equation problems and therefore the structure
by which the uncertainty influences or perturbs the solution and the quantities of interest (Qols)
computed from the solution. Namely, in practical applications, we are often interested in specific
Qols (i.e., functionals of the solution). With the solution itself being a random quantity, by tailoring
results to the set of necessary computables, the parameter space may be explored more effectively,
driving higher quality UQ analysis for the goal-oriented simulation objectives and the same or
lower computational cost. For a waveguide structure, a typical Qol that we are interested in
studying could be the cutoff frequency or the propagation coefficient; for a scattering target, the
Qol could be the radar cross section (RCS) or a specific component of the scattered field. In other
words, according to our goal-oriented approach, rather than the solution directly, our primary
objective is the study of a goal functional (or a collection of goal functionals) [14], [35]. The
general UQ problem we are considering in this work can be formulated as predicting and
quantifying the probability density function of a Qol in a CEM simulation given the probability
density of uncertain (stochastic) input parameters to the CEM structure and model. Specifically,
the probability density of the uncertain input parameter (such as material parameter) is propagated
through the system, in this case being FEM, so that an output probability density can be
constructed. This output probability density represents uncertainty of some calculated or measured
quantity given uncertainty in the input. Specifically, in this work, we will consider uncertainty in
a scatterer material parameter and propagate this uncertainty into the simulated monostatic radar
Cross section.

Traditional Monte Carlo methods — the conventional and dominant approach to UQ — are
straightforward, nonintrusive (the deterministic forward solver can be used as a “black box” and

only postprocessing needs to be done on simulation results), and can easily be applied to higher-
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dimensional parameter spaces [36]—[38]. However, the number of samples required restricts
applicability to low-cost computations or when high-precision UQ is not needed, as the
convergence of Monte Carlo simulation is proportional to the square root of the number of samples.
For example, in [39]-[41], standard Monte Carlo methods were applied to rough surface scattering.
Given the precision required of modern devices and objectives, simulations require similar
resolution, demanding more expensive computational models. Hence, when model complexity and
precision require a large number of unknowns (degrees of freedom), each Monte Carlo solve can
take large (often prohibitive) computation time. Thousands (or many more) of points are usually
required for Monte Carlo convergence, which makes this simulation practically unattainable in
many cases.

Given the potential unsuitability of standard Monte Carlo methods, then, a significant body of
research has been devoted to stochastic spectral Galerkin approaches, e.g., polynomial chaos
expansion (PCE) [42]-[49], and stochastic collocation approaches [50]-[56]. Some of these
methods are intrusive techniques, requiring substantial modifications to the deterministic CEM
solver and thus being undesirable due to the implementation complexity required. Some methods
suffer the curse of dimensionality, i.e., the rate of convergence deteriorates with the increase of
dimension of the parameter space), an important issue in UQ that is not addressed in this work,
nor we discuss ways of its mitigation.

Additionally, with the increasing involvement of machine learning and optimization techniques
in engineering projects, robust and automated uncertainty quantification is of vital importance.
Recently, given the necessity to consider uncertainty as outlined above, researchers and
practitioners in design optimization have begun to consider uncertainty as an integral component

of the applied procedures. For instance, as outlined in [57]-[60], UQ-augmented machine learning
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techniques for optimizing designs in electromagnetics have resulted in substantial improvements
for real-world applications. While promising, in most cases, these techniques rely on standard
Monte Carlo methods, therefore suffering the same weaknesses hampering other areas of
engineering and numerical methods.

In recent years, sensitivity analysis and optimization methods have been increasingly based on
surrogate models primarily due to the reduced computational cost when compared with Monte
Carlo methods. Surrogate models replace expensive function evaluations with an analytical model
which is constructed using samples of the physical (original) simulation (on the actual model) [61],
[62], [38]. If at some point the surrogate evaluations become sufficiently accurate when compared
to the actual (physical) model, the surrogate can now be used instead of the prohibitively expensive
function evaluations. Several surrogate models, such as the least square polynomial, multi-layer
perceptron, radial basis function, and Kriging models and methods were examined in [63], and
Kriging and radial basis function methods showed the most promise.

This paper presents the implementation and use of the Kriging methodology, i.e., surrogate
models based on Kriging interpolation, also referred to as Gaussian process regression, in UQ in
CEM. Kriging methods have been applied in optimization and UQ problems in other fields of
science and engineering, such as aeronautics, aerospace, geostatistics, fluid dynamics, etc. [38],
[61]-[67] as well as in optimization of designs in magnetics [68] and CEM [69]-[73]. In particular,
[69] proposes a combination of the universal Kriging with DIRECT algorithm to increase the
accuracy of the surrogate reconstruction by selecting optimum points and using the surrogate
model to optimize the size of a slot-array frequency selective surface. In [70], the combination of
domain confinement with gradient enhanced ordinary nested Kriging is proposed to reduce the

size of the domain of interest in the surrogate reconstruction within the optimization of the
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parameters of an antenna. Further applications of Kriging interpolation to antenna optimization are
presented in [71]-[73]. In addition, notable examples of UQ of electronic circuits using Kriging
surrogate models and SPICE circuit solvers are given in [74], [75].

We present consistent and unified description, derivation, implementation, and use of several
advanced Kriging approaches, namely, the universal Kriging, Taylor Kriging, and gradient-
enhanced Kriging methods, for reconstruction of probability density function in CEM problems.
We provide in-depth and comprehensive description of Kriging and the necessary methods to
calculate covariance, adjoints, correlation, etc. Here, the universal Kriging (UK) is a surrogate
method that is advanced from the ordinary Kriging (OK) by the use of basis functions in the form
of (typically) power functions in the construction of the Kriging predictor. The Taylor Kriging
(TK) method is a further advancement by means of Taylor series polynomial basis functions
centered at the average of sample points. The gradient-enhanced Kriging (GEK) formulation uses
gradient values to advance the accuracy of the ordinary Kriging approach. Note that some
preliminary results using one of these techniques (TK) are presented in a summary form in [76].

Moreover, this paper proposes a completely new Kriging methodology, the gradient-enhanced
Taylor Kriging (GETK) technique. Namely, gradient enhancements as shown in [64], [61], [77],
[62] have all been proposed and built on the foundation of the ordinary Kriging method which has
no basis functions involved with the regression scheme. In addition, GEK has been implemented
in [61] and [64] specifically in the context of UQ and optimization, and was shown to be
significantly more accurate than even advanced versions of Kriging such as UK. In this work, we
propose, derive (using optimization principles), develop, test, and demonstrate a GEK
methodology based on the TK approach which has been shown to generally be the most accurate

form of non-gradient-enhanced Kriging methods. The novel GETK methodology has the
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advantage of making use of gradient information, such as with the GEK method, and basis
functions, much like in the UK and TK formulations (and more similarly to TK as we use Taylor
series bases). The proposed GETK methodology is novel not only to UQ in CEM but to science
and engineering in general, and not only to UQ and general numerical analysis but to all possible
uses of Kriging interpolations, of which there are many indeed.

Furthermore, for gradient enhanced surrogate functions in this work, i.e., the GEK and GETK
models, the gradients are calculated using our adjoint CEM methodology [14], [35], [78]-[81],
that is, the gradients are obtained from the suitable adjoint problem that relates the deterministic
forward problem to a specific Qol. The benefit of using adjoints to solve for gradients is that the
solution requires exactly (only) one additional simulation solve regardless of the dimensionality
of the parameter space. Note that adjoint solutions have become increasingly popular in
computational methods in general in recent years due to their excellent scaling. Computational
thrift is achieved through a goal-oriented focus, with the method built around user-specified
quantities of interest.

The paper presents validation and comparative numerical studies of different Kriging
methodologies for UQ CEM analysis. We compare and discuss OK, UK, TK, GEK, and GETK
solutions to UQ scattering problems and examine the accuracy and convergence of the solution
and performance of various approaches when reconstructing an output probability density function
given an input probability density from some uncertain quantity, with emphasis on predicting
material uncertainty impact on finite element method (FEM) RCS computations. We also validate,
evaluate, and discuss the accuracy of various Kriging methods against two well-established non-
Kriging UQ approaches. The first is the general adjoint-based gradient-enhanced higher-order

parameter sampling (HOPS) UQ methodology [14], [35]. The second is a PCE approach, the
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arbitrary polynomial chaos (aPC) technique, which is nonintrusive and has been shown to work
rather well for UQ elsewhere in applied mathematics [82]. Numerical results show that Kriging
methods provide excellent and very useful tools to construct surrogate functions in UQ CEM
simulations, with very small numbers of input sample points, as a very efficient alternative to
Monte Carlo computations. The results also demonstrate that the novel GETK method outperforms
all other approaches, Kriging and non-Kriging, by much faster convergence with increasing the
number of sample points and dramatically more accurate probability density reconstruction in all

examples.

4.2 General Principles

4.2.1 The Kriging System

To introduce and explain the principles that all Kriging interpolation methods share and
establish the Kriging system of equations in general terms, consider a stochastic function of the
following form, which may represent some complex-valued scattered field based on some input X

[83], [65], [68],

Z(X) = p(X) + &(X), (4.1)

where X is referred to as a position vector in the parameter space, @(X) is a mean or drift
function, and £(X) is a random error term with the expected value E[e(X)] = 0. With N observed,
or measured, values, Z(X4),Z(X3), ..., Z(Xy), the Kriging predictor, VA (X), is given as a linear

sum of these values multiplied by unknown weights (1), which can in general be complex,
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2(X) = Z A - Z(X)), (4.2)

where, generally, the hatted, (.), symbology is used to indicate an estimated or predicted
quantity value instead of the true value. The weights A; are selected based on two conditions
combined [83]. Firstly, Z(X) is the unbiased estimator of Z(X), that is, E[Z(X)] = E[Z(X)].
Secondly, the variance of the estimator error, Var[Z X)) -z (X)] = Var[e(X)], is minimized,

which can be expanded into the following expression:

Minimize: Var[e(X)] = z/liZ/lj Cov[Z(Xi), Z(Xj)]
i=1 j=1
2 z A, Cov[Z(Xy), Z(X)] + Var[Z(X)] (4.3)

=1

where C ov[Z X)), Z (X 1)] is the covariance between samples Z(X;) and Z (X j), at input sample
points X; and X; (also referred to as training points), the total number of which is N, and Z2(X) is
the surrogate output reconstruction point. From the first requirement, we take the expected value

of (4.2) and use the assumption that E[Z(X)] = u(X), i.e., a stationary process, to come up with

the Kriging system constraint
N
kOO = ) A - p(XD. (4.4)
i=1
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In the case of ordinary Kriging, u(X) is assumed to be constant, yielding the OK system

constraint as follows:

N

z A= 1. (4.5)

i=1

On the other hand, in advanced Kriging approaches, this assumption is abandoned; namely, in
the universal Kriging, Taylor Kriging, and gradient-enhanced Taylor Kriging methods, rather than
a constant, we instead assume that u(X) can be expressed as a sum of basis functions up to order

M,

M

kOO = @THOO = ) a0, (4.6)

1=0
where b;(X) are basis functions and @; are unknown coefficients. Thus (4.4) can be expressed

as follows:

N
by(X) = Z Ab (X)), 1=01,..,M. 4.7)
i=1

4.2.2 Empirical Covariance Function

Having specified the Kriging mean, we now outline the covariance function. We consider two
modalities: one based on an empirical covariance function and the other on maximum likelihood
estimation (MLE) [64], [68], [84], [85], [61]. The covariance used in Kriging is typically assumed

to be homogenous and isotropic [83], meaning that two points in the parameter space have the
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same covariance if the distance between them is equal and covariance is independent of direction.
This allows for the construction of a covariance function C(h) that can be evaluated for any pair
of Z(X;) and Z (X j), where h = |X; — Xj]| is the Euclidean norm. Note that anisotropic covariance
functions, where the function is no longer independent of direction within the input parameter
space, can also be included. While this can improve performance in specific scenarios where data
correlation trends appear in specific directions, isotropic covariance functions, especially the
squared exponential kernel, are typically chosen due to generally good performance in vast
majority of scenarios as well as flexibility and ease of use.

In the empirical approach, the distances are separated into discrete bins with every pair of
samples used for the Kriging system being placed into one of these bins with N(h) representing
the number of sample points that fall within a given bin, and an empirical covariance function is

evaluated as [84], [85]

Cth) = N Z(Xy) - Z(Xijn) — My - My (4.8)

(,))eN(n)

Here, m; is the mean of function values at distance 4 given by

Z(X;). (4.9)
ieEN(h)

BT

—

57



Once the empirical covariance function is created, it is fitted according to one of several models,
including Gaussian, exponential, cubic, and spherical among others. The commonly used Gaussian

fit function is given by

2

ch) = cpe~(@ | (4.10)

where C, and d are hyperparameters to be fitted.
4.2.3 Maximum Likelihood Estimation

Within the MLE approach, rather than constructing an empirical function, we instead aim to
maximize a likelihood function given the observed data, namely, to make the likelihood function

the most likely realization of the data as in a Bayesian approach. The likelihood is given by

1o = | [rxaten, (4.11)
d=1

where f(-) is the probability distribution of the data, X is the input vector, whose dimension is
D, and 0 is the vector of hyperparameters to be optimized via MLE. However, the likelihood
function is difficult to optimize directly, and instead we use the log-likelihood function, i.e., the

logarithm of the likelihood function,
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D
LL(O) = log L(6) = log | [ F(Xel6w)
k=1

D
= Zlogf(Xkled). (4.12)
k=1

Given that the logarithm function is monotonic (always increasing), the hyperparameter that
maximizes the likelihood function will also maximize the log-likelihood function, and the
computational benefit from invoking the log-likelihood becomes evident at higher dimensions,
where we turn the multiplication into a summation that can be independently optimized.
Additionally, many probability distributions involve exponential functions, which are cancelled by
the logarithm function.

The log-likelihood function considered in this work represents a Gaussian prior distribution

likelihood given by

D

LL6) = - Y log(zna®y® TR - L 2D K - 8D,

262
k=1

(4.13)

where z is a vector of observed data, B is a matrix of basis functions, 672 is the variance of the

data, and @ are the regression coefficients. R is a correlation function adopted as

R(X, X, 8) = o705, @19

and the covariance function is obtained as
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Cov[Z(X)), Z(X;)] = o*R(X;, X, ). (4.15)

While there are many possible choices for the correlation function, the Kriging systems
solutions presented in this paper will all use the Gaussian (squared exponential) correlation
function given in (4.14).

Maximizing (13) represents an MLE set of D nonlinear optimization problems, with D standing
for the dimension of the parameter space in (4.11). To solve the optimization problems, we use

derivatives of (4.13) with respect to @ and 62, respectively, leading to

a=(B"R'B)"'B"R™ 1z (4.16)

_ (z—Ba)'R"'(z - Ba)
— .

62

(4.17)

Substituting these expressions back into (4.13), we perform the optimization as follows:

Nlog 6% + log|R
Maximize: —[ g > 9| I]. (4.18)

This regression scheme is calculated using generalized least squares (GLS), since GLS also

requires a covariance matrix for regression solution.

4.2.4 Adjoint Solution
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For gradient enhanced Kriging models in this work, the gradients are obtained from the suitable
adjoint problem [14], [35], [78]-[81], where the solution does not suffer from “the curse of
dimensionality,” meaning it requires one additional simulation solve for any number of uncertain
input parameters to solve for all gradients. Here we present the solution to the adjoint problem in
more general terms, so that the result can be used for alternate choices of Qol if desired. Then we
narrow this adjoint solution to extract the gradient specifically for material parameters, which is
directly applicable to the material parameter uncertainty as a specific focus of this work.

For clarity with the numerical results section (though other partial differential equations may
be treated similarly), we start with the double-curl wave equation to solve for the scattered electric

field (E5¢):

VX 'V X ESC — kfe, ESC = =V x u; 'V X E™€ + ke, E™C,
(4.19)

where ¢, and . are the relative permittivity and permeability, respectively, of the medium and
k, is the free space wave number, which we recast using a linear operator, £, and the corresponding

excitation function G,

LES = G. (4.20)

The adjoint operator, L, is defined using the Lagrange identity [86],

(Lu,v) = (u,L'v), (4.21)
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where (-,-) denotes the standard L? inner-product.

We consider a linear functional J of the forward solution for E*¢ as the Qol [14],

JIE®¢] = (E*¢, p), (4.22)

where p is the excitation to the adjoint problem as defined by L*v = p. The choice of p can be
modified for different choices of Qol, and v is the respective solution to the adjoint problem.

Following [14], if we then perturb some component of the forward problem, a perturbed forward

problem is expressed as

) (4.23)

where ES is the perturbed solution with respect to the deterministic reference forward solution,

ES¢ = ETef

Es¢ = E™¢f + SET¢T, (4.24)

with & standing for a linear operator that signifies the effects of the perturbation, £ = £ + 6L,

and similarly for G. Taking the inner product of (4.23) with the adjoint solution v and applying

the Lagrange identity,

(E*¢,p) = (ES¢, p) + (6G — SLE, ). (4.25)
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In a practical case of relatively small perturbations, we apply the definition of the Qol in (4.24)

to obtain

JES¢| ~ J[E™®'] + (6G — SLE™,v). (4.26)

We focus now on the perturbation on the material parameters, say on the reference relative
permittivity of a scatterer, &, = erref , and a perturbation of A¢, = &, — erref . The effects of the
perturbation SLE™®/ and 8G are calculated by taking a derivative of the left- and right-hand side
of (4.19), respectively, with respect to the perturbed parameter and multiplying it by the

perturbation. Substituting these effects into (4.26), we arrive at

J[ES] = JIET] + K§((E™ — E™)) Ae, v). (4.27)

In the case of multiple quantities being perturbed, the perturbation becomes a vector, and the
terms SLE™® and 6G acquire matrix form. If we represent (4.27) in the form of a first order Taylor

series expansion,

J[ES) = JIET*T] + Ae, V J[ETT], (4.28)

we can extract the gradient term, namely, the following expression for the gradient of the Qol:
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VJ[ET®] = k2(E™™ — E™%/,v), (4.29)

to be used in our GEK and GETK methods in this work. Importantly, we can implement this
result into computation of any gradient enhanced surrogate function, with a requirement of only

one additional simulation solution solve.

4.3 Kriging System Solutions

4.3.1 Universal Kriging

The variance of the estimator in the universal Kriging (UK) method is given by (4.3), subject
to (4.7), where basis functions (b) are introduced as an advancement over the ordinary Kriging
(OK). This can easily be transformed into an unconstrained optimization problem using Lagrange
multipliers (6;), leading to [83], [65], [68]:

Minimize:
N N N

A Z A Cov[Z(X), Z(X;)] -2 Z A Cov[Z(X}), Z(X)]
-1 i=1

j=1

L

M N 1
+Var(Z(X) + 2 z 5, [Z A, (X — by(X)
=1 i=1 |

+Var <Z(X) 42 z 5, [Z by (X; — b (X)
=1 i=1

(4.30)

Taking partial derivatives with respect to A; and §;, we come up with the following system of

matrix equations that can be solved for A values:
A C B -1 Cxl-x
5=ls o [5] 431
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Ck1x1 o Ck1xN

c=| : ~ | (4.32)
Ckle o C%NxN
bi(x;) - by(xy)
B=| : . (4.33)
b,(xy) - by(xy)

C is a covariance matrix, where Cxixj is the covariance between Z(X;) and Z(X;) and €, is a

vector of covariances evaluated between Z(X;) and Z(X), B is a basis function matrix, and b,
represents a vector of basis functions evaluated at X.
In the UK technique, the basis functions are given by

b, (X) = X!, 1=01,..,M, (4.34)

where the number of basis functions, M, is limited by the following expression involving the
dimension of the parameter space, D, and the number of input sample (training) points, N [68],

[87]:

(D + M)!

M!D! (4:35)

With all the details above, the UK system of equations in (4.31) is solved, and the computed

weights A; are used to construct the Kriging predictor Z(X) in (4.2).
4.3.2 Taylor Kriging

The Taylor Kriging (TK) methodology is an advancement of the UK technique by means of

special Taylor series polynomial basis functions, instead of the power functions in (4.34), that are
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adjusted to be more sensitive to sample points, namely, they are centered at the average of sample
points. The M™ order Taylor series expansion of the mean about X, where X, is the average of
all sample inputs, is given by [83]

u(X) =a’b(X) = u(Xo) + 1@ (Xp) (X — Xo)
)] _ M
I 2 (Xo)lgf Xo) .

(4.36)

With reference to (4.6), the choices for b;(X) and a in (4.36) are

bi(X)=(X—Xp)!, a,=uX)®, 1=01,..,.M. (437)
4.3.3 Gradient Enhanced Kriging
As another advancement of the OK method, the gradient-enhanced Kriging (GEK) formulation
[64], [62], [77], [61], which uses gradient values to enhance the accuracy of the method, results in
the following Kriging matrix equation [62]:

B=[& P[5 (4.38)

Here, € is a composite matrix of the covariance matrix in (4.32) and its derivatives, of size
N(D + 1) X N(D + 1), that contains the covariances between function values and gradients, €y
is the same covariance vector as in (4.31), F = [1,...1,0, ...0] (a vector with N unity values and
the rest being zeros), and & is the associated Lagrange multiplier [62]. Note that F in the GEK
method can be thought of as a rudimentary version of the basis functions in UK or TK methods

with the order M = 0.

4.3.4 Gradient Enhanced Taylor Kriging

The use of adjoints to find gradient information has recently become more explored and

exploited in computational science and engineering, so the utilization of gradients in surrogate
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functions is increasingly of interest. However, the gradient-enhanced Kriging method has been
developed typically based on the ordinary Kriging technique. The goal here is to develop a gradient
enhanced Kriging methodology based on the TK approach instead. The novel gradient-enhanced
Taylor Kriging (GETK) method would then benefit from both the gradient information and the
basis functions in the regression scheme. Moreover, in our approach, the gradients are obtained
from the adjoint solve to the deterministic forward problem for a specific Qol.

Expanding the general Kriging predictor form in (4.2), we introduce a GETK predictor given

by

0Z(X;)

2(X) =
(X X,

(4 Z(X) + K

1, (4.39)

-

thus introducing the function gradient multiplied by a second weight vector, k. Satisfying the

unbiased estimator condition, E[Z(X)] = E[Z(X)], (4.7) is now expanded to

N

b0 = ) b (X)) + 5

i=1

ob;(X;)
X,

, 1=01,.., M. (4.40)
Deriving Var [Z X)-zZx )], (4.3) now acquires a substantially more complex form,

Minimize: Var[e(X)] = Z A ) A Cov[Z(Xi), Z(Xj)]

l

-

j=1
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N
9Z(X;
+Zki2/1j Cov X

> ) ! 2(x)|

N N
(’)Z(Xl) az( )
+ ) k; ) k;Cov [ , + Var[Z(X)]
Sug |2

N
]

i=1 (4.41)
+ZLZK Cole(Xl) l
i=1  j=1
N N 0Z(X))
2 Z A Cov[Z(X)), Z(X)] — 2 Z i Cov | =12, 200 |.
i=1 i=1 l
Using the same Lagrange multipliers (&) approach and the fact that
9Z(X;
[Z( , z(x )] Cov [Z(X:),Z(X;)], (4.42)
the system in (4.41) can be recast as
- C aC B __1
(')X] Cxl.x
Al lac™  a%c  aB| |dcy,
K| = ) (4.43)
5 (')Xl (')XL(')X] aXl 6xl-
gr OB by
i 0X;

The so obtained GETK matrix system can then be solved for weights A and k, which constitute
the solution for the GETK predictor Z(X) in (4.39).
The GETK system main matrix can be formally interpreted as the GEK one in (4.38) with

C and F now containing covariances and basis functions, respectively, as well as their derivatives,
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aoC

B

. 0X;

C=|sc a2¢ |’ F=|9B|, (4.44)
0X;

lox; 0x,0X;]

Note, however, that the largest computational load in performing both GEK and GETK methods
comes from inverting the composite covariance matrix, C, which is the same size for both methods.
This means that there is very little extra computational cost for using GETK as compared to GEK.

The MLE formulation for covariance function, described in Section 4.2.3, has an additional
benefit when used within the GEK and GETK methods, where the gradients are considered. Since
we have an explicit form for the covariance function as opposed to a fitted function in the case of
the empirical covariance, we can explicitly evaluate covariance function derivatives. The
derivatives in (4.43), which are Jacobians in general dimension, are calculated using the form of

covariance in (4.14) and (4.15) as follows:

oC

. [-20% (x* - x) 0?R(X;, X;, 9)]}(:1“"'0 (4.45)
ac ®) _ (0 -2
X - [26 (x - x®) a2R(X;, X;, 9)]k=1,...,u (4.46)
9°C
0X;0X;
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([ (26%%" - 46x 0%
+29X(k)j2 4 fork =1
< | . —20Wg2R(X,, X;, 6) Jk,l=1,...,D ,(4.47)
—49®g®
) ( Xi(k) _ Xj(k)) otherwise
\L (Xi(l) - XJ'(I))GZR(X“ X;, 6) k1=1,..,D

where the sizes of these Jacobian terms are N X ND for (4.45) and (4.46) and ND X ND for
(4.47). On the other hand, when using the empirical covariance method, the derivatives must be
computed numerically using finite differences or similar techniques. Additionally, matrix
conditioning can be a concern in many regression and interpolation schemes, and to counter this
issue in the Kriging methods, a small term is added to the diagonal of the composite covariance
matrix, C, which helps with numerical stability of the output.

It is interesting to note that the Kriging model itself is inherently a stochastic model. So,
while we propagate uncertainty from a stochastic input variable to the output, the model itself adds
to the overall uncertainty, compared with the Monte Carlo solution which is deterministic. A full
coverage of this can be found in [74], where we see that the first moment of uncertainty, i.e., the
mean, 1s unaffected, whereas the variance of UQ is biased by the stochasticity of the model.
Additionally, this additional uncertainty due to the model becomes very small as the number of
samples increases, and the study of the exact uncertainty of the model and its effect on the overall

uncertainty of the problem becomes intractable as input parameter dimension becomes large.

4.4 Results and Discussion
We now present numerical results obtained in comparison of five different Kriging approaches,

namely, OK, UK, TK, GEK, and GETK methods, as well as two well-established non-Kriging UQ
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methodologies, the HOPS adjoint sensitivity analysis method [14], [35] and the PCE method
implemented as an aPC technique [82], [88], in UQ scattering problems. The performance of each
of the presented methods and solutions is assessed in comparison with the 1000-point Monte Carlo
(MC) simulation as a reference solution and a validation norm.

The scattering analysis is done using higher order curvilinear FEM modeling [89]-[91] to
solve the double-curl wave equation (4.19) for the scattered field ES¢ with an anisotropic locally-
conformal perfectly matched layer (PML) for the computational domain termination [92]. The Qol
considered here is the monostatic radar cross section (RCS) of a lossy dielectric sphere, with a goal
of predicting material uncertainty impact on FEM-PML RCS computations.

In all of the Kriging results in this work, we use MLE to construct the covariance function
(Section 4.2.3) as an alternative to the empirical covariance function (Section 4.2.2). In UK, TK,
and GETK implementations and simulations, we adopt the number of basis functions, M,
according to the maximum limit allowed by (4.35) given the dimension of the parameter space, D,
and the adopted number of input sample points, N, in particular test cases and analyses. In addition,
we separately limit the bases to a maximum of M = 5, to avoid ringing effects from high degree
polynomial basis functions, also known as Runge phenomenon [93]. The OK and GEK
implementations are inherently limited to 0™ order bases (M = 0).

In all cases tested here, we use a uniform sampling distribution of () input sample (training)
points. While individual Kriging implementations frequently construct an initial discretization
using Latin hypercube sampling (LHS) or similar method and then adaptively and optimally refine
the distribution of points using a variety of techniques such as adaptive sampling, an even
distribution of sample points where each method performs reconstruction using the same set of

points was deemed to be the most appropriate for comparative numerical studies and evaluation of
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different techniques in this work. Here, even sampling becomes intractable in higher dimensions
since the parameter space volume grows exponentially with the dimension increase. Instead, LHS
or similar sampling schemes are typically chosen for the initial data set. This also means that to
sample the input space with the same density with an increase in dimension, N must increase
exponentially as well. Additionally, the size of the Kriging system matrix, whose inversion
represents the bulk of the computational load for the model, grows as N(D + 1) X N(D + 1),
which can also become quite large as both N and D increase. This is known as the curse of
dimensionality, mentioned earlier, a well-known phenomenon with many models involving
sampling, including aPC and Kriging. The mitigation of these effects is a well-researched problem,
which, however, is outside of the scope of this work.

We also note that the initial set of sampled training data can have a significant effect on the
predicted value from the trained Kriging model. In some cases, where sampling does not
adequately sample the parameter space, the initial predicted value can have poor performance. By
either increasing the number of samples or changing the initial sample distribution, we can
dramatically increase the accuracy of the initial Kriging prediction. Latin Hypercube Sampling
(LHS) is a model that generates random test points that fully sample the input parameter space,
and is thus typically used to sample parameter space in high dimension. In this work, we avoid
using such sampling in order to keep an even distribution so that all comparisons of different
methods are done on equal base.

In all cases, the input variable is assumed to be a random variable, and we sample 1000 points
to form the input distribution. For the Monte Carlo reference simulation, we compute the solution
at each of the 1000 sample points using higher order FEM modeling, which forms the deterministic

solution; however, this can very quickly become intractable with computationally heavy
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simulations. The same sampled input distribution is then used to predict the RCS and the
probability density function using the trained Kriging model, where we evaluate the error with
respect to the MC method as our metric.

4.4.1 Test Case with Smooth Output Function

As our first test case, we consider the scattered field of a spherical dielectric scatterer 2 m in
diameter excited by a plane electromagnetic wave at 70 MHz. The scatterer material property
constitutes the uncertain input parameter, with the real part of the relative permittivity, &,
described by a normal random variable (the dimension of the parameter space is D = 1). The
complex relative permittivity is given by &, = {~N(6,1.5), —2}, where the real part of &, is
described as a normal random distribution with mean equal to 6 and variance 1.5 and the imaginary
part is taken to be constant with a value of —2. We establish the validity and examine the
performance of each of the presented methods in comparison with a reference 1000-point Monte
Carlo simulation, treated as an “exact” solution.

InFig. 4.1, we examine the convergence of the root mean squared error (RMSE) of the surrogate
reconstruction of the probability density function versus the number of input sample points by
means of the five presented Kriging methods, as well as HOPS and PCE methods, with respect to
the reference Monte Carlo simulation. We observe relatively good convergence for many methods,
coming from the fact that a well-behaved, smooth, output function is relatively easy to predict
using different methods. However, even with this well-behaved result, we still see that the novel
GETK method outperforms all other approaches by orders of magnitude. In addition, note that the
HOPS method is used, along with the PCE method, as a non-Kriging comparison case for these
results, but it should be emphasized that while this excellent UQ approach might require a larger

number of sample points to achieve accurate results, with large input vectors, its true strength lies
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in the ability to accurately and efficiently predict UQ problems with higher dimensions of

parameter spaces [14], [35].
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Fig. 4.1: Convergence of the root mean squared error of the RCS surrogate reconstruction of a dielectric spherical
scatterer 2 m in diameter, with uncertain relative permittivity given by a normal random distribution &, =
{~N(6,1.5), -2}, excited by a plane wave at 70 MHz: comparison of results obtained by five different Kriging
methods, HOPS, and PCE, with RMSE computed with respect to the reference 1000-point Monte Carlo simulation
considered as an “exact” solution.

4.4.2 Test Case with Rapidly Varying Output Function

Our second test case deals with the RCS of a 2-m diameter spherical dielectric scatterer with
D =1and e, = {~N(6,1.5),—1} at 115 MHz. The goal of this second comparative study is to
examine the convergence of different Kriging methods with a rapidly varying output solution, as
this represents a difficult case for any data reconstruction method. The RMSE probability density
function reconstruction results in Fig. 4.2 demonstrate that the GETK method indeed converges
much faster than all other techniques tested. We see that the GEK method performs quite well also,
but still considerably underperforms the GETK results. Overall, for each of the presented methods,
we observe much higher accuracy in Fig. 4.1, in the well-behaved output function case, than in
Fig. 4.2 for the same number of sample points. Namely, in this case we see just how difficult it is

to use a surrogate model when the output gradients vary significantly. Finally, a study like the one
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in Fig. 4.2 indeed gives a quantitative measure of how much more accurate a UQ method (the
GETK method here) is in reconstructing the uncertainty of CEM problems, that is, in outputting
probability density prediction for a quantity of interest given the probability density of an uncertain

(stochastic) input parameter.
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Fig. 4.2: RCS reconstruction RMSE convergence for the five Kriging methods, HOPS, and PCE for a 2-m diameter
spherical dielectric scatterer with input uncertain relative permittivity given by &, = {~N(6,1.5), —1} at 115 MHz.
taking the reference 1000-point Monte Carlo results as an “exact” solution.

With the previously presented convergence studies having established the novel GETK method
as clearly the best performing choice, Fig. 4.3 shows the GETK reconstruction of the RCS Qol
given only 6 sample points, for both the smoothly and rapidly varying test cases of Figs. 4.1 and
4.2, respectively. We see an almost exact agreement between GETK surrogate function results, at
an extremely small number of sample points, and the reference 1000-point Monte Carlo solution,

which demonstrates excellent reconstruction capability of the GETK method.
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Fig. 4.3: Comparison of output RCS surrogate reconstructions obtained by the novel GETK method, at 6
reconstruction points, with the reference 1000-point Monte Carlo (MC) simulations for the dielectric spherical
scatterer analyzed in Fig. 4.1 (case 1) and that from Fig. 4.2 (case 2).

Whereas the error convergence studies (in Figs. 4.1 and 4.2) are by all means most relevant for
validation and comparative evaluation of different numerical approaches and techniques, the
explicit results for the probability density function reconstruction as a function of the RCS Qol
shown in Fig. 4.4 are perhaps the most practically important, as the principal goal of a UQ method
is to reproduce an output probability density that most closely matches the true value. These results
show that the probability density reconstruction by means of the novel GETK method is extremely
accurate even with as few as 6 sample points in both test cases, when compared to the reference

1000-point Monte Carlo solution.
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Fig. 4.4: Predicted output probability density function for the RCS Qol of two dielectric spherical scatterers (cases 1
and 2) analyzed in Fig. 4.3: comparison of results obtained by the novel GETK method at 6 reconstruction points with
the reference 1000-point Monte Carlo simulations.

4.4.3 Test Case with Multi-Parameter Uncertainty

Our third test case deals with multi-parameter or higher-dimensional uncertainty, namely, with
a problem where more than one input parameter in the model undergoes random variation. As this
work compares and discusses different Kriging (and non-Kriging) solutions to UQ scattering
problems and examines the accuracy and convergence of the solution and performance of various
approaches with emphasis on predicting material uncertainty impact on FEM RCS computations,
the most natural multi-parameter uncertainty and higher-dimensional input in this context seems
to be a 2-dimensional (D = 2) perturbation of both the real and imaginary components of the
dielectric permittivity of the scatterer. Hence, we consider the RCS of a 2-m diameter spherical
dielectric scatterer with both the real and imaginary parts of &, being described independently by
a normal random variable, &, = {~N(4.5,0.25),~N(—1,0.25)}, at 50 MHz, to verify the
accuracy of the presented UQ approaches and examine the convergence of different Kriging
methods. The output Monte Carlo RCS reconstruction for this test case is the classical “saddle”
shape, shown in Fig. 4.5, which represents an excellent test case for many numerical methods due
to an unstable critical point that acts as both a local minimum and maximum depending on the
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axis. This test case should be challenging for surrogate functions due to both the higher

dimensionality of the input as well as the output shape.
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Fig. 4.5: Comparison of the output RCS GETK surrogate reconstruction, at 9 reconstruction points, with the 1000-
point Monte Carlo results for a 2-m diameter spherical dielectric scatterer with both the real and imaginary components
of the permittivity independently undergoing random variations, &, = {~N(4.5,0.25),~N(—1,0.25)}, at 50 MHz.

Fig. 4.5 also shows the RCS reconstruction of the surrogate function using the novel GETK
method with only 9 sample points, where we observe a perfect match with the reference 1000-
point Monte Carlo simulation. In fact, the agreement is so close that the 3-D rendering for this
figure when the two sets of results are shown on top of each other would have a difficult time
distinguishing between the two “saddle” surfaces. Hence, the results in Fig. 4.5 are presented in
two separate figures, to better show the two data sets while still demonstrating how similar/exact
they are when compared to each other and how the GETK RCS reconstruction is almost an exact
match with MC solution even with an extremely small number of training input points.

Inspecting the convergence of the RMSE of the probability density function reconstruction
versus the number of sample points using the five Kriging methods, HOPS, and PCE in Fig. 4.6,

we conclude that the novel GETK method indeed converges much faster than all other techniques
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tested. We also see that the PCE method, which is considered to be an excellent surrogate model
for UQ, starts to perform quite well at large numbers of sample points; however, a much more
rapid convergence and lower error of GEK and especially GETK methods with lower numbers of
points are observed.

Fig. 4.7 shows the probability density distribution of the 2-D random case predicted using
GETK from 9 sample points compared with the 1000-point Monte Carlo simulation. We observe
that the novel GETK method matches the reference solution remarkably well and predicts a
practically “exact” output density function for the RCS Qol with an extremely small number of
points. Additionally, the figure includes for reference the results for the 1-D random case in which
the input probability density has been collapsed to the mean in the imaginary part of &,. This
demonstrates the importance of modeling all uncertain input variables in the model, as the addition
of a second randomly varied parameter significantly affects the output probability density function

for the considered quantity of interest.
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Fig. 4.6: Convergence of the RMSE of the probability density function reconstruction versus the number of sample

points using the five Kriging methods, HOPS, and PCE for the dielectric spherical scatterer with 2-D uncertainty
analyzed in Fig. 4.5, with the 1000-point Monte Carlo simulation as a validation norm.
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Fig. 4.7: Comparison of the probability density reconstruction as a function of RCS Qol for the dielectric spherical
scatterer with the 2-D parameter space from Fig. 4.5 generated by the novel GETK method at 9 reconstruction points
with the reference 1000-point Monte Carlo solution. Overlayed are also the results for the 1-D random case with the
probability density of the imaginary part of &, collapsed to its mean, &, = {~N(4.5,0.25), —1}.

4.5 Conclusion

This paper has presented the implementation and use of the Kriging methodology in uncertainty
quantification in computational electromagnetics. It has provided consistent and unified
description, derivation, implementation, and use of several advanced Kriging approaches, namely,
the universal Kriging, Taylor Kriging, and gradient-enhanced Kriging methods, for reconstruction
of probability density function in CEM problems. The paper has offered in-depth and
comprehensive description of Kriging, as well as the necessary methods to calculate covariance,
adjoints, correlation, etc., so that interested readers could use this material to construct their own
Kriging method with little to no extra resources needed.

The paper has also proposed, derived, and demonstrated the gradient-enhanced Taylor Kriging
methodology, novel to science and engineering in general. The novel GETK approach combines
the advantages of all other methods. It benefits from both the gradient information, like with the
GEK method, and basis functions in the regression scheme, as in the UK and TK formulations.

Moreover, in our approach, the gradients are calculated from the suitable adjoint problem that
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relates the deterministic forward problem to a specific quantity of interest. This is the first
application of gradient enhanced Kriging with basis functions to CEM problem:s.

The paper has presented validation and comparative numerical studies of five different Kriging
solutions to UQ scattering problems and has examined the accuracy and convergence of the
solution and performance of various approaches. Numerical results using higher order curvilinear
FEM-PML scattering modeling have shown that the presented Kriging methods are able to
accurately and efficiently output probability density prediction for a quantity of interest (RCS of a
scatterer) given the probability density of stochastic input parameters (material uncertainties), with
very small numbers of sample (training) points, as a very efficient alternative to Monte Carlo
simulations.

The novel GETK method has vastly outperformed all other approaches, Kriging (OK, UK, TK,
and GEK) and non-Kriging (HOPS and PCE), in terms of surrogate function accuracy and
convergence with increasing the number of sample points in all examples. While this work has
shown Kriging and other results for 1-dimensional and 2-dimensional uncertainties that seemed to
be the most natural inputs in the context of predicting material uncertainty impact on FEM RCS
computations, the demonstrated advancement of the accuracy with the novel GETK method over
all other approaches should translate to higher dimensional surrogate problems as well and is not

limited to lower dimensional inputs.
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Chapter 5

Conclusion

This dissertation has advanced the state of computational electromagnetics (CEM) by
addressing critical challenges in ray tracing (RT) accuracy, parallelization, and uncertainty
quantification (UQ) using Kriging methods. Through a series of novel methodologies and
approaches, this work has significantly enhanced both the accuracy and efficiency of CEM
simulations, particularly in large and complex environments.

The first key contribution is the improvement of ray tracing accuracy in the shooting and
bouncing rays (SBR) method. By introducing optimized techniques for calculating ray cone sizes
based on maximum separation angles and removing double-counted rays, this research has
successfully demonstrated that SBR can achieve accuracy comparable to the more computationally
expensive image theory (IT) method. The improvements in phase and magnitude accuracy,
especially in large tunnel environments, enable SBR to match IT performance in scenarios where
the correct computation of transmission path lengths at long distances is critical. The results show
that SBR simulations using the derived optimal constant angular distribution are indistinguishable
from those using per-ray angles, providing a robust and efficient solution for electromagnetic wave
propagation modeling in tunnel environments. Overall, this enhanced SBR methodology offers a
versatile, accurate, and computationally efficient alternative for wireless propagation modeling in
both indoor and outdoor environments, supporting the growing demands of next-generation
communication systems.

The second major contribution is the development of a parallelized SBR methodology that

achieves unprecedented levels of efficiency through GPU acceleration. By leveraging NVIDIA’s
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OptiX Prime and CUDA programming interfaces, this research has created a unified parallelization
framework that enables comprehensive parallelism across all components of the SBR algorithm,
including the traditionally sequential tasks of electric field computation and postprocessing. The
result is an SBR method with upwards of 99% parallelism, as demonstrated by Amdahl’s
parallelization scaling law, and a dramatic reduction in computation time for complex
environments, such as long tunnels and urban landscapes. The optimized parallelized SBR method
has proven to be highly efficient, handling millions of rays and converging to accurate solutions
quickly and smoothly. These advancements in parallelism and efficiency will be invaluable to
researchers and practitioners using ray-based methods in CEM and other high-frequency modeling
applications, offering substantial improvements in speed without sacrificing accuracy.

Finally, this dissertation has made significant strides in uncertainty quantification (UQ) using
advanced Kriging methodologies. Through the implementation and validation of several Kriging
approaches—universal Kriging (UK), Taylor Kriging (TK), gradient-enhanced Kriging (GEK),
and the novel gradient-enhanced Taylor Kriging (GETK)—this research has provided a highly
efficient and accurate framework for UQ in CEM. The GETK method, in particular, has
outperformed all other Kriging and non-Kriging approaches in terms of surrogate function
accuracy and convergence with increasing sample points, demonstrating its superiority as a
predictive tool for handling stochastic input parameters. By leveraging gradient information and
basis functions, the GETK method has proven to be highly effective for predicting the impact of
material uncertainties on quantities of interest, such as radar cross section (RCS) in scattering
problems. The results show that the GETK approach not only improves accuracy for low-
dimensional inputs but is also scalable to higher-dimensional uncertainty problems, making it a

valuable alternative to computationally expensive Monte Carlo simulations.
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In conclusion, the advancements in RT accuracy, parallelization, and UQ using Kriging methods
presented in this dissertation collectively push the boundaries of CEM modeling. These
contributions offer practical solutions for efficiently and accurately simulating complex
electromagnetic environments, ensuring that future CEM applications—ranging from wireless
communication systems to aerospace engineering—can meet the increasing demands for precision

and computational feasibility.
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