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ABSTRACT OF DISSERTATION

FINITE-CLUSTER CALCULATIONS OF THE CONDUCTIVITY TENSOR,
WITH APPLICATION TO ALKALI FULLERIDES AND THE ANDERSON
IMPURITY MODEL '

We have developed a method, based on direct evaluation of the Kubo-Greenwood formula on
finite clusters, to evaluate the zero-temperature conductivity tensor in zero and low magnetic fields
for tight-binding models. We have applied this method to square-lattice Anderson impurity models,
and to a class of models inspired by the alkali fullerides A3Cgo.

Experiments on A3Cg9 show what appears to be a “universal” relation between Hall coefficient and
lattice constant; such variations with lattice constant have usually been interpreted as indicating that
that conduction bandwidth is the key physical property that is varying (everything else being nearly
constant). However, our calculations are inconsistent with this standard interpretation, and we find
that the data can only be accounted for within the models under consideration if one accepts the
radical suggestion that the effective conduction band filling varies significantly with lattice constant.
These calculations also exhibit enormous deviations from Matthiessen’s rule.

Our results for the Anderson impurity model appear to exhibit the universal conductance fluc-
tuations that would be expected in this sort of finite-cluster calculation. We present evidence for

unanticipated universal fluctuations in the low-field Hall conductivity.

David Grant Steffen
Physics Department
Colorado State University
Fort Collins, CO 80523
Summer 2003
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There is a theory which states that if ever anyone discovers exactly what the Universe
is for and why it is here, it will instantly disappear and be replaced by something even

more bizarre and inexplicable.

There is another theory which states that this has already happened.

- Douglas Adams [1]

“That’s right,” shouted Vroomfondel, “we demand rigidly defined areas of doubt and

uncertainty!”’

- Douglas Adams [2]
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Chapter 1

Introduction and Overview

In the beginning the Universe was created.

This has made a lot of people very angry and been widely regarded as a bad move.

- Douglas Adams [1]

In the beginning, we set out to study the Hall coefficient in A3Cgo compounds, by applying the
Kubo-Greenwood formula to a variety of tight-binding models. This we did, walking a path much
longer and more complicated than we expected, and encountering a variety of interesting phenomena,
along the way. Having walked this path, it is easy for us to see how these many pieces fit together;
it is rather more difficult to explain to anyone else.

It is the purpose of this introduction to introduce the various pieces of this work, and to show,
at least in a general way, how they all fit together. This is easier said than done. For example: to
clearly understand the first sentence in this introduction, one must know A) what A3Cgp is, B) what
the Kubo-Greenwood formula is, C) what a tight-binding model is and how one would apply the
Kubo-Greenwood formula to it, and D) why anyone would want to do this, or care what the result
was... and that’s just the first sentence.

Here we will introduce the “dramatis personae” without delving too deeply into technical details.
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Figure 1.1: The Cgp molecule. The small spheres represent the positions of the carbon nuclei. The
molecule is ~ 10 A in diameter.

We will set out what we wanted to do, how we went about doing it, what we found when we did it,
and what else we found along the way. We then conclude with an organizational overview of this
work, to act as sort of a street map to the rest of the thesis.

The Cgp molecule, commonly known as the “buckyball,” is a hollow sphere of sixty carbon
atoms that occupy the vertices of a truncated icosahedron—the same geometry as the seams on
a soccer ball (Fig. 1.1). In the solid state, Cg¢ molecules form an fcc lattice. Electronically, this
solid is an insulator because the molecules have a roughly 2.5 eV gap between the highest occupied
molecular orbitals (which are five-fold degenerate and fully occupied), and the lowest unoccupied
orbitals (which are triply degenerate, and are referred to as t;, orbitals, based on their symmetry
properties); see Fig. 1.2 for a “cartoon” view of the situation. The intermolecular interactions are
weak, so the bands formed from these orbitals do not overlap.

The buckyballs are large enough, with a 10 A van der Waals diameter, for atoms to fit comfortably
into the interstitial sites of the fcc structure; there are two “tetrahedral” sites and one “octahedral”
site per Cgp molecule. The tetrahedral sites are a snug fit for intercalated atoms, making their
size responsible for the “chemical pressure” that affects the inter-Cgp distance. It is energetically

favorable for the buckyballs to always have a hexagonal face to these sites; the symmetry of the
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Molecular Solid Solid
Coo Ceo A3Cq

alkali
states

energy

T -

h, LU ’ .

Figure 1.2: Conceptual diagram of the electronic structure of molecular Cgp, solid Cgo, and A3Cgo.
The hy orbitals (depicted as being filled) are about 2.5 eV below the t;,, orbitals. The band corre-
sponding to the t;, orbitals is about 0.5 eV wide.

buckyball is such that there are two equivalent ways to do this, which gives rise to “merohedral”
disorder (discussed below). The octahedral sites are bigger, and intercalated atoms in them have
no effect on the buckyball’s orientation or on the chemical pressure. Alkali atoms, in particular,
will diffuse through Cgp solids at sufficiently high temperatures, forming intercalation compounds
generically referred to as “alkali fullerides”, i.e., A;Cgo. The alkali atoms act as electron donors,
losing electrons to the conduction band formed by hybridization of the t;, orbitals.

The most intensively studied class of alkali fulleride is A3Cgg, where A is K, Rb, or a mixture
of those with Cs. This family of compounds exhibits a host of interesting and unexpected elec-
trical properties, such as high temperature superconductivity (e.g., the superconducting transition
in Rb3Csp takes place at 29K at ambient pressure) and the absence of resistivity saturation at
high temperatures. A more detailed review of the current state of affairs concerning the electrical
properties of these materials is deferred to Section 5.1.

The motivation for the present work was provided by an experimental result obtained by L. Lu
et al. (hereafter referred to as “the Berkeley group”), who found that in single crystal K3Cgo and
Rb3Cso, the temperature dependence of the Hall coefficient Ry, when plotted on a single graph of
Ry versus fec lattice constant a, seemed to fall onto a single curve [3]'.They also found that Ry

changes sign on going from a ~ 14.15 (cold K3Cgp) to a ~ 14.45 (warm Rb3Cg), with nearly linear

1This was reminiscent of the behavior of the superconducting transition temperature T} in the A3Cgo compounds,
in which the variations with pressure for the various compounds almost fall onto a single curve when plotted against
lattice constant. It was this T, behavior that inspired the Berkeley group to look for similar behavior in their Ry
data.
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Figure 1.3: The two possible molecular orientations in solid Cgg. Both orientations are shown from
the point of view of the nearest neighbor. Hint: look at the orientation of the bond in the center of
each picture.

dependence on a in between.

This experimental result is rather surprising. Within the classical Drude theory of transport,
the Hall coefficient depends only on the densities and charges of the mobile charge carriers in a
conductor, and the modest change in carrier density covered by the experimental conditions could
not possibly account for their results, particularly not the sign change. Of course the Drude theory is
not complete; many surprising Hall coeflicient behaviors can be understood only within the modern
theory of transport, in terms of scattering rates and the detailed properties of the Fermi surface.
However, the apparent “data collapse” of Ry versus a onto a straight line suggests that the observed
phenomenon is not, intrinsically, a dependence on temperature; one would expect the pressure-
dependence of Ry in Rb3Cgo to exhibit the same behavior. What, then, could be changing with a,
and a alone, to account for the change in Rg?

A detailed discussion of the explanation offered by the Berkeley group will be deferred until
Chapter 5. The short version of the story is that single crystal A3Cgp is believed to have two main
forms of disorder, with distinct characteristics. One, known as “merohedral” disorder, is associated
with Cgo orientations in the solid (see Fig. 1.3). Different orientations lead to different intermolecular
transfer integrals for the t1, states. The strength of this form of disorder scales with the conduction
band width, which depends sensitively on a. The other form of disorder is alkali vacancies,?2 which
shift the energies of the t;, orbitals associated with nearby molecules. One would not, however,
expect a strong dependence of these shifts on a. The Berkeley group attributed the behavior of Ry
to the change in relative strengths of these types of disorder as the lattice constant (or, equivalently,

the conduction band width) changes.

2Tt is known that alkali vacancies exist in Rb3Cgg, which is probably Rbs 95Cso, 5o alkali vacancies certainly are
one source of non-merohedral disorder in A3Cego.
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Since the variation of T, with a in the A3Cgo phases is well understood as following primarily
from the variation of conduction band width with a, this suggestion by the Berkeley group is a
conservative, not radical, hypothesis. However, the details of their argument admittedly involved
several questionable assumptions. We believed it was worth carrying out detailed transport calcu-
lations, with a minimum of ad hoc assumptions, to test the validity of their argument. In the end
we found, to our surprise, that it may be necessary to reconsider the “standard model” of electronic
structure of A3Cgo.

We also found very large deviations from Matthiessen’s rule. Matthiessen’s rule, as originally
formulated, states that the scattering of electrons from impurities is independent of, and additive
to, the scattering of electrons from lattice vibrations. More generally, in systems with more than
one source of scattering, the resistivities due to each scattering source should add to produce the
resistivity of the sample. Deviations from Matthiessen’s rule (DMR) are not uncommon, having been
found experimentally ever since Matthiessen and Vogt did their initial work on the subject in 1864.
It is known that the presence of DMR, can lead to considerable difficulty in the interpretation of low-
temperature conductivity data [4, 5]. The large DMR we found in our A3Cgp models indicates that
attempts to extract physical parameters from the experimentally measured temperature dependence
of the zero field longitudinal conductivity may be unreliable.

These two statements are radical conclusions, which we put forth with some hesitation. However,
they seem to follow directly from our calculations, together with the experimental results from
the Berkeley group and the assumption that those results reflect the ¢ dependence of Ry at low
temperature.

This work can be seen as a continuation of the program begun by Gelfand and Lu [6, 7], who
calculated electron transport properties of A3Cgp compounds, taking only merohedral disorder into
account. Their work comprised calculations of the longitudinal conductivity, thermopower, and ther-
mal conductivity at low temperature and zero magnetic field. Their approach, which we will follow
here, is in some sense a “brute force” numerical method. We start with finite cluster of fcc lattice
sites, each representing a Cgo molecule, with either periodic or open boundary conditions; generate
a Hamiltonian matrix for the conduction band states for that cluster via a tight-binding model; and

then apply the Kubo-Greenwood (KG) formula to it. The present work involves extending their
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calculations to non-zero magnetic fields, and adding Anderson disorder to the tight-binding model
in an attempt to mimic the effects of alkali vacancies.

We go to the trouble of using this approach, rather than more commonly applied methods based
on the Boltzmann transport formalism, because the Boltzmann formalism only makes sense if one
can construct wave packets with well defined crystal momentum, which requires that kpf > 1 (i.e.,
the mean free path be much larger than the intermolecular spacing). Measurements of the residual
resistivity pp in A3Cg compounds indicate that even at zero temperature kpf is of order unity, so
one cannot have much confidence in the answers offered by conventional transport theory. This fact
concerning A3Cgo justifies the application of finite cluster calculations, since the calculations can be
carried out (in practice, not just in principle) for clusters larger than the mean free path.

We discuss the KG formula, in detail, in Chapter 2. The results of the KG calculations for finite
clusters are not, by themselves, representative of the thermodynamic limit, and further analysis is
needed to extract the information needed for comparison with experimental results. This analysis,
which involves making several extrapolations, is not entirely straightforward. Here we were guided
by results generated by applying our technique to simple two-dimensional square lattice models
known as Anderson impurity models, which will be discussed in Chapter 3.

Our use of these simple two-dimensional models started as an exercise in proving, first the
correctness of our code, and second the validity of our approach. Since we can estimate Ry in these
systems by other (mostly) analytic methods, we can check our KG results for sanity. Upon closer
inspection, these systems had some surprises of their own. Small two-dimensional conductors are well
known to exhibit the phenomenon known as universal conductance fluctuations (UCFs). In Chapter
4 we discuss the nature of UCFs, exhibit them in our calculations of longitudinal conductance,
and present some evidence that we may have encountered a related, but previously unrecognized,
phenomena in the Hall conductance.

At the risk of some repetition, we conclude this introduction with a summary of our work, to act

as a sort of “road map” which may be of use:

o Qur calculational technique, based on tight-binding models and the Kubo-Greenwood formula,

is set forth in Chapter 2. The Kubo-Greenwood formula itself is derived in Appendix A.

¢ Chapter 3 presents our results concerning the two-dimensional square Anderson impurity
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model. This work serves two purposes: first, to validate our approach; and second, to establish
procedures by which we may extrapolate from our finite-cluster results to the thermodynamic
limit. We end up comparing Ry calculated via our approach with values found by other

methods, which are discussed in Appendix B.

s Chapter 4 discusses the phenomenon of universal conductance fluctuations, an issue which we

stumbled over while carrying out the work described in Chapter 3.

o Our results concerning A3Cgo, the main purpose of this work, are presented in Chapter 5.
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Chapter 2

Models and Methods

. and so, the Universe being the puzzling place it is ... a race of hyperintelli-
gent pan-dimensional beings once built themselves a gigantic supercomputer called Deep
Thought to calculate once and for all the Answer to the Ultimate Question of Life, the
Universe, and Everything,.

For seven and a half million years, Deep Thought computed and calculated, and in
the end announced that the answer was in fact Forty-Two—and so another, even bigger

computer had to be built to find out what the actual question was.

-Douglas Adams [1]

In this chapter we describe the tight-binding models that we use to represent the conduction-
band states in A3Cgp, and develop the equations we use to calculate the conductivity tensor for those
models. Keep in mind that our primary goal is to examine the Hall coefficient, which is related to

the conductivity tensor o by

_1 Ozy
B 0zz0yy + 02,

Ry

with B the magnitude of the magnetic field, taken to be in the z direction.
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2.1 The Kubo-Greenwood formula.

The conductivity tensor expresses the linear relationship between current density and electric field
that holds when the latter is small; it is an example of a linear response coefficient. A general
expression for such coefficients, involving an integral over matrix elements of commutators of current
operators with respect to exact many-body eigenstates, was presented by Kubo; alas, this expression
is generally impossible to evaluate exactly. It was simplified by Greenwood in the case of electronic
Hamiltonians in which direct electron-electron interactions are neglected,! which gives rise to the
Kubo-Greenwood (KG) formula. For interested readers, we present a derivation of the KG formula
from the Kubo formula in Appendix A. The KG formula will be the basis for all of our calculations,

so let us first write it down in all its glory and then discuss its meaning and application:

]
— € +in

00 () = 2 rlial ) {a il ) [f ) = F ) gma (21)

Let us start on the left-hand side of the equation. Here, a and 8 are Cartesian indices z, y,
or z, while w represents the angular frequency at which the conductivity is measured. We will be
most concerned with the dc conductivity oqp (w = 0), since the experimental results we wish to
compare with are dc measurements; however, the KG formula is a result for the full frequency-
dependent conductivity. Finite-frequency measurements of o,, are commonly carried out by a
variety of experimental techniques (e.g., optical absorption), so the results at nonzero frequency are
not just of theoretical interest. In fact, our expression here is not as general as it could be, because
we could even consider the wave vector dependence of the conductivity; however, restricting our
attention to zero wave vector is sensible because the wavelengths of light at the frequencies relevant
to intra-band transitions in A3Cgo (microwave to infrared) are much greater than the length scales
we can examine in our calculations. In principle the frequency dependence of 0., is experimentally
measurable, but few such experiments have ever been done in the interesting frequency range because
they are technically challenging [8].

Moving to the right-hand side of (2.1), the factor of 2 comes from spin degeneracy: in addition to

neglecting direct electron-electron interactions we neglect spin-orbit coupling (which is an excellent

1Electron-electron interactions are assumed to be taken into account by an effective single-particle Hamiltonian
and, hence, the many-body states are Slater determinants of single-particle states.
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approximation for electrons associated with carbon atoms), so the electronic wavefunctions can be
factored into separate spatial and spin components. V is the volume of the system. The bras and
kets labeled r and s are single-particle eigenstates (spatial component only) with corresponding
single-particle energies ¢, and €,. The Fermi function is denoted by f, so for zero-temperature
calculations we may omit the factor f(e;) — f (e,) and instead restrict the sum to €; > er > ¢,
where e is the Fermi energy that separates occupied from unoccupied states.

The final ratio on the right-hand side should be looked at in the context of the identity for
positive, real, infinitesimal 7:

lim -
n—0+ T + 11

=7é(z) +iP (—;;) ,

which holds in the “distributional” sense (that is, for the purposes of integrating). The KG formula
gives both the real and imaginary parts of the conductivity, in a form which trivially satisfies the
Kramers-Kronig relations. Our considerations will be restricted to the real part only.2 Notice that
for o, the product of current matrix elements is a positive real number; the real part of the
conductivity is a sum of delta functions at frequencies associated with transitions between occupied
and empty states. Although the positive, real, infinitesimal value 5 is introduced in the derivation
of the KG formula for purely technical reasons (in order to regularize a divergent integral), we will
see that for practical computations it is necessary for 7 to take on finite values, with the n — 0%
limit being one of the last {and most difficult) steps. For finite %,

i 4 T
T+in  z24+n2 22 +n2’

so the delta functions are replaced by Lorentzians and the singularities are smoothed out (see
Fig. 2.1). The amount of “smearing” is governed by 5.

We can see that in order to evaluate the KG formula, we will need expressions for single-particle
eigenvalues, eigenvectors, and current operators. All of these will follow from the single-particle
Hamiltonian H. The particular form of H we use is a “tight-binding model,” and we will describe

it below in detail. The essential feature of such a model is that the Hilbert space of the electrons is

2We should note that there is an additional term in the KG formula that we are omitting; it is purely imaginary,
and has no effect on any of our work.

10
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strongly restricted. Rather than describing each electron by a general wave function 1 (x), the wave
function is taken to be a linear combination of t;, molecular orbitals. Thus the Hamiltonian for a
system composed of NV Cgo molecules is represented by a 3N x 3N matrix.

Many methods based on the KG formula have been used to numerically evaluate elements of the
conductivity tensor for tight binding models: they all have common underlying physics but differ
substantially in technical details of implementation. Examples include transfer matrices [9, 10] and
various forms of the recursion method [11, 12]. In all these approaches, calculation of off-diagonal
elements of ¢ are rare; we are aware of only two references [13, 14].

The procedure we will apply, following Gelfand and Lu, is of a different nature: we directly apply
the Kubo-Greenwood formula. to finite clusters. The Hamiltonian matrix for a particular finite cluster
is constructed and diagonalized, and the resulting eigenvalues and eigenvectors are inserted into the
KG formula. This would seem to be the end of the story, but there are two complications. The first
is that the result of any one such calculation is not physically relevant; the resolution of this is well
understood, at least in principle, and we will discuss it momentarily. The second is that the effect
of the magnetic field needs to be introduced in order to evaluate Ry, and we will discuss that in
Section 2.3.

What do we mean by the statement that the result of a KG calculation for any particular finite
cluster is not physically relevant? Consider first that we are considering disordered systems, and
a given finite cluster represents only a particular realization of the disorder for some system with
N Cgp molecules and some Fermi energy. Experiments are carried out on systems where N is so
large as to be effectively infinite, and the conductivity in three-dimensional metals is believed to
be self-averaging,? that is, the conductivity should be independent of the particular realization of
disorder as N — oco. In infinite systems, the spectrum of eigenvalues is dense, and the sum over
delta-functions in the KG formula becomes a nice, continuous function of w. We want to reproduce
that infinite system’s smooth function, but we can only evaluate the KG formula for systems that
are not too large, since full matrix diagonalization is impractical for matrices of dimension larger
than a few thousand (at least with the computational facilities available to us). The problem is, in

other words, that while we want to calculate the macroscopic properties of A3Cgo, the clusters from

3 At zero temperature, two-dimensional metals are not self-averaging, and one-dimensional metals are statistically
pathological. These issues are discussed in Chapter 4.

11
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which we can generate results are not macroscopic.

What can we do? First, we can carry out an ensemble average of the conductivity. That is,
we perform the calculation for some number (typically tens) of realizations of the disorder and
then average the results. This gives, in effect, a denser set of delta-functions for o, than for any
single realization. Second, we can evaluate the KG formula for finite values of 7; in particular, we
take values of n which are sufficiently large that the contributions due to many (at least tens of)
transitions overlap at any w. If the relevant energy scale for variations in the conductivity (which
is of order h/7, where 7 is the mean free time) is greater than 7, and if the relevant length scale for
electron transport (the mean free path £) is smaller than the linear dimensions of the sample, then
these ensemble-averaged, smoothed conductivities of finite clusters should be representative of the
thermodynamic limit. We will try to do even better, by carrying out the calculations for several
values, and extrapolating n — 0.

One final problem associated with the finite systems is associated with boundary conditions.
For an infinite system boundary conditions ought to be irrelevant, but for finite systems there are
noticeable differences in the conductivity between systems with periodic and open boundaries. In
particular, for o, the periodic boundary conditions lead to a Drude peak centered at w = 0, just as
for infinite systems, while for open boundary conditions the peak is shifted to some wpeak > 0, the
value of which decreases as the system size increases. For calculations with open boundaries—which,
unfortunately, we will have no choice but to carry out—it is necessary to consider how to extrapolate
as a function of system size in order to extract dc conductivities. This matter, as well as that of the

extrapolation in 7, will be explored thoroughly in the context of particular tight-binding models.

2.2 Realistic and toy tight-binding models

Let us start by discussing the character of the tight-binding models to be considered in zero field; we
will incorporate the magnetic field later. As noted in Chapter 1, detailed electronic structure calcu-
lations based on density functional methods (see, for example, [15]) suggest that conduction band
states in A3Cgg are derived almost entirely from the three-fold degenerate t;, orbitals of individual

Cgo molecules. Hence the degrees of freedom for a conduction-band wavefunction are its amplitudes

12
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on particular molecules (which we will denote “sites” and label by indices %, j) and particular orbitals
on each molecule (which we will label by three-valued indices p,v). A generic kinetic energy term
in the Hamiltonian, then, would have the form #(;,)(;,) CguC’j,, in second-quantized notation. (Since
we neglect spin-orbit coupling, we can treat our electrons as spinless except for the factor of 2 in the
KG formula, and there will be no spin labels on the creation/annihilation operators.) Site-diagonal
elements vanish, because the orbitals on any one molecule are orthogonal by construction, and for
simplicity we take their energy as zero. The value of the coefficient #(;,)(;,) depends on both the
relative position and orientation of the molecules; different realizations of merohedral orientational
disorder correspond to different sets of £(;,)(;.). Specific numerical values have been derived for these
coefficients in various ways, such as simple Huckel theory and fitting to band structures derived from
density functional calculations [16, 17]. There are some differences between these approaches, but

they are modest. The important qualitative features of the values of #;,)(;,) are that

¢ they can be neglected except for nearest-neighbor sites;

o for a given pair of sites, the dependence on orbital index is strongly affected by the molecular

orientations;

¢ and the variation of the #(;,)(;,) with respect to lattice constant is approximately given by a

single multiplicative factor applied to all of the coeflicients.

We adopt the #(;,)(;) values from Gelfand and Lu [7], for convenience.

Since their work, however, evidence has accumulated that some other form of disorder besides
merohedral plays a role in electron transport in the 43Cgq phases. Gelfand and Lu pointed out that,
if merohedral disorder is the only form of disorder that exists, and if the number of electrons in the
conduction band is fixed at three per Cgo, then it follows directly from the KG formula that the
residual (low temperature) resistivity ought to be essentially independent of lattice constant (and
hence of pressure, and of particular alkali intercalant species). However, there is good single-crystal
resistivity data which shows that the residual resistivity is an increasing function of the lattice
constant. This implies that there are terms in the Hamiltonian which do not vary with lattice
constant in the same manner as the #(;,)(;,). One physical origin for such terms could be alkali

vacancies, which have been measured at the few percent level in Rb3Cgq [18]. It seems to us that

13
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the main effect of such vacancies would be to introduce shifts in the energies of the t;, orbitals on
one molecule relative to another. They might also introduce splitting of the orbitals on any given
molecule, since they would break the cubic symmetry of the molecular environments. However, in
the absence of any quantitative knowledge concerning the effects of vacancies, we have chosen to

introduce as few free parameters as possible into our model, and thus we have adopted

H =Yt ChCiv + ) ViCl,Cu (2:2)
ijpv i

as a more-or-less realistic tight-binding Hamiltonian for A3Cge. The second sum represents the
effects of alkali vacancies as orbital-independent but site-dependent potential energy terms. While
one might expect correlations in the potential energy term between nearby sites, we have again tried
to reduce the number of free parameters by taking the V; to be uncorrelated, and chosen uniformly
from the interval [-2, 2]. Thus the strength of other-than-orientational disorder is characterized
by the single quantity D. We will refer to this form of disorder as “Anderson disorder” for reasons
that will shortly be made clear.

In all of our calculations for merohedrally disordered samples we will also assume that the
two molecular orientations have equal probability and are uncorrelated. This is not entirely con-
sistent with experiment, which, at least in RbsCgo, shows evidence for short-range orientational
(anti)correlations [19, 20]. We will want to keep all these various limitations of our model in mind
when eventually trying to compare the results of calculations with experiment.

For a system comprising N molecules the Hamiltonian is represented in the molecular orbital
basis as a 3N x 3N matrix, with V’s on the diagonal and ¢’s occupying some 3 x 3 off-diagonal
blocks. If we write the elements of the Hamiltonian matrix as Hi;,)(;») then the current operator j

can be expressed in matrix form as

. ie
vy = 7 Hw ) (€5 — 1)

where r; is the position of lattice site ¢ (which we take as the center of the molecule, since the
molecular orbitals have their center-of-mass at the molecule centers). The Hamiltonian and current

matrices are all that one needs to proceed to evaluate the KG formula for a particular sample.

14
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As noted in Chapter 1, in order to provide some checks on the validity of the computer codes,
we have also carried out calculations for a simpler class of tight-binding models. These models
involve sites on a two-dimensional square lattice (rather than fec), with one orbital per site (rather
than three), kinetic energy coefficients ¢ = —1 between nearest neighbors (without any dependence
on nearest neighbor) and potential energies chosen randomly from [-2, £] (just as for our A3Ceo

model). This is the Anderson impurity model [21], whence the name “Anderson disorder”.

2.3 Incorporating the magnetic field

The Kubo-Greenwood formula, as written in (2.1), is valid for all values of the magnetic field.
However, it is necessary to use eigenvalues, eigenfunctions, and current operators associated with a
Hamiltonian that includes the relevant physical effects of a magnetic field. So our next step is to
indicate how the tight binding Hamiltonians described above need to be modified.

The universally applied method for including the effects of weak magnetic fields in tight binding
models is known as the London-Peierls approximation, or Peierls substitution [22]. The zero-field

Hamiltonian matrix elements are simply modified by a phase factor:

tiy = 13 (2.3)
[
05 = 5 (Ai—Ay)-(rit+r)

where A; is the magnetic vector potential at site ¢, r; is again the position of lattice site 7, and the
superscript on 0 indicates the zero-field value. Here we have suppressed the Hamiltonian matrix
orbital indices, present in the 43Cgq tight binding model, for simplicity; the phase factor depends
only on the site indices. Since ©;; = 0, the Peierls substitution does not affect the V;; terms in the
tight-binding Hamiltonian (2.2). For the Anderson impurity model this completely describes the
effects of the magnetic field; however, for A3Cgo we must also consider the effects of the magnetic
field on the molecular orbitals themselves. This point is further discussed in Chapter 5.

For Hall effect calculations, we choose to impart a magnetic field in the z direction, and for that

A = Bzj (with B the magnetic field strength) is a particularly simple choice of gauge. We can

15
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rewrite the leading constant in the phase factor as 7/®,, where &, = h/e = 2.07x 1077 G - cm? is

the flux quantum. We then we have

B
Qi =75, (i —25) (yi +y5) - (2.4)

A calculation of the Hall coefficient would now appear to be straightforward, but there are two
complications that arise immediately if one attempts to evaluate o,, using the KG formula. Firstly,
there is the matter of what boundary conditions one can apply to the finite systems. In the absence
of a magnetic field, periodic boundary conditions are preferred because they give rise to the least
finite-size effects (as alluded to earlier). However, as we will discuss in Section 2.5 below, periodic
boundary conditions are not suitable for calculations with a magnetic field.

Secondly, we are interested in calculating the low-field Hall coeflicient, which in turn is associated
with the behavior of o4, at low field. For an infinite system, o, at zero field is exactly zero, and
increases linearly with B at low field. It is first-order correction to o.,, which we will denote or;y,

which is of interest, with ’
10
Ru=gost
(with o4, evaluated at zero field as well). For a finite system, unless the particular realization
of disorder is invariant with respect to a 7/2 rotation of the sample about the z axis, o, is not
zero at zero field. Upon a complete ensemble average (over all possible realizations of disorder),
the zero-field 0, should vanish; in fact, by considering an ensembfé in which every realization is
paired with its 7/2 rotation, the zero-field o, will vanish exactly even in a finite ensemble average.
However, the matter of trying to take ensemble-averaged results from finite-field calculations to
derive a B = 0 slope is a complication that is entirely unnecessary. Instead, it is possible to derive
an extension of the KG formula to evaluate o;y directly for an individual sample, which can then be
ensemble-averaged. An additional benefit of this extension is that its implementation requires only
the diagonalization of the real zero-field Hamiltonian matrix, rather than of a complex Hermitian
matrix that represents the Hamiltonian at finite field. We present the derivation in Section 2.6, and

the result will serve as the basis for our numerical calculations of G‘;y.

16
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2.4 Units

Before proceeding, it is convenient to express everything in dimensionless quantities. We will, for
the moment, use overbars to denote such quantities, in which the associated physical units have
been factored out.

We begin with the Hamiltonian (2.2). The energies represented by #(;,,)(;») and V; are, of course,
measured in some energy unit; we will write this unit as €, and rescale ¢t and V' accordingly; this will
allow us to write the Hamiltonian as ¢H.

Next, we look at the current operators. We denote the unit of length* by & and rewrite the
current operators:

. ie 1€ . oam
Jij = 2 Hij (rj —ri) = - (a€) Hy (T — )

where we have rescaled both the Hamiltonian and the site position vectors r. We can then define

the dimensionless current operators:

. iedé . 0 FF (= =
Jij = ——diy  with i = Hi; (F; — %) .

h

Note that, since we write the 7 out front explicitly, j is now an anti-Hermitian operator.

Now let us turn to the phase factor associated with the magnetic field,
B
©ij = m g (zi — ) (Ys + ) -
0

It is useful to break this into two terms, one spatial and one relating to the magnetic field strength.

Define
bi; = (&—%;)@i+3;)
- Ba?
B = WTO

where we have taken the factors of @ from the spatial terms and put it in B to make B dimensionless.

Note that, geometrical factors aside, B is the number of flux quanta per lattice plaquette. We then

4We will take @ to be half the fcc lattice constant for A3Ceo, and to be the usual lattice constant for the square
lattice models.
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Table 2.1: Units of electrical properties.
Quantity 2D 3D Ceo
Oop % g—; =536 (Rem) !
Oty ‘12,:“’2 & &—,‘i—z;}% =728 x 1072 & cm/Q
Ry & & 2.33 x 10~9m®/C

have Gij = Béij.

The eigenstate energies have the same units as the Hamiltonian, so define ¢, = €€, and év = hw

With a further rescaling of the volume, V = %V with d the number of spatial dimensions of the
system, and noting that the Fermi functions produce no units [so define f (¢€) = f (€)], (2.1) becomes
T

ety T il ) ol [T - 7] 5

Oap (W)

- (1) ol il e f<]___ 29

and we can now see the standard units of conductivity out in front. It is useful to note that

(1.6 x 1071°C)’

1
- 3, 107% = .
h T 6eax 103 .5) - o0t 107

Also note that our arbitrary units of energy € drop out, which is reassuring

We now drop the overbars, and henceforth understand all quantities to be dimensionless, with

b
one exception. The magnetic field strength arises in several other contexts, so we will denote the

magnetic field strength by B and denote the unitless field strength by b; that is, b =

Finally, we summarize in Table 2.1 the units associated with these conductivity results for two

and three dimensions. Using the room-temperature K3Cgo lattice constant of 14.4 A, we translate

the three-dimensional values into units more appropriate for comparing with experimental A3Cgo
results.
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2.5 Boundary Conditions

The subject of boundary conditions poses some technical problems. Periodic boundary conditions are
generally used for finite-cluster calculations because they give results closest to an infinite system,
i.e., they minimize finite-size effects. However, with the magnetic phase factor, periodic lattice
boundary conditions are impossible to satisfy for arbitrary values of B; the allowed values are given
(for our choice of gauge) by b = g/N, where ¢ is an integer and N,, is the number of unit cells in the
i direction. Recall that b is the magnetic field strength rescaled by one flux quantum per plaquette
(®o = 2.07 x 107!t Tcm?). For a typical calculation on an A3Cgy model with a 6 x 6 x 4 lattice,
the smallest magnetic field we can introduce (g = 1) is roughly 600 T. (Czycholl [14] used periodic
boundaries and proceeded in this fashion, as he was interested in high-field effects.) Since we are
interested in the low-field Hall effect, that is to say, a calculation of a;y, we will expand the matrix
elements #(;,,)(;») in powers of b. This expansion completely destroys the periodic properties of the
phase factor and makes periodic boundary conditions impossible to satisfy for any finite system.
Actually, we can use some periodic boundaries, if we are careful. What we cannot use are periodic
boundaries that are crossed by nearest-neighbor bonds with a y component. The nearest-neighbor
bonds in an fecc lattice always have two non-zero components to them, so for our A3Cgo calculations
we cannot use periodic boundaries in z or y; however, we can use periodic boundaries in z. For
the two-dimensional square lattices, we could (in principle) use periodic boundaries in z and fixed
boundaries in y. However, since one of our motivations for looking at these lattices was to guide the

analysis of our A3Cgo results, we follow suit and use fixed boundaries in z and y there as well.

2.6 Low Field Expansion
First we need to expand the Hall coefficient in powers of magnetic field strength. Recall that

1 Ozy

Ry=——-—""—— .
B 03504y + 02,
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For the moment, write that as Ry = —é—A(B), and expand A in powers of B; of course we get

Ry =B 'Ag+ Ay + BAy + - - -. However,

0
A Tzy

- agzagy + (agy)z ’

and for systems with square/cubic symmetry, the conductivity tensor is diagonal, so agy = 0. The

leading term in the expansion for Ry is

!
o Oo
Ay = 2% where o, = 2 .
0200y 0B |g_

So what we need is a Kubo-Greenwood expression for oy,
To obtain that, we expand the Hamiltonian in powers of b, substitute these expansions into the

KG formula, and keep terms only to first order. The Hamiltonian expansion is:
Hy; = Hje®s = HY, [1+ib8;; + O (b%)]

and we only keep terms to first order, so Hy; = HJ; + ibH]; where H}; = H0;; .

The current operators are

Jij = Hij (rj — 1) (HY, + ibHY;) (r; — 1)
= HY (r; —r;) +ibH}; (r; — ;)

= j?j + bjy;

where the last line can be taken as defining j° and j'.
The single-particle energies ¢ do not change to first order. To see this, write the unperturbed

eigenstates as Iro), and consider that the first-order correction to the energy is

-

e, = (r°|H'|r)

ib <1‘0| H°0,;j ITO) .
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This is a purely imaginary number, so on physical grounds, it must be zero. The first order correction

to the eigenvectors can be written in the form |r) = |r°) +ib|r') with

= 5 )

8%#£70

where |s) is an eigenvector of the unperturbed Hamiltonian.
To summarize: when we expand to first order, the energies do not change; the only terms in the
KG formula that are affected by the expansion are the matrix elements. With the above expressions

for the eigenvectors and current operators,

(rjal 8) = (r° |]a|s°)+zb{(r° 73] ") + (r° |5k] ) + (r" |43 |s°)}

and the product of matrix elements in (2.5) ends up giving us seven terms:

(rlialh {slialr) = (s2132] %) (2 i8] )
+ an{(r0 1221 (0 3817) + (121321 80) 5 1517%) + (1217 (31
£ (01215 (5 3817) + (1) (8 38]1%) + 112 0) (5° 3817} }

which is quite a mouthful. Some additional notation will be useful; define

M?

(r°lda] 8%) (s° i3] r°)
(¥ lda] °) (s° 35| ') + (r° [da| 8°) (& || r®) + (r° |sa] s°) (&' |3B] °) ~ (2.6)

(r®|sal8) (s° 38| ®) + (r°14al 8°) (° [3B] %) + (" lsa] %) (s° |3B] *)

af;rs

Mixﬁ;rs

-+

and we now have

&2 4
Oap (w) = — T rd—2 i (Maﬁ e T ZbMaﬂ wa) | [ (er) = f (63) . i
ha wV w+er—eg+m

We now have explicit expressions for the real part of both ¢ and the first-order term in the

magnetic field expansion oy,
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Figure 2.1: The functional forms of the peaks involved in the zero-field o (solid line) and the first-

order correction to o (dashed line).
2.7

n
(w+ € — €)% + 12

700 @) = = (3573 ) o o M 6 = £ (0]

W€ —€g (28)

(w+ e — es)2 + 12

and (writing out b explicitly)

P (s ) 2 S M1 ) - £

a:,zy (w) = 30‘
r8

These are the equations we wish to evaluate.
Note that the zero-field conductivity tensor is a sum of Lorentzians (i.e., Lorentzians convolved
with a delta function), while the first-order correction is a sum over similarly convolved first-order
singularities. Fig. 2.1 shows the functional forms involved.

2.7 Taking Limits and Notation

As noted in Chapter 1, the result of evaluating the KG formula for a specific sample is not repre-

sentative of the macroscopic system, but is dependent on the microscopic details of the disorder,

boundary conditions, and so forth. We write 0,5 (w) because, strictly speaking, that is what the
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Kubo formula gives you: the conductivity tensor as a function of driving frequency.

However, this is rather misleading. The KG formula is explicitly dependent on 7, and implicitly
dependent on a host of parameters that go into the particular tight-binding model from which we
derive the Hamiltonian: the lattice used, the hopping parameters t(;,)(;,), the form of disorder, the
Fermi energy (usually expressed as a percentage of the band that is filled), the specific realization
of the disorder (i.e., the “sample”), and so forth.

For the purposes of this paper, we can reduce all these dependencies down to five parameters,
and write

OaB = OoB (D,F,L,Tl,w)

where D is the magnitude of the Anderson disorder; F is the percentage of the band that is filled; L
represents (in some form) the size of the system; % is the smearing parameter; and w is the driving
frequency.

In addition, we will (almost) always be talking about the ensemble average of ¢; that is, for
each value of the parameters, we average over many realizations of the disorder, or “samples”, where
a sample is simply the tight-binding model with a specific set of pseudo-random numbers used to
generate the disorder. The notation is getting clumsy enough as it is, so instead of writing (o (...))
everywhere, we will drop the angle brackets and simply state that we are always talking about the
ensemble average, unless otherwise explicitly noted.

As we take limits in various parameters, we will drop that parameter from the dependency of
the result. Thus, o, (D, F) is the first-order correction to the Hall conductance, with appropriate
limits having been taken in the missing parameters (typically, w — 0, n = 0, and L — o0).

We make one exception: when we wish to talk about the (ensemble average) of o without any
limits having been taken, we will write o (w). This should pose no problem, since the w limit will

always be the limit we take first.
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Chapter 3

Analysis of the Anderson impurity

model

“Yes?” urged Arthur. He had picked up Slartibarfast’s sense of urgency but didn’t
know what to do with it.

“Yes what?” said the old man.

“You were saying?”’

Slartibartfast looked at him sharply.

“The numbers,” he said, “are awful.”

-Douglas Adams [23]

3.1 Introduction

Our study of simple, square lattice systems started simply as a way to check the correctness of
our computer calculations. They ended up being crucial to guiding our interpretation of our results.
Here we compare our numerical results with theoretical results, and also discuss in detail the analysis

of our results.
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This chapter is rather a mix of comparisons between our numerical results and other, theoretically,
derived results; and a discussion of the techniques used to analyze our results so that we can compare
them. We can not overstate the value of these checks. They started as simply a check on our
computer code, but became a verification of our entire technique (i.e., the low-field expansion , the
computer code, and so forth).

The rest of this chapter is organized as follows: first we present the model used. We then check
that our calculated density of states (DOS) is correct. Next, we introduce the notion of the inverse
participation ratio, and use this to find “good” values for the disorder parameter D (that is, values
of D that produce conductors, i.e., systems with delocalized states at the Fermi level).

We then proceed to evaluate o,. for these models, and discuss the methods used to extrapolate
our results to the thermodynamic limit. We perform much the same analysis to our results for o7,

and obtain results for Ry. We then compare these results with those discussed in Appendix B.

3.2 The Anderson impurity model

The model we use is the Anderson impurity model [21]; it consists of a square, two dimensional
lattice with a single orbital for each site (so 4 = v = 1). The Hamiltonian is given by (2.2),
with t(;,)») = —1, and (as discussed in Section 2.2) the V;; taken from a standard distribution
on [—‘—Z-D—, —122]; the parameter D is a measure of the disorder in the system. D has units of energy,
which for these systems is in arbitrary units €. The possible energies range from —4¢ to 4¢. See
Appendix B for more details about this model.

We use L to denote the system size. Unless otherwise noted, all the Anderson impurity models
we examine are L x L systems with open boundaries. Furthermore, we will suppress the Fermi energy
dependence; all results in this Chapter (and the next) are at a band filling of 2/3 (i.e., F' = 0.67),
meaning that we set the Fermi level such that the lowest 2/3 of the allowed states are occupied.
This filling corresponds to a Fermi energy Er = 0.786 (obtained by integrating the DOS shown in
Fig. 3.1).
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Figure 3.1: Density of states per site for the 2D tight binding model. Also shown is the histogram
of state energies, calculated directly for a 50 x 50 system with periodic boundaries. The divergence
in the band center is logarithmic.

3.3 Density of states

Since it is easy to check that we have gotten the density of states (DOS) right, we check this
immediately. Sheng [24] shows theoretically that the expected density of states for this 2D model is
given by K (\/1 - E2) where K is the elliptic integral

K (z) = /02, dé

(1 — 22 cos? $)'/? .

which can be evaluated numerically. In Fig. 3.1 we compare this theoretical result with the result

of directly diagonalizing the Hamiltonian for a 50 x 50 periodic system.

3.4 Inverse Participation Ratios

We are only interested in systems that are conductors, i.e., systems with delocalized states at the
Fermi energy; we need to make sure the set of parameters we have chosen puts us in this regime.

(This primarily answers the question “are our 2D systems big enough to give us meaningful results,

26

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and what values of D should we use?’) What do we mean by delocalized states? There is a length
that characterizes the typical spatial extent of the wavefunctions at a given energy for an infinite
system and a specified Hamiltonian. This is known as the localization length £. On a finite cluster,
the states at a given energy are effectively delocalized if £ > L; this will be true of any “metallic”
system. An important point is that in one and two dimensions, the localization length is always
finite; thus, in principle, there are no truly delocalized states, and no arbitrarily large metals [24].
In three dimensions, there is a characteristic energy that separates finite and infinite localization
lengths [25].

In order to get a handle on the localization length, we examine the inverse participation ratio
of an eigenstate 1, defined as p; = Y v}. Delocalized states should have p ~ 1/N where N is the
number of states in the system, for values of NV up to the system size of interest. Crudely, this result
can be seen by assuming that ¢ is uniformly spread out over the system, so ¢; =1/ V/N; the inverse
participation ratio is then

N Ny 1
p= =) m=x-
i=1 i=1
This strict equality p = 1/N is the result of the assumption above; real eigenstates are generally not
so simple, and will have larger inverse participation ratios. However, we do expect the 1/N scaling
to hold. On the other hand, when £ < L we expect p to be nearly independent of N. Again, let us
assume 1 is spread out uniformly over a clump of NV sites; then p = 1/N,.

Ideally, this analysis would lead to some quantitative criterion for distinguishing between localized
and delocalized states at the Fermi level. Unfortunately, this is not an easy thing to do. To be
delocalized, all a state really has to do is extend across the sample; it may not be “clumped” in
one place, and may not even be contiguous. Examining the inverse participation ratio will not give
us definitive localized/delocalized answers; it will simply give us a rough idea of what systems are
probably conductors, are what systems are not. Performing a detailed finite-size scaling analysis
might be more revealing, but for our purposes that effort is not really necessary.

Figure 3.2 shows the calculated inverse participation ratios for each state, plotted against that
state’s energy. For further analysis, we need to treat the inverse participation ratio as a smooth,
continuous function. We can produce such a function in much the same way we produce a smooth

function from the delta functions in the Kubo-Greenwood equation: we replace each data point by
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Figure 3.2: Inverse participation ratios for a 20 x 20 and a 45 x 45 system with disorder D = 1.

a Lorentzian function and add up the Lorentzians. Define

an

L(a, c, ZI}) = m

which is a Lorentzian of amplitude a centered at ¢ with “width” 5. The participation ratio p; of state
i at energy E; is then replaced by L(p;, E;, E). Our smoothed inverse participation ratio P(FE) is

then given by

_ 2.;L(pi, E;, E)
P(E) = Y ;L(1,E;,E)

where the denominator serves to normalize our result. The smoothing parameter 7 is chosen to give
us reasonably smooth functions. The effect of this smoothing algorithm is shown in Fig. 3.3.

We now average over many samples for each disorder and lattice size. The results of this smooth-
ing are shown in Fig. 3.4.

We now evaluate these functions at the Fermi energy (at 2/3 filling), and plot the results vs. V
(Fig 3.5). We multiply P by N anticipating that systems with delocalized states at the Fermi energy
will exhibit (nearly) zero slopes for N P, while systems with localized states will show obviously non-

zero slopes. None of the curves in Fig. 3.5 are completely constant, but one could believe that the
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Figure 3.3: Effect of smoothing the inverse participation ratio for a 5 x 5 system (chosen to reduce
the amount of data in the figure).
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Figure 3.4: Inverse participation ratios for different sizes of system as a function of energy. These
systems all had a disorder parameter D = 1.
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Figure 3.5: Inverse participation ratio at the Fermi energy (for 2/3 filling), multiplied by N, as a
function of the number of states (i.e., lattice sites) in the system.

curves for D = 0.5, 1, and 2 are leveling off, and therefore represent delocalization. Clearly, D > 4
shows localization; D = 3 and 4 are debatable. We will avoid any debate by erring on the side of

caution, and restricting our discussion of the Anderson impurity model to D < 2.

3.5 Longitudinal conductance

For periodic boundary conditions, o, has much the same shape predicted by the Drude model.
However, using open boundaries changes the height of the Drude peak and shifts its location to a
non-zero frequency, as shown in Fig 3.6. We now face one of the fundamental challenges of this
work: extrapolating to g, (w = 0) with fixed boundary conditions in the thermodynamic limit.
We begin by noting that the location of the conductivity peak, wpeak, smoothly approaches zero
as the size of the system is increased, as shown in Fig. 3.13. We will take o, (W = wpeak) to be the
value most representative of the thermodynamic limit, and will use this value when taking further
limits in L and . One can consider this as having taken a limit in w, although this is really part
of taking the L limit. As mentioned in Section 2.7, we will write 0, (W = Wpeak) 88 0, (D, L, 7).

(The band filling F is not a parameter here, as all of our work with these systems was done at 2/3
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Figure 3.6: 0, (w) for a 50 x 50 system with periodic boundaries, and for open-boundary systems
of several sizes. All systems have L =50, D =1 and n = .01.

filling.)
Now, in both cases (periodic and fixed), the height of the peak is dependent on the value of 7.

We need, then, to take two limits: L — co and  — 0.

3.5.1 The L — oo limit

We extrapolate to L — oo by fitting o5, (D, L,n) to a well-behaved function; the function

e
®
e

(3.1)

(with a and b the fitting parameters) seems to fit our data well'.

This extrapolation procedure raises an important point: what sort of error should we report for
these exfrapolated values? One solution is to use the error reported by the curve-fitting procedure
(calculated in the usual way). However, this will not take into account the statistical error from

taking the ensemble average. Using a weighted curve fit, which would take statistical error into

1This function was suggested by examining log-log plots of the data; it is admittedly ad-hoc. However, the leading
behavior (1/L) is physically plausible, since the corrections due to surface effects should, in general, be related to the
ratio of surface area to volume.
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Figure 3.7: System size extrapolation for two disorder levels; in both cases, n = 0.02. The lines
(solid for D = 0.3, dashed for D = 0.5) are the results of fitting to Eq. (3.1).

account, produces very unsatisfactory results: since smaller systems are so much faster to produce
results for, we generated significantly more data for them. They therefore tend to have smaller
standard error, and dominate the results of a weighted fit. Using the standard deviation, instead
of the standard error, for a weighted fit does not work either; smaller systems have much larger
standard deviations, and the fitting results are dominated by larger systems.

In fact, the statistics of these systems is a bit problematic. The distribution in o, (D, L, n)
turns out not to be Gaussian when the ensemble average of o, is small (as it is for the smaller
systems), and is not completely Gaussian even for our larger systems; see Fig. 3.8. Tt was this odd
statistical behavior that lead us to investigate the interesting phenomena, of “universal conductance
fluctuations” (UCFs). To make a long story short, the unpleasant statistical behavior of our results
is an expected property of these two-dimensional models. The phenomenon of UCFs, and what it
means for our data, is discussed at length in Chapter 4. (The statistics of the particular data set
plotted in Fig. 3.7 are not so bad; the standard error is less than 1% for all the data points shown.
This is not generic, however.)

So, we feel the need to indicate more “uncertainty” about our results than would be indicated

by either the error estimates from the curve fitting, or the usual statistical methods. Therefore,
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Figure 3.8: Distribution of ¢, for L = 10, D = 0.5, and = 0.01.

we will inflate the stated uncertainty in the result of the L — oo extrapolation, making it big
enough to account for statistical error and extrapolation (i.e., fitting) error, with a bit left over.
For the L extrapolation in Fig. 3.7, the statistical uncertainty is less than 1%; the curve fitting
uncertainty about 3%; so reporting an uncertainty of 5% is probably conservative enough. This
gives the result of taking L — oo of the data shown in Fig. 3.7 as o, (D = 0.3, = 0.02) = 9.5+ 0.5
and o, (D = 0.5, = 0.02) = 7.8+ 0.4.

3.5.2 The n — 0 limit

We now turn to taking the limit as  — 0. we commented during the derivation of the working KG
formula that the correct thermodynamic limit is found by letting the system size go to infinity first
and letting 1 — 0 second, since 1) — 0 results in a discrete set of delta functions. (In a real system,
of course, all kinds of other effects — mainly non-zero temperature — blur the delta functions.)
If we took the limit n — O first, we would reduce o to a series of delta functions, which does not
accurately describe macroscopic systems.

However, if we restrict ourselves to using only “legitimate” values of  (roughly, 5 greater than

the spacing between delta functions), we should be able to obtain a reasonable extrapolation to
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Figure 3.9: 0,.(D, L,7) vs. n for a 30 x 30 system with a disorder of D = 0.3. The points are the
results of averaging over ~ 100 systems; the error bars are the standard error, and (for most points)
are smaller than the symbols.

1 = 0. In other words, we can switch the order of the limits in 5 and system size, provided we
extrapolate based on data where both parameters are legitimate. (We should note that, in fact, we
can generally use values of ) smaller than one might expect, if we have a large enough ensemble to
average over.)

Fig. 3.9 shows an example of fitting o, (D, L,7n) vs. 1 to the function 1/ (an + b). We justify

this fitting function on the basis that the 5 dependence of o, is

(w + AZ)2 +n?
[see (2.7)] so we might expect the leading behavior at large 7 to be 1/5. (By similar reasoning,
we expect the large 7 behavior of oy, to go as 1 /n?, which indeed turns out to be a good fit; see
Section 3.6.) Clearly, the fit in 7 is much better than the fit in L was, leading to much smaller
fit errors (< 1%). The statistical error tends to grow with decreasing 7; generally, it is less than
3% or so. As we did in the previous section, we will inflate this to a comfortable, conservative

5% uncertainty estimate. Applying this limiting procedure to the data shown in Fig. 3.9, we get
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Figure 3.10: Comparison of the two extrapolation procedures, limiting L then 5, and limiting 7 then
L. The symbols and error bars for the “n first” data have been offset slightly for clarity.

03z (D =0.3,L = 30) =13.4£0.7.

We note that for these systems, the range in 5 from .002 to .04 seems to be reasonable; we do
not have data outside this range, simply because we did not explore that part of parameter space.
However, for the A3Cqp systems, we did obtain data for “bad” 5 values; see Fig. 5.7. We emphasize
that, for the purposes of extrapolating 5 — 0, it is important to find the range of n values that are

valid.

3.5.3 Comparison of limiting procedures

If it is indeed the case that we can take the limits in L and # in any order we wish, then taking
both limits should yield the same results, regardless of which limit is taken first. The limits agree,
as Fig. 3.10 shows. Since both procedures are valid, we will usually take the n — 0 limit first, as the
1) parameter is of less interest.

As noted above, the fit to (a7 + b) ™" is much better than the fit to a exp (—b/L). Since the second
extrapolation ignores the uncertainty in the result of the first, the L5 order produces much smaller

uncertainties than the 7,L does. We put a lower limit of 10% on the results of both procedures; the

35

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.5 ,

0.4 -
0.3 |- -
0.2 |- -

-0.2 -
-0.3 |- —

w

Figure 3.11: 09, (w) for a 50 x 50 system with D = 1 and = 0.04. Here we have averaged over 15
systems, and the error bars represent one standard deviation; they are only shown for every fourth
point to improve readability.

uncertainty in two points (D = .9 and 4) resulting from taking the L limit second is larger than

that, and is reported unchanged.

3.6 o, and Ry

As expected, in zero magnetic field, o9, (w) averages to zero for all w (see Fig. 3.11). Also as
expected, o, (w) does not average to zero; see Fig. 3.12. Note that we are using a larger value of
the smoothing parameter 7 than we did for o,,; this will be necessary in general for o'xy data.

As with the longitudinal conductivity, we need to extrapolate our o, results to 5 — 0 and
L — oo. However, in this case, we cannot examine the results from periodic systems to give us any
hints, so it is not immediately clear how the L — oo extrapolation should be done. However, the
behavior of o, (w) with system size is similar to that of 0, (w), suggesting a comparison of peak
locations. Fig. 3.13 shows the locations of the conductivity peaks for o, (w) and o, (w). The close
tracking of o,, (w) and o, (w) peak locations suggests that we use the peak oy, (w) value as the

value most representative of the thermodynamic limit, as we did for 6,,. Alternately, we could use
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Figure 3.12: o;, (w) for D = 0.5 and n = 0.03, for several system sizes.
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Figure 3.13: Peak location for both o5 (w) and oy, (w).
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Figure 3.14: Results for oy, (D,L,n) using two extrapolation methods: using the maximum in
04y (w) (solid line), or taking the value at the location of the 0., (w) peak (dashed line). The latter
data has been offset in the z-direction slightly to make the error bars visible.

the location of the o, (w) peak to define wpeak, and take oa’w (w = wpeax) as the value we want.

It turns out that the latter method is very unsatisfactory. The narrowness of the peak in o7, (w),
and the negative values usually found on one or both sides of it, causes a slight offset in peak
locations to lead to erroneous results; see Fig. 3.14. We know that the Hall coefficient should be
positive in these systems, so this procedure is clearly wrong.

So, we will proceed as we did for o (w): we take limit of 0y, (w = wpeax) as L — oo and 7 = 0.
These limits are done in much the same way they were for o,,. As for o, the n = 0 extrapolation
is much more obvious than the size extrapolation. We expect to see 1/n? behavior, as that is the
behavior of each term in the KG formula [see (2.8)]; and this is indeed the case, for “valid” values of
7. Fig. 3.15 shows the excellent fit to (an + b)_2. As before, we put a minimum of 5% uncertainty
on the result.

The size extrapolation is a bit of a problem. Fig. 3.16 shows the L dependence of o, (D, L).
Clearly, there is no obvious way to extrapolate to L — oo, unless we want to say that for the larger
D values, it is constant. We will have to settle, then, for simply taking the value at the largest

system we can treat (50 x 50) as being representative of the thermodynamic limit. This is, perhaps,
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Figure 3.15: 0,(D, L,n) vs. n for 50 x 50 systems with D = 0.5. The extrapolated n = 0 value is
6900 & 350. The error bars are statistical.
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Figure 3.16: o, (D, L) vs. L for several values of D.
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Figure 3.17: Ry as a function of disorder. We have “extrapolated” in size by setting L = 50. The
values of Ry calculated by other methods (0.989 via Appendix B, and 1.5 via the classical Drude
result) are shown as dashed lines.

not so unsatisfying for D = .7 and 1; but for D = .5 we would like to do better. (D = 0.3 is not
shown, as it is “noisy” to the point of showing no particular trend at all; I suspect we simply need
mauch more data for this disorder level.)

As unsatisfying as these results are, when we calculate Ry from them, the results are quite
satisfactory. Using L = 50 for both o, (D, L) and oy, (D, L) and computing Ry produces results
shown in Fig. 3.17, which compare well with the clean-system approximation discussed in Appendix
B, differing by factor of ~ 3 or less. We can also compare with the Drude model result, Ry = 1/ne,
using n = 2/3 (the hole density). This gives Ry = 1.5a%/e, which is also in good agreement with

our KG results.
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Chapter 4

Universal Conductance Fluctuations

For thousands more years, the mighty ships tore across the empty wastes of space
and finally dived screaming on to the first planet they came across — which happened
to be the Earth — where due to a terrible miscalculation of scale the entire battle fleet

was accidentally swallowed by a small dog.

-Douglas Adams [2]

4.1 Introduction

It has been known for some time that very small conductors exhibit, the phenomenon of “universal
conductance fluctuations” (UCFs), first noticed in small wires and rings as a function of magnetic
field. These fluctuations are not random, but are reproducible, time-independent fluctuations in o,
as a function of magnetic field [26]. UCFs are a general property of “mesoscopic’ metals. In the
present context, macroscopic systems can be defined as those in which electron transport is diffusive,
and whose electrical properties are determined by only a few characteristics such as composition and
temperature; microscopic systems display ballistic electron transport and sample-specific electrical
properties. Mesoscopic systems are somewhere in between: they display diffusive electron transport,

but have sample-specific properties.
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For our purposes, mesoscopic systems can defined to be those with dimensions L that are larger
than the elastic mean-free path £, but smaller than both the inelastic mean-free path ¢, and the
localization length £. Electron transport in these systems then involves multiple, coherent scattering
events, leading to interference patterns: the current density at a given location will depend sensitively
on the phases of all the scattered waves reaching it. A familiar example of such a phenomenon is
a laser speckle pattern, generated by shining coherent light through a random medium; in fact, the
current density in a mesoscopic conductor has been shown to be completely analogous to a speckle
pattern [24, 26]. The conductivity of the sample is sensitively dependent on the details of the
interference pattern created by the scattering events. Thus, anything which changes the interference
pattern (such as changing the magnetic field, the Fermi energy, or the impurity configuration) should
produce statistically identical changes in the conductivity; this important “ergodic” hypothesis was
first proposed by Lee and Stone [26]. These fluctuations should be of order e?/h regardless of the
conductivity, size of the sample, disorder level, etc., provided the system remains a mesoscopic
conductor; hence the term “universal conductance fluctuations”. We will denote the magnitude
of these fluctuations by Ac.,. A variety of theoretical calculations [26, 27, 28, 29, 30] of Aoy,
which are generally field-theoretical and based on perturbation in (kpl)_l , have found Ao, to be
between 0.6 and 1 e%/h; a variety of numerical calculations [10, 31, 32] produce similar, but more
widely varying, results. The dimensionality of the system has some effect on Aoy, but typically
only at about the 30% level.

The statistics of o, in the presence of UCFs has interesting implications for our work on the
Anderson impurity model. In two-dimensional mesoscopic systems at zero temperature, the conduc-
tivity is not a self-averaging quantity [26, 28]; fluctuations due to different impurity configurations
may persist to almost arbitrarily large systems. (In one dimension, the situation is even worse: not
only is the conductivity non-self-averaging, it is statistically pathological [10, 26].) The statistics
of o,, are expected to be Gaussian for oz, > €*/h, but to have highly non-Gaussian shape if
Ozz ~ €2/h [29]. We saw similar behavior in our Anderson models, which typically have a conduc-
tivity greater than, but not much greater than, e?/h.

In this Chapter, we present some evidence that we are, indeed, seeing signs of UCFs in our

two-dimensional Anderson models, which is why there are larger sample-to-sample variations in o,
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than we had expected. We emphasize that investigating Ao,, was not one of our research goals,
and that we will not say anything new about it here. The only new physics we will present is some

evidence for the existence of similar fluctuations in ¢”,,, a subject that has not (to our knowledge)

xy’

been examined previously.

4.2 Mean free path

We need to find a rough estimate of the mean free path for our two-dimensional systems, so we can
determine whether or not we are in the mesoscopic regime. We start with a result from Boltzmann

transport theory (see Appendix B)

1
Opr = 5621)%-TN(EF)

and noting that the mean free path £ = vp7, we can solve for £ to get

= 2_ 0w
e2 vp N (EF)

or, in dimensionless quantities,

¢ = 2 {0z
T e2 ai. N(E
e? sty N(E)
n UF 3%z
_ G Ogg
7w BN

Appendix B discusses vr and obtains results for vp averaged over the Fermi surface. At 2/3
band filling, Er ~ 0.786¢, (or) ~ 2.282, and N (Er) = 0.307/a%¢ (see Fig. 3.1); these values give
£ = 0.45454.

Using extrapolated values of 0., from Fig. 3.10, we find the mean free path as a function of
disorder, shown in Fig 4.1.

For a system to be mesoscopic, it must have 0., > €2/h and L > ¢; we need to choose combina-
tions of D and L that put us in this regime. There is no clear way to decide, for example, how much

bigger than e?/h the conductivity must be, so at this point, we must make some educated guesses
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Figure 4.1: Mean free path as a function of D.

about where in D and L space the mesoscopic regime resides. Based on Fig. 3.10, we will restrict
ourselves to D < 1, at which disorder o, ~ 45¢?/h. We also need an electron to scatter at least
once as it crosses the sample. Let us demand (on average) two scatterings, just to be safe; Fig. 4.1
indicates using, say, only L > 30, which should produce two scattering events at D = 0.3, the lowest

disorder value we treat. We should emphasize that these choices are only first estimates.

4.3 Aoy,

Xie and Das Sarma [32] calculated Ao, for long thin strips, using the same Anderson model we
used in Chapter 3 and a recursive implementation of the Kubo-Greenwood formula. We performed
computations with the same lattices and found nearly identical results, although our parameters
were slightly different. We take this result as evidence (not necessarily conclusive) that our KG
approach can produce UCFs in mesoscopic finite-clusters.

We then examined Ao, in the Lx L systems discussed in Chapter 3. Again, all of our calculations
were done at 2/3 band filling,.

We must first address the issue that Ao, depends on the value of 5. It is not entirely clear if
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we should take the 7 — 0 limit before or after we examine the statistics of the ensemble and find
Aogg. That is, should we find A (limy,g 045) or lim,_,o (Aogz)? Or, indeed, should we be taking
7 — 0 limits at all? Although in both cases we can fit to a curve (as we did in Chapter 3), it is not
clear that this is an improvement. We do not have any a-priori guesses about what functional form
the fluctuations in o should have, s0 any extrapolation based on a fitting function {as we used for
o) would be purely ad-hoc. Therefore, we decided to sidestep the entire issue and simply choose an
n value that seemed reasonable.! We do not expect to obtain a value of Ao, that agrees with any
other calculation (except by accident), but we do expect to find universal behavior in Aoy,

UCFs in the longitudinal conductivity should be constant with respect to cluster size (providing
the cluster is mesoscopic), and should also be constant as a function of the disorder parameter. For
our open-boundary systems, these behaviors are, at best, only partially present. Fig. 4.2 shows that
even at the largest cluster size that we can treat (50 x 50), there is still size dependence to Aog,.
Although we have shown a possible fit that one could use to extrapolate to L — oo, it is a fit to an
ad-hoc curve, so we do not take it too seriously; the curves are more useful as a guide to the eye.

Figure 4.3 shows Ao, as a function of disorder for 50 x 50 systems (as we do not have great
faith in our ability to extrapolate to L — oo0); there is some disorder dependence here, although not
as much as it might seem; Aco,, changes by about 30% as D varies between 0.3 and 1, while oy,
varies by a factor of roughly 5 over the same range (see Fig. 3.10).

To what do we attribute these almost-but-not-quite mesoscopic results? There are two possibil-
ities. First, we may not be as mesoscopic as we thought; Fig. 4.2 indicates that maybe our systems
are in some sense too small to be truly mesoscopic; perhaps if we could obtain results for larger sys-
tems we would see size-independent fluctuations. However, the mean free path as shown in Fig. 4.1
implies that this should not be the case; an electron crossing a 50 x 50 D = 1 system ought to have
on the order of 15 elastic scatterings, which ought to be enough to make the system mesoscopic.
More likely is the second option: we are being foiled by our boundary conditions.

Virtually every other numerical approach we have found uses “perfect” (i.e., non-disordered) leads
on each side of the sample, and use a recursive Kubo approach. However, we are using open, not

periodic, boundaries in z, with no “perfect leads” anywhere: we were trying to perform calculations

1Al results in this chapter were obtained with = 0.01¢.
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Figure 4.2: Ao, as a function of system size. The error bars represent the statistical standard error
(from averaging over samples). The curves are fits to a + 1/ (bL)
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Figure 4.3: Ao, (D,n = .01) for 50 x 50 clusters with open boundaries.
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analogous to those for our A3Cgo models. Given the strong effect of imposing open boundaries (as
compared to periodic boundaries; see Fig. 3.6) we should not be surprised to find strong effects
in Ao, due to these boundary conditions. If anything, one might expect the increased finite-size
effects to make the systems behave as if they were in some sense “smaller” — and therefore, less
mesoscopic — than their sizes and mean free paths might indicate.

We conclude, then, that while we see some evidence that our systems are mesoscopic, we are
probably not very mesoscopic; that our results may not be completely representative of truly meso-
scopic systems; and that our results in the next section should be taken only as indications that

universal fluctuations in Ao;, may exist.

4.4 Aogy,

To the best of our knowledge, fluctuations in off-diagonal elements of the conductivity tensor have
not been studied; their only mention in the UCF literature that we are aware of is Xiong, Read,
and Stone [30], who examined the relationship between Ao, and 0,,/0,.. We therefore took the
opportunity to examine our off-diagonal data for any signs of universal behavior. Fluctuations in
agy are not of interest, because this quantity self-averages to zero, so we examine Aoy,,. As before,
all results are at 2/3 band filling, and we will not do any 5 — 0 extrapolation; all of the following
results will use p = 0.01é€.

Figure 4.4, which plots Ao, as a function of system size, hints that the Aoy, might possibly

be lattice size independent, although it is hard to be sure. Investigating further, we found more

convincing results involving the ratio

Ao!

=y

!
azy

’y:

which seems to be roughly constant as a function of both system size L and disorder D, as shown in

Fig. 4.5. These results are striking, as they indicate that when examining an ensemble of systems,

the variations in o7, will be on order of the mean!
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Figure 4.4: Aoy, (7 = .01) as a function of system size in L x L systems. The error bars are
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Figure 4.5: 7 as a function of L for several values of D. The data for D = 0.7 and D =1 are offset
slightly in the z direction, to make the error bars more visible.
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4.5 Conclusions

Although there is evidence that our systems are too small to show truly mesoscopic behavior, they
do show evidence of mesoscopic phenomena such as universal conduction fluctuations, that is, Aoy;.

We have also found evidence of universal behavior in the ratio

Ad!

zy

Y=
Ty

which is, to the best of our knowledge, the first evidence of universal conductance fluctuations in
the off-diagonal elements of the conductivity tensor.
We emphasize, however, that this evidence is rather tenuous, and should be taken more as a

direction for future research than as a solid result in and of itself. Which leads us to...

4.6 Directions for Future Research

Given the time and computational resources, it would not be difficult to use our KG formulation
with Anderson models that would very likely be more appropriate for studying UCFs. In particular,
using periodic boundaries in z would still allow for the magnetic field to be incorporated, probably
improving investigations into Aa;y. In addition, the universality of v should be checked by varying
Er for a given sample; if it really is universal, it should satisfy (in some fashion) Lee and Stone’s

ergodic hypothesis. Finally, we point out that correlations in Ag,; and Aoy, should be investigated.
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Chapter 5

Alkali Fullerides

It is an important and popular fact that things are not always what they seem. For
instance, on the planet Earth, man had always assumed that he was more intelligent
than dolphins because he had achieved so much — the wheel, New York, wars and so on
— while all the dolphins had ever done was muck about in the water having a good time.
But conversely, the dolphins had always believed that they were far more intelligent than

man — for precisely the same reasons.

-Douglas Adams [2]

5.1 Overview of the “standard model” of the electronic prop-
erties of A;Cg

In Chapter 1 we presented an overview of A3Cgo and its electronic properties. Before continuing,
let us briefly revisit this topic.

The discovery [33, 34, 35] of metallicity and remarkably high-temperature superconductivity
in the A3Cgo family of alkali-doped Cgo solids (with A = K, Rb, or in part Cs) was followed in
fairly short order by the emergence of a widespread conventional wisdom regarding the low-energy

electronic properties of these compounds. (For a review, see for example Ref. [36].) Some central
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elements of this conventional wisdom, which have both experimental and theoretical support, include

the following:

e The conduction band is derived almost exclusively from the triply-degenerate #;, orbitals that
are the lowest unoccupied molecular orbitals of Cgo. For K3Cgo this band is approximately
0.5 eV wide, and holds three electrons per Cgp molecule (that is, the alkali metal atoms fully
donate their valence electrons to the Cgo-derived conduction band). The density of states at

the Fermi energy N(Er) is approximately 8 states per spin per molecule for K3Cgo.

e These compounds are, to first order, identical up to the precise value of the bandwidth W |[or,
equivalently, N'(Er)], which is in turn determined by the distance between the Cgo molecules.
The latter can be tuned by external pressure or “chemical pressure” (that is, the choice of
alkali intercalant species). In going from K to Rb doping, the values given above change by

approximately 30% at zero pressure, with W decreasing and N (EF) increasing,.

e The interactions between quasiparticles apparently have some quantitative effects, such as
enhancement of the Pauli susceptibility [37]. But despite their remarkable chemical formulas,
and the fact that they are isotropic charge-transfer salts, they appear in many respects to be

garden-variety metals.

o Long-wavelength transport measurements can be confounded by the fact that, unless great care
is taken in materials preparation, samples are typically composed of A3Cgo grains embedded
in (or surrounded by thin layers of) insulating material. For example, the initial transport
measurements [38], which indicated that the resistivity increased with decreasing temperature,
were not measurements of intrinsic properties; this became quite evident upon comparison with
later measurements of higher-quality samples [39]. The sensitivity of transport measurements
to sample preparation was well illustrated by the work of Watson et al. [40], in which K3Cqgo
films were almost continuously driven through a superconductor-insulator transition by varying

the conditions under which they were deposited.

e The molecular orientations in the A3Cgq compounds exhibit, at room temperature and below,

a restricted variety of static orientational disorder known as merohedral disorder [41] which
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accounts for, among other things, the fact that x-ray probes indicate that the solid has four-
fold rotational axes that the individual molecules lack. Although some correlations between
the orientations of neighboring molecules exist [19, 20|, this orientational disorder appears,
in model calculations [6, 42, 43|, to have a strong effect on the conduction band states: it
washes out all sharp features in the density of states, and reduces the mean free path to of
order the intermolecular spacing. This form of disorder is the bandwidth-dependent scattering

mechanism mentioned in Chapter 1.

e In addition to the merohedral disorder, some other mechanism for conduction-electron scatter-
ing contributes to the residual resistivity pg. Experimentally K3Cgo and Rb3Cgo have signif-
icantly different residual resistivities [38, 39], but merohedral disorder alone would give them
nearly the same pg [7]. One possible origin is alkali vacancies: nominal Rb3Cgq is probably

Rbs.95Cs0, for example [18].

We do not mean to slight those authors who disagree with any of the statements above, nor do
we deny that various experimental observations are difficult to interpret within this framework. In
fact, the purpose of this work is to point out, by means of comparison with model calculations, that
electronic transport measurements (specifically the Hall coefficient Rg) in the A3Cgp compounds do
not seem to be compatible with the conventional wisdom, and that one or more of the statements

above may need to be reconsidered.

5.2 The Hall Effect in A3Cgp

As mentioned in Chapter 1, a measurement of the Hall effect in K3Cgo and Rb3Cgp by L. Lu et al.
[3] produced an interesting result: the Hall coefficient is linearly dependent on the lattice constant
a, and apparently has no other temperature dependence. In addition, their data show a sign change

in Ry at roughly a = 14.35 A. Their measurements are consistent with an earlier experiment by
Palstra et al. [38] on K3Cgp thin films.

The explanation proposed by L. Lu et al., hereafter referred to as “the Berkeley hypothesis”, is
based on Ong’s scattering-length surface (which we discuss and use in Appendix B). Briefly, the

scattering-length is defined by 7= VK Tk, Where vy is the velocity and 7 is the relaxation time.
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The scattering length surface 4; is the surface traced out by I as k moves around the Fermi surface.
Ong connects the Hall coefficient to the number of flux quanta that penetrate this surface [44].

An important aspect of the scattering-length surface is that, in regions where the Fermi surface
has negative curvature, the  curve develops secondary loops that may have the opposite circulation
of the main loop. If the circulation is in the opposite sense, the flux threading these secondary
loops acts to reduce the Hall coefficient; in some sense, the area in these loops has the same sign
as the circulation. The Berkeley hypothesis considers the Fermi surface in A3Cgo, which consists of
numerous small electron-like and hole-like pockets. These pockets will contribute in opposite ways
to the area of the scattering surface.

Now, consider the effect of disorder on the Fermi surface. Macroscopically, disorder blurs the
Fermi surface over some width; for a specific realization of the disorder in a finite cluster, the Fermi
surface will develop fine detail over that width. This width increases with the disorder. The Berkeley
group argues that since regions of negative curvature will, in general, be closer in k space to the
bottom of the band, and will therefore have larger Fermi velocities, their contribution to 4; will be
larger than the contribution from regions of positive curvature.

Since it is known that there are both bandwidth-dependent and bandwidth-independent sources
of scattering (merohedral and, in our model, Anderson, respectively), they argue that a bandwidth
decrease should increase the effective amount of disorder, which increases the width of the Fermi
surface “smearing”, and therefore decreases A4;, which in turn decreases Ry. Such a bandwidth
decrease would be expected if the lattice constant is increased.

Thus, the Berkeley group argues, an increase in lattice constant increases the amount of Fermi
surface blurring, which leads to a greater contribution from the “anti-circulating” loops. The primary
loop circulates in such a way to make Ry negative, indicating that these anti-circulating secondary
loops should increase Ry, and therefore increasing the lattice constant should increase Ry.

In our calculations, we can directly change the ratio between bandwidth-dependent (merohedral)
disorder, and bandwidth-independent (Anderson) disorder. If the Berkeley group’s hypothesis is
correct, increasing the Anderson disorder should increase the Hall coefficient.

Another possible explanation for the behavior of Ry, the “band-filling hypothesis”, was suggested

to us by a calculation by Erwin and Pickett [45] on an orientationally ordered A3Cgp structure. Their
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results show a strong dependence of Ry on the Fermi energy; in particular, there is a sign change
near half-filling. While this calculation did not include disorder effects, it does suggest a mechanism
by which Ry could change sign: changing the lattice constant could change the effective band filling.

As a part of these calculations, we obtained longitudinal conductivities for these model systems.
We therefore took the opportunity to look for deviations from Matthiessen’s rule (DMR), an issue
that has not previously been examined for A3Cgy systems in the theoretical literature, but has
important implications for the analysis of experimental conductivity data.

We describe our model systems in Section 5.3. Our results are presented and discussed in
Section 5.4, and we present our conclusions in Section 5.5.

Previous A3Cgo theoretical work reports only o, for merohedral systems at half filling, and
Ry for clean systems. As there are some interesting features in both quantities for Anderson and
mixed systems, we will examine o, a;y, and Ry (as we did for the Anderson impurity models in

Chapter 3) for all systems studied.

5.3 A3Cg Models

As was noted in the introduction, it is known that A3Cgp has some bandwidth-independent scattering
mechanism. We introduce such a mechanism into our calculations in the form of Anderson disorder, a
particularly simple type of disorder that can be thought of as crudely accounting for alkali vacancies.

Our model systems then fall into two general categories:

¢ “Anderson systems” orientationally ordered systems (no merohedral disorder), with the strength
of the Anderson disorder denoted D. The special case of D = 0 will be referred to as a “clean

system”.

o “‘Mixed systems” merohedrally disordered systems, with Anderson disorder again defined by

D. The special case of D = 0 will be referred to as a “merohedral system”.

(We should note that the Anderson systems are not physically realizable: real A3Cgp systems are not
orientationally ordered. However, these are useful calculations for other reasons; for example, calcu-
lations of o, for these systems, together with those for mixed systems, permit tests of Matthiessen’s

rule.)
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In constructing the Hamiltonians for these models (as described in Chapter 2), we are making

the following assumptions:

o The low-energy electronic excitations are well described by a tight-binding Hamiltonian which

only involves molecular valence orbital states {16].
¢ The merohedral disorder is completely uncorrelated from site to site.

o Anderson disorder, uncorrelated between sites and affecting all Cg orbitals equally, adequately
accounts for whatever non-merohedral disorder exists in real systems (alkali vacancies and
such). In reality, the disorder would be correlated to some degree, and would split the ¢,
degeneracy; but we proceed in this fashion on the grounds that it is the simplest disorder that

introduces the physically required bandwidth-independent scattering mechanism.

» We neglect electron-phonon interactions, and perform all calculations at T = 0.

Having made these assumptions, we proceed via a “brute force” calculation that does not require
any further approximations beyond finite-size extrapolations.

We again use (2.2) as our Hamiltonian, with three orbitals per site. We do not model the alkali
sites. In zero magnetic field, the (;,,)(;,) are the same hopping amplitudes used previously by Gelfand
and Lu [6]. (As has been pointed out [7], these matrix elements are too small by roughly a factor of
ten, but that has no effect on our results. However, even after rescaling, those matrix elements are
not the best one might choose; see Erwin and Mele [42] for a thorough discussion. We did perform
a few calculations using their matrix elements, and found that both sets of matrix elements produce
essentially the same results. We used Gelfand and Lu’s values simply because it was convenient
to do so.) Merohedral disorder is introduced via these t(;,)(j,) by randomly assigning each Cgo
molecule one of the two allowed orientations with equal probability, and inserting the appropriate
amplitudes into the Hamiltonian matrix. The second term in (2.2) represents the Anderson disorder,
implemented in the same fashion as for the two-dimensional systems is discussed in Section 3.2.

As noted in Section 2.3, the Peierls substitution does not take into account the effect of the
magnetic field on the molecular orbitals. The Hamiltonian corresponding to a given buckyball is a

3 x 3 matrix; each buckyball in a finite-cluster has a corresponding 3 x 3 matrix on the diagonal of
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the finite-cluster Hamiltonian, which can be thought of as the “on-ball” parts of the Hamiltonian.
The Peierls substitution affects only the “off-ball” parts; we need to find the first-order correction to
the on-ball Hamiltonian.

The triply-degenerate t1, orbitals on each buckyball can be expressed as states that are symmetric
with respect to rotation about the z, y, and 2 axes; let us denote them |z), |y), and |z). We would
expect a magnetic field in the z direction to leave |z) alone, but to mix |z) and |y) (i.e., to introduce
non-zero off-diagonal elements in the on-ball Hamiltonian). To find this value, we first constructed
a Hamiltonian representing a single buckyball, in much the same way we construct Hamiltonians
for the KG calculation. The #(;,(;,) were taken as 0.25 eV for the bonds between two hexagonal
faces, and 1.2 times that for the shorter bonds between hexagonal and pentagonal faces [6]. This
Hamiltonian (a 60 x 60 matrix) was diagonalized; the t;, orbitals were the eigenstates corresponding
to the thirty-first, thirty-second, and thirty-third eigenvalues. We arbitrarily chose one of these,
rotated it by 180° about the z axis, and found the symmetric part; the result was taken to be |2).
The |z) and |y) states were obtained by performing the appropriate geometric transforms on |z).
The first-order correction to the on-ball Hamiltonian element (i | j) can be found by taking (i |H'| 7).
As expected, these values are all zero except {x |H'|y) = 1.74 x 1073 V. This is roughly an order
of magnitude smaller than the inter-molecular matrix elements (typically of order 102).

For our A3Cgp calculations, we used several lattice sizes, denoted by the number of standard
fec cells in the z, y, and 2 directions (the number of Cgp molecules is 4 times the number of cells).
Unless stated otherwise, the results below were obtained on 6 x 6 x 4 lattices with open boundaries
in z and y, periodic boundaries in z, and typically averaged over 10 to 50 realizations of the disorder.
We should note that for periodic systems, the finite-size effects are known to be quite small when
merohedral disorder is present: 4 x 4 x 4 and 6 x 6 x 6 systems yield almost indistinguishable results
for o,z [7]-

However, we should point out that system size is not a parameter in the following discussions;
most of our calculations were using the largest system size we could comfortably handle, and we
make no explicit extrapolations in size as we did in Chapter 3. This is consistent with the results
of Section 3.6, where Ry was calculated simply on the results from the largest system size available

(since no size extrapolation was possible for a;y). This was also necessary, as we added the band
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Density of States (arbitrary units)

F

Figure 5.1: DOS as a function of band filling for Anderson systems. The bandwidths have been
normalized.

filling F' as a parameter for our A3Cgp work; the amount of data needed to adequately cover both

parameters F' and L would have been prohibitive.

5.4 Results

We begin with comment on units: it is simplest to define our unit of energy € to be equal to the
bandwidth of the merohedral system. This is not the scale the #(;,)(;,) are in, which leads to the
apparent use of odd values for some parameters, D and 7 in particular. Those examining our
raw data should keep in mind that in the “native” units of our calculation, the merohedral system
bandwidth is 0.05907.

Also note that in K3Cgp, with an fecc lattice constant of 14.4 A, & = 7.2 A, and €2 Jah = 536
(Qcm) L.

As discussed above, we are interested in calculating Ry for systems involving a variety of disorder
types and band fillings. The low-field Hall coefficient can be written Ry = o}, /02, so we examine
the behavior of o7, and 03, as a function of both the ratio of Anderson to merohedral disorder and

the band filling.
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Density of States (arbitrary units)

F

Figure 5.2: DOS as a function of band filling for mixed systems; the clean system bandwidth (from
Fig. 5.1) has been superimposed. The bandwidths have been normalized.

We will frequently be referring to the density of states (DOS) for different systems. Figs. 5.1
and 5.2 show the DOS as a function of band filling for Anderson and mixed systems. We can,
perhaps, anticipate some results by noting that while Anderson disorder has a large effect on the
orientationally ordered system’s DOS, in the presence of merohedral disorder it does little more than
broaden the band. It may be instructive to compare the band widths for different systems; the D

dependence of Anderson and mixed systems’ bandwidths is shown in Fig. 5.3.

5.4.1 Merohedral systems

As for o, in the two-dimensional systems, we see that that the Drude peak is shifted from w = 0
to some size-dependent finite frequency (Fig. 5.4), but not by all that much (compare to Fig. 3.6),
which to some degree validates the assumption that 6 x 6 x 4 is “large enough” to produce reasonable
results without further extrapolation in L.

We now proceed as we did in Chapter 3 to extrapolate to the thermodynamic limit. First, we
again take the value 05, (W = wWpeak); a8 Noted above, we do not take a L — oo limit, and simply

(using the same notation we used earlier) write the result as o, (D, F,n). We then take the limit
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Figure 5.5: 0,4 (D = 0, F) as a function of band filling, for merohedral systems with periodic bound-
aries at w = 0, and with open boundaries at w = wpeak- The error bars are due to the 5 extrapolation.

as 1 — 0 using much the same fitting procedure used earlier, fitting to 1/ (an + b). As before, we
require at least 5% error on the fitting results.

In Fig. 5.5, we present the results of this extrapolation for systems with various band fillings,
along with the periodic system results for comparison. We note that while our analysis of fixed
boundary systems has introduced a systematic error of about 20% compared to the periodic system
results, the variation with band filling is nearly identical.

A somewhat counterintuitive finding is that the conductivity is increasing over an interval in band
filling where the density of states is decreasing slightly. (Actually, this is not completely surprising,
as we do not expect the conductivity to simply be proportional to the DOS in these complicated
systems.)

We now turn our attention to o}, (09, again averaging to zero). The first-order correction, o7,
as a function of frequency, is shown in Fig. 5.6 for several different fillings. Again, proceeding as we
did for the two-dimensional models (see Section 3.6), we take w = wpeak, and then take the n — 0
limit by fitting to (an + b)_z. Here we had to be particularly careful to find the appropriate range

of i values to use. Figure 5.7 shows what happens for 5 outside of this range. Fig. 5.8 shows the
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Figure 5.6: 0,(w) for merohedral systems as a function of band filling. Here, = 3.21 x 1072¢.
Statistical error bars are omitted for clarity. The conversion factor is e2a/®g h = 0.134 (T Qcm) .

result, o, (F).

With these results in hand, we examine the behavior of the Hall coefficient as a function of band
filling (Fig. 5.9). Note, most importantly, that we see no sign change. This stands in contrast to
Fig. 2 from Erwin and Pickett [45], which shows a sign change very near half filling in addition to
considerable structure in Ry vs. Fermi energy. These differences are not surprising, considering how
the DOS differs between Anderson and merohedral systems (Fig. 5.1); in the former, one has two
weakly overlapping sub-bands, whereas in the latter the DOS is a nearly constant function of Fermi

energy over most of the band.

5.4.2 Anderson systems

We carried out much the same analysis on Anderson systems.

Figure 5.10 shows o,, (w) for various disorder levels at half filling. The first question we asked
was what value for D would be appropriate for comparison with the merohedral systems. We were
interested in finding a value for D that approximately reproduced o, of the merohedral system, and

seeing how o7, compared. We can see that roughly D = 0.169 produces value of o, that matches
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Figure 5.8: o, (D, F) as a function of the band filling F' for merohedral systems. The error bars
represent procedural errors.
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Figure 5.9: Hall coefficient as a function of band filling for merohedral systems. The conversion
factor is a*h/®g € = 4.671 x 102 m?/C

the value obtained for the merchedral system.

Figure 5.11 presents o, versus band filling for Anderson systems. The behavior near 2/3 filling
is reasonable considering that the DOS has a sharp dip there, in both clean and Anderson systems.

Turning to the Hall effect, Anderson systems yield the results displayed in Fig. 5.12. Here we do
see a sign changes as a function of band filling, similar in many ways to Erwin and Pickett’s results
[45]).

Figure 5.13 shows Ry at half filling as a function of Anderson disorder. It is evident that

increasing D leads to, if anything, a slight decrease in Ry.

5.4.3 Mixed systems

Finally, we examine the results for mixed systems. As a function of filling, o, (Fig. 5.14) is similar
to the merohedral case; this is, perhaps, not surprising given that adding modest Anderson disorder
has little effect on the DOS of merohedrally disordered systems.

An obvious question follows: does Matthiessen’s rule hold? Figure 5.15 shows that it does not.

In fact, note that the resistivity in mixed systems is, for the larger fillings, actually less than the
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Figure 5.13: Hall coefficient Ry as a function of D in Anderson systems at half filling.
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Figure 5.14: o, (D, F) as a function of band filling for mixed systems. As usual the error bars
represent 5% error from the 7 extrapolation.

resistivity for the corresponding Anderson systems. It seems that the violation of Matthiessen’s rule
is quite strong. One could anticipate such violations to be quite generic in A3Cgo systems because
electron scattering due to orientational disorder and due to other mechanisms should have different
differential scattering cross-sections [4].

Finally, we turn to the calculations most directly related to the original motivation for our work.
Figure. 5.16 shows the dependence of Ry on filling for mixed systems. It is very similar to the
merohedral case (Fig. 5.9), and shows little of the structure seen in Anderson systems (Fig. 5.12).

Figure 5.17 shows the Hall coefficient at half filling as a function of Anderson disorder parameter
D. We see little variation in Ry, and no sign change, even up to D values of approximately (2/3)é.
This behavior is similar to that seen in Anderson systems (Fig. 5.13), where we saw a slightly
decreasing Ry as a function of D. It seems that at half filling, behavior in contradiction to the

Berkeley hypothesis is generic.
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Figure 5.15: p as a function of band filling for Anderson, merohedral, and mixed systems. The
disorder parameter for all systems with Anderson disorder is D = 0.169. Error bars are omitted for
clarity. Also plotted (topmost curve) is the sum of the merohedral and Anderson resistivities. The
difference between this curve and the mixed system result is the deviation from Matthiessen’s rule
(labeled DMR) .
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Figure 5.16: Ry for mixed systems. Error bars are only shown for D = 0.169 for clarity, and are
due to procedural error; the statistical errors were roughly 1/2 to 1/4 as large.
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Figure 5.17: Ry for mixed systems, as a function of Anderson disorder parameter D, at half filling.
5.5 Conclusions

5.5.1 Longitudinal conductivity

It is known that the significant deviations from Matthiessen’s rule seen in alkali metals has lead to
considerable difficulty in the interpretation of low temperature conductivity data [5] in those metals.
The enormous violations of Matthiessen’s rule evidenced in Fig. 5.15 suggest that similar caution
should be used in the interpretation of low temperature conductivity data in A3Cgg systems. (In
fact, the DMR is so large, it might affect not-so-low temperature work!) In particular, some of the
quantitative results of such work as Refs. [39] and [46] may need to be reconsidered. While extracting
information about electron-phonon coupling from high-temperature resistivity data (as in Ref. [47])
is probably safe, extracting quantitative information from the low temperature T2 behavior may be

more perilous than previously thought.

5.5.2 Hall effect

Our results for both mixed and Anderson systems do not support the hypothesis presented by L. Lu

et al. to account for the observed variation of the Hall conductance with lattice spacing in A3Cgo
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systems. Recall that their hypothesis predicts that the Hall coefficient should be an increasing
function of the disorder strength D, with negative values at small D. This hypothesis, if correct,
should apply equally well to our calculations and the experimental results, but as shown in Figs. 5.13
and 5.17, we see neither of these predicted features at half band filling: Ry is positive at low D and
either shows no clear trend or decreases slightly with D.

We therefore are lead to reexamine the analysis behind their hypothesis. To evaluate o,,, L. Lu
et al. applied Ong’s scattering length surface construction [44] to the Fermi surface obtained from
a disordered supercell. As a result, they find that an increase in the disorder leads to an increase
in 04y; this behavior depends on some specific features of the A3Cgo Fermi surface but is otherwise
quite generic in that it does not appear to depend on the details of the disorder.

We suspect that their approach may be flawed, in that when applying the scattering length surface
construct to a disordered system, Ong’s prescription is to use the clean system Fermi surface, with
the disorder entering only through 7(k) for k on the Fermi surface. What they have done instead
is calculate the Fermi surface for particular supercell realizations, and then build the corresponding
scattering length surface. This must have involved making some assumptions about 7(k), which
may not have been justified.

However, we still must account the discrepancy between our calculations and the behavior ob-

served experimentally by L. Lu et al. There are various possibilities:

¢ First, we may not be using the correct static disorder model. Perhaps simple Anderson disorder
lacks some crucial property of the (non-merohedral) disorder that is present in A3Cgg samples.
However, this seems highly unlikely, given the small effect Anderson disorder has on the DOS

in merohedrally-disordered systems.

¢ Second, perhaps the experimentally observed behavior is due in part to finite temperature
effects. The Berkeley hypothesis and the current work both neglect thermal effects aside from
the temperature dependence of a. However, it seems unlikely such effects could account for
the low temperature behavior, such as Ry in K3Cgo and Rb3Cg differing by a factor of 6 at

roughly 50 K, and having different signs above roughly 150 K.

o Third, electron correlations may be contributing in some fashion to the Hall effect. Given
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their narrow conduction bandwidths, the A3Cge materials cannot be very far from a Mott
transition with increasing a. Properly accounting for both disorder and electron correlations
in transport coefficients is beyond our capabilities, so we cannot do more than speculate on

their significance.

¢ Finally, perhaps the observed lattice spacing dependence of Ry reflects a failure of the “con-
ventional wisdom” for the A3Cgg compounds. OQur calculations of Ry for Anderson systems
(see Fig. 5.12) exhibit a sign change at approximately 1/3 filling, and roughly linear behavior
in the range from 0.3 to 0.6 band filling. If the band filling were to be an increasing function
of a, this might explain the experimental Ry results. This suggestion supposes that A3Cgg is,
in some sense, “less merohedral” than we suppose; this might be accounted for by correlations
in the Cgg orientations. As noted earlier, it is known that the molecular orientations are corre-
lated to some degree, but we have no such correlation in our models. However, this suggestion

is obviously in contradiction with density-functional electronic structure calculations {15, 17].

The only reasons we do not dismiss this last possibility out of hand are that, firstly, the dependence
of the DOS on band filling in merohedrally disordered systems is sufficiently weak that low-energy
experimental probes (such as nuclear and electronic spin relaxation and electronic specific heat)
cannot rule it out, and secondly, it is the only mechanism we have found within the class of models
we have explored which can generate anything like the experimental results for Ryy. We also note
that the range of Ry experimentally found by the Berkeley group (particularly their RbsCgo results)
are roughly [-3t01] x 10~® m®/C, which is roughly consistent with our Anderson results near 1/3
filling.

Our only justification for pursuing this suggestion further is a paper by Schulte and Béhm [48],
whose quantum-chemical calculation indicates that the charge transfer from the alkali intercalants to
the Cgp molecules is incomplete. However, the implications of their calculation for the conduction-
band effective Hamiltonian are not easy to work out. Their results imply that the alkali valence
orbitals need to be explicitly included in tight-binding models for the A3Cgo conduction bands. This
we have not attempted. However, if we continue to neglect the alkali orbitals but take the charge
transfer values from Schulte and Bohm literally, for K3Cgp we arrive at a band filling of roughly

one-quarter, which is approximately where we see a sign change in Ry (Fig. 5.12). Furthermore,
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the K atoms in octahedral sites have nearly twice as much charge transfer as those in tetrahedral
sites, suggesting that the charge transfer should increase with a. (This is a presumption on our part
— Schulte and Boshm do not present results for different lattice constants.)

So, this (inconsistent!) application of Schulte and Bshm’s calculation yields a prediction for Ry
vs. @ which has at least the correct sign of the variation and order of magnitude. Because of the
inconsistent treatment of the alkali orbitals, we cannot take this agreement with experiment too
seriously. However, we do take seriously the notion that the “conventional wisdom” of complete

charge transfer from alkali valence orbitals to Cgg 1, orbitals should critically reconsidered.

5.6 Directions for Future Research

Perhaps the most obvious question to ask is whether or not the experimental data is really a low
temperature effect. Is the apparent “collapse” of data from K3Cg and Rb3Cgp onto a single curve
an accident, or is it really indicative of a low-temperature effect? Measuring Ry in K3Cgp while
varying the pressure, or using different alkali species, while keeping the temperature fixed, should

settle this issue. So this would be our first suggestion for further research:

» Repeat the Berkeley group’s experiment, holding temperature constant and varying the pres-

sure.

If we continue to presume that the data collapse is really there (and not just a coincidence), we
suggest that our work be continued with more sophisticated models, which would address some of

the possible “missing physics” discussed above. In particular:

¢ Our modeling of merohedral disorder has no correlations at all. Since the only hint of a
sign change in Ry was in orientationally-ordered systems, one could add varying amounts of

orientational correlation, and see what happens.

e If the charge transfer from the alkali atoms is indeed incomplete — again, a fairly radical
hypothesis, but the only mechanism by which our model can reproduce the experimental
results — then the alkali sites need to be taken into account. Adding the alkali sites into our

finite-cluster models would allow investigation of this possibility.
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Appendix A

Derivation of the Kubo-Greenwood

formula

“Deep in the fundamental heart of mind and Universe,” said Slartibartfast, “There is

a reason.”

Ford glanced sharply around. He clearly thought this was taking an optimistic view

of things.
- Douglas Adams [23]

For this derivation, we will use capital Greek letters for many-particle states, and lower case
Roman for single-particle states. Lower-case Greek will represent vector components (i.e., a = z,,
or z). The energies of many-particle states will be denoted by E while energies of single-particle
states will be denoted e.

As derived by Mahan [49], the Kubo formula is!

1 [, . . noe? .
Uaﬂ(q7w) = W/O dtezwt <[Jl(q7 t) ) ]ﬂ(q: 0)]) + _n:_(:)'laaﬂ (Al)

1Unlike Mahan, we will be explicit about factors of % throughout, to simplify the later discussion of units.
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which we would like to write in terms of exact single-particle states of a non-conducting system. We
neglect the second term on the right, as we are only interested in the real part of the conductivity.

The angle-brackets in the integrand denote a thermodynamic average, so this term can be written
explicitly (Pathria [50], p 119, eq 5.2.16)

Tr (e AH-#N) [51 (q,1) , js(q,0)])
Q(p, V,T)

where Q(u, V, T) is the Grand Partition function, and Tr denotes the trace and is the summation over
some complete set of many-body states Tr = 3", (¥ [---| ¥) (Mahan, p 134). Writing £ = H — uN,

the numerator is then

S (¥ le P [il(a,1) , Gs(a, 0] T) -

v

Operating the exponential to the left gives

> e (¥ |[il(art), jsla,0)]| ¥) -
v

We now simplify the current operators. As written, (A.1) describes a system under the influence
of an electric field E = Ee!aT~ %! We are interested in the ac conductivity, so we want a driving
electric field that varies in time but not in space; therefore we let ¢ — 0. We then use the general
result that O(t) = eH/2O(t = 0)e~*#t/* and defining j, = ja(t = 0), we can furthermore drop

the { on j, (as the operator is now Hermitian). We then expand the commutator to get

eth/h.jae—th/hjﬁ’ \I,> _ <\I, |jﬂeth/hjae—th/h| v11>] )

i3
e (o
e
Using the identity e'#t/* = Y"1 |T) e*#rt/% (T, we get

Ywar € 76 (( 2] @) e?Fot/? (3 |jo| T) e~ 5rt/™ (T|jp| ¥)
— (¥ |jg| @) eF51/% (B |jo|T) e~ 54/ (T| ¥))
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and with (¥| ®) = dye and (T'|¥) = dry we get

Ze_ﬂfwei(Ew—Er)t/ﬁ (¥ |jo| T (T Uﬁl ) — E g~ Bér gi(Ea—Er)t/h (T |js| ®) (@ lial T) .
¥, r,®
Relabeling the states (® — ¥ in the second term) gives
Y (e7P8 — e7Fer) B ER/B (|, | T) (T || B) -
o

So we can now write

1 (e=Bw _ e=er)
7o0) = 77 2OV,

o0
(¥ |7a| T) (T )i ¥) f dt et Ba—F/n
0

{Note that we could have written the Grand Partition function outside of the sum. For the moment,
however, we wish to indicate via this notation that it “belongs” with the difference of exponentials,
as this ratio will eventually become the difference between two Fermi functions.)

Before proceeding further with the evaluation of the matrix elements, let us finish off the integral
which, as written, is undefined. Using the standard trick of adding an infinitesimal imaginary part

to the frequency,

[e ]

oo i(Aw+in+Ew—Er)t/h _ h —nt/h i(hw+Eg—Er)t/h
dte e e
0

i (hw +in + Ey — Er) 0

3 h 0-1)= ih
¢ (hw +in+ Ew — Er) T hw+Ey—FEp+ip’

The real part of this result is a delta function, as

lim :
n—=0 T + 19

= 76 () + iP (%)

and the Kubo-Greenwood formula is usually written with the delta function, as people are generally

interested in the real part of 0. However, we will have need of the imaginary part later.
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Substituting into our working KG formula, the factors of % cancel out, and we now have

1 (e—5£w _ e—ﬁﬁr) ) . ]
==Y _~° "y
dap(w) wV; TR B AL Al ryrey oy g

where it is understood we are talking about the real parts of both sides.
Next, let us fix the number of particles V in the system; sums over many-body states become

sums over all many body states with NV particles, and we must sum over all N explicitly. Then

e B6e _ o—Bér — —B(Be—uN) _ ,—B(Er—uN)
= eBrN (e—ﬁEw - e—BEr)

= 2N (e FBe — ~PEr)

with the fugacity z = e#, and we now have

BBy _ o~BEr)

B i
Qp,V,T)

hw+ Ey — Er +in

(¥ ]ja| T) (T js| T)

oaplw) = Z}V DDA (e”

N v¥T

As written above, |¥) and |I') are many-particle wavefunctions, and j, g are many-particle
current operators. We would like to express these quantities in terms of single-particle states |r) and
|8} (which are assumed known, via diagonalization of the single-particle Hamiltonian). We can also
assume we know (r |j| s) = j"%, the matrix elements of the single-particle current operators (which

can be derived from the single-particle Hamiltonian), and write the current operators as

i=)_i"CiC,
7,8
with the CT and C representing creation and annihilation operators. A many-particle state, in this
context, consists of N electrons distributed in some set {P} of single-particle states. So, we can

write a many-particle state |¥) as the product of a set of creation operators acting on the vacuum

state:

|#) =ch, ¢l ...ch, o)
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where |0) represents the vacuum state. We need a better notation for this; the usual notation
(such as used in Fetter and Walecka) is explicit, but clumsy, particularly for the (relatively) simple

manipulations we are interested in. So let us define the operators:

P, = ctcl,...ch,

Py = CpyCpy_,...-Chp

where the subscript on Py will keep track of how many creation/annihilation operators there are in
the product, and the P itself reminds us that the N operators act on the vacuum state to create a

set of states {P}. Using this new notation, we will write

|&) = P} |0) Ey - Ep

Yedr>Xpro -
IT) = Q1 |0) Er — Eq

(For example, for three electrons in states 13, 23, and 42, define P = {13,23,42} and write the state
as P3f |0)). The Kubo-Greenwood equation is now

e PEr _ ¢=BFq i

1 w ),
o, = 1 A )
ap(Ww) o EN PEQ z V. (matrix elements) T Er—Eg+i

with the matrix elements given by, for example,
(¥ lial T) (T ljal ®) = 3 35238 {0 |PvCiC,Q}| 0) (0 |@ncic, Y o).
ragp

In order to deal with this, let us deal separately with two cases involving the first matrix element:

either r =sorr # s.

Casel: r=3s

In this case, the first matrix element is <0 lPNCICrQH 0>. If r ¢ @, this vanishes (as C, has
no state r to annihilate). Otherwise, r € @, and this term reduces to <O ’PNQ;‘V’ 0>. If P and
Q are different sets of states, this vanishes; otherwise, it reduces to £1 (depending on how many

anticommutations it takes to arrange their operators in the same order). Then the second matrix
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element is nonzero only if p = ¢, which means the product of matrix elements simplifies to

+ Y iR
r,3€Q
Physically, this amounts to the current due to removing two electrons from the system and putting
them back in the same states; we would expect to get zero current in this case, as we can see this
explicitly by returning to our expression for the Kubo-Greenwood formula and noting that a factor

in that expression along with this delta function gives

(e—ﬁEP - e—ﬂEQ) = (e—ﬁEP — e-—ﬁEp) =0.

Thus, the case of r = s gives no contribution to the sum.
(We knew this from the start, of course, because we know that we get no conduction unless we
excite an electron across the Fermi energy. That the term above actually has anything to do with

the Fermi energy will be shown below.)

Case 2: r # s

In this case, only way for <0 IPNCI CSQEVi 0> to be nonzero is for one of the annihilation operators
in Py to annihilate the state created by C}, and for C, to annihilate one of the states created by
Q;‘V. To be specific, let the state r = F; (that is, r is the ith state in the set {P}), and similarly
let s = Q. We can then simplify this matrix element by anticommuting C! through the last i — 1
operators in Py, and anticommuting C, through the first j — 1 operators of Q;’V. Explicitly, this

gives the first matrix element as

(=1 (o ‘OpNCpN_l ...CRC}...Cp, Ch,Ch, ...CiC), ...Ch, } 0)

= (“l)iﬂ <0 |PI'V—1Q;[J—1' 0>

where P),_, represents the operator Py without the ith term (that term being state r), and Q' _,
is similarly missing term j (which is state s). We can now see that the remaining inner product

results in & P -
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We now know that Py # Qn, so in the second matrix element, a similar argument gives (with
¢=Qrandp=F)
(-1)k+t <0 |P]’6-—1Qx{_1| O) = (SPIIQU

where P" is missing state | and Q" is missing state k. We now have a product of delta functions
dprdprgr, which can be collapsed if we remember that P' and P" are both the state P missing
some single state (¢ in the first case, and [ in the second); if Py_, = Q'y_,(as must be the case for
a nonzero contribution from the first matrix element), then Py and @ differ only by one state: if
we remove one state from each, we have the same sets of states.

Now for the clever part: since P and Q differ by only one state — meaning, again, that we
subtract some state r from P and some other state s from (), and get identical sets of states —
we must conclude that there is only one state r in P and one state s in () that we can remove to
generate identical sets. We must further conclude, then, that the sets P’ and P are in fact the same
set, and that Q' and Q" are also the same set. This, in turn, implies that our single-particle-states
p=r,q=s,andi+j=k+1.

Thus, this second case reduces the product of the two matrix elements to the simple expression
3o’ ig opq.

If we put this expression back into the Kubo-Greenwood formula, we now have

e~BEP _ ¢~BFa) ;

1 v s
o [ rs 37‘6 'y .
oap(w) “’VXN:E(;Z oV.T) hw+Ep——EQ+in]a Jg opQ

Now the question is, what do we do about the P’ and Q' in that expression? Well, remember that
P’ was the set P missing its ith term, which happened to be state r. we are summing over the set
of all possible Ps, that is, over the set of all possible many-particle states consisting of N electrons
— let us call that a “meta-set”, that is, the set of all possible sets of single-particle states with a
given number of particles. We can generate the same meta-set by summing over all sets of P’ (i.e.,

the set of states with N — 1 electrons) and all possible ways of adding one electron to that P'. In
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other words, and more succinctly,

=), ad =3 ).

P T P'3r Q s Q'Fs
Now the dpr¢r makes sense: since P' = @’, the delta function is really telling us that Q' includes
neither r nor s. Writing the energies out (i.e., Ep = Ep: + ¢, — we are using F for the energy
of a many-body state and ¢ for the energy of a single-particle state), and again remembering that
P’ = Q' (so the energy difference between P and @ is really the energy difference between states r

and s), we then have

i 2oy opr 2N Le PEr
hw+ e —eg +1in QuV,T)

1 rosor (oBen oo
ap(w) =~ 3 il (e7Pr —e7Pe)
T8

keeping in mind that P' does not include states r or s. Also note how we have explicitly broken out
one factor of the fugacity z.

Look at that last sum: 35 3 p 2"V "te PEr. The sum over P’ really means a sum over all
possible many-particle states, with N — 1 electrons, that do not have states r or 8 occupied. To
handle this sum, let us temporarily remove that restriction and look at }_ " p e 8(EP~£N) where
P again labels a many-particle state with N particles. We can write this as a sum over all possible

occupations (0 or 1) of all single particle states n:

i i i -..e“ﬂ[(fm“um)+(en2~pn2)+..,] )

n1=0 n2=0 nz=0

The exponential can be factored, giving

1
H Z e*ﬂ(éi-—ﬂ) — II (1 + ze—ﬁei) .

i ng=0 i
So, we can now see how to handle our sum over P’ by restricting the values of i:
z Z ZN-1e=BEp H (1+ zePe) .

N P'ZFr,s i#tr,s
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If we now rewrite the partition function (it’s been hanging around all this time; you were wondering

when we’d do something with it) using Pathria [50](p 142, eq 16):
QuV,T) = H (1+ ze Pe)
i

we then find the ratio of our sum with the partition function to be

Hi:,ér,s (1 + ze_ﬁEi) _ 1
[1; A +ze=B) (14 ze~Per) (1 + ze—Pee)

and we have a factor that looks like

z (e_ﬁfr — e—ﬁea)
(1 + ze=Ber) (1 + ze—Bes)’

and a little algebra gives

z (e_ﬁfr - e—ﬁe,) ze—Berg—Bes (eﬁe. - eﬂer)
(1 + ze—Be) (1 + ze—Pes) (1 + ze=Per) (1 + zeBes)
271 (P — ePer)
27 2ePerefes (1 + ze—Ber) (1 + zePes)
21 (e — efer)
(27 leBes +1) (zLePer +1)
z7lePe +1— z7lefer — 1
(27 1eBes +1) (2~ 1efer 4 1)
1 1
z-lePer 1 2 1efes + 1

= fle)—fle) -

With this result, we now have

i
—€s+in

0ap@) = = S 1 er) = F €] e

and we are almost done. At this point, note that the difference of Fermi functions tells us that we
are taking an electron below the Fermi level and exiting it to a state above, which is the usual way

we think of a linear response in ideal systems.
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Finally, we need to take electron spin into account: assuming spin level degeneracy, this just
means we need to multiply by two. (We do not multiply by four since there are no spin-flip processes,
i.e., an 1 electron below the Fermi level gets excited to an 1 electron above it.)

Our result for the Kubo-Greenwood formula is then

i
hw+ €, — €, +1in

Tap (W) = 072‘7 > (rlial 8) (slislr) [f (er) = f (es)] (A.2)

with an (implied) limit n — 0.
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Appendix B

The square-lattice Anderson impurity

model

“Listen, three eyes,” he said, “don’t you try to out-wierd me, I get stranger things
than you free with my breakfast cereal.”
- Douglas Adams [23]

We present here some results related to the square lattice Anderson impurity model. Much of the
first section is elementary, and is taken from chapter 10 of Ashcroft and Mermin [51]; it is included
here for completeness.

Aside from collecting various relations used in other parts of this thesis, our goal in this Appendix
is to estimate the low-field Hall coefficient for a two dimensional system of the kind considered in
Chapter 3. To this end we apply a technique described by N. P. Ong [44] (which also appears in the
Berkeley group’s explanation of their A3Cgq results), in combination with an approximate treatment
of disorder which is quantitatively reliable only in the low-disorder limit. We can then compare this
estimate of Ry to the results of calculations based on our implementation of the Kubo-Greenwood
formula, as a check on the validity of the latter (though the approximation we make in implementing

Ong’s formula means that we should not expect perfect agreement).
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Figure B.1: Dispersion relation in the first Brillouin zone for the square 2-d tight binding model.

B.1 The square-lattice nearest-neighbor tight binding model

Before discussing the Anderson impurity model further it is necessary to present some results for

the square-lattice, single-orbital, nearest-neighbor tight-binding model.

B.1.1 Energy and Fermi surfaces

The dispersion relation for the square-lattice tight-binding model is
E = -2(cosk; + cosky) (B.1)

where we have rescaled the energy by the energy scale é (the nonzero matrix elements in the single-
particle Hamiltonian are all —¢) and the components of k by the lattice constant a; this makes all
quantities dimensionless. (Keep in mind that derivatives will produce factors of é or €.) Figure B.1
shows the energy in the first Brillouin zone, and Fig. B.2 shows the Fermi surface for different Fermi

energies.
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Figure B.2: Fermi surfaces in the first Brillouin zone. The contours are at 1€ increments.

We can invert Eq. (B.1) to find

E E
ky==% cos™} (—5 —cos kx> =7+ cos? (—2— + cos kw>

which gives the Fermi surface k, = f (k;) at energy E. Note that since the energy is symmetric

with respect to k; and k,, this expression (and many others below) are also symmetric with respect

to interchange of k; and %,.

B.1.2 Electron velocity

The velocity of an electron wavepacket with crystal momentum centered at k is given by

Vk

1 —

7 Vi E (k) (B.2)

% [sin (kz) ks + sin (ky) I::y] (B.3)

%6- ('uwfcm + vylzry) (B.4)
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where the last line defines v, , = 2sin(ks,y) as the dimensionless components of vik. (Note the
factors of @ and € that result from the derivative.) It will be useful to have v, as a function of v,,

so we eliminate k, using the relation above

v, = 2sink, (B.5)

= 2sin (cos_1 (—g — COos k3>) (B.6)
= :t2\/1 - (—g— + cosk:,,)2 (B.7)

which, effectively, gives us the components of vy as functions of k,. We now invert the relation for

v, and substitute:

It is also useful to determine {vr), the average value for v on the Fermi surface; this will be used
below, and is also used in Chapter 4. It is simplest to find (vr) numerically; the result is shown in

Fig B.3. For 2/3 filling, (vp) = 2.283.

B.2 Ry in the zero-disorder limit

B.2.1 Ong’s technique

N. P. Ong [44] developed an elegant geometric method to calculate a;y in two-dimensional metals
based on a “scattering path length” construct.

For each k point on the Fermi surface define the “scattering path length” vector I = vin, where
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Er

Figure B.3: Average Fermi velocity (vr) as a function of Fermi energy.

T is the relaxation time (which, in general, may depend on wave vector). If we move k around the
Fermi surface, the vector I sweeps out an area in “I” space. This area, denoted Ay, is related to a;y
by

’ 62 1

Uzy = "h—-(i)-O'ZAl .

There is an obvious difficulty in applying this to the Anderson impurity models of interest to
us: there is no simple way to determine 7y, particularly at the rather large values of D for which
we can obtain meaningful numerical results from finite cluster Kubo-Greenwood calculations. As
we are ultimately interested in Ry, we can proceed by assuming that the relaxation time is in fact
independent of wave vector, so that n. = 7; factors of 72 that appear in both the numerator and
denominator of Ry = o, /02, will then cancel out.! (We will return to the issue of finding 0, in
the next subsection.)

We will evaluate A; numerically. For convenience, we will factor 7 out of I, and denoting the

components of r by = and y the curve traced out by the scattering path vector as the wave vector

1 Although this treatment of the disorder is approximate, the non-circular character of the Fermi surface is properly
accounted for.
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Figure B.4: Curves defined by I as we move around the Fermi surface of the square lattice tight
binding model. The axes have units of Ger/fi. Note that the area bounded by the curve vanishes at
E = 0; for negative E values, the curves are identical to the positive E curves, but are traced out in
the other direction (which causes the expected sign change at half filling). E = 0.786 corresponds
to 2/3 filling.

circles the Fermi surface is given by

y(z) = :l:\/4— (E:i: Vi- x2)2

where the various combinations of & form a closed curve. This curve is symmetric about both axes
and the lines y = +x; see Fig. B.4.

Now to find the area inside this curve, we concentrate on the first quadrant. Using Cartesian
coordinates, we find the area under the “top” half of the curve in the first quadrant, then subtract the
area, of the triangle below the ¢ = y line. This will give us the area bounded below by z = y, bounded
on the left by the y axis, and bounded on the top by the curve (which corresponds to choosing the
negative branch of the innermost square root, and the positive branch of the outermost). This area

is %th of A;. If we denote by @ (to pick a letter at random) the upper limit of integration, we can

Q
A —._-8{[/0 dxy(:c)] - %Qz}
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Figure B.5: A; as a function of Fermi energy.

where the last term in braces is the area of the triangle.
Next, we need to find (). We are integrating with respect to x from x = 0 to the point where

the curve meets the £ = y. This point is part of the “top” of the curve, so it is given by

y@) = @
Ji-(E-vim@)' - @

E2
Q_2,/1—E.

which can be solved for @, giving

So finally, our integral is

A,=8{[/0ng;\/4— (E—\/Z—-_a:?)zJ —-12-Q2}

which, given E, we can evaluate numerically. The result is shown in Fig. B.5; for 2/3 filling

(Ep = .786) A; is approximately 12.5. The units are those of (vyr)?, which are (aer/ h)2.
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B.2.2 Longitudinal conductivity and onward to Ry

Conventional Boltzmann transport theory, under the assumption of an isotropic Fermi surface and
relaxation time independent of wave vector, leads to the following well known relation [52] between

conductivity, Fermi velocity, relaxation time, and density of states A/ at the Fermi energy:2
1
Opz = 5621)%7./\/' . (B.8)

Of course, our Fermi surface is not isotropic, and our use of this formula is therefore an approxima-
tion. We will make a further approximation, and use the average Fermi velocity (vr) as calculated
numerically above (see Fig. B.3).3 We will use A as calculated numerically in Fig. 3.1. First,
let us rewrite the expression for the conductivity so that all of the factors in it are expressed in

dimensionless form. The units of o, should be e?/h, giving

Ogx =

1, (tra€\* N (Er)
2 \'h éa?

1e%é ., -
Ozg = i—h—z—vFN(EF)T.

We then have

a2 84,
e (2n)? 4N (EF)

a2 8(12.5)
e (2r)? (2.282)% (0.3073)?
A2

= % 5989
€

%Ziman’s expression has a leading factor of 1/3, which reflects the three-dimensjonal nature of the system he was
discussing. The correct factor for two-dimensional systems is 1/2.

3Given these approximations, we expect the resultant value of R 7 to be only roughly accurate, which will be good
enough to compare with our KG results.
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using ®¢ = h/e and the values appropriate for 2/3 filling: or = 2.282 and Nr = 0.3073.
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