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ABSTRACT

SIMPLIFYING DEPENDENT REDUCTIONS USING DUALITY

Programs often contain redundant computations, and frequently the onus is on the developer
to detect these repeated computations and remove them. As an alternative to hand optimization,
compilers can often be used to automatically optimize program inefficiencies. In this work, we
discuss a compiler optimization that can automatically detect and remove certain types of redun-
dant computation. Specifically, this thesis explores the problem of automatically simplifying de-
pendent reductions in the polyhedral model. To simplify dependent reductions, we will use the
mathematical concept of duality which allows us to view this problem through the lens of program
dependences. Duality greatly simplifies our approach in comparison with prior work, and we will

it to augment a preexisting simplifying reductions algorithm.
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Chapter 1

Introduction

Redundant computations plague software. Often these redundant computations take the form
of repeating the same calculation. These repeated computations are sometimes intentional as du-
plicating a small computation might be more efficient than storing the result somewhere and sub-
sequently retrieving it. However, in most cases, they are simply the result of inefficient code and
would lead to performance increases if removed. Furthermore, these computations are often ob-
scured within the structure of how the code has been written, and without close inspection, they
can be very challenging for a developer to see. Luckily, well designed compilers can automatically
detect and remove unnecessary code via optimizing transformations. In this work we focus on one
such optimizing transformation, simplifying dependent reductions.

Reductions are a ubiquitous programming abstraction. Many operations performed by the fold
computation from functional languages are reductions. Many polyadic dynamic programming
algorithms can be modeled as reductions [27]. They are also a vital part of many important al-
gorithms in computational biology [13, 25], Al [16, 1], and fault-tolerant matrix multiplication
[17]. Beyond important scientific algorithms, they are ubiquitous in everyday programming. Since
this abstraction is so common, there is a large body of research looking into various aspects of
reductions [18, 17, 6, 29, 21, 8§, 23].

We focused on reductions specifically in a mathematical model of programming called the
polyhedral equational model. This model has prior work examining the optimization of reduc-
tions, referred to as simplifying reductions [18, 6, 21, 29, 17]. We will extend this previous work
by exploring simplifying dependent reductions, or reductions where steps in the reduction might
need to be interleaved with other computations. In this case, we have fewer choices for opti-
mizations that would still produce correct code, optimizations we will call legal or valid. For this
extension, we turned to dependences, which tell us which steps in a computation rely on other

steps, and polyhedral scheduling, which provides an order for performing the steps of a program.



Much of this work will rely on the relationship between dependences and scheduling, specifically
their duality. We will consider everything in terms of program dependences, and we will use de-
pendences to avoid illegal simplification. We will also use dependences to provide a sufficient
condition for simplification without any affect on scheduling. In the case where this condition is
not met, we also provide a heuristic for reuse vector selection that has led to an optimal version
in all our testing. We integrate our work within an implementation of the simplifying reductions
algorithm [6, 11, 18].

The layout of this thesis is as follows. Chapter two gives an example of simplifying a reduction
to explain what it is and to convey the intuition behind the approach. It then describes the difficulty
that arises when extending to a dependent reduction. Chapter three presents the mathematical
background on the polyhedral model and introduces a number of key concepts our contributions
rely on. Chapter four is where we present our contributions. In chapter five, we demonstrate our
approach by simplifying Gibbs Sampling. The final chapters give an overview of future and related

work, before we conclude this thesis.



Chapter 2

Simplifying Reductions

For those unfamiliar with dependent reduction simplification, in this chapter we give an overview
of the problem. We start with an example reduction simplification, followed by an intuition for how
to achieve this simplification automatically [6]. The final section of this chapter discusses the ad-
ditional complications that arise when considering dependent reductions. This should demonstrate
how reduction simplification identifies and removes repeated computation. Throughout the chap-
ter we will introduce a number of important ideas in the context they will be used. We will only
give a brief overview, and full definitions may be found in Chapter 3. Similar to other works on

reductions, we explore simplification via the prefix sum computation.

2.1 An Example Simplification
A prefix sum operation is the cumulative sum of an array up to each corresponding index and

is written with the following equation:

Xli] = ZY 5] 2.1)

We can write this equation as the following code in a C-like language:
for(int i = 0; 1 < N; 1++) {
for(int j = 0; j <= i; j++) {
X[i] +=Y[jI;

The above implementation however repeats a number of computations. To explore these re-
peated computations and explain their removal, we will use polyhedral domains. Domains are

necessary in the full formulation of the problem and central to the polyhedral model. From the



prefix sum program, we can construct a number of polyhedral domains. First is the reduction
body, which is all combinations of loop indices in the imperative version. In the above code, it
would be the set {[¢,7] : 0 < j < iand 0 < i < N}. Each of our variables also have their own
respective domains. The data domains for X and Y are both {[i] : 0 < i < N}. Figure 2.1 visu-
alizes the reduction body of the above for loops as a collection of integer points over a polyhedral

domain where each point within the highlighted domain represents an individual loop iteration.

Figure 2.1: A visualization of the set of points described by {[,j] : 0 < j < iand 0 < i < N}, in this
case N =4

In Figure 2.2, we demonstrate the computations occurring over this reduction body. Specif-
ically for our example, each row of points reads the same value in Y and the accumulation of
each column defines the values in X. Our repeated computation arises because each row of points
reads the same value, and therefore the columns where we accumulate the outputs are combining

together the same values as well.
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Figure 2.2: All the points in the green box are contribute to the same cell in X. All the points in the blue
box will read from the same box in Y that the arrow points to.

Y[j]

Wik |E |
Wik |E |

X[i]| 3 |9 |10|14(24

Figure 2.3: Both green boxes perform the same summation, that is Y[0] + Y[1] + Y[2] and this helps us
visualize the repeated computation.

For an optimal computation, instead of computing the whole column, we simply combine the
points in the diagonal with the previously computed values stored in X. Computation along this

diagonal is exactly what our simplified C code will do and a simplified version would look like:



X[0] = Y[O0];
for(int i = 1; 1 < N; i++) {

X[1] = X[1 = 1] + Y[1i];
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Figure 2.4: The green boxes now represent the only squares we need to combine to compute our final
answer. To compute each value in X, it’s corresponding square in the diagonal would be added to the
previous result in X.

The goal of the simplifying reductions framework is to have the compiler automatically gen-
erate simplified versions of reductions like was just exemplified through the prefix sum. While
the example presented is relatively straightforward, there are many examples of reductions where
simplification is not so obvious. Previous work provides examples of everyday code that is non-
trivial to simplify [6, 17]. The following is an example of the difficulty of hand optimization, albeit
one this is somewhat contrived. It has computational complexity of O(N*), but admits an efficient

version with complexity O(N?).



for (i=0; 1i<N; 1i++)
for (Jj=0; J<N; J++)
for (k=i; k<=21i; k++)
for (l=i+73; 1<=27; 1++)

Y[i,3] = max(Y[i,]], X[k,1])

Not only is this simplification exceedingly challenging, a number of the reductions in real world
code are also non-trivial to simplify. As previously stated, reductions are pervasive in scientific al-
gorithms. These algorithms are often complex and require significant work to simplify by hand,
and as these algorithms are often run over large datasets, reducing the computational complexity
leads to large performance gains. Due to the challenge inherent in their simplification, optimiza-
tion of repeated computation in reductions is vital, and we will now explore how the simplifying

reductions framework achieves this automatically.

2.2 Automating the Simplification

To understand the intuition of how an automatic simplifier would reach the above simplifica-
tion, we introduce reuse vectors. We shift our domain by a reuse vector which exposes repeated
computations. We will discuss deriving the legal reuse vectors in more depth later, but for this
example, we will use the two legal reuse vectors: [1 0] and [—1 0]. We shift our domain by one
of these reuse vectors, and the repeated computations are all the points in the intersection of the
shifted domain with the original domain. The only points which we have to iterate over lie in
what are called the residual domains, which correspond to the faces of our polyhedron and are
the union of the two domains minus the intersection. For our two reuse vectors in the example,
the only points we compute in the simplified version will belong to the highlighted green boxes in

Figure 2.5.!

I'There is no vertical green box in the right example because the points where we would have one lie outside of our
data domain, i.e. we don’t have to compute X[N].



1

reuse vector reuse vector

Figure 2.5: The blue area represents the example domains shifted by [—1 0] and [1 0] respectively. The

green boxes are our residual domains and the overlap of the blue and red represent the points of repeated
computation.

Using the reuse vector [1 0] would lead to the simplified version of the code presented in the

previous section. Simplification using the vector [-1 0] would lead to the following C code:

for(int i = 0; i < N; 1++) {
//The computation in the vertical green box
X[N - 1] += Y[i];

}

for(int i =N - 2; 0 < i; i—-) {
//The computation in the diagonal green box

X[i] = X[i + 1] - Y[i];

This simplification highlights one more key idea. In the above code we have used the subtrac-
tion operator. Each of our residual domains corresponds to a face of the polyhedron, and to each
of these faces, for each reuse vector, we give a labeling of positive, negative, or neutral, meaning
we will use the original operator, the inverse operator, or there will be no residual domain associ-

ated with that face. The first for loop would correspond to a positive face and the second for



loop would correspond to an inverse face and that is why the first uses + and the second uses —.
These labels will be used to partition our reuse vectors, and we will collect all of the faces of our
polyhedral domain into a structure called the face lattice.

By moving computation to the residual domains and removing the intersection we have re-
moved repeated calculations and achieved our goal of optimizing the program. With either selec-
tion of reuse, we optimize the program complexity from O(N?) to it’s minimal complexity, O(N).?
The work of Gautam and Rajopadhye provides a framework for optimally reducing programs with
reductions if there is any reuse in the original program [6]. Their work does not cover dependent
reductions, and so we will now extend our example to highlight the added difficulty of simplifying

these programs.

2.3 Extending to a Dependent Reduction

Our reductions might rely on other computations that cannot be fully computed beforehand, in
which case we will have a dependent reduction. To demonstrate this, we will alter the prefix sum
[29]. We can turn this prefix sum into a dependent reduction by changing the expression in the

summation:

X[i] = X[j] 2.2)

Before the expression in the summation used only the variable Y, which we treated as an input,
so we could ignore any dependences. In this above equation, because X is now defined in terms
of itself, there are new dependences. In the polyhedral model, dependences tell us how specific
points in a computation are related. Specifically, a dependence is a link between two points in our
domains that exists whenever one point needs data computed in the other for its own computation,

and in Figure 2.6 we see the dependence pattern that arises from the above equation.

ZFor those interested in how to derive the complexity from the domains see [6], but it related to the dimensions of our
domain
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X[1i]
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Figure 2.6: Here are the additional dependences that arise from changing our equation to a recursive one.
We see that for each value X[i] we require all values X[j] for j < i.

If a point ever depends on itself, it is called a cyclic dependence and a program with a cyclic
dependence will not have a schedule and cannot be computed. When we optimize a reduction,
our simplification introduces new dependences. Using the original simplification algorithm in the
above example could lead to an invalid program as the reuse vector [—1 0] will lead to a simplified
program with a cyclic dependence. Figure 2.7 highlights one of the cycles that will arise from
using the reuse vector [—1, 0]. Also highlighted in Figure 2.7, we demonstrate the general pattern
that will arise using the reuse vector [1 0] which does not lead to cycles, and therefore it is still

valid even in the dependent case.

10



X[i] T X[i]

Figure 2.7: Here is one of resulting cycles from using [—1 0], as well as the general pattern that arises from
using the vector [1 0].
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Chapter 3

Background

This chapter establishes the necessary mathematical background for the rest of the thesis. The
foundation for our work is the polyhedral model. The polyhedral model provides a method for
reasoning about programs, along with a number of transformations that optimize those programs.
In the model programs are defined over polyhedral domains, and the model is frequently used to
reason about nested loop programs. For our purposes, we use the model to view programs as sets

of equations defined over these domains.

3.1 Domains

A polyhedral domain is an integer polytope (the n-dimensional extension of a polygon). It
can be formulated as all points {x € Z"|Azx + b > 0}. In the polyhedral model, these domains
are frequently extended with parameters, i.e., instead of considering the points 0 < ¢ < 10, we
consider the points 0 < ¢ < n. This defines an infinite family of polytopes where the parameters
determine the size of the polytope. We often consider a parameter as just the addition of another
variable/dimension.

We represent both the iterations and the data space for a given program as domains. The iter-
ation domains represent computations and the data domains contain the values used or computed.
The reduction body is a specific instance of an iteration domain and corresponds to the set of legal
values of loop indices when reductions are implemented in a sequential iterative program. The
key to reduction simplification is determining when points in this domain repeat computation. The
data domain defines the locations of all the different values our computations use, compute, and

store. It can be thought of as the defining the dimensions of an array structure.

12



3.1.1 The Face Lattice

For a given polyhedral domain, we can create the face lattice. We summarize the definition
given by Narmour et al [18]. A face of a polyhedron, D, can be generated by intersecting D with
one or more equalities obtained by saturating one or more inequalities. Saturating an inequality,
a -z + v > 0, turns it into an equality of the form o - z + v = 0. The face lattice of a given
polyhedron, D, is a graph whose nodes are the faces of ). We can divide our face lattice into
levels, where all the nodes in each level have the same number of saturated constraints. A facet
will be an NV — 1 dimensional face of D, where N is the dimension of D. Figure 3.1 gives the face

lattice for the reduction body of our prefix sum.

triangle

edges

vertices

bottom

1

Figure 3.1: The face lattice for our triangular domain. Our domain is constructed from three constraints
0 <j,7 <1t,and ¢ < N. The numbers in the graph represent which of these constraints have been saturated.
The node "1" is the face constructed by setting 0 < j to 5 = 0, so this face is one of the sides of our triangle.
Bottom is the least element in the lattice.

3.2 Dependences

A dependence exists between two points in the domains when the computation occurring at one

point requires the value computed the other point. Dependences will be vectors, and specifically a

13



dependence, d, is d = ¢ — 7, when the point 7, relies on the point j [10]. The dependences can be
collected into a set called the dependence polyhedron. To construct the dependence polyhedron,
we collect the dependence conditions derived from the program (which points depend on which
over what domains), into a set of linear equalities and inequalities, and then project these into the
dependence space, projecting from points to dependence vectors, and finally take the convex hull

of this projection [30, 10].

3.3 Scheduling

Scheduling is the process of ordering a computation and assigns time stamps to each step in
the computation. It is a long-explored problem that derives the computation order based on some
optimization metric and is an important part of polyhedral analysis [19, 8, 15, 9, 5, 23]. Just as
reduction simplification has an associated search space, there is also an associated search space for
scheduling. This search space, the feasible space of the schedule, is derived from the dependences,
and collects all valid linear functions from the iteration domain to the time domain. Specifically
the constraints respect causality, which means for a given schedule, ), the constraints will have
the form, A(p;) > A(p2) + 1, where p; and p, are two points in the domain and p; depends on
p2 [23]. When viewed using dependences, the constraint is Ad > 0, where d is a dependence
vector. A scheduling algorithm will take in an iteration domain along with the dependences and
produces a schedule map from the iteration domain to a time step. It produces the schedule by
formulating the constraints into a linear programming This time step might be multidimensional
and respects an order called the lexicographic order, which is the following relation: (a < b) where
Ji(a[l..i] = b[1..i) Aafi+1] < b[i +1]) [23]. The complete scheduling function is the collection of
all these maps with a different map for each variable in the program. Previous work on simplifying

dependent reductions relies on formulating the feasible space of the schedule [29, 21].

14



3.3.1 Space of Tiling Hyperplanes

Tiling is related to scheduling, and seeks to improve the locality of generated programs by
breaking the computation up into tiles [2]. We can construct the space of tiling hyperplanes, and
each hyperplane will be defined in terms of its normal vector. Where the schedule must respect
causality, the space of tiling hyperplanes must respect atomicity, implying that no two tiles both
depend on each other [2]. This relaxes the constraint slightly, instead of Ad > 0, where d is a
dependence vector, the constraints on the tiling hyperplanes will be v»d > 0, again where d is a

dependence vector.

3.4 Reductions and Reduction Simplification

For our purposes, reductions have the following syntax [6]:

reduce(®, fu, expr) (3.1)

This whole expression computes over the reduction body, where f,, maps from the reduction body
into the write space (all the points where the data will be accumulated). The @ is an associative,
commutative operator. The expression, expr, is the computation that will take place at all the
points in our reduction body, and these computations are combined with our operator. Also, we
derive from a reduction another projection function, the read function. The read function maps
from the reduction body to the values required at each point in our computation. The prefix sum

example from earlier (2.1) would take the following form:
X[i] = reduce(+, (1,7 — 1),{0 < j <i}: Y[j]). (3.2)

The + from our reduction domain is the += operator in the for loop. The right-hand side of the
assignment is the expr (Y[j] in this case). The domain {0 < j < i} tells us which parts of the

reduction body are to be combined into each point.
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3.4.1 Reduction Simplification

As we have seen, reduction simplification shifts the reduction body along a reuse vector, creates
residual domains by subtracting the intersection of the shifted domain with the original domain
from their union, and computes the remaining points in the residual domains. This whole process
relies on finding the space of all possible reuse vectors. The reuse space is simply the kernel of the
read function, ker(f,), or all the points that f, sends to zero [6]. Any vectors in the reuse space
represent the directions in which we have repeated computation, and thus, shifting the computation
domain along one of these vectors can lead to the discovery of a simplified computation. There
is possibly an infinite number of reuse vectors to consider so we partition the reuse space into
equivalence classes using the face lattice. A label assigns to each facet, positive, negative, or
neutral, depending on which operator will be used to combine the computations in that residual
domain (neutral means reuse is along that facet, and there will be no residual computation). Each
vector that generates the same labelings for each of the facets is considered to be in the same class.

Simplifying reductions is a recursive dynamic programming algorithm that traverses the face-
lattice of the reduction body to maximally apply simplification transformations to a program. Start-
ing with the whole reduction body, at each step, we simplify the facets of the current face, F. The
key idea is that exploiting reuse along a given reuse vector, p, avoids evaluating the reduction ex-
pression at most points in F. At each step of the recursion, the asymptotic complexity is reduced
by exactly one polynomial degree. Furthermore, at each step, the newly chosen, p, is linearly
independent of the previously chosen ones. Hence, the method is optimal—all available reuse is
fully exploited. Recent work in this area has provided an implementation to automatically simplify
reductions, choosing the smallest integer point closest to the origin from any given equivalence
class of reuse vectors [18].

In the non-dependent reduction case, we can select a reuse vector arbitrarily from an equiv-
alence class to reach an optimal simplification [6]. However the construction of the equivalence
classes does not take program dependences into account, meaning some reuse vectors in an equiv-

alence class might respect a dependency that other vectors in the same equivalence class of reuse
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vectors might not. In the case of dependent reductions, if we choose our reuse vector arbitrar-
ily from an equivalence class, that selected reuse vector might prevent a future simplification that
would have been possible if a different reuse vector from the same equivalence class was chosen,

and this future simplification might be optimal.

3.5 Simplification and Scheduling

When we simplify dependent reductions, we are solving a problem with two unknowns. Recall
that the constraints on the schedule have the form Ad > 0. Normally when solving for the schedule,
the dependences are known beforehand, and therefore the constraints are fixed. The schedule can
then be solved for using a linear programming approach. The process of simplification, however,
introduces new dependences, and the choice of reuse vector changes which new dependences are
introduced. Since the dependences introduced by simplification are unknown, both variables in
the constraints are unknown rendering the constraints bilinear, and previous work in this area
formulates the solution for scheduling and simplification as a bilinear programming problem [29].
To avoid simultaneously optimizing for both, we rely on the fact that the dependences, the feasible
space of the schedule, and the space of reuse vectors are all cones. Also that the dual to the

dependence cone is the feasible space of the schedule.

3.6 Cones

A convex cone is the positive linear combinations of a set of vectors, called generators.

Definition 1. Convex Cone. Given a set of generators, G, the convex cone, C, is C = {>_ a,;g;|ac >

0and g; € G} [3].

A cone is said to be blunt if it does not contain the origin. For any given cone, we have a set of
extreme (or extremal) rays. We will also be able to expand any cone by adding a vector to the set
of generators for that cone. Figure 3.2 gives a visual example of a cone.

We usually represent the polyhedral domains in terms of their constraints, but it is also possible

to view them as a collection of lines, rays, and vertices. The rays of the polyhedron form a cone.

17
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Figure 3.2: A sample cone defined by the extremal rays [1 2] and [2 1]. The blue area represents all the
points in our cone

To acquire the representation of the lines, rays, and vertices, we rely on Chernikova’s algorithm
[12]. This algorithm is it’s own dual; when it is run on constraints, it yields the lines, rays, and
vertices, and when it is run on the lines, rays, and vertices, it yields the constraints. A number of

the objects discussed so far in this chapter are cones:

The feasible space of the schedule [4]

The space of tiling hyperplanes [2]

* The reuse space

The dependences [30]

From the dependence polyhedra we can derive the dependence cone. This cone will be such that if
a one point, ¢, must execute after another point, j, then ¢ — 7 will be in the dependence cone, i.e.

> g =i — j, where o; > 0, and g; is a generator of the dependence cone [10].

18



3.6.1 Negation

Definition 2. The negative cone is the negation of a dependence cone, —D. It is also a cone
whose generators are the inverses of the generators in the original cone. See Figure 3.3, for a

visualization of this definition.

\ 4

Figure 3.3: The blue area represents our cone, C', and the red area the negative cone.

3.6.2 Dual Cone

The dual cone is the collection of vectors whose dot product with all the points in the original

cone in greater than or equal to zero. Figure 3.4 gives an example of a dual cone.
Definition 3. Dual Cone. Given a cone, C, the dual cone, C', is C' = {a]a - ¢ > 0 and Ve € C}.

Since it is defined in terms of the original cone, any changes to the original cone will lead to

changes in the dual cone.

19



Y

Figure 3.4: A sample cone in blue with the red cone representing the dual.
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Chapter 4

Simplifying Dependent Reductions using Duality

We are now ready to discuss our main contributions to the problem of simplifying dependent
reductions. Our solution extends the original dynamic programming algorithm by altering the way
we select reuse vectors [6]. We give sufficient conditions for selecting the reuse vector so that it
has no effect on scheduling, and a heuristic that leads to legal simplification when this condition
is not satisfied. To this end, we will develop our method and then describe its integration into the

existing simplifying reductions implementation provided by Narmour et al [18].

4.1 Exploiting Duality

As we discussed in Section 3.5, the problem we are trying to solve contains two unknowns, the
(new) dependences, and the schedule, which means the causality constraint is bilinear. To avoid a
bilinear solution, however, we will view everything through dependences. The first part of this view
is reasoning directly about about the dependence introduced when using a particular reuse vector
for simplification. When simplifying a reduction, the new dependence in the simplified program is
the write function, f,,, applied to the reuse vector, we will call this the induced dependence. We will
call the entire image of the write function applied to the whole reuse space the induced dependence
space. The second part of this view uses duality. The dual of the dependence cone is the space of
tiling hyperplanes. The constraints on the space of tiling hyperplanes are 1»d > 0, which is exactly
the dual to the dependence cone. Furthermore, the feasible space of the schedule is a subset of
the tiling hyperplanes, and therefore a subset of the dual cone. Specifically, the constraints on the
schedule are \d > 0, which means the set of our schedules is {A\|\d > 0,Vd € D}, where D is
the dependence cone. As the feasible space of the schedule is defined in terms of the dependences,
any changes to the dependence cone will change the schedule space. That is, when we expand the

dependence cone, we will be adding new constraints on the schedule.
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From the duality relation, we can arrive at two conclusions. First if the induced dependence is
already contained in the dependence cone, the new scheduling constraints will be subsumed by the
preexisting constraints, and so the new dependence will have no effect on the schedule. Second, a
reuse vector that introduces a dependence in the negation of the dependence cone will render the

resulting program unscheduable as we will have to satisfy both A\d > 0 and —\d > 0.

4.2 Reuse Selection using the Dependence Cone

We now introduce a way to alter the reuse vector selection using the dependence cone. We
will discuss the two cases that arise when we approach the problem from this view. First is our
sufficient condition, where our induced dependence space and dependence cone intersect allowing
us to simplify without any affect on the feasible space of the schedule, the second case is when
they are disjoint and we must add new constraints to the schedule space, and for this we provide a

heuristic selection criteria that will ensure legal simplification.

4.2.1 Intersecting Case

When the intersection of dependence cone and induced dependence space is not empty, we will
choose our reuse vector from this intersection. This reuse vector respects the program dependences
and therefore leads to a legal simplification. Also as the new dependence will already be contained
in the dependence cone, any schedule that respects the constraints of the original program, will
respect the constraints of the simplified program. Consequently, this will add no new constraints
to the schedule space, and therefore no additional constraints on future reuse selection either. In

Figure 4.1, we see an example of this selection criteria.

4.2.2 Disjoint Case

When our cones are disjoint we will not be able to guarantee that the reuse vector selected has
no impact on the feasible space of the schedule, and we are not able to avoid the bilinear constraint.

In our implementation, we provide a heuristic selects one of the extremal rays of our reuse space
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Figure 4.1: In the above diagram, we illustrate the process of refining our reuse space. We start with a
dependence cone on the far left, then we combine it in the middle with our reuse space, and the right image
is their resulting intersection. We would pick our reuse vector from this space.

as the reuse vectors. However, we will filter our extremal rays by removing vectors that lead to
illegal simplifications.

As previously discussed, the reuse vector will induce a dependence in our newly simplified
program, and our reuse vector will be invalid if it leads to a cycle in the that new program. If the
induced dependence is the inverse of a generator of our dependence cone then the simplification
will lead to a cycle. With this in mind, we remove any reuse vectors whose induced dependences

are in the negation of the dependence cone from consideration for simplification.

4.3 Implementation

As a part of this work, we integrated our new reuse selection into previous work on simpli-
fying reductions [6, 18]. This chapter will give an in depth description of our integration. Our
implementation relies on the ISL and PolyLib libraries [26, 28]. We provide an implementation

in the AlphaZ which is a compiler for the polyhedral language Alpha. But before we discuss the
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integration of our restriction in any more depth, we start with a short description of the original
implementation of the simplification algorithm and how it selects reuse vectors.

As previously stated, simplifying reductions is a recursive dynamic programming algorithm.
At each recursive step of the algorithm, it selects a list of possible reuse vectors. These are then the
vectors used to generate the simplifications, and the algorithm is again applied to those simplifica-
tions. The original reuse selection function takes in the reuse space and returns a list of possible
reuse vectors, one per labeling. To return that list, it generates the reuse constraints associated
with each labeling of the faces and intersects each of those with the reuse space. This generates the
equivalence classes of reuse vectors. From each of these equivalence classes, the selection function
picks the integer point closest to the origin as the reuse vector [11]. These vectors are collected
together and returned as candidates to use for simplification.® This is presented in Algorithm 1.

We augment the preexisting process by first building the dependence graph for the program and
deriving the dependence cone. The dependence cone is then passed to the simplifying reductions
framework and ultimately to the reuse selection function, where it is used as a part of the reuse
vector selection. ISL and Polylib give us the set relevant functions, and we use these libraries
to find the intersection of dependence cone and the reuse space. If this is not empty then we
restrict our space to this intersection and then pass that space along to the original reuse selection
function. If there is no intersection, we use these libraries to generate the rays of the reuse space.
Once the rays are obtained, they are then filtered for legality using the negative cone. If any of
them are members of the negative cone, then they are removed from consideration. This filtered
list of extremal rays are returned as the candidate reuse vectors to be used for simplification. In

Algorithm 2, we give the new reuse candidate selection function.

3We have presented a simplified picture, as the original selection function also generates the face lattice and performs
some validity checks as well.

24



Algorithm 1: Original Reuse Selection

o - 7 T R T ST

e v
A N R D R = S

Data: reuseSpace is the reuse space
Data: [abelings are all labelings of the facets
Result: A list of reuse vectors
reuseEquivalences < [ ;
for label in labelings do
label Domain < getLabelDomain (face, label) ;
space < intersect (label Domain, reuseSpace) ;
if /isTrivial (space) then
reuse Equivalences.add(space) ;
end

end

validReuseVectors < || ;

for domain in reuse Equivalences do
candidate ReuseVector < integerPointClosestToOrigin (domain) ;
if testLegality (re, candidate ReuseV ector) then

‘ validReuseV ectors.add(candidate ReuseV ector) ;

end

end

return valid ReuseVectors ;
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Algorithm 2: Reuse Vector Selection using the Dependence Cone
Data: reuseSpace is the reuse space
Data: dependenceCone is the dependence cone
Data: labelings are all labelings of the facets
Result: A list of reuse vectors
reuseVectors < |[| ;
if intersect (project (reuseSpace), dependenceCone) ! = () then

1

2

3 reuse Equivalences <+ || ;

4 for label in labelings do

5 label Domain < getLabelDomain (face, label) ;
6 space <+ intersect (label Domain, reuseSpace) ;
7 if /isTrivial (space) then

8 | reuseEquivalences.add(space) ;

9 end

10 end

11 for domain in reuse Equivalences do

12 candidate ReuseVector < integerPointClosestToOrigin (domain) ;
13 if testLegality (re, candidate ReuseV ector) then
14 | reuseVectors.add(candidate ReuseVector) ;

15 end

16 end

17 return reuseVectors
18 end
19 else
20 reuseRays <+ generateRays (reuseSpace) ;
21 negativeCone <— invert (dependenceCone) ;
22 for ray in reuse Rays do

23 if | negativeCone.contains(ray) then

24 ‘ reuseVectors.add(ray) ;

25 end
26 end
27 return reuseVectors
28 end

4.3.1 Revisiting the Example

We will again revisit the dependent prefix scan example to illustrate this method. Recall our

dependent prefix scan is defined by the following equation:

Xli] = ZX 5] (4.1)
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In this example our dependence cone, consists of the space spanned by the single ray [1]. After
applying the appropriate projections and intersecting this with our reuse space, we are left with
the space spanned by the ray [1 0], allowing us to shift the reduction body along a vector in the

positive 7 direction. This leads to the simplification:

X[i] = X[i = 1] + X[i — 2] (4.2)

It also prevents the illegal simplification that would arise from shifting in the negative 7 direction.
Vectors in the negative ¢ direction would be part of our negative cone and therefore they will not
be considered as candidates for simplification. The following is the illegal simplification that will
be avoided:

X[i] = X[i +1] + X[i — 2] 4.3)

In (4.3) we can see there is no order which would solve the equations because there will be a

number of cyclic dependencies.
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Chapter 5

Simplifying Gibbs Sampling

We evaluate the implementation by demonstrating the dependent reduction simplification of a
real-world problem, namely Gibbs Sampling. We give a brief overview of the problem. We then
follow the specific version of the algorithm as given by Yang et al to demonstrate the feasibility of

our approach [29].

5.1 Gibbs Sampling

We turn now to Gibbs Sampling, an example of a dependent reduction with broad applicability
in a variety of different areas [7, 24]. Gibbs sampling is Markov Based probability sampling
algorithm for generating a multivariate probability distribution [7]. Resnik and Hardisty give a
good overview of the overall process of Gibbs Sampling [24]. It is a maximum a posterior (MAP)
estimation method which allows us to take into account prior knowledge about our distribution.
As a Markov Chain mode, the state produced by each iteration of the algorithms only depends on
the prior state. Specifically for Gibbs Sampling, instead of choosing all the new states at once, the
algorithm updates one state at a time based off of all the other current states, and in this process
uses any state that has already been updated in the current iteration.

The overall algorithm for describing this system can be described using dependent reductions.
Along the lines of Yang et al, we use a specifically the two-cluster gaussian mixture model as an
example of a dependent reduction [29, 16]. This model separates a set of observations into two
distinct clusters or classifications. We use the following set of equations. They are a part of a larger

system that iterates until it arrives at a stable probability distribution [29].
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Ci= ) 1z (5.1)

Vjs.t.jAINZj=2

Sy = Z obs;,Vz,1 (5.2)
Vjs.t.jAINZj=2

Py(z,i) = P(obs;|obs;, Z;, Z; = z)Vjs.t.j # i (5.3)

P,(i) = P(Z; = 0|Z;,0bs)¥js.t.j #i (5.4)

Z; ~ P.(i),Vi € {1..N} (5.5)

5.2 Simplifying the System

Using this mixture model, we restrict our system to two variables and will therefore cluster
samples into two groups, (the dimension of Z is equal to 2 and the equations associated with
each variable are labeled with a 0 or 1). Figure 5.1 lists the equations that model the update that
occurs at each step of the algorithm. Z is the input cluster assignment or the result of the previous
iteration, whereas 7' represents a random sampling of the current distributions (which are derived
from each S and C equation). Obs will be the observed value. The S variables represent the sums
of the observations for each cluster. S1 will be the sum of observations in cluster one and C'1 will
be the count of the number of observations in that cluster. We also break the sums and counts into
separate variables for the left and right (labeled L and R). The left is used to aggregate these values
from the input or the previous sample, while the right variables read from the current distribution.
Figure 5.1 gives the set of equations used to describe a single update of the system. The above
equations then can be simplified using our system. One possible simplification uses the same reuse
vector for each equation, and each equation is simplified similarly to the S1L in Figure 5.2.

Keen observers might notice that each of our equations in the series of equations look like
the prefix sum example, and they are in fact very similar. In each case we can choose our reuse
vector from two equivalence classes where one equivalence class leads to a valid simplification

and the other to illegal simplifications. Using our implementation, the only program returned by
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SOR[i] = reduce(+, (i, jJ -> 1), {: 0 <= 1 < j <= N}:
if(z[j] = 0[]) then obs[j] else 0[]);

SOL[i] = reduce(+, (i, j -> i), {: 0 <= j < i <= N}:
if(z'"[j] = 0[]) then 1[] else 0[]);

S1R[i] = reduce(+, (i, j -> i), {: 0 <= 1 < J <= N}:
if(Z[j] = 1[]1) then obs[]j] else 0[]);

S1L[i] = reduce(+, (i, 7 —-> 1), {: 0 <= j < 1 <= N}:
if(z2"[j] = 1[]) then 1[] else 0[1]);

COR[i] = reduce(+, (i, jJ -> 1), {: 0 <= 1 < J <= N}:
if(Z[j] = 0[]) then 1[] else 0[]);

ClR[i] = reduce(+, (i, 7 -> 1), {: 0 <= 1 < J <= N}:
if(z2[j] = 1[]1) then 1[] else 0[]);

ClL[i] = reduce(+, (i, 7 -> i), {: 0 <= J < 1 <= N}:
if(Z"[j] = 1[]) then 1[] else 0[1);

COL[i] = reduce(+, (i, J -—> 1), {: 0 <= J < 1 <= N}:
if(z'"[j] = 0[]) then 1[] else 0[]);

2" [1i] = case {

{: 1 = 0}: sample(C1R[i], CORI[i],

{: 0 < i}: sample(C1lR[i] + CI1LI[i],
SOR[1] + SO0L[i],
COL[i] + CORI[1],
S1L[i] 4+ S1R[11);

SOR[i], S1R[i]);

}i

Figure 5.1: The equations in Alpha for the distribution in Gibbs Sampling.

S1IL[i] = case {
{: i =11} : SlL_posl[il];

{: 2 <=1 <=N 1} : (S1lL_pos[i] + S1L[i-11);
i

S1L_pos[i0] = if (Z’[i0-1] = 1[]) then 1[] else 0[];

Figure 5.2: An examples simplification for one of the equations.
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simplification was the one that chose from the legal set of reuse vectors at each step. Overall using
our simplification technique, we were able to generate an optimized program that reduced this
update state at each iteration from an O(NN?) operation to an O(N ) operation. This gives a positive
demonstration that our implementation works as intended and demonstrates its viability on a real
world algorithm. Especially an algorithm with an optimal version that is challenging to arrive at

by hand [29].
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Chapter 6
Related Work

As seen throughout this thesis, there is a long strain of research contributing to the polyhedral
model. Because it can encapsulate so many different aspects of computation, there are many
other parts that have not been explored in this thesis, such as tiling and parallelization. There is
a large amount of directly related work which we can divide into three separate areas: reduction

simplification, scheduling, and simplifying dependent reductions.

6.1 Simplifying Reductions

The simplifying reduction framework laid out in this thesis originates in the work of Gautam
and Rajopadhye [6]. Since it’s original publication, there have been a few extensions. Recent work
has provided an implementation, and this implementation and provides a method for selecting a
specific reuse vector from a given equivalence class of reuse vectors. Specifically it selects the
closest integer point to the origin [11]. Other recent work includes expanding the simplifying re-
ductions framework to expanding to another set of programs not handled by the original algorithm.
It does this by breaking of the reduction body using index-set splitting, which is a piece-wise affine
transformation that divides the reduction body into a number of pieces which can be simplified in-

dependently [17].

6.2 Scheduling

As scheduling plays a vital role in polyhedral research there a large body of work that goes
into scheduling. Early works give the initial formulation of the scheduling problem as a linear
programming problem, and describe how to derive scheduling constraints that can be passed to a
PIP solver [15, 5, 22, 20]. More recent work fully formulates the problem of multidimensional
scheduling as a single linear programming problem [19]. There has also been work on scheduling

reductions specifically [8, 23].
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6.3 Simplifying Dependent Reductions

As discussed throughout this thesis, we are not the first to explore the problem of simplifying
dependent reductions. The first work we found in the area was the work of Yang et al [29]. Their
solution simultaneously optimizes for the schedule and reuse using a bilinear approach. They
also provide a heuristic algorithm that greatly simplifies the computational complexity of their
approach. Rajopadhye develops a validity check that determines if a given reuse vector is valid

[21]. This check uses the generators of the feasibility space of the schedule.
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Chapter 7

Future Work

The major piece of future work is a direct extension of this work. That is to explore further the
disjoint case where we rely on a heuristic. This could include finding a new way to partition the
reuse space to take dependences into account. This could ensure that an optimal solution is always
reached.

There are also other extensions to the original simplifying reductions algorithm. The initial
formulation of simplifying reductions handles single parameters [6]. This is sufficient for many
computations, but would require a user to hard code certain values that might otherwise rely on
parameters. The challenge is deducing the simplification with the smallest complexity, i.e. how
does one choose a program that is O(N?) vs O(N M) vs O(M?). Future work could explore how
to simplify a program with multiple parameters. Also the original algorithm only ensures optimal
complexity, and interesting work might seek to extend the algorithm to ensure optimal complexity

even with respect to constant coefficients.
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Chapter 8

Conclusion

In this work we have explored the removal of repeated computation via the technique of sim-
plifying reductions. We presented an alternative view of the simplifying dependent reductions
problem that relies solely on program dependences by using duality. This allowed us provide suf-
ficient conditions for simplification without adding new constraints on the schedule as well as a
heuristic for selecting reuse when new constraints on the schedule must be introduced. We were
able to integrate it within the original recursive dynamic programming algorithm to simplify re-
ductions [6]. We provided an implementation of this work and demonstrated its feasibility on a
real world problem. This gives us a method to optimize complex algorithms automatically which

can provide performance increases of a polynomial degree or more.
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Appendix A

Scheduled Code Generator

In this appendix, we discuss our implementation of a code-generator built as a part of this
work. Specifically, we give a brief overview of Alpha, the language of the AlphaZ compiler, then
we describe the dependence graph, the data structure from which we derive the schedule, and

finally we discuss the implementation followed by some performance evaluation.

A.1 Alpha

Alpha is a polyhedral equational language, and AlphaZ is a compiler for it. AlphaZ has been
developed jointly at INRIA and Colorado State University. The compiler admits programs in the
form of specifications of polyhedral equations. Users can then perform a number of optimiz-
ing transformations on their input program and generate C code as an output. This compiler is
where we provide our implementation of dependent reduction simplification. The language itself
is declarative, and allows for a straightforward implementation of many mathematical equations
required in scientific computing. In the language, reductions are first class operators and a number
of the aforementioned transformations can be used on them. We provide an example of the prefix
sum written in Alpha in Figure A.1, but fuller descriptions of the language can be found in [14,

31].

A.2 Dependence Graph

The (reduced) dependence graph it is a directed multigraph with a node for each variable in
the program [15, 31]. In this graph, there is an edge when a variable needs data from another
in consumer/producer relationship. Each edge is associated with an affine map that characterizes
this dependence relation as this map connects points in our domain to the points they require to
compute. Specifically it maps between context domains. Since our variables can be broken up

into different cases and perform different computations at each point in its domain, we restrict the
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affine prefix [N] -> {: N > 0}

outputs

X: {[i]: 0 <= i <= N}
let

X[1i] = case {

{: 1 =0 }: 101[71;
{: 0 < i1 <= N}: reduce(+, [J], {: 0 <= 73 < 1}: XI[3]);
i

Figure A.1: Here is an example alpha program for the dependent prefix sum. We see there is not a lot of
translation that needs to happen between our equations and the Alpha program.

domain for our map to only the points relevant to that dependence, which are called the context
domains. From the dependence graph we can construct our schedule constraints. In Figure A.2,

we see an example dependence graph for the dependent prefix sum.

(i—-1, j)

(i, 3 = j)

Figure A.2: RB in the above graph represents our reduction body. Associated with each arrow is the
dependence mapping from one domain to another. In this case the top arrow arises from equation 3.4 and
the bottom arrow comes from equation 3.5.
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A.3 Scheduled Code Generation

As a part of this work, we implemented a scheduled code-generator. This takes an input Alpha
program and transpiles it to C code. It provides an alternative code-generator to the a previous
implementation of a demand driven code generator [11]. By creating a schedule and generating
the code that respects that schedule, the generated code skips a number of repeated recursive calls
that might arise in the demand driven code-generator. The demand driven code-generator creates
a program that iterates through points in each variables’ domain in an arbitrary order. This order
may or may not respect the existing dependences in the program, therefore each computation must
look up the values it depends on, hence the name demand driven. This is a memoized process
so it either computes the value if it still has not been computed or reads a lookup table if it has
been. This is a recursive process, so if the required point also requires another point, a similar
look up will occur. While this is a sufficient implementation for obtaining working C code from an
Alpha program, it is leads to many repeated function calls which, as we will see, can significantly
slowdown the code.

The scheduled code generator requires more upfront processing but generates more efficient
code. There are two parts to this implementation, first it must generate a legal schedule and then
use that schedule to generate the loops. To accomplish this, it builds the dependence graph from
the program AST, and then turns that into the appropriate form to pass to the ISL scheduler. The
ISL Scheduler is a Parametric Integer Linear Programming solver and will generate a set of legal
scheduling coefficients [26]. This schedule is then taken and used to generate the C code. Since
legal schedules will respect the program dependences, there is no need to check whether a value
will have been computed and removes the need for repeated function calls, replacing them with
array look ups. This gives another completely automated pipeline for the generation of C code

from the Alpha language using the AlphaZ compiler.
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Table A.1: Performance comparison of the two code generators, the numbers in parenthesis represent the
problem size. 4

Program Demand Driven (ms) Scheduled (ms) Times Speedup
LU Decomposition (1000) 2639.0548 1534.0212 1.72
3D Heat Equation (100, 100) 16330.505 4585.5388 3.56
Matrix vector product (1000) 3.8378 3.7423333 1.03
Jacobi 1D Stencil (1000, 1000) 35.4967 12.4099 2.86
Jacobi 2D Stencil (100, 1000) 626.5523 219.6664 2.85
TRMM (1000) 2184.7307 2162.3622 1.01
Floyd Warshall (100) 29.2229 9.1801 3.18
SYR2k (100, 1000) 35.9442 34.5156 1.04
SYMM (100, 100) 3.1727 2.8245 1.12
COV (1000, 100) 61.5399 33.3575 1.84

A.4 Performance Evaluation

In order to compare our code generator with the original code generator implemented in Alp-
haZ, we ran both on a number of programs from the PolyBench benchmark of programs. These are
mostly linear algebra and stencil computations. As stated previously we would expect the sched-
uled code to be more optimal by its very nature and the timings of these test programs demonstrate
the performance gained by using the scheduled code generator. Each of these was run twelve times
with the fastest and slowest values removed. The remaining ten were then averaged and the run-
times are presented in Table A.1. The table lists each of the programs run and the numbers next to
them represent the parameters used for each. These parameters are specific to each problem but in
general represent the size of the input data or the number of steps to be performed.

As we can see from the table we were able to achieve an average speedup of 2.02, cutting the
execution time in half on average. There is even more room for speed up as well as the scheduled
code generator used in this comparison still generates some function calls that can be fully inlined,

and the fully inlined version of this code would likely lead to even better performance increases.

4The experiments were run on 12th Gen Intel(R) Core(TM) i7-12700K with 20 cores
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Appendix B
Full Gibbs Sampling Program

Before giving the whole specification, we repeat the brief description of each variable. These
equations model the update that occurs at each step of the Gibbs Sampling algorithm. Z is the
input cluster assignment or the result of the previous iteration, whereas Z’ represents a random
sampling of the current distributions (which are derived from each S and C equation). Obs will be
the observed value. The S variables represent the sums of the observations for each cluster. S'1 will
be the sum of observations in cluster 1 and C'1 will be the count of the number of observations in
that cluster. We have variables for the left and right (labeled L and R). The left is used to aggregate
these values from the input or the previous sample, while the right variables read from the current

distribution. The following is the full specification:
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Figure B.1: The full Alpha program for the update step of the Gibbs Sampling algorithm

external sample (4)
affine GMMgs [N] -> {: 0 < N}

inputs
Z, obs: {[1]: 0 <= 1 <= N}
outputs
z" : {[1i]: 0 <= 1 < N}
locals
SOR : {[i]: O <= 1 < N}
SOL : {[i]: O < i <= N}
SIR : {[i]: 0 <= 1 < N}
S1L : {[i]: O < i <= N}
COR : {[4i]l: 0 <= i < N}
COL : {[4i]l: O < 1 <= N}
ClR : {[i]: O <= 1 < N}
ClL : {[i]l: O < 1 <= N}
let
SOR[i] = reduce(+, (i, 7 -> 1), {: 0 <= 1 < J <= N}:
if(z[j] = 0[]) then obs[j] else 0[]);
SOL[i] = reduce(+, (i, 3 -> i), {: 0 <= j < i <= N}:
if(z'"[j] = 0[]) then 1[] else 0[]);
S1IR[1] = reduce(+, (i, j —> 1), {: 0 <=1 < J <= N}:
if(z[j] = 1[]) then obs[j] else 0[]);
S1L[i] = reduce(+, (i, 3 -> 1), {: 0 <= j < 1 <= N}:
if(Z"[3] = 1[]) then 1[] else 0[1]);
COR[1] = reduce(+, (i, 3 -> 1), {: 0 <=1 < j <= N}:
if(Z[3] = 0[]) then 1[] else 0[]);
ClR[i1] = reduce(+, (i, J -> i), | 0 <=1 < j <= N}:
if(z[j] = 1[]1) then 1[] else 0[]);
ClL[i] = reduce(+, (i, 3 -> 1), { 0 <= jJ < i <= N}:
£(z"[3] = 1[]1) then 1[] else 0[]);
COLI[1] = reduce(+, (i, 3 > 1), {: 0 <= 3 < 1 <= N}:
£(zZ2"[J] = 0[]) then 1[] else 0[]);
Zz' [1] = case {

{: 1 = 0}: sample(C1R[i], COR[i], SOR[i], SIR[i]);
{: 0 < i}: sample(ClR[i] + C1L[i],

SOR[i] + SOL[i],
COL[i] + CORT[il],
S1L[i] + SIRI[1]);

}i
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